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Preface

The theoretical foundations of differential equations have been significantly devel-
oped, especially during the 20th century. This growth can be attributed to fast and
successful development of supporting mathematical disciplines (such as functional
analysis, measure theory, and function spaces) as well as to an ever-growing call
for applications especially in engineering, science, and medicine, and ever better
possibility to solve more and more complicated problems on computers due to
constantly growing hardware efficiency as well as development of more efficient
numerical algorithms.

A great number of applications involve distributed-parameter systems (which
can be, in particular, described by partial differential equations') often involving
various nonlinearities. This book focuses on the theory of such equations with the
aim of bringing it as fast as possible to a stage applicable to real-world tasks. This
competition between rigor and applicability naturally needs many compromises to
keep the scope reasonable. As a result (or, conversely, the reason for it) the book is
primarily meant for graduate or PhD students in programs such as mathematical
modelling or applied mathematics. Although some preliminary knowledge of mod-
ern methods in linear partial differential equations is useful, the book is basically
self-contained if the reader consults Chapter 1 where auxiliary material is briefly
presented without proofs.

The prototype tasks addressed in this book are boundary-value problems for
semilinear® equations of the type

—Au+c(u) =g, ormoregeneral —div(k(u)Vu)+c(u)=g, (0.1)
or, still more general, for quasilinear® equations of the type

—div(a(u, Vu)) + c(u, Vu) = g, (0.2)

IThe adjective “partial” refers to occurrence of partial derivatives.

2In this book the adjective “semilinear” will refer to equations where the highest derivatives
stand linearly and the induced mappings on function spaces are weakly continuous.

3The adjective “quasilinear” refers to equations where the highest derivatives occur lin-
early but multiplied by functions containing lower-order derivatives, which means here the form
- Zijl a;j(z,u, Vu)azu/axiaxj + ¢(x,u, Vu) = g. After applying the chain rule, one can see
that (0.2) is only a special case, namely an equation in the so-called divergence form.
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and various generalizations of those equations, in particular variational inequali-
ties. Furthermore, systems of such equations are treated with emphasis on various
real-world applications in (thermo)mechanics of solids and fluids, in electrical de-
vices, engineering, chemistry, biology, etc. These applications are contained in
Part I.

Part II addresses evolution variants of previously treated boundary-value
problems like, in case of (0.2),*

?;; — div(a(u, Vu)) + c(u, Vu) = g, (0.3)
completed naturally by boundary conditions and initial or periodic conditions.

Let us emphasize that our restriction on the quasilinear equations (or in-
equalities) in the divergence form is not severe from the viewpoint of applica-
tions. However, in addition to fully nonlinear equations of the type a(Au) = g or
Bat uta(Au) = g, topics like problems on unbounded domains, homogenization, de-
tailed qualitative aspects (asymptotic behaviour, attractors, blow-up, multiplicity
of solutions, bifurcations, etc.) and, except for a few remarks, hyperbolic equations
are omitted.

In particular cases, we aim primarily at formulation of a suitable definition
of a solution and methods to prove existence, uniqueness, stability or regularity of
the solution.’? Hence, the book balances the presentation of general methods and
concrete problems. This dichotomy results in two levels of discourse interacting
with each other throughout the book:

e abstract approach — can be explained systematically and lucidly, has its own
interest and beauty, but has only an auxiliary (and not always optimal)
character from the viewpoint of partial differential equations themselves,

e targeted concrete partial differential equations — usually requires many tech-
nicalities, finely fitted with particular situations and often not lucid.

The addressed methods of general purpose can be sorted as follows:

o indirect in a broader sense: construction of auxiliary approximate problems
easier to solve (e.g. Rothe method, Galerkin method, penalization, regular-
ization), then a-priori estimates and a limit passage;

o direct in a broader sense: reformulation of the differential equation or inequal-
ity into a problem solvable directly by usage of abstract theoretical results,

e.g. potential problems, minimization by compactness arguments;
4In fact, a nonlinear term of the type c(u) gt u can easily be considered in (0.3) instead of gt u;
see p. 253 for a transformation to (0.3) or Sect. 11.2 for a direct treatment. Besides, nonlinearity
like C( gt u) will be considered, too; cf. Sect. 11.1.1 or 11.1.2.

5To complete the usual mathematical-modelling procedure, this scheme should be preceded
by a formulation of the model, and followed by numerical approximations, numerical analysis,
with computer implementation and graphic visualization. Such, much broader ambitions are not
addressed in this book, however.
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o iterational: fixed points, e.g. Banach or Schauder’s theorems;

We make the general observation that simple problems usually allow several ap-
proaches while more difficult problems require sophisticated combination of many
methods, and some problems remain even unsolved.

The material in this book is organized in such a way that some material can
be skipped without losing consistency. At this point, Table 1 can give a hint:

steady-state evolution
L . Chapter 7,
basic minimal scenario Chapters 2,4 Sect. 81-8.8
variational inequalities Chapter 5 Chapter 10
accretive setting Chapter 3 Chapter 9
. Chapter 12,
systems of equations Chapters 6 Sect. 05
. . _ Sect. 8.9-8.10,
some special topics Chapter 11
auxiliary summary Chapter 1

of general tools

Table 1. General organization of this book.

Except for the basic minimal scenario, the rest can be combined (or omitted)
quite arbitrarily, assuming that the evolution topics will be accompanied by the
corresponding steady-state part. Most chapters are equipped with exercises whose
solution is mostly sketched in footnotes. Suggestions for further reading as well as
some historical comments are in biographical notes at the ends of the chapters.
The book reflects both my experience with graduate classes I taught in the
program “Mathematical modelling” at Charles University in Prague during 1996—
2005% and my own research” and computational activity in this area during the
past (nearly three) decades, as well as my electrical-engineering background and
research contacts with physicists and material scientists. My thanks and deep

6In the usual European 2-term organization of an academic year, a natural schedule was Part I
(steady-state problems) for one term and Part II (evolution problems) for the other term. Yet,
only a selection of about 60% of the material was possible to expose (and partly accompanied
by exercises) during a 3-hour load per week for graduate- or PhD-level students. Occasionally, I
also organized one-term special “accretive-method” course based on Chapters 3 and 9 only.

"It concerns in particular a research under the grants 201/03/0934 (GA CR), TAA 1075402
(GA AV CR), and MSM 21620839 (MSMT CR) whose support is acknowledged.
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gratitude are to a lot of my colleagues, collaborators, or tutors, in particular
M. Arndt, M. Benes, M. Bulicek, M. Feistauer, J. Francfl, J. Haslinger, K.-H. Hoff-
mann, J. Jarusek, J. Kacur, M. Kruzik, J. Malek, J. Maly, A. Mielke, J. Necas,
M. Pokorny, D. Prazak, A. Swierczewska, and J. Zeman for numerous discussions
or/and reading the manuscript.

Praha, 2005 T.R.



Notational conventions

a.a., a.e.

C(Q)

co Q)
C(Q;R™)
Cr(Q)

()
D®(u,v)

diam(S)
div

dom(A)

dom(®)
epi(®)

int(-)
L(V1,Va)
LP(Q)

LP(Q;R™)
M(Q)
measy, (+)
N

N

a mapping (=a nonlinear operator), usually V. — V* or dom(4) — X,
a.a.=almost all, a.e.=almost each, referring to Lebesgue measure,

the space of continuous functions on Q, equipped with the norm
[ullo@) = max,cq [u(x)], sometimes also denoted by C°(Q),

the space of the Lipschitz continuous functions on 2,

the space of the continuous R™-valued functions on €,

the space of functions whose all derivatives up to k-th order are con-
tinuous on {2,

the closure,

the space of infinitely smooth functions with a compact support in €2,
see p. 10,

the directional derivative of ® at u in the direction v,

the diameter of a set S C R"; i.e. diam(S) := sup, ,cglz — ¥,

the divergence of a vector field; i.e. div(v) = 8‘211)1 +- 4,
v=(V1,...,0n),

the definition domain of the mapping A; in case of a set-valued mapping
A: Vi =V, we put dom(A):= {veVy; A(v) # 0},

the domain of ® : V' — R U {+o0}; dom(®) := {veV; &(v) < 400},
the epigraph of ®@; i.e. {(v,a) €V xR; a > ®(v)},

the time interval [0, T,

the identity mapping,

o
2, Un for

the unit matrix,

the interior,

the duality mapping,

the Banach space of linear continuous mappings A : Vi — V5 normed
by [|Allz(vi,va) = supjpy|py, <1 1AV] vz,

the Lebesgue space of p-integrable functions on €2, equipped with the
norm [|ul| ooy = ( [, lu(z)[Pdz) ",

the Lebesgue space of R™-valued p-integrable functions on €2,

~

the space of regular Borel measures, M(Q) = C(Q)*, cf. p.10,
n-dimensional Lebesgue measure of a set,

the spatial dimension,

the set of all natural numbers,

the Nemytskil mapping induced by an integrand a,



xvi

R, R+, R-
Rn

sign
Sign
span(+)
supp(u)

T
v

V*
WP (Q)

Wy ()
wW-Le'(Q)
Wied ()
Wwlpa

wip,M

W 200,49

Notational conventions

the normal cone, c.f. 6,

the “great O” symbol: f(g) = O(e%) for e\,0 means lim sup © <00,
N0 e

the “small O” symbol: f(e) = o(e®) for e\ 0 means lim.\ o f(g)/e* =0,

the exponent related to the polynomial growth/coercivity of the

highest-order term in a differential operator,

the conjugate exponent to p € [1,+0o¢], cf. (1.20) on p.12,

the exponent in the embedding W'?(Q) C L?" (Q), see (1.34)on p.16,
the exponent in the embedding W2?(2) ¢ LP""(Q), i.e. p** = (p*)*,
the exponent in the trace operator u — ulr : W1P(Q) — L (T), see
(1.37); e.g. p*’ or p**' mean (p#)’ or ((p*)#)', respectively,

the exponent in the continuous embedding LP(I;W1P(Q)) N
L>(I; L*()) € LP° (Q), see (8.116) on p.233,

a space-and-time cylinder, Q = I x €2,

the set of all (resp. positive, or negative) reals,

the Euclidean space with the norm |s| = |(s1,...,s,)| = (X1, sf)l/Q,
the single-valued “signum”, i.e. the mapping R — [—1, 1], sign(0) = 0,
sign(R*) = 1, sign(R~) = —1, cf. Figure 10a on p.125,

the set-valued “signum”, i.e. the mapping R = [—1,1], Sign(0) =
[-1,1], Sign(R*) = {1}, Sign(R™) = {—1}, cf. Figure 10b on p.125,
the linear hull of the specified set,

the support of a function u, i.e. the closure of {z € Q; u(x) # 0},

a fixed time horizon, T > 0,

a separable reflexive Banach space (if not said otherwise), || - ||v (or
briefly || - ||) its norm,

a topological dual space with || - |

v« (or briefly || - ||) its norm,

the Sobolev space of functions whose distributional derivatives up to
k'™ order belongs to LP(2), cf. (1.30) on p.15.

the Sobolev space of functions from WP (Q) whose traces on I' vanish,
the dual space to Wy (Q),

the set of functions v on 2 whose restrictions v|o, with any open O
such that O C Q, belong to W*?(0),

the Sobolev space of abstract functions having the time-derivative,
see (7.1) on p. 187,

the Sobolev space of abstract functions whose derivatives are measures,
see (7.40) on p. 196,

the Sobolev space of abstract functions having the second time-
derivative, see (7.4) on p. 188,
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1,p
WO,diV
T

0

NI N g
]

=
0

..dx
..dS

%b?@ﬁb'b

the set of divergence-free functions v € W, *(€; R™), see (6.29) on p. 168,
the boundary of a domain €2,

the indicator function of a set K; i.e. dx(-) =0 on K and dx(-) = +o0
on the complement of K,
the Dirac distribution (measure) supported at a point z,

the Laplace operator: Au = div(Vu) = a;%u 4+ 4 86;% u,

the p-Laplace operator: A,u = div(|Vu|[P~?Vu) with p > 1,

the unit outward normal to I' at z € I, v = v(x),

the side surface of the cylinder @, i.e. I xI', or a o-algebra of sets,

the characteristic function of a set S; i.e. xs(-) =1on S and xs(-) =0
on the complement of .S,
a bounded, connected, Lipschitz domain, 2 C R™,

the closure of €2,

a subset, or a continuous embedding,

a compact embedding,

integration according to the n-dimensional Lebesgue measure,
integration according to the (n—1)-dimensional surface measure on I,
the subdifferential of the convex functional ® : V' — R,

the inverse mapping,

the dual space, see p.3, or the adjoint operator, see p.5, or the Legendre-
Fenchel conjugate functional, see p.267,

the positive and the negative parts, respectively, i.e. vt = max(u, 0)
and v~ = min(u,0),

the Gateaux derivative, cf. p.5, or a partial derivative, or the conjugate
exponent, see p.12,

the restriction of a mapping or a function on a set .S,

the transposition of a matrix,

a convergence (in a locally convex space) or a mapping between sets,
convergence on R from the right; similarly  means from the left,

a set-valued mapping (e.g. A : X = Y abbreviates 4 : X — 2¥ = the
set of all subsets of V),

a mapping of elements into other ones, e.g. A : u +— f where f = A(u),
the spatial gradient: Vu = (6‘21 Uy .., ain u),

a position of an unspecified variable, or the scalar product of vectors;
Le.w-v:=>3 1" uv; for u,v € R™,

the scalar product of matrices; i.e. A: B:=Y71" | 377" | Aj;Bij,

the definition of a left-hand side by a right-hand-side expression,

the tensorial product of vectors: [u ® v];; = u;v;,
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Notational conventions

the bilinear pairing of spaces in duality, cf. p.3,

the semi-inner product in a Banach space, cf. (3.7) on p.91,

the inner (i.e. scalar) product in a Hilbert space, cf. (1.4) on p.2,
a norm on a Banach space, see p.1,

a seminorm on a Banach space, or an Fuclidean norm in R".



Chapter 1

Preliminary general material

For the reader’s convenience, this chapter summarizes some concepts, definitions
and results which are mostly relevant to the undergraduate curriculum and are
thus assumed as basically known, or have specific roots in rather distant areas
and have rather auxiliary character with respect to the purpose of this book,
which is to push pure theory towards possible applications as fast as possible. As
such, all assertions in Chapter 1 are made without proofs and the scope has been
minimized to only material actually needed in the book. If a reader decides to skip
this Chapter, (s)he can easily come back through references in the Index or in the
text itself, if in need.

1.1 Functional analysis

The universal framework used in (even nonlinear) differential equations is based
on linear functional analysis, and also on convex analysis.

1.1.1 Normed spaces, Banach spaces, locally convex spaces

Considering a (real) linear space V,! a non-negative, degree-1 homogeneous, sub-
additive functional || - ||y : V — R is called a norm if it vanishes only at 0; often,
we will write briefly || - || instead of || - ||y if V is clear from the context.? A linear
space equipped with a norm is called a normed linear space. If the last property
(i.e. |[ul]ly =0 = w = 0) is missing, we call such a functional a seminorm; i.e. a

IThis means V is endowed by a binary operation (vi,v2) — v1 +v2 : VXV — V which
makes it a commutative group, i.e. v1 + v2 = v2 + v1, v1 + (v2 + v3) = (v1 +v2) + vz, I0EV:
v+ 0 =w, and Yv; € V Jua: v; + v2 = 0, and furthermore it is equipped with a multiplication
by scalars (a,z) — az : R x V — V satisfying (a1 + a2)v = a1v + a2v, a(vi + v2) = avi + ave,
(a1a2)v = a1(azv), and 1v = v.

2The mentioned properties mean respectively: ||[v|| > 0, |lav|| = |a| ||v]|, [lutv] < |lu]l + |Jv]]
for any u,v € V and a € R, and ||v]| =0 = v =0.



2 Chapter 1. Preliminary general material

functional | - |¢ : V — R is a seminorm if it satisfies
Vu,veV YaeR: 0< |utvle <|ule +v|e and |aule =|al|ule.  (1.1)

Having V' equipped with a collection {|-|¢}¢cz of seminorms |- |¢ with an arbitrary
index set =, we call V' a locally convex space. A sequence {uy}ren in V is then
called a Cauchy sequence if

VEEE Ve >0 FkoeN Vhi ko > kot |up, — Unyle < . (1.2)
Moreover, a sequence {ug }ren is called convergent to some u € V' if
VEeE Ve >0 FkoeN Ve >ko: |ur —ule <e. (1.3)

In this case, u is called its limit and we will write u = limg_ o ug or ur — u (or,
depending on a particular collection of seminorms, uy — u). A subset A of a locally
convex space V is called closed if any limit of any convergent sequence contained
in A is itself in A.3> Moreover, A is called open if V' \ A is closed. The closure of A,
denoted by cl(A), is the smallest closed set B D A, while int(A) := A\ cl(V \ A)
is called the interior of A. The concrete collection of seminorms will often be
specified by various adjectives as “strong” or “weak” or “weak*”. If |ul¢ = 0 for
all £ € = implies u = 0, V is called a Hausdorff locally convex space. Then every
convergent sequence has a uniquely determined limit. The normed linear space
is a Hausdorff locally convex space with its only seminorm being then just the
norm. A subset A C V is called bounded if sup, 4 ||z|| < +00, and dense (in V') if
cl(A) = V. If there is a countable dense subset of V', we say that V is separable.
If every Cauchy sequence in a normed linear space V' converges, we say that this
space is complete and then V is called a Banach space.* An example of a Banach

space is R endowed by the norm, denoted usually by | - | instead of || - ||, defined
by |s| = (37, s?)1/%; such a Banach space is called an n-dimensional Euclidean
space.

If V is a Banach space such that, for any v € V, V — R : u > [Ju + v|? —
|lu—wv||? is linear, then V is called a Hilbert space. In this case, we define the inner
product (also called scalar product) by

1 1
(w,0) = lutol® = = ol (1)

By the assumption, (-,-):V xV—R is a bilinear form which is obviously symmetric®
and satisfies (u,u) = ||ul|?. E.g., the Euclidean space R" is a Hilbert space.

3We will always work with = at most countable and therefore, for simplicity, we define “closed-
ness” in terms of convergence of sequences, which would be in general situations called rather
“sequential closedness”.

4This fundamental concept has been introduced in [30] in 1922.

5This means both u +— (u,v) and v +— (u, v) are linear functionals on V and (u,v) = (v, u).
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Let us call a Banach space V strictly convez if the sphere® in V' does not
contain any line segment. The space V is uniformly convex if

[[ull=[lv]l=1

Ve >036 >0 Vu,veV :
lu—vl=e

1 1
= <1-4. 1.5
} Hz”*’zﬂ‘— (1.5)
Any uniformly convex Banach space is strictly convex but not vice versa.

1.1.2 Functions and mappings on Banach spaces, dual spaces

Having in mind a specific mode of convergence, a function f:V — RU {£oo} is
called lower (resp. upper) semicontinuous’ if

eV, up —u: f(u) <liminf f(ug) (vesp. f(u) > limsup f(ug)). (1.6)
- —00

Having two normed linear spaces V7 and V5 and a mapping A : V3 — Va, we say
that A is continuous if it maps convergent sequences in V; onto convergent ones
in Vo, and is a linear operator if it satisfies A(ajv; + agv2) = a1 A(v1) + a2 A(v2)
for any a1, a2 € R and vy, v2 € V;. Often we will write briefly Av instead of A(v).
If Vi = V5, a linear continuous operator A : V3 — V5 is called a projector if
Ao A = A. The set of all linear continuous operators V; — V5 will be denoted
by L£(V1,Va), being itself a normed linear space when equipped with the addition
and multiplication by scalars defined respectively by (A; + As)v = Ajv+ Asv and
(aA)v = a(Av), and with the norm

Av
IAleqivey = s Avl, = sup I Avlv, (.7)

l[ollv, <1 [vllvy

A continuous (possibly even nonlinear) mapping A : V3 — V4 is called a homeo-
morphism if the inverse A~! : Vo — V; does exist and is continuous. Moreover,
A : Vi — Vs is called a homeomorphical embedding if A : Vi — A(V7) is a homeo-
morphism and A(V7) is dense in Va.

As R itself is a linear topological space®, we can consider the linear space
L(V,R), being also denoted by V* and called the dual space to V. The original
space V is then called predual to V*. For an operator (=now a functional) f € V*,
we will write (f,v) instead of fv. The bilinear form (-, '>V*><V :V*xV > Ris
we will occasionally write

8

called a canonical duality pairing. Instead of <-7 ->V*XV,
briefly (-,-). Always, V* is a Banach space if endowed by the norm (1.7), denoted

often briefly | - ||, instead of || - ||y, i.e. || f[l« = supy,<1(f,v). Obviously,

(o) = el (7 ) < Wl s (5,00 = 51 (18)

lloll<

6A “sphere” {vEV; |jv|| = o} (of the radius ¢ > 0) is a surface of a “ball” {veV; |lv|| < o}.
"The property (1.6) is often called sequential lower semicontinuity.
8The conventional norm on R is the absolute value | - |.
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If V is a Hilbert space, then (u — (f,u)) € V* for any f € V, and the mapping
f— (ur (f,u)) identifies V with V*. Then (1.8) turns into a so-called Cauchy-
Bunyakovskii inequality (f,w) < || f]| [Jull-

Having two Banach spaces Vi, Vo, we have

(VinVa)" = Vi + V5 o= {f = fitfo; L€V, fa€Vy} (1.9)

if the duality pairing is defined by (f,v) = (f1,v) .y, + (f2:0) .y, With f =
f1+ fa2, and if the norm on V3 N Vs is taken as ||v]|v;nv, := max(||v]|v, [|v]lvy)
while || fllvsvy o= infp=p 4 1 (1 f1llvy + 1 f2llvy)-

Theorem 1.1 (BANACH-STEINHAUS PRINCIPLE [33]). Let {Ay}acs be a family in
L(V1,V2), Vi a Banach space, Vo a normed linear space. Then boundedness of
{Aa (V) }aecs C Vo for any veVy implies boundedness of {Aa}tacs C L(V1, Va).

One can consider a normed linear space V equipped with the collection of
seminorms {v — |(f,v)|}sev+, which makes it a locally convex space. Sequences
converging in this locally convex space will be called weakly convergent. Any se-
quence {uy}ren converging in the original norm, i.e. limyg_, o ||ur — ully = 0, will
be called norm-convergent or also strongly convergent and is automatically weakly
convergent.”

If the convergence in (1.6) refers to the weak one, the function f: V — R
will be called weakly lower (resp. upper) semicontinuous.

Theorem 1.2.'° If V' is uniformly convex, ux, — u, and ||ug| — ||ul, then ux — u.

Likewise, also the Banach space V* can be endowed by the collection of
seminorms {f — [{f,v)|}vev, which makes it a locally convex space. Sequences
converging in this locally convex space will be called weakly* convergent. Any
sequence {fi}ren converging in the original norm, i.e. limg_ oo || fx — fllx =
0, is automatically weakly* convergent. The duality pairing is continuous if
V* x V is equipped with weak*xnorm or normxweak topology'! and separately
(weak* weak)-continuous.'?

Proposition 1.3. If V* is separable, then so is also the space V.
The Banach-Steinhaus Theorem 1.1 has immediately the following

Corollary 1.4. Every weakly* convergent sequence in V* must be bounded if V
is a Banach space. In particular, every weakly convergent sequence in a reflexive
Banach V. must be bounded.

9The converse implication holds only if the normed linear space V is finite-dimensional, i.e. iso-
metrically isomorphic to an Euclidean space.

10See Fan and Glicksberg [122] for thorough investigation and various modifications.

' This means limg_, oo (fx,ur) = (f,u) if either fr, — f weakly* and up — u strongly or
fx — f strongly and up — u weakly.

12This means both limpg_, o0 limy_ o {fx, u;) = (f, u) and limy_, o0 limp_ o0 (fx, w) = (f,u) if
fr — f weakly* and uj — u weakly.
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Having two locally convex spaces V; and V5 and an operator A € L(V1, Va),
we define the so-called adjoint operator A* € L(V5', V;*) by the identity (A* f,v) =
(f, Av) to be valid for any v € V5 and f € V5. If V; and V5 are normed linear
spaces, then A — A* realizes an isometrical (i.e. norm-preserving) isomorphism
between L(V7,V2) and L(V5, V).

Besides, forgetting that V* has been created by its predual V', one can think
about the weak convergence on V*, induced by the collection of seminorms {f —
(D, )|} pe(vey«. The space V** := (V*)* is called a bidual to V' and the space
V itself is embedded into it by the canonical embedding 7 : V' — V** defined
by (i(v), f) = (f,v). We will often identify!® V with its image (V) in V** so
that always V' C V**, and therefore any weakly convergent sequence in V* is also
weakly* convergent (to the same limit). The converse implication holds if and
only if V. =4(V) = V**, at which case the Banach space V is called reflezive. The
Milman-Pettis theorem [242, 284] says that every uniformly convex Banach space
must be reflexive. The Asplund theorem [21] says that any reflexive Banach space
can equivalently be renormed! so that it is, together with its dual, strictly convex.
By the Clarkson theorem [84], also separable Banach spaces can be renormed to
be strictly convex.®

A mapping A : Vi — V4 is called bounded if it maps bounded sets in V;
into bounded sets in V5. The normed structure of V; and V5 allows us to define
a mapping A : V43 — V, to be Lipschitz continuous if, for some £ € R and all
u,v € V, it holds that ||A(u) — A(W)|lvy < £||u — v|lvy; in this case, £ is called a
Lipschitz constant. Obviously, any Lipschitz continuous mapping is bounded and
uniformly continuous in the sense that |A(u) — A(v)||ve < ((Jlu — v||vy) with ¢
increasing, ((0) = 0. If £ < 1 (resp. £ < 1), A is called non-expansive (resp. a
contraction).

The linear structure of V; and V5 allows us to investigate smoothness of A.
We say that A : V3 — V5 has the directional derivative at w € V in the direction
h € V, denoted by DA(u, h), if there is the limit

im AU =AW b, (1.10)
eN\0 g

If the mapping h —DA(u, h) is linear and continuous, then we say that A has a

Gateauz [148] differential at u € V', denoted by A’(u) € L(V4, V2). If the Gateaux

differential exists in any point, A is called Gateaux differentiable and A’ : V —

L(V1,Va). In the special case V5 = R, a Gateaux-differentiable functional ® : V4 —

R has the differential ' : Vi — Vj*.

13This identification is indeed very natural because the mapping i : V — V** realizes a
(weak,weak*)- as well as (norm,norm)-homeomorphical embedding.

MTwo norms || - || and || - ||2 on V are called equivalent to each other if 3¢ > 0 Yv € V:
ellofh < lloll2 < el

15These renormalization results can be still improved for so-called locally uniformly convex
spaces, i.e. § in (1.5) depends on u; cf. Troyanski [341].
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1.1.3 Convex sets

A set A in a linear space is called conver if Au 4+ (1-A)v € A whenever u,v €
A and A € [0,1], and it is called a cone (with the vertex at the origin 0) if
Av € A whenever v € A and A > 0. A function f : V — R is called convez if
FOu 4+ (1=X)v) < Af(u) + (1-X)f(v) for any u,v € V, A € [0,1]. If uw # v and
A € (0,1) imply a strict inequality, then f is called strictly convexr. A function
f V. — R is convex (resp. lower semicontinuous) if and only if its epigraph
epi(f) :={(z,a) € V xR; a > f(x)} is a convex (resp. closed) subset of V' x R.

Theorem 1.5 (HAHN [168] and BANACH [31]). Let K be an open convex nonempty
subset of a locally convex space V' and L be a linear manifold that does not intersect
K. Then there is a closed hyperplane L such that L C L and K N L = (). In other
words, there is f € V* such that (f,u) > (f,v) whenever u € K and v € L.

Proposition 1.6. A closed set A is convex if and only if éu + %’U € A whenever
u,v € A. Closed convez sets are weakly closed.

This is related to the fact that a lower semicontinuous functional f is convex
if and only if
S F )+ o fw) 2 f(M 5", (111)
cf. Exercise 4.18 below.
Having a convex subset K of a locally convex space V and u € K, we define

the tangent cone T (u) C V by
Tr(u) = cl( U a(K—u)) . (1.12)
a>0

Obviously, Tk (u) is a closed convex cone and v € Tk (u) means precisely that
u + apvg € K for suitable sequences {ar}ren C R and {vg}reny C V such that
limg_. oo vx, = v. Besides, we define the normal cone Nk (v) as

Ng(u):={feV* WYweTk(u): (f,v)<0}. (1.13)

Again, the normal cone is always a closed convex cone in V*.

Figure 1. Two examples of the tangent and the normal cones to a convex set K CR>
= (R?)*; for illustration, the cones are shifted to the respective points u’s.
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1.1.4 Compactness

An important notion on which a lot of powerful tools are based is compactness. Let
us agree, for a certain simplicity'®, to say that a set V in a locally convex space
V is compact if every sequence in A contains a convergent subsequence whose
limit belongs to A. Having in mind a Banach space V' (possibly having a predual)
with a structure of the norm (resp. weak or possibly weak*) locally convex space,
we will specify compactness by the adjective “norm” (resp. “weak” or possibly
“weak®”); if no adjective is mentioned, then the “norm” one will implicitly be
understood. A weakening of the notion of compactness is precompactness: we say
that a set A is precompact in the sense that every sequence in such a set contains
a Cauchy subsequence. Another modification is the following: we say that A is
relatively compact if its closure is compact. The reader can easily guess what
e.g. “relatively weakly* compact” or “relatively norm compact” mean. If every
Cauchy sequence converges (in particular in a Banach space), the prefix/adjective
“pre-” and “relatively” coincide with each other. Thus, in a Banach space, relative
norm compactness and norm precompactness are the same.

A mapping A : V3 — Vo, Vi, V5 Banach spaces, is called totally continu-
ous if it is (weak,norm)-continuous, i.e. it maps weakly convergent sequences to
strongly convergent ones. It is called compact if it maps bounded sets in V; into
precompact!” sets in Va. If V; is reflexive, then any totally continuous mapping is
compact!® but not conversely'?.

Theorem 1.7 (SELECTION PRINCIPLE, BANACH [32, Chap.VIII, Thm.3]?°). In a
Banach space with a separable predual, any bounded sequence contains a weakly*
convergent subsequence.

Often, Theorem 1.7 is also called, not completely exactly however, Alaoglu-
21

Bourbaki’s theorem=".

16In fact, our “compactness” is in general topology called “sequential compactness” while
compactness means that every net (=a generalized sequence) contains a convergent finer net
(=a suitable generalization of the notion of “subsequence”), or, equivalently, that every covering
of A by open sets contains a finite sub-covering. These two concepts coincide with each other
in a lot of important cases, primarily in normed spaces (considering norm compactness). More
generally, it happens if the structure of a locally convex spaces can be equally induced by a
countable collection of seminorms {| - |¢}¢en, €.g. it concerns weak (resp. weak™) compactness
if V has a separable dual (resp. predual). A far less trivial fact, known as the Eberlein-Smuljan
theorem, is that in a Banach space the relatively weakly compact (in the general-topology sense)
sets coincide with the relatively weakly sequentially compact ones.

17As Vs is assumed a Banach space, precompact sets are just those which are relatively com-
pact.

8For B C Vi bounded, any sequence in A(B), say {A(vg)}ren with vy, € B contains a
subsequence convergent in V2, e.g. {A(vy,)}ien with {vg, hien weakly convergent in Vi; here
both reflexivity of Vi guaranteeing existence of {vy, };en and compactness of A guaranteeing
convergence of {A(vg,)}ien has been used.

19See Remark 2.39 and Exercise 2.60 below.

20For the proof cf. Exercise 2.48.

21Tn fact, Alaoglu-Bourbaki’s theorem says that the polar set to a neighbourhood of the origin
in a locally convex space is weakly* compact, see Alaoglu [12] and Bourbaki [57].
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Theorem 1.8 (BOLZANO and WEIERSTRASS??). Every lower (resp. upper) semi-
continuous function X — R on a compact set attains its minimum (resp. mazi-
mum) on this set.

1.1.5 Fixed-point theorems
A point u € V is called a fized point of a mapping M : V — V if M (u) = w.

Theorem 1.9 (SCHAUDER FIXED-POINT THEOREM [317]). A continuous compact
mapping on a closed, bounded, convex set in a Banach space has a fized point.
Alternatively, a continuous mapping on a compact, convex, set in a Banach space
has a fized point.

As a special case for V = R", one gets a historically older achievement which
has been tremendously generalized by the previous Theorem 1.9:

Theorem 1.10 (BROUWER FIXED-POINT THEOREM [66]). A continuous mapping
on a compact convex set in R™ has a fized point.

Further generalization of Theorem 1.9 is very useful in applications. A useful
concept of a set-valued mapping M : V = V just means that M : V — 2V the
set of all subsets of V. Such M is called upper semicontinuous if it has a closed
graph, i.e. up — u, fr — f, and fi € M(uy) implies f € M (u).

Theorem 1.11 (KAKUTANI FIXED-POINT THEOREM [190]?3). An upper semicon-
tinuous set-valued mapping M 'V =V with nonempty closed convez values which
maps a nonempty compact convex set K in a locally convex space into itself has a
fized point, i.e. Ju € K:u € M(u).

A completely different principle is based on metric properties and exploits
completeness instead of compactness:

Theorem 1.12 (BANACH FIXED-POINT THEOREM [30]?). A contractive mapping
on a Banach space has a fized point which is even unique.

1.2 Function spaces

We consider the Euclidean space R™, n > 1, endowed with standard Euclid-
ean topology and for Q a subset of R™ we will define various spaces of func-

221n fact, this is rather a tremendous generalization of the original assertion by Bolzano [56]
who showed, rather intuitively (because completion of irrational numbers by transcendental ones
which locally compactifies R has been discovered only much later) that any real continuous
function of a bounded closed interval is bounded. An essence, called the Bolzano-Weierstrass
principle, is that every sequence in a compact set has a cluster point, i.e. a point whose each
neighbourhood contains infinitely many members of this sequence.

23The original version [190] formulated in R™ has been generalized for locally convex spaces
by Fan [121] and Glicksberg [155].

241n fact, this theorem works (and was formulated in [30]) in a complete metric space, too.
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tions Q — R™. If endowed by a pointwise addition and multiplication®® the linear-
space structure of R™ is inherited by these spaces. Besides, we will endow them by
norms, which makes them normed linear (or, mostly even Banach) spaces. Hav-
ing two such spaces U C V, we say that the mapping I : U — V :u+— uis a
continuous embedding (or, that U is embedded continuously to V') if the linear
operator I is continuous (hence bounded). This means that ||ully < N||ul|y; for
N one can take the norm ||I||z(,v). If I is compact, we speak about a compact
embedding and use the notation U € V. If U is a dense subset in V', we will speak
about a dense embedding; this property obviously depends on the norm of V' but
not of U. It follows by a general functional-analysis argument that the adjoint
mapping I* : V* — U* is continuous and injective provided U C V' continuously
and densely?S; then we can identify V* as a subset of U*.

1.2.1 Continuous and smooth functions

The notation C(-), C°(:), and C%!(-) will indicate sets of continuous, bounded
continuous, and Lipschitz continuous functions, respectively.?” E.g. C°(2;R™)
denote the set of bounded continuous functions Q@ — R™. We denote by  the
closure of  in the Euclidean space R™. By the Bolzano-Weierstrass Theorem 1.8,
CO(Q;R™) = C(;R™) if Q) is bounded. Equally, we can understand C(€; R™) as
composed from functions 2 — R™ having a continuous extension on the closure .
For m = 1, we will write briefly C°(Q) (resp. C%1(Q)). If equipped by a pointwise
addition and multiplication and by the norm

u(z) — u(f)]
[ull courmy = max|u(@)], [lullcos(@mm) == sup (l’w(x)l + N
xeQ L&;ﬁE{Q |(,E €|

with |-| denoting the Euclidean norm in the corresponding spaces, both CO(Q; R™)
and C%!(Q;R™) become Banach spaces.

Furthermore, for £ > 1, we define spaces of smooth functions, having deriva-
tives up to k-th order continuous up to the boundary, i.e.

CFQR™) = {ue CO(QLR™); Y(in, ..., in) € (NU{OD)",
n i1t Fing, _
o < k ) ) O(Q:R™) b. .
;za Skt gii gy €CUQR )} (1.14)

If endowed by the linear structure of C°(Q; R™) and by the norm luller@rmy =
gitt tin
afﬂlml...amxn“HCO(Q;Rm)

HuHCO(Q;Rm) + Zi1+---+in<k | , they become Banach spaces.

25This means, for u,v : @ — R™ and A € R, we define [u + v](z) := u(z) + v(z) and
u)(z) := Au(zx) for all z€Q.

26Indeed, I* is injective (because two different linear continuous functionals on V must have
also different traces on any dense subset, in particular on U).

27For Q = R™, the adjectives “continuous” and “Lipschitz continuous” can be understood as
in Section 1.1 because both R™ and R™ are normed spaces, while for a general 2 it is just a
restriction of these definitions on €.
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The continuous embedding C*(€;R™) c C(€;R™) holds for any k > | > 0,
Le. [[ullcyamrmy < Nllullcr@rmy- In this particular case, N = 1. This embedding is
even dense and, if £ > [ > 0, also compact. As functions with bounded derivatives
are Lipschitz continuous, we have also C*(Q;R™) c C%(Q;R™).

By Riesz’s theorem, the dual space C°(Q)* is isometrically isomorphic with
the space M(Q) of regular Borel measures on ); a measure is a o-additive set
function®® and a regular Borel measure u € M(Q) is a measure on the so-
called Borel o-algebra? which is regular®® and has a finite variation®' |u| over
Q, ie. |p/(Q) < 4+00. The mentioned isomorphism f + p: C%(Q)* — M(Q) is by
(f,v) = Jovp(dz).?® Then || f|lco@)y- = |ul(€). For z € Q, a measure 6, € M(Q)
defined by (0,,v) = v(x) is called Dirac’s measure supported at x.

Considering an increasing sequence of compact subsets K; C €2 such that
Q = U, ey Ki, we put

D)= J [ Ck, (), (1.15)

€N keN
where C} () denotes the space of all functions @ — R which are continuous
together with all their derivatives up to the order k£ and which have the support
contained in K;. Each C 1=,y Ok, (Q) is endowed by the collection of semi-

norms {|-|x,x, with [ulk,x, = [Julk, which makes it a locally convex

}keN Ch(K;)
space. Then D(Q2) = (J;cy C%, is equipped with the finest topology that makes all
the embeddings C7 — D(Q) continuous,?® which makes it a locally convex space.
The elements of the dual space D(Q)* are called distributions on €.

1.2.2 Lebesgue integrable functions

The n-dimensional outer Lebesgue measure meas,(-) on the Euclidean space R,
n > 1, is defined as

measy, (A) 1= inf{ iﬁbf—af : AC G [ak, b¥]x - - x[alF, b¥], afgbf} (1.16)
k=1

k=11i=1

and then we call a set A C R™ Lebesgue measurable if meas, (A) = meas, (ANS)+
meas, (A \ S) for any subset S C R™.3* The collection ¥ of Lebesgue measurable

28This means pu(U;en Ai) = Y ;en #(Ai) for any mutually disjoint A; from an algebra in
question.

29A collection ¥ of subsets of Q is called a o-algebra if A;€¥ = Usen Ai€Z, pex, and
AEY = Q\AcY. Borel’s o-algebra is the smallest o-algebra containing all open subsets of Q.

30 A set function y is regular if VAEY Ve>0 JA1, A2€X: cl(A1)CACint(Az2) and |p|(A2\A1)<e.

31For y additive, we define the variation |u| of u by |u|(A) = SUP(A,,...,A;)EM(A) Zle [(A3)],
where M (A) denotes the set of all finite collections (A1,..., Ar) of mutually disjoint A; € X
such that A; C Aforanyi=1,...,1I.

32The integral via p is defined by limit of simple functions similarly as in Section 1.2.2.

33The convergence fr — f in D(2) means that 3K C Q compact Fko €N Vk > ko: supp(fx) C
K and f, — f in C% () for any [€N; cf. e.g. [352, Sect.I.1].

34For example, all closed sets are Lebesgue measurable, hence every open set too, as well as
their countable union or intersection, etc.
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subsets of ) forms a so-called o-algebra® which, together with the function
meas, : L — R U {400}, have (and are characterized by) the following prop-
erties:

1. A open implies A € ¥,

2. A=lai,bi] x - X [an,by] with a; < b; implies meas,(A) = [[;_; (b; — a;),

3. meas,, is countably additive, i.e. meas, (Uycy Ak) = Y penmeas, (Ay) for any
countable collection { A }ren of pairwise disjoint sets A; € X,

4. A C B € ¥ and meas,(B) = 0 implies A € ¥ and meas,(A4) = 0.

The function meas,, : ¥ — R U {+o0} is called the Lebesgue measure. Having a
set ) € X, we say that a property holds almost everywhere on € (in abbreviation
a.e. on () if this property holds everywhere on Q with the possible exception of a
set of Lebesgue-measure zero; referring to those x where this property holds, we
will also say that it holds at almost all x € § (in abbreviation a.a. z € Q).

A function u : R® — R™ is called (Lebesgue) measurable if u=*(A):= {z €
R"™; u(x) € A} is Lebesgue measurable for any A € R™ open.

We call u : R® — R™ simple if it takes only a finite number of values
v; € R™and v (v;) = {z; u(z) = v;} € ; then we define the integral [, u(z)dz
naturally as > g .. .meas, (A;)v;. Furthermore, a measurable u is called integrable
if there is a sequence of simple functions {ug }ren such that limg_ o ug(x) = u(x)
for a.a. x € Q and limg_ oo fRn ug(x)dr does exist in R. Then, this limit will
be denoted by [, u(z)dz and we call it the (Lebesgue) integral of . It is then
independent of the particular choice of the sequence {ug }ren.

We will now consider 2 C R™ measurable with meas, (2) < +o0o. The notions
of measurability and the integral of functions 2 — R™ can be understood as before
provided all these functions are extended on R™ \ Q by 0. By LP(Q;R™) we will
denote the set of all measurable functions®® u : © — R™ such that [|ul|p»qrm) <
+00, where3”

(/fﬂ |u(z)|Pde for 1 <p< +o0,

(1.17)
ess sup |u(z)] for p =400

HUHLP(Q;Rm) =

and |- | is the Euclidean norm on R™. The set LP(Q;R™), endowed by a pointwise
addition and scalar multiplication, is a linear space. Besides, [|-||L»(q;rm) is a norm

35We call ¥ an algebra if } € ¥, A € ¥ = Q\A € X and A1,A2 € ¥ = A1 UA € X,
If also A; € X = J;en Ai € X, then X will be called a o-algebra. An example is the so-called
Borel o-algebra: the smallest o-algebra containing all open subsets of €. In fact, ¥ is the so-
called Lebesgue extension of the Borel o-algebra, created by adding all subsets of sets having
the measure zero.

36 As usual, we will not distinguish between functions that are equal to each other a.e., so that,
strictly speaking, LP(€2; R™) contains classes of equivalence of such functions.

37The “essential supremum” is defined as

esssup f(z) = inf sup f(z).

NCQ -
€N measn, (N)=0 cCANN
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on LP(Q; R™) which makes it a Banach space, called a Lebesgue space.
If a measure 1 € M((2) possesses a density d,, € L'(£2), which means p(A) =
f,d 4 du(z)dx for any measurable A C €2, then pu has a certain special property,
namely 1t is absolutely continuous with respect to the Lebesgue measure®® and
also the converse assertion is true: every absolutely continuous measure possesses
a density belonging to L!(2). This fact is known as the Radon-Nikodym theorem.
An important question is how to characterize concretely the dual spaces. The
natural” duality pairing comes from the inner product in L?-spaces, which means
= [ u( z)dx, where u-v := Y w;v; is the inner product in R™. If
1 < p < +00, then L” (Q; Rm) is reflexive. From the algebraic Young inequality
1 1
ab< af + 0P (1.18)
p p

one gets3Y the Holder [179] (or, for p=2, the Holder-Bunyakovskil [72]) inequality:°

/ fu(2)-v(@)| dz < {/ [, lu(@)Pda 3/ [, o (1.19)

where p’ is the so-called conjugate exponent defined as

p/(p—1) forl<p< +oo,
p = 1 for p = 400, (1.20)
+00 forp=1.

In fact, the modification of (1.19) for p = 1 or p = 400 looks trivially as [, [u -
vldz < [Jul| Lo (irm) Ul L1 (rn)- From (1.19), it can be shown that the dual space
is isometrically isomorphic with L”,(Q;Rm) if 1 < p < 400. On the other hand,
the dual space to L>°(Q; R™) is substantially larger than L!(Q;R™).4* Applying
the algebraic Young inequality (1.18) to |u(z)-v(z)| < |u(z)||v(z)| and integrating
it over (), we obtain another important inequality, the integral Young inequality

1 L1 Vg
A|u(x)v(x)|dx§p/{z|u(x)| dx—i—p//ﬁ|v(w)| dz. (1.21)

Instead of (1.18), we will often apply the modified Young inequality

/ P/E R/p
Ve>0: ab<ed?+C.b?, where C, := L (1.22)
p—
Moreover, for 1 < p < 400, the space LP(£2;R™) is uniformly convez.*?
38 This means that Ve > 0 35 > 0 VA C Q measurable: meas,(A) < § = |u(A4)| <e.
S9Hint: [|ullp g 10l @ Jolu-vldz < Llull 77 o) fo lulPde + ol 7, @ Jo lulP dz = 1.

40Originally, Holder [179] states this in a less symmetrical form for sums in place of integrals.

41 The elements of L>°(Q;R™)* are indeed very abstract objects and can be identified with
finitely-additive measures vanishing on zero-measure sets, see Yosida and Hewitt [353].

42This result is due to Clarkson [84], see also e.g. Adams [3, Corollary 2.29] or Kufner at
al. [208, Remark 2.17.8].
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If meas, () < +oo and 1 < ¢ < p < +00, the embeddings C°(Q;R™) C
LP(;R™) € LY(Q;R™) are continuous?®. Moreover, for p < +oo these embed-
dings are dense and then, as C°(Q; R™) is separable, LP(2; R™) is separable, too.
On the other hand, L>°(Q2) is not separable.*

Holder’s inequality also allows for an interpolation between LP1() and
LP2(Q): for p1,p2,p € [1,+00], X € [0,1], it holds that*®

1 A 1=-A

e 1ol zri) < N0l170 ) 1011502 ) - (1.23)
Moreover, if p is as in (1.23), p1 < pg, and similarly ¢= = Ag; " + (1-N)g;
¢1 < g2, and A is a bounded linear operator LP*(2) — L% (§)) whose restriction
on LP2() belongs to L(LP2(Q), L%2(12)), then

A
HAHL Lr(9),L9()) < OHAHL(LN(Q),L‘H(Q HAHL (LP2(Q),L92 (Q)) (1.24)
for some constant C' = C(p1,p2, q1, g2, A).
We say that a sequence uy : Q — R™ converges in measure to u if
Ve>0: klim meas,, ({z€Q; |up(z)—u(z)] >e}) =0. (1.25)

Naturally, the convergence a.e. means that ug(z) — u(x) for a.a. € Q. Let us em-
phasize that convergence in measure does not imply convergence a.e.*6. Anyhow:

Proposition 1.13 (VARIOUS MODES OF CONVERGENCES).

(i) Any sequence converging a.e. converges also in measure.

(ii) Any sequence converging in measure admits a subsequence converging a.e.
(iii) Any sequence converging in L*(Q) converges in measure.

Theorem 1.14 (LEBESGUE [215]). Let {ux}ren C L*(Q) be a sequence converging
a.e. to some u and |ug(x)| < v(x) for some v € LY(Q). Then u lives in L*(Q) and
limg oo [, ur(z) dz = [, u(z)dz for any A C Q measurable.

Theorem 1.15 (Fatou [124]). Let {ux}tren C LY(2) be a sequence of non-
negative functions®” such that liminfy_ fQ ug(x) dx < 400. Then the function
x +— liminfg_, o ur () is integrable and

liminf | wg(z)dz > / (lim inf uk(x)) dz. (1.26)
k—oo Jq Q k—oo

43Cf. Exercise 2.64 below.

440 see it, consider 2 = (0,1) and a collection {X(0,q) }ae(0,1) Of characteristic functions of an
interval (0, a), i.e. x(0,a)(z) =1 for z € (0,a) and Xx(0,q)(z) = 0 for x € [a,1). This collection is
an uncountable subset of the unit sphere in L>°(0,1) and [|x(0,q) — X(0,8) |z (0,1) = 1 for a # b,
hence L°°(0,1) cannot be separable.

45Cf. Exercise 2.55 below. See e.g. [229, p.26].

46 An example for a sequence converging in the measure on [0,1] to 0 but not a.e. is U(l,m) &
characteristic function of the interval of the type [(m — 1)27¢, m27!] for 1 < m < 2!, arranged
lexicographically as (I, m) = (1,1),(1,2),(2,1),(2,2),(2,3),(2,4), (3,1),.... Selection of a subse-
quence converging a.e. to 0 can be done, e.g., by taking m = 1 only.

47Obviously, existence of a common integrable minorant can weaken this assumption.
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In particular, Theorem 1.14 says that the set {ux; k € N} is relatively weakly
compact?® in L1(£2). This property is related to both equi-absolute continuity and
uniform integrability:

Theorem 1.16 (DUNFORD and PETTIS [110]). Let M C L'(€;R™) be bounded.
Then the following statements are equivalent to each other:

(i) M is relatively weakly compact in L*(£2;R™),

(ii) the set M is uniformly integrable, which means:

Ve>0 JK e R : sup lu(z)|dx < e, (1.27)
ueM J{zeQ;|u(z)|>K}

(iil) the set M is equi-absolutely-continuous, which means:

Ye>0 36>0: sup sup / lu(z)|dx < e, (1.28)
weM [A|<5J A

Useful generalizations of the Lebesgue dominated-convergence Theorem 1.14
and the Fatou Theorem 1.15 are:

Theorem 1.17 (VITALI [348]%). Let {uy}ren C LY(Q) be a sequence converging
a.e. to some u. Then u € LP(Q) and ui — w in LP(Q) if and only if {|uk|P}ren is
uniformly integrable.

Theorem 1.18 (FATOU, GENERALIZED?). The conclusion of Theorem 1.15 holds
if ug > 0 is replaced by ug, > v with {vg }ren being uniformly integrable.

Theorem 1.19 (FUBINI [136]). Considering two Lebesque measurable sets 1 C
R™ and Qs C R™2, the following identity holds provided g € L*( x Q2) (in
particular, each of the following double-integrals does exist and is finite):

/g($1,$2>d($17$2) = /521<A2g(x1,x2)dx2>dx1 = /522</ng(x17x2)dx1)dx2.

Ql XQQ

1.2.3 Sobolev spaces

Modern theory of differential equations is based on spaces of functions whose
derivatives exist in a generalized sense and enjoy a suitable integrability. Those
spaces, developed since the works by Beppo Levi [219], Leray [217], Sobolev [324],

48Note that the linear hull of all characteristic functions y 4 with A C Q measurable is dense
in L>=(Q) = LY(Q)*, so that the sequence {uy}, being bounded in L!(Q), converges weakly in
L'(€) and, as such, it is relatively sequentially weakly compact, hence by the Eberlein-Smuljan
theorem relatively weakly compact, too.

49More precisely, in [348], the integration of summable series is investigated rather than mere
sequences.

50See Ash [19, Thm.7.5.2], or also Klei and Miyara [199] or Saadoune and Valadier [315].
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and Tonelli [338], have thus an absolute importance in this context and their
theory is presently very broad. We present here only a rather minimal extent;
for more detailed exposition we refer to Adams [3], Adams, Fournier [4], Kufner,
Fucik, John [208], Maz’ya [237], or Ziemer [357].

Having a function w € LP(Q2), we define its distributional derivative
(“)ku/(?xlfl---ax,’jn with k1+---+k, = k and k; > 0 for any ¢ = 1,...,n as a
distribution such that

oFu
VgeD(Q) : , / . 1.29
gED) <8:15’f1~~~8k I dakt Codp ¥ 0

The n-tuple of the first-order distributional derivatives ( ailm R B(Zn u) is de-
noted by Vu and called a gradient of u. We will now consider 2 C R™ open with
meas, (2) < 4o00; such a set will be called a domain. For p < 400, we define a
Sobolev space [325]

WhP(Q):= {ueLP(Q); VueLP(;R™)}, equipped with the norm (1.30a)

(/”u”[ip(n + HVUHLP Q;R™)
p P .
HUHW1~P(Q) — = </IQ |U x | + |V’LL X { dx if p < +o0, (130b)

maX(HU”LOO(Q HVU”L"O(QR"))
—esssupxeamaX(lu( ) [Vu(z)]) if p = +oc.

As, by Rademacher’s theorem, Lipschitz functions are a.e. differentiable, it holds
that Wh(Q) = C%1(Q).
Analogously, for k£ > 1 integer, we define

WhP(Q) == {ueLP(Q;R™); VFue L (R™)}, (1.31)

where V*u denotes the set of all k-th order partial derivatives of u understood
in the distributional sense. The standard norm on W#P(Q) is lullwer) =

(el + 1952 )"
Lebesgue spaces, for 1 < p < +oo the Sobolev spaces W*P(Q; R™) are separa-
ble and, if 1 < p < +o0, they are uniformly convex,’' hence by Milman-Pettis’
theorem also reflexive.

The spaces of R™-valued functions, W*?(Q; R™), are defined analogously.®?

To give a good sense to traces on the boundary I' := 9Q := Q\ Q, we must
qualify €2 suitably. We say that € is a Lipschitz domain if there is a finite number
of overlapping parts I'; of the boundary of I" and corresponding coordinate systems
(i.e. transformation unitary matrices A; and open sets G; € R"~1) such that each

, which makes it a Banach space. Likewise for

51See Adams [3, Theorem 3.5].
52This means W*P(Q;R™) := {(u1,...,um); w; € WFP(Q)}.
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I'; can be expressed as a graph of a Lipschitz function g; € C%*(R"7!) in the
sense that

= {A& €ERY, (6, 6 1)EG, &=gil6, 6} (132)

and Q lies on one side of I' in the sense that {A4;&; € € R™, (&,...,&-1) €
Gi, gi(&,.. &nm1)—e < & < gi(&,....&—1)} C Q and simultaneously
{Aig; €eR™, (&1, 6nm1) €Gi, gil6r, - 6nm1) < &n < gil&1, ... &no1)+e) C
R™\ 2 for some > 0. For an example of a Lipschitz domain 2 C R?, see Figure 2a
where three indicated coordinate systems are sufficient to cover I', and Figure 2b
where this condition fails in a variety of ways.

Fig. 2. a) Example of a Lipschitz domain b) Example of a domain which is
whose boundary can be covered not Lipschitz because of three
by three charts. spots (marked by circles).

If the mappings g; belong to C¥(R"~!), we say that the domain € is of C*-
class. Lipschitz domains are then naturally called of the C%!-class. We will always
assume () to be Lipschitz.

Theorem 1.20 (SOBOLEV EMBEDDING [324]). The continuous embedding
WhP(Q) ¢ LP () (1.33)

holds provided the exponent p* is defined as

np forp<n,
p = an arbitrarily large real  forp=mn , (1.34)
+00 forp>n.

Theorem 1.21 (RELLICH, KONDRACHOV [294, 202]%3). The compact embedding
WhP(Q) e LV ~(Q), e (0,p"—1], (1.35)

holds for p* from (1.34).

53The pioneering Rellich’s work deals with p = 2 only.
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For higher-order Sobolev spaces, one gets, e.g., W2?(Q) ¢ Whnr/(»=p)(Q)
by applying Theorem 1.20 on first derivatives, and applying Theorem 1.20 once
again for np/(n — p) instead of p one comes to W1m2/(n=p)(Q) c L"r/("=2p)(Q))
provided 2p < n. Proceeding further by induction, one comes to:

Corollary 1.22 (HIGHER-ORDER SOBOLEV EMBEDDING).
(i) If kp < n, the continuous embedding W*P(Q) C L"/("=*P)(Q) and the com-

pact embedding WP (Q) € L™/ ("=kP)=<(Q) hold for any ¢ € (0, ey — L
(ii) For kp = n, it holds that W*?(Q) € L4(Q) for any q < +oo.

(iil) For kp > n, it holds that WkP(Q) € C(Q).
Theorem 1.23 (TRACE OPERATOR®*). There is evactly one linear continuous op-
erator T : WHP(Q) — LY(T') such that, for any u € CY(Q), it holds that Tu = u|r

(=the restriction of u on T'). Moreover, T remains continuous (resp. is compact)
as the mappings

u i ulp : WHP(Q) — o (), resp., (1.36a)
u i ulp : WHP(Q) — Lp#_E(I‘) , e € (0,p*—1], (1.36b)

provided the exponent p# is defined as

" forp<n,
#._ n—p
P™ =9 an arbitrarily large real ~ for p=mn , (1.37)
+00 forp>n.

We will call the operator T' from Theorem 1.23 the trace operator, and
write simply u|p instead of Twu even if u € WLP(Q) \ C*(Q). Then we de-
fine W, *(Q) = {v € W'P(Q); v|r = 0}. For k > 1, we define similarly
WEP(Q) = {v e WFP(Q); Viv e WETHP(Q;R™), i =0,...,k—1}.

Another useful result allows for a certain interpolation between the Sobolev
space WHP(Q) and the Lebesgue space L%():

Theorem 1.24 (GAGLIARDO-NIRENBERG INEQUALITY [137, 265, 266]). Let 8 =
Bi+-+0Bn, B1,..., 0, e NU{O}, k €N, r, q, and p satisfy

1 8 /1 k 1 B
— _ 1— <A<1 <B<k-1 1.
. n+)\<p n)+( Ny pSASL 0S8<k-1 (138)
then it holds
APv 1-A

<C
LT(Q)

A
GNH’UHWk,p(Q)H’UHLq(Q)a (139)

H@xll <Oz

54n fact, u +— wulp : WLP(Q) — W1-1/PP(I'), where the Sobolev-Slobodeckii space
W1-1/pP(I") is defined as in (1.42) but on an (n — 1)-dimensional manifold T' instead
of m-dimensional domain 2. Then, similarly as in Theorem 1.20, we have the embedding

W1=1/p2(I) ¢ LP" (I), resp. W1=1/PP(D) € LP” —<(I).
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provided k — 8 — n/p is not a negative integer (otherwise it holds for X\ = |5|/k).

For example, if n = 2, then

lellzac@) < Cony/I0llz2) (Iolz2y + V0l z2aize))- (1.40)

There is another definition of Sobolev spaces, not so explicit as that one we
used. Namely, W*?(Q) := cl(C*°(Q)) where “cI” stands for the closure in, say,
LP(2) with respect to the W#P-norm introduced above; for k = 1 see (1.30b).
Similarly, Wg? () := cl(C§°(€2)) where C§°() stands for the set of infinitely
smooth functions with a compact support in Q2. For the following important as-
sertion an important (here permanently accepted) assumption is that Q has a
Lipschitz boundary.

Theorem 1.25 (DENSITY OF SMOOTH FUNCTIONS). [t holds that
WhP(Q) = Whr(Q), Wy (Q) = Wo™ (). (1.41)

A generalization of Sobolev spaces for k£ > 0 a non-integer is often useful for
various finer investigations:

kp(Q) i Ko (). [V u(z) — VI u(g)P
WhP(Q) = {ueWHP(Q), /ng & — £[tpti—la) dzdé < 400 p, (1.42)

where [k] denotes the integer part of k. For k non-integer, W7 () is called the
Sobolev-Slobodeckit space. They are Banach spaces if normed by the norm

e (L

QxQ

V() - VP N

(2 — €[ tp(h—Ik]) dxd¢ . (1.43)
In fact, Corollary 1.22 holds for £ > 0 non-integer, too. A complete interpolation
theory holds for the Hilbertian case®:

1 )\ 1_)\ A 1—)\
k' = k_l + k2 - HuHWk’Q(Q) S C||u||Wk1v2(Q)HuHszyQ(Q) (144)

with some C' = C(k1, k2, A) and, like in (1.24),

1-X

A
< ClAl ) w2 1Al e 2 @) w2 o)

HAHL(W’C’Q(Q)7WL2(Q (1.45)
for some constant C' = C/(ky, ka, 11,12, \) provided A € L(W*-2(Q), W'2()) N
L(Wk22(Q), W'2:2(Q)), k is as in (1.44), and I71 = N7 + (1 = N5

The Sobolev-Slobodeckii spaces are sometimes well fitted with some sophis-
ticated nonlinear estimates, e.g.:

55For p # 2, the inequality (1.44) holds with 2 replaced by p provided k is not integer while
for k € N the Sobolev space W¥P(Q) is to be replaced by a so-called Besov space.
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Theorem 1.26 (MALEK, PRAZAK, STEINHAUER [230]°%). Ifp > 2 and € > 0, then
there is ¢ > 0 such that

1/p
CHUHWNIFE,P(Q) < (HUHZ(Q) —|—/Q|u|p_2|Vu|2 dx) . (1.46)

1.3 Nemytskii mappings

Considering integers j, mg, my, ..., mj, we say that a mapping a : Q@ x R™! x .- - x
R™i — R™0 is a Carathéodory mapping if a(-,r1,...,r;) : @ — R™° is measurable
for all (rq,...,7;) € R™ x --- x R™ and a(z,-) : R™ x ... x R™ — R™o
is continuous for a.a. x € Q. Then the so-called Nemytskii mappings N, map
functions w; : @ — R™, ¢ = 1,...,7, to a function Ng(ug,...,u;) : @ — R™0
defined by

Na(ug, ... u))](z) = a(z,u1(x), ..., u;(z)). (1.47)

Theorem 1.27 (NEMYTSKII MAPPINGS IN LEBESGUE SPACES). °7 Ifa : Q x R™ x
- X R™i — R™0 4s a Carathéodory mapping and the functions u; : @ — R™¢,
i = 1,...,j, are measurable, then N,(u1,...,u;) is measurable. Moreover, if a
satisfies the growth condition

J
la(z,r1,...,r;)| < 7(x)—|—C’Z|ri Bi/po for some € LP°(§2), (1.48)

i=1

with 1 < p; < 400, 1 < py < 400, then N, is a bounded continuous mapping
LPr(Q;R™) X -+ - x LPi(Q;R™) — LPo(Q;R™0). If some p; = 400, i =1,...,7,
the same holds if the respective term |-|[Pi/Po is replaced by any continuous function.

The case pyp = +oo has to be excluded, cf. Exercise 2.57. Also, it should be
emphasized that N, cannot be weakly continuous unless a(z, ) is affine for a.a. z €
Q; cf. Exercise 2.58. A “canonical” example is a sequence ug(z) := sign(sin(knx)),
Q = (0,1) C R, which converges weakly (or weakly*) to 0 in any L?(0,1), but for
a(x,r) = |r| one obviously gets (cf. Figure 3) that v]g—_l}lorgl a(ug) = klir& 1=1#

0=a(0) = CL(XZ'—_I}gl ug).

56n fact, [230] works with periodic functions having zero means. The proof relies on the
so-called Nikolskii spaces. Here, we present an obvious modification involving the LP-norm in
(1.46).

57Cf. Exercise 2.56 below.



20 Chapter 1. Preliminary general material

1/k
——————— o Nemnytskil |
mapping

—
u, u

|
1

&l

________ weak (even strong)
weak convergence
convergence

Nemytskii

mapping
| |:> # |
0 1 0 1

u—|ul

Fig. 3. A counterexample for weak continuity of nonlinear Nemytskii mappings.

Sometimes, it is useful to consider Nemytskil mappings in a Sobolev space.
Here we confine ourselves to a special case of a one-argument Nemytskii mapping
with an integrand independent of z; in fact, it is then a usual superposition.

Proposition 1.28 (SUPERPOSITION OPERATOR IN SOBOLEV SPACES®®). Ifa: R —
R is Lipschitz continuous, then a(u) € WHP(Q) for anyu € WHP(Q), p € [1, +0o0],
and moreover it holds that

Va(u) = a' (u)Vu (a.e. on ). (1.49)
Denoting u™ = max(u, 0) and u~ = min(u, 0), Proposition 1.28 yields®®
Vu ifu>0 _ 0 ifu>0
+\ ) _ = U,
V(™) = { 0 ifu<o Viu")= {Vu ifu<0, (a.e. on Q). (1.50)

Another useful assertion addresses the change of the order of an integra-
tion and a differentiation, and is based on the Lebesgue dominated convergence
Theorem 1.14.

Theorem 1.29 (CHANGE OF INTEGRATION AND DIFFERENTIATION). Let (x,7) +—
p: QxR — R and its partial derivative grgo QxR — R be Carathéodory func-
tions, |¢(-,0)] € L(Q) and the collection {5 o(-,7)}rj<c have a common inte-
grable majorant. Then ® : r — [, ¢(z,r)dz is differentiable at 0 and §,®(0) =

fQ aargp(x,O)dx.

1.4 Green formula and some inequalities

Let us define the unit outward normal v = v(z) € R™ to the boundary I' at a

point z € I' as the vector
dgi i
Ai< 9 .. 99 ,1)
06 0&n—1

v(z) = dg; 12 gi 12
\/‘ & En—1 ‘

58See, e.g., monographs by Cazenave and Haraux [77, Prop. 1.3.5] or Ziemer [357, Theo-
rem 2.1.11]. Original results are, in particular, due to Marcus and Mizel [233, 234].
598ee, e.g., Cazenave and Haraux [77, Corollary 1.3.6] or Ziemer [357, Corollary 2.1.8].

(1.51)
+1
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where © = A;§ = A; (51, cosbn—1,9i(&, .- ,§n_1)) as in (1.32). It is again natural
to assume 2 a Lipschitz domain. Then the functions g; are Lipschitz continuous
and, by the so-called Rademacher theorem [288], they possess derivatives almost
everywhere on I'; € R"™!, cf. (1.32), hence v is defined almost everywhere on
I' and does not depend on the concrete covering of I' by the coordinate systems
(Gi, A;). For a function f : ' — R, we can define the surface integral [. f(z)dS
through (n — 1)-dimensional Lebesgue measure as

/Ff(fﬂ)ds = ;/Gif(/li(fl?~-~,§n—17gi(€17~-~,§n—1))

<l

where G; C G; are chosen suitably to realize, instead of the overlapping covering as
on Figure 2, a disjoint covering of I'. Again, the value [, f(z)dS does not depend

d9gi

2
41 i) @52

2+...+’a

on the particular coordinate systems (C;'i7 A).

Theorem 1.30 (MULTIDIMENSIONAL BY-PART INTEGRATION). If ve WP(Q) and
2e W' (Q), then

0 0
Vi=1,...,m: /('U “ Uz)dx:/vzuidS. (1.53)
o\ Oz Oz r
Considering z = (21, . . ., 2,), writing (1.53) for z; instead of z, and eventually
summing it over i = 1,...,n with abbreviating divz := > | 82, z; the divergence

of the vector field z, we arrive atthe formula which we will often use:

Theorem 1.31 (GREEN’S FORMULA [160]%°). For any v € WYP(Q) and z €
W' (Q; R™), the following formula holds:

/ (v(divz) + 2-Vv) dz = / v (z-v)dS. (1.54)
Q r
Theorem 1.32 (POINCARE-TYPE INEQUALITIES [285]). Let 1 < ¢ < p*. Then
there is C, < 400 such that
”U”leP(Q) <G, (HVUHLP(Q;R") =+ ||U||Lq(Q))- (1.55)

Let 1<q<p#, let Q be connected®, and let Tp,In C T be such that
meas,—1(I'p) > 0 and meas,,—1(I'x) > 0. Then there is C, < +00 such that

”u”WlP(Q) < OP(HVUHLP(Q;]R”) + Hu|FNHLq(FN)) (156)

60Putting z = Vu into (1.54), we get [ vAu+ Vv - Vudz = [ véauudS derived in [160]. In
fact, (1.54) holds, by continuous extension, even under weaker assumptions, cf. Necas [257].

61This means that, for any zo,z1 € Q, there is z : [0,1] — Q continuous with z(0) = z¢ and
z(1) = z1. It has the consequence that functions with zero gradient must be constant on .
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and also
ulr, =0 = ”U”WLP(Q) < OPHVU||LP(Q;R”)~ (1.57)

A special case of (1.56) with I'p =T and p = ¢ = 2, is sometimes also called
Friedrichs’ inequality [133].

Theorem 1.33 (KORN INEQUALITY [203]%2). Let1 < p < +o00. There is a constant
Cy. = C(p, Q) such that for any v € WP () it holds that

Vo + (Vo) T
5 :

||1JHW01,p(Q;Rn) < OKHB(VU)HLP(Q;RTUWL) where e(Vv) = (1.58)

1.5 Bochner spaces

We will now define spaces of abstract functions on a bounded interval I C R
valued in a Banach space V', invented by Bochner [55], which is a basic tool on
the abstract level for Part II. We say that u : I — V is simple if it takes only
finite number of values v; € V and A; := u~!(v;) is Lebesgue measurable; then
fOT w(t)dt == Y qiemeast (A;)v;. We say that u : I — V is Bochner measurable
if it is a point-wise limit (in the strong topology) of V of a sequence {uy}ren
of simple functions; i.e. ug(t) — wu(t) for a.a. t € I. We say that u : I — V is
absolutely continuous® if, for each € > 0, there is § > 0 such that Zszl [lu(ty) —
u(sk)|lv < e whenever ¢ < s < tp < T fork =1,.... K € N, t, = 0,
and Zszl ty — sk < 0. A point t € I is called a Lebesque point of u : I — V if
limp o ff}/jQ [lu(t+9) — u(t)||d¥ = 0. Analogously, a right Lebesgue point ¢t € I
means limp o foh [lu(t+9) — u(t)||d¥ = 0.

Theorem 1.34 (PETTIS [283]5%). If V is separable, then u is Bochner measurable
if and only if it is weakly measurable in the sense: (v*,u(-)) is Lebesgue measurable
for any v* € V*.

Considering simple functions {up}reny as above, we call w : I — V
Bochner integrable if limg_, oo fOT |lu(t) — ug(t)||ydt = 0. Then fOT u(t)dt =

limy oo fOT ug(t) dt; this limit exists and is independent of the particular choice
of the sequence {uj}ren. Moreover, if V is separable, then a Bochner measur-
able function u is Bochner integrable if and only if |Ju(-)||y is Lebesgue inte-

grable. Then also || fOTu(t) dt||y < fOT |lu(t)||vdt. From this, we can see that

62See Necas [261] or monographs [112, 262, 354]. A counterexample for p=1 is by Ornstein
[270].

631f V = R, this definition naturally coincides with the absolute-continuity with respect to
the Lebesgue measure on I used on p. 12.

64In fact, [283] works with a general Banach space, showing equivalence of the Bochner mea-
surable mappings with a.e. separably valued weakly measurable ones. See Example 1.42 for a
weakly* continuous function u valued in V' = L°°(0, 1) which is not Bochner measurable.
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limpo f, ff,/jQ u(t+9)d¥ — u(t) at each Lebesgue point t € 1.9
Theorem 1.35. If uc L (I; V), then a.e. t€1 is a Lebesgue point for u.

An analogous assertion holds for right Lebesgue points.

An example for Bochner integrable functions is any u € C(I; (V, weak)).%
However, some classical “scalar-valued” results need not hold in vectorial cases®7.

For 1 < p < o0, a Bochner space LP(I; V') is the linear space (of classes with
respect to equivalence a.e.) of Bochner integrable functions w : I — V satisfying

fOT [lu(t)||},dt < 4o0. This space is a Banach space if endowed with the norm

T » 1/p
oy i= ( / Hu(t)Hth) . (1.59)

For p = oo, we modify it standardly, i.e. ||u||peo(r;v) = ess supser||u(t)|v. Later,
we will often use partition of I to subintervals of the length 7 :=2=XT K € N.

Proposition 1.36 (DENSITY OF PIECEWISE CONSTANT FUNCTIONS). If 1 < p <
+00, then the set {v:I —V; 3K e N: V1 <k < 2K V|((k=1)r,kr) 5 constant,
7 =2"FTY is dense in LP(I; V). In particular, if p € [1,+00) and V is separable,
LP(I; V) is separable too.

Proposition 1.37 (UNIFORM CONVEXITY). If V' is uniformly convex and 1 < p <
+o0, then LP(I; V) is uniformly convez, too.

Proposition 1.38 (DUAL SPACE). Ifp € [1,+0), the dual space to LP(I; V) always
contains LP (I;V*) and the equality holds if V* is separable, the duality pairing
being given by the formula

T
<f7”>Lp’(1;v*)xLP(1;V)::/0 (FE)u(t)) eyt - (1.60)

Thus, if p € (1,400) and V is reflexive and separable, then LP(I; V) is reflexive.

Theorem 1.39 (KOMURA [201]). If V is reflexive and w : I — V is absolutely
continuous, then u is (strongly) differentiable a.e.5® and u(t) = u(0) + fot u,u e
LYI1;Vv).%9

5 This follows simply from [u(t) — ; Z{jz u(t+9)dd|ly = |} fh/2

—h/2
bR lu(t+0) — u(®)lvdv.

66The weak* continuity would not be sufficient, however, as Example 1.42 shows.

67E.g., u € C(I; (V, weakx)) need not be Bochner integrable, as Example 1.42 shows. Also, a
o-additive absolutely continuous mapping v : I — V need not be represented by an integrable
function v in the sense u(t) = fg v(¥)dd; for the counterexample see Yosida [352, Sect.V.5].

68 This means lime—o lu(t +e)— iu(t) does exist for a.a. t € I. The reflexivity of X is indeed
necessary, e.g. u : I — X := L°(0,1) defined by [u(t)](z) := zsin(t/z) is Lipschitz continuous
but nowhere differentiable.

691f V is a uniformly convex space, this formula has been proved already by Clarkson [84].

u(t+9) — u(t)dd]y <
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Convention 1.40. Often, we will use V' = LI(Q2; R™). Considering p,q € [1, +0o0],
it is then natural to identify L?(I; L9(Q;R™)) with

{a I xQ—R™; /OT(/Q |ﬂ(t,x)|qu>p/th < +oo} (1.61)

through the natural isomorphism @ +— w: [u(t)](z) = a(t,z). Likewise,
LP(I; WH4(Q)) is identified via this isomorphism with functions @ : I x Q — R for

which [ (Jo, li(t, 2)|7 + [Va(t, @)[1dz)” ¢ dt < +o0,

Proposition 1.41 (INTERPOLATION OF LP*(I; L9 (Q)) AND LP2(I; L9(Q))). ™ Let
P1,P2,41,92€ [17 +OO], AE [07 1]7 and v e L (I7 Ln (Q)) nLr (I7 L9 (Q)) Then

1 A 1-X 1 A 1-X
= + and =  +
P N P2 q q1 qz
1-X

A
H”HLP(I;LCI(Q)) < HUHLm(I;qu (Q))HUHLm(I;qu(Q))' (1.62)

=

Example 1.42. ( The space L>=(I; L*°(Q)) is not L*°(Q).™) Using the isomorphism
from Convention 1.40, we can identify abstract functions L (I; L>°(Q2)) with func-
tions on @ := I x Q. However, L (I; L>°(Q)) # L>®(Q). For Q = I, the function
u(t) = X0,y induces a function @(t,xz) = 1 if <t and = 0 if z > ¢ which ob-
viously belongs to L>®(Q). Even u is weakly* continuous but it is not Bochner
measurable, hence u ¢ L*°(I; L*°(f2)).

Considering Banach spaces Vy, Vi, ..., Vyand a: Q x V) x --- x Vi — Vj,
let us still define the Nemytskii mappings N, again by the formula (1.47). The
following generalization of Theorem 1.27 holds:

Theorem 1.43 (NEMYTSKIT MAPPINGS IN BOCHNER SPACES [226]7%). Let Vo, Vi,
..., Vi be separable Banach spaces, a : Q2 x Vi X -+ x Vi, — Vi a Carathéodory
mapping”™ and the growth condition

1‘);/1)0 for some vy LP°(Q), (1.63)

k
|a(z,r1, .. .,Tk)HVO <7(z) + CZ 7]
i=1

hold with po,p1, ..., pr as for (1.48). Then N, maps LP*(Q; V1) X - - x LPx(Q; Vy,)
continuously into LPO(2;Vp).

70Cf. Exercise 8.57 on p.244.

"1 This observation is due to Fattorini [125, Example 5.0.10].

72Besides the original paper [226] by Lucchetti and Patrone, we refer also, e.g., to Hu and
Papageorgiou [180, Part I, Sect.9.1].

"3Here, it means that, for a.a. ¢ € Q, a(z,-) : Vi x --- x Vi — Vp is to be (norm,norm)-
continuous and, as in Section 1.3, a(-,7r1,...,7%) : @ — Vp is to be measurable.
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1.6 Some ordinary differential equations

As an auxiliary problem, we will often use the initial-value problem for the system
of k ordinary differential equations in the form:

du

g = f(tu(t)) foraa.tel, u(0)=u, (1.64)

where f : (0, +00) x R¥ — R* is a Carathéodory mapping. By a solution on a time
interval [0, T'] we will understand an absolutely continuous mapping u : [0, 7] — R*
such that the equation (1.64) holds a.e. on [0,T] and u(0) = ug holds, too.

Theorem 1.44 (LOCAL-IN-TIME EXISTENCE). Let f : (0,+00) x RF — R* be a
Carathéodory mapping. Then there is T > 0 (not given a-priori) such that the
initial-value problem has a solution on the interval [0,T].

The main ingredient for estimation of evolution systems in general is the
so-called Gronwall inequality,”™ which we will also often use. In the general form,
this inequality says that, for all ¢ > 0,

t
yt) < (C+ / b(B)e I3 2N qg) el 090 (1.65)
0

whenever we know that y(t) < C + fot(a(ﬁ)y(ﬁ) + b(14))d? for some a,b > 0 inte-
grable.”™ For a > 0 constant, (1.65) simplifies to y(t) < e (C + fot b(¥)e~dy) <
(C + [ b(0)dd)eT for t € I.

Theorem 1.45 (EXISTENCE AND UNIQUENESS). Let T be fized and f : I x R¥ — R¥

be a Carathéodory mapping satisfying the growth condition |f(t,r)| < ~v(t) + C|r|

with some v € L*(I). Then:

(i) The initial-value problem (1.64) has a solution u € W1(I;R*) on the interval
I=10,T].

(i) If f(t,-) is also Lipschitz continuous in the sense |f(t,r1)—f(t,r2)| < £(t)|r1—
ro| with some £ € LY(I), then the solution is unique.

Applying the so-called bootstrap argument, i.e. knowing that u € W11 (I; R¥)
and therefore f(t,u) € W11 (I;R¥) provided f is smooth in the sense

VpeRT Iy,eL'(I), C, < +oo Vtel, |r|<p:

0] <@ and 1enI<c, (66)

74In the general form presented here, which can be found, e.g., in Ioffe and Tihomirov (182,
Sect. 9.1, Lemma 3], it is also called the Bellman-Gronwall inequality according to the original
works [165] (for C = 0, a,b constant) and [38] (for C >0, b= 0, a € L1(0,7)).

75 A generalization for slightly superlinear growth in y, namely yIn(y) or yIn(y) In(In(y)), is
possible, too.
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we know immediately that {\u = f(t,u) € W (I; R¥).7 Hence:

Theorem 1.46 (REGULARITY). If f satisfies all assumptions in Theorem 1.45 and
is also smooth in the sense (1.66), then u € W21 (I; RF).

The following discrete version of the Gronwall inequality will be often used:””

-1

w < (0 > bk>efzi“ll " (1.67)

k=1

provided yy < C+ 71 22;11 (agyr + br) for any I > 0 (of course, for [ = 0 it means
y, < C). We will often use ay, = a constant, and the condition

1
yu<C+ TZ (ayk + br), (1.68)
k=1

from which we can easily derive y; < (1 —a7)"Y(C + 7bo + 7 22;11 (ayk + br+1)),
so that (1.67) gives

_ l
eTla/(l " C+r1 E b fr 1 1.69

< —+ i . .
Y = 1 ( s k) 1 < ( )

76We use c(litf(t’ u) = atf(t, u)+ aarf(t, u) (‘litu € LY(I;R*) because gtf(t, u) € LY (I;R*) while
f(t,u)| < €and &u= f(t,u) € L=(I;RF).

|,
7See Lees [216] or Quarteroni and Valli [287, Lemma 1.4.2] or Thomée [337].
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Chapter 2

Pseudomonotone or weakly
continuous mappings

The basic modern approach to boundary-value problems in differential equations
of the type (0.1)—(0.2) is the so-called energy-method technique which took the
name after a-priori estimates having sometimes physical analogies as bounds of an
energy.! This technique originated from modern theory of linear partial differential
equations where, however, other approaches are efficient, too. On the abstract
level, this method relies on relative weak compactness of bounded sets in reflexive
Banach spaces, and either pseudomonotonicity or weak continuity of differential
operators which are understood as bounded from one Banach space to another
(necessarily different) Banach space. On the concrete-problem level, the main tool
is a weak formulation of boundary-value problems in question, Poincaré and Holder
inequalities, and fine issues from the theory of Sobolev spaces.

2.1 Abstract theory, basic definitions, Galerkin method

Throughout this chapter (and most of the others), V' will be a separable reflexive
Banach space and V* its dual space, with || - || and || - ||« denoting briefly their
norms instead of || - ||y and || - [|y~, respectively.

Definition 2.1 (Monotonicity modes). Let A be a mapping V — V*.
(i) A:V — V*is monotone iff Yu,v eV : (A(u) — A(v),u —v) > 0.

(ii) If A is monotone and u # v implies (A(u) — A(v),u—v) > 0, then A is strictly
monotone.

LCf. Example 6.7 or e.g. also (11.109) or (12.9).
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(iii) Considering an increasing function d : Rt — R, we say that A : V — V* is
d-monotone with respect to a seminorm | - |,

(A(w) = Aw),u = v) = (d(jul) = d(Jol) ) (jul - [0]). (2.1)

If | - | is the norm || - || on V, we say simply that A is d-monotone. Moreover,
A is called uniformly monotone if

(A(u) = Av),u —v) > ¢(|lu—vll)[lu— ]| (2.2)

for some increasing continuous function ¢ : RT™ — R¥. If {(r) = dr for some
0 > 0, then A is called strongly monotone.
(iv) The mapping A : V — V* is called pseudomonotone iff

A is bounded, and (2.3a)
Up — u YoeV : (A(u),u —v)
lim sup (A(ug), up —u) <0 = < 1ikn_1}i£f (A(ug), ux — v).
e (2.3b)

Remark 2.2. Let us emphasize that the monotonicity due to Definition 2.1(i) has
no direct relation with monotonicity of mappings with respect to an ordering. E.g.,
if V* =V, the composition of monotone operators has a good sense but need not
be monotone. Definition 2.1(iv) represents a suitable extent? of generalization of
the monotonicity concept from the viewpoint of quasilinear differential equations
of the type (0.2).

Definition 2.3 (Continuity modes).

(i) A:V-=V*is hemicontinuous iff Vu, v, weV the function ¢t — (A(u+tv),w) is
continuous, i.e. A is directionally weakly continuous.

(i) If it holds only for v = w, i.e. Yu,v€V : t — (A(u+tv),v) is continuous, then
A is called radially continuous.

(iii) A : V—=V™* is demicontinuous iff VweV the functional u — (A(u),w) is con-
tinuous; i.e. A is continuous as a mapping (V,norm) — (V*, weak).

(iv) A : V=V* is weakly continuous iff YweV the functional u — (A(u),w) is
weakly continuous; i.e. A is continuous as a mapping (V, weak) — (V*, weak).

(v) A:V—=V*is totally continuous if it is continuous as a mapping (V, weak) —
(V*,norm).

Lemma 2.4. Any pseudomonotone mapping A is demicontinuous.

Proof. Suppose vy, — u. By (2.3a), the sequence {A(ug)}ren is bounded in a
reflexive space V*. Then, as V is assumed separable, by the Banach Theorem 1.7

2In the sense that the premise of (2.3b) still can be proved under reasonable assumptions and
the conclusion of (2.3b) still suffices to prove convergence of various approximate solutions.
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after taking a subsequence (denoted, for simplicity, by the same indices) we have
A(ug) — f for some f € V*. Then limy— oo (A(ug), ur — u) = (f,u —u) = 0 and
therefore, by (2.3b),

(A(u),u—v) < hkminf (A(ug), uk —v) = (f,u—v) (2.4)
for any v € V. From this we get A(u) = f. In particular, f is determined uniquely,

and thus even the whole sequence (not only the selected subsequence) must con-
verge. |

Definition 2.5 (Coercivity). A : V. — V* is coercive iff 3¢ : Rt — RT:
limg_, 400 €(8) = 400 and (A(u),u) > ¢(||lu]])||w]. In other words, A coercive means

<A|(u)’u> = +oo. (2.5)

Jull

m
llwll—o0

Theorem 2.6 (BREzIS [58]). Any A pseudomonotone and coercive is surjective;
this means, for any f € V*, there is at least one solution to the equation

A(u) = f. (2.6)
Proof. Let us divide the proof into four particular steps.

STEP 1: (Abstract Galerkin approzimation.) As V is supposed separable, we can
take a sequence of finite-dimensional subspaces

VEEN: ViCVipr CV  and | J Vi is densein V. (2.7)
keN

Then we define a Galerkin approximation uy € Vi by the identity:
Yo e Vg : (A(ur),v) = (f,v). (2.8)

STEP 2: (Fzistence of approzimate solutions uy.) In other words, we seek uy, € Vj,
solving I} (A(ux) — f) = 0 where I, : Vj — V is the canonical inclusion so that
the adjoint operator I} : V* — V,* represents the restriction I} f = fly, . Besides,
as Vj is finite-dimensional, we will identify Vi = V;* by a linear homeomorphism
Ji : Viy =V} such that (Jyu,u) = ||u||%,k7 | Jrullve = [|ullv,, and (Jku,Jk_lf> =
(f,u)?

As A is coercive, for p sufficiently large we have

lullve =0 = (A() = fiu) > (A(w),u) — [If[l]u] > 0. (2.9)

3If necessary, we can re-norm the finite-dimensional V}, to impose a Hilbert structure (i.e. Vj,
is then homeomorphic with a Euclidean space). Then Jj, can be taken as in (3.1) below; note
that, by Lemma 3.2, J is a homeomorphism. Also note that (2.5) restricted on Vj holds in
the new, equivalent norm, as well; possibly, the function ¢ in Definition 2.5 is changed by this
renormalization.
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Suppose, for a moment, that I} A(u) # I} f for any u € Vi, with |lul|v, < o. Then

the mapping Jk_llg (f - A(u))
[ 7: (f = A(w))

maps the convex compact set {u € Vi; |ul| < o} into itself because ||J; || = 1;
note that [|J; " flv, = |If] v;r. Also, by Lemma 2.4, the mapping u +— (A(u),v) :
Vi — R is continuous for any v so that also u — I} A(u) : Vi — V¥ is continuous.
By the Brouwer fixed-point Theorem 1.10, the mapping (2.10) has a fixed point
u, this means

U Q

(2.10)

p T Tl = Alu ))

HI* - Aw) (2.11)

As |77 v = =, (2.11) implies |lulv;, = o. Testing (2.11) by Jxu||l;(f —
A(u))|lvy, one gets
| (f = AWl = Trew, w) || (f = A@w))]|,,.

= Q<Jku T (f = A(w)) = o(I;( ))su)

= o(f — A(u), Iru) = o(f — Alu), > (2.12)
which yields (A(u) — f,u) = —ollI;; (A(u) — f)[lvy <0, a contradiction with (2.9).
STEP 3: (An a-priori estimate.) Moreover, putting v := uy into (2.8), we can
estimate®

Clllunllunll < (Aur), ur) = (f,ue) < [ F]lJlux] (2.13)

with a suitable increasing function ¢ : R™ — R* such that lime_.o ((£§) = +o0, cf.
the coercivity (2.5) of A. Then [ug|| < (|| f]l+) < 400, so that uy, is bounded
in V independently of k. This holds even for any solution to (2.8).

STEP 4: (Limit passage.) Since {uy}ren is bounded and V is reflexive and sepa-
rable, by the Banach Theorem 1.7 together with Proposition 1.3, there is a sub-
sequence and u € V such that uy — u. From (2.8), we have also

(Aug),vm —up) = (f,vm —uy) (2.14)

for any k& > m and vy, € V;,, C V. By density of (J,cy Vi in V, we can take
vk — w. Then, by (2.14), one gets

lim sup (A(ug), ur —u) = limsup ((A(uk),uk — k) + (A(ur), v, — u})

k—oo k—oo

< Jim ((F ko) + Ao =l ) = 0. (2.15)

4Here we forget possible renormalization of the finite-dimensional subspaces Vj, and come
back to the original norm on V.
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Note that the sequence {uy}ren has been proved bounded so {||A(ug)||«}ren is
bounded by (2.3a) and that, in fact, even an equality holds in (2.15) and “limsup”
is a limit. By pseudomonotonicity (2.3b) of A, we get

YoeV : likm inf (A(ur), up —v) > (A(u),u —v). (2.16)
On the other hand, from (2.14) we also have

Yve U Vin ¢ likminf (A(ug), up —v) = klim (fyug —v) = {(fiu—v). (2.17)

Combining (2.16) and (2.17), one gets (A(u),u —v) < (f,u—v) for any v ranging

over a dense subset of V', namely | J,,cy Vim, which shows that A(u) = f. O

Remark 2.7 (Nonconstructivity). Let us emphasize three aspects of high noncon-
structivity of the above proof:

v' usage of Brouwer’s fixed-point theorem,

v’ a contradiction argument, and

v' a selection of a convergent subsequence by a compactness argument.

Remark 2.8 (Necessity of approximation). The approximation (Step 1) is necessary
in the above proof, otherwise one would have to think about usage of Schauder’s
type fixed point Theorem 1.9 instead of the Brouwer one. This would need ad-
ditional assumptions about weak continuity of A and the Hilbert structure of V,
cf. Exercise 2.52, which is not fitted with general quasilinear differential equations,
cf. Sect. 2.5 where omitting the approximation would also hurt for not allowing
for a weaker concept of A as V — Z* with Z G V.

2.2 Some facts about pseudomonotone mappings

Brézis’ Theorem 2.6 showed the importance of the class of pseudomonotone map-
pings. It is therefore worth knowing some more specific cases leading to such
mappings.

Lemma 2.9 (BrEzis [58]). Radially continuous monotone mappings satisfy
(2.3b). In particular, bounded radially continuous monotone mappings are
pseudomonotone.

Proof. Take up — w and assume limsup,_, {(A(uk),ux — u) < 0. Since A is
monotone, (A(ug),ur —u) > (A(u),ur —u) — 0 so that liminfy oo (A(ug), up —
u) > 0 and therefore altogether

klim (A(ug), ux —u) = 0. (2.18)
We take u. = (1—¢)u + ev, € > 0, and write the monotonicity condition of A
between u and u,:

0 < (A(ug) — A(ue), up — ue) = (A(ug) — A(ue),e(u — v) + ug — u) (2.19)
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and, by a simple algebraic manipulation, we obtain
e(A(ug),u —v) > (A(ue), ur, — u) — (A(ug), up — u) + e(A(ue),u —v).  (2.20)
Therefore, fixing € > 0 and passing with & to infinity, by (2.18) we get

alikminf<A(uk)7u—v> > e(A(ue), u — v). (2.21)

Then divide it by e, which gives liminfy_ o (A(ug),u — v) > (A(ue),u — v) =

(A(u + e(v—u)), u—v). Passing with e — 0 and using the radial continuity of A,
we eventually get

liminf(A(ug), v —v) > im(A(u + e(v—u)),u—v) = (A(u),u—v). (2.22)

k—oo eN\0
The pseudomonotonicity of A then follows by using (2.22) with (2.18):

lim inf(A(ug), up—v) = lim (A(ug), ug—u) + likrgiggf(A(uk),u—w > (A(u),u—v).

k—oo k—oo

O

Lemma 2.10. Any bounded demicontinuous mapping A : V. — V* satisfying

(uk —u & limsup (A(ur)—A(u), up—u) < O) = up — u. (2.23)

k—o0
s pseudomonotone.

Proof. The premise of (2.3b), i.e. up—u and limsup(A(ug), ur—u) <0, yields

k—o0

lim sup (A(ux)—A(u), up—u) = limsup (A(uk), up—u) — klim (A(u), up—u) <0,
k—o0 k—o0 —00

so that by (2.23) we have u; — u, and by demicontinuity of A also A(uy) — A(uw),
and eventually limy_, o (A(ug), ur — v) = (A(u),u — v) for any v € V. O

Lemma 2.11.

(i) The sum of any pseudomonotone mappings remains pseudomonotone, i.e. Ay
and As pseudomonotone implies u— Aj(u) + Aaz(u) pseudomonotone.

(ii) A shift of a pseudomonotone mapping remains pseudomonotone, i.e. A
pseudomonotone implies u— A(u+ w) pseudomonotone for any w € V.

Proof. The boundedness (2.3a) of A; + As and A(- + w) is obvious hence we need
to show only (2.3b).

To prove (i), let A1, As be pseudomonotone, uy — u and limsup,,_, . ([41 +
As)(ug), ur, — uy < 0. Let us verify that

lim sup <A1 (ug), ur — u> <0 and lim sup <A2(uk),uk — u> <0. (2.24)

k—o0 k—o0
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Suppose, for a moment, that limsup,_, . (Aa(ug),uxy — u) = ¢ > 0. Taking a
subsequence, we can suppose that limg_, oo (A2(ug), ux —u) =& > 0 and therefore

lim sup (A; (ug), ur, — u) < —€ < 0. (2.25)

k—o0

As A; is pseudomonotone, we get liminfy_, o (A1 (ug), ugp —v) > (A1 (u),u — v) for
any v € V. In particular, for v = u we get liminfy_, o (A7 (ug), ux — u) > 0, which
contradicts (2.25). Thus (2.24) holds. By the pseudomonotonicity both for A; and
for As, we get

likm inf <[A1—|—A2](uk), uk—v> Zlikm inf <A1(uk), uk—v> + likm inf <A2(uk), uk—v>
> (A1(u),u—v) + (Az(u),u —v) > ([A1 + Ag](u),u — v).
As to (ii), let uwr — w and limsup,_o(A(uptw),ur—u) < 0. Then
obviously urp4+w — wu+w and limsup,_o(A(ug+w), (ug+w) — (u+w)) < 0. If
A is pseudomonotone, then liminfy_o{A(ur+w), ux—v) = liminfy_o(A(up+w),

(uptw) — (v+w)) > (A(utw), (u+w) — (v+w)) = (A(utw), u—v), hence A(-+w)
is pseudomonotone. O

Corollary 2.12. A perturbation of a pseudomonotone mapping by a totally contin-
uous mapping is pseudomonotone.

Proof. Realize that any totally continuous mapping is pseudomonotone; indeed, if
ug — u, then A(ur) — A(u) and thus limg—, o0 (A(ug), ur — v) = (A(u),u — v) so
that (2.3b) is trivial. O

2.3 [Equations with monotone mappings

Monotone mappings (with boundedness and radial continuity properties) are a
special class of pseudomonotone mappings, cf. Lemma 2.9, and, as such, they
allow special treatment with a bit stronger results than a general “pseudomonotone
theory” can yield, cf. Theorem 2.14 vs. Proposition 2.17.

Lemma 2.13 (MINTY’S TRICK [243]). Let A:V — V* be radially continuous and
let {(f—A(v),u—v) >0 for any veV. Then f = A(u).

Proof. Replace v with u + ew with w € V' arbitrary. This gives
(f — Alutew), —ew) > 0. (2.26)
Divide it by € > 0 and pass to the limit with ¢ by using radial continuity of A:
0> (f — Alutew), w) — (f — A(u),w). (2.27)

As w is arbitrary, one gets A(u) = f. O
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Theorem 2.14. Let A be bounded,” radially continuous, monotone, coercive. Then:

(i) A is surjective; this means, for any f € V*, there is u solving (2.6). Moreover,
the set of solutions to (2.6) is closed and convez.

(i) If, in addition, A is strictly monotone, then A=' : V* — V does ewist, is
strictly monotone, bounded, and demicontinuous. If A is also d-monotone and
V uniformly convez, then A~! : V* — V is continuous.

(iii) If, in addition, A is uniformly (resp. strongly) monotone, then A= : V* — V
is uniformly (resp. Lipschitz) continuous.

Proof. By Lemma 2.9, A is pseudomonotone. As A is supposed also coercive, the
surjectivity of A follows from Theorem 2.6. By Lemma 2.4, A is demicontinuous,
hence the set of solutions to (2.6) is closed in the norm topology of V. Hence, to
prove convexity of this set, it suffices to show that u = juy + jus solves (2.6)
provided u; and us do so, cf. Proposition 1.6. Thus, as A(u1) = f = A(uz), we
have

(f,ur —v) = (Au1), u1 — v), (2.28a)

(f,uz —v) = (A(u2), uz — v). (2.28b)
Then we add (2.28a) with (2.28b), divide it by 2, and subtract the trivial identity
(A(v),u —v) = ;( (v),u1 —v) + %(A(v)mg — v) where u = éul + éug. We get

(f—A@),u—v) = ;<A(u1) — A(v),u1 —v) + ;<A(u2) — A(v),uz —v) >0

because of monotonicity of A. Then, by Lemma 2.13, one gets A(u) = f.

Let us go on to (ii). If A is strictly monotone, we have (A(u1) — A(usg),u; —
uz) = {f — f,u1 — uz) = 0 which is possible only if u; = us. In other words, the
equation (2.6) has a unique solution so that the inverse A~! does exist.

The mapping A~! is strictly monotone: For fi, fa € V*, f1 # f2, put u; =

~1(f;). Then also u; # us. As A is strictly monotone, one has

<f1 — f2, A7 (f1) — A_l(f2)> = <A(U1) — A(ug),u1 — u2> > 0. (2.29)

The mapping A~! is bounded: by the coercivity of A, there is ¢ : Rt — R
such that lime_,o ((£§) = 400 and (A(u), u) > |lu||¢(||u||). Therefore

Clulllull < (Alu),u) = (fu) < [ fll]lull (2.30)

so that C(||[AY()I) = ¢(|lul]) < ||f]l+- Thus A~ maps bounded sets in V* into
bounded sets in V.

The mapping A~! is demicontinuous, i.e. (norm,weak)-continuous: take fj, —
fin V*. As A=! was shown to be bounded, { A= (fx)}xen is bounded and (possibly

51If proved directly, i.e. without passing through pseudomonotone mappings, the boundedness
assumption can be omitted; cf. Theorem 2.18 below.
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up to a subsequence) uy = A~1(fx) — win V by Banach’s Theorem 1.7. It remains
to show A(u) = f. By the monotonicity of A, for any v € V:

0 < (A(uk) — A(v),up, —v) = (fr — A(v),u, — v). (2.31)

Therefore, by (normxweak)-continuity of the duality pairing, passing to the limit
with k — oo yields

0< klggo (fr — A(),ur —v) = (f — A(v),u — ). (2.32)

Then we apply again the Minty-trick Lemma 2.13, which gives A(u) = f. Thus
even the whole sequence {uy }ren converges weakly.
If A is d-monotone, we can refine (2.31) used for v := u as follows:

(dllurll) = d(llulD) (el = llull) < (Alur) = Alw), ue = u)
= (fe — A(w),ur, —u) — (f — A(u),u —u) =0, (2.33)
which gives |Jug|| — |lu|| because d : R — R is increasing. Hence up — w by
Theorem 1.2. In other words, A~! is continuous.

The point (iii): By (2.2) one has for any A(u1) = f1 and A(uz) = fo the
estimate

Cllur —ual)[lur —ual < (A(ur) — Auz), ur — us)
= (fi = fo,ur —u2) <|If1 = follellur —uzl|  (2.34)

so that ¢(|lu; — uz2l]) < ||f1 — f2||«. By the assumed properties of {, the inverse

mapping A~! is uniformly continuous. The case of strong monotonicity is obvious.
|

Lemma 2.15. Any monotone mapping A : V. — V* is locally bounded in the sense:
VueV Je >0 IMeRT VoeV : |v—ul| <e = [A@)|. < M. (2.35)

Proof. Suppose the contrary, i.e. (2.35) does not hold at some v € V. Without
loss of generality, assume u = 0. This means that there is a sequence {v; }, v, — 0,
such that ||A(vg)|l« — oo. Putting ¢x := 1 + ||A(vg)||«]|vk]|, we can estimate by
monotonicity of A that

<A(fuk)7v> (A(vg),vk) + (A(v),v — vg)
Ck Ck
L+ [[A@)]], (ol + llokll) — 1+ [[A@)]<]lv]l- (2.36)

A

Replacing v by —v, we can conclude that limsup,_, . |[(c; ' A(vg),v)| < +oo
for any v € V. By Banach-Steinhaus’ Theorem 1.1, ¢; '||A(vg)|[« < M. This
means ||A(vg)|l« < Mec, = M1+||A(vk)|«||lvkl]), and then also ||A(vi)|« <
M/(1—M||vg||) — M, which contradicts the fact that ||A(vk)|l« — oo. O
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Lemma 2.16. Radially continuous monotone mappings are also demicontinuous.

Proof. Take a sequence {ug}ren convergent to some u € V. By Lemma 2.15,
{A(ug)}ren is bounded in V* and, Banach Theorem 1.7, we can select a subse-
quence {A(ug,) hien converging weakly to some f € V*. Then, by the monotonicity
of A, 0 < limy_, o0 (A(ug,) — Av), ug, —v) = (f — A(v),u—v). As v is arbitrary and
we assume radial continuity of A, the Minty-trick Lemma 2.13 yields f = A(u). As
f is thus determined uniquely, even the whole sequence {A(ug)}ren must converge
to it weakly. |

Proposition 2.17. Let A = A1 + Ay : V. — V™ be coercive, and Ay be radially
continuous and monotone and Az be totally continuous. Then A is surjective.

Proof. As in the proof of Brézis’ Theorem 2.6, consider uy € V; the Galerkin
approximations (2.8), i.e. here

<A1 (ug) + Ag(uk),v> = (f,v) YoeVy, (2.37)

and the a-priori estimate (2.13), and choose a weakly convergent subsequence
{ug, }ien with a limit v € V. Use monotonicity of A; to write

0< <A1(Ul)—A1 (uki),vl—uk» = <A1 (Ul)7vl_uki> + <A2(uk1)—f, vl—uki> (2.38)
for any v; € V; with [ < k. Passing to the limit with i — oo, it gives
0< <A1(vl),vl — u> + <A2(u) — fyu — u> (2.39)

Then, by density of | J, oy Vi in V, consider v; — v for v €V arbitrary, use demi-
continuity of A; (cf. Lemma 2.16), and pass to the limit with [ — oo to get:

0 < (A1(v),v —u) + {Az(u) — f,v —u). (2.40)

Finally, replace v by u + ew with w € V arbitrary and use Minty’s trick as in
(2.26)—(2.27) to show that A;(u) + Aax(u) = f. O

In principle, if A; is also bounded, one could use Lemma 2.9 and Corol-
lary 2.12 to see that A from Proposition 2.17 is surjective; realize that As, being
totally continuous, is certainly bounded. The above direct proof allowed us to avoid
the boundedness assumption of A;. In particular, for As = 0, one thus obtains the
celebrated assertion:

Theorem 2.18 (BROWDER [67] and MINTY [243]). Any monotone, radially con-
tinuous, and coercive A : V. — V* is surjective.

As a very special case, one gets another celebrated result:
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Theorem 2.19 (LAX and MILGRAM [214]%). Let V' be a Hilbert space, A:V — V*
be a linear continuous operator which is positive definite in the sense (Av,v) >
g|lv||? for some e > 0. Then A has a bounded inverse.

Sometimes, the following modification of Proposition 2.17 can be advanta-
geously applied, obtaining also the strong convergence of Galerkin’s approximate
solutions.

Proposition 2.20. Let A = Ay + Ay : V. — V* be coercive, and Ay be monotone
radially continuous and satisfy (2.23), and Ay be demicontinuous and compact.”
Then A is surjective.

Proof. We have the Galerkin identity (2.37) and a subsequence u; — u, and write
<A1 (ug)— Az (u), uk—u>:<A1(uk)—A1 (u), vk—u>—|—<A1(uk)—A1 (u), uk—vk>
= (An ()~ A (u), v —u) + (f—An(ur) — Ay (w), up—vy) =2 I + 1. (2.41)

As A, is monotone, for any € > 0, then

| AL (ur)||, = ! sup (Ax(ug),v) < ! sup <<A1(uk),v>

€ vli<e € lvli<e

+ <A1(uk)—A1(v),uk—v>) = i Hshlg (<A1(uk),uk> + <A1(v),v—uk>). (2.42)
v 1>

Now we use that {(A1(uk),ur)}ren is bounded because (Aj(uk),ur) = (f —
As(ug),ur) and the compact mapping Ay is certainly bounded, and also
{{A1(v),v — ug); ||v|| < e} is bounded if ¢ > 0 is small enough because A;
is locally bounded around the origin due to Lemma 2.15. Thus (2.42) shows
that ||Ai(ug) — Ai(u)|« is bounded, and, choosing vy — u in V, we obtain
limy, oo I\ = 0 in (2.41).

Taking a subsequence such that also As(ux) converges to some x € V* (as
we can because As is compact), we get I,gQ) = (f — Ax(ur) — A1(u), ur, — vg) —
(f —x— Ai1(u),u —u) = 0. As this limit is determined uniquely, even the whole
sequence {I]gQ)}keN converges to 0.

Using (2.41), by (2.23) we get up—wu. By Lemma 2.16, A;(ur)—A1(u). By
demicontinuity of Ag, also As(ug)—As(u). It allows us to pass to the limit in
(2.37), obtaining (A;(u) + Az(u) — f,v) = 0 for any v € U, oy Vi, hence A(u) =
! O

Remark 2.21 (d-monotone A on a uniformly convex V). Any d-monotone 4 : V —
V* satisfies (2.23) if V' is uniformly convex. Indeed, the premise of (2.23) with
(A(ur) — A(u), ue —u) = (d([[uell) = d([[ul)(uel = [[ul]), cf. (2.1), yields [Jux|| —
[lu||. Then, by uniform convexity of V' and Theorem 1.2, we get immediately
Uk — U.

6 A usual formulation uses a bounded, positive definite, bilinear form a : V x V — R. This

form then determines A : V' — V* through the identity (Au,v) = a(u,v).
"In fact, demicontinuous and compact A is automatically continuous.
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The nonconstructivity of Brézis’ Theorem 2.6 pointed out in Remark 2.7 can
be avoided in special situations by using Banach’s fixed-point Theorem 1.12 for
the iterative process

up = Te(up_1) := up_q —eJ ! (A(uk_l) — f) , keN, ugeV, (2.43)

if V is a Hilbert space and the linear operator J : V — V* is defined by
(Ju,v) := (u,v) with (-,-) denoting here the inner product in V, cf. Remark 3.10.
For weakening of the assumptions by further (constructive) approximation see
Example 2.90.

Proposition 2.22 (BANACH FIXED-POINT TECHNIQUE). Let V' be a Hilbert space,
A:V — V* be strongly monotone, i.e. {(r) = dr from (2.2) with 6 > 0, and also
A be Lipschitz continuous, i.e. ||A(u) — A(v)|l« < £|lu—v||. Then the nonlinear
mapping T defined by (2.43) is contractive for any € > 0 satisfying

£ < 20/ (2.44)

and the fized point of T, i.e. T.(u) = u, does exist and obviously solves A(u) = f.
Proof. Tt holds that® (f, J=1f) = || f||?, so that one has
I T=(w) = Te(0)* = (J(u —v) = (A(u) = A(v)),u —v — ] (A(u) — A(v)))
= [lu—v||* — 2e(u—v, T (A(u) — A(v))) + [T A(u) — T A(v)|)?
= [lu —v|* = 2e(A(w) — A(v),u — v) + || A(w) — A(v)|]?

< lu—v||* = 2ed||u — v||* + 20?|u — v||*.

The condition (2.44) just guarantees the Lipschitz constant /1 — 2e8 + £2¢2 of T
to be less than 1. O

2.4 Quasilinear elliptic equations

We will illustrate the above abstract theory on boundary-value problems for the
quasilinear 2nd-order partial differential equation

—div(a(z,u, Vu)) + c(z,u, Vu) = g (2.45)

considered on a bounded connected Lipschitz domain Q C R™. Here a : 2 x R x
R™ - R™ and ¢: Q x R x R™ — R; for more qualification see (2.54) and (2.55a,¢)
below. Recall that Vu := (82171, ce 8271 u) denotes the gradient of w. More in
detail, (2.45) means

_ Z ai_ai (z,u(z), Vu(z)) + c(z, u(z), Vu(z)) = g(z) (2.46)
i=1 "

8Realize that for v =J~1f, (f, J71f) = (f,v) = (Jv,v) = (v,v) = ||v||® = ||IfI|?.
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for x € Q2 but we will rather use the abbreviated form (2.45) in what follows. For
some systems of the 2nd-order equations see Sect. 6.1 below while higher-order
equations will be briefly mentioned in Sect. 2.4.4. Besides, we will confine ourselves
to data with polynomial-growth; p € (1, 400) will denote the growth of the leading
nonlinearity a(z,u, ) which essentially determines the setting and the other data
qualification. Also, a(z,u,-) will be assumed to behave monotonically, cf. (2.65),
which is related to the adjective elliptic. For the linear case a(z,r,s) = As, the
monotonicity (2.65) and coercivity (2.91a) below implies the matrix A is positive
definite, which is what is conventionally called “elliptic”, contrary to A indefinite
(resp. semidefinite) which is addressed as hyperbolic (resp. parabolic).

Convention 2.23 (Omitting a-variable). For brevity, we will often write a(z, u, Vu)
instead of a(x,u(z), Vu(z)) (as we already did in (2.45)) or sometimes even
a(u, Vu) if the dependence on x is automatic; hence, in fact, Ny (u, Vu) = a(u, Vu).
Thus, e.g. [, ¢(u, Vu)vdz will mean [, c¢(z, u(x), Vu(z))v(z) da.

2.4.1 Boundary-value problems for 2nd-order equations

The equation (2.45) may admit very many solutions, which indicates some missing
requirements. This is usually overcome by a boundary condition to be prescribed
for the solution on the boundary I':= 02 of the domain €.

One option is to prescribe simply the trace u|r of u on the boundary, i.e.

ulp=u, onTl (2.47)

with v, a fixed function on I'. This condition is referred to as a Dirichlet boundary
condition.

Having in mind the equation (2.45), the alternative natural possibility is to
prescribe a local equation for the “boundary flux” v - a, i.e.

v-a(z,u,Vu) +b(z,u)=h onT (2.48)

where v = (v1,...,v,) denotes the unit outward normal to T" and A : I' — R and
b: T xR — R are given functions qualified later. More in detail, (2.48) means
Yo vi(@) ai(z,u(z), Vu(x)) + b(x,u(z)) = h(z) for x € T. This condition is
referred to as a (nonlinear) Newton boundary condition or sometimes also a Robin
condition. If b =0, it is called a Neumann boundary condition.

One can still think about a combination of (2.47) and (2.48) on various parts
of T'. For this, let us divide (up to a zero-measure set) the boundary I' on two
disjoint open parts I'p and I'y such that meas,,_1 (1" \ (Tp U FN)) =0, and then
consider so-called mized boundary conditions

ulr = upy on I'p, (2.49a)
v-a(z,u, Vu) + b(z,u) = h on I'y. (2.49b)

As either T'p or I'y may be empty, (2.49) covers also (2.48) and (2.47), respectively.
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Completing the equation (2.45) with the boundary conditions (2.47) (resp.
(2.48) or (2.49)), we will speak about a Dirichlet (resp. Newton or mixed)
boundary-value problem. One can have an idea to seek a so-called classical so-
lution u of it, i.e. such u € C?(Q) satisfying the involved equalities everywhere on
Q and T'. This requires, however, very strong data qualifications both for a, b, and
c and for Q itself. Therefore, modern theories rely on a natural generalization of
the notion of the solution. In this context, ultimate requirements on every sensible

definition are®:

1. Consistency: Any classical solution to the boundary-value problem in question
is the generalized solution.

2. Selectivity: If all data are smooth and if the generalized solution belongs to
C?(), then it is the classical solution. Moreover, speaking a bit vaguely, in
qualified cases the generalized solution is unique.

2.4.2 Weak formulation

Here, the generalized solution will arise from a so-called weak formulation of the
boundary-value problem, which is the most frequently used concept and which
just fits to the pseudomonotonicity approach. Later, we will present some other
concepts, too.
For the full generality, we will treat the mixed boundary conditions (2.49).
The weak formulation of (2.45) with (2.49) arises as follows:
Step 1: Multiply the differential equation, i.e. here (2.45), by a test function v.
Step 2: Integrate it over €.
Step 3: Use Green’s formula (1.54), here with z = a(x, u, Vu).
Step 4: Substitute the Newton boundary condition, i.e. here (2.49b), into the
boundary integral, i.e. here [ v(z-v)dS = [. (v-a(z,u,Vu))vdS in
(1.54), while by considering v|r, = 0, the integral over I'p simply van-

ishes.
This procedure looks here as

/Q( — div(a(z, u, Vu)) + c(z, u, VU))vdx

Green’s

formula
= /a(x,u, Vu) - Votc(z, u, Vu)v de — /(V-a(x,u, Vu))vdsS
Q r
boundary
conditions
= /a(x,u, Vu) - Vote(z, u, Vu)vdz + /(b(z,u) — h(z))vdS. (2.50)
Q r

Realizing still that the left-hand side in (2.50) is just [, gvdz, we come to the

9See [306, Remark 5.3.8] or [312] for some examples of unsuitable concepts of so-called
“measure-valued” solutions, cf. also DiPerna [106] or Illner and Wick [181].
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integral identity

/a(x,u,Vu)-Vv—|—c(x,u,Vu)vdx—|—/ b(x,u)vdSz/g’udz—F/ hvdS. (2.51)
T'n ¢ r

Q 2 N

As declared, we confine ourselves to a p-polynomial growth, cf. (2.55a) below, and
then it is natural to seek the weak solution in the Sobolev space W1P(Q). It leads
to the following definition:

Definition 2.24. We call u € W1P(Q) a weak solution to the mixed boundary-value
problem (2.45) and (2.49) if u|r, = u, and if the integral identity (2.51) holds for
any v € W1P(Q) with v|p, = 0.

The above 4-step procedure to derive (2.51) guarantees automatically its
consistency. On the other hand, its selectivity is related to the important fact that
the space V' of test-functions v’s, i.e.

V ={veW"?(Q); v|p, =0}, (2.52)

is sufficiently rich, the restriction of v on I'p being compensated by direct involve-
ment of the boundary condition (2.49a) in Definition 2.24:

Proposition 2.25 (SELECTIVITY OF THE WEAK-SOLUTION DEFINITION). Let a €
C'Q xR xR%R"), c € COQ xR xR"), and b € C°(I'x x R), g € C(Q), and
h € C(I'N). Then any weak solution u € C%(Q) is the classical solution.

Proof. Put v € V into (2.51) and use Green’s formula (1.54). One gets

/ (div a(z,u, Vu) — c(z,u, Vu) + g)v dz
Q
+ /FN (h —b(x,u) —v-a(z,u, Vu))'udS =0. (2.53)

Considering v|r = 0, the boundary integral in (2.53) vanishes. As v is otherwise
arbitrary, one deduces that (2.45) holds a.e., and hence even everywhere in §2 due
to the assumed smoothness of a and ¢.!® Hence, the first integral in (2.53) vanishes.
Then, putting a general v €V into (2.53) shows the latter boundary condition in
(2.49) valid,!! while the former one is directly involved in Definition 2.24. O

The important issue now is to set up basic data qualification to give a sense
to all integrals in (2.51). Recall that we keep the permanent assumption 2 to be
a bounded Lipschitz domain (so that, in particular, v is defined a.e. on I') and I'p

10Here we use the fact that the set of test functions is sufficiently rich, namely that Wol’p(Q)
is dense in L' (Q); cf. Theorem 1.25 and the well-known fact that C§°(€) is dense in L(Q).

1 Here the important fact is that the set {v|ry; v € V'} is dense in L (I'y). This is guaranteed
by the assumption that I'y is open in I'.



44 Chapter 2. Pseudomonotone or weakly continuous mappings

and I'y are open in ' (hence, in particular, measurable). To ensure measurability
of integrands on the left-hand side of (2.51) we must assume:

a;,c: Q2 XxRXR* >R, b:T xR —R are Carathéodory functions, (2.54)

fori =1,...,n; this means measurability in  and continuity in the other variables.
The further ultimate requirement is integrability of all integrands on the left-hand
side of (2.51). This, and some continuity requirements needed further, lead us to
assume the growth conditions on the nonlinearities a, b, and c:

la(z, 7, s)| < y(x) + Clr|® =9 L C|s]P~"  for some veL? (),  (2.55a)
[o(z,7)] < v(z)+ C|r|p#_6_1 for some WELP#/(F), (2.55D)
le(x, 7, 8)| < y(x) + Clr[P" =1 + C|s|P/P” for some ve€L? (). (2.55¢)
Let us recall the notation of the prime denoting the conjugate exponents (i.e.,
e.g., p = p/(p—1), cf. (1.20)) and the continuous (resp. compact) embedding
WhP(Q) C LP (Q) (resp. WP(Q) € LP"~¢(Q) with ¢>0), cf. Theorem 1.20. More-

over, the trace operator u — u|pr maps W1P(Q) into " (T") continuously and into
LP”=<(T") compactly, cf. Theorem 1.23. For p* and p# see (1.34) and (1.37).

Convention 2.26. For p > n, the terms |r|T> occurring in (2.55) are to be under-
stood such that |a(x,-, s)|, |b(z,-)|, and |c¢(z, -, s)| may have arbitrary fast growth
if |r] — oo.

