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Preface

Asymptotic constructions and large-time asymptotic estimates for solutions to
evolution equations of hyperbolic or more general 𝑝-evolution type are an active
field of current research. We took this as an incentive to organise an international
workshop on

Asymptotic Properties of Solutions to Hyperbolic Equations

at Imperial College London. It took place in March 2011 and included 32 speakers
presenting current results of their work. We are grateful to EPSRC supporting this
meeting within the Pathways to Impact Award scheme.

The papers collected in this volume are authored by participants of that
meeting. They focus on different aspects of current research and are, in particular,
centred around

∙ symbolic and other parametrix constructions;
∙ energy estimates in various function spaces;
∙ asymptotic behaviour of solutions to the Cauchy problem;
∙ microlocal analysis and Fourier integral operators;
∙ problems for strictly and non-strictly hyperbolic equations and systems and
their non-linear aspects;

∙ hyperbolic constructions in different settings;
∙ applications: elasticity, general relativity, etc.

The aim of this volume is two-fold. On one hand it shall give an overview on
the great variety of ongoing current research in the field and, therefore, allow re-
searchers as well as students to grasp new aspects and broaden their understanding
of the area. We put a particular emphasis on detailed proofs of results and com-
pleteness of presentations. On the other hand, all contained papers are full research
papers presenting new results. This allows experts in the field to describe deeper
inside views and will hopefully lead to further collaborative work in the area.

The papers are in alphabetical order.

The speakers at the above-mentioned workshop were Piero d’Ancona (Rome),
Matania Ben-Artzi (Jerusalem), Nikolaos Bournaveas (Edinburgh), Massimo Ci-
cognani (Bologna), Ferruccio Colombini (Pisa), Mihalis Dafermos (Cambridge),
Claudia Garetto (London), Vladimir Georgiev (Pisa), Todor Gramchev (Cagliari),
Günther Hörmann (Vienna), Maarten de Hoop (Purdue), Tynysbek Kalmenov (Al-
maty), Sergiu Klainerman (Princeton), Hideo Kubo (Tohoku), Tokio Matsuyama
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(Tokyo), Michael Oberguggenberger (Innsbruck), Cesare Parenti (Bologna), Al-
berto Parmeggiani (Bologna), Luigi Rodino (Torino), Michael Ruzhansky (Lon-
don), Daniele Del Santo (Trieste), Semyon Serovaisky (Almaty), Kanat Shakenov
(Almaty), Sergio Spagnolo (Pisa), Mitsuru Sugimoto (Nagoya), Hiroyuki Taka-
mura (Hakodate), Mirko Tarulli (London), Igor Trooshin (Tohoku), Gunther Uhl-
mann (Washington), Baoxiang Wang (Beijing), Jens Wirth (Stuttgart), and Ingo
Witt (Göttingen). We thank all participants for making the meeting a success.

We point out that, in fact, the conference was also the 5th meeting in a series
of international meetings devoted to “Function Spaces and Partial Differential
Equations”, initiated by the first two editors of this volume, where the four previous
ones were held at:

∙ Osaka University, Japan, February 18–20, 2008;
∙ Imperial College London, UK, December 3–5, 2008;
∙ Nagoya University, Japan, September 28–October 1, 2009;
∙ University of Göttingen, Germany, June 14–17, 2010;

The following 6th meeting will take place at the Aalto University, Helsinki, Fin-
land, in June 2012, and will be devoted to “Fourier analysis and pseudo-differential
operators”.

We would also like to thank other members of the organising committee of
the conference and their contributions in different ways, in particular, Claudia
Garetto for doing excellent organisational work, as well as PhD students Donal
Connolly, David Rottensteiner, and Mirko Tarulli.

Michael Ruzhansky, Mitsuru Sugimoto, and Jens Wirth
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Divergence-type Operators:
Spectral Theory and Spacetime Estimates

Matania Ben-Artzi

Abstract. The paper is concerned with various aspects of the spectral struc-
ture of the operator

𝐻 = −
∑𝑛

𝑗,𝑘=1
∂𝑥𝑗𝑎𝑗,𝑘(𝑥)∂𝑥𝑘 .

It is assumed to be formally self-adjoint in 𝐿2(ℝ𝑛), 𝑛 ≥ 2. The real coef-
ficients 𝑎𝑗,𝑘(𝑥) = 𝑎𝑘,𝑗(𝑥) are assumed to be bounded and 𝐻 is assumed to
be uniformly elliptic and to coincide with −Δ outside of a ball. A Limiting
Absorption Principle (LAP) is proved in the framework of weighted Sobolev
spaces. It is then used for (i) A general eigenfunction expansion theorem and
(ii) Global spacetime estimates for the associated (inhomogeneous) general-
ized wave equation.

Mathematics Subject Classification. Primary 47A10; Secondary 35P05, 35L15,
47F05.

Keywords. Spectral derivative, divergence-type operator, limiting absorption
principle, eigenfunction expansion, spacetime estimates.

1. Introduction

Let 𝐻 be a self-adjoint (bounded or unbounded) operator in a Hilbert space ℋ.
The classical spectral theorem [59] gives a representation of 𝐻 ,

𝐻 =

∫
ℝ

𝜆 𝑑𝐸(𝜆),

in terms of its (uniquely determined) spectral family (of projections) {𝐸(𝜆)}.
The knowledge of {𝐸(𝜆)} yields valuable information on the spectral struc-

ture of 𝐻 ; the location of its singular or absolutely continuous spectrum, as well
as its eigenvalues.

On the other hand, there are important issues (typically related to partial
differential operators) that cannot be resolved simply on the basis of the spectral
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theorem. We pick here one important topic and expound it in more detail, so as
to illustrate the point at hand.

Assuming that {𝐸(𝜆)} is (strongly) continuous from the left, one might think
of 𝐸(𝜆+ 0)−𝐸(𝜆) as a projection on the eigenspace associated with 𝜆. However,
if 𝜆 is not an eigenvalue, this projection clearly vanishes. On the other hand,
the mathematical foundation of quantum mechanics has turned the expansion
by generalized eigenfunctions (such as the Fourier transform with respect to the
Laplacian) into a basic tool of the theory (see, e.g., [86] for an early treatment).
So the question is how (if at all possible) to incorporate such an expansion into
the abstract framework of the spectral theorem. We shall address this question
in Section 5, where we show how the basic premise of this review, namely, the
smoothness concept of the spectral family, leads to an eigenfunction expansion
theorem for the class of divergence-type operators.

Using a formal point of view we can say that the bridge between the spectral
theorem and the aforementioned eigenfunction expansion theorem is obtained by
replacing the above difference 𝐸(𝜆+ 0)− 𝐸(𝜆) by its scaled version, the (formal,
at this stage) derivative 𝑑

𝑑𝜆𝐸(𝜆). In fact, this derivative is the cornerstone of the
present review.

Certainly, this derivative is far from being a new object . In the physical lit-
erature it is known as the density of states [29, Chapter XIII]. It has appeared
implicitly in many mathematical studies of quantum mechanics.

After introducing our basic notational conventions and functional spaces in
Section 2, we present the basic abstract setting in Section 3. This structure was
first established in a joint work with the late A. Devinatz [15]. It relies on the fun-
damental hypothesis that the spectral derivative is Hölder continuous in a suitable
functional setting. The primary aim is to establish a Limiting Absorption Princi-
ple (LAP), namely, that the resolvents (from either side of the spectrum) remain
continuous up to the (absolutely continuous) spectrum in this setting. Once estab-
lished for an operator 𝐻 , we show in Subsection 3.2 that it persists to functions
𝑓(𝐻), for a wide family of functions 𝑓 , with interesting results for operators of
mathematical physics, such as the relativistic Schrödinger operator. It is pointed
out that without the smoothness assumption, the validity of the LAP for 𝐻 does
not necessarily imply its validity even for 𝐻2.

The next three sections are devoted to the main application considered in
this review, namely, a detailed study of the operator

𝐻 = −
𝑛∑

𝑗,𝑘=1

∂

∂𝑥𝑗
𝑎𝑗,𝑘(𝑥)

∂

∂𝑥𝑘
,

which is assumed to be formally self-adjoint in 𝐿2(ℝ𝑛), 𝑛 ≥ 2. The real coefficients
𝑎𝑗,𝑘(𝑥) = 𝑎𝑘,𝑗(𝑥) are assumed to be bounded and 𝐻 is assumed to be uniformly
elliptic and to coincide with −Δ outside of a ball. In particular, the coefficients can
be discontinuous. It is readily seen that these assumptions imply that 𝜎(𝐻), the
spectrum of𝐻 , is the half-axis [0,∞), and is entirely continuous. The threshold 𝑧 =
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0 plays a special role in this setting. The absolute continuity of the spectrum was
established in [11]. It is a straightforward result of the LAP, which is established in
Section 4. In particular, we show that the limiting values of the resolvent remain
continuous across the threshold (which is therefore not a resonance).

Since its appearance in the classical works of Eidus [40] and Agmon [1], the
LAP has proven to be a fundamental tool in the study of spectral and scattering
theory. The method of Eidus (for second-order elliptic operators) relied on careful
elliptic estimates while the method of Agmon used Fourier analysis (division by
symbols with simple zeros), followed by a perturbative (“bootstrap”) argument
to deal with lower-order terms. This latter method, extended to simply charac-
teristic operators of any order, is expounded in [49, Chapter 14]. The method of
Mourre (also known as the “conjugate operator method”) [68] paved the way to
the breakthrough in the study of the (quantum) 𝑁 -body problem [70]. We refer
to the monographs [4, 36] for the presentation of Mourre’s method in an abstract
framework. We also refer to the recent paper [41], where the LAP is proved by
using a combination of Mourre’s method and energy estimates.

The LAP for the divergence-type operator𝐻 introduced above cannot be ob-
tained by a straightforward application of either one of these methods. Firstly, the
presence of the non-constant coefficients 𝑎𝑗,𝑘(𝑥) means that 𝐻 is not a relatively
compact perturbation of the Laplacian, and the perturbation method of Agmon
cannot be applied. Secondly, if one insists (as we do here) on assuming only bound-
edness (and not smoothness) of these coefficients, the method of Mourre, as used
in the semiclassical literature [76], cannot be applied (the conjugate operator is re-
lated to a generator of the corresponding flow that, in turn, relies on smoothness).
In contrast, our approach to the LAP enables us to obtain resolvent estimates for
the Laplacian beyond the 𝐿2 setting, by using 𝐻−1,𝑠 weighted Sobolev spaces (see
Subsection 4.1). In this context the operator 𝐻 can be handled as a perturbation
of the Laplacian.

We note in addition that both Agmon’s and Mourre’s methods cannot be
applied across the threshold at 𝑧 = 0. Here we obtain continuity of the limiting
values of the resolvent across the threshold, at the expense of using a more restric-
tive weight function. This fact is essential in the treatment of global spacetime
estimates in Section 6.

A more detailed discussion of the relevant literature is given in Section 4.
Section 5 is devoted to the eigenfunction expansion theorem (by generalized

eigenfunctions) associated with the operator 𝐻 . We have already touched upon
this topic above, illustrating the differences between the general (abstract) spec-
tral theorem and the detailed Fourier-type expansion needed in applications. We
expand on this issue in the section.

A global spacetime estimate for the associated (inhomogeneous) generalized
wave equation is proved in Section 6. We chose to bring this example (instead of
the simpler Schrödinger-type equation) in order to stress the various possibilities
available with the tool of the spectral derivative. In doing so we need to restrict
much further our class of coefficient matrices. In fact, in order to obtain good
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control on the behavior of the limiting values of the spectral derivative at high
energy, we need to use geometric assumptions (non-trapping trajectories), which
are common in semiclassical theory.

2. Functional spaces and notation

We collect here some basic notations and functional spaces to be used throughout
this paper.

The closure of a set Ω (either in the real line ℝ or in the complex plane ℂ)
is denoted by Ω.

For any two normed spaces𝑋 , 𝑌 , we denote by 𝐵(𝑋, 𝑌 ) the space of bounded
linear operators from𝑋 to 𝑌 , equipped with the operator norm ∥ ∥𝐵(𝑋,𝑌 ) topology
(to which we refer as the uniform operator topology). In the case𝑋 = 𝑌 we simplify
to 𝐵(𝑋).

The following weighted 𝐿2 and Sobolev spaces will appear frequently. First,
for 𝑠 ∈ ℝ and 𝑚 a non-negative integer, we define

𝐿2,𝑠(ℝ𝑛) :=
{

𝑢(𝑥)
∣∣ ∥𝑢∥20,𝑠 = ∫

ℝ𝑛

(1 + ∣𝑥∣2)𝑠∣𝑢(𝑥)∣2𝑑𝑥 < ∞
}

𝐻𝑚,𝑠(ℝ𝑛) :=
{

𝑢(𝑥)
∣∣ 𝐷𝛼𝑢 ∈ 𝐿2,𝑠, ∣𝛼∣ ≤ 𝑚, ∥𝑢∥2𝑚,𝑠 =

∑
∣𝛼≤𝑚

∥𝐷𝛼𝑢∥20,𝑠
}

(we write 𝐿2 for 𝐿2,0 and ∥𝑢∥0 = ∥𝑢∥0,0). More generally, for any 𝜎 ∈ ℝ, let
𝐻𝜎 ≡ 𝐻𝜎,0 be the Sobolev space of order 𝜎, namely,

𝐻𝜎 =
{

𝑢
∣∣ 𝑢 ∈ 𝐿2,𝜎

}
,

∥𝑢̂∥𝜎,0 = ∥𝑢∥0,𝜎, where the Fourier transform is defined as usual by

𝑢(𝜉) = (2𝜋)−
𝑛
2

∫
ℝ𝑛

𝑢(𝑥) exp(−𝑖𝜉𝑥)𝑑𝑥. (2.1)

For negative indices, we denote by
{

𝐻−𝑚,𝑠, ∥ ⋅ ∥−𝑚,𝑠

}
the dual space of

𝐻𝑚,−𝑠. In particular, observe that any function 𝑓 ∈ 𝐻−1,𝑠 can be represented
(not uniquely) as

𝑓 = 𝑓0 +
𝑛∑

𝑘=1

𝑖−1
∂

∂𝑥𝑘
𝑓𝑘, 𝑓𝑘 ∈ 𝐿2,𝑠, 0 ≤ 𝑘 ≤ 𝑛. (2.2)

In the case 𝑛 = 2 and 𝑠 > 1, we define

𝐿2,𝑠
0 (ℝ2) =

{
𝑢 ∈ 𝐿2,𝑠(ℝ2)

∣∣ 𝑢(0) = 0
}

,

and set 𝐻−1,𝑠
0 (ℝ2) to be the space of functions 𝑓 ∈ 𝐻−1,𝑠(ℝ2) which have a

representation (2.2), where 𝑓𝑘 ∈ 𝐿2,𝑠
0 , 𝑘 = 0, 1, 2.
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3. The basic abstract structure

Let ℋ be a Hilbert space over ℂ (the complex numbers), whose scalar product and
norm we denote, respectively, by ( , ) and ∥ ∥.

Let 𝒳 be another Hilbert space such that 𝒳 ⊆ ℋ, where the embedding is
dense and continuous. In other words, 𝒳 can be considered as a dense subspace
of ℋ, equipped with a stronger norm. Then, of course, 𝒳 ↪→ ℋ ↪→ 𝒳 ∗, where 𝒳 ∗

is the anti-dual of 𝒳 , i.e., the continuous additive functionals 𝑙 on 𝒳 , such that
𝑙(𝛼𝑣) = 𝛼 𝑙(𝑣), 𝛼 ∈ ℂ. The (linear) embedding ℎ ∈ ℋ ↪→ 𝑥∗ ∈ 𝒳 ∗ is obtained as
usual by the scalar product (in ℋ), 𝑥∗(𝑥) = (ℎ, 𝑥).

We use ∥𝑥∥𝒳 , ∥𝑥∗∥𝒳 ∗ for the norms in 𝒳 , 𝒳 ∗, respectively, and designate by
⟨ , ⟩ the (𝒳 ∗,𝒳 ) pairing.

Let 𝐻 be a self-adjoint (in general unbounded) operator on ℋ and let {𝐸(𝜆)}
be its spectral family. Let

𝑅(𝑧) = (𝐻 − 𝑧)−1, 𝑧 ∈ ℂ± =
{

𝑧
∣∣ ± Im 𝑧 > 0

}
,

be the associated resolvent operator. We denote by 𝜎(𝐻) ⊆ ℝ the spectrum of 𝐻 .
Clearly, if 𝜆 ∈ 𝜎(𝐻), then 𝑅(𝑧) cannot converge to a limit in the uniform

operator topology of 𝐵(ℋ) as 𝑧 → 𝜆. However, a basic notion in our treatment is
the fact that such continuity up to the spectrum of the resolvent can be achieved
in a weaker topology. We begin with the following definition.

Definition 3.1. Let [𝜅1, 𝜅2] ⊆ ℝ. We say that 𝐻 satisfies the Limiting Absorption
Principle (LAP) in [𝜅1, 𝜅2] if 𝑅(𝑧), 𝑧 ∈ ℂ±, can be extended continuously to
Im 𝑧 = 0, Re 𝑧 ∈ [𝜅1, 𝜅2], in the uniform operator topology of 𝐵(𝒳 ,𝒳 ∗). In this
case we denote the limiting values by 𝑅±(𝜆), 𝜅1 ≤ 𝜆 ≤ 𝜅2.

Remark 3.2. By the well-known Stieltjes formula [59], for all 𝑥 ∈ 𝒳 ,

((𝐸(𝛿)− 𝐸(𝛾))𝑥, 𝑥) =
1

2𝜋𝑖

𝛿∫
𝛾

〈(
𝑅+(𝜆) −𝑅−(𝜆)

)
𝑥, 𝑥
〉

𝑑𝜆, [𝛾, 𝛿] ⊆ [𝜅1, 𝜅2],

it follows that 𝐻 is absolutely continuous in [𝜅1, 𝜅2].

Remark that our assumptions readily imply that the uniform operator topol-
ogy of 𝐵(𝒳 ,𝒳 ∗) is weaker than that of 𝐵(ℋ). Also note that the limiting values
𝑅−(𝜆) are, generally speaking, different from 𝑅+(𝜆).

For reasons to become clear later, we introduce still another Hilbert space
𝒳 ∗
𝐻 , which is a dense subspace of 𝒳 ∗, equipped with a stronger norm (so that
the embedding 𝒳 ∗

𝐻 ↪→ 𝒳 ∗ is continuous). However, we do not require that ℋ
be embedded in 𝒳 ∗

𝐻 . As indicated by the notation, 𝒳 ∗
𝐻 may depend on 𝐻 (see

Example 3.5 below). A typical case would be when 𝐻 can be extended as a densely
defined operator in 𝒳 ∗ and 𝒳 ∗

𝐻 would be its domain there, equipped with the graph
norm. This will be the case in Theorem 3.11 below.

Let {𝐸(𝜆)} be the spectral family of 𝐻 . When there is no risk of confusion,
we also use 𝐸(𝐵) to denote the spectral projection on any Borel set 𝐵 (so that
𝐸(𝜆) = 𝐸(−∞, 𝜆)).
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Definition 3.3. Let 𝑈 ⊆ ℝ be open and let 0 < 𝛼 ≤ 1. Assume that 𝑈 is of full
spectral measure, namely, 𝐸(ℝ∖𝑈) = 0. Then 𝐻 is said to be of type (𝒳 ,𝒳 ∗

𝐻 , 𝛼, 𝑈)
if the following conditions are satisfied:

1. The operator-valued function

𝜆 → 𝐸(𝜆) ∈ 𝐵(𝒳 ,𝒳 ∗), 𝜆 ∈ 𝑈,

is weakly differentiable with a locally Hölder continuous derivative in
𝐵(𝒳 ,𝒳 ∗

𝐻); that is, there exists an operator-valued function

𝜆 → 𝐴(𝜆) ∈ 𝐵(𝒳 ,𝒳 ∗
𝐻), 𝜆 ∈ 𝑈,

so that (recall that ( , ) is the scalar product in ℋ while ⟨ , ⟩ is the (𝒳 ∗,𝒳 )
pairing)

𝑑

𝑑𝜆
(𝐸(𝜆)𝑥, 𝑦) = ⟨𝐴(𝜆)𝑥, 𝑦⟩, 𝑥, 𝑦 ∈ 𝒳 , 𝜆 ∈ 𝑈,

and such that for every compact interval 𝐾 ⊆ 𝑈 , there exists an 𝑀𝐾 > 0
satisfying

∥𝐴(𝜆) −𝐴(𝜇)∥𝐵(𝒳 ,𝒳 ∗
𝐻)
≤ 𝑀𝐾 ∣𝜆− 𝜇∣𝛼 , 𝜆, 𝜇 ∈ 𝐾.

2. For every bounded open set 𝐽 ⊆ 𝑈 and for every compact interval 𝐾 ⊆ 𝐽 ,
the operator-valued function (defined in the weak sense)

𝑧 →
∫
𝑈∖𝐽

𝐴(𝜆)

𝜆− 𝑧
𝑑𝜆, 𝑧 ∈ ℂ, Re 𝑧 ∈ 𝐾, ∣ Im 𝑧∣ ≤ 1,

takes values and is Hölder continuous in the uniform operator topology of
𝐵(𝒳 ,𝒳 ∗

𝐻), with exponent 𝛼.

Remark 3.4. We could localize this definition and, in particular, relax the assump-
tion that 𝐸(ℝ ∖𝑈) = 0. However, this is not needed for the operators discussed in
this review, typically perturbations of operators with absolutely continuous spec-
trum (see the following example below).

Example 3.5 (𝐻0 = −Δ). (This example will be continued in Subsection 4.1.)
We take the operator 𝐻0 to be the unique self-adjoint extension of the re-

striction of −Δ to smooth compactly supported functions [59]. Let
{

𝐸0(𝜆)
}
be the

spectral family associated with 𝐻0 so that, using the Fourier notation introduced
in Section 2,

(𝐸0(𝜆)ℎ, ℎ) =

∫
∣𝜉∣2≤𝜆

∣ℎ̂∣2 𝑑𝜉, 𝜆 ≥ 0, ℎ ∈ 𝐿2(ℝ𝑛). (3.1)

We refer to Section 2 for definitions of the weighted 𝐿2 and Sobolev spaces involved
in the sequel. Recall that by the standard trace lemma, we have∫

∣𝜉∣2=𝜆

∣ℎ̂∣2 𝑑𝜏 ≤ 𝐶
∥∥ℎ̂∥∥2

𝐻𝑠
, 𝑠 >

1

2
, 𝜆 > 0, (3.2)
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where 𝐶 > 0 is independent of 𝜆 and 𝑑𝜏 is the restriction of the Lebesgue measure
(see [15] for the argument that it can be used for the full half-axis, not just compact
intervals).

We conclude that the weak derivative 𝐴0(𝜆) =
𝑑
𝑑𝜆𝐸0(𝜆) exists in the space

𝐵(𝐿2,𝑠, 𝐿2,−𝑠) for any 𝑠 > 1
2 and 𝜆 > 0 and satisfies

⟨𝐴0(𝜆)ℎ, 𝑘⟩ = (2
√

𝜆)−1
∫

∣𝜉∣2=𝜆

ℎ̂𝑘 𝑑𝜏, ℎ, 𝑘 ∈ 𝐿2,𝑠, (3.3)

where ⟨ , ⟩ is the (𝐿2,−𝑠, 𝐿2,𝑠) pairing (conjugate linear with respect to the second
term) and 𝑑𝜏 is the Lebesgue surface measure (we write 𝐿2,𝑠 for 𝐿2,𝑠(ℝ𝑛)).

Furthermore, by taking 𝑠 large in (3.2) (it suffices to take 𝑠 > 𝑛
2+2) and using

the Sobolev imbedding theorem we infer that 𝐴0(𝜆) is locally Lipschitz continuous
in the uniform operator topology, so that by interpolation it is locally Hölder
continuous in the uniform operator topology of 𝐵(𝐿2,𝑠, 𝐿2,−𝑠) for any 𝑠 > 1

2 .
Finally, since the (distributional) Fourier transform of 𝐴0(𝜆)ℎ is the surface

density (2
√

𝜆)−1𝛿∣𝜉∣2−𝜆ℎ̂(𝜉) 𝑑𝜏 , we conclude that actually 𝐴0(𝜆)ℎ ∈ 𝐻𝑚,−𝑠, 𝑠 > 1
2 ,

for any 𝑚 > 0, and 𝐴0(𝜆) is locally Hölder continuous in the uniform operator
topology of 𝐵(𝐿2,𝑠, 𝐻𝑚,−𝑠) for any 𝑠 > 1

2 .

Thus, all the requirements of Definition 3.3 are satisfied with 𝒳 = 𝐿2,𝑠(ℝ𝑛),
𝒳 ∗
𝐻0
= 𝐻2,−𝑠(ℝ𝑛), 𝑠 > 1

2 .

3.1. The limiting absorption prinicple – LAP

Recall first the classical Privaloff-Korn theorem (see [31] for a proof).

Theorem. Let 𝑓 : ℝ→ ℂ be a compactly supported Hölder continuous function so
that, for some 𝑁 > 0 and 0 < 𝛼 < 1,

∣𝑓(𝜆2)− 𝑓(𝜆1)∣ ≤ 𝑁 ∣𝜆2 − 𝜆1∣𝛼 , 𝜆2, 𝜆1 ∈ ℝ.

Let

𝐹±(𝑧) =
∫
ℝ

𝑓(𝜆)

𝜆− 𝑧
𝑑𝜆, 𝑧 ∈ ℂ±.

Then, for every 𝜇 ∈ ℝ, the limits

𝐹±(𝜇) = lim𝐹 (𝑧) = ±𝑖𝜋𝑓(𝜇) + P.V.

∫
ℝ

𝑓(𝜆)

𝜆− 𝜇
𝑑𝜆 as 𝑧 → 𝜇, ± Im 𝑧 > 0,

exist and moreover, for every compact 𝐾 ⊆ ℂ+ (or 𝐾 ⊆ ℂ−), there exists a
constant 𝑀𝐾 so that

∣𝐹±(𝑧2)− 𝐹±(𝑧1)∣ ≤ 𝑁𝑀𝐾 ∣𝑧2 − 𝑧1∣𝛼 , 𝑧1, 𝑧2 ∈ 𝐾.

We can now state our basic theorem, concerning the LAP in the abstract
setting. We remark that a slightly different version will appear in Subsection 4.3.

Theorem 3.6. Let 𝐻 be of type (𝒳 ,𝒳 ∗
𝐻 , 𝛼, 𝑈) (where 𝑈 ⊆ ℝ is open and 0 < 𝛼 ≤

1). Then 𝐻 satisfies the LAP in 𝑈 . More explicitly, the limits

𝑅±(𝜆) = lim
𝜖↓0

𝑅(𝜆± 𝑖𝜖), 𝜆 ∈ 𝑈,
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exist in the uniform operator topology of 𝐵(𝒳 ,𝒳 ∗
𝐻) and the extended operator-

valued function

𝑅(𝑧) =

{
𝑅(𝑧), 𝑧 ∈ ℂ+,

𝑅+(𝑧), 𝑧 ∈ 𝑈,

is locally Hölder continuous in the same topology (with exponent 𝛼).
A similar statement applies when ℂ+ is replaced by ℂ−, but note that the

limiting values 𝑅±(𝜆) are in general different.

Proof. Let 𝐽 ⊆ 𝑈 be a bounded open set such that 𝐽 ⊆ 𝑈 and 𝐾 ⊆ 𝐽 be a
compact interval. Let 𝜑 ∈ 𝐶∞

0 (𝑈) be a cutoff function with 𝜑 ≡ 1 on 𝐽 . Taking
𝑥, 𝑦 ∈ 𝒳 , we have, for Re 𝑧 ∈ 𝐾, Im 𝑧 ∕= 0,

(𝑅(𝑧)𝑥, 𝑦) =

∫
𝑈

𝜑(𝜇)⟨𝐴(𝜇)𝑥, 𝑦⟩
𝜇− 𝑧

𝑑𝜇+

∫
𝑈∖𝐽

(1− 𝜑(𝜇))⟨𝐴(𝜇)𝑥, 𝑦⟩
𝜇− 𝑧

𝑑𝜇

= (𝑅1(𝑧)𝑥, 𝑦) + (𝑅2(𝑧)𝑥, 𝑦) .

By hypothesis (see Definition 3.3) the operator-valued function

𝑅2(𝑧) =

∫
𝑈∖𝐽

(1 − 𝜑(𝜇))𝐴(𝜇)

𝜇− 𝑧
𝑑𝜇,

belongs to 𝐵(𝒳 ,𝒳 ∗
𝐻), and it is locally Hölder continuous for Re 𝑧 ∈ 𝐾. Thus, we

are reduced to considering 𝑅1.
Observe that the integral

𝑅1(𝑧) =

∫
𝑈∖𝐽

𝜑(𝜇)𝐴(𝜇)

𝜇− 𝑧
𝑑𝜇,

is well defined as a Riemann integral, since the integrand is continuous in the
uniform norm topology of 𝐵(𝒳 ,𝒳 ∗

𝐻). Thus 𝑅1(𝑧) ∈ 𝐵(𝒳 ,𝒳 ∗
𝐻). It remains to prove

the assertion concerning its Hölder continuity.
Note that the embeddings 𝒳 ↪→ ℋ ↪→ 𝒳 ∗ and 𝒳 ∗

𝐻 ↪→ 𝒳 ∗ ↪→ 𝒳 ∗∗
𝐻 are dense

and continuous. Thus, we can view 𝒳 as embedded in 𝒳 ∗∗
𝐻 , so that the pairing

⟨𝐴(𝜇)𝑥, 𝑦⟩ can be regarded as an (𝒳 ∗
𝐻 ,𝒳 ∗∗

𝐻 ) pairing.
Suppose now that Im 𝑧𝑖 > 0, Re 𝑧𝑖 ∈ 𝐾, 𝑖 = 1, 2, so that the Privaloff-Korn

theorem yields, for 𝑥, 𝑦 ∈ 𝒳 ,
∣([𝑅1(𝑧2)−𝑅1(𝑧1)]𝑥, 𝑦)∣

≤ 𝑀𝐾 sup
𝜇1 ∕=𝜇2

∣⟨[𝜑(𝜇2)𝐴(𝜇2)− 𝜑(𝜇2)𝐴(𝜇2)]𝑥, 𝑦⟩∣
∣𝜇2 − 𝜇1∣𝛼 ∣𝑧2 − 𝑧1∣𝛼,

and as observed above

∣⟨[𝜑(𝜇2)𝐴(𝜇2)− 𝜑(𝜇2)𝐴(𝜇2)]𝑥, 𝑦⟩∣
≤ ∥∥[𝜑(𝜇2)𝐴(𝜇2)− 𝜑(𝜇2)𝐴(𝜇2)]𝑥

∥∥
𝒳 ∗
𝐻

∥𝑦∥𝒳 ∗∗
𝐻

≤ ∥∥𝜑(𝜇2)𝐴(𝜇2)− 𝜑(𝜇2)𝐴(𝜇2)
∥∥
𝐵(𝒳 ,𝒳 ∗

𝐻)
∥𝑥∥𝒳 ∥𝑦∥𝒳 ∗∗

𝐻
.
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Thus, ∣∣([𝑅1(𝑧2)−𝑅1(𝑧1)]𝑥, 𝑦)
∣∣ ≤ 𝑁𝑀𝐾 ∣𝑧2 − 𝑧1∣𝛼 ∥𝑥∥𝒳 ∥𝑦∥𝒳 ∗∗

𝐻
,

where

𝑁 = sup
𝜇1 ∕=𝜇2

∥𝜑(𝜇2)𝐴(𝜇2)− 𝜑(𝜇2)𝐴(𝜇2)∥𝐵(𝒳 ,𝒳 ∗
𝐻)

∣𝜇2 − 𝜇1∣𝛼 .

Since 𝒳 is dense in 𝒳 ∗∗
𝐻 , the last estimate yields

∥𝑅1(𝑧2)−𝑅1(𝑧1)∥𝐵(𝒳 ,𝒳 ∗
𝐻)
≤ 𝑁𝑀𝐾 ∣𝑧2 − 𝑧1∣𝛼 ,

and the proof is complete. □

Corollary 3.7. In view of the Stieltjes formula (see Remark 3.2 above) we have

𝐴(𝜆) =
1

2𝜋𝑖

(
𝑅+(𝜆)−𝑅−(𝜆)

)
, 𝜆 ∈ 𝑈.

In particular, 𝐻 is absolutely continuous in 𝑈 and 𝑅+(𝜆)−𝑅−(𝜆) cannot vanish
on a subset of 𝜎(𝐻) ∩ 𝑈 of positive (Lebesgue) measure.

Remark 3.8. The operator 𝐴(𝜆), 𝜆 ∈ [0,∞), is known in the physical literature as
the density of states [29, Chapter XIII].

