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Preface

It appears that the role of the mathematician is changing, as the world re-
quires sophisticated tailored solutions to specific problems. Approximation
methods are of vital importance in many of these problems, as we usually do
not have perfect information, but require means by which robust solutions
can be garnered from complex and often evolutionary situations. This book
collects papers from world experts in a broad variety of relevant applications
of approximation theory, including dynamical systems, multiscale modelling
of fluid flow, metrology, and geometric modelling to mention a few.

The 14 papers in this volume document modern trends in approximation
through recent theoretical developments, important computational aspects
and multidisciplinary applications. The book is arranged in seven invited sur-
veys, followed by seven contributed research papers. The surveys of the first
seven chapters are addressing the following relevant topics.

Emergent behaviour in large electrical networks
by Darryl P. Almond, Chris J. Budd, and Nick J. McCullen;

Algorithms for multivariate piecewise constant approximation
by Oleg Davydov;

Anisotropic triangulation methods in adaptive image approximation
by Laurent Demaret and Armin Iske;

Form assessment in coordinate metrology
by Alistair B. Forbes and Hoang D. Minh;

Discontinuous Galerkin methods for linear problems
by Emmanuil H. Georgoulis;

A numerical analyst’s view of the lattice Boltzmann method
by Jeremy Levesley, Alexander N. Gorban, and David Packwood;

Approximation of probability measures on manifolds
by Jeremy Levesley and Xingping Sun.

Moreover, the diverse contributed papers of the remaining seven chapters
reflect recent developments in approximation theory, approximation practice



VI Preface

and their applications. Graduate students who wish to discover the state of
the art in a number of important directions of approximation algorithms will
find this a valuable volume. Established researchers from statisticians through
to fluid modellers will find interesting new approaches to solving familiar but
challenging problems.

This book grew out of the sixth in the conference series on Algorithms for
Approximation, which took place from 31st August to September 4th 2009 in
Ambleside in the Lake District of the United Kingdom. The conference was
supported by the EPSRC (Grant EP/H018026) and the London Mathematical
Society, and had around 70 delegates from 20 different countries.

The conference included also two workshops, the Model Reduction Work-
shop and New Mathematics for the Computational Brain. The papers of the
first workshop are appearing in a Springer volume Coping with Complexity:
Model Reduction and Data Analysis (Lecture Notes in Computational Sci-
ence and Engineering, Vol. 75, Nov 29, 2010), edited by Alexander N. Gorban
and Dirk Roose, and the second as a special issue of International Journal of
Neural Systems, Vol. 20, No. 3 (2010). The interaction between approximation
theory, model reduction, and neuroscience, was very fruitful, and resulted in a
number of new projects which would never happened without collecting such
a broad-based group of people.

Finally, we are grateful to all the authors who have submitted their fine
papers for this volume, especially for their patience with the editors. The
contributions to this volume have all been refereed, and thanks go out to
all the referees for their timely and considered comments. Finally, we very
much appreciate the cordial relationship we have had with Springer-Verlag,
Heidelberg, through Martin Peters.

Leicester, August 2010 Emmanuil H. Georgoulis
Armin Iske

Jeremy Levesley
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Part I

Invited Surveys



Emergent Behaviour in Large Electrical
Networks

Darryl P. Almond, Chris J. Budd, and Nick J. McCullen

Bath Institute for Complex Systems, University of Bath, BA2 7AY, UK

Summary. Many complex systems have emergent behaviour which results from
the way in that the components of the system interact, rather than their individual
properties. However, it is often unclear as to what this emergent behaviour can be,
or inded how large the system should be for such behaviour to arise. In this paper we
will address these problems for the specific case of an electrical network comprising
a mixture of resistive and reactive elements. Using this model we will show, using
some spectral theory, the types of emergent behaviour that we expect and also how
large a system we need for this to be observed.

1 Introduction and Overview

The theory of complex systems offers great potential as a way of describing
and understanding many phenomena involving large numbers of interacting
agents, varying from physical systems (such as the weather) to biological and
social systems [1]. A system is complex rather than just complicated if the
individual components interact strongly and the resulting system behaviour is
a product more of these interactions than of the individual components. Such
behaviour is generally termed emergent behaviour and we can colloquially
that the complex system is demonstrating behaviour which is more than the
sum of its parts. However, such descriptions of complexity are really rather
vague and leave open many scientific questions. These include: how large does
a system need to be before it is complex, what sort of interactions lead to
emergent behaviour, and can the types of emergent behaviour be classified.
More generally, how can we analyse a complex system? We do not believe that
these questions can be answered in general, however, we can find answers to
them in the context of specific complex problems. This is the purpose of this
paper, which will study a complex system comprising a large binary electrical
network, which can be used to model certain material behaviours.

Such large binary networks comprise disordered mixtures of two different
but interacting components. These, arise both directly, in electrical circuits

E.H. Georgoulis, A. Iske, J. Levesley (eds.), Approximation Algorithms for Complex

Systems, Springer Proceedings in Mathematics 3, DOI: 10.1007/978-3-642-16876-5 1,

c© Springer-Verlag Berlin Heidelberg 2011
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[2, 5, 16], or mechanical structures [13], and as models of other systems such as
disordered materials with varying electrical [6], thermal or mechanical prop-
erties in the micro-scale which are then coupled at a meso-scale. Many sys-
tems of condensed matter have this form [14, 9, 7]. Significantly, such systems
are often observed to have macroscopic emergent properties which can have
emergent power-law behaviour over a wide range of parameter values which is
different from any power law behaviour of the individual elements of the net-
work, and is a product of the way in which the responses of the components
combine. As an example of such a binary disordered network, we consider a
(set of random realisations of a) binary network comprising a random mixture
with a proportion of (1− p) resistors with frequency independent admittance
1/R and p capacitors with complex admittance iωC directly proportional to
frequency ω. This network when subjected to an applied alternating voltage
of frequency ω has a the total admittance Y (ω). We observe that over a wide
range of frequencies 0 < ω1 < ω < ω2 , the admittance displays power law
emergent characteristics, so that |Y | is proportional to ωα, for an appropriate
exponent α. Significantly, α is not equal to zero or one (the power law of the
response of the individual circuit elements) but depends upon the proportion
of the capacitors in the network. For example when this proportion takes the
critical value of p = 1/2, then α = 1/2. The effects of network size, and
component proportion, are important in that ω1 and ω2 depend upon both
p and N . In the case of p = 1/2 this is a strong dependence and we will see
that ω1 is inversely proportional to N and ω2 directly proportional to N , as
N increases to infinity. It is in this frequency range that both the resistors
and capacitors share the (many) current paths through the network, and they
interact strongly. The emergent behaviour is a result of this interaction. For
0 < ω < ω1 and ω > ω2 we see a transition in the behaviour. In these ranges
either the resistors or the capacitors act as conductors, and there are infre-
quent current paths, best described by percolation theory. In these ranges the
emergent power law behaviour changes and we see instead the individual com-
ponent responses. Hence we see in this example of a complex system (i) an
emergent region with a power law response depending on the proportion but
not the arrangement or number of the components (ii) a more random perco-
lation region with a response dominated by that of individual components and
(iii) a transition between these two regions at frequency values which depends
on the number and proportion of components in the system. The purpose of
this paper is to partly explain this behaviour.

The layout of the remainder of this paper is as follows. In Section 2 we will
give a series of numerical results which illustrate the various points made
above on the nature of the network response. In Section 3 we will formulate
the matrix equations describing the network and the associated representation
of the admittance function in terms of poles and zeros. In Section 4 we will
discuss, and derive, a series of statistical results concerning the distribution of
the poles ad zeros. In Section 5 we will use these statistical results to derive



Emergent Behaviour 5

the asymptotic form of the admittance |Y (ω)| in the critical case of p =
1/2. In Section 6 we compare the asymptotic predictions with the numerical
computations. Finally in Section 7 we will draw some conclusions from this
work.

2 Simple Network Models and Their Responses

In this section we show the basic models for composite materials and as-
sociated random binary electrical networks, and present the graphs of their
responses. In particular we will look in detail at the existence of a power law
emergent region, and will obtain empirical evidence for the effects of network
size N and capacitor proportion p, on both this region and the ’percolation
behaviour’ when CR ω � 1 and CR ω � 1.

2.1 Modelling Composites as Complex Rectangular Networks

An initial motivation for studying binary networks comes from models of
composite materials. Disordered two-phase composite materials are found to
exhibit power-law scaling in their bulk responses over several orders of mag-
nitude in the contrast ratio of the components [10, 5], and this effect has been
observed [2, 4] in both physical and numerical experiments on conductor-
dielectric composite materials. In the electrical experiments this was previ-
ously referred to as “Universal Dielectric Response” (UDR), and it has been
observed [14, 9] that this is an emergent property arising out of the random
nature of the mixture. A simple model of such a conductor-dielectric mixtures
with fine structure is a large electrical circuit replacing the constituent con-
ducting and dielectric parts with a linear C-R network of N � 1 resistors and
capacitors, respectively as illustrated in Figure 1.

For a binary disordered mixture, the different components can be assigned
randomly to bonds on a lattice [15]. with bonds assigned randomly as either C
or R, with probability p, 1−p respectively. The components are distributed in
a two-dimensional lattice between two bus-bars. On of which is grounded and
the other is raised to a potential V (t) = V exp(iωt). This leads to a current
I(t) = I(ω) exp(iωt) between the bus-bars, and we measure the macroscopic
(complex) admittance given by Y (ω) = I(ω)/V. A large review of this and
binary disordered networks can be found in [8, 5].

We now present an overview of the results found for the admittance con-
duction of the C-R network, explaining the PLER and its bounds. In partic-
ular we need to understand the difference between percolation behaviour and
power law emergent behaviour. To motivate these results we consider initially
the cases of very low and very large frequency.
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Fig. 1. The layout of the binary electrical circuit.

Percolation and Power-Law Emergent Behaviour

As described in the introduction, in the case of very low frequency CR ω � 1,
the capacitors act as open circuits and the resistors become the main con-
ducting paths with far higher admittance than the capacitors. The circuit
then becomes a percolation network [3, 11] in which the bonds are either con-
ducting with probability (1 − p) or non-conducting with probability p. The
network conducts only if there is a percolation path from one electrode to the
other. It is well known [3] that if p > 1/2 then there is a very low probability
that such a percolation path exists. In contrast, if p < 1/2 then such a path
exists with probability approaching one as the network size increases. The case
of p = 1/2 is critical with a 50% probability that such a path exists. This im-
plies that if p < 1/2 then for low frequencies the conduction is almost certainly
resistive and the overall admittance is independent of angular frequency ω. In
contrast, if p > 1/2 then the conduction is almost certainly capacitative and
the overall admittance is directly proportional to ω. If p = 1/2 (the critical
percolation probability for a 2D square lattice) then half of the realisations
will give an admittance response independent of ω and half an admittance
response proportional to ω. In the case of very high frequencies CR ω � 1,
we see an opposite type of response. In this case the capacitors act as almost
short circuits with far higher admittance than the resistors. Again we effec-
tively see percolation behaviour with the resistors behaving as approximately
open circuits in this case. Thus if p > 1/2 we again expect to see a response
proportional to ω and if p < 1/2 a response independent of ω. The case of
p = 1/2 again leads to both types of response with equal likelihood of occur-
rence depending upon the network configuration. Note that this implies that
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if p = 1/2 then there are four possible qualitatively different types of response
for any random realisation of the system.

For intermediate values of ω the values of the admittance of the resistors
and the capacitors are much closer to each other and there are many current
paths through the network, In Figure 2 we see the current paths in the three
cases of (a) percolation, (b) transition between percolation and emergence (c)
emergence.

Fig. 2. An illustration of the three different types of current path observed in the
percolation, transition and emergent regions.

The emergence region has power-law emergent behaviour. This is charac-
terised by two features: (i) an admittance response that is proportional to ωα

for some 0 < α < 1 over a range ω ∈ (ω1, ω2). (ii) In the case of p = 1/2
a response that is not randomly dependent upon the network configuration.
Figures 3 and 4 plot the admittance response as a function of ω in the cases



8 D. P. Almond, C. J. Budd, N. J. McCullen

of p = 0.4, p = 0.6 and p = 1/2. The figures clearly demonstrate the forms
of behaviour described above. Observe that in all cases we see quite a sharp
transition between the percolation type behaviour and the emergent power
law behaviour as ω varies.

p=0.4
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Fig. 3. Typical responses of network simulations for values of p �= 1/2 which give
qualitatively different behaviour so that in the percolation region with CR ω � 1 or
CR ω � 1, we see resistive behaviour in case (a) and capacitative behaviour in case
(b). The figures presented are density plots of 100 random realisations for a 20× 20
network. Note that all of the realisations give very similar results.

p=0.5

102 104 106 108 1010

ω  (radians)

10-5

10-4

10-3

10-2

10-1

|Y
| (

si
em

en
s)

|Y| ~ ω0.5
No C path

No R path

R path

C path

ω0

ω1

ω1

ω0

Fig. 4. Responses for 100 realisations at p = 1/2 showing four different qualitative
types of response for different realisations. Here, about half of the responses have
a resistive percolation path and half have a capacitive one at low frequencies with
a similar behaviour at high frequencies. The responses at high and low values of
CR ω indicate which of these cases exist for a particular realisation. The power-law
emergent region can also be seen in which the admittance scales as

√
ω and all of

the responses of the different network realisations coincide
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The Effects of Network Size N and Capacitor Proportion p.

We have seen above how the response of the network depends strongly upon
p. It also depends (more weakly) upon the network size N . Figure 5 shows the
response for the critical value of p = 1/2 for different values ofN . Observe that
in this case the width of the power-law emergent region increases apparently
without bound, as N increases, as do the magnitude of the responses for small
and large frequencies. In contrast in Figure 6 we plot the response for p = 0.4
and again increase N In contrast to the former case, away from the critical
percolation probability the size of the power-law emergent region appears to
scale with N for small N before becoming asymptotic to a finite value for
larger values of N .

These results are consistent with the predictions of the Effective-Medium-
Approximation (EMA) calculation [12, 5] which uses a homogenisation argu-
ment to determine the response of a network with an infinite number (N = ∞)
of components. In particular, the EMA calculation predicts that in this lim-
iting case, the response for p = 1/2 is always proportional to

√
ω and that it

p < 1/2 then the response is asymptotic to ε ≡ 1/2− p as ω → 0 and to 1/ε
as ω → ∞. However the EMA calculation does not include the effects of the
network size.
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Fig. 5. The effect of network size N on the width of the power-law emergent region
for p = 1/2, in which we see this region increasing without bound.
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N=90
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Fig. 6. The effect of the network size N on the power-law emergent region for
p = 0.4, in which we see this region becoming asymptotic to a finite set as N → ∞.

To compare and contrast these results, we consider for p ≤ 1/2, the dy-
namic range of the response for those realisations which have a resistive solu-
tion for both low and high frequencies (that is with probability one if p < 1/2
and probability 1/4 if p = 1/2.). We define the dynamic range to be

Ŷ =
|Y |max
|Y |min =

|Y (∞)|
|Y (0)| .

In Figure 7 we plot Ŷ as a function of N for a variety of values of p ≤ 1/2.
We see from this figure that if p = 1/2 then Ŷ is directly proportional

to N for all values of N plotted. In contrast, if p < 1/2 then Ŷ is directly
proportional to N for smaller values of N and then becomes asymptotic to a
finite value Ŷ (p) as N →∞.

3 Linear Circuit Analysis of the Network

We now describe in detail how the disordered material is modelled by by a
general network model. In this we consider two components of admittance y1
and y2 so that the proportion of the first component is (1−p) and the second
is p. These will have admittance ratio μ = y2

y1
. For a capacitor-resistor (C-R)
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Fig. 7. The variation of the dynamic range Ŷ = |Y |max/|Y |min as a function of N
and p.

network with a proportion p of capacitors with admittance y2 = iωC and
resistors admittance y1 = 1/R we have

μ = iωCR is purely imaginary.

3.1 Linear Circuit Formulation

Now consider a 2D N node square lattice network, with all of the nodes on
the left-hand-side (LHS) connected via a bus-bar to a time varying voltage
V (t) = V eiωt and on the right-hand-side (RHS) via a bus-bar to earth (0V ).
We assign a (time-varying) voltage vi with i = 1 . . .N to each (interior) node,
and set v = (v1, v2, v3 . . . vN )T the be the vector of voltage unknowns. We will
also assume that adjacent nodes are connected by a bond of admittance yi,j .
Here we assume further that yi,j = y1 with probability 1 − p and yi,j = y2
with probability p. ¿From Kirchhoff’s current law, at any node all currents
must sum to zero, so there are no sinks or sources of current other than at the
boundaries. In particular, the current from the node i to an adjoining node
at j is given by Ii,j where

Ii,j = (vi − vj)yi,j .

It then follows that if i is fixed and j is allowed to vary over the four nodes
adjacent to the node at i then
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∑

j

yi,j(vi − vj) = 0. (1)

If we consider all of the values of i then there will be certain values of i that
correspond to nodes adjacent to one of the two boundaries. If i is a node
adjacent to the left boundary then certain of the terms vj in (1) will take the
value of the (known) applied voltage V (t). Similarly, if a node is adjacent to
the right hand boundary then then certain of the terms vj in (1) will take the
value of the ground voltage 0. Combining all of these equations together leads
to a system of the form

Kv = V (t)b = V eiωtb,

where K ≡ K(ω) is the (constant in time) N ×N sparse symmetric Kirchhoff
matrix for the system formed by combining the individual systems (1), and
the adjacency vector b ≡ b(ω) is the vector of the admittances of the bonds
between the left hand boundary and those nodes which connected to this
boundary, with zero entries for all other nodes. As this is a linear system, we
can take

v = Veiωt

so that the (constant in time) vector V satisfies the linear algebraic equation

KV = V b.

If we consider the total current flow I from the LHS boundary to the RHS
boundary then we have

I = bT (V e−V) ≡ bTV − V c
where e is the vector comprising ones for those nodes adjacent to the left
boundary and zeroes otherwise and c = bTV. Combining these expressions,
the equations describing the system are then given by

KV − bV ≡ 0, cV − bTV = I. (2)

The bulk admittance Y (μ) of the whole system is then given by Y = I/V so
that

Y (μ) = c− bTK−1b.

Significantly, the symmetric Kirchoff matrix K can be separated into the
two sparse symmetric N ×N component matrices K = K1 +K2 which corre-
spond to the conductance paths along the bonds occupied by each of the two
types of components. Furthermore

K1 = y1L1 and K2 = y2L2 = μy1L2

where the terms of the sparse symmetric connectivity matrices L1 and L2 are
constant and take the values −1, 0, 1, 2, 3, 4. Note that K is a linear affine
function of μ. Furthermore,
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Δ = L1 + L2

is the discrete (negative definite symmetric) Laplacian for a 2D lattice. Simi-
larly we can decompose the adjacency vector into two components b1 and b2

so that
b = b1 + b2 = y1e1 + y2e2

where e1 and e2 are orthogonal vectors comprising ones and zeros only corre-
sponding to the two bond types adjacent to the LHS boundary. Observe again
that b is a linear affine function of μ. A similar decomposition can applied to
the scalar c = c1 + μc2.

3.2 Poles and Zeroes of the Admittance Function

To derive formulæ for the expected admittances in terms of the admittance
ratio μ = iωCR we now examine the structure of the admittance function
Y (μ). As the matrix K, the adjacency vector b and the scalar c are all affine
functions of the parameter μ it follows immediately from Cramer’s rule applied
to (2) that the admittance of the network Y (μ) is rational function of the
parameter μ, taking the form of the ratio of two complex polynomials P (μ)
and Q(μ) of respective degrees r ≤ N and s ≤ N , so that

Y (μ) =
Q(μ)
P (μ)

=
q0 + q1μ+ q2μ2 + . . . qrμr

p0 + p1μ+ p2μ2 + . . . psμs
.

We require that p0 
= 0 so that the response is physically realisable, with
Y (μ) bounded as ω and hence μ → 0. Several properties of the network
can be immediately deduced from this formula. First consider the case of ω
small, so that μ = iωCR is also small. From the discussions in Section 2,
we predict that either there is (a) a resistive percolation path in which case
Y (μ) ∼ μ0 as μ→ 0 or (b) such a path does not exist, so that the conduction
is capacitative with Y (μ) ∼ μ as μ → 0. The case (a) arises when p0 
= 0
and the case (b) when q0 = 0. Observe that this implies that the absence of
a resistive percolation path as μ → 0 is equivalent to the polynomial Q(μ)
having a zero when μ = 0.. Next consider the case of ω and hence μ large. In
this case

Y (μ) ∼ qr
ps
μr−s as μ→∞.

Again we may have (c) a resistive percolation path at high frequency with
response Y (μ) ∼ μ0 as μ → ∞, or a capacitative path with Y (μ) ∼ μ. In
case (c) we have s = r and pr 
= 0 and in case (d) we have s = r − 1 so that
we can think of taking pr = 0. Accordingly, we identify four types of network
defined in terms of there percolation paths for low and high frequencies, which
correspond to the cases (a),(b),(c),(d) so that
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(a) p0 
= 0
(b) p0 = 0
(c) pr 
= 0
(d) pr = 0

The polynomials P (μ) and Q(μ) can be factorised by determining their
respective roots μp,k,,k = 1 . . . s and μz,k,,k = 1 . . . r which are the poles
and zeroes of the network. We will collectively call these zeroes and poles
the resonances of the network. It will become apparent that the emergent
response of the network is in fact a manifestation of certain regularities of
the locations of these resonances. Note that in Case (b) we have μz,1 = 0.
Accordingly the network admittance can be expressed as

Y (μ,N) = D(N)

r∏
k=1

(μ− μz,k)
s∏

k=1

(μ− μp,k)
. (3)

Here D(N) is a function which does not depend on μ but does depend on the
characteristics of the network.

It is a feature of the stability of the network (bounded response), and the
affine structure of the symmetric linear equations which describe it [5], that
the poles and zeros of Y (μ) are all negative real numbers, and interlace so
that

0 ≥ μz,1 > μp,1 > μz,2 > μp,2 . . . > μz,s > μp,s(> μz,r).
Because of this, we may recast the equation (3) in terms of ω so that

|Y (μ,N)| = |D(N)|

r∏
k=1

|ω − iWz,k|
s∏

k=1

|ω − iWp,k|

where Wz,k ≥ 0,Wp,k > 0.

4 The Distribution of the Resonances

The previous section has described the network response in terms of the loca-
tion of the poles and the zeros. We now consider the statistical distribution of
these values and claim that it is this distribution which leads to the observed
emergent behaviour. We note that if we consider the elements of the network
to be assigned randomly (with the components taking each of the two possible
values with probabilities p and 1−p then we can consider the resonances to be
random variables. There are three interesting questions to ask, which become
relevant for the calculations in the next section, namely
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1. What is the statistical distribution of Wp,k if N is large.
2. Given that the zeros interlace the poles, what is the statistical distribution

of the location of a zero between its two adjacent poles.
3. What are the ranges of Wp,k, in particular, how do Wp,1 and Wp,N vary

with N and p.

In each case we will find good numerical evidence for strong statistical regu-
larity of the poles, especially in the critical case of p = 1/2, leading to partial
answers to each of the above questions. For the remainder of this paper we
will now only consider this critical case.

4.1 Pole Location

In the critical case, the two matrices L1 and L2 representing the connectivity
of the two components, have a statistical duality, so that any realisation which
leads to a particular matrix L1 is equally likely to lead to the same matrix L2.
Because of this, if μ is an observed eigenvalue of the pair (L1, L2) then it is
equally likely for there to be an observed eigenvalue of the pair (L2, L1). The
latter being precisely 1/μ. Thus in any set of realisations of the system we
expect to see the eigenvalues μ and 1/μ occuring with equal likelihood. It fol-
lows from this simple observation that the variable log |μ| should be expected
to have a symmetric probability distribution with mean zero. Applying the
central limit theorem in this case leads to the expectation that log |μ| should
follow a normal distribution with mean zero (so that μ has a log-normal dis-
tribution centred on μ = −1). Similarly, if μ1 is the smallest value of μ and
μN the largest value then μ1 = −1/μN . In fact we will find that in ths case
of p = 1/2 we have μ1 ∼ −1/N and μN ∼ −N . In terms of the frequency
response, as μp,k = −CR Wp,k, it follows that log(Wp,k) is expected to have
a mean value of − log(CR). Following this initial discussion, we now consider
some actual numerical computations of the distribution of the poles in a C-R
network for which CR = 10−6 so that − log10(CR) = 6. We take a single
realisation of a network with N ≈ 380 nodes, and determine the location of
CR Wp,k for this case. We then plot the location of the logarithm of the poles
as a function of k. The results are given in Fig 8 for the case of p = 1/2. Two
features of this figure are immediately obvious. Firstly, the terms Wp,k ap-
pear to be the point values of a regular function f(k). Secondly, as predicted
above, the logarithm of the pole location shows a strong degree of symmetry
about zero. We compare the form of this graph with that of the inverse error
function, that is we compare erf(log(CR Wpk)) with k. The correspondence is
very good, strongly indicating that log(f) takes the form of the inverse error
function. .

4.2 Pole-Zero Spacing

The above has considered the distribution of the poles. As a next calculation
we consider the statistical distribution of the location of the zeros with respect
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Fig. 8. The location of the logarithm of the poles as a function of k and a comparison
with the inverse error function.

to the poles. In particular we consider the variable δk given by

δk ≡ Wp,k −Wz,k

Wp,k −Wp,k−1

which expresses the relative location of each zero in terms of the poles which
it interlaces. In Figure 9 we plot the distribution of the mean value δ̄k of δk

over 100 realisations of the network. plotted as a function of the mean location
of log(Wp,k) for p = 1/2. This figure is remarkable as it indicates that when
p = 1/2 the mean value of δk is equal to 1/2 almost independently of the
value of log(Wp,k). There is some deviation from this value at the high and
low ends of the range, presumably due to the existence of the degenerate poles
at zero and at infinity, and there is some evidence for a small asymmetry in
the results, but the constancy of the mean near to 1/2 is very convincing.
This shows a remarkable duality between the zeros and the poles in the case
of p = 1/2, showing that not only do they interlace, but that on average the
zeros are mid-way between the poles and the poles are mid-way between the
zeros.
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Fig. 9. Figure showing how the mean value δ̄k, taken over many realisations of the
critical network, varies with the mean value of log(Wp,k).

4.3 Limiting Finite Resonances

Let N ′ be the number of finite non-zero resonances, the location of the first
non-zero pole and zero be Wz,1,Wp,1, and the location of the last finite pole
and zero be Wp,N ′ ,Wz,N ′ . Observe that in the case of p = 1/2 we expect a
symmetrical relation so that Wp,1 and Wp,N ′ might be expected to take recip-
rocal values. The value of N ′ can be considered statistically, and represents
probability of a node contributing to the current paths and not being part
of an isolated structure. Statistical arguments presented in [5] indicate that
when p = 1/2 this is given by

N ′ = 3
(
2−√

3
)
N = 0.804 . . .N.

We now consider the values of Wp,1 and of Wp,N ′ . These will become very
important when we look at the transition between emergent type behaviour
and percolation type behaviour which is one of the objectives of this research.
A log-log plot of the values of Wz,1,Wp,1 and of Wz,N ′ ,Wp,N ′ as functions of
N for the case of p = 1/2 is given in Figure 10 . There is very clear evidence
from these plots that each of Wz,1,Wp,1 and Wz,N ′ ,Wp,N ′ both have a strong
power law dependence upon N for all values of N . Indeed we have from a
careful inspection of this figure that

Wz,1,Wp,1 ∼ N−1 and Wz,N ′ ,Wp,N ′ ∼ N.
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Fig. 10. Figure showing how the maximum pole and zero locations Wp,N′ ,Wz,N′

scale as N and the minimum pole and zero locations Wp,1,Wz,1 scale as 1/N .

4.4 Summary

The main conclusions of this section are that there is a strong statistical
regularity in the location of the poles and the zeros of the admittance function.
In particular we may make the following conclusions based on the calculations
reported in this section.

1. Wp,k ∼ f(k) for an appropriate continuous function f(k) where f depends
upon N very weakly.

2. If p = 1/2 and if Wz,1 
= 0, then

W1p,W1z ∼ N−1, WN ′p,WN ′z ∼ N.
3. If p = 1/2 then δ̄k ≈ 1/2.

All of these conclusions point towards a good degree of statistical regularity in
the pole distribution, and each can be justified to a certain extent by statistical
and other arguments. We will now show how these statistical regularities
lead to power law emergent region, and how this evolves into a percolation
response.

5 Asymptotic Analysis of the Power Law Emergent
Response

We will use the results in the summary of the previous section to derive the
form of the conductance in the case of a critical C-R network. The formulae
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that we derive will take one of four forms, depending upon the nature of the
percolation paths for low and high frequencies.

5.1 Derivation of the Response

We now consider the formulae for the absolute value of the admittance of the
C-R network at a frequency of ω given by

|Y (ω)| = |D(N)|

r∏
k=1

|ω − iWz,k|
s∏

k=1

|ω − iWp,k|

where the zero interlacing theorem implies that

0 ≤Wz,1 < Wp,2 < Wz,2 < W2p < . . . < Wp,s(< Wz(s+1)).

Here we assume that we have s = N ′ poles, but consider situations with
different percolation responses at low and high frequencies depending upon
whether the first zero Wz,1 = 0 and on the existence or not of there is a
final zero Wz,(N ′+1). These four cases lead to four functional forms for the
conductance, all of which are realisable in the case of p = 1/2. In this section
we derive each of these four forms from some simple asymptotic arguments. At
this stage the constant D(N) is undetermined, but we will be able to deduce
its value from our subsequent analysis. Although simple, these arguments
lead to remarkably accurate formulae when p = 1/2, when compared with the
numerical calculations, that predict not only the PLER but also the limits of
this region.

Simple trigonometric arguments imply that

|Y (ω)| = |D(N)|

r∏
k=1

√
ω2 +W 2

z,k

s∏
k=1

√
ω2 +W 2

p,k

(4)

To obtain an asymptotic formula from this identity, we will assume that
s = N ′ is large, and that there is a high density of poles and zeros along
the imaginary axis. From the results in the previous section we know that
asymptotically the poles Wp,k follow a regular distribution and that the the
zeroes have a regular spacing between the poles. The conclusions of the previ-
ous section on the distribution of the poles and the zeros leads to the following
formulae
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Wp,k ∼ f(k)
Wp,(k+1) −Wz,k

Wp,(k+1) −Wp,k
= δk,

Wp,(k+1) −Wpk) ∼ f ′(k)
Wz,(k+1) ∼ f(k) + (1− δk)kf ′(k)

Here, as we have seen, the function log(f(k)) is given by the inverse of the
error function, but its precise form does not matter too much for the next
calculation. To do this we firstly consider the contributions to the product in
(4) which arise from the terms involving the first pole to the final zero, so that
we consider the following product

P ≡ |D(N)|
N ′∏

k=1

√
ω2 +W 2

z,(k+1)
√
ω2 +W 2

p,k

Note that this product has implicitly assumed the existence of a final zero
Wz,(N ′+1). This contribution will be corrected in cases for which such a final
zero does not exist. Using the results in (5), in particular on the mean spacing
of the zeros between the poles, we may express P as

P 2 = |D(N)|2
N ′∏

k=1

ω2 + (f(k) + (1 − δ̄k)f ′(k))2
ω2 + f2(k)

= |D(N)|2
N ′∏

k=1

ω2 + f2(k) + 2(1− δ̄k)f(k)f ′(k) +HOT
ω2 + f2(k)

= |D(N)|2
N ′∏

k=1

1 +
2(1− δ̄k)f(k)f ′(k)

ω2 + f2(k)
.

Now take the logarithm of both sides and using the approximation log(1+x) ≈
x for small x, we have approximately

log(P 2) ≈ log(|D(N)|2) +
N ′∑

k=1

2(1− δ̄k)f(k)f ′(k)
ω2 + f2(k)

.

(5)

We now approximate the sum in (5) by an integral, so that

log(P 2) ≈ log(|D(N)|2) +

N ′∫

k=1

(1− δ̄k) 2f(k)f ′(k)
ω2 + f2(k)

dk.

Making a change of variable from k to f , gives



Emergent Behaviour 21

log(P 2) ≈ log(|D(N)|2) +
∫ Wp,N′

Wp,1

(1− δ̄(f)) 2f df
ω2 + f2

(6)

We look at the special form that the above equation takes when p = 1/2.
In this case, from the results of the last section, we know that δ̄k is very close
to being constant at 1/2, so that in (6) we have 1 − δ̄ = 1/2. We can then
integrate the expression for P exactly to give

log(P 2) ≈ log(|D(N)|2) +
1
2

log
(

(Wp,N ′)2 + ω2

(Wp,1)2 + ω2

)

so that

P ≈ |D(N)|
(

(Wp,N ′)2 + ω2

(Wp,1)2 + ω2

) 1
4

.

In this critical case it is equally likely that we will/will not have percolation
paths at both small and large values of ω. Accordingly, we must consider four
equally likely cases of the distribution of the poles and zeros which could arise
in any random realisation of the network. Thus to obtain the four possible
responses of the network, we must now consider the contribution of the first
zero and also of the last zero.
Case 1: First zero at the origin, last zero at N ′ + 1

In this case we multiply P by ω to give |Y1|(ω) so that

|Y1(ω)| ≈ |D(N)1|ω
(

(Wp,N ′)2 + ω2

(Wp,1)2 + ω2

) 1
4

Case 2: First zero not at the origin, last zero at N ′ + 1.

In this case we multiply P by
√
W 2
z,1 + ω2 to give |Y (ω)|. We also use the

result from the previous section that asymptotically Wz,1 and Wp,1 have the
same form. This gives

|Y2(ω)| ≈ |D(N)2|(W 2
p,N ′ + ω2)

1
4
(
W 2
p,1 + ω2

) 1
4

Case 3: First zero at the origin, last zero at N ′

In this case we multiply P by ω and divide by
√
W 2
z,N ′ + ω2 to give |Y |.

Exploiting the fact that asymptotically Wp,N ′ ∼Wz,N ′ we have

|Y3(ω)| ≈ |D(N)3| ω
(
W 2
p,N ′ + ω2

)1/4 (
W 2
p,1 + ω2

) 1
4

Case 4: First zero not at the origin, last zero at N ′
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In this case we multiply P by
√
W 2
z,1 + ω2 and divide by

√
W 2
z,N ′ + ω2 to

give |Y (ω)|. Again, exploiting the fact that asymptotically Wp,N ′ ∼Wz,N ′ we
have

|Y4(ω)| ≈ |D(N)4|
(

(Wp,1)2 + ω2

(Wp,N ′)2 + ω2

) 1
4

We know, further, from the calculations in the previous section that for all
sufficiently large values of N

CR Wp,1 ∼ 1
N

and CR Wp,N ′ ∼ N.

Substituting these values into the above formulae gives:

|Y1(ω)| ≈ |D(N)| ω
(

(N/CR)2 + ω2

(1/NCR)2 + ω2

) 1
4

(7)

with similar formulae for Y2, Y3, Y4. The values for the constants |D(N)| can,
in each case, be determined by considering the mid range behaviour of each
of these expressions. In each case, the results of the classical Keller duality
theory [12] predict that each of these expressions takes the same form in the
range 1/N � CR ω � N and has the scaling law given by

|Yi(ω)| ≈
√
ωC

R
, i = 1, 2, 3, 4.

Note that this is a true emergent expression. It has a different form from the
individual component power laws, and it is also independent of the percolation
path types for low and high frequencies. It is precisely the expression expected
from an infinite lattice with p = 1/2 due to the Keller duality theorem [12],
in that |Y |2 = ωC/R is equal to the product of the conductances of the two
separate components. As we have seen, the origin of this expression lies in the
effect of averaging the contributions of each of the poles and zeros (and hence
the associated simple linear circuits) through the approximation of the sum
by an integral. In the case of (say) Y1 we see that the mid-range form of the
expression (7) is given by

|Y1| = |D(N)|
√
Nω√
CR

.

This then implies that |D(N)| = C/
√
N so that

|Y1(ω)| ≈ ωC√
N

(
(N/CR)2 + ω2

(1/NCR)2 + ω2

) 1
4

(8)

Very similar arguments lead to the following expressions in the other three
cases:
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|Y2(ω)| ≈ C√
N

((N/CR)2 + ω2)
1
4
(
(1/NCR)2 + ω2

) 1
4 (9)

|Y3(ω)| ≈
√
N

R

ω

((N/CR)2 + ω2)
1
4 ((1/NCR)2 + ω2)

1
4

(10)

|Y4(ω)| ≈
√
N

R

(
(1/NCR)2 + ω2

(N/CR)2 + ω2

) 1
4

(11)

The four formulae above give a very complete asymptotic description of the
response of the C-R network when p = 1/2. In particular they allow us
to see the transition between the power-law emergent region and the per-
colation regions and they also describe the form of the expressions in the
percolation regions. We see a clear transition between the emergent and the
percolation regions at the two frequencies

ω1 =
1

NCR
and ω2 =

N

CR
.

Hence, the number of components in the system for p = 1/2 has a strong
influence on the boundaries of the emergent region and also on the percolation
response. However the emergent behaviour itself is independent of N . Observe
that these frequencies correspond directly to the limiting pole and zero values.
This gives a partial answer to the question, how large does N have to be to
see an emergent response from the network. The answer is that N has to be
sufficiently large so that 1/NCR and N/CR are widely separated frequencies.
The behaviour in the percolation regions in then given by the following

|Y1(CR ω � 1)| ≈ ωC
√
N, |Y1(CR ω � 1)| ≈ ωC√

N
.

|Y2(CR ω � 1)| ≈ 1√
NR

, |Y2(CR ω � 1)| ≈ ωC√
N
.

|Y3(CR ω � 1)| ≈ ωC
√
N, |Y3(CR ω � 1)| ≈

√
N

R
.

|Y4(CR ω � 1)| ≈ 1√
NR

, |Y4(CR ω � 1)| ≈
√
N

R
.

We note that these percolation limits, with the strong dependence upon
√
N

are exactly as observed in Section 2.

6 Comparison of the Asymptotic and Numerical Results
for the Critical Case

We can compare the four formulae (8,9,10.11) with the numerical calculations
of the network conductance as a function of ω for four different configurations



24 D. P. Almond, C. J. Budd, N. J. McCullen

of the system, with different percolation paths for low and high frequencies.
The results of this comparison are shown in Figure 11 in which we plot the
numerical calculations together with the asymptotic formulae for a range of
values of N given by N = S(S − 1) with S = 10, 20, 50, 100. We can see from
this that the predictions of the asymptotic formulae (8,9,10.11) fit perfectly
with the results of the numerical computations over all of the values of N
considered. Indeed they agree both in the power law emergent region and in
the four possible percolation regions. The results and the asymptotic formulae
clearly demonstrate the effect of the network size in these cases.
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Fig. 11. Comparison of the asymptotic formulae with the numerical computations
for the C − R network over many runs, with p = 1/2 and network sizes sizes S =
10, 20, 50, 100, N = S(S − 1).

7 Discussion

In this paper we have seen that the electrical network approximation to a
complex disordered material has a remarkably rich behaviour. In this we see
both percolation behaviour (which reflects that of the individual components)
and emergent behaviour which follows a power-law quite different from that
of the original components. The analysis of this system has involved studying
the statistical properties of the resonances of the response. Indeed we could
argue that both the percolation and emergent power-law responses are simply
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manifestations of this spectral regularity. The agreement between the asymp-
totic and the numerical results is very good, which supports our claim, and
shows a clear link between the system behaviour and the network size. We
hope that this form of analysis will be applicable to many other complex sys-
tems. Many questions remain open, for example a rigorous justification of the
observed spectral regularity and an understanding of the relationship between
the network model approximation and the true behaviour of the disordered
material.
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Algorithms and Error Bounds for Multivariate
Piecewise Constant Approximation

Oleg Davydov

Department of Mathematics and Statistics, University of Strathclyde, G1 1XH, UK

Summary. We review the surprisingly rich theory of approximation of functions of
many variables by piecewise constants. This covers for example the Sobolev-Poincaré
inequalities, parts of the theory of nonlinear approximation, Haar wavelets and tree
approximation, as well as recent results about approximation orders achievable on
anisotropic partitions.

1 Introduction

Let Ω be a bounded domain in R
d, d ≥ 2. Suppose that Δ is a partition

of Ω into a finite number of subsets ω ⊂ Ω called cells, where the default
assumptions are just these: |ω| := meas(ω) > 0 for all ω ∈ Δ, |ω ∩ ω′| = 0
if ω 
= ω′, and

∑
ω∈Δ |ω| = |Ω|. For a finite set D we denote its cardinality

by |D|, so that |Δ| stands for the number of cells ω in Δ. Given a function
f : Ω → R, we are interested in the error bounds for its approximation by
piecewise constants in the space

S(Δ) =
{ ∑

ω∈Δ
cωχω : cω ∈ R

}
, χω(x) :=

{
1, if x ∈ ω,
0, otherwise.

The best approximation error is measured in the Lp-norm ‖ · ‖p := ‖ · ‖Lp(Ω),

E(f,Δ)p := inf
s∈S(Δ)

‖f − s‖p, 1 ≤ p ≤ ∞,

and various methods are known for the generation of the sequences of par-
titions ΔN such that E(f,ΔN )p → 0 as N → ∞ under certain smoothness
assumptions on f , such as f ∈W r

q (Ω), where W r
q (Ω) is the Sobolev space.

Note that the simple functions (measurable functions that take only
finitely many values) used in the definition of Lebesgue integral are piece-
wise constants in the above sense. Given a function f ∈ L∞(Ω), we can
generate a partition ΔN as follows. Let m,M ∈ R be the essential infi-
mum and essential supremum of f in Ω, respectively. Note that ‖f‖∞ =

E.H. Georgoulis, A. Iske, J. Levesley (eds.), Approximation Algorithms for Complex

Systems, Springer Proceedings in Mathematics 3, DOI: 10.1007/978-3-642-16876-5 2,
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max{−m,M} ≥ (M − m)/2. Split the interval [m,M ] into N subintervals
Ik = [m + (k − 1)h,m + kh), k = 1, . . . , N − 1, IN = [m + (N − 1)h,M ],
h = (M −m)/N , and set

sN =
N∑

k=1

ckχωk
, ωk = f−1(Ik), ck = m+ (k − 1

2 )h.

Then
‖f − sN‖∞ ≤ M−m

2N ≤ N−1‖f‖∞.
If f is continuous on Ω and m = −M 
= 0, then the above splitting of [m,M ]
can be used to show that E(f,Δ)∞ ≥ N−1‖f‖∞ for any partition Δ with
|Δ| ≤ N . Clearly, the above partition ΔN is in general very complicated
because the cells ω may be arbitrary measurable sets and so the above sN
cannot be stored using a finite number of real parameters.

Therefore piecewise constant approximation algorithms are practically use-
ful only if the resulting approximation can be efficiently encoded. In the spirit
of optimal recovery we will measure the complexity of an approximation al-
gorithm by the maximum number of real parameters needed to store the
piecewise constant function s it produces. If the algorithm produces an ex-
plicit partitionΔ and defines s by s =

∑
ω∈Δ cωχω, then the constants cω give

N such parameters, where N = |Δ|. As in all ‘partition based’ algorithms dis-
cussed in this paper the partition Δ can be described using O(N) parameters,
their overall complexity is O(N). The same is true for the ‘dictionary based’
algorithms such as Haar wavelet thresholding, with N being the number of
basis functions that are active in an approximation.

In this paper we review a variety of algorithms for piecewise constant ap-
proximation for which the error bounds (‘Jackson estimates’) are available
for functions in classical function spaces (Sobolev spaces or Besov spaces).
We do not discuss ‘Bernstein estimates’ and the characterization of approxi-
mation spaces, and refer the interested reader to the original papers and the
survey [14] that extensively covers this topic. However, we present a number
of ‘saturation’ theorems that give a limit on the accuracy achievable by cer-
tain methods on general smooth functions. With only one exception (in the
beginning of Section 3) we do not discuss the approximation of functions of
one variable, where we again refer to [14].

The paper is organized as follows. Section 2 is devoted to a simple lin-
ear approximation algorithm based on a uniform subdivision of the domain
and local approximation by constants. In addition, we show that the approx-
imation order N−1/d cannot be improved on isotropic partitions and give a
review of the results on the approximation by constants (Sobolev-Poincaré
inequalities) on general domains. Section 3 is devoted to the methods of non-
linear approximation restricted to our topic of piecewise constants. We discuss
adaptive partition based methods such as Birman-Solomyak’s algorithm and
tree approximation, as well as dictionary based methods such as Haar wavelet
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thresholding and best n-term approximation. Finally, in Section 4 we present
a simple algorithm with the approximation order N−2/(d+1) of piecewise con-
stants on anisotropic polyhedral partitions, which cannot be further improved
if the cells of a partition are required to be convex.

2 Linear Approximation on Isotropic Partitions

Given s =
∑

ω∈Δ cωχω, we have

‖f − s‖p =

⎧
⎨

⎩

(∑
ω∈Δ ‖f − cω‖pLp(ω)

)1/p

if p <∞,

supω∈Δ ‖f − cω‖L∞(ω) if p = ∞.
(1)

Hence the best approximation on a fixed partition Δ is achieved when cω are
the best approximating constants c∗ω(f) such that

‖f − c∗ω(f)‖Lp(ω) = inf
c∈R

‖f − c‖Lp(ω) =: E(f)Lp(ω).

In the case p = ∞ obviously

c∗ω(f) =
1
2
(Mωf +mωf), E(f)L∞(ω) =

1
2
(Mωf −mωf),

where
Mωf := ess sup

x∈ω
f(x), mωf := ess inf

x∈ω
f(x).

For any 1 ≤ p ≤ ∞, it is easy to see that the average value of f on ω,

fω := |ω|−1
∫

ω

f(x) dx,

satisfies ‖fω − c‖Lp(ω) ≤ ‖f − c‖Lp(ω) for any constant c, in particular for
c = c∗ω. Therefore

‖f − fω‖Lp(ω) ≤ 2E(f)Lp(ω),

and we conclude that the approximation

sΔ(f) :=
∑

ω∈Δ
fωχω ∈ S(Δ) (2)

is near best in the sense that

‖f − sΔ(f)‖p ≤ 2E(f,Δ)p, 1 ≤ p ≤ ∞.

If f|ω belongs to the Sobolev spaceW 1
p (ω), and the domain ω is sufficiently

smooth then the error ‖f − fω‖Lp(ω) may be estimated with the help of the
Poincaré inequality
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‖f − fω‖Lp(ω) ≤ Cω diam(ω) |f |W 1
p (ω), f ∈W 1

p (ω), (3)

where Cω may still depend on ω in a scale-invariant way. For example, if ω
is a Lipschitz domain, then Cω can be found depending only on d, p and the
Lipschitz constant of the boundary. At the end of this section we provide
some more detail about the Poincaré inequality as well as the more general
Sobolev-Poincaré inequalities available for various types of domains.

If the partition Δ is such that Cω ≤ C, where C is independent of ω (but
may depend for example on the Lipschitz constant of the boundary of Ω),
then (1) and (3) imply

‖f − sΔ(f)‖p ≤ C diam(Δ) |f |W 1
p (Ω), diam(Δ) := max

ω∈Δ
diam(ω).

This estimate suggests looking for partitions Δ that minimize diam(Δ) pro-
vided the number of cells N = |Δ| is fixed. Clearly, diam(Δ) ≥ CN−1/d for
some constant C independent of N , and the order N−1/d is achieved if we
for example choose a (hyper)cube Q containing Ω, split it uniformly into Nd

equal subcubes Qi, and define the cells of Δ by intersecting Ω with these sub-
cubes, ωi = Ω ∪Qi, see Figure 1. This gives a simple algorithm for piecewise
constant approximation with approximation order N−1/d for all f ∈W 1

p (Ω).

Q

ωi

Ω

Fig. 1. Uniform partition.

For the sake of simplicity we formulate this and all other algorithms only
for the case when Ω is a cube (0, 1)d.
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Algorithm 1
Define Δ by splitting Ω = (0, 1)d into N = md cubes ω1, . . . , ωN of edge length
h = 1/m. Let sΔ(f) be given by (2).

Theorem 1. The error of the piecewise constant approximation sΔ(f) gen-
erated by Algorithm 1satisfies

‖f − sΔ(f)‖p ≤ C(d, p)N−1/d |f |W 1
p (Ω), f ∈W 1

p (Ω), 1 ≤ p ≤ ∞. (4)

The order N−1/d in (4) means that an approximation with error ‖f −
sΔ(f)‖p = O(ε) is only achieved using (1

ε )
d degrees of freedom, which grows

exponentially fast with the number of dimensions d. This phenomenon is often
referred to as curse of dimensionality.

The approximation order N−1/d in (4) cannot be improved in general. See
[14, Section 6.2] for a discussion of saturation and inverse theorems, where
certain smoothness properties of f are deduced from appropriate assumptions
about the order of its approximation by multivariate piecewise polynomials.
For example, assuming that E(f,Δ)∞ = o(diam(Δ)) as diam(Δ) → 0 for all
partitions Δ, we can easily show that f is a constant function. Indeed, for any
x, y ∈ Ω we can find a partition Δ such that x and y belong to the same cell
ω, and diam(ω) = diam(Δ) ≤ 2‖x− y‖2. Then |f(x) − f(y)| ≤ |f(x)− fω|+
|fω − f(y)| ≤ 4E(f,Δ)∞ = o(diam(ω)). Hence |f(x)− f(y)| = o(‖x− y‖2) as
y → x, which implies that f has a zero differential at every x ∈ Ω, that is f
is a constant.

A saturation theorem in terms of the number of cells holds for any sequence
of ‘isotropic’ partitions. We say that a sequence of partitions {ΔN} is isotropic
if there is a constant γ such that

diam(ω) ≤ γρ(ω) for all ω ∈
⋃

N

ΔN ,

where ρ(ω) is the maximum diameter of d-dimensional balls contained in ω.
Note that an isotropic partition may contain cells of very different sizes, see
for example Figure 2 below.

Theorem 2. Assume that f ∈ C1(Ω) and there is an isotropic sequence of
partitions {ΔN} with lim

N→∞
diam(ΔN ) = 0 such that

E(f,ΔN )∞ = o(|ΔN |−1/d), N →∞.
Then f is a constant.

Proof. If f is not constant, then the gradient ∇f := [∂f/∂xi]di=1 is nonzero at
a point x̂ ∈ Ω. Since the gradient of f is continuous, there is δ > 0, a unit vec-
tor σ and a cube Q ⊂ Ω with edge length h containing x̂ such thatDσf(x) ≥ δ
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for all x ∈ Q, where Dσf = ∇fTσ denotes the directional derivative of f .
The cube Q̃ := {x ∈ Q : dist(x, ∂Q) > h/4} has edge length h/2 and volume
(h/2)d. Assume that N is large enough to ensure that diam(ΔN ) < h/4. Then
any cell ω ∈ ΔN that has nonempty intersection with Q̃ is contained in Q. If
[x1, x2] is an interval in ω parallel to σ, then |f(x2) − f(x1)| ≥ δ‖x2 − x1‖2,
which implies Mωf −mωf ≥ δρ(ω) and hence

εN := E(f,ΔN )∞ ≥ E(f)L∞(ω) ≥ δ

2
ρ(ω) ≥ δ

2γ
diam(ω).

Therefore
|ω| ≤ μd

(γ
δ

)d
εdN ,

where μd denotes the volume of the d-dimensional ball of radius 1. Since Q̃ is
covered by such cells ω, we conclude that

(h
2

)d
= |Q̃| ≤

∑

ω∩Q̃�=∅

|ω| ≤ μd
(γ
δ

)d
εdN |ΔN |,

which implies

E(f,ΔN )∞ ≥ hδ

2γμ1/d
d

|ΔN |−1/d,

contrary to the assumption. ��

Sobolev-Poincaré inequalities

Sobolev-Poincaré inequalities provide bounds for the error of f−fω. They hold
on domains satisfying certain geometric conditions, for example the interior
cone condition or the Lipschitz boundary condition. In some cases even a
necessary and sufficient condition for ω to admit such an inequality is known.
A domain ω ⊂ R

d is called a John domain if there is a fixed point x0 ∈ ω and
a constant cJ > 0 such that every point x ∈ ω can be connected to x0 by a
curve γ ⊂ ω such that

dist(y, ∂ω) ≥ cJ�(γ(x, y)), for all y ∈ γ,

where �(γ(x, y)) denotes the length of the segment of γ between x and y.
Every domain with the interior cone condition is a John domain, but not
otherwise. In particular, there are John domains with fractal boundary of
Hausdorff dimension greater than d− 1.

The following Sobolev inequality holds for all John domains ω ⊂ R
d, see

[18] and references therein,

‖f − fω‖Lq∗ (ω) ≤ C(d, q, λ)‖∇f‖Lq(ω), f ∈ W 1
q (ω), 1 ≤ q < d, (5)
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where q∗ = dq/(d − q) is the Sobolev conjugate of q, and λ is the John
constant of ω. Note that ‖∇f‖Lq(ω) denotes the Lq-norm of the euclidean

norm of ∇f , that is ‖∇f‖qLq(ω) =
∫
ω

(∑d
i=1 |∂f/∂xi|2

)q/2
dx, which is equiv-

alent to the more standard seminorm of the Sobolev space W 1
q (ω) given by

|f |qW 1
q (ω) =

∑d
i=1

∫
ω
|∂f/∂xi|q dx. We prefer using ‖∇f‖Lq(ω) because of the

explicit expressions for the constant C in (7) available in certain cases, see
the end of this section.

According to [7], if the Sobolev inequality (5) holds for some 1 ≤ q < d and
certain mild separation condition (valid for example for any simply connected
domain in R

2) is satisfied, then ω is a John domain.
Assuming 1 ≤ p <∞, let τ = max{ d

1+d/p , 1}. Then τ∗ ≥ p and 1 ≤ τ < d.
If |ω| <∞, then Hölder inequality and (5) imply for any q ≥ τ

‖f − fω‖Lp(ω) ≤ |ω| 1p− 1
τ∗ ‖f − fω‖Lτ∗(ω)

≤ C(d, τ, λ)|ω| 1p− 1
τ∗ ‖∇f‖Lτ(ω)

≤ C(d, τ, λ)|ω| 1d + 1
p− 1

q ‖∇f‖Lq(ω),

and we arrive at the following Sobolev-Poincaré inequality for all p, q such
that 1 ≤ p <∞ and τ ≤ q ≤ ∞,

‖f − fω‖Lp(ω) ≤ C(d, p, λ)|ω| 1d + 1
p− 1

q ‖∇f‖Lq(ω), f ∈W 1
q (ω). (6)

In particular, since τ ≤ p, we can choose q = p, which leads to the Poincaré
inequality for bounded John domains for all 1 ≤ p <∞ in the form

‖f − fω‖Lp(ω) ≤ C diam(ω)‖∇f‖Lp(ω), f ∈ W 1
p (ω), (7)

where C depends only on d, p, λ.
Poincaré inequality in the case p = ∞ has been considered in [25]. If

ω ⊂ R
d is a bounded path-connected domain, then

E(f)L∞(ω) ≤ r(ω)‖∇f‖L∞(ω), with r(ω) := inf
x∈ω

sup
y∈ω

ρω(x, y),

where ρω(x, y) is the geodesic distance, i.e. the infimum of the lengths of the
paths in ω from x to y.

If ω is star-shaped with respect to a point, then r(ω) ≤ diam(ω), and so
(7) holds with C = 2 for all such domains if p = ∞. Moreover, as observed
in [25], the arguments of [2, 11] can be applied to show that for any bounded
star-shaped domain

‖f − fω‖Lp(ω) ≤ 2
1−d/p diam(ω)‖∇f‖Lp(ω), f ∈W 1

p (ω), d < p ≤ ∞. (8)

In particular, (8) applies to star-shaped domains with cusps that fail to be
John domains.
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If ω is a bounded convex domain in R
d, then (7) holds for all 1 ≤ p ≤ ∞

with a constant C depending only on d [12]. Moreover, optimal constants are
known for p = 1, 2: C = 1/π for p = 2 [3, 22] and C = 1/2 for p = 1 [1]. Since
r(ω) = 1

2 diam(ω), it follows that (7) holds with C = 1 if p = ∞.
Note that similar estimates are available for the approximation by poly-

nomials of any degree, where in the case p = q the corresponding result is
usually referred to as the Bramble-Hilbert lemma, see [6, Chapter 4]. More-
over, instead of Sobolev spaces, the smoothness of f can be measured in some
other function spaces (e.g. Besov spaces), or with the help of a modulus of
smoothness (Whitney estimates), see [13, 14].

3 Nonlinear Approximation

We have seen in Section 2 that the approximation order N−1/d is the best
achievable on isotropic partitions. Nevertheless, by using more sophisticated
algorithms the estimate (4) can be improved in the sense that the norm
|f |W 1

p (Ω) in its right hand side is replaced by a weaker norm, for example
|f |W 1

q (Ω) with q < p. This improvement is often quite significant because the
norm |f |W 1

q (Ω) is finite for functions with more substantial singularities than
those allowed in the space W 1

p (Ω), see [14] for a discussion.
Recall that in Algorithm 1 the partition Δ is independent of the target

function f , and so sΔ(f) depends linearly on f . A simple example of a non-
linear algorithm is given by Kahane’s approximation method for continuous
functions of bounded total variation on an interval, see [14, Section 3.2]. To
define a partition of the interval (a, b), the points a = t0 < t1 < · · · < tN = b
are chosen such that var(ti−1,ti)(f) = 1

N var(a,b)(f), i = 1, . . . , N − 1. By set-
ting ωi = (ti−1, ti), ci = (Mωif +mωif)/2, we see that the piecewise constant
function s =

∑N−1
i=1 ciχωi satisfies ‖f − s‖∞ ≤ 1

2N var(a,b)(f). Thus, for the
partition Δ = {ωi}N−1

i=1 ,

E(f,Δ)∞ ≤ 1
2N var(a,b)(f) = 1

2N |f |BV (a,b) ≤ 1
2N |f |W 1

1 (a,b),

where the last inequality presumes that f belongs to W 1
1 (a, b), that is it is

absolutely continuous and its derivative is absolutely integrable.
In the multivariate case the first algorithm of this type was given in [5]. It

is based on dyadic partitions Δ of Ω = (0, 1)d that consist of the dyadic cubes
of the form

2−jd(k1, k1 + 1)× · · · × (kd, kd + 1), j = 0, 1, 2, . . . , 0 ≤ ki < 2jd,

produced adaptively by successive dyadic subdivisions of a cube into 2d equal
subcubes with halved edge length, see Figure 2.

The following lemma plays a crucial role in [5].
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Fig. 2. Example of a dyadic partition.

Lemma 1. Let Φ(ω) be a nonnegative function of sets ω ⊂ Ω which is sub-
additive in the sense that Φ(ω′) + Φ(ω′′) ≤ Φ(ω′ ∪ ω′′) as soon as ω′, ω′′ are
disjoint subdomains of Ω. Given α > 0, we set

gα(ω) := |ω|αΦ(ω), ω ⊂ Ω,

and, for any partition Δ of Ω,

Gα(Δ) := max
ω∈Δ

gα(ω).

Assume that a sequence of partitions {Δk}∞k=0 of Ω = (0, 1)d into dyadic cubes
is obtained recursively as follows. Set Δ0 = {Ω}. Obtain Δk+1 from Δk by
the dyadic subdivision of those cubes ω ∈ Δk for which

gα(ω) ≥ 2−dαGα(Δk).

Then
Gα(Δk) ≤ C(d, α)|Δk |−(α+1)Φ(Ω), k = 0, 1, . . . .

This lemma can be used with Φ(ω) = |f |qW 1
q (ω), 1 ≤ q < ∞, which is

obviously subadditive, giving rise to the following algorithm which we only
formulate for piecewise constants even though the results in [5] also apply to
the higher order piecewise polynomials.
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Algorithm 2 ([5])
Suppose we are interested in the approximation in Lp norm, 1 < p ≤ ∞. Choose
1 ≤ q <∞ such that q > τ := d

1+d/p
(τ = d if p = ∞), and assume that f ∈W 1

q (Ω),

Ω = (0, 1)d. Set Δ0 = {Ω}. While |Δk| < N , obtain Δk+1 from Δk by the dyadic
subdivision of those cubes ω ∈ Δk for which

gα(ω) ≥ 2−dα max
ω∈Δ

gα(ω),

where
gα(ω) := |ω|α|f |q

W1
q (ω)

, α = q
τ
− 1.

Since |Δk| < |Δk+1|, the subdivisions terminate at some Δ = Δm with |Δ| ≥ N and
|Δ| = O(N). The resulting piecewise constant approximation sΔ(f) of f is given
by (2).

Theorem 3 ([5]). The error of the piecewise constant approximation sΔ(f)
generated by Algorithm 2 satisfies

‖f − sΔ(f)‖p ≤ C(d, p, q)N−1/d |f |W 1
q (Ω), f ∈ W 1

q (Ω). (9)

Proof. We only consider the case p < ∞. For any ω ∈ Δ it follows by the
Sobolev-Poincaré inequality (6) for cubes that

‖f − fω‖pLp(ω) ≤ C1|ω|
p
d +1− p

q |f |pW 1
q (ω) = C1g

p/q
α (ω) ≤ C1G

p/q
α (Δ),

where C1 depends only on d, p, q. Hence

‖f − sΔ(f)‖pp =
∑

ω∈Δ
‖f − fω‖pLp(ω) ≤ C1|Δ|Gp/qα (Δ).

Now Lemma 1 implies

‖f − sΔ(f)‖p ≤ C2|Δ|1/p|Δ|−(α+1)/q Φ1/q(Ω) = C2|Δ|−1/d|f |W 1
q (Ω). ��

If q ≥ p, then the estimate (9) is also valid for the much simpler
Algorithm 1. Therefore the scope of Algorithm 2 is when f ∈ W 1

q (Ω) for some
q satisfying τ < q < p but f /∈ W 1

p (Ω) or if |f |W 1
q (Ω) is significantly smaller

than |f |W 1
p (Ω). Note that the computation of gα(ω) in Algorithm 2 requires

first order partial derivatives of f . Algorithms 2 is nonlinear (in contrast to
Algorithm 1) because the partition Δ depends on the target function f .

An adaptive algorithm based on the local approximation errors rather than
local Sobolev norm of f was studied in [17]. We again restrict to the piecewise
constant case.
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Algorithm 3
Assume f ∈ Lp(Ω), Ω = (0, 1)d, for some 0 < p ≤ ∞ and choose ε > 0. Set
Δ0 = {Ω}. For k = 0, 1, . . ., obtain Δk+1 from Δk by the dyadic subdivision of
those cubes ω ∈ Δk for which

‖f − fω‖Lp(ω) > ε.

Since ‖f − fω‖Lp(ω) → 0 as |ω| → 0, the subdivisions terminate at some Δ = Δm.
The resulting piecewise constant approximation sΔ(f) of f is given by (2).

Now in contrast to [5], 0 < p < 1 is also allowed. The error bounds are
obtained for functions in Besov spaces rather than Sobolev spaces. Recall that
f belongs to the Besov space Bαq,σ(Ω), α > 0, 0 < q, σ ≤ ∞, if

|f |Bα
q,σ(Ω) =

⎧
⎨

⎩

(∫∞
0 (t−αωr(f, t)q)σ dtt

)1/σ

if 0 < σ <∞,

supt>0 t
−αωr(f, t)q if σ = ∞.

is finite, where r = [α]+1 is the smallest integer greater than α, and ωr(f, t)q
denotes the r-th modulus of smoothness of f in Lq. In particular, Bαq,∞(Ω) =
Lip(α,Lq(Ω)) for 0 < α < 1.

Theorem 4 ([17]). Let 0 < α < 1, q > d
α+d/p and 0 < σ ≤ ∞. If f ∈

Bαq,σ(Ω), then for any N there is an ε > 0 such that the partition Δ produced
by Algorithm 3 satisfies |Δ| ≤ N and

‖f − sΔ(f)‖p ≤ C(d, p, q)N−α/d |f |Bα
q,σ(Ω).

The set of all dyadic cubes is a tree T dc, where the children of a cube ω
are the cubes ω1, . . . , ω2d obtained by its dyadic subdivision. The only root
of T dc is Ω = (0.1)d. Clearly, Algorithms 2 and 3 produce a complete subtree
T of T dc in the sense that for any node in T its parent and all siblings are
also in T . The corresponding partition Δ consists of all leaves of T . If we
set e(ω) = ‖f − fω‖pLp(ω), then E(T ) :=

∑
ω∈Δ e(ω) = ‖f − sΔ(f)‖pp. It is

easy to see that |Δ| = 1 + (2d − 1)n(T ), where n(T ) denotes the number of
subdivisions used to create T . The quantity n(T ) measures the complexity of
a tree, and En := infn(T )≤nE(T ) gives the optimal error achievable by a tree
of a given complexity. It is natural to look for optimal or near optimal trees.
The concept of tree approximation was introduced in [8] in the context of
n-term wavelet approximation. General results applicable in particular to the
piecewise constant approximations on dyadic partitions are given in [4]. The
idea is that replacing ‖f−fω‖Lp(ω) > ε in Algorithm 3 by a more sophisticated
refinement criterion leads to an algorithm that produces a near optimal tree.
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Algorithm 4 ([4])
Assume f ∈ Lp(Ω), Ω = (0, 1)d, for some 1 ≤ p < ∞ and choose ε > 0. Generate
a sequence of complete subtrees Tk of T dc as follows. Set T0 = {Ω} and α(Ω) = 0.
For k = 0, 1, . . ., obtain Tk+1 from Tk by the dyadic subdivision of those leaves ω of
Tk for which

e(ω) := ‖f − fω‖p
Lp(ω) > ε+ α(ω),

and define α(ωi) for all children ω1, . . . , ω2d of ω by

α(ωi) =
e(ωi)

σ(ω)

[
α(ω) + (ε− e(ω) − σ(ω))+

]
, σ(ω) :=

∑

j

e(ωj),

assuming that σ(ω) �= 0. The algorithm terminates at some tree T = Tm since
‖f − fω‖Lp(ω) → 0 as |ω| → 0. The resulting piecewise constant approximation
sΔ(f) of f is given by (2), where Δ is the dyadic partition defined by the leaves
of T .

Theorem 5 ([4]). The tree T produced by Algorithm 4 is near optimal as it
satisfies

E(T ) ≤ 2(2d + 1)E[n/2], n = n(T ).

Further results on tree approximation are reviewed in [15].

The above algorithms generate piecewise constant approximations by con-
structing an appropriate partition of Ω. A different approach is to look for
an approximation as linear combination of a fixed set of piecewise constant
‘basis functions’, for example characteristic functions of certain subsets of Ω.