In view of Theorem 1.27, the growth conditions (2.55) are designed so that
respectively

Ny : WP (Q) x LP(Q; R™) — LP (Q; R™) is (weakx
X norm,norm)-continuous, (2.56a)
u— Ny(ulp) : WHP(Q) — Lp#,(F) is (weak,norm)-continuous, (2.56b)
No: WP (Q)x LP(Q; R™) — LP”'(Q) is (weak xnorm,norm)-continuous. (2.56c)
In particular, for u,v € W1P(§), the integrands a(z,u, Vu) - Vo and c(z, u, Vu)v

occurring in (2.51) belong to L!(€) while b(x, u|r)v|r belongs to L*(T).
Furthermore, we will also suppose the right-hand side qualification:

geL’(Q), her? (D). (2.57)

Note that (2.57) ensures gv € L'(Q) and hv|r € LY(T) for v € WHP(Q), hence
(2.51) has a good sense. Moreover, we must qualify u, occurring in the Dirichlet
boundary condition (2.49a). The simplest way is to assume

Jw € WHP(Q) @ uy = wr. (2.58)
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Then, considering V' from (2.52) equipped by the norm (1.30b) denoted simply by
|- |l, we define A : WHP(Q) — V* and f € V* simply by

(A(u),v) := left-hand side of (2.51), (2.59)
(f,v) := right-hand side of (2.51). (2.60)

Moreover, referring to (2.58), let us define Ag : V — V* by
Ao(u) = A(u + w). (2.61)

Note that Ag has again the form of A from (2.51) but the nonlinearities a, b, and ¢
are respectively replaced by ag, b, and ¢y given by ag(x,r, s) := a(z,r +w(x),s+
Vw(z)), bo(x,r) := bz, r+w(x)), and co(z, 7, s) := c(x,r +w(z), s+ Vw(z)), and
these nonlinearities satisfy (2.55) but with ¢ = 0 if w € W1P(Q) and the original
nonlinearities satisfy a, b, and ¢ (2.55). Note also that for zero (or none) Dirichlet
boundary conditions, one can assume w = 0 in (2.58) and then Ay = A|y (or
simply Ag = A).
Note that, indeed, f € V* because of the obvious estimate

7 = s ([ godo+ [ mas) < swp (gl ol o)
Q I'n loll<1

llvll<1 llv

+ Al o e 0l Lo oy ) < Nullgll o ) + Nallbll prr oy (2.62)
(Tn) (Tn) (I'n)

where Nj is the norm of the embedding operator W'?(Q) — LP"(Q) and Ny is the

norm of the trace operator v — v|ry : WHP(Q) — L (T'x). By similar arguments,
(2.54) and (2.55) ensures A(u) € V*, cf. Lemma 2.31 below.

Proposition 2.27 (SHIFT FOR NON-ZERO DIRICHLET CONDITION). The abstract
equation (2.6) for Ay has a solution uy € V, ie. Ag(ug) = f, if and only if
u=ug+w € WHP(Q) is the weak solution to the boundary-value problem (2.45)
and (2.49) in accord to Definition 2.24.

Proof. We obviously have f = Ag(ug) = Ao(u—w) = A(u—w+w) = A(u), hence
the assertion immediately follows by the definition (2.59)—(2.60). O

Remark 2.28 (Why both w and v are from V). In principle, Definition 2.24 could
work with v € Z := W°(Q), or even with v’s smoother; the selectivity Propo-
sition 2.25 would hold as far as density of Z in V would be preserved, as used in
Section 2.5 below. The choice of v’s from the same space where the solution w is
supposed to live, i.e. here V', is related to the setting A : V' — Z* which is fitted
with the pseudomonotone-mapping concept only for Z = V.

Remark 2.29 (Why both I'p and I'y are assumed open). In principle, Defini-
tion 2.24 as well as the existence Theorem 2.36 below could work for I'p and I'y
only measurable. However, we would lose the connection to the original problem,
cf. Proposition 2.25: indeed, one can imagine I'p measurable dense in I" and I'y of
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a positive measure. Then, for p > n, v|r € C(T') and the condition v|r, = 0 would
imply v|r = 0, so that the I'y-integrals in (2.51) vanish and the Newton boundary
condition on I'y in (2.49b) would be completely eliminated.

Remark 2.30 (Integral balance). The equation (2.45) is a differential alternative
to the integral balance

/ c(z,u, Vu) — g(z)de = / a(x,u,Vu) - vdS (2.63)
0 90

for any test volume O C Q with O C © and a smooth boundary O with the normal
v = v(z). Obviously, one is to identify ¢ as the balanced quantity (depending on
u and Vu) while a as a flux of this quantity'?, and then (2.63) just says that the
overall production of this quantity over the arbitrary test volume O is balanced
by the overall flux through the boundary 0O, cf. Figure 4. The philosophy that
integral form (2.63) of physical laws is more natural than their differential form
(2.45) was pronounced already by David Hilbert'3. The weak formulation (2.51)
implicitly includes, besides information about the boundary conditions, also (2.63).
Indeed, it suffices to take v in (2.51) as some approximation of the characteristic
function xo (which itself does not belong to WP(Q), however), e.g. v with
ve(z) == (1 — dist(z,0)/e)*, and then to pass € \, 0. This limit passage is,
however, legal only if x — a(x,u, Vu) is sufficiently regular near 9O or, in a
general case, it holds only in some “generic” sense; cf. e.g. Exercise 2.59.

a=
a(x,u,yu)

Figure 4. Illustration to balancing the normal flux a-v through the bound-
ary of a test volume O and the production c inside this volume.

2.4.3 Pseudomonotonicity, coercivity, existence of solutions

In view of Theorem 2.6 with Proposition 2.27, we are to show pseudomonotonicity
of Ag : V — V*. For simplicity, we can prove it for A as WHP(Q) — WP (Q)*
which, by Lemma 2.11(ii), implies pseudomonotonicity of Ag : WLP(Q) —
WhP(Q)*, and then obviously also of Ag : V — V*. Let us prove (2.3a) and
(2.3b) respectively in the following lemmas.

2Tn concrete situations, the dependence of a on Vu may result from a (nonlinear) Fick’s,
Fourier’s, or Darcy’s law.

13 Explicitly, it can be found in his famous Mathematical problems [173, 19th problem]: “Has
not every ... variational problem a solution, provided ... if need be that the notion of a solution
shall be suitably extended?”
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Lemma 2.31 (BOUNDEDNESS OF A). The assumptions (2.54) and (2.55) ensure
(2.3a), i.e. A: WHP(Q) — WHP(Q)* bounded.

Proof. We prove A({u € W'?(Q); |lul| < p}) bounded in W'(Q)* for any p > 0.
Here, || - || and || - ||« will denote the norms in W12 (2) and W1P(Q)*, respectively.
Indeed, we can estimate

sup [|A(u)[l« = sup sup (A(u),v)
lull<p lul<p vl <1

= sup sup /a(u, Vu)-Vv+c(u,Vu)vdx+/ b(u)vdS
lull<p llvl|<1JQ I'n

< ,V N A% R
= Hillllgp \|ih11§)1 a(u, Va), (4R )H U”LP(Q,R )

+ Hc(u’VU)HLP*’(Q)HUHLP*(Q) + Hb(“)HLp#’(FN)||'UHLP#(FN)

< HSLHIE ||a(u,Vu)||Lp/(Q;Rn)+ N1Hc(u,Vu)HLp*,(Q)—|— Ng”b(U)HLp#/(FN) (2.64)
ul|<p

where N7 and Nj are as in (2.62). In view of (2.55), it is bounded uniformly for u
ranging over a bounded set in W1?(). O

Further, we still have to strengthen our data qualification. The crucial as-
sumption we must make for pseudomonotonicity of A is the so-called monotonicity
in the main part:

V(a.a.) 2€Q VreR Vs,5eR":  (a(z,r,s) —a(z,r,35)) (s —3) >0. (2.65)

To cover as many situations as possible, we distinguish three cases in accordance
with whether ¢(z,r,-) is constant, linear, or nonlinear, respectively.

Lemma 2.32 (THE IMPLICATION (2.3B)). Let the assumptions (2.54) and (2.55)
be wvalid, let a satisfy (2.65), and let one of the following three cases hold: ¢ is
independent of s, i.e. for some ¢: Q) xR — R,

c(x,r,s) =c(z,r), (2.66)
or c is linearly dependent on s, i.e. for some c: ) x R — R”,
C(.’L’,’l", S) = c(xﬂA) © S8, (267)

or ¢ is generally dependent on s but the strict monotonicity “in the main part”
and coerciwity of a(x,r,-) hold and the growth of c(x,-,-) is further restricted:

(a(z,r,s) —a(z,r,§)) (s—§) =0 = s=3, (2.68a)

Vsg€R":  lim “&7 5) - (5= s0)

|s|—o0 |5|
Iy e L T(Q)ICER : |c(z,1,5)| < y()+C|r[P < +C|s| PP (2.68c)
with Convention 2.26 in mind. Then A : WhP(Q) — WLP(Q)* satisfies (2.3b).

= 400 uniformly for r bounded, (2.68Db)
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Remark 2.33. Obviously, (2.66) together with the growth condition (2.55¢) imply
|z, )| < () + Clr|P"—<~! with v as in (2.55¢). A bit more difficult is to realize
that (2.67) together with the growth condition (2.55¢) imply that ¢: @ x R — R”
has to satisfy

le(z,7)| < ~(x) + C|r[P" /979 with ve LI () and some €; > 0,

/

" ifp<n
where ¢g=4 np—2n+p b ' (2.69)
P if p > n.

This condition together with the structural condition (2.67) now guarantees
No:WhP(Q) x LP(Q; R™) — L® =9 (Q) is (weakx weak,weak)-continuous. (2.70)

Eventually, note that the growth condition (2.68¢c) strengthens (2.55¢) and is de-
signed so that, for some € > 0 (depending on € used in (2.68c)),

N : WHP(Q)XLP(Q; R™) — Lp*/'“(Q) is (weak xnorm,norm)-continuous. (2.71)
Proof of Lemma 2.32. Let us take ux — u in WP (Q) and assume that
lim sup(A(ug), ux — u) < 0. (2.72)

k—o0

We are to show that lim infy_, o (A(u), up—v) > (A(u),u—v) for any ve WP(Q).
To distinguish between the highest and the lower-order terms, we define B(w, u) €
WLP(Q)* by

<B(w,u),v>:z/ﬂa(z,w,Vu)-V'U—|—c(x,w,Vw)vdx—|—/F bz, w)vdS (2.73)

for u, w € WHP(Q); recall the Convention 2.23. Obviously, A(u) = B(u,u).
Let us put u. = (1—¢)u + ev, ¢ € [0,1]. Monotonicity (2.65) implies
(B(ug,ug) — B(ug,ue), up — ue) > 0. Then, just by simple algebra,

6<A(uk),u — ’U> > — <A(uk),uk — u>
+ (B(ug, te), up — u) + e(B(ug, ue),u —v). (2.74)
Let us assume, for a moment, that we have proved
Jim (B(ug,v), up —u) =0, (2.75)
v]g;lg? B(ug,v) = B(u,v) (the weak limit in W1P(Q)*), (2.76)

and use them here for v = u. to pass successively to the limit in the right-hand-side
terms of (2.74). Using also (2.72), we thus obtain

elikm inf (A(ug),u—v) > —limsup (A(ug), up—u) + klim (B(uk, ue), up—u)
— 00 k—00 —00

+ akli_)rgo (B(ug,us),u—v) > e(B(u,us),u—v).



2.4. Quasilinear elliptic equations 49

Divide it by € > 0. Then the limit passage € — 0 gives u. — u strongly so that we
get B(u,u:) — B(u,u) even strongly'#, which results in liminfy_ o (A(ug),u —
v) > (B(u,u),u —v) = (A(u),u — v).

Then, by using the monotonicity in the main part (2.65) once again, which
implies (B(ug,ux) — B(ug,u),ur — u) > 0, and by using also (2.75) now with
v = u, we can claim that

hknig.}f <A(uk), uk—fu> > hkn_lgéf <A(uk), uk—u> + hknig.}f <A(uk), u—v>
= klingo (B(uk, u), up—u) + likn_l)i(gf (B(uk, ur)—B(ug, u), up—u)
+ likH_l)i(gf (A(ug),u—v) > (A(u),u —v), (2.77)
which is just the conclusion of (2.3b).

Thus it remains to prove (2.75) and (2.76). Since ux — u in WHP(Q) €
LP"=¢(9), we have uj, — w in LP"~¢(2). Similarly, ug|r — ulp in LP” ~¢(T). Then,
by the continuity of the Nemytskil mappings induced by a(-, Vv) and b, we get
a(u, Vo) — a(u, Vo) in LV (Q;R"), cf. (2.56a), and b(ug) — b(u) in L”#,(F);
cf. (2.56b) together with (1.36b); recall again Convention 2.23. Hence, realizing
that V(ug—u) — 0 in LP(Q;R") and (up—u)|r — 0 in LP” (), one gets

/ a(ug, Vv) - V(ug —u) dz + / b(ug)(ug, — u)dS — 0. (2.78)
Q I'n
By the same reasons, for any z € W1P(Q), we have also
/ a(ug, Vv)-Vzdz —|—/ b(ug)zdS — / au, Vo)z dz +/ b(u)zdS. (2.79)
Q I'n Q I'n
As to the term ¢, we will distinguish the above suggested three cases.

The case (2.66): By the continuity of the Nemytskii mappings induced by ¢, one
has ¢(uy) — ¢(u) in LP™ (Q). Therefore, realizing that uj, —u — 0 in L?" (), one
gets [, ¢(ug)(ur — u)dz — 0. Adding it with (2.78), one gets

(B(ug,v),ur, — u) = /Q (a(uk7Vv) -V (u — u)

+ S(un) (up — u)) da +/F b(ug)(up — u)dS — 0, (2.80)

which proves (2.75). Similarly, [, ¢(ux)zdz — [, ¢(ux)zdz, which, together with
(2.79), gives just (2.76).

The case (2.67): Here we have a certain reserve in the growth, cf. (2.70), and can
thus exploit the compactness of the embedding W1?(Q) € LP"~¢(Q) to use uj, — u

M Here we use the continuity of the Nemytskii mapping Naow with aou : (z,s) — a(z, u(z), s).
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strongly in LP"~¢(Q). Also, we can use c¢(ug) — ¢(u) in LIt (Q) with ¢ from (2.69)
and some €; > 0 (depending on €); note that (g+e€1) "t +p~ 1+ (p* —¢)"! < 1ife
is small enough depending on the chosen €;. As Vuy — Vu in LP(2; R™), we can
pass to the limit in the c-term:

/Qc(uk) - Vug(ug —u)dz — 0. (2.81)

Adding it with (2.78), one gets (2.75). Similarly, [, c(ux) - Vurzde — [, c(ug) -
Vuzdz, which, together with (2.79), gives just (2.76).

The case (2.68): We already showed that up — u in LP"=¢(Q). In view of the
boundedness (2.71) of {c(ux, Vug)}ren in LP T¢(Q), we obviously have

/ c(ug, Vug)(up —u)dz — 0. (2.82)
Q
Adding it with (2.78), one gets (2.75).

To prove (2.76), we need to show a convergence of Vuy to Vu in a better
mode than the weak one only. Let us denote

ar(z):= (a(z,ur(), Vur () — alz, ur(z), Vu(x))) - V(ur(z) —u(z)). (2.83)

By the monotonicity (2.65), it holds

0 < limsup/ ar(z)dz = lim sup (B(ug, ug) — B(uk, u), ux — u)
Q

k—o0 k—o00
= limsup (A(ug), up —u) — klim (B(ug,uw),up — u) < 0; (2.84)
k—o0 — 00

note that the last limit superior is non-positive by assumption while the last limit
equals zero by (2.75) with v := u. This implies that a;y — 0 in the measure so that
we can select a subsequence such that

ag(xr) — 0 (2.85)

for a.a. x € Q. As uy, — u strongly in LP" ~¢(Q), by Proposition 1.13(ii)(iii) we
can further select a subsequence that also

ug(z) — u(x) (2.86)

for a.a. z € Q2. Take x € Q such that both (2.85) and (2.86) hold and also Vu(z),
Vug(z), k € N, and y(x) from (2.55a) are finite, and a(z,-,-) is continuous. If
the sequence {Vuy(z)}reny would be unbounded, then the coercivity (2.68b) used
for so = Vu(z) would yield limsup,_, . (a(z, ux(x), Vug(z)) — a(z, ug(z), so)) -
(Vug(z) — s9) = 400, which would contradict (2.85). Therefore, we can take a
suitable s € R™ and a (for a moment sub-) sequence such that Vug(z) — s in R™.
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By (2.85) and (2.86) and the continuity of a(z, -, -), cf. (2.54), we can pass to
the limit in (2.83), which yields

(a(z,u(z),s) — a(z,u(z), Vu(z))) - (s — Vu(z)) = 0. (2.87)

By the strict monotonicity (2.68a), we get s = Vu(x). As s is determined uniquely,
even the whole sequence {Vug(z)}ren converges to s.1° Then

c(ug, Vug) — c(u, Vu) a.e. in Q. (2.88)

As always p*' + € > 1, there is a (sub-)sequence of {c(ux, Vuy)}ren converg-
ing weakly in L" *¢(Q). Let Ex = {z €Q; Vk > K : |e(x, up(z), Vug(z)) —
c(z,u(z), Vu(x))| < 1}. Due to (2.88) and Proposition 1.13(i), ¢(ug, Vug) con-
verges to c(u, Vu) also in the measure, and therefore meas,, (Ex) — meas, (2) for
K — o0. Hence we get

/QUK (c(ug, Vug) — c(u, Vu))dz — 0 (2.89)

for any v € L°°(£2) vanishing on Q \ Ex. The limit passage in (2.89) has been
done by Lebesgue’s dominated-convergence Theorem 1.14 because the collection
{vk (c(ug, Vug) — c(u, Vu)) } >k has a common integrable majorant, namely the
constant |[vk|[~(q). As the set of all such vk is dense in LP"'+€(Q)* because
p*’ +¢€ > 1 and because |Ex| — meas,(Q2) for K — oo, therefore (2.89) proves
that

c(ug, Vug) — c(u, Vu) in L9(§2). (2.90)

As the limit ¢(u, Vu) is determined uniquely, even the whole sequence (not only
that one selected for (2.85)—(2.86)) must converge.'® Then (2.76) follows by joining
(2.90) with (2.79). O

Remark 2.34 (Critical growth in lower-order terms). The above theorem and its
proof permits various modifications: If b(x, ) is monotone, then the splitting (2.73)
can involve b(u) instead of b(w), which allows for borderline growth of b, i.e. (2.55b)
with € = 0. Similarly, if ¢ = ¢(x,r) as in (2.66) but with ¢(z,-) is monotone,
then (2.73) can involve c(u) instead of ¢(w, Vw), and (2.55¢) with € = 0 suffices.
Modification of the basic space V in these cases would allow for even a super-
critical growth, cf. (2.117).

Lemma 2.35 (THE COERCIVITY (2.5)). Let the following coercivity hold:
Je1,69 >0, ki €LY (Q) ¢ alz,r,8)-5+ c(x,r,8)r > e1|s|P+ea|r|T—ki(x), (2.91a)
Je1 < 400 Fky e LH(T) bz, r)r > —ci|r|™ — ka(x), (2.91b)
for some 1 < q1 < q<p. Then A: WHP(Q) — WLP(Q)* is coercive.

15The fact that we do not need to select a subsequence at every x in question is important
because the set of all such x’s should have the full measure in Q2 and thus cannot be countable.

6By the same technique one can also prove a(uy, Vug) — a(u, Vu) weakly in v (2; R™). We
however do not need this fact.
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Proof. We use the Poincaré inequality in the form (1.55), i.e. [[ullwiro) <
Co([IVullLr@mn) + llullLa()), Which implies

lallymy < 27 CL(IVU ey + ] )
< Cog (14 IVl g + 1l L0e)- (2.92)

Also, by Young’s inequality and boundedness of the trace operator!” u ~— u|r :
WhP(Q) — L4(T) (let N denote its norm), we use the estimate

[u ||Lq1 :/F|u|q1dS g/rg|u|q+ C.dS < EN‘JHuHiWYP(Q)—i— Cemeas,_1(I') (2.93)

with € > 0 arbitrarily small and C. < 400 chosen accordingly; cf. (1.22) with
q/q1 > 1 in place of p. Then (2.91) implies the estimate

<A(u), u>

Y

/ (51|Vu|p +82|u|q — kl)dx — / (01|U|Q1 +k’2)d5
Q T

min(el,eg)(| |g/1 P(Q) 1) - HkluLl(Q)

)

Y]

—eN1? — Cemeasy—1(T) — || k2 (2.94)

HUH(IZ/VLP(Q) HLl(F)'

When one chooses € < min(eq,e2)/(Cp N?) and realizes that ¢ > 1, the coercivity
(2.5) of A, i.e. lim“uuwl’pm)ﬁm(fl(u),u) = 400, is shown. O

Theorem 2.36 (LERAY-LIONS [218]). Let (2.54), (2.55), (2.57), (2.58), (2.65), and
(2.91) be valid and at least one of the conditions (2.66) or (2.67) or (2.68) be valid,
then the boundary-value problem (2.45)—(2.49) has a weak solution.

Proof. Lemmas 2.31, 2.32, and 2.35 proved A : W1P(Q) — WLHP(Q)*
pseudomonotone and coercive. These properties are inherited by Ay : V. — V*,
cf. also Lemma 2.11(ii). Then we use Theorem 2.6 with Proposition 2.27. ]

Remark 2.37 (Coercivity (2.68b)). Note that the coercivity (2.91a) together with
(2.55a) and (2.68c) imply the coercivity (2.68b) because

a(z,r,s) (s — so) > e1]s|” + ea|r|? — k1 () — c(x,r, s)r —a(z,r,8)-s0  (2.95)

for such x € 2 that kq(z) is finite. Realizing that s — —c(z,r, s)r has a maximal
decay as —|s|®=9/"" due to (2.68¢) and s — —a(z,r,s) - sp maximal decay as
—|s|P=1 due to (2.55a), the estimate (2.95) shows that s — a(z,7,s) - (s — so) has
the p-growth uniformly with respect to r bounded because € > 0 and p*’ > 1.

Remark 2.38 (Necessity of monotonicity of a(z,r,-)). Boccardo and Dacorogna
[51] showed that monotonicity of a(z,r, ) is necessary for pseudomonotonicity of
the mapping A(u) = —diva(x, u, Vu).

7Note that always ¢ < p < p#.
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Remark 2.39 (Necessity of Leray-Lions’ condition (2.65), (2.68)). If a lower-
order term c¢ is present, the necessity of strict monotonicity of a(z,r,-) for the
pseudomonotonicity was shown by Gossez and Mustonen [158].18 It is worth ob-
serving that, for ¢(z,r,-) not affine, the mapping u — c(u, Vu) : WHP(Q) —
WLP(Q)*, although representing a lower-order term, is neither totally continu-
ous' nor pseudomonotone but it is still compact, cf. Exercise 2.60, and, when
added to u — —div a(u, Vu), it may result in a pseudomonotone mapping.

Remark 2.40 (General right-hand sides). The functional f : v — fQ gudxr +
fFN hvdS we considered, cf. (2.60), is not the general form of a functional

f e WhP(Q)*. In fact, WHP(Q)* would allow g and h to be certain distributions
on () and I, respectively. For example, if p > n, we have a dense and continuous
embedding WP(Q) C C(Q) (resp. the trace operator W1P(Q2) — C(T)), hence-
forth the functional f : v — [5vpu(dz) + [pvn(dS) with measures u € M(S)
and n € M(T) still belongs to W1P(Q2)*. Since, in the case p > n, it holds that
p* = p# = +o0, we, for the sake of simplicity, have considered (and will consider)
only those measures i and 7 which are absolutely continuous?’ in the presented
text, except Sect. 3.2.5 below.

Convention 2.41 (Coercivity and a-priori estimates). The coercivity estimate
(2.94) is just the so-called basic a-priori estimate, obtained by the test by so-
lution w itself. Contrary to (2.94), it is routine to organize the terms having a
positive sign in the left-hand side (and to estimate them from below typically by
Poincaré-type inequalities) while the other terms are put on the right-hand side
(and to estimate them from above, e.g., by Holder and Young inequalities).

2.4.4 Higher-order equations

The generalization of the 2nd-order equation to equations involving 2k-order deriv-
atives, k > 2, is often desirable. The corresponding boundary-value problems then
involve k-boundary conditions, called either the Dirichlet one if they involve only
derivatives up to (k—1)-order or the Neumann or the Newton one if they involve
also derivatives of the order between k and 2k—1. We present here briefly only

8Indeed, the mere monotonicity in the main part, i.e. (2.54), and (2.55), (2.57), (2.58), and
(2.65), cannot be sufficient for the pseudomonotonicity of A. The counterexample is as follows:
take c(z,r,s) = c(s) with some ¢ : R® — R nonlinear, i.e. 3s1,52 € R" : éc(sl) + 50(32) #
c(ésl + 532) and take a = 0 at least on the line segment [s1, s2]. Then take a sequence {uy }ren
such that Vuy is faster and faster oscillating between si and s2 (cf. Figure 3) on p.19 and
ug(z) — (ésl + ésg) -

9Tndeed, the mapping u +— c(u, Vau) is not totally continuous because it need not map weakly
convergent sequences on strongly convergent ones. An example is as follows: take uj with an
oscillating gradient if & odd and affine uy(z) = (ésl + ész) -z if k even, so that again {ug }ren
converges weakly to this affine function but {¢(Vug)}ren does not converge at all if, e.g., ¢(s) =
|25 — 51 — s2|.

20Those measures are known to have densities g € L'(Q) and h € L*(T), respectively.
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quasilinear equations of the 4th order in a special?! divergence form
div(div(a(x,u, Vu, V%))) + c(z,u, Vu, V?u) = g (2.96)

inQ, witha: QxRxR? x R*"™™ — R*"™ and ¢: 2 xR x R* x R"*" — R. Here

V= [m‘?;mj u) ijl. More in detail, (2.96) means

n 2
Z a:;?ag:_aij (z,u, Vu, V?u) + c(z, u, Vu, V?u) = g. (2.97)

ij=1 J

Formulation of natural boundary conditions is more difficult than for the 2nd-order
case. The weak formulation is created by multiplying (2.96) by a test function v,
by integration over 2, and by Green’s formula twice. Like in (2.50), this gives

/ a(z,u, Vu, Viu) : Vv + (c(:z:,u, Vu, Vu) — g)'u dx

Q

= / a(z,u, Vu, V?u)) : (v @ Vo) — div(a(z, u, Vu, VZu))vo dS.  (2.98)
r

From this we can see that we must now cope with two boundary terms. In view
of this, the Dirichlet boundary conditions look as

ou

ulr = uop, oy |p = WD (2.99)

;

with uop and wip given. The weak formulation then naturally works with v €
V= WPP(Q) = {ve W2P(Q); v|p = gﬂr = 0} with p > 1 an exponent related
to qualification of the highest-order nonlinearity a(zx,r, R,-). This choice makes
both boundary terms in (2.98) zero; note that v|r = 0 makes also the tangential
derivative of v zero at a.a. z €T hence 9"|p = 0 yields Vu(z) =0 on T'.

By this argument, v|r = 0 makes Vv = glvlz/ on I' and allows us to write

ov

ov
2.4, _ 2.1, T 2
a(x,u, Vu, Vu):(vaVv)=a(z,u, Vu, V u).(wg)ayu)—( a(z,u, Vu, V u)u) o

and suggests to formulate Dirichlet/Newton boundary conditions as
ulr = uop, v'a(z,u, Vu, V2u) v + b(z,u,Vu) =h on T, (2.100)

with uop and h given and b : T' x R x R™ — R. This choice with v|r = 0 converts
the boundary terms in (2.98) to [i.(h — b(z, u, Vu))gz dS, which turns (2.98) just
into the integral identity forming the weak formulation provided the test-function
space V is taken as {ve W2P(Q); v|r = 0}.

21See Exercises 2.93 and 4.32 for a more general case.
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We will modify the Leray-Lions’ Theorem 2.36 for the case of the Dirich-
let/Newton conditions (2.100). Let us denote naturally?? p** := (p*)* and
p*# := (p*)¥. For simplicity, the assumptions are not most general in the fol-
lowing assertion, whose proof, paraphrasing that one of Theorem 2.36, is omitted
here.

Proposition 2.42. Let a(z,r, R,-) : R™*™ — R™*™ be strictly monotone,

Ik eLY(Q), 1<q<p: a(z,r, R, S):S+c(x,r, R, S)r > e|S|P+e|r|?—ki(z),

(2.101a)

Ik, e LN(T) : b(x,r, R)(R-v(z)) > —ka(x), (2.101b)
Iy e’ (Q): la(z, 7, R, S)| < y(z) + Clr|®" "=/’

+ C|R|P =9/ L o|s|P~t, (2.101c)

T|p**_€_1

el Q) Je(w,r, R, 9)| < y(x) +C
+ C|R|® =P oI5| =9/P 1 (2.1014)
Fyer”” (1) lb(z,r, R)| < v(z) + Clr|®"=/P" L o|RP" <=1 (2.101e)

ok /

with some C €RT and g,¢ > 0 and again the Convention 2.26 (now concerning
p** = 400 for p > n/2), and let ugp = v|p for some ve W>P(Q), g€ L (Q)
and he LP” (T"). Then the boundary-value problem (2.96) with (2.100) has a weak
solution.

Example 2.43 (p-biharmonic operator). A concrete choice of a from (2.96)

n P—2 —n .
a;j(z,m, R, S) = { {Ozkzl Skk| k=1 Skk Ei i ; j', (2.102)

converts divdiva(z,u, Vu, V?u) into the so-called p-biharmonic operator
A(|Au|P~2Au) and the boundary conditions (2.100) into

ul|r = ugp, |Au|P~2Au + b(z, u, Vu) = h. (2.103)

Applying Green’s formula twice to this operator tested by v yields the identity

/A(|Au|p_2Au)vdx:/ |AuP~2 AulAv dz
Q Q
+ / 0 (| AuP~2Au) v — Aur-2a00" ds, (2.104)
r Ov ov 7’ '

from which, besides the Dirichlet and the Dirichlet/Newton conditions (2.99) and
(2.103), one can pose naturally also the Newton/Dirichlet condition
ou| "

ovir —

22This means p** = np/(n—2p) if p < n/2 or p** < +oo if p = n/2 or p** = +o0 if p > n/2,
cf. Corollary 1.22 for k = 2.

aay (JAu[P~2Au) + by (2, u, Vu) = hy, (2.105)
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and alternatively also the fully Newton condition
O (1aup=2u) + b Vu) =hy, |AufP72Au+b Vu) = hy. (2.106
81/(| ul u) + by(z,u, Vu) = hy, |Aul u ~+ bo(z,u, Vu) = ha. (2.106)

In these cases we choose V := {v € W?P(Q); 9°|r = 0} and V := W?P(Q),
and note that (2.105) and (2.106) turn the boundary term in (2.104) into
Jo(hy = b1(z,u, Vu))vdS and [L(hy — by(z,u, Vu))v — (hy — bQ(x,u,Vu))gZdS,
respectively. The pointwise coercivity (2.101a) cannot be satisfied for (2.102),
however, and the coercivity of A on V must rely on a delicate interplay with
the boundary conditions. E.g., for Dirichlet conditions (2.99) and p = 2, hence
one has by using Green’s formula twice (A(u),u) = [, |Aul*dz = [, |[VZu|?*dz +
fF uipAu — V2u : (Vup ® v) dS where Vup is composed from the normal deriv-
ative u;p and the tangential derivative determined by wop, which thus controls
V2u in L?(Q;R™"). Another example is the Newton’s condition (2.106) with
bi(z,r,8) = Bi(a)r, ba(x,r,s) = —fa(x)(sv), and p = 2, one has (A(u),u) =
Jo|AuPdz + [ f1u? + B2( 4 u)?dS. This is a continuous quadratic form on
W?22(Q) and for the Poincaré-like inequality (A(u),u) > Cy|ullw22(q) it suf-
fices to guarantee that (A(u),u) = 0 implies v = 0. This can be done by assum-
ing 31,82 > 0, and 31 or 32 positive on a “sufficiently large part” of I".?3

2.5 Weakly continuous mappings, semilinear equations

In case that A is coercive and, instead of being pseudomonotone, is weakly contin-
uous, we can prove existence of a solution to A(u) = f much more easily. Although
the assumption of the weak continuity is restrictive, such mappings enjoy still a
considerably large application area. Here, we can even advantageously generalize
the concept for mappings A : V — Z* for some Banach space Z C V densely so
that Z* D V*. If Vi, C Z for any k € N, we can modify (2.5) and then Theorem 2.6:

Proposition 2.44 (EXISTENCE). If a weakly continuous mapping A : V. — Z* is
coercive in the modified sense

Av),v) .
lim (A0} 77 = 400, (2.107)
lollv —oo [[v]lv
veEZ

and if f € V*, then the equation A(u) = f has a solution.

23Here, a certain caution is advisable: e.g. for Q a square [0, 1]2, it is not sufficient if 81 (-) = 1
on the sides with 1 = 0 and xz2 = 0 and otherwise 31 and (32 vanishes because of existence of a
non-vanishing function u(z) = z122 for which (A(u),u) = 0.
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Proof. The technique of the proof of Theorem 2.6 allows for a very simple mod-
ification: instead of (2.14), we consider the Galerkin identity (2.8) as (A(ug) —
1, vk>z*xz = 0 for vy € Vi such that vy, — v in Z, and make a direct limit
passage. Note that (2.13) looks now as

Cllullv) lurlly < (A(ur), ur) 4oy = (Frur) o, = (o) ey < I lve llurlly

and again yields {uj }reny bounded in V' because f € V*. O

Confining ourselves again to the 2nd-order problems as in Sections 2.4.1-
2.4.3, we can easily use this concept for the special case when a(z,r,-) : R — R™
and ¢(z,r,-) : R"® — R are affine, we will call such problems as semilinear although
sometimes this adjective needs still a(z, -, s) constant as in (0.1) on p.xi. So, here

(x,7,8) Za” (x,7)8; + awlz,r), i=1,...,n, (2.108a)
c(x,rys) = ch(x,r)sj + co(x,r), (2.108b)
j=1

with a;5,¢; : € x R — R Carathéodory mappings whose growth is now to be
designed to induce the Nemytskii mappings N, ,...ain)> Ner,.en) L¥~¢(Q) —
L2 R™) and N, Ney @ L2 ¢(Q) — L'(Q) with ¢ > 0. Besides, the bound-
ary nonlinearity b : I' x R — R is now to induce the Nemytskii mapping
Ny : Lz#_E(F) — LY(T'). This means, for i,j =1,...,n,

I € LX(Q), CeR: Jaij (2, 7)| < (@) + Clr|* =972,

lej (@, )| < m(@) +Clr|® 9 (2.109a)
Jvs € Ll(Q)7 CeR: |ai0($,7“)| < 72(1.) + C|r|2 -

lco(x,7)] < a(x) + Clr[* (2.109D)
Iy L'T), C €R: lb(z, )| < yg(x)+|r|>” —¢ (2.109¢)

The exponent p = 2 is natural because a(z, r, ) has now a linear growth. Note that
these requirements just guarantee that all integrals in (2.51) have a good sense if
v e Whe(Q) =: Z. Again, Convention 2.26 on p. 44 is considered.

Lemma 2.45 (WEAK CONTINUITY OF A). Let (2.108)—(2.109) hold. Then A is
weakly* continuous as a mapping WH2(Q) — Whee(Q)*.

Proof. Having a weakly convergent sequence {uy}ren in WH2(2), this sequence
converges strongly in L2 ~¢(€). Then, by the continuity of the Nemytskil map-
pings NMasoaim)s Ner,onen) L? _E(Q) — L2(Q;R™) and N,,,, Ne, : L2 ~¢(Q) —
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LY(Q), it holds that
lim Z(ia(u )8uk + aio(u )) v + (zn:c(u )8uk + co(u ))vdx
k—oo Jq — gA\Tk 8xj 01k aiL'l j Itk 8{Ej 0Tk

= /an: (zn:a”(u)g;] —|—ai0(u)) g;} + (icﬂ(u)aa; —|—co(uk)>vdx

J

for k — oo and any v € W1°°(Q). Also ugx|r — ulp in L27=¢(T"), and, by (2.109¢),
we have convergence in the boundary term [i. b(ux)vdS — [ b(u)vdS. O

Proposition 2.46 (EXISTENCE OF WEAK SOLUTIONS). Let (2.108)—(2.109) hold,

ge L2 (Q), he L¥"(T), and, for some >0, y1 € L3(Q), 72 € LY(Q), v3 € L1(T),
and for a.a. x€Q (resp. €T for (2.110)b) and all (r,s) €R™™, it holds that

Z (Zaij(x,r)sj + aio(x,r))si + (Z cj(z,r)s; + co(x,r)>r
> els” +elr” —m(@)|s] —72(2),  (2.110a)
b(x,r)r > —y3(x). (2.110b)

Then the boundary-value problem (2.45) with (2.49) has a weak solution in the
sense of Definition 2.24 using now v € WH>(Q).

Proof. We can use the abstract Proposition 2.44 now with V := W12(Q), Z :=
Wtee(Q), and Vj some finite-dimensional subspaces of W1>°(Q) satisfying (2.7).24
The coercivity (2.107) is implied by (2.110) by routine calculations.?” Then we use
Lemma 2.45 and Proposition 2.44. (|

Remark 2.47 (Conventional weak solutions). Let, in addition to the assumptions
of Proposition 2.46, also the growth condition (2.55) with p = 2 hold. Then the
solution obtained in Proposition 2.46 allows for v € W12(Q) in Definition 2.24.

2.6 Examples and exercises

This section contains both exercises to make the above presented theory more com-
plete and some examples of analysis of concrete semi- and quasi-linear equations.
The exercises will mostly be accompanied by brief hints in the footnotes.

24Such subspaces always exists, e.g. one can imagine subspaces as in Example 2.63.
Z5We have (A(v),v)= [o >0, (E?:l a;;(v) 62]- v+ai0(v)) B(Z'i v 2165 () 62]- vtco(v))v
do + [r b dS 2 el Vol 2 qpny = o 1111320y = IVl 2 qupn) = 2llL1@) = 8lvl L )
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2.6.1 General tools

Exercise 2.48 (Banach'’s selection principle). Assuming the sequential compactness
of closed bounded intervals in R is known, prove Banach’s Theorem 1.7 by a
suitable diagonalization procedure.?%

Exercise 2.49 (Pseudomonotonicity). Assuming (2.3a), show that (2.3b) is equiv-
alent to?7

up — u, N w-limg 00 A(ug) = Auw),
lim SUPgk 00 <A(Uk>,Uk—’U,> <0 hmk:—><>0 <A(uk>7uk¢> = <A(u)7u>
(2.111)

Exercise 2.50 (Weakening of pseudomonotonicity). Modify the proof of Brézis
Theorem 2.6 for A coercive, bounded, demicontinuous, and satisfying?®

up —=u &  Alug) —
liI;nsup<A(uk)7uk>(£><f7u{ =  f=A). (2.112)

k—o0
Show that any pseudomonotone A satisfies (2.112).2°

Exercise 2.51 (Tikhonov-type modification®® of Schauder’s Theorem 1.9). Assum-
ing a reflexive separable Banach space V & Vi, show that a weakly continuous
mapping M : V — V which maps a ball B in V into itself has a fixed point.3!

26Hint: Consider a sequence {fi}reny bounded in V* and a countable dense subset {v}ren
in V, take v; and select an infinite subset A; C N such that the sequence of real numbers
{(fx,v1)}kea, converges in R to some f(v1), then take v2 and select an infinite subset Az C A
such that {(fx,v2)}rea, converges to some f(v2), etc. for v3, v4, .... Then make a diagonaliza-
tion procedure by taking I the first number in Ay which is greater than k. Then {(fi, ,v:)}ren
converge to f(v;) for all ¢+ € N. Show that f is linear on span({v;};cn) and bounded because
|f(vi)] < limg_ o0 [{f1,,,vi)| <limsupy_, o || frll«[|vil|, and finally extend f on the whole V* just
by continuity.

2THint: (2.111)=-(2.3b) is trivial. The converse implication: by (2.3a), assume A(uz) — f (a
subsequence), then 0 > limsupy,_, o (A(ug), up—u) = limsupy,_, . (A(ug), ux) — (f,u) implies
(A(u), v — v) < lminfy— oo (A(ug) b —v) < limsupg_oo (A(ur), ax) — (f.0) < (fu—v), from
which A(u) = f, hence A(uy) — f (the whole sequence), and eventually (2.3b) for v = 0 yields

(A(u), u) < iminf(A(uy), ug) < lim sup(A(ug), ) < lim (A(uy), u) = (A(w), ).

28Hint: Modify Step 4 of the proof of Theorem 2.6: as both {up}rcny and A are bounded,
A(uy) — x (as a subsequence) and, from (2.8), x = f, hence A(uy) — f (the whole sequence)
and, again by (2.8), (A(uk),ur) = (f,ur) — (f,u). Then by (2.112) f = A(u).

29Hint: the premise of (2.112) and the pseudomonotonicity implies limsupy,_, o (A(ug), ug —
u) = Tim supy_ oo (A(ug), uk) — limg oo (A(ur),u) < (f,u) — (f,u) = O so that, by (2.3b),
(A(u),u —v) < liminfg_, o0 (A(ug), up — v) < limsupy_, oo (A(uk), up — v) < (f,u — v) for any
v € V, from which f = A(u) indeed follows.

30Tikhonov [342] proved a bit more general assertion, known now as Tikhonov’s theorem: a
continuous mapping from a compact subset of a locally convex space into itself has a fixed point.

31Hint: Consider B endowed with a weak topology, realize that up, — u in Vi and u, € B
implies ur, — w in B, hence M (uy) — M (w) in V and then also M (ug) — M (u) in Vi, and then
use Schauder’s Theorem 1.9.
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Exercise 2.52 (Direct method for A weakly continuous). Assume A : V — V*
weakly continuous, V' Hilbert, and modify the Brézis Theorem 2.6 by using directly
Schauder fixed-point Theorem 1.9 without approximating the problem.32

Exercise 2.53. Try to make a limit passage in (2.38)—(2.39) simultaneously in i
and [ by considering ¢ = [. Realize why it was necessary to make the double limit
lim;_, o0 lim; .~ instead of lim;—; ., in the proof of Proposition 2.17.

Exercise 2.54. Assuming 1 < ¢ < p < 400, evaluate the norms of the continuous
embeddings L>(Q2) C LP(Q) C L9(2).33

Exercise 2.55 (Interpolation of Lebesgue spaces). Prove (1.23) by using Holder’s
inequality.®*

Exercise 2.56 (Continuity of Nemytskii mappings). Show that the Nemytskii map-
ping N, with a satisfying (1.48) is a bounded continuous mapping LP!({2) x
LP2(Q;R™) — LPo().3°

Exercise 2.57. Show that p3 in Theorem 1.27 indeed cannot be +oo: find some a
satisfying (1.48) for p1,p2 < 400 and p3 = +o0o such that N, is not continuous.?¢

32Hint: Repeat Step 2 of the proof of Brézis Theorem 2.6 directly for V instead of V},. Use
the weak topology on {v € V; |jv]| < o}, and realize that I is to be omitted while Jk_1 is to
be weakly continuous (which really is due to its demicontinuity, cf. Corollary 3.3 below, and its
linearity, cf. Remark 3.10). Also use Exercise 2.51.

33Hint: Estimate

0l 0y = §/ e [0 < g/ essgup @) = ¢/l i 10 = N

with N = (measn(Q))l/p being the norm of the embedding L*>°(Q) C LP(Q). Likewise, by
Hoélder’s inequality,

oy = [ 1+ Jul*de < /) o 1de 4] [uf de = Nl
Q

(Q)) (p—q)/(ra)

with N = (measn
34Hint: Use Holder’s inequality for

1/ 1
[z = [ e ras < ([ opee) Y ([ paee)
Q Q Q Q

with a suitable a = p1/(A\p) and 38 = p2/((1 — \)p), namely a~! 4+ =1 = 1 which just means
that p satisfies the premise in (1.23).

35Hint: Take up — w in LP1(Q) and yp — y in LP2(2; R™), then take subsequences converging
a.e. on Q. Then, by continuity of a(z,-,-) for a.a. z € Q, Ng(ug,yr) — Na(u,y) a.e., and by
Proposition 1.13(i), in measure, too. Due to the obvious estimate

Jal, i, k) — al, w,y)|70 < 67071 (379 (@) + Cluk ()| + Clu@)|™ + Clys ()] 2+ Cly(@)|"?)

for a.a. € Q, show that {|a(z,ur,yr) — a(x, u,y)|P° }ren is equi-absolutely continuous since
strongly convergent sequences are; use e.g. Theorem 1.16(i)=-(iii). Eventually combine these two
facts to get [q, la(z, ug, yx)—a(z, u,y)|P* — 0 and realize that, as the limit N (u, y) is determined
uniquely, eventually the whole sequence converges.

36Hint: For example, a(z,r,s) = r/(1 + |r|) and ux = x4, a characteristic function of a set
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Exercise 2.58. Show that, for any ¢ : R™* — R™2 not affine, the Nemytskil
mapping N, : u — c(u) is not weakly continuous; modify Figure 3 on p.20.37

Exercise 2.59 (Integral balance (2.63)). Consider the test volume in the integral
balance (2.63) as a ball O = {z; |z — 2| < o} and derive (2.63) for a.a. r by
a limit passage in the weak formulation (2.45) tested by v = v. with v.(z) =
(1 — dist(x, 0) /)™ provided the basic data qualification (2.55a,c) is fulfilled.>

Exercise 2.60. Show that the mapping u — c¢(u, Vu) is compact, i.e. it maps
bounded sets in W1 (€2) into relatively compact sets in W1P(Q)*, cf. Remark 2.39.
For this, specify a growth assumption on c.?°

Exercise 2.61. By using (2.56), show that A : W1P(Q) — W1P(Q)* defined by
(2.59) is demicontinuous. Note that no monotonicity of this A is needed, contrary
to an abstract case addressed in Lemma 2.16.

Exercise 2.62 (V-coercivity). Consider, instead of (2.91),

Je1, ko>0, k1 €LY (Q) : alx,r, s)-s+c(x,r, s)r > e1|s|P—ko|r|™ —ki(x), (2.113a)
Jea >0, kocLY(T): b(z,m)r > eaxr (¥)|r|9—k2(x), (2.113b)

for some 1 < 1 < ¢ < p and meas,,—1(I'x) > 0, and prove Lemma 2.35 by using
the Poincaré inequality in the form (1.56). Likewise, formulate similar conditions
for the case of mixed Dirichlet/Newton conditions (2.49) and use (1.57) to show
coercivity of the shifted operator Ag = A(-+w) with w|r, = u, on V from (2.52).

Example 2.63 (Finite-element method). As an example for the finite-dimensional
space Vi, used in Galerkin’s method in the concrete case V = WHP(Q), the reader
can think of 7 as a simplicial partition of a polyhedral domain Q C R", i.e. 7
is a collection of n-dimensional simplexes having mutually disjoint interiors and
covering Q; if n = 2 or 3, it means a triangulation or a “tetrahedralization” as on

Ag, measp (Ag) > 0, limy . oomeasy (Ax) = 0, and realize that [lug|| Ly (q) :(measn(Ak))l/P — 0
but [|Va(ui)llLe (@) =1/2 7 0= [[Na(0)[| L= (0)-

37Hint: Take r1,r2 € R™1 such that c( é ri+ ;7'2) # ;c(rl)—l- ;c(rl) and a sequence of functions
oscillating faster and faster between 1 and ra (instead of 1 and —1 as used on Figure 3).

38Hint: Putting zo = 0 without any loss of generality, realizing that Vove(z) = —e~'a/|z| if
0 < |z| < o+ € otherwise Vv.(z) = 0 a.e. and that v(z) = z/|z|, the limit passage

0= /|x|§gc(w’u’vu) —g(z)dz + /g§|z-|§g+s ((c(m,u, Vu) — g(z)) (1 _ |~"3|E—g)

1
- a(z,u,Vu) - N ) dez — / c(z,u, Vu) — g(z) de — / a(z,u, Vu) - vdS

€ || z|<e |z|=e
holds at every right Lebesgue point of the function f : g — o~ ! f|1'|:9 a(z,u, Vu) - xdS, i.e. at
every o such that f(o) = lim\ o l fgg+£ f(&)dE. As f is locally integrable thanks to the growth
conditions (2.55a,c), it is known that, for a.a. g, it enjoys this property.

39Hint: It suffices to design the growth condition so that N, maps LP" (Q) x LP(Q;R™) into

L(p*_E)I(Q) which is compactly embedded into W1P(Q)*.
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Figure ba or 5b, respectively. Then, one can consider Vi := {v € W1P(Q); VS €
Tk : v|g is affine}. A canonical base of V}, is formed by “hat” functions vanishing
at all mesh points except one; cf. Figure 5a.%? Nested triangulations, i.e. each
triangulation 7y is a refinement of 7y, obviously imply Vi CVj1 which we have
used in (2.7).
v=v(x,,x,)

o

Flgure 5a. Triangulation of a polygo- Figure 5b. A fine 3-dimensional tetrahedral

nal domain QCR? and one mesh on a complicated Lipschitz
of the piece-wise affine ‘hat- domain QCR?; courtesy of M.
shaped’ base functions. Madlik.

This is the so-called P1-finite-element method. Often, higher-order polynomials
are used for the base functions, sometimes in combination with non-simplectic
meshes. For non-polyhedral domains, one can use a rectification of the curved
boundary by a certain homeomorphism as on Figure 8 on p. 84. Efficient software
packages based on finite-element methods are commercially available, including
routines for automatic mesh generation on complicated domains, as illustrated on
Figure 5b.

Exercise 2.64. Assuming n = 1 and limy_, . maxge7, diam(S) = 0, prove density
of Upen Vi in WHP(Q), cf. (2.7), for Vi from Example 2.63.41

Remark 2.65. To ensure (2.7) if n > 2, a qualification of the triangulation is
necessary; usually, for some € > 0, one requires that always diam(S)/os > ¢ with
denoting og the radius of a ball contained in S.

2.6.2 Semilinear heat equation of type —div(A(z,u)Vu) =g

Here we focus on a heat equation where, from physical reasons, the heat-transfer
coefficients depend typically on temperature but not on its gradient, giving rise
to a semilinear equation as investigated in Section 2.5. Moreover, we speak about
a critical growth of the particular nonlinearity when (2.55) would be fulfilled only
if ¢ = 0. Here we will meet the situation when even ¢ = —1 in (2.55b) is needed
(and by replacing the conventional Sobolev space W1P(Q) by (2.117) eventually
allowed) for b(x,-); this is reported as a super-critical growth.

40Tn such a base, the local character of differential operators is reflected in the Galerkin scheme
that, e.g., linear differential operators result in matrices which are sparse.

“Hint: By density Theorem 1.25, take v € W2°°(Q) and v, € V}, such that vy (z) = v(z)
at every * €  which is a mesh point of the partition 7, and ||V — Vollpeo (rn) <
diam(S)HVQUHLOO(Q;Rnxn); as n =1, each S is an interval here.
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Example 2.66 (Nonlinear heat equation). The steady-state heat transfer in a non-
homogeneous anisotropic nonlinear*? medium with a boundary condition control-
ling the heat flux through two mechanisms, convection and Stefan-Boltzmann-type
radiation?® as outlined on Figure 6a, is described by the following boundary-value
problem

_diV(A(x,u)Vu) = g(x) on €,
VA, w)Vu = bi(@)(0 —u) + bo(@)(0* — JuPu) onr, (211
~ ~ - ~ ~ 2
convective radiative
heat flux heat flux

with
u = temperature in a thermally conductive body occupying £2,
6 = temperature of the environment,
A = [aj;]};—1= a symmetric heat-conductivity matrix, A:QxR—R"*", i.e.
a;(z,ry8) =304 aij(z,7)s;,
n
Az, u)Vu = (Y7 aij(u) a(zj u),_, =the heat flux,
v A(z,u)Vu = > =1 @ij (Wi aij u =the heat flux through the boundary,
b1,ba = coeflicients of convective and radiative heat transfer through I',
g = volume heat source.
RADIATION

RADIATION
CONVECTION

CONVECTION

\_/

HEAT FLUX
INSIDE THE PLATE
Figure 6a. Illustration of a heat-trans- Figure 6b. Illustration of a heat-trans-
fer problem in a 3-dimen- fer problem in a 2-dimen-
sional body Q C R3. sional plate Q C R2.

In the setting (2.48), b(x,7) = by(z)r + bo(z)|r[3r and h(z) = [b10 + b20*](z). We
assume 0 > 0, by(x) > b, > 0 and ba(z) > by > 0, by € L¥/3(T") and by € L>(T),

42The adjective “nonhomogeneous” refers to spatial dependence of the material properties, here
A. The adjective “anisotropic” means that A # [ in general, i.e. the heat flux is not necessarily
parallel with the temperature gradient and applies typically in single-crystals or in materials
with a certain ordered structure, e.g. laminates. The adjective “nonlinear” is related here to
a temperature dependence of A which applies especially when the temperature range is large.
E.g. heat conductivity in conventional steel varies by tens of percents when temperature ranges
hundreds degrees; cf. [304].

43Recall the Stefan-Boltzmann radiation law: the heat flux is proportional to u* —* where 6 is
the absolute temperature of the outer space. In room temperature, the convective heat transfer,
proportional to u — 6 through the coefficient b1, is usually dominant. Yet, for example, in steel-
manufacturing processes the radiative heat flux becomes quickly dominant when temperature
rises, say, above 1000 K and definitely cannot be neglected; cf. [304].
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and the operator A is defined by

(Atw.o) = [

(VU)TA(z,u)Vudx—F/ (br(2)u + bo(z)[ulPu)vdS.  (2.115)
Q

T

It should be emphasized that no monotonicity of A with respect to the L?-inner
product can be expected if A(z,-) is not constant.*

Exercise 2.67 (Pseudomonotone-operator approach). Check the assumptions
(2.55) and (2.65) in Section 2.4%% as well as the coercivity (2.113)%6. Realize, in
particular, that p = 2 is needed and the qualification (2.57) of (g, h) means

LY(Q), LY(T) ifn =1,
ge{ L(Q), hel LY if n =2, (2.116)
L2/ (n+2) (), L?72/M(T)  ifn>3.

In view of this, the pseudo-monotone approach has disadvantages:

v’ direct usage of Leray-Lions Theorem 2.36 on the conventional Sobolev space
Wh2(Q) is limited to n < 2 or to by =0,

v if n > 1, an artificial integrability of g and h is needed, contrary to the
physically natural requirement of a finite energy of heat sources, i.e. g€ L(Q),
he LY(T),

v" A must be bounded.

Modify the setting of Section 2.4.3 by replacing W?(2) by

V ={veW"?Q); vlreL’(T)} (2.117)

and show that V becomes a reflexive Banach space densely containing C*°(Q) if
equipped with the norm ||v[| := [[v||w1.2(q) + HvlFHLS(F)'M Show that A:V — V*

44This means fQ(Vul — Vug)T (A(x,ul)Vul — A(x,ug)Vuz)dx < 0 may occur.
45Hint: The assumption (2.55a) reads here as | 22721 aij(x,m)s;] < (@) + Clr|@®*=a/p" 4

Cls|P~! with v € v’ (€2). This requires p > 2. The assumption of monotonicity in the main part
(2.65) just requires that A(z,r) = [a;;(x,r)] is positive semi-definite for all r and a.a. z € Q,
ie. s Az,r)s > 0.

The assumption (2.55b) for the “physical” dimension n = 3 and for p = 2 yields p# =
(np—p)/(n—p) = 4, cf. (1.37). This just agrees with the 4-power growth of the Stefan-Boltzmann
law at least in the sense that the traces |u|3u are in L1(T") if u € W12(Q). Yet (2.55b) admits only
(3 — €)-power growth of b(x,-) which does not fit with the 4-power growth of Stefan-Boltzmann
law.

46Hint: The coercivity assumption (2.113a) requires here s'A(z,r)s > e1]s|P — k1, which
requires, besides uniform positive definiteness of A, also p < 2. Altogether, p = 2 is ultimately
needed. Note that p = 2 and (2.55a) need A(z,r) bounded, i.e. |a;j(z,r)] < C for any i,j =
1,...,n. The condition (2.113b) holds trivially with ko = 0.

47Hint: For n < 2, simply V = W12(Q). For n > 3, any Cauchy sequence {vj}rcn in V has
a limit v in WH2(Q) and {vk|r}ren converges in L (T") to v|p, and simultaneously has some
limit w in L°(T") but necessarily v|r = w. As V is (isometrically isomorphic to) a closed subspace
in a reflexive Banach space W1-2(Q) x L3(T"), it is itself reflexive. Density of smooth functions
can be proved by standard mollifying procedure.
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defined by (2.115) is bounded and coercive. Make a limit passage though the
monotone boundary term by Minty’s trick instead of the compactness.

Exercise 2.68 (Weak-continuity approach). Use V from (2.117) and Z = W1>°(Q),
assume

Je1 >0 sTA(x,7)s > e1]s|?, (2.118a)
IyeL*(), €>0: |A(z, )] < y(z) + Clr|? —9/2, (2.118b)

and show that A : V' — Z* defined by (2.115) is weakly continuous; use the fact
that L*(T) is an interpolant between L?(T') and L5(T").48

Exercise 2.69 (Galerkin method). Consider V;, a finite-dimensional subspace of
W1°(Q) nested for k — oo with a dense union in W12(2) and traces dense in
L5(T), and thus in V from (2.117), too. Then the Galerkin method for (2.114) is
defined by:

/(Vuk)TA(x,uk)Vv —gvdzx +/ ((bl + ba|ug|*)up, — h)vdS =0 (2.119)
Q r

for all ve Vi.. Assume g € L2 (), h = b16+by0* with 6 € L5(I), see Example 2.66,
and assuming existence of uy, show the a-priori estimate in V' from (2.117) by
putting v := wuy, into (2.119).*° Then, using the linearity of s — a(x,7,5) =
A(xz,r)s, make the limit passage directly in the Galerkin identity (2.119) by using
the weak continuity as in Exercise 2.68.

48Hint: Take ug such that up — w in WH2(Q) and ug|r — u|r in L3(T'). Use WH2(Q) €

L2"~¢(Q) and then A(ug) — A(u) in L2(Q;R"*™) and Vu, — Vu weakly in L2(Q; R™), and,
for v € WHo(Q) =: Z, pass to the limit [, (Vug) T Az, ux)Vodz — [o(Vu)TA(z,u)Vodz. By

compactness of the trace operator, ug|r — u|r in LP#_E(F) C L*(I), realize that uy|r — u|r
in L4(T") because

[[urlr = wlr]| pagpy < [Jurle = u|FH5L/56(F) (|uklr — u\r||1L/26(F) — 0.

Then |ug|3ug|r — |ululr in L1(T), and i |ugPugvdS — [i |u[3uvdS for any v € Lo°(T).
49Hint: By Hoélder’s and Young’s inequalities, this yields the estimate

51/ |Vuk|2d:p+b1/ |uk\2d5+b2/ |uk\5d5§/(Vuk)TA(:p,uk)Vukdz
Q r r Q
+/b1\uk|2+b2\uk|5d5:/ gukdx+/(b10+b294)ukd5
r Q r

4),5/4
gl e oy il o gy + (11l 7 oy 1Bl oy + b2l oo oy 16111 a7 oy ) Tt 125y

IN

IN

1 2 2 2
4€N ”gHLp*/(Q) + 5”“kle,2(Q)

4 5/4 1 5
0 (1057501005 vy + 102 e @100 )™ 4 3 bl i
where N is the norm of the embedding W1:2(Q) C L2"(Q) and C is a sufficiently large constant,
namely C' = 2°/(5%b,), and € < min(e1, b;)/Cp with C, the constant from the Poincaré inequal-
ity (1.56) with p = 2 = ¢. Then use (1.56) for the estimate of the left-hand side from below and
absorb the right-hand-side terms with uy in the left-hand side.
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Exercise 2.70 (Strong convergence). Assume again A bounded as in Exercise 2.67
and, despite the lack of d-monotonicity of u — diV(A(x, u)Vu), use strong
monotonicity of u + div(A(z,v)Vu) for v fixed, and show u, — u in Wh2(Q);
make the limit passage in the boundary term by compactness® if n < 2, or treat it
by monotonicity if n = 3 when this term has the super-critical growth.>* Note that,
for n = 3, the super-critical growth of the boundary term is such that, although
being formally a lower-order term, it behaves like a highest-order term and must
be treated by its monotonicity.>2

50Hint: Abbreviate b(u) = (b1 +b2|u|?)u and ai, := V(up—u) " Aug)V (ug —u), cf. (2.83). Then,

use the Galerkin identity (2.119), i.e. [, V(up — vi) T A(ug) Vugdz = — [1 b(ug)(ug — vg)dS, to
get

/ apde = / V(up—u)T (A(ugk)Vug — A(u)Vu) — V(up—u)" (A(ug) — A(u)) Vuda
Q Q

/Q V(up—vg) " (A(ug)Vug, — A(u)Vu)
+V(vp—u) " (A(up)Vug — A(u)Vu) — V(up—u)" (A(ug) — A(u)) Vuda

[ (o)1) ()3

+ /&; V(v—u) " (A(ug)Vug — A(u)Vu) — V(up—u) " (A(ug) — A(u)) Vudz

for any vy € Vj. In particular, take vy, — w in W12(Q). For n < 2, use compactness of the
trace operator Wh2(Q) — Lp#’e(F) C L5(T') and push the first right-hand-side term to zero.
Furthermore, use Vo — Vu in L?(Q;R™) and A(ug)Vuy — A(u)Vu bounded in L2(Q;R™) to
push the second term to zero. Finally, push the last expression to zero when using (A(uk) -
A(w))Vu — 0 in L2(€;R") (note that one cannot rely on A(ug) — A(u) in Lo°(Q;R™X"),
however) and when assuming vy — u in WH2(Q). Then e1|Vuy — VUH%/WJ(Q) < Joapdz — 0
and, as ug, — u in L?(Q) by Rellich-Kondrachov’s theorem 1.21, uj, — u in W1H2(Q).
51Hint: Use identity (2.119) and the previous notation of a; and b to write

/akdx + /(b(uk)—b(u))(uk—u)dS
Q I

/s; V(ug—vg) T (A(ugk)Vug — Au)Vu) + V(vp—u) T (A(ug)Vug, — A(u)Vu)
—V(up—u)" (A(ug) — Aw)) Vudz

+ / (b(us) —b(w)) (g —vi) + (b(uug)—b(w)) (vg —u) dS
N

= [ b)) + b =b) o= dS + [ V(=) @)
+V(vp—u) " (A(ug)Vug — A(u)Vu) — V(up—u) " (A(ug) — A(u)) Vude
(1 2 3 (4 (5
= 14141 1 1.
Assume v, — u in WH2(Q) and wvg|r — ulp in L5(I"). Use b(u) € L5/4(I") and ug, — vy — 0 in
L3(T) to show Iél) — 0. Use {b(ug)}ren bounded in L5/4(T") and vy —u — 0 in L5(T) to show
I](CZ) = [p(b(ug) — b(u))(vy —u)dS — 0. Push the remaining terms I](f), I,(:l), and I,(cs) as before.

Altogether, conclude uy — u in W12(Q). Moreover, conclude also ||uy — ull sy — 0.
52Hint: Realize the difficulties in pushing [..(b(u) — b(ug))(ux, — v )dS to zero if n > 3 because
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Exercise 2.71 (Comparison principle). Put v := v~ = min(u,0) into the integral
identity (2.51) for the case of (2.114). Show that non-negativity of heat sources,
ie. h = bif + b0* > 0 and g > 0, implies the non-negativity of temperature,
ie. u > 0.5 Assume g = 0 and 0 < 6(-) < Opayx for a constant Opay > 0 and use
v = (U — Omax)™ in (2.51) to show that u(-) < Opax almost everywhere.

Exercise 2.72 (Mixed boundary conditions). Perform the analysis by the Galerkin
method of the mixed Dirichlet/Newton boundary-value problem®*

—div(A(z,u)Vu) = g(z) in €,
vTA(z,u)Vu = by (2)(0 — u) + ba(2)(0* — |u|*v) on Iy, (2.120)
ulr, = Uy on I'p.

Exercise 2.73 (Heat-conductive plate). Perform the analysis by Galerkin’s method
of the problem

(2.121)
ulr = ug onT.

{ —div(A(z, u)Vu) = c1(2)(0 —u) + ca(x)(0* — [uPu)  inQ,
In the case n = 2, this problem has an interpretation of a plate conducting heat in
tangential direction with normal-direction temperature variations neglected, and
being cooled/heated by convection and radiation and with fixed temperature on
the boundary as outlined on Figure 6b. Consider n < 3, use the conventional
Sobolev space WO1 ’2(9), define Galerkin’s approximate solution u; with approxi-
mate Dirichlet conditions ug|r = u’127 and derive the a-priori estimate by a test by
v = u — wg with wy as in Exercise 2.72.

Example 2.74 (Special nonlinear media). Let us consider again the nonlinear heat-
transfer problem (2.114) with A(x,r) = [a;j(x,7)] in the special form

aij(z,r) = bij(x)k(r) (2.122)

we have {uj}ren and {b(ug)}rey only bounded in L5(I") and L5/4(T"), respectively, but no
strong convergence can be assumed in these spaces.

53Hint: Note that u~ € WH2(Q) if u € WH2(Q) so v := u~ is a legal test, cf. Proposition 1.28,
and then [,(Vu) TA(u)Vu~™ dz = [(Vu~)TA(u)Vu~ dz due to (1.50). By this way, come to
the estimate

51/ \Vu_\zdm+b1/(u_)2d3§/(VU)TA(u)VU_ dx
Q T Q
+/ b1(u™)? 4 balu~[%dS = / gu~ dx +/ hu~dS <o0.
r Q r

By the Poincaré inequality (1.56), we get [|u™|lyy1,2(q) =0, hence u™ =0 a.e. in Q.

54Hint: Instead of (2.117), use V = {v€W12(Q); v|ry € L°(I'n), v|ry, = 0}, define Galerkin’s
approximate solution uj with approximate Dirichlet conditions ug|r, = ug, and derive the a-
priori estimate by a test v := uj — wi where wy € Vi, a finite-dimensional subspace of V| is

chosen so that wy|r, = u’g — up in 2" (I'p) and the sequence {wy }xen is bounded in V.
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with B = [b;;] : @ — R™™ and k : R — RT. Then the so-called Kirchhoff
transformation employs the primitive function s : R — R to k, i.e. defined by

A(r) = / "e(o)do (2.123)

and transforms the nonlinearity of (2.114) inside  to the (already nonlin-
ear) boundary conditions. Indeed, B(z)V&(u) = B(x)k(u)Vu = A(z,u)Vu and
B(x) gyﬁ(u) = B(x)k(u) a‘iu = A(z,u) é?yu and, by a substitution w = K(u), one
transfers the nonlinearity from the equation on € to the boundary conditions
which has been nonlinear even originally anyhow due to the Stefan-Boltzmann
radiation term. Thus one gets the following semilinear equation for w:

—div(B(z)Vw) = g in,

{ B(g;)gf + (b1+b2|2_1(w)|3)/2_1(w) —h onT.
We assume B : @ — R™ ™ measurable, bounded, and B(-) uniformly positive
definite in the sense ¢ 'B(z)¢ > B|¢|? for all £ € R™ and some 3 > 0. Further,
we assume k(-) > & > 0 measurable and bounded; note that this implies & to
be continuous and increasing, and one-to-one with ~! Lipschitz continuous, in
particular having a linear growth. Furthermore, g and h satisfy (2.116). Again,
ultimately p = 2, and one can show the coercivity. As the function R — R :
r— b(z,r) = (b1(2) + ba(2)[&(r)]*)&~}(r) is monotone for a.a. z € T', we
can use the monotonicity technique. Then there is just one weak solution w &€
W12(Q). By Proposition 1.28, u = £~ *(w) € W2(2) and this u solves the original
problem in the weak sense. Moreover, (g, h) — u : LP"' (Q) x " (T) - W2(Q)
is (normxmnorm,norm)-continuous. Note that the heat-conductivity coefficient x
need not be assumed continuous.®®

(2.124)

Example 2.75 (Heat transfer with advection). The heat equation in moving homo-
geneous isotropic media, i.e. with advection by a prescribed velocity, say ¥ = ¢(x),
is

—div(k(u)Vu) + c(u)v- Vu = g, (2.125)
where ¢ is the heat capacity dependent on temperature. Let us consider, for simplic-

ity, constant Dirichlet boundary conditions and use the Kirchhoff transformation
(2.123), i.e. put w = %(u) and using Vi~ (w) = Vw/k(k~1(w)), to arrive at

C(w)v-Vw

—Aw + K(w)

in &, (2.126)

w=0 onT
where we abbreviated k(& (w)) =: K(w) and ¢(k *(w)) =: C(w); note that
we can shift K by a constant so that w = 0 can be considered on I'. Note that

55 A discontinuity of x can indeed occur during various phase transformations, cf. [304] for a
discontinuity in the heat-conductivity coefficient x within a recrystallization in steel.
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the pointwise coercivity (2.91a) for p = 2 > ¢ > 1 is violated if c(z,r,s) =
C(r)v(x) - s/K(r). Assume the velocity field & € C*'(Q;R") as divergence free,
which corresponds to a motion of an incompressible medium, cf. also the equations
(6.26¢), (12.14c), or (12.66b) below, one can consider an alternative setting with
¢(u)¥ Vu = div(v¢(u)) = div(7 c(k~(w))) with ¢ the primitive function of ¢. This
leads to a(z,r,s) = s + ¥(z)c(k~1(r)) which again need not satisfy (2.91a).

Exercise 2.76. Show uniqueness of the weak solution w to (2.124), and thus of u, as
well. Try to show uniqueness in the general case (2.121) and realize the difficulties
if smallness of ||u|yy1,0(q) is not guaranteed.

Exercise 2.77. Assume dive < 0 in Example 2.75 and show the coercivity of
the respective A (in spite of this lack of any pointwise coercivity pointed out
in Example 2.75) by derivation of an a-priori estimate again by a test by w.%¢
Furthermore, assuming Lipschitz continuity of x, show uniqueness of a solution to
(2.126) if ¥ is small enough in the L>°-norm.>”

2.6.3 Quasilinear equations of type —div (|Vu[P~*Vu)+c(u, Vu)=g

Here we will address quasilinear equations (2.45) with a(x,r,-) or ¢(z,r,-) nonlin-
ear so that a limit passage in approximate solutions cannot be made by using mere
weak convergence in Vu and compactness in lower-order terms, unlike in semilin-
ear equations scrutinized in Section 2.6.2. As a “training” quasilinear differential

56Hint: for N the norm of the embedding W12(Q) ¢ L2" (), use Green’s Theorem 1.31 to
estimate

/Q\Vw‘?dxg /Q\Vw‘?_(divz')’)(/ow(w) Ii(é))dg)dx:/Q\Vw‘ZJ,-E-V(/Ow(w) Ii(é))dg)dx

- Vw)C(w
:/Q|Vw|z+( K(;)( )dxzfﬂgwdxgN||w||W1,2(Q)||gHL2*,(Q).

5THint: Realizing that also [C'/K](-) is Lipschitz continuous, with ¢ denoting the Lipschitz
constant, we have

L /C(w w C(w w
/ﬂv~( (KEZUT) b (Kiq)uZ) 2)(11)1—11)2)(1:(:

_C(w1)  C(w2) C(w2) - V(w1 —w3)
= /QU(K(wl) — K(wg)) - Vwi (w1 —w2)dz —i—/ﬂ K(ws) (w1 —wa)dz
Clw1) C’(w2)’
K(wi1) K(wz)
C(ws) ’
K (w2)

< |17l zoe (imm) [Vwillz2@mn)lwi —w2llzao
( ) )

L4(Q)

IVwi = Vwallp2 (qrn) lwr — wallpa )

()

i maxc{-
< lzoe e (1701l N4 Y L mensn ()14 = w2l .

+ 1Tl Loo (;m7)

LA(Q)

where N is the norm of the embedding W1:2(Q) C L*(Q) valid for n < 3. For 9] Lo (;rn) small
enough, conclude that wi; = wa.
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operator in the divergence form, we will frequently use
Apu = div(|VuP~?Vu) (2.127)
called the p-Laplacean; hence the usual Laplacean is what is called here 2-
Laplacean. For p > 2 one gets a degenerate nonlinearity, while for p < 2
a singular one, cf. Figure 9 on p.122 below. Note that, by using the formula
div(vw) = vdivw + Vv - w, (2.127) can equally be written in the form
div(|VulP72Vu) = [VulP2Au+ (p—2)|VulP~*(Vu) " VZu Vu. (2.128)
Example 2.78 (d-monotonicity of p-Laplacean). To be more specific, A = —A,

will be understood here as a mapping W1?(Q) — WP(Q)* corresponding to a
Neumann-boundary-value problem, i.e.

(A(u),v) = /Q |VulP~2Vu - Vo dz (2.129)

for any v € WHP(Q). For p > 1, the p-Laplacean is always d-monotone in the sense
(2.1) with respect to the seminorm |u| := ||Vul| r(;rn), i-e.

/(|Vu|p_2Vu—|Vv|p_2Vv) (Vu=Vov)dz > (d(|u])—d(|v])) (Jul—|v])

Q

with d(¢) = £€P~1, which can be proved simply by Holder’s inequality as follows:
L2 12p72) - 2y do

— ||y||1£p(Q;Rn) - A (|y|P—2y sz 4+ |z|p—2z . y)dx + Hz”lzp(Q;Rn)

2 ||y||ip(Q;Rn) - |||y|p_29||Lpf(Q R 2]l Lr(@;rm)
P ey s + el
S R oS X P
20l 191 oy + 12 iy
= (Il ey = =15 ) (18]l oizy = 2] gy ) (2:130)

For p > 2, from the algebraic inequality®®
(]s|P~2s = |5]P723) - (s — 3) > c(n,p)|s — 5° (2.131)

58See DiBenedetto [104, Sect.I.4] or Hu and Papageorgiou [180, Part.I,Sect.3.1].
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with some ¢(n, p) > 0, we obtain a uniform monotonicity on WO1 P(Q) in the sense
(2.2) with ((2) = 2zP~* (or with respect to the seminorm || V-] Lo (q;rn) on WHP(9)):

(A(u)—A(v), u—v) = /Q(|Vu|p_2Vu—|V'U|p_2Vv)-V(u—v)dx

> c(n,p)/|Vu—V'U|pdx.
Q
It should be emphasized that, for p < 2, one has only (A(u) — A(v),u — v) >
(p—1) [omax(1+ [Vul,1+ [Vv])P~2|Vu — Vo[2dz.?

Exercise 2.79 (Monotonicity of p-Laplacean). Realize that (2.127) corresponds to
a;(x,r,5) = |s[P~2s; and verify the strict monotonicity (2.65) and (2.68a).59

Exercise 2.80 (Strong convergence in ¢(Vu)). Consider the Dirichlet boundary-
value problem

—div(|Vul|P~2Vu) + ¢(z, Vu) = in Q,
{ (IVu| ) +cl@,Vu) = g (2.132)

0 onl.

u
For some € > 0, assume the growth condition
FyeL® =9(Q) CeR V(a.a.)zeQ VseR” : |e(z, )| < v(x)+C|s|P~1 ¢, (2.133)

Formulate Galerkin’s approximation®! and prove the a-priori estimate in W, "*(£2)
by testing the Galerkin identity by v = uz%% and prove strong convergence of
{uy.} in WyP(Q) by using d-monotonicity of —A,, following the scheme of Propo-
sition 2.20 with Remark 2.21 simplified by having boundedness guaranteed ex-
plicitly through Lemma 2.31 instead of the Banach-Steinhaus principle through

59S8ee Milek et al. [229, Sect.5.1.2].

60Hint: like (2.130), (|s|P~25—|5|P723)-(s—3) = |s|P—|s|P~25-53—|53|P725.5+|3|P > |s|P —
[s[P= 5] — |5[P=" |s| + |3[P = (|s|P~* =3[P~ 1)(|s|—|5]), hence (2.65) holds. If (|s|P~?s—|5|P~23) -
(s—8) = 0, then |s| = |3], and if s # 3, then |s|? > 53 hence |s|P—|s|P™25:3 > 0, and similarly

|57 —|5|P=25-5 > 0, hence (|s|P~25—|3|P~25)-(s—35) > 0, a contradiction, proving (2.68a).

61See (2.135) below for a(zx, s) = |s|P~2s.

62Hint: Use Holder’s inequality between LP/(P=1=¢)(Q) and LI(Q) with ¢ = p/(1 + €) to
estimate

o ey = 19082 gy = [ (o = (T s o

IN

/Q (Ig] +7 + ClVaug P~ =) fug | dz

p—1—e

< gl + A o gy 1l o= () + CUIVuRNT 5 0 Tkl Lacey
< Np-|lgl + 'VHLP*’(Q) ||uk||W01’P(Q) + CNq““k”I‘:V_OlE,p(Q)

with Ny the norm of the embedding W1P(Q) C L9(Q), and Np+ with an analogous meaning.
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(2.36) (2.42).93 Further, considering p = 2, formulate a Lipschitz-continuity con-
dition like (2.146) in Exercise 2.85 that would guarantee (uniform) monotonicity
of the underlying mapping A.

Exercise 2.81 (Weak convergence in ¢(Vu)). Consider the boundary-value problem
(2.132) in a more general form:

—diva(z,Vu) + ¢(z,Vu) = g inQ,

2.134
0 onl, ( )

u

with a(x,-) : R™ — R"™ strictly monotone. The Galerkin approximation looks as
/ a(Vug) - Vo + (¢(Vug) — g)vdz =0 YveV,. (2.135)
Q

Assuming coercivity a(x, s) - s > £,4|s|P and the growth (2.133), prove the a-priori
estimate by testing (2.135) by v = u;.%* Then prove weak convergence of the
Galerkin method as in (2.84).%°

Exercise 2.82. Modify Exercises 2.80 and 2.81 for non-zero Dirichlet or Newton
boundary conditions.

63Hint: Take a subsequence up — u in W(}’p(Q). Use the norm Ilval,p(Q) = |IVoll L (rn)
0
and, by (2.130) and using still the abbreviation a(Vv) = |Vv|P~2Vv, estimate

(el ) =0y ) (I lgaor gy =¥l ) < /ﬂ ((Vuk)—a(Vv)) - V(ux—v)dz
= /.Qa(Vuk) - V(ug—vg) + a(Vug) - V(vg—v) — a(Vv) - V(ug—v)de
= [ (o= e(Tw)) (w=u) + a(Vuw) - T (o4=0) = a(Vo) - ¥ ~v)dn

with v € V. Assume vy — v. For v = u, up — v — u—u = 0 in LP**E(Q) because of
the compact embedding Wol’p(Q) € LP"~¢(Q), and then Jo c(Vug)(up — vi)dz — 0; note that
{e(Vug)}ken is bounded in L(p*_e),(Q). Push the other terms to zero, too. Conclude that
up — u in W(}’p(Q). Then, having got the strong convergence Vuy — Vu, pass to the limit
directly in the Galerkin identity.

64Hint: Estimate

p — p . —
callwnllys gy = IV gy < [ (V) - Vueds < [ (o= (i) uide

and finish it as in Exercise 2.80.

65Hint: Prove limy o fq,(a(Vui) — a(Vu)) - V(up, — u)dz = 0 as in Exercise 2.80. Then, for a
selected subsequence, deduce ¢(Vuy) — ¢(Vu) a.e. in Q by the same way as done in (2.88), and
similarly also a(Vug) — a(Vu) a.e. in Q. Then prove a(Vuy) — a(Vu) in LPI(Q) and ¢(Vug) —
¢(Vu) in LP*/J“(Q) and pass to the limit directly in (2.135) for any v € (J;,+ o Vi without using
Minty’s trick. Finally, extend the resulted identity by continuity for any v € W1P(Q).
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Exercise 2.83 (Monotone case I). Consider the boundary-value problem (2.45)—
(2.49) in the special case a;(z, 7, s):= a;(x, s) and c(z,r, s):= c(z,r), ie.

—diva(Vu) +c(u) = g on ),
v-a(Vu)+bu) = h  onTy, (2.136)
ulr, = u, onIp.

Assume that a(x, -), b(z, -), and ¢(z, -) are monotone, coercive (say a(x, s)-s > |s|?,
b(z,0) =0, ¢(x,0) = 0, and meas,,—1(I'p) > 0) with basic growth conditions, i.e.

(a(z,s) — a(z,5))(s—5) >0,

Fy, €L (Q), CoeR:  a(w,s)| < va(z) + Cals|P, (2.137a)
(b(x,r) — b(x,f))(r —7) >0,

IpeL! (L), CLeR:  |b(z, )| < (@) + Colr[?” 7, (2.137b)
(c(z,r) — c(z, 7)) (r—7) > 0,

F.eLP'(Q), C.eR: ez, )| < velx) + Colr? 1, (2.137¢)

and prove a-priori estimates®® and the convergence of Galerkin’s approximations
by Minty’s trick.67

Exercise 2.84 (Monotone case IT). Consider A : Whmax(2.p)(Q) — WWhmax(2.p)(Q)
given by

u),v) = ulP~?)Vu - Vo + c(uw)vde w)v .
(A(u),v) /Q(l+|V| )\Y% V+()d+/rb()d5 (2.138)

int: denoting u, € ’ an extension of uy test the Galerkin identity determining
66Hint: denoti b € WhP(Q tension of uy, test the Galerkin identity determini
ug € Vi by v := uy — 4 where tg|r — up in WHP(Q)|p for k — 0o, {lig}ren bounded in
WLP(Q), Gy € Vi, Vi a finite-dimensional subspace of W1P(Q). Arrive to

/ [Vug|Pde < / a(Vuyg) - Vug +c(uk)ukdz+/ b(ug)urdS
Q Q

'

— [ a(Vur) - Vae + cun)m + glu—ao)do + [ buna, + hlu-a)ds
Q 'y

and then get uy estimated in W1:P(Q) by Holder’s inequality and Poincaré’s inequality (1.57).
Alternatively, use the a-priori shift as in Proposition 2.27.

67Hint: For v € WhP(Q), use vy — v in WHP(Q), vy, € Vi, Ug|rp = Vk|rp, the monotonicity
and Galerkin’s identity

0< /Q (a(Var) — a(Vor)) -V (up—vg) + (clur) — c(o)) (g —vg)de +/ (bux) — b(ux))

'

X (up—vg)dS = /Q (9 — c(vp)) (up—vr) — a(Vog) -V (up—vg)da + /r (h = b(vg)) (ug—vg)dS

— / (g9 — c(v)) (u—v) — a(Vv) - V(u—v)dx + / (h —b(v)) (u—v)dS
Q I'n

and then put v := u + ew, divide it by € > 0, and pass € — 0.
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so that the equation A(u) = f with f from (2.60) corresponds to the boundary-
value problem for the regularized p-Laplacean:

{ —div((1 +|VulP~*)Vu) + c(z,u) =g inQ,
(2.139)

(14 |VuP~?) glyb +b(x,u)=h onT.

Assume c¢(z, -) strongly monotone and b(x, -) either increasing or, if decreasing at
a given point r, then being locally Lipschitz continuous with a constant ¢, :

(c(x, r) — c(x, f)) (r—7) > eo(r —7)?, (2.140)
(b(z, ) = bz, 7)) (r = F) > =L, (r — 7). (2.141)
Show that A can be monotone even if b(x,-) is not monotone; assume that%®
¢; < N“?min(1,¢,.). (2.142)
Show further strong monotonicity of A with respect to the W2-norm if (2.142)

holds as a strict inequality.

Exercise 2.85 (Monotone case ITI). Let A : Whmax(2:p)(Q) — Whmax(2p)(Q)* be
given by

(aw.v) = [

(14 |VulP~?)Vu - Vo + ¢(Vu)vda + / b(u)vdS. (2.143)
Q

r

Note that the equation A(u) = f with f from (2.60) corresponds to the boundary-
value problem

—div((1 4 [Vu[P~*)Vu) + c(z,Vu) = g forz €Q,

(2.144)
(14 |VuP~?) (;u +b(z,u) = h forzxel.
v
Assume b(z, -) strongly monotone and ¢(z, -) Lipschitz continuous, i.e.
(b(z,7) — bz, 7)) (r — F) > epr — 7|3, (2.145)
|c($, s) — c(z, §)| < /Lc|s—35|, (2.146)

68Hint: Indeed,
(A(w) — A(v),u—v) = /Q|Vu ~Vl? 4 (VP 2V — [VolP2V0) - (Vu — Vo)
+ (e(uw) — ¢(v)) (u — v) dz + /F (b(w) — b(v)) (u —v)dS

2/ \Vu—Vv\z—i-ec(u—v)zd:p—/Eb_(u—v)zdS
Q r

> min(1, e0) [u—vl 31,20 — b llu—vl22(py > (min(1,e0) — € N*)[u—vllZy1.2 (0.
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and show monotonicity of A if . is sufficiently small, despite that u — ¢(Vu)
alone would not allow for any monotone structure.’® In particular, if 4. is small
enough, realize that A is strictly monotone and uniqueness of the solution follows.

Exercise 2.86 (Monotone case IV: advection). Consider a special case of (2.144)
with ¢(x, 8) := ¥(x) - s with ¥ : @ — R™ being a prescribed velocity field. Assume
divd < 0 (as in Exercise 2.77) and ¢|pr - v > 0, and show that A enjoys the
monotonicity™ even if there is no point-wise monotonicity.

Exercise 2.87. Consider the following boundary-value problem:

—div(|Vu|p_2Vu + ao(x,u)) =g inQ,
(2.147)
h onl.

0
[Vulr=2" + bo(a,u)

Assume the basic growth condition: |ag(z,r)| < v(z) + C|r[P"/?" for some ~ €

L¥'(Q) and formulate a definition of the weak solution; denote: b(z, r) := bo(x, ) —
ao(z,7) - v(x). Prove that u —div(ag(z,u)) : WHP(Q) — WIP(Q)* is a totally
continuous mapping (which allows us to use Theorem 2.6 with Corollary 2.12 to
get the existence of a weak solution). Further prove the a-priori estimate by testing
by u.”" Prove convergence of the Galerkin approximation via Minty’s trick, and

69Hint: Estimate

(A(u) — A(w),u —v) = /S; ((1 +|VulP~2)Vu — (1 + \VU|P—2)VU) -V(u—v)

+ (c(Vu) — ¢(V)) (u — v)dz + / (b(u) = b(v)) (u — v)dS
I

> [Vu = Vol 22 gupny — le(V) = (Vo) L2 oy llu = vl L2q) +ebllu = vliF2 p
> |Vu=Voll 32 gy = Lell Vu=V0l L2 (@uam lu=vll L2 0y +ebllu — vl 72

EE 2 2 4 2
Z 1- 25 HVU - VUHLQ(Q;RTL) + €b||u_vHL2(p) - 2 HU_UHLQ(Q)

—1 . ZZ 2 4 2 2

> C’P min | 1 — 26’% Hu—v”wl’g(ﬂ) — 2N ||u—vHW1,2(Q),

with N the norm of the embedding W12(Q2) C L?(Q2) and C, the constant from the Poincaré
inequality (1.56) with p = 2 = g and 'y = I. If 4. is so small that there is some § > 0 such that

i (1 e ) > 6N20
min — , € = ]
2670 9" TP

the monotonicity of A follows.
"OHint: by using Green’s formula, the monotonicity of this linear term is based on the estimate:

1 1 1
/ (7-Vu)udz = / 7 Vuldz = / (v- v)u?dS — / (div 9) u?dz > 0.
Q 2 Ja 2Jr 2 Ja
71Hint: Realize that

/|Vu|pdw+/bg(u)ud52/ —ag(u)-Vu—i—gudm—i—/ (ao(u) - v+ h) uds.
Q r Q r
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alternatively strong convergence and direct limit passage without Minty’s trick.
Show uniqueness of the weak solution for Lipschitz continuous ag(z, -) with a small
Lipschitz constant. Make the modification for the Dirichlet boundary condition.”

Example 2.88 (Banach fixed-point technique). Consider the boundary-value prob-
lem (2.136)) and assume the strong monotonicity of a(z,-) and, e.g., of ¢(z, ) but
no monotonicity of b(z, -), i.e.

(a(z,s)—a(z,5)) - (s—5) > eqls — 3|, (2.148a)
(c(z,7) — elz, 7)) (r — F) > ec(r — 7)?, (2.148Db)

and the Lipschitz continuity

la(x, 8) — a(x, §)| < L,]s — §, (2.149a)
— 4, (r— 7)? < (b(x, r) — b(x, f))(r -7 < ég'(r —7)?, (2.149Db)
le(x, ) — c(x,7)| < Le|r — 7, (2.149c¢)

with some ¢; > ¢, > 0; note that b(z, -) is Lipschitz continuous with the constant
¢f. Then one can use the Banach fixed-point Theorem 1.12 technique based on
the contractiveness of the mapping 7. from (2.43) where the Lipschitz constant ¢
of A can be estimated as:"

[A(u) = A@)wr2@x = sup (A(u) = A(v), 2)

‘Iz‘lwly2(g)§1

= sup /Q(a(Vu)—a(Vv))-Vz + (c(u)—c(v)) zdz —|—/F (b(u)—b(v))zdS

HZHW1,2(Q)§1 N

< sup (gaHVU - VUHL2(Q;R”) ||vz||L2(Sz;Rn)

H le 2(Q)<1

+ ellu = vlla@ 2l + & lu = vllza 122w )

< (V2max(ly, £e) + N2 [[u — vl wrz) = €lu—vllwiz)

while the constant § in the strong monotonicity of A can be estimated as
(A(u) — A(v),u —v) > (min(ec,eq) — N2 ) Ju — v[|{. 2(g) = Oflu — v||%,V1,2(Q);

Assume bo(x,r)r > |r|P, and estimate u by assuming further |ag(x, )| < y(z) + C|r|P~17¢.

72Hint: Denoting a(z,r) = (61 (z,7),...,an(z, r)) the component-wise primitive functions to
ao(z,r) = (a1 (z,7),.. .7an(x,r)) and realizing that now u|r = uy, by Green’s Theorem 1.31,
one gets

/ao(mu Vudm—/z a (z,u d:p—/Zalmuul )ds = / -vdS = const.
Q

73Cft. also (4.17) below.



2.6. Examples and exercises 77

cf. Exercise 2.84. Then, by Proposition 2.22, T from (2.43) with J : WH%(Q) —
Wh2(Q)* defined by™

(J(u),v) = /QVu-Vv—i—uv dz (2.150)

is a contraction provided ¢ > 0 satisfies”

min(ec,gq) — N30y,

9 (2.151)
(V2max(ly, L) + N26;)
Exercise 2.89. Modify the above Example 2.88 for Dirichlet boundary conditions™®
and/or the term ¢(Vu) instead of c(u)™".

Example 2.90 (Limit passage in coefficients). Consider the problem from Exam-
ple 2.88 modified, for simplicity, as in Exercise 2.89 with zero Dirichlet boundary
conditions. Assume s — a(x, s) and r — ¢(z, ) monotone, a(z,s) s+ c(z,r)-r >
eolsP — C, |a(xz,s)| < y(z) + C|s|P~! with v € LF'(Q) and 1 < p < 2. Such a
problem does not satisfy (2.148) and (2.149a,c). Therefore, we approximate a and
¢ respectively by some a. and ¢ which will satisfy both (2.148) and (2.149a,c) and
such that a.(z,-) — a(x, ) uniformly on bounded sets in R", and c.(z,-) — ¢(z,-)
uniformly on bounded sets in R, and such that the uniform coercivity of the col-
lection {(ae, cc)}eso is uniformly coercive in the sense

36 >0Ve>0: ac(x,s) - s+ ce(x,r) -r>6|s|P —1/6. (2.152)

E.g. one can put ac(z,-) := Y} (a(z,")) and c.(z,-) := VM (c(z,-)) where YN :
R™ — R"™ denotes a suitable modification of Yosida’s approximation Y, . : R" —
R™ defined by

2

{yn,a (F+ .

-1
ae(H](8) ="~ (butef) () (2.153b)

3

(VAL ()] (s) : In)} (s) with (2.153a)

and I,, the identity on R"; cf. also Remark 5.16 below. Unlike the mere Yosida
approximation Y, ., the regularization (2.153) turns monotonicity to strong
monotonicity; note also that y,“fa(ln) =1I,.

"Note that (J(u),u) and also [[ully1,2(q) = [[J(u)|lw1,2¢q)- if one considers

= ”u”a/12(g)
— 2 2 .
therstandard norm [|ully1.2(q) = \/HVuHLQ(Q;Rn) + HuH[ﬁ(Q)’ cf. Remark 3.15.
75Cf. (2.44) on p. 40.
"0Hint: Instead of (2.150) use (J(u),v) = [ Vu-Vvdz, cf. Proposition 3.14.

“"Hint: In case of Newton boundary conditions, b(z,-) has to be strongly monotone as in
Exercise 2.85.
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‘1/2 3

Figure 7. A regularization of the nonlinearities a(x,s) = |s|"/“s and c(z,r) =r
that makes them both strongly monotone and Lipschitz continuous.

Then we can obtain the weak solution u. € W2(€) of the approximate problem

—diva.(Vu) +c.(u) = g in §Q,
(Vu) (w) (2.154)
u=0 onl

constructively by Example 2.88 (modified as in Exercise 2.89). The convergence
of u. € W(}’Q(Q) for ¢ — 0 relies on an a-priori estimate in W(}’p(ﬂ) which is
uniform with respect to € > 0 due to (2.152), and then a selection of a subsequence
ue — u in WH(Q). Note that, as p < 2, we have Wy?(Q) D W, ?(Q). Taking
¥ € Wy™°(Q) and using monotonicity, we obtain

0< /Q (ac(Vue)—as (VD)) - (Vue—V0) + (ce(us)—ce(0)) (ue—v) dz
= /Q (9 = c(0)) (ue = 0) = a=(V) - (Vue — V) da
- /Q (9= (@) (u=70) = a(VD) - (Vu - Vi) dz (2.155)

for e — 0, where we used a.(Vv) — a(Vv) in L>°(Q;R™). Then we can pass v
to v € WyP(Q); by density of W™ (Q) in W, (), cf. Theorem 1.25, v can be
considered arbitrary. By continuity of the Nemytskil mappings N, : LP(Q; R") —
L (Q;R"™) and N, : LP" (Q) — LP™'(Q), from (2.155) we get Jolg —c(v))(u—v) —
a(Vv) - (Vu— Vv)de > 0. Eventually, by Minty’s trick, we conclude that u solves
(2.154); cf. Lemma 2.13.

Remark 2.91 (Constructivity). Let us still point out that, by combining the Ba-
nach fixed-point iterations as in Example 2.88 with some coefficient approxima-
tion as in Example 2.90, one can solve problems as (2.136) under quite weak
assumptions rather constructively, without any Brouwer’s fixed-point argument,
cf. Remark 2.7. In case of strict monotonicity in (2.136), the whole sequence of
approximate solutions converges.

Exercise 2.92. Modify Example 2.90 for the case of Newton boundary conditions.

Exercise 2.93. Add a term div(b(x, u, Vu, Vzu)) here with b : QXRxR"xR"*"™ —
R™ into (2.96) and modify (2.98) and Proposition 2.42.
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2.7 Excursion to regularity for semilinear equations

By regularity we understand, in general, that the weak solution has some addi-
tional differentiability properties as a consequence of some additional qualification
of data, i.e. in case of the boundary-value problem (2.45)—(2.49) a certain differen-
tiability of a, b, ¢, g, and h, and a qualification of 2 as smoothness or restrictions
on angles of possible corners. This represents usually a difficult task and there are
examples showing that, in case of higher-order equations or systems of equations,
any smoothness of the data need not imply an additional smoothness of weak so-
lutions. Regularity theory is a broad and still developing area which determines a
lot of investigations in particular in systems of nonlinear equations and in numer-
ical analysis, and the exposition presented below is to be understood as only an
absolutely minimal excursion into this area.

We will confine ourselves to W¥2-type regularity for semilinear equations
and we start with a so-called interior regularity’® for the linear equation

i 33,1_ (az‘j(x) gﬁi) =g(x) onQ (2.156)

i,5=1

with nonspecified boundary conditions. By a weak solution to (2.156) we will
naturally understand u € W'2(Q) such that [,(Vu) AVv — gvdz = 0 for all

v e Wy () where A : Q — R™™ : z1— A(z) = [aij (o))} =1 -
Proposition 2.94 (INTERIOR W22-REGULARITY). Let A € C(; R™ ") satisfy
36 >0 VCER™ VY(a.a)ze: CTA(2) ¢ > 6[¢%, (2.157)

g€ L% .(Q), and let u be a weak solution to (2.156). Then u € Wif (Q). Moreover,

loc

for any open sets O, Oy C R™ satisfying O C O and Oy C €, it holds that
lullwz2c0y < C(llgllz20m) + lullL2()) (2.158)

with C' = C(O, 02, HAHCI(Q;R"X"))'

As the rigorous proof is very technical and not easy to observe, we begin with
a heuristic one. Take still an open set O; such that O C O; and O; C O», and a
smooth “cut-off function” ¢ : Q — [0, 1] such that xyo < ¢ < xo,. Then, for a test
function

0 (.5 0u
vi= o (g ax,) (2.159)

78This means we get estimates only in subdomains of  having a positive distance from I
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with £k =1,...,n, by using Green’s Theorem 1.30, we have formally the identity

0 0
/01 ZZ: 78% Ox; <a$k <C2 a;))dx
0 0
/O1 12 ax i Ox; ) dx; (CQ 8;2>d$

3&13 8u 0%u , 0%u o¢ Ou
/01 1222 8xk 8{,6] ij axlj8$k> (C 8xi8xk + 2<8$1 8xk>d$ (2160)

The identity (2.160) leads to the estimate

LIS I I 915 I KE
/Ol Z Cai azaik axjaxk /O Z gii 88:: 82226!@
+2C§§i ;i(g?,f ;f; + i 82—2(;;k) tg (aik (@5&))@
<, X st (€57 oo
+2[Cllorn] gt \(15‘; + 5225;’))‘1%
+19llz2(00) 2CV< +<2 ;;C’LQ(OIRH)
< CL(IVullL204m7) + 9l L2¢04)) <H< axk’L2(ol ") H axk’L%ol))

Cl 3 2 2
vt (g ¥ 5) (19ulEa0,0) + 9l E2(0,)

(2.161)

- 2H< (“)xk’

with Cy depending on ||la;;||c1(rnxn) and ||¢[|¢1(q). Then, letting k range over
1,..,n, we obtain

[ullw220) < C2(llgllrzoy) + llullwrzon)- (2.162)

Finally, using a smooth “cut-off function” 7 : Q& — [0,1] such that ypo, < n <
X0, and the test-function v = nu, we get §[|[Vul|7zo, pny < 0 fonVul’dz <
Jongudz < %HgH%g(Oz 5 ||u||L2 ()» Which eventually leads to (2.158). The rigor-

ous proof is, however, more complicated because (2.159) is not a legal test function
unless we know that u € Wif(@), which is just what we want to prove.
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Sketch of the proof of Proposition 2.94. We introduce the difference operator Dj,
defined by

D] (2) — u(z + eey,) — u(x)) e#£0, [er]i = { (1) E; ; Z (2.163)

3

and use the test function
v:= D, (¢*Dju) (2.164)

with & =1,...,n. Note that, contrary to (2.159), now v € Wy*(2) is a legal test
function. The analog of Green’s Theorem 1.30 is now

/QUD,;EUI dz = /Qv(x)w(x —een) - w(x)dx

g

= i/ﬂv(x)w(:c —cey) dw — i /Qv(x)w(x)dx

! /Q oo+ een)ule)dv - _ /Q o(a)w(x) dr = - /Q whjode (2.165)

9 9

if |¢| is smaller than the distance g of I from O;; note that v vanishes on Q\ O;.
Moreover, by simple algebra, we have the formula

Dj (vw) = Sj,v Dfw + wDfv (2.166)

with the “shift” operator S defined by [Sfv](z) := v(x + eex). The analog of
(2.160) now reads as

/O Za” (D,;E(gz‘ zu)>dx

14,5=1

-/, Z D% (a3 ) g, (¢ DE0)

>

We also use that [|D5v| r2(q,) < [|Vol|L2(0) if |e] < g := dist(O1,T).™ Then the
analog of (2.161) reads as

o¢
2 €
P ’““”a - Sjai Dy ’fa )(< kaxl 2 o fu)de.

(2.167)

3[|¢ Dk V“Hm(o1 R™) HCDEVUHB O1:R™)

-2
C? 5
* ( 51 + >(HVUHL2(OI;R") + HQH%Q(Ol))' (2.168)

"1t holds that [Div](x) = 01 Py (v + Teer)dr so that, by Holder inequality, we obtain

||Di””?;2(01) = Jo, ‘fol oay, (VT TECK dT‘ dz < [o ‘V”| dz.
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Hence the sequence (selected from) {¢DVu}oce<e, is bounded in L?(Oy;R™)
and converges, possibly as a subsequence, weakly to some w in L?(O1;R"). In the
sense of distributions, it must hold that w = ¢ B(Zk Vu.8% In particular, B(Zk Vu €

L?(O;R™) and, if considering k = 1, ..., n, we have obtained (2.162). Then (2.158)
follows as outlined in the heuristics. |

Proposition 2.95 (INTERIOR W32-REGULARITY). Let A € CYQ;R"*") N
W24(Q; R with q = 2*2/(2* — 2) with 2* from (1.34) satisfy (2.157), and
let g € VVliCz(Q), and let u be a weak solution to (2.156). Then u € I/Vlof(ﬂ)
Moreover, for any open sets O, Oy C R™ satisfying O C Oy and Oy C Q, it holds
that

ullws20) < C(lgllwr20,) + lull2)) (2.169)
wlth C == C(O, HAHCl(Q;Rn><n)mW2,q(Q;]Rn><n)).
Proof. Applying 8‘9 to (2.156), we obtain

"9 0% _ dg n 22a;; Ou da;; 0%
Z 3x1< ij 8@-81’1{) T Oz - Z <3x13xjk da; + 3x;z axjazi) (2.170)

3,7=1 3,7=1

in Q. Note that, by Proposition 2.94, u € Wif (©) and therefore (2.170) has indeed
a good “weak” sense: z := 86 u is a weak solution to (2.156) with z instead of
u and with 88 g —div((,2 L A)Vu) — (52 A)V2u € L? () instead of g. Hence
oo U € Wi’f(ﬂ)- O

For linear equations as (2.156) the process suggested in (2.170) can be
iterated for k = 4,... to obtain VVIOC -regularity under the assumption that
A € CF2(Q;R™™) N Wk La(Q;R™ ™) and g € W*=22(Q). This differs from
nonlinear equations where the regularity has usually a natural bound. Here, we
confine ourselves to semilinear equations where results for linear equations can

directly be exploited. To be more specific, we will handle the equation
- 8u 9
PP (o) gt ) + eoT0) + il u=glo) on (2am)

again with unspecified boundary conditions. By a weak solution to (2.171) we will
naturally understand u € W2(Q) such that [, ((Vu) "A+ao(u))-Vo+ (co(Vu)+
|ul7?u — g)vdz = 0 for all v € Wy 2().

80For any v € D(O) it holds that lim._.g fﬂ1 (¢D§Vu)vde = lime—o — [, D °(Cv)Vudz =
- Ja a‘zk (Cv)Vudz = — [, agk vWVudz.
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Proposition 2.96 (REGULARITY FOR SEMILINEAR EQUATIONS).

(i) Let A € CH(Q;R™ ™) satisfy (2.157), let 1 < ¢ < (2n—2)/(n —2) forn >3
(or ¢ > 1 arbitrary if n < 2), ag : R — R™ be Lipschitz continuous, ¢y have
at most linear growth, and g € L% (). Then any weak solution u € W12(Q)
to (2.171) satisfies also u€ W2 (Q).

(ii) Moreover, let, in addition, A € W2™ax(2nte)(Q: R™ 1) with € > 0 if n = 2
(otherwise € = 0 is allowed), and let also q > 2, ag € C*(R; R™) with

having arbitrary growth — if n <3,
ag : R —R" ¢ being bounded if n=4, (2.172)
=0 if n>05,

co : R™ — R be Lipschitz continuous, and g € VV&?(Q) Then any weak solution
weWh2(Q) to (2.171) belongs also to W (Q).

loc

Proof. Note that w € WZ12(Q) implies div(ag(u)) = afj(u)Vu =
Yoy %i(u)aiiu € L*(Q) if ap € WH(R;R™) as assumed, cf. Proposition 1.28.
Also, cg(Vu) € L*(Q) because of the linear growth of ¢y, and eventually |u|?2u €
L¥/@=1(Q) c L2(Q) if 1 < ¢ < (2n —2)/(n —2) (or ¢ > 1 arbitrary if n < 2).
Noting also that the exponent 2*2/(2* — 2) equals max(2,n) if n # 2, or is
greater than 2 if n = 2, we can use simply Proposition 2.94 with ¢ being now
g1 := g — div(ag(u)) — co(Vu) — |u|?2u € L?(Q). The point (i) is thus proved.

Assuming the additional data qualification as specified in the point (ii), we
want to show that g1 € Wl’z(Q). Fori=1,...,n, we have

loc
dg1 g N 0%u
82171' - 82171 _j; (an(u)(’)xiﬁxj
ou Ou  Ocy 8%u ou
" _ _ q—2
a0 50 e+ g (VW gy &Cj) (=Dl 0 (2173)

For u € W2(Q), we have [u|9=2 € L?"/(4=2)(Q) so that, in general, we do not have
|u|772Vu € L*(Q) guaranteed. Likewise, the ag- and co-terms also do not live in
L?(Q) in general if we do not have some additional information about u € W2(Q).
However, we can use the already proved assertion (i), i.e. u € VVIiC2 (Q); this trick
is called a bootstrap®'. Then it is easy to show that g; € Wl’Q(Q) hence we can

loc

use simply Proposition 2.95 with g being now g;. 0

Having the data qualification A € C*(Q;R"*") and ag € WH>°(R;R") as-
sumed and the W22(Q)-regularity at our disposal, it is then straightforward to
check that (2.171) holds not only in the weak sense but even a.e. in §2. Such a
mode of a solution to a differential equation is called a Carathéodory solution.

81 Often, bootstrap is used not only in the order of differentiation but rather in the integrability,
which is not possible here because we present the Hilbertian theory only.



84 Chapter 2. Pseudomonotone or weakly continuous mappings

Let us now briefly outline how regularity up to the boundary can be obtained.
We will confine ourselves to W?22-regularity and the Newton boundary conditions
(2.48) and begin with (2.156). Thus (2.48) reads as

Z uiaij(x)aazu_ + b(z,u) = h(z) on T. (2.174)
=1 /

Proposition 2.97 (W22-REGULARITY UP TO BOUNDARY). Let Q be of C?%-class,
AeCH(Q;R™™) satisfy (2.157), be C1(R™xR) satisfy, for some by>0 and C €R,

V(a.a.)x el Vri,ro€R: (b(z,r1)=b(z,72))(r1—72) > b0|7“1—r2|2, (2.1754a)

ob

FyeL*(T) V(a.a.)zel VreR: ax(:r,r) Sv(x)+0|r|2#/2, (2.175b)

geL?(Q), he WLA(T),32 and let ue W12(Q) be the unique weak solution to the
boundary-value problem (2.156)—(2.174). Then u€ W22(Q). Moreover, if b(z,r) =

by (z)r with by € W12/ =2/ then,
lullw22@) < C(llgll2) + 1Rllwr2ry) (2.176)

with C = O(Q, ||A||01(Q;Rnxn), HblHW1.2nf2+e(F)).

Sketch of the proof. First, as € is bounded, I' is a compact set in R™, and can
be covered by a finite number of open sets which are C?-diffeomorphical images
of the unit ball B = {£ € R™; |£] < 1} such that the respective part of T' is an
image of {£ = (&1,...,&) € B; & = 0}. Thus we rectified locally the boundary
T, cf. Figure 8.

diffeomorphism &

v
&

Figure 8. Illustration of finite coverage of I' C R? and one diffeomorphism rectifying
locally a part of T.

It is a technical calculation showing that @ € W'?(By) defined by a(£) = u(t(€)),
where ¢ : By := {{ € B; 21 < 0} — Q is the homeomorphism in question,

82The notation W1 2(I") for I' smooth means that, after a local rectification like on Figure 8,
the transformed and “smoothly cut” functions belong to W2(R™~1). Also Cri b in (2.175b) refers
to the derivatives in the tangential directions only.
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is a weak solution to an equation like (2.156) but with the coefficients A trans-
formed but again being continuously differentiable and satisfying (2.157)%3, and
the boundary condition (2.174) transforms to a similar condition for ¢, —=o. Hence,
in fact, it suffices to obtain an estimate like (2.176) only for @ € W'2(By). For
simplicity, we will use the original notation.

We again use the test function (2.164) but now only for k = 2,...,n, i.e. we
use shifts only in the tangential direction, so that we still have (2.165) at our
disposal. Now the cut-off function ¢ : By — [0, 1] can be taken as 1 in a semi-ball
{¢ € R™; [¢] <1 —¢o, 21 < 0} and vanishing on {{ € R™; [¢] > 1 — 1egg, 21 <
0} with some eg. The heuristical estimate (2.160)—(2.161) now involves also the
boundary term [i.(b(x,u) — h) 82k (¢? aik u)dS which, in the difference variant,
reads and, for || < )&, can be estimated as

/(b(x,u)—h)D?(CQDiu)dS: —/CQDZ(b(x,u)—h) rudS
r r
_ /F % (b(:z:+sek,u(x+eek)) — b(z+eex, u(z))

3

1 €
~D5h + / o (x+7'ek,u(x))d7') D{udS
e Jo Or

IN

~bol|¢Diul ey + ([Pllyracry + I11+Cll 2| oy ) [D5 0l o r

2 1 2 2#
HhHWL?(F) + b (H'YHH(F) + O2HUHL2#(F))'

IN

(2.177)

In this way, we get the local estimates for am‘?gz_u for all (i,7) except i =1 = j
1O

meant in the locally rectified coordinate system, cf. Figure 8(right).
The estimate of the normal derivative follows just from the equation itself
which has been shown to hold a.e. in Q. Thus

0%u 1 ( 0%u " Oa;; Ou
. a; _ ) (2.178)
8x% aill H—]Z>2 J 8%8% =1 8xz 8xj
from which we get the local L?-bound for 88;2 u near the boundary because aj;' €
1

L>°(Q) due to the uniform ellipticity of A.

For the special case b(z,r) = by (x)r, the estimate (2.177) can be finalized by
112 b)(z,w)|| L2y < ||£b1|\L2#2/(2#,2)(F)||u||L2#(F). This eventually allows us to
derive the a-priori estimate (2.176) by summing the (finite number of) the local

83To be more specific, @ satisfies 2% =1 0(@;;01/0z;)0x; = g with the transformed coefficients
aij(§) = ZZJ:J‘IM agk 1[1_1821 1 ((€)) and §(€) = g((€)). The boundary conditions are
transformed accordingly, i.e. b(€,r) = b((€),r) and h(€) = h((£)).
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estimates on the boundary with one estimate on an open set O from Proposi-
tion 2.94 and by using the conventional energy estimate ||u|ly1.2() and thus also
||u||L2#(F) in terms of g and h. O

Corollary 2.98 (W?2-REGULARITY FOR SEMILINEAR EQUATION). Let the assump-
tions of Propositions 2.96(1) and 2.97 be satisfied. Then any weak solution u to the
equation (2.171) with the boundary conditions

n

Z Vi (aij (x) (‘f; + CLOi(U)> +b(x,u) = h(x) on T (2.179)

j=1 J

is a Carathéodory solution and belongs also to W22(£2).

Remark 2.99 (Dirichlet boundary conditions). Alternatively, instead of (2.179),
one can think about prescribing u|r = uy with u, = w|r for some w € W2(Q).
After a shift by w, cf. Proposition 2.27, one gets a problem for vy = u — w with
zero Dirichlet condition and a contribution to the right-hand side which is again
in L2(£2). The proof of Proposition 2.97 is even simpler because (2.177) simply
vanishes.

2.8 Bibliographical remarks

Pseudomonotone mappings have been introduced by Brézis [58].%4 A further read-
ing can involve the books by Necas [259], Pascali and Sburlan [276], Renardy and
Rogers [295], Ruzicka [314], and Zeidler [354, Chap.27]. Mere monotone map-
pings can be found there, too, and also in a lot of further monographs, say
[82, 144, 343, 351]. Historically, theory of monotone mappings arises by the works
by Browder [67], Minty [243], and Vishik [345].

The mappings weakly continuous when restricted to finite-dimensional sub-
spaces and satisfying (2.112) are called mappings of the type (M), having been in-
vented by Brézis [58], and further generalized e.g. in [172, 193]. This class involves
both the pseudomonotone and the weakly continuous mappings®® but, contrary
to those two classes, it is not closed under addition. Mappings of type (M) do
not inherit some other nice properties of pseudomonotone mappings, t00.86 As
to the weakly continuous mappings, their importance in the context of semilinear
equations has been pointed out by Francu [127]. The setting A : V — Z* D V*

841n fact, [58] allows for A : V — Vi with Va2 “in duality” with V but not necessarily Vo = V*,
and also requires u +— (A(u),u — v) to be lower bounded on each compact set in V' and for
each v € V, which is weaker than (2.3a). In literature, “pseudomonotone” sometimes omit (2.3a)
completely, cf. [354, Definition 27.5].

85For the implication “pseudomonotone = type-(M)” see Exercise 2.50 while the implication
“weakly continuous = type-(M)” is obvious — note that even limsup;_, . <A(uk)7 uk> < (f,u)
occurring in (2.112) does not need to have a sense if A(ug) € Z*\ V* or f € Z*\ V*.

86F.g., ®' of type (M) does not yield weak lower-semicontinuity of ®, unlike pseudomonotonic-
ity, cf. Theorem 4.4(ii); e.g. ®(u) = —||u||? if V is an infinite-dimensional Hilbert space.
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with Vi, C Z we used in Section 2.5 was used by Hess [172] in the context of the
mappings of the type (M), see also [276, Ch.IV, Sect.3.1] or [354, Sect.27.7]. The
mappings satisfying (2.23) are called mappings of the type (Sy); this notion has
been invented by Browder [70, p.279)].

The fruitful Galerkin method originated at the beginning of 20th century
[147], being motivated by engineering applications.

Concrete quasilinear partial differential equations in the divergence form
has been scrutinized, e.g., by Chen and Wu [79, Chap.5], Fuéik and Kufner
[135], Gilbarg and Trudinger [153, Chap.11], Ladyzhenskaya and Uraltseva [213,
Chap.4], Lions [222, Sect.2.2], Necas [259], Taylor [334, Chap.14], and Zeidler [354,
Chap.27]. For semilinear equations see Pao [275]. Quasilinear equations in a non-
divergence form (not mentioned in here) can be found, e.g., in Ladyzhenskaya and
Uraltseva [213, Chap.6] or Gilbarg and Trudinger [153, Chap.12]. Fully nonlin-
ear equations of the type a(Au) = ¢ (also not mentioned in here) are, e.g., in
Chen, Wu [79, Chap.7], Caffarelli, Chabré [73], Dong [108, Chap.9,10], Gilbarg
and Trudinger [153, Chap.17].

Regularity theory for elliptic equations is exposed, e.g., in the monographs
by Bensoussan, Frehse [47], Evans [120], Giaquinta [150], Gilbarg, Trudinger
[153], Grisvard [162], Lions, Magenes [223], Ladyzhenskaya, Uraltseva [213], Necas
(257, 259], Renardy, Rogers [295], Skrypnik [323], and Taylor [334]. Besides, this
active research area is recorded in thousands of papers; e.g. Agmon, Douglis, and
Nirenberg [6] and Necas [258].



Chapter 3

Accretive mappings

Besides bounded mappings from a Sobolev space to its dual, there is an alternative
understanding of differential operators as unbounded operators from a (typically
dense) subset of a function space to itself. This calls for a generalization of a
monotonicity concept for mappings D — X, with X a Banach space and D its
subset. Moreover, X need not be reflexive because the weak-compactness argu-
ments will be replaced by metric properties and completeness. The main benefit
from this approach will be achieved for evolution problems in Chapter 9 but the
method is of some interest in steady-state problems themselves.

3.1 Abstract theory

For brevity, let us agree to write || - || and || - ||« instead of || - [|x and || - || x~,
respectively.

Definition 3.1. A duality mapping (in general set-valued) J : X = X* is defined
by:
J(u):={feX*;s (fiu)=|ul*=f]Z}. (3.1)

Lemma 3.2. Let X be a separable! Banach space.

(i) J(u) is nonempty, closed, and convex, and J is (norm,weak™)-upper semicon-
tinuous.
(i) If X* is strictly convex, then J is single-valued, demicontinuous (i.e. here

(norm,weak*)-continuous), and d-monotone with d : R — R linear.
(iii) If X* is uniformly convez, then J is continuous.
(iv) If X s strictly convez, then J is also strictly monotone.

Hn fact, if general-topology tools and Alaoglu-Bourbaki’s theorem would be used instead of
Banach’s Theorem 1.7, non-separable spaces can be considered, as well.
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Proof. (i) Closedness of the set J(u) is obvious while its convexity follows from
the chain of estimates:

ull? = (4 g hov) < [y ol < (AN + 152l )l = e

Nonemptyness of J(u) is a consequence of the Hahn-Banach Theorem 1.5, allowing
us to separate any v € X, ||v]| = 1, from the interior of the unit ball, i.e. there is
g € X* such that [|g|l. = supyz=1(9,@) =1 and (g,v) = 1. For arbitrary 0 # u €
X, we then have f = g|lu|| € J(u) with g selected as previously for v := u/||ul|
because obviously (f,u) = [lul{g,u) = [lul*(g,u/[lul}) = llu]*(g,v) = [lul/* and
Il £1l+ = llgll«]|w]| = |lw||. If w = 0, then obviously J(u) > 0.