Also, combining the theorem with the observations in Example 3.5 we obtain
the following corollary, which is Agmon’s classical LAP theorem [1].

Corollary 3.9. Let 𝐻0 = −Δ and set 𝑅0(𝑧) = (𝐻0 − 𝑧)−1, Im 𝑧 ∕= 0. Then the
limits

𝑅±
0 (𝜆) = lim

𝜖↓0
𝑅0(𝜆± 𝑖𝜖), 𝜆 ∈ (0,∞),

exist in the uniform operator topology of 𝐵(𝐿2,𝑠, 𝐻2,−𝑠), 𝑠 > 1
2 . Furthermore, these

limiting values are Hölder continuous in this topology.

Remark 3.10. The considerations of Example 3.5, based on trace estimates, can
be applied to a wide range of constant coefficient partial differential operators
(so-called simply characteristic operators, including all principal-type operators).
Hence, a suitable LAP can be established for such operators. We shall not pursue
this direction further in this review, but refer the reader to [15].

In general, it is easier to verify the conditions of Definition 3.3 for the operator
space 𝐵(𝒳 ,𝒳 ∗) than for 𝐵(𝒳 ,𝒳 ∗

𝐻). However, in some circumstances it is enough
to establish the conditions in the latter space. This is expressed in the following
theorem.

Theorem 3.11. Let 𝐻 be densely defined and closable in 𝒳 ∗, with closure 𝐻. Take
𝒳 ∗
𝐻 = 𝐷(𝐻) (its domain), equipped with the graph norm

∥𝑥∥2𝒳 ∗
𝐻
= ∥𝑥∥2𝒳 ∗ + ∥𝐻𝑥∥2𝒳 ∗ .

Suppose that 𝐻 is of type (𝒳 ,𝒳 ∗, 𝛼, 𝑈) (see Definition 3.3). Then in fact 𝐻 is of
type (𝒳 ,𝒳 ∗

𝐻 , 𝛼, 𝑈).
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Proof. In view of Theorem 3.6 (where all assumptions hold in 𝐵(𝒳 ,𝒳 ∗)) we know
that the limits

𝑅±(𝜆) = lim
𝜖↓0

𝑅(𝜆± 𝑖𝜖), 𝜆 ∈ 𝑈,

exist in the uniform operator topology, are locally Hölder continuous and, further-
more, for all 𝑥 ∈ 𝒳 ,

lim
𝜖↓0

𝐻𝑅(𝜆± 𝑖𝜖)𝑥 = 𝑥+ 𝜆𝑅±(𝜆)𝑥, 𝜆 ∈ 𝑈.

Since 𝐻 is closed in 𝒳 ∗, we obtain

𝐻𝑅±(𝜆)𝑥 = 𝑥+ 𝜆𝑅±(𝜆)𝑥 ∈ 𝒳 ∗,

so that 𝑅±(𝜆)𝑥 ∈ 𝒳 ∗
𝐻 . From the definition of the graph norm topology we see

that 𝑅±(𝜆) is locally Hölder continuous in 𝐵(𝒳 ,𝒳 ∗
𝐻). Thus, using Eq. (3.7), we

conclude that the same is true for 𝐴(𝜆), so that the first condition in Definition 3.3
is satisfied.

To establish the second condition, let 𝐽 ⊆ 𝑈 be an open set and 𝐾 ⊆ 𝐽

compact. Let 𝑧 ∈ ℂ with Re 𝑧 ∈ 𝐾, and let 𝐹 (𝜆; 𝑧) =
𝜒𝑈∖𝐽 (𝜆)
𝜆−𝑧 (as usual, 𝜒 is the

characteristic function of the indicated set). By the standard spectral calculus

𝐻𝐹 (𝐻 ; 𝑧) =

∫
𝑈

𝜆𝐹 (𝜆; 𝑧) 𝑑𝐸(𝜆) =

∫
𝑈∖𝐽

𝜆𝐴(𝜆)

𝜆− 𝑧
𝑑𝜆,

so that both 𝐹 (𝐻 ; 𝑧) =
∫
𝑈∖𝐽

𝐴(𝜆)
𝜆−𝑧 𝑑𝜆 and 𝐻𝐹 (𝐻 ; 𝑧) are in 𝐵(𝒳 ,𝒳 ∗) and are, in

fact, locally Lipschitz continuous in the uniform operator topology. Thus 𝑧 →
𝐹 (𝐻 ; 𝑧) is locally Lipschitz continuous in 𝐵(𝒳 ,𝒳 ∗

𝐻), which concludes the proof.
□

3.2. Persistence of smoothness under functional operations

For a wide class of functions 𝑓 : ℝ→ ℝ the (self-adjoint) operator 𝑓(𝐻) is defined
via the calculus associated with the spectral theorem [59], namely,

𝑓(𝐻) =

∫
ℝ

𝑓(𝜆) 𝑑𝐸(𝜆),

where {𝐸(𝜆)} is the spectral family of 𝐻 .
Various spectral properties of 𝑓(𝐻) (whose spectrum is Ran 𝑓𝜎(𝐻)) can be

read off from the structure of 𝑓 . (We use the notation Ran 𝑓𝑊 for the image of
𝑊 ⊆ ℝ under 𝑓 .)

However, one important aspect which is missing is the fact that if 𝐻 satisfies
the Limiting Absorption Principle in 𝑈 , there is no guarantee that 𝑓(𝐻) satisfies
the same principle in Ran 𝑓𝑈 or any part thereof. This remains true even if 𝑓 is
very smooth, monotone, etc.

In contrast, if 𝐻 is of type (𝒳 ,𝒳 ∗
𝐻 , 𝛼, 𝑈), then also 𝑓(𝐻) is of that type (with

𝑈 replaced by Ran 𝑓𝑈 and perhaps a different Hölder exponent), for a rather broad
family of functions. This is the content of the next theorem. In particular, in view
of Theorem 3.6, also 𝑓(𝐻) satisfies the LAP.
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We do not attempt to make the most general statement, but instead refer
the reader to [20] for further details.

Theorem 3.12. Let 𝐻 be of type (𝒳 ,𝒳 ∗
𝐻 , 𝛼, 𝑈) (where 𝑈 ⊆ ℝ is open and 0 < 𝛼 ≤

1). Let 𝑓 : ℝ → ℝ be a locally Hölder continuous function. Assume, in addition,
that the restriction of 𝑓 to 𝑈 is continuously differentiable, and that its derivative
𝑓 ′ is positive and locally Hölder continuous on 𝑈 .

Then the operator 𝑓(𝐻) is of type (𝒳 ,𝒳 ∗
𝐻 , 𝛼′,Ran 𝑓𝑈 ), for some 0 < 𝛼′ ≤ 1.

Proof. Let {𝐹 (𝜆)} be the spectral family of 𝑓(𝐻). If 𝐵 ⊆ ℝ is a Borel set, the
spectral theorem yields

𝐹 (𝐵) = 𝐸(𝑓−1(𝐵)),
and since 𝐸(ℝ ∖ 𝑈) = 0 (see Definition 3.3), we can further write

𝐹 (𝐵) = 𝐸(𝑓−1(𝐵) ∩ 𝑈).

Since 𝑓 ′ > 0 in 𝑈 , an easy calculation gives for the (weak) derivative

𝑑

𝑑𝜇
𝐹 (𝜇) = 𝑓 ′(𝜆)−1

𝑑

𝑑𝜆
𝐸(𝜆), 𝜆 = 𝑓(𝜇) ∈ 𝑈.

The assertion of the theorem follows directly from this formula. □
In view of Theorem 3.6 we infer that 𝑓(𝐻) satisfies the LAP in Ran 𝑓𝑈 .

Remark 3.13. It should be remarked that if 𝐻 satisfies the LAP in the sense of
Definition 3.1 (including all the functional setting mentioned there), there is no
guarantee that 𝐻2 satisfies the LAP in

{
𝜇 = 𝜆2

∣∣ 𝜆 ∈ 𝑈
}
. For this to be false,

however, one needs to find an example where the limiting values of the resolvent
are not Hölder continuous.

Continuing Corollary 3.9 and taking 𝑓(𝜆) =
√∣𝜆∣ + 1, we obtain a LAP for

the relativistic Schrödinger operator [20].

Corollary 3.14. Let 𝐿 =
√−Δ + 𝐼 and set 𝑃 (𝑧) = (𝐿 − 𝑧)−1, Im 𝑧 ∕= 0. The

spectrum of 𝐿 is 𝜎(𝐿) = [1,∞) and is absolutely continuous. The limits

𝑃±(𝜆) = lim
𝜖↓0

𝑃 (𝜆± 𝑖𝜖), 𝜆 ∈ (1,∞),

exist in the uniform operator topology of 𝐵(𝐿2,𝑠, 𝐻2,−𝑠), 𝑠 > 1
2 . Furthermore, these

limiting values are Hölder continuous in this topology.

4. The limiting absorption principle for second-order
divergence-type operators

In the following sections we consider divergence-type second-order operators. As
perturbations of the Laplacian they do not belong to any of the above categories;
the difference between such an operator and the Laplacian is not even compact.
However, our aim is to show that we can still deal with such operators, starting
from the smoothness properties of (the spectral derivative of) the Laplacian.
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Let 𝐻 = −
𝑛∑

𝑗,𝑘=1

∂𝑗𝑎𝑗,𝑘(𝑥)∂𝑘, where 𝑎𝑗,𝑘(𝑥) = 𝑎𝑘,𝑗(𝑥), be a formally self-

adjoint operator in 𝐿2(ℝ𝑛), 𝑛 ≥ 2. The notation ∂𝑗 =
∂
∂𝑥𝑗

is used throughout the

following sections.
We assume that the real measurable matrix function 𝑎(𝑥) = {𝑎𝑗,𝑘(𝑥)}1≤𝑗,𝑘≤𝑛

satisfies, with some positive constants 𝑎1 > 𝑎0 > 0, Λ0 > 0,

𝑎0𝐼 ≤ 𝑎(𝑥) ≤ 𝑎1𝐼, 𝑥 ∈ ℝ𝑛, (4.1)

𝑎(𝑥) = 𝐼, ∣𝑥∣ > Λ0. (4.2)

In what follows we shall use the notation 𝐻 = −∇ ⋅ 𝑎(𝑥)∇.
We retain the notation𝐻 for the self-adjoint (Friedrichs) extension associated

with the form (𝑎(𝑥)∇𝜑,∇𝜓), where ( , ) is the scalar product in 𝐿2(ℝ𝑛). When
𝑎(𝑥) ≡ 𝐼, we get 𝐻 = 𝐻0 = −Δ.

We refer to Section 2 for definitions of the various functional spaces that will
appear in what follows.

Let

𝑅0(𝑧) = (𝐻0 − 𝑧)−1, 𝑅(𝑧) = (𝐻 − 𝑧)−1, 𝑧 ∈ 𝒞± = {𝑧
∣∣ ± Im 𝑧 > 0

}
,

be the associated resolvent operators.
We note that the operator𝐻 can be extended in an obvious way (retaining the

same notation) as a bounded operator𝐻 : 𝐻1
loc → 𝐻−1

loc . In particular,𝐻 : 𝐻1,−𝑠 →
𝐻−1,−𝑠, for all 𝑠 ≥ 0. Furthermore, the graph norm of 𝐻 in 𝐻−1,−𝑠 is equivalent
to the norm of 𝐻1,−𝑠.

Similarly, we can consider the resolvent 𝑅(𝑧) as defined on 𝐿2,𝑠, 𝑠 ≥ 0, where
𝐿2,𝑠 is densely and continuously embedded in 𝐻−1,𝑠.

The fundamental result presented in this section is that 𝐻 satisfies the LAP
over the whole real axis. The exact formulation is as follows:

Theorem 4.1. Suppose that 𝑎(𝑥) satisfies (4.1), (4.2). Assume further that the oper-
ator 𝐻 satisfies the unique continuation property. Then the operator 𝐻 satisfies the
LAP in ℝ. More precisely, let 𝑠 > 1 and consider the resolvent 𝑅(𝑧) = (𝐻 − 𝑧)−1,
Im 𝑧 ∕= 0, as a bounded operator from 𝐿2,𝑠(ℝ𝑛) to 𝐻1,−𝑠(ℝ𝑛).

Then:
(a) 𝑅(𝑧) is bounded with respect to the 𝐻−1,𝑠(ℝ𝑛) norm. Using the density of 𝐿2,𝑠

in 𝐻−1,𝑠, we can therefore view 𝑅(𝑧) as a bounded operator from 𝐻−1,𝑠(ℝ𝑛)
to 𝐻1,−𝑠(ℝ𝑛).

(b) The operator-valued functions, defined respectively in the lower and upper
half-planes,

𝑧 → 𝑅(𝑧) ∈ 𝐵(𝐻−1,𝑠(ℝ𝑛), 𝐻1,−𝑠(ℝ𝑛)), 𝑠 > 1, ± Im 𝑧 > 0, (4.3)

can be extended continuously from 𝒞± =
{

𝑧
∣∣ ± Im 𝑧 > 0

}
to 𝒞± = 𝒞±∪ℝ

(with respect to the uniform operator topology of 𝐵(𝐻−1,𝑠(ℝ𝑛), 𝐻1,−𝑠(ℝ𝑛)).

In the case 𝑛 = 2 replace 𝐻−1,𝑠 by 𝐻−1,𝑠
0 .
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We denote the limiting values of the resolvent on the real axis by

𝑅±(𝜆) = lim
𝑧→𝜆,± Im 𝑧>0

𝑅(𝑧). (4.4)

Remark 4.2. Since 𝐿2,𝑠 (resp. 𝐻1,−𝑠) is densely and continuously embedded in
𝐻−1,𝑠 (resp. 𝐿2,−𝑠), we conclude that the resolvents 𝑅0(𝑧), 𝑅(𝑧) can be extended

continuously to 𝒞± in the 𝐵(𝐿2,𝑠(ℝ𝑛), 𝐿2,−𝑠(ℝ𝑛)) uniform operator topology.

The spectrum of 𝐻 is therefore entirely absolutely continuous. In particular,
it follows that the limiting values 𝑅±(𝜆) are continuous at 𝜆 = 0 and 𝐻 has no
resonance there.

The study of the resolvent near the threshold 𝜆 = 0 is sometimes referred
to as low energy estimates . Following the proof of the theorem, at the end of
Subsection 4.2, we review some of the existing literature concerning such estimates,
as well as some other results pertaining to the LAP in non short-range settings.

Before proceeding to the proof of the theorem, we need to obtain more infor-
mation on the resolvent of the Laplacian.

4.1. The operator 𝑯0 = −Δ – revisited

The basic properties of this operator have already been discussed in Example 3.5
and Corollary 3.9. In particular, the explicit form of

{
𝐸0(𝜆)

}
, its spectral family,

is given in Eq. (3.1), and the spectral derivative 𝐴0 is given explicitly in Eq. (3.3).
The weighted 𝐿2 estimates for 𝐴0 were obtained by using the trace esti-

mate (3.2).
However, we can refine this estimate near 𝜆 = 0 as follows.

Proposition 4.3. Let 1
2 < 𝑠 < 3

2 , ℎ ∈ 𝐿2,𝑠. For 𝑛 = 2 assume further that 𝑠 > 1

and ℎ ∈ 𝐿2,𝑠
0 . Then ∫

∣𝜉∣2=𝜆

∣ℎ̂∣2 𝑑𝜏 ≤ 𝐶 min{𝜆𝛾 , 1}∥∥ℎ̂∥∥2
𝐻𝑠

, (4.5)

where

0 < 𝛾 = 𝑠− 1

2
, 𝑛 ≥ 3,

0 < 𝛾 < 𝑠− 1

2
, 𝑛 = 2,

(4.6)

and 𝐶 = 𝐶(𝑠, 𝛾, 𝑛).

Proof. If 𝑛 ≥ 3, the proof follows as in [19, Appendix], when we take into account
the fact (generalized Hardy inequality) that multiplication by ∣𝜉∣−𝑠 is bounded
from 𝐻𝑠 into 𝐿2 [45] (see also [64, Section 9.4]).

If 𝑛 = 2 and 1 < 𝑠 < 3
2 we have, for ℎ ∈ 𝐿2,𝑠

0 ,

∣ℎ̂(𝜉)∣ = ∣ℎ̂(𝜉)− ℎ̂(0)∣ ≤ 𝐶𝑠,𝛿 ∣𝜉∣𝛿 ∥ℎ̂∥𝐻𝑠 ,
for any 0 < 𝛿 < min{1, 𝑠−1}. Using this estimate in the integral in the right-hand
side of (4.5), the claim follows also in this case. □
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Combining Eqs. (3.3), (3.2) and (4.5), we conclude that

∣⟨𝐴0(𝜆)𝑓, 𝑔⟩∣ ≤ ⟨𝐴0(𝜆)𝑓, 𝑓⟩ 1
2 ⟨𝐴0(𝜆)𝑔, 𝑔⟩ 1

2

≤ 𝐶 min
{

𝜆−
1
2 , 𝜆𝜂

}
∥𝑓∥0,𝑠 ∥𝑔∥0,𝜎 , 𝑓 ∈ 𝐿2,𝑠, 𝑔 ∈ 𝐿2,𝜎,

(4.7)

where

(i) 𝑛 ≥ 3, 1

2
< 𝑠, 𝜎 <

3

2
, 𝑠+ 𝜎 > 2 and 0 < 2𝜂 = 𝑠+ 𝜎 − 2,

or (4.8)

(ii) 𝑛 = 2, 1 < 𝑠 <
3

2
,

1

2
< 𝜎 <

3

2
, 𝑠+ 𝜎 > 2, 0 < 2𝜂 < 𝑠+ 𝜎 − 2

and 𝑓(0) = 0.

In both cases, 𝐴0(𝜆) is Hölder continuous and vanishes at 0, ∞, so we obtain as
in [15]:

Proposition 4.4. The operator-valued function

𝑧 → 𝑅0(𝑧) ∈
{

𝐵(𝐿2,𝑠, 𝐿2,−𝜎), 𝑛 ≥ 3,
𝐵(𝐿2,𝑠

0 , 𝐿2,−𝜎), 𝑛 = 2,
(4.9)

where 𝑠, 𝜎 satisfy (4.8), can be extended continuously from 𝒞± to 𝒞±, in the re-
spective uniform operator topologies.

Remark 4.5. We note that the conditions (4.8) yield the continuity of 𝐴0(𝜆) across
the threshold 𝜆 = 0 and hence the continuity property of the resolvent as in
Proposition 4.4. However, for the local continuity at any 𝜆0 > 0, it suffices to take
𝑠, 𝜎 > 1

2 , as has been stated in Corollary 3.9, which is Agmon’s original result [1].
This remark applies equally to the statements below, where the resolvent is

considered in other functional settings.

We shall now extend this proposition to more general function spaces. Let
𝑔 ∈ 𝐻1,𝜎, where 𝑠, 𝜎 satisfy (4.8). Let 𝑓 ∈ 𝐻−1,𝑠 have a representation of the
form (2.2). Eq. (3.3) can be extended to yield an operator (for which we retain the
same notation)

𝐴0(𝜆) ∈ 𝐵(𝐻−1,𝑠, 𝐻−1,−𝜎),

defined by (where now ⟨ , ⟩ is used for the (𝐻−1,𝑠, 𝐻1,𝜎) pairing),〈
𝐴0(𝜆)

[
𝑓0 + 𝑖−1

𝑛∑
𝑘=1

∂

∂𝑥𝑘
𝑓𝑘

]
, 𝑔

〉

= (2
√

𝜆)−1
∫

∣𝜉∣2=𝜆

[
𝑓0(𝜉) +

𝑛∑
𝑘=1

𝜉𝑘𝑓𝑘(𝜉)

]
𝑔(𝜉) 𝑑𝜏, 𝑓 ∈ 𝐻−1,𝑠, 𝑔 ∈ 𝐻1,𝜎.

(4.10)

(replace 𝐻−1,𝑠 by 𝐻−1,𝑠
0 if 𝑛 = 2).
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Observe that this definition makes good sense even though the representation
(2.2) is not unique, since

𝑓 = 𝑓0 +

𝑛∑
𝑘=1

𝑖−1
∂

∂𝑥𝑘
𝑓𝑘 = 𝑓0 +

𝑛∑
𝑘=1

𝑖−1
∂

∂𝑥𝑘
𝑓𝑘,

implies

𝑓0(𝜉) +

𝑛∑
𝑘=1

𝜉𝑘𝑓𝑘(𝜉) =
ˆ̃
𝑓0(𝜉) +

𝑛∑
𝑘=1

𝜉𝑘
ˆ̃
𝑓𝑘(𝜉)

(as tempered distributions).
To estimate the operator-norm of 𝐴0(𝜆) in this setting we use (4.10) and

the considerations preceding Proposition 4.4, to obtain, instead of (4.7), for 𝑘 =
1, 2, . . . , 𝑛,∣∣∣∣〈𝐴0(𝜆)

∂

∂𝑥𝑘
𝑓𝑘, 𝑔

〉∣∣∣∣
≤ 𝐶 min{𝜆− 1

2 , 𝜆𝜂} ∥𝑓∥−1,𝑠 ∥𝑔∥1,𝜎 , 𝑓 ∈ 𝐻−1,𝑠, 𝑔 ∈ 𝐻1,𝜎,

(4.11)

where 𝑠, 𝜎 satisfy (4.8) (replace 𝐻−1,𝑠 by 𝐻−1,𝑠
0 if 𝑛 = 2).

We now define the extension of the resolvent operator by

𝑅0(𝑧) =

∞∫
0

𝐴0(𝜆)

𝜆 − 𝑧
𝑑𝜆, Im 𝑧 ∕= 0. (4.12)

The convergence of the integral (in the operator norm) follows from the esti-
mate (4.11).

The LAP in this case is given in the following proposition.

Proposition 4.6. The operator-valued function 𝑅0(𝑧) is well defined (and analytic)
for non-real 𝑧 in the following functional setting.

𝑧 → 𝑅0(𝑧) ∈
{

𝐵(𝐻−1,𝑠, 𝐻1,−𝜎), 𝑛 ≥ 3,
𝐵(𝐻−1,𝑠

0 , 𝐻1,−𝜎), 𝑛 = 2,
(4.13)

where 𝑠, 𝜎 satisfy (4.8). Furthermore, it can be extended continuously from 𝒞± to

𝒞±, in the respective uniform operator topologies. The limiting values are denoted
by 𝑅±

0 (𝜆).
The extended function satisfies

(𝐻0 − 𝑧)𝑅0(𝑧)𝑓 = 𝑓, 𝑓 ∈ 𝐻−1,𝑠, 𝑧 ∈ 𝒞±, (4.14)

where for 𝑧 = 𝜆 ∈ ℝ, 𝑅0(𝑧) = 𝑅±
0 (𝜆).

Proof. For simplicity we assume 𝑛 ≥ 3. By Definition (4.12) and estimate (4.11),
we get readily 𝑅0(𝑧) ∈ 𝐵(𝐻−1,𝑠, 𝐻−1,−𝜎) if Im 𝑧 ∕= 0 as well as the analyticity of
the map 𝑧 → 𝑅0(𝑧), Im 𝑧 ∕= 0. Furthermore, the extension to Im 𝑧 = 0 is carried
out as in [15].
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Eq. (4.14) is obvious if Im 𝑧 ∕= 0 and 𝑓 ∈ 𝐿2,𝑠. By the density of 𝐿2,𝑠 in
𝐻−1,𝑠, the continuity of 𝑅0(𝑧) on 𝐻−1,𝑠 and the continuity of 𝐻0−𝑧 (in the sense
of distributions) we can extend it to all 𝑓 ∈ 𝐻−1,𝑠.

As 𝑧 → 𝜆 ± 𝑖 ⋅ 0 we have 𝑅0(𝑧)𝑓 → 𝑅±
0 (𝜆)𝑓 in 𝐻−1,−𝜎. Applying the

(constant coefficient) operator 𝐻0 − 𝑧 yields, in the sense of distributions, 𝑓 =
(𝐻0 − 𝑧)𝑅0(𝑧)𝑓 → (𝐻0 − 𝜆)𝑅±

0 (𝜆)𝑓 which establishes (4.14) also for Im 𝑧 = 0.
Finally, the established continuity of 𝑧 → 𝑅0(𝑧) ∈ 𝐵(𝐻−1,𝑠, 𝐻−1,−𝜎) (up to

the real boundary) and Eq. (4.14) imply the continuity of the map 𝑧 → 𝐻0 𝑅0(𝑧) ∈
𝐵(𝐻−1,𝑠, 𝐻−1,−𝜎).

The stronger continuity claim (4.13) follows, since the norm of𝐻1,−𝜎 is equiv-
alent to the graph norm of 𝐻0 as a map of 𝐻−1,−𝜎 to itself. □

Remark 4.7. The main point here is the fact that the limiting values can be
extended continuously to the threshold at 𝜆 = 0.

In the neighborhood of any 𝜆 > 0 this proposition follows from [79, Theorem
2.3], where a very different proof is used. In fact, using the terminology there,
the limit functions 𝑅±

0 (𝜆)𝑓 are the unique (on either side of the positive real axis)
radiative functions and they satisfy a suitable Sommerfeld radiation condition. We
recall it here for the sake of completeness, since we will need it in the next section.

Let 𝑧 = 𝑘2 ∈ 𝒞 ∖ {0}, Im 𝑘 ≥ 0. For 𝑓 ∈ 𝐻−1,𝑠 let 𝑢 = 𝑅0(𝑧)𝑓 ∈ 𝐻1,−𝜎 be as
defined above. Then

ℛ𝑢 =

∫
∣𝑥∣>Λ0

∣∣∣∣𝑟− 𝑛−1
2

∂

∂𝑟
(𝑟
𝑛−1

2 𝑢)− 𝑖𝑘𝑢

∣∣∣∣2 𝑑𝑥 < ∞, (4.15)

where 𝑟 = ∣𝑥∣. We shall refer to ℛ𝑢 as the radiative norm of 𝑢.
Furthermore, we can take 𝑠, 𝜎 > 1

2 , as in Remark 4.5.

4.2. Proof of the LAP for the operator 𝑯

We start with some considerations regarding the behavior of the resolvent near
the spectrum.

Fix [𝛼, 𝛽] ⊂ ℝ and let

Ω =
{

𝑧 ∈ 𝒞+ ∣∣ 𝛼 < Re 𝑧 < 𝛽, 0 < Im 𝑧 < 1
}

. (4.16)

Let 𝑧 = 𝜇+ 𝑖𝜀 ∈ Ω and consider the equation
(𝐻 − 𝑧)𝑢 = 𝑓 ∈ 𝐻−1,𝑠, 𝑢 ∈ 𝐻1,−𝜎 (𝑓 ∈ 𝐻−1,𝑠

0 if 𝑛 = 2). (4.17)

(Observe that in the case 𝑛 = 2 also 𝑢 ∈ 𝐿2,𝜎
0 .)

With Λ0 as in (4.2), let 𝜒(𝑥) ∈ 𝐶∞(ℝ𝑛) be such that

𝜒(𝑥) =

{
0, ∣𝑥∣ < Λ0 + 1,

1, ∣𝑥∣ > Λ0 + 2.
(4.18)

Eq. (4.17) can be written as

(𝐻0 − 𝑧) (𝜒𝑢) = 𝜒𝑓 − 2∇𝜒 ⋅ ∇𝑢− 𝑢Δ𝜒. (4.19)
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Letting 𝜓(𝑥) = 1−𝜒(𝑥2 ) ∈ 𝐶∞
0 (ℝ

𝑛) and using Proposition 4.6 and standard elliptic
estimates, we obtain from (4.19)

∥𝑢∥1,−𝜎 ≤ 𝐶
[
∥𝑓∥−1,𝑠 + ∥𝜓𝑢∥0,−𝑠

]
, (4.20)

where 𝑠, 𝜎 satisfy (4.8), 𝜎′ > 𝜎 and 𝐶 > 0 depends only on Λ0, 𝜎, 𝑠, 𝑛.
We note that, since 𝜓 is compactly supported, the term ∥𝜓𝑢∥0,−𝑠 can be

replaced by ∥𝜓𝑢∥0,−𝑠′ for any real 𝑠′.
In fact, the second term in the right-hand side can be dispensed with, as is

demonstrated in the following proposition.

Proposition 4.8. The solution to (4.17) satisfies,

∥𝑢∥1,−𝜎 ≤ 𝐶 ∥𝑓∥−1,𝑠 , (4.21)

where 𝑠, 𝜎 satisfy (4.8) and 𝐶 > 0 depends only on 𝜎, 𝑠, 𝑛, Λ0.

Proof. In view of (4.20) we only need to show that

∥𝜓𝑢∥0,−𝑠 ≤ 𝐶 ∥𝑓∥−1,𝑠 . (4.22)

Since 𝐿2,𝑠(ℝ𝑛) is dense in 𝐻−1,𝑠(ℝ𝑛), it suffices to prove this inequality for 𝑓 ∈
𝐿2,𝑠(ℝ𝑛) ∩𝐻−1,𝑠(ℝ𝑛) (using the norm of 𝐻−1,𝑠).

We argue by contradiction. Let{
𝑧𝑘
}∞
𝑘=1

⊆ Ω,
{

𝑓𝑘
}∞
𝑘=1

⊆ 𝐿2,𝑠(ℝ𝑛) ∩𝐻−1,𝑠(ℝ𝑛)

(with 𝑓𝑘(0) = 0 if 𝑛 = 2) and{
𝑢𝑘 = 𝑅(𝑧𝑘)𝑓𝑘

}∞
𝑘=1

⊆ 𝐻1,−𝜎(ℝ𝑛)

be such that

∥𝜓𝑢𝑘∥0,−𝑠 = 1, ∥𝑓𝑘∥−1,𝑠 ≤ 𝑘−1, 𝑘 = 1, 2, . . . ,

𝑧𝑘 → 𝑧0 ∈ Ω as 𝑘 →∞. (4.23)

By (4.20),
{

𝑢𝑘
}∞
𝑘=1

is bounded in 𝐻1,−𝜎. Replacing the sequence by a suitable sub-
sequence (without changing notation) and using the Rellich compactness theorem

we may assume that there exists a function 𝑢 ∈ 𝐿2,−𝜎′
, 𝜎′ > 𝜎, such that

𝑢𝑘 → 𝑢 in 𝐿2,−𝜎′
as 𝑘 →∞. (4.24)

Furthermore, by weak compactness we actually have (restricting again to a subse-
quence if needed)

𝑢𝑘
𝑤−→ 𝑢 in 𝐻1,−𝜎 as 𝑘 →∞. (4.25)

Since 𝐻 maps continuously 𝐻1,−𝜎 into 𝐻−1,−𝜎, we have

𝐻𝑢𝑘
𝑤−→ 𝐻𝑢 in 𝐻−1,−𝜎 as 𝑘 →∞,

so that from (𝐻 − 𝑧𝑘)𝑢𝑘 = 𝑓𝑘 we infer that

(𝐻 − 𝑧0)𝑢 = 0. (4.26)
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In view of (4.19) and Remark 4.7 the functions 𝜒𝑢𝑘 are radiative functions .
Since they are uniformly bounded in 𝐻1,−𝜎, their radiative norms (4.15) are uni-
formly bounded.