More general, let D ⊂ Lp(Ω) be a set of functions, called dictionary,
such that the finite linear combinations of the elements in D are dense in
Lp(Ω). Note that the set D does not have to be linearly independent. Given
f ∈ Lp(Ω), the error of the best n-term approximation is defined by

σn(f,D)p = inf
s∈Σn

‖f − s‖p,

where Σn = Σn(D) is the set of all linear combinations of at most n elements
of D,

Σn(D) :=
{∑

g∈D
cgg : D ⊂ D, |D| ≤ n, cg ∈ R

}
.

If the functions in D are piecewise constants, then the approximants in
Σn(D) are piecewise constants as well. If each element g ∈ D can be described
using a bounded number of parameters, then s =

∑
g∈D cgg ∈ Σn(D) requires

O(n) parameters even though the number of cells in the partition Δ such that
s ∈ S(Δ) may in general grow superlinearly (even exponentially) with n.

Piecewise constant approximation sΔ(f) produced by Algorithm 2 or
3 belongs to Σn(Dc), with n = |Δ|, where the dictionary Dc consists of
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the characteristic functions χω of all dyadic cubes ω ⊆ (0, 1)d. Therefore
Theorems 3 and 4 imply that

σn(f,Dc)p ≤
{
C(d, p, q)n−α/d|f |Wα

q (Ω) if f ∈ Wα
q (Ω), α = 1,

C(d, p, q)n−α/d|f |Bα
q,σ(Ω) if f ∈ Bαq,σ(Ω), 0 < α < 1.

as soon as q > d
α+d/p .

Clearly, Σn(Dc) includes many piecewise constants with more then n
dyadic cells, for example, χ(0,1)2 − χ(0,1/2m)2 ∈ Σ2(Dc) is piecewise constant
with respect to a partition of (0, 1)2 into 3m + 1 dyadic squares. A larger
dictionary Dr consisting of the characteristic functions of all ‘dyadic rings’
(differences between pairs of embedded dyadic cubes) has been considered in
[9, 20]. An adaptive algorithm proposed in [9] produces a piecewise constant
approximation sΔ(f) of any function f of bounded variation, where Δ is a
partition of (0, 1)2 into N dyadic rings, such that

‖f − sΔ(f)‖2 ≤ 18
√

3N−1/2|f |BV ((0,1)2),

where |f |BV (Ω) is the variation of f over Ω. Recall that the space BV (Ω)
coincides with Lip(1, L1(Ω)) and contains the Besov space B1

1,1(Ω). In [20]
this result is generalized to certain spaces of bounded variation with respect
to dyadic rings, and to the Besov spaces, leading in particular to the estimate

σn(f,Dr)p ≤ C(d, p)n−α/d|f |Bα
τ,τ (Ω), f ∈ Bατ,τ (Ω), 0 < α < 1,

where τ = d
α+d/p . Recall for comparison that q > τ in Theorems 3 and 4.

An important ‘piecewise constant’ dictionary Dh is given by the multi-
variate Haar wavelets. Let ψ0 = χ(0,1) and ψ1 = χ(0,1/2) − χ(1/2,1). For any
e = (e1, . . . , ed) ∈ V d, where V d is the set consisting of the nonzero vertices
of the cube (0, 1)d, let

ψe(x1, . . . , xd) := ψe1(x1) · · ·ψed(xd).

Then the set

Ψh = {ψej,k := 2jd/2ψe(2j(· − k)) : j ∈ Z, k ∈ Z
d, e ∈ V d}

of Haar wavelets ψej,k is an orthonormal basis for L2(Rd). Therefore every
f ∈ L2(Rd) has an L2-convergent Haar wavelet expansion

f =
∑

j,k,e

〈f, ψej,k〉ψej,k, 〈f, ψej,k〉 :=
∫

Rd

f(x)ψej,k(x) dx.

If f ∈ L2(Ω), Ω = (0, 1)d, then f − fΩ has zero mean on (0, 1)d and hence
by extending it to R

d by zero and taking a Haar wavelet decomposition, we
obtain an L2-convergent series
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f = fΩ +
∑

(j,k,e)∈ΛΩ

fj,k,eψ
e
j,k, (10)

where ΛΩ denotes the set of indices (j, k, e) such that suppψej,k ⊆ Ω, and
fj,k,e are the Haar wavelet coefficients of f ,

fj,k,e =
∫

(0,1)d

f(x)ψej,k(x) dx.

Clearly, the Haar wavelet coefficients are well defined for any function f ∈
L1(Ω). The series (10) converges unconditionally in Lp-norm if f ∈ Lp(Ω),
1 < p < ∞. This implies in particular that every subset of {‖fj,k,eψej,k‖p :
(j, k, e) ∈ ΛΩ} has a largest element. The dictionary of Haar wavelets on
Ω = (0, 1)d is given by

Dh = {ψej,k : (j, k, e) ∈ ΛΩ}.
A standard approximation method for this dictionary is thresholding, also
called greedy approximation.

Algorithm 5 Haar wavelet thresholding.
Assume f ∈ Lp(Ω), Ω = (0, 1)d, for some 1 < p < ∞. Let

∫
Ω
f(x) dx = 0. (Other-

wise, replace f by f − fΩ .) Given n ∈ N, choose n largest elements in the sequence
{‖fj,k,eψ

e
j,k‖p : (j, k, e) ∈ ΛΩ} and denote the set of their indices by Λn

Ω . The result-
ing approximation of f is given by

Gn(f) =
∑

(j,k,e)∈Λn
Ω

fj,k,eψ
e
j,k.

If p = 2, then clearly Gn(f) is the best n-term approximation of f with
respect to the dictionary Dh. The following theorem gives an error bound in
this case.

Theorem 6 ([9]). Let f ∈ BV (Ω), Ω = (0, 1)2, and
∫
Ω f(x) dx = 0. Then

the approximation Gn(f) produced by Algorithm 5satisfies

‖f −Gn(f)‖2 ≤ C n−1/2|f |BV (Ω),

where C = 36(480
√

5 + 168
√

3).

It turns out that Gn(f) is also near best for any 1 < p <∞.

Theorem 7 ([24]). Let f ∈ Lp(Ω), Ω = (0, 1)d, for some 1 < p < ∞, and∫
Ω
f(x) dx = 0. The approximation Gn(f) produced by Algorithm 5satisfies

‖f −Gn(f)‖p ≤ C(d, p)σn(f,Dh)p.
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An estimate for σn(f,Dh)p follows from the results of [16] by using the
extension theorems for functions in Besov spaces, see [14, Section 7.7].

Theorem 8 ([16]). Let 1 < p <∞, 0 < α < 1/p, τ = d
α+d/p . If f ∈ Bατ,τ(Ω),

Ω = (0, 1)d, and
∫
Ω f(x) dx = 0, then

σn(f,Dh)p ≤ C(d, p)n−α/d |f |Bα
τ,τ (Ω).

The best n-term approximation by piecewise constants (and by piecewise
polynomials of any degree) on hierarchical partitions of R

d or (0, 1)d into
anisotropic dyadic boxes of the form

( k1
2j1d

,
k1 + 1
2j1d

)
× · · · ×

( kd
2jdd

,
kd + 1
2jdd

)
, js, ks ∈ Z,

has been studied in [23]. Here, the smoothness of the target function is ex-
pressed in terms of certain Besov-type spaces defined with respect to a given
hierarchical partition. In [21], results of the same type are obtained for even
more flexible anisotropic hierarchical triangulations. Let T = ∪m∈ZΔm, where
each Δm is a locally finite triangulation of R

2 such that Δm+1 is obtained
from Δm by splitting each triangle ω ∈ Δm into at least two and at most M
subtriangles (children). The hierarchical triangulation T is called weak locally
regular if there are constants 0 < r < ρ < 1 (r ≤ 1

4 ), such that for any
ω ∈ T it holds r|ω′| ≤ |ω| ≤ ρ|ω′|, where ω′ ∈ T is the parent triangle of
ω. Clearly, the triangles in T may have arbitrarily small angles. The skinny
B-space Bα,kq (T ), 0 < q <∞, α > 0, k ∈ N, is the set of all f ∈ Lloc

q (R2) such
that

|f |Bα,k
q (T ) :=

( ∑

ω∈T
|ω|−αqwk(f, ω)qq

)1/q

,

where
wk(f, ω)q := sup

h∈R2
‖δkh(f)‖Lq(ω),

δkh(f) being the k-th finite difference of f , in particular

δ1h(f, x) :=

{
f(x+ h)− f(x), if [x, x+ h] ⊂ ω,
0, otherwise.

It is shown in [21] that if T is regular, i.e. there is a positive lower bound
for the minimum angles of all triangles in T , then Bα,kq (T ) = B2α

q,q(R
2) with

equivalent norms whenever 0 < 2α < min{1/q, k}.
Consider the dictionary DT = {χω : ω ∈ T }.

Theorem 9 ([21]). Let 0 < p < ∞, α > 0, τ = 2
α+2/p . If f ∈ B α

2 ,1
τ (T ) ∩

Lp(R2), then

σn(f,DT )p ≤ C(p, α, ρ, r)n−α/2 |f |
B

α
2 ,1

τ (T )
.
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Note that certain Haar type bases can be introduced on the anisotropic
dyadic partitions and on hierarchical triangulations obtained by a special re-
finement rule, see [21, 23] for their definition and approximation properties.
An extension of Theorem 9 to R

d with d > 2 is given in [13].

4 Anisotropic Partitions

We have seen in Theorem 2 that piecewise constants on isotropic parti-
tions cannot approximate nontrivial smooth functions with order better than
N−1/d. We now turn to the question what approximation order can be
achieved on anisotropic partitions. An argument similar to that in the proof
of Theorem 2 shows that it is not better than N−2/(d+1) if we assume that
the partition is convex, i.e. all its cells are convex sets.

Theorem 10 ([10]). Assume that f ∈ C2(Ω) and the Hessian of f is positive
definite at a point x̂ ∈ Ω. Then there is a constant C depending only on f
and d such that for any convex partition Δ of Ω,

E(f,Δ)∞ ≥ C|Δ|−2/(d+1).

The order of piecewise constant approximation on anisotropic partitions
in two dimensions has been investigated in [19]. It is shown that for any
f ∈ C2([0, 1]2) there is a sequence of partitions ΔN of (0, 1)2 into polygons
with the cell boundaries consisting of totally O(N) straight line segments,
such that ‖f − sΔN (f)‖∞ = O(N−2/3). Moreover, the approximation order
N−2/3 cannot be improved on such partitions. Note that by triangulating
each polygonal cell ofΔN one obtains a convex partition withO(N) triangular
cells, so that Theorem 10 also applies, giving the same saturation orderN−2/3.
Another result of [19] is that for any f ∈ C3([0, 1]2) there is a sequence of
partitions ΔN of (0, 1)2 into cells with piecewise parabolic boundaries defined
by a total ofO(N) parabolic segments (pieces of graphs of univariate quadratic
polynomials) such that ‖f − sΔN (f)‖∞ = O(N−3/4).

The following algorithm achieves the approximation order N−2/(d+1) on
convex polyhedral partitions with totally O(N) facets.

Algorithm 6 ([10])
Assume f ∈ W 1

1 (Ω), Ω = (0, 1)d. Split Ω into N1 = md cubes ω1, . . . , ωN1 of edge
length h = 1/m. Then split each ωi into N2 slices ωij , j = 1, . . . , N2, by equidis-
tant hyperplanes orthogonal to the average gradient gi := |ωi|−1

∫
ωi

∇f on ωi. Set

Δ = {ωij : i = 1, . . . , N1, j = 1, . . . , N2}, and define the piecewise constant approxi-
mation sΔ(f) by (2). Clearly, |Δ| = N1N2 and each ωij is a convex polyhedron with
at most 2(d+ 1) facets.

This algorithm is illustrated in Figure 3.
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Fig. 3. Algorithm 6(d = 2, m = 4). The arrows stand for the average gradients gi

on the cubes ωi. The cells ωij are shown only for one cube.

Theorem 11 ([10]). Assume that f ∈ W 2
p (Ω), Ω = (0, 1)d, for some 1 ≤

p ≤ ∞. For any m = 1, 2, . . ., generate the partition Δm by using Algorithm 6
with N1 = md and N2 = m. Then

‖f − sΔm(f)‖p ≤ C(d, p)N−2/(d+1)(|f |W 1
p (Ω) + |f |W 2

p (Ω)), (11)

where N = |Δm| = md+1.

Proof. For simplicity we assume d = 2 and p = ∞. (The general case is treated
in [10].) Let us estimate the error of the best approximation of f by constants
on ωij ,

E(f)L∞(ωij) =
1
2

(
max
x∈ωij

f(x)− min
x∈ωij

f(x)
)
.

Let σi be a unit vector orthogonal to gi. Since ∇f is continuous, there is
x̃ ∈ ωi such that gi = ∇f(x̃). Then Dσif(x̃) = 0 and hence ‖Dσif‖L∞(ωi) ≤
c1h|f |W 2

∞(ωi). Given x, y ∈ ωij , choose a point x′ ∈ ωij such that y − x′ and
x′ − x are collinear with gi and σi, respectively. (This is always possible if we
swap the roles of x and y when necessary, see Figure 4.)

Hence, denoting by ĥ the distance between the hyperplanes that split ωi,
we obtain

|f(y)− f(x)| ≤ |f(y)− f(x′)|+ |f(x′)− f(x)|
≤ ĥ‖∇f‖L∞(ωij) + c2h‖Dσf‖L∞(ωij)

≤ c3(ĥ|f |W 1
∞(ωij) + h2|f |W 2

∞(ωi))

≤ c4m−2(|f |W 1
∞(ωij) + |f |W 2

∞(ωi)).
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Thus,

‖f − fωij‖L∞(ωij) ≤ 2E(f)L∞(ωij) ≤ c4m−2(|f |W 1
∞(Ω) + |f |W 2

∞(Ω)),

and (11) follows. ��

h

ĥ

gi

σ

x

y
x′

Fig. 4. Illustration of the proof of Theorem 11, showing a single ωi.

The improvement of the approximation order by piecewise constants from
N−1/d on isotropic partitions to N−2/(d+1) on convex partitions does not
extend to higher degree piecewise polynomials. Given a partition Δ, let
E1(f,Δ)p denote the best error of (discontinuous) piecewise linear approx-
imation in Lp-norm. Then the approximation order on isotropic partitions is
N−2/d for sufficiently smooth functions, and it cannot be improved in general
on any convex partitions.

Theorem 12 ([10]). Assume that f ∈ C2(Ω) and the Hessian of f is positive
definite at a point x̂ ∈ Ω. Then there is a constant C depending only on f
and d such that for any convex partition Δ of Ω,

E1(f,Δ)∞ ≥ C|Δ|−2/d.
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Summary. Anisotropic triangulations are utilized in recent methods for sparse rep-
resentation and adaptive approximation of image data. This article first addresses se-
lected computational aspects concerning image approximation on triangular meshes,
before four recent image approximation algorithms, each relying on anisotropic tri-
angulations, are discussed. The discussion includes generic triangulations obtained
by simulated annealing, adaptive thinning on Delaunay triangulations, anisotropic
geodesic triangulations, and greedy triangle bisections. Numerical examples are pre-
sented for illustration.

1 Introduction

This article surveys recent triangulation methods for adaptive approximations
and sparse representations of images. The main purpose is to give an elemen-
tary insight into recently developed methods that were particularly designed
for the construction of suitable triangulations adapted to the specific features
of images, especially to their geometrical contents. In this context, the use of
anisotropic triangulations appears to be a very productive paradigm. Their
construction, however, leads to many interesting and open questions. To better
understand the problems being addressed in current research, selected aspects
concerning adaptive approximations on triangulations are discussed. In par-
ticular, relevant algorithmic and computational issues are addressed, where
special emphasis is placed on the representation of geometrical information
contained in images.

Finite element methods (FEM) are among the most popular classical tech-
niques for the numerical solution of partial differential equations, enjoying a
large variety of relevant applications in computational science and engineering.
FEM are relying on a partitioning of the computational domain, where tri-
angulations are commonly used. In fact, FEM on triangulations provide very
flexible and efficient computational methods, which are easy to implement.
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Moreover, from a theoretical viewpoint, the convergence and stability prop-
erties of FEM on regular meshes are well understood.

Current research concerning different classes of mesh-based approxima-
tion methods, including FEM, is focused on the design of suitable adaptive
meshes to improve their convergence and stability properties over previous
methods. Adaptivity is, for instance, particularly relevant for the numeri-
cal simulation of multiscale phenomena in time-dependent nonlinear evolu-
tion processes. More specific examples are convection-diffusion processes with
space-dependent diffusivity, or the simulation of shock front behaviour in hy-
perbolic problems. In this case, the construction of well-shaped adaptive tri-
angulations with good anisotropic properties (by the shape and alignment
of their locally adapted triangles) is a key issue for the methods’ numerical
stability (see e.g. [14, 23] for further details).

As regards the central topic of this survey, adaptive image approximation
by anisotropic triangulations, the basic problem is

• the construction of anisotropic triangular meshes that are locally adapted
to the geometrical contents of the input image data

in combination with

• the selection of a reconstruction method leading to an optimal or nearby
optimal image approximation scheme.

Note that the above problem formulation is rather general and informal. In
fact, to further discuss this, we essentially require a more formal definition of
the terms “locally adaptive” and “nearby optimal”. Although a comprehensive
discussion on the approximation theoretical background of this problem is far
beyond the aims and scope of this survey, we shall be more specific on the
relevant basics later in Section 2.

The image approximation viewpoint taken here is very similar to that of
terrain modelling, as investigated in our previous work [7, 12]. In that particu-
lar application, greyscale images may be considered as elevation fields, where
the terrain’s surface is replaced by locally adapted surface patches (e.g. poly-
nomials) over triangulations. But this is only one related application example.
In a more general context, we are concerned with the approximation of (cer-
tain classes of) bivariate functions by using suitable models for locally adapted
approximations that are piecewise defined over anisotropic triangulations.

The rich variety of contemporary applications for mesh-based image ap-
proximation methods lead to different requirements for the construction of the
utilized (triangular) meshes. This has provided a diversity of approximation
methods, which, however, are not yet gathered in a unified theory. Despite of
this apparent variety of different methods, we observe that their construction
relies on merely a few common principles, two of which are as follows.

One construction principle is based on a very simple idea: sharp edges be-
tween objects visible in an image correspond to crucial information. The ab-
stract mathematical modelling leads to measures of regularity which take into
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account singularities along curves. But triangulations are only one possible
method for representing geometrical singularities of images. In fact, different
methods were proposed for the rendering of contours in images. For a recent
account of these methods, we refer to [13].

Another common principle requires the image representation to be sparse.
In our particular situation, this means that the triangulation should be as
small as possible. Note that the requirement of sparsity is not necessarily
reflected by the number of vertices (or edges or triangles) in the triangulation,
but it can also be characterized by some suitable entropy measure related to
a compression scheme.

The construction of sparse triangulations for edge-adapted image approx-
imation, according to the above construction principles, leads to an abstract
approximation problem, whose general framework is briefly introduced in Sec-
tion 2. In Section 3, we present four conceptually different approximation
methods to solve the abstract approximation problem of Section 2.

This leads to four different image approximation algorithms, each of which
achieves to combine the following desirable properties:

• good approximation behaviour;
• edge-preservation;
• efficient (sparse) image representation;
• small computational complexity.

Selected computational aspects concerning the implementation of the pre-
sented image approximation algorithms are discussed in Section 3. Supporting
graphical illustrations and numerical simulations are presented in Section 3
and in Section 4. A short conclusion and directions for future work are finally
provided in Section 5.

2 Image Approximation on Triangulations

2.1 Triangulations and Function Spaces

We first fix some notation and introduce basic definitions concerning triangu-
lations and their associated function spaces.

Let Ω ⊂ R
2 denote a compact planar domain with polygonal boundary.

Although we consider keeping this introduction more general, most of the
following discussion assumes Ω = [0, 1]2 for the (continuous) computational
image domain.

Definition 1. A continuous image is a bounded and measurable function
f : Ω → [0,∞), so that f lies in the L∞-class of measurable functions, i.e.,
f ∈ L∞(Ω).
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Although images are bounded (i.e., are lying in L∞(Ω) ⊂ Lp(Ω)), we
distinguish between the different function spaces Lp(Ω), corresponding to dif-
ferent norms ‖·‖Lp(Ω) for measuring the reconstruction error on Ω. We further
remark that a natural image can always be represented by a bounded function.
However, the converse is (trivially) not true: for any fixed p ∈ [1,∞], functions
in Lp(Ω) do often not correspond to natural images. One of the main tasks of
functional analysis methods in image processing is to define function classes,
being given by some suitable regularity conditions, which are as small as pos-
sible but contain relevant images. In the context of triangulation methods,
this immediately leads us to one central question: which image classes may
be well-recovered by approximation methods relying on triangular meshes?
Later in this section, we shall briefly discuss this question and give pointers
to the relevant literature.

But let us first define triangulations and their associated function spaces.

Definition 2. A triangulation T of the domain Ω is a finite set {T }T∈T
of closed triangles T ∈ R

2 satisfying the following conditions.

(a) The union of the triangles in T covers the domain Ω, i.e.,

Ω =
⋃

T∈T
T,

(b) for any pair T, T ′ ∈ T of two distinct triangles, T 
= T ′, the intersection
of their interior is empty, i.e.,

◦
T ∩

◦
T ′ = ∅ for T 
= T ′.

We denote the set of triangulations of Ω by T (Ω).

Note that condition (b) in the above definition disallows overlaps between
different triangles in T . Nevertheless, according to Definition 2, a triangulation
T may contain hanging vertices, where a hanging vertex is a vertex of a triangle
in T which is lying on the interior of an adjacent triangle’s edge. Triangulations
without hanging nodes are conform, which leads us to the following definition.

Definition 3. A triangulation T of Ω is a conforming triangulation of
Ω, if any pair of two distinct triangles in T intersect at most at one common
vertex or along one common edge. We denote the set of conforming triangu-
lations of Ω by Tc(Ω).

For the purpose of illustration, Figure 1 shows one non-conforming trian-
gulation and one conforming triangulation.

On given planar domain Ω, there are many different (conforming) trian-
gulations of Ω. We remark that many relevant applications rely on triangula-
tions, where long and thin triangles need to be avoided, e.g. in finite element
methods for the sake of numerical stability. In this case, Delaunay triangula-
tions are a popular choice.
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(a) (b)

Fig. 1. (a) a non-conforming triangulation with three triangles and five vertices,
where one vertex is a hanging vertex; (b) a conforming triangulation with six tri-
angles and six vertices.

Definition 4. A Delaunay triangulation D of Ω is a conforming triangu-
lation of Ω, such that for any triangle in D its circumcircle does not contain
any vertex from D in its interior.

We remark that the Delaunay triangulation D of Ω with vertices X ⊂ Ω
maximizes the minimal angle among all possible triangulations of Ω with
vertices X . In this sense, Delaunay triangulations are optimal triangulations.
Moreover, the Delaunay triangulation D ≡ D(X) is unique among all triangu-
lations with vertices X , provided that no four points in X are co-circular [20].
Figure 2 shows one Delaunay triangulation for the square domain Ω = [0, 1]2

with |X | = 30 vertices.

Fig. 2. Delaunay triangulation of a square domain with 30 vertices.
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Now let us turn to functions on triangulations, i.e., bivariate functions
f : Ω → R to be defined over a fixed triangulation T . One possibility for doing
so is by using piecewise polynomial functions. In this case, the restriction f

∣∣
T

to any triangle T ∈ T is a bivariate polynomial of a certain degree. To define
piecewise polynomial functions on triangulations, their maximum degree is
usually fixed beforehand and additional boundary or smoothness conditions
are utilized. This then gives a finite dimensional linear function space.

In the situation of image approximation, we prefer to work with piecewise
linear polynomial functions f . This is due to the simple representation of f .
Moreover, we do not require any global smoothness conditions for f apart
from global continuity. Since natural images are typically discontinuous, it
also makes sense to refrain from assuming global continuity for f . This leads
us to the following definition of two suitable function spaces of piecewise linear
polynomials, one with requiring global continuity, the other without requiring
global continuity. In this definition, P1 denotes the linear space of bivariate
linear polynomials.

Definition 5. Let T ∈ T (Ω) be a triangulation of Ω. The set of piecewise
linear functions on T ,

ST :=
{
f : Ω → R : f

∣∣◦
T
∈ P1

}

is given by all functions whose restriction to the interior
◦
T of any triangle

T ∈ T is a linear polynomial.

Note that in the above definition, the restriction f
∣∣◦
T

of f may, for any

individual triangle T ∈ T , be extended from
◦
T to T , in which case f may

not be well-defined. For a conforming triangulation T (Ω), however, f will be
well-defined on Ω, if we require global continuity. In the following definition,
C (Ω) denotes the linear space of continuous functions on Ω.

Definition 6. Let T ∈ Tc(Ω) be a conforming triangulation of Ω. The set of
continuous piecewise linear functions on T ,

S0
T :=

{
f ∈ C (Ω) : f

∣∣
T
∈ P1

}
,

is given by all continuous functions on Ω whose restriction to any triangle
T ∈ T is a linear polynomial.

Note that (for any conforming triangulation T ) S0
T is a linear subspace

of ST , i.e., S0
T ⊂ ST . Moreover, note that S0

T has finite dimension. Indeed,
the (finite) set of Courant elements ϕv ∈ S0

T , for v in T , each of which being
uniquely defined by

ϕv(x) =
{

1 for x = v;
0 for x 
= v; for any vertex x in T ,



Anisotropic Triangulations in Image Approximation 53

is a basis of S0
T . Therefore, the dimension of S0

T is equal to the number of
vertices in T . Similarly, the linear function space ST has dimension 3|T |,
where |T | denotes the number of triangles in T .

We remark that one important differences between the two approximation
spaces, S0

T and ST , is that S0
T requires conforming triangulations, whereas for

ST the triangulation T may contain hanging vertices. Note that this leads to
different approximation schemes, as illustrated in Figure 3.

(a) (b)

(c) (d)

Fig. 3. (a) a non-conforming triangulation T ; (b) a conforming triangulation T ′

(cf. Figure 1); (c) a piecewise constant function f ∈ ST ; (d) a continuous piecewise
linear function g ∈ S0

T ′ .

2.2 Isotropic and Anisotropic Approximation Methods

When approximating an image f by (best approximating) functions from S0
T

or ST , the resulting approximation quality heavily depends on the quality of
the triangulation T , in particular on the shape of the triangles in T . Several
alternative quality measures for triangulations are proposed in [23].

In this subsection, we discuss relevant principles concerning the construc-
tion of well-adapted triangulations, leading to adaptive image approximation
methods. In this construction, it is essential to take (possible) anisotropic
features of the image data into account. Second derivatives of the image (if
they exist) are not necessarily of comparable amplitude (i.e., magnitude) in
all directions. Furthermore, the ratio between the maximal and the minimal
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amplitudes may vary quite significantly. Due to typical such heterogeneity
(and other related multiscale phenomena) in image data, this gives rise to
prefer anisotropic triangulations.

To be more specific, image approximation methods by triangulations are
split into non-adaptive methods (relying on uniform triangulations) and adap-
tive methods (relying on non-uniform triangulations). Another distinction be-
tween image approximation methods (and their underlying triangulations) is
by isotropic and anisotropic methods. For illustration, Figure 4 shows exam-
ples for uniform vs non-uniform and isotropic vs anisotropic triangulations.

(a) (b) (c)

Fig. 4. (a) a uniform triangulation; (b) a non-uniform isotropic (non-conforming)
triangulation; (c) an anisotropic (conforming) triangulation.

As regards characteristic features of different triangulation types, Figure 4,

(a)triangles in a uniform triangulation have comparable sizes and shapes, so
that the shape of each triangle is similar to that of an equilateral triangle.

(b)non-uniform isotropic triangulations comprise triangles of varying sizes,
but the triangles have similar shapes.

(c)anisotropic triangulations comprise triangles of varying sizes and shapes.

We remark that non-adaptive image approximations (relying on uniform
triangulations) are, in terms of their approximation quality, inferior to adap-
tive methods. In adaptive image approximation methods, however, the con-
struction of their underlying non-uniform triangulations requires particular
care. While non-uniform isotropic triangulations are suitable in situations,
where the target image has point singularities at isolated points, anisotropic
triangulations are particularly useful to locally adapt singularities of the im-
age along curves, or other features of the image that may be reflected by a
heterogeneous distribution of directional derivatives of first and second order.
Therefore, anisotropic triangulations are usually preferred, especially when
it comes to design suitable triangulations for adaptive image approximation
methods.



Anisotropic Triangulations in Image Approximation 55

2.3 Techniques for Proving Approximation Rates

Let us finally discuss available techniques for proving error estimates for image
approximation. The following discussion includes classical results from finite
elements as well as more recent results concerning Besov spaces and the re-
lated smoothness spaces, relying on the Mumford-Shah model. We keep the
discussion of this section rather short, but we give pointers to the relevant
literature. Further details are deferred to a follow-up paper.

The Bramble-Hilbert Lemma. Let us first recall classical error esti-
mates from finite element methods. To obtain estimates for the global ap-
proximation error of a function by a piecewise function on a triangulation T ,
standard analysis on finite element methods provides estimates for a single
triangle T ∈ T (see [2]), where the key estimate is derived from the Bramble-
Hilbert lemma [3]. The basic error estimate of the Bramble-Hilbert lemma
leads to

‖f −ΠS0
Tn
f‖L2(Ω) ≤ 1

n
|f |W 2,2(Ω) for f ∈ W 2,2(Ω),

where ΠS0
Tn
f is the orthogonal L2-projection of f onto S0

Tn
, and where Tn is

a uniform triangulation of Ω with n vertices.

Slim and Skinny Besov Spaces. Although classical isotropic Besov
spaces offer a more suitable framework for adaptive approximation schemes,
they usually fail to represent approximation classes relying on anisotropic
triangulations. Just recently, a more flexible concept was proposed to remedy
this problem.

In [15], Karavainov and Petrushev introduced two different classes of
anisotropic Besov spaces, slim and skinny Besov spaces. The construction of
such Besov spaces relies on subdivision schemes leading to a family of nested
triangulations. The approach taken in [15] is rather technical, but their main
results can loosely be explained as follows.

The set of functions belonging to a slim Besov space are the functions
which can be approximated at a given convergence rate by piecewise linear
and globally continuous functions on a specific subdivision scheme. Skinny
Besov spaces are obtained by using similar construction principles for the
special case of piecewise linear (not necessarily continuous) approximations.
The quality of the resulting image approximation, however, heavily relies on
the properties of the utilized subdivision scheme. The construction of suitable
subdivision schemes remains a rather critical and challenging task. For further
details, we refer to [15].

Bivariate Smoothness Spaces. Cartoon models lead to a large family
of approximation methods which are based on the celebrated Mumford-Shah
model [19]. These methods essentially take sharp edges of images into account,
and their basic idea is to regard images as piecewise regular functions being
separated by piecewise smooth curves. A generalization of the Mumford-Shah
model has been proposed by Dekel, Leviatan & Sharir in [6]. In their work [6],
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smoothness spaces are defined by using a combination of two distinct notions
of smoothness, one for the inner pieces (away from the edge singularities), the
other for the singularity supporting curves.

The corresponding smoothness spaces, B-spaces, are in [6] defined in a
similar way as by the standard interpolation techniques used for classical
isotropic Besov spaces. In the present setting, we are interested in the use of
smoothness spaces for the characterization of the approximation spaces

Aα :=
{
f ∈ L2(Ω) : inf

|T |=n,T ∈T (Ω)
‖f −ΠST f‖L2(Ω) ≤ C

nα
for some C > 0

}
.

Further in this context, we consider the smoothness space Bα,r1,r2q (Lp(Ω))
in [6, Definition 1.3] with p = 2, r1 = r2 = 2 and q = ∞. This combination
of parameters is in [6] used for the special case of piecewise affine functions
(r1 = 1) on triangles (r2 = 2) by measuring the error in L2(Ω) (p = 2), and
the approximation rates in the L∞-norm (q = ∞).

Useful error estimates for B-spaces are proven in [6], where also a suitable
characterization for the relevant approximation classes Aα ≡ Aα(Ω) is given.
In fact, the main result in [6, Theorem 1.9] states that the inclusion Aα ⊂ Bα
holds for any planar domain Ω ⊂ R

2, and, conversely, we have the inclusion

Bα(Ω) ∩ L∞(Ω) ⊂ Aα(Ω),

which provides an almost sharp characterization of the approximation classAα.
For further details, we refer to [6].

3 Four Algorithms for Adaptive Image Approximation

In this section we discuss four different algorithmic concepts for adaptive im-
age approximation, which were proposed during the last five years. Each of
the resulting approximation algorithms, to be discussed in Subsections 3.1-3.4,
aims at the construction of suitable anisotropic triangulations to obtain suf-
ficiently accurate image approximations. Moreover, their utilized adaptation
strategies achieve a well-balanced trade-off between essential requirements
concerning computational costs, approximation properties, and information
redundancy. Computational details and key features of the five different con-
cepts are explained in the following Subsections 3.1-3.4.

3.1 Generic Triangulations and Simulated Annealing

A naive approach to solve the image approximation problem of the previous
Section 2 would consist in finding an optimal triangulation (among all possible
triangulations of equal size) to obtain a best image approximation. However,
the problem of finding such an optimal triangulation is clearly intractable. In
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fact, the set of all possible triangulations is huge, and so it would be far too
costly to traverse all triangulations to locate an optimal one.

An alternative way for (approximately) solving this basic approximation
problem is to traverse a smaller set of generic triangulations, according to a
suitable set of traversing rules, to compute only a suboptimal triangulation
but at much smaller computational complexity.

Recently, Lehner, Umlauf & Hamann [18] have introduced such a method
for traversing a set of generic triangulations, where their basic algorithm relies
on simulated annealing. The triangulations output by the method in [18] are
very sparse, i.e., for a target approximation error, the output triangulation
(whose resulting approximation error is below the given tolerance), requires
only a small number of vertices (cf. the numerical comparison in Figure 5).

(a) (b)

(c) (d)

Fig. 5. (a) Triangulation and (b) image reconstruction obtained by simulated
annealing [18]; (c) triangulation and (d) image reconstruction obtained by adaptive
thinning [8] (Section 3.2). In either test example, the triangulation has 979 vertices.
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The generic algorithm of [18] is iterative and can briefly be explained as
follows. On given initial triangulation T0, local modifications are performed,
which yields a sequence {Tn}n of triangulations. Any local modification on a
current triangulation Tk is accomplished by using one of the following three
basic operations (edge flip, local and global vertex move), yielding the subse-
quent triangulation Tk+1.

• For two triangles sharing a common edge in a convex quadrilateral, an edge
flip replaces the diagonal of the quadrilateral by the opposite diagonal;

• local vertex move: a vertex is moved to a new position in its neighbourhood;
• global vertex move: a vertex is moved and its cell is retriangulated.

To each of the three elementary operations, corresponding probabilities
pe, p�, pg, satisfying

pe + p� + pg = 1,

are assigned, according to which the next operation (edge flip, local or global
vertex move) is performed. But the selection of edges to be flipped or vertices
to be moved is by random.

To avoid local optima, the next triangulation is either taken or rejected,
according another probability,

pn = p(ΔEn, n),

where ΔEn is the difference between approximation errors induced by the
triangulations Tn and Tn+1. For further details concerning the probability
measures we refer to [18].

The iteration of [18] was shown to be very flexible, but the computational
efficiency is rather critical. This is due to the construction of the greedy al-
gorithm, which navigates through a very large set of triangulations. Further
improvements may be used to speed-up the convergence of the simulated an-
nealing procedure, where the reduction of computational complexity is done
by working with local probabilities [18].

Finally, the numerical example in Figure 5 (a)-(b) shows the efficacy of
the simulated annealing method. Note that, especially from the viewpoint of
anisotropy, the triangles in Figure 5 (a) are well-aligned with the sharp edges
in the test image.

3.2 Adaptive Thinning Algorithms

Adaptive thinning algorithms [12] are a class of greedy point removal schemes
for bivariate scattered data. In our recent work [8, 9, 10], adaptive thinning al-
gorithms were applied to image data, and more recently, also to video data [11]
to obtain an adaptive approximation scheme for images and videos. The re-
sulting compression methods were shown to be competitive with JPEG2000
(for images) and MPEG4-H264 (for videos).
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To explain the basic ideas of adaptive thinning for image data, let X de-
note the set of image pixels, whose corresponding pixel positions are lying on
a rectangular two-dimensional grid. This, in combination with the pixels’ lu-
minance values defines a bivariate discrete function f : X → R. Now the aim
of the adaptive thinning algorithm is to select a small subset Y ⊂ X of sig-
nificant pixels, whose corresponding Delaunay triangulation D ≡ D(Y ) gives
a suitable finite-dimensional ansatz space S0

D of globally continuous piecewise
linear functions.

The image approximation s : [X ] → R to f is then given by the best
approximation s∗ ∈ S0

D in the least squares sense, i.e. s∗ minimizes the �2-
error

‖s− f‖2
2 :=

∑

x∈X
|s(x)− f(x)|2

among all functions s ∈ S0
D. Note that s∗ is unique and can be computed

efficiently by standard least squares approximation.
The challenge of this particular approximation method is to determine a

good adaptive spline space s ∈ S0
D, by the selection of a suitable subset Y ⊂ X ,

such that the resulting least squares error

η ≡ η(Y ) = ‖s∗ − f‖2
2

is as small as possible. Ideally, one wishes to compute an optimal Y ∗ ⊂ X
which minimizes η(Y ) among all subsets Y ⊂ X of equal size. But the prob-
lem of computing Y ∗ is NP-complete. This requires greedy approximation
algorithms for the selection of suitable (sub-optimal) solutions Y ⊂ X .

In greedy adaptive thinning algorithms, a subset Y ⊂ X of significant
pixels is computed by the recursive removal of pixel points, one after the other.
The generic formulation of the adaptive thinning algorithm is as follows.

Algorithm (Adaptive Thinning)

INPUT: set of pixel positions X and luminance values {f(x)}x∈X .

(1) Let XN = X;
(2) FOR k = 1, . . . , N − n

(2a) Find a least significant pixel x ∈ XN−k+1;
(2b) Let XN−k = XN−k+1 \ x;

OUTPUT: subset Y = Xn ⊂ X of significant pixels.

To implement an adaptive thinning algorithm, it remains to give, for any
Y ⊂ X , a definition for least significant pixels in Y . To this end, several differ-
ent significance measures were proposed in [7, 8, 9, 10, 12]. Each of the utilized
significance measures are relying on (an estimate) of the anticipated error that
is incurred by the removal of the pixel point. The anticipated error for a pixel
y is a local measure σ(y) for the incurred �2-error due to its removal. In the
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greedy implementation of adaptive thinning, a pixel y∗ is least significant (in
any step of the algorithm), whenever its anticipated error σ(y∗) is smallest
among all points in the current subset Y ⊂ X . Since σ(y) can be computed
and updated in constant time, this allows for an efficient implementation of
adaptive thinning in only O(N log(N)) operations, where N = |X |.

3.3 Anisotropic Geodesic Triangulations

The anisotropic meshing problem, as pointed out in [1], can be interpreted
as the search for a criterion based on a locally modified metric, according to
which triangulations are then constructed. To connect this viewpoint with the
concept of anisotropic triangulations, the Euclidean metric corresponds to a
uniform triangulation, whereas metrics whose unit balls are disks of varying
sizes lead to isotropic adaptive triangulations. Finally, anisotropic triangula-
tions can be generated by using metrics whose unit balls are ellipses of varying
sizes, shapes and directions. A suitable triangulation algorithm is then re-
quired to produce triangulations which are aligned with this modified metric,
i.e., each triangle should be included in such an ellipse. Moreover, direction
and ratio between the major and minor radii are directed by the local struc-
ture of data, while the size of the ellipse (i.e., the radius of the ball in the
modified metric) is a parameter depending on the global target reconstruction
quality.

The local metric is commonly defined by a positive definite tensor field,
i.e., a mapping which associates to each point x ∈ Ω a symmetric positive
definite tensor matrix H(x) ∈ R

2×2. For any point x0 ∈ Ω, the local metric
H(x0) is then defined by the distance between a point x ∈ Ω and x0,

‖x− x0‖H(x0) =
√

(x− x0)tH(x0)(x− x0).

Note that this concept enables us to define the length of a piecewise smooth
curve γ : [0, 1] → Ω w.r.t. metric H by

LH(γ) =
∫ 1

0

‖γ′(t)‖H(γ(t))dt

and so the geodesic distance between two points x, y ∈ Ω by

dH(x, y) = min
γ
LH(γ),

where the minimum is taken over all piecewise smooth curves joining x and y.
A quite natural choice for H seems to be the Hessian. One construction of

anisotropic triangulations for image approximation, based on an anisotropic
geodesic metric, has recently been proposed in [1]. Instead of taking the Hes-
sian matrix as tensor structure matrix, a regularized version of the gradient
tensor is used in [1]. Regularization is then performed by the convolution with
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a Gaussian kernel; the role of this regularization is to ensure a robust estima-
tion in the presence of noise. Let us denote this regularized gradient tensor
by T (x) and assume that T (x) can be diagonalized in an orthonormal basis,
i.e., for a suitable basis we have (with λ1, λ2 depending on x):

T (x) =
[
λ1 0
0 λ2

]
.

The geodesic metric is then defined as follows: the matrix T is slightly
perturbed and then set to a power α, which is an ad hoc parameter controlling
the anisotropy of the triangulation. This leads to

H(x) =
[
(λ1 + ε)α 0

0 (λ2 + ε)α

]
.

Using this particular definition for a locally modified metric, the following
difficult problem needs to be solved: determine a small as possible finite set
of vertices V ⊂ Ω satisfying

inf
y∈V

dH(x, y) ≤ δ for some δ > 0.

Here, δ is a global parameter which controls the reconstruction quality. The
meshing of this set of points is then based on the use of the anisotropic Voronoi
diagram, where the Voronoi cells are defined by the modified metric dH rather
than by the Euclidean one. Since the dual of a so obtained Voronoi diagram is
not necessarily a Delaunay triangulation, some effort is necessary to construct
a valid triangulation. This can be achieved by greedy insertion algorithms,
where at each step the farthest point (w.r.t. the modified metric) to the current
set of vertices is added to this set. This strategy is coupled with a suitable
triangulation technique. In Figure 6, it is shown how this method works for
a smooth image with steep gradients in an area around a regular curve. The
result is an anisotropic triangulation. For more details, see [1, 16, 17].

(a) (b) (c)

Fig. 6. Geodesic triangulation with (a) 50, (b) 200, and (c) 800 vertices.
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3.4 Greedy Triangle Bisections

In [4], Cohen, Dyn, Hecht & Mirebeau propose a greedy algorithm which is
based on a very simple but effective rule for recursive subdivisions of trian-
gles. The main operations in their method are bisections of triangles, where a
bisection of a triangle T is given by a subdivision of T in two smaller trian-
gles, obtained by the insertion of an edge which connects one vertex in T with
the midpoint of the opposite edge. Therefore, for any triangle there are three
possible bisections, with the (inserted) edges e1,e2 and e3, say. An example
of the two first steps of such a recursive subdivision is shown in Figure 7.
Note that this method produces non-conforming triangulations. Therefore,
the approximation is performed w.r.t. the reconstruction space ST .

(a) (b) (c)

Fig. 7. (a) Initial triangulation; (b),(c) triangulations by greedy bisection [4].

To derive a refinement algorithm from this bisection rule, a suitable cri-
terion is required for selecting the triangle to be subdivided along with the
bisection rule. The criterion proposed in [4] is straight forward: it takes one
triangle with maximal approximation error, along with a bisection whose re-
sulting approximation error is minimal. Therefore, an edge e∗ corresponding
to an optimal bisection of a triangle T is given by

e∗ = argmin
e∈{e1,e2,e3}

(
‖f −ΠST1(e)‖2

L2(T1(e)) + ‖f −ΠST2(e)‖2
L2(T2(e))

)
,

where T1(e) and T2(e) are the triangles resulting from the bisection of T by e.
This procedure outputs a sequence of refined triangulations, which we

denote by Tb,n (b for bisection). In [5, Theorem 5.1], optimality of the bisection
algorithm is proven for strictly convex functions. We can formulate the result
in the relevant L2-setting as follows. For a strictly convex function f ∈ C 2(Ω),
there exists a constant C > 0 satisfying

‖f −ΠSTb,n
f‖L2(Ω) ≤ C

n
‖
√

det(D2f)‖Lτ(Ω), with τ =
2
3
,

where Tb,n is the sequence of triangulations produced by greedy bisection in
combination with an L1-based selection criterion [5].
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4 Numerical Simulations

In this final section, we wish to demonstrate the utility of anisotropic trian-
gulation methods for image approximation. To this end, we apply adaptive
thinning of Subsection 3.2 to four different images of size 512×512, as shown in
Figure 8: (a) one artificial image generated by a piecewise quadratic function,
PQuad, and three natural images, (b) Aerial, (c) Game, and (d) Boats.

(a) (b)

(c) (d)

Fig. 8. Four images of size 512×512: (a) PQuad; (b) Aerial; (c) Game; (d) Boats.

The Delaunay triangulations of the significant pixels, output by adaptive
thinning, are shown in Figure 9. The quality of the image approximations,
shown in Figure 10, is measured in dB (decibel) by the peak signal to noise
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(a) (b)

(c) (d)

Fig. 9. Anisotropic Delaunay triangulations. (a) PQuad with 800 vertices (b)
Aerial: 16000 vertices (c) Game: 6000 vertices (d) Boats: 7000 vertices.

ratio,

PSNR = 10 ∗ log10

(
2r × 2r

η̄2(Y,X)

)
,

where the mean square error (MSE) is given by

η̄2(Y,X) =
1
|X |

∑

x∈X
|s(x)− f(x)|2.

Note that for each test case the anisotropic triangulations achieve to cap-
ture the image geometry fairly well. This results in image approximations
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(a) (b)

(c) (d)

Fig. 10. Image approximation by adaptive thinning. (a) PQuad at PSNR 42.85 dB

(b) Aerial: PSNR 30.33 dB (c) Game: PSNR 36.54 dB (d) Boats: PSNR 31.83 dB.

where the key features of the images (e.g. sharp edges) and finer details are
recovered very well, at reasonable coding costs, as reflected the small number
of significant pixels. In fact, the efficient distribution of sparse significant pix-
els is one key feature of adaptive thinning, which yields a very competitive
compression method [8, 9, 11].

Note that the test case PQuad reflects the behaviour of adaptive thinning
for an artificial cartoon image: inside on the smooth parts, the triangles are
uniform and close to equilateral, whereas long and thin triangles are obtained
along the discontinuities. As regards the two test cases Game and Boats, it is
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shown how anisotropic triangulations help concentrate the representing trian-
gles in the content-rich areas of these natural images.

Finally, the performance of adaptive thinning for the test case Aerial
shows the potential of anisotropic triangulations yet once more, but now in a
context where much more information are available. The anisotropy of the tri-
angles vary according to the kind of feature they represent, and so the cor-
responding triangulation helps reproduce the geometrical properties of the
underlying features very well, in particular the roads and buildings.

5 Final Remarks and Future Work

One of the practical issues of anisotropic meshing is related to the high com-
putational costs induced by the search for nearby optimal approximating tri-
angulations. In this article, we have considered methods which are too slow
for applied fields where real-time computational costs are indispensable. Re-
cently, very fast methods, coming from a slightly different world, closer to the
preoccupations of engineering applications, have been developed [21, 22, 24].
These methods rely on some heuristic intended to find an adapted sampling
set of pixels together with corresponding meshing and reconstruction tech-
niques. In [22], a quite detailed comparison of these methods in terms of
number of triangles versus quality and in terms of computational costs is pro-
vided, including comparisons with adaptive thinning. In comparison with the
methods discussed in the present survey (in Subsections 3.1-3.4), the num-
ber of vertices required in the methods of [21, 22, 24] is much higher for a
given target quality, but they allow for very fast implementations. One of the
most challenging tasks for future research remains to bridge the gap between
these rather pragmatic but highly efficient methods and the mathematically
well-motivated but much slower methods of Subsections 3.1-3.4.

Acknowledgement

We gratefully thank Jean-Marie Mirebeau and Gabriel Peyré for several fruit-
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Form Assessment in Coordinate Metrology

Alistair B. Forbes and Hoang D. Minh

National Physical Laboratory, Teddington TW11 0LW, UK

Summary. A major activity in quality control in manufacturing engineering in-
volves comparing a manufactured part with its design specification. The design
specification usually has two components, the first defining the ideal geometry for
the part and the second placing limits on how far a manufactured artefact can
depart from ideal geometry and still be fit for purpose. The departure from ideal
geometry is known as form assessment. Traditionally, the assessment of fitness for
purpose was achieved using hard gauges in which the manufactured part was physi-
cally compared with the gauge. Increasingly, part assessment is done on the basis of
coordinate data gathered by a coordinate measuring machine and involves fitting ge-
ometric surfaces to the data. Two fitting criteria are commonly used, least squares
and Chebyshev, with the former being far more popular. Often the ideal geome-
try is specified in terms of standard geometric elements: planes, spheres, cylinders,
etc. However, many modern engineering surfaces such as turbine blades, aircraft
wings, etc., are so-called ‘free form geometries’, complex shapes often represented
in computer-aided design packages by parametric surfaces such as nonuniform ra-
tional B-splines. In this paper, we consider i) computational approaches to form
assessment according to least squares and Chebyshev criteria, highlighting issues
that arise when free form geometries are involved, and ii) how reference data can be
generated to test the performance of form assessment software.

1 Introduction

The National Physical Laboratory is concerned with the accuracy and trace-
ability of measurements. In coordinate metrology, an artefact is represented
by the measured coordinates of data points lying on the artefact’s surface. The
data is then analysed to evaluate how the manufactured artefact relates to its
design specification. In particular, form assessment relates to the departure
from ideal shape, e.g., how close is a shaft to an ideal cylinder. In terms of
traceability of measurements, two aspects are important i) the accuracy of the
coordinate measurements and ii) the reliability of the algorithms and software
analysing the data. This paper is concerned with the second aspect. Through
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various international activities in the 1990s, e.g., [20, 21, 36, 37] a testing
methodology for least squares analysis for standard geometric shapes such as
planes and cylinders [24] has been developed and applied, allowing software
developers to demonstrate the correctness of their algorithms and there are no
real concerns about the state of the art for such calculations. However, many
modern engineering surfaces such as turbine blades, aircraft wings, etc., are
so-called ‘free form geometries’. Standards such as ISO 1101 [38] call for as-
sessment methods based on minimising the maximum form error: Chebyshev
form assessment. In this paper, we discuss how testing methodologies can be
developed to cover these more general and difficult form assessment problems.

In section 2 we overview the problem of the computer-aided inspec-
tion of manufactured parts. Section 3 concerns how surface geometries are
parametrized in terms of position, size and shape and discusses problems that
can arise for free form surfaces. Sections 4 and 5 look at form assessment
according to least squares and Chebyshev criteria and the generation of test
data. Our concluding remarks are given in section 6.

2 Computer-Aided Inspection of Manufactured Parts

2.1 Specification of Ideal Geometry

The specification of the ideal shape of an artefact are typically defined in
terms of i) geometric elements: planes, spheres, cylinders, cones, tori, ii)
(more general) surfaces of revolution: aspherics, paraboloids, hyperboloids,
and iii) freeform parametric surfaces: parametric splines, nonuniform rational
B-splines (NURBS). In general, the geometry can be defined as a mathemat-
ical surface u �→ f(u,b), where u = (u, v)T are the patch or footpoint param-
eters, and b are parameters that define the position in some fixed frame of
reference, size and shape of the surface.

2.2 Coordinate Measuring Machines

A standard coordinate measuring machine (CMM) can be thought of as a
robot that can move a probe along three nominally orthogonal axes, each of
which is associated with a line scale that indicates the distance along the axis.
The probe usually has a spherical tip and when the tip contacts an artefact,
the position of the probe tip is determined from the scale readings. In this
way, the CMM gathers points xi, i = 1, . . . ,m, on (or related to) the surface
of the artefact. Form assessment involves matching xi to f(u,b) to compare
the manufactured part, as represented by the coordinate data, to the design.

2.3 Orthogonal Distances

Let x be a data point reasonably close to the surface u �→ f(u,b), and let u∗

solve the footpoint problem
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min
u

(x− f(u,b))T (x − f(u,b)), (1)

so that u∗ = u∗(b) specifies the point f∗ = f(u∗,b) on f(u,b) closest to
x. The optimality conditions associated with (1) implicitly define u∗ as a
function of b through the equations

(x− f(u,b))T fu = 0, (x − f(u,b))T fv = 0,

where fu = ∂f/∂u and fv = ∂f/∂v. Let n = n(b) be the normal to the surface
at f∗, likewise a function of b, and set

d(x,b) = (x− f∗)T n = (x− f(u∗(b),b))T n(b). (2)

Then d(x,b) is the signed distance of x from f(u,b), where the sign is con-
sistent with the convention for choosing the surface normal. Furthermore,

∂d

∂bk
= −

(
∂f
∂bk

)T
n, k = 1, . . . , n, (3)

where all terms on the lefthand side are evaluated at u∗. Although u∗ = u∗(b)
and n = n(b) are both functions of b, there is no need to calculate their
derivatives with respect to b in order to evaluate the derivatives of the distance
function. This is because their contribution is always as linear combinations of
vectors orthogonal to n or x−f . For standard geometric elements, the distance
function d(x,b) can be defined as an explicit function of the parameters but for
free form surfaces, the optimal footpoint parameters u∗ have to be determined
using numerical techniques [2, 7, 28, 35, 39].

3 Surface Parametrization

3.1 Separating Position, Size and Shape

It is often (but not always) convenient to separate out parameters that spec-
ify position, size and shape. In this approach, we parametrize a surface in
standard position, u �→ f(u, s) with only the size and shape parameters
s to be adjusted and regard the position parameters t as applying to the
point coordinates. We can parametrize a rigid body transformation T (x, t) in
terms of six parameters tT =

(
xT0 ,α

T
)
, involving three translation param-

eters x0 = (x0, y0, z0)T and three rotation angles α = (α, β, γ)T . One such
parametrization is specified by

x̂ = T (x, t) = R(α)(x− x0), R(α) = Rz(γ)Ry(β)Rx(α)R0, (4)

where R0 is a fixed rotation matrix and Rx(α), Ry(β) and Rz(γ) are plane
rotations about the x-, y- and z-axes. With this separation, the distance func-
tion d(x,b) is calculated as d(x̂, s), x̂ = T (x, t), with
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d(x,b) = (x̂− f∗)T n,
∂d

∂tk
=

(
∂x̂
∂tk

)T
n,

∂d

∂sj
= −

(
∂f
∂sj

)T
n,

where f∗, n and the derivatives are evaluated at u∗, the solution of the foot-
point problem (1) for the data point x̂ and surface u �→ f(u, s). Evaluated
at t = 0 and R0 = I, the derivatives with respect to the transformation
parameters are given by

∂d

∂tT
=

[ −n
x×n

]
. (5)

It is often possible to further separate size from shape so that u �→ f(u, s)
can be written as u �→ sf̃(u, s̃) where s represents a global scale parameter
and s̃ shape parameters. If s incorporates a global scale parameter s, then

∂d

∂s
= −

(
f̃∗
)T

n, f̃∗ = f̃(u∗, s̃). (6)

For example, a cylinder in standard position can be parametrized as (u, v)T �→
s(cosu, sinu, v)T , involving one global scale parameter s, its radius. Given a
data point x = (x, y, z)T , the point on the cylinder closest to x is specified by
u∗ = tan−1(y/x) and v∗ = z/s, f̃∗ = (cos u∗, sinu∗, v∗)T and the correspond-
ing normal is (cosu∗, sinu∗, 0)T . For this case, (5) and (6) give

∂d

∂tT
= (cosu∗, sinu∗, 0,−sv∗ sinu∗, sv∗ cosu∗, 0)T ,

∂d

∂s
= −1.

Note that the derivatives corresponding to a translation in the z direction and
rotation about the z-axis are zero, as expected from the symmetries associated
with a cylinder.

The separation of shape from size and position is generally only a local
separation. Consider an ellipse in 2 dimensions. In standard position, that
is, aligned with the x- and y-axes, it has a size parameter s0, the length of
the semi-axis aligned with the x-axis, and a shape parameter, s, that jointly
specify the length ss0 of the other semi-axis, s > 0. (We allow for the pos-
sibility that s > 1.) Three rigid body transformation parameters act on the
ellipse, two translation parameters x0 and y0, and one rotation angle γ. The
ellipses specified by (x0, y0, γ + π/2, s0, s)T is the same as that specified by
(x0, y0, γ, s0s, 1/s)T . Problems occur with this parametrization when s = 1,
for in this case the rotation angle γ is not defined since the associated ellipse
is a circle. Alternatively, an ellipse can be specified by equation

b1x
2 + b2y2 + b3xy + b4x+ b5y + b6 = 0.

Adding a single constraint to the coefficients b defines a parametrization of
the ellipse. For example, setting b6 = −1 parametrizes ellipses that do not
pass through the origin. Such a parametrization does not become singular for
circles (b1 = b2, b3 = 0) [23, 30, 50].
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3.2 Parametrization of Geometric Elements

Even for the case of standard geometric elements such as spheres and cylin-
ders, element parametrization is not straightforward [3, 26]. Let E be the space
of geometric elements, e.g., cylinders. A parametrization b �→ {u �→ f(u,b)}
is a locally one-to-one and onto mapping Rn −→ E . Locally one-to-one means
that if f(u,b1) ≡ f(u,b2) and b1 is close enough to b2 then b1 = b2.
Parametrizations are not necessarily globally one-to-one: the cylinder with
axis normal n is the same as that defined by −n. Two elements are equal if
d(x,b1) = d(x,b2), ∀x ∈ D, where D is some open, nonempty domain in R3.
Locally onto means that if E is sufficiently near F = f(u,b1), then ∃b2 such
that E = f(u,b2).

Parametrizations are not unique. For example, a cone is defined by six
parameters. Standard parametrizations of a cone whose axis is approximately
aligned with the z-axis are

• Cone vertex (3), direction of the axis (2), e.g., angles of rotation about the
x- and y-axes, cone angle, i.e., the angle between the cone generator and
its axis,

• Intersection of cone axis with the plane z = 0 (2), direction of the axis (2),
radii (2) at two distances h1 and h2 along the cone axis from the point of
intersection with z = 0.

These two parametrizations are not equivalent. The first parametrization
breaks down when the cone angle approaches zero while the second para-
metrization copes with any cone angle less than π/2.

3.3 Topology of the Space of Elements

The condition that a parametrization is locally onto cannot, in general, be
strengthened to being globally onto. The reason for this is that the topol-
ogy of E need not be flat like Rn. For example, the space N of cylinder
axis direction vectors n is a sphere in R3 with n identified with −n and
has a nontrivial topology. For element spaces with non-flat topologies, any
parametrization Rn �→ E has at least one singularity. This has implications
for developers of element fitting algorithms since the algorithms may need
to change the parametrization as the optimisation algorithm progresses. Any
implementation that uses only one parametrization will (likely) breakdown
for data representing an element at (or close to) a singularity for that partic-
ular parametrization; parametrizations in general only have local domains of
validity.

Usually, it is possible to determine a family of parametrizations that can
cover all eventualities. For example, the parametrization of a rigid body trans-
formation given in (4) is a family with the member of the family specified by
the fixed rotation matrix R0. For a particular application, R0 should be cho-
sen so that the rotation angles α are close to zero and avoid singularities at
±π/2.
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3.4 Condition of a Parametrization

If there is more than one candidate parametrization of a geometric element,
how do we choose which one to use? Let D be a finite region of a surface
u �→ f(u,b). For example, D might be the section of a cylindrical shaft. We
define the distance function d(x,b), x ∈ D, and the n× n matrix

Hjk(b) =
∫

D

∂d

∂bj
(x,b)

∂d

∂bk
(x,b)dx.

The square root of the condition of the matrix H(b) is a measure of the
condition of the parametrization at b [3, 26]. In practice, if X = {xi}m1 is
a random and representative scatter of points in D, the condition can be
estimated by that of J , Jij = ∂di/∂bj, where di = d(xi,b). The condition of
this matrix relates to the ratio of maximal rate of change of the surface to
the minimal rate of change with respect to b, as measured by the distance
functions di.

3.5 Parametrization of NURBS Surfaces

The problem of parametrization becomes more difficult for free form sur-
faces defined by parametric B-splines or the more general nonuniform ratio-
nal B-splines (NURBS) [49]. In a parametric B-spline surface, each coordinate
f(u,b) is represented as a tensor product spline on the same knot set:

f(u,b) =
n∑

i=1

m∑

j=1

Ni(u)Nj(v)pij .

where Ni(u), etc., are the B-spline basis functions for the knot set, pij =
(pij , qij , rij)T are control points, the coefficients of the basis functions, and b
is the vector of control points. The control points pij form a discrete approx-
imation to the surface and changing pij influences the shape of the surface
local to pij . Together, the control points define the position, size and shape of
the surface. Derivatives with respect to u can be calculated in terms of lower
order tensor product splines.

NURBS generalise parametric splines so that standard geometric elements
can be represented also by NURBS. Consider f(u) = (1 − u2)/(1 + u2) and
g(u) = 2u/(1 + u2) which parametrically defines an arc of circle in terms
of ratios of quadratics involving the same denominator. This motivates the
NURBS definition

fw(u,b) =

∑n
i=1

∑m
j=1Ni(u)Nj(v)wijpij∑n

i=1

∑m
j=1 wijNi(u)Nj(v)

.

The numerator is a parametric tensor product B-spline surface and the de-
nominator is a tensor product spline surface. Weights wij specify the relative
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influence of the control points pij . For a NURBS surface, the position, size
and shape of the surface are determined by the control point pij and the
weights wij . Derivatives with respect to u can again be expressed in terms of
parametric B-spline surfaces.

3.6 Position and Shape of a Parametric Surface

For these parametric spline surfaces, there is a strong geometrical relationship
between the control points and the surface itself. For example, applying a rigid
body transformation to the control points results in the same transformation
of the surface; scaling the control points scales the surface by the same amount.
While the control points b = {pij} (along with weights if we are dealing with a
NURBS surface) specify the surface, the vector b does not in general represent
a parametrization, in the sense of section 3.2, of parametric spline surfaces
on the fixed knot set. However, it is generally possible to separate out shape
from parameters determining position and size on the basis of the control
points. Let P = {pi, i ∈ I} be a set of points in R3, and pI be the 3m-vector
of their coordinates. Let p̂i = T−1(pi, t) = x0 + RT (α)pi, the transformed
points under the inverse rigid body transformation (4) and let p̂I be the
vector of transformed points. We let J be the 3m × 6 Jacobian matrix of
partial derivatives of p̂I with respect to tj , evaluated at t = 0. If J has QR
factorisation [32]

J =
[
Q1 Q2

] [R1

0

]
,

and qI is near pI , there exist unique t and (3m− 6)-vector p̃I such that the
ith data point in qI is the image of a point q̌i, where q̌I is a perturbation of
pI specified by p̃I :

qi = T−1(q̌i, t), q̌I = pI +Q2p̃I .

The pair (p̃Ti , t
T ) represents and alternative parametrization of pI that sep-

arates shape from position. The component Q2p̃I represents the local change
in shape of pI , and t specifies its local change of position. Similarly, it is
possible to separate out position and scale from shape for a set of points.

The main problem with the parametrization of parametric surfaces is that
a change in the shape of the control points pij does not necessarily mean a
change in the shape of the associated surface. A simple example is given by
parametric spline curves of the form f(u,b) = (f(u,p), g(u,q))T on the same
knot set. If p = q the parametric spline curve specifies a section of the line
y = x. Changing the coefficients associated with the interior knots but keeping
the relationship p = q does not change the line segment, only the speed with
respect to u the point f(u,b) moves along the line segment. This suggests that
we allow only those changes in shape of the control points pij that correspond
to changes in the shape of the surface. For example, we can constrain the



76 A. Forbes, H. Minh

control points to lie on straight lines pij = pij(tij) = pij,0 + tijnij,0, where
nij,0 is the normal vector to the surface at the point closest to pij,0 [11].

More generally, we can perform a singular value decomposition analysis
[26, 32] to ensure that a change in the shape of the control points induces
a change in the surface shape, i.e., induces a change that has a component
normal to the surface at some point. One approach is as follows. Let X∗ be
a moderately dense set of points on f(u,b0). Calculate the Jacobian matrix
J associated with d(x,b) for X∗ and b0. Calculate the singular value decom-
position J = USV T with V = [ V1 V2 ] where V1 corresponds to singular
values above a threshold. Constrain b = b0 + V1b̃. The constrained Jacobian
J̃ = JV1 should be full rank for fitting to data reasonably close to f(u,b0).
More general regularisation techniques can also be applied [33].

For form assessment in coordinate metrology, the problem of surface
parametrization is not so acute as the design specification will define the
ideal geometry u �→ f(u, s) = s0f̃ (u, s̃0) in a fixed frame of reference. The
surface fitting may simply involve finding the transformation (and scale) pa-
rameters that define the best match of the transformed data to the (scaled)
design surface. For parametric surfaces defined in terms of control points, this
means that the fitting can be performed in terms of the position and scale of
the control points, usually a well-posed problem.

4 Least Squares Orthogonal Distance Regression

In least squares orthogonal distance regression (LSODR) [1, 7, 9, 10, 24, 25,
34, 35, 54, 55, 60, 61], the best fit surface u �→ f(u,b) to a set of data
X = {xi, i = 1, . . . ,m} is that which minimises the sum of squares of the
orthogonal distances, i.e., solves

min
b

∑

i

d2(xi,b).

The Gauss-Newton algorithm is usually employed to perform the optimisation.
If

d = (d(x1,b), . . . , d(xm,b))T , Jij =
∂di
∂bj

,

calculated according to (2) and (3), and J has QR factorisation

J = QR =
[
Q1 Q2

] [R1

0

]
= Q1R1

then the update step p for b solves R1p = −QT1 d and b is updated according
to b := b+ p. The advantage of the Gauss-Newton algorithm over more gen-
eral optimisation approaches based on the Newton’s algorithm is that only
first order information is required [22, 31]. For standard geometric elements,
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the distance functions d(x,b) can be evaluated analytically. Otherwise, opti-
misation techniques are required to solve the footpoint problem (1). Since the
footpoint problem is itself a least squares problem, the Gauss-Newton algo-
rithm can also be applied for its solution. However, there is generally scope for
speeding up the convergence by using second order information [2, 7, 28]. An
alternative is to bring the footpoint parameters ui explicitly into the optimi-
sation process. The resulting Jacobian matrix has a block angular structure
that can be exploited efficiently during the QR factorisation of the Jacobian
matrix [8, 16, 27].

