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Preface

Asymptotic constructions and large-time asymptotic estimates for solutions to
evolution equations of hyperbolic or more general p-evolution type are an active
field of current research. We took this as an incentive to organise an international
workshop on

Asymptotic Properties of Solutions to Hyperbolic Equations

at Imperial College London. It took place in March 2011 and included 32 speakers
presenting current results of their work. We are grateful to EPSRC supporting this
meeting within the Pathways to Impact Award scheme.

The papers collected in this volume are authored by participants of that
meeting. They focus on different aspects of current research and are, in particular,
centred around

symbolic and other parametrix constructions;

energy estimates in various function spaces;

asymptotic behaviour of solutions to the Cauchy problem:;

microlocal analysis and Fourier integral operators;

problems for strictly and non-strictly hyperbolic equations and systems and
their non-linear aspects;

e hyperbolic constructions in different settings;

e applications: elasticity, general relativity, etc.

The aim of this volume is two-fold. On one hand it shall give an overview on
the great variety of ongoing current research in the field and, therefore, allow re-
searchers as well as students to grasp new aspects and broaden their understanding
of the area. We put a particular emphasis on detailed proofs of results and com-
pleteness of presentations. On the other hand, all contained papers are full research
papers presenting new results. This allows experts in the field to describe deeper
inside views and will hopefully lead to further collaborative work in the area.

The papers are in alphabetical order.

The speakers at the above-mentioned workshop were Piero d’Ancona (Rome),
Matania Ben-Artzi (Jerusalem), Nikolaos Bournaveas (Edinburgh), Massimo Ci-
cognani (Bologna), Ferruccio Colombini (Pisa), Mihalis Dafermos (Cambridge),
Claudia Garetto (London), Vladimir Georgiev (Pisa), Todor Gramchev (Cagliari),
Giinther Hérmann (Vienna), Maarten de Hoop (Purdue), Tynysbek Kalmenov (Al-
maty), Sergiu Klainerman (Princeton), Hideo Kubo (Tohoku), Tokio Matsuyama
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(Tokyo), Michael Oberguggenberger (Innsbruck), Cesare Parenti (Bologna), Al-
berto Parmeggiani (Bologna), Luigi Rodino (Torino), Michael Ruzhansky (Lon-
don), Daniele Del Santo (Trieste), Semyon Serovaisky (Almaty), Kanat Shakenov
(Almaty), Sergio Spagnolo (Pisa), Mitsuru Sugimoto (Nagoya), Hiroyuki Taka-
mura (Hakodate), Mirko Tarulli (London), Igor Trooshin (Tohoku), Gunther Uhl-
mann (Washington), Baoxiang Wang (Beijing), Jens Wirth (Stuttgart), and Ingo
Witt (Gottingen). We thank all participants for making the meeting a success.

We point out that, in fact, the conference was also the 5th meeting in a series
of international meetings devoted to “Function Spaces and Partial Differential
Equations”, initiated by the first two editors of this volume, where the four previous
ones were held at:

e Osaka University, Japan, February 18-20, 2008;

e Imperial College London, UK, December 3-5, 2008;

e Nagoya University, Japan, September 28-October 1, 2009;

e University of Gottingen, Germany, June 14-17, 2010;
The following 6th meeting will take place at the Aalto University, Helsinki, Fin-
land, in June 2012, and will be devoted to “Fourier analysis and pseudo-differential
operators”.

We would also like to thank other members of the organising committee of
the conference and their contributions in different ways, in particular, Claudia
Garetto for doing excellent organisational work, as well as PhD students Donal
Connolly, David Rottensteiner, and Mirko Tarulli.

Michael Ruzhansky, Mitsuru Sugimoto, and Jens Wirth
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Divergence-type Operators:
Spectral Theory and Spacetime Estimates

Matania Ben-Artzi

Abstract. The paper is concerned with various aspects of the spectral struc-
ture of the operator

n
H=— Zj,k:l 8961. aj7k(x)8xk.

It is assumed to be formally self-adjoint in L?(R™), n > 2. The real coef-
ficients a; x(z) = ax,j(z) are assumed to be bounded and H is assumed to
be uniformly elliptic and to coincide with —A outside of a ball. A Limiting
Absorption Principle (LAP) is proved in the framework of weighted Sobolev
spaces. It is then used for (i) A general eigenfunction expansion theorem and
(ii) Global spacetime estimates for the associated (inhomogeneous) general-
ized wave equation.

Mathematics Subject Classification. Primary 47A10; Secondary 35P05, 35115,
47F05.

Keywords. Spectral derivative, divergence-type operator, limiting absorption
principle, eigenfunction expansion, spacetime estimates.

1. Introduction

Let H be a self-adjoint (bounded or unbounded) operator in a Hilbert space H.
The classical spectral theorem [59] gives a representation of H,

H= /R)\dE()\),

in terms of its (uniquely determined) spectral family (of projections) {E(X)}.
The knowledge of {E(\)} yields valuable information on the spectral struc-
ture of H; the location of its singular or absolutely continuous spectrum, as well
as its eigenvalues.
On the other hand, there are important issues (typically related to partial
differential operators) that cannot be resolved simply on the basis of the spectral
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theorem. We pick here one important topic and expound it in more detail, so as
to illustrate the point at hand.

Assuming that {F(\)} is (strongly) continuous from the left, one might think
of E(A+0) — E(\) as a projection on the eigenspace associated with X\. However,
if A is not an eigenvalue, this projection clearly vanishes. On the other hand,
the mathematical foundation of quantum mechanics has turned the ezpansion
by generalized eigenfunctions (such as the Fourier transform with respect to the
Laplacian) into a basic tool of the theory (see, e.g., [86] for an early treatment).
So the question is how (if at all possible) to incorporate such an expansion into
the abstract framework of the spectral theorem. We shall address this question
in Section 5, where we show how the basic premise of this review, namely, the
smoothness concept of the spectral family, leads to an eigenfunction expansion
theorem for the class of divergence-type operators.

Using a formal point of view we can say that the bridge between the spectral
theorem and the aforementioned eigenfunction expansion theorem is obtained by
replacing the above difference E(A + 0) — E()\) by its scaled version, the (formal,
at this stage) derivative dd)\E (A). In fact, this derivative is the cornerstone of the
present review.

Certainly, this derivative is far from being a new object. In the physical lit-
erature it is known as the density of states [29, Chapter XIII|. It has appeared
implicitly in many mathematical studies of quantum mechanics.

After introducing our basic notational conventions and functional spaces in
Section 2, we present the basic abstract setting in Section 3. This structure was
first established in a joint work with the late A. Devinatz [15]. It relies on the fun-
damental hypothesis that the spectral derivative is Holder continuous in a suitable
functional setting. The primary aim is to establish a Limiting Absorption Princi-
ple (LAP), namely, that the resolvents (from either side of the spectrum) remain
continuous up to the (absolutely continuous) spectrum in this setting. Once estab-
lished for an operator H, we show in Subsection 3.2 that it persists to functions
f(H), for a wide family of functions f, with interesting results for operators of
mathematical physics, such as the relativistic Schrodinger operator. It is pointed
out that without the smoothness assumption, the validity of the LAP for H does
not necessarily imply its validity even for H2.

The next three sections are devoted to the main application considered in
this review, namely, a detailed study of the operator

9 9
H== D gy, @) gy o

which is assumed to be formally self-adjoint in L?(R™), n > 2. The real coefficients
a;k(x) = ag,j(z) are assumed to be bounded and H is assumed to be uniformly
elliptic and to coincide with —A outside of a ball. In particular, the coefficients can
be discontinuous. It is readily seen that these assumptions imply that o(H), the
spectrum of H, is the half-axis [0, 00), and is entirely continuous. The threshold z =
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0 plays a special role in this setting. The absolute continuity of the spectrum was
established in [11]. It is a straightforward result of the LAP, which is established in
Section 4. In particular, we show that the limiting values of the resolvent remain
continuous across the threshold (which is therefore not a resonance).

Since its appearance in the classical works of Eidus [40] and Agmon [1], the
LAP has proven to be a fundamental tool in the study of spectral and scattering
theory. The method of Eidus (for second-order elliptic operators) relied on careful
elliptic estimates while the method of Agmon used Fourier analysis (division by
symbols with simple zeros), followed by a perturbative (“bootstrap”) argument
to deal with lower-order terms. This latter method, extended to simply charac-
teristic operators of any order, is expounded in [49, Chapter 14]. The method of
Mourre (also known as the “conjugate operator method”) [68] paved the way to
the breakthrough in the study of the (quantum) N-body problem [70]. We refer
to the monographs [4, 36] for the presentation of Mourre’s method in an abstract
framework. We also refer to the recent paper [41], where the LAP is proved by
using a combination of Mourre’s method and energy estimates.

The LAP for the divergence-type operator H introduced above cannot be ob-
tained by a straightforward application of either one of these methods. Firstly, the
presence of the non-constant coefficients a; ;(x) means that H is not a relatively
compact perturbation of the Laplacian, and the perturbation method of Agmon
cannot be applied. Secondly, if one insists (as we do here) on assuming only bound-
edness (and not smoothness) of these coefficients, the method of Mourre, as used
in the semiclassical literature [76], cannot be applied (the conjugate operator is re-
lated to a generator of the corresponding flow that, in turn, relies on smoothness).
In contrast, our approach to the LAP enables us to obtain resolvent estimates for
the Laplacian beyond the L? setting, by using H~* weighted Sobolev spaces (see
Subsection 4.1). In this context the operator H can be handled as a perturbation
of the Laplacian.

We note in addition that both Agmon’s and Mourre’s methods cannot be
applied across the threshold at z = 0. Here we obtain continuity of the limiting
values of the resolvent across the threshold, at the expense of using a more restric-
tive weight function. This fact is essential in the treatment of global spacetime
estimates in Section 6.

A more detailed discussion of the relevant literature is given in Section 4.

Section 5 is devoted to the eigenfunction expansion theorem (by generalized
eigenfunctions) associated with the operator H. We have already touched upon
this topic above, illustrating the differences between the general (abstract) spec-
tral theorem and the detailed Fourier-type expansion needed in applications. We
expand on this issue in the section.

A global spacetime estimate for the associated (inhomogeneous) generalized
wave equation is proved in Section 6. We chose to bring this example (instead of
the simpler Schrodinger-type equation) in order to stress the various possibilities
available with the tool of the spectral derivative. In doing so we need to restrict
much further our class of coefficient matrices. In fact, in order to obtain good
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control on the behavior of the limiting values of the spectral derivative at high
energy, we need to use geometric assumptions (non-trapping trajectories), which
are common in semiclassical theory.

2. Functional spaces and notation

We collect here some basic notations and functional spaces to be used throughout
this paper.

The closure of a set Q (either in the real line R or in the complex plane C)
is denoted by €.

For any two normed spaces X, Y, we denote by B(X,Y) the space of bounded
linear operators from X to Y, equipped with the operator norm || || p(x,y) topology
(to which we refer as the uniform operator topology). In the case X =Y we simplify
to B(X).

The following weighted L? and Sobolev spaces will appear frequently. First,
for s € R and m a non-negative integer, we define

£2o®") = {u(@) | fullf, = [ (14 o) uo) Pde < oc

Rn
H™(R") = {u(@) | D™w e L2, |a| <m, [ull? = > 1Dl |
la<m
(we write L% for L*? and |lulo = ||ullo,0). More generally, for any o € R, let
H° = H°Y be the Sobolev space of order ¢, namely,
7 ={a|ueL*},
@]l o0 = ||llo,0, where the Fourier transform is defined as usual by
a(g) = (2m) 2 /u(sc) exp(—ifx)dz. (2.1)
Rn
For negative indices, we denote by {H ™™, | - ||} the dual space of

H™ =5, In particular, observe that any function f € H~%* can be represented
(not uniquely) as

f:fo—i—Zi_lai fr, fe€L®, 0<k<n. (2.2)
k

In the case n = 2 and s > 1, we define

Ly (R?) = {u € L**(R?)

/\ — 0}
and set H, "*(R2) to be the space of functions f € H~"%(R2) which have a
representation (2.2), where fj € Lg’s, k=0,1,2.
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3. The basic abstract structure

Let H be a Hilbert space over C (the complex numbers), whose scalar product and
norm we denote, respectively, by (, ) and || ||

Let X be another Hilbert space such that X C H, where the embedding is
dense and continuous. In other words, X can be considered as a dense subspace
of H, equipped with a stronger norm. Then, of course, X — H — X*  where X*
is the anti-dual of X, i.e., the continuous additive functionals [ on X, such that
l(aw) = al(v), a € C. The (linear) embedding h € H — x* € X* is obtained as
usual by the scalar product (in H), z*(x) = (h, z).

We use ||z||x, ||«*||x~ for the norms in X', X'*, respectively, and designate by
(,) the (X*, X) pairing.

Let H be a self-adjoint (in general unbounded) operator on H and let {E(\)}
be its spectral family. Let

Rz)=(H-2)"", zeC¥={z | +Imz > 0},

be the associated resolvent operator. We denote by o(H) C R the spectrum of H.

Clearly, if A € o(H), then R(z) cannot converge to a limit in the uniform
operator topology of B(H) as z — A. However, a basic notion in our treatment is
the fact that such continuity up to the spectrum of the resolvent can be achieved
in a weaker topology. We begin with the following definition.

Definition 3.1. Let [r1, k2] C R. We say that H satisfies the Limiting Absorption
Principle (LAP) in [k1, k2] if R(2), 2 € C*, can be extended continuously to
Imz = 0, Rez € [k1, K2, in the uniform operator topology of B(X,X*). In this
case we denote the limiting values by RT()), k1 < A < ko.

Remark 3.2. By the well-known Stieltjes formula [59], for all z € X,

8
(B®) - E0e) = o [ (RO = RO aahdr, [100] € o,

it follows that H is absolutely continuous in [k1, k2]

Remark that our assumptions readily imply that the uniform operator topol-
ogy of B(X,X*) is weaker than that of B(?). Also note that the limiting values
R~ ()) are, generally speaking, different from R™(\).

For reasons to become clear later, we introduce still another Hilbert space
X}y, which is a dense subspace of X*, equipped with a stronger norm (so that
the embedding X}, < X* is continuous). However, we do not require that H
be embedded in Xj;. As indicated by the notation, X}; may depend on H (see
Example 3.5 below). A typical case would be when H can be extended as a densely
defined operator in X* and X}, would be its domain there, equipped with the graph
norm. This will be the case in Theorem 3.11 below.

Let {E(X\)} be the spectral family of H. When there is no risk of confusion,
we also use E(B) to denote the spectral projection on any Borel set B (so that
E(\) = E(—o0, \)).
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Definition 3.3. Let U C R be open and let 0 < a < 1. Assume that U is of full
spectral measure, namely, E(R\U) = 0. Then H is said to be of type (X, X}y, o, U)
if the following conditions are satisfied:

1. The operator-valued function
A= E(\) € B(X,x*), Xel,

is weakly differentiable with a locally Holder continuous derivative in
B(X, X};); that is, there exists an operator-valued function

A= A\ € B(X, X)), MeU,
so that (recall that (, ) is the scalar product in A while ( , ) is the (X*, X)

pairing)

d
and such that for every compact interval K C U, there exists an Mg > 0
satisfying

AN = AWl pr,xsy < Mic[X=pl®, A pe K.

2. For every bounded open set J C U and for every compact interval K C J,
the operator-valued function (defined in the weak sense)
A(A
Z— ()d)\, 2€C,Reze K, |Imz| <1,
U\J A—z
takes values and is Holder continuous in the uniform operator topology of
B(X, X};), with exponent a.

Remark 3.4. We could localize this definition and, in particular, relax the assump-
tion that E(R\ U) = 0. However, this is not needed for the operators discussed in
this review, typically perturbations of operators with absolutely continuous spec-
trum (see the following example below).

Ezample 3.5 (Hy = —A). (This example will be continued in Subsection 4.1.)
We take the operator Hy to be the unique self-adjoint extension of the re-
striction of —A to smooth compactly supported functions [59]. Let { Ey(A)} be the
spectral family associated with Hy so that, using the Fourier notation introduced
in Section 2,
(Eo(A)h, h) = / \h|2d¢, X >0, heL*R"). (3.1)
lg12<A

We refer to Section 2 for definitions of the weighted L? and Sobolev spaces involved
in the sequel. Recall that by the standard trace lemma, we have

. . 1
B dr < Cllhffy. s> 5. A>0, (3.2)

1€17=A
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where C' > 0 is independent of A and dr is the restriction of the Lebesgue measure
(see [15] for the argument that it can be used for the full half-axis, not just compact
intervals).

We conclude that the weak derivative Ag(A) = £ Eg(\) exists in the space
B(L**,L*~*) for any s > ; and A > 0 and satisfies

(Ao(Mh, k) = (2VA) 1 / hkdr, h, ke L**, (3.3)
l€12=x
where ( , ) is the (L> 7%, L?#%) pairing (conjugate linear with respect to the second
term) and dr is the Lebesgue surface measure (we write L** for L%*(R")).
Furthermore, by taking s large in (3.2) (it suffices to take s > 7 4-2) and using
the Sobolev imbedding theorem we infer that Ag(A) is locally Lipschitz continuous
in the uniform operator topology, so that by interpolation it is locally Hélder
continuous in the uniform operator topology of B(L?#*, L*~%) for any s > ;
Finally, since the (distributional) Fourier transform of Ag(A)h is the surface
density (2\/)\)_15|5|2_)\h(£) dr, we conclude that actually Ag(A)h € H™ %, s> 1,
for any m > 0, and Ag(A) is locally Holder continuous in the uniform operator
topology of B(L**, H™~*) for any s > 1.
Thus, all the requirements of Definition 3.3 are satisfied with X = L%*(R"),
X, =H>*(R"), s> 3.
3.1. The limiting absorption prinicple — LAP
Recall first the classical Privaloff-Korn theorem (see [31] for a proof).

Theorem. Let f: R — C be a compactly supported Hélder continuous function so
that, for some N >0 and 0 < a < 1,

If2) = FOD SN2 = M|, X, M eR.
Let \
Fi(z)z/ f) d\, zeC*.
R —Z
Then, for every u € R, the limits
A
FE(p) = lim F(z) = im f(u) + P. V. Af( ) ax as z — y, £Imz > 0,

RATH

exist and moreover, for every compact K C Ct (or K C C7), there exists a
constant My so that

|Fi(22)—Fi(Z1)‘SNMK‘ZQ—ZHQ, Zl,ZQEK.

We can now state our basic theorem, concerning the LAP in the abstract
setting. We remark that a slightly different version will appear in Subsection 4.3.

Theorem 3.6. Let H be of type (X, X}, a,U) (where U C R is open and 0 < a <
1). Then H satisfies the LAP in U. More explicitly, the limits

RE¥(\) = liﬁ)lR()\ +ie), \eU,
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exist in the uniform operator topology of B(X,X};) and the extended operator-

valued function
R Cc*
R(z) = (), zeCH
R*(z), z€U,
is locally Hélder continuous in the same topology (with exponent «).

A similar statement applies when Ct is replaced by C~, but note that the
limiting values RT()\) are in general different.

Proof. Let J C U be a bounded open set such that J C U and K C J be a
compact interval. Let ¢ € C§°(U) be a cutoff function with ¢ = 1 on J. Taking
z,y € X, we have, for Rez € K, Imz # 0,

[ () Az, y) (1= () (A(p)z, y)
(R(Z):E,y)—/U . d,u—l—/U\J . du

By hypothesis (see Definition 3.3) the operator-valued function

_ (1 — () A(p)
Ra(2) = /U y dp,

W=z
belongs to B(X, X}f;), and it is locally Holder continuous for Rez € K. Thus, we

are reduced to considering R;.
Observe that the integral

Ri(z) = / o) A(p) dp,
U\J H—Z%
is well defined as a Riemann integral, since the integrand is continuous in the
uniform norm topology of B(X, X};). Thus Ry (z) € B(X, X}f;). It remains to prove
the assertion concerning its Holder continuity.

Note that the embeddings & — H — X* and X} — X* — X" are dense
and continuous. Thus, we can view X as embedded in X7, so that the pairing
(A(p)z,y) can be regarded as an (Xf;, X'ff") pairing.

Suppose now that Imz; > 0, Rez; € K, ¢ = 1,2, so that the Privaloff-Korn
theorem yields, for z,y € X,

[([R1(22) — Ri(21)]7, )|
[([p(p2) Apz) — (p2) Apz)]z, v)|

SMK sup o |22*21 aa
1 Fp2 |/l2 - :u'l‘
and as observed above
[([o(p2) Alp2) — o(p2) Alp2)]z, y)|
< ||lo(n2) Alnz) — p(p2) Alp2)lar|| . 1yl 2z

< [le(u2) Aln2) = o(p2) Aln2) || g ey y 1l 1yl
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Thus,
|([R1(22) — R1(z1)]z, )| < NMx |22 — 21| |lzl|x [lyllxze,
where
N— sup [ (p2) A(pz) *w(uz)A(uz)llB(x,x;,).
H1FH2 2 — pa |
Since X is dense in A}", the last estimate yields

|R1(22) — Ri(21) ||l Bx,xz) < NMe |22 — 21|,
and the proof is complete. O

Corollary 3.7. In view of the Stieltjes formula (see Remark 3.2 above) we have
1
©2mi

AN (RF(A) =R~ (\), XeU.
In particular, H is absolutely continuous in U and RT(\) — R™()\) cannot vanish
on a subset of o(H)NU of positive (Lebesgue) measure.

Remark 3.8. The operator A(X), A € [0,00), is known in the physical literature as
the density of states [29, Chapter XIII].

Also, combining the theorem with the observations in Example 3.5 we obtain
the following corollary, which is Agmon’s classical LAP theorem [1].

Corollary 3.9. Let Hy = —A and set Ro(z) = (Hy — z)~, Imz # 0. Then the
limits
RE(N) = 113)1R0(A +ie), A€ (0,00),

exist in the uniform operator topology of B(L**, H>~%), s > 5 Furthermore, these
limiting values are Holder continuous in this topology.

Remark 3.10. The considerations of Example 3.5, based on trace estimates, can
be applied to a wide range of constant coefficient partial differential operators
(so-called simply characteristic operators, including all principal-type operators).
Hence, a suitable LAP can be established for such operators. We shall not pursue
this direction further in this review, but refer the reader to [15].

In general, it is easier to verify the conditions of Definition 3.3 for the operator
space B(X, X*) than for B(X, X};). However, in some circumstances it is enough
to establish the conditions in the latter space. This is expressed in the following
theorem.

Theorem 3.11. Let H be densely defined and closable in X*, with closure H. Take
X}, = D(H) (its domain), equipped with the graph norm

l1%;, = lzl%- + | Ha||%-.

Suppose that H is of type (X, X*,«,U) (see Definition 3.3). Then in fact H is of
type (X, X}, o, U).
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Proof. In view of Theorem 3.6 (where all assumptions hold in B(X, X*)) we know
that the limits

RE¥(\) = ling()\ +ie), ANeU,

exist in the uniform operator topology, are locally Holder continuous and, further-
more, for all x € X,

liﬁ} HR\ +ie)x =z 4+ ART(\)z, MeU.

Since H is closed in X'*, we obtain
HR*(\)z =z + ART(\)z € x*,

so that RT(\)z € X} From the definition of the graph norm topology we see
that RT()\) is locally Hélder continuous in B(X, Xj;). Thus, using Eq. (3.7), we
conclude that the same is true for A(\), so that the first condition in Definition 3.3
is satisfied.

To establish the second condition, let J C U be an open set and K C J

compact. Let z € C with Rez € K, and let F(\;z2) = XU)\\‘_’S‘) (as usual, x is the
characteristic function of the indicated set). By the standard spectral calculus

HF(H; z):/ AF(X\;2)dE()N) :/ AAR)

d\,
U U\J A=z

so that both F(H;z) = fU\J ’;‘(3‘2) d\ and HF(H; z) are in B(X,X*) and are, in
fact, locally Lipschitz continuous in the uniform operator topology. Thus z —
F(H;z) is locally Lipschitz continuous in B(X, X};), which concludes the proof.

O

3.2. Persistence of smoothness under functional operations

For a wide class of functions f: R — R the (self-adjoint) operator f(H) is defined
via the calculus associated with the spectral theorem [59], namely,

J(H) = /R F)AE(N),

where {E()\)} is the spectral family of H.

Various spectral properties of f(H) (whose spectrum is Ran f,(g)) can be
read off from the structure of f. (We use the notation Ran fy for the image of
W C R under f.)

However, one important aspect which is missing is the fact that if H satisfies
the Limiting Absorption Principle in U, there is no guarantee that f(H) satisfies
the same principle in Ran fyy or any part thereof. This remains true even if f is
very smooth, monotone, etc.

In contrast, if H is of type (X, X}, a, U), then also f(H) is of that type (with
U replaced by Ran fyy and perhaps a different Holder exponent), for a rather broad
family of functions. This is the content of the next theorem. In particular, in view
of Theorem 3.6, also f(H) satisfies the LAP.
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We do not attempt to make the most general statement, but instead refer
the reader to [20] for further details.

Theorem 3.12. Let H be of type (X, X}y, o, U) (where U C R is open and 0 < a <
1). Let f: R — R be a locally Héolder continuous function. Assume, in addition,
that the restriction of f to U is continuously differentiable, and that its derivative

f' is positive and locally Holder continuous on U.
Then the operator f(H) is of type (X, X}y, o/ ,Ran fi), for some 0 < o’ < 1.

Proof. Let {F(\)} be the spectral family of f(H). If B C R is a Borel set, the
spectral theorem yields
F(B) = E(f~'(B)),
and since E(R\ U) = 0 (see Definition 3.3), we can further write
F(B)=E(fY(B)nU).
Since f’ > 0 in U, an easy calculation gives for the (weak) derivative

d _p! —1 d
 FE = F 0

The assertion of the theorem follows directly from this formula. O

In view of Theorem 3.6 we infer that f(H) satisfies the LAP in Ran fy.

EQ), A=f(p) el

Remark 3.13. It should be remarked that if H satisfies the LAP in the sense of
Definition 3.1 (including all the functional setting mentioned there), there is no
guarantee that H? satisfies the LAP in {u = \? | A€ U}. For this to be false,
however, one needs to find an example where the limiting values of the resolvent
are not Holder continuous.

Continuing Corollary 3.9 and taking f(\) = \/|\| + 1, we obtain a LAP for
the relativistic Schrodinger operator [20].

Corollary 3.14. Let L = /—A + 1 and set P(z) = (L — 2)7', Imz # 0. The
spectrum of L is o(L) = [1,00) and is absolutely continuous. The limits

PE()) = ling(A +ie), € (1,00),

exist in the uniform operator topology of B(L**, H>~%), s > 5 Furthermore, these
limiting values are Holder continuous in this topology.

4. The limiting absorption principle for second-order
divergence-type operators

In the following sections we consider divergence-type second-order operators. As
perturbations of the Laplacian they do not belong to any of the above categories;
the difference between such an operator and the Laplacian is not even compact.
However, our aim is to show that we can still deal with such operators, starting
from the smoothness properties of (the spectral derivative of) the Laplacian.
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Let H = — Z 0;6;.1(x)0k, where a;x(x) = ag;(x), be a formally self-
Jk=1
adjoint operator in L?(R™), n > 2. The notation 9; = a(zv is used throughout the
J

following sections.
We assume that the real measurable matrix function a(z) = {a; 1 (x)}1<jr<n
satisfies, with some positive constants a; > ag > 0, Ag > 0,

apl <a(x) <ail, r € R, (4.1)
a(z) =1, |z] > Ao.

In what follows we shall use the notation H = —V - a(x)V.

We retain the notation H for the self-adjoint (Friedrichs) extension associated
with the form (a(z)V, V1)), where (, ) is the scalar product in L?(R"™). When
a(x) =1, we get H = Hy = —A.

We refer to Section 2 for definitions of the various functional spaces that will
appear in what follows.

Let

Ro(z) = (Hy—2)"", R(z)=(H-2)"", zeC*={z|xImz>0},

be the associated resolvent operators.

We note that the operator H can be extended in an obvious way (retaining the
same notation) as a bounded operator H: H\} . — ngcl In particular, H: HV—% —
H~%=% for all s > 0. Furthermore, the graph norm of H in H~1~*% is equivalent
to the norm of H'~%.

Similarly, we can consider the resolvent R(z) as defined on L?*, s > 0, where
L?% is densely and continuously embedded in H 1%,

The fundamental result presented in this section is that H satisfies the LAP
over the whole real axis. The exact formulation is as follows:

Theorem 4.1. Suppose that a(z) satisfies (4.1), (4.2). Assume further that the oper-
ator H satisfies the unique continuation property. Then the operator H satisfies the
LAP in R. More precisely, let s > 1 and consider the resolvent R(z) = (H — )71,
Imz # 0, as a bounded operator from L**(R") to H-—%(R").
Then:
(a) R(z) is bounded with respect to the H=1*(R™) norm. Using the density of L**
in H=Y%, we can therefore view R(z) as a bounded operator from H~1:%(R™)

to HY=5(R™).
(b) The operator-valued functions, defined respectively in the lower and upper
half-planes,
2z — R(z) € B(H M*(R™), HV5(R")), s>1,+Imz >0, (4.3)

can be extended continuously from C* = {z ’ +Imz > O} toCt =Ct*JR
(with respect to the uniform operator topology of B(H~%*(R™), H-~*(R")).
In the case n = 2 replace H~ %% by Ho_l’s.
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We denote the limiting values of the resolvent on the real axis by
RE¥(\) = lim  R(z). (4.4)

z— A, £Im2>0
Remark 4.2. Since L?* (resp. HV~*%) is densely and continuously embedded in
H~1% (resp. L>~*), we conclude that the resolvents Ry(z), R(z) can be extended
continuously to C* in the B(L**(R"), L?>~*(R")) uniform operator topology.

The spectrum of H is therefore entirely absolutely continuous. In particular,
it follows that the limiting values R*(\) are continuous at A = 0 and H has no
resonance there.

The study of the resolvent near the threshold A = 0 is sometimes referred
to as low energy estimates. Following the proof of the theorem, at the end of
Subsection 4.2, we review some of the existing literature concerning such estimates,
as well as some other results pertaining to the LAP in non short-range settings.

Before proceeding to the proof of the theorem, we need to obtain more infor-
mation on the resolvent of the Laplacian.

4.1. The operator Hy = —A — revisited

The basic properties of this operator have already been discussed in Example 3.5
and Corollary 3.9. In particular, the explicit form of {Eo()\)}, its spectral family,
is given in Eq. (3.1), and the spectral derivative A is given explicitly in Eq. (3.3).
The weighted L? estimates for Ay were obtained by using the trace esti-
mate (3.2).
However, we can refine this estimate near A = 0 as follows.

Proposition 4.3. Let % < s < g, h € L?»%. For n = 2 assume further that s > 1
and h € LY®. Then

A2 dr < C min{\?, 1}”&”2, (4.5)
[€]2=A
where )
0<’y:8—2, n >3,
1 (4.6)
0<’y<8—2, n =2,

and C = C(s,v,n).

Proof. If n > 3, the proof follows as in [19, Appendix|, when we take into account
the fact (generalized Hardy inequality) that multiplication by |£|™* is bounded
from H* into L? [45] (see also [64, Section 9.4]).

Ifn=2and 1<s< 3 we have, for h € Ly*,

. . . 5 n
|h(§)] = [h(§) — h(0)| < Cis &I (1] 1=,

for any 0 < 6 < min{1, s—1}. Using this estimate in the integral in the right-hand

side of (4.5), the claim follows also in this case. O
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Combining Egs. (3.3), (3.2) and (4.5), we conclude that
>

(Ao £ 9] < (AN, £ (Ao(N)g, g)* n
< Cmin (A3 0Ll gl s € L2, g€ 127,
where
. 1 3
(i) n >3, 2<s,0<2, s+0>2 and 0<2n=s+0—2,
or (4.8)

3 1 3
(il) n = 2, 1<s<27 2<0<2, s+o>2, 0<2n<s+o—2

and  f(0) =

In both cases, Ag(\) is Holder continuous and vanishes at 0, oo, so we obtain as
n [15]:

Proposition 4.4. The operator-valued function

B(L2’S’L2’7J)7 n > 37

4.9
B(Ly*, L*>7%), n=2, (4.9)

z— Ro(z) € {
where s, o satisfy (4.8), can be extended continuously from C* to C*, in the re-
spective uniform operator topologies.

Remark 4.5. We note that the conditions (4.8) yield the continuity of Ag(A) across
the threshold A = 0 and hence the continuity property of the resolvent as in
Proposition 4.4. However, for the local continuity at any A\g > 0, it suffices to take
s, 0> ;, as has been stated in Corollary 3.9, which is Agmon’s original result [1].

This remark applies equally to the statements below, where the resolvent is
considered in other functional settings.

We shall now extend this proposition to more general function spaces. Let
g € HY?, where s, o satisfy (4.8). Let f € H~1* have a representation of the
form (2.2). Eq. (3.3) can be extended to yield an operator (for which we retain the
same notation)
Ao(N) € B(H™ b, H 179,

defined by (where now (, ) is used for the (H~1*, H9) pairing),
Ao(N) fo-H'_lZn: 0 fe|. g
=1 al‘k ’

:(2\/)\)71 /[ Jerkfk ]f] Ydr, feH Y ge HY.

1€17=A

(4.10)
(replace H—"* by Hy "® if n = 2).
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Observe that this definition makes good sense even though the representation
(2.2) is not unique, since

f=rfo+ Z =fo+ Z fm
implies
O+ 6 ful©) = fol&) + S 6u(©)
k=1 k=1

(as tempered distributions).

To estimate the operator-norm of Ag(A) in this setting we use (4.10) and
the considerations preceding Proposition 4.4, to obtain, instead of (4.7), for k =
1,2,....n

o
Ag(A ,
’< ol )&kak g>’ (4.11)
< Cmin{A 2, N If Ly gl ., fEHTY, g€ HY,

where s, o satisfy (4.8) (replace H=5* by Hy"*® if n = 2).
We now define the extension of the resolvent operator by
T Ag(A
Ro(z) = / AO( ) d\, TImz #0. (4.12)
—z
0

The convergence of the integral (in the operator norm) follows from the esti-
mate (4.11).
The LAP in this case is given in the following proposition.

Proposition 4.6. The operator-valued function Ro(z) is well defined (and analytic)
for non-real z in the following functional setting.

B(H-%s, HY=7), n >3,

4.13
B(Hy ", HY=7), n=2, (4.13)

z — RQ(Z) € {
where s, o satisfy (4.8). Furthermore, it can be extended continuously from C* to
C*, in the respective uniform operator topologies. The limiting values are denoted
by RE(N).

The extended function satisfies
(Ho— 2)Ro(2)f = f, feH Y% zecC=, (4.14)
where for z = X € R, Ry(z) = RT()\).
Proof. For simplicity we assume n > 3. By Definition (4.12) and estimate (4.11),
we get readily Ro(z) € B(H- %%, H-177) if Imz # 0 as well as the analyticity of

the map z — Ro(2), Imz # 0. Furthermore, the extension to Im z = 0 is carried
out as in [15].
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Eq. (4.14) is obvious if Imz # 0 and f € L**. By the density of L*® in
H~1%_ the continuity of Ro(z) on H 1% and the continuity of Hy— z (in the sense
of distributions) we can extend it to all f € H~ 1.

As z — A +i-0 we have Ro(2)f — RE(N)f in H-~7. Applying the
(constant coefficient) operator Hy — z yields, in the sense of distributions, f =
(Ho — 2) Ro(2)f — (Ho — \) RE(\)f which establishes (4.14) also for Im z = 0.

Finally, the established continuity of z — Ro(z) € B(H~%*, H=1=7) (up to
the real boundary) and Eq. (4.14) imply the continuity of the map z — Hy Ro(z) €
B(H_l’s, H—l,—a).

The stronger continuity claim (4.13) follows, since the norm of H''~ is equiv-
alent to the graph norm of Hy as a map of H~ 1~ to itself. O

Remark 4.7. The main point here is the fact that the limiting values can be
extended continuously to the threshold at A = 0.

In the neighborhood of any A > 0 this proposition follows from [79, Theorem
2.3], where a very different proof is used. In fact, using the terminology there,
the limit functions RE()\)f are the unique (on either side of the positive real axis)
radiative functions and they satisfy a suitable Sommerfeld radiation condition. We
recall it here for the sake of completeness, since we will need it in the next section.

Let z=k? € C\ {0}, Imk > 0. For f € H 1% let u = Ro(z)f € H>~7 be as
defined above. Then

2

Ru = / P2 86 (rnglu) —tku| dr < oo, (4.15)
-
01> Ao

where r = |z|. We shall refer to Ru as the radiative norm of w.
Furthermore, we can take s, o > 5, as in Remark 4.5.

4.2. Proof of the LAP for the operator H

We start with some considerations regarding the behavior of the resolvent near
the spectrum.
Fix [, ] C R and let

Q={z€C"|a<Rez<B,0<Imz<1}. (4.16)
Let z = p+ie € Q and consider the equation
(H—-2)u=feH™, wecH"7 (feHy"ifn=2). (4.17)

(Observe that in the case n = 2 also u € L)
With Ag as in (4.2), let x(z) € C°°(R"™) be such that

Ap+1
(x):{o, 2 < Ao+ 1,

(4.18)
1, ‘IE‘ > Ag + 2.

Eq. (4.17) can be written as
(Ho — z) (xu) = xf — 2Vx - Vu — uly. (4.19)
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Letting ¢ (z) = 1—x(5) € C§°(R™) and using Proposition 4.6 and standard elliptic
estimates, we obtain from (4.19)

e,y < € [UF) 1y + ol -] - (4:20)

where s, o satisfy (4.8), ¢/ > ¢ and C' > 0 depends only on Ay, o, s, n.

We note that, since ¢ is compactly supported, the term [[9ull, _, can be
replaced by |[vul|, _, for any real s’.

In fact, the second term in the right-hand side can be dispensed with, as is
demonstrated in the following proposition.

Proposition 4.8. The solution to (4.17) satisfies,
lully, —o < CNFI1 s (4.21)
where s, o satisfy (4.8) and C > 0 depends only on o, s, n, Ag.

Proof. In view of (4.20) we only need to show that

[bullg s <CIFI s (4.22)

Since L?*(R") is dense in H~%*(R"), it suffices to prove this inequality for f €
L%%(R™) N H~1%(R") (using the norm of H~1%).
We argue by contradiction. Let

{zdin €0 A e ®)NE R
(with fx(0) = 0 if n = 2) and
{ur = R(zk)fk}:il C HY7(R™)
be such that
[urlly —y =1, [Ifell_ ., <K' k=12,

(4.23)
zZk —> 20 € as k — oo.

By (4.20), {ug }2021 is bounded in H''~7. Replacing the sequence by a suitable sub-
sequence (without changing notation) and using the Rellich compactness theorem
we may assume that there exists a function u € L27_"/, ¢’ > o, such that

up —u in L>~7 as k — oo. (4.24)

Furthermore, by weak compactness we actually have (restricting again to a subse-
quence if needed)

up > u in H™7 as k — oo. (4.25)
Since H maps continuously H*~7 into H~1~7, we have
Hup = Hu in H 577 as k — oo,
so that from (H — zg) ux = fi we infer that

(H — zp)u=0. (4.26)
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In view of (4.19) and Remark 4.7 the functions xuy are radiative functions.
Since they are uniformly bounded in H»~7, their radiative norms (4.15) are uni-
formly bounded.

Suppose first that zg # 0. In view of Remark 4.7 we can take s, o > ; Then
the limit function u is a radiative solution to (Ho — zo)u = 0 in |z| > Ag + 2
and hence must vanish there (see [79]). By the unique continuation property of
solutions to (4.26) we conclude that u = 0. Thus by (4.24) we get [[ug|l, _,, — 0
as k — oo, which contradicts (4.23).

We are therefore left with the case zo = 0. In this case u € H1'~7 satisfies
the equation

V- (a(z)Vu) = 0. (4.27)

In particular, Au = 0 in |z| > Ag and

Ou
—20 2 2
/ / r (u| + ‘8r| > drdr < oo. (4.28)

Ao |z|=r

Consider first the case n > 3. We may then use the representation of u by spherical
harmonics so that, with © = rw, w € 771,

u(z) = e Z brtih;(w) + chrf"j hj(w) p, 7> Ao, (4.29)
j=0 §=0

where
—1) = n—1)(n—-3
pi (g = 1) = v;(v; 1)—)\j+( )4( )>

O=X <A <A<

(4.30)

being the eigenvalues of the Laplace-Beltrami operator on S™~!, and h;(w) the
corresponding spherical harmonics. Since Ay = n — 1, it follows that

n—1 n—3

po=", s potl<m<p<o, T T =w<n<m<o (431)
We now observe that (4.28) forces
bo=by = =0.
Also, by (4.29)
ZT: dr =—(n—2)|5"""co, 7> Ao, (4.32)
|z|=r

(|5™~1] is the surface measure of S™~1), while integrating (4.27) we get

ou
/ o dr =0, 7> Ao, (4.33)

|z|=r
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Thus ¢y = 0. It now follows from (4.29) that, for r > Ay,

/ uf? + oul’ dr< (' o / Jul? + ou’ dr. (4.34)
or ~—\ Ay or

|z|=r lz[=Ao

Multiplying (4.27) by u and integrating by parts over the ball |z| < r, we in-
fer from (4.34) that the boundary term vanishes as r — oco. Thus Vu = 0, in
contradiction to (4.23)—-(4.24).

It remains to deal with the case n = 2. Instead of (4.29) we now have

u(z) = 72 { bor2 logr + Z bjrtihj(w) + chrf"j hj(w) p, 7>Ay, (4.35)
7=0 j=1

where pg = ;, B = ;’, v = ; As in the derivation above, the condition (4.28)
yields by = by = -+ = 0. Also, we get by = 0 in view of (4.33). It now follows that
%) - 1
|z|=r -

from which, as in the argument following (4.34), we deduce that u = 0, again in
contradiction to (4.23)—(4.24). O

Proof of Theorem 4.1. Part (a) of the theorem is actually covered by Proposi-
tion 4.8. Moreover, the proposition implies that the operator-valued function

2z = R(z) € B(H M*(R™), HY""7(R™")), s>1,2¢€9Q,

is uniformly bounded, where s, o satisfy (4.8). Here and below replace H ~** by
Hy“ifn =2

We next show that the function z — R(z) can be continuously extended
to Q in the weak toplogoy of B(H~1*(R™), H1:=7(R")). To this end, we take
fe H L5(R") and g € H~17(R"™) and consider the function

z = (9, R(2)f), z€9,

where (, ) is the (H %7, H%~7) pairing. We need to show that it can be extended
continuously to €.

In view of the uniform boundedness established in Proposition 4.8, we can
take f, ¢ in dense sets (of the respective spaces). In particular, we can take f €
L?*(R™) and g € L?°(R"), so that the continuity property in € is obvious.

Consider therefore a sequence {zj},-, C 2 such that z o € [a, B].

The sequence {uj, = R(zj)f}r—; is bounded in H'»~(R"). Therefore there exists

’
2,—0o

oo . .
a subsequence {ukj }]:1 which converges to a function v € L ,o' >o.

We can further assume that wuy;, — 5 win HY7. It follows that
Jj—o0

<g7ukj> - <g7u>
j—00
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Passing to the limit in (H — zkj) uy; = f we see that the limit function satisfies
(H — Zo) u = f

We now repeat the argument employed in the proof of Proposition 4.8. If
zo # 0 we note that the functions {xu},-, are radiative functions with uniformly
bounded radiative norms (4.15) in |z| > Ag + 2. The same is therefore true for the
limit function wu.

If zg = 0, then the function v € H%~7 solves Hu = f.

In both cases this function is unique and we get the convergence

(9, R = (g,u8) —— (g,u).
We can now define
RY(20)f = u, (4.37)
with an analogous definition for R~ (%o).

At this point we can readily deduce the following extension of the resolvent
R(z) as the inverse of H — z.

(H-2)R(2)f=f, feH ' zeC* (4.38)
where R(z) = R¥(\) when 2 = A € R.

Indeed, observe that if Imz # 0 then (H — 2)R(z)f = f for f € L**(R")
and (H — 2)R(z) € B(H™%*, H-177), so the assertion follows from the density
of L»*(R") in H-%*(R"™). For 2 = A € R we use the (just established) weak
continuity of the map z < (H — 2)R(z) from H~%* into H~177 in C=*.

The passage from weak to uniform continuity (in the operator topology) is a
classical argument due to Agmon [1]. In [9] we have applied it in the case n = 1.
Here we outline the proof in the case n > 1.

We establish first the continuity of the operator-valued function z — R(z),
€, in the uniform operator topology of B(H~1*(R"), L%~ (R")).

Let {Zk}:; C Qand {fk}iozl C H~13(R") be sequences such that z, ——

k—o0

z € Q and fi, converges weakly to f in H~1*(R™). It suffices to prove that the
sequence uy, = R(z)fr, which is bounded in H'~7(R"), converges strongly in
L?~7(R™). Since this is clear if Im z # 0, we can take z € [a, 3].

Note first that we can take ; < ¢’ < ¢ so that s, o’ satisfy (4.8). Then
the sequence {ux};-, is bounded in H L=o'(R™) and there exists a subsequence

{ukj };.11 which converges to a function u € L?~°.

We can further assume that uy; —Y s uin HYO,

Jj—o0
It follows that the limit function satisfies (see Eq. (4.38))
(H—2)u=f.

Once again we consider separately the cases z # 0 and z = 0.

In the first case, in view of (4.38) and Remark 4.7, the functions xus are
radiative functions. Since they are uniformly bounded in H'~7 their radiative
norms (4.15) are uniformly bounded, and we conclude that also Ru < oc.



Divergence-type Operators 21

In the second case, we simply note that w € H»~7 solves Hu = f.

As in the proof of Proposition 4.8 we conclude that in both cases the limit
is unique, so that the whole sequence {uy}y- , converges to u in L%~ 7(R"). Thus,
the continuity in the uniform operator topology of B(H~1*(R"), L?~7(R")) is
proved.

Finally, we claim that the operator-valued function z — R(z) is continuous in
the uniform operator topology of B(H~1*(R™), H»~7(R")). Indeed, if we invoke
Eq. (4.38), we get that also = — HR(z) is continuous in the uniform operator
topology of B(H~1*(R"), H-1~9(R")).

Since the domain of H in H~1~7(R") is H~7(R"), the claim follows. The
conclusion of the theorem follows by taking o = s. O

Remark 4.9. In view of (4.19) and Remark 4.7 it follows that for A > 0 the
functions RT(N\)f, f € H~Y*, are radiative, i.c., satisfy a Sommerfeld radiation
condition.

Remark 4.10. The assumption of unique continuation property satisfied by H
forces us to assume that the coeffcients are Lipschitz continuous. If we do not make
this assumption, it is readily seen from the proof of the theorem that a discrete
set of eigenvalues, with no finite accumulation point, can still be embedded in the
continuous spectrum. However, there is no singular continuous spectrum and zero
is neither an eigenvalue nor a resonance.

I am grateful to Professor Hendrik Vogt for pointing it out to me.

The fact that the limiting values of the resolvent are continuous across the
threshold at A = 0 has been established in the case H = Hy [14, Appendix A], and
in the one-dimensional case (n = 1) in [9, 12, 30]. The paper [74] deals with the
two-dimensional (n = 2) case, but the resolvent R(z) is restricted to continuous
compactly supported functions f, thus enabling the use of pointwise decay esti-
mates of R(z)f at infinity. In the case of the closely related acoustic propagator,
where the matrix a(z) = b(z1)] is scalar and dependent on a single coordinate,
there are in general countably many thresholds embedded in the continuous spec-
trum. Any study of the LAP must therefore deal with this difficulty. We mention
here the papers [12, 24, 23, 39, 32, 34, 57, 58, 63, 85|, as well as the anisotropic
case where b(z1) is a general positive matrix [13].

We mention next some related studies concerning the LAP where, however,
the threshold has been avoided. Our discussion is restricted, however, to opera-
tors that can be characterized as “perturbations of the Laplacian”. The exten-
sive literature concerning the N-body operators is omitted, apart from the mono-
graphs [4, 36] that have already been mentioned in the Introduction in connection
with Mourre’s approach to the LAP.

The pioneering works of Eidus and Agmon have already been mentioned in
the Introduction. Under assumptions close to ours here (but also assuming that
a(x) is continuously differentiable) a weaker version (roughly, strong instead of
uniform convergence of the resolvents) was obtained by Eidus [40, Theorem 4 and
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Remark 1]. For H = Hy the LAP has been established by Agmon [1]. Indeed,
it was established for operators of the type Hy + V, where V is a short-range
perturbation. The short-range potential V was later replaced by a long-range or
Stark-like potential [53, 6], a potential in LP(R™) [44, 55], a potential depending
only on direction z/|x| [46] and a perturbation of such a potential [71, 72]. In these
latter cases the condition e > 0 is replaced by a > limsup V(z).

|| —o00

We refer to [20] for the LAP for operators of the type f(—A)+V for a certain
class of functions f.

We refer to [76] and references therein for the case of perturbations of the
Laplace-Beltrami operator A, on noncompact manifolds. The LAP (still in (0, 00))
holds under the assumption that g is a smooth metric on R™ that vanishes at
infinity. We make use of this result in the proof of Theorem 6.1 (see Section 6).

The LAP for the periodic case (namely, a(x) is symmetric and periodic) has
recently been established in [69]. Note that in this case the spectrum is absolutely
continuous and consists of a union of intervals (bands).

4.3. An application: Existence and completeness of

the wave operators Wi (H, Hy)
A nice consequence of Theorem 4.1 is the existence and completeness of the wave
operators. We recall first the definition [59, Chapter X].

Consider the family of unitary operators

W (t) = exp(itH) exp(—itHp), —oo <t < o0.
The strong limits Wi (H, Hy) = 5, lilj? W (t), if they exist, are called the wave
—> 00

operators (relating H, Hy). They are clearly isometries. If their ranges are equal,
we say that they are complete.

Using a well-known theorem of Kato and Kuroda [61], we have the following
corollary.

Corollary 4.11. The wave operators Wy (H, Hy) exist and are complete.

Indeed, all that is needed is that H, Hy satisfy the LAP in R, with respect
to the same operator topologies.

We refer to [54], where the existence and completeness of the wave operators
W4 (H, Hy) is established under suitable smoothness assumptions on a(z). (How-
ever, a(x) — I is not assumed to be compactly supported and H can include also
magnetic and electric potentials.)

5. An eigenfunction expansion theorem

In the Introduction we mentioned the connection (as well as the gap) between the
spectral theorem (for self-adjoint operators) in its functional-analytic formulation
and the generalized eigenfunction theorem, a fundamental tool in the study of
partial differential operators (and scattering theory). It was mentioned there that
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these theorems should be connected through the Limiting Absorption Principle.
This is indeed the purpose of this section.

We derive an eigenfunction expansion theorem for a divergence-type operator
H, the operator considered in Section 4.

Let {E(X), A € R} be the spectral family associated with H and A(\) =
B E(X) be its weak derivative. We use the formula (3.7),

U i (ROt i) — RO —ie)) =

AN =
( ) 271 €l0 211

(RN - R=(V).
By Theorem 4.1 we know that A(\) € B(L**(R"), L?~%(R")), for values of s as
given in the theorem.

The formal relation (H — A) A(A\) = 0 can be given a rigorous meaning if,
for example, we can find a bounded operator T such that T*A(X)T is bounded
in L2(R™) and has a complete set (necessarily at most countable) of eigenvectors.
These will serve as generalized eigenvectors for H. We refer to [22, Chapters V, VI]
and [25] for a development of this approach for self-adjoint elliptic operators. Note
that by this approach we have at most a countable number of such generalized
eigenvectors for any fixed A. In the case of Hy = —A they correspond to

_ n—3
21772 Ty, (VA 2l (),
where k; = \; + ("_1)4("_3), A; being the jth eigenvalue of the Laplace-Beltrami
operator on the unit sphere S"~!, 1, the corresponding eigenfunction and .J, is
the Bessel function of order v.
On the other hand, the inverse Fourier transform

o(x) = (2m)"3 / a(E)eie de, (5.1)

R’n

can be viewed as expressing a function in terms of the generalized eigenfunctions
exp (i€x) of Hy. Observe that now there is a continuum of such functions corre-
sponding to A > 0, namely, [£]? = \.

From the physical point-of-view this expansion in terms of plane waves proves
to be more useful for many applications. In particular, replacing —A by the
Schrodinger operator —A 4+ V() one can expect, under certain hypotheses on the
potential V| a similar expansion in terms of distorted plane waves. This has been
accomplished, in increasing order of generality (more specifically, decay assump-
tions on V(z) as |z| — o0) in [73, 52, 1, 79, 2]. See also [87] for an eigenfunction
expansion for relativistic Schrédinger operators.

Here we use the LAP result of Theorem 4.1 in order to derive a similar
expansion for the operator H. In fact, our generalized eigenfunctions are given by
the following definition.



24 M. Ben-Artzi

Definition 5.1. For every £ € R”, let
V(2 8) = —RT (IEP)((H — [&]*) exp(it))
i 5.2
= R¥(IEP) | Y. dilar;(@) — 61,,)9; | explica). 52
1,j=1
The generalized eigenfunctions of H are defined by
p+(z,§) = exp(ifx) + ¢+ (). (5.3)

We assume n > 3 in order to simplify the statement of the theorem. As
we show below (see Proposition 5.3) the generalized eigenfunctions are (at least)
continuous in z, so that the integral in the statement makes sense.

Theorem 5.2. Suppose that n > 3 and that a(x) satisfies (4.1), (4.2). For any
compactly supported f € L2(R™) define

(Fof)(€) = (2m) / f@)ps (e, de, € R, (5.4)
]Rn

Then the transformations Fy can be extended as unitary transformations (for
which we retain the same notation) of L?(R™) onto itself. Furthermore, these trans-
formations diagonalize H in the following sense:

f € L2R") is in the domain D(H) if and only if |£|?>(F+f)(€) € L*(R™) and
H =Ty M¢pFy, (5.5)
where Mgz is the multiplication operator by €12

Before starting the proof of the theorem, we collect some basic properties of
the generalized eigenfunctions in the following proposition.

Proposition 5.3. The generalized eigenfunctions
o+ (x,8) = exp(ifz) + P (z,§)
(R™) for each fized & € R™ and satisfy the equation
(H — [¢]%) ¢ (z,8) = 0. (5.6)

In addition, these functions have the following properties:
(i) The map

(see (5.3)) are in H.

loc

R">¢&—¢e(,€) e HV*(RY), s>1,

18 continuous.
(i) For any compact K C R™, the family of functions {¢+(z, &) ‘ €K} ois
uniformly bounded and uniformly Hélder continuous in x € R™.
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Proof. Since (H — |£|?) exp(iéx) € H=1% s > 1, Eq. (5.6) follows from the defini-
tion (5.2) in view of Eq. (4.38).
Furthermore, the map

R" 3¢ — (H — |¢]?) exp(iz) € H V5(R™), s> 1,

is continuous, so the continuity assertion (i) follows from Theorem 4.1.

For s > 1, the set of functions {4 (-,¢) ’ ¢ € K} is uniformly bounded in
HY=5. Thus, in view of (5.6), it follows from the De Giorgi-Nash-Moser Theo-
rem [42, Chapter 8] that the set {¢(z,¢) | ¢ € K} is uniformly bounded and
uniformly Hélder continuous in {|z| < R} for every R > 0. In particular, we can
take R > Ag (see Eq. (4.2)). In the exterior domain {|z| > R} the set {¢(2,¢) |
¢ € K} is bounded in H%, s > 1, and we have (Hy — [¢|?) ¢+ (z,£) = 0.

In addition, the boundary values {4 (z,§) ’ lz| = R, £ € K} are uniformly
bounded. From well-known properties of solutions of the Helmholtz equation we
conclude that this set is uniformly bounded and therefore, invoking once again the
De Giorgi-Nash-Moser Theorem, uniformly Holder continuous. O

Proof of Theorem 5.2. We use the LAP proved in Theorem 4.1, adapting the
methodology of Agmon’s proof [1] for the eigenfunction expansion in the case of
Schrédinger operators with short-range potentials. To simplify notation, we prove
for F .
Let u € H' be compactly supported. For any z such that Imz # 0 we can
write its Fourier transform as
. o . (2m)~ 2 .
(&) =2m)" 2 [ u(z)exp(—ilx)dx = e u(z) (Hp — z) exp(—i&x) dx.
—z
R R
Let 8 € C§°(R™) be a (real) cutoff function such that f(z) = 1 for = in a neigh-
borhood of the support of u.
We can rewrite the above equality as

_n

_ (2m)7 2
€7 — =
where ( , ) is the (H %%, H''~%)-sesquilinear pairing (conjugate linear with respect

to the second term).
We have therefore, with f = (H — 2) u,

a(s) ((Ho — 2) u(x), 0(x) exp(i&x)),

a(g) = (;7;)_22 (((H — 2)u(z), 0(z) exp(i€x)) + (Ho — H) exp(iﬁx),u(x»)
_ <§|7;): Z ((f(x), 0(x) exp(i€z)) + (f(z), R(Z) (Ho — H) exp(i€z))). (5.7)

Introducing the function

~ ~ n

f(§,2) = F(§) + (2m) 2 (f(x), R(2) (Ho — H) exp(i&x)),
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we have

N YRY. [z
i§) = RO = 57 m o (58)
We now claim that this equation is valid for all compactly supported f € H~1.
Indeed, let u = R(z)f € HY 7%, s > 1. Let ¢(x) = 1 — x(z), where x(z) is
defined in (4.18). We set

up(z) =k 2)u(z), fulz) = (H —2) (Y 2)u(z)), k=1,2,3,...
The equality (5.8) is satisfied with u, f replaced, respectively, by ug, fr. Since

Yk )u(@) —— ulz)

in HY~%, we have

(H —2) Wk 2)u(@)) —— (H ~ 2)u= f(z)
in H~17% where in the last step we have used Eq. (4.38).
In addition, since (Hy — H) exp(i€x) is compactly supported

(fu(z), R(2) (Ho — H) exp(i€x)) = ((Ho — H) exp(i&x), R(2) fr(x))
o ((Ho — H) exp(ix), R(2) f) = (f, B(2) (Ho — H) exp(i€z)).

Combining these considerations with the continuity of the Fourier transform (on
tempered distributions) we establish that (5.8) is valid for all compactly supported
feH L

Let {E(X\), A € R} be the spectral family associated with H. Let A(\) =
dd)\E()\) be its weak derivative. More precisely, we use the relation (3.7), to get
(using Theorem 4.1), for any f € H= 1% s> 1,

(AW = o 5 (R )= R-O)) 7).

We now take f € L? and compactly supported. From the resolvent equation we
infer
R(M\+ie) — R(\ — i) = 2ieR(A + ie)R(A —i€), €>0,
so that
(AN =lim "[RO +ie)fll5. >0

Using Eq. (5.8) and Parseval’s theorem, we therefore have

2
;>0 (5.9)

€

(U ANS) = Tim (g2 = (A i) 7 Fg A+ i)

e—0+ T

Note that f(&, z) can be extended continuously as z — A + ¢ -0 by

~ ~ n

F(&A) = f(&) + 2m) "2 (f(x), R (A) (Ho — H) exp(i€x)). (5.10)
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In order to study properties of f(f ,z) as a function of £ we compute

Fe,2) = (o) + <(Z O, (@ 6l,j>aj)exp(isx>,R<z>f<x>> (511)

l,j=1

= f(&)+ (2m)" % Z fj/ (ar,;(x) = d1,5) O(R(2) f(x)) exp(—ix) dx
lj=1
where in the last step we have used that both 0;(R(2)f(x)) and (a;;(x) — d1;)
exp(—i&r) are in L2
Consider now the integral

969 = [ (o) = 805) QRN (@0) explito) do, = € 9

where  is as in (4.16).
In view of Theorem 4.1, the family {9, R(z)f(x)},c(, is uniformly bounded
in L2~%, s > 1, so by Parseval’s theorem we get

||g(>Z)HO < C7 S Q7

where C only depends on f.
This estimate and (5.11) imply that, if f € L? is compactly supported,
(i) The function

R™ x Q3 (€,2) = f(£,2)

is continuous. For real z it is given by (5.10).

(i) tm [ (1 - 2) g2 de =0,

k—
|€1>k

uniformly in z € Q.
As z — [€]2 + i - 0, we have by Theorem 4.1 and Eq. (5.3),

lim  F(e,2) = (2m) / F(2) g1 (2,€) dx = T F(€),
Rn

2 €2 4i-0

so that, taking (i) and (ii) into account, we obtain from (5.9), for any compactly
supported f € L?,

(F;ANS) = [Ff(€)]*do, A >0, (5.12)

1
2V/A
[€]2=A
where do is the surface Lebesgue measure.
It follows that, for any [«, 5] C (0, 00),

B
(E(B) - E(a))f, f) = / (f, AN f)dA = / F P (5.13)

a<|¢P<p
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Letting o — 0, 8 — o0, we get

1fllo = I+ fllo - (5.14)

Thus f — Fy f € L?(R") is an isometry for compactly supported functions, which
can be extended by density to all f € L?(R"™).

Furthermore, since the spectrum of H is entirely absolutely continuous, it
follows that for every f € L?, Eq. (5.12) holds for almost all A > 0 (with respect
to the Lebesgue measure).

Let f € D(H). By the spectral theorem

(Hf, ANHS) =N (f, AN f) = 2\1//\ I f(©) do, A >0,
l€[2=x
In particular,
171 = [ NP Fes©f de (5.15)

R

Conversely, if the right-hand side of (5.15) is finite, then [ A% (f, A(X) f) dA < oo,
so f € D(H).

The adjoint operator F is a partial isometry (on the range of F ). If f(z) €
L?(R") is compactly supported and g(¢) € L?*(R") is likewise compactly sup-
ported, then

(Fyf.g) = (2n) / / F(2) o (@.€) du | g(€) de

R™ R™

—en? (1@ | 9@ ez iz,

R® R®

where in the change of order of integration Proposition 5.3 was taken into account.
It follows that, for a compactly supported g(¢) € L2(R"),

F9)(e) = 2m) % [ 90 s (a8 de, (5.16)
Rn
and the extension to all g € L?(R™) is obtained by the fact that F7 is a partial

isometry.

Now if f € D(H), g € L*(R"), we have

(H1.9)= [ KPP HOF o€ de = [ FL(EPFLAQ) 00k,

which is the statement (5.5) of the theorem.
It follows from the spectral theorem that, for every interval J = [«, 3] C
[0,00) and for every f € L*(R™), we have, with E; = E(3) — E(a) and y; the
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characteristic function of J,

E;f(z) =F§ (xs(IE*) F4 £(€))

FLEsf(€) = xs(IE*) F+ £ ().

It remains to prove that the isometry F is onto (and hence unitary). So, suppose
to the contrary that, for some nonzero g(¢) € L?(R"),

(F}g)(x) = 0.

In particular, for any f € L?(R") and any interval J as above,
0= (Esf.Fig) = (F+Esf,9) = (xs(€)F+f(€), 9(€)) = (F+F(€). xa(I€[*)a(€))

so that F* (xs(I¢]*) 9(¢)) = 0.
By Eq. (5.16) we have, for any 0 < o < 33,

9(&) o+ (x,§)dg =0

a<|¢]?<p

so that, in view of the continuity properties of ¢ (x,&) (see Proposition 5.3), for
a.e. A € (0,00),

9(&) p+(x,8) do = 0. (5.17)
[€]>=A
From the definition (5.3) we get
€)expliga) do — [ g@OR () (( - N explito) dor =0, (5.15)
[€12=A 1€]2=A
Since (H — \) exp(i€x) is compactly supported (when || = )), the continuity
property of R~ (\) enables us to write
€ RN ((H = N expliga) do = BN [ 9(6) (H — N expligz) do
[€12=A [€[2=X

which, by Remark 4.9, satisfies a Sommerfeld radiation condition. We conclude
that the function

Ga) = [ @ emplige)do e Vs> ),
l€13=x

is a radiative solution (see Remark 4.7) of (—A — X) G = 0 and hence must vanish.
Since this holds for a.e. A > 0, we get §(§) = 0, hence g = 0. O
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6. Global spacetime estimates for a generalized wave equation

The Strichartz estimates [83] have become a fundamental ingredient in the study
of nonlinear wave equations. They are LP spacetime estimates that are derived for
operators whose leading part has constant coefficients. We refer to the books [81,
82] and [5] for detailed accounts and further references.

Here we focus on spacetime estimates pertinent to the framework of this
review, namely, weighted L? estimates.

We recall first some results related to the Cauchy problem for the classical
wave equation,

0*u
Ou = o2 Au =0, (6.1)

subject to the initial data
u(z,0) = uo(x), Ou(z,0)=1vo(z), zeR" (6.2)
The Morawetz estimate [66] yields

[ [ el ¥ lute )P dade < (1Vual + o). 524,
R R»

while in [8] we gave the estimate

[ [ a2 e dade < o (1191wl + 191 ) 0z,

R R®
for every a € (0,1).

Related results were obtained in [65] (allowing also dissipative terms), [50]
(with some gain in regularity), [88] (with short-range potentials) and [47] for spher-
ically symmetric solutions.

Here we consider the equation

0%u 0?%u =
12 + Hu= o2 Z 0ia;.(x)0u = f(x,1), (6.3)

ij=1
subject to the initial data (6.2).
We first replace the assumptions (4.1), (4.2) by stronger ones as follows:

(1) a@) = g7 @) = (6 (@) <, s (6.4)
where g(x) = (gi,;(%))1<i,j<n is @ smooth Riemannian metric on R™ such that

glx) =1, |z| > Ao.

(H2) The Hamiltonian flow associated with h(z, &) = (g(2)¢, &)
is nontrapping for any (positive) value of h. (6.5)

Recall that (H2) means that the flow associated with the Hamiltonian vectorfield

H= gg aam - g'; 595 leaves any compact set in R7.
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Identical hypotheses are imposed in the study of resolvent estimates in semi-
classical theory [26, 27].

In our estimates we use homogeneous Sobolev spaces associated with the
operator H.

We let G’ = H> which is a positive self-adjoint operator. Note that [|G8]|, is
equivalent to the homogeneous Sobolev norm ||V6)|o.

Theorem 6.1. Suppose that n > 3 and that a(zx) satisfies Hypotheses (H1)—-(H2).
Let s > 1.

(a) (local energy decay) There exists a constant C1 = C1(s,n) > 0 such that the
solution to (6.3), (6.2) satisfies

// (1+ |x|2)_s [|Gu(z, t)]* + |ue(z, t)[?] dadt

R R"»

< C1 4 | Guolf3 + [[voll3 +// |[f(a,t)? dzdt . (6.6)
R R™
(b) (amplitude decay) Assume that f = 0. There exists a constant Ca =Ca(s,n)>
0 such that the solution to (6.3), (6.2) satisfies,

/ / (14 |22)~° ua, ) dedt < Cs [luol2 + G woll2] . (6.7)
R

Rn

This estimate generalizes similar estimates obtained for the classical (g = I)
wave equation [8, 65].

Remark 6.2. The estimate (6.6) is an energy decay estimate for the wave equa-
tion (6.3). A localized (in space) version of the estimate has served to obtain
global (small amplitude) existence theorems for the corresponding nonlinear equa-
tion [27, 48].

The weighted L? spacetime estimates for the dispersive equation

it 3615 u = Lu,
have been extensively treated in recent years. In general, in this case there is
also a gain of derivatives (so-called smoothing) in addition to the energy decay.
For the Schrodinger operator L = —A + V(z), with various assumptions on the
potential V', we refer to [3, 7, 8, 17, 19, 50, 62, 78, 80, 89] and references therein.
In [33] the case of magnetic potentials is considered. The Schrodinger operator on
a Riemannian manifold is treated in [26, 38]. For more general operators see [16,

20, 28, 51, 67, 77, 84] and references therein.
Proof of Theorem 6.1. (a) Define, with G = H:,

1
u =, (Gu £ iuy) .
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Then )
Byuy = FiGuy + ; f. (6.8)
Defining
o0 -(240)
we have
iU (t) = —KU + F, (6.10)
where

k(5 %) ro-(2i0).

Note that, as is common when treating evolution equations, we write U(t), F(t),
etc. for U(x,t), F(x,t), etc. when there is no risk of confusion.

The operator K is a self-adjoint operator on D = L?(R") & L*(R"). Its
spectral family Fx ()) is given by Ex(\) = Eg(A) @ (I — Eg(—X)), A € R, where
E¢ is the spectral family of G.

Let E()\) be the spectral family of H, and let A(\) = & E()\) be its weak
derivative (3.7). By the definition of G we have

Ec(\) = BE(3),
hence its weak derivative is given by

Ac(\) = dd)\Eg()\) =2X\A(\?), A>0. (6.11)

In view of the LAP (Theorem A) we therefore have that the operator-valued
function
Ac(X) € B(L**(R"), L*™*(R"))
is continuous for A > 0.
Denoting D* = L%%(R") & L?%(R"™), it follows that
A = 0 Ee) = Ac) ® Ag(-N), A€k,

is continuous with values in B(D*, D~*) for s > 1.
Making use of Hypotheses (H1)-(H2), we invoke [76, Theorem 5.1] to con-
clude that limsup p2 Al p(r2.s 2.~y < 00, so that by (6.11) there exists a
11— 00 ’

constant C' > 0 such that
HAG()‘)HB(LZS,L?fs) <C, A=0. (6.12)
It follows that also
Ak (M ppsp-s) <C, AER,s>1A€R. (6.13)

Let (, ) be the sesquilinear pairing between D~* and D* (conjugate linear
with respect to the second term).
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For any v, x € D® we have, in view of the fact that Ax ()) is a weak derivative
of a spectral measure,

T ) 6.14
(i) R e T - (614

We first treat the pure Cauchy problem, i.e., f = 0.

To estimate U(x,t) = e~ 5 U(x,0) we use a duality argument. Some of the
following computations will be rather formal, but they can easily be justified by
a density argument, as in [8, 20]. We shall use (( , )) for the scalar product in
LZ(Rn+1) @ LQ(RnJrl)'

Take w(z,t) € C§°(R™ ™) @ C§°(R™*!). Then,

(U, w)) = / =K U (2,0) - w(a, t) dudt — / (A (U (z,0), / et (-, 1) dt)dA
=202 [ {4k VU ,0), (V)i

where
(z,\) = (27) > / w(z, t)e’dt.
R
Noting (6.14), (6.13) and using the Cauchy-Schwarz inequality
. 1/2

(U w)] < @m)'2 (U (2, 0)]l, /(AK(A)ID(~7/\)JD(~’>\)>CZ/\

— 00

1
2

< C|U (0, / 15, M), dA

It follows from the Plancherel theorem that
1/2

2
2 dt

(@] <Clo@oly | [ lut.o
R

Let ¢(z,t) € C(R™) @ C§°(R™*) and take w(z,t) = (1+ |x|2)7§ é(x,t) so
that
(1 4+ 12P) 5 U,6))| < C U@ Ol - 6]l agnss, -

This concludes the proof of the part involving the Cauchy data in (6.6), in view
of (6.9).
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To prove the part concerning the inhomogeneous equation, it suffices to take
ug = vg = 0. In this case the Duhamel principle yields, for ¢t > 0,

t
U(t) :/ e_i(t_T)KF(T)d’T,
0

where we have used the form (6.10) of the equation.
Integrating the inequality

i
V@Ol < [ e pm) o
0

D—s
[ 1wl a< [ ]
0 0 T

Invoking the first part of the proof we obtain

we get

efi(t*T)KF(T)H dtdr.

| 1wl ae<c [ IF@i, dn
0 0
which proves the part related to the inhomogeneous term in (6.6).

(b) Define

vy (z,t) = exp(£itGQ) ¢+ (x), where o¢y(x)= ; [uo(z) F G~ oo ()] -

Then clearly
u(z,t) = vy (z,t) +v_(x,t).
We establish the estimate (6.7) for v.

Taking w(x,t) € C§°(R™*1) we proceed as in the first part of the proof. Let
(,) be the (L%~*(R"), L**(R"™)) pairing. Then

vrvw) = [ o )uiet)dedt = [(AeOor, [ e Put i
% 0 —o0

/2 / ¢+a B )>d>‘a
0

where

W(z,\) = (2m) 2 / w(z, t)e " dt.