To show the (norm,weak®)-upper semicontinuity of J, take uy, — u, fr = f,
and f € J(ug). Then

(f,u) — (fusue) = fluel* — Jlul® (3.2)

and therefore (f,u) = |lul|?. Since || - ||+ is convex and continuous, it is weakly*
lower semicontinuous and thus

(fsu)

1711 < Ygminf L fill. = Tim i el = Jim_[lug] = ] =
where (f,u) = ||ul|? has been used. Altogether, || f||+ = ||u| and thus f € J(u).
(ii) Strict convexity of X* and convexity of J(u) implies that J(u) is a sin-
gleton because J(u) always belongs to a sphere in X* of the radius [Ju||. The
demicontinuity in the sense of the (norm,weak*)-continuity of J then follows from
the point (i).
The d-monotonicity of J follows from the estimate

(J(u) = J(v),u —v) = [|J(W)|l[[u] + [[T@)[[][o]] = (J(w),v) = (J(v),u)
> [T (@) [l«llull + [T @) ][0l = [T @) l[[ol] = {1 () ][ «[|u]
2
= (17l = 17 @)l ) (ull = loll) = (lull = 0l)". (3.4)
(iii) Besides J(ug) = J(u) for up — u, we have also ||J(u)|« = |lurl —
llu|l = ||J(uw)||« so that Theorem 1.2 yields J(ug) — J(u).
(iv) Suppose (J(u) — J(v),u —v) = 0. From (3.4) immediately follows ||u|| =
[lv]|. Suppose, for a moment, that u # v. Then also w/|u|| # v/|lv|| and thus
1T« = (J(u),u/[lul) > {J(u),v/[[v]) because the supremum in |[.J(u)]. =
Sup||. (<1 (J(u), z) can be attained in at most one point because X is strictly convex;
this point is z = w/||u||. Therefore (J(u),u) > (J(u),v). Similarly, also (J(v),v) >
(J(v),u). Thus

(J(u) = J(),u—=v) = (J(w),u) + (J(v),0) = {(J(u),v) = {(J(v),u)
> (J(u),v) + (J(v),u) = (J(u),v) = (J(v),u) =0, (3.5)

a contradiction to (J(u) — J(v),u —v) =0. O
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Corollary 3.3. Let X be reflexive and both X and X* be strictly convex.2 Then J 1
exists, and is the duality mapping X*—X. In particular, J~' is demicontinuous.

Proof. We use Browder-Minty’s theorem 2.18. Thus it remains to show the coer-

civity of J: obviously (J(u),u)/||ul| = [Jul|?/||u]| = ||u|]| — +oo for ||u|| — oc. By
symmetry of the definition (3.1), J~!: X* — X is then the duality mapping, and
by Lemma 3.2(ii) it is demicontinuous. O

Definition 3.4. The mapping A : dom(A)—X, dom(A)CX, is called accretive iff
Vu,vedom(A) IfeJ(u—v): (f, A(u) — A(v)) > 0. (3.6)

If, in addition, I + A is surjective, A is called m-accretive.?

Remark 3.5. Introducing the notation of a so-called semi-inner product (-,-)s by

(u,v)s :=sup (u, J (v)), (3.7)
the definition (3.6) can equivalently be written* as (A(u) — A(v),u — v)s > 0.

Remark 3.6. If — A is accretive (resp. m-accretive), A is called dissipative (resp. m-
dissipative).

Lemma 3.7 (METRIC PROPERTIES). The mapping A is accretive if and only if
(I+MA)~L, defined on Range(I + \A), is nonexpansive for any A > 0, i.e.

lu—o|| < JJu+ AA(u) — v — AA(v)]|. (3.8)

Proof. The “only if” part: Let u,v € dom(A4) and (f, A(u) — A(v)) > 0 for some
f € J(u—v). Then

u—vl]* = (f,u—v) < <f,u—v+A( (u) — A(v)))
< | flle]Ju—v + A(A(u v))|| = llu—vl|||u—v + A(A(v)—A(v))]| (3.9)

from which (3.8) follows for any A > 0.

The “if” part: Conversely, suppose that (3.8) holds. Let fy € J(u — v +
AMA(u) — A(v))). The case u = v is trivial because f = 0 € J(0) = J(u — v)
satisfies (f, A(u) — A(v)) > 0. Hence we may assume u # v. Then f\ # 0 because,
by (3.1) and (3.8), || fall« = [lu + AA(u) — v — AAW)|| > ||lu — v|]| > 0 and thus we

2In fact, the strict convexity is not restrictive in this case because, by Asplund’s theorem,
every reflexive space can be suitably re-normed so that the new norm is equivalent with the
original one and both X and X* are strictly convex.

3Sometimes, this is called “hypermaximal accretive” or “hyperaccretive”, cf. Browder [70]
Crandal and Pazy [95] or Deimling [102, Sect.13]. For “hyperdissipative” see Yosida [352,
Sect.XIV.6).

4This equivalence is due to the weak* compactness of J(v), cf. Lemma 3.2(i) and we realize
that J(v) is certainly bounded, so that the supremum in (3.7) is certainly attained.
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can put gx = fa/||falls. Then, up to a subsequence, gy — g weakly* for A — 0.
Also, by (3.8), for all A > 0,

lu—v|| < |lu—v+ AA(u) = AMAW)|| = (g, u — v + AA(u) — NA(v))
< lgallllu=v[[ + Mg, A(u)—A(v)) = [[u—v|[ + Mgx, A(u)—A(v)),
(3.10)

from which it follows that (g, A(u) — A(v)

) >0 for all A > 0. For A — 0, one gets
(g9, A(u) — A(v)) > 0. By the first part of (3.10),

we have also
[u =2l <{gr,u—v+AA(u) = AA(v)) — (g,u —v) < |lg[l<[lu —v]l.  (3.11)

In particular, (3.11) implies ||g||« > 1. Since ||g||« < 1 (because || - || is weakly*
lower semicontinuous), we get ||g||« = 1 and then, again from (3.11), we get ||u —
v|| = (g, u —v). This shows that f:= g|ju —v|| € J(u—v) from which (3.6) follows
with f = g|lu — v||. O

Proposition 3.8 (M-ACCRETIVITY). If A is m-accretive, then I+ AA is surjective
for all X > 0.

Proof. Let f € X and A > 0. Then u 4+ MA(u) = f means just

- (I+A)‘1(if+ (1- i)u) —: By a(u) (3.12)

because Range(I + A) = X, cf. also Exercise 3.33. Moreover, (I + A)~! is nonex-
pansive on X (see Lemma 3.7) thus B) 4 is Lipschitz continuous with the constant
|1 — 1]. By the Banach fixed-point Theorem 1.12, (3.12) has a solution provided
ﬁ Slnce f was arbitrary, we may conclude that Range(I+AA) = X for A > %
For )\ < 5 we just iterate this procedure [—log,(\)]-times, with [-] denoting here
the integer part, relying on the fact that u should also be a fixed point of By, x,4
with A = A1 A2 and that, if \; > ;, B, x4 is nonexpansive provided we already
have proved the surjectivity of I + A3 A and non-expansivity of its inverse. O

Remark 3.9 (Maximal accretivity). If A is m-accretive then it is maximal accretive
with respect to the ordering of graphs by inclusion.’

Remark 3.10 (Special case dom(A) = X = X* Hilbert). If X is a Hilbert space,
then J is linear.5 If also X = X*, then simply J(u) = u. If also dom(A) = X,

5Cf. Exercise 3.37 below. The opposite implication holds if X is a Hilbert space. In general,
it does not hold, as shown by Crandall and Liggett [94]. The latter property equivalently means
that, if A is accretive and if, for all v € dom(A), (f — A(v),u — v)s > 0, then u € dom(A) and
Au) = f.

5Tn this case, one can define the linear operator J : V — V* by (Ju,v) := (u,v) with (-,-)
denoting the inner product in V. Then (Ju,u) = (u,u) = ||ul|? and ||Ju|« = sup| =1 {Ju, v) =
Sup| (=1 (%, v) = [lu||, which obviously coincides with the definition (3.1).
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then monotonicity just coincides with accretiveness and, moreover, any accretive
radially-continuous A is m-accretive.”

Remark 3.11 (Generalized solutions of u + AA(u) = f). If V is a normed linear
space such that V C X densely® and A, defined on V, is m-accretive, by (3.8) we
can extend the uniformly continuous mapping (I + AA)~! : V — V on X. This
gives a generalized solution to u + MA(u) = f for f € X, cf. Remark 3.18 below.
Sometimes, this equation can be suitably interpreted, cf. (3.33) below.

Remark 3.12 (Solutions of A(u) = f). If A is m-accretive, by quite sophisti-
cated arguments, it can be shown that not only A 4+ I/ but A itself is surjective
provided also X and X* are uniformly convex and A is coercive in the sense
lim oo [[A(v)|| = o0; cf. Deimling [102, Thm.13.4] or Hu and Papageorgiou
[180, Part I, Thm.ITI1.7.48].

3.2 Applications to boundary-value problems

This section, although having an interest of its own, is rather preparatory for
Chapter 9 and will mainly be exploited there.

3.2.1 Duality mappings in Lebesgue and Sobolev spaces

Let us emphasize that we assume R to be endowed by the Euclidean norm | - |
so that r - r = |r|? for 7 € R™. For another choice, see Exercise 3.39 below.

Proposition 3.13 (DUALITY MAPPING FOR LEBESGUE SPACES). Let X =
LP(Q;R™). If 1 < p < +o0, then J : LP(;R™) — LP (Q;R™) is given by
u(@)|u(z) P~

2
HuHiP(Q;Rm)

J(u)(z) = (3.13)

for a.a. x € Q. Forp=1, J is a set-valued mapping given by

J(u) = ||lul|Lrmrm)Dir(u) where
Dir(u) := {f€L>(QR™); f(z)edir(u(z)) for a.a. z€Q}, (3.14)

where “dir” denotes the direction of the vector indicated, i.e.

] - r/|r| if r#£0,
dir(r) := { (reRm |7 <1} ifr=0. (3.15)

"Indeed, I: X — X = X* is monotone, bounded, and radially continuous and also coercive,
(utA(u)u) _ | + (A(u),u)
[l [l
|lu]] — oo because, by monotonicity, the term (A(u),u) has at most linear decay: (A(u),u) =
(A(u) — A(0),u — 0) + (A(0), u) > —||A(0)||«||u||. Then, by Browder-Minty’s Theorem 2.18, A is

surjective.
8Then X is a so-called completion of V (with respect to a uniformity induced by the norm).

hence so is I 4+ A; the coercivity of I + A follows from — oo for
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Proof. Recalling that LP (Q;R™) is uniformly convex, see Section 1.2.2, by
Lemma 3.2(ii), J(u) has just one element, and we are to verify (3.13). Indeed,
we obviously have

p=2, d _
L ey T T T
Hu| Lr( QRm) Q
and also
[[7(u) LP (Q;R™) /‘ )|u(@ |p_ [ u HLP(QRm ’
)p/( )p/(
/|u Pl iy ™ o= [l gy [l Sy =Nl gy

As to the case p = 1, we obviously have

(00) = [l sy [ 1)) e = Jullfs oy 160
for any f € Dir(u); note that always u(z) - dir(u(z)) = |u(x)|. Also, if u # 0,

(| () ess Sup |dir (u( (3.17)

HLoo(Q;Rm) [[u HLl QR™) )| = H“HLl(sz;Rm)'

If u = 0, then the desired equality ||.J(u)| £ @rm) = 0 = ||ul|L1(orm) holds, too.
This proved the inclusion “D>” in (3.14). The opposite inclusion follows by a more
detailed analysis of the above formulae. O

Proposition 3.14 (DUALITY MAPPING FOR SOBOLEV SPACES). Let X = W, P(Q),
1< p < 400, normed by H’LLHWOI,p(Q) = IVu| zrsrn)- Then

(3.18)

Proof. Uniform convexity of L? (Q; R™) makes also Wy (Q)* uniformly convex.
Hence, by Lemma 3.2(ii) J(u) has just one element, and we are to verify (3.18).
By Green’s formula (1.54), we indeed have

(—Apu,u)  fo [VulP~?Vu - Vu dz

(J(u),u) = — JlullZ 1 (3.19)
||U||W1 P(Q) Hu’le P(Q) Wo @)
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and, using again Green’s formula (1.54) and Hélder inequality, also

<Apu U>

17|y
OF
0 ol 2.0 ) <1 HuHW1 (@)

Jo IVulP~2Vu - Vo da
ol y1.p gy <1 [ wiv ()

HVUHLIJ(Q Rn) HVUHLP(Q;R")
sup = HUHWOl‘p(Q)
19lyy3.0 gy <1 IIUIIW1 ()

(3.20)

and the supremum (and thus equality) is attained for v = u/ HUHWOI,p(Q). O

Remark 3.15. For X = W'P(Q) normed by |[ullwir) = ([Vulll,qpn +
llull?, @) 1/r we have
[ulP~%u — Apu

J(u) = (3.21)

Hunl 2(Q)
Note that we used (3.21) already for p = 2 in (2.150).

3.2.2 Accretivity of monotone quasilinear mappings

Let us consider A corresponding to (2.136), i.e. A(u) = —div a(x, Vu) + c(z,u),
and investigate its accretivity in X = L?(Q); for this we define’

dom(A) := {uer’p(Q); div a(z, Vu) — c(z,u) € L1(Q), ulr, = up,

a(x, Vu) + b(z,u) = h(x) on I'y in the “weak sense”} (3.22)

with hELp#/(FN) and u, satisfying (2.58) fixed. As in Exercise 2.83, we assume
here (2.137), i.e. in particular that a(z,-), b(z,-), and ¢(x, -) are monotone.

Proposition 3.16 (ACCRETIVITY). Let 1 < ¢ < p*, ¢ < 400, and let (2.137),
(2.57) concerning h, and (2.58) hold. Then A(u) = —div a(x, Vu) + ¢(x,u) posed
s (3.22) is accretive on LI(2).
Proof. First, note that dom(A) C WP(Q) C L9(Q) =: X provided ¢ < p*.
If ¢ = 1, then “dir” (which is just “sign” for m = 1) in (3.15) is not continuous
at 0, and we must use its regularization sign. : R — [—1, 1] defined, e.g., by

sign_(r) = { r/lrl il 2 e, (3.23)

e~  otherwise.

9For q > p*’, (3.22) means that we take all weak solutions u € W1 P(Q) for the boundary-
value problem (2.136) with some g € L4(Q2) and with the boundary condition specified.
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Then, for u,v € dom(A) and for f = sign(u —v) € J(u—v)/|lu—v||L1(q), we have

(f, Au)—A(v)) = /Qsign(u—v) (c(u)—c(v) - div(a(Vu)—a(Vv)))dx

= lim [ sign, (u—v) (c(u)—c(v) — div(a(Vu)—a(Vv)) ) dz

=0Jq
= lim A (a(Vu) — a(Vv)) - Vsign, (u — v)
+(c(u)—c(v))sign, (u—v) da + /F N(b(u)—b(v))signa(u—v) ds >0
(3.24)

where we used, beside Green’s formula (1.54), the convergence

1 ifu(z) > (),
lin% sign,(u(z) — v(z)) = sign(u(x) —v(z)) = i =
<v

£—

for a.a. z € Q and then we used the Lebesgue Theorem 1.14 with the integrable
majorant |div(a(Vu) — a(Vv)) — c(u) + c(v)] € L1 (). The inequality in (3.24) is
because (a(Vu) — a(Vv)) - Vsign,(u — v) = (a(Vu) — a(Vv))(Vu — Vv)sign’ (u —
v) > 0, cf. Proposition 1.28, and also (c(u) — ¢(v))sign,(u—v) > 0, and similarly
(b(u) — b(v))sign, (u—v) > 0.

For ¢ > 1, we use J from (3.13). As to the case u = v, let us take u,v €
dom(A), u # v, and define wy(r) := r|r|97%/||lu — v| qL;(zﬂ)' Besides, let us consider
a Lipschitz continuous regularization wg . of wy such that lim._,g wg (1) = wq(r)
for all 7 and wq(1) < wq(r) for 1 > 0 and wg (1) > wq(r) for r < 0. By using
Lebesgue’s Theorem 1.14 and Green’s formula (1.54), we can calculate!'®

(J(u—v), A(u)—A(v)) = /Q wq(u—v)(c(u)—c('u) - div(a(Vu)—a(Vv)))dx

=lim [ wge(u—0v) (c(u) — ¢(v) — div(a(Vu) — a(Vv)))dx

e—0 Jo
= gl_r% (/Q (a(Vu) — a(Vv)) - Vwg e (u—v) dz

—|—/Q (c(u) = c(v))wg,e(u—v) dz + /F (b(u) = b(v) )wg,e (u — v) dS)
=: lim (e +Toe+ I3c). (3.26)

10Note that (u—wv)|u—v|?72 € qu(Q) if ¢ < p* while div(a(Vu)—a(Vv)) +c(u)—c(v) € LI(Q)
so that the product is indeed integrable and, up to a factor |u — UHQL;?Q)’ it also forms the

integrable majorant for the collection {wg,e(u—v)(c(u)—c(v) — div(a(Vu)—a(Vv)))}e>o needed
for the limit passage by Lebesgue’s Theorem 1.14.
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The first integral I; . can be estimated as

I e /Q (a(Vu) — a(Vv)) - Vwg,e(u — v)dx

/ (a(Vu) —a(Vv))-V(u—v)w, (u—v)dz > 0; (3.27)
Q

note that wye : R — R is monotone and Vw, . (u —v) = w; . (u — v)V(u — v);
cf. Proposition 1.28. Of course, we used the monotonicity of a(x,-) and that wy .
is bounded. The monotonicity of ¢(z, ) and of b(z, -) obviously gives I . > 0 and
I3, > 0, respectively; the at most linear growth of w, . gives a good sense to both
1—275 and I3)5. O

Proposition 3.17 (M-ACCRETIVITY). Let, beside the assumptions of Proposi-
tion 3.16, also ¢ > p*'. Then A(u) = —div a(x, Vu) + c(x,u) posed as (3.22)
is m-accretive on L1(€2).

Proof. We are to show that the equation u — div a(Vu) + c(u) = g has a solution
u € dom(A) for any g € X = L(Q). As we assume ¢ > p*’, we have LI(Q) C
LP"' (), and there is u € W'?(Q) solving the boundary-value problem (2.136)
in the weak sense. Then it suffices to show v € dom(A). Indeed, in the sense of
distributions it holds that

div a(Vu) —c(u) =u—g € LY(Q) (3.28)
because u € WIP(Q) C LP (Q) C LY(Q) provided p* > q. O

Remark 3.18 (Generalization for ¢ < p*’). The restriction p*’ < p* we implicitly
made in Propositions 3.16-3.17 requires p > 2n/(n+2) and calls for some sort of
extension if ¢ & [p*’, p*] even if this interval is nonempty. For ¢ € [1,p*’), one can
still perform the estimate (A(u) — A(v),u —v)s > 0 as in (3.24) or (3.26), and
then by (3.9) one can prove the uniform continuity of the mapping (I + 4)~! in
the L2(Q2)-norm. One can then make an extension by continuity of this mapping
to get a generalized solution to diva(Vu) — (c(u) + u) = g € LI(Q) with the
above boundary conditions, cf. Remark 3.11. Unlike the distributional solution
(3.33) below, more concrete interpretation is not entirely obvious unless one gets
additional information about Vu.!!

Remark 3.19 (The case ¢ = +00). Investigation of ¢ > p* would require to show an
additional regularity of solutions to the boundary-value problem (2.136) to show
dom(A) C LI(£2). The case ¢ = +00, which we avoided in Propositions 3.16-3.17
anyhow not to speak about L>°(Q)*, is exceptional and can be treated by a special

1A concept of the renormalized and the entropy solutions has been developed for it; see
Bénilan et al. [44] and references therein.
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comparison technique. Instead of (3.22), let us set!2
dom(A) := {uer’p(Q) N L>®(Q); div a(x, Vu) — c(z,u) € L=(Q),
ulr, = uy, v-a(z, Vu) + b(x,u) =h on FN}. (3.29)

Let us assume, in addition, that a(z,s) -s > 0, ¢(z,r)r > 0, h € L*°(T), and
b(z,-)~! does exist and b=1(h) € L*°(T).

As the dual space to X = L*°(2) is a very abstract object, we avoid specifying
the duality mapping J : L>(Q) — L>*(£2)* and will rather rely on the formula
(3.8). For any g € L>(2) and X > 0, there is a weak solution u € W1P(Q) to the
boundary-value problem

u— Adiva(Vu) + Ae(u) = ¢ on (,
v-a(Vu)+bu) = h  onTIy, (3.30)
ulp, = u, onI'p.

Putting G := max (|Juy || oo (rp)s 9]l Lo (e), |67 (R)|| L (0)) and testing the weak
formulation of (3.30)2 by v = (u—G)*, we can see that u < G a.e. in Q; cf. Ex-
ercise 3.36. Likewise, the test by v = (u+G)~ yields u > —G a.e. in Q. Thus
w € L*(Q) and diva(Vu)—c(u) = (u—g)/\ € L>®(R), so that u € dom(A) from
(3.29).

Now, take g1, g2 € L>(Q2) and the corresponding ui, us € dom(A), subtract
the corresponding problems (3.30) from each other, and moreover subtract the
constant G = ||g1 — g2/ L= (o) from both sides, i.e. (uy —uz — G) — A(div(a(Vuy) —
a(Vuz)) — c(u1) +c(u2)) = g1 — g2 — G with the boundary condition v - (a(Vu;) —
a(Vugz)) + b(u1) — b(uz) = 0 on I'y. Test the weak formulation with v = (u; —
uy — Q). Using Vo = X{2e0; uy (0)—us(2)>G} V(U1 — u2), cf. Proposition 1.28, this
gives

2
/Q ((U1 — Uz — G)+) + )\(c(ul) — c(u2))(u1 —uy— G)tda

—|—/ )\(a(Vul) - a(VuQ)) -V(up —ug)dz
{z€Q; ui(z)—u2(z)>G}

+ANA(b(u1)—b(u2)) (u1—uzs—G)*TdS = /Q(gl—gg—G)(ul—uz—G)erx <0.

The left-hand side can be lower-bounded by ||(u; — ug — G)"’H%Q(Q), which shows
u; —ug < G a.e. on Q. Likewise, testing by v = (u1 —u2+G)~ yields ug —ug > —G

21n fact, (3.29) coincides with (3.22) for ¢ = +4oo if p > n because then automatically
WLP(Q) C L™(Q).

13Here we must assume p > 2n/(n+2), so that p* > 2 to satisfy |r 4+ Ac(r)] < C(1 + |r|P" 1)
like in (2.137c).



3.2. Applications to boundary-value problems 99

a.e. in Q. Altogether, |[u; —uz||L~@) < G = [|g1 — g2|/L~ () so that the mapping
g — u is a contraction on X = L>®(9Q).

Remark 3.20 (Alternative setting). We can define dom(A) more explicitly than
(3.22) if a regularity result is employed. E.g., assuming a(z,s) := A(z)s and a
smooth data Q, A, b, and ¢ as in Corollary 2.98, T'y :=T", we can define dom(A4) =
{u € W22(Q); v"AVu + b(u) = h a.e. on I'}. The m-accretivity of A : v
c(v) — div(AVo) on L?(€2) then follows from Corollary 2.98.

Example 3.21 (Advection term!?). One can modify A from (3.22) by considering
c(x,r,s) == ¥(z) - s with a vector field ¥ : @ — R™ such that div ¥ < 0 and
(7)r) - v > 0 as in Exercise 2.86. Again, let ¢ € [p*’',p*]. Then, abbreviating
wy(r) :==r|r|772 and using Green’s formula, the accretivity follows from:

/Q(u—v)|u—'u|q_217- V(u—v)dx = /qu(u—'u)ﬁ- V(u—v)dz

- / 5 V0, (u—v) de = / () By (u—v) dS — / (div) By(u—v)de >0 (3.31)
Q r Q
where g is a primitive function of wy.

3.2.3 Accretivity of heat equation

We will demonstrate the L'-accretive structure of the semilinear heat operator in
isotropic media, i.e. u — —div(k(u)Vu), cf. Example 2.74 with B = 1.1 Except
n = 1, the previous approaches do not allow treatment of a heat source of finite
energy, i.e. bounded only in L!(Q); cf. also (2.116). Here we put off this restriction,
i.e. we take X = L'(Q). For simplicity, let ¢ be monotone with at most linear
growth, and let b = 0. Then A(u) := —AER(u) + ¢(u), and considering Neumann
boundary conditions we put

0

dom(A):= {ueLl(Q); AR(u)eL'(Q),

R(u) = h on I‘} (3.32)
where AR (u) is understood in the sense of distributions and aayﬁ(u) = h is under-
stood in the weak sense. Then u + A(u) = g for u € dom(A) means precisely that
u € LY(Q) with AR(u) € L1(Q) in the sense of distributions and that, by using
Green’s formula (1.54) twice,

/ wv — K(u) Av + c(u)vde = / gvdz
Q Q

—|—/F (3’25/u)v — E(u)ZZ) dS:/ngdx—i—/FhvdS (3.33)

14 Cf. also Rulla [313].
15See Brézis and Strauss [63], or also Barbu [34, Chap. III, Sect. 3.3], Magenes, Verdi, Visintin
[228], Showalter [321, Theorem 9.2].
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for any v € C*(Q) such that 88”11 = 0 on T'; note that we used u € dom(A4) to

substitute aay/?(u) = h into the integral on I". The important fact is that this set of
test functions has sufficiently rich traces on I'.*® The integral identity (3.33) defines
a so-called distributional solution, sometimes also called a very weak solution.

Proposition 3.22 (M-ACCRETIVITY). Let ¢ : R — R be monotone with at most

linear growth, 0 < essinf k(-) < esssupk(-) < +00, and h € 2" (). Then A :=
—AR(u) + c(u) with dom(A) from (3.32) is m-accretive on L' (£2).
Proof. For clarity, we divide the proof into four steps.
Step 1: Considering the weak-solution concept, u + A(u) = g has a solution u €
dom(A) for any g € L?”(Q); see Example 2.74 which gives u € W2(Q) satisfying
YoeW3(Q) : VEw) -V +uwv + c(u)v — gvde = / hvdS (3.34)
Q r

and realize that additionally Ak(u) =u+c(u) —g € L' (Q) C LY(Q) and (3.34)
implies (3.33) for v € C*°(Q) with £ v = 0.

Step 2: We will show that the mapping ¢ — u is nonexpansive in the L'-norm. We
consider g := g1 and g2 and the corresponding u; and us, write (3.34) for u; and
ug, then subtract; note that %(u;) and &(usg) live in WH2(Q), cf. Proposition 1.28.
The resulting identity holds not only for v € D(2) but even for v€ W2(£2). Thus
we can put v = sign_(F(u1) — R(u2)) € WH2(Q) where sign. : R — [—1,1] was
defined by (3.23). This results in

/Q (u1 — ug + c(u1) — c(uz)) sign, (R(u1) — R(uz))

+ V(R(u1) — R(ug)) - Vsign, (K(u1) — R(uz)) dz
= [0~ gy sien. (wn) = Rw2)) do < [ oy~ o (339
Because of the monotonicity of sign., ¢, and &, the term
V (R(u1)—R(uz)) - Vsign, (R(u1)—R(uz)) = {VE(UQ_VE(U?HQSign/s (R(u1)—R(u2))
is non-negative and also (c(u1)—c(uz)) sign, (R(u1)—R(uz)) > 0 a.e.; we thus get
/Q(ul — up) sign, (F(u1) — R(uz)) dz < ||g1 — gQHLl(Q). (3.36)

Realizing that {(u1 — ug)sign, (K(u1) — K(uz2))}e>o has an integrable majorant,
namely |u; — usg|, and that this sequence converges to it a.e., we get

lim [ (u1—us)sign, (K(u1)—FR(uz)) d :/ |ur—usg|da = Hu1_u2HL1(Q) (3.37)
e—0 /o Q

16Tndeed, any v € W12(Q) can be modified to ue so that (ve — v)|r is small but aau ve =0 on
T". To outline this procedure, first we rectify I'" locally so that we can consider a half-space, cf.
Fig. 8, then extend v by reflection of v with respect to I', and eventually mollify the extended v.
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thanks to Lebesgue’s dominated-convergence Theorem 1.14. Joining (3.36) with
(3.37) proves g — u to be non-expansive in L().

Step 3. The limit passage: Take g € L2 (Q), g € LY(Q), gr — g in L'(Q),
uy, € dom(A) such that uy + A(ux) = gg. By the Step 2, ux — u in L1(Q). As &
is Lipschitz, also #(ug) — &(u) in L1(£2). As ¢ has at most linear growth, we have
also c(ug) — c(u) in L*(2). By Green’s Theorem 1.31 applied to (3.34), we know
that

/Qukv — R(ur)Av + c(ug)vde = /

gkvdx—i-/hvdS (3.38)
Q r

which gives in the limit [, uv—~(u)Av+c(u)vdez= [, gvdz + [, hvdS for any ve
C>(Q); aauv =0, i.e. we get (3.33), thus u solves u + A(u) = ¢g with the boundary
condition 2 %(u)=h on T in the weak sense. Besides, (3.38) implies, in the sense of

ov
distributions, AR(u) = u+c(u)—g, so that Ak (u) € L1 (Q2). Altogether, u € dom(A).

Step 4: The accretivity: By the extension of the estimate in Step 2, we get that
I+A)~:g—u:LYQ) — dom(A) is nonexpansive. By the same technique, it
can be proved that also (I + AA)~! is nonexpansive for any A > 0. From this, A
is accretive, cf. Lemma 3.7. O

Remark 3.23 (Very weak solution to steady-state heat problem). The previous
considerations can immediately give a very weak solution for the heat equa-
tion —div(k(u)Vu) + c(z,u) = g with g € L'(Q) and with ¢ strongly monotone
(c(z,r1) —c(z,m2))(r1 —r2) > e(r1 —r2)? so that u—e = (div(k(u)Vu) +co(u)) = g
with co(z,7) := ¢(z,r)—er is still monotone. In case n = 2, this describes the heat-
conductive plate with the convection coeflicient ¢1(x) > & > 0, cf. (2.121) and Fig-
ure 6b. In the case ¢ = 0, which would correspond rather to Figure 6a, the situation
is more difficult and Remark 3.12 can apply. Moreover, varying also h and modify-
ing (3.35) appropriately, one gets [[u1 —ual|z1(q) < [|91 —92llL1 () + |h1 —hall 1 (1),
which allows for extension for h € L(T).

Remark 3.24 (Other boundary conditions). The modification for the Dirichlet
boundary condition u|r = u,, is quite technical. In (3.32), instead of the Neumann
condition, one should involve %(u)|r, = u, with 4, = R(u,), and then (3.33)
with h = 0 should hold just for v € D(Q). For the limit passage in Step 3 of
the above proof, we need also to show that K(u)|r — R(u)|r at least weakly in
LY(T). For this, we use boundedness of A%(uy) in L(Q), and the deep results of
Boccardo and Gallouét [52, 53], showing that %(uy) is bounded also in W14(Q)
with ¢ < n/(n—1), so that ®(uz)|r is bounded in L (T') with, due to (1.37),
q” < (n—1)/(n—2). More precisely, [52, 53] uses zero boundary condition, hence
we must first shift the mapping as in Proposition 2.27 for which we must qualify
U, as being the trace of some we W14(Q) with Awe LY(Q).
For Newton boundary conditions we refer to Benilan, Crandall, Sacks [46].
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Remark 3.25 (Heat equation with advection). The mapping A(u) := ¢(u)? - Vu —
div(k(u)Vu), cf. (2.125), allows for Ll-accretivity after a so-called enthalpy trans-
formation by introducing the new variable w := ¢ (u) where ¢(r) := [/'¢(0)do
is a primitive function to ¢. Then obviously A(u) = ¢ - V< (u) — A(k(u)) =
7 - Vw — AB(w) with 8 = % o [¢]~!. Then, assuming 7€ W>°(£2;R") such that
dive' < 0 and ¢]p - v = 0, we can merge the calculations (3.31) with sign, in place
of w, with the arguments in Proposition 3.22 with % o [¢]~! in place of %. The
identity (3.33) augments by the term w(¥'- Vv) — u(div ¥')v which allows easily for
a limit passage as in (3.38); note that the boundary term w (¥ - v) is assumed zero
otherwise the limit passage would be doubtful.

3.2.4 Accretivity of some other boundary-value problems

An accretive structure may arise also in a so-called conservation law posed on a
one-dimensional domain §2 := (0,1) as

Alu) = | F(u), X:=LY0,1), (3.39a)

d
dz

Proposition 3.26 (M-ACCRETIVITY). Let F : R — R be continuous and strongly
monotone. Then A : dom(A) — X defined by (3.39) is m-accretive.

dz

dom(A) := {ueW1»1(0,1); u(0) = u,,, F(u)eLl(o,l)}. (3.39b)

Proof. For the accretivity, we choose f = sign(u—v) € J(u—v)/[lu—vr1(0,1)-
Then:

(f, Au)—A(v)) = /0 sign(u — v)ddx (F(u)—F(v)) dz

1
d
= /0 de |F(u)—F(v)|dz = |F(u(1))=F(v(1))| > 0,  (3.40)
where we used also that sign(u —v) = sign(F (u) — F(v)) by strict monotonicity of
F, and that «(0) = u, = v(0), and for g = F(u) — F(v) we used also the identity
fol sign(g) ddmgdx = fol ddz lg| dr, which follows by a regularization technique'”. As
to m-accretivity, we are to show that the ordinary differential equation

Wy G = (@) w(0) = Fluy), (3.41)

17Using sign, : R — [—1,1] defined for € > 0 by (3.23), by Lebesgue’s dominated convergence
theorem, it holds that

1 d 1 1 d
(1)) = / gl dz = / sign, (g) — / sign(g) & gdz
0 dz 0 0 dz

because sign,(g) — sign(g) a.e. and has an L°°-majorant while d‘Lg lives in L'(0,1). On the

other hand, also |g(1)]e — |g(1)| = 01 ddw |g| dz. Note that sign_ has a convex potential which we

denote by | - |¢, i.e. sign.(r) = (Jr|¢)’. Moreover, we can suppose |0|c = 0.
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with G = F~! has a solution. As I has growth at least linear, G has growth at most
linear, and then existence of w solving (3.41) follows by the standard arguments;
cf. Theorem 1.45. For such w, u = G(w) solves u + A(u) = f. Moreover, for
f € LY(0,1) we have w € Wh1(0,1). Then \ u= { G(w) = G'(w) & we L(0,1)
provided G'(w) € L*°(0, 1); this requires G to be Lipschitz for bounded arguments,
i.e. F' strongly monotone. Then u € W1(0,1) and also @ F(u) = f—u € L*(0,1)
and therefore u € dom(A). O

Remark 3.27 (Scalar conservation law on R"). Assuming F' € C*(R;R") and
limsupy o | F'(u)|/|u| < 400, the mapping A, defined as the closure in L'(R™) x
LY(R™) of the mapping u — div(F(u)) : C}(R™) — Co(R™), has been shown to be
m-accretive on L!(Q) in Barbu [35, Section 2.3, Proposition 3.11].

Remark 3.28 (Hamilton-Jacobi equation). For F:R—R increasing and Q = (0, 1),
the m-accretivity of the so-called (one-dimensional) Hamilton-Jacobi operator

Alu) = F(jZ), X :={veC([0,1]); v(0) =0=0(1)}, (3.42a)
dom(A) := {ueCl([O, 1)); weX, jzex} (3.42b)

has been shown in Deimling [102, Example 23.5].

3.2.5 Excursion to equations with measures in right-hand sides

We saw that the accretivity approach allows us sometimes to solve equations with
integrable functions on the right-hand side even if L!(£2) was not contained in
WLP()* and the usual a-priori estimates on WP(Q) fail. Functions from L!(£2)
are special Radon measures on ), namely those which are absolutely continuous,
and a natural question arises whether one can get rid of this absolute continuity
and thus consider general measures in the right-hand sides. Such generalization is
often needed in optimal-control theory of elliptic problems.'®

It is indeed possible in special cases but one must always employ quite so-
phisticated techniques not necessarily related to the accretivity approach, and
often even a negative answer is known. Here we demonstrate only a rather sim-
ple so-called transposition method combined with regularity results, applicable to
some semilinear equations. We will demonstrate it on the Newton-boundary-value
problem:

(3.43)

—div(A(z)Vu) +c(z,u) = p inQ,
v A(@)Vu+bi(z)u =n onT,

with € M(Q) and n € M(I'). We assume n < 3, @ C R" a domain of C2-
class, A € C(Q; R"*") being uniformly positive definite in the sense of (2.157), by
18 Measures typically occur either in the so-called adjoint systems as Lagrange multipliers

on state constraints or in the controlled systems as a result of concentration phenomena if an
optimal-control problem has only an L!-coercivity but not coercivity in LP for p > 1.
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qualified as in Proposition 2.97, i.e. by(x) > by > 0 and b, € W1’2#2/(2#_2)(F),
and ¢ a Carathéodory function satisfying

To,meL}(Q), CeR*, ¢ < n” ee >0 Y(aa)zeQ VreR :

_9’
le(x, )| <yo(z) + C|r|e,  c(z,r)r > (EC|C(.’L',T)| - (x)) |7 (3.44)
of course, we mean g < o0 for n < 2 (while ¢ < 3 for n = 3). We call u € LI(Q)

a distributional solution to (3.43) if the integral identity obtained like (2.51) but
using Green’s formula twice, i.e.

/c(x,u)’u —udiv(AT(x)Vv)dx = [ v p(da) —|—/v77(d$’), (3.45)
Q Q r
is valid for all

veW2(Q):  vTAT(2)Vo+bi(z)v=0 onT. (3.46)

Lemma 3.29 (THE CASE ¢ = 0). For any u € M(Q) and n € M(T), the equa-
tion —div(A(x)Vu) = p with the boundary condition v’ A(x)Vu + bi(z)u = n
has a unique distributional solution and the a-priori estimate [|ullyr2q) <
C([lull pay + 1l aeqry) holds for A < 2—n/2 and some C' < +oc.

Proof. Let us consider the auxiliary linear problem

—div(AT(z)Vv) = g inQ,
{ VTAT(x)Vv'i‘bl(fL‘)v =0 onT. (3.47)

The existence of the weak solution v € W12(Q) to (3.47) can be proved by the
standard energy method by testing (3.47) by v itself, and we have the estimate
lvllwrz@) < Ki|lfllwi2)- with f determined by the pair (g,0) due to (2.60).
As by > 0, the solution to (3.47) is unique, and thus defines a linear operator
B : g — v. Then we use Proposition 2.97 to claim the W?2-regularity for (3.47),
ie. H’U||W2,2(Q) < K2||gHL2(Q); cf. (2176)

The interpolation between the linear mappings B : W12(Q)* — W12(Q)
and B : L?(Q) — W%2(Q) gives a mapping B : W»2(Q)* — W2?~22(Q) and an
estimate |[v]ly2-x2(0) < K|lgllwr2(q)- for any A € [0,1] and some K depending
on K1, K3, and A, cf. (1.45).

Let us rewrite the integral identity (3.45)—(3.46) with ¢ = 0, which defines
the distributional solution to the problem considered here, into the form (g, u) =
(F, Bg) for any g = div(ATVv) € L?(Q2) with F defined by

(F,v) :/vu(dx)-i-/vn(dS). (3.48)
Q r

We choose 0 < A < 1 so small that W2=22(Q) ¢ C(Q), i.e. A < (4 —n)/2,

cf. Corollary 1.22(iii) which holds for A non-integer in place of k, as already men-

tioned in Section 1.2.3. Then (3.48) indeed defines F' € W2~*2(Q)*; note that
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S () = F: M(Q) x M(T) — W2=22(Q)* defined by (3.48) is the adjoint
mapping to v +— (v,v|r) : W2 A2(Q) — C(Q) x C(I), so we have F' = F(u,n).
In this notation, u = B*F = F o B € W*2(Q)™ = WM2(Q) is a solution to
(g9,u) = (F, Bg). Moreover, because g is arbitrary, this solution must be unique.
Also, we have the estimate

[ullwaz) < KN Fllwe-x200)« < NEKI(1,m) [ mce) xm(m) (3.49)
with N the norm of the embedding W2=*2(Q) C C(Q). O

Let us realize the embedding W*2(Q) C L9(f2) with ¢ from (3.44), cf. Corol-
lary 1.22(i) for A non-integer in place of k; more precisely, for any ¢ < n/(n—2)
we can choose A < (4—n)/2. Let us also note that W™/ (»=D+¢(Q) mentioned in
Remark 3.24 is embedded into it, too, i.e. (n/(n—1)+¢€)* =q¢ < n/(n—2)if e >0
is taken small.

Lemma 3.30 (W*2-ESTIMATE). If ¢ : Q x R — R satisfies (3.44), g € L¥ (Q)
and h € LQ#l(I‘), then the conventional weak solution u € W2(2) of the equation
—div(A(z)Vu) +c(z,u) = g with the boundary conditions v’ A(z)Vu+by(z)u = h
satisfies, for any A < 2 —n/2, also the a-priori estimate

lullws2@) < Cllgller@ + 1Rl + ol + Il @) (3.50)

Proof. Use the test v := sign_(u), ¢ > 0, see (3.23) for the regularized signum
function. Passing e — 0, we get . [, [e(u)|dz + bo [1 |ul < |9l + |AllLr @) +
71l 21 (q); realize that c(x,r)sign(r) > ecle(z,r)] — y1(z) and cf. Step 2 in the
proof of Proposition 3.22. In particular, ||g—c(u)|| L1y < l|gllz1 @) Fllc()lz1 (@) <
(L+e gl + et bl @y + e ImllLi)- Then one can use Lemma 3.29
for =g —c(u) and n := h. O

Proposition 3.31 (EXISTENCE AND STABILITY). Let Q be a C?*-domain, A €
CH(Q; R™ ™) satisfy (2.157), by € W1’2#2/(2#_2)(F), bi(z) > by > 0, and c satisfy
(3.44). Then the problem (3.43) has a distributional solution. Moreover, for any
sequences {giren C L2 () and {hi}ren C LQ#,(F) converging respectively to
the measures . and n weakly*, the sequence {uy}ren C WH2(Q) of the correspond-
ing weak solutions contains a subsequence converging weakly in W>2(Q) for any

A< 2—n/2 to some u and any u obtained by this way is a distributional solution
to (3.43).

Proof. It suffices to select a subsequence converging weakly in W™2(Q)
and to make a limit passage in the integral identity [, (c(x,ux) — gp)v —
updiv(AT (z)Vv)dz = [ hxvdS, which just gives (3.45); realize the compact
embedding W*2(Q) ¢ L™ (=2)=¢(Q)) for any ¢ > 0 and A < 2 — n/2 large
enough with respect to this &, and the continuity of the Nemytskii mapping
Ne : LV (=2)=¢(Q) — L1(Q) provided ¢ :=n/(n—2) — q. O
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Remark 3.32 (The case o and n absolutely continuous). If 4 and 1 are absolutely
continuous (and g and h are the respective densities), and r +— c¢(z, ) — er nonde-
creasing for some £ > 0, then the distributional solution is the “accretive” solution.
Moreover, (3.50) yields an additional estimate of .

3.3 Exercises

Exercise 3.33. Show that u+ A(u) = f has a unique solution if A is m-accretive.!?

Exercise 3.34. Show what the mapping (u,v) — sup <u, J(v)> =: <u,v>s is upper
semicontinuous with respect to the norm topology on X x X .20

Exercise 3.35. Prove the formula (3.21), assuming the uniform convexity of
WhP(Q) known.?!

Exercise 3.36 (The comparison technique). Prove the estimate u < G for u solv-
ing (3.30) in the weak sense by testing v = (u — G)T with G as suggested in
Remark 3.19.%2

9Hint: take u1 and ug two solutions, subtract the corresponding equations, test it by J(uj —
u2), and use (3.8).

20Hint: Take uj, — u and vy, — v, and Ji € J(vk) such that (j;,ur) = sup(J(vg), ug) (such j;
does exist because J(vy) is weakly® compact), then take a subsequence j; — j* weakly* in X*
(such a subsequence exists because {J(v)} is bounded), and use Lemma 3.2(i), to show j* €
J(v). Then also sup(J(vg), ug) = (J;, ur) — (5%, u) < sup(J(v), u). As this holds for an arbitrary
cluster point of {j}}, we proved the desired upper semicontinuity limsupy,_ ., sup(J(vg), ug) <
sup(J (v), w).

21Hint: The modification of (3.19) is routine, while (3.20) needs additionally the estimate

(JulP~%u — Apu,v) = / |VulP2Vu - Vo + |u|P~2uv da
Q

IN

IVl () V0l Lo ) + Il (o 0]l o (2)
1/p

A

< (IVulllp gmm) + IIUIII[),P(Q))Z)71(HV’UHZE,P(Q;RM) +11vll7s o)
—1
= ||“|€v1,p(n)“”||wlm(9)'

22Hint: First, consider rather the modified (but equivalent) equation (u — G) — Adiv a(Vu) +
Ae(u) = g — G with the boundary condition v - a(Vu) + b(u) = b(b~1(h)). Then test it by
v = (u—G)T and realize that Vv = x{y>¢} Vu, cf. (1.50). This yields

/&; ((u — G)"')2 + Ac(u)(u — G)tdx + / Aa(Vu) - Vudz

{zeQ; u(x)>G}

+/F)\(b(u) —b(b‘l(h)))(u—G)“'dS:/Q(g—G)(u—G’)*d:c <o.

Note that (b(u) - b(bil(h))) (u—G)T > 0 since b(z, ) is monotone. Also note that p* > 2 is to

be used.
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Exercise 3.37 (Maximal accretivity). Show that m-accretive mappings are maximal
accretive.?

Exercise 3.38 (Accretivity of Laplacean in W), Show the m-accretivity of A =
—A with dom(A) := {ue€ Wy UQ); Aue W, 9Q)} in X := W, 9(Q) if Qis a
C?-domain and if ¢* > 2 and ¢ < 2*.%*

Exercise 3.39 (Renorming of LP(Q;R™) and WO1 (Q)). Consider an equivalent
norm on LP(; R™) given by [|v]| Leamrm) = (f, Yoiey [vi[Pdz)'/? and derive that
0]l Lo(urmy=(fq >oimq lu;[P'da)*/?" and that the duality mapping J is given by2>

[J(u)]l(x) = wi(z)|ui (z |/||u| LP(QRM i1=1,...,m. (3.51)

Moreover, consider Wol’p(Q) normed by Hv||W1 () fQ i1 |Vu;[Pdz)/P and
derive that J now involves the “anisotropic” p—Laplacean cf. Example 4.31, namely

) Ou |P—2 du
J(u> - —d1V<‘ 81'1 ’ 8{E1 ’

Exercise 3.40. Derive the very weak formulation (3.45)—(3.46) by applying Green’s
formula twice to (3.43).

811 ’,, )/H [ (3.52)

3.4 Bibliographical remarks

The concept of accretivity for nonlinear mappings was invented essentially by Kato
[191, 192]; independently Browder [68] invented it in a stronger variant requiring
(3.6) to hold for any f € J(u — v). Although in the theory of partial differen-
tial equations the accretivity concept is not the dominant one in comparison with
monotonicity, there are a lot of monographs fully or at least partly devoted to
accretive mappings, mainly Barbu [34], Browder [70], Cazenave and Haraux [77,
Chap.2-3], Cioranescu [82, Chap.VI], Deimling [102, Chap.13], Hu and Papageor-
giou [180, Part I, Sect.II1.7], Miyadera [244, Chap.2], Pavel [277], Showalter [321,
Chap.4], Vainberg [343, Chap.VII], Yosida [352, Sect.XIV.6-7], and Zeidler [354,

23Hint: Take an m-accretive mapping Ao, some other accretive mapping A and (u, f) such that
(u, f) € graph(A) D graph(Ap), and take v € dom(A) such that v + Ag(v) = u + f, and then
from (3.8) for A = 1 deduce that ||[u —v|| < |lu+ A(u) —v—A@)|| = [lu+ f —v — Ao(v)|| =0,
hencefore uw = v and also (u, f) € graph(Ao).

24Hint: Taking into account (3.18), show that (J(u—v), A(u)—A(v)) = [odiv(|V(u —
V)92V (u—v))A(u—v)dz = (¢—1)|V(u—v)|2"2|A(u—v)|2dz > 0. Further, show that the weak
solution to u—Au =g € Wol’q(Q) is in Wol’q(Q) because, by Proposition 2.97 used for g € L2(Q)
if ¢* > 2 and modified for zero-Dirichlet boundary condition, it holds u € W22(Q) N Wol’Q(Q) C
ng’q(ﬂ) if 2¢ > q.

SHint: Derive the corresponding Holder inequality as in (1.19) but now from the Young
inequality of the form [, 7" wjvidz < [ Zz’;l(; |ui|P + pl, \vi\pl)dx. From this, derive the
norm of the dual space. Eventually, modify the calculations in Proposition 3.13.
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Chap.31 and 57]. A generalization for set-valued accretive mappings?® exists, too;
of. [102, 180].

The duality mapping was introduced by Beurling and Livingston [48], cf. also
[20, 58], and the above listed monographs.

The transposition method exposed in Section 3.2.5 was invented by Stam-
pacchia [328], and thoroughly developed especially by Lions and Magenes [223]
for linear problems. Semilinear equations with measures in the right-hand side
are investigated by Amann and Quittner [15], Attouch, Bouchitté, and Mambrouk
[22], or Brézis [61]. A counterexample of nonuniqueness is due to Serrin [319].

Quasilinear equations with measures in the right-hand side were attacked
by Boccardo and Gallouét [52, 53], showing that there is a unique weak solution
u € WH4(Q) with ¢ < n(p—1)/(n—1) with p referring to the growth of the principal
part. In particular, for the problem (3.43) it gives v € W4(Q) with any ¢ <
n/(n—1) which is just embedded into LP(Q) with p < n/(n—2) as taken in (3.44).
A nonexistence result for ¢ of a growth bigger than (3.44) in case n > 3 is due
to Brézis and Benilan [61] while a counterexample of nonstability is in [22]. Other
definitions of solutions have been scrutinized by Boccardo, Gallouét and Orsina
[54], Dal Maso, Murat, Orsina, and Prignet [101], and Rakotoson [291]. For this
topic, see also Dolzmann, Hungerbiihler, and Miiller [107] or the monograph by
Maly and Ziemer [232, Sect.4.4].

26 A set-valued mapping A : dom(A4) =V, dom(A) C V, is called accretive if Yu,v € dom(A)
Yup € A(u), v1 € A(v) 35* € J(u —v): (5*,u1 —v1) > 0. Moreover, an accretive mapping
A :dom(A) =V, dom(A) C V, is called m-accretive if I + A is surjective, i.e. Vf € V Jv € V:
v+ A(v) 5 f. It holds that A is m-accretive if and only if I + AA is surjective for some (or for
all) A > 0.



Chapter 4

Potential problems: smooth case

Again, we consider V a reflexive and separable Banach space. Here we shall deal
with the case that A : V' — V* has the form

A= (4.1)

for some functional (called a potential) ® : V — R, having the Gateaux differentiall
denoted by ® : V — V*. The methods based on the hypothesis (4.1) are called
variational methods.?

4.1 Abstract theory

Definition 4.1. Let ® : V — R. Then:
(i) @ is called coercive if limy|— oo ®(u)/|u| = +oo.
(ii) ®:V — Ris called weakly coercive if lim|j,||—oo ®(u) = +o00.
(iii) w € V is a critical point for @ if &' (u) = 0.
Obviously, solutions to the equation A(u) = f are just the critical points of

the functional u +— ®(u) — (f,u). The coercive potential problems can be treated
by a so-called direct method based on the Bolzano-Weierstrass Theorem 1.8.
Theorem 4.2 (DIRECT METHOD). Let ® : V. — R be Gdteaux differentiable and
weakly lower semicontinuous, and A = ®'. Then:
(i) If @ is weakly coercive, the equation A(u) =0 has a solution.
(ii) If ® is coercive then, for any f € V*, the equation A(u) = f has a solution.
(iil) If ® is strictly convez, then A(u) = f has at most one solution.

1Let us recall that, by definition (1.10), ® has Gateaux differential at u if the directional
derivative D®(u, h) = lim\ o(®(u + eh) — ®(u))/e does exist for any h € V and D®(u, ) is a
linear and continuous functional, denoted just by ®'(u) € V*.

2Sometimes, the notion “variational methods” is used in a wider sense for the setting using
an operator A : V — V* contrary to non-variational methods as in Chapter 3.
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Proof. Take a minimizing sequence {u }ren for @, i.e.
Jim @(ux) = inf &(v); (4.2)

such a sequence does exist by the definition of the infimum3. As ® is weakly
coercive, {uy}ren is bounded. As V is assumed reflexive and separable (hence
also V* is separable, cf. Proposition 1.3), by the Banach Theorem 1.7 it has a
weakly convergent subsequence, say uy — u. As ® is weakly lower semicontinuous?,
O(u) < liminfy oo ®(ug) = limg_oo P(ur) = min,ey ®(v). Suppose &'(u) # 0,
then for some h € V we would have (®'(u),h) = D®(u,h) < 0 so that, for a
sufficiently small £ > 0, we would have

D(u+eh) = ®(u) + (P (u),h) + o(e) < (u), (4.3)

a contradiction. Thus A(u) = ®'(u) = 0.

If ® is coercive, then u — ®(u) — (f, u) is weakly coercive for any f € V*.
Yet, this functional obviously has the gradient A — f.

If @ is also convex, then any solution to A(u) = f must minimize ® — f.
Having two solutions u; and ug and supposing u; # ug, then, by strict convexity,
we get

[@—f] (;ul + ;uz) < ; [@—f] (ur) + ; [@—f] (ug) = gIél‘I/l [q)—f] (v), (4.4)

a contradiction showing u; = us. O

Corollary 4.3. Let ® := @1+ ®5 be coercive with ®1 convex, and Gateaux differen-
tiable, and with ®5 weakly continuous, and Gateaux differentiable. Then, for any
f € V*, the equation A(u) = f has a solution.

Proof. ®; convex and smooth implies that ®; is weakly lower semicontinuous:
indeed, by convexity always ®1(u) + (@) (u),v —u) < $1(v), cf. (4.12) below, so
that

@1 (u) < liminf (@q(v) + (@) (u),u — v)) = lim inf &, (v) (4.5)
because limy, ., (®) (u),u — v) = 0. Thus ®; + Py is weakly lower semicontinuous.
Then one can use the previous Theorem 4.2(ii). O

Theorem 4.4 (RELATIONS BETWEEN A AND ®). Let ® : V. — R be Gditeaux
differentiable, and A = ®'. Then:

3Note also that inf,cy ®(v) > —oo otherwise, by weak coercivity and weak lower semiconti-
nuity of @, there would exist v such that ®(v) = —oo, which contradicts ® : V' — R.

4Recall our convention that by (semi)continuity, see (1.6), we mean what is sometimes called
“sequential” (semi)continuity while the general concept of (semi)continuity works with general-
ized sequences (nets). For our purposes, the sequential concept is relevant. Additionally, as ®
is coercive and V' separable, both modes of lower semicontinuity of ® coincide with each other
because the weak topology on bounded sets is metrizable.
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(i) If A is coercive and monotone, then also ® is coercive.
(i) If A is pseudomonotone, then ® is weakly lower semicontinuous.

(iil) If A is (strictly) monotone, then ® is (strictly) convex, weakly lower semicon-
tinuous and locally Lipschitz continuous.

(iv) Conversely, if © is convex (resp. strictly convex), then A is monotone (resp.
strictly monotone).

Proof. The point (i): First, let us realize that®

1
O(u) = ®(0) —|—/0 (A(tu), u) dt (4.6)

because, denoting ¢(t) = ®(tu), one has

1 1 ol
®(u) — P(0) = (1) — ¢(0) = /0 o (1) dt = /0 lim O (tuteu) — P(tu) "

e—0 £
1 1 1
= / DO (tu,u)dt = / (O (tu),u) dt = / (A(tu), u) dt. (4.7)
0 0 0
Then, supposing for simplicity ®(0) = 0 and take 0 < £ < 1 arbitrary, one gets®

1 1 _ u—
fI)(u):/O <A(tu),u>dt:/0 (Altu) = A©) 1 =0) 4 1 4(0), )

t
> [ ) w) ae+ a0y = [ O ar s a0
2/1 a(Htu!)HtuH a4 £(A(D), ) 2/1 a(Hﬁu!)”EuH dt + £(A(0), u)

> —<In(e) a(ellul) lull ~ | AO)Jull = elfull (in( D) aeliul) ~ |A©)].)

where a(-) is a nondecreasing function with lime_4 a(§) = 400 from Defini-
tion 2.5. Thus, because lim o In(1/€)a(ellul]) = +oo, we proved a super-linear
growth of ®.
The point (ii): Suppose the contrary, i.e. ® is not weakly lower semicontinuous
at some point, say at 0; i.e. there are some § > 0 and a sequence {uj}ren C V,
ug — 0, such that:
VEeN: §<®(0) — D(ug). (4.8)

For v,u € V, put ¢(t) = ®(u + tv). By the mean value theorem, there is ¢t € (0, 1)
such that ¢(1) — ¢(0) = ¢'(), i.e.
(v +u) — P(u) = (' (u+tv),v). (4.9)

5Note that, as ¢ : t — ®(tu) is convex and finite, hence ¢’ : t — (A(tu),u), being nonde-
creasing, is a Borel function, hence measurable. The integral is finite as ® is finite, cf. (4.7).
6Note that fol t=1(A(tu) — A(0), tu—0) dt > fsl t=1(A(tu) — A(0), tu — 0) dt as A is monotone.
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Take € > 0. By (4.8) and using (4.9) with v := eu, and u := 0, we have
0 < (I)(O) — @(6uk) + @(6uk) — @(uk) = @(6uk) — @(uk) — 6<<I>/(€tk,suk),uk>,

where t; . € (0,1) depends on € and on k. As {ux}ren, being weakly convergent,
is bounded” and ®’, being pseudomonotone, is bounded on bounded subsets, the
last term is O(e). Consider € > 0 fixed and so small that this last term is less than
0/2 for all k € N, hence, for a suitable ¢, € (0,1), one has

(e=1)(®" (wr), wi )

) 1
= D (cur) — P(ug) = (' (wy), (e—Dug) = e—tp(1—¢)

(4.10)

where we abbreviated wy := uy — tx(1—¢)ug and where (4.9) was used for v :=
(e — Dug and u := ug. As up — 0, we have also wy — 0, so that we have

—6

1—1ti(1—
lim sup (@' (wy,), wx ) = limsup #(17¢) 2

k—oo k—oo 1—¢

(®(uk) — B(eur)) < 1;( ) <o.

By using the pseudomonotonicity (2.3b) for A = &', v:= 0, and wy — 0, we have
lim infj oo (P (wg), wi) > (P'(0),0) = 0, which is the sought contradiction.

The point (iii): Monotonicity of A implies its local boundedness, see
Lemma 2.15, and thus ®, having a locally bounded derivative, is locally Lip-
schitz continuous. The weak lower semicontinuity of ® has been proved in (4.5).
Denote @, (t) := ®(u+tw). As A is assumed monotone, ¢ (t) = (A(u+tw), w) is
nondecreasing because obviously, for to > 1,

o (t2) — @l (t1) = <A(u—|—t2w) — A(u—|—t1w),w>

_ (Aluttaw) — Aluttiw), (uttaw) — (uttiw)) o (4.11)
ty — t I

Then we have
(v) — @(u) = po—u(l) = pu—u(0) = /01 Py () dt
> [0 a=e 0 = (e w2)
Put z := %u+ %v. By (4.12) we have

D(u) > ®(2) + (A(z),u—2) and  D(v) > D(z) + (A(z),v —2). (4.13)

Adding these inequalities and recalling the lower semicontinuity of ® (cf. Exer-
cise 4.18), one gets the convexity of ®:

®(u) + P(v) > 20(z) + (A(2), u—z) + (A(z),v—2) = 28(2). (4.14)

"Here we use the Banach-Steinhaus principle, see Theorem 1.1.
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Strict monotonicity of A implies that ¢,, is increasing for w # 0, and then (4.12)
and (4.13) hold with strict inequalities provided v # w.

The point (iv): ® convex implies @, : t — ®(u + tw) convex, and therefore
o', () = (A(u + tw), w) is nondecreasing. Thus, for w = v — u, we get

(A(v) = Au),v—u) = ¢;_,(1) = ¢,_,(0) > 0, (4.15)

so that A is monotone. If ® is strictly convex, so is ¢, if w # 0, and thus ¢, is
increasing, hence A strictly monotone.

Remark 4.5. The coercivity of ® does not imply coercivity of A.%
Corollary 4.6. Let A = @', and one of the following two sets of conditions holds:

(i) A is pseudomonotone and ® is coercive, or
(ii) A is monotone and coercive.
Then the equation A(u) = f has a solution for any f € V*.

Proof. As to (i), Theorem 4.4(ii) implies the weak lower semicontinuity of the
coercive potential ® of A. Then use Theorem 4.2(ii).

As to (ii), Theorem 4.4(i) and (iii) implies the coercivity and the weak lower
semicontinuity of the potential ® of A. Then again use Theorem 4.2(ii). O

Remark 4.7. Comparing Corollary 4.6 with Theorem 2.6, we can see that now we
required in addition the potentiality, but got a more constructive proof avoiding
the Brouwer fixed-point Theorem 1.10. Similarly, comparison with Browder-Minty
Theorem 2.18 yields that potentiality makes no need for any explicit assumption
of radial continuity® of A.

Remark 4.8 (Potentiality criteria). If A is hemicontinuous and Géteaux differ-
entiable, it has a potential (given then by the formula (4.6)) if and only if
([A"(w)](v), w) = ([A"(u)](w),v) for any u,v,w € V. In the general case, the fol-
lowing integral criterion is sufficient and necessary for potentiality of A:

1 1 1
/0 (A(tu),u) dt — /0 (A(tv),v) dt = /0 (A(v + t(u—v)),u—v) dt. (4.16)

Remark 4.9 (Iterative methods). The existence of a potential suggests iterative
methods for minimization of ® to solve the equation A(u) = f. E.g., if V is
uniformly convex and V* strictly convex, the abstract steepest-descent-like method
looks as

Uk+1 = Uk + 6kJ_1 (f — @’(uk)) (4.17)

with e, > 0 sufficiently small; e.g. e := min (1,2/(e + £||ug|| + ¢||Aur— f||+)) for
¢ the Lipschitz constant of A and € > 0 guarantees global strong convergence in

8Indeed, any ® coercive can be changed in a neighbourhood of {nu; u # 0, n € N} to be
locally constant; then A(nu) = 0 so that A will not be coercive while ® remains coercive.

9In fact, this is just an “optical” illusion as every monotone and potential mapping is even
demicontinuous, cf. e.g. Gajewski at al. [144, Ch.IIl,Lemma 4.12].
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case A is strictly monotone and d-monotone, Lipschitz continuous, and coercive.'°

Note that, if V = V* is a Hilbert space, J~(f — ®(ug)) = f — ®'(uy) is just
the steepest descent of the landscape given by the graph of ® — f, which gave the
name to this method; cf. also (4.17) with (2.43) or with Example 2.88.

Remark 4.10 (Ritz” method [296]). Assuming {V} }ren is a nondecreasing sequence
of finite-dimensional subspaces of V' whose union is dense, see (2.7), we can consider
a sequence of problems

Find up € Vi : @(uy) = mi‘;l D(v) . (4.18)

veVy

Note that uy is simultaneously a Galerkin approximation to the equation A(u) = 0
with A = @, see (2.8). The Ritz method can be combined with (4.17) to get a
computer implementable strategy, although much more efficient algorithms than
(4.17) are usually implemented.

Remark 4.11 (Quadratic case). A very special case is that ® is quadratic:

D(u) = <;Au - f,u> (4.19)

with A € L(V,V*), A* = A. Then A is weakly continuous, so the existence of
a solution to Au = f follows simply by Section 2.5 if A (or, equivalently, ®) is
coercive, which here reduces to positive definiteness of A, i.e. (Av,v) > &lv|?
for some € > 0 and all v € V, cf. also the Lax-Milgram Theorem 2.19 where
however A* = A was redundant. Here, alternatively, Au = f is just equivalent
with ®'(u) = 0 and a direct method can be applied, too.

4.2 Application to boundary-value problems

The method of mappings possessing a potential has powerful applications in
boundary-value problems. However, the requirement (4.1) brings a certain restric-
tion on problems that can be treated in this way. Considering again the boundary-
value problem (2.49) for the quasilinear 2nd-order equation (2.45), i.e.

—div(a(:r,u,Vu)) +c(z,u,Vu) = g in Q,
ulp = u, onI'p, (4.20)
v-a(z,u,Vu) +b(z,u) = h  onTy,

we will assume a;(z,-,-), ¢ =1,...,n, and ¢(x, -, ) smooth in the sense Wli)’cl (R x
R™), and impose the symmetry conditions
dai(z,r,s)  Oaj(x,r,s) Oa;(x,r,s)  Oc(z,r,s)

ds; 0s; ’ or - 0s; (4.21)

10See Gajewski at al. [144, Thm.IT1.4.2] using the (S)-property which is here implied by d-
monotonicity with uniform convexity of V, cf. Remark 2.21.
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forall 1 <i<m,1<j<n,and for a.a. (z,7,5) € Q x R x R™. In other words,
(4.21) says that the Jacobian matrix of the mapping

(r,s) — (c(x,r, s), a(z,r, s)) c R L R (4.22)
is symmetric for a.a. x € . Let us emphasize that (4.21) is not necessary for A

to have a potential’!. Yet, we will prove that, if (4.21) holds, then the mapping A
defined by (2.59) has a potential ® : WP(Q) — R in the form

D(u) = /g&(ax,u,Vu)dz + | Y(z,u)dS,  where (4.23a)
Q I'n;
1
o(x,r,s) :/ s-a(x,tr,ts) + rc(z, tr,ts)dt, (4.23Db)
0
1
Y(x,r) = / rb(x,tr)dt; (4.23¢)
0

for the derivation of (4.23b,c) from the formula (4.6), cf. Exercise 4.22. In this
situation, (4.20) is called the Fuler-Lagrange equation for (4.23).

Lemma 4.12 (CONTINUITY OF ®). Let (2.55) with € = 0 hold. Then ® is contin-
uous.

Proof. The particular terms of ® are continuous as a consequence of the continuity
of the mapping y — Vy : WHP(Q) — LP(Q;R"™), of the embedding W!P(Q) into
LP"(Q) and of the trace operator y — y|r : WhP(Q) — LP" (I'y) provided the
continuity of the Nemytskii operators A, : LP (Q) x LP(Q;R™) — LY(Q) and
Ny : L (I'n) — L*(T'n) would be ensured. As to NV, the needed growth condition
on ¢ looks as

FHeL'(Q) ICeR: lp(z, 7, s)| <F(x) + Clr[?" + Cls|?. (4.24)

In view of (4.23b), the condition (4.24) is indeed ensured by (2.55a,c) even weak-
ened by putting € = 0 because of the estimate

1 1
lp(z, 7, 8)] < / s - a(z, tr, ts)|dt—|—/ |re(ax, trots)|de
0 0

IN

1
/ (15l (va @) + Cler™ /¥ + Cltsp =)
0

[l (e(@) + Cler” = 4 Clesf/s™) )t

s|P | ya(@)? | CPlrP ClslP
2 + / / *
P p P (p* +1) p

* */ *
P ve(x)r | Clrfr CPs]?
T LU A gl s :
p p p p*(p+1)
HUE.g if n =1 and a = a(z,s) and ¢ = c(z,r), then the basic Carathéodory hypothesis is
obviously sufficient; (z,-,-) is just the sum of the primitive functions of a(z,-) and c(z,-). In
general, (4.21) holding only in the sense of distributions suffices, see Necas [259, Theorem 3.2.12].

IN
&

*/

(4.25)
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which obviously requires v, € LP' () and 7. € L?" (Q) as indeed used in (2.55a)
and (2.55¢), respectively. Then (4.24) obviously follows.

The growth conditions for ¢, i.e. [¢(z,r)] < F(z) + a|r|p# with some 7 €
LY(T), can be treated analogously, resulting in (2.55b) with € = 0. O

Lemma 4.13 (DIFFERENTIABILITY OF <I>) Let (2. 55) for e =0 and (4.21) hold,
let a(z,-,-) € WU R xR R™) and ¢(x,-,-) € WU (R xR™) for a.a. x € Q. Then

loc loc

® is Gateauz differentiable and &' = A wzth A given by (2.59).

Proof. The directional derivative D®(u,v) of ® at u in the direction v is

D®(u,v) := lim v+ ev) — B(u) _d O(u+ev)
e—0 € de

e=0

= d (/ o(x,u+ev, Vu +eVo)de + w(z,u+6v)d5)

I'n; =0
Op(z,u,Vu) dv  dp(z,u, Vu) oY(x,u)
/ Z 0s; ox; + or vdr+ /FN or vds,
(4.26)

where we have changed the order of integration and differentiation by Theo-
rem 1.29. This requires existence of a common (with respect to €) integrable ma-
jorant of the collections {¢|(u+ecv, Vu+eVo)- Vo and {¢) (u+ev, Vu+

5Vv)v}0<s<60 and {¢].(u+ EU)’U}O<6<€0 for some €9 > 0, where we abbreviated
dp/0s; =1 ¢, etc. Assume, for a moment, that

%eLPm ICERT ;@ (x,7,8)] < y(x) + ClrP /P + ClsPPY,  (4.27a)
IyeL!" (Tx) ICERT : [Wl(z, )| < (=) +CrfP" 2, (4.27D)
el (Q) 3CeRT: |ph(x,r,s)| < (@) +Clr|” ~ +ClsP/P. (4.27¢)

(
(

As for the first collection, for any € € [0, 0] and a suitable C}, depending on p and
C from by (4.27a), we have the estimate

o (utev, VuteVo) - Vo| < (y(x)
< (v(@) + Cplul”™ ¥+ <

)Vl
T Op6€_1|Vv|p_1)|Vv|

which is the sought integrable majorant. The other two terms can be handled
analogously, exploiting respectively (4.27b,c).

Moreover, D®(u,-) : WHP(2) — R is obviously linear and, by (4.27), also
continuous. Hence ® has the Gateaux differential.
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The required form of the Gateaux differential follows from the identities

Op(z,r,s) ! "\ Oa Oc
= ACZELE t j ) t ) t ) t ) t
0, /Oa (z,tr,ts) + 2 s; B, (z,tr,ts) + T(“)si (z,tr,ts) |dt

1 n
Oa; da;
= /0 ai(xz,tr,ts) + t<j_1 51 9. (z,trts) +r oy (x,tr, ts))dt

j
1 d 1
= / (t ai(x, tr, ts))dt = [t a;i(z,tr, ts)} =a;(x,r,8), (4.28)
o dt t=0
where (4.23b) with (4.21) has been used; note that by Theorem 1.29 the
change of the order of integration fol dt and differentiation 88& in (4.28) re-
quires a common integrable majorant of {|t — 8‘; [s-a(z,tr,ts)]|})sj<ar and of
{|t — 8‘9& [rc(x, tr,ts)]|}s)<m in LY(0,1) for any M € R, which holds because

a(z,r,-) € WU R R™) and ¢(z,r,-) € W (R™) is assumed. Similarly also

loc loc

Op(xz,r,s) /1 dc " Oa;
= t [ s Uy t
5 ; c(x,tr,ts) + "o (z,tr,ts) + ; Si g, (z,tr,ts) |d

K3

1 n
= /0 c(x,tr,ts) + t(r g: (x,tr,ts) + ; 8 ;)Sc (x,tr, ts)) dt

= /1 d (t c(x, tr, ts))dt = [t ez, tr, ts)} ' = c(z,r,s). (4.29)

o dt t=0

The fact that dv(x,r)/0r = b(x,r) can be derived by the easier way, realizing
that (4.23c) defines, in fact, the primitive function of b(z,-), cf. (4.6). Note that
(4.27a) then coincides with the former condition (2.55a), while (4.27b), (4.27¢) is
(2.55b,c) but weakened with € = 0, as indeed assumed. O

In the following lemma, we will distinguish whether lower-order terms have
critical growth (and then their monotonicity helps) or whether their growth is
sub-critical (the cases (i) and (ii) in the following lemma).

Lemma 4.14 (WEAK LOWER SEMICONTINUITY OF ®). Let the assumptions of
Lemma 4.13 and one of the following conditions be valid:

(i) (2.55) holds for € > 0 and the assumptions of Lemma 2.32 hold,

(ii) (2.55) holds for e >0 and a(x,r,-) : R" — R™ 4s monotone,

(iil) (2.55) holds with e=0 and the mappings (4.22) and b(z, -):R—R are monotone.
Then @ is weakly lower semicontinuous.

Proof. As to the case (i), by Lemmas 2.31-2.32, the gradient A of ® is

pseudomonotone; here we used also Lemma 4.13. By Theorem 4.4(ii), ® is weakly
lower semicontinuous.
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The case (ii): by (4.28), monotonicity of a(x,r,-) is just monotonicity of
o (x,r,-) from which convexity of @(z,r,-) follows as in the proof of Theo-
rem 4.4(iii). Likewise in (4.25), ¢ satisfies the growth condition (4.24) but now
with p* — € instead of p*. Hence, considering uy — u in W1P(Q), by the com-
pact embedding WP (Q) € LP —¢(Q), ¢(ux, Vu) — @(u, Vu) in L*(Q). Similarly,
by (4.28) and (2.55a) with € > 0, we have ¢/ (ug, Vu) — ¢, (u, Vu) in L (Q).
Altogether, by the convexity of o(x,r,-),

hminf/ o(z, ug, Vug)dz > lim | o(z,ug, Vu) dx
Q

k—oo k—oo Q

—|—klim /ga's(a:,uk,Vu)(Vuk—Vu)dx:/ga(a:,u,Vu)dz. (4.30)

Moreover, by compactness of the trace operator y +— y|r : WHP(Q) — L”#‘E(I‘)
and by the continuity of the Nemytskil mapping Ny : LP#_E(I‘N) — LY(T'n),
we get the weak continuity of the boundary term in (4.23); the growth of i,
Le. |[¢(z,r)| <A(z) + 6’|r|p#_€, can be estimated as in (4.25).

As to the case (iii), monotonicity of [c,a](z,-,) : R — R implies
convexity of p(z,-,-) : R1*™ — R, which can be seen similarly as in the proof of
Theorem 4.4(iii). By monotonicity of b(x, -), the overall functional ® is convex. By
Lemma 4.13, ® is smooth so, by (4.5), also weakly lower semicontinuous. O

Lemma 4.15 (COERCIVITY OF ®). Let us assume meas,—1(I'p) > 0 and 12

a(x,r,s)-s+ c(z,r, 8)r > e1|s|P + ea|r|? — ko(2)|s| — k1(x)|r], (4.31a)
bz, r)r = —ka(@)lr] (431b)

with some €g,e1 > 0, p > q > 1, and kg € LPI(Q), ki€ L”*/(Q), and ko €
" (T'). Then ® is coercive on W1P(Q). Besides, ® is coercive on V = {v €

WP(Q); vlr, =0} even if ¢ = 0.
Proof. In view of (4.23b), one has

Yts-a(x, tr,ts)+tr c(x, tr,ts)
t

1
o(x,r,s) z/ s-a(x,tr,ts) —|—7‘c(a:,tr,ts)dt:/ dt
0 0
1
ts|P tr|? — ko|ts| — k1|t
> [ il ealtrlt holtsl = Rl Sty 2yppa ol — e,
0

12Cf. (4.31) with (2.91). Note that if one assumes, e.g. b(z,7)r > —ka(z), one would have
fol k2 (z)/tdt which is not finite, however.
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Similarly, (4.31b) with (4.23c) implies ¢ (z,r) > —ka|r|. Then

d(u) > / <51 |VulP + 5; ul? — ko|Vu| — k1|u|) dz — / ko|u|dS
Q T
> <€”u”Wl () YT HkOHLP’(Q)HVUHLP(Q;R")

—Hkl||Lp»~<m|\u|\mm Rl g gl o

> ellullfyrooy— —(HkOHLp'(Q)Jer||k1||Lp*'(Q)+N2|\/€2|\Lp#'(p))||U||W1vp(n)

with ¢ and C depending on p,q,e1,e2 and C, from the Poincaré inequality
(1.55), where N7 and N stand here respectively for the norms of the embed-
ding W?(Q) C LP" () and of the trace operator u — u|p : WhP(Q) — LP” (T).
As q > 1, the functional ® is coercive in the sense that ®(u)/|lullw1.»(q) — +o0
for Hunl,p(Q) — +00.

For ¢ = 0, we get coercivity on V by using Poincaré’s inequality (1.57). O

Proposition 4.16. Let (4.21), the assumptions of Lemmas 4.13-4.15 hold, and f be
defined by (2.60), i.e. (f,v) := [, gvdx—!—fFN hvdS. Then ® — f has a minimizer
on {v € WHP(Q); vlr, = up}, and every such minimizer solves the boundary-
value problem (4.20) in the weak sense.

Proof. Let us first transform the problem on the linear space V := {v €
WhP(Q); vlr, = 0}, cf. (2.52), as we did in Proposition 2.27: define ®¢ : v
®(v+w) with w € WHP(Q) such that w|r, = u, and f € V* again by (2.60). De-
noting Ao := ®f, we have Ay : V — V* and Ap(v) = A(v + w) with A := ®’. The
reflexivity® of W1P(Q) ensures also reflexivity of its closed!* subspace V. The
weak lower semicontinuity and coercivity of ®, proved respectively in Lemma 4.14
and 4.15, is inherited by ®q, and therefore the existence of a minimizer ug of ®q
on V follows by the compactness argument. Then, in view of (4.26), D®(ug,v) =0
for any v € V just means that ug € V solves Ag(ug) = f. Then u := ug + w solves
A(u) = f, i.e. it is the sought weak solution to the boundary-value problem (4.20)
cf. Proposition 2.27.

Observing that V +w = {v € W'P(Q); v|r, = uy}, one can see that u
minimizes ® — f on V 4+ w. O

Remark 4.17. In contrast to the non-potential case, Lemma 4.14(ii) allows us to
treat nonlinearities of the type ¢(Vu) without requiring strict monotonicity (2.68a)
of a(z,r,-). Of course, the price for it is the severe restriction (4.21).

13Recall that 1 < p < +oo is supposed.
M Closedness of V follows from the continuity of the trace operator u — u I'p-
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4.3 Examples and exercises

Exercise 4.18. Show that lower semicontinuous function f : X — R U {+o0}
satisfying § f(u1) + 5 f(u2) > f(Su1 + Jus) is convex.'®

Example 4.19 (Duality mapping'®). If V* is strictly convex, the duality mapping
J:V — V* has a potential ®(u) = }||u|?. Indeed, we have

1
(T@)v =u) = [l* = ull o] = loll* =, (lel® + lv]]*)

Y

1 1
G Io1% = S llull®* = flull floll = flul® > (J(w),v —u).  (4.32)

Then put v = u + th. We get (J(u + th),th) > ||u+ th||* — J|ul|* = (J(u),th).
Divide it by ¢ # 0, then let t — 0. By the radial continuity'” of .J, we come to

.o 1/1 1
(I, ) = lim (2||u +th|? — 2||u||2) = D®(u, h). (4.33)

Exercise 4.20. Consider (4.21) and the situation in Exercise 2.84 with (2.142), i.e.
¢y < min(1,e.)/N?%. Show that ® is strictly convex.

Exercise 4.21 (Abstract Ritz approzimation). Consider the Ritz approximation
(4.18) and show that uy — wu (for a subsequence) where u solves A(u) = 0,
A = @' and, in addition, minimizes ® over V. Besides, show that ®(uy) — ®(u).*®
Moreover, assuming ® = ®; + &y with ®¢ weakly continuous and ®; such that
@1 (ug) — ®1(u) and ugp — u imply up — u, show that uy — u.t?

Exercise 4.22. Derive (4.23) from (4.6), assuming existence of a potential and
using Fubini’s theorem 1.19.20

5Hint: by iterating, show that Af(u1)+ (1=X)f(u2) > f(Au1 + (1—N)uz2) not only for A = 1/2
but also for A = 1/4 and 3/4, and then for any dyadic number in [0,1], i.e. A = k2! | € N,
k =0,1,...,2. Such numbers are dense in [0, 1], and the general case A € [0, 1] then uses the
lower semicontinuity of f.

16 The observation that J has a potential is due to Asplund [20].

17Recall that we proved even the (norm,weak*)-continuity of J if V* is strictly convex, see
Lemma 3.2(ii).

8Hint: For any v€V take v, €V}, such that vy — v. Then ®(uy) < ®(vy) and, by weak lower
semicontinuity and strong continuity of ®, it holds that

®(u) < liminf ®(ug) < liminf ®(vg) = lim P(vg) = P(v).
k—oo k—oo k—oo
For a special case v := u, it follows that ®(ug) — P(u).

Hint: From ®(uy) — ®(u) (already proved) and ®o(uy) — Po(u) (which follows from weak

continuity of ®¢), deduce ®1(ur) — ®1(u).

20Hint: fol (A(tu), u)dt = fol (fQ a(tu, tVu)-Vutc(tu, tVu)udz+ fFNb(tu)udS) dt= [, (fol a
(tu, tVu)-Vudt + fol c(tu, tVu)u dt) dz + fFN fol b(tu)u dtdS = [, o(u, Vu)dz + fFN P(u)dsS.
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Example 4.23. (p-Laplacean.) The operator A(u):=—div(|Vu[P~2Vu) on WyP(Q)
has the potential

D(u) = 11) /Q [Vu(z)|P da. (4.34)

It just suffices to evaluate (4.23b) with ¢ = ¢(s):

b sl

1 1 1 o
go(s):/s-a(x,ts)dt:/ s-|ts|p_2tsdt:/ |s|PtP=1dt = |s|P [ ]
0 0 0 Pli=o P

Exercise 4.24. Verify (4.21) for a;(z, s) := |s|P~2s;.2! Show that a € W, (R").22

loc

Example 4.25 (More general potentials®®). Consider a coefficient o : R* — R+
depending on the magnitude of Vu and the quasilinear mapping

u— —div(o(|Vul*)Va). (4.35)

In application, the concrete form of the function o(-) > 0 may reflect some phe-
nomenology resulting from experiments. Obviously, it fits with our concept for
a;(z,r,s) = o(]s|?)s; and ¢ = 0. The symmetry condition (4.21) is satisfied and

|s|?
o(z,r,8) = (s) = ;/0 o(€) d¢. (4.36)

The monotonicity of the mapping (4.35) is related to positive definiteness of the
second derivative ¢”(s), i.e. ©”(s;3,5) = 20'(]s]?)(s - 5)® + o(|s|*)|3]?> > 0 for any
s,5 € R™. This is trivially true if o/(|s|?) > 0. When estimating (s-5)% > —|s|?|3|?,
one can see that this condition is certainly satisfied if

VE>0: o(&) > 26 max(—a’(£),0). (4.37)

Hence o may increase arbitrarily but must have a limited decay.

Exercise 4.26 (Regularizations of p-Laplacean). Having in mind (4.36) with the
coefficient ¢ in the analytical form

o) =e1+ (e2+¢) =22 oy (4.38a)
a(€) = a1+ (22 + V€)', e1,60>0, (4.38b)

21Hint: The symmetry of the matrix a/(z, s) follows by the direct calculations:

da;(z,s)  0O|s|P2s; 4 s
= = s -2 p C 4 P—25. ..
88j 85]‘ Sz(p )‘SI SJ Is‘ (¥
22Hint: Indeed, s;(p — 2)|s|P~%s; = O(|s|P72) for s — 0. Hence this term is integrable also
around the origin if p > 1, as assumed.
23Cf. also Mélek et al. [229, p.15] or Zeidler [354, Vol.II/B, Lemma 25.26].
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show that ¢ (s;3,3) > 0 so that (4.35) creates a monotone potential mapping.?4
One obviously gets the p-Laplacean when putting e; = g2 = 0 in (4.38) while
g9 > 0 makes its regularization around 0 as shown on Figure 9. The effect of £ > 0
is just a vertical shift of o and has already been considered in Exercise 2.84.

4

&=[Vul* 6
Figure 9. Various dependence of the coefficient o as a function of |Vul?;
(a) =the case (4.38a) with e1 =0 and e2 = 2,
(b) =the case (4.38b) with e1 =0 and 2 = 2,
(c) = the case (4.38) with 1 = €2 = 0, i.e. the p-Laplacean.

e
w 4+

Exercise 4.27 (Convergence of the finite-element method). Consider the boundary-
value problem (2.136). Show that it has the potential

D(u) = /Q (Wul()xﬂp +/OU($)c(x,r)dr) dx—i—/F (/OU(QE;J(:c,r)dr) dS  (4.39)

and note that no smoothness of b(z, -) and ¢(z, -) is required for (4.39). Assume €2
polyhedral, take a finite-dimensional Vj, as in Example 2.63, and consider further
an approximation by the Ritz method: minimize ® on Vj to get some u; € Vi
satisfying the Galerkin identity (2.8) with A = ®’. Show that u; — u where u
minimizes ® over V = W1?(£2).2> Assume a subcritical growth of b(z, -) and c(, -)
and deduce the strong convergence (in terms of subsequences)?%

up —u  in WHP(Q). (4.40)

Exercise 4.28 (Nonmonotone terms with critical growth). Consider the equation
—Au+c(u) = g with ¢(r) = r° —r? in Q C R?® with Dirichlet boundary conditions,
n = 3, and show existence of a weak solution in W12(£).27

24Hint: Realize that, for p > 2, the coefficient ¢ is nondecreasing and positive (hence (4.37)
holds trivially) while, for p < 2, (4.37) can be verified by calculations.

Z5Hint: Combine Exercise 4.21 with density of ey Vie in WHP(Q) as in Example 2.63.

26Hint: Use Exercise 4.21 with ®1(u) = 117 Jq IVu(z)|Pdz and then just use Theorem 1.2 and
uniform convexity of LP(Q;R™).

2"Hint: Realize that 2* = 6 for n = 3 and combine convex continuous functional ®1(u) :=
é Jq ubdz with nonconvex but weakly continuous functional ®o(u) := —:13 Jo uddz on W12(Q),

and realize coercivity of ®(u) := é Jo IVul?dz + @1 (u) + P2 (u).
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Remark 4.29 (Strong convergence of Ritz’ method). In fact, only a strict convex-
ity of the nonlinearity s + a(z,s) is sufficient for (4.40).2% This is a nontrivial
effect that, in this concrete potential case, the d-monotonicity needed in abstract
nonpotential case, cf. Remark 2.21, can be considerably weakened.

Example 4.30 (Advection ¥'-Vu does not have any potential). Following Ex-
ercise 2.86, we consider A : W12(Q) — WH2(Q)* defined by (A(u),v) =
Jo(7-Vu) vdz with a given vector field ¥ with, say, divd = 0 and @]p = 0. Using
Green’s formula, we can evaluate

1 1 1 2 2
/(A(tu),u>dt://tuﬁ-Vudxdt:/ t/ﬁ-v” dadt = —/(divﬁ)u da = 0.
0 0JQ 0 Q 2 Q 4

By (4.6), a potential ® of A would have to be constant so that ® = 0, but
obviously A # 0. This shows that A cannot have any potential. Realize that, of
course, the condition (4.21) indeed fails.

Exercise 4.31 (Anisotropic p-Laplacean). Consider ®(u) := ;fﬂ Dy |£iu|pdx

on V. = W,P(Q). Show that ®'(u) = -3, a‘zi( aiiu|p_2 a‘?ﬁiu) =
(1-p) (i1 1,2 ulP)1 — 2/pAu and that @ is monotone and, if p > 2, uniformly
monotone.?

Exercise 4.32 (Higher-order Euler-Lagrange equation). Consider the 4th-order
equation as in Exercise 2.93, i.e.

div div(a(z, v, Vu, V?u)) — div(b(z, u, Vu, V1)) + c(z,u, Vu, V:u) = g (4.41)

here with (a, b, ¢) : QxRxR?xXR™*"™ — R™"*"xR" xR, and show that the symme-
try condition like (4.21) now looks as

daij(x,r,R,S)  Oaw(x,m,R,S) Oaij(xz,7,R,S) 0Obp(z,m,R,S)

O 28; ORy, os, 0 442
daij(x,r,R,S)  Oc(x,r,R,S) obi(x,r,R,S)  0bj(z,m,R,S) (4.42b)
8r n 85” ’ 8RJ B 8R1 ’ ’

obi(x,r,R,S)  Odc(x,7, R, S)
o - o (4.42¢)

for 4,7,k,l=1,...,n, ie. symmetry of the Jacobian of the mapping
(e, ), b(x, ), a(z, - 0)) + RXRPxR™ "™ — RxR"xR™ " and then the
potential is [, ¢(z, u, Vu, Vu) dz with ¢ given as in (4.23b) now by

1
o(xz,r,s) z/ S:a(x,tr,tR,tS) + R-b(x,tr, tR,tS) + rc(z, tr,tR,tS)dt . (4.43)
0

28The proof, however, is rather nontrivial and uses so-called Young measures generated by
minimizing sequences (here {ug}rcn) which must be composed from Dirac measures if a(z, -) is
strictly convex; cf. Pedregal [280, Theorem 3.16]. See also Visintin [346].

29Hint: Modify (2.128). For (uniform) monotonicity, modify (2.130) or (2.131).
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Exercise 4.33 (p-biharmonic operator). Consider a;; in the previous Exercise 4.32
given by (2.102) and b; = ¢ = 0, verify (4.42), and evaluate (4.43) to show that the
p-biharmonic operator A(JA[P"2A) on V := W?(Q) has the potential ®(u) :=
5 Jo [Au[Pdz. For p = 2, consider also ®(u) = ; [, |[V?u[*dz.*

4.4 Bibliographical remarks

Calculus of variations and related variational problems have been cultivated in-
tensively since the 17th century by Fermat, Newton, Leibnitz, Bernoulli, Euler,
Lagrange, Legendre, or Jacobi, often related to direct applications in physics and
always bringing inspiration to development of mathematics.

The exposition here is narrowly focused on coercive problems leading to el-
liptic boundary-value problems. As to the abstract theory presented in Sect. 4.1,
for further reading we refer to Blanchard, Briining [50, Chap.2,3], Dacorogna [98,
Chap.3], Gajewski, Groger, Zacharias [144, Sect.II1.4], Vainberg [343, Chap.II-1V],
Zeidler [354, Parts IT/B & I1I]. Reading about the problems having the potential of
the type fQ ¢(u, Vu)dz may include in particular Dacorogna [98, Chap.3], Evans
[120, Chap.8], Gilbarg and Trudinger [Sect.11.5][153], Jost and Li-Jost [187], La-
dyzhenskaya and Uraltseva [213, Chap.5].

Vectorial problems leading to systems of equations requiring special tech-
niques, cf. also Sect. 6.1, are addressed e.g. by Dacorogna [98, Chap.IV], Evans
[120, Chap.8], Giaquinta, Modica and J. Soucek [152, Part II, Sect.1.4], Giusti
[154, Chap.5], Morrey [248], Miiller [254], and Pedregal [280, Chap.3].

There are many other variational techniques relying on critical points dif-
ferent from the global minimizers used here and more sophisticated principles,
sometimes able to cope also with side conditions. Let us mention the celebrated
mountain-pass technique by Ambrosetti and Rabinowitz [16] or Lyusternik and
Schnirelman theory [224]. The monographs devoted to such advanced techniques
are, e.g., Blanchard and Briining [50], Chabrowski [78], Fuéik, Necas, Soucek [134],
Giaquinta and Hildebrandt [151], Giaquinta, Modica and J. Soucek [152], Giusti
[154], Kuzin and Pohozaev [210], Struwe [332], Zeidler [354, Part III].

30Hint: realize that Qa;;/ORg = 0 for i # j or k # I, and that (4.43) gives ¢(S) =
| >Ry Skk|P/p. Further realize, for p = 2, that [, |V2ul?’dz = [ |A|?dz under the Dirich-
let boundary conditions, cf. Example 2.43.



Chapter 5

Nonsmooth problems;
variational inequalities

Many problems in physics and in other applications cannot be formulated as equa-
tions but have some more complicated structure, usually of a so-called comple-
mentarity problem. From the abstract viewpoint, the equations are replaced by
inclusions involving set-valued mappings. We confine ourselves to a rather simple
case (but still having wide applications) which involves set-valued mappings whose
“set-valued part” can be described as a subdifferential of a convex but nonsmooth
potential. Recall that we consider, if not said otherwise, V reflexive.

5.1 Abstract inclusions with a potential

A set-valued mapping A : V = V* is called monotone if, for all f; € A(uq) and
f2 € A(uz), it holds that {f; — fo, u; —ug) > 0. We admit A(u) = ) and denote the
definition domain of A by dom(A):= {u € V; A(u) # 0}. Naturally, A : V =2 V*is
called mazimal monotone if the graph of A is maximal (with respect to the ordering
by inclusion) in the class of monotone graphs (i.e. graphs of monotone set-valued
mappings) in V' x V*. By the Kuratowski-Zorn lemma, any monotone set-valued
mapping admits a maximal monotone extension, cf. Figure 10a,b. Besides, we call
AV =3 V* coercive if

im it Y Z oo (5.1)
ul—oo fEA(w) ||ul|

Moreover, ® : V — R := RU {#o0} is called proper if it is not identically equal to
400 and does not take the value —oo.
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a) A(u) b) A(u) c) [A(u)
| Sa— ) A q
-1 u — u | ‘ | ou

Figure 10. a) a monotone but not mazimal monotone mapping A : R — R,
b) a mazimal monotone extension A : R = R of the mapping from a),
¢) another mazimal monotone A : R = R, inverse to the mapping from b);
note that it is a normal-cone mapping to the interval [—1,1], cf. (5.3).

Here we shall consider some functional (again called a potential) ® : V —
R:= R U {+00, —oc} such that the (set-valued) mapping A represents a certain
generalization of the gradient of ®. Except Remark 5.8, we confine ourselves to
the case that ® is convex, and then A : V = V* will be the subdifferential of ®,
i.e. A= 0, defined by

0P (u) == {feV*; YoeV : () + (f,u—v) > @(u)}, (5.2)

cf. Figure 11. It is indeed a generalization of the gradient because, if A is also the
Gateaux differential, then 0®(u) = {®'(u)}.! If ® is finite and continuous at u,
then 0®(u) # 0,2 otherwise emptiness of d®(u) is possible not only on V'\ dom(®)
but also on dom(®) as well as situations when dom(9®) is not closed, cf. Figure 11.

+0 + —8 o0

-7 . 1 f 2 \ane
- ing NyperPe=
4 Supportin another supRort™ 1 s

Ayperpiane = ~-

0 -

Figure 11. Subdifferential of a convex lower semicontinuous function; an eram-
ple for 0®(u1) = 0, 0P(u2) = [f1, f2] D f3, and dom(P)=[u1,+00)
# dom(9®)=(u1, +00) because limy~ o, @' (u) = —co.

Example 5.1 (Normal-cone mapping). If K is a closed convex subset of V' and
®(u) = 0x(u) is the so-called indicator function, i.e. dx(u) = 0 if u € K and
0k (u) = +o0 if u ¢ K, then, by the definition (5.2), we can easily see that

065 (1) :NK(u);:{ {fev VUGK&) (f,v—u) <0} fiiﬁéﬁ

(5.3)
where Nk (u) is the normal cone to K at u; cf. Figure 1 on p. 6.

LCf. Exercise 5.32 below.
2This can be proved by the Hahn-Banach Theorem 1.5.
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Example 5.2 (Potential of the duality mapping). For ®(u) = 1|lul?, it holds
0®(u) = J(u), the duality mapping.? For V* strictly convex, cf. Example 4.19.

Theorem 5.3 (CONVEX CASE?). Let A :V = V* have a proper convex potential
d:V - R, i.e. A=0d. Then:

(i) A is closed-valued, convez-valued, and monotone.
(i) If ® is lower semicontinuous, then A is mazimal monotone.

(iii) If @ is also coercive, then A is surjective in the sense that the inclusion
Alw)s f (5.4)
has a solution for any f € V*.

Proof. Closedness and convexity of the set 9P (u) is obvious. To show monotonicity
of the mapping 0P, we use the definition (5.2) so that, for any f; € 0®(u;) with
1 =1,2, one has

®(uz) > ®(ur) + (f1,uo—u1) and  P(u1) > P(uz) + (fo,ur—uz).  (5.5)

By a summation, one gets (f1 — fa,u1 — ua) > 0.

As to (ii), take (ug, fo) €V xV* and assume that (fo — f,uo —u) > 0 for any
(f,u) € Graph(A). As V is assumed reflexive, we can consider it, after a possible
renorming due to Asplund’s theorem, as strictly convex together with its dual.
Then, we consider (f,u) such that J(u) + f = J(uo) + fo, f€A(u), J: V — V*
the duality mapping, i.e. [J+ A](u) > J(uo)+ fo; such u does exist due to the point
(iii) below applied to the convex coercive functional v — [|v]|? + ®(v), cf. also
Example 4.19. Then 0 < (fy— f,uo—u) = (J(u) — J(ug), up — u) and, by the strict
monotonicity of J, cf. Lemma 3.2(iv), we get ug = u so that (f,u) € Graph(A4).

The point (iii) can be proved by the direct method: ® convex and lower
semicontinuous implies that ® is weakly lower semicontinuous; cf. Exercise 5.28.
Then, by coercivity of ® and reflexivity of V', the functional ® — f, being also
coercive, possesses a minimizer u, see Theorem 4.2. Then 0®(u) > f because
otherwise 0®(u) F f would imply, by the definition (5.2), that

eV : D)+ (fiu—v) < d(u) (5.6)
so that [D—f](v) = ®(v) — (f,v) < ®(u) — (f,u) = [®—f](u), a contradiction. O

Theorem 5.4 (SPECIAL NONCONVEX CASE). Let ® = &1+ D5 : V — R be coercive,
D1 be a proper convex lower semicontinuous functional and ®o be a weakly lower
semicontinuous and Gateaux differentiable functional, and let Ay = 0P, and As =
Y. Then, for any f € V*, there is u € V solving the inclusion

Ay(u) + Ay(u) > f . (5.7)

3The inclusion 8®(u) D J(u) follows from ;HU”Q — ;||u||2 > ol |l = llul? > (f,v — u)
for f € J(u), cf. also (4.32). Conversely, f € J(u) implies é”u +th||? — ;||u||2 > t(f, h). Then,
likewise (4.33), D®(u, h) > (f, h) for any h € X, hence inevitably f € 0®(u).

4In fact, (i)-(ii) holds even for non-reflexive spaces; see Rockafellar [298].
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Remark 5.5 (Alternative formulations: inequalities). The inclusion (5.7), written
as 0®q(u) > f — Aa(u), represents, in view of (5.2), a problem involving the
variational inequality

FindueV: YweV: @(v)+ (Aa(u),v —u) > ®1(u) + (f,o—u). (5.8)

Proof of Theorem 5.4. Coercivity and weak lower semicontinuity of ® with reflex-
ivity implies the existence of a minimizer v of ® — f. In particular, ®(u) < +oo
and hence also ®1(u) < +o0.

Suppose that (5.7) does not hold, i.e. 9®1(u) F f — P4(u). By negation of
(5.8), this just means that

JveV: &1(v) + (f — Ph(u),u —v) < Dy(u). (5.9)

For 0 < ¢ < 1, put v = u + e(v—u). As ®; is convex, it has the directional
derivative D®; (u,v — u) and

(1)1(115) — @1(’&) @1(1}5) — <I>1(u)

D®y(u,v —u) = li{r%J = iI>1f(;
€ 9 € 9
< q?l(’l}l) — &4 (’LL) =P, (’U) — @1(u) < +o0. (510)

Note that D®; (u, v —u) is finite because it is bounded from below by —D®4 (u, u—
v) > —oc by similar argument as (5.10). In particular,

Dy (v.) = @y (u) + DDy (u,v — u) + 01 (€) (5.11)

with some o7 such that lim.\ g 01(€)/e is 0. Moreover, as ®4 is smooth, hence
(D4 (u),v — u) = DPy(u,v — u), by the definition of Gateaux differential, it holds
that

Do (ve) = Po(u) + (Ph(u), v — u) + 02(e) (5.12)

with some o2 such that lim._,g02(¢)/e = 0. Thus, adding (5.11) and (5.12) and
using (5.10), we get

®1(ve) + Pa(ve) — (f,ve) = P1(u) + P2(u) — (f,u)
+6<D<I)1(u,v—u) + D@y (u, v—1) — ( f,v—u)) ¥ 01(e) + 0a(e)
< Py (u) + Po(u) = (f,u)
+ 6(@1(1)) — By (u) + (®h(w), v—u) — (f, v—u>) +o1(e) + 02(e). (5.13)
By (5.9), the multiplier of ¢ is negative, and therefore this term dominates o1 (g) +

02(e) if >0 is sufficiently small. In both cases, for a small >0, &1 + P — f takes
at v. a lower value than at u, a contradiction. O

Remark 5.6 (Special cases). If ®1:= @y + dx with both & : V - Rand K CV
convex, then, for A = Ay, (5.8) turns into the variational inequality:

FindueK: YweK: (A(u),v—u)+ ®o(v) — Po(u) > (f,v—u).  (5.14)
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Often, &y = 0 and then (5.14) can equally be written in the frequently used form
f—A(u) € Nk (u), (5.15)

which is a special case of (5.7)

Corollary 5.7. Let A = Ay + As : V = V* have the set-valued part Ay : V = V*
monotone, coercive, and possessing a proper weakly lower semicontinuous potential
D1, and the single-valued part As : V — V* be pseudomonotone and possessing a
(smooth) potential @2 with an affine minorant. Then, for any f € V*, the inclusion
(5.4) has a solution.

Proof. Denote ®; and ®; the respective potentials. Then A; coercive and
monotone implies ®; coercive; cf. Exercise 5.30. Moreover, as ®5 has an affine
minorant, ®; + ®4 is also coercive. Furthermore, ®5 is weakly lower semicontinu-
ous, see Theorem 4.4(ii). Then we can use Theorem 5.4. ]

Remark 5.8 (Hemivariational inequalities). In case of a general nonconvex locally
Lipschitz @, the so-called Clarke (generalized) gradient is defined by:

Oc®(u):= {fEV*; YoeV : D°®(u,v) > (f, v}} (5.16)

where D°®(u, v) denotes the generalized directional derivative defined by

D°®(u,v):= limsup <I>(u+£v2—<I>(u) ; (5.17)

eN\.0

see Clarke [83] for more details. Inclusions involving Clarke’s gradients are called
hemivariational inequalities. In the special case of Theorem 5.4, we have 0c® =
0Py + P4 provided ®; is locally Lipschitz continuous.

5.2 Application to elliptic variational inequalities
We will illustrate the previous theory on the 2nd-order elliptic variational in-

equality forming a so-called unilateral problem with an obstacle (determined by a
function w) distributed over Q2 and with Newton-type boundary conditions:

—diva(z,u, Vu) + c(x,u, Vu) > g,
u > w, in Q,
(diva(z,u, Vu) — c(z,u, Vu) + g)(u —w) = 0 (5.18)
v-a(u,Vu) +b(x,u) > h, '
u > w, onlI'.
(v-a(z,u, Vu) + b(z,u,Vu) —h)(u —w) = 0
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The equalities in (5.18) express transversality of residua from the corresponding in-
equalities, while the triple of these two inequalities and one transversality relation
is called a complementarity problem.

An interpretation illustrated in Figure 12 in a two-dimensional case is that
u is a vertical deflection of an elastic membrane® elastically fixed on the contour
I' and stretched above a nonpenetrable obstacle given by the graph of w.

u,w m a contact zone
/’7/
"'?;/llllll,’n\\\‘\\” ‘E} a membrane
Q"'Illlj N u=u(x)
X, s v AAR

e an obstacle
% w=w(x)

a free boundary

Figure 12. A schematic situation of unilateral problems on Q C R?: a deflected
elastic membrane being in a partial contact with a rigid obstacle.

The abstract inequality (5.14) with &g = 0, A given by (2.59) and f by (2.60)
leads to the weak formulation, resulting in a variational inequality:

Find ueK: WYveK: /a(u,Vu)-V(v—u) + c(u, Vu)(v—u) dz
Q

—l—/Fb(u)(v—u)dSZ /Qg(v—u)dx —|—/Fh(v—u)dS
(5.19)

where
K:={veW"P(Q); v>winQ}. (5.20)

Assuming the symmetry condition (4.21), in view of Lemma 4.13, (5.19) results
in minimization over W1?(Q2) of the potential

D —fru— Do(u)— (f,u) + ik (u)
= / ((p(u,Vu)—gu)dx—i-/ (¢(u) — hu)dS + O (u), (5.21)
Q r

where @ is defined as in (4.23a) and ¢ and ¢ are defined by (4.23b,c).

Proposition 5.9 (WEAK VS. CLASSICAL FORMULATIONS). Let w € C(Q) and u €
C?(2). Then the inequality (5.19) is satisfied if and only if (5.18) holds.

Proof. Let us denote
Qpi={ze®; u(x) > w(x)}, Qo:={z€Q; u(z) =wx)},
Iy := {xeF; u(x) > w(x)}, To:= {xEF; u(x) = w(x)},

5To be more precise, this interpretation refers to a(zx,r,s) = as with a > 0 the elasticity
coefficient, ¢ = 0, and ¢ a tangential outer force per unit area.
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cf. Figure 12. For u solving (5.18) and for any v € W1P(Q) such that v > w, by
Green’s formula, we can write

/ a(u, Vu) - V(v — u) + c(u, Vu) (v — u) dz + / b(u)(v —u)dS
Q r

= / (div a(u, Vu) — c(u, Vu)) (u—v)dz + / (v - alu, Vu) + b(u)) (v—u)dS
Q r

= /Q (div a(u, Vu) — c(u, Vu)) (u—v) dz
+ /Qo(div a(u, Vu) — c(u, Vu)) (u—v) dz

+ /F+ (v-a(u, Vu) + b(w)) (v — u)dS + / (v a(u, Vu) 4+ b(w)) (v — u)dS

To

::/Q+Il(x)d:1:+/QOIQ(:1:)dx+/F+Ig(:1:)dS+/FOI4(x)dS.

Now, by (5.18), we have I; = g(v—wu) in Q4+, I» > g(v —u) because div a(u, Vu) —
c(u,Vu) < —gand u —v =w —v < 01in Qp, Is = h(v — u) on T'y, and finally
Iy > h(v—u) because v -a(u, Vu) +b(u) > h and v —u = v—w > 0 on I'y. Hence,
altogether

/ Ildx—|—/ Igd$—|—/ IgdS+/ I4d5'2/g(v—u)dx+/h(v—u)d5
Q4 Q0 r, To Q r

so that (5.19) has been obtained.

Conversely, if the solution u to (5.19) is regular enough, we can take z smooth
such that supp(z) C Q4. Then, for a sufficiently small |e|, v:= u+ez € K so that,
by putting it into (5.19), one gets

/ a(u,Vu) - Vz + c(u, Vu)zdx > / gzdx. (5.22)
Q Q

Considering also —z instead of z, we get an equality in (5.22). Then, by using the
Green formula, we get diva(u, Vu) — ¢(u, Vu) + g = 0 a.e. in Q4. The inequality
u > w is directly involved in (5.19). Since, for z > 0 with supp(z) C Qq, always
v =u+z € K, we get by putting such v into (5.19) the inequality [, gzdz <
Jqa(u, Vu) - Vz 4 c(u, Vu)zde = [,(—diva(u, Vu) + ¢(u, Vu))z dz, which gives
div a(u, Vu)—c(u, Vu)+g < 0 a.e. in Q. Altogether, the complementarity relations
in Q constituting (5.18) have been verified.

The complementarity relations on I' can be verified analogously by taking
test functions having nonvanishing traces on I'. If u(z) > w(z) for some z € T,
then, taking a sufficiently small neighbourhood N of x, we have ©u > w on QN N
(ie. NN Qo = 0), and then v:= u+ ez € K for a sufficiently small |¢| provided
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supp(z) C 2N N. Putting it into (5.19), one gets
/ a(u, Vu)-Vztc(u, Vu)zdz + / b(u)zdS > / gzdx + / hzdS.
Q r Q r

NN NN NN NN

By using the Green formula, we get
/ (— diva(u, Vu) + c(u, Vu) — g)zdz
QNN
+/ (v-alu, Vu) 4 b(u) — h)zdS > 0. (5.23)
NN

Considering also —z instead of z, we get equality in (5.23). As we already know
that diva(u, Vu)—c(u, Vu)+g = 0in QNN C Q4 , we get v-a(u, Vu)+b(u)—h =0
on ' N N. In general, we can take z > 0 arbitrary, e.g. such that it will be small
in © but with prescribed values on I'. This will push the first integral in (5.23) to
zero while the second one then yields v - a(u, Vu) + b(u) —h >0 on T. O

A theoretically and to some extent also numerically® efficient method of reg-
ularization (or approximation) for problems like (5.18) is the so-called penalty
method. In the potential case, its L?-variant leads to approximation of the func-
tional from (5.21) by the functional

((w—w)*)*

@8(u):/9<<p(u,w)+ . )dx—l—/rw(u)ds (5.24)

where vT := max(0,v). The idea is then to minimize ®. — f over the whole
WLP(Q), which corresponds to the boundary-value problem

1 _
—diva(u, Vu) + ¢(u, Vu) — . (w— u)+)q L g in Q,
v-a(u,Vu) +b(z,u) = h onT.

(5.25)

Now, we need to modify the coercivity (A(v),v—w) > 6Hv||€v1,p(9) +C with § >0
and some C' (depending possibly on w). E.g., we can modify (4.31) to

a(z,r, s) (s—Vw(z)) + c(z,r, s)(r—w(x))
> e1|s]P + ea|r|® — ko(x) — k1 (2)|s] — ka(x)|r|, (5.26a)
bz, r)(r—w(z)) = —ks(z) — ka(z)|r| (5.26D)

’

with some eg,e1 > 0, p > qo > 1, and ko € LY(Q), ki € LV (Q), ky € LP(Q),
#/
ks€ L(T), and ky e LP"'(T).
S1f also a discretization as in Exercise 4.27 is applied, one can implement the resulting min-

imization problem on computers although its numerical solution is not always easy if € > 0 in
(5.24) has to be chosen small.
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Proposition 5.10 (CONVERGENCE OF THE PENALTY METHOD). Assume 1 < ¢ <

p*, and a, b and c satisfy the qualifications in Lemmas 4.13-4.14, in particular the

symmetry (4.21), and coercivity in the sense (5.26) hold. Then:

(i) The boundary-value problem (5.25) has always a weak solution u. € WP(Q).

(ii) The sequence {uc}eso is bounded in W'P(Q) and converges (in terms of
subsequences) weakly to a solution uw of (5.19). Also the values of ®¢
converge, i.e. limg_,o @o(ug) = lime_o [, o(ue, Vue)de + [ ¥(us)dS —
Jo o(u, Vu)dz + [ p(u)dS =: $y(u).

(iil) If, in addition, the mapping A induced by (a,c) is d-monotone with respect to
the seminorm v — ||[Vv| Lo (rn, then ue — u (a subsequence) in WP (Q)
strongly.

Proof. For ¢ > 0 fixed, existence of a weak solution u. € WHP(Q) to (5.25) follows
by the direct method by using Proposition 4.16.

To prove a-priori estimates, put v:= u. — w into the weak formulation of
(5.25). Using also (5.26) and the estimates as in the proof of Lemma 4.15, for a
suitable  and C, one gets

1
5”’&5”(1140,1,;,(9) + c H(w_U’E)_‘—H%q(Q) -C

. . _ {(w_us)+|q

< /Qa(ug,Vug) V(ue—w) + c(ue, Vue ) (ue—w) + - dz

+ / b(ue) (e — w) dS = / ) d + / h(ue —w)dS.  (5.27)
r r

The integrals on the right-hand side can be estimated as fQ g(ue—w) daH—fF h(ue—
w)dS = <f7u€ —w) < || fllwe Q)*( )) < gl\ualli‘&l ») T
C(;Hf| wir- T 1flwrr@- lwlwiee) with f determined by (and estimated
through) the data (g,h), cf. (2.60) and (2.62), and with C5 = g} ©/qod/2,
cf. (1.22). In this way, we show {uc}.~o bounded in WP(Q) and, up to a subse-
quence, ue — u.

We have also i||(w—ug)"’HLq(Q C so that [[(w—ue)T ||y = O(¥e).
Using the weak continuity of v — |[vT||Le(q) if ¢ < p* (or the weak lower semicon-
tinuity if ¢ = p*, cf. Exercise 5.28 below), one gets

[ (w—u) " La(e) < 1igi}glf|\(w—us)+|\m(ﬂ) < 1imsélp|\(w—us)+||m(sz) =0.
E—

Thus u € K has been proved.
The convergence of ®g(ue) to Po(u) can be seen from the estimate

(20 = f}(u) < liminf [®o - f](ue) < limsup [®o - f](ue) < [®o — f](w) (5.28)

because @ is weakly lower semicontinuous (see Lemma 4.14) and always [®g —
fllue) < [@e — fllue) < [®c — fl(u) = [Po — f](u) because u. minimizes &, — f
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with ®, = & + q18||(w - -)+H%Q(Q), and because u € K. Then (5.28) yields
lim._o[®g — f](ue) = [®g — f](u), from which lim._.o Pg(u.) = Po(u) follows.

The fact that u solves (5.19), i.e. minimizes (5.21), follows directly from the
proved facts that v € K and [®g — f](u) < min(®o — f + dk ), proved in (5.28) if
one realizes also

[@o — fl(ue) < [P — fl(ue) < min[®, — f] < min(Pg — f + k) (5.29)

because u. minimizes . — f and because always ®. < &g + k.

Now, we are going to prove the strong convergence. By multiplying the equa-
tion in (5.25) by (u — u.), applying Green’s formula and using the boundary
conditions in (5.25), one gets

/Qa(us, Vue) - V(u—ue) + c(ue, Vue ) (u—ue) — i{(w — u5)+|q_l(u—u5) dz

—|—/b(u5)(u—u5)dS:/g(u—ue)dz—k/h(u—ue)ds.

r Q r

Since u > w, the term l!(w—us)ﬂq_l(u—us) > 0 a.e. and, by omitting it, one
gets

/Qa(us, Vue) - V(u—ue) + c(ue, Vue) (u—ue )da

+/Fb(u8)(u—u€)d5Z/QQ(U—UE)de‘f‘/h(U—UE)dS' (5.30)

T

Then, if (a,c) induces a d-monotone mapping as assumed, by (5.30) we get
(d(HVUaHLP(Q;R")) - d(Hvu”LP(Q;R"))> (IVue| Lo@rny — IVl Lorn))

= /Q(a(uﬁ’ Vue)—a(u, Vu)) - V(ue—u) + (c(ue, Vue)—c(u, Vu)) (ue—u) dz
= /Q (9 — c(w)) (ue—u) dz + /F (h = b(uz)) (ue—u) dS

- /Q a(u, Vu) - V(ue—u) dx — 0,
(5.31)

because subsequently u. —u — 0 in L?" (Q), h — b(u.) — h — b(u) in L”#,(F) and
ue —u — 0 in LP” ("), and Vue — Vu — 0 in LP(€;R™). From (5.31), one deduces
Vel Leoirny = |Vl r(irn). From Vu, — Vau in LP(€; R™) proved above, and
from the uniform convexity of LP(2; R™), by Theorem 1.2 we get Vu, — Vu. O

Remark 5.11 (Free boundary problems). The boundary €4 N g, which is not
known a-priori and is thus a part of the solution to (5.18), is called a free boundary.
We thus speak about free-boundary problems, abbreviated often as FBPs.
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Remark 5.12 (Dual approaches). Having in mind the constraint © > w as in (5.18),
one can write dx used in (5.21) as

Or(u) = sup /Q(u — w)Adz. (5.32)

0<AeLP™ (Q)

Then, defining the so-called Lagrangean L(u,\) := ®(u) — (f,u) + [ (u — w)Adzx
and realizing that L(-, \) is convex while L(u,-) is concave, we have

min[® — f] = min (fb(u) —{(f,u)+  sup o /Q(u - w))\dx)

u€ K uEW1LP(Q) 0<AELP*!

= min sup <<I>(u) —{(f,u) —|—/Q(w—u)/\dx)

ueWHP(Q) g<reLr*’ ()

> sup min  L(u, \);
0<AELP™' () ueW1Lr(Q)

the last inequality holds because always minyewir) L(v,A) < L(u,\) <
supg<¢ L(u, &) = ®(u) for any u and X.” Thus the problem now consists in seeking
a saddle point of the Lagrangean L. The problem of finding a supremum over
{A > 0} of the concave function

TU(\):= min_ L(u,\ 5.33
(W)= min L) (5.33)

is referred to as the dual problem and can sometimes be easier to solve or/and gives
useful additional information; e.g. the constraint in the dual problems are simpler
and, having an approximate maximizer A* > 0 of ¥ and an approximate minimizer
u* > w of &, we have a two-sided estimate ¥(A\*) < min,ex [P — f] < P(u*).
Cf. Exercise 5.47 for a concrete case of W.

5.3 Some abstract nonpotential inclusions

In this section we will again come back to the abstract level and deal with the
inclusion of the type

0P(u)+ A(u) > f (5.34)

with @ convex and with A pseudomonotone but not necessarily having a poten-
tial. We will thus generalize Corollary 5.7 for the case that the smooth part has
no potential. Simultaneously, we will illustrate a general-purpose regularization
technique for the nonsmooth part of (5.34).8

"Let us remark that the opposite inequality would require a constraint qualification, here
p > n so that K from (5.20) would have an nonempty interior.
8For a usage of the regularization to potential problems see also Proposition 5.10. In (5.25),

one uses || - || ,-penalty term instead of ||- ”?/VLP implied by usage of the formula (5.46), however.
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Theorem 5.13. Let @ : V — RU {400} be convezx, lower semicontinuous, proper,
and possess, for any € > 0, a convex, Gdteauz differentiable reqularization ®.
V — R such that L : V. — V* is bounded and radially continuous and &, — ®
in the sense

YoeV: lim sup @, (v) < ®(v), (5.35a)
e—0

Ve v = limiglf O, (ve) > P(v), (5.35Db)
E—

and A :'V — V* be pseudomonotone (nonpotential, in general) and let, for some
¢ : RY — R such that lims ., o ((s) = +oo, the following uniform coercivity
hold:

D (u) + (A(u),u —v)

Jvedom® Ve >0 VueV : |

> C(lulh). (5.36)

Then, for any f € V*, there is at least one u € V' solving the inclusion (5.34).

Proof. By the coercivity (5.36) and the previous results, see Theorem 2.6 with
Lemmas 2.9 and 2.11(i)?, the regularized problem possesses a solution u. € V, i.e.