4.1 Validation of LSODR Software

One of the issues in coordinate metrology is ensuring that the surface fitting
software used is giving correct answers. Numerical software with a well defined
computational aim can be tested using the following general approach [12]:
i) determine reference data sets (appropriate for the computational aim) and
corresponding reference results, ii) apply the software under test to the refer-
ence data sets to produce test results, and iii) compare the test results with the
reference results. The so-called nullspace data generation approach [18, 17, 29]
starts with a statement of the optimality conditions associated with the com-
putational aim and then generates data for which the optimality conditions
are automatically satisfied. For the LSODR problem, the first order opti-
mality conditions are given by JTd = 0, where di = d(xi,b) and J is the
Jacobian matrix of partial derivatives Jij = ∂di/∂bj. If a data point x∗

i lies
exactly on the surface u �→ f(u,b), n∗

i is the normal to the surface at x∗
i

and xi = x∗
i + din∗

i , then d(xi,b) = di and ∂d(xi,b)/∂bj = ∂d(x∗
i ,b)/∂bj.

These facts can be used to generate reference data for the LSODR problem,
as follows. Given points X∗ = {x∗

i = f(u∗
i ,b

∗)} lying exactly on the sur-
face f = f(u,b), corresponding normals N∗ = {n∗

i }, i = 1, . . . ,m, optimal
transformation parameters t∗ and perturbation constant Δ:

I Determine Jacobian matrix J of partial derivatives of d(x,b) evaluated
for X∗ and b∗.

II Determine the nullspace Z∗ of JT from its QR decomposition.
III Choose, at random, a non-zerom−n vector ν normalised so that ‖ν‖ = Δ.
IV Set d∗ = Z∗ν and for each i = 1, . . . ,m, x̌i = x∗

i + d∗in
∗
i .

V Set X = {xi : xi = T−1(x̌i, t∗)}.
If Δ is sufficiently small (smaller than the radius of curvature of the surface
at any x∗

i ), the best-fit surface to X is given by b∗ and t∗.
For geometric elements, the normals n∗

i are easy to calculate. For more
general surfaces they can be calculated in terms of ∂f/∂u×∂f/∂v. If the sur-
face fitting only involves position and scale parameters then, from (5) and (6),
the ith row of the Jacobian matrix in step I is given by

[−x∗
i , x

∗
i×n∗

i , −(x∗
i )
Tn∗

i

]
, (7)
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which means that the data generator only requires points x∗
i on the surface

and the corresponding normals n∗
i ; no other shape information is required,

nor yet is the parametrization of the surface involved.

5 Chebyshev Orthogonal Distance Regression

In Chebyshev orthogonal distance regression (ChODR), the best fit surface
u �→ f(u,b) to a set of data X = {xi, i = 1, . . . ,m} is that which minimises
the maximum orthogonal distance i.e., solves

min
b

m
max
i=1

|d(xi,b)|. (8)

The term ‘minimum zone’ is used in coordinate metrology for Chebyshev best
fits. The term relates to the concept of a surface lying inside a tolerance zone of
a given width and the minimum zone fit defines a tolerance zone of minimum
width. For example ISO 1101 [38] defines a tolerance zone for a surface as

The tolerance zone is limited by two surfaces enveloping spheres of
diameter t, the centres of which are situated on a surface having the
theoretically exact geometric form.

The ‘enveloping spheres’ of diameter t relates to orthogonal distances of at
most t/2. However, the concept of minimum zone can be interpreted differ-
ently. For example, the earlier Carr and Ferreira [13, Definition DF.1.8] have

The minimum zone solution is the minimum distance between two
similar perfect-form features [surfaces] so that the two features main-
tain some relative location and/or orientation requirement and all
data points are between the two features.

For example, suppose the perfect form is an ellipse with a fixed eccentricity e.
The Carr and Ferreira definition specifies two ellipses with the same centre,
orientation and eccentricity of different semi-axes lengths that just enclose the
data points. According to the ISO 1101 definition, the enclosing profiles are
orthogonally offset from an ellipse and will not be ellipses unless e = 1. In
this paper, we use the ISO 1101 definition.

By introducing the parameter e = maxi |d(xi, a)|, (8) can be reformulated
as

min
a,e

e subject to e− d(xi,b) ≥ 0, e− d(xi,b) ≥ 0, i = 1, . . . ,m,

i.e., as a constrained optimisation problem involving parameters b and e.
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5.1 Optimisation Subject to Nonlinear Inequality Constraints

We consider the more general constrained optimisation problem [22, 31, 46]

min
a
F (a) subject to ci(a) ≥ 0, i ∈ I, (9)

involving n parameters a = (a1, . . . , an)T . A point a is said to be feasible
if all the constraints are satisfied: ci(a) ≥ 0,i ∈ I. At a feasible point a,
we distinguish between those constraints that are satisfied with equality, and
those that are not. A constraint j for which cj(a) = 0 is said to be active at
a, otherwise it is inactive.

At a point a, let I∗ be the set of indices corresponding to the constraints
that are active, and define the associated Lagrangian function by LI∗(a,λ)
defined by

LI∗(a,λ) = F (a) −
∑

i∈I∗
λici(a).

Let g(a) = ∇aF (a), W = ∇2
aL(a,λ), C∗ = C∗(a) be the matrix of gradients

∇aci, i ∈ I∗. The constraint qualification condition holds if the columns of
C∗ are linearly independent. If the number p of active constraints is less than
n, let Z = Z(a) be the n × (n − p) orthogonal complement to C∗, so that
ZTC∗ = 0. The conditions for the Lagrangian to have zero gradient with
respect to both a and λ are known as the Kuhn-Tucker equations:

g(a) =
∑

i∈I∗
λi∇ci(a), ci(a) = 0, i ∈ I∗, (10)

an (n+ p)× (n+ p) system of equations.

5.2 Optimality Conditions

If the constraint qualification holds, the following are necessary conditions for
a∗ to be a local minimizer for the problem defined by (9).

N1 Feasibility: ci(a∗) ≥ 0, i ∈ I.
N2 First order: If I∗ denotes the set of constraints active at a∗, there

exist Lagrange multipliers λ∗ for which
(a) g(a∗) =

∑
i∈I∗ λ

∗
i∇ci(a∗), and

(b) λ∗i ≥ 0, i ∈ I∗.
N3 Second order: If p < n, the matrix Z(a∗)TW (a∗,λ∗)Z(a∗) is pos-

itive semi-definite.

Under constraint qualification, the following are sufficient conditions for a∗

to be local minimizer:

S1 Feasibility: ci(a∗) ≥ 0, i ∈ I.
S2 First order: If I∗ denotes the set of constraints active at a∗, there

exist Lagrange multipliers λ∗ for which
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(a) g(a∗) =
∑
i∈I∗ λ

∗
i∇ci(a∗), and

(b) λ∗i > 0, i ∈ I∗.
S3 Second order: If p < n, the matrix Z(a∗)TW (a∗,λ∗)Z(a∗) is pos-

itive definite.

The sufficient conditions replace ≥ with > in N2, b) and N3. The sufficient
conditions can be modified to allow for zero Lagrange multipliers by including
additional restrictions on the Hessian of the objective function F .

Mathematical programming approaches to solving the constrained optimi-
sation problems at each iteration determine a set of working constraints, an
estimate of the constraints active at the solution, and solve for the Lagrange
multipliers λ by solving the Kuhn-Tucker equations (10). If any Lagrange
multiplier is negative (and the constraint qualification holds) it means it is
possible to move away from the constraint in a direction p that reduces F .
A step is taken in such a direction until another constraint becomes active
or F attains a minimum along that step. If all the Lagrange multipliers are
positive, a second order test for optimality is made. If the second order opti-
mality condition fails, then there exists a p with pTZ(a)TW (a,λ)Z(a)p < 0
and moving along p reduces F while maintaining (approximately) the work-
ing constraints. Such algorithms solve a sequence of quadratic programming
problems.

For linearly constrained problems, managing the working set is generally
straightforward since it is possible to determine step directions that keep
a subset of the constraints active. For nonlinearly constrained problems, a
balance has to be sought between reducing the objective function and solving
ci(a) = 0 for the constraints judged to be active.

For both linearly and nonlinearly constrained problems, special steps have
to be taken if the active constraint gradient matrix is rank deficient. In this
case, the Kuhn-Tucker equations will have a space of solutions so that tests on
the positivity of the Lagrange multipliers have to be implemented carefully.

The general theory of optimisation subject to nonlinear inequality con-
straints can be adapted to Chebyshev (sometimes minimax) optimisation to
take into account its special features, mainly that the objective function is
linear and the constraints appear in pairs; see, e.g., [15, 41, 45, 58, 59].

5.3 Chebyshev Optimisation for Surface Fitting

For the surface fitting problems with which we are concerned, the vector of
optimisation parameters is aT = (bT , e). Given b, setting e = maxi d(xi,b)
determines a feasible a. An active constraint defines a point that is e away
from the surface determined by b. A point associated with an active constraint
is known as a contacting point. We set I+ = {i ∈ I : e = d(xi,b)} and
I− = {i ∈ I : e = −d(xi,b)}. At a local minimum the Kuhn-Tucker equations
can be formulated as λi ≥ 0 and
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∑

i∈I+∪I−
λi = 1,

(
∑

i∈I+
λi∇di(xi,b)

)
−
(
∑

i∈I−
λi∇d(xi,b)

)
= 0. (11)

Geometrically these conditions mean the convex hull of {±∇di, i ∈ I+ ∪ I−},
contains the origin, where the sign is determined from by which of the two
constraints is active. If the fitting problem only involves position parameters,
the second condition reads as

∑

i∈I+
λini =

∑

i∈I−
λini,

∑

i∈I+
λixi×ni =

∑

i∈I−
λixi×ni.

If a global scale parameter is also included, the corresponding additional re-
lation is ∑

i∈I+
λixTi ni =

∑

i∈I−
λixTi ni.

For the geometric elements lines, circles and more general conic sections
in 2D, planes, spheres and quadratic surfaces, the optimisation problem can
be posed as minimising a nonlinear function subject to linear constraints, a
considerable simplification. Geometrically, the constraints define a region of
space bounded by hyperplanes. The solution can be at a vertex, in which
case the number of constraints equals the number of parameters, or on an
edge or on a face, etc. For some problems, the solution is known to be at a
vertex, so that an algorithm can be developed purely on the basis of first order
information. For other fitting problems, the problem is one of minimising a
linear function, F (a) = e, subject to nonlinear constraints. The geometry is
similar in that the constraints define a region of space bounded by curvilinear
hyper-surfaces and the solution can be at a vertex, on a edge or face, etc. Since
the objective function is linear, a non-vertex solution relies on the curvature
of the constraints.

Because of the general complexity of nonlinear Chebyshev approximation,
much effort has gone into defining algorithms specifically defined for a type
of geometric element. In the engineering literature, considerable attention has
been paid to straightness, flatness, circularity, sphericity and cylindricity; see
e.g. [13, 14, 51, 52, 56, 57]. All but the last can be formulated as linearly
constrained problems and it can be shown for these that the solutions are
all vertex solutions, i.e., if the geometric element is defined in terms of n
parameters, at least n + 1 constraints are active at the solution. The global
solution can therefore be determined by brute force, examining all solutions
defined by n + 1 data points for feasibility and optimality. For even modest
numbers of data points, this procedure is computationally expensive. Much
more efficient are the active set algorithms that start from a feasible solution
and descend to a local minimum exchanging points in and out of the active
set. A technical issue to be catered for in such algorithms is the presence of
degenerate solutions in which more than n+ 1 constraints are active, but no
subset of n + 1 constraints (data points) define a local minimum. Such an
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example is given in Fig. 1 where six contacting points define a local minimum
but no subset of four defines a local minimum.

A second issue is that an active set descent strategy will only deliver a
local minimum in general. However, the ChODR problem for a set of data
X has the property that if a solution defined by a is the global optimum
for Y ⊂ X and feasible for X then it is also the global solution for X ; any
better solution for X would also be better for Y . This property motivates the
following algorithm for the linearly constrained problems [19, 44]. Start with
any n+ 1 points E1 ⊂ X and set k = 1.

I Find the global solution for Ek. If the global solution ak for Ek is also
feasible for X then it is also a global solution for X and the algorithms
stop. Otherwise go to II.

II Expand: choose a point that violates a constraint for ak and add it to Ek,
forming E+

k . Find the global solution a+
k for E+

k .
III Contract if possible: for each xi ∈ Ek, form the global solution ai for
E+
k \ {xi}; if ai = a+

k , remove xi from E+
k . Set Ek+1 = E+

k (after all
possible points have been removed) and go to I.

The algorithm terminates with the global solution a∗ and a minimal subset
E∗ ⊂ X , for which the global solution for E∗ is the same as that for X . E∗

is known as the essential subset for X [19]. In fact, the algorithm will deter-
mine all global solutions for X . The algorithm employs an active set strategy
but the active set contains not only the contacting points corresponding to
active constraints but also points necessary to define the global solution at
the kth stage. For example, in Fig. 2, the global solution for the four contact-
ing points is not feasible for the fifth point. The essential subset contains all
five points. The algorithm uses a brute force strategy but only applied to the
active/essential set and so long as the active set does not become large, the
algorithm is efficient and delivers all global solutions. It also copes well with
degeneracy.

The essential subset approach works for the linearly constrained geomet-
ric elements because a brute force approach can be applied to the essential
subsets: all possible solutions are determined by solving a number of sets of
linear equations. For the nonlinear elements, all possible solutions for a set of
points is much more difficult to determine. Furthermore, there is no guarantee
that the global solution is a vertex solution.

For the calculations of cylindricity involving nonlinear constraints, many
algorithms use an active set strategy to find a vertex solution; see e.g. [14, 57].
Very few such algorithms cope well with nonvertex solutions. A more general
approach is based on the Osborne-Watson algorithm [48, 58, 59], similar to the
Gauss-Newton algorithm for least squares fitting except that at each iteration,
the update step p solves a linear Chebyshev problem [4, 5, 6] involving the
Jacobian matrix J and function values d. The algorithm is easy to implement
and software to solve the linear Chebyshev problem is in the public domain [4].
In practice, Osborne-Watson algorithm works well if the solution is a vertex



Form Assessment 83

Fig. 1. Degenerate solution for the ChODR circle defined by six contacting points
‘o’.

Fig. 2. The global minimum for the four contacting points (dotted circles) is not
feasible for the fifth point; the essential subset contains all five points.

solution; for non-vertex solutions, convergence can be very slow as second
order information is required to converge to a minimum quickly [42]. Non-
vertex solutions do occur in practice. For example, in 1000 randomly generated
datasets involving four data points on each of four parallel circles on a cylinder,
a five point local minimum was detected in about 16 % of the datasets.

5.4 Validation of Chebyshev ODR Software

Because of the technical difficulty in implementing ChODR algorithms, there
is a need to validate software claiming to provide Chebyshev fits. We limit
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ourselves to the case of fitting fixed shapes to data, so that only the position
and scale of the surface are to be determined. For a surface with no transla-
tional nor rotational symmetry there are seven free parameters. We use the
same approach to generating test data as for LSODR, i.e., generating data
in a way derived from the optimality conditions. Since the local optimality
conditions are determined by the active constraints, the problem is largely
confined to determining a suitable arrangement of contacting points. For the
case of generating data corresponding to a vertex solution, only the first order
optimality conditions are involved and the following simple scheme can be
implemented. Assign m ≥ 8, the number of points, and e > 0, the form error.

I Determine eight points x∗
i , i ∈ I = {1, . . . , 8}, lying exactly on the ideal

(design) geometry u �→ f(u,b∗) such that the 8 × 7 Jacobian matrix de-
termined from (7) is of full rank. Note that only the x∗

i and corresponding
normals ni are involved; no other aspect of the surface geometry is in-
volved.

II For all partitions I = I+ ∪ I−, representing the assignment of the points
to the outer or inner enveloping surfaces, solve the Kuhn-Tucker equa-
tions (11) for λ. There will be two, mutually anti-symmetric partitions
for which the solution Lagrange multipliers are positive. (In practice, we
assign the first point to I+ so that only one half of the possibilities have
to be examined.)

III For the partition I = I+ ∪ I− corresponding to positive Lagrange multi-
pliers and e > 0, set xi = x∗

i + eni, i ∈ I+, xi = x∗
i − eni, i ∈ I−.

IV Generate, at random, additional points x∗
i on the surface, form errors δi ∈

[−e, e] and corresponding normals ni and set xi = x∗
i + δini, i = 9, . . .m.

For sufficiently small e, b∗ defines a local solution for the ChODR problem.

5.5 Non-Vertex Solutions: Cylindricity

The vertex solution depends on finding a partition such that the convex hull
of (−1)πi∇bd(xi,b∗), πi = 0 or 1, contains the origin. A non-vertex solu-
tion corresponds to a face (or edge) of the convex hull passing through the
origin. For particular geometric shapes, it may be straightforward to choose
the data points to correspond to a non-vertex solution. The following scheme
can be used to generate data sets such that the best fit Chebyshev cylinder
has only five contacting points (a vertex solution has six). Recall that for a
cylinder in standard position, ∇bd(x,b) = (cos θ, sin θ,−z sin θ, z cos θ,−1)T

in cylindrical coordinates.

I Generate points (x∗i , y
∗
i ) = (r0 cos θi, r0 sin θi), i = 1, 2, 3, 4, 5, on the circle

x2 + y2 = r20 in increasing polar angle order with π = (1, 0, 1, 0, 1)T ; going
around the circle, the points are assigned alternatively to the outer and
inner surfaces. This arrangement ensures that the optimality conditions
for a Chebyshev circle fit are met. Let λ0 = (1, 1, 1, 1, 1)T/5,
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C1 =

⎡

⎢⎢⎣

1 1 1 1 1
cos θ1 − cos θ2 cos θ3 − cos θ4 cos θ5
sin θ1 − sin θ2 sin θ3 − sin θ4 sin θ5

1 −1 1 −1 1

⎤

⎥⎥⎦ , g = (1, 0, 0, 0, 0)T .

and solve

min
λ

(λ− λ0)T (λ− λ0) subject to C1λ = g.

The resulting Lagrange multipliers λ = (λ1, λ2, λ3, λ4, λ5)T will be posi-
tive. Alternatively, we can solve max mini λi subject to Cλ = b.

II Generate at random z = (z1, z2, z3, z4, z5)T that solves C2z = 0, where

C2 =

⎡

⎣
1 1 1 1 1

−λ1 sin θ1 λ2 sin θ2 −λ3 sin θ3 λ4 sin θ4 −λ5 sin θ5
λ1 cos θ1 −λ2 cos θ2 λ3 cos θ3 −λ4 cos θ4 λ5 cos θ5

⎤

⎦ .

The first constraint simply ensures that
∑
zi = 0, while the other two con-

straints are the optimality conditions corresponding to the axes direction
parameters.

III Form the full 6×5 constraint matrix C with columns (1,±∇bT d(xi,b∗))T

and a nonzero null space vector p satisfying CTp = 0. A step in the
direction p from b∗ keeps all five constraints active to first order. Let pb

be the latter five elements of p, corresponding to the cylinder parameters
b.

IV Form the matrix

Wb =
5∑

i=1

(−1)πiλi∇2
bd(xi,b

∗).

If pTbWbpb > 0 the points (xi, yi, zi), i = 1, . . . , 5 define active constraints
corresponding to a local minimum for the Chebyshev cylinder problem.
Otherwise go to step II.

In step IV, since there is only one degree of freedom for five contacting points
it is possible to check if z corresponds to a local minimum by evaluating the
distances maxi |d(xi,b∗ ± δp)| for a small perturbation δ. This obviates the
need to calculate the second order information Wb.

These data generation schemes have been tested on Chebyshev fitting al-
gorithms using the NAG library routine E04UCF [47] called from within Mat-
lab [43]. The data generation scheme guarantees only that b∗ defines a local
minimum and does not rule out the possibility of a better local minimum
nearby. Using a large number of starting points sampled at random near b∗

the optimisation software can be used to test for other local minima. Other
global optimisation techniques such as as genetic algorithms and simulated
annealing have also been suggested [40, 53].
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6 Concluding Remarks

This paper has considered the problem of form assessment – the departure
from ideal geometry – from coordinate data according to two criteria: least
squares and Chebyshev in which the L2 norm, respectively, L∞ norm of the
vector of orthogonal distances is minimised. For standard geometric elements,
the orthogonal distances can be calculated as analytical functions of the sur-
face parameters. For more general surfaces these functions have to be eval-
uated numerically; nevertheless, the same overall approach applies in both
cases.

Even for standard geometric elements such as a cylinder, the question of
parametrization of the space of elements is not straightforward since the latter
space need not be topologically trivial. This means in practice that a family of
parametrizations is needed, and an appropriate member of the family chosen
(adaptively) for a particular application. In general, surface parameters specify
position, size and shape and it is usually useful to separate out these three
components. For free form surfaces such as NURBS defined in terms of control
points, the position and size of the surface is specified by the position and
size of the control points. However, a change in shape of the control points
does not necessarily mean a change in shape of the surface so that surface
fitting with the control points as unconstrained parameters is likely to be
ill-posed and some additional, functionally relevant constraints are required.
Form assessment can be thought of in terms of departure from an ideal, fixed
shape, with only position and (usually) size regarded as free parameters and
usually gives rise to well-posed optimisation problems.

Least squares form assessment is reasonably straightforward and algo-
rithms such as the Gauss-Newton algorithm usually perform well. The only
complication for free form surfaces is that the orthogonal distance functions
have to be evaluated numerically and involves solving for the footpoint pa-
rameters. While the Gauss-Newton algorithm relies only on first order infor-
mation, there are likely to be advantages (in terms of convergence and speed)
in using second order information to solve for the footpoints. The generation
of test data exploiting the optimality conditions is very straightforward.

Chebyshev form assessment is considerably more involved, particularly for
surfaces that involve nonlinear constraints. For problems that can be posed
in terms of linear constraints the essential subset algorithm is attractive as it
delivers the global minimum. For nonlinear problems, many proposed algo-
rithms work well if the solution happens to be defined by a vertex and can be
found using first order information. For non-vertex solutions, (approximations
to) second order information are required in order to converge efficiently to
the solution and to confirm that the solution is a local minimum. The gen-
eration of test data for vertex solutions is straightforward. For special cases,
non-vertex solutions can be constructed easily.

Many form assessment problems involve checking that the form error is
within a tolerance. If the form error determined from a least squares solution
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is within the tolerance there is no need to find the Chebyshev solution. The
grey area is when the least squares solution indicates that the tolerance criteria
have not been met but the Chebyshev solution does lead to conformance to
specification. However, two other factors have to be considered. The first is
that the form assessment is performed on a discrete set of data which may
under-represent the true surface, leading to an optimistic estimate of the form
error. The second is that the coordinate measuring machine producing the
data is not perfectly accurate and systematic and random effects associated
with the measuring system will tend to inflate the estimate of the form error.
These two factors in practice may have a bigger effect than the choice of
criterion so that inferences based on a Chebyshev assessment will be neither
more nor less valid than those using the much more tractable least squares
criterion.
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Discontinuous Galerkin Methods for Linear
Problems: An Introduction
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Summary. Discontinuous Galerkin (dG) methods for the numerical solution of
partial differential equations (PDE) have enjoyed substantial development in re-
cent years. Possible reasons for this are the flexibility in local approximation they
offer, together with their good stability properties when approximating convection-
dominated problems. Owing to their interpretation both as Galerkin projections
onto suitable energy (native) spaces and, simultaneously, as high order versions of
classical upwind finite volume schemes, they offer a range of attractive properties
for the numerical solution of various classes of PDE problems where classical fi-
nite element methods under-perform, or even fail. These notes aim to be a gentle
introduction to the subject.

1 Introduction

Finite element methods (FEM) have been proven to be extremely useful in the
numerical approximation of solutions to self-adjoint or “nearly” self-adjoint
elliptic PDE problems and related indefinite PDE systems (e.g., Darcy’s equa-
tions, Stokes’ system, elasticity models), or to their parabolic counterparts.

Possible reasons for the success of FEM are their applicability in very gen-
eral computational geometries of interest and the availability of tools for their
rigorous error analysis. The error analysis is usually based on the variational
interpretation of the FEM as a minimisation problem over finite-dimensional
sets (or gradient flows of such, in the case of parabolic PDEs). The varia-
tional structure is inherited by the corresponding variational interpretation of
the underlying PDE problems, thereby facilitating the use of tools from PDE
theory for the error analysis of the FEM.

However, the use of (classical) FEM for the numerical solution of hyper-
bolic (or “nearly” hyperbolic) problems and other strongly non-self-adjoint
PDE problems is, generally speaking, not satisfactory. These problems do not
arise naturally in a variational setting. Indeed, the use of FEM for such prob-
lems has been mainly of academic interest in the 1970’s and 1980’s and for
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most of the 1990’s. Instead, finite volume methods (FVM) have been pre-
dominantly used in industrial software packages for the numerical solution of
hyperbolic (or “nearly” hyperbolic) systems, especially in the area of Compu-
tational Fluid Dynamics.

Nevertheless, in 1971 Reed and Hill [46] proposed a new class of FEM,
namely the discontinuous Galerkin finite element method (dG method, for
short) for the numerical solution of the nuclear transport PDE problem,
which involves a linear first-order hyperbolic PDE. This methods was later
analysed by LeSaint and Raviart [42] and by Johnson and Pitkäranta [39].
A significant volume of literature on dG methods for hyperbolic problems
has since appeared in the literature; we suggest interested readers con-
sult [17, 16, 14, 19, 24, 13, 8], the volume [15] and the references therein.

In the area of elliptic problems, Nitsche’s seminal work on weak imposition
of essential boundary conditions [44] for (classical) FEM, allowed for finite
element solution spaces that do not satisfy the essential boundary conditions.
This was followed up a few years later by Baker [6] who proposed the first
modern discontinuous Galerkin method for elliptic problems, later followed
by Wheeler [54], Arnold [3] and others. We also mention here the relevant
finite element method with penalty of Babuška [5]. Since then, a plethora
of DGFEMs have been proposed for a variety of PDE problems: we refer
to [15, 34, 48] and the references therein for details.

DG methods exhibit attractive properties for the numerical approxima-
tion of problems of hyperbolic or nearly–hyperbolic type, compared to both
classical FEM and FVM. Indeed, in contrast with classical FEM, but together
with FVM, dG methods are, by construction, locally (or “nearly” locally) con-
servative with respect to the state variable; moreover, they exhibit enhanced
stability properties in the vicinity of sharp gradients (e.g., boundary or in-
terior layers) and/or discontinuities which are often present in the analytical
solution of convection/transport dominated PDE problems. Additionally, dG
methods offer advantages in the context of automatic local mesh and order
adaptivity, such as increased flexibility in the mesh design (irregular grids are
admissible) and the freedom to choose the elemental polynomial degrees with-
out the need to enforce any conformity requirements. The implementation of
genuinely (locally varying) high-order reconstruction techniques for FVM still
remains a computationally difficult task, particularly on general unstructured
hybrid grids.

Therefore, dG methods emerge as a very attractive class of arbitrary or-
der methods for the numerical solution of various classes of PDE problems
where classical FEM are not applicable and FVM produce typically low order
approximations.

The rest of this work is structured as follows. In Section 2, we give a
brief revision of the classical FEM for elliptic problems, along with its error
analysis, and we discuss its limitations. An introduction to the philosophy of
dG methods, along with some basic notation is given in Section 3. Section 4
deals with the construction of the popular interior-penalty dG method for
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linear elliptic problems, along with derivation of a priori and a posteriori
error bounds. In Section 5, we present a dG method for first order linear
hyperbolic problems, along with its a priori error analysis. In Section 7, two
numerical experiments indicating the good performance of the dG method for
PDE problems of mixed type, are given. Section 8 deals with the question of
the efficient solution of the large linear systems arising from the discretization
using dG methods, while Section 9 contains some final concluding remarks.

1.1 Sobolev Spaces

We start by recalling the notion of a Sobolev space, based on the Lebesgue
space Lp(ω), p ∈ [1,∞], for some open domain ω ⊂ R

d, d = 1, 2, 3 (for more
on Sobolev spaces see, e.g, [1]).

Definition 1. For k ∈ N ∪ {0}, we define the Sobolev space W k
p (ω) over an

open domain ω ⊂ R
d, d = 1, 2, 3, by

W k
p (ω) := {u ∈ Lp(ω) : Dαu ∈ Lp(κ) for |α| ≤ k},

with α = (α1, . . . , αd) being the standard multi-index notation. We also define
the associated norm ‖ · ‖Wk

p (ω) and seminorm | · |Wk
p (ω) by:

‖u‖Wk
p (ω) :=

( ∑

|α|≤k
‖Dαu‖pLp(ω)

) 1
p

, |u|Wk
p (ω) :=

( ∑

|α|=k
‖Dαu‖pLp(ω)

) 1
p

,

for p ∈ [1,∞), and

‖u‖Wk
∞(ω) := max

|α|≤s
‖Dαu‖L∞(ω), |u|Wk

∞(ω) := max
|α|=k

‖Dαu‖L∞(ω),

for p = ∞, respectively, for k ∈ N∪{0}. For p = 2, we shall use the abbreviated
notation W k

2 (ω) ≡ Hs(ω); equipped with the standard inner product, these
spaces become Hilbert spaces. For k = 0, p = 2, we retrieve the standard
L2(ω) space, whose norm is abbreviated to ‖·‖ω, with associated inner product
denoted by 〈·, ·〉ω.
Negative and fractional order Sobolev spaces (i.e., where the Sobolev index
k ∈ R) are also defined by (standard) duality and function-space interpolation
procedures, respectively, (for more on these techniques see, e.g., [1]). Also, we
shall make use of Sobolev spaces on manifolds, as we are interested in the
regularity properties of functions on boundaries of domains. These are defined
in a standard fashion via diffeomorphisms and partition of unity arguments
(see, e.g., [47] for a nice exposition). Finally, we shall denote by H1

0 (ω) the
space

H1
0 (ω) := {v ∈ H1(ω) : v = 0 on ∂ω}.
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2 The Finite Element Method

We illustrate the classical Finite Element Method for linear elliptic problems
by considering the Poisson problem with homogeneous Dirichlet boundary
conditions over an open bounded polygonal domain Ω ⊂ R

d, d = 2, 3:

−Δu =f, in Ω
u =0, on ∂Ω,

(1)

where f : Ω → R is a known function.
To simplify the notation, we use the following abbreviations for the L2-

norm and the corresponding inner product when defined over the computa-
tional domain Ω: ‖ · ‖Ω ≡ ‖ · ‖ and 〈·, ·〉Ω ≡ 〈·, ·〉, respectively.

The first step in defining a finite element method is to rewrite the problem
(1) in the so-called weak form or variational form. Let V = H1

0 (Ω) be the
solution space and consider a function v ∈ V . Upon multiplication of the PDE
in (1) by v (usually, referred to as the test function) and integration over the
domain Ω, we obtain

−
∫

Ω

Δuv dx =
∫

Ω

fv dx.

Applying the divergence theorem to the integral on the left-hand side, and
the fact that v = 0 on ∂Ω for all v ∈ V , we arrive at

∫

Ω

∇u · ∇v dx =
∫

Ω

fv dx,

for all v ∈ H. Hence, the Poisson problem with homogeneous Dirichlet bound-
ary conditions can be transformed to the following problem in weak form:

Find u ∈ V such that a(u, v) = 〈f, v〉, for all v ∈ V, (2)

with the bilinear form a(·, ·) defined by

a(u, v) :=
∫

Ω

∇u · ∇v dx.

The second step is to consider an approximation to the problem (2). To
this end, we restrict the (infinite-dimensional) space V of eligible solutions
to a finite-dimensional subspace Vh ⊂ V and we consider the approximation
problem:

Find uh ∈ Vh such that a(uh, vh) = 〈f, vh〉, for all vh ∈ Vh. (3)

This procedure is usually referred to as the Galerkin projection (also known
as the Ritz projection when a(·, ·) is a symmetric bilinear form, as is the case
here).
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Setting v = vh ∈ Vh in (2) and subtracting (3) from the resulting equation,
we arrive at

a(u− uh, vh) = 0 for all vh ∈ Vh. (4)

The identity (4) is usually referred to as the Galerkin orthogonality property.
Noting that, in this case, the bilinear form a(·, ·) satisfies the properties of
an inner product on H1

0 (Ω), the Galerkin orthogonality property states that
uh is the best approximation of u in Vh, with respect to the inner product
defined by the bilinear form a(·, ·).

We remark that, although a(·, ·) may not satisfy the properties of an inner
product if it is not symmetric (e.g., as a result of writing a non-self-adjoint
PDE problem in weak form), Galerkin orthogonality still holds by construc-
tion, as long as the approximation is conforming, that is as long as Vh ⊂ V .

From the analysis point of view, there is great flexibility in the choice of
an appropriate approximation space. The conformity of the approximation
space requires Vh ⊂ V . To investigate what other assumptions on Vh are
sufficient for (3) to deliver a useful approximation, we consider a family of
basis functions ψi, with i = 1, 2, . . . , N , for some N ∈ N, spanning Vh, viz.,
Vh = span{ψi : i = 1, 2, . . . , N}. Due to linearity of the bilinear form, the
approximation problem (3) is equivalent to the problem:

Find uh ∈ Vh such that a(uh, ψi) = 〈f, ψi〉, for all i = 1, 2, . . . , N. (5)

Since uh ∈ Vh, there exist Uj ∈ R, j = 1, 2, . . . , N , so that uh =
∑N

j=1 Ujψj ,
which upon insertion into (5), leads to the linear system

AU = F, (6)

with A = [Aij ]Ni,j=1, U = (U1, . . . , UN )T and F = (F1, . . . , FN )T , where

Aij =
∫

Ω

∇ψj · ∇ψi dx, and Fi =
∫

Ω

fψi dx.

Notice that the matrix A is symmetric. For the approximation uh to be well
defined, the linear system (6) should have a unique solution. It is, therefore,
reasonable to consider a space Vh so that the matrix A is positive definite.

Further restrictions on the choices of “good” subspaces Vh become evident
when considering the practical implementation of the Galerkin procedure.
In particular, the supports of the basis functions ψi should be a covering
the computational domain Ω, while being simultaneously relatively simple in
shape so that the entries Aij can be computed in an efficient fashion. Also,
given that the linear system (6) can be quite large, it would be an advantage
if A is a sparse matrix, to reduce the computational cost of solving (6).

The (classical) finite element method (FEM) is defined by the Galerkin
procedure described above through a particular choice of the subspace Vh,
which we now describe.
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We begin by splitting the domain Ω into a covering T , which will be
referred to as the triangulation or the mesh, consisting of open triangles if
d = 2 or open tetrahedra if d = 3, which we shall refer to as the elements,
with the following properties:

(a) Ω = ∪T∈T T̄ , with ·̄ denoting the closure of a set in R
d;

(b) for T, S ∈ T , we only have the possibilities: either T = S, or T̄ ∩ S̄ is a
common (whole) d − k-dimensional face, with 1 ≤ k ≤ d (i.e., face, edge
or vertex, respectively).

In Figure 1, we illustrate a mesh for a domain Ω ⊂ R
2.

Ω

T

Fig. 1. A mesh in two dimensions

The finite element space V ph of degree p is then defined as the space of
element-wise d-variate polynomials of degree at most p that are continuous
across the inter-element boundaries, viz.,

V ph := {wh ∈ C(Ω) : wh|T ∈ Pp(T ), T ∈ T and wh|∂Ω = 0}
with Pp(T ) denoting the space of d-variate polynomials of degree at most p. It
is evident that V ph ⊂ H1

0 (Ω) = V . The Galerkin procedure with the particular
choice of Vh = V ph is called the (classical) finite element method.

We observe that this choice of finite dimensional subspace is in line with
the practical requirements that a “good” subspace should admit. Indeed, the
element-wise polynomial functions over simple triangular or tetrahedral do-
mains enable efficient quadrature calculations for the entries of the matrix A.
Moreover, choosing carefully a basis for V ph (for instance, the Lagrange ele-
ments, see, e.g., [12, 9] for details) the resulting linear system becomes sparse.
This is because the Lagrange elements have very small support consisting of
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an element together with only some of its immediate neighbours sharing a
face or an edge or a vertex. Moreover, as we shall see next, the choice of V ph
yields a positive definite matrix A, thereby it is uniquely solvable.
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Fig. 2. Example 1. Approximation using the Finite Element Method

Example 1. We use the finite element method to approximate the solution to
the Poisson problem with homogeneous Dirichlet boundary conditions:

−Δu = 100 sin(πx), in Ω, u = 0, on ∂Ω,

where Ω is given by the domain in Figure 1, along with the mesh used in
the approximation. The finite element approximation for using element-wise
linear basis (i.e., Vh = V 1

h ) is shown in Figure 2.

2.1 Error Analysis of the FEM

Let ‖∇w‖ :=
( ∫

Ω
|∇w|2 dx

)1/2

for a weakly differentiable scalar function

w, and note that ‖∇·‖ is a norm on V = H1
0 (Ω). It is evident that that

a(w,w) = ‖∇w‖2 for w ∈ V , i.e., the bilinear form is coercive in V . This
immediately implies that a(·, ·) is also coercive in the closed subspace V ph of
V . Hence ‖∇·‖ is a norm on V ph also and, thus, the corresponding matrix A
is positive definite, yielding unique solvability of (6) for Vh = V ph . The norm
for which the bilinear form is coercive for is usually referred to as the energy
norm.

Coercivity, Galerkin orthogonality (4) and the Cauchy-Schwarz inequality,
respectively, imply

‖∇(u− uh)‖2 = a(u− uh, u− uh) = a(u− uh, u− vh)
≤ ‖∇(u− uh)‖‖∇(u− vh)‖,
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for any vh ∈ V ph , which yields

‖∇(u− uh)‖ ≤ inf
vh∈V p

h

‖∇(u− vh)‖, (7)

that is, the finite element method produces the best approximation of V ph
for the exact solution u ∈ V with respect to the energy norm. This result
is known in the literature as Cea’s Lemma. The error analysis of the FEM
can be now completed using (7) in conjunction with Jackson-type inequalities
(such as the Bramble-Hilbert Lemma, see, e.g., [9]) of the form

inf
vh∈V p

h

‖∇(u− vh)‖ ≤ Chmin{p,r−1}|u|Hr(Ω), (8)

for u ∈ Hr(Ω) ∩H1
0 (Ω), where h = maxT∈T diam(T ) and the constant C is

independent of h and of u. Combining now (7) with (8) results to standard a
priori error bounds for the FEM:

‖∇(u− uh)‖ ≤ Chmin{p,r−1}|u|Hr(Ω),

i.e., as h → 0, the error decreases at an algebraic rate which depends on the
local polynomial degree used and the regularity of the solution in the domain
Ω.

3 Discontinuous Galerkin Methods

The restriction Vh ⊂ V essentially dictates that the underlying space contains
only functions of particular smoothness (e.g., when V = H1

0 (Ω), we choose
Vh ⊂ {v ∈ C(Ω̄) : v|∂Ω = 0} ⊂ H1

0 (Ω)). Although the FEM is, generally
speaking, well suited for PDE problems related to a variational/minimisation
setting, it is well known that this restriction can have a degree of severity in
the applicability of FEM for a larger class of PDE problems (e.g. first order hy-
perbolic PDE problems). Since the 1970s there has been a substantial amount
of work in the literature on so-called non-conforming FEM, whereby Vh � V .
The discontinuous Galerkin (dG) methods described below will admit finite
element spaces with “severe” non-conformity, i.e., element-wise discontinuous
polynomial spaces, viz.,

Sph := {wh ∈ L2(Ω) : wh|T ∈ Pp(T ), T ∈ T }.

Let us introduce some notation first. We denote by T a subdivision of
Ω into (triangular or quadrilateral if d = 2 and tetrahedral or hexahedral if
d = 3) elements T . We define Γ := ∪T∈T ∂T the skeleton of the mesh (i.e.,
the union of all (d− 1)-dimensional element faces) and let Γint := Γ\∂Ω. Let
also Γint := Γ\∂Ω, so that Γ = ∂Ω ∪ Γint.
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Let T+, T− be two (generic) elements sharing a face e := T+ ∩ T− ⊂ Γint

with respective outward normal unit vectors n+ and n− on e. For q : Ω → R

and φ : Ω → R
d, let q± := q|e∩∂T± and φ± := φ|e∩∂T± , and set

{{q}}|e :=
1
2
(q+ + q−), {{φ}}|e :=

1
2
(φ+ + φ−),

[[q]]|e := q+n+ + q−n−, [[φ]]|e := φ+ · n+ + φ− · n−;

if e ⊂ ∂T ∩ ∂Ω, we set {{φ}}|e := φ+ and [[q]]|e := q+n+. Finally, we introduce
the meshsize h : Ω → R, defined by h(x) = diam(T ), if x ∈ T \∂T and
h(x) = {{h}}, if x ∈ Γ . The subscript e in these definitions will be suppressed
when no confusion is likely to occur.

4 Discontinuous Galerkin Methods for Elliptic Problems

Now we are ready to derive the weak form for the Poisson problem (1), which
will lead to the discontinuous Galerkin (dG) finite element method.

Since the dG method will be non-conforming, we should work on an ex-
tended variational framework, making use of the space S := H1

0 (Ω) + Sph.
Assuming for the moment that u is smooth enough, we multiply the equation
by a test function v ∈ S, we integrate over Ω and we split the integrals:

−
∑

T∈T

∫

T

Δuv dx =
∑

T∈T

∫

T

fv dx.

Using the divergence theorem on every elemental integral (as v is now element-
wise discontinuous), using the anti-clockwise orientation, we have

∑

T∈T

∫

T

∇u · ∇v dx−
∑

T∈T

∫

∂T

(∇u · n)v ds =
∫

Ω

fv dx = 〈f, v〉,

where n denotes the outward normal to each element edge.
The second term on the left-hand side contains the integrals over the ele-

ment faces. Thus, when the face is common to two adjacent element, we have
two integrals over every interior face.

Now, from standard elliptic regularity estimates (see, e.g., Corollary 8.36 in
Gilbarg & Trudinger [32]), we have that u ∈ C1(Ω′) for all Ω′ ⊂ Ω and, hence,
∇u is continuous across the interior element faces. Thus we can substitute ∇u
by {{∇u}} for all faces on the skeleton Γ , noting that this is just the definition
of {{∇u}} on the boundary ∂Ω. Taking into account the orientation convention
we have adopted, we can see that this sum can be rewritten as follows:

∑

T∈T

∫

T

∇u · ∇v dx−
∫

Γ

{{∇u}} · [[v]] ds = 〈f, v〉. (9)
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One may now be tempted to define a bilinear form and a linear form from
the left- and right-hand sides of (9), respectively and attempt to solve the
resulting variational problem. Such an endeavour would be deemed to have
failed for the reason that the left-hand side does not give rise to a positive-
definite operator, (not even a conditionally positive definite operator,) over
Sph. In other words, there is no coercivity property for such a bilinear form in
any relevant norm. There is also the somewhat philosophically discomforting
issue that a symmetric variational problem (such as the Poisson problem in
variational form) is approximated using a Galerkin procedure based on a non-
symmetric bilinear form (such as the one stemming from the left-hand side of
(9)). This issue may also have practical implications as solving non-symmetric
linear systems is usually a far more computationally demanding procedure
than solving a symmetric linear system.

To rectify the lack of positivity, we work as follows. We begin by noting
that [[u]] = 0 on Γ , due to elliptic regularity on Γint and due to the boundary
conditions on ∂Ω. Therefore, we have

∫

Γ

σ[[u]] · [[v]] ds = 0, (10)

for any positive function σ : Γ → R. Note that this term is symmetric with
respect to the two arguments u and v and can be arbitrarily large (upon
choosing σ an arbitrarily large positive function) upon replacing u with a
function v ∈ S. Adding (9) and (10) up, we arrive at

∑

T∈T

∫

T

∇u · ∇v dx−
∫

Γ

({{∇u}} · [[v]] − σ[[u]] · [[v]]) ds = 〈f, v〉. (11)

Since the term of the left-hand side of (11), stemming from (10) gives rise to a
positive-definite term in the bilinear form, which implies that there is a range
of (large enough) σ that will render the resulting bilinear form coercive (at
least over a finite dimensional subspace of S) to give rise to a positive definite
finite element matrix. The choice of the discontinuity-penalisation parameter
σ, as it is often called in the literature, will arise from the error analysis of
the method.

We note that the left-hand side of (11) is still non-symmetric with respect
to the arguments u and v. To rectify this, we observe that also

∫

Γ

{{∇v}} · [[u]] ds = 0,

assuming that v is smooth enough, which can be subtracted from (11), result-
ing in

∑

T∈T

∫

T

∇u · ∇v dx−
∫

Γ

({{∇u}} · [[v]] + {{∇v}} · [[u]]− σ[[u]] · [[v]]) ds = 〈f, v〉,
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whose left-hand side is now symmetric with respect to the arguments u and
v.

The above suggest the following numerical method:

Find uh ∈ Sph such that B(uh, vh) = 〈f, vh〉, for all vh ∈ Sph, (12)

where the bilinear form B : Sph × Sph → R is defined by

B(w, v) :=
∑

T∈T

∫

T

∇w·∇v dx−
∫

Γ

({{∇w}}·[[v]]+{{∇v}}·[[w]]−σ[[w]]·[[v]]) ds. (13)

This is the so-called (symmetric) interior penalty discontinuous Galerkin
method for the Poisson problem.

Historically interior penalty methods were the first to appear in the liter-
ature [6, 3], but some of the ideas can be traced back to the treatment of non-
homogeneous Dirichlet boundary conditions by penalties due to Nitsche [44].
Interior penalty dG methods are, perhaps, the most popular dG methods in
the literature and in applications, so they will be our main focus in the present
notes. In recent years, a number of other discontinuous Galerkin methods for
second order elliptic problems have appeared in the literature; we refer to [4]
and the references therein for a discussion on the unifying characteristics of
these methods as well as on the particular advantages and disadvantages of
each dG method.

4.1 Error Analysis of the DG Method

In the above derivation of the interior penalty dG method, we have been
intentionally relaxed about the smoothness requirements of the arguments of
the bilinear forms. The bilinear form (13) is well defined if the arguments w
and v belong to the finite element space Sph.

However, it is well known from the theory of Sobolev spaces that func-
tions in L2(Ω) do not have a well-defined trace on ∂Ω, that is, they are not
uniquely defined up to boundary values. Therefore, {{∇w}} and {{∇v}} are not
well defined on Γint in (13) when w, v ∈ S(= H1

0 (Ω)+Sph). For the error anal-
ysis it is desirable that the bilinear form can be applied to the exact solution
u. Fortunately, for (standard) a priori error analysis the exact solution u is
assumed to admit at least H2-regularity which, implies that all the terms in
(13) can be taken to be well defined, so this issue does not pose any crucial
restriction. For the derivation of a posteriori error bounds describe below,
however, assuming the minimum possible regularity for u is essential for their
applicability to the most general setting possible.

It is possible to overcome this hindrance by extending the bilinear form
(13) from Sph×Sph to S×S in a non-trivial fashion. More specifically, we define

B̃(w, v) :=
∑

T∈T

∫

T

∇w ·∇v dx−
∫

Γ

({{Π∇w}}· [[v]]+{{Π∇v}}· [[w]]−σ[[w]] · [[v]]) ds,
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where Π : L2(Ω) → Sph is the orthogonal L2-projection with respect to the
〈·, ·, 〉- inner product. This way, the face integrals involving the terms {{Π∇w}}
and {{Π∇v}} are well defined, as these terms are now traces of element-wise
polynomial functions from the finite element space. Moreover, it is evident
that

B̃(w, v) = B(w, v), if w, v ∈ Sph,
i.e., B̃(·, ·) is an extension of B(·, ·) to S × S. However, B̃(·, ·) is inconsistent
with respect to the Poisson problem, that is, it is not a weak form of (1).
Indeed, suppose (1) admits a classical solution denoted by ucl. Upon inserting
ucl into B̃(·, ·), and integrating by parts, we deduce

−
∑

T∈T

∫

T

Δuclv dx+
∫

Γ

{{∇ucl}} · [[v]] ds−
∫

Γ

{{Π∇ucl}} · [[v]] ds = 〈f, v〉,

for all v ∈ S, noting that [[ucl]] = 0 on Γ , which implies
∫

Ω

(f +Δucl)v dx =
∫

Γ

{{∇ucl −Π∇ucl}} · [[v]] ds,

for all v ∈ S; the right-hand side being a representation of the inconsistency.
(If B̃(·, ·) was consistent, the right-hand side should have been equal to zero.)
Nevertheless, as we shall see below, the inconsistency is of the same order as
the convergence rate of the dG method and it is, therefore, a useful tool in
the error analysis.

For the error analysis, we consider the following (natural) quantity:

|‖w|‖ :=
( ∑

T∈T

∫

T

|∇w|2 dx+
∫

Γ

σ|[[w]]|2 ds
)1/2

,

for all w ∈ S and for σ > 0. Note that |‖·|‖ is a norm in S.
We begin the error analysis by assessing the coercivity and the continuity

of the bilinear form.

Lemma 1. Let constant c > 0 such that diam(T )/ρT ≤ c for all T ∈ T , where
ρT is the radius of the incircle of T . Let also σ := Cσp

2/h with Cσ > 0 large
enough and independent of p, h and of w, v ∈ S. Then, we have

1
2
|‖w|‖2 ≤ B̃(w,w), for all w ∈ S, (14)

and
B̃(w, v) ≤ |‖w|‖ |‖v|‖, for all w, v ∈ S. (15)

Proof. We prove (14). For w ∈ S, we have:

B̃(w,w) = |‖w|‖2 − 2
∫

Γ

{{Π∇w}} · [[w]] ds.
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Now the last term on the right-hand side can be bounded from above as
follows:

2
∫

Γ

{{Π∇w}} · [[w]] ds =2
∫

Γ

(σ
2

)−1/2

{{Π∇w}} ·
(σ

2

)1/2

[[w]] ds

≤2
∫

Γ

σ−1|{{Π∇w}}|2 ds+
1
2

∫

Γ

σ[[w]]2 ds,
(16)

using in the last step an inequality of the form 2αβ ≤ α2 + β2.
To bound from above the first term on the right-hand side of the last

inequality, we make use of the inverse inequality:

‖v‖2
∂T ≤ Cinvp

2|∂T |/|T |‖v‖2
T , (17)

for all v ∈ Pp(T ), with Cinv > 0 independent of p, h and v, with |∂T | and |T |
denoting the (d − 1)- and d-dimensional volumes of ∂T and T , respectively.
(We refer to Theorem 4.76 in [51] for a proof, when T is the reference element;
the proof for a general element follows by a standard scaling argument.) To
this end, we have

2
∫

Γ

σ−1|{{Π∇w}}|2 ds ≤
∑

T∈T

∫

∂T

σ−1|Π∇w|2 ds, (18)

using an inequality of the form (α+ β)2 ≤ 2α2 + 2β2. The right-hand side of
(18) can be further bounded using (17), noting that (Π∇w)|T ∈ Pp(T ) for all
T ∈ T , giving

∑

T∈T

∫

∂T

σ−1|Π∇w|2 ds ≤
∑

T∈T

Cinvp
2|T |

σ|∂T |
∫

T

|Π∇w|2 dx. (19)

The orthogonalL2-projection operator is stable in the L2-norm, with ‖Πv‖T ≤
‖v‖T for all v ∈ L2(T ) which, in conjunction with (18) and (19), gives

2
∫

Γ

σ−1|{{Π∇w}}|2 ds ≤
∑

T∈T

Cinvp
2

σρT

∫

T

|∇w|2 dx, (20)

noting that ρT ≤ |T |/|∂T |. Choosing Cσ ≥ 2c2Cinv, implies Cinvp
2h/(σρT ) ≤

1/2, as h ≤ diam(T ) ≤ cρT and ρT ≤ cρT ′ for all elements T ′ sharing a face
with T (the latter is due to assumption diam(T )/ρT ≤ c for all T ∈ T ). Hence,
combining (20) with (16) already implies (14).

The proof (15) uses the Cauchy-Schwarz inequality along with the same
tools as above and it is omitted for brevity. ��
Remark 1. It can be seen from the proof that the coercivity and continuity
constants in the previous result can be different, depending the choice of the
penalty parameter σ.
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A Priori Error Bounds

Since the bilinear form is now inconsistent, Galerkin orthogonality does not
hold for dG (cf. (4) which, in turn complicates slightly the a priori error
analysis. To this end, let uh ∈ Sph be the dG approximation to the exact
solution u, arising from solving (12) and consider a vh ∈ Sph. Then, we have

1
2
|‖vh − uh|‖2 ≤B̃(vh − uh, vh − uh)

=B̃(vh − u, vh − uh) + B̃(u− uh, vh − uh)
=B̃(vh − u, vh − uh) + B̃(u, vh − uh)− 〈f, vh − uh〉

using coercivity (14), the linearity of the bilinear form and the definition of
the dG method (12), respectively. Using the continuity (15) of the bilinear
form, and diving by |‖vh − uh|‖, we arrive at

|‖vh − uh|‖ ≤ 2|‖u− vh|‖+ sup
wh∈Sp

h

|B̃(u,wh)− 〈f, wh〉|
|‖wh|‖ ,

for all vh ∈ Sph. Hence, we can conclude

|‖vh − uh|‖ ≤ 2 inf
vh∈Sp

h

|‖u− vh|‖+ sup
wh∈Sp

h

|B̃(u,wh)− 〈f, wh〉|
|‖wh|‖ ,

or

|‖u− uh|‖ ≤ 3 inf
vh∈Sp

h

|‖u− vh|‖ + sup
wh∈Sp

h

|B̃(u,wh)− 〈f, wh〉|
|‖wh|‖ , (21)

using the triangle inequality. This result is a generalisation of Ceá’s Lemma
presented above for the case where the Galerkin orthogonality is not satisfied
exactly; it is known in the literature as Strang’s Second Lemma (see, e.g.,
[53, 12]). Indeed, if the bilinear form is consistent, then the last term on the
right-hand side of (21) vanishes.

For the first term on the right-hand side of (21), we can use standard best
approximation results (such as the Bramble-Hilbert Lemma, see, e.g., [9]) of
the form

inf
vh∈V p

h

|‖∇(u− vh)|‖ ≤ Chmin{p,r−1}|u|Hr(Ω), (22)

for u ∈ Hr(Ω) ∩ H1
0 (Ω), noting that the parameter σ in the dG-norm |‖·|‖

scales like h−1 and using the standard trace estimate

‖w‖2
∂T ≤ C

(
diam(T )−1‖w‖2

T + diam(T )‖∇w‖2
T

)
, (23)

on the term of |‖·|‖ involving σ, T ∈ T .
To bound the second term on the right-hand side (21), we begin by ob-

serving that
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B̃(u,wh)− 〈f, wh〉 = −
∫

Γ

{{∇u−Π∇u}} · [[wh]] ds,

which implies

sup
wh∈Sp

h

|B̃(u,wh)− 〈f, wh〉|
|‖wh|‖ ≤

(∫

Γ

σ−1|{{∇u−Π∇u}}|2 ds
)1/2

. (24)

Letting η := |∇u − Π∇u| for brevity and, working as before, the square of
right-hand side of (24) can be bounded by

∫

Γ

σ−1|{{η}}|2 ds ≤ 1
2

∑

T∈T

∫

∂T

σ−1η2 ds ≤ C
∑

T∈T

(‖η‖2
T + ‖h∇η‖2

T

)
, (25)

using the trace estimate (23) and the definition of σ. Now, standard best
approximation results for the L2-projection error (see, e.g., [51]) yield

(‖η‖2
T + ‖h∇η‖2

T

)1/2 ≤ Chmin{p,r−1}|u|Hr(Ω), (26)

for u ∈ Hr(Ω) ∩H1
0 (Ω). Combining (26), (25), (24), and using the resulting

bound together with (22) into (21), we arrive at the a priori error bound

|‖u− uh|‖ ≤ Chmin{p,r−1}|u|Hr(Ω),

for u ∈ Hr(Ω) ∩H1
0 (Ω), for some C > 0 independent of u and of h.

We refer to [6, 3, 15, 50, 36, 4, 31, 28] and the references therein for
discussion on a priori error analysis of interior penalty-type dG methods for
elliptic problems.

A Posteriori Error Bounds

The above a priori bounds are relevant when we are interested in assessing the
asymptotic error behaviour of the dG method. However, since they involve the
unknown solution to the boundary-value problem u, they are not of relevance
in practice. The derivation of computable bounds, usually referred to the fi-
nite element literature as a posteriori estimates is therefore, relevant to assess
the accuracy of practical computations. Moreover, such bounds can be used
to drive automatic mesh-adaptation procedures, usually termed adaptive al-
gorithms. A posteriori bounds for dG methods for elliptic problems have been
considered in [7, 40, 35, 11, 22, 23, 41]. Here, we shall only illustrate the main
ideas in a simple setting.

We begin by decomposing the discontinuous finite element space Sph into
the conforming finite element space V ph ⊂ Sph and a non-conforming remainder
part Vd, so as Sph := V ph ⊕ Vd, where the uniqueness-of-the-decomposition
property in the direct sum can be realised, once an inner product in Sph is
selected. The approximation of functions in Sph by functions in the conforming
finite element space V ph will play an important role in our derivation of the a
posteriori bounds. This can be quantified by the following result, whose proof
can be found in [40].
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Lemma 2. For a mesh T , let constant c > 0 such that diam(T )/ρT ≤ c for
all T ∈ T , where ρT is the radius of the incircle of T . Then, for any function
v ∈ Sph, there exists a function vc ∈ V ph such that

‖∇(v − vc)‖ ≤ C1‖
√
σ[[v]]‖Γ , (27)

where the constant C1 > 0 depends on c, p, but is independent of h, v, and vc.

Using this lemma it is possible to derive an a posteriori bound for the dG
method for the Poisson problem. This is the content of the following result.

Theorem 1. Let u be the solution (2) and uh its approximation by the dG
method (12). Then, the following bound holds

|‖u− uh|‖ ≤ CE(uh, f, T ),

with

E(uh, f, T ) :=
(‖h(f +Δu)‖2 + ‖

√
h[[∇uh]]‖2

Γint
+ ‖√σ[[uh]]‖2

Γ

)1/2
,

where C > 0 is independent of uh, u, h and T .

Proof. Let uch ∈ Sc the conforming part of uh as in Lemma 2 and define

e := u− uh = ec + ed, where ec := u− uch, and ed := uch − uh,

yielding ec ∈ H1
0 (Ω). Thus, we have B(u, ec) = 〈f, ec〉. Let Π0 : L2(Ω) → R

denote the orthogonal L2-projection onto the elementwise constant functions;
then Π0ec ∈ Sph and we define η := ec −Π0ec. We then have, respectively,

B(e, ec) =B(u, ec)−B(uh, ec)
=〈f, ec〉 −B(uh, η)−B(uh, Π0ec)
=〈f, η〉 −B(uh, η),

which, noting that [[ec]] = 0 on Γ , implies

‖∇ec‖2 = B(ec, ec) = 〈f, η〉 −B(uh, η)−B(ed, ec). (28)

For the last term on the right-hand side of (28), we have

|B(ed, ec)| ≤ ‖∇ed‖‖∇ec‖ +
1
2

∑

e⊂Γ

∑

T=T+,T−

‖
√
h(Π∇ec)|T ‖e‖h−1/2[[ed]]‖e,

(29)
where κ+ and κ− are the (generic) elements having e as common face. Using
the inverse inequality (17) and the stability of the L2-projection, we arrive at

|B(ed, ec)| ≤ ‖∇ed‖‖∇ec‖ + C‖∇ec‖‖
√
σ[[ed]]‖Γ .
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Finally, noting that [[ed]] = [[uh]], and making use of (27) we conclude that

|B(ed, ec)| ≤ C‖∇ec‖ ‖
√
σ[[uh]]‖Γ .

To bound the first two terms on the right-hand side of (28), we begin by
an element-wise integration by parts yielding

〈f, η〉 −B(uh, η) =
∑

T∈T

∫

T

(
f +Δuh

)
η −

∫

Γint

{{η}}[[∇uh]] ds

−
∫

Γ

{{Π∇η}} · [[uh]] ds−
∫

Γ

σ[[uh]] · [[η]] ds.
(30)

The first term on the right-hand side of (30) can be bounded as follows:
∣∣∣
∑

T∈T

∫

T

(
f +Δuh

)
η
∣∣∣ ≤‖h(f +Δuh)‖‖h−1η‖

≤C‖h(f +Δuh)‖‖∇ec‖,

upon observing that ‖h−1η‖κ ≤ C‖∇ec‖κ.
For the second term on the right-hand side of (30), we use the trace

estimate (23), the bound ‖h−1η‖κ ≤ C‖∇ec‖κ and the observation that
∇η = ∇ec, to deduce

∣∣∣
∫

Γint

{{η}}[[∇uh]] ds
∣∣∣ ≤ C‖∇ec‖ ‖

√
h[[∇uh]]‖Γint .

For the third term on the right-hand side of (30), we use ∇η = ∇ec and,
similar to the derivation of (29), we obtain

∣∣∣
∫

Γ

{{Π∇η}} · [[uh]]
∣∣∣ ≤ C‖∇ec‖ ‖

√
σ[[uh]]‖Γ ,

and finally, for the last term on the right-hand side of (30), we get
∣∣∣
∫

Γ

σ[[η]] · [[uh]]
∣∣∣ ≤ C‖∇ec‖ ‖

√
σ[[uh]]‖Γ .

The result follows combining the above relations. ��

5 DG Methods for First Order Hyperbolic Problems

The development of dG methods for elliptic problems, introduced above, is
an interesting theoretical development and offers a number of advantages in
particular cases, for instance, when using irregular meshes or, perhaps, “ex-
otic” basis functions such as wavelets. However, the major argument for using
dG methods lies with their ability to provide stable numerical methods for
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first order PDE problems, for which classical FEM is well known to perform
poorly.

We consider the first order Cauchy problem

L0u ≡ b · ∇u+ cu = f in Ω, (31)
u = g on ∂−Ω, (32)

where
∂−Ω := {x ∈ ∂Ω : b(x) · n(x) < 0}

is the inflow part of the domain boundary ∂Ω, b := (b1, . . . , bd) ∈ [C1(Ω̄)]d

and g ∈ L2(∂−Ω).
We assume further that there exists a positive constant γ0 such that

c(x)− 1
2
∇ · b(x) ≥ γ0 for almost every x ∈ Ω, (33)

and we define c0 := (c− 1/2∇ · b)1/2.
Next, we consider a mesh T of the domain Ω as above, and we define

∂−T := {x ∈ ∂T : b(x) · n(x) < 0}, ∂+T := {x ∈ ∂T : b(x) · n(x) > 0},
for each element T ; we call these the inflow and outflow parts of ∂T re-
spectively. For T ∈ T , and a (possibly discontinuous) element-wise smooth
function v, we consider the upwind jump across the inflow boundary ∂−T , by

�v�(x) := lim
t→0+

(
u(x+ tb)− u(x− tb)),

for almost all x ∈ ∂−T , when ∂−T ⊂ Γint, and by �v�(x) := v(x) for almost
all x ∈ ∂−T , when ∂−T ⊂ ∂−Ω.

We require some more notation to describe the method. Let u ∈ H1(Ω, T ).
Then, for every element T ∈ T , we denote by u+

T the trace of u on ∂κ taken
from within the element T (interior trace). We also define the exterior trace
u−T of u ∈ H1(Ω, T ) for almost all x ∈ ∂−T \Γ to be the interior trace u+

T ′

of u on the element(s) T ′ that share the edges contained in ∂−T \Γ of the
boundary of element T . Then, the jump of u across ∂−T \Γ is defined by

�u�T := u+
T − u−T .

We note that this definition of jump is not the same as the one in the pure
diffusion case discussed in the previous section; here the sign of the jump
depends on the direction of the flow, whereas in the pure diffusion case it only
depends on the element-numbering. Since they may genuinely differ up to a
sign, we have used different notation for the jumps in the two cases. Again,
we note that the subscripts will be suppressed when no confusion is likely to
occur.

We shall now describe the construction of the discontinuous Galerkin weak
formulation for the problem (31), (32), by imposing “weakly” the value of the
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solution on an outflow boundary of an element as an inflow boundary for the
neighbouring downstream elements, we solve small local problems, until we
have found the solution over the complete domain Ω.

We first construct a local weak formulation on every element T that is
attached to the inflow boundary of the domain.

We define the space Sadv := Gb+Sph, for p ≥ 0 (note that p = 0 is allowed
in the dG discretization of first order hyperbolic problems), where

Gb := {w ∈ L2(Ω) : b · ∇w ∈ L2(Ω)},
is the graph space of the PDE (31). Multiplying with a test function v ∈ Sadv

and integrating over T we obtain
∫

T

(L0u)v dx =
∫

T

f v dx. (34)

Now we impose the boundary conditions for the local problem. Since ∂−T ∩
Γ− 
= ∅ we have u+ = g on ∂−T ∩ Γ−. Therefore, after multiplication by
(b · n)v+ and integration over ∂−T ∩ Γ−, we get

∫

∂−T∩Γ−

(b · n)u+v+ ds =
∫

∂−T∩Γ−

(b · n)gv+ ds. (35)

Upon subtracting (35) from (34) we have
∫

T

(L0u)v dx−
∫

∂−T∩Γ−

(b · n)u+v+ ds =
∫

T

f v dx−
∫

∂−T∩Γ−

(b · n)gv+ ds.

(36)
We shall now deal with the remaining parts of the inflow boundary of the
element T . The key idea in the discontinuous Galerkin method is to impose
the boundary conditions “weakly”, i.e., via integral identities. Therefore, we
set as local boundary conditions for the element T on ∂−T \Γ−, the exterior
trace of the function u, and we impose them in the same way as the actual
inflow boundary part:

∫

∂−T\Γ−

(b · n)u+v+ ds =
∫

∂−T\Γ−

(b · n)u−v+ ds, (37)

which is equivalent to
∫

∂−T\Γ−

(b · n)�u�v+ ds = 0. (38)

In order to justify the validity of (37) we have to resort to the classical theory
of characteristics for hyperbolic equations. It is known that the solution of a
first-order linear hyperbolic boundary-value problem can only exhibit jump
discontinuities across characteristics. Thus the normal flux of the solution bu·n
is a continuous function across the element faces e ⊂ Γint if (b ·n)|e 
= 0, as in
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that case the element face does not lie on a characteristic. If (b·n)|e = 0, which
is the case when e lies on a characteristic, then we have bu · n = (b · n)u = 0
on e. Hence in any case we have continuity of the normal flux and therefore
(38) and thus (37) hold for all T ∈ T .