R
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Noting (6.12) as well as the inequalities (6.14) (with Ag replacing Ax) and using
the Cauchy-Schwarz inequality

o0 1/2
(o)) < 20 ol [ < AcOyat A ) > )

0
<Clio+llo (/ (-, Mg, d)\> :
0

The Plancherel theorem yields

1/2
(s, w)] < C 64l ( [ o, dt) |
R

s

Let w € C§°(R™™) and take w(z,t) = (1+ |z|*) 2 w(z,t) so that

(L4 121%) 72 vs,w) [ < Clldsllg 0]l poggensny -

This (with the similar estimate for v_) concludes the proof of the estimate (6.7).
O

Remark 6.3 (optimality of the requirement s > 1). A key point in the proof was
the use of the uniform bound (6.13). In view of the relation (6.11), this is reduced
to the uniform boundedness of A A(A\?), A > 0, in B(L?*, L*~%). By [76, Theorem

5.1] the boundedness at infinity, limsup z2 || A(1)|| < oo, holds already with s > 3
=00

Thus the further restriction s > 1 is needed in order to ensure the boundedness at
A =0 (Theorem A).

Remark 6.4. Clearly we can take [0,T] as the time interval, instead of R, for any
T >0.
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Abstract. We review some recent results on global existence and blow-up for
kinetic models of chemotaxis and present new blow-up results.
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1. Introduction

Chemotaxis is the directed motion of cells towards higher concentrations of chemo-
attractants and plays a very important role in many biological processes. Exper-
iments show that swimming bacteria such as E.coli undergo an erratic motion at
the microscopic level and move in a series of ‘run’ and ‘tumble’. A ‘run’ is motion
in a straight line, and typically, a run in a favourable direction will be long and a
run in an unfavourable direction will be short. At the end of a run the cell stops
and ‘tumbles’ and this results in a reorientation and a new run in a new direction.
Since the mean time for tumbling is much shorter than the mean time for running,
we can model chemotaxis as a velocity jump process.

At the macroscopic level chemotaxis is described by systems of parabolic
equations, the most famous of which is the Keller-Segel model. In its simplest
form it is written as:

on = An —xV - (nVe), (1.1a)
—Ac=n, (1.1b)

where z varies in the whole space R%, ¢t > 0, n(t,x) denotes the density of the
cells and ¢(t,z) is the concentration of the chemoattractant. The first term on
the right-hand side of (1.1a) represents the tendency of the cells to diffuse under
their own Brownian motion and the second term their tendency to aggregate due
to the presence of the chemoattractant. If d = 1 then diffusion is stronger than
aggregation and solutions exist globally [21, 16]. If d = 2 then the two tendencies
are evenly balanced. A typical result in this case is that we have global existence
if the total mass of the cells is small and blow-up in finite time if it is large.
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The critical value for the mass turns is 87/x [2, 3, 14]. The proof of blow-up for
M > 8m/x relies on the identity

d 9 X
tx)d :4M<1— M). 1.2
u Ll n(t.)ds X (12)
The proof of global existence for M < 87 /x uses the fact that the quantity

E(t):/ n log ndx + X
R2

[, ntantey) logle ~yldedy (13
47T R2 xR2

is decreasing in time, since
d€é
dt

together with the logarithmic Hardy-Littlewood-Sobolev inequality [1]

M / n log ndx +/ n(xz)n(y) log |x — y| dedy > C(M). (1.5)
2 Jge R X R?

= —/ n |Vlegn — xVS|* dz, (1.4)
R2

We refer the reader to [17, 23] for more information on the Keller-Segel and other
macroscopic models and to [8, 9] for the latest developments.

At the mesoscopic level chemotaxis is modelled by a kinetic equation for
the density f(¢,z,v) of the cells coupled to a parabolic or elliptic equation for
the concentration S(t,z) of the chemoattractant. We focus our attention on the
Othmer-Dunbar-Alt model [22]. In its simplest form it is written as:

hf+v-Vuf= /‘/T[S](t,x,v,v’)f(t,m,v’)dv’ (1.6a)

iATmm%uwﬁ@%mmc (1.6b)
f(0,z,v) = folz,v), (1.6¢)
—AS=p:= /Vf(t,x,v)dv. (1.6d)

Here T'[S](¢t, z,v,v") > 0is the turning kernel, a measure of the frequency of turning
from velocity v’ to velocity v at position z and time t. We’ll discuss examples of
interesting turning kernels below. For the sake of simplicity we take the velocity
space V to be the unit ball. As in the case of the Keller-Segel system the total
mass of the cells M = fRQXv f(t,x,v)dxdv is conserved, but there is no analogue
of the energy £ in (1.3).

The nonlinear IVP for (1.6) was first studied in [12]. The authors proved
global existence of weak solutions in three dimensions under the hypothesis

OSTW@waﬁSCO+S@£+@+S@x7UD

and for initial data 0 < fy € L' N L>. The proof uses the dispersive character of
the equation for f and bootstraps higher L% -norms starting from the base case
p = 1 that corresponds to conservation of mass. The same method was used in [18]
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to prove global existence of weak solutions in two dimensions under the hypothesis
0 < T[S](t,z,v,0") < C(1+ 8(t,x+v) + Stz — )
+ |VS(t,z+v)| + |[VS(t,z —v)]), (1.7)
and in three dimensions under either of the hypotheses
0 <T[S](t, 2, v,0") < C(1+ S5(t,z+v) + |VS(t, z +v)])
or
0 < T[S](t,z,v,0") < C(1+ S(t,z — ') +|VS(t,z —v')|).
As was pointed out in [18], the terms S(¢t,z — v’') and S(¢,z + v) require the
use of different dispersion estimates with different integrability exponents. When

both terms are present it is difficult to find one set of exponents that makes both
dispersion estimates work.

2. Strichartz and dispersion estimates for
the kinetic transport equation

Strichartz and dispersion estimates have proved to be very useful in the study of
nonlinear equations. We refer the reader to [24, 27] and the references there in.

Strichartz and dispersion estimates for the kinetic transport equation were
proved in [10] and the first application to a nonlinear kinetic model was given in
[4]. They are as follows:

Proposition 2.1. (Dispersion estimate, [10]) Let fo € L9(R%; LP(RY)) where 1 <
q<p<oo, and let f solve

Of+v-Vef=0 (2.1)
with initial data f(0,z,v) = fo(x,v). Then
1

1 £l Leme;Lamay) < Md(lfl) | foll La(re; e () - (2.2)

Proposition 2.2. (Strichartz estimates, [10]) Let d > 2 and let r,p,q,a € [1, 0]
satisfy the conditions

p>aq, 2d(ll)<1, a= P <o, (2.3)
r q P p+q

If f(t, z,v) solves

Of +v-Vaof =g , f(0,2,0) =0, (2.4)
then

HfHL{L,’;LZ < C”gHLg’Lng" (2'5)

If f(t, z,v) solves
Ohf+v-Vof =0, f(0,z,v) = fo(z,v), (2.6)

then
Ifllzyrzes < Cllifollze - (2.7)
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3. Global existence for some kinetic models of chemotaxis

We can use the estimates of Section 2 to improve the global existence results of [12]
and extend to three dimensions the results of [18]. Using the dispersion estimate
of Proposition 2.1 we can prove the following

Theorem 3.1. [4] Let d = 3 and suppose that the (continuous) turning kernel T'[S]
satisfies

0 < T[S|(t, z,0,0') < 0(1 4 Stz +v)+ St x — o)+ VSt z +v)| ) (3.1)

Let ¢ € (1,3/2). Then there exists an exponent p € (3/2,3) (depending on q)
such that if the initial data 0 < fo € LY(R®) is such that the norm ||fo(x —
tv,v)| e (rs;Lars)) 4 finite for all t > 0, then the Cauchy problem (1.6) has a
global weak solution f with f(t) € L*(R%) N LP(RZ; LY(V)) for all t > 0.

The delocalization introduced by = + v and x — v’ plays a fundamental role
in the proof of this result. Observe that hypothesis (3.1) does not allow putting
together the two gradients VS(¢,x + v) and VS(¢,x — ¢'). This is still an open
problem in three dimensions for large data. However, if we add the assumption
that the critical Li/ o-norm of the initial data is sufficiently small then we can
prove the following

Theorem 3.2. [4] Let d = 3. Consider nonnegative initial data fo € L* N L®, where
g < a < 2, and assume that || fol|paws) is sufficiently small. Assume that the

(continuous) turning kernel T[S] satisfies the condition

0 < T[S](t, 2, 0,0') < cz[w(t,x + )|+ |S(t,z £ )|+
+

IVS(t,z +v)| + |VS(t,x + v’)\] . (32)

Then (1.6) has a global weak solution f € L3 ([0,00); L? (R3; LY(V'))), where 11) =
‘11 — Sl) and ; = ‘11 + Sl) This result also holds if hypothesis (3.2) is replaced by the

weaker: for all p1,pa, ps € [1,00] with p1 > max(ps, ps3), it holds
ITS](, ;0,0 o2 pra e < C(V s p2,p3) (IS Lo + [IVS(E,)llLe ] (3.3)

4. Critical nonlinearities

In this section we remove the delocalization that was so helpful in proving Theorem
3.1 and replace the right-hand side in hypothesis (3.1) by L norms of S or V.S.
In other words, we are now considering models without direct memory effects.
This leads to turning kernels that the Strichartz and dispersion estimates barely
to handle. It turns out that these nonlinearities are critical.
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In view of the results of Theorem 3.1 it is natural to ask whether global
existence still holds in three dimensions if we assume that

0 ST[S](t,SU,U,U/) <C|l+ HS(t>')‘|%w(R3) (4'1)
for some positive exponent «. In this case we can prove the following

Theorem 4.1. [5] Let d = 3 and suppose that the turning kernel satisfies (4.1). Let
the initial data satisfy 0 < fo € L' N L>. Then:

i. If a <1, then (1.6) has a global weak solution.
ii. If a =1 and the critical || fo||,s/2 is sufficiently small, then (1.6) has a global

weak solution.

HLi

The case of @ = 1 and large initial data in three dimensions is critical and
remains open. In two dimensions having a term like ||S(t, ~)H%N(R3) presents no
problems.

Theorem 4.2. [5] Let d = 2 and suppose that the turning kernel satisfies (4.1) with
any o > 0. Let the initial data satisfy 0 < fo € L' N L*. Then (1.6) has a global
weak solution.

We can actually prove global existence even if we assume exponential growth
of the nonlinearity in the sense

0 < 7S]t 2,0,0%) < O (1 -+ exp 506, ) [ )

where 0 < a < 1. The case a = 1 is critical and we can prove global existence if
we assume in addition that the mass is small (the proof in [5] requires M < 7).
These results suggest that there is room for adding a gradient term to the turning
kernel.

Theorem 4.3. [5] Let d = 2 and suppose that the turning kernel satisfies
0 < TS)(t,,0,0) < C [T+ 8 NGous) + VS Miquny]  (42)

with any « > 0 and 0 < B < 1. Let the initial data satisfy 0 < fo € L'NL>. Then
(1.6) has a global weak solution.

The critical quantity [|[VS(¢, )| L= in two dimensions behaves exactly as the
critical quantity [|S(¢,-)||ze in three dimensions. Although we still don’t know
whether global existence for large data holds in this critical case in three dimen-
sions, we do know that in two dimensions it doesn’t, and that there exist critical
turning kernels for which the solution blows up in finite time. We provide more
details in the next section.
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5. Blow-up in two dimensions

In this section we first recall some of the results of [6] and then prove some new
blow-up results.

In view of the macroscopic theory discussed in Section 1 we expect that in
dimension d = 2 solutions of (1.6) exist globally if the total mass of the cells is
small, and blow-up in finite time if the total mass is large. Of course the behavior
of the solution of the kinetic model depends not only on the total mass but also
on the turning kernel. For example, for the turning kernel in (1.7), we have global
existence even for large mass [18]. For simplicity of exposition we will always think
of smooth compactly supported initial data and of solutions that decay sufficiently
fast at infinity. We refer the reader to [4]-[6] for more precise assumptions.

The first blow-up result for a kinetic model of chemotaxis was given in [6].
Define

T [S](t, z,v,0") = (v- VS)+ . (5.1a)
Notice that T7 vanishes when the velocity v after turning is more than 90 degrees
away from V.S and is positive when it is within 90 degrees from V.S. We may say
that under 77 the cells always choose ‘good directions’. It was shown in [6] that
in the spherically symmetric case, if the total mass is sufficiently large then the
solution can not exist globally.

We will show here that the same is true for the turning kernel

To[S](t, x,v,0") = |VS| +v - VS. (5.1b)

Notice that T5 is small for velocities v near the direction of —V.S and large for
velocities near the direction of VS (and vanishes only in the exceptional case
v== |gg\ )

Clearly, equation (1.6d) doesn’t determine S uniquely, so we need to clarify
which solution we pick. Due to the choices in (5.1a) and (5.1b), only V.S comes
up in the equation for f, not S itself, so it is enough to specify V.S. We make the
obvious choice

1 Tr—vy
VS(t,z) = — t dy. 5.2
(t.x) 27?/]1@2p(’y)|33—y|2 y (52)
We are now ready to state our first result.

Theorem 5.1. A spherically symmetric solution of the kinetic model (1.6) with
turning kernel T = Ty or 15, and sufficiently large mass M, cannot exist globally
m time.

Proof. Consider the positive quantity
I(t) :/ |z|? f(t, 2, v)dzdv :/ |z|?p(t, z)d.
R2xV R2

Using the equation for f and the fact that the integral of the right-hand side with
respect to v is zero, we have
dl

gt :2/x-vfdxdv.
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Differentiating again we obtain (see [6] for more details)
b =] [@ oo v (530
= o) (=v - v .
P z-v)(—v x
+ 2//(x : v)/T[S](t,x,v,v/)f(t,x,v/)dv/dxdv (5.3b)
— 2// X / 1(t, z, v 0) f(t, 2, v)dv' dzdv. (5.3c)

For the term in (5.3a) we integrate by parts in x:

2//(sc~v)(—v-Vf)dxdv:2//|v|2fdmdvSQ//fdccdv:QM.

For the term in (5.3b) observe that T[S](t, z,v,v’) is independent of the velocity
v’, therefore

ferm in (5.3b) = 2 / / (2 - O)T[S](t, 2, v, ¥ )p(t, 2)dad.
For T' = T} we have
ferm in (5.3b) = 2 / ot ) / (2-0) (v-VS(t,2) o dr = / ot ) 2-VS(t, 2)dx
and for T = T,

term in (5.3b) = Z/p(t,x)\VS(t,x)\ /(x -v) dv dz (5.4)
+ 2/p(t,x) /(x cv) (v-VS(t,z))dv dz (5.5)
= ;T /,o(t,sc) x - VS(t,x)de. (5.6)

Using VS(t,z) = 721” oty s o y‘zdy and a simple argument familiar from the
parabolic theory we find that [ pz - VSdx = — 4177 M?2, therefore

term in (5.3b) = —cM?,

where ¢ = 1/16 for T'= T} and ¢ = 1/8 for T = T,. We see that the contribution
of the first two terms in (5.3) is of the form 2M — cM?.
It remains to deal with the term in (5.3c). We have

[ TSI 0 0’ = ¢9S(0,0)f 0, 0)
where ¢ =2/3 it T =T; and ¢/ = 7 if T = Ty. Therefore,

term in (5.3¢c) = —20’//(33 -0)|VS(t,x)| f(t, z,v)drdy (5.7)

_ _20’/@: j(t 7))V S(t, )| de, (5.8)
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where j(t,x) = [, vf(t,x,v)dv. Define m(t,r) = [ Ap(t, \)dX. Up to a constant,
m(t,r) is the mass outside a ball of radius r centered at the origin. It is easy to
check that in the spherically symmetric case

M/2m — m(t,r)

|IVS(t,x)| = . L et x) = Ot r)
therefore
term in (5.3¢c) = 747rc’/ (M /27 —m(t,r)) Oym(t,r)dr (5.9)
0
dP
= — 5.10
gt (5.10)
where
/M 1
P(t) = —471-0’/0 (QWm(t,r) — 2m(t,r)2> dr. (5.11)
Since m(t,r) < }, we have P > 0. Putting everything together we have
d*1 dP
<2M —cM? — 12
d? = ¢ dt (5.12)
and integrating once we find
dI drI
5 (t) < 5 (0) + (2M — ecM?)t — P(t) + P(0). (5.13)
Since P(t) > 0, it can be dropped from the rhs of (5.13). We get
dI
it (t) < Co + (2M — cM?)t
where Cy = 41 (0) + P(0). Integrating again we find
t2
I(t) < I(0) + Cot + (2M — cM?) (5.14)

o
If M > 32 in the case of T, and M > 16 in the case of Ts, then (5.14) implies

that I(t) is negative for large t. It follows that the solution can not exist globally
in time. O

In the theorem above we have used the unit ball {|v| < 1} as the velocity
space. However, similar arguments can be used to show blow-up for 77 and 75 when
the velocity space is the unit sphere {|v| = 1}. This is probably a more realistic
choice from the biological point of view as cells move with almost constant speed.
Developing Strichartz and dispersion estimates for the sphere is an interesting
open problem.

In order to better understand the behavior of solutions that blow-up, we
would like to have a more tractable model that retains the main features of the
problem. One option is to replace VS in (5.1a) and (5.1b) by —2M7T |;”|2, which is

what we would obtain from (5.2) if we replaced p(y) by do(y). (We could express
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this by saying that the signal thinks that all the mass is at the origin.) Then T}
and T5 become

. M VX
T N ) T (t 1— . 5.15
(2, 0,0) (v 2W|x|2) To(t, 2z, v,0") = orelal ( 2] ) (5.15)

(Although they are independent of ¢ and v’, we retain the notation (¢, z,v,v") for
the sake of clarity.) Our model now has a single equation, namely

\%4

Of+v-Vuf = / T(t,z,v,0")f(t, z,v")dv' — / T(t,x, v, 0)f(t, z,v)dv" (5.16)
v
where we choose again V' = {|v| < 1}.

Theorem 5.2. A spherically symmetric solution of the kinetic model (5.16) with

turning kernel T = Ty or Ty, and sufficiently large mass M, cannot exist globally
m time.

Proof. We work as in the last theorem. The terms in (5.3a) and (5.3b) are treated
in the same way and give 2M and —cM? respectively. For the term in (5.3c), if
T =T we get

M
/T(t,x,v',v)f(t,x,v)dv’ = 37T|x|f(t,x,v)
therefore
M
term in (5.3¢) //( ) f(t, z,v)dzedv
(5.17)
- it 2)d
3 / 1 J(t,x)dx
and using
x-jx)=rj(r)=0m , m(t,r) = / Ap(t, N)dA, (5.18)
we get
. AM [ 1 dP
term in (5.3¢c) = — 3 /0 . Oym(t,r) rdr = — gt
where P(t) = 4M fo m(t,r)dr > 0. The proof for T = Ty is similar. O

We remark again that the ball {|v] < 1} can be replaced by the sphere
{]v| = 1}. Several other variants are possible: the velocity v in (5.1a) and (5.1b)
can be replaced by |5‘, the operator d; + v - V, can be replaced by 0; + Gj‘ -Va,
etc.
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6. Perspectives and open problems

The discussion in the previous sections raises many interesting questions.

In two dimensions we would like to know whether an optimal mass exists for
the turning kernels 7 and 75, i.e., a constant M* with the property that M < M*
leads to global existence and M > M™* leads to blow up. In the case of the Keller-
Segel model the energy in (1.3) was used to find the critical mass, but no such
quantity is known for the kinetic model.

In dimension three we would like to know whether blow-up is possible for
critical turning kernels, i.e., for T ~ S in some sense (Theorem 4.1 says essen-
tially that T ~ S'~€ leads to global existence). What quantity should be large to
guarantee blow-up? What smallness conditions guarantee global existence? One
expects || follzs/2 to play a role here.

In all cases where blow-up occurs we would like to have a sharp estimate for
the life span of the solution and to know what the solution looks like near the
blow-up time. One expects Dirac masses to form but there is numerical evidence
to suggest that the blow-up patterns may be much more interesting for kinetic
models [28].

Kinetic models have been used to describe travelling pulses of bacteria. We
refer the reader to [25, 26] for further information.
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Modulus of Continuity and Decay at Infinity in
Evolution Equations with Real Characteristics

Massimo Cicognani and Ferruccio Colombini

Abstract. In the hyperbolic Cauchy problem, the well-posedness in Sobolev
spaces and the modulus of continuity of the coefficients are deeply connected.
This holds true in the more general framework of evolution equations with
real characteristics

2p
Dy — Zak(t,x)Dfu =0
k=0

(p = 1 hyperbolic equations, p = 2 vibrating beam models,. .. ) where a sharp
scale of Holder continuity, with respect to the time variable ¢, for the ax’s has
been established.

We show that, for p > 2, a lack of regularity in ¢ can be compensated by a
decay as the space variable © — oo. This is not true in the hyperbolic case
p = 1 because of the finite speed of propagation.

Mathematics Subject Classification. 35G10; 35L15.

Keywords. Evolution equations with real characteristics.

1. Introduction and main results

Let us consider the evolution operator

2p
P:=D} =) ak(t,x)Dk, (1.1)
k=0

where (¢t,2) € [0,T] x R, D = }8, and the positive integer p represents the
evolution degree. The coefficients are at least such that

ar, € C([0, T); B>) (1.2)

with B> = B>(RR,) the space of all bounded functions a(z) together with all their
derivatives.
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We are interested in the Cauchy problem
Pu=0
Y (1.3)

u(0,z) = up(x), Dwu(0,2) = uq(x)

with Cauchy data in Sobolev spaces
ug € H®, u; € H*™P

and look for solutions which remain in Sobolev spaces at any time ¢. Precisely, we
say that problem (1.3) is L? well posed if there exists a unique solution

ue C([0,T); H) N CH([0,T]; H*F)
and we say that it is well posed with a loss of derivatives if the unique solution is
such that

we (0,7 H* )N CY([0, T); H*77~°)

for some positive 9.

From the Lax-Mizohata theorem, forward and backward well-posedness with
Cauchy data at ¢ = tp implies that the roots of

7% — agy(t, x)E%P
are real at t = tg. We assume
asp(t,z) > A >0 (1.4)
in order to have real and distinct characteristics at any ¢. In particular, for p =1
the operator P is strictly hyperbolic and Pu = 0 reduces to the wave equations
g — a(t, T)ugy + b(t, x)uy + c(t, v)u = 0.
For p = 2 we have the beam models
st + a(t, ) Uggre + O(t, X)Ugge + (b, T)Uge + d(t, 2)uy +e(t,z)u =0
and the related, by algebraic factorization of the symbol, first-order (in time)
equation
1
Ut + at, x)uzy + Bt x)uy +y(t, 2)u =0
is a Schrodinger equation.

Starting from [3], we know that well-posedness and modulus of continuity of
the coefficients are deeply connected in the hyperbolic Cauchy problem. For the
wave equation

ugr — a(t)uge = 0,
a(t) > A > 0, the Lipschitz condition
la(t +7) —a(t)| < Li7|
is sharp for L? well-posedness while the Log-Lipschitz regularity
la(t +7) — a(t)] < Li7||log |||

is the natural threshold for well-posedness with a loss of derivatives. Faster os-
cillations of the leading coefficient a(t), allowed by any weaker continuity, may
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force the solution to get out of the distributions space. Coefficients in possible
lower-order terms can be merely continuous and complex valued.

In [1], we have found the sharp relation between well-posedness and modulus
of continuity, with respect to the time variable ¢, of the real parts of the coefficients
in the case of a higher evolution degree p > 1.

Theorem 1.1 ([1]). The Cauchy problem

{D?u — Y ax(t) Dku =0

uw(0,2) = uo(x), D:u(0,2) = ui(x), (15)

is L? well posed assuming that the coefficients ax(t) with k > p + 1 are real,
asp(t) > X >0, and are in the sharp scale

ap € COFP/P([0, T;R), k=p+1,...,2p, (1.6)

of Holder continuity.
If the coefficients satisfy the Log-Hdélder conditions

jar(t +7) = ar(t)] < Lir|* =P Pllog|r|l, k=p+1,...,2p, (L.7)
then the Cauchy problem (1.5) is well posed with a loss of derivatives.

The coefficients ay, with £ < p can be merely continuous and complex valued.

As far as general coefficients are concerned, ar = ax(t, z) for k < 2p, ai(t,z) €
C for k < 2p — 1, in the limit hyperbolic case p = 1 the L? well-posedness for the
wave equation

D?u —a(t,z)D2u =0

with a € C%1([0, T]; B>) is now quite standard. Of course, lower-order terms with
coefficients in C'([0,T]; B>°) can be considered also. For instance, one may apply
the energy method to an equivalent first-order system

a,U + < ’V“(t(;m)DI —i\/a(?f,sc)Dx ) U+ A(t,z, Do)U = 0,
A(t,x,€) € L*([0,T]; S°), thanks to the boundedness in L? of the operators A
and i\/a(t,z) D, + (i\/a(t,z)D,)* = 72‘121.
We refer to [4] for the case of a Log-Lipschitz coefficient a(¢, ). Also the isotropic
case

la(t + 7,2 +n) —alt,x)| < L(|7|[log || + [n]|log [n]|)
is studied there with data and solutions in suitable Sobolev spaces.

Here we consider the case p = 2 in (1.1) taking a beam equation

D?u — a(t,z)Diu + b(t, ) D3u = 0. (1.8)

Terms in D¥u of order k < 2 can be added without any further assumption on
them besides (1.2).
At the symbol level, we have the factorization

7 —a(t,x)E" + b(t,2)¢* = (7‘ — Vag® ~ 2\b/a£> (T +Vag® + Q\b/af> )
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modulo terms of order 2 in the variable £, but now the operator

b b -
(i\/aDi +i2\/aDm) + <i\/aD§ +i2\/an>
is of order 1 with principal part

1
— , (az +Sb)Dy.
a

vV

In dealing with the elementary Schrédinger model equation

1
Ut + Ugy + B(t,m)um =0,
1

one finds that the boundedness of the integral function

/ RB(t,y)dy, x € R,
0

is a necessary condition for L? well-posedness. If (3 is differentiable in ¢, then it
is a sufficient condition too. In the case that R is merely continuous in ¢, we have
the stronger sufficient decay condition

(RO )| < g((x)

with a decreasing function g € L'(R.), (x) = v/1+ 22. We refer to [7], [8] for
more general results.

Assuming first the sharp regularity in ¢ for a(¢,z) and Rb(¢, z) in (1.8), we
can prove the following result:

Theorem 1.2. The Cauchy problem

D?u — a(t,x)Diu + b(t,z)D3u = 0, (1.9)
u(0,2) = up(z), Diu(0,2) =ui(x), '
is L% well posed under the assumptions (1.4) for a(t,x),
a e COY([0,T); B>), Rbe CO/2(|0,T]; B®), (1.10)
and
|ax (t, )] + [Sb(t, 2)| < g({x)) (1.11)
with a positive decreasing function g such that
g€ L' (Ry). (1.12)

No further regularity in time is needed for b besides continuity. This suggests
that a decay as z — oo may compensate low regularity in ¢.
With a(t, x) Log-Lipschitz and Rb(t, ) Log-Holder functions in the variable t, we
have well-posedness with a loss of derivatives.

In the case a = a(t) and b € C%'/2([0,T]; B><), Theorem 1.2 follows from
Theorem 1.6 in [2], a complete proof will appear in a future work. Our aim in this
paper is to show that a lack up to 1/2 = 1/p of Hélder regularity in time for a(t, x)
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may be compensated by a, weaker than L', precise decay as  — oco. A typical
example is given by
a(t,z) =1+ () "w(t),
weCH 1/2 < a <1, w(t) < X< 1, that satisfies
lat +7,2) — a(t,2)| < Llr|*(z)~
5

with a damping of the too fast oscillations in ¢ by the amplitude (z)~° as z — oc.
The precise relation between the lack of Holder regularity and the decay is given
by
d=2(1-a).

Here we prove the following;:
Theorem 1.3. The Cauchy problem

D?u — a(t,x)Diu =0, (1.13)

u(0,2) = uo(x), Diu(0,z) = ui(x),

is L? well posed under the assumptions (1.4) for a(t,z), (1.11) and (1.12) for
ax(t,x), and with each C** Hélder part aq, in

N
alt,z) =Y aa,(t,z), 1/2<a; <1, (1.14)
j=1
that satisfies
aj —2(1—ay s
|, (t +7,2) — aq, (t,z)] < L|7|" (z) (=e5) 5 =1, ... N. (1.15)

In line with Theorem 1.2, the Lipschitz part a;(t, 2) does not need to decay
as & — oo.
In [1], the sharpness of Lipschitz regularity is proved by constructing a coef-
ficient w(t),
we [0, Jw(t)] < 1/2, (1.16)
a<l
such that the Cauchy problem for the operator

D} — (1+w(t))D;
is not well posed. Damping the oscillations of w(t) by a factor (z)
to L? well-posedness by Theorem 1.3.

The construction of w(t) is inspired to the counter-examples of [3] and [6] for
the hyperbolic operator

~¢ we now turn

D} — (14 w(t))D3.
Is it possible to get well-posedness assuming some, even strong, decay for the
coefficient g(z)w(t) in the model operator

D} — (1 + g(z)uw(t)D;

to compensate the lack of Lipschitz regularity also in this case? The answer is no,
because of the finite speed of propagation that characterizes hyperbolic equations
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also with non-differentiable coefficients, see [5]. In fact, it is possible to construct
a coefficient w(t) that satisfies (1.16) and a solution u(t, z) of

Diu® — (1 +w(t))D2u =0
such that
ue C*(R, (7))
for every o > 1, where (y7)’ is the space of Gevrey ultradistributions of index o,
and
u(0,z),ut (0, z) € B> (R,)

but u(t, z) for ¢t > 0 does not belong to any H*(I), with I a bounded neighborhood
of the origin 2 = 0. If we take a compactly supported cut-off function x(z) € 77 (R)
for o > 1, x(z) = 1in J D I, then the solution v(¢, x) of

D?v — (14 x(z)w(t))D%v = 0,

with the same Cauchy data, coincides with u(t,x) for « € I and sufficiently small
t hence also v(¢,z) for ¢ > 0 does not belong to H*(I) for any s.

In conclusion, it is possible to get advantage from the decay as the space
variable z — oo, and even to compensate a less regularity with respect to the time
variable ¢, only for p > 1 when the speed of propagation is not finite.

2. Proof of Theorem 1.3

We outline the main ideas in the case that the decomposition (1.14) reduces to a
single term a(t, z) satisfying

la(t + 7,2) — a(t,z)| < L|7|*(x) 72079 1/2 < a < 1. (2.1)

The general case requires only a heavier notation.
First we regularize the non differentiable function a(t, ) defining

ilt,2,€) = / a(r,2)ol(t — 7){€)2))(€)*dr, (2.2)

with o € C§°, 0 < o(y) < 1, fj;: oly)dy = 1, a(r,z) = a(0,z) for 7 < 0,
a(t,z) =a(T,x) for 7 > T.
From (2.1), we have

lat,z) = a(t,z, )| < L(z) 7207 ()72, (2.3)
|Deat, 2, €)| < L{x) 7207 (€)1, (2.4)
This gives the factorization
D} —a(t,z)D} = (Dy — A(t,z, Dy))(Dy + A(t, z, Dy)) + b(t, z, Do )(Dy)?,  (2.5)
where the symbol

At z,€) = Va(t,z,£)€ (2.6)
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belongs to the Hormander class C([0,77]; S?) and b € C([0, T]; S?(1=)) satisfies
b(t, 2, )] < L{a)~2072) (g)20-), (2.7)
Defining U =* (vg, v1),
vo = (Dy)?u, vi = (Di + At z, Dy))u,
and using again (2.3) after a standard diagonalization procedure of the principal

part, the scalar equation D?u — a(t,z)D*u = 0 is equivalent to a 2 x 2 system
SU = 0 with

iv/a(t, ) D? 0
= @ B(t,z, D,), 2.
§i=0+ < 0 —iy/a(t,z)D? +B(t,z, Da) 28)

where the symbol full matrix B € C([0, T]; S>(1=*)) is such that
(Bt 2,€) < L{z) 72017 ()20, (2:9)

In order to obtain the L? well-posedness of the Cauchy problem for the system
S with the energy method, our aim is to make

iv/aD? 0
( 0 —iyaD? > B

a bounded from below operator by means of a change of variable.

In dealing with the operator

(£ivaD?) + (+ivaD?)* = F ¢

D,

we use (1.11) and (1.12) for a(t, ).

For the full operator matrix B of order 2(1 — a) < 1, we use the sharp Garding
inequality for systems and the decay condition (2.9). In particular, the part of
B(t,z,£) supported in a zone

(€ < Nz), (©n=Vh*+€,
of the phase-space is of order 0. So, we need to make non-negative only the eigen-
values of
X (N{z)/{€)n) (B(t,z,§) + B*(t, ,))
with x(y) a cut-off function equal to 1 for 0 <y < 1.
Correspondingly, in order to perform the change of variable, we define

A(.’E,f) = Ao(.’lﬁ,f) + A1(.’E,f) (2'10)
with "
Aol €) = Kuw(E/h) / o({w))dy, (2.11)

A1(z, &) = M (&)~ Duw(E/h) /0 )20 (N () (EDn) dy, (2.12)

where w(n) is a smooth function such that nw(n) = |n| for |n| > 1, g({z)) is the
function in condition (1.11) for a,(¢, z), the large parameters K, h, M, N, M > K,
are to be fixed later. We can assume g € B> without any loss of generality.
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For |¢] > h, the symbols
§0: Mo = K|¢lg((x)), (2.13)

and
jé (62079 (1) =20-0) (N2} /(€)) (2.14)

dominate the Hermitian parts of i\/aD? and y B respectively.

Ay is of order 0 thanks to g € L'(Ry), d¢Ag is of order —oo because it is
compactly supported in |¢| < h. With M < N2*71  A; is a family of uniformly
bounded symbols of order 0. Taking the stronger inequality MK < M? < N2«~1,
we have also uniform estimates

0 A0, No| < CLE); 1 g((2)), [DeM18p | < C(E); 2 () 20— (2.15)

with a constant C' independent of all parameters h, K, M, N.
+A

The role of the parameter h is to provide invertibility for the operators e*=".
We have

gamAl Z

ere ™ =T+ R,
where the full symbol of the operator R satisfies
|0207 R(x,€)| < C(o, B, K, M, N){&); '~

with constants C'(«, 8, K, M, N) independent of h. Thus, we can choose the pa-
rameter h in function of K, M, N in order to have an invertible operator I + R by
Neumann series.

With such a choice of h, taking (2.15) into account, the operators e
with

£A are invertible

(M~ = FMI + R + R, + RE), (2.16)

where
|RE, (2,6)] < C) 7 g((x)), [RE,,(,8)] < C(€) 2 (w) (17, (2.17)

uniformly with respect to the large parameters K, M, N, and sz is of order less
than —2.
Taking also the uniform estimate

[§20c Aaq| < Cl€)g((x))

into account, from (2.16), (2.17) and (2.9), we can control the asymptotic expansion
of the system operator

Ao\ e 0
Sa :z( 0 A ) S( 0 eA) (2.18)

after the change of variable in SU = 0.
Precisely, the symbol of

( iv/a(t, z)D?

0
B
0 —iv/a(t,x)D? )A+ A
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is given by

iva&? + q1 + 2+/akdy Ao 0
0 —iy/a€? + q1 + 2/a&d.\o

+ (B1 + 2v/a€d, M 1) + By, (2.19)
where ¢1 € C([0,T7]; S') is such that

1 (£, 2, 8)| < C(&)g((x)) (2.20)

uniformly with respect to the parameters K, M, N.

The symbol of the full matrix B; belongs to C([0,T]; S?(1=*)) and has support

included in that one of the function x (N(z)/(£)r) in the phase-space and satisfies
|Bi(t,, &) < C(K)(€)* 1) (@) 72070y (N(2) /{€)n) (2.21)

with C'(K) depending on K but not on M, N provided that M? < N1—22,
The symbol of the remainder By belongs to C([0,7T]; SY).

So far, it is sufficient to fix first K in (2.13) and then M in (2.14) sufficiently
large in order to have positive, and of order less or equal to 1, Hermitian parts for

+ivag? + q1 + 2v/af0, Ao
and
Bl + 2\/a§8$A1]

in (2.19) for || > h. Thus, by the sharp Garding inequality and the energy method,
the Cauchy problem for the system Sy in (2.18) is L? well posed. The same holds
true for the system S, hence for the scalar operator D? — a(t, z) D3, because the
operators et and (e**)~! in the change of variable are of order 0.

Remark 2.1. Theorem 1.3 and its proof can be generalized to the equation
D?u — a(t,x)D*u =0

with p > 2 assuming
N
a(t,x) = Za&j(tvx)v (pf 1)/]7 S aj S 17
j=1

|, (t + T, 2) — aq, (t,2)| < L|7|% () PA)/ =D 05 =1 N.

We note that for p > 2 the limit case a; = (p — 1)/p can be included. For p = 2,
in Theorem 1.3, we take a; > 1/2 to avoid the critical exponent —1 for (z) that
can not be considered in our proof. We conjecture that p = 2 and o = 1/2 lead to
well-posedness with a loss of derivatives.
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Time-Frequency Analysis of
Schrodinger Propagators
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Abstract. We present a survey on recent results concerning applications of
Time-Frequency Analysis to the study of Fourier Integral Operators (FIOs).
In particular, we focus on Schrédinger-type FIOs, showing that Gabor frames
provide optimally sparse representations of such operators. Using Maple soft-
ware, new numerical examples for the Harmonic Oscillator are provided.
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1. Introduction and definitions

At the basis of the Time-Frequency Analysis there are the linear operators of
translation and modulation (so-called time-frequency shifts) given by

T f(t) = f(t—x) and M,f(t) =™ f(t). (1)
These occur in the following time-frequency representation. Let g be a non-zero

window function in the Schwartz class S(RY), then the short-time Fourier trans-
form (STFT) of a signal f € L?(R?) with respect to the window g is given by

Vof(z,w) = (f, M,T:g) = /IR ft) gt —x) e 2™t dt . (2)

We have V, f € L*(R??). This definition can be extended to every pair of dual topo-
logical vector spaces, whose duality, denoted by (-, -), extends the inner product on
L?(R%). For instance, it may be suited to the framework of tempered distributions.

We briefly explain the meaning of the previous “time-frequency” representa-
tion. If f(t) represents a signal varying in time, its Fourier transform f (w) shows
the distribution of its frequency w, but its magnitude | f(w)| alone does not give in-
formation about “when” these frequencies appear. To overcome this problem, one
may choose a non-negative window function g well localized around the origin.
Then the information of the signal f at the instant x can be obtained by shifting
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the window g till the instant « under consideration, and by computing the Fourier
transform of the product f(x)g(t — z), that localizes f around the instant time x.

Once the analysis of the signal f is terminated, we can reconstruct the original
signal f by a suitable inversion procedure. Namely, the reproducing formula related
to the STFT, for every pairs of windows 1, 2 € S(R?) with (1, p2) # 0, reads as

/I;Zd VS@] f(SU,W)Mwag02 drdw = <L)027 801>f . (3)

In the present paper we shall mainly address to the discretized version of (2),
namely the so-called Gabor frames. For o, 3 > 0, g € L*(R%), the set of time-
frequency shifts G(g,a, 8) = {gm.n = MyTyng}, with (m,n) € aZ? x BZ%, is a
Gabor frame if there exist positive constants A, B > 0, such that

Allflez <D TnMug)l® < Bllfll2, VS € LARY). (4)
m,n
As a counterpart of (3), if condition (4) is satisfied, we may reconstruct the original
signal from the Gabor coefficients (f, gm ») in terms of the so-called dual window
~. We refer to the next Section 2 for a somewhat more detailed presentation of the
time-frequency methods and related references.

The objective of this paper is to apply Time-frequency Analysis to a cer-
tain class of Fourier Integral Operators (FIOs). FIOs are a mathematical tool to
study a variety of problems arising in partial differential equations. Originally in-
troduced by Lax [44] for the construction of parametrices in the Cauchy problem
for hyperbolic equations, and set as a general mathematical theory by Hérmander
[42], they have been widely employed in the framework of both pure and applied
mathematics (see, e.g., the papers [22, 23], the books [43, 53, 57] and references
therein). A particular class of FIOs was used by Helffer and Robert [40, 41] to
study the spectral properties of a class of globally elliptic operators, generalizing
the harmonic oscillator of the Quantum Mechanics.

The Fourier Integral operators we shall present possess a phase function sim-
ilar to those of [40, 41]. Hence, the focus of applications are no longer hyperbolic
problems, but Schrodinger’s type propagators. A simple example is the resolvent
of the Cauchy problem for the Schrodinger equation with a quadratic Hamiltonian.

Precisely, consider the Cauchy problem

ou
) Hu=20
zat—i— U

(0, z) = up(x),

(5)

where H is the Weyl quantization of a quadratic form on R? x R? (see, e.g., [29]).
Simple examples are H = — ! A+ 7|z|?, or H = — ! A — 7[z|? (see [6]). The
solution to (5) is given by a one-parameter family of FIOs:

u(t, ) = e yg(z) = / ezmq’(t’m’")ﬂo(n) dn
Rd

with a phase given by a quadratic form ®(¢,2,n) in the variables (z,7).
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Let us just define the operators under consideration in the present paper and
give a flavour of the results. For a given function f on R? the Fourier Integral
Operator (FIO) T with symbol ¢ and phase ® on R?? can be formally defined by

Tf@) = [ ¥ Daten) fndn (6)
R
The phase function ®(z,7) is smooth on R??, fulfills the estimates
029(2)] < Ca, ol 22, z=(z,n) € R, (7)

and the nondegeneracy condition
|det 92, ®(x,n)| >6 >0,  (x,n) € R*. (8)
The symbol ¢ on R?? satisfies
1090 (2)| < Coy  |a] <2N, ae.z=(z,n) € R*, (9)

for a fixed N > 0.

The action on L? and on the modulation spaces (see Definition in Section 2
below) of FIOs as above was studied in [18] (see also [1, 3, 8, 13, 14, 15, 16, 17,
19, 20, 50]) under even more general assumptions, namely for o belonging to the
Sjostrand class M1 (R24).

Time-frequency analysis can be used to rephrase the operator 7" as an infinite
matrix. Similar ideas go back at least to [21] and were recently employed to study
PDEs with not smooth coefficients, see, e.g., [52, 54].

As a basic result we have that the matrix representation of a FIO T with
respect to a Gabor frame g, = M,T,,g9 with g € S(R?) is well organized,
provided that the symbol o satisfies the decay estimate for every N > 0 (see
Theorem 3.1, cf. [18]):

Theorem 1.1. For each N > 0, there exists a constant Cy > 0 such that
(T gum,ns G )| < O (x(m,m) = (m', ")) 2N, (10)

where x is the canonical transformation generated by ®.

In the special case of pseudodifferential operators such an almost diago-
nalization was already obtained in [49]; see also [34]. Indeed, pseudodifferential
operators correspond to the phase ®(x,n) = an and canonical transformation
x(y,m) = (y,n).

One should mention that the use of almost diagonal estimates in proving con-
tinuity results goes back to the pioneering work [30], where the Calderén-Zygmund
class of operators was studied via such a technique, and this was achieved by work-
ing with wavelets. Also, observe that simple cases of FIOs are the Fourier multi-
pliers, where ®(z,71) = zn + ®(n) and o does not depend on z, and the usefulness
of Gabor frames was first exhibited for these operators in [5].

The applications of Theorem 1.1 presented in the following are twofold. On
the one hand, in Section 3 we shall apply Theorem 1.1 to the boundedness of the
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FIO T, providing a review, and light improvement, of large part of the results
in this connection, cf. [1, 3, 8, 50, 13, 14, 15, 16, 17, 19, 20]). The strategy is
to translate first the definition of L? and modulation spaces in terms of Gabor
coefficients, cf. Theorem 2.1, and then argue on the Gabor matrix of 7', by using
the estimates (10) and a Schur-type lemma.

On the other hand, in Section 4 we shall apply Theorem 1.1 to Numeri-
cal Analysis, namely we shall prove that Gabor frames provide optimally sparse
representation of the FIO T, cf. [19].

We refer to [9, 10, 11, 39, 47], concerning the counterpart of this result for
curvelets and wave propagators.

In Section 5 we shall give some numerical examples. In particular, as a novelty,
we treat the case of the Harmonic Oscillator. Figures 1-5 show that the time-
frequency content of the solution is strongly preserved in time, as evident from
the explicit solution and its periodicity. As a consequence, the obtained coefficient
decay is faster compared to [11] for curvelets and wave propagators, and this
highlights that Gabor frames provide an efficient tool for the Numerical Analysis
of the Schrédinger propagators.

Notation. We define t?> =t - ¢, for t € R%, and 2y = z -y is the scalar product
on R,

The Schwartz class is denoted by S(R?), the space of tempered distributions
by S’(R%). We use the brackets (f, g) to denote the extension to S(R%) x &’'(R9)
of the inner product (f,g) = [ f(t)g(t)dt on L*(R?). The Fourier transform is
normalized to be f(w) = Ff(w) = [ f(t)e ™" dt.

We denote by ¢y the space of sequences vanishing at infinity.

Throughout the paper, we shall use the notation A < B to indicate A < ¢B
for a suitable constant ¢ > 0, whereas A < B if A < ¢B and B < kA, for suitable
c,k>0.

2. Time-frequency methods

2.1. Modulation spaces

We recall from the introduction that the short-time Fourier transform (STFT) of
a distribution f € S’'(R?) with respect to a non-zero window g € S(R?) is

Vof (@) = (1M Tog) = [ 500t =) at,

The STFT V,f is defined on many pairs of Banach spaces. For instance, it
maps L%(R?) x L?(R?) into L?(R??) and S(R?) x S(R?) into S(R??). Furthermore,
it can be extended to a map from S’(R?) x S(R?) into S'(R24).

For the quantitative description of decay properties, we use weight func-
tions on the time-frequency plane. In the sequel v will always be a continuous,
strictly positive, even, submultiplicative weight function (in short, a submulti-
plicative weight), hence, up to a multiplicative factor, v(0) = 1, v(z) = v(—=2),
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and v(z; + 22) < v(z1)v(22), for all z, 21, 20 € R?4. A positive weight function
on R?? belongs to M., that is, is v-moderate if p(z1 + z2) < Cv(z1)u(z2) for all
21,%2 € R24,

For our investigation of FIOs we assume v € S&'(R??) and we shall mostly use
the polynomial weights defined by

vs(2) = vs(@,w) = (2)° = (1 + |z|* + |w]?)*/?, 2= (z,w) € R¥,

Banach modulation spaces were introduced by H. Feichtinger in 1980; for
their basic properties we refer, for instance, to [24], [32, Ch. 11-13] and the original
literature quoted there. The quasi-Banach cases were first introduced in [31], then
studied in [45, 48]. In particular, these spaces are examples of the general coorbit
space theory for quasi-Banach spaces studied in [48]. There it is shown that also the
quasi-Banach modulation spaces enjoy the same definition and the main properties
of the Banach cases.

Given a non-zero window g € S(R%), u € M,, and 0 < p,q < oo, the
modulation space M%?(R%) consists of all tempered distributions f € &'(R%) such
that V, f € LE4(R**) (weighted mixed-(quasi-)norm spaces). The (quasi-)norm on
M ﬁ’q is

a/p p
||f||M5,q=||v;f||qu=</Rd ([, Wrtopuay a) dw> (1)

(with obvious changes when p = co or ¢ = o). If p = ¢, we write MY}, instead of
MPP, and if pu(z) = 1 on R2?, then we write M?¢ and MP for MP9 and MPP
respectively.

Then Mﬁvq(Rd) is a Banach space for 1 < p, ¢ < oo and a quasi-Banach space
in the other cases, whose definition is always independent of the choice of the
window g. Moreover, if u € M,, 1 < p,q < oo, and g € M, \ {0}, then ||V, f|| p.«
is an equivalent norm for Mﬁvq(Rd) (see [32, Thm. 11.3.7]):

[ Fllazzye < [V fllLpoa

The class of modulation spaces contains the following well-known function

spaces:
V{)feighted L?-spaces: M<2$>S(Rd) = L3R = {f : f(x)(z)* € L3(R9)},s € R.
Sobolev spaces: M<2W>S(Rd) = H*(RY) = {f : f(w){w)® € L2RY},s e R.
Shubin-Sobolev spaces [51, 7]: M (, . (R?) = LZ(RY) N H*(R?) = Qs(R?), s > 0.
Feichtinger’s algebra: M1 (RY) = Sy (R?).

The Schwartz class and the space of tempered distributions are characterized
as S(RY) = N,50 My, (R?) and 8'(R?) U,» M° (RY) respectively.

In the seq_uel we will also denote by_/\/lﬁ’q(]Rd) the closure of the Schwartz
space S(R?) with respect to the quasi-norm of M?4(R%). Hence ME4(RY) =

, dy j dy _ , d
MP(R?) if p, ¢ < co. Moreover we set M5 (R?) = MPP(R?).
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2.2. Gabor frames [26]

Fix a function ¢ € L%(RY) and a lattice A = aZ? x pZ%, for o, > 0. For
(m,n) € A, define gn, n := MpTg. The set of time-frequency shifts G(g, o, B) =
{Gm.n, (Mm,n) € A} is called Gabor system. Associated to G(g, a, §) we define the
coefficient operator Cj, which maps functions to sequences as follows:

(Cgf)m,n = (Cgaﬁf)m,n = <fa gm,n>7 (m,n) S A, (12)

the synthesis operator

Dgjc= D;“’Bc = Z CmnTmMng, ¢ ={cmn}(mmn)en
(m,n)EA

and the Gabor frame operator

Sgf =89 f:=DySef = > L, 9mm)Gmn- (13)
(m,n)eA

The set G(g,a, 3) is called a Gabor frame for the Hilbert space L?(R?) if
S, is a bounded and invertible operator on L? (R%). Equivalently, Cy is bounded
from L2(R%) to 12(aZ? x BZ?) with closed range, i.e., || f|rz < [|Cyflliz, cf. (4). If
G(g, a, B) is a Gabor frame for L?(R%), then the so-called dual window y = Sg_lg
is well defined and the set G(, o, ) is a frame (the so-called canonical dual frame

of G(g,a, B)). Every f € L?(RY) possesses the frame expansion

f = Z <fygm,n>7m,n = Z <fa ’Ym,n>gm,n (14)

(m,n)EA (m,n)EA
with unconditional convergence in L?(R?), and norm equivalence:

£z < [ICaflliz < [IC flle2-

This result is contained in [32, Proposition 5.2.1]. In particular, if v = g and
llgllLz = 1 the frame is called normalized tight Gabor frame and the expansion
(14) reduces to

[= Z (fs Gm.n)Gmn- (15)
(m,n)EA
If we ask for more regularity on the window g, then the previous result can be

extended to modulation (quasi-)Banach spaces, as shown below ([26, 36] and [48,
Theorem 8.3]).

Theorem 2.1. Let u € M,, G(g,,3) be a frame for L*(RY), with lattice A =
aZ x BZ?, and g € S. Define i = -

(i) For every 0 <p,q < oo, Cy: MP? — lg’q and Dy : lg’q — MP® continuously
and, if f € M}, then the Gabor expansions (14) converge unconditionally in
MP- for 0 < p,q < oo, and weak™-M;° unconditionally if p = oo or g = oo.

(ii) The following (quasi-)norms are equivalent on ME:

[ fllazg-e = NCy fllia- (16)
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3. Fourier Integral Operators: almost diagonalization via Gabor
frames and boundedness results

Now we study the FIO T defined in (6), having phase satisfying (7) and (8) and
symbol enjoying (9).
If we set -
= x
{ y = Vy(z,n) a7
E = vlﬁ@(l‘7 T’)a

and solve with respect to (x, &), we obtain a mapping x, defined by (z, &) = x(y, ),
which is a smooth bi-Lipschitz canonical transformation. This means that
— x is a smooth diffeomorphism on R?¢;
— both x and x~! are uniformly Lipschitz continuous;
— x preserves the symplectic form, i.e.,

dx N d€ = dy A dn.

Indeed, under the above assumptions, the global inversion function theorem (see,
e.g., [46]) allows us to solve the first equation in (17) with respect to x, and
substituting in the second equation yields the smooth map x. The bounds on the
derivatives of y, which give the Lipschitz continuity, follow from the expression for
the derivatives of an inverse function combined with the bounds in (7) and (8).
The symplectic nature of the map y is classical, see, e.g., [12]. Similarly, solving
the second equation in (17) with respect to 7 one obtains the map y~! with the
desired properties.

In this section we present an almost diagonalization result for FIOs as above,
with respect to Gabor frames. For simplicity, we consider a normalized tight frame
G(9,a, B), with g € S(R?). We have the following result (see [18, Thm. 3.3]).

Theorem 3.1. Consider a phase function ® satisfying (7) and (8) and a symbol
satisfying (9). Let g € S(R?). There exists a constant Cy > 0 such that

|<Tgm,n7 gm’,n’>| S CN <X(m7 n) - (m/7 n/)>72N7 (18)
where x is the canonical transformation generated by ®.

The proof uses the action of the Fourier transform over the time-frequency
shifts: (T,.f)" = M_,.f and (M, f)" = T,,f, the smoothness of ® (via a Taylor
expansion of ®(z,n) at (m’,n)), and repeated integration by parts.

This result shows that the matrix representation of a FIO with respect a
Gabor frame is well organized. More precisely, if o € 5§ o, namely if (9) is satisfied
for every N € N, then the Gabor matrix of 7" is highly concentrated along the
graph of .

The previous result, together with the following lemma, are the key to prove
the continuity of these FIOs on the modulation spaces M[, with a weight function
e M,,, s> 0. Observe that the first part of the lemma is the classical Schur’s
test (see, e.g., [32, Lemma 6.2.1]), the second part is also classical (see, e.g., [19,
Lemma 4.1]). The continuity on cy(A) is proved in [18, Lemma 4.1].
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Lemma 3.1. Consider an operator K defined on sequences by the matriz K .
Then,

1
(el < § 9P Zx Eru ) el 0<p<l,
> 1/p 1
(supy X, 1K )7 (sup, Sy [Exu )P flellin, 1< p < o0,

whenever the right-hand sides are finite. Moreover, the last condition implies that
K maps the space co(A) of sequences vanishing at infinity into itself.

We can now state the following boundedness result, proved in [18, Theorem
4.1] when p > 1 and in [19, Theorem 4.1] for 0 < p < 1. A more general result for
p > 1 was proved in [14, Theorem 2.1].

We sketch the proof to allow the reader to understand how Gabor frames are
employed to attain the goal; see also [35, 56], where Gabor expansion were used
to establish continuity properties of pseudodifferential operators.

Theorem 3.2. Consider a phase function satisfying (7) and (8) and a symbol sat-
isfying (9).
(1) Let 0 < s < 2N —2d/p, 0 < p < 1, and pp € M,,. Then T extends to a
continuous operator from Mbo, into MP.
(2) Let 0 < s < 2N —2d, and p € M,,,. For every 1 < p < co, T extends to a
continuous operator from Ml into M.

Recall that M, is the closure of S(RY) in M}, Moreover, observe that p1ox €
M., . Indeed, vs o x < vs, due to the bi-Lipschitz property of x.

Proof. We detail the case 1 < p < oo and first prove the theorem in the case
p < o0.
For T'= Cy o T n/ ;m,n © Dy, the following diagram is commutative:

p T p
M T M
A
Cg Dg
\
p Tm’,n’,m,,n D
= e
Hox H

where T is viewed as an operator with dense domain S(R?). Whence, it is enough
to prove the continuity of the infinite matrix Ty n/ m,n from l%?i into lg.

This follows from Schur’s test (Lemma 3.1) if we prove that, upon setting

/ !
Ko = Tt p(m’,n') 7
p(x(m,n))
we have
Kot amon € Uit (19)
and
Kot amun € Ut il - (20)
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In view of (18) we have

)>72N+s :u‘(mlvnl) ) (21)
<X(m7 n) - (m/7 n/)>SM(X(m7 n))
Now, the last quotient in (21) is bounded because u is vs-moderate, so we deduce
(19).
Finally, since x is a bi-Lipschitz function we have

|Km’,n’,m7n| S <X(m,n) - (m',n'

|X(m>n) - (m/7n/)‘ = ‘(m7n) - X_l(m/7n/)‘ (22)

so that (20) follows as well.
The case p = oo follows analogously by using the last part of the statement
of Lemma 3.1. O

Remark 3.3. Theorem 3.2 with v = 1 gives, in particular, continuity on the un-
weighted modulation spaces MP and on L? = M?2.

Also, Theorem 3.2 applies to u = v, with [¢t| < s. In that case we obtain
continuity on MP? | because v; 0 x < v;.

Vg

3.1. Boundedness on MP9(R%), for p # q
This part exhibits new conditions which guarantee the boundedness on M?:4(R9),
for p # q.

The first result is in fact a generalization of [3, Theorem 11] and [18, Theorem
5.2] to the case of rougher symbols and is contained in [17].

Theorem 3.4. Consider a phase function ® satisfying (7) and (8), and a symbol
o € M= (R4, Suppose, in addition, that
sup |V ®(z,n) — V. ®(z',n)| < . (23)
z,x’ ,nER?
Then, the corresponding Fourier integral operator T extends to a bounded operator
on MP4(R%), for every 1 < p,q < 0o.

The condition (23) is seen to be essential for the conclusion to hold. In fact
it was shown in [18, Proposition 7.1] that the pointwise multiplication operator by
e~meI” (which has phase ®(z,7n) = 1 — ‘052‘2
on any M4 with p # q.

If we drop the condition (23), we need some further decay condition on the
symbol, as explained by the next result.

For s1,s2 € R, we define the weight function v, s,(x,n) = (x)%(n)*2,

(z,7m) € R,

and symbol o = 1) is not bounded

Theorem 3.5. Consider a phase ® satisfying (7), (8), and a symbol o €
M 1 (R?), 51,80 € R

(i) Let 1 <p < oo. If s1,82 >0, T extends to a bounded operator on Mp(Rd).
(ii) Let 1 < ¢ < p < 0. If 51 > d(}] — 1), s9 > 0, T extends to a bounded

P
operator on MP4(R?).
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(iii)Let1§p<q§oo.If5120,52>d(

operator on MP4(R?).
In all cases,

; - ;), T extends to a bounded

ITfllmea S llollpgzer  ALflama (24)
51,52

Counterexamples for the thresholds arising in Theorem 4.2 are given in [17]:
they show that the thresholds are in fact the expected ones.

For the proofs we refer to the above-mentioned paper. Let us just underline
that boundedness results dealing with FIOs having symbols in weighted modula-
tion spaces and acting on unweighted modulation spaces could be rephrased as
boundedness results for FIOs with symbols in unweighted spaces and acting on
weighted spaces, as explained below.

Proposition 3.6. Let T be a FIO with symbol o and T a FIO with the same phase
as T and symbol

&(x,m) = (&) o(z,n)(n)*2, z,meR? s €R, i=1,2.
Then,
(i) the operator T is bounded from MP4 into MP4 if and only if the operator T
s bounded from Mﬁfﬂ into Mﬁil,o.
(i) It holds true

v

o€ M7 o (R*) =& € M (R*). (25)

Proof. The proof is an immediate consequence of [55, Theorem 2.2, Corollary
2.3]. Indeed, they guarantee that the vertical arrows of the following commutative
diagram define isomorphisms:

Mpvq > Mpvq

A

(D)*2 pointwise product by (z)°! (26)

A\

; T X

MEE, - MY

Moreover, the product by the weight function wg(z,n, (1, () = (x)%*(n)*2, x,n,
(1, € R?, defined on R*¢, is an isomorphism from Mﬁi’;@l(RQd) to M°1(R24),
that is (ii). O

Thanks to the commutativity of the diagram (26), the results of Theorem
3.5 may be equivalently stated as the action of a FIO T on weighted modulation
spaces:

Theorem 3.7. Consider a phase ® satisfying (7), (8), and a symbol o €
Moo,l(R2d).
(1) If1<g<p<oo, s <—d (; — ;), and sg > 0, then T extends to a bounded
operator from M (R%) to MP4 (R?),

Vsq,0
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(i) If 1 < p<q< oo, 81 <0, and s > d(; — (11), T extends to a bounded

operator from M%7 (R9) to M (R9).
In both cases,
1T fliaze o S llollaroes | £l vz

v0,s9 !
3.2. The case of quadratic phases: metaplectic operators
We briefly discuss the particular case of quadratic phases, namely phases of the
type
1 1
®(z,m) = Az o+ Br-n+ Cn-n+mo-a— 017, (27)

where x9,79 € R?, A, C are real symmetric d x d matrices and B is a real d x d
nondegenerate matrix.

It is easy to see that, if we take the symbol o = 1 and the phase (27), the
corresponding FIO T is (up to a constant factor) a metaplectic operator. This can
be seen by means of the easily verified factorization

T = My UaDpF 'UcFTy,, (28)

where U, and Ug are the multiplication operators by e™4%* and ™" respec-

tively, and Dpg is the dilation operator f — f(B-). Each of the factors is (up
to a constant factor) a metaplectic operator (see, e.g., the proof of [43, Theorem
18.5.9]), so T is.

For the benefit of the reader, some important special cases are detailed in
the table below.

operator  phase ®(x,n) canonical transformation

T, (. —x0) 7 x(y:n) = (y + 20, m)
My, (n+mno) - x(,m) = (y,n+m0)
Dg Bz -1 x(y,n) = (B~'y,'Bn)
Ua z-n+Az-x x(y,n) = (y,n+ Az)

We end up by observing that there are metaplectic operators, as the Fourier
transform, which cannot be expressed as FIOs of this type.

We refer to [16] for the action of metaplectic operators on other spaces arising
in Time-frequency Analysis.

4. Sparsity of the Gabor matrix and nonlinear approximation

Given a FIO T as above, and f € M7 we are going to present a formula to compute
T f by nonlinear approximation, namely a formula which expresses T'f as a finite
sum of Gabor atoms, modulo an error whose size is estimated in terms of its
time-frequency concentration.
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This is the issue of [19, Section 5]. Let «, 8 > 0, g € S, be such that the set
G(9, @, 8) = {gmn = TMng, (m,n) € A= aZ x BL'},
is a frame of L?(R?). Assume the phase ® satisfies (7), (8) and the symbol ¢ fulfills

(9) for every N € N.
Set A= (m/,n') € A and v = (m,n) € A. Let moreover

T)\,l/ - <Tgu,9>\>~
Then, Theorem 3.1, i.e., [18, Theorem 3.3], shows that, for every N’ € N,

Tao| < Onr(A = x ()™ (29)

This gives at once that the Gabor matrix T} , is sparse, in the sense precised by
the following proposition (cf. [10, 39]).

Proposition 4.1. The Gabor matriz Ty, is sparse. Namely, let a be any column or
raw of the matriz, and let |al, be the n-largest entry of the sequence a. Then, for
each M > 0, |a|, satisfies

lal, < Cyn—M,

Indeed,
n'/? - Jal, < Jlal,
for every 0 < p < co. Hence it suffices to prove that every column or raw is in [P
for arbitrarily small p. This follows immediately from (29).

We now turn to the nonlinear approximation problem.

Given N € N and B > 1, we associate to any function f € M} two indices
sets Jy and Iy p defined as follows. Let b, be the sequence of weighted Gabor
coefficients of f, namely b, = (f, g,)u(v), and let |b,,| > |b,,| > -+ be a non-
increasing rearrangement. We then define

Inv ={v1,...,vn}
and
Ing={XeA:3vely, |IN—x(v)| <B},
where Y is the canonical transformation generated by ®. The approximation result

can be formulated as follows.

Theorem 4.2. Let 0 < p < ¢ < 00, and f € Moy, with p € M, , s > 0. Let Jn,
and In p be the index sets associated to f as above. Then, for every N',N € N,
with N > dmax{1,1/q} + s, and B > 1, we have

Tf= Z Z T)\,l/<f7gl/> gx +en,B,
AelIn,BVvEIN

where the error en p satisfies the estimate

lew B llag S BV DH =N fl a4 NV £y

pnox mox

Here the constant implicit in the notation < is independent of f, B and N.
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Hence, given f, the error term decays faster of any negative fixed power of N
and B, as N, B — +oo. This is seen by fixing N’ conveniently large and p small
enough.

For the proof we refer to [19, Theorem 5.2].

5. Application to the solution of the Schrodinger equation

We now turn our attention to some important examples of the class of F1IOs studied
here, represented by solution operators to the Cauchy problem for Schrodinger
equations.

5.1. The free particle
Consider the Cauchy problem for the Schrodinger equation

{ﬁ%muo(;, e
with z € R?, d > 1. The explicit formula for the solution is

u(t,z) = (K¢ * ug)(z), (31)
where

The solution u(t,z) can be as well expressed by means of a FIO:
u(t.a) = [ e Gy,
Rd

for F((ai)=%/2e=m=l*/(@))(n) = ¢=mailnl* 4 € R\ {0}. Whence, u(t, z) = Tuo(z),
where T is the FIO with phase ®(x,7) = 2n — 27t|n|? and symbol o = 1.
The smooth bi-Lipschitz canonical transformation x associated with the
phase @ is given by
x(y,n) = (y + 4xtn,n).

Hence, the matrix decay (29), for A = (m/,n’), v = (m,n), is given by
ITxo| < Cne(1+ |(m/ — (m+ 4xtn),n’ —n)|)~N.

In [19, Section 6] the matrix entries are computed explicitly when the initial
datum is a Gabor atom with the Gaussian window function. Namely,

Proposition 5.1. Let u(t,x) be the solution of the Cauchy problem (32), with
uo(z) = MpTme ™= Then,

w2n (2m—+in g
u(t,z) = (1+ 47Tit)_d/2€_4 T Tye ™ 1+imiclol?, (33)

n
1+4mit
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Hence, we have a more explicit formula for the matrix entries
{Tm’yn’ym,n}m’,n’,m,n = <T(MnTm90)a Mn'Tm’gO>~
Indeed,

anZnt(2m+in)

Tm’,n’,m,n — (1+47T7;t)7d/26_ 1+4mit <M Tme_lJrImt Hz, Mn’Tm’gO>- (34)

14+4mit
We may go on computing the brackets, to obtain a more explicit formula for
T/ 7 ;mn- Details are left to the reader.

Numerical examples concerning (30) in dimension d = 1 and d = 2 are
presented in [19]. The same type of decay in dimension d = 2 was obtained in [11,
Figure 15| for the curvelet representation of the wave propagator.

5.2. The harmonic oscillator
This is the case of the Cauchy problem for the Schrodinger equation below:

1
z?;: — 47TAu +7|z|?u =0

u(0,2) = up(x).
The solution is the metaplectic operator (hence FIO) given by [16, 29, 40]

u(t,z) = (cos t)_d/Q/

(35)

eQﬂ'i[colstIn-’— ta;t(a:2+172)]u’\0(77) d777 t # ;T + k7T7 k € Z’

]Rd
(36)
see below for t = 7 +km, k € Z. Here u(t, z) = Tug, where T is a FIO with symbol
o = (cost)~%? and phase
1 tant , o 9
C(a,n) = ent o, (@7 +07).

The canonical transformation x is then obtained by solving (17). We get
_ ((cost)I (—sint)I\ [y
X(ym) = <(sin t)I  (cost)I n)’

| det 87 ,@(z,n)]

Since

m
t km, keZ
|cost\d>0’ 3&2+ T, k€Z,

the assumptions of Theorem 3.1 are fulfilled and we get the estimate

UT gy Gmr )| < Cn (14 |(cost)m + (sint)n —m/, —(sint)m + (cost)n —n/|) ",

(37)
for every N € N, if t # 7 + km, k € Z. The same formula continues to hold
for t = 7 + km, k € Z, as the more explicit result in Proposition 5.3 below

shows. Indeed, the time singularity at those points is artificial and becomes from
the representation of the propagator in the form (36), whose validity fails for
t=7+km kel

As for the free particle, in what follows we find the matrix coefficients
{T n mn}m’ n/,mmn for the time-frequency shifts of the Gaussian datum. Then
we present numerical simulations by Maple software. For the Maple algorithms
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and more detailed computations we refer to [4]. First, let us recall the following
formula.

Lemma 5.1. Let a,b two complex numbers such that Rea < 0. Then
d/2 2
/ o b g — (— ﬂ’) e o (38)
R4 a

We use this formula to calculate the solution to the Cauchy problem (35),
with u(z) := M, Tne= ™2 for z € RY and (m,n) € aZ? x BZ4.

Proposition 5.2. Let ug := M, Tre™ ™" and u(t,z) as in (35), (36). Then

; o2 2 it it 2
u(t,m) :eztd/Ze e m(m-+in)® cos(t)e eme(m+zn)e eZﬂ'mn ™* (39)

Proof. Using ug(z) := M, Tme~"2" in Equation (36) we get
u(t,x) _ (COSt)_d/2/ 627‘r7j[colst$17+ta;t($2+n2]f(MnTm6—7r\x‘2)(n) dn
Rd
2

= (cost) "2 [ el " @I v F (e () diy

= (cost)™¥2 [ e2mileos ot ™3 @+, M, (6_7”72 )(m) dn

— (COSt)_d/2 eZﬂi[Colstwn-‘rta;t($2+7]2]e—27rim~(17—n)e—7r(7]—n)2 d77

= (COS t)_d/2 ezﬂi[colstwn-ﬁ- t&;t(352-5-712]e—27rim~(17—n)e—71—(7,2_217n.|_n2) d77
i tan . - 2 . )
= (COSt)_d/262 fant 24 omimon—mn? 7 (i tant—1)n +27rz(c0“st—m—m)17 .
Rd
Now, using Formula (38),

i\ 42 . ) v
u(t,x) _ <COSt -e ) 627\'1,§antaj2+27rim.n_7rn267ﬂ.ezt Costl(cozsgt721($$1,n)+(m+in)2)
cost
itd  misint g2 4 oni e it cost-( 22 _ 2z(m+tin) +(m+m)2)
—= € 2 @ cost e cos2 t cos t
itd 2 . 2 it . - \2 it
_ —mx® 2mim-n—mn® 2wxe' (m+in) —m(m+in)“e’’ cost
= e 2 e e e ( )6 ( ) ,
as desired. 0

Using similar computations as above (see [4]), one can compute the matrix
{Ton s n Yot ot

Proposition 5.3. Let u(t,z) = Tug be the solution of (35), with ug = My Te ™",
then

—rz?
{Tm,n,m’,n’ }m,n,m’,n’ = <T(U0), ]\477,’7_‘m’6 >

it
(62 )d/Qeﬂp(mamm/:”/) . eiTr\I/(m,n,m’,n')7 (40)
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where
/

p(m.nym'n') = =7 [[(m.m)] + | (m', ) = 2x(m,m) - ()]

and
U(m,n,m’,n’) = cos(t)nm’ — cos(t)mn’ + sin(t)mm’ + sin(t)nn’ + mn —m'n’.

Observe that
‘Tm,n,m’,n" _ 27d/26<p(m,n,m',n')' (41)
This equation is used to develop the numerical calculations.

We choose the Gabor frame {M,T,,g0}, with (m,n) € Z% x (1/2)Z% and
go(z) = e~™=I* [32, Theorem 7.5.3].

First, we study the one-dimensional case (d = 1), taking the initial datum
ug(x) = My 2Tigo(x) = emize=m(e=1)?,

Figure 1 represents the magnitude of the coefficients (sorted in decreasing
order) of one column of the matrix Ty n/ m.n, namely, that obtained by fixing
m = 1,n = 1/2. Note we need only about 2200 coefficients to reach the threshold
1073% and the coefficient decay is preserved in time, as expected from (41).

Figure 2(a) shows a similar analysis in dimension d = 2, for the column corre-
sponding tom = (1,1),n = (1/2,1/2). Here we need about 10° coefficients to reach
the threshold 10739 the coefficient decay is much faster that the corresponding
one for the free particle [19] and that obtained by means of the curvelet frames
[11, Figure 15]. Finally, Figure 2(b) shows the column decay for m = (1,1,1)
and n = (1/2,1/2,1/2), in dimension d = 3. Notice that we need about 64000
coefficients to reach the threshold 10~7°.