Suppose first that 𝑧0 ∕= 0. In view of Remark 4.7 we can take 𝑠, 𝜎 > 1
2 . Then

the limit function 𝑢 is a radiative solution to (𝐻0 − 𝑧0)𝑢 = 0 in ∣𝑥∣ > Λ0 + 2
and hence must vanish there (see [79]). By the unique continuation property of
solutions to (4.26) we conclude that 𝑢 ≡ 0. Thus by (4.24) we get ∥𝜓𝑢𝑘∥0,−𝜎′ → 0

as 𝑘 →∞, which contradicts (4.23).
We are therefore left with the case 𝑧0 = 0. In this case 𝑢 ∈ 𝐻1,−𝜎 satisfies

the equation

∇ ⋅ (𝑎(𝑥)∇𝑢) = 0. (4.27)

In particular, Δ𝑢 = 0 in ∣𝑥∣ > Λ0 and

∞∫
Λ0

∫
∣𝑥∣=𝑟

𝑟−2𝜎
(
∣𝑢∣2 + ∣∂𝑢

∂𝑟
∣2
)

𝑑𝜏𝑑𝑟 < ∞. (4.28)

Consider first the case 𝑛 ≥ 3. We may then use the representation of 𝑢 by spherical
harmonics so that, with 𝑥 = 𝑟𝜔, 𝜔 ∈ 𝑆𝑛−1,

𝑢(𝑥) = 𝑟−
𝑛−1
2

⎧⎨⎩
∞∑
𝑗=0

𝑏𝑗𝑟
𝜇𝑗ℎ𝑗(𝜔) +

∞∑
𝑗=0

𝑐𝑗𝑟
−𝜈𝑗ℎ𝑗(𝜔)

⎫⎬⎭ , 𝑟 > Λ0, (4.29)

where

𝜇𝑗(𝜇𝑗 − 1) = 𝜈𝑗(𝜈𝑗 + 1) = 𝜆𝑗 +
(𝑛− 1)(𝑛− 3)

4
, (4.30)

0 = 𝜆0 < 𝜆1 ≤ 𝜆2 ≤ ⋅ ⋅ ⋅
being the eigenvalues of the Laplace-Beltrami operator on 𝑆𝑛−1, and ℎ𝑗(𝜔) the
corresponding spherical harmonics. Since 𝜆1 = 𝑛− 1, it follows that

𝜇0 =
𝑛− 1
2

, 𝜇0 + 1 ≤ 𝜇1 ≤ 𝜇2 ≤ ⋅ ⋅ ⋅ ,
𝑛− 3
2

= 𝜈0 < 𝜈1 ≤ 𝜈2 ≤ ⋅ ⋅ ⋅ (4.31)

We now observe that (4.28) forces

𝑏0 = 𝑏1 = ⋅ ⋅ ⋅ = 0.
Also, by (4.29) ∫

∣𝑥∣=𝑟

∂𝑢

∂𝑟
𝑑𝜏 = − (𝑛− 2) ∣∣𝑆𝑛−1∣∣ 𝑐0, 𝑟 > Λ0, (4.32)

(
∣∣𝑆𝑛−1∣∣ is the surface measure of 𝑆𝑛−1), while integrating (4.27) we get∫

∣𝑥∣=𝑟

∂𝑢

∂𝑟
𝑑𝜏 = 0, 𝑟 > Λ0. (4.33)
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Thus 𝑐0 = 0. It now follows from (4.29) that, for 𝑟 > Λ0,∫
∣𝑥∣=𝑟

(
∣𝑢∣2 +

∣∣∣∣∂𝑢

∂𝑟

∣∣∣∣2
)

𝑑𝜏 ≤
(

𝑟

Λ0

)−2𝜈1 ∫
∣𝑥∣=Λ0

(
∣𝑢∣2 +

∣∣∣∣∂𝑢

∂𝑟

∣∣∣∣2
)

𝑑𝜏. (4.34)

Multiplying (4.27) by 𝑢 and integrating by parts over the ball ∣𝑥∣ ≤ 𝑟, we in-
fer from (4.34) that the boundary term vanishes as 𝑟 → ∞. Thus ∇𝑢 ≡ 0, in
contradiction to (4.23)–(4.24).

It remains to deal with the case 𝑛 = 2. Instead of (4.29) we now have

𝑢(𝑥) = 𝑟−
1
2

⎧⎨⎩𝑏0𝑟
1
2 log 𝑟 +

∞∑
𝑗=0

𝑏𝑗𝑟
𝜇𝑗ℎ𝑗(𝜔) +

∞∑
𝑗=1

𝑐𝑗𝑟
−𝜈𝑗ℎ𝑗(𝜔)

⎫⎬⎭ , 𝑟 > Λ0, (4.35)

where 𝜇0 =
1
2 , 𝜇1 =

3
2 , 𝜈1 =

1
2 . As in the derivation above, the condition (4.28)

yields 𝑏0 = 𝑏1 = ⋅ ⋅ ⋅ = 0. Also, we get 𝑏0 = 0 in view of (4.33). It now follows that∫
∣𝑥∣=𝑟

𝑢
∂𝑢

∂𝑟
𝑑𝜏 = −2𝜋

∞∑
𝑗=1

(
𝜈𝑗 +

1

2

)
∣𝑐𝑗 ∣2 𝑟−2𝜈𝑗−1, 𝑟 ≥ Λ0, (4.36)

from which, as in the argument following (4.34), we deduce that 𝑢 ≡ 0, again in
contradiction to (4.23)–(4.24). □

Proof of Theorem 4.1. Part (a) of the theorem is actually covered by Proposi-
tion 4.8. Moreover, the proposition implies that the operator-valued function

𝑧 → 𝑅(𝑧) ∈ 𝐵(𝐻−1,𝑠(ℝ𝑛), 𝐻1,−𝜎(ℝ𝑛)), 𝑠 > 1, 𝑧 ∈ Ω,

is uniformly bounded, where 𝑠, 𝜎 satisfy (4.8). Here and below replace 𝐻−1,𝑠 by
𝐻−1,𝑠
0 if 𝑛 = 2.

We next show that the function 𝑧 → 𝑅(𝑧) can be continuously extended
to Ω in the weak toplogoy of 𝐵(𝐻−1,𝑠(ℝ𝑛), 𝐻1,−𝜎(ℝ𝑛)). To this end, we take
𝑓 ∈ 𝐻−1,𝑠(ℝ𝑛) and 𝑔 ∈ 𝐻−1,𝜎(ℝ𝑛) and consider the function

𝑧 → ⟨𝑔, 𝑅(𝑧)𝑓⟩, 𝑧 ∈ Ω,

where ⟨ , ⟩ is the (𝐻−1,𝜎, 𝐻1,−𝜎) pairing. We need to show that it can be extended
continuously to Ω.

In view of the uniform boundedness established in Proposition 4.8, we can
take 𝑓 , 𝑔 in dense sets (of the respective spaces). In particular, we can take 𝑓 ∈
𝐿2,𝑠(ℝ𝑛) and 𝑔 ∈ 𝐿2,𝜎(ℝ𝑛), so that the continuity property in Ω is obvious.

Consider therefore a sequence {𝑧𝑘}∞𝑘=1 ⊆ Ω such that 𝑧𝑘 −−−−→
𝑘→∞

𝑧0 ∈ [𝛼, 𝛽].

The sequence {𝑢𝑘 = 𝑅(𝑧𝑘)𝑓}∞𝑘=1 is bounded in 𝐻1,−𝜎(ℝ𝑛). Therefore there exists

a subsequence
{

𝑢𝑘𝑗
}∞
𝑗=1

which converges to a function 𝑢 ∈ 𝐿2,−𝜎′
, 𝜎′ > 𝜎.

We can further assume that 𝑢𝑘𝑗
𝑤−−−→

𝑗→∞
𝑢 in 𝐻1,−𝜎. It follows that

⟨𝑔, 𝑢𝑘𝑗 ⟩ −−−→
𝑗→∞

⟨𝑔, 𝑢⟩.
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Passing to the limit in
(
𝐻 − 𝑧𝑘𝑗

)
𝑢𝑘𝑗 = 𝑓 we see that the limit function satisfies

(𝐻 − 𝑧0)𝑢 = 𝑓.

We now repeat the argument employed in the proof of Proposition 4.8. If
𝑧0 ∕= 0 we note that the functions {𝜒𝑢𝑘}∞𝑘=1 are radiative functions with uniformly
bounded radiative norms (4.15) in ∣𝑥∣ > Λ0+2. The same is therefore true for the
limit function 𝑢.

If 𝑧0 = 0, then the function 𝑢 ∈ 𝐻1,−𝜎 solves 𝐻𝑢 = 𝑓 .
In both cases this function is unique and we get the convergence

⟨𝑔, 𝑅(𝑧𝑘)𝑓⟩ = ⟨𝑔, 𝑢𝑘⟩ −−−−→
𝑘→∞

⟨𝑔, 𝑢⟩.
We can now define

𝑅+(𝑧0)𝑓 = 𝑢, (4.37)

with an analogous definition for 𝑅−(𝑧0).
At this point we can readily deduce the following extension of the resolvent

𝑅(𝑧) as the inverse of 𝐻 − 𝑧.

(𝐻 − 𝑧)𝑅(𝑧)𝑓 = 𝑓, 𝑓 ∈ 𝐻−1,𝑠, 𝑧 ∈ 𝒞±, (4.38)

where 𝑅(𝑧) = 𝑅±(𝜆) when 𝑧 = 𝜆 ∈ ℝ.
Indeed, observe that if Im 𝑧 ∕= 0 then (𝐻 − 𝑧)𝑅(𝑧)𝑓 = 𝑓 for 𝑓 ∈ 𝐿2,𝑠(ℝ𝑛)

and (𝐻 − 𝑧)𝑅(𝑧) ∈ 𝐵(𝐻−1,𝑠, 𝐻−1,−𝜎), so the assertion follows from the density
of 𝐿2,𝑠(ℝ𝑛) in 𝐻−1,𝑠(ℝ𝑛). For 𝑧 = 𝜆 ∈ ℝ we use the (just established) weak

continuity of the map 𝑧 ↪→ (𝐻 − 𝑧)𝑅(𝑧) from 𝐻−1,𝑠 into 𝐻−1,−𝜎 in 𝒞±.
The passage from weak to uniform continuity (in the operator topology) is a

classical argument due to Agmon [1]. In [9] we have applied it in the case 𝑛 = 1.
Here we outline the proof in the case 𝑛 > 1.

We establish first the continuity of the operator-valued function 𝑧 → 𝑅(𝑧),
Ω, in the uniform operator topology of 𝐵(𝐻−1,𝑠(ℝ𝑛), 𝐿2,−𝜎(ℝ𝑛)).

Let
{

𝑧𝑘
}∞
𝑘=1

⊆ Ω and {𝑓𝑘
}∞
𝑘=1

⊆ 𝐻−1,𝑠(ℝ𝑛) be sequences such that 𝑧𝑘 −−−−→
𝑘→∞

𝑧 ∈ Ω and 𝑓𝑘 converges weakly to 𝑓 in 𝐻−1,𝑠(ℝ𝑛). It suffices to prove that the
sequence 𝑢𝑘 = 𝑅(𝑧𝑘)𝑓𝑘, which is bounded in 𝐻1,−𝜎(ℝ𝑛), converges strongly in
𝐿2,−𝜎(ℝ𝑛). Since this is clear if Im 𝑧 ∕= 0, we can take 𝑧 ∈ [𝛼, 𝛽].

Note first that we can take 1
2 < 𝜎′ < 𝜎 so that 𝑠, 𝜎′ satisfy (4.8). Then

the sequence {𝑢𝑘}∞𝑘=1 is bounded in 𝐻1,−𝜎′
(ℝ𝑛) and there exists a subsequence{

𝑢𝑘𝑗
}∞
𝑗=1

which converges to a function 𝑢 ∈ 𝐿2,−𝜎.

We can further assume that 𝑢𝑘𝑗
𝑤−−−→

𝑗→∞
𝑢 in 𝐻1,−𝜎.

It follows that the limit function satisfies (see Eq. (4.38))

(𝐻 − 𝑧)𝑢 = 𝑓.

Once again we consider separately the cases 𝑧 ∕= 0 and 𝑧 = 0.
In the first case, in view of (4.38) and Remark 4.7, the functions 𝜒𝑢𝑘 are

radiative functions . Since they are uniformly bounded in 𝐻1,−𝜎 their radiative
norms (4.15) are uniformly bounded, and we conclude that also ℛ𝑢 < ∞.
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In the second case, we simply note that 𝑢 ∈ 𝐻1,−𝜎 solves 𝐻𝑢 = 𝑓 .
As in the proof of Proposition 4.8 we conclude that in both cases the limit

is unique, so that the whole sequence {𝑢𝑘}∞𝑘=1 converges to 𝑢 in 𝐿2,−𝜎(ℝ𝑛). Thus,
the continuity in the uniform operator topology of 𝐵(𝐻−1,𝑠(ℝ𝑛), 𝐿2,−𝜎(ℝ𝑛)) is
proved.

Finally, we claim that the operator-valued function 𝑧 → 𝑅(𝑧) is continuous in
the uniform operator topology of 𝐵(𝐻−1,𝑠(ℝ𝑛), 𝐻1,−𝜎(ℝ𝑛)). Indeed, if we invoke
Eq. (4.38), we get that also 𝑧 → 𝐻𝑅(𝑧) is continuous in the uniform operator
topology of 𝐵(𝐻−1,𝑠(ℝ𝑛), 𝐻−1,−𝜎(ℝ𝑛)).

Since the domain of 𝐻 in 𝐻−1,−𝜎(ℝ𝑛) is 𝐻1,−𝜎(ℝ𝑛), the claim follows. The
conclusion of the theorem follows by taking 𝜎 = 𝑠. □

Remark 4.9. In view of (4.19) and Remark 4.7 it follows that for 𝜆 > 0 the
functions 𝑅±(𝜆)𝑓 , 𝑓 ∈ 𝐻−1,𝑠, are radiative, i.e., satisfy a Sommerfeld radiation
condition.

Remark 4.10. The assumption of unique continuation property satisfied by 𝐻
forces us to assume that the coeffcients are Lipschitz continuous. If we do not make
this assumption, it is readily seen from the proof of the theorem that a discrete
set of eigenvalues, with no finite accumulation point, can still be embedded in the
continuous spectrum. However, there is no singular continuous spectrum and zero
is neither an eigenvalue nor a resonance.

I am grateful to Professor Hendrik Vogt for pointing it out to me.

The fact that the limiting values of the resolvent are continuous across the
threshold at 𝜆 = 0 has been established in the case 𝐻 = 𝐻0 [14, Appendix A], and
in the one-dimensional case (𝑛 = 1) in [9, 12, 30]. The paper [74] deals with the
two-dimensional (𝑛 = 2) case, but the resolvent 𝑅(𝑧) is restricted to continuous
compactly supported functions 𝑓 , thus enabling the use of pointwise decay esti-
mates of 𝑅(𝑧)𝑓 at infinity. In the case of the closely related acoustic propagator ,
where the matrix 𝑎(𝑥) = 𝑏(𝑥1)𝐼 is scalar and dependent on a single coordinate,
there are in general countably many thresholds embedded in the continuous spec-
trum. Any study of the LAP must therefore deal with this difficulty. We mention
here the papers [12, 24, 23, 39, 32, 34, 57, 58, 63, 85], as well as the anisotropic
case where 𝑏(𝑥1) is a general positive matrix [13].

We mention next some related studies concerning the LAP where, however,
the threshold has been avoided. Our discussion is restricted, however, to opera-
tors that can be characterized as “perturbations of the Laplacian”. The exten-
sive literature concerning the 𝑁 -body operators is omitted, apart from the mono-
graphs [4, 36] that have already been mentioned in the Introduction in connection
with Mourre’s approach to the LAP.

The pioneering works of Eidus and Agmon have already been mentioned in
the Introduction. Under assumptions close to ours here (but also assuming that
𝑎(𝑥) is continuously differentiable) a weaker version (roughly, strong instead of
uniform convergence of the resolvents) was obtained by Eidus [40, Theorem 4 and
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Remark 1]. For 𝐻 = 𝐻0 the LAP has been established by Agmon [1]. Indeed,
it was established for operators of the type 𝐻0 + 𝑉 , where 𝑉 is a short-range
perturbation. The short-range potential 𝑉 was later replaced by a long-range or
Stark-like potential [53, 6], a potential in 𝐿𝑝(ℝ𝑛) [44, 55], a potential depending
only on direction 𝑥/∣𝑥∣ [46] and a perturbation of such a potential [71, 72]. In these
latter cases the condition 𝛼 > 0 is replaced by 𝛼 > lim sup

∣𝑥∣→∞
𝑉 (𝑥).

We refer to [20] for the LAP for operators of the type 𝑓(−Δ)+𝑉 for a certain
class of functions 𝑓 .

We refer to [76] and references therein for the case of perturbations of the
Laplace-Beltrami operator Δ𝑔 on noncompact manifolds. The LAP (still in (0,∞))
holds under the assumption that 𝑔 is a smooth metric on ℝ𝑛 that vanishes at
infinity. We make use of this result in the proof of Theorem 6.1 (see Section 6).

The LAP for the periodic case (namely, 𝑎(𝑥) is symmetric and periodic) has
recently been established in [69]. Note that in this case the spectrum is absolutely
continuous and consists of a union of intervals (bands).

4.3. An application: Existence and completeness of
the wave operators 𝑾±(𝑯,𝑯0)

A nice consequence of Theorem 4.1 is the existence and completeness of the wave
operators. We recall first the definition [59, Chapter X].

Consider the family of unitary operators

𝑊 (𝑡) = exp(𝑖𝑡𝐻) exp(−𝑖𝑡𝐻0), −∞ < 𝑡 < ∞.

The strong limits 𝑊±(𝐻, 𝐻0) = 𝑠- lim
𝑡→±∞𝑊 (𝑡), if they exist, are called the wave

operators (relating 𝐻, 𝐻0). They are clearly isometries. If their ranges are equal,
we say that they are complete.

Using a well-known theorem of Kato and Kuroda [61], we have the following
corollary.

Corollary 4.11. The wave operators 𝑊±(𝐻, 𝐻0) exist and are complete.

Indeed, all that is needed is that 𝐻, 𝐻0 satisfy the LAP in ℝ, with respect
to the same operator topologies.

We refer to [54], where the existence and completeness of the wave operators
𝑊±(𝐻, 𝐻0) is established under suitable smoothness assumptions on 𝑎(𝑥). (How-
ever, 𝑎(𝑥) − 𝐼 is not assumed to be compactly supported and 𝐻 can include also
magnetic and electric potentials.)

5. An eigenfunction expansion theorem

In the Introduction we mentioned the connection (as well as the gap) between the
spectral theorem (for self-adjoint operators) in its functional-analytic formulation
and the generalized eigenfunction theorem, a fundamental tool in the study of
partial differential operators (and scattering theory). It was mentioned there that
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these theorems should be connected through the Limiting Absorption Principle.
This is indeed the purpose of this section.

We derive an eigenfunction expansion theorem for a divergence-type operator
𝐻 , the operator considered in Section 4.

Let {𝐸(𝜆), 𝜆 ∈ ℝ} be the spectral family associated with 𝐻 and 𝐴(𝜆) =
𝑑
𝑑𝜆𝐸(𝜆) be its weak derivative. We use the formula (3.7),

𝐴(𝜆) =
1

2𝜋𝑖
lim
𝜖↓0
(𝑅(𝜆+ 𝑖𝜖)−𝑅(𝜆− 𝑖𝜖)) =

1

2𝜋𝑖

(
𝑅+(𝜆) −𝑅−(𝜆)

)
.

By Theorem 4.1 we know that 𝐴(𝜆) ∈ 𝐵(𝐿2,𝑠(ℝ𝑛), 𝐿2,−𝑠(ℝ𝑛)), for values of 𝑠 as
given in the theorem.

The formal relation (𝐻 − 𝜆)𝐴(𝜆) = 0 can be given a rigorous meaning if,
for example, we can find a bounded operator 𝑇 such that 𝑇 ∗𝐴(𝜆)𝑇 is bounded
in 𝐿2(ℝ𝑛) and has a complete set (necessarily at most countable) of eigenvectors.
These will serve as generalized eigenvectors for 𝐻 . We refer to [22, Chapters V, VI]
and [25] for a development of this approach for self-adjoint elliptic operators. Note
that by this approach we have at most a countable number of such generalized
eigenvectors for any fixed 𝜆. In the case of 𝐻0 = −Δ they correspond to

∣𝑥∣− 𝑛−3
2 𝐽√𝜅𝑗

(√
𝜆 ∣𝑥∣)𝜓𝑗(𝜔),

where 𝜅𝑗 = 𝜆𝑗 +
(𝑛−1)(𝑛−3)

4 , 𝜆𝑗 being the 𝑗th eigenvalue of the Laplace-Beltrami

operator on the unit sphere 𝑆𝑛−1, 𝜓𝑗 the corresponding eigenfunction and 𝐽𝜈 is
the Bessel function of order 𝜈.

On the other hand, the inverse Fourier transform

𝑔(𝑥) = (2𝜋)−
𝑛
2

∫
ℝ𝑛

𝑔(𝜉)𝑒𝑖𝜉𝑥 𝑑𝜉, (5.1)

can be viewed as expressing a function in terms of the generalized eigenfunctions
exp (𝑖𝜉𝑥) of 𝐻0. Observe that now there is a continuum of such functions corre-
sponding to 𝜆 > 0, namely, ∣𝜉∣2 = 𝜆.

From the physical point-of-view this expansion in terms of plane waves proves
to be more useful for many applications. In particular, replacing −Δ by the
Schrödinger operator −Δ+𝑉 (𝑥) one can expect, under certain hypotheses on the
potential 𝑉 , a similar expansion in terms of distorted plane waves . This has been
accomplished, in increasing order of generality (more specifically, decay assump-
tions on 𝑉 (𝑥) as ∣𝑥∣ → ∞) in [73, 52, 1, 79, 2]. See also [87] for an eigenfunction
expansion for relativistic Schrödinger operators.

Here we use the LAP result of Theorem 4.1 in order to derive a similar
expansion for the operator 𝐻 . In fact, our generalized eigenfunctions are given by
the following definition.
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Definition 5.1. For every 𝜉 ∈ ℝ𝑛, let

𝜓±(𝑥, 𝜉) = −𝑅∓ (∣𝜉∣2)((𝐻 − ∣𝜉∣2) exp(𝑖𝜉𝑥)
)

= 𝑅∓(∣𝜉∣2)
⎛⎝ 𝑛∑

𝑙,𝑗=1

∂𝑙(𝑎𝑙,𝑗(𝑥)− 𝛿𝑙,𝑗)∂𝑗

⎞⎠ exp(𝑖𝜉𝑥).
(5.2)

The generalized eigenfunctions of 𝐻 are defined by

𝜑±(𝑥, 𝜉) = exp(𝑖𝜉𝑥) + 𝜓±(𝑥, 𝜉). (5.3)

We assume 𝑛 ≥ 3 in order to simplify the statement of the theorem. As
we show below (see Proposition 5.3) the generalized eigenfunctions are (at least)
continuous in 𝑥, so that the integral in the statement makes sense.

Theorem 5.2. Suppose that 𝑛 ≥ 3 and that 𝑎(𝑥) satisfies (4.1), (4.2). For any
compactly supported 𝑓 ∈ 𝐿2(ℝ𝑛) define

(𝔽±𝑓)(𝜉) = (2𝜋)−
𝑛
2

∫
ℝ𝑛

𝑓(𝑥)𝜑±(𝑥, 𝜉) 𝑑𝑥, 𝜉 ∈ ℝ𝑛. (5.4)

Then the transformations 𝔽± can be extended as unitary transformations (for
which we retain the same notation) of 𝐿2(ℝ𝑛) onto itself. Furthermore, these trans-
formations diagonalize 𝐻 in the following sense:

𝑓 ∈ 𝐿2(ℝ𝑛) is in the domain 𝐷(𝐻) if and only if ∣𝜉∣2(𝔽±𝑓)(𝜉) ∈ 𝐿2(ℝ𝑛) and

𝐻 = 𝔽∗±𝑀∣𝜉∣2𝔽±, (5.5)

where 𝑀∣𝜉∣2 is the multiplication operator by ∣𝜉∣2.
Before starting the proof of the theorem, we collect some basic properties of

the generalized eigenfunctions in the following proposition.

Proposition 5.3. The generalized eigenfunctions

𝜑±(𝑥, 𝜉) = exp(𝑖𝜉𝑥) + 𝜓±(𝑥, 𝜉)

(see (5.3)) are in 𝐻1
loc(ℝ

𝑛) for each fixed 𝜉 ∈ ℝ𝑛 and satisfy the equation(
𝐻 − ∣𝜉∣2)𝜑±(𝑥, 𝜉) = 0. (5.6)

In addition, these functions have the following properties:

(i) The map

ℝ𝑛 ∋ 𝜉 → 𝜓±(⋅, 𝜉) ∈ 𝐻1,−𝑠(ℝ𝑛), 𝑠 > 1,

is continuous.

(ii) For any compact 𝐾 ⊆ ℝ𝑛, the family of functions
{

𝜑±(𝑥, 𝜉)
∣∣ 𝜉 ∈ 𝐾

}
is

uniformly bounded and uniformly Hölder continuous in 𝑥 ∈ ℝ𝑛.



Divergence-type Operators 25

Proof. Since (𝐻 − ∣𝜉∣2) exp(𝑖𝜉𝑥) ∈ 𝐻−1,𝑠, 𝑠 > 1, Eq. (5.6) follows from the defini-
tion (5.2) in view of Eq. (4.38).

Furthermore, the map

ℝ𝑛 ∋ 𝜉 → (𝐻 − ∣𝜉∣2) exp(𝑖𝜉𝑥) ∈ 𝐻−1,𝑠(ℝ𝑛), 𝑠 > 1,

is continuous, so the continuity assertion (i) follows from Theorem 4.1.

For 𝑠 > 1, the set of functions
{

𝜓±(⋅, 𝜉)
∣∣ 𝜉 ∈ 𝐾

}
is uniformly bounded in

𝐻1,−𝑠. Thus, in view of (5.6), it follows from the De Giorgi-Nash-Moser Theo-
rem [42, Chapter 8] that the set

{
𝜑±(𝑥, 𝜉)

∣∣ 𝜉 ∈ 𝐾
}
is uniformly bounded and

uniformly Hölder continuous in {∣𝑥∣ < 𝑅} for every 𝑅 > 0. In particular, we can
take 𝑅 > Λ0 (see Eq. (4.2)). In the exterior domain {∣𝑥∣ > 𝑅} the set {𝜓±(𝑥, 𝜉)

∣∣
𝜉 ∈ 𝐾

}
is bounded in 𝐻1,−𝑠, 𝑠 > 1, and we have

(
𝐻0 − ∣𝜉∣2

)
𝜓±(𝑥, 𝜉) = 0.

In addition, the boundary values
{

𝜓±(𝑥, 𝜉)
∣∣ ∣𝑥∣ = 𝑅, 𝜉 ∈ 𝐾

}
are uniformly

bounded. From well-known properties of solutions of the Helmholtz equation we
conclude that this set is uniformly bounded and therefore, invoking once again the
De Giorgi-Nash-Moser Theorem, uniformly Hölder continuous. □

Proof of Theorem 5.2. We use the LAP proved in Theorem 4.1, adapting the
methodology of Agmon’s proof [1] for the eigenfunction expansion in the case of
Schrödinger operators with short-range potentials. To simplify notation, we prove
for 𝔽+.

Let 𝑢 ∈ 𝐻1 be compactly supported. For any 𝑧 such that Im 𝑧 ∕= 0 we can
write its Fourier transform as

𝑢(𝜉) = (2𝜋)−
𝑛
2

∫
ℝ𝑛

𝑢(𝑥) exp(−𝑖𝜉𝑥) 𝑑𝑥 =
(2𝜋)−

𝑛
2

∣𝜉∣2 − 𝑧

∫
ℝ𝑛

𝑢(𝑥) (𝐻0 − 𝑧) exp(−𝑖𝜉𝑥) 𝑑𝑥.

Let 𝜃 ∈ 𝐶∞
0 (ℝ

𝑛) be a (real) cutoff function such that 𝜃(𝑥) = 1 for 𝑥 in a neigh-
borhood of the support of 𝑢.

We can rewrite the above equality as

𝑢̂(𝜉) =
(2𝜋)−

𝑛
2

∣𝜉∣2 − 𝑧
⟨(𝐻0 − 𝑧)𝑢(𝑥), 𝜃(𝑥) exp(𝑖𝜉𝑥)⟩,

where ⟨ , ⟩ is the (𝐻−1,𝑠, 𝐻1,−𝑠)-sesquilinear pairing (conjugate linear with respect
to the second term).

We have therefore, with 𝑓 = (𝐻 − 𝑧)𝑢,

𝑢(𝜉) =
(2𝜋)−

𝑛
2

∣𝜉∣2 − 𝑧

(
⟨(𝐻 − 𝑧)𝑢(𝑥), 𝜃(𝑥) exp(𝑖𝜉𝑥)⟩ + ⟨(𝐻0 −𝐻) exp(𝑖𝜉𝑥), 𝑢(𝑥)⟩

)
=
(2𝜋)−

𝑛
2

∣𝜉∣2 − 𝑧
(⟨𝑓(𝑥), 𝜃(𝑥) exp(𝑖𝜉𝑥)⟩ + ⟨𝑓(𝑥), 𝑅(𝑧) (𝐻0 −𝐻) exp(𝑖𝜉𝑥)⟩) . (5.7)

Introducing the function

𝑓(𝜉, 𝑧) = 𝑓(𝜉) + (2𝜋)−
𝑛
2 ⟨𝑓(𝑥), 𝑅(𝑧) (𝐻0 −𝐻) exp(𝑖𝜉𝑥)⟩,
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we have

𝑢(𝜉) = 𝑅(𝑧)𝑓(𝜉) =
𝑓(𝜉, 𝑧)

∣𝜉∣2 − 𝑧
, Im 𝑧 ∕= 0. (5.8)

We now claim that this equation is valid for all compactly supported 𝑓 ∈ 𝐻−1.
Indeed, let 𝑢 = 𝑅(𝑧)𝑓 ∈ 𝐻1,−𝑠, 𝑠 > 1. Let 𝜓(𝑥) = 1 − 𝜒(𝑥), where 𝜒(𝑥) is

defined in (4.18). We set

𝑢𝑘(𝑥) = 𝜓(𝑘−1𝑥)𝑢(𝑥), 𝑓𝑘(𝑥) = (𝐻 − 𝑧)
(
𝜓(𝑘−1𝑥)𝑢(𝑥)

)
, 𝑘 = 1, 2, 3, . . .

The equality (5.8) is satisfied with 𝑢, 𝑓 replaced, respectively, by 𝑢𝑘, 𝑓𝑘. Since

𝜓(𝑘−1𝑥)𝑢(𝑥) −−−−→
𝑘→∞

𝑢(𝑥)

in 𝐻1,−𝑠, we have

(𝐻 − 𝑧) (𝜓(𝑘−1𝑥)𝑢(𝑥)) −−−−→
𝑘→∞

(𝐻 − 𝑧)𝑢 = 𝑓(𝑥)

in 𝐻−1,−𝑠, where in the last step we have used Eq. (4.38).
In addition, since (𝐻0 −𝐻) exp(𝑖𝜉𝑥) is compactly supported

⟨𝑓𝑘(𝑥), 𝑅(𝑧) (𝐻0 −𝐻) exp(𝑖𝜉𝑥)⟩ = ⟨(𝐻0 −𝐻) exp(𝑖𝜉𝑥), 𝑅(𝑧)𝑓𝑘(𝑥)⟩
−−−−→
𝑘→∞

⟨(𝐻0 −𝐻) exp(𝑖𝜉𝑥), 𝑅(𝑧)𝑓⟩ = ⟨𝑓, 𝑅(𝑧) (𝐻0 −𝐻) exp(𝑖𝜉𝑥)⟩.

Combining these considerations with the continuity of the Fourier transform (on
tempered distributions) we establish that (5.8) is valid for all compactly supported
𝑓 ∈ 𝐻−1.

Let {𝐸(𝜆), 𝜆 ∈ ℝ} be the spectral family associated with 𝐻 . Let 𝐴(𝜆) =
𝑑
𝑑𝜆𝐸(𝜆) be its weak derivative. More precisely, we use the relation (3.7), to get

(using Theorem 4.1), for any 𝑓 ∈ 𝐻−1,𝑠, 𝑠 > 1,

⟨𝑓, 𝐴(𝜆)𝑓⟩ = 1

2𝜋𝑖
⟨𝑓,
(
𝑅+(𝜆)−𝑅−(𝜆)

)
𝑓⟩.

We now take 𝑓 ∈ 𝐿2 and compactly supported. From the resolvent equation we
infer

𝑅(𝜆+ 𝑖𝜖)−𝑅(𝜆− 𝑖𝜖) = 2𝑖𝜖𝑅(𝜆+ 𝑖𝜖)𝑅(𝜆− 𝑖𝜖), 𝜖 > 0,

so that

⟨𝑓, 𝐴(𝜆)𝑓⟩ = lim
𝜖↓0

𝜖

𝜋
∥𝑅(𝜆+ 𝑖𝜖)𝑓∥20 , 𝜖 > 0.

Using Eq. (5.8) and Parseval’s theorem, we therefore have

⟨𝑓, 𝐴(𝜆)𝑓⟩ = lim
𝜖→0+

𝜖

𝜋

∥∥∥(∣𝜉∣2 − (𝜆+ 𝑖𝜖)
)−1

𝑓(𝜉, 𝜆+ 𝑖𝜖)
∥∥∥2
0

, 𝜖 > 0. (5.9)

Note that 𝑓(𝜉, 𝑧) can be extended continuously as 𝑧 → 𝜆+ 𝑖 ⋅ 0 by
𝑓(𝜉, 𝜆) = 𝑓(𝜉) + (2𝜋)−

𝑛
2 ⟨𝑓(𝑥), 𝑅−(𝜆) (𝐻0 −𝐻) exp(𝑖𝜉𝑥)⟩. (5.10)
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In order to study properties of 𝑓(𝜉, 𝑧) as a function of 𝜉 we compute

𝑓(𝜉, 𝑧) = 𝑓(𝜉) + (2𝜋)−
𝑛
2

〈( 𝑛∑
𝑙,𝑗=1

∂𝑙(𝑎𝑙,𝑗(𝑥) − 𝛿𝑙,𝑗)∂𝑗

)
exp(𝑖𝜉𝑥), 𝑅(𝑧)𝑓(𝑥)

〉
(5.11)

= 𝑓(𝜉) + (2𝜋)−
𝑛
2 𝑖

𝑛∑
𝑙,𝑗=1

𝜉𝑗

∫
ℝ𝑛
(𝑎𝑙,𝑗(𝑥)− 𝛿𝑙,𝑗) ∂𝑙(𝑅(𝑧)𝑓(𝑥)) exp(−𝑖𝜉𝑥) 𝑑𝑥,

where in the last step we have used that both ∂𝑙(𝑅(𝑧)𝑓(𝑥)) and (𝑎𝑙,𝑗(𝑥) − 𝛿𝑙,𝑗)
exp(−𝑖𝜉𝑥) are in 𝐿2.