Now, subtracting (37) from (36), we obtain
∫

T

(L0u)v dx−
∫

∂−T∩Γ−

(b · n)u+v+ ds−
∫

∂−T\Γ−

(b · n)�u�v+ ds

=
∫

T

fv dx−
∫

∂−T∩Γ−

(b · n)gv+ ds

for all T ∈ T such that ∂−T \Γ− 
= ∅.
Arguing in the same way as above, we obtain the local weak formulation

for the elements whose boundaries do not share any points with the inflow
boundary Γ− of the computational domain; in this case though the second
terms on the left-hand side and the right-hand side of (39) do not appear:

∫

T

(L0u)v dx−
∫

∂−T\Γ−

(b · n)�u�v+ ds =
∫

T

fv dx,

for all T ∈ T such that ∂−T ∩ Γ− = ∅. Adding up all these and setting

Badv(u, v) :=
∑

T∈T

∫

T

(L0u)v dx−
∑

T∈T

∫

∂−T∩Γ−

(b · n)u+v+ ds

−
∑

T∈T

∫

∂−T\Γ−

(b · n)�u�v+ ds,

ladv(v) :=
∑

T∈T

∫

T

fv dx−
∑

T∈T

∫

∂−T∩Γ−

(b · n)gv+ ds

we can write the weak form for the problem (31):

Find u ∈ Gb such that Badv(u, v) = ladv(v) ∀v ∈ Sadv.

The discontinuous Galerkin method for the problem (31) then reads:

Find uh ∈ Sph such that Badv(uh, vh) = ladv(vh) ∀vh ∈ Sph.

5.1 Error Analysis of the DG Method

We define the energy norm, denoted again by |‖·|‖, (without causing, hopefully,
any confusion) by

|‖w|‖adv :=
( ∑

T∈T
‖c0w‖2

Ω +
1
2
‖bn[[w]]‖2

Γ

)1/2
,
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where bn :=
√|b · n|, with n on ∂T denoting the outward normal to ∂T and

σ as above. The choice of the above energy norm is related to the coercivity
of the bilinear form Badv(·, ·).

The definition and properties of the dG method for the advection problem
may become clearer, by studying the symmetric and the skew-symmetric parts
of the bilinear form Badv(·, ·). Indeed, it is possible to rewrite the numerical
fluxes as described in the following result.

Lemma 3. The following identity holds:

−
∑

T∈T

(∫

∂−T∩Γ−

(b · n)u+v+ ds+
∫

∂−T\Γ−

(b · n)�u�v+ ds

)

=
∫

Γ

(
1
2
|b · n|[[u]] · [[v]] − [[u]] · {{bv}}

)
ds+

1
2

∫

∂Ω

(b · n)u+v+ ds.

Proof. On each elemental inflow boundary, we have −(b · n) = |b · n|. Thus,
on each ∂−T \Γ−, we have

−(b · n)�u�v+ = |b · n|�u�v+

=
1
2
|b · n|�u��v�+ |b · n|�u�{{v}}

=
1
2
|b · n|[[u]] · [[v]] − (b · n)�u�{{v}}

=
1
2
|b · n|[[u]] · [[v]] − [[u]] · {{bv}}.

Hence,

−
∑

T∈T

∫

∂−T\Γ−

(b ·n)�u�v+ ds =
∫

Γint

(
1
2
|b · n|[[u]] · [[v]] − [[u]] · {{bv}}

)
ds. (39)

Recalling the definitions of [[·]] and {{·}} on the boundary ∂Ω, along with the
identities −(b · n) = |b · n| and (b · n) = |b · n| on the inflow and outflow parts
of the boundary, respectively, it is immediate that

∫

∂Ω

(1
2
|b · n|[[u]] · [[v]] − [[u]] · {{bv}}

)
ds+

1
2

∫

∂Ω

(b · n)u+v+ ds

=−
∑

T∈T

∫

∂−T∩Γ−

(b · n)u+v+ ds.
(40)

By summing (39) and (40), the result follows. ��
The above observation shows that the dG method for the advection prob-

lem contains a symmetric part on both the face terms and the elemental terms
of the bilinear form [18, 10].

Motivated by identity (39), we decompose Badv(·, ·) into symmetric and
skew-symmetric components.
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Lemma 4. The bilinear form can be decomposed into symmetric and skew-
symmetric parts:

Badv(w, v) = Bsymm
adv (u, v) +Bskew

adv (u, v)

for all u, v ∈ Sadv, where

Bsymm
adv (u, v) :=

∑

T∈T

∫

T

c20 u v dx+
1
2

∫

Γ

|b · n|[[u]] · [[v]] ds (41)

and

Bskew
adv (u, v) :=

1
2

∑

T∈T

∫

T

(
(b · ∇u) v − (b · ∇v)u )dx

+
1
2

∫

Γint

(
[[v]] · {{bu}} − [[u]] · {{bv}})ds.

Proof. By adding and subtracting 1/2
∑
T∈T

∫
T
∇·buv dx to the bilinear form,

a straightforward calculation yields

Badv(u, v) = Bsymm
adv (u, v)+

∑

T∈T

∫

T

(
(b·∇u) v+∇ · b

2
u v

)
dx−

∫

Γ

[[u]]·{{bv}} ds,

(42)
with Bsymm

adv (u, v) as defined in (41). Integration by parts of the second term
in the first integral on the right-hand side of (42) yields

∑

T∈T

∫

T

∇ · b
2

u v dx =− 1
2

∑

T∈T

∫

T

(
(b · ∇u) v + (b · ∇v)u ) dx

+
1
2

∑

T∈T

∫

∂T

(b · n)u+v+ ds.

The result follows by making use of the (standard) identity (see, e.g., [4])

∑

T∈T

∫

∂T

(b · n)u+v+ ds =
∫

Γ

[[u]] · {{bv}} ds+
∫

Γint

{{u}}[[bv]] ds (43)

and by observing that {{u}}[[bv]] = {{bu}} · [[v]]. ��
Remark 2. We observe the coercivity of the bilinear form:

Badv(w,w) = |‖w|‖2
adv, (44)

for all w ∈ Sadv, as Bsymm
adv (w,w) = |‖w|‖2

adv and Bskew
adv (w,w) = 0.

To prove a priori error bounds for the dG method, we begin by observing
the Galerkin orthogonality property
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Badv(u− uh, vh) = 0, (45)

for all vh ∈ Sadv, coming from subtracting the dG method from the weak form
of the problem, tested again functions from the finite element space.

For simplicity of presentation, we shall assume in the sequel that

b · ∇vh ∈ Sph. (46)

Results for more general wind b are available, e.g., in [36, 27].
Using (44) and (45), we get the identity

|‖vh − uh|‖2
adv = Badv(vh − uh, vh − uh) = −Badv(u− vh, vh − uh), (47)

for all vh ∈ sph.
The next step is to bound the bilinear form from above by a multiple of

|‖vh − uh|‖adv. To this end, we work as follows. Integrating by parts the first
term in the integrand of the first term on the right-hand side of (42) and using
the standard identity (43), we come to

Badv(u− vh, vh − uh) =Bsymm
adv (u− vh, vh − uh)
−

∑

T∈T

∫

T

(b · ∇(vh − uh)) (u− vh) dx

+
∫

Γ

[[vh − uh]] · {{b(u− vh)}} ds.

(48)

Setting vh = Πu, where, as above, Π : L2(Ω) → S − hp is the orthogonal L2-
projection operator onto the finite element space, we observe that the second
term on the right-hand side of (48) vanishes in view of (46). The Cauchy-
Schwarz inequality then yields

Badv(u−Πu,Πu−uh) ≤ 2|‖Πu− uh|‖adv

(|‖u−Πu|‖2
adv+‖{{u−Πu}}‖2

Γ

)1/2
,

which can be used on (47) to deduce

|‖Πu− uh|‖adv ≤ 2
(|‖u−Πu|‖2

adv + ‖{{u−Πu}}‖2
Γ

)1/2
,

which, using triangle inequality and the approximation properties of the L2-
projection (see, e.g., [36] for details), yields the a priori error bound

|‖u− uh|‖adv ≤ Chmin{p+1,r}−1/2|u|Hr(Ω),

for p ≥ 0 and r ≥ 1.

6 Problems with Non-Negative Characteristic Form

Having considered the dG method for self-adjoint elliptic and first order hy-
perbolic problems respectively, we are now in position to combine the ideas



114 Emmanuil H. Georgoulis

presented above and present a dG method for a wide class of linear PDE
problems.

Let Ω be a bounded open (curvilinear) polygonal domain in R
d, and let

∂Ω signify the union of its (d−1)-dimensional open edges, which are assumed
to be sufficiently smooth (in a sense defined rigorously later). We consider the
convection-diffusion-reaction equation

Lu ≡ −∇ · (ā∇u) + b · ∇u + cu = f in Ω, (49)

where f ∈ L2(Ω), c ∈ L∞(Ω), b is a vector function whose entries are Lipschitz
continuous real-valued functions on Ω̄, and ā is the symmetric diffusion tensor
whose entries are bounded, piecewise continuous real-valued functions defined
on Ω̄, with

ζT ā(x)ζ ≥ 0 ∀ζ ∈ R
d, x ∈ Ω̄.

Under this hypothesis, (49) is termed a partial differential equation with a
nonnegative characteristic form. By n we denote the unit outward normal
vector to ∂Ω. We define

Γ0 =
{
x ∈ ∂Ω : n(x)T ā(x)n(x) > 0

}
,

Γ− = {x ∈ ∂Ω\Γ0 : b(x) · n(x) < 0} , Γ+ = {x ∈ ∂Ω\Γ0 : b(x) · n(x) ≥ 0} .
The sets Γ− and Γ+ are referred to as the inflow and outflow boundary,
respectively. We can also see that ∂Ω = Γ0 ∪ Γ− ∪ Γ+. If Γ0 has a positive
(d− 1)-dimensional Hausdorff measure, we also decompose Γ0 into two parts
ΓD and ΓN, and we impose Dirichlet and Neumann boundary conditions,
respectively, via

u = gD on ΓD ∪ Γ−,
(ā∇u) · n = gN on ΓN, (50)

where we adopt the (physically reasonable) hypothesis that b · n ≥ 0 on ΓN,
whenever the latter is nonempty.

For a discussion on the physical models that are described by the above
family of boundary-value problems, we refer to [36] and the references therein.
The existence and uniqueness of solutions (in various settings) has been con-
sidered in [45, 25, 26, 37], under the standard assumption (33).

Then the interior penalty dG method for the problem (49), (50) is defined
as follows:

Find uh ∈ Sph such that B(uh, vh) = l(vh) ∀vh ∈ Sph,

where
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B(w, v) :=
∑

T∈T

∫

T

(
ā∇w · ∇v + (b · ∇w) v + cw v

)
dx

−
∑

T∈T

∫

∂−T∩(Γ−∪ΓD)

(b · n)w+v+ ds−
∑

T∈T

∫

∂−T\∂Ω
(b · n)�w�v+ ds

+
∫

ΓD∪Γint

(
θ{{ā∇v}} · [[w]] − {{ā∇w}} · [[v]] + σ[[w]] · [[v]]) ds

and

l(v) : =
∑

T∈T

∫

T

fv dx−
∑

T∈T

∫

∂−T∩(Γ−∪ΓD)

(b · n)gDv+ ds

+
∫

ΓD

(θā∇v · n+ σv)gD ds+
∫

ΓN

gNv ds

for θ ∈ {−1, 1}, with the function σ defined by

σ|e := Cσ

{
ap2

h

}
,

where a : Ω → R, with a|T = ‖(|√ā|2)2‖L∞(T ), T ∈ T , with | · |2 denoting
the matrix-2-norm, and Cσ is a positive constant. We refer to the dG method
with θ = −1 as the symmetric interior penalty dG method, whereas θ = 1
yields the nonsymmetric interior penalty dG method. This terminology stems
from the fact that when b ≡ 0, the bilinear form B(·, ·) is symmetric if and
only if θ = −1.

Various types of error analysis for the variants of interior penalty DGFEMs
can be found, e.g., in [6, 3, 15, 49, 36, 4, 27, 31, 29, 28, 21, 20, 38], along with
an extensive discussion on the properties of this family of methods.

7 Numerical Examples

7.1 Example 1

We consider the first IAHR/CEGB problem (devised by workers at the CEGB
for an IAHR workshop in 1981 as a benchmark steady-state convection-
diffusion problem). For

b =
(
2y(1− x2),−2x(1− y2)

)

and 0 ≤ ε� 1, we consider the convection-diffusion equation

−εΔu+ b · ∇u = 0 for (x1, x2) ∈ (−1, 1)× (0, 1),

subject to Dirichlet boundary conditions
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u(−1, x2) = u(x1, 1) = u(1, x2) = 1− tanh(α), −1 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1,

on the tangential boundaries, with α > 0 parameter, and inlet boundary
condition

u(x1, 0) = 1 + tanh
(
α(2x+ 1)

)
, −1 ≤ x1 ≤ 0. (51)

Finally, a homogeneous Neumann boundary condition is imposed at the outlet
0 < x1 ≤ 1, x2 = 0.

We remark that this choice of convective velocity field b does not satisfy
assumption (33). On the other hand b is incompressible, that is ∇·b = 0, and,
therefore, c0 = 0.

The inlet profile (51) involves the presence of a steep interior layer centred
at (−1/2, 0), whose steepness depends on the value of the parameter α. This
layer travels clockwise circularly due to the convection and exits at the outlet.

0 0.2 0.4 0.6 0.8 1
−0.5

0

0.5

1

1.5

2

2.5
ε = 10−1

ε = 10−2

ε = 2×10−3

ε = 10−6

Fig. 3. Example 1. Outlet profiles for different values of ε.

Following MacKenzie & Morton [43] (cf. also Smith & Hutton [52]) we
have chosen to work with α = 10 on a uniform mesh of 20× 10 elements, and
for ε = 10−6, 2× 10−3, 10−2, 10−1, respectively.

In Figure 3 the profiles of the outlet boundary 0 < x1 ≤ 1, x2 = 0 are
plotted for different values of ε, and for p = 1. Note that the vertical line
segments in the profiles correspond to the discontinuities across the element
interfaces. To address the question of accuracy of the computation, in Figure 4
we compare the profile for ε = 10−6 (drawn in black in Figure 3) on the 20×10
mesh with the corresponding profile on a much finer mesh containing 80× 40
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Fig. 4. Example 1. Outlet profile for ε = 10−6 when 20 × 10 elements and 80 × 40
elements are used.

elements. Also, in Figure 5 we present the computed outlet profiles when we
use of uniform polynomial degrees p = 1, . . . , 4 on the 20 × 10-mesh. Note
that the quality of the approximation is better for p = 4 on the 20× 10-mesh
(DOF= 5000), than the computed outlet profile for p = 1 on the 80×40 mesh
(DOF= 12800).

Finally, in Figure 6 we present the computed solutions on the 20×10-mesh
for the different values of ε. We note that the quality of the approximations is
remarkably good considering the computationally demanding features of the
solutions.

7.2 Example 2

We consider the following equation on Ω = (−1, 1)2

−x2
1ux2x2 + ux1 + u = 0, for − 1 ≤ x1 ≤ 1, x2 > 0,

ux1 + u = 0, for − 1 ≤ x1 ≤ 1, x2 ≤ 0,

whose analytical solution is

u(x1, x2) =

⎧
⎨

⎩
sin

(
1
2π(1 + x2)

)
exp

(
−
(
x1 + π2

4
x3
1
3

))
, if x1 ∈ [−1, 1], x2 > 0;

sin
(

1
2π(1 + x2)

)
exp(−x1), if x1 ∈ [−1, 1], x2 ≤ 0,

along with an appropriate Dirichlet boundary condition. This problem is of
changing-type, as there exists a second order term for x2 > 0, which is no



118 Emmanuil H. Georgoulis

0 0.2 0.4 0.6 0.8 1
−0.5

0

0.5

1

1.5

2

2.5
p = 1
p = 2
p = 3
p = 4

(a) Outlet profile for ε = 10−6 for p = 1, . . . , 4
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(b) Detail of (a)

Fig. 5. Example 1. Outlet profile for ε = 10−6 on the 20× 10 mesh for p = 1, . . . , 4.
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(a) ε = 10−1

(b) ε = 10−2

(c) ε = 2 × 10−3

(d) ε = 10−6

Fig. 6. Example 1. Numerical solutions on the 20 × 10-mesh for p = 1 and for
ε = 10−1, 10−2, 2 × 10−3, 10−6, respectively.
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longer present for x2 ≤ 0. Moreover, we can easily verify that its analytical
solution u exhibits a discontinuity along x2 = 0, although the derivative of u,
in the direction normal to this line of discontinuity in u, is continuous across
x2 = 0. We test the performance of the dG method by employing various
meshes. We have to modify the method by setting σe = 0 for all element edges
e ⊂ (−1, 1)×{0}, where σe denotes the discontinuity-penalisation parameter;
this is done in order to avoid penalising physical discontinuities. Note that the
diffusive flux (ā∇u) · n is still continuous across x2 = 0, and thus the method
still applies.

When subdivisions with (−1, 1)×{0} ⊂ Γ̄ are used, the method appears to
converge at exponential rates under p-enrichment. In Figure 7, we can see the
convergence history for various such meshes. The reason for this excellent be-
haviour of the method, in a problem where standard conforming finite element
methods would only provide us with low algebraic rates of convergence, lies
in the fact that merely element-wise regularity is required for dG methods, as
opposed to global regularity hypothesis that is needed for conforming meth-
ods to produce such results. If (−1, 1)× {0} is not a subset of Γ̄ , the method
produces results inferior to the ones described for the case (−1, 1)×{0} ⊂ Γ̄ ,
as the solution is then discontinuous within certain elements.
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Fig. 7. Example 2. Convergence of the dG method in the dG-norm under p-
enrichment.
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8 Solving the Linear System

FEM and dG methods lead to large linear systems of the form AU = F , where
usually the condition number κ(A) of the matrix A increases as h→ 0; for the
case of second order PDE problems we normally have κ(A) = O(h−d). This
is particularly inconvenient in the context of iterative methods for solving the
linear system. Therefore, the construction of preconditioning strategies for
the resulting linear system is of particular importance. Here we follow [30],
where scalable solvers for linear systems arising from dG methods have been
considered.

The classical preconditioning approach consists of designing a matrix P ,
called the preconditioner, such that the matrix P−1A is “well” conditioned
compared to A (i.e., κ(P−1A) << κ(A)) while at the same time P is cheaply
inverted numerically. These two requirements are competing, so that the con-
struction of efficient preconditioners a challenge. Once such a preconditioner P
is known, one can solve recursively the linear systems Py = F and P−1Ax = y
efficiently to find x.

In [30] it is proposed to use a preconditioned GMRES iterative solver (see,
e.g., [33]) with preconditioner

As :=
A+AT

2
,

i.e., the symmetric part of the stiffness matrix A. This choice has a number
of implications as we shall now see.

From an implementation point of view, employing GMRES with system
matrix

A
− 1

2
s AA

− 1
2

s ,

is equivalent to running GMRES in the As-inner product and using As as a
left-preconditioner.

It is not hard to see that

A
− 1

2
s AA

− 1
2

s = I + S,

where S is a skew-symmetric matrix. It is known that applying the GMRES
algorithm to a matrix of the form I + S, where S is skew symmetric, is a
3-term recurrence, i.e., there is no need to compute using the whole Krylov
subspace [2], but only the last two Krylov subspace vectors. Hence using As
as a preconditioner within a GMRES algorithm leads to significant computa-
tional and storage savings.

Moreover, it is possible to show that the resulting preconditioned GMRES
algorithm is scalable with respect to the size of the matrix, i.e., the number
of GMRES iterations does not increase as the meshsize h→ 0 and/or as the
polynomial degree p → ∞. This property is shown theoretically in [30], but
here we shall illustrate it via a numerical example.

To this end, we consider the convection-diffusion problem
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−εΔu+ ux + uy = f for (x, y) ∈ (0, 1)2,

subject to Dirichlet boundary conditions, and right-hand side f , such that the
analytical solution is given by

u(x, y) = x+ y(1− x) +
e−

1
ε − e− (1−x)(1−y)

ε

1− e− 1
ε

.

The solution exhibits boundary layer behaviour along x = 1 and y = 1, and
the layers become steeper as ε→ 0. We solve the problem for a range of ε using
the dG method for a range of uniform meshsizes h and polynomial degrees
p. The results are presented Table 1. As predicted by the theory in [30], the
number of iterations is independent of discretization parameters.

For comparison purposes, we included the corresponding GMRES runs for
the choice of a black-box preconditioner such as ILU. The results are presented
in Table 2. We can see that, while the number of iterations is low for some

Table 1. GMRES iterations for DGFEM discretization of the convection-diffusion
problem with constant wind bT = (1, 1) and with preconditioner As.

p n ε = 0.5 ε = 0.1 ε = 0.05 ε = 0.01

2,500 7 15 22 77
1 10,000 7 15 22 80

40,000 7 14 22 80

5,625 7 14 22 80
2 22,500 6 14 22 80

90,000 6 14 21 78

10,000 6 14 22 79
3 40,000 6 14 22 78

160,000 6 13 21 78

Table 2. GMRES iterations for dG discretization of the convection-diffusion prob-
lem with ILU(10−2) preconditioning.

p n ε = 0.5 ε = 0.1 ε = 0.01

2,500 12 13 7
1 10,000 36 40 29

40,000 124 117 69

5,625 18 17 12
2 22,500 61 59 60

90,000 235 231 137

10,000 39 29 23
3 40,000 112 114 100

160,000 > 300 > 300 > 300
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values of the parameters, the overall convergence behavior is quite undesirable,
with iteration counts growing with both discretization parameters. Thus, while
the number of iterations appears to be decreasing with ε, it is exactly for
this range that the discretization parameters have to be increased in order
to resolve layers. The resulting convergence behavior becomes rapidly too
costly to implement in practice. We note here that the ILU preconditioner
is implemented with a standard full GMRES routine, which means that the
storage increases with every iteration.

9 Concluding Remarks

These notes aim at giving a gentle introduction to discontinuous Galerkin
methods used for the numerical solution of linear PDE problems of mixed
type. The material is presented in a simple fashion in an effort to maximise
accessibility. Indeed, this note is far from being exhaustive in any of the topics
presented and, indeed, it is not meant to be a survey of the ever-growing
subject of discontinuous Galerkin methods. For more material on dG methods
we refer to the volumes [15, 34, 48] and the references therein.
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A Numerical Analyst’s View of the Lattice
Boltzmann Method

Jeremy Levesley, Alexander N. Gorban, and David Packwood

Department of Mathematics, University of Leicester, LE1 7RH, UK

Summary. The purpose of this paper is to raise the profile of the Lattice Boltzmann
method (LBM) as a computational method for solving fluid flow problems. We put
forward the point of view that the method need not be seen as a discretisation of
the Boltzmann equation, and also propose an alternative route from microscopic to
macroscopic dynamics, traditionally taken via the Chapman-Enskog procedure. In
that process the microscopic description is decomposed into processes at different
time scales, parametrised with the Knudsen number. In our exposition we use the
time step as a parameter for expanding the solution. This makes the treatment
here more amenable to numerical analysts. We explain a method by which one may
ameliorate the inevitable instabilities arising when trying to solve a convection-
dominated problem, entropic filtering.

1 Introduction

The most commonly used model for high Reynold’s number flow is the Navier-
Stokes equations. The two dimensional version of this equation is given below:
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.

where ρ, u = (u1, u2), P and E are density, velocity, pressure and energy
respectively. These equations model the conservation of mass, momentum and
energy. The number μ is the coefficient of viscosity, and as this number tends
to zero we recover the Euler equations for inviscid flow.

The standard approach is to discretise this equation, using either finite
differences, finite elements, or finite volumes. The Godunov theorem [11] tells
us that we should expect oscillation in solutions near to evolving discontinu-
ities in solutions of the differential equations. Standard methods for dealing
with such oscillations are slope limiters, artificial viscosity, and more recently
ENO, WENO, and ADER schemes [17, 23, 24].

So we have a philosophical issue to consider. High order numerical meth-
ods for PDEs provide excellent solutions to a problem where the solution is
smooth, and here model errors (Navier-Stokes’ is a model) are probably much
higher than numerical errors. Where the solution is not smooth it may be
that Navier-Stokes’ is a poor model, in which case we might need to ask why
we would try to get very accurate solutions. Perhaps the best rationale for
numerical discretisation of PDEs is in understanding qualitative behaviour of
the fluid.

In this paper we discuss the Lattice Boltzmann method for simulating
fluid flow. The usual justification for this method is via the finite difference
discretisation of the Boltzmann equation, which governs the motion of prob-
ability distributions in phase space. Via the Chapman-Enskog procedure, one
can show that the macroscopic variables obtained via integration of this dis-
cretisation reproduce the Navier-Stokes’ equations up to the viscous term,
involving second order derivatives. For a very nice tutorial discussing the
LBM see [18]. The term in third order derivatives obtained via this approach
(leading to the Burnett equations) are well-known to be unstable [9].

We will demonstrate that for low viscosity a finite difference discretisation
of the Boltzmann equation does not approximate the equation except with
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unfeasibly small time step. Thus we adopt a different view point. We will
consider the LBM as a fluid flow model in its own right, and examine the
macroscopic dynamics we obtain as a function of the step size in our method.
We will show that, under certain conditions (the nice conditions), the LBM
approximates Navier-Stokes well. When conditions are extreme, as we have
shown in other publications [6, 7, 8], the perspective we have on the LBM
allows for relatively non-invasive control of artificial diffusion. Of course, we
cannot be sure we have reproduced the real dynamics of the fluid, but we
do have a good rationale for the targeted control of oscillation. Our aim is
to put the LBM on a firm footing in the arsenal of techniques for simulating
fluid flow, even though, there is essentially no numerical analysis, because the
method is the model.

2 The Boltzmann Equation

Let f = f(x,v, t) be the one-particle distribution function, i.e., the probability
of finding a particle in a volume dV around a point (x,v), at a time t, in phase
space is f(x,v, t)dV . Then, the Boltzmann kinetic transport equation is the
following time evolution equation for f ,

df

dt
=
∂f

∂t
+ v · ∇f =

∂f

∂t
+∇ · (vf) = C(f). (1)

Here df/dt denotes the material derivative and the collision integral, C, de-
scribes the interactions of the populations f , at sites x for different values
of v. We have also used ∇ · (vf) = v · ∇f since the spacial derivatives are
independent of v.

Equation (1) describes the microscopic dynamics of our model. We will
wish to recover the macroscopic dynamics, the fluid density, momentum den-
sity and energy density. We do this by integrating the distribution function:

ρ(x, t) =
∫
f(x,v, t) dv

ρui(x, t) =
∫
vif(x,v, t) dv, i = 1, 2,

E(x, t) =
1
2

∫
v2f(x,v, t) dv.

Such functionals of the distribution are called moments. The pressure P is
given by

E = P +
1
2
ρu2.

Let m be a mapping which takes us from microscopic variables f to the
vector of macroscopic variables M . It is clear that this is a linear. In 2 dimen-
sions the vectorM has 4 components, and in d-dimensions, d+2 components.
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There are an infinite number of distribution functions which give rise to any
particular macroscopic configuration M . Given a concave entropy functional
S(f), for any fixed M there will be a unique f which is the solution of the
optimisation

Qf = argmax{S(f) : m(f) = M}.
We call Qf the quasiequilibrium as it is not a global equilibrium. Let us call
the set of quasiequilibria the quasiequilibrium manifold QE .

If the entropy is the Gibbs entropy

S(f) =
∫
f log fdv

the quasi-equilibrium is the Maxwellian distribution, which in two dimensions
is

Qf(v,x) =
ρ2

2πP
exp

(
− ρ
P

(v − u)2
)
,

which we note is independent of x. Also, for each set of macroscopic variables
M , we have a unique QfM ∈ QE ; see Figure 2.

Fig. 1. The quasiequilibrium manifold.

Of course, in general we cannot compute the above integrals to find the
above macroscopic variables. Therefore we need to a numerical integration
technique which approximates the integrals well, and at least preserves low
order degree polynomials, in other words, the macroscopic variables of interest.
Since M(f) =M(Qf) then an integration rule which evaluates

∫
g(v)Qf(v,x)dv =

∫
g(v)

ρ2

2πP
exp

(
− ρ
P

(v − u)2
)
dv
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when g is a low degree polynomials will preserve the conservation of the macro-
scopic variables M . The obvious candidate for this is Gauss-Hermite type
integration formulae. If we do this we get an integration formula

∫
g(v)f(v,x)dv ≈

∑

i

Wig(vi)f(vi).

If we write fi(x) = f(x,vi) then we can view the lattice Boltzmann equation
(see Section 3 below) as a quadrature approximation in the velocity variable
to the Boltzmann equation (1). For a complete treatment of this point of view
see Shan and He [27].

In this article we will be interested in collision integrals of the form

C(f) = −σv(f −Qf),

with σv ∈ R (later we will discuss appropriate ranges of values of this param-
eter). We immediately remark that these collisions do not result in changes in
the macroscopic variables as f and Qf have the same macroscopic variables
by definition of the quasiequilibrium. In the case that σv = 1/γ we have the
much used Bhatnagar-Gross-Crook (BGK) collision [4] (we will see below that
this corresponds to a rescaling of fast nonequilibrium variables). If γ is small
then the derivative is high and the time to equilibrium is long. Thus γ is a
measure of the viscosity in the system, and we will quantify this more pre-
cisely later. In fact this collision is the linear part of a more general collision
integral expanded about the quasi-equilibrium:

Cf = Qf + [DfC]|Qf (f −Qf) + · · · ,

where Df is the Frechet derivative. In what remains we will assume that
σv = 1/γ.

For the following argument we will need to assume that

Assumption 1 A) The distributions f are all differentiable in space. The
distributions and their gradients remains bounded through the motion:

max{f(x,v), |∇xf(x,v)|} ≤ F,x ∈ R
d.

B) The nonlinear operators Q are bounded, i.e. for some real C > 0

|(Qf)| ≤ C‖f‖∞.

C) The nonlinear operators Q are differentiable as functions of the macro-
scopic moments M :

|∇M (Qf)| ≤ C‖f‖∞.
Since the quasiequilibrium distributions are parametrised by the macro-

scopic moments, they depend on time through the macroscopic moments:
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∂(Qf)
∂t

= ∇M (Qf) · ∂M
∂t
. (2)

Now, since m is linear, we have

∂M

∂t
= m

(
∂f

∂t

)

= m

(
−∇ · (vf) − 1

γ
(f −Qf)

)

=
1
γ
m (−γ∇ · (vf)− (f −Qf)) .

Since m is bounded as an operator from L∞(R2d) = {f : ‖f‖∞ < ∞} to
L∞(Rd+2), we have

∣∣∣∣
∂M

∂t

∣∣∣∣ ≤
C

γ
max{‖∇f‖∞, ‖f‖∞, ‖Qf‖∞}.

Substituting into (2), and using the boundedness of ∇M (Qf) we have
∣∣∣∣
∂

∂t
(Qf)

∣∣∣∣ ≤
CF

τ
.

Hence, if we perform the material derivative of the Boltzmann equation we
obtain

∣∣∣∣
d2f

dt2

∣∣∣∣ = − 1
γ

(
df

dt
− d

dt
Qf

)

≤ CF

γ2
,

for some constant C. More generally
∣∣∣∣
dkf

dtk

∣∣∣∣ =
CF

γk
.

In order to develop a numerical method we first consider the time discreti-
sation of the Boltzmann equation. A simple Euler scheme with time interval
[0, τ ] for instance would give us:

f(x + vτ,v, τ) = f(x,v, 0) +
∫ τ

0

df

dt
(x,v, t)dt

≈ f(x,v, 0) + τ
df

dt
(x,v, 0),

with error term

E(τ) ≤ τ2 max
t∈[0,τ ]

∣∣∣∣
d2f

dt2

∣∣∣∣

≤ CFτ2

γ2
.
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Remark 1. 1. It has become orthodox to view the LBM as a discretisation of
the Boltzmann equation. However, we see that the error does not go to zero
in the above finite difference approximation unless τ � γ. This is fine if we
are approximating a flow of high viscosity, but for high Reynolds number
flow, where γ may be very small, the notion of using a time step which
is smaller is computationally unfeasible. We develop below an alternative
point of view.

2. We should remark that Qf does not directly depend on time, but only on
the macroscopic moments, and the velocity. It depends on position via the
macroscopic moments at that position. The macroscopic moments depend
on populations moving with all velocities, so that Qf(x,v) = Q(f(x,u) :
u ∈ R

d). We will use this in Section 7 when we discuss stability.

3 The Lattice Boltzmann Method

In the Lattice Boltzmann method we have only a finite number of populations
f1, · · · , fN , with fi moving with velocity vi. We can think of this as a discreti-
sation of the velocity part of phase space, but we need not. The computational
domain is a τ -scaled grid, where τ is the time step of the method:

X =

{
τ

N∑

i=1

zivi : zi ∈ Z

}
;

see Figure 2, where we have 7 velocities, one from a point to each of its nearest
neighbours, plus the zero velocity. Thus, in one time step (which we think of as
of length 1), the populations fi move from x ∈ X to x+ τvi ∈ X . Hence, our
dynamics happen on the grid. We should not think of X as the discretisation
of computational space. It is a set of reference points at which we know our
populations.

As indicated in the introduction we compute the macroscopic moments at
the kth timestep with

ρ(x, kτ) =
N∑

i=1

Wifi(x, kτ),

(ρu)(x, kτ) =
N∑

i=1

Wivifi(x, kτ),

E(x, kτ) =
1
2

N∑

i=1

Wiv2
i fi(x, kτ).

Let us call this mapping M(x, kτ) = m(f1(x, kτ), · · · , fN(x, kτ)).
Given that we know our populations at time step k we compute the the

populations at time step k + 1 via the following set of rules. For each i =
1, 2, · · · , N ,
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Fig. 2. The computational grid.

a) compute intermediate populations

f int
i (x, (k + 1)τ) = fi(x − τvi, kτ);

b) compute the macroscopic moments

M(x, (k + 1)τ) := m(f int
1 (x, (k + 1)τ), · · · , f int

N (x, (k + 1)τ));

c) compute Qf int
i (x, (k + 1)τ) which depends on M(x, (k + 1)τ);

d) compute the new populations

fi(x, (k+1)τ) = f int
i (x, (k+1)τ)−β(f int

i (x, (k+1)τ)−Qf int
i (x, (k+1)τ)).

The computation of the intermediate population in (a) above is typically
called the free flight or streaming step. The macroscopic variables are trans-
ported through the computational domain in this step. The steps (b)–(d) are
the collision step, in which the macroscopic variables are redistributed between
the different populations fi arriving at the point x. As mentioned above, this
redistribution is done conserving the macroscopic variables, but possibly with
an increase in entropy.

The choice of β in (iv) above is crucial. In particular, if β = 1, the collision
returns the distribution to equilibrium. Such a step is called an Ehrenfests’
step in honour of Tanya and Paul Ehrenfest [10], who introduced course grain-
ing, which results in entropy increase. Equilibration is an example of such a
course graining.

4 The Chapman Enskog Procedure

The Chapman-Enskog procedure is the standard route via which the Boltz-
mann equation is linked to the Navier-Stokes equation. This discussion is
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based on that provided by Gorban [12], with the fast-slow variable point of
view described in Jones [13]. We should make the point that the purpose of the
procedure is not to produce an approximation to the Boltzmann equation, but
rather to seek a manifold which is, in some sense, one to one correspondence
with the macroscopic moments. If this is so then we have observable slow
variables M (the macroscopic moments), with corresponding unique member
fM ∈ QE . Substituting Qf into (1) we obtain the following:

∂(fM )
∂t

+∇ · v(fM ) = 0.

If we now multiply this by 1,v,v2 and integrate we obtain the Euler equations
(we will not spell out the details here which can be found in e.g. [18])

∂ρ

∂t
+∇ · ρu = 0,

ρ
∂u
∂t

+ ρ(u · ∇)u = −ρ(u · ∇)u−∇P,
∂E

∂t
= −∇ · (u(P + E)).

Following [13] we split the variables into fast and slow. The dynamics of
the fast variables appear via f1 = f−Qf , since Qf ∈ QE is the unique distri-
bution with these macroscopic moments. Therefore, the Boltzmann equation

∂f

∂t
+∇ · (vf) = − 1

γ
f1. (3)

can be viewed as saying that the rate of change of f is proportional to nonequi-
librium part of the distribution, which has a natural time scale γt, if t is the
timescale of the slow variables.

We can write
f = Qf + γf1, (4)

Since M(f) =M(Qf), it is clear that

M(f1) = 0.

In many expositions the parameter in the expansion γ is identified with
the Knudsen number

γ = λ/L

where λ is the mean free path (the average distance between collisions) and
L is a length scale in the problem (the size of an obstacle for instance).

If we substitute (4) into (1) we get

∂(Qf + γf1)
∂t

+∇ · (v(Qf + γf1)) = −f1.
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If we now equate the terms of order 0 in γ we see that

f1 = −
(
∂(Qf)
∂t

+∇ · (v(Qf))
)
. (5)

If we substitute this into (3) and integrate we obtain the Navier-Stokes equa-
tions as given at the start of the paper, with viscosity γ.

Of course, we could introduce longer asymptotic expansions, and derive
expressions for higher order corrections to the Navier-Stokes equations. If we
do this we obtain the Burnett and super Burnett equations, which are known
to be unphysical (see e.g. [18, Page 31]). In the next section we use a different
philosophy for our expansion. We think of the LBM as a computational model,
and that the notion of smallness should be the time step, not any physical
parameter. This produces similar, but not the same results.

5 The Time Discretisation Expansion

In this section we will describe a different procedure by which we obtain the
Navier-Stokes equations. We will assume that we are not performing any dis-
cretisation in space. A full description of the modified Navier-Stokes equations
one obtains from the fully discrete process is given in [21]. We have described
this procedure in a previous paper [5], but we repeat some of it here for com-
pleteness. The idea is to study the rate of change of the macroscopic variables
induced by the sequence of free flight by time step τ , followed by equilibration,
and then repeated. Since such a collision is called an Ehrenfests’ step, we call
this dynamic chain an Ehrenfests’ chain: see Figure 3. We seek the form of
∂M
∂t which leads to these values of the macroscopic variables at each of the

times 0, τ, 2τ, · · · .
Let us recall that the LBM has a free flight phase followed by a collision

phase.
∂f

∂t
= −v · ∇f,

with solution
Θt(f0)(x,v, t) = f0(x− vt,v, t).

For the moment, let us suppose that the collision phase returns the process
to the appropriate quasiequilibrium. Thus, if we start at f0 ∈ QE , the next
point in our iteration is f1 = Q(Θτ (f0)) ∈ QE . If we iterate we get a sequence
fi, i = 0, 1, · · · . We wish to determine the macroscopic dynamics which passes
through the points m(fi), i = 0, 1, . . . ,. This will depend on the parameter τ ,
so we get an equation of the form

∂M

∂t
= F (M, τ).
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Fig. 3. The Ehrenfests’ chain.

We will expand this for small τ in a series F (M, τ) = F0(M)+τF1(M)+O(τ2)
and match terms in powers of τ to determine F0 and F1. In other words we
wish to have

m(Θτ (f0)) = M(τ)

to second order in τ .
The second order expansion in time for the dynamics of the distribution

f is, to order τ2,

Θτ (f0) = Θ0(f0) + τ
∂Θt
∂t

∣∣∣∣
t=0

+
τ2

2
∂2Θt
∂t2

∣∣∣∣
t=0

= f0 − τv · ∇f0 +
τ2

2
v · ∇(v · ∇f0).

Thus, to second order,

m(Θτ (f∗))

= m(Θ0(f0))− τ ∂
∂t
m (v · ∇f0) +

τ2

2
m(v · ∇(v · ∇f0)).

Similarly, to second order,

M(τ) = M(0) + τ
∂M

∂t

∣∣∣∣
t=0

+
τ2

2
∂2M

∂t2

∣∣∣∣
t=0

= M(0) + τ(F0(M) + τF1(M)) +
τ2

2
∂F0(M)
∂t

.

Since M(0) = m(Θ0(f∗)), we have
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−τm (v · ∇f0) +
τ2

2
m(v · ∇(v · ∇f0)) = τ(F0(M) + τF1(M)) +

τ2

2
∂F0(M)
∂t

.

Matching the first order conditions we have

F0(M) = −m (v · ∇f0) .
If we perform the integration we get exactly the Euler equations as before.

Matching to the second order gives

F1(M) +
1
2
∂F0(M)
∂t

=
1
2
m(v · ∇(v · ∇f0)),

and rearranging we get

F1(M) =
1
2

(
m(v · ∇(v · ∇f0))− ∂F0(M)

∂t

)
.

These are an integrated version of (5).
Hence, to second order, the macroscopic equations are

∂

∂t
m(f0) = −m (v · ∇f0) +

τ

2

(
m(v · ∇(v · ∇f0))− ∂F0(M)

∂t

)
.

Integration of these gives the Navier-Stokes equations with coefficient of vis-
cosity τ/2; see [5].

In order to perform these asymptotic expansions we require that higher
order derivatives of the distribution function behave well. This line of enquiry
is developed further in [21].

6 Decoupling Time Step and Viscosity

There is of course a difficulty in simulating a Navier-Stokes flow where vis-
cosity is given, with a numerical scheme in which the viscosity is directly
proportional to the time step, as the free flight and equilibration scheme (the
Ehrenfests’ step) detailed above. We can write this scheme in the form

fi(x, (k + 1)τ) = fi(x− τvi, kτ)− (fi(x − τvi, kτ)−Qfi(x − τvi, kτ)).
Thus, after free flight dynamics we move along the vector from free flight
to equilibrium. With the BGK collision ([4] and Section 2 above) we move
some part of the way along this direction. This suggests then a more general
numerical simulation process

fi(x, (k + 1)τ) = fi(x− τvi, kτ)− β(fi(x− τvi, kτ)−Qfi(x− τvi, kτ)),
where the β may be chosen to satisfy a physically relevant condition. A choice
of β = 1 gives the Ehrenfests’ step, whilst β = 2 gives the so-called LBGK
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method [25]. In this latter case we are reflecting in the quasi-equilibrium to
give us a microscopic description with the same macroscopic variable, and, to
order τ2, the same entropy.

The revolution in LBMs achieved by Succi and coworkers [25], was the
overrelaxation step, with β > 1. Here we pass through the quasi-equilibrium
so that the next phase of free flight takes us back through the quasi-equilibrium
manifold. One variant of this is the so-called entropic LBM (ELBM) in which
β is chosen to that S(fi(x + τvi, (k + 1)τ)) = S(fi(x, kτ)).

Both LBGK and ELBM uncouple the viscosity parameter from the time
step. There are a number of other ways in which one can achieve the same
goal; see [7]. We describe one procedure here, giving an intuitive justification,
using the idea that the quasiequilibrium manifold is flat (see Figure 4). If the
manifold is not flat we only introduce O(τ2) errors in the following argument.
Free flight of time τ , followed by an Ehrenfests’ step adds viscosity of τ/2.

Fig. 4. The equilibration step decoupling viscosity from time step.

Thus, we can interpret the free flight time as a measure of ’viscosity distance’
from the QE manifold. In the equilibration step we introduce viscosity. We
introduce τ/2 if we return all of the way to QE, but if we equilibrate f →
f − β(f −Qf) we introduce (1− |1− β|)τ/2 viscosity. Thus, if we do nothing
(β = 0), or reflect in the QE manifold (β = 2) we do not introduce any
viscosity. On the other hand, an Ehrenfests’ step (β = 1) introduces β/2
viscosity.

Suppose when we perform our equilibration process we set β = 2 − μ/τ .
Then we introduce μ/2 viscosity, and we are a free flight distance μ/2− τ/2
from the QE manifold (this is negative). Thus, free flight by time τ moves us
a distance τ/2 towards the manifold, i.e. to a distance μ/2. An Ehrenfests’
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step will now introduce viscosity of μ/2. Hence we have added viscosity of μ
(to O(τ2)).

Unfortunately, as we will see in Section 8 below, there are instabilities (see
the first paragraph of the next section to see what we mean by this) in the
simulation with LBGK and ELBM. This is because the free flight dynamics
sometimes takes us too far from the quasi-equilibrium manifold. In this case we
apply a single Ehrenfests’ step and return to the equilibrium manifold. As you
will see, this stabilises the method beautifully. In order to retain an order τ2

method we can only apply Ehrenfest stabilising at a bounded number of sites.
Thus we fix a tolerance δ which measures the distance from the equilibrium
manifold, and then we choose the k (a fixed number) most distant points and
return these to equilibrium.

7 Stability

The notion of stability has a number of different interpretations in numerical
analysis, but a common underlying theme is that two nearby objects at some
stage in a process do not become unboundedly distant as the process evolves.
In dynamical systems, the idea of creating a discrete scheme which evolves on
a manifold which remains close to the orbit of the original continuous equa-
tions is universal. In particular, when the underlying dynamics is Hamiltonian
(conserves volume in phase space) then symplectic methods, those which are
also conservative, have this nice property, and are thus very popular. Such
methods have generated much interest in the numerical analysis community
in the past 20 years, and a good source of information on such methods is [22].

Since phase space volume is unchanged in free-flight, and also by entropic
involution, as in the ELBM, is symplectic. The method we describe in the pre-
vious section introduces a small amount of contraction of phase space volume
in the equilibration step, but is near to symplectic. In this sense we should
expect good behaviour of the LBM.

Our notion of stability will be that we wish our iteration to remain close to
the quasiequilibrium manifold. In the first subsection below we look at the case
when all quantities are well-behaved. In the second subsection we examine the
situation when an instability evolves (which is in some sense inevitable), and
what we do to stabilise the iteration. We recognise instability by the distance
the iteration gets from QE , so in some sense, the extent to which the fast
variables are dominating the dynamics.

In [21] the stability of the method under perturbation by high frequency
signal is examined. This is the standard method of stability analysis for fi-
nite difference methods. Pictures which give different stability regions are
presented there.
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7.1 The Well-Behaved Case

Let us consider one time step. From the description of the LBM algorithm
from Section 3 we have

fi(x, (k + 1)τ) = f int
i (x, (k + 1)τ) − β(f int

i (x, (k + 1)τ)−Qf int
i (x, (k + 1)τ).

Let us write Qi as the operator which equilibrates the ith population.
Let us assume that the operators Qi and distributions fi satisfy the con-

ditions of Assumptions 1, and additionally,

D) The nonlinear operators Qi are differentiable as functions of the distri-
butions f1, · · · , fN :

|∇Qi(f1, · · · , fN)| ≤ C max
i=1,··· ,N

‖fi‖∞.

Assumption D above just ensures that the equilibrated population depends
in a smooth way on the populations which give rise to it. Thus we are saying
that the QEmanifold does not bend around too much.

We now wish to compare

di(x, kτ) = |fi(x, kτ) −Qi(f1(x, kτ), · · · , fN (x, kτ))|

with di(x, (k + 1)τ). We have

di(x, (k + 1)τ)
= |f int

i (x, (k + 1)τ)
−β(f int

i (x, (k + 1)τ)−Qi(f1(x− τv1, kτ), · · · , fN(x− τvN , kτ))|
= |fi(x− vi, kτ)

−β(fi(x− τvi, kτ)−Qi(f1(x− τv1, kτ), · · · , fN (x− τvN , kτ))
−Qi(f1(x− τv1, kτ), · · · , fN (x− τvN , kτ))|

= |(1− β)(fi(x− τvi, kτ)−Qi(f1(x− τv1, kτ), · · · , fN (x− τvN , kτ))|
≤ |(1− β)(fi(x− τvi, kτ)−Qi(f1(x− τvi, kτ), · · · , fN(x− τvi, kτ))|

+|(1− β)(Qi(f1(x− τvi, kτ), · · · , fN (x− τvi, kτ))
−Qi(f1(x− τv1, kτ), · · · , fN (x− τvN , kτ))|

= (1− β)di(x− τvi, kτ)
+|(1− β)(Qi(f1(x− τvi, kτ), · · · , fN (x− τvi, kτ))

−Qi(f1(x− τv1, kτ), · · · , fN (x− τvN , kτ))| (6)

Let us now bound the second term above. To do this we write

Δj = fj(x− τvi)− fj(x− τvj).

Then,
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|Δj | ≤ τ |vi − vj |‖∇fj‖∞
≤ 2V Fτ,

using Assumption A above, where V = maxi=1,··· ,N{|vi|}. We define the
vector

D = (Δ1, · · · , ΔN )T .

Then,

|Qi(f1(x− τvi, kτ), · · · , fN(x − τvi, kτ))
−Qi(f1(x− τv1, kτ), · · · , fN(x− τvN , kτ))|
≤ max

f1,··· ,fN

|∇Qi(f1, · · · , fN )|‖D‖2

≤ CN max
j=1,··· ,N

|Δj |
≤ CN(2V Fτ) = 2CNV Fτ

using (7).
Substituting into (6) we see that

di(x, k + 1) ≤ (1− β)(di(x− τvi, k) + 2KNV Fτ).

Hence, for small enough τ , given the assumptions above, the motion remains
close to the quasiequilibrium manifold. These assumptions apply when the
motion is well-behaved.

7.2 The Difficult Case

Of course, the challenge is to simulate fluid flow as shocks emerge. At this
stage, the theory described does not apply because we get unbounded deriva-
tives in the derivatives of the populations, and Navier-Stokes equations and
LBM become different models for fluid flow. In [3] the Karlin-Succi involution
is used for computation and it is reported that this exact implementation
of the entropy balance (guaranteeing the fulfilment of the 2nd law of ther-
modynamics) significantly regularizes the post-shock dispersive oscillations.
This regularization is very surprising, because, as described here, the entropic
lattice BGK model gives a second-order approximation to the Navier–Stokes
equation and due to the Godunov theorem [11], second-order methods have
to be non monotonic. Moreover, Lax [15] and Levermore with Liu [16] demon-
strated that these dispersive oscillations are unavoidable in classical numeri-
cal methods. Schemes with precise control of entropy production, studied by
Tadmor with Zhong [26], also demonstrated post-shock oscillations. In [20]
the author tests the hypothesis that artificial viscosity is introduced using
imprecise numerical solvers for the problem S(f+β(f−Qf)) = S(f) which is
required for entropic involution. Our model problem is the shock tube which
we describe below. In Figure 5 we present results for the LBM with the BGK
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collision (LBGK), with the parameter γ chosen to give the stated viscosity ν,
with polynomial and exact equilibria, and the entropic LBM (ELBM), with
high precision solution of the last equation. We are supposed to see an im-
provement in the stability in the right hand pictures. We see this is not so,

Fig. 5. Density profile of the simulation of the shock tube problem following 400
time steps using (a) LBGK with polynomial quasi-equilibria [μ = (1/3) · 10−1]; (b)
LBGK with entropic quasi-equilibria [μ = (1/3) ·10−1 ]; (c) ELBM [μ = (1/3) ·10−1 ];
(d) LBGK with polynomial quasi-equilibria [μ = 10−9]; (e) LBGK with entropic
quasi-equilibria [μ = 10−9]; (f) ELBM [μ = 10−9].

suggesting that entropic preservation is not enough for stability.
We see evolving instabilities in numerical simulation when the free flight

phase of the LBM carried the distribution too far away from the quasiequi-
librium manifold, i.e.

ΔiS(x) = |S(fi(x))− S(Qfi(x))| > δ,
for some tolerance δ. It turns out that this happens only very locally to the
instability, so that one can locally modify the microscopic entropy in a very
precise way.

In previous work we have considered different ways of dealing with too
much non-equilibrium entropy. Ehrenfests’ stabilisation is simply the return
of the population to equilibrium, as described in Section 3. In Section 8 we
will see how this works for the lid driven cavity.

A more sophisticated and less extreme approach is to stabilise the LBGK
method using median filtering at a single point. We will describe this approach
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for the shock tube simulation on the next section, and in Figure 6 one can see
how well the simulation is stabilised.

8 Numerical Experiments

To conclude this paper we report two numerical experiments conducted to
demonstrate the performance of the stabilisation processes described in this
article. The first test is a 1D shock tube, with a median filter. The second is
flow around a square cylinder, with the Ehrenfests’ regularisation. We see that
the use of stabilisation allows us to increase the Reynolds’ numbers over which
we can simulate. Of course, since we are injecting diffusion in order to stabilise
the simulation we are not completely sure of what the actual Reynolds’ number
is. The Strouhal number, the statistic often tracked to verify the simulation,
does not change much beyond a certain Reynolds’ number, so we need to
exercise caution when inferring too much from our results. In this current
volume, in [14], flow around a circular cylinder is examined. While this is a
physically less extreme problem, the implementation of boundary conditions
is more problematic. In this example we also see an increase in the range of
Reynolds’ numbers over which we can perform a simulation.

8.1 Shock Tube

A standard experiment for the testing of LBMs is the one-dimensional shock
tube problem. The lattice velocities used are v = (−1, 0, 1) therefore space
shifts of the velocities give lattice sites separated by the unit distance. We call
the populations associated with these velocities f−, f0, f+ respectively. 800
lattice sites are used and are initialised with the density distribution

ρ(x) =

{
1, 1 ≤ x ≤ 400,

0.5, 401 ≤ x ≤ 800.

Initially all velocities are set to zero. The polynomial equilibria mentioned
prior to Figure 5 are given in [25]:

f∗− =
ρ

6
(
1− 3u+ 3u2

)
,

f∗0 =
2ρ
3

(
1− 3u2

2

)
,

f∗+ =
ρ

6
(
1 + 3u+ 3u2

)
.

The entropic quasi-equilibria also used by the ELBM are available explicitly
as the maximum of the entropy function

S(f) = −f− log(f−)− f0 log(f0/4)− f+ log(f+) :
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f∗− =
ρ

6
(−3u− 1 + 2

√
1 + 3u2),

f∗0 =
2ρ
3

(2−
√

1 + 3u2),

f∗+ =
ρ

6
(3u− 1 + 2

√
1 + 3u2).

The governing equations for the simulation are

f−(x, t + τ) = f−(x+ 1, t)− αβ(f∗−(x+ 1, t)− f−(x+ 1, t)),
f0(x, t+ τ) = f0(x, t) + αβ(f∗0 (x, t) − f0(x, t)),
f+(x, t+ τ) = f+(x− 1, t) + αβ(f∗+(x− 1, t)− f+(x − 1, t)).

Here the parameter α is used for entropy control in order to perform a stable
simulation. For instance, in ELBM, α is chosen so that

S(f(x, t+ τ)) = S(f(x− 1, t) + α(f∗+(x− 1, t)− f+(x− 1, t))).

Then β = τ/(τ + 2μ) controls the viscosity introduced into the model so that
we simulate Navier-Stokes’s equations with parameter μ.

As we intimated above, if the non-equilibrium entropy is too high at a
single site x, i.e.

ΔiS(x) = |S(fi(x)) − S(Qfi(x))| > δ,
we filter the populations in the following way. Instead of being updated using
the standard BGK over-relaxation this single site is updated as follows:

f−(x, t+ 1) = f∗−(x+ 1, t) +
√
ΔSmed
ΔSx

(f−(x+ 1, t)− f∗−(x+ 1, t)),

f0(x, t+ 1) = f∗0 (x, t) +
√
ΔSmed
ΔSx

(f0(x, t)− f∗0 (x, t)),

f+(x, t+ 1) = f∗+(x− 1, t) +
√
ΔSmed
ΔSx

(f+(x− 1, t)− f∗+(x− 1, t)),

where

ΔiSmed = median {S(fj(x− τvj))− S(Qfj(x− τvj)) : j = −, 0,+}.
More generally, we might find the median value of ΔS over the set of nodes
which have free flight ending up at the node in question:

ΔiSmed = median {S(fi(x − τvj))− S(Qfi(x− τvj)) : j = 1, · · · , N}
(recall that 0 is one of the velocities).

We observe that median filtering applied at only one point has stabilised
the simulation very effectively. Of course, for very small viscosity the noise
behind the shock is more pronounced than for higher viscosity.
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Fig. 6. Density profile of the simulation of the shock tube problem following 400
time steps using (a) LBGK with entropic quasi-equilibria and one point median
filtering [μ = (1/3) · 10−1]; (b) LBGK with entropic quasi-equilibria and one point
median filtering [μ = 10−9].

8.2 Flow around a Square Cylinder

Our second test is the 2D unsteady flow around a square-cylinder. We use a
uniform 9-speed square lattice with discrete velocities

vi =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

0, i = 0,
(

cos
(
(i− 1)

π

2

)
, sin

(
(i− 1)

π

2

))
, i = 1, 2, 3, 4,

√
2
(

cos
(
(i− 5)

π

2
+
π

4

)
, sin

(
(i− 5)

π

2
+
π

4

))
, i = 5, 6, 7, 8.

The numbering f0, f1, . . . , f8 are for the static, east-, north-, west-, south-,
northeast-, northwest-, southwest- and southeast-moving populations, respec-
tively. The quasiequilibrium states, Qif , can be uniquely determined by max-
imising an entropy functional

S(f) = −
∑

i

fi log
( fi
Wi

)
,

subject to the constraints of conservation of mass and momentum:

Qifi = nWi

2∏

j=1

(
2−

√
1 + 3u2

j

)(2uj +
√

1 + 3u2
j

1− uj

)vi,j

Here, the lattice weights, Wi, are given lattice-specific constants: W0 = 4/9,
W1,2,3,4 = 1/9 and W5,6,7,8 = 1/36. The macroscopic variables are given by
the expressions

ρ :=
∑

i

fi, (u1, u2) :=
1
ρ

∑

i

vifi.
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We consider a square-cylinder of side length L, is emersed in a constant
flow in a rectangular channel of length 30L and height 25L. The cylinder
is place on the centre line in the y-direction. The centre of the cylinder is
placed at a distance 10.5L from the inlet. The free-stream velocity is fixed at
(u∞, v∞) = (0.05, 0) (in lattice units) for all simulations.

On the north and south channel walls a free-slip boundary condition is im-
posed (see, e.g., [25]). At the inlet, the inward pointing velocities are replaced
with their quasiequilibrium values corresponding to the free-stream velocity.
At the outlet, the inward pointing velocities are replaced with their associ-
ated quasiequilibrium values corresponding to the velocity and density of the
penultimate row of the lattice.

As a test of the Ehrenfests’ regularisation, a series of simulations were
performed for a range of Reynolds numbers

Re =
Lu∞
ν
.

We perform an Ehrenfests’ step at, at most, L/2 sites, where the nonequilib-
rium entropy Δi(S) > 10−3.

We are interested in computing the Strouhal–Reynolds relationship. The
Strouhal number S is a dimensionless measure of the vortex shedding fre-
quency in the wake of one side of the cylinder:

S =
Lω

u∞
,

where ω is the shedding frequency. For the precise details of how to compute
the shedding frequency see [7].

The computed Strouhal–Reynolds relationship using the Ehrenfests’ reg-
ularisation of LBGK is shown in Figure 7. The simulation compares well with
Okajima’s data from wind tunnel and water tank experiment [19]. The simula-
tion reported here extends previous LBM studies of this problem e.g. [2] which
have been able to quantitatively capture the relationship up to Re = O(1000).
Figure 7 also shows the ELBM simulation results from [2]. Furthermore, the
computational domain was fixed for all the present computations, with the
smallest value of the kinematic viscosity attained being ν = 5 × 10−5 at
Re = 20000. It is worth mentioning that, for this characteristic length, LBGK
exhibits numerical divergence at around Re = 1000. We estimate that, for the
present set up, the computational domain would require at least O(107) lat-
tice sites for the kinematic viscosity to be large enough for LBGK to converge
at Re = 20000. This is compared with O(105) sites for the present simulation.

9 Conclusions

The purpose of this paper is to try to establish the lattice Boltzmann method
as a computational model for fluid flow. When the flow is nice in some sense
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Fig. 7. Variation of Strouhal number as a function of Reynolds. Dots are Okajima’s
experimental data [19] (the data has been digitally extracted from the original pa-
per). Diamonds are the Ehrenfests’ regularisation of LBGK and the squares are the
ELBM simulation from [2].

LBM is close to the Navier-Stokes’ model, but when the flow is unpleasant
in the sense that there is large production of nonequilibrium entropy, then
these two models will diverge. We would not like to guess at which is the best
model in these circumstances. What the LBM allows us to do is to introduce
artificial viscosity into the model in a very precise way and computationally
efficient way, unlike stabilisation methods used by finite element and finite
volume practitioners. Our numerical experiments have allowed us to simulate
fluid flow up to high Reynolds’ number. Of course, we do not know what
the effective Reynolds’ number of the flow really is once we have introduced
significant amounts of artificial viscosity, but we are pleased that we can pro-
duce stable simulation and observe reasonable statistics in regimes where we
believe other methods struggle to work at all. We look forward to the LMB
being adopted by numerical analysis along side the more traditional methods,
and suggest that it is a very promising method for the simulation of fluid flow
in three dimensions at high Reynolds’ number.
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Summary. Approximating a given probability measure by a sequence of normal-
ized counting measures is an interesting problem and has broad applications in many
areas of mathematics and engineering. If the target measure is the uniform distri-
bution on a manifold then such approximation gives rise to the theory of uniform
distribution of point sets and the corresponding discrepancy estimates. If the target
measure is the equilibrium measure on a manifold, then such approximation leads
to the minimization of certain energy functionals, which have applications in dis-
cretization of manifolds, best possible site selection for polynomial interpolation and
Monte Carlo method, among others. Traditionally, polynomials are the major tool
in this arena, as have been demonstrated in the celebrated Weyl’s criterion, Erdős-
Turán inequalities. Recently, the novel approach of employing radial basis functions
(RBFs) has been successful, especially in higher dimensional manifolds. In its gen-
eral methodology, RBFs provide an efficient vehicle that allows a certain type of
linear translation operators to act in various function spaces, including reproducing
kernel Hilbert spaces (RKHS) associated with RBFs. This approach is crucial in
the establishment of the LeVeque type inequalities that are capable of giving dis-
crepancy estimates for some minimal energy configurations. We provide an overview
of the recent developments outlined above. In the final section we show that many
results on the sphere can be generalised to other compact homogeneous manifolds.
We also propose a few research topics for future investigation in this area.

1 Introduction

Let M be a d-dimensional manifold embedded in R
m (m ≥ d). Let a proba-

bility measure ν be given on M . Let N ∈ N\ {1}. We are interested in finding
a set of N distinct points x1, . . . , xN in M such that the normalized counting
measure

σN :=
1
N

N∑

j=1

δxj (1)

approximates ν well according to a given criterion which will be specified later.
Here δxj denotes the unit mass at the point xj . Note that we have eliminated
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the interesting (but trivial) case N = 1, in which the unit mass δx1 at the
center of gravity x1 (may or may not be in M) of the measure ν is often the
undisputable choice.

Lets first consider the simple example in which we are approximating the
uniform distribution μ on the interval [0, 1). Note that the density function of
μ is the constant function: t �→ 1, t ∈ [0, 1). Let a triangular array

{xN,1, . . . , xN,N}∞N=2

be given. We say that the set {xN,1, . . . , xN,N} is uniformly distributed in
[0, 1) (as n→∞) if for each fixed 0 < x < 1, we have

lim
N→∞

1
N

#{xN,j : j = 1, . . . , N, xN,j ∈ [0, x)} = x.

We remark that the above limit is equivalent to the following:

lim
N→∞

1
N

N∑

j=1

χ[0,x)(xN,j) =
∫ 1

0

χ[0,x)(t)dt = x,

where χ[0,x) is the indicator function of the interval [0, x). The collection of
the indicator functions {χ[0,x) : x ∈ [0, 1)} plays an important role here.
They provide a testing ground for the approximation of the uniform distribu-
tion by a sequence of normalized counting measures. In his study of uniform
distribution of points, Weyl [47] used trigonometrical polynomials to approx-
imate these indicator functions, and obtained the celebrated Weyl’s criterion
that asserts that the set {xN,1, . . . , xN,N} is uniformly distributed in [0, 1) (as
n→∞) if and only if for each integer k, k 
= 0, we have

lim
N→∞

1
N

N∑

j=1

e2πikxN,j = 0.

Weyl’s criterion can be considered as a qualitative characterization of uniform
distribution of point sets. To measure uniform distribution of point sets in
a quantitative way, one needs the notion of “discrepancy”. There are many
different (but similar) ways of defining discrepancy. For the time being, we use
the so called “star” discrepancy D∗(N)(σ1, σ2) between the two probability
measures σ1, σ2 on the interval [0, 1) defined by

D∗(σ1, σ2) := sup
x∈[0,1)

∣∣∣∣
∫ 1

0

χ[0,x)(t)(dσ1(t)− dσ2(t))
∣∣∣∣ .

The star discrepancy D∗(N)(σN , μ) will be simply denoted by D∗(N).
Erdős and Turán [11] refined Weyl’s trigonometrical polynomial approxi-

mation scheme and proved the following theorem that has since been called
the Erdős-Turán Inequality:
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Theorem 1. For each x ∈ [0, 1). There exist trigonometrical polynomials T−

and T+ of degree at most K such that

T−(t) ≤ χ[0,x)(t) ≤ T+(t), t ∈ [0, 1];
∫ 1

0

T±(t)dt = x+O(K−1). (2)

Therefore the following inequality holds true:

D∗(N) � 1
K

+
1
N

K∑

k=1

1
k

∣∣∣∣∣∣

N∑

j=1

e2πikxj

∣∣∣∣∣∣
. (3)

Here we have employed Vinogradov’s � notation, more precisely, that f � g
is equivalent to f = O(g). Making a connection to the “large sieve method”
in number theory, Beurling, Selberg, Vaaler (see [24]) obtained the optimal
majorizing and minorizing trigonometrical polynomials for the function χ[0,x),
and found a sharp constant in the Erdős-Turán Inequality. An episode of beau-
tiful classical analysis and its broad applications notwithstanding, the above
development shows that trigonometrical polynomials can be used to “con-
quer” all the indicator functions, and therefore can be used as test functions
for the approximation of measures.

With the choice xN,j = j/N (j = 0, 1, . . . , (N − 1)/N), the normalized
counting measure σN as in the form of Equation 1 provides an excellent ap-
proximation to the uniform distribution μ on [0, 1). In fact, a simple applica-
tion of the Erdős and Turán Inequality shows that

D∗(N) � N−1.