Figures 3-5 show the magnitude of the STFT |Vyu(t,-)(x,w)| of the solution
u(t,x) of (35), with initial datum wo(xz) = M, T1g0(z) = emize=m(@=1* and

window g(z) = e~™#*, The dimension is d = 1.
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FIGURE 1. Coefficient magnitude of 15,/ »/ 1,1 at different instant time

t for d = 1.
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Geometric Regularization on Riemannian and
Lorentzian Manifolds

Shantanu Dave, Glinther Hormann and Michael Kunzinger

Abstract. We investigate regularizations of distributional sections of vector
bundles by means of nets of smooth sections that preserve the main reg-
ularity properties of the original distributions (singular support, wavefront
set, Sobolev regularity). The underlying regularization mechanism is based
on functional calculus of elliptic operators with finite speed of propagation
with respect to a complete Riemannian metric. As an application we con-
sider the interplay between the wave equation on a Lorentzian manifold and
corresponding Riemannian regularizations, and under additional regularity
assumptions we derive bounds on the rate of convergence of their commu-
tator. We also show that the restriction to underlying space-like foliations
behaves well with respect to these regularizations.
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1. Introduction

We consider regularization processes to smooth out distributions on Riemannian
and globally hyperbolic Lorentzian manifolds and investigate their compatibility
with the wave-equation. The Riemannian setting has been addressed in [13] and
we include an introduction to this approach. For a globally hyperbolic manifold we
pick a splitting of the metric as obtained by [2] which provides us with a globally
defined time function and a foliation by space-like hypersurfaces. The associated
Riemannian metric naturally allows us to construct regularization processes on
distributional sections of tensor-bundles and differential forms. We show that these
regularizations interact nicely with the wave-equation on the Lorentzian manifold
and with the foliation provided by the metric splitting.
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By a regularization process we mean a net of smoothing operators that as-
signs a net of approximating smooth functions (or sections in a vector bundle) to
any given distribution (or distributional section). We are interested in preserving
a maximal set of regularity properties of the distribution in this process (sup-
port, singular support, wavefront set, Sobolev regularity). To assign such proper-
ties to approximating nets of smooth objects we employ the language of algebras
of generalized functions in the sense of Colombeau ([9, 10, 31, 20]). In this ap-
proach any such regularization process provides an embedding of distributions
into a space G(M) of nonlinear generalized functions (given by a quotient con-
struction on spaces of approximating nets). This process preserves the regularity
and singularity structure of the distributions as described in Section 2 below. The
main interest in employing these regularizations is in studying non-smooth curved
space-times.

Our approach is motivated by work on wave equations on non-smooth curved
space-times. C.J.S. Clarke ([6, 7, 8]) suggested to study physical fields for under-
standing the singularity structure of the space-time itself, i.e., to consider wave
equations in low regularity. His work gave rise to a number of further studies.
In particular, in the framework of generalized functions this line of research was
pursued in [34, 19, 33]. For a more detailed introduction we refer to [25].

Thus let us consider a model situation and analyze the generalized solutions
to wave equations corresponding to a generalized Lorentz metric g on the smooth
manifold M (cf. [20, 27, 19]), i.e., a global Cauchy problem with initial data a,b €
D'(S) on a suitable initial value surface S in the form

Ogu=0, uls=(a), Vauls=(b),

where ¢ is assumed to be an embedding of distributions into the algebra of gener-
alized functions.

Suppose that the generalized Lorentzian structure induced by g allows a
splitting of the wave operator in the form Oz = - (O, + @), where g is a smooth
“background” metric, v is a positive measure or a strictly positive generalized
function, and @ is a partial differential operator with distributions or generalized
functions as coefficients, but whose coefficient singularities are concentrated in
certain space-time regions. A simple example is a generalized Robertson-Walker
space-time with § = —dt?> + (1 + u(t))h on M = R x S, where h is a smooth
Riemannian metric on the smooth manifold S and p is a nonnegative generalized
function. In this case g = —dt? + h can serve as a smooth background metric and
the above splitting would involve v = 1/(1+ ) and Q = Q(¢, J¢), which acts only
on the one-dimensional factor.

If we impose the splitting assumption as above, then we have for any general-
ized function u € G(M) that the equation Oz u = 0 is equivalent to Oy u+Qu = 0.
Let u € G(M) be a solution to the Cauchy problem stated above. In attempting to
extract its distributional aspects or assess its singularity structure we could adopt
the following strategy. Let v be the distributional solution (assuming that it exists
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and is unique) to

Ogv =0, vls=a, Vyv|s=b,
and put w = «(v) —u € G(M) as a comparison of the generalized function u
with its “background distributional aspect”. Now, if the embedding ¢« commutes
with restriction to S and with Oy, then simple manipulations allow us to draw the
conclusion that w satisfies the following Cauchy problem:

O,w = Qu, wls=0, Vyw|s=0.

Thus, w satisfies an inhomogeneous Cauchy problem corresponding to the smooth
background metric g and with generalized functions occurring only on the right-
hand side of the equation. In particular, w will be smooth in regions where null
geodesics corresponding to g emanating from S do not intersect the C*°-singular
support of Qu.

In the more general situation of a globally hyperbolic Lorentz manifold pro-
vided with a foliation into spacelike hypersurfaces via a splitting of the metric we
shall construct an embedding ¢ and show that the embedding almost commutes
with O, and with restriction to space-like slices of the foliation. The extent of
failure to commute is roughly measured by the divergence of the volume element
on the slices along the time direction. Although we state our results in the scalar
case, the extension to the case of wave-equations on differential forms is obvious.

2. Regularization of distributions on
complete Riemannian manifolds

In this section we describe a geometric regularization procedure for distributions
(or distributional sections of vector bundles) on complete Riemannian manifolds.
This procedure encodes regularity and singularity features in terms of asymptotic
behavior. Our approach is based on [13], to which we refer for further details.
We first fix some notations from the theory of distributions. Let M be an
orientable complete Riemannian manifold of dimension n with Riemannian met-
ric g. The space D'(M) of Schwartz distributions on M is the dual of the space
Q7(M) of compactly supported n-forms on M. Further, D(M) is the space of
smooth compactly supported functions on M. We identify D(M) with Q7 (M) via
f— f-dg, with dg the Riemannian volume form induced by g. Thus D’(M) can
be viewed as the dual space of D(M). We consider L (M) (hence in particu-
lar C*°(M)) a subspace of M via f — [¢ — [, fedg]. If E is a vector bundle
over M then D'(M : E), the space of E-valued distributions on M is defined by
D'(M : E) = D'(M) ®coe(ary (M : E), with I'>°(M : E) the space of smooth
sections of E. By £&'(M : E) we denote the space of compactly supported distribu-
tional sections of E. We shall assume that E is endowed with a Hermitian inner
product so that the distributional sections D'(M : E) of E can be identified with
the dual T'°(M : E)’ of the space of compactly supported smooth sections. Reg-
ularity properties of distributions we are interested in are, in particular, encoded
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in the singular support singsupp(w), the wavefront set WF(w), and the Sobolev
regularity of any given w € D'(M).

In order to be able to track these regularity properties in terms of regu-
larizations of a given distribution we need a conceptual framework that allows
to assign geometrical and analytical properties to regularizations, i.e., to nets of
smooth functions. Algebras of generalized functions in the sense of J.F. Colombeau
([9, 10, 31)) indeed provide a well-developed theory of this kind and below we shall
briefly review some basic definitions, based mainly on [20, 16].

The basic idea of Colombeau’s approach is to assign to any given locally
convex space X a space Gx of generalized functions as follows. We define the
space M x of moderate nets to consist of those maps ¢ — z. (¢ € I := (0, 1]) that
are smooth and for any seminorm p of X satisfy p(X.) = O(e") for some integer N
as € — 0. Similarly we call a net z. negligible if for all seminorms p and all integers
N the asymptotic relation p(X.) ~ O(e") holds. The space Gx is defined as the
quotient of the space of all moderate nets by the space Ny of all negligible nets.
The class represented by a net x. shall be denoted by [z.]. In case M is a smooth
manifold we call G(M) := Geoo(pr) the standard (special) Colombeau algebra of
generalized functions on M ([9, 12, 20]). If E — M is a vector bundle then we set
G(M : E) := Gree(a:p)- For E = C the space Gc inherits a ring structure from
C. It is therefore called the space of generalized numbers, denoted by C. Every
space Gg is naturally a C-module, and hence is called the C-module associated
with E ([16]).

Similarly we shall also consider the subspace G of regular elements of Gx,
defined as the space of all those elements of Gx that can be represented by a net
2. for which one can find an integer IV in the above relations independent of any
seminorm p on X. Thus G is the space of uniformly controlled asymptotics. Again
we set G (M) := GgZ - In regularity theory, G (M) is the analogue of C*(M)
in the theory of distributions ([31, 24, 14, 17]). This is based on the fundamental
result ([31]) that for open subsets 2 of R™, +(D’(2)) N G>=(2) = C>° (), where ¢
is the standard embedding of D’ into G via convolution with a standard mollifier.
We will introduce further notions of regularity theory based on G below.

The assignment X +— Gx is obviously functorial, so that any continuous
linear map ¢ : X — Y naturally induces a map ¢, : Gx — Gy. Thus a smooth
map f : M — N gives rise to a pull-back f* : G(M) — G(M). In particular
G(M) defines a fine sheaf of algebras and similarly G(M : E) is a fine sheaf of
G(M)-modules.

We finally introduce the notion of association, which provides a concept of
weak equality between elements of Colombeau spaces as well as a standardized
way of assigning distributional limits to certain Colombeau generalized functions.
For u, v € G(M : E) we say that u is associated (or weakly equal) to v, u &~ v if
ue—v: = 0in D'(M : E) for (some, hence any) representatives of u, v. We say that
u possesses w € D'(M : E) as a distributional shadow if u, — w in D'(M : E).
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To construct the desired regularization process on D'(M : E) we need two
pieces of data:

1. A Schwartz function F' € .(R) such that F' = 1 near the origin.
2. An elliptic symmetric differential operator D on E such that the speed of
propagation Cp, defined as

Cp =sup{llop(z, )| | v € M, [§] =1} (2.1)

is finite. Here op denotes the principal symbol of D. Such an operator D will
be referred to as admissible.

As a consequence of the finite speed of propagation, the symmetric operator D is
essentially self-adjoint ([23, 10.2.11]). Therefore the equation

0 .
P =iDu u(.,0) = ug, (2.2)

has a unique solution for all times ¢ for any initial datum ug € T'S°(M : E). Indeed
it follows from functional calculus that e*Pug is a solution, and uniqueness can
be established using energy estimates.

We note that functional calculus defines a map

S(R) > f f(D) € B(L*(M : E))

where the operator f(D) can also be expressed by the Fourier inversion formula:

f(D) = ;ﬁ /R f(s)e™*Pds (2.3)

(in the sense of strong operator convergence). Since the operator D is elliptic, it
follows that f(D) has a smooth kernel by elliptic regularity.

Let F € (R) with F' = 1 near the origin and set F.(z) := F(ez). Then
we shall obtain the desired regularizing procedure from F(D). To do this we first
take a closer look at singularity properties available in generalized functions.

As has been mentioned above the space G(M : E) is a fine sheaf over M,
hence provides a notion of support. Furthermore, the notion of wave-front set can
be defined for generalized functions both locally and in invariant global terms
analogous to distributions. For 2 C R™ open we call u € G(2) G°°-microlocally
regular at (x0,&) € T*Q\ 0 if there exists some test function ¢ € D(Q) with
o(xg) = 1 and a conic neighborhood I' C R™ \ 0 of & such that the Fourier
transform F(pu) is rapidly decreasing in T', i.e., there exists N such that for all [,

216113(1 + €)' [(pu) €)= 0™™) (e —0).

The generalized wave front set of u, WFy(u), is the complement of the set of
points (xo,&) where u is G*®-microlocally regular. By [21], for any v € G(M),
WEF,(u) can naturally be viewed as a subset of T7*M \ 0. It is equivalently defined
as (cf.[17]),
WFy(u)= (] char(P) (P € Wy(M)).
PueGe (M)
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Here char(P) C T*M is the characteristic set of the order 0 classical pseudodif-
ferential operator P. The singular support of u, singsuppg(u)7 is the complement
of the maximal open set on which u € G*°. It then follows that singsuppg(u) =
pry(WEy).

We are now ready to define a class of regularization procedures for distribu-
tional sections of a vector bundle.

2.1. Regularizations

Definition 2.1. A parametrized family (7% )cc; of properly supported smoothing
operators (in the sense of [4, Ch. 1.4]) is called an optimal regularization process if
1. The regularization of any compactly supported distributional section s €
E'(M : E) is of moderate growth: For any continuous seminorm p on I'*° (M :

E), there exists some integer N such that

p(T.s) = O(eN) (e = 0).
2. The net (T%) is an approximate identity: for each s € &' (M : E),

lim7T.s =s inD'(M: E).
e—=0

3. fu eI (M : E) is a smooth compactly supported section of E then for all
continuous seminorms p and given any integer m,

p(Teu —u) = O(e™).

4. The induced map vy : &'(M : E) — G(M : E) preserves support, and extends
to a sheaf map D/(M : E) — G(M : E) that satisfies,

tr(D'(M : E))NG®(M : E) =T"(M : E). (2.4)

This implies in particular that (7 preserves singular support.
5. The map ¢ preserves wave-front sets in the sense that for any distribution
seD'(M: E)
WF(u) = WFy(er(u)).

As mentioned already we shall use spectral properties of the elliptic differen-
tial operators to obtain regularizing processes satisfying the above conditions.
Our main result in this section is the following.

Theorem 2.2. Let F' € .7 (R) be a Schwartz function such that F = 1 near the
origin. Let F.(x) := F(ex). Given an admissible differential operator D, the fam-
ily of operators (Fe(D))cecs provides an optimal reqularization process in sense of
Definition 2.1.

The essential idea of the proof boils down to the following two steps.

First we prove Theorem 2.2 under the assumption that the underlying man-
ifold M is compact. We then use finite propagation speed to extend the result to
a general complete Riemannian manifold.

Thus let us for the time being assume that M is a closed manifold. Then the
space of smoothing operators ¥™°(M : E) is a Fréchet algebra. The functional



Geometric Regularization on Riemannian and Lorentzian Manifolds 93

calculus map defined by D induces a smooth map ¢p : S (R) —» U °(M : E),
hence the estimate 1 holds because F is a moderate net and Fr(D) = (ép)«(Fz),
where (¢p)« is the induced map on the asymptotic spaces Gy (r) — Gu—o(a)-
Condition 2 then follows as the ring map ¢p preserves approximate units.

When M is compact the operator D has discrete spectrum and the spectrum
of D? satisfies Weyl’s law, namely

Np2(N) i= £\ € sp(D?)] A < A} ~ OX""8 (2.5)
The Weyl estimates in conjunction with the fact that F' = 1 near the origin now
provides the compatibility condition 3 (see [11]).

To describe the regularity of a distributional section v € D'(M : E) we first
note that any distribution provides a map between two Fréchet spaces, namely
between the smoothing operators ¥=>°(M : E) and the smooth sections I'*°(M :
E) by evaluation. More precisely, to any u € D'(M : E) we associate the map

O, : ¥ (M) >T°(M: E) O,(T) :=T(u).

The mapping properties of the maps ©,, imply that if u ¢ H*(M : E) for every
k > t then given any § > 0, ||FE(D)uH2L2(M:E) is not O™ "+ (see [11,
Lemma 7.4]). This direct description of Sobolev regularity is in fact stronger than
condition 4 and therefore,

tp(py(D'(M : E))NG®(M : E) =T>(M : E)).

The sheaf property of the embedding ¢ (p) as well as the proof of the result
for the more general case of a not necessarily compact complete manifold rely on
the finite speed of propagation of D, to which we turn next.

2.2. Finite speed of propagation

We shall reduce the computation of asymptotics on a complete Riemannian man-
ifold to certain compact manifolds obtained as doubles of suitable compact sub-
manifolds with boundaries. If X is a compact manifold with boundary, a double of
X, denoted here by DX is a closed manifold obtained by gluing two copies of X
along the boundary X (see, e.g., [26]). If X is a compact manifold with boundary
embedded in a Riemannian manifold M of the same dimension and if U is an open
subset of M such that U C interior(X), then there exists a Riemannian metric on
DX such that the inclusion j : U < DX becomes an isometric embedding. More-
over, for any vector bundle E — M there exists a corresponding vector bundle
Ex — DX such that Ex|y is canonically isomorphic to E‘U. Also, there exists a
symmetric elliptic operator Dx on Fx that coincides with D on U.

Let u € &'(M : E) and fix a constant ¢ > 0. Then by the Hopf-Rinow theorem
the open ball U := Ba..cp, (supp(u)) (with Cp as defined in (2.1)) is relatively
compact and therefore contained in a compact manifold with boundary X C M.
By the above u can be identified with a distributional section of Ex — DX.
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Proposition 2.3. With assumptions on u,c and F as above F(D)u and F(Dx)u
are both supported in U and

F(D)u = F(Dx)u.

Proof. The restrictions of D and Dx to the open set U coincide, hence uniqueness
of solutions to (2.2) implies that e’*Pu and e**Pxy agree for s < c. Hence the
claim follows from the Fourier Inversion Formula (2.3). ]

From these observations the proof of Theorem 2.2 can be deduced along the
following lines (cf. [13, Sec. 4]):

Let ¢ € D(—c,c) satisty ¢ =1 in a neighborhood of 0 and let w € £'(M : E).
Then

rou=, | Z 6(s)Fx ()" Pu ds = j* (;ﬂ / o; ¢><s>FE(s)e“DXuds) .

Based on this calculation we observe that the estimates required for Def-
inition 2.1 in the general case of F.(D) follow from that of F.(Dx) which have
already been established in case of the closed manifold DX . Furthermore the sheaf
properties of L (p) can be obtained as a consequence of the calculations in Propo-
sition 2.3. The support of u coincides with the generalized support of [F.(D)u].
This implies that the embedding extends to a sheaf morphism ip_ : D'(M : E) —
G(M : E). Preservation of wavefront sets is more involved. We refer to [13, Th.
3.10] for a complete proof of this property.

Remark 2.4. In the scalar case, an alternative proof (not relying on the above
doubling-technique) of Theorem 2.2 can be found in [13], Section 3.

2.3. Applications
As a first application consider E = A\* M, the exterior bundle over a Riemannian
manifold M and D = d 4 d* where d* is the Hodge adjoint of the de Rham
differential d. Then D is symmetric, elliptic and has propagation speed Cp = 1
since op(x,£)? = —||€]|%id, hence is essentially self-adjoint. Letting A := D? be
the Laplace-Beltrami operator on Q*(M), it follows from functional calculus that
cos(sD) = cos(sv/A) on L2(M).

Now let F' be an even Schwartz function which has germ 1 at the origin. Then

F(VA) = ;ﬂ / h F(s)cos(sVA)ds

— 00

as a Bochner integral in B(L?*(M)).
Finally, let ¢ > 0 and pick an even test function ¢, with support in (—2¢, 2¢)
and such that ¢. =1 on (—¢, c¢). Now set

T.(VA) := 217r /_OO pe(s)(F.)"(s) cos(sVA) ds. (2.6)
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Then each T.(v/A) is a properly supported smoothing operator and (7% (v/A)).e; is
an optimal regularization process in the sense of Definition 2.1. From the construc-
tion of T in terms of the functional calculus of the Laplace operator we conclude
the following invariance properties of the corresponding embedding ¢r:

Corollary 2.5.

(i) Let f : M — M be an isometry. Then for any u € D'(M), tp(f*u) =
fror(u).

(ii) If ¥ is a pseudodifferential operator commuting with A, then U commutes
with vp.

For the special case R" with the Euclidean metric the above construction
gives

U 26 FC)) (e,

Tow=pewu, with (€)= F(o_F(.

In particular, for the one-dimensional case n = 1 we obtain je = ¢ - F(./e)/(27z).
Note that F(./e)/(2me) is a standard mollifier, i.e., a Schwartz function with unit
integral and all higher moments vanishing. Thus the regularization process reduces
precisely to the usual Colombeau embedding via convolution ([10, 31, 20]).

A further consequence of the above construction is that it relates naturally
to isomorphisms of vector bundles. Thus let ¢ : F; — Es be a vector-bundle
isomorphism (covering the identity map on M) and let D; be an order one admis-
sible operator on E;. We choose a Hermitian structure on Fy which makes ¢ an
isometry. Then the push-forward operator Dy := ¢D;¢! is isospectral to D;. The
naturality of functional calculus then gives that for any Schwartz function F' with
F' =1 near the origin the embedding and the bundle map ¢ commute, that is

¢oF.(D1) =F.(D3) o ¢.

We note that if r1 + s; = 72 + s then any Riemannian metric provides an iso-
morphism of the tensor bundles T(! — T2 by ‘raising or lowering of indices’.
Thus if we pick the connection Laplace operators on the tensor bundles and an
even Schwartz function F' as above we obtain a regularization process that is well

behaved with respect to raising and lowering of indices.

3. Regularization on globally hyperbolic space-times

We now return to the situation described at the end of Section 1. Thus, throughout
this section, (M, g) will be a smooth space-time, i.e., a connected time-oriented
Lorentz manifold. We first review the concept of metric splitting for globally hy-
perbolic space-times. Building on this we construct invariant regularizations of
distributions on smooth globally hyperbolic space-times.



96 S. Dave, G. Hérmann and M. Kunzinger

3.1. The metric splitting of globally hyperbolic space-times and
associated Riemann metrics

The original definition, due to J. Leray of global hyperbolicity of a space-time M
appeared in [28]. It requires that the set of causal curves connecting two points p,
q € M be compact in the space of all rectifiable paths with respect to a suitable
metric topology ([5, Ch. XII, Sec. 8, 9]). In what follows, we will use an equivalent
definition, cf. [22, Sec. 6.6], and [5, Ch. XII, Th. 10.2].

Thus we call a space-time globally hyperbolic if it satisfies (a) strong causality
and (b) for any p,q € M the intersection J*(p) NJ~ (q) of the causal future J*(p)
of p with the causal past J(q) of ¢ is a compact subset of M. Thanks to [3]
condition (a) may be weakened to causality, i.e., non-existence of closed time-like
curves.

As shown by Geroch (cf. [18]) global hyperbolicity is equivalent to the exis-
tence of a Cauchy hypersurface and in turn provides a foliation of M by Cauchy
hypersurfaces. Further development of these constructions and techniques led to
the following result due to Bernal-Sdnchez (cf. [2]) on the so-called metric splitting
of a globally hyperbolic space-time (M, g): There exists a Cauchy hypersurface S
in M and an isometry of (M, g) with the Lorentz manifold (R x S, \) with Lorentz
metric A given by

A= —Bdt* + hy, (3.1)

where 8 € C*®(R x S) is positive, (h¢)icr is a smoothly parametrized family of
Riemannian metrics on S, and ¢ denotes (slightly ambiguously) both the global
time function (¢, ) — ¢ and its values. In other words, in order to construct a reg-
ularization (or embedding) for distributions on the globally hyperbolic Lorentzian
manifold (M, g) we may as well assume that (M, g) = (R x S, \).

The specific structure of the Lorentz metric A in (3.1) suggests to associate
with it the Riemann metric

p = Bdt* + hy (3.2)

on Rx.S and to simply use the regularization and embedding of distributions on R x
S based on this Riemann metric p. The regularization construction on Riemannian
manifolds described above requires completeness of the Riemann metric p. It may
happen that p is not complete, however we may then introduce an appropriate
conformal factor to obtain a complete Riemannian metric (cf. [30]). Note that
the latter would amount to introducing the exact same conformal factor for the
Lorentz metric A and would not change the class in the so-called causal hierarchy of
space-times according to Minguzzi-Sénchez [29]. Therefore we assume henceforth
that p is complete.

Denoting by A, the Laplacian w.r.t. p, for any s € R and any v € D(M) we
set

lualls == 1L+ A,)*2ull 222

The Sobolev space H*(M) of order s is the completion of D(M) with respect to
this norm.
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Example. (i) Consider S = R and A\ = —dt? + dmzxﬁ as Lorentz metric on R2.

1446
It is elementary to check that (R?, \) is globally hyperbolic, e.g., by showing that
{0} x R is a Cauchy hypersurface. The associated Riemann metric p = dt?+ 1-;1?62356

is not complete, since the hypersurfaces {t} x R with ¢ # 0 are closed and bounded
but not compact in (R2, p). Multiplying p by the function a € C*(R?), a(t,x) =
1+t%25, yields a conformal metric which is complete (by the Hopf-Rinow theorem,
since lengths of curves w.r.t. a - p are greater than or equal to their Euclidean
lengths).

(ii) Let (S, ho) be a connected Riemannian manifold. For the Robertson-
Walker space-time R x S with Lorentz metric of the form A\ = —dt? + f(t)%ho,
where f € C*°(R) is positive, we have (cf. [1, Lemma A.5.14]):

(R x S, ) is globally hyperbolic if and only if (.5, ho) is complete.
If this is the case, then the corresponding Riemannian metric p = dt? + f(t)%ho
on R x S is complete (see [32], Lemma 7.40).

3.2. Regularization and embedding via the associated Riemannian structure

Let (T.)ces be the regularization (i.e., family of properly supported smoothing
operators) and ¢: D'(R x S) < G(R x S) be the embedding associated with the
complete Riemann metric p as in (2.6). We recall that the embedding thus respects
the differential algebraic structure of C>°(R x S) and the wave front sets of distribu-
tions in the strong sense of generalized functions, that is, with respect to equality
on the level of G(R x S). Furthermore, ¢ is also invariant under isometries of the
Riemannian structure and commutes with the action of the Laplace operator A,
corresponding to p on distributions and generalized functions, respectively.

Let u € D'(R x S). Then according to (3.1) the difference between the wave
operator [y and the Laplace operator A, acts on u as

o -2 det ht o
Oxu — Apu = JBdet by O (\/ 5 atu) := —20u. (3.3)

From this equation and the commutation property of the embedding ¢ with
A, we obtain for any u € D'(R x .5)

Y(Oaw) — Oxe(w) = (A, = 20)u) — (A, — 20)u(u) = 2(O(u) — (Ou)). (3.4)

Thus, the precise invariance properties of the embedding with respect to the wave
operator can be reduced to investigating the corresponding behavior upon inter-
changing ¢ with ©.

As a first simple, but useful, observation we point out that + commutes with
O, in the distributional sense (i.e., in the sense of association in G), which follows
from the fact that () is a differential operator with smooth symbol. This proves
the following statement.

Proposition 3.1. For any u € D'(R x S) we have t(dyu) &~ Oy t(u).

We will now show that under additional regularity assumptions on the dis-
tribution u a stronger asymptotic property holds.
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Theorem 3.2. If u € H3(R x S) is compactly supported then
T2, OxJu | = OE®) (e —0).
Proof. As in (3.4) we have the basic relation
[T-,O\]u = 2[0, T ]u.

Now recalling the Bochner-integral defining the action of 7. on L2-functions we
have

1 1~
OT.u—T.Ou = o /R(bc(s) gF(i)(@ cos(sy/—A,)u — cos(s\/—Ap)@u) ds.

Hence everything boils down to deriving asymptotic estimates for the commutator
of © with the operator S(s) := cos(s\/—A,) (s € R). For any v € L*(R x S) the
function w € C*°(R, L?(R x S)) w(s) = S( ) (s e R) is the mild solution to the
following Cauchy problem on R x R x S:

2w —A,w=0, w(0)=v, 9w(0)=0. (%)
In the above integral formula the term cos(s \/—Ap)@u corresponds to the solution

with v = ©u, whereas the term @cos(s\/pr)u is just the application of © to
the solution w(s) corresponding to v = u. Applying © to (%) we obtain

020w — A,0w = [0, A |Jw =: f

and
Ow |s=o= O(w(0)) = Ou, IsOW |s=o= O(Isw(0)) = 0.
Therefore the Duhamel principle yields

O cos(sy/—A,)u = Ou(s)
= cos(s\/pr)@u + / (s—1) sinc((s — r)\/pr )f(r) dr,

0
sin(z)

where sinc: R — R is given by sinc(z) =

OT,u—T.0u = 2171'/R¢C(5)i‘ﬁ( )/S(s—r) sine((s —r)\/—A, ) f(r) drds,

€ Jo
where

. In summary, we obtain

S

f(r) =[0,A,Jw(r) =[0,A,] cos(ry/—A,)u
Since [0,A,] is of third order and maps HJ,,, into L? and cos(r\/—A,) has
operator norm 1 on every Sobolev space there exists a constant C; > 0 such
that || f(r)||2 < Ci|lullys for every r € R. Furthermore, the operator norm of
(s —r) sinc((s —r)/—A, ) is bounded by sup_cp |(s — ) sinc((s —7)2)| = [s — 7.
Combining these upper bounds we estimate

C 1 ~,5 82
OT .0~ T0ul,s < 5" [ joc) LIFC)I ds-ul

o ~ o —
= s [ 6@ dor €2 < Tl €%
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Remark 3.3. Applying the reasoning of the proof of Theorem 3.2 to the opera-
tors 0y or M, (multiplication by «) instead of © gives the following additional
asymptotic properties:

(i) Ifu € H*(R x S) then || T-0u — 0y T-u|| ;2 = O(e?) (e — 0).
(ii) Let o € C*°(R x S) and let u € H}(R x S) have compact support. Then

| Te(au) — aToul| ;- = O(£?) (e = 0).

We have constructed the regularization operators (Tt ).cr and the embedding
¢ of distributions on R x S based on the Riemannian metric p given by (3.2).
However, the construction itself does not directly reflect the metric splitting in (3.2)
or (3.1) and so far we have not paid special attention to the foliation by the space-
like Cauchy hypersurfaces {t} xS (¢t € R). However, this foliation becomes essential
in case of distributions that allow restriction to these hypersurfaces. The latter is
true in particular for distributional solutions to the wave equation Oyu = f, where
f € C*(R,D'(S)). In these situations we automatically have u € C*(R,D’'(S5)),
since Char((y) does not contain any elements of the form (¢, z; £1,0) € T*(R x .S)
(cf. [15], 23.65.5). Thus for every ¢t € R the value u(t) is an element of D’(S) and
the metric splitting (3.1) provides us with a Riemannian metric h; on S, which
can be used to regularize or embed u(t) according to our general construction.
For every t € R let (T/**).¢; denote the regularization obtained from the Riemann
metric hy on S and let ¢, denote the corresponding embedding D'(S) < G(S).
The following statements compare these with the global constructions on R x S.

Theorem 3.4.
(i) The embedding ¢: D'(R x S) — G(R x S) respects the metric splitting (3.1)
in the weak sense: If u € C*°(R,D'(S)) then we have

Vi e R: o(u)(t) = tp, (u(t)).
(i) If u € C*(R, H%(S)), then we have for every compact subset Z C R

sup H(Tew)(t) = T2 u(t) || 25y = O®) (e = 0).

Proof. (ii) Pick x € D(R) such that y = 1 near Z and let a(t) := x(¢)u(t). It then
follows from [13], Proposition 3.7 that (T.@— T.u). is negligible on supp(@ — u)® 2
Z. Thus we may without loss of generality assume that the support of u is bounded
in ¢, so u € L?(R x S). This allows us to employ the integral formulae defining 7
and T"* and obtain

(Tow)(t) - T2eu(t)

27r/¢c i (cos \/ Ap) —cos \/ Aht tl)ds,

_w(s t) _v(s t)
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where v, w € C*°(R?, H%(S)) solve the following Cauchy problems, respectively:

(02— A))w=0 (inD'R xR xS)), W |s=0 = u, Osw |s=0 = 0,
(02 — Ap,)v(.,t) =0 (in D'(R x S)), v(0,t) = u(t), 0sv(0,t) = 0.

Therefore we have at arbitrary, but fixed ¢t € R
PZw(.,t) — Ap,w(.,t) = Apw(.,t) — Apw(.,t) =: fr,

where f; € C(R, L*(S)), since u (hence w) has values in H?(S). We observe that
Py = w(.,t) — v(., t) satisfies the Cauchy problem

(02 = Ap)e=fi (InD'(RxS)), ©(0)=0, 8sthy=0,
which implies

¢A@lﬁ7smsmdw7v¢Amnuwdr

Hence we obtain

S
< o 0 sup [ fe(0)ll 2 s)

lo<|s|

[96(8)ll L2y < ‘/0 (s =) fe(r)l 2 sy dr

and therefore arrive at

I(Tew)(t) = TEu®)] g2 s

IN

1
27‘(’/|¢C )Hwt( )HLz(S) ds

E

I /\

2¢c/e
[ e E@ s 10 gagsy o

—2c/e lo|<e|T|
2 —
< % el F
< g lloell ‘:‘I;I;C||ft(0)\|m(5)|| [P
=0(?) (e —=0)

uniformly when ¢ varies in a compact set.

(i) Since association is checked by action on test functions in D(S) we may
reduce to the case that supp(u(t)) is compact. Then u(t) € H'(S) for some | € Z
and since (1—Ayp,)*"/? commutes weakly with + and strongly with ¢5, the assertion
follows from (ii). O
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A Remark on the Uniqueness for
Backward Parabolic Operators with
non-Lipschitz-continuous Coefficients

Daniele Del Santo

Abstract. Using Bony’s paramultiplication we improve a result obtained in
[6] for operators having coefficients non-Lipschitz-continuous with respect to
t but C? with respect to z, showing that the same result is valid when C? is
replaced by C¢, with ¢ > 0.
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1. Introduction

Let p be a modulus of continuity and let a be a bounded function on R such that
a€CH ie.,

la(t1) — a(t2)| < Cpu((ty —t2),
for all ¢;, t2 € R such that |[t; — t2] < 1. The main result in [6] states that if
1/Xo > a(t) > Ao > 0 for all ¢t € [0,T] and the modulus of continuity satisfies the
so-called Osgood condition, then the backward parabolic operator

L = 0; + a(t)0? + lower-order terms

has the property of uniqueness in the Cauchy problem for solutions in H*((0,7),
L2(R)) N L2((0,T), HA(R)).

The question of uniqueness in backward parabolic problems goes back to a
classical example of Tychonoff [13] and a rather complete answer was given at
the beginning of the 60’s by Lions and Malgrange in [8], under the hypothesis of
Lipschitz regularity of the coefficient a (see also [1] and [7] for other more refined
and abstract results). Some years after Miller [11] showed that the uniqueness
property depends essentially on the regularity of a and this point was enlightened
by another non-uniqueness example in [9].
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Actually in [8], [1], [7], [6], the backward uniqueness was proved in the case
of the coefficient a depending also on the space variable, i.e., for the operator

L = 0, + 8.(a(t, 2)d,) + lower-order terms.

In [6] a technical difficulty in the estimate of a commutator led to imposing on a
the C* regularity with respect to ¢, uniformly with respect to x, together with the
C? regularity with respect to z, uniformly with respect to t.

In the present note we improve this statement, showing that under the Os-
good condition for u, the C* regularity with respect to ¢, uniformly with respect
to z together with the Holder C1:¢ regularity with respect to z, uniformly with
respect to t, for the coefficient a, is sufficient for the same uniqueness result.

The proof follows the same path as that one in [6], the only difference being
in the introduction of a paradifferential operator (actually a simple paramultipli-
cation) at the place of the second-order part of the operator L.

The estimate of the commutator, in the present case, is made more effective
by a theorem due to Coifman and Meyer [3, Th. 35] (see also, for a similar use of
that theorem, [5, Prop. 3.7]).

2. Main result

Definition 2.1. A function p is said to be a modulus of continuity if p is continuous,
concave and strictly increasing on [0, 1], with #(0) = 0 and u(1) = 1. Let I C R
and let ¢ : I — B, where B is a Banach space. We say that ¢ € C*(I,B) if
p € L>=(I,B) and
sap NP0 —¢Glls
0<lf;€s}<l M(‘t - SD

It is immediate to verify the following statements

u(s) > s for all s € [0,1];

the function s+ u(s)/s is decreasing on 10, 1];

there exists lim,_,o+ £(8)/5;

the function o — opu(1/0) is increasing on [1, +oo;

the function o +— 1/(0?u(1/0)) is decreasing on on [1, +o0l.

Definition 2.2. A modulus of continuity is said to satisfy the Osgood condition if

|
/0 () ds = +o0. (2.1)

Theorem 2.3. Let p be a modulus of continuity satisfying the Osgood condition and
let € €]0, 1. Suppose a € C*([0,T],Cp(R;))NC([0,T],C1¢(Ry,)), where Cyp(Ry;) is
the space of bounded continuous functions and C1¢(Ry) is the usual Hélder space.
Suppose moreover that 1/ g > a(t,z) > Ao > 0 for all (t,z) € [0,T] x R. Let b
and ¢ bounded coefficients on [0,T] x R.
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Then the operator
L =0y + 0, (a(t,z)0;) + b(t, 2)dy + c(t, ) (2.2)
has the H-uniqueness property, with H := HY((0,T), L3(R)) N L?((0,T), H*(R)),
e, ifueM, Lu=0in[0,T] xR and u(0,2) =0 in R, then u =0 in [0,T] x R.

We remark that the statement of Theorem 2.3 is given for operators in only
one space variable: this is done to avoiding cumbersome notations. There are no
difficulties for treating the general case of n space variables (see [6]).

3. Proof
The proof of Theorem 2.3 is very similar to that of [6, Th. 1]. For the reader’s

convenience we repeat here the main points.
3.1. Weight function and Carleman estimate

Theorem 2.3 will follow from a Carleman estimate. The weight function in the
Carleman estimate will be obtained from the modulus of continuity. This crucial
idea goes back to the paper [12] in which a uniqueness result for elliptic operators
with non-Lipschitz-continuous coefficients is proved. We define

#(t) :/1 u(15) o

The function ¢ is a strictly increasing C! function. From (2.1) we have ¢([1, +oo[) =
[0, +00[; moreover ¢/ (t) = 1/(t?u(1/t)) > 0 for all t € [1, +oo[. We set

O(7) :/ »1(s) ds.
0
We obtain ®'(7) = ¢~ !(7) and consequently lim,_, o, ®(7) = +00. Moreover

1
(P// — @/ 2
(7) = @ ()Pl g )
for all 7 € [0, +o0[ and, as the function o — opu(1l/0) is increasing on [1,4+o00[, we
deduce that

(3.1)

A @) =l (@00 )

Now we can state the Carleman estimate.

= +00. (3.2)

Proposition 3.1. There exist o, C > 0 such that

T
[ 0T o a0
0

T

26”)/é ’ > 2((T=1) Opul|? 2 —l—’yé ul|2,) dt
L L
0

for all v > ~o and for all u € C§°(R?) such that suppu C [0,7/2] x R.

(3.3)
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The way of obtaining the H-uniqueness from the inequality (3.3) is a standard
procedure and the details are in [6, Par. 3.4].

3.2. Littlewood-Paley decomposition, Bony’s paramultiplication and commutators

We review some known results on Littlewood-Paley decomposition and related
topics. More details can be found in [2], [10, Ch. 4 and Ch. 5] and [5, Par. 3].

Let x € C§°(R), 0 < x <1, even and such that x(£) = 1 for || < 11/10 and
x(€) = 0 for |¢| > 19/10. For k € N, let us consider % (&) = x(27%¢), xx(z) its
inverse Fourier transform, the operators

Sk = Xg *u = xk(Dz)u, and Agu:= Syu,

and, for k£ > 1,
Aru = Sgu— Skg_1u  and S_pu:=0.
In the following propositions we recall the characterization of Sobolev and Hoélder

spaces via Littlewood-Paley decomposition (see [10, Prop. 4.1.11 and Prop. 4.1.16]
and [5, Prop. 3.1 and Prop. 3.2]).

Proposition 3.2. Let s € R. A temperate distribution u is in H® if and only if the
following two conditions hold

i) for allk >0, ug :== Agu € L?;

ii) the sequence 0y, := 2% ||ug|| 2 is in [2.

Moreover the norm of u in H® is equivalent to the norm of (8 )k in I2.

Proposition 3.3. Let s € R and R > 2. Let (ug)r a sequence of functions in L?
such that

i) the support of the Fourier transform of ug is contained in {|{| < R} and the
support of the Fourier transform of uy is contained in {11% 2k < €] < R2FY,
for all k > 1;
ii) the sequence 0y, := 2% ||ug |2 is in I2.
Then v := ), uy belongs to H* and the norm of u in H® is equivalent to the norm
of (8k)k in 12. When s > 0 it is sufficient to assume that the Fourier transform of
uy, is contained in {|¢| < R2F}, for all k > 1.

Proposition 3.4. Let p > 0, p & N. A temperate distribution a is in CPLP=1Pl (here
[p] denotes the integer part of p) if and only if the following two conditions hold
i) for all k >0, ar :== Aga € L™;
ii) the sequence ng := 2% ||lag||p~ is in 1.

Moreover the norm of a in ClPhr=1Pl s equivalent to the norm of (M )k in 1°°.

Let a € L. The Bony’s paraproduct of a and u € H® (see [2, Par. 2]) is

defined as
“+oo

Tau = ZSk_gaAku.
k=3
Useful properties of the paraproduct are contained in the following proposition
(also see [10, Prop. 5.2.1] and [5, Prop. 3.4])
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Proposition 3.5. Let a € L™ and s € R. Then T, maps H® into H® and
[Toull e < Cllal| Lo ||ul -

Let a € CY¢ with € € ]0,1[. Then the operator u — au — Tyu maps L? into H'
and

law = Toull g < Cellall ez [[ull 22

Proof. We prove only the second part of the statement. We have

+oo +oo
au—T,u = Z AraSk_su + Z( Z AjaAku>.
k=3 k=0

Jj=0
[i—k|<2

We remark that the support of the Fourier transform of AgaSk_su is contained in
{2k=2 < |¢| < 2F*+2}. Moreover, by Proposition 3.4, we have that

|AkaSi_sullzs < [|Axallz~1Sk-sullze < C27 8yl e ul o2
where 6, = 27%¢. Since (0k)x is in [? then, by Proposition 3.3, we have that

Z;:o?g AraS,_su € H' and

< Cellallgre llull L2 (3-4)
Hl

—+o0
Z AkaSk,gu
k=3

Next, we see that

Z AjaApu = Ap_gaApu+ Ap_1aApu+ Apalgu+ Appr1aApu+ Appoalgu,

j>0

li—k|<2

so that
“+00 +oo 00
Z( )3 AjaAku) = A sabut o+ Y Appaady
k=0 j=0 k=2 k=0

PR
We have that the support of the Fourier transform of Ax_saApu is contained in
{|¢] < 2¥+3} and similarly for the other four terms. Moreover

HAk_gaAkuHLQ < ||Ak_2a||Loo||Aku||L2 < 02_k(1+5)||a||c1,55k,

where (0x)r = (||Agulr2)r € [* and consequently |(6x)klliz < Cllul/z2. From
Proposition 3.3 we have that Z;;’Z Ak_salApu € H1T¢ and

+oo

Z Ak_gaAku
k=2

< Cllalicrellull 2,
H1+E
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Arguing similarly for the other terms and using the obvious inclusion in Sobolev

—+o0
spaces we have that Z( Z AjaAku) € H' and

k=0 Jj=0
|i—k[<2

+oo

Z( > AjaAku>H < Cllallcre ||ul| 2. (3.5)
Hl

k=0 j=0
li—k|<2

The conclusion of the proof of the proposition is reached putting together (3.4)
and (3.5). O

We end this subsection with a property of commutation which will be crucial
in the proof of the Carleman estimate (see [5, Prop.3.7]).

Proposition 3.6. Let a be a bounded Lipschitz-continuous function and let w € H'.

Then
+oo

(D102, Tu]dsw)[72)'? < Cllallwiplull (3.6)
v=0
(here [A,B] denotes the commutator between the operators A and B, i.e.,
[A, Blw := A(Bw) — B(Aw)).
Proof. We start remarking that
“+oo
[AV7 Ta]w == Z[AV’ Skfi’)a]Akwa
k=3
and consequently

“+ o0
0:([A, Ta)Opu) = 0, <Z[A,,, Sk_ga]Ak(&Cu)> :
k=3
In fact A, and A, commute so that
Ay(Sk73aAkw)) - Sk,gaAk(A,,w) == Ay(Sk73aAkw)) - Sk,gaAl,(Akw).

Let us consider

0, (fmy,sk_gamk(amm) o, (fmy,sk_ga}ammkw).

k=3 k=3
Looking at the support of the Fourier transform, it is possible to see that
[A,,, Sk_ga]aw(Aku)
is identically 0 if |k — v| > 4. Consequently the sum in & is reduced to at most
7 terms: 0, ([Ay, Sy—6a]0:(Ap_3u)) + -+ 0x([Av, Spa]0z(A,13u)), each of them
having the support of the Fourier transform contained in {|¢| < C2"}. Let us

consider one of these terms, e.g., 0z([Ay, Sy—3a]0z (A u)), the computation for
the other ones being similar. We have, from Bernstein’s inequality

102 ([Ar, Su—3a]0x (Apu))|| 2 < C2¥||[Av, Sv—3a]0z (A, u)]| L2
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On the other hand, using [3, Th. 35], we have that
A, Sy —3al0z(Avu)l| L2 < Clla]|LipllAvull 2,
where C' does not depend on v. Consequently
10:([Av, Sy —3a]02(Ayu)) | > < C27||al| Lip|| Avul| L2

Since u € H', by Proposition 3.2, we have that (2”||A,ul|), is in {? with [>norm
equivalent to ||u||z1, so that

D 10218y, Sy -3a)00(Av)) |72 < CllallLpllull -

14

We obtain
—+o0 +oo
> 10 (Xl Si-aal8u(00) ) I < Cllal
v=0 k=3
and the proof is completed. O

3.3. Carleman estimate and approximation
We set v(t,x) = eié(”(Tft))u(t,x). The inequality (3.3) becomes

/ ’ 100 + 9x(a(t, 2)0v) + &' (Y(T —t))v||%2 dt
0 (3.7)

T

1oz 2 1 2
>Cv2 [ ([100]72 + 2 lvf|72) dt.
0

Using the second part of Proposition 3.5, the inequality (3.7) will be deduced from
the following

/2 1040 + 0z (T (9v)) + @' (4(T — t))vH%2 dt
’ . (3.8)

> 0ot [ (ool + v ol d,

0

as the quantity ||0;((a(t,x) — Ty)0zu)|| 12 can be absorbed by the right-hand side
part of (3.7), possibly taking different C' and ~g.

Let us go back to the Littlewood-Paley decomposition; a consequence of
Proposition 3.2 is that there exists K > 0 such that

1
o 2 llwlfe < flullfs < K flu |7
v v
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for all u € L2. We have

T

/ "0 + 0 (Tud) + © (4(T — )], dt
0

1 [2

= K /0 ZHAV(@UJr@m(TQva) +@/(7(T7t))v)“%2 dt
1 [ 2

Z K /0 Z,; 10sv, 4 0z (Tudpv,) + B (V(T — t))v, + 8, ([Ay, Ta]0pv)||22 dt
1 [: 2

= 2](/0 ZV:Hatv”+a$(TaaI“V)+‘P/(W(T—t))vy\|L2 gt

1 2
_K/o > 110:([Ay, Ta]oav)|7 dt.

From the result of Proposition 3.6 is then immediate that (3.8) will be deduced
from the same estimate from below for

/2 Z Hatvu + am(Taamvu) + @/(7(T - t))’l},,”%z dt’
O v

and finally, again using the second part of Proposition 3.5, we have that (3.8) will
be implied by the following: there exists C' and 7 positive constants, such that

/2 Z 10sv, + 0x(alt, £)0pv,) + &' (Y(T —t))v, |32 dt
O v

2
zcw%/ (19s0lZa + 7 [o]22) dt,
0

(3.9)

for all ¥ > 7o and for all v € C§°(R?) such that suppv C [0,7'/2] x R. In fact

D 10:((alt,2) = T)svi)l72 < Y Collallén.c vl < C2llalZncllollF

v

and consequently > [|0:((a(t, ) —T,)0;v,) |32 can be absorbed by the right-hand
side part of (3.8). From this point on the proof is an exact repetition of that one
of the main result in [6]. We have

/ C S 0 0aalt, 2)0,) + (AT — 1))y |22 dt
0 v

= [ 3 (10l + 10 a0r0) + (T = )0 I (@10)

@ (5T = D)o 2 + 2Re (D00, Dy(adsv,)) sz ) dt.
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Since a is not Lipschitz-continuous, it is not possible to use the integration by parts
to estimate the last term in (3.10). We use the well-known approximation technique
developed in [4]. Let p € C§°(R) with suppp C [-1/2, 1/2], [z p(s) ds = 1 and
p(s) > 0 for all s € R; we set

as(t,x)/Ra(s,x)ip(t&_s) ds

for £ €]0,1/2]. We obtain that there exist C' > 0 such that

lac(t, ) — a(t, z)| < Cu(e) and drac(t,z) < C ltfj)'

We have

T T

/ " 2Re (B0, 9y (adyvy)) e dt = —2Re / 0,000y, adv,) 2 dt
0 0

= —2Re /2 (02010, (@ — ag)0yv, )2 dt — 2Re /2 (05001, ac0yvy) 12 dt.
0 0

We remark that ||0,v,] 2 < 2 |v, |22 and [|0:0:v,] 2 < 2¢O, || 2 for all
v € N so that

T

2Re /2 (0010, (@ — ag)Oyvy) 2 dt
0

T

< 2Cu(e) / 10:00v || 22 | Bwv || 12 dt
0

T T
2 2
< / 1800, |2 dt + C 240+ (e / o2 dt
0 0

(remark that p(e?) < p(e)), and similarly
T

2Re /2 (030¢vy, Oy, vy) 2 di
0

/2 <amvu7 atasaxvu>L2 dt
0

T

2
< 022(V+1) M(EI) ||UUH%2 dt.
€ Jo

We deduce that, for all v € N,

/ 1040 + O (a0, v) + ¥ (3(T — 1)), |25 dt
0

T

= / (102 (@dav) + @' (§(T = ))w, 122 + 12" (¢(T = t))|[v |2, (3:11)

v v pie
- (24( +1) 'u({_:) +22( +1) i)) ||UVH%2) dt.

Let v = 0. From (3.2) we can choose vy > 0 such that ®”(y(T —t)) > 1 for
all ¥ > 7o and for all ¢ € [0, T'/2]. Taking now ¢ = 1/2 we obtain from (3.11) that

T

2 g 1
/ 10v0 + 0 (adzv0) + @ (Y(T — t))vo |22 dt > / (V —24Cpu (2>) |vol|2 2 dt
0 0
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for all v > ~g. Possibly choosing a larger 79 we have, again for all v > g,

T T
2 2
/O 9o + B2 (Do) + ¥ (4T — 1))oo 3 dt > | /0 lol22dt. (3.12)

Let now v > 1. We recall that in this case ||0,v, (2 > 277 |v,||z2. We take
e = 272", We obtain from (3.11) that

/ 0w, + 02 (adav,) + O (V(T — D)oy |2 dt
0

T

> [ (00e 00012 = 9T = )2
" (YT = 1)) [vull7 — C2% (27> v, |[72) dt.
On the other hand, since
102 (adzv) | 2 0|l > {0z (adavs), vu) 2] > [{adzvy, Oz} 2| > AollOzvs |2
we have

A 1%
102 (adzvy) |l L2 > 40 2% [low | -
Suppose first that &' (y(T —t)) < )‘80 22, Then
/ )‘0 2v
102(adzv) |2 = " (y(T = )llvw |2 = " 27 Jowll e

and then, using also the fact that ®”(v(T —t)) > 1, we obtain that

T

/0 (1020000, [ 12 — ' (4 (T — )0 | 2)?
B (T — 1) Jow][2s — C 2% ju(22) v |25 )dt

+y-C2Y u(22”)||vu||iz> dt

—2v v,

8
1/ AN\ . 2 )

ot 125 dt.
+/0 <2<8) + 57 | o2

Since lim, 1 oo #(272") = 0, there exists vy > 0 such that

1/ ) g
o 2721/ 241/ >
(2 (8) O >> +1>0
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for all v > ¢ and for all v > 1. Consequently there exist 7 and ¢ > 0 not
depending on v such that

T

/02 (102 (adsvy )| L2 = @' (Y(T = t)) v | 2)?
9@ (YT = 1)) [vu[l72 — C 2% (27 v |[72 )dt (3.13)

2 (1 /)2 ) 2
0 v Y 1 oy
z/o (2(8) 2 +3v> o2 dtz/o (3 +ert o) ol o

for all v > ~o.
If on the contrary @ (v(T'—t)) > § 22" then, using (3.1), the fact that g < 1
and the properties of u (see Subsection 3.1),

¥ 0) = @O - 0P (g g p)

Ao 24 8 -2 Ao 24 -2
> 94V 9= ) > 24 12727,
_(8) M(AO > (%) 2% ()

Hence also in this case there exist 79 and ¢ > 0 such that

T

/02 (192 (a0v0) || 2 — @' (V(T = 1)) |vs | £2)?
9@ (YT = 1))lvu[l7 — C2% (27 v [I72) dt (3.14)

T 2 7
)\ 2
>[5+ (307 - 0)ue ™) Iuliede = [ (] + vz ) o e
o \2 \2\38 0 \2

for all v > 79 and for all v > 1. Putting together (3.13) and (3.14), we have that
there exist vy and ¢ > 0 such that

/ " 00w + Ba(adav,) + ' (V(T — £))v, |22 dt
0 (3.15)

T
> [T (G rerte) ks a
0 2

for all » > 1 and for all v > ~p.
Form (3.12) and (3.15) we get that there exist vy and ¢ > 0 such that

[ 310, + 0uladu,) + (T~ ) -
0 v

Y

T
o1 2 1
&y / SO o2 + [0, 22) dt
0 174

for all v > 7. This inequality is equivalent to (3.9) and it concludes the proof of
the Proposition 3.1.
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Abstract. In this paper we study spectral properties associated to the Schro-
dinger operator —A — W, with potential W that is an exponentially decaying
C' function. As applications we prove local energy decay for solutions to the
perturbed wave equation and lack of resonances for the NLS.
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1. Introduction

In this paper we study the problem of resonances at zero energy for the operator

SW)(x) = —A¢(x) = W(|z])v(x), (1)
with W (]z|) being a positive real-valued measurable radial function, decreasing
sufficiently rapidly at infinity. There exists a vast literature concerning the theory
of resonances, we cite here [2], [6], [29], [31] (and references therein). The resonances
of an operator were introduced in physics and defined as the poles of its resolvent

operator function taken in some generalized way. More precisely one can observe
that, if we choose a radial function u(|z|) in R3, we have the relation

(1)1

Therefore, picking up ¢¥(z) = u(z)/|z| and S(¢) = P(u)/|z|, we can rewrite the
operator (1) as

P(u)(r) = —u"(r) = W(r)u(r) (2)
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on the semi-line (0, 00) together with the Dirichlet condition
u(0) =0
at the origin, that is a selfadjoint unbounded operator in L?(0, 00) with domain
{u € H?*(0,00); u(0) = 0}.

A reasonable assumption on the potential that allows to apply the Friedrichs ex-
tension for P is

C
|W(r)| < e T 0. (3)
For simplicity we shall suppose in this work that W (r) € C([0,00)) that

satisfies the assumption
(W ()| + [W(r)| < Ce™", r>0 (4)

for some C > 0 and g9 > 0.

It is well known that if the potential is of short range type, then the set
of eigenvalues of P is finite, contained in (—o0,0), with each eigenvalue of finite
multiplicity.

Recall that the resolvent of P

R(p?) = (P—p?)~"
(considered as an operator from C§° to C*°) is a meromorphic operator in some
subset of the complex plane. The poles of R(,u2) are called resonances of P. The

main goal of this work is to present an argument that gives a sufficient condition
for the non-existence of resonances. This means the following,

Theorem 1.1. Suppose that the potential W (r) € C1([0,0)) is a positive decreasing
function satisfying (for some C > 0 and g > 0) the estimates (4).
Then there exists a positive § such that there are no resonances in

{n € Cslul <o}

Moreover, if p with Imp > —§ is a resonance, then i is a real negative number
and p is an eigenvalue of P.

Remark 1.1. The fact that all resonances in the domain of type
{ne G0 <|uf <R,|[Impu| <4}

are eigenvalues is a well-known and follows from resolvent estimates leading to
limiting absorption principle (see [1] for example). The fact that this domain can
be extended taking R — oo is also well known (see [28] for example). Therefore,
the key information in this theorem is the lack of resonances at the origin p = 0.

The resonances can be considered in some manner like eigenvalues. The exis-
tence of a non-trivial solution of the equation Pu = 0, is a typical obstacle to find
dispersive properties of the time evolution group associated with the Schrédinger
operator —A — W (x). Therefore, as a first application of the above Theorem 1.1,
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we shall look for dispersive properties to the solution of the following (see [4], [5],
[31], [33] for further details),

uge — Au — Wu =0, (t,z) € R x R?

w(0, z) = uo(x), u(0,2) = vo(x), (5)

where the potential W satisfies the assumptions (4). In our setting, we get local
energy decay, see Theorem 5.1, for the above problem (5).
Consider now the solution u of the Schrodinger type equation

i0pu + Au + |ulPru = 0. (6)

The existence of solitary type solutions to the Schrédinger equation (6) is a
well-studied problem. One can see for example [9] and [32] the existence results
for 1 <p<1+4/3.

The natural functional associated with this problem is

1 1
RN A |
R

it [ X (7)

3
The corresponding minimization problem is associated with the quantity
Iy = imf{&(x);x € H',[Ix]|72 = N}. (8)
We have the following result, see [9] and [10] for more details,
Lemma 1.1. 1. For any w > 0 there exists a unique positive solution x(x) =
Xo(x) € HY of the equation (53), such that

i) the function x(x) = x(|x|) is radially symmetric,
ii) the function w € (0,00) = ||xw||L2 is a strictly increasing one and belongs to
C1(0,00).

Remark 1.2. To check ii) we use the following argument used in [9]. Any positive
radial solution of
—Ax +wx=x" x€ H'(R?), x>0
is given by x(z) = w/ P~y (Vwz) where x1 is the unique radial solution of
—Ax1+x1=x1, x1 € H'(R?), x1>0

Thus

1/(p—1)—3/4

||X||L2(R3) =w HX1HL2(R3)

s0 N = const w!/P=1=3/4 yhere 1/(p —1) — 3/4 > 0. This yields the characteri-

zation of N as a function of w.

One can see that the solutions x,, of Lemma 1.1 are radial and x,(z) is
rapidly decreasing in x as |z| — oo provided N(w) < 1.
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In particular property ii) of Lemma 1.1 guarantees that one can find a unique
x* that is a radial positive function x. = x«(|z|) that is a minimizer of I;. There-
fore, one can find a unique w, > 0 so that

Axs +ws xx = X%,

kLJMP:L ®

A standard linearization of the Nonlinear Schrodinger equation (6) around
the solitary solution leads to the necessity to use some spectral properties of the
following operator

O = xE(z).
Note that the operator

L) = —A —\2(2) +w*

introduced in [34] (with rescaled choice w* = 1) has a nontrivial kernel and plays an
important role in the study of modulational stability of ground states of nonlinear
Schrodinger equations.

It is well known from the results in [13], [18], [7], [8], [24], [26] that asymptotic
stability around solitary waves is closely connected with the existence of resonances
at the origin. More precisely, the following assumption is frequently used in these
articles:

(H1) 0 is not a resonance of —A — x%(z).

The main goal of this work is to present an argument that proves the as-
sumption (H1) in the general case and therefore the above-cited results can be
established without this additional assumption and this is contained in Theo-
rem 6.1.

The asymptotic expansions of the resolvent near zero energy are discussed
in various works. For example in [19] this expansion is obtained and the possible
resonance at zero energy is associated with the corresponding projection operator.
For the general potential perturbation of the free Laplace operator —A—W (|z|) the
resonances can be connected (see Definition 4 below) with nontrivial solutions u €
C(R™), to the equation —Au — W (|z|)u = 0 satisfying the appropriate weak decay
at infinity. If the space dimension is n > 5 and the potential decays sufficiently
rapidly at infinity, then a remark in [20] clarifies that u € L? so resonance at 0
means that 0 is an eigenvalue. Under a suitable sign condition assumption one
can establish directly that 0 is not a resonance even in the 3-dimensional case (see
[16] for example. Under a suitable compact support assumption (which one can
see in [3]) it is possible to extend in a continuous way the resolvent even for the
perturbation of the principal symbol of the Laplacian, the smallness assumption
on the positive part of W can guarantee also that 0 is not a resonance (see [4], [5]
for the potential case and [15] for the perturbation with magnetic fields).

The scheme of the paper is the following: in Section 2 we distinguish between
strong and weak resonances, defining the last one. We also give an asymptotic
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expansions of the corresponding solution. In Section 3 we give the main Theorem
3.1 on lack of strong resonances at the spectral point zero, in the radial case. In
Section 4 we extend the result to the non-radial case. In Sections 5 and 6 we
obtain some application, local energy decay for a wave equation perturbed by a
potential (Theorem 5.1), and lack of resonance (and eigenvalue) for the linearized
operator of NLS around its ground states (Theorem 6.1). Finally in Section 7 we
furthermore focalize on the weak resonances.
Recall the definition of the norm in the Sobolev spaces H*®

[ull e = [I{A) ull L2 (ms).

where s € R and (A) = (1 + |A|?)'/2 Moreover, given any two positive real
numbers a, b, we write a < b to indicate a < Cb, with C > 0.

2. Resonance at the spectral origin
To study the poles of the perturbed resolvent R(u?) = (P — p?)~! we start with
an explicit representation of the free resolvent Ro(u?) = (Py — pu?)~ !, where
Po(u)(r) = —u"(r)
with 7 € (0, 00) together with the Dirichlet condition
u(0) =0
at the origin. Then

REGA)0) = [ D pagasp [ e pas o)

are well defined for f € C§°. A direct calculation shows that

we(r) = By (1)()(r)
satisfies the equation
Py(u) — pu = f
as well as the Dirichlet condition u(0) = 0. Choosing the sign + in the above
representations we see that

R (N0 = [ pisyas g [T em T g

can be extended as an operator in L? provided Imy > 0. Moreover, this is a
holomorphic operator-valued function for Im y > 0. The representation formula
guarantees also that the operator

p(r)(Po = p*) (), plr) = e
is a holomorphic operator-valued (in L?) function in the larger domain Im p > —4.
The perturbed resolvent R(u?) = (P — pu?)~! satisfies on the upper half-plane
of C the relation

P—p®) ' =(T—-(P— M2)71W)_1 (Py— p*)7 1, (11)
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provided the operator (I — (Py — p?)~'W) is invertible. This relation implies

_ T _
p(P—p*) o= (I —p(Po — 1) 1W(p> @(Po—p?) e (12)
Applying the Fredholm alternative, we see that
p(P—p*) e
is holomorphic except the points p such that the equation

T
f=e(Po—p?)"'W

¥

has a nontrivial solution f € L?(0,+o00). These complex numbers p are the reso-

nances and we give a more detailed description of the resonances in the following.

Lemma 2.1. Assume W (r) < Ce™%" and ¢(r) = e~°" with 0 < § < £9/2. For any
complex p with 0 > Im p > —§ the following conditions are equivalent:

i) u is a resonance, i.c., there is f € L*(0,00) so that f is not identically zero

and
f=¢(P~ MQ)‘IWi;

Impr

ii) there is u € C[0,00) not identically zero, e u is bounded and

u=(Py— p?) ' Wu;

iii) there is u € C[0,00) N C2%(0,00) so that u is not identically zero, eM™H vy is
bounded and u solves

Pu = p*u, u(0)=0.

Proof. i) < ii). The proof follows from the standard substitution u = fe~! and

classical estimates. We get u = (Py — u?) W fo~!. Now by the assumption on
the complex number u, we can write

le™ #Tull oo < flullzee < 1(Po — 1) 7 W fo ™t L.

The resolvent estimates ||(Py — %)~ 1g|lp~ < ||(z)"** gl 12, (see [16] and refer-

ence therein), and the bound () < ¢!, yield the implication i)=-ii). The other
implication follows from

|f(z)] = |p(@)u(z)| < Ce~CFHmmizl ¢ 12

with
C = sup eIm’”|u(r)|.
r>0
ii) = iii). Applying the operator P on both sides of the identity u = (Py—pu?) " *Wu,
we get the result. Moreover the representation (10) says that «(0) = 0.
iii) = ii). The proof follows by an application of the Limiting Absorption Principle
(see [1]) and by the bound ¢ < <x>_1. O
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The above lemma reduces the study of resonance to the study of the solutions
to the problem

Pu = p?u, u(0)=0,
satisfying the bound
lu(r)| < Ce™ ™17 0 >TImp > —d.

A more general question to solve is the existence of nontrivial solutions sat-
isfying the weaker bound

lu(r)| < Ce®", 0>Tmp > —0.

We distinguish these two cases: we call the resonances from Lemma 2.1 strong
resonances and define the weak ones as follows:

Definition 1. A complex number p with 0 > Im p > —§ is called a weak resonance of

P () e

if there exists a u € C([0,00)), such that u(0) = 0, u(r) is not identically zero,
P(u) = p2u in the distribution sense in (0,00) and the solution u satisfies the
mequality

lu(r)] < c el (13)

We recall that, as underlined for example in [11] and [25], that the resonances
are defined as functions not in L? but in larger L? weighted spaces. Moreover these
functions are L*°-bounded and behave asymptotically as (x>71, in the spatial
dimension three. These resonances will be called strong resonances (see Definition
2 for precise notion). But, for completeness, we study also the weak ones.

Moreover, as it was mentioned in the introduction, we have to study only the
existence of resonance at the origin.

3. Strong resonance at the spectral origin

Definition 2. A real number X\ is called a strong resonance of

P= <i)2+W(T)

if there exists u € C([0,00)), such that w(0) = 0, u(s) is not identically zero,
P(u) = Mu in the distribution sense in (0, 00) and the solution w satisfies the
mequality

lu(r)| < C(1+1r)". (14)

with some 0 < a < 1.
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We shall need the asymptotic expansions of Lemma 7.1. Without loss of
generality we can assume that w is real-valued. Multiplying the equation

Puw)=u"(r) + W(r)u =0
by ' and integrating over (r,c0), we find
1|2 2 0o 17! 2
WOR _WOROP _ = WOROP 4 g i~

Take any function g(r) € C([0,0)), such that g(r) tends to 0 at infinity. We
multiply further the last relation by —g(r) and integrate over (0, c0)

[TIOWOR 4 [ SOWOROPR
0 2 0 2 ) (16)
o [TOOWOOF g

where G(r) = forg(r)dr.
Take a C' function h(r) on (0,00) such that h”(r) exists, is continuous on
(0,70) U (19, +00) and has a finite jump
—o0o < lim A"(r) — lim h"(r) < cc.

+ —
T—>T0 T—>T0

We shall require further that hA'(r) tends to zero at infinity and h'(r) is decay-
ing sufficiently rapidly (for example exponentially) at infinity. We multiply the
equation Pu = 0 by hu and integrate over (0,00), so we get

FROROE [ ) dr
/0 ? /0 (17)

+/O h(r)W (r)|u(r)|* dr = 0.

Choosing h = ¢g/2 and summing the above two relations, we obtain

/OOO ®(r) |u(r)]? dr =0, (18)

where

O(r) = 29(r)W(r) + G(r)W'(r) + g//z(r).

The starting definition of the function ¢”(r) is the following one

rMo A0 <7 <1
g”(?‘)Z{ S

e O if r > 1.
We take ro = M? and shall define the positive parameters M, J later on.
For 0 < r < ry we have
M+2

(19)

T T’M+3

Mar+1)y T arsyr 120+ 1)

From these relations we deduce the following.

g(r) = (
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Lemma 3.1. Suppose the potential W(r) is a positive decreasing function in
CL([0,0)), such that the assumption (4) is satisfied for some positive constants
C,e9. Then one can find a positive constant M* depending on C, &g, such that for
any r € (0, M?) and M > M* we have

O(r) > 2gW.
Proof. We have the estimates
" C*TM'H)’G_EOT TM
G W/ g (7") >
W+ 2 e+ +1) T 2

M <1 2C*r3e—cor )
o2 (M +3)(M+2)(M+1))
Now we are in the position to choose M* = M*(C*, () so large that
* .3 ,—€EoT
1_ 2C*r°e >0
(M +3)(M +2)(M+1)

for r < M? and M > M*. Hence

1
2(r) = 29 )W () + GWar) + ) > 29(ryw )
This completes the proof. O

For r > ry = M? we shall use the relations

o) = | “(r—7)g"(r)dr, G(r) = / '

Here and below we used the property ¢’(0) = 0.

(r—7)2

5 g" (T)dr.

Lemma 3.2. Suppose that the potential W(r) is a positive decreasing function in
C1([0,)), such that there exist positive constants C,eq so that (4) is fulfilled.
Then one can find a positive constant M* depending on C,eg, such that for any
M > M* and for any r € (M?,00) we have

[D(r)] < 2e—c07/2,
Proof. Take r > M?. First we evaluate

g(r) = /0M2 (r — o)oMdo + / (r — o)e %% do

M?2

M? oo 2,./T
1 2
Sr/ O’MdU+7“/ e_‘sadoST(M2M+2+ ) < nr
o 0 1) )

for § <1 and M > 1. In a similar way we get

2G(r) = /0M2 (r —o)*cMdo + /T (r—o0)% % do

M2

M? o0 3 \/'r
§r2/ O'Mda+r2/ ey < 12 <]\/[2M+2Jr (15> < 27’; '
0 0
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From these estimates and the assumptions on the decay of W we derive
"y 40*6_80TT27“\/T
|®(r)| = [29(r)W (1) + G(r)W5(r) + g 2( ) < 5 +e70.
Taking § = ¢/2 and using the fact that

lim e~ %0"/2p2pV7 = 0
r—00

we find M* = M*(C*,eg) so that
()] < 2757/
for » > M? and M > M*. This completes the proof of the lemma. O
Now we can state in a precise form the main Theorem 1.1:

Theorem 3.1. Suppose that the potential W (r) is a positive decreasing function in
CL([0,0)), such that the assumption (4) is satisfied for some positive constants
C,eo. The zero is not a strong resonance for Pu =" (r) + W(r)u(r).

Proof. Suppose that u(r) is a solution to u”(r) + W (r)u(r) = 0, such that u(r) is
not identically zero, i.e.,

/12 [u(r)[2dr # 0.

We choose M* so that the conclusions of Lemma 3.1 and Lemma 3.2 are fulfilled.
Then the identity (18) implies that

M2 oo
[ e0) )P dr=— [ o) o)l ar (20)
0 M?

for any M > M*. We can apply Lemma 7.1 and conclude that
u(s) = u(l) + /18(7' — )W (r)u(r)dr + /Oo(s — YW (r)u(r)dr.
This relation and the exponential decay of the potential W (7) implies
S =sup |u(s)| < Ju(l)] + /OOO(T + W (n)|u(r)|dr < oc.

Applying Lemma 3.1, we see that

| e ey ar= [ g juef ar
0 0

2 ) B 1 2 )
> [ Para W = Lyt WO [ )R

The right-hand side of the identity (20) can be evaluated by the aid of Lemma 3.2
and we get
750M2 /2

7/ &(r) u(r)|? dr < 2/ e /2|y (r) 2dr < 282 ©
M2

M2 €o
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so we arrive at the inequality

2 M +1)(M —eoM?/2
w(1) / ju(r)dr < 252 M T ;2)6
1 0

that obviously leads to a contradiction with

/ " u()2ar £0
1

if M > M* is sufficiently large. The contradiction implies v = 0. This completes
the proof. O

4. The non-radial case: zero is resonance implies
zero is an eigenvalue

Along the previous sections we treated the non-existence of radial resonances. Our
next step is to treat the general case, that is the resonances in the non-radial
case. One can use standard projections on spherical harmonics and reduce the
analysis to the proof that zero is not a resonance for the following operator (see
[11] and [34)),

P(u)(r) = —u"(r) — W(r)u(r), r € (0,+00). (21)
Here and below we shall assume that W (r) = Wi (r) + Wa(r), where
1
Wl (T) = 70[(0;: )a o> Oa (22)

while Wa(r) is a C1(0, 00) positive strictly decreasing function such that for some
positive constants C,eq it satisfies the estimate (4) for some positive numbers
C, £0-

It is clear that we need for the applications only the case when a(a + 1) is
an eigenvalue of the Laplace-Beltrami operator on the sphere S2. The arguments
from this section are valid for any a > 0.