(I)/e(us) + A(ue) = f. (5.37)

Moreover, we show that the coercivity (5.36) is uniform with respect to e, and
hence u. will be a-priori bounded. Indeed, as ®. is convex, in view of (5.8), the
equation (5.37) means equivalently

D, (v) + (A(ue) — fv —ue) > Do (uy). (5.38)

Moreover, for v € dom(®) and € > 0 small enough, ®.(v) < ®(v) + 1 by (5.35a).
Using subsequently (5.36), (5.38), and ®.(v) < ®(v) + 1, we get the estimate

ClluelDlluell < @e(ue) + (Alue), ue —v)
< P(v) + (fue —v) < () + L+ || Fll (luell + [loll).  (5.39)

Hence, the sequence {uc}<>0 is bounded and, after taking possibly a subsequence,
we can assume e — u.

Now, for v € V arbitrary, we will pass to the limit in (5.38). The right-
hand side of (5.38) can be estimated by (5.35b) while (5.35a) can be used for the
left-hand side to get:

®(v) — (f,v—u) + limsup(A(u.), v—uc)

e—0

> lim sup (q)g(v) + (A(ug)—f,v—ug)) > lilén_)iglf D (ug) > P(u). (5.40)

e—0

9The coercivity of ®. + A (even uniform in & > 0) follows via the test of (5.37) by ue — v
from (5.39) below.
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Passing to the limit with ¢ — 0, we get ®(v) + (A(u),v —u) > (f,v — u) + (u),
which is just (5.34), provided we still prove
lim sup{A(ue),v — ue) < (A(u),v — u). (5.41)

e—0

To do this, we use the pseudomonotonicity of A: we are then to verify

liminf(A(ue), v — us) > 0. (5.42)

e—0

Using (5.38) for v:= u, we have
(A(ue),u —ue) > (f,u—ue) + Pe(ue) — Po(u) (5.43)

so that, by using again (5.35),

liminf(A(ue), v — us) > li?iiélf ((f,u —ug) + P (ue) — QE(U))

e—0

> lim({f,u — uc) + liminf &, (u.)
e—0 e—0

— limsup ®.(u) > 0+ ®(u) — ¢(u) =0, (5.44)

e—0
which proves (5.42). O

Remark 5.14 (Mosco’s convergence). One can weaken (5.35a) tol?

YoeV Ju. —v = limsup P.(v.) < P(v) (5.45)
e—0
and then (5.35b) with (5.45) is called Mosco’s convergence [250] of @, to ®@; cf. Ex-
ercise 5.33 below. This is advantageous in particular if the regularization is com-
bined with the Galerkin method.

A concrete regularization ®. of ® can be obtained by the formula

2
o lu—v
D (u):= 1}Iel‘f/ ” 5 ” + @ (v); (5.46)
here ®. is called the Yosida approximation of the functional ®. Note that, for
® = §x, we have obviously ®.(u) = . dist(u, K)?. Realize the coincidence with
the penalty method (5.24) for ¢ = 2 and for || - || being the L?-norm.

Lemma 5.15 (YOSIDA APPROXIMATION). Let ® : V — R be convex, proper, lower
semicontinuous. Then:

(i) Each ®. is convex and lower semicontinuous and the family {®:}cso approz-
imates ® in the sense (5.35).

(ii) IfV and V* are strictly convex and reflexive, then each ®. is Gateauz differ-
entiable and the differential ®L : V — V* is demicontinuous and bounded.

0By weakening (5.35a) to Jv. — v : limsup,_,, ®(ve) < ®(v), we would get the so-called
I'-convergence. This would, however, not be sufficient for passing to the limit in (5.44).
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Proof. Denote W (u,v) = , |lu—v||? + ®(v).
(i) The lower semicontinuity: take uy; — w and consider a minimizer vy for
U, (ug, ), i.e.tt
2
l|lur = ve||” = 2e(Pc(ur) — ®(v)). (5.47)
As {®.(uy)}ren is bounded from above!? and ®, being proper, has an affine mino-

rant, (5.47) implies that {vk }ken is bounded. Considering v, — v (a subsequence),
by estimating the limit inferior in (5.47) we obtain

2 _~12
la 2;” +0(7) = lim ”“’“26”” +0(7) = liminf @. (uy)
— Jiming 1~ 0l T B(uy) > =l + ) (5.48)
k—oo 2e - 2e

for any © € V. Hence v minimizes W, (u, ) so that |[u — v||?/(2¢) + ®(v) = ®.(u),
which showes the lower semicontinuity of ®..

We now prove that ®. is convex: taking uj,us € V and v; a minimizer for
U, (u1,-) and vo a minimizer for ¥, (uz,-), we have

U1 + Uz . Ul + U2 U +uz v+ v2
f— <
@8( 2 ) J?é%( P ’U)—\I}E( 2 9 )

1 1 1 1
< 2\I/E(U1,U1) + 2\115(’&2,’02) = 2(I)E(U1) + 2<I>s(u2). (549)

By the obvious fact ®. < @, (5.35a) immediately follows. To prove (5.35Db),
let us realize that ®. > ®5 provided 0 < ¢ < 4. Then, for v — v and for any
& > 0, the convexity and lower semicontinuity of ®s implies

lim iglf D (v.) > lim iglf Ds(ve) > Ps(v). (5.50)
e— PN

Now, (5.35b) follows if one shows lims_,o ®s5(v) = ®(v). First, let v € dom(®P). Let
vs be a minimizer for ¥s(v, -), i.e.

v —vs|* = 26(®s(v) — P(v5)). (5.51)

As {®s5(v)}s>0 is bounded from above by ®(v) < +o0o and ® has an affine mi-
norant, (5.51) implies {vs}s~o bounded. Then one can claim that {®(vs)}s>o is
bounded from below, and then (5.51) gives vs — v. By (5.51), always

D(v) = ®5(v) = P(vs)- (5.52)
By the lower semicontinuity of ®,

®(v) > limsup ®s(v) > lign iglf Ds5(v) > lign iglf@(vg) > ®(v), (5.53)
6_}0 — —>

M Existence of vy, follows by coercivity of U (ug,-) (because ®, being proper, has an affine
minorant) and by its weak lower semicontinuity, cf. Exercise 5.28 and the proof of Theorem 4.2.
12Note that @ (uy) < |lug —w||?/e +®(w) — ||u—wl||?/e+®(w) < +oo for w € dom(P) fixed.
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showing that lims_o ®s5(v) = ®(v). Second, consider v ¢ dom(®P). Assume
lims_o ®(vs) # P(v), i.e. P5(v) < C for some C < +o00. Yet, then (5.51) again
gives vs — v and (5.53) implies ®(v) < C, a contradiction.

(ii) Let u. be a solution to the minimization problem in (5.46). From the
optimality conditions, we get

i](ug —u) 4+ 0®(ue) 30, (5.54)

cf. Examples 4.19 and 5.2. This gives u. = (I+eJ10®)~1(u) and also ®(u.) —
®(w) < I (J(u—uc), uc—w) for any w. In particular, considering some v, we will
use it for w := v := (I+eJ710®) 1 (v) to estimate (while abbreviating . = u—u.
and U, = v—v.):

a2 o112
@.(u)  @.(0) = @) — a(ve) + 12 I
J () lacll>  lloell?

< _ —
= < e Y UE> + 2¢ 2e

_ _ — 2 =12
(7D Ly (T g g

€ € 2e 2¢e
S <J(ﬂs),u_v> _ ”ﬂs”2 _ ||1_]€||2 + ”ﬂs” ||1_15H S <J(ﬂ€),u_v>. (5'55)

€ 2e 2¢e € €

In particular, !J(u—u.) € 8®.(u). By the same arguments, ®.(v) — ®.(u) <
(L J(u—uc),v—u). Denoting

Au) = iJ(u—us), (5.56)
we obtain
(Ac(v) — Ac(u),v —u) > @.(v) — De(u) — (As(u),v —u) >0, (5.57)

the last inequality being due to just (5.55). By putting v = u + tw and dividing it
by ¢t and assuming that A. is demicontinuous, one would get A.:

. O (uttw) — Pe(u)

%1_1}(1) ; = (A (u),w) (5.58)
which would show that &, is Gateaux differentiable.

It thus remains to prove the demicontinuity and also the boundedness of A..

Taking some ug € dom(®) and f € dP(ug), testing (5.56) by ue — up, and using
(5.54), i.e. Ac(u) € 0P(u.), and the monotonicity of 0P, we get

<J(u5 —u),us — u0> = €<A€(u),u0 — u5>
< 5(<A€(u),u0 — u5> + <f — A (u),ug — u€>) = <€<f, Uy — u€>. (5.59)
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Hence

ue —ull® = (J(ue—u),ue—uo) + (J(ue—u), up—u)

ellfll lluo = uell + llue — wl flu — uol|- (5.60)

IN

This implies that u +— u. is bounded (i.e. maps bounded sets into bounded sets)
and, in view of (5.56), also A, is bounded.

Now consider vy — u in V and the corresponding uge := (ug)e. Again by
(5.56), we have J(ure — ug) + €A:(ur) = 0 and also J(uie — w;) + A () = 0.
Subtracting it and testing by uge — uie, we obtain

Lg) + Ll(fl) = <J(uk5—uk) - J(ula—ul), (uka—uk) - (ula—ul)>
—|—6<A5(uk)—As(ul),uks—uls> = <J(uks—uk) — J(uls—ul),ul—uk> =: Ry.
(5.61)
We have Lﬁ) > 0 because J is monotone and also Lg) > 0 because A.(uy) €
0P (uke) and 0P is monotone. Moreover, limy ;. Rri = 0 because limy, ;o0 (ug —
u;) = 0 while both J(uge—uy) and J(ui—u;) are bounded because the map-
ping v — u. has already been shown bounded. Thus limy ;. L,S) = 0 and
lika_)OO Ll(fl) =0.
Considering (if needed) a subsequence, indexed for simplicity again by k&, such
that uge = @in V', Ao (ug) — f and J(upe —ug) — 7% in V*, and (Ag(uk), uke) — &
in R for k — oco. From limy, ;. Lg) =0 we get

0 = lim (klirgo <A5(Uk)—A5(ul);uks_ul6>>

l—o00

= lim (¢ = (foue) = (Acw),i—u) ) = 26— 2(f,@).  (5.62)

Hence (Ac(ug),ure) — (f, ). Since ® is monotone and A.(ux) € P(uge), we
have 0 < (A.(ug) — y,uge — 2) — (f —y,% — 2z). As it holds for any (y, z) such
that y € 0®(z) and as P is maximal monotone, cf. Theorem 5.3(ii), we have
f e od(a).

Furthermore, from A, (ug) = J(up — uge)/e and from the definition (3.1) of
J, we obtain

(Ac(ur), uke — ug) = [Juge — url” = €3[| Ac(ug) |« (5.63)

In the limit, ||@ — u? < liminfg_ oo [|uge — ug||? = limg oo (EA: (ug), Upe — ug) =
(ef,u—u) < el||f|l«]|a—u|. Hence, in particular, ||t—ul|| < €| f||+. Conversely, again
by using (5.63), || f||? < eliminfy_ oo || Az (ur)||? = limg— oo (Ac(ur), up — uge) =
(fyu—1a) < ||fll«]lu — @], hence || f|l« < ||u — @||. Hence altogether we proved
el|lfll« = |Ju — @&|| and thus also

ENFIZ = llu—al? < (ef,a—u) <ellflllu—all = | fI2 (5.64)
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hence (ef, % — u) = || f||2. Altogether, we proved J (@ —u) +ef = 0.
Therefore, & = u. and f = A.(u). Since this limit is identified uniquely, we
have A.(ux) — f = Ac(u) for the whole sequence. O

Remark 5.16 ( Yosida approzimation of monotone mappings). The differential ®.
can be understood as the so-called Yosida approximation of d®. In general, a
monotone mapping A, : V — V* defined by!'?

—1 4y-1

A() = J(u (I+5i A)7H(w)) 7 (5.65)
is called the Yosida approximation of the monotone (generally non-potential set-
valued) mapping A : V = V*; for V = R" see also (2.153b). Let us note that in the
proof of Lemma 5.15, we actually proved that, if V' is strictly convex together with
V* and if A is maximal monotone, then A, : V' — V* is monotone, bounded, and
demicontinuous. Moreover, it can be proved that w-lim._,o A.(u) is the element
of A(u) having the minimal norm, and that, if V is a Hilbert space, A. is even
Lipschitz continuous.

Corollary 5.17. Let V be reflezive, ® : V — RU {400} convex, proper, and lower

semicontinuous, A : V. — V* be pseudomonotone and

(i) @(v) > |v||* for some o> 1, and <A(7ﬁ)7j‘f—v>
v€Dom®, or

(ii) ® be bounded from below and A be coercive in the sense:

be bounded from below for some

Jv € Dom(®) : AW U (5.66)

llul[—o0 [Jul]

Then for any f € V* there is at least one u € V solving (5.34).

Proof. By Asplund’s theorem, V' can be renormed (if needed) so that both V' and
V* are strictly convex. Then, by Lemma 5.15, ® possesses the smooth regularizing
family {®.}.~o with the property (5.35) and with a bounded and demicontinuous
O’ Let us verify (5.36):

The case (i): for any 0 < ¢ < gq with &g fixed, one gets!?

. o el = Toll)?
Pelt) 2 el = I T ey TR o

Holl* = [+ ¥ (lull) = 72, where 7o, +agore,™ = |ull, (5.67)

[lu = v]?

where [| - |*]s, is the Yosida approximation of the scalar function | - |*; the
last estimate follows likewise the second estimate in (5.52) while the equation

13Note that J is single-valued as V* is supposed strictly convex; cf. Lemma 3.2(ii).
M We used [lu — vl| > max(||ull = [[v]], [[v]| — [lull) so that also [lu —v[[* > (||ull — [[v[)*.
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for 7., is an analog of (5.54). This relation allows for an estimate r., >
gojul|min(1/(@=1) 1 /g4 for some g9 > 0, hence (5.67) yields a uniform (and
superlinear) growth at least as [Jul|™™(®) Then, adding it with the assumed
estimate (A(u),u — v)/|lu| > —C yields (5.36).

The case (ii): Without loss of generality, we can assume ¢ > 0. Then ®. > 0,
too. Then, adding ®.(u) to the numerator in (5.66) gives (5.36).

Then the assertion follows by Theorem 5.13. (|

Theorem 5.18 (MONOTONE CASE: UNIQUENESS AND STABILITY). Let the assump-
tion of Corollary 5.17 be valid. Then:

(i) If A is strictly monotone and radially continuous, then the solution u to (5.34)
is unique and the mapping f +— u is demicontinuous.
(ii) If A is d-monotone and V uniformly convex, then f — wu is continuous.

(iii) If A is uniformly monotone, then f +— u is uniformly continuous.
Proof. Take u1,us € V two solutions to (5.34), i.e., for i = 1,2,
D(v) + (A(ui), v —ui) > P(u;) + (f, v — ). (5.68)
For ¢ =1 take v = uo:
D(ug) 4+ (A(ur), ug —u1) > ®(u1) + (f, uz —u1) . (5.69)
Analogously, for i = 2 take v = u;. Adding the obtained inequalities, we get
(A(wr) — A(uz),u2 —u1) >0, (5.70)

from which we get u; = usq if A is strictly monotone.

For the demicontinuity, we use again the Minty trick: take f; — f and wu; the
solution corresponding to f;. By the a-priori estimate as in Corollary 5.17, {u; }ien
is bounded. Then u; — u (for a moment, possibly as a subsequence). Then, by the
monotonicity of A, by (5.68) written for f; instead of f, and by the weak lower
semicontinuity of ®, we get

0< 1iI_IiSup<A(’U)—A(Ui),U—Ui> < lir_risup ((A(v),v—uﬁ — P(u;) + P(v)

— (fuv=u) < (A(W). v—1) = B(u) + B(0) — (f,0=w). (571)

In particular, v € dom(®). Then, for w € dom(®), the convex combination v, :=
ew ~+ (1 — €)u belongs to dom(®). Using (5.71) with v := v, and realizing that, by
the convexity of ®, we have ®(v.) — ®(u) < e(®(w) — ®(u)), we obtain

0 < (A(ve), ve—u) + ®(ve) — ®(u) — (f, ve—u)

(A(ve),e(w—u)) +e(P(w) — @(u)) — {f,e(w—u)). (5.72)

IN A
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Dividing it by € > 0, we come to
(A(ve),w —u) + ®(w) — (u) > (f,w —u). (5.73)

Then, for € N\, 0 by using the radial continuity of A, we get that u solves (A(u),w—
u) + @(w) — ®(u) > (f,w — u), i.e. u solves (5.34). As we proved such u to be
unique, even the whole sequence {u;};en converges weakly to w.

The norm (resp. uniform) continuity in the d-monotone (resp. uniform-
monotone) case is a simple modification of (5.68)—(5.69) for f = f12 so that
(5.70) turns into (A(u1) — A(uz),us — u1) < (f1 — f2,u2 — u1) and then one can
proceed as in (2.33) (resp. in (2.34)). O

Remark 5.19. A special case: ® = i, K C V convex, closed. Then (5.34) turns
into (5.15), i.e. into the problem

Findue K: Yoe K: (A(u),v—u) > (f,v— u). (5.74)

Remark 5.20 (Another penalty functional). Considering the constraint of the type
u € K, one may be tempted to consider another norm than L?(2) used in (5.25).
Inspired by (5.46), one can consider the functional u — i(infveK fQ lu —v|P +

|V (u — v)|1”)2/p7 which however leads to a nonlocal term in the approximating
equation related, in fact, to the formula (5.65) for A = Ng. A certain caution
is advisable: e.g. penalization of K = {v > 0 on Q} by ! [, |V(u")[*dz is not
suitable because this functional is not convex.

Remark 5.21 (Abstract Galerkin approzimation of variational inequalities!®). We
can adapt the finite-dimensional approximation from Section 2.1. Instead of ug €
Vi solving I} (A(ux) — f) = 0, we will now start with u, € K C K solving
ug = Pr(ug + Jk_lfjg(f — A(ug))) where Iy : Vi — V is the inclusion, Ji : Vi, —
Vi is the duality mapping, Py : Vi — K} is the projector with respect to the
Euclidean inner product in Vj, (which is thus considered as possibly renormed)
and K C Vj is a convex closed approximation of K whose union is dense in K,
cf. also Exercise 5.39 below. In other words, uy € K}, satisfies

Yo e Ky, (A(ug),v —ug) > (f, v — ). (5.75)

The existence of uy again follows by the Brouwer fixed-point Theorem 1.10. Thus
one can show that, if A is pseudomonotone and coercive on K in the sense

Jve K: lim = +o00, (5.76)

cf. (5.66), then, for any f € V*, (5.74) has a solution.

15See Brézis [59] or Lions [222, Sect. 11.8.2].
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Remark 5.22 (Epigraphical approach). In fact, (5.74) is a universal form for (5.8)
if one makes the so-called Mosco transformation [249]: replace V by V x R, put
K :=epi(®1) C V x R, define the pseudomonotone mapping A4 : V xR — V* x R
by A(u,a):= (Az(u),1), and the right-hand side (f,0). Indeed, if (u,a) € K solves
the problem (5.74) for such data, i.e. if ®1(u) < a and, for all (v,b) € V x R,

D) <b = ((Aa(u).1), (v,b) — (w.0)) > {(£.0), (v,0) — (w.a)), (5.77)

then a = ®1(u) and u solves (5.8).16 The previous Remark 5.21 allows us to give
an alternative proof of Corollary 5.17 under the following coercivity condition:

v € dom(®) : T 1Ol (5.78)

llul[—o0 [Jul]

5.4 Excursion to quasivariational inequalities

There is a sensible generalization of (5.8) by allowing the convex functional ®; to
depend on the solution w itself, i.e. &1 = ®(u, -) for some ® : VxV — R. For A =
As monotone (not necessarily potential) we come to a so-called quasivariational
inequality

YVoeV: @(u,v)+ (A(uw),v —u) > ®(u,u) + (f,v — u). (5.79)

To prove the existence of a solution to (5.79), various fixed-point theorems
are usually used. Here, we use the Kakutani’s Theorem 1.11. We denote by M (w)
the set of the solutions u to the following auxiliary variational inequality:

YoeV: @®(w,v)+ (Au),v—u) > ®(w,u)+ (f,v— u). (5.80)

Lemma 5.23. Let A be monotone, bounded, radially continuous, w +— ®(w,-) be
weakly continuous in Mosco’s sense, i.e. for allv,w € V,

Vwp = w Fup, — v limsup @ (wy, vg) < ®(w,v), (5.81a)
W —w
vV —v

Vw = w Yo —=v:  liminf ®(wg,vr) > ®(w,v), (5.81b)
W —w
Vi —U

and, for any w €V, ®(w,-) > 0 be convez, dom(®(w,-)) 0, and A be coercive.
Then M(w) := {u € V; u solves (5.80)} is nonempty, closed and convez, and

6Tndeed, choosing (v, b) := (u, ®1(u)) in (5.77), we get ®1(u) > a, hence ®1(u) = a. By this
and by putting (v,b) := (v, ®1(v)) into (5.77), we get just (5.8) with v arbitrary.
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M :V =V is weakly upper semicontinuous, i.e.'”
Wi — w,
up — u, =  uec Mw). (5.82)
Uk EM(wk)

Proof. By (5.81Db), in particular, ®(w, -) is weakly lower semicontinuous and then,
by pseudomonotonicity of A and the coercivity, (5.80) has a solution; cf. Corol-
lary 5.17. Hence M (w) # 0.

Take u; and ug two solutions to (5.80), i.e. after a trivial re-arrangement:

®(w,v) — ®(w,u1) + (f,ur — v)
®(w,v) — ®(w,u2) + (f, us — v)

(A(ur), u1 — ), (5.83a)
(A(uz),u2 —v). (5.83b)

Then we add it together, divide it by 2, and subtract the trivial identity (A(v), uo—
v) = 5(A(v),u1 —v) + 5 (A(v), up — v) where ug = Ju; + yus. Using subsequently

the convexity of ®(w,-), (5.83), and the monotonicity of A, we get

P (w,v) — ®(w, ug) + <f — A(v),ug — v> > ®(w,v) — ;‘I’(w,ul) - ;‘I’(w,uQ)
+<f, ;ul + ;uz — v> — ;<A(v),u1 —v)— ;<A(v),u2 —v)
> ;<A(u1) — A(v),u1 —v) + ;<A(uz) — A(v),uz —v) > 0.

This is essentially the desired inequality if one replaces A(v) by A(ug), which can
be however made by Minty’s trick by putting v = ez + (1 — e)up with 0 < e <1
and proceed as in (5.72)—(5.73). This shows that uy € M (w). As u; and uy were
arbitrary, by Proposition 1.6, M (w) is shown convex if closed. This closedness
follows from (5.82). To show it, take wy, — w and uy — w such that u, € M (wy).
In view of (5.80) for wy, instead of w, this means for any v, € V:

D (wi, vg) + (Alug), vp — ug) > ®(wg, ug) + (f, v — ug). (5.84)

Now we consider v € V' arbitrary and a suitable sequence {uvg}ren converging
to v so that (5.81a) holds. By Lemma 2.9, A is pseudomonotone, and thus we
can pass to the limit in (5.84) entirely similarly as in the proof of Theorem 5.13
with Remark 5.14, which gives (5.80). Hence u € M (w), as claimed in (5.82). In
particular, for w, = w we get that M (w) is closed. O

Theorem 5.24. Let the assumptions of Lemma 5.23 be fulfilled with ®(w,0) <
C(1+ ||w|) with C < 4+o00. Then (5.79) has a solution.

I7Let us recall the generally applied “sequential” concept, i.e. (5.82) defines “sequential” weak
upper semicontinuity. This is because the generally assumed separability and reflexivity of V
(hence of V* too) makes the weak topology metrizable if restricted to bounded sets and then
the “sequential” concept can be applied equally as the usual general-topology concept.
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Proof. By (5.80) with v = 0 and by the assumed coercivity of A, for any u € M (w),
w € V, we have the a-priori estimate:
CUlulDl[ull < (A(w), u) < ®(w,u) + (A(u), u)
< @(w,0) + (f,u) < C(1+ Jlwl) + [1f][]lull

with some ¢ : RT — R* such that lim,_, ((r) = 4+00. Divided by ||u||, this gives

1+ [|w]
[l

C(lul) <€ + 171 (5.85)

from which we can see that M (B) C B for a sufficiently large ball B C V.

By Lemma 5.23, we can thus use the Kakutani fixed-point Theorem 1.11 for
the ball B endowed with a weak topology to show the existence of u € V such
that M (u) > u. Such u obviously solves (5.79). O

Example 5.25. For the typical case ®(w,u) = dg(w)(u), (5.79) turns into the
quasivariational inequality:

Findue K(u): YoeK(u): (A(uw),v—u)> (f,v—u). (5.86)

Then (5.81a) means that the set-valued mapping K : V = V is so-called
(weak,norm)-lower semicontinuous in the Kuratowski sense'® while (5.81a) is just
(weak,weak)-upper semicontinuity!®.

Example 5.26. Let us consider V = WOM(Q), A=—-A, and

P (w,v):= / o(z, w(x),v(zr))dz (5.87)

Q
with ¢ : Q@ x R x R — R a Carathéodory mapping satisfying the growth condition
JaeLY(Q), beRT 1 |p(x,r1,m2)] < a(z) +b(jri >~ +|r2> 7). (5.88)

Then ® : WH2(Q) x WH2(Q) — R is (weak x weak)-continuous; use the compact
embedding W12(Q) € L? ~¢(Q2) and then the continuity of the Nemytskil mapping
N, L2 =¢(Q) x L2 =¢(Q) — LY().

Supposing additionally that ¢(z,71,-) > 0 is convex and ¢(z,71,0) < v(x) +
C|r1] with some v € L*(2) and C € R, we can prove the existence of a solution
ueW,*(Q) to the quasivariational inequality

/ o(x,u,v) + Vu - V(v —u)dr > / oz, u,u) + g(v —u)de (5.89)
Q Q

for any v e WO1 2 (€2) which corresponds, in the classical formulation, to the problem:

—Au+ Opo(u,u) > g in €, (5.90)
u =0 onl.

18 This is, by definition: Yup — u € V Vo € K(u) Jui, € K (ug): vp — v.
9This is, by definition, just (5.82) with K in place of M.
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5.5 Exercises

Exercise 5.27. Specify the potential ® of A from Figure 10b and c¢.2°

Exercise 5.28. By using Proposition 1.6, show that any convex lower semicontin-
uous functional ® : V' — R U {+o00} is weakly lower semicontinuous.?!

Exercise 5.29. Show 9(®1+®3)(u) C 0P (u)+0P2(u) for &1, P : V—-R convex.??

Exercise 5.30. Show that ® convex and 0® : V = V* coercive imply ® coercive.?
Exercise 5.31. Assuming ® convex and lower semicontinuous, prove that the graph
of the multivalued mapping 9® : V = V* is (weakxnorm)- and (normxweak)-
closed.?*

Exercise 5.32. Show that, if ® : V' — R is Gateaux differentiable and convex, then
0% (u) = {®'(u)}.?

Exercise 5.33. Modify the proof of Theorem 5.13 if &. — ® only in Mosco’s sense,
i.e. (5.35b)—(5.45).%6

Exercise 5.34. Modify Theorem 5.18(i) for the case A = A; + Az with A; monotone
and radially continuous and As totally continuous, to obtain upper semicontinuity
of the set-valued mapping f — {u € V; u solves (5.34)} as (V* ,norm)= (V,weak).

Exercise 5.35. Verify the convergence ®. — ® in the sense (5.35) for & = dx and
®.(u) =, dist(u, K)? directly, without using Lemma 5.15.

Exercise 5.36 (Two-sided obstacles). Consider wy,ws € WP(Q), w; < wy in
Q, K ={veW"(Q); w1 < w < wy}, and the variational inequality (5.19).
Formulate the complementarity problem like (5.18) for this case and modify the
proof of Proposition 5.9 accordingly.

Exercise 5.37 (Obstacle on T'). For some w € W'~1/PP(T"), consider the so-called
Signorini-type problem, i.e. (in the classical formulation) a problem involving the

20Hint: the absolute value |- | and the indicator function 0[=1,1)(), up to a constant, of course.

21Hint: Assume the contrary, i.e. | := limy_ o ®(ug) < ®(u) for some up — u, and realize
that the level set L = {v € V; ®(v) < I} is convex and closed because ® is convex and
lower semicontinuous. By Proposition 1.6, L is weakly closed, so that L dw-limg_, o ur = u,
i.e. ®(u) <1, a contradiction.

22Hint: It follows directly from the definition (5.2).

23Hint: modify the proof of Theorem 4.4(i).

24Hint: assume either uy — w and f, — f or up — u and f;, — f, and make a limit passage
in the inequality in (5.2).

25Hint: By (5.10), (®'(u),v — u) = D®(u,v — u) < ®(v) — ®(u), hence ®'(u) € IP(u).
Conversely, consider f € 0®(u), i.e. ®(v) — ®(u) > (f,v — u) for all v, and in particular for
v :=u+ ew, hence (P(u + cw) — ®(u))/e > (f,w). For € \, 0, deduce DP(u, w) > (f, w). Since
D®(u,w) = (®'(u), w), hence f € &' (u).

26Hint: Put ve instead of v into (5.38) to be used for (5.40), and then use lim sup,_, o (A(ue), ve —
ue) = lime 0 (A(ue), ve —v) +limsup, _,o(A(ue ), v — ue) where the first right-hand-side term is
zero if v — v, as assumed in (5.35a).
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complementarity Signorini-type boundary conditions on I' only:

—d1v(|Vu|p QVU) —|—c(u) =g in Q,
u > w, onI’
(|Vup—2 g:j +b(z,u) —h)(u—w) = 0
Assemble the weak formulation which involves the convex set
K:= {ue W"P(Q); u(z) > w(z) for a.a. z€T} (5.92)

and show the relation with the classical formulation.?” Modify (5.25): consider
q < p” and the penalty term in the form (eq)~ fF w—u)*|9dS. Show the a-priori
estimates [[uc|lw1r() = O(1) and [[(w—ue)™ || Lo(r) = O(¥/e) and the convergence
for ¢ — 0.28 Further, modify the equation by adding ¢(u) - Vu or ¢(Vu) as in
Exercise 5.42.

Exercise 5.38 (Dirichlet boundary condition). Instead of (5.92), consider
K:={ueW"?(Q); u>wonQ, ulp =u, onT}, (5.93)

which is nonempty if w|r < u,. Modify Section 5.2.

Exercise 5.39 (Ritz” method). Consider ) polygonal, ® from (4.23), K = {’U €
WhP(Q); v > win Q} as in (5.20), Vj a finite-dimensional subspace of W12 ()
constructed by the piece-wise affine finite elements, cf. Example 2.63. As in (2.61),
define ®o(u) = ®(u+w) and prove existence of a minimizer uy € Vj, of @ subject
to ug > 0 a.e. in Q. Further, prove?’

cl( U {veVi; v 0}) = {veWw'?(Q); v >0}, (5.94)

keN

derive a-priori estimates, and show convergence by a direct method, i.e. with-
out Minty’s trick, as in (5.28)—(5.29), of ui to ug, a minimizer of &g on {v €
WhP(Q); v > 0}. Show that u = ug + w solves the original variational problem,
more precisely it minimizes of ® on K.

27Hint: Just simplify the proof of Proposition 5.9.

28Hint: Use the test by v = us — w. For convergence, modify the proof of Proposition 5.10.

29Hint: Realize density of smooth nonnegative functions in {v € W1P(Q); v > 0}, which can
be proved by applying a convolution with a mollifier (for n = 1 see also (7.11) in Sect. 7.1 and
Figure 16). Note that the general constraint v > w would not be preserved by mollifying v, which
is why the shift ®o(u) = ®(u + w) was made.
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Exercise 5.40 (Galerkin method). Consider A(u) := —div(AVu) with A € R™»*"
positive definite (but, in general, nonsymmetric hence the problem is nonpotential)
on a polygonal domain €2, and the unilateral problem

—div(AVu) > g
u > w on 2,
(div(AVa) + g)(u —w) = 0 (5.95)
u =20 onlI'.

Use the transformation (2.61) to get a problem like (5.95) but with g 4 div(AVw)
and 0 in place of g and w, respectively. Make the approximation by a finite-
dimensional subspace Vi, of W1P(2), use (5.94), derive a-priori estimates and
show convergence either by Minty’s trick or by a direct limit passage.?°

Exercise 5.41 (Regularization of the elliptic variational inequality I). Consider
(5.18) but with a = a(s) nonpotential and the regularization (5.25). Assume a(z, -)
monotone and b = b(r) and ¢ = ¢(r) having a sub-critical growth, i.e. (2.56b,c)
holds. Show a-priori estimates |[uc||wir) = O(1) and [(w — ue)||L2) =
O(+/g).3! Further, show the convergence u. — u in WP(Q), u a weak solution to
(5.18) by using the Minty trick.>?

Exercise 5.42 (Regularization of the elliptic variational inequality II). Consider

1

—Aue +c(Vus)+ uf = g inQ,
€

0 onT,

(5.96)

u

where u™ = max(0,u), with ¢ continuous of sub-linear growth, i.e. |¢(s)] < C(1 +
|s|'~¢) as in Exercise 2.81 for p = 2. Show a-priori estimates ||uc||yw1.2(q) = O(1)

30Hint: Use imsupy_ o0 [, (Vv — Vug) TAVug do < [ (Vo — Vug) T AVug da if ug, — uo.

31Hint: This is essentially as in the proof of Proposition 5.10.

32Hint: Take v € K and prove the inequality (5.19): multiply the equation in (5.25) by (v—1u.),
apply Green’s formula and use the boundary conditions in (5.25) to get

1 _
/ a(Vue) - V(v —ue) + c(ue) (v —ue) — . |(w - Ug)+|q 1(1} —ue)dx
Q
+/ b(ue)(v —ue)dS = / g(v —ue)dz +/ h(v —ue)dS.
r Q r
Realizing non-negativity of the term e~! ‘ (w—wue)t |q_1(v —ue) if v > w, arrive at

/ﬂa(Vug)-V(v—ug)+c(u5)(v—u5)dm+/Fb(us)(v—us)ds2/§Zg(v—u5)d:r+/rh(v—u5)d8.
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and [Juf||L2() = O(y/€).?* Further show convergence to the weak solution to the
complementarity problem:3*

—Au+c(Vu) < g,
u < 0, in Q,
(5.97)
(Au—c(Vu) +g)u = 0,
u =20 onT.
Exercise 5.43 (Bingham-fluid-like model). Consider the potential:3®
D(u) = / e|Vul|? + |Vu| + 8lu — > + fu dz (5.98)
Q

Use monotonicity of a(z,-) and the above inequality to get

0

IN

/ﬂ (@(Vue) — a(V0)) - (Ve — Vo) de

IN

/Q (9 — c(ue)) (ue — v)daw + /1; (h —b(ue)) (ue —v)dS — /Q a(Vv) - (Vue — Vo) dx
— / (9 —c(w)(u—v)dz + / (h = b(u)) (u—v)dS — / a(Vv) - (Vu — Vo) dz;
Q T Q

the limit passage in lower-order terms used c(us) — c(u) in LP*I(Q) by compactness of the
embedding W12 (Q) C " ~¢(Q2) and continuity of the Nemytskil mapping N¢, and also b(u:) —
b(u) in LP#,(F) by compactness of the trace operator W1 P(Q) — LP#_E(F) and continuity of
the Nemytskil mapping N. Then modify Minty’s trick as in Theorem 5.18: put v:=¢ez+(1—¢)u
for e € (0,1] and z > w; note that such v lives in K. Asv—u=¢ez+ (1 —e)u —u = e(z — u),
this gives

/ a(eVz+ (1—e)Vu) - eV(z—u)dz > / (9—c(u))e(z—u)dx +/ (h—b(w))e(z—u)dS.
Q Q r

Divide it by € > 0, and pass to the limit with £ — 0. It gives just the desired inequality (5.19).
Finally, d-monotonicity implies the strong convergence, cf. (5.31).
33Hint: test (5.96) by ue.
34Hint: By the a-priori estimates we can select a subsequence ue — u in WH2(Q), u < 0 a.e. in
Q. For any v € W12(Q), v < 0, by using (5.96),

1
/ |Vue — Vol?de < / |Vue — Vo|? + p (uF — v (ue —v)dz
Q Q

/ (9 — c(Vue))(ue —v) = Vo - V(ue —v) — 1v+(u5 —v)dz — 0
Q 5

because g — ¢(Vue) is bounded and ue — v, and the last term vanishes as v < 0. In particular,

take v := u to see that ue — wu in Wol’Q(Q). Thus pass to the limit in the nonlinear Nemytskii
mapping N, i.e. ¢(Vue) — ¢(Vu). Then, by (5.96) tested by v — u., make a limit passage in
1
/Vus V(v —ue) 4+ (c¢(Vue) — g) (v — ue)de = — / ud (v —ue)dz >0,
Q €JQ

provided v < 0, which gives the weak formulation of (5.97).

35For § = 0, this is a scalar version of a so-called Bingham-fluid model, while in case n = 2
and f = 0 this problem has another interpretation in image enhancement/reconstruction.
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with € > 0 a regularization parameter, @ € L?(f2) given. Show the existence of a
unique minimizer u € WO1 -2 (). Formulate the corresponding variational inequality.

Exercise 5.44 (Plasticity-like model®*®). Consider the problem: find u € WO1 Q)
such that |Vu| <1 a.e. in Q and

Yoe W, ®(Q), |Vo| <1 (ae.): /Qa(Vu)-V('U—u)dx > /Qg(v—u)da:. (5.99)

Moreover, assume a(s) - s > |s|? and |a(s)| < C(1 + |s|P~!), and a(-) monotone,
and use a penalization by the functional u — [, ((|Vu|— 1)+)de/(2a). Show that
it leads to the approximate problem (in the classical formulation):

g in €,

—div(a(VuE) + (Ve = 1)+ Vue)

g|Vu€| (5100)

u. = 0 onT.

Further, assume g € Lmax@*’p*)/(Q), and show existence of a weak solution
Ue € Wol’max(Q’p)(Q) to (5.100), a-priori estimates by testing (5.100) by u.3® and
convergence 1z — u in W3 ™) (Q) where ue W)™ (Q) satisfies (5.99)3. Even-
tually, modify the whole procedure for a = 0.

Exercise 5.45 (Quasivariational inequality). Verify (5.81) for the case ®(w,u) =
Ok (w) (u) provided K (w) := {veWP(Q); |Vo(z)| < m(w(z)) for a.a. z€Q} with
p>nand m: R — RY continuous, m(-) > & > 0.4° Assuming a(s) - s > |s|? and
la(s)] < C(1 + |s|P71), show the existence of a weak solution in WP (Q). Note
that, for m = 1, one arrives at Exercise 5.44.

36This complementarity problem is related to a stress field in an elastic/plastic (or, rather,
inelastic) bar undergoing a torsion via a Haar-Karman principle; n = 2 and Q C R? is then
the cross-section. See e.g. Elliott and Ockendan [117, Sect.IV.6], Friedman [131], or Glowinski et
al. [156, p.6 & Chap.3]. Alternatively, the variant a = 0 is related to (a steady-state of) a sand
flow; in the evolution variant see Aronsson, Evans, Wu [17].

37Hint: The directional derivative at ue in the direction v is i Jo(IVue|-1)* Ig;‘:z‘ -Voude.

38Hint: Test (5.100) by u. and realize the estimate s-s > (|s|—1)1|s| for s €R™, so that

(IVuel - 1)* 1 e
/Q e[V Vue - Vuedz > p /Q ((|Vu5\ — 1) ) dz.

39Hint: Test (5.100) by v — ue with |Vu| < 1 a.e. in Q, realize that
— 1t

([Vuel = 1) Vue - (Vo —Vu:) <0 ae. on

e|Vue|

and continue the proof as in (5.31) by showing the strong convergence in WP (). To show that
|[Vu| <1 a.e. in Q, estimate the limit inferior in the estimate

(1 Vue| — 1)+||L2(Q) = 0(Ve).

40Hint: For (5.81a), one needs to show: Ywy — w in Wol’p(Q) Yu € Wol’p(Q), [Vu| < m(w)
Jug: up — w in Wol’p(Q) and |Vug| < m(wyg) for all & € N. By the compact embedding
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Exercise 5.46. Modify Example 5.26 for ®(w,v) := [, ¢(z, w(z), Vo(z))dz with
¢ = @(z,r,s). Thus solve the inclusion —Au — div(ds¢p(u, Vu)) > g with the
boundary condition {;91/” + v - 0sp(u, Vu)) 3 0, which modifies (5.90).

Exercise 5.47 (Dual problem). Consider Exercise 5.38 with u, = 0 and the p-
Laplacean, i.e. the complementarity problem
—div(|Vu|p_2Vu) >g, u>w,
in Q,

(div(|VulP=2Vu) + g) (u—w) =0
u=0 onI,

(5.101)

and, using (8.230) on p.272, show that the dual problem uses the convex functional
U from (5.33) in the form®*!

T(\) = /Qw/\— ;!VAgl(g—/\)!pdx, AEWEP(Q)* 2 W1 (). (5.102)

5.6 Some applications to free-boundary problems

Variational inequalities are often directly fitted with various unilateral problems
naturally arising in sciences, as the unilateral contact problem on Figure 12. Some-
times, (quasi)variational inequalities arise from concrete free-boundary problems
only after sophisticated transformations, which is illustrated in this section in
concrete cases.

5.6.1 Porous media flow: a potential variational inequality

We consider the simplest model of a porous, permeable, isotropic, and homoge-
neous medium undergoing a flow (a seepage) of an incompressible fluid in a wet,
fully saturated domain while the rest is completely dry. Another simplification
concerns a geometry consisting in a cylindrical vertically oriented domain; to be
more specific, let us consider two reservoirs adjacent to this domain which can
be then considered as a dam. In addition, we consider nonpermeability of the flat
horizontal support and of the sides which are not adjacent to any reservoir, and

Wol’p(Q) € L°°(Q), realize that m(wy) — m(w) in L°(Q), take ui := Apu with Ap :=
ming (m(wy)/m(w)) — 1. For (5.81b), one needs to pass to the limit in |[Vug| < m(wy) if
(ug, wr) = (u,w) in Wol’p(Q)z. Again, by Wol’p(Q) € L (), m(wg) — m(w) in L>°(§2). More-
over, for every M C 2 measurable, by weak lower semicontinuity of convex continuous functions,
Jo m(we) de = limg_ o [, m(wy) dz > liminfy_ o [5, [Vug|de > [, |Vu|de, from which
m(w) > |Vul a.e. in Q.

4 Hint: read (8.230) as minuEWOl"’(Q) Jo ;\Vu\l’ — fudr = —SUP, cylp (g Jobu —

117|Vu|pdm = —;, HVA;ISHZ,(Q;R") and then substitute £ := g — .
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no source on the free boundary (i.e. no contribution by rain water).*? We use the
notation (cf. Fig. 13 on p. 154):

v velocity of the flow,

7 a piesometric head; we consider®® 7 = x3 + p, where p is a pressure,

¢ : R? — R a function whose graph is the free boundary x3 = ¢(z1, z2),

h, the altitude of the upper reservoir,

h,, the altitude of the lower reservoir,

k the permeability coefficient.
The seepage flow is then governed by Darcy’s law together, of course, with the
continuity equation, i.e. respectively

v=—kVr, (5.103a)
diveo=0. (5.103b)

This gives kAm = 0 so that
Ap=A(r —z3) = Ar =0. (5.104)

On the free boundary, whose position is not known a-priori, there are two condi-
tions
p=0 and wv-v=0, (5.105)

which would seemingly create an overdetermination if it were not the fact that the
position of the free boundary itself is not determined in advance. In (5.105), v is
the unit normal to the free boundary oriented from the dry region to the wet one,
which, in terms of ¢, means

o 0
(82 2.1)
v= 2 ieerr . L
0\
VIZES +135F +1

Comparing (5.103a) with the second condition in (5.105) yields gup = _8811 T3 =

—vs3, so that (5.106) then results in
op 0p  Op Op _ Op
8{E1 8951 8{E2 81'2 8$3

The other boundary conditions are outlined in the left-hand part of Figure 13.
We apply the so-called Baiocchi transformation:

(5.106)

=1. (5.107)

p(z1,72)
w(x) = u(wy, v, 3) = /I p(z1,22,§)d€  for x5 < p(x1,22),

3

0 for x3 > (a1, x3).
(5.108)

42Gee the monographs by Baiocchi and Capelo [27, Chapter 8], Chipot [86, Chapter 4], Crank
[97, Chapter 2], Duvaut and Lions [112, Appendix 2], Elliott and Ockendon [117, Sect. IV.4],
Friedman [131], Rodrigues [300, Sect. 2.3], where more general situations can be found, too.

43More generally, one should consider @ = x3 + p/(0g) with o the mass density and g gravity
acceleration. Here we put pg = 1 for simplicity.
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Obviously, aisu = —p. In view of (5.104), we get:
Au = g(x) on Qy = {ze€Q; u(z) >0}; (5.109)

where we implicitly assume p > 0 so that 24 represents the wet region. To deter-
mine g, let us apply 821 and 822 to (5.108), which gives

o _ /ga(iEhiW) 8p($1,$275)d€
8$1‘ 3 3I1
) e(r1,22) 0, ) ’
+ a.;p(zla«IQa(P(IlaIQ)) = /gc3 p(zéw? g d¢ (5.110)
%

for i = 1,2 because p(z1,z2,¢(x1,22)) = 0. Applying again o2, and using both
(5.104) and (5.107), we obtain

Pu | 0Pu /W(zl’“) Pp(a1,22,€) n p(x1,22,€) de
ox3  0x%  J,, Ox? 023
dp Op d¢p Op
+ axl 8$1 ((E17$2, QD(iUl,.’L'Q)) + axz 8$1 ($1,$27 QD((E17{E2))
p(z1,72)  H2
p(T1, 72, &) op
= — d¢+1
/gc3 022 §+1+ D3 (21, 22, 0(x1,22))
op o(z1,22) dp
= |- 1
[ O3 (xhxz,ﬁ)]g:ms +1+ D5 (21, 22, p(21,22))
dp 0%u
=1 =1- . 5.111
+ Ox3 x? ( )
Comparing it with (5.109), we get g = 1.
! ~_| nonpermeable sides u=(><./
. S
| . _dryregion= 1 free boundary u—)r 0
----- s - =
: -7 =0~ |
upper i -p ot . - Q |u=0
1 ~. -
reservoir I =0 1 2 N e
h wet region 'ﬁm M=§(hU'X3) ~ B
U (saturated) 4 lower . A /**
X3 p=hx, ! | reservoir 7
/X% || == 1S -
X1 2 P 4 l L
nonpermeable bottom/ , y = p=h;-x; u=w u= % (h;- x3)

Figure 13. Geometric configuration of the dam problem and boundary conditions; orig-
wnal (left) and transformed (right).
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The boundary conditions on the vertical sides are either the Dirichlet or the

Neumann ones:*4

0 on the upper side,

"y ;((hU — x3)+)2 on the side adjacent to the upper reservoir (5.1122)
;((hL — x3)+)2 on the side adjacent to the lower reservoir
w on the bottom, nonpermeable side,

0

au =0 on the vertical nonpermeable sides. (5.112b)

v

The Dirichlet boundary condition at the bottom part uses continuity of u
and aag;u + aajgu = 0, which implies that the function w = w(z1,x2) occurring
in (5.112) can be determined as the unique solution to the following 2-dimensional
boundary-value problem:

Pw 0w
5 + , 5 =0 on the bottom side,
Oxy  Ox;
w = éh% on the bottom edge adjacent to the upper reservoir,
w = ;hf on the bottom edge adjacent to the lower reservoir,
ow
o = 0 on the bottom edges adjacent
v
to the nonpermeable sides.

(5.113)
These boundary conditions are outlined in the right-hand part of Figure 13.

As p > 0 should hold from physical reasons, u should be nonincreasing along
the x3-direction, hence u > 0. In the dry region one has u = 0, hence 1 — Au =
1 > 0, while in the wet region we derived 1 — Au = 0 in (5.111). Altogether, we
get the following complementarity problem®®

(Au—1)u=0,
aauuZO, u >0,

u(aauu) =0

~Au+1>0, u>0, } ,
in €,

. . (5.114)
on nonpermeable vertical sides of T',

u|r prescribed in (5.112a) on the rest of T

440n the upper-reservoir side, aiau = —p = hy — x3 implies u = é(hU — 23)?, and similar
condition but with h;, instead of h; takes place on the lower-reservoir side.
- . 2
45This follows from (5.111) by using 512 u=— afzap =— 623 741 = 1 because 623 T=vrv=0
3

on the bottom side.
46Note that the Neumann condition (5.112b) is replaced by the complementarity condition on
the nonpermeable vertical sides of T', but these are equivalent with each other if u is regular

enough because, in the dry region, v = 0 implies Vu = 0 hence v - Vu = aayu = 0 on the dry

boundary while on the wet boundary u > 0 and u ( aayu) = 0 imply aauu =0.
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The corresponding weak formulation admits a unique solution v € K := {v €
Wh2(Q); v|r satisfying (5.112a)}, which can be proved straightforwardly by the
direct method as in Theorem 5.3(iii) with ®(u) := [, 5|Vu|? — udz for u > 0
a.e. in (2, otherwise ®(u) = 4o00. Therefore, the original problem has a unique

(very weak) solution p = —823u € L*(Q).

5.6.2 Continuous casting: a nonpotential variational inequality

A great amount of steel is nowadays casted continuously: hot liquid steel is con-
tinuously filled from the top into a mold cooled by water (cf. Figure 14(left)),
partly solidifies but keeping still a hot liquid kernel, and continuously extracted
by rollers and further cooled down to a complete solidification and then cut to
a final product. We shall present only a very simple steady-state model of this
advanced technology.*” The following notation will be used, cf. also Figure 14
below:

0o temperature of the liquid phase (melting temperature),

6, final temperature of the cooled outlet,*8

02(x) temperature of the environment,

b > 0 the heat-convection coefficient,

¥ = (0,0, v3) extraction velocity,

k> 0 the heat-conductivity coeflicient,

¢ > 0 the heat-capacity coefficient,

£ > 0 the latent heat,

x3 = p(x1,z2) a free boundary between the liquid and the solid phases.
Naturally, we assume 61 < g, 02(z) < 0y, and vs, k, ¢ and £ positive. The equation
for the temperature 0 in the steady-state extraction regime is:

¢ VO = KAD if 0 < 0. (5.115)

The so-called Stefan condition on the free boundary expresses that the normal
heat flux —kVEO-v =k 8‘9,}0 is spent as the heat needed for the phase change, here

the solidification, £v - v:

00
e e —07 - v, (5.116)

47Qur simplifications involve, in particular, calm liquid phase on the melting temperature
(i.e. we neglect convection in the liquid part like in Section 6.2), linear heat equation (i.e. we
neglect Stefan-Boltzmann radiation on the boundary like (2.114) and temperature dependence of
c and k), solidification at a single temperature (i.e. no over-cooling effects, no mutual influence of
the melting temperature and chemical composition of a steel which is, in fact, a mixture of iron
and other elements such as carbon, etc.), known temperature 62 at the mold side (temperature
distribution in the mold is not solved), etc. Besides a huge amount of papers, the reader is
referred to a monograph by Rodrigues [300, Sect. 2.5].

48This will represent a Dirichlet boundary condition on the bottom end (cf. Figure 14(left))
which, however, is rather artificial and simplifies the heat convection in the continuation of the
casted workpiece. Yet, this does not essentially influence the process in the upper part if vs is
large enough and the bottom end is far enough from the mold.
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where v is the unit normal oriented from the liquid phase to the solid one. As also
0 = 0y on the free boundary, we have seemingly too many conditions on it but, as
in Section 5.6.1, again the position of the free boundary itself is unknown and is
to be determined just in this way that both (5.116) and 6 = 0 are fulfilled. As the
heat equation is considered only in one phase (here solid) while the temperature of
the other is assumed constant, this problem is called a one-phase Stefan problem.

The other boundary conditions are outlined in the left-hand part of Fig-
ure 14, in particular the conditions on the vertical boundary reflect the cooling by
convection:

o0
Ky = b(z) (0 — b2(z)). (5.117)
14
CONTINUOUS REFILL ﬂOF LIQUID STEEL u=0
T
L e e .
5 J7\o=q Ay
MOLD Q) K%+b u=b h(x)

k284b 6= 6,(x)

[t
\ FREE __— | \ |
BOUNDARY )
Tg B
| STNES \LextractlorL

velocity v=(0,0,v3 ) Tc%:_el

©)

DRIVING
ROLLERS

a8
=
i)

Figure 14. Geometric configuration (as a cross-section) of the continuous casting prob-
lem and boundary conditions; original (left) and transformed (right).

In terms of the auxiliary function ¢ = ¢(x1,z2) describing the free boundary in
the sense that I'sy, = {z = (21, z2,23) € ; z3 = ¢(z1,22)}, the condition (5.116)
on the free boundary reads as

00 00 Oy 00 0p  flus
— — = . 5.118
Ors Ox1 Ox1  Oxg Oxo K ( )

Formally, we have
0
KAO — ¢ - VO =Llvs . Xag (5.119)
8I3
in the sense of distributions. Indeed, for Q, := Q\ Qg and T'sy,:= Q, N Q, (=the

free boundary), and for any v € D(Q), by using Green’s formula twice and that
VO =0 on €, , it holds that

0
(A0, v) = —/V@ Vvde =— [ VO -Vodz = | Abvdx —/ 0 vdS (5.120)
Q Qs Qs TsL

and, again by using Green’s formula twice,

0 ov ov
— de = — dz = ds 5.121
<8x3 Xas v> /Q X Oz ! as 073 ! /FSLU " ( )
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so that, by using successively (5.120), (5.115), (5.116), and (5.121), one obtains

00
(KAO — cT-V,v) = (KAO — v - VO)vdr — vdS
Qs st v
0
= —/ LivvdS = —évg/ v3dS = ng< XQS,U>. (5.122)
Tst Tsw O3
Then we use the Baiocchi transformation:
e(@1,72)
u(z) = u(wy, 20, x3) = /063 O(z1,22,6)d§  for x5 < (21, 22), (5.123)
0 for zg > (a1, x2).
Then obviously 6 = — 62 u and, assuming that 6 > 0 in physically relevant situa-

tions, Qg := {z€Q; u(x)3> 0} = {z€Q; 0(z) < 0p}. Realizing that v = (0,0, vs),
(5.119) transforms by integration in the zs-direction to

kAU — U - Vu = lusxas- (5.124)
Altogether:
o o L >0 on st
kAU — ¢t - Vu = { 0 < lus and u{ 0 onQ.. (5.125)

Since the Baiocchi transformation commutes with 681/ ” on the vertical lines, the
boundary condition (5.117) transforms to

0
_Ou bu—h(z),  h(xy,z,23) = / bOs (21, xa, &) dE, (5.126)

v s

provided b is independent of x which we have to assume from now on. The other
boundary conditions are outlined on Figure 14(right). This means we get the
complementarity problem

—kAu+cv-Vu > —flvs, u>0,
(ﬁAu—cﬁ-Vu—l—Evg,)u:O, in &,

5.127
O by h, w0, (5.127)
agu onT
<8V—|—bu—h>u=0

As in Proposition 5.9, we arrive at the variational inequality formulation:

/ kVu - V(v—u) 4 (¥ Vu+ lvg) (v—u) dz + /(bu —h)(v—u)dS >0 (5.128)
Q r
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for v € K := {ve W12(Q); v > 0, v(z1,22,0) = 0}. This variational inequality
involves a pseudomonotone (nonpotential) operator and has a solution v € K by
Corollary 5.17; thus we get w = 6‘23u € L3(Q) a very weak solution. Moreover,
this operator is even uniformly monotone because, by Green’s formula,

1
/ U V(ugr—usg)(ur—ug) de = / v - V(ul—ug)zdx
Q 2 Jo

= _; / div(7) (u1—u2)*dx + ; /(ﬁ‘V)(ul—uQ)QdS >0; (5.129)
Q r

note that the last volume integral vanishes since div(%) = 0 while the last boundary
integral is nonnegative since (u; —u2)? = 0 on top, (#-v/) = 0 on vertical sides, and
both (7-v) > 0 and (u; —u2)? > 0 on the bottom. Then we can use Theorem 5.18
which gives even uniqueness of this solution and continuous dependence on ¢, vs,
and h. Example 4.30 showed that this problem is indeed nonpotential.

5.7 Bibliographical remarks

Subdifferentials of convex functions has been scrutinized in many monographs
from so-called convex analysis, among them Hu and Papageorgiou [180, Sect.3.4],
Rockafellar and Wetts [299], or Zeidler [354, Chap.47].

Variational inequalities are addressed in many monographs: Baiocchi, Capelo
[27], Chipot [86], Elliott, Ockendon [117], Friedman [131], Glowinski, Lions,
Trémolieres [156], Goeleven, Motreanu [157], Kinderlehrer, Stampacchia [198], Li-
ons [222, Chap.2,Sect.8 and Chap.3,Sect.5], Maly, Ziemer [232, Chap.5-6], Pascali,
Sburlan [276], Rodrigues [300], Ruzicka [314, Sect. 3.3.4], Troianiello [339], and Zei-
dler [354, Chap.54]. A fundamental paper is by Brézis [59, Chap.I]. Applications
to mechanics, in particular to contact problems, is in Duvaut, Lions [112], Eck,
Jarusek, Krbec [114], Hlavacek, Haslinger, Necas, Lovisek [175], Necas, Hlavacek
[262], or Kikuchi and Oden [197]. Variational inequalities in the context of their
optimal control are in Barbu [35, Chap.3] and Outrata, Koc¢vara, and Zowe [273].

Quasivariational inequalities have been thoroughly exposed in the monograph
by Baiocchi and Capelo [27]. Important application is the ground-water propaga-
tion through a dam of a general, non-rectangular shape, see Baiocchi and Capelo
[27, Chap.8], Chipot [86, Chap.8], or Crank [97, Sect.2.3.7]. A related subject (not
mentioned here) is the so-called implicit variational inequalities: find u such that,
for all w € V, it holds that A(u,w) — A(u,u) + F(E(u),w) — F(E(u),u) > 0.
Typically, it involves problems like mechanical contacts with friction that have a
dual formulation as quasivariational inequalities. Transformation between it and
quasivariational inequality is in Mosco [251].

For hemivariational inequalities see the monographs by Goeleven and Motre-
anu [157], Haslinger, Mietinen, and Panagiotopoulos [170] and Naniewicz and
Panagiotopoulos [255].
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A generalization for the monotone set-valued part being non-potential does
exist, too, being based on the concept of the maximal monotone set-valued map-
pings. An analog of Browder-Minty’s theorem says that any maximal monotone
and coercive A : V. = V* is surjective, i.e. the inclusion A(u) > f has at least
one solution for any f € V*; c¢f. Hu and Papageorgiou [180, Sect.3.1-2] or Zeidler
[354, Chap.32]. Set-valued generalization does exist also for pseudomonotone map-
pings??, being invented by Browder [70]. Set-valued generalization of mappings of
type (M)° is due to Kenmochi [193]. For the surjectivity of pseudomonotone set-
valued mappings we refer to Browder and Hess [71]; a thorough exposition is in
the handbook by Hu and Papageorgiou [180, Part I, Chap.III].

49 A set-valued mapping A : V = V* is called pseudomonotone if
1) Vu € V: A(u) is nonempty, bounded, closed, and convex,
2) YU C V finite-dimensional subspace: A|y is (norm,weak®)-upper semicontinuous,
3) if up—u, fr€A(ug), llmsup(fk,uk u)<0, then YoeV IfeA(u): llmlnf(fk,uk v) (f, u—v).

50 A set-valued mapplng A V = V* is called of type (M) if A|y is weakly* upper semicon-
tinuous for all U C V finite-dimensional, A(u) is nonempty, bounded, closed, and convex, and if
fr € A(ug), and (ug, fr) = (u, f) in V x V* and hmsupkao&fk,uk) (f,u), then f € A(u).



Chapter 6

Systems of equations: particular
examples

No general theory for systems of nonlinear equations exists. Systems usually re-
quire a combination of specific, sometimes very sophisticated tricks, possibly with
a fixed-point technique finely fitted to a particular structure. Although certain
general approaches can be adopted,! a pragmatic observation is that systems are
much more difficult than single equations and sometimes only partial results (typ-
ically for small data) can be obtained with current knowledge. Even worse, many
natural systems arising from physical problems still remain unsolved with respect
to even the existence of a solution.

We confine ourselves to only a few illustrative examples having a straight-
forward physical interpretation and using the previously exposed theory in a non-
trivial but still rather uncomplicated manner.

6.1 Minimization-type variational method: polyconvex
functionals

For the “Lagrangean” ¢ : Q@ x R™ xR™*"™ — R we consider the system of nonlinear
equations (j = 1,...,m):

"9 &p de
Z oz, (C)S” x,u, Vu) + oR, (x,u,Vu) = g; onfd

Zyl(“)S (z,u,Vu) + bj(z,u) = h; onT,

=1

LCf. Ladyzhenskaya and Uraltseva [213, Chap.8].
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where, instead of the notation (r,s) € R x R™, we used here (R, S) € R™ x R™*",
and then ¢ = p(z, R, 5), as we already did in Sect. 2.4.4; thus .S € R™*™ denotes
here a matrix, hopefully without confusion, defining the surface measure dS. The
weak formulation of (6.1) is obtained by multiplying the equation in (6.1) by v;,
integrating over (2, summing it for j = 1,...,m, and using Green’s formula:

dp . < Op .
/Q (ag(x,u,Vu) : Vo + ; OR; (x,u,Vu)vj) dz

b dS = i d h:v; dS .
+;/F (2, u)v; ;(/QQJUJ x+/1“ 3 Uj ) (6.2)

for all v € C1(Q; R™), where §: §:= ", PV S;;Si;. Assuming still

ob;  ob;
= =1,... 6.3
3Rj aRZ7 1,7 ) , 1, ( )

the left-hand-side of the boundary-value problem (6.1) has a potential

D(u) z/ﬂgo(x,u,Vu) dx—|—/F1/J(x,u) ds, (6.4)

where ¥ (x, R) is defined by the formula (cf. (4.23c)):
1
W(z, R) :/ R-b(z,tR)dt RER™, b:TxR™ — R™. (6.5)
0

Although it is, in general, not possible to pass to a limit through a nonlinearity by a
weak convergence, cf. Remark 2.39, it is sometimes possible in special nonlinearities
(here the determinant) if special sequences (here generated by gradients?) are
considered:

Lemma 6.1. Let u, — u in WP (;R™), p >n, n = m. Then
det Vuy, — det Vu  in LP/™(Q). (6.6)

Proof. Tt is a well-known fact from matrix algebra that, for S € R"™*™ with m = n,
it holds that
(det S) I = (cof )T S, (6.7)

where the “cofactor” [cofS];; is the determinant of the matrix arising from S by
omitting the i*" row and j* column but multiplied by (—1)"*7. Putting S := Vu
and summing it for ¢,j = 1,...,n, this allows us to show

n n

(cofVu);- = Z aa (ui(cofVu);-) — ' aa _ (cofVu);-. (6.8)

Lj Lj

n det Vu = (“)u-

T
ij=1 "7 ij=1

2Such sequences are rotation free due to the well-known fact that rot(Vu) = 0. This constraint
causes sometimes surprising effects, e.g. concerning higher integrability, cf. Miiller [253].
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The last term vanishes because of Piola’s identity Z;;l aij (cofVu)é- = 0 for all

i=1,...,n3

Then, by using subsequently (6.8), twice Green’s formula, and again (6.8),
one gets

n

. 1 . 0 i i
lim [ (det Vug)vde = lim Z oz, (Uk (COfvuk)j) v

k—oo Jq n k—oo Q_ =1

i Ov
:—nklin;o Z /Quk cofVuk J(“) dz

Z/ cofVu dx—/(detVu)vd:r (6.9)
Zj Q

1]1

for any v € D(Q) because uy — u in L®(Q;R")  WLP(Q;R") and cof Vuy, —
cof Vu in LP/ (=1 (Q; R™*™) which is obvious for n = 2 while it follows by induction
if n > 3. O

Lemma 6.2 (WEAK LOWER SEMICONTINUITY). Let m = n, let ¢ be coercive in
the sense p(x, R, S) > ¢|S|P for p > n and p(z, R,-) be polyconvex in the sense

o(x, R, S) = f(z, R, S,detS) (6.10)

with some f : Qx R™ x R™*" x R — R such that f(z, R, -, ) is convex and smooth*,
and satisfy the following growth conditions:

Iy e LYQ) lo(z, R, S)| < C(v(z) + BR|) +|SIP), (6.11a)

Iy e LF () ’ < C(y(z) + B(R]) + [SPP7Y), (6.11b)

’85

FyeL /™' (Q) : < C(y(z) + B(R]) + |SP7"), (6.11c¢)

‘ odetS| —

for some C € RT and 8 : R — R continuous (with arbitrary growth), and moreover
b(z, ) : R — R™ is monotone for a.a. x € T and satisfies the growth condition

Fye LN (I); b(x, R)| < v(x) + B(|R]). (6.12)

Then ® is weakly lower semicontinuous.?

3See Ciarlet [80, proof of Thm.1.7-1] or Evans [120, Sect.8.1.4, Lemma 1] for technical details.

4Differentiability of f(z, R,-,-) is just a technical assumption which can be avoided when
selecting (in a measurable way) subgradients of f(z, R, -,-) in place of partial derivatives used
here.

5Recall again our convention that by semicontinuity, see (1.6), we mean the “sequential”
semicontinuity. Here, however, it is even equivalent with general-topological semicontinuity which
uses generalized sequences (nets) since ® is coercive and V separable.
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Proof. Take a sequence uj, — u in W1P(Q). By Banach-Steinhaus Theorem 1.1,
{ur}ren is bounded. Without loss of generality we can suppose that ®(uy) —
lim infy oo ®(ug). We are to show that ®(u) < limp_,oo P(ug).

By the compact embedding W!?(Q) € L*(Q;R™) (recall that n < p is
assumed) we have uyp — w uniformly on Q. Let us put

Q. = {er; [Vu(z)| < i} (6.13)

Then lim._,gmeas, (2 \ Q) = 0. Using subsequently nonnegativity of ¢, polycon-
vexity of ¢(z, R, ) hence convexity of f(z, R, -, -), one obtains

liminf [ o(x,ug, Vug)de > liminf | o(z, ug, Vug) dz

k—oo Jo k—oo Q.
= likm inf f(x, uk, Vuk, detVug) de > klim f(x, uk, Vu, detVu) dz
— 00 Qs — 00 Qs
. of
+ lim (z,u, Vu,detVu) : (Vug — Vu) dz
k—o0 Q. 0S

+ lim /QE 8daeftS (@, uk, Vu, detVu)(detVuy — detVu) dz

k—oo
:/ f(x,u,Vu,detVu)dx:/ o(z,u, Vu) dz;
Q. Qe

we used the convergences f(x,u,Vu,detVu) — f(z,u, Vu,detVu) in
L), a%f(x,uk7Vu7detVu) — aasf(x,u,Vu,detVu) in L”(Q.) and
6ditsf(x,uk,Vu,detVu) — 6\dits’f(x,u,Vu,detVu) in L®/™'(Q.) by continuity
of the respective Nemytskil mappings, and eventually Vup—Vu — 0 and, by
Lemma 6.1, detVui—detVu — 0. Finally we pass to the limit with ¢ — 0
by using Lebesgue’s Theorem 1.14 to show that the last integral approaches
Jo ez, u, Vu) da.

As to the boundary integral, (6.12) makes u — [ (z,u)dS with ¢ from
(6.5) continuous and even smooth, and monotonicity of b(x, -) makes ¢(z, -) convex,
hence the weak lower-semicontinuity follows as in (4.5).

Altogether, the weak lower-semicontinuity of ® was thus proved. 0

Proposition 6.3 (EXISTENCE: THE DIRECT METHOD). Let the assumptions of
Lemma 6.2 be valid and, moreover, b be coercive in the sense b(x, R)-R > e|R|1—k
with e >0 and g > 1. Then (6.1) has a weak solution.

Proof. Analogous to Proposition 4.16 with f defined by (f,v) := [, g-vdz+ [ h-
vdS, but simplified due to absence of Dirichlet boundary conditions here. O

Remark 6.4 (Polyconvezity). The formula (6.10) gives a good generality only if
m = n = 2. In general, one should assume

o(@, R, S) = f(, R, (acj, )5 ) (6.14)
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with some § : 2 x R™ x H?:T("’m) RF(mm) R where k(i,n, m) is the number of
all minors of the i-th order, such that f(z, R, -) is convex, where adj;S denotes the
determinants of all (ixi)-submatrices. Then, following Ball [28], p(z, R, -) is called
polyconver. In particular, adj; S = S and adjyin(n,m)—1S = cofS and, if m = n,
adjimin(n,m)S = detS. Then Lemma 6.1 is to be generalized for adj; Vu, — adj; Vu
in LP/?(Q; RkG™)) provided p > i < min(m,n), and Lemma 6.2 as well as
Proposition 6.3 is to be modified for (6.14) in place of (6.10).

Remark 6.5 (Quasiconvexity). Polyconvexity of p(z, R, -) is only sufficient for the
weak lower semicontinuity of ® but not necessary if min(n,m) > 2. The pre-
cise condition (i.e. sufficient and necessary) is the so-called W1P-quasiconvexity,
defined in a rather non-explicit way by

1
oz, R,S) =  inf / o, R, S1V0(E)) de (6.15)
vewd?(orm) 0| Jo

where O C R" is a (in fact, arbitrary) Lipschitz domain. This condition, whose
inevitable nonlocality has been proved by Kristensen [207], cannot be verified
efficiently except for very special cases, as e.g. polyconvexity which is a (strictly)
stronger condition. Henceforth, another mode, a so-called rank-one convexity, was
introduced by Morrey [248] by requiring t — ¢(x, R,S +ta ® b) : R — R to be
convex for any a € R", b € R™, [a ® b];; := a;b;. Since Morrey [247] invented
quasiconvexity, the question of coincidence with rank-one convexity was open for
many decades and eventually answered negatively by Sverdk [333] at least if m > 3
and n > 2. For smooth ¢(x, R, -), the rank-1 convexity is equivalent with the so-
called Legendre-Hadamard condition wg(x,R,S)(g, S) > 0 for all §,5 € R™*»
with S = a®b, a € R™ b e R™. Obviously, polyconvexity (and thus all mentioned
notions) is weaker than usual convexity, and for min(n,m) = 1 all mentioned
modes coincide with usual convexity of ¢(z, R, -).

Remark 6.6 (Symmetry conditions®). Considering the general system of m quasi-
linear equations

—div(aj(x,u, Vu)) + ¢ (x,u, Vu) = ¢7, i=1,...,m, (6.16)

the symmetry condition (4.21) which, here together with (6.3), ensures existence
of a potential in the form (6.4) bears now the form

8a§(x,R7S) _ 3ai(x,R, S)

850 o5, (6.17a)
dal(z,R,S) 0 (z,R,S)

on = e (6.17b)
oc(z,R,S)  dcl(x,R,S)

OR, = oR, (6.17¢)

6See e.g. Necas [259, Sect.3.2].
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foralli,k=1,...,nand j,l =1,...,m and for a.a. (z, R, S) € Q x R™ x R™*",
Then, as in (4. 23b , ¢ occurring in (6 4) is given (up to a constant) by the formula

o(z, R, S) / Z Za (z,tR,tS)S;; + ¢ (z,tR, ts)Rj) dt (6.18)

and (6.16) coincides with the equation in (6.1) because d¢/dS;; = al and
dp/OR; = ¢J. Like (4.21)—(4.22), now (6.17) expresses just symmetry of the Jaco-
bian of the mapping (R, S) — (¢(z, R, S),a(z, R, S)) : R™ xR™*"™ — R™ x R™*",
In this case, (6.16) is the Fuler-Lagrange equation for the potential having the
“density” (6.18).

Example 6.7 (Elasticity: large strains). Systems (6.1) with ¢(z, R, S) = ¢(z,1+.5)
occur in steady-state elasticity where n = m, u : € — R"™ means displace-
ment of a body occupying in an undeformed state the reference domain 2 while
y(x) := = + u(x) defines the deformation at x € Q. The deformed body then oc-
cupies the domain y(2) C R™ and ¢(x, F) expresses the specific stored energy at
z €  and at the deformation gradient F' = I + S. The direct method used in
Proposition 6.3 expresses minimization of overall stored energy and energy con-
tained in an elastic support on the boundary (through ) which is a variational
principle that sometimes (but not always) governs steady states of loaded elastic
bodies. The so-called frame-indifference principle requires ¢(z, -) in fact to depend
only on the so-called (right) Cauchy-Green stretch tensor

C=F"F=(S+D)"(S+D)=1+S"+5+S'S. (6.19)
The often considered potential
1 1
bz, F) = 2ET<CE, E:= 2(0 ~-I), C=F'F, (6.20)

where E is called the Green-Lagrange strain temsor, describes the so-called
Saint Venant-Kirchhoff’s material with C = [C;;x] the positive-definite elastic-
moduli tensor. This 4th-order tensor C has a lot of symmetries leading to only few
independent entries.” Unfortunately, the choice (6.20) leads to o(z, R, -) which is
even not rank-one convex, however. An example of a polyconvex energy ¢(z, R, -)
is Mooney-Rivlin’s material described by®

¢(x, F) := c1tr(E) + catr(cof (C)—1) + ¢o(det(F)), (6.21

)
with C, E again from (6.20), ¢1,c2 > 0 and ¢ a convex function; tr(-) in (6.21)
denotes the trace of a matrix. This is a special case of a so-called Ogden’s material.’

"Number of independent entries of C in case of anisotropic crystals: 3 (cubic), 6 (tetragonal),
9 (orthorombic), 13 (monoclinic), or 21 (triclinic). Polycrystalic materials can be considered
isotropic and leads to 2 independent entries only, cf. (6.23).

8Note that det(F) = det(F ) = y/det(FTF) = y/det(C) actually depends only on C' hence
(6.21) leads indeed to a frame-indifferent potential.

90gden’s material allows for more general nonlinearities, cf. e.g. Zeidler [354, Sect.61.8 and
62.14]. In this way, the coercivity in Lemma 6.2 can be satisfied.
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Example 6.8 (Elasticity: small strains). If the displacement u is small, one can
neglect the higher-order term STS in (6.19) so that the Green-Lagrange strain

tensor E from (6.20) turns into a so-called small-strain tensor e(Vu) := ) Vu +
1 v T 3
5 (Vu) ', ie.
1 aui 1 8uj
ij = . 6.22
€ij (VU) 2 8xj + 2 8xz ( )

In fact, only the gradient of w is to be small rather than w itself. Then the
St.Venant-Kirchhoff’s potential ¢ from (6.20) with e(Vu) substituted for E turns
@ into a quadratic form of the displacement gradient Vu. For isotropic material,
it looks as

2

Mer(s)? e(s) = ;s+ ;ST, (6.23)

ez, R, S) = p(5) = u|e(8)|2 + 5

i.e. o(Vu) = ple(Vu)|> + LA(divu)?, where g > 0 and A > 0 stand here for the
so-called Lamé constants describing the elastic response on shear and compression,
respectively. In particular, ¢ is then convex and (6.1) reduces to a so-called Lamé
system of linear elasticity whose weak formulation (6.2) then results int?

/ o(Vu) : e(V’u)dx—F/b(u) cvdS = / g-vdx+/h-vdS (6.24)
Q r Q r
where o(Vu) denotes the stress tensor

[0(Vu)],. = 2pei;(Vu) + M(div u)d;; (6.25)

i
with d;; the Kronecker symbol.

Remark 6.9 (Bibliographical notes). In fact, polyconvexity provides existence
proof on W1P(Q;R3) even for p > 3 and faster growth of ¢ admitting ¢ — +o0
if det(I 4+ Vu) \, 0, see Ball [28]. For advanced study of deep and difficult topics
around quasiconvexity the reader is referred to monographs by Dacorogna [98,
Chap.IV], Evans [120, Chap.8|, Giaquinta, Modica and J. Souc¢ek [152, Part II,
Sect.1.4], Giusti [154, Chap.5], Morrey [248], Miiller [254], and Pedregal [280,
Chap.3]. Existence of a minimizer of (6.4) on WP(Q;R™) is due to Acerbi and
Fusco [2]. For mathematical aspects of nonlinear elasticity see monographs by
Ciarlet [80], Pedregal [281], or Zeidler [354, Vol.4]. Although elasticity theory has
received attention throughout centuries, there are still many open fundamental
problems in nonlinear elasticity especially when (z, R, -) has faster growth than
polynomialll, see [29]. E.g., a question about injectivity of y : Q — R", in partic-
ular avoiding self-contact, has been pointed out by Ciarlet and Necas [81]. Linear
elasticity is exposed e.g. in Duvaut and Lions [112] or Necas and Hlavacek [262],
and related unilateral problems in Hlavacek et al. [175].

ONote that o(Vu) : Vo = o(Vu) : e(Vv)+ ;G(Vu) : (Vo— (Vo) T) and the last term vanishes
because o(Vu) is symmetric and thus orthogonal to antisymmetric matrices.
It is quite natural to assume especially op(z, R, S) — 400 when det(I + S) \, 0.



168 Chapter 6. Systems of equations: particular examples

6.2 Buoyancy-driven viscous flow

It is an every-day experience that a warmer fluid in the gravity field tends to
run up while a cooler fluid falls down, in special situations known as Bénard’s
problem!?. These processes obviously involve mutually coupled velocity and tem-
perature fields. Oberbeck-Boussinesq’s model for (a steady-state of) this process
involving incompressible viscous non-Newtonean fluid'® occupying a fixed domain
Q) is governed by the following system!4:

(u-V)u—dive(e(Vu)) + Vr = g(1 — ab), (6.26a)
divu =0, (6.26b)
u-VO0—rAl =0, (6.26¢)

with e(Vu) := 3(Vu)" + ) Vu as in (6.22) and where we denoted

u: ) — R™ a velocity field,

m: — R a pressure field,

0 :Q — R a temperature field,

x > 0 the heat-conductivity coeflicient,

« a coefficient of mass density variation with respect to temperature,

o(e) = the viscous stress tensor,

g = an external (e.g. gravity) force.
We have to specify boundary conditions. Let us consider, e.g., no-slip for v and
Newton’s condition for 6:

0

u=0, ﬁai+ﬁ9=h onT. (6.27)

Let us assume that, for some 0 < ¢; < ¢o and ¢ := 2*p*/(2*p* — p* — 2%):

Ve € RGL ale):e>cilel’, |o(e)| < ca(l+ e[, (6.28a)
Vey,eq € ngﬁl, €1 75 €9 : (0’(61) — 0'(62)) :(61 — 62) > 0, (628b)
g€ LYMLRY),  heL?(D), (6.28¢)

where RIT denotes the set of n x n symmetric matrices. An example for (6.28a)-

(6.28b) is o (e) = |e|P2e.
We will employ a fixed-point technique. Let us denote

Wé’fiv(Q;R”) = {v e WP (4 R™); dive = 0} (6.29)

12Cf. Straughan [327, Chap.3].

13 The adjective “non-Newtonean” refers to a non-constant viscosity; cf. Remark 6.14.

14This model is derived from a full compressible system on assumptions of small u, nearly
constant 6, and negligible dissipative and adiabatic heat. Non-Newtonean fluids in this context
have been used in Mélek at al. [231]. See [327] for an extensive reference list. For a more general
model see e.g. [189, 309].
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and consider a mapping M from Wol)’j’iv(Q; R™) to itself, defined by
M:=MyoM;:v—u, M :v—0, Ms:(v,0)— u, (6.30)
with u and 0 being the weak solutions to

(v-V)u—dive(e(Vu)) + Vr=g(1 —af), divu=0, wulr=0, (6.31a)

v-VO—rkAI=0, ﬁge +80lr=h. (6.31Db)
v

Note that the system (6.31) is decoupled: first, one can solve (6.31b) to get 6 and
then, knowing both v and 6, one can solve (6.31a). The linear problem (6.31a)
arising via the “frozen” velocity v in the convective term is called the Oseen
equation.

Lemma 6.10 (A-PRIORI ESTIMATES). Let p > 1, p > max(n/2,3n/(n+2)). There
is R dependent on cq, co, g and h but not on v € Wgﬁiv(Q;R”) such that

|\0||W12(Q) < R and H'LLHWl.p(Q;Rn) < R. (632)

Proof. To estimate the temperature, we test (6.31b) by 6 and, for p > n/2, use
Green’s Theorem 1.31 and the identity

/(v-VG)de: 1/v-V@zdx:—l/(divv)dexzo (6.33)
Q 2 Jo 2 Ja

so that, by the Poincaré inequality (1.56) considered with p =2 = ¢,
ct min(n,ﬂ)nenﬁvl,g(m < /Q(v -V0)0dx + /Q/Q V6% dz + ﬁ/r(ﬂ ds
= [ B0 < Wl ) 61 o gy < el gy + N80

(6.34)

where C,, comes from (1.56) and N is the norm of the trace operator W12(Q) —

L2 (T). For £ > 0 small enough, it gives 10lw1.2(0) < R with R independent of v.
To estimate the velocity, we test (6.31a) by u and use, for p > 3n/(n+2),
Green’s Theorem 1.31 and the identities [, V7 - udz = — [, 7divudz = 0 and'®

/Q((U.V)u).udx:/iivngiujdx

Qp=1j=1
— _avk ) ) 8uj _ . .
- _/Q<Z¥UJ oz + U vk 53%) dz = — /Q((v V)u) -udz  (6.35)

5Note that S°7_; Qv /dx) = dive = 0.
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so that

/ (v-V)u) -udz=0 (6.36)
Q

and, by Korn’s inequality (1.58) and by (6.28a),

O 0l 1y < (TN ) < /Q o(e(Vu)):e(Vu) da

= / ((v-Vu) -u+o(e(Vu)):e(Vu) + Vr-udz = / g(1—ab) - udzx
Q Q

< gl po(amn) (meas, ()12 + a|0]] 2+ @) 1ull o= () - (6.37)

From this, the second estimate in (6.32) follows by Young’s inequality and the
already obtained estimate of 6. a

Lemma 6.11 (UNIQUENESS AND CONTINUITY). Let p > 3n/(n+2). Given v, the
solution (u,0) to (6.31) is unique. Besides, M : v — u is weakly continuous.

Proof. Uniqueness of temperature 6 follows from the a-priori estimate (6.34) be-
cause (6.31b) is linear in terms of #. The weak continuity of M; is obvious
when one realizes that v* - VO, — v - V6 weakly in L'(Q) because vF — v
weakly in W1P(Q; R") (hence strongly in LP"~¢(€;R™)) and V6, — V6 weakly
in L2(Q; R™<n).

For the uniqueness of the velocity, we take u!,u? two weak solutions of
(6.31a), and test the difference of the weak formulation of (6.31a) by u'? := u! —u?.
Using (6.36) for u'? instead of u, it gives:

1

/ (o(e(Vu')) — o(e(Vu?))) : e(Vu'?)dz = — / (v-V)u'?)-u'2dz =0
Q Q
so that, by strict monotonicity (6.28b), it holds that e(Vu!?) = 0 a.e. in Q and
then, by Korn’s inequality (1.58), u'? = 0.

To show the weak continuity of My : (v,6) — u, one can use monotonicity of
o and consider a weakly converging sequence (v*, ) — (v,6) and corresponding
solutions u*:

0 < / (o(e(Vur)) — a(e(Vw))) : e(V(uF—w)) dz
Q
= /Q (9(1—aby) — (v® -V)uk)(uk—w) —o(e(Vw)) : e(V(uF—w)) dz
— /Q (9(1 —ab) — (v- V)u)(u—w) — o(e(Vw)) : e(V(u—w)) dz (6.38)
and then use Minty’s trick. Note that (6.38) used the compact embedding

Wol’p(Q;R”) € L =9(Q;R") which allowed for the limit passage in the term
Jo@* - VuF)uFda if p=t 4+ 2(p* — €)~ < 1 which requires p > 3n/(n+2). O
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Proposition 6.12 (EXISTENCE). Let (6.28) hold. Then the system (6.26) has at
least one weak solution.

Proof. Tt follows from Schauder’s fixed-point Theorem 1.9 (cf. Exercise 2.51) for
M on the ball in B := {v € W&)ﬁ’iv(Q;R”); lvllwr.prny < R} with a sufficiently
large radius R from (6.32) depending only on the data g, h, o, and «, endowed by
the weak topology which makes it compact. (|

Remark 6.13 (Navier boundary condition'®). An alternative to the no-slip condi-
tion u = 0 is a partial-slip condition (with v > 0 a phenomenological coefficient):

uy =0, &y +yuy =0, (6.39)

where uy := w — u, is the tangential velocity and w, := (u-v)v is the nor-
mal velocity, and similarly for the so-called traction force & defined as [7]; =
> i1 0ij(e(Vu))yj. For v = 0, it expresses a no-stick (or ideally slippery)
boundary while for v — 400 it approximates the no-slip boundary. Instead
of W&)ﬁ’iv(Q;R”) defined in (6.29), the weak formulation uses the linear space
{v e WhP(Q;R"); dive = 0, v-v = 0} and leads to a weak formulation of
(6.26a,b) as the integral identity

/Q((U-V)u)-z—kcr(e(Vu)):Vzdx—!—/rvut-ztdS:/Qg(l—ozﬂ)dx. (6.40)

Remark 6.14 (Navier-Stokes equations). For o(e) = 2ue, (6.26a,b) turns (when
neglecting buoyancy, i.e. @ = 0, and thus also temperature variation) into the
system!”

(u-VYu—pAu+Vr=g, divu=0, (6.41)

which is called a steady-state Navier-Stokes system.'® The coefficient y is called
a kinematic viscosity coefficient and fluids exhibiting such constant viscosity are
called Newtonean fluids. The no-stick boundary conditions (6.39) have now an
alternative (though not fully equivalent) option: u-v = 0, (Vxu)-v = 0, and
(Vx(Vxu))-v=0onT, where x : R3xR3? — R3 is the vector product on R?, see
[39]. For other conditions we refer also to [91].

16 The Navier’s conditions (6.39) are “mathematically” very natural in comparison with mere
Dirichlet condition v = 0, as pointed out by Frehse and Malek [128].
17Indeed, taking into account divu = 3.7 du;/0z; = 0 and o(e(Vu)) = 2ue(Vu), one gets

n

. "8 /10u;  10uj d Au; " 92,
dw2“e(v“):2“; Bmi(2 oz; T 23:1;) :“(amj(z ami) +§axia§ci) = niu.

i=1

18Cf. Constantin and Foias [92], Galdi [146], Sohr [326], or Temam [335] for a thorough
treatment.
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Exercise 6.15. Write a weak formulation for (6.31a), use divergence-free test func-
tions. 19

Exercise 6.16. Prove existence of u and of 6 solving (6.31) by the Galerkin method.

Exercise 6.17. Uniqueness of the obtained solution does not hold in general by
natural reasons. Nevertheless, prove uniqueness of (u, 8) for g and h small enough
provided o is strongly monotone, i.e. (o(e1) — o(ez2)) : (e1 — e2) > c3ler — ea|? for
some c3 > 0, and provided also n < 4 and ¢ > n/2 for (6.28c).2°

6.3 Reaction-diffusion system
Let us investigate the so-called steady-state Lotka-Volterra system:2!

—diAu=wu(a1 —bju—civ) + g1 in Q,
—daAv = v(ag — bav — cou) + g2 in Q, (6.42)

ulr=0, vr=0 onT.

This system has applications in ecology:
u,v > 0 are the unknown concentrations of two species,
a1, ag are the birth (or, if a’s are negative, death) rates,

19Hint: Realize that, by Green’s Theorem 1.31, fﬂ Vr - zdx = fﬂ —mdivvdz = 0 and that
symmetric and antisymmetric matrices are mutually orthogonal so that o symmetric implies

/Q —div(o(e(Vu))) - zdz = /ﬂa(e(Vu)) :Vzde :/ o(e(Vu)) : e(Vz)de.

Q

20Hint: consider two solutions (u',81) and (u2,62), test the difference of weak formulations of
(6.26a,b) by u'? := u! — u? and of (6.26c) by 612 := 61 — 02, sum them up, realize that small
data imply both H'U/Q”Wl,p(Q;Rn) and [|0z2][yy1,2(q) small, and estimate

/n|912\2+03|e(Vu12)|2dx+/5\912\2d5‘
Q T

< / gabis - ul? — ((u1 ~V)u1 — (u2 ~V)u2)u12 — (ul VO, —u? ~V92)912 dx
Q

= / gabia - ul? — ((u1 . V)u12 + (u12 . V)uz)u12 - (ul -Vli2 +ul?. V92)912 dz
Q

= / gabio - ul? — ((u12 . V)uQ)ul2 — (u12 ~V92)912 dx
Q

12”

12 2 2
< allgl oz 10121l 12 oy 1872 ] 2w (umny + Callit2 2 ax (g V62 Lo iz xmy

+Co[|[ V2| 2 (0rm 1u'? | Lo @) 1012]l 2+ ()

with C1, C2 depending on p and n, and finally by Young, Poincaré and Korn inequalities conclude
that 612 = 0 and u'? = 0. The condition n < 4 is needed for Hoélder’s inequality leading to Cs.

21 Original studies of oscillation in biological or ecological systems (not necessarily in the pres-
ence of diffusion) originated in Lotka [225] and Volterra [350] and later received intensive scrutiny,
cf. e.g. Pao [275, Sect.12.4-6].
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b1,ba > 0 are related to the carrying capacities of the environment,

c1, co are the interaction rates,

dy,ds > 0 are diffusion coeflicients related to migrations,

g1, g2 > 0 are the outer supply rates.
If both ¢; and co are positive, (6.42) describes a competition-in-ecology type model
while, if both ¢; and ¢g are negative, (6.42) refers to a cooperation-in-ecology type
model. Eventually, if ¢; > 0 and ¢o < 0, we get a predator/prey model; u is then
the prey species while v is the predator concentration.

We will employ the fixed-point mapping (@,7) — (u,v) where (u,v) €
W12(Q)? is the weak solution to the following two equations:

—diAu = u(a; —byut —c19) + g1 in Q,
—doAv = v(ag — bov" — coti) + g2 in Q, (6.43)
ulp =0, v[pr=0 onT.

Existence of a weak solution v and v to these de-coupled equations can be shown,

e.g., by a direct method, cf. Proposition 4.16, under assumptions made below. Let
us agree to consider ||v|\W01,2(Q) = || V| 2 (irny-

Lemma 6.18 (NONNEGATIVITY OF u AND v). Let 4,0 > 0 a.e., and a; < dy N2+
cyesssup,cq0(x) and as < daN~? + ¢y esssup,cqii(x) with N the norm of the
embedding Wy (Q) € L3(Q). Then u,v >0 a.e. in .

Proof. Let us first consider ¢; > 0 and test the first equation in (6.43) by ™~ and
notice that byutu~ = 0, which gives

d1||u_|\%/vol,2(9) S/Qd1|Vu_|2 +ev(u ) —gru”de = arflu” |72 (6.44)
If N%2a; < d;, we can absorb the last term in the left-hand side, which then
immediately gives v~ = 0 a.e., so u > 0 a.e. in 2. For ¢; < 0, we must estimate
T R T s
— aro(u”)? da < (ar + [e] 9]l oo @) a1 720 - (6.45)
Analogous considerations work to show v > 0. |

Lemma 6.19 (UPPER BOUNDS). Let, in addition to the assumptions in
Lemma 6.18, also g1,92 € L>®(Q), by > —c; and by > —cy . Then there is a
constant K sufficiently large such that @,0 € [0, K] a.e. in Q implies u,v < K
a.e. in §2.

Proof. We test the first equation in (6.43) by (u— K)™ and use (1.50), which gives

Bl K)oy < [ = K)*E

+ (hu? —a1u— g1+ avu)(u— K)tde=0.  (6.46)
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We take K so large that r +— byr? —a1r—g1 (z)+c19(z)r is nonnegative on [K, +00),
namely by K2 — a1 K — esssup,cqg1(z) + ¢ K? > 0 and 201K — a1 + 2¢; K > 0.
Such K does exist whenever by + ¢; > 0. Then (6.46) yields v < K a.e. in .
Analogous considerations are for v. O

Lemma 6.20 (CONTINUITY OF (@, ?) — (u,v)). Let
a; < le_2 + Cl_K, as < dQN_2 + CQ_K, by > —Cl_, by > —82_ (647)

with K so large that Lemma 6.19 is in effect. Then the solution (u,v) to (6.43)
is unique and the mapping (ii,v) — (u,v) is weakly continuous as L*(2)? —
W12(Q)?2 if both arguments satisfy 0 <u < K and 0 < v < K.

Proof. Uniqueness of the solution to (6.43): consider two solutions wui,us €
W12(Q) to the first equation in (6.43) and test the difference by u; — us =: u12.
It gives

d1||u12||?,[,01,2(m S/Qd1|Vu12|2 + by (uluf—ugu;)ulg + clﬂuﬁdx = al/szuﬂdx,

which gives u1o =0if a1 < diN?and ¢; >0, orif¢; <0and a; —c1 K < dyN~2.

Now, consider a sequence {¥ }ren converging to o weakly in L2(£2). The cor-
responding solutions uy, are bounded in W2(Q), hence (up to a subsequence) ug
converges to some u weakly in W12(Q). Using the compact embedding W12(Q) C
L?(Q) in the integral identity fQ VurpVz —ug(ar — blu;: — 1)z — g1zdx = 0 for
any z € WH2(Q)N L (Q), we get that u is the weak solution to the first equation
in (6.43). As this solution is unique, even the whole sequence {uy}ren converges
to it. The weak continuity of ¥ +— u : L2(2) — W12(Q) has thus been shown. The
mapping % — v can be treated analogously. O

Proposition 6.21 (EXISTENCE OF A SOLUTION TO (6.42)). Let g1,g92 € L>®(Q),
and the birth rates a1 and as be small enough and the carrying capacities by and
by be large enough as specified in (6.47) with K sufficiently large as specified in
the proof of Lemma 6.19. Then there is a solution (u,v) to (6.42) such that 0 <
u(-) < K, 0<v(-) <K a.e. on .

Proof. We apply the Schauder fixed-point theorem (cf. Exercise 2.51 modified for
the weak® topology) to the mapping (@,7) — (u,v) defined by (6.43) on the
compact convex set {(u,v) € L>=(Q)% 0 < wu(-) < K, 0 <v(-) < K a.e. on Q}
equipped with the weak topology of L?(2)2. Note that this set is mapped into
itself if K is taken suitably as mentioned in Lemma 6.20. As the resulting fixed
point (u,v) is nonnegative, it solves the original system (6.42), too. O

Remark 6.22. Existence of steady states especially in non-cooperative ecological
systems is not automatic hence it is not surprising that Proposition 6.21 works
only under rather strong data qualification.
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Remark 6.23. It should be emphasized that the mere existence of solutions to the
steady-state Lotka-Volterra system (6.42) is only a basic ambition in this analysis.
The research in this area focuses on more advanced questions such as multiplicity of
the solutions, their stability both with respect to data perturbations and whether
they attract trajectories of the evolution variant of this system, cf. (12.27), etc.

6.4 Thermistor

We will address the steady-state of electric and temperature fields in an isotropic
homogeneous electrically conductive medium occupying the domain 2 whose con-
ductivity (both electrical and thermal) depends on temperature which is, vice
versa, influenced by the produced Joule’s heat. Electrical devices using these ef-
fects to link temperature with electrical properties are called thermistors. Anyhow,
a filament in each bulb, working with temperatures ranging many hundreds of de-
grees, is addressed by the following system, too:

—div(k(9)V0) = 0 (0)|Ve]> onQ, (6.48a)
—div(c(0)Ve) =0 on ), (6.48b)

with the following interpretation:
¢ is the electrostatic potential,
0 is the temperature,
o the electric conductivity (depending on 0); 0 < ¢, < o(:) < Cy,
k the heat conductivity (depending again on 6); 0 < ¢, < k(+) < Cj.

Therefore, (6.48a) is the heat equation, —x(0)VE denoting the heat flux governed
by the Fourier’s law while (6.48b) is the Kirchhoff’s continuity equation for the
electric current j being governed by Ohm’s law j = 0(0)V¢. The (specific) power
of the electric current is the scalar product of j with the intensity V¢ of the electric
field, i.e. the so-called Joule heat j - V¢ = o(0)|V¢|? being the source term in the
right-hand side of (6.48a).

Of course, the system (6.48) is to be completed by boundary conditions:
e.g. the Dirichlet one on I'p with meas,,—1(I'p) > 0 (=electrodes) and zero Neu-
mann condition on 'y =T'\ I'p (= an isolated part), i.e.

20 00
9|FD = 9D7 ¢|FD = ¢D onlp, v = v =0 onlIy. (6.49)
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The basic trick?? consists in the transformation of (6.48) into the system??
div(k(0)VO + 0 (0)9Ve) =0, (6.50a)
div(0(0) V) = 0. (6.50b)

Now, again the crucial point is to design a fixed-point scheme suitably. Here,
an advantageous option is to decouple the system (6.50) as follows:

div(k(9)V0 + o (9)pV¢) = 0, (6.51a)
div(c(9)Ve) =0, (6.51b)

this means we consider the mapping
M:=MsoM;:9—0, M :9—¢, My:(d0)— 0, (6.52)

where, for ¢ given, ¢ solves in a weak sense (6.51b) and then 6 solves in a weak
sense (6.51b), considering naturally the boundary conditions (6.49). The existence
and uniqueness of such solutions has been proved in Chapter 2.

Lemma 6.24 (A-PRIORI ESTIMATES). Let us assume 0, = 6g|r, and ¢, = ¢o|r
for some 0y, g € WH2(Q) N L>®(Q), and 9 € WH2(Q) arbitrary, and let ¢ and 0
solve (6.51)—(6.49) in the weak sense. Then, for some constants Cy, Ca, and Cs
independent of ¥,

H¢||Loo(g) < Cr, (6.53a)
1Vl 2 (m) < C2s (6.53b)
H9HW1,2(Q) < Cs. (6.53¢)

Proof. The estimate (6.53b) follows by using the test function v = ¢ — ¢g €
W12(Q) in a weak formulation of (6.51b); note that obviously v|r, = 0.

The estimate (6.53a) follows by testing (6.51b) by v = (¢ F ||¢o|| = (q))T as
in Exercise 2.71; note that again v|p, = 0.

The estimate (6.53c) can be obtained by using the test function v = 6 —
0o € W,*(Q) in a weak formulation of (6.51a); note that obviously v|r, = 0. By
Holder’s inequality, this leads to the estimate

c,g||V9||2L2(Q;Rn) < /Q/i(ﬁ)VG-Vde z‘/ﬂﬁ(ﬁ)VG-VGo — o (9)pV -V (0—0y)dz

< HH(19)|‘L°°(Q)HVHHLQ(Q;Rn)HVQOHLQ(Q;RTL)
+ o] oo ) @]l oo (0 IV S L2 (crmm) 1 VO = V80| 2
< (CulV80] g+ CoCrC) [0 .

Q;R"™)

||L2(Q;R" (R™) + 000102||V90||L2(Q;Rn)' O
22Without this trick, one must use regularity to guarantee strong convergence of ¢’s in WP (Q)
and then |V¢|? in a suitable LP/2(2) C W1P(Q)*.

23Realize that, by the formula div(av) = adivv + Va - v and by (6.48b), one indeed has
div(c(0)$Ve) = div(c(0)Ve)d + o(0)Ve - Vo = 0()Ve - Vé = Joule’s heat.
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Proposition 6.25. The system (6.48)—(6.49) has a weak solution.
Proof. We take a sufficiently large ball in W12(£2), namely
B={0eW"*(Q); 0wz <Cs}, (6.54)

and apply Schauder’s fixed-point Theorem 1.9 (cf. Exercise 2.51) for the mapping
M defined by (6.52) on B endowed by the weak topology which makes it compact.
For this, we have to prove the weak continuity of the mapping M : ¢ — 6 :
Wh2(Q) — Wh2(Q). Supposing ¥, — ¢ weakly in W12(Q) hence strongly in
LP"=¢(Q), we get

ok — ¢ (weakly in wh2(Q)) (6.55)
hence strongly in LP ~¢(£2), from which we then get
O — 0 (weakly in WLQ(Q)). (6.56)

For (6.55), we used o(9%) — o(¢) in any L(Q)), ¢ < +o00, and made the limit
passage in the identity

0= / o(Vx)Vey - Voda — / o(9)V¢ - Vuda (6.57)
Q Q

for v € W1°°(Q) which is a dense subset in W12(Q). Also, we used uniqueness of
¢ solving (6.51b) for ¥ fixed, which is obvious since (6.51b) is a linear equation.
Furthermore, for (6.56) we used k(¥;) — k(¢) in any LI(Q2), ¢ < +oo and in
strong convergence ¢, — ¢, cf. (6.55), and made the limit passage in the identity

O:/K(ﬁk)VGk-Vv—|—cr(19k)¢kV<bk-Vvd$—>/n(ﬁ)VG-Vu—Fa(ﬁ)(bV(b-Vvdx,
Q Q

which holds for v smooth enough, say W1>°(£). Again, we use also uniqueness of
0 solving (6.51a) for ¢ and ¥ fixed.

Then, by the Schauder theorem, M has a fixed point # € B, and then obvi-
ously the couple (0, ¢) with ¢ = M; () solves (6.48). O

Remark 6.26 (Other boundary conditions). Application to a lamp filament would
definitely require, instead of (6.49), rather the Stefan-Boltzmann conditions on I'y,
cf. (2.114), because the heat/light radiation mechanism just intentionally domi-
nates the usual heat convection. The modifications are left as an exercise.

Exercise 6.27. Again, from natural reasons, uniqueness of the weak solution to
the whole system (6.50) can be expected only for small data: assuming o and k
Lipschitz continuous and both 6, and ¢, are small enough.?*

24Hint: imitate the strategy of Exercise 6.17. In particular, the term div(c(6)¢pV¢) results to

/Q (0(61)p1Vh1)—0(02)p2Vh2)) Vo12 d

= /ﬂ (0(01)=0(02)) 61 V61 + 0(02)612V b1 + 0(02)92V 12 ) V12 da

and then use Holder inequality to estimate it “on the right-hand side”.
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6.5 Semiconductors

Semiconductor devices, such as diodes, bipolar and unipolar transistors, thyristors,
etc., and their systems in integrated circuits, have formed a technological base of
fast industrial and post-industrial development of mankind in the 2nd half of the
20th century.?® Mathematical modelling of particular semiconductor devices uses
various models. The basic, so-called drift-diffusion model has been formulated by
Roosbroeck [301] and, in the steady-state isothermal variant, is governed by the
following system?°

div(eVe) =n—p+c, in Q, (6.58a)
div(Vn — nV¢) = r(n,p) in €, (6.58Db)
div(Vp +pV¢) = r(n, p) in Q, (6.58¢)

where we use the conventional notation?”

n a concentration of the negative-charge carriers (i.e. of the electrons),

p a concentration of the positive-charge carriers (the so-called holes),

¢ the electrostatic potential,

¢, =¢, (x) a given profile of concentration of dopants (=donors—acceptors),

€ > 0 a given permitivity,

r = r(n,p) generation and recombination rate, cf. Example 6.31 below.
The so-called Poisson equation®® (6.58a) is the rest of Maxwell’s equations when
neglecting magnetic-field effects, which says that divergence of the electric induc-
tion eV¢ has as the source the total electric charge n — p + ¢,. The equation
(6.58b) is the continuity equation for the phenomenological electron current?
Jn = Vn —nV¢ with the source r = r(n,p). The equation (6.58c) has a similar
meaning for the phenomenological hole current j, = —Vp —pVe.

25This was reflected by Nobel prizes awarded for discovery of the transistor effect to
W.B. Shockley, J. Bardeen, and W.H. Brattain in 1956, for invention of integrated circuits
to J.S. Kilby in 2000, and for semiconductor heterostructures to Z.I. Alferov and H. Kroemer
also in 2000.

26For more details, the reader is referred to the monographs by Markowich [235], Markowich,
Ringhofer, and Schmeiser [236], Mock [246], or Selberherr [318], or to papers, e.g., by Gajewski
[138], Groger [163], Jerome [185], or Mock [245]. The model (6.58) can be derived from particle-
type models on the assumption that the average distance between two subsequent collisions tends
to zero; cf. [236].

27Hopefully, “n” and “p” used in this section causes no confusion with the dimension n of the
domain  C R™ used also here, or the integrability in LP(2) spaces used in other parts.

28 More precisely, the Poisson equation is Au = g. For g = 0 it is called the Laplace equation.

29For simplicity, we consider diffusivity and mobility constant (and equal 1). Dependence
especially on V¢ is, however, often important and may even create instability of steady-states
on which operational regimes of special devices, so-called Gunn’s diodes, made from binary
semiconductors (e.g. GaAs) are based; such diodes have no steady state under some voltage
and therefore must oscillate (typically on very high frequencies ranging GHz). For mathematical
analysis of such system see Frehse and Naumann [129] or Markowich, Ringhofer, and Schmeiser
(236, Sect.4.8].



6.5. Semiconductors 179

Of course, (6.58) is to be completed by boundary conditions: let us consider,
for simplicity, the Dirichlet one on I'p with meas,,_1(I'p) > 0 (which describes
conventional electrodes) and zero Neumann on I'y = I'\ I'p (an isolated part), i.e.

op On  Op
dlrp = ¢p, Nrp=ngy, Plrp=p, on I'p, gy = gy 0 on I'y. (6.59)

Examples of geometry of typical semiconductor devices, a bi-polar and a uni-polar
transistors, are in Figure 15.30

base emitter source gate drain The grey
insulator scale:
the surface ;>0
o “of the chip o =0
c,<0
(concentration

substrate substrate

L

Figure 15. Schematic geometry of a bi-polar transistor (left) and a uni-polar field-effect
transistor (so-called FET) (right) which are basic elements of integrated cir-
cuits manufactured by an epitazial technology. The grey scale refers to the
level of dopants (hence the left figure refers to a so-called p-n-p transistor).

of dopants)

A substantial trick consists in a nonlinear transformation: we introduce a
new variable set (¢, u,v) related to (¢, n,p) by

n=e’u, p=e ‘v, (6.60)

and abbreviate

s(¢,u,v)

s(¢,u,v) ;== r(e®u,e"%v) and  o(p,u,v) = L
u —

(6.61)

Let us remark that —In(u) and In(v) are called quasi-Fermi potentials of electrons
and holes, respectively. Obviously, (6.60) transforms the currents j, and j, to

jn= Vn—nVe = e’Vu + ¢?Vou — e®?Vou = e*Vu, (6.62a)
jp = —Vp—pVe = —e *Vute *Vov—e *Vov = —e *Vu, (6.62D)

and thus the system (6.58) transforms to

div(eV¢) = e®u — e %v + ¢, (6.63a)
div(e?Vu) = s(p,u,v), (6.63b)
div(e™*Vv) = s(¢,u,v), (6.63c)

30Transistors have always three electrodes. In the bi-polar transistor, Figure 15(left), I'p has
therefore three disjoint components. In unipolar transistor, Figure 15(right), I'p has only two
components, the third electrode, called a gate, is realized through Newton-type boundary con-
ditions agf = (¢ — ¢¢) instead of the Neumann one (6.59), with ¢ denoting the electrostatic
potential of the gate, cf. Exercise 6.32.
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while the boundary conditions (6.59) transform to

dlrp = ¢, Ulrp =u, :=e Pon_, vlp, =vp:=e’op, onTp, (6.64a)
dp  Ou _ Ov

Pl M onTx.  (6.64b)

We will again use the fixed-point technique, designed by means of a mapping
M(a,v) = May(M(u,v),u,v), where M7 : (u,v) — ¢=the weak solution to (6.63a)
with (6.64), and Ms : (¢, 4, ?) — (u,v)=the weak solutions to:

div(e?Vu)= o (¢, @, 7)(uv — 1), (6.65a)

div(e™*Vv) = o(¢,a,v)(av — 1), (6.65b)

with the boundary conditions (6.64). We assume ¢ ,n,,p, € L®(I'p), ny(-) >4,
pp(-) > & with some § > 0, so that one can take K > 1 such that u, and

vy are in [e” X ef]. Moreover, let ¢, = ¢o|r, up, = uolr, v, = vo|r for some
o, uo, vo € WH2(Q2) N L(Q).

Lemma 6.28 (A-PRIORI ESTIMATES). Let 0 : R x Rt x RT — R be a positive
continuous function. For u,v € [e”X K], (6.63a) with the boundary condition
from (6.64) has a unique weak solution ¢ € WH2(Q) N L>(Q) satisfying

() € [Pmin, Pmax]  for a.a. x€Q, (6.66)

with ¢min € R so small and ¢pmax € R so large that

Gmin < inf ¢ () , ePmint K _ o=dmin=K | qup e (2) <0, (6.67a)
z€l'p e

Gmax > sup ¢, (z) , ePmax =K _ o=0maxtK 4 nf ¢ (z) > 0. (6.67Db)
x€l'p P19

Moreover, for ¢ € L>(Q) and u,v € [e~¥, e], (6.64)~(6.65) have unique weak
solutions v and v satisfying, for some Ck depending on K,

[ullwrz@) < Ck ,  [[vllwiz@e) < Ck , (6.68a)
u(z),v(z) € o™X, eX]  for a.a. z€Q. (6.68Db)

Proof. Use the direct method for the strictly convex and coercive potential ¢ —
Jo 36V o|*+ue?+ve™?—c, ¢ dz on the affine manifold {¢ € W12(Q); ¢|r, = ¢, };
note that this functional can take the value +oo. We thus get a unique weak?!
solution ¢ = M (u,v) to the equation (6.63a) with the boundary condition from
(6.64). The Wt2-estimate can be obtained by a test of (6.63a) by ¢ — ¢o: realizing

31This sort of solution is called a variational solution. If, however, we show a-posteriori bound-
edness in L>°(Q), cf. (6.66), this solution is the weak solution. One can also imagine the monotone
nonlinearity r — wu(z)e” —v(xz)e™" in (6.63a) modified, for a moment, out of [pmin, Pmax] to have
a subcritical polynomial growth.
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that always e=?(¢ — ¢p)t < ell?ollz>@ and —e?(¢ — ¢g)~ < el®ollz=w@)  we have
by Green’s Theorem 1.31

/e|V¢|2dx < /e|V¢|2+e¢<¢>—¢o>+u—e—¢(¢—¢o>—vdx
Q Q

/Q o (60— 8) — € (3—do)u+ e~ ($—go) v + eV - Vo da

lleo o) (2l i) + lldollLiey)
+ meas,, (Q)e" FlPole@ +ellVol L2 rm) I Vool 2 irny,

IN

from which an a-priori bound for ¢ in W12(Q) follows. The upper bound in (6.66)
can be shown by a comparison likewise in Exercise 2.71, here we use the test
function z := (¢ — ¢max)T. Note that the first condition in (6.67a) implies z|r, = 0
hence it is indeed a legal test function for the weakly formulated boundary-value
problem (6.63a)-(6.64). This test gives

/ eV V(¢ — bmax)T + (e?u—e ®v+ ¢, ) (¢ — Pmax) " dz = 0. (6.69)
Q

Now, we realize that the first term in (6.69) is always nonnegative, cf. (1.50), and
that, if v > e % and v < e, then necessarily ePu —e %u + ¢, > 0 wherever
(¢ — dmax)™ > 0 with ¢may satisfying the second inequality in (6.67b). We can
therefore see that (6.69) yields (¢ — ¢max)™ < 0 a.e. in Q. The lower bound in
(6.66) can be shown similarly by testing (6.63a) by z := (¢ — dmin) -

The unique weak solution u to the linear boundary-value problem (6.65a)—
(6.64) obviously does exist. The a-priori estimate can be obtained by testing
(6.65a) by u — ug:

ePmin / |Vu|2dx
Q

IN

/ e?|Vul® + o(¢,u, v)uv dzx
Q

= / e?Vu - Vug + o(¢p, @, 0) (uuet + u — ug) de
Q

IN

e¢max Hvu“ L‘Z(Q;R’n) HV’U/OHL2(Q;Rn)

_|_

Co (I1ull 2@y luollzone™ + lull ey + luollzry) — (6.70)

where Co = Supjy_ . s 1o (e oxj2 0(:, ) 50 that u is bounded in W'?(Q). The
upper bound for u in (6.68b) can be shown again by a comparison, now by choosing
2= (u—ef)* as a test function for (6.65a). As u|r, = u, < eX due to the choice
of K, z|r, = 0 hence it is indeed a legal test function for the weakly formulated
boundary-value problem (6.65a)-(6.64). This test gives

/ e?Vu - V(u— e +o(¢, 1, 0)(uv — 1)(u — )T dz = 0. (6.71)
Q
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As in (6.69), the first term in (6.71) is always nonnegative and, if ¥ > e~ ¥ the
second term is positive wherever u — e > 0, and we can therefore see that (6.71)
yields u < X a.e. in 2. The lower bound in (6.68b) can be proved similarly by
testing (6.65a) by z := (u — e %),

Analogous considerations hold for v. |

Lemma 6.29 (CONTINUITY). Let o : R x Rt x Rt — R™ be continuous.

(i) The mapping My : (u,v) — ¢ : L?(Q)? — W12(Q) is weakly continuous if
restricted on {(u,v); (6.68b) holds}.

(ii) The mapping My : (¢, u,0) — (u,v) : L2(Q)® — W12(Q)? is demicontinuous
if restricted on {(¢,u,v); (6.66) and (6.68b) hold}.

Proof. Assume uj, — u and vy — v in L?(Q). Then, consider ¢y, = M (uy, vx) and
(possibly for a subsequence) ¢p, — ¢ in WH2(Q). Then ¢ — ¢ in L? ~¢(Q2), and
also e®*uy — e®u and e® v, — e®v in L?(Q) provided ¢y, is bounded in L>(2),
as it really is due to (6.66).>> Then one can pass to the limit in the identity
fQ eVaor - Vz+ ePruyz —ePrupz 4+ ¢pzdz = 0, showing that ¢ = M;(u,v) and, in
fact, the whole sequence converges.

As to (ii), considering (¢, g, Ux) — (¢, @, ) in L?(Q)3, by the a-priori es-
timate (6.68a) the corresponding sequence (uy,vi) converges (at least as a sub-
sequence) weakly in W12(Q)? to some (u,v). Passing to the limit in the integral
identities®3

/ e Vuy - Vz + o (¢, tk, 0 ) (uptx—1)z dz =0, (6.72a)

Q

/ e Pk Vo -Vz+ a(¢k,ﬂk7ﬁk)(ﬂkvk—1)z dz=0 (6.72Db)
Q

for all z € W1*(Q), z|r, = 0, we can see that (u,v) solves (6.65) with the
boundary conditions (6.64). As ¢ > 0 and also @ > 0 and © > 0, this (u,v) must
be unique and thus the whole sequence converges to it. O

Proposition 6.30 (EXISTENCE). Under the above assumptions on o, ¢y, ny, Dy,
and ¢, the system (6.63)—(6.64) has a weak solution.

Proof. Use Schauder fixed-point Theorem 1.9 for the mapping M = Ms o M; on
S = {(u,v) € L*°(2) x L>=(Q); (6.68b) holds} equipped with the norm topology
of L%(9). Realize that, by (6.68a) and Rellich-Kondrachov’s Theorem 1.21, M(S)
is indeed relatively compact. O

32Realize that we can imagine that the nonlinearities (¢,r) — efr and (£,7) — e ¢r are
modified for & € [@min, Pmax] to have a linear growth.

33As Vz € L™®(;R™), we can use e’k — e? and e %k — e~? in L?(Q) if (6.66) holds. By
(6.68b), we can assume o (g, g, V) — o(¢, @, v) in any L"(Q2), r < 400, which allows us to pass
to the limit in the last terms in (6.72a,b). Eventually, the resulting identities can be extended
for z from W1°(Q) onto the whole W12(Q).
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Example 6.31 (Shockley-Read-Hall model). The generation/recombination rate is
often modelled by
np — c?

int (6.73)

r=r(n,p) = Tn(n + Cint) + 7p(P + Cint)

with cine > 0 an intrinsic concentration and 7, > 0 and 7, > 0 the electron and
the hole live-time, respectively. Assuming, without loss of generality if suitable
physical units are chosen, that ¢,y = 1, the model (6.73) indeed gives o as a
positive continuous function as required in Lemma 6.28, namely

1

(¢, u,v) = To(e®u + 1) + 1p(e v 4+ 1)

(6.74)

Exercise 6.32 (Newton boundary conditions for ¢). Modify Lemma 6.28 for com-
bining the boundary Dirichlet/Neumann boundary conditions (6.59) with the
Newton one: sgy = (¢ — ¢¢) on some part of I'y with ¢ € L*°(T'y); this part of
'y corresponds to the so-called gate of an FET-transistor on Figure 15(right).

Exercise 6.33. Strengthen Lemma 6.29 by proving the total continuity of M; and
the continuity of My.34

Remark 6.34 (Uniqueness). The weak solution to (6.58)—(6.59), whose existence
was proved in Proposition 6.30, is unique only on special occasions. In general,
there are even devices such as thyristors whose operational regimes just exploit
non-uniqueness of steady states.

34Hint: Show ¢, — ¢ in W12(Q) due to the strong monotonicity of the Laplacean with the
Dirichlet boundary condition on I'p by testing the difference of weak formulations determining
respectively ¢ and ¢ by ¢ — ¢, which gives

/ E‘ti)k—Vd)‘zdm = / (e‘15’€7¢;€ —ePu—e Py + e_¢v) (pg—¢)dxz — 0.
Q Q

As to uy, use the uniform (with respect to k) strong monotonicity of u +— —div(e®s Vu) likewise
in Exercise 2.70, and test (6.72a) by z := up — w:

ePmin V(uk_u)HQLQ

2
(R™) < Ae¢k|V(uk—u)| dx

= / 0 (P, Uk, Vg ) (up U —1) (up—u) — e?rVu - V(ug—u)dz — 0.
Q

Eventually, v — v is similar.
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EVOLUTION PROBLEMS



Chapter 7

Special auxiliary tools

In evolution problems, one scalar variable, denoted by ¢ and having a meaning
of time, takes a special role, which is also reflected by mathematical analysis. In
particular, here we first present a few useful assertions about spaces of abstract
functions on a “time” interval I:= [0,T], introduced already in Section 1.5, but
now possessing additionally derivatives with respect to time. Always, T' will denote
a fixed finite time horizon.!