The classical Koskma [17] Theorem then asserts that for every continuous
function f on [0, 1], we have

∣∣∣∣∣∣
1
N

N∑

j=1

f(xN,j)−
∫ 1

0

f(t)dt

∣∣∣∣∣∣
≤ ωf (N−1),

where ωf denotes the modulus of continuity of f .
The focus of the above discussion is how to select N distinct points so

that D∗(N) is minimized, and the conclusion is that equally spaced points
give the best (or near best) result. Consider now a different problem in which
one wants to select N points from [−1, 1] as sites for polynomial interpolation.
If one makes the choice of the N equally spaced points:

xN,j = −1 +
2j
N
, j = 0, 1, . . . , N − 1,

then Rouge [33] showed that the Lebesgue constant (the norm in C([−1, 1])
of the polynomial interpolation operator) grows exponentially with N . Thus,
they should be avoided. To seek good polynomial interpolation sites on which
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the Lebesgue constant is relatively small, we choose to take a “lifting” ap-
proach and work on the unit circle. Assume that we are given (N + 1) points
in [−1, 1]:

−1 ≤ x1 < x2 < · · · < xN ≤ 1.

Consider the mapping
x = cos t (4)

of the interval [−1, 1] on to the upper semi-circle parameterized by the angular
variable t, 0 ≤ t ≤ π. The map transforms a function F (x) defined on the
interval −1 ≤ x ≤ 1 into the function

f(t) := F (cos t),

and the points x0, x1, . . . , xN into points t0, t1, . . . , tN , in which

xj = cos tj (0 ≤ j ≤ N).

The polynomial PN (x) interpolating F (x) at the points x0, x1, . . . , xN be-
comes PN (cos t) that interpolates f(t) at the points t0, t1, . . . , tN .

Conversely, let f(t) be a function defined on the upper semi-circle 0 ≤
t ≤ π. Suppose that 0 ≤ t0 < t1 < · · · < tN ≤ π and that CN (t) is a cosine
polynomial, that is, an element of the linear span of the (N + 1) functions

1, cos t, . . . , cosNt,

that interpolates f(t) at the points t0, t1, t2, . . . , tN . Observe that coskt can
be written as a polynomial of degree k in cos t. Therefore the transformation
as in Equation 4 carries CN (t) into a polynomial PN (x) that interpolates F (x)
at the points x0, x1, x2, . . . , xN .

Hence, interpolating at the points t0, t1, t2, . . . , tN by a cosine polynomial
is equivalent to interpolating at the points x0, x1, x2, . . . , xN by a polynomial.

Let
t
(N)
j :=

2πj
2N + 1

, j = 0, 1, . . . , N.

If no confusion is likely to occur, we will simply denote t(N)
j by tj . Consider

the Dirichlet kernel DN , i.e.,

DN(t) :=
N∑

k=−N
eikt =

sin(N + 1
2 )t

sin t
2

.

It is easy to see that
1

2N + 1
DN (tj) = δ0,j .

Thus 1
2N+1DN(t−tj) is a cosine polynomial of orderN , and is the fundamental

Lagrange function for tj with which we can write the interpolating cosine
polynomial IN (f, t) in the following form:



Approximating Probability Measures 155

IN (f, t) :=
1

2N + 1

N∑

j=0

f(tj)DN (t− tj).

This is a linear operator sending a continuous function f(t) on the upper
semi-circle to a cosine polynomial of degree N or less. The operator norm of
IN (f, t) can be estimated as follows.

max
0≤t≤π

|IN (f, t)|

≤ 1
2N + 1

max
0≤t≤π

|f(t)|
N∑

j=0

|DN (t− tj)|

≤ C max
0≤t≤π

|f(t)| logN,

where C is a positive constant independent of f and N . This shows that if we
choose

xj = cos
2πj

2N + 1
, j = 0, 1, . . . , N,

as sites for interpolation, then the corresponding Lebesgue constant is of the
order logN , which is the optimal order. Note that with the xj chosen as above,
the normalized counting measure

1
N

N∑

j=0

δxj ,

provides an excellent approximation to the “arcsine” distribution with the
density function (

π
√

1− x2
)−1

.

In both examples, the central question is how to select a large number
of points so that the resulted normalized counting measure approximates a
certain continuous probability measure well. In the first example, the target
measure is the uniform distribution on the interval [0, 1]. In the second ex-
ample, the target measure is the arcsine distribution on the interval [−1, 1].
These measures are some special equilibrium measures; see [20].

Turning our attention to higher dimensional manifolds, we immediately
find ourself confronting a much more daunting problem: effectively selecting
a large number of points has become much less tractable. We also find that
it is no longer efficient to use polynomials as test functions for the simple
reason that the dimension of the polynomial space needed grows too fast with
the increase of the dimension of the manifold. This difficulty calls for the use
of radial basis functions (RBF’s). The d−dimensional sphere S

d embedded in
R
d+1 is considered by many to be the canonical choice of d−dimensional man-

ifolds. Being important for its own sake, S
d can also be used as a springboard
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to derive results on other manifolds, and we deal with a class of these in the
final section of the paper. In the second example above, we first carried out
the interpolation on the unit circle, and then used the cosine transform to
obtain interpolation result on the interval [−1, 1]. As is well known, the equi-
librium measure on S1 is the uniform probability measure. Furthermore, the
equilibrium measure on the interval [−1, 1] can be obtained from the uniform
probability measure on S1 by the transform as in Equation 4. Further study
shows that many useful equilibrium measures are the results of “transforming”
(in various ways) the uniform probability measures on S

d onto the underlying
manifolds. If we can approximate the uniform probability measures on S

d,
then the approximation of many other useful equilibrium measures is just a
“change of variable” away.

The current paper is arranged as follows. In Section 2, we describe a new
approach that features radial basis functions (RBFs) as test functions. The
key idea is to use a certain type of “translation” operators in various func-
tion spaces to study uniform distribution of points in S

d. In particular, we
find that the translation operators work very well in the native space Nφ of
a strictly positive definite (SPD) function φ; see [7, 32, 48]. In Section 3, we
give a brief account of what the traditional approach (using polynomials) has
achieved. This is showcased by the Erdős-Turán Inequality on S

d established
by Grabner [13], and Li and Vaaler [23], respectively. In Section 4, we present
the fruition of the new approach outlined in Section 2, which will culminate
in the establishment of LeVeque type inequality on S

d(d ≥ 2). We will also
show the advantage of LeVeque type inequality in determining the discrep-
ancy of certain normalized counting measures obtained by minimizing some
discrete energy functionals. In Section 5, we demonstrate, in the native space
setting, how equilibrium measures can be efficiently approximated by normal-
ized counting measures supported on minimal energy configuration and its
application to quadrature rules. In Section 6 we generalize some of the results
from the earlier sections on more abstract manifolds, the compact homoge-
neous spaces. We have not yet specialized these results to, for instance, the
projective spaces, in which case we could get more quantitative estimates, but
this is one of the directions of our future research.

2 The New Approach

To make the presentation more accessible, we need to start with a brief intro-
duction of Fourier analysis on spheres. There are many standard references in
the mathematical literature addressing Fourier analysis on S

d that are famil-
iar to analysts, applied mathematicians, and theoretical statisticians. Here we
recommend [25] and [37]. We will let L2(Sd) be the Hilbert space equipped
with the inner product

〈f, g〉 :=
∫

Sd

f(x)g(x)dσ(x),
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where σ is the uniform probability measure on S
d. The Y�,m’s will be taken

to be the usual orthonormal basis of spherical harmonics [25], which we may
assume to be real. For � fixed, these span the eigenspace of the Laplace-
Beltrami operator on S

d corresponding to the eigenvalue λ� = �(� + d − 1).
Here,m = 1, . . . , q�, where q� is the dimension of the eigenspace corresponding
to λ� and is given by [25, p. 4]

q� =

⎧
⎪⎨

⎪⎩

1, � = 0,

(2�+ d− 1)Γ (�+ d− 1)
Γ (�+ 1)Γ (d)

, � ≥ 1 .

Legendre Polynomials and the Addition Formula. Let P d� denote the
degree-� Legendre polynomials in (d + 1) dimensions, which is the nota-
tion used by Grabner in [13]; Müller [25] denotes them by P�(d + 1; x).
The Legendre polynomials are related to the Gegenbauer polynomials via

P d� (x) = C
d−1
2

� (x)/C
d−1
2

� (1), and to Jacobi polynomials via

P d� (x) =
P

( d−2
2 , d−2

2 )

� (x)

P
( d−2

2 , d−2
2 )

� (1)
=
Γ (�+ d/2)
�!Γ (d/2)

P
( d−2

2 , d−2
2 )

� (x)

In this notation, the addition formula for spherical harmonics is the fol-
lowing:

q�∑

m=1

Y�,m(x)Y�,m(y) = q�P
d
� (x · y).

On S
1, we may use the angular variable u and adapt the following orthonormal

system:
1,
√

2 cosu,
√

2 sinu,
√

2 cos 2u,
√

2 sin 2u, . . . .

The addition formula on S
1 is simply cos �(u−v) = cos �u cos �v+sin �u sin �v.

As an easy consequence of the Addition Formula, we have the following useful
inequality:

q�∑

m=1

|Y�,m(x)Y�,m(y)| ≤
q�∑

m=1

Y 2
�,m(x) = q�.

Funk-Hecke Formula. Suppose g(t) ∈ L2[−1, 1]. For each nonnegative in-
teger �, let

g̃(�) :=
ωd−1

ωd

∫ 1

−1

g(t)P d� (t)(1 − t2) d−2
2 dt.

Then for every spherical harmonic Y�,m, we have
∫

Sd

g(x · y)Y�,m(y)dσ(y) = g̃(�)Y�,m(x).

For a fixed x ∈ S
d, and 0 < r < 2, let C(x, r) := {y : |y − x| ≤ r}, where

|y−x| denotes the Euclidean distance between x and y. We will call C(x, r) a
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spherical cap centered at x and having radius r, or just a spherical cap when
the center and radius are not important in the context.

Definition 1. For each N ≥ 1, let {xN,1, . . . , xN,N} be a set of N points
in S

d. The collection {xN,1, . . . , xN,N}∞N=1 is a triangular array. It is called
“uniformly distributed in S

d” if for each spherical cap C(x, r), we have

lim
N→∞

#{xN,j : xN,j ∈ C(x, r)}
N

= σ(C(x, r)).

We will also say, with a tint of ambiguity, that the points xN,1, . . . , xN,N are
uniformly distributed in S

d. The following theorem is known as the spherical
version of Weyl’s criterion; see [19].

Theorem 2. Let {xN,1, . . . , xN,N}∞N=1 be a triangular array of points in S
d.

Then the following three statements are equivalent:

1. The points xN,1, . . . , xN,N are uniformly distributed in S
d.

2. For each fixed integer � ≥ 1, and each fixed m, 1 ≤ m ≤ q�, we have

lim
N→∞

1
N

N∑

j=1

Y�,m(xN,j) = 0.

3. For every continuous function f on S
d, we have

lim
N→∞

1
N

N∑

j=1

f(xN,j) =
∫

Sd

f(x)dσ(x).

Part 3 of the Weyl’s criterion states that the points xN,1, . . . , xN,N are
uniformly distributed in S

d if and only if the sequence of normalized counting
measures σN converges to the measure σ in the weak star topology. Quanti-
tative estimates of the weak star convergence are possible by restricting the
measures to suitable subsets of functions. Let P1 and P2 be two probabil-
ity measures on S

d. The “spherical cap discrepancy”, or simply discrepancy,
between P1 and P2 is defined by

D(P1, P2) := sup
C(x,r)

|P1(C(x, r)) − P2(C(x, r))|,

where the supremum is taken over all spherical caps C(x, r). The discrepancy
between a probability measure P and σ will be referred to as the discrepancy
of P . The discrepancy of a normalized counting measure will be denoted by
D(N). Literature abounds in discrepancy estimates. This is an important
topic in analytic number theory [24] and in Monte Carlo and quasi-Monte
Carlo methods [30]. Generally speaking, point sets with small discrepancy
yield small errors in quasi-Monte Carlo integration [30, p. 21]. As a result,
tremendous effort has been devoted to the searching for sequences that enjoy
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low discrepancy; see [9]. We will first summarize a general method that uses
RBFs to study uniform distribution of points and discrepancy (Theorem 3).
In Sections 4 and 5, we will illustrate how the method can be used to show
that certain point sets generated in some deterministic ways (for example, the
minimal energy points associated with an SPD function) have low discrepancy.

We can think of the discrepancy as an upper bound estimate for the conver-
gence of measures σN to the measure σ in the uniform topology with respect
to the set of all the indicator functions of spherical caps. These indicator func-
tions can be regarded as certain “test functions”. This observation leads us
to view discrepancy from a new angle.

Let CV (Sd) denote the class of kernels of the form:

φ(x · y) :=
∞∑

�=0

φ̂(�)
q�∑

m=1

Y�,m(x)Y�,m(y),

in which x ·y denotes the Euclidean inner product of x and y, and the Fourier-
Legendre coefficients φ̂(�) are defined by3

φ̂(�) =
∫

Sd

φ(x · y)Y�,m(x)dσ(x),

and are required to satisfy:

|φ̂(�)| > 0, and
∞∑

�=0

|φ̂(�)| q� <∞.

Each function inCV (Sd) is continuous on S
d×S

d, and the rotational invariance
has earned them the name “zonal kernels”. Each φ ∈ CV (Sd) generates the
so called native space Nφ of φ defined by

Nφ :=

{
f ∈ L2(Sd) :

∞∑

�=0

|φ̂(�)|−1

q�∑

m=1

f̂2
�,m <∞

}
.

Here f̂�,m =
∫

Sd

f(x)Y�,m(x)dσ(x). Note that Nφ is a Reproducing Kernel

Hilbert Space (RKHS) with inner product 〈f, g〉φ, defined by

〈f, g〉φ =
∞∑

�=0

|φ̂(�)|−1

q�∑

m=1

f̂�,mĝ�,m, f, g ∈ Nφ

and the reproducing kernel (or Mercer kernel) being φ∗, defined by

φ∗(x · y) =
∞∑

�=0

|φ̂(�)|
q�∑

m=1

Y�,m(x)Y�,m(y), (x, y) ∈ S
d × S

d.

3 By Funk-Hecke formula, the definition of φ̂(�) does not depend on m and y.
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For a given triangular array {xN,1, . . . , xN,N}∞N=1 in S
d and a given φ ∈

CV (Sd), define the sequence of functions Tφ,N by

Tφ,N(x) :=
1
N

N∑

j=1

φ(x · xN,j), x ∈ S
d.

Let Aφ :=
∫

Sd

φ(x · y)dσ(y). Note that, since σ is rotation invariant, Aφ is a

constant not depending on x.
The following theorem shows how translation operators can be related to

uniform distribution of point sets.

Theorem 3. Let φ ∈ CV (Sd). Then we have the following equivalent state-
ments:

1. The triangular array {xN,1, . . . , xN,N}∞N=1 are uniformly distributed in S
d.

2. The following limit holds true: lim
N→∞

‖Tφ,N −Aφ‖Nφ
= 0.

3. For every fixed p, 0 < p ≤ ∞, we have lim
N→∞

‖Tφ,N −Aφ‖p = 0.

4. The following limit holds true:

lim
N→∞

∞∑

�=1

|φ̂(�)|2
q�∑

m=1

⎛

⎝ 1
N

N∑

j=1

Y�,m(xN,j)

⎞

⎠
2

= 0.

We first remind readers that the range for p in Part 3, p > 0 is not a typo.
As a matter of fact, we can use p in the range 0 < p < 1 to study minimal
energy configurations associated with the Riesz s-kernels; see Hardin and Saff
[14, 15, 18] and the references therein. This provides an interesting and yet
challenging future research project. Most parts of the above theorem were
proved in [40]. A full proof can be carried out with a minor modification of
the proof given in [40].

Note that Parseval identity implies that

‖Tφ,N −Aφ‖2
2 =

∞∑

�=1

|φ̂(�)|2
q�∑

m=1

⎛

⎝ 1
N

N∑

j=1

Y�,m(xN,j)

⎞

⎠
2

.

Therefore, Part 4 follows from Part 3 in a trivial way. Some parts of the
theorem can be generalized in useful ways. For example, we can show that
uniform distribution of points is equivalent to the pertinent sequence of linear
operators defined on various Banach spaces converging weakly to zero.

Theorem 3 and some of its corollaries have given us an in-depth under-
standing of uniform distribution of points, and have provided us with new
tools in dealing with discrepancy. Furthermore, Theorem 3 shows that various
norms of the function (Tφ,N −Aφ) can be used to quantify uniform distribu-
tion of points. The connection between Theorem 3 and (spherical) radial basis
functions is self-evident; see [6, 26, 27, 29].
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3 Erdős-Turán Type Inequalities

A natural question to ask is: Can we find a function φ ∈ CV (Sd) so that there
exist a g ∈ Nφ or a sequence gn ∈ Nφ, such that

‖Tg,N −Ag‖∞ = D(N) or lim
n→∞

‖Tgn,N −Agn‖∞ = D(N)

for each fixed N?
On S

1 (or R/Z), let ς(t) be the saw-tooth function defined by

ς(t) =

{
t− �t� − 1/2, t 
= 0,±1,±2, . . . ,

0, t = 0,±1,±2, . . . .

Montgomery [24] showed that the discrepancy D(N) on R/Z satisfies the
following inequality (noting that Aς = 0):

‖Tς,N‖∞ ≤ D(N) ≤ 2‖Tς,N‖∞.
On S

d (d > 1), similar (albeit less precise) inequalities were implicit in Li
and Vaaler [23]. These inequalities serve as the main impetus for the proof of
several optimal Erdős-Turán type inequalities; see [24, 41, 42]. Note that ς /∈
CV (S1). Therefore, an optimal φ ∈ CV (S1) is selected, and some intricately
designed extremal functions from Nφ are used as “sieves”. In obtaining the
optimal Erdös-Turán inequality on S

1, a pair of Selberg polynomials T± (built
from Vaaler polynomials; see [24]) are used so that

T−(t) ≤ ς(t) ≤ T+(t),

for all t, and ∫

S1

[
T+(t)− T−(t)

]
dσ(t)

is as small as possible.
Using a similar approach, Grabner [13], and Li and Vaaler [23] indepen-

dently established the Erdös-Turán type inequality on S
d. Here we cite the

version given by Li and Vaaler.

D(N) ≤ 2
√
πΓ

(
d+1
2

)

Γ (d2 )
K−1

+
K−1∑

�=1

√
(d+ 1)2d−1Γ

(
d+ 1

2

)(√
2d−2

�
√
π

+
2
K

)
q�∑

m=1

1
N

∣∣∣∣∣∣

N∑

j=1

Y�,m(xN,j)

∣∣∣∣∣∣
,

for every positive integer K.
The above inequality is quite useful, especially on low dimensional spheres.

Brauchart [5] used the above theorem to show that the minimal logarithmic
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energy points on spheres are uniformly distributed. However, the optimality
of the above inequality is difficult to determine for d > 1. As dimensions
of spheres increase, the dimensions of polynomial spaces grow very rapidly.
Thus, the above theorem suffers from “the curse of dimensionality”. In the
next section, we will present an alternative: the LeVeque [21] type inequality
on S

d.

4 LeVeque Type Inequalities

In 1965, a little more than a decade after the advent of the Erdős-Turán
inequality [11], LeVeque [21] established the inequality below on S

1:

D∗(N) ≤

⎡

⎢⎣
6
π2

∞∑

�=1

�−2

∣∣∣∣∣∣
1
N

N∑

j=1

ei�xj

∣∣∣∣∣∣

2
⎤

⎥⎦

1/3

. (5)

As one reads along, one finds that this bound has in it an implicit RBF
element. The bound is different in nature from the Erdős-Turán bound as in
Inequality (3), and so is the method LeVeque employed to prove it. LeVeque
[21] also elaborated the sharpness of his inequality as follows. Let x1 = x2 =
· · · = xN = 0. Then it is easy to see that the star discrepancy D∗(N) for the
point set {x1, x2, · · · , xN} is 1. Using Euler’s formula:

∞∑

�=1

�−2 =
π2

6
,

we see that the right hand side of Inequality (5) is also 1. From this simple
example, LeVeque concluded that the constant 6

π2 is best possible. To show
that the exponent 1/3 is also best possible, LeVeque constructed a uniformly
distributed sequence {xn}∞n=1 for which the star discrepancy D∗(N) satisfies,
for any given ε > 0,

D∗(N) >

⎡

⎢⎣
(

3
2π2

− ε
) ∞∑

�=1

�−2

∣∣∣∣∣∣
1
N

N∑

j=1

ei�xj

∣∣∣∣∣∣

2
⎤

⎥⎦

1/3

,

for infinitely many N .
Recently, Narcowich, Sun, Ward, and Wu [28] proved the following

LeVeque-type inequality for D(N) on S
d.

Theorem 4. Let x1, x2, · · · , xN be N points in S
d (not necessarily distinct).

Then the discrepancy D(N) of the point set {x1, x2, · · · , xN} satisfies the
following estimate:
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D(N) ≤ A(d)

⎡

⎢⎣
∞∑

�=1

�−(d+1)

q�∑

m=1

⎛

⎝ 1
N

N∑

j=1

Y�,m(xj)

⎞

⎠
2
⎤

⎥⎦

1
d+2

, (6)

where the constant A(d) is given by

A(d) := c1(d) (c2(d))
− 1

d+2 (c3(d))
2

d+2 ,

and where

c1(d) :=

[(
2
d

) 2
d+2

+
(

2
d

)− d
d+2

](
Γ (d+1

2 )
Γ (d2 )

√
π

) d−1
d+2

,

c2(d) := inf
0<h<π

h−d

(∫ h

0

sind−1 θdθ

)
,

and

c3(d) := inf{C : sup
0<r<π

∣∣∣∣
∫

C(x,r)

P d� (x · y)dσ(y)
∣∣∣∣ ≤ C�−

d+1
2 for all � ≥ 1}.

The two constants c2(d), c3(d) expressed as above do not seem readily
serviceable. Therefore, the authors of [28] devoted some efforts developing
bounds for them. It is easy to see that c2(1) = 1, and c2(d) > 1/d for d = 2, 3.
A crude but also convenient lower bound for c2(d) was obtained in [28] by
using the inequality

sin θ > (2/π)θ, 0 < θ < π/2.

Let h′ := min(h, π/2). Then for 0 < h < π, we have h′ ≥ (1/2)h. It follows
that

c2(d) ≥ h−d
∫ h′

0

sind−1 θdθ

≥ h−d
∫ h′

0

((2/π)θ)d−1
dθ

= (2/π)d−1
h−d (h′)d/d

= (2d)−1 (π)−(d−1)
.

A closed form of the constant c3(d) is known for some small d; see [13]. In
particular, an easy calculation shows that c3(1) = 1/π for all � ≥ 1. An upper
bound estimate for c3(d) is also given in [28] as:

c3(d) ≤ 2d−
3
2Γ ((d+ 1)/2)√

π
.
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For the d = 1 case, these constants can be easily calculated. We have
c1(1) = 22/3 + 2−1/3 = 3 · 2−1/3, c2(1) = 1, and c3(1) = 1/π, hence

A(1) = 3 · 2−1/3(1/π)2/3.

With the normalization dictated by the probability measure, the real d = 1
spherical harmonics Y�,m (� ≥ 1) have the form

√
2 sin(�θ),

√
2 cos(�θ).

Taking this into account in converting from the form in (6) to one with com-
plex exponentials and using the value of A(1) found above, the authors of [28]
have the following estimate derived from Theorem 4:

D(N) ≤

⎡

⎢⎣
27
π2

∞∑

�=1

�−2

∣∣∣∣∣∣
1
N

N∑

j=1

ei�xj

∣∣∣∣∣∣

2
⎤

⎥⎦

1/3

.

LeVeque’s original inequality (5) is forD∗(N). To compare it to the one above,
which is for D(N), one uses the simple inequality D(N) ≤ 2D∗(N) to get

D(N) ≤ 2D∗(N) ≤

⎡

⎢⎣
48
π2

∞∑

�=1

�−2

∣∣∣∣∣∣
1
N

N∑

j=1

ei�xj

∣∣∣∣∣∣

2
⎤

⎥⎦

1/3

.

This underscores that the constant obtained from Theorem 4 is comparable
to LeVeque’s for the case d = 1.

In the proof of Theorem 4, compactly supported “spherical basis func-
tions” [29] are used as majorants and minorants for the indicator functions
of spherical caps. The size of the supports of the spherical basis functions is
first made as a free parameter. At a later stage of the proof, an optimization
procedure on the parameter is applied to get the desired inequality. Read-
ers may find it worth comparing the proof to those of the Erdős-Turán type
inequalities (see [13, 23]) in which trigonometrical polynomials are employed
as majorants and minorants of the indicator functions of spherical caps. In
proving Inequality (5) on S

1, LeVeque relied on the fact that the measures
QN can be identified with a step function. However, this is no longer valid on
S
d for d > 1.

The superiority of the Erdős-Turán type inequalities on S
1 is evident in

spite of the sharpness in various senses of Inequality (5) as demonstrated by
LeVeque himself. Using the Erdős-Turán inequality on S

1 and the Cauchy-
Schwarz Inequality, Montgomery [24, p. 9] derived the LeVeque inequality
(with a larger constant). Montgomery also discussed several sequences for
which the Erdős-Turán inequality gives sharper discrepancy estimates than
LeVeque’s inequality. This may have explained why LeVeque’s inequality has
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been in a sort of obscurity since its birth in 1965. Montgomery’s derivation of
LeVeque’s inequality (using the Erdős-Turán inequality) naturally motivates
one to perform a similar act on S

d: deriving Inequality (6) using the Erdős-
Turán type inequality already established on S

d (d > 1) by Grabner [13], and
Li and Vaaler [23]. However, such a maneuver does not seem to be capable of
producing the desired result. In Section 5, we will demonstrate that Inequal-
ity (6) yields optimal discrepancy estimates for normalized counting measures
associated with certain minimal energy configurations. The likelihood of ob-
taining comparable estimates by using the Erdős-Turán type inequality on
S
d (d > 1) does not seem promising.

Let {x1, . . . , xN} be a subset of S
1. Su [38] proved the following lower

bound for the discrepancy of the normalized counting measure supported on
{x1, . . . , xN}:

D(N) ≥

⎡

⎢⎣
2
π2

∞∑

�=1

�−2

∣∣∣∣∣∣
1
N

N∑

j=1

ei�xj

∣∣∣∣∣∣

2
⎤

⎥⎦

1/2

. (7)

Su [38] also showed that both the order and the constant are sharp. He ap-
plied this inequality in the study of random walks [38] and [39]. Making use
of Stolarsky’s invariance principle [36], the authors of [28] have proved the
following:

Theorem 5. Let x1, x2, · · · , xN be N points (not necessarily distinct) on
S
d (d ≥ 2). Then the discrepancy D(N) of the point set {x1, x2, · · · , xN} sat-

isfies the following estimate:

D(N) ≥

⎡

⎢⎣
2d−3Γ 2((d+ 1)/2)

π

∞∑

�=1

Γ (�− 1/2)
Γ (�+ d+ 1/2)

q�∑

m=1

⎛

⎝1
N

N∑

j=1

Y�,m(xj)

⎞

⎠
2
⎤

⎥⎦

1/2

.

(8)

The formula Γ (x + 1) = xΓ (x) can be utilized to reduce the expansion
coefficients as follows.

Γ (�− 1/2)
Γ (�+ d+ 1/2)

=
1

(�+ d− 1/2)(�+ d− 1− 1/2)(�+ d− 2− 1/2) · · · (�− 1/2)

≈ �−(d+1). (9)

In the case d = 1, the spherical harmonics of degree (≥ 1) are of the form:
√

2 sin �u,
√

2 cos �u, � ≥ 1.

Therefore, Inequality (8) can be rewritten as:
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D(N) ≥

⎡

⎢⎣
1
2π

∞∑

�=1

1
�2 − 1/4

∞∑

�=1

⎛

⎝ 1
N

N∑

j=1

ei�xj

⎞

⎠
2
⎤

⎥⎦

1/2

.

Both the expansion coefficients and the constant are on par with those of
Inequality (7).

The best constants in the LeVeque type inequalities carry important geo-
metrical information, as has been shown by LeVeque [21] and Su [38] in the
case d = 1. As a result, some efforts are warranted to pursue them for the
cases d > 1. In particular, it may be interesting to determine whether or not
the constants obtained in Theorems 4 and 5 are best possible. We caution
that such an undertaking seems to be rather difficult.

5 Applications of LeVeque Type Inequalities

For a real number α > 0, we define the nonnegative integer kα by

kα := �α+ 2
2

�,

and consider the function Tα defined for x ∈ R
d+1 \ {0},

Tα(x) =

⎧
⎨

⎩
(−1)kα |x|α, α/2 /∈ N,

(−1)kα |x|α log |x|, α/2 ∈ N.
(10)

The function Tα is an order kα conditionally positive definite function; see
[12]. The function has a simple distributional Fourier transform ([12]):

ξ �→ (−1)kα2α+d+1π
d+1
2
Γ
(
α+d+1

2

)

Γ
(−α

2

) |ξ|−(α+d+1), ξ ∈ R
d+1 \ {0}. (11)

The usefulness of these functions (especially for α in the range 0 < α < 2)
has been exhibited in many areas, including scattered data interpolation on
spheres and other Riemannian manifolds [10], distance geometry and embed-
ding theory [34], minimal energy and uniform distribution of points on spheres
[36, 43, 44, 45]. In the current context, we use these functions to estimate the
discrepancies of normalized counting measures on spheres. To proceed, we
need to expand the kernels

(x, y) �→ Tα(x− y), (x, y) ∈ S
d × S

d,

in spherical harmonics. We remark that such expansion formulas are already
available in the literature. In fact, Pólya and Szegő [31] formulated the expan-
sion for the cases 0 < α < 2 as early as in 1931 in their study of transfinite
diameters. Baxter and Hubbert [1] developed expansions based on integrals



Approximating Probability Measures 167

involving Gegenbauer polynomials. In what follows, we assume that α is not a
positive even integer. In [26], a simple method of using Equation (11), Propo-
sition 3.1 in [26] (see also [6]), and Formula (2) in Watson [46, Section 13.41]
yields that for � ≥ kα,

T̂α(�) = (−1)kα2α+d+1π
d+1
2 ω−1

d

Γ
(

α+d+1
2

)

Γ
(−α

2

)
∫ ∞

0

t−(d+α)J2
ν (t)dt

= (−1)kα2α+d+1π
d+1
2 ω−1

d

Γ
(

α+d+1
2

)

Γ
(−α

2

) Γ (d+ α)Γ (�− α/2)

2d+αΓ 2((d+ α+ 1)/2)Γ (�+ d+ α/2)

= (−1)kα
Γ (d+ α)Γ ((d+ 1)/2)Γ (�− α/2)

Γ
(−α

2

)
Γ ((d+ α+ 1)/2)Γ (� + d+ α/2)

,

which is of the order �−(d+α) as �→∞.
Let

cd,α := (−1)kα
Γ (d+ α)Γ ((d+ 1)/2)
Γ
(−α

2

)
Γ ((d+ α+ 1)/2)

> 0.

Let Kα(x, y) denote the “truncated” kernel

Kα(x, y) := cd,α

∞∑

�=kα

Γ (�− α/2)
Γ (�+ d+ α/2)

q�∑

m=1

Y�,m(x)Y�,m(y).

From the asymptotic relations q� ≈ �d−1, and

Γ (�− α/2)
Γ (�+ d+ α/2)

≈ �−(d+α),

we conclude that the above series converges uniformly for all (x, y) ∈ S
d × S

d

for α > 0. Hence Kα(x, y) is a continuous function on S
d × S

d. Since all the
expansion coefficients are nonnegative, it follows from Schoenberg’s result [35]
that Kα(x, y) is a positive definite function on S

d. Of course, we can say that
Kα(x, y) is an order zero conditionally positive definite function on S

d.
For each fixed x ∈ S

d, we use Tα,x to denote the function

y �→ Tα(x− y), y ∈ S
d.

Consider the set of functions Eα := {Tα,x : x ∈ S
d}. We define a bilinear form

〈·, ·〉 on span(Eα) as follows. Firstly, for x1, x2 ∈ S
d, we define

〈Tα,x1 , Tα,x2〉 = Kα(x1, x2).

A reminder is in order. There is a difference between the two kernels Tα and
Kα. To be precise, the kernel Kα is a “truncated version” of the kernel Tα.
Extending the above bilinear form linearly throughout span(Eα), the authors
of [28] showed that the result is an inner product on span(Eα). One completes
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this inner product space to have a Hilbert space. Denote it by Nα. It is
convenient to view the elements in this Hilbert space as equivalence classes.
Two functions f and g are in the same equivalence class if and only if f − g
is a polynomial of degree (kα − 1) or less. For g ∈ Nα, let ‖g‖Nα denote the
norm of g in Nα. Then we have that ‖g‖Nα = 0 if and only if g is a polynomial
of degree (kα − 1) or less. The following result is proved in [28].

Proposition 1. For each f ∈ Nα and each fixed x ∈ S
d, we have

f(x)− cd,α
kα−1∑

�=0

Γ (�− α/2)
Γ (�+ d+ α/2)

q�∑

m=1

〈f, Y�,m〉Y�,m(x)

=
∫

Sd

f(y)Kα(x, y)dσ(y).

In other words, the above result asserts that the kernel Kα(x, y) can be mo-
bilized to reproduce each function (up to a polynomial of degree kα or less)
in the Hilbert space. The “reproducing” structure is particularly effective for
the case 0 < α < 2, in which we have: Tα(x − y) = −|x− y|α, and

−|x− y|α +Ad,α = cd,α

∞∑

�=1

Γ (�− α/2)
Γ (�+ d+ α/2)

q�∑

m=1

Y�,m(x)Y�,m(y)

where Ad,α :=
∫

Sd

|x− y|αdσ(y), which is independent of x due to the rota-

tional invariance of the measure σ. Let ΩN := {x1, . . . , xN} be a set of N
points in S

d. Let

Uα(x,ΩN ) :=
1
N

N∑

j=1

Tα(x− xj) +Ad,α

= cd,α

∞∑

�=1

Γ (�− α/2)
Γ (�+ d+ α/2)

q�∑

m=1

⎡

⎣ 1
N

N∑

j=1

Y�,m(xj)

⎤

⎦ Y�,m(x),

and let

Eα(ΩN ) :=
1
N2

N∑

i=1

N∑

j=1

Tα(xi − xj) +Ad,α

= cd,α

∞∑

�=1

Γ (�− α/2)
Γ (�+ d+ α/2)

q�∑

m=1

⎡

⎣ 1
N

N∑

j=1

Y�,m(xj)

⎤

⎦
2

.

The function Uα(x,ΩN ) can be considered as the difference between the Riesz
α-potentials of the rotationally invariant measure σ and QN , the normalized
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counting measure supported on ΩN . Also, the sum 1
N

∑N
j=1 |x − xj |α is the

classical α-mean of the distances from x to the points of ΩN . The double
sum

∑N
i=1

∑N
j=1 Tα(xi−xj) is the N -point discrete Riesz α-energy functional

of ΩN . Likewise, Eα(ΩN ) is the difference between the normalized energy
functionals of the two measures σ and QN .

The following inequality is immediate:

Eα(ΩN ) ≤ ‖Uα(x,ΩN )‖∞. (12)

Using the reproducing kernel Hilbert space structure, the authors of [28] have
shown that the above inequality can be turned around “half-way”.

Proposition 2. Let 0 < α < 2. Then the following inequality holds true:

‖Uα(x,ΩN )‖∞ ≤√
Ad,α (Eα(ΩN ))1/2.

Let x1, . . . , xN be N distinct points in S
d. In the Hilbert space Nα, it is

easy to see that the functional ψ defined by

Nα  f �→ ψ(f) :=
∫

Sd

f(x)dσ(x) −N−1
N∑

j=1

f(xj)

is linear and continuous. By the Riesz representation theorem, there exists a
unique ξ ∈ Nα such that

ψ(f) = 〈f, ξ〉, f ∈ Nα.

The reproducing kernel structure of Nα allows us to easily identify ξ(x) as:

ξ(x) = Ad,α +N−1
N∑

j=1

Tα(x− xj), x ∈ S
d.

The following result follows as a direct consequence.

Proposition 3. For each f ∈ Nα, we have
∣∣∣∣∣∣

∫

Sd

f(x)dσ(x) −N−1
N∑

j=1

f(xj)

∣∣∣∣∣∣
≤ ‖f‖Nα(Eα(ΩN ))1/2.

Proof. Using the Cauchy-Schwarz inequality, we have
∣∣∣∣∣∣

∫

Sd

f(x)dσ(x) −N−1
N∑

j=1

f(xj)

∣∣∣∣∣∣
= |〈f, ξ〉| ≤ ‖f‖Nα ‖ξ‖Nα .

We complete the proof by noting that ‖ξ‖Nα = (Eα(ΩN ))1/2.
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Let 0 < α < 2. Much attention has been devoted in the literature to the
estimation of the quantities

E(N,α) := min
ΩN⊂Sd

Eα(ΩN ),

in which the minimum is taken over all possible subsets of N distinct points in
S
d. We refer the readers to [43, 44, 45] and the references therein. If Ω(α)

N :=
{x(α)

1 , x
(α)
2 , . . . , x

(α)
N } is such that

Eα(Ω(α)
N ) = E(N,α),

then Ω(α)
N is called an (N,α)-minimal energy configuration. Here we use the

super index α to emphasize the dependence of such configuration on α. In the
remainder of this article, we summarize the results that are obtained in [28]
by using Theorems 4 and 5 to estimate the discrepancies of the normalized
counting measures supported on (N,α)-minimal energy configurations.

Wagner derived a variety of estimates for Uα(·, ΩN ) as well as the energy
functionals Eα(ΩN ) for a wide range of α. Here we quote two of his estimates
for α in the range 0 < α < 2. Here we are primarily concerned with the order
of estimates, and we will extensively engage in the use of Vinogradov’s symbol
� (�).

Proposition 4. Let 0 < α < 2. There exists a set Ω∗
N of N points in S

d such
that

‖Uα(x,Ω∗
N )‖∞ � N− d+α

d .

Proposition 5. Let 0 < α < 2. Then the following inequality holds true:

E(N,α) � N− d+α
d .

The orders of the estimates given in Propositions 4 and 5 are sharp. For
the special case α = 1, Wagner [45] accredited the result of Proposition 4 to
Stolarsky [36]. The result of Proposition 5 for the special case α = 1 was first
proved by Beck [2].

Wagner obtained several upper bounds estimates for E(N,α) by using
those derived for ‖Uα(·, ΩN )‖∞ and Inequality (12). Proposition 2 shows that
one can reverse the process by using the energy functionals Eα(ΩN ) to control
‖Uα(·, ΩN )‖∞. In a broader sense, the result of Theorems 4 can be considered
as a successful example in this application. Furthermore, numerical experi-
ments show that Proposition 2 yields very favorable estimates for Uα(x,ΩN )
when the point set ΩN is uniformly distributed. The close connection to in-
terpolation and approximation in native spaces is also evident. Further inves-
tigation of these problems needs to be carried out in the realm of this general
methodology. Here we present two estimates (obtained in [28]) for discrepancy
D(N)) using Propositions 4 and 5 and Theorems 4 and 5.
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Proposition 6. For every set ΩN of N distinct points in S
d, the following

inequality holds true:
D(N) � N− d+1

2d .

We remark that the order of the lower bound estimate forD(N) is sharp up
to a logarithmic factor; see [3]. Proposition 6 shows that Theorem 5 is capable
of obtaining lower bound of near-optimal orders for discrepancy D(N).

Proposition 7. Let Ω∗
N be a set of N distinct points in S

d such that

E1(Ω∗
N ) � N− (d+1)

d .

Then the discrepancy D(N) of Ω∗
N satisfies the following inequality:

D(N) � N− (d+1)
d(d+2) .

In particular, the above discrepancy estimate holds true for each (N, 1)-
minimal energy configuration.

Using the above result, the authors of [28] find another way of getting an
discrepancy estimate that Brauchart [5] has obtained recently for the case
α = 0. For further information, readers may also find it helpful to consult
[4]. The following is a detailed account of their derivation. For α in the range
0 < α < 1, one drops the multiplier �−(1−α)(0 < α < 1) from the right hand
side of Inequality 6. Doing so makes the right hand side of the inequality
bigger. One thus gets the following inequality:

D(N) �

⎡

⎢⎣
∞∑

�=1

�−(d+α)

q�∑

m=1

⎛

⎝ 1
N

N∑

j=1

Y�,m(xj)

⎞

⎠
2
⎤

⎥⎦

1
d+2

. (13)

Up to a constant depending only on d, what is inside of the bracket is exactly
Eα(ΩN ). Wagner (see Proposition 4.5 in the current paper) proved that there
exists an ΩN (independent of α) such that

Eα(ΩN ) � N−(d+α)/d.

For such an ΩN , one applies Inequality (13) to get the following discrepancy
estimate

D(N) � N−(d+α)/d(d+2).

Letting α ↓ 0, one gets (for α = 0) that

D(N) � N−1/(d+2),

which is what Brauchart [5] has obtained for the minimal logarithmic energy
points (α = 0).

Using Propositions 3 and 4, we derive the following result.
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Proposition 8. If {x(α)
1 , x

(α)
2 , . . . , x

(α)
N } is an (N,α)-minimal energy config-

uration, then for each f ∈ Nα, there exists a constant C > 0 independent of
f and N , such that

∣∣∣∣∣∣

∫

Sd

f(x)dσ(x) −N−1
N∑

j=1

f(xj)

∣∣∣∣∣∣
≤ C‖f‖NαN

−d+α
2d .

As an interesting comparison to Proposition 8, we present the following
result proved in [40].

Proposition 9. Let φ be an SBF. If {x(φ)
1 , x

(φ)
2 , . . . , x

(φ)
N } is a set of N distinct

points in S
d, such that

N∑

j=1

N∑

k=1

φ
(
x

(φ)
j · x(φ)

k

)
= inf

ΩN

N∑

j=1

N∑

k=1

φ (xj · xk) ,

where the infimum is taken over all ΩN := {x1, . . . , xN}, N distinct points
in S

d. Then for each f ∈ Nφ, the native space of φ, there exists a constant
C > 0 independent of f and N , such that

∣∣∣∣∣∣

∫

Sd

f(x)dσ(x) −N−1
N∑

j=1

f(x(φ)
j )

∣∣∣∣∣∣
≤ C‖f‖NαN

−1/2.

6 Generalisations to Other Manifolds

In this section we indicate how one might generalize such results to other
compact homogeneous manifolds. For the compact two-point homogeneous
spaces, of which the sphere is the most straightforward example, but include
the projective spaces, we expect to be able to reproduce the results presented
in the previous sections, but this is a matter for future research.

Let M ⊂ R
d+k be a d-dimensional embedded compact homogeneous C∞

manifold; i.e. there is a compact group G of isometries of R
d+k such that for

some η ∈ M (often referred to as the pole) M = {gη : g ∈ G}. A kernel
κ : M ×M → R is termed zonal (or G-invariant) if κ(x, y) = κ(gx, gy) for
all g ∈ G and x, y ∈ M . This kernel plays the part of the spherical kernels
on the sphere. Since the maps in G are isometries of Euclidean space, they
preserve both Euclidean distance and the (arc-length) metric d(·, ·) induced
on the components of M by the Euclidean metric. Thus the distance kernel
d(x, y) is zonal, as are all the radial functions, φ(d(x, y)), which are kernels
that depend only on the distance between x and y.

The manifold carries a unique normalized G-invariant measure which we
call σ. Then, we can define the inner product of real functions
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〈f, g〉 =
∫

M

fgdσ.

We assume that ∫

M

xdσ(x) = 0. (14)

First let H0 = P0 be the constants, and H1 be the set of linear functionals
on M . These are essentially the linear polynomials. Let P1 = H0

⋃
H1. Then,

inductively we define

P� = P�−1

⋃
{p�−1p1 : p�−1 ∈ P�−1, p1 ∈ P1}, � ≥ 2.

We can then break the polynomials into orthogonal pieces (called harmonic
polynomials):

H� = P�
⋂
P⊥
�−1, � ≥ 2,

where orthogonality is with respect to the inner product defined above (it is
clear from (14) that H1 is orthogonal to H0). This is a nice definition of the
polynomials and harmonic polynomials since it is intrinsic to the manifold
and does not require the restriction of polynomials from any ambient space.

Let {Y�,1, · · · , Y�,q�
} be an orthonormal basis for H�. Then

r�(x, y) =
q�∑

j=1

Y�,j(x)Y�,j(y), x, y ∈M,

is the reproducing kernel for H�. It is relatively straight forward to show that
r� is zonal, i.e.

r�(gx, gy) = r�(x, y) g ∈ G, x, y,∈M.
Thus r�(x, x) is constant. If we integrate this constant on M we get

∫

M

r�(x, x) dσ(x) =
q�∑

j=1

∫

M

Y�,j(x)Y�,j(x) dσ(x) = q�.

Hence,
q�∑

j=1

Y�,j(x)Y�,j(x) = q�. (15)

We are interested in kernels with the following expansions

κ(x, y) =
∞∑

�=0

κ̂(�)r�(x, y).

If for each x, y ∈M there is a g ∈ G such that gx = y then in [22], it is shown
that all zonal kernels have such an expansion.
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We can decompose an arbitrary function f ∈ L2(M):

f =
∞∑

�=0

f�,

where
f�(x) = 〈f, r�(·, x)〉.

We can define a spherical cap inM in exactly the same way as in Section 1,
i.e. C(x, r) = {y ∈M : |y − x| ≤ r}, where the distance is the distance in the
ambient space (everything can be reproduced in terms of geodesic distance
on the manifold, but this is more convenient). Then, we have the following
analogue to Definition 1,

Definition 2. For each N ≥ 1, let {xN,1, . . . , xN,N} be a set of N points
in M . This sequence is uniformly distributed in M if for each spherical cap
C(x, r), we have

lim
N→∞

#{xN,j : xN,j ∈ C(x, r)}
N

= σ(C(x, r)).

In Damelin et al. [8] the equivalence of statements 2 and 3 of following
counterpart of Theorem 2 is proved:

Theorem 6. Let {xN,1, . . . , xN,N}∞N=1 be a triangular array of points in M .
Then the following three statements are equivalent:

1. The points xN,1, . . . , xN,N are uniformly distributed in M .
2. For each fixed integer � ≥ 1, and each fixed m, 1 ≤ m ≤ q�, we have

lim
N→∞

1
N

N∑

j=1

Y�,m(xN,j) = 0. (16)

3. For every continuous function f on M , we have

lim
N→∞

1
N

N∑

j=1

f(xN,j) =
∫

M

f(x)dσ(x).

The equivalence of 1 and 3 is a simple consequence of duality.
If we assume that the κ̂(�) > 0 for all � ≥ 0, then we can define a native

space for κ
Nκ :=

{
f ∈ L2(M) : ‖f‖κ <∞}

,

where ‖ · ‖κ is the norm associated with the inner product

〈f, g〉κ =
∞∑

�=0

κ̂−1(�)〈f�, g�〉.
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Of course, the crucial property here is that for every f ∈ Nκ,

f(x) = 〈f, κ(x, ·)〉, x ∈M.

Let us define
Aκ =

∫

M

κ(x, y)dσ(y).

This is a constant since, for any g ∈ G, using the fact that κ is a spherical
kernel,

∫

M

κ(gx, y)dσ(y) =
∫

M

κ(x, g−1y)dσ(y)

=
∫

M

κ(x, y)dσ(gy)

=
∫

M

κ(x, y)dσ(y).

In the second step we used the volume preserving change of variable y → gy,
and the final equality follows from the G-invariance of the measure σ.

Define the sequence of functions

Tκ,N =
1
N

N∑

j=1

κ(x, xN,j), x ∈M.

The only explicit property of the spherical harmonics required for the proof
of Theorem 3 is the specialization of (15) to the sphere. Thus we can follow
exactly the same proof as in [40]) to obtain the following result:

Theorem 7. Let

κ =
∞∑

�=0

κ̂(�)r�(x, y),

where κ̂(�) > 0, � = 0, 1, · · · , and
∑∞

�=1 κ̂(�)q� < ∞. Then we have the
following equivalent statements:

1. The triangular array {xN,1, . . . , xN,N}∞N=1 are uniformly distributed inM .
2. The following limit holds true: lim

N→∞
‖Tκ,N −Aφ‖Nκ = 0.

3. For every fixed p, 0 < p ≤ ∞, we have lim
N→∞

‖Tκ,N −Aφ‖p = 0.

4. The following limit holds true:

lim
N→∞

∞∑

�=1

|κ̂(�)|2
q�∑

m=1

⎛

⎝ 1
N

N∑

j=1

Y�,m(xN,j)

⎞

⎠
2

= 0.
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Exactly as in the discussion following Proposition 2, forΩN={x1, . . . , xN},
a set of N distinct points in M the continuous linear functional ψ defined by

Nκ  f �→ ψ(f) :=
∫

Sd

f(x)dσ(x) −N−1
N∑

j=1

f(xj)

has representer
ξ = Aκ + Tκ,N .

If we now define

Eκ(ΩN ) = ‖ξ‖Nκ = Aκ +
1
N2

N∑

j=1

N∑

k=1

κ(xj , xk),

we have the following result, with proof identical to that of Proposition 3:

Proposition 10. For each f ∈ Nκ, we have
∣∣∣∣∣∣

∫

M

f(x)dσ(x) −N−1
N∑

j=1

f(xj)

∣∣∣∣∣∣
≤ ‖f‖Nκ(Eκ(ΩN ))1/2.

We close this section with a generalization of Proposition 9, in which we
reprove a result from [16].

Theorem 8. Let κ be a zonal positive definite kernel. If {x(κ)
1 , x

(κ)
2 , . . . , x

(κ)
N }

is a set of N distinct points in S
d, such that

N∑

j=1

N∑

k=1

κ
(
x

(κ)
j , x

(κ)
k

)
= inf

ΩN

N∑

j=1

N∑

k=1

κ (xj , xk) ,

where the infimum is taken over all ΩN := {x1, . . . , xN}, N distinct points in
M , then for each f ∈ Nκ, the native space of κ, there exists a constant C > 0
independent of f and N , such that

∣∣∣∣∣∣

∫

M

f(x)dσ(x) −N−1
N∑

j=1

f(x(κ)
j )

∣∣∣∣∣∣
≤ C‖f‖NκN

−1/2.

Proof. First we have from [8], that the uniform measure dσ minimizes the
energy integral

Eκ(μ) =
∫

M

∫

M

κ(x, y)dμ(x)dμ(y),

is minimized over all probability measures. However,
∫

M

∫

M

κ(x, y)dσ(x)dσ(y) = Aκ.
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Hence, for any set of N points x1, · · · , xN , writing

μ(κ) =
1
N
δ
x
(κ)
i

,

and
μ =

1
N
δxi ,

we have

Aκ ≤ Eκ(μ(κ))

=
1
N2

N∑

j=1

N∑

k=1

κ
(
x

(κ)
j , x

(κ)
k

)

≤ 1
N2

N∑

j=1

N∑

k=1

κ (xj , xk) .

If we integrate the right hand side inequality with respect to dσ(xj) and
dσ(xk) we get N(N − 1) integrals all in the same form

∫

M

∫

M

κ(xj , xk)dμ(xj)dμ(xk) = Aκ.

On the diagonal we have a constant κ(x, x) (remember it is independent of
x due to the zonal nature of the kernel) and hence from integrating these
contributions to the sum we obtain Nκ(x, x), for some fixed x ∈M . Thus we
have

Aκ ≤ 1
N2

N∑

j=1

N∑

k=1

κ
(
x

(κ)
j

)

≤ N(N − 1)
N2

Aκ +
κ(x, x)
N

≤ Aκ +
κ(x, x)
N

, (17)

for any fixed x ∈M .
Now, using the reproducing property of κ, for f ∈ Nκ and x ∈M , we have
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∣∣∣∣∣∣

∫

M

f(x)dσ(x) − 1
N

N∑

j=1

f
(
x

(κ)
j

)
∣∣∣∣∣∣
=

∣∣∣∣∣∣

〈
f,Aκ − 1

N

N∑

j=1

κ
(
x

(κ)
j , ·

)〉
∣∣∣∣∣∣

≤ ‖f‖Nκ

∥∥∥∥∥∥
Aκ − 1

N

N∑

j=1

κ
(
x

(κ)
j , ·

)
∥∥∥∥∥∥
Nκ

=

⎛

⎝Aκ − 1
N2

N∑

j=1

N∑

k=1

κ
(
x

(κ)
j

)
⎞

⎠
1/2

‖f‖Nκ

≤
(
κ(x, x)
N

)1/2

‖f‖Nκ,

by using (17). This completes the proof.
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Summary. Monitoring of a cancer patient, following initial administration of a
drug, provides a time sequence of measured response values constituting the level
in serum of the relevant enzyme activity. The ability to model such clinical data in
a rigorous way leads to (a) an improved understanding of the biological processes
involved in drug uptake, (b) a measure of total absorbed dose, and (c) a prediction of
the optimal time for a further stage of drug administration. A class of mathematical
decay functions is studied for modelling such activity data, taking into account
measurement uncertainties associated with the response values. Expressions for the
uncertainties associated with the biological processes in (a) and with (b) and (c) are
obtained. Applications of the model to clinical data from two hospitals are given.

1 Introduction

Following initial administration of a drug, a cancer patient is monitored by
taking a time sequence of measured response values constituting the level in
serum of the relevant enzyme activity. The drug administered may be a radio-
pharmaceutical or a fusion protein consisting of a tumour-targeting antibody
linked to an enzyme product. Three requirements in clinical drug administra-
tion and related research are

1. determination of the half-lives of the biological decay processes specific to
the patient concerned,

2. a measure of total absorbed dose, and
3. prediction of the optimal time for a further stage of drug administration.

This paper studies a class of mathematical decay functions for modelling
such data, which is typically very sparse. The functions are composed of a sum
of terms involving exponentials and are required to possess feasible properties
that relate to the biological processes specific to the patient concerned. The
model is used to help address the above requirements.

Key to this work is the consideration of the uncertainties associated with
the measured activity values. Evaluations of these uncertainties are available
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based on a knowledge of the measurement process involved. Generally, ran-
dom errors dominate the measurement, there being negligible contributing
systematic errors. Thus, the quantities involved can be regarded as mutually
independent, that is, there are negligible covariance effects associated with
the data. Standard uncertainties, representing standard deviations of quanti-
ties regarded as random variables (of which the measured activity values are
realizations) characterized by probability distributions, are stated relative to
those values in percentage terms.

Estimates of the exponential model parameters, namely, the half-lives and
the amplitudes (initial activities) of the exponential terms, are primary results
from modelling the data. As a consequence of the uncertainties associated with
the measured activity values, there will be uncertainty associated with these
parameter estimates.

Regarding the other quantities indicated, a measure of total absorbed dose
is given by the product of the area under the curve of the model (from time
zero to infinity) and a known constant, and a prediction of the optimal time
for a further stage of drug administration is given by the time point that
corresponds to a prescribed activity value. These quantities can be expressed
in terms of the model parameters. In turn, estimates of these derived quantities
have associated uncertainties.

Because of the magnitude of the relative standard uncertainties associated
with the measured activity values, typically of the order of 10% or 20%, and,
as a result of the sparsity of the data, the parameter estimates and estimates
of the derived quantities can have appreciable associated uncertainties. It is
important that those involved in drug administration and planning appreciate
the magnitude of these uncertainties, which should be taken into account when
making inferences from results from the model.

Following an introduction to the nature of the available activity data, the
problems of estimating the model parameters and of obtaining estimates of
the derived quantities are formulated (Section 2).

An approach to the solution is detailed (Section 3), focusing on determin-
ing a good approximation to the global solution of the problem of estimating
the model parameters. Best estimates of the parameters are then given by solv-
ing a non-linear least-squares (NLS) problem in a reduced parameter space
in the region of this approximate solution. A model-data consistency check is
given, and only if it is satisfied is it reasonable to evaluate the uncertainties
associated with the parameter estimates and estimates of derived quantities.

Results are provided for three examples (Section 4). In the first two exam-
ples, comprising clinical data from an ADEPT therapy [8], a predicted time
is required corresponding to a particular activity value. The third example
comprises clinical data from a 90Y-DOTATOC therapy [10]. In all examples,
the area under the curve is determined.

Scope for further work (Section 5) considers the use of contextual informa-
tion to support the sparse data, experimental design issues, and the improved
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and additional information available from probability density functions for
the various measurands, and conclusions are given (Section 6).

2 Problem Formulation

2.1 Raw Data and Associated Uncertainties

The clinical data for any specific patient consists of points (ti, yi), i = 1, . . . ,m,
and standard measurement uncertainties u(yi) associated with the yi. The ti
are an increasing set of time values, typically recorded in hour units (h),
regarded as known with negligible uncertainty. The yi are the corresponding
measured activity values in Uml−1, where U is the enzyme unit, namely the
amount of enzyme that catalyzes the reaction of 1 mmol of substrate per
minute. (The unit U is used in radiation dosimetry in hospitals, but is not an
SI unit. In terms of SI, U = μmol s−1 = 16.67nkat.)

Each u(yi) corresponds to the standard deviation of a quantity Yi (the
activity at time ti) regarded as a random variable characterized by a proba-
bility distribution, of which yi is a realization. The u(yi) are supplied by the
hospital concerned, using knowledge of the measuring system that provided
the yi.

Typical data are shown in Figure 1 (top). A cross denotes a measured
activity value, and the accompanying bar represents ±1 standard uncertainty
associated with the value. Since it is difficult to see all such bars, the data is
also given in Figure 1 (bottom) on a log scale for the activity variable. The
uncertainty bars have identical lengths on this scale, if, as here, the standard
uncertainties on the original scale are proportional to the measured values.

2.2 Model Function and Feasibility

The model function of which the measured values constitute outcomes is a
linear combination of exponential terms involving n biological process [11]:

f(A,T, t) = e−λpt
n∑

j=1

Aje
−t/Tj . (1)

In expression (1), A = (A1, . . . , An)� and T = (T1, . . . , Tn)� respectively
denote initial activities and time constants of these processes, and λp is the
physical decay constant for the radionuclide used in the measuring system.
The Aj and the Tj are to be positive for the function to have a meaningful
interpretation. The number of terms n is in general unknown.

For any particular data set, estimates of the parameters A and T are to
be determined such that the function is consistent with the data. Moreover,
the function is to be minimally consistent, namely n, the number of terms, is
to be as small as possible (Section 2.4).
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Fig. 1. Data set and bars representing ±1 standard uncertainty, and (bottom) the
same, but with activity values on a log scale.

Correction for the effect of the radionuclide gives the adjusted model:

f(A,T, t) =
n∑

j=1

Aje
−t/Tj . (2)

It will henceforth be assumed that such adjustment has been made, which
causes correlation to be associated with the corrected data. This correlation
is negligible for practical purposes. See Appendix A.

2.3 Derived Quantities

The required quantities can be derived from the parameters in the model:

1. The biological half-lives, given by

(t1/2)j = Tj ln 2, j = 1, . . . , n,

used to explain behavioural response in the body, and constituting pa-
rameters used in comparing the effect of two radiopharmaceuticals;
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2. The product of the cumulated activityQ, namely, the area under the curve
from the time of initial administration (time zero),

Q =
n∑

j=1

AjTj, (3)

and the appropriate S-value, as a value for the total absorbed dose in grays
(Gy) [5, 7]. The S-value is a conversion constant obtained from tables [14]
for the radionuclide used;

3. The time t0 corresponding to an activity y0, a prescribed threshold value,
given by the equation

n∑

j=1

Aje
−t0/Tj = y0.

Here, t0 is the optimal time at which to administer either the prodrug
within the ADEPT scheme (Appendix B ) or stem-cell support to counter
the toxic effects of treatment to bone marrow. An iterative procedure
for determining t0 is given in Appendix C, where it is shown that this
equation has a unique solution to which the procedure will converge for a
meaningful value of y0.

2.4 Objective

The task is to estimate the parameters n, A and T of the model function (2)
subject to the restrictions that

Aj ≥ 0, Tj ≥ 0, j = 1, . . . , n, (4)

and that n is to be as small as possible subject to the model being consistent
with the data.

For any particular choice of n such that 2n ≤ m, the measure of consistency
is based on the sum of squares of the weighted deviations of the activity
values yi from the respective modelled activity values f(A,T, ti), namely,
those corresponding to estimates

Â = (Â1, . . . , Ân)�, T̂ = (T̂1, . . . , T̂n)�

of A and T, where the weights are taken as the reciprocals of the standard
uncertainties u(yi) associated with the yi:

F (Â, T̂) =
m∑

i=1

(
yi − f(Â, T̂, ti)

u(yi)

)2

. (5)

If this sum is no greater than a critical value, the model is considered consistent
with the data. The critical value is chosen to be the 95th percentile of the chi-
squared distribution with m − 2n degrees of freedom (the number of data



188 M. G. Cox

points minus the number of model parameters), based on regarding the Yi as
characterized by Gaussian probability distributions [3].

If m = 2n, the number of model parameters is identical to the number
of data points, and the model is regarded as consistent with the data only
if F (Â, T̂) = 0, that is the model function f(Â, T̂, t) passes exactly through
(interpolates) the data points, namely

f(Â, T̂, ti) = yi, i = 1, . . . ,m.

The best feasible least-squares solution, given n, is provided by the values Âj
and T̂j of the Aj and the Tj that solve the problem

min
A,T

F (A,T) subject to Aj ≥ 0, Tj ≥ 0, j = 1, . . . , n. (6)

For some data sets there might not exist a feasible solution to this problem
for any n. Even if a feasible solution existed, it might not be consistent with
the data. Such cases need to be identified, since other possibilities would need
to be considered, perhaps a decision by the clinician involved.

For a given n such that 2n ≤ m, the problem (6) constitutes the mini-
mization with respect to A and T of a sum of squares of non-linear functions
subject to non-negativity constraints on the variables (parameters) [5].

3 Solution Approach

3.1 Analysis

Problem non-linearity implies that there might be local solutions in addition
to the global solution to the problem. The global solution is that for which
F (A,T) (expression (5)) is least over all feasible values of A and T. A local
solution is to be avoided, since it is generally inferior to the global solution,
possibly considerably so, in terms of the value of F (A,T), that is in terms
of closeness of the model to the data. Typical algorithms for NLS problems
in general determine a local solution. Such algorithms are iterative in nature,
producing a sequence of generally improving approximations to a solution,
starting from an initial approximation. The quality of the initial approxima-
tion influences the number of iterations taken and particularly the solution
obtained. The global solution is more likely to be obtained if it is close to the
initial approximation. One of the focusses of this paper is the provision of a
good initial approximation.

Consider, for some prescribed value of n such that 2n ≤ m, the solution to
the constrained problem (6). If the solution values of Aj and Tj are non-zero
for all j, this solution is identical to that of the unconstrained problem

min
A,T

F (A,T).
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If, however, one (or more) of the constraints (4) is active at the solution,
that is Aj or Tj (or both) is zero for some j, then the corresponding term
Aj exp(−t/Tj) in the model function (2) is also zero. In this case, a formally
identical solution is possible for a smaller value of n.

The problem of determining a minimum of F (A,T) can be re-formulated
using variable projection [9]. Given a particular (vector) value of T, the best
choice of A is that which minimizes F with respect to the n parameters
constituting A, for that T. This problem is one of linear least squares. So,
formally expressing A as a function of T, namely

A = A(T) = (A1(T), . . . , An(T))�,

the problem (6) becomes

min
T
F (A(T),T) subject to Tj ≥ 0, Aj(T) ≥ 0, j = 1, . . . , n.

3.2 Initial Parameter Approximation

The provision of a good initial approximation, as stated in Section 3.1, influ-
ences whether the global solution is obtained. Consider the use of the model,
and the data and information available concerning the data, to provide such
an initial approximation. This information is as follows. The number m of
data points is small. For instance, for 25 sets of patient data provided by
the Royal Free and University College Medical School, 3 ≤ m ≤ 9, and for
six sets provided by the Royal Marsden Hospital and the Institute of Cancer
Research, 3 ≤ m ≤ 8. The values of the time constants Tj are dictated by
the biological processes involved in clearance of the infused drug. Although
these values vary appreciably across patients, it is possible to prescribe, using
knowledge of previous studies, a priori values Tmin and Tmax such that

0 < Tmin ≤ T1 < · · · < Tn ≤ Tmax, (7)

corresponding to a particular permutation of terms in the model. Hence, judg-
ing by the above patient data, the number n of exponential terms in the model
that can be identified will generally be smaller than five, say, and certainly
no larger than the integer part of m/2. Moreover, it is feasible to carry out
a search over a discretization of the interval containing the possible values of
the Tj .

Such a discretization constitutes the vertices (Ti1 , . . . , Tin) of an
n-dimensional rectangular mesh (50 vertices in each dimension have gener-
ally been found adequate) with the exception that vertices that do not satisfy

Tmin ≤ Ti1 < · · · < Tin ≤ Tmax (8)

are excluded. The resulting discretization avoids coincident time constants,
and ensures that time constants corresponding to any one vertex are distinct
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Fig. 2. Mesh for n = 2, with points marked by small circles satisfying the inequal-
ities (8).

from those corresponding to all other vertices. Appendix D gives an algorithm
for generating the discretization, and Figure 2 shows such a discretization.

For each n-dimensional discretization point, relating to a specific set of n
feasible time constants T̃, the corresponding amplitudes Ã are obtained by
solving the linear least-squares (LLS) problem

min
A

g(A) =
m∑

i=1

(
yi − f(A, T̃, ti)

u(yi)

)2

. (9)

Over all points for which Ã is feasible (Ã > 0), select as an initial approx-
imation to the time constants T that point for which g is least.

If the solution is characterized by reasonably separated time constants,
relative to the chosen discretization, the discretization points that neighbour
the selected discretization point would have larger values of g, and therefore
by continuity g would have a minimum in that neighbourhood. Therefore,
it would be expected that a NLS algorithm would converge from this initial
approximation to the global solution if that solution lay within the boundary
of the mesh and the mesh were sufficiently fine.

3.3 Model Parameter Estimation

A popular NLS algorithm (Gauss-Newton) to minimize F (A(T),T) generates
a succession of iterates, each iterate obtained as the previous iterate updated
by the solution to a LLS problem. This problem is given by approximating F
by a form that involves the Jacobian J(T) = {∂Fi/∂Tj} of dimension m× n
evaluated at the current iterate.

The process starts with the initial approximation determined as in Sec-
tion 3.2. Iteration is carried out with respect to T, the corresponding A =
A(T) at each stage being determined by solving the LLS problem (9). The
solution values are denoted by T̂ and Â.