One can have

Definition 3. A real number \ is called eigenvalue of P if there exists u € H'(0, 00)
such that w(0) = 0, u(r) is not identically zero and P(u) = Au in the distribution
sense in (0, +00).

Suppose that there exists a real-valued function u(r) € H'(0,00) so that
P(u) = 0. Our goal will be to show that w is identically zero.

The Sobolev embedding on (0, 00) implies that u(r) € C([0,00)). Then the
equation Pu = 0 guarantees that u € H?(R,00) C C'([R,0)) for any R > 0. To
analyze the behavior of the solution at infinity, we integrate the equation Pu = 0
in the interval (R, Ry) and find

Ry

1/2
[v/(R) — u'(Ry)| < ( W(r)? dr) Il < C’R73/2,
R
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since W(r) is bounded from above by constant times r~2. The assumption u €
H(0,00) easily yields

[W/(R)| < CR™®?,  |u(R)| < CR™'/?. (23)
From the asymptotic expansion obtained in Lemma 7.3 we have also
u'(R) + ;u(R) < Qe k2, (24)

Once we have proved the lack of a zero-energy eigenvalue, we shall prove the
following:

Lemma 4.1. Suppose that « > 1/2. If A\ =0 is a strong resonance (in the sense of
Definition 2) of P, then A =0 is an eigenvalue of P.

Proof. We can use the asymptotic formulae (68) at infinity, combined with the
estimates (79), (80) near r = 0. If the operator P has in the spectral point A = 0
a resonance, then these asymptotic estimates imply that wu(r) is a function in
H'(0,00), so 0 is an eigenvalue of P. This completes the proof of the lemma. [

Finally, we may study the resonances of the operator
~A —-W(|z|), = € R

Definition 4. A real number X is called a strong resonance of —A — W (|x|) if there
exists a u € C(R3), such that u(z) is not identically zero, —Au — W (|z|)u = \u
in the distribution sense in R3 and the solution u satisfies the inequality

u(@)] < C (1 +[z))~* (25)

with some € > 0.
If u(z) = u(|x|) is a radial function, we shall call X a radial resonance.

Theorem 4.1. Suppose that the potential W (r) is a positive decreasing function,
such that there exist positive constants C,e so that (4) is fulfilled. Then zero is not
a radial resonance for —A — W (|z|). If A = 0 is a (non-radial) resonance, then
A =0 is an eigenvalue.

5. Resolvent estimates and local energy decay for wave equations
with potential

Along this section we will prove the main resolvent estimates concerning the per-
turbed operator (1). Let us indicate by

Ro(p) = (A — )™,
the resolvent of the operator —A, and set R¢ (1) = Ro(u) if Imp > 0 and re-

spectively Ry (1) = Ro(u) for Imp < 0. Take into account now the initial value
problem

{8t2u—Au:0 teR, zeR? (26)

(U(O, '75)7 atu(07 .7;)) = (07 g(.’L‘)),
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Once we pick Im u > C' > 0, we have, by an application of the Laplace transform,
Ro(w) = [ e a(t) (27)
0

where Uy (t) = Si“\/tl/;A is the evolution operator associated to (26). This means
that the resolvent associated to (26) is a well-defined operator in B(H™~1, H™),
and depends analytically on y, once one notices that (see [21] and [31] for more

details)
Uo (@) fllam < Lf | m—1. (28)

for any Schwartz function f. This aims to the following inequality, after an inte-
gration by parts of (27) and by (28), to the bound,

1
IR () e S ) Wl (29)
(1)
for any Schwartz f. Moreover one could get from the identity,
1 1
Ri =~ 1~ AR,
the estimate,
1
IRg (1) fllez S o I f e (30)

(1)

Other relevant estimates obtained easily from (27) are,

d 1

IIduRo*(u)flle N (n? £l 22 (31)

d? 1
HdﬂzR(J)r(//')fHLz S <M>3||f||L2> (32)

and P ,
HdugRJ(u)flle N <wzllflly—l- (33)

Recall the classical resolvent identities (11), (12) and set
R(p) = (~A =W — )71, A(p) = o(—=A — p*) " W
One has the following compactness result in the spaces
L2s={f € L},.,(1+|z))~°f € L?}.

Lemma 5.1. The operators A(p) are compact in the space B(L? 5, L? 5,), for Im p >
=06 and 6,8 > 0. Moreover the following estimate is satisfied:

||A(#)||B(L%5,Lié,) =0,

as |p| — oc.
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This lemma is a well-known standard resultm so we skip the proof. It suffices
to notice that ¢(—A — p?)~'W is analytic on the zone Imyu > —4, and that
the potential W is of the short range type (see [1] and references therein). The
continuity of the multiplication operator =1 in B(L%;, L? 5/), with the estimate
(29), give the result.

Lemma 5.2. Let us assume that the potential W satisfies (4). The cutoff resolvent
operator R (1) has a meromorphic extension from Impy > 0 to Impu > —4.
Moreover for each § > 0 there exists a real constant C > 0 such that the following
estimates are true:

C
lpPac R () f L2 < () 1f1 L2, (34)
C
lpPac R ()@ f L2 < <‘u>2||f||H1a (35)
d C
‘lQDdMPaCR+(N)(pf‘|L2 < C<M>2 1£1 22, (36)
d? C
||90d,u2PaCR+(:u')(prL2 < C<M>2 [ f -1, (37)

for any Schwartz function f.

Proof. We start to prove the first claim. Denote by P,. the projection on the
absolutely continuous part of the operator

—A—W.
The perturbed resolvent R(u?) = (P — u?)~! satisfies in Im p > 0 the relation
_ -1 _
Pac(wA =W =)' =P (I = (A=) 7'W) " (mA—p?)"" (38)
provided the operator (I — (Py — p?)~'W) is invertible. This relation implies

-1
_ _ _ 1 _
OPac(—A =W — 1®) Lo = pPacp™? (I — (P — p?) 1W(p> o(Py — p?) L.

(39)
We can assume that p1 < --- < puny < 0 are the eigenvalues of the operator —A—W
with corresponding eigenvectors (normalized in L?)

fl(S(}), ey fN(S(})
They decay exponentially and this fact implies

N
(I=Pu)f =Y filf fi)ee
j=1
Hence taking § > 0 sufficiently small in op(z) = e ~%1*| we get
17 = Pac)e™" fllz2 < CIf | 2
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Hence the operator ¢ Pa.~! is bounded in L? and the relation (39) can be used
in combination with the Analytic Fredholm Theory and Theorem 3.1 concerning
the lack of strong resonances in y = 0. We are able to say that the operator

(I —o(=A -~ MQ)‘IW;)l :

is analytic in Im g > —4, excluded a discrete subset where there are the eigenvalues
of (1). Moreover, the application of Theorem 4.1 and the remark after the theorem
guarantees that

1 —1
P Pacp™ (I —p(-A— uz)lww)

is analytic in Im g > —9.
In this way we obtain the inequality

||90PacR+(N)§0fHL2 .
_ _ 1
SloPag™ (1= o= W L) s oo RS ef

Considering ¢ € L'(R), the right-hand side of the previous estimate could be
bounded in several different ways: by (29), it does not exceed C{u) " || f|| 2, while,
from (30), we get that it is less than C{(u) 2| f||z2. In that way the resolvent
estimates (34) and (35) are obtained. After integrations by parts and following the
same lines of the proof for the above estimates, by using (31), (32) and (33) we
finally get (36) and (37). We notice that the meromorphic extension of the cutoff
resolvent (P — u?)~1¢p guarantees that the estimates for Im p > 0 remain valid
also in the domain Im y > —4. O

Remark 5.1. Since the operator —A — W(|z|) has no resonances, the operator
R* (1) has the form,

B
R (n) = T+ Qw 40
D=3 1, () O (40)

where the B; are projection operators on the eigenspaces associated to the eigen-
values p = pj, while Q(u) is analytic in Im p > —4§. The operator

PaCRJr(.u“) = PacQ(.u“)’
is also analytic in ITm p > —9.
We now finally give

Theorem 5.1. Suppose that the potential W satisfies the properties (4), ug and
vg are smooth compactly supported functions and p(z) = ezl for some & >
0,0 € (0,£0). Then there exists an a > 0, such that the solution to (5) satisfies the
following estimates

lePacult, )|z < e™ (g™ uoll L2 + o™ voll -1, (41)

and
1

ledePacu(t, @)l S e (o™ uollarr + [l voll L2)- (42)
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Proof. The proof of the main theorem follows the one of Vainberg in [33, 31].
Proof of (41). We lose no generality if we assume «(0,2) = 0 in (5) and u, vy are
real valued functions. Let 3 be a general Hilbert space and denote by L, (R, H) =
e Y"L(R, H). We have, by (27), the inversion formula

oco+iv

1 .
ut) =, Re [ e MR (uundp, (43)
2m —o0o+1iv
and the above integral converges in L, (R, L?). Let R+(u) denote the meromorphic
extension of the cutoff resolvent @ R* (u)e. Set
2

Rf(w=R"(w- 7 . 14
W=rw- 5 (44)
From the fact that ,
oo+ e*i#t )
Re/ . du =0, 45
oot B — (v — 1) (
we can rewrite (43) as
1 oco+iv ) -
pu(t,x) = Re/ e M RY (u)p tugdp. (46)
27 —oo+1iv

Consider now, in the complex plane, the path! T UT'; UT'y UTs, where
''={ze€Clz=s+iv,—-R<s< R},
I':={z€C|z=R+is,—a < s <v},
I'y:={ze€Clz=s—ia,—R<s <R}
I's:={z€C|z=—-R+is,—a<s<v}.

By the Cauchy theorem and integrating along the above path we yield

1 cotiv 3 1 L 3
—iut p+ —1 _ —iut p+ —1 o
/ N I TE i1 2 /Fje R ()¢ vodp = i N

2m —oo+1iv !
i (47)
First we notice that from inequality (35) we achieve
R+iv _
[Aallz2 < / le™"*" R* (s)™ w0l p2ds < e(t, v)R™2|l¢™ vl - (48)
R—ia

where ¢(t, V) is a positive measurable function depending (exponentially) on ¢ and
v. A similar estimate is valid also for the term I's. Taking R — oo, we easily
see that ||A;]|L2 approaches to 0 for both [ = 1,3. What concerns the remaining
integral A5, we obtain by two integrations by parts,

1 R—ia g2
As = N(R)p™! —iut 7 Rt “Luod 49
2 (R)e™ w0+ /_R_we gs2 B (we™ vod, (49)

LAs pointed out in Remark 5.1, we do not include such eigenvalues in our proof because we
project the solution of (5) along the absolutely continuous spectrum of the Schrodinger operator
—A — W. This does not affect the generality of the results.
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where p = s —ia and N(R) denotes the expression involving all boundary integral
terms. If Ao denotes the second term on the right-hand side of the previous identity,
we may write

A2z SIN(R)™ vol| 2 + [[Az] 2. (50)
By estimate (34) and (35), it is easy to see that the first term on the right-hand
side of the above identity can be bounded by C(R)||¢ ™ vo|/ 1, where C(R) is a
constant depending on R approaching to 0 as R — 0. The remaining term can be
handled, for ¢ large enough, as

R—ia _
allo S [ e IR (s)e ol zads
—R—1a (51)

R
N efat||9071vo||H71 / <5>_2d5 S 67at||9071”0||H*1’
-R

and this completes the proof of the first part of the theorem.

Proof of (42). Tt is enough to see that the function d;u(t, x) satisfies equation (5),
with initial data vy and Awvy. Taking into account the estimate (41), the remaining
part of the proof is fulfilled. O

6. The nonlinear Schrodinger equation

Consider the nonlinear Schrédinger equation (NLS),

iug(t,x) = —Au(t,z) — [ulP"tu(t,z) =0, (t,z) € R x R3,
(52)
(0, 2) = uo(x),

where 1 < p < 1+ 4/3, this means in the domain where the problem is globally
well posed. In fact for p > 1+ 4/3, there exist solutions with H' norms blowing
up in a finite time interval. Solitary waves associated with the NLS type equation
have the form

Ys(t,z) = xu(z)e ™, tecR,zcR3,,
with w C O, for some open interval O € R, where x,, satisfies the equation

7AXUJ — WXw + ‘Xw|p71Xw == Oa T e Rgv (53)

/RB X2 =1 (54)

We recall some well-known facts about the linearization at a ground state. Let us
write the ansatz

u(t,z) = e (xw (@) + r(t, ), (55)
Inserting it into equation (55) we get
i0yr = Ar + (nonlinear terms), (56)
and
— p+1.p p—1.p
Aw)r = (A +w =" xE)r =75 xbr.
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Because of the presence of the variable r, we write the above as a system.
This yields
10:R=H(w)R (57)
where

H(w) = <_L(_)(w) L+0(7w)> (58)

and with

Li(w)=—-A+4w-—pxP, L (w)=—-A4w-—xP, (59)
having in mind also that the essential spectrum of H (1) consists of (—oo, —w] U
[w, +00), and that 0 is its isolated eigenvalue. Furthermore it is easy to see that
L(w)4 are self-adjoint operators with a continuous spectrum in |w, c0), that L(w)_
is nonnegative, while L(w)+ has exactly one negative eigenvalue (see the paper [11]
and [34] for more details). Let us mention some recent works [14], [22], [12] where
computer assisted proofs on the complete information of the spectrum of linearized
operators for specific nonlinear terms are presented. We make the following appli-
cation of the results of the previous sections.

Theorem 6.1. The operators Ly(w) have no radial resonance (see Definition 4)
at the spectral point w. If w is a (non-radial) resonance of Li(w), then w is an
eigenvalue of Ly (w).

Before starting the proof of the above theorem we need to give some pre-
liminary lemmas. By a rescaling argument we can pick w = 1, and focalize our
attention on the operator

Lo =—-Axi+x1—x, x1 € H*(R?), x1>0

because all results can be proved in the same manner for L. It is well known
that positive radial solutions exist and they are exponentially decaying (see, for
instance, [17]). Here we briefly sketch the proof for completeness and make a better
asymptotic expansion. First we note that the Sobolev embedding implies

xi(2)] < C. (60)

A better decay estimate follows from an argument of Strauss (see page 155,
Section 2 of [32]). The classical Strauss lemma (Radial Lemma 1 in [32]) gives

rxa(r) < lIxallm = C,
SO
xa(r) = x5 (r) > (1= 0)xa(r)
for any positive 6 and for » > 0 large enough. Setting u = x1(r)r, we see that
u”(r) > (1 = 8)u(r) so

<u22> > (/) 4 (1= 6)u = (1= o)u?,

This differential inequality shows that the quantity
ef\/2(175)’"(w' +/2(1 = 0)w), w(r) =u?(r)
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is non-decreasing and has to be non-negative, since w and w’ are integrable on
(0,00). This implies the decay estimate

u?(r) < Cef\/2(175)r, T — 00.
Using the argument of Remark 1.2, we arrive at the following.

Lemma 6.1. For any w > 0 there exists a unique positive solution x(x) = x.(x) €
H?Y of the equation (53) and a positive 6o = do(w), such that

-6
X (r)] < Cem™
To obtain a more precise estimate we rewrite

—Axi+xi=F(r)=xy, xi € H(R?), x1 >0

(I / N
xXi\|ry) =c¢ yl)ay
! R3 |33—3/|

as follows

Introducing polar coordinates, we find

x1(]z|) —c/ / F(|z + rw|)dwr?dr.

Now we can use the following identity

o plaler
/ F(|lz 4+ rw|)dw = / F(A\)AdA
s2 |

|z|r [|z|—r|
SO . |w|+r
1(|z|) = m/o /w . A)AdNdr.
One can see that
alal) = 0 (K (F)(jal) + Ka(F)(a) (61)

with
2|
Ky (F)(Jz]) = /O e~ 17l sinh(X) F(A) AdA.

Ko(F)(|z|) = /Oo sinh(|z|)e A F(A)AdA.

x|

If one substitutes F(A) with x7(\) and notes that F(y) = x{(y) < C for |y|
bounded due to (60) and moreover the estimate of Lemma 6.1 implies F(y) <
Ce= %Pl for |y| > 1, we deduce

|K1(F)(|z))] < Ce BI#l, B = min(1, dop)
|Ka(F)(|Jz])| < Ce P11, B = min(1, 6op),

and we find
[l |xa ()] < Ce™ P11, B = min(1, 6op).
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If Sop < 1 we derive F(|z|) < CePBI#l and making further iterations we get

Lemma 6.2. For any w > 0 there exists a unique positive solution x(x) = xu(x) €
H?' of equation (53) and a positive C = C(w), such that

rixw(r)] < Cemver
forr>0.

To get an asymptotic expansion, we use (61). If one substitutes F'(\) with
X4 (\) and applies the estimate of Lemma 6.2 (with w = 1) one can obtain the
asymptotic expansions

K1(x1)(|z]) = Coe~ |I|+O< (v- 6”“) x| > 1,

(&)
KL (&) (]) = ~Coe™ 40 (7=l ) | ja| > 1,
Ko () (Ja) = O (e =0t 2l > 1,
K08 () = 0 (e=w=2lel) 2l > 1,

where § is any positive number. After rescaling the argument we get

Lemma 6.3. For anyw > 0 there exists a unique positive solution x(|x|) = xw(z) €
H? of equation (53) and a positive Co = C(w), such that

TXw(r) = Coe™ ‘/wr—l—O( (p— 6)\/"”), r>1,

(rxw(r)’
Theorem 6.2. For any w > 0 there exists a unique positive solution x(|x|) =
Xw(z) € HY of equation (53) so that
a|w|Xu}(l') >
Xw (@)

for some positive constant C1. Moreover there exists a positive Co = C(w) constant,
such that

—wCoe V¥ + 0 ( (p— 5)\/w) , r>1.

0> —-Cy

rXw(r) = Coe™ ‘/"JTJrO( (p— 6)\/"”), r>1,

(rxw(r)’

Proof of Theorem 6.1. The proof is easy, so we reduce it to few lines; it is a con-
sequence of the results stated in the previous sections. By Theorem 6.2, we obtain
that the operator L_ — 1 has the form of —A — W, where W satisfies the assump-
tion of Theorem 4.1. This assures that we have no radial resonance (or eigenvalue)
at zero energy; the same is valid for Ly — 1. Moreover, if A = 0 is a (non-radial)
resonance, then A = 0 is an eigenvalue. O

—wCoe V¥ + 0 ( (p— 5)\/w) , r>1.
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7. Appendix 1: Asymptotics for solutions to some ODE
Lemma 7.1. Assume that W(s) > 0,¥s > 0 and
(1+5)*W(s) € L*(0, 00).

If u € C%(R) is a solution of u” +Wu = 0 and there exists so > 0 so that u(s) > 0
for s > sg, then there exists a non-negative number Cy so that we have the relations

u'(s) = Oy + /OO W (r)u(r)dr, (62)
u(s) = u(SO)+/OO(T—80)W(T)U(T)CZT+C1(S—So)—/OO(T—S)W(T)U(’T)CZT, (63)

as well as the asymptotic expansions (valid for s — o)
u(s) = Co + C1s + O(g(s)), u'(s) = C1+ O(h(s)),
where

h(s) = /00(1 +5)W(s)ds, g(s) = /00(1 + 5)2W (s)ds.

Proof. We have
u'(s) = —W(s)u(s) <0, s> sp.
The Taylor expansion gives

u"(§)(s — s0)?

0 <u(s)=Do+ Dis+ 9

< Dg + D;s,

where
s> s0,& € (s0,8), D1 =1u'(s0), Do =u(sp)— sou'(s0).
The inequality
0<u(s) <C(l+s)
and the assumption
(1+5)*W(s) € L'(0,00)
show that

u'(s) —u'(t) = — /tS W (r)u(r)dr (64)

is small when sy < t < s and s,t are large enough. This argument shows the

existence of the limit

. / _
Jim w9 =

as well as the asymptotic expansion
u'(s) = C1 + O(h(s)).
Integrating this relation and using the fact
| nirydr = otate)
we obtain the desired expansiosn
u(s) = Co+ C1s+ O(g(s)).



136 V. Georgiev and M. Tarulli

The fact that C; > 0 follows from the positivity of u(s) for s > s¢. Finally, to
prove (63) we use (64) and integrating (63) we find (62).
This completes the proof. O

A slight modification is the following

Lemma 7.2. Assume that W(s) > 0,Vs > 0 and
(1+s)W(s) € L'(0,00).

If u € C?(R) is a solution of v’ +Wwu = 0 and there exists so > 0 so that u(s) > 0
for s > sq, then

u(s) < C(1+s)
and the limit

. /
i o)

exists.

Proof. As in the proof of the previous lemma we have
u’(s) = =W(s)u(s) < 0.
The Taylor expansion gives

u"(§)(s — s0)?

0 <u(s)=Do+ Dys+ 9

< D() + Dls,

where
s> 50,& € (s0,8), D1 =1u'(s0), Do=u(sg)— sou'(s0)-
The inequality
0<u(s) <C(l+s)
and the assumption
(1+5)W(s) € L(0,00)
show that

u'(s) —u'(t) = — /ts W (r)u(r)dr

is small when sy < t < s and s,t are large enough. This argument shows the
existence of the limit

. /
v s)

This completes the proof.

Our next step is to consider equation (21) with the potential W (r) = W1 (r)+
Wa(r), where
ala+1)

r2

while Wa(r) is a C*(0, 00) positive strictly decreasing function such that for some
positive constants C, g¢ it satisfies the estimate (4).

The first step is to obtain asymptotic expansions of the solution and for this
aim, by Definitions 3 and 2, we give the following lemma.

Wi(r) = — . >0, (65)
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Lemma 7.3. Suppose (4) is true.

a) If 0 is an eigenvalue of P and Pu = 0, in the sense of Definition 3, then one
can find a real number C' so that

C
— —eor/2

u(r) o +0 (e ) (66)

and
Ca
/ _ —eor/2

u'(r) =t +O<e ) (67)

as r — oo.

b) If 0 is a strong resonance of P and Pu = 0 in the sense of Definition 2, then
there exists a real number C > 0 so that

C
. —EoT/2

u(r) = ot @) (6 ) (68)

and
Ca
’ _ —eor/2

u'(r) = atl +0 (e ) (69)

as r — oo.

Proof. First we prove a). One can rewrite the equation Pu = 0 as

!/
[r*“ (u'(r) + (ju(r))] + 77 Wa(r)u(r) =0 (70)
or as /

[r‘za (ro‘u(r))'] + 7 Wa(r)u(r) =0. (71)
Note that the assumption Wa(r) € C*(0, 00) combined with the equation Pu = 0
imply that u € C?(Ry, Rg) for any 0 < R; < Ry. Integrating (71) in the interval

(Rl, RQ), we find
| Ry **(R3u(R2)) — Ry **(R{u(Ry))'| =

Ro
/ 7 “Wa(r)u(r)dr|, (72)

Ry

so using assumption (4) together with the fact that u is bounded (since it belongs
to H1(1,+00) N C1(1,+00)), and taking Ry > 1, we find

Ra
/ T Wa(r)u(r)dr| < Ce—cof/2, (73)
Ry
In this way we conclude that the limit
lim 72 (r®u(r))’, (74)

=00

exists and is equal to a real constant Cy. By this, we achieve the expansion
(r*u(r))" = Cor** + O (eig(’r/z) . (75)

Consider now the function
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then (75) implies that ¢/(r) € L'(1,00). Moreover we can see that g(r) has a limit
(say C) as r goes to oo and

g(r)=C — /OO g (r)dr = C + O(e507/?).

Thus we obtain

( )7 C ’I"Oé+1 n C +O( 7507“/2) (76)
iy ==5o 20+1  ro c
and
(a4 1)re Ca Ceor
W) =Coy T e TO(e /2 (77)

as r moves to infinity. Comparing these asymptotic expansions with the fact that
u is bounded, we see that Cy = 0 and this completes the first part of the lemma.

The proof of b) can be obtained similarly to the above using assumption (14),
so we skip it. O

To study the asymptotic behavior of the solution to (21) we can use the
integral equation

u(r) = cr_a/ Ta+1W2(T)u(T)dT+CTa+1/ T “Wa(r)u(r)dr. (78)
0 T
If 0 is a strong resonance of P and Pu = 0 in sense of Definition 2, then
u(r) = O(r**) (79)
and
u'(r) = O(r®) (80)

asr — 0.
The above arguments suffice to get

Lemma 7.4. If 0 is a weak resonance of P and Pu = 0, then one can find real
numbers Cy, Cy so that

’I"O‘+1 Cl
— 7507‘/2
u(r) = Cy %+ 1 + o + O(e ) (81)
and
(a+1Dr*  Cha Ceor/2
W) =Co gy T e TO ) (82)

as r > 1 tends to infinity.
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8. Appendix 2

In this section we complete the discussion concerning the weak resonances and its
connection with different types of potentials. It seems that the weak resonances
cannot be never avoid, more precisely they are an intrinsic character of the struc-
ture of the differential equation involved in the description of such phenomena. In
order to do that we look at large potentials and small potentials.

8.1. Large potentials do not generate weak resonance at the spectral origin

As in the previous section we shall assume W (s) > 0,Vs > 0 and
(14 8)*W(s) € L'(0,0).

To show that all solutions u € C%(R) to "+ Wu = 0 having linear growth at
infinity are identically zero, we can apply Lemma 7.1 so without loss of generality
one can assume

u(0) =0, u(s) >0, Vs > 0.

The key assumption that will guarantee that such solutions do not exist is

o / s)ds > 1 (83)
for some real M > 0.

Turning back to the integral equation of Lemma 7.1 we have the relations
'(s) = C4 Jr/ W (r)u(r)dr, (84)
u(s) = / TW(T)u(r)dr + C15 — / (1 — s)W(r)u(r)dr, (85)
0

S

so we can introduce the operator

o0

K(u)(s) /OOOTW( Yu(r )de/ (r = )W (r)u(r)dr

:/TW d7+s/ W(r

It is clear that « > 0, Vs > 0 implies K (u)(s) > 0 Vs > 0. Relation (84) shows that
u'(s) > 0 for the interval [0, M] so that w/(s) > C* =u'(M) > 0 for 0 < s < M.
Then we have the estimate

u(s) > C*s, Vs e [0, M].
For any s € [0, M] we have

K(u)(s)>KM(u)(s)E/ W(r d¢+s/ W(r

K(u)(s)

s 26 (i /0572w(r)dr+/er(7)dT> :
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The function
1
s

s M
/ W (1)dr Jr/ TW (r)dr
0 s
is decreasing so
K (u)(s)

M
. > C, (]\14/0 T2W(T)d7'> .

1 M
D= M/o W (r)dr > 1.

Assumption (83) implies

So if u solves the equation u(s) = Cis + K (u)(s) we obtain

u(s) u(s)

< >C*"Vse[0,M] =

=C1+C*"D > C" Vs €0, M],

and we find

lim u(s) =4/(0) > C* + NC,

s~>0+ S

but this is a contradiction since N is arbitrary.

8.2. Small potentials generate weak resonance at the spectral origin

To construct nontrivial solutions v € C?(R ) to u”+Wwu = 0 having linear growth
at infinity, we assume

1M,

> s*W(s)ds = D < 1. (86)
M 0

M>0

Remark 8.1. One sufficient condition for (86) is

/ sW(s)ds < 1,
0

since we have the estimate

1M M
s*W(s)ds < / sW(s)ds.
) 0
Consider the integral equation
u(s) = Crs + K (u)(s),

where
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We plan to show that this equation has a solution in the Banach space ob-
tained as a closure of the linear space L formed by the functions u(s) € C([0, c0)),
such that «(0) = 0 and

|u(s)]

[lull| = sup < o0.
s>0 S

To be more precise, B is the closure of L with respect to the norm |||ul||.
To show this fact it is sufficient to notice that

IHE )Nl < Diffull|

so the assumption D < 1 enables one to apply a contraction argument for the
equation
u(s) = Cis + K(u)(s).
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Decay Estimates for the Supercritical
3-D Schrodinger Equation with
Rapidly Decreasing Potential

Vladimir Georgiev and Bozhidar Velichkov

Abstract. We establish an almost optimal decay estimate for the 3-D Schré-
dinger equation with non-negative potential decaying exponentially and non-
linearity of power p > 1+ 2/3 = 5/3. The key point is the introduction of an
appropriate analogue of the generators of the pseudoconformal group for the
free Schrodinger equation.
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1. Introduction

We consider the following Schrodinger type equation
(0 + Ay — W(z))u + |[ulP~tu = 0. (1.1)

where t > 1 and = € R3 and W(z) is a non-negative potential.
Potential type perturbation for the classical Schrodinger equation

(10 + AU + |UP~U =0

appears in a natural way, after linearization around solitary type solutions, i.e., a
solution of the form

U = e“'y(x),
where Y € H'(R?) is a critical point of the functional

o
/\nm“wx
Rfi

1
B0 =, IVxlE—

The first author was supported by the Italian National Council of Scientific Research (project
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subject to the constraint

IxIIZ> = 1.
Restricting the attention to the minimum of E(x) subject to the same constraint
one can work with so-called ground states (see [6] and the references therein)
and see the existence and the fact that ground states are positive, radial and
exponentially decaying functions. The linearization of type

U— (u+ eith)

leads to an equation of type (1.1), where W is a bounded (possibly non-selfadjoint)
operator in L? expressed in terms of y(z).

For simplicity in this work we consider the case when W (z) is a real-valued
non-negative function having the same decay properties as the ground state x(x).
More precisely, we assume the following hypotheses on W:

(H1) W is a non-negative Schwartz function decaying exponentially at infinity and
such that there exist positive constants ¢y > ¢; > 0 so that for any x € R3

0 <coW(z) < -0, W(x),

and
W(z) 4 |0,W (z)| < Ce~ 117,
Let ¢ be the Hilbert space defined as the closure of C§°(R?) functions with respect
to the norm
lulle = llullfre sy + Nl ullZ2 s (1.2)

It is well known that p = 5/3 is a critical value for the existence of asymptotic
profiles and dispersive estimates for small data solutions in case of the potential
W =0 (see [11] for example). In this work we study the supercritical case p > 5/3
and obtain the following decay estimate.

Theorem 1.1. Assume (H1) and the parameters s,p satisfy p > 5/3,s > 3/2.
Then there is a constant €9 > 0, so that for any § > 0 one can find a constant
Co = Co(en,6) > 0 such that for any € € (0,¢0) the solution to (1.1) satisfies the
inequality
Co

[u()]| oo (rs) < (3/2-66 (1.3)

provided
le(ls- < e

There is a long list of results concerning the Strichartz type estimates, L? —
L7 estimates and similar dispersive estimates for potential (or magnetic) type
perturbations of the linear Schrédinger or wave equation (see [16], [18], [7], [2],
[14] for some of these results). However these types of estimates seem to have a
non-obvious application if one tries to get the almost optimal decay rate for the
nonlinear supercritical Schrodinger equation. The classical approach developed in
[11] is based on the use of the generators of the pseudoconformal transform that
enables us to get the optimal decay for the case of the potential W = 0. Since no
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reasonable definition of these generators is available for the case of potential we
are forced to use a different approach.

Our approach is based on a direct application of the pseudoconformal trans-
form. After this transform the global Cauchy problem with initial data at t = 1
becomes a local Cauchy problem for the Schrédinger equation with time-dependent
potential. More precisely, we shall need an estimate of the solution to the problem

X
i0rv + Av — T2W (T) v=_G, Te€(0,1).
Taking s € [3/2,2] for any d > 0 we shall be able to find positive a constant
C = (C(s,9) so that
lo(T, Mg, < CITPR=*2No(1,)lmg, + + CITP2 0 Gllp ).

This is our key estimate to derive the local existence result for the nonlinear
Schrodinger equation after the pseudoconformal transform.

2. Pseudo-conformal transform

The pseudo-conformal transform is defined as follows
(t,z,u) = (T, X,v),
where t = 1/T, 2 = X/T and
1 1 X

/U(T?X): Tn/2 (T T

)el i (2.1)
Then we have the relation

i0r0(T, X) + Axv(T, X) = T2 5 30 (—idyu(t, ) + Agu(t, ) [1—1 /70t -
Since u satisfies the equation

(=10 + Ay — W(2))u + |[ufP~ru =0,

we get
0rv(T, X) + Axv(T, X) =T 272 (W(2)u(t,z) — |ut, =) u(t, z)) ir
=T 2W( ) T3 (T, X) P (T, X).
Hence
i0rv + Axv—T ( >v+T"” " Pl =0 (2.2)

for 0 < T < 1and X € R™. Note that the L? norm of u is constant, since u satisfied
the nonlinear Schrodinger equation (1.1). On the other hand, the transform (2.1)
preserves the L2 norm, so we have

d 2 —
T /R (Jvf*) dX = 0.

In this way we obtain the following lemma.



148 V. Georgiev and B. Velichkov

Lemma 2.1. If u satisfies the linear Schrédinger equation

(10 + Ay —W(x))u=F fort >1 and z € R",n > 3, (2.3)
then v(T, X) defined according to (2.1) and
1 1 X i X2

G X) = Pl i )e i (2.4)

satisfy
iaT’U+AXv7WT(X)U :G(T,X), (25)

where

—9 X

Wr(X) =172 (7). (2.6)

3. H? estimate

Setting
(T, X) = (-A +T7°W (?)) (T, X),

we have the following equation satisfied by v

X
i@Tvg + A’UQ - T72W <T> Vo = in’U + Gg,

wi(rx) = |or (72w (7))
o (D)

Let us take n = 3. Applying the Strichartz estimates of Theorem 6.8, we get

where

and

HUQ(T7 )HL%( <C (H’Uz(l, )HL%( + ‘|W1U‘|L2((T’1);L§(/5) + ||G2||L1((T,1);L§())

The assumption (H1) guarantees that

Wo(T, X
Wi(T,X)<C O(T’ ), (3.1)
where
o—calX|/T
Wo(T, X) = T2

We have a generalization of this estimate, given in the lemma below, where typi-
cally we shall assume that b(s) = 1+ |log s| or b(s) = s~% with § > 0 small.
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Lemma 3.1. Suppose b(s) is a positive continuous function in (0,00), such that b
is decreasing in (0, 1), satisfies the estimate b(s?) < Cb(s),s € (0,1) and

lim s°b(s) =0
sN\0
for any € > 0 such that ¢ < min(ca,a/2)) and satisfies one of the following as-
sumptions
a) b is decreasing in (1,00), and

lim s°b(s) = oo
Jim sb(s)
for some € > 0 such that ¢ < min(cq, a/2)) or
b) b is increasing in (1,00), satisfies the estimate b(s™1) < Cb(s),s € (0,1) and

lim s°b(s) =
sboos (s) = o0

for any € > 0 such that ¢ < min(cs,a/2)).
Then for T € (0,1) we have the estimate

b(T)Wo(T, X
wixpwa(r, x) < O e 0,0y, (32)
T1 a|X‘a
where
__ e~ (c2—e)|X|/T
WO(TaX) = T2
Proof. Tt is sufficient to verify the inequality
[ X|“b(1XT]) _ CleslXI/T
o(T)Te =
If T? < |X| < T, then
a a 2
XPB(X]) _XI0TY) _
Tab(T) Tab(T)
If | X| < T?, then the condition
lim s°b(s) =
51\1‘%5 (s)=0
implies s°b(s) < C' so
a a—e a—2¢e
X|Pb(x)) _ (X|re e
Tep(T) — Too(T) — b(T) —
For T' < | X| < 1 we have
XTI XT) _ 1X1* _ qperxiyr

Tap(T) — T
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and the same argument works if |X| > 1 > T and b is decreasing everywhere,
i.e., a) holds. For b) we can separate the cases 1 < |X| < 1/T and |X| > 1/T. If
1 < |X| < 1/T then b(|X]) < b(1/T) < Cb(T) and we have

[X|“b(1XT]) _ ClX]

< Oy efIXIT
Tep(r) = e =G

If | X| > 1/T, then b(T) > C~'b(1/T) > C~1b(1) = Cy and hence

[ X|“0(]X1)

< XI129(1X]) < e|X| < 5\X|/T.
Teb(T) < C1X|*b(|X]|) < Ce < Ce O

Note that
Wo(T )l pnra = O(1). (3:3)
Applying the estimate of the previous lemma (with n = 3,b(T") = |logT| )
we get

b(r)Wo(r, X)

IWrllpaayngey < C | () x 2

L2((T,1);L%?)

Using the fact that

1) 22 o)) = /

T

1
d

log?(1) " ~ |log T|* = b(T)?|log T,
T

combined with the Holder inequality

[Wo(r X)g(a)

e S IR 32 9@y = € lo@l e

we get

v
b(| X)X [/

< Cb(T) | log T|M2|[v|| e ((7,1);15)

HWl’UHLz((T’l);L‘;(/E’) < Cb(T)‘ 10gT|1/2

Lo (1))
SO
IW1oll 2 1),872) < Clog T |[vll o ((ayieze)-

In this way we arrive at

(=2 + Wr)o(T, )| L3 (34)
< Cllv(, gz, + Cllog TP|v(1, )3, + Cl(=A + Wr)Gllpi(r1y:03,),

where W, is defined according to (2.6).
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4. Interpolation between s = 2 and s = 0

First we take any ¢ € (0,1) and v(1,z) = 0 and consider the operator
M:G e L'(6,1); L*(R?)) — v € L*™((5,1); L*(R?))

such that v solves the equation

i0pv + Av — T2W <;{> v=G,

with zero data at T = 1. We take another small parameter d; € (0,1) and define
for any complex z with Rez € [0, 1] the following operator

U(z) = Us, (2) = (—A + Wr)*T(6y — A+ Wrp)~*
U(z) : L'((6,1); L*(R?)) — v € L™((6,1); L*(R?)).
This is an analytic operator-valued operator. Using the fact that
(=A + Wr)® . LH(R3) — L*(R?)
is a bounded operator for a real s due to the spectral theorem and using the charge

conservation law for the Schrédinger equation with real-valued potential, we see
that

[Us, (2) Ell L ((51):22m9)) < ClE 215,122 (4.1)
provided Rez = 0. Note that the constant C' > 0 is independent of G, 6, d;.
Using the estimate (3.4), we see that

[Us, (2) Ell L ((5,1):22m9)) < ClE [ L1(5,1):222)) (4.2)
provided Rez = 1 and again the constant C' > 0 is independent of G, 9, §;.

Applying the Stein interpolation theorem (in this simple case the three lines
lemma) we see that for any s € (0,2) we have

1Us, (5/2)Fll Lo (5,122 ®2)) < ClIF | Lr(s,1):2(m3)) (4.3)
and using the definition of Us, (z) we set
F= (0 —A+Wr)2G, G e LY(5,1); H(R?))
and get
I(=A+Wr)*u(T, ) e s.1y2) < CllGL = A+ Wr)*Cll s 1ye3)- (44)

With a constant C' > 0 independent of G, §, 1, letting § and §; tend to zero we
find

[(=A + Wr)*?(T, Mre©)zz) < ClI(=A+ WT)S/zGHLl((OJ);L%(y (4.5)
In a similar way one can consider the map
My : f € L*(R?) — v € L>((6,1); L*(R?))

such that v solves the equation

X
iaTv+Av—T_2W<T>v:O,
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with data v(1,X) = f(X) at T = 1. The estimate (3.4) shows that we have
(=2 +Wr)u(T, ) ps, < Cllflluz + Cllog TP £z, (4.6)
Applying the interpolation argument as above, we find
(=2 + W) Pu(T, )z, < O+ [1og T))* fll g, (4.7)

for any s € [0,2].
In this way we obtain the estimate.

Theorem 4.1. Assume s € [0,2]. Then the solution to the equation
X
i@TerAvT_zW(T) v=G
satisfies the inequality

|2+ Wr)20(T, ) 3
< C (U Tog 1) o(L, g, + CU-A + W) /Gl s iy,

2
X

(4.8)

One can show that
I(=A+Wr)*? fllzz ~ [(=2)"*fll 2.,

for 0 < s < 3/2. This fact is established in [9], [8] (see also Section 7 below where
this is verified for completeness).
Then we arrive at

Theorem 4.2. Assume s € [0,3/2). Then the solution to the equation

X
iOrv+ Av—T2W (T) v=G_G
satisfies the inequality
1(=2)""20(T, )| 2,

. ) (4.9)
< C (14 [log TN [lv(1, )l mg, + ClI(=A)"2Cllpr((r,1y512)-

For s = 2 we can use the maximum principle for —A + W and see that

I(=A+W) " fllze < [1(=A)7 |2
SO
[(=8+ W) Af 2 < €Il fllzo (4.10)
and by duality
A=A+ W) fllre < O fl .

From this estimate we find

IAfllLe = A=A+ W)TH=A+W)fllz < CI(=A+W)fllrz.  (411)
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Thus we can obtain the following

Theorem 4.3. Assume s € [3/2,2]. Then the solution to the equation

X
i@Tv+AvT2W(T> v=G
satisfies the inequality
1(=2)*"20(T, )| 12, (112)
< CITPR= 0oL, )y + CITPP70(1 = A)2G] L)z

Proof. 1t is sufficient to verify the estimate for s = 2 and then to apply the
interpolation argument between s = 2 and s < 3/2 (established in the previous

theorem). For s = 2 we use (3.4) as well as (4.11) and see that
I(=2)o(T Iz, < Cllo(, Mg + Cllog TPlo(1, )|l 12, (4.13)
+ Cl[(=A)Gllr 1)Lz + CIWG Li ()22

Now the estimate

C
IWSlles < s N (=202l o

Hence the desired estimate with s = 2 is fulfilled. This completes the proof. (]

Corollary 4.4. Assume s € [3/2,2]. Then for any 6 > 0 one can find a positive
constant C' = C(s,9) so that the solution to the equation

X
iaTv+Av—T2W<T)v:G, Te€(0,1)

satisfies the inequality

(T, s, < CITP=* 2|l g, + CITPP N Gllnyeraymg)-  (414)

5. Proof of Theorem 1.1

Our goal is to solve the nonlinear problem (2.2)
X 3p—
i0rv + Axv — T2W (T) v+ T lv[P~ 1 =0
with initial data
v(l,X)=¢(X) € H® s> 3/2.
We shall assume that we deal with small initial data, i.e.,

lellms, <e.

We shall apply the contraction mapping principle for the Banach space sug-
gested by the estimate (4.14). Indeed, taking s = 3/2 + 0, with ¢ > 0, consider the
norm

Il llls= sup T*|jo(T,-)|l s (5.1)
0<T<1
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and the corresponding Banach space Bs. The estimates
Io(T, )P g, < Cllu(T, s, (5.2)

-1
Io(T, ) = w(T, )Pl < Cllo(T, ), 10(T ) = w(T )l

B (5.3)
+ Cllw(T, ) Nw(T, ) —w(T, )l s,

are fulfilled for any s > 3/2. A possible reference for these estimates is Theorem
1, Section 5.4.3 in [17]. Using the estimate of Corollary 4.4, one can define the
sequence v € Bs so that vy is a solution to the linear Cauchy problem

X
i0rvg + Axvg — T_2W (T) v =0
with initial data
vo = p(X).
Then given any vy € Bs we define vg11 as the unique solution to

. o (X ot
10rvg41 + Axvgyer — T°W T Vg1 + 1 2 |og|P" o =0

with initial data
v(1,X) =¢(X) € H°.
Applying the estimate of Corollary 4.4 as well as (5.2), we find

1
s llzs e +C [l o llas [ +0-7ar,
T

The assumption p > 5/3 guarantees that (taking § > 0 small enough)

1
/ T2 < O < 00,
T
SO

[ vkg1 [l2s< Ce + C |l ok [ll55 -

From this estimate we easily get
[l vk [ll2s< Cre. (5.4)

In a similar way, we can use (5.3) and derive
—1 —1
[ ken = vl © [l s —veon s (1l e 1357+ 1 os-r 1135°)

< CPM ||| vk — vr—1 |[l2s,
so taking € > 0 small enough, we can apply the contraction mapping principle and
we find a solution
v € Bs C L*([0,1]; H®).
Turning back to the pseudoconformal transform (2.1), we see that for 7' =1

we have
2

v(l,2) = u(l,z)e’s . (5.5)
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It is easy to see that the map

.22

P(x) = p(r) = P(x)e 4
maps X° in H® and
el as < Cllb|
This completes the proof of Theorem 1.1.

¥s.

6. Resolvent and Strichartz type estimates

In this section we discuss briefly the dispersive and Strichartz type estimates using
resolvent estimates. This link is possible in view of the following result due to Kato.

Theorem 6.1 (Kato [12]). Let H be a self-adjoint operator on the Hilbert space X,
and for p € R, # 0, let

(H - iu’)_la
denote the resolvent. Suppose that A is a closed, densely defined operator, possibly
unbounded, from X into a Hilbert space Y. Suppose that

L= sup{||A(H — ) ") A" fly; Su # 0, f € D(A*), || f[lx = 1} < <.
Then A is H-smooth and

2 I —itH £|2 r2

i =sap | [ A pga f e 2l =1) < .

A typical application for the Schrédinger equation is the choice X = L? and
A is the multiplication operator
(#)7*: f(2) € L2 — (@)~ f(2) € L2,
where here and below for any real s
LI ={f € Lie ()" f € L?}.

The study of the resolvent estimates is closely connected with the resonances
of the operator

~A+W(|z|),r € R®.

Definition 6.2. A real number A is called a strong resonance of —A + W (|z|) if
there exists u € L2 ,(R?) with a > 1/2, so that u(z) is not identically zero and
—Au + W (|z|)u = M in the distribution sense in R3.

Theorem 6.3 (see Theorem IX.2 in [9]). Suppose that the potential W(r) is a
positive decreasing function, such that there exist positive constants C* e so that
(Hy) is fulfilled. Then zero is not a strong resonance for —A + W(|z|).

Remark 6.4. Since W is exponentially decaying and real valued, the above result
implies that —A + W (|x|) has no resonances.
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In order to verify the resolvent estimate of the perturbed operator —A +
W (|x]), denote
Ro(p) = (A — )™,
the resolvent of the operator —A, and set Rg (1) = Ro(p) if Su > 0 and re-

spectively Ry (1) = Ro(p) for Sp < 0. The classical resolvent estimate (limiting
absorbtion principle) is the following one

Jdim 1@ (=8 =137 @) Flagen) < Cl e, (6.1)

where s > 1, 8 > 0, and the constant C' is independent of . We have also the
estimate

(2) 7>V (=A = )" Hz) > fllz2@ny < Cllfllz2@n),
where 1
§> 5 Rp >0,
so we can claim that the operators
(@) (A = p?) )™
are compact ones in L? provided s > 1 and Sy > 0.
Hence

@)™ RS (1) @) Fllzaceny < Cllfllpeeys 5> 1, Ru>0,3u=0.  (62)
Set
R(u) = (“A+ W = i)"Y, A() = (2)~*(=A — )" W{z)".

One has the following compactness result:

Lemma 6.5. The operators A(u) are compact in the space B(L?,L?), for
Su >0, s>1.
Moreover the following estimate is satisfied:
AW B(r2,L2) = 0,

as S > 0, Ry — oo.

This lemma is a well-known standard result so we give only the idea of the
proof. It suffices to notice that (z)~*(—A — u?)~1{z)~* is continuous and compact
as an operator in B(L?, L?), in the zone Su > 0. Since the potential W is such that

()W ()"
is bounded in L?, we have the desired result.
Lemma 6.6. Let us assume that the potential W satisfies (Hy). For any s > 1
the weighted resolvent operator (x)~*R*(u){z)~* has a continuous extension from

Sp > 0 to Su > 0. Moreover there exists a real constant C > 0 such that the
following estimate is true:

@)= R* (u){a) " fllz2 < ClIf |l re- (6.3)

for any Schwartz function f.
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Proof. The result is well known, so we briefly sketch the idea. The perturbed
resolvent R(p?) = (—A + W — u?)~1 satisfies in Sy > 0 the relation

(“A+W =) = T+ (A=) W) (A= p?)7! (6.4)
provided the operator (I — (Py — p?)~'W) is invertible. This relation implies
(@) (A + W — ) Ha) ™
= (T+ (@) (A = ) Wi2)*) " (@) (A — ) T o) (02)

We can apply the Fredholm Theory and Theorem 6.3 that shows 0 is not a reso-
nance, so we are able to say that the operator

(I+ ()" (~A — p®) T Wia)**)

is continuous in Sp > 0. O
Once the resolvent estimate is established, one can use the approach from

[5] and derive the Strichartz type estimate for the corresponding inhomogeneous
Cauchy problem

WO —Au=F |, u(0)=f. (6.6)
We shall call the pair (;, (11) sharp admissible (see [13] for this notion and the
properties of sharp admissible pairs), if it satisfies the condition:
n 1 n
= 2<p< 2 2). .
2= ey <p < 00,(p,q,n) # (2,00,2) (6.7)
If n = 3, then we can choose the end point
pr=2,q =6
as an admissible couple. Moreover, (6.7) becomes
3 1 3
= 2 <p<oo. 6.8
4Ty 2SPE (6.8)

Then we have

Theorem 6.7. If (p,q) and (p,q) satisfy (6.8), then the solution to the Cauchy
problem

i0u+ Au—Wu=F , (t,z) € (1,00) x R, (6.9)
u(l, z) = f(z),

satisfies the estimate

lulloq sepins) + lulleqroenzs < € (1o ppry + 171122) - (6.10)
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Using the pseudoconformal transform, we make the substitution
1 1 X

AT X) = g ul s T)e i
1 1 X, .x2
_ 6.11
H(T,X)me/zF(T,T)@ i (6.11)

h(X) = f(X)e s .

and see that v is a solution to the Cauchy problem

X
i0rv + Axv — T 2W (T> v=H, (T,X)e€(0,1)) xR: u(l,z) = h(z).

(6.12)
A simple computation shows that
||U||Lp((1,oo);Lg) = ||UHL1’((0,1);L§()7
and
VFN o mepint'y = 1 L oyt

provided the couples (p, q) and (P, q) are admissible ones. Since

[ull Lo ((1,00)522) = [Vl Lo ((0,1);22),
we can take
pT=2q =6
as an admissible couple and we arrive at the following.

Theorem 6.8. If n = 3, then the solution to the Cauchy problem (6.12) satisfies
the estimates

ol 2o 128 + 10l c=cnnzz) < € (M ooz + IBlzg ) (6:13)
and
ol 2o 128 + 10l c=cyzz) < € (Ml aoyzz) + Illeg ) - (6:14)

7. Equivalence of H w and Hs

Here we follow the argument of Section 5 in [8]. To show that H. W = Hs for s < 5
we will first prove the following

Lemma 7.1. H&VT = H.

Proof. The positivity of W implies

112
|Ca+wnis| | = (A Wo)f s = (=2) e = ||(-2)2
The assumption (H1) implies

X C
=72 <
Wr(X) =T W (T) < xp
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The Hardy inequality yields

(Wt f)ie < C (-2} |

2
L2

SO
1 2 1 2
|caswnis| | =-a+wnrne<c|ad .
This completes the proof. O

Lemma 7.2. For 0 < s < 3/2 we have
=2+ W) e ~ )5 £l
Proof. Take 1 < s < “;’ We shall use the identity
A+ W)E £l = (FA+ W) A+ W)S)
= ((FA+W) (A ) o+ (CA+ W) LW, (7.1)
= () 2 (A + WY T (ZA)2 f) o+ (W2 (A W) T WE )
Let us set
L= ((=A)"5 A+ W) (A) ) e s
L= W' (=A+W) L Waf),,.
Now we can apply Lemma 7.1 and using the fact that ; <2—-5<1, we get
2], < €fcarm™ol,,.
Taking now g = (—A+ V)*~1f, we get
|87 avwyty| | <oll-a+wyis],.. (7.2)

Hence

[l < (1 g, 10 e - (7.3)
Further we need the following
Lemma 7.3. We have the estimate

IWer]l,. < Clis

where W = Wy = T2W(X/T) and 0 < s < 3.

Proof. Applying the Holder inequality for Lorentz spaces and using the fact that

[W (3o S CIIWH;;, < Cf, we get

s
2

,00)

HngHLz <C HW; (300 1Nl L2 s (7.4)
1 S 1

= =6 2 . 7.5
5 3+q,q € (2,00) (7.5)
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Now we can apply Sobolev’s embedding (see [3]) H* ¢ L2 for 5 =5+ ; and
we get |[|W]2 | 2 < Cu | fll .- U
Now we are ready to estimate the term I5. We have

Lovys,. (7.6)

Since 2 — s € (0, 3), we can apply Lemma 5.2 and get

L] < [W (-a+ )|

2—s

[z Cavwyty| | <o) carwyy] (7.7)

L2

and H |W
and find

SfHL2 < C || fll gs- We estimate the right-hand side of (7.7) using (7.2)

HW255(7A+W)S*1fHL2 <Ol (=A+W)if|,.. (7.8)

From (7.2) (7.7) and (7.8) we obtain
(Lol < C N fllag, W1 gz - (7.9)

This estimate, (7.2) and (7.1) lead to

IIinIéV < Cl g, 17N g -
Hence
Ifllgs, < ClfMgs (7.10)

for 0 < s < S’

To show the opposite inequality, we use the fact that W is a non-negative
potential decaying faster than |z|~2 at infinity, so one can apply Theorem 1.1 of
the work [19] and get the following estimate of the heat kernel Ky (¢, z,y) of the
heat operator

O —A+W
where
Ko(t,z,y) = Ct*3/26*0\95*y\2/(4t)
is the heat kernel of the free heat operator 9; — iA.
It is important to notice that the potential W = W depends on the parame-
ter T' € (0,1), but the constant C in (7.11) is independent of this parameter, since
we have the inequality

C

\Wr(z)| = |T72W(z/T)| < NE

with some constant C' independent of T € (0,1). Given any sectorial operator A
with spectrum o(A) satisfying

z€0(A) = Rz >0,
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we can define the negative powers of A as follows (see for example Section 1.4
in [10])

1 oo
A7k = F(k)/o th=le=Atdt, (7.12)

Choosing k =1,
A=-A+W, AO:—lA
c

and comparing the kernels of
—At Aot

€ )
by the aid of the estimate (7.12), we see
[(=A+ W) fllze < CI(=A) 7 f e
This estimate shows that the operator
(—A+ W)~ (=4)

is L? bounded, so its dual
(=A)(-A+W)~

is also L? bounded and we see that
[(=A)fllzz < ClI(=A+ W)f]|L-.

Hence, by interpolation

1fllzzs, < ClF e (7.13)
for 0 <s<2.
This completes the proof. O
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Wave Equations on Non-smooth Space-times

Giinther Hormann, Michael Kunzinger and Roland Steinbauer

Abstract. We consider wave equations on Lorentzian manifolds in case of
low regularity. We first extend the classical solution theory to prove global
unique solvability of the Cauchy problem for distributional data and right-
hand side on smooth globally hyperbolic space-times. Then we turn to the
case where the metric is non-smooth and present a local as well as a global
existence and uniqueness result for a large class of Lorentzian manifolds with a
weakly singular, locally bounded metric in Colombeau’s algebra of generalized
functions.
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1. Introduction

In this note we are concerned with wave equations on Lorentzian manifolds, with
a particular interest in the Cauchy problem in non-smooth situations. To achieve
a self-contained presentation we first give a brief account on the classical solution
theory in the smooth case, in particular discussing local well-posedness as well as
global well-posedness on globally hyperbolic manifolds. We first extend this theory
to the case of distributional data and right-hand sides. Then we turn to the case
where the metric is non-smooth, that is we deal with normally hyperbolic opera-
tors with coefficients of low regularity. Actually the regularity class of the metric
which we have in mind is below C*? (i.e., the first derivative locally Lipschitz) —
the largest class where standard differential geometric results such as existence and
uniqueness of geodesics remain valid, and also below the Geroch-Traschen class of
metrics — the largest class that allows for a consistent distributional treatment
([15, 26]). Tt is evident that no consistent distributional solution concept is avail-
able for these equations. Therefore we consider a large class of weakly singular,
locally bounded metrics in the setting of generalized global analysis and nonlinear
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distributional geometry ([18, Sec. 3.2]) based on Colombeau algebras of general-
ized functions ([9, 10]). In particular, we present a local existence and uniqueness
result in the spirit of [16] and extend it to a global result on space-times with a
generalized metric that allows for a suitable globally hyperbolic metric splitting.

This line of research has drawn some motivation from general relativity: In
[7] Chris Clarke suggested to replace the standard geometric definition of singu-
larities by viewing them as obstructions to the well-posedness of the initial value
problem for a scalar field. However, for many relevant examples as, e.g., impulsive
gravitational waves, cosmic strings, and shell crossing singularities which have a
metric of low regularity, the Cauchy problem cannot consistently be formulated
in distribution theory and one has to use a more sophisticated solution concept.
In case of shell crossing singularities Clarke himself used a cleverly designed weak
solution concept to argue for local solvability of the wave equation ([8]). On the
other hand Vickers and Wilson ([33]) used Colombeau generalized functions to
show local well-posedness of the wave equation in conical space-times modelling
a cosmic string. This result has been generalized to a class of locally bounded
space-times in [16], also see [27] for the static case and [19] for an extension to
non-scalar equations.

This work is organized in the following way. In Section 2 we recall the classical
theory of normally hyperbolic operators on smooth Lorentzian manifolds, thereby
essentially following a recent book by Bér et al. ([1]). We extend their global
existence and uniqueness result (Th. 2.7) to the case of distributional data and
right-hand side in Section 3. In Section 4 we recall the necessary background
from global analysis based on Colombeau generalized functions ([18]). We devote
Section 5 to presenting a variant of the local existence and uniqueness theorem for
the wave equation in weakly singular space-times of [16]. Finally, in Section 6 we
extend this result to a global theorem for weakly singular space-times which allow
for a suitable globally hyperbolic splitting of the metric.

2. A review of wave equations on smooth Lorentzian manifolds

In this section we present the solution theory for wave equations on smooth
Lorentzian manifolds with smooth right-hand side and data (cf. (2.3) below),
mainly based on [1, 34] (see also [13]). We will at once formulate the theory for nor-
mally hyperbolic operators on sections of a vector bundle E over some Lorentzian
manifold M.

We first fix some notations. Throughout we will assume (M, g) to be a
smooth, connected, time-oriented Lorentz manifold and £ — M a smooth vector
bundle over M. By I'(M, E) or I'(E) we denote the smooth sections of £ — M,
D(M, E) is the space of compactly supported sections, and I'*(E) denotes the
spaces of sections of finite differentiability. Given a finite-dimensional vector space
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W, the space of W-valued distributions in E, D’(M, E, W) comprises the continu-
ous linear maps D(M, E*) — W. For example, given 2 € M, the delta-distribution
d, is the EZ-valued distribution in E given by 0, : D(M, E*) — E¥, ¢ — ¢(z).

A differential operator P : T'(E) — I'(E) of second order is called normally
hyperbolic if its principal symbol satisfies op(§)], = —(£,€) -idg, (€ TiM). It E
is equipped with a linear connection V then an important example of a normally
hyperbolic operator is given by the connection d’Alembertian

OV . I(E) S TI(T*M®FE) S T(T*"MeT*M e E) "S5 1(p),

where tr : T"M @ T*M — R, tr(§ ® n) = (£, n) is the metric trace. By the
Weitzenbock formula, for any normally hyperbolic operator on I'(E) there exists a
unique connection V on E and a unique B € I'(Hom(E, E)) such that P = OV +B.
For any differential operator D : T'(E) — I'(F), its formal adjoint D* : T'(F*) —
['(E™) is uniquely characterized by

[uowarav = [ av

for all ¢ € D(M,E) and all ¢ € D(M, F*). Here dV is the Lorentzian volume
density on M.

For notions from causality in Lorentz manifolds our main references are [28,
2]. In particular, for p, ¢ € M, by p < ¢ (resp. p < ¢) we mean that there exists a
causal (resp. timelike) future directed curve from p to q. For A C Q C M we write

IA) :={geQ|Tpec Ast. ¢>pin Q}

for the relative chronological future of A in 2, and analogous for I*(A). Also we
write

JYA):={geQ|TIpecAst. ¢>pin Q},
for the relative causal future and analogous for J(A). Here ¢ > p means either p <
g or p = q. A domain 2 is called causal if its closure € is contained in a geodesically
convex domain " and if for all p,q € Q the causal diamond Jﬂl (p)NJY (q) is a
compact subset of €. The manifold M is said to satisfy the causality condition
(CC) if there are no closed causal curves in M. It satisfies the strong causality
condition (SCC) if for each p € M and each neighborhood U of p there exists a
neighborhood V' C U such that no causal curve that starts and ends in V' can
leave U (i.e., there are no ‘almost closed’ causal curves in M).

A Cauchy hypersurface is a subset S of M that is intersected by each inex-
tendible timelike curve exactly once. M is called globally hyperbolic if it satisfies
SCC and for all p,q € M the causal diamond J_{Yf(p) N JM(q) is compact. The
following is a very useful characterization of global hyperbolicity, due in its final
form to [3].

Theorem 2.1. For any time-oriented Lorentzian manifold M, the following are
equivalent:

(i) M is globally hyperbolic.
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(ii) There exists a Cauchy hypersurface in M.

(iii) M is isometric to (Rx S, —Bdt*+g;), where 3 = 3(t, ) is smooth and strictly
positive, t — g; is a smooth family of Riemannian metrics on S, and each
{t} x S is a (smooth) spacelike Cauchy-hypersurface in M.

We remark that by a recent result ([4]) global hyperbolicity is also char-
acterized by the condition that results from replacing SCC by CC in the above
definition.

Turning now to the problem of solving the initial value problem for a normally
hyperbolic differential operator on £ — M, we first consider the case where M =
(V,{,)) is a Lorentz vector space of dimension n (later on, the role of V' will be
played by a tangent space T, M to M). We denote by v : V = R, v(X) := —(X, X)
the quadratic form associated with ( , ). The analytic centerpiece of the entire
construction that is to follow is provided by the so-called Riesz distributions:

Definition 2.2. For o € C with Re(«) > n, let

_JCla,n)y(X)"2" if X € JL(0)
Ra(@)(X) = { ! 0 else :

o 2o
where C(a,n) = F(?;l)r(zgi+1)' Ry(a) (R_(a)) is called advanced (retarded)

Riesz distribution on V.

Ry (a) is continuous on V, and using the fact that DRy (o 4+ 2) = Ri(«)
for Re(ar) > n + 2, o — Ry(a) uniquely extends to a holomorphic family of
distributions on all of C. For all a, supp(R+(a)) C J+(0) and singsupp(R4 (cv)) is
contained in the boundary C(0) of J4(0). Moreover, Ry (0) = do.

The next step in the construction is to transport the Riesz distributions onto
the Lorentz manifold M. To this end, let {2 be a normal neighborhood of z € M and
define the smooth function g, : @ — R by dV = puy - (exp, )« (dz), where dz is the
standard volume density on T, M, and exp,, is the exponential map at z. In normal
coordinates around x, p1, = /| det g;;|. Now we set R (v, x) := puz- (exp, ) R (),
ie.,

VQO € D(Qa C) : <R$(O‘a ‘T)a (p> - <R:|:(Oé), (:u‘m : SO) © epr> .
R (a,z) are called advanced (retarded) Riesz distributions on 2. The analytical
properties of Ri(«a) carry over to the manifold setting, albeit in slightly more
involved form, e.g., (setting I'; := v oexp, 1),

1
OR% 2 1) =

(O, —2n) + 1) Rl (a,x) for a # 0. (2.1)
Moreover, R (0,7) = 6., supp(R% (o, z)) € J¢(z) and singsupp(R%(a,z)) C

For any normally hyperbolic operator P on I'(E), our aim is to construct a
fundamental solution in the following sense:
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Definition 2.3. Let P : I'(E) — T'(F) be normally hyperbolic. A distribution
F € D'(M, E, E%) such that PF = 6, (i.e., (F, P*¢) = p(x) for all ¢ € D(M, E*))
is called a fundamental solution of P at € M. F' is called advanced (retarded) if
supp(F) C JY (z) (S JY(x)).

For example, in a Lorentz vector space V as above, Ry (2) is an advanced
(retarded) fundamental solution of O at 0 since OR4(2) = R4 (0) = Jp. In the
manifold setting matters are more complicated, as already indicated in (2.1). We
first make the following formal ansatz for a fundamental solution on a normal
neighborhood 2 of x:

Ra(w) =Y VFRE(2+ 2k,1), (2.2)

k=0
where V¥ € T'(Q, E ® E?), the so-called Hadamard coefficients, are to be deter-
mined. By formal termwise differentiation one finds that in order for R4 (z) to be
a fundamental solution, the V* have to satisfy the following transport equations:
Vk:

1
v Or, —n+ 2k)VF =2kPVF1 (k> 0)

(2
with V)(z) = idg,. The Hadamard coefficients are therefore uniquely determined
as the solution to this problem.

Next, introducing convergence-generating factors into (2.2) we obtain an ap-

proximate fundamental solution R(x) in the following sense:
HKiEF(QXQE*@E)St P() ()—(5 +Ki( )

Here, E* X E denotes the exterior tensor product and P9 indicates that P acts
on the second variable. We now use the K1 as integral kernels to define for any
continuous section u of E* over

(Kiu)(x /Ki (x,y)u(y) dV (y) .

gradr,

For € a sufficiently small causal domain and any k, id + K4 : I*(Q,EB*) —
['*(Q, E*) is an isomorphism with bounded inverse given by the Neumann series

o0

(d+Ke) ™t = (=K+).

Jj=0

Finally, for each ¢ € D(Q, E*), we set FL(.)[¢] == (id + K+) "(R+(.)[¢]) €
['(E*). Then

I'E*) — EZ
@ — F2(x)[¢]
is an advanced (retarded) fundamental solution for P at x. Indeed,
PoyFE ()] = F2()[P ] = (id + K+) " (R () [P*¢])
= (i[d+ K+)  (PoyR=()lg]) = (id+ Kx) " o+ Krp) =
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In addition, for each ¢ € D(Q, E*), the map 2’ — F(2')[¢] is in T(Q, E*).
It can be shown that the approximate fundamental solution R (z) is in fact an as-
ymptotic expansion of the true fundamental solution F*(.)(z) in a suitable sense.
Altogether, we obtain the following result on the solution of the inhomogeneous
problem on small domains:

Theorem 2.4. For any x € M there exists a relatively compact causal neighborhood
Q such that the following holds: given v € D(Q, E) and defining ux by

(us, @) = /S)Fiz(x)[w] v(z)dV(z) (p €D, E))

we have: uy € T'(Q, E), Pus = v, and supp(us) C JL(supp(v)).

Turning now to the global theory, the first step is to assure uniqueness of
fundamental solutions. For this, we need certain restrictions on the causal structure
of M:

Theorem 2.5. Suppose that M satisfies the causality condition, that the relation <
is closed on M, and that the time separation function T : M x M — R (see [28])
is finite and continuous. Let u € D'(M, E) be a solution of Pu = 0 with future or
past compact support (supp(v) N JM (p) compact for all p). Then u = 0.

As an immediate corollary we obtain that under the above assumptions for
each x € M there is at most one fundamental solution for P at x with past
(future) compact support. The causality conditions in Theorem 2.5 are satisfied if
M is globally hyperbolic. Under this assumption, by Theorem 2.1 there exists a
spacelike Cauchy hypersurface S in M. We denote by é the future directed timelike
unit normal vector field on S and consider the following Cauchy problem:

Pu=f onM
u=1up onsS (2.3)
Véu =u; onS
where f € D(M, E), and ug, u; € D(S, E). One first notes that for vanishing f,
ug, and u1, this problem only has the trivial solution. The analytical core of this
result is the observation that for each i) € T'(E*) and each v € T'(E), one has
Y- (Pv) — (P*) -v = div(W) (2.4)
where the vector field W is uniquely characterized by
W, X)=(Vx¢) v—2-(Vxv) (X €X(M)).

This allows to control the solution of the homogeneous equation Pu = 0 by the
Cauchy data on any Cauchy hypersurface. To prove existence of solutions one
uses the above local theory to obtain solutions for f, up and uw; supported in
sufficiently small causal domains. More precisely, we call a causal domain €2 an
RCCSV-domain (for relatively compact causal with small volume) if it is relatively
compact and so small that vol(2) - [ K+ [lco(x) < 1. Then we have:
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Proposition 2.6. Let Q2 be an RCCSV-domain and suppose that f, uy and uy are
compactly supported in Q0 (resp. QN S). Then the corresponding Cauchy problem
in Q is uniquely solvable.

Combined with rather subtle causality arguments, this local result finally
leads to the following main theorem on existence and uniqueness of solutions to
(2.3):

Theorem 2.7. Let E be a vector bundle over a globally hyperbolic Lorentz manifold
M with a spacelike Cauchy hypersurface S, and let P be normally hyperbolic on
[(E). Then for each f € D(M, E) and each ug, uy € D(S, E) there exists a unique
solution u € T'(E) satisfying (2.3). Moreover, supp(u) C JM (supp(f)Usupp(ug)U
supp(u1)) and u depends continuously on (f,ug,u1).

This result can immediately be utilized to show existence and uniqueness of
fundamental solutions:

Theorem 2.8. Under the assumptions of Theorem 2.7, for each x € M there exists
a unique fundamental solution Fy(x) (F_(x)) for P at x with past (future) compact
support. These fundamental solutions satisfy

(i) supp(Fi(z)) € JY ().
(ii) Vo € D(M, E*), x = Fy(z)[p] € T(E*) and P*(F+(.)[¢]) = ¢.

The corresponding fundamental kernels are called Green operators:

Theorem 2.9. Under the assumptions of Theorem 2.7, there exist unique Green
operators Gy : D(M,E) — I'(M, E) satisfying

(i) PoGy = idp(ar, )

(ii) G+ o Plpu,py = idp(a,e)

(iii) Vo € D(M, E) : supp(Gxg) C J2! (supp())
In fact, (Grp)(x) = Fx(x)[p]. Moreover, denoting by G% the Green operators
for P*,

/(Gz‘tw)-wdv:/ o (Gs)dV (¢ € D(M,E*), v € D(M, E)).
M M

3. Wave equations on smooth Lorentzian manifolds:
the case of distributional data

In this section we will be concerned with the global Cauchy problem in the case
where the metric is still smooth but the data and right-hand side are distributional.
To keep the presentation simple we will restrict our attention to the wave operator.

Based on Theorem 2.1, we will assume that M = R x S and the Lorentz
metric on M is of the form A = —fdt? + ¢g;. We denote by O the d’Alembertian
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w.r.t. A. The Cauchy problem we are considering can then be written as

O
u(0,
Vgu(o,

f onM
Uo (3.1)
Ui

U
-)
)
In the present setting, f = \/13 0. To make this initial value problem meaningful
in the distributional setting we suppose that f is smooth in the t-variable. More
precisely, we assume that f € C®(R,&'(S)) N E'(R x S). It then follows from
non-characteristic regularity ([22, Th. 8.3.1]) that any v € D'(M) with Ou =
f has £(1,0) not in the wave front set WF(u)|,,) for all (t,2). Thus by [12,
23.65.5], u € C*°(R, D’'(S)), so the initial value problem (3.1) indeed makes sense
for ug, u1 € £'(9).

To our knowledge, (3.1) has not been treated in full generality in the literature
so far for f, ug, uy as specified above. We therefore supply the necessary arguments.

Lemma 3.1. (Uniqueness) There is at most one solution u € C*°(R,D’'(S)) of (3.1).

Proof. We first note that O is strictly hyperbolic with respect to the level sets of
the map T: R x S — R, (t,z) — t (in the sense of [21, Def. 23.2.3]). In fact, for
the principal symbol ¢ of [ we have

1
(t,z) (Tv f) = /B(t,l')

Thus fixing (t,7) € M and § € T} S, § # 0, the polynomial p(z) := o(+,2)(2, ) has
the distinct real zeros :I:\/B(t, x)h; (€, €).

Suppose now that v and @ are solutions of (3.1) and set w := u — @. By strict
hyperbolicity it follows that there exists some neighborhood V of S such that
wly = 0 (see [12, 23.72.8]). Furthermore, by [21, Th. 23.2.9], WF(w) C Char(0)
and is invariant under the Hamiltonian flow of o. Now Char([J) consists entirely of
lightlike directions. Thus the projection of any (maximal) bicharacteristic onto M
is an inextendible null-geodesic, hence intersects the Cauchy surface S. Since the
wavefront set of w is empty in V' and is transported along the bicharacteristics it
therefore must be empty everywhere on M. Hence w € C*>°(M), and w = 0 follows
from the uniqueness part of Theorem 2.7. O

2 — b (2)(€,€).

g

Turning now to the problem of existence, it clearly suffices to treat the fol-
lowing special cases of (3.1): on the one hand, the homogeneous problem (f = 0),
which we denote by (CP1), and on the other hand the inhomogeneous problem
with vanishing initial data, called (CP2).