Consider now the integral

𝑔(𝜉, 𝑧) =

∫
ℝ𝑛
(𝑎𝑙,𝑗(𝑥) − 𝛿𝑙,𝑗) ∂𝑙(𝑅(𝑧)𝑓(𝑥)) exp(−𝑖𝜉𝑥) 𝑑𝑥, 𝑧 ∈ Ω,

where Ω is as in (4.16).

In view of Theorem 4.1, the family {∂𝑙𝑅(𝑧)𝑓(𝑥)}𝑧∈Ω is uniformly bounded

in 𝐿2,−𝑠, 𝑠 > 1, so by Parseval’s theorem we get

∥𝑔(⋅, 𝑧)∥0 < 𝐶, 𝑧 ∈ Ω,

where 𝐶 only depends on 𝑓 .
This estimate and (5.11) imply that, if 𝑓 ∈ 𝐿2 is compactly supported,

(i) The function

ℝ𝑛 × Ω ∋ (𝜉, 𝑧)→ 𝑓(𝜉, 𝑧)

is continuous. For real 𝑧 it is given by (5.10).

(ii) lim
𝑘→∞

∫
∣𝜉∣>𝑘

(∣𝜉∣2 − 𝑧
)−1 ∣𝑓(𝜉, 𝑧)∣2 𝑑𝜉 = 0,

uniformly in 𝑧 ∈ Ω.
As 𝑧 → ∣𝜉∣2 + 𝑖 ⋅ 0, we have by Theorem 4.1 and Eq. (5.3),

lim
𝑧→∣𝜉∣2+𝑖⋅0

𝑓(𝜉, 𝑧) = (2𝜋)−
𝑛
2

∫
ℝ𝑛

𝑓(𝑥)𝜑+(𝑥, 𝜉) 𝑑𝑥 = 𝔽+𝑓(𝜉),

so that, taking (i) and (ii) into account, we obtain from (5.9), for any compactly
supported 𝑓 ∈ 𝐿2,

⟨𝑓, 𝐴(𝜆)𝑓⟩ = 1

2
√

𝜆

∫
∣𝜉∣2=𝜆

∣𝔽+𝑓(𝜉)∣2 𝑑𝜎, 𝜆 > 0, (5.12)

where 𝑑𝜎 is the surface Lebesgue measure.

It follows that, for any [𝛼, 𝛽] ⊂ (0,∞),

((𝐸(𝛽) − 𝐸(𝛼))𝑓, 𝑓) =

∫ 𝛽

𝛼

⟨𝑓, 𝐴(𝜆)𝑓⟩𝑑𝜆 =

∫
𝛼≤∣𝜉∣2≤𝛽

∣𝔽+𝑓(𝜉)∣2 𝑑𝜉. (5.13)
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Letting 𝛼 → 0, 𝛽 →∞, we get
∥𝑓∥0 = ∥𝔽+𝑓∥0 . (5.14)

Thus 𝑓 → 𝔽+𝑓 ∈ 𝐿2(ℝ𝑛) is an isometry for compactly supported functions, which
can be extended by density to all 𝑓 ∈ 𝐿2(ℝ𝑛).

Furthermore, since the spectrum of 𝐻 is entirely absolutely continuous, it
follows that for every 𝑓 ∈ 𝐿2, Eq. (5.12) holds for almost all 𝜆 > 0 (with respect
to the Lebesgue measure).

Let 𝑓 ∈ 𝐷(𝐻). By the spectral theorem

⟨𝐻𝑓, 𝐴(𝜆)𝐻𝑓⟩ = 𝜆2⟨𝑓, 𝐴(𝜆)𝑓⟩ = 1

2
√

𝜆

∫
∣𝜉∣2=𝜆

∣∣∣𝜉∣2 𝔽+𝑓(𝜉)
∣∣2 𝑑𝜎, 𝜆 > 0.

In particular,

∥𝐻𝑓∥20 =
∫
ℝ𝑛

∣∣∣𝜉∣2 𝔽+𝑓(𝜉)
∣∣2 𝑑𝜉. (5.15)

Conversely, if the right-hand side of (5.15) is finite, then
∫∞
0

𝜆2 ⟨𝑓, 𝐴(𝜆)𝑓⟩ 𝑑𝜆 < ∞,
so 𝑓 ∈ 𝐷(𝐻).

The adjoint operator 𝔽∗+ is a partial isometry (on the range of 𝔽+). If 𝑓(𝑥) ∈
𝐿2(ℝ𝑛) is compactly supported and 𝑔(𝜉) ∈ 𝐿2(ℝ𝑛) is likewise compactly sup-
ported, then

(𝔽+𝑓, 𝑔) = (2𝜋)−
𝑛
2

∫
ℝ𝑛

⎛⎝ ∫
ℝ𝑛

𝑓(𝑥)𝜑+(𝑥, 𝜉) 𝑑𝑥

⎞⎠ 𝑔(𝜉) 𝑑𝜉

= (2𝜋)−
𝑛
2

∫
ℝ𝑛

𝑓(𝑥)

⎛⎝ ∫
ℝ𝑛

𝑔(𝜉)𝜑+(𝑥, 𝜉) 𝑑𝜉

⎞⎠ 𝑑𝑥,

where in the change of order of integration Proposition 5.3 was taken into account.

It follows that, for a compactly supported 𝑔(𝜉) ∈ 𝐿2(ℝ𝑛),

(𝔽∗+𝑔)(𝑥) = (2𝜋)−
𝑛
2

∫
ℝ𝑛

𝑔(𝜉)𝜑+(𝑥, 𝜉) 𝑑𝜉, (5.16)

and the extension to all 𝑔 ∈ 𝐿2(ℝ𝑛) is obtained by the fact that 𝔽∗+ is a partial
isometry.

Now if 𝑓 ∈ 𝐷(𝐻), 𝑔 ∈ 𝐿2(ℝ𝑛), we have

(𝐻𝑓, 𝑔) =

∫
ℝ𝑛
∣𝜉∣2 𝔽+𝑓(𝜉)𝔽+𝑔(𝜉) 𝑑𝜉 =

∫
ℝ𝑛

𝔽∗+
(∣𝜉∣2 𝔽+𝑓(𝜉)

)
𝑔(𝜉) 𝑑𝜉,

which is the statement (5.5) of the theorem.

It follows from the spectral theorem that, for every interval 𝐽 = [𝛼, 𝛽] ⊆
[0,∞) and for every 𝑓 ∈ 𝐿2(ℝ𝑛), we have, with 𝐸𝐽 = 𝐸(𝛽) − 𝐸(𝛼) and 𝜒𝐽 the
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characteristic function of 𝐽 ,

𝐸𝐽𝑓(𝑥) = 𝔽∗+
(
𝜒𝐽(∣𝜉∣2)𝔽+𝑓(𝜉)

)
or

𝔽+𝐸𝐽𝑓(𝜉) = 𝜒𝐽(∣𝜉∣2)𝔽+𝑓(𝜉).

It remains to prove that the isometry 𝔽+ is onto (and hence unitary). So, suppose
to the contrary that, for some nonzero 𝑔(𝜉) ∈ 𝐿2(ℝ𝑛),

(𝔽∗+𝑔)(𝑥) = 0.

In particular, for any 𝑓 ∈ 𝐿2(ℝ𝑛) and any interval 𝐽 as above,

0 =
(
𝐸𝐽𝑓,𝔽∗+𝑔

)
= (𝔽+𝐸𝐽𝑓, 𝑔) =

(
𝜒𝐽(∣𝜉∣2)𝔽+𝑓(𝜉), 𝑔(𝜉)

)
=
(
𝔽+𝑓(𝜉), 𝜒𝐽 (∣𝜉∣2)𝑔(𝜉)

)
,

so that 𝔽∗+
(
𝜒𝐽(∣𝜉∣2) 𝑔(𝜉)

)
= 0.

By Eq. (5.16) we have, for any 0 ≤ 𝛼 < 𝛽,∫
𝛼<∣𝜉∣2<𝛽

𝑔(𝜉)𝜑+(𝑥, 𝜉) 𝑑𝜉 = 0

so that, in view of the continuity properties of 𝜑+(𝑥, 𝜉) (see Proposition 5.3), for
a.e. 𝜆 ∈ (0,∞), ∫

∣𝜉∣2=𝜆

𝑔(𝜉)𝜑+(𝑥, 𝜉) 𝑑𝜎 = 0. (5.17)

From the definition (5.3) we get∫
∣𝜉∣2=𝜆

𝑔(𝜉) exp(𝑖𝜉𝑥) 𝑑𝜎 −
∫

∣𝜉∣2=𝜆

𝑔(𝜉)𝑅−(𝜆) ((𝐻 − 𝜆) exp(𝑖𝜉𝑥)) 𝑑𝜎 = 0. (5.18)

Since (𝐻 − 𝜆) exp(𝑖𝜉𝑥) is compactly supported (when ∣𝜉∣2 = 𝜆), the continuity
property of 𝑅−(𝜆) enables us to write∫
∣𝜉∣2=𝜆

𝑔(𝜉)𝑅−(𝜆) ((𝐻 − 𝜆) exp(𝑖𝜉𝑥)) 𝑑𝜎 = 𝑅−(𝜆)
∫

∣𝜉∣2=𝜆

𝑔(𝜉) (𝐻 − 𝜆) exp(𝑖𝜉𝑥) 𝑑𝜎,

which, by Remark 4.9, satisfies a Sommerfeld radiation condition. We conclude
that the function

𝐺(𝑥) =

∫
∣𝜉∣2=𝜆

𝑔(𝜉) exp(𝑖𝜉𝑥) 𝑑𝜎 ∈ 𝐻1,−𝑠, 𝑠 >
1

2
,

is a radiative solution (see Remark 4.7) of (−Δ− 𝜆)𝐺 = 0 and hence must vanish.
Since this holds for a.e. 𝜆 > 0, we get 𝑔(𝜉) = 0, hence 𝑔 = 0. □
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6. Global spacetime estimates for a generalized wave equation

The Strichartz estimates [83] have become a fundamental ingredient in the study
of nonlinear wave equations. They are 𝐿𝑝 spacetime estimates that are derived for
operators whose leading part has constant coefficients. We refer to the books [81,
82] and [5] for detailed accounts and further references.

Here we focus on spacetime estimates pertinent to the framework of this
review, namely, weighted 𝐿2 estimates.

We recall first some results related to the Cauchy problem for the classical
wave equation,

□𝑢 =
∂2𝑢

∂𝑡2
−Δ𝑢 = 0, (6.1)

subject to the initial data

𝑢(𝑥, 0) = 𝑢0(𝑥), ∂𝑡𝑢(𝑥, 0) = 𝑣0(𝑥), 𝑥 ∈ ℝ𝑛. (6.2)

The Morawetz estimate [66] yields∫
ℝ

∫
ℝ𝑛

∣𝑥∣−3∣𝑢(𝑥, 𝑡)∣2 𝑑𝑥𝑑𝑡 ≤ 𝐶
(∥∇𝑢0∥20 + ∥𝑣0∥20

)
, 𝑛 ≥ 4,

while in [8] we gave the estimate∫
ℝ

∫
ℝ𝑛

∣𝑥∣−2𝛼−1 ∣𝑢(𝑥, 𝑡)∣2 𝑑𝑥𝑑𝑡 ≤ 𝐶𝛼

(
∥∣∇∣𝛼𝑢0∥20 +

∥∥∣∇∣𝛼−1𝑣0∥∥20) , 𝑛 ≥ 3,

for every 𝛼 ∈ (0, 1).
Related results were obtained in [65] (allowing also dissipative terms), [50]

(with some gain in regularity), [88] (with short-range potentials) and [47] for spher-
ically symmetric solutions.

Here we consider the equation

∂2𝑢

∂𝑡2
+𝐻𝑢 =

∂2𝑢

∂𝑡2
−

𝑛∑
𝑖,𝑗=1

∂𝑖𝑎𝑖,𝑗(𝑥)∂𝑗𝑢 = 𝑓(𝑥, 𝑡), (6.3)

subject to the initial data (6.2).
We first replace the assumptions (4.1), (4.2) by stronger ones as follows:

(H1) 𝑎(𝑥) = 𝑔−1(𝑥) =
(
𝑔𝑖,𝑗(𝑥)

)
1≤𝑖,𝑗≤𝑛 , (6.4)

where 𝑔(𝑥) = (𝑔𝑖,𝑗(𝑥))1≤𝑖,𝑗≤𝑛 is a smooth Riemannian metric on ℝ𝑛 such that

𝑔(𝑥) = 𝐼, ∣𝑥∣ > Λ0.

(H2) The Hamiltonian flow associated with ℎ(𝑥, 𝜉) = (𝑔(𝑥)𝜉, 𝜉)

is nontrapping for any (positive) value of ℎ. (6.5)

Recall that (H2) means that the flow associated with the Hamiltonian vectorfield
ℋ = ∂ℎ

∂𝜉
∂
∂𝑥 − ∂ℎ

∂𝑥
∂
∂𝜉 leaves any compact set in ℝ𝑛

𝑥 .
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Identical hypotheses are imposed in the study of resolvent estimates in semi-
classical theory [26, 27].

In our estimates we use homogeneous Sobolev spaces associated with the
operator 𝐻 .

We let 𝐺 = 𝐻
1
2 which is a positive self-adjoint operator. Note that ∥𝐺𝜃∥0 is

equivalent to the homogeneous Sobolev norm ∥∇𝜃∥0.
Theorem 6.1. Suppose that 𝑛 ≥ 3 and that 𝑎(𝑥) satisfies Hypotheses (H1)–(H2).
Let 𝑠 > 1.

(a) (local energy decay) There exists a constant 𝐶1 = 𝐶1(𝑠, 𝑛) > 0 such that the
solution to (6.3), (6.2) satisfies∫

ℝ

∫
ℝ𝑛

(
1 + ∣𝑥∣2)−𝑠 [∣𝐺𝑢(𝑥, 𝑡)∣2 + ∣𝑢𝑡(𝑥, 𝑡)∣2] 𝑑𝑥𝑑𝑡

≤ 𝐶1

⎧⎨⎩∥𝐺𝑢0∥20 + ∥𝑣0∥20 +
∫
ℝ

∫
ℝ𝑛

∣𝑓(𝑥, 𝑡)∣2 𝑑𝑥𝑑𝑡

⎫⎬⎭ . (6.6)

(b) (amplitude decay) Assume that 𝑓 = 0. There exists a constant 𝐶2=𝐶2(𝑠,𝑛)>
0 such that the solution to (6.3), (6.2) satisfies,∫

ℝ

∫
ℝ𝑛

(
1 + ∣𝑥∣2)−𝑠 ∣𝑢(𝑥, 𝑡)∣2 𝑑𝑥𝑑𝑡 ≤ 𝐶2

[∥𝑢0∥20 + ∥𝐺−1𝑣0∥20
]

. (6.7)

This estimate generalizes similar estimates obtained for the classical (𝑔 = 𝐼)
wave equation [8, 65].

Remark 6.2. The estimate (6.6) is an energy decay estimate for the wave equa-
tion (6.3). A localized (in space) version of the estimate has served to obtain
global (small amplitude) existence theorems for the corresponding nonlinear equa-
tion [27, 48].

The weighted 𝐿2 spacetime estimates for the dispersive equation

𝑖−1
∂

∂𝑡
𝑢 = 𝐿𝑢,

have been extensively treated in recent years. In general, in this case there is
also a gain of derivatives (so-called smoothing) in addition to the energy decay.
For the Schrödinger operator 𝐿 = −Δ + 𝑉 (𝑥), with various assumptions on the
potential 𝑉 , we refer to [3, 7, 8, 17, 19, 50, 62, 78, 80, 89] and references therein.
In [33] the case of magnetic potentials is considered. The Schrödinger operator on
a Riemannian manifold is treated in [26, 38]. For more general operators see [16,
20, 28, 51, 67, 77, 84] and references therein.

Proof of Theorem 6.1. (a) Define, with 𝐺 = 𝐻
1
2 ,

𝑢± =
1

2
(𝐺𝑢± 𝑖𝑢𝑡) .
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Then

∂𝑡𝑢± = ∓𝑖 𝐺𝑢± ± 𝑖

2
𝑓. (6.8)

Defining

𝑈(𝑡) =

(
𝑢+(𝑡)
𝑢−(𝑡)

)
, (6.9)

we have

𝑖−1𝑈 ′(𝑡) = −𝐾𝑈 + 𝐹, (6.10)

where

𝐾 =

(
𝐺 0
0 −𝐺

)
, 𝐹 (𝑡) =

(
1
2𝑓(⋅, 𝑡)
− 1

2𝑓(⋅, 𝑡)

)
.

Note that, as is common when treating evolution equations, we write 𝑈(𝑡), 𝐹 (𝑡),
etc. for 𝑈(𝑥, 𝑡), 𝐹 (𝑥, 𝑡), etc. when there is no risk of confusion.

The operator 𝐾 is a self-adjoint operator on 𝒟 = 𝐿2(ℝ𝑛) ⊕ 𝐿2(ℝ𝑛). Its
spectral family 𝐸𝐾(𝜆) is given by 𝐸𝐾(𝜆) = 𝐸𝐺(𝜆)⊕ (𝐼 − 𝐸𝐺(−𝜆)), 𝜆 ∈ ℝ, where
𝐸𝐺 is the spectral family of 𝐺.

Let 𝐸(𝜆) be the spectral family of 𝐻 , and let 𝐴(𝜆) = 𝑑
𝑑𝜆𝐸(𝜆) be its weak

derivative (3.7). By the definition of 𝐺 we have

𝐸𝐺(𝜆) = 𝐸(𝜆2),

hence its weak derivative is given by

𝐴𝐺(𝜆) =
𝑑

𝑑𝜆
𝐸𝐺(𝜆) = 2𝜆 𝐴(𝜆2), 𝜆 > 0. (6.11)

In view of the LAP (Theorem A) we therefore have that the operator-valued
function

𝐴𝐺(𝜆) ∈ 𝐵(𝐿2,𝑠(ℝ𝑛), 𝐿2,−𝑠(ℝ𝑛))

is continuous for 𝜆 ≥ 0.
Denoting 𝒟𝑠 = 𝐿2,𝑠(ℝ𝑛)⊕ 𝐿2,𝑠(ℝ𝑛), it follows that

𝐴𝐾(𝜆) =
𝑑

𝑑𝜆
𝐸𝐾(𝜆) = 𝐴𝐺(𝜆) ⊕𝐴𝐺(−𝜆), 𝜆 ∈ ℝ,

is continuous with values in 𝐵(𝒟𝑠,𝒟−𝑠) for 𝑠 > 1.
Making use of Hypotheses (H1)–(H2), we invoke [76, Theorem 5.1] to con-

clude that lim sup
𝜇→∞

𝜇
1
2 ∥𝐴(𝜇)∥𝐵(𝐿2,𝑠,𝐿2,−𝑠) < ∞, so that by (6.11) there exists a

constant 𝐶 > 0 such that

∥𝐴𝐺(𝜆)∥𝐵(𝐿2,𝑠,𝐿2,−𝑠) < 𝐶, 𝜆 ≥ 0. (6.12)

It follows that also

∥𝐴𝐾(𝜆)∥𝐵(𝒟𝑠,𝒟−𝑠) < 𝐶, 𝜆 ∈ ℝ, 𝑠 > 1, 𝜆 ∈ ℝ. (6.13)

Let ⟨ , ⟩ be the sesquilinear pairing between 𝒟−𝑠 and 𝒟𝑠 (conjugate linear
with respect to the second term).
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For any 𝜓, 𝜒 ∈ 𝒟𝑠 we have, in view of the fact that 𝐴𝐾(𝜆) is a weak derivative
of a spectral measure,

(i) ∣⟨𝐴𝐾(𝜆)𝜓, 𝜒⟩∣2 ≤ ⟨𝐴𝐾(𝜆)𝜓, 𝜓⟩ ⋅ ⟨𝐴𝐾(𝜆)𝜒, 𝜒⟩,

(ii)

∞∫
−∞

⟨𝐴𝐾(𝜆)𝜓, 𝜓⟩𝑑𝜆 = ∥𝜓∥2𝐿2(ℝ𝑛)⊕𝐿2(ℝ𝑛) .
(6.14)

We first treat the pure Cauchy problem, i.e., 𝑓 ≡ 0.
To estimate 𝑈(𝑥, 𝑡) = 𝑒−𝑖𝑡𝐾𝑈(𝑥, 0) we use a duality argument. Some of the

following computations will be rather formal, but they can easily be justified by
a density argument, as in [8, 20]. We shall use (( , )) for the scalar product in
𝐿2(ℝ𝑛+1)⊕ 𝐿2(ℝ𝑛+1).

Take 𝑤(𝑥, 𝑡) ∈ 𝐶∞
0 (ℝ

𝑛+1)⊕ 𝐶∞
0 (ℝ

𝑛+1). Then,

((𝑈, 𝑤)) =

∞∫
−∞

𝑒−𝑖𝑡𝐾𝑈(𝑥, 0) ⋅ 𝑤(𝑥, 𝑡) 𝑑𝑥𝑑𝑡 =

∞∫
−∞

⟨𝐴𝐾(𝜆)𝑈(𝑥, 0),

∞∫
−∞

𝑒𝑖𝑡𝜆𝑤(⋅, 𝑡)𝑑𝑡⟩𝑑𝜆

= (2𝜋)1/2
∞∫

−∞
⟨𝐴𝐾(𝜆)𝑈(𝑥, 0), 𝑤(⋅, 𝜆)⟩𝑑𝜆,

where

𝑤̃(𝑥, 𝜆) = (2𝜋)−
1
2

∫
ℝ

𝑤(𝑥, 𝑡)𝑒𝑖𝑡𝜆𝑑𝑡.

Noting (6.14), (6.13) and using the Cauchy-Schwarz inequality

∣∣((𝑈, 𝑤))
∣∣ ≤ (2𝜋)1/2 ∥𝑈(𝑥, 0)∥0

⎛⎝ ∞∫
−∞

⟨𝐴𝐾(𝜆)𝑤(⋅, 𝜆), 𝑤(⋅, 𝜆)⟩𝑑𝜆

⎞⎠1/2

≤ 𝐶 ∥𝑈(𝑥, 0)∥0

⎛⎝ ∞∫
−∞

∥𝑤̃(⋅, 𝜆)∥2𝒟𝑠 𝑑𝜆

⎞⎠
1
2

.

It follows from the Plancherel theorem that

∣∣((𝑈, 𝑤))
∣∣ ≤ 𝐶 ∥𝑈(𝑥, 0)∥0

⎛⎝ ∫
ℝ

∥𝑤(⋅, 𝑡)∥2𝒟𝑠 𝑑𝑡

⎞⎠1/2

.

Let 𝜙(𝑥, 𝑡) ∈ 𝐶∞
0 (ℝ

𝑛+1) ⊕ 𝐶∞
0 (ℝ

𝑛+1) and take 𝑤(𝑥, 𝑡) =
(
1 + ∣𝑥∣2)− 𝑠2 𝜙(𝑥, 𝑡) so

that ∣∣(((1 + ∣𝑥∣2)− 𝑠2 𝑈, 𝜙)
)∣∣ ≤ 𝐶 ∥𝑈(𝑥, 0)∥0 ⋅ ∥𝜙∥𝐿2(ℝ𝑛+1) .

This concludes the proof of the part involving the Cauchy data in (6.6), in view
of (6.9).
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To prove the part concerning the inhomogeneous equation, it suffices to take
𝑢0 = 𝑣0 = 0. In this case the Duhamel principle yields, for 𝑡 > 0,

𝑈(𝑡) =

∫ 𝑡

0

𝑒−𝑖(𝑡−𝜏)𝐾𝐹 (𝜏)𝑑𝜏,

where we have used the form (6.10) of the equation.

Integrating the inequality

∥𝑈(𝑡)∥𝒟−𝑠 ≤
∫ 𝑡

0

∥∥∥𝑒−𝑖(𝑡−𝜏)𝐾𝐹 (𝜏)
∥∥∥
𝒟−𝑠

𝑑𝜏,

we get ∫ ∞

0

∥𝑈(𝑡)∥𝒟−𝑠 𝑑𝑡 ≤
∫ ∞

0

∫ ∞

𝜏

∥∥∥𝑒−𝑖(𝑡−𝜏)𝐾𝐹 (𝜏)
∥∥∥
𝒟−𝑠

𝑑𝑡 𝑑𝜏.

Invoking the first part of the proof we obtain∫ ∞

0

∥𝑈(𝑡)∥𝒟−𝑠 𝑑𝑡 ≤ 𝐶

∫ ∞

0

∥𝐹 (𝜏)∥0 𝑑𝜏,

which proves the part related to the inhomogeneous term in (6.6).

(b) Define

𝑣±(𝑥, 𝑡) = exp(±𝑖𝑡𝐺)𝜙±(𝑥), where 𝜙±(𝑥) =
1

2

[
𝑢0(𝑥)∓𝐺−1𝑣0(𝑥)

]
.

Then clearly

𝑢(𝑥, 𝑡) = 𝑣+(𝑥, 𝑡) + 𝑣−(𝑥, 𝑡).

We establish the estimate (6.7) for 𝑣+.

Taking 𝑤(𝑥, 𝑡) ∈ 𝐶∞
0 (ℝ

𝑛+1) we proceed as in the first part of the proof. Let
⟨ , ⟩ be the (𝐿2,−𝑠(ℝ𝑛), 𝐿2,𝑠(ℝ𝑛)) pairing. Then

(𝑣+, 𝑤) =

∞∫
−∞

𝑒𝑖𝑡𝐺𝜙+(𝑥)𝑤(𝑥, 𝑡) 𝑑𝑥𝑑𝑡 =

∞∫
0

⟨𝐴𝐺(𝜆)𝜙+,

∞∫
−∞

𝑒−𝑖𝑡𝜆𝑤(⋅, 𝑡)𝑑𝑡⟩𝑑𝜆

= (2𝜋)1/2
∞∫
0

⟨𝐴𝐺(𝜆)𝜙+, 𝑤̃(⋅, 𝜆)⟩𝑑𝜆,

where

𝑤̃(𝑥, 𝜆) = (2𝜋)−
1
2

∫
ℝ

𝑤(𝑥, 𝑡)𝑒−𝑖𝑡𝜆 𝑑𝑡.
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Noting (6.12) as well as the inequalities (6.14) (with 𝐴𝐺 replacing 𝐴𝐾) and using
the Cauchy-Schwarz inequality

∣(𝑣+, 𝑤)∣ ≤ (2𝜋)1/2 ∥𝜙+∥0
( ∞∫
0

< 𝐴𝐺(𝜆)𝑤(⋅, 𝜆), 𝑤(⋅, 𝜆) > 𝑑𝜆

)1/2

≤ 𝐶 ∥𝜙+∥0
( ∞∫
0

∥𝑤̃(⋅, 𝜆)∥20,𝑠 𝑑𝜆

) 1
2

.

The Plancherel theorem yields

∣(𝑣+, 𝑤)∣ ≤ 𝐶 ∥𝜙+∥0
(∫

ℝ

∥𝑤(⋅, 𝑡)∥20,𝑠 𝑑𝑡

)1/2
.

Let 𝜔 ∈ 𝐶∞
0 (ℝ

𝑛+1) and take 𝑤(𝑥, 𝑡) =
(
1 + ∣𝑥∣2)− 𝑠2 𝜔(𝑥, 𝑡) so that∣∣((1 + ∣𝑥∣2)− 𝑠2 𝑣+, 𝜔

)∣∣ ≤ 𝐶 ∥𝜙+∥0 ∥𝜔∥𝐿2(ℝ𝑛+1) .

This (with the similar estimate for 𝑣−) concludes the proof of the estimate (6.7).
□

Remark 6.3 (optimality of the requirement 𝑠 > 1). A key point in the proof was
the use of the uniform bound (6.13). In view of the relation (6.11), this is reduced
to the uniform boundedness of 𝜆 𝐴(𝜆2), 𝜆 ≥ 0, in 𝐵(𝐿2,𝑠, 𝐿2,−𝑠). By [76, Theorem
5.1] the boundedness at infinity, lim sup

𝜇→∞
𝜇

1
2 ∥𝐴(𝜇)∥ < ∞, holds already with 𝑠 > 1

2 .

Thus the further restriction 𝑠 > 1 is needed in order to ensure the boundedness at
𝜆 = 0 (Theorem A).

Remark 6.4. Clearly we can take [0, 𝑇 ] as the time interval, instead of ℝ, for any
𝑇 > 0.
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1. Introduction

Chemotaxis is the directed motion of cells towards higher concentrations of chemo-
attractants and plays a very important role in many biological processes. Exper-
iments show that swimming bacteria such as E.coli undergo an erratic motion at
the microscopic level and move in a series of ‘run’ and ‘tumble’. A ‘run’ is motion
in a straight line, and typically, a run in a favourable direction will be long and a
run in an unfavourable direction will be short. At the end of a run the cell stops
and ‘tumbles’ and this results in a reorientation and a new run in a new direction.
Since the mean time for tumbling is much shorter than the mean time for running,
we can model chemotaxis as a velocity jump process.

At the macroscopic level chemotaxis is described by systems of parabolic
equations, the most famous of which is the Keller-Segel model. In its simplest
form it is written as:

∂𝑡𝑛 = Δ𝑛− 𝜒∇ ⋅ (𝑛∇𝑐) , (1.1a)

−Δ𝑐 = 𝑛, (1.1b)

where 𝑥 varies in the whole space ℝ𝑑, 𝑡 ≥ 0, 𝑛(𝑡, 𝑥) denotes the density of the
cells and 𝑐(𝑡, 𝑥) is the concentration of the chemoattractant. The first term on
the right-hand side of (1.1a) represents the tendency of the cells to diffuse under
their own Brownian motion and the second term their tendency to aggregate due
to the presence of the chemoattractant. If 𝑑 = 1 then diffusion is stronger than
aggregation and solutions exist globally [21, 16]. If 𝑑 = 2 then the two tendencies
are evenly balanced. A typical result in this case is that we have global existence
if the total mass of the cells is small and blow-up in finite time if it is large.
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The critical value for the mass turns is 8𝜋/𝜒 [2, 3, 14]. The proof of blow-up for
𝑀 > 8𝜋/𝜒 relies on the identity

𝑑

𝑑𝑡

∫
ℝ2

∣𝑥∣2 𝑛(𝑡, 𝑥)𝑑𝑥 = 4𝑀
(
1− 𝜒

8𝜋
𝑀
)

. (1.2)

The proof of global existence for 𝑀 < 8𝜋/𝜒 uses the fact that the quantity

ℰ(𝑡) =
∫
ℝ2

𝑛 log 𝑛 𝑑𝑥+
𝜒

4𝜋

∫
ℝ2×ℝ2

𝑛(𝑡, 𝑥)𝑛(𝑡, 𝑦) log ∣𝑥− 𝑦∣ 𝑑𝑥𝑑𝑦 (1.3)

is decreasing in time, since

𝑑ℰ
𝑑𝑡
= −

∫
ℝ2

𝑛 ∣∇ log𝑛− 𝜒∇𝑆∣2 𝑑𝑥, (1.4)

together with the logarithmic Hardy-Littlewood-Sobolev inequality [1]

𝑀

2

∫
ℝ2

𝑛 log 𝑛 𝑑𝑥+

∫
ℝ2×ℝ2

𝑛(𝑥)𝑛(𝑦) log ∣𝑥− 𝑦∣ 𝑑𝑥𝑑𝑦 ≥ 𝐶(𝑀). (1.5)

We refer the reader to [17, 23] for more information on the Keller-Segel and other
macroscopic models and to [8, 9] for the latest developments.