In all cases of clinical data analyzed (31 data sets), the solution obtained
as described starting from the initial approximation in Section 3.2 is feasible,
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and the benefits of variable projection, stated by Golub and Pererya [9], are
realized with respect to convergence and robustness of the procedure.

3.4 Consistency of Model and Data

A solution is acceptable if it is feasible and consistent with the data. Feasibility
is assured by the initial approximation procedure (Section 3.2). Consistency
is assessed by computing the value of F (Â, T̂) (expression (5)). If this value,
χ2

obs, known as the observed chi-squared value, satisfies [3]

Pr
{
χ2(ν) > χ2

obs

} ≥ 0.05, (10)

where χ2(ν) is the chi-squared distribution for ν degrees of freedom, with
ν = m−2n (the number of data points less the number of model parameters),
the solution is considered acceptable. Satisfaction of inequality (10) means
that χ2

obs lies in the left-most 95% of the distribution of χ2(ν). Note that
m > 2n for this test to be carried out. However, if m = 2n and the solution
interpolates the data, viz. f(Â, T̂, ti) = yi, i = 1, . . . ,m, the solution is also
considered acceptable (Section 2.4), and uncertainties can still be propagated.

The reduced chi-squared value χ̃2
obs is the ratio of χ2

obs and the 95th per-
centile of the chi-squared distribution. Consistency is indicated by χ̃2

obs ≤ 1.
Also see Appendix E.

3.5 Uncertainties Associated with Parameter Estimates and
Estimates of Derived Quantities

When the model is consistent with the data, uncertainties associated with the
parameter estimates and with estimates of derived quantities can be evaluated.

The NLS algorithm provides a covariance matrix UT̂ associated with the
estimates T̂ of the parameters T. This matrix is of dimension n×n, containing
on its diagonal the squares of the standard uncertainties associated with the
components of T̂, and in its off-diagonal positions the covariances associated
with pairs of the components of T̂. Let D be the diagonal of UT̂ . Then the
correlation matrix associated with T̂ is

D−1/2UT̂ D−1/2.

For a derived scalar quantity Z = φ(A,T) = φ(A(T),T), let u(z) be the
standard uncertainty associated with the estimate z = φ(A(T̂), T̂) of Z, and
define the row vector

c� =
[
∂Z

∂T1
, · · · , ∂Z

∂Tn

]∣∣∣∣
T = T̂

.

The quantity u(z) is evaluated using the law of propagation of uncertainty [1]:
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u2(z) = c�UT̂ c.

The covariance matrix associated with parameter estimates Â and T̂ is

Up̂ =
[
J�(p̂)U−1

y J(p̂)
]−1

,

where p̂ is the solution value of p =
(
A�,T�)� and J(p̂) is the Jacobian

matrix ∂f(A,T, t)/∂p of dimension m× 2n, where t = (t1, . . . , tm)�, evalu-
ated at p̂ = (Â�, T̂�)�. Up̂ is calculated as R−1R−�, with R the Cholesky
factor of K, where the ith row of K, i = 1, . . . ,m, is that of J(p̂) scaled by
1/u(yi).

4 Results

Three examples are given, for each of which clinical data is modelled by a
function of the form (2) subject to restrictions (4), the intention being to
obtain the number of terms n as the smallest satisfying the chi-squared test
(10). This number is determined by using successively 1, 2, . . . terms in the
model until either the chi-squared test is satisfied or the number of terms is
too great for the m items of data to enable a unique solution to be obtained.
In the latter case, no consistent solution is possible and the matter would be
referred to the clinician concerned.

In the first two examples, comprising clinical data from an ADEPT ther-
apy [8], a time is predicted corresponding to a particular activity value. The
third example comprises clinical data from a 90Y-DOTATOC therapy [10].
In all three examples, the area under the curve is determined to obtain total
absorbed dose. In a case of inconsistency, a data point judged to be discrepant
is excluded from the data set, and the data re-analyzed. Such a decision would
in practice be made by the clinician involved.

In the figures for the examples in this section are shown, where appropriate,

1. the provided activity data (crosses),
2. bars representing ±1 standard uncertainty (20% for ADEPT, 10% for

90Y-DOTATOC) associated with the measured activity values,
3. the best-fitting model (central, blue line) for the data, obtained as the

consistent feasible model with fewest exponential terms,
4. a ±1 standard uncertainty band (outer, red lines) for the model obtained

by propagation of the activity data uncertainties, and
5. a predicted time (circle) corresponding to a threshold of 0.002Uml−1 (hor-

izontal line).

4.1 Example 1

The first example (Figure 3) has five data points. For n = 1, χ̃2
obs = 0.34

and thus the model is consistent with the data. The biological half-life
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(t1/2)1 is estimated as (t̂1/2)1 = 0.79h, with associated standard uncertainty
u((t̂1/2)1) = 0.06 h, expressed as 0.79(0.06)h. The estimate of the area Q in
formula (3) is Q̂ = 3.3Uhml−1, with associated relative standard uncertainty
ũ(Q̂) = 93%, that is, 3.3(93%)Uhml−1. Corresponding to activity value
y0 = 0.002Uml−1 is the time t0 = 8.3(0.5) h for prodrug administration.

Fig. 3. Data and model for example 1, with standard uncertainty band.

4.2 Example 2

The second example has six data points. For n = 1 and 2, χ̃2
obs = 4.62 and 2.33,

respectively. There is no feasible solution for n = 3, which is not surprising
since the fifth data point has a larger activity value than the fourth, and the
number of model parameters equals the number of data points (six). The best
feasible solution is shown in Figure 4 (top), corresponding to n = 2.

Excluding the fifth data point gives for n = 1 and 2, χ̃2
obs = 4.25 and

0.03, respectively. The model for n = 2 is consistent with the reduced data
set. The solution for n = 2 is shown in Figure 4 (bottom). Estimates of
the two half-lives are 0.34(0.11)h and 1.35(0.95)h, and the correlation co-
efficient associated with these estimates is ρ = 0.82. The estimated area
Q̂ = 0.89(26%)Uhml−1. For activity value 0.002Uml−1, t0 = 6.4(1.2) h. Ob-
serve the rapid widening of the uncertainty band with t.

4.3 Example 3

The third example has seven data points. For n = 1 and 2, χ̃2
obs = 1.37

and 0.13, respectively. The model for n = 2 is consistent with the data
and is shown in Figure 5. Estimates of the half-lives are 2.0(2.1) h and
36(26) h, and the associated correlation coefficient ρ = 0.90. The estimated
area Q̂ = 1752(0.3%)Uhml−1.
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Fig. 4. Data and model for example 2, and (below) excluding the fifth point, with
standard uncertainty band.

Fig. 5. Data and model, with standard uncertainty band for example 3.
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5 Scope for Further Work

5.1 Contextual Information

Contextual information such as historical data could be used to improve re-
sults such as those in Section 4, which are based only on the clinical data for
the individual patient concerned. Historical data relates to groups of previ-
ous patients. Such information has limited value in the case of an individual,
since biological processes differ appreciably across patients. However, since in-
dividual patient data is sparse, the aggregation of such data and more general
information should lead to better results than the consideration of individual
patient data alone.

Consider a group of patients that have been given identical therapy to
the patient whose data is being clinically analyzed. Suppose historical data
comprising values T̂j , p in number, of each of the Tj, j = 1, . . . , p, for a
particular value of n, are available for those patients. Let the average of these
T̂j be denoted by T̂ (0) and the covariance matrix associated with T̂ (0) by
S. Then, taking account of this information in estimating T for the current
patient can be accomplished by

min
T

[
F (A(T),T) +

(
T− T̂(0)

)�
S−1

(
T− T̂(0)

)]
. (11)

There are now m + p ‘data points’ and, still, 2n parameters, so the de-
grees of freedom ν = m + p − 2n. As a consequence of the increased de-
grees of freedom, fewer data are needed to estimate the exponential param-
eters. For example, two half-lives can be estimated from three and even two
meaningful data points. In addition, the approach should help to regularize
the solution. A regularization parameter γ can be inserted before the term(
T− T̂(0)

)�
S−1

(
T− T̂(0)

)
in expression (11). By this means smaller weight

(0 < γ < 1) can be given to historical data to reflect the fact that that data
are not specific to the current patient.

Early trials with the approach appear promising. In particular, when such
additional data is not needed, the solution is essentially unchanged.

5.2 Experimental Design Issues

The uncertainty associated with an estimate of the area Q under the curve
is influenced by the number m of data points, and the locations in time of
those points and the activity values at those points. An important question is
“Which choice of m locations minimizes this uncertainty?”, which is difficult
to answer, since this choice depends on the unknown model parameter values.

One way to proceed would be to use the contextual information in Sec-
tion 5.1 to provide a model curve defined by average time constants and aver-
age initial activities, and the covariance matrix associated with the computed
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model parameter estimates. As a consequence, optimal time locations could
be determined for this ‘average’ curve. The time locations could be used for
a particular patient data set.

Arguably a better way to proceed would be adaptively. Measure the ac-
tivity corresponding to the first time point so defined, and use the historical
data together with this data point to refine the estimate of the curve. Then,
in terms of the first time point and this estimate, the second time point could
be defined, the activity measured there, and so on. The procedure proceeds
until an adequate number of time points were available.

Night-time measurement might be a problem, in which case there would
be periods of time in which hospital staff might not be available to take
measurement. (Figure 5 illustrates data obtained only in daylight hours: there
is a distinct gap between two groups of activity values taken in daytime.) The
procedure would be subject to the necessary time constraints.

The procedure could also be applied to time prediction. The time points so
determined would be expected to be appreciably different from those for area
determination. There would be a compromise between optimal time points
for area determination and for time prediction if estimates of both derived
quantities were required.

Other experimental design issues include the balance between conflicting
aspects such as patient trauma (from taking too many measured values),
equipment availability, and the benefits of improved modelling.

5.3 Probability Density Functions

The uncertainty evaluation carried out here is based on an application of
the GUM uncertainty framework [1], which comprises the following stages.
A mathematical model of a measurement of a single (scalar) quantity is ex-
pressed generically as a functional relationship Y = f(X), where Y is a scalar
output quantity and X represents the N input quantities (X1, . . . , XN)�. The
Xi and Y are regarded as random variables.

Each input quantity Xi is regarded as a random variable, characterized by
a probability density function (PDF) and summarized by its expectation and
standard deviation. These PDFs are constructed from available knowledge of
the quantities. The expectation is taken as the best estimate xi of Xi and
the standard deviation as the standard uncertainty u(xi) associated with xi.
This information is propagated, using the law of propagation of uncertainty,
through a first-order Taylor series approximation to the model to provide the
standard uncertainty u(y) associated with y, the estimate y of Y given by
evaluating the model at the xi. A coverage interval for Y is provided based on
taking the PDF for Y as Gaussian, namely, invoking the central limit theorem.

In the context of the current application, the generic input quantities Xi
correspond to the activity quantities Yi, and the generic output quantity Y
to (a) one of the half-lives Tj, (b) the area Q under the curve of the model,
or (c) the time T0 for further drug administration.
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Although the above explicitly specifies the measurand Y as a measurement
function, that is, as a formula in terms of the Xi, (a) to (c) above constitute
measurement models, that is, implicit models of the form h(Y,X) = 0. This is
because the model (a) constitutes the solution that cannot be written down
explicitly to a NLS problem, and the models for the derived quantities (b)
and (c) use the output quantities from (a), the model parameters, as input
quantities. In its own right, model (b) is an explicit model, whereas model
(c) is implicit. The best-practice guide [4] gives advice on handling explicit
and implicit models. If the model is non-linear, as here, or the PDF for Y
is not Gaussian, the GUM uncertainty framework is approximate. The larger
are the uncertainties associated with the estimates xi, the poorer the quality
of the approximation can be expected to be.

Cases where assumptions break down appear in the examples in Section 4.
In some examples the standard uncertainties associated with estimates of de-
rived quantities are comparable in magnitude to the estimates themselves, and
the quantities realized by these estimates are positive. These quantities can-
not be distributed as Gaussian variables as assumed by the GUM uncertainty
framework: a Gaussian variable covers both positive and negative values.

A PDF provides richer information than an estimate and the associated
standard uncertainty alone regarding a quantity of concern. This statement
holds particularly when the PDF departs appreciably from Gaussian, for in-
stance has marked asymmetry or broad tails. Initial calculations, using a
Monte Carlo method for the propagation of distributions [2], suggest that
appreciable asymmetry can exist in the PDF for the measurands correspond-
ing to the predicted time and the area under the curve. By appealing to the
Principle of Maximum Entropy [12] these calculations are based on character-
izing the quantities realized by the activity data by Gaussian PDFs. Positivity
of the model parameters can be taken into account when applying the Monte
Carlo method using the treatment of Elster [6].

The model is to be used for predictive purposes, namely, to provide the
time t0 corresponding to a prescribed activity value y0 of the model function.
A probability distribution with PDF gT0(τ0) that characterizes T0, regarded
as a random variable, is to be inferred. This distribution describes the possi-
ble values that can reasonably be attributed to the measurand T0 given the
information available. Once gT0(τ0) is available, questions can be asked such
as (a) what is the best estimate t0 of T0 and what is the standard uncer-
tainty u(t0) associated with t0, and (b) at what time should the prodrug be
administered?

The answer to the first question is, in accordance with the GUM, that t0
should be taken as the expectation E(T0) of T0 and u(t0) as the square root
of the variance V(T0) of T0.

The answer to the second question needs more careful consideration. It
relates to the degree of assurance that the threshold has been reached be-
fore administering the prodrug. If the prodrug is administered too early, the
level of toxicity arising from the therapy might be too great. If the prodrug
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is administered too late, the level of toxicity would be acceptable, but the
therapy would be less effective. Therefore, there is a balance of risk associated
with the time of administration. Armed with the distribution gT0(τ0), the spe-
cialist should be better placed to make a decision than would be the case in
the absence of gT0(τ0). For instance, to control the risk of the level of toxicity
being too great, only 10% of the possible values of T0 given by the PDF might
be allowed to exceed the threshold, in which case the 90th percentile would
be chosen. On the other hand, to control the risk of the treatment being rela-
tively ineffective, 90% of the possible values of T0 might be required to exceed
the threshold, in which case the 10th percentile would be chosen.

6 Conclusions

The problems of estimating model parameters and obtaining estimates of
derived quantities are considered for the modelling of sparse clinical data by
a series of exponential terms. The approach to a solution is detailed by first
determining a good approximation to the global solution of the problem of
estimating the model parameters. Best estimates of the parameters are then
given by solving a NLS problem in the region of this approximation. Variable
projection is used to reduce the dimensionality of the parameter space. A
model-data consistency check is given, and only if it is satisfied is it reasonable
to evaluate the uncertainties associated with the parameter estimates and
estimates of derived quantities.

Results are provided for three examples, two comprising clinical data from
an ADEPT therapy and one from a 90Y-DOTATOC therapy. In two of these
examples, a derived quantity corresponds to the predicted time for prodrug
administration in the ADEPT scheme, and, in all three examples, it corre-
sponds to the area under the curve, used in determining total absorbed dose.
Uncertainty propagation is carried out to evaluate the uncertainties associated
with estimates of the model parameters and the derived quantities.

Possible extensions to the work described here are considered.
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Appendix A: Correction for Radioactive Decay

The data for analysis is corrected for physical effects (Section 2.2), exemplified
in the case of a radiopharmaceutical by the natural decay of the radionuclide
used. The correction, to all measured activity values yi, involves the estimated
half-life of the radionuclide. Since this estimated half-life has an associated
uncertainty, the corrected values have associated covariance. If such correction
is made, the quantity Y becomes the quantity Ỹ according to Ỹ = Y eλpt.
Thus,

∂Ỹ

∂Y
= eλpt,

∂Ỹ

∂λp
= tY eλpt.

It therefore follows, applying the law of propagation of uncertainty [1], that the
standard uncertainty u(ỹi) associated with ỹi and the covariance cov(ỹi, ỹj)
associated with ỹi and ỹj are given by

u2(ỹi) = v2i u
2(yi) + t2i y

2
i v

2
i u

2(λ̂p), cov(ỹi, ỹj) = titjyiyjvivju
2(λ̂p), (12)

where vi = eλ̂pti and u(λ̂p) is the standard uncertainty associated with λ̂p,
the estimated half life. For instance, for the 90Y-DOTATOC data sets, the
radionuclide is 90Y, with half life 64.057h, with standard uncertainty 0.016h.
Analyzing the 90Y-DOTATOC examples with and without the covariance cor-
rection in expressions (12), i = 1, . . . ,m, j = 1, . . . ,m, to the covariance ma-
trix made no practical difference. The reason is that the standard uncertainty
associated with the 90Y half life is four orders of magnitude smaller than the
standard uncertainties associated with the activity data. Comparable results
are expected for other radionuclides.

Appendix B: Antibody-Directed Enzyme Prodrug
Therapy (ADEPT)

Antibody-directed enzyme prodrug therapy (ADEPT) [8] aims to overcome
shortcomings of existing treatment of common tumours such as colorectal
and gastric cancer by selective generation of a high concentration of drug in
tumour while sparing healthy tissue. It is a two-stage system, in which a fusion
protein consisting of a tumour-targeting antibody linked to an enzyme is given
intravenously. Following adequate clearance from healthy tissue, prodrug is
given and converted to active drug in tumour by the targeted enzyme. ADEPT
has potential to overcome drug resistance with minimal toxicity.

To optimize performance, ADEPT requires delivery of effective concen-
trations of enzyme to the tumour followed by administration of a potentially
effective prodrug dose when enzyme levels in the blood are low enough to
avoid systemic prodrug activation.

The optimal time point for giving prodrug is a balance defined by safe levels
of the tumour-targeting antibody-enzyme complex in serum and sufficient
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amounts in tumour for effective prodrug conversion. The determination of
this time point constitutes a potential challenge since molecules that clear
rapidly tend to accumulate less in tumour [13].

The form of chemotherapy relating to the considerations of this paper is
a multistage targeted therapy. This approach to administering chemotherapy
has been found to be effective in reducing the toxic effects of the treatment
on normal tissues whilst delivering a localised toxic effect to tumour cells.

The reaction between the fusion protein and the prodrug produces a toxic
drug, which causes damage to tumour cells. In order to control the level of
toxicity arising from the therapy, the prodrug should be administered when the
plasma concentration of the fusion protein falls below a prescribed threshold
value. This threshold concentration is some four orders of magnitude smaller
than the initial fusion product concentration. A process that enabled clinicians
to estimate reliably the time for prodrug administration from a sparse series
of plasma concentration measurement data would have great potential value
for analyzing the toxic impact of targeted chemotherapy on patients.

Appendix C: Time Prediction for Prodrug
Administration

The time point t0 for prodrug administration is the value of t satisfying
F (Â, T̂, t) = y0, where y0 is the activity threshold (a value smaller than
the sum of the initial activities). Thus t0 is the solution of the non-linear
algebraic equation

G(t) ≡ F (Â, T̂, t)− y0 =
n∑

j=1

Âe−t/T̂j − y0 = 0.

For Âj > 0 and T̂j > 0, and t ≥ 0, G′(t) < 0 and G′′(t) > 0. Hence G(t) is
convex and monotonically decreasing, and has at most one zero. Since

0 < y0 <
n∑

j=1

Âj , (13)

G(0) and G(∞) take opposite signs, and so G(t) = 0 has a solution.
Taking inequality (13) as holding, the required t0 can be obtained by

Newton-Raphson iteration starting from an initial approximation t(0)0 :

t
(r)
0 = t

(r−1)
0 −G(t(r−1)

0 )/G′(t(r−1)
0 ), r = 1, 2, . . . . (14)

Consider an initial approximation t(0)0 satisfying G(t(0)0 ) > 0. That the itera-
tion will then converge to the required solution can be seen as follows. Taylor’s
theorem with remainder term gives
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G(t+ Δt) = G(t) + ΔtG′(t) +
1
2
(Δt)2G′′(t+ θΔt), 0 ≤ θ ≤ 1.

A general step of the Newton-Raphson process (14) can be expressed as
Δt = −G(t)/G′(t), and so

G(t+ Δt) = G(t)− G(t)
G′(t)

G′(t) +
1
2
(Δt)2G′′(t+ θΔt) =

1
2
(Δt)2G′′(t+ θΔt).

But the term 1
2 (Δt)2G′′(t+ θΔt) > 0, since G′′(t) > 0. Thus G(t(1)0 ) > 0, and

by induction the t(r)0 form an increasing sequence.
Practical convergence of this process implemented in floating-point arith-

metic is given by terminating the iteration when this increasing property fails
to hold, namely when the computed value of t(r)0 fails to exceed that of t(r−1)

0 .
An initial approximation that is always satisfactory is t(0)0 = 0.
The standard uncertainty u(t0) associated with t0 is given by considering

the model

G(A,T, T0) ≡
n∑

j=1

Aje
−T0/Tj − y0 = 0. (15)

Expression (15) constitutes an implicit model, and so setting p = (A�,T�)�

and applying the results in reference [4] gives an expression for u2(t0):

(
∂G

∂p

)�
Up

∂G

∂p
(
∂G

∂T0

)2

∣∣∣∣∣∣∣∣∣
T0=t0,p=p̂

.

Appendix D: Generating all Meshpoints

To search over a discrete mesh satisfying inequalities (7), a count over the
set of indices defined by the mesh is carried out. Such counting is given by
the following code fragment, which provides the index set of the next in the
sequence of index sets representing a choice of n distinct items from L items,
the number of vertices. Starting with c = (1, 2, . . . , n− 1, n), where n is the
number of time constants, the code fragment generates all required vertices:

n = length(c);
k = n;
while c(k) == L - n + k
k = k - 1;

end
c(k) = c(k) + 1;
c(k+1:n) = c(k)+1:c(k)+n-k;
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The code is based on simulating a digital counter, with the following prop-
erties: (1) the counter has n digits lying between 1 and L; (2) no digit is
repeated; (3) when the counter is regarded as displaying an n-digit set of
numbers in arithmetic to base L, the sequence produced is strictly increasing.

Appendix E: Model-Data Consistency

Consistency of model and data is required to use the model to infer informa-
tion about the processes that underpin the data. The test of consistency used
in Section 3.4 is the chi-squared test. It makes the assumption that the model
deviations, and hence the model values, are realizations of Gaussian variables,
and so the sum of their squares is a realization of a chi-squared distribution
with m− 2n degrees of freedom.

A distinction should be drawn between making an individual statistical
test and applying a statistical test on a routine basis to a succession of models
determined from clinical data. The test relates to the possible values that
could be attributed to the test statistic and the actual (‘observed’) value in a
particular case. If the observed value is considered extreme (in the tail of the
distribution of possible values), it is reasonable to conclude that the model
determined in that case is inconsistent with the model. However, if, as here,
the tail probability corresponding to values that are considered extreme is
5 %, a value often used in statistical testing, it can be expected that over very
many sets of patient data, of the order of 1 in 20 of the corresponding models
would be judged inconsistent with the data. This statement is made on the
basis of statistical variation alone.

It is hence important that such cases should not automatically be judged
as displaying model-data inconsistency, but be referred to an expert for con-
sideration. Graphical aids are helpful in this regard.
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Towards Calculating the Basin of Attraction of
Non-Smooth Dynamical Systems Using Radial

Basis Functions
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Summary. We consider a special type of non-smooth dynamical systems, namely
ẋ = f(t, x), where x ∈ R, f is t-periodic with period T and non-smooth at x = 0. In
[6] a sufficient Borg-like condition to determine a subset of its basin of attraction was
given. The condition involves a function W and its partial derivatives; the function
W is t-periodic and non-smooth at x = 0.

In this article, we describe a method to approximate this function W using radial
basis functions. The challenges that W is non-smooth at x = 0 and a time-periodic
function are overcome by introducing an artificial gap in x-direction and using a
time-periodic kernel. The method is applied to an example which models a motor
with dry friction.

1 Introduction

Non-smooth dynamical systems arise in a number of applications, for example
in mechanical systems with dry friction, cf. Section 6. Compared to smooth
systems, non-smooth systems show different behaviour; for example, solutions
are in general not unique with respect to backward time.

We consider a special type of non-smooth dynamical systems, namely ẋ =
f(t, x), where x ∈ R, f is t-periodic with period T and non-smooth at x = 0,
i.e. f can be split into the two smooth functions f± : R×R

±
0 and the natural

phase space is the cylinder S1
T × R.

In [6] a sufficient condition for existence, uniqueness and exponential sta-
bility of a periodic orbit was given, which at the same time determines a
subset of its basin of attraction. The condition involves a function W , which
is t-periodic and non-smooth at x = 0. W serves as a weight function to mea-
sure the distance between adjacent trajectories.W has to satisfy the following
three conditions with constants ν, ε > 0 in a positively invariant subset K of
the phase space S1

T × R, see also Theorem 1;

1. fx(t, x) +W ′(t, x) ≤ −ν for all (t, x) ∈ K with x 
= 0,
2. f−(t,0)

f+(t,0)e
W−(t,0)−W+(t,0) ≤ e−ε for all (t, 0) ∈ K with f−(t, 0) < 0,

E.H. Georgoulis, A. Iske, J. Levesley (eds.), Approximation Algorithms for Complex

Systems, Springer Proceedings in Mathematics 3, DOI: 10.1007/978-3-642-16876-5 9,
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3. f+(t,0)
f−(t,0)e

W+(t,0)−W−(t,0) ≤ e−ε for all (t, 0) ∈ K with f+(t, 0) > 0,

where W ′(t, x) =Wx(t, x)f(t, x) +Wt(t, x) denotes the orbital derivative, i.e.
the derivative along solutions.

Let us explain the meaning of these conditions, for details cf. [6]: Condition
1 means that adjacent trajectories approach each other with respect to the
weighted distance. Conditions 2 and 3 relate to the jumps in the functions f
andW at points (t, 0), where the solution changes sign from + to − (Condition
2) or from − to + (Condition 3). If we compare two adjacent trajectories near
these points (t, 0), then the weighted distance has two contributions, on the
one hand the weight function changes from W+ to W− or the other way
round, on the other hand the two solutions have different signs for a small
time interval and thus are determined by the right-hand sides f+ and f−,
respectively. Conditions 2 and 3 ensure that those two contributions together
result in a decreasing weighted distance between the two trajectories.

In this article, we will approximate the function W using radial basis
functions and thus we can determine the basin of attraction of a periodic
orbit in non-smooth systems. The error estimates for radial basis function
approximation require a smooth target function, whereas the function W is
non-smooth. Thus, we introduce an artificial gap S1

T × (−v, 0) of size v > 0
and consider the smooth function V : S1

T × R → R, which satisfies

V (t, x) = W+(t, x) for x ≥ 0
and V (t, x− v) = W−(t, x) for x ≤ 0.

The above conditions for W will be transformed into similar conditions for V .
Note that the conditions are linear (differential) operators, and thus V can be
approximated using meshless collocation with radial basis functions. Since we
seek to approximate functions which are periodic with respect to one variable,
we use the approach in [11] which involves a time-periodic positive kernel of
the form

Φ(t, x) =
∑

k∈Z

Ψ(t+ kT, x)

where Ψ is a positive definite kernel in R
2. Note that we will use kernels Ψ

associated with Wendland’s compactly supported radial basis functions, such
that the sum becomes finite.

Let us give an overview over the contents: In Section 2 we give an in-
troduction to non-smooth dynamical systems, discussing Filippov solutions,
periodic orbits and their basins of attractions as well as a sufficient condition
for their calculation. In Section 3 we summarise the results on collocation of a
time-periodic function. In Section 4 we introduce the method to approximate
the non-smooth function W by using an artificial gap and a related function
V . In Section 5 we discuss the collocation matrix for the approximation of V
and in Section 6 we apply the method to an example. In an appendix we con-
sider Wendland’s compactly supported radial basis functions and give explicit
formulae for this choice.
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2 Non-Smooth Dynamical Systems

2.1 Filippov Solutions

Non-smooth dynamical systems arise in mechanical applications, e.g. through
dry friction. A model for a motor with dry friction is the equation ẋ = sinωt−
m signx, where x denotes the angular velocity of a rod, sinωt is the periodic
momentum and −m signx models the dry friction, where m > 0, cf. Section 6.
This is an example for a more general class of non-smooth dynamical systems
that we consider in this article, namely

ẋ = f(t, x), (1)

where x ∈ R, f is t-periodic with minimal period T > 0 and non-smooth at
x = 0. The cylinder S1

T × R, where S1
T denotes the circle of circumference

T , is both the phase space of the dynamical system and the domain of f .
We denote the solution x(t) of the initial value problem (1) together with the
initial condition x(t0) = x0 by ϕ(t, t0, x0) := x(t).

f+

f−

from − to + from + to − sliding motion

x

t

Fig. 1. The figure shows the three possible cases of signs for f+ and f−. Left:
f+, f− > 0 and the solution moves from the negative half-plane (x < 0) to the
positive (x > 0). Middle: f+, f− < 0 and the solution moves from the positive half-
plane (x > 0) to the negative (x < 0). Right: f+ < 0, f− > 0. After the solution
intersects with the t-axis, it stays on it, i.e. x(t) = 0; this is called a sliding motion.
Note that the remaining case f+ > 0, f− < 0 is excluded by definition.

While solutions of smooth ordinary differential equations are unique both
in forward and backward time, the situation changes if f is not smooth. So-
lutions of (1) are defined in the sense of Filippov [4], and we assume that
at least one of the following inequalities holds: f+(t, 0) < 0 or f−(t, 0) > 0,
where f+(t, 0) = limx↘0 f(t, x), f−(t, 0) = limx↗0 f(t, x). This implies that
we have unique solutions in forward time, but not necessarily in backward
time. We illustrate the three different situations of the signs of f+ and f−

in Figure 1: in the first case, the solution moves from the negative half-plane
(x < 0) to the positive (x > 0), in the second case the other way round. The
solution is still continuous, but not differentiable when it crosses the t-axis.
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In the third case, the solution intersects with the line x = 0 from below or
above, and then the solution follows the t-axis, i.e. x(t) = 0. Note that this is
neither the solution of ẋ = f+(t, 0) nor of ẋ = f−(t, 0), but of ẋ = 0; this is
called a sliding motion. In this case we have non-uniqueness in backward time
since we have no information about when the sliding motion has started.

2.2 Periodic Solution

We are interested in periodic solutions and their stability. The definitions are
similar to the smooth case.

Definition 1 (Periodic orbit). A periodic solution with period T of (1)
is a solution ϕ(t, t0, x0), such that ϕ(t + T, t0, x0) = ϕ(t, t0, x0) holds for all
t ∈ R. The set Ω = {(t, ϕ(t, t0, x0)) ∈ S1

T × R} is called a periodic orbit.
A periodic orbit Ω = {(t, ϕ(t, t0, x0)) ∈ S1

T × R} is called exponentially
stable with exponent −ν, if it is

• orbitally stable, i.e. for all ε > 0 there is a δ > 0 such that

dist((tmodT, ϕ(t, t0, y0)), Ω) < ε

for all |y0 − x0| ≤ δ and all t ≥ 0,
• exponentially attractive, i.e. for all ι > 0 there are δ′ > 0 and C > 0, such

that
|ϕ(t, t0, y0)− ϕ(t, t0, x0)| ≤ Ce(−ν+ι)t|y0 − x0|

holds for all y0 with |y0 − x0| ≤ δ′ and all t ≥ 0.

Note that Floquet exponents for a periodic solution (see e.g. [2] or [13] for
Floquet exponents of smooth systems, and [14] and [7] for Floquet exponents
of non-smooth systems) can only be defined under additional assumptions on
the periodic orbit. However, if a Floquet exponent can be defined, it is equal
to the maximal exponent −ν in Definition 1.

Definition 2 (Basin of attraction). The basin of attraction A(Ω) of an
exponentially stable periodic orbit Ω ⊆ S1

T × R is the set

A(Ω) :=
{
(t0, x0) ∈ S1

T × R | dist ((tmodT, ϕ(t, t0, x0)), Ω) t→∞−→ 0
}
.

In [6] the following sufficient condition for existence, uniqueness and
asymptotic stability of a periodic orbit was given, which, at the same time,
shows that K is a subset of its basin of attraction. This is a generalisation of
Borg’s criterion [1]. Note that Condition 1 of the following Theorem 1 means
that adjacent solutions ϕ(t, t0, x0) and ϕ(t, t0, y0), where |x0 − y0| is small,
approach each other. More precisely, the weighted distance

d(t) = eW (t,ϕ(t,t0,x0))|ϕ(t, t0, x0)− ϕ(t, t0, y0)|
is decreasing exponentially. The Conditions 2 and 3 take account of intervals
where the solutions ϕ(t, t0, x0) and ϕ(t, t0, y0) have different signs; for more
details cf. [6].
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Theorem 1 ([6], Theorem 3.3). Consider ẋ = f(t, x), where f ∈ C1(R ×
(R \ {0}),R) and f(t, x) = f(t+T, x) for all (t, x) ∈ R×R. Moreover assume
that each of the functions f±(t, x) := f(t, x) with x > (<)0 can be extended to
a continuous function f±(t, x) up to x = 0. Let the same hold for the deriva-
tives f±x (t, x). Finally, let f+(t, 0)− f−(t, 0) be a C1-function with respect to
t, and assume that for all t ∈ [0, T ] at least one of the following inequalities
holds: f+(t, 0) < 0 or f−(t, 0) > 0.

Assume furthermore that W± : R × R
±
0 are continuous functions with

W±(t + T, x) = W±(t, x) for all (t, x) ∈ R × R
±
0 . Let the orbital deriva-

tives W ′ = (W±)′ exist, be continuous functions in R×R
±, and be extendable

to R× R
±
0 in a continuous way. Note that the orbital derivative is defined by

W ′(t, x) = Wx(t, x)f(t, x) +Wt(t, x).
Let K ⊆ S1

T × R be a nonempty, connected, positively invariant and com-
pact set, such that the following three conditions hold with constants ν, ε > 0;

1. fx(t, x) +W ′(t, x) ≤ −ν < 0 for all (t, x) ∈ K with x 
= 0,
2. f

+(t,0)
f−(t,0)e

W+(t,0)−W−(t,0) ≤ e−ε < 1 for all (t, 0) ∈ K with f+(t, 0) > 0,

3. f
−(t,0)
f+(t,0)e

W−(t,0)−W+(t,0) ≤ e−ε < 1 for all (t, 0) ∈ K with f−(t, 0) < 0.

Then there is one and only one periodic orbit Ω with period T in K. Ω is
exponentially stable with exponent −ν and for its basin of attraction we have
the inclusion K ⊆ A(Ω).

The goal of this paper is to construct such a function W using radial
basis functions. The main problem is that the error estimates for radial basis
functions require a smooth target function whereas the function W is non-
smooth. This problem will be addressed in Section 4.

3 Collocation by Radial Basis Functions

Radial basis functions are a powerful tool to approximate solutions of linear
PDEs. In this article, we will use the symmetric approach for this generalised
interpolation which was developed in [3, 5, 15, 19], and also see [18]. A gener-
alisation with application to dynamical systems, in particular the construction
of Lyapunov functions for equilibria in autonomous systems, can be found in
[8, 10]. The generalised interpolation of a function V (t, x) which is periodic
with respect to the time variable t with application to the construction of
Lyapunov functions for a periodic orbit in time-periodic systems using mesh-
less collocation was developed in [11, 12]. We will describe the collocation of a
time-periodic function in the following; for details we refer the reader to [11].

Consider the linear operator L, which can, for example, be a differential
operator. We assume that it is of order ≤ 1, i.e. it involves only derivatives up
to order one. We also restrict ourselves to the case x ∈ R, although the theory
is available for general x ∈ R

n. We wish to approximately solve the following
equation for V
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LV (t, x) = g(t, x), (2)

where g is a given function.
We define a reproducing kernel Hilbert space with a positive definite kernel.

This will ensure that the interpolation problem leads to a system of linear
equations with a positive definite matrix and thus has a unique solution.
We take into account that the functions are periodic with respect to t. For
simplicity we restrict ourselves to the period T = 2π in this section and denote
S1

2π by S1.
We give the following definition of a positive definite, periodic function.

Definition 3 ([11], Definition 3.6). A function Φ : S1 × R → R, periodic
in t, is called positive definite if for all choices of pairwise distinct points
(tj , xj) ∈ S1 × R, 1 ≤ j ≤ N , and all α ∈ R

N \ {0}, we have

N∑

j,k=1

αjαkΦ(tj − tk, xj − xk) > 0.

Positive definite functions are often characterised using Fourier transform.
Since our functions are periodic in their t argument, the appropriate form of
the Fourier transform of a function Φ : S1 × R → R is defined by

Φ̂�(ω) := (2π)−2

∫ 2π

0

∫

R

Φ(t, x)e−i�te−ixω dx dt,

where � ∈ Z and ω ∈ R. This is a discrete Fourier transform with respect to t
and a continuous one with respect to x. The inverse Fourier transform is then
given by

Φ(t, x) =
∑

�∈Z

∫

R

Φ̂�(ω)ei(�t+xω) dω.

If the Fourier transform Φ̂�(ω) is positive for all � ∈ Z and all ω ∈ R, then the
function Φ is positive definite, cf. [11, Lemma 3.7].

In [11] it was also shown that a t-periodic positive definite kernel can be
constructed from a positive definite function Ψ : R

2 → R by making it periodic
in the first argument:

Φ(t, x) =
∑

k∈Z

Ψ(t+ 2πk, x). (3)

Note that this sum is finite if Ψ has compact support.
The associated reproducing kernel Hilbert space for a kernel Φ(t, x) with

positive Fourier transform Φ̂�(ω), where � ∈ Z and ω ∈ R, can be defined by

NΦ(S1 × R) :=

{
g :

∑

�∈Z

∫

R

|ĝ�(ω)|2
Φ̂�(ω)

dω <∞
}
.
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The space is a Hilbert space with the inner product

(g, h)NΦ :=
∑

�∈Z

∫

R

ĝ�(ω)ĥ�(ω)

Φ̂�(ω)
dω.

Now, suppose we are given a kernel possessing a Fourier transform Φ̂�(ω)
behaving like

c1(1 + �2 + ω2)−τ ≤ Φ̂�(ω) ≤ c2(1 + �2 + ω2)−τ (4)

with 0 < c1 ≤ c2. Then, according to [11, Lemma 3.5], see also [11, Section 3.3],
the associated function space NΦ(S1 × R) is norm equivalent to the Sobolev
space W̃ τ

2 (S1 × R) of functions which are periodic in t; for the definition of
this space see [11, Section 3.1].

Typical kernels satisfying (4) are Wendland’s compactly supported radial
basis functions Ψ(x̃) = ψl,k(‖x̃‖) , cf. Definition 4. Here, x̃ = (t, x) ∈ R × R,
k ∈ N is the smoothness index of the compactly supported Wendland function
and l = k + 2. Then (4) holds for the kernel (3) with τ = k + 3/2.

Definition 4 (Wendland functions, [16, 17]). Let l ∈ N, k ∈ N0. We
define by recursion

ψl,0(r) = (1− r)l+
and ψl,k+1(r) =

∫ 1

r

sψl,k(s) ds

for r ∈ R
+
0 . Here we set x+ = x for x ≥ 0 and x+ = 0 for x < 0.

In the following we will describe the approach for the approximation of the
solutions of (2). First, points x̃j := (tj , xj) ∈ S1 ×R, j = 1, . . . , N are chosen
and the linear functionals λj := δ(tj ,xj) ◦ L are defined. If these functionals
are linearly independent over the reproducing kernel Hilbert space NΦ, then
the following theorem holds true.

Theorem 2 ([18], Theorem 16.1). Suppose NΦ is a reproducing kernel
Hilbert space with reproducing kernel Φ. Suppose further, that there are linearly
independent linear functionals λ1, . . . , λN ∈ N ∗

Φ. Then, to every V ∈ NΦ, there
exists one and only one norm-minimal generalized interpolant sV , i.e. sV is
the unique solution to

min{‖s‖NΦ : s ∈ NΦ with λj(s) = λj(V )}.
Moreover, sV has the representation

sV (x̃) =
N∑

j=1

βjλ
ỹ
jΦ(x̃− ỹ), (5)

where the coefficients are determined by solving the linear system λi(sV ) =
λi(V ), 1 ≤ i ≤ N and x̃, ỹ ∈ S1 × R.
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Remark 1. The linear system is given by Aβ = γ, where A = (ajl)j,l=1,...,N

with ajl = λx̃jλ
ỹ
l Φ(x̃ − ỹ), x̃j = (tj , xj) ∈ S1 × R, and γ = (γi)i=1,...,N with

γi = λi(V ) = g(ti, xi) according to (2). Since A is positive definite if Φ is
a positive definite kernel, the linear system Aβ = γ has a unique solution β
which determines sV by (5).

Hence, we have to show that the linear functionals λj := δ(tj ,xj) ◦ L are
linearly independent over a sufficiently smooth Sobolev space. Then the error
analysis from [11] for LV −LsV which vanishes at the collocation points yields
the following result in Theorem 3.

To measure the quality of our approximants we will use mesh norms. Let
K̃ ⊆ S1 × R and assume that the points X̃ = {x̃j := (tj , xj) ∈ S1 × R, j =
1 . . . , N} lie in K̃, i.e. X̃ ⊆ K̃. The quantity hX̃,K̃ = supx̃∈K̃ minx̃j∈X ‖x̃−x̃j‖
measures how well X̃ is distributed over K̃. However, since K̃ is periodic in
the t variable, it is more natural to use the measure

h̃X̃,K̃ := sup
x̃∈K̃

min
x̃j∈X̃

‖x̃− x̃j‖c

where the “cylinder”-norm is defined by ‖x̃‖c = ((t mod 2π)2 + x2)1/2 and
t mod 2π ∈ [−π, π).
Theorem 3. Denote by k the smoothness index of the compactly supported
Wendland function. Let k > 1. Set τ = k + 3/2 and σ = #τ$. Consider the
kernel Φ(t, x) =

∑
k∈Z

Ψ(t+ 2πk, x), where Ψ(x̃) = ψl,k(c‖x̃‖), c > 0 and ψl,k
is defined in Definition 4. Assume that the functionals λj := δ(tj ,xj) ◦L ∈ N ∗

Φ,
j = 1, . . . , N are linearly independent and of order at most 1. Furthermore,
assume that the solution V of

LV (t, x) = g(t, x)

satisfies V ∈ Cσ(S1 × R,R).
Then the reconstruction sV of V with respect to the set X̃ ⊆ K̃ := {(t, x) ∈

S1 × R}, where K̃ has a Cσ-boundary, satisfies

‖LV − LsV ‖L∞(K̃) ≤ Ch̃
k− 1

2

X̃,K̃
‖V ‖

W̃
k+3/2
2 (K̃)

.

The proof of this theorem is similar to the proof of [11, Corollary 3.21].

4 Approximation of the Weight Function

4.1 Artificial Gap

The main problem of applying meshless collocation to approximate the func-
tion W of Theorem 1 in Section 2, is that W is non-smooth at x = 0, but the
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error estimates for approximation with radial basis functions require that the
approximated function W is smooth.

We solve this problem by introducing an artificial gap of width v > 0
between W+ and W− allowing for a smooth function, cf. Figure 2. More
precisely, we define a smooth function V : S1

T × R → R in the following way.

Definition 5 (of V and B). Fix v > 0. Assume that the set K ⊆ S1
T × R

and the function W : K → R are given, where W is non-smooth at x = 0.
Define B = B+∪B−, where B+ = {(t, x) ∈ K | x ≥ 0} and B− = {(t, x−v) |
(t, x) ∈ K,x ≤ 0}.

Further define V : B ⊆ S1
T × R → R by

V (t, x) := W+(t, x) for x ≥ 0, x ∈ K, (6)
V (t, x− v) := W−(t, x) for x ≤ 0, x ∈ K. (7)

W+ B+
K

W− gap v
T

B−

x

t

Fig. 2. The functions W+ and W− are defined in x > 0, x < 0, respectively. The
set K ⊆ S1

T ×R is transformed by introducing an artificial gap in x-direction of size
v. The previous area K− = {(t, x) ∈ K | x ≤ 0} is shifted to B− := {(t, x − v) |
(t, x) ∈ K,x ≤ 0}. The function V on B− is defined by the corresponding values of
W in K− before the shift.

In the newly introduced area S1
T × (−v, 0), the function V can bridge the

jump between W−(t, 0) and W+(t, 0). As a consequence, there is a smooth
function V satisfying (6)-(7).

We translate the conditions on W in Theorem 1 into the corresponding
ones for V . The three conditions become the following four conditions 1.

Conditions 1 Let ν, ε > 0 and assume that

1. f+
x (t, x) + Vt(t, x) + Vx(t, x)f+(t, x) ≤ −ν for all (t, x) ∈ B with x > 0,

2. f−x (t, x + v) + Vt(t, x) + Vx(t, x)f−(t, x + v) ≤ −ν for all (t, x) ∈ B with
x < −v,

3. V (t, 0)− V (t,−v) + ln
(
f+(t,0)
f−(t,0)

)
≤ −ε for all (t, 0) ∈ B with f+(t, 0) > 0,

4. V (t,−v)− V (t, 0) + ln
(
f−(t,0)
f+(t,0)

)
≤ −ε for all (t, 0) ∈ B with f−(t, 0) < 0.
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Note that due to the assumptions of Theorem 1, f+(t, 0) > 0 implies
f−(t, 0) > 0 and thus f+(t,0)

f−(t,0) > 0. Similarly, f−(t, 0) < 0 implies f+(t, 0) < 0

and thus f−(t,0)
f+(t,0) > 0.

The existence and smoothness of such functions have been discussed in [7]
under some additional assumptions on the periodic orbit which ensure that
a Floquet exponent −ν0 can be defined. Note that in non-smooth systems,
the Floquet exponent may also be −ν0 = −∞, but here we assume that the
Floquet exponent −ν0 exists, is finite and negative.

The construction of W in [7] and thus also of V starts on the periodic
orbit. Here, ν and ε of Conditions 1 have to satisfy a certain relation. More
precisely, if we define 0 < ν < ν0 then ε is defined by

ε =
(ν0 − ν)T

L
, (8)

where T denotes the period and L the number of changes of sign of the periodic
orbit in one period. We will discuss how to obtain these quantities in practice
in Section 4.2.

In order to find a function V such that the above four inequalities hold,
we approximate a function V satisfying the following equations (9) to (12),

LV (t, x) = −ν − f+
x (t, x) for all (t, x) ∈ B, x > 0, (9)

LvV (t, x) = −ν − f−x (t, x + v) for all (t, x) ∈ B, x < −v, (10)
V (t, 0)− V (t,−v) = g+(t) for all (t, 0) ∈ B with f+(t, 0) > 0, (11)
V (t, 0)− V (t,−v) = g−(t) for all (t, 0) ∈ B with f−(t, 0) < 0, (12)

where the functions g+(t) and g−(t) are specified later in Section 4.3; at this
point we expect g+(t) = −ε− ln

(
f+(t,0)
f−(t,0)

)
and g−(t) = ε+ ln

(
f−(t,0)
f+(t,0)

)
.

Note that the left-hand sides are all linear operators of order at most 1
applied to V . The first-order differential operators L and Lv in (9) and (10)
are defined by

LV (t, x) = Vt(t, x) + Vx(t, x)f+(t, x), (13)
LvV (t, x) = Vt(t, x) + Vx(t, x)f−(t, x+ v). (14)

4.2 Determination of ν and ε

Before we start the approximation, we use a simple Euler method to approx-
imate the periodic orbit x̃(t). The solution y(t) of the first variation equa-
tion d

dty(t) = fx(t, x̃(t))y(t) along the periodic orbit together with the jumps
when crossing x = 0 gives us an approximation of the Floquet exponent −ν0
through, cf. [7, Equation (3)],

−ν0T =
∫ T

0

fx(τ, x̃(τ)) dτ +
L∑

i=1

lnLi,
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where T denotes the period and L the number of changes of sign of the periodic
orbit in one period. Li is defined by Li = f+(ti,0)

f−(ti,0)
if the periodic orbit changes

sign at ti from − to + and by Li = f−(ti,0)
f+(ti,0)

if the periodic orbit changes sign at
ti from + to −. Note that a sliding motion, cf. Figure 1, cannot occur on the
periodic orbit, because this would lead to the Floquet exponent −ν0 = −∞
which we have excluded. If L = 0, then the periodic orbit is completely in
one area of sign and thus in a smooth system; we do not consider this case
further.

Then we choose 0 < ν < ν0 and

ε :=
(ν0 − ν)T

L
> 0

in accordance with (8). The nearer we choose ν to the Floquet exponent ν0,
the smaller we can choose ε, i.e. 3 and 4 in Conditions 1 become less restrictive.

4.3 Jump Conditions and Breakpoint

Concerning the two equations (11) and (12), we expect g+(t) = −ε
− ln

(
f+(t,0)
f−(t,0)

)
and g−(t) = ε + ln

(
f−(t,0)
f+(t,0)

)
. But towards the boundary of

the interval where f+(t, 0) > 0 we have f+(t, 0) → 0, i.e. − ln
(
f+(t,0)
f−(t,0)

)
→∞.

The choice of ν and ε implies that we have to use the above functions at
points where the periodic orbit crosses the axis x = 0; for other points the
function g+ and g− can be chosen differently, if the inequalities in 3 and 4 of
Conditions 1 are satisfied.

We choose a number b ∈ R
+, the breakpoint, and define

g+(t) =

{
−ε− ln

(
f+(t,0)
f−(t,0)

)
, if f+(t,0)

f−(t,0) > b,

−ε− ln b, otherwise,

g−(t) =

{
ε+ ln

(
f−(t,0)
f+(t,0)

)
, if f−(t,0)

f+(t,0) > b,

ε+ ln b otherwise.

Note that then the inequality in 3 of Conditions 1 is satisfied since for f+(t,0)
f−(t,0) ≤

b we have g+(t) + ln
(
f+(t,0)
f−(t,0)

)
≤ −ε − ln b + ln b = −ε; a similar argument

holds for 4 of Conditions 1.
The breakpoint b should be small enough so that g+ and g− are defined

according to the first line in the definition above at points where the periodic
orbit crosses the t-axis. On the other hand, it should be defined according to
the second line in the definition above at the beginning and end of intervals
where f+(t, 0) > 0, f−(t, 0) < 0, respectively, cf. the example in Section 6.
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5 Approximation of V

5.1 Collocation Matrix

We fix a positive definite radial basis function Ψ : R
2 → R, given by Ψ(t, x) =

ψ(‖(t, x)‖), where ψ : R → R. In this article, we use ψ = ψk+2,k where the
function ψk+2,k is a Wendland function, cf. Definition 4, which has compact
support. From this function we construct a positive definite function which is
T -periodic in its first argument by setting

Φ(t, x) =
∑

k∈Z

Ψ(t+ kT, x). (15)

Note that the sum is finite, since Ψ has compact support.
We choose pairwise different points (t1, x1), . . . , (tn+ , xn+) ∈ B with xj ≥ 0

for 1 ≤ j ≤ n+ and (tn++1, xn++1), . . . , (tn++n− , xn++n−) ∈ B with xj ≤ −v
for n+ +1 ≤ j ≤ n+ +n−. Furthermore, we choose points (τ1, 0), . . . , (τN+ , 0)
with f+(τj , 0) > 0 and (τN++1, 0), . . . , (τN++N− , 0) with f−(τj , 0) < 0. We
always assume that tj , τj ∈ [0, T ] and denote N := N+ +N−.

The ansatz for sV : S1
T ×R → R as an approximation for V (t, x) satisfying

(9) to (12) is given by, cf. (5),

sV (x̃) =
n+∑

j=1

cj(δ(tj ,xj) ◦ L)ỹΦ(x̃− ỹ) +
n++n−∑

j=n++1

cj(δ(tj ,xj) ◦ Lv)ỹΦ(x̃ − ỹ)

+
N∑

j=1

dj [Φ(x̃ − (τj , 0))− Φ(x̃ − (τj ,−v))], (16)

where the linear operators L and Lv were defined in (13) and (14), and x̃ =
(t, x) and ỹ = (s, y).

The coefficients c and d are determined by solving the linear system given
by the conditions, cf. (9) to (12),

M

(
c
d

)
=

⎛

⎜⎜⎝

α
β
γ
δ

⎞

⎟⎟⎠ (17)

where M =

⎛

⎝
M11 M12 M13

M21 M22 M23

M31 M32 M33

⎞

⎠ is a symmetric matrix with
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(M11)ij = (δ(ti,xi) ◦ L)x̃(δ(tj ,xj) ◦ L)ỹΦ(x̃− ỹ),
where i, j = 1, . . . , n+,

(M12)ij = (δ(ti,xi) ◦ L)x̃(δ(tj ,xj) ◦ Lv)ỹΦ(x̃ − ỹ),
where i = 1, . . . , n+, j = n+ + 1, . . . , n+ + n−,

(M13)ij = (δ(ti,xi) ◦ L)x̃[Φ(x̃ − (τj , 0))− Φ(x̃− (τj ,−v))],
where i = 1, . . . , n+, j = 1, . . . , N,

(M22)ij = (δ(ti,xi) ◦ Lv)x̃(δ(tj ,xj) ◦ Lv)ỹΦ(x̃− ỹ),
where i, j = n+ + 1, . . . , n+ + n−,

(M23)ij = (δ(ti,xi) ◦ Lv)x̃[Φ(x̃ − (τj , 0))− Φ(x̃ − (τj ,−v))],
where i = n+ + 1, . . . , n+ + n−, j = 1, . . . , N,

(M33)ij = 2Φ(τi − τj , 0)− Φ(τi − τj , v)− Φ(τi − τj ,−v),
where i, j = 1, . . . , N.

Detailed formulae of the matrix elements can be found in the Appendix A.
The right-hand sides are given by, cf. (9) to (12),

αi = −ν − f+
x (ti, xi), i = 1 . . . , n+,

βi = −ν − f−x (tn++i, xn++i + v), i = 1 . . . , n−,
γi = g+(τi), i = 1 . . . , N+,

δi = g−(τi), i = N+ + 1 . . . , N+ +N−.

The approximant sV is given by (16). For more detailed formulae of sV
and the Conditions 1 that we need to check, see Appendix B.

5.2 Error Analysis

The linear functionals are linearly independent provided that the points are
pairwise different. This relies on the fact the the operators L and Lv have no
singular points, cf. (13) and (14), due to the coefficient 1 of Vt. One can show
the linear independence for the operators in (11) and (12) similarly to the
proof in [9, Proposition 3.9]; see also [8, Proposition 3.29] for a combination
of different linear operators. Theorem 3 thus guarantees that the approximant
sV satisfies the inequalities 1. to 4. of Conditions 1 provided that the meshes
are dense enough and V is smooth enough.

6 Example: Dry Friction

We consider the example [6, Section 4.1], namely

ẋ = sin t−m sign(x).
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Fig. 3. Left: The periodic orbit in the interval [0, 2π]. There are two points where
the periodic orbit changes sign. Right: The periodic orbit after the introduction of
the gap of size v = 1 together with the n+ + n− = 990 points (tj , xj) used for the
generalised interpolation with respect to the operators L and Lv .

The term −m sign(x) models dry friction and is non-smooth at x = 0. We
choose the value m = 0.35 which gives an exponentially stable periodic orbit
with Floquet exponent −ν0 = −0.2840 and L = 2, i.e. two changes of sign
in one period T = 2π, cf. Figure 3. We choose ν = 0.8 · ν0 = 0.2272 which
results in ε = 0.1785 using (8). We use equally distributed points (τj , 0),
dividing [0, T ] into 40 pieces and deciding for each point whether it satisfies
f+(τi, 0) > 0, f−(τi, 0) < 0 or neither. We arrive at N+ = N− = 15. We used
the breakpoint b = 0.3, which results in the vector

γ = (1.0255, 1.0255, 0.9068, 0.7478, 0.6518, 0.5938, 0.5624, 0.5524,
0.5624, 0.5938, 0.6518, 0.7478, 0.9068, 1.0255, 1.0255).

The equal numbers at the beginning and end of γ indicate that we cut the
values just at the end, and that we used the correct definition on the periodic
orbit.

The gap introduced is of width v = 1. The points for the orbital derivative
for x ≥ 0 are chosen on a grid (tj , xj) where xj ∈ {0, δ, 2δ, . . . , 1} and tj
are 45 equally distributed in the interval (0, T ] and δ = 1

10 , which results in
n+ = 495.

The points for the orbital derivative for x < 0 are chosen on a grid (tj , xj−
v) where xj ∈ {−1, . . . ,−2δ,−δ, 0} and tj are 45 equally distributed in the
interval (0, T ] and δ = 1

10 , which results in n− = 495.
We use Wendland’s compactly supported radial basis function ψ4,2(0.7 ·r),

where ψ4,2(r) = (1−r)6(35r2 +18r+3). The choice of the scaling factor 0.7 in
the radial basis function corresponds to the distance of the grid points: if the
factor is too large, then the support of the radial basis function centered at a
grid point only includes this one grid point and the approximation is bad; if
it is too small then the collocation matrix has a bad condition number.
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Figure 3 shows the periodic orbit which crosses the t-axis twice in one
period (left). The right-hand side figure shows the same periodic orbit after
the introduction of the artificial gap together with the points (tj , xj) used for
the collocation of the differential operators L and Lv. Figure 4 (left) shows
3 and 4 of Conditions 1 for the approximated function sV : all values are
negative, and they are bounded by approximately −ε. Towards the beginning
and end of the intervals where f+(t, ) > 0, f−(t, 0) < 0, respectively, the
values drop below −ε as a consequence of the introduced breakpoint.
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Fig. 4. Left: 3 and 4 of Conditions 1 for sV are checked. The points in black on
the t-axis are the points t where f+(t, 0) > 0, the values are sV (t, 0) − sV (t,−v) +

ln
(

f+(t,0)

f−(t,0)

)
and they are negative, bounded approximately by −ε = −0.1785. The

points in red on the t-axis are the points t where f−(t, 0) < 0, the values are

sV (t,−v)−sV (t, 0)+ ln
(

f−(t,0)

f+(t,0)

)
and they are negative, bounded approximately by

−ε = −0.1785. Right: 1 and 2 of Conditions 1 are evaluated along the periodic orbit.
The values are negative and approximately −ν = −0.2272; note that the largest
variation occurs at the points where the periodic orbit changes sign, cf. Figure 3.

Figures 4 (right) and 5 illustrate 1 and 2 of Conditions 1. In Figure 5 the
values of f+

x (t, x) + (sV )t(t, x) + (sV )x(t, x)f+(t, x) are shown in the positive
plane S1

T ×R
+ (left) and the values of f−x (t, x)+ (sV )t(t, x− v)+ (sV )x(t, x−

v)f−(t, x) are shown in the negative plane S1
T × R

− (right). The values are
all negative, mostly they are approximately −ν = −0.2272. Larger variations
occur near the non-smooth axis x = 0. Figure 4 (right) shows these value
along the periodic orbit; here, we observe the same tendency: the values are
negative, approximately −ν and the largest variations occur at the points
where the periodic orbit crosses the t-axis.
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Fig. 5. Left: 1 of Conditions 1 is checked on [0, T ]× (0, 1]: the values are f+
x (t, x) +

(sV )t(t, x)+(sV )x(t, x)f+(t, x) and they are negative, approximately −ν = −0.2272.
Right: 2 of Conditions 1 is checked on [0, T ] × [−1, 0) for W , which corresponds to
[0, T ] × [−1 − v,−v) for V ; the values are f−

x (t, x) + (sV )t(t, x − v) + (sV )x(t, x −
v)f−(t, x) and they are negative, approximately −ν = −0.2272.

Appendix A: Formulae for the Collocation Matrix

To determine the collocation matrix in more detail, we define F±(t, x) :=
(1, f±(t, x)). We set x̃ = (t, x), ỹ = (τ, y) and x̃j := (tj , xj); we assume that
T = 2π and tj ∈ [0, 2π].

We use Φ(t, x) =
∑
k∈Z

ψ(‖(t+k2π, x)‖), cf. (15) and set ψ1(r) := 1
r
dψ(r)
dr ,

and ψ2(r) := 1
r
dψ1(r)
dr if r > 0 and ψ2(0) := 0. In the following table we present

the Wendland function ψ4,2 used for the example in Section 6 together with
ψ1 and ψ2, cf. also [8, Appendix B.1].

ψ4,2(cr)

ψ(r) (1− cr)6+[35(cr)2 + 18cr + 3]
ψ1(r) −56c2(1− cr)5+[1 + 5cr]

ψ2(r) 1680c4(1− cr)4+
We use the formulae of Section 5.1 to calculate
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(M11)ij
= (δx̃i ◦ L)x̃(δx̃j ◦ L)ỹΦ(x̃− ỹ)
= (δx̃i ◦ L)x̃

∑

k∈Z

〈∇(τ,y)ψ(‖(t− τ + 2πk, x− y)‖), F+(τ, y)〉∣∣
(τ,y)=(tj ,xj)

= (δx̃i ◦ L)x̃
∑

k∈Z

ψ1(‖(t− tj + 2πk, x− xj)‖)

×〈(tj − t− 2πk, xj − x), F+(tj , xj)〉
=

∑

k∈Z

[
− ψ2(‖(ti − tj + 2πk, xi − xj)‖)

×〈(ti − tj + 2πk, xi − xj), F+(ti, xi)〉〈(ti − tj + 2πk, xi − xj), F+(tj , xj)〉
−ψ1(‖(ti − tj + 2πk, xi − xj)‖)〈F+(ti, xi), F+(tj , xj)〉

]
.

Assume that suppψ ⊆ {(t, x) | ‖(t, x)‖ ≤ R}. Then the sum is empty for
|k| > R

2π + 1, since then

‖(ti − tj + 2πk, xi − xj)‖ ≥ |ti − tj + 2πk|
≥ 2π|k| − |ti − tj |
> R+ 2π − 2π,

because tj , tk ∈ [0, 2π]. Thus, the sum is finite, and we have with κ := � R2π �+1

(M11)ij

=
κ∑

k=−κ

[
− ψ2(‖(ti − tj + 2πk, xi − xj)‖)〈(ti − tj + 2πk, xi − xj), F+(ti, xi)〉

×〈(ti − tj + 2πk, xi − xj), F+(tj , xj)〉
−ψ1(‖(ti − tj + 2πk, xi − xj)‖)〈F+(ti, xi), F+(tj , xj)〉

]
.

In a similar way we obtain
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(M12)ij =
κ∑

k=−κ

[
− ψ2(‖(ti − tj + 2πk, xi − xj)‖)

×〈(ti − tj + 2πk, xi − xj), F+(ti, xi)〉
×〈(ti − tj + 2πk, xi − xj), F−(tj , xj + v)〉
−ψ1(‖(ti − tj + 2πk, xi − xj)‖)〈F+(ti, xi), F−(tj , xj + v)〉

]
,

(M13)ij =
κ∑

k=−κ

[
ψ1(‖(ti − τj + 2πk, xi)‖)〈F+(ti, xi), (ti − τj + 2πk, xi)〉

−ψ1(‖(ti − τj + 2πk, xi + v)‖)〈F+(ti, xi), (ti − τj + 2πk, xi + v)〉
]
,

(M22)ij =
κ∑

k=−κ

[
− ψ2(‖(ti − tj + 2πk, xi − xj)‖)

×〈(ti − tj + 2πk, xi − xj), F−(ti, xi + v)〉
×〈(ti − tj + 2πk, xi − xj), F−(tj , xj + v)〉
−ψ1(‖(ti − tj + 2πk, xi − xj)‖)〈F−(ti, xi + v), F−(tj , xj + v)〉

]
,

(M23)ij =
κ∑

k=−κ

[
ψ1(‖(ti − τj + 2πk, xi)‖)〈F−(ti, xi + v), (ti − τj + 2πk, xi)〉

−ψ1(‖(ti − τj + 2πk, xi + v)‖)
×〈F−(ti, xi + v), (ti − τj + 2πk, xi + v)〉

]
.

Appendix B:
The Formula and Conditions for the Approximant

Recall that (c, d)T denotes the solution of (17). In a similar way as above, we
can calculate the approximant sV (t, x) from (16),
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sV (t, x) =
κ2(t)∑

k=κ1(t)

[ n+∑

j=1

cjψ1(‖(t− tj + 2πk, x− xj)‖)

×〈(tj − t− 2πk, xj − x), F+(tj , xj)〉

+
n++n−∑

j=n++1

cjψ1(‖(t− tj + 2πk, x− xj)‖)

×〈(tj − t− 2πk, xj − x), F−(tj , xj + v)〉

+
N∑

j=1

dj [ψ(‖(t− τj + 2πk, x)‖)− ψ(‖(t− τj + 2πk, x+ v)‖)]
]
,

where κ1(t) := #−R−t
2π $ and κ2(t) := �R−t

2π �+1. sV (t, x) is a periodic function
by construction and thus it suffices to calculate the values for t ∈ [0, 2π]; here
we obtain again mint∈[0,2π] κ1(t) = −κ and maxt∈[0,2π] κ2(t) = κ.

The Conditions 1 that we have to check for the approximant sV involve
the orbital derivative. For x > 0 we have, cf. (9):

(L ◦ sV )(t, x)

=
κ2(t)∑

k=κ1(t)

[ n+∑

j=1

cj{−ψ2(‖(t− tj + 2πk, x− xj)‖)

×〈(t− tj + 2πk, x− xj), F+(t, x)〉〈(t − tj + 2πk, x− xj), F+(tj , xj)〉
−ψ1(‖(t− tj + 2πk, x− xj)‖)〈F+(t, x), F+(tj , xj)〉}

+
n++n−∑

j=n++1

cj{−ψ2(‖(t− tj + 2πk, x− xj)‖)

×〈(t− tj + 2πk, x− xj), F+(t, x)〉〈(t − tj + 2πk, x− xj), F−(tj , xj + v)〉
−ψ1(‖(t− tj + 2πk, x− xj)‖)〈F+(t, x), F−(tj , xj + v)〉}

+
N∑

j=1

dj
[
ψ1(‖(t− τj + 2πk, x)‖)〈F+(t, x), (t − τj + 2πk, x)〉

−ψ1(‖(t− τj + 2πk, x+ v)‖)〈F+(t, x), (t− τj + 2πk, x+ v)〉]
]
.