Turning first to (CP2), from Theorem 2.9 it is straightforward to conclude
that the Green operators G4 : D(M) — C°°(M) continuously extend to operators
from &'(M) — D'(M) as transposed operators of G% (see [34, Th. 4.3.10]). Thus
given f € C*(R,E&'(S))NE(R x S) we may set w:= G4 f to obtain Ow = f.
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Our task is thereby reduced to proving solvability of (CP1) since adding the
solution of (CP1) with up = —w(0, .) and u; = =V w(0, . ) we obtain the desired
solution of (CP2) (note that since supp(G4 f) C J (supp f) by [34, (4.3.20)] both
uo and uy are in £'(S) by [1, Cor. A.5.4]).

To obtain a solution of (CP1) we first observe the following consequence
of (2.4), (cf. [34, Th. 4.3.20]): Denote by G* := G% — G* the propagator of the
transposed operator [J*. Then any smooth solution u of the homogeneous equation
Ou = 0 satisfies for all ¢ € D(M)

[ ruav = [ (V6 () uo - () - da (32)

where ug = u|g, u1 = Véu| s, and dA is the Riemannian surface element of the
spacelike surface S (i.e., the Riemannian density w.r.t. go in our case). For the
distributional Cauchy problem (CP1), we take (3.2) as a starting point and for
given ug, uy € £'(S) define L(ug,u1) € D'(M) by

(L(uo, ur), @) = (uo, (VeG*(9))]5) = (u1, G*()ls) -

In case ug and uy are the given Cauchy data u := L(ug,u;) will be the desired so-
lution to (CP1). We start establishing this fact by first deriving an explicit formula
for L(up,u1) well suited to the (¢, z)-splitting. This naturally has to involve the
Green operators. First observe that by Theorem 2.9 (ii) we have OL(ug,u1) = 0, so
the argument preceding Lemma 3.1 shows that in fact L(ug,u1) € C*(R,D'(S)).
Hence for ¢g € D(R), ¢1 € D(S) we may write

(L(uo,u1), 00 ® 1) = Awo(t)<L(uO7ul)(t)7w1>dt~ (3.3)

Denote by Ff(s,z) the fundamental solutions of 0% at (s,z) according to
Theorem 2.8. Setting Iy, := F*(s,x) — F (s, ), we have (G*¢)(s,x) = (F; ., )
for all (s,z) € M and all ¢ € D(M). Furthermore, OF(; ;) = 052 — sz = 0, s0
F, € C®(R,D'(9)) for each (s,z) € M. Thus for each ¢ € R and each ¢ € D(S)
we obtain

<L(u0a ul)(t)a ¢> = <U0, vé<Fs*,m(t)7 w>|520> - <U1, <F(im(t)7 1/’>> . (34)
We are now in the position to show that u indeed attains the Cauchy data.

To this end choose sequences ugj), ugj) in D(S) that converge to ug resp. u; in

£'(S). By Theorem 2.7, for each j there exists a unique u9) € C*°(M) such that
Ou) = 0, u(j)(O) = u(()j), Véu(j)(O) = ugj).

In addition, again by [34, Th. 4.3.20] we have u9) = L(uéj),ugj)). Moreover, by
(3.4) we obtain for all ¢y € D(S) and all t € R

(@D (t),9) = (L, uf”) (1), %) = (L(uo,ur)(£),0) = (ult), ), (3.5
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e., for all ¢, u(t) = limuW(¢) in D'(S). In particular, u(0) = limu)(0) =
lim u(()] ) = ug, thereby verifying the first initial condition for u. To show that

Veu(0) = uy we first observe that by (3.4) we have for all ¢ € D(S5) and all t € R

(@ (1), ) = (Llu!, ui”) (1), )
- <L(UO7U1)’( ), ¥) = (Qru(t), ¥).
Now since for all ¢ € R we have V cu(t) = 1/\/6 (t,.) Oru(t) we obtain

= lim Véu(j)(O) = limugj) = uq,

Veu(0) = lim 9;u') (0)

1
VB(0,.)

thereby also verifying the second initial condition.

Finally, we demonstrate that the support of the unique solution of (3.1)
satisfies the same inclusion relation as in the smooth case (Th. 2.7). To see this,
we first note that for any v € C>°(M) such that supp(Ou) is compact we have the
following generalization of (3.2):

/ ap-udV:/ Du(Gj_+G*_)(Lp)dV+/(VéG*(ap))-uo—G*(cp)~u1 dA (3.6)
M M s

(this follows by adapting the proof of [1, Lemma 3.2.2]). Now suppose that u is the
unique solution of (3.1) and pick a sequence u,, € D(M) such that wu,,(t) = u(t)
for each t € R. For any ¢ € D(M) and each t € R, supp((G*. + G*)e(t, .)) is
compact, so

(Oum, (G +GZ)p) = /R(Dum(t),(Gj_ + G )o(t, ) dt

— /R(Du(t), (G5 4+ G2)e(t, )y dt = (Ou, (G + G%)p)

Thus applying (3.6) to each u,, and letting m — co we obtain
(u, 0) = (f, (G + GL)@) + (uo, (VG (9))]5) = (ur, G*(9)]s) -

From this and Theorem 2.9 (iii), the claimed support properties of u follow. Sum-
ming up, we have proved:

Theorem 3.2. Given f € C®(R,&'(S)) NE'(R x S) and ug, uy € E'(S) there
exists a unique solution u € C*°(R,D'(S)) of the Cauchy problem (3.1). Moreover,
supp(u) C JM (supp(f) Usupp(uo) U supp(u1)).

4. Generalized global analysis

Colombeau algebras of generalized functions ([9, 10]) are differential algebras which
contain the vector space of distributions and display maximal consistency with
classical analysis in the light of the Schwartz impossibility result ([30]). Here we
review global analysis based on the special Colombeau algebra G(M), for further
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details see [11, 24, 25] and [18, Sec. 3.2]. The basic idea of its construction is reg-
ularization of distributions by nets of smooth functions and the use of asymptotic
estimates in terms of a regularization parameter.

Let M be a smooth, second countable Hausdorff manifold. Set I = (0, 1] and
denote by £(M) the subset of C*°(M)! consisting of all nets depending smoothly
on the parameter ¢ € I. The algebra of generalized functions on M ([11]) is defined
as the quotient G(M) := Em(M)/N (M) of moderate modulo negligible elements
of £(M), where the respective notions are defined by the following asymptotic
estimates. Here P denotes the space of all linear differential operators on M.

Em(M) :={(u.). € E(M) : VK CC M VP € P 3N : sup |Pu(p)| = O(eN)}
peK

N(M) :={(u:s): € E(M): VK CC M VP € P V¥m: sup |Pu.(p)| = O(e™)}.
peK
Elements of G(M) are denoted by u = [(u.):] = (ue)e + N(M). With com-
ponentwise operations, G(M) is a fine sheaf of differential algebras where the
derivations are Lie derivatives with respect to smooth vector fields defined by
Lxu:=[(Lxu:).], also denoted by X (u).

There exist embeddings ¢ of D’(M) into G(M) that are sheaf homomorphisms
and render C*°(M) a subalgebra of G(M). Another, more coarse way of relating
generalized functions in G(M) to distributions is based on the notion of association:
u € G(M) is called associated with v € G(M), u = v, if u. —v. — 0in D'(M). A
distribution w € D'(M) is called the distributional shadow of u if u = t(w).

The ring of constants in G(M) is the space C of generalized numbers, which
form the natural space of point values of Colombeau generalized functions. These,
in turn, are uniquely characterized by their values on so-called (compactly sup-
ported) generalized points (equivalence classes of bounded nets (p:). of points,
where (pc)e ~ (ge)e if d(pe, g:) = O(e™) for each m).

An element u € G(M) is called globally bounded, if there exists a represen-
tative (ue)e and a C' > 0 such that |u.(z)| < C for all z € M and all € € I.

A similar construction is in fact possible for any locally convex space F: an
analogous quotient construction in terms of the seminorms on F' allows to assign
a C-module Gr to F in a natural way ([14]). A particularly important special case
is obtained for F' = T'(M, E), the space of smooth sections of a vector bundle
E — M (again with representatives that are supposed to depend smoothly on ¢).
The resulting space I'g(M, E) := Gp then is a G(M)-module, called the space of
generalized sections of the vector bundle E. A convenient algebraic description is
as follows:

I'g(M,E) =G(M) Qoo (M) I'(M,E) = LC“(M)(F(M7 E"),G(M)). (4.1)

I'g is a fine sheaf of finitely generated and projective G-modules. For the special
case of generalized tensor fields of rank r, s we use the notation G (M ). We have:

GL(M) = Lgary(Go (M)*, G (M)": G(M)).
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Observe that this allows the insertion of generalized vector fields and one-forms
into generalized tensors, a point of view which is essential when dealing with
generalized metrics in the following sense.

Definition 4.1. An element g of GS(M) is called a generalized pseudo-Riemannian
metric if it is symmetric (g(&,n) = g(n,&) V&, n € X(M)), its determinant det g
is invertible in G (equivalently, for each compact subset K of a chart in M there
exists some m such that |det(ge)i;(p)] > €™ for € small and all p € K), and it
possesses a well-defined index v (the index of g. equals v for € small).

Based on this definition, many notions from (pseudo-)Riemannian geometry
can be extended to the generalized setting (cf. [25]). In particular, any generalized
metric induces an isomorphism between generalized vector fields and one-forms,
and there is a unique Levi-Civita connection corresponding to g. This provides a
convenient framework for non-smooth pseudo-Riemannian geometry and the anal-
ysis of highly singular space-times in general relativity (see, e.g., [18, Ch. 5], [31]).

For the purposes of the present work we will also need the notion of a time-
dependent generalized metric. To this end, let S be an n-dimensional smooth
manifold and let pry: R x S — S denote the projection onto S. Also, let pri(79S)
be the corresponding pullback-bundle.

Definition 4.2. An element h € I'g(pr3(75.9)) is called t-dependent generalized
pseudo-Riemannian metric if h; possesses a well-defined index and if
(i) (Symmetry) hi(€,17) = hi(n,€) in G(R x S) for all &, n € X(M).
(ii) (Non-degeneracy) det(h:) is strictly nonzero in the following sense: for any
K CC R, and any L compact in some chart neighborhood on S there exists
some m such that | det((he)¢)ij(z)] > ™ for (t,z) € K x L and € small.

We conclude this section by the following globalization lemma.

Lemma 4.3. Let u : I x M — N be a smooth map and let (P) be a property
attributable to values u(e,p) that is stable with respect to decreasing K and ¢ in
the following sense: if u(e, p) satisfies (P) for allp € K CC M and all € less than
some e > 0 then for any compact set K' C K and any exr < e, u satisfies (P)
on K' for all ¢ < . Then there exists a smooth map i : I x M — N such that
(P) holds for all u(e,p) (e € I, p € M) and for each K CC M there exists some
ex € I such that u(e,p) = u(e,p) for all (g,p) € (0,ex] x K.

Proof. Let (K;); be a compact exhaustion of M with K; C K¢, for all [ and
choose a smooth function n: M — R with 0 < n(z) < eg, for all z € K; \ K},
(Ko :=0) (cf., e.g., [18, Lem. 2.7.3]). Moreover, let v : Rf — [0, 1] be a smooth
function satisfying v(t) <t for all ¢ and

For (e,2) € I x M let u(e, z) := n(m)u( A
u has all the required properties. (]
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Remark 4.4. Lemma 4.3 allows to globalize properties of Colombeau-type general-
ized functions provided that representatives depend smoothly on ¢, as is assumed
throughout this work. Indeed, if in the above situation it is additionally assumed
that u is a representative of a Colombeau generalized function then by the very
nature of the defining asymptotic estimates, u is itself moderate and in fact con-
stitutes a representative of the same generalized function possessing the required
property (P) globally on M. In particular, any (time-dependent) generalized metric
g possesses a representative (g.). such that each g. is a smooth (time-dependent)
metric globally on M, a fact that will repeatedly be used in what is to follow.

5. Wave equations of non-smooth metrics I: The local theory

In this section we present a local existence and uniqueness result (closely related
to the one in [16]) for the homogeneous wave equation of a class of generalized
Lorentz metrics g, which will be extended to a global result in Section 6. We start
by introducing this class of generalized weakly singular metrics.

5.1. Weakly singular Lorentzian metrics

Let g be a generalized Lorentzian metric on M. From now on we call the pair (M, g)
a generalized space-time. To formulate asymptotic conditions on representatives
(ge)e of g let m be a background Riemannian metric on M and denote by || ||m
the norm induced on the fibers of the respective tensor bundle. To begin with we
impose the following condition:

(A) For all compact sets K, for all orders of derivative k € Ny and all k-tuples of
smooth vector fields 7y, ...,n; and for any representative (g ). we have:

Slil(p 1L, - ZLngell,, = O™ (60
s%p [EZ ...fnkgngm =0 (e =0). (5.1)

A generalized metric with property (A) will be called a weakly singular metric.
Note that here we use a somewhat different terminology as compared to [16].

Now with a view to formulating the local Cauchy problem of the wave op-
erator for such a metric we consider a local foliation of M given by the level sets
of some non-singular function ¢t € C*(U), where U C M is open and relatively
compact.

To exclude trivial cases we require the level sets X, = {¢ € U : t(q) = 7}
to be space-like with respect to all g.. In fact, we suppose a uniform variant
of this condition which can also be viewed as a suitable generalization of the
classical notion of time-orientability. Moreover, we will need a uniform bound
on the covariant derivative of the normal form which, in particular, contains a
condition on the second fundamental form of the level sets. More precisely, we
demand:
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(B) Each p € M possesses a neighborhood U on which there exists a local time-
function, that is a smooth function ¢ with uniformly timelike differential
dt =: o, i.e.,

g-'(0,0) < —C <0 for some positive constant C (5.2)

and one (hence any) representative g. and all small €. In addition, we have
for all K CC U that

sup Vo, =O(1) (e —0), (5.3)

where V is the covariant derivative of g.

Let us denote the normal vector field to X by £ (it is a generalized vector field
defined via its representative . € X(U), given by o = g-(&, ), i.e., & = grad .t).
We observe that by pulling up the index, given (A), condition (B) is equivalent
to supg [|[VEE|[,,, = O(1). Also for vector fields X,Y tangent to ¥,, we obtain
Veo(X,Y) = Y(o(X)) — o(V5X) = 0 — o(norV5 X ), hence we obtain for the
second fundamental form II. of the hypersurfaces X

| IL||,, = O(1) (¢ = 0) uniformly on compact sets.

Remark 5.1. Conditions (A) and (B) are given in terms of the e-asymptotics of
the generalized metric. There is, however, the following close connection to the
classical situation. Assume that we are given a space-time metric that is locally
bounded but not necessarily C*! or of Geroch-Traschen class (i.e., the largest
class that allows a consistent distributional treatment, see [15, 26] and [32] for
the relation with the present setting). We may then embed this metric into the
space of generalized metrics essentially by convolution with a standard mollifier
(for details again see [32]). From the explicit form of the embedding it is then clear
that condition (A) holds.

Condition (B), in adapted coordinates, demands somewhat better asymp-
totics of the time-derivatives of the spatial part of the metric as well as the spatial
derivative of the (0,0)-component. This condition, in fact, is satisfied by several
relevant examples as well. In particular, we have:

e Conical space-times fall into our class since estimates (6) and (7) in [33] for
the embedded metric imply our condition (A), while (B) is immediate from
the staticity of the metric.

e Impulsive pp-waves (in “Rosen form”)

ds? = —dudv + (1 +uy)® dz? + (1 — uy)® dy?

as well as expanding impulsive waves with line element
u 2
ds® = 2dudv + 2v* |dz + 2—; Hdz
satisfy conditions (A) and (B). Here u denotes the kink function and H(z)
is the Schwarzian derivative H = h"”/(2h') — (3h/?)/(4h/?) of some analytic
function h(z) (which may be chosen arbitrarily). For details see [17, Ch. 20].
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In both cases the metric is continuous and it will obey conditions (A) and
(B) when embedded with a standard mollifier, or — more generally — if we use
any regularization that converges locally uniformly to the original metric.

5.2. Local existence and uniqueness

We start by formulating the local Cauchy problem for the wave operator on weakly
singular space-times. Let p € M, and choose U to be an open and relatively
compact neighborhood of p as in condition (B). Denote the corresponding foliation
by ¥ ={q e U:tlq) =71} (r € [-7,7]) and suppose p € ¥y =: 3. In addition
to the normal vector field ¢ and the normal covector field ¢ whose asymptotics
have already been discussed above we will need their corresponding normalized
versions € = [(£&)<] = [(&-/V2)s] and & = [(3.).] = ¢(&,-), where we have set
Vg2 = —0:(§, &)
We are interested in the initial value problem
Ou=0 onU
u=1uy onx (5.4)

Vgu:ul on X,

where the initial data ug, u; are supposed to be in G(X). Note that this, in partic-
ular, includes the case of distributional initial data. We are interested in finding a
local solution u € G on U or an open subset thereof.

A general strategy to solve PDEs in generalized functions is the following.
First, solve the equation for fixed € in the smooth setting and form the net (u.).
of smooth solutions. This will be a candidate for a solution in G, but particular
care has to be taken to guarantee that the u. share a common domain of definition
and depend smoothly on e. In fact, as has recently been shown in [23] it suffices to
verify continuous dependence on e. In the second step, one shows that the solution
candidate (u.). is a moderate net, hence obtaining existence of a solution [(u.).]
in G. Finally, to obtain uniqueness of solutions, one has to prove that changing
representatives of the data leads to a solution that is still in the class [(ue)e].
Note that this amounts to an additional stability of the equation with respect to
negligible perturbations of the initial data.

So, in the present situation we need a condition which provides us with the
existence of a solution candidate:

(C) For each p € ¥ there exists a neighborhood V' C U and a representative (g.).
of the metric g on V such that V is, for each ¢, an RCCSV-neighborhood in
(M, g.) with ¥ NV a spacelike Cauchy hypersurface for V.

Indeed Proposition 2.6 now provides us with a solution candidate defined on
V, that is a net (u.) with O.u. = f. on V for some negligible net (f.) and moreover
Ue|pny = Uoe, Vgu\gmv = u;. for some representatives (ug:) (u1-) of the data. We
note that continuous dependence of u on ¢ follows readily from the construction
steps detailed in Section 2. Observe that the only part that exceeds the classical
condition for existence and uniqueness of solutions is a certain uniformity in e.
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Heuristically this means that the light-cones of the metric g. neither vary to wildly
with e nor collapse as € — 0. In terms of regularizations of classical metrics which
are locally bounded but not necessarily of C»! or of Geroch-Traschen class, this
condition will always be satisfied due to non-degeneracy of the classical metric.

Now we may state the main result of this section.

Theorem 5.2 (Local existence and uniqueness of generalized solutions). Let (M, g)
be a generalized space-time with a weakly singular metric and assume that condi-
tions (B) and (C) hold. Then, for each p € ¥ there exists an open neighborhood
Q such that for all compactly supported ug,u; € G(X N Q), the initial value prob-
lem (5.4) has a unique solution u in G().

The core of the proof of Theorem 5.2 consists of higher-order energy estimates
for the solution candidate whose existence is secured by condition (C). The energy
estimates, which rely on conditions (A) and (B), will be carried out in a geometric
setting using e-dependent energy momentum tensors and e-dependent Sobolev
norms. These notions have been introduced in [33] and a suitable generalization
of this method will be presented in the next section.

5.3. Higher-order energy estimates

Let U 2 V be the neighborhoods of p given by conditions (B) and (C). The
solution candidate (u.). is defined on V' and we are going to estimate u. on some
suitable neighborhood of p.

We start by introducing some notation. Let €2 be an open neighborhood
of p with the property that 2 C V, and such that the boundary of the region
QN{q €U :tlq >0} and the boundary of the region QN {q € U : t(q) < 0}
is space-like w.r.t. all g.. Indeed, such a neighborhood exists by condition (A).
We now concentrate on the forward-in-time part of  (i.e., the part where ¢t > 0)
since the backward-in-time part can be dealt with analogously. To this end we set
Sy =X, N and denote by ). the open part of €2 between ¥ and ¥,.. We denote
the part of the boundary of €2 with 0 <t < 7 by Sq -, so that 92, = SoUS,;USq -
(see Figure 1).

From now on we will adopt abstract index notation for (generalized) tensorial
objects (see, e.g., [29]). In particular, representatives of the metric g. and its inverse
will be denoted by g, and g2®, respectively. In addition, to simplify the notation
for tensors we are going to use capital letters to abbreviate tuples of indices, i.e.,
we will write T’} for TP~ with [I| = r, |J| = s.

We now define a generalized Riemannian metric by

e:=g+20Q07,

and use it in combination with the covariant derivative V of g to define “e-
dependent” Sobolev norms and energies on U. Observe that by conditions (A)
and (B) we have |lec||,, = O(1) and ||Veec||m = O(1) on compact sets. We will
also frequently need tensor products of e and use the notation ery = ep,q, - - - €p,.q.
with [I| =r=|J|.
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F1GURE 1. Local foliation of space-time

Definition 5.3 (Sobolev norms and energies). Let T/ be a smooth tensor field and
u a smooth function on U, 0 < 7 < ~, and k,j € Np.

(i) We define the pointwise norm of T’ by || T7]|2. = escel! TETY
and the higher-order pointwise norm of u by |V§J)u\2 = V5, - Vi, ull2
(ii) On Q, and S; we define the Sobolev norms

[

k
Vlalle,,c = | > [ VO @)Pps)
§=0""

and

(S

k
Viulg, .= Z IV (u)|? s
j=0"5~

respectively. Here u = [(p)] and g, = [(1€):] denote the respective volume
forms on €2, and S; derived from g. Note that although in the second norm
the integration is performed over the three-dimensional manifold S, only,
derivatives are not confined to directions tangential to S.

(iii) On Q we define the energy momentum tensors by (k > 0)

1
TEO(u) o= — g2t
1
T:b’k(u) — (ggcggd _ 2g¢81bgacd)e€1q1 . eIE)k—NZk—l
x(Vevy, ...V, u)(VaVe, ... Ve, ),

(iv) Finally, the energy integrals are defined by

k
Ef (u):=) / T2 (u)abp Vo 1S (5.5)
7=0"5"
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A straightforward calculation shows that the tensor fields T9%*(u) satisfy
the dominant energy condition hence an application of Stokes’ theorem yields the
basic energy estimate (see, e.g. [20, Sec. 4.3])

B (u) < BAy . (u +Z / (VST () + T2 (1) Vabs) e (5.6)

One key estimate in our approach is the equivalence of Sobolev norms and
energies. Indeed using condition (A) and the estimate (5.2) one may derive ([16,
Lemma 4.1]):

Lemma 5.4 (Energy integrals and Sobolev norms). There exist constants C,C’
such that for each k >0 and all € small

C(Vluls, )* < BF (u) < C"(Vull§, )* (5.7)

With this tool at hand we may derive the core estimate allowing to prove
existence and uniqueness of solutions.

Proposition 5.5. Let (u.) be a solution candidate on V. Then, for each k > 1,
there exist positive constants C,, Cy, C}' such that for all 0 < 7 <~ we have

EE (ue) < B (u) + CuT £ Z ity [ L

e / ’ B _(u2)dC. (5.8)
0

Before sketching the proof of this statement, we draw the essential conclusions
from it. Observe that the constant in front of the highest-order term on the r.h.s.
does not depend on &, hence we obtain, by an application of Gronwall’s lemma:

Corollary 5.6. Let (uc) be a solution candidate on V. Then, for each k > 1, there
exist positive constants Cy,,C}!,C}" such that for all 0 <7 <,

B (u) < | B (o) + CL L5 + Z ) / BY (u)dC | e

(5.9)
Consequently, if the initial energy (Ef .(uc))e is a moderate (resp. negligible) net
of real numbers, and (f). is negligible then

sup (E'IrC (ue))e
0<7<vy

is moderate (resp. negligible).
Now we sketch the proof of Proposition 5.5: We have to estimate the right-

hand side of the basic energy estimate (5.6). Starting with the second term under
the integral we use condition (B) to obtain

7259 () V56| < T2 o)l IViun e < CIT (). (5.10)
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Observe that by condition (A), the Riemannian metric e is O(1) hence || ||, and
| [|e. are equivalent norms. We now may estimate | 727 (u¢)| .. by the higher-order
pointwise norm of u. After integration this gives

k
S [ 1 Viam| < OClulh, . (5.11)
Jj=0"7"

Now turning to the divergence term on the right-hand side of (5.6) we start
with orders k = 0, 1. Using the wave equation we find

VETO () = —uVou. and VET ! (u.) = f.Vbu,,

which after integration clearly can be estimated by the squares of VHuEHSl)ﬂ . and
VHfs||%ﬂg. Inserting this and (5.11) for & = 1 into (5.6) we obtain

2 2
By (ue) < By o(ue) +C (Vfella, o) +C (Vluellg, )

Next we use Lemma 5.4 to estimate the Sobolev norm of u. in terms of its energy,
ie.,

2 T T
(uellh, ) = / (% fuells,, )%d¢ < © / Bl (u2)d,

which gives the claim for £ = 1 (with CY = 0).

Finally, one has to estimate the divergence of the higher (i.e., &k > 1) or-
der energy momentum tensors. The general strategy is, of course, to rewrite terms
containing the (k+1)%* order derivative of u. using the wave equation. This necessi-
tates interchanging the order of covariant derivatives, which introduces additional
curvature terms. These can be estimated using condition (A). Observe, however,
that there also appear terms where the covariant derivatives falls on e. These terms
of the form VEel” can be estimated thanks to condition (B). O

We finally sketch the proof of Theorem 5.2: We have already noted the ex-
istence of a solution candidate (u.) on V. To prove that u. is moderate on €
we start from moderateness of the data wug,u;. Inductively using the wave equa-
tion this translates into moderateness of the initial energies (Egys(ug))g. Now by
Corollary 5.6 we obtain moderateness of the energies (E¥ _(uc)). for all 0 < 7 < 7.
Finally, we use the Sobolev embedding theorem (together with the fact the vol-
ume is O(1) due to condition (A)) to estimate the sup-norm of u. in terms of the
Sobolev norms, which in turn can be bounded by the energies (EX _(u.))e due to
Lemma 5.4 (for details see [16, Lemma 6.2]). So we see that moderateness of the
energies implies moderateness of (u.) and we have proved existence of solutions.

Uniqueness follows along the same lines replacing moderateness by negligi-
bility. (]
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6. Wave equations of non-smooth metrics II: The global theory

We extend the results of Theorem 5.2 to establish existence and uniqueness of
global generalized solutions. As in the classical situation we have to impose addi-
tional global conditions on the generalized Lorentzian metric to control causality
properties of space-time in the large. Thus, we begin by transferring the notion
of global hyperbolicity to the setting of generalized space-times by appealing to a
variant in terms of the metric splitting property stated in Theorem 2.1, (iii).

Definition 6.1. Let g be a generalized Lorentz metric on the smooth (n + 1)-
dimensional manifold M. We say that (M, g) allows a globally hyperbolic metric
splitting if there exists a C°°-diffeomorphism ©: M — R x S, where S is an n-
dimensional smooth manifold such that the following holds for the pushed forward
generalized Lorentz metric A := ¢,g on R x S

(a) There is a representative (A:)cer of A such that every A; is a Lorentz metric
and each slice {to} x S with arbitrary ¢, € R is a (smooth, spacelike) Cauchy
hypersurface for every A, (¢ € ).

(b) We have the metric splitting of A in the form

A= —Bdt*> + h,

where h € T'g(pr3(195)) is a t-dependent generalized Riemannian metric (in the
sense of Definition 4.2) and § € G(R x 5) is globally bounded and locally uniformly
positive, i.e., for some (hence any) representative (5.) of 8 and for every K CC
R x S we can find a constant C' > 0 such that S.(x) > C holds for small ¢ > 0
and z € K.

(¢c) For every T > 0 there exists a representative (h.) of h and a smooth complete
Riemannian metric p on S which uniformly bounds h from below in the following
sense: for all t € [-T,T),z € S,ve TS, ande €]

(he)e(v,v) > p(v,v).

Remark 6.2. Observe that the basic splitting structure and the requirements on
lower bounds for § and & in the above definition display common features with the
notion of regularly sliced space-times ([5, Ch. XII, Subsec. 11.4]) which provide
sufficient conditions for global hyperbolicity in the smooth case ([6]).

Ezxample. To obtain simple non-trivial examples of generalized space-times satis-
fying the conditions of Definition 6.1 we consider Robertson-Walker space-times.
First, we briefly recall the classical situation: Let (S, ho) be a connected Riemann-
ian manifold, f: R —]0, 00 be smooth, and put A,y = —dt* + f(t)*(hg), for
every (t,z) € R x S. Then the Lorentzian metric A on R x S is globally hyperbolic
if and only if (S, ho) is complete (cf. [1, Lemma A.5.14]). Moreover, if this is the
case, then every slice {tg} x S is a smooth, spacelike Cauchy hypersurface.

We generalize the Robertson-Walker space-time by allowing as warping func-
tion any f € G(R) that is globally bounded and locally uniformly positive and
replace hg by a generalized Riemannian metric on S which is bounded below by
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some smooth complete Riemannian metric (to guarantee condition (c¢)). By Lemma
4.3 on globalization techniques we may pick representatives (f:) of f and (hg.) of
ho such that the smooth function f. is everywhere positive and hg. is a Riemann-
ian metric on S for every € € I. In addition, we assume that each hg. is complete.
The generalized Lorentz metric A := —dt? + f?ho on R x S then trivially satisfies
condition (b). Putting \. := —dt*> + f2ho. (¢ € I) we obtain a representative of
A. By completeness of the Riemann metric hgc, the Lorentz metric \. is globally
hyperbolic and every slice {to} x S is a Cauchy hypersurface for every e € I. Thus
condition (a) in Definition 6.1 is also satisfied.

From now on we consider only generalized space-times (M, g) which possess
a globally hyperbolic metric splitting. To simplify notation we will henceforth
suppress the diffeomorphism providing the splitting and assume that M =R x §
and g = A with S and A as in the statement of Definition 6.1. Thus, the generalized
space-time is represented by a family of globally hyperbolic space-times (M, g.)
such that S = {0} x S is a Cauchy hypersurface for every g. (¢ € I).

Therefore we are provided with a suitable Cauchy hypersurface for the initial
value problem for the wave operator [J corresponding to the generalized space-time
metric g on M, i.e., the Cauchy problem

Ou=0 onM
u=ug onlsS (6.1)
Vgu =wu; onS.

Here the unit normal vector field of S is given by 5 = \/1/3 0 and the initial data
ug, up are assumed to belong to G(S) and to have compact supports, e.g., arising
by embedding distributional data from £’(.S).

Now the key strategy to establish a global version of Theorem 5.2 on exis-
tence and uniqueness of solutions to the Cauchy problem (6.1) is as follows: From
the classical existence and uniqueness result in Theorem 2.7 for every ¢ € I we
obtain a solution candidate defined on all of M, which again depends continu-
ously on e. In this sense the global hyperbolic metric splitting of (M, g) replaces
condition (C) used in the proof of Theorem 5.2 to produce a solution candidate.
Then we aim at showing moderateness, thus existence of a generalized solution, as
well as uniqueness by employing energy estimates as in the local constructions of
Section 5. Therefore it is appropriate to suppose also condition (A), i.e., g to be
weakly singular. In the present situation we may translate (5.1) into corresponding
asymptotic conditions on 5 and h;. As for condition (B), we see that the existence
of a suitable (in this case even global) foliation is a consequence of the globally hy-
perbolic metric splitting. Indeed we globally have g-*(dt,dt) = —1/8. < —C < 0
for some positive C, which implies (5.2). The second asymptotic boundedness
condition (5.3) in (B), i.e., supg [|Vedt|,, = O(1), now simply reads

ldBell,, = O(1) (e —=0) (6.2)
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uniformly on compact sets. As in the local setting this implies for the extrinsic
curvature of the hypersurfaces {t} x S

|I1|],, = O(1) (¢ = 0) uniformly on compact sets.
We may now state the main result of this section.

Theorem 6.3 (Global existence and uniqueness of generalized solutions). Let (M, g)
be a generalized space-time with a weakly singular metric admitting a globally hy-
perbolic metric splitting and assume that condition (5.3) holds. Then the Cauchy
problem (6.1) has a unique solution uw € G(M) for all compactly supported uy,u; €
g(s).

Sketch of proof: Let [J. denote the wave operator corresponding to g.. Then
Theorem 2.7 provides us with a global solution u. to . = 0 with Cauchy data
upe and uq., thereby defining a solution candidate.

To prove existence we have to establish moderateness of the net (u.).. Choose
an exhaustive sequence of compact sets K; (j € N) in S. Then it suffices to show
moderateness of (uc). on L; := [—7, j| x K, for each j € N.

Fix j € N and choose p as in Definition 6.1, (¢) with T = j. We cover L,
by finitely many lens-shaped regions as in Figure 1 that are, in turn, contained
in coordinate neighborhoods. By the explicit construction given in [27, Sec. 3.3.4]
(based on condition (A)) the heights of these lenses are uniformly bounded below
on L; by some § > 0 due to the properties of p and 5.

Employing the energy estimates from Section 4.3 we thereby derive moder-
ateness estimates of u. on the strip [0, /2] x K; from the moderateness of up. and
u1e. We may iterate this procedure to cover [0, j] x K in finitely many steps, and
analogously for [—7,0] x Kj.

By the same token negligibility of (uo:) and (ui.) implies the corresponding
property for (u.), which proves uniqueness. O

Finally, we remark that our methods also allow to treat the inhomogeneous
equation as well as the inclusion of lower-order terms, which have to satisfy certain
asymptotic bounds, see [19].

Also, condition (A) is actually a little stronger than what is needed to prove
moderateness of the solution candidate resp. negligibility in case of negligible data.
Indeed, again by a result of [19], it suffices to suppose (A) for & = 0. On the other
hand we could use (A) to explicitly calculate e-power bounds of (derivatives) of
the solution, which encode additional regularity information of our generalized
solutions.
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Lower Bounds for the Lifespan of Solutions to
Nonlinear Wave Equations in Elasticity

Hideo Kubo

Abstract. In this paper we study the lifespan of solutions to nonlinear wave
equations in elasticity with small initial data. Main step of our argument is to
construct a good approximate solution. A natural choice of the approximation
seems to be the leading term of solutions to the free elastic wave equation.
However, it does not satisfy the nonlinear elastic wave equation in a suitable
sense. For this reason, we modify the approximation by adding a higher-order
term. Then, we are able to obtain a lower bound of the lifespan which is
expressed in terms of initial data and a coefficient in the nonlinearity.
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1. Introduction

In this paper we consider the Cauchy problem for homogeneous, isotropic, hyper-
elastic wave equations:

(02 — L)u(t,z) = F(Vu,V?u), (t,z) e (0,T)x R3, (1.1)
u(0,7) = ef(x), (Opu)(0,2) =eg(x), =€ R3, (1.2)

where u(t,z) = *(uy(t,x),us(t, z),us(t,z)) is the displacement vector from the
configuration, Vu = (d1u, dau, 03u), 9; = 9/0x; (j = 1,2,3), and

L=c3A+(c—c3)graddiv, A = divgrad
with material constants c;, co satisfying 0 < c2 < ¢;. Here grad and div stand

for the spatial gradient and divergence, respectively. Besides, f, g are smooth

This research is partially supported by Grant-in-Aid for Challenging Exploratory Research
(No. 22654017), JSPS.
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functions with compact support and ¢ is a positive parameter. The nonlinearity F’
is assumed to be of the form

F(Vu, V?u) = A grad (divu)? 4+ A grad |[rotu|? (1.3)
+ Asrot ((divu)(rotu)) + N(u).

Here, A; (I = 1,2,3) are real constants, and the ith component of N is expressed

as
3

Z Z B;%ll) 6ua 8k61ub)

7,k,l=1a,b=1

with real constants B4} satisfying Z] ki—1 Bl 05010, = 0 for any i,a,b € {1,2,3}

and (01, 02,03) € S?. In addition, we assume that if we rewrite the ith component
of F' as

3 3
Fi(Vu, Vu) Z > Cit (95ua) (OkOru),
k,l=1a,b=1
then C’mb C’mb C’b“ holds for any i, j, k,l,a,b € {1,2,3}. This is actually an
addltlonal restrlctlon only on N(u) (for details, we refer to [1], [15]).

We denote the lifespan of the problem (1.1)—(1.2) by 7. which is the supre-
mum of all 77 > 0 such that the problem admits a unique smooth solution in
[0,T) x R3. In John [10] the lower bound for the lifespan T, > /¢ with a positive
number C' was obtained for sufficiently small € (see also [13]). Moreover, if A; =0,
then the global solvability of the problem for sufficiently small initial data was
proved by Agemi [1] and Sideris [15], independently.

On the one hand, concerning the Cauchy problem for scalar wave equations:

3
07 = Dy(t,2) = D gi(9;0)(0k0v),  (t,x) € (0,T) x R?, (1.4)
7,k,1=0
v(0,2) = ed(z), (Ow)(0,2) = ep(z), =€ RP, (1.5)

not only the estimate of the lifespan T. of this problem from below but also
much precise information of T, are known (here, g;i; are real constants satisfying
gjk = gju for j k.l € {0,1,2,3}, and ¢, ¥ € C§°(R?)). More explicitly, it was
independently shown by Hérmander [5] and John [9] that

~ . —1
limi%fslogTE > (max{fQ*lG(H) O*R[,V](s,0); s € R, 0 € S? }) , (1.6)
e—

provided the right-hand side is a finite number. Here, the functions G and ﬁ[qﬁ, ]
are defined by
3
G(O0) = Y gim 0040, with 6 = —1, (61,02,05) € S,
.k, l=0

Ri6,0)(5,0) = | (RI](5.6) ~ O,RI6](5.6),  (5,6) € R x 57,
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where R[¢)] is the Radon transform of ¢, that is,

RI](s,0) :/ o(y)dS,, (5,0) € R x S2. (L.7)
0-y=s

The counter part of the estimate (1.6) has been studied by Alinhac [2]. We remark

that G = 0 on S? is equivalent to the null condition introduced by Klainerman [12],

and the condition implies T- = 400 (see also [3]). On the other hand, R[¢, ] =0

on R x S? is equivalent to ¢ =1 =0 on R3.

Therefore, a natural question is if it is possible to derive an analogous estimate
to (1.6) for the lifespan T, of the problem (1.1)-(1.2) or not. The difficulty for
dealing with the elastic wave equation (1.1) comes from the fact that the equation
has two distinct propagation speeds. For this, the hyperbolic boosts z;0; + t0;
do not work well, and construction of a nonlinear approximate solution is not
straightforward as in the case of the wave equation. Nevertheless, by using a higher-
order approximation (see (6.36) below) together with careful treatments of the
decay factor (1 + |c;t — |x||)~!, we are able to overcome the difficulty.

In order to state our result, we define

Rilfol(s.0) = - (e Rldl(s,0) ~ ORIf0) (=12 (18)

for (s,0) € R x S?, where the Radon transform R[f] of f = (f1, f2, f3) €
(CSO(R3))3 is given by R[f] = “(R[f1], R[f2], R[f3]). We note that R;[f,g] is

bounded on R x S? and compactly supported in s for f, g € (Cgo(R3))3. In
particular, if

p0(879) Z:9~7€1[f,g](8,9) (19)

is not identically zero on R x S?, then 92py(s, 0) takes both positive and negative
values. Therefore, one can define a positive number

7. = (max{—c; 24, O2po(s,0); s€ R, € 52}, (1.10)

provided A; # 0 and pg Z 0 on R x S2.
Then, our main result is the following:

Theorem 1.1. Let f, g € (CgO(R3))3. If Ay # 0 and po Z 0 on R x 2, then we

have

liminf elog T, > 7. (1.11)
e—+0

Remark 1.2. (i) Unfortunately, we do not have the estimate in the opposite
direction to (1.11), that is to say

limsupelogT: < T (1.12)
e—+40

in general. But, when the initial data take the following form:

f(z)=o(r)z, g(z)=1v(r)r, xcR3>
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(1.12) was shown by John [8], provided A; # 0 and the corresponding py does not
identically vanish on R x S2. Hence, the lower bound (1.11) seems to be optimal.

(ii) The number 7, is related to the lifespan of the following Cauchy problem for
p=p(s,0,7):
2¢20,p+ A1(0sp)*> =0 in R x S? x [0,7.), (1.13)
p(5,0,0) = po(s,0) for (s,0) € R x S2. (1.14)

Indeed, it is known that the solution to the above problem uniquely exists in
R x 5% x [0,7,) (for the proof, see Lemma 6.5.4 with G(w) = 241 /c? in [6]).

This paper is organized as follows. In the next section we gather notation. In
Section 3 we give some preliminaries. An approximate solution is constructed in
Section 6, and useful estimates for the approximation are established in Proposition
6.5. Outline of the proof of Theorem 1.1 is given in Section 7. The detail of the
proof will be published elsewhere.

2. Notation

In this section, we introduce notation which will be used throughout this paper. We
denote r = |z| and w = z/r. We set 9, = Zgzl(xj/r)aj and O = %(01,02,03) =
x AY(D1,02,03), where A stands for the outer product in R3. Then we have

t(al,ag, (93) = wo, — rlwAO. (21)
We denote Z = {Zy,Z1,...,Zs} = {0, 01,02,03,01,02,03}. We write Z¢ for
Z§0 -+ Zg® with a multi-index o = (ap, . . ., ). Note that we have [Z,, 97 — A] =

0 (a=0,...,6), where we have set [4, B] = AB — BA.
We also use Z = {Zo, Zl, ey Zﬁ} = {8tl, (91], 82[, (93], 01, OQ, 03} for R3—
valued functions, where [ is the 3 x 3 identity matrix and

0; =0,1+U; (j=1,2,3) (2.2)
with
0 00 —1 0 10
1|, =00 0 |, Us=[ -1 0 0
0 10 0 0

0
Uy=1 0
0 0 0

-1

The vector fields 6j is closely related to the fact that if u(t,z) solves (1.1), then
so does A7lu(t, Ax) for any orthogonal matrix A. This observation leads to the
good algebraic relations [Zl, Ll=0fora=0,...,6. We write Z° for Zg‘" e Zg‘“
with a multi-index a = (ag, - . ., ag)-

For functions of (s,0,7) € R x S? x [0, 00), we denote the differentiation with
respect to s, § and 7 by

A=0s, A =01, Ay=02, A3=o03, Ay=0;, (2.3)
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where differential operators o; on S? are (formally) defined by (01, 02,03) = 6 A
t(p, , Vg, Dp, ). We write AP for AL° - A" and AY = AJ° - - - AJ® with multi-indices

ﬂ = (50a"'7ﬂ4) and Y= (705"%73)'
For a nonnegative integer k, and a real-valued smooth function ¢(¢,z), we

define

|90(t7$)‘k = Z ‘(Za@)(t7x)‘> |a(p t x |k = Z Z| Zaaa‘)o t -75)|

la|<k || <k a=0

For an R3-valued function u(t, z) we use the same notation |u(t, z)|x and [Ou(t, x|
with Z replaced by Z.
For v > 0, a nonnegative integer k, and ¢ € S(R?), we define

1/2

16llk,. = Sup, Y (A2 05 é(x)?

|o¢\<k

Here, S(R?) is the Schwartz class, the set of rapidly decreasing real-valued func-
tions. Besides, for f, g € (S(R3))3, we set

3
A9 =Y (il + l95000) - (2.4)
j=1

As usual, various positive constants which may change line by line are denoted
just by the same letter C' throughout this paper.

3. Preliminaries

First we recall basic properties of the Radon transform discussed in the section
4 of [11] for the case of n = 3 and y = 1 (note that when x = 1, §,(R?) and
ll¢lly.k.» in [11] become to S(R?) respectively). It holds that

95 R[#l(s,0) = R[(6 - grad)](s, 0), 3.1
0iR[p](s,0) = R[O;¢](s,0), i=1,2,3, (3.2)
RI0:¢](s,0) = 0; OsR[¢](s,0), i=1,2,3 (3.3)

for a real-valued function ¢ € S(R3). Moreover, for v > 0, a nonnegative integer
k, and a multi-index «, we have

050" RI)(5,6)] < Clllifalsiiof (1 +5%) 5 (3.4)

for (s,0) € R x S2. Here C' = C(k,v, ) is a positive constant.
Next we define

Q- [el(t, x) = 4171' /9652 07 p(x +t0)dSy, (t,x) € (0,00) x R? (3.5)



192 H. Kubo

for a multi-index v = (v1,72,73), a real-valued function ¢ € S(R?). Here, dS),
is the area element on S2. Note that Qo[p] is the spherical mean of . We shall
derive decay property of Q- [¢].

Proposition 3.1. Let k be a nonnegative integer, v > 0, and v be a multi-index.
Then there exists a positive constant C' such that we have

|07 Q4 [e](t )| < Cllgllira(l +t+7) 2 (L4 |r =)™ (3.6)
for (t,z) € (0,00) x R® with r = |x|, provided that ¢ € S(R?).
Proof. Tt follows that

1
oFQ,lel(t,x) = alz_k o /9 Lt 07t (02 0) (x + t0)dS) (3.7)

with some appropriate constants c,. Therefore, we get

01 Q A0 < Cllglhss [ (14 fa+t0)~2as,
= 2
t+r

27
= C|lellkp+2 X i / A1+ )\)7”*2d)\
|

t—r|
(see, e.g., [14, Lemma 2.1] for the proof of the last equality). Hence, the desired
estimate follows from

1 t+T
t / ALEN) 2N < O(L4t+7) (L4 |r—t) " (3.8)
T Jlt—r|

for t,r > 0. By symmetry, it suffices to show (3.8) for 0 < r < t.
First suppose 0 < r <t < 1. Then the desired estimate follows from

1 t+r 1 t+r
/ AL +XN)7""2dN < / A\ = 2.
tr Jie—r| tr Jji—r|
Next suppose t > 1 and 0 < r < ¢. Since t > (¢t +r +1)/3, we get

1 t+r ) 3 t+r L

AL+ AN)7"2dA < 14+ A7 HdA

tr/” 1+ _(1+t+r)r/tr( +2)
Observing that ¢t —r > (¢t +r)/3 for t > 2r and that r > (¢t +r)/3 for t < 2r, we
obtain (3.8). This completes the proof. O

The following proposition shows that the leading term of Q- [¢] is described
by the Radon transform. Since the proof of the proposition is similar to that of
Lemma 4.3 in [11], we omit it.

Proposition 3.2. Let k be a nonnegative integer, v > 0, v be a multi-index, and
¢« > 1. Then there exist a positive constant C and an integer No (> v +4) such
that we have

|t0F Q4 [](t, ) — (dmr)~H (—w)" ((=8)*Rlp]) (r — t,w)] (3.9)
< Cllelliar e+t +r) 2 1A+ [r =)™
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for (t,x) € (0,00) x R? satisfying v > t/(2c.) > 1 with r = |z| and w = x|z|7t,
provided that ¢ € S(R3?).

Next we derive a couple of estimates of the following integral operator for
the latter sake:

T,[p](t, x) = /ct1 771Q7[¢](T, x)dr, (t,z) € (0,00) x R3. (3.10)

Proposition 3.3. Let k be a nonnegative integer, v > 0, v be a multi-index, and
v € S(R?). When (t,z) € (0,00) x R? satisfies one of r > 2cit, r < caot/2 or
0<t+r<1, we have

T[] (t, 2)| < Cligllop2 (1 +t+7)7*7". (3.11)

On the other hand, when (t,z) € (0,00) x R? satisfies cat/2 < r < 2cit and
t+7r>1, we have

T[] (t,2)| < Cligllop+2 (1 +t+7)77, (3.12)
provided v > 1. Moreover, if k > 1, then we have
8T (1, 2)| < Cllgllig (14+1) 7 A+ £ 4 7) 7 ma (L4 |r — eit) ™} (3.13)

for (t,z) € (0,00) x R®. Furthermore, we have

Ty 1050)(t, 2)] < Cllellz.ng 1+t +7) 7" max{(1+ |r — cit]) ™'}, (3.14)
where Ny is the number from Lemma 3.2.

Proof. First we prove (3.11). By (3.6) we have

cit
T [](t, )| < C\Iso\lo,u+z/ T AT ) (A A = 7|)dr
cat
’ C]t
< Cllellop+2 (1+c2t+r)‘2/ YA+ |r—7))Vdr.  (3.15)
Cgt

Observe that if 7 < ¢ot/2 and 7 > cat then |7 — r| > (cot + r)/3, and that if
r > 2cqt and 7 < ¢qt, then |r — 7| > (e1t + 7)/3. Thus we get (3.11) for 7 < cot/2
or r > 2¢;t. On the one hand, from (3.15) we have

cit
T5 [l (t, 2)] < CHSDHO,VH/ Tl < Cll@llow+e,

cat

which yields (3.11) for 0 < ¢+ 7 < 1.

Next we prove (3.12). Since 7 > C(1 + ¢ + ) for 7 > cat, cot/2 < 1 < 2¢1t,
and ¢t +r > 1, we get (3.12) from (3.15) by v > 1.

Next we prove (3.13). It follows from (3.10) that

0T, [e)(t, ) =71 (Qy[¢l(crt, ) — Q4 [¢l(eat, 7)) - (3.16)
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When t > 1, we easily have (3.13) by (3.6). On the other hand, when 0 < ¢t < 1,
we rewrite the right-hand side of (3.16) as

1
(c1 — ¢2) / (0:Q~ 1)) (cr1to + cat(1l — o), x)do.
0
Since 0 < cito 4+ cot(l — o) < C for 0 < o,t < 1, we get from (3.6)
07T, (]t 2)] < Cllgllpra (L +1) 727,
which yields (3.13) for 0 < ¢ < 1.
Finally, we prove (3.14). When one of r > 2¢1t, r < cat/2 or 0 <t +r <1

holds, (3.11) with v = 2 yields (3.14). Therefore, we have only to consider the case
where cot/2 < r < 2¢it and ¢t +r > 1. We rewrite

cit

T,[05¢](t, z) = (4mr)~1 / 7_2(—w)"’7€[8jap] (r—7yw)dr

4 [ (o) — (4mn) W ROl ~ 7).

Let v > 1 in the following. Then, by (3.9) with & = 0 the second term on the
right-hand side is estimated by

C]t
Cllellan, / 214+ )2 (14 | — ) vdr

Qt
< Clgllz,n T+t +7)74,

because 7 > C(1 4 ¢ + r) in this case. Using (3.3), we can make integration by
parts in 7 in the first term. Then it is rewritten as

(4mr)~? /01 (—27‘_3)wj(—w)"’R[ap} (r — myw)dr

— (4nr) 1 ((clt)72wj(—w)”72[<p](r —ct,w)
—(cat) 2w, (—w) R[p](r — czt,w)) )

By (3.4) we have |R[¢](s,w)| < C|l¢llov+3 (1 + |s])~¥. Since v > 1, we thus find
(3.14) in this case. This completes the proof. O

4. The free elastic wave equation
In this section we consider the Cauchy problem :
(07 — L)ug(t,z) =0, (t,x) € (0,00) x R?, (4.1)
uo(0,2) = f(x), (Qruo)(0,2) = g(z), r € R?, (4.2)
where f, g € (S (R3))3. First we recall the explicit representation of the solution
up. We define
Elgl(t, x) = Er[g)(t, z) + E2[g](t, z) + Eslg](t, ), (4.3)
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with
Eilglt,e) =, /9 TG +ath)as, (4.4)
Blalts) = [ (0 =10)g(e + cat)is, (45)

Bslg](t ) = —4; / Yo /9 U@yl ). (40

Here, for each fixed § € S?, TI(f) : R® — R3 is the projection defined by IT1(§)v =
(6 - v)8 for v € R3. Then it is known that

ug(t,x) = O E[f](t,z) + Elg](t,x), (t,x) € (0,00) x R? (4.7)

holds (see, e.g., John [10]). The following estimates are extension of those in The-
orem 1 in [10] in the sense that we can replace the decaying factor 1+ by 1+t+r
and that the derivatives enjoy better decay property with respect to 1 + |r — ¢;t|
with ¢ =1, 2.

Proposition 4.1. Let k be a nonnegative integer, f, g € (S R3? ) , v>1, and Ny
be the number from Proposition 3.2. Then, for (t,z) € (0,00) x R®, we have

luo(t, @)];, < C Ak ralfo gl L+t +1) "  Woi(t,r) (4.8)
and
‘auo(t7 x)‘k < CAk+27No [f7 g] (1 +t+ r)_l W—Q(t7 7“), (4'9)

where Ay, [f, g] is defined by (2.4), and for v € R we put
W, (t,r) = n_ulpé{(l +|r—cit])"}. (4.10)
Proof. Suppose that all the assumptions of the proposition are fulfilled. Let (¢, z) €
(0,0) x R? in the following. Since [Z,, L] = 0, we have
0{02 O Elg|(t, x) = 0 E[03 O%g](t, x) (4.11)

for any nonnegative integer ¢ and any multi-indices a, 3. Therefore, it suffices to
show that

|0F Elg](t,2)| < CAuy2(0,g] 1+t +7) " W_y(t, ), (4.12)
07 OE[g)(t, 2)| < CApi2,n[0,9] (1 +t+ 1) W_a(t, 2). (4.13)
First we prove (4.12). We denote the ith component of E;[g] by EY) [g]. Then
we see from (4.4), (3.5) that

3

B (g)(t.2) = Y 1Q, lgil(cat,2) (i =1,2,3), (4.14)

Jj=1
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where v;; = e; + €; with e; = (1,0,0), e2 = (0,1,0), es = (0,0,1). Since
af (tQ'Yij [gj](clt7x))
= let (ath’Yl] [ng (Cltv 1‘) + kc’f_l (af_lQ’Yij [ng (Cltv l‘)
for k > 0, applying (3.6) with ¢ replaced by cit, we get
0 (1@ 03] 1, )| < Clgs a1+t +7) 711+ | — ext]) ™
for v > 0. Thus we obtain
O Br[g)(t, 2)] < CAkial,g] (146 +7) (14—t ™. (416)

(4.15)

Similarly, we can handle E»[g] and find
|07 Eag)(t, )| < CAkui2[0,g] (14t +7) 7 (14 |r — cot]) " (4.17)
Therefore, we have only to show
|0F B3 [g)(t, )| < CAk4200, 9] (1+t+7)72 (4.18)

Observe that each component of F3[g] can be expressed as a linear combination
of the following type of integrals:

t/c1 TﬁlQn/[Lp](T, x)dr =t T,[¢](t, x)

ot
with a suitable ¢ € S(R?) and multi-index . Here T[] is defined by (3.10). We
see from (3.11), (3.12) that

It T, [¢](t, )| < Cllellopre (1 +t+7)"2

holds, since v > 1. For k£ > 1, we have
aF (tT,[pl(t ) = tOF T, [](t,2) + K OF ' T[] (¢, ).
Therefore, using (3.13) together with (3.11) and (3.12), we obtain
|0F (¢ T [e](t,2))| < Cllollipra (L4t + 1) Wi (t,2) (4.19)

since v > 1. Thus we get (4.18).
Next we prove (4.13). In view of (4.16) and (4.17) with v = 2, we see that it
suffices to show

|07 0B3[g)(t, )| < Cllgllesan, (L4 +7) 72 Woi(t, ). (4.20)

When 0 = 0, we immediately get (4.20) from (4.19). It remains to evaluate
OF9;(t Ty [p)(t, x)) for k > 0. Since 9;T,[p](t, ) = T,[0;¢](t,z), it follows from
(4.19) that

|080; (¢ T [e)(t,2))] < Cliglisrpsn (L4t + 1) 7> Wi (t,2)

for k£ > 1. Combining this estimate with (3.14), we find (4.20). This completes the
proof. O
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Next we derive the radiation field for the free elastic wave (for the case of the
scalar wave equation, see Friedlander [4], and also [11]). In view of (4.16), (4.17),
(4.18), and (4.20), we find that

hm tug(t, (cit + s)w) = tli)rgot (O E;[f1(2, (cit + s)w) + Eig](t, (cit + s)w))
for each fixed (s,w) € R x S? (recall ¢; # ¢3). Having Proposition 3.2 in mind, we

define the radiation field F;[f, g] (i = 1,2) for ug associated with the propagation
speed ¢; by

Filf.g)(s.0) = I(O)R:[f, 9] (s.0), (4.21)
Folf.g)(s.0) = (I — I1(0))Ra[f, 9] (s, 0) (4.22)

for (s,0) e R x S?, and f, g € (S(R3))3. Here, R;[f, g(s,0) is defined by (1.8),
and I1(8)v = (0 - v)6 for v € R3. We remark that (3.4) implies

050" Filf,9)(s,0)] < C(L+|s)7",  (5,0) € R x 5 (4.23)

for any v > 0, nonnegative integer k, multi-index «, and f, g € (S(R3))3. One
can express the leading term of ug in terms of the radiation fields as follows.

Proposition 4.2. Let f, g € (S(Rg))3 and let ug be the solution to the problem
(4.1)—(4.2). Then for any nonnegative integer k and any multi-index o with |a] > 1,
there exists a positive constant C such that

2
=Y Tl — et w)| <CA+t+7)72, (4.24)
m=1 k
and
2
Opuo(t,x) — > (—c OsFmlf; gD (r — cmt, w) (4.25)
m=1 k

+ |0%ug(t, ) Zwa -1 8‘0"}' [f,9])(r — emt,w)

k
<CA+t+7r)” 2W_1( ,7)

for (t,z) € (0,00) x R® with r > cat/2 > 1. Here, w = (wy,ws2,ws) =~ 1a.
Proof. First of all, recalling (4.7) and noting that
(O Funlf, 0)(r = emt,w) = 0r (D11 Fn)[0, F)(r = cmt, )

for any multi-index o and m = 1,2, we see that it suffices to show (4.24) and
(4.25) with up = F[g] and f = 0. In the following, we write F,[g] = F[0, g] for
simplicity.
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Next we observe that the following property of F,,[g] :
020% (Fulg)(r = emt,w)) — Fnl020%g)(r — emt,w) (4.26)
< Cllgllat+islv+a+iatis L+t +7) 7 A+ [r = cmt) ™

for ¢ € (S(R?))? and multi-indices «, B. Since O;(¢(w)) = (0;1)(w) for any
b € C°(S?), we find from (3.2) that
61’(}—”@[9](7" —cmt,w)) = Fm [619](7" —emt,w)

for i = 1,2,3 and m = 1,2 (recall (2.2)). Thus, we may assume 8 = 0 in proving
(4.26). By (2.1) and (3.3) we have

9i(Rlgl(r = emt, w)) = R[9ig)(r — emt,w) = 1 UR[g](r — cmt, w),

where we put Q = ¥(Q1,Q2,Q3) = w A O. Hence, noting that r is equivalent to
1+t+4rfor r > cot/2 > 1, we see from (3.4) that (4.26) with 5 = 0 holds.

Now, we are going to prove (4.24) with ug = E[g] and f = 0. In the following,
we assume 7 > cot/2 > 1 and v > 0. Then, by virtue of (4.11) and (4.26), the
desired estimate follows from

<O(L+t+7r)2

af (E[g](t,sc) - Z r_lfm[g](r - cmt7w)>

m=1

We see from (4.3) and (4.18) that the above estimate follows from

08 (Bunlo](t,2) — 7 Fonli)(r — et )| (4.27)

ilyg B

<C(L+t+r)2W_,(t,7).

Recalling (4.14) and (4.15), we get, for i = 1,2,3,

3
FEV g)(t.x) = Y it (98 Qo [9)]) (ert. )

j=1
3

+ 3 keE T (0871 Qy, l95]) (et @),

j=1
where v;; = e; +e;. By (3.6), the second term on the right-hand side is estimated
by 2?21 Cllgillk—1p42 (L +t+7)"2(1 + |r — c1t|)7. Meanwhile, applying (3.9)
with ¢ and ¢, by ¢1t and ¢;/c2(> 1) respectively, we get
|ext (0F Q, [95]) (et ) — (dmr) ™M (—w) ™ ((—05)* Rlg)]) (r — ext, w)|
< Cllgjllering L +t+7) 21+ |r —et]) ™,
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Therefore, we have

3
of | Bl ) - (aar) ™ 3w Ry ) — ext, ) (4.25)

3
Z lgsllkr1,no (L4t +7) 72 (L4 |r —ert]) ™,

which implies
|05 (En[g)(t,2) — ™' Falg](r — ext,w))] (4.29)
SCA+t+r)>(1+|r—ct])™,
since (—w)”¥ = w?%. Similarly, one can show
|07 (B2lg)(t,z) — r ' Fa[g](r — eat,w)))| (4.30)
SCA+t+r) (L4 ]r—cat]) 7,
and hence we obtain (4.27).
Finally, we prove (4.25) with ug = FE[g] and f = 0. Proceeding as before,
with the help of (4.20) instead of (4.18), we find that the desired estimate follows

from
2

Z ‘af (atEm[g}(tm) - (_Cm)r_l(as]:m[g})(r - cmt7w))’ (4'31)

m=1

F (05 Bnlgl(t.2) = w17 O Fulg) (r = et ) )|

SCA+t+r)2W_,(t,7)

for r > cot/2 > 1 and v > 0. Because of (3.3), it follows from (4.21) and (4.22)
that Fn,[0:9](s, 0) = 0;0sFm[g](s, 0). Therefore, recalling (4.11), we get (4.31) from
(4.27). This completes the proof. O

5. The inhomogeneous elastic wave equation

In this section we recall basic estimates for the solution of

(0? — L)u(t,x) = h(t, ) for (t,z) € (0,T) x R3, (5.1)
w(0,z) =0, (G;u)(0,z) =0 for z € R3. '
The following estimate is a slight improvement of the corresponding estimate given
by [1, Proposition 5.1] in the sense that (minj—o,1,2 {1 + |e;t — |][}) [ET replaced
by (minj—o,1,2 {1+ [c;t — \scH})l_” with being ¢y = 0. This kind of modification
was well studied in the case of the scalar wave equation, and the detail of the proof

of (5.2) will appear elsewhere.
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Proposition 5.1. Let u be the solution to (5.1) and let p > 0. Then we have
|ou(t, z)| < C(1+r)"*W_q(t,7) (5.2)

X sup || (1+5+|x|)l+“(.min {1+ |eis — \x\|})17”|h(57x)|1
(s,z)€[0,t]xR3 i=0,1,2

for (t,xz) € [0,T) x R3.

On the other hand, the following estimate was proved by [10, Theorem 3].
Proposition 5.2. Let u be the solution to (5.1). Then we have

|Ou(t,z)] < C(1+7r) " W_q(t,7) (5.3)

x log(2+t+r) sup min {1+ |¢;s — |z]|} |h(s, 2)|7dy,
sefo,t] Jms =12

/ Ou(t, 2)| ‘dﬁ < Clog(2+1) (5.4)
R3 T

5 N\ 1/2
xmml/(O+W)@nﬂ+MSMHMwm0dy
s€[0,t] \/R3 i=1,2
forte[0,T).

6. Approximate solutions

This section is the core of the present paper. We shall construct an approximate
solution and derive important estimates given in Proposition 6.5 below in proving
Theorem 1.1. Throughout this section we assume that f, g € (C()"’(R?’))3 satisfy

f(x) =g(z)=0for |z| > R (6.1)

with some R > 1, and that 4; # 0 and po # 0 on R x S2, where pg is defined
by (1.9).

Lemma 6.1. Let p(s,0,7) be the solution to (1.13)—(1.14) vanishing for |s| > R.
Let 0 < 79 < 7 with 7. being defined by (1.10). Then for any N > 0, and for any

multi-indices 8 = (Bo, ..., Ba) and vy = (Yo,...,73), there exists a positive constant
C = C(10,08,7,N) such that

[A%p(s.0,7)] < C(L+]s]) 7",
[AX{p(s,0,7) = po(s, )} < Cr(1+s)) ™ (6.3)
for all (s,0,7) € R x S? x [0, 79].
Proof. First of all, we note that (6.2) and (6.3) follow from
[A0p(s,0,7)| < C(L+[s)) ™7, (6.4)
IA70,{p(5,0,7) — po(s, )} < C(1 + [s]) ™ (6.5)
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for all (s,0,7) € R x S? x [0,79] and N > 0, respectively, because both p(s, 8, 7)
and po(s,d) vanish for |s| > R.
Next we prove (6.4). If we set P = J,p, then it satisfies
30, P+ A PO,P=0 inR xS?x[0,7.), (6.6)
P(s5,0,0) = Ospo(s,0) for (s,0) € R x S%.
Observe that for (s,s0,0,7) € R x R x S? x [0,79), the equation
F(s,50,0,7) := c(s0 — 8) + Ospo(s0,0) A7 =0 (6.8)
determines the implicit function sg = so(s, 8, 7), because
aSOF(S7 50, 0,7) = C% + 652]70(50, H)AlT > C%(l - T/T*) > 0.
Therefore, the solution to (6.6)—(6.7) is given by P(s,0,7) = (9spo)(so(s, 8, 7),8),
and hence for (s,6,7) € R x 8% x [0,79), we have
asp(s7977-) = (asp())(s()(s7977-)79)' (69)

Since (3.4) implies |A®pg(s,0)| < C(14|s])~" for any (s,0) € R x S% and N > 0,
we see that A®sq(s, 0, 7) is bounded for any (s,0,7) € R x 5% x [0, 70), because we
have

2
1

i + (92po)(so(s,0,7),0) AT’
—A1(0spo)(s0(s,0,7),0)

8550(‘9’ 0’ T) =

87'80(87 9’ T) - 02 + (3s2p0)(50(5a 0 ’ H)AlT

7)
7A17'(0265p0)(50(5 0’ T) 0)
)

0is0(5,0,7) = + (92po)(so(s,0,7),0) AT’

Therefore, we get (6.4) by using (6.9).
Next we prove (6.5). Since so(s,8,0) = s, we get

1
asp(s7 97 T) - asp0(87 9) =T / (852[)0)(80(8, 97 UT)7 9)8‘1’80(87 97 UT)dU'
0

In view of (6.8), we see that (1 + |so(s,8,7)|)~" is equivalent to (1 + |s|)~" for
(s,0,7) € R x 5% x [0,70), because |AY(Ospo(so(s,0,7),0)A17)| is bounded. Thus
we find (6.5) holds. This completes the proof. O

For a real-valued function ¢(s,0,7) on R x S? x [0, 7,), we shall write
o(t, z) := o(r — c1t,w, e log(et))
for (t,z) € [e71, e Lexp(rie™!)) x R3 with r = |z| and w = 7~ 2. Then we have
03 =—c10p+ et 0,0, O0;p=07p (i=1,2,3), (6.10)
gradcﬁ:wé;/p—rflw/\ﬁfp, (6.11)
where we have used (2.1) to get (6.11).
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Let p(s, 6, 7) be the solution to (1.13)—(1.14) vanishing for |s| > R. Using the
above notation, we define
wy (t,x) = er™ ' (p(t, )w + Fa[f, 9](r — caot,w)) (6.12)
for (t,z) € [e7 e Lexp(rie™t)) x (R?\ {0}). Note that
wy(t,z) =0 for |z| > c1t + R. (6.13)

The following estimates, which shows that w; is a good approximation of uy near
the characteristic cones r = ¢;t (i = 1,2), are reduced from Lemma 6.1.

Corollary 6.2. Let 0 < 19 < 7y and let 0 < € < 1. Then for any nonnegative integer
k, there exists a positive constant C = C(79, k) such that

lwi (t, )| < Ce(1+t+7)7", (6.14)
|Ow, (t, )|, < Ce(14+t+7)"W_y(t,r), (6.15)
|divwy (t,2) [y < Ce(l+t+7)" 1+ |r—eit]) ™t (6.16)
[rot wy (t, )| < Ce(1+t4+7)" 1+ |r —cot])™? (6.17)
for eat/2 < |z| < ecit+ R and t € g7, e Lexp(roe™1)). Moreover, we have
lwi (t, ) — eug(t, )| < Ce(l+t+7)72, (6.18)
10 {w1 (t, ) — eup(t,2)}p < Ce(L+t+r)2W_q(t,7), (6.19)

foreat/2 < |z| < c1t+R and 1/e <t < 2/e. Here, ug is the solution of the Cauchy
problem (4.1)—(4.2).

Proof. We suppose that cat/2 <r < cit+Randt € [}, e Lexp(moe 1)) in what
follows. Then we have

e+ e+ A +t+r) e <O +t+7)7h (6.20)
First we prove (6.14) and (6.15). It follows from (4.23), (2.1), and (6.20) that
[ Folf,g)(r — eat,w)le < C(L+ [r = eat]) 71
Meanwhile, from (6.2), (6.4) with N =1, (6.10), (6.11), and (6.20), we get

B(t,2)x < C Y |APp(t,a)| < C, (6.21)
|B|<k

03t 2)k < C S [Mp(t,a)| + CL+t+r)"" S [APp(tz)|  (6.22)
[BI<k [8|<k+1

<COA+|r—et)™?
Thus we obtain (6.14) and (6.15) from (6.12).
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Next we prove (6.16). A direct computation shows that
div (r~'p(t, 2)w) = r 165p(t x) +r2p(t, x), (6.23)
div (r~ Fo[f, g)(r — cat, w)) (6.24)
—r 22w Raolf, g)(r — eat,w) + Q- Ralf, g)(r — eat,w)),
where we put - f(z) = 23:1 Q;fi(z) with Q@ = w A O (recall also (4.22)).

Therefore, by (6.2), (6.4) with N =1, and (3.4), we get (6.16).
Next we prove (6.17). A direct computation shows that

rot (r'p(t, o)w) = —r2Q A (p(t, r)w), (6.25)

rot (r ' Fa[f, 9](r — cat,w)) = r~'rot Ro [f,g](r — cat,w) (6.26)
— 17w A Ra[f, g](r — cat,w) — QA TI(W)Ra[f, g](r — cat, w)).
Thus (6.2) and (3.4) yield (6.17).

Next we prove (6.19). Suppose that we also have 1/e <t < 2/e from now on.
In view of (4.25), it suffices to show

3t{w1 (t,x) Z er Y Fulf. g cmt,w)}

< Ce(l4t+r)2W_y(t,7),
k

or
0:{p(t, 2)w — Filf. g)(r — ext, ) He < CL+t+7) T Woa(t,r),
because of (6.12) and (6.20). We see from (4.21) and (1.9) that the above estimate
follows from
10:{D(t, ) — po(r — c1t,w)Hp < C(A+t4+7) ' W_q(t,7). (6.27)

It follows from (6.10), (6.11), (6.2), and (6.5) with N = 1 that the left-hand side
of (6.27) is bounded by

C " IN10up(t,x) — (ADupo)(r — ert,w)|

1<k
+Ce(l+t+1)"" S APt o)
|BI<k
< Ce((log(et))(1+|r—ct) "+ (1 +t+r)7"),
which yields (6.27), because t < 2/e implies e < C(1 +t +7)~!

Similarly, one can show (6.18) by using (4.24), (6.3) instead of (4.25), (6.5),
respectively. This completes the proof. (]

Next we examine how well wy (¢, x) satisfies the original equation (1.1) near
the characteristic cones r = ¢;t (i = 1,2). We set

E(t,z) = (8} — L)u(t,z) — F(Vu(t,z), V?u(t, z)). (6.28)
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Lemma 6.3. Let 0 < 79 < 7 and let 0 < € < 1. Then for any nonnegative integer
k, there exists a positive constant C = C(79,k) such that

|E[wi](t, z) — (3 — c2)er 2 {w A &i}(t, x) + (0:Y)(r — cot,w)w} (6.29)
+ Ag grad [rot wy (t, ) |*|x < Ce(1+t+7)73,
for eat/2 < |z| < it + R and t € g7, e Lexp(roe™1)). Here we have set
Y(5,w) = 20 - Ra[f, g](5,0) + Q- Ralf, (s, w).