At the mesoscopic level chemotaxis is modelled by a kinetic equation for
the density 𝑓(𝑡, 𝑥, 𝑣) of the cells coupled to a parabolic or elliptic equation for
the concentration 𝑆(𝑡, 𝑥) of the chemoattractant. We focus our attention on the
Othmer-Dunbar-Alt model [22]. In its simplest form it is written as:

∂𝑡𝑓 + 𝑣 ⋅ ∇𝑥𝑓 =

∫
𝑉

𝑇 [𝑆](𝑡, 𝑥, 𝑣, 𝑣′)𝑓(𝑡, 𝑥, 𝑣′)𝑑𝑣′ (1.6a)

−
∫
𝑉

𝑇 [𝑆](𝑡, 𝑥, 𝑣′, 𝑣)𝑓(𝑡, 𝑥, 𝑣)𝑑𝑣′, (1.6b)

𝑓(0, 𝑥, 𝑣) = 𝑓0(𝑥, 𝑣), (1.6c)

−Δ𝑆 = 𝜌 :=

∫
𝑉

𝑓(𝑡, 𝑥, 𝑣)𝑑𝑣. (1.6d)

Here 𝑇 [𝑆](𝑡, 𝑥, 𝑣, 𝑣′) ≥ 0 is the turning kernel, a measure of the frequency of turning
from velocity 𝑣′ to velocity 𝑣 at position 𝑥 and time 𝑡. We’ll discuss examples of
interesting turning kernels below. For the sake of simplicity we take the velocity
space 𝑉 to be the unit ball. As in the case of the Keller-Segel system the total
mass of the cells 𝑀 =

∫
ℝ2×𝑉 𝑓(𝑡, 𝑥, 𝑣)𝑑𝑥𝑑𝑣 is conserved, but there is no analogue

of the energy ℰ in (1.3).
The nonlinear IVP for (1.6) was first studied in [12]. The authors proved

global existence of weak solutions in three dimensions under the hypothesis

0 ≤ 𝑇 [𝑆](𝑡, 𝑥, 𝑣, 𝑣′) ≤ 𝐶
(
1 + 𝑆(𝑡, 𝑥+ 𝑣) + 𝑆(𝑡, 𝑥− 𝑣′)

)
and for initial data 0 ≤ 𝑓0 ∈ 𝐿1 ∩ 𝐿∞. The proof uses the dispersive character of
the equation for 𝑓 and bootstraps higher 𝐿𝑝

𝑥,𝑣-norms starting from the base case
𝑝 = 1 that corresponds to conservation of mass. The same method was used in [18]
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to prove global existence of weak solutions in two dimensions under the hypothesis

0 ≤ 𝑇 [𝑆](𝑡, 𝑥, 𝑣, 𝑣′) ≤ 𝐶
(
1 + 𝑆(𝑡, 𝑥+ 𝑣) + 𝑆(𝑡, 𝑥− 𝑣′)

+ ∣∇𝑆(𝑡, 𝑥+ 𝑣)∣+ ∣∇𝑆(𝑡, 𝑥− 𝑣′)∣), (1.7)

and in three dimensions under either of the hypotheses

0 ≤ 𝑇 [𝑆](𝑡, 𝑥, 𝑣, 𝑣′) ≤ 𝐶
(
1 + 𝑆(𝑡, 𝑥+ 𝑣) + ∣∇𝑆(𝑡, 𝑥+ 𝑣)∣)

or

0 ≤ 𝑇 [𝑆](𝑡, 𝑥, 𝑣, 𝑣′) ≤ 𝐶
(
1 + 𝑆(𝑡, 𝑥− 𝑣′) + ∣∇𝑆(𝑡, 𝑥− 𝑣′)∣).

As was pointed out in [18], the terms 𝑆(𝑡, 𝑥 − 𝑣′) and 𝑆(𝑡, 𝑥 + 𝑣) require the
use of different dispersion estimates with different integrability exponents. When
both terms are present it is difficult to find one set of exponents that makes both
dispersion estimates work.

2. Strichartz and dispersion estimates for
the kinetic transport equation

Strichartz and dispersion estimates have proved to be very useful in the study of
nonlinear equations. We refer the reader to [24, 27] and the references there in.

Strichartz and dispersion estimates for the kinetic transport equation were
proved in [10] and the first application to a nonlinear kinetic model was given in
[4]. They are as follows:

Proposition 2.1. (Dispersion estimate, [10]) Let 𝑓0 ∈ 𝐿𝑞(ℝ𝑑
𝑥;𝐿

𝑝(ℝ𝑑
𝑣)) where 1 ≤

𝑞 ≤ 𝑝 ≤ ∞, and let 𝑓 solve
∂𝑡𝑓 + 𝑣 ⋅ ∇𝑥𝑓 = 0 (2.1)

with initial data 𝑓(0, 𝑥, 𝑣) = 𝑓0(𝑥, 𝑣). Then

∥𝑓(𝑡)∥𝐿𝑝(ℝ𝑑𝑥;𝐿𝑞(ℝ𝑑𝑣)) ≤
1

∣𝑡∣𝑑( 1
𝑞− 1

𝑝)
∥𝑓0∥𝐿𝑞(ℝ𝑑𝑥;𝐿𝑝(ℝ𝑑𝑣)). (2.2)

Proposition 2.2. (Strichartz estimates, [10]) Let 𝑑 ≥ 2 and let 𝑟, 𝑝, 𝑞, 𝑎 ∈ [1,∞]
satisfy the conditions

𝑝 ≥ 𝑞,
2

𝑟
= 𝑑

(
1

𝑞
− 1

𝑝

)
< 1, 𝑎 =

2𝑝𝑞

𝑝+ 𝑞
≤ 2. (2.3)

If 𝑓(𝑡, 𝑥, 𝑣) solves
∂𝑡𝑓 + 𝑣 ⋅ ∇𝑥𝑓 = 𝑔 , 𝑓(0, 𝑥, 𝑣) = 0, (2.4)

then
∥𝑓∥𝐿𝑟𝑡𝐿𝑝𝑥𝐿𝑞𝑣 ≤ 𝐶∥𝑔∥𝐿𝑟′𝑡 𝐿𝑞𝑥𝐿

𝑝
𝑣
. (2.5)

If 𝑓(𝑡, 𝑥, 𝑣) solves

∂𝑡𝑓 + 𝑣 ⋅ ∇𝑥𝑓 = 0 , 𝑓(0, 𝑥, 𝑣) = 𝑓0(𝑥, 𝑣), (2.6)

then
∥𝑓∥𝐿𝑟𝑡𝐿𝑝𝑥𝐿𝑞𝑣 ≤ 𝐶∥𝑓0∥𝐿𝑎𝑥,𝑣 . (2.7)
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3. Global existence for some kinetic models of chemotaxis

We can use the estimates of Section 2 to improve the global existence results of [12]
and extend to three dimensions the results of [18]. Using the dispersion estimate
of Proposition 2.1 we can prove the following

Theorem 3.1. [4] Let 𝑑 = 3 and suppose that the (continuous) turning kernel 𝑇 [𝑆]
satisfies

0 ≤ 𝑇 [𝑆](𝑡, 𝑥, 𝑣, 𝑣′) ≤ 𝐶
(
1 + 𝑆(𝑡, 𝑥+ 𝑣) + 𝑆(𝑡, 𝑥− 𝑣′) + ∣∇𝑆(𝑡, 𝑥+ 𝑣)∣

)
. (3.1)

Let 𝑞 ∈ (1, 3/2). Then there exists an exponent 𝑝 ∈ (3/2, 3) (depending on 𝑞)
such that if the initial data 0 ≤ 𝑓0 ∈ 𝐿1(ℝ6) is such that the norm ∥𝑓0(𝑥 −
𝑡𝑣, 𝑣)∥𝐿𝑝(ℝ3

𝑥;𝐿
𝑞(ℝ3

𝑣))
is finite for all 𝑡 > 0, then the Cauchy problem (1.6) has a

global weak solution 𝑓 with 𝑓(𝑡) ∈ 𝐿1(ℝ6) ∩ 𝐿𝑝(ℝ3
𝑥;𝐿

𝑞(𝑉 )) for all 𝑡 ≥ 0.
The delocalization introduced by 𝑥 + 𝑣 and 𝑥 − 𝑣′ plays a fundamental role

in the proof of this result. Observe that hypothesis (3.1) does not allow putting
together the two gradients ∇𝑆(𝑡, 𝑥 + 𝑣) and ∇𝑆(𝑡, 𝑥 − 𝑣′). This is still an open
problem in three dimensions for large data. However, if we add the assumption

that the critical 𝐿
3/2
𝑥,𝑣 -norm of the initial data is sufficiently small then we can

prove the following

Theorem 3.2. [4] Let 𝑑 = 3. Consider nonnegative initial data 𝑓0 ∈ 𝐿1∩𝐿𝑎, where
3
2 ≤ 𝑎 ≤ 2, and assume that ∥𝑓0∥𝐿𝑎(ℝ6) is sufficiently small. Assume that the
(continuous) turning kernel 𝑇 [𝑆] satisfies the condition

0 ≤ 𝑇 [𝑆](𝑡, 𝑥, 𝑣, 𝑣′) ≤ 𝐶
∑
±

[
∣𝑆(𝑡, 𝑥± 𝑣)∣+ ∣𝑆(𝑡, 𝑥± 𝑣′)∣+

∣∇𝑆(𝑡, 𝑥± 𝑣)∣+ ∣∇𝑆(𝑡, 𝑥± 𝑣′)∣
]
. (3.2)

Then (1.6) has a global weak solution 𝑓 ∈ 𝐿3
𝑡

(
[0,∞);𝐿𝑝

(
ℝ3
𝑥;𝐿

𝑞(𝑉 )
))
, where 1

𝑝 =
1
𝑎 − 1

9 and 1
𝑞 =

1
𝑎 +

1
9 . This result also holds if hypothesis (3.2) is replaced by the

weaker: for all 𝑝1, 𝑝2, 𝑝3 ∈ [1,∞] with 𝑝1 ≥ max(𝑝2, 𝑝3), it holds

∥𝑇 [𝑆](𝑡, 𝑥, 𝑣, 𝑣′)∥𝐿𝑝1𝑥 𝐿
𝑝2
𝑣 𝐿

𝑝3
𝑣′
≤ 𝐶(∣𝑉 ∣, 𝑝2, 𝑝3) [∥𝑆(𝑡, ⋅)∥𝐿𝑝1 + ∥∇𝑆(𝑡, ⋅)∥𝐿𝑝1 ] . (3.3)

4. Critical nonlinearities

In this section we remove the delocalization that was so helpful in proving Theorem
3.1 and replace the right-hand side in hypothesis (3.1) by 𝐿∞

𝑥 norms of 𝑆 or ∇𝑆.
In other words, we are now considering models without direct memory effects.
This leads to turning kernels that the Strichartz and dispersion estimates barely
to handle. It turns out that these nonlinearities are critical.



Kinetic Models of Chemotaxis 45

In view of the results of Theorem 3.1 it is natural to ask whether global
existence still holds in three dimensions if we assume that

0 ≤ 𝑇 [𝑆](𝑡, 𝑥, 𝑣, 𝑣′) ≤ 𝐶
[
1 + ∥𝑆(𝑡, ⋅)∥𝛼𝐿∞(ℝ3)

]
(4.1)

for some positive exponent 𝛼. In this case we can prove the following

Theorem 4.1. [5] Let 𝑑 = 3 and suppose that the turning kernel satisfies (4.1). Let
the initial data satisfy 0 ≤ 𝑓0 ∈ 𝐿1 ∩ 𝐿∞. Then:

i. If 𝛼 < 1, then (1.6) has a global weak solution.
ii. If 𝛼 = 1 and the critical ∥𝑓0∥𝐿3/2

𝑥,𝑣
is sufficiently small, then (1.6) has a global

weak solution.

The case of 𝛼 = 1 and large initial data in three dimensions is critical and
remains open. In two dimensions having a term like ∥𝑆(𝑡, ⋅)∥𝛼𝐿∞(ℝ3) presents no

problems.

Theorem 4.2. [5] Let 𝑑 = 2 and suppose that the turning kernel satisfies (4.1) with
any 𝛼 > 0. Let the initial data satisfy 0 ≤ 𝑓0 ∈ 𝐿1 ∩ 𝐿∞. Then (1.6) has a global
weak solution.

We can actually prove global existence even if we assume exponential growth
of the nonlinearity in the sense

0 ≤ 𝑇 [𝑆](𝑡, 𝑥, 𝑣, 𝑣′) ≤ 𝐶
(
1 + exp

[
∥𝑆(𝑡, ⋅)∥𝛼𝐿∞(ℝ2)

])
where 0 ≤ 𝛼 < 1. The case 𝛼 = 1 is critical and we can prove global existence if
we assume in addition that the mass is small (the proof in [5] requires 𝑀 < 𝜋).
These results suggest that there is room for adding a gradient term to the turning
kernel.

Theorem 4.3. [5] Let 𝑑 = 2 and suppose that the turning kernel satisfies

0 ≤ 𝑇 [𝑆](𝑡, 𝑥, 𝑣, 𝑣′) ≤ 𝐶
[
1 + ∥𝑆(𝑡, ⋅)∥𝛼𝐿∞(ℝ3) + ∥∇𝑆(𝑡, ⋅)∥𝛽𝐿∞(ℝ3)

]
(4.2)

with any 𝛼 > 0 and 0 ≤ 𝛽 < 1. Let the initial data satisfy 0 ≤ 𝑓0 ∈ 𝐿1∩𝐿∞. Then
(1.6) has a global weak solution.

The critical quantity ∥∇𝑆(𝑡, ⋅)∥𝐿∞ in two dimensions behaves exactly as the
critical quantity ∥𝑆(𝑡, ⋅)∥𝐿∞ in three dimensions. Although we still don’t know
whether global existence for large data holds in this critical case in three dimen-
sions, we do know that in two dimensions it doesn’t, and that there exist critical
turning kernels for which the solution blows up in finite time. We provide more
details in the next section.
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5. Blow-up in two dimensions

In this section we first recall some of the results of [6] and then prove some new
blow-up results.

In view of the macroscopic theory discussed in Section 1 we expect that in
dimension 𝑑 = 2 solutions of (1.6) exist globally if the total mass of the cells is
small, and blow-up in finite time if the total mass is large. Of course the behavior
of the solution of the kinetic model depends not only on the total mass but also
on the turning kernel. For example, for the turning kernel in (1.7), we have global
existence even for large mass [18]. For simplicity of exposition we will always think
of smooth compactly supported initial data and of solutions that decay sufficiently
fast at infinity. We refer the reader to [4]–[6] for more precise assumptions.

The first blow-up result for a kinetic model of chemotaxis was given in [6].
Define

𝑇1[𝑆](𝑡, 𝑥, 𝑣, 𝑣′) = (𝑣 ⋅ ∇𝑆)+ . (5.1a)

Notice that 𝑇1 vanishes when the velocity 𝑣 after turning is more than 90 degrees
away from ∇𝑆 and is positive when it is within 90 degrees from ∇𝑆. We may say
that under 𝑇1 the cells always choose ‘good directions’. It was shown in [6] that
in the spherically symmetric case, if the total mass is sufficiently large then the
solution can not exist globally.

We will show here that the same is true for the turning kernel

𝑇2[𝑆](𝑡, 𝑥, 𝑣, 𝑣′) = ∣∇𝑆∣+ 𝑣 ⋅ ∇𝑆. (5.1b)

Notice that 𝑇2 is small for velocities 𝑣 near the direction of −∇𝑆 and large for
velocities near the direction of ∇𝑆 (and vanishes only in the exceptional case
𝑣 = − ∇𝑆

∣∇𝑆∣ ).
Clearly, equation (1.6d) doesn’t determine 𝑆 uniquely, so we need to clarify

which solution we pick. Due to the choices in (5.1a) and (5.1b), only ∇𝑆 comes
up in the equation for 𝑓 , not 𝑆 itself, so it is enough to specify ∇𝑆. We make the
obvious choice

∇𝑆(𝑡, 𝑥) = − 1

2𝜋

∫
ℝ2

𝜌(𝑡, 𝑦)
𝑥− 𝑦

∣𝑥− 𝑦∣2 𝑑𝑦. (5.2)

We are now ready to state our first result.

Theorem 5.1. A spherically symmetric solution of the kinetic model (1.6) with
turning kernel 𝑇 = 𝑇1 or 𝑇2, and sufficiently large mass 𝑀 , cannot exist globally
in time.

Proof. Consider the positive quantity

𝐼(𝑡) =

∫
ℝ2×𝑉

∣𝑥∣2𝑓(𝑡, 𝑥, 𝑣)𝑑𝑥𝑑𝑣 =

∫
ℝ2

∣𝑥∣2𝜌(𝑡, 𝑥)𝑑𝑥.

Using the equation for 𝑓 and the fact that the integral of the right-hand side with
respect to 𝑣 is zero, we have

𝑑𝐼

𝑑𝑡
= 2

∫
𝑥 ⋅ 𝑣𝑓𝑑𝑥𝑑𝑣.
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Differentiating again we obtain (see [6] for more details)

𝑑2𝐼

𝑑𝑡2
= 2

∫ ∫
(𝑥 ⋅ 𝑣)(−𝑣 ⋅ ∇𝑓)𝑑𝑥𝑑𝑣 (5.3a)

+ 2

∫ ∫
(𝑥 ⋅ 𝑣)

∫
𝑇 [𝑆](𝑡, 𝑥, 𝑣, 𝑣′)𝑓(𝑡, 𝑥, 𝑣′)𝑑𝑣′𝑑𝑥𝑑𝑣 (5.3b)

− 2
∫ ∫

(𝑥 ⋅ 𝑣)
∫

𝑇 [𝑆](𝑡, 𝑥, 𝑣′, 𝑣)𝑓(𝑡, 𝑥, 𝑣)𝑑𝑣′𝑑𝑥𝑑𝑣. (5.3c)

For the term in (5.3a) we integrate by parts in 𝑥:

2

∫ ∫
(𝑥 ⋅ 𝑣)(−𝑣 ⋅ ∇𝑓)𝑑𝑥𝑑𝑣 = 2

∫ ∫
∣𝑣∣2𝑓𝑑𝑥𝑑𝑣 ≤ 2

∫ ∫
𝑓𝑑𝑥𝑑𝑣 = 2𝑀.

For the term in (5.3b) observe that 𝑇 [𝑆](𝑡, 𝑥, 𝑣, 𝑣′) is independent of the velocity
𝑣′, therefore

term in (5.3b) = 2

∫ ∫
(𝑥 ⋅ 𝑣)𝑇 [𝑆](𝑡, 𝑥, 𝑣, ∕𝑣′)𝜌(𝑡, 𝑥)𝑑𝑥𝑑𝑣.

For 𝑇 = 𝑇1 we have

term in (5.3b) = 2

∫
𝜌(𝑡, 𝑥)

∫
(𝑥⋅𝑣) (𝑣⋅∇𝑆(𝑡, 𝑥))+𝑑𝑣 𝑑𝑥 =

𝜋

4

∫
𝜌(𝑡, 𝑥)𝑥⋅∇𝑆(𝑡, 𝑥)𝑑𝑥

and for 𝑇 = 𝑇2,

term in (5.3b) = 2

∫
𝜌(𝑡, 𝑥)∣∇𝑆(𝑡, 𝑥)∣

∫
(𝑥 ⋅ 𝑣) 𝑑𝑣 𝑑𝑥 (5.4)

+ 2

∫
𝜌(𝑡, 𝑥)

∫
(𝑥 ⋅ 𝑣) (𝑣 ⋅ ∇𝑆(𝑡, 𝑥)) 𝑑𝑣 𝑑𝑥 (5.5)

=
𝜋

2

∫
𝜌(𝑡, 𝑥)𝑥 ⋅ ∇𝑆(𝑡, 𝑥)𝑑𝑥. (5.6)

Using ∇𝑆(𝑡, 𝑥) = − 1
2𝜋

∫
𝜌(𝑡, 𝑦) 𝑥−𝑦

∣𝑥−𝑦∣2 𝑑𝑦 and a simple argument familiar from the

parabolic theory we find that
∫

𝜌𝑥 ⋅ ∇𝑆𝑑𝑥 = − 1
4𝜋𝑀2, therefore

term in (5.3b) = −𝑐𝑀2,

where 𝑐 = 1/16 for 𝑇 = 𝑇1 and 𝑐 = 1/8 for 𝑇 = 𝑇2. We see that the contribution
of the first two terms in (5.3) is of the form 2𝑀 − 𝑐𝑀2.

It remains to deal with the term in (5.3c). We have∫
𝑇 [𝑆](𝑡, 𝑥, 𝑣′, 𝑣)𝑓(𝑡, 𝑥, 𝑣)𝑑𝑣′ = 𝑐′∣∇𝑆(𝑡, 𝑥)∣𝑓(𝑡, 𝑥, 𝑣)

where 𝑐′ = 2/3 if 𝑇 = 𝑇1 and 𝑐′ = 𝜋 if 𝑇 = 𝑇2. Therefore,

term in (5.3c) = −2𝑐′
∫ ∫

(𝑥 ⋅ 𝑣)∣∇𝑆(𝑡, 𝑥)∣𝑓(𝑡, 𝑥, 𝑣)𝑑𝑥𝑑𝑣 (5.7)

= −2𝑐′
∫
(𝑥 ⋅ 𝑗(𝑡, 𝑥))∣∇𝑆(𝑡, 𝑥)∣𝑑𝑥, (5.8)
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where 𝑗(𝑡, 𝑥) =
∫
𝑉

𝑣𝑓(𝑡, 𝑥, 𝑣)𝑑𝑣. Define 𝑚(𝑡, 𝑟) =
∫∞
𝑟

𝜆𝜌(𝑡, 𝜆)𝑑𝜆. Up to a constant,
𝑚(𝑡, 𝑟) is the mass outside a ball of radius 𝑟 centered at the origin. It is easy to
check that in the spherically symmetric case

∣∇𝑆(𝑡, 𝑥)∣ = 𝑀/2𝜋 −𝑚(𝑡, 𝑟)

𝑟
, 𝑥 ⋅ 𝑗(𝑡, 𝑥) = ∂𝑡𝑚(𝑡, 𝑟)

therefore

term in (5.3c) = −4𝜋𝑐′
∫ ∞

0

(𝑀/2𝜋 −𝑚(𝑡, 𝑟)) ∂𝑡𝑚(𝑡, 𝑟)𝑑𝑟 (5.9)

= −𝑑𝑃

𝑑𝑡
(5.10)

where

𝑃 (𝑡) = −4𝜋𝑐′
∫ ∞

0

(
𝑀

2𝜋
𝑚(𝑡, 𝑟)− 1

2
𝑚(𝑡, 𝑟)2

)
𝑑𝑟. (5.11)

Since 𝑚(𝑡, 𝑟) ≤ 𝑀
2𝜋 , we have 𝑃 ≥ 0. Putting everything together we have

𝑑2𝐼

𝑑𝑡2
≤ 2𝑀 − 𝑐𝑀2 − 𝑑𝑃

𝑑𝑡
(5.12)

and integrating once we find

𝑑𝐼

𝑑𝑡
(𝑡) ≤ 𝑑𝐼

𝑑𝑡
(0) + (2𝑀 − 𝑐𝑀2)𝑡− 𝑃 (𝑡) + 𝑃 (0). (5.13)

Since 𝑃 (𝑡) ≥ 0, it can be dropped from the rhs of (5.13). We get

𝑑𝐼

𝑑𝑡
(𝑡) ≤ 𝐶0 + (2𝑀 − 𝑐𝑀2)𝑡

where 𝐶0 =
𝑑𝐼
𝑑𝑡 (0) + 𝑃 (0). Integrating again we find

𝐼(𝑡) ≤ 𝐼(0) + 𝐶0𝑡+ (2𝑀 − 𝑐𝑀2)
𝑡2

2
. (5.14)

If 𝑀 > 32 in the case of 𝑇1, and 𝑀 > 16 in the case of 𝑇2, then (5.14) implies
that 𝐼(𝑡) is negative for large 𝑡. It follows that the solution can not exist globally
in time. □

In the theorem above we have used the unit ball {∣𝑣∣ ≤ 1} as the velocity
space. However, similar arguments can be used to show blow-up for 𝑇1 and 𝑇2 when
the velocity space is the unit sphere {∣𝑣∣ = 1}. This is probably a more realistic
choice from the biological point of view as cells move with almost constant speed.
Developing Strichartz and dispersion estimates for the sphere is an interesting
open problem.

In order to better understand the behavior of solutions that blow-up, we
would like to have a more tractable model that retains the main features of the
problem. One option is to replace ∇𝑆 in (5.1a) and (5.1b) by −𝑀

2𝜋
𝑥
∣𝑥∣2 , which is

what we would obtain from (5.2) if we replaced 𝜌(𝑦) by 𝛿0(𝑦). (We could express
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this by saying that the signal thinks that all the mass is at the origin.) Then 𝑇1
and 𝑇2 become

𝑇1(𝑡, 𝑥, 𝑣, 𝑣′) =
(

𝑣 ⋅ −𝑀𝑥

2𝜋∣𝑥∣2
)
+

, 𝑇2(𝑡, 𝑥, 𝑣, 𝑣′) =
𝑀

2𝜋∣𝑥∣
(
1− 𝑣 ⋅ 𝑥

∣𝑥∣
)

. (5.15)

(Although they are independent of 𝑡 and 𝑣′, we retain the notation (𝑡, 𝑥, 𝑣, 𝑣′) for
the sake of clarity.) Our model now has a single equation, namely

∂𝑡𝑓 + 𝑣 ⋅ ∇𝑥𝑓 =

∫
𝑉

𝑇 (𝑡, 𝑥, 𝑣, 𝑣′)𝑓(𝑡, 𝑥, 𝑣′)𝑑𝑣′ −
∫
𝑉

𝑇 (𝑡, 𝑥, 𝑣′, 𝑣)𝑓(𝑡, 𝑥, 𝑣)𝑑𝑣′ (5.16)

where we choose again 𝑉 = {∣𝑣∣ ≤ 1}.

Theorem 5.2. A spherically symmetric solution of the kinetic model (5.16) with

turning kernel 𝑇 = 𝑇1 or 𝑇2, and sufficiently large mass 𝑀 , cannot exist globally
in time.

Proof. We work as in the last theorem. The terms in (5.3a) and (5.3b) are treated
in the same way and give 2𝑀 and −𝑐𝑀2 respectively. For the term in (5.3c), if

𝑇 = 𝑇1 we get ∫
𝑇 (𝑡, 𝑥, 𝑣′, 𝑣)𝑓(𝑡, 𝑥, 𝑣)𝑑𝑣′ =

𝑀

3𝜋∣𝑥∣𝑓(𝑡, 𝑥, 𝑣)

therefore

term in (5.3c) = −2 𝑀

3𝜋

∫ ∫ (
𝑥

∣𝑥∣ ⋅ 𝑣
)

𝑓(𝑡, 𝑥, 𝑣)𝑑𝑥𝑑𝑣

= −2𝑀
3𝜋

∫
𝑥

∣𝑥∣ ⋅ 𝑗(𝑡, 𝑥)𝑑𝑥,

(5.17)

and using

𝑥 ⋅ 𝑗(𝑥) = 𝑟𝑗(𝑟) = ∂𝑡𝑚 , 𝑚(𝑡, 𝑟) =

∫ ∞

𝑟

𝜆𝜌(𝑡, 𝜆)𝑑𝜆, (5.18)

we get

term in (5.3c) = −4𝑀
3

∫ ∞

0

1

𝑟
∂𝑡𝑚(𝑡, 𝑟) 𝑟𝑑𝑟 = −𝑑𝑃

𝑑𝑡

where 𝑃 (𝑡) = 4𝑀
3

∫∞
0 𝑚(𝑡, 𝑟)𝑑𝑟 ≥ 0. The proof for 𝑇 = 𝑇2 is similar. □

We remark again that the ball {∣𝑣∣ ≤ 1} can be replaced by the sphere
{∣𝑣∣ = 1}. Several other variants are possible: the velocity 𝑣 in (5.1a) and (5.1b)
can be replaced by 𝑣

∣𝑣∣ , the operator ∂𝑡 + 𝑣 ⋅ ∇𝑥 can be replaced by ∂𝑡 +
𝑣
∣𝑣∣ ⋅ ∇𝑥,

etc.
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6. Perspectives and open problems

The discussion in the previous sections raises many interesting questions.
In two dimensions we would like to know whether an optimal mass exists for

the turning kernels 𝑇1 and 𝑇2, i.e., a constant 𝑀∗ with the property that 𝑀 < 𝑀∗

leads to global existence and 𝑀 > 𝑀∗ leads to blow up. In the case of the Keller-
Segel model the energy in (1.3) was used to find the critical mass, but no such
quantity is known for the kinetic model.

In dimension three we would like to know whether blow-up is possible for
critical turning kernels, i.e., for 𝑇 ≃ 𝑆 in some sense (Theorem 4.1 says essen-
tially that 𝑇 ≃ 𝑆1−𝜖 leads to global existence). What quantity should be large to
guarantee blow-up? What smallness conditions guarantee global existence? One
expects ∥𝑓0∥𝐿3/2 to play a role here.

In all cases where blow-up occurs we would like to have a sharp estimate for
the life span of the solution and to know what the solution looks like near the
blow-up time. One expects Dirac masses to form but there is numerical evidence
to suggest that the blow-up patterns may be much more interesting for kinetic
models [28].

Kinetic models have been used to describe travelling pulses of bacteria. We
refer the reader to [25, 26] for further information.
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Modulus of Continuity and Decay at Infinity in
Evolution Equations with Real Characteristics

Massimo Cicognani and Ferruccio Colombini

Abstract. In the hyperbolic Cauchy problem, the well-posedness in Sobolev
spaces and the modulus of continuity of the coefficients are deeply connected.
This holds true in the more general framework of evolution equations with
real characteristics

𝐷2
𝑡 𝑢−

2𝑝∑
𝑘=0

𝑎𝑘(𝑡, 𝑥)𝐷
𝑘
𝑥𝑢 = 0

(𝑝 = 1 hyperbolic equations, 𝑝 = 2 vibrating beam models,. . . ) where a sharp
scale of Hölder continuity, with respect to the time variable 𝑡, for the 𝑎𝑘’s has
been established.
We show that, for 𝑝 ≥ 2, a lack of regularity in 𝑡 can be compensated by a
decay as the space variable 𝑥 → ∞. This is not true in the hyperbolic case
𝑝 = 1 because of the finite speed of propagation.

Mathematics Subject Classification. 35G10; 35L15.

Keywords. Evolution equations with real characteristics.

1. Introduction and main results

Let us consider the evolution operator

𝑃 := 𝐷2
𝑡 −

2𝑝∑
𝑘=0

𝑎𝑘(𝑡, 𝑥)𝐷𝑘
𝑥, (1.1)

where (𝑡, 𝑥) ∈ [0, 𝑇 ] × ℝ𝑥, 𝐷 = 1
𝑖 ∂, and the positive integer 𝑝 represents the

evolution degree. The coefficients are at least such that

𝑎𝑘 ∈ 𝐶([0, 𝑇 ];ℬ∞) (1.2)

with ℬ∞ = ℬ∞(ℝ𝑥) the space of all bounded functions 𝑎(𝑥) together with all their
derivatives.
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We are interested in the Cauchy problem{
𝑃 𝑢 = 0

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝐷𝑡𝑢(0, 𝑥) = 𝑢1(𝑥)
(1.3)

with Cauchy data in Sobolev spaces

𝑢0 ∈ 𝐻𝑠, 𝑢1 ∈ 𝐻𝑠−𝑝

and look for solutions which remain in Sobolev spaces at any time 𝑡. Precisely, we
say that problem (1.3) is 𝐿2 well posed if there exists a unique solution

𝑢 ∈ 𝐶([0, 𝑇 ];𝐻𝑠) ∩𝐶1([0, 𝑇 ];𝐻𝑠−𝑝)

and we say that it is well posed with a loss of derivatives if the unique solution is
such that

𝑢 ∈ 𝐶([0, 𝑇 ];𝐻𝑠−𝛿) ∩𝐶1([0, 𝑇 ];𝐻𝑠−𝑝−𝛿)
for some positive 𝛿.

From the Lax-Mizohata theorem, forward and backward well-posedness with
Cauchy data at 𝑡 = 𝑡0 implies that the roots of

𝜏2 − 𝑎2𝑝(𝑡, 𝑥)𝜉2𝑝

are real at 𝑡 = 𝑡0. We assume

𝑎2𝑝(𝑡, 𝑥) ≥ 𝜆 > 0 (1.4)

in order to have real and distinct characteristics at any 𝑡. In particular, for 𝑝 = 1
the operator 𝑃 is strictly hyperbolic and 𝑃 𝑢 = 0 reduces to the wave equations

𝑢𝑡𝑡 − 𝑎(𝑡, 𝑥)𝑢𝑥𝑥 + 𝑏(𝑡, 𝑥)𝑢𝑥 + 𝑐(𝑡, 𝑥)𝑢 = 0.