For x < −v we have:
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(Lv ◦ sV )(t, x)

=
κ2(t)∑

k=κ1(t)

[ n+∑

j=1

cj{−ψ2(‖(t− tj + 2πk, x− xj)‖)

×〈(t− tj + 2πk, x− xj), F−(t, x+ v)〉〈(t− tj + 2πk, x− xj), F+(tj , xj)〉
−ψ1(‖(t− tj + 2πk, x− xj)‖)〈F−(t, x + v), F+(tj , xj)〉}

+
n++n−∑

j=n++1

cj{−ψ2(‖(t− tj + 2πk, x− xj)‖)

×〈(t− tj + 2πk, x− xj), F−(t, x+ v)〉
×〈(t− tj + 2πk, x− xj), F−(tj , xj + v)〉
−ψ1(‖(t− tj + 2πk, x− xj)‖)〈F−(t, x + v), F−(tj , xj + v)〉}

+
N∑

j=1

dj
[
ψ1(‖(t− τj + 2πk, x)‖)〈F−(t, x+ v), (t− τj + 2πk, x)〉

−ψ1(‖(t− τj + 2πk, x+ v)‖)× 〈F−(t, x+ v), (t− τj + 2πk, x+ v)〉]
]
.
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Stabilizing Lattice Boltzmann Simulation of
Fluid Flow past a Circular Cylinder with

Ehrenfests’ Limiter

Tahir S. Khan and Jeremy Levesley

Department of Mathematics, University of Leicester, LE1 7RH, UK

Summary. In this study, two-dimensional fluid flow around a circular cylinder
for different laminar and turbulent regimes has been analyzed. We will show that
introduction of Ehrenfests’ coarse-graining idea in lattice Boltzmann method can
stabilize the simulation for high Reynolds numbers without any grid refinement in
the vicinity of circular cylinder where sharp gradients occur. A Strouhal-Reynolds
number relationship from low to high Reynolds number has been captured and found
satisfactory in agreement with other numerical and experimental simulations.

1 Introduction

The laminar and turbulent unsteady viscous flow around the circular cylinder
has been a fundamental fluid mechanics problem due to its wide variety of
applications in engineering such as submarines, bridge piers, towers, pipelines
and off shore structures etc. Numerous experimental and numerical investiga-
tions [15, 17, 18, 19, 20, 21, 22, 26] have been carried out to understand the
complex dynamics of the cylinder wake flow over the last century. The gov-
erning dimensionless parameter for the idealized disturbance-free flow around
a nominally two-dimensional cylinder is the Reynolds number Re = UD/ν
where U is the free-stream velocity, D the cylinder diameter and ν the kine-
matic viscosity. It has been observed both experimentally and numerically
that as the Reynolds number increases, flow begins to separate behind the
cylinder causing vortex shedding which leads to a periodic flow known as Von
Karman vortex street. Recently, Zdravkovich [29] has compiled almost all the
experimental and numerical simulation data on the flow past circular cylin-
ders and classified this phenomenon into five different regimes based on the
Reynolds numbers. For 30 to 48 < Re < 180 to 200, there is a laminar vortex
shedding in the wake of the cylinder. Transition from laminar to turbulence
occurs in the region 180 to 200 < Re < 350 to 400. In the region Re > 350 to
400 the wake behind circular cylinder becomes completely turbulent.

During last two decades the lattice Boltzmann method (LBM) [23, 27] has
emerged as an alternative to the conventional computational fluid dynamics

E.H. Georgoulis, A. Iske, J. Levesley (eds.), Approximation Algorithms for Complex

Systems, Springer Proceedings in Mathematics 3, DOI: 10.1007/978-3-642-16876-5 10,
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(CFD) methods (finite difference, finite volume, finite elements and spec-
tral methods). Unlike the traditional CFD tools, which are based on the
discretization of continuous partial differential equations (Navier-Stokes for
fluid dynamics), the LBM is based on evolution equations for the mesoscopic
Boltzmann densities from which macroscopic quantities can be calculated.
The main advantages of the LBM are simple programming, parallel compu-
tation and ease of implementation of boundary conditions for complex ge-
ometries. Among the different variants of the LBM in use, are multiple re-
laxation lattice Boltzmann method, finite volume lattice Boltzmann method,
interpolation-supplemented lattice Boltzmann method, entropic lattice Boltz-
mann method [2, 12, 13, 14, 25] and recently introduced lattice Boltzmann
method with Ehrenfests’ step [3, 4, 5, 6]. Despite successful LBM simulations
of various fluid flows of engineering interests, it has been observed that the
LBM exhibits numerical instabilities in low viscosity regimes. The reasons
for these instabilities are lack of positivity and deviations of the populations
from the quasi-equilibrium states. On the curved boundary of cylinder the
interpolation-based shemes [7, 11, 16, 28] play an important role to improve
the numerical stability. The stability of the LBM has been improved in en-
tropic lattice Boltzmann method (ELBM) through compliance with an H-
theorem [24] which ensures the positivity of the distribution function. As an
alternative and versatile approach, the LBM with Ehrenfests’ steps has been
able to control the deviations of the populations from quasi-equilibrium states
by fixing a tolerance value for the difference in microscopic and macroscopic
entropy. When this tolerance value is exceeded the populations are returned
to their quasi-equilibrium states.

Both models ELBM and LBM with Ehrenfests’ steps have efficiently sim-
ulated turbulent flow past a square cylinder [2, 5]. In the present work we
have tested the efficiency of the second method i.e., LBM with Ehrenfests’
steps for the flow past a circular cylinder. A main feature of the unsteady
cylinder wake is the global parameter Strouhal number which is defined as
St = Lfω/U∞ where fω is the vortex shedding frequency, L is the characteris-
tic length scale (diameter of the cylinder here) and U∞ is the free-stream fluid
velocity (velocity at the inlet here).The main goal of this work is to visualize
the laminar and turbulent unsteady flow fields for different Reynolds number
and to find a Strouhal-Reynolds number relationship. The focus would be the
two-dimensional vortex shedding behind a circular cylinder and we will show
that introduction of Ehrenfests’ steps can stabilize the LBM simulation of flow
past circular cylinder for quite a high Reynolds number up to Re = 20, 000.
Numerical results presented here are compared with other experimental and
numerical results [9, 10, 17, 18, 19, 20, 21, 22, 26, 29] and the agreements are
found satisfactory.

The work is organized as follows: In Sec. 2, a brief description of the LBM
is presented. In Sec. 3, Ehrenfests’ coarse-graining idea is introduced. In Sec.
4, the computational set up for the flow is defined. In Sec. 5, the boundary
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conditions are explained and finally in Sec. 6, we present the results of our
numerical experiment and their comparisons with other results.

2 Lattice Boltzmann Method

The Boltzmann equation

∂f

∂t
+ v · ∇f = Q(f),

is a kinetic transport equation where f = f(x,v, t) is the distribution function
to find the probability of a particle moving with velocity v at site x and time
t and Q(f) is the collisional integral which represents the interactions of the
populations f . The developments made for the solutions of the Boltzmann
equation are focused on finding simpler expressions for the complicated col-
lisional integral Q(f). One of the approximations of Q(f) is the well known
Bhatnagar-Gross-Krook (BGK) collisional integral,

Q(f) = −ω(f − feq).
This represents the relaxation towards local equilibrium feq defined below,
on a time scale τ = 1/ω which results in a viscous behavior of the model.
It has been shown through Chapman-Enskog expansion [23] that the result-
ing macrodynamics are the Navier-Stokes equations to second-order in τ . On
the other hand, in [3] the authors demonstrate that using Ehrenfests’ coarse-
graining idea,the lattice Boltzmann iteration delivers macroscopic dynamics
which are the Navier-Stokes equations with viscosity%t/2, to order%t2 where
%t is the time step. The difference between the two approaches is that in the
first approach, the kinetic equation acts as an intermediary between macro-
scopic transport equations and LBM simulation whereas in the second ap-
proach, Navier-Stokes equations are the result of free-flight dynamics followed
by equilibration.

A discretization of the velocity space into a finite set of velocities v =
(e0, e1, ..., en−1) and associated distribution function f = (f0, f1, ..., fn−1) re-
sults in the discrete Boltzmann equation, known as lattice Boltzmann equation
(LBE),

∂fi
∂t

+ ei · ∇fi = −ω(fi − feqi ), i = 0, 1, ..., n− 1.

Further discretization of LBE in time and space leads to the BGK lattice
Boltzmann equation,

fi(x + eiΔt, t+Δt)− fi(x, t) = −1
τ
(fi − feqi ).

In order to recover macroscopic fluid dynamics (Navier-Stokes) equations, the
set of discrete velocities is selected in such a way that it must satisfy the mass,
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momentum and energy conservation. This requires the following constraints
on the local equilibrium distribution:

ρ =
∑

i

feqi ,

u =
1
ρ

∑

i

feqi ei,

where the explicit expression of the local equilibrium [1] has the following
form:

feqi = wiρ
2∏

j=1

(2−
√

1 + 3u2
j)

⎛

⎝
2uj +

√
1 + 3u2

j

1− uj

⎞

⎠

ei,j/c

,

where j is the index of the spatial directions, so ei,j represents the jth compo-
nent of ei, and wi are the weighting factors defined below. The second order
expansion gives the following polynomial quasiequilibria:

feqi = wiρ
[
1 +

3
c2

(ei · u) +
9

2c2
(ei · u)2 − 3

2c2
(u · u)

]
.

For the two-dimensional case, the lattice which exhibits rotational symmetry
to ensure the conservation constraints is D2Q9 as shown in Figure 1. The
discrete velocities for this lattice are defined as:

ei =

⎧
⎨

⎩

(0, 0), i = 0,
(c cos[(i− 1)π/2], c sin[(i− 1)π/2]), i = 1, 2, 3, 4,
(
√

2c cos[(i− 5)π/2 + π/4],
√

2c sin[(i− 5)π/2 + π/4]), i = 5, 6, 7, 8,

where c = %x/%t, %x and %t are lattice constant and the time step size,
respectively. The weights wi are given by

wi =

⎧
⎨

⎩

4
9 , i = 0,
1
9 , i = 1, 2, 3, 4,
1
36 , i = 5, 6, 7, 8.

With this model the macroscopic variables are given by:

ρ =
∑

i

fi,

u =
1
ρ

∑

i

fiei.

The speed of sound of this model is

cs =
c√
3
.
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Fig. 1. Two-dimensional D2Q9 lattice

The viscosity of the model is given by

ν = c2s(τ −
1
2
).

The two computational steps for the LBM are:

Collision : f̃i(x, t) = fi(x, t)− 1
τ [fi(x, t)− feqi (x, t)],

Streaming : fi(x + ei%t, t+%t) = f̃i(x, t),

where fi and f̃i denote the pre-collision and post-collision distribution func-
tions, respectively.

3 Ehrenfests’ Coarse-Graining

The introduction of Ehrenfests’ coarse-graining idea to the LBM [3, 4, 5, 6,
8] can be understood as follows: First consider the continuous Boltzmann
Equation (1) as a combination of two alternating operations, the free-flight
and the collision as shown in the Figure 2. The free-flight operator is simply
a linear map Θτ : f(x,v, t) → f(x − vτ,v, τ) describing the distribution of
particles in phase space as a shift transformation of the conservative dynamics
and can be expressed by the equation

f(x,v, t+ τ) = f(x− vτ,v, t),

where τ is the fixed coarse-graining time. For the collision operator, the ve-
locity space v is discretized as vi. This collision operator does not affect the
macroscopic variables of the particle distribution. Defining a linear map
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M = m(f),

which transforms the microscopic distribution function into the macroscopic
variables, the hydrodynamic moments of the system can be retrieved [3]. If
f0 is an initial quasi-equilibrium distribution then the Ehrenfests’ chain is
defined as a sequence of quasi-equilibrium distributions f0, f1, ..., where

fλ = feqm[Θτ (fλ−1)], λ = 1, 2, . . . .

There is no entropy increase in the Ehrenfests’ chain due to mechanical mo-
tion, the gain in entropy is from the equilibration. For a given entropy func-
tional S(f) and a fixed M the solution of the optimization problem

feqM = argmax {S(f) : m(f) = M},

is unique. For the Boltzmann entropy

S(f) = −
∫ ∫

f log fdvdx,

the quasi-equilibrium is the Maxwellian distribution

feqM =
ρ2

2πP
exp(− ρ

P
(v − u)2).

In [3], the authors have shown that by introducing Ehrenfests’ steps after
free-flight, we can recover, to the second-order, the Navier-Stokes equations
with coefficient of viscosity τ/2. Clearly, viscosity is proportional to the time
step. The governing equations for the LBGK scheme are

fi(x + eiτ, t+ τ) = (1− β)fi(x, t) + βfmiri (x, t),

where fmiri (x, t) = 2feqi (x, t)− fi(x, t), is the reflection of fi in the quasiequi-
librium manifold. The parameter β = β(τ) ∈ [0, 1] may be chosen to satisfy
a physically relevant condition. This controls the viscosity in the model, with
β = 1, the viscosity goes to zero. For β = 0, there is no change in fi dur-
ing collision. A choice of β = 1/2 corresponds to the Ehrenfests’ step with
viscosity proportional to the time step %t = τ . One variant of LBGK is the
ELBM [12, 13, 14] in which instead of a linear mirror reflection f �−→ fmir an
entropic involution f �−→ f̃ is used, where f̃ = (1− α)f + αfeq. The number
α = α(f) is so chosen that the local constant entropy condition is satisfied:
S(f) = S(f̃). The governing equations for ELBM become

fi(x + eiτ, t+ τ) = (1 − β)fi(x, t) + βf̃i(x, t).

In [3], the authors have constructed the numerical method from the dynamics
Θ−τ/2(f

eq
M ) → Θτ/2(f

eq
M ), so that the first-order term in τ is canceled and an

order τ2 approximation to the Euler equation is obtained. The deviations of
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Fig. 2. Showing the alternating operations of free flight and collision chain in time
near the quasi-equilibrium manifold and the linear map m from the microscopic
populations to the macroscopic moments M.

the populations from the quasi-equilibrium manifold cause instabilities in both
LBGK and ELBM simulations. By applying Ehrenfests’ steps at a bounded
number of sites, the populations are returned to the quasiequilibrium manifold
and the simulation can be stabilized to order τ2. This has been done by
monitoring the local deviation of f from the corresponding quasiequilibrium,
and the nonequilibrium entropy

%S = S(feq)− S(f),

at every lattice site throughout the simulation. If a prespecified threshold value
δ is exceeded, then an Ehrenfests’ step is performed at the corresponding cite:
f �−→ feq at those points. For the discrete entropy

S(f) = −
∑

i

fi log
(
fi
Wi

)
,

the non-equilibrium entropy is

%S =
∑

i

fi log
(
fi
feqi

)
.

The governing equations can, now be written as

fi(x + eiτ, t+ τ) =
{
fi(x, t) + 2β(feqi (x, t)− fi(x, t)), %S ≤ δ,
fi(x, t), otherwise.

In order that the Ehrenfests’ steps are not allowed to degrade the accuracy
of LBGK , it is pertinent to select the k sites with highest %S > δ and return
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these to quasiequilibrium. If there are less than k such points then we return
all of them to quasiequilibrium manifold.

4 Computational Setup for Flow Past Circular Cylinders

The computational setup for the flow is as follows: The circular cylinder of
diameter D is immersed in a rectangular channel with its axis perpendicular
to the flow direction. The length and width of the channel are respectively,
30D and 25D. The cylinder is placed on the center line in the y-direction
resulting in a blockage ratio of 4%. The computational domain consists of an
upstream of 10.5D and a downstream of 19.5D to the center of the cylinder.
The computational grid with these dimensions is shown in Figure 3.

For all simulations, the inlet velocity is (U∞, V∞) = (0.05, 0) (in lattice
units) and the characteristic length, that is the diameter of the cylinder,
is D = 20. The vortex shedding frequency fω is obtained from the dis-
crete Fourier transform of the x-component of the instantaneous velocity at
a monitoring point which is located at coordinates (4D,−2D) with center
of the cylinder being assumed at the origin. The simulations are recorded
over tmax = 1250D/U∞ time steps. The parameter (k, δ) which controls the
Ehrenfests’ steps tolerances, are fixed at (16, 10−3).

Fig. 3. Computational setup for flow past circular cylinder
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5 Boundary Conditions

The free slip boundary condition [23] is imposed on the north and south chan-
nel walls. At the inlet, the populations are replaced with the quasi-equilibrium
values that correspond to the free-streem velocity and density. As the simu-
lation result is not very sensitive to the exact condition specified at the inlet
boundary, this lower order approximation is sufficient there. The simulation
is sensitive to the outlet boundary condition. The sensitivity for this prob-
lem has been known in [23]. We follow the prescription suggested in [2, 3]:
at the outlet, the populations pointing towards the flow domain are replaced
by the equilibrium values that correspond to the velocity and density of the
penultimate row of the lattice.

On the cylinder walls, the interpolation based scheme of Filippova and
Hänel (FH) model [7] with first-order and second-order improvements made
by Renwei Mei [16] are applied. In Figure 4, a curved wall separates the solid
region from the fluid region. The lattice nodes on the fluid and solid sides are
denoted by rf and rs respectively. The filled small circles on the boundary rw,
denote the intersections of the wall with different lattice links. The fraction
of the intersected link in the fluid region is,

% =
|rf − rw|
|rf − rs| , where 0 < % ≤ 1.

The horizontal and vertical distance between rf and rw is %δx on the
square lattice. After the collision step, f̃i(rf , t) on the fluid side is known and
f̃−i(rs, t) on the solid side is to be determined. To find the unknown value
f̃−i(rs, t) = f−i(rf = rs+e−iδt, t+δt), based on information in the surround-
ing fluid nodes like f̃i(rf , t), f̃i(rff , t) etc., FH [7] construct the following linear
interpolation:

f̃−i(rs, t) = (1− χ)f̃i(rf , t) + χf∗i (rs, t)− 2wiρ
3
c2

(e−i · uw),

where uw = u(rw, t) is the velocity at wall, χ is the weighting factor, and
f∗i (rs, t) is a fictitious equilibrium distribution function defined as:

f∗i (rs, t) = wiρ(rf , t)
[
1 +

3
c2

(ei · usf ) +
9

2c2
(ei · uf )2 − 3

2c2
(uf · uf )

]
,

where uf = u(rf , t) and usf is the fictitious velocity which is to be chosen.
For FH model, the relevant equations for χ and usf are

% <
1
2

: usf = uf , χ =
2%− 1
τ − 1

,

% ≥ 1
2

: usf =
1
% (%− 1)uf +

1
%uw, χ =

(2%− 1)
τ

.
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Fig. 4. Layout for the curved boundary on the lattice. The thick curve represents
the boundary wall, the empty circles denote the fluid nodes, solid circles denote the
wall nodes and the shaded solid circles denote the solid nodes, respectively

To improve the numerical stability, Renwei Mei et al. [16] suggested the fol-
lowing first-order modified equations for χ and usf :

% <
1
2

: usf = uff , χ =
2%− 1
τ − 2

,

% ≥ 1
2

: usf =
1
% (%− 1)uf +

1
%uw, χ =

(2%− 1)
τ

,

and the second-order improvements in the curve boundary give the following
modified equations for χ and usf :

% <
1
2

: usf = uff , χ =
2%− 1
τ − 2

,

% ≥ 1
2

: usf =
1

2% (2%− 3)uf +
3

2%uw, χ =
(2%− 1)
τ + 1/2

.

In current simulations, Eqs. (33) and Eqs. (34) are used to obtain the
values χ and usf and these values are then substituted into Eq. (31) to find
f∗i (rs, t) and finally the unknown value f̃−i(rs, t) is found from Eq. (30).
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Fig. 5. Variation of Strouhal number with Reynolds number

6 Results and Discussion

In his experimental work [20], Roshko (1954) has found a laminar(periodic)
vortex shedding regime for Re = 40 to 150, a transition regime for Re = 150
to 300, and an irregular regime for Re = 300 to 10,000+. Similar regimes
have been confirmed by other experimental and numerical investigations. In
the present work, the LBM with Ehrenfests’ regularization described in the
previous sections has been tested for the flow past a circular cylinder and the
simulations are carried out from moderate to high Reynolds numbers up to
Re=20,000.

In our simulations, we have observed the onset of vortex shedding at
Re = 49 and found that the transition has started around Re = 150. A
Strouhal-Reynolds number relationship is computed and compared with the
experimental [17, 18, 20] and numerical [21, 22] simulations as shown in Fig-
ure 5. Numerical simulations often slightly overestimate the Strouhal number,
since real experiments are three dimensional. We have been able to capture
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the asymptotic behavior of the Strouhal number which has attained a con-
stant value of 0.24 for higher Reynolds numbers, Re ≥ 1000. At Re = 20, 000,
the value of kinematic viscosity attained is ν = 5× 10−5.

Despite the fact that an underresolved simulation i.e., the number of grid
points used are of O(105) and without any explicit sub-grid scale model, we
have shown that the LBM with Ehrenfests’ steps can stabilize the fluid simula-
tion past a circular cylinder for very high Reynolds number up to Re = 20, 000.
This method can quantitatively capture the Strouhal-Reynolds number rela-
tionship for this high Reynolds number. Above this Reynolds number, the
errors from the boundary corrupted the simulation. Further investigations
about other parameters like drag coefficients, lift coefficients are needed to
check the efficiency of the method. Also to check the accuracy and efficiency
of the method for Re > 20, 000, three-dimensional models are needed.
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Fast and Stable Interpolation of Well Data
Using the Norm Function

Brian Li and Jeremy Levesley

Department of Mathematics, University of Leicester, LE1 7RH, UK

Summary. We present an iterative algorithm for computing an approximation to
data in wells using the norm function in three dimensions augmented with a tensor
product of two dimensional Lagrange functions with one dimensional linear inter-
polants. This augmentation can be thought of as a trend. The algorithm avoids the
stability problems associated with data which have very different separation in dif-
ferent directions. In this case, data are close in the vertical direction inside each well,
but the wells are relatively far apart. We will give an estimate of the convergence
rate of the algorithm in terms of the vertical point spacing and the horizontal well
separation.

1 Introduction

In this paper we will describe a practical algorithm for interpolating data that
are in m columns (wells), each of depth d, with n + 1 pieces of data in each
column. For simplicity we assume that the data are of the form

yi,j = (xi, zj) ∈ R
3,

where xi ∈ R
2, i = 1, 2, . . . ,m and zj = jh, j = 0, 1, . . . , n, with h = d/n.

Thus we assume that the data are uniformly spaced within the wells and
that the wells are all mutually parallel. We wish to interpolate data fi,j , i =
1, 2, . . . ,m, j = 0, 1, . . . , n.

In radial basis function interpolation one might form an approximation

s(y) =
m∑

i=1

n∑

j=0

αi,jφ(‖y − yi,j‖) + b, (1)

where φ : R+ → R, ‖ · ‖ denotes the Euclidean norm, and b is a constant.
In this paper we will use φ(r) = r. The unknown coefficients αi,j and b are
determined by the ((n+ 1)m+ 1) conditions

s(yi,j) = fi,j , i = 1, 2, . . . ,m, j = 0, 1, . . . , n,

E.H. Georgoulis, A. Iske, J. Levesley (eds.), Approximation Algorithms for Complex

Systems, Springer Proceedings in Mathematics 3, DOI: 10.1007/978-3-642-16876-5 11,
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and
m∑

i=1

n∑

j=0

αi,j = 0.

In the following table we consider the problem where m = 2, located at
(0, 0) and (10, 10), and d = 1. Below we give the condition number of the
interpolation matrix for this problem which is the ratio of the largest and
smallest eigenvalue. If the condition number is large the problem cannot be
solved in this way in most cases. Even when it could, the computed solution
is not anywhere near the exact solution. We can see below that the condition
number grows with order n2. Given that the intended application of this
mechanism involves data that will more than likely contain noise as they
come from human measurements, these large condition numbers render the
direct inversion of the interpolation matrix useless.

n condition number

100 2.1 (5)
200 8.3 (5)
400 3.3 (6)
800 1.3 (7)

Table 1. Condition number of standard interpolation matrix.

In order to get around this conditioning problem we use the straightfor-
ward observation that the norm function is the mod function when restricted
to one dimension. This makes it trivial to construct an interpolant to data
in each individual column. As we will see, this interpolant behaves like a one
dimensional polynomial at the other wells, in other words, in the far fields.

2 The Interpolant and Algorithm

In order to construct the linear interpolant in a column we introduce the
functions

ψh(y) =
φ(y + he)− 2φ(y) + φ(y − he)

2h
,

χt(y) =
φ(y − he)− φ(y) + h

2h
,

χb(y) =
φ(y + he)− φ(y) + h

2h
,

where e = (0, 0, 1) is a unit vector in the vertical direction.
It is straightforward to check the results of the following lemma.
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Lemma 1. For h > 0,

1. ψh(λe) = 0, |λ| � h,
2. ψh(0) = 1,
3. χt(λe) = 0, λ � h,
4. χt(0) = 1,
5. χb(λe) = 0, λ � −h,
6. χb(0) = 1.

Proof. For h > 0,

1.

ψh(λe) =
φ(λe + he)− 2φ(λe) + φ(λe− he)

2h

=
‖λe + he‖ − 2‖λe‖+ ‖λe− he‖

2h

=
|λ+ h|‖e‖ − 2|λ|‖e‖+ |λ− h|‖e‖

2h

=
2|λ| − 2|λ|

2h
(‖e‖ = 1 and |λ| � h)

= 0.

2.

ψh(0) =
φ(he) − 2φ(0) + φ(−he)

2h

=
‖he‖ − 2‖0‖+ ‖−he‖

2h

=
|h|‖e‖+ |−h|‖e‖

2h

=
2h
2h

(‖e‖ = 1)

= 1.

3.

χt(λe) =
φ(λe− he)− φ(λe) + h

2h

=
‖λe− he‖ − ‖λe‖+ h

2h

=
|λ− h|‖e‖ − |λ|‖e‖+ h

2h

=
|λ| − |h| − |λ|+ h

2h
(‖e‖ = 1 and λ � −h)

= 0.

The rest can be proved in the same way.
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These functions form a set of Lagrange functions for interpolation in each
column. In order to discuss our approximation algorithm we need to under-
stand how these functions behave for large arguments.

Proposition 1. Let y = x + βe for some β ∈ R, with |β| � d� ‖x‖. Then

1. ψh(y) =
h

2‖x‖ +O
(

h

‖x‖3

)
,

2. χt(y) =
1
2
− 2β − h

4‖x‖ +O
(

1
‖x‖3

)
,

3. χb(y) =
1
2

+
2β + h
4‖x‖ +O

(
1

‖x‖3

)
.

Proof. Since y = x + βe and x ⊥ e,

φ(y) = ‖x + βe‖
=

√
‖x‖2 + β2

= ‖x‖
√

1 +
β2

‖x‖2

= ‖x‖
(

1 +
β2

‖x‖2

) 1
2

= ‖x‖
( ∞∑

k=0

(1
2

k

)(
β2

‖x‖2

)k)

using binomial expansion, in which the binomial coefficient
( 1

2

k

)
=
(

2k + 1
k

)
(−1)k+1(k + 1)

22k(2k − 1)(2k + 1)
, k = 0, 1, 2, . . . .

Given that |(x + h)k − 2xk + (x − h)k| � Ch2xk−2 where C is a multiple of
the combination coefficient of the form 2

(
k
2

)
, for any k � 2,

ψh(y) =
φ(y + he)− 2φ(y) + φ(y − he)

2h

=
‖x + (β + h)e‖ − 2‖x + βe‖+ ‖x + (β − h)e‖

2h

=
‖x‖
2h

∞∑

k=0

(1
2

k

)((
β + h
‖x‖

)2k

− 2
(
β

‖x‖
)2k

+
(
β − h
‖x‖

)2k
)

=
‖x‖
2h

(1
2

1

)(
(β + h)2 − 2β2 + (β − h)2

‖x‖2

)

+
‖x‖
2h

(1
2

2

)(
(β + h)4 − 2β4 + (β − h)4

‖x‖4

)
+O

(
h

‖x‖5

)

=
1

2h‖x‖
(

1
2

)(
2h2

)
+

1
2h‖x‖3

(
−1

8

)(
12β2h2 + 2h4

)
+O

(
h

‖x‖5

)
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=
h

2‖x‖ −
6β2h+ h3

8‖x‖3
+O

(
h

‖x‖5

)

=
h

2‖x‖ +O
(

h

‖x‖3

)
.

We also have, since |(x − h)k − xk| � Chxk−1, for some C constant, for any
k � 1,

χt(y) =
φ(y − he)− φ(y) + h

2h

=
‖x + (β − h)e‖ − ‖x + βe‖+ h

2h

=
1
2

+
‖x‖
2h

∞∑

k=0

(1
2

k

)((
β − h
‖x‖

)2k

−
(
β

‖x‖
)2k

)

=
1
2

+
‖x‖
2h

(1
2

1

)(
(β − h)2 − β2

‖x‖2

)
+O

(
1

‖x‖3

)

=
1
2
− 2β − h

4‖x‖ +O
(

1
‖x‖3

)
.

Using a similar computation we can obtain the following for χb,

χb(y) =
1
2

+
2β + h
4‖x‖ +O

(
1

‖x‖3

)
.

In order to compute an interpolant we first form the functions

s1i (y) =
n−1∑

j=1

fi,jψh(y−yi,j)+fi,0χb(y−yi,0)+fi,nχt(y−yi,n) i = 1, 2, . . . ,m.

Proposition 2. Let y = x + ze. For each i = 1, 2, . . . ,m,

s1i (y) =
(

1 +
h

2‖x− xi‖
)
fi,0 + fi,n

2
+

(
dfi,n + h

∑n−1
j=1 fi,j

2‖x− xi‖

)

+
(fi,0 − fi,n)z
2‖x− xi‖ +O

(
1

‖x− xi‖3

)
.

Proof. For i = 1, 2, . . . ,m, we have

n−1∑

j=1

fi,jψh(y − yi,j) =
n−1∑

j=1

fi,jψh((x + ze)− (xi + jhe))

=
n−1∑

j=1

fi,jψh((x− xi) + (z − jh)e)
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=
n−1∑

j=1

fi,j

(
h

2‖x− xi‖ +O
(

h

‖x− xi‖3

))

=
h

2‖x− xi‖
n−1∑

j=1

fi,j +

⎛

⎝h
n−1∑

j=1

fi,j

⎞

⎠ · O
(

1
‖x− xi‖3

)
.

Also,

fi,0χb(y − yi,0) = fi,0χb((x + ze)− xi)
= fi,0χb((x − xi) + ze)

= fi,0

(
1
2

+
2z + h

4‖x− xi‖ +O
(

1
‖x− xi‖3

))

=
1
2
fi,0 +

2z + h
4‖x− xi‖fi,0 + fi,0 · O

(
1

‖x− xi‖3

)
.

Finally, recalling that d = nh,

fi,nχt(y − yi,n) = fi,nχt((x + ze)− (xi + de))
= fi,nχt((x − xi) + (z − d)e)

= fi,n

(
1
2
− 2(z − d)− h

4‖x− xi‖ +O
(

1
‖x− xi‖3

))

=
1
2
fi,n − 2(z − d)− h

4‖x− xi‖ fi,n + fi,n · O
(

1
‖x− xi‖3

)
.

Aggregating the above three parts we have,

s1i (y) =
n−1∑

j=1

fi,jψh(y − yi,j) + fi,0χb(y − yi,0) + fi,nχt(y − yi,n)

=

⎛

⎜⎜⎜⎜⎝
h

2‖x− xi‖
n−1∑

j=1

fi,j +

⎛

⎜⎜⎜⎜⎝
h

n−1∑

j=1

fi,j

︸ ︷︷ ︸
constant

⎞

⎟⎟⎟⎟⎠
· O

(
1

‖x− xi‖3

)

⎞

⎟⎟⎟⎟⎠

+
(

1
2
fi,0 +

2z + h
4‖x− xi‖fi,0 + fi,0 · O

(
1

‖x− xi‖3

))

+
(

1
2
fi,n − 2(z − d)− h

4‖x− xi‖ fi,n + fi,n · O
(

1
‖x− xi‖3

))

=
h

2‖x− xi‖
n−1∑

j=1

fi,j +O
(

1
‖x− xi‖3

)
+
fi,0 + fi,n

2
+

2z + h
4‖x− xi‖fi,0

−2(z − d)− h
4‖x− xi‖ fi,n + fi,0 · O

(
1

‖x− xi‖3

)
+ fi,n · O

(
1

‖x− xi‖3

)
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=
h

2‖x− xi‖
n−1∑

j=1

fi,j +
fi,0 + fi,n

2
+

z

2‖x− xi‖fi,0 +
h

4‖x− xi‖fi,0

− z

2‖x− xi‖fi,n +
d

2‖x− xi‖fi,n +
h

4‖x− xi‖fi,n +O
(

1
‖x− xi‖3

)

=
(

1 +
h

2‖x− xi‖
)
fi,0 + fi,n

2
+

(
dfi,n + h

∑n−1
j=1 fi,j

2‖x− xi‖

)

+
(fi,0 − fi,n)z
2‖x− xi‖ +O

(
1

‖x− xi‖3

)
,

where h
∑n−1

j=1 fi,j is a constant whose value depends only on the dataset.

The above proof demonstrates the fact that if y is a long way from the
ith column then s1i (y) behaves linearly with variation in the e direction, i.e.
changes in z. Let us construct

l1i,k(z) =
(
1 +

h

2‖xk − xi‖
)
fi,0 + fi,n

2
+

(
dfi,n + h

∑n−1
j=1 fi,j

2‖xk − xi‖

)
+

(fi,0 − fi,n)z
2‖xk − xi‖ ,

and

p1i (z) =
m∑

k=1
i�=k

l1i,k(z).

Thus p1i is the vertical variation at the ith well due to the sum of the vertical
variations in the far fields of the interpolants along each well.

In order to construct our interpolant we need to build a two dimensional
Lagrange basis for the points xi, i = 1, 2, . . . ,m. We can do this in any way
we like, but for consistency we will use a radial basis function of the form (1)

ρi(x) =
m∑

k=1

αi,k‖x− xk‖+ bi,

where we compute the coefficients αi,k and bi by interpolation satisfying the
conditions

ρi(xj) = δij , i, j = 1, 2, . . . ,m,

with δij being the Kronecker delta and

m∑

k=1

αi,k = 0.

To compute our intermediate approximation we form

σ1(y) =
m∑

i=1

s1i (y).
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If we compute the residual

ri,j := fi,j − s1(yi,j) i = 1, 2, . . . ,m, j = 0, 1, . . . , n,

then the previous proposition tells us that for each i = 1, 2, . . . ,m, ri,j varies
approximately linearly with changes in j. Thus let us form the tensor product

q1(y) =
m∑

i=1

ρi(x)p1i (z).

Our first approximate interpolant is then

s1(y) = σ1(y) − q1(y).

We produce better approximation to the interpolant by repeating the
above procedure using successive residuals as the target function. Iterative
algorithms for RBF approximation have been studied in detail by Faul and
Powell [3, 5].

3 Convergence

In this section we shall consider the error of interpolation and see that it
depends on the distance between the wells.

Theorem 1. For i = 1, 2, . . . ,m and j = 0, 1, . . . , n,

|s1(yi,j)− fi,j | � C

δ3
,

where
δ = min

1�i,k�m
i�=k

‖xi − xk‖.

Proof. For i = 1, 2, . . . ,m and j = 0, 1, . . . , n, using Lemma 1,

|s1(yi,j)− fi,j| = σ1(yi,j)− q1(yi,j)− fi,j

= fi,j +
m∑

k=1
i�=k

s1k(yi,j)− q1(yi,j)− fi,j

=
m∑

k=1
i�=k

(
l1i,k(zj) +O

(
1

‖xi − xk‖3

))
− p1i (zj),

since
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q1(yi,j) =
m∑

k=1

ρk(xi)p1k(zj)

=
m∑

k=1

δi,kp
1
k(zj)

= p1i (zj).

However, by definition,
m∑

k=1
i�=k

l1i,k(zj) = p1i (zj),

and the result is established.

Thus we see that, as opposed to the usual case where the larger the well-
separation (in relative comparison to vertical separation amongst data points)
the more difficult the interpolation (see Table 1), this algorithm converges
faster the better separated the wells are.

4 Numerical Examples

In the first table below we list a set of numerical experiments. We generate m
randomly spaced columns of data with bases in the square [0 . . . 10, 0 . . .10].
Each column is of height 1. The target data is randomly generated in the
interval [0, 1] and the mean average of 10 repeated trials is analysed.

We can see that we get convergence to an interpolant in a small number
of iterations (with the error threshold being 10−10). The results confirm the
analysis of the previous section that the number of iterations does not depend
on the amount of data in each column, but on the number of columns, and
more precisely the minimum separation between the columns.

We also observe that in two cases, m = 4, n = 400 and m = 8, n = 25,
there are trials where convergence is slow. For the former, one of the trials
required 17 iterations and the latter, 57 iterations. Upon close inspection (see
Figure 1), we discover that both have wells that are positioned very close to
each other. Further development of the algorithm will deal with wells which
are close together.

More scrutiny of the well location plots reveals that the number of iter-
ations depends on the minimal distance between the columns, as illustrated
with the example below.

In this case, aside from Trial 1 which is shown above, both Trials 5 and 6
require a fairly large number of iterations in order to reach the error threshold
(See Figure 2). Furthermore it can be seen that as the minimum distance
between wells grew larger, the number of iterations gradually decreased (See
Figure 3).
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m n mean number of iterations

2 25 1.6
2 50 1.1
2 100 1.4
2 200 1.2
2 400 1.4
4 25 2.4
4 50 2.3
4 100 2.1
4 200 3.1
4 400 2.67
8 25 7.22
8 50 6.1
8 100 6.1
8 200 6.2
8 400 5.7
16 25 12.4
16 50 13.3
16 100 14.3

Table 2. Number of iterations for m wells in [0 . . . 10, 0 . . . 10] and n data in each
well.
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(a) Trial 5, m = 4, n = 400, 17 iterations
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(b) Trial 1, m = 8, n = 25, 57 iterations

Fig. 1. Well location plot

In the next table we have fixed parameters m = 8 and n = 50. The side
length of the square within which the wells are randomly positioned is M .
We perform the algorithm for 10 sets of random data and compute the mean
average number of iterations to achieve an error of less than 10−10. We start
with M = 4, as for smaller numbers we see instances of lack of convergence
of the algorithm as there is a much greater chance of two wells being too near
to each other. We see that the number of iterations decreases as the points
become better spaced.
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(a) Trial 6, m = 8, n = 25, 14 iterations
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(b) Trial 5, m = 8, n = 25, 12 iterations

Fig. 2. Well location plot

10
Wells: 8 Lower Bound: 0 Upper Bound: 10 Points: 25 Threshold: 1e- 10 Trial 10 of 10

9

8

7

6

5y

x

4

3

2

1

0
0 1 2 3 4 5 6 7 8 9 10

(a) Trial 10, m = 8, n = 25, 8 iterations
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(b) Trial 7, m = 8, n = 25, 6 iterations
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(c) Trial 2, m = 8, n = 25, 4 iterations
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(d) Trial 9, m = 8, n = 25, 3 iterations

Fig. 3. Well location plot
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trial number number of iterations final error

1 57 9.016 (-11)
2 4 3.634 (-11)
3 7 2.814 (-11)
4 8 5.118 (-11)
5 12 5.162 (-11)
6 14 5.675 (-11)
7 6 2.844 (-11)
8 3 8.636 (-11)
9 3 8.163 (-11)
10 8 2.578 (-11)

Table 3. Trial results where m = 8, n = 25.

M number of iterations

4 9.67
6 8.89
8 8.2
10 6.1
12 4.44
16 2.7
20 2.8
24 2.4

Table 4. Mean number of iterations for 8 wells in [0 . . .M, 0 . . .M ] and 50 data in
each well.

When two wells get too close to each other, the effects are not restricted
to increases in iteration counts. Extreme results occur more often and some
trials do not converge at all. This can be explained by the fact that both
Proposition 2 and Theorem 1 are formed on the basis of wells being well-
separated.

Direct solution of the interpolation problem would lead to an algorithm
of order (mn)3. This algorithm is of order (mn)2. With more sophisticated
programming and explicit use of the far-field representations of the approxi-
mations we could develop a fast algorithm, i.e. one of ordermn ormn log(mn).
Such algorithms have been developed by Greengard and Rokhlin [4] for po-
tentials, and Beatson and Newsam [1, 2] for other radial basis functions. A
good survey of such methods can be found in Wendland [6, Chapter 15].

5 Conclusions and Further Developments

The purpose of this paper is to provide a fast and stable algorithm for ap-
proximating data in columns. We have achieved this by blending univariate
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approximations, observing that in the far field, each of this behaves in a pre-
dictable way. We can easily improve the algorithm by increasing the length
of the far field expansions used. In this way, a smaller number of iterations of
the algorithm is required to get convergence to a specified tolerance. A imple-
mentation using the cubic terms in the far field expansion is almost complete.

An alternative approach to this method is to scale the points together and
use standard approximation methods for more uniformly distributed data.
This is a perfectly reasonable thing to do in Euclidean space, but fails to be
appropriate on the surface of the sphere, and this is one of the directions
we are interested in developing the algorithm. On the sphere there are often
thin shell type approximations, in which the depth of the atmosphere may
be small compared to the distances between columns where various quantities
are being measured. Scaling on the sphere is not a continuous mapping, so the
method proposed here of explicitly using the distance between the columns
to stabilise the approximation process has some merit.
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Algorithms and Literate Programs for
Weighted Low-Rank Approximation with

Missing Data

Ivan Markovsky

School of Electronics & Computer Science, Univ. of Southampton, SO17 1BJ, UK

Summary. Linear models identification from data with missing values is posed as a
weighted low-rank approximation problem with weights related to the missing values
equal to zero. Alternating projections and variable projections methods for solving
the resulting problem are outlined and implemented in a literate programming style,
using Matlab/Octave’s scripting language. The methods are evaluated on synthetic
data and real data from the MovieLens data sets.

1 Introduction

Low-Rank Approximation

We consider the following low-rank approximation problem: given a real ma-
trix D of dimensions q × N and an integer m, 0 < m < min(q,N), find a
matrix D̂ of the same dimension as D, with rank at most m, that is as “close”
to D as possible, i.e.,

minimize over D̂ dist(D, D̂) subject to rank(D̂) ≤ m. (1)

The distance dist(D, D̂) between the given matrix D and its approximation D̂
can be measured by a norm of the approximation error ΔD := D − D̂, i.e.,

dist(D, D̂) = ‖D − D̂‖.

A typical choice of the norm ‖ · ‖ is the Frobenius norm

‖ΔD‖F =

√√√√
q∑

i=1

N∑

j=1

Δd2ij ,

i.e., the square root of the sum of squares of the elements. Assuming that a
solution to 1 exists, the minimum value is the distance from D to the manifold
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of rank-m matrices and a minimum point D̂∗ is a “best” (in the sense specified
by the distance measure “dist”) rank-m approximation of D.

Apart from being an interesting mathematical problem, low-rank approx-
imation has a large range of applications in diverse areas, e.g., in numerical
analysis to find a rank estimate that is robust to “small” perturbations on
the matrix. The intrinsic reasons for the widespread appearance of low-rank
approximation in applications are 1) low-rank approximation has an interpre-
tation as a data modeling tool and 2) any application area where mathemat-
ical methods are used is based on a model. Thus low-rank approximation can
provide (approximate) models from data, to be used for analysis, filtering,
prediction, control, etc., in the application areas.

In order to make a link between low-rank approximation and data mod-
eling, next we define the notion of a linear static model. Let the observed
variables be d1, . . . , dq and let d := col(d1, . . . , dq) be the column vector of
these variables. We say that the variables d1, . . . , dq satisfy a linear static
model if d ∈ L, where L, the model, is a subspace of the data space—the
q-dimensional real vector space R

q. The complexity of a linear model is mea-
sured by its dimension. Of interest is data fitting by low complexity models,
in which case, generally, the model may only fit approximately the data. Con-
sider a set of data points D = { d(1), . . . , d(N) } ⊂ R

q and define the data
matrix

D := d(1) · · · d(N) ∈ R
q×N .

Assuming that there are more measurements than data variables, i.e., q < N ,
it is easy to see that rank(D) ≤ m if and only if all data points satisfy a
linear static model of complexity at most m. This fact is the key link between
low-rank approximation and data modeling.

The condition that the data satisfies exactly the model is too strong in
practice. For example, if a “true” data D̄ satisfies a linear model of low-
complexity, i.e., rank(D̄) < q, but is measured subject to noise, i.e.,D = D̄+D̃
(D̃ being the measurement noise), the noisy measurements D generically do
not satisfy a linear model of low-complexity, i.e., almost surely, rank(D) = q.
In this case, the modeling goal may be to estimate the true but unknown low-
complexity model generating D̄. Another example showing that the condition
rank(D) < q is too strong is when the data is exact but is generated by a non-
linear phenomenon. In this case, the modeling goal may be to approximate the
true nonlinear phenomenon by a linear model of bounded complexity. In both
cases—estimation and approximation—the data modeling problem leads to
low-rank approximation—the rank constraint ensures that the approximation
D̂ satisfies exactly a low-complexity linear model. In the estimation example,
this takes into account the prior knowledge about the true data generating
phenomenon. The approximation criterion “min dist(D, D̂)” ensures that the
obtained model approximates “well” the data. In the estimation case, this
corresponds to prior knowledge that the noise is zero mean and “small” in
some sense.
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Note 1 (Link to the principal component analysis). It can be shown that the
well known principal component analysis method is equivalent to low-rank
approximation in the Frobenius norm. The number of principal components
in the principal component analysis corresponds to the rank constraint in the
low-rank approximation problem and the span of the principal components
corresponds to the column span of the approximation D̂, i.e., the model. Prin-
cipal component analysis is typically presented and motivated in a stochastic
context, however, the stochastic point of view is not essential and the method
is also applicable as a deterministic approximation method.

Note 2 (Link to regression). The classical approach for data fitting involves,
in addition to the rank constraint, a priori chosen input/output partition of
the variables col(a, b) := Πd, where Π is a permutation matrix. Then the low-
rank approximation problem reduces to the problem of solving approximately
an overdetermined system of equations AX ≈ B (from a stochastic point of
view—regression), where A B := (ΠD)�. By choosing specific fitting criteria,
the classical approach leads to well know optimization problems, e.g., linear
least squares, total least squares, robust least squares, and their numerous
variations. The total least squares problem [6] is generically equivalent to
low-rank approximation in the Frobenius norm.

Missing Data

A more general approximation criterion than ‖ΔD‖F is the element-wise
weighted norm of the error matrix

‖ΔD‖Σ := ‖Σ 'ΔD‖F, where ' denotes element-wise product,

and Σ ∈ R
q×N has positive elements. The low-rank approximation Problem 1

with dist(D, D̂) = ‖D − D̂‖Σ , Σ > 0, is called (regular) weighted low-rank
approximation [3, 21, 12, 14, 15]. The weights σij allow us to emphasise or
de-emphasise the importance of the individual elements of the data matrix D.
If σij is small, relative to the other weights, then the influence of dij on the
approximation D̂ is small and vice verse.

In the extreme case of a zero weight, e.g., σij = 0, the corresponding ele-
ment dij of D is not taken into account in the approximation and therefore it
may be missing. In this case, however, ‖ · ‖Σ is no longer a norm and the ap-
proximation problem is called singular. The above cited work on the weighted
low-rank approximation problem treats the regular case and the methods fail
in the singular case. The purpose of this paper is to extend the solution meth-
ods, derived for the regular weighted low-rank approximation problem to the
singular case, so that these algorithms can treat missing data.

Note 3 (Missing rows and columns). The case of missing rows and/or columns
of the data matrix is easy to take into account. It reduces the original singu-
lar problem to a smaller dimensional regular problem. The same reduction,
however, is not possible when the missing elements have no simple pattern.
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Low-rank approximation with missing data occurs in

• factor analysis of data from questioners due to questions left answered,
• computer vision due to occlusions,
• signal processing due to irregular measurements in time/space, and
• control due to malfunction of measurement devices.

An iterative solution method (called criss-cross multiple regression) for factor
analysis with missing data was developed by Gabriel and Zamir [4]. Their
method, however, does not necessarily converge to a minimum point (see
the discussion in Section 6, page 491 of [4]). Grung and Manne proposed an
alternating projections algorithm for the case of unweighted approximation
with missing values, i.e., σij ∈ { 0, 1 }. Their method was further generalized
by Srebro [20] for arbitrary weights.

In this paper, apart from the alternating projections algorithm, we con-
sider an algorithm for weighted low-rank approximation with missing data,
based on the variable projections method [5]. The former has linear local con-
vergence rate while the latter has super linear convergence rate which suggests
that it may be faster. In addition, we present an implementation of the two
algorithms in a literate programming style. A literate program is a combi-
nation of computer executable code and human readable description of this
code [10]. From the source file, the user extracts both the computer code and
its documentation. We use Matlab/Octave’s scripting language for the com-
puter code, LATEX for its documentation, and noweb [18] for their combination,
see Appendix A.

2 Low-Rank Approximation with Uniform Weights

Low-rank approximation in the Frobenius norm (equivalently weighted low-
rank approximation uniform weights σij = σ for all i, j) can be solved an-
alytically in terms of the singular value decomposition (SVD) of the data
matrix D.

Lemma 1 (Matrix approximation lemma). Let

D = UΣV �, Σ =: diag(σ1, . . . , σq)

be the SVD of D ∈ R
q×N and partition the matrices U , Σ, and V as follows:

U =:
m p

U1 U2 q , Σ =:

m p

Σ1 0
0 Σ2

m

p
and V =:

m p

V1 V2 N ,

where m ∈ N, 0 ≤ m ≤ min(q,N), and p := q − m. Then

D̂∗ = U1Σ1V
�
1
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is an, optimal in the Frobenius norm rank-m, approximation of D, i.e.,

‖D − D̂∗‖F =
√
σ2
m+1 + · · ·+ σ2

q = min
rank(D̂)≤m

‖D − D̂‖F.

The solution D̂∗ is unique if and only if σm+1 
= σm.

From a data modeling point of view of primary interest is the subspace

col span(D̂∗) = col span(U1) (2)

rather than the approximation D̂.

〈Matrix approximation (SVD) 259a〉≡ (259c)
[u,s,v] = svds(d,m);

p = u(:,1:m); % basis for the optimal model for D

Note that the subspace 2 depends only on the left singular vectors of D.
Therefore, the model 2 is optimal for the data DQ, where Q is any orthogonal
matrix. Let

D = R1 0Q� (3)

be the QR factorization of D (R1 is lower triangular.) By the above argument,
we can model R1 instead of D. For N � q, computing the QR factorization 3
and the SVD of R1 is a more efficient alternative for finding an image repre-
sentation of the optimal subspace than computing the SVD of D.

〈Data compression (QR) 259b〉≡ (259c)
if nargout == 1

d = triu(qr(d’))’; % = R, where D = QR

d = d(:,1:q); % = R1, where R = [R1 0]

end

Putting the matrix approximation and data compression code together,
we have the following function for low-rank approximation.

〈lra 259c〉≡ (263)
〈lra header 271〉
function [p,l] = lra(d,m)

d(isnan(d)) = 0; % Convert missing elements (NaNs) to 0s

[q,N] = size(d); % matrix dimension

〈Data compression (QR) 259b〉
〈Matrix approximation (SVD) 259a〉
if nargout == 2

s = diag(s); % column vector

l = s(1:m,ones(1,N)) .* v(:,1:m)’; % diag(S) * V’

end
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3 Algorithms

In this section, we consider the weighted low-rank approximation problem:

minimize over D̂ ‖D − D̂‖2
Σ subject to rank(D̂) ≤ m, (4)

where the weight matrix Σ ∈ R
q×N has nonnegative elements. The rank

constraint can be represented as follows:

rank(D̂) ≤ m ⇐⇒ there are P ∈ R
q×m and L ∈ R

m×N ,

such that D̂ = PL, (5)

which turns problem 4 into the following parameter optimization problem:

minimize over P ∈ R
q×m and L ∈ R

m×N ‖D − PL‖2
Σ. (6)

Unfortunately the problem is nonconvex and there are no efficient methods to
solve it. Next we present two local optimization approaches for finding locally
optimal solutions, starting from a given initial approximation.

3.1 Alternating Projections

The first solution method is motivated by the fact that (6) is linear separately
in either P or L. Indeed, by fixing either P or L in 6 the minimization over the
free parameter is a (singular) weighted least squares problem, which can be
solved globally and efficiently. This suggests an iterative solution method that
alternates between the solution of the two weighted least squares problems.
The solution of the weighted least squares problems can be interpreted as
weighted projections, thus the name of the method—alternating projections.

The alternating projections method is started from an initial guess of one
of the parameters P or L. An initial guess is a possibly suboptimal solu-
tion of 6, computed by a direct method. Such a solution can be obtained for
example by solving the unweighted low-rank approximation problem where
all missing elements are filled in by zeros. On each iteration step of the al-
ternating projections algorithm, the cost function value is guaranteed to be
non-increasing and is typically decreasing. It can be shown that the iteration
converges [11, 9] and that the local convergence rate is linear.

A summary of the alternating projections method is given in Algorithm 1.
We use the following Matlab-like notation for indexing a matrix. For a q×N
matrix D and subsets I and J of the sets of, respectively, row and column
indexes, DI,J denotes the submatrix of D with elements whose indexes are
in I and J . Either of I and J can be replaced by “:” in which case all
rows/columns are indexed.

The quantity e(k), computed on step 9 of the algorithm is the squared
approximation error
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e(k) = ‖D −D(k)‖2
Σ

on the kth iteration step. Convergence of the iteration is judged on the basis of
the relative decrease of e(k) after an update step. This corresponds to choosing
a tolerance on the relative decrease of the cost function value. More expensive
alternatives are to check the convergence of the approximation D̂(k) or the
size of the gradient of the cost function with respect to the model parameters.

3.2 Variable Projections

In the second solution methods, we view 6 as a double minimization problem:

minimize over P ∈ R
q×m min

L∈Rm×N
‖D − PL‖2

Σ

︸ ︷︷ ︸
f(P )

. (7)

The inner minimization is a weighted least squares problem and therefore can
be solved in closed form. Using Matlab’s set indexing notation, the solution is

f(P ) =
N∑

j=1

D�
J ,jdiag(Σ2

J ,j)PJ ,:
(
P�
J ,:diag(Σ2

J ,j)PJ ,:
)−1

P�
J ,:diag(Σ2

J ,j)DJ ,j,

(8)
where J is the set of indexes of the non-missing elements in the jth column
of D.

The outer minimization is a nonlinear least squares problem and can
be solved by general purpose local optimization methods. There are local
optimization methods, e.g., the Levenberg–Marquardt method [16], that guar-
antee global convergence (to a locally optimal solution) with super-linear con-
vergence rate. Thus, if implemented by such a method and started “close” to
a locally optimal solution, the variable projections method requires fewer it-
erations than the alternating projections method.

The inner minimization can be viewed as a weighted projection on the
subspace spanned by the columns of P . Consequently f(P ) has the geometric
interpretation of the sum of squared distances from the data points to the
subspace. Since the parameter P is modified by the outer minimization, the
projections are on a varying subspace, hence the name of the method—variable
projections.

Note 4 (Gradient and Hessian of f). In the implementation of the method in
this version of the paper, we are using finite difference numerical computation
of the gradient and Hessian of f . (These approximations are computed by the
optimization method.) More efficient alternative, however, is to supply to the
method analytical expressions for the gradient and the Hessian. This will be
done in later versions of the paper. Please refer to [13] for the latest version.
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Algorithm Alternating projections algorithm for weighted low-rank approx-
imation with missing data.
Input: Data matrix D ∈ R

q×N , rank constraint m, elementwise nonnegative weight
matrix Σ ∈ R

q×N , and relative convergence tolerance ε.
1: Initial approximation: compute the Frobenius norm low-rank approximation

of D with missing elements filled in with zeros

P (0) := lra(D, m).
2: Let k := 0.
3: repeat
4: Let e(k) := 0.
5: for j = 1, . . . , N do
6: Let J be the set of indexes of the non-missing elements in D:,j .
7: Define c := diag(ΣJ ,j)DJ ,j = ΣJ ,j �DJ ,j

P := diag(ΣJ ,j)P
(k)
J ,: = (ΣJ ,j1

�
m ) � P

(k)
J ,: .

8: Compute
l
(k)
j :=

(
P�P

)−1
P�c.

9: Let
e(k) := e(k) + ‖c− P l

(k)
j ‖2.

10: end for
11: Define

L(k) = l
(k)
1 · · · l(k)

N
.

12: Let e(k+1) := 0.
13: for i = 1, . . . , q do
14: Let I be the set of indexes of the non-missing elements in the ith row Di,:.

15: Define

r := Di,Idiag(Σi,I) = Di,I �Σi,I

L := L
(k+1)
:,I diag(Σi,I) = L

(k+1)
:,I � (1mΣi,I).

16: Compute
p
(k+1)
i := rL�(LL�)−1

.

17: Let
e(k+1) := e(k+1) + ‖r − p

(k+1)
i L‖2.

18: end for
19: Define

P (k+1) =

p
(k+1)
1

...

p
(k+1)
q

.

20: k = k + 1.
21: until |e(k) − e(k−1)|/e(k) < ε.

Output: Locally optimal solution D̂ = D(k) := P (k)L(k) of 6.
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4 Implementation

Both the alternating projections and the variable projections methods for solv-
ing weighted low-rank approximation problems with missing data are callable
through the function wlra.
〈wlra 263〉≡

〈wlra header 272〉
function [p,l,info] = wlra(d,m,s,opt)

tic % measure the execution time

〈Default parameters opt 270〉
switch lower(opt.Method)

case {’altpro’,’ap’}

〈Alternating projections method 264a〉
case {’varpro’,’vp’}

〈Variable projections method 265c〉
otherwise

error(’Unknown method %s’,opt.Method)

end

info.time = toc; % execution time

〈lra 259c〉 % needed for the initial approximation

〈Cost function 265d〉 % needed for the variable projections method

The output parameter info gives the approximation error ‖D − D̂‖2
Σ

(info.err), the number of iterations (info.iter), and the execution time
(info.time) for computing the local approximation D̂. The optional param-
eter opt specifies which method and (in the case of the variable projections)
which algorithm is to be used (opt.Method and opt.Algorithm), the initial
approximation (opt.P), the convergence tolerance ε (opt.TolFun), an upper
bound on the number of iterations (opt.MaxIter), and the level of printed
information (opt.Display).

The initial approximation opt.P is a q × m matrix, such that the columns
of P (0) form a basis for the span of the columns of D(0), where D(0) is the
initial approximation of D, see step 1 in Algorithm 1. If it is not provided via
the parameter opt, the default initial approximation is chosen to be the un-
weighted low-rank approximation of the data matrix with all missing elements
filled in with zeros.

Note 5 (Large scale, sparse data). In an application of (4) to building recom-
mender systems [19], the data matrix D is large (q and N are several hundreds
of thousands) but only a small fraction of the elements (e.g., one percent) are
given. Such problems can be handled efficiently, encoding D and Σ as sparse
matrices. The convention in this case is that missing elements are zeros. Of
course, the S matrix indicates that they should be treated as missing. Thus
the convention is a hack allowing us to use the powerful tool of sparse matrix
representation and linear algebra available in Matlab/Octave.
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4.1 Alternating Projections

The iteration loop for the alternating projections algorithm is:

〈Alternating projections method 264a〉≡ (263)
[q,N] = size(d); % define q and N

switch lower(opt.Display)

case {’iter’}, sd = norm(s.*d,’fro’)^2; % size of D

end

% Main iteration loop

k = 0; % iteration counter

cont = 1;

while (cont)

〈Compute L, given P 264b〉
〈Compute P, given L 264c〉
〈Check exit condition 265a〉
〈Print progress information 265b〉

end

info.err = el; % approximation error

info.iter = k; % number of iterations

The main computational steps on each iteration of the algorithm are the
two weighted least squares problems.

〈Compute L, given P 264b〉≡ (264 265)
dd = []; % vec(D - DH)

for j = 1:N

J = find(s(:,j));

sJj = full(s(J,j));

c = sJj .* full(d(J,j));

P = sJj(:,ones(1,m)) .* p(J,:); % = diag(sJj) * p(J,:)

l(:,j) = P \ c;

dd = [dd; c - P*l(:,j)];

end

ep = norm(dd)^2;

〈Compute P, given L 264c〉≡ (264a)
dd = []; % vec(D - DH)

for i = 1:q

I = find(s(i,:));

sIi = full(s(i,I));

r = sIi .* full(d(i,I));

L = sIi(ones(m,1),:) .* l(:,I); % = l(:,I) * diag(sIi)

p(i,:) = r / L;

dd = [dd, r - p(i,:)*L];

end

el = norm(dd)^2;
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The convergence is checked by the size of the relative decrease in the
approximation error e(k) after one update step.
〈Check exit condition 265a〉≡ (264a)

k = k + 1;

re = abs(el - ep) / el;

cont = (k < opt.MaxIter) & (re > opt.TolFun) & (el > eps);

If the optimal parameter opt.Display is set to ’iter’, wlra prints on
each iteration step the relative approximation error.
〈Print progress information 265b〉≡ (264a)

switch lower(opt.Display)

case ’iter’, fprintf(’%2d : relative error = %18.8f\n’, k, el/sd)

end

4.2 Variable Projections

We use Matlab’s Optimization Toolbox for performing the outer minimization
in (7), i.e., the nonlinear minimization over the P parameter. The parameter
opt.Algorithm specifies the algorithm to be used. The available options are
fminunc — a quasi-Newton type algorithm, and lsqnonlin — a nonlinear
least squares algorithm. Both algorithm allow for numerical approximation of
the gradient and Hessian/Jacobian through finite difference computations. In
the current version of the code, we use the numerical approximation.
〈Variable projections method 265c〉≡ (263)

switch lower(opt.Algorithm)

case {’fminunc’}

[p,err,f,info] = fminunc(@(p)wlra_err(p,d,s),p,opt);

case {’lsqnonlin’}

[p,rn,r,f,info] = lsqnonlin(@(p)wlra_err_mat(p,d,s),p,[],[]);

otherwise

error(’Unknown algorithm %s.’,opt.Algorithm)

end

[info.err,l] = wlra_err(p,d,s); % in order to obtain the L parameter

The inner minimization in (7) has an analytical solution (8). The imple-
mentation of (8) is actually the chunk of code for computing the L parameter,
given the P parameter, already used in the alternating projections algorithm.
〈Cost function 265d〉≡ (263) 265e �

function [ep,l] = wlra_err(p,d,s)

N = size(d,2); m = size(p,2);

〈Compute L, given P 264b〉
In the case of using a nonlinear least squares type algorithm, the cost

function is not the sum of squares of the errors but the vector of the errors dd.
〈Cost function 265d〉+≡ (263) � 265d

function dd = wlra_err_mat(p,d,s)

N = size(d,2); m = size(p,2);

〈Compute L, given P 264b〉
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5 Test on Simulated Data

A “true” random rank-m matrix D̄ is selected by generating randomly its
factors P̄ and L̄ in a rank revealing factorization D̄ = P̄ L̄, where P̄ ∈ R

q×m

and L̄ ∈ R
m×N .

〈test 266a〉≡ 266b �
randn(’state’,0); rand(’state’,0);

p0 = rand(q,m); l0 = rand(m,N); % true data matrix

The location of the given elements is chosen randomly row by row. The
number of given elements is such that the sparsity of the resulting matrix,
defined as the ratio of the number of missing elements to the total number qN
of elements, matches the specification r.
〈test 266a〉+≡ � 266a 266c �

ne = round((1-r)*q*N); % number of given elements

ner = round(ne/q); % number of given elements per row

I = []; J = []; % row/column indices of the given elements

for i = 1:q

I = [I i*ones(1,ner)]; % all selected elements are in the ith row

rp = randperm(N);

J = [J rp(1:ner)]; % and have random column indices

end

ne = length(I);

By construction there are ner given elements in each row of the data ma-
trix, however, there may be columns with a few (or even zero) given elements.
Columns with less than m given elements can not be recovered from the given
observations, even when the data is noise-free. Therefore, we remove such
columns from the data matrix.
〈test 266a〉+≡ � 266b 266d �

% Find indexes of columns with less than M given elements

tmp = (1:N)’;

J_del = find(sum(J(ones(N,1),:) == tmp(:,ones(1,ne)),2) < m);

% Remove them

l0(:,J_del) = [];

% Redefine I and J

tmp = sparse(I,J,ones(ne,1),q,N); tmp(:,J_del) = [];

[I,J] = find(tmp); N = size(l0,2);

Next, we construct a noisy data matrix with missing elements by adding to
the true values of the given data elements independent, identically, distributed,
zero mean, Gaussian noise, with a specified standard deviation s. The weight
matrix Σ is binary: σij = 1 if dij is given and σij = 1 if dij is missing.
〈test 266a〉+≡ � 266c 267a �

d0 = p0 * l0; % full true data matrix

Ie = I + q * (J-1); % indexes of the given elements from d0(:)

d = zeros(q*N,1); d(Ie) = d0(Ie) + sigma*randn(size(d0(Ie)));

d = reshape(d,q,N);

s = zeros(q,N); s(Ie) = 1;
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We apply the methods implemented in lra and wlra on the noisy data
matrix D with missing elements and validate the results against the complete
true data matrix D̄.

〈test 266a〉+≡ � 266d 267b �
tic, [p0,l0] = lra(d,m); t0 = toc;

err0 = norm(s.*(d - p0*l0),’fro’)^2; e0 = norm(d0 - p0*l0,’fro’)^2;

[ph1,lh1,info1] = wlra(d,m,s); e1 = norm(d0 - ph1*lh1,’fro’)^2;

opt.Method = ’vp’; opt.Algorithm = ’fminunc’;

[ph2,lh2,info2] = wlra(d,m,s,opt); e2 = norm(d0 - ph2*lh2,’fro’)^2;

opt.Method = ’vp’; opt.Algorithm = ’lsqnonlin’;

[ph3,lh3,info3] = wlra(d,m,s,opt); e3 = norm(d0 - ph3*lh3,’fro’)^2;

For comparison, we use also a method for low-rank matrix completion,
called singular value thresholding (SVT) [1]. Low-rank matrix completion is a
low-rank approximation problem with missing data for exact data, i.e., data
of a low-rank matrix. Although the SVT method is initially designed for the
exact case, it is demonstrated to cope with noisy data as well, i.e., solve
low-rank approximation problems with missing data. The method is based
on convex relaxation of the rank constraint and does not require an initial
approximation. A Matlab implementation of the SVT method is available at
http://svt.caltech.edu/
〈test 266a〉+≡ � 267a 267c �

tau = 5*sqrt(q*N); delta = 1.2/(ne/q/N); % SVT calling parameters

try

tic, [U,S,V] = SVT([q N],Ie,d(Ie),tau,delta); t4 = toc;

dh4 = U(:,1:m)*S(1:m,1:m)*V(:,1:m)’; % approximation

catch

dh4 = NaN; t4 = NaN; % SVT not installed

end

err4 = norm(s.*(d - dh4),’fro’)^2; e4 = norm(d0 - dh4,’fro’)^2;

The final result shows the relative approximation error ‖D− D̂‖2
Σ/‖D‖2

Σ,
the estimation error ‖D̄− D̂‖2

F/‖D̄‖2
F, and the computation time for the five

methods.
〈test 266a〉+≡ � 267b

nd = norm(s.*d,’fro’)^2; nd0 = norm(d0,’fro’)^2;

format long

res = [err0/nd info1.err/nd info2.err/nd info3.err/nd err4/nd;

e0/nd0 e1/nd0 e2/nd0 e3/nd0 e4/nd0;

t0 info1.time info2.time info3.time t4]

First, we call the test script with exact (noise-free) data.
〈Experiment 1: small sparsity, exact data 267d〉≡

q = 10; N = 100; m = 2; r = 0.1; sigma = 0; test

http://svt.caltech.edu/
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Table 1. Results for Experiment 1.

lra ap vp + fminunc vp + lsqnonlin SVT

‖D − D̂‖2
Σ/‖D‖2

Σ 0.02 10−19 10−12 10−17 10−8

‖D̄ − D̂‖2
F/‖D‖2

F 0.03 10−20 10−12 10−17 10−8

Execution time (sec) 0.01 0.05 2 3 0.37

The experiment corresponds to a matrix completion problem [2]. The re-
sults, summarized in Table 1, show that all methods, except for lra, complete
correctly (up to numerical errors) the missing elements. As proved by Candés
in [2], exact matrix completion is indeed possible in the case of Experiment 1.