7.1 Sobolev-Bochner space W1»4(I;V;, V;)

For V7 a Banach space and V5 a locally convex space, Vi C Vb, let us define
d
WIPa([,V, V) o= {u e LP(I; V):; d? e LI(I; Vg)} (7.1)

with (ftu denoting the distributional derivative of u understood as the abstract
linear operator &u € L(D(I), (Va, weak)) defined by

du T dep
= — t 2
dt (%) /0 b dt d (72)

for any ¢ € D(I), where D(I) stands for infinitely differentiable functions with
a compact support in (0,7). Mostly, both V3 and V2 will be Banach spaces,
and then WHP4(I;Vy,Vs) itself is a Banach space if equipped with the norm
lullwrearvive) = lullzecrvey + || Sullpaczvs). Sometimes, Vi = Va will occur
and then we will briefly write

WUYP(L V) := WHeP(LV, V). (7.3)

IFor more detailed study, the reader is referred e.g. to monographs by Gajewski at al. [144,
Sect.IV.1] or Zeidler [354, Chap.23].
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Occasionally, we use also spaces having 2nd-order time derivatives valued in Vj:

W2SPU(L Vi Vo, Va) o= {u € L(13V);

du d?u
(T, q(.
dat eLP(I;V5) and g2 e LY(I; [/3)}. (7.4)

As to Vo in (7.1), certain degrees of generality will be found useful for
the Rothe and the Galerkin method below, namely replacement of L4(I;Va) by
M(I;V3) or considering V5 a metrizable locally convex space, respectively. As to
the former generalization, we just replace L with M in (7.1) and equip it with the
norm counting the total variation of {\u, i.e. |[ulro(rva) + || Sl arsva); cf. (7.40)
below. As to the latter generalization, without loss of generality, we can assume
the topology of V5 generated by a countable collection of seminorms {| - |¢}sen.
Then (7.1) defines a locally convex space of functions u € L?(I;V;) such that

T 1/q
du e
= dt 7.5
¢ (/0 dt ‘é ) < heo (7.5)

for any £ €N; we then consider WP4(I;Vy, V3) equipped with the topology gen-
erated by [ - ||r(r;v1) and |- [ge, £ € N.

Lemma 7.1. Let p,q > 1 and let Vi C Va continuously. Then WP 4(I;Vy,V5) C
C(I;Va) continuously.

du

Proof. Let us confine ourselves on V5, a Banach space, the generalization for a
locally convex Space being clear. Let u € W1P4(I;V;, V). Then (ftu is integrable,

and we can put v(t):= [; § ¢ du 4dd. Then
ta
tl < /
Va £

lottz) = o(t)]ly, = || /tt du

This ShOWS that ¢ — v(t) : I — V3 is continuous. Yet, v = u + ¢, ¢ € V2 because

du

. (7.6)

ddt dtu Thus wu is continuous, too. Moreover, we can estimate
du
lo®lv: _/ H dt - H Li( IVQ) H t lpar,va)’ (7.7)
and then
T 1/P
ety = 77 ([ Tellr) =7,
< 1/p||u||LP(I-V2) +1 l/pH ||LP I;Va)
<7 1/pN12H HLP +T Yppl/p N H Y . (7.8)
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where N, and Njo are the norms of the embeddings L9(0,7) C L'(0,T) and
Vi C Vs, respectively.? From this, we get

</THdu
Vo — Jo HdY

+ T_l/pN12||u||Lp(1-,v1) + Ny

L0+ el

tdu

vy = dd — ‘

”U”C(I,Vz) Stlel?H/O dv ¢
du

du
dt llLa(r;va) dt llLa(r;v)
max (T~'/7 N1z, 2N HUHWLP"?(I;VLVQ)' (7.9&

q

IN

Lemma 7.2. Letp,q > 1 and let Vi C Vi continuously. Then C*(I; V1) is contained
densely in WhPa(I; Vi, Va).

Proof. Take u € WHP4(I; V1, V3) and, for € > 0, put

T _
ue(t) := /0 0- (t+ & (t) — s)u(s) ds, &(t) := ET T2t, (7.10)

where g, : R — R is a positive, C*°-function supported on [—¢, ] and satisfying
Jg 0c(t)dt = 1. Such functions are called mollifiers. To be more specific, we can
take e
183 /(2=23)  gor |t
cele or |t| < e,
0= { i

0 elsewhere, (7.11)

with ¢ a suitable constant so that [, 01(¢)dt = 1. Note that the function & (con-
verging to 0 for e — 0) is just to shift slightly the kernel in the convolution integral
in (7.10) so that only values of u inside [0, T'] are taken into account, cf. Figure 16.

=0 1= % T =T
T~ e=1/40

-—e=1/20
e=1/10

0 T 0 T 0 T

Figure 16. Example of the “mollifying” kernel s — o (t + & (1) — s) in the convo-
lutory integral (7.10) for three values t =0, T'/2, and T, and for three
values € = T/10, T/20, and T'/40.

Denoting ¢, the derivative of g, we can write the formula

o= (1_2;)/T916(t+§a(t)—8)U(s)ds

0

_ T
_ TT25/0 o-(t+ &) —5) (9)ds. (7.12)

2Tt holds that Ny = HlHLq/(I) =T1-1/4 cf. also Exercise 2.64.
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In particular, the first equality in (7.12) shows that u. € C1(I; V;). We can estimate

T T ttet€-(t) p
/ ue(t) - u(®)|[%, at = / 0e (146 (1)) (uls)—u(t))ds|
0 0 t—e+&c(t) Vi
T és(t) p
g/ (/ Qg(h & () |[u(t+h) — u( )Hvldh> dt
0 £ (t)—
p—1 Ee(t
- ( / ol Pdh) / / N ey — ue) |2, diae
—€ e t £
op— 1 E(t)+e
< // ) o)}, anae < 277 sup / u(t-+h) ()%, dt.
E(t

Then we use lim.—o supj,, <. [lu(- +h) — u||’£p(1;vl) which is easy to see for u piece-
wise constant while the general case follows by using additionally Proposition 1.36
uniformly for the collection {u(- + )} jp<c.?

Analogously, one can show that the last integral in (7.12) approaches (ftu
in LI(I; V3). Yet, (7.12) says that this integral equals just to (ftue up to a factor
T/(T — 2¢) converging to 1 when & — 0. Hence even [, u. itself converges to §u
in L1(I; Va).

7.2 Gelfand triple, embedding W' (I;V V*)C C(I;H)

A basic abstract setting for evolution problems relies on the following construction.
Let H be a Hilbert space identified with its own dual, H = H*, and the embedding
V' C H be continuous and dense. Note that then H C V* continuously; indeed,
the adjoint mapping ¢* (which is continuous) to the embedding i : V' — H maps
H* = H into V* and is injective, i.e.?

u Fue = fup#iTue =  FveV: (u,v) # (ug,v). (7.13)

Let us agree to identify i*u with w if w € H. Thus we may indeed consider H C V*
and the duality pairing between V* and V as a continuous extension of the inner
product on H, denoted by (-,), i.e. for u € H and v € V we have®

(u,v) = <u,v>H*XH <u w>H*XH = <i*u,v>V*XV <u U>V*><V . (7.14)

The indices in (7.14) indicate the spaces paired by the duality. The triple V' C
H C V*is called an evolution triple, or sometimes Gelfand’s triple, and the Hilbert

3See e.g. Gajewski et al. [144, Chap.IV, Lemma 1.5].

4The equivalence in (7.13) just expresses that the functionals w1 and uz on H must have
different traces (=restrictions) on any dense subset of H, in particular on V.

5The equalities in (7.14) follow subsequently from the identification of H with H*, the em-
bedding VCH, the definition of the adjoint operator *, and the identification of i*u with w.
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space H a pivot. Moreover, the embedding H C V* is dense. Occasionally, we will
need V or H separable, hence let us assume it generally without restriction of
applicability to partial differential equations.

Lemma 7.3. Let V C H = H* C V*, and p' = p/(p—1) be the conjugate exponent
to p, ¢f. (1.20). Then WL (I; V,V*) € C(I; H) continuously and the following
by-parts integration formula holds for any u,v € wipr' (L;V,V*) and any 0 <
1 <ty <T:

(u(ta), v(t2)) — (u(tr), v(t1)) = /tt2<i1;,v(t)>wxv+ <u(t), (31:>wadt. (7.15)

Proof. ¢ Note that (7.15) holds for u,v € C1(I; V) by classical calculus, by using
S ) = (4 0) 4 (u, ) = (5 0) ey + () e (here (7.14) have been
employed) and integrating it over [t1, ta].

Put ¢ = min(2, p). For u € C1(I;V), we can use (7.15) with v 1= u, ty := ¢
and t; such that ||u(ty)[|%, = fOT lu(9)]|%,dd, i.e. the mean value. Thus we get

@l = llu@)lE + (lw®lf = lu)l)

i q 2 5 972
< A9 + ol — )

/tt <j:;,u(19)>d19

1 AR
< plullLogm + 21/ ( ‘ dt

1 q/2

T
= | a0+

\]

ull i)
v vy Lp(hV))

1 _1/|1du e
= o +27 (| ), (716)

Lr' (I;V*)
where we used, besides Holder’s inequality, also the inequalities a? — b? < |a? —

b2|9/2, which holds for a,b > 0 and ¢ € [1,2],” and (a+b)9/? < 2(‘1‘2)/2(aq/2_+bq/2).
Then we use still the estimate

Nil|ullLocr,v if p<2,
lull Lacr,my < NN NV . (7.17)
1Nollull Loy i p > 2,

where N; and Na are the norms of the embedding V C H and LP(I) C L*(I),
respectively. As the estimate (7.16) is uniform with respect to ¢, the continuity

6This proof generalizes that one by Renardy and Rogers [295, p.380] for p # 2. For p general,
see e.g. Gajewski [144, Sect. IV.1.5] or Zeidler [354, Proposition 23.23] where a bit different
technique was used.

"This can be proved simply by analyzing the function (1 — £9)2/|1 — £€2|¢ with £ = a/b > 0.
This function is either constant=1 for ¢ = 2 or, if ¢ < 2, decreasing on [0,1] and increasing on
[1,4+00) and always below 1 (except for £ = 0 where it equals 1).
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of the embedding W1»4(I;V,V*) C C(I; H) has been proved if one confines to
functions from C*(I; V).

Yet, the desired embedding as well as the formula (7.15) can be obtained by
the density argument for all functions from W1P4(I;V, V*); cf. Lemma 7.2. The
fact that w : I — H is continuous follows from (7.15): if used by v constant and
letting to — t1, we get (u(ta),v) — (u(t1),v), hence u(+) is weakly continuous, and
by v = u we get ||u(tz)||g — ||u(t1)||m, hence by Theorem 1.2 u(tz) — u(t1) in
the norm topology of H. O

The following approximation property will occasionally be used.

Lemma 7.4. Let 1 < p < +o00. For any u € LP(I; V)N L>(I; H) and any ug € H,
there is a sequence {uc}eso C W (I;V, H) such that

u= lin% Ue in LP(I; V), (7.18a)
E—
T
du,
li —u)dt <0 7.18b
msup [ (G e =) <o, (7185)
ug = liII(l) u:(0) in H, (7.18¢)
e—

llucllLoo(r;my < lwllpoe(rmy, w(t) = w-lim u.(t) in H for a.a. t€l. (7.18d)

e—0

Proof. 8 As V C H densely, we can take {ug:}c>0 C V such that lim. .o ug. = ug
in H. Then we make the prolongation of u by wg. for t < 0, and define

() = / e leu(t — 5)ds. (7.19)
0

3

In other words, u. is a convolution of u with the kernel o.(t) := X[O)Jroo)e‘le‘t/s.
A simple calculation gives u.(0) = e~ tug. f0+°°e‘5/5 ds = wug. hencefore (7.18c)
is proved. Also, {uc(t)}eso is bounded in H and thus converges weakly, for t € I
fixed, as a subsequence to some %(t). Simultaneously, for u* € H, the whole se-
quence {(u*, u.(t))}e>o converges to {{u*, u(t))}c>0 at each left Lebesgue point of
(u*, u(+)). Using separability of H, we get that @(t) = u(¢) for a.a. t€l,i.e. (7.18d).
Also, [ue|| oo (rivy < N1l o nyllullLacrvy < e T@D/Pllu]| o1,y Moreover,

. 1 +oo 1 t
du. _ d / e /fu(t — s)ds d / &0/ (&) d¢
0

At ~ dte T dte ) .
o U(t) 1 ¢ (—t)/e o U(t) 1 +oo —s/e . U—Ug
= —62/_0063 u(€)d¢ = . _52/0 e ¥ fu(t—s)ds = .
(7.20)

8Cf. Showalter [321, Sect.II1.7]. For p > 2 see also Lions [222, Ch.II, Sect.9.2].
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where the substitution ¢t — s = £ has been used. In particular, (ft ue € L>®(I; H),
and one can test (7.20) by u. — u, which gives

T T
du 1
/0 (dts’us_u>dt:_g/0 llue —ul|3; dt <0 (7.21)
and therefore (7.18b) is certainly valid. Eventually, (7.18a) can be obtained by the
calculations in Lemma 7.2 modified for the kernel g, specified here. |

Remark 7.5. The formula (7.15) for u = v gives

lute)l = el = [0y, ae @)

t1

From this formula, one can also see that the function ¢ — J |lu(t)|3; is absolutely
continuous. Hence, its derivative exists a.e. on I and

1d 9 du
5 gl = <dt,u(t)>wxv for a.a. tel. (7.23)

7.3 Aubin-Lions lemma

We saw already in Part I that limit passage in lower-order terms needs compactness
arguments. This will be the application of the results presented in this section. Let
us first prove one auxiliary inequality which is sometimes referred to as Ehrling’s
lemma® if V3 is a Banach space. Here, however, we admit V3 a locally convex space,
which will simplify application to the Galerkin method in Section 8.4.

Lemma 7.6 (EHRLING [116], GENERALIZED). Let Vi, V2 be Banach spaces, and
V3 be a metrizable Hausdorff locally convex space, Vi € Vo (compact embedding),
and Vo C V3 (continuous embedding). Then, for any p > 1,

K
¥e>0 3a>0 IKeN WweVi: ol <clolf, +ad ). (7.24)
=1

Proof. Suppose the contrary. Thus we get ¢ > 0 suIC<h that for all @ > 0 and
K € N there is va,ic € Vit |lva, ||V, > €llva, [V, +a 302y |va, x|} Putting wa x =
Vo, / ||Va, & ||v7, We get

K

lwa, k1Y, > e+a fwaxlf (7.25)
=1

9The Ehrling lemma says: if Vi, Va, V3 are Banach spaces, a linear operator A : Vi — Va
is compact and a linear operator B : Vo — V3 is injective. Then Ve > 0 3C < +o0 Yu € Vi:
[Aullv, < ellullv; + C||BAu|lvy; cf. e.g. Alt [9, p.335]. In the original paper, Ehrling [116]
formulated this sort of assertion in less generality.
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and also ||we,k|lv, < Ni2, the norm of the embedding Vi C Va. From (7.25)
we get (Zle |wa7K|§)1/” < a~YPNy5 and therefore also |Wa,kxle < a~ /PNy, for
any a and any K > ¢, and thus lim, x— 4o [Wa,kle = 0 for any ¢ € N. As
{wq, K }a>0,Ken is bounded in Vi and the embedding V4 C V5 is compact, we have
(up to a subsequence) w, k — w in V3 if a, K — +o00. Hence also |w, xk —w|¢ — 0
for any ¢ € N because Vo C V3 continuous. Clearly,

lwle < |wa, K |e + |Wa,x —w|e — 0 (7.26)

so that |w|; = 0. Hence w = 0 because V3 is assumed a Hausdorff space, so that
Wq,xk — 0 in Vo, which contradicts (7.25). Thus (7.24) is proved. O

Lemma 7.7 (AUBIN AND LIONS, GENERALIZED!'Y). Let Vi, Vo be Banach spaces,
and V3 be a metrizable Hausdorff locally convex space, V1 be separable and reflexive,
Vi @ Vo (a compact embedding), Vo C V3 (a continuous embedding), 1 < p < 400,
1< g < +oo. Then WHPA(I; V1, V3) @ LP(I; Vo) (a compact embedding).

Proof. We will consider V3 equipped with a collection of seminorm {| - |¢}sen-

We are to prove that bounded sets in W1P4(I; Vy, V3) are relatively compact
in LP(I;V3). Take {uy} a bounded sequence in W1:P4(I;V;, V3).1! In particular,
as V; is reflexive and separable and p € (1,400), the Bochner space LP(I; V1) is
reflexive, cf. Proposition 1.38, and thus we have (up to a subsequence)

up —u in LP(I; V). (7.27)

As always L4(I;V3) C L(I;V3), we have

duk . 1/7.
{ py }keN bounded in L(I; V). (7.28)

We may consider u = 0 in (7.27) without loss of generality. Putting v := u(t)
into (7.24) and integrating it over I, we get

K
||uk|‘ip(1;v2) < EHuksz,P([;Vl) + az |uk|§,e (7.29)
=1

where |ulpe = (fOT lu(t)|Pdt)Y/P, cf. (7.5). The first right-hand-side term can
be made arbitrarily small by taking € > 0 small independently of k& because
supgen llurllzr(r;v,) < +oo. Hence, take ¢ > 0 fixed, which then fixes also
a and K. Then, for ¢ arbitrary but fixed, we are to push to zero the term

luklp , = OT/2 Juk(t)[5dt + fr:;r/z |uk(t)[)dt and we may investigate only, say, the

0For the original version with V3 a Banach space see Aubin [23] and Lions [222]. For a
generalization, see also Dubinskil [109] and Simon [322]. For a nonmetrizable V3, see [305].

1 As we address compactness in a Banach space LP(I;V2), we can work in terms of sequences
only, which agrees with our definition of compactness of sets as a “sequential” compactness.
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first integral. Take § > 0, we can assume 6 < T/2. For ¢t € I/2 :=[0,T/2] we can
decompose

5
up = g + 2k with  ag(t):= 3; / ug(t +)dd (7.30)
0

i.e. ug, being absolutely continuous, represents the “mollified ug”. Thus, using
by-parts integration, we have the formula for the remaining zj:

z(t) = /05 (? - 1) ddﬁuk(t—i—ﬁ)dﬁ
:[(g_q)”“t+ﬂﬂz "Kfi“ﬂﬁ+ﬂﬂﬁ=ww@)—ﬁka). (7.31)
=0
Then

T/2 T/2 T/2
/ ([Pt < 201 / i ([Pt + 271 / 2o (O1dt =: Trg + Ing. (7.32)
0 0 0

We can estimate

o [ (-0 vte s o] a0 = || e
(7.33)

where “x” denotes the convolution and s(t):= (t/d 4 1)x|—5,0(t). The following
estimate can be proved!?:

p

=: I?[,)Zv
Le(1/2)

If*xgller@) < Ifllerw)llgllor)- (7.34)
For f = |§tuk|g and g = s, we get

duk

Is, < ‘
36 = H de le

96| oy (7.35)
L1(1/246)

By (7.28) and by |[¢szer) < V0, we have I3, = O(¥/6) hence I, = O(5). In
particular, I ; can be made arbitrarily small if § > 0 is small enough.

Let us now take § > 0 fixed. By (7.27) with u = 0 and by the definition (7.30)
of @, we have 1 (t) — 0in V4 for every ¢, hence also 4 (t) — 0 in Va because of the
compactness of the embedding V3 C V5. Then also |a(t)|¢ — 0 because Vo C V3
is continuous. As {uy }ren is bounded in LP(I;V}), it is bounded in L(I;V3) too.
Thus

Ciy

CMTl—l/p
0 1)

é
ax(6)], < Cuelm®lv < 5 [ unte +9) o < il zorvey
0
120ne can use the trivial estimates ||f * gllr1@y < [fllz1mllgllo®y and [If % gllLeo @) <
1 £llLr gy llgllLoo (r) and, as g = f % g is a linear operator, obtain (7.34) by interpolation by the
classical Riesz-Thorin convexity theorem.
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where C1 ¢ = sup,, |v|¢/||v]lv; is finite because the embedding Vi C V3 is assumed
continuous. Thus @ (t) is bounded in V3 independently of k and ¢. By Lebesgue

dominated convergence Theorem 1.14, I ¢:= fOT/2 |tk (t)[;dt — 0 for k — oo.
In view of (7.29), the assertion is proved. O

The following modification of Aubin-Lions’ Lemma 7.7 is useful in the situa-
tion that we have another Banach space; let us denote it by H, and an L*°-estimate
valued in H at our disposal. This enables us to improve integrability in the target
space from p to p/X:

Lemma 7.8 (INTERPOLATION). Let Vi, Vo, V3 be as in Lemma 7.7, and H and
Vi other Banach spaces such that Vi € Vo C Vy C H and (Va, V4, H) forms an
interpolation triple in the sense

1-X
[0lly, < Cllollg Iy, (7.36)
for some X € (0,1); then
WhPa(I,Vy, V) N L®°(I; H) € LP/MI; Vy). (7.37)
Proof. By (7.36), we have the estimate
T
/A (1-X) /)\
[l < o Mol ol
(1=A)p/A
< O ol iy 10 o riva (7.38)
with C' the constant from (7.36). Then by (7.38) we get
A
H“k - “HLP/A V) = CH“’C uHLoo([ H) Huk - uHLP(I;Vg) —0 (7.39)

because Huk—quL;’\(I,H) is bounded by assumption while ||uk—u|\2p(1_v2) converges
to 0 by Lemma 7.7. O

Still one modification of Aubin-Lions’ Lemma 7.7 will be found useful.

Corollary 7.9 (GENERALIZATION FOR (yg A MEASURE'®). Assuming V) € Vo C V3
(the compact and the continuous embeddings between Banach spaces, respectively),
V1 reflexive, the Banach space Vs having a predual space V4, i.e. V3 = (V§)*, and
1 < p < 400, it holds that

d
WMLV, V) = {ueLp(I;Vl); d;‘

BFor p = 400, this assertion has been stated in [264].

EM(I;V?,)} € LP(I;Va).  (7.40)
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Proof. By Hahn-Banach’s Theorem 1.5, we can extend (ftuk from M(I;V3) =

C(I; V4)* to L>(I; V4)* while preserving its norm, so that we can test ,uy by the

discontinuous function s as done in (7.31), and eventually get the same estimate
. d . d

as (7.35) but with HdtukHLOO(I/2+5;V3’)* instead of H ||dtukHV3HL1(1/2+5)' O



Chapter 8

Evolution by pseudomonotone
or weakly continuous mappings

As already advertised in the previous Chapter 7, evolution problems involve one

variable, a time ¢, having a certain specific character and thus a specific treatment

is useful, although some methods (applicable under special circumstances, see

Sections 8.9 and 8.10) can wipe this specific character off. Conventional methods

we will scrutinize in this chapter deal with this one-dimensional variable ¢ by two

ways:

(i) discretize ¢, and then thus created auxiliary approximate problems are based
on our knowledge from Part I,

(ii) keep t continuous but approximate the rest by a Galerkin method similarly
as we did in Section 2.1, and then the approximate problems are based on
ordinary differential equations and Section 1.6.

8.1 Abstract initial-value problems

In this chapter, we will focus on the setting that the evolution is governed by the
abstract initial-value problem (the so-called abstract Cauchy problem):*

du

dt + A(t,u(t)) = f(t) for a.a.tel, u(0) = ug . (8.1)

The latter equality in (8.1) is called an initial condition.. We will address especially
the case that A : I x V. — V* T := [0,T] a fixed bounded time interval, and
V C H= H* C V* is a Gelfand triple, V' a separable reflexive Banach space

n fact, making A time dependent allows us to consider f = 0 without loss of generality.
Anyhow, it is often convenient to distinguish f. Also, the adjective “Cauchy” in concrete par-
tial differential equations often refers to initial-value problems on unbounded domains without
boundary conditions.
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embedded continuously and densely (and, for treatment of non-monotone lower-
order terms, also compactly) into a Hilbert space H = H*.

Definition 8.1 (Strong solution). We call u € WPP (I; V,V*) with p/ := p/(p—1)
a strong solution to (8.1) if the first equality in (8.1) holds in V* while the second
one in H.

The main feature of the concept of Definition 8.1 is that gtu lives in the dual

space to the space where u lives, i.e. here LP(I; V). In particular, the initial con-
dition u(0) = up € H has a good sense simply due to Lemma 7.3. Sometimes, this
information about ddtu is not available, however. Then, in some cases, it suffices to
take LP(I; V') in Definition 8.1 smaller, e.g. LP(I; V)N L(I; H) as in Remark 8.12
or Wirr' (I; V,V*)NL>(I; H), but sometimes even this is not possible. Such situ-
ations are indeed difficult but some results can still be achieved with the following

definition, working with a dense subspace Z C V and considering A : I xV — Z*.

Definition 8.2 (Weak solution). We call u € LP(I; V) N C(I; (H, weak)) a weak
solution to (8.1) if the integral identity

T
dv
/O<A(t,u(t))—f(t),v(t)>z*xz— (Su®), .t (o), u(T))=(0(0), o)
(8.2)
holds for all ve€ W1:°%:°°(I; Z V*); the parenthesis (-, -) is the inner product in H.

Sometimes, one can consider a modification of Definition 8.2 by requiring
v(T) = 0 and then w € LP(I; V) only. A justification of Definition 8.2 is its selec-
tivity (Lemma 8.4 with a uniqueness in qualified cases in Theorem 8.33 below)
and the following assertion of consistency:

Lemma 8.3 (CONSISTENCY OF THE WEAK SOLUTION). Any strong solution u to
(8.1) with f € LP (I;V*) is also a weak solution (considering an arbitrary dense
ZCV).

Proof. Note that t — A(t,u(t)) = f(t) — fu € LY (I;V*). Considering v €
Wheeoo(1, Z V*) ¢ WL (I;V,V*) and testing (8.1) by v = v(t), we obtain
(8.2) after integration over I by using the by-parts formula (7.15) and the initial
condition u(0) = ug. O

Lemma 8.4 (SELECTIVITY OF THE WEAK SOLUTION). Let f(t) € V* for a.a. t € I.
Then any weak solution u which also belongs to WLPP (I; V,V*) and for which
A(t,u(t)) € V* for a.a. t € I is also the strong solution due to Definition 8.1.

Proof. The qualification of u allows us to use the by-parts formula (7.15) to the
term (v, u) in (8.2), which results in

T du
/0 <dt + A(t,u(t)) — f(t),v(t)> da = (uo — u(0),v(0)). (8.3)

V*xV
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Using v(0) = 0, the right-hand-side term vanishes, and realizing that the
left-hand-side integral is the duality pairing in L? (I;V*) x LP(I; V) we ob-
tain {u 4+ A(t,u(t)) = f(t) for a.a. t € I, cf. Exercise 8.46 and realize that
{g € WEP'(I); g(0) = 0} is dense in LP(I). Putting this into (8.3), we obtain
(ug — u(0),v(0)) = 0. Taking now v general, we get still u(0) = ug. O

It should be emphasized that various adjectives such as “weak” or “strong”
may address different issues, depending on the context. This is a general state of
the art in theory of partial differential equations, especially evolutionary, which is
reflected also here. Therefore, referring to a specific definition is always advisable.
For readers convenience, the used terminology is summarized in Table 2.

abstract level of concrete differential equations
level or variational inequalities
strong solution weak solution
weak solution very weak solution

Table 2. Terminology about solutions to evolution problems.

8.2 Rothe method

Let us begin with the problem (8.1) in the autonomous case, i.e. A: V — V* is
independent of time :

((1;; + A(u(t)) = f(t) , u(0) = ug . (8.4)

In this section we present the so-called Rothe method [302] consisting in discretiza-
tion in time. Let 7 > 0 be a time step; for simplicity, we take an equidistant parti-
tion of I and suppose T'/7 is an integer. Moreover, we will work with a sequence of
such time steps {7; }ien such that lim;_,., 7 = 0 and, again for simplicity, assume
that 7; = 27T so that the partitions are “nested” in the sense that the subsequent
partition always refines the previous one. Let us further agree to omit the index
[ and write simply 7 — 0 instead of ; — 0 for | — oco. Moreover, we must ap-
proximate values of f at particular points ¢t = k7, 0 < k < T'/7. One possible way
is to apply a mollifier as (7.10) to f instead of u; let us denote by f. € C(I;V*)
the resulting smoothened right-hand side. Then, choosing a suitable ¢ = &(7),
cf. (8.14) below, we put f¥ = f.(k7). Then we define v € V, k=1,...,T/7,
by the following recursive formula:

ko ket

u T
. + A(ulj) = f ) ff:: fs(‘r)(kT) ) u?_ = Uor (8.5)

called sometimes an implicit Euler formula.? Sometimes, the recursion (8.5) is
started simply from the original initial condition for (8.4), i.e. ugr = up, but in

k

2The adjective “implicit” emphasizes that the unknown u®

occurs in A and cannot be explic-

itly expressed, and to distinguish it from an explicit Euler formula u® — ubl 4 TA(uﬁ_l) =r7fk
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general up, may be only a suitable approximation of ug, cf. (8.37) below. Further-
more, we define the piecewise affine interpolant u, € C(I; V) by

t

o k R W B <
C 1))ur+(k T)uT for (k—1)r <t < kr (8.6)

ur (1) = (
and the piecewise constant interpolant @, € L*(I; V) by
Ur(t) = u” for (k—1)r <t <kr, k=0,....,T/T. (8.7)

Let us note that u, has a derivative (ftuT € L*°(I; V) which is piecewise constant;
cf. Figure 17, whereas @ has only a distributional derivative composed from Dirac
masses, cf. (8.34).

calculated values piecewise constant piecewise affine time derivative
v . v interpolant u_ y Interpolant u_ \%4 du,
dr J—
1 u2 . —_— \ , /
I:T ol o 0 \\ /
0 \ 7
u 7/
T | _—
! ! ; ; ; — ;
0 T T O T O T O T

Figure 17. Illustration of Rothe’s interpolants u, and u. constructed from a sequence

{u’ﬁ}fig, and the time derivative dtuf; the dashed line on the last picture

shows the interpolated derivative [, u-]' which will be used in Chapter 11.
Let us consider a seminorm on V', denoted by ||/, such that the following “abstract
Poincaré-type” inequality holds:

3C, e Rt YveV : vllv < Co(lvlv + lvl|a)- (8.8)

A trivial case of (8.8) is | - |y := | - ||v with C\, = 1. Referring to such seminorm,
we will call A semi-coercive®

(A(u),u) > coluly, — er|uly — collullF ; (8.9)

this condition essentially determines the power p < 400 in the functional setting
of the problem. In this Chapter, we will assume p > 1.

Lemma 8.5 (EXISTENCE OF ROTHE’S SEQUENCE). Let A : V—=V* be pseudo-
monotone and semi-coercive, f€LY(I;V*), and uo, €V*. Then, for a sufficiently
small 7> 0 (namely T < 1/cz), the Rothe solution u. € C(I;V*) does exist.

which is, however, not suitable if V' is infinite-dimensional. For semi-implicit formulae see Re-
mark 8.14 below, while a multilevel formula is in Remark 8.20.

3Note that, even if | - |y = || - ||y would be considered, {A(u),u) may tend to —oco for
|lullyy — oo provided p < 2. Thus (8.9) is indeed much weaker than the “full” coercivity (2.5).
For some considerations, (8.9) can be even weakened by considering cz|lu|%In(||ul|%) instead
of cg||u||%{ and then using a generalized Gronwall inequality, though e.g. Lemma 8.5 would not
hold.
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Proof. Let us notice that the identity mapping I : V — V is monotone as a
mapping V' — V* because the embedding V' C H C V* implies

<Iu—Iv,u—v>V*XV = <U—U,U—U>H*XH = (u—v,u—v) = [lu—v|F > 0.

Thus iI + A : V — V* is pseudomonotone because I is monotone, bounded,
radially continuous (hence pseudomonotone by Lemma 2.9) and the sum of two
pseudomonotone mappings is again pseudomonotone, see Lemma 2.11(i). Also,
iI + A:V — V*is coercive for 7 small enough. Indeed,

<u + TA(u),u> = (u,u) + T<A(u),u> > reoluly, — Terluly + (1 — Teo)|ull%

which can, for 7¢p < 1, be estimated from below by e(|u|y + |Ju 7)™ "3P) -1/ >
e(Jullv/Cp)™n2P) — 1/e for ¢ > 0 small enough, so that the coercivity (2.5) is
fulfilled. Thus, by Theorem 2.6, the equation [1I+ AJ(u) = Luf~! + f¥ has some
solution u =: uk € V. O

The mapping A : V — V* induces a superposition mapping (i.e. a special
case of the abstract Nemytskil mapping) A by

[A@u)] (1) = Au(t)) - (8.10)

In the following, we will need to have some information about the time derivatives
which can be ensured by assuming that

A:LP(I;V)NL®(I; H) — LY (I; Z*) bounded (8.11)

with some ¢ > 1 and Z C V densely. A simple example for a condition that
guarantees (8.11) is the growth condition on A:

3¢ : R — R increasing YveV : AW . <e(lulla)(1+ HuH"’/q,). (8.12)

Z*

In concrete cases, (8.11) may involve rather fine estimates, cf. Example 8.60(2)
below.

Lemma 8.6 (BASIC A-PRIORI ESTIMATES). Let (8.8) hold, A be pseudomonotone
and semi-coercive, let

f=h+/ with fre LY (I;V*), foe LY (I; H), (8.13)

let the mollified approxzimation f.ry = (f1+ f2)e(r) := fre(r) T+ foc(r) used in (8.5)
satisfy
Ky

K
v and ||f2€(7)||C(I;H)§\/T (8.14)

Hfla(T)Hc(I;v*) S v

T
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for some (but arbitrarily chosen) K1, Ko and let {uor }+>0 be bounded in H. Then,
for any 0 < 7 < 19 with 79 small enough so that

219¢2 + /10CL K1 + /10 K2 < 1 (8.15)

with Cy, from (8.8), the following a-priori estimates

lurllc:m < Cr, (8.16a)
larllpoe(rmy n poaivy < Cr s (8.16Db)
Hu‘ri[To T]HLP( [70,T];V) < Gy, (8.16C)

Cy

du,
8.16d
H L2(I; H) VT ( )

hold with some Cy and Cz depending on p, Cy, |[fillpw rvey | follor@my, and
SUp,~q |[uor||m only. Moreover, if upr € V, then

tell ooy < §/CF + Tlluor |t - (8.17)

Eventually, if also (8.11) and (8.13) hold with ¢ > p, then

< Cy, (8.18a)

I

LY (I;Z*)

H da, < TV, (8.18b)

M(1;Z*)

Before starting a rigorous proof, let us sketch the heuristics in an easily
observable way neglecting (otherwise necessary) technicalities related to the ap-
proximate problem. First, “multiply the equation | u+A( ) = f by the solution
u itself, and then use ( {,u,u) = 3 { |Jul|%, cf. also (7 23), the semi-coercivity (8.9)
and Young’s inequality. This gives

d /1, K » 1d 9 » du
+ = + < —+ A
dt<2HuHH CO/O |U(9)|Vd9) 2dt||U||H CO|U|V > <dt (u), >

=+ 01|’LL|V + CQHUH?{ = 01|U|V + CQ”U”%{ + <f,u> =: R1 + R> + R3, (819)

where |uly, ||ul|g, f, etc. abbreviate |u(t)|v, ||[u(t)|| g, f(t), etc., respectively. By
(8.8), the last term can be estimated as

Rs = <f,u>=<f1+f2,u>§ H +||f2||HHUHH
< Coll il uly + lell) + N2l (2 + S el

A 1) (G + llls)  ©20)

< G| filly. + Cotluly, + (Coll 1]




8.2. Rothe method 205

with C. from (1.22). The term Celul}, can then be absorbed in the left-hand
side if £ < }co/C,, is chosen, while the other terms have integrable coefficients as
functions of ¢ just by the assumption (8.13). Similarly, Ry < ¢1(C: + £|ul},) with
C: again from (1.22), and then cieful{, can be absorbed in the left-hand side if
also € < ¢g/(2¢1). Altogether, we obtain

d

vt 12200 (5 + ) (s.21)

1 t
(31t + (- <y —zar) [ futo)fy a0) < Cufer+ €,

+ea|ullF + (Co || f1]

Then we can use directly Gronwall’s inequality (1.65). In such a way, we obtain
lu(®))% + fot |u(9)[}, d6 bounded uniformly with respect to ¢t € I, which yields

already (8.16a). Then, for t = T, we get also the bound for fOT [u(t)|}, dt, so that
still (8.16b) follows by using also (8.9) and the already obtained estimate (8.16a).
The “dual” estimate (8.18a) is then essentially determined by (8.16b) through the
condition (8.11). Assuming we know (ftu = f — A(u), which we indeed will know

for the discrete problem, and using Hoélder’s inequality, we have

du T du
< > = sup < ,v> dt
dt /L' (1;z7)  llpann<t Jg Vdt

T
= sup /0 (f = A(u),v) dt

lvllLa(r;zy<1

< su ( ror ey | A0 r.*>v . 8.22
H'U“L‘I(II;)Z)Sl £l Lo (I;Z*) [ A(w)| a (I;Z*) vl La(r;2) ( )
and then (8.11) with the already proved estimate of u in LP(I; V)N L>(I; H) is
used.

On the other hand, the estimates (8.16¢,d) and (8.17) explicitly involve 7
and 79 and cannot be seen by such heuristical considerations.

Proof of Lemma 8.6. Let us now make the proof of Lemma 8.6 with full rigor.
Multiply (8.5) by u*. This yields

(U7 (A, ) = () (8:23)

T

Then sum (8.23) for k = 1,...,l, multiply by 7, and use the identity (u* —
uimh ) = (uplf — (bt uf) = Gl — gl I + g llul — wi T [E which

follows from (1.4)* and which implies the estimate

4Indeed, using u := ¥~ and v := u¥ in (1.4) yields (uf71 uk) = i”uf +uﬁ_1||%{ — iHuf_ -
ub L2, = iHuﬁH%{ + %(uﬁfl,u’.ﬁ) + iHuﬁflﬂé — i”uf — u’-ﬁ71||%{ which further yields the

identity in question.
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l l

l

1 1,
DGk =ty = 37 (k) = S0 b - et
k=1

k=1 k=1
1 1
L L i 1 A LI AR CE 70
This gives
1 2 1 2 l l
St = Sl 7 S0 Ak k) < S (h k). (825)
k=1 k=1

Following the scheme (8.19)—(8.21), by (8.9) and by Hoélder’s inequality, we can
further estimate

l
1
Il +eor i < ||uoT||H+TZ( * ) b s a3

)

1 1
oIk g+ (cQ+2Cpr1’i|IV*+2{|f§TIIH){|u’;||iI) (8.26)

||UOT|H+TZ( 81+O |U v+ C: (C’l—|—C' HflT

+ 2OP||f1T \%4

with € > 0 small and C. correspondingly large, cf. (1.22). If e < ¢g/(c1 + Cp), we
can absorb the term with e(c; + C,)|uf|}, in the respective term in the left-hand
side. Then discrete Gronwall’s inequality (1 69) can be used; note that (1.69) here
requires

1

T <
2co + maXg—1,.7/7 (OP Hf{ﬂ

(8.27)

ve 178 )

which is indeed satisfied if 7 < 79 with 75 small as specified in (8.15). Also note
that

l , T/t
TZHf{CTHZ\)/* — ZHflTHV* - Hfl”Lp (I;V*)? (828&)
= k=1
T/T
TZ [ PR D) [ Py 1 PR (5.28b)

for 7 — 0, cf. Lemma 8.7 below; in particular, the left-hand sides of (8.28) must
be bounded independently of 7. By this way, we get already the estimate of
||’17/7-||Loo(];H)mLp(];V) and of ||UTHL°°(I;H) if 7 S T0- Certainly5

lurll Lo rvy < NGl ey, (8.29)

51t can easily be proved for p = 1 and for p = +00. For 1 < p < 400, we get it by interpolation.
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which already gives (8.16¢) for 7 < 7.
Moreover, by a finer usage of (8.24) exploiting also the “forgotten” term

[uF — ub=1|2;, we get still the boundedness of 24, [[u¥ — u¥~1||%, from which
(8.16d) follows

As to (8.17), we can formally extend @, for ¢ < 0 by ug,, and then, like
(8.29), we have

0

T 1/p
lurlle vy < l@cllLe(—rryv) = (/ l|luor |5 dt+/0 ||ﬂr||€/dt)

1/p
= (llwor I, + I ograr)) - (8.30)

Then (8.16b) gives (8.17).
As to (8.18a), in view of (8.5), as in (8.22), we have

T T
dur = _
/0<dt ,v>dt—/0 (fr — A(r),v) dt
< (el rizey + 1A@ o 1,209 ) ol oy
r 1/4’
< (lwizmy + ([ 14N a0) " Yiollzscizy (530

where f, abbreviates the piece-wise constant function defined by

fr(t)= fE= foiry(k7) for te [(k—1)7 k7]. (8.32)

As LY (I; Zx) is isometrically isomorphic with L%(I; Z)*, cf. Proposition 1.38, it

holds that
T
du,
= su o) dt 8.33
loll Lo <1 /0 <dt ) (8.33)

S NI fllpe vy + sup HA(”)HLCI'(I;Z*)

vl vynLoe (1;m) <C1

I 1.

where N denotes the norm of the embedding L? (I; V*) C LY (I; Z*); here the
assumption ¢ > p is used. The a-priori bound (8.16b) then gives (8.18a). Then
(8.18b) follows easily:

B D S

g

H duT

IZ*—ZH“_“ 1.

du,

< 71/d

<TYiC 8.34
LY(I;Z2%) — 3 ( )

LY (I;Z*)

where §(;_1), denotes the Dirac distribution at time ¢t = (k — 1)7. O
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The following approximation property, used also for (8.28), will often be
found useful.

Lemma 8.7 (CONVERGENCE OF f,). If f € LU(I;X) for 1 < ¢ < +oo and X a
Banach space, then f, defined by (8.32) with lim,_oe(7) = 0 converges to f in
LYI; X) when T — 0.

Proof. Take n > 0. Using the convolution with a mollifier as in (7.10) with £ > 0
small enough, we get f. € C(I;X) such that ||fo — fllpe,x) < n/3. As I is
compact, f- : I — X is uniformly continuous and thus there is 79 > 0 sufficiently
small such that ||f.(t1) — f-(t2)||x < T~'9/3 whenever |t; — t5| < 70. Then
also || f=(t) — [f-], (1|l x < T~n/3 for any 0 < 7 < 79 and ¢ € I, hencefore also

||f€—[f8]THLq({;X) < Tl/qua_[fE]T”C(I;X) < n/3. Eventually, as ifl (8.58), we have
also [|[fe], = frllLaax) < IIfe = flloaix) < n/3. Altogether, | fr — fllLarx) <

Ifr — el lpacrxy + el = fellpaqrxy + 1fe = fllzagrx) < :1),774' :1;774' :1),77 = for
any 0 < 7 < 7p. |

An additional useful auxiliary assertion addresses pseudomonotonicity of A.

Lemma 8.8 (PAPAGEORGIOU [274], HERE MODIFIED®). Let A : V. — V* be
pseudomonotone, satisfying (8.9) and (8.12) with ¢ = p and Z = V. Then A
is pseudomonotone on W := WtP-M(L; V. V*)N L*°(I; H).

Proof. The boundedness of A : W — W* follows just by (8.4).

Let us now take up = w in W. By Helly’s selection principle generalized for
mappings valued in a separable reflexive V* (see e.g. [36, Chap.1, Thm.3.5]), there
is a subsequence (denoted by the same indexes k for simplicity) and @ : I — V*
with a bounded variation such that ug(¢) — @(t) in V*. Yet, & = w a.e. on I; indeed,
for any v € L*°(I; V*) we have (uj,v) — (u,v) and, by Lebesgue Theorem 1.14,
simultaneously (ug,v) — (u,v). Thus, using the boundedness of {ux(t)}ren in H
for a.a. t€ I, we have even uy(t) — u(t) in H.

Denote & (t) := (A(ug(t)), ur(t) —u(t)) and assume limsup,_, fOT &p(t)dt <
0. By (8.9) and (8.12) with ¢ = p and Z = V', we have

&(t) > colur () — Ci(t), with
C(t) == crlur(®)v + callur®)II3 + €(lun®)llm) (1w @) u@)llv-
(8.35)

Assume liminfy_ oo §x(t) < 0 with ¢ fixed. Then (8.35) implies {uy(t)}ren is
bounded in V', hence (for a subsequence depending possibly on t) ug(t) — u(t) in V
because also uy(t) — u(t) in H. By pseudomonotonicity of A, liminfy_, o &k (t) >
0. This holds for a.a. t € I.

6In [274], a non-autonomous case like in Lemma 8.26 below has been addressed but in the
case W := Whpp' (I; V,V*). See also [180, Part II, Chap.I, Thm.2.35].
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As &, > —(p. and {(x}ren is uniformly integrable” by the generalized Fatou
Theorem 1.18

T T
0< / hkrninfgk t)dt < hmlnf/ &p(t)dt < hmsup/ &p(t)dt <0, (8.36)
0 — 00 k?—>OO
. T
and therefore limy_, fo &(H)dt = 0.

Since liminfy .o & (t) > 0, we have & (t) — 0 a.e. and thus, by Vitali’s
Theorem 1.17, we also have limg_ fOT & (t)dt = 0 because 0 > & > —(;
and because {(;}ren is uniformly integrable. Altogether, limy_, o fOT |€k(2)]dt =
limg_ o0 fOT &k(t) — 2¢, (t)dt = 0. Hence, possibly in terms of a subsequence,
limg— o0 &k (¢) for a.a. t € I. Taking v € W, by the pseudomonotonicity of A,
we have liminfy_ oo (A(ug(t)), ur(t) — v(t)) > (A(u(t)), u(t) — v(t)) for a.a. t € I,
and eventually again by the generalized Fatou Theorem 1.18

T
likrggéf (Alur),up —v) = likH_l)i(gf ; (A(ur(t)), up(t) — v(t))dt
T T
> /0 lin inf (A(ug(1)) s (6)—v(0)) > / (Afu(t)), u(t)—v(t))dt = (A(u), u—v)

because (A(ug(-),ur(-)—v(-))) has a uniformly integrable minorant, namely —(j
as in (8.35) but with v in place of u. O

As we reqmred LU € L (I; V*) in Definition 8.1, it is reasonable to have
both A(u) and f in Lp (I, V*),ile. ¢ =pin (8.11) and (8.13). As always H C V*,
we can consider fo = 0 in (8.13) without loss of generality. For 1 < ¢’ < p’ and
fa # 0, cf. Remark 8.12 below.

Theorem 8.9 (EXISTENCE OF A STRONG SOLUTION). Let A : V. — V* be
pseudomonotone and semi-coercive, satisfy the growth condition (8.11) with ¢ =p
and Z =V, f e LV (I;V*) and ug € H. Then the Cauchy problem (8.4) possesses
a strong solution u € wipr' (I; V,V*) which can, in addition, be attained in the
weak topology of wipr' (I; V,V*) by a subsequence of Rothe functions {u;}r>0
constructed by considering lim, .oe(7) = 0 for fo) in (8.5) satisfying (8.14)
(now with Ko =0) and {uor}r>0 C V such that

luor|lv = O(r~1/P) and ugr — ug in H; (8.37)

note that such {ug:}r>o always exists because V is assumed dense in H.

"The uniform integrability or, throu%h Dunford-Pettis’ Theorem 1.16, rather equi-absolute-
continuity of the collection {||uk( M5 lu()|lv ken can easily be seen by Holder inequality
||uk||€,_1||u||v < (||ukH€)(7”1)/p(||u||p Y1/ from absolute-continuity of lull}, € LY(Q) and
boundedness of {||uy ||}, }ren in Ll(Q).
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Proof. Combining (8.17) with (8.37), we have w, bounded in LP(I;V), and
counting also (8.16b) and (8.18a), we can take a subsequence and some u €
L>(I; HYNLP(L;V), 4w € L>*(I; H) N LP(I;V), and & € L? (I; V*) such that

Ur = in L>®(I; H)NLP(I; V), (8.38a)
TNy in LI, H)NLP(I;V) | (8.38D)

d T . . Y
YT g in LP (I; V™). (8.38¢)

dt
We want to show that d
u

=1 & =1. 8.39
u=1q g = (8.39)

By (8.38b), we have also w, — w in LP(I; H). Let us show that w, — 4, —
0 in LP(I; H). Take X[rok1,roks)¥ fOr some 79 > 0, k1 < k2 and v € H; linear
combinations of all such functions are dense in L¥’ (I; H) due to Proposition 1.36.
Then, for 7 < 79,

Tok2
<UT — Ur, X[Tgkl,rokg]v> = i <U/T(t) - ﬂ-,—(t), U> dt
Tok1
kaTo/T kr kaTo/T
t—k
S SR R (R S EEE A DR SNy
k=ki7o/T+1 (k—1)7 T 2 k=ki1o/T+1
=R1T0/T =RK1To/T

= ;@’?TO/T - uflTO/T,v> = 72-<u7(7'0k2) — ur(10k1),v) = O(7),

where we eventually used that w,(7pks) —u,(70k1) is bounded in H by 8.16b. Thus
ur — @y — 0 in LP(I; H), and thus also in LP(I; V) because of (8.38). Moreover,
by using subsequently (8.38¢), (7.15), and (8.38a), we get

. du, dep dep
= - T - ) A4
(i, 2) <_< dt "p> <U dt>_’ <u dt> (8.40)
for any ¢ € D(I;V), which, in particular, implies 4 = éitu in the sense of distrib-
utions®. Thus (8.39) must hold.
The initial condition
u(0) = ug (8.41)

is satisfied because u, — u in W12#' (I; V,V*) and by the continuity (hence also
weak continuity) of u +— u(0) : WLPP (I, V,V*) — H (see Lemma 7.3) we have
u-(0) = w(0) in H so that

ug — uor = u,(0) = u(0) , (8.42)
8Let us recall that cftu € L(D(I), (V*,weak)) is defined by the Bochner integral [slt ul(¢p) =

—f(;r u( ;t ¢)dt for any ¢ € D(I). The equality v = Jltu can be got from (8.40) by putting
p(t) = ¢(t)v for ¢ € D(I) and v € V arbitrary.
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which immediately implies (8.41). B B
From (8.5) one can see that & u, + A(u-(t)) = f; with f; from (8.32). Thus,
for any v € LP(I; V), one has

T T
/0 <d§tf,v(t)>+<A(ﬂf(t)),v(t)>dt:/O (f-(t),v(t)) dt . (8.43)

In terms of (-,-) as the duality between_L”,(I;V*) and LP(I;V), one can
rewrite (8.43) into ({ ur,v) + (A(d,),v) = (f,v). Putting v — %, instead of v,
one obtains

(A(r),v — 7)) = (Frov — t1r) — <d:;;,v — ) = 1 - 2, (8.44)

As f, — fin LP (I;V*) due to Lemma 8.7 and @, — u weakly in LP(I; V) due
to (8.38b) with (8.39), obviously

lim I = (f,0—u). (8.45)

By (8.38a,c) with (8.39), the weak continuity of the mapping v — w(T) :
WLPP (I, V,V*) — H (see Lemma 7.3), and by the weak lower semicontinuity
of || - ||%, one gets (using also (8.24))

liriljblp 1% < ].iITn_S)lblp <<d§;,v> - <d§tT,uT>>

. du, 1 1
—timsup ({47 o) = §llur (T + gl )

T—0

. /dus 1. . 1.,
= lim (7, v) = liminf ur (7) % + ) lim [luo, |

o\ at Y
du 5 1 2 /du
< (Gov) — @I+ ol = (5 v —u)  (8.46)

where the last identity employs (8.41) and (7.22). Altogether, (8.45) and (8.46)
lead to

- _ _ d
hin_}glf (A(tr),v—t,) > <f - d?,v - u> (8.47)

In particular, for v:= u we have got limsup, _,,(A(@.), & —u) < 0. By Lemma 8.8,
i.e. the pseudomonotonicity of A, we can conclude that, for any v € LP(I; V),

liqu_n_%lf (A(G-),tr —v) > (A(u),u — v). (8.48)

Joining (8.47) and (8.48), one gets (A(u),u —v) < (f,u—v) — (L u,u—v). As it
holds for v arbitrary, we can conclude that

(A(w),v) = {f,0) — <(311;,v>. (8.49)

As v is arbitrary, A(u) = f — (ftu must hold for a.a. t € I, cf. Exercise 8.46. [
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Remark 8.10 (Error in u, — u,). If (8.12) holds, then u = @ in (8.39) can alterna-
tively be proved by a simple direct calculation:

T/7

kT ’
/ t—kT |9
e _ Z ko k-1
s UTHL“'(I;Z*) k=1 /(k—l)T (ur =) T ‘ Z*dt
T/T / T/T — /
=7 E Huk_uk—1|Q’ _TqHZ uf — k1
g+l Pt T N g = T z*
74 du, (|7 /
= =0O(r? 8.50
q’+1H dt lloe' (1;2%) (™) (8:50)

where the bound (8.18a) has been used. Therefore, |[u; — tr|lpe (1.7+) = O(T)
and thus also ||u; — @, p1(1,2+) = O(7). As certainly LP(I;V) € L'(I; Z*), we
can estimate the limit ||u — || 11(7,z+) = 0 and thus the first equality in (8.39) is
proved once again. Using (8.16d), the calculation (8.50) yields the error u, — @,
estimated in a stronger norm®:

du,

e = aellzam = 7o g O(v7). (8.51)

L2(I;H) -
Remark 8.11 (Strong convergence @, — u in LP(I;V)). Let us subtract (ft Ur +
A(u-(t)) = fr from $u+A(u(t)) = f and test it by @, —u. By using the inequality

((ftuT(t),ﬂT(t) —ur(t)) = Hgtur(t)H%I(kT —t) > 0 for any t € ((k—1)7,k7), we
obtain

(G =)= )+ = )

= (o) 2 g gl ol (gl —se) 092

for a.a. t € I; here the dualities are between V* and V. After integration over I,
this gives
1 2 _ _
5 HuT(T) - u(T)HH + <A(uT) — A(u),a, — u>
1 - d
< lluor = wollf + (Fo—1+ d?’aT —u ) =0 (853)

by using respectively uor — ug in H, fy — f in L¥’ (I;V*) due to Lemma 8.7, and
Ur — Uy = u—4=01in LP(I; V) due to (8.38a,b)—(8.39). This gives 4, — u in
LP(I; V) if A= Ay + Az and V is strictly convex, and A; is assumed d-monotone
in the sense

(A1(u) — Ar(v),u —v)

LP' (I;V*)x LP(I;V)
> (Al = dlollo) ) (lellzoy = lolioy) - (854)

9See e.g. Feistauer [126, Theorem 8.7.25].
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for some d : R — R increasing, and As is totally continuous. Then we can use
uniform convexity of LP(I; V), cf. Proposition 1.37, and Theorem 1.2; details are
left as an exercise, cf. also (8.105).

Remark 8.12 (The case f e L¥ (I;V*)+ L7 (I; H), p<q< 4 00'?). In this case, in-
stead of u € WL2#'(I;V,V*), Definition 8.1 should require u € LP(I; V)NL4(I; H)
with (ftu e L¥ (I; V*)+ LY (I; H). The Banach space of such ’s is again embedded
into C(I, H) and also the by-part formula (7.15) extends to hold. Then the proof of
Theorem 8.4 bears slight modifications; e.g. the estimate || ftuTHLpr(I;V*) < Cs re-

sulting from (8.18a) is now || ft Ur || Lo (1 ey ne 1,y < Cs, the convergence (8.38¢)
takes L? (I; V*) 4+ LY (I; H), and the dualities (S u,uy and (f,u) refer to (1.9).

To use the Rothe method based on Lemma 8.5 for the weak solution with
f € LY(I;Z2*) with Z # V, we have still to realize that f. € C(I;V*), used
for the formula (8.5), results now not only by a mollifying f in time but also by
approximating it from Z* to its dense subspace V*; then Lemma 8.7 must be
appropriately generalized.

Theorem 8.13 (WEAK SOLUTION). Let 1 <p < g <400, p< 400, A:V - V*
be pseudomonotone'l and semicoercive such that A is weakly* continuous from
Wt»M([V, Z*) N L=¥(I; H) to L>=(I; Z)* and satisfy (8.11) with some Z C V
densely, let ug € H and ug, satisfy (8.37), and let [ satisfy (8.13), and (8.14)
hold, too. Then there is a weak solution u due to the Definition 8.2 and, moreover,
due LI (I;2%).

Proof. We test {,u, + A(t.) = f., which arises from (8.5) if the notation (8.6),
(8.7), and (8.32) applies, by v. Using the by-part formula (7.15), we can write

0= <du7 + A(iy) — fT,v>

dt
= (A(ar) — frov) - <((11:u> + (0(T),ur (T)) — (v(0), uor)  (8.55)

for any v € WP (I;V,V*); as A: V — V* is assumed bounded, hence A(ii,) €
L>(I,V*), and as also f, € L>°(I,V*), the dualities in (8.55) can be understood
as between LP(I; V') and its dual.

By using (8.16b) and (8.18b), we have the a-priori boundedness of {@; }o<r<r,
in W= WtPM(I,V, Z*)NL>®(I; H). Thus, after choosing a subsequence, we have
Uy — 1 in W.

In view of (8.16a) and (8.17), we can select such a subsequence that also
ur = win LP(I; V)N L*°(I; H). As in the proof of Theorem 8.9 we can see that
u = @ and also that {,u; = {uin M(I;Z*) (or in LI(I; Z*) if ¢ < +00). As
ddtv € L¥(I;V*) is fixed, we have (ddtv,u7> — <§t1’:“>-

10For this approach, we refer to Gajewski et al. [144, Chap.VI with Sect.IV.1.5].
1n Theorem 8.28 we will still put off this assumption.
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Now, we consider only v € W1°°([; Z, V*). Then (f,,v) — {f,v) with the

last duality between LY (I; Z*) and L9(I; Z). Also fOT (A, (t),v(t)) . ,dt —

fOT (A(u(t)),v(t)) . , dt due to the assumed weak* continuity of A. Hence (8.2) is
proved at least if v(T') = 0 = v(0). This says, in particular, that A(u)—f = — $uin
the sense of distributions on I. However, by (8.11), w € L*°(I; H)NLP(I; V) implies
A(u) € L9 (I; Z*). By (8.13) with ¢ > p > 1, also f € L7 (I; Z*). Hencefore,
Jue LY (I; Z*) even if ¢ = 400.
As {u (T)}r>0 is bounded in H, hence it converges (possibly as further
selected subsequence) to some ur weakly in H. On the other hand, u,(T) = wor +
OT Jurdt converges to ug + (§u, 1) = u(T) in Z*. Hence ur = u(T), the further
selection was redundant, and the term (u,(T),v(T)) converges to (u(T"),v(T)).
The convergence of (v(0),up;) to (v(0),ug) is obvious.
The weak continuity of the mapping ¢ — u(t) : I — H required in De-
finition 8.2 follows from its boundedness and from having information about
Ju € M(I; Z*), hence it is absolutely continuous as I — Z*. O

Remark 8.14 (Semi-implicit formulae). Especially for further numerical applica-
tions it is often advantageous to consider a certain “linearization” B(w,:) : V —
V* of A at a current point w, likewise (but not necessarily just as) in (2.73), and
then to modify the fully implicit formula (8.5) as

+ B(ub=t uk) = fF k> 1. (8.56)

In any case, the compatibility A(u) = B(u, ) is required and linearity of B(w, -) is
an optional property from which some benefits may follow. The a-priori estimates
and convergence analysis are to be made case by case, cf. Exercises 8.71 and 8.87.
Besides a linearization, semi-implicit formulae can serve to decouple systems of
equations, cf. e.g. Exercise 12.17.

Remark 8.15 (Clément 0-order quasi-interpolation of f). Alternatively to (8.32),
fr can be defined as

B 1 kT
Fo()i= fhm /( F@) A0 for te [(k—1)r kel (8.57)

T J(k-1)7

Such f- is called the zero-order Clément quasi-interpolant of f.'?> The convergence
fr — fin LY (I; X) can be proved just as in Lemma 8.7. Instead of (8.28a), by

12 «Zero-order” refers to the order of polynomials used to construct fr. For the first-order
quasi-interpolation see Remark 8.19 below. The quasi-interpolation procedure was proposed in
(85].
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the Holder inequality, we now have more explicitly

T/T i T/7 1 kT
Tan - <7 1g *ZTZ_:“T/k_l)Tf(t)
1 T/7 kT P T/t ,
< e [ Il < / IAOIF-dt = 11 -
(8.58)

for any [ = 1,..., k. The disadvantage of the formula (8.57) is in the context of
the estimate (8.26)(8.27) because the particular values of || f¥||y- are now not
controlled so that we do not have a stability criterion (like (8.15)) which would
guarantee validity of the discrete Gronwall inequality. Similar considerations hold
for (8.28b), too.

8.3 Further estimates

The strategy (8.19)—(8.21) of testing the equation (8.4) by u can be modified to
get better results under modified (mostly stronger) data qualification; yet, note
that the condition (8.12) on the growth of A need not be assumed in this section.
This additional quality of the solution is referred to as its certain regularity. Now,
besides (8.32), we can also use the approximation of f due to Clément’s quasi-
interpolation (8.57).

Theorem 8.16 (REGULARITY). Let A: V — V* be pseudomonotone and semico-
ercive (8.9) with some p > 1 (its value is, in fact, not important now), and

ug €V, (8.59a)
feL*I;H), (8.59b)
A=A+ A, with A1, =®', ®:V =R convez, (8.59¢)
®(u) > collulll —erllulll . 1 A2(w)]la < O+ [[ul¥?) (8.59d)

for some cg,q > 0.'3 Then:

(1) The Rothe sequence {u, }ry>r>0 constructed by (8.5) with f¥ from (8.57), with
uor = ug and with 7o < 5coC~2/ max(1,4c1T) is bounded in W'>>2(I;V, H).

(ii) Moreover, it has a weakly* convergent subsequence in this space, and if also
V @ H (a compact embedding), and

Ay V = V* s bounded and radially continuous, (8.60a)
As : V= V* s totally continuous, (8.60Db)

130Often, but not necessarily, ¢ = p with p referring to (8.9).
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then every u € WH>2(I,V, H) obtained as the weak* limit of a subsequence
{us}r>0 solves the abstract Cauchy problem (8.4).
(ili) Also, u € C(I; (V, weak)).

Let us first make heuristics of the proof of (i) for a non-discretized problem'
test the equation (ftu—i—A(u) = f by (ftm use (A(u), (ftu) = (fth)( )+ (Ag(u), & Siu),
which formallyl4 gives

[+ g2 = (£ = Aaw. 5y < a5 + sl + 5

Then we absorb the last term in the left-hand side and denote U(t) :=
fg | Lul|%d9 so that || {ul|% = $U and, by Hélder’s inequality,

tdu 2
a2, = Hu0+/ ]| <o /H U1 a9) 2l < 200422

(8.61)
Thus

d
3 (U0 +2w) < [z} + 70
202(1+Hu|\“)+||f )|

202 (14 fully + , @) + @),

< 202(1+ 200 (TU(t )+ llwoll3) + L <I> ) +||f () HZ (8.62)

<
<

Then we use the Gronwall inequality. Note that it needs D(ug) < 400, i.e. up € V.
Eventually, we get ®(u(t)) + U(t) bounded independently of ¢ € I, which implies
u € L>®(I; V) and || {ullr2(r,my = /U(T) bounded.

Proof of Theorem 8.16. Multiply (8.5) by u* — u*~! and use

(A(ub), uf —uf=y = (@' (ub), uf —ub™1) + (Ap(uf),uf — b1 (8.63)

We can estimate (®'(u¥),u* — uF=1) > ®(uk) — ®(uF~1) because @ is convex.

Thus, dividing (8.63) still by 7 and using Young’s inequality, we get

k_ykh=102  $(uk) — d(uk-1 E k-1
(90 (90 u u u u
’ H + ( 7') ( T ) _ <fk —AQ(UE), T T >
T H T T
k 1,2
<+ At + ||
|2 2 k ui =t
< 20%(1 7) H |
< 75 + 202 (1 + k) " }
< DRI + 202 (14 b3+ "ot ) H” Fu 1H2 (8.64)
— TIIH o T H o 2 H' .

14Note that, if a-priori no other information about sltu than jtu err (I; V*) is known, this
test cannot be rigorously made.
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We first absorb the last term in the left-hand side, and then, denoting U* :=
71 Zle lul — ul=t(|2;, we further estimate

Uk_Uk—l
27

T T

 oh-204

202
<7+, (cov2e (TUEHuoll3) +@ (b))

and use the discrete Gronwall inequality (1.67) provided 7 is small enough,
namely 7 < 1eoC~2/ max(1,4e,T), together with the estimate 735, | f1]% =
OlT | f-lI3dt < fOT | fII3,dt, which is bounded independently of 7. This bounds
®(u,) in L>®(I), hence also u, in L>(I; V). Also UF is bounded, so in particular
we get a bound for Ur/™ = I (ftuTH%z(I‘H), as claimed in (i).
As to (ii), by Theorem 4.4(iv), A17 is monotone, hence for any v € L*>(I;V)
it holds that

0 < (As(iir) — Ay (v), T —v) = <ﬁ - d;‘tf ~ As(iy) — Al(v),aT—fu>. (8.65)

Let now {u,},>o refer to a selected subsequence converging weakly* in
WLee2([;V,H) and u be its limit. Then {u, — $u weakly in L*(I; H).
Moreover, by the Aubin-Lions lemma, W1°2(I;V,H) € L?*(I,H) and there-
fore u, — win L3(I; H). As |lur — @7 p2my = 3727 Surll ey = O(7),
cf. (8.51), also @, — u in L?(I; H). Then lim,_o(ur, @r) = ( {u,u).*> In par-
ticular,'® 4, (t) — w(t) in H for a.a. t € I. As {u(t)}o<r<r, is bounded also
in V, we also know that @, (t) — wu(t) weakly in V for a.a. t € I. By (8.60b),
(A2(Tr (1)), - (t)) — (A2(u(t)),u(t)) for a.a. t € I. By using (8.59d) and bound-
edness of {, focr<r, in L=(I; V), we can see that Az(@,(t)) is bounded in H in-
dependently of 7 and ¢. Hence (As(@-(t)), @-(t)) is bounded independently of both
t and 7, hence by Lebesgue’s Theorem 1.14, fOT (A2(tr), ur) dt — fOT (A2 (u),u) dt.
Therefore, (8.65) implies

0< lim <f7—d£ — Ao (i) — Ay (v),ﬂT—v> - <f—(3;; — Ay (u)— Ay (v)7u—v>.

Now, we proceed by Minty’s trick by putting v := u+-ez for z € L*°(I; V') arbitrary
and € > 0, which gives (f — $u — As(u) — Ai(u + £2),e2) < 0. Then we divide
it by € > 0, and pass € — 0 by using (8.60a).!” As z is arbitrary, we conclude
f= $u—As(u) — Ay (u) =0 ae. on I.

As to (iii), in particular we have obtained v € WY2(I; H) c C(I; H) due to
Lemma 7.1. Thus, u(¥) — u(t) in H for 9 — t. Since uw € L*(I; V), {u(9)}yer is

15 Alternatively, we could use the inequality (8.46) if Lemma 7.3 and the by-part integration
formula (7.22) employ the space W12:2(I; H, H) instead of wlpp (I; V,V*).

16For a moment, we can select a subsequence to guarantee this; see Theorem 1.7. When the
limit of (A2 (@r),wr) is uniquely identified, we can avoid this further selection, however.

"More in detail, we proceed as in (8.144) but the common integrable majorant here is now
even in L°°(I) because we have u,z € L*°(I;V) and A; maps bounded sets in V' to bounded
sets in V* as assumed in (8.60a).
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bounded in V and hence (possibly up to a subsequence) u(d) — v in V. Yet, since
V C H, v = u(t). As this limit is thus determined uniquely, the whole sequence
(or net) must converge to u(t) weakly. Hence, u € C(I; (V, weak)). O

Remark 8.17 (Asymptotics for a special case A = @ and f constant). In this
special case, t — [® — f](u(t)) is non increasing because it fulfills {, [® — f](u(t)) =
—|| $ull?, < 0. Moreover, it can be shown that [® — f](u(t)) is convex and wu(t)
tends weakly to the minimum of ® — f for t — 00.!8

Theorem 8.18 (REGULARITY II). Let A:V — V* be pseudomonotone and semi-
coercive (8.9) with some p > 1 (whose value is again not important now), and

fewtA(r, v, (8.66a)
ug €V such that A(ug) — f(0) € H, (8.66b)
<A(’LL1) — A(Ug),ul — ’LL2> Z C()|U1 — U2|%/ — CQ”Ul — UQH?{ (866C)

with some cq > 0. Then:

(i) The Rothe sequence {ur}ry>r>0 constructed by the formula (8.5) with uo, =
ug and with o < 1/(2¢2) is bounded in W1 (I; H) N W12(I; V).

(ii) Moreover, it has a weakly* convergent subsequence in this space, and if also
V € H (a compact embedding), A = A; + Ay satisfying (8.60) with A;
monotone, every u € Who°(I; H) N WY2(I; V) obtained as the weak* limit
of a subsequence {u;}r>o solves the abstract Cauchy problem (8.4).

Heuristics of the proof of () apply & a to the equation dtu + A(u) = f and
then test it by & u, use ({, A(u), {u) > c0|dtu|v co| & ull?; (which is a continuous
analog of (8.70) below). Using also (8.8), this gives

alarla+olaly <yl 45HdtHw H H

<a gl aclaclh. ool vl gl e
Choosing € < ¢o/C,, (8.67) reads as
t
QI+ omec) [ 9 0) < |+ L. oo

and then, by the Gronwall inequality, the first term gives the estimate of ddtu in
L°°(I; H) while the second one for t = T gives jtu in L2(I; V). Note that to apply
Gronwall’s inequality, we must have guaranteed {,u(0) € H, i.e. A(ug)— f(0) € H.1°

18More about such cases can be found, e.g., in Aubin and Cellina [25, Section 3.4] or Brezis
(60, Section III.3]. See also Proposition 11.8 and Remark 8.22 below.
19Tt does not mean that f(0) € H, however. In fact, f(0) has a good sense only in V*.
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Proof of Theorem 8.18. Take (8.5) for k and for k — 1, i.e.

k k—1 k—1 k-2
ur —u urTt —u
T AW =1 T HAMT) = (869)
subtract them, then test it by u* —«*~! and divide it by 72. Thus we get
1 uk -1 2 k 1 _ k—2 2
T
27” HH 27’H HH
kE_ k=19 k — k12
uy —u uy —u
eI
1% H
< <u§—2uf‘l—|—u’j_2 uﬁ—u§_1>+ <A(u’j)—A(u’j_l) uf—u§_1>
- T2 ’ T T ’ T
_ <ff—ff‘1 u’ﬁ—u’ﬁ‘1> 1 ‘ —ff‘l"“ HHU’i—u’ﬁ‘lH?
T ’ T ~ de T v T v
_ f7l_f—l 2 uk _ uk 1,2 ’U/lﬁ _ uﬁ—l 2 ' 870
~ de T v H (8.70)

the first inequality is due to (8.24) for (u* — u*~1)/7 in place of u* and (8.66¢)
while the last one is due to the Young inequality. By extension of f for ¢ < 0 by
putting f(t) = £(0), we still have f € W12([—7,T]; V*). Then f2:= f(0), and we
get (u —u:t)/T = f(0) — A(up) € H by the assumption.?® Absorbing the term
with € < ¢9/C, and then summing (8.70) for k =1,...,[, we obtain

-1

u — U 2 uk‘ _ uk 1,2
2’ HH+(CO_6CP)T T ‘v
k=1
!
1 2 wuk —ub=ly2 1
< _ T T .
<, 0 A(uO>||H+(cQ+acp)r;( | ) s
where we abbreviated d¥ := ||(f¥ — f5=1)/7||2... Then, provided 7 < 19 < 1/(2c3),

€ > 0 can be chosen so small that the discrete Gronwall inequality (1.67) applies,
which gives an a-priori bound for $u, in L>(I;H) and in L?(I; V') provided
73k, d* can be bounded independently of 7 and [ < T/7. This can be seen from
the estimate

T/T T/T

r;d’:g 72 . flt—0 ‘idﬁdt
fer—9 9
: z//wudt o s
T
<

B

20Tn other words, this is the definition of u* for k = —1 needed here.

UCIRCCES el

(8.72)
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where, for the first inequality in (8.72), we used, after the substitution ¢t — ¢ = &,
also

# = P izli /(Z;)Tﬂw—f@—ﬂdtli
:ll/ o

< L wl i)’

72/ A M e

where the last inequality uses Holder’s inequality.
Eventually, the convergence claimed in the point (ii) has been proved in
Theorem 8.16. ]

Remark 8.19 (Ist-order Clément’s quasi-interpolation [85]). Defining the 1st-order
quasi-interpolant f, € W1>°(I; V*) as the piecewise affine interpolation of the

sequence {fk}g/?J7 one can interpret (8.72) as the estimate HéitfrH%z(I.V*) <
2||dtf||L2(I %%

Remark 8.20 (Multilevel formulae). The two-level formula (8.5) is not the only op-
tion to be used for theoretical investigation and for further numerical applications.
An example of an alternative option is the 3-level Gear’s formula [149]:

k k—1 k—2
3uy —4ur " +ul

kY _ sk >
5 + A(ub) k> 2, (8.74)

T

while for k£ = 1 one is to use (8.5). This formula approximates the time derivative
with a higher order, may yield a better error estimate than (8.5) if a solution is
enough regular, and may simultaneously have good stability properties, as shown
for a linear case in [303]. A mere convergence can be shown quite simply: use the
test by 6% := (u¥ —uF~1)/7 as in the proof of Theorem 8.16(i) and the estimate

T

R T Vi B VL Vit 2 1y k12
( ) ) > -

3
=)o -2l

27 ’ T HH 2<

with the agreement that 6% := 0 for k = 0. Summation then gives [ Zk L ||o% ||H

3 Hél HH 3 H(ﬂHH7 which is to be used to modify (8.64). This gives the a-priori
estimate of u, in W42(I; H)N L>(I; V) as in Theorem 8.16. The convergence can
then be proved when realizing that (8.74) can be written in the form

3du, 1duf

sar 2 ar AW (8.75)
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with the “retarded” Rothe function uf defined by u®(¢t) := u,(t — 7) for t € [, T
while u(t) := u,(t) for ¢t € [0, 7]. Modification of the proof of Theorem 8.16(ii) is
left as an Exercise 8.55. Higher-level formulae do exist, too, and exhibit stability
(and thus the a-priori estimates and convergence) but up to the level 7, i.e. at

most u¥~% is involved; we refer to Thomée [337, Chap.10].

Remark 8.21 (Non-autonomous case). The Rothe method can be generalized to
the time-dependent, so-called non-autonomous case (8.1); more precisely, we will
consider A : I x V — V* as a Carathéodory mapping such that the corresponding
Nemytskil mapping, denoted by A := N4 like (8.10), i.e.

[AW)](t) == A(t, v(t)), (8.76)

satisfies (8.11). For example, A : LP(I; V)N L>®(I; H) — L¥ (I;V*) is bounded if,
instead of (8.12), the following growth condition holds:

J~yeLP (I), ¢:R—R increasing : HA(t,v)‘

v < €(llollm) (v +lolly). (8.77)
Then the Rothe sequence can be defined by the recursive formula

kg k-1
Ty ARk = fE ud =wug,  with

T T

. _1 kT y k'_l kT
AF () = /( At u)dt,  fFie /( FB)dt. (8.78)

T J(k—1)7 T J(k—1)7

Then, e.g., TZL:1<A§(u§)7u;) = éT<A(t,ﬂT(t)),7jT(t)>dt. The modification of
Lemmas 8.5 and 8.6 and Theorem 8.9 would require auxiliary smoothing like in
(8.5), also Lemma 8.8 holds with its proof just straightforwardly modified, while

the modification of Theorems 8.16 and 8.18 requires additional smoothness of
A(-,u).

Remark 8.22 (Infinite time horizon). By a subsequent continuation, one can pass
T — 400 and obtain respective results on I := [0, +00). E.g. Theorem 8.9 gives

we L (I; V)NWEP (I, V*)if f € LF_(I;V*), Theorem 8.16 gives u € L. (I; V)N

loc oc loc loc

W2(I; H) if f € L2, (I; H), and Theorem 8.18 gives u € Wb (I; H)NW,L2 (1, V)

loc

if f e WhA(I; V).

loc

8.4 (Galerkin method

An alternative method to analyze evolution problems, consisting in discretization
of V, is referred to as a Faedo-Galerkin method [123], or mostly briefly as Galerkin
method likewise in case of steady-state problems where, however, it led directly to
finite-dimensional problems. Similarly as in the proof of Theorem 2.6, we consider
a sequence of finite-dimensional subspaces Vi, C V satistying (2.7), i.e. Vi C V41
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and UkeN Vi dense in V. As also V is dense in H, for ug € H we can consider a
sequence {ug }ren converging to ug in H and such that ugg, € Vj. Now, we can very
naturally consider A also time-dependent, using the convention (8.76), even in a
more general setting A : I x V' — Z* for some Z C V densely provided J,cy Vi C
Z, although mostly, in particular for the purpose of strong solutions, the case
Z =V is general enough. Then the Galerkin sequence {uy}ren of approximate
solutions uy € WhPP (I3 V, Vi¥) to (8.1) is defined by

YoeV, VY(aa.)tel: (8.79a)
duk
< dt ’U>V,:ka + (Al (), 0) 7oy 7 = (FB0)ye s
Uk(O) = Uok- (8.79b)
In fact, as Vi C Z C V, all dualities in (8.79a) can be restricted on V;* x V4.
Besides, | - | will denote the seminorm on Z* defined by
lElk = sup (&0) ., (8.80)
veEVy
vllz<1

In accord with (7.5), | - |44 denotes the seminorm on L% (I; Z*) defined by

T , 1/q T
€] = </0 |€(t)|Zdt) = sup /(J(f(t)m(t)}pxzdt. (8.81)

lvlla(r;zy<1
v(t)eVy for a.a. tel

Lemma 8.23 (GALERKIN APPROXIMATIONS, A-PRIORI ESTIMATES). Let f €
LP(I;V*) + LY (I; H), up€ H, and A : IXV — Z* be a Carathéodory mapping
such that A satisfies (8.11) with p < ¢ < 400 and its restriction A : I x Z — Z*
15 semi-coercive in the sense

Jeo >0, creLlP (I), cxeL™(I) Ywe Z:
(A(t,0),0) 5., > colvly,—cr () vy —ca(t) 0]l (8.82)

with | - |v referring again to (8.8). If Vi, C Z and if {uor}ren is bounded in H,
then there is a solution uy to (8.79) satisfying

HukHLOO(I;H) ALy S i, (8.83a)
duk

<Cy Vk>1 8.83b

dt q', 2 -7 ( )

for any [; note that Cy does not depend on l. If, in addition, there is a selfad-
joint projector Py : H — H such that Py(V) = Vi and || Pr|z||z(z,z) is bounded
independently of k, then also

H duy,
dt

<Cs. (8.84)
LY (1;2*)
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Proof. Taking a base {vkitiz1,... n,, i = dim(Vy), in V3 and assuming ug(t) =
ok cki(t)vki, (8.79) represents an initial-value problem for a system of ny, ordi-
nary differential equations for the coefficients (¢;)i=1,....n,- Due to Theorem 1.44,
it has a solution on some sufficiently short time interval [0,%5).2! As the test
functions for (8.79a) are the spaces Vi where also the approximate solution wy, is
sought, we are authorized to put v = uk(t) in (8.79). Then, as in (8.19)—(8.20), we
get the estimate:

1d

o qu 1O+ colun @7, < ex(®un®] + ea0) [ (05 + (F0),ua (1)

5 + CeCell Al

1 1
+ Cuclunl}, + (CollAilly-+ Iell) (5 + 5 lusl) (8.85)

with C. from (1.22) and with f = fi+fa, fi € LP (I;V*), fo€ L7 (I; H). In partic-
ular, by Gronwall’s inequality as used in (8.21), we have an L*(0, tx)-estimate so
that uy(t) must live in a ball of Vj, which is compact, and hence we can prolong
the solution on the whole interval I because, assuming the contrary, we would get
a limit time inside I not allowing for any further local solution, a contradiction??
Besides, this a-priori estimate yields that ug is bounded in L*(I; H) N LP(I; V)
independently of k, as claimed in (8.83a).
If k > [, using (8.79), the estimate (8.83b) follows similarly like (8.22):

@l ||v|Lq<IZ><1/ (F(t) = At uk (1)), 0(t)) 5., At

)EV, a.e.

< Ceer () + elur(t)[7+ ea(t)||un(t)

’ duk
dt

w [ O 0)00) o @0 = A 12
lvllLar;zy<1 Jg

which is bounded due to (8.11) and the already proved estimate (8.83a), cf. also
(8.33). Moreover, realizing Pyur = u and P} = Py and using again (8.79), and
also (8.11) and (8.83a), we can modify the estimate (8.33) as

<d§:’v> <Pkd(;lL;k, > _ <d;ttk7pkv> = <f(t) - A(t,uk(t)),pkv(t»

< (MA@ 12y + 1 Iz aizm ) 1Pevllnacszy,
< (No€(C) (1l 1+ CY )+ Il (1) ) IPell ez, 0 oy (8:86)

where v and € are from (8.77) and Ny is the norm of the embedding Z C V

2INote that, since A is a Carathéodory mapping, I x Rt — Rk : (¢, ClyovyCny) W
(< (t, Zl 1 ChiVki), ng))J T is a Carathéodory mapping, as needed for Theorem 1.44.

.....

221n special cases, e.g. (8.77) for p < 2 and €(-) bounded, the right-hand side of the underlying
system of ordinary differential equations has at most a linear growth, so the global existence
follows directly by Theorem 1.45.
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and thus also of the enibedding V* C Z*. From this, (8.84) with C3 :=
(No€(Ch) (lall o 1y +CT™ )+l pe (1)) suPken |1 Pill2(z,2) follows similarly as
(8.18a). O

Remark 8.24 (The projector Py). Taking a base {vp;};—1,.

Jdim(v;,) of Vi, orthogonal
with respect to the inner product (-,-) in H, by putting

Pou:= Z (U, Vs ) Uk (8.87)

=1

we obtain a selfadjoint projector P, : H — H, and PyH = P,V = Vj. It remains,
however, to be proved in particular cases that || Py || z(z,z) is bounded independently
of k for a suitable Z, cf. also Remark 8.41 below.

Lemma 8.25. Let the collection {Vi}ren satisfy (2.7). Then Jyeny L®(I, V) is
dense in LP(I; V) for any 1 < p < 4o0.

Proof. As L>°(1,V) is dense in LP(I;V), it suffices to prove it for p = 4+00. Take
v € L*(I;V). As v is Bochner measurable, there is a sequence {vg }ren of simple
functions such that vi(t) — v(t) for a.a. ¢ € I. Besides, the construction of vy,
can be performed so that vy (I) C v(I), hence |jvg|lLoo(r,vy < [|v||Loe(r,vy, and
vy — v in L*°(I, V). Now, taking vy fixed and realizing (2.7), each of the (finite
number of) values of v can be approximated by a value in Vj if [ is sufficiently
large, obtaining an v, € L*(I,V}) such that lim;_ . vg = vy in L (I, V). Thus
limg— 00 lim;—. oo vk = v and, by a suitable diagonalization, we get a sequence of
vy attaining v. O

Lemma 8.26 (PAPAGEORGIOU [274], HERE GENERALIZED). Let the Carathéodory
mapping A : IxXV—=V* satisfy (8.77) and (8.82) with Z =V and q := p, and
let A(t,-) be pseudomonotone for a.a. t€I. Then A is pseudomonotone on W :=
Wher' (I, V, Vix ) N L (1; H) .23

les

Proof. Just an obvious modification of the proof of Lemma 8.8. O

Theorem 8.27 (CONVERGENCE TO STRONG SOLUTIONS). Let the assumptions of
Lemmas 8.25-8.26 be fulfilled, let uor, — wo in H with upg, € Vi. Then up — u
in LP(I; V') (possibly in terms of subsequences) and u is a strong solution to the
Cauchy problem (8.1).

Proof. By (8.83a) and the reflexivity of LP(I; V), we can take a subsequence and
some u € LP(I; V) such that

U — u in LP(L;V)NL>(I; H). (8.88)

23Recall that V*

1o denotes the dual space V* considered as the locally convex space equipped
with the collection of seminorms {| - |x }xen which induces the seminorms on LPI(I7 V*) by the

formula (8.81) with g := p.
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Moreover, &uj, — & in any LY (I; V*) and &41 can be assumed as an extension
of & from LP(I; Vi) to LP(I; Vi41).** By (8.83b), ||| o (1,y-) < C2 independently
of I € N. Hence, by density of (J,cn LP(I; Vi) in LP(I; V) (cf. Lemma 8.25) and
by a (uniquely defined) continuous extension, we get eventually a functional @ €
LP(I; V)* = LP'(I; V*) whose norm can again be upper-bounded by Cs. Moreover,
U= jtu because U|pr(r;v) = & = ftu|Lp(I;Vl) for any [, cf. also (8.40).

For v € WLP# (I;V,V*) let us take a sequence vy € LP(I;V;) such that
vy — v in LP(I;V); such a sequence does exist due to Lemma 8.25.

From (8.79) one can see that, for any z € LP(I; V), one has

T duk T
/0<dt ’Z>V;ka+ <A(t,uk(t))7z(t)>wxvdt=/O (f(1),2(t)) ..y dt. (8.89)

In terms of (-,-) as the duality on L¥' (I; Vi) x LP(I; Vi) or LP' (I; V*) x LP(I; V),
one can rewrite (8.89) into ({,uk, 2) + (A(uy), z) = (f,z). Putting 2 := vy — uy,
one gets

(A(uk),vk - uk) = <f, Vg — uk) - <d:;tk,vk - uk> = I]gl) - 122). (8.90)
As up — win LP(I; V), obviously limg_, o I]gl) = (f,v — u). Now we use (7.22)
for ux € WhPP (I; Vi, Vi¥).25 By (8.83a), up(T) is bounded in H, so we can as-
sume ug(T) — ¢ in H. Simultaneously, uy, € W'»* (I, Vi, V/*) ¢ C(I; V") by
Lemma 7.1,%% so that (|y, = limg— e ug(T)|y; in the sense limy_, o0 (¢ —ug(T),v) =
0 for any v € V. By the density of (J,cy Vi in H, we get ¢ = u(T).

Note that the initial condition u(0) = ug is satisfied because uy(0) = ugg
and because of ugr — up in H and of the weak continuity of the mapping u —
w(0) : WP (I, V,V5,) — Vi%, by Lemma 7.1. Hence, uj(0) — u(0) in V;%,.
Simultaneously, ux(0) = uor — up = u(0) in H; cf. also (8.42).

Then, by the weak lower semicontinuity of || -||%, and by using also |Juok |z —
|luol| and up = u(0), we can estimate

. 2) _ 4. duy, _ 1. . 2 1 . 2
e 17 = fim 3" ) = o Hpnin€ (T + Jion ol
du 1 5 1 9 du
< — = - .
< (ov) = @I+ el = (G v —u),  (89D)
cf. also (8.46). Altogether,
- du
hkn_l)g;f <A(uk),vk — uk> > <f ~a ,U— u> (8.92)

24This is a bit technical argument: having selected a subsequence such that c(lit ur — &1 in

v’ (I; Vi*), we can select further a subsequence such that ;tuk — &9 in any v’ (I; V5*). This does
not violate the convergence we have already for [ = 1. Then we can continue for [ = 3,4,...., and
eventually to make a diagonalization like in the proof of Banach Theorem 1.7, cf. Exercise 2.48.
25Note that Vj, C H need not be dense for it.
26Note that V;* D Vi need not hold for it — here one has only a continuous surjection Vi, — V}*.
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Using still the boundedness of {ug}ren in W and the growth assumption (8.77),
we can see that {A(uy)}ken is bounded in LP (I; V*) = LP(I;V)*. As v, — v in
LP(I; V), we have

lim sup (A(ug), ux —v) = limsup (A(ug), up — vi)

k—oo k—o0
. du
+ khm (Alur),vp —v) < <dt - fyv —u>. (8.93)
In particular, for v := u we have got limsup,_, . {(A(ur),ur — u) < 0. By

Lemma 8.26, i.e. the pseudomonotonicity of A, we can conclude that

th_l)iOI.}f (Alur),up —v) = (A(uw),u —v) (8.94)

for any v € LP(I; V). Joining (8.93) and (8.94), one gets (A(u),u —v) < {f,u —

v) — ( $u,u—v). As it holds for v arbitrary, we can conclude that

(A, o) = (1,0 = (o). (5.95)

As v is arbitrary, A(u) = f — ftu holds a.e. on I, cf. Exercise 8.46. O

Theorem 8.28 (WEAK SOLUTION). Let the assumptions of Lemma 8.23 which
guarantee (8.83) be satisfied and A satisfy

Iye L7 (1), CR—R increasing: ||A(t, u)||z- < €(||u]u) ('y(t)—i—Hqu//q ), (8.96)

with 1 < ¢ < 400 and with some Banach space Z embedded into V densely, and
induce A weakly* continuous from WHPM(I;V, Z*)N L™ (I; H) to L°°(I; Z)* and
let upr, — ug € H. Then there is a weak solution u due to the Definition 8.2 and,

moreover, &u € LY (I; Z%).

Proof. By Lemma 8.23, we have the a-priori estimate (8.83a) at our disposal,

hence we choose a subsequence uy = w in L>(I; H) N LP(I; V). Besides, as in the

proof of Theorem 8.27, {,u has a sense in LY (I; Z*) if ¢ < +oo or in M(I; Z*)

if ¢ = 400, and ddtuk converges to (?tu|Lq(I;Vz) in each LY (I;V*) if ¢ < 400 or in
M(I; V) if g = 4o0.

Now, paraphrasing the proof of Theorem 8.13, we consider v; €
Whoo (I, V), Z*), | < k fixed, put v = v;(t) into (8.79a), integrate it over [0, T,
and use the by-part integration (7.15),2” one obtains

T
dv
/ (A )~ o) = (O ) e (un(T), (D) = (wonu(0); (397)
0
note that (8.83a) and (8.96) guarantees A(uy) € L9 (I,Z*). As {up(T)}rey is
bounded in H, hence it converges (possibly as further selected subsequence) to

27TWe use (7.15) with Vj, instead of V, realizing that élt uy € qu(l; V) and élt v € L=(I; V).
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some up weakly in H. On the other hand, ug(T) = uor + fOT (?tuk dt converges to
up+ (S u, 1) = w(T) in Z*. Hence ur = u(T), the further selection was redundant,
and limg o0 (ur(T), vi(T)) = (w(T'), v;(T)). The convergence of limy_, oo (o, v7(0))
to (ug, v;(0)) is obvious. Using the weak* continuity of A, we can pass to the limit
in (8.97) with k — oo, obtaining fOT (A(u) — fu) — (Lo u) dt + (w(T),v(T)) =
(ug,v;(0)). Taking arbitrary v € W1°%°(I; Z, V*), by Lemma 7.2 we can consider
w € CHI;Z) such that w — v in L(I;Z) (here we rely on ¢ < +o00) and
also éitfﬁ — ddtv in L¥ (I;V*). Then, e.g. by a piecewise affine interpolation and
subsequent approximation from Z to V;, we can further approximate w by v; €
Whoo(I; V) in W' (I; Z). By a suitable diagonalization, passing eventually with
l — oo, one gets (A(u)—f, vl>L1(I;Z*)XLw(1;Z) — (A(u)—f, U>L1(I;Z*)><L°°(I;Z) and
, so that (8.2) follows.

d d
also <dtvl7u>LP’(I;V*)><LP(I;V) - <dtv’u>LP’(I;V*)><LP(I;V)

Moreover, it says that A(u) — f = — 3 u in the sense of distributions on I.
However, by (8.11), u € L>(I; H) N LP(I; V) implies A(u) € L9 (I; Z*). By the
assumptions of Lemma 8.23 also f € L9 (I; Z*). Hencefore, Jue L9 (I; Z%).

The weak continuity of the mapping ¢ — u(t) : I — H required in Defini-
tion 8.2 follows as in the proof of Theorem 8.13. |

Remark 8.29 (Monotone case: convergence via Minty’s trick®®). If A(t,-) : V — V*
is monotone and radially continuous, under the additional growth condition (8.77),
we can use Lemma 2.9 to show that A is pseudomonotone (cf. Example 8.49)
which is then employed in the proof of convergence as in Theorem 8.9 or 8.27.
Alternatively, we can use Lemma 8.8 or 8.26. In this monotone case, however,
these chains of arguments can be made shorter and more explicit: By the a-priori
estimates, we can select a subsequence such that

up > u in WHPP (L V,VE) N L®(1; H). (8.98)
We use also ug(T) — w(T) in H and vy, € LP(I; Vi), v € LP(I; V), vy — v in
LP(I; V) as in the proof of Theorem 8.27. By (8.89), we have

0

IN

I, == (A(ug) — A(v),u, — v)
= (A(ur), ux — vr) + (A(ug), v — v) — (A(v), up —v)

— <f — d;ltk’uk — Uk;> + <.A(’Lbk),’0k — 1}> — <.A(’U),’Lbk — U>
= okl L DI+ (o — )

* <d<§k’”k> + (Alur), vk —v) = (Av), uk = v). (8.99)

28Cf. also the proof of Theorem 8.16(ii).
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Using lim infy_ oo |ux(T)||% > ||u(T)||% as in (8.91) and using also |[(A(uy), vk —
)| < supjen AWl o (1) vk = vllLe(z;v) — 0, we obtain

. 1 9 1 2 du
0 < timsp g < ol I + (=) + (G o)

—(A(v),u—v) = <f— (:;,u—v>—<.,4(v),u—v>. (8.100)

Then we use the Minty-trick Lemma 2.13; put v = u+ew into (8.100), divide it by
e > 0, pass € to 0 while using the radial continuity of A; the last argument exploits
the radial continuity of A and the Lebesgue dominated-convergence Theorem 1.14,
cf. (8.144) below.

In case A is even d-monotone and V is uniformly convex, by using (8.100)
for v := u and by uniform convexity of L?(I; V), cf. Proposition 1.37, we get even
the convergence uy — u in LP(I;V); cf. also Remark 8.11.

Remark 8.30 (Various concepts of pseudomonotonicity). There is certain freedom
in the choice of W. In general, the smaller the space W (or the finer its topology),
the bigger the collection of a-priori estimates exploited, and thus the weaker the
conditions imposed on A by requiring its pseudomonotonicity as W — W*. The
choice of W from Lemma 8.8 was essentially similar as in Lemma 8.26, only fit-
ted to the particular method. We could also consider W := LP(I; V) N L*°(I; H)
but this would enable us to treat only monotone operators, cf. Example 8.49 be-
low or Exercise 8.61 still for another W of this type. In the Galerkin method,
smaller W (or finer topology on it) needs more difficult proof of density of
Vi-valued functions in W, which can, however, be overcome by an additional
condition requiring boundedness of A as a mapping into a smaller space than
W*. This we indeed made in Theorem 8.27 where (8.77) implies boundedness of
A WL (I V,V*)—LP (I; V*) € WY (I; V,V*)* and then it suffices to have
an approximation in LP(I; V), cf. Lemma 8.25. Weakening the growth assumption
so that A is bounded as a mapping W?2' (I; V,V*)—(LP(I; V) N L>(I; H))*, as
will be used in the setting of Proposition 8.35 below, would need a better approx-
imation, namely in LP(I; V) N L*°(I; H), cf. Exercise 8.52.

8.5 Uniqueness and continuous dependence on data

Weakening of concepts of solutions is always a dangerous process in the sense that,
if done in a too “insensitive” way, one can loose selectivity of the definition of such
solution: then a solution is not unique even in well qualified cases.?? Therefore,
the question about uniqueness of the solution has its own theoretical importance.
In addition, the analysis of uniqueness of a solution is usually closely related to
another interesting question, namely its continuous dependence on the data, i.e. a
well-posedness of the problem.

298ee [312] for examples of such situations.
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Theorem 8.31 (UNIQUENESS OF THE STRONG SOLUTION). Let A satisfy, besides
assumptions guaranteeing existence of a strong solution to (8.1), also

Jee L' (I) Vu,veV V(a.a)tel : (A(t,u)—A(t,v), u—v) > —c(t)|u—v|3. (8.101)
Then the Cauchy problem (8.4) possesses a unique strong solution w.

Proof. Take two strong solutions uy,uy € WP (I;V,V*). Then take (8.4) for
uy and ug such that u1(0) = ug = u2(0), subtract it, and put v:= u; — uz, and
integrate over (0,t). By (7.22), one gets

0= At<d(uld; U2>’u1 - U2>d19+ At<A(u1) — A(uz),us — U2>d19

> lua()-ua@)r 5 s (©) =0}y = [ o) un (0) - ua(0) .

0
(8.102)

Using the fact that u1(0) — u2(0) = 0 and the Gronwall inequality (1.65) with
y(t) == ur(t) — u2()[|%, C:= 0, b:= 0, and a(t):= c(t), we obtain y(t) < 0, and
therefore ui(t) — ua(t) = 0 for any ¢ € I. O

Theorem 8.32 (CONTINUOUS DEPENDENCE ON f AND wug). Let A satisfy assump-
tions guaranteeing existence of a strong solution to (8.1) and (8.101). Then:

(i) The mapping (f,uo) — wu : LV (I;V*) x H — WL (I, V,V*) N L>™(I; H),
where u denotes the unique solution to the investigated problem, is demicon-
tinuous, more precisely, it is (norm,weak*)-continuous.

(ii) The mapping (f,uo) — u: L*(I; H) x H — C(I; H) is Lipschitz continuous.

(iii) The mapping (f,uo) — u : L*(I; H) x H — C(I; H) is uniformly continuous
and locally Lipschitz continuous.

(iv) Moreover, V is uniformly convex, the splitting A = A1 + As holds with Ay
satisfying the d-monotonicity (8.54) and As being totally continuous as a
mapping W — W* with W := WYPP' (I, V,V*) 0 L>°(I; H). Then (f,uo) —
w: LY (I;V*) x H — LP(I,V) is continuous.

Proof. As to (i), the a-priori estimates and uniqueness imply immediately the
weak* convergence in W1r:?' (I; V,V*) N L>(I; H) by paraphrasing the proof of
Theorem 8.9.

As to (ii), let us take two solutions u1,us € WHP# (I;V,V*) corresponding
to two right-hand sides f1, fo € L?(I; H) and two initial conditions wug1,ug2 € H,
abbreviate U2 ‘= U1 — U2, f12 = f1 — fQ, and Up12 ‘= Up1r — U2, and then take
again (8.4) for w1, ug, subtract it, put v:= u12, and integrate over [0, ¢]. Likewise
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(8.102), by (7.22) and Hoélder’s inequality, one gets
1 2 1 2 K 2
a0l = ol = [ o) e} a9

< [ (i) a0+ [ (At~ At a

t t 1 1

- / (fiz,u12) dv < / ) | frzll5 + 2{|u12{|§1d19. (8.103)
0 0

Using the Gronwall inequality (1.65) with y(t):= |lu12(t)||%, C = |luo12||%, a(t):=
1+ 2¢9(t), b(t):= || f12(t)||%, one gets

t 9
Hum(t)HiI < (HuOleZ +/0 Hf12(19>HiIe_fo 1+202(0)d9d19)

x elo 1+2c2(0)d6 < (||u012||2 + ||f12||2Lg(I_H))el+2“c2HLI(I). (8.104)

As to (iii), it suffices to modify (8.103) as fg(flg,ulg) do < fg”fleH(; +
5 llui2]|% which allows for usage of the Gronwall inequality (1.65) with a(t) :=
<

||f12(t)||H + 262(t) and b(t) = ||f12(t)HH to HlOdify (8104) to get H’Lblg(t)H%I

(ora 5 + 11 2l sy el 2 rcon 2l

To prove (iv), one can just modify (8.53) so that

;HUH(T)H?{ + (Ai(u1) = Ai (uz), u12) < ;HuomHZ
+ (fi2,u12) + (A (ug)—Az(ur),ur2) = Iy + I + Is.  (8.105)

Considering ugz — uo1 in H and fo — f7 in L”,(I; V*), by Step (i), we know ug —
uy in W. Then obviously I; — 0 and Iy — 0. Total continuity of As eventually
gives also I3 — 0 and d-monotonicity of A; gives us — uq in LP(I; V). O

Now we come to uniqueness of the weak solution, which is an important as-
sertion justifying Definition 8.2 whose selectivity is otherwise not entirely obvious.
The serious difficulty consists in lack of regularity of the weak solution which does
not allow for using it as a test function. Hence, we must use a suitable smoothing
procedure and the proof is much more technical than in the case of the strong
solution. Here we have at our disposal the procedure (7.18) which, unfortunately,
still forces us to impose growth qualification on A corresponding to the strong
solution, so the only extension is in the right-hand side f which is not required to
live in L? (I; V*) for Definition 8.2.

Theorem 8.33 (UNIQUENESS OF THE WEAK SOLUTION). Let A(t,-) satisfy (8.101)
and (8.11) with g = p and Z =V be considered. Then the weak solution according
to Definition 8.2 is unique.
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Proof. Take uy,ug € LP(I;V) N L*°(I; H) two weak solutions, i.e. both u; and
ug satisfy (8.2). Let us sum (8.2) for u; and ug, smoothen wjs := u3—ug by a
regularization procedure with the properties (7.18) with considering up = 0 there,
let us denote the result as uj,, and then use the test function v as u§, “continuously
cut” at some 9 € (0, 7], namely

o(t) == 19_|—;_€_tu‘§2(19) ifY<t<d+e, (8.106)
0 ift >d+e.

This gives

9 d £
/0 (At ) = At uz), u5a) — (urz, 02

Ve Y9 te—t 509
+/ - <A(t,u1)—A(t,uQ),u§2>+<u12(t),u12€( )>dt:0. (8.107)
9
By (8.11) with ¢=p and Z =V, A(u;) € L’ (I; V*) for i = 1,2. By (7.18a) and
(8.101), Tim. o [ (A(t,u1)—A(t, uz), uSy) dt = [V (A(t, ur)—A(t, us), wrz) dt >
- fo (t)||ui2]/3,dt. By this argument also lim._ fﬁ+€ At ) —
A(t,uz),ufq)dt = 0. We further consider ¢ € (0,7 as a right Lebesgue point
for w12 : I — V to guarantee lim._ge~! f1;9+€ll/12(t> dt = u12(9¥), and simultane-
ously a left Lebesgue point for (u*,u12(+)) : I — R for any u* € H to guarantee

(7.18d) at t = ¥; here we use a general assumption that H and V are separable
hence the set of such ¥’s is dense in I, cf. Theorem 1.35. Then, by using (7.18b-d),

9 Ve
L dui, ufa (V)
it (= [ (s 2y ats [ (w2
9 I+e
- duj 1
211211}1(@(—/0 <u§2, dt12>dt+<5/q9 ulgdt7u§2(19)>)
9
dug
—1i <, — 2 at
Hgljélp/o <U12 u12, dt >

o] 1
> timint (, [ufa(O) 5 +  lu5a(9)1)

ety ({1 [ it ko))~ @) = Y @108

Now we are ready to lower-bound the limit inferior of (8.107), which gives

Sluz ()% — fo t)]|ui2(t)||%dt < 0 for a.a. ¥, from which u;2 = 0 follows
by the Gronwall inequality (1.65). O
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8.6 Application to quasilinear parabolic equations

For Q a bounded, Lipschitz, time-independent domain in R™ with the bound-
ary I', we will use the notation @ := I x Q and ¥ := I x I and consider the
initial-boundary-value problem (with Newton-type boundary conditions) for the
quasilinear parabolic 2nd-order equation:

Ou - Z 88 a;(t,z,u, Vu) + c(t, z,u, Vu) = g(t,x) for (t,z)€Q,

=1
v(z) - a(t,x,u, Vu) + b(t,x,u) = h(t,x) for (t,x2)€X,
u(0,z) = ug(x) forx e,
(8.109)
where again Vu := (8‘21%..., 8iu) and v = (v1,...,v,) denotes the unit

outward normal to I'. In accord with Convention 2.23, we occasionally omit
the arguments (¢,2) in (8.109), writing shortly, e.g., a;(¢,z,u, Vu) instead of
a;(t,z,u(t,x), Vu(t, z)). Also, recall the notation a = (ai,...,a,). The conven-
tional setting will mostly be based on

Vi=Wh(Q),  H:=L*Q). (8.110)

The desired reflexivity of V' and the compact embedding V' € H then need

2
p > max (17 n—f2> (8.111)

cf. (1.34). Note that it brings no restriction on p > 1 provided n = 1 or 2, but, e.g.,
for n = 3 it requires p > 6/5; cf. Remark 8.39 for the opposite case. This fits with
the abstract formulation (8.1) if A : Ix W1P(Q) — WLP(Q)* and f(t) € WHP(Q)*
are defined, for any v € W1P(Q), by

<A(t,u)7v>::/Qa(t,x,u(x),Vu(x))-Vv(x)

+ c(t, z, u(z), Vu(z))v(z) dz —i—Ab(t,x,u(w))v(w) ds, (8.112a)
(f(t),v) = /Qg(t,x)v(x)da:—|—/Fh(t,x)v(x)d5’. (8.112b)

The strong formulation of the initial-value problem (8.1) now leads to

ou
t
<(“)t’ >W1P(Q)*xW1P(Q)+/Q (t,z,u, Vu) - Vo(z) + c(t, z,u, Vu)v(z) dz

—|—/ b(t,x,u)v(z)dS = / vdx—l—/rh(t,-)vdS (8.113)
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for a.a. t € I, and u(0,-) = ug. Obviously, (8.113) can be obtained from (8.109)
the following four steps:
1) multiplication of the first line in (8.109) by v € WP(Q),

2) integration over €,
3) Green’s theorem in space,
4) usage of the boundary conditions in (8.109).

As such, (8.113) is called a weak formulation of (8.109) and a weak solution u is
then required to belong to WhP2' (I; W2 (Q), WP (Q)*).

Alternatively, a very weak formulation (corresponding to what is on the ab-
stract level called the weak formulation, see (8.2) and Table 2 on p. 201) can be
obtained by the following four steps:

1) multiplication of the first line in (8.109) by v(t),

2) integration over @,

3) Green’s theorem in space and by-parts integration in time,

4) usage of the boundary and the initial conditions from (8.109).
Thus we have

ov

/u(T, x)o(T,z)dz + / a(t,z,u, Vu) - Vo +c(t, z,u, Vu)v — ; udzdt
Q

0 0

—|—/ b(t,z,u)vdSdt = / gv dxdt + / hvdSdt + / uov(0,-)dz. (8.114)
by Q b Q

The very weak solution w € LP(I; W1P(Q2)) is then to satisfy (8.114) for all v €
Whoooo (I WHee(Q), LP™'(2)); here we require even gtv € L=(I; L”"'(€)) in order
to express the duality ( gtv, u) in terms of a conventional Lebesgue integral but by
a density argument it extends for test functions used in Definition 8.2 too.

In this section, we focus on the weak formulation (8.113) while the very weak
formulation (8.114) will be addressed in Section 8.7. We are to design the growth
conditions on a, b, and ¢ to guarantee the integrals in (8.113) to have a good sense
and to be in L*(I) as a function of ¢. Let us realize that, by (1.33) and (1.62),

LP(I; WP () 0 L(1; LA(Q) € LP(15 1P () 0 L(1; LA (Q)) € L7 (Q)
(8.115)
for a suitable p® > p, namely3®

p® i =p+2—2p/p*. (8.116)

30The interpolation (1.62) gives the embedding into LP/*(I; L2P"/(22+p"=Ap")(Q2)) which, for
a suitable ), gives both exponents equal to each other, and then to p® from (8.116). Let us
remark that this embedding need not be optimal: e.g. for n = 2 = p, (8.116) yields p® < 4 while
the Gagliardo-Nirenberg inequality (1.40) allows for p® = 4. We will, anyhow, need compact
embedding and will therefore not be interested in such borderline cases. In fact, the general
Gagliardo-Nirenberg inequality (1.38)—(1.39) allows for p® := p(n + 2)/n not only for p < n as
in (8.116) but even for p > n, cf. [104, Sect.1.3].
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The natural requirement we will assume through the following text is that
(a,¢): Q@ x (RxR™) — R™ p: ¥ xR — R are Carathéodory mappings. (8.117)

The growth of a and ¢ fitted to (8.113) is to be designed so that the corresponding
Nemytskil mappings N, and N, work as LP®(Q) x LP(Q;R"™) — L”,(Q;R”) and
LP°(Q) x LP(Q;R™) — LP°'(Q), respectively. This means

I el?(Q), CeER: lalt,z,rs)| <~(t,z) + C|r|p®/p/ +C|s[P~t,  (8.118a)
Iy el (Q), CeR: |c(t,z,r,s)| < () + ClrP" L+ C|s[P/P®". (8.118D)

The nonlinearity b : ¥ x R — R is more complicated and we confine ourselves
to the “anisotropic” setting without counting the information in L>°(I; L?(£2)) and
without making the interpolation like (8.115). Obviously, the trace operator u —
ulp : WHP(9) — LP"(T') induces the trace operator u — uly : LP(I; WP(Q)) —
LP(I; LP" (T")). The natural condition ensuring that A} maps LP(I; LP" (T')) to its
dual, i.e. ¥ (I; LP"'(I), is

Ivo ELPI(I;LP#I(F))7 Y E€LUT) = |b(t, 2, )| < yo(t,z) +y1(x)|rP~  (8.119)
with ¢ chosen such that
—1 -1
H'71|U|p HLP#’(F) = HPYlHLQ(F)HU”ZI),p#(F)’ (8'120)

which leads to the choice ¢ = p* /(p?” — p).

Lemma 8.34 (CARATHEODORY PROPERTY OF A). Let (8.117), (8.118) and (8.119)
be valid. Then A : I x WHP(Q) — WLP(Q)* defined by (8.112a) is a Carathéodory

mapping.

Proof. Note that, as p® < p*, (8.118) and (8.119) imply, in particular, that a(t, ) :
Ox RxR") - R" bt,:) : T xR — R and ¢(t,-) : 2 x (RxR") — R satisfy
the growth conditions (2.55) with € = 0 for a.a. ¢ € I. Taking ¢ such that (2.55)
applies with € = 0 and considering uy — u in WHP(Q), we can estimate

HA(t,uk) — A(t,u)HWLP(Q)* = sup /Q (alt, z, ux(z), Vug(z))

||”le,p(g)§1

— a(t,z,u(z), Vu(z))) - Vo(z) + (c(t, z, up(z), Vug(z))

— c(t,z,u(z), Vu(z)))v(z) dz + /F(b(t,x,uk(x))—b(t,x,u(x)))v(x) ds
< [Waeo) (e, V) = N (u, VU)HLP’(Q;Rn)

+ N ||Nc(t,-)(uk7 Vuy) — ./\/'c(t7.)(u, VU)HLP*/(Q)

+ Na|Noe,) (ur) = Noge,y (W)]| o )
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where N7 and Ny stand respectively for the norms of the embedding W () C
LP" () and of the trace operator u — ulp : WHP(Q) — L (I"). By continuity
of the Nemytskil mappings Ny, Nyt,.y, and Ny .y, the continuity of A(t,-) :
WLP(Q) — WhP(Q)* follows. Also, t — (A(t,u),v) is measurable. As WP(Q)
is separable, by Pettis’ Theorem 1.34, A(t,-) is also Bochner measurable. Hence
AT x WHP(Q) — WHP(Q)* is a Carathéodory mapping, as claimed. O

For the usage of the Galerkin method, we consider a (nonspecified) se-
quence of finite-dimensional subspaces Vi, of WP(Q) and the respective semi-
norms on WHP()* creating a locally convex topology, referred to by the notation
(WP Q)]

les*

Proposition 8.35 (PSEUDOMONOTONICITY OF A). Let the assumption (8.117) hold
and a: @Q X R x R™ — R" satisfy the Leray-Lions condition
(a(t,z,r, s) —a(t,x,r,5)) (s —38) >0, (8.121a)
(a(t,z,7r,8) —a(t,z,r,8) (s—8§) =0 = s=3, (8.121Db)
and a slightly strengthened growth condition (in comparison with (8.118) and
(8.119)) hold with some ¢>0 and C' <4o0:
Iy el (Q): la(t, z, 7, s)| < ~(t, z)+ C|r|(p®_6)/p/ +C|sP7t, (8.122a)
EJ'VEL”@/“(Q) 2o etz s)| <tz —l—C’|7“|”®_6_1—1—0|s|”_17 (8.122b)
Iy e LV (I; LP* (T), 41 e L@’ =9/0" =) (T) .
Ib(t, 2z, )| <ot ) +y(z)|rP~t.  (8.122¢)
FEventually, let the coercivity
a(t,z,r,s) - s+ c(t,x,r,8)r > cols|P — ci(t, z)|s| — ca(t)r?, (8.123a)
b(t,x,r)r >0 (8.123b)
hold with some c¢o > 0, ¢ € LP (Q), and co € L'(I). Then A : W—W*, with W
from Lemma 8.8 or 8.26, is pseudomonotone.

Proof. The condition (8.111) implies p® < p*, and therefore (8.122) guarantees
that A(t,-) : WhP(Q) — WHP(Q)* for a.a. t € I.

Then we use Lemma 2.32 to show that A(t,-) is pseudomonotone; note
that the coercivity (2.68b) is implied by (8.123) and (8.122b) similarly as
in Remark 2.37. Considering the choice (8.110) together with the seminorm
[vly := ||Vl Le(rny, (8.123) implies the semi-coercivity assumption (8.82) with
Z =V =Wh?(Q). Indeed, for any v € W1P(2), we have

(A(t,v),v) = / a(v, Vv) - Vo + c¢(v, Vo)v dz + / b(v)vdS
Q r
> ol VUl e — et oo oy | V0l zocasmny — ca(®) 0] 0y
(8.124)
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which verifies (8.82). Then, the inequality (8.8) just turns to be (1.55) with ¢ = 2.
Then the assertion follows, through Proposition 8.35, by Theorem 8.27.

We still have to verify the growth condition (8.77). As to (8.122a), we can
here, for simplicity, consider even € = 0, i.e. (8.118a), and use an interpolation as
follows:

swp [ a0 Vode < sup (a6
HUHWLP(Q)§1 Q lvllya, P(Q)<l
@ /o _
Ol gy Ol TP ) 190 o

< I Yo ey + Clull, 27 + CIVUIE o

A (1=X)
< (s Mgy + Cllullbed? Tl oo™ + ClITull s oy (8:125)

provided jA + (1 — X)/p* = 1/p®, which leads us to the choice

~2(p* - p®)

= o —2) (8.126)

Choosing now p® from (8.116), after an algebraic manipulation we come exactly
o (1 —X)p®/p’ = p— 1, hence the right-hand side of (8.125) turns to

”'Y(tv')”Lp’ )+OHUHL2 Q) ” ”Lp Q) +OHVU||LP Q;R™)
A
< max(1, ON [[ull 25 O) (17t )y + | Vultgay) (8:127)

with N the norm of the embedding W'?(Q) C LP" (Q), which is already of the
form (8.77). As to (8.122b), we estimate:

sup / c(u, Vu)vde < sup (Il (t, M @)
Q

||”HW1,P(Q)§1 HUHWI;P(Q)Sl
+ O ul” | yer o + IVulp‘1|!m<Q Mol @

_N(H’Y( )”Lp*’(Q +CHUHZP»:(1P® H(Q) +CHVU||

(»®-1) -1
< N (vt e @+ Cllully gyl S ™+ ONP [Vl )
(8.128)

LP*’(p D Rn))

with N; the norm of the embedding LP(Q) < L*"'®=1(Q), provided SA +
(1-)\)/p* = 1/(p*' (p®—1)), which leads us to the choice

2(p* — p®
A= (p®(fl)(;122). (8.129)
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After an algebraic manipulation, we can see that (1 — A\)(p® — 1) = p — 1 and
therefore we again obtain the growth condition in the form (8.77). The boundary
term can be estimated by (8.119) even without any interpolation.

The pseudomonotonicity of 4 now follows by Lemma 8.8 or 8.26. O

Remark 8.36. The pseudomonotonicity of A can be proved directly by paraphras-
ing Lemma 2.32, without using Lemma 8.8 or 8.26 and replacing the coercivity
(8.123) by the coercivity of a(t,z,r, ) like (2.68b). Instead of the compactness of
u — (u,ulp) : WHP(Q) — LP —¢(Q) x Lp#_E(F) used in Lemma 2.32, we must
use the “interpolated” Aubin-Lions lemma 7.8 (possibly with the modification by
employing Corollary 7.9) with Vy := LP ~1(Q), H := L*(Q), V4 := L*(Q) for
pt = (1 =X) + A (p* — €), cf. (1.23), we obtain W € LP/*(I; L*(1)). The
optimal choice of A € (0,1) is that p/\ = u gives

ur —u  in LP°TNQ) (8.130)

with p® from (8.116) and € > 0 provided €; > 0 is sufficiently small (with re-
spect to € > 0). Furthermore, we can use the compact embedding WP(Q) &
Wi=P(Q) for any € > 0, see (1.42) for the definition of the Sobolev-
Slobodetskii space W=<1?(Q), and the continuity of the trace operator u +
ulp : W=rP(Q) — LPY=¢(T) for any e > 0 provided ¢; > 0 is taken small
enough, which is a modification (1.36b); we have total continuity of the opera-
tor u — uly both as WLP» (I, WhP(Q), WP (Q)]L,) — LP(I; LP" =<(T)) and as

WM, WLe(Q), WhP(Q)*) — LP(I; LP” —¢(T')). Therefore we can claim that
wels — uls  in LP(I; LP" (). (8.131)

Then, by the continuity of the Nemytskil mappings N, v, and Ny, we
get a(ug, Vv) — a(u, Vo) in L (Q;R"), cf. (8.122a), and b(ur) — b(u) in
LY (1 L7 (1)

Proposition 8.37 (EXISTENCE OF A WEAK SOLUTION). Let the assumptions of
Proposition 8.35 be valid and let g € LY (I;LP"'(Q)), h € L¥ (I;Lp#l(F)), and
up € L?(Q). Then the initial-boundary-value problem (8.109) has a weak solution.
Proof. It just follows from the abstract Theorem 8.9 or 8.27. O

Remark 8.38 (Modifications). The above Propositions 8.35-8.37 bear various
modifications. E.g., if a(t,x,r,) is merely monotone (not strictly), then, as in
Lemma 2.32, ¢(t,z,r,-) has to be affine but growth restriction (8.122b) can be
slightly relaxed. Also the coercivity assumption (8.123) can be modified. E.g.,
b(t,z,r)r > —cs(x) — Clr[P~¢ with C,e > 0 and c3 € L*(T) leads just to a simple
modification in derivation of the above a-priori estimates.