For 𝑝 = 2 we have the beam models

𝑢𝑡𝑡 + 𝑎(𝑡, 𝑥)𝑢𝑥𝑥𝑥𝑥 + 𝑏(𝑡, 𝑥)𝑢𝑥𝑥𝑥 + 𝑐(𝑡, 𝑥)𝑢𝑥𝑥 + 𝑑(𝑡, 𝑥)𝑢𝑥 + 𝑒(𝑡, 𝑥)𝑢 = 0

and the related, by algebraic factorization of the symbol, first-order (in time)
equation

1

𝑖
𝑢𝑡 + 𝛼(𝑡, 𝑥)𝑢𝑥𝑥 + 𝛽(𝑡, 𝑥)𝑢𝑥 + 𝛾(𝑡, 𝑥)𝑢 = 0

is a Schrödinger equation.
Starting from [3], we know that well-posedness and modulus of continuity of

the coefficients are deeply connected in the hyperbolic Cauchy problem. For the
wave equation

𝑢𝑡𝑡 − 𝑎(𝑡)𝑢𝑥𝑥 = 0,

𝑎(𝑡) ≥ 𝜆 > 0, the Lipschitz condition

∣𝑎(𝑡+ 𝜏)− 𝑎(𝑡)∣ ≤ 𝐿∣𝜏 ∣
is sharp for 𝐿2 well-posedness while the Log-Lipschitz regularity

∣𝑎(𝑡+ 𝜏) − 𝑎(𝑡)∣ ≤ 𝐿∣𝜏 ∣∣ log ∣𝜏 ∣∣
is the natural threshold for well-posedness with a loss of derivatives. Faster os-
cillations of the leading coefficient 𝑎(𝑡), allowed by any weaker continuity, may
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force the solution to get out of the distributions space. Coefficients in possible
lower-order terms can be merely continuous and complex valued.

In [1], we have found the sharp relation between well-posedness and modulus
of continuity, with respect to the time variable 𝑡, of the real parts of the coefficients
in the case of a higher evolution degree 𝑝 > 1.

Theorem 1.1 ([1]). The Cauchy problem{
𝐷2

𝑡𝑢−∑2𝑝
𝑘=0 𝑎𝑘(𝑡)𝐷

𝑘
𝑥𝑢 = 0

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝐷𝑡𝑢(0, 𝑥) = 𝑢1(𝑥),
(1.5)

is 𝐿2 well posed assuming that the coefficients 𝑎𝑘(𝑡) with 𝑘 ≥ 𝑝 + 1 are real,
𝑎2𝑝(𝑡) ≥ 𝜆 > 0, and are in the sharp scale

𝑎𝑘 ∈ 𝐶0,(𝑘−𝑝)/𝑝([0, 𝑇 ];ℝ), 𝑘 = 𝑝+ 1, . . . , 2𝑝, (1.6)

of Hölder continuity.
If the coefficients satisfy the Log-Hölder conditions

∣𝑎𝑘(𝑡+ 𝜏) − 𝑎𝑘(𝑡)∣ ≤ 𝐿∣𝜏 ∣(𝑘−𝑝)/𝑝∣ log ∣𝜏 ∣∣, 𝑘 = 𝑝+ 1, . . . , 2𝑝, (1.7)

then the Cauchy problem (1.5) is well posed with a loss of derivatives.

The coefficients 𝑎𝑘 with 𝑘 ≤ 𝑝 can be merely continuous and complex valued.
As far as general coefficients are concerned, 𝑎𝑘 = 𝑎𝑘(𝑡, 𝑥) for 𝑘 ≤ 2𝑝, 𝑎𝑘(𝑡, 𝑥) ∈

ℂ for 𝑘 ≤ 2𝑝− 1, in the limit hyperbolic case 𝑝 = 1 the 𝐿2 well-posedness for the
wave equation

𝐷2
𝑡𝑢− 𝑎(𝑡, 𝑥)𝐷2

𝑥𝑢 = 0

with 𝑎 ∈ 𝐶0,1([0, 𝑇 ];ℬ∞) is now quite standard. Of course, lower-order terms with
coefficients in 𝐶([0, 𝑇 ];ℬ∞) can be considered also. For instance, one may apply
the energy method to an equivalent first-order system

∂𝑡𝑈 +

(
𝑖
√

𝑎(𝑡, 𝑥)𝐷𝑥 0

0 −𝑖
√

𝑎(𝑡, 𝑥)𝐷𝑥

)
𝑈 +𝐴(𝑡, 𝑥, 𝐷𝑥)𝑈 = 0,

𝐴(𝑡, 𝑥, 𝜉) ∈ 𝐿∞([0, 𝑇 ];𝑆0), thanks to the boundedness in 𝐿2 of the operators 𝐴

and 𝑖
√

𝑎(𝑡, 𝑥)𝐷𝑥 + (𝑖
√

𝑎(𝑡, 𝑥)𝐷𝑥)
∗ = − 𝑎𝑥

2
√
𝑎
.

We refer to [4] for the case of a Log-Lipschitz coefficient 𝑎(𝑡, 𝑥). Also the isotropic
case

∣𝑎(𝑡+ 𝜏, 𝑥+ 𝜂)− 𝑎(𝑡, 𝑥)∣ ≤ 𝐿(∣𝜏 ∣∣ log ∣𝜏 ∣∣+ ∣𝜂∣∣ log ∣𝜂∣∣)
is studied there with data and solutions in suitable Sobolev spaces.

Here we consider the case 𝑝 = 2 in (1.1) taking a beam equation

𝐷2
𝑡𝑢− 𝑎(𝑡, 𝑥)𝐷4

𝑥𝑢+ 𝑏(𝑡, 𝑥)𝐷3
𝑥𝑢 = 0. (1.8)

Terms in 𝐷𝑘
𝑥𝑢 of order 𝑘 ≤ 2 can be added without any further assumption on

them besides (1.2).
At the symbol level, we have the factorization

𝜏2 − 𝑎(𝑡, 𝑥)𝜉4 + 𝑏(𝑡, 𝑥)𝜉3 =

(
𝜏 −√𝑎𝜉2 − 𝑏

2
√

𝑎
𝜉

)(
𝜏 +

√
𝑎𝜉2 +

𝑏

2
√

𝑎
𝜉

)
,
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modulo terms of order 2 in the variable 𝜉, but now the operator(
𝑖
√

𝑎𝐷2
𝑥 + 𝑖

𝑏

2
√

𝑎
𝐷𝑥

)
+

(
𝑖
√

𝑎𝐷2
𝑥 + 𝑖

𝑏

2
√

𝑎
𝐷𝑥

)∗
is of order 1 with principal part

− 1√
𝑎
(𝑎𝑥 + ℑ𝑏)𝐷𝑥.

In dealing with the elementary Schrödinger model equation

1

𝑖
𝑢𝑡 + 𝑢𝑥𝑥 + 𝛽(𝑡, 𝑥)𝑢𝑥 = 0,

one finds that the boundedness of the integral function∫ 𝑥

0

ℜ𝛽(𝑡, 𝑦)𝑑𝑦, 𝑥 ∈ ℝ,

is a necessary condition for 𝐿2 well-posedness. If ℜ𝛽 is differentiable in 𝑡, then it
is a sufficient condition too. In the case that ℜ𝛽 is merely continuous in 𝑡, we have
the stronger sufficient decay condition

∣ℜ𝛽(𝑡, 𝑥)∣ ≤ 𝑔(⟨𝑥⟩)
with a decreasing function 𝑔 ∈ 𝐿1(ℝ+), ⟨𝑥⟩ =

√
1 + 𝑥2. We refer to [7], [8] for

more general results.
Assuming first the sharp regularity in 𝑡 for 𝑎(𝑡, 𝑥) and ℜ𝑏(𝑡, 𝑥) in (1.8), we

can prove the following result:

Theorem 1.2. The Cauchy problem{
𝐷2

𝑡𝑢− 𝑎(𝑡, 𝑥)𝐷4
𝑥𝑢+ 𝑏(𝑡, 𝑥)𝐷3

𝑥𝑢 = 0,

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝐷𝑡𝑢(0, 𝑥) = 𝑢1(𝑥),
(1.9)

is 𝐿2 well posed under the assumptions (1.4) for 𝑎(𝑡, 𝑥),

𝑎 ∈ 𝐶0,1([0, 𝑇 ];ℬ∞), ℜ𝑏 ∈ 𝐶0,1/2([0, 𝑇 ];ℬ∞), (1.10)

and

∣𝑎𝑥(𝑡, 𝑥)∣+ ∣ℑ𝑏(𝑡, 𝑥)∣ ≤ 𝑔(⟨𝑥⟩) (1.11)

with a positive decreasing function 𝑔 such that

𝑔 ∈ 𝐿1(ℝ+). (1.12)

No further regularity in time is needed for ℑ𝑏 besides continuity. This suggests
that a decay as 𝑥 →∞ may compensate low regularity in 𝑡.
With 𝑎(𝑡, 𝑥) Log-Lipschitz and ℜ𝑏(𝑡, 𝑥) Log-Hölder functions in the variable 𝑡, we
have well-posedness with a loss of derivatives.

In the case 𝑎 = 𝑎(𝑡) and 𝑏 ∈ 𝐶0,1/2([0, 𝑇 ];ℬ∞), Theorem 1.2 follows from
Theorem 1.6 in [2], a complete proof will appear in a future work. Our aim in this
paper is to show that a lack up to 1/2 = 1/𝑝 of Hölder regularity in time for 𝑎(𝑡, 𝑥)
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may be compensated by a, weaker than 𝐿1, precise decay as 𝑥 → ∞. A typical
example is given by

𝑎(𝑡, 𝑥) = 1 + ⟨𝑥⟩−𝛿𝑤(𝑡),
𝑤 ∈ 𝐶0,𝛼, 1/2 < 𝛼 < 1, ∣𝑤(𝑡)∣ < 𝜆 < 1, that satisfies

∣𝑎(𝑡+ 𝜏, 𝑥)− 𝑎(𝑡, 𝑥)∣ ≤ 𝐿∣𝜏 ∣𝛼⟨𝑥⟩−𝛿
with a damping of the too fast oscillations in 𝑡 by the amplitude ⟨𝑥⟩−𝛿 as 𝑥 →∞.
The precise relation between the lack of Hölder regularity and the decay is given
by

𝛿 = 2(1− 𝛼).

Here we prove the following:

Theorem 1.3. The Cauchy problem{
𝐷2

𝑡𝑢− 𝑎(𝑡, 𝑥)𝐷4
𝑥𝑢 = 0,

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝐷𝑡𝑢(0, 𝑥) = 𝑢1(𝑥),
(1.13)

is 𝐿2 well posed under the assumptions (1.4) for 𝑎(𝑡, 𝑥), (1.11) and (1.12) for
𝑎𝑥(𝑡, 𝑥), and with each 𝐶0,𝛼𝑗 Hölder part 𝑎𝛼𝑗 in

𝑎(𝑡, 𝑥) =
𝑁∑
𝑗=1

𝑎𝛼𝑗 (𝑡, 𝑥), 1/2 < 𝛼𝑗 ≤ 1, (1.14)

that satisfies

∣𝑎𝛼𝑗 (𝑡+ 𝜏, 𝑥)− 𝑎𝛼𝑗 (𝑡, 𝑥)∣ ≤ 𝐿∣𝜏 ∣𝛼𝑗 ⟨𝑥⟩−2(1−𝛼𝑗), 𝑗 = 1, . . . , 𝑁. (1.15)

In line with Theorem 1.2, the Lipschitz part 𝑎1(𝑡, 𝑥) does not need to decay
as 𝑥 →∞.

In [1], the sharpness of Lipschitz regularity is proved by constructing a coef-
ficient 𝑤(𝑡),

𝑤 ∈
∩
𝛼<1

𝐶0,𝛼, ∣𝑤(𝑡)∣ ≤ 1/2, (1.16)

such that the Cauchy problem for the operator

𝐷2
𝑡 − (1 + 𝑤(𝑡))𝐷4

𝑥

is not well posed. Damping the oscillations of 𝑤(𝑡) by a factor ⟨𝑥⟩−𝜀 we now turn
to 𝐿2 well-posedness by Theorem 1.3.

The construction of 𝑤(𝑡) is inspired to the counter-examples of [3] and [6] for
the hyperbolic operator

𝐷2
𝑡 − (1 + 𝑤(𝑡))𝐷2

𝑥.

Is it possible to get well-posedness assuming some, even strong, decay for the
coefficient 𝑔(𝑥)𝑤(𝑡) in the model operator

𝐷2
𝑡 − (1 + 𝑔(𝑥)𝑤(𝑡))𝐷2

𝑥

to compensate the lack of Lipschitz regularity also in this case? The answer is no,
because of the finite speed of propagation that characterizes hyperbolic equations
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also with non-differentiable coefficients, see [5]. In fact, it is possible to construct
a coefficient 𝑤(𝑡) that satisfies (1.16) and a solution 𝑢(𝑡, 𝑥) of

𝐷𝑡𝑢
2 − (1 + 𝑤(𝑡))𝐷2

𝑥𝑢 = 0

such that

𝑢 ∈ 𝐶2(ℝ, (𝛾𝜎)′)

for every 𝜎 > 1, where (𝛾𝜎)′ is the space of Gevrey ultradistributions of index 𝜎,
and

𝑢(0, 𝑥), 𝑢𝑡(0, 𝑥) ∈ ℬ∞(ℝ𝑥)

but 𝑢(𝑡, 𝑥) for 𝑡 > 0 does not belong to any 𝐻𝑠(𝐼), with 𝐼 a bounded neighborhood
of the origin 𝑥 = 0. If we take a compactly supported cut-off function 𝜒(𝑥) ∈ 𝛾𝜎(ℝ)
for 𝜎 > 1, 𝜒(𝑥) = 1 in 𝐽 ⊃ 𝐼, then the solution 𝑣(𝑡, 𝑥) of

𝐷2
𝑡 𝑣 − (1 + 𝜒(𝑥)𝑤(𝑡))𝐷2

𝑥𝑣 = 0,

with the same Cauchy data, coincides with 𝑢(𝑡, 𝑥) for 𝑥 ∈ 𝐼 and sufficiently small
𝑡 hence also 𝑣(𝑡, 𝑥) for 𝑡 > 0 does not belong to 𝐻𝑠(𝐼) for any 𝑠.

In conclusion, it is possible to get advantage from the decay as the space
variable 𝑥 →∞, and even to compensate a less regularity with respect to the time
variable 𝑡, only for 𝑝 > 1 when the speed of propagation is not finite.

2. Proof of Theorem 1.3

We outline the main ideas in the case that the decomposition (1.14) reduces to a
single term 𝑎(𝑡, 𝑥) satisfying

∣𝑎(𝑡+ 𝜏, 𝑥)− 𝑎(𝑡, 𝑥)∣ ≤ 𝐿∣𝜏 ∣𝛼⟨𝑥⟩−2(1−𝛼), 1/2 < 𝛼 ≤ 1. (2.1)

The general case requires only a heavier notation.
First we regularize the non differentiable function 𝑎(𝑡, 𝑥) defining

𝑎̃(𝑡, 𝑥, 𝜉) =

∫
𝑎(𝜏, 𝑥)𝜚((𝑡 − 𝜏)⟨𝜉⟩2))⟨𝜉⟩2𝑑𝜏, (2.2)

with 𝜚 ∈ 𝐶∞
0 , 0 ≤ 𝜚(𝑦) ≤ 1,

∫ +∞
−∞ 𝜚(𝑦)𝑑𝑦 = 1, 𝑎(𝜏, 𝑥) = 𝑎(0, 𝑥) for 𝜏 < 0,

𝑎(𝜏, 𝑥) = 𝑎(𝑇, 𝑥) for 𝜏 > 𝑇 .
From (2.1), we have

∣𝑎(𝑡, 𝑥)− 𝑎̃(𝑡, 𝑥, 𝜉)∣ ≤ 𝐿⟨𝑥⟩−2(1−𝛼)⟨𝜉⟩−2𝛼, (2.3)

∣𝐷𝑡𝑎̃(𝑡, 𝑥, 𝜉)∣ ≤ 𝐿⟨𝑥⟩−2(1−𝛼)⟨𝜉⟩2(1−𝛼). (2.4)

This gives the factorization

𝐷2
𝑡 − 𝑎(𝑡, 𝑥)𝐷4

𝑥 = (𝐷𝑡 − 𝜆(𝑡, 𝑥, 𝐷𝑥))(𝐷𝑡 + 𝜆(𝑡, 𝑥, 𝐷𝑥)) + 𝑏(𝑡, 𝑥, 𝐷𝑥)⟨𝐷𝑥⟩2, (2.5)

where the symbol

𝜆(𝑡, 𝑥, 𝜉) =
√

𝑎̃(𝑡, 𝑥, 𝜉)𝜉2 (2.6)
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belongs to the Hörmander class 𝐶([0, 𝑇 ];𝑆2) and 𝑏 ∈ 𝐶([0, 𝑇 ];𝑆2(1−𝛼)) satisfies

∣𝑏(𝑡, 𝑥, 𝜉)∣ ≤ 𝐿⟨𝑥⟩−2(1−𝛼)⟨𝜉⟩2(1−𝛼). (2.7)

Defining 𝑈 =𝑡 (𝑣0, 𝑣1),

𝑣0 = ⟨𝐷𝑥⟩2𝑢, 𝑣1 = (𝐷𝑡 + 𝜆(𝑡, 𝑥, 𝐷𝑥))𝑢,

and using again (2.3) after a standard diagonalization procedure of the principal
part, the scalar equation 𝐷2

𝑡 𝑢 − 𝑎(𝑡, 𝑥)𝐷4
𝑥𝑢 = 0 is equivalent to a 2 × 2 system

𝑆𝑈 = 0 with

𝑆 := ∂𝑡 +

(
𝑖
√

𝑎(𝑡, 𝑥)𝐷2
𝑥 0

0 −𝑖
√

𝑎(𝑡, 𝑥)𝐷2
𝑥

)
+𝐵(𝑡, 𝑥, 𝐷𝑥), (2.8)

where the symbol full matrix 𝐵 ∈ 𝐶([0, 𝑇 ];𝑆2(1−𝛼)) is such that

∣𝐵(𝑡, 𝑥, 𝜉)∣ ≤ 𝐿⟨𝑥⟩−2(1−𝛼)⟨𝜉⟩2(1−𝛼). (2.9)

In order to obtain the 𝐿2 well-posedness of the Cauchy problem for the system
𝑆 with the energy method, our aim is to make(

𝑖
√

𝑎𝐷2
𝑥 0

0 −𝑖
√

𝑎𝐷2
𝑥

)
+𝐵

a bounded from below operator by means of a change of variable.
In dealing with the operator

(±𝑖
√

𝑎𝐷2
𝑥) + (±𝑖

√
𝑎𝐷2

𝑥)
∗ = ∓ 𝑎𝑥√

𝑎
𝐷𝑥

we use (1.11) and (1.12) for 𝑎𝑥(𝑡, 𝑥).
For the full operator matrix 𝐵 of order 2(1 − 𝛼) < 1, we use the sharp G̊arding
inequality for systems and the decay condition (2.9). In particular, the part of
𝐵(𝑡, 𝑥, 𝜉) supported in a zone

⟨𝜉⟩ℎ ≤ 𝑁⟨𝑥⟩, ⟨𝜉⟩ℎ =
√

ℎ2 + 𝜉2,

of the phase-space is of order 0. So, we need to make non-negative only the eigen-
values of

𝜒 (𝑁⟨𝑥⟩/⟨𝜉⟩ℎ) (𝐵(𝑡, 𝑥, 𝜉) +𝐵∗(𝑡, 𝑥, 𝜉))

with 𝜒(𝑦) a cut-off function equal to 1 for 0 ≤ 𝑦 ≤ 1.
Correspondingly, in order to perform the change of variable, we define

Λ(𝑥, 𝜉) = Λ0(𝑥, 𝜉) + Λ1(𝑥, 𝜉) (2.10)

with

Λ0(𝑥, 𝜉) = 𝐾𝜔(𝜉/ℎ)

∫ 𝑥

0

𝑔(⟨𝑦⟩)𝑑𝑦, (2.11)

Λ1(𝑥, 𝜉) = 𝑀⟨𝜉⟩−(2𝛼−1)𝜔(𝜉/ℎ)

∫ 𝑥

0

⟨𝑦⟩−2(1−𝛼)𝜒 (𝑁⟨𝑦⟩/⟨𝜉⟩ℎ) 𝑑𝑦, (2.12)

where 𝜔(𝜂) is a smooth function such that 𝜂𝜔(𝜂) = ∣𝜂∣ for ∣𝜂∣ ≥ 1, 𝑔(⟨𝑥⟩) is the
function in condition (1.11) for 𝑎𝑥(𝑡, 𝑥), the large parameters 𝐾, ℎ, 𝑀, 𝑁 , 𝑀 > 𝐾,
are to be fixed later. We can assume 𝑔 ∈ ℬ∞ without any loss of generality.
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For ∣𝜉∣ ≥ ℎ, the symbols

𝜉∂𝑥Λ0 = 𝐾∣𝜉∣𝑔(⟨𝑥⟩), (2.13)

and

𝜉∂𝑥Λ1 ≥ 𝑀√
2
⟨𝜉⟩2(1−𝛼)⟨𝑥⟩−2(1−𝛼)𝜒 (𝑁⟨𝑥⟩/⟨𝜉⟩ℎ) , (2.14)

dominate the Hermitian parts of 𝑖
√

𝑎𝐷2
𝑥 and 𝜒𝐵 respectively.

Λ0 is of order 0 thanks to 𝑔 ∈ 𝐿1(ℝ+), ∂𝜉Λ0 is of order −∞ because it is
compactly supported in ∣𝜉∣ ≤ ℎ. With 𝑀 ≤ 𝑁2𝛼−1, Λ1 is a family of uniformly
bounded symbols of order 0. Taking the stronger inequality 𝑀𝐾 ≤ 𝑀2 ≤ 𝑁2𝛼−1,
we have also uniform estimates

∣∂𝜉Λ1∂𝑥Λ0∣ ≤ 𝐶⟨𝜉⟩−1ℎ 𝑔(⟨𝑥⟩), ∣∂𝜉Λ1∂𝑥Λ1∣ ≤ 𝐶⟨𝜉⟩−2𝛼ℎ ⟨𝑥⟩−2(1−𝛼) (2.15)

with a constant 𝐶 independent of all parameters ℎ, 𝐾, 𝑀, 𝑁 .
The role of the parameter ℎ is to provide invertibility for the operators 𝑒±Λ.

We have

𝑒Λ𝑒−Λ = 𝐼 +𝑅,

where the full symbol of the operator 𝑅 satisfies∣∣∂𝛼
𝜉 ∂𝛽

𝑥𝑅(𝑥, 𝜉)
∣∣ ≤ 𝐶(𝛼, 𝛽, 𝐾, 𝑀, 𝑁)⟨𝜉⟩−1−𝛼ℎ

with constants 𝐶(𝛼, 𝛽, 𝐾, 𝑀, 𝑁) independent of ℎ. Thus, we can choose the pa-
rameter ℎ in function of 𝐾, 𝑀, 𝑁 in order to have an invertible operator 𝐼 +𝑅 by
Neumann series.
With such a choice of ℎ, taking (2.15) into account, the operators 𝑒±Λ are invertible
with

(𝑒±Λ)−1 = 𝑒∓Λ(𝐼 +𝑅±
−1 +𝑅±

−2𝛼 +𝑅±
−2), (2.16)

where

∣𝑅±
−1(𝑥, 𝜉)∣ ≤ 𝐶⟨𝜉⟩−1𝑔(⟨𝑥⟩), ∣𝑅±

−2𝛼(𝑥, 𝜉)∣ ≤ 𝐶⟨𝜉⟩−2𝛼⟨𝑥⟩−2(1−𝛼), (2.17)

uniformly with respect to the large parameters 𝐾, 𝑀, 𝑁 , and 𝑅±
−2 is of order less

than −2.
Taking also the uniform estimate

∣𝜉2∂𝜉Λ1𝑎𝑥∣ ≤ 𝐶⟨𝜉⟩𝑔(⟨𝑥⟩)
into account, from (2.16), (2.17) and (2.9), we can control the asymptotic expansion
of the system operator

𝑆Λ :=

(
𝑒Λ 0
0 𝑒−Λ

)−1
𝑆

(
𝑒Λ 0
0 𝑒−Λ

)
(2.18)

after the change of variable in 𝑆𝑈 = 0.
Precisely, the symbol of(

𝑖
√

𝑎(𝑡, 𝑥)𝐷2
𝑥 0

0 −𝑖
√

𝑎(𝑡, 𝑥)𝐷2
𝑥

)
Λ

+𝐵Λ
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is given by(
𝑖
√

𝑎𝜉2 + 𝑞1 + 2
√

𝑎𝜉∂𝑥Λ0 0
0 −𝑖

√
𝑎𝜉2 + 𝑞1 + 2

√
𝑎𝜉∂𝑥Λ0

)

+ (𝐵1 + 2
√

𝑎𝜉∂𝑥Λ1𝐼) +𝐵0, (2.19)

where 𝑞1 ∈ 𝐶([0, 𝑇 ];𝑆1) is such that

∣𝑞1(𝑡, 𝑥, 𝜉)∣ ≤ 𝐶⟨𝜉⟩𝑔(⟨𝑥⟩) (2.20)

uniformly with respect to the parameters 𝐾, 𝑀, 𝑁 .

The symbol of the full matrix 𝐵1 belongs to 𝐶([0, 𝑇 ];𝑆2(1−𝛼)) and has support
included in that one of the function 𝜒 (𝑁⟨𝑥⟩/⟨𝜉⟩ℎ) in the phase-space and satisfies

∣𝐵1(𝑡, 𝑥, 𝜉)∣ ≤ 𝐶(𝐾)⟨𝜉⟩2(1−𝛼)⟨𝑥⟩−2(1−𝛼)𝜒 (𝑁⟨𝑥⟩/⟨𝜉⟩ℎ) (2.21)

with 𝐶(𝐾) depending on 𝐾 but not on 𝑀, 𝑁 provided that 𝑀2 ≤ 𝑁1−2𝛼.
The symbol of the remainder 𝐵0 belongs to 𝐶([0, 𝑇 ];𝑆0).

So far, it is sufficient to fix first 𝐾 in (2.13) and then 𝑀 in (2.14) sufficiently
large in order to have positive, and of order less or equal to 1, Hermitian parts for

±𝑖
√

𝑎𝜉2 + 𝑞1 + 2
√

𝑎𝜉∂𝑥Λ0

and

𝐵1 + 2
√

𝑎𝜉∂𝑥Λ1𝐼

in (2.19) for ∣𝜉∣ ≥ ℎ. Thus, by the sharp G̊arding inequality and the energy method,
the Cauchy problem for the system 𝑆Λ in (2.18) is 𝐿2 well posed. The same holds
true for the system 𝑆, hence for the scalar operator 𝐷2

𝑡 − 𝑎(𝑡, 𝑥)𝐷4
𝑥, because the

operators 𝑒±Λ and (𝑒±Λ)−1 in the change of variable are of order 0.

Remark 2.1. Theorem 1.3 and its proof can be generalized to the equation

𝐷2
𝑡 𝑢− 𝑎(𝑡, 𝑥)𝐷2𝑝

𝑥 𝑢 = 0

with 𝑝 > 2 assuming

𝑎(𝑡, 𝑥) =

𝑁∑
𝑗=1

𝑎𝛼𝑗 (𝑡, 𝑥), (𝑝− 1)/𝑝 ≤ 𝛼𝑗 ≤ 1,

∣𝑎𝛼𝑗 (𝑡+ 𝜏, 𝑥)− 𝑎𝛼𝑗 (𝑡, 𝑥)∣ ≤ 𝐿∣𝜏 ∣𝛼𝑗 ⟨𝑥⟩−𝑝(1−𝛼𝑗)/(𝑝−1), 𝑗 = 1, . . . , 𝑁.

We note that for 𝑝 > 2 the limit case 𝛼𝑗 = (𝑝− 1)/𝑝 can be included. For 𝑝 = 2,
in Theorem 1.3, we take 𝛼𝑗 > 1/2 to avoid the critical exponent −1 for ⟨𝑥⟩ that
can not be considered in our proof. We conjecture that 𝑝 = 2 and 𝛼 = 1/2 lead to
well-posedness with a loss of derivatives.
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Time-Frequency Analysis of
Schrödinger Propagators
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Abstract. We present a survey on recent results concerning applications of
Time-Frequency Analysis to the study of Fourier Integral Operators (FIOs).
In particular, we focus on Schrödinger-type FIOs, showing that Gabor frames
provide optimally sparse representations of such operators. Using Maple soft-
ware, new numerical examples for the Harmonic Oscillator are provided.
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1. Introduction and definitions

At the basis of the Time-Frequency Analysis there are the linear operators of
translation and modulation (so-called time-frequency shifts) given by

𝑇𝑥𝑓(𝑡) = 𝑓(𝑡− 𝑥) and 𝑀𝜔𝑓(𝑡) = 𝑒2𝜋𝑖𝜔𝑡𝑓(𝑡) . (1)

These occur in the following time-frequency representation. Let 𝑔 be a non-zero
window function in the Schwartz class 𝒮(ℝ𝑑), then the short-time Fourier trans-
form (STFT) of a signal 𝑓 ∈ 𝐿2(ℝ𝑑) with respect to the window 𝑔 is given by

𝑉𝑔𝑓(𝑥, 𝜔) = ⟨𝑓, 𝑀𝜔𝑇𝑥𝑔⟩ =
∫
ℝ𝑑

𝑓(𝑡) 𝑔(𝑡− 𝑥) 𝑒−2𝜋𝑖𝜔𝑡 𝑑𝑡 . (2)

We have 𝑉𝑔𝑓 ∈ 𝐿2(ℝ2𝑑). This definition can be extended to every pair of dual topo-
logical vector spaces, whose duality, denoted by ⟨⋅, ⋅⟩, extends the inner product on
𝐿2(ℝ𝑑). For instance, it may be suited to the framework of tempered distributions.

We briefly explain the meaning of the previous “time-frequency” representa-

tion. If 𝑓(𝑡) represents a signal varying in time, its Fourier transform 𝑓(𝜔) shows

the distribution of its frequency 𝜔, but its magnitude ∣𝑓(𝜔)∣ alone does not give in-
formation about “when” these frequencies appear. To overcome this problem, one
may choose a non-negative window function 𝑔 well localized around the origin.
Then the information of the signal 𝑓 at the instant 𝑥 can be obtained by shifting
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the window 𝑔 till the instant 𝑥 under consideration, and by computing the Fourier
transform of the product 𝑓(𝑥)𝑔(𝑡−𝑥), that localizes 𝑓 around the instant time 𝑥.

Once the analysis of the signal 𝑓 is terminated, we can reconstruct the original
signal 𝑓 by a suitable inversion procedure. Namely, the reproducing formula related
to the STFT, for every pairs of windows 𝜑1, 𝜑2 ∈ 𝒮(ℝ𝑑) with ⟨𝜑1, 𝜑2⟩ ∕= 0, reads as∫

ℝ2𝑑

𝑉𝜑1𝑓(𝑥, 𝜔)𝑀𝜔𝑇𝑥𝜑2 𝑑𝑥𝑑𝜔 = ⟨𝜑2, 𝜑1⟩𝑓 . (3)

In the present paper we shall mainly address to the discretized version of (2),
namely the so-called Gabor frames. For 𝛼, 𝛽 > 0, 𝑔 ∈ 𝐿2(ℝ𝑑), the set of time-
frequency shifts 𝒢(𝑔, 𝛼, 𝛽) = {𝑔𝑚,𝑛 := 𝑀𝑛𝑇𝑚𝑔}, with (𝑚, 𝑛) ∈ 𝛼ℤ𝑑 × 𝛽ℤ𝑑, is a
Gabor frame if there exist positive constants 𝐴, 𝐵 > 0, such that

𝐴∥𝑓∥𝐿2 ≤
∑
𝑚,𝑛

∣⟨𝑓, 𝑇𝑚𝑀𝑛𝑔⟩∣2 ≤ 𝐵∥𝑓∥𝐿2, ∀𝑓 ∈ 𝐿2(ℝ𝑑). (4)

As a counterpart of (3), if condition (4) is satisfied, we may reconstruct the original
signal from the Gabor coefficients ⟨𝑓, 𝑔𝑚,𝑛⟩ in terms of the so-called dual window
𝛾. We refer to the next Section 2 for a somewhat more detailed presentation of the
time-frequency methods and related references.

The objective of this paper is to apply Time-frequency Analysis to a cer-
tain class of Fourier Integral Operators (FIOs). FIOs are a mathematical tool to
study a variety of problems arising in partial differential equations. Originally in-
troduced by Lax [44] for the construction of parametrices in the Cauchy problem
for hyperbolic equations, and set as a general mathematical theory by Hörmander
[42], they have been widely employed in the framework of both pure and applied
mathematics (see, e.g., the papers [22, 23], the books [43, 53, 57] and references
therein). A particular class of FIOs was used by Helffer and Robert [40, 41] to
study the spectral properties of a class of globally elliptic operators, generalizing
the harmonic oscillator of the Quantum Mechanics.

The Fourier Integral operators we shall present possess a phase function sim-
ilar to those of [40, 41]. Hence, the focus of applications are no longer hyperbolic
problems, but Schrödinger’s type propagators. A simple example is the resolvent
of the Cauchy problem for the Schrödinger equation with a quadratic Hamiltonian.