Proof. Let cat/2 < |z| < cit+ Rand t € [e71,e L exp(roe™1)). Then, t and r are
equivalent to 1+t 4 7.
It holds that

02p(t,x) = 0182 (t,x) — 2c1et™ 19, 9,p L 0.p+ 172 (e 282 - Ean)
A(r~1p(t, r)w) = 7‘71652])(15, )w +r 3 AL (Pt T)w),
graddiv (r'p(t, z)w) = 7'_155/(15, x)w —r2wA (%(t, x)
—2r3p(t, 2)w — rBw A op(t, x),
where A, = 23:1 O?. Therefore, we have

(02 — L)(er™ Bt x)w) + 20163 (tr) 18, Dup(t, ) (6.30)

—(c2 = c2)er 2w A 0 dsp(t, ) . <Ce(l4+r+1t)73
Meanwhile, we have
(0F = 3A) (T Falf, gl(r — eat,w)) = —c3 1P AL T, g)(r — et w).
Hence, recalling (6.24), (6.10), and (6.11), we obtain
|(0F — L) (er™ ' Falf. g)(r — eat,w)) (6.31)
—(c} — c3)er2(8:Y)(r — cat,w)w|, < Ce(l47+1)7°

Next we consider the nonlinear term F which is expressed as (1.3). It follows
from (6.16), (6.17) that

rot ((divw (t, z))(rot wy (t, )))|r < Ce?(1 4+t +7)73
By using (2.1) together with the condition on B;le’, we get from (6.14) and (6.15)
IN(wi(t,z))|x < C*(L+t+7r)"°
We see from (6.23), (6.24) that
|grad (div w;)? — grad (Er_lé-:};(t, 2)?|p < C2(1 4+t +7)73,
and hence

|lgrad (divw;)? — 2527725;5(1?, x)é;?vp(t, r)wlp <CE(1+t+7)7?
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Thus we obtain
|F(Vwy, V2w:) — Ay grad [rot wy | (6.32)
—2A152r725:}/9(t, m)é—g)(t, x)w . <C(1+r+1)7?
Observe that (6.2) and (6.4) (with N = 1/2) yield
Dap(t, )k < C(1+ fext — )72, (6.33)
By (6.6) with P = 0sp, and (6.33), we obtain

‘201 g2 (tr)_lg:ago + 24, 527“_25;;5?;0

(6.34)

= ‘2A1 (r— Clt)EQ(Clt)71T725;p?5§]/)

<Ce*(1+t+r)73
Now (6.30), (6.31), (6.32), and (6.34) imply (6.29). This completes the proof. [
In order to eliminate r~2{w A 0/_3\;)(15, x)+ (0:Y)(r — cot,w)w} in the estimate

(6.29), we need to construct a more precise approximation. For this reason, we set

S

q1(s,0,7) = /00 0N (op)(s,0,7)ds’, qa(s,0) = / Y(s',0)0ds, (6.35)

and define
w(t,z) = wi(t,z) +er 2 (q(t,z) + ga(r — cat,w)) (6.36)
for (t,z) € [e71, e Lexp(roe 1)) x (R?\ {0}). Then, w enjoys the same estimates

as in Corollary 6.2 together with a suitable estimate for Efw] as follows.

Lemma 6.4. Let 0 < 79 < 7«. We assume that 0 < € < 1. Then for any nonnegative
integer k, there exists a positive constant C' = C(7g, k) such that

w(t, z)|, < Ce(l+t+r)"", (6.37)
|ow(t, 2)|k < Ce(l+t+7) ' W_i(t,r), (6.38)
|divw(t, )| < Ce(l+t+7)" 1+ |r —ct]) ™", (6.39)

(t,x)|p < Ce(1+t+7)" (1 +|r—cot])™", (6.40)
( )~° (6.41)
)-

[rot w(t,

|E[w](t, z) + Ay grad [rot wy (¢, z)|*|x < Ce(1+t+7
forcat/2 < |z| < cit+ R and t € [e71, e Lexp(roe™t)). Moreover, we have
lw(t,x) — eup(t, z)|r < Ce(l+t+r

[Oc{w(t,x) —eup(t,z)Hr < Ce(l+t+r

)72, (6.42)
)TEW_(t, 1), (6.43)

foreat/2 <|z| < c1t+R and 1/e <t < 2/e. Here, ug is the solution of the Cauchy
problem (4.1)—(4.2).
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Proof. Since p(s,0,7) =0 for |s| > R, we see from (6.2) and (3.4) that
1M qi(s,0,7)] <O, [APDyqu(s,0,7)] < C(1+5)"", (6.44)
[Mqa(5,0)| <O, [ADuga(s,0)] < C(L+5)7", (6.45)
for multi-indices 3 and (s,0,7) € R x 52 x [0, 79]. Therefore, if we set
wa(t,x) = er  (qu(t,x) + ga(r — eat,w))
then we get
lwa (t, )| < Ce(l+t417)"2, (6.46)
|Ows(t, )| < Ce(1+t+7)2W_y(t,7), (6.47)

so that the estimates in Lemma 6.4 except for (6.41) immediately follow from
Corollary 6.2.
In order to show (6.41), we write

E[w] + Ay grad [rot wy|? (6.48)
= (Elwn] + (¢} — B)er {D2a1(t,2) — (92q2)(r — cat,w)}
+ Ag grad |rot w1|2)
+ (07 = Lyws = (& = B)er {021 (t,2) — (92ae) (r — eat,w)})
+ (F(Vwi, V2wy) — F(Vw, VZw)) .
By (6.15), (6.47) we get
|F(Vwy, V2wy) — F(Vw, V)| < Ce?(1+t+71)73. (6.49)
Using (6.44), we find
(02 — 3A)(r2qa(t, ) — (3 — 3)r202qu (b, o)k < C(L+t+7)7%

Since 0-q1(s,0) = 0, we have div (r 21 (¢, z)) = —r—3Q-q1(t, z) by (2.1). Therefore,
we get

(07 = L) 2@ (t,2)) — (] = B 202ai(t, )l < C(L+t4+71)7% (650)
On the other hand, we have from (6.45)
|02 — c2A)(r2qa(r — cat,w))|p < C(1+t +7)73.
Since div (r~2ga2(r — cat,w)) = r=2Y (r — cat,w), we obtain
(87 — L) (r2qa(r — cat, w)) (6.51)
+ (3 =B 2(02q)(r — cat,w)|p < C(A+t+7)75.
Now, in view of (6.48), we see from (6.49), (6.50), (6.51), and (6.29) that (6.41)

holds, because (%(t,m)—(afqg)(r—CQt,w) = —(w/\o/_és/p(t,sc)—i—(asY)(r—czt,w)w).
This completes the proof. O
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Now we are in a position to construct an approximate solution u; for all
(t,z) € [e7, e Lexp(roe 1)) x (R?*\ {0}): Let x and ¢ be smooth and nonnegative
functions on [0, 00) such that

)1, s <, )0, s< /2,
X(S){o, s> 2, 5(5){1, s> 3¢o/4.

Let 0 < ¢ <1 in the following. We put x.(t) = x(et) and n(t, z) = &(|z|/t). Since

<O+t ifo<et <2, (6.52)
we get
d™Xe "X -
t) =™ ) <CA+t)™™ fort> :
g (1) g (et)| <C(1+1) ort >0, (6.53)

where m is a nonnegative integer. Meanwhile, we easily have O;n(t,xz) = 0 for
1 <7 < 3. Since cot/2 <1 < 3cot/4 for (t,x) € supp In, we have

Z |0%n(t,z)| < C(1+t+7)"™ for (t,x) € [1,00) x R, (6.54)
|a]=m
where m is a nonnegative integer, = (9¢, V), and « is a multi-index. Besides,
we get
W_i(t,r) <CA+t+7r)"" if0<r < 3cot/4 (6.55)
Let ug be the solution of the Cauchy problem (4.1)—(4.2), and let w be given
by (6.36). We define
ur(t, @) = xe(t)euo(t, z) + (1 — x(t))n(t, z)w(t, x) (6.56)

for (t,x) € [0,e T exp(rue™!)) x R®. By (6.1) and the property of finite propaga-
tion, we have |z| < ¢1t + R in supp ug. Hence, recalling (6.13), we find that

uo(t,x) =wi(t,z) =0 for |z| > c1t + R. (6.57)
Then we have the following:

Proposition 6.5. Let 0 < 79 < 7, k be a nonnegative integer, 0 < X\ < 1/2, 0 <
uw<1/4, and 0 < & < 1. Then there exists a positive constant C = C(79,k, A, )
such that

luy (t,z)|p < Ce(1+t+7)"1, (6.58)
Oy (t, )| < Ce(1+t+7) " "W_y(t,r), (6.59)
|E[u1](t, x) + As grad |rot wy (t, x)|?|x (6.60)

< CeTMU A+t ) TR (8, r)
for (t,x) € [0,e T exp(roe~!)] x R3, and
|| Eu](t, -) + Az grad [rot wy (¢, )[* ||, < Ce'TH (1 + )~ (/24 (6.61)

for t € [0,e Lexp(roe™1)].
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Proof. We write = rw with r = |z| and w € S2. First we prove (6.58) and (6.59).
It follows from (4.8) that

luo(t,z)|p < CA 4+t +7) ' W_y(t,r) (6.62)

for (t,x) € [0,00) x R3. We see from (6.57) that (1+¢)"' < C(1+t+r)"! for
(t,z) € suppw;. Therefore, we get (6.58) and (6.59) from (6.37), (6.38), (6.53),
(6.54), and (6.62).

Next we consider (6.60) and (6.61). If we set

v(t,z) = n(t, 2)w(t, z) — euo(t, ), (6.63)
then we have u; = eug + (1 — xc)v by (6.56). Therefore, it follows that
Elu]=Io+ L + L+ I3, (6.64)

where we put
= —Xg(t)F(Vul,V u),
X2 (to(t, @),
IQ = —2)(8( )Ou(t, x),
Is = (1= x(t)) {(87 = L) (n(t, z)w(t,z)) — F(Vur, Vu1)}.
We will estimate [; for 0 < 7 < 3. Let 0 < A < 1/2 and 0 < p < 1/4 in the

following.
By (6.52) and (6.57), we have

e<C+t+r)"t for (t,x) € suppug Usuppw;. (6.65)
From (6.62), (6.15), (6.47), and (6.65) we get
ol < Ce™AA+t+7) 3P Woa(t,r), (6.66)
which yields
[Holk|| » < C™FML+2)7>F, (6.67)

Next we estimate I;. We may assume ¢ > 1, because et > 1 in supp xZ.
Therefore, (6.54), (6.55) and (6.62) yield

|(1=n(t,2))uo(t,2)|, < CA+t+7)2 (6.68)

Observe that we have 1/ < t < 2/¢ and cot/2 < r in supp(xZn). Thus, writing
I = —e2x"(et) (n(w — eugp) — (1 — n)ug), by (6.42), (6.68), and (6.65), we get

Lk <C3(1+t+7)"2 <CeE¥(1+t+7)73 (6.69)

In order to evaluate I, we use
|(1 = n(t, 2))Quo(t, x)|, < C(L+t+7)"% (6.70)
which follows from (6.54), (6.55) and (4.9). Then, writing
L = —2ex'(et) ((9m) (w — ug) + (8¢n)euo
+ n(0sw — edpug) — (1 n)a@tuo),
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by (6.42), (6.43), (6.54), (6.62), (6.65), and (6.70) that

|L|p < CePAA 4+t + )32 W (8, 7). (6.71)

By (6.69), (6.71), and (6.65) we get
|l 4 Ll < Ce" A+t + )3 Wy (¢, r), (6.72)
|1 + Lafg|| » < Ce™ ML +1)72HA (6.73)

Next we consider I3 by rewriting it as
Iy = (1= xe(t)) (Is1 + Is2 + Is3), (6.74)
where we have set
Iy = —F(Vuy, V2up) + nF(Vw, V),
I32 = [0} — L,njw
I3 = n((0f — L)w — F(Vw, Vw)).

In the following, we assume t > 1, because et > 1 in supp(1l — xe)-
We first estimate I3;. We may assume et < 2 or r < 3c¢at/4, because Is; =0
otherwise. If 0 < et < 2, then we have

(1= xo)Ia1]p < CeVTANL 4t + ) 3PAW o (8, 7),
similarly to (6.66). Meanwhile, if r < 3cat/4, then (6.38), (6.59), and (6.55) yield
(1 = x) 31 |p < CE2(1 +t+r)7%
Summing up, we have proved
(1= x) a1l < Ce" A+t +7) 5 AWoo(t,r) + CE2(L+t+7)"%  (6.75)
By (6.37), (6.38), (6.54) with m = 1,2, and (6.55), we get
(1= xe)Is2| < Ce(1+t+7)7% (6.76)
It follows that
(1 — xo)I33 + Az grad [rot wy|* =(1 — xo)n(E[w] + Az grad |[rot wy|?)
+ Az (1= xe)(1 = 1) + x=) grad [rot w |,
Therefore, by (6.41), (6.15), (6.55), and (6.65), we get
|(1 — xe)I33 + Ag grad |rot wy || (6.77)
SCe(l+t+r) 3+ Ce MU+t 4+ ) 3AWoo(t, 7).
Thus, (6.75), (6.76), and (6.77) lead to
|Is 4+ Ag grad [rot wi |?|p < Ce(1+t+1)72 4+ Cet ™ 1+t + )73
Since et > 1 in supp I3, we have ¢ > t~1 > (1 4+t +r)~!. Hence, we get
I3 + Ay grad |rot wy |?[p < Ce'TA1 4+t 4 7) 732, (6.78)
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which yields

|13 + Az grad [rot ws |*[x]] ., < Celt (1 4 1)~ B/D+A, (6.79)

=

Finally (6.60) follows from (6.66), (6.72), and (6.78). We also obtain (6.61)
from (6.67), (6.73), and (6.79). This completes the proof. O

7. Outline of the proof of Theorem 1.1

We assume that 0 < e < 1 and that (6.1) holds for some R > 1. Let uy(¢,z) be
the approximation defined by (6.56) for (t,z) € [0, ! exp(r.e 1)) x R3. If we set

ua(t, x) = u(t, ) — uy(t, z),

then (1.1)—(1.2) is reduced to

(02 — L)uy = H(uy,us) — (E[u1] + Ay grad [rot wy|?) + Ay grad [rot wy|?  (7.1)

in [0,6_1 exp(r*a_l)) x R3,

uz(0,2) = (pu)(0,2) =0  for x € R?, (7.2)

where Efu] is defined by (6.28), and H (u1,us) is given by
H(uy,uz) = F(V(u1 4+ ug), V3 (u1 + u2)) — F(Vuy, V2uy).

Observe that for any nonnegative integer k, there exists a constant Cj such that

sup |u2(0,2)|; < Che?, (7.3)
z€R3

because for 0 <t < e~ ! and z € R3, we have
(8? - L)Ug == F(V(Ul + Ug), VZ(Ul + ’LLQ)),

u2(0,z) = Opusz(0,z) = 0, and uq (¢, ) = euo(t, ) by (6.56). Therefore, by the local
existence theorem (see [7]), what we need for proving Theorem 1.1 is to establish a
suitable a priori estimate. More explicitly, for 0 < T < max{T., exp(roe 1)} with
70 € (0, 7x), we wish to evaluate the following quantity :
sup {4+ r)(W_i(t,r)) " Hous(t, o) |k (7.4)
(t,x)€[0,T]xR3
+ (14 7)1+ |ert — r|)|div ua(t, x)| x
+(+ 7)1+ [eat = r|)[rot ua(t, 2)|k }

provided K is an integer large enough and ¢ is small enough.

In order to carry out this purpose, we employ (5.2) for estimating Ffu1] +
Ag grad [rot wq|? and (5.3) for evaluating H (u1,us), respectively. Note that (6.60),
(6.61) enable us to regard E[u;] + Az grad [rotwq|? as a harmless term. Moreover,
one can handle grad |rotw;|? by using the following lemma which is due to [1],
because of (6.17) and the discrepancy of the propagation speeds ¢y, ca.



Nonlinear Wave Equations in Elasticity 211

Lemma 7.1. Let ¢ = ¢(t,x) be a smooth real-valued function. If u solves

(02 — L)u = gradyp in [0,T) x R3, (7.5)

u(0,2) = (yu)(0,2) =0 for x € R?, (7.6)
then u also satisfies

(02 — 2 A)u = gradyp in [0,T) x R3. (7.7)

Proof. Let ¥ = 1(t, z) be the solution of
(0 — 3y = in [0,7) x R?,
(0, 2) = (9;)(0,2) =0 for € R3.
Then we have
(07 — L)grad v = (07 — ciA)grad ) = grad ¢.

Because of the uniqueness for the problem (7.5)—(7.6), we have u = grad v, so that
u satisfies (7.7). This completes the proof. O

Now, one can develop argument as in [1], because when T < e~ exp(rpe 1),

we see that 0 < ¢ < T implies elog(2 + t) < C(1 4 79) for € small enough. Noting
that liIl'(l)ElOgE =0, we find that Theorem 1.1 is valid.
E—r
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Representation Formula of the
Resolvent for Wave Equation with
a Potential Outside the Convex Obstacle

Tokio Matsuyama

Abstract. The purpose of the present article is to provide the results on the
perturbed resolvent of the Schrodinger operator in an exterior domain outside
the convex obstacle. The representation formula for this resolvent via the free
one in the whole space R™ will be given, which extends the result of [5] to
higher-dimensional spaces.
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1. Introduction

Let n > 3 and Q an exterior domain of R™ such that R™ \ Q is compact with
smooth boundary 9. We assume that 0 ¢ €. The present article is devoted to
the investigation of the resolvent of the Schrodinger operator —A 4+ V', where the
potential function V is real valued and measurable on 2. More precisely, we shall
derive the representation formula for the perturbed resolvent Ry (z) = (Ay —z) ™1
of Ay = —A +V via the free one Ry(z) = (—A — 2)~1 over R™. It is proved
in the author’s recent paper [5] that when n = 3 and V decays quadratically,
as will be stated later, zero is not an eigenvalue of Ay, and no resonances are
present on [0,00). In many articles on the dispersive estimates, the above fact
is assumed and the spectral analysis is developed (see, e.g., Moulin [7], Vodev
[10] and the references therein). When 0 < V(x) < Clz|72(|z|® + |z|7%)7! (0 <
e < 1) in 3-dimensional space R3, Georgiev & Visciglia studied the dispersive
and Strichartz estimates for wave equation with the above potential by using the
spectral analysis (see [4]), where the non-existence of eigenvalues and resonances on

The author was supported by Grant-in-Aid for Scientific Research (C) (No. 21540198), Japan
Society for the Promotion of Science.
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[0, 00) are discussed in detail. For the potentials of Kato class in R?, see D’Ancona
& Pierfelice [3]. Quite recently, the author studied the dispersive and Strichartz
estimates for wave equation with a polynomially decaying potential in an exterior
domain outside the convex obstacle of R? (see [5]); we assumed that

—colz|% <V (x) < er]z| 7% for some 0 < ¢g < 1/4, ¢; > 0 and &y > 3.

Also, it is proved that zero is not an eigenvalue of Ay, and no resonances are
present on [0, c0), provided dy > 2. However, it seems that in exterior problems of
higher-dimensional spaces, there are no results on the resolvent behaviour. Thus,
in this article we shall reveal the resolvent behaviour together with obtaining the
representation formula of Ry (A? & 40) in higher-dimensional spaces. The main
results will be stated in Theorem 3.2, which claims that no resonances are present
on [0, 00). As a by-product, we will obtain the result in the whole space. This topic
will be discuss in §4.

In the rest of this section we will review some known results on the perturbed
resolvent and the free one. It is known from Mochizuki [6] that there exist the
limits:

s— ii{% Ry(\? +ie) = Ry (A2 £i0) in B(L%(Q), H?,(Q)) (1.1)

for any s > 1/2 and A > 0, provided that the real-valued measurable function V'
on § satisfies

—colz| 7% <V (z) < efx| % (1.2)
for some 0 < ¢y < (n —2)?/4, ¢c; > 0 and 8§y > 1. Here B(L3(2), H2 (Q)) is the
space of all bounded linear operators from L2() to H? (). The limits (1.1) are
known as the limiting absorption principle. In particular case V' =0 and 2 = R",
the limiting absorption principle for the free resolvent is known as

s— 11\1}(1) Ro(\? +ig) = Ry(\> £i0) in B(L(R™), H? ,(R™)) (1.3)

for any s > 1/2 and A > 0 (see, e.g., Agmon [1]). We should also refer to the result
of the limiting absorption principle in the critical case s = 1/2, which Ruzhansky
and Sugimoto found (see [9]). Then, in an exterior domain outside the convex
obstacle of 3-dimensional space it is proved in Proposition 3.2 from [5] that if the
real-valued measurable function V' on € satisfies (1.2) for some dp > 2, then

Ry (M +i0) = SERy(A\? £40)J., VA >0, (1.4)

where Si are the inverses of operators J, + Ro(A\? £140) in a subspace of L2 (),
J and J, are identification operators, which will be defined in §3. In particular,
when Q = R3, the operators Sf are coincide with the inverses of I+ Ro(A\? £i0)V
in L? ,(R™). Since we are in the exterior problem, the identity operator I will be
perturbed as an identification operator J. For more details, see §3. The formula
(1.4) provides several resolvent estimates, and hence, by developing the spectral
analysis, we can get the dispersive and Strichartz estimates for wave equation with
potential V' satisfying (1.2) (see Theorems 1.1-1.2 in [5]). Thus the result in this
article would be available to get these estimates in higher-dimensional spaces.
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Now let us introduce the known uniform resolvent estimates. We will always
assume that n > 3 and V is a real-valued measurable function on 2 satisfying

—co|x|75° <V(x) < cl|x|75° (1.5)

for some constants 0 < ¢y < (n—2)%/4, ¢c; > 0 and &y > (n+2)/2. Without loss of
generality, we may assume that the obstacle R™\ 2 contains the unit ball of R™. The
uniform resolvent estimate for the perturbed version is known in Mochizuki [6]:

[Ry (A £ i0) f]] < CATMIf]

L2 (Q) L2(Q)> VA>0 (16)
for any s > 1/2, provided that R™ \ § is star-shaped with respect to the origin.
Actually, (1.6) holds for dp > 1. In particular case V =0 and 2 = R™ we have also
the uniform resolvent estimate

| Ro(A? iO)f“Lis(Rn) < ON Y fllzz@ny, YA >0 (1.7)

for any s > 1/2 (see also Ben-Artzi & Klainerman [2]). For small J, it follows from
Lemma 2.2 in Murata [8] that in Z(L?(R"), H2 (R")) one has the expansion

Ro(A2 £i0) = X" 2(log \* ™ Fy + Go+0(1) as A — +0 (1.8)

for any s > 1, where e(n) = 0 for n odd, and £(n) = 1 for n even. Here the
operators Fy and Gg belong to Z(L?(R"), H? ,(R")).

In this paper we denote by Z(X,Y") the space of all bounded linear operators
from a Banach space X to another Banach space Y. When X = Y, we denote
B(X) = B(X, X). The weighted Sobolev spaces are defined in the standard way:
For m € NU {0}, x € R and a domain G of R™ we put

H;T(G) = {f : <.7;>”agf € L2(G)7 |a| < m}>

and Hy', (G) is the completion of C§°(G) with respect to the norm | - || gm(q). We
put L2(G) = H%(G). We will use the notation Z(T') for the range of an operator 7T'.

Finally, we state our plan in this paper. Section 2 is devoted to the proof of
the assertion that zero is not an eigenvalue of the operator —A + V. In Section
3 the main result will be stated as Theorem 3.2, and the complete proof will be
given. In Section 4 the representation formula for the perturbed resolvent in the
whole space will be given.

2. Uniqueness theorem for the Schrodinger equation

In this section we shall prove the uniqueness theorem for the Schrédinger equation.
This means that zero is not an eigenvalue of Ay . The result will be used to obtain
the representation formula for the perturbed resolvent in §3.
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We shall prove here the following:

Lemma 2.1. Let n > 3. Assume that the measurable potential V' satisfies (1.5) for
some &g > (n+2)/2. Suppose that u € H: (Q) N L>®(Q) for some 1/2 < s < §p/2
satisfies the boundary value problem for the Schridinger equation:

—Au+V(z)u=0 1inQ, 01
u=0 on N 2.1)

and

1
lim |u(x)|? dz = 0. (2.2)
R—~oo R™ Jro|s<2r

Then u(x) = 0 in 2.
Actually, when n = 3, Lemma 2.1 is true for 9 > 2 (see Lemma 2.1 from [5]).

To prove Lemma 2.1, we need the following lemma.

Lemma 2.2. Letn > 3. Put u = (—=A)~Lf in R™. If f € L2(R") for some s > 1/2,
then

1
lim / |ii(x)|? dz = 0. (2.3)
R—oo R™ Jro|s|<2R

Proof. Taking the Fourier transform of the equation we have

f(ﬁ)] @),

@)= e

where f is the Fourier transform of f and .# ! is the inverse Fourier transform.
Inserting the cut-off function x(§) € C§°(R™) equal to one for |¢| < 1/2 and zero
for [£] > 1, we can write @ = u; + u2, where

We claim that uy fulfills (2.3). Indeed, by the assumption that f € L2(R"), we
readily see that uy € L2(R™). Hence we conclude that

ui(z) = F 1

1
N / lug ()| dx < C’SR7257"/ ()% |ug (x)|? dx
R R<|z|<2R R<|z|<2R
< G R™ 7" ugll72@ny = 0,
as R — oo.

In order to see that u; fulfills (2.3), we note that (—A)~! is a convolution
operator with a kernel Go(z — y) defined by

I'(n/2) 1

Go(z) = A(n — 2)mn/2 Ca|n2

(2.4)
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From (2.4) we observe that .# 1 [|¢|72x(£).7"] is a convolution operator with a
C*-kernel majorized by C(z —y)~("=2), C' > 0. Hence we have

2
[ m@Pasc ([ - 2leia) @ e
R<|z|<2R R<|z|<2R R™
sof ([ e ) 1 e do
R<|z|<2R R™
sof ([ e ) 1 e do
R<|z|<2R R™

where we used the fact that n — 1 < 2(n — 2) in the last step, since n > 3. Here
we can estimate

C(x)=(2s=1 if 1/2 < s<n/2,
/ |z —y|~ D)2 dy < Oy~ Dlog(e + |z|) if s =n/2,
C(z)~(=1) if s >n/2,

and it follows from (2.5) that, for 1/2 < s < n/2,

[ m@Pdezc( [ @@ e ) e
R<|z|<2R R<|z|<2R ¢

< CR_(2S_1)+n\|fH%g(Rn)~

Thus we conclude that u; satisfies (2.3), since s > 1/2. In a similar way, when
s > n/2, we have

CRlo e+ R 2(R™) ifs=n 27
[ s (SR8 Dl /
R<le|<2R CR||f||L2(Rn)7 if s > ’IL/27

and hence, u; satisfies (2.3) also in these cases. The proof of Lemma 2.2 is now
complete. O

Proof of Lemma 2.1. First, we claim that

O (|z|~@Co=2) if 2<dp<m,
u(x) = €O (|z|~ "D log|z|), if & =n, as |z| — oo, (2.6)
O (|Jz|~(»=2), if 69 > n,
O (Jz|~@o=D) if 2<dp<m,
[Vu(z)] = ¢ O (|z|~ " Vlog|z|), if & =n, as |z| — oo. (2.7)
O (x|~ if 6 >n,

To show the asymptotic behaviour (2.6)—(2.7), let us consider the extension @ of u
to R™. More precisely, we define @ to be a(z) = ¥ (z)u(z), where ¢(z) € C°(R"™)
equals zero in a bounded open neighbourhood O of R™ \ © and one in R™ \ O
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such that the closure of O is compact and O & O. This @ satisfies the equation
—Au = f in R", where

f=—-9YVu—-2Vy- - Vu— (Ay)u. (2.8)

It is well known that the Poisson equation has a unique solution in ./ (R") (= the
space of all tempered distributions) up to an additive polynomial. Hence @ can be

represented as
Sy T(n/2) f)
i) = 4(n — 2)mn/2 /n |z — y|n—2

It can be readily checked that f € L%(R™) provided 1/2 < s < §y/2. In fact, by
using the decay assumption (1.5) on V, we have

[ fll2mny < C H('>S_5°UHL2(RTL)+H2V¢ Vu = (Ap)ull 2 gny < Cllullg (o) < oo

Hence we see from the asymptotic behaviour (2.2) in Lemma 2.2 that

o= SO [T

4(n —2)7/2 Jpn |z —y|? 2
and it follows from (2.8) that

dy + polynomial.

dy,

_ ['(n/2) [V(y)V (y)u(y)]
LCIEP Y Bl o (2.9
2|V (y)||Vu(y)| |A(y)|[u(y)] '
+/n |z — y|n—2 dy+/n |z — y[n2 dy>'

We shall estimate each term for large |z| > 2R. The second and third terms of
(2.9) decay like |z|~("=2) as |z| — oo. In fact, observing |z — y| > |z| — Ry for
|x] > 2R and y € supp|V|, where Ry is the diameter of O, we see that

/ (IWJ(@/)IVU(Z/)I n Aw(y)IU(yN) dy

o=yl T oyl

< C(|z| — Ro)~ "2 (/ [Vu(y)| dy +/ lu(y)| dy)
supp| V| supp|Ay|
< C(jzl = Ro)™ " P ullmr_(q)-

As to the term involving V', by using the decay assumption (1.5) and u € L*>(Q),
we see that

[ @)V (y)uly)] dy
/n |z — y|"—2 dy=C (/Rn |z — yn2<y>§0) [ull o= (-

Here the integral in the right-hand side behaves like
d O (‘x‘—(50—2)) if 2< (50 <n,
/kwﬁi%wz O (2|~ loglal) if do=m,  asla] = o0
R™ Yy Y o) (‘x‘f(n72)) if 50 > n,
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Summarizing this observation, we get (2.6). We now turn to prove (2.7). Writing

Vi <e [ )

e |z —y|* 7t

<e (/ V@l +/ 2AVe)livel Jr/ A (y)llu(y)] dy) ’
wo o=yt no eyt o=yt

we shall estimate each term. By the same calculation as above, we conclude that

the second and third terms decay like |z|~(~1 as |z| — co. The first term is

handled by using the decay assumption (1.5) on V and u € L*°(Q):

O(|z]=@o=1)), if 2<dg <m,
=< O(|z|~ ™ Vlog|z|), if do=mn, as |z| — oo.
O(|z|~(=1), if o > n.

Summarizing these estimates obtained now, we get (2.7).
Now, integrating by parts, we have

/ {IVu(@)]? + V(z)|u(z)]*} dz = / ur(z)u(z) dSg, (2.10)
Qn{|z|<R}

lz|=R
where u, = 0u/0r (r = |z|) and dSg is the (n — 1)-dimensional surface element.
Since
(bo—1)+(p—2)>n—1
provided dp > (n+2)/2, by using the asymptotic behaviour (2.6)—(2.7) and taking
the inferior limit in (2.10) as R — oo, we get

[ 9u@P + V@) s =o. 1)

Here we may assume that || > 1 for all x € Q without loss of generality. By using
the assumption (1.5) on V: V(x) > —co|z| =%, where 0 < ¢y < (n — 2)%/4, we can

estimate )
[v@lu@P sz - [ o a,
Q Q 2]

and hence, resorting to the Hardy inequality, we get

/S2 {IVu(@)]* + V(z)|u(z)]*} do > /Q {Vu(x)|2 . |U|E:|g|2} de
> {1 — (n4—602)2}/9 Vu(z)|? da.

/ |Vu(z)|? dz = 0,
Q

which implies that w is constant in §2. Thus we conclude from the boundary con-
dition that v = 0 in €. The proof of Lemma 2.1 is complete. O

Therefore we arrive at
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3. Representation formula for Ry (A% & 40)

In this section let us investigate the relation among Ry (\? £i0) and Ro(A\? & 40)
for n > 4. For this purpose, we need identify the space L?(R") that —A acts on,
with L?(Q) that —A + V acts on. Following Mochizuki [6], we define identification
operators

J € B(LAR"),L*(Q)), J. € B(L*(Q),L*(R")) (3.1)

as follows. Let j(z) = j(rw) € C®(R") (r = |z|,w = x/|z| € S*!) be a non-
decreasing function in r for each w such that j(z) = 0 for € R™ \ Q, and equal
to 1 for z € Q := {z : dist(z,R" \ Q) > 1}, which is possible if we assume that
R™ \ Q is convex. In fact, for each w € S"~! taking 0 < ry(w) < ra(w) such that
r(w)w € OR™\ Q) and ro(w)w € 99, we let j(rw) = 0 for r < (W), j(rw) = 1
for r > ra(w), and j(rw) is non-decreasing in [r1(w),r2(w)]. For f € L2 (R™) we
define the operator J to be

() =j(@)f(z), =e,
and for g € L2 (2) define

i(x)g(x), T €€,
(.g)(a) = {ff ey

Then J € B(L2(R™),L%(?)) and J, € B(L*(Q), L2(R™)) for any s € R, and
hence, (3.1) holds. It is readily checked that J, is the adjoint operator of J: For
any f € L?(R") and g € L*(Q),

(Jf,9) L2 = (f, Jeg) L2 @n)-
Put

We = J(—A+V(z)) + AJ..
By elementary calculus, we can write

W.g = j(@)V(x)g — (Aj)g —2Vj- Vy. (3.2)

Then

W, € B(H, (), L5, (R™))

for any s € R on account of the decay assumption (1.5) on V', and we have the
“resolvent equations”:

J Ry (N £1i0) = Ro(A\* £1i0) {J, — W.Ry (A> £i0)},
which implies that
{Js + Ro(N £i0)W. } Ry (A\* £1i0) = Ro(A\* £10).J,. (3.3)

Recalling that Z(T) is the range of an operator T, we prepare the following
lemma:
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Lemma 3.1. Let n > 4. Assume that the measurable potential V' satisfies (1.5) for
some &g > (n+2)/2. Let 1 < s < 6¢/2. Then the inclusion

Z(Ro(N* £1i0)J.) C Z(J. + Ro(N\* £i0)W.) C L% (R") (3.4)
holds for any A > 0.

Proof. The first inclusion in (3.4) for A > 0 is proved by using the resolvent
equations (3.3):
R(Ro(N? £i0)J.) =2 ((J + Ro(A\? £40)W.) Ry (A\? £0)) (3.5)
CH(J. + Ro(\* £i0)W,).
When A = 0, we used the existence of Ry (0), which is assured by Lemma 2.1. As
to the second inclusion in (3.4), we have only to show that

for any A > 0. For any A > 0, by using the resolvent estimate (1.7) and the decay
assumption (1.5) on V, we can estimate

[Ro(A* i)W f 2 (3.7)

R™)
< [[Bo(W £i0) GVl 12 _gny T [[Bo(N £i0){(AN)FH] 2 gy

+2[[Ro(V £i0)(Vi - V)| 12 gy

< C>\_1{||<'>S_6Of”L2(Q) + H(Aj)fHLg(Q) + HVJ ’ VfHLg(Q)} < C)\_IHfHHiS(Q)’
provided 1/2 < s < §p/2. For small A, by using the asymptotic expansion (1.8)

and the decay assumption (1.5) on V', we conclude from the same calculation as
in (3.7) that

||Ro(>\2 j3Z'O)Wv*fHL%S(]R”) <Ol fllar (o), (3.8)
provided 1 < s < do/2. Thus (3.7)—(3.8) imply (3.6). The proof of Lemma 3.1 is
now finished. U

To state the main result, let us introduce a subspace of H2 (€):

rm _ m T 1 2 _ _
iy = {we g @ fim g [P0 m=12)

which comes from Lemma 2.1. Then we have:

Theorem 3.2. Let n > 4 and R™\ is convex. Assume that the measurable potential
V satisfies (1.5) for some 6y > (n+2)/2. Let 1 < s < 8o/2. Then there exists a
family of operators SE from Z(J. + Ro(\> +i0)W.) to HZ _(Q) such that
SFolJ.+ Ry(N £i0O)W.} =1, (3.9)
Ry (A2 £140) = S Ro(\? +i0).J. (3.10)
for any X > 0. When X\ = 0, Z(S5) equals ﬁg}_s(Q) N L>=(Q). Furthermore, Sy
are bounded from Z(Ro(A\* £1i0)J.) to HF _ () for any A > 0 and there exists a
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constant C > 0 such that
| S35 Ro(A? +0).J,

for f € L2().

Proof. First, we claim that J, + Ro(A? £i0)W, are injective from H§ _ (Q) (resp.
f[&_S(Q) NL>®(Q)) to L2 ,(R") for any 1 < s < 6p/2 and A > 0 (resp. A = 0). Let
fr € H&_S(Q) be solutions to the following integral equations:

fHHl (@ S C ||Ro(N* £40) J*fHL2 (@®")” YA>0 (3.11)

{J. + Ro(N £i0)W.,} f+ =0. (3.12)
Taking a sequence {f+ ;}; C C§°(Q) in such a way that
ferj— fr inHj_(Q)asj— oo, (3.13)

we find from the resolvent equations (3. 3) that
uy ;= Ro(\> £i0)J, { A+ V(z) — N} f+;
= {J. +R0()\2izOW}RV)\2j:ZO{ A+ V()= N} fr
= {Ji + Ro(\* £i0)W,} f+ ;.

Then it follows from (3.12)-(3.13) that ut ; — 0 in Hg _(R") as j — oo, which
implies that

JA-A+V(@) =N} fr;=(-A=N)ug; >0 in L? (R") as j — oco.
Hence, by using the definition of J, and (3.13), we see that { A+V(zx )\Q}fi

0 a.e. in 2. Denote by {2y a sub-domain of {2 such that { A+ V /\2} f+
vanish. Then fi satisfy the following boundary value problems:

{-A+V(z) =N} f+ =0 inQ,
f+=0 on 0Q.

When A > 0, since the operator —A + V(z) has no positive eigenvalues (see
Theorem 2.1 from [6, Mochizuki]), it follows that f1 = 0 in Qp, and hence, f+ =0
in Hi _(Q). This means that the operators J, + Ro(A* & i0)W, are injective for
A > 0. When A = 0, if HZ _,(Q) is replaced by HZ _,(€) N L>(Q), then it follows
from Lemma 2.1 that f+ = 0in Q. In any case, the injection of .J, + Ro(\% 4i0) W,
is proved for all A > 0.

Next, by the injection of J, 4+ Ro(A\? £i0)W., the inverses S¥ of J, + Ro(A\? £
i0)W, exist and map from Z(J, + Ro(A\* £i0)W.) to H _ () for any A > 0,
which proves (3.9). When A\ = 0, the range of S3 is f[&_S(Q) N L>(£), and
(3.9) is also valid in this case. The equations (3.10) readily follows from (3.9) and
the resolvent equations (3.3). In particular, Sf map from Z(Ro(\? +i0)J,) to
H§ () for any A > 0 by the inclusion (3.4) from Lemma 3.1. In particular, S
map from Z(Ro(A\* £10).J,) to HF _(Q) for any A > 0 by the inclusion (3.4) from
Lemma 3.1. In particular, S{ map from Z(Ro(A\? +i0).J.) to H3 _ () for any
A > 0 by the inclusion (3.4) from Lemma 3.1.



Representation Formula of the Resolvent 223

We now turn to prove that Sy € B(Z(Ro(\? + i0)J.), Hy _,(€)) for each
A > 0. We note that Z(Ro(\? £i0).J,) are closed subspaces in L? (R?) for s > 1,
since Ro(\? +i0) are compact operators from L2(Q) to L% ,(Q) for s > 1 and J,
is bounded from L2 () to L% (R3) for s > 0. For this purpose, we claim that
the spaces Z(J. + Ro(\? 4 i0)W,.) are closed subspaces in L? ((R?). In fact, let
{f+.j}52, be sequences in Hg _ () such that

{Ju + Ro(N £ i0)W,)} fr; — g € Hf () as j — .

Then the sequences {{.J. + Ro(A* £ i0)W.)}f+ j}32, are Cauchy sequences, and
hence, by the same argument as in the proof of injection argument, we see that

(~A=V(z) = X)(fe,; — fer) =0 in L? () as j,k — oco.
Hence it follows from the limiting absorption principle (1.1) that
fi:j — fiJg —0 in Hg,fs(Q) as j,k‘ — 00,
which implies that there exist the limits fi:
frj— fr inH_(Q)as j— .

Since J, + Ro(A\? £ i0)W, are continuous from Hj () to itself, we conclude
that g = {J« + Ro(A\? £i0)} fx € Z(J. + Ro(\? £0)), which proves that Z(J. +
Ro(A2£i0)W,.) are closed. Since J, + Ro(\% £i0)W, are closed operators, it follows

from the closed range theorem that the inverses Sf are in B(#(J. + Ro(\* £
i0)W.), H§ _,(Q)) for each X > 0. Thus we conclude from the first inclusion in

Lemma 3.1 that S € B(%(Ro(\* £i0).J.), HZ _,(€)) for each A > 0.
It remains to prove (3.11) for any A > 0. Since 2} (R") := Z(J, + Ro(\% +
i0)W.)) C L2 ((R™), it follows that

(| J« + Ro(A* £i0) W, >C||Js + Ro (N> £i0) W,

||ga H (), 22 (R")) Hga HY (Q),L2 (R"))

for any A > 0 and 1/2 < s < dp/2, where the constant C' > 0 is independent of A.
If we can prove that there exists a constant C' > 0 such that

[« + Ro(N* £ i)W 1 () 12 my) = C (3.14)

for any A > 0, then by the above estimate and (3.14), we get

[ + Ro(A? £ i0) W[ gy pn @,22@ny = C (3.15)

for any A > 0, which proves the estimates (3.11) for N = 0 and A > 0. Hence all
we have to do is to prove (3.14). However, we have proved the estimates (3.7) in
the proof of Lemma 3.1:

|| Ro(A* +i0)

)y S CA?leHHiS(Q)y VA > 0.
Thus these estimates imply that there exists A; > 1 such that

1
2 .
| Ro(A? £ i0) 2 @2, @y S ol sllzon @)z @)
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for any A > A1, and hence

2
[ + Ro (N £ i0)Wo| 2 (@ 2 (ny) = 2||J*||@<H1 (@),L2, (&™)

for any A > A;. Hence we get (3.14) for A > A;. We now turn to the estimates for
A € (0, \]. If we suppose that there is a number A, € (0, A\;] such that

17+ BoOX2 £ i)Wl gy (0 2 qmoy) = 0

then this contradicts the injection of J, + Rg(A2 £i0)W, in B(H?2 (), L% ,(R")).
Thus there exists a constant C' > 0 such that

| (A2 £40)
for any A € (0, A1], which implies (3.14) for 0 < A < A;. Summarizing the estimates

obtained now, we conclude (3.14) for any A > 0. The proof of Theorem 3.2 is
complete. O

L@z w2 ©

4. Final remark

As an immediate consequence of Theorem 3.2 for n > 4, and Proposition 3.2 for
n = 3 from [5], we have the result on the whole space R™. For, in particular case
Q = R™, we can choose j(x) as j(z) = 1 on R™, and hence, the identification
operator J becomes the identity operator I. As a result of this observation, we
conclude that the operator W, is reduced to the multiplication operator V.

Summarizing the above argument, we have the following;:
Theorem 4.1. Let n > 4. Assume that the measurable potential V satisfies
—co(z) ™ < V(2) < era)~

for some 0 < co < (n—2)%/4, ¢c1 >0 and 6o > (n+2)/2. Let 1 < s < 60/2. Then
there exists a family of bounded operators Sf € B(L2 (R™)) such that

SEo{l+ RN £i0)V} =1,
Ry (A2 £i0) = S Ro(\? £ i0)
for any A\ > 0. Furthermore, there exists a constant C' > 0 such that
+

for f € L% (R™). When n = 3, we may take &g > 2, and the same results hold
true.

Let us give a remark on Theorem 4.1. Thanks to the argument of [4], observ-
ing that Ro(A\? 4 i0)V are the compact perturbations of the identity operator I,
we can then apply Fredholm alternative theorem to deduce the existence of the
inverses S} of operators I + Ro(\2 +i0)V.
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On the Scattering on a Loop-shaped Graph
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Abstract. We treat an inverse scattering problem on a graph with an infinite
ray and a loop joined at one point. Our problem amounts to the reconstruction
of potential on the basis of the scattering data of operator.
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1. Introduction

Differential equations on graphs arise as simplified models in mathematics, physics,
chemistry and engineering (nanotechnology), when one considers the propagation
of waves of different natures in thin, tube-like domains (for more details see P.
Exner, P. Seba [3], Yu. Pokornyi et al. [16], the papers of P. Kuchment [10]-[11]
and the references within). Among several problems in this field, the scattering
problems have been studied by many authors (e.g., B. Pavlov [5], N. Gerasimenko
[5], [6], V. Kostrykin, R. Schrader [8], M. Harmer [7], P. Kurasov-F. Stenberg [9],
J. Boman-P. Kurasov [2], V. Pivovarchik [15], Y. Latushkin-V. Pivovarchik [12])
because of the general importance of their applications.

In our paper we investigate the case of a relatively simple looking “loop-
shaped” graph, i.e., a graph consisting of an infinite ray and a loop joined at one
point.

As we have already mentioned, very interesting and deep results have already
been obtained in the case of some general and complex graphs. However, the prob-
lem of characterizing scattering data, i.e., S-function, eigenvalues and normalizing
constants (weight numbers), appears to be rather complicated and in this paper
we investigate the spectral properties more precisely, allowing us to progress deep
investigation of the corresponding inverse scattering problem.

Let T be a graph which consists of a half-line y = {2 | 0 < 2 < oo} and a loop
k={z]0< z < 2r}, joint at the point ¥ = {{z =0} = {z =0} = {z =27} } (we
call this point the vertex of the graph). We consider on I' the following spectral
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problem describing the one-dimensional scattering of a quantum particle:

—u" +{g(X) - N}u=0, XeT\{¥} (1.1)
u(z =0) =u(z =0) =u(z = 27), (1.2)
W(@=0+0)+u(2=0+4+0)—u'(z =27 —0) =0. (1.3)

Here differentiation with respect to the variable X is understood as differentiation
with respect to x, when X € ~, and as differentiation with respect to z, when
X € k. Differentiation is not defined at the vertex. The potential ¢(X) is real
valued, and is required to satisfy ¢(X) € L (') (i.e., ¢(X) € L?(§) for any part
§ cT) and also (1 + z)g(z) € L*(v). Parameter ) is a complex number such that
ImA > 0.

The matching conditions (1.2), (1.3) at the vertex are called the Kirchhoff
conditions. For electric circuits they express the Kirchhoff law.

The Kirchhoff conditions guarantee the selfadjointness of the resulting Schro-
dinger operator

L(u) =u"(X)+q¢X)u(X), Xerl. (1.4)

More precisely, on the Hilbert space L?(I') with norm

1/2
1 hary = {17132y + 1132 } (1.5)
we introduce the operator £ with domain

D(L) = {u(X),X €T | u(X) € H*(y) U H?(r)
and satisfies the Kirchhoff conditions}

where H¥ (k = 1,2,...) are the usual Sobolev spaces. Then under the above
assumptions on ¢(X), £ is selfadjoint in L?(I") and bounded from below. Moreover,
the essential spectrum of £ consists of the half-line [0, c0).

Theorem 1.1. For any real \ # 0 there exists a solution (X, \) of problem (1.1)—
(1.3) which is represented on v uniquely as follows:

Dz, A) =e(z, =) — S(A)e(x, N). (1.6)

(More precise formulation of Theorem 1.1 is presented in §2.)
Here e(x, \) are so-called Jost functions, which behave on the closed upper
half-plane of the spectral parameter \ as

e(z,\) = e {1 +o(1)}. (1.7)

Function S()) is continuous on the whole line —oo < A < oo (except, possibly, at
the point A =0), [S(A\)| =1 and

S(A) — So(\) = O <i> I\ = o0, (1.8)

_ 2sinAw —icosAm 3eIAT _ oA 1.9)

So(A) = ) )
oV 2sin AT +icosAm €A T — Je—iAT’
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by drawing an analogy with classical scattering on a half-line (e.g., [1]), the function
S(A) is called the scattering function for the boundary value problem (1.1)—(1.3).
Function Sp() is the scattering function of (1.1)—(1.3) in the case ¢(X) = 0,
Xel.

Precise formulas for S(\) are given by (2.3)—(2.4).

Next we investigate a point spectrum of the boundary value problem (1.1)—(1.3).

Definition 1.2. Eigenvalues of £ are called “visible at infinity” if there exist corre-
sponding eigenfunctions which are not identically vanishing on ~.

Remark 1.3. The boundary value problem (1.1)-(1.3) can possess eigenvalues,
which are “invisible at infinity”, i.e., corresponding eigenfunctions vanish identi-
cally on . For example, in the case ¢(X) =0, X € I, any number k2, k =1,2,...
is an “invisible at infinity” eigenvalue with eigenfunction sinkz, z € k.

Theorem 1.4. Operator L possesses at most a finite number of “visible at infinity”
etgenvalues —)\3, 0< A <Ay <--- < Ay, which are all negative and simple.

Remark 1.5. “Invisible at infinity” eigenvalues are also simple and can not coincide
with eigenvalues “visible at infinity”.

Now we are ready to state the inverse scattering problem.
We call
my = BCid) 2y =10 (1.10)

the “weight numbers” of problem (1.1)—(1.3). Here E(X,i);) is an eigenfunction
of operator L, corresponding to the eigenvalue “visible at infinity” —)\?, which is
normalized as E(z,i);) = e(x,i);) for x € 7.

The scattering data is then given by {S(X), A;, m;| A € R\{0},j =1,...,n},
where f)\ﬁ, Jj=1,...,n are eigenvalues “visible at infinity”, and m;, 7 =1,...,n
are corresponding “weight numbers”.

Our inverse scattering problem is the following:

IScP: Given scattering data {S(A), Aj, m;| A € R\ {0}, j =1,...,n}, recover
potential ¢(X) €T

As is well known (see for instance [13], Chapter 3 ), the Jost solution e(z, A)
of equation (1.1) in 7 can be represented as

e(z,\) = e +/ K (z,t)e™Mdt, (1.11)

where the kernel K (z,t) is continuous on 0 < 2 < t < co and satisfies the equation
1 o0

K(z,x) = 2/ q(t)dt, x> 0. (1.12)

As a function of variable A, e(x, A) is analytic in the open half-plane Im\ > 0 and
continuous on ImA\ > 0.

The following theorem allows us to reconstruct potential ¢(X) on the semi-
line v and at the vertex.
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We define the function

n

F(z) =Y mje ™" 4 Fy(x), (1.13)
k=1
Fy(z) = ;ﬁ [ T (S0(0) = S(\)eran. (1.14)

Function Fs(z) is understood as the Fourier transform of the function from
L?(—00,0).
Theorem 1.6.

(i) For any fivred x € ~ the kernel K(x,t) of transformation operator (1.11)
satisfies the equation

F(m—l—t)—l—K(m,t)—i—/ K(x,y)Ft+y)dy=0, 0<z<t<oo. (1.15)

(i) If function F(t) is constructed from the scattering data of problem (1.1)—(1.3)
according to (1.13)—(1.14), then equation (1.15) has a unique solution K (x,t),
belonging to L*(z,00) for each fived x > 0.

Theorem 1.6 allows us to prove the uniqueness of the solution to the inverse
scattering problem (IScP) on the semi-line v in the following sense.

Let us consider a second boundary value problem

—u" +{G(X) - N}u=0, Xe€T, (1.16)

subject to Kirchhoff boundary conditions (1.2)—(1.3). Here function ¢(X) is real
valued, required to satisfy ¢(X) € L _(T) and (1 + z)G(z) € L'(v)

This second boundary value problem possesses the scattering function S()),
“visible at infinity” eigenvalues A; and corresponding weight numbers m;.

Theorem 1.7. Let us suppose that scattering data of problems (1.1)~(1.3) and
(1.16), (1.2)~(1.3) coincide, i.e., S(A) = S(A), X e R\ {0}, A =X, m; =
mj, 1 <j<n=n. Then ¢(X) =¢(X), X €.

Theorem 1.6 allows us also to reconstruct potential ¢(X) for any X € ~.
Reconstruction procedure. Given scattering data {S(A), A;, m;| A € R\ {0},
j=1,...,n}

Step 1. Construct F(z) via formula (1.13)
Step 2. Find K(z,t), 0 <z <t < oo by solving main equation (1.15).
Step 3. Recover the potential according to formula

q(z) = —2d(iK(x,x), x> 0. (1.17)

Remark. The knowledge of scattering data {S(X), A;, m;| A € R\ {0}, j =
1,...,n} allows us to reconstruct potential ¢(X) only on a semiinfinite line ~.
However, given some additional information we can reconstruct potential ¢(X) on
the whole graph I'. For example, in the case of a potential which is constant on
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the loop and continuous on « in the neighborhood of the vertex, we can extend
the reconstruction procedure to the whole graph.

The inverse scattering problem, investigated in this paper, was initially sug-
gested to us by Prof. V.A. Marchenko and brief results are reported in Marchenko-
Mochizuki-Trooshin [14] subject to the requirement that potentials have compact
support. The present paper generalizes the results to non-compactly supported
potentials and includes full details of the proof.

We would like to mention some results closely related to ours.

B. Pavlov, N. Gerasimenko [5], [6] started the rigorous investigation of scat-
tering problems on graphs. M. Harmer had deduced the Marchenko equation in
the case of a star-shaped graph, i.e., a graph consisting of a finite set of semiinfi-
nite lines, joined at one point. P. Kurasov, J. Boman [2] had proved the existence
of graphs equipped with different potentials, which possesses the same scattering
matrix. (Their results do not mean a non-uniqueness in our case under considera-
tion.) V. Pivovarchik, Y. Latushkin [15], [12] had investigated cases of loop-shaped
and fork-shaped graphs with potentials vanishing on semi-lines. They used a con-
nection with the Regge-type spectral problem on a finite interval to investigate
spectral and scattering properties of a problem on graphs and they proved the
existence of loop-shaped graphs equipped with different potentials on the loop,
which possesses the same scattering function.

The rest of the paper will be organized as follows. Theorem 1.1 is proved in
82, and Theorem 1.4 is proved in §3. After preparing some other lemmas, we prove
Theorems 1.6 and 1.7 in §4.

2. Proof of Theorem 1.1

A precise formulation of Theorem 1.1 is given by Theorem 2.1.
Let ¢(z,)), s(z,A) be linear independent solutions of equation (1.1) on the
loop k, satisfying the initial conditions
c(0,0) =5(0,A) =1, (0,\) =s(0,\) =0.
Note that their Wronskian is
(e(z,A),8(2,A)) = 1. (2.1)

Theorem 2.1. For any real \ # 0 there exists a solution ®(X, \) of problem (1.1)—
(1.3) which is represented as follows: On vy we have

Oz, A) =e(z, =) — S(A)e(x, N); (2.2)
e(0, =) [e(2m, A) + s’ (2w, \) — 2] — €/(0, —N\)s(27, \)
e(0, \)[c(2m, A) + s’ (2m, \) — 2] — €'(0, A)s(2m, \)
e(0, —Xo)c' (2m, Ag) — €' (0, —Xo)
e(0, o)/ (27, Ag) — €’(0, o)

S(A) = L A£ X, (23)

S(Xo) = (2.4)
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Here we denote by A\g such a value of parameter \ that
s(2m,A0) =0 and (2w, Ao) = 1.
On the loop k we have
—2iA[s(2m, N)e(z, A) + (1 — (2w, A))s(z, \)]
e(0, N)[c(2m, A) + s'(2m, A) — 2] — e/(0, A\)s(2m, A)’
—2i)\00(27 )\0)
e(0, Xo)e/ (2, Ao) — €'(0, Ao)

Bz, \) = A£ X (2.5)

<I>(z,)\0) = +b(>\0)8(2,>\0) (26)

Here b(X\o) is an arbitrary constant.
Proof. For any real A # 0, the Wronskian of functions e(z, A), e(x, —\) is
(e(x, M), e(z, =) = e(z, N (z, =) — €/ (z, Ne(z, =) = —2i\. (2.7)

This implies that these two functions form a fundamental system of solutions of
equation (1.1) in v, and thus, if u satisfies (1.1) for any real A # 0, then we have
for some constants m(X), n(\),

u(z, A) = m(Ne(z, A) + n(Ne(z, —N). (2.8)

On the other hand, any solution of equation (1.1) on the loop k can be
represented as

y(z, A) = a(N)e(z, A) + b(N)s(z, A). (2.9)

Let us find S(A) on such a way that the solution in the form (2.2) would

satisfy boundary conditions (1.2)—(1.3). According to representation (2.9) of the
solution to equation (1.1) on the “loop” k, the following equations hold

e(0, =) — S(N)e(0,A) = a(A) = a(N)e(2m, A) + b(A)s(2m, A), (2.10)
e'(0, =) — S(N)e'(0,A) = a(N\)'(2m, A) + b(A)(s' (2w, A) — 1) (2.11)
As result, in the case s(2m, A) # 0 the following equation takes place
B 1—c(2m, M)
b(A) = a()) s2m )

It follows from equation (2.11) that
e'(0,—X) — S(N)e'(0,\) = [e(0, —X) — S(N)e(0, )]
/ (1= e(2m,A))(s'(2m, A) — 1)
X(C(Zﬂ',/\) 52 ) ),

and as result,

S(\) {e(OJ\) (c’(271‘,)\) L (@ —eam A()Q)ﬂ A27r A) ) }

e(O,A)(c’(?ﬂ,/\)Jr(lC(%’)\()z);r A()z” ) = )) ¢(0,—N).  (2.12)
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If we take into account the Wronskian (2.1), we will come to (2.3). The solution
to equation (1.1) in the case s(2m, A) # 0 will be represented on the “loop” & as
1—c(2m, A

D(z,N\) =a(z)|c(z,\) + S(;ET’?;’) )s(z,)\) .

If we put
a(A) =e(0,—=X) — S(N)e(0, \)
B —2iAs(2m, \)
e(0,\)[e(2m, \) + 8/ (2w, \) — 2] — e/(0, N)s(2m, \)’
then we come to representation (2.5).

Next we examine such a parameter A that s(2m, A) =0, ¢(2m, \) # 1. In that
case it has to be a(A) = 0 and it follows from (2.10) that

e(0,—M\)
S\ = )
() e(0, )
If we put it into formula (2.11) and take into account the Wronskian (2.7) then
21\
b(\) =
) (1 —s'(2m,A))e(0, )
and as result,
21 A
(2, \) = iAs(z, A)

(1—s'(2m,A)e(0,\)
We came to formulas (2.3), (2.5) with s(2m, A\) = 0.

Lastly we investigate the case A = Ag. In this case it follows from equation
(2.1) that s'(2m, A\g) = 1. Taking also into account (2.10), (2.11) and (2.7) we come
to (2.4) and formula

—2i)Xg
(0, A0)¢’ (2, Ag) — €/(0, Xo)
As result we obtain equation (2.6). O

a(Ao) = .

Lemma 2.2. The solution ®(X, ) to the boundary value problem (1.1)~(1.3), de-
fined by (2.2)~(2.6) can be analytically extended, as a function of variable A, to the
function, which is meromorphic in the half-plane ImA > 0 and continuous on the
closed half-plane ITmA > 0, except for its poles and, probably, zero.

Such an analytically extended function is the solution to the boundary value
problem (1.1)—~(1.3) for any ImA > 0, A # 0 and can be represented on the “semi-
infinite string” v as

CRVESS (QOZ;AA)M(:U, EN ( )\i?(l N e(x,\), X # A, (2.13)
D(x,\) = — 21’51 w(z, \), (2.14)

e(0, A)
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and on the “loop” k= {0 < z < 2w} according to formulas (2.5)—(2.6). Here func-
tion w(x, \) is the solution to equation (1.1) on “string” vy, satisfying initial con-
ditions w(0,\) =0, w'(0,\) =1,
_e(0,N)[c(2m, A) 4 5'(2m, A) — 2]
B s(2m,\)

A()\o) == 6(0,)\0)0’(271’,)\0) — 6’(0,)\0), (216)
and X is a value of parameter \, satisfying s(2m, 5\) =0 and ¢(2m, 5\) #1.

A(N) —€¢'(0,\), A% Ao (2.15)

Proof. In the case s(2m, A\g) = 0 and ¢(2m, A\g) = 1 it follows from equation (2.1)
that s'(2m, A\g) = 1. Zeros of function s(27, \) are simple and, as result,
c(2m, A) + 8’ (2w, A) — 2
s(2m, \)
(0(2777 >‘) - 1)(1 - S/(27T7 )‘)) / /
= 2m, A 21, A 2.17
o Fém ) o den ) (217)
as A = Ag. It means that function ®(z,\), z € k, which is defined by formulae
(2.5)—(2.6), is analytic for any SA > 0 and continuous on the closed half-plane
ImA > 0, except for zeros of function A(N).
Let us consider now the solution of problems (1.1)—(1.3) on the “semi-infinite
string” ~y, defined by formula (2.2) in the case of real A # 0.
We can represent this solution as

e(0,—M\) e(0,—)\)
e(0,\) e(x,A) — (S()\) T 0.\ )e(sc,)\).

We come to (2.14) immediately in the case A\ = X.
) - 6(07 7)‘)6(1‘7 >‘)

O(z,\) =e(z, =) —

Otherwise we use the expression

W, \) = _e(0, Ne(z, —A o (2.18)
to obtain
21\ 21\
O(z,\) = —6(0’/\)w(a¢,)\) - A()\)6(0’)\)6(56,)\). (2.19)

This function can be analytically extended in the whole half-plane S\ > 0 except
either for zeros of function e(\, 0) or for zeros of function A(A). It could be verified
directly, that function ®(x, A), so-defined on the upper half-plane ImA > 0, satisfies
the boundary value problem (1.1)—(1.3). O
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3. Proof of Theorem 1.4

First we prove several lemmas which will be used to prove Theorem 1.4.

Lemma 3.1. Any solution y(X, ) of equation (1.1) for any a,b € T' satisfies the
formula

b
2\ / Y2(X, )X + (N5 (XA — 95 Vg (X)) B, =0, (3.1)

Here = 9.

oA

Proof. If we differentiate equation (1.1) with respect to A, we obtain the following
equation

7 (X, ) — (¢(X) = A*) 9(X,\) + 22y(X,\) =0, X €T (3.2)

We multiply equation (3.2) by y(X, A) and subtract equation (1.1) multiplied by
(X, ). We obtain the equation:

2092 (X, ) + 9" (X, Ny(X, ) — " (X, D)g(X,A) =0, X €T (3:3)
After integrating this equation, we obtain equality (3.1). O

Lemma 3.2. Zeros of functions A(X\) and e(0,\) do not coincide in the upper
half-plane TmA > 0.

Proof. We first mention that functions e(0,A) and €’(0, A) can not become 0 si-
multaneously. We fix any A from the upper half-plane Im\ > 0.

1) In the case s(27, A) # 0 it follows from definition (2.15) that e(0, ) and
A(X) can not become 0 simultaneously.

2) In the case s(2m,A\) = 0 and ¢(2m,\) = 1 it follows from equation (2.1)
that s'(2m, 5\) = 1. Zeros of function s(27, A) are simple and, as result,

c(2m, A\) + s (2mN) =2 (e(2m,\) = 1)(1—$'(2m,N) , N
= 2w, A 2m, A
s(2m, \) s(2m, \) +2mA) = ¢ A)
as A — A. It means that in the case under consideration A(X) = 0 and e(0,A) =0
implies €’(0, A\) = 0 which is impossible.
3) In the case s(2m, A\) = 0 and ¢(27, A) # 1 function A(X) can be finite only
if e(0, \) = 0. Such a point A belongs to imaginary axis.
We choose A = A + ¢, € € R\{0} and multiply formula (2.15) by e(0,)) to
obtain an equality
(c(2m, A) — 1)(1 — ' (2w, N))
s(2m,\)

—{e’(0,A)e(0,A) —€’(0,\)e(0,\)}

2iTm(A(N)e(0,\)) = 2iIm{ + (27, A)} le(0, \)|?
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Since ¢(27, A)s' (27, A) = 1 by (2.1), it follows that

(c(2m, ) = 1)*€1(e)

(e(2m 2 =D ='Cm ) = T e 3

, &1(e) =1+ 0(e)

as € — 0. Next we take y = s(z, \), (a,b) = k in Lemma 3.1. Then the condition
s(2m,A) =0, s(0,A) = $(0, A) = 0 imply

5(2m,\) = 25\0(27r,5\)/s(z,5\)2dz.

Substituting this into the formula

s(2m, \) = e$(27r,5\)§2(6), &(e) =14 O(e),

and taking into account that functions ¢(z, A), s(z,A) are real valued we come to
the following equation

22’Im{ (c(2m, 2) _s (12)75’1 )S S @mA) L d (2, A)}

= Qﬂm{ ) (0(27": ;\) - 1)?61(6)62(6)
2ede(2m, N)?]|s(-, A)||%2(K)|£2(6)|

_ _23(1 +8(e)) + 2i01 (e).

) } + 2iImc’ (27, \)

Here
2m, ) — 1)2
_ o llnh-1p
[Ale(2m, A) HS(U)‘)HL?(K)

and d(e), d;(e) — 0 as € — 0. On the other hand, since A is pure imaginary we
come to the formula

€' (0,\)e(0, X) — €/(0, \)e(0, X) = 4ie| A||e(-, )\)||%2(W).
Taking into account
e(0,)) = ee(0, \)éz(e), E3(e) =1+ O(e), € — 0,
we conclude

Im(A(Ne(0, 1)) = —2¢€|[[[e(-, M)[[F2(,) — ;B|e’(0,5\\2(1 +48(e).  (3.4)

If A(X) = 0, function A(X)e(0,)) (and function A(X)e(0,)) ) has to have a zero

of second order at point A, which is impossible according to formula (3.4).
This implies, that A()) # 0. O
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Lemma 3.3. FEigenvalues of boundary problem (1.1)—(1.3), visible at infinity, are
all negative and compose the following set

O'd(ﬁ) = {5\2‘ 5\ ceU;UU U Ug};
Ui = {\ Im\ > 0, s(2m, ) # 0, A(\) = 0},
Us = {\ TmA >0, 5(2m,A) =0, ¢(2m,\) =1, A(X) = 0},

Us = {\ ImA > 0, 5(27,A) = 0, ¢(2m,\) # 1, e(0,X) = 0}.

Proof. It follows from the selfadjointness of problem (1.1)—(1.3), that all eigenval-
ues of the problem are real.

For any real A # 0 there exists a fundamental system of solutions e(z, \),
e(z, — ) to equation (1.1) on the semiinfinite string -y, which behaves like exp(iAz)
and exp(—iAx) for sufficiently large x. It means, that any solution to equation (1.1)
does not decrease for any positive value of parameter A\ and, as result, problem
(1.1)—(1.3) can not possess positive eigenvalues, visible at infinity. In the case
A = 0 there exists a fundamental system of solutions, which behaves as 1 and x for
sufficiently large = (see §5, Chapter I, [1]), which means that problem (1.1)—(1.3)
also cannot possess zero eigenvalue, visible at infinity.

If A2 is an eigenvalue visible at infinity, then the corresponding eigenfunction
has to be proportional to function e(z, 5\) on . This eigenfunction has to satisfy
the boundary conditions (1.2)—(1.3). As result, the following relation has to hold:

e(0,)) = a(A) = a(N)e(2m, X) + b(N)s(2m, N), (3.5)
¢'(0,2) = a(\) (27, A) + b(A)(s'(2m, \) — 1) (3.6)

Consequently, in the case s(2m, X) # 0, e(0, ) # 0 it should be

i i 5y, (A =cm N @m3) - 1)]

e'(0,\) = e(0,\) | (2w, \) + «(2m.3) (3.7)

In the case s(2m,A\) = 0, ¢(27,A) = 1 we have §/(2m,A) = ¢(27,A)"" = 1 and
consequently

¢'(0,2) = e(0,\)¢ (27, \). (3.8)
These equations show that A(S\) =0, and as result X €U UUs.

Lastly, in the case 5(271',5\) =0, c(27r,5\) # 1 parameter 5:2 will become an
eigenvalue, visible at infinity, only if (0, \) = 0 and, as result, A € Us. O

Lemma 3.4. All the zeros i\ of function A(N) are simple. Moreover, the following
equality holds
A(idr)e(0,iNk) o
2iMe =-m;-, (3.9)

where my, are weight numbers defined by (1.10).
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Proof. Let us denote by h(X,)\) a solution to (1.1)—(1.3), satisfying the initial
condition h(0,A) = 1. Such a solution exists in the neighbourhood of i\; and we

have
E(X,i\g)

e(O,i)\k) ’

where E(X,i)\;) is an eigenfunction normalized as E(x,i)\;) = e(x, i), © € 7.
We employ Lemma 3.1 to obtain the following equality

. é/(O, i)\k)e(o, i)\k) — e’(O, i)\k)é(o, i)\k)

N 2iAge2(0,i\g)

Solution h(z,A) satisfies the initial condition h(0,A) = 1 for any X in the neigh-

bourhood of i\g, and, as result, iL(O, A) = 0 there. Then it follows from Lemma
3.1 that

h(X,id) = (3.10)

1Ak )72 . (3.11)

1 /. .
. 2 _ / . / .
Iz i) = = 50 (h (27, i\) — h (o,mk)) . (3.12)
Function h(X,i\) satisfies boundary conditions (1.2)—(1.3). As result,
h/(l‘ = O,Z)\k) = h'(z = 27T,i)\k) - h'(z = O,i)\k) = A(l)\k), (313)

where

c(2m, N) + ' (2m,A) — 2
A =

(>\) 5(27_(_7 )\) ) A # )‘07

and A(X\g) = ¢/ (2w, \g). Here A is such a value of parameter A, that s(2m, Ag) =0

and ¢(2m, Ao) = 1.
As result we obtained the formula

A(idg)

. .14
20k (3:-14)

1Az, i) (L2 ) = —
Combining (3.11) and (3.14), we come to

Hh(X )\)H2 _ é/(O, i)\k)e(o, i)\k) — e’(O, i)\k)é(o, i)\k) — A(i)\k)e2(0, i)\k)
P HLAT) 2iAre2(0, i) '
(3.15)

From definitions (2.15)—(2.16) of A()), differentiating with respect to A, we obtain
the formula

AN = —¢'(0,A) + A(N)e(0, ) + A(N)é(0, ). (3.16)
It follows from (3.10)—(3.13), that
A(Z)\k)e(o, Z)\k) = 7é/(0, Z)\k)e(o, Z)\k) + 6/(0, Z)\k)e(o, Z)\k) + A(i)\k)62 (0, Z/\k)
(3.17)
Comparing this formula with formula (3.15), we obtain the equality

A(i)\k)e(o, i)\k) .

mic? = 0N ) ey = =

(3.18)

0
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Proof of Theorem 1.4. According to Lemma 3.3, we have only to show that the
sets Uy, Us, Uz are at most finite.

Function s(27, A) can have only a finite number of imaginary zeros. So, Us
and Us are at most finite. We now show that the set of zeros of function A(\) is
also finite.

We can show that A()\) > C > 0 for sufficiently large |A| and, consequently,
the zeros of A()\) form at most a countable set having 0 as the only possible limit
point.

If A(0) # 0, then the set of zeros cannot have a limit point and, as result,
the number of zeros of A()\) is finite. We now investigate the case A(0) = 0. If 0
is the limiting point of zeros {iu} then there exists

M >pp >pe > >pup > —0.
Eigenfunctions E(X,iuy) satisfy the following equation:

0= / E(X, i) E(X, s )dX
I

= E(X> i,uk){E(X7 7;//fk-‘rl) _E(X> i,uk)}dX

T'a

+/ E(X,iuk)2dX+/ e(x,ip)e(x, ipgr1)de.
T'a A

Here I'y = (0, A) Uk for any A > 0 and we can show that
lim {B(X, ipuesn) — BOX i)} = 0

uniformly for X € I'4. It implies, that

liminf/ e(x,iuk)e(x, ipgs1)de < 0.

k—o00 A

1
But for sufficiently large A > 0 there is a uniform estimate e(x,iu) > 26_’“ on
(x, 1) € [A,00) x [0,00) and, consequently,
oo 672AM
] ' dx > .
/A S(LE,’L’U,]C)G(I,Z'U,]C+1) € M

We come to a contradiction. O

4. Proof of Theorem 1.6 and Theorem 1.7

To prove Theorem 1.6 we need some more lemmas.
Lemma 4.1. Scattering function S(X), defined in Theorem 1.1 (Theorem 2.1), is
continuous on the whole line (except, probably, at the point A =0), |[S(A\)| =1 and

S(A) — So(\) = O <i> I\ = co. (4.1)



240 K. Mochizuki and I.Yu. Trooshin

Proof. We can represent function S(\) as
A(N)s(2m, )
A(N)s(2m,N)

Assertions of the lemma follow from this representation, formula (2.17) and the
asymptotics of corresponding functions:

1 i 1
6(0,)\)—120()\), 8(277,)\)—Sm>\27r>\20<>\), etc. O

Lemma 4.2. Function ®(X,\), defined by (2.5)~(2.6), (2.13)—(2.14) possesses the
following properties:
(i) Function ®(X, ) is bounded in a vicinity of A = 0.
(ii) Let us define by Ag > 0 such a positive number, that all the poles of ®(X, \)
belong to the ball |\| < Ag. Then there are exists a positive number C' > 0
such that

S(\) =

|®(x,\)| < Ce® |\ > Ag. (4.2)

Proof. (i) If A(0)e(0,0) # 0, then the statement follows immediately from the
definition of function ® (X, \).