31To be more precise, ¢ > 0 in (8.131) to be chosen small enough depending on ¢ > 0 in
(8.122¢).
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Remark 8.39 (The case 1 < p < 2n/(n+2)). If (8.111) does not hold, the choice
Vi=WhP(Q)N L3(Q) and H := L?(Q) guarantees trivially V C H. For example,
the Laplacean —A, remains semicoercive in the sense (8.9) if |v|y := || V|| Lr(;rn)
is chosen. Now V' & H but V € L?>7¢(Q) for any € > 0, which can again be used
for lower-order terms through Aubin-Lions lemma.

Remark 8.40 (Full discretization). One can merge Rothe’s and Galerkin’s method,
obtaining thus a full discretization in time and space which can be implemented
at least conceptually®? on computers. Let 7 > 0 be a time step and [ € N a
spatial-discretization parameter.3® Define uf € V; c W'P(Q), k=1,...,T/t, by
the following recursive formula:

uk k1
[ o b vl -
Q

+(ck(z,uf, Vaup,) — ¥ )vda + /(b’j(w,uﬁ.) —FwdS =0 (8.132)
r

for any v € V;, with the initial condition u?T = ug; where ug; € V; is defined®*
by [o(uor — ug)vdz = 0 for any v € V;, and where the Clément zero-order quasi-
interpolation of the coefficients is defined by

1 kT 1 kT
af(x,r, s):= / a(t,x,r,s)dt, bF(x,r):= / b(t,z,r)dt, (8.133)
T J(k-1)7 T J(k—1)r

and analogously for c¢¥. In the previous notation (8.78), we would define A% :
WhP(Q) — WHe(Q)* by

(A5, 0= [

a¥(x,u, Vu) - Vo + ¢k (z,u, Vu)v dz + / W (x,u)vdS. (8.134)
Q

T

Remark 8.41 (Projectors Pj). The projectors Pj(u) := Zle (Jo wvidz) v; (cf.
(8.87)) that can alternatively be used in the abstract Galerkin method can now
employ v; € W 2(Q) € WHP(Q) (which requires > 1+ n(p—2)/(2p)) solving the
eigenvalue problem

Arvi = )\ivi . (8135)

Moreover, we can assume that v; makes an orthonormal basis in L?(Q) and v; /v/\;
an orthonormal basis in W;*(€2). Then the projector P, is selfadjoint, and

(| P <1 & 1. (8.136)

HL‘(L2(Q),L2(Q)) HPkHL(WOT’Z(Q),WOT’2(SZ)) =

32 At this point, various numerical-integration formulae usually have to be employed in (8.132)
and (8.133). Also, we assume that the resulting system of algebraic equations can be solved
numerically.

33With only a small loss of generality, V; as a finite-element space with the mesh size 1/I,
cf. Example 2.63.

34In other words, ug; is the L?(2)-orthogonal projection of ug.
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The second estimate then can be used to get the a-priori estimate3®

H O (8.137)

ot

<
Lr' (I;W—7:2(Q))

Remark 8.42 (Pseudomonotone memory: integro-differential equations). For a
Carathéodory mapping f : [Q X Q] Xx R x R™ — R one can consider the nonlinear
Uryson integral operator (u,y) +— ((t,2) = [, f(z,t,&9,u(&,9),y(&, 9))dEdD)
which is, under certain not much restrictive conditions®, totally continuous as a
mapping LP(Q; R*") — LPI(Q) and, as such, it is pseudomonotone, cf. Corol-
lary 2.12. Thus one can treat e.g. the integro-differential equation

%Z — div(|Vu|p_2Vu) —|—/ f(x,t,f,ﬁ,u(é,ﬁ),Vu(é,ﬁ)) dédy = g. (8.138)
Q
8.7 Application to semilinear parabolic equations
In this section we focus on the very weak formulation (8.114) in the special case

when a(t,z,r,-) : R* — R™ and c¢(¢,x,r,) : R® — R are affine, i.e.

ai(t,x,r,s) = Z a;j(t,z,r)s; +a(t,z,r), i=1,...,n, (8.139a)
j=1

I

c(t,z,r, 8) == ¢i(t,z,r)s; + colt,z,r), (8.139b)

1

J

with a5, ¢; : @ xR — R Carathéodory mappings whose growth is to be designed to
induce the Nemytskil mappings Na,,, . ain)> Ner,.en) L2®_E(Q) — L?(Q;R")
and N,,,, Ny, : L2 7(Q) — LY(Q) with € > 0 and with 2® := 4 — 4/2*, which
corresponds to (8.116) with p = 2. Besides, the boundary nonlinearity b : ¥ xR —
R is now to induce the Nemytskil mapping N, : L?(I; Lz#_E(F)) — LY(X). This

35Unfortunately, W1P(Q) is not an interpolant between L2(Q) and W2(Q) so that the in-
terpolation theory to get the estimate || Pxll 2w 1.p(q),wi.r(n)) < 1 cannot be used.

36Namely, the growth condition |f(x,t,&,9,7,5)| < ~vo(x,t,&,9) + v1(x,t)(|r|P + |s|P) with
Yo € L¥ (Q; LY(Q)) and 71 € LP' (Q) and the equicontinuity condition:

Ve>0: lim sup / ‘ / f(:p,t,f,ﬁ,u(§,z9),y(§,z9)) d§d'¢9\pl dzdt = 0.
[Al—0 lullLrgy<e Jol|Ja
lyllLp(@irn)<c
We refer to Krasnoselskil et al. [204, Theorem 19.3]. The latter condition is fulfilled, e.g.,

if the growth condition is slightly strengthened, namely |f(z,t,&,9,7,5)] < ~o(z,t,&,9) +
Y1(z, t)(|7|P~¢ 4 |s|P7¢) with some € > 0 and <o in the form } g .. ~01(§,9)0:1(x,t) with

Yor € LM(Q) and 7 € L' (Q).
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means, for i, =1,...,n,
Iy € L*(Q), C€R: laij (t, z,7)| < 71 (t, x) + C|r|(2®_6)/2’
le;(t,2,7)] < (t,z)+Clr|@7 =972 (8.140a)
3y, € L'(Q), CeR: laio(t, z,7)| < ya(t,z) + C|r|2°~,

lco(t, z,7)| < 4alt,z) + Clr[>° ¢, (8.140b)
T €LN(R), e L& =/ =20 o bt 2, 7)| < y3(t, 2)+va(z)|rf2. (8.140¢)

The exponent p = 2 is natural because the growth a(t,z,r, ) is now linear. Note
that these requirements just guarantee that all integrals in (8.114) have a good
sense if v € Wheoee ([, Whee(Q), L2 (Q)).

Lemma 8.43 (WEAK CONTINUITY OF A). Let (8.139)—(8.140) hold. Then
A is weakly* continuous as a mapping WhHSL(LWL2(Q), (W2 Q)5 N
L>(I; L () — L®(L;Wh(Q))*

Proof. By the Aubin-Lions lemma, we have the compact embedding
WAL Wh2(Q), [ Wh2(Q))k,) € L*(I;L* = (Q)) for any ¢ > 0. Tak-
ing €1 > 0 suitably small, for some 0 < A < 1 we have the interpola-
tion estimate |lul;.eo_ @ < C||u||L2(I L2t e () HuHLm (1.L2(o) for any u €
L2(I; L¥ —<1(Q)) N L>°(I; L*(Q)). Hence, having a weakly* convergent sequence
{ug}ren in WH2L(I;WE2(Q), [WLQ(Q)]ICS) N L>°(I; L*(Q)), this sequence con-
verges strongly in L2®_E(Q). Then, by the continuity of the Nemytskii mappings
'/V'(U«il,nwarm)"/\[(017--~;Cn) : L2®_€(Q) - LQ(Q;RH) and Nai07NCO : L2®_€(Q) -
LY(Q), it holds that

- - Ouy, ov - ouy,
/Q Z (Z aij (1) Oz + aio(uk)) Oz; * (Z ci(ur) Ox;
=1 j=1 j=1

J

—>/Q§<jilaij(u) oz, + aio(u ) +<Z Yy eolu ))vdxdt

-1 Lj

+ co(uk)> vdxdt

for k — oo and for any v € L (I; W>°(Q)). As in (8.131), we have now uy|s —

uly in L2(I L2*=¢(T")), and, by (8.140c), we have convergence also in the boundary
term [y b(ug)vdSdt — [y, b(u)vdSdt. O

Proposition 8.44 (EXISTENCE OF VERY WEAK SOLUTIONS). Let (8.139)—(8.140)
hold for some v1 € L?*T(Q), v2 € L'T¢(Q), and 3 € L'T¢(X). Moreover, let
g € LA(I; 127 (Q)) + LY(I; L3()), h € L2(I; L27' (), and, for some e > 0, v, €
L2(I), v2 € LYQ), 73 € L*(1), v4 € LY(T), and for a.a. (t,x)€Q (resp. (t,x)EXD
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for (8.141)c) and all (r,s) € R*™ it holds that

Z (Z a;j(t,z,r)s; + aig(t,x,r))si > els|® — yi(t)]s], (8.141a)

1 j=1
(S citt,mm)s +coltse,m))r > —yalt, @) — 3a(B)lrf> = Cls*~=,  (8.141b)
j=1

i
b(t,z,r)r > —ya(z) — C|r|*~=. (8.141c¢)

Then the initial-boundary value problem (8.109) has a very weak solution.

Proof. We can use the abstract Theorem 8.28 now with V = WH2(Q),
Z = WhH(Q), and Vj, some finite-dimensional subspaces of W1°(Q) satisfy-
ing (2.7).>” The semi-coercivity (8.82) is implied by (8.141) by routine calcula-
tions.?® Moreover, (8.140) implies the growth condition (8.96) with p = 2 and
q < +oo, which ensures boundedness of A from L?(I; W2(Q)) N L>=(I; L*())
to L1T¢(; Whee(Q)*) with some € > 0 (possibly different from ¢ in (8.140)), as
required in Theorem 8.28. Indeed, using (8.140a,b) for simplicity heuristically with
e = 0, we obtain

sup /QZ (Za” oz, —|—ai0(u)) 88:: dz

“'UHWI OO(Q) i=1

< Z(Zau o Han(w) )
P j Li |l L1(q)

< Z llai;(w)ll 2 (@) IVull L2rn) + llaio(w)| @)
1,7=1
"1 20 + C?

<y 2||71(t7')||2L2<Q>+Hw(t,')HLl(Q)ﬂL 5 |25 @ T IIVullZz g
ij=1

(8.142)

®
L2®(Q) = HU’H?/% Q)HuHLQ*(Q for A =
2(2% — 2®)/(2%(2* — 2)), from which already the estimate of the type (8.96) fol-
lows. The contribution of ;| ¢;(u) a?ei u+co(u) follows from essentially the same

Now we estimate by interpolation®® |u||?

37Recall that one can con51der ﬁnlte element subspaces as in Example 2.63.

38We have (A(t,v),v) = [o30, (X o1 @ij(v) aa; + alo(v)) Bzv + Yo ¢i(v) 86;;1) +
co(w)v dat [ b(o)o dS > e\\Vv\\L2m = bmeasa (@)1 (2 319012,y ) — 2t 1 o) =

(012 )~ CUTUIEEE . my — Il oy — CIUTIZ52 ) and then we can obtain (8.52)
by Young 1nequa11ty

® 1-X)2® . . .

39By (1.23), ”u”L2®(Q) < Hqug(mHuH(Ly(g)) provided é)\ + (1=X)/2* = 2% which yields

A=2(2*—29) /(29 (2*—2)) as in (8.126) for p=2, and by an algebraic manipulation (1—X)2® = 2.



242  Chapter 8. Evolution by pseudomonotone or weakly continuous mappings

calculations. The contribution of the boundary term b is even simpler as no inter-
polation is needed under the condition (8.140c). |

Corollary 8.45 (WEAK SOLUTIONS). Let, in addition to the assumptions of Propo-
sition 8.44, also g € L*(I; L2 (Q)) and the growth condition (8.122) with p = 2
hold. Then there is a weak solution to the initial-boundary-value problem (8.4).

Proof. It suffices to merge Proposition 8.44 and Lemma 8.3. 0

8.8 Examples and exercises

This section completes the previous theory by assorted, and often physically moti-
vated, examples together with some exercises accompanied mostly by brief hints.

8.8.1 General tools

Exercise 8.46. Assuming V separable, € LP' (I; V*), and fOT (&(1), U(t»v* Lpdt =
0 for any v of the form v(t) = g(t)zi, g € LP(I), {#}ien dense in V, show that
&(t) =0 for a.a. t € 1.4° Cf. Proposition 1.38.

Exercise 8.47. Modify Theorem 8.18 for ¢y = 0 in (8.66¢) but, on the other hand,
assuming f € WH(I; H) in (8.66a). Only the estimate u € W°°(I; H) can thus
be obtained.

Exercise 8.48 (Continuous dependence on the data). Consider a sequence
(frsuor) — (f,uo) in LP (I;V*) x H and prove the convergence of the corre-
sponding solutions as claimed in Theorem 8.32(i).

Example 8.49 (The case of A(t,-) : V — V* monotone). If A(t,-) is
monotone, radially continuous and satisfies the growth condition (8.77), then A
is pseudomonotone even as a mapping LP(I; V) N L®(I; H) — LP (I; V*), i.e. no
bound on the time derivative is needed. Indeed, A is obviously monotone and is
bounded because

T o’
A gy = ([ A u)1F-r)

T _ (p—1)/p
-1 _\p/(p—1)
< ([ etuoa)” ™ (o + o))
< 2 ()l o) (gt + el ) (5,143

where v and € is from (8.77). Moreover, A is radially continuous because, for
any u,v € LP(I; V)N L>(I; H) and for a.a. t € I, (A(t,u(t) + ev(t)),v(t)) —

40Hint: fixing z;, realize that fOT (), () yru oy dt = fOT G)(E®), 2i )y At = 0 for all g
implies <§(t)7 Z’i>v* v =0 for a.a. t € I. This holds true even if z; ranges over the countable set
{zi}ien. As this set is dense in V, £(t) = 0 for a.a. t € I.
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(A(t,u(t)),v(t)) because A(t,-) is radially continuous, and thus
T
(A(t,u+ev),v) = / (A(t,u(t) + ev(t)),v(t)) dt
0
T
— /O (A(t,u(t),v(t)) dt = (A(t,u),v), (8.144)

by the Lebesgue Theorem 1.14, where we used also the fact that the collection
{t — (A(t, u(t) +ev(t)), v(t)) } .c[o,c,) has a common integrable majorant because,
in view of (8.77),

[(A(t, u(t) +ev(t)), v(t))] < ||Alult) + ev(t))le* + o5,
< €(lutev] g rm) (V) + Ju®+eo@)|[77) + [lo@)|7,
< 271 ([[ull oo (1) Fe0ll0l Lo (1)) (&P Hlu(E) [Z+eb [[o(B)]E) + lv@®)][5-

Then A is pseudomonotone by Lemma 2.9.

Example 8.50 (Totally continuous terms). Let V1  Vand A: I x V3 — V* be a
Carathéodory mapping satisfying (8.77) modified by replacing V' with V7, i.e.

J~ye LV (I), €&:R—R increasing : HA(t,v)HV*SC(HUHH) ('y(t)+|\v||"’,l_l). (8.145)

Then the abstract Nemytskil mapping A : W — L (I; V*) with W from
Lemma 8.8 or 8.26, is totally continuous. Indeed, having a sequence up — u
in W, by Aubin-Lions Lemma 7.7 or its Corollary 7.9, uy — win LP(I; V7). Then,
using || A(t, ug)| V*SC('y(t)—FHukH’{,l_l) with C' := €(supy.ey ||ukl| Lo ;7)) and The-
orem 1.43, we obtain A(uz) — A(u) in LV (I; V*).

Exercise 8.51. Assume A as in Example 8.49 and prove the convergence of the
Rothe method directly by Minty’s trick in parallel to Remark 8.29.

Exercise 8.52. Assuming (2.7) and relying upon (J, o C*(I; Vi) being dense in
W2 (I, V,V*),* prove density of Uren L2215 Vi) in LP(I; V) N L>(1; H).*2

Exercise 8.53. Consider the Galerkin approximation u; to the abstract Cauchy
problem (8.1) with data qualification (8.59), and prove the boundedness of {ug }r>0
in WH2(I; H) N L*(I; V).*3 Note that, now, ® in (8.59¢,d) need not be assumed
convex.

41 This density follows by Lemma 7.2 and by the famous Weierstrass theorem giving a possibility
of approaching each function C1(I; V') by polynomials in ¢ with coefficients in V', and eventually
by approximating these coefficients in Vj, with k sufficiently large; see e.g. Gajewski at al. [144,
Sect.VI.1, Lemma 1.5] for details.

42Hint: Use approximation by C'(I,V}) with k sufficiently large in the topology of
WP?'(I;V,V*), and then continuity both of the embedding WP (I;V,V*) C L (I; H)
by Lemma 7.3 and of the embedding W1:P:?'(I; V,V*) C LP(I;V). Cf. also Lemma 8.25.

43Hint: Modify the proof of Theorem 8.16(i).
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Exercise 8.54. Consider uj as in Exercise 8.53 and the data qualification (8.66),
and prove the boundedness of {uy}x>o in WH(I; H) N WH2([; V)44

Exercise 8.55. Show the convergence of u, from Gear’s formula (8.75). Modify the
proof of Theorem 8.16(ii).*°

Exercise 8.56. Modify Remark 8.29 for totally continuous perturbation mentioned
in Example 8.50.46

Exercise 8.57. Prove the interpolation formula (1.62) by using (1.23) and Holder’s
inequality.*”

Exercise 8.58. Prove that all integrals in (8.113) and (8.114) have a good sense.

Exercise 8.59. By using Holder’s inequality, prove (8.120) with ¢ = p™ /(p* — p).

8.8.2 Parabolic equation of type J,u—div(|Vu[P=2Vu)+c(u)=g

The following examples are to be considered as a detailed scrutiny of estimation
technique on a heuristical level. Rigorously, it works if we assume that a solution u
with appropriate qualitative properties has been already obtained. Adaptation to
the Galerkin method is simple, and to the Rothe method is, in view of Sections 8.2—
8.3, also quite routine.

Example 8.60 (Monotone parabolic problem: a-priori estimates). For p € (1, 400)
and q1, g2 > 1 specified later, let us consider the initial-boundary-value problem:

3}
(“)1; —div(|[VuP?Vu) + [u|"u = g inQ,
13}
|VulP—2 au Yl = b on¥, (8.146)
v

w(0,) = wp in £,

where g € LP (I; L (Q)) and h € L¥ (I;L”#,(F)). We will prove the a-priori
estimates on the heuristic level.

44Hint: Modify the proof of Theorem 8.18(i).

45Hint: Realize that C?t ul— C?t ur — 0in L2(I; H) due to the by-part formula (ul —u., ;t p) —
0 for any ¢ € D(I; H) because of ||uff —ur| 12 (1, gy = O(7) which is to be proved by a modification
of (8.50) and by using the boundedness of {C?t urto<r<r, in L2(1; H).

46Hint: Generalize the proof of the “steady-state” Proposition 2.17 for the evolutionary case.

47Hint: by (1.23), lv( e < ||1)(-)H2q1 (Q)Hv(~)||1L;2>‘(Q), and then integrate it over I and
use Holder’s inequality with the (mutually conjugate) exponents pi/(Ap) and p2/((1—X)p).
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(1) Following the strategy (8.20) for f = f1, we use a test by u(t, ) itself:

9 dt”“”i?(sz) + HV“HZ(Q;M +||u HL‘H @ T [ u Hqu

:/qudzzH—/FhudSSN(||9HLP*,(Q)+HhHLp#/(F))HUHWLP(Q)

< NG ([l9ll e+ @ + 12l o ) IV 0ll o ey + (22l 2)
< CNY'C (|lg] s iy + 1Bl o )" )
NC
+ 9 ’ (HgHLP*’(Q) + ||h||Lp#’(r)) (1+ ||u||i2(ﬂ)) (8.147)

where N is greater than the norm of the embedding/trace operator u — (u,u|r) :
WLP(Q) — LP"(Q) x LP" (T), and where we used the Poincaré inequality in the
form [Ju(t, Mwrry < Co(IVult, M oemmy + 0t Y z2y)s cf. (1.55). This,
after choosing ¢ < 1, using the Gronwall inequality, and integration over [0, 7],
gives the a-priori estimate for u in LP(I; WHP(Q)) N L (I; L*(Q)).

(2) The estimate for aatu in LP (I; W1P(Q)*) requires assumptions on ¢; and
@2. In detail, imitating the scenario (8.22), we estimate:

<gltb,v> = / gv — |VuP72Vu - Vo — |u|? " ?uv dzdt

+/Z( — Jul®2u) 0 dSdt < HVuHLp(QRn HWHLP(Q;R")

et o g0 @ 10l 2o )
Al o o o 1 o i oy

+ HgHLp/(I;LP*/(Q))||U||LP(I;LP*(Q))+ HhHLP/(I;LP#/(F))||,UHLP([;LP#(F))' (8.148)

This needs q; < p and gz < p. Thus we get the estimate of J,u in LY (I; WhP (Q)*).
A weaker bound for ¢; can be obtained by interpolation to exploit also the infor-
mation u € L (I; L*(Q2)):

_ T e p'/p"’
H|u|q1 1HLP’ (I;LP* () = <A ( 0 |U(f7$)|(q1 Dp dCL’) dt)

= [l P gy < Cllull S e 1ol oy (3:149)

1/p’

provided ¢; and A € [0, 1] satisfy

1 A 1= 1 1-)
> 4 and > 8.150
p(n—-1) — 2 p* Pl@a-1) ~ p (8.150)
These inequalities are upper bounds for ¢;. If p < 2n/(n+2), i.e. p* < 2, the
optimal choice of \ is simply A = 1, and then (8.150) implies ¢; < 1+ 2/p*’.
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If p > 2n/(n+2), the optimal choice of A then balances both bounds in (8.150),
ie. p*(\/2+(1-A)/p*) = (1-A)/(p—1). This means X = 2(p* —p)/(p*p+p*—2p),
and then (8.150) yields q; < (p*p+p*p?—2p*—2p>+2p)/(p*p—p*) = p®, cf. (8.116).
Note that we already have seen these calculations in the proof of Proposition 8.37,
cf. (8.129).

The interpolation in the boundary term (hence relaxing the bound ¢a < p)
is much more difficult, however. A certain alternative approach (at least for us-
age of the Aubin-Lions lemma) consists in weakening the dual norm to estimate
Ouin LP(I; Wy P(Q)*) = L' (I; W17 (Q)); note that L2(Q) € W12 (Q) be-
cause W, P(Q) C L2(2) densely. For such an estimate one takes v in (8.148) from
LP(I; W, (€)) so that the term with g2 completely vanishes, hence no restriction
on g2 is imposed for this estimate.

(3) To make a test by v := 5, u(t, ), we assume g € L?(Q) and h = 0.8 Then

H ou
ot

L2(Q) pdtHquLP(QR”) dt” HL‘H(Q q dtH |Lq2(1‘

ou
= / g(t, )8t dr < HQHL%Q) + 2H ot

Assuming ug € WP (Q) N L?(Q), which means ug € WHP(Q) if p satisfies (8.111),

by the Gronwall inequality, we thus get the estimate for u in L% (I; W1P () N

L (Q)) N WL2(I; L?(Q)) and for u|s, in L>(I; L% (T)) for q1,q2 > 1 arbitrary.
(4) Further, we apply gt to the weak formulation of the equation with the

boundary conditions in (8.146), then use the test function v = gtu, and estimate

: 8.151
@) (8.151)

aat(|Vu|p_2Vu) -V&: = |Vu|p_2aavtu : (“);u
+ ((p—2)|Vu|p_4Vu- 88Vtu) (Vu- a;”)
— 2,2
_ \vup- z'avu p 2|W|,,_4(algtul )
s LY 2 (Y
R (G i R

if p > 1. Similar calculations work for the lower-order terms when “forgetting”

48If h # 0, one cannot assume f from (8.112b) to belong to L?(I; H) as required in (8.59b).

Yet, there is a possibility to assume smoothness of h in time, namely h € Wl’p/(I; Lr™ (),
and to use

Ty L on
/ / RO dsdt = — / / wO" asar + / h(t, 2)u(t, ©) — h(0, z)uo(z)dS
0 T ot 0 T ot r

and the estimate of u|y, already proved in Step (1).
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V’s for ¢ > 1 and g2 > 1.%° Altogether, one gets

H 8p 8H8|VU|p/2'
2dt L2( Q) L2(Q)
dg Ou Oh Ou
d dS =: I (t) + Iz (t). 8.153
Gotot ) ot or 10+ L(0) (8:153)

The integral I; can be estimated as } | 3tg||L2(Q N 8tu||L2(Q Integrated over

[0,t], the integral fo I;(t)dt is to be treated by

t Y[ Oh Ou oh
I tdt:// detz/ t,x)u(t,z)dS
[ mwa= [0 [ ot )

L[ o%h oh
_/0 F8ﬁ2(197x)uw,x)d5d19—/r o (0 0uo(@) A (8.154)

which is bounded if h € W?2L(I; Lp#/(l"))7 when the estimate of u in
Le°(I;WHP(Q)) obtained already at Step (3) is employed. Then, usage of the
Gronwall inequality requires g € W2(I; L3(Q)), and up € W9(Q) N L2 @~ (Q)
with ¢ > 2p*/(p* — 2p + 4),%° and it gives the estimate u in W1°°(I; L?(Q)) and
of |Vu|P/? in W12(I; L?(Q)) C L*(I; L*(2)), which yields u € L (I; WhP(Q)).

If p > 2, the term |Vu[P~2| 2 Vu|? in (8.152) gives, through (1.46), an esti-
mate of Vu in the fractional space LP(Q; W?2/P=¢P(I)) = W2/P=<P([; LP(Q)).

For p = 2, the term I; can be estimated more finely as

Li(t) <

L2 (Q) H
ou |2
ot

P
+ e ]

H ot ’ L2 (Q) H

L2*(Q)

(8.155)

+N12€HV

- 45H ot ’ L2 (Q) L2(Q) L2(R™)

where N is the norm of the embedding W2(Q) ¢ L? (). Similarly, I bears the
estimate

L(t) <

H ot L2#’(F H ot llL2# () — 45” ot L2#’(F H L2# (T

(8.156)

26HV

25”

- 45”(% L2#' (1) L2(Q) L2(QR™)

where N, is the norm of the trace operator W42(€) — L2*(I'). Then we take
e > 0 small, namely (N7 + N3)e < 1, so that the last terms in (8.155)—(8.156)

49Note that (8.152) then allows for a modification gt (Ju|?=2u) gtu =(q— 1)\u|q_2(gt w)2 >0
for both g=¢q1 > 1and g =¢q2 > 1.
0This condition implies Apug € L?(£2) because of the obvious estimate [q, |Apv|?dz <

—1)? [o [Vo|?P =4 V20| 2dz< (p—1)? || Vo 27 4 & <Nl cf. (2.128).

Ler-9d’ (@) Vil 20 () < W2a(Q)’
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can be absorbed in the corresponding term arising on the left-hand side of (8.153);
note that (8.152) equals |§)£Vu|2 if p = 2. Then we use Gronwall’s inequality to
handle the last-but-one terms in (8.155)(8.156). It requires g € W12(I; L2 (Q))
and h € WL2(I; 127" (T)) only.

Assuming also ug regular enough, namely uy € W22(Q) N L2@=1(Q), and
g(0) € L%(Q), we have aatu(O) € L?(Q), and we can apply Gronwall’s inequality to
(8.153). We thus get the estimate for u in WH2(I; WH2(Q)) n Whee(I; L(Q)).

(5) If both aatu and f are functions (not only distributions), div(|Vu|[P~2Vu)
is more regular than WP(2)*, so that by elliptic regularity theory we obtain a
spatial regularity. E.g., if p = 2, we can use the interior W?%2- or W3 2-regularity
as established in Proposition 2.96; this needs 1 < ¢1 < (2n—2)/(n—2) (and also
¢1 > 2 in the latter case). In combination with Steps (4) and (3), one thus obtains
respectively the last two lines in Table 3. If also 2 would be qualified, we could

use Proposition 2.97 to get regularity up to the boundary.

qualification of quality
g h U P of u
(L (Q) L) LAQ) > D W(Q)
L= (I; L*(92))
W (I WhP(Q)*)

/

L*(Q) WYL L) WRP(Q) ST L WR(Q))
NL3(Q) Wh2(I; L2(Q))
WEALLAQ)) WANLLT(D) W2AQ) =1 W] LA(Q)

Le(LWHP(Q))
>2 W2r—er(I;Whr(Q))

WEALLE(Q) WRALLTD) WRAQ) =2 WRALWIA(Q)
Whee (15 L2(9))
Lo(I; Wit 2(9))

loc

L*(9) WEHLLTT) WRAQ) =2 LG W)
Table 3. Summary of Example 8.60; qualification of ¢1 and g» not displayed.®!

Exercise 8.61 (Large ¢; or go: an alternative setting). For ¢; > p* or ¢ > p*, we
can take the space W := {v € LP(I; W'P(Q)) N L9 (Q); v|s € L%(X)} endowed
naturally by the norm |[v||w = |[v]|zr (w1 ) + [Vl L (@) + V]2l Laz (x). Prove
that W is a Banach space®?, and that the monotone mapping A related to (8.146)

51Here, in the third line, ¢ > 2p*/(p* — 2p + 4).

52Hint: Consider a Cauchy sequence {ug }ren in W. Realize that, in particular, it converges
to w in LP(I; WHP(Q)) and in L91(Q) as these spaces are complete, and also ug|s — u|s in
LP(I; r* (I), and, as {ug|s}ren is a Cauchy sequence in L92(X), also up|xs — ux in the
complete space L92(X), and thus ux, = u|y. Cf. also Exercise 2.67.
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maps W into W* and that 5, u € W* if u is a weak solution to (8.146).%3

Example 8.62 (Nonmonotone term: a-priori estimates). Consider the initial-
boundary-value problem with a nonmonotone term |u|* instead of |u|? ~2u:

- div(|[VuP~*Vu) + |ul*

0 .
ot g inQ,

VulP~ 28 +|u|q2 20 =h onY, (8.157)

u(0,-) = ug on Q,

where again g € L? (I; LP"'(Q)) and h € L¥ (I; L”#,(F)). We will show the a-priori
estimates again on an heuristical level only, and specify pu.
(1) The test by wu(t,-) itself now gives:

1d
3 aelltlEa + IVl < [ Jult + gude+ [ huds
Q r

< ullfbts ) + N (gl @) + 1Bl Lo ) l1ullwrn oy (8.158)

where N is as in (8.147). If 4 < 1, we can estimate HUHZ-:il(Q)

(meas, (Q))#=1/2||y H‘L‘;rlﬂ < (measn(Q))(“_l)/Q(||u||2L2(Q) +¢) with some ¢ > 0,54
and then use directly the Gronwall inequality. For superlinearly growing nonlin-
earities, i.e. u > 1, ||u||’£ﬂ1(m can be absorbed in the left-hand side by using
Young’s inequality through the estimate

1 1
||u||l£t+1(gz) > N““”””%w(g) < NM+1(E||’U’H€VLP(Q) + Na) (8.159)

where N is the norm of WP(Q) C L*T1(Q) and the last inequality uses
w<p-—1 (8.160)

note that this implies also p + 1 < p* used for the first inequality. This condition
makes the approach effective only if p > 2 (otherwise the previous approach via
the Gronwall inequality can be used, too). The other terms can be estimated
in the same way as in (8.147). Again, this gives the a-priori estimate for u in
LP(I; WP (Q)) N L>=(1; L*(Q)).

(2) The estimate for aatu can be made just the same way as (8.148). Now,
w < p® — 1 is what is needed.

(3) The test function v := 2 u(t,-) needs again g € L?(Q). For simplicity, we
take h = 0; otherwise, cf. Example 8.60(3). Then

[ e | Ry T L P P s AU RS AT

53Hint: show A : W — W* just by using Hélder’s inequality. Further realize that || gtuHW* =
SUD||y[|yy <1 fQ [VulP~1Vu-Vo + |u|? " luw — gvda + [ [u[92"tuv — hodS and estimate it by
Holder inequality.

54Cf. Exercise 2.54 for the norm of the embedding LM+ (Q) C L?(Q).
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We can estimate I (t) < €| ?ﬁﬂ%g(m + C’EHuHi’;H(Q) and, assuming also p < p — 1
or i < 1 to have the estimate u € L>(I; L?(Q)) at our disposal, we can use the
interpolation of L?(Q) between L?(Q) and LP (Q), i.e.,

ull L2 () < Cllullzay el g, (8.161)
provided
1 /\ 1-A
; 8.162
2u 2 p* ( )
f. (1.23). Th t < o2 2\ 2(1-Np
cf. (1.23). Then, we can estimate ||u(t, )||L2“ @ < e, M0 llut, I, o)
and, assuming still
2(1=Np <p, (8.163)

to treat it by the Gronwall inequality with help of the fact that [lu(t,-)|z2(q)
is a-priori bounded uniformly for ¢ € I. Thus we get the estimate for u in
Loo(L; WHP(Q)) nWE2(I; LA(Q)).

The inequalities (8.162) and (8.163) represent a certain restriction on p. E.g.,
if p > n, then p* = +o00, and (8.162) means p < 1/X. Then optimal A € (0,1) is
2/(p + 2), which makes the bound p/(2(1 — X)) in (8.163) equal to 1/\. For such
A, we get the restriction

s g +1. (8.164)
The bound for p in case 2 < p < n is left as an exercise.
(4) Further, we apply gt to the equation and then use the test function

v = atu As in Example 8.60, we consider p > 2 and now p = 1; this is a model
case for arbitrary Lipschitz nonlinearities that could be treated by a modification
of this estimate. Then the term |u|* = |u| can be estimated by

/(8t|u|) ot dx_/dlr ’ dx—H

and then treated by the Gronwall inequality. The rest can be treated as in Exam-
ple 8.60(4).

Exercise 8.63 (Limit passage). Suppose uy is the Galerkin solution for (8.157).
Make the limit passage via Minty’s trick by using only the basic a-priori esti-
mates.?® Alternatively, use d-monotonicity of the p-Laplacean and prove conver-
gence directly without the Minty trick.%®

Exercise 8.64 (Weaker estimate for gt u). Consider the problem (8.146) and derive
the estimate of gtu in M(I; W=%2(Q)) for k € N so large that W(;C’Q(Q) C L>=(Q),
i.e. k > p/n; this weaker estimate allows for bigger ¢; and still suffices for using

Aubin-Lions’ lemma as Corollary 7.9.57

(8.165)

L2(9)

55Hint: Cf. Remark 8.29 modified by treating the non-monotone lower-order term |u|* by
compactness as suggested in Exercise 8.56.
56Hint: Cf. Exercise 8.77 below.

57"Modify Example 8.60(2) by considering v € C(I; Wéc’Q(Q)) in (8.148).
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Remark 8.65 (Regularized p-Laplacean). For p > 2, one can consider the parabolic
problem with a regularized p-Laplacean:
ou
ot

cf. (4.38). This allows us to use the estimate from step (4) from Example 8.60.
Indeed, using also (8.152), we have

- div((e + |Vu|p_2)Vu> =g, u(0)=uo, uls=0, (8.166)

2 2
) 8Vu ’8Vu 8p — . 8(§t|Vu|p/2> > E’ﬁavtu
(8.167)
Exercise 8.66. Consider again the regularized problem (8.166). Denoting u. its
solution, prove the a-priori estimates |[uc||rerwir) < C, [Jucllr2wizo)) <
C/+/e and HgtusHLp/(I;Wl,p(Q)*) < C/+/e, and then, passing ¢ — 0, prove us — u
with u denoting the solution with e = 0.%8

0 _
o (E+ V)V

Example 8.67 (Dirichlet boundary conditions). Let us illustrate the Dirichlet con-
dition for a simple parabolic equation with the p-Laplacean, i.e.

0
87: —div(|VulP2Vu) =0, u(0,) =uo, uls =ups, (8.168)
with some u, : Q — R prescribed. By multiplying the equation in (8.168) by
UNS WO1 () and using Green’s formula, one gets the weak formulation:

ot

completed, of course, by u(0,) = ug and u|ys = uy|x. We cannot test it by
v = u(t,-) if uy(¢,-)|s # 0. Instead, the basic a-priori estimate is obtained by a
test by v = [u — u,](t, -):>

V(a.a.)tel Yoe WP (Q) : <8u / |Vu(t,z)|P~2Vu(t,z)-Vou(z) de = 0

d lu—uy |3 ) 5
dt ; o ||VUHLPQRn /Q|Vu|1’ *Vu-Vu, — gtD (u—uy,) dx
2
- EHVUHZ)(Q;R%) e HVUDHLP(Q R") + H ot L2(Q)(1 + HU_UDHLz(Q))'
(8.169)

58Hint: Use Minty’s trick:

0 < / (|Vue|P~2Vue — |VolP72Vv + eV (ue — v)) - V(ue — v)dzdt
Q

0
/ (g - us)(ug — ) — |[VoP 72V - V(ue — v) — eV - V(ue — v) dadt
Q ot

and realize that fQ eVv - V(ue —v)dedt = O(y/€). Then put v = u+ dw, and pass § > 0 to zero.

59Equally, one can apply the shift (2.61), i.e. here Ag(t,u) = A(u + up (t)). Then, denoting
up(t) := u — uD (t), the original equation LU+ A(u) = f is equivalent to ;t ug + Ao(t,uo) =
fo=:f— uD and its test by v := uo (¢, ) € WO "P(Q) is precisely (8.169) in the special case
f=0.
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If u, € Whel(I; Whp(Q), L2(Q)) and ug € L*(Q2), by Gronwall’s inequality we

obtain u—u, bounded in L*(I; L(Q)). As u, € L>(I; L*(Q2)) due to Lemma 7.1,

also u itself bounded in L>°(I; L?(2)). Integrating still (8.169) over [0, T'] we get u

bounded in LP(I;W1P(Q)). Then, from the equation (8.168) itself, one gets J,u

bounded in L¥ (I; WO1 P(Q)*). Further estimates can be obtained by testing by
—_ 0 .

v=g, [u—uy](t,-):

Ou |2 d P B p—2 Ou,  OuOug
H ot T at/IVellZo o) _/Q|vu| Vv Yoo o
ou ou ou
-1 D
= H [Vul” HLP’(Q)H |V ot | ‘ LP(Q) + H ot L2(Q)H ot Lz

2

. H ouy, |2
L2(Q) ot

.(8.170)

< (1474l |97

1) 0u
) +
Lp(sR™) Le(Q:Rn) 411 Ot

Here one needs 2 u,, € L*(Q)NL*(I; WhP(Q)) and ug € WHP(Q) to get u bounded
in Lo (I; WLr(Q)) N W2(1; L2(Q)).

qualification of quality
Uy, Up of u
WP WhP(Q), L3(Q) L3(Q) WP (WP (Q), WP (Q)7)
L (15 L3(2))
W2(1; L2(Q)) A WL (T W2 () W (Q) L (1; Whe(Q))
WH2(I; L*(Q))

Table 4. Summary of Example 8.67.

8.8.3 Semilinear heat equation c(u) Ju — div(k(u)Vu) =g

In this subsection, we will scrutinize the heat transfer in nonlinear but homoge-
neous isotropic media, described by the heat equation for the unknown 6 (instead
of u) which has the interpretation as temperature:

«(0) 7 — div(k(0)V8) = g (8.171)

ot
where
0 : @ — R is the unknown temperature,
k: R — RT is the heat conductivity,
¢: R — RT is the heat capacity,
g the volume heat sources,
cf. Example 2.66 for a steady-state variant.

Example 8.68 (Enthalpy transformation). Powerful tools for nonlinear differential
equations are various transformations of independent variables. Here we can apply,
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besides the Kirchhoff transformation, also the enthalpy transformation:

o(r):= /Orc(g) do & R(r):= /OT/{(Q) do . (8.172)

-~

Puttlng u = ¢c(9) (u is called enthalpy) and denoting B(u) := [£ o ¢ ~1](u), we
have Ju = [€]/(0) 5,0 = ¢(0) 260 and A(B(u)) = div(F' (¢~ (u)Ve(u) =
div(r'(0)VO) = div(k(0)VE). This transforms the original equation (8.171) to
g’t u—Ap(u) = g. Considering the initial condition in terms of the enthalpy u¢ and
the boundary condition as in Example 2.66, i.e. x(6) 681,9 = b1(0e—0)+b2(0.—10]20)
with 0, an external temperature, we come to the following initial-boundary-value
problem:

(31: —AB(u) =g inQ,
O | (b @) ) = s 61T
u(0,-) = up on .

Exercise 8.69 (Pseudomonotone approach). The nonlinear operator —Af3(u) =
—div(f'(v)Vu) can be considered as pseudomonotone and treated by Proposi-
tions 8.35 and 8.37. Assuming 3€ C*(R), verify (8.121), (8.122), and (8.123) in this
special case.®’ Realize, in particular, the condition 0 < inf 3'(R) < sup 3'(R) <
+o00.

Exercise 8.70 (Weak-continuity approach). Realizing that the operator
—div(f'(u)Vu) is semilinear in the sense (8.139), one can use Proposition 8.44.
Assume, besides 3€ C!(R), the growth restriction

0<e<B(r)<C(l+]r®7 =972 (8.174)

for some € > 0 and 2® = 4 — 4/2* cf. (8.116). Verify (8.11) for ¢ = oo and
Z =Wt (Q), and also (8.139), (8.140) and (8.141).5

60Hint: realize that here a(t,z,r,s) = B'(r)s, b(t,z,r) = (bi(t, ) + ba(t, w)|2_1(r)\3)2_1(r),
and c(t,z,r,s) = 0. Then (8.121) needs 3’ > 0, but (8.122)—(8.123) needs p = 2 and 8’ bounded
and away from zero.

61Hint: Obviously a(t, x,,s) = B8 (r)s is of the form (8.139a) and then realize that the upper
bound in (8.174) is just (8.140a) while (8.141) needs just the lower bound in (8.174). As to (8.11),
use (8.174) and the interpolation between L2(£2) and L2" (Q) with A from (8.126) to estimate

sup / B (w)Vu - Vode < [|B8" (W)l 2 o) [IVull L2 (orn)
01l 1,00 (@) ST/
2® /2

®
< I 2 20 [Vl 2 iy < © (measn (@24 [l L2

NIVl g2 omny

A2® /2 1-2)2P" /2
< C(measn ()" + [lully3 7l (5= /) IVull 2oy
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Assuming g € L3(I; L27 (Q)) + LY(I; L*()), h € L3(I; L*" (T)) and ug €
L?(2), prove the a-priori estimates of u in L2(I; W12(Q)) N L*(I; L?(2)), and of
win LY(I; W1*°(Q)*), and the convergence of approximate solutions to a very
weak solution.%? Realize, in particular, that now the heat conductivity x(-) need
not be bounded, e.g. if n = 3, then k(r) = 1 4 |r|%* with ¢1 < 5/3 is admitted
if ¢() > € > 0. Also note that J,u, living in L*(I; W*°(Q)*) in general, is not
in duality with u, hence the concept of the very weak solution is indeed essential
if 8/(-) is not bounded. Another occurrence of this effect is under an advection

driven by a velocity field which is not regular enough, see Lemma 12.4.

Exercise 8.71 (Semi-implicit time discretization). Consider the linearization of
the nonlinear “heat-transfer” operator related to (8.173), namely [B(w,u)](v) :=
Jo B/ (w)Vu - Vodz + [, (biu + be|w[*u)v dS, and then the semi-implicit formula
(8.56), which leads to

< Oou,

,v> +/5’(a5)va7.w — grvde :/ (brtir + bolulPu-)vdS  (8.175)

for a.a. t€l and all v=W12(Q) with the ‘retarded’ Rothe function a® defined by

N ar(t—m,-) fortelr,T],
wr(t ) = { u-(0,-) for ¢t € [0, 7]. (8.176)
Assuming (8.174), make a basic a-priori estimate by a test by u* and prove the
convergence for 7 — 0.53

Example 8.72 (Heat equation with advection). The heat transfer in a medium
moving with a prescribed velocity field ¥ : Q — R™ is governed by the equation

c(e)(g(z + vo) — div(k(6)V6) = g. (8.177)

In the enthalpy formulation from Example 8.68 it reads as gtu+17 Vu+ApB(u) = g.
Assuming divd < 0 and (¢]g) - v > 0 as in Exercise 2.86 and using (6.33), the
mapping A(t,u) : WH2(Q) — Wh(Q)* defined by (A(t,u), 2) := [, 8 (w)Vu -
Vz+ (9(t,) - Vu) zdt can be shown semi-coercive if 3’ satisfies (8.174):

(A(t,u),u) = /Qﬁ'('LL)|V'LL|2 + (9(t, ) - Vu) udz > 6HVU||2L2(Q;RH). (8.178)

In case dive’ = 0 and (7]z)-v = 0, the scalar variant of (6.35) yields [,(@(t,-) -
Vu)zdz = — [(0(t,-) - Vz)udz < |0, )| L2 | V2] Lo (@ [[ull 2(0) and,
expanding Exercise 8.70, we can rely on the concept of a very weak solution

62Hint: Considering e.g. Galerkin approximate solutions u, by Aubin-Lions Lemma 7.7, uj, —
u holds in L2% ~¢(Q). By (8.174), we have 3 (uy) — 8 (u) in L2(Q). Then make the limit passage
Jo VB(ug) - Vodz = [, 8 (up)Vuy - Vodz — [, 8 (w)Vu - Vodz = [ VB(u) - Vudz.

63Cf. Exercise 8.87 below.
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u € Wh2L(ILWh2(Q), Whee(Q)*) if & € LYWy " (R). I /() is
bounded and 7€ L>(I; L* ?/(2'2=2"=2)(Q))), by the estimate [,(¥(t,-)-Vu) zdz <
[0(E, )| =2/ 2—20 —2) () [ VUl L2 () | 2]| L2 (), We can rely on the conventional
concept of a weak solution v € WH22(I; W12(Q), Wh2(Q)*) as in Exercise 8.69.

8.8.4 Navier-Stokes equation gtu+(u-V)u—Au+V7T:g, div u=0

Another important example of a semilinear equation, or rather a system of equa-
tions, is the evolution version of the Navier-Stokes equation, cf. Remark 6.14,

27: +WwV)u—Au+Vr=g, divu=0, u(0,)=ug, (8.179)

for the velocity field u : Q@ — R™ and the pressure 7 : Q — R which is, in fact, a
multiplicator to the constraint divu = 0. This system is a model for a flow of a
viscous incompressible fluid; the viscosity and the mass density is put equal to 1 in
(8.179). Considering zero Dirichlet boundary conditions, we pose the problem into
function spaces by putting V := Wol’inV(Q;R”) = {ve W, *(Q;R™); divu = 0},
cf. (6.29), endowed with the norm |jv]|y := ||Vv||L2(Q;Ran% and, to ensure V .C H
densely, we define H as a closure of V in L?(Q; R") in the L?-norm. Then, in accord
with Definition 8.1 (and Table 2. on p.201), u € WH*2(I; V,V*) is considered as
a weak solution to (8.179) if u(0, ) = ugp and if

0
<(,;Z7v>wxv—|—/Q(u-V)u-v+Vu:Vv—gvdx:0 (8.180)
for any v € V and for a.a. t € I. Naturally, here the mapping A : V. — V* is
defined by (A(u),v) = [(u-V)u-v+ Vu : Vodaz; this definition is correct for
n < 3.54 Coercivity of A can be obtained by using (6.36): indeed it holds simply
that (A(v),v) = [ Vo : Vu+ ((v- V)v) - vde = [Vl gpnxn-

Example 8.73 (Pseudomonotone approach). For n = 2, we can estimate

sup ‘/Q((u-V)u)-vdx‘: sup /Q((u-V)v)-udx

llvllv <1 llvllv <1

< sup HuHi‘*(Q;Rn)HVUHLQ(Q;RTLXTL)SCCQ;NHUHLQ(Q;RTL)HVUHLQ(Q;Rnxn)
llvllv<1

(8.181)

where the Holder inequality and the Gagliardo-Nirenberg inequality like (1.40)
has been used. Hence A satisfies the growth condition (8.12) with p = ¢ = 2 and
€(¢) = max(1, ¢). Hence we have guaranteed existence of a weak solution if ug € H
and g € L2(I; L*” (Q; R™)).

64Since 4 > 2* for n < 3, this follows from the Hélder inequality | [o,(u-V)u - vda| <
llull L1 (rn) I VUl L2 (urnxny [Vl L4 (;rn) - In fact, using Gagliardo-Nirenberg inequality, the bor-
derline case n = 4 can be covered, too.
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Example 8.74 (Weak-continuity approach). We consider the physically relevant
case n = 3 (which covers n = 2 too), and will verify the condition (8.12) with
Z = V. We have the embedding W12(Q2) C L%(Q); let us denote by N its norm,
and estimate by the Holder inequality and an interpolation:

vaHL2(Q:Ran)S1

[A(w)]

v < sup / Vu-Vo+ (u-Vu)vde
Q

S sup ||quL2(SZ;RTLXn)||vv||L2(Q;RTLXTL)
V0l 2 g xmy <1
+ [lull Lamn) VUl L2 (irnxn) 0] Lo (irm)

1/2 1/2
< [Vl z2@mecny + Nlull foggmey 1l ot gupe Vel 2@z

1/2 3/2 1/2 3/2
< lully + N2l *|lull3/? < max(1, N3/2|ful|3%) (1+u][).
(8.182)

Hencefore, we get (8.12) with p = 2, ¢ = 4 and &(r) = max(1, N3/2r/2). As now
¢ = 4/3, the estimate (8.18a) yields 5 u€ L*/3(I;V*), which, however, is not in
duality with L2(I;V) > u and the concept of the very weak solution and weak

continuity is indeed urgent.5>

Remark 8.75 (Uniqueness). We consider n = 2. Taking two weak solutions u; and
ug, subtracting the respective identities (8.180), testing it by v = u1y 1= u; —
ug, and using subsequently (6.36), the Holder inequality, the Gagliardo-Nirenberg
inequality like (1.40), one obtains

1d
5 dt”ulQ”L?(Q ey + [ Vsl 22 (gupnxn) = /Q((ul-V)ul — (u2-V)uz)-urpda
= / (u12-V)ug - u12 + (u2-V)uiz - urz dz
Q

= /Q(U12'V)U2 ~urg dz < || Vsl p2girnm luazl| T o o.pm)
S C?;N ||VUQHL2(Q;RTLXTL)HU12||L2 SZ;R”)HVUI2HL2(Q;R"X")

1
— 2 GNHVUQHL2 QRan Hu12||L2(Q ]R" 2Hvu12||%2(Q;Ran)
(8.183)

with Cg, the constant from the Gagliardo-Nirenberg inequality |[|v|ps) <
Cin H'u||1L/22(Q ||V'U||1L/22Q gny- Then absorbing the last term in the left-hand side and
using the Gronwall inequality when realizing that ¢ — ||[Vua(t, ')H%P(Q‘R”X?l) €

LY(I) and u12(0,-) = 0, one obtains ua(t,-) = 0 for a.a. t € I.

65Note that the idea of putting Z = V. N W1 (Q; R™) would lead to 5 u € L?(I; Z*) which
is again not in duality with L2(I; V).
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This technique does not work if n = 3 and surprisingly, in this physically
relevant case, the uniqueness is a mysteriously difficult problem.%¢

Exercise 8.76. Derive the weak formulation (8.180).57

8.8.5 Some more exercises
Exercise 8.77. Consider the parabolic problem:

(312 — div(|[VuP~?Vu) + ¢(Vu) = g, u(0) =ug, uls =0, (8.184)

with the continuous nonlinearity ¢ : R” — R having the growth restricted by
le(s)] < C(1+ |s[P~17?) (8.185)

with some & > 0, and show the basic a-priori estimates of an approximate solu-
tion obtained by the Galerkin method if uy € L*(Q2) and g € L¥ (I; L¥" (£2)).68
Show the existence of a weak solution to (8.184) by convergence of Galerkin’s so-
lutions uy by using the d-monotonicity of the p-Laplacean to prove first the strong
convergence of Vuy, similarly as in Exercise 2.80.%9

66 This question, intimately related to regularity for (8.179), was identified by the Clay Math-
ematical Institute as one out of 7 most challenging mathematical “Millennium problems”, and
at the time of publishing this book was still waiting for its (affirmative or not) answer, together
with a $ 1 million award.

67Hint: test (8.179) by v € V, integrate it over 2, and use Green’s formula and the orthogonality
Jo(Vm)vde = — [, 7divedz = 0.

68Hint: Test the identity fQ (E?t uk-i-c(Vuk)—g)v + |Vug |P2Vuy-Vodr = 0 by vi=ug(t, -):

1d
3 a2y + 19y = [ (0= (T unda

/I ’ ’
< efull? e gy + 27 1 (T2 e ) + 1912 e )
from which the a-priori estimate of uy in L (I; L2(Q)) N LP(I; W1P(Q)) follows by Gronwall’s
inequality and by using (8.185), so that
e B g < [ O 119010 o < o+ el gy

The dual estimate of g u in LP/(I; Wol’p(Q)* ) can then be obtained standardly.

t lcs

69Hint: Take a subsequence up — u in Wl’p*pl(l;Wol’p(Q),WOl’p(Q)* ). Use the norm

lcs

||vHW01,p(Q) = ||Vv|lzp (q;rn) and, by (2.130), estimate
p—1 _ p—1 _
(IIukIILZD(I;W&‘p(Q)) IIUHLP(I;WOLP(Q)))(HukHLP(I;WOl'p(Q)) HUIlLl"(I;WOl’p(Q)))

< / (|Vuk\p72Vuk — \Vv|p’2Vv) (Vu, — Vv)dadt
Q

=/ \Vuk\p_QVuk-(Vuk—Vvk) + \Vuk\p_QVuk~(Vvk—Vv) — \Vv|p_2Vv-(Vuk—Vv)dxdt
Q

= / (g—c(Vuk)—a;k)(uk—vk) + | Vug P72 Vug (Vo —Vv) — |[VolP2Vo- (Vug— Vo) dadt
Q
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Exercise 8.78. Consider again the parabolic problem (8.184) with ¢ satisfying
le(s)] < C(1+ |s[P/?) (8.186)

and show existence of a weak solution to (8.184) if p > 2n/(n+2), uy €
Wol’p(Q) and g € L?(Q) in a simpler way than in Exercise 8.77 by using the
L?(Q)-estimate on gtu and convergence of Galerkin’s approximations weakly in

Wheo2([; WP (Q), L2(Q)) and strongly in LP(I; Wy ().

Exercise 8.79. Show how the coercivity works in the above concrete cases. Check
the coercivity (8.82) or (8.59d).™

Exercise 8.80. Prove a-priori estimates and convergence of Galerkin approximants
for the equation J, u—div(|Vu[P~2Vu+|u|tVu) = g, with p > 2 and some y > 0.7

Exercise 8.81 (Singular perturbations by a biharmonic term). Consider

ou ou
— div(|Vu|P~2Vu) + eA?u = u(0,-) =wup, uly = ‘
ot (| | ) g, ( ) ) 0> |E v
with vy (t, ) € Vi. Assume vy — v in LP(I; WHP(Q))). For v = u, up — v, — u—u = 0 in LP(Q)
because of the compact embedding Wol’p(ﬂ) € LP(Q) and Aubin-Lions’ Lemma 7.7, and then
Jq c(Vug)(up — vg)dz — 0 because {c(Vug)}ren is bounded in v’ (Q) thanks to (8.185). Use

2 (T)2 2 _ (T2 T
limsup/—auk updxdt = limsup/umc ur(T) dz < /uo u(T) dzx :/ —<8u,u>dt
k—oo Jq Ot k—oo Ja 2 Q 2 0 ot
because uy(T) — u(T) weakly in L2(Q), cf. (8.91). Push the other terms to zero, too. Conclude
that up — win LP(I; Wol’p(Q)). Finally, pass to the limit directly in the Galerkin identity, which
gives the integral identity fOT (<{:?tu’ v) + [q IVulP~2Vu-Vu + ¢(Vu)v — gv dr)dt = 0. Choosing
v(t, z) = ((t)z(x) with ¢ € Co(I) and z ranging a dense subset of W1P(Q), prove the pointwise
(for.a.a. t) equation of the type (8.113).
70Hint: A further test of the Galerkin identity by gt up gives

Ouy, |12 1d Ouy, 2 OQuy,
[ o \LQ(Q)+pdt\|m||§p(m :/Q(g—c(wk)) o da < le(Tur) = gll220)+ | o ]LQ(Q),

from which the a-priori estimate of uy in W12(I; L2(Q)) N L (I; W1P(Q))) follows by Gron-
wall’s inequality by using (8.186), so that HC(VUk)HQLz(Q) < 2C?(measy (Q) + HVukHip(Q)).
The convergence of uj to some w solving (8.184) can be made similarly as in Exercise 8.77
but we can make directly the limit passage limy_, oo fQ(gt ug )ugdedt = fQ(gt u)udzdt because

gtuk — gtu weakly in L2(Q) and up — u weakly* in W1o2([; W&’p(Q),LQ(Q)), hence by
Aubin-Lions’ Lemma 7.7 strongly in L?(Q) provided p > 2n/(n+2) so that Wol’p(Q) € L3(Q).

"1Hint: Note that, e.g. for the case (8.157),

=0. (8.187
=0 (8187)

2

(A@),0) = [ 1ol + ol + fopode -+ [ 101724 2 ellllfyp o) ~ ol ) = ©
where we used an equivalent norm on W1P(Q). In particular, the semi-coercivity (8.82) holds
forpy<lorp>pu+1,g2>p(but g2 <p*'),q1 >1(but 1 —1< p#l), and b > 0. Alternatively,
g2 > 1 is sufficient if g1 > p. The weaker coercivity (8.59d) holds even for g2 > 1 and q1 > 1 or
vice versa g2 > 1 and q1 > 1.

72Hint: use the test by wuy to get {ug}ren bounded in LP(I;WLP(Q)) N L (I; L3(Q)),
then estimate gtuk, and show convergence, e.g., by Minty’s trick for A, combined with
limsupy,_, o fQ Vug - V(ug — v) dzdt < fQ Vu - V(u—v)dzdt.
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Prove a-priori estimates (depending on ¢ > 0). For ¢ — 0, show the convergence
to the weak solution of 9 u — div(|Vul[P~2Vu) = g, u(0,-) = ug, u|g = 0.7

Exercise 8.82 (Conservation law regularized by A). Consider

87: +div(F(u)) —eAu=g, uli=0=uo, u|x=0, (8.188)
where F': R — R™ has at most linear growth, i.e. |F(r)| < Cy + Cslr|, and € > 0.
Make the basic estimates.” Assuming also that I is Lipschitz continuous, make
an estimate of u in W2(I; L2(Q)) N L>(I; Wy *(€2)).™ Prove further a bound for
win WHoo(I; L2(Q)) N Wh2(I; W, %(Q)).7 For estimation of the term div(F(u))
on the left-hand side, see Exercise 9.26 below. For a special case n = 1 = ¢ and
F(r) = 372, consider the so-called (regularized) Burgers equation

ou ou  0%*u
ot + uax o2 =4 in Q ( )X (O, 1), u|z:0,1 = 0, U|t:0 = Ug. (8189)

Assuming 0 <

g < K and ug € WH2(Q), ug > 0, prove u € L>®(I; W2(Q2)) N
WL (I, LX(Q)) N L2 (I

;s W22(Q)) and 0 < u(t, x) < tK + |Juo||L=(0,1)."" Using this

73Hint: To handle the term eA%u,., show boundedness of {y/eAue}e>0 in L2(Q), which implies
convergence fﬂ eA?ucvdz = (/e fﬂ (VeAues)Avdx — 0.
74Hint: test by u gives

1d
9 dtHuHL2(g) +€HVU||L2(Q rny < (Cl\/measn(ﬂ) +C2||u||L2(Q))HVU||L2(Q R7Y)

so that by Young’s and Gronwall’s inequalities one obtains u bounded in L*(I;L2(Q)) N
L2(I; W1 2(Q)). Then the “dual” estimate of J u in L2(I; W—12(Q)) follows standardly.
75Hlnt test by atu gives

L g2 < F'(n| IV 0
H ]mm c2 acIV¥3 20z < 0 1O IVlz iz | o o
Then use the Young and the Gronwall inequalities.
76Hint: differentiating (8.188) in time and testing by gtu gives:
ou |2 0
2 il o [+ 17 o [ < 22O 5 |57 ey
2 dt L2(Q) Ot IL2(R™) — 1eRr ot llL2@)ll ot L2 (S;R™)

Then use again the Young and the Gronwall inequalities.
""Hint: first, test (8.189) by u to get uw € L2(I;Wh2(Q)) N L°°(I;L?(Q)); note that

01 u? aarud:c = :1,) 01 6‘1 udde = O.QThen test (8.189) by u~ to get w > 0. Then put w = u — Kt
to get gtw + (w + Kt)aazw — aarzw =g— K <0 and test it by (w — [luollLo0(0,1))" to get

w < luol| oo (0,1)- Eventually, test (8.189) by aatu and use u € L*°(Q) to estimate

to get u € L°(L;WH2(Q)) N WH2(I; L2(Q)). Then from (8.189) read u € L2(I; W22(Q)).

ou Ou
— u
L2(0, 1) o Oz Ot

L2(0,1) 2 dt H ‘ dz < ”u”L"O(Q)H ‘ L2(0,1) L2(0,1)
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regularity, prove also that the solution is unique.”

Exercise 8.83 (Allen-Cahn equation [14]7). Consider the initial-boundary-value
problem for the semilinear equation

?;; —Au+ (u? = 1)u =0, u(0, +) = uy,

Prove existence of a solution by Rothe’s or Galerkin’s method, deriving a-priori
estimates of the type [|ul|z2(r;w12(Q))nra) or |[ullLeer;wr2@)nLa))-

ou
ol =0 (8.190)

Exercise 8.84 (Cahn-Hilliard equation [76]%°). Consider the initial-boundary-value
problem for the semilinear 4th-order equation

Ju _

ot
Prove existence of a solution by Rothe’s or Galerkin’s method, deriving a-priori es-
timates of w in Wh22(I; W (Q), W=22(Q))NL>(I; L2(Q)), assuming § : R — R
smooth of the form g = 31 + 02 with 8; nondecreasing and 32 Lipschitz continuous
and g € L2(I; L2 (Q)).8!
Exercise 8.85 (Viscous Cahn-Hilliard equation [161]%2). Consider the semilinear
4th-order pseudoparabolic equation

O(u—Au)
ot

Q) . (8.191)

20 = -) = = =
Aﬁ(u)+A u=g, u(07 ) Uo, U|E 81/ 5

— AB(u) + Au=g, u(0,-) =uo, uln=

78Hint: denoting w12 := u1 — u2, test the difference of (8.189) for u; and ua by wuia:
1d 2 Ou1g ||2 1 Ouso ou1
= — d
9 dt”uleLQ(O,l) + H Az ’LQ(O,l) /0 (u2 o " ox )u12 r
ouq ouq ‘

2 1 2 2 1
oo | e oy 141212201y + g 2T 0 11202 0,0y + |

2
<|

L2(0,1)"

79Up to a suitable scaling, this equation is related to Ginzburg-Landau phase transition theory;
for more details see e.g. Alikakos, Bates [13], Caginalp [74], Cahn, Hilliard [75], Hoffmann, Tang
[176, Chap.2], Ohta, Mimura, and Kobayashi [269]. Let us remark that the full Ginzburg-Landau
system is related to superconductivity and received great attention in physics, being reflected
also by Nobel prizes to L.D. Landau in 1962 and (1/3) to V.L. Ginzburg in 2003.

80This equation has been proposed to model isothermal phase separation in binary alloys or
mixtures. There is an extensive spool of related references, e.g. Artstein and Slemrod [18] or
Elliott and Zheng [118], Novic-Cohen [267, 268], or von Wahl [349].

81Hint: test (8.191) by u, use #} > 0 and Gagliardo-Nirenberg’s inequality (Theorem 1.24 with
g=p=r=k=2,8=1, A =1/2) to estimate

1d 2 2 / / 2 / 2
u + |[Au + [ B1(w)|Vul*dx = / gu — By (u)|Vu|“dz
2dt“ HL2(Q) || HL2(Q) o 1( )| | Q 2( )| |

< ||9||L2**’(Q)”“HL?**(Q) + sup ﬁé(')HV“Hi?(Q;Rn)
< ||g||L2**’(Q)||“HL2**(Q) + Con sup B ()] HU’HLQ(Q)||V2u||L2(Q;]R”><”)’

and then use still [, |Aul?dz = [, [V2u|?dz under the considered boundary conditions, cf. Ex-
ample 2.43, and eventually Gronwall’s and Young’s inequalities.

82This equation has been proposed by Grinfeld and Novick-Cohen [161] to model phase sepa-
ration in glass and polymer systems.
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with 8 qualified as in Exercise 8.84, and modify the a-priori estimates therein.

Exercise 8.86 (Non-Newtonean fluids®®). Analogously to (6.26a), consider

ou

5 dive(e(Vu)) + (u- Viu+Vr =g, divu =0, (8.193)

with uls = 0, u(0,-) = uy € L*(Q;R™), e(u) as in (6.26a), and o(e) = |e[P?¢;
hence (6.28a,b) holds. Testing a Galerkin approximation of (8.193) by the approx-
imate solution itself, prove existence of a weak solution if p is large enough.84

Exercise 8.87 (Semi-implicit time discretization). Consider p = 2 and the semilin-
ear parabolic problem (8.146) with the linearization [B(w,u)](v) := [, Vu- Vv +
|w|" 2uv de + [ Jw|? " *uv dS and the semi-implicit formula (8.56), which leads
to

Ou, _
< 8ut ,v> —|—/ Vi, - Vo + a2 2,0 — grvde z/ hev — a2 2a,0dS (8.194)
Q r
for a.a. t€ I and all v€ W12(Q) with @ defined in (8.176). Make the basic a-priori
estimate®® and prove the convergence for 7 — 0.86

83See Ladyzhenskaya [211] or Mélek et al. [229, Sect.5.4.1].

84Hint: using the identity fQ (u-V)u-udz =0, cf. (6.36), the suggested test gives bounds of u
in L>®(I; L2(Q;R™)) N LP(I; Wol’(’fiv(Q;R”))7 for Wol’giv(ﬂ; R™) see (6.29). For the dual estimate

of aatu in LP' (I Wol’(fiV(Q; R™)*), use Green’s Theorem 1.31 for the convective term:
(u-V)u-vdedt = — (u-V)v-udwdt<C’HuH2 ® Vol
o o - LP= (Q;R™) LP(Q;R™X™)’

which needs 2/p® + 1/p < 1. In view of (8.116), identify that p > 11/5 (resp. p > 2) is needed
for n = 3 (resp. n = 2); in fact, finer estimate (8.181) by Gagliardo-Nirenberg’s inequality
allows for p = 2 if n = 2. Make it more rigorous by using seminorms arisen in Galerkin’s method.
Alternatively, without using Green’s theorem, prove an estimate of gt win (LP(I; W()l,’cll;iv(ﬂ; R™))N
L (I; L2(R2)))* to be used as suggested in Remark 8.12.

85Hint: Testing by u? gives

1 1
[ e N N L e DL
9 L2(2) " o L2(9) L2(;R™) o

b bk — 9242 08 < g8 s o 4 ey + IS oy

Then proceed as in (8.26) to get the bound in L (I; L2(Q)) N L2(I; W12(2)). Further, the
strategy of Example 8.60(2) leads to the bound of aat ur in L2(I; WH2(Q)*) and also of aat Ur in
M(L;IWE2(Q)*).

86Hint: By Corollary 7.9 with the interpolation (8.115), realize that, for a subsequence, @r — u
in L2®_€(Q), 29 =4 —4/2% € > 0; cf. also (8.131). Since Y inherits all a-priori estimates as
Ur, also @ — v in L2®_€(Q). Realize that these limits must indeed coincide with each other
because ||@F — || 2(r,w1.2(q)) = O(7) just by a modification of (8.39) with the boundedness
of{gtu-r}o<.,.§7.0 in L2(I; W12(Q)*). The strategy for the traces @-|x and 42| is as in (8.131).
Then make the limit passage directly in (8.194) integrated over I.



262 Chapter 8. Evolution by pseudomonotone or weakly continuous mappings

8.9 Global monotonicity approach, periodic problems

Sometimes, other methods can be applied on the abstract level, too. Let us
mention a “global approach” which can solve the Cauchy problem directly on
Wl’p’pl(l ; V,V*) provided V' C H and which can straightforwardly be adapted for
periodic problems of the form

(317: + A(t,u(t)) = f(t) foraa.tel, u(0)=u(T). (8.195)

Obviously, considering A : R x V — V* and f : R — V* periodic with the period
T, a solution u to ftu + A(u) = f having the same given period can be just
constructed by a periodic prolongation of the solution u : I — V to (8.195); this
is why we refer to (8.195) as the periodic problem.

Considering a mapping L : dom(L) — L* (I;V*), dom(L) C LP(I; V), the
following property of L will play an important role: for any w € Lp,(I ; V*) and
ue LP(I;V):

(Vvedom(L) i (w—L(v),u—v) > 0) = (uedom(L) & w= L(u)) (8.196)

A monotone mapping L satisfies (8.196) if®” and only if®® it is mazimal monotone.
The base of the direct method is the following observation:

Lemma 8.88 (MAXIMAL MONOTONICITY OF (). Let L : u + $u : dom(L) —
LP (I; V*) and either

dom(L):= {ue W-PP (I, V,V*); u(0) = uo} (8.197)
for ug € H fized, or
dom(L):= {ue WP (I;V,V*); u(0) = u(T)}. (8.198)

Then L is monotone, radially continuous, and satisfies (8.196).

Proof. 8° The monotonicity of L follows from the fact that, for any u, v € dom(L),
by using (7.22), we have

T —v 2
<L(u)—L(v),u—'u>=/0 (1w = a1

v
1 2 >0 in case (8.197),
=, l[w@=0(O)| { —0 in case (8.198),
(8.199)

87Supposing the contrary (i.e. (8.196) does not hold for some (u,w)), we can derive that
Graph(L) U {(u, w)} would be a graph of a monotone mapping larger than Graph(L), i.e. L is
not maximal monotone.

88Realize that, supposing w # L(u), Graph(L) U {(u,w)} would be a graph of a monotone
operator, contradicting the fact that L is maximal.

89See, e.g., Barbu [34, p.167] (only the case (8.197)), Gajewski et al. [144, Sect. VI.1.2], Zeidler
(354, Sect. 32.3b] for ug = 0.
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because ||u(0) — v(0)||g = |Juo — wo||g = 0 in case (8.197) and ||u(0) — v(0)||g =
lu(T) — v(T)||rr in case (8.198).

The radial continuity now means that (L(u+ev),v) = (L(u),v)+e{L(v),v) —
(L(u),v) for all v such that v+ ev € dom(L) for some (and thus all) € # 0, which
is obvious.

For (8.197), let us first assume ug € V. Take z €V and p € C*(I) such that
©(0) = o(T) = 0, and put v(t) = @(t)z + ug; for (8.198) ug can be considered
arbitrary from V, e.g. uo = 0. Thus v € dom(L). Obviously, v = ¢'z. Using the
premise in (8.196), we have

(w—L),u—v) = (w,u) + (L(v),v) — {(w,v) = (L(v), u)

T
() + oD = o IO = [ o+ ) d = ()

= (w,u) — </OT(w<p + ¢'u) dt, z> — (w, ug) (8.200)

0

IN

where v(T') = up = v(0) has been used and where (w, ug) means f(?(w(t),uo)dt.
Note also that the first integral in (8.200) is the Lebesgue one while the second is a
Bochner one. Since z € V is arbitrary, it must hold that fOT O (Bu(t)+e(t)w(t)dt =
0. As ¢ is arbitrary, it must hold that (‘iitu = w in the sense of distributions.
Moreover, since w € LF (I;V*), we have u € WP# (I;V,V*). To prove
u € dom(L) we have to show u(0) = ug or u(0) = u(T), respectively.
Using the premise in (8.196) with w = ddtu and the by-parts formula (7.22),

we have
du dv 1 2 1 2
0< <dt - dt?u—v> = @) —o@)[l5, =, [u(©) = v (3:201)

In case (8.197), we can set v(t) = ((T—t)ugp + tug)/T with u5 € V chosen in such
a way that u% — u(T) in H; note that u(T") has a good sense only in H due to
Lemma 7.3. From (8.201), we then have

0 < |Ju(T) - uETHi{ — ||u(0) — ugHiI — —||lu(0) — U()Hil (8.202)
hence u(0) = ug. In case (8.198), from (8.201) we get

0. (T} = )] = (), o) + (), 0(0)) + o oD

1 2 1 2 1 2
— ()| = 0 lu(D)][7 — 2Hu(0)HH + (v(0),w(0) —u(T)) (8.203)
because v(0) = v(T). As v(0) is arbitrary, we get u(0) = u(T).

If up € H\V, we must approximate ug < u§ in H by some u§ €V, and then
to choose v(t) = ¢(t)z 4+ u§ for (8.200) and modify also (8.201) appropriately. O
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Remark 8.89 (Other conditions). Lemma 8.88 explains why the initial or the
periodic conditions are natural. E.g., if one would choose dom(L) := {u €
Whpr' (I, V,V*); w(T) = ur}, then L would not be monotone; i.e. prescribing
a terminal condition «(7) = ur does not yield a well-posed problem. In case
dom(L) := {u e WhP? (I, V,V*); u(0) = ug, u(T) = ur}, L would be monotone
but not maximal monotone; i.e. prescribing both the terminal and the initial con-
ditions does not yield a well-posed problem, either.

Let us now prove an abstract result, abbreviating V = LP(I; V). Let us also
assume that V can be approximated by finite-dimensional subspaces Vi such that,
for ug = 0, Vx C dom(L), Vi C Vii1, and [Jpey Vi is dense in dom(L) with
respect to the norm ||ul|qom(z) = |lully + [|Lul|v-; note that this space is separable
so that such a chain of subspaces does exist.”® Note also that we, in fact, assumed
L linear and that, as dom(L) # V, we cannot use directly the Browder-Minty
Theorem 2.18 for L + A.

Lemma 8.90 (SURJECTIVITY OF L+A). Let A:V — V* be radially continuous and
monotone, and L : dom(L) — V* be affine and radially continuous®® and satisfy
(8.196). Moreover, let V admit the approximation by finite-dimensional subspaces
in the above sense, and let L + A be coercive with respect to the norm of V. Then
L + A is surjective. Moreover, if A is strictly monotone, then (L + A)~!: V* —
dom(L) does exist.

Proof. 92 Take wo € dom(L).%® Then, for L(u) := L(u +wo) — L(wp), L is linear
and dom(L) = dom(L) — wy is a linear subspace. We put still A(u) := A(u+ w);
note that again A is monotone and radially continuous and L + A is coercive.
The equation L(u) + A(u) = f is equivalent with La 4+ A(@) = f — L(wp), their
solutions being related to each other by @ + wy = u. Thus we can assume that L
is a linear operator without any loss of generality.

Consider V; a finite-dimensional subspace of V' as assumed, and endow Vj
by the norm of V. Denoting Ij : Vi — V the canonical inclusion, I} : V* — V;
and the norm of I, and I} is at most 1. We will show that

Jur €V VeV (Lug + A(ug),v) = (f,v). (8.204)
Let us consider the mapping By, : u — I{(Lu+ A(u)) : Vi — Vi, which is radially

90 As we consider V = LP(I;V) and L = éit, we get the norm on dom(L) identical with

that induced from W1PP' (I; V,V*). An example of Vi can be span{pv; v € Vi, ¢ €
C([0,T]) a polynomial of a degree < k,p(0) = 0} with Vj, from (2.7) in case of the initial-value
problem. For the periodic problem, ¢(0) = 0 is to be replaced by ¢(0) = ¢(T).

911n fact, the assertion holds even without the requirement of the affinity and the radial-
continuity assumptions about L.

92S8ee Gajewski [144, Section II1.2.2]. Alternatively, one can approximate the operator L + A
by adding the duality mapping J.

93Tf up € V, we can take simply wo(t) = uo. If ug € H\V, we can take wo € Wl’p’p/(I; V,V*),
e.g., a solution of an initial-value problem with wg(0) = uo.
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continuous, monotone, and also coercive due to the estimate

(Br(u),u)  (Ii(Lu+ A(w)),u)  (Lu+ A(u), Iru)

fully [[ullv B l[ully
L
_ U4|—:|liu),1t> > a(||ully) — +oo (8.205)

for |lully — oo, u € Vj. By the Browder-Minty Theorem 2.18, the equation
Bi(u) = I} f has a solution uj. Such uy satisfies also (8.204) and, from (8.205),

(Bre(u), uk) _ <|
lJukllv

*

a(llur]lv)

=154y

= HIng(vk,v)”ﬂ

A

ve < |Ifllv- (8.206)

< Il g v

hence {uy}ren is bounded in V, and then also, by the monotonicity of L and by
(8.204) and (8.206),

IN

<Luk,uk> + <A(uk),uk> = <I;gf, uk> = <f, Ikuk>
(f. sea (1 Fllv-)- (8.207)

To conclude that {A(ug)}ren is bounded in V*, as in (2.42), for any € > 0, we
estimate

Now we use that {(A(uk), ug) tren is bounded due to (8.207), {{A(v), v); ||lv|ly < &}
is bounded if € > 0 is small because A is locally bounded around the origin due to
Lemma 2.15, and eventually {(A(v), ux) }ren is bounded by (8.206) if ¢ is small.

In view of the above a-priori estimates, we can consider some (u, x) € V x V*
being the limit of a subsequence such that u; — w and A(uy) — x. Furthermore,
take z € V, v € dom(L) and v, € Vi such that vy — v with respect to the norm
|l - [laom(z)- Then, by (8.204), the monotonicity of L, and the monotonicity of A,
we have

e < ! sup (<A(uk)7uk> + (A(v),v) — <A(v),uk>). (8.208)

€ lvllv<e

0= <Luk—|—.,4(uk)—f, vk—uk> = <ka—|—A(Uk)—f, Uk—uk> + <Luk—ka, vk—uk>
< (Lvp+A(ur)— frvi—uk) < (Log+A(ug)—f, ve—ug) + (A(z)—A(uk), z—uy )
= <ka—f, vl—uk> + <A(z ,z—uk> + < (uk),vk—z>.

Now we can pass to the limit with £ — oo. Note that L is continuous with respect
to the norm || - ||qom(z) o that (Lvg,vg) — (Lv,v). Thus we come to

0< <Lv—f,v—u>+<A(z)7z—u>+<x,v—z>
=(Lv—f4+x,v—u)+ (A(z) — x, 2 — u), (8.209)
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which now holds for any v € dom(L) and any z € V. Choosing z:= u in (8.209),
we obtain
(Lv—f—x,v—u)>0 (8.210)

for any v € dom(L). This implies v € dom(L) and Lu = f — x because L satisfies
(8.196). Knowing u € dom(L), we can also choose v:= u in (8.209), which gives

(A(z) = x,z—u) >0 (8.211)

for any z € V. Since A is monotone and radially continuous, by the Minty trick
(see Lemma 2.13) we obtain A(u) = x. Altogether, Lu+ A(u) = (f —x) +x = f.

If A is strictly monotone, so is L + A and thus the solution to the equation
Lu+ A(u) = f is unique, which means that (L + .A)~? is single-valued. O

Theorem 8.91 (EXISTENCE). Let the Carathéodory mapping A : I x V. — V*
satisfy the growth condition (8.77) and A(t,-) be radially continuous, monotone
and semi-coercive in the sense of (8.82) with Z :=V but with co2 = 0 and with
|- |v := || - |lv. Then both the Cauchy problem (8.1) and the periodic problem
(8.195) have solutions. Moreover, if A(t,-) is strictly monotone for a.a. t € I,
these solutions are unique.

Proof. First, as in the proof of Lemma 8.90, we can consider L linear without loss
of generality. Since A is a Carathéodory mapping satisfying the growth condition
(8.77), A maps LP(I; V) N L>®(I; H) into L? (I; V*) and A is radially continuous,
cf. Example 8.49.

Directly from (8.82) with ¢ =0 and |- |y := || - ||, we get the coercivity of
L+ A with respect to the norm of V on dom(L) from (8.197) simply by integration
over [:

T du Td, »
( +Amw,uyar = [ 5l + collu(m)f, = en(r)u(r) v dr
0 dt 0 de

Y

T
Y =y [V + [ (o = ur) I = Ceet (r)ar

Y

' 1
(0 = &)l = Celles gy = 5 ol

In case (8.198) the last term simply disappears.
Then we use Lemmas 8.88 and 8.90 for V = LP(I;V) and L defined in
Lemma 8.88; note that then dom(L) = WhPP (I;V, V*). O

Remark 8.92. Usage of semicoercivity (8.82) with c2 # 0 does not seem simple in
Theorem 8.91. If p < 2, the coercivity of L+ .4 on dom(L) from (8.198) obviously
fails for (8.82) with co > 0. Also, the uniqueness for (8.195) fails if A(¢,-) is merely
monotone, while for (8.1) the monotonicity of A(t, -) is sufficient for the uniqueness,
as we saw in Theorem 8.31. This is because L + A is then strictly monotone on
dom(L) from (8.197) but not on dom(L) from (8.198).
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8.10 Problems with a convex potential: direct method
For ¢ : V — R convex, let us define the conjugate function ¢* : V¥ — R by

¢ (v*):= sup (v*,v) — d(v). (8.212)
v

veE

The transformation ¢ — ¢* is called the Legendre transformation in the smooth
case, or the Legendre-Fenchel transformation in the general case.

¢

 *(v *)L B

Figure 18. An illustration of a conver ¢ and the
value of its conjugate ¢* at a given v*.

Always, ¢* is convex, lower semicontinuous, and ¢*(v*) + ¢(v) > (v*,v),
which is called Fenchel’s inequality. Also ¢** = ¢ if and only if ¢ is lower semicon-
tinuous; recall that V' is here considered as reflexive. If ¢ is lower semicontinuous
and proper (i.e. ¢ > —oo and ¢ #Z +0o0), then®*

v* € 0¢(v) & v eIt (vT) & 9" (V) + o(v) = (v*,v).  (8.213)
For f € V*, we have [¢p — f]*(v*) = ¢*(v* + f) because
[¢ = fI"(v7) = sup{v”,v) - (6(v) = (f,v))

ve

= Sgg(v* +fiv) = (v) = ¢"(v" + ). (8.214)

For any constant ¢, one has [¢ + ¢|* = ¢* — ¢. Also, [c¢]* = c¢*(-/c) provided c is
positive because

veV veV

[co]” (v*) = sup (v*,v) — cd(v) = c( sup <UC*,U> - ¢(v)> = co* (UC*). (8.215)

Furthermore, ¢} < ¢ if ¢1 > ¢2. Moreover, ¢ smooth implies ¢* strictly convex.”

Suppose now that A(t,u) = ¢! (t,u) for some potential ¢ : I x V' — R such
that ¢(t,-) : V — R is Gateaux differentiable for a.a. t € I with ¢/, (¢,+) : V — V*

94The inclusion v* € 9¢(v) is equivalent to (v*,u) — ¢(u) < (v*,v) — ¢(v) holding for any
u € V, which is equivalent to ¢* (v*) = sup, ¢y (v*, u) —d(u) = (v*,v) — $(v), from which already
the equivalence of the first and the third statements follows. If ¢ is lower semicontinuous, then
¢** = ¢, so that the equivalence with the second statement follows by symmetry.

95Suppose a contrary, i.e. Graph(¢*) contains a segment, then d¢(u) is not a singleton for u,
which contradicts Gateaux differentiability of ¢, cf. Exercise 5.32.
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denoting its differential. Again, we cons/ider the situation V.C H C V* for a
Hilbert space H. Let us define ® : WhP? (I; V,V*) — R by

_du

dt) = (f(®),u(t)) dt, (8.216)

T
B(u)i= D + [ olt.ut) + ¢ (150

where p*(t, -) is conjugate to ¢(t, -). Let us mention that & is well-defined provided
¢ is a convex Carathéodory integrand®® satisfying

ellully, < ot u) < C(L+ [[ull), (8.217)

which implies the analogous estimates for the conjugate ¢*, namely

/

(€)' e o gy e o (CP)TP
” [y = @™ (t,u") > » u* |2, — C; (8.218)

’

cf. Example 8.97. Note that (8.217) ensures that N, : LP(I;V) — L!(I) while
(8.218) ensures that *(¢,-) has at most p’-growth so that N« : LY (I;V*) —

LY(I); the needed fact that ¢* is a Carathéodory integrand can be proved from
separability of V and from (8.218).%7

Theorem 8.93 (BREZIS-EKELAND VARIATIONAL PRINCIPLE [62]). Let ¢ be a
Carathéodory function satisfying (8.217) and ¢(t,-) be conver and continuously
differentiable.”® Then:

(i) Ifue WhYPP (I;V,V*) solves the Cauchy problem (8.1), then u minimizes ®
over dom(L) from (8.197) and, moreover, ®(u) = }[luol|%.

(ii) Conversely, if ®(u) = ,lluo|3; for some u € dom(L) from (8.197), then u
minimizes ® over dom(L) and solves the Cauchy problem (8.1).

Proof. By (8.214) we have ¢*(t, f + ) = [p(¢,) — f]*, and therefore, by using the
Fenchel inequality and (7.22), we have always

T
®(u) = () + [ ottt = F0.u00) + 97 (150 ) a

T
du 1 9 1 )
> — _ '
_A (S u®)) a4 DI = ol (8.219)

96 This means that ¢(t, ) : V — R is convex and continuous while (-, v) : I — R is measurable.

97For a countable dense set {vi}ren C V, we have ¢*(t,v*) = sup,en(v*, vi) — (¢, vx) and
then ¢*(-,v*), being a supremum of a countable collection of measurable functions {(v*,vg) —
@+, vk) }ken, is itself measurable. Moreover, (8.218) makes the convex functional ¢* (¢, -) locally
bounded from above on the Banach space V*, hence it must be continuous.

98 This guarantees, in particular, that A is a Carathéodory mapping: the continuity of A(t,-) =
¢’ (t,) is just assumed while the measurability of A(-,u) = ¢’ (-, u) follows from the measurability
of both (-, u+ev) and ¢(-,u) for any u,v € V, hence by Lebesgue’s Theorem 1.14 (A(-,u),v) =
De(-, u;v) = lim. o lgo(-, u+ev) — igo(-, u) is Lebesgue measurable, too, and eventually A(-, u)
itself is Bochner measurable by Pettis’ Theorem 1.34 by exploiting again the (generally assumed)
separability of V.
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for any u € dom(L). If u solves the Cauchy problem (8.1), i.e. {,u+ ¢/ (t,u(t)) =
f(t) or, in other words, — ,u = (¢(t,u) — (f(t),u)),,, then, by using (8.214) and
(8.213),

o~ 7] (i) + [p— 7] (= )
du

= (tu(t) — (7@, ut) + o (156~ ) = ~(Goul)). (3220)

Hence this u attains the minimum of ® on dom(L), proving thus (i).
Conversely, suppose that ®(u) = }|lugl|%. Note that, in view of (8.219),

u € dom(L) then also minimizes ® on dom(L). Moreover, by (8.219),

T u u
0= b(u) =y fuolly = [ ott.ut) + " (10 ) = (FO- G ) e >

the last inequality goes from the Fenchel inequality. Thus, for a.a. ¢, it holds that
ot u(t)) — (1), u(t)) + @ (1, F(1) — u) + {Suut)) = 0. By (8.213), this is
equivalent with jtu = f(t) — ¢, (t,u(t)), so that u € dom(L) solves the Cauchy
problem (8.1). O

Corollary 8.94. Let the assumptions of Theorem 8.93 be fulfilled. Then the solution
to (8.1) is unique.

*

Proof. As ¢ is smooth, ¢* is strictly convex, and thus also @ is strictly convex
because L is injective on dom(L) from (8.197). Thus ® can have only one minimizer
on the affine manifold dom(L). By Theorem 8.93(i), it gives uniqueness of the
solution to (8.1). O

Remark 8.95 (Periodic problems). Modification for periodic problem (8.195) uses:
O(u):= fOT e(t,ult)) + (¢, f(t) — Lu) — (f(t),u(t))dt and dom(L) from (8.198).
The minimum of ® on dom(L) is 0. Modification of Corollary 8.94 for periodic
problems requires ¢(t, -) strictly convex because L is not injective on dom(L) from
(8.198) so that strict convexity of ¢*(t,-) does not ensure strict convexity of ®.

Note that Theorem 8.93(i) stated the existence of a minimizer of ® on
dom(L) by means of an a-priori knowledge that the solution to the Cauchy
problem (8.1) does exist. We can however proceed in the opposite way, which
gives us another (so-called direct) method to prove existence of a solution to
(8.1). Note that Theorem 8.93(ii) does not imply this existence result because
minyedom(z) (1) = 3|luol|% is not obvious unless we know that the solution to
(8.1) exists.

Theorem 8.96 (DIRECT METHOD). Let the assumptions of Theorem 8.93 be fulfilled
and let also p*(t,-) be smooth. Then:
(i) @ attains its minimum on dom(L).

(ii) Moreover, this (unique) minimizer represents the solution to the Cauchy prob-
lem (8.1).
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Proof. (i) ® is convex, continuous, W1+ (I; V, V*) is reflexive, and by Lemma 7.3
the mapping u — u(0) : WhP# (I, V,V*) — H is continuous so that dom(L) is
closed in WP (I;V,V*). Moreover, by (8.217) and (8.218), ® is coercive on
dom(L): indeed, due to the lower bound

’
p

o2 [ et~ g+ ) -

—C|dt 8.221
" } (8.221)

obviously ®(u) — o0 for [[ul|zr(s;v) + ||ddtu|\Lp/(I;V*) — 00. Then the existence
of a minimizer follows by the direct method.

(ii) We must calculate ®' and then use simply (®'(u),v) = 0 for any v
belonging to the tangent cone to dom(L) at w, i.e for any v € WP (I, V,V*)
with v(0) = 0.

Without loss of generality, we can consider uy = 0; cf. the proof of
Lemma 8.90. Then dom(L) is a linear subspace and, if endowed by the topol-
ogy of WhPP (I;V,V*), L is continuous and injective, and therefore L™ does
exist on Range(L).

Denote @7 (u) = fOT o(t,u(t))dt and similarly @%(£) = fOT ©*(t,£(t))dt. Note
that @& : LY (I;V*) — R is conjugate to @7 : LP(I;V) — R.% Using L : u —
S Whpr' (I,V,V*) — LP' (I; V*) and (8.216), we can write

®(u) = [er — fl(u) + o7 (f — L(u)) + ;HU(T)H% (8.222)

Using the first equivalence in (8.213) and realizing that Opr = {¢/.} and Jph =
{[¢%])'}, we obtain k] = [¢/] ! In particular, denoting w:= [@k]'(f — L(u)),
we have w = [¢/]"1(f — L(u)), so that

o (w) = f = L(u). (8.223)

We can then calculate©9

'(u) = ¢r(u) - f = L*([¢7] (f — L(w))) + u(T) - o7

= ¢p(u) — f+ L(w) + (u(T) = w(T)) - o7 (8.224)
where 07 : WY (I;V,V*) — H : u — u(T) and where we used also the identity
L*(w) = —L(w) + w(T) - §7 which follows from the by-parts formula for w €

WL (I, V,V*) € LP (I;V*)* if v(0) = 0 is taken into account:

(L(w),v) = <((111:,v> = ~{w, i";> + (w(T),0(T)) — (w(0),v(0))
= (w, L(0)) + ((T), o(T)) = (L (w), v) + (w(T), v(T)). (8.225)

99This follows from the identity [¢7]* (&) = SUPy e Lp(1;V) fOT(ﬁ(t),u(t» — @(t,u(t))dt =

foT sup, cv [(€(t), u) — @(t,u)]dt = ©7.(§) which can be proved by a measurable-selection tech-
nique.

100We also use the formula O®(A(u)) = A*0®(u) which holds provided 0 € int(Range(A) —
Dom(®)).
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From (®'(u),v) = 0 with v vanishing on [0,7T — ¢] and such that v(T) = u(T) —
w(T), passing also ¢ — 0, we obtain from (8.224) that 0 = (v(T),u(T) — w(T)) =
[u(T) = w(T)[%, ie.

w(T) = w(T). (8.226)

Furthermore, taking v with a compact support in (0, T), we get from (®'(u),v) =0
with @ in (8.224) that

¢r(u) — f 4 L(w) = 0. (8.227)

Subtracting (8.223) and (8.227), testing it by u — w, and using monotonicity of
o, we get

0= (L(u) — L(w),u —w) + (@p(w) — ¢p(u),u —w) < ; (i [lu— wHi (8.228)

Using (8.226) and the Gronwall inequality backward, we get u = w. Putting this
into (8.227) (or alternatively into (8.223)), we get & u + ¢, (t,u(t)) = f(t); here
we use also that'%! [o/.(u)](t) = ¢ (t,u(t)). As u € dom(L), the initial condition
u(0) = ug is satisfied, too. O

Example 8.97. For ¢(v) = ;HUHZ"/7 the conjugate function is'9? ¢*(v*) = pl, [lv*] 1‘)//*,
which explains why p’ := p/(p—1) has been called a conjugate exponent. This also

. . . ! 1= !
implies (c|| - |[)* = ep L1 5. = " |- |2
p P P

Example 8.98 (Parabolic evolution by p-Laplacean!®3). Considering V = WO1 P(Q),
o(t,u) = [, 11)|Vu|pdx and (f(t),u) = [, g(t,x)u(x)dz corresponds, in the variant
of the Cauchy problem, to the initial-boundary-value problem

?;: — div(|Vu[P~*Vu) g inQ,

u = 0 on X, (8.229)
u(0,) = up in £

cf. Example 4.23. Let us abbreviate A, : W, *(2) — W1 (Q) the p-Laplacean,

this means Ayu = div(|]Vu[P72Vu). One can notice that ¢(u) = ;HuH};VM(Q)
9

provided HUHWOLP(Q) = |IVul| r(rny. Then ¢*(§) = I}’”€”€V*1~P'(Q)' Moreover,

one can see'% that Ayu = —J,(u) where J, : V — V* is the duality mapping with
respect to the p-power defined by the formulae (J,(u),u) = ||Jp(w)||v-|lu|v and

V*

101See e.g. [180, Theorem I1.9.24].

102This follows by the Hélder inequality.

103 For the linear case (i.e. p = 2) see Brezis and Ekeland [62] or also Aubin [24].

104 Cf. Proposition 3.14 which, however, must be modified. Note that, for p = 2, J, = J with J
the standard duality mapping (3.1).
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[ Jp(u)|lv- = |lul5". Hence, [|€]lv. = ||Jp—1(§)||1‘)/—1 implies here HSH;/FLP,(Q) =
1A, 1§HW1P so that
¢ ( H€HW L () HA €0y = HVA €]z - (8:230)

It yields the following explicit form of the functional ®:

T 1 1 Au\ [P
_ P —1(4_
() /0 </Q v [ (o= )

We can observe that the integrand in (8.231) is nonlocal in space; some nonlocality
(in space or in time) is actually inevitable as shown by Adler [5] who proved
that there is no local variational principle yielding (8.229) as its Euler-Lagrange
equation.

—gudzx + <?;;,u>>dt. (8.231)
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[25, Section 3.4] or Aubin [24] for V' a Hilbert space, f = 0, and autonomous sys-
tems. The improvement as a direct method, i.e. Theorem 8.96, is from [308]. Other
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Chapter 9

Evolution governed by accretive
mappings

Now we replace the weak compactness and monotonicity method by the norm
topology technique and a completeness argument. Although, in comparison with
the former technique, this method is not the basic one, it widens in a worthwhile
way the range of the monotone-mapping approach presented in Chapter 8.

Again we consider the Cauchy problem (8.4) but now with A : dom(A4) — X
an m-accretive mapping (or, more generally, A + A\I m-accretive for some A > 0),
X a Banach space whose norm will be denoted by || - || as in Chap. 3, dom(A)
dense! in X, fe L}Y(I; X), upe X.

9.1 Strong solutions

Let us agree to call u € WH(I; X) = Wh>Y(I; X, X) a strong solution to the
initial-value problem (8.4) if {A(u(t))}+>0 is bounded in X, hence in particular
u(t) € dom(A) for all te T, and (8.4) is valid a.e. on I:= [0, T, as well as the initial
condition in (8.4) holds, and the distributional derivative {,u € L*(I;X) is also
the weak derivative, i.c. w-lime_o lu(t +¢) — lu(t) for a.a. t € 1.2 The following
assertion will be found useful:

Lemma 9.1. Let ® : X — R be convex and locally Lipschitz continuous, and u €
WH(I; X) have also the weak derivative. Then ®ou: I — R is a.e. differentiable
and $®(u(t)) = (f, Lu)) with any f€0P(u(t)) holds for a.a. tel.

Proof. As u € WH(I; X) is bounded and absolutely continuous and ® locally
Lipschitz, ® o u is absolutely continuous, and hence a.e. differentiable. Consider

 n fact, if cl(dom(A)) # X, we must require ug€cl(dom(A)) in Lemma 9.4 and Theorem 9.5.
2In general, u € W11(I; X) need not have the weak derivative, but if it has, then it coincides

with the distributional derivative AT
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t € I at which ®ou as well as u have (weak) derivatives. As ® is convex, ®(u(t+¢)) >
D (u(t)) + (f, u(t+e)—u(t)) for any f€IP(u(t)) and any ¢ € [—t,T — ¢t], cf. (5.2)
for v := u(t+¢). In particular, for € > 0, we obtain

<I>(u(t+<€))6— D (u(t)) 2<f7 u(t+e) > (9.1a)
d)(u(t))—f’(u(t—f)) <f, > (9.1b)

Passing to the limit in (9.1a,b), we obtain respectively { ®(u(t)) > (f, $u(t)) and
§ @(u(t) < (f, §ult)). O

The following assertion justifies the definition of the strong solution:

Proposition 9.2 (UNIQUENESS, CONTINUOUS DEPENDENCE). Let Ay, defined by
Ay = A+ ) (9.2)

with I: X — X denoting the identity, be accretive, and X* be separable. Then the
strong solution, if it exists, is unique. Moreover,

lur = uslloxy < €™ NOT(|f1 = fallLrrx + lluor — uozll) (9-3)

with u; being the unique strong solutions to ((iit wi+A(u;) = fi, wi(0) = ugi, 1 = 1,2.

Proof. Our strategy is to test the dlfference (ft (ur —ug)+A(ur)—A(uz) = fr—f2 by

J(u1—uz). Using Lemma 9.1 for ® = } || -||? and that 9® = J, cf. Example 5.2, we

obtain (5%, & (u1—us)) = 1 { |[u1—us||? for any j* € J(u1 —us) a.e. on I. As we have

the liberty in taking j* € J(uj—us) arbitrarily, we select it so that (j*, Ax(u1) —
Ax(uz2)) > 0 a.e. on I, using the accretivity of Ay. Then, for a.a. t€ I, we have

d 1 ,
[lur — u2”dt”u1 —uz|| = 5 dt”ul — us|

< ;il\ul—wﬂrz + (57, Ax(ur) = Ax(uz2))
= (5%, ) 4 ) An(w)) = (5 A 4 M)

< g e (L= F2ll + Mlua—uall) = ur—u2l| (I fi=foll + Mlur—uzll), — (9.4)

then we divide?® it by ||u; —us||, which gives & [|ui—ua|| < || fi— fol|+Al|u1—uz]|, and
use the Gronwall inequality (1.65). This gives [Ju1(t)—uz2(t)|| < e (||uor—uo2]| +
fot | f1(9)— f2(9)||le=*?d¥). The uniqueness comes as a side product. O

3This step is legal. Indeed, assume that, at some t > 0, it holds that ||u;—uz|| = 0 and

simultaneously cft [lur—uzl|| > ||f1—f2l| + Allur—u2|| > 0, which would however imply existence
of € > 0 such that ||u;—u2|/(t — €) = ||lur—u2l|(t) + o(e) < 0, a contradition.
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The existence of a solution will be proved by the Rothe method, based again
on the recursive formula (8.5) combined with (8.57). The Rothe functions u, and
@, are again defined by (8.6) and (8.7), respectively.

Lemma 9.3 (EXISTENCE OF ROTHE’S SEQUENCE). Let Ay be m-accretive, f €
LY(I;X), ugp € X. Then u, does exist provided 7 < 1/X\ (or T arbitrary if X <0).

Proof. We have
[T+ 7A](ul) :u0—|—/ f@)dt € X, (9.5)
0

which has at least one solution ul € dom(A) because I + 74 =T+ 74y — 7A\I =
(1=7A)[I+, 7, Ax] and A, is m-accretive and thus [I4A; Ay] is surjective for any
A1 :=7/(1 — TA) positive, in particular for any 7 > 0 sufficiently small, obviously
7 <1/A (if A > 0), cf. Definition 3.4 and (9.2).

Recursively, we obtain u2, u2, etc. O
Lemma 9.4 (A-PRIORI ESTIMATES). Let Ay be m-accretive, f € L*(I;X), and

ug € X. Then, for 7 < 1/A, it holds that
HUTHC(I;X) < C: HaT”LOO(I;X) <C. (96)

If, in addition, f € WHH(I; X) and ug € dom(A), then also

< C(Ifllwraax) + [ A(uo)ll)- (9.7)

H du,
Lo (;X)

dt

Proof. First, by making a transformation as in the proof of Lemma 8.90, one can
assume dom(A) 3 0.
The identity (8.5) with (8.57) can be rewritten into the form

1 1, 1 kT
uk = [ I+ AA} ( ub=t o fE /\uﬁ), where fF:= / f@)de. (9.8)
T T T J(k-1)7

As A, is accretive, [I + 7A,]7! is nonexpansive (see Lemma 3.7) and therefore
[LI+ A,]7! is Lipschitz continuous with the constant 7. Denoting v, := [T +
A,]71(0), we obtain from (9.8) that [[u¥ — v || < 7|/(u*~" + fF 4+ MF) — 0|, from
which we obtain

gl < luy™ 1+ 7 (LEE] -+ Mz l]) + o- |- (9.9)

Then we get the estimates (9.6) by using the discrete Gronwall inequality (1.69)*
because 7A < 1 and because ||v,| = O(7); indeed,

ol = lor=0ll < || (e +7Ax(r)) = (0+7Ax(O) || = 714x(0)| = O(r) ~ (9.10)

4Note that the condition 7 < 1/a in (1.69) reads here just as 7 < 1/\.
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because [I + 7A,]~! is nonexpansive and because v, +7Ax(v,) = 0.
Furthermore, assuming f € WH1(I; X) and vy € dom(A), we apply J(u® —

uF=1) to (8.5). We get, by using accretivity of Ay,
Lok ke b ket Wrui
THuT_uT 1H2 < <J(U’T—u‘r 1)7 T TT >

—|—<J(uk—u 1), An(uf) - A/\(Uf_l)>

= (J(uk —ubY), fF = AE) + Aub -k 1>>
= (J(ulf = ub), T AETY) 4 (FF - )+ A k)
k—1 k—2
= (k= k™), T T (- ) Ak )
k—1_, k—
< [l —at 0L (| ur H+||ff— |4 A=) 9.10)
T
Dividing it by ||uf — u*~1| = ||J(uF — uF=1)]|., for k > 2 we get
k. k—1 k—1_, k-2 _ rk—1 k=1
[ B i T R RS il CE

which can be treated by Gronwall’s inequality (1.69) if A7 < 1, by using also
summability of the second right-hand-side term in (9.12) uniformly in 7 if f €
Wh(r; X) 6 For k = 1, similarly as in (9.11), we obtain Hu —u?|)? < 7(J(ut—uP),
FE=AO)+ A (ul —u?)) < 7llul—ul| || f1—A(u2)+ A (ul—u?)||, from which further

1,0
|2 < 1 - A + awd-a)|
0
< 1O+ Al + (1 sy +3] 7 ]) - 033
From this, exploiting also ug € dom(A4), (9.7) follows. O

Theorem 9.5 (EXISTENCE OF STRONG SOLUTIONS, KATO [191, 192]). Let X* be
uniformly convex,” feWH(I; X) and ug €dom(A). Then there is u€ W>(I; X)
such that w, — w in C(I; X) and this u is a strong solution to (8.4).

Proof. We show that {ur}.~o is a Cauchy sequence in C(I; X). For 7,0 > 0,
we have dtuT + A(a,) = fr and dtug + A(t,) = f,. Subtracting them, testing

5If J is set-valued, we must again select a suitable element from J to ensure non-
negativity of the second left-hand-side term, while the required identity |u¥—uf~1|2 =
(J(uk—uE=1) uk —uE=1Y holds always.

6 Assuming f € WH1(I; X), one must modify (8.72)—(8.73) to bound ZT/T Ik — k=4
independently of 7.

7A counterexample by Webb (cf. [102, Sect.14.3, Example 6]) shows that this assumption is
indeed essential.



9.1. Strong solutions 279

it by J(iir — 1y), and using also accretivity of Ay and monotonicity® of J (see
Lemma 3.2(ii)), we obtain

;iuur—ugH? < (Jur—u), ((ft (17 =10) ) + (i), A (17) ~ A (1)
= (J(tr—1o), Fr—Fr ) + <J(uT—ug) — J(Tr—Ts), (ft (uT—ug)>
+ M (A =T10), =) < || (=) ||, [|Fr=Fo || + = |

1 1~ =
S 2”’&/7 _/H/UH2+ 2Hf7'_fa'H2+)\H'aT _’aa'| 27

and the term ||@, — @, || can further be estimated by
o= | < [lur—so || + @7 —ur|| + [ —uo|| = [[ur—uo|| + O(7) + Olo) (9.14)

due to the estimate

_ d
e = wrllecry < 7] gy < 7€ (8.15)

where (9.7) was used. We eventually obtain

d o
gt HuT—ugH2 < HuT—ugH2 + HfT—ng2 + 2)\HuT—ugH2 + O(max(r,0)). (9.16)
Using ||f; — fo|| — 0 in L*(I) for 7,0 — 0, by the Gronwall inequality, we get
lur —uo|lc(r;x) — 0if 7,0 — 0; more precisely, |[u; — uq|lc(r;x) = O(max(7,0)).
Since C(I; X) is complete, the limit of the sequence {u; }r~o exists.

Take t € I. Thanks to (9.7) and f € WHH(I; X) € L>®(I; X), A(u(t)) is
bounded so that we can assume that A(u,(t)) converges weakly in X to some
w(t); here we used reflexivity of X* (and hence also of X) by Milman-Pettis’
theorem. Simultaneously, @, (t) — u(t) because u,(t) — u(t) and u.(t)—a,(t) — 0,
cf. (9.15). Now we have to show that the graph of the m-accretive mapping Ay
is (normxweak)-closed. Exploiting the assumed uniform convexity of X*, hence
continuity of J, cf. Lemma 3.2(iii), we have J(v—u,(t)) — J(v—u(t)), and thus

(J(o=u(t)), A\(v) = wy) = lim (J(o=T-(1)), A\(0) = Ax(@(£))) >0 (9.17)

for any v € dom(Ay) and for wy = w + u(t). As I + A, is surjective, we may
choose v € V so that v + Ay (v) = u(t) + wx, and then from (9.17) we get 0 <
(J(v —u(t)), Ax(v) —wy) = (J(v —u(t)),u(t) — v) = —||u(t) — v||>. Hence u(t) =
v € dom(Ay) and, from v+ Ay (v) = u(t)+wy, we further obtain u(t) + Ax(u(t)) =
u(t) + wy, i.e. wy = Ax(u(t)) and thus also w(t) = A(u(t)).

8By monotonicity of J, it holds that(J(ur — us) — J(@r — @), & (ur — ue)) < 0.
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Moreover, f, — f in L'(I;X) and also $u, — $u weakly in L*(I; X).
Altogether, we can pass to the limit in the equation (ft u, + A(ii,;) = fr, obtaining
(8.4). Since u,(0) = up and u, — w in C(I; X), the initial condition u(0) = ug is
satisfied, too. By Milman-Pettis’ theorem, the uniformly convex X* is reflexive,
and hence so is X. Therefore the distributional derivative ddtu is also the weak

derivative; note that u, having the distributional derivative ftu in LY(I; X), is

also absolutely continuous due to the estimate [|u(t) — u(s)| < fst | Lul|d¥® so
that, by Komura’s Theorem 1.39, C‘litu is even the strong derivative. Eventually,
{A(u(t)}er = {f(t) — {uleer is bounded in X, as required. O

9.2 Integral solutions

We define u € C(I; X) the integral solution (of type A) if u(0) = up and

1 1
Yvedom(A4), 0<s<t<T: 2||u(t) —o|]? < 2Hu(s) — 2

+/ (F(0) = A@),u(®) — v)_ + Au(®) —o|[*dd;  (9.18)

where ) refers to the accretivity of Ay := A+ I and where (u, v)s := sup (u, J(v))
is the semi-inner product, cf. (3.7). Note that integral solutions need not range
over dom(A) and their time derivative need not exist, in contrast with the strong
solutions.

Proposition 9.6 (CONSISTENCY OF DEFINITION (9.18)). Let Ay := A+ AT be ac-
cretive (for a sufficiently large ). Any strong solution is the integral solution.

Proof. Using accretivity of Ay and the properties (3.1) of the duality mapping J,
we get the following calculations:19

9This can be seen from (7.2) used for () := fst 0 (¥ — 0)dé with g, from (7.11), and by
passing to the limit with e — 0, which gives u(t) — u(s) = f: ddﬁ
and t of u, cf. Theorem 1.35,

10Tf J is set-valued, we must choose a suitable j* € J(u(9) —v) in order to guarantee the non-
positiveness of the first right-hand side term and use that the identity & 1|ju(9)—v|? = (5*, %)

dt 2 J 0 ae
holds a.e. for whatever choice j* € J(u(¥) — v) we made, cf. Lemma 9.1.

udd at all Lebesgue points s
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1 , 1 A )
o lu(®) = ol = [luls) — vl = : gy 2 1e(@) —vl"d¥

- /:<J(“(’9)_”>’ LS /:<J(U(19)—v), 1)+ AW))
+ (J (@) —v), f(9) = A(v)) dd

< / <J(u(19)—v), —A(u(9)) + A(’U)> + <f(19) — A(v),u(¥) — v>sd19

S/ (J(u(¥)—v), —Ax(u(d)) + Ax(v))
+A <J(u(19)—'u),u(19) — v> + <f(19) — A(v),u(9) — v>sd19

< / NJu(8) — vl + (£(9) — A(v), u(9) — v)_d0 . (9.19)
s O

Hence, Theorem 9.5 yields an integral solution if the data f and ug are regular
enough and X is reflexive with X™* uniformly convex. We put the regularity of
f and wug off, and later in Theorem 9.9 we get rid also of the reflexivity of X.
Even more important and here more difficult, is to prove uniqueness that shows
selectivity of the definition of integral-solutions, which is not self-evident at all.

Theorem 9.7 (EXISTENCE AND UNIQUENESS). Let X* be uniformly convez, Ay be
m-accretive, f € L'(I; X), and ug € cldom(A), in particular just ug € X if A is
densely defined. Then (8.4) has a unique integral solution.

Proof. Take f. € WH1(I; X) and ug. € dom(A) such that f. — f in L*([; X) and
uge — up in X. Denote u. € C(I; X) the strong solution to the problem

du,

dt + A(ue(t)) = fe(t) ) Us(o) = UQe » (920)

obtained in Theorem 9.5, so that by (9.19) for any v € dom(A) and any 0 < s <
t < T it holds that

Jluclt) = vl? < ) Juels) o
+ / (f-(9) = A(v), uc(9) — v)_ + Auc(d) — v|’dd.  (9.21)

By (9.3), {ue}e>0 is a Cauchy sequence in C'(I; X) which is complete, so that there
is some u € C(I; X) such that u. — w in C(I; X).

Since u:(0) = uge — ug and simultaneously u.(0) — u(0), we can see that
u(0) = ug. Moreover, passing to the limit in (9.21) and using the continuity of
{-,-)s,'t we can see that u is an integral solution to (8.4).

1 For the limit passage in the integral, we use Lebesgue’s Theorem 1.14 and realize that, by
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For uniqueness of the integral solution, let us consider, besides the just ob-
tained integral solution u, some other integral solution, say @. Take u. the strong
solution corresponding to f. and ug. as above. As u.(0) € dom(A) for arbitrary
o € I, we thus can put a test element v:= u.(0) into (9.21), obtaining

1 1
2 2

g/kﬂm—Amawmﬁwwwawg+Amw»—%wmwﬁ

() = ue()l* =, la(s) — ue(o)||?

< [(10) = .(0),2(0) - ue(o) 00
+ 2)\/ ||11(19)—u5(a)||2d19+/ <d£‘: (0),@(0) — ue(0)) a9, (9.22)

S

where we used A(u.(0)) = f.(0) — & uc(0). Let us apply fab do to (9.22). By using
Fubini’s theorem, we can re-write the last integral as

/ab [/t <d£j (o), () — us(cr)>sd19} do
_ /: [/b <d§; (o), () — u5(0)>sda] a9

- ;/S [a(9) = us(a)||* = a(9) — ue(b)|* do. (9.23)

Abbreviating ¢.(t,0) = %Hﬁ(t) - us(a>”2 and . (9, 0) := (f(9) — f=(0), u(V) —
ue(0))s, we get

b bt
/ gps(t,a)—goe(s,a)dag//1/)5(0,19)+2/\<p5(19,0)d19da

+ /t @e (9, a) — (9, b) dV. (9.24)

Pass to the limit with ¢ — 0, using u. — u in C(I; X) (here the first part of this
theorem is exploited) and f. — f in L'(I; X) (with an integrable majorant), so
that in particular

b b
limsup/ Ye(¥,0)do = limsup/ (f(9) = fe(o),a(d) — ug((7)>S do

e—=0 e—0
b b
< / (f(9) = f(o),u(¥) — u(0)>s do =: / P(¥, o) do; (9.25)

Lemma 3.2(iii), J is continuous and thus so is (u,v) — (u, J(v)) = (u, v)s, and that {fc}c>0 can
have an integrable majorant, and (-, -)s has a linear growth in the left-hand argument, while for
the right-hand argument we have L>-a-priori estimates (9.6) valid for f’s in L'(I; X) and ug’s
in X.
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again we used the upper semicontinuity of (-,-)s. Denoting naturally ¢(¢,0) :=
sll@(9) — u(o)||?, we have eventually (9.24) without the subscript .

Now we need still to smooth ¢ and v for a moment. We can do it by convo-
lution with a kernel like (7.11), cf. Figure 16(middle). For simplicity, here we use
(15X[_5/275/2] with § > 0, prolong @ and wu for t < 0 by continuity and f for ¢ < 0

by zero, and define ¢5(9,0) = [*17, [*}7, (9 — £ 0 — ()dCdE and similarly

Us(0,0) = [, [0, w0 — g,a ¢)d¢de. Using (9.24) (without &, of course)

we obtam

b ¢
/ ws(t,o) — ws(s, U)da—|—/ w5 (9,0) — ps(9,a) dV

B /65//22 /55//22 (/ (t=8,0=0) = pls=¢,0=()do

/ P(9—€,5-C) — (D€ a—C) cw) dedc

T 52 /65//22 /55//22 (/ P(t=¢,0) = pls=¢,0) do

t—¢
—i—/ 0(¥,b—C) — (¥, a—C) d19> dédq

/5/2 /5/2 (/a - 1/’ (9, 0) + 2A¢p(Y, o—)dﬁda) dedc¢
/65//22/m(/a/Sw(ﬁ—f,a—§)+2)\<p(19—§,a—g)dﬁda)dgdg

:/ / Ps(0,0) + 2Aps(9, o) ddde (9.26)

forany 6/2 < a<b<T-¢/2and §/2 < s <t <T—7§/2. Thus we get (9.24)
with § instead of . As now ;s and 15 are absolutely continuous, we can deduce

0 0
59 s (W, 0) + 9o ws(W,0) < s(9,0) + 2Xp5(9,0) ; (9.27)

to see it, just apply f: d f: do to (9.27) to get (9.26). Putting 9 = o and denoting
Ps(9):= p5(0,0) and ¥s(9) := hs(V, ), we obtain

3 B5(0) < Bo(9) + 2035(0) (9.25)

From Gronwall’s inequality, we get

25(t) < (@5(0)+ [ [Bol0)]a0)e " (9.29)
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for any t € I. Now we can pass 6 — 0. Obviously, @s(t) = 1 %32 fééiQ (t—
0)d¢de — o(t,t) = 3 |a(t) —u(t)||? for each t € I. In partlcular, 2s5(0) —

u(0)[|? = lluo — uo|?* = 0. Moreover, using [¢(9,0)] = |[(f(¥) — f(0),a(V) —
u(0))s| < Clf () = f(o)|| with C' = ||allcx) + [lulle(r:x), we obtain

/t|$a(19)|dz9:/52’/6/2 mw €0 — () dcde| av

5/2J—6/2

§/2 p8/2
= 52/ / 5/2 / 17096 = F(9-0)] acagas

5/2
/52/ /5/2||f(19_§)_f(19)“+Hf(ﬂ)—f(l?—C)HdCdgdﬁ

5/2

6/2
=C / / [ £(0—¢€) = f(9)] dedo
t 1 6/2
+C/0 5/_6/2Hf(ﬁ—C)—f(ﬂ)HdCdﬁ. (9.30)

The last two terms then converge to zero, cf. Theorems 1.14 and 1.35. Hence from
(9.29) we get in the limit that ¢(¢,¢) = 0, so @(t) = u(t) for any te 1. O

Having the uniqueness of the integral solution, the stability (9.3) follows
just by the limit passage by strong solutions corresponding to regularized data
(fie, uoic) — (fi,uoi), i = 1,2. This yields:

Corollary 9.8 (STABILITY). Let the conditions of Theorem 9.7 hold. Then the
estimate (9.3) holds for u; being the unique integral solution corresponding to the
data (fi,uo;) € L' (I; X) x cldom(A), i = 1,2.