Precisely, consider the Cauchy problem⎧⎨⎩𝑖
∂𝑢

∂𝑡
+𝐻𝑢 = 0

𝑢(0, 𝑥) = 𝑢0(𝑥),
(5)

where 𝐻 is the Weyl quantization of a quadratic form on ℝ𝑑 ×ℝ𝑑 (see, e.g., [29]).
Simple examples are 𝐻 = − 1

4𝜋Δ + 𝜋∣𝑥∣2, or 𝐻 = − 1
4𝜋Δ − 𝜋∣𝑥∣2 (see [6]). The

solution to (5) is given by a one-parameter family of FIOs:

𝑢(𝑡, 𝑥) = 𝑒𝑖𝑡𝐻𝑢0(𝑥) =

∫
ℝ𝑑

𝑒2𝜋𝑖Φ(𝑡,𝑥,𝜂)𝑢0(𝜂) 𝑑𝜂

with a phase given by a quadratic form Φ(𝑡, 𝑥, 𝜂) in the variables (𝑥, 𝜂).
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Let us just define the operators under consideration in the present paper and
give a flavour of the results. For a given function 𝑓 on ℝ𝑑 the Fourier Integral
Operator (FIO) 𝑇 with symbol 𝜎 and phase Φ on ℝ2𝑑 can be formally defined by

𝑇 𝑓(𝑥) =

∫
ℝ𝑑

𝑒2𝜋𝑖Φ(𝑥,𝜂)𝜎(𝑥, 𝜂)𝑓 (𝜂)𝑑𝜂. (6)

The phase function Φ(𝑥, 𝜂) is smooth on ℝ2𝑑, fulfills the estimates

∣∂𝛼
𝑧 Φ(𝑧)∣ ≤ 𝐶𝛼, ∣𝛼∣ ≥ 2, 𝑧 = (𝑥, 𝜂) ∈ ℝ2𝑑, (7)

and the nondegeneracy condition

∣ det ∂2𝑥,𝜂Φ(𝑥, 𝜂)∣ ≥ 𝛿 > 0, (𝑥, 𝜂) ∈ ℝ2𝑑. (8)

The symbol 𝜎 on ℝ2𝑑 satisfies

∣∂𝛼
𝑧 𝜎(𝑧)∣ ≤ 𝐶𝛼, ∣𝛼∣ ≤ 2𝑁, a.e. 𝑧 = (𝑥, 𝜂) ∈ ℝ2𝑑, (9)

for a fixed 𝑁 > 0.
The action on 𝐿2 and on the modulation spaces (see Definition in Section 2

below) of FIOs as above was studied in [18] (see also [1, 3, 8, 13, 14, 15, 16, 17,
19, 20, 50]) under even more general assumptions, namely for 𝜎 belonging to the
Sjöstrand class 𝑀∞,1(ℝ2𝑑).

Time-frequency analysis can be used to rephrase the operator 𝑇 as an infinite
matrix. Similar ideas go back at least to [21] and were recently employed to study
PDEs with not smooth coefficients, see, e.g., [52, 54].

As a basic result we have that the matrix representation of a FIO 𝑇 with
respect to a Gabor frame 𝑔𝑚,𝑛 = 𝑀𝑛𝑇𝑚𝑔 with 𝑔 ∈ 𝒮(ℝ𝑑) is well organized,
provided that the symbol 𝜎 satisfies the decay estimate for every 𝑁 > 0 (see
Theorem 3.1, cf. [18]):

Theorem 1.1. For each 𝑁 > 0, there exists a constant 𝐶𝑁 > 0 such that

∣⟨𝑇 𝑔𝑚,𝑛, 𝑔𝑚′,𝑛′⟩∣ ≤ 𝐶𝑁 ⟨𝜒(𝑚, 𝑛)− (𝑚′, 𝑛′)⟩−2𝑁 , (10)

where 𝜒 is the canonical transformation generated by Φ.

In the special case of pseudodifferential operators such an almost diago-
nalization was already obtained in [49]; see also [34]. Indeed, pseudodifferential
operators correspond to the phase Φ(𝑥, 𝜂) = 𝑥𝜂 and canonical transformation
𝜒(𝑦, 𝜂) = (𝑦, 𝜂).

One should mention that the use of almost diagonal estimates in proving con-
tinuity results goes back to the pioneering work [30], where the Calderón-Zygmund
class of operators was studied via such a technique, and this was achieved by work-
ing with wavelets. Also, observe that simple cases of FIOs are the Fourier multi-
pliers, where Φ(𝑥, 𝜂) = 𝑥𝜂+ Φ̃(𝜂) and 𝜎 does not depend on 𝑥, and the usefulness
of Gabor frames was first exhibited for these operators in [5].

The applications of Theorem 1.1 presented in the following are twofold. On
the one hand, in Section 3 we shall apply Theorem 1.1 to the boundedness of the



66 E. Cordero, F. Nicola and L. Rodino

FIO 𝑇 , providing a review, and light improvement, of large part of the results
in this connection, cf. [1, 3, 8, 50, 13, 14, 15, 16, 17, 19, 20]). The strategy is
to translate first the definition of 𝐿2 and modulation spaces in terms of Gabor
coefficients, cf. Theorem 2.1, and then argue on the Gabor matrix of 𝑇 , by using
the estimates (10) and a Schur-type lemma.

On the other hand, in Section 4 we shall apply Theorem 1.1 to Numeri-
cal Analysis, namely we shall prove that Gabor frames provide optimally sparse
representation of the FIO 𝑇 , cf. [19].

We refer to [9, 10, 11, 39, 47], concerning the counterpart of this result for
curvelets and wave propagators.

In Section 5 we shall give some numerical examples. In particular, as a novelty,
we treat the case of the Harmonic Oscillator. Figures 1–5 show that the time-
frequency content of the solution is strongly preserved in time, as evident from
the explicit solution and its periodicity. As a consequence, the obtained coefficient
decay is faster compared to [11] for curvelets and wave propagators, and this
highlights that Gabor frames provide an efficient tool for the Numerical Analysis
of the Schrödinger propagators.

Notation. We define 𝑡2 = 𝑡 ⋅ 𝑡, for 𝑡 ∈ ℝ𝑑, and 𝑥𝑦 = 𝑥 ⋅ 𝑦 is the scalar product
on ℝ𝑑.

The Schwartz class is denoted by 𝒮(ℝ𝑑), the space of tempered distributions
by 𝒮 ′(ℝ𝑑). We use the brackets ⟨𝑓, 𝑔⟩ to denote the extension to 𝒮(ℝ𝑑) × 𝒮 ′(ℝ𝑑)

of the inner product ⟨𝑓, 𝑔⟩ = ∫ 𝑓(𝑡)𝑔(𝑡)𝑑𝑡 on 𝐿2(ℝ𝑑). The Fourier transform is

normalized to be 𝑓(𝜔) = ℱ𝑓(𝜔) =
∫

𝑓(𝑡)𝑒−2𝜋𝑖𝑡𝜔𝑑𝑡.
We denote by 𝑐0 the space of sequences vanishing at infinity.
Throughout the paper, we shall use the notation 𝐴 ≲ 𝐵 to indicate 𝐴 ≤ 𝑐𝐵

for a suitable constant 𝑐 > 0, whereas 𝐴 ≍ 𝐵 if 𝐴 ≤ 𝑐𝐵 and 𝐵 ≤ 𝑘𝐴, for suitable
𝑐, 𝑘 > 0.

2. Time-frequency methods

2.1. Modulation spaces

We recall from the introduction that the short-time Fourier transform (STFT) of
a distribution 𝑓 ∈ 𝒮 ′(ℝ𝑑) with respect to a non-zero window 𝑔 ∈ 𝒮(ℝ𝑑) is

𝑉𝑔𝑓(𝑥, 𝜔) = ⟨𝑓, 𝑀𝜔𝑇𝑥𝑔⟩ =
∫
ℝ𝑑

𝑓(𝑡) 𝑔(𝑡− 𝑥) 𝑒−2𝜋𝑖𝜔𝑡 𝑑𝑡 .

The STFT 𝑉𝑔𝑓 is defined on many pairs of Banach spaces. For instance, it
maps 𝐿2(ℝ𝑑)×𝐿2(ℝ𝑑) into 𝐿2(ℝ2𝑑) and 𝒮(ℝ𝑑)×𝒮(ℝ𝑑) into 𝒮(ℝ2𝑑). Furthermore,
it can be extended to a map from 𝒮′(ℝ𝑑)× 𝒮(ℝ𝑑) into 𝒮 ′(ℝ2𝑑).

For the quantitative description of decay properties, we use weight func-
tions on the time-frequency plane. In the sequel 𝑣 will always be a continuous,
strictly positive, even, submultiplicative weight function (in short, a submulti-
plicative weight), hence, up to a multiplicative factor, 𝑣(0) = 1, 𝑣(𝑧) = 𝑣(−𝑧),
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and 𝑣(𝑧1 + 𝑧2) ≤ 𝑣(𝑧1)𝑣(𝑧2), for all 𝑧, 𝑧1, 𝑧2 ∈ ℝ2𝑑. A positive weight function 𝜇
on ℝ2𝑑 belongs to ℳ𝑣, that is, is v-moderate if 𝜇(𝑧1 + 𝑧2) ≤ 𝐶𝑣(𝑧1)𝜇(𝑧2) for all
𝑧1, 𝑧2 ∈ ℝ2𝑑.

For our investigation of FIOs we assume 𝑣 ∈ 𝒮 ′(ℝ2𝑑) and we shall mostly use
the polynomial weights defined by

𝑣𝑠(𝑧) = 𝑣𝑠(𝑥, 𝜔) = ⟨𝑧⟩𝑠 = (1 + ∣𝑥∣2 + ∣𝜔∣2)𝑠/2, 𝑧 = (𝑥, 𝜔) ∈ ℝ2𝑑.

Banach modulation spaces were introduced by H. Feichtinger in 1980; for
their basic properties we refer, for instance, to [24], [32, Ch. 11–13] and the original
literature quoted there. The quasi-Banach cases were first introduced in [31], then
studied in [45, 48]. In particular, these spaces are examples of the general coorbit
space theory for quasi-Banach spaces studied in [48]. There it is shown that also the
quasi-Banach modulation spaces enjoy the same definition and the main properties
of the Banach cases.

Given a non-zero window 𝑔 ∈ 𝒮(ℝ𝑑), 𝜇 ∈ ℳ𝑣, and 0 < 𝑝, 𝑞 ≤ ∞, the
modulation space 𝑀𝑝,𝑞

𝜇 (ℝ𝑑) consists of all tempered distributions 𝑓 ∈ 𝒮 ′(ℝ𝑑) such

that 𝑉𝑔𝑓 ∈ 𝐿𝑝,𝑞
𝜇 (ℝ2𝑑) (weighted mixed-(quasi-)norm spaces). The (quasi-)norm on

𝑀𝑝,𝑞
𝜇 is

∥𝑓∥𝑀𝑝,𝑞
𝜇
= ∥𝑉𝑔𝑓∥𝐿𝑝,𝑞𝜇 =

(∫
ℝ𝑑

(∫
ℝ𝑑
∣𝑉𝑔𝑓(𝑥, 𝜔)∣𝑝𝜇(𝑥, 𝜔)𝑝 𝑑𝑥

)𝑞/𝑝

𝑑𝜔

)1/𝑝

(11)

(with obvious changes when 𝑝 = ∞ or 𝑞 = ∞). If 𝑝 = 𝑞, we write 𝑀𝑝
𝜇 instead of

𝑀𝑝,𝑝
𝜇 , and if 𝜇(𝑧) ≡ 1 on ℝ2𝑑, then we write 𝑀𝑝,𝑞 and 𝑀𝑝 for 𝑀𝑝,𝑞

𝜇 and 𝑀𝑝,𝑝
𝜇

respectively.

Then 𝑀𝑝,𝑞
𝜇 (ℝ𝑑) is a Banach space for 1 ≤ 𝑝, 𝑞 ≤ ∞ and a quasi-Banach space

in the other cases, whose definition is always independent of the choice of the
window 𝑔. Moreover, if 𝜇 ∈ ℳ𝑣, 1 ≤ 𝑝, 𝑞 ≤ ∞, and 𝑔 ∈ 𝑀1

𝑣 ∖ {0}, then ∥𝑉𝑔𝑓∥𝐿𝑝,𝑞𝜇
is an equivalent norm for 𝑀𝑝,𝑞

𝜇 (ℝ𝑑) (see [32, Thm. 11.3.7]):

∥𝑓∥𝑀𝑝,𝑞
𝑚
≍ ∥𝑉𝑔𝑓∥𝐿𝑝,𝑞𝜇 .

The class of modulation spaces contains the following well-known function
spaces:
Weighted 𝐿2-spaces: 𝑀2

⟨𝑥⟩𝑠(ℝ
𝑑) = 𝐿2

𝑠(ℝ
𝑑) = {𝑓 : 𝑓(𝑥)⟨𝑥⟩𝑠 ∈ 𝐿2(ℝ𝑑)}, 𝑠 ∈ ℝ.

Sobolev spaces: 𝑀2
⟨𝜔⟩𝑠(ℝ

𝑑) = 𝐻𝑠(ℝ𝑑) = {𝑓 : 𝑓(𝜔)⟨𝜔⟩𝑠 ∈ 𝐿2(ℝ𝑑)}, 𝑠 ∈ ℝ.

Shubin-Sobolev spaces [51, 7]: 𝑀2
𝑣𝑠(𝑥,𝜔)

(ℝ𝑑) = 𝐿2
𝑠(ℝ

𝑑)∩𝐻𝑠(ℝ𝑑) = 𝑄𝑠(ℝ𝑑), 𝑠 ≥ 0.
Feichtinger’s algebra: 𝑀1(ℝ𝑑) = 𝑆0(ℝ𝑑).

The Schwartz class and the space of tempered distributions are characterized
as 𝒮(ℝ𝑑) =

∩
𝑠≥0 𝑀1

𝑣𝑠(ℝ
𝑑) and 𝒮 ′(ℝ𝑑)

∪
𝑠≥0 𝑀∞

𝑣−𝑠(ℝ
𝑑) respectively.

In the sequel we will also denote by ℳ𝑝,𝑞
𝜇 (ℝ𝑑) the closure of the Schwartz

space 𝒮(ℝ𝑑) with respect to the quasi-norm of 𝑀𝑝,𝑞
𝜇 (ℝ𝑑). Hence ℳ𝑝,𝑞

𝜇 (ℝ𝑑) =

𝑀𝑝,𝑞
𝜇 (ℝ𝑑) if 𝑝, 𝑞 < ∞. Moreover we setℳ𝑝

𝜇(ℝ
𝑑) =ℳ𝑝,𝑝

𝜇 (ℝ𝑑).
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2.2. Gabor frames [26]

Fix a function 𝑔 ∈ 𝐿2(ℝ𝑑) and a lattice Λ = 𝛼ℤ𝑑 × 𝛽ℤ𝑑, for 𝛼, 𝛽 > 0. For
(𝑚, 𝑛) ∈ Λ, define 𝑔𝑚,𝑛 := 𝑀𝑛𝑇𝑚𝑔. The set of time-frequency shifts 𝒢(𝑔, 𝛼, 𝛽) =
{𝑔𝑚,𝑛, (𝑚, 𝑛) ∈ Λ} is called Gabor system. Associated to 𝒢(𝑔, 𝛼, 𝛽) we define the
coefficient operator 𝐶𝑔, which maps functions to sequences as follows:

(𝐶𝑔𝑓)𝑚,𝑛 = (𝐶
𝛼,𝛽
𝑔 𝑓)𝑚,𝑛 := ⟨𝑓, 𝑔𝑚,𝑛⟩, (𝑚, 𝑛) ∈ Λ, (12)

the synthesis operator

𝐷𝑔𝑐 = 𝐷𝛼,𝛽
𝑔 𝑐 =

∑
(𝑚,𝑛)∈Λ

𝑐𝑚,𝑛𝑇𝑚𝑀𝑛𝑔, 𝑐 = {𝑐𝑚,𝑛}(𝑚,𝑛)∈Λ

and the Gabor frame operator

𝑆𝑔𝑓 = 𝑆𝛼,𝛽
𝑔 𝑓 := 𝐷𝑔𝑆𝑔𝑓 =

∑
(𝑚,𝑛)∈Λ

⟨𝑓, 𝑔𝑚,𝑛⟩𝑔𝑚,𝑛. (13)

The set 𝒢(𝑔, 𝛼, 𝛽) is called a Gabor frame for the Hilbert space 𝐿2(ℝ𝑑) if
𝑆𝑔 is a bounded and invertible operator on 𝐿2(ℝ𝑑). Equivalently, 𝐶𝑔 is bounded
from 𝐿2(ℝ𝑑) to 𝑙2(𝛼ℤ𝑑 × 𝛽ℤ𝑑) with closed range, i.e., ∥𝑓∥𝐿2 ≍ ∥𝐶𝑔𝑓∥𝑙2 , cf. (4). If
𝒢(𝑔, 𝛼, 𝛽) is a Gabor frame for 𝐿2(ℝ𝑑), then the so-called dual window 𝛾 = 𝑆−1

𝑔 𝑔
is well defined and the set 𝒢(𝛾, 𝛼, 𝛽) is a frame (the so-called canonical dual frame
of 𝒢(𝑔, 𝛼, 𝛽)). Every 𝑓 ∈ 𝐿2(ℝ𝑑) possesses the frame expansion

𝑓 =
∑

(𝑚,𝑛)∈Λ
⟨𝑓, 𝑔𝑚,𝑛⟩𝛾𝑚,𝑛 =

∑
(𝑚,𝑛)∈Λ

⟨𝑓, 𝛾𝑚,𝑛⟩𝑔𝑚,𝑛 (14)

with unconditional convergence in 𝐿2(ℝ𝑑), and norm equivalence:

∥𝑓∥𝐿2 ≍ ∥𝐶𝑔𝑓∥𝑙2 ≍ ∥𝐶𝛾𝑓∥𝑙2 .

This result is contained in [32, Proposition 5.2.1]. In particular, if 𝛾 = 𝑔 and
∥𝑔∥𝐿2 = 1 the frame is called normalized tight Gabor frame and the expansion
(14) reduces to

𝑓 =
∑

(𝑚,𝑛)∈Λ
⟨𝑓, 𝑔𝑚,𝑛⟩𝑔𝑚,𝑛. (15)

If we ask for more regularity on the window 𝑔, then the previous result can be
extended to modulation (quasi-)Banach spaces, as shown below ([26, 36] and [48,
Theorem 8.3]).

Theorem 2.1. Let 𝜇 ∈ ℳ𝑣, 𝒢(𝑔, 𝛼, 𝛽) be a frame for 𝐿2(ℝ𝑑), with lattice Λ =
𝛼ℤ𝑑 × 𝛽ℤ𝑑, and 𝑔 ∈ 𝒮. Define 𝜇̃ = 𝜇∣Λ .
(i) For every 0 < 𝑝, 𝑞 ≤ ∞, 𝐶𝑔 : 𝑀𝑝,𝑞

𝜇 → 𝑙𝑝,𝑞𝜇̃ and 𝐷𝑔 : 𝑙𝑝,𝑞𝜇̃ → 𝑀𝑝,𝑞
𝜇 continuously

and, if 𝑓 ∈ 𝑀𝑝,𝑞
𝜇 , then the Gabor expansions (14) converge unconditionally in

𝑀𝑝,𝑞
𝜇 for 0 < 𝑝, 𝑞 < ∞, and weak∗-𝑀∞

𝜇 unconditionally if 𝑝 =∞ or 𝑞 =∞.

(ii) The following (quasi-)norms are equivalent on 𝑀𝑝,𝑞
𝜇 :

∥𝑓∥𝑀𝑝,𝑞
𝜇
≍ ∥𝐶𝑔𝑓∥𝑙𝑝,𝑞𝜇̃ . (16)
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3. Fourier Integral Operators: almost diagonalization via Gabor
frames and boundedness results

Now we study the FIO 𝑇 defined in (6), having phase satisfying (7) and (8) and
symbol enjoying (9).

If we set {
𝑦 = ∇𝜂Φ(𝑥, 𝜂)

𝜉 = ∇𝑥Φ(𝑥, 𝜂),
(17)

and solve with respect to (𝑥, 𝜉), we obtain a mapping 𝜒, defined by (𝑥, 𝜉) = 𝜒(𝑦, 𝜂),
which is a smooth bi-Lipschitz canonical transformation. This means that
– 𝜒 is a smooth diffeomorphism on ℝ2𝑑;
– both 𝜒 and 𝜒−1 are uniformly Lipschitz continuous;
– 𝜒 preserves the symplectic form, i.e.,

𝑑𝑥 ∧ 𝑑𝜉 = 𝑑𝑦 ∧ 𝑑𝜂.

Indeed, under the above assumptions, the global inversion function theorem (see,
e.g., [46]) allows us to solve the first equation in (17) with respect to 𝑥, and
substituting in the second equation yields the smooth map 𝜒. The bounds on the
derivatives of 𝜒, which give the Lipschitz continuity, follow from the expression for
the derivatives of an inverse function combined with the bounds in (7) and (8).
The symplectic nature of the map 𝜒 is classical, see, e.g., [12]. Similarly, solving
the second equation in (17) with respect to 𝜂 one obtains the map 𝜒−1 with the
desired properties.

In this section we present an almost diagonalization result for FIOs as above,
with respect to Gabor frames. For simplicity, we consider a normalized tight frame
𝒢(𝑔, 𝛼, 𝛽), with 𝑔 ∈ 𝒮(ℝ𝑑). We have the following result (see [18, Thm. 3.3]).

Theorem 3.1. Consider a phase function Φ satisfying (7) and (8) and a symbol
satisfying (9). Let 𝑔 ∈ 𝒮(ℝ𝑑). There exists a constant 𝐶𝑁 > 0 such that

∣⟨𝑇 𝑔𝑚,𝑛, 𝑔𝑚′,𝑛′⟩∣ ≤ 𝐶𝑁 ⟨𝜒(𝑚, 𝑛)− (𝑚′, 𝑛′)⟩−2𝑁 , (18)

where 𝜒 is the canonical transformation generated by Φ.

The proof uses the action of the Fourier transform over the time-frequency

shifts: (𝑇𝑥𝑓)∧ = 𝑀−𝑥𝑓 and (𝑀𝜔𝑓)∧ = 𝑇𝜔𝑓 , the smoothness of Φ (via a Taylor
expansion of Φ(𝑥, 𝜂) at (𝑚′, 𝑛)), and repeated integration by parts.

This result shows that the matrix representation of a FIO with respect a
Gabor frame is well organized. More precisely, if 𝜎 ∈ 𝑆0

0,0, namely if (9) is satisfied
for every 𝑁 ∈ ℕ, then the Gabor matrix of 𝑇 is highly concentrated along the
graph of 𝜒.

The previous result, together with the following lemma, are the key to prove
the continuity of these FIOs on the modulation spaces 𝑀𝑝

𝜇, with a weight function
𝜇 ∈ ℳ𝑣𝑠 , 𝑠 ≥ 0. Observe that the first part of the lemma is the classical Schur’s
test (see, e.g., [32, Lemma 6.2.1]), the second part is also classical (see, e.g., [19,
Lemma 4.1]). The continuity on 𝑐0(Λ) is proved in [18, Lemma 4.1].
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Lemma 3.1. Consider an operator 𝐾 defined on sequences by the matrix 𝐾𝜆,𝜈 .
Then,

∥𝐾𝑐∥𝑙𝑝 ≤
{
(sup𝜈

∑
𝜆 ∣𝐾𝜆,𝜈 ∣𝑝)1/𝑝 ∥𝑐∥𝑙𝑝 , 0 < 𝑝 ≤ 1,

(sup𝜆
∑

𝜈 ∣𝐾𝜆,𝜈 ∣)1/𝑝
′
(sup𝜈

∑
𝜆 ∣𝐾𝜆,𝜈 ∣)1/𝑝 ∥𝑐∥𝑙𝑝 , 1 ≤ 𝑝 ≤ ∞,

whenever the right-hand sides are finite. Moreover, the last condition implies that
𝐾 maps the space 𝑐0(Λ) of sequences vanishing at infinity into itself.

We can now state the following boundedness result, proved in [18, Theorem
4.1] when 𝑝 ≥ 1 and in [19, Theorem 4.1] for 0 < 𝑝 < 1. A more general result for
𝑝 > 1 was proved in [14, Theorem 2.1].

We sketch the proof to allow the reader to understand how Gabor frames are
employed to attain the goal; see also [35, 56], where Gabor expansion were used
to establish continuity properties of pseudodifferential operators.

Theorem 3.2. Consider a phase function satisfying (7) and (8) and a symbol sat-
isfying (9).

(1) Let 0 ≤ 𝑠 < 2𝑁 − 2𝑑/𝑝, 0 < 𝑝 < 1, and 𝜇 ∈ ℳ𝑣𝑠 . Then 𝑇 extends to a
continuous operator from ℳ𝑝

𝜇∘𝜒 into ℳ𝑝
𝜇.

(2) Let 0 ≤ 𝑠 < 2𝑁 − 2𝑑, and 𝜇 ∈ ℳ𝑣𝑠 . For every 1 ≤ 𝑝 ≤ ∞, 𝑇 extends to a
continuous operator from ℳ𝑝

𝜇∘𝜒 into ℳ𝑝
𝜇.

Recall thatℳ𝑝
𝜇 is the closure of 𝒮(ℝ𝑑) in 𝑀𝑝

𝜇. Moreover, observe that 𝜇∘𝜒 ∈
ℳ𝑣𝑠 . Indeed, 𝑣𝑠 ∘ 𝜒 ≍ 𝑣𝑠, due to the bi-Lipschitz property of 𝜒.

Proof. We detail the case 1 ≤ 𝑝 ≤ ∞ and first prove the theorem in the case
𝑝 < ∞.

For 𝑇 = 𝐶𝑔 ∘ 𝑇𝑚′,𝑛′,𝑚,𝑛 ∘𝐷𝑔, the following diagram is commutative:

ℳ𝑝
𝜇∘𝜒 ℳ𝑝

𝜇

𝑙𝑝
𝜇̃∘𝜒 𝑙𝑝𝜇

�

𝐶𝑔

�𝑇

�𝑇𝑚′,𝑛′,𝑚,𝑛

�
𝐷𝑔

where 𝑇 is viewed as an operator with dense domain 𝒮(ℝ𝑑). Whence, it is enough
to prove the continuity of the infinite matrix 𝑇𝑚′,𝑛′,𝑚,𝑛 from 𝑙𝑝

𝜇̃∘𝜒 into 𝑙𝑝𝜇.

This follows from Schur’s test (Lemma 3.1) if we prove that, upon setting

𝐾𝑚′,𝑛′,𝑚,𝑛 = 𝑇𝑚′,𝑛′,𝑚,𝑛
𝜇(𝑚′, 𝑛′)

𝜇(𝜒(𝑚, 𝑛))
,

we have
𝐾𝑚′,𝑛′,𝑚,𝑛 ∈ 𝑙∞𝑚,𝑛𝑙1𝑚′,𝑛′ , (19)

and
𝐾𝑚′,𝑛′,𝑚,𝑛 ∈ 𝑙∞𝑚′,𝑛′ 𝑙1𝑚,𝑛. (20)
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In view of (18) we have

∣𝐾𝑚′,𝑛′,𝑚,𝑛∣ ≲ ⟨𝜒(𝑚, 𝑛)− (𝑚′, 𝑛′)⟩−2𝑁+𝑠 𝜇(𝑚′, 𝑛′)
⟨𝜒(𝑚, 𝑛)− (𝑚′, 𝑛′)⟩𝑠𝜇(𝜒(𝑚, 𝑛))

. (21)

Now, the last quotient in (21) is bounded because 𝜇 is 𝑣𝑠-moderate, so we deduce
(19).

Finally, since 𝜒 is a bi-Lipschitz function we have

∣𝜒(𝑚, 𝑛)− (𝑚′, 𝑛′)∣ ≍ ∣(𝑚, 𝑛)− 𝜒−1(𝑚′, 𝑛′)∣ (22)

so that (20) follows as well.
The case 𝑝 = ∞ follows analogously by using the last part of the statement

of Lemma 3.1. □
Remark 3.3. Theorem 3.2 with 𝑣 ≡ 1 gives, in particular, continuity on the un-
weighted modulation spacesℳ𝑝 and on 𝐿2 =ℳ2.

Also, Theorem 3.2 applies to 𝜇 = 𝑣𝑡, with ∣𝑡∣ ≤ 𝑠. In that case we obtain
continuity onℳ𝑝

𝑣𝑡 , because 𝑣𝑡 ∘ 𝜒 ≍ 𝑣𝑡.

3.1. Boundedness on퓜𝒑,𝒒(ℝ𝒅), for 𝒑 ∕= 𝒒

This part exhibits new conditions which guarantee the boundedness onℳ𝑝,𝑞(ℝ𝑑),
for 𝑝 ∕= 𝑞.

The first result is in fact a generalization of [3, Theorem 11] and [18, Theorem
5.2] to the case of rougher symbols and is contained in [17].

Theorem 3.4. Consider a phase function Φ satisfying (7) and (8), and a symbol
𝜎 ∈ 𝑀∞,1(ℝ2𝑑). Suppose, in addition, that

sup
𝑥,𝑥′,𝜂∈ℝ𝑑

∣∇𝑥Φ(𝑥, 𝜂)−∇𝑥Φ(𝑥
′, 𝜂)∣ < ∞. (23)

Then, the corresponding Fourier integral operator 𝑇 extends to a bounded operator
on ℳ𝑝,𝑞(ℝ𝑑), for every 1 ≤ 𝑝, 𝑞 ≤ ∞.

The condition (23) is seen to be essential for the conclusion to hold. In fact
it was shown in [18, Proposition 7.1] that the pointwise multiplication operator by

𝑒−𝜋𝑖∣𝑥∣
2

(which has phase Φ(𝑥, 𝜂) = 𝑥𝜂 − ∣𝑥∣2
2 and symbol 𝜎 ≡ 1) is not bounded

on anyℳ𝑝,𝑞, with 𝑝 ∕= 𝑞.
If we drop the condition (23), we need some further decay condition on the

symbol, as explained by the next result.
For 𝑠1, 𝑠2 ∈ ℝ, we define the weight function 𝑣𝑠1,𝑠2(𝑥, 𝜂) := ⟨𝑥⟩𝑠1 ⟨𝜂⟩𝑠2 ,

(𝑥, 𝜂) ∈ ℝ2𝑑.

Theorem 3.5. Consider a phase Φ satisfying (7), (8), and a symbol 𝜎 ∈
𝑀∞,1

𝑣𝑠1,𝑠2⊗1(ℝ
2𝑑), 𝑠1, 𝑠2 ∈ ℝ.

(i) Let 1 ≤ 𝑝 ≤ ∞. If 𝑠1, 𝑠2 ≥ 0, 𝑇 extends to a bounded operator on ℳ𝑝(ℝ𝑑).

(ii) Let 1 ≤ 𝑞 < 𝑝 ≤ ∞. If 𝑠1 > 𝑑
(
1
𝑞 − 1

𝑝

)
, 𝑠2 ≥ 0, 𝑇 extends to a bounded

operator on ℳ𝑝,𝑞(ℝ𝑑).
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(iii) Let 1 ≤ 𝑝 < 𝑞 ≤ ∞. If 𝑠1 ≥ 0, 𝑠2 > 𝑑
(
1
𝑝 − 1

𝑞

)
, 𝑇 extends to a bounded

operator on ℳ𝑝,𝑞(ℝ𝑑).
In all cases,

∥𝑇 𝑓∥ℳ𝑝,𝑞 ≲ ∥𝜎∥𝑀∞,1
𝑣𝑠1,𝑠2⊗1

∥𝑓∥ℳ𝑝,𝑞 . (24)

Counterexamples for the thresholds arising in Theorem 4.2 are given in [17]:
they show that the thresholds are in fact the expected ones.

For the proofs we refer to the above-mentioned paper. Let us just underline
that boundedness results dealing with FIOs having symbols in weighted modula-
tion spaces and acting on unweighted modulation spaces could be rephrased as
boundedness results for FIOs with symbols in unweighted spaces and acting on
weighted spaces, as explained below.

Proposition 3.6. Let 𝑇 be a FIO with symbol 𝜎 and 𝑇 a FIO with the same phase
as 𝑇 and symbol

𝜎̃(𝑥, 𝜂) := ⟨𝑥⟩𝑠1𝜎(𝑥, 𝜂)⟨𝜂⟩𝑠2 , 𝑥, 𝜂 ∈ ℝ𝑑, 𝑠𝑖 ∈ ℝ, 𝑖 = 1, 2.

Then,

(i) the operator 𝑇 is bounded from ℳ𝑝,𝑞 intoℳ𝑝,𝑞 if and only if the operator 𝑇
is bounded from ℳ𝑝,𝑞

𝑣0,𝑠2
into ℳ𝑝,𝑞

𝑣−𝑠1,0
.