The second experiment is with noisy data.
〈Experiment 2: small sparsity, noisy data 268a〉≡

q = 10; N = 100; m = 2; r = 0.1; sigma = 0.1; test

The results, shown in Table 2, indicate that the methods implemented in
wlra converge to the same (locally) optimal solution. The alternating projec-
tions method, however, is about 100 times faster than the variable projections
methods, using the Optimization Toolbox functions fminunc and lsqnonlin,
and about 10 times faster than the SVT method. The solution produces by
the SVT method is suboptimal but close to being (locally) optimal.

Table 2. Results for Experiment 2.

lra ap vp + fminunc vp + lsqnonlin SVT

‖D − D̂‖2
Σ/‖D‖2

Σ 0.037 0.0149 0.0149 0.0149 0.0151

‖D̄ − D̂‖2
F/‖D‖2

F 0.037 0.0054 0.0054 0.0055 0.0056
Execution time (sec) 0.01 0.03 2 3 0.39

In the third experiment we keep the noise standard deviation the same as
in Experiment 2 but increase the sparsity.
〈Experiment 3: bigger sparsity, noisy data 268b〉≡

q = 10; N = 100; m = 2; r = 0.4; sigma = 0.1; test

The results, shown in Table 3, again indicate that the methods imple-
mented in wlra converge to the same (locally) optimal solutions. In this case,
the SVT method is further away from being (locally) optimal, but is still much
better than the solution of lra — 1% vs 25% relative prediction error.

Table 3. Results for Experiment 3

lra ap vp + fminunc vp + lsqnonlin SVT

‖D − D̂‖2
Σ/‖D‖2

Σ 0.16 0.0133 0.0133 0.0133 0.0157

‖D̄ − D̂‖2
F/‖D‖2

F 0.25 0.0095 0.0095 0.0095 0.0106
Execution time (sec) 0.01 0.04 3 5 0.56
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6 Test on the MoviLens Data

The MoviLens date sets [7] were collected and published by the GroupLens
Research Project at the University of Minnesota in 1998. Currently, they
are recognized as a benchmark for predicting missing data in recommender
systems. The “100K data set” consists of 100000 ratings of q = 943 users’ on
N = 1682 movies and demographic information for the users. (The ratings
are encoded by integers in the range from 1 to 5.) In this paper, we use only
the ratings, which constitute a q×N matrix with missing elements. The task
of a recommender system is to fill in the missing elements.

Assuming that the true complete data matrix is rank deficient, building
a recommender system is a problem of low-rank approximation with missing
elements. The assumption that the true data matrix is low-rank is reasonable
in practice because user ratings are influences by a few factors. Thus, we
can identify typical users (related to different combinations of factors) and
reconstruct the ratings of any user as a linear combination of the ratings of
the typical users. As long as the typical users are fewer than the number of
users, the data matrix is low-rank. In reality, the number of factors is not
small but there are a few dominant ones, so that the true data matrix is
approximately low-rank.

It turns out that two factors allow us to reconstruct the missing elements
with 7.1% average error. The reconstruction results are validated by cross
validation with 80% identification data and 20% validation data. Five such
partitionings of the data are given on the MoviLens web site. The matrix
Σ

(k)
idt ∈ {0, 1}q×N indicates the positions of the given elements in the kth

partition (Σ(k)
idt,ij = 1 means that the element Dij is used for identification

and Σ
(k)
idt,ij = 0 means that Dij is missing). Similarly, Σ(k)

val indicates the
validation elements in the kth partition.

Table 4 shows the mean relative identification and validation errors

eidt :=
1
5

5∑

k=1

‖D − D̂(k)‖2

Σ
(k)
idt

‖D‖2

Σ
(k)
idt

and eval :=
1
5

5∑

k=1

‖D − D̂(k)‖2

Σ
(k)
val

‖D‖2

Σ
(k)
val

,

where D̂(k) is the reconstructed matrix in the kth partitioning of the data.
The SVT method issues a message “Divergence!”, which explains the poor
results obtained by this method.

Table 4. Results on the MoviLens data.

lra ap SVT

Mean identification error eidt 0.100 0.060 0.298
Mean prediction error eval 0.104 0.071 0.307
Mean execution time (sec) 1.4 156 651
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7 Conclusions

Alternating projections and variable projections methods for element-wise
weighted low-rank approximation were presented and implemented in a liter-
ate programming style. Some of the weights may be set to zero, which cor-
responds to missing or ignored elements in the data matrix. The problem is
of interest for static linear modeling of data with missing elements. The sim-
ulation examples suggest that in the current version of the implementation
overall most efficient is the alternating projections method, which is applica-
ble to data with a few tens of thousands of rows and columns, provided the
sparsity of the given elements is high. In the case of exact data with missing
elements, the methods solve a matrix completion problem.
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Appendix A: Literate Programming with noweb

A literate program is composed of interleaved code segments, called chunks,
and text. The program can be split into chunks in any way and the chunks
can be presented in any order, deemed helpful for the understanding of the
program. This allows us to focus on the logical structure of the program rather
than the way a computer executes it. (The actual computer executable code
is weaved from a web of the code chunks by skipping the text.) In addition,
literate programming allow us to use a powerful typesetting system such as
LATEX (rather than ascii text) for the documentation of the code.

We use the noweb system for literate programming [17]. Its advantage over
alternative systems is independence of the programming language being used.
The usage of noweb is presented in [18]. Next, we explain the typographic
conventions needed to follow the presentation.

The code is typeset in a true type font. A code chunk begins with a tag,
consisting of a name and a number, identifying the chunk, e.g.,
〈Default parameters opt 270〉≡ (263)

try opt.MaxIter; catch opt.MaxIter = 100; end

try opt.TolFun; catch opt.TolFun = 1e-5; end

try opt.Display; catch opt.Display = ’off’; end

try opt.Method; catch opt.Method = ’ap’; end

try opt.Algorithm; catch opt.Algorithm = ’lsqnonlin’; end

try p = opt.P; catch
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switch lower(opt.Display)

case ’iter’, fprintf(’Computing an initial approximation ...\n’)

end

p = lra(d,m); % low-rank approximation

end

To the right of the identification tag in brackets is the page where the
chunk is used, i.e., included in other chunks. To the left of the identification
tag is a number identifying the part, called sub-chunks, of the current chunk.
In case, like the one above, when the chunk is not split into sub-chunks, the
sub-chunk identification number is the same as the chunk identification num-
ber. See page 265 for a chunk split into sub-chunks.

Appendix B: Function Headers

〈lra header 271〉≡ (259c)
% LRA - Low-Rank Approximation.

% [PH,LH] = LRA(D,M)

% Finads optimal solution to the problem:

% Minimize over DH norm(D - DH, ’fro’) subject to rank(DH) <= M

%

% D - data matrix of dimension qxN, q < N

% M - rank constraint, M < q

% PH, LH - PH*LH is the rank-m approximation DH of D
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〈wlra header 272〉≡ (263)
% WLRA - Weighted Low-Rank Approximation.

% [PH,LH,INFO] = WLRA(D,M,S,OPT)

% Finads locally optimal solution to the problem:

% Minimize over DH norm(S.*(D - DH),’fro’) subject to rank(DH) <= M

%

% D - data matrix of dimension qxN, q < N

% M - rank constraint, M < q

% S - element-wise nonnegative weight matrix of dimension qxN

% OPT - options for the optimization algorithm

% OPT.Method has possible values

% ’ap’ - alternating projections (default) and

% ’vp’ - variable projections (requires Optimization Toolbox)

% OPT.Algorithm - algorithm for the variable projections

% ’fminunc’ - quasi-Newton type method

% ’lsqnonlin’ - Levenberg-Marquardt method (default)

% OPT.P - initial approximation (default computed via svds)

% OPT.TolFun - convergence tolerance for the function value

% OPT.MaxIter - maximum number of iterations

% OPT.Display - level of printed information

% ’iter’ - prints the cost function value per iteration

% PH, LH - PH*LH is the rank-m approximation DH of D

% INFO - exit information:

% INFO.err - approximation error

% INFO.time - execution time

% INFO.iter - number of iterations performed

% Note: INFO.iter = OPT.MaxIter indicates lack of convergence

%

% Note: S(i,j) = 0 implies that D(i,j) is missing. Missing elements

% are ignored and in particular can be set to 0. This convention is

% convenient for large sparse data sets when SPARSE repr. is used.
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On Bivariate Interpolatory Mask Symbols,
Subdivision and Refinable Functions
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Summary. We present a full characterisation of interpolatory mask symbols where
the dilation matrix is M = 2I . The characterization involves the analysis of polyno-
mial identities in two variables by means of the Bezout theorem and the Euclidean
algorithm. The convergence of the associated interpolatory subdivision scheme is
closely related to the existence of a corresponding interpolatory refinable function.
As a special case of our theory, we present the mask symbol corresponding to the
Butterfly subdivision scheme.

1 Introduction

Subdivision methods, as initially introduced by de Rham (1956) and later
by Chaikin (1974), play important roles in computer aided geometric de-
sign (CAGD) by generating curves and surfaces in computer graphics (see
e.g. [4]). Several studies of refinement masks have been developed by using
the associated mask symbols which often help to prove the convergence of
the subdivision schemes with which they are associated (e.g. [6, pages 37-70],
[1]). Moreover, a mask symbol A provides most of the essential features of
the associated refinable function φ, that is a function that is expressible as a
linear combination of the shifts of its own dilation.

In this paper, we center our attention to interpolatory mask symbols by
presenting their full algebraic characterization for the case where the dilation
matrix is given by M = 2I. The corresponding subdivision schemes are in-
terpolatory, that is, the initial data points are preserved at all the steps of
the recursive process. Such schemes are extremely relevant in CAGD where
the initial data are required to be preserved while applying the subdivision
process. Substantial progress in this area has been made, but computation-
ally inefficient conditions are still often applied to refinement mask symbols
in order to investigate the convergence of the associated subdivision schemes.
For instance, the characterization by using the p-norm joint spectral radius
of a collection of matrices associated with the refinement mask (see e.g. [8])
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can take impractically long to test computationally. The method based on
contractivity criteria on the subdivision operator, as introduced in [6] (see
also [5]), can also be a formidable computational task to perform.

We give sufficient conditions for the convergence of interpolatory subdivi-
sion schemes with respect to the interpolatory mask symbol and the associ-
ated interpolatory refinable functions, that is, refinable functions that take the
value 1 at the origin and 0 at all other integers. Recall that refinable functions
became popular in multiresolution analysis (MRA) to construct wavelets in
order to study the local time-frequency behavior of a given signal, in contrast
to methods based on Fourier transforms. Finally we introduce the cascade
algorithm to recursively construct interpolatory refinable functions. Some nu-
merical applications are given to illustrate the given theories.

Further studies on subdivision, refinable functions and their use in wavelet
theory can be found in [2, 3] and [13]. For higher dimensions, we refer to [1,
10, 12] and to [9].

Notation

We shall denote the set of natural numbers by N, the set of integers and
non-negative integers respectively by Z and Z+, the set of real numbers by
R and the set of complex numbers by C. Similarly, the symbols Z

2, R
2 and

C
2 denote the set of ordered pairs with respectively integer, real number and

complex number entries.
For the linear space M(Z2) of all real-valued sequences c = {cj ∈ R : j ∈

Z
2}, the support of which is denoted by supp(c) := {j ∈ Z

2 : cj 
= 0}, the
subspace of finitely supported sequences constitute a linear subspace denoted
by M0(Z2). In the same way, for the linear space M(R2) of all real-valued
bivariate functions f on R

2, the support supp(f) of which is the smallest closed
set containing {x ∈ R

2 : f(x) 
= 0}, the set of finitely supported functions
constitute a linear subspace denoted by M0(R2). Moreover, the subspaces of
continuous functions respectively in M(R2) and in M0(R2) are denoted by
C(R2) and C0(R2).

For a given 2 × 2 invertible matrix M with integer entries, a function
φ ∈ M0(R2) is termed M -refinable if there exists a sequence a = {aj : j ∈
Z

2} ∈M0(Z2) such that

φ =
∑

j

ajφ(M · −j). (1)

We shall refer to M as the dilation matrix, whereas the sequence a is called
the refinement mask (or simply the mask), and the equation (1) is referred
to as the refinement equation. Note that an M -refinable function is therefore
expressible as a linear combinations of the shifts of its own dilations with the
factor of the dilation matrix M , as specified by the refinement mask a. For
convenience, we shall often simplify ”M -refinable” to ”refinable”.
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Considering a dilation matrix M and a finitely supported refinement mask
a, the subdivision scheme Sa is defined as an operator which recursively pro-
duces denser and denser data points by means of linear combinations of the
previous ones. We define the subdivision operator Sa = Sa,M : c �→ Sac, by

(Sac)j =
∑

k

aj−MkT ck, j ∈ Z
2. (2)

For any initial sequence c, Sa generates {c(r) = Srac : r ∈ Z+} by means of

c(0) = c, c(r+1) = Sa(c(r)), r ∈ Z+. (3)

Then, given a dilation matrix M and a refinement mask a such that
⎧
⎪⎪⎨

⎪⎪⎩

aMjT = δj, j ∈ Z
2,

∑

j

aj = |det(M)|, (4)

where δ0 = 1 and δj = 0, j 
= 0, we have, for any sequence c,

(Sac)MjT = cj, j ∈ Z
2.

By induction on r ∈ Z+, the sequence {c(r) = Srac : r ∈ Z+} satisfies

c
(r+1)
MjT = c

(r)
j , j ∈ Z

2.

A mask a satisfying (4) is called an interpolatory mask.
We now introduce the concept of convergence for subdivision. Given a

dilation matrix M and a mask a, we say that Sa is convergent on a subset
M⊂M(Z2) if, for any c ∈ M, there exists f = fc ∈ C(R2) such that

lim
r→∞

‖Srac− f(M−r·)‖∞ = 0, (5)

where f(M−r·) = {f(M−rjT ) : j ∈ Z
2}, for r ∈ Z+, in which case we shall

also use the notation S∞
a c := f . We shall simply say “ convergent ” for “ con-

vergent on M(Z2)”.

As given before in (1), a function φ ∈ M0(R2) is said to be refinable if
it can be expressed as linear combination of its own dilations, that is, if it
satisfies

φ(x) =
∑

j

ajφ(Mx− j), x ∈ R
2, (6)

where M is the associated dilation matrix and a the associated mask. We also
say that f ∈M(R2) is interpolatory if

f(j) = δj, j ∈ Z
2.
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2 Main Results

We proceed to establish a full a characterization of interpolatory refinement
mask associated with an interpolatory refinable function. We have the follow-
ing result.

Lemma 1. Let φ be an interpolatory refinable function with associated di-
lation matrix M and associated mask a, and suppose φ is integrable with
non-zero integral over R

2. Then
⎧
⎪⎪⎨

⎪⎪⎩

aMjT = δj, j ∈ Z
2,

∑

j

aj = |det(M)|, (7)

according to which a is an interpolatory mask.

Proof. Since φ is refinable and interpolatory, the first line in (7) is obtained
as follows:

δj = φ(j) =
∑

k

akφ(M jT − k) =
∑

k

akδMjT −k = aMjT .

Writing ai,j = aj, we can integrate the refinement equation (6) to obtain
∫ ∫

R2
φ(x, y)dxdy =

∑

i,j

ai,j

∫ ∫

R2
φ(M(x, y)T − (i, j))dxdy,

and thus
∫ ∫

R2
φ(x, y)dxdy =

∑

i,j

ai,j
1

|det(M)|
∫ ∫

R2
φ(x, y)dxdy,

from which the second line of (7) then follows. �

Considering the dyadic set DM :=
{
M−rjT : j ∈ Z

2, r ∈ Z+

}
, we give the

following convergence result for interpolatory subdivision schemes.

Theorem 1. Let φ be an interpolatory refinable function such that φ is inte-
grable with non-zero integral over R

2 and M a dilation matrix such that its
diagonal elements satisfy |M11| ≥ 2 and |M22| ≥ 2. Then, for any sequence
c ∈M(Z2), the function Φ ∈M(R2) defined by

Φ(x) =
∑

j

cjφ(x − j), x ∈ R
2, (8)

satisfies

(i) Φ(m) = cm, m ∈ Z
2;
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(ii)Φ(M−rm) = (Srac)m, r ∈ Z+, m ∈ Z
2,

that is, Sa is trivially convergent, with S∞
a c = Φ. In particular, S∞

a δ = φ.

Proof. Since φ is interpolatory, it follows from (8) that

Φ(m) =
∑

j

cjφ(m − j) = cm, m ∈ Z
2.

Since φ is refinable, it follows from (8), (2) and (3) that, for r ∈ Z+, m ∈ Z
2,

Φ
(
M−rmT

)
=
∑

j

cjφ
(
M−rmT − j

)

=
∑

j

cj
∑

k

akφ
(
M−r+1mT −M jT − k

)

=
∑

k

(Sac)kφ
(
M−r+1mT − k

)

...

=
∑

k

(Srac)kφ(m − k)

=(Srac)m, (9)

by virtue of the interpolatory property of φ.
Since the dyadic set DM is dense in R

2, we deduce from (9) that ‖Srac −
Φ(M−r·)‖∞ = 0, r ∈ Z+, and therefore (5) holds. Hence, for any sequence
c ∈ M(Z2), the subdivision scheme Sa converges to the function Φ given by
(8), i.e. S∞

a c = Φ. In particular, choosing c = δ in (8) yields S∞
a δ = φ. �

We now turn to the results for interpolatory mask symbols. Given a re-
finement mask a, the associated mask symbol A is the Laurent polynomial
defined by

A(z1, z2) =
∑

i,j

ai,jz
i
1z
j
2, z1, z2 ∈ C \ {0}.

For M = 2I, we observe that a is an interpolatory mask if and only if the
associated mask symbol A satisfies

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

The constant term in A(z1, z2) is 1;

A has no term in z2i1 z
2j
2 , (i, j) 
= (0, 0);

A(1, 1) = |det(M)| = 4,

in which case A is called an interpolatory mask symbol. We proceed to establish
the full characterisation of interpolatory mask symbols for M = 2I.
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Theorem 2. For integers k1, k2 ∈ N and a Laurent polynomial B such that
B(1, 1) = 1, consider the Laurent polynomial

A(z1, z2) = 22−k1−k2(1 + z1)k1(1 + z2)k2B(z1, z2), z1, z2 ∈ C \ {0}. (10)

Then A is an interpolatory mask symbol if and only if for any positive integers
α1 < 2k1 and α2 < 2k2, with α1, α2 odd, B has the form

B(z1, z2) = 2k1+k2z−2α1
1 z−2α2

2

[
T (z1, z2)(1 − z1)k1(1− z2)k2 (11)

+
{
S1(z1, z2) + T1(z1, z2)(1− z1)k1

} {
S2(z1, z2) + T2(z1, z2)(1− z2)k2

}]
,

with S1 odd in z2 with degree less than k1 in z1, and S2 odd in z1 with degree
less than k2 in z2, and such that

{
(1 + z1)k1S1(z1, z2)− (1− z1)k1S1(−z1, z2) = zα1

1 z
α2
2 ,

(1 + z2)k2S2(z1, z2)− (1− z2)k2S2(z1,−z2) = zα1
1 z

α2
2 ,

(12)

whereas T1 is even in z1 but odd in z2, T2 is even in z2 but odd in z1, and T
is odd in both z1 and z2.

The proof of Theorem 2 will rely on Lemmas 2 and 3 below.

Lemma 2. If
∑

j

aj = 4, then a is interpolatory if and only if A satisfies, for

z1, z2 ∈ C \ {0}, the identity

A(z1, z2) +A(−z1, z2) +A(z1,−z2) +A(−z1,−z2) = 4. (13)

Also, if a Laurent polynomial A satisfies (13) and if there exist integers
k1, k2 ∈ N and a Laurent polynomial B such that

A(z1, z2) = 22−k1−k2(1 + z1)k1(1 + z2)k2B(z1, z2),

with B(1, 1) = 1, then A is an interpolatory mask symbol.

Proof. Suppose first that a is interpolatory. From (7), it holds that

A(z1, z2) +A(−z1, z2) +A(z1,−z2) +A(−z1,−z2) = 4
∑

i,j

a2i,2jz
2i
1 z

2j
2 , (14)

which, since a2i,2j = δi,j , implies that (13) holds. Conversely, if (13) holds, we
deduce from (14) that ∑

i,j

a2i,2jz
2i
1 z

2j
2 = 1,

which proves that a2i,2j = δi,j .
The second statement of the lemma is an immediate consequence of the

first statement. �
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Lemma 3. Let k1, k2 ∈ N and suppose α1, α2 are two odd integers in N. Then:

(a) if α1 < 2k1, there exists a polynomial S1 which is odd in z2, with degree
α2 in z2, and degree less than k1 in z1, such that the general Laurent
polynomial solution K1 of the identity

(1 + z1)k1K1(z1, z2)− (1− z1)k1K1(−z1, z2) = zα1
1 z

α2
2 , (15)

is the Laurent polynomial given by

K1(z1, z2) = S1(z1, z2) + T1(z1, z2)(1− z1)k1 ,
with T1 denoting an arbitrary Laurent polynomial which is even in z1; also,
K1 is odd in z2 if and only if T1 is odd in z2.

(b) if α2 < 2k2, there exists a polynomial S2 which is odd in z1, with degree
α1 in z1, and degree less than k2 in z2, such that the general Laurent
polynomial solution K2 of the identity

(1 + z2)k2K2(z1, z2)− (1− z2)k2K2(z1,−z2) = zα1
1 z

α2
2 ,

is the Laurent polynomial given by

K2(z1, z2) = S2(z1, z2) + T2(z1, z2)(1− z2)k2 ,
with T2 denoting an arbitrary Laurent polynomial which is even in z2; also,
K2 is odd in z1 if and only if T2 is odd in z1.

Proof. (a) Since the two univariate polynomials (1 + z1)k1 and (1 − z1)k1
have no common factor, there exist by the Bezout theorem two univariate
polynomials U1 and V1 such that

(1 + z1)k1U1(z1) + (1 − z1)k1V1(z1) = 1, z1 ∈ C. (16)

Multiplying both sides of (16) by zα1
1 z

α2
2 yields, for z1, z2 ∈ C,

(1 + z1)k1 [zα1
1 z

α2
2 U1(z1)] + (1− z1)k1 [zα1

1 z
α2
2 V1(z1)] = zα1

1 z
α2
2 , z1, z2 ∈ C.

(17)
Using the polynomial division theorem, we deduce the existence of two poly-
nomials Q1 and R1 satisfying

zα1
1 V1(z1) = Q1(z1)(1 + z1)k1 +R1(z1), z1 ∈ C,

such that the degree of R1 is less than k1, and where Q1 and R1 are uniquely
determined by α1 and V1. It then follows from (17) that

(1 + z1)k1S1(z1, z2) + (1− z1)k1R̃1(z1, z2) = zα1
1 z

α2
2 , z1, z2 ∈ C, (18)

where S1 is the polynomial defined by S1(z1, z2) = zα1
1 z

α2
2 U1(z1) + (1 −

z1)k1zα2
2 Q1(z1), and R̃1 is the polynomial given by R̃1(z1, z2) = zα2

2 R1(z1),
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for all z1, z2 ∈ C. We claim that the degree in z1 of S1 is less than k1. To
prove this, we first note from (18) that

(1 + z1)k1S1(z1, z2) = zα1
1 z

α2
2 − (1 − z1)k1 R̃1(z1, z2), z1, z2 ∈ C,

according to which, since the degree of R̃1 in z1 is less than k1, and since
α1 < 2k1, we necessarily have that the degree in z1 of S1 is less than k1.

Replacing z1 by −z1 in (18), and using the fact that α1 is odd, we deduce
that

(1− z1)k1 [−S1(−z1, z2)] + (1 + z1)k1
[
−R̃1(−z1, z2)

]
= zα1

1 z
α2
2 . (19)

Subtracting the identities (18) and (19) now yields

(1 + z1)k1 [S1(z1, z2) + R̃1(−z1, z2)] = −(1− z1)k1 [S1(−z1, z2) + R̃1(z1, z2)],

and thus
S1(z1, z2) + R̃1(−z1, z2) = M1(z1, z2)(1− z1)k1 , (20)

for some polynomial M1. Since the degree in z1 of the polynomial in the left-
hand-side of (20) is less than k1, we necessarily have M1 = 0 in (20), or,
equivalently,

S1(z1, z2) = −R̃1(−z1, z2), z1, z2 ∈ C, (21)
R̃1(z1, z2) = −S1(−z1, z2), z1, z2 ∈ C. (22)

Using (18), (21) and (22), we find that the polynomial S1 satisfies

(1 + z1)k1S1(z1, z2)− (1− z1)k1S1(−z1, z2) = zα1
1 z

α2
2 , z1, z2 ∈ C, (23)

which means that S1 is a particular polynomial solution of the identity (15)
with degree less than k1 in z1. Moreover, from (21), we see that S1(z1, z2) =
−zα2

2 R1(−z1). Since α2 is odd, we conclude that S1 is odd in z2, and that its
degree in z2 is α2.

Now, let K1 denote the general Laurent polynomial solution of (15). Sub-
tracting (15) from (23), we obtain, for z1, z2 ∈ C \ {0},
(1 + z1)k1 [K1(z1, z2)− S1(z1, z2)] = (1 − z1)k1 [K1(−z1, z2)− S1(−z1, z2)] .

(24)
Since (1 + z1)k1 and (1 − z1)k1 have no common factor, it follows from (24)
that there exists a Laurent polynomial T1 satisfying

K1(z1, z2)− S1(z1, z2) = T1(z1, z2)(1 − z1)k1 . (25)

Substituting (25) into (24) yields that T1(z1, z2) = T1(−z1, z2) for z1, z2 ∈
C \ {0}, i.e T1 is even in z1. Thus, we deduce from (25) that K1 is given by

K1(z1, z2) = S1(z1, z2) + T1(z1, z2)(1 − z1)k1 , (26)
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where T1 is an arbitrary even Laurent polynomial in z1.
Also, since S1 is odd in z2, we get from (26) that, for z1, z2 ∈ C \ {0},

K1(z1,−z2) = S1(z1,−z2) + T1(z1,−z2)(1 − z1)k1
= −S1(z1, z2) + T1(z1,−z2)(1− z1)k1 , (27)

whereas also

−K1(z1, z2) = −S1(z1, z2)− T1(z1, z2)(1− z1)k1 . (28)

Subtracting the identities (27) and (28) gives

K1(z1,−z2) +K1(z1, z2) = (1− z1)k1 [T1(z1,−z2) + T1(z1, z2)],

from which it then immediately follows that K1 is odd in z2 if and only if T1

is odd in z2.

(b) The proof is similar to (a), and is omitted here. �

Proof of Theorem 2.

(a) By defining the Laurent polynomial H as

H(z1, z2) = A(z1, z2) +A(z1,−z2), z1, z2 ∈ C \ {0}, (29)

we observe that the identity (13) is equivalent to

H(z1, z2) +H(−z1, z2) = 4. (30)

Also, by using (10) and (29), we have that

H(z1, z2) = 22−k1−k2(1 + z1)k1G(z1, z2), (31)

where the Laurent polynomial G is defined by

G(z1, z2) = (1 + z2)k2B(z1, z2) + (1 − z2)k2B(z1,−z2), (32)

with B denoting the Laurent polynomial for which (10) is satisfied.
It then follows from (30) and (31) that G satisfies the identity

2−k1−k2(1 + z1)k1G(z1, z2) + 2−k1−k2(1− z1)k1G(−z1, z2) = 1. (33)

Now, choose any pair of odd integers α1, α2 ∈ N such that α1 < 2k1 and
α2 < 2k2. Then, for the Laurent polynomial G given by (32), we define the
Laurent polynomial K1 by

G(z1, z2) = 2k1+k2z−α1
1 z−α2

2 K1(z1, z2), z1, z2 ∈ C \ {0}. (34)

It follows from (34) and (33) that K1 satisfies the identity
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(1 + z1)k1K1(z1, z2)− (1− z1)k1K1(−z1, z2) = zα1
1 z

α2
2 . (35)

Hence, according to Lemma 3 (a), there exist a polynomial S1 and a Laurent
polynomial T1 such that

K1(z1, z2) = S1(z1, z2) + (1− z1)k1T1(z1, z2),

with the polynomial S1 and the Laurent polynomial T1 satisfying the proper-
ties as stated in Lemma 3 (a).
Besides, (31) and (34) yield

H(z1, z2) = 4(1 + z1)k1z−α1
1 z−α2

2 K1(z1, z2), (36)

according to which, since the Laurent polynomial H defined by (29) is even
in z2, we deduce that K1 is odd in z2, and hence also, from Lemma 3 (a), T1

is also odd in z2.
Similarly, by defining the Laurent polynomial J as

J(z1, z2) = A(z1, z2) +A(−z1, z2), (37)

the identity (13) is equivalent to

J(z1, z2) + J(z1,−z2) = 4. (38)

Also, by using (10) and (37), we have that

J(z1, z2) = 22−k1−k2(1 + z1)k1L(z1, z2), (39)

where the Laurent polynomial L is defined by

L(z1, z2) = (1 + z1)k1B(z1, z2) + (1− z1)k1B(−z1, z2), (40)

with B denoting the Laurent polynomial for which (10) is satisfied.
It then follows from (38) and (39) that L satisfies the identity

2−k1−k2(1 + z2)k2L(z1, z2) + 2−k1−k2(1− z2)k2L(z1,−z2) = 1. (41)

Define the Laurent polynomial K2 by

L(z1, z2) = 2k1+k2z−α1
1 z−α2

2 K2(z1, z2). (42)

It follows from (42) and (41) that K2 satisfies the identity

(1 + z2)k2K2(z1, z2)− (1− z2)k2K2(z1,−z2) = zα1
1 z

α2
2 .

Hence, according to Lemma 3 (a), there exist a polynomial S2 and a Laurent
polynomial T2 such that

K2(z1, z2) = S2(z1, z2) + (1− z2)k2T2(z1, z2),
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with the polynomial S2 and the Laurent polynomial T2 satisfying the proper-
ties as stated in Lemma 3 (a).
Besides, (39) and (42) yield

J(z1, z2) = 4(1 + z2)k2z−α1
1 z−α2

2 K2(z1, z2),

according to which, since the Laurent polynomial J defined by (37) is even in
z1, we deduce that K2 is odd in z1, and hence also, from Lemma 3 (a), T2 is
also odd in z1.

Next, we deduce from (40) and (42) that

(1+ z1)k1B(z1, z2)+ (1− z1)k1B(−z1, z2) = 2k1+k2z−α1
1 z−α2

2 K2(z1, z2). (43)

Consider the Laurent polynomial B̃ such that

B(z1, z2) = 2k1+k2z−2α1
1 z−2α2

2 B̃(z1, z2). (44)

Then equation (43) becomes

(1 + z1)k1 B̃(z1, z2) + (1 − z1)k1 B̃(−z1, z2) = zα1
1 z

α2
2 K2(z1, z2). (45)

Since K2(z1, z2) is odd in z1, by virtue of (35), the Laurent polynomial
B1(z1, z2) := K1(z1, z2)K2(z1, z2) is a particular solution of (43), that is,
for z1, z2 ∈ C \ {0},
(1 + z1)k1B1(z1, z2) + (1 − z1)k1B1(−z1, z2) = 2k1+k2zα1

1 z
α2
2 K2(z1, z2). (46)

Subtracting (45) from (46) yields

(1+z1)k1 [B̃(z1, z2)−B1(z1, z2)] = −(1−z1)k1 [B̃(−z1, z2)−B1(−z1, z2)], (47)

which shows that there exists a Laurent polynomial T3(z1, z2) such that

B̃(z1, z2)−B1(z1, z2) = T3(z1, z2)(1− z1)k1 . (48)

Substituting this expression into (47) gives

(1 + z1)k1(1 − z1)k1T3(z1, z2) = −(1− z1)k1(1 + z1)k1T3(−z1, z2),
showing that T3 is odd in z1. It follows from (10) and (48) that

A(z1, z2) = 4(1 + z1)k1(1 + z2)k2z−α1
1 z−α2

2 [B1(z1, z2) + T3(z1, z2)(1 − z1)k1 ].
(49)

Since K1 is odd in z2, we deduce from (49) and (35) that

A(z1, z2)+A(z1,−z2) = 4(1 + z1)k1z−2α1
1 z−2α2

2 [zα1
1 z

α2
2 K1(z1, z2)

+(1− z1)k1{(1 + z2)k2T3(z1, z2) + (1− z2)k2T3(z1,−z2)}]. (50)

Using (29) and (36), we deduce from (50) that
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(1 + z2)k2T3(z1, z2) + (1− z2)k2T3(z1,−z2) = 0,

showing that there exists a Laurent polynomial T , such that T3(z1, z2) =
T (z1, z2)(1− z2)k2 . Note that T odd in z2 and since T3 is odd in z1, T is also
odd in z1. The result (11) follows from (44) and (48).

(b) Conversely, suppose that for any pair of odd (positive) integers α1 and
α2 such that α1 < 2k1 and α2 < 2k2, the Laurent polynomial B has the form
given by (11). To show that the Laurent polynomialA is an interpolatory mask
symbol, it will suffice to prove that A satisfies the identity (13) in Lemma 2.

To this end, since by assumption S2, T2 and T are odd in z1, observe from
(10) and (11) that, for z1, z2 ∈ C \ {0},

A(z1, z2) +A(−z1, z2)
=4z−2α1

1 z−2α2
2 (1 + z1)k1(1 + z2)k2

[
T (z1, z2)(1− z1)k1(1− z2)k2

+
{
S1(z1, z2) + T1(z1, z2)(1 − z1)k1

}{
S2(z1, z2) + T2(z1, z2)(1− z2)k2

}]

+4z−2α1
1 z−2α2

2 (1− z1)k1(1 + z2)k2
[−T (z1, z2)(1 + z1)k1(1− z2)k2

+
{
S1(−z1, z2) + T1(z1, z2)(1 + z1)k1

}{−S2(z1, z2)− T2(z1, z2)(1− z2)k2
}]
,

which, together with (12), yields

A(z1, z2) +A(−z1, z2)
=4z−2α1

1 z−2α2
2 (1 + z2)k2

[
zα1
1 z

α2
2

{
S2(z1, z2) + T2(z1, z2)(1 − z2)k2

}]
. (51)

Replacing z2 by −z2 in (51), and using the fact that T2 is even in z2, we obtain

A(z1,−z2) +A(−z1,−z2)
=4z−2α1

1 z−2α2
2 (1 − z2)k2

[−zα1
1 z

α2
2

(
S2(z1,−z2) + T2(z1, z2)(1 + z2)k2

)]
.

(52)

Since S2 satisfies (12), adding (51) with (52) yields

A(z1, z2) +A(−z1, z2) +A(z1,−z2) +A(−z1,−z2) = 4,

thereby showing that the Laurent polynomial A satisfies the identity (13),
which concludes our proof. �

3 Existence Results for Refinable Functions

We now present methods to construct interpolatory refinable functions for
M = 2I. Consider the torus T and its subset T̃ defined respectively by

T = {(eix1 , eix2) : x1, x2 ∈ R}, and T̃ = {(eix1 , eix2) ∈ T : |x1|, |x2| ≤ π/2}.
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We say that a refinement mask a is non-negative if its associated mask symbol
A satisfies

A(eix1 , eix2) ≥ 0, x1, x2 ∈ R.

Then we have the following result from [11].

Theorem 3. Consider M = 2I, and a non-negative interpolatory mask a. If
k1, k2 ∈ N and B are such that

A(z1, z2) = 22−k1−k2(1 + z1)k1(1 + z2)k2B(z1, z2),

with B(1, 1) = 1 and B(z1, z2) 
= 0 for (z1, z2) ∈ T̃ , then there exists a
corresponding interpolatory refinable function φa ∈ C0(R2).

Given two univariate functions φ̃ ∈ Cα1(R) and ψ̃ ∈ Cα2(R), the tensor
product φ = φ̃ · ψ̃ is defined by

φ(x, y) = φ̃(x)ψ̃(y), (x, y) ∈ R
2,

so that φ ∈ Cα(R2) where α = min{α1, α2}.
The following result is straightforward.

Theorem 4. Let φ̃ ∈ Cα1
0 (R) and ψ̃ ∈ Cα2

0 (R) be interpolatory and refinable
with masks ã and b̃.

Then the function φ = φ̃ · ψ̃, that is,

φ(x, y) = φ̃(x)ψ̃(y), (x, y) ∈ R
2,

is interpolatory and refinable, with M = 2I and with mask a given by

aj,k = ãj b̃k, (j, k) ∈ Z
2.

Another method to construct refinable functions is by using the cascade
algorithm. Given a dilation matrix M and a refinement mask a, we define the
cascade operator Ta = Ta,M : f ∈M(R2) �→ Taf ∈M(R2) by

(Taf)(x) =
∑

j

ajf(Mx− j), x ∈ R
2. (53)

For a given initial function g ∈M(R2), Ta generates the sequence {fr = T ra g :
r ∈ Z+} by means of the cascade algorithm:

f0 = g, fr+1 = Tafr, r ∈ Z+. (54)

We say that Ta is convergent on a subset M ⊂ C0(R2) if, for g ∈ M, there
exists f = fg ∈ C(R2) such that

lim
r→∞

‖T rag − f‖∞ = 0,

in which case we write T∞
a g := f . We shall simply say “ convergent ” for

“ convergent on C0(R2) ”. We proceed to establish the following result with
respect to the cascade algorithm.
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Theorem 5. Suppose M is a dilation matrix and a an interpolatory mask
such that
∑

j

ak −M jT = 1, k ∈ Z
2, and [2α, 2β]2 ⊆M [α, β]2, α, β ∈ Z. (55)

Also, for an initial function g ∈ C0(R2), let the sequence {φr : r ∈ Z+} be
generated by the cascade algorithm as in (54). Then:

(a) φr ∈ C0(R2), r ∈ Z+;
(b) If g is interpolatory, then φr is interpolatory for each r ∈ Z+;
(c) If g is interpolatory and Ta is convergent with φ = T∞

a g, then:
(i) φ ∈ C0(R2);
(ii) φ is an interpolatory refinable function with mask a and dilation ma-

trix M , and φ = Taφ.

Proof. (a), (b) We proceed by induction on r. Recall from the recursive for-
mula (54), together with (53), that

φr+1 = Taφr =
∑

j

ajφr(M · −j), r ∈ Z+. (56)

For r = 0, φ0 = g ∈ C0(R2). Let us fix r ∈ Z+. The following holds:
If supp(φr) ⊆ [N1, N2]2, it holds that, for x ∈ R

2 and j ∈ [N1, N2]2,

MxT − j ∈ [N1, N2]2 =⇒MxT ∈ j + [N1, N2]2 ⊆ [2N1, 2N2]2

=⇒ x ∈M−1
(
j + [N1, N2]2

) ⊆M−1 [2N1, 2N2]
2
.
(57)

Since a is supported on [N1, N2]2, and since there is only a finite number of
integers j in [N1, N2]2, we deduce from (57) and (56) that the support of φr+1

satisfies

supp(φr+1) ⊆
⋃

j∈[N1,N2]2

M−1
(
j + [N1, N2]2

) ⊆
⋃

j∈[N1,N2]2

M−1 [2N1, 2N2]
2

⊆ [N1, N2]2,

by virtue of (55). Hence φr is compactly supported.
If φr is continuous, then the shifts with respects to Z

2 of its dilations are
continuous, so that, from (56), we deduce that φr+1 is also continuous.

If φr is interpolatory, we deduce from (56) and (7) that, for j ∈ Z
2,

φr+1(j) =
∑

k

akφr(M jT − k) = aMjT = δj.

(c) If, moreover, Ta is convergent, it follows from the uniform convergence
result ‖φ− φr‖∞ → 0, r→∞, that φ ∈ C0(R2). Also, since φr is interpolatory
for every r ∈ Z+, we have, for j ∈ Z

2,
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|φ(j) − δj| = |φ(j) − φr(j)| ≤ ‖φ− φr‖∞ → 0, r →∞,
and it follows that φ is interpolatory.

To prove that φ satisfies the refinement equation (6), we use (54) and (53)
to obtain

‖φ− Taφ‖∞ ≤‖φ− φr+1‖∞ + ‖Ta(φr − φ)‖∞

≤‖φ− φr+1‖∞ +

⎡

⎣
∑

j

|aj|
⎤

⎦ ‖φr − φ‖∞ → 0, r →∞,

i.e. φ = Taφ, which is equivalent to (6).

4 Numerical Application

The previous results can be summarized as follows. Given a dilation matrix
M and an interpolatory mask a such that the diagonal elements of M satisfy
|M11| ≥ 2, |M22| ≥ 2,

∑

j

ak−MjT = 1, k ∈ Z
2, and [2α, 2β]2 ⊆M [α, β]2, α, β ∈ Z,

we have

Convergence of Ta =⇒ Existence of interpolatory refinable function φ =⇒
Convergence of Sa.

We proceed to apply the results of this paper to numerically investigate the
existence of the interpolatory refinable function corresponding to the Butterfly
subdivision scheme ([5, 4, 7]). Given a parameter w ∈ R, the interpolatory
mask symbol Bw of the Butterfly scheme is defined by

Bw(z1, z2) =
1
2
(1 + z1)(1 + z2)(1 + z−1

1 z−1
2 )(1− wC(z1, z2)),

where the Laurent polynomial C is given by

C(z1, z2) = 2z−2
1 z−1

2 + 2z−1
1 z−2

2 − 4z−1
1 z−1

2 − 4z−1
1 − 4z−1

2

+ 2z−1
1 z2 + 2z1z−1

2 + 12− 4z1 − 4z2 − 4z1z2 + 2z21z2 + 2z1z22 .

Note that Bw is supported on the square [−3, 3]2 for any w, which is then also
the support of the associated refinable function φBw . One can verify that the
Butterfly mask symbol is a special case of Theorem 2 where the polynomials
S1 and S2 are given by

S1(z1, z2) =
1
2
z2, S2(z1, z2) =

1
2
z1,
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the Laurent polynomials T1 = Tw,1 and T2 = Tw,2 are given by

T1(z1, z2) =
1
4
z−2
1 z−1

2 (2wz41z
4
2 − 2wz21z

4
2 − z21z22 + 2wz22 − 2w), (58)

T2(z1, z2) =
1
4
z−1
1 z−2

2 (2wz41z
4
2 − 2wz41z

2
2 − z21z22 + 2wz22 − 2w), (59)

and the Laurent polynomial T = Tw is given by

T (z1, z2) = − 1
16
z−3
1 z−3

2

(
4w2z81z

8
2 − 4w2z61z

8
2 − 4w2z81z

6
2 + 4w2z61z

6
2

− 4wz61z
6
2 + 4w2z41z

6
2 + 2wz41z

6
2 − 4w2z21z

6
2 + 4w2z61z

4
2

+ 2wz61z
4
2 − 8w2z41z

4
2 + 16wz41z

4
2 − z41z42 + 4w2z21z

4
2

+ 2wz21z
4
2 − 4w2z61z

2
2 + 4w2z41z

2
2 + 2wz41z

2
2 + 4w2z21z

2
2

−4wz21z
2
2 − 4w2z22 − 4w2z21 + 4w2

)
. (60)

We apply the cascade algorithm to the Butterfly mask symbol Bw to generate
Figure 1(a)−(b) and Figure 2(a), thereby obtaining the graph of the refinable
function φBw . We also applied the Butterfly subdivision scheme in Figure 2(b)
for an initial control point sequence as shown. Based on Figure 2(a), we con-
jecture that φBw , w = 1

16 exists and is of class C1, i.e. φBw ∈ C1
0 (R2).

(a) Graph of TBwg, w = 1
16

(b) Graph of T 2
Bw
g, w = 1

16

Fig. 1. Cascade algorithm associated with Bw , w = 1
16

5 Conclusion

We give a characterization result for interpolatory mask symbols for the case
where the dilation matrix is given by M = 2I, the proof of which requires the
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(a) Graph of φBw , w = 1
16

(b) Graph of ΦBw , w = 1
16

Fig. 2. Interpolatory refinable function φBw and subdivision limit function ΦBw

Bezout theorem and and the Euclidean algorithm to solve for the polynomi-
als S1 and S2 in Theorem 2. The convergence of the associated interpolatory
subdivision scheme is related to the existence of the corresponding interpo-
latory refinable function. Methods to find such refinable functions are given
for non-negative mask symbols and for masks obtained from tensor products.
Interpolatory refinable functions can also be obtained by using the cascade
algorithm which is a method consisting of a recursively built sequence of func-
tions which eventually converge to an interpolatory refinable function.

A further continuation of this work would consist in studying the proper-
ties of the Laurent polynomials T1, T2 and T in Theorem 2 and their effects on
the smoothness properties of the associated subdivision schemes and the in-
terpolatory refinable functions. A possible difficulty is that one may encounter
complicated formulas such as for the Butterfly mask symbol in (58), (59) and
(60), in which case analysis becomes formidable.
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Summary. For many data approximation problems in metrology, there are a num-
ber of competing models which can potentially fit the observed data. A crucial task
is to quantify the extent to which one model performs better than others, taking
into account the influence of random effects associated with the data. For example,
for a given data set, we can use a series of polynomials of various degrees to fit the
data using a least squares criterion. The residual sum of squares is a measure of how
well the model fits the data. However, it is generally required to balance goodness
of fit with minimising the model complexity. We consider a number of criteria that
aim to do this: the Akaike information criterion (AIC), the Bayesian/Schwarz in-
formation criterion, and the AIC with a correction for small sample size (AICc). In
this paper, we compare the performance of these criteria for polynomial regression
and show that for the examples tested the AICc criterion performs best. A second
element of model selection is to determine from a set of feature vectors, the sub-
set that defines a model space most suitable for describing the observed response.
Since there are 2N possible model spaces defined by N feature vectors, for even a
modest number of feature vectors it is necessary to reduce or prioritise the number
of candidate models. Partial least squares and the least angle regression algorithms
can be used as model reduction tools. We describe these algorithms in the context
of feature selection and how they can be used with a model selection criterion such
as AICc and illustrate their performance using simulations and on an application
from human sensory perception.

1 Introduction

In many data fitting and modelling problems, we often have to find the best
model to fit a given data set. Typically the model space is parametrized by
parameters α, e.g., polynomial coefficients, and the best-fit model is found
by minimising some goodness of fit measure to determine optimal parameter
values a. In this paper, we consider the case where there are a number of
competing model spaces. In such cases, the model fitting has two interacting
elements: the selection of an appropriate model space, and the determination
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of the best fit from within the selected model space. In the model selection
process, a balance has to be made between fitting the data and minimising
the model complexity, particularly with regard to gaining insight into the
underlying physical mechanisms. If there are more than one model which
fit the data equally well, we usually choose the simplest model according to
the Occam’s razor principle or some form of parsimony. The idea is that we
should use as few assumptions as possible to explain any given data [8, 12,
20]. Because of their practical importance, there has been much interest in
developing effective model selection techniques in recent years [11, 12, 14, 15,
17, 20].

In this paper, we focus on the selection of the best model space using well
known criteria: root mean square residual (RMS), the Akaike information cri-
terion (AIC), the Bayesian/Schwarz information criterion (BIC), and the AIC
with a correction for small sample size (AICc). We compare the performance
of these criteria.

Another important element of model selection is to determine the best
subset of features from a set of feature vectors, that is to obtain a reduced
model space most suitable for describing the observed response. Partial least
squares (PLS) and least angle regression (LARS) algorithms can be used as
model reduction/feature selection tools.

The paper is organized as follows. In Section 2, we briefly introduce the
problem of model fitting and selection and in Section 3 we describe the se-
lection criteria considered in this paper and their performance on polynomial
regression. In Section 4, we describe algorithms that attempt to build up a
nested sequence of model spaces from features to which selection criteria can
be applied. Our concluding remarks are given in Section 5.

2 Model Fitting and Selection

We assume an observational model of the form

y = φ(x,α) + ε, ε ∈ N(0, σ2),

where φ is a known function specified by parameters α = (α1, . . . , αn)T that
models the response of a system that depends on the covariates x (that can be
measured accurately), y is the measured response and ε represents a random
effect drawn from a Gaussian distribution with known standard deviation σ.
Given a data set {(xi, yi)}mi=1 with m ≥ n data points, the least squares
estimate a of the parameters α minimises

F (α) =
m∑

i=1

(yi − φ(xi,α))2.

The statistical model for the random effects defines the probability density
p(y|α) of observing a response vector y = (y1, . . . , ym)T for a system specified
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by parameters α. Regarded as a function of α, this density is known as the
likelihood function L(α;y) and, for Gaussian noise,

L(α;y) = exp
{
−F (α)

2σ2

}
,

up to an additive constant. Thus, for Gaussian noise, the least squares estimate
is also the maximum likelihood estimate.

If the model is linear in the parameters α so that the observational model
takes the form

y|α ∈ N(Cα, σ2I),

where C is the m × n observation matrix, then the least squares estimate is
given by

a =
(
CTC

)−1
CTy.

If C has QR factorisation [6],

C = QR =
[
Q1 Q2

] [R1

0

]
= Q1R1,

then

a = R−1
1 QT1 y, ŷ = Ca = Q1Q

T
1 y, r = y − Ca = Q2Q

T
2 y. (1)

We let RSS = F (a) = ‖QT2 y‖2
2, the sum of squares function evaluated at the

least squares solution.
We now consider the case where there are K competing models defined by

functions φk(x,αk) involving parameter vectors αk of length nk. For a given
data set {(xi, yi)}mi=1, for each model space we can calculate the least squares
best estimate ak of the model parameters and RSSk = F (ak), the residual
sum of squares at the least squares estimate. For the linear case,

ak = (CT
kCk)−1CT

k y,

where Ck is the observation matrix associated with the kth model.

3 Selection Criteria

In this section we consider selection criteria that aim to balance goodness of fit
with model complexity: root mean square, Akaike information criterion (AIC)
and variants, and the Bayesian/Schwarz information criterion (BIC) [16]. All
the criteria are simple to implement as they can be defined in terms RSSk,
representing goodness of fit, and nk, representing model complexity. We recall
that for Gaussian noise RSS is related to the likelihood and the probability
of observing the response vector y.
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3.1 Root Mean Square

The root mean square residual (RMS) is commonly used for model selection
and is defined by

RMSk =
√

RSSk
m− nk ,

where nk is the number of parameters in the kth model. The model with the
smallest RMS value is selected. For a fixed data set, the number of data points
m is fixed and the minimising k is the same as that which minimises

m ln(RSSk/m) +m ln
(

m

m− nk

)
. (2)

The first term represents the penalty associated with the goodness of fit and
is defined by the likelihood while the second term specifies penalty associated
with the model complexity.

3.2 Akaike Information Criterion

See [1]. For the Gaussian noise model considered here,

AIC = m ln(RSSk/m) + 2nk. (3)

Compared to (2), the penalty for model complexity is stronger, reducing the
tendency for overfitting. AIC is derived in terms of the information loss that
would be incurred if the true model is replaced by the approximating model.
The model selected by AIC minimises a measure of information loss. For small
sample sizes, a second order effect becomes more important which leads to
AICc [9]

AICc = m ln(RSSk/m) + 2nk
m

(m− nk − 1)
, (4)

giving more weight to the model complexity term for smaller m/nk. Since
AICc approaches AIC for large m/nk, Burnham and Anderson suggest that
AICc should always be used, regardless of the sample size [3].

3.3 Bayes Information Criterion

Schwarz used a Bayesian analysis to develop the BIC [16]. For the Gaussian
case,

BIC = m ln(RSSk/m) + nk lnm. (5)

Comparing with the standard AIC, BIC imposes a stronger penalty on model
complexity.

Comparing (2)–(5), it is seen that the goodness of fit penalty is the same
for all criteria but that the criteria put different weight on model complexity
as specified by the number of model parameters nk.
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3.4 Example: Polynomial Regression

We have performed a range of simulations involving a polynomial model. The
simulation engine has, as input, the number of Monte Carlo simulations M ,
the number of data points m, the order k0 of the generating polynomial and
the standard deviation σ associated with the noise. If Ck0 is the observa-
tion matrix associated with m uniformly spaced data points xi ∈ [0, 1], for
q = 1, . . . ,M , the script generates, at random, coefficients aq for an order k0
polynomial, response vector yq ∈ N(Ck0aq, σ2I), and then for k = 1, . . . ,m−1,
calculates the criteria values and notes the order kmin,q that generates the min-
imum values for the criteria. The required values of RSSk can be calculated
efficiently from the QR factorisation of Ck0 using the relationships in (1).

Figure 1 graphs the mean criteria values for k = 1, . . . , 20, over M = 5000
simulations for the case m = 30, k0 = 4 and σ = 0.1. All four criteria have a
distinct behaviour at k = 4 with AICc and BIC having recognisable minima
there. As k approaches m only AICc remains increasing. Figure 2 shows the
results for the case k0 = 8 and σ = 1.0. The increased noise means that the
behaviour at k = 8 is less pronounced. Figures 3 and 4 show the fraction of
the simulations for which k was identified as the minimum criterion value for
the two cases. Only for AICc and BIC is k0 the most probable choice of order.
On the basis of these simulations, AICc performs best.

Fig. 1. Information criteria versus order of polynomial for the case m = 30, k0 = 4
and σ = 0.1.
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Fig. 2. As Fig. 1 for the case k0 = 8 and σ = 1.0.

Fig. 3. Probability of the information criteria choosing k for the case m = 30, k0 = 4
and σ = 0.1.

4 Directed Model Selection

The selection criteria above choose amongst all models the one with the op-
timal criterion. In order to implement this approach, all models have to be
tested. For many model selection problems, such as feature selection to be
discussed below, the number of models grows exponentially with the num-
ber of features, so that a complete scan of all the models becomes infeasible.
For practical implementations, we need to prioritize the models so that those
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Fig. 4. As Fig. 3 for the case k0 = 8 and σ = 1.0.

models that are likely to be supported by the data are examined first, that is,
some prior ordering of the models is required. For model spaces such as poly-
nomials, there is a natural nesting of the spaces. For general sets of features,
there is no a priori ordering available.

4.1 Partial Least Squares

Partial least squares (PLS) is a well-known method for approximating a re-
sponse vector from a low dimensional subspace. For a given m × n array of
feature vectors X = [x1 . . . xn], and a response vector y, the main idea is to
generate a series of n× k matrices Vk satisfying

Vk = [Vk−1vk],

where vk is a new column, and to set ak to be the least squares solution of

min
αk

‖y −Xkαk‖2, Xk = XVk.

Ideally, the models should explain y using a small number of linear combi-
nations of the feature vectors xj . Mathematically, the solutions depend only
on the choice of the matrices Vk. One choice for the sequence Vk is motivated
by the conjugate gradient method for solving symmetric systems of equations
[6]

Y b = z,

where Y is an n×n symmetric matrix (Y T = Y ). In this method the matrices
Vk have a column space (Krylov space) generated by the vectors



300 X.-S. Yang, A. Forbes

{z, Y z, Y 2z, . . . , Y k−1z}.

Since the normal equations XTXα = XTy are a symmetric system, the
corresponding choice for Vk is derived from the above with z = XTy and Y =
XTX . The theory of conjugate gradients [6] shows that with this sequence
of matrices (and in exact arithmetic), either the solution obtained at the kth
step is to minimise ‖y−Xα‖2

2 or there will be a strict reduction in the norm
of the residuals at the (k+1)th step. The following algorithm is based on this
approach [13]:

1. Set X1 = X , y1 = y.
2. For k = 1, . . . ,K,

Set vk = XT
k yk, γk = ‖vk‖ and normalize vk = vk/γk.

Set uk = XT
k vk, αk = ‖uk‖ and normalize uk = uk/αk.

Set wk = XT
k uk, Xk+1 = Xk−ukwT

k and yk+1 = yk −uk(uTk yk).
3. Next k.

The matrices Uk = [u1, . . . ,uk] and Vk = [v1, . . . ,vk] are orthogonal, Bk =
UTk XVk is upper-bidiagonal and this factorisation can be used to determine
the solution ak at the kth step efficiently.

A PLS approach can be combined with the AICc, for example, so that the
iterative scheme can be stopped when the AICc value starts to increase.

4.2 Least Angle Regression (LARS)

A more recent approach to subset selection is given by least angle regression
(LARS), developed by Efron et al in 2004 [5]. The LARS algorithm works
as follows. The matrix of feature vectors X is scaled and centred so that all
columns have zero mean and norm unity and the response vector is centred
to have zero mean. The algorithm starts by finding the feature vector, say
xj1 , which is most correlated with the response y. Then the largest step in
the direction of this predictor is used until another predictor, say xj2 , has
as much correlation with the current residual. From this point, the LARS
algorithm moves in a direction equiangular between the two predictors until a
third feature vector becomes equally correlated. Then, LARS proceeds equi-
angularly between three directions along the ‘least angle direction’, until a
fourth variable earns its way into the set, and so on. The algorithm can be
implemented efficiently and involves computing the QR factorisation of the
observation matrix a column at a time as a feature vector is added to the
active set.

The LARS algorithm generates a sequence of submatrices of X with

Xk+1 =
[
Xk xjk+1

]

along with coefficients ãk such that ỹk = Xkãk approximates y. In general ãk
will not be the least squares solution ak associated with y andXk but the least
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squares solution can equally easily be calculated along the way. In order to
use a criterion such as AICc as a stopping criterion, it is more appropriate to
calculate the residual sum of squares associated with the least squares solution
as it is related to the likelihood on which the selection criterion is based.

The LARS algorithm is related to the LASSO (least absolute shrinkage and
selection operator) method developed by Tibshirani [18]. For a linear model
with feature vectors X = [x1, . . . ,xn] and response vector y, the LASSO
algorithm solves

min
α
‖y −Xα‖2

2 subject to
n∑

j=1

|αj | ≤ Γ, (6)

where Γ ≥ 0 is a tuning parameter [10, 18]. The effect of the constraint is to
limit the number of nonzero coefficients so that the LASSO solution provides
an element of feature selection. The LASSO algorithm can be implemented
using the machinery of mathematical programming, but the LARS algorithm
can be adapted to perform LASSO-type calculations in which feature vectors
can be dropped as well as added, providing simpler implementation of LASSO.
More details are given in [5].

4.3 Simulations to Assess the Performance of PLS and LARS

We have tested the PLS and LARS algorithms for randomly generated m×n
observation matrices Xq. Given a fixed number of features k0, we generate
randomly a k0 index set Iq ⊂ {j}nj=1 and associated random coefficients aq
having k0 non-zero elements in the indices specified by Iq. The response vector
yq is generated according to yq ∈ N(Caq , σ2I), as before. Figure 5 shows the
average AICc criteria for the PLS and LARS algorithms for a fit of 20 feature
vectors to data generated with 4 and 8 feature vectors. For a response vector
y generated from 4 feature vectors, the optimal fit for the LARS algorithm,
according to the AICc criterion, is usually determined in 4 to 6 steps while that
for the PLS algorithm is determined in 8 to 10 steps. The LARS algorithm
picks out the 4 feature vectors used to generate the data 66% of the time in 4
steps, 82% in 5 steps. For data generated with 8 feature vectors the optimal
fit for LARS algorithm usually requires 10 to 13 steps while for the PLS
algorithm it requires between 8 and 12 steps. The LARS algorithm can only
be expected to produce a good fit after it has a chance to include all 8 feature
vectors used to generate the data. After 8 steps, the LARS algorithm picks
out the 8 generating only 20% of the time, but after 10 steps, this percentage
feature rises to 61%.

Figure 6 shows a typical evolution of the parameter estimates ak at each
iteration for the case of 8 generating features. Initially, all the coefficients are
zero and at each iteration, a new coefficient becomes nonzero. After the 8th
iteration, the values of the coefficients change little from iteration to iteration.
The actual coefficients used to generate the data are denoted by ‘+’. Figure 7
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similarly shows the evolution of the approximant yk = Xkak to the response
vector y at each stage. After iteration 8, the approximant changes little.

Fig. 5. Average AICc criteria for the PLS and LARS algorithms for a fit of 20
feature vectors to data generated with 4 and 8 feature vectors.

Fig. 6. Evolution of the LARS algorithm parameter estimates for the first 15 steps
for data generated with 8 feature vectors with corresponding coefficients indicated
by ‘+’.
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Fig. 7. Evolution of the LARS algorithm approximations yk to the response vector
y for the first 15 steps for data generated with 8 feature vectors.

We have performed simular calculations using polynomial model spaces.
Figure 8 shows the average AICc criteria for the PLS and LARS algorithms for
a fit of polynomials of order up to 20 to 30 data points generated with 4 and 8
feature vectors, i.e., subsets of 4 and 8 basis vectors chosen at random from the
20 polynomial basis vectors. The results are similar to those of Figure 5 except
that the form of the feature vectors allows the PLS algorithm to determine
better approximants in few iterations for the case of 8 feature vectors.

4.4 Application: Measurement of Naturalness

The LARS algorithm has been applied to data associated with a European
project on the measurement of naturalness [2, 7]. An aim of the project was to
predict how a person would classify a material such as wood, stone or fabric
as real or synthetic on the basis of vision, touch or both senses. One data set
involved an experiment in which a number of subjects were asked to report
on the naturalness of 30 samples of wood or wood-like surfaces on the basis of
tactile senses, i.e., through touching, stroking, etc. Averaging over the subjects
produced a response between 0 and 1 for each of the samples, yielding a 30×1
response vector y. A large number of physical measurements were made on
the wood samples, including hardness, friction and many measures of surface
roughness and texture making a total of 78 feature vectors X = [x1, . . . ,x78]
with which to explain the psycho-physical responses y of the subjects.

Since the matrix X of features is 30×78, it is required to reduce the num-
ber of feature vectors to at most 30 (29 if the feature and response vectors
are centred). If we were not interested in feature selection, we would simply
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Fig. 8. Average AICc criteria for the PLS and LARS algorithms for a fit of 20
polynomial basis vectors to data generated with 4 and 8 basis vectors vectors.

perform a QR factorisation of X and use the first 30 (29) columns of the or-
thogonal factor as basis vectors. In order to be able to explain the response in
terms of specific features we instead try to select the 30 (29) feature vectors
that give the best conditioned submatrix. One approach uses the QR factori-
sation with column pivoting and the singular value decomposition (SVD) [6,
Section 12.2] as follows. Calculate the SVD of X = USV T and set kmax to
be less than or equal to the rank of X . Let V1 be the first kmax columns of V
and calculate the QR decomposition, with pivoting, of V T1 so that QTV T1 P
is upper triangular where Q is orthogonal and P is a permutation matrix.
The selected features are the first kmax columns of XP . This algorithm can
in fact be used for feature selection but makes its selection on the basis of
maximising the degree of orthogonality of the matrix of selected features (i.e.,
minimising the condition of the selected submatrix) without reference to the
observed response vector y. By contrast, both the PLS and LARS algorithms
build the nested model spaces in order to approximate the response vector y
optimally.

With the feature vectors reduced to 30 (29) in number, the LARS al-
gorithm can be applied directly. Figure 9 shows the four criteria for model
selection for up to 20 features to response data. On the basis of AICc (and
other criteria) there is evidence that a model involving 7 features is optimal.
Further cross-validation tests also suggested that a subset of 6 or 7 feature
vectors was optimal. Figure 10 shows an example response vector along with
uncertainty bars representing two standard deviations and the model fit de-
termined from 7 feature vectors. The model fit is generally good but the
differences between model prediction and data cannot all be accounted for by
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uncertainty associated with the response data, however, adding more features
does not appreciably improve matters (as suggested by the AICc scores).

Fig. 9. Criteria scores for LARS feature selection to fit psycho-physical data repre-
senting degree of naturalness for tactile data from wood samples.

Fig. 10. Model fit to psycho-physical data based on 7 selected features.
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5 Concluding Remarks

As metrology moves into more challenging application areas such as biotech-
nology, human sensory perception, environmental monitoring and climate
change, it becomes more likely that more than one explanatory model may be
put forward to characterise a set of observations. For such applications, it is
necessary to be able to assess how one model or set of features compares with
another. In this paper we have examined four selection criteria, denoted by
RMS, AIC, AICc and BIC in the text. Each criterion aims to balance good-
ness of fit (likelihood) against model complexity and all can be determined
from the residual sum of squares, the number of observations and the number
of model parameters. Our study shows that AICc generally outperforms the
other criteria.

We have also evaluated the performance of partial least squares (PLS)
and least angle regression (LARS) algorithms in combination with AICc in
order to determine an optimal combination or subset of features to explain
a response vector. The PLS algorithm tends to deliver better approximation
sooner but at the expense of involving all the feature vectors. The LARS
algorithm seems effective in picking out those features which are most likely to
have given rise to the observed response and seems an attractive alternative to
the more involved LASSO algorithm (6). The LARS algorithm, in combination
with AICc (and other criteria), has been used extensively at NPL to analyse
psycho-physical data arising in a study of the perception of ‘naturalness’. It is
worth pointing that the methodology and conclusions obtained in this paper
based on the polynomials are still valid for the cases of Chebyshev polynomials
and nonlinear least squares.

While model and feature selection are clearly important tools for data
analysis, recent work in model averaging, in which a model response is ap-
proximated in terms of a weighted combination of candidate models (see
e.g., [4, 15, 19]), is also of interest to the metrology community.
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