The requirement of the uniform convexity of X* (hence, in particular, reflex-
ivity of X) we used in Theorem 9.7 can be restrictive in some applications but
it can be weakened. We do it in the next assertion, proving thus existence of the
integral solution by the Rothe method combined with a regularization of data.

Theorem 9.9 (EXISTENCE: THE NONREFLEXIVE CASE). Let f € LY(I;X), ug €
cldom(A), and Ay be m-accretive for some \. Then (8.4) has an integral solution.

Proof. We take the regularization f. € W(I; X) and uo. € dom(A) as in the
proof of Theorem 9.7, i.e. fo — f in L'(I; X) and ug. — uo in X, but here we
additionally assume
1 1
HfEHWLl(I;X) :O(a) and [ A(uos)| :O(a)' (9:31)
Denote u., € C(I; X) the Rothe solution corresponding to f. and wug. with a time
step 7 > 0, i.e. it holds that dt“sf + A(Ger) = (fe),, and u,(0) = uoe; here we
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used m-accretivity of Ay. Then, combining (9.7) and (9.15),
_ 1 T
HU’ET_U’ETH :TO(E) :O(E). (932)

Therefore, (9.16) holds but with the term O(max(7, c)/¢e) instead of O(max(r,7)).
Thus, as in the original proof of Theorem 9.5, the Rothe sequence {ur} c~0,r—o(e)
and also {tr}7 ->0,7—0(c) are Cauchy in C(I; X) with the same limit in the com-
plete space C(I; X), say u, cf. (9.16); note that this holds for a general X with a
possibly not uniformly convex dual X*.

As J has a potential j|| - ||?, cf. Example 5.2, we have, as in (9.19), the
estimate

Lok I TR 2 ek k—1

2Hu57 - UH - 2”“’57’ - UH < <-7 yUer — Uer

= (G ul, —ulT =T fh 4+ TAW) + 7(fE - A(v)))

= (", —TA(ul,) + TA@) + 7(fL — A(v)))

= 7(j*, Ax(v) — A\(ul) + [ — A(v) + A(ul, —v))

(fE = A(v),ul, — o)+ Aul, — |, (9.33)

IN

where the former inequality holds for any j* € J(uk — v) while for the last one
we must select j* € J(uf_ — v) suitably so that (j*, Ax(uF.) — Ax(v)) > 0.
Summing it between two arbitrary time levels, we get

2 2 t
frer @ < e 450, 0040, 10 (010, M 0) o] a0
with ¢,s € {k7; k=0,...,T/7}. Fixing t and s, let us now make the limit passage
with 7 = T27% k — oo, ¢ — 0, 7 = o(e). The above inequality turns then into
(9.18) using again the upper semicontinuity of (-, -)s and, thanks to 7 = o(e), also
using Lemma 8.7.12 Altogether, we can see that u satisfies (9.18) for ¢ and s from
a dense subset of I. Then, by continuity, (9.18) holds for any ¢,s € I.

Moreover, since uer(0) = upe — ug and also ue,(0) — u(0), we can see that
u(0) = ug. Hence u is an integral solution to (8.4). O

Remark 9.10 ( Periodic problems'?). If, in addition, A, is accretive for some \ < 0,
then ug — u(T) is a contraction on X, namely

[ur(T) = ua(T)|| < X [luor — uoz ), (9.34)
12For the limit passage in the integral, we note that {(fe);}e=r>0 can have an integrable
majorant, (-, -)s has a linear growth in the left-hand argument, while for the right-hand argument
Ter(-)—v we have L*-a-priori estimates (9.6) valid for f’s in L'(I; X) and ug’s in X. Then one
is to use the upper semicontinuity of (-, -)s, cf. Exercise 3.34 on p.106, and Fatou’s Theorem 1.15.
13See Barbu [34, Sect.IT1.2.2], Brezis [60, Sect.ITL.6], Crandall and Pazy [96], Showalter [321,
Sect.IV, Prop.7.3], or Straskraba and Vejvoda [331], or Vainberg [343, Sect.VIII.26.4].
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cf. Corollary 9.8.1* Having proved this contraction, one can use the Banach fixed
point Theorem 1.12 to prove existence of a unique periodic integral solution,
ie. u € C(I; X) satisfying (9.18) and u(T") = u(0).

Example 9.11 (Connection with the monotone-mapping approach). Consider A; :
V — V* monotone, radially continuous, and bounded, A; : H — H Lipschitz
continuous with a Lipschitz constant ¢, and Ay + Ay : V — V* coercive, V C H
H* C V*, V being embedded into H densely and compactly. We define X and
A :dom(A4) — X by

X:=H, dom(A):={veV; Ai(v)eH}, A:=(A1+A) (9.35)

|dom(A)'

Then A) is accretive for A > £ because J : X = H &2 H* = X* is the identity and

(J(u=v), A(u)=A(v) + Mu—0))) . = (u—=v, A1 (u)—A1(v)) + Mlu—vl|%
+(u—v, Ay (u)—A2(v)) = (A1 (u)—A1(v),u=v) ., + (A=0)[u—v|F >0
(9.36)

for any u,v € dom(A) and for A > ¢. Moreover, as Ay : V — V* is totally
continuous, it is pseudomonotone as well as A, so that I + A; + Ay is also
pseudomonotone. As A; + A, is coercive, I + A; + Ay is coercive, too. Thus,
for any f € H, the equation u + A;(u) + A2(u) = f has a solution u € V. More-
over, A1 (u) = f —u— As(u) € H so that u € dom(A). Hence I+ A : dom(A) — H
is surjective, so that A, is m-accretive. This approach gives additional information
about solutions to §,u+ A(u) = f, u(0) = up, in comparison with Theorems 8.16
and 8.18. E.g. if f € Wh(I; H) and ug € V such that A(ug) € H, then §u exists
everywhere even as a weak derivative.

Remark 9.12 (Lipschitz perturbation of accretive mappings). The calculation
(9.36) applies for a general case if A = A;+ As with A7 : dom(A) — X m-accretive
and A, : X — X Lipschitz continuous. Then Ay := A+ Al is m-accretive for A > /£,
and then Theorems 9.5, 9.7, and 9.9 obviously extend to this case.

9.3 Excursion to nonlinear semigroups

The concept of evolution governed by autonomous (=time independent) accretive
mappings is intimately related to the theory of semigroups, which is an extensively
developed area with lots of nice results, although its application is often rather
limited. Here we only present a very minimal excursion into it.

M This can be seen from the estimate (9.3) for f1 = f2. If X* is not uniformly convex, we can
use (9.3) obtained in the limit for those integral solutions which arose by the regularization/time-
discretization procedure in the proof of Theorem 9.9, even without having formally proved their
uniqueness in this case.
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A one-parametric collection {S;}+>0 of mappings S; : X — X is called a
C-semigroup if Sy 0 Sy = Si1s, So =1, and (t,u) — S(u) : [0,+00) x X — X is
separately continuous!®. If, moreover, ||S;(u) — S;(v)|| < e ||u —v||, then {S;}i>0
is called a C°-semigroup of the type A. In particular, if A = 0, we speak about a
nonexpansive C°-semigroup.1®

A natural temptation is to describe behaviour of S; for all ¢ > 0 by some
object (called a generator) known at the origin ¢ = 0. This idea reflects an ever-
lasting ambition of mankind to forecast the future from the present. For this, we
define the so-called (weak) generator Ay, as

Si(u) —u

Ay (u) = w-lim (9.37)

t\.0
with dom(Ay) = {u € X, the limit in (9.37) exists}. The relation of nonexpan-
sive semigroups with accretive mappings is very intimate:

Proposition 9.13. If {S;}i>0 is a nonexpansive semigroup, then Ay, is dissipative.

Proof. Take u,v € X and an (even arbitrary) element j* € J(u—wv). Then

<j*, St(uz —u  Si(v) - v> 1 (<j*7st(u> — S¢(v)) = |lu— sz)

t t
< (I8 = S ~ =l JJu=v] <0 (939

provided S; is nonexpansive. Considering u, v € dom(Ay,), we can pass to the limit
to obtain (j*, Aw(u) — Aw(v)) <0. O

The relation between the semigroup and its generators substantially depends
on qualification of X. In general, there even exist nonexpansive C%-semigroups
possessing no generator, i.e. dom(Ay) = @; such an example is due to Crandall
and Liggett [93].

Using (and expanding) our previous results, we obtain a way to generate a
C%-semigroup by means of an m-dissipative generator.

Proposition 9.14. Let X and X* be uniformly conver and A : dom(A) — X be
m-accretive with dom(A) dense in X, and let Sy(uo) = u(t) with u € C([0,t]; X)
being a unique integral solution to the problem éitu + A(u) = 0 with the initial
condition u(0) = ug. Then:

(i) {St}t>0 is a nonexpansive C°-semigroup whose generator is —A.

(ii) The mapping t — A(u(t)) is weakly continuous.

(ili) The weak derivative {,u(t) exists for allt >0 and $,u(t) + A(u(t)) = 0.
15This means that both ¢ + S¢(u) and Si(-) are continuous. Equivalently, continuity of ¢ ~
St(u) is guaranteed by lim\ o St = I pointwise.
161n literature, from historical reasons, such semigroups are also called, not completely cor-
rectly, semigroups of contractions (as if A were negative).
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Proof. 1t is obvious that {S;}:>0 is a C%-semigroup. The nonexpansiveness of S;
follows from (9.3), cf. Corollary 9.8, i.e. here ||St(uo1) — Se(uo2)|| := |Jui(t) —
u(t)[| < [Juor — uoz]|-

As {A(u(t))}i>0 is bounded in X and, by Milman-Pettis’ theorem, X is re-
flexive, we can assume the A(u(ty)) — & in X for (a suitable sequence) ¢, — ¢ with
t > 0. Simultaneously, u(t;) — u(t). As A is m-accretive (hence also maximally
accretive) and X* is uniformly convex, A has a (normxweak)-closed graph (see
the proof of Theorem 9.5), and thus A(u(t)) = £ and w-lims_; A(u(s)) = A(u(t)),
proving thus (ii).

Then, passing to the limit in lu(t+e) + lu(t) = —! tt+s A(u(s))ds gives
Su(t) = w-lime_o — ! [ A(u(s))ds = —A(u(t)), proving thus (iii).

For ug € dom(A), we thus have limg o ! Si(u0)+ Luo = —A(uo). But simulta-
neously, by definition (9.37), it is equal to A (up). Thus dom(A) D dom(—Ay). By
Proposition 9.13 and Exercise 3.37, — Ay, is accretive and A is maximally accretive,
hence dom(A) = dom(—A4y,). O

The above assertion can be generalized for Ay := A+ AI m-accretive and then
{S:}+>0 a C%-semigroup of type . Also, it conversely holds that a nonexpansive
CP-semigroup on X, uniformly convex together with its dual, yields u(-) : t —
Sy(ug) weakly differentiable everywhere, Ay, (u(-)) weakly continuous, and {,u(t) =
Ay (u(t)) for all t > 0;17 let us remark that its generator A, which is dissipative
by Proposition 9.13, need not be m-dissipative.

For X* uniformly convex and A m-accretive, we have, in fact, proved!'® that
the so-called Crandall-Liggett formula [93]

—k
Si(w) = lim [I+ ]iA} (u) 9.39)

generates a nonexpansive C%-semigroup. In fact, by sophisticated combinatorial
arguments, it can be proved for a general Banach space X that the limit in (9.39)
is even uniform with respect to ¢ ranging over bounded intervals I.

In the Hilbert case, we can use, in particular, Example 9.11. In this situation,
the equation (‘iitu—i—Al(u) + Az (u) = 0 induces a C°-semigroup on H of type A with
A referring to the Lipschitz constant of Ay. Again f € L*(I; H) is allowed similarly

17If X is a Hilbert space, any maximally accretive mapping is m-accretive, and thus we can
prove it simply by taking a maximally accretive extension A of —Ay (which does exists by a
standard Zorn-lemma argument) and by applying Proposition 9.14 when realizing that u(t) =
St(ug) for any ug € dom(Ay) C dom(—A). In a general uniformly convex Banach space we refer,
e.g., to Barbu [34, Theorem III.1.2].

18Realize that [I+ ZA} _k(ug) = u¥ with u® from (8.5) with f¥ = 0 and 7 = t/k, and then
the convergence limy_, o0 r—0,kr=t W¥ = lim; ~gur(t) = u(t) = S¢(uo) has been obtained in
the proof of Theorem 9.7 provided ug € dom(A) and k’s forming an ever-refining sequence of
partitions of [0, t], while for a general up € X this proof must be modified so that the convergence

upr — uo is employed first. The (even Lipschitz) continuity of Si(-) follows from the estimate
(9.3).
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as in Theorem 8.13, which completes the previous results.!® In a general Hilbert
case, the relation between nonexpansive C°-semigroups and their generators is
very intimate: the generator is always densely defined, and there is a one-to-one
correspondence between m-accretive mappings and generators of nonexpansive
CO-semigroups.

For the linear operator A (and again a Banach space X), the consequence of
Proposition 9.14 is the following;:

Corollary 9.15. Let X and X* be uniformly convez, Ag : dom(A4y) — X, with
dom(Ay) dense in X, be linear, let (Ag(v),v)s < 0 and let Ag — I be surjective.
Then Ay generates a nonexpansive C°-semigroup.

Proof. We take A = —Ag. Then Ay is m-accretive and St (v) := u(t) with u being
the unique integral solution to {,u + A(u(t)) = 0, u(0) = v. O

In fact, the above assertion holds for a general Banach space (even also as a
converse implication), which is known as the Lumer-Phillips theorem [227].

We will still consider a special “semilinear” (but partly nonautonomous)
situation, namely that A(¢,v) := A;(v)+A2(t, v) with —A; being a linear generator
of a nonexpansive C%-semigroup {S;}+>0 C L(X,X) and A2 : [ x X — X a
Carathéodory mapping qualified later. We call u € C(I; X) a mild solution to the
Cauchy problem (8.1) if the following Volterra-type integral equation

u(t) = Spuo + /0 Si—s(f(s) — Aa(s, u(s))) ds (9.40)

holds for any ¢t € I. Existence and uniqueness of a mild solution can be shown
quite easily:

Proposition 9.16 (EXISTENCE AND UNIQUENESS). Let A(t,v) := Ay (v) + Aa(t,v)
with —A1 a linear generator of a nonexpansive C°-semigroup {Si}i>0, and the
Carathéodory mapping Ay : I x X — X satisfy As(-,0) € LY(0,T;X) and
| Ao (t,v1) — Aa(t,v2)|| < £(t)||v1—v2| for some £€ L' (0,T) and vi,v2 € X, and let
feLY(I; X) and ug € X. Then there is just one mild solution ue C(I; X) to (8.1).

Proof. Uniqueness follows simply by subtracting (9.40) written for two solutions u;
and ug, which gives u1a(t) 1= u1(t)—ua(t) = fot St—s(A2(s,ua(s))—Aa(s,u1(s)))ds,
hence

IN

Jusa] < [ 11 ol A5 )~ Aot s ) s

IN

/0 0(s)||u12(s)|| ds (9.41)

9Tn fact, one can still prove that, if Aj(ug) € H, then there is u € W1>°(I; H) a strong
solution to ;tu + A1 (u) + A2(u) = f, u(0) = uop, and even and C};; u+ Aq(u) + A2(u) = f holds

everywhere on I where C:;tr denotes the right derivative, cf. e.g. [34, Theoem III.2.5.].
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because S;_g is nonexpansive, from which u;9 = 0 follows by Gronwall’s inequality.

For the existence we use Banach’s fixed point Theorem 1.12. Considering
1,2 € C(I; X), we calculate uy,us € C(I; X) as u;(t) :== Spug + fg Si—s(f(s) —
As (s, u;(s )))ds i = 1,2. Like (9.41), we can estimate lur(t) — ua(t)] <
Jo €)1 (5) — iz (s)|ds s0 that [luy —uslc(o,eix) < (o' €(5)ds) ||~z c(0,6,:x)-
Hence the mapping % — u is a contraction on C(O t1; X)if t; > 01is so small that
fotl {(s)ds < 1, and has thus a fixed point u € C(0,¢1; X ), being obviously a mild
solution on [0, ¢;]. Then, starting from u(tl) instead of ug, we get a mild solution
on [t1,ts] with to > 0 so small that f s)ds < 1. Altogether, for t € [t1,ts], i
holds that

u(t) = Si—t,u(t1) / Se—s( — Aa(s,u(s))) ds

_St_t1<5t1u0—|—/0 Sy (f(s)— AQ(S,U(S)))ds) —|—/St_s(f(s)—AQ(s,u(s)))ds

t1

= Sug —|—/0 Si—s(f(s) — Aa(s, u(s))) ds,

so we have obtained a mild solution on [0,%s]. As ¢ € L(0,T), we can continue
such prolongation until some ¢, > T O

Proposition 9.17. Let A, f and ug be qualified as in Proposition 9.16. Then:

(i) (CONSISTENCY.) Any strong solution to {,u+ Ayu+ As(t,u) = f, u(0) = uo,
with — A1 a generator of a linear C°-semigroup {S;}+>0 is a mild solution.

(ii) (SELECTIVITY 1.) If the mild solution is weakly differentiable, then it is the
strong solution, too.

(iii) (SELECTIVITY IL.) If X* is uniformly convex, fe WHi(I; X), up€dom(A;),
and As time independent, then the mild solution is also the strong solution.

Proof. Obviously, ESt+8v— Stv—( S, — iI)Stszt( S, — )v hence in the
limit 4 St = AySiv = S Ayv = — A1 Sy, where ddt denotes the weak derivative
and AW = —A; is the generator of {St}t>0

Then, as to (i), it holds that (\S;_su(s) = A1Si—su(s) + Si—s Lu(s) =
A1 Si—su(s) + Si—s(Aru(s) + f(s) — Aa(s,u(s))) = Si—s(f(s) — Aa(s,u(s))), which
gives (9.40) after the integration over [0, ¢].

As to (ii), differentiating (9.40), one obtains

= o [ U6 — A ) ds + £0) = Aale )

= Ay Siug —|—/O AwSi—s(f(s)—Aa(s,u(s)))ds + f(t) — Aa(t, u(t))
= Agu(t) + f(t) — Az (t,u(t)).
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As to (iii), by Theorem 9.5, our problem possesses a strong solution u. By
this Proposition 9.17(i), w is also a mild solution. By Proposition 9.16, there is no
other mild solution. ]

Remark 9.18 (Nonautonomous systems?°). For the general time-dependent A as
used in (8.1), instead of a one-parametric C°-semigroup of type ), it is natural
to consider a two-parametric collection of mappings {U; s : X — X}o<s<¢ such
that Uy, =1, Uy o Uy s = U for any 0 <t < 9 < s, and [|Uy s(u) — U s(v)]| <
ert=3) ||y — v|| and (t,s) + Uy 4(v) is continuous for any u,v € X. If T+ AA(t, )
are accretive for all ¢ > 0, {Uy s bo<s<t can be generated by the Crandall-Liggett
formula (9.39) naturally generalized as

b t—s t—s -1
Uy.o(u) = kllrgoH[H A+ ,-)} (w). (9.42)
=1

For the autonomous case when A(t,-) = A, we can put simply S; := Up ¢ to obtain
the previous situation; note that then (9.42) just coincides with (9.39).

9.4 Applications to initial-boundary-value problems

Example 9.19 (Nonlinear heat transfer). We consider heat transfer in a homoge-
neous isotropic but temperature-dependent medium (8.171) moving by a forced
advection with the given velocity field

c(0) (gf +7- VG) — div(k(0)V0) + co(z,0) = g. (9.43)

We consider the time-independent Neumann boundary condition x(0) gﬁ =h and
the initial condition 6|;—o = 6y. We first apply the enthalpy transformation and
also the Kirchhoff transformation (8.172), which turns the outlined problem into
the form

g?—#ﬁ-Vu—Aﬁ(u)—Fv(x,u) =g inQ,
;Vﬂ(u) =h onY, (9.44)

u(0,-) = ug on

with B(r) := [F o ¢~ 1](r), cf. Example 8.68, and ~(x,7) := co(x, ¢~ 1(r)) and
ug € ¢(6p). The m-accretive mapping approach, cf. also Remark 3.25, requires
Te WHe°(Q; R™) such that dive’ < 0 and (7)) - ¥ = 0 and then can be based on
the setting:

X:=L'9Q), A(u):=7-Vu — AB(u) +v(z,u), (9.45a)

dom(A):= {ueLl(Q); AB(u) — T - Vue LY(Q), aayﬁ(u):h}; (9.45b)

20First relevant papers are by Browder [69], Crandall, Pazy [96], and Kato [191].
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of course, AB(u) — ¥ - Vu =: f is meant in the sense of distributions, i.e. (f,z) =
Bu)Az 4+ u(v-Vz) —u (divd) z for any z€D(Q). If y(x, -) is Lipschitz continuous
with the Lipschitz constant ¢, then A, is accretive for A>¢, which follows from
Jo (v(u) =y (v) + Mu—v)) sign(u—v)dz > [, (—f|lu—v| + A|ju—v|)dz > 0. Then
Theorem 9.9 provides existence of an integral solution for physically natural data
qualification, i.e.

ge LNI; LY () =2 LY(Q) and wy <€ LY(Q), (9.46)

so that the heat sources have a finite energy (without any further restrictions),

while for / we required h € L2* (T') in Proposition 3.22.%!

In fact, we need 3 = Ko ¢! to be Lipschitz continuous and increasing, and
we do not need ¢ to be strictly increasing, and thus ¢(-) > € > 0 need not be upper-
bounded. Even more, ¢ can be a monotone set-valued mapping which corresponds
to Dirac distributions in ¢. This is an enthalpy formulation of the Stefan problem.
Then ug € ¢(Ay) is to be determined because the initial temperature 6y need not
bear enough information if ¢ jumps at 6p; each such a jump is related to the
respective latent heat of the particular phase transformations.

Example 9.20 (Scalar conservation law??). In view of Section 3.2.4, we consider
the initial-boundary-value problem

u(-,0) = uy on (0,7), (9.47)

The m-accretive mapping approach requires F' strongly monotone, cf. Proposi-
tion 3.26, and then we obtain an integral solution u € C(I; L'(0,1)) if g € LY(Q)
and uo € L'(0,1). A special case F(r) = }r? leads to the so-called Burgers equa-
tion

27: + ugz =gin Q:=(0,7) x (0,1), u|lgmo =uy, ul=0 = uo. (9.48)
The above theory, however, does not apply directly since F' is now not strongly
monotone. Assuming ug > 0, u, > 0, we can expect u > 0, cf. also Exercise 8.82,
and then modify F(r) = j|r|r which is strictly (but not strongly) monotone.
Then we modify dom(A) from (3.39b) for {u € L>°(0,1); u(0) = u,, & (julu)e
L'(0,1) in the weak sense}, without requiring u € W*1(0,1).

21For a general time-dependent boundary heat flux h € L1(X) see [307].
22See Zeidler [354, Vol.III, Sect.57.6].
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Example 9.21 (Conservation law on R™). 23 In view of Remark 3.27, we can con-
sider also the initial-value problem

U = 0 . n
ot +;a$lFl(u) g inQ:=(0,T)xR"

u(0,-) = wo on R™.

(9.49)

Assuming F € O (R;R") and limsupy,,_q |F'(u)|/[u] < oo, the mapping A defined
as the closure in L'(R") x L'(R") of the mapping u +— div(F(u)) : CL{(R") —
Co(R™) is m-accretive on L'(Q), and then we obtain an integral solution u €
C(I; L*(R™)) if g € LY(Q) and ug € LY(R™).

Example 9.22 (Hamilton-Jacobi equation). In view of Remark 3.28, the (one-
dimensional) Hamilton-Jacobi equation

ou
ot

1o}
o) =g Q= (0.1)x(0,1),

ulg = 0  onX:=(0,T)x{0,1}, (9.50)
u(0,) = uy onQ:=(0,1),

+ F(

with F:R—R increasing, has an integral solution u € C(Q) if g € LY(I; C([0,1]))
and ug € C([0,1]).

Example 9.23 (Nonlinear test I). Consider again the quasilinear boundary-value
problem (8.146). Being inspired by Section 3.2.2 (i.e. accretivity of A, in L7(2)
and concrete form of the duality mapping J in L?(Q)), see Propositions 3.16 and
3.13), we can test (8.146) by |u|?2u, ¢ > 1, as we did in (9.9).2* The particular
terms can be estimated as

ou, . _ 1 [ Olul|? 1d

/Q 5¢ |u|9™?udz = q/Q Py dr = thHuH%q(Q), (9.51a)
/—div(|Vu|p_2Vu)|u|q_2ud$
Q

=/ [VulP*Vu - V(|ulfu) dx—/|Vu|p_QZu|u|q_2udS

Q r v
= (q—l)/ |Vu|p|u|q_2dx+/ |u|?2F972 — hlu|9?udS, (9.51b)
Q r

[l Rl = a2 (9.51¢)

23See Barbu [35, Sections 2.3.2 and 4.3.4], Dafermos [100, Chap.VT], or Miyadera [244, Chap.7].
Other techniques are exposed in Mélek at al. [229, Chap.2].

24The calculations (9.51) are only formal unless we have proved regularity of u in advance. In
the context of results we have proved, a rigorous derivation is to be made by time discretization.
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cf. Section 3.2.2 for (9.51b). Altogether, abbreviating p; = ¢;4+¢—2 for i = 1,2 and
realizing that |Vu[P|u|7=2 = (p/(p+q—2))?|V|u|PFTI=2/P|P, we get

(¢—1)p
L Tl DT I, o+l

= /g|u|q_2ud$ —|—/h|u|q_2ud5
Q r

< ||gHLq Q)H |u|q—1||Lq, + ||h‘||Lp2/(qu) F)H |u|q_1||Lp2/(q71)(p)
i 1

o+ [[ullZ

LP1( Lr2(T

Hh|p2/qz 1) q 1” |

Lr2/(a2— 1)(p) (9'52)

HgHLq sz) (14 HLq Q) L2 (T
We assume g € LY(I; L9(Q)), h € L”Q/(‘“_l)(z)7 and ug € L1(2), and use Gron-
wall’s inequality to get the estimate of u in L*°(I; L(Q)) N L®F9=1(Q) and of
|u|(P+a=2/P in LP(I; WEP(Q)). If p = 2, from the term (¢—1)|u|?"2|Vu|? in (9.51b)
we obtain through (1.46) still an estimate of u in L4(I; W?/9-9(Q)).

Example 9.24 (Nonlinear test II). Conmdermg again the problem (8.146), we can
differentiate it in time and test it by | 2 u|9"2Ju, ¢ > 1, as we did in (9.11).2°
The particular terms arising on the left-hand 81de can be treated as

0%u | 0u q—28u
/Qat2 ot t th/’ dv = thH La(©)’ (9-53a)
/— adiV(|Vu|’”_2Vu) Ou =2 du dx—/ <|Vu|p_2Vu)
Q Ot t ot q Ot
Ou|9=20u ou\ | Ou|9-2 Ju
. _ p—2
V(‘at 8t)dx / ('V“| ov )‘(’% o ¥°
8p—8 /9| VulP/?\ 2| Ou 9—2
>
—/Q(q D ( ot ) ‘ dz
Ou|a  Oh|0u|9=20u
— q2—2 —
+ / (q2—1)|ul ot | o o 9 (9.53b)

(|l )| dupa—20u / qi—2|Ould
= — 1 > .
L ol o= [ | farz 0 )

cf. the calculations in (8.152). Like (8.152), it requires p > 1. Assuming h constant
in time so that Bath simply vanishes, we obtain
La() < H

dg | 0u
L9(Q) /8t ot Lq(Q)' (9-54)

By Gronwall’s inequality, we get u € W1°°(I; L(Q)) provided g € W11 (I; LY(Q))
and div(|Vug[P~2Vug) — |uo|9 ~2ug = gtu|t:0 e L1(Q).

q-= 23u

o o< 5

25 Again, the calculations in this example are only formal unless we have proved regularity of
u in advance. A rigorous derivation would have to be made by time discretization.
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If p = 2, we obtain a term (¢—1)| 5 u|?72| J Vu|? in (9.53b), cf. (8.152). Then,
from (1.46), we obtain still an estimate of gtu in L9(I; W?/9-%49(Q)).

Moreover, if g1=2, the respective term, i.e. now [, |§tu|qu > 0, gives also
the estimate W1h4(I; L9(£2)). This estimate is weaker in comparison with the usual
Whee(I; L9(Q))-estimate (9.7) but, contrary to it, is uniform with respect to ¢ —
o0 if ge W (I; L>°(Q)), ug € L°°(£2), and Apug € L>(2). Thus we get a uniform
estimate L°°(I; L%(f2)), from which the boundedness of u in L*°(Q) follows. The
idea of passing to L*°-bounds by increasing ¢ is called Moser’s trick [252] but it
is usually organized in a much more sophisticated way.

qualification of quality
g h Uug P q of u
LYI; L9(Q)) L (%) L1(Q) >1 >1 L*(I;L1(Q))NLP(Q)
=2 >2 LYI;W?i=%1(Q))
WHHILYQ)) constant  Apuo€Li(Q) >1 >1 Whes(I; L9(9))
intime , cpmema(Q) =2 >2 Wh(;W2/i-e1(Q))

Table 5. Summary of Examples 9.23-9.24; p1 := q1+q—2 and ps := ga+q—2.

Exercise 9.25 (Heat equation with advection: a nonlinear test). Consider again the
heat equation in the enthalpy formulation gtu +v-Vu—AB(u) = g, cf. (9.44),
and assume diveo < 0 and v|p - v > 0 as in Exercise 2.86, and test it by |u|?"2u,
q > 1, to obtain the estimate of u in L>(I; L?(2)). For 3 strongly monotone and
q > 2, from (1.46) derive also an estimate in L9(I; W?/4-¢4((Q)).26

Exercise 9.26 (Conservation law reqularized). For € > 0 fixed, as in Exercise 8.82,
consider again

(31; +div(F(u)) —eAu=g, ul—o=uo, ulz=0, (9.55)

test it by |u|?"2u, ¢ > 1, and prove an a-priori estimate in L°°(I; L4(Q2)) and, if
q > 2, also in L4(I; W?/4=<9(Q)).27

9.5 Applications to some systems
The accretivity technique works, in a limited extent, even for systems of equations
on special occasions.
26Hint: use Example 9.23 but modify (9.51b) to
/Aﬁ(u)|u\q_2udx: (1—q)/ﬁ’(u)\u|q_2\Vu\2dx+/(h—b(u))|u\q_2ud5 < / hlul9~2u dS
Q Q T T

because B'(r) > 0 and b(r)r > 0 in (8.173). Moreover, treat the advective term as in (3.31).
27Hint: Denote by T, : R — R the inverse mapping to r +— |r|972r, i.e. Ty(r) = |r|?=D/(@= Dy
and by Fj 4 : R — R the primitive function to F; 0T, : R — R such that F; 4(0) =0,i=1,...,n.
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An interesting example®® is the abstract initial-value problem (the Cauchy
problem) for the 2nd-order doubly nonlinear equation

d?u

du
w2 +A(dt) + B =f(t), w0 =uw, 0)=u, (9.56)
which can equivalently be written as the system of two 1st-order equations:
du
g U= 0, u(0) = uy, (9.57a)
dv
gt + A(v) + B(u) = f, v(0) = wp. (9.57b)

Assumptions we make are the following, cf. also Theorem 11.20(ii) below:

A:V — V* monotone and radially continuous, (9.58a)
B = B; + Bs with
B; : V — V™ linear, continuous, symmetric, i.e. Bf = By, and

(Biu,u) > collully —erllullfy, co >0, e1 >0,
By : H — H Lipschitz continuous (¢=the Lipschitz constant), (9.58Db)
V and H Hilbert spaces. (9.58¢)

If A=0, (9.56) is a semilinear hyperbolic equation. We put

X:=V xH, (9.59a)
dom(C):= {(u,v)€X; A(v)+ BiueH, veV}, and (9.59b)
C(u,v):= (Au—v, v+ A(v) + B(u)) , where (9.59¢)

A> sup (c1 +0)(u,v)

weV (Biu,u) + eillully + vl
veEH

A> Ve +0-1; (9.59d)

Then the F-term, if tested as suggested, vanishes; indeed, by using Green’s formula twice,

. -2 - _ w) - u _2u T = — o v)-vVuvaxr

[ avE@)ul*uds = /F( )- V(i 2u)dr = = [ [FoT)@w)- Vod
= — o v 8qu der = — iv v)dar
— /ﬂ;w T /Z 8% /Qd (Figr- - Fag)(v)d
:/Q(Fl,q,...,Fn,q)(v)-(v1)dz—/F;Fi,q(v)ui ds = —/F;Fi,q(v)yidS:O,

where we used the substitution v := |u|9"2u = Ty *(u). The remaining terms have the pos-
itive sign as in Example 9.23 for p = 2. If ¢ > 2, use (1.46) to get the fractional-derivative
estimate. Note that the growth of F' can be superlinear: the condition (2.55a), requiring
N L™ =9 ()= LP' (Q; R™), implies |F(r)| < C+|r|® =" /7"

28Cf. Barbu [35, Sect.4.3.5] where A is admitted set-valued, describing thus a 2nd-order evo-
lution variational inequality. For A = 0 and B = div(A(z)Vu) see e.g. Renardy and Rogers [295,
Sect.11.3.2].
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note that, due to (9.58b), the denominator in (9.59d) is lower bounded by co||u||3 +
|lv]|%. Then, putting w:= (u,v), the system (9.57) can be rewritten as

‘;f FOW) —dw=(0,f), w(0)= (uo,vo) - (9.60)

We endow X with an inner product

<(U1,U1),(U2,U2)> = <Blu1,uz> +61<U1,’LL2> —|—<’Ul,’02> (961)
XxX V*xV HxH HxH

and identify X* with X itself. Then the duality mapping J is the identity and one
can show C : dom(C') — X is accretive, i.e. monotone with respect to the product
(9.61), cf. Remark 3.10; indeed for any w;,ws € dom(C) one has

<C(w1)—C(w2),J(w12)>Xxx* = (C(wl)—C(U}2>,U}12)XXX
= (Bi(Muia—v12),u12) .y + €1 (A2 —v12,u12) o ¢
+ (A1 + A(v1) — A(v2) + Biuiz + Ba(u1) — B2 (uz), v12)
= (A(v1) = A(v2),v12) 0, + (B2(u1) — Ba(uz),v12)

— e (012 m0) .+ A (Brunz wo)y e[+ [fona ;) 2 0 (0.62)

XxX

where we again abbreviated wys:= w1 — we, U12:= u; — uo and vi2:= v; — v2, and
use both monotonicity of A and that A is large enough, cf. (9.59d). Moreover, C
is maximal monotone, which means that for any (fo, f1) € V x H =: X there is
w = (u,v) € dom(C) such that w4+ C(w) = (fo, f1), i.e.

u—+Au—v = fo, (9.63a)
v+ v+ A(v) + Biu+ Ba(u) = fi. (9.63b)

From (9.63a) one gets u = (v+fp)/(1+\). Putting this into (9.63b) yields

Byv v+ fo Bi fo
11 7A@ +B2( 1+)\) =h=
Since, due to (9.59d), we have 1+X > (c1+£)/(1+)), the mapping v — (1+A)v +
Byv/(14X)+ B2 ((v+fo)/(1+4X)) is monotone, coercive, and bounded as a mapping
V — V*. By Proposition 2.20, (9.64) has a solution v € V. Then also u =
(v+ fo)/(1+X) € V and thus, by (9.63b), A(v) + Biu = f — (1+X\)v € H so
that altogether (u,v)€dom(C). Therefore, C is also m-accretive.

Assuming, in addition, that Vo := {u € V; Byu € H} is dense in V, we
have dom(C) dense in X .29 Then Theorem 9.7%° directly implies the existence of

(1+\)v + eve. (9.64)

29Indeed, as V is assumed dense in H, we can first approximate any v € H by some ¥ € V.
Then, for f € H arbitrary, take u € V such that A(9) + Biu = f € H, hence Biu = f — A(?) €
V*, and taking 4 € V such that Biui = A(9), we have B1z = f € H for z = @ + u, hence u
ranges over Vo — @ which is, by the assumption, dense in V.

30Note that, e.g., Theorem 8.27 for evolution via monotone mapping A; := C with lower-order
terms Az := 0 and A3 := —AI cannot be used directly because we are now not in the situation
that C : X — X™* with X compactly embedded into a pivot Hilbert space.
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an integral solution (u,v) € C(I; X) to (9.57), i.e. also a solution v € C(I; V) N
CY(I; H) to (9.56), provided ug € V, vg € H, f € L*(I; H).

Example 9.27. For V := W, *(Q), H := L*(), a : R — R™ monotone, |a(s)| <
C(1+|s|), and ¢ : R — R Lipschitz continuous, the equation

0%u . ou
92 diva (V

Bt) —Au+c(u)=g (9.65)

with the zero Dirichlet boundary conditions in the weak formulation satisfies all
the above requirements; note that obviously Vo = {ue Wy*(Q); Aue L*(Q)} D
W22(Q) N Wy () is dense in Wy ().

Example 9.28 (Linearized thermo-visco-elasticity®'). More sophisticated usage of
the transformation (9.56)—(9.57) is for a system that arises by a linearization of
the full thermo-visco-elasticity system, cf. (12.4)-(12.5) below®?:

0? 13}

m;‘ A a? — uAu+avl =g, (9.662)
00 . Ou
o KAO + abpdiv 5 = h, (9.66b)

under the initial conditions u = uy, gtu = v, 0 = 0y, where 6 is a constant, and
some boundary conditions, say u|y = u, with u, constant in time and 8‘9,/9 =0.
Here the following notation is used:

u : @ — R™ is an unknown displacement,

0 : Q — R is an unknown temperature,

vy >0 (resp. 11> 0) a coefficient related to viscosity (resp. elasticity) response,

k > 0 a coefficient expressing heat conductivity, and

« a coefficient expressing thermal expansion,

g, h are mechanical loading and heat sources, respectively.
Denoting v := gtu/\/u and z = 0/+/0op and dividing (9.66a) by /u and (9.66b)
by v/0op, the system (9.66) transforms into

o [ 0 —/l 0 U 0
g | v + [ —vrA  —pA a6V v|=| g9/vr |- (9.67)
2z 0 oa/Bpdiv —kA z h//Oop

31 A special case n = 1 and pu = fp = 1 is in Zheng [356, Sect.2.7] and py = 0 is in Jiang and
Racke [186, Sect.7.2].

32For simplicity, we consider here A = Ay =y =0, ¢ = o = 1, and « in place of a(3\+2u). The
linearization uses the natural assumption that the temperature varies only very slightly around
6o and the process is very slow so that the contribution of the terms quadratic in the velocity

gtu in (12.5) is only small and can be well neglected.
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The setting X := WH2(Q;R") x L?(Q;R") x L?(Q) with the inner product de-
fined by ((u1,v1,21), (uz,ve, 22)) := fQ Vu1:Vug + v1-v3 + 2122 dz and dom(A) :=
{(u,v,2) e X; Alu,v,2)eX, ulr = uy, vlr =0, 88112 =0} with A defined by the
matrix in (9.67) makes A accretive; indeed,

(A(u,v, z), (u,uz)) = / ( — Vv : Vu — /pAu - v — pyAv - v
Q
+ a0 Vz v+ ay/bydiv(v) z — HA,ZZ) dz

2
= “VHVU||2L2(Q;R"X") + KHV'ZHLQ(Q;R") > 0. (9.68)
The m-accretivity follows by Lax-Milgram Theorem 2.19. Then, by Theorem 9.7,
we obtain a unique integral solution v € C(I; W2 (Q; R™))NCY(I; L?(Q; R™)) and

0 € C(I; L*(Q)) provided g € LY(I; L?(;R™)), h € LY(I; L*(Q)).

Example 9.29 (Generalized standard materials [8, 166, 169]). Other usage of the
transformation (9.56)—(9.57) is for a model of Halphen and Nguen’s [169] gen-
eralized standard materials®®, i.e. isothermal model of materials with internal pa-
rameters z € R™. At small strains, it is governed by the following system of the
equilibrium equation for u and of the evolution inclusion for z:

u .
Qa2 ~ dive =g, (9.69a)
o= av((?;f) +Yl(w,2), w=e(Vu):= ;(VU)T—F ;Vu, (9.69Db)
V(Zi) +o(w,2) 50, (9.69¢)

where ¢ @ REZ® x R™ — R with REET the set of n x n symmetric matrices is

quadratic positive definite. To be more specific, let us consider
1 1
oY(e, z) := ) (e —Bz)"D(e — Bz) + 2zTLz (9.70)

with D € RoxXnxnxn B e R?*"X™M and I € RMX™. The meaning of the variables

Sym Sym
and the constants is:
u : Q — R™ is the displacement,
w: Q — RET the strain (as a function of (¢, x)),
z : @ — R™ the internal parameters ,
e: R™™ — R2X" the small-strain tensor, cf. (6.22),

Sym
oy R x R a monotone viscous-stress tensor,
o:Q — R the total stress tensor, here o = crv(aatw) + D(w — Bz),

v : R™ = R™ a maximal strictly monotone (possibly set-valued) mapping,3*

33This covers many special cases, among them so-called Prandtl-Reuss or Maxwell materials,
see Alber [8, Chapter 3] for these and many more cases.
34When 7(0) is not a singleton, this allows for modelling activated processes in evolution of z.
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0 > 0 mass density,

g : @Q — R"™ an external force.
We have to specify initial conditions for u, gtm and z, and boundary conditions
for u; as to the latter point, let us consider zero Dirichlet conditions for simplicity.
Let us assume

oy,7 ! continuous with at most linear growth, (9.71a)
Je>0Vee R ov(e)e > elel?, (9.71b)
¢(0) 3 0. (9.71c)

Note that v~! indeed does exist since we assumed ~ strictly monotone. Denoting
vi= aatu as in (9.57a), the system (9.69) can be written as the first-order system
in terms of (v, w, z) as gt(v,w,z) + C(v,w,z) = (g,0,0) with C defined by

div(oy(e(Vv))+D(w—Bz))
Y

We set X := L2(Q;R"™) x L2(;R™*") x L?(£2;R™) with the norm ||(v, w, 2)||x =

(fq olv)* + 201 (e, z)dx)"/?, which makes X a Hilbert space, and dom(C) :=

{(v,w,2) € X; v € Wy*(,R"), A(v,w,z) € X}. This makes C accretive: in-

deed, as J is the identity, for any (vi, w1, 21), (v2, w2, 22) € dom(C), we have the

estimate

Cv,w,z) := —( , e(Vv), ’y_l(—IB%T]D)(w—IB%z)—Lz)).

(Cv1, w1, 20)=C(v1, w1, 21), I (12, W12, 212)) 5., -
= /Q —div(oy(e(Vor)) — ov(e(Vvz)) + D(wiz — Bz1a)) - via
—(e(Vv12) — Bérs) D(wis — Bziy) — ELzro da
= /Q (00 (€(¥01)) = ov(e(Ven) + Dlwns ~ Bez) ) Voo
— &5 (BT D(wiz—Bz12) + Lzi2) dz > 0 (9.72)

where “+” indicates the terms that cancel each other and where we abbreviated
& = vy Y (~BTD(w;—Bz;) — Lz;) for i = 1,2 and, as before, viz = v; — vo,
wig = w1 — wa, &2 1= & — &2, etc. We used also that oy (+) is assumed monotone
and that 0:Vv = g:e(Vv) because o is symmetric. The last term in (9.72) is indeed
non-negative as 7(+) is monotone. To prove that C' is m-accretive, we show, for
any (g,91,92) € X, existence of some (v,w,z) € dom(C) such that (v,w,z) +
C(v,w,2) = (g,91,92). Considering V := Wy*(Q; R™) x L(Q; R ") x L*(Q; R™)
and now C' : V' — V* in the weak formulation, the existence of (v, w, z) € V follows
by Browder-Minty theorem 2.18; the radial continuity of C' follows by (9.71a)
while its coercivity follows by (9.71b,c) if (9.69) is used for (va, wa, 22) := (0,0, 0).
Moreover, since also C(v,w,z) = (g — v,g1 — w, g2 — 2) € X, we have (v,w, z) €
dom(C). In particular, Theorem 9.7 then gives us existence of a unique integral
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solution to (9.69) provided still g € L*(I; L2(2;R™)), u(0,-) € WH2(Q; R™) so that
w(0,-) € LA(QREXM), v(0,-) = Su(0,-) € L2(4R™), and 2(0,-) € L*(QR™).
For the more difficult non-dissipative case o, = 0 we refer to Alber [8, Chap 4].

Example 9.30 (Phase-field system>®). Solidification processes can be described by
the system

3} 0
87: =Au+¢ 8115) +g, Ult=0 = uo, (9.73a)
13} 1

f(,;t} =¢Av — §C(U> —u, Vlg=0 = vo, (9.73b)

for the unknown u and v having the meaning of a temperature and an order
parameter, respectively, and with fixed ¢ > 0 and (small) ¢ > 0. Considering
zero Dirichlet boundary conditions, we define X := L2(2)?, dom(A) = {z €
Wy (); Az L*(Q)}?, and A := Ay + Ay with A (u,v) := (gu—A(u+(v), —Av)
and As(u,v) := (E% c(v), 512 c(v) + éu) Obviously, gt (u,v) + A(u,v) = (g,0) is just
(9.73), namely (9.73b) multiplied by (/£ is added to (9.73a) and (9.73b) is di-
vided by . Considering ¢ : R — R Lipschitz continuous and the Hilbert space
X endowed with the inner product ((u1,v1), (u2,v2)) := fQ uiug + C2v1v9 dz and
identified with its own dual, the linear operator A; is accretive,

(gu - A(u—!—(v))u

—CAvodr = / éuQ + |Vul? + ¢(Vu -V + |Vo|? dz
Q

<A1(u,v),J(u,v)>XXx* = (Al(u,v),(u,v))XXX z/

Q

¢ 2 1 2 ¢? 2
> é‘”uHLQ(Q) + 2HquL2(Q;R") + 9 HVUHLQ(Q;R") >0, (9.74)

while A, is Lipschitz continuous. By Lax-Milgram Theorem 2.19, A; can be shown
m-accretive. Besides, dom(A) D W22(Q)2 N W, ?(Q)2 shows dom(A) dense in X.
Then, by Theorem 9.7, we obtain a unique integral solution (u,v) € C(I; L*(Q)?)
provided g € L'(I; L*(Q)) and ug,vo € L?(Q).

Example 9.31. Modification of Example 9.20 leads naturally to a system of m
equations for u = (u1,...,um) : (0,T) x (0,1) — R™:

Oui | 0 Fi(us) + Giut, ... um) = 0 in Q:=(0,T) x (0,1),

ot Ox
u;i(+,0) = 0  on (0,7) x {0},

u;(0,-) = up on :=(0,1), i=1,...,m.
(9.75)

35For more details see Sect. 12.5 below.
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To apply the m-accretive mapping approach, we assume F; strongly monotone and
G : R™ — R™ Lipschitz continuous, and then put:

X:=LY(0,1;R™), Alu):= (aiFl(ul),...,aiFm(um)) +G(u), (9.76a)

dom(A):= {ueW“(OJ;R’"); 88 F(u)eL'(0,1;R™), u(O)zO}. (9.76b)

T

Choosing A greater than the Lipschitz constant of G, the mapping Ay : A + AI
will be accretive.

Remark 9.32 (Carleman’s system3%). Some other systems that give rise to accretive
mappings exist, as e.g. the following two-dimensional hyperbolic system

ou  Ou 2 o
ot + 02, +u® —v° =0, (9.77a)
v Ov 5 9
ot T Oy +v* —u” =0, (9.77Db)

considered on Q := (RT)? together with the boundary conditions u(t,0,z2) =
v(t,21,0) = 0 and the initial conditions «(0,2) = up > 0 and v(0,z) = vg > 0.
The setting dom(A) := {(u,v) € L'((RT)?)2 N L>®((R+)?)?; 821’& +u? —v? €
LY((RT)?), 8‘220 +v? —w? e LY((RT)?), u,v > 0, u(t,0,22) = v(t,z1,0) = 0}
makes the underlying mapping A accretive.

9.6 Bibliographical remarks

In general, see the monographs mentioned in Sect. 3.4. Some more detailed com-
ments are as follows.

The notion of integral solution has been introduced by Bénilan and Brézis [45]
for X a Hilbert space and then by Bénilan [42, 43] for X a general Banach space.
See also Barbu [34, Sect.I11.2.1], Deimling [102, Sect.14.3], Hu and Papageorgiou
[180, Part I, Sect.ITL.8]. An equivalent definition involving the inequality

t

e_”tHu(t)—sz < e_z)‘SHu(s)—sz—i— 2/ e_zw<f(19)—A(v)7u(19)—v>S d¢ (9.78)

has been used by Miyadera [244, Sect.5.1]. Besides, an alternative definition

t

u(t)—o]| < [|u(s)—0]| + / (F)—A@), u(@)—v), +Mu(@)—0]| ¥ (9.79)

with (u,v)4 = infoso ! [|u+ev|— ![ul| can be used, see Showalter [321, Chap.IV.8]
or Zeidler [354, Chap.57]; it holds that (u,J(v)) < {(u,v)i||v||. This definition

36See Miyadera [244, Examples 2.3, 4.10, 6.2].



9.6. Bibliographical remarks 303

makes some estimates easier, e.g. it shows that (9.3) holds also for integral solu-
tions. A combination of (9.78) and (9.79) is in Barbu [35, Sect.4.1.1].

There is an alternative technique to prove existence of an integral solution
to (8.4) based on a regularization of A: instead of the Rothe approximation and
Theorem 9.5, it is possible to use the solution of ddtu + [Ve(A)](u) = f where
Vo(A):= e 1JI - I+ eJ7tA)71) is the Yosida approximation of A; for X =
R™ cf. (2.153b) and or X general see Remark 5.16. For this approach see Barbu
[34, Sections 3.1-2] and [35, Sections 4.1.2], Miyadera [244, Chap.3], Yosida [352,
Sect.XIV.6-7], or Zeidler [354, Sect.31.1].

Uniqueness in nonreflexive case (not proved here) can be found in Barbu [35,
Sections 4.1.1] (by a smoothing method) or Showalter [321, Sect.IV.8] (by Rothe’s
method). This is related to the Crandall-Liggett formula for the general Banach
space, see, e.g. Barbu [34, Sect.II1.1.2] or Pavel [277, Sect.3.2].

An accretive approach to the Klein-Gordon equation, cf. Exercise 11.27, is in
Barbu [35, Sect. 4.3.5], Cazenave and Haraux [77], or Kobayashi and Oharu [200].

For nonexpansive semigroups see Barbu [34], Belleni-Morante and McBridge
[37, Chap.5], Cioranescu [82, Chap.VI], Crandall and Pazy [95], Hu and Papa-
georgiou [180, Part I, Sect.IIL.8], Miyadera [244, Chap.3-4], Pavel [277, Chap.II],
Pazy [279, Chap.6], Renardy and Rogers [295, Chap.11], or Zeidler [354, Sect.57.5].
In case of X being a Hilbert case, see in particular Barbu [34, Sect.4.1], Brezis
[60], Zeidler [354, Sect.31.1] or Zheng [356, Chap.II]. Semilinear parabolic equa-
tions treated on the base of the convolution (9.40) and their mild solution are
in Cezenave and Haraux [77], Fattorini [125, Chap.5], Henri [171], Miklavéic[241,
Chap.5-6], Pazy [279, Chap.8], or Zheng [356]. Let us remark that the mild so-
lution has sometimes alternatively the meaning of a limit of the Rothe sequence
@, in C(I; X); cf. Barbu [35, Sect.4.1.1]. A semigroup approach to Navier-Stokes
equations is in Kobayashi and Oharu [200], Miklavéic [241, Sect.6.5] or Sohr [326].



Chapter 10

Evolution governed by certain
set-valued mappings

Each of the above presented techniques bears a generalization for the case of set-
valued mappings. Now, as in Chapter 5, without narrowing substantially possible
applications, we will restrict ourselves to the monotonicity method for an initial-
value problem for the quite special type of inclusions:

((1112 + 00 (u(t)) + A(t,u(t)) > f(1), u(0) = wo, (10.1)

with @ : V' — R U {400} a convex potential and A : I x V — V* a Carathéodory
mapping such that A is pseudomonotone.

As before, we will first deal with the problem on an abstract level. The
peculiarity is connected with a possible presence of an indicator function in ® so
that no growth condition can be assumed on 9® and thus no “dual” estimate on
the time derivative of the solution is at our disposal. So, one must either rely on
a regularity or confine oneself to a weak solution which does not involve any time
derivative of the solution itself.

10.1 Abstract problems: strong solutions

As a strong solution to (10.1), we will understand v € W1°>2(I; V, H) such that
(10.1) holds a.e., in particular u(t) € Dom(®) for a.a. t € I.

In view of the definition (5.2) of 9®, i.e. 0P(u(t)) := {{ € V*; YweV :
(&, v—u(t)) + P(u(t)) < ®(v)}, we can write (10.1) in the equivalent form:

<(:; + A(t, u(t)),v — u(t)> + d(v) — fIJ(u(t)) > <f(t), v— u(t)> (10.2)
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for any v € V. Note that for v ¢ Dom(®) this inequality is trivial. A typical
example is: ® = ¢ + dx with ¢ : V — R and K C V convex. Then (10.2) turns
into the variational inequality for a.a. t € I:

Find u(t)e K : YveK:

<i§‘ + At u(t)), v — u(t)> + o) —e(ut) = (f(t),v —u(t)).  (10.3)

For the special case ¢ = 0, (10.3) can equally be written in the form

du

dt + A(t,u(t)) € f(t) — Nk (u(t)). (10.4)
Thus we have arrived back at (10.1) for a special case 0 = 9dx = Ng.

Lemma 10.1 (UNIQUENESS). If A satisfies (8.101), i.e. (A(t,u) — A(t,v),u —v) >
—c(t)||u —v||% with ¢ € L*(I), then (10.1) has at most one strong solution.

Proof. Take uy,us € WH°2(I;V, H) two strong solutions to (10.1). Put u:= uy
and v:= ug into (10.2):

du
< dtl +A(t,u1)7u2—u1> + q?(’LLQ) — (I)(U1> > <f, UQ—’LL1> (105)
for a.a. t € I, and analogously for u:= uy and v:= u; we have

< dusg

i —|—A(t,uQ),u1—uQ> +®(uy) — D(up) > (f, u1—us) (10.6)

for a.a. t € I. Adding (10.5) and (10.6) and abbreviating w12 = uj — uz, one gets!

d 1d
0< (7 e = (At o) =A(t ua) wiz) < = 3 fJura[fy+ e fusa]
(10.7)
By the Gronwall inequality and by w12(0) = 0, one gets uj2 = 0. 0

Here, we demonstrate a usage of a regularization method in order to get
a sequence of parabolic equations (which we already know how to solve from
Chapter 8):

W) A ) = S0 w0 w109

LAs we assume (ftueLQ(I; H), we do not have CftueLT’(I; V*) guaranteed if p < 2. However,
we certainly have u € L*°(I; H), cf. Lemma 7.1, and thus the first duality in (10.7) can be
understood as the inner product in L2(I; H) and then Lemma 7.3 can be used for p = 2 and
V =H.
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depending on a regularization parameter €. Let us assume that ¢, : V — R is
convex and smooth and satisfies

T T
Yo e WH2(I,V, H) limsup/ P (v(t)) dtg/ ®(v(t))dt, (10.9a)
0 0

e—0

T T

we S uin WE(LV,H) = hm%lf/ D, (ue(t))dt z/fb(u(t))dt; (10.9b)
e 0 0

cf. also (5.35).

Theorem 10.2 (A-PRIORI ESTIMATES AND CONVERGENCE). Let A be semi-coercive
in the sense (8.82) with Z = V and satisfy the growth condition (8.77), and
let (10.9) with ®. > 0 be fulfilled, A(t,-) : V — V* be pseudomonotone with
A(t,v) = A1 (v) + Aa(t,v) such that

Ay =¢" with some ¢ : V — R, ¢(v) > colv]}, for some ¢g > 0, (10.10a)
A2 (t, v)||g < v(t) + CHUHI‘D,/2 with some y€ L*(I), C€R, (10.10Db)

ug € VNDom(®), f e L*(I;H). Then |uc|lwr.z2v,my < C and, for a subse-
quence, ue = u in W1°2(I;V, H) and u is the strong solution to (10.1).

Proof. Let us note that the solution u. to (10.8) does exist.? The a-priori estimate
results from testing (10.8) by & u.:

de% H b S+ Lo = (7 - s, )
S TR TR o Y 1 e I b
(10.11)

Then, by using the strategy (8.61)—(8.62) and the Gronwall inequality, one obtains

the estimate®
H du,

<0, uellpe vy < C. (10.12)

L2(I;H)
Now, take a subsequence u.—u in W1°2(I; V, H). As ®. is convex, (10.8) implies
du
( o Al ua(), v - ue(t)) + ®=(v) > ((1), v — ua()) + @ (ua(t)). (10.13)
Now, we consider v = v(t) with v € LP(I; V) N L*>°(I; H) and integrate (10.13)
over I. Then we can use the usual “parabolic” trick

. du . du 1 1
hmsup< d:,v—u8> = lim sup (< d:,v> — 2||uE(T)||%, + 2Hu0|ﬁq)

e—0 e—0

du 1 1 du
<< v>— uw(T)||3 + . llu 2=< v—u> 10.14
< ()= I+ ol = (v —u),  (014)
21t follows by methods of Chapter 8 by the a-priori estimates derived in (10.11).
3Note that ®.(uo) + p(ug) < C < +oo, which follows by (10.9a) from the assumption
ug € Dom(®) NV, and also ®c(us(T)) + @(ue(T)) > infycy,s50 Ps(v) + ©(v) > 0.
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relying on the fact that u.(T) — u(T) in H because the mapping v — u(T) :
WY2(I; H) — H is weakly continuous; the by-part integration formula (7.22) is
now backed up by Lemma 7.3 with W'22(I; H, H) instead of W'2» (I, V,V*).
Furthermore, we can use the test v:= u because u € W1°2(I; V, H), which gives

T T
.. .. due
— > — —
hIgl_)%lf/O <A(us),u u5>dt_hran_}61f/0 <f g Y us>
P P dt > liminf ! due dt
—Pe(u) + e (uc) dt > limin ; <f— &t 7u—u€>

T T T
—limsup/ D (u) dt—|—liminf/ D (us)dt > / —®(u) + ®(u)dt = 0;
0 0 0

e—0 =0

(10.15)

note that we used both (10.9) and (10.14). Using Lemma 8.26, the obtained
pseudomonotonicity of A yields

e—0

T T
hmsup/0 (A(uc),v —u)dt < /0 (A(u),v — u)dt. (10.16)

Altogether, using (10.14), (10.16), (10.9a), and (10.9b), we can pass with ¢ — 0
directly in (10.13) integrated over [0, T], which gives

T
0< /0 <i§b - fiv— u> + (A(u),v —u) + ®(v(t)) — @ (u(t)) dt. (10.17)

From this, we get ({,u— f,v—u(t)) + (A(u(t)), v — u(t)) + ®(v) — ®(u(t)) > 0 for
any v € V and for a.a. t € 1.4
Moreover, u(0) = ug; realize that certainly u. — win C(I; H) and u.(0) = ug.

Hence, u is the strong solution to (10.1). O

Remark 10.3. In fact, the proof of Theorem 10.2 requires verification of (10.9b)
only for a limit u of any subsequence of {u.}.~o. For example, if K is closed in V,
let us consider®

1
b =ik, D, (v) := . JI&%H@U —oll} . (10.18)

Since (10.11) implies sup, ¢ 7 Pe(us(t)) < C (as inf ¢ > —o0 is assumed), in the

limit one has u(t) € K for a.a. t. Then fOT ®(u(t))dt = 0.5 Since ®. > 0, (10.9b)
is satisfied for this . The condition (10.9a) is satisfied because for v ¢ K we have

4 Assume the contrary, choose a suitable v = v(t) in a measurable (and also integrable) way.

5For p = 2, ®. from (10.18) is the Yosida approximation of ® = 36 = Nk (-).

6As v disty (ue(t), K)P = infyex [lw — ue ()]}, is certainly continuous on V with a p-
growth, by Theorem 1.43, the corresponding Nemytskii mapping LP(I; V) — L' (I) is continuous
and hence the mapping v — fOTdistV(v(t), K)Pdt is a continuous functional on LP(I; V) which
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trivially limsup,_,, ®.(v) < +00 = ®(v) while for v € K we have lim._,o ®.(v) =
lim. 00 =0= ®(v).

If K is closed in H, modification of (10.18) by replacing V with H is possible,
as well. In this case, the natural option is to consider”

1.
b =ik, . (v) = . u%g{ |w —vl||% . (10.19)

Example 10.4. One can apply also the Rothe method, which leads to a sequence
of variational problems at each time level:

k k—1

YT L ap (k) + AR (WR) 3 L Wl = (10.20)

T

with A¥(u):= ! (IZT_I)TA(t,u)dt and fF:=1 (IZT_l)Tf(t)dt as in (8.78). Existence

of the Rothe approximate solutions can then be shown by Corollary 5.17.
10.2 Abstract problems: weak solutions

As in Definition 8.2, we say now that u € LP(I;V) is a weak solution to the
initial-value problem (10.1) if

T dv
|G+ Ao = oo )
+ B(u(t)) — B(u(t)) dt > _;||v(0) —wlf’, (1021)

for allv € Wip?' (I; V,V*). As in each definition, questions about consistency and
selectivity immediately arise, cf. Sect. 2.4.1. Let us make clear the former one, the
latter being justified by Proposition 10.8 below.

Lemma 10.5. Any strong solution u € W1°>2(I; V, H) to (10.1) is also the weak
solution in the sense (10.21).

Proof. If v = v(t) with v € WYP# (I; V,V*), we have after integration of (10.2)

is convex, hence weakly lower-semicontinuous. As we have u. — u weakly in LP(I;V) and
[ldistyv (ue (), K)|lpoo (1) = O(¥/e) thanks to (10.11), we get in the limit

T T
/ disty (u(t), K)Pdt < lim igf/ disty (ue(t), K)Pdt = lim ingO({'/a)p =0.
0 E— 0 E—

"In this case, we use ||dist g (ue (), K)lpoo(ry = O(Ve)-
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over I that
T/ dv
/0 <dt +A(tu(t)) = f(t),v(t) - U(t)> +®(u(t)) — ®(u(t)) dt
T
=[G+ Alkuto) - 10000 - ) + 200 - 0(utt)

dv du 1 2 1 2
+ <dt = () - u(t) ) dt > @) = w@) [ = [[0(0) = uo [
(10.22)
This already gives (10.21). O
We also suppose a certain consistency of the operator L = (ft and the “con-

straints” involved implicitly in ®:

Vue LP(I; V)N L*(I; H) Yup€H 3 asequence {u5}5>0C WLPP (L V,V*) :

T T
lim sup/ D(us)dt < / D (u)dt, (10.23a)
6—0 0 0
u= }in% ug in LP(I; V), (10.23b)
T
d
limsup/ < u67u5 - u> dt <0, (10.23¢)
ug = }irr(l) us(0) in H. (10.23d)

Theorem 10.6 (A-PRIORI ESTIMATES AND CONVERGENCE®). Let A satisfy the
growth condition (8.77) and the semicoercivity (8.82) with Z = V and A :
LP(I; VYNL(I; H) — LY (I; V*) be pseudomonotone, let ®. satisfy (P (v),v) > 0
and the growth condition

Ve >0 3¢, : R—R increasing Vv € V i ||®L(v)|

ye < Ce(llollz) (T+[loll5 ),
(10.24)
moreover fe L (I; V*), uge H, and let (10.9) be strengthened to

e—0

T T
Yo e WHPP (L V,V*) : limsup/ P, (v(t)) dt S/ ®(v(t)) dt, (10.25a)
0 0

T T
ue = uin LP(LV)NL®(LH) = hminf/ D (uc(t))dt z/cb(u(t))dt, (10.25b)
0 0

e—0

and eventually (10.23) be fulfilled. Then ||ucl|poo(r;mynrer;vy < C and ue — u
(subsequences) in LP(I; V) with u being the weak solution to (10.1).

8This assertion is essentially due to Brézis [59], see also Lions [222, Ch.II, Sect.9.3] or Showal-
ter [321, Ch.III, Thm.7.1] For A linear, see also Duvaut and Lions [112, p.51].
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Proof. As shown in Chapter 8, the approximate solution u. € wlpr' (L;V,V*)
does exist. Using a test by u. and by incorporating (8.20), we have the estimate:

1d

1d
 gplle s+ coluclly < ) el + (@ (ue) + Afue), ue)

T 2dt
+ erluely + eallucllfy = (f,ue) + exluelv + calluell

< Cluelt, + Ced + Culuc]? + CoCe | £IIE

1 1
v (o + (o +eo) el (10.26)

with C, from (8.8) and with C; depending on p and on ¢ > 0 which is to be
chosen small enough. By Gronwall’s inequality and by (8.8), this gives {uc}e>0
bounded in L>°(I; H) N LP(I; V). For € > 0 fixed, we can get also the estimate of
ddt u. in LV (I; V*) because we assumed the growth condition of the type (8.77) for
A + ®., although not uniformly with respect to ¢ > 0, cf. (10.24). Thus we can
use the by-part formula (7.22) and, by testing (10.8) by v — u., can write

+Ce /]

du, dv

0= /(JT<i§+A<u€>—fav—ue>+<¢>;<ua>7v—ug>+< =y

T

dv 1

S/ <dt + A(ue) — f,v — us> + D (v) — Pe(ue)dt + N lv(0) —uol|3; (10.27)
0

for any v € W'P» (I, V,V*). The inequality in (10.27) arose from (@’ (uc),v —

ue) < D (v) — Do (ue) (due to convexity of ®.) and from the obvious inequality

0< Jo(T) — u ()2,

Choosing a subsequence, we have u. = w in LP(I; V) N L*°(I; H). We are
now to prove (10.16). We cannot put v := u because we do not have the needed
information C?tu € LP (I;V*), hence we must employ the regularization us of u
from (10.23). Then, since ug € WP (I;V,V*), we can use (10.27) for v = us,
which gives

T T
lim inf/ (A(uc), u—ue )dt = lim i(I)lf/ (A(ue), us—ue) + (A(ue), u—us)dt
0 =P Jo

e—0

T d’LL5
Zliminf</ f- Jus — ue ) — Do (ug) + Do (ue) dt
(= ) )+ 00

e—0

1
T 1|U6(0)—U0||i1 - HA(Us)HLP’(I;V*) U_u5||LP(I;V)>

r d 1
> /0 D(u) — P(us) + < (?; - fiu— U5> dt — 5 [|us(0) — uOHZ

— limsup || A(us
e—0

u (10.28)

)HLP'(I;V*) _u5||LP(I;V)

where (10.25) has been used. Then, passing 6 — 0 with by (10.23) and the bound-
edness of {||A(ue)ll v (1;v+)te>0 by (8.77), we can push the right-hand side of
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(10.28) to zero, hence we eventually get lim inf._,o fOT<A(u8), u—ug)dt > 0. From
this, (10.16) follows because A is pseudomonotone from LP(I; V) N L>°(I; H) to
its (unspecified) dual.

Then, we can estimate from above the limit superior of the right-hand side
of (10.27), which will itself be nonnegative, too:

T qu T
0 < lim < - f,v— u€>dt + limsup/ <A(u€),v — u5>dt
o \di 0

e—0 e—0

T T
1
+ hmsup/ Q)E(v)dt—liminf/ D, (ue)dt + 2H'U(O) —uol|%
0 0

e—0 £—

(h} t (O] —@ 1[1 7 0 OllH»

note that we used (10.16) and (10.25). O

Remark 10.7. We did not have any information about lftu in the preceding The-
orem 10.6, which is why we could not expect any pseudomonotonicity of A inher-
ited from pseudomonotonicity of A(¢,-) as in Lemmas 8.8 or 8.26. The assumed
pseudomonotonicity of A can be then obtained as, e.g., Example 8.49 or Re-
mark 8.42.

Proposition 10.8 (UNIQUENESS OF THE WEAK SOLUTION). Let A(t,-) be strictly
monotone for a.a. t € I and ® admit the approzimation property (10.23); then
there is at most one weak solution to (10.1) in the class L>°(I; H).

Proof. © Take u1,us € LP(I; V)N L>®(I; H) two weak solutions, i.e. both u; and us
satisfy (10.21). Let us sum (10.21) for uy and ug, and test it by v = us := Rs(u, ug)
with u := éul + éug and with us = Rs(u, ug) denoting a regularization procedure
with the properties (10.23). This gives:

;<A(u1) — Aluz),uz —up) = }Erg) (<A(u1),u5—u1> + <A(u2),u5—u2>)

T
> lim inf (/0 D(u1) + P(uz) — 2P (us)dt

5—0

+2<f — d;té,u(; — u> — |lus(0) — UOH%I)

T
> 2liminf/ ®(u) — B(ug)dt + 2 lim <f, us — u>
0 §—0

6—0

. dus . 2
- 211?_§Slp< g u> = lim {|us(0) — wol[7-

(10.30)

9See Lions [222, Chap.II,Sect.9.4] or Showalter [321, Chap.III, Prop.7.1] for p > 2.
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Using (10.23) successively to the particular terms we push them to zero for § — 0.
Altogether, this means (A(u1) — A(uz),u1 — u2) < 0, which gives u; = us by the
assumed strict monotonicity of A. O

Example 10.9 (The regularization procedure (10.23)). Let us illustrate (10.23) for
a special case

D(u) = p(u) + ok (u) (10.31)
with K C H convex and closed in H and ¢ : V — R continuous and satisfying
0 < ¢(v) < C(1+|v]|]}). Then we can use the construction (7.19), here with &
in place of e. Obviously, we get us € Whe2(I;V, H) ¢ W»? (I;V,V*) with
the properties (10.23b-d), cf. (7.18a-c). The Nemytskil mapping N, : LP(I; V) —
LY(I) is continuous. By (10.23b), fOT o(us(t))dt — fOT ©(u(t))dt. Moreover, the

convolutory integral (7.19) remains valued in K if u(t) € K for a.a. t € I because
of the convexity of K and closedness of K in H. Hence, in this case (10.23a)
obviously holds because fOT S (us(t))dt = 0 = fOT Sx (u(t))dt. If u(t) ¢ K for t
from a set in I with a positive Lebesgue measure, then the right-hand integral in
(10.23a) equals +o0 and therefore (10.23a) holds in this case, too.

Example 10.10 (The regularization procedure (10.25)). For K C H closed and
® = 0k, the regularization (10.19) can now be shown to satisfy (10.25) similarly
as we did in Remark 10.3.

10.3 Examples of unilateral parabolic problems

We illustrate the above abstract theory on the evolution variant of the obstacle
problem (5.18) in a special form (i.e. p-Laplacean with zero boundary condition).

Example 10.11 (An obstacle problem: very weak solution). We consider, for w €
WhP(Q) N L2(2) independent of time, the following complementarity problem:

(312 — div(|Vu|p_2Vu) >gq, u > w,
(8u — div(|Vu[P~*Vu) — g) (u—w) =0,

ou ou
ay(u—w)—O on X,

u(0,+) = ug on .

n Q,
(10.32)

The weak formulation results as in (10.21) in a parabolic variational inequality: we
seek u(t,-) > w for a.a. t € I such that

v p—2 1 2
/Q<Bt —g) (v—u) + |Vu{ Vu -V(v—u) dzdt > 5 /Q(U(O’ ')—Uo) dz (10.33)
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/

holds for any v € Wb (I; Whe(Q), LP" (Q)), v(t,-) > w for a.a. t € I. The
reqularization using a quadratic-penalty method arises as in (10.8) with (10.19):

0 1
éﬁf —div(|Vue V) +_(ue —w)” =g inQ
My on, (10.34)
ov
u(0,-) = up on
where v~ := min(0,v). Suppose: ug € WHP(Q) N L*(Q), up > w, and g €

LP(I; LP"'(Q)). The a-priori estimate can be obtained by multiplication of the
equation in (10.34) by u. — w, integration over Q, and by using Green’s Theo-
rem 1.31:
1d
2dt

ou

= / g(ue —w) + _“w+ |Vu5|p_2Vu€Vw dz
Q ot

1 _
HUEH%%Q) + ||vu€HZL),P(Q;]R") + EH(UE —w) H%2(Q)

ou _
< NHg”LP*’(Q)”ué_w”Wl'P(Q) + Swdr + H|Vu€|p 1HLp' Q HVUJHLP(Q;R")
q Ot ()

< N gl oy (I Vit Vol o) + w20y )

ou 1 1
+ i 8t5wdx + p’ IVuell7 o urmy + pHVwHip(Q;Rn) (10.35)
where N is the norm of the embedding W?(Q) C LP" () and C, is the constant
from the Poincaré inequality (1.55). After absorbing the last-but-one term in the
left-hand side following the strategy (8.147), and making the integration over [0, ¢],
we can use Gronwall’s inequality to estimate:

t t
d
Hue(t)||2L2(Q) - HUOH%Q(Q) = /0 dt”“e(ﬂ)“%%mdﬁ < 2/0 <|Ue(197 ')||2L2(Q)
Qe aw)aw + K (w2 Vu|? Kg|*
+ o ot wdar + (||wHL2(Q) + || w”LP(Q;Rn)) + Hg”Lp’(O)t;Lp*/(Q))

with some constant K together with the estimate

¢ ou, 2 2 1
/0/9 5¢ wdzdd = /Q (ue(t)—uo)wdz < Hus(t)||L2(Q)—|— ||UOHL2(Q)+ 2||w|\%2(g).

Altogether, this gives the estimates

IN

HUEHLOO([;Lz(Q)) C, (10.36a)
Vel 1 gmny < C (10.36D)

[(ue =)™ 2y < VEC. (10.36¢)
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Note that the usual dual estimate || 5, uc| o (r.p10(qy+) < € /?C — oo cannot be
used, hence one cannot expect convergence to a weak solution.

However, the convergence to the very weak solution in the sense (10.33) can
then be proved by the methods we used for the weak solution of the abstract
problem in Theorem 10.6 combined with direct treatment of pseudomonotonicity
of —A, by the Minty trick. Let us test the regularized equation (10.34) by v — u.
with v > w, and apply Green’s Theorem 1.31. Realizing that (u. —w) (v—u.) <0
whenever v > w, it yields

/ (aus - g) (v —wue) + |Vua|p_2vu€ V(v — ue)dzdt
Q ot

1 _
=- /Q(u6 —w)” (v —ue)dadt > 0. (10.37)

Assuming v € WL (I WhP(Q), LP' (), we can make the by-part integration:

ou, ov ou. Ov
o ot (v —u.)dadt = o ot (v —ug)dxdt—i—/Q ( 9t 8t>(v — ug)dxdt

B ov
o Ot

ov 1
S/Q at(v—us)dxdt—k2||u0—v(0,~)|\%2(9)

1 1
(v = we) dadt — lue(T, ) = o(T, Y3z + 5 lluo = w0, )l22(ey

to obtain

ov _ 1
/Q( 9) (v=uis) + Ve P2V V(v—u)dadt = = _[uo—v(0,)[32(qy-

ot

(10.38)
Now we apply the regularization procedure (7.19) which results in us(t, z) :=
51 f0+°° e™5/%u(t — s,2)ds if u(t,x) is prolonged for t < 0 suitably as in
Lemma 7.4. By the technique (10.28), we obtain liminf._¢ fQ |Vu[P~2Vu, -
V(u — us)dedt > 0. By the monotonicity, boundedness, and radial continuity
of the p-Laplacean as a mapping LP(I; W'r(Q)) — L¥' (I; WP(Q)*), we have
also limsup,_g [, [Vue|P7*Vue - V(v — ue)dzdt < [, [VulP=?Vu - V(v — u)dzdt,
cf. Lemma 2.9. Now we can estimate from above the limit superior in (10.38),

which just gives (10.33). Of course, we used also u > 0 implied by (10.36¢).

Example 10.12 (An obstacle problem: weak solution). Consider again the problem
(10.32) and assume now that g € L?(Q) and ug € W1P(Q), ug > w a.e. in Q, and
p > max(1,2n/(n+2)) so that W'P(Q) € L*(Q). The weak formulation of the
problem (10.32) requires u(t,-) > w to satisfy, for any v > w and for a.a. t €1, the
inequality:

/Q (?;: — g(t,x)) (v(w) - u(t,x))
+|Vu(t, o) " Vu(t,z) - (Vo(z) — Vu(t,z))dz > 0. (10.39)
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The needed a-priori estimate (10.12) for the approximate solution u. can be ob-
tained by multiplication of the equation in (10.34) by gtug, integration over (2,
and usage of Green’s Theorem 1.31 with the boundary condition in (10.34):

o I e =)
L2( n) p 8t Loy T o gy lle L3(Q)
Oue Oug |2
- < : 10.4
[ a0 o < ot ey + | G L 1040
The last term is to be absorbed in the first one. This gives the estimates
0
H " <C, (10.41a)
HVUEHLw([ Lp(Q;R™)) <C, (10.41b)
H(Ua - _HLoo I;L2(Q)) < \/EC (10.410)

In view of these estimates, we can suppose that (up to a subsequence) u. — u in
L?(Q),'° and also ue — w in LP(I; W1P(Q)) and in WH2(I; L2(R)).

Moreover, the continuity of the Nemytskii mapping v +— (v —w)~ : L?(Q) —
L?(Q), the convergence of u. — u in LQ(Q) and (10.41c) yields also

< hm VeC =0, (10.42)

16w = )| 2 gy = limm (e =

i.e.u > wfora.a. (t,z) € Q. We want to make a limit passage in (10.37). For p = 2,
we can use the concavity of the functional't u — fQ |VulP~2Vu - V(v—u)dzdt =

/. 0 Vu - V(v—u)dzdt which, by taking into account its continuity, implies its weak
upper semicontinuity. In general, for p # 2, we can use the Minty trick (see
Lemma 2.13) quite similarly as we did in the steady-state problem, cf. (5.72)—
(5.73). For any v > w, by monotonicity of the p-Laplacean and by (10.37), we
have

0 > limsup/ (|Vue|P~*Vu, — [Vo[P~2Vo) - V(v — u.)dadt
Q

e—0
Oou
ST _ e _ _ p—2 . .
> ;11% Q(g 8t>(v ue) — |VolP7*Vou - V(v — ue)dadt
— /(g—au)(v—u)—|Vv|p_2Vv~V(v—u)d:rdt (10.43)
o\ ot

as ue — u in L?(Q).'2 Let us put v := (1 — §)u + dz for z > w a.e.; note that
v > w for any 6 € [0,1]. After dividing it by ¢, this gives

ou -2
/ (g— 5t ) (z—u) — |Vu + 5V(z—u)|p (Vu+ 6V (z—u))-V(z—u) dzdt < 0.
Q
10Here we use Aubin-Lions Lemma 7.7, which gives ue — u in LY (I; LP"~¢(Q)) with v < 400
arbitrary, which is embedded into L2(Q) if p > max(1,2n/(n+2)).
HUnfortunately, the function a — |a|P~2a(b — a) is indeed not concave if p # 2.
120therwise, we could alternatively use ue(T) — w(T) in L2(Q) and estimate only “lim inf”
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Passing to the limit with § — 0 gives fQ(aatu—g)(z—u)—F|Vu|p_2Vu-V(z—u)da:dt >
0, which further gives the point-wise inequality (10.39), cf. Example 8.46.

Alternatively, for p € (1,400) arbitrary, we can use the fact that the elliptic
part has a potential and transforms the problem into the form

/ Oue (v—ue) + ! |Vo|Pdzdt > / ! [Vuel? + g(v — ue)dzdt, (10.44)
o Ot D QP

and then use the weak lower semicontinuity of u — fQ |VulPdzdt : LP(Q) — R.
This gives in the limit fQ(gtu)('U —u)+ 11)|Vv|pdxdt > fQ 11)|Vu|p + g(v — u)dadt,
from which already fQ(gtu)(v —u)+[VulP2Vu- V(v —u)dedt > [, g(v—u)dzdt
follows because the convex functional u — 117 Jo [VulPdz is just the potential of the
mapping A : WhP(Q) — WP (Q)* defined as (A(u),v) = [, [Vul[P~?*Vu - Vodz.

Strong convergence in LP(I; W1P(Q)) can be proved by putting v := u into
(10.43), which gives

/ (|Vus|p_2Vu6 - |Vu|p_2Vu) - V(ue —u) dzdt
Q

< / (g - 8us)(us —u) — |VulP2Vu - V(ue —u)dzdt — 0. (10.45)
0 ot

Then, by the d-monotonicity of the p-Laplacean (cf. Example 2.78) and the uniform
convexity of LP(I; WP(£)), we get strong convergence in this space.

Exercise 10.13. Augment (10.32) by a lower-order term, say c(u), or ¢(Vu), or
div(agp(u)) with ap : R — R™, and modify Example 10.12 accordingly.

Exercise 10.14. Modify Example 10.12 by considering the unilateral complemen-
tarity condition only on ¥ as we did in the steady-state case in (5.91).

Example 10.15 (Continuous casting: one-phase Stefan problem). In Sect. 5.6.2 we
derived the following variational inequality to be satisfied for any v > 0:

3

Ou 9(v —wu) ou ) de ulo — u
/Q;n —|—cvgax3(v )d +/b()( )dS

aLL'i 8{,61‘ r
> —lvs / (v —u)dS + / h(v —u)dS (10.46)
Q r

by

liminf/ émsusd:pdt
Q ot

FI 1 2 1 2
miy timin | ue(T)25 ) = w0l o

Y

1 2 1 2 ou
Sy = 5 lollfz ) = /Q O dadt.
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for kK1 = ko = k3 = 1. Here we neglect the diffusion flux in the zs-variable (i.e. we
put x3 = 0 while holding k; = k2 = 1) and denote by ¢t = x3/v3 the “residential”
time (then wvs aisu = gtu) and L and € the length and the cross-section of the
casted workpiece. Thus, for T = L/vs, I = [0,T], Q = Q3 x I on Figure 14 on
p. 157. Now we put Q = I xQy and ¥ = I xI's with I'y := 0022 and also use the
notation u(¢, x1,x2) (resp. dadt) instead of u(x1, x2,x3) (resp. dz). Thus (10.46)
turns into

ou
/Q Vu-V(v—u)+c ot (v —u)dtdz + /2 b(x)u(v —u)dSdt

> —803/ (v —wu)dtde + / h(v —w)dSdt; (10.47)
Q b

of course, now V = ( 621, 622 ). On the top side we have prescribed the Dirichlet
boundary condition (cf. again Figure 14) which now turns into the initial condition,
while on the bottom side of I' we now do not prescribe any condition at all. Thus
we arrived at the parabolic variational inequality:

Ju —div(kVu) + lvs > 0, u >0,
ot n Q
Ou_ g Cvs)u =0 7
(815 —div(kVu) + vg)u =0, (10.48)
0 ou

Z—FbuzO, u >0, (V—Fbu)u:O on X,

0 0
u(0,-) = ug on (.

The Baiocchi transformation (5.123) of temperature 6 adapted for moving bound-
ary problems is called the Duvaut transformation'3:

t
u(t,x1,x9) := —/ 0(Y, x1, x2)dd. (10.49)
0

Exercise 10.16 (Elliptic regularization**). Denote u. the solution to (10.46) with
K1 = kg = 1 and k3 = € with € > 0 and show that u. — w in a suitable topology
for e \, 0, where u solves (10.47). Note that the boundary condition on the bottom
part of I' does not influence the limit.

10.4 Bibliographical remarks

Evolution variational inequalities and unilateral parabolic problems are addressed
by Barbu [34, Sect.IV.3], Elliott, Ockendon [117], Glowinski, Lions, Trémolieres

13See Duvaut [111]. The new variable is called freezing index; see also Baiocchi [26], Crank
[97, Sect.6.4.5], Duvaut-Lions [112, Appendix 3], Rodrigues [300, Sect.2.11].
14 See Lions [221].
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[156], Lions [222, Chap.2,Sect.9 and Chap.3,Sect.6], Naumann [256], Showalter
[321], and Zeidler [354, Chap.55]. A fundamental paper is by Brézis [59, Chap.II].
Applications to mechanics, in particular to contact problems, is in Duvaut, Lions
[112], Eck, Jarusek, Krbec [114], Frémond [130], Hlavacek, Necas [262], Kikuchi
and Oden [197].

Variational inequalities in the context of their optimal control are in Barbu
[35, Chap.5] or Tiba [336]. For application of Rothe’s method as in Example 10.4
we refer to Kacur [188, Section 5.2].



Chapter 11

Doubly-nonlinear problems

In this section we touch upon some selected problems not mentioned so far.
This concerns situations with the time-derivative Stu appearing nonlinearly (Sec-
tions 11.1.1 and 11.1.2) or acting on a nonlinearity (Section 11.2), in the former

case also in combination with the second time-derivative dd;u involved linearly
(Section 11.3).

11.1 Inclusions of the type OU(u) + 0P (u) > f

First, we begin with the initial-value problem for the inclusion

du
dt

As both 9¥ and A can be nonlinear and even set-valued (e.g. A = 9®P), we speak
about (a special case of) the so-called doubly nonlinear problem. Again, we pose
the problem in the framework of Gelfand’s triple V- C H C V* with compact and
dense embeddings.

ou () +Aw®) 370, u(0) = uo. (11.1)

11.1.1 Potential ¥ valued in R U {+o0}.

The first option will simultaneously be an illustration of a technique, not yet

2
mentioned, based on the test of a differentiated-in-time inclusion by éitgu. For
this, we consider A : V' — V™ in a special form

A=A+ Ay, A;:V—-V" linear, A} = Ay, and <A1v,v> > colv|%,
Ap:H—H Lipschitz continuous, (11.2)

and ¥ : H — RU {400} uniformly convex on H in the sense

v€1 68\1’(’01), 6268\1’(’02) : <€1 — §Q,U1 - U2> Z Cl||’01 - 1}2”2 (113)



322 Chapter 11. Doubly-nonlinear problems

with some cg, ¢1, € positive, and |- |y again a seminorm on V satisfying the abstract
Poincaré-type inequality (8.8). The requirement (11.3) implies that one can write
W(v) = ¥o(v) + jc1v]|3 with some ¥o convex, hence also one has

0¥ (v) = 0¥y (v) + cyv. (11.4)

On the other hand, we did not impose any growth restriction on ¥ so that, in
particular, ¥ can take values +00. By (11.2), A; has a quadratic potential, namely
Ay = @' with ®(v) = (A;v,v), hence (11.1) is a special case of the inclusion

du

a\p(dt)

+ @ (u(t)) + A2 (u(t)) 3 f(t),  u(0) = uoq, (11.5)
with ® quadratic, and thus smooth, so that 0®(v) = {®'(v)}.

We will call u € WH2(I; V) a strong solution to (11.1) if u(0) = ug and the
inclusion in (11.1) is satisfied for a.a. t € I. Equivalently, it means

du du du
.a. : — — > — . .
VoeV V(aa)tel <A(u(t)),v dt>—|—\l'('u) v('y) > <f(t),v dt> (11.6)
We will analyze it via the Rothe method, which is now based on the recursive
formula:

ko, k-1 T
ou (T ) A s e L[ e (1)
T T J(k—=1)T

This determines recursively the Rothe solutions u, and @.. As we will need also an
analog of the 2nd-order time derivative, we have to introduce the piecewise affine
interpolation [éitur]i of the piecewise constant time derivative St u,; cf. Figure 17
on p. 202. This interpolated derivative is defined only on the interval [r, T'], and its
derivative is obviously piecewise constant and imitates the second-order derivative
of u, by the following symmetric second-order difference formula:

k1 _ gk k—1
_ U Ur T k=1,....,T/r—1. (11.8)

d [duT}i
[kT,(k+1)7] T

de L dt

Proposition 11.1. Let A : V — V* satisfy (11.2) and ¥ : H — R U {+o0} be

uniformly convex on H in the sense of (11.3), lower semicontinuous on V', proper

and ¥ (0) 20, and V € H. Moreover, let f € WY2(I; H) and ug € V be a steady

state with respect to f(0) in the sense that A(ug) = f(0).

(i) Then the Rothe functions ur € C(I;V) and 4, € L>®(I;V) do exist and we
have the estimates

e lgmy <€ [ [%]]

<C (11.9)
L2(I;H)
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for T sufficiently small, where [-|' denotes the piecewise affine interpolation
defined on the whole interval I by considering formally u* = uy for k = —1;
hence §, [ 5, ur]'ljo.r = (ur — o) /772

(ii) There is a subsequence such that u, — u weakly* in WH°°(I; V), and every
such u is a strong solution to (11.1).

To make a-priori estimates, let us first outline the procedure heuristically:
assume, for a moment, ¥ € C2(V) and Ay € C'(H, H), differentiate 0¥ ( {,u) +

Aju+ As(u) 3 f in time and test it by (f;m and use symmetry of A; (so that

2
(A ctijtu’ §t2u> = 2dt G (A1 dr ’éit )):

\D,,(du)(dzu d2u> N 1d <A1du du>

de/ \de2’ de2 2 dt de’ dt
d du, d2 du d2
= <dtaq](d1;)’ dtg> + <A1 d?’ dtg>
d du d?
< (G -my < IS oI+ Sl a0

where £ := ||A5(")lco(m,c(m,m)) is the Lipschitz constant of Ay : H — H. By
(11.3), W"(-)(&,€) > c1]|€l|%, hence the first term can be estimated from below

all (f;uﬂ%q while the last term is to be absorbed in it. We integrate it over (0,t)
and use (A Su, fu) > col ful}. We obtain

co‘du 01/ HdtQ H dt
/(qutH H H) < du(O),(z(O». (11.11)

Further, we denote U (¢ fo [ ’LLHHdﬂ so that U = ”éi;UH%I o e
t - dﬁH
H dt HH H d192
du 2 du 2
< < '
= 2”/ 92 ‘MH r2 O, <2rue 2| o, ar12)

to substitute it into (11.11) to get

Sl oo < [ (15l + o )as
+ 2TH H < (0) (317:(0)) (11.13)

from which a bound for U(t) uniform in ¢t € I follows by the Gronwall inequal-
ity. For ¢ = T it implies a bound for w in W%2(I; H) and, putting it again
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into (11.11) and using (8.8), also in W1°°(I; V). For using Gronwall’s inequal-
ity, (41 $u(0), {u(0)) must be finite, for which we need the imposed qualification

of ug with respect to f(0) because {u(0) € [0%]~1(f(0) — A(uo)) = [0¥]71(0). In

view of the assumption 0¥(0) > 0, we can see that {u(0) = 0.

Proof of Proposition 11.1. Seeking u = u” satisfying the inclusion (11.7) is equiv-
alent to seeking u solving ¢ (u) + Az(u) 3 f* where

k—1 1
7 ) + 2<A1v,v>. (11.14)

v—u
o(v) == T\I!( .
The existence of such u can be shown by Corollary 5.17; the coercivity follows
from the estimate! so that colv|? + (c1/7)|lv — ub=Y|%, < (9p(v),v) < (fF —
As(v),v) < || l|v]|z + C(1+]|v||%) while the pseudomonotonicity of As is due
to its continuity and the compactness of V € H.

Now, following the strategy (11.10), we are to prove a-priori estimates. In
terms of the time-difference

ub — k1

ok="7 "7 (11.15)

-
we modify (11.7) by using (11.4), i.e. c16F + Wy (%) + Ajuf + Ax(uF) > f*, and
write it for £ and k41 in the form:
(108 + Ayl + As(ul) — fF, v =068 ) + Wo(v)
<015f+1+A1u’j+1+A2(uf“)—ff“, U—§’7f+1> + Yo (v)

T (8%), (11.16a)

>
> Uo (651, (11.16D)
As we defined formally u-! = ug, we have 6% = 0. As Ajug + Aaz(ug) = f(0) and
¥ is minimized at 0 (due to its convexity and the assumption 0¥ (0) > 0), the in-
equality (11.16a) holds for £ = 0 as well; one can imagine f extended continuously
for t < 0 by a constant, hence f0 := f(0). We put v:= §**! into (11.16a) and
v:=6F into (11.16b). Subtracting them for the suggested substitutions and using
the formula (8.24)? yields

T

er[ T — 855+ (ArdE ok ) — T (Ar6k, %

2 T T
< {105 — 108, 05 — 6F) 4+ (ATt — Aguk, SET - oF)
< (I PR B < B — (Ap(uE) — Ag(ul), 85FT — 6%)

IN

1 2 c
N L RS S IRy

The last term is to be absorbed in the first left-hand-side term. Then, to imitate

1We use 8¥(0) 5 0 with (11.3) for £&2 =0, va = 0, v = (v — uf71) /7.

21t is here T(A1 05T, 05T — 6k) > T(A 6T 6E ) — T (Ay 0k, ).
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(11.11), we sum it for k = 0,...,1, | < T/7, which, after multiplying by 1/7, gives

l
1 141 sl+1 cy || 0FFL — 512
2<A15T , 07 >+7'kz:% 9 . Y
l 1 — ff 2 02 oy 1 -
STZ (Cl’ T H+61H5T ||H) + 2<A15776‘r> (11.18)

k=0

Then, after using the discrete analog of (11.12), we use the discrete Gronwall

inequality (1.69) provided 7 is sufficiently small. The boundedness of the term
71 22:1 | fE+Y — £¥||2, follows from the assumption f€W12(I; H) as in (8.72)-
(8.73). Note that (A;6*,6%) is certainly bounded (as it even vanishes) for k = 0

because 62 = 0. Altogether, we get the estimates (11.9). Also,

=0O(r), (11.19)

H [dUT] B dUT L2(I;H)

L2(1;H) \/3 H dt [dUT} ’

of. (8.50).
Then the convergence (in terms of a subsequence) [ {,u,]' — $win L*(I; H),
which follows by Aubin-Lions Lemma 7.7, implies also St ur — Yuin L2(I; H).

dt
Also, we have

T du,

lim inf ; <A1QT, dt >dt—11m1nf2<A1uT(T)7uT(T)>

T—0
1 . _ du,
_2<A1’LL0,U0>+AI_)H10/O <A1(UT —UT), >dt
1 1 ’ du
2 2<A1’U,(T)7’U,(T)> — 2<A1U0,U0> :/O <A1u, dt>dt (1120)
where we used also® u,(T) — «(T) in V and f0T<A1(7fLT —u.), Qur)dt = O(r)

because ||t — ur|[r2(1.v) < 7| & urllr2(rvy = O(1). Then we can make the limit
passage in the equivalent form of (11.7), namely

T - du du
A + As(ir) — froo— Y 4+T() =T T)dt>0 11.21
/o < ' 2(tr) dt > (v) ( dt ) ( )
by using
T T
. du, du
11£n_}61f/0 O ( qt )dt 2/0 \Il(dt)dt (11.22)

because v +— fOT\I/(v(t))dt : L®(I;V) — R is weakly* lower semicontinuous
and {u; — &u weakly* in L>°(I;V) due to the estimate in (11.9). Eventually,

3By cclltu.,— — ;tu in L2(I; V) it follows that u, (T) = uo—i-fOT élt urdt — uo—i-fT d wdt = u(T).
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As(iy) — As(u) in L*(I; H), which yields lim, o [y (As(iiy),v — Su,)dt =
fOT(Ag(u)m — Ju)dt. Altogether, (11.21) in the limit results in

du

g) =0 (11.23)

T
d
/ <A1u—|— As(u) — f,v— u> + U (v) — ¥
0 dt
from which the pointwise variant (11.6) follows. O

Example 11.2 (Pseudoparabolic equations). Equations with the time-derivative
involved in a (possibly nonlinear) differential operator are sometimes called
pseudoparabolic. An example is the problem with the regularized g-Laplacean:

ou

. ou
—d1v<(6—|— |v8t |4 2)v5t

)—Au+c(u) =g, inQ,
wW=0 ony, (11.24)

u(0,:) = up on 9,

with ¢ : R — R Lipschitz continuous. This problem fits with the above presented
theory for V= WyP(Q), H = L2(Q), ¥'(v) = [o 1|Vo|? + §[Vo*dz, 4 = —A,
and Ay = Ng; then ¢; in (11.3) is eC;? with C, from the Poincaré inequality
[vll2(0) < CollVUllL2(imn)-

Example 11.3 (Parabolic variational inequalities of “type II"*). The above pre-
sented abstract theory is fitted to a unilateral constraint acting on the time deriv-
ative. An example is the following complementarity problem:

au—Au—l—c(u)Zg7 8u20
ot ot in Q
ou ou m e,
ot — Au + c(u) —g ot =0 (11'25)
u=0 on X,
u(0,) = ug on Q,

with ¢ : R — R again Lipschitz continuous. Variational inequality can be obtained
by using the Green formula: find v € W1h(I; L2(Q)) N L>®(I; W, () with
gtu >0 a.e. in @ such that

YoeW,2(), v>0 ae onQ:
A(g?—!—c(u)—g)(v— ?;;)—FVU'V<U— ?;;)dzzo. (11.26)

4See Duvant, Lions [112, Chap.II], Glowinski, Lions, Trémoliers [156, Chap.6, Sect. 5] or
Kacur [188, Sect.5.3] for more information.
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This fits with the above abstract scheme with ¥ : L2(Q) — [0, +-00] defined as

1,112 : .
(o) = { 2llvll72) ifv= O a.e. in Q (11.27a)
400 otherwise,
A1(v) = —Av,  Az(v) = c(v). (11.27Db)

Example 11.4 (Boundary inequalities). A unilateral constraint on aatu can be re-

alized on the boundary I'. An example is the following complementarity problem:

ou .
gt —Au= 9, ) ) ) m Qa
u U u u (11.28)
> > =
ay—!—bu_O, ot >0, <8V—|—bu) ot 0 onZ,
u(0,-) = uo on Q.

Variational inequality results by the Green formula: find v € WH2(I; Wh2(Q))
with 2 u|r > 0 such that, for all v € W2(Q) with v|r > 0 it holds that

f G =)= G v w(om Gans [ono- G)as o aiao

we assume u € WH2(I;W2(Q)) to give a good sense of V) u and of Julr.
This fits with the above abstract scheme with V. = W?(Q), H = L?(Q), ¥ :
Wh2(Q) — [0, +oc] defined as

2

1 .
W(o) = o vll72) ifvlr 2 0ae. onl, (11.30)
+00 otherwise.

If still g € WH2(I; L%(Q)) and ug qualifies appropriately, by Proposition 11.1,
(11.29) has a solution.

11.1.2 Potential ® valued in R U {400}

Strengthening the assumptions on ¥, we can allow the leading part of A, i.e. A; in
(11.2), nonlinear and even set-valued, and also the very restrictive assumption on
the initial condition we made in Proposition 11.1 can thus be put off. Thus, we get
another special case of the doubly nonlinear problem. We confine ourselves to a
case when A = A; + Az with A; having a convex, possibly nonsmooth (RU{+oo})-
valued potential, let us denote it by ®, i.e. Ay = 9P, and Ay : H — H. Thus, we
have in mind the inclusion (11.5) with (possibly nonsmooth) ® : V.— R U {+o0}
and ¥ : H — R being convex, coercive, and bounded in the sense

(00 (v),v) > co|vl% — eallv]|a, (11.31a)
[0 @)], < C(1+ |5 ), (11.31Db)
(09 (v),v) = colvl} — eslv]v, (11.31c)
|A2(0)]|,, < C(1+ o)l ); (11.31d)
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for some ¢y, co positive, | - |y a seminorm on V satisfying the abstract Poincaré-
type inequality (8.8), and p,q > 1; in fact, the concrete value of p will not play
any role, cf. the estimates (11.35).

By a weak solution to (11.5) we will understand u € W1°>4(I;V, H) such
that u(0) = ug € H and, for some w, z € L (I; H), the following system of two
inequalities holds:

w+z+ Az (u) = f, (11.32a)

T du ’
/<w—€, =) dt20 VoeLI(I H), €€ L7 (I H), £€0W(v), (11.32D)
0

T
/<z—£,u—v>dt20 Ve LU(L; V), €LY (I, V7), £€00(v). (11.32)
0

The philosophy behind this definition can be seen, without going into details, from
the fact that (11.32b) means w € 9¥(§,u) due to the maximal monotonicity of
0V, cf. Theorem 5.3(ii), and similarly (11.32c) means z € 0®(u). Hence (11.32a)
expresses just the inclusion (11.5).

We will analyze it again by Rothe’s method, which consists in the following
recursive formula:

k k—1
Uy —u

o )+ 00(E) + (k) 5 fE L ud =, (11.33)
T

and f* from (8.57). This determines recursively the Rothe solutions u, and .,

and (11.33) for k = 1,...,T/7 then means that, for some w, and Z, piecewise

constant on the considered partition of I, the following identity and inequalities
hold:

Wy + 2 + As(tr) = fr, (11.34a)

T

/ <w —¢ d(;f - v> dt>0 Vo,&e Lo H), €€ 0U(v), (11.34b)
0
T

/ (Z,—€, T —v)dt >0 YweL®(I;V), YE€L®(I;V*), £€0D(v). (11.34c)
0

In fact, it suffices to require (11.34b,c) to hold for the specified £ and v piecewise
constant on the considered partition of I only.

Proposition 11.5 (CoLLl and VISINTIN®). Let V' @ H, the convex, lower semi-
continuous functionals ® : V. — R U {400} and ¥ : H — R satisfy (11.31a-c),
Ay H — H be continuous and satisfy (11.31d), f € LY (I; H) and ug € dom(®);
in particular, ug € V due to (11.31c). Then:

5See the original work by Colli and Visintin [90] and Colli [88], or also the monograph [347,
Sect.I11.2] for more details in the special L2-case 9®(u) := —div(a(Vu)).
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(i) For T > 0 sufficiently small, u. € C(I;V) and u, € L>®(I;V) do exist and the
following a-priori estimates hold:

||uTHW1yoo,q([;V7H) < 07 (1135&)
H@THLW;H) <C, (11.35b)
H’ETHLQ’(I;H) < C. (11.350)

(ii) There is a subsequence and some (u,w,z) € WY4(I;V; H) x LY (I; H)?
such that (u,, s, Z;) converges weakly™ to (u,w, z) and any (u,w, z) obtained
in this way satisfies (11.32).

Proof. Existence of the Rothe sequence follows by Corollary 5.17. For this, we de-
fine the convex functional ¢ : V. — R by v — ®(v) + 79 ((v—u*~1)/7). Then, any
solution to dp(u)+ Aa(u) > fF solves also (11.33).° The needed pseudomonotonic-
ity of Ay : V — V* follows from the compactness of V'€ H and the continuity of
As @ H — H, while the coercivity follows from the estimate
T eollully — ellullm + e2lulfy — esluly < (Op(u), u) + Cr

< (fF = As(w),u) + Cr < | fF = As(w)llfy + llullfy + Cr

<20 FENg + 47T (L ully) + el + Cr (11.36)
where C; is a constant depending on 7 and u¥~1. The last two terms with |lu|%
can be absorbed in the left-hand side if 7 is small enough.

Let us first outline the a-priori estimate heuristically: test (11.5) by {,u and
estimate:

Wl =l a0 = (@05 )+ ome )
§<f—A2(u),it><2q—1C(Hqu+HA2 e +<| S

<201 (1 + 27710 (1 + uly )+6H H (11.37)

where ¢g and ¢; come from (11.31a) and where C: is from (1.22) with ¢ instead
of p. The last term is to be absorbed in the first left-hand-side term provided
€ < ¢g is chosen. Similarly, the c¢;-term is to be handled “at the right-hand side”
by Young inequality, too. As in (8.62), we denote U (t fo [| Lul|%dd so that

U = &ull; and, by using also

Hu(t)”?izHug+/O byl <o 1H/ v ag]|!

+ 297 Yo ||5, < 277U (E) + 27 HJuo |}, (11.38)

SHere we use Exercise 5.29.
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the estimate (11.37) yields

(U a@) < s +Uw) (11.39)

with some C' large enough. Then, by Gronwall’s inequality, we get U(t) + ®(u(t))
bounded independently of ¢. Then, using also the semi-coercivity” of ® and (11.38),
we get |lu(t)||lg and |u(t)|y bounded independently of ¢, which bounds u in
L>(I;V) through the Poincaré-type inequality (8.8). Eventually, U(T) < +o0
bounds u in WH4(I; H).

In the discrete scheme, we test (11. 33) by uk — uF~1: More precisely, we test
wk + 2k = ff — Ay (uF) by 6%, where wk € 8\11(5k) with 6% the time difference
(11.15) and zF € 9®(uk). The last 1nclu51on means ®(v) > ®(uk) + 2F(v — uk).
Using v = uk_ and copying the strategy (11.37), we obtain

ky k—1
PLum) = P ik 68 4 (25, 68 + e 05

< (15 = Ag(ul), 05) + e |65
<201 (151G + 27O (14 ublG) ) + 655+ ea (CorvellotIg)-
(11.40)

k
colloF I +

Taking € < ¢o/(1 + ¢1) and applying the discrete Gronwall inequality (1.69), like
(11.38)—(11.39), gives estimate (11.35a).

As w; € 0¥(u,), by (11.31b) we have ||w.(t)[lz < C(1 + ||(§lituT||‘}1,_1)7
which gives also the estimate (11.35b). Moreover, from z, = f; — @, we get also
(11.35¢).

As for the limit passage in (11.34), let us choose a subsequence such that:

ur —u  weakly* in WhH4(I;V, H), (11.41)

W, — w weakly in LY (I; H), (11.42)

Z, =z weakly in L9 (I; H). (11.43)

From (11.41) and the Aubin-Lions Lemma 7.7, it also follows u, — w in LI(I; H).

Moreover, we have f, — f in L7 (I;H), cf. Lemma 8.7 modified due to Re-
mark 8.15. As we have

du,

|ur —

=0(7), (11.44)

Urllzasm = \/q—i—lH La(I;H)

cf. (8.50), we have also @,—u in L%(I; H), and thus the convergence f0T<2T, U, )dt
— fOT<z7u>dt in (11.34c) is obvious. Moreover, Ay (@) — Ag(u) in LY (I; H) due

"The semi-coercivity of ® follows from (11.31c) and the assumed convexity of ® by Theo-
rem 4.4(i).



11.1. Inclusions of the type OU( 5 u) + 0®(u) > f 331

to the continuity of the Nemytskil mapping Ay : LI(I; H) — L (I; H), using the
continuity of As : H — H and the growth condition (11.31d); cf. Theorem 1.43.
The limit passage in (11.34a) is then obvious. As for (11.34b), we use

T T
. _ duT T = _ _ dUT
llriljélp/o <wT7 dt > dt = lim sup/0 <fT As(ar) — Zr, qt >dt

T—0

T

- du
< lim fr— As(u,), .|
o < > dt

T—0

>dt — liminf (@(u (1)) — @ (uo))
g/OT<f—A2(u),(:Z>dt—<I>(u(T))+<I>(u0)
_ /OT (1= Ao(u), ‘(1;;> - jtq)(u(t)) dt

g/OT<f—A2(u)—z, (317:>dt:/0T<w, i?>dt, (11.45)

where we used the inequality

T du T/7 T/7
/0 <ZT, dtT >dt = sz(uf—u’j_l) > Z@(u’j) — ®(ut ) = @ (ur (1)) — D(uo),
k=1 k=1

which follows from convexity of ® and from 2¥ € 9®(u¥), and we used also the fact
that® { ®(u) = (2, $,u) for any z € 9®(u) and the convergence® u.(T") — u(T),
and the weak lower semi-continuity of ® : V. — R. ]

Remark 11.6. Realize that we used only monotonicity of 0¥ (not potentiality) for
the basic a-priori estimates. Hencefore, the generalization for a maximal monotone
mapping in place of OV is possible.

Remark 11.7 (Energy balance). The estimate (11.37) has, in concrete motivated
cases, a “physical” interpretation. If ® is a stored energy and ¥ a (pseudo)potential
of dissipative forces, then (OU( {iu), $u)+ § ®(u) = (f, { u) expresses the balance
between the dissipation rate, the rate of change of stored energy, and the power
of external loading f. Disregarding the non-potential term As, this balance (as an
inequality) is just the core of (11.37).

Proposition 11.8 (DYNAMIC MINIMIZATION OF ®). Let f=0 and A3=0, and®
Je,a>0 Ve>0 VoeH: (gea\p(v): P Ze) = inf (0U(v),v) > c=®. (11.46)

8For & = ;H - ||? we used it in (9.19). In a general case, cf. the proof of (11.70) below.

9This follows from the boundedness of {ur(T)}r>0 in V and of {;t Urtr>0 in L9(I; H).

10The condition (11.46) is satisfied, e.g., for ¥(u') = ||[u/||%, with ¢ > 1. Then o = ¢. In
particular, it holds for the “linear” evolution (?tu + 0®(u) 3 0 where ¢ = 2. On the other hand,
it does not hold for ¥(u') = ||v/| g.
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Considering I = [0,4+00) as in Remark 8.22, it holds that lim¢_ 1o P(u(t)) =
min ®.

Proof. ™ Testing (11.5) by {u and integrating it over [t1,t»] yields an energy
estimate:

du du

P (u(tz)) — ®(u(tr)) + / ’ inf<(“)\I/(dt (0)), da (19)> dy < 0; (11.47)

t1

it is to be proved by smoothing of ¥ and a limit passage. Thus'?

. iz du, du .
S [ inf (0w (), )t < Jim (@(ult2) - @(u(t)) ) =0, (11.48)
ta—-+o00 ta—+o00

SO {fot inf(O0( §,u(9)), {u(9))dd}iso is Cauchy, hence the limit, denoted by def-
inition f0+oo inf (O ( u(9)), fu(9))dy, does exist and is finite. Put

I = {t € [0, +00); sup HG\II((::)HH < 5}. (11.49)

Then the measure of I. must be infinite, otherwise by (11.46) we would have
2 nf (90 (44 (1)), 94(0))dY > ce“meas(R* \ I.) = +00, a contradiction. Hence,
for any t€I., we can take £ €0U( %) such that —£€9®(u(t)), and then we have

él;%@(u(ﬁ)) < O(u(t)) < @) + (=& u(t) —v)
< ®(v) + HSHHHu(t) - vHH < ®(v) +el|ult) — vHH (11.50)
for v € V C H arbitrary. Thus infyso ®(u(9)) < &(v). O

11.1.3 Uniqueness and continuous dependence on data

The doubly-nonlinear structure of (11.1) makes uniqueness of the solution not
fully automatic.'® We present two techniques to address this nontrivial task.

Proposition 11.9. Let the assumptions of Proposition 11.1 be fulfilled. Having two
sets of data (f,uo) = (fi,u0:i) and the corresponding strong solutions u;, i = 1,2,
the following estimate

||u1_u2HW1v2(I;H)ﬂL°°(I;V) < O(||f1_f2“L2(I;H) + \/<A1(u01—u02),u01—u02> )

holds. In particular, it implies uniqueness of the strong solution.

L Cf. Aubin and Cellina [25, Chap.3, Sect.4] for the special case ¥(u') = %||u'||%{
12Here we use that ¢ — ®(u(t)) is bounded from below and, due to (11.47), nondecreasing.
I3For a counterexample see Brokate, Krejéi and Schnabel [64].
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Proof. We write (11.6) modified by using (11.4) for u := u; and put v = { uo,
and also for u := us and put v := (ftul. This gives

d d d d
<cl L Ay () + As(wr), 2 — “1>+%( 12y

dt dt dt dt
duq dup  duy
o dt )= <f1() dt — dt > (11.51)
du du du du
<01 dt2 + Arua(t) + Az (uz), dtl - dt2> + W dtl)
dus du;  dus
o dt )= <f2() at  dt > (11.52)
Summing (11.51) with (11.52), one gets
Hdu1 B dus H Av (1 — us), w1 — ua)
2dt ’
dul dUQ du1 dUQ
< _ _ _ _
< <f By = > <A2(u1> Ag(u). =)
2N? du du
< AR+ -l - 2H (11.53)
C1 C1

from which the claimed estimate follows by Gronwall’s inequality as in (8.61). In
particular, for f; = fo and ug; = wge, one gets u; = us, the uniqueness. O

The nonlinear leading part needs finer technique and additional assumptions.

Proposition 11.10 (MIELKE and THEIL'). If, in addition to the assumption of
Proposition 11.5, Ay = 0 and ® is uniformly convex and smooth enough so that
@' is strongly monotone and satisfies the Taylor expansion formula

1@ (ur) (uz — ) + @' (ur) — ' (ua)||. < Cllus —usfy, (11.54)

then the solution to (11.5) is unique in the class WH(I; V).

Proof. Take uy,up € WH(I; V) two solutions to (11.5). We have OU( {u1) +
®'(u1) > f, which means equivalently (f — ®'(uy) — &, Suy —v) > 0 for any
€ € 0¥ (v). As f — ®'(uz) € V(S us), we can substitute & := f — ®'(up) and

4 25, which gives

v i= dt

dul dUQ> >0

<q>’(uz)—q>’(u1), o (11.55)

Furthermore, put

a(t) == (@' (u1)—®' (u), w1 —uz), r; =" (u;)(ui—us—;) + P (us—;) — ®(u;)

14See Mielke and Theil [240, Theorem 7.4] for a bit modified case. Later works are by Mielke
(238, Theorem 3.4] and by Brokate, Krejéi and Schnabel [64].
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for ¢ = 1,2. Then

da du du du du
= (@) )~ @) P )+ () - (), =)
du;
= > (@) (i = i) + @ () = P us), )
i=1,2 dt
= Z <’I”1' —+ 2(1)/(UZ) - 2(1)/(U3_1'), ddUl >
i=1,2 L

By (11.54), by strong monotonicity (®’(u1) — @’ (uz),ur — uz) > c||us — UQHi. for
some ¢ > 0, and by (11.55), we can estimate

o <ttt (|5, + 1571,
P RN (o WY e WO

(11.56)

+ 2<<1>’(u1) — P (un),

and, from «(0) = 0, we get a = 0 by Gronwall’s inequality. Hence u1 = us. O

Remark 11.11. The assumption (11.54) requires C?!-smoothness of ®. Then, the
constant C in (11.54) can be taken as j[|®” | co.1(v,c(v,v+)). For the linear leading
part, ® is quadratic and (11.54) is trivially fulfilled with C' = 0.

11.2 Inclusions of the type |\ E(u)+ 0®(u) > f

Some physically motivated problems lead to double nonlinearity of a structure
other than (11.1), namely

dE(u)

& + A(u(t)) 3 ft),  u(0) = uo. (11.57)

We again consider it posed in the Gelfand triple V€ H = H* € V*. Moreover,
we will consider another Banach space Vi such that V. C V4 € H (hence H C
Vi € V*) and E : V3 — V;* monotone (or possibly even maximal monotone
E: Vi = V), and A := Ay + Ay with A; := 9P, & : V — R U {400} proper
convex, and Ay : V' — V*. The strong solution is then understood as a couple
(u,w) € LP(I; V) x Whoor' (I; Vi V*) such that w(0) € E(ug) and

T dw

Voe LP(I;V) : /0@(@)+<dt +A2(u)—f,v—u> ®(u)dt >0, (11.58a)

V*><V_
T

VEe LY (I; V) Yoe LY(I; V1), £€BE(v) : /(w—f,u—v>v*xvdt20 (11.58Db)

0 LA
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with some ¢ > 1. As E: V; = V{* is maximal monotone (11.58b) means w(t) €
E(u(t)) while, as ® is convex, (11.58a) means f(t) — $w — As(u(t)) € 0D (u(t))
for a.a. t € I. Hence (11.58) indeed corresponds to (11. 57)

11.2.1 The case F := 0V.

Let us consider the set-valued case F = 0¥ with ¥ : V; — R convex. We apply the
naturally modified Rothe method which now seeks recursively the couple (u, w¥) €
V' x V* such that

T AW s fE L wh e B, (11.59)
T

for k=1,...,T/7, and with w? € E(uo), uo € V1.

Lemma 11.12. Assume ¥ : Vi1—R and ® : V>R convex continuous, Ay : V—-V*
pseudomonotone, f € L*(I;V*). Moreover, if f € LP (I;V*) and ¥*(E(ug)) <
+00,'% and if

’
q

Jeo>0, c1,c2€R: (0P(v )+A2 ),v) = collv]|}—erllv]lv—cz||[E(v o)y, (11.60a)
Jes€R: IE@)|lve < es(1+[lo]li ) (11.60Db)
J¢:R — R increasing : H8<I> {V* <C(|E@)|lvy) (14 [vllZ7h), (11.60c)

[A2(0) |y < €(IE@)Ive) (L + ollF) (11.60d)

or someq > 1, and if T < 19 < (¢—1 2q_1020q_1 then there exists the Rothe’s
[ q>1, q q 3 )
sequence {ur}r>o and {w;}r>0 and

<C,

dw,
lieivy <€ Nrllpwn =€ ||

e <O (6

LY (I,V
Proof. Define B(v) := E(v) + 7A(v). Then one can take u* = v with v solving
B(v) > 7fF 4+ w*=1, which does exist by Corollary 5.17,16 and w* € E(u¥).