(ii) It holds true

𝜎 ∈ 𝑀∞,1
𝑣𝑠1,𝑠2⊗1(ℝ

2𝑑)⇐⇒ 𝜎̃ ∈ 𝑀∞,1(ℝ2𝑑). (25)

Proof. The proof is an immediate consequence of [55, Theorem 2.2, Corollary
2.3]. Indeed, they guarantee that the vertical arrows of the following commutative
diagram define isomorphisms:

.

ℳ𝑝,𝑞 ℳ𝑝,𝑞

ℳ𝑝,𝑞
𝑣0,𝑠2

ℳ𝑝,𝑞
𝑣−𝑠1,0

�𝑇

�
pointwise product by ⟨𝑥⟩𝑠1�⟨𝐷⟩𝑠2

�𝑇

(26)

Moreover, the product by the weight function 𝜔0(𝑥, 𝜂, 𝜁1, 𝜁2) := ⟨𝑥⟩𝑠1 ⟨𝜂⟩𝑠2 , 𝑥, 𝜂,

𝜁1, 𝜁2 ∈ ℝ𝑑, defined on ℝ4𝑑, is an isomorphism from 𝑀∞,1
𝑣𝑠1,𝑠2⊗1(ℝ

2𝑑) to 𝑀∞,1(ℝ2𝑑),

that is (𝑖𝑖). □
Thanks to the commutativity of the diagram (26), the results of Theorem

3.5 may be equivalently stated as the action of a FIO 𝑇 on weighted modulation
spaces:

Theorem 3.7. Consider a phase Φ satisfying (7), (8), and a symbol 𝜎 ∈
𝑀∞,1(ℝ2𝑑).

(i) If 1 ≤ 𝑞 < 𝑝 ≤ ∞, 𝑠1 < −𝑑
(
1
𝑞 − 1

𝑝

)
, and 𝑠2 ≥ 0, then 𝑇 extends to a bounded

operator from ℳ𝑝,𝑞
𝑣0,𝑠2

(ℝ𝑑) to ℳ𝑝,𝑞
𝑣𝑠1,0

(ℝ𝑑).
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(ii) If 1 ≤ 𝑝 < 𝑞 ≤ ∞, 𝑠1 ≤ 0, and 𝑠2 > 𝑑
(
1
𝑝 − 1

𝑞

)
, 𝑇 extends to a bounded

operator from ℳ𝑝,𝑞
𝑣0,𝑠2

(ℝ𝑑) to ℳ𝑝,𝑞
𝑣𝑠1,0

(ℝ𝑑).

In both cases,
∥𝑇 𝑓∥ℳ𝑝,𝑞

𝑣𝑠1,0
≲ ∥𝜎∥𝑀∞,1∥𝑓∥ℳ𝑝,𝑞

𝑣0,𝑠2
.

3.2. The case of quadratic phases: metaplectic operators

We briefly discuss the particular case of quadratic phases, namely phases of the
type

Φ(𝑥, 𝜂) =
1

2
𝐴𝑥 ⋅ 𝑥+𝐵𝑥 ⋅ 𝜂 + 1

2
𝐶𝜂 ⋅ 𝜂 + 𝜂0 ⋅ 𝑥− 𝑥0 ⋅ 𝜂, (27)

where 𝑥0, 𝜂0 ∈ ℝ𝑑, 𝐴, 𝐶 are real symmetric 𝑑 × 𝑑 matrices and 𝐵 is a real 𝑑 × 𝑑
nondegenerate matrix.

It is easy to see that, if we take the symbol 𝜎 ≡ 1 and the phase (27), the
corresponding FIO 𝑇 is (up to a constant factor) a metaplectic operator. This can
be seen by means of the easily verified factorization

𝑇 = 𝑀𝜂0𝑈𝐴𝐷𝐵ℱ−1𝑈𝐶ℱ𝑇𝑥0, (28)

where 𝑈𝐴 and 𝑈𝐶 are the multiplication operators by 𝑒𝜋𝑖𝐴𝑥⋅𝑥 and 𝑒𝜋𝑖𝐶𝜂⋅𝜂 respec-
tively, and 𝐷𝐵 is the dilation operator 𝑓 2→ 𝑓(𝐵⋅). Each of the factors is (up
to a constant factor) a metaplectic operator (see, e.g., the proof of [43, Theorem
18.5.9]), so 𝑇 is.

For the benefit of the reader, some important special cases are detailed in
the table below.

operator phase Φ(𝑥, 𝜂) canonical transformation

𝑇𝑥0 (𝑥− 𝑥0) ⋅ 𝜂 𝜒(𝑦, 𝜂) = (𝑦 + 𝑥0, 𝜂)

𝑀𝜂0 (𝜂 + 𝜂0) ⋅ 𝑥 𝜒(𝑦, 𝜂) = (𝑦, 𝜂 + 𝜂0)

𝐷𝐵 𝐵𝑥 ⋅ 𝜂 𝜒(𝑦, 𝜂) = (𝐵−1𝑦,𝑡𝐵𝜂)

𝑈𝐴 𝑥 ⋅ 𝜂 + 1
2𝐴𝑥 ⋅ 𝑥 𝜒(𝑦, 𝜂) = (𝑦, 𝜂 +𝐴𝑥)

We end up by observing that there are metaplectic operators, as the Fourier
transform, which cannot be expressed as FIOs of this type.

We refer to [16] for the action of metaplectic operators on other spaces arising
in Time-frequency Analysis.

4. Sparsity of the Gabor matrix and nonlinear approximation

Given a FIO 𝑇 as above, and 𝑓 ∈ 𝑀 𝑞 we are going to present a formula to compute
𝑇 𝑓 by nonlinear approximation, namely a formula which expresses 𝑇 𝑓 as a finite
sum of Gabor atoms, modulo an error whose size is estimated in terms of its
time-frequency concentration.
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This is the issue of [19, Section 5]. Let 𝛼, 𝛽 > 0, 𝑔 ∈ 𝒮, be such that the set
𝒢(𝑔, 𝛼, 𝛽) = {𝑔𝑚,𝑛 := 𝑇𝑚𝑀𝑛𝑔, (𝑚, 𝑛) ∈ Λ = 𝛼ℤ𝑑 × 𝛽ℤ𝑑},

is a frame of 𝐿2(ℝ𝑑). Assume the phase Φ satisfies (7), (8) and the symbol 𝜎 fulfills
(9) for every 𝑁 ∈ ℕ.

Set 𝜆 = (𝑚′, 𝑛′) ∈ Λ and 𝜈 = (𝑚, 𝑛) ∈ Λ. Let moreover
𝑇𝜆,𝜈 = ⟨𝑇 𝑔𝜈, 𝑔𝜆⟩.

Then, Theorem 3.1, i.e., [18, Theorem 3.3], shows that, for every 𝑁 ′ ∈ ℕ,

∣𝑇𝜆,𝜈 ∣ ≤ 𝐶𝑁 ′⟨𝜆− 𝜒(𝜈)⟩−𝑁 ′
. (29)

This gives at once that the Gabor matrix 𝑇𝜆,𝜈 is sparse, in the sense precised by
the following proposition (cf. [10, 39]).

Proposition 4.1. The Gabor matrix 𝑇𝜆,𝜈 is sparse. Namely, let 𝑎 be any column or
raw of the matrix, and let ∣𝑎∣𝑛 be the 𝑛-largest entry of the sequence 𝑎. Then, for
each 𝑀 > 0, ∣𝑎∣𝑛 satisfies

∣𝑎∣𝑛 ≤ 𝐶𝑀𝑛−𝑀 .

Indeed,

𝑛1/𝑝 ⋅ ∣𝑎∣𝑛 ≤ ∥𝑎∥𝑙𝑝 ,
for every 0 < 𝑝 ≤ ∞. Hence it suffices to prove that every column or raw is in 𝑙𝑝

for arbitrarily small 𝑝. This follows immediately from (29).
We now turn to the nonlinear approximation problem.
Given 𝑁 ∈ ℕ and 𝐵 ≥ 1, we associate to any function 𝑓 ∈ 𝑀 𝑞

𝜇 two indices
sets 𝐽𝑁 and 𝐼𝑁,𝐵 defined as follows. Let 𝑏𝜈 be the sequence of weighted Gabor
coefficients of 𝑓 , namely 𝑏𝜈 = ⟨𝑓, 𝑔𝜈⟩𝜇(𝜈), and let ∣𝑏𝜈1 ∣ ≥ ∣𝑏𝜈2 ∣ ≥ ⋅ ⋅ ⋅ be a non-
increasing rearrangement. We then define

𝐽𝑁 = {𝜈1, . . . , 𝜈𝑁}
and

𝐼𝑁,𝐵 = {𝜆 ∈ Λ : ∃𝜈 ∈ 𝐽𝑁 , ∣𝜆− 𝜒(𝜈)∣ ≤ 𝐵},
where 𝜒 is the canonical transformation generated by Φ. The approximation result
can be formulated as follows.

Theorem 4.2. Let 0 < 𝑝 < 𝑞 ≤ ∞, and 𝑓 ∈ 𝑀𝑝
𝜇∘𝜒, with 𝜇 ∈ ℳ𝑣𝑠 , 𝑠 ≥ 0. Let 𝐽𝑁 ,

and 𝐼𝑁,𝐵 be the index sets associated to 𝑓 as above. Then, for every 𝑁 ′, 𝑁 ∈ ℕ,
with 𝑁 ′ > 𝑑max{1, 1/𝑞}+ 𝑠, and 𝐵 ≥ 1, we have

𝑇 𝑓 =
∑

𝜆∈𝐼𝑁,𝐵

∑
𝜈∈𝐼𝑁

𝑇𝜆,𝜈⟨𝑓, 𝑔𝜈⟩ 𝑔𝜆 + 𝑒𝑁,𝐵,

where the error 𝑒𝑁,𝐵 satisfies the estimate

∥𝑒𝑁,𝐵∥𝑀𝑞
𝜇
≲ 𝐵𝑑max{1,1/𝑞}+𝑠−𝑁 ′∥𝑓∥𝑀𝑞

𝜇∘𝜒 +𝑁1/𝑞−1/𝑝∥𝑓∥𝑀𝑝
𝜇∘𝜒 .

Here the constant implicit in the notation ≲ is independent of 𝑓 , 𝐵 and 𝑁 .
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Hence, given 𝑓 , the error term decays faster of any negative fixed power of 𝑁
and 𝐵, as 𝑁, 𝐵 → +∞. This is seen by fixing 𝑁 ′ conveniently large and 𝑝 small
enough.

For the proof we refer to [19, Theorem 5.2].

5. Application to the solution of the Schrödinger equation

We now turn our attention to some important examples of the class of FIOs studied
here, represented by solution operators to the Cauchy problem for Schrödinger
equations.

5.1. The free particle

Consider the Cauchy problem for the Schrödinger equation{
𝑖∂𝑡𝑢+Δ𝑢 = 0

𝑢(0, 𝑥) = 𝑢0(𝑥),
(30)

with 𝑥 ∈ ℝ𝑑, 𝑑 ≥ 1. The explicit formula for the solution is
𝑢(𝑡, 𝑥) = (𝐾𝑡 ∗ 𝑢0)(𝑥), (31)

where

𝐾𝑡(𝑥) =
1

(4𝜋𝑖𝑡)𝑑/2
𝑒𝑖∣𝑥∣

2/(4𝑡). (32)

The solution 𝑢(𝑡, 𝑥) can be as well expressed by means of a FIO:

𝑢(𝑡, 𝑥) =

∫
ℝ𝑑

𝑒2𝜋𝑖(𝑥𝜂−2𝜋𝑡∣𝜂∣
2)𝑢0(𝜂)𝑑𝜂,

for ℱ((𝑎𝑖)−𝑑/2𝑒−𝜋∣𝑥∣
2/(𝑎𝑖))(𝜂) = 𝑒−𝜋𝑎𝑖∣𝜂∣

2

, 𝑎 ∈ ℝ ∖ {0}. Whence, 𝑢(𝑡, 𝑥) = 𝑇 𝑢0(𝑥),
where 𝑇 is the FIO with phase Φ(𝑥, 𝜂) = 𝑥𝜂 − 2𝜋𝑡∣𝜂∣2 and symbol 𝜎 ≡ 1.

The smooth bi-Lipschitz canonical transformation 𝜒 associated with the
phase Φ is given by

𝜒(𝑦, 𝜂) = (𝑦 + 4𝜋𝑡𝜂, 𝜂).

Hence, the matrix decay (29), for 𝜆 = (𝑚′, 𝑛′), 𝜈 = (𝑚, 𝑛), is given by

∣𝑇𝜆,𝜈 ∣ ≤ 𝐶𝑁 ′(1 + ∣(𝑚′ − (𝑚+ 4𝜋𝑡𝑛), 𝑛′ − 𝑛)∣)−𝑁 ′
.

In [19, Section 6] the matrix entries are computed explicitly when the initial
datum is a Gabor atom with the Gaussian window function. Namely,

Proposition 5.1. Let 𝑢(𝑡, 𝑥) be the solution of the Cauchy problem (32), with

𝑢0(𝑥) = 𝑀𝑛𝑇𝑚𝑒−𝜋∣𝑥∣
2

. Then,

𝑢(𝑡, 𝑥) = (1 + 4𝜋𝑖𝑡)−𝑑/2𝑒−
4𝜋2𝑛𝑡(2𝑚+𝑖𝑛)

1+4𝜋𝑖𝑡 𝑀 𝑛
1+4𝜋𝑖𝑡

𝑇𝑚𝑒−
𝜋

1+4𝜋𝑖𝑡 ∣𝑥∣2. (33)



76 E. Cordero, F. Nicola and L. Rodino

Hence, we have a more explicit formula for the matrix entries

{𝑇𝑚′,𝑛′,𝑚,𝑛}𝑚′,𝑛′,𝑚,𝑛 = ⟨𝑇 (𝑀𝑛𝑇𝑚𝑔0), 𝑀𝑛′𝑇𝑚′𝑔0⟩.
Indeed,

𝑇𝑚′,𝑛′,𝑚,𝑛 = (1+4𝜋𝑖𝑡)−𝑑/2𝑒−
4𝜋2𝑛𝑡(2𝑚+𝑖𝑛)

1+4𝜋𝑖𝑡 ⟨𝑀 𝑛
1+4𝜋𝑖𝑡

𝑇𝑚𝑒−
𝜋

1+4𝜋𝑖𝑡 ∣⋅∣2, 𝑀𝑛′𝑇𝑚′𝑔0⟩. (34)
We may go on computing the brackets, to obtain a more explicit formula for
𝑇𝑚′,𝑛′,𝑚,𝑛. Details are left to the reader.

Numerical examples concerning (30) in dimension 𝑑 = 1 and 𝑑 = 2 are
presented in [19]. The same type of decay in dimension 𝑑 = 2 was obtained in [11,
Figure 15] for the curvelet representation of the wave propagator.

5.2. The harmonic oscillator

This is the case of the Cauchy problem for the Schrödinger equation below:⎧⎨⎩𝑖
∂𝑢

∂𝑡
− 1

4𝜋
Δ𝑢+ 𝜋∣𝑥∣2𝑢 = 0

𝑢(0, 𝑥) = 𝑢0(𝑥).
(35)

The solution is the metaplectic operator (hence FIO) given by [16, 29, 40]

𝑢(𝑡, 𝑥) = (cos 𝑡)−𝑑/2
∫
ℝ𝑑

𝑒2𝜋𝑖[
1

cos 𝑡𝑥𝜂+
tan 𝑡

2 (𝑥2+𝜂2)]𝑢0(𝜂) 𝑑𝜂, 𝑡 ∕= 𝜋

2
+ 𝑘𝜋, 𝑘 ∈ ℤ,

(36)
see below for 𝑡 = 𝜋

2 +𝑘𝜋, 𝑘 ∈ ℤ. Here 𝑢(𝑡, 𝑥) = 𝑇 𝑢0, where 𝑇 is a FIO with symbol

𝜎 = (cos 𝑡)−𝑑/2 and phase

Φ(𝑥, 𝜂) =
1

cos 𝑡
𝑥𝜂 +

tan 𝑡

2
(𝑥2 + 𝜂2).

The canonical transformation 𝜒 is then obtained by solving (17). We get

𝜒(𝑦, 𝜂) =

(
(cos 𝑡)𝐼 (− sin 𝑡)𝐼
(sin 𝑡)𝐼 (cos 𝑡)𝐼

)(
𝑦
𝜂

)
.

Since

∣ det ∂2𝑥,𝜂Φ(𝑥, 𝜂)∣ 1

∣ cos 𝑡∣𝑑 > 0, 𝑡 ∕= 𝜋

2
+ 𝑘𝜋, 𝑘 ∈ ℤ,

the assumptions of Theorem 3.1 are fulfilled and we get the estimate

∣⟨𝑇 𝑔𝑚,𝑛, 𝑔𝑚′,𝑛′⟩∣ ≤ 𝐶𝑁 (1 + ∣(cos 𝑡)𝑚+(sin 𝑡)𝑛−𝑚′,−(sin 𝑡)𝑚+ (cos 𝑡)𝑛−𝑛′∣)−𝑁 ,
(37)

for every 𝑁 ∈ ℕ, if 𝑡 ∕= 𝜋
2 + 𝑘𝜋, 𝑘 ∈ ℤ. The same formula continues to hold

for 𝑡 = 𝜋
2 + 𝑘𝜋, 𝑘 ∈ ℤ, as the more explicit result in Proposition 5.3 below

shows. Indeed, the time singularity at those points is artificial and becomes from
the representation of the propagator in the form (36), whose validity fails for
𝑡 = 𝜋

2 + 𝑘𝜋, 𝑘 ∈ ℤ.
As for the free particle, in what follows we find the matrix coefficients

{𝑇𝑚′,𝑛′,𝑚,𝑛}𝑚′,𝑛′,𝑚,𝑛 for the time-frequency shifts of the Gaussian datum. Then
we present numerical simulations by Maple software. For the Maple algorithms
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and more detailed computations we refer to [4]. First, let us recall the following
formula.

Lemma 5.1. Let 𝑎, 𝑏 two complex numbers such that Re 𝑎 < 0. Then∫
ℝ𝑑

𝑒𝑎𝑥
2+𝑏𝑥 d𝑥 =

(
−𝜋

𝑎

)𝑑/2
𝑒−

𝑏2

4𝑎 . (38)

We use this formula to calculate the solution to the Cauchy problem (35),

with 𝑢0(𝑥) := 𝑀𝑛𝑇𝑚𝑒−𝜋∣𝑥∣
2

, for 𝑥 ∈ ℝ𝑑 and (𝑚, 𝑛) ∈ 𝛼ℤ𝑑 × 𝛽ℤ𝑑.

Proposition 5.2. Let 𝑢0 := 𝑀𝑛𝑇𝑚𝑒−𝜋∣𝑥∣
2

and 𝑢(𝑡, 𝑥) as in (35), (36). Then

𝑢(𝑡, 𝑥) = 𝑒𝑖𝑡𝑑/2𝑒−𝜋𝑥
2

𝑒−𝜋(𝑚+𝑖𝑛)2 cos(𝑡)𝑒𝑖𝑡𝑒2𝜋𝑥(𝑚+𝑖𝑛)𝑒𝑖𝑡𝑒2𝜋𝑚⋅𝑛−𝜋𝑛2

. (39)

Proof. Using 𝑢0(𝑥) := 𝑀𝑛𝑇𝑚𝑒−𝜋∣𝑥∣
2

in Equation (36) we get

𝑢(𝑡, 𝑥) = (cos 𝑡)−𝑑/2
∫
ℝ𝑑

𝑒2𝜋𝑖[
1

cos 𝑡𝑥𝜂+
tan 𝑡

2 (𝑥2+𝜂2]ℱ(𝑀𝑛𝑇𝑚𝑒−𝜋∣𝑥∣
2

)(𝜂) 𝑑𝜂

= (cos 𝑡)−𝑑/2
∫
ℝ𝑑

𝑒2𝜋𝑖[
1

cos 𝑡𝑥𝜂+
tan 𝑡

2 (𝑥2+𝜂2]𝑇𝑛𝑀−𝑚ℱ(𝑒−𝜋𝑥2

)(𝜂) 𝑑𝜂

= (cos 𝑡)−𝑑/2
∫
ℝ𝑑

𝑒2𝜋𝑖[
1

cos 𝑡𝑥𝜂+
tan 𝑡

2 (𝑥2+𝜂2]𝑇𝑛𝑀−𝑚(𝑒−𝜋𝜂
2

)(𝜂) 𝑑𝜂

= (cos 𝑡)−𝑑/2
∫
ℝ𝑑

𝑒2𝜋𝑖[
1

cos 𝑡𝑥𝜂+
tan 𝑡

2 (𝑥2+𝜂2]𝑒−2𝜋𝑖𝑚⋅(𝜂−𝑛)𝑒−𝜋(𝜂−𝑛)
2

𝑑𝜂

= (cos 𝑡)−𝑑/2
∫
ℝ𝑑

𝑒2𝜋𝑖[
1

cos 𝑡𝑥𝜂+
tan 𝑡

2 (𝑥2+𝜂2]𝑒−2𝜋𝑖𝑚⋅(𝜂−𝑛)𝑒−𝜋(𝜂
2−2𝜂𝑛+𝑛2) 𝑑𝜂

= (cos 𝑡)−𝑑/2𝑒
2𝜋𝑖 tan 𝑡

2 𝑥2+2𝜋𝑖𝑚⋅𝑛−𝜋𝑛2

∫
ℝ𝑑

𝑒𝜋(𝑖 tan 𝑡−1)𝜂
2+2𝜋𝑖

(
𝑥

cos 𝑡−𝑚−𝑖𝑛
)
𝜂 𝑑𝜂.

Now, using Formula (38),

𝑢(𝑡, 𝑥) =

(
cos 𝑡 ⋅ 𝑒𝑖𝑡
cos 𝑡

)𝑑/2
𝑒

2𝜋𝑖 tan 𝑡
2 𝑥2+2𝜋𝑖𝑚⋅𝑛−𝜋𝑛2

𝑒−𝜋𝑒
𝑖𝑡 cos 𝑡⋅

(
𝑥2

cos2 𝑡
− 2𝑥(𝑚+𝑖𝑛)

cos 𝑡 +(𝑚+𝑖𝑛)2
)

= 𝑒
𝑖𝑡𝑑
2 𝑒

𝜋𝑖 sin 𝑡
cos 𝑡 𝑥2+2𝜋𝑖𝑚⋅𝑛−𝜋𝑛2

𝑒−𝜋𝑒
𝑖𝑡 cos 𝑡⋅

(
𝑥2

cos2 𝑡
− 2𝑥(𝑚+𝑖𝑛)

cos 𝑡 +(𝑚+𝑖𝑛)2
)

= 𝑒
𝑖𝑡𝑑
2 𝑒−𝜋𝑥

2

𝑒2𝜋𝑖𝑚⋅𝑛−𝜋𝑛2

𝑒2𝜋𝑥𝑒
𝑖𝑡(𝑚+𝑖𝑛)𝑒−𝜋(𝑚+𝑖𝑛)2𝑒𝑖𝑡 cos 𝑡,

as desired. □
Using similar computations as above (see [4]), one can compute the matrix

{𝑇𝑚′,𝑛′,𝑚,𝑛}𝑚′,𝑛′,𝑚,𝑛:

Proposition 5.3. Let 𝑢(𝑡, 𝑥) = 𝑇 𝑢0 be the solution of (35), with 𝑢0 = 𝑀𝑛𝑇𝑚𝑒−𝜋𝑥
2

,
then

{𝑇𝑚,𝑛,𝑚′,𝑛′}𝑚,𝑛,𝑚′,𝑛′ = ⟨𝑇 (𝑢0), 𝑀𝑛′𝑇𝑚′𝑒−𝜋𝑥
2⟩

=
(𝑒𝑖𝑡

2

)𝑑/2
𝑒𝜑(𝑚,𝑛,𝑚′,𝑛′) ⋅ 𝑒𝑖𝜋Ψ(𝑚,𝑛,𝑚′,𝑛′), (40)



78 E. Cordero, F. Nicola and L. Rodino

where

𝜑(𝑚, 𝑛, 𝑚′, 𝑛′) = −𝜋

2

[
∣(𝑚, 𝑛)∣2 + ∣(𝑚′, 𝑛′)∣2 − 2𝜒(𝑚, 𝑛) ⋅

( 𝑚′

𝑛′
)]

and

Ψ(𝑚, 𝑛, 𝑚′, 𝑛′) = cos(𝑡)𝑛𝑚′ − cos(𝑡)𝑚𝑛′ + sin(𝑡)𝑚𝑚′ + sin(𝑡)𝑛𝑛′ +𝑚𝑛−𝑚′𝑛′.

Observe that
∣𝑇𝑚,𝑛,𝑚′,𝑛′ ∣ = 2−𝑑/2𝑒𝜑(𝑚,𝑛,𝑚′,𝑛′). (41)

This equation is used to develop the numerical calculations.
We choose the Gabor frame {𝑀𝑛𝑇𝑚𝑔0}, with (𝑚, 𝑛) ∈ ℤ𝑑 × (1/2)ℤ𝑑 and

𝑔0(𝑥) = 𝑒−𝜋∣𝑥∣
2

[32, Theorem 7.5.3].
First, we study the one-dimensional case (𝑑 = 1), taking the initial datum

𝑢0(𝑥) = 𝑀1/2𝑇1𝑔0(𝑥) = 𝑒𝜋𝑖𝑥𝑒−𝜋(𝑥−1)
2

.
Figure 1 represents the magnitude of the coefficients (sorted in decreasing

order) of one column of the matrix 𝑇𝑚′,𝑛′,𝑚,𝑛, namely, that obtained by fixing
𝑚 = 1, 𝑛 = 1/2. Note we need only about 2200 coefficients to reach the threshold
10−300, and the coefficient decay is preserved in time, as expected from (41).

Figure 2(a) shows a similar analysis in dimension 𝑑 = 2, for the column corre-
sponding to𝑚 = (1, 1), 𝑛 = (1/2, 1/2). Here we need about 106 coefficients to reach
the threshold 10−300: the coefficient decay is much faster that the corresponding
one for the free particle [19] and that obtained by means of the curvelet frames
[11, Figure 15]. Finally, Figure 2(b) shows the column decay for 𝑚 = (1, 1, 1)
and 𝑛 = (1/2, 1/2, 1/2), in dimension 𝑑 = 3. Notice that we need about 64000
coefficients to reach the threshold 10−70.

Figures 3–5 show the magnitude of the STFT ∣𝑉𝑔𝑢(𝑡, ⋅)(𝑥, 𝜔)∣ of the solution
𝑢(𝑡, 𝑥) of (35), with initial datum 𝑢0(𝑥) = 𝑀1/2𝑇1𝑔0(𝑥) = 𝑒𝜋𝑖𝑥𝑒−𝜋(𝑥−1)

2

and

window 𝑔(𝑥) = 𝑒−𝜋∣𝑥∣
2

. The dimension is 𝑑 = 1.
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Figure 1. Coefficient magnitude of 𝑇𝑚′,𝑛′,1,1 at different instant time
𝑡 for 𝑑 = 1.

(a) Time 𝑡 = 𝜋/6. (b) Time 𝑡 = 𝜋/4.

(c) Time 𝑡 = 𝜋/3. (d) Time 𝑡 = 𝜋.
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[27] H.G. Feichtinger and K. Gröchenig. Banach spaces related to integrable group repre-
sentations and their atomic decompositions I. J. Funct. Anal., 86(2) 307–340, 1989.
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[38] K. Gröchenig and S. Samarah. Nonlinear Approximation with Local Fourier Bases.
Constr. Approx., 16:317–331, 2000.

[39] K. Guo and D. Labate. Sparse shearlet representation of Fourier integral operators
Electron. Res. Announc. Math. Sci., 14:7–19, 2007.

[40] B. Helffer. Théorie Spectrale pour des Opérateurs Globalement Elliptiques.
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Abstract. We investigate regularizations of distributional sections of vector
bundles by means of nets of smooth sections that preserve the main reg-
ularity properties of the original distributions (singular support, wavefront
set, Sobolev regularity). The underlying regularization mechanism is based
on functional calculus of elliptic operators with finite speed of propagation
with respect to a complete Riemannian metric. As an application we con-
sider the interplay between the wave equation on a Lorentzian manifold and
corresponding Riemannian regularizations, and under additional regularity
assumptions we derive bounds on the rate of convergence of their commu-
tator. We also show that the restriction to underlying space-like foliations
behaves well with respect to these regularizations.
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1. Introduction

We consider regularization processes to smooth out distributions on Riemannian
and globally hyperbolic Lorentzian manifolds and investigate their compatibility
with the wave-equation. The Riemannian setting has been addressed in [13] and
we include an introduction to this approach. For a globally hyperbolic manifold we
pick a splitting of the metric as obtained by [2] which provides us with a globally
defined time function and a foliation by space-like hypersurfaces. The associated
Riemannian metric naturally allows us to construct regularization processes on
distributional sections of tensor-bundles and differential forms. We show that these
regularizations interact nicely with the wave-equation on the Lorentzian manifold
and with the foliation provided by the metric splitting.
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By a regularization process we mean a net of smoothing operators that as-
signs a net of approximating smooth functions (or sections in a vector bundle) to
any given distribution (or distributional section). We are interested in preserving
a maximal set of regularity properties of the distribution in this process (sup-
port, singular support, wavefront set, Sobolev regularity). To assign such proper-
ties to approximating nets of smooth objects we employ the language of algebras
of generalized functions in the sense of Colombeau ([9, 10, 31, 20]). In this ap-
proach any such regularization process provides an embedding of distributions
into a space 𝒢(𝑀) of nonlinear generalized functions (given by a quotient con-
struction on spaces of approximating nets). This process preserves the regularity
and singularity structure of the distributions as described in Section 2 below. The
main interest in employing these regularizations is in studying non-smooth curved
space-times.

Our approach is motivated by work on wave equations on non-smooth curved
space-times. C.J.S. Clarke ([6, 7, 8]) suggested to study physical fields for under-
standing the singularity structure of the space-time itself, i.e., to consider wave
equations in low regularity. His work gave rise to a number of further studies.
In particular, in the framework of generalized functions this line of research was
pursued in [34, 19, 33]. For a more detailed introduction we refer to [25].

Thus let us consider a model situation and analyze the generalized solutions
to wave equations corresponding to a generalized Lorentz metric 𝑔 on the smooth
manifold 𝑀 (cf. [20, 27, 19]), i.e., a global Cauchy problem with initial data 𝑎, 𝑏 ∈
𝒟′(𝑆) on a suitable initial value surface 𝑆 in the form

□𝑔 𝑢 = 0, 𝑢 ∣𝑆 = 𝜄(𝑎), ∇n𝑢 ∣𝑆 = 𝜄(𝑏),

where 𝜄 is assumed to be an embedding of distributions into the algebra of gener-
alized functions.

Suppose that the generalized Lorentzian structure induced by 𝑔 allows a
splitting of the wave operator in the form □𝑔 = 𝛾 ⋅ (□𝑔 +𝑄), where 𝑔 is a smooth
“background” metric, 𝛾 is a positive measure or a strictly positive generalized
function, and 𝑄 is a partial differential operator with distributions or generalized
functions as coefficients, but whose coefficient singularities are concentrated in
certain space-time regions. A simple example is a generalized Robertson-Walker
space-time with 𝑔 = −𝑑𝑡2 + (1 + 𝜇(𝑡))ℎ on 𝑀 = ℝ × 𝑆, where ℎ is a smooth
Riemannian metric on the smooth manifold 𝑆 and 𝜇 is a nonnegative generalized
function. In this case 𝑔 = −𝑑𝑡2 + ℎ can serve as a smooth background metric and
the above splitting would involve 𝛾 = 1/(1+ 𝜇) and 𝑄 = 𝑄(𝑡, ∂𝑡), which acts only
on the one-dimensional factor.

If we impose the splitting assumption as above, then we have for any general-
ized function 𝑢 ∈ 𝒢(𝑀) that the equation □𝑔 𝑢 = 0 is equivalent to □𝑔 𝑢+𝑄𝑢 = 0.
Let 𝑢 ∈ 𝒢(𝑀) be a solution to the Cauchy problem stated above. In attempting to
extract its distributional aspects or assess its singularity structure we could adopt
the following strategy. Let 𝑣 be the distributional solution (assuming that it exists
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and is unique) to

□𝑔 𝑣 = 0, 𝑣 ∣𝑆 = 𝑎, ∇n𝑣 ∣𝑆 = 𝑏,

and put 𝑤 := 𝜄(𝑣) − 𝑢 ∈ 𝒢(𝑀) as a comparison of the generalized function 𝑢
with its “background distributional aspect”. Now, if the embedding 𝜄 commutes
with restriction to 𝑆 and with □𝑔, then simple manipulations allow us to draw the
conclusion that 𝑤 satisfies the following Cauchy problem:

□𝑔𝑤 = 𝑄