Let us investigate now the case A(0)e(0,0) = 0, using the argument of [13],
Chapter 3.

We introduce the family of auxiliary problems —u" 4 ¢g(X )u with potentials

qs(X) =q(X), X €Ty, =0, z>p.

Here I'g = (0, 8) U k.

In the case of compact supported potentials ¢z(X) the corresponding func-
tions Ag(A)eg(z, A) are meromorphic on the whole plane A € C.

Kernel K (z,t) of transformation operator (1.11) is integrable with respect to
both variables and satisfies the following estimates (see, for instance [13] Chapter
3 or [4] Chapter 2):

K@l <,00 (75 )ew (@@-a("57). wa)

8K(3:1,a:2) 1 T+ X2
oz, a7 2

< @@ (57 e (@i - @ (™ ;I» i-Le

Qol) = /f( i, Qu(a / Qolt) (45)

We can choose sufficiently small p > 0 such, that functions Ag(A)eg(x, A)
have no more than one zero in the half-disk D, = {X; |A\| < p, ImA > 0} for all
sufficiently large 8. We also suppose that p > 0 is small enough and s(27, ) does
not have any zeros in D, except probably 0.

Here
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We denote by Ag a zero of Ag(A)eg(x, A), belonging to D, (if there is no such
zero, we put Ag = 0).

It follows from Lemma 3.4 that all the zeros Ag are simple and it implies that
functions
A—Ag
A+ Ap
are analytic in D, and bounded on arc {\; [A\| = p,ImA > 0} uniformly on § for
all sufficiently large 5. Also it follows from Lemma 4.1 that ®z(x, \) are bounded
on interval —p < A < p uniformly on 3 for all sufficiently large 5. It means that

A=A
>\+>\ﬁ

Ds(x, A)

sup ‘C’(x)<oo

AeD,

Os(z, N)

for all sufficiently large 5.
We mention that

DY
Ay T b fm Psle ) =2, A)

for any A € D,\{0}. As result, we come to the following estimate:
Bz, N)| < 20(x)

for any A € D,\{0}.
(ii) Estimate (4.2) follows easily from definitions (2.5)—(2.6), (2.13)—(2.14)
and the asymptotics of the corresponding functions. O

Lemma 4.3. For every eigenvalue iu;, visible at infinity, the following equality
takes place:

Resy—iy, €M ®(z,\) = im?e(aﬁ,iuj)e—’“t. (4.6)

Proof. In the case ip; € Uy UUs we have
_ 2 (i e Hit m
Res)\:iuj el)\t(b(.'l;, )\) — _ Z(Z',u]')e 6(155771//0)
A(ip;)e(0, ipy)
and formula (4.6) follows immediately from Lemma 3.4.
Next, in the case ip; € Us it can be easily seen that

e(0, \) . é(0,ip;)

A = i
s(2m,A) o $(2m,ipg)’ Bk

2 i) — 1 2
6(271'77’#]) + 5/(27'(',7,}1,]) — 2= (C( W’Z’uj) ) .

c(2m, i)
Then
) 2.e—Hit P 1
Res)\:iﬂj ezAt¢(x’)\) _ lu]e. 7 .e(SUﬂzMj) ) .
é(0,ip;) e’(0,ip5)
5(2m, ipy)

+ . . . . .
e(0,ipg)(c+ s —2)(2m, i) — €' (0,ipk)$(27, ifs5)
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_ 2pgete(x,ipy)
= i)
) 6(0. i) (e(2, i) — 1) |
€'(0,ip; ) [€(0, ipag ) (c(2m,ipy) — 1)? — e(2m,ipu;)5(2m, g )€’ (0, i)
By definition E(z,iu;) = e(z,ip;), « € v, and
€'(0,ip;)c(2m, ip;)

E(z,ipj) = 1 — e(@m ipy) s(z,iu5), z € K.

According to Lemma 3.1 we can calculate
27’”] HE(7 7f/’L])H%?(’y) = _é(07 iﬂj)e/(07 i:U/j)7

e'(0,ip;)c(2m, ip;

. : N .
2itg 1B = (T ) w2,
s U

and as result,
20| E (- it13) | 22y
' (0,ipi)3c?(2m,ip;)
(c(2mipg) —1)?
 —(e(2myipg) —1)2€(0,ip5)€ (0,ip5) + €' (0,ip;)2c? (2 ipny ) (27, ipy ) s’ (27, ipuy)
B (c(2m,ipj)—1)2 '
Finally we use the equality ¢(2m,iu;)s’ (27, 4u,) = 1, which takes place in the case
ip, € Us, to finish the proof of the lemma. O

=—¢(0,ip;)e’(0,ip5) + $(2m,ipg)s (2m,ip;)

Proof of Theorem 1.6. (i) Solution ®(z, A), z € +, to the boundary problem (1.1)-
(1.3) can be represented as

O(z, ) =e(z,—A) — So(Ne(x, ) + (So(A) — S(N))e(z, A).

Using formula (1.11) we can rewrite it as

O(x,\) = e So()\)ei)‘”” +/ K(x,t)(@—“\t _ SO(A)Bi)\t)dt

+ (So(A) — S(N) (em + /m h K(zx, t)emdt) (4.7)

We fix > 0. For any arbitrary chosen y > = we let x(¢) be an infinitely differ-
entiable function such that x(t) = 0, ¢ € (—o0,y) and tends rapidly to zero for
t — 00.

We denote by x(A) a Fourier transform of x(t):

X\ = / - x(t)eMdt. (4.8)

1
We multiply both sides of (4.7) by 5 X(A) and integrate on (—oo, 00). Function
T

—i T

e — Sp(\)e® is analytic in the upper half-plane ImA > 0 and function Sp(\)
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is uniformly bounded there, we can use the Jordan lemma to see that
1 [ 4 ,
| e = s zonan

27
_ /Oo X ur /w (e SO(A)eW)erA] dt = 0.

As Sp(A / Fs(t e~ dt, we get from formula (4.7) that

1
o /_ VTN

= / x(t) |:Fs(l‘ +1)+ / Fs(t — 7)K(x,—7)dr + K(=z, t)] dt.

Yy — 00
Function ®(x,A) is analytic in the half-plane ImA > 0 except zeros of A(A) and
€(0, ). Then it follows from Lemma 4.3 that

217T /_O;Q(x,A)X(A)d)‘ _ /yoo () {im?@(l‘,iﬂj)e_ujt] dt

e[S (e e
= 0 w]) A(iv;)é(0,iv;)

where {iv;}, 7 = 1,...,m, are zeros of e(0, ), which are not included in Us.
Taking into account the equality A(iv;) = —e/(0,iv;) we see that the second

integral becomes zero. Hence
n
Z m?e(x, i)\j)e)‘jt] dt

o |t ni = [Tao[-3

/:O { Zm { (et / K(z,)e ™ <T+t>dTHdt

j=1

Since function x(t) is arbitrary, the assertion (i) follows from these equations.

(ii) In the case under consideration there is only a finite number of eigenvalues
visible at infinity, which are simple, as in the case of the scattering problem on the
semi-axis. According to Lemma 4.1 function F(X) possesses the same properties
as the corresponding function in the case of the scattering problem on the semi-
axis, which allows us to repeat arguments [1], Chapter III. to prove the unique
solvability of the Marchenko equation (1.15). O

Proof of Theorem 1.7. In the case under consideration F(z) = F(z) and, as result
of unique solvability of the main equation (1.15), K (z,t) = K(z,t), 0 < z < t < o0
and, by continuity, K(z,z) = K(x,z), 0 < 2 < oo. Then, according to (1.17),
q(z) = q(x), x €. O
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Abstract. The aim of this work is to provide a survey, along with new recent
results, of what is known about the C'°® well-posedness of the Cauchy problem
for hyperbolic operators with double characteristics. Some conjectures and
open problems will also be presented.
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1. Introduction and state of the art

We are concerned here with the classical problem of the C'* well-posedness of
the Cauchy problem (C.p., for short) for (linear) hyperbolic operators with double
characteristics. This argument has been intensely studied in past years, but in
our opinion much remains yet to be done to have a reasonably complete picture.
Our hope is mainly to convince the reader about the still actual interest of this
field and, along the path, the fundamental role played by symplectic geometry for
obtaining invariant results.

Although most of what we will be saying may be formulated for hyperbolic
operators of order > 2, with at most double characteristics, for the sake of clarity,
and simplicity, we will restrict ourselves to considering only the second-order case.

In R?*! =R, x R?, (n > 2) consider the operator

. o 1
P=-DI + > aje(x)D) DS (D = Z,a)
Jtlal<2
j=0,1
with smooth coefficients. Denote by

p(l’,f = (6075/)) = 758 + 21)(1’,5/)60 + C(I,g/)
the principal symbol of P.
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Suppose that P is hyperbolic with respect to zo (the time variable), that is
o b(x, &), c(x, &) are real (homogeneous of degree 1, 2, respectively, in £');
o A(z,&) ==b(x,&)? + c(x,&') >0, Vo,V # 0.

Then, the characteristic set of P is

pH(0) = {(2,€); € #0, &0 =b(,&) £ VA@,€)}.

If A(x,&') > 0 for all x and all ¢’ # 0, then P would be strictly hyperbolic, a
case for which the C* well-posedness has no secrets (see, e.g., Hérmander [7]).

Since we are interested in the weakly hyperbolic case, we will assume through-
out that A vanishes exactly to second order on some smooth (connected) subman-
ifold

Y ={(z,6) e T'R"™; & #£0, A,¢) = 0}

of fixed codimension d (1 < d < 2n+1).

Recall that the vanishing condition on A means that for all compact K C
R”*1 there exists Cx > 0 such that

Cic' |¢' Pdistsy (2, €)* < A(x,€') < Cxel¢/|Pdistar (2,€')%, Vo € K, V€' 0,
where disty (z,£’) denotes the distance of (z,&y = 0,&'/|¢’'|) to ¥'. We shall write
Az, &) ~ € dists (2, €' /1€'])*.

Define next
S=p (0)NY (codim¥ =d+1),
so that p|Z: 0, dp|Z: 0 and p~1(0) \ & # 0.

Problem: The well-posedness of the C.p. for P in C*°.

The C*° well-posedness we aim at is that as defined in Hérmander [6]:

(i) For any given t € R, for every u € &'(R"™1) with Pu = 0 in {x¢ > t} we

have w =0 in {xg > t};

(ii) For any given t € R, for every f € C§°(R™"!) there exists u € &' (R"*1)

satisfying Pu = f in {xo > t}.

It is worth noting that if we do not assume the above vanishing condition on
A, then very little is known, and mainly in classes of examples.

A main concern in the study of degenerate operators is to have a coordinate-
independent approach, and for this reason geometry (namely, symplectic geometry)
plays a fundamental role.

To start with, we recall one of the main invariant objects.

At any given p € ¥ and for every v € TpT*R"‘*‘1 we have

, (Hessp()v, v) + O(1of).

Using the symplectic form o = Z?:o d&; N\ dzj, we can write

plp+v) =

1 *Tn
2<Hessp(p)v,w> =o(v, F(p)w), Yv,w € T,T*R"
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where the linear map F(p): T,T*R" ™! — T, T*R"*! is called the Hamilton map
or fundamental matriz of P at p.

Note that 2F(p) is the linearization at p of the Hamilton vector-field H,
associated with the principal symbol p of P. In the coordinates (z, £) we thus have

B " 0p 0O B dp 0
Hp o ;(8@ 0xj ij 8@-)’

and /! /!

—Paa(P)  —Dex(p)
It is important also to note that one rephrases the vanishing condition on A in
terms of F(p) by saying that

Ker F(p) =1T,%, VpeX.
From Hormander [7] one knows that
z € Spec(F(p)) < —z, Z € Spec(F(p)),
and only three possible cases can occur:
(i) There exists A > 0 such that

{=A, A} C Spec(F(p)), Spec(F(p)) \ {—A,A} CiR.

In this case one says that P is effectively hyperbolic at p. From now on we
shall put

Y+ :={p € X; P is effectively hyperbolic at p}.

Note that X, is always a (possibly empty) open subset of X.

(ii) Spec(F(p)) C iR and in the Jordan normal form of F'(p) corresponding to the
eigenvalue 0, there are only Jordan blocks of dimension 2, i.e., Ker F(p)% N
Im F(p)? = {0}. In this case one says that P is non-effectively hyperbolic of
type 1 at p. From now on we shall put

¥_ :={p € X; P is non-effectively hyperbolic of type 1 at p}.

(iii) Spec(F(p)) C iR and in the Jordan normal form of F(p) corresponding to
the eigenvalue 0, there is only a Jordan block of dimension 4 and no block of
dimension 3, i.e., Ker F(p)? N Im F(p)? is two-dimensional. In this case one
says that P is non-effectively hyperbolic of type 2 at p. From now on we shall
put

Yo :={p € X; P is non-effectively hyperbolic of type 2 at p}.

Obviously,
Y=3Y_UXoUX; (disjoint union)
and we say that we have a transition exactly when at least two among the above
sets are non-empty.

At this point we recall one of the most important results due to Ivrii and
Petkov [9], and Hoérmander [6].
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Theorem 1.1. In order that the C.p. for P be well posed in C'° it is necessary that
at any given p € X_ U Xy we have

Impi(p) =0, [Repi(p)| <Tr"F(p), (1.1)

where

s B i~ 0%
pl(m>£) —p1(.’1?,f) + 2 ]go 6xj8£j (l’,f)

is the subprincipal symbol of P (p1 being the symbol of the 1st-order part of P),
and

THF(p):= ) u
n=0
in€Spec(F(p))

is the positive trace of F(p).

Remark 1.2. Note that in case Tr™ F(p) = 0 (which is equivalent to saying that
Spec(F(p)) = {0}, since p € ¥,), condition (1.1) reduces to the celebrated Levi
condition p3(p) = 0.

1.1. Known results for the C.p.
On the side of positive results for the C°° well-posedness of the C.p. we have that:
o When ¥ = X the C.p. is well posed independently of the lower-order terms
of P. This result is due to Iwasaki [10] and [11], and Nishitani [14] (see also
Melrose [12]).
e When ¥ = ¥_, and rkor|Z is constant (recall that, for p € X, rko, =
di ( T,
im
T,2N1T,5°
Hérmander condition is satisfied:

Imp3(p) =0, [Repi(p)| < Tr"F(p), pe 3. (1.2)
This result is due to Ivrii [8] and Hormander [6]. Notice that the condition
reduces to pj ’2: 0 when Tr+F‘E: 0.

A natural case to consider is now when ¥ = 3. Supposing that rka’Z is
constant and that (1.2) holds, can we conclude that the C.p. is C>° well posed?

The answer is in general in the negative.

The reason why this is the case, is related to the behavior of the null-
bicharacteristics of p, that is of the integral curves ¢ +— ~(t) of the Hamilton
vector field H,, that by definition solve

1(t) = Hy(7(1))
7(0) € p~1(0) \ 2.

Of course, one has that v C p~1(0)\ ¥, but the problem is: Can v have limit-points
mn X7

e The answer is no when ¥ = X_ (in this case, ¥ is roughly a center for Hp,).

)), the C.p. is well posed if the following strict Tvrii-Petkov-
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o When ¥ = X, for any given p € X there are exactly four half-bicharacteris-
tics that enter X at p (as t — +00) transversally (the directions being given
by the eigenvectors belonging to the real non-zero eigenvalues of F(p)). In
this case ¥ behaves like a saddle for H,,.

e What happens hence when ¥ = %47

Consider the example (n = 2)

p(x,8) = —(€o — 21&)* + & + (a1 + B2])&3, B ER.
An explicit computation gives (see Bernardi-Bove [1]) that
e If 3 =0, no null-bicharacteristic of H, can have limit-points in 3.
e If B # 0, there are indeed null-bicharacteristics entering ¥ tangentially.
A precise explanation to this phenomenon was given (long time ago) by
Bernardi-Bove [1], and by Nishitani [15]. Recall that at every p € ¥ we have

T,% = Ker F(p) € Ker F(p)? C Ker F(p)® C Ker F(p)* = Ker F(p)®,

with a one-dimensional gap between Ker F3 and Ker F4, and between Ker F2 and
Ker F3. Fix next a smooth non-zero vector field ¥ > p — z(p) € T,T*R"*!
(positively homogeneous of degree 0 in the fibers; from now on we shall refer to
positive homogeneity of degree d in the fibers for short as “p.h. of deg. d”) such
that

Ker F(p)* = Ker F(p)* @ Span{z(p)}, Ker F(p)® = Ker F(p)* ® Span{F(p)z(p)}

(so that Ker F(p)2NIm F(p)? = Span{F(p)%2(p), F(p)®2(p)}), and fix a real sym-
bol S(z,£) (p.h. of deg. 1), vanishing on ¥, such that

0# Hs(p)./ F(p)*2(p), peX.
One then has the following theorems (see [1], [3] and [15]).

Theorem 1.3. No null-bicharacteristic v of p has limit-points in % iff
Hgpl,=0.

Theorem 1.4. If ng‘zz 0 and (1.2) holds, the C.p. is microlocally well posed
in C*.

Theorem 1.4 has been recently improved by Nishitani [16], who proved the
local well-posedness in C*°, and made more precise by Bernardi-Nishitani [4], who
proved that if (H2p)(p) # 0 for some point p € ¥ and if (1.2) holds, then the C.p.
s not well posed in C*°.

1.2. New problems: transition

From Subsection 1.1 we therefore may conclude that we have a quite complete
picture when the spectrum of F(p) is of one and the same type at every point
p of X. We note in passing that, however, there is still the obvious gap between
(1.1) and its strict counterpart (1.2), and we address the reader to the work of
Parenti-Parmeggiani [17] for results in that direction.
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Now, very simple examples show that Spec(F(p)) can indeed change at dif-
ferent points of X.
Consider for example

p(.’l?,f) = _Sg—’—f%—i_(xo_ml _f(x17x/))2|£l|27 (13)
where 2’ = (z2,...,2,), n > 2, f is smooth and real, with 1 + f; > 0. Then a
point p = (g = 21 + f(a1,2'),21,2;& =0, = 0,8 #0) € ¥ belongs to
L[] Z+ iff f;l < 0,
o X_iff f; >0
o g iff fI =0.
Hence, we have a transition iff f, # 0 and f;, wvanishes somewhere.
The previous example is very simple, but one should bear in mind that tran-
sition may occur in a very complicated way (see, e.g., Bernardi-Bove [2]).
Our purpose is next that of studying the C'**° well-posedness of the C.p. when
transitions are present. Cases where ¥ = ¥ UY._ were already treated in [2], and
we will consider here a rather different class of examples.

2. The case of transition: a geometric class of operators

The first step in our program is that of selecting a geometric-definite class of
operators. We proceed as follows. Near any given p € ¥, by performing a suitable
canonical transformation which preserves the “time” direction zy, and by using
the Morse Lemma, we may microlocally write

d
pla,&) ==&+ > fi(z,¢)?

j=1

for some smooth real functions f;, p.h. of deg. 1, with independent Hamilton vector
fields at all points of

Y={(x,8); £#0, & =0, fi(z,{) =" = fa(z,£) =0}
For p € ¥ define (recall that for functions f,g the Poisson bracket {f,g} =
> (O, Oz, 9 — Oz, fO¢,9))
{0 11} (0)
alp) = : . M(p) = [{fs fi} (0)]
{0, fa}(p)

The matrix M (p) is therefore a d x d skew-symmetric matrix. Suppose from now
on the following

Hypothesis (H1):
o tk M(p) is constant as p varies in 3;
e a(p) € Im M (p) for all p € 3.

1<j,k<d’
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It can be shown (see Bernardi-Parenti-Parmeggiani [5]) that (H1) has a sym-
plectically invariant meaning. Namely, (H1) is equivalent to requiring
(i) rtko|y, is a constant > 2;
(ii) rko|,=rkol|y,—2.
Denoting by M (p)~! the inverse of M (p)|
(i) p€ Xy iff [M(p)~'a(p)| > L;
(ii) pe X_iff [M(p)~ta(p)| < 1;
(ii)) p € X0 iff [M(p) " a(p)] = 1.
Hence, to have a transition we must have |M(p)~'a(p)| = 1 somewhere and
have codim ¥ > 3. (Note that M (p)~ta(p) is p.h. of deg. 0.)
Next, suppose also from now on the following
Hypothesis (H2): o = {p € 3; |[M(p) ta(p)| = 1} C ¥ is a smooth submanifold
of ¥ of fized codimension > 1.

Im M(p)® 01 can show that

Correspondingly, we have
Si={pe%; [M(p)~alp)| - 120}

Remark 2.1. The quantity |M(p) ta(p)| is invariant: it is independent of the
Morse normal form of p.

We therefore have, in principle, three possible cases of transition:
(T1) £ =3_ U
(T2) ¥ =¥, UXy;
(T3) T =%_UX UY,.

Notice that in cases (T1) and (T2) the submanifold ¥ can have any codi-
mension in X, but in case (T3) one must have codimy¥y = 1.

We next turn to examine what happens to the spectrum of F(p). This is
what one can prove (see [5]):

(S1) exactly two eigenvalues +iu(p) collapse to 0 as p approaches ¥y from within
Y

(S2) the two real eigenvalues +\(p) collapse to 0 as p approaches ¥y from within
2

(S3) the picture is either (S1) or (S2), depending on whether we approach ¥y from
within ¥X_ or 3.

It is important to note that the order of vanishing on ¥y of the eigenvalues
that collapse to 0 is that of

VI=|M(p)~ta(p)? (pe=o), VIM(p)talp)? =1 (pey).
Hence, in general we do not have a smooth collapse.

Having selected a geometric class of operators, for which a transition oc-
curs, we now turn to the study of the C.p. for these operators. As a preliminary
remark motivated by the case ¥ = Xy, we expect that the behavior of the null-
bicharacteristics of P play now a crucial role in all the above cases. Moreover,
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once the dynamics of H, has been understood, we still have to consider the Ivrii-
Petkov-Hormander condition (1.1) that must be satisfied, at least on 3.

At the moment, we have some (positive) results in what we think to be the
simplest case, namely ¥ = ¥_ LY, and some conjectures in the case ¥ = ¥, LI¥.

3. Results and conjectures when > = Y _ L 3

Since p is non-effectively hyperbolic everywhere, for simplicity we shall suppose that
Tr™F(p) > 0 for all p € ¥, and that the strict Ivrii-Petkov-Hormander condition
(1.2) holds on ¥. Note that, geometrically, we necessarily have Tr™ F ‘2\20 > 0, but
that we could also very well have Tr* F 0= 0. When this happens, the situation
becomes even more involved, as shown in Parenti-Parmeggiani [17].

Consider now the dynamical system associated with H, on p~1(0)\ ¥. As in
Section 1, select a smooth non-zero vector field X 3 p — v(p) € T,T*R" ™! such
that

Ker F(p)> N Im F(p)* = Span{uv(p), F(p)v(p)}, p € o
2

Recall that v(p) is obtained as the image through F'(p)® of the one-dimensional
gap between Ker F? and Ker F*.

Let now S(z, ) be a smooth real symbol (p.h. of deg. 1) vanishing on ¥ such
that

0# Hs(p)./v(p), pE o
We have, at this point, the following conjectures.

Conjecture 3.1. No null-bicharacteristic of p can have limit-points in g iff

ng|20: 0.

Conjecture 3.2. If Hf’gp|20: 0 and (1.2) holds, then the C.p. for P is (at least
microlocally) well posed in C*°.

Conjecture 3.1 sounds reasonable, but we are still unable to prove it in gen-
eral. We can prove it in case hypothesis (H3) below is satisfied.

As for Conjecture 3.2, again, we do not have a proof in general, but we do
have a proof (see [5]) under the following two additional assumptions, that is under
the following

Hypothesis (H3):

e Recall that 1 —|M(p)~ta(p)|? is positive when p € ¥\ ¥ and vanishes when
p € Xp. We assume that

1—|M(p)~talp)|* wanishes exactly to second order on Xo. (3.1)

Equivalently, in a more invariant form, the vanishing eigenvalues of F'(p), as
we approach g, vanish ezactly as the distance of p to X.
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e The second assumption concerns F'(p)v(p). Because of its definition
F(p)v(p) € T,XNT,X7, Vpe X
We assume that
F(p)v(p) € Ty)X0 CT,%, Vp € . (3.2)

We wish to comment on the latter condition. First of all, the condition is
invariant, because for all p € ¥y the vector field v(p) is in the image through
F(p)? of the one-dimensional gap between Ker F/(p)* and Ker F(p)3. The second
observation is that at a first glance one might think there is no correlation between
the symplectic nature of Xy and the tangency of F(p)v(p) to Xg. On the contrary,
there is indeed a strong link between these two.

Lemma 3.3. Write z(p) := F(p)v(p), p € Xo. Then, for any given p € ¥o the
following conditions are equivalent:

(1) Z(p) g TpZO;
(ii) There exists a symplectic subspace V. C T,T*R*™™ such that

T,%0 CV C Span{z(p)}°.

Proof. (ii) = (i): by contradiction. If z(p) € T, X, then z(p) € V C Span{z(p)}7,
whence z(p) € VN V7 = {0}, which is impossible, for we have z(p) # 0.

(i) = (ii): as Span{z(p)} ¢ T,Xo, we have T,X7 ¢ Span{z(p)}7, i.e., there exists
v € T,X§ such that o(v, z(p)) # 0. Set W = Span{v, z(p)}. Then W is symplectic
and so is W7. Obviously, W7 C Span{z(p)}? and W C T,3§, because z(p) €
Im F(p) =T,%7 C T,X§. Hence T,Xg C W7, and it suffices to take V. =W7?. [

Note, in particular, that when ¥ is symplectic, then z(p) is never tangent
to Zo.
To make an example, consider (1.3) with ' = (¢/,y”) and
flar,2') = él i+ ly'? 11,72 >0, 1 +72 > 0.
A direct computation shows that
fo =x0=0, 51 =z1 =0, y/ =0, when Y1,72 > 0,
So=<K o=20=0, & =21 =0, when v > 0, 72 =0,
§o=£6=0, z9g=m1, y =0, when 71 =0, 72 > 0.
Moreover, on X, the vector field z(p) is a (non-zero) smooth multiple of the vector

field

0 L 0
6950 31‘17

so that z(p) € Tp,X0, p € Yo, iff 1 = 0 and 72 > 0. Note that, consistently
with Lemma 3.3, in all the other cases Yy is either symplectic or contained in a
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symplectic submanifold. Note also that condition H gp’zoz 0 is satisfied, for Hg
is a multiple of the vector field
0 0 0
—(1 ! — (Vo f, .
oty ~ 1+ 05, = (V1150
To prove at the same time microlocal Carleman estimates and Conjecture

3.1, the standard way (see Ivrii [8]) is to find a microlocal factorization of the
principal symbol p of P of the kind

p(.’l?,f) = _£_£0 + f(x7£/).)/£_£0 - g(.’l),f/)l—f—q(l',f/), (33)
N(og) AG)

with ¢ > 0 vanishing on ¥ and

(i) {N, A S IA = N[+ /g,

(i) A, ¢} S
From now on we shall refer to such a factorization as to an [vrii-factorization.

An Tvrii-factorization of p near points of ¥\ 3y was already proved by Hor-

mander in [6] and Ivrii in [8]. Hence we concentrate on finding a Ivrii-factorization
near any arbitrarily fixed point of Xy, the main point being the choice of the
symbol ¢ (appearing in N and A in (3.3)), which is forced on ¥.. When p is written
as

d
p(l’,f) = 763 +ij(l’,£l)2,
j=1
then, for p € X,

d
Ha(p) = —He ()= >_(M(p) " alp)); Hy, (p) = —He, (p) = (M(p) " alp), H (p)).

j=1
Note that Hx(p) is collinear to z(p). One then starts by taking (see [5])

d
U, &) =D X, ) fi(@,&) = M, &), f(@,€),

Jj=1

where

A1(p)
Ap)=1| + | =Mp)tap), pex,
Ad(p)
with |A(z,¢&")] <1 and [A(z,£')| =1 only on X, with 1 — |\| vanishing ezactly to
second order on ¥g. Then, necessarily,

q(z, &) = [f(2, &) = (N@,¢), f(x,€))?,
so that ¢ is transversally elliptic with respect to ¥ only if we stay away from X.

Unfortunately, without any further condition the above factorization does not
satisfy Ivrii’s condition (ii). To cope with this problem, we first of all microlocally
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choose new equations for ¥/, ¢ =0, ( = --- = (41 = 0, so that ¢» = (A, f), and
q = hy? + > (7 = hp? +[¢|?, where h = (1 — [A[?)/|A[* > 0 vanishes ezactly to
second order on .

In order to control the Poisson bracket

—{A,q} = {&o + v, h® + |¢*}
by ¢, we have to control the two terms {&y + 1, hp?} and {& +, |¢|*}, which give

different kinds of problems.
As for the former, we write

{0+, hp?} = 20 {&0 + ¥, ¥} + *{& + ¥, b}

The first term is harmless, because H), is tangent to %, so that

({0 + . 9} < C(hy® + [¢]?),

and the second term is under control, for Hy (p) € T,%¢ on g, so that, h vanishing
exactly to second order on ¥y, we have

‘{SO + w7h}‘w2 S Ch1/12 near 20.

As for the latter term, {& + %, |¢|?}, this requires taking into account the
condition H gplzoz 0, which is at this point used to deform A (and accordingly
N) by adding to —&y — ¢ terms that vanish to higher order on ¥’ (see [5] for the
non-trivial details).

In the end, we get

A = =& — ¢ — (higher-order terms in 1, ()

N = =&, + ¢ + (the same higher-order terms)
g~ q =g+ (P + /¢
The next step is to use the factorization to prove microlocal (forward) Car-
leman estimates: For any given 7 € R and any given compact K C R"*Y, for any
given (properly supported) microlocalizer x(x,&") supported in a conic neighborhood
(with compact base), there exists C > 0 and Ao > 1 such that for all v € C§°(K)
and uw = x(x, D")v one has

oo

)\4/ 62)‘x°\u|idx0+)\2/ 62)‘ro|u\3+1/2dx0 < C/ 20| Pul?dxy,  (3.4)
0 0 0

for all X > Xg.

Here |u|, is the Sobolev norm of order 7 with respect to the space variables z’.
By Hormander [6], things are OK when x is supported away from 3. So,

we need only prove (3.4) when supp x N 2o # (). We shall sketch the proof when

T=0.

Remark 3.4. It is useful to take into account that estimates (3.4) are invariant

e through conjugation by a unitary, zeroth-order Fourier integral operator in
7', depending smoothly on z;
e by perturbations of P by zeroth-order terms.
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To simplify notation, we shall denote by OPS™ the class of all classical,
properly supported ¢¥dos A(z, D’) which depend smoothly on zy and are pseudo-
differential of order m in 2’ (the total symbol a(z,&’) of A(x, D’) will be written
as am (2,8 + am-1(x, &) +--+).

By Remark 3.4, we may therefore suppose P of the form

P=-D;+ A(x,D') +iB(x,D’),

where A = A* € OPS?, with principal symbol ay > 0 vanishing exactly to second
order on ', B = B* € OPS!. Notice that

Repi = Reai, Imp] =b;.
Hence, condition (1.2) reads
Reay(p) +TrtF(p) >0, bi(p) =0, VpeX.

It is at this point that we have to exploit the factorization of p that we have
constructed before.
On defining

A(z,D) := —Dy — L(x,D"), N(z,D)=—Dg+ L(z,D’),
with L = L* € OPS!, ¢, = ¢, we have
P=-NA+Q+iR,
with Q = Q* € OPS?, ¢» = ¢, R = R* € OPS?, and
¢ |g=Repi|y, 1 =bi+{& + 1,0}

Remark 3.5. We have Hx(p) = —Hey10,(p), with ¢4
we get {& + (1,01}, = 0. Hence r1|,= 0.

|Z: 0, so that by the tangency

Now, following Hérmander, estimates (3.4) are obtained through an energy
form of the kind
E(z0;u) = |A(z, D)ul* + (Qu,u).
One next computes dE/dxg, considers — / e?A0 (dE /dxo)dxo and integrates by
0
parts, and runs into a problem:

Problem: One has to control |(R*u,u)| by (Qu,u). Since we are in a situation
where @ is not transversally elliptic, the usual approach does not work.

Luckily, there is a remedy to this. We modify A(z, D) by a zeroth-order term
as follows: 3
A(z, D) := A(z, D) —iS(x,D’), S=5*¢c OPS’,
so that, modulo OPS?,
P=—-NA+Q+iR+iSA,
and we may choose S in such a way that

71 =0(/q).
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The term SA will be under control, provided we choose the right energy:
E(zo;u) = [A(w, D)ul® + (Qu, u).

Then iE
den = 2lm(Pu, Au) + i([Q, AJu, u) + 2Re(SQu, u)
zo
+ 2Re(Ru, Au) + 2(SAu, Au),
and, through an integration by parts, from
—/ e %0 " drg = B(0) + 2)\/ 270 B(20)dxo,

0 dzo 0
one arrives at, for A > \g > 1,
AE(0) +)\2/ 62A$0\1~\u|2d330+)\2/ 20 (Qyu, u)dzg < C/ 20| Py dxg,

0 0 0

with @ given by

Q= Q-+, (SQ+QS) ) QA

AT T 200 T N2

It is elementary to control the term containing |1~\u\2 In fact one has

/\3 /\4 oS} [e's] N
/ 220 |y dxy < )\2/ e2A20| Ay dag.
0 0

R2. (3.5)

2
)+
To see this, write —A = Dy + Z(x, D’), where Z has order 1 and real principal
symbol. Then

d _
u(ao)? = — 2lm(Au,u) - i(Z — Z°)u,u)

dS(}o N~ N “

order 0

*° d
7/ e2Awo lu|?dzo = |u(0)]* + 2/\/ 220 |y|?dxy,
0 d.’I;O 0
whence, by the Cauchy-Schwarz inequality,

1 oo - oo
/ 270 | Au|2dxg > |u(0)]? + (A — C)/ A0 |y 2y,
A Jo ~ ~ “Jo
>A/2
which proves the claim when Ag is chosen sufficiently large.
Next, to control the term (Qxu,u), we have to use Melin’s inequality (see,
e.g., Hormander [7]).

Theorem 3.6. Suppose that A = A* is a Ydo with symbol a ~ ap + A1 + -+
satisfying

am >0, and @y =0=a3,_; +Tr"F > 0.
Then for any given compact K there exist cx,Cg > 0 such that

(Au,u) > exclully, 1) = C|ulty 20, Yu € C3(K).
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To be in a position to use Melin’s theorem, we have to examine the principal
and subprincipal symbols, ¢ 2 and ¢ ;, respectively, and the Hamilton map Fy, ,
of Q. One has

arz = (1 + S;) {50 +41,q}F — )\2 72 >q, provided A > \g > 1,

B31(p) = ai(p) + 5 (HAQ)(P) =qi(p), pe,

and

Fiuna0) = Falp) + \ 50(0)Fo(0) + g Freoernay () — 3o Frt ).
Hence,

Fy, .(p) — Fy(p), as A — 400, locally uniformly in p € 3.
Since

T Fy(p) = Tt F(p), peX,
Melin’s inequality yields the inequality

oo oo oo
/\2/ e (Qyu, u)dry > cl/\2/ 62)‘m°|u\%/2dx0 702)\2/ 2 20|y 2 da.
0 0 0
3.

6)
Melin’s inequality is also used to control from below (Q(0, 2, D")u(0), u(0))
—C|u(0)|?, and hence to get rid of the term AE(0) by using the term A3|u(0)|?
with X large.
Hence we arrive at

)\4/ 62)‘$U\u|2dx0+)\2/ 62)‘$O|u\?/2dx0 §C/ 20| Pydxg,  (3.7)
0 0 0

for all A > A\g > 1, and we are done.

To pass from the Sobolev order 7 = 0 to the Sobolev order 7 # 0, we take
M, = M, (2, D) with principal symbol |¢/|” and parametrix M’ _, and see at once
that the Carleman estimate (3.4) with 7 = 0 gives the Carleman estimate (3.4)
with 7 # 0, just by the replacements

u ~» Miu, P~ MTPM’_T
Since P and M,PM’ _ have equal principal symbols and on ¥ equal subprincipal
symbols, we are done.

Remark 3.7. One gets in the same way estimates when fooo is replaced by ftoo,

any given ¢ € R, and also when [~ e***° is replaced by fioo e~ 2o,

The natural step at this point would be passing from microlocal Carleman
estimates to local Carleman estimates. This requires taking under control the
commutators [P, x], which is no problem when x is supported away from ¥, but
that in fact seems to be out of control near ¥, for it involves control from below of

(Qru,u) —e(Z* Zu,u), 0<e<1,
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for an arbitrary first-order operator Z(z, D'), the principal symbol of which we only
know that it vanishes on ¥. Hence, the alluded to control is in general impossible
regardless the size of A and ¢, because @ is not transversally elliptic.

Henceforth, we just have microlocal energy estimates, and a plan for proving
C* well-posedness seems to go through a combination of microlocal estimates and
results on the propagation of singularities.

We now wish to give an idea of this, at least in the case p(z,&) = —¢&2 +
|f(x,€)|%. Recall that when p € ¥, the hyperbolicity cone of the localized polyno-
mial o(v, F(p)v) is defined to be

Dy ={v € T,T"R™; o(v, Hey(p)) > lo(v, Hy (p))]},
and its polar by
7 :={we T,T*R"; o(w,v) >0, Yo € T',}.

(Recall, see, e.g., Wakabayashi [18], the “semicontinuity property” of the cone-
field p — I'y: Given pg € 3, and given K, a compact set in Iy, there exists a
neighborhood U of po in ¥ such that K CT', for all pe U.)

As is well known (see, e.g., Hormander [6]),

pE€X_ «=T,NKerF(p)? +#0,

pPo

and the proper time-directions to derive energy estimates are chosen in
F(p) (Fp N Ker F(p)Q).

Lemma 3.8. Let p € X_. Denote by fg = {w € T,T*R""Y; o(w,v) >0,Yv el,},
the “interior” of I'y. Then

F(p) (Fp N Ker F(p)Q) ~17n (sz N TPZ").
Proof. We start by defining the linear maps

He, (p))
=~,: T, T*R"™ 50— {U(v’ o e R x RY,
TR S o(v, Hy(p))

0=10,Rx R? 5 { g(,) ] — —CoHe, (p) + (¢’ Hy(p)) € T,T*R"™ 1.
Using

F(p)v = —o(v, H, (p)) He, (p) + (o (v, Hy (p)), Hy (p)),
one then computes

Ker F(p)? = {v; v(v) = [ o CoMiOp)*la(p) ] G €eR, (€ KerM(p)},

r,= {v; v(v) = { :779 } , Mo > |77/|}7
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and
Ker F(p)*NTy = {”; w) = { ¢ - Cof\f(op)‘la(p) } ’
®>Q@>vﬁ—Mé&wa£€K“M@}
Let now v € Ker F(p)> N T',, with y(v) = [ o Col\ﬁp)*la(p) } . Then

w = F(p)v = 0(y(v)) = —CoHe, + (¢" = QM (p) " alp), Hy (p)),
with ¢o > |¢'|/+/1 = |M(p)~ta(p)|2. Hence w # 0. Notice that since T,% =
Ker F(p) and Im F(p) = (KerF(p))U = T,¥°, it is immediate that w € T, X N
T,%°. If we prove that w € fg, we then have

F(p) (Ker F(p)?n Fp) cTon (sz N TPZ").

Now, for any given v € T, with y(v) = [™],

ow.0) = o (m+ {31() alp) = { '),

and since
2

C/
G
which gives the claimed inclusion.

Conversely, let w € f‘g N (TPE N TPE“). Then w # 0 and w € Im F(p), so

that we may write w = —XoHg, (p) + (X, Hy(p)). Since, on the other hand, we also
have F(p)w = 0, it then follows that

o (w, He, (p)) —{a(p), A"
0=F(p)w=0(y(w)) =0 [ 0(w7HEf(;’))) ] =0 { —)\oa(,o)p— M(p)N ] 7

CI

M(p)~"a(p) &

<1, weget w+<Mw>w@> '>zWMW>a

whence
M(p)(N + XM (p)ta(p)) =0= N = -AM(p) ta(p) + ¢, § € Ker M(p).
Therefore we have

0% w = —XoHe,(p) + (6" — XM (p) ' a(p), Hs(p)),

and, for v € T', with y(v) = [77(’)] ’

0 < a(w,v) = Ao + (MM (p)~"alp) = 0',7),
for all [779] with ng > |7’|. It thus follows that
Ao > oM (p) " a(p) — €],
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and since |AoM (p) " La(p) — 0'12 = N3|M (p) "L a(p)|*> + |¢|?, we obtain
Xo > 0] /3/1 = 1M (o) alp)P

that is, w = F(p)vo with vy(vg) = [’)\\9] , whence

w € F(p) (Ker F(p)*n Fp),
which shows the remaining inclusion and proves the lemma. O

This observation allows us to define the following family of sets:
7 n(T,2NT,x%), for pe X_

YXopr—V, = ’ ( ? ? ) P
Ry z(p)(C T,2NT,%7), for p € S,

where z(p) is the vector field of Lemma 3.3.

Remark 3.9. Notice that V, C T, NT,X° for all p € X. Since z(p) € T,X¢, when
p € X, we therefore have
Vp C TpZO N szg 7é {O}, Vp € Eo,

because Xg is not symplectic.

We next define the microlocal influence domain (in the future) by
Lipschitz .
K= {y(t); 7v: [0,T] 5= 2,79(0) = p, §(t) € Vo) t—ae.}.
The theorem we expect to prove (which is work in progress) is the following.

Theorem 3.10. If p € ¥\ WF(Pu) and, for some neighborhood U C T*R"*1 of p,
WF(u) U N (K; \ {p}) =0,
then p & WF (u).

We expect that an analogous result holds in the case of the (Sobolev-based)
wave-front sets WF,(Pu) and WF . /5(u).

We hope that the combination of microlocal estimates and results on the
propagation of singularities give hold on the whole C'* well-posedness of the C.p.,
in the spirit of work done by Kajitani and Wakabayashi.

4. Conjectures when ¥ = 3 LI 3.

This case is much more difficult to treat, in that, to start with, one should find
the correct Ivrii-Petkov-Hormander condition (1.1). One should bear in mind that
we must have (1.1) on 3o, but no condition at all on pj(p) is a priori expected as
long as p stays away from Y.

To simplify things a little, let us suppose that Tr* F(p) > 0 at every p € .
Let A(p), p € ¥\ Xp, be the real positive (smooth) eigenvalue of F(p), and extend
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A to X by putting A(p) = 0 when p € Xy. Recall also that

Ap) ~ V/|M(p)~ta(p)2 - 1.
Now, for p € S*X (where the cosphere S*Y of ¥ is defined to be the set of those
p € ¥ which have fiber £ of length 1) and 0 < ¢ < 1, consider the closed set
I.(p) C C given by
I.(p) ={2€C; Imz=0, |Rez| < Tr" F(p) — &}

Let us consider the following analog of the Ivrii-Petkov-Hormander condition:

For any given py € S*Xg there is a neighborhood V- C S*3 of pg and some

0 < ek 1 such that

dist(pi (p), I (p)) < CA(p)?, p eV, (4.1)

for some C > 0 independent of p and €.
Condition (4.1) obviously implies
Impi(p) =0, [Repi(p)] < Tr"F(p), Vp€ o,
but is very demanding on the behavior of p$(p) as p approaches X from within X .
Condition (4.1) should be compared with Melrose’s conjecture (see Melrose
[13]), which states the following: If the C.p. for P is well posed in QN {t > 0},

where 0 > 0 is an open set of R"TY, then s(p)/A(p) is uniformly bounded in ¥
for all p € £ N (T*Vy\ 0), where Vy is some neighborhood of 0 € R" ! and where

s(p) = |Impj,_1(p)| + inf{|Repi(p) — sl; [s| < Tr" F(p)}.
Now, once more, we are faced with another difficult geometric problem related
to the null-bicharacteristics of p. As in the preceding cases, we can consider Hap o
Problem: Is condition ng’EO = 0 necessary and/or sufficient to ensure that no
null-bicharacteristic of p can tangentially enter g ¢
The problem is open.

On the side of the C.p. we have the following conjecture.

Conjecture 4.1. Suppose that Xy is non-symplectic and that ng|20: 0. If X(p)?

vanishes exactly to second order on Xy and F'(p)v(p) € T,X0, and if (4.1) holds,
then the C.p. is C*° well posed.

5. A final example

We end this paper by giving an example, which puts at work the approach we
explained in Setions 2 and 3, and for which the C.p. is well posed, not only mi-
crolocally, in C'°°, this being due to the fact that the Ivrii-factorization that is
constructed is global (and not only microlocal).

Let 1> 0 and let

p(.’L‘,f) = _63 + S% + f% + M2m§|£ﬂ‘2 + ('730 — 1 — f(x1>x//))2‘fu|27
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where £ = (&, &), 2 = (y',3/"), f(w1,2”) = ya1ly'[* with 5 > 0. Then
YS={=86=6=0,2=0, 20 =21 + f(z1,2"),¢" #0},

0 0 0 0 —f21&"
o | o 0 e 0
Oé(p) - 0 ) M(p) - 0 —,LL|£H‘ 0 0 i
€] LE 0 0o
1A+ fz,)
- 0
M(p)~"alp) = 0 7
0

so that |[M(p)~ta(p)] = 1/(1 +~|y'|?) and
Yo={=& =& =0, 10 =x1,22 =0,y =0,&" # 0},

which is non-symplectic, and we have a lvirii-factorization by taking

1
A=ty et
Hence at p € ¥
HA(p): g + g eT,>o
8x0 6951 ’ ’
and as Hg one may choose a multiple of

0 0 0
-1 . - vr” ) )
gto ~ O+ 2000, = (V8 o)
and check that H gp’EO: 0. Finally, the eigenvalues of F(p) are given by +iu|¢”|
and =£i|¢"]\/f4, (2 + f4,), so that

Tt F(p) = pl€”| + 1€ VA 22 + A1y ).

The admissible lower-order terms are of the form

p1(.’1),f) = afO + bfl + 052 + <d> £I/>7

where Imd| =0, and [Red| | < p+ /A1y 22 + [y [?).
For the relative operator P, the C.p. is (locally) well posed in C°.
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1. Definitions of modulation spaces

The modulation space was introduced by Feichtinger [15] in 1983. We denote by
S the Schwartz space and by &’ its dual space. Let f,g be Schwartz functions,
and set

Vof(z,w) = / e gt — x)f(t)dt.

Vg f is said to be the short-time Fourier transform of f. In the following, if there
is no explanation, we will always assume that

—00<s<00, 0<pg<oo, ()= (1+] )2
The norm on modulation spaces is given by
1/q

113 = ( /| ( | I‘Gf(%w)pdsc)w <w>sqdw> , (L.1)

with a natural modification for p,q = co. Applying the frequency-uniform local-
ization techniques, one can give an equivalent norm on modulation spaces. Let Qy,
be the unit cube with its center at k, {Qj}rezn constitutes a decomposition of

This work was completed with the support of NSFC grant. M.R. is supported by the EPSRC
Leadership Fellowship.
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R™. Such kind of decomposition goes back to the work of N. Wiener [57], and we
say that it is the Wiener decomposition of R™. We can roughly write

Ok~ 'x@.8. kel (1.2)

where yg denotes the characteristic function on the set E, and § is the Fourier
transform. Since Q) is a translation of Qq, Ui (k € Z™) have the same localized
structures in the frequency space, which are said to be the frequency-uniform
decomposition operators. Similar to Besov spaces, one can use {0y }rezn and £2(LP)
to generate a class of function spaces, so-called modulation spaces for which the
norm is defined by

1/q
I fllaes, = (Z (k)| Dkf|Z> ;

kezn

with the natural modifications for p,q = co. We now give an exact definition on
frequency-uniform decomposition operators. Since xg, can not be differentiated, it
is convenient to replace xq, in (1.2) by a smooth cut-off function. Let p € G(R"™),
p : R™ — [0,1] be a smooth function verifying p(§) = 1 for |{| < 1/2 and
p(&) =0 for [£|o > 11. Let pi, be a translation of p,

() = ple— k), kez™ (1.3)
We see that pr(§) =1 1in Q and so, D, ym pr(§) > 1 for all £ € R™. Denote

oe(&) = pr(§) (Z Ptz(f)) , kez (1.4)

Lezn
Then we have
l0e(§)] 2 ¢, V¢ € Qr,
suppox C {& ¢ |§ — Kl < 1}, (15)
Y kezn 0k(§) =1, VEeR", .
D04(€)] < Clay. VECR™, ac (NU{O))".
Hence, the set
Y, = {{ok}rezn : {ok}rezn satisfies (1.5)} (1.6)

is non-void. If there is no confusion, in the sequel we will write T = T,. Let
{ok}rezn € Y. The frequency-uniform decomposition operators can be exactly
defined by

O = Silak& kez™. (17)

For simplicity, we write ng = Mp,q. The space My, is said to be the modula-

tion space. One can prove that || - [|3,. and [[ - [|a;  are equivalent norms; cf.
p,q ’

[15] for a proof on modulation spaces defined on Abelian groups, and [55] for a
straightforward proof.

YFor € = (&1, -,én), |€loo := maxi=1,._n |&].
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2. Questions on the Schrodinger equation
Let S(t) = €*® be the Schrodinger semi-group. It is known that S(t) = elt2 :
LP — LP is bounded if and only if p = 2. Indeed, one can show that

S(t p(R™
1S ellr @) C o, p£2, (2.1)
©e&\{0} [l e @n)

by taking ¢ = e~ (atib)al®, So, a natural question is the following
Question 2.1. Is there any Banach function space X satisfying
1Sl x (rn)
peX\{0} H‘PHX(R")
Recall that (cf. [5, 6])
IS fllp < ClH 2D £l (2.3)

where 2 < p < oo, 1/p+ 1/p’ = 1. Estimate (2.3) contains singularity at ¢t = 0,
and another natural question is

00 ? (2.2)

Question 2.2. Is there any Banach function space X satisfying the following trun-
cated decay

1Sl x@ny < CA+ [E) "Xl xr(zm)? (2.4)
where § > 0, X’ denotes the dual space of X, X and X’ have the same regularity.

Consider the Cauchy problem for the nonlinear Schrédinger equation (NLS)
iy + Au = [u[**u, u(0,7) =ug(z), k€N, (2.5)

It is known that if u is a solution of (2.5), so is u,(t, r) = p'/*u(y?t, pzx) with the

initial datum p'/*ug(pz). Taking notice of

g (0) | e = 1=~ 2F o gy, 1> 0,
one sees that s = s, :== n/2—1/k is the index such that |lu,(0)| . is invariant for
all 4 > 0. H** is said to be a critical space for NLS (2.5); cf. [6]. Up to now, we can
solve (2.5) in H*® for s > s, > 0, which correspond to the critical and sub-critical

cases in H®. However, we cannot solve (2.5) in H?® in the case s < s,, where H?®
is said to be the super-critical space. Our question is

Question 2.3. Let 0 < s < s,. Are there any initial data ug € H® \ H*®* so that
NLS (2.5) is still locally and globally well posed?

In order to answer the above questions, modulation spaces play important
roles. Roughly speaking, Schrodinger semi-group is bounded in modulation spaces
and it satisfies a truncated decay in modulation spaces. Moreover, the modulation
space Ms 1 enjoys lower derivative regularity and we can solve NLS (2.5) in M5 ; for
all & € N. M5 ; contains a class of data which are out of the control of H*~ if s,, > 0.

Finally, we mention that all the questions above make sense for other equa-
tions as well. For example, the propagators Wy (t) = eV =4 for the wave equation
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display the loss of regularity for p # 2. More precisely, we have that for 1 < p < oo
and t > 0, the operator W, (t) : WP(R™) — LP(R") is (locally) bounded if and
only if s > (n — 1)|1/p — 1/2|. The same holds for W_(¢), and Question 2.1 is
valid. Also, a variant (2.3) holds?, so Question 2.2 is also valid, as well as the
corresponding version of Question 2.3.

We note that the dependence of estimates and large time asymptotics in
Sobolev spaces for the propagator el**(P) on a(&) is known, especially in the first-
order case. For example, let a € C*°(R™\0) be a real-valued positively homoge-
neous function, satisfying Va(€) # 0 for all £ # 0. If we denote

k= lr?lzfl( rankvga(f),
then there is a loss of derivatives in LP depending on k. More precisely, as a special
case of estimates for Fourier integral operators for 1 < p < oo, it was shown in [37]
(see also [38]) that if e!®(P) : WP — LP is locally bounded then s > k|1/p —1/2|.
The dispersive estimates®

le™ @) fll, < Cle| =271 £y,

where 2 < p < oo, 1/p+ 1/p’ = 1, depend on the convexity of the level sets
Y ={¢:a(f) =1} as well as on the maximal orders of contacts between ¥ and its
tangent lines. For a comprehensive analysis of such types of estimates and their
applications to the Strichartz estimates we refer to [39].

3. Some results on modulation spaces

Roughly speaking, frequency-uniform decomposition operators combined with
function spaces £4(LP) produce modulation spaces. During the past thirty years,
the importance of the frequency-uniform decomposition in applications seems to be
not fully recognized, and it is even not mentioned in Grochenig’s famous book [18].
However, from PDE point of view, the combination of frequency-uniform decom-
position operators and Banach function spaces £9(X (R™))* seems to be important
in making nonlinear estimates, which contains an automatic decomposition on
high-low frequencies.

3.1. Basic properties on modulation spaces
Proposition 3.1 (Completeness). Let 0 < p,q < oo and s € R.
(1) M, , is a (quasi-) Banach space. Moreover, if 1 < p,q < oo, then M, , is a
Banach space.
(2) 6(R") c M, C &'(R").
(3) Let 0 <p,q < oo, then &(R™) is dense in M .

2with n replaced by n — 1.
Sor rather the value of k.
4X is a Banach function space defined in R™.
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Proposition 3.2 (Equivalent norm). Let {o}}rezn, {@k}rczn € Y. Then {o)}rezn
and {¢k }kezn generate equivalent norms on M .-

Proposition 3.2 indicates that one can choose {0y }rezr € T, according to
our requirement. In applications of PDE, it is convenient to use the following
{0k }kezn € Thn. Let {nx}rez € T1, we denote

05 (&) =k, (&1) -+ -1k, (6n), (3.1)

then we have {0k }rezn € Th. the above o, (€) realizes the separation of different
variables.

Proposition 3.3 (Embedding). Let s1,s2 € R and 0 < p1,p2,q1,q2 < 00.

(1) If s2 < s1, p1 < p2 and q1 < g2, then Mg, C Mz,

(2) If @2 < q1 and s1 — 52 >n/qa —n/q, then M\ C M2 .

Proposition 3.4 (Dual space). Let s € R and 0 < p,q < oco. If p > 1, we denote
1/p+1/p =1; If0 < p < 1, we write p’ = co. Then

(Mg,)" = M*,. (3.2)

If p > 1, Proposition 3.4 is similar to that of Besov spaces, however, if 0 <
p < 1, the result is quite different from that of Besov spaces. The details of the
proof of Proposition 3.4 can be found in [55] by following the proof of the relevant
result in Besov spaces.

Remark 3.5. If p,q € [1, oc], Propositions 3.1 and 3.4 were obtained by Feichtinger
[15]. In [55, 56], the cases 0 < p < 1 and 0 < ¢ < 1 were considered.

Soon after the work [56], Kobayashi [29] independently defined M, , for all
0 < p,q¢ < oo and obtained Proposition 3.1. Almost at the same time as [55],
Kobayashi [30] discussed the dual space of M, , and obtained partial results of
Proposition 3.4: if 0 < p < 1 or 1 < ¢ < o0, he obtained M, o C (Mpq)* C
Mso,00. For the other cases, he showed (M, 4)* = M, 4. Recently, by using the
molecular decomposition techniques of modulation spaces, Kobayashi and Sawano
[31] reconsidered the dual space of My~ and they also obtained the result of
Proposition 3.4. It is worth to mention that Triebel [50] introduced a class of
generalized modulation spaces for all indices 0 < p, ¢ < oo, however, those spaces
have no complete norms, which seems harder to use in the study of PDEs.

3.2. Inclusions between Besov and modulation spaces

From the definitions, we see that Besov spaces and modulation spaces are rather
similar, both of them are the combinations of frequency decomposition operators
and function spaces £9(LP). In fact, we have the following inclusion results.

Theorem 3.6 (Embedding). Let 0 < p,q < 0o and s1, s2 € R. We have the following
results.
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(1) By, C M2 if and only if s1 > s2 + 7(p,q), where

T

(2) My, C B2, if and only if s1 > s2 + o(p,q), where

0(197(1):1““{0’ ”(;_;>’n<1_;_;)}'

The inclusions between Besov and modulation spaces in the cases (1/p,1/q) €
[0,1]2 were first discussed by Grébner [17] and he has never published his results.
When (1/p,1/q) is in the vertices of the square [0, 1]?, Grobner’s results are op-
timal. Afterwards, Toft [48] obtained the sufficiency of Theorem 3.6 in the cases
(1/p,1/q) € [0,1]%. Sugimoto and Tomita [46] showed the necessity of the first
inclusion of Theorem 3.6 in the cases (1/p,1/q) € [0,1]?, and by duality the sec-
ond inclusion is also sharp if (1/p,1/q) € [0,1]? and p,q # oo. Sugimoto and
Tomita’s idea is to use Feichtinger’s norm and the dilation property of modulation
spaces. In [54, 55, 56] the authors proved the conclusions of Theorem 3.6 by using
frequency-uniform decomposition techniques.

Corollary 3.7. We have the following inclusions.
Bsi™* c M35, c By,, BT C ML, C B

The above embedding theorem is of importance for the study of nonlinear
PDEs. As for the inclusions between LP-Sobolev spaces and modulation spaces, it
has been explicitly determined by a recent work of Sugimoto and Kobayashi [32]:

Theorem 3.8. Let 1 < p,q < oo and s1,s2 € R. Then Hj* C M2 if and only if
one of the following conditions is satisfied:

(1) gzp>1, s >s2+7(pq); (2) p>q, 51> 52+ 7(p,q);

(3) pP= 1aq:007 S1 Z 52 +T(17OO)’ (4) p= 17q # 00, §1 > 52+T(1aQ)7
and Mp', C Hp? if and only if one of the following conditions is satisfied:

(1) g <p< oo, 81> 82+ 0(p,q); (2) p<q, 51> s2+0(p,q);

(3) P =00, = 1; S1 Z 52+U(OO’ 1)1 (4) D =00,q # 1; S1 > 52+0'(OO7q),
where 7(p,q) and o(p,q) are the same indices as in Theorem 3.6.
3.3. Dilation property of modulation spaces

Roughly speaking, homogeneous Sobolev spaces and their generalizations including
homogeneous Besov and Triebel spaces have scales like

IFO )lx ~ A £ x

However, the scaling properties of modulation spaces are very complicated, which
is quite different from the classical Sobolev spaces. The following result is due to
Sugimoto and Tomita. Let 7(p, ¢) and o(p, ¢) be as in Theorem 3.6. Denote

m(p.q) =7(p.a) = n/p, pap.q) = —o(p,q) —n/p
Theorem 3.9 ([46]). Let 1 < p,q < oo. The following are true.
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(1) There exists a constant C > 0 such that
CN=@D fllag, < (FO )ag,, < ONTED|F|ln,

pP,qa — P9 —

for all f € M, 4 and X > 1. Conversely, if there is a constant C' > 0 such
that

CT N f g,y < NFO ), < CN fllag,

p,q — p,q —
for all f € Mpq and A > 1, then o > pi(p, q) and B < pa2(p, q).
(2) There exists a constant C' > 0 such that

CTINIPD| fllap < [FO ), < CN2CD| Fllag

P9 — P:qa —
forall f € M, 4 and 0 < A < 1. Conversely, if there is a constant C' > 0 such
that
CTINN fllaty < NP agyy < CNNIf sy,
for all f € Mp 4 and 0 < X <1, then a > p1(p,q) and 8 < p2(p, q).

4. NLS and NLKG in modulation spaces

As indicated in §2, the dispersive semi-group combined with the frequency-uniform
decomposition operator has some advantages and we discuss them in this section.
The results of this section can be found in [2, 3, 11, 56, 55].

4.1. Schrodinger and Klein-Gordon semigroup in modulation spaces

Let S(t) = e*® denote the Schrédinger semi-group. In [56], Wang, Zhao and Guo
obtained the uniform boundedness for the Ginzburg-Landau semi-group L(t) =
elatita (a > 0) in modulation spaces and their proof is also adapted to the
Schrédinger semi-group (a = 0 in L(t)).

Proposition 4.1 (Uniform boundedness of S(t) in My ). Let s€ R, 1 <p < oo
and 0 < g < co. Then we have

1S@) fllagg,, < CA+ )22 f Lo (4.1)

Shortly after the work [56], Proposition 4.1 is independently obtained by
Bényi, Grochenig, Okoudjou and Rogers in [3] and their result contains more
general semi-group e*(=®)" with a < 1, whose proof is based on the short-time
frequency analysis technique. Miyachi, Nicola, Riveti, Taracco and Tomita [34]
were able to consider the case a > 1, Chen, Fan and Sun [7] obtained some refined
estimates for e*(=2)" with any o > 0.

Now we consider the truncated decay of S(t).

Proposition 4.2. Let s e R, 2 <p<oo, 1/p+1/p' =1 and 0 < g < co. Then we
have

1S(0)fllary,, < OO+ )P g, (42)
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Propositions 4.1 and 4.2 answer Questions 2.1 and 2.2, and moreover, they
are optimal in the sense that the powers of time variable are sharp, cf. [12]. Now
we consider the truncated decay estimate for the Klein-Gordon semi-group G(t) =
et where w = I — A.

Proposition 4.3. Let se R, 1 <p < oo and 0 < g < co. Then we have

IG @) fllar;, < O+ ) 2P flagg - (4.3)
It is known that G(t) satisfies the following L? — L?" estimate
GO f | 20w < Ol 27D |y, (4.4)
where
2<p<oo, 20(p)=(n+2) (;—;) (4.5)

From (4.4) it follows that
Proposition 4.4. Let se R, 2 <p< oo, 1/p+1/p'=1,0<¢qg < o0, 0 €[0,1] and
o(p) is as in (4.5). Then we have

IG@) fllarg,, < CQLA+[t) 7O 2VDY £ oo (4.6)

4.2. Strichartz estimates in modulation spaces

For convenience, we write

1/q
1 lezocaon ey = (Z <k>sq|mkf||zw(,,m)> , (4.7)

kezn
(L(L(I,LP)) = E%q(L"’(I, L)), E%(Li’tel) = (L(LP(I,LP)). Recall that the
truncated decay can be generalized to the following estimate
1U#) fllazg, < CA+1E) N lIm, (4.8)

where 2 < p < 00,1 < ¢ < o0, @ = afp) € R, § =6d(p) >0, o and § are
independent of t € R, U(t) is a dispersive semi-group,

U(t) = 5103, (4.9)

and P(-) : R” — R is a real-valued function. In the sequel we will assume that
U (t) satisfies conditions (4.8) and (4.9), from which we can get some Strichartz
inequalities for U(t) in modulation spaces (cf. [55]).

Proposition 4.5 (Strichartz inequalities). Let U(t) satisfy (4.8) and (4.9). For any
v >2V(2/0), we have

||U(t)f||gaD/2»q(L’y(R7Lp)) < CHfHMz,q~ (4~10)
In addition, if v > q, then we have
10 g pgersy < CllFllas (4.11)
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Denote .
W) () = /0 Ut — 5)f(s, )ds. (4.12)
Proposition 4.6. Let U(t) satisfy (4.8) and (4.9). For any v > 2V (2/6), we have
I0F gy roe . 22)) < ClFllgmerzia oz 1oty (4.13)
In addition, if v/ < q, then
[Uf (| oo o015 4) < CHfHLw/(R’M;?qm)- (4.14)

Proposition 4.7. Assume that U(t) satisfies (4.8) and (4.9), v > max(2/4,2). Then
we have

||ﬂf||gaD/2»q(m(Rpr)) < Cllflleg 1 ®,22))- (4.15)
In addition, if v > q, then
Hﬂf.HLw(R’M;",{f) < CHf‘lLl(R,Mz,q)' (4'16)

The Schrédinger semi-group corresponds to the cases a = 0, 6 = n(1/2—1/p)
and 2 < p < co. Taking ¢ = 1 in Propositions 4.5-4.7, we immediately have

Corollary 4.8. Let 2 < p < oo, v > 2V y(p), and

2 1 1
_ n( _ ) (4.17)
7(p) 2 p
Let S(t) = e'*A, A = fot S(t—s)-ds. Then
‘|S(t)§0||zllj(Lw(R7Lp)) < C||90||M2,17 (418)
1RLF e (v, Loy mery (Lo, £2y) < CllFlley 2o .20y - (4.19)

Similar to Corollary 4.8, we have

Corollary 4.9. Let 2 <p < o0, 8 € (0,1], 1 < ¢ < o0,

2 1 1 1 1
:nH( — ), 20=(n+2)0(_ — . 4.20
70 (p) 2 p (n+2) <2 p) (420)
Let G(t) be as in (4.4), ® = f(f G(t—s)-ds. Then for any v > 2V vo(p), we have
HG(t)SO”[E’”’q(LW(R’LP)) < CHQOHMz,qa (4~21)
||6fHza(’ﬂq(Lw(R’Lp))mqu(Loo(R7L2)) S C||f||£E=Q(Lw’(R7Lp’))- (4~22)

Related Strichartz estimates in Wiener amalgam spaces for the Schrodinger
equation were obtained by Cordero and Nicola [10].
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4.3. Wellposedness for NLS and NLKG
We study the Cauchy problem for NLS and give partial answers to Question 2.3.
Let us consider

iug + Au = f(u), u(0,2) =ug(x). (4.23)
Noticing that Bl ; C M1 C B’goy1 C L* are sharp embeddings, up to now, we
can not get the Wéllposedness of NLS in L* or in Bgo,r However, we can obtain
the local wellposedness of NLS in M., 1. We have

Theorem 4.10 ([2, 11]). Let n > 1, f(u) = AMu|"u, k € 2N, A € R, ug € Mp;
and 1 < p < oco. Then there exists a T > 0 such that (4.23) has a unique solution
u € C([0,T), My,1). Moreover, if T' < oo, then limsup, »p ||u(t)||ar,, = 0o.

If the nonlinearity has an exponential growth, say f(u) = A(el“” — 1)u, the

result in Theorem 4.10 also holds. Noticing that B2/1 C My C By, NC(R™) are
sharp embeddings, we can get that NLS is globally well posed in M2 1 if initial
data are sufficiently small.

Theorem 4.11 ([55]). Letn > 1, f(u) = AMu|"u, s € 2N, A € R, k > 4/n, ug € Ma;
and there exists a sufficiently small § > 0 such that ||uo||ar, , < 6. Then (4.23) has
a unique solution

u e C(R M2 1) N KD( - te]R) (424)
where p € [2+4/n, 2+ K] NN, (L(LY , p) is as in (4.7).
Theorem 4.12 ([55]). Let n > 2, f(u) = A(el*l — 1)u, A € C and 0 > 0. Assume

that ug € Ma 1 and there exists a sufficiently small 6 > 0 such that ||uo| rr,, < 0.
Then (4.23) has a unique solution

ue CR,My1)N éD(Lx teR)- (4.25)
We now consider the initial value problem for NLKG,
u + (I — A)u+ f(u) =0, u(0) =wup, u(0) =uy. (4.26)
Analogous to NLS, we have
Theorem 4.13 ([2, 11]). Let n > 1, f(u) = A|u|"u, k € 2N, A € R, (ugp,u1) €
Mp1 % Mp_,11 and 1 < p < oo. Then there exists a T > 0 such that (4.23) has a

unique solution (u,u;) € C([0,T), Mp1) x C([0,T), M, ) Moreover, if T < oo,
then lim sup, - ([u(®) a1,  + us(2) 1) = ox.

If the nonlinearity has an exponential growth, the corresponding results as
in Theorem 4.13 also hold.

Theorem 4.14 ([55]). Let n > 1, f(u) = '™, k € N and k > 4/n. Put

o= néii) (4.27)
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Assume that (uo,u1) € Mg, x M;’;l and there exists a sufficiently small § > 0
such that [Juol|ag, + ||u1||M§;1 < 4. Then (4.26) has a unique solution

ue C(R, My ) NLH(LAER). (4.28)

Theorem 4.15 ([55]). Let n > 2, f(u) = sinhu — u and o = (n+ 2)/4n. Assume
that (ug,u1) € Mg, X M;jl and there exists a sufficiently small § > 0 such that
l|uollarg , + Hu1||M§;1 < 4. Then (4.26) has a unique solution

u € C(R, Mg ) NLH(LY 1er)- (4.29)

5. Derivative nonlinear Schrodinger equations

We study the initial value problem for the derivative nonlinear Schrédinger equa-
tion (gDNLS)

iug + Azu = F(u,u, Vu, Vi), u(0,z) = uo(z), (5.1)
where u is a complex-valued function of (t,z) € R x R™,
Aiu:ZEﬁgi, e, €{1, -1}, i=1,...,n, (5.2)
i=1
V= (0zys..,0z,), F:C*"2 — C is a series of z € C*"+2,
F(z)=F(z1,...,22n42) = Z csz®, cseC, (5.3)
3<|B| <00

lcg| < C18I. The typical nonlinear term is
F(u, @, Vu, Vi) = [u]®X - Vu + u?fi - Vi + |ul?u,
see [9, 14, 51]. Another model is

o0
F(u, @, Vu, Vi) = (1+ [u?) " (Vu)?a = > (=) ul*(Vu)®a, |u] <1,

k=0
which is an equivalent version of the Schrédinger flow [20]. The non-elliptic gDNLS
arises in the strongly interacting many-body systems near the criticality, where
anisotropic interactions are manifested by the presence of the non-elliptic case, as
well as additional residual terms which involve cross derivatives of the independent
variables [9, 14, 51]. Some water wave and completely integrable system models in
higher spatial dimensions are also non-elliptic, cf. [1, 58, 59]. A large amount of
work has been devoted to the study of gDNLS, see [19, 20, 22, 23, 24, 25, 28, 36,
42, 43, 45).

Since the nonlinearity in gDNLS contains derivative terms and the Strichartz
inequalities can not absorb any derivatives, gDNLS can not be solved if we use
only the Strichartz estimate. One needs to look for some other ways to handle
the derivative terms in the nonlinearity. Up to now, three kinds of methods seem
to be very useful for gDNLS. One is to use the energy estimate to deal with the
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derivatives in the nonlinearity, the second way is to use Bourgain’s space X *? and
the third technique is Kato’s smooth effect estimates. Of course, there are some
connections between these methods.

In this survey paper we only discuss the smooth effect estimates together with
the frequency-uniform decomposition techniques for gDNLS and we show that it
is globally well posed and scattering in a class of modulation spaces.