Let us first derive the a-priori estimate heuristically, assuming ¥* and ¥
smooth. Using

d s dw a1 dw /o dw
dt\Ij (w)—<[\I! ] (w)7 de >V><V*_<[\I]] (w)7 de >V><V*_<u7 de >V><V* (11'62)
with w = E(u), cf. (8.213), and testing (11.57) by u, we obtain

d

dt

15Legendre-Fenchel’s conjugate U* to ¥ is defined U* (v*):= sup,, ¢y (v*,v) — ¥(v), cf. (8.212).
16We use B(v) := 0¥ (v) + 170®(v) + TA2(v) D [V 4 7®](v) + T7A2(v), cf. Example 5.29. Note

also that, by (11.60b) and (11.65), it holds that (w,d0¥*(w)) > 5Hqu/* for some € > 0. For
1

W (w) + (00 (u) + As(u), u) = < +8<I>()—|—A2(u),u> (f,u). (11.63)

E(u) = w, i.e. u = 00~ Y (w) = 0¥*(w), we have (E(u),u) > aHE(u)H“I;*, and therefore, by
1
(11.60a) and for 7 > 0 small enough, the mapping B is coercive as required in Corollary 5.17.
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By Young’s inequality (f,u) < C¢|| f] 1‘)//* + ellull},, it further gives

d

g ¥ W) Feollully < cllully + Cell flly- + ellully + eaf|w]y; (11.64)

and, taking € = ¢p/2, we can make an integration over [0, ] and estimate

@ Dlw@lv: _ < U (E(up)) +c+/t [w(®)]|.d0 (11.65)
q2a-1ci! q¢ ~ 1 o Ny '
with some C depending on q, ¢y, c1, c3, and ||f||Lp/(I;V*), where we used the lower
bound for ¥U* obtained from ¥(v) < c;;(ql, + 3Hv||“’,l) as (8.217)-(8.218).17 By
Gronwall’s inequality, it yields the estimate of w in L (I; V;*). After integration
(11.64) over I, we get also the estimate of u in LP(I; V). Further, the dual estimate

of 4w in L' (I; V*) follows from

d
sp (o) = sw (A 0) < =A@ gy

lvllzp vy <1 lvllzp vy <1

T /
< flleer vy + 2¢(Hw||L°°(I;V1*))(/O (1 llu() |5 dt)

-1

1/p’

<Nl o (rovey + A€Wl Lo zviy) (TP + Nl vy )" (11.66)

Rigorously, one must proceed by testing (11.59) by u*. The difference analog
of (11.62) reads simply as

W (wr) = U (wp™t) <w’ﬁ—w’ﬁ‘1 k>

(2
T T

(11.67)

> T

provided u* € 9U*(w¥), which just follows from the definition of the subdif-
ferential, cf. (5.2), or equivalently provided w® € OW(u¥), cf. (8.213). Then the
difference analog of (11.63)—(11.64) and the discrete Gronwall inequality instead
of (11.65) provided 7 < 7y sufficiently small as specified are simple, as well as the
analog to (11.66). O

Proposition 11.13. Let, in addition to the assumptions of Lemma 11.12, also Vi
be separable, Ay : V. — V* be monotone and radially continuous, and V € V1.
Then (11.57) possesses a strong solution. Moreover, any weak* limit (u,w) of (a
subsequence of) {(tir, wy)}rso in LP(I; V) x Whoor (I, VF V*) solves (11.57).

7The upper bound for ¥(v) follows from (11.60b) when one uses the formula (4.6) with
$(0) = 0, as we can without loss of generality, which gives ¥(v) = fol (E(tv), v)dt < fol c3(1+
l[tvllvi)llvllvy dt = es(llvllvy + lIvlIS, /a) < es(1/q" + 2Ilvll5, /9)-
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Proof. In view of (11.59), we have

T dw .
® T4 As(iy) — fryv — iy — o(a,)dt >0, 11.68
[ o+ (O + At~ o), —Badezo, (116s)
T
| o= vy a0, (11.68D)
0 1

provided £(t) € E(v(t)) for a.a. t € I. To obtain (11.58b), we select a subsequence
converging as indicated, cf. the a-priori estimates (11.61), and pass to the limit in
(11.68b) by proving

T T T
lim ; (Wr Ty )y, At = limy i (W7, tr )y, A :/0 (w, )y, At (11.69)
We know that @, — w in LP(I;V) and, by Aubin-Lions’ compact-embedding
lemma, WHooP (I; Vi, V*) € LP (I;V*), also w, — w in LP (I; V*). As ddtwf is
bounded in L? (I3 V*), we have |[wr —0r || o (7,y+ = 7| (fthHLp/(I;V*)/ R/p+1=
O(1), cf. (8.50), and therefore also w, — w in L? (I;V*). In this way, (11.69) is
proved. To get (11.58a), we must make a limit passage in (11.68a). We employ

T T/r ok k—1
dw, -
lim inf/ < Y ,ﬂ7.> dt = liminf 7 E <w7. Wr ,uf>
=0 Jqy dt V*xV 70—~ T Vi x Vi
T/T s k * () k—1

. v (w.,.) -v (wT ) S *

> =

> 11511_}611’7' g . hITn_%lf U (w,(T))

k=1

T w
— 0¥ (wp) > U (w(T)) — U (wp) = /0 <(i1t ’”>wxv dt,  (11.70)

where (11.67) and (11.62) have been used together with the fact that w,(T) —
w(T) in V;*.*®¥ Moreover, the last equality in (11.70) holds because u(t) €
E=Y(w(t)) for a.a. t € I has been already proved by limiting (11.68b) and because
U* is a potential of E~!. To prove this equality, for any € > 0 we can consider a
finite partition 0 < tf < ¢ < --- <t} < T such that u is defined at all ¢ and
both u. and ug, defined by uc|(se_ | 4=y = u(t;) and u|e_ 4= = u(t;_;), converge
to w weakly in LP(I; V) for € — 0. As u(t;) € 0U*(w(t)) for i = 1,... ke, we
have

(w(t))—w(ti_y),u(ti_y)) < O (w(tF)) =" (w(t;_y)) < (w(t])—w(t;_y), u(ty)).

8Note that {ws(T)}r>0 is bounded in V;* due to (11.61) and, by the weak continuity of
Wl’pl(l; V*) — V* :w — w(T), its weak limit in V* (and thus in V¥, too) is just w(T).
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Then, summing it up for ¢ = 1,..., k, we obtain

eY_ € T
ng(“’(“);” tz_l)’u(ﬁ»wwz/o <(i11:7u€>wxvdt (11.71)

with 77 1= tf —5_;. As before, we have liminf. o U*(w(t;_)) > ¥*(w(T')) because
ty. — Tand w(t;_ ) — w(T) in V;*. Then, passing e — 0in (11.71), we arrive at the
last equality in (11.70).!% Using the monotonicity of A, (11.68a), the convexity
of @, and (11.70), we obtain

T—0

T
0< hmsup/ <A2('ELT),'&T - v> - <A2('U),ﬂT - v> dt
0

. r _ dw, ; _ _
<timsup [ 0(0) = 0(ar) + (7 Frov=ir) = (Aa(0). o)

< /OTQ)('U) —<I>(u)+<(:: — [+ Az(v), 0~ u)dt. (11.72)

Then (11.58) follows by Minty’s trick, i.e. by putting v := (14+¢)u+ez, € € (0, 1],
using the convexity of @ for ®(v) — ®(u) < e(P(2) — ®(u)), dividing it by €, and
passing to the limit with € N\, 0 by using (11.60b,d) and Lebesgue dominated-
convergence Theorem 1.14 as in (8.144).

Finally, E(ug) > w,(0) — w(0) in V;* and the convexity and closedness of
E(up) implies w(0) € E(ug). O

19Cf. also Visintin [347, Prop.XI1.4.11]. More in detail, both us and uZ} are to be understood
as defined equal to zero on I'\ [{§,1f ] in (11.71). This is a classical result that we can rely on
lime 0 Zfil(tf —t5_u(ts) = fOT u(t) dt for suitable partitions and, as this holds for a.a. par-
titions, we may also require symmetrically that lim._.o Zfil(tl? —te_u(ts_,) = fOT u(t) dt,
and then we obtain also the convergence in the two integrals in (11.71). In addition, these
partitions can be assumed nested, and we can pick up one common point inside I, and investi-
gate the limit passage in (11.71) separately on the right-hand and the left-hand half-intervals.
In the former option, it is like if t§ would be fixed in (11.71) and then we can see that even
lime—o ¥*(w(t;_)) = ¥*(w(T)). The analogous argument for the left-hand half-interval then
yields lim. o ¥*(w(t§)) = ¥*(w(0)). Let us remark that the technique of replacement of
Lebesgue integral by suitable Riemann sums dates back to Hahn [167] in 1914. Note that we
cannot directly use that Cft‘l/"(w) = (u, (?tw>v><v* for any u € 0U*(w) NV like Lemma 9.1
with U* : V; — R instead of ® : V — R together with reflexivity of V* (so that by Komura’s
Theorem 1.39 4 w is also the strong derivative) because we could assume ¥* locally Lipschitz
continuous on V;* but hardly on V* where w is valued as an absolutely continuous mapping.
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11.2.2 The case E nonpotential

An alternative approach to analysis of (11.57) is based on testing by (ftu. It allows
us to consider ® unbounded and valued in RU{+4o00} and to replace the assumption
on potentiality of E by its uniform monotonicity. In addition, assuming £ smooth
with B : V1 — V;* bounded, one can use the semi-implicit Rothe method:

uk — k1

E(uf=hH"" + A(ub) > fF (11.73)

T

for k=1,...,T/7, u = ug. This, linearizing partly the problem, can lead to ad-
vantageous numerical strategies after applying additionally the Galerkin method.

Lemma 11.14. Let f € L*(I; V), uo € dom(®), and

de; >0 Yu,veV : <E/(u)v,v>vl*xvl > c1||v]3,, (11.74a)
Jeg >0 YweV: ®(v) > colvly, (11.74Db)
Je2 €R WYweV : [|Az(v)| ve < c2(1+ [Jvllvy) (11.74c)

with some p > 0 (whose value is not reflected in (11.75)) and with | - |y referring
to a seminorm satisfying (8.8). Then, for 7 > 0 sufficiently small, the following
a-priori estimates hold:

<C,

Hd”T (11.75)

HUTHLN(I;V) L)
Proof. Let us first proceed heuristically: testing (11.57) by éitu using

(S E(u), fu)y = (E'(u) {u, $u) > ci] ull},, and integrating it over [0,] gives

()~ 8u) + 00 < [ a0+ (Fo) gy G0), a0

_ /Ot <d]jf9 Y 4 @ (), jg> 49 = /Ot (19) = Aa(u(®)), jz> 49

t 2
c1||du 1 9 & 9
< Dy +2 “(1 U dd.
< [ Sl + o 1R + 22 0+ o))
c 1 3 !
< Ut + oM WEaqovey+2T 2 (1 +2[luolZ, + 2/0 U(o) dﬁ), (11.76)
where the last estimate follows as (8.61) and, as before, U (¢ fo | ullz, dv. By

Gronwall’s inequality (1.65) and by (11.74b) together Wlth the abstract Poincaré-
type inequality (8.8), it yields the estimate of u in L°°(I; V') and of §,win L*(I;V4).
Rigorously, the a-priori estimate (11.75) can be obtained by testing (11.73)
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by (uk — ub =)/

k_, k-1
Ur—Uy

2 O(uF)-d(uF)

T
b —yk—1
T 11.77
T > ( )

uk—uk-

T < (),

T T
and by continuing the strategy (11.76) by the discrete Gronwall inequality. |

Proposition 11.15. Let, in addition to the assumptions of Lemma 11.14, also E’ :
Vi — L(V1,V}*) be continuous and bounded in the sense ||E'(v)|zvy, vy < C(1+
lv]|$1) for some ¢ > 1, Ay : Vi — Vi* be continuous and V € V;. Then (11.57)
possesses a strong solution. Moreover, any (u,w), with w = E(u) and v a weak*
limit of (a subsequence of) {u;}r~o in WHo2(I;V, V1), solves (11.57).

Proof. Choosing a convergent subsequence u, = u in W°*2(I;V, V1), we make
a limit passage in

W 90 + Aslir) 3 T (11.78)

with the “retarded” Rothe function @% as defined in (8.176). Using V € V; and
Aubin-Lions’ lemma, we have u, — u in L% (I;V7) for any ¢; < +o00. Then, as
lur — @2y = Tl S urllnzny/V3 = O(1), cf. (8.50), we have % — u in
L?(I; V1) and, by the interpolation between L?(I;V;) and L>(I;V;), also 4l — u
in L% (I; V7). By the same arguments, also @, — w in L9 (I;V}). By continuity
of the Nemytskii mapping induced by E’ as L% (I;V;) — L@/9(I; £(Vy, V})), and
by $ur, = $win L2(I;11), we can see that E'(a®) §u, converges to E'(u) & u
weakly in L29/(2¢+0)(I; V). Then (E'(a%) Sur,-) — (E'(u)$u,u) provided
we choose g1 > 2¢ + 2. By (11.74c), we have the Nemytskil mapping induced by
As continuous as L9 (I; Vi) — L% (I; V}*), hence As(t,;) — As(u) in L9 (1;V)F).
Then, using also the convexity of ®, we can pass to the limit in (11.78) written in
the form (11.58a), i.e. we can make limit superior in

E(a)

T
du -
/(=R T = _ 5 _ = >
/0 <I>(v)+<E (@) dt + Ao(tr) — fryv uT>V1*XV1 ®(u,)dt > 0. (11.79)

This gives just (11.58a) when realizing E'(u) {,u = ¢ E(u) and putting w = E(u).
Then (11.58b) follows, too. Eventually, the limit passage in the initial condition
uo = ur(0) = u(0) yields u(0) = ug. O

Example 11.16 (Heat equation). The nonlinear heat equation in the form (8.173)
can be transformed by considering ((u) as the unknown function itself into
the form 8at (B~'(u)) — Au = g with the boundary condition gyu + (b +
bo|w1B7 (w)|>) R~ (B~ (u)) = h. Assuming 3 : R — R increasing and satisfy-
ing |[871(r)] < C(1 4+ |r|?71) for some ¢ > 2, we can apply the approach from
Sections 11.2.1-2 with V := W12(Q), Vi := LY(Q), H := L*(Q).
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11.2.3 Uniqueness

The notion of monotonicity of A can be generalized to be suitable for the doubly-
nonlinear structure (11.57) with £ : V4 — V{* invertible such that E~1(E(V)) C
V: the mapping A : V — V* is called E-monotone (in Gajewski’s sense [140]) if

E(u)+E((v)

Yu,veV, zzE‘l( 5

) L (Au),u—z) + (A(v),v—2) > 0. (11.80)
If, in addition, strict inequality in (11.80) implies u = v, then A is called strictly
E-monotone. Obviously, if E is linear, then (strict) E-monotonicity is just the
conventional (strict) monotonicity.

In case that £ = ¥’ and A is E-monotone, the function
. . «(Ew)+E@)
o(u,v) := U* (E(u)) + U* (E(v)) — 20 ( ; ) (11.81)

introduced by Gajewski [140], can measure a “distance” of two solutions u; and
us corresponding to two initial conditions ug; and uge in the sense that, for all
t € I, the mapping uo — u(t) is non-expansive:

o(u(t),ua(t)) < o(uor, uoz). (11.82)
Indeed, as in the last equality in (11.70) with ¢ instead of T, we have

U (B(u(t)) — U* (E(u(0))) = / <u(19),dEEiu19(19))>d19. (11.83)

0

Then, using subsequently the definition (11.81) and the formula (11.83) with z(t) =

E7Y(JE(ui(t)) + 3 E(uz(t))) and assuming a special case f = 0, we obtain

o(ui(t), us(t)) — o(uor, uoz) = /0 <u1(19)’dE(;t;(19))>

e
= /Ot <ul(0> (), dE(z;(ﬁ))> n <u2(19) L), dE(Z;(ﬁ))>d0

= _/0 (A(ur(9)),ur(0)—2(9)) + (A(uz(9)), uz(9)—2(¥))d < 0.  (11.84)
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Proposition 11.17 (GAJEWSKI, GROGER, NECAS??). Let E = U’ be invertible, ¥

be convex, and let:

(i) A be strictly E-monotone and f =0, or

(ii) A = 0P with both ® and ®o E~1 convez, E be strongly monotone in the sense
(E(u)—E(v), u—v>vl*xv1 > mHu—va/l with m > 0 and Lipschitz continuous,
[E7Y) . V¥ — L(V{*, V1) be Lipschitz continuous, and f € L*(I; V).

Then the inclusion (11.57) admits at most one strong solution.

Proof. In case (i), (11.84) implies o(u1 (t), u2(t))=0, thus u; (t)=us(t) for a.a. teI.

As to (ii), abbreviating w = FE(u), (11.57) can be written as the system of
two inclusions:

dw
g T2 > f, (11.85a)
?1? + (BT ()o@ (E7 (w)) 3[BT (w)f. (11.85b)

Note that Sw = & (E(u)) = E'(u) {,u. Let us consider two solutions (u1,w;)
and (ug2,ws), write (11.85) for them, subtract the particular inclusions in (11.85)
tested by w1 — wo and uy — ug, respectively, and sum it up. Altogether, using also

the assumed monotonicity of A and of 9[® o E~1],2! we get

d<w — W2,U —’LL> _<dw1—dw2u —’LL>
gt R R v TN e @ P vy
du du _ _
+< dt1 B dtz’wl_w2>v1*xvl <((i® Tw) (B 1]/(w2))f’w1_w2>vf‘xv1
< Llfwn = wolli [l < 22 Jur = welfy, [1£]]y.

where L and M are the Lipschitz constants of [E~!]" and of E, respectively.
Integrating over I, one obtains m|juy (t) —ua(t)||vy < (wi(t)—wa(t), u1(t) —ua(t)) <

LM fi [un(9) @), 1 9)]
Gronwall’s inequality. O

V*dﬂ, from which u (t) = us a.e. on I follows by
1

11.3 2nd-order equations

We will now treat the abstract 2nd-order doubly-nonlinear Cauchy problem (9.56)
in a non-autonomous variant, i.e.:

du

du+A<t du>+B(t,u(t))=f(t), u0) =w,

= vp. 11.
R (e () =vo.  (1186)

20The case (i) is basically due to Gajewski [140] while the case (ii) has earlier been investigated
by Groger and Necas [164] in a narrower setting V =V; = H.
21The convexity of ® o E~! implies E-monotonicity of &®.
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Enough dissipation (i.e. A uniformly monotone on V') causes that (11.86) repre-
sents, in fact, a parabolic problem in terms of “velocity” | d

By the strong solution we will understand v € W2 o0.p:p’ (I; V,V,V*), cf. the
notation (7.4), such that (11.86) holds for a.a. t € I.

Considering finite-dimensional subspaces Vi, of Z C V satisfying (2.7) with
Z from (8.82), we apply the Galerkin method with wug, € Vi approximating ug
in V and vgr € Vi approximating vy in H. Existence of a solution wuy of the
resulting initial-value problem for the system of ordinary-differential equations
can be proved by the usual prolongation technique combined with the following
a-priori estimates.

Lemma 11.18 (A-PRIORI ESTIMATES). Let A : I x V. — V* be semi-coercive in
the sense of (8.82), let B : V. — V™ be time-independent and have a potential
®:V — RY, and let f € Lp/(I; V*), wok, vor € Vi, limg_oo uor = uo tn V and
limg 00 Vo = vo in H. Then, with C independent of k,

duk
& oy < C. 11.87
H HL°° (I;H)NL?(I;V) — HukHL vy = ( )

Moreover, if A satisfies the growth conditions (8.77), i.e. [[A(t,u)|v- <
C(llulm)(va(t) + [ulli"), and B satisfies | B(u)|lv+ < €(|ullv) with va € L (I)
and € increasing, then

dQUk

< 11.
dt? ’ ’l_O (11.88)

for any k > 1; for the seminorm | - |y see (8.81).
Proof. For (11.87), let us test the equation (f;uk + A($ur) + Blug) = fi by

Jug, and use (éﬁum Sug) =3 L S w3, of. also (7.23). Using also a strategy
like that used in (8.20), we get

b R +§t@m> ol ool
() <t o] e
st e (. e

For £ > 0 small enough, we get (11.87) by the Gronwall inequality. As {uok }ren C
V is bounded and {ftuk}keN C LP(I;V) is bounded, by Lemma 7.1 with V; =
Vo =V we get even {ug}ren € C(I;V) bounded. The dual estimate (11.88) can
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be obtained from

d2uk d2uk dus
= B
dt Tpr. 12l <1 <dt2’ > <f AC )~ (Uk)az>
z2(t)eV; for a.a. tel
duk
< Hf+A + Blug H AP
ll= HL:D(IV)<1 ) ( ) L:D/(];V*)H ”L (I;V)
duk
< HfHLp "(I;v* +€(H HLOO([ H))

duk ’
(nmup e el ) Tkl i) (11.90)
) O

Lemma 11.19 (OTHER ESTIMATES). Let

A=A+ A, with Ay time-independent,

Ay =W for a convex potential ¥ : V — R,

¥ (v) = collv]li;,  co >0,

|Aa(t,0) |l < CL(t) + Colloll?/?, Cy e L2(D),  (11.91)
B =B; + By with By : V. — V* smooth (and time-independent),

[|Bi(w)]],,. < Cs(1+ ullf1),

([Bi@)@),v) < Ca(1+ [uly) ol

| Ba(t,w)||,; < Cs(t) + Collully/?,  Cs € L3(1),  (11.92)

with p > 2 if By # 0, and let f € L*(I; H), uok,voxr € Vi and now both
limg_, o0 Ugk = ug and limy_, oo vop, = vo in V. Then

I |

¢ & [y

(11.93)

Lo (I;V) L2(I;H) —

Proof. For (11.93), we test the Galerkin equation by 51:2 ug. Using (11.91), one

gets
[ e e () = (70— ) = 3o, )

<210l +2as (5, — (maw), )

d?uy (|2
+2|| B2 (t, uk) HH+ QH dt2kHH

<250 —(Bafu), L)

de?

A2 12
+ACE(t) + ACE |Jur |y, + 2” dti’“HH. (11.94)

FAC2(¢) + 402 H dur H

I
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Absorbing the last term in the left-hand side and integrating this estimate over
[0,t] and using the coercivity of ¥ assumed in (11.91) and the by-part formula

Jo (Bu(ug), (Sauk)dd = (By (ur(t)), &uk(t)) — (B (uow), vor) — fo (1B (wr))( & ),

ddﬂuwdﬂ, we get
L o= (ro) [
S\P<v0k>+/0 (217, + 1c20) + 13
(B (G0), S 1 aczw) + 40§||uk<z9><|’&)dﬁ

_ <B1 (u(t)), d;ttk (t)> + (B (uok), vok )

< (o) + 2| f 2o () + 4Ly + 41 C5 1120

duyg (1P dQUk

| g [

[as

/<4C2Hdu’“H +c4+2c4Hdu’“H +(C4HACE)|ur (9 ||@)d19

p

d
i o+ (Bi(uok), vox); (11.95)

+ CCf (L @I +¢|

note that p>2 was needed to apply Holder’s inequality if B;7£0. For e<cy we can
absorb the last-but-one term in the left-hand side. As in (11.38), we can estimate

d
lur @)}, < (267 Uk(e) + 27 uor|f,  with Us(t / | o[ a0 (16)
Hence the estimate (11.95) exhibits the structure

e [ (|l eno o
0

T
dy?

with a sufficiently large constant C. Adding (C+1)U(t) = (C+1) fot (| & ul5-do,
we obtain

Hdu’fH /tHi;’“H dz9+Uk()<C+/0t<2C+1 Hd“’“H +CUk(19))dz9,

which eventually allows us to use Gronwall’s inequality to conclude the bound for
|| & ur(t)||v uniformly for t € I as well as the second estimate in (11.93). O

Theorem 11.20 (CONVERGENCE). Suppose V. € H and the assumptions of
Lemma 11.18 hold (so that the a-priori estimates (11.87)—(11.88) are at our dis-
posal), and one of the following situations holds:
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(i) A= A1+ Ay, with Ay is linear, time-independent, symmetric (i.e. Af = Ay),
and positive semi-definite, Aa continuous as a mapping LY(1; H) — LPI(I; V*)
with some q¢ < +00, and B : V — V* is semi-coercive and pseudomonotone.

(i) A(t,-) : V. — V* is pseudomonotone for a.a. t € I and B = By + Bs
with By : V. — V* linear, monotone and symmetric in the sense B = B,
By : WHP(L; V) — L (I; V*) totally continuous, and, for simplicity, ug € V1
(hence ug € Vi, for any k > 1, too).

Then uy, converges (as a subsequence) to a strong solution to (11.86).

Proof. Take z€ WP (I;V,V*) and a sequence {z }ren, zx € WH(I; V4), such
that 2z, — 2z in WP (I;V,Vi%); by a density argument it does exist.?? We use

lcs

z, as a test function for (11.86). By the by-parts integration, we obtain

/OT—<d§:’ ddztk> 4 <A(d§:)’zk> + <B(uk),zk> — <f, zk>dt

+ <d(;1L;k (T)7 Zk(T)> = <U0k, zk(0)> (1198)

Let us now choose a subsequence such that

ur —=u in WHP(LV) and  w, 2w in WH(I; H). (11.99)
Then also
T T
d d
w@ =uo+ [ “Fdt g+ [ “dt=wT) mV, (11.100)
o dt o dt

hence ui(T) — w(T) in H V. By (11.88) and by the interpolated Aubin-Lions
Lemma 7.8%%, we then have { {,ux}ren relatively compact in L(I; H) with any
q < +o0. Therefore,

duy, du . arr.
i de in LY(I; H). (11.101)

In particular, $,u; — Su in L?(I; H). Moreover, by the L>(I; H)-estimate of

{ $ ubwen, choosing (for a moment only) a subsequence, §,ux(T) converges weakly

in H. By (11.88), $up(T) = [ & updt +vor — [ &udt +vo in Vi, hence
du, du
—"NT) i H. 11.102
g D= (@) i ( )

22Cf. the proof of Lemma 8.25 with the arguments in the proof of Theorem 8.28.
23We use Lemma 7.8 here with Vi =V, Vo = V4 = H, and V3 = Vi

*
cs’
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Putting 2, — uy instead of zx into (11.98), one gets

duk dzk duk
{foz = >+<dt’dt_ dt>dt

(o
_/0 <A1 zk—uk>dt—< dutk),zk—uk>

(00 - ) 0 )

T du dz du . T duy,
:/O <f’z_u>+<dt’dt — dt>dt_h;?is;p/0 <A1 qt ,zk—uk>dt

_ <A2(((1;Z),z ) - <‘:: (T).2(T) — u(T)) + (w0, 2(0) — o)

lim inf <B(uk) 2k — uk> = hm mf

k—oo

because Su, — $uin LA H), Sz, — &z in L*(I;H), and we also used

(11.100) together with V € H and (11.102). The term with Ay uses {up — $u

in L(I; H) and the assumption that Ay : LI(I; H) — L¥'(I; V*) is continuous.
By (11.100) and by the weak upper semi-continuity of z +— —(A;z,2) : V —
R, one gets

d
lim sup <A1 c?tk J 2k — uk>

k—oo
T du A A7), un(T)) | (Aguo, uo)
= Jim (g et T
du <A1u(T),u(T)> <A1U0,U0> _ du
/0<A1 2)at - ) + —<A1dt,z—u>.
(11.103)
Then

du dz du> ;

T
lim inf <B(Uk) 2= Uk> /0 <f,z u>—|— <dt’ At dt

k—oo

- <A(((1;),z—u> - <((1;;(T),z(T)> + (ug, 2(0)).  (11.104)

We have {B(uy)}ren bounded in L¥' (I; V*) (cf. the assumptions in Lemma 11.18)
and zx — z in LP(I; V), so that

likrgirgf (B(ug), z—uy) = kli>nolo (B(uk), z—2z)

—|—likminf <B(uk), zk—uk> = 1ikminf <B(uk), zk—uk>. (11.105)

In particular, for z:= u we have limsupy_, . (B(ux),ur — u) < 0 and, in view of
Lemma 8.26, we can use the pseudomonotonicity of B to conclude that, for any
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z € LP(I; V), liminfy_, o0 (B(uk), ur, — 2z) > (B(u),u — z). Joining it with (11.104)
and (11.105), one gets (B(u),u—z) < fg(f,u—z)—<ddtu, Sr—Suydt—(A( L u),u—
z) — ($u(T), 2(T)—u(T))+(vo, 2(0)—u(0)). As it holds for any z, we can conclude
that

T du du dz du
<B(u),z>:/0 <f—A(t7 dt)’z>_< d dt >dt—< dt (T),z(T)>+<v0,z(O)>.
(11.106)
Moreover, the initial conditions éitu(O) = vp and u(0) = up are satisfied by
the continuity arguments. As z € W1 (I;V,V*) we can use the formula (7.15)
for z(T) = 0 = z(0), which enables us to rewrite (11.106) into the form (11.86).
In the case (ii), we use the pseudomonotonicity of the mapping A+B o L1
where [L™10](t) = fg v(9) dY + ug is the inverse mapping to L = § : dom(L) —
LP(I; V) with
dom(L) = {ue W"P(I;V); u(0)=uo}, (11.107)

cf. (8.197). Note that uy is the Galerkin approximation to (11.86) if and only if v, =
L=y, and ( vp+[A+Bo L™ (v) — f, 2x) = 0 for any zj, € LP(I;V;) and vj,(0) =
vok; here ug € Vi has been employed. By Lemma 8.26, A is pseudomonotone on
WL (I, V, Vi )AL (I; H). The mapping v — By (L") : LP(I; V) — C(I; V) C
LY (I; V*) is monotone: indeed, for vi,vy € LP(I;V) we again abbreviate v =
v1 — vg and then, using the symmetry and monotonicity of B, we have

(By (L™ 1) =By (L vs), v1—vs) :/T<Bl(/Otvlzw)dﬂ),m(t)>dt

0

/O ! <B1< /O tv12(19) dz?),(i /O tv12(19) d19> dt
T t t
- ;/0 §t<B1(/0v12(19) (w),/ovlzw) d19> dt

T

— ;<B1(/ v12(19)d19>,/T1112(19) d19> - ;<Blo,o> >0. (11.108)
0 0

Moreover, By o L=1 : LP(I; V) — L (I; V*) is bounded as both L= : LP(I; V) —
L*>®(I;V) and By : V. — V* are bounded. Hence, it is also radially continuous.
By Lemma 2.9, B; o L™! is pseudomonotone. Also, L=t : LP(I;V) — WLP(I; V)
is weakly continuous, and By : WP (I; V) — LP'(I; V) is assumed totally contin-
uous, By o L1 : LP(I; V*) — LP (I; V*) is totally continuous. Altogether, due to
Lemma 2.11(i) and Corollary 2.12, A+ Bj o L™ + By o L™ is pseudomonotone.
Then we can employ Theorem 8.27 with A+ Bo L~! in place of A to get v solving
Jv+ A(w) + B(L™'v) = f and v(0) = vo. Then it suffices to put u =L~ v. O

Remark 11.21 (Energy balance). Testing the equation (11.86) by & u, which leads
to the a-priori estimate (11.89), has in concrete motivated cases a “physical” inter-
pretation. If @ is a potential of B (cf. Lemma 11.18) then, integrating over [0, t],
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this test leads to

ol H2+@<u<t>> [ Saya

- < ~ -
total energy at time ¢ dissipated energy

ol + @)+ /0<f(19),j:;>d19 (11.109)

~ ~ - ~ ~~
total energy at time 0 work of external forces

which just expresses the balance of “mechanical” energy. Here, the total energy
means the sum of the “kinetic” energy || &u||?, and the “stored” energy ®(u),
cf. also (12.9) below.

Proposition 11.22 (UNIQUENESS?*). Let A be “weakly monotone” in the sense of

(8.101) and one of the following situations takes place:

(i) B is linear of the form B(t,u) = Biu with By : V. — V* monotone and
symmetric, i.e. B = Bj.

(ii) B is Lipschitz continuous on H, i.e. ||B(t,u) — B(t,v)||g < £(t)||u—v| g with
¢ e L*(I).

(i) | B(t,u)— B(t,v)||/? < 0t)||u—v|| g with £ € L3(I) and (A(t,u)— A(t,v), u—
v) > collu —v||}, — 1) ||u — v|ly — c2(t)||lu — v||3; with co >0, ¢1 € L¥'(I),
and c3 € LY(I).

Then (11.86) possesses at most one (strong) solution.

Proof. We take two solutions u; and usg, subtract (11.86) for v = u; and u = us,
and test it by v = ddtulg where w12 := u; — ug. We thus get

par ([0 Bt d) = |57 (B0 = Bee. 55)
S PR VR AEEC e

By the Gronwall inequality and by u12(0) = 0 and Stulg(O) = 0, one gets u; = us.
In the case (ii), we can estimate

duqs d duys
At >
2dtH H < tul) (t g2 g
d
+ <B(t7u2> - B(t7ul)7 Zt12>
d d
20l ule 1Bt ) - Bt w3 + | ”12H (11.110)

0|4, 'l

+ 0t ||’LL12||H—|— H

24¥or the case (iii), cf. also Zeidler [354, Chap.33].
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where ¢(-) comes from (8.101). Abbreviating still & w12 = v12, we get

1d

5 dtHUmeq < c(t)|lvrallF + €)% luazllFr + llvrzllFr- (11.111)

Multiplying (iulg = v12 by u12, one gets

1d

1 1
2dt|\u12|\%1 = (v12,u12) < 2””12”%1 + 2Hu12|\%1- (11.112)

Now we apply the Gronwall inequality to the system (11.111)—(11.112) together
with u12(0) = 0 and v12(0) = 0, which gives, in particular, that u12(¢) = 0 for all
t.

In the case (iii), we get analogously

1d
2dt
+ <B(t,UQ> — B(t,ul>,1}12> S Cgcl(t>p + CQ(i)H’UlgH?{

+ C||B(t,u1) — B(t,UQ)| Z‘)/* + <€||’U12||1‘)/. (11.113)

lv12ll3 + collvizll}, < ex(®)vizllv + e2(t)[|vrzl

We choose € < ¢y to absorb the last term and also the estimate ||B(t,u1) —

B(t,ug)Hp/* < £(t)?||ua2|%. Then we apply again the Gronwall inequality to the
system (11.112)-(11.113). O

Remark 11.23. Velocity gtu is indeed a natural test function, as already claimed
in Remark 11.21, while u itself is not a suitable test function here. This is re-
lated to troubles typically arising in variational inequalities with obstacles like
u > 0, ie. B = 09 with & = §g, K := {v > 0}. E.g., after a penaliza-
tion, one can consider 86; Ue — Ag Ue + 1u_ = g. By testing by gtus, one gets
”gtue||L°°(I;L2(Q))0L2(I;W1v2(Q)) = 0(1) and luz Lo (r;L2(0)) = O(ye). But, we
must test by v — u. to prove convergence, and we get after the by-parts integra-
tion the term fQ | gtu5|2 with a “bad” sign. Note that we do not have the “dual

estimate” to 3:2 ue uniform in . Also, a test by 5:2 ue yields the penalty term
E‘lu; 86:2 ue which cannot be estimated “on the left-hand side”.

Remark 11.24 (Rothe method). The semidiscretization in time is also here applica-
ble to (11.86): we define u* € V., k =1,..., K, by the following recursive formula:

k _guk—1 4 k-2 ko k—1
Ur m S ST A (M) Bl = fE (11.114a)
T T
ud = g, ut = ug — TV, (11.114b)
where again fF:= ! fk 1, f(t)dt and Ak(u):=1 (]ZT 1y, Alt,u)dt and BF(u):=

! f k—1)7 B(t,u)dt. Existence of the Rothe sequence then needs, as in Lemma 8.5,
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A¥ and BF to be pseudomonotone and semi-coercive for k = 1,...,T /7. Various
modifications of the above procedure are as usual. Instead of (11.88) or (11.93),

we need here to estimate { [ {u ] in LP (I; V*) or in L2(I; H), where [-]' denotes
the piecewise-linear interpolation operator, cf. Figure 17 on p.202, defined now on
the whole interval I = [0, 7] because, thanks to (11.114b), we defined the Rothe

sequence {u*} even for k = —1.

11.4 Exercises

Exercise 11.25 (Penalty-function method for type-II parabolic inequalities). Con-
sider the complementarity problem (11.25). Show the connection between (11.25)
and (11.26) analogously as done in Proposition 5.9. The L2-type penalty-function
method leads to the initial-boundary-value problem

Oou. 1 (8us)—

5¢ 5¢ — Aue + c(ue) in Q,

ue =0 onk, (11.115)

ue(0,-) = up on Q.

As (11.37) above, test (11.115) by 5,u. and formulate assumptions on ug and on
¢(+) to obtain the estimates
e (%)

Test (11.115) by v — gtug and show the convergence of a selected subsequence
{ue}eso to the solution of (11.26).25

< Cye. (11.116)

L2(Q)

ou
HU’EHLOO rwde ) = H 6

25Hint: For v > 0, it holds that

S G retuer=) (=) + e 9 (o= Yanae = L[ (o) (%e —v)asae >0

so that, formally, we have

0< lirsnjgp/ (88; c(ug)—g) (v—agts) + Vue - V(v—agts )d:pdt

ou
= — hm 1nf (H N LQ(Q) ||Vu£(T H2L2(Q;]Rn))
+ hm / c(ue)— v Bus) + 66: v+ Vue - Vodadt + ; HVUOHiQ(Q;Rn)

<[ (5 +C<u)_g) (v_ ) 4 a9 (0= O

where also Vue (T, -) = Vu(T, -) weakly in L2(Q; R™) has been used. Note that, as we do not have
Vgt ue € L?(Q) guaranteed by our a-priori estimates (11.116), the term fQVus V s uedzdt gets

a meaning only if put equal to %HVUs( which can be justified

1
)||L2(Q Rn) T2 llwo H%ﬁ(Q;Rn)v
either by using Galerkin’s approximation or by a hmlt of mollified ue.
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Exercise 11.26. Consider the initial-boundary-value problem:

0%u ou Oou|P=20u
— q—2 — ;
912 A 9t 5t —div(|Vu|?*Vu) =g inQ,
u(O’ ) =ug , aa/(tj/ (07 ) = g, in Q’ (11-117)
ulx =0 on X.

Apply the Galerkin method, denote the approximate solution by uy. Qualify u,
vo and g appropriately and prove a-priori estimates of uy in L% (I; WH9(Q)) N
WE2(I,WH2(Q)NLP(Q))NW Lo (I; L2(Q))NW22 (1, W=12(Q2)).26 Assume p < ¢*
and prove convergence by using monotonicity and the Minty trick.2”

Finally, as & — ||¢~ HL2(Q) is a convex continuous functional on L?(Q), it is weakly lower

semicontinuous, and by Oue /0t — Ou/0Ot and by the last estimate in (11.116) we have

150 ey =i |5
so that 2

L2(Q) = &—0
5:u > 0ae in Q.
26Hint: Test the equation in (11.117) by 2 5¢ Uk, obtaining

]t B B Ll e I LR

< lim C%:=0
L2(Q) e—0

%1

du
/ a(t, ) kd:c<CsH9( M- +e

ot wl.2(Q)

from which the estimate follows by Gronwall’s inequahty assuming ug € WH4(Q), vo € L3(Q),

and g € L2(I; L?" (). For the “dual” estimate of ? 52 Uk use the strategy (11.90).
2"Hint: Use monotonicity of the ¢g-Laplacean and (11.117) to write

0< / |Vug T~ 2Vuy, — |V2]|972Vz - V(uy, — 2)dzdt
Q

:/Q(g 6;“’“—\8“*’\" 28;:)(%—2)— (v8 F vzl QVZ) -V (up—z)dzdt.

Realize that, by Aubin-Lions’ lemma, g up — atu (as a subsequence) strongly in L2(Q) due to
the compact embedding L2(I; W12(Q)) N Wh2(T; W L2(Q)) € LQ(Q). Also ug (T, ) — u(T, ")
weakly in W12(Q), hence strongly in L2(Q), and uk (T,) — tu(T, -) weakly in L?(€2). Then
estimate the limit superior:

2
lim sup ( — 0%y, ug + Va Vukd:pdt) = lim sup (/ ‘auk‘ dadt
k— o0 Q ot? ot k—oo
0 1 1
+/Qv0u0 - [;Ltk (T, Hug(T, ) + 2‘u0|2 — 2|Vu;€(T,-)| dx)

Ou 2 ou 1 1
: /Q.? ‘ ot ‘ dSCdt-i—/ voto = ot (T, )u(T’ ) + 2‘u0|2 - 2|VU(T7‘)|2dx

T
:_/ ( 8t2’ /V Vud:p)dt
0

The limit passage in the lower-order term \gt ug|P—2 gt ug can be made by compactness. If p <

2, then gt“k — gtu in LP(Q) while, if p > 2, then at least LP~¢(Q) because {gt“k}keN
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Exercise 11.27 (Klein-Gordon equation, generalized®®). Consider the initial-
Dirichlet-boundary-value problem for the semilinear hyperbolic equation

0%y
ot?

ou

A =2y = 0,) =
u+ |U| U 9, U( ) ) Uo, ot

(0,") =v9, ulg=0. (11.118)
The variant ¢ = 3 is called the Klein-Gordon equation, having applications in
quantum physics. For ¢>1, derive a-priori estimates of u in W°(I; L?(Q)) N
Lo°(I; Wy ? () N L9(R)) by testing it by aatu. Prove convergence of the Galerkin
approximations u by weak continuity.?? If ¢ > 2 is small enough, prove uniqueness
by using the test function v = gtul—ug, with w1, us being two weak solutions.?°

Exercise 11.28 (Viscous regularization of Klein-Gordon equation). Consider the
initial-boundary-value problem:

0*u . (10U p—2_0u )
w(0,) = uo a? (0,) = vo, Q. (11.119)
ulz =0 on X,

with g > 0. Apply the Galerkin method, denote the approximate solution by
uk, and prove a-priori estimates for ug in L°°(I; W12(Q)) n WLP(I, WhP(Q)) N
WP (I; W™ax(22)(Q)) and specify qualifications on ug, vg, g, and ¢(-).3! Prove

is bounded in LP(Q). If p < ¢*, make the limit passage in fQ |gtuk|p*2(§tuk)ukdxdt when
realizing boundedness of {ug}rey in L (I; WH4(Q)) C L9 (Q). Finally, put z = u + dw and
finish the proof by Minty’s trick.

28Cf. Barbu [35, Sect.4.3.5], Jerome [184], or Lions [222, Sect.I.1].

29Hint: for ¢ < p* + 1, use the Aubin-Lions Lemma 7.7 to get compactness in LI~1(Q) which
allows for a limit passage through the term fQ |u|92uv dedt if v € L®(Q). For ¢ > p* + 1,
interpolate between W12(Q) and L4(Q) and get again compactness in LI~1(Q) but now by
Lemma 7.8.

30Hint: abbreviating w12 = u1 — u2, realize that r — \r\q_zr is Lipschitz continuous on [r1, r2]
with the Lipschitz constant (g—1) max(|r1|?772, |r2|9=2); this test gives

1d ou 2 _ _ ou

2dt(” aﬂm(m +HV“12H12(9;R")) :/ﬂ (2l oz = ua ") 822 de
q—1 _ _ Ouig |2

< 4 max (| "2l oy 022 o) (2 22+ | 7t o)

with a so that a~! + (2*)~! +2=1 = 1. Exploiting that u1,us € L®(I; L2 (Q)) and assuming
g so small that a > 2* /(g — 2), proceed by Gronwall inequality.
31Hint: Test the equation in (11.119) by gt uy, obtaining
10 Buk 2 8uk P 10 2
vk Vug|2d
/Qzat‘at‘ +“‘ or | g Vel de
Ouy Hp

15 ’
= [ (06t = ) e < Cellate.) = e+ o [

from which the claimed estimates follow by Gronwall’s inequality if ug € W12(Q), vo € L%(Q),
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convergence by monotonicity and the Minty trick.? Eventually, denoting u,, the
solution to (11.119), prove that u, approaches the solution to the Klein-Gordon
equation (11.118) if ¢(r) = |r[9~2r when pu — 0.33

Exercise 11.29 (Martensitic transformation in shape-memory alloys3*). Consider

0%u ou . 9 )

o2 HA o~ div(o(Vu)) + AA*u=g inQ,

u(0,-) = uo , ?;: (0,+) = vy, in €, (11.120)
ou

u=20 ) v - 07 on 2.

Assume g, A > 0, g € L2(I; L2 (), up € We*(Q), vo € L3(), and at most
linear growth of o : R® — R", consider Galerkin’s approximation, and derive
the a-priori estimates in W1 (I; L2(Q)) N\WL2(I; WH2(Q)) N L= (1; W () by

ge Lp/(I; LP*/(Q)), and c(-) has an at most 2/p’-growth. For p < 2, an at most linear growth of

¢(+) can be allowed if [, c(uk)gt upder < éHc(uk)HZLQ(Q) + é” gt uk||i2(0) is used. Alternatively,

one can impose a condition ¢(r)r > 0 and estimate c(uy,) gt up = E?t 0% ¢(£)dE on the left-hand

side. The “dual” estimate of 5?:2 u then follows by the strategy (11.90).
32Hint: By the monotonicity of the p-Laplacean and by (11.119),

Ou \p—2 Buk_ 0z p_2_ 0z ) O(ug — 2z)
0S4#(|v ol i A el Vat) v dadt

_ 0%up\ O(uy — 2) 0z \p—2_ 0z O(ug — z)
_/Q(g_c(u)— o) e = (Ve [V ) v T T daat,

By using aatuk(T7 D= gtu(T,~) weakly in L2(Q) and ug(T,-) — u(T,-) weakly in W12(Q),
estimate the limit superior:

h;ﬁrf;p_ o o2 o + Vg Vo P dadt

= lim sup X / |oo|* - ‘C%k (T ‘)‘2 + |Vuol? = |Vu(T, )P da
k—oo 2 J ot ’ ’
1 ou 2

= 2/{;‘”0‘2_‘5% (T,)‘ +\Vuo|2—\Vu(T,~)‘2dx:_

8%u du ou
o 912 ot + Vu-V ot dzdt.

33Hint: Realize that lupllwre g wie@y = O(u=1/P) hence the term fQu‘ g’tu|”*2vgtu .
Vudzdt = O(ur~1/P) with v fixed vanishes for p \ 0.

341n the vectorial variant, u(t,-) : Q — R™ is the “displacement”, cf. Example 6.7, and (11.120)
describes isothermal vibrations of a “viscous” solid whose stress response o : R" X" — R"X" peed
not be monotone and need not have any quasiconvex (cf. Remark 6.5) potential, and which has
some capilarity-like behaviour with A > 0 possibly small. The multi-well potential of ¢ may
describe various phases (called martensite or austenite) in so-called shape-memory alloys and
then (11.120) is a very simple model for a solid-solid phase transformation, cf. [289] for a critical

discussion. For mathematical treatment of this capilarity case see e.g. Abeyaratne and Knowles
(1] or Hoffmann and Zochowski [177], cf. also Brokate and Sprekels [65, Chap.5].
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testing (11.120) by gtu.35 Then estimate still g;u in L?(I; W~=22(Q)) and prove
convergence of Galerkin’s approximants. Make also the limit passage in (11.120)
with g\, 0, showing existence of a solution to the semilinear hyperbolic equation
68:2 u—div(o(Vu)) + AA?u = .3

Exercise 11.30. Modify Exercise 11.28 by replacing the term c¢(u) by ¢(Vu) or
div(ao(u)) with ag : R — R".

Exercise 11.31. Show that B := —A,, formulated weakly with Dirichlet boundary
conditions, i.e. V = W, (Q), satisfies (11.92) provided p > 2.37

11.5 Bibliographical remarks

Doubly nonlinear problems from Sections 11.1-11.2 have, in concrete cases, been
thoroughly exposed in Visintin [347, Sect.III.1] and, under the name pseudopar-
abolic equations, in Gajewski, Groger and Zacharias [144, Chap.V]. In particu-
lar, the structure in Section 11.1 has been investigated by Colli and Visintin
[88, 90]. A lot of physical applications are based on (11.5) but with ¥ homo-
geneous degree-1, i.e. ®(av) = a¥(v) for any a > 0. This is related to so-called
rate-independent processes and requires ¢ = 1 in (11.31a)—(11.31b) so that the
results presented in Section 11.1.2 do not cover this case. Instead of the system of
two variational inequalities (11.32), a more suitable definition of the solution has
been proposed by Mielke and Theil [239] and works merely with energetics of the
process u : [0,T] — V. This process is called an energetic solution if, besides the
initial condition u(0) = wug, it satisfies the stability and the energy inequality in
the sense:

Vtel YveV: G(t,u(t)) <G(t,v) + ¥ (ut) —v), (11.121a)

of
a9

where G(t,u) := ®(u) — (f(t),u) allows for an interpretation as Gibbs’ stored
energy and Vargy(u;s,t) denotes the total variation of ¥ along the process u

Vi>s: G(tu(t)) + Varg(u; s, t) < G(s,u(s)) —/t< (19)> d¥(11.121b)

35Hint: this test gives

1d () 0u)2 ) 12 OVu |12
A V n n H ‘
2dt (H ot ‘ L2(9) + uHLz(Q?R % )) TH o

= / gu —o(Vu) - OVu dx
Q

ot
OVu (|2
o |

L2 (;R™)

1 H
o (V)32 qmm + 5 |

1 1
< lallzaeer @) + Hlellzae @ + 4,

L2(Q;R™)

and continue by estimation of ||VuH%2(Q;Rn) < 2||VuoH%2(Q;Rn) +2t fg I gt VU’H%Z(Q;RTL) and by
Gronwall’s inequality.

36Hint: denoting wu, the weak solution to (11.120), realize that || gtuMHL?(I;WL?(Q)) =
O(1//u) while the other estimates are independent of u > 0, so that the term fQ uVv gt Uy -
Vv dazdt = O(y/p) and vanishes in the weak formulation if 4 — 0.

3THint: Paraphrase (8.152) to show (B (u)v,v) = [q |VulP™2|Vv|? + (p— 2)|Vul[P~4(Vv- Vu)?
and then use Holder’s inequality to show (11.92).
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during the interval [s,¢] defined by Varg(u;s,t) := supd_i_; U(u(ti—1) — u(t;))
with the supremum taken over all j € N and over all partitions of [0,¢] in the
form 0 = tp < t; < --- < tj—1 < t; = t. Note that this definition does not
involve explicitly time derivative ddtu which indeed need not exist in an conven-
tional sense. Cf. Mielke [238] for a survey of the related theory and applications.
Sometimes, a generalization for ¥ = W(u, $u) is useful. The special case of a
homogeneous degree-1 potential W(u,-) := [0k (,)]* with a convex set K(u) C V
then leads to the inclusion gy /ar ¥ (u, $u)+ @' (u) = [0 ()] 7 (Lu)+ @' (v) > f,
ie. ,u € Ng(u)(f — ®(u)). Processes u governed by such inclusions are called
the sweeping processes, see e.g. Krejéi [205], Krejéi, Laurencot [206], Kunze and
Mounteiro Marques [209].

The doubly nonlinear structure in Sections 11.2 first occurred probably in
Grange and Mignot [159], and was investigated in particular by Aizicovici and
Hokkanen [7], Alt and Luckhaus [10] (both even with a possible degeneracy of the
parabolic term), DiBenedetto and Showalter [105], Gajewski [140] (with applica-
tion to semiconductors), Groger and Necas [164], Otto [271, 272], Showalter [320],
and Stefanelli [330]. A thorough exposition is in the monographs by Hokkanen and
Morosanu [178, Chap.10], and Hu and Papageorgiou [180, Part II, Sect.IL.5].

The 2nd-order evolution has been addressed by Gajewski et al. [144,
Chap.VII], Lions [222, Chap.I.6 and II1.6], and Zeidler [354, Chap.33 and 56].
The structure of Theorem 11.20(i) even with B set-valued, arising from a concrete
unilateral problem, has been addressed by Jarusek et al. [183].

For both A and B potential and nonlinear in the highest derivatives, e.g.,
59:2 u—»47, gtu — Agu = g, see Friedman and Necas [132]. A similar problem is also
in Biazutti [49].



Chapter 12

Systems of equations: particular
examples

Just as in steady-state problems, no abstract theory exists universally for a broader
class of systems of nonlinear equations.! Thus, as in Chapter 6, we confine ourselves
to some illustrative examples having straightforward physical motivation and using
the previously exposed techniques in a nontrivial manner.

12.1 Thermo-visco-elasticity

We assume a body occupying the domain 2 C R™, n < 4, made from isotropic
elastic and heat conductive linearly-responding material described in terms of the
small strains. Let us briefly derive a thermodynamically consistent system. The
departure point is the specific Helmholtz free energy considered here as:

(0, V)= ;\(Tr(e))2+,u|e|2—a(3/\+2,u)t9(Tr(e)) IR c91n<990), (12.1)

where (and in following formulae):
u: ) — R™ is the displacement, cf. Example 6.7,
0 : 2 — R temperature,
e=e(Vu) = 3(Vu)" + ;Vu the small-strain tensor, cf. Example 6.8,
A >0, u > 0 are Lamé constants related to elastic response, cf. (6.23)
« the thermal dilatation coefficient,
~v > 0 a regularizing coefficient reflecting bending rigidity,
¢ > 0 heat capacity,
p > 0 mass density,

LSome of the previous results, however, can be adopted for systems of a special form simply
by considering u vector-valued, see e.g. Ladyzhenskaya et al. [212, Chap.VII].
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Ay > 0, gy > 0 are Lamé constants related to viscous response,

x heat conduction coefficient,

0y a reference temperature.
Of course, “Tr(-)” in (12.1) stands for a trace of a square matrix. The particular
terms in (12.1) are related respectively to the elastic stored energy, temperature
dilatation, stored energy of bending, and a contribution of chaotic vibrations of
the atomic grid.

Moreover, as standard in thermodynamics, we define the specific entropy by
so-called Gibbs’ relation s = —¢y (= — 8891/)) and the specific internal energy w by

w:=1vY+0s=cl+ /2\(div u)? + u|e(Vu)|2 + ;|V2u|2. (12.2)

Besides, we pose the standard kinetic energy % ] gtu|2 and the dissipation rate
(=a “quasipotential” of dissipative force):

. . . . Oe

€(6) = A(Te (&) 4+ 2uele?,  é= " (12.3)

The quadratic form of ¢ is related to viscosity. The elastic and viscous stress

tensors are defined as ¢, and ;5’ . The equilibrium equation balances the total
stress 0 =Yg, + %5’ with the inertial forces and outer loading g:

2
p?’)tg —dive =g, (12.4a)
. ou ou R
U—dlv()\u—i—)\v at)l[—l—?e(uVu—i—,uVV 8t) — a(3M+20)01 + 4divV2u,  (12.4b)

where I € R" " is the identity matrix. The heat equation then can be obtained
from the energy balance requiring that the kinetic energy and the internal energy
in a closed system is preserved, cf. (12.9) below. Defining still the heat flux —kV6
(isotropic medium), we complete (12.4) by the heat equation

0s 00 0 . gy
98t =g, + a(“)t (a(3A+2p)divu) = div(kV6)
Ou . . Ouy2 Ou, |2
+ f(e(v 9t )) = div(kV0) + A (div 8t) + 2py e(V 5t )‘ (12.5)

and finally we choose some boundary conditions, e.g. a completely isolated, un-
supported body, cf. (2.106), and initial conditions:

0
v-o=0, Au =0, gy =0 on Y, (12.6a)
ou
u(0, +) = uo, (0,-) =wvg, 6(0,-) =6 on . (12.6b)
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The energy balance can be obtained formally by multiplication of (12.4a) by g’tu
and (12.5) by 1, and by using Green’s formula twice for (12.4)? and once for (12.5):

2 dt ( H L2(Q) /Q @(Vu)dx)

+/ (f(e(vgu))—ﬂgb( Vu) - ?;;)dx—/ggg?dx, (12.7)

dt/adx / (e (v‘;f)) —0§t¢(Vu))dx:0. (12.8)

where p(Vu) := (0, Vu) and ¢(Vu) := ¢5(0, Vu) = a(3A+2p)divu. Summing
(12.7) with (12.8), we get the total-energy balance:

PH /wtm dx)' / ’ ’ u) +cfdx = / audx
( LQ(Q)+Q (t,x) + o(Vu) + =
~ ~ - N
klnetlc energy internal energy power of
external force
(12.9)

The important fact is that the above procedure satisfies the 2nd thermodynamical
law.? We face a rather typical situation: a physically well justified system allows
for a natural estimate which is controlled in time (because there is only a finite
energy at the system) but is not strong enough to allow for a limit passage through
involved nonlinearities* while higher-order estimates may suffer a blow-up in a
finite time. As a result, this effect allows for an analysis at most for small data
only: either small T' (i.e. only local-in-time existence can be obtained) or for small
initial conditions, right-hand sides, and/or some coefficients. We present here the
latter option for the system (12.4)—(12.6), namely we assume the data wg, vo, 6o,
and g which are sufficiently small (in suitable norms) considering the material
(determined by u, v, py, vy, ¢, K, p, and «) as well as the geometry (determined
by Q) as fixed.

We will prove existence of a weak solution to the system (12.4)-
(12.6) by Schauder’s fixed-point technique involving a mapping M from
W22(L;WE2(Q; R™)) N WHee(I; W22(Q; R™)) into itself defined by

M := Mo My, M :uw 0 =the weak solution to (12.5) with (12.6),
Ms : 0 — u = the weak solution to (12.4) with (12.6). (12.10)

2We have used [,(diveo)-vdz = [Lv-o-vdS— [, o : Vudz and then [, div(VZu) : Vodz =
f v-V2u:: VodS — f V2u : V2u dz where, in view of (12.6a), the boundary terms vanish.
3Indeed dividing (12.5) by 6, the Clausius-Duhem inequality reads as:

a B ou Ee(V gu) | |veP
dt/ﬂs(t,:p)d:p—/Q (§(e(v ot ) —dlv(nVG) 6~ tdx / Bt + K 92 dz >0

provided 6 > 0. The nonnegativity of temperature follows from the maximum principle for (12.5)
provided 6o > 0 and 6 is smooth enough: just test (12.5) by 6.

“Note that, proving § > 0, (12.9) yields boundedness of, e.g., Galerkin solutions u in
Whoo(r; LQ(Q R™)) N L (I, W2 2(Q; ]R")) and 0 € L>(I; L'(Q)) but it does not allow for a
limit passage in the nonhnear term 9 ,divu, nor in |V u\z.



360 Chapter 12. Systems of equations: particular examples

Lemma 12.1 (A-PRIORI BOUNDS). Letn < 4, o€ WH2(Q), ug € W42(Q; R™), v €
W22(Q;R") and g € W12(I; L2(Q;R™)).5 Then there are constants Cy,...,Cs
dependent on Q, A\, u, Ay, fy, @, v, ¢, 0, K, and T, such that

H HWl 2(LWE2 (R ))NL= (L;W22 (9 Rn)) (H

+H3t2 )‘Lzm;ﬂ« + llvollw=20;mn) +Hat‘L2(QRn)) (12.11a)
160 s + | g oy = €2 (1600

- H HL°° . Rn)))l/QeCB'8“/8t||ioou;wmm;ﬁn>>, (12.11b)

Proof. The a-priori estimate for v can be obtained by differentiation (12.4) in time
2
and by testing it by the acceleration gQu, and by using Green’s formula twice:

2dtH8t2‘L2(QR" +/Qf( (v 8t2))dx+ dt/gsp(vg?)dx

g Pu 89¢(v82u)d$

Q Ot 0t2 Ot ot?
0%u 00 0%u
200t | | | -
H ot ‘ L2(Q;R) || Ot2 ' L2(Q;R" + e (3A+2p) ot izl 9t2 llL2(qrnxn)

(12.12)

The second left-hand-side term  can be estimated fron% below as

Jo&le aﬁu)dx > 2pylle (Vat2“)||2L2(Q;Ran) = 2Hv0§2||vaat2uHiz(Q;Rnxn)

where C’K is a constant from Korn’s inequality (1.58). Then, using also

fggav w)de > 2'y||V2 uHL2 QRnxnxnY) (12.11a) follows by Young’s and

Gronwall’s inequalities; the other estimate in W°°(I; L2(£; R™)) is not needed.
As for (12.11b), we test (12.5) by g‘te and by Green’s formula:

00 B Ou,\ 00 , e Ouy 00
CH ot L2(Q) 2 dtHveHLQ(Q'R") N /Qf(e(v at)> ot +6¢'(V at) (“)tdz
L e S
- LA(Q;Rnxn) 4 L2(Q)
2 2119112 2 H
+a2(33+24) |\9||L4(Q)Hva priamee ot e (12.13)

Then, realizing the embedding W12(Q2) C L*(Q) which holds for n < 4, we obtain
(12.11b) by the Gronwall inequality. a

5Note that, in view of the equation (12.4), these hypotheses guarantee, in particular, that the
acceleration [92u/8t2](0,-) = (diva(0, -)+g(0,-))/e, which occurs in (12.11a), lives in L2(Q; R™).
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Proposition 12.2. Let 6y € WH%(Q), ug € WH2(;R™), vy € W22(Q;R™) and
g € WU2(I; L2(;R™)) be small enough in the indicated norms, then the weak
solution to the system (12.4)—(12.6) does exist.

Proof. We use Schauder’s fixed-point technique for M from (12.10). Note that
uniqueness of the weak solution § = M (u) (resp. of u = M(0)) follows from the
linearity of (12.5) (resp. of (12.4)) with the conditions (12.6) and the obtained a-
priori estimates. Moreover, My : W22(I; WH2(Q; R™)) N Who(I; W22(Q; R™)) —
WL2(1; L2(Q)) N L (1; WH2(Q)) is weakly continuous. In particular, V 5, ux con-
verging weakly in W1h2(I; L2(;R™)) N L°(I; W12(Q; R™)) implies strong con-
vergence® in L?(Q;R"), and therefore the dissipation heat converges strongly in
LY(Q). The limit passage in the adiabatic term of the type fdiv gtu makes no prob-
lem as certainly § converges weakly in L?(Q) and Vgtu strongly in L?(Q;R"*").
The weak continuity of My follows from its linearity and the a-priori estimates.
If the data are small as assumed and ||u| Lo (722 (rn)) < R, from (12.11b)
one gets || 5, M1(u)|r2(q) < Cy(e+R*)V/2eC2R* and then from (12.11a) one gets
| M () || oo (w22 () < C1(e+Co (e+R*)}/2e05R) with £ > 0 small in dependence
on the assumed smallness of the data. Then, for € > 0 small enough, there is R
such that Cy (e+Ca(e+R*)/2eC2R”) < R here the 4-power in (12.11b) is essential.
Then M maps the weakly compact set {u € W (I; W22(Q; R™)); u(0,-) = uo,
I gtuHLm(I;W;z(Q;Rn))mwm(I;W1,2(Q;Rn)) < R} into itself, and by Schauder’s fixed-
point theorem 1.9 (cf. Exercise 2.51) there is u= M (u). Such u is the sought
solution. ]

Remark 12.3. The existence for large data (for a very similar model) has been
investigated by Pawlow and Zochowski [278]. The non-regularized model, i.e. v =
0, is much more difficult and has been treated by Dafermos [99] for n = 1 case,
and also by Necas at al. [260, 263]. The analysis for n = 3 case remains unknown.
For v, = py = 0 see Jiang and Racke [186, Chap.7]. For some modified models see
e.g. Eck and Jarusek [113].

12.2 Buoyancy-driven viscous flow

The evolution version of the Oberbeck-Boussinesq model from Sect. 6.2 for the

Newtonean-fluid case looks as?
ou

Py + (u-V)u—Au+Vr =g(1 - ab), (12.14a)
divu =0, (12.14b)

a0
oy VO — kAG =0, (12.14c¢)

6Here we use the Rellich-Kondrachov Theorem 1.21 for W2(I; L?(Q)) N L2(I; W1 2(Q)) =
Wi2(Q) € L2(Q).

"See, e.g., Lions [222, Ch.I, Sect.9.2] or Straughan [327], or Rajagopal et al. [290]. For a more
general model expanding the heat equation by an adiabatic and dissipative heat sources see
e.g. [189, 264].
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where the notation is as in Section 6.2; for simplicity, the viscosity coefficient and
the mass density now equals 1. Still we consider the initial conditions and the
boundary condition as no-slip for u and as Newton’s condition for 6, i.e.:

u(0,-) =wuo, 60(0,-) =0 on €, (12.15a)
u=0, ngz +80=nh on X. (12.15b)

As to the data g, h, ug, and 6y, we assume, having in mind n = 3, that
geL>®(I; L3 (4 R™)), he L2(I; LY3(T)), uoe L* ([ R™), 6o € L*(Q).  (12.16)

We are going to use Schauder’s-type fixed-point technique. For (v,¥) given,
we consider u being the very weak solution to the Oseen equation

ou

Py + (v-V)u—Au+Vr =g(l-av), dive = 0, in@Q,

u|2 =0 on Z, (1217)

u(0,-) = wo on £,

and then 6 being the very weak solution to

gi-l-v-VG—RAG:O in Q,
Hsaa +p80 = h onX, (12.18)
v

0(0,-) = 6y on .

Note that, for a given (v,9), (12.17) and (12.18) are linear. We denote
Wyt (G R™) = {ve Wy?(;R™); dive = 0}, cf. (6.29).

Lemma 12.4 (A-PRIORI ESTIMATES). Let n < 3 and (12.16) hold. Then there is a
very weak solution (u,0) to (12.17) and (12.18) satisfying, for some C1,...,Cy,

lall corwa 2, @rmpnz=z2@mny < O (1 + HﬁHmu;Wl,z(Q)))a (12.19a)
o s oy = €21+ Doy

ol s @moyegaz@any): (12190)
101 2 rsws.2 e (s 2y < C3s (12.19¢)
Hgi s Wiy = (14 ol ooy rnzmny) - (12199)

Proof. Let us consider the Galerkin approximation of (12.17)-(12.18) and, after
deriving the a-priori estimate, we can pass to the limit by the same strategy as in
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the proof of Lemma 12.5 below. We proceed only heuristically.® Test (12.17) by u
and use Green’s theorem:

1d / 9
w72 ny + v-V)u) u+|Vul|* +Vr-ude
o 3y + [ (0 9)w)-ut |Vu

=/muﬂmwmscwmmwxuwmeMWQWy (12.20)
Q

Using [, ((v-V)u)-udz = 0 provided dive = 0, cf. (6.36), and [, V7 - udz =
— Jo mdivudz = 0, one obtains (12.19) by Young’s inequahty and integration over
1.

Moreover, for v bounded in L?(I; Wolﬁiv(Q; R™)) N L>(I; L2(£;R™)), we get
also the dual estimate (12.19b):°

o : (o)
= up 1
LA UMW) Izl s o<1 O
= sup /Vu Vz+ (v-Vu-z—g(1 —ad)zdzdt
IIzIIL4(I;W (QRTL))_
3/2 1/2 1/2
< ||w>|LQ<Q;R3x3 (VTN o]t mo (12 n iy )

+ NCgll oo (1503 (QsrmY) <\/T+H19||L2(1;LG(Q))) (12.21)

where N denotes the norm of the embedding W2(Q) c L5(2) and where we used
the Hélder inequality and the interpolation (1.62) for the convective term:!?

/Q(” V)u - zdedt < |‘UHL4(I;L3(Q;R3)) HVUHL2(Q;R3X3) HZHL4(I;L5(Q;R3))

/ /
1/2 || H12

< Mlollzzer;pocaimey)

I;L2(Q;R3)) ||vu||L2 (Q;R3%3) || HL4(I L6(R3))" (12.22)

Using (12.19a) and (12.19b), the estimate (12.73c) follows.
As to (12.19c¢), we test (12.18) by 6 and use Green’s theorem:

1d
H6||2L2(Q,Rn)+/(U-V0)6dx+/<a/ |V6|2dx+ﬁ/02d5
2 dt ’ Q Q r

:/hadxg 1Bl a7 101l ey (12.23)
T

8More precisely, we can perform the estimates (12.20) and (12.23) only in Galerkin’s approx-
imations because we do not have the by-part formula at our disposal for very weak solutions
themselves, and then these bounds are inherited in the limit very weak solution, too.

9 Alternatively, we could use [,(v - V)u-zdz = — [,(v- V)z - udz and then the interpola-

. 3/4 1/4 3/4 3/4
tion II'UHL/2(I;L6(Q;R3))IIUHL/oo(I;L2(Q;R3))HVZHL2(Q;]R3><3)IIUIILQ(I;LG(Q;RS))HUHL/oo(I;LQ(Q;RS)) on

the right-hand side of (12.22) with the same effect.
10We use Proposition 1.41 for p1 = g2 = 2, q1 = 6, p2 = +00, and A\ = 1/2; cf. also Exam-
ple 8.74.
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and then (12.19c¢) follows by the identity (6.33) and the Poincaré inequality (1.56).
4
LAB(IW, i (R™)*) = HVGHLQ(Q?W)((\/T

The estimate (12.19d) follows similarly as (12.21):
H 00
ot
1/2 1/2

3/2
+N¥/ ||UHL2(I;W1’2(Q;R3))||UHL°°(I;L2(Q;R3))) +NF”h_ﬁ9”L2(I;L4(F))) (12.24)
where Nr denotes the norm of the trace operator W12(Q) ¢ L*(T). O

Let us now abbreviate Wy := W124/3(T; W017’d2iV(Q;R")7Wol:inV(Q;R”)*) N
L(I; L2(Q;R™)) and Wy := WH243 (I, WH2(Q), Wh2(Q)*) N L=(I; L*(Q)). We
define the mapping

M : Wl XWQ = Wl XWQ (1225)

as M (v, ) being the set of very weak solutions (u, #) to (12.17)—(12.18) satisfying
the bounds (12.19).

Lemma 12.5 (CONTINUITY). Let n < 3 and (12.16) hold. The set-valued mapping
M : Wy xWs == Wy xWs, see (12.25), is weakly upper semi-continuous.

Proof. Assume (vg, ;) = (v,0) in Wy x Ws. By the “interpolated” Aubin-Lions’
Lemma 7.8, we have v, — v in L2®‘€(Q; R™), cf. (8.130); if n < 3, we can consider
2® < 10/3, cf. (8.116). As 2% > 2, we certainly have (vi - V)up — (v- V)u weakly
in L'(Q;R™). Similarly, we have also vy - V0, — v - V0 weakly in L'(Q). Hence
we can make the limit passage just by weak continuity. 0

Proposition 12.6 (EXISTENCE OF A FIXED POINT). Let n < 3 and (12.16) hold.
The set-valued mapping M has a fized point (u,0) € M (u, ) which is a very weak
solution to (12.14)—(12.15).

Proof. The closed bounded convex set

{(u,H) € Wi x Wai [[ull .,
H@u
ot
HQHLQ(I;W1~2(Q))OLw(I;L2(Q)) =

ol
< C4(14C1+C1Cs) } 12.26
H ot llLars(ryw-1.2(Q)) — 11+ +C1C) ( )
is weakly* compact in W; X Wh. Due to Lemma 12.4, M maps this set into
itself. As (12.17)—(12.18) are linear and (12.19) are convex inequalities, the values
of M are convex. By Lemma 12.4, the values of M are nonempty. Taking into

account Lemma 12.5, we can use Kakutani fixed-point theorem 1.11 to get (u,0) €
M (u,0). O

Wy 3, (R))NLo (I;L2(R™)) < C1(1+C3),

< Co(14+C1+C3+C1Cs),

LA/3(IW, 3, (5R™) %)

037
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Exercise 12.7. Apply Galerkin’s method to (12.14) and prove convergence of the
approximate solutions and thus existence of the very weak solution to (12.14)
without using Schauder’s-type fixed-point theorem.

12.3 Predator-prey system

Let us deal with a special evolution variant of the Lotka-Volterra system (6.42):

Ou_ diAu = u(a; — biu — c1v)
o in Q,
v
o doAv = ’U(CLQ — czu) (12.27)
u(t,)lr =0, wv(t,-)lr =0 on %,

u(0,-) = ug, v(0,-) =g on ).

We consider the constants corresponding to the predator-prey variant, i.e. by > 0,
di,de > 0, a1,c1 > 0 and ag,co < 0, so that u and v represent a prey and a
predator densities, respectively; then a; is the growth rate of the prey species
in the absence of the predators while —as is the death rate of the predators in
the absence of the prey; for further interpretation see Section 6.3. The maximal
concentration of preys in the absence of predators (i.e. the carrying capacity of the
environment) is aq/b; =: 1. Instead of using Schauder’s fixed-point theorem as
in Section 6.3, we can now be more constructive and use the semi-implicit Rothe
method: to be more specific, we seck u¥, v¥ € W, () satisfying

T YT

T —di A =k (1- blu’j) — cpukvk—t, (12.28a)
-
oF — k-1
T dy Ak =P (ag — coul) (12.28Db)
fori=1,...,T/7, while for k = 0 we consider
w’ =ugr, 0° =y, (12.29)

with some ugr,vor € W(}’Q(Q) such that ug, — wug, vor — v in L?(Q) and
||u07|\W01,2(Q) = O(1/4/7), and ||U0.,-HW01,2(Q) = O(1/+/7). Note that the boundary-
value problems (12.28) are linear and (12.28b) is decoupled from (12.28a), which
suggests an efficient numerical strategy after a further discretization by a Galerkin
method.

Lemma 12.8 (A-PRIORI BOUNDS). If 7 < 19 < 1/(2as — 2coy1)™ with v = a1/b,
the elliptic problems in (12.28) have unique solutions (u¥,v*) € Wy *(Q)? for all

' This special model and its analysis is after [292].
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k=1,...,T/7, which satisfy 0 < uf <y and 0 < 'Uf provided 0 < ug < 1 and
0 < wp € L3(Q). Furthermore, the following a-priori estimates hold:

Oou, Ov,

H(UT’UT)HLQ(I;WOl‘z(Q))? <G, H( ot ot ) <C (12.30)

L2(LW =12 (0)2

Proof. We use an induction argument for the first part of the lemma. Let us
suppose that uf=1 v*F=1 € L°°(Q) satisfy 0 < u*~ <47 and 0 < v5~1. Then, we
have to prove that u* and v* belong to W, *(2) and inherit these bounds.

The linear problem (12.28a) for u* is coercive on Wy*(€2) because
by, cy,ub=1, vF1 > 0, so that by Lax-Milgram’s Theorem 2.19 it possesses a unique
weak solution. Let us show that u* > 0. Testing the weak formulation of (12.28a)

by (u¥)~, one gets

1

2 2 1 _ _
1) ™ [ 2y + Al VW) T[] 2 mny < / (+an)ub (b))~ dz < 0. (12:31)
T ’ O \T
Hence, we get (u¥)~ = 0. Let us further prove that u* < ~;. Testing the weak
formulation of (12.28a) by (u¥ — ~;)T, we obtain

2 2 _
H(u£_71>+|‘L2(Q) + leHv(uﬁ_Pﬂ)—i_HLz(Q;Rn) = ‘/Q(uch 1_71)(u£_71)+
k_
—T(alyf_l UT,Y n (uF—y)* + clu’ﬁ(uﬁ—'yl)Jrvf_l)dx <0 (12.32)
1

since 0 < uF~! <5y and v*¥~! > 0. Hence, u* < v a.e. in Q.

Now, (12.28b) is a linear boundary-value problem for v* which is coercive
on Wy?(Q) if the coefficient I — as + cou is nonnegative. Taking into account
u® < 71, it needs the condition 7 < 1/(ag — c271)". Therefore, by Lax-Milgram’s
Theorem 2.19, it possesses a unique solution v* € WO1 2(Q) Let us show that

T

v¥ > 0. Testing the weak formulation of (12.28b) by (v¥)~, one gets

1
(T_a2+‘3271)||('Ulr€)_||iz(ﬂ) +d2||v(vf)_||i2(Q;R”) S/
Q

recall that co < 0. Hence, if 7 < 1/(az2 — c2y1)™, we get (vF)~ = 0.
Let us now prove the estimates (12.30). Testing (12.28a) by u* and using
Young’s inequality and nonnegativity of v¥=1, we have

1 1 a _ ai
o I sy + IVt ooy < [ (04 ) ) + G (dyPde. (1239)

T

Summing it for k = 1,...,T/7 yields boundedness of @, and, by using the tech-
nique of combination (8.17) with (8.37), also of u, in L*(I; H}(Q)).
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Now, testing (12.28b) by v* and using Young inequality we also have

1 1
TH’UI:H?P(Q) + d2HVU§Hi2(Q;R") = /Q T”’:_lvf + (az — c2uf) (vF)* da
1

27'”

IN

_1y2 1 2 2
vy 1||L2(Q) + 27.||Ul:||L2(Q) + (a2 - CWl)H"’me(Q)' (12.34)

By using the discrete Gronwall inequality (1.69), we get ¥, and, by using again the
technique of combination (8.17) with (8.37), also v, bounded in L?(I; W, *(Q))
independently of 7 provided 7 < 79 < 1/(2a2 — 2¢2y1)™, as assumed.

Using the “retarded” function @? as defined in (8.176) and analogously for
7%, the scheme (12.28) can be written down in a “compact” form as

Our Uy _
Ur _ At = a1al (1 _ ) — 14,05, (12.35a)
ot 1
dv,
;t — dy AT, = gl — Caiir Ty (12.35b)
In view of this, we can estimate
a T 2 _T
H (;Lt , L = sup / d1VﬂT-Vz+a1ﬂf<1—u )z
LAWY izl 2 2 ST @ n

a
—c1U, 0z dadt < dy HV@THH(Q;Rn) + meaSnH(Q)l/z 1471

+ CIPYIHT)EHLz(Q)

which bounds gt ur. Similarly, from (12.35), one obtains

2

I
ot

= sup / di\V0,-Vz+ asv,z
L2(I;W—1.2(Q)) 2(9))31 Q

1202w

—coli, Uz dadt < leV"_’THm(Q;Rn) + max(|az — com|, —az)HfDTHH(Q). O

Proposition 12.9 (CONVERGENCE, UNIQUENESS). For 7 \, 0, (u,,v;) = (u,v)
weakly in W2 with W := WH22(I, W 2(Q), W=12(Q)) and (u,v) is the unique
weak solution to (12.27).

Proof. The mentioned converging (sub)sequence does exist thanks to (12.30). By

Aubin-Lions’ lemma, also (u,,v;) — (u,v) in L?*(Q)?. By interpolation and by
(8.50), (8.30), and (12.30), it holds that

_ _1/2 /2
HuT—uT||L2(Q) = CO||u"'_uT||L2(I;W01’2(Q))Hu"'_uTHLQ(I;W*L?(Q))
1/2 T Ou, ||1/2
< Oo¢2{|u7||L2(I;W(},2(Q))\/3H ot acrysamy = O (1230)

Hence %, — u strongly in L?(Q). By analogous arguments, also o, — v in L?(Q).
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Now we are to make a limit passage in (12.35) just by weak continuity.
Note that the nonlinearity R3 x R?* — R? : (r1,7],72,7%) — (a1 (1 —r1/7m) —
C1717Th, a9y — chlrg) has at most a quadratic growth so that, by continuity of
the respective Nemytskil mapping L?(Q)* — L'(Q)?, the right-hand sides of
(12.35a,b) converge strongly in L'(Q) to aju(l — u/y1) — ciuv and azv — couw,
respectively. The limit passage in the left-hand-side terms in (12.35a,b) is obvious
because they are linear. Note that the mapping u +— (0, ) : W — L?() is weakly
continuous which allows us to pass to the limit in the respective initial conditions.

To prove uniqueness of the solution to (12.27), we consider two weak solutions
(u1,v1) and (ug,v2), subtract the corresponding equations and test them by w15 :=
u1 — ug and vio := v1 — v2, respectively. This gives

1d
9 dt (H“m”;(n) + H”12H2L2(Q)> + leVl‘l?H;(Q;Rn) + d2HV(U12)HQL2(Q;Rn)

—|—/ by (ur + u2) (u12)da — a2||1112||iz(9)
Q
= a1||U12||iz(Q) - / C1 (U1’Ul - Uzvz)uu —C2 (U1U1 - U2U2)’012d$
Q
2
< al”'“l?”m(ﬂ) + Cl”'“lHLoo(Q)H”12HL2(Q)H“12HL2(Q)

2
+CQHU1HLOO(Q)HUHHLQ(Q) + CQHUUHL?(Q)HU?HLOO(Q)HUUHH(Q)’

where we also used that uq, us, v1, and vy are nonnegative and that u; and vs have
upper bounds. Then, by Young’s and Gronwall’s inequalities, we get u12 = 0 and
v12 = 0. Thus we showed the uniqueness and thus the convergence of the whole
sequence {(ur,vr)}r>o. O

12.4 Semiconductors

Modelling of transient regimes of semiconductor devices conventionally relies on
the evolution variant of Roosbroeck’s drift-diffusion system (6.58), i.e.

div(eV(b) =n-—p+cp in Q, (12.37a)
88:: —div(Vn —nVe) = r(n,p) in Q, (12.37b)
g]tg —div(Vp+pVe) = r(n,p) in Q, (12.37¢c)

where we use the conventional notation of Section 6.5 except the sign convention
of r. We can see that the magnetic field is still neglected and the electric field
¢, which varies much faster than the carrier concentrations n and p, is governed
by the quasistatic equation (12.37a) which therefore does not involve any time
derivative of ¢.
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Of course, (12.37b,c) is to be completed by initial conditions
TL(O, ) = no, p(07 ) = Po, (1238)

and some boundary conditions; e.g. Dirichlet ones of I'p with meas,,—1(I'p) > 0
(electrodes with time-varying voltage) and zero Neumann one on I'y = '\ T'p (an
isolated part), i.e.

Olsp = ¢xlsps nlsp =nslsy, Ple, =psls, on Xp = (0,7)xI'p, (12.39)
0p On  Op
= = =0 Yn:=(0,T)xT 12.39b
ov Ov v on In := (0,T)xTw, )
with ny and px constant in time, i.e. nx(t,-) = nr and ps(¢,-) = pr. Again, we
made an exponential-type transformation but now slightly different than (6.60)!2,
namely we introduce a new variable set (¢, u,v) related to (¢, n,p) by

n=e“, p=e (12.40)
and abbreviate
s(u,v) :=r(e*,e"). (12.41)

Obviously, (12.40) transforms the currents j, = Vn — nV¢ = e“V(u — ¢) and
jp = —Vp—pVe = —e'V(v + ¢). Another elegant trick!?, proposed by Gajew-
ski [140, 141], consists in time-differentiation of (12.37a), which leads, by using
(12.37b,c) together with the fact that concentration of dopands cp = ¢p () is time-
independent, to the pseudoparabolic equation gt (—div(eV9)) = at (p—m—cp) =
div(jn—7jp). Of course, now we need the initial condition for ¢, namely ¢(0, -) = ¢y,
with ¢ satisfying

div(eVeo) =no — po + cp on (12.42)
and the initial conditions (12.38) now transform to
ug =1In(ng) , vo =1In(po). (12.43)

Hence the system (12.37) transforms to

gt (div(eVe)) + div(e"V(p — u) + €V (¢ +v)) =0 (12.44a)
;)t (e") — div(e*V(u— ¢)) = s(u,v), (12.44Db)
;)t (e”) = div(e"V (v + ¢)) = s(u,v), (12.44c¢)

12Realize that (6.60) would not result in a doubly-nonlinear structure like (11.57).
I3 For alternative analysis of (12.37) without differentiating (12.37a) in time see e.g. [142, 143]
or [103] or [236, Sect.3.7].
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while the boundary conditions (12.39) transform to

¢(t7 '>|ED = (bz(t, ')|2D7 u(t7 ')lFD = uF|FD7 U(t7 ')|FD =uwr|r, onlIp,
(12.45a)

dp Ou v

oy oy 0 on Xy, (12.45b)

where ur := In(nr) and vr := In(pr).

The weak solution to (12.37) with (12.38)- (12 39) is understood as (gb, u,v) €
L2(I;WH2(Q))? such that also [ (div(eVe)), 2ev, Se* € L*(I; Wy2(0)%),
(12.45a) holds, u(0,:) = up and v(0,:) = vy with ug and vy from (12.43), and
the integral identity

<§t (div(5V¢)),z1> n <§t (eu),z2> n <aat(ev)’z?’>
= /Qe“V(u—QS)-V(zl—zz) —e"V(¢p+v)-V(z1423) + s(u,v)(22+23) de
(12.46)

holds for a.a. t € I and all z € W2(Q)? such that z|r, = 0.

The analysis of the original model is complicated and we confine ourselves
only to a modified model arising by truncation of the nonlinearity ¢ — ef and
then also of s(+,+), i.e. by replacing them by

e(€) = emin(bmax(=1.)) si(u,v) = r(er(u), e (v)) ; (12.47)

here [ is a positive constant. Hence ¢;(r) = e” for r € [—I,1]. We will analyze it
by the Galerkin approximation by using the subspaces Vj of W;;(Q) ={v €
W2(Q); v|r, = 0}, and assuming, for simplicity, that ug, vy, ur,vr, ¢s(t,-) € Vi
for any k, while ¢y has to be approximated by a suitable ¢gr € Vi. Note that e;
modifies the original nonlinearity out of the interval [—[, I] and makes, in particular,
s; bounded. Hence we get an approximate solution (¢, tgr, Vgi)-

Lemma 12.10 (A-PRIORI BOUNDS). Let ur,vr € WH2(Q), ¢x € L>°(I; WH2(Q)).
Then, forl € N fized, the approzimate solution (Pii, uki, vr) satisfies:

HuleL2(I;W1’2(Q)) < Cl7 HvleLg I;W1.2(Q)) < Cl7 (1248b)
Hel Ukl HLOO(Q) <, Hel Ukl HLOO(Q) <y, (12.48¢)
Hat (div( gw))‘ petrwraay < O (12.48d)
Hatel(um)‘ e 2(9)) H pyc: kl)‘ (w12 < (. (12.48e)
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Proof. Let us test (12.44) modified as outlined above by ([¢x; — ¢s](¢, ), ugi (¢, ) —
ur, vk (t, -)—ur) itself. This, after integration over [0, ] and the by-parts integration

Iy &ei(um)urdt = (e(upi(t, ) — er(uo))ur, gives
[ [5190uP+ B eatun)) + 6 (r(onn) ) (1. o
Q
+/O /Qez(ukz)|v(ukl—¢kz){2+€l(vkz)|v(vkl+¢kz){2dxdt

= /Q <;|V¢0|2+ [el]* (er(uo)) + []* (e1(vo)) + [V Vos](t, )

—eVaoor-Vos (O, ) + (el(ukl (t, )) — BZ(UO))’LLF + (el(vkl(t, )) — el(vg))vp>d$

t
+/0 /Q s1(ukts v ) (Ut + Vi) — €V 'vagtz
+ei(ur)V(or —u) -V(gps—ur) + e1(vr)V(dri+vr) - V(s +ur) dedt
(12.49)

where [¢;]*(+) is the Legendre-Fenchel conjugate to the primitive function €; : £ —
fOE e1(¢)d¢ to ey, cf. the formula (11.62). We further use the estimates

/Qel(ukl){v(ukl —¢k1){2d$ > /Qel(ukz)(;Wuklf
1
—|V¢k1|2)d$2/962 |Vukl|2—el|v¢kl|2d$7 (12.50)

which yields the term e!|V¢y|? to be treated “on the right-hand side” by Gron-
wall’s inequality. Similarly,

1
/ el(vkl){V(UM + ¢k1)|2dx > / e2 |Vvkl|2 — el|V¢kl|2dx. (12.51)
Q Q

Using the obvious estimate €;(§) < e'|¢] and thus [€]*(¢) > §|_et 1], by Gronwall’s
inequality we eventually obtain the estimates (12.48a-c). Furthermore, from the
equations themselves we obtain dual estimates on the time derivatives (12.48d,e).

O

Proposition 12.11 (CONVERGENCE). The approzimate Galerkin solution
(dki, uki, vki) converges (as a subsequence) for k — oo (I kept fixed) weakly in
L2(I; W12(Q))3 to a weak solution, let us denote it by (¢, ur,v;), of (12.44) with
e and e’ replaced by e;(u) and e;(v), respectively.

Proof. The declared convergence can be shown in parallel to Section 11.2.1. In
particular, by Aubin-Lions’ lemma we have wy; := e;(up) — w; in L?(Q); here
we also use that Vwy = e)(ug)Vuy is bounded in L?(Q;R™) due to (12.48b).
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Also ug; — w; in L?(Q), thus fQ Wi dedt — fQ wyuy dzdt so that by maximal
monotonicity of e; one can conclude that w; := e;(u;). Similarly, we can also prove
ei(vi) — e(vy) in L3(Q), and therefore also s;(ug, vi) = 7(ei(ur), er(vi)) —
r(ei(ur), er(v)) = si(ug,v;). Then one can pass to the limit in the Galerkin identity

0
lim / g;kl z 4 ey(up)V (ups — drr) - Vz — si(ugr, vgr) 2 dadt
Q

ko0
- AT<<8;;l ’ z> + /Qel(ul)V(ul - ¢l) -Vz — si(u,v)z dx) dt. (12.52)

Analogous limit passage can be made in the other equations; the term
68t (div(eVy)) is linear hence the limit passage is possible by a weak convergence
due to the estimate (12.48d). O

Remark 12.12 (Limit passage for I — +00). The strategy to pass to the original
system (12.44) is to show a-priori bounds for u; and v; in L°(Q) independent of
[ and then, if [ is chosen bigger than these bounds, (¢;,u;, v;) is the weak solution
of the non-modified system (12.44). For this, rather nontrivial step, we refer to
Gajewski [139] and Gajewski and Groger [143].

Remark 12.13 (Index-2 differential-algebraic system). When applying Galerkin
approximation to (12.37), we obtain a system of so-called differential-algebraic
equations (DAEs), i.e. time derivative is involved only in some components (here
corresponding to u and v), while the rest (here corresponding to ¢-components)
forms an algebraic system. If one can eliminate the algebraic part after differentiat-
ing it k-times, we say that the DEAs have the (differential) index k+ 1. Therefore,
as Gajewski’s transformation (12.44) shows, the original system (12.37) can be
viewed (in its Galerkin approximation) as an index-2 DAE.

Remark 12.14 (Nernst- Planck-Poisson system). The special case cp = 0 and r =0
is a basic model for electro-diffusion of ions in electrolytes, which was formulated
by W. Nernst and M. Planck at the end of the 19th century.*

12.5 Phase-field model

To describe solidification/melting processes at the microscale, models of a so-
called phase-field type can be used. A basic Caginalp’s model [74]'5 consists of the

MW.H. Nernst received the Nobel prize in chemistry for his work in thermochemistry in 1920
(while also M.K.E.L. Planck received Nobel’s prize already in 1918 in physics but not directly
related to the system (12.37) with ep = r = 0).

5For further study see Brokate and Sprekels [65, Sect.6.2], Elliott and Zheng [119], Kenmochi
and Niezgddka [195], Zheng [355, Sect.4.1].
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following system:

= A9
ot~ T O
ov A 0 ’
g = Av—clv) - (12.53)
0=0, v=0 on X,

0(0,-) =0y, v(0,-)=wvy onQ

where 6 plays the role of a temperature and the “order parameter” v distin-
guishes particular phases according to where the (typically nonconvex) potential
¢of ¢ : R — R attains its minima. This is an interesting system not only for its
applications but also for “training” purposes because there are various ways to
get a-priori estimates and then prove existence of a solution. Let us outline the
a-priori estimates heuristically.

First option: Summing the equations in (12.53) gives aatﬂ =A(0+v)—c(v)—
0 + g, and then testing it by 6 yields the estimate

1d 2 2 2
9 dt||‘9HL2(Q)+ HVGHLQ(Q;R") + ||9HL2(Q) = /QVG'V'U + (g —c(v)fda

1 1 3
= 2||ve||2L2(Q;Rn)+ 2HV'UH2L2(Q;Rn)+ 2||9H2L2(Q)+ ||9H2L2(Q)+ ||C(U)Hi2(ﬂ)'
(12.54)

Then, assuming c(v)v > —c; — cav?, ¢1, ca > 0, and testing the second equation in
(12.53) by v yields:

1d 2 2
g atse + 1900y = [ (0= et}
1 2 1 2
< cumeasn () + |07 + (5 + €2) [0l 70 (12.55)

Summing (12.54) and (12.55), by standard procedure via Gronwall’s inequality
one obtains the a-priori estimates
16]

<G HVGHL2(Q;RTL) <, (12.56)

=G, HVUHLQ(Q;RTL) <C, (12.57)

|L°°(I;L2(Q))
||UHL°°(I;L2(Q))

provided 6y, vo € L?(2), g€ L?(Q), and ¢(-) has at most linear growth because of
the last term in (12.54).16 The “dual” estimates of §t6‘ and gtv in L2(I; WH2(Q)%)
then follow standardly.

andardly, ¢ is o e type ¢(r) = (r* — , which is not consistent wi 1s approach,
16Standardly, ¢ is of the t @ 2 —1)2, which i t istent with thi h
however.
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Second option: Testing the first equation of (12.53) by € and the second one
by gtv gives

1 d 2 2 (911 a,U
I e L ey 2 M
+€H0Hi2*(g) + OEHQHLQ*’(Q) ’ (1258)

Ov||2 d [ . B o
H otz thHVUHB @ T dt /Qc(v)dx = —/99 ot de  (12.59)

where ¢ : R — R is the potential (i.e. the primitive function) of ¢. Supposing
0o € L2(Q), vo eWH2(Q), g€ L*(I; L*"(Q)), and ¢ > 0, and summing (12.58) and
(12.59), and using Gronwall’s inequality eventually yields the estimates:

<, v, <C, (12.60)

H9||L°°(I;L2(Q)) (Q;R™)

HVUHLOO(I;L2(Q;R” = H L2(Q) (12.61)

Coming back to the first equation of (12.53), one gets standardly the “dual” esti-
mate of gté? in L2(I; W12(Q)).

Third option: Testing the second equation in (12.53) again by gtv but the
first one by gté? gives, besides (12.59), the estimate

[ mnwumf | (G +9) o
2

X

L2(Q) H

< (H +[l9ll7ey) - (12:62)

Supposing 907v0€W1 2(Q), and g€ L*(Q) and summing (12.59) and (12.62), and
estimating | [, 0 5,vdz| < N2|| V0|22 (qpn) + ngth%z(Q) in (12.59) with N the
norm of the embedding W12(Q) C L2(f2) gives via Gronwall’s inequality again
the estimates (12.61) together with

L2 ()

(12.63)

20
101 e (w12 (@) < Cs H ot

Exercise 12.15 (Scaling). Modify the above estimate for the scaling by ¢ and £ as
in (9.73) similarly as done in Example 9.30.

Exercise 12.16 (Galerkin’s method). Prove existence of a weak solution to (12.53)
by convergence of the approximate solution constructed by the Galerkin method
based on the estimates (12.54)—(12.55), or (12.58)—(12.59), or (12.59)—(12.62). Note
that Aubin-Lions’ Lemma 7.7 is used for the only nonlinear term c.'”

17Hint in case of (12.58)—(12.59): Make a growth assumption |c(r)| < C(1 + |7|2 7€), € > 0,
so that, in view of (12.61) and Aubin-Lions’ Lemma 7.7, Galerkin’s sequence of v’s is compact
in LQ*_E(Q) and the limit passage through the nonlinear term c is possible as the Nemytskil
mapping N, : L2 ~¢(Q) — L*(Q) is continuous.
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Exercise 12.17 (Semi-implicit Rothe method). An advantageous modification of
Rothe’s method that would lead to a de-coupling of the system at each time level
can be based on the semi-implicit formulas:

gk _pk—1 k_ k-1 k_ k-1
T AR T gk T S Ak —e(oF) + 051 (12.64)
T T T

Modify the a-priori estimates (12.55) and (12.59) and prove the convergence.!8

Exercise 12.18 (Penrose and Fife’s generalization [282]). Consider

90 ov

= AB(0 d(v )
o BO) +d(v) 5, +9 (12.65)
8t = AU — C(’U) - d('l])ﬁ(o)

with 6 : R — R increasing. Note that for d(-) = 1 and B(r) = r, we get (12.53).
The physically justified option suggested by Penrose and Fife [282] uses 3(r) =
—1/r, which requires quite sophisticated techniques,'? however. Introducing the
new variable u = 3(f) and e(-) = B(-)~!, (12.65) transforms to a doubly-nonlinear
system aate(u) —Au = d(v)aatv + g and gtv — Av = —¢(v) — d(v)u. Assume, for
simplicity, inf ¢/(-) = ¢ > 0 and qualify also ¢(-) and d(-) appropriately, and use the
technique from Sect. 11.2.1 to get the a-priori estimate of u in L(I; W2(Q)) N
L*°(I; L?(Q2)) and of v in Who2(I; W12(Q), L?(Q2)) by testing these equations
by v and gtu respectively.?? After deriving still a dual estimate for gte(u), prove
convergence of, say, Rothe approximations as in Sect. 11.2.1.

8Hint: Modification of the a-priori estimates (12.55) and (12.59) can be based sim-
ok —gk—1

so that one can estimate \\9571||2LQ(Q) < 2”91:“%2(9) +

k k—1
207 =077 |2 R ||2 0112 2110 p_112 «
2727 HL2(Q)' In other words, ||6F ”L2(9) < 2”0"'HL2(Q) +272]| ateTHL2(n) where the “re-

tarded” Rothe function % is as in (8.176). The additional term 72|| gt (2 HQL?(Q) can be absorbed

if 7 is small enough. The convergence of the scheme based on (12.64), i.e.

ply on 9571 = 9’.ﬁ -7

ov

ov _
tT + 9, " :A'DT_C('DT)J"GEF

90, _
= AD,
+ ot

ot 0

can be proved as in Exercise 12.16 when using also ||§$—§T\\L2(Q) = gt OrllL2(q) = O(7).

198ee Brokate and Sprekels [65, Sect.6.3], Colli and Sprekels [89], Elliott and Zheng [119], or
Zheng (355, Sect.4.1.2]. Asymptotic behaviour under scaling of the terms gtv and Av in (12.65)
and relation to a modified Stefan problem is in [89].

20Hint: use fﬂ(gt e(u))udx = c(lit Jo[€]*(u)dt with [€]* the conjugate function of the primitive
function of e satisfying [€]*(r) < |r|2/(2¢) because € (r) > e|r|2/2, cf. (8.217)—(8.218), and note
that the arisen terms + [, u d(v) §,vdx cancel with each other, and eventually estimate

d

P 1 . Ov |2
 (EF @+ 1o +2@) +1Vul? + | 7] =/ﬂgudzs 19l 27 g 12 L2# (-
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Exercise 12.19 (Kenmochi-Niezgédka’s modification [194, 196]?). Consider a
Cahn-Hilliard equation 5 v+ A(Av—c(v) — ) = 0 instead of 5 v = Av—c(v)—0
in (12.53) and derive the a-priori estimates by testing by 6 and by A~! gtv.m

Exercise 12.20 (Benes’ generalizations [40, 41]). Augment the second equation
in (12.53) to Jv = Av — c(v) — 0 + 1(0)|Vo| with 1 : R — R continuous and
bounded, and modify all above estimates?® and prove convergence of the Galerkin
approximation®?. Consider further a given velocity ﬁeld v:Q — R"™ and augment
(12. 53) by the advection terms, i.e. 8t6‘ + ¥ - V6§ and 8tv + ¥ - Vo instead of 0

and 8tv respectively, and modify all above estimates®® and prove convergence of
the Galerkin approximation?S.

12.6 Navier-Stokes-Nernst-Planck-Poisson-type system

An incompressible ionized mixture of L mutually reacting chemical constituents
occurs in various biological or chemical applications. We accept a so-called Eckart—

21For such a sort of model see also Alt and Pawlow [11].
22Hint: test the first equation in (12.53) by 6 and the Cahn-Hilliard equatlon by J~ 1 v for
J: W1 2(Q) ~1.2(Q) the duality mapping, i.e. by J~1 8 LU= —AT 1 v cf. (3.18). By using

several times Green s formula, realize that — fﬂ e v(AT 1 )d:p = H BtU” because of

w-—1 Z(Q)
the definition (3.1) and because J~! itself is the duality mapping W~12(Q) — WO1 2(Q), further

that
2 1 0v -1 av 2
-/ A v(A ) AvA A Av dx = \Vv| de,
Q ot 2 dt

and [g Ac(v)(A™1 gt v)de = [, c(v) gtvd:p = ;t Jq é(v) dz with ¢ again the primitive function
to ¢, and also — fQ AG(ATT gt v)de = — fQ thv dz cancels with the corresponding term coming
from the first equation in (12.53), and obtain the estimates of § € L2(I; W&’Q(Q))OL“’ (I; L3(Q))
and v € L*>®(I; W&’Q(Q))HWLQ(I; W~12(Q)). From the first equation in (12.53), obtain now also
the estimate of gte in L2(I; W—52(Q)) and from the Cahn-Hilliard equation A2%v = A(c(v) +

0) — gtv eventually the estimate of v in L2(I; W22(Q)) under a suitable qualification of ¢(-).
Then show convergence, e.g., of Galerkin’s approximants. For details of Galerkin’s approximation
we refer (up to some sign conventions) to [196]

Z3Hint: estimate the term ¢(0)|Vv| as [, 1(6)|Vo|v dz< max w( )2 ||1)H2L2(Q)—|-}1 IIVUIIQH(Q;RTL)
for (12.55) or [, ¥(0)|Vv| gtvdx < max (R)? HVUHLQ(Q &y T il BthL2(Q) for (12.59).

24Hint: show the strong convergence of # by Aubin-Lions’ Lemma 7.7 and of Vv by uniform
monotonicity of the Laplacean as in Exercise 8.77, and then pass to the limit in the term (6)| V|
by Continuity.

25Hint: assume ¥ € L°°(Q;R") and estimate the term @ - V6 as [, —(#(t,) - VO)dx <

4 ”veHLZ(Q iR™) + Hﬁ(tv )||L°°(Q Rn)iieniQ(Q) for (1254) or as fQ _(6(t7 ) ) VG) aatedw <
4 Al 6t9|| 20y T || (¢, .)HLOO(Q;RTL)HvelliQ(Q;Rn) for (12.62), and analogously for the term ¥ - Vv
for (12.55) and (12.59). Alternatively, assuming div ¥ = 0 and 7|z = 0, use the calculations (6.33)
for (12.54) and (12.55) to cause these terms to vanish.

26Hint: show the strong convergence of 6 and v by Aubin-Lions’ lemma and pass to the limit
in the terms - VO and ¥- Vv by the weak convergence.
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Prigogine’s phenomenological concept [115, 286]27 balancing only the barycentric
momentum. Under certain simplifications?®, it leads to a system of n + L + 1 dif-
ferential equations combining the Navier-Stokes, and the Nernst-Planck equation
modified for moving media, and the Poisson equation for the electrostatic field:

L
Q@'U + o(v-V)v —div(pVv) + Vi = Zuéfé ; div(v) =0,
ot =1

foe=—eVo, (12.66a)

ou
(’%g + div(je + wev) = re(us, ... ug),

Je = —d1Vuy — daug(eg — quot) Ve, €=1,...,L,(12.66b)

L
—div(eVe) = qrot,  Grot = Zezue ; (12.66¢)
=1

with the initial conditions

v(0,-) =vo,  wl(0,") =uw on Q. (12.67)

The meaning of the variables is:
v barycenter velocity,
T pressure,
ug concentration of -constituent, presumably to satisfy Zngl up =1, up >0,
¢ electrostatic potential,
Qtot the total electric charge,
and of the data is:
w > 0 viscosity,
0 > 0 density,
e¢ valence (=charge) of ¢-constituent,
€ > 0 permitivity,
re(u1, ..., ur) production rate of the ¢-constituent by chemical reactions,
fe body force acting on f-constituent: f, = —e,Vo, 2°
je phenomenological flux of ¢-constituent given in (12.66b) with
di,ds > 0 diffusion and mobility coefficients, respectively.

271, Prigogine received the Nobel prize in chemistry for non-equilibrium thermodynamics,
particularly the theory of dissipative structures, in 1977. An alternative, Truesdell’s description
of mixtures, balances momenta of each constituent and counts for interactive forces among them.
Both concepts, completed by energy balance, have points that are thermodynamically still not
fully justified. For relations between (12.66) and Truesdel’s model see Samohyl [316].

28Tn particular, we consider isothermal processes, a volume additivity hypothesis with each
constituent incompressible, small electrical currents (i.e. magnetic field is neglected), and the
diffusion and mobility coefficients as well as mass densities being the same for each constituent.
Moreover, we neglect the electric field outside of the specimen €.

29This comes from Lorenz’ force acting on a charge e, moving in the electromagnetic field
(E, B), i.e. fo =eg(E 4 vy X B) after simplification £ = —V¢ and B = 0.
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In other words, j, = —da(u/Ve — qrot V) where
dq
e = €pp + d In(ue), (12.68)
2

plays the role of an electrochemical potential. The equations (12.66a-c) thus bal-
ance the barycentric momentum (under the incompressibility condition), mass of
particular constituents, and electric induction eV¢. The interpretation of gyot Ve
in j, is a “reaction force”3? keeping the natural requirement Zle je = 0 satisfied,
which eventually fixes also the constraint Zngl uy = 1. We still consider some
boundary conditions, e.g. a closed container, which, in some simplified version,
leads to:

v =0, up =ur, ¢=0 on X. (12.69)

Besides, we naturally assume ry : RL — R continuous and the mass conservation
in all chemical reactions and nonnegative production rate of ¢th constituent if
there its concentration vanishes, and the volume-additivity constraint holds for
the initial and the boundary conditions, i.e.

L

ng(ul,...,uL):O , re(ur, ..., ue—1,0,up41,...,ur) >0, (12.70a)
(=1

L L

duw=1, Y wr=1  unw>0, ur>0 (12.70b)
(=1 (=1

For analysis, we define a so-called retract K : M — {£€eM; £ >0, ¢ =1,...,L},
where M denotes the affine manifold {¢ € R”; 25:1 & =1}, by

Kue) = 5
S

Note that K is continuous and bounded on M. Starting with @ = (&g)e=1,..,1 and v

& == max(&,0). (12.71)

given such that Zngl g = 1, we solve subsequently the Poisson, the approximate
Navier-Stokes®!, and finally the generalized Nernst-Planck equations, i.e.

L
—div(eVe) = Giot Gtot = Z ey (1) , (12.72a)
=1
0
0 81; +0(v-V)v — div(pVv) + VT = Gt Vo div(v) =0, (12.72b)
8u4

— div(d Vug) + div(ued) = re(K (1))
— div(do Ky()(er — Got) V), £=1,..,L. (12.72¢)

ot

30This force is usually small because |gtot| is small in comparison with maxy—1, . 1, |ee]. Often,
even the electro-neutrality assumption giot = 0 is postulated. For derivation of this force and
clarification of specific simplifications see Samohyl [316].

31The equation (12.72b) is called an Oseen problem.
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Let Wol”fiv(Q;R”) = {v e Wy* (% R™); dive = 0}. Recall the notion of a very
weak solution to the Navier-Stokes equation (12.66a) defined in Section 8.8.4 and
analogously to (12.72b). Also, we use this concept for (12.66b) and (12.72¢). The
“technical” difficulty is that the time-derivatives gtv and gt uy are not in duality

with v and u, themselves.

Lemma 12.21 (A-PRIORI BOUNDS). Let (12.70) hold and let n < 3. For any v €
LA(I; Wy (R™)) N L=(I; LA R™) and @ € L*(Q;RE) such that u(-) € M
a.e. in Q, the equations (12.72) have very weak solutions (v, ¢, u) which satisfy:

< Cy, (12.73a)

< Cy, (12.73b)

V9l ez (im0

H HL2 LWL.2(Q;R7))NLoe (I; L2 (GR™))

HW HL%I;WM(Q))QLOO(I;L2(Q))

(12.73c)

LA/3(L Wy 5 (R™)) =Gt 03{|1—]HLz(I;W”(Q;R?’))ﬂL“’(I;Lz(Q;R”))’
S 047 Hauz

< Cs, (12.73d)
LA/3(LW2(Q)*)
with the constants Cy,...,Cs independent of ¢ and v. Besides, u satisfies the
constraint () € M a.e. in Q (but not necessarily uy > 0).

Proof. We consider n = 3, the case n < 2 being thus covered, too. Existence of very
weak solutions to the particular decoupled linear equations (12.72a), (12.72b), and
(12.72c¢) can be proved by standard arguments, based on the bounds below.

The estimate (12.73a) is obvious if one tests (12.72a) by ¢ itself and realizes
that the right-hand side of (12.72a) is a-priori bounded in L*°(Q). The estimate
(12.73b) for v can be obtained by testing the weak formulation of the approximate
Navier-Stokes system (12.72b) by v; note that the term [, (7-V)v - vdaz vanishes,
cf. also Section 8.8.4.32

The dual estimate (12.73c) for gtv can then be obtained as in (12.21) by
testing (12.72b) by a suitable z as follows:

HVUHL2 [R3%3) (N\/T+QN3/2|’ H1/2 I;W1.2(Q))

e[
Ot lLa/s(,wy 3, (4R™)

1/2
x||7 (I;L2(; ]R3))) + szﬁ?fﬂed ||V¢||L4/3(1;L6/5(Q))' (12.74)

Finally, the estimate (12.73d) for u, can be obtained by testing (12.72¢) by
ue.33 The dual estimate for gtug can again be obtained analogously as (12.74).34

32More precisely, we can do it in Galerkin’s approximations and then these bounds are inherited
in the limit very weak solution, too.

33 Again, more precisely, we can do it in Galerkin’s approximations and then these bounds are
inherited in the limit very weak solution, too.

34The term div(ug?) in (12.72c) suggests the estimate

/Q ugh - Vzdz < HW”LQ(I;LG(Q)) HT)H}:/?Q(I;LG(Q;R")) ||1_’||1L/<fv(1;L2(Q;Rn)) HVZHL‘l(I;L?(Q;R”))
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Now, we have to prove that the constraint Zle up = 1 is satisfied. Let us
abbreviate o(t,-) := Zle ug(t,-). By summing (12.66b) for £ =1,..., L, one gets

L
gj = Z ro(K(w)) + div <d1VU — o
{=1

L L
+ 3 doKo(a) (6@ -3 ekKk(a)> v¢) = div(dyVo) — v Vo (12.75)
=1 k=1

where (12.70a) has been used. Thus (12.75) results in the linear equation 2 o +v-
Vo —div(di Vo) = 0. We assumed o|i—g = Zle ug = 1 and oy = Zle ur =1
on X, cf. (12.67) and (12.69) with (12.70b), so that the unique solution to this
equation is o(t,-) = 1 for any t > 0.%° O

Let us abbreviate
Wy i= WE2AB (L WR2(QRE), WE2(QRE)Y) 0 Lo°(1; LA RY)),  (12.76a)
Wy = W23 (LW S (;R™), Wy i (0 R™)™) N L= (I; L*(;R™)). (12.76b)

If n < 3, Aubin-Lions’ Lemma 7.7 gives the compact embeddings W; &
L2(I; L5=¢(Q; RLY)) for any € > 0, and similarly Wy € L?(I; L57¢(Q; R™)). More-
over, let us abbreviate M : Wy x Wy == Wy x Wy defined by (u,v) € M(u,v)
if u is a very weak solution to (12.72b) satisfying (12.73d) and v is a very weak
solution (12.72b) satisfying (12.73b,c) with ¢ a weak solution to (12.72a).3¢

Lemma 12.22 (CONTINUITY). Let (12.70a) hold and let n < 3. Then the set-
valued mapping M is weakly* upper semicontinuous if restricted to {(u,v) € Wy X

Wy, a(-) € M a.e. in Q}.

Proof. Taking a sequence of {(@*, 7*)}ren converging weakly to (@, 7) in Wy x W,
by Aubin-Lions’ Lemma 7.7, @¥ — @ strongly in L?(Q;RF), hence ¢* — ¢
in LY(I;WH2(Q)), and also K,(@*)V¢* — Ky(a)V¢ in LI(I;L?(;R?)) with
q < +oo arbitrary. Then the limit passage in (12.72b) is routine; obviously
fQ('Dk-V)vk-z dzdt — [ (0-V)v-zdedt at least for those test functions z which

are also in L°°(Q) because 7¥ — ¥ strongly in L?(Q;R3) and Vov* — Vv weakly
L?(Q;R3*3).37 The limit passage in the very weak formulation of (12.72c) with

while the last term in (12.72¢) can be estimated as
A doKy(@)(eq — Grot )V - Vzdadt < 2da [:rrllﬁfL |eel ||V¢||L2(Q;R”) ||VZ||L2(Q;Rn)'

35Here, we should have in mind that u, was considered as limits of Galerkin approximations,
so is o, and then we have at our disposal the a-priori estimates, and then by linearity of this
equation also uniqueness of o.

36Note how carefully M is defined: not every weak solution necessarily satisfies the a-priori
estimates because we cannot perform the desired tests. However, we can do it for the Galerkin
solutions and then pass to the limit so that we can show that M (@, ) is at least nonempty.

37Here we used density of L>(Q) N L2(I; Wy'2 (%R™)) in L2(I; Wy'2 (4 R™)).
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(uF, vk, ¢F @*) in place of (u,v,,u) easily follows by standard arguments using
the a-priori estimates (12.73d). The a-priori estimates (12.73) themselves are pre-
served in the limit, too. O

Proposition 12.23 (EXISTENCE OF A FIXED POINT). Let (12.70) hold and let n < 3.
The mapping (4,?) — (u,v) has a fized point (u,v) on the convex set

{(%U) EWr x Wa i |[ul|p2(;wieireynres (r;z2@re)) < Ci,
H Ju

ot

H v

ot

with Cy, ..., Cs from (12.73). Moreover, every such fized point satisfies also ug > 0

for any €. Thus, considering also ¢ related to this fized point (u,v), the triple
(¢, v,u) is a very weak solution to the system (12.66).

<C VI 2(71-W1.2(Q-R3 o (I L2(Q:R3 <C
Lsawia@rny < O V]2 (w2 ir3))nLe ;22 (ir3)) < Ch,

L
<Co+CiCs Y ug= 1} (12.77)
=1

LA3(IW, 3, (5R™)*)

Proof. The weak upper semi-continuity of M has been proved in Lemma 12.22. By
a-priori estimates (12.73b-d) and by arguments such as (12.75), this mapping maps
the convex set (12.77) into itself. Both W; and W, are compact if endowed with
the weak® topologies. Thanks to the linearity of (12.72) and convexity of {(u,v)}
satisfying (12.73b-d) for (@, v) given, the set M (@, ) is convex. By Lemma 12.21,
also M(u,v) # 0. By Kakutani’s Theorem 1.11, we obtain existence of a fixed
point.

The constraint Zngl ug = 11is, as proved in (12.75), satisfied and, at this fixed
point, we have additionally wue(t, -) > 0 satisfied for any ¢. To see this, test (12.72c¢)
with ug = @, by the negative part u, of us. Realizing Ky(u)Vu, = 0 because,
for a.a. (t,z) € Q, either Ky(u(t,x)) = 0 (if we(t,z) < 0) or Vue(t,z)” = 0 (if
ug(t,z) > 0), and ry(-)u; > 0 because of (12.70a)3%, we obtain u, = 0 a.e. in Q.

The nonnegativity of uy together with Zle ug = 1 ensures that u(t,z) €
Range(K) for a.a. (t,z) € @ so that uy = Kp(u) and thus the triple (¢, v,u) is
a very weak solution not only to (12.72) with = v and @ = u but even to the
original system (12.66). O

Remark 12.24. By neglecting the Navier-Stokes part (12.66a) and considering a
stationary medium, i.e. v = 0 and 7 constant, (12.66) reduces to the Nernst-
Planck-Poisson system, see Remark 12.14. Conversely, one can consider extension
of the incompressible model (12.66) for anisothermal situations, see [310].3%

Exercise 12.25. Prove the a-priori bounds (12.73b) and (12.73d) in detail.

38To be more precise, we can assume, for a moment, that r, is defined on the whole RE in
such a way that rp(u1,...,ur) > 0 for uy < 0. As we are just proving that u, > 0, the values of
rp for negative concentrations are eventually irrelevant.

39This is to be done by making some parameters dependent on temperature 6, in particular
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Exercise 12.26. Perform the estimate (12.74) for n = 4 but in the norm
ML Wy g (B R™)). ©0

Exercise 12.27. Prove the limit passage in (12.72¢) in detail by using the a-priori
estimates (12.73d).

Exercise 12.28 (Galerkin approach?!). Apply Galerkin’s method directly to
(12.66), using the retract K as in (12.72). Modify the a-priori estimates (12.73)
to this case, as well as (12.75), and then make a limit passage, proving thus the
existence of the very weak solution to (12.66) without the fixed-point argument.

Exercise 12.29 (Highly viscous Stokes case). Assuming the viscous term in (12.66a)
is dominant, omit the convective term o(v-V)v in (12.66a) so that (12.66a) becomes
the Stokes equation. Modify the analysis: use a weak solution instead of the very
weak ones?? and Schauder fixed-point theorem instead of the Kakutani one.

the chemical reaction rates ry; = ry(u, 0), and adding the heat equation

00 L
Cop T div(kV0 + cv6) = p|Vo|? + Z (fej/z + he(0)re(u, 9))

=1

where hg(6) are specific enthalpies,  the heat conductivity, and ¢ the specific heat capacity.
Then one can show that the total energy, i.e. the sum of the kinetic, the electrostatic, the internal
energies, and the (negative) total enthalpy, i.e. [q (;g|v|2 + ;E|V¢>\2 + ¢ — ZZL:1 heug)dz, is
conserved in an isolated system.

40Hint: Use z € C(I; L*(Q;RY)) in (12.22).

41 This more constructive approach is after [311].

42Hint: Derive the “dual” estimates (12.73c,d) with L2-norms instead of L*/3-norm.
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transversality 130
uniformly continuous 5
uniformly convex space 3
LP(I;V) 23
LP(Q;R™) 12
uniformly monotone 30



Index

unilateral problem 129
unit outward normal 20
upper semicontinuous mapping 8
variational inequality 125
boundary 327
hemi- 129
implicit 159
of type II 326
quasi- 144
variational methods 109
very weak solution 100, 159
of heat equation 254
of parabolic equation 233
Vitali theorem 14
weak convergence 4
weak derivative 275
weak formulation 42
of parabolic equation 233
weak solution 43, 200, 309
of parabolic equation 233
weakly continuous mappings 30, 56
weakly lower semicontinuous func-
tion 4
Young inequality 12
Yosida approximation 141
of a functional 137
modification of 77
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