For convenience, we denote

t
S(t) = eths = § et B mOF, Af(ta) = / S(t —7)f (7, )dr.
0

We now state a global wellposedness and scattering result for gDNLS in
modulation spaces. We denote by Lg%L’(’Z’_)#sz = Lg%L’(’Z’_)#sz (RF7) the
i (x5) 54 i (x5) 54
anisotropic Lebesgue space for which the norm is defined by

W ezaze ) are = 170228y 222 e 6
Tq
For k = (k1,...,kn), we write
n
lullxs = Z Z <ki>s_1/2 H@;’ZDku‘ Lo L2 L2
@i (@) it

i, =1 keZ™, |k;|>10Vmax;»; |k;|

+ > > llon Ol e s (5.5)

if=1 kezn 3)52
n
lullsy = D > (B 02,00l po 12 o1 (5.6)
=1 kezZn
lullxe = > lullxg, lullss =" llullss- (5.7)
a=0,1 a=0,1

Theorem 5.1 ([53, 52]). Let n > 3, ug € M23/12 and there exists a suitably small
§ > 0 such that |luo|,,3/2 < 6. Then (5.1) has a unique solution u € C(R, M§7/12) N
X320 832 ||u|| xs/2ng32 < C8. Moreover, the scattering operator S of (5.1)
carries a whole zero neighborhood in C(R, M23/12) into C'(R, M23/12)

Remark 5.2. Recently, this technique was also developed for the Navier-Stokes
equation and the dissipative nonlinear electrohydrodynamic system [56, 21, 13].

6. Canonical transformations

It is interesting to generalize results in previous two sections to the case of dis-
persive operators a(D) instead of —A. Recently Ruzhansky and Sugimoto have
introduced a new idea to establish fundamental estimates for dispersive equations
based on the idea of canonical transformations, and this attempt is quite successful
for smoothing estimates ([41]).
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Let ¢ : R™\ 0 = R™\ 0 be C*-maps satisfying ¢(A&) = A(&) for all A > 0
and £ € R™\ 0, and let

Tyu(z) = FH(Fw) (¥ (6)))(x)
= (277)*"/ / ei(r<§*y<w(§))u(y) dyde. (6.1)
We remark that we have the formula

a(D) -1y = I -o(D), a(§) = (g 09)(£). (6.2)

For example, for a positive function a(¢) satisfying a(A¢) = Aa(€) for all A > 0
and £ € R™\ 0, we have

a(D) - Iy = Iy - (=A)

if we take

— |2 —Ja Va(§)
o(n) =P, (&) = Va®) G0

provided that Va(§) # 0 for £ # 0. The latter is achieved if we assume that the
Gaussian curvature of the hypersurface ¥ = {{ : a(§) = 1} never vanishes, in
which case also I, has the inverse [,,-1 = IJl because the Gauss map X 3 £ —

Va(£)
[Va(£)
Thus we can induce the same estimate for a(D) from the estimates for —A

if we establish the boundedness of operators I, and I;,-1 on modulation spaces.
Ruzhansky, Sugimoto, Toft and Tomita [40] discuss such boundedness properties,
and we have a positive result for the local boundedness. Let L? be the space of
functions such that (z)sf € L%

| € S*~! is a diffeomorphism.

Theorem 6.1. Let s € R, 1 < p,q < o0, and let ¥ : R" — R" be such that the
pullback * : f — f o is bounded on LI(R™). Then Iy is locally bounded on
M3 (R™).

p.q

By Theorem 6.1 and Propositions 4.1, 4.2, we straightforwardly obtain esti-
mates (4.1) and (4.2) for S(t) = y(x)e **P)y(z) (and we have to also restrict
the case to 1 < ¢ < o) form the estimates for S(t) = e'*2, where x, X are cut-off
functions.

As for the global boundedness of I, we have unfortunately a negative result:

Theorem 6.2. Let 1 < p,q < 00, 2 # p < o0, and let ¢ : R® — R" be a C*-
function. Assume that operator Iy is bounded on M, ,(R™). Then 9 is an affine

mapping.

7. Open questions

It is known that the algebra property of function spaces is of importance for PDE.
Up to now the following question is not clear for us:
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Question 7.1. Let a € (0, 00). Does
lulullar,, < Cllulg
hold for all u € M7

It is known that if o € 2N, the answer is affirmative. If « is not an even
integer, the question seems very difficult, cf. [47].

The global well posedness of NLS in modulation spaces for large initial data
seems open.

Question 7.2. Can we show that NLS (2.5) is global well posed if the initial data
ug € Ma; is large?

We should also discuss non-affine transforms which induce the globally bound-
ed canonical transformations. Note that such transforms must not be C'-mappings
in view of Theorem 6.2.

Question 7.3. Can we show the global boundedness of the operator I, in (6.1) on
modulation spaces for a homogeneous change of variables ¢?

Some partial answers to this question appeared in [40].
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An Optimal Control Problem
for a Nonlinear Hyperbolic Equation
with an Infinite Time Horizon

Simon Serovajsky and Kanat Shakenov

Abstract. An optimization control problem for a nonlinear hyperbolic equa-
tion with non-smooth nonlinearity and infinite time horizon without global
solvability of the boundary problem is considered. This problem is solved using
an approximation. The convergence of the approximation is proved. Necessary
conditions of optimality are obtained.
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1. Introduction

We consider an optimization control problem for a system described by a nonlinear
hyperbolic equation. The existence and uniqueness of the boundary problem is
not guaranteed for arbitrary control data. Furthermore, the nonlinear term of the
equation is non-smooth and the problem is considered on an infinite time interval.

Optimization methods for systems described by nonlinear parabolic and el-
liptic equations are well known. There exist a lot of results for control systems
characterized by Goursat—Darboux problems. Some results for optimization prob-
lems for usual boundary problems are obtained by Matveev and Yakubovich [1],
Tiba [2], Fursikov [3]. They prove the existence of the optimal control and neces-
sary conditions for optimality in the following case. The boundary problem has a
unique solution for all admissible control data, nonlinear terms are smooth, and
the time interval is finite. Relaxation methods for these problems are used by Tiba
[4] and Sumin [5]. Banks and Kunisch [6] apply numerical methods for its solution.
Kuliev and Gasanov (see [7]) consider optimization problems for nonlinear hyper-
bolic equations with a control in coeflicients and with state constraints. Optimiza-
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tion methods for systems described by regular boundary problems for nonlinear
hyperbolic equations under smoothness assumptions and with finite time horizon
are well known.

Singular control systems may be not solvable or may have non-unique so-
lutions for admissible control data. The use of variational methods or gradient
methods for functional minimization are a matter of serious difficulty in this sit-
uation. The control is the primary object, and the state function is second for
standard optimization methods. It is determined by the state equation for the
given value of the control. However, the unique solvability of the problem can be
violated when varying the control in the singular case. Then the control and the
state function should be interpreted as an equal in rights pair. The state equation
is interpreted as a constraint in this situation. The cost functional is minimized
here on the admissible set of pairs, that is the set of control-state pairs such that
the state equation holds true. This conditional extremal problem can be solved
by means of the infinite-dimensional Lagrange multipliers method (see Fursikov
[3]) or penalty method (see Lions [8]). Optimization problems for nonlinear hyper-
bolic equations are considered for the singular case in these papers. However the
considered systems are smooth and the corresponding time interval is finite.

Two types of non-smooth optimization problems are known. Non-smooth
terms can be included either in the cost functional or in the state equation. If
the state operator is smooth and there is non-smoothness only in the functional
the problem can be solved using nonsmooth analysis methods (see, for example,
Rockafellar [9] and Clarke [10]). The classical derivatives (Gataux, Fréchet, some
other) can be replaced by its non-smooth extension, for example, sub-gradient or
Clarke derivative. Using these methods for problems with non-smooth terms in
the equation is very difficult because of the absence of the effective non-smooth
analogues of the inverse function theorem and the implicit function theorem. They
are used for proving the differentiability of the control-state mapping. However,
such optimization problems can be solved by means of smooth approximation of
the state equation (see Barbu [11]). This idea is used for nonlinear singular elliptic
equation in [12].

The additional difficulty of our optimization problem is the non-compactness
of the time interval. Optimization problems with infinite time horizon are well
known for systems described by ordinary differential equations (see, for example,
Seierstad [13] or Aseev and Kryazhimskiy [14]). The analogous problems for dis-
tributed systems are seldom considered. However, we note the result of Lions [15]
for systems described by linear parabolic equations. He proposes the approxima-
tion of the initial system by the analogous system on the finite time interval. The
conditions of optimality for the given problem are obtained after passing to the
limit in the necessary conditions of optimality for the approximate problem. But
the linearity of the system is used substantially in this case. Optimization prob-
lems for nonlinear parabolic equations with infinite time horizon are considered by
[16] and Cannarsa and Da Prato [17]. However they solve only feedback problems
by means of Hamilton—Jacobi equations.
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Optimization problems for nonlinear hyperbolic equations without smooth-
ness and regularity, and with infinite time horizon are not solved yet. We will use
some ideas and technical methods for its resolution.

Our system is singular. So we will interpret the state equation as a constraint.
The control data and the state function are equal in rights in this situation (see [3]
and [8]). The considered problem can be solved using Lagrange multipliers method
or a penalty method. These methods are equivalent for the optimization problems
of [3] and [8]. However we have additional difficulties because of non-smoothness
and non-compactness of the time interval. So we prefer to use the Penalty method
because it is an approximation method as opposed to the Lagrange multipliers one.

The peculiarity of our problem is the existence of non-smooth terms in the
state equation but not in the cost functional. This difficulty will be overcome by
means of smooth approximations of the equation. This idea was used in [11], [18]
for regular systems. It will be natural to use two forms of approximation (penalty
method and smooth approximation) simultaneously. The approximation of the
non-smooth term will be realized in the penalty functional. The corresponding
smooth penalty approximation method was used in [12] for an optimization prob-
lem for a singular elliptic equation with non-smooth nonlinearity. However, it is
not sufficient for obtaining the effective results for the system with infinite time
horizon.

We know that an optimization problem for linear parabolic equations with
infinite time horizon was solved in [15] by means of the finite time approximation
method. The corresponding approximate optimization problem has a finite time
interval. We propose to use this idea in our problem. The approximation will be
realized here at two stages. At first we will use finite time approximation. The
obtained optimization problem will be solved with using of the smooth penalty
approximation method.

In known results based on approximation techniques (penalty method [8],
smooth approximation method [11], and finite time approximation method [15])
necessary conditions of optimality for the initial problem are obtained by passing
to the limit in the optimality conditions for the approximate problems. Here we
have several difficulties. The high order of difficulty of the given problem does not
allow to obtain an analogous statement. But this peculiarity is not an obstacle for
solving the problem.

We will find an approximate solution of the problem, it is necessary to define
exactly the notion of approximate solution. It will be best to find an admissible
control, which is close enough to the optimal one. However, it is only possible for
simple enough optimization problems to obtain this form of approximate solution.
There is another notion of approximate solution, which is often used. For weak
approximate solutions the aim is to find an admissible control where the value of
the minimizing functional is close enough to its minimum on the admissible control
set. These two forms of approximate solutions are equivalent for optimization
problems well posed in the sense of Tikhonov [19]. But the values of the functionals
can be close for controls which are not close if the optimization problem is ill posed.
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It is known (see [20]), that the majority of optimization problems are ill posed.
So the weak approximate solution is used in the practical solution of optimization
problems as a rule.

Unfortunately, it may be hard to find a weak approximate solution if the
problem is very difficult. We will define a weaker approximate solution. Both,
strong and weak approximate solutions are admissible controls. We determine the
weaker approximate solution as a control, which is close enough to some admissible
control, and the corresponding value of the minimizing functional, which is close
enough to its minimum on the admissible control set. This object is weaker because
we permit the realization of the given constraint with some small error and do not
require it exactly. So the class of solvable problems is extended by weakening the
requirement of the approximate solution. The analogical idea was be realized in
[21] for an optimization problem for a singular elliptic equation. Our problem is
difficult enough. So we will try to find its weaker approximate solution.

There are different methods of practical solution of optimization problems.
The first class includes direct methods. The practical algorithm is determined by
the problem statement directly. This is true for example for gradient methods
(see [22]).

However, using direct practical methods can be very hard for a difficult prob-
lem. The given problem may be transformed to another form (condition of optimal-
ity) in this situation and the obtained problem may be easier for using numerical
methods. The methods of the second class are realized at two steps, obtaining of
the optimality conditions and its immediate resolution. However, using the opti-
mality conditions can be very hard too for very difficult optimization problems.
In these situations we can approximate the initial problem. So we obtain a third
class of practical optimization methods, which are realized in three steps. At first
we approximate the given problem. Then we obtain the conditions of optimality
for the approximate problem. The last step is the resolution of optimality condi-
tions for the approximate problem. Our problem is very difficult. So we will use a
method of the third class.

2. Statement of the problem

Let © be an bounded open n-dimensional set with smooth boundary S and let
Q =0 x(0,00) and ¥ = S x (0,00). The state function y = y(x,t) is the solution
of the initial boundary value problem

V' -Ay+fly)=v, (2.t €Q, (2.1)
y =0, (x,t) € 3, (2.2)
y(l‘,O) = @(x), y/(I,O) = ¢(I)7 z €. (23)

The functions in the right side of the equations (2.3) are known. They satisfy the
inclusions

¢ € Hi(Q), € La(Q).
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The function f belongs to the set

F= {f €eCR): [f(n)] < ¢|n’ Vn},

where ¢ > 0.
The function v = v(z, t) is the control. It is an element of the set

V:{xeLg(Q): v(z,t) € G(x), (xyt)GQ}v

where G(zx) is closed and convex for all x and 0 € G(x). The solution of the
boundary problem (2.1)—(2.3) will be found from the space

Y = {y: Y € Loo(0,00; Hy), 3 € Loo(0,00; Lg)}.

It is important that we cannot guarantee the existence of the solution of this
problem for arbitrary control (see [8]). However, we can determine the set U of
admissible pairs for the system (2.1)—(2.3) (see [3] and [8]).

Definition 1. The pair (v,y) from the set V XY is called admissible, if it satisfies
the equations (2.1)—(2.3).

The state functional is determine by

1 «
I(v,y) = 6Hy - ZHie(Q) + 2 HUHiQ(Q)7

where a@ > 0 and z is a given function from the space L¢(Q). We consider the
following optimization problem.

Problem P. Find an admissible pair (v,y) that minimizes the state functional I on
the set U.

The existence of its solution is guaranteed by the following result.
Theorem 1. If the set U is nonempty, then the Problem P is solvable.

Proof. The functional I is bounded from below. Therefore, there exists a minimiz-
ing sequence {u,} for this problem. Let u, = (vn,y,), where v, € V, y, € Y. It
satisfies the equations

yg = Ayn + f(Yyn) = v, (z,1) € Q, (2.4)
yn =0, (z,t) € X,
yn(2,0) = @(),  yp(x,0) =¢(z), e
Furthermore, we have the convergence

I(un) — inf I(u). (2.7)

The sequences {v,, } and {y,} are bounded in the spaces L2(Q) and Lg(Q) because
of the coercitivity of the functional. Therefore, the sequence

Jn=vn— f(yn)
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is bounded in L2(Q). The function y,, is the solution of the equation

with boundary conditions (2.5), (2.6). By the classical theory of linear hyperbolic
equations (see, for example, [15], Chapter 4) it follows that the sequence {y,} is
bounded in the space Y. Choosing a suitable subsequence, we obtain the conver-
gence v, — v weakly in Lo(Q) and y,, — y weakly in Y, in particular v € V. So
yn — y strongly in L1(Q) and a.e. in @ by compactness of the embedding from YV
into Ly(Q) (see [23], Chapter 1, Theorem 5.1). Thus, f(y,) = f(y) a.e. in Q. We
get the convergence f(y,) — f(y) weakly in L2(Q) (see [23], Chapter 1, Lemma
1.3). We pass to the limit in the equations (2.4)—(2.6). Then the function y satisfies
(2.1)—(2.3). Hence, for u = (v,y). we obtain u € U.
Powers of the norms of the considered spaces are lower semicontinuous. So
we get the inequality
I(u) < liminf I'(u,).
Using (2.7) we obtain, that the pair u is a solution of the Problem P. O

Our next step is a solving this problem.

3. Finite time approximation

We will find an approximate solution of the given problem. If the control space is
normed, then it is naturally to define an approximate solution as an element of
the admissible control set U such that

[l = ol < £

with small enough € > 0, where ug is an exact solution of the given problem.

Unfortunately finding such an approximate solution can be very hard for
difficult enough optimization problem. So one often defines a weak approximate
solution as a control u € U, that satisfies the inequality

I(u) — inf T <
[1(w) = inf I(w)| <&
for small enough € > 0. In reality it is sufficient that
I(u) < inf T
(u) < inf I(u) +e,

because the value of the functional in the admissible control cannot be less than
its lower bound. The closeness of functional values is a corollary of the closeness of
controls if the functional is continuous. Then this approximate solution is weaker
than first one. Obviously these notions are equivalent if the optimization problem
is well posed in the sense of Tikhonov [19]. But the class of ill-posed optimiza-
tion problem is much larger. Thus, usually only weak approximate solutions will
be found practical optimization problems. Unfortunately, finding a weak approxi-
mate solution can be hard too if the optimization problem is very difficult. Then it
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is necessary to try to determine weaker forms of approximate solutions. Both of the
above-defined approximate solutions are elements of the set U. We permit small
errors of the optimal control and of the minimum of the functional, but constraints
are satisfied exactly. However all objects of the problem statement are only known
in approximate form. Therefore it is naturally to require the approximate realiza-
tion of the given constraints. Of course, the corresponding error should be small.
So we have the following weaker form of approximate solutions of optimization
problems.

Definition 2. The control u denotes a weaker approximate solution of the mini-
mization problem of the functional I on the set U, if u € O and

I(u) < inf I
(u) < inf I(u) +e

for a small enough neighborhood O of the set U and a small enough value € > 0.

The weaker approximate solution may be not admissible. But it is close
enough to a point of the set U. Besides this, the corresponding value of the func-
tional may exceed its lower bound only by a small value. It is obvious, that the
state functional in the weaker approximate solution must be approximated too. If
the weaker approximate solution belongs to the set U, it is the weak approximate
solution of the given problem.

We have three difficulties of the optimization problem. It is the singularity of
the state equation, the smoothness of the nonlinear term, and the non-compactness
of the time interval. Therefore, we will use finite time approximation [15], the
penalty method [8], and a smooth approximation [16] for finding the approximate
solution of the given problem.

Our first step is the finite time approximation. We fix the value T" > 0. Let
Qr = Qx(0,T) and denote by Vp and Yr the set of restrictions of functions from
Vand Y to Q. The set Ur of pairs (v, y) is determined from the product Vp x Yr
such that (2.1) is satisfied on the set Q7 and the initial conditions (2.3) hold true.
It is obvious that the restriction of an admissible pair of the system (2.1)—(2.3) to
the set Q7 is an element of the set Up. Furthermore, for all pair u = (v,y) from
Ur its trivial extension u = (v,y) by zero outside of the set Up is an admissible
pair of the system (2.1)—(2.3). We define the functional

1 «
Ir(v,y) = 6 ||y o ZH(;G(QT) T 2 HUHZLz(QT)

and consider the finite time approximation problem of the given optimization
problem.

Problem Pr. Find the control data from Up that minimize the functional IT on
this set.

Theorem 2. The problem Pt s solvable.
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Proof. By lower boundedness of the functional I there exists a sequence {u,}
from Ut such that

I(uy) — 7jrellfjl(u) (3.1)

We denote u,, = (vn, yn). Then we get the equations

yZ_Ayn+f(yn):vn>
Yo =0, €S, te

Yn(2,0) = (x), y,(x,0) =v(z), x€Q

from the definition of the set Ur. The sequence {y,} is bounded in the space
Le(Qr) and {v, } is bounded in Lo(Q7) because of the coercitivity of the functional
Ip. Therefore, the sequence is bounded in the space L2(Qr) by definition of the
set F'. It is obvious that the function y,, is a solution of the equation

y:q{ - Ai‘/n = f(yn)7 (S(},t) € QT7
where
fn = Un — f(yn)

The sequence { f,} is also bounded in the space Ly(Q7) and the sequence {y,} is
bounded in Y7 by standard theory of linear hyperbolic equations. After passing
to subsequences we get v, — v weakly in La(Qr), and y, — y weakly in Yp
together with v € V. We repeat reasoning from the proof of Theorem 1 to obtain
f(yn) — f(y) weakly in Lo(Qr). After passing to the limit in the equation (3.2)-
(3.4), we obtain that the function y is a solution to the equation (2.1) within Q.
Thus the pair v = (v, y) belongs to the set Ur. Thus

IT(U) S lim ianT(un)
and the pair u is a solution of the problem P because of (3.1). ]

We denote the solution of the approximate problem Pr by ur = (v, yr).
Now we prove the convergence of the approximation scheme.

Theorem 3. If T — co then I(ur)— milrjl I(u).
ue

Proof. By the lower boundedness of the functional I on the set U there exists for
all § > 0 a pair u® such that

%) < mi :
I(u®) _IuIéllIJl[(u)'i‘(s

Therefore, we get the inequality

Ir(ur) < Ir(u’) < I(u’) < min I(u) + 6. (3.5)
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Besides this, we obtain

1
min /(u) < I(ur) §/|vT]2dQ+ 6/|yT—z]6dQ
Q Q
« 2 1 6 v 6
5 /va| dQT+6/!nyZI dQT+//|z| dQt
Qr Qr T Q
=IT(uT)+//\zyﬁdet.
T Q

By (3.5) we get

min I (u) < I(ur) < minI(u 6+// ’z|6det.
uelU uelU
T Q

After the passing to the limit we obtain

i < < .
umellrjll( w) hm I(ur) umellrjll( u) + 0

Then I(ur) — mi(rjl I(u) because of arbitrariness of d. O
ue

By the proved assertion the extension ur of the solution ur of problem Pp
can be chosen as the weak solution of the initial optimization problem for a small
enough value T'. It is an admissible pair with the value of the minimizing functional
close enough to its minimum. Our next step is an analysis of the problem Prp.

4. Smooth penalty approximation

We use the penalty method with a smooth approximation for solving Pr. For this
we define the functional

(0% 2 1 k 2
If(v,y) Hy ZHL(,(QT 2||”HL2(QT)Jr 25k||y//*Ay+f (y)*”HLz(QT)y
where €* > 0 and ¥ — 0 as k — oo and where f* are continuous functions with
”“H B ‘ 0 41
") = fy) a0 (4.1)

uniformly with respect to y € Y. We denote further by Wr the set of pairs (v, y)
from (Vp x Yr) such that the function y satisfies the initial conditions (2.3).

Problem P%. Find the pair that minimizes the functional I% over the set Wr.

Theorem 4. The problem P is solvable.
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Proof. Obviously, there exists a sequence {uy} from Wr, where u, = (vn,yn),
such that

5 (un) = inf T4 () (4.2)

By coercitivity of the functional I, the sequence {y,} is bounded in the space
Le(Qr) and the sequences {v,} and {g,} are bounded in Ly(Qr), where

gn =Y — Ay + [*(yn) — vn.
Furthermore, ¥, is the solution of the equation
Yn = Ayn = hn, (2,1) € Qr
with boundary conditions

yn=0, z €S, t€(0,T),

Yn(2,0) = @(2), yn(z,0) =1(z), z€Q,

where

hn = gn + Un — fk(yn)
The sequence {h,} is bounded in the space L2(Qr). So the sequence {y,} is
bounded in the space Yr. After passing to subsequences we get v,, — v weakly in
Ly(Qr), gn — g weakly in Lo(Qr), and y, — y weakly in Yp, besides v € V.
Thus the pair u = (v,y) is an element of Up. We repeat the reasoning from the
proof of Theorem 1 and obtain f*(y,) — f*(y) weakly in L2(Qr). Then h,, — h,
where

h=g+v—fy).

Hence we get

IF (u) < liminf I% (uy,).

Therefore, the pair u = (v,y) is a solution of the problem P?. O

Next, we prove the convergence of the approximation scheme. We denote by
uk, = (vk, y%) the solution of the problem P%..

Theorem 5. If k — oo then

liminf I7(u%) < min I7(u),
ueUrp

and ul;« — up weakly in Lo(Qr) X Y where ur is the solution of the problem Pr.

Proof. By lower boundedness of the functional Ir on the set Up there exists for
all § > 0 a pair u® = (v?,y°) from Uz such that

N < .
Ir(u’) < ulenUfT Ip(u) + 0
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Using the optimality of the pair u% for the problem P%., we get

I (uh) = min T (u) < Th(")

1 " 2
— Il H 8\ _ Ay k 6_6‘
() + L ]|(8°) R CDRL M
1 2
< min I+ o+ |60 - £69)
< min Ir(u) +0+ , || f*(5") f(y)L2(QT)

because of the previous inequality and the inclusion y° € Yp. Using (4.1), we
obtain after passing to the limit & — oo
lim inf I (u%) < min Ir(u) 4 6.
weUr

After passing to the limit § — 0, we obtain
lim inf I%(u?) < min Ir(u). (4.3)
ueUr

Then by definition of the functional I¥ we obtain the boundedness of the sequences
{vk} and {y%} in the spaces L2(Qr) and Lg(Q7), besides y% is a solution of the
equation

()" = Avh + A W) — of = Vereh, (o) € Qr, (4.4)
where the sequence {gk} is bounded in Lo(Qr). So the sequence {f*(y%)} is
bounded in this space. Thus the function y? satisfies the equation

(yéc“)// - Ayéc" = hl%?
where
Wy = vp + Vergh — 5 yh)-
It is obvious that the sequence {h%} is bounded in the space L2(Q7). Using the
theory of linear hyperbolic equations, we prove the boundedness of the sequences
{yk} in the space Yr.

After passing to subsequences we obtain convergence v — v weakly in
La(Qr) , y% — yr weakly in Yr , gk — gr weakly in La(Q7), and in particular
vr € Vr. Using the standard method, we get f*(y~) — f(yr) weakly in La(Qr).
Then we obtain

[ (7 wh) - s(um))rdar

Qr
<| [ (£ - s aaQe| + | [ (1) - ) rdQr
Qr Qr
Sslelng’“(y)—f(y)‘ Laon) /(f(yﬁ)—f(yT))AdQT

T

for all A € La2(Qr).
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Using the uniform convergence of the sequence { f*}, we get f*(y%) — f(yr)
weakly in La(Qr). After the passing to the limit in (4.4), we obtain, that the
function yr satisfies the equation (2.1) in Q. Thus we get the inclusion yr € Yr.
Then ur € Up, where up = (vr,yr). The following inequality

Ir (uy) < It (uf)
is true because of the definition of the functional I%. Using 4.3, we get (if kK — oo)
lim inf Ip (ug) < lim inf I% (ug) < unelbnT Ir (u)
Thus, we obtain
Ir(ur) < liknigf Ir (u’%) < qul(lJI; Ir (u)
from the weak lower semicontinuity of the powers of norms. Therefore ur is a

solution of the problem Pr. O

Therefore, a weaker approximate solution can be found from the obtained
results.

Theorem 6. The extension u? of the solution u? of the problem P? s a weaker
approzimate solution of the problem P for large enough k and T.

Proof. Using Theorem 3, we obtain that for all ¢ > 0 there exists a value T' such
that the extension ur of the solution ur of the problem P satisfies the inequality

I(ur) < 11}161%]1 I(u)+¢/2. (4.5)

By Theorem 5, we obtain the convergence ug — up weakly in Lo(Qr) x Yr.

Therefore,
uk, — up weakly in Ly(Qr) x Y. (4.6)
Furthermore,
hkrglogf Ir(uf) < nin Ip(u). (4.7)
It is obvious, that Ir(u) = I(u) for all u € La(Q1) x Yr. So we get

unelbnT Ir(u) = It(ur) = I{ur)) < ffélzr} I(u) +¢/2 (4.8)

from inequality (4.5). Based on (4.6) and (4.7), we obtain for given ¢ > 0, corre-
sponding value T' and neighbourhood O of U in the sense of the weak topology of
the product L2(Qr) x Yr a sufficiently large number k such that ur € O and

I(u}) = Ir (u}) < Ir(Ur) +¢/2.
Using (4.8), we get
I(uf) <I(U) +¢/2.
Hence, the assertions of the theorem are true. O
Thus we can choose the extension u% of the solution to the problem P% as

the weaker approximate solution of the initial optimization problem. Our last step
is to obtain necessary conditions of optimality for the problem P%.
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5. Solving the approximate optimization problem

We consider the problem P of minimizing the smooth functional I% on the convex
set Wrp. This problem can be solved by means of standard methods.

Theorem 7. The solution u? = (v%, y%) to the problem P? satisfies the variational

inequality
/ (av% +p’%) (v - v:’ﬁ)dQT >0 Yv € Vp, (5.1)
Qr

where pg is the solution of the initial boundary value problem

(h)" = Ak + (1Y) (Wh)ph = (W5 —2)°,  (&.t) € Qr, (5.2)
k=0, e, te(0,T), (5.3)
ph(x,T) =0, (P5) (x,T) =0, z€Q, (5.4)

and y% is the solution of the initial boundary value problem

(5)" — Agk + fR(yh) = ok +Pph,  (2,1) € Qr, (5.5)
Yk =0, e, te(0,T), (5.6)
yh(z,0) = o(x), (¥5)(2,0)=4(), =z (5.7)

Proof. By Theorem 3.1 (of [15], Chapter 1) the minimal point u% of the functional
Lf,? on the convex set Wy satisfies the variational inequality

<(I§)/(u§),u—u’%> >0 Yu € Wr

where <)\, u> is the value of the linear continuous functional A in the point u, and

(I%)/(ug) is the Gataux derivative of the functional I% in the point u%. Using the
definition of the set W, we obtain, that the last formula can be transformed to
the variational inequality

<(Lfﬁv) (uh), v — v§> >0 Yv e Vp (5.8)

and stationarity condition
17, (uf) =0, (5.9)

where Iﬁ (uk) and I%y (u%) are the partial derivatives of the functional I% in the

considered point. Using the definition of the functional IX we find the values of its
partial derivatives from the formula

1

1§, (uh) = vk = ()" — Ak + 15 (vh) = oh).
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such that

() (k) ) = [ (v~ =) der

Qr

J(h)" = auh+ £45) = ok) (0" = A+ (74 () Qs
Qr
holds true for all h € Y. We define
1
ph= L (08)" = Avk + () — k).

Then the function y% satisfies the equation (5.5). The boundary conditions (5.6),
(5.7) can be obtained by using of the definition of the set Wr. We find the value
of the partial derivative

1

+€k

IT (UI:CF) = avp - pf.
Thus the variational inequality (5.8) is transformed to (5.1). We obtain in an
analogous way the partial derivative from the equation

() ) ) = | ((y; Y hph(n—ans (fk)/(y§)h)>dQT

Qr

N / <(y§ =) () - A+ (f’“)’(yé)zﬁ) hdQr
/

ph(x, T)h (x,T) — (p’%)/(x,T)h(x,T))dx

//pTa_,det Vh € Yo,

where 7 is the outward normal of S. Using (5.9), we obtain

[ (W =2+ 08)" = B0k + (1) ok )k Y ndor

T
oh
+/ (p?(sc,T)h’(sc,T) - (p?)/(sc,T)h(x,T))dx +//p§aﬁd5dt =0
S 0o s

for all h € Y7 and the function pk. solves the boundary problem (5.2)-(5.4). O

Thus we have obtained a system including the variational inequality (5.1),
the state equations (5.5)—(5.7), and the adjoint system (5.2)—(5.4) for solving the
problem P?. It can be computed by using standard iterative methods, see [24].

By Theorem 6 the extension of the solution u% = (vk y%) of the problem P%
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can be chosen as the weaker approximate solution of the initial problem for large
enough value of k and T'. Note, that the equation (5.5) implies that the initial state
equation is satisfied approximately but not exactly because of the second term in
its right-hand side. Therefore, the pair u? is not admissible and we have indeed a

weaker approximate solution of the problem P.
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Local in Space Energy Estimates for
Second-order Hyperbolic Equations

Sergio Spagnolo and Giovanni Taglialatela

Abstract. In the first part of the paper we review some recent results con-
cerning the propagation of analytic regularity for the s-Gevrey solutions, with
s < m/(m — 1), to the semilinear (weakly) hyperbolic equations with char-
acteristics of multiplicity < m. The main results are concerning two special
classes of equations: the equations with coefficients depending only on time,
and those in space dimension one. These results rely on suitable a priori esti-
mates for the corresponding linearized equations, based on the theory of quasi-
symmetrizer. In view of these a priori estimates, the case of several space vari-
ables is quite different from that of one space variable: in the latter the quasi-
symmetrizer provides an energy integral on each open subset of R', and this
ensures the propagation of regularity along the cones of determinacy, whereas
in the multidimensional case we can only define the energy on the whole R".

The second part of the paper is devoted to the Cauchy problem for the
second-order linear hyperbolic equations. For these equations, we are in the
position to get an energy estimate along the cones of determinacy, which will
imply, for the corresponding semilinear equations, the analytic propagation
along these cones for all the s-Gevrey solution with s < 2. The proof of this
energy estimate is only sketched.

Mathematics Subject Classification. Primary 35L15; Secondary 35B65.

Keywords. Energy estimates, weakly hyperbolic equations, analytic
propagation.

1. The analytic propagation

The propagation (in time) of the analyticity (in space variables) for solutions

to nonlinear hyperbolic equations has been the object of many investigations.

Roughly speaking, the propagation of analyticity can be described as follows:
Let u(t,z) be a sufficiently smooth solution of an hyperbolic equation

Pu=0"ut > palt, )00 u = fu) [0, T]xR", (1)

pr(t,z, &) being polynomials of degree < h in £ € R", with analytic coefficients.
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If u(t,z), as well as its time derivatives 0Ju(t,z) of order j < m, are analytic
inx at t =0, can we conclude that u(t,-) remains analytic for all t > 07
Denote by

m

Pta,r8) =7+ pht,2, )" = [[(r—7(t2.9), (2)
h=1

Jj=0

where p% is the homogeneous part of degree h of py, the principal symbol of the
operator P:

We say that P is hyperbolic when the characteristic roots {7;(t, z,£)}1<j<m
are real.

Thus, hyperbolic is here synonymous of weakly hyperbolic.

In the following, we shall assume that p? (¢, z,€) is bounded on [0,T] x R",
for € =1, h=1,...,n, hence

Ay = sup |Th(t,x,§/|§\)| < 400. (3)
(t,z,£)€[0,T]xR™x (R™\{0})

We shall refer to the cones

T = [(zo,r0,A) = {(t,x) € [0,7] x R"

|z — zo| < 1o — At},

with A > Ag, as to the determinacy cones of (1).
We consider two different versions of analytic propagation for the equation (1):
either

du(0,-)eC¥(Ty)  forallj<m = wuec*T), (PA)

loc

for each determinacy cone I' with base I'y = I' N {¢t = 0} at the initial time; or

u(0,-) €CH(R")  forallj<m = u(t,) €C(R"). (PA),,,

By (3) it follows that

(PA),,. = (PA)

loc glob *

The analytic propagation property has a rather long history. The case of
strictly hyperbolic equations (which means that the characteristic roots 7; are
simple) has been considered by Lax [L] in space dimension n = 1, and by Alinhac
and Métivier [AM] in several space dimensions. They proved (PA), . for those
solutions which are a priori assumed to belong to C°, or, more generally, to a
Sobolev class of a sufficiently large order. In the linear case the analytic propagation
had been previously stated by Mizohata [Mi].
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In the nonstrictly hyperbolic case, it is natural to think that we need to
strengthen the degree of regularity which should be a priori required for the given
solution. More precisely, we conjecture that the propagation of analyticity holds
for the solutions which belong to a functional class X in which the Cauchy problem
for the linearized equation is well posed:

Ansatz. If the Cauchy Problem for the linearized equation Pu = f(t,x) is well
posed in some class X (C¥ C X C C™), regardless to lower-order terms, then a
solution u(t,-) enjoys the analytic propagation as long as it remains bounded in X.

In this direction, in [S1], some answers were given, limited to the class of
semilinear second-order equations. Subsequently, various other results have been
obtained: [Ma] and [RY] for second-order equations, [CZ] for equations with con-
stant multiplicity, [KY] for uniformly symmetrizable systems. It should be noted
that for a (hyperbolic) linear system, the analytic propagation is a direct conse-
quence of the global wellposedness in C* (Theorem of Bony-Shapira [BS]) together
with Holmgren uniqueness.

If pu(7;) is the multiplicity of the characteristic root 7;, the number (among
1 and m)

m = mjax rtnxa? M(Tj(t,m,g)) ,

is called the multiplicity of the equation (1). For m = 1, the equation is strictly
hyperbolic.

Now, after Bronstein [B] we know that the sharp wellposedness spaces for a
linear hyperbolic equation with multiplicity < m, are the Gevrey classes v° with
exponent s < m/(m — 1); thus we expect that every solution which is bounded in
one of these classes enjoys the analytic propagation. More precisely we think that
the following statements holds true:

Conjecture 1. A solution u(t,-) to an analytic hyperbolic equation (1) enjoys
(PA),.. as long as it remains bounded in some Gevrey class v° with s < s =
m/(m—1).
GLOBAL VERSION: wu(t,-) enjoys (PA)glob as long as it remains bounded in some
vi2 with s < s.
Notations. If  is an open set of R", the Gevrey class v° = 7°(Q2) is formed by
the functions ¢ € C*°(Q) satisfying

sup’@ﬁap(m)‘ < CKA‘[?la!S for all compact K C Q, Va,

reK

while
Vis = {90 € C®(RM) : 0%z < CAMQ, Yo e N"}.

Note that C¥ =~' Cy* C~* cC® for 1<s<s.

In [DS], Conjecture 1 was proved, in the global version, for the special case
of space-independent leading coefficients. More recently, in [ST], Conjecture 1 was
proved for any equation of the type (1), but limited to one space variable.
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The case of hyperbolic systems was also considered, and it was proved:

Theorem 1 ([DS]). A solution U(t,x) to an analytic hyperbolic system of the form
Ui+ Ai(H)Usy + -+ An(t) Uy, = f(t,z,U) in [0, 7] x R",
enjoys (PA),1, whenever it is bounded in vj» for some s <s=m/(m —1).

Theorem 2 ([ST]). A solution U(t,z) to an analytic hyperbolic system of the form
Ue= f(t,z,U,Uz) in [0,T] xR, (4)

enjoys (PA),,. in a determinacy cone I', whenever, in a neighborhood of T, it is
bounded in v* for some s < s.

Here, the nonlinear terms f(¢,z,U) and f(t,x,U,U,) are assumed to be an-
alytic in (¢, ) and entire analytic in U and (U, U,) respectively.

Roughly speaking, the proofs of these theorems can be splitted in two parts:
an a priori energy estimate (in Gevrey classes) for the linearized operators, and
an estimate of the analytic norm of the nonlinear terms. The techniques employed
for proving the linear estimates are elaborate, and apply also to other questions on
hyperbolic systems and on parameter-depending polynomials. The main tool is the
quasi-symmetrizer introduced by Jannelli in 1989 [J1], and by D’Ancona-Spagnolo
in 1998 [DS] (see also [J2]).

Open Problem. To extend Theorem 2 to the case of several space variables, i.e.,
to the systems

Ut :f(t7.’l','7 U7UI17"-7an) Zn [07T] XR”, (5)

The main difficulty is concerning the linear estimates. We need to find a
Gevrey energy function for the linear hyperbolic system

U+ A1t x)Ugy + -+ Ap(t,2) Uy, = f(t,2), (6)

and to prove an a priori estimate ensuring the v°-wellposedness for s < m/(m—1).
This wellposedness was proved in 1982 by Bronstein [B], but his proof is not based
on an energy estimate, and so does no seem to be directly exploitable for the
nonlinear equations.

Actually, a global (Gevrey) energy function for the solutions to (6), leading
to the global analytic propagation for (5), could be constructed by setting up
a pseudo-differential version of the quasi-symmetrizer, suitable to be applied to
linear equations with space-dependent coefficients. On the other hand, the con-
struction of a local energy function for (6) is much harder, since to this end we
cannot use the pseudodifferential operators. As a matter of facts, we are able to
construct such a local energy only in the special case of second-order scalar equa-
tions. This construction will be sketched in the next section.

We remark that, in space dimension n = 1, the construction of a local energy
does not present any additional difficulty w.r. to that of a global energy (see
Subsection 2.9).
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2. Local energy for second-order equations

Let us now restrict our investigation to the second-order equations in n space
variables, i.e.,
n n
Pu = 0?u — 22 b;(t,)0;00u — Z a;j(t,2)0;0;u + loot. = f(t,z), (7)
j=1 i,j=1
where the leading coefficients are smooth real functions on a strip [0,7] x R™.
We assume the hyperbolicity condition:
n

(ij(t,x)gj)Q + 3 ayt)es; > 0. 8)

j=1 i,j=1
Theorem 3. For the solutions to (7), it is possible to define a local energy function

E(t,u;Q), for each open set Q@ CR"™, and to prove an a priori estimate leading to
the wellposedness in the Gevrey classes v° with s < 2, on every determinacy cone.

Remark 1. The equations
utt +uy = 0, Uy — 2tugy + Puge = 0, Uy — 2TUgy + T Ugy = 0,

are examples of hyperbolic equations for which the Cauchy problem is v* well
posed only for s < 2.

Remark 2. By using the energy estimate stated in Theorem 3, we can prove the lo-
cal analytic propagation for the solutions of Pu = f(u, dyu, 0z, u, . .., 0y, u) which
are bounded in some v° with s < 2.

Remark 3. The finite speed of propagation for a hyperbolic system of the type
(6), means that, if U(t,z) and U(t,z) are two solutions coinciding on the base
'y of a determinacy cone I', then U = U on T'. Under the assumption that U
and U are Gevrey function in z of order s < m/(m — 1), such a property was
stated by various authors (see Ohya and Tarama [OT], Rauch [R], Colombini
and Rauch [CR]). However, the finite speed of propagation does not imply the
existence of a local (in space) energy estimate.

2.1. Sketch of proof of Theorem 3

For the sake of simplicity, we shall consider the case of an homogeneous operator
with coefficients independent of time. The general case requires minor additional
computations. We write our operator in the form

Pu = Ofu—2 ij(m)ajatu - Z 0i(ai;(x)0ju)
j=1

4,j=1

= uy — 2 (b(x), Vuy) — div(A(z)Vu)

where b(z) = (b1(), .. .,bn(sc))t, aij = aj;, Ax) = [aij(x)], and V=V,
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The hyperbolicity assumption reads
A(z) = b(z)b(z)" + A(z) > 0.

2.2. A transformation

Introducing the derivation
Oy = 0, —b(z)-V = 9 — Y bj(2)9,
j=1

our operator becomes (up to lower-order terms)
Pu = 9fu — div (A(z)Vu),

where div = div,. Note that the operators d, and 0; are not commuting each
other. In the following we shall use the shortened notation

up = 6bu, Upy = 8§u

2.3. The energy density

For any u(t,z) we define the non-negative function

e(t,z) = ; [sz + (Z(sc)Vu,VW}
= ; {(Ut - ij(x)uwj)2 + Z (bi(.’L‘)bj(.%‘) + (lij(.’IJ))’[LM'MIJ}7

j=1 i,j=1
and the vector
o(t,z) = f{e(t,x) b(w) + up - A(x)Vu}.

Remark 4. The symbol of our operator P = P(z; d;, 0,) is the polynomial
P(e;7,6) = 7% = 2(b(x), &) 7 + (A(2)¢, ).
Thus, denoting by P, the operator with symbol 9, P = 27 — 2(b(z),§), we have
1
up = ug — (b(x), Vu) = 5 Pru.

2.4. The crucial estimate

Lemma 1. For any function u(t,xz) it holds the identity
Ope(t,x) + div 0(t,z) = ;Pu(t,x)~Pru(t,x) + ®(t,x),
where ® is a function satisfying the estimate
|@(t,2)| < C|Vu(t,z)|Ve(t, ) + Ce(t,z),

for some constant C independent on u.



Local in Space Energy Estimates 307

Proof. By a direct computation we have
3te + le0 = Ub'Pu+¢1+q)2+q)3,
where

@1(t,LE) = Z ahu <A'VU,Vbh>,

h=1

1 — ~
Bt 7) = —, > b (0w A)Vu, V),
h=1
O3(t,z) = e-div b.

Therefore we find, by the Cauchy-Schwartz inequality,
[@1(t, )| <) [Onul (AVu, Vu) 2 (AVby, Vo) /2 < C1|Vu(t,z)| e(t, 7).
h=1
To estimate the second term we apply to the Glaeser inequality,

Onele)| < Veola) \/2 (1030~ .

to the nonnegative function ¢(z) = (A(z)¢,€), with ¢ fixed, and then we take
& = Vu(x). Thus, we get

[@o(t,2)| < C | |Vu| (AVu, Va)'/? < Cy |Vult,z)| e(t,z).
The third term can be directly estimated as
|®5(t,x)| < Cse(t,z).
Combining the above inequalities, we get the wished estimate. O

2.5. The local energy

Taking into account that e(t,xz) > 0, for each u(t,z) and each open set @ C R"
we can define the local energy

E(t,u; Q) = / e(t,x) dx.
In particular, having fixed a solution w(, xS; of Pu= f(t,x), we put
E(t) = E(t,u; By) = /B e(t,z)dr, where B; = B(xg,79 — At), A>0.
Therefore we have, by Lemrtna 1 and equation (7),

E'(t) = Oe(t, z) do — A/a e(t,y)dy
B By

= /Bt [ub - f+ @(t,x)]dm - /{}Bt [(9(t,y),N(y)> + Ae(t,y)|dy,

where N is the outer normal at y. By the definition of the vector 6, it follows

(0,N) = —e (b, N) — up(A Vu, N),
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SO

(0, N)| < e|(b, N)| + |up| (AVu, Vu)'/2 (AN, N)/2
e|(b,N)| + e (AN, N)'/2,

A

Note that the characteristic roots of our equation are

m12(2,6) = (b(x),€) F V(A@)&,€),
thus, for Ag = n;fmgx{\ﬁ(x,ﬁﬂfm, |72(2,€/1€)| }, we have

0(t, ), NY| < e{|<b,N>|+<ZN,N>1/2} < Aoelt,z).

Hence, if A > Ag (determinacy cones), the boundary integrand function in
the expression of E’(t) is negative, and we get the estimate

E'(t) < /Bt{ub-er‘I)}dx < C’/B {|f\\/6 +\Vu\\/e+6}da;, (9)

t

whence

OB < C\/E(t)—i—C{/Bt Vu(t,sc)de}lﬂ—f—C{/Bt \f(t,x)|2da:}1/2. (10)

2.6. Approximate energies

In the strictly hyperbolic case (10) yields an energy estimate. Indeed, in such a
case, the matrix A(z) is coercive, so |Vu(t,z)|* < Ce(t,r). Hence (10) gives

O/E(t) < 2CVE(t) + c{/

By

1/2
£t ) da)
In the weakly hyperbolic case, we define

PE=P+e2A, A(tz) = Alt,x) +€2 1,
e(t,x) = e(t,x) + & |Vu(t,z)?

0.(t,2) = ~{ec(t,2)b(@) + w(t,@) Ac(t,2)Vu(t, )},
E.(t) = E.(t,u;By) = /B ee(t, x) dx.

Using Lemma 1 we find the identity
1
Ore. + div 6. = 5 Péu-Piu + O,
where now

|®(t,x)| < C|Vu(t,z)| Veo(t,z) + Ce(t,x) < S~eg(t,x).
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Since Pfu = f + e?Au, we cannot estimate d;e. in terms of e.; indeed, instead
of (9), we get (noticing that, as above, the boundary integrand in E.(t) is negative):

EL(t) /B {ub f + fup Au + <I>E}dsc

IN

IN

C {|f\\/e + 2| Au| e + 6_16} dr.

By

Thus, we are forced to introduce the energy of order one, i.e.,

Eio(t) = ) Ee(t,0hu; By)
h=1
_ Z/ {1u(@n)? + (AV (@), V(@) } e+ 2> 3 / 0%u? da,
h=1"Bt laj=2" Bt
to get

OE < C{e VB + = y/Bre + |flliaay )

Going on, we consider the sequence ¢; = 71 where j = 1,2, ..., and we introduce
the jth-order energy

Ejc(t)= Y E.(t,0%u; By)

lol=3
-5 [ (P + v, v} + 2 Y [ oo
o lo|=j+1" =

Proceeding as above, we find
d/E;j < C{J\/Ej + i T'WEj + HfHHJ'(Bt)}'

2.7. The Gevrey energy
We define the local Gevrey energy of order s = 2, as

Etu) = 3 /B (tw) J’)]’Q
j=0

Proceeding as in [ST] or [S], we find the a priori estimate
! < . / <

for a suitable choice of the radius-function p = p(t). This estimate leads to the
local «* wellposedness, for s < 2, on the determinacy cones.

Finally, proceeding as in [ST], we can prove the analytic propagation on the
determinacy cones for the semilinear equation Pu = f(u, Oiu, Oy, u, . . ., Oy, u).
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2.8. Garding energy forms

We recall the classical techniques developed by Leray ([L]) and Garding ([G]) in
order to construct an energy function for a strictly hyperbolic equation. Let

m
P(t,z;m,€) = 7"+ Y pi(t,m €)™, TEC, (ER" (m>2),
j=1
be a strictly hyperbolic polynomial in 7, where the p; (¢, z;£) are real homogeneous

polynomials in £ of order j. Consider the differential operators P = P(t, z; 0y, O.)
and P, = (OP/0T)(t, x; O¢, 05). Then, for all real function u = u(t, x), one has

1 n .
. Pu-Pru = O{A(t,z;u)} + Zaj{A](t,x;u)} + O(t, x;u),

j=1
where Ag, A1, ..., A, are Hermitian forms in the derivatives of order m — 1 of u,
i.e., putting D = (0, 0z),
Al(t,u) = Z aiyﬁ(t,m) D*uDPu,  j=0,1,...,n.

laf=]Bl=m—1
Moreover, there is some constant ¢y > 0 such that the form A° frozen at any

point (%, %), satisfies the positivity condition

/ At z;u) do > co/ |D™ tu|? da.

From this it follows, by a partition of the unity, the classical Garding inequality

/ At xsu)de > C71 [ D™l de — C/ | D™ 2u|? dz, for some C' > 0.
n Rn

R
In conclusion, putting

e(t,z) = A%(t,z;u), O(t,x) = (A (t,x5u),..., A"(t, z;u))’,

we can write 1
Pu-Pru = Oe(t,z) + div 0(t,z) + P,
m

and a global energy for the operator P is provided by
E(t,u) = / e(t,x)dx, where  €(t,x) = e(t,x) + C|D™ 2u(t, z)|?.

Remark 5. In order to define a local energy, we need that the energy density é(t, x)
be a nonnegative function, so that we can put

E(t) = / e(t,z)dx, with By = B(xg, 79 — At).
B

Moreover, in the computation of E’(t) it appears the integral on dB; of the quan-
tity (6(t, ), N(x)), where N(z) = x/|z| is the outer normal. So, to get the energy
estimate in the weakly hyperbolic case, we need a pointwise estimate such as

[(0(t,z), N(z))| < Ce(t,x).
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To this regard we recall that, as soon m > 3, a form

Z 3 0%udPu

le|=|Bl=m—1

with symbol Zaa’g €28 > 0, is not necessarily positive. This partly explains
why the local theory for the equations of order m > 2 presents more difficulties
than for the case m = 2.

Ezample (Third-order equations). Consider the traceless equation

OPu—3 Z aij(x) 8;8;0,u — 2 Z biji () 3i8;0u = 0,

7,j=1 i,5,k=1
under the hyperbolicity condition
n 2
A = {3 ay@eg ) { Z b () €656} > 0.
i,j=1

Following Leray, we put U = (u, us, us)" to transform the equation into a differ-
ential system

0 1 0
1

0
2 Z b”k(l‘) 82-6j8k 3 Z (€27 (l‘) 0j8j 0.

The natural symmetrizer for the matrix A(x,&) is the matrix

3{Zaij<x>sifj}2 23 bk () G656 — 3 ay (06

Q(z,§) = Zzbijk ) &€& 2Zau 2)&i&; 0

Zau fzfj 0 1

In view of a local positive energy, a good candidate for a density energy is the
function

Ut = A(l’,ax)U, A=

n

e(t,z) = ; ‘utt - Z aij(x)aiajur

ij=1
{‘Zau 88u’ +2Zam )0;urOjuy
3,j=1 1,j=1
-2 Z bijr (2)0;u:0; 8ku}
i,7,k=1

The corresponding symbol is positive, but it is not clear whether e(t,z) > 0.
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2.9. One space dimension

The one-dimensional case is very special, since each hyperbolic scalar equation of
order m can be converted into a first-order system of the form

Uy = A(t,x)Uy + B(t, z)U,
where A is a hyperbolic matrix of Sylvester type. Therefore (see [DS]) it is pos-

sible to find a quasi-symmetrizer Q.(t,x), i.e., a real symmetric matrix with the
following properties:

ClemVr < Q. < O,

Q-A =1T1T.+R. where:

T. = (1) < Mo Qe, |Tu| < Ce'™™Q., |R:| < CeQ,
with Ag = maximum of the eigenvalues of A(t, z). Thus, we simply take

eg(t,x) = <Q€U7 U>, Hs(t,x) = <T5U, U>'
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The Final Problem on the Optimality of the
General Theory for Nonlinear Wave Equations

Hiroyuki Takamura and Kyouhei Wakasa

Abstract. The general theory of the initial value problem for fully nonlinear
wave equations is to clarify lower bounds of the lifespan, the maximal exis-
tence time, of classical solutions in terms of the amplitude of small initial data
according to the order of smooth nonlinear terms and space dimensions. All
the results had been obtained till 1995. So we have been interested in the opti-
mality of the lower bounds. This can be obtained by blow-up results for model
equations. Among such several results, only the case of the quadratic semilin-
ear term in 4 space dimensions has been remained open for more than 20 years.

This final problem on the optimality has been known to be the critical
case of Strauss’ conjecture on semilinear wave equations. The technical diffi-
culty prevented us from proving even the blow-up of solutions in finite time.
This was finally solved by Yordanov and Zhang [5] in 2006, or Zhou [6] in
2007 independently. But the upper bound of the lifespan was not clarified in
both papers. Recently Takamura and Wakasa [4] have succeeded to obtain it
including all the critical cases in higher dimensions than 4.

In this note, we present the result of [4] in the most interesting case, 4
space dimensions. It is much simpler than higher dimensions.

Mathematics Subject Classification. Primary 35L70; Secondary 35B05, 35E15.

Keywords. Lifespan, nonlinear wave equation, quadratic term, 4 space
dimensions.

1. Introduction
Let us consider the initial value problem for fully nonlinear wave equations,
usg — Au = H(u, Du, D,Du) in R" x [0,00),
{ u(z,0) = ef(x), ut(z,0) =eg(x),

where u = u(z,t) is a scalar unknown function of space-time variables,

(1.1)

Du = (Ugg, Ugys- - - Uy, ), To =1,

DyDu = (Ugya,, 4,5 =0,1,...,n, i+j>1),



316 H. Takamura and K. Wakasa

f,ge Cg°(R™) and € > 0 is a “small” parameter. Let
A= (M), i=0,1,...,n; (Aij)yisi=0,1,...,n, i+j>1).

-~

Suppose that the nonlinear term H = H()) is a sufficiently smooth function with
H(Q) = O(AI"*)
in a neighbourhood of A= 0, where o > 1 is an integer. Let us define the lifespan
T(e) by
T(e) = sup{t > 0 : classical solution u of (1.1) for arbitrarily fixed (f,g).}.
In this note we assume n > 2 for the simplicity.

In Chapter 2 of Li and Chen [2], we have long histories on the estimate for
T'(e). All the lower bounds of T'(¢) are summarized in the following table.

T(e) > a=1 =2 a>3
ca(e)
in general case, ce®
"9 ce ! in general case, o
N if [ze9(x)dz =0, exp(ce™?)
ce? if OH(0) =0 (b= 3,4)
if 92H(0) =0
ce?
n—3 in general case, 0 0
exp(ce™1)
if 92H(0) =0
exp(ce~?)
n—4 in general case, 0 50
00
if 92H(0) =0
n>>5 00 00 00

Here ¢ stands for a positive constant independent of € and a = a(e) is a number
satisfying a?e?log(a + 1) = 1. We note that the lower bound in the case where
n=4and a = 1 is exp(ce~!) in the general case in Li and Chen [2]. But later, Li
and Zhou [3] improved this part. The remarkable fact is that all these lower bounds
are known to be sharp except for (n,a) = (4,1) and (2,2). See Li and Chen [2]
for references on the whole history, in which the open sharpness of (n,a) = (2,2)
is dropped. For this case, it seems that b = 4 is a technical condition which may
be removed. See also a table in Li [1]. Recently, Zhou and Han [7] have obtained
the sharpness for b = 3 in (n,a) = (2,2) by studying H = u3.

Our purpose in this note is to show this remained sharpness of the lower
bound by giving a sharp blow-up theorem for H = u? in n = 4. This is a part of
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our previous paper [4] which establishes the result for model terms H = |u|Po(™)
in all high dimensions, n > 4. But the proof of this note is much simpler than
that of [4]. Because we have an extra term in our iteration frame for n > 5. This
exponent po(n) is well known critical number of the famous Strauss’ conjecture
on model equations H = |u|P. See Introduction in [4] for all the histories and the
estimates of the lifespan on this problem. We note that po(n) is a positive root of
the quadratic equation (n — 1)p? — (n+ 1)p — 2 = 0 and po(4) = 2.

Turning back to the problem (1.1) with H = u? and n = 4, we know two
papers of Yordanov and Zhang [5] and Zhou [6]. They showed T'(¢) < oo indepen-
dently. In this note, we prove the following theorem.

Theorem 1.1. Let H = u? and n = 4. Assume that both f € C3(R*) and g €
C3(RY) are non-negative and do not vanish identically. Suppose that the problem
(1.1) has a solution u € C*(R* x [0,00)) with

supp u C {(z,t) e R* x [0,T(¢)) : |z| <t+ R} (R>1/4). (1.2)
Then, there exists a positive constant g = £o(f, g, R) such that T'(€) has to satisfy
T(e) <exp(Ce™?) for0<e<e, (1.3)

where C' is a positive constant independent of €.

Our method is based on the one in [5]. Zhou and Han [8] have recently found
another proof of this theorem which is based on the method in [6].

2. Blow-up lemma for ODI

We shall start with the following observation on our problem (1.1). Let us put

F(t) = /RZL(x,t)dx € C%([0,T(¢)).

Then it follows from the divergence theorem, the support property (1.2) and
Holder’s inequality that

F'(t) = /R4 u(z, t)?dz > |B*0,1)| "1 (t + R)*F(t)*> fort >0, (2.1)

where |B%(0,1)| is a volume of a unit ball in R*. Moreover, the assumption on the
initial data in Theorem 1.1 yields that

F0)=¢ [ f(x)dz>0, F'(0)= 5/ g(z)dz > 0. (2.2)
R* R*
Therefore, as in Takamura and Wakasa [4], we shall make use of the following
blow-up result for ordinary differential inequality.
Lemma 2.1. Suppose that F € C*([0,T)) satisfies
F(t) > Kt? for t > Ty,
F"(t) > B(t+ R)"*F(t)*> fort>0, (2.3)
F(0) >0, F'(0)>0,
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where B, K, R, Ty are positive constants with Tg > R. Then, T must satisfy that
T < 2T provided K > Ko, where

J1 /B 1 - B F(0)
K0{23\/3 (1 226)} ,Tlmax{To,F/(O)} (2.4)

with an arbitrarily chosen § satisfying 0 < 6 < 1/2.

Remark 2.2. In view of (2.1) and (2.2), we already have the second and third
inequalities in (2.3) with B = |B*(0,1)|7!. So the key fact is how to obtain the
first inequality in (2.3) with an appropriate choice of Ty which should be almost
like the desired lifespan. See Remark 3.4 below.

Proof. We prove this lemma by contradiction. Assume that 7' > 277. First we note
that the second and third inequalities in (2.3) yield that

F'(t) > F'(0) >0, F(t)>F(0)t+ F(0)>F(0)>0 fort>0. (2.5)

Multiplying the second inequality in (2.3) by F'(¢) and integrating it over [0,¢],
we have that, for t > 0,

;F’(t)Q >B /Ot(s + R)"1F(s)?F'(s)ds + ;F’(O)Q

~ 31 fR)4 (FO° = FO7} 2 4, fR)4 F(t) {F(t) — F(0)}.

Restricting the time interval to ¢ > F'(0)/F’(0) and making use of (2.5), we get

;F(t) _F(0) > ; (F'(0)t — F(0)} > 0.
Hence we obtain
’ B F(t)’? F(0)
F'(t) > \/3 4+ R)2 for t> FI(0)’

If ¢t > T1(> R), one can make use of the first inequality in (2.3) to obtain
F/(t) N \/B F(t)1/2—5 - \/B K1/2—6
F(t)1+§ 3 (t + R)2 - 3 92241+24

for any 0 satisfying 0 < § < 1/2. Integrating this inequality over [T1,t], we get

1 11 >1\/BK1/2_51_1
§ \F(Th)? F(t)° 235V 3 T2 20 )"

Then, one can put ¢t = 27} because of T > 2T;. Neglecting 1/F(t)° > 0 in the
left-hand side and making use of the first inequality in (2.3) with ¢ = T}, we obtain

5
1 T2 1\/3 1 1o
> 1— K279,
Ko = <F(T1)> ~ 93\ 3 ( 226>

This inequality contradicts to the choice of K > Kj. Therefore we conclude that
T < 2T;. The lemma is now established. O
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3. Iteration of L? norm of the solution

In this section, we shall construct an iteration of estimates for L? norm of the
solution to get the first inequality in (2.3). The final estimate will give us an
enough growth of the norm for large time. To this end, we have to start with the
following basic frame of the iteration for F"(t) = ||u(-, t)H2L2(R4).

Proposition 3.1. Suppose that the assumption in Theorem 1.1 is fulfilled. Then,
there exists a positive constant C = C(f, g, R) such that F" satisfies

§ {—R dp (t-p=R)/2 2
F"(t) > C/O (t—p+ R) </o F (s)ds) fort> R. (3.1)

Proof. This proposition immediately follows from the combination of two estimates
for Radon transformation, (2.14) and (2.21), in Yordanov and Zhang [5]. O

The next proposition is the basic estimate for the first step of our iteration.

Proposition 3.2. Suppose that the assumption in Theorem 1.1 is fulfilled. Then,
there exists a positive constant C = C(f, g, R) such that F" satisfies

F"(t) > Ce?  fort>0. (3.2)
Proof. This is exactly (2.5") in Yordanov and Zhang [5]. O
The main estimate in our iteration is the following proposition.

Proposition 3.3. Suppose that the assumption in Theorem 1.1 is fulfilled. Then,
F" satisfies that

27 -1
F"(t) > C; (log t- R fort > a;R. (3.3)
= (aj —1)R =

Here we set a; =271 —2 (7 =1,2,3,...) and
C; = exp{2j_1 (log(6’0018_s(j))) - logCo} (j >2),
ey c . ji k (3.4)

22.335700:21075(]): Qk’
k=1

Ch =

where C' is the one in Propositions 3.1, 3.2.

Remark 3.4. The case of j = 1 in this lemma is equivalent to the result of Yordanov
and Zhang [5]. Such an estimate will give us a new estimate for F,
3

c° t 9
> > .
F(t) > <26_335 log 4R>t for t > 4R

See the proof of Proposition 4.1 below. Hence, making use of Lemma 2.1 with
To = Dexp (¢7*) in which D = 27-33K,/C? > 0 and ¢ is appropriately small, we
have an estimate of the lifespan as T'(¢) < exp (2D5_4). But this is not the optimal
one. See also the proof of Theorem 1.1 in the next section. The improvement of the
upper bound of the lifespan is carried out by further iterations of this proposition.
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Proof. First we shall show this proposition for j = 1. Replacing F”(s) in the
right-hand side of (3.1) by the lower bound of F”(t) in (3.2), we have that

c3 t-R (t—p—R)?
F"(t) > 4 dp fort> R.
()_225/0 (t—p+R)? p fort>R

From now on, we restrict the time interval to t > a1 R = 2R and diminish the

domain of the p-integral to [0,¢ — 2R]. Then we have t — p > 2R in the p-integral.
We now employ the following elementary lemma.

Lemma 3.5. Let M > 1 and R be a positive constant. Then, t — p > MR 1is

equivalent to
M+1

M-—-1
It is easy to prove this lemma. We omit the proof. Making use of Lemma 3.5
with M = a; = 2, we obtain that

(t—p—R)>t—p+R.

o3 t—2R iR
F"(t) > - 3354/0 . pp, R C1 log (a1 — )R for t > a1 R.
Therefore (3.3) is true for j = 1.

Next we shall show (3.3) by induction. Assume that (3.3) holds but C; is
unknown except for j = 1. Later we look for the relation between C; and C;i1
which yields (3.4). To this end, we restrict the time interval ¢ > a;R to t >
(2a; + 1)R. Then it follows from (3.1) that

. t—(2a;+1)R dp (t-p=R)/2 2
F"(t 20/ / F"(s)ds fort > (2a,;+1)R.

( ) 0 (t _ p+ R)3 ;R ( ) ( J )
Making use of (3.3), we have that

) t—(2a;+1)R I(t P)2
F'(t) > CC5 /0 (t _J p7+ Ry dp fort> (2a; +1)R,

(t—p—R)/2 s—R 271
Li(t,p) = lo ds.
(E:p) /ajR ( % (a; —1)3)

Now we restrict the time interval further to ¢t > 2(a; + 1)R and diminish the
domain of the p-integral to [0,¢ — 2(a; + 1)R]. Then we have t — p > 2(a; + 1)R
in the p-integral. We note that one can diminish also the domain of the s-integral
to [a;(t —p— R)/(2a; + 1), (t — p — R)/2] because of

where we set

.
‘R < 7 (t—p—R).
@i —2aj+1( p—H)

Thus we get

(t-p—R)/2 s_ R \¥-1
Ii(t,p) > / (log ) ds.
! (t—p—R)a;/(2a;+1) (aj — 1R
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It follows from 2a; + 1 = aj41 — 1 that the variable in the logarithmic term is
estimated from below by

(t —pP— R)aj/(aj+1 - 1) - R (t —pP— R)aj - (aj+1 - ].)R

(a; —1R (aj41—1)(a; — R
_t—=p—R _t—p—R— (a1~ 1R
(@1 —DR (a1 —Dfa; —1)R
Hence, neglecting the last positive term in the above equality, we have
t—p—R t—p—R
Ii(t, p) > P (log g )
2(aj41 — 1) (aj41 — 1R
which yields that

—aii1 J+1_
F”(t)> CCJQ /t J+R(tip7R)2 log tipiR ? de
~ Aaj —1)? o (t—p+R)? (aj41 — 1R

for t > a;11 R. Applying Lemma 3.5 with M = a;41, we have

3 —a; a1
P > ey (aj+1 - 1) /’f ol dp (log t—p—R ) 7
T Aaje —1)? \aj1+1) Jo t—p—R (aj41 — 1R

because of 2711 — 1 = aj4+1 + 1. Therefore we obtain

-1 t— R \wett
F'(t) > cc2 Yt 1 for t > a;1qR.
1) =0 4ajer+ 14\ (a0 — DR oh=

It follows from a;+1 — 1 > 27 and aj11 + 1 < 27972 that

002 r_ R 2i+1_1
" J
F"(t) > 910 . gj <log (aj41 — 1)R> for t > aj41R.
e CoC7 . .
As a conclusion, if Cj is defined by Cj11 = g 7 (j > 1) with Cp in (3.4),

then (3.3) is valid for all j > 1. This equality is rewritten as
log Cj41 = 2logC; — jlog8 + log Cp.

It is clear that Cs defined by this equality is the one in (3.4). For j > 2, we have
the following concrete expression of log C;4 1 inductively.

J Jj—1
logCii1 = 27 log C — Z k27 *1og 8 + Z 2% log C
k=1 k=0

=27 {log C; — S(j +1)log8 +log Cy} — log Cp.

This is exactly (3.4). Therefore Proposition 3.3 is now established. O



322 H. Takamura and K. Wakasa

4. Proof of Theorem 1.1

We complete the proof of Theorem 1.1 here. In view of Lemma 2.1, our first step is

to shift the estimate for F"'(t) = ||u(-, t)HQLQ(R4) to the one for F(t) = /R}L(l‘, t)dx.

Proposition 4.1. Suppose that the assumption in Theorem 1.1 is fulfilled. Then, F
satisfies

c: /1 291
F(t) > 4j+]1 (2 logt) t* fort>{(a; +2)R}?, (4.1)
where a; and C; are defined in Proposition 3.3.

Proof. Integrating (3.3) in Proposition 3.3 over [a; R, t], we have

s—R \?!
<log (a; 1)R) ds fort>a;R.
Here we restrict the time interval to ¢t > (aj + 1)R and diminish the domain of
the s-integral to [a;t/(a; + 1),t]. Then the variable of the logarithmic term is
estimated by
ajt/(aj+1)fR7 t i tf(aj+1)R > t
(aj - 1)R (aj + 1)R (aj — 1)(aj + 1)R - ((lj + l)R

Hence we obtain

F'(t) ECj/t

ajR

271
F'(t) > Ci t | log t for t > (a; + 1)R.
- aj + 1 (aj + ].)R - J

Integrating this inequality over [(a; + 1)R,t], we have
C' /t ( s )Qj —1
> s { log ds fort> (a; +1)R.
aj +1 Ja,41)R (a; + )R !

Similarly, restricting the time interval to ¢ > (a;+2)R and diminishing the domain
of the s-integral to [(a; + 1)t/(a; + 2),t], we get

(1)

C; t .
F(t) > (a; _:2)2152 <log (a + 2)R> for t > (a; +2)R.

Note that (a; + 2)R = 4R > 1. Therefore we finally obtain that

C; 1 21
F(t) > (a; 4:2)2t2 (2 logt) for t > {(a; + 2)R}>.
j
The proof is now ended by a; + 2 = 27F1, O

Let us continue to prove Theorem 1.1. Assume j > 2 and define a sequence
of time interval {I(j)} by

I1() = [{(a; + 2R}, {(a;+1 + 2)R}”] (4.2)
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and set ;
c; (1 >t
K;(t) = 4j—il <2 logt)

which is the coefficient of ¢* in (4.1). Then it follows from the definition of C; in
(3.4) that

K;(t) = exp {2]'71 log L;(t) — jlog4 — log(4Cy) — log <log \/t)} ,
where we set )
L;(t) = CyCy8750) (; logt) .
In view of the definition of C1 in (3.4), we have that L;(t) > e provided

22 .33, 85'(00) 1/2
) >o. (4.3)
CoC3

Because S(j) is monotonously increasing in j, but converges to a positive constant
S(00).

From now on, we assume (4.3). Then it follows that

Kj(t) > Mj for t € ](]),

52logt2EE2<

where we set
M; = exp {2/7! — jlog4 — log(4Co) — log (log{(a;+1 +2)R})} .
We have lim M; = oo obviously. Hence, there exists an integer J = J(f,g, R)

such thatjl\}]o-oz Ky for j > J, where Ky is the one in (2.4) with B = [B*(0,1)|7.
This fact and Proposition 4.1 imply that
F(t) > Kot* fort € I(j) as far as j > J.
Therefore the definition of I(j) also implies that
F(t) > Kot* for t > {(ay + 2)R}%.

Now we are in a position to apply Lemma 2.1 to our situation with B =
|B4(0,1)|!. First we set Ty(e) = exp (Ee~?), where E is the one in (4.3). Then
there exists €9 = eo(f, g, R) such that

£(0) 2
() } <exp (2Be?)
hold for 0 < & < gp because J and F(0)/F’(0) are independent of ¢ as we see. If
the lifespan T'(e) satisfies T'(¢) > Tp(e), then we have
F(t) > Kot* for t € [Ty(e), T(¢))

by definition of Ty(g), because such a t satisfies 2 logt > E. Lemma 2.1 says that
this inequality implies that

To(e) > {(as+2)R}?* and Zmax{To(s)

t < 2max {TO(E), 5,(((()))) } < exp (2Bc7?).
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Taking a supremum over t € [Ty(e), T(¢)), we get

T(e) < exp (2Be™?) for 0 <e < &o. (4.4)
The counter case T'(¢) < Ty(e) is trivial. Therefore (4.4) holds for any cases. The
proof of Theorem 1.1 is now completed. O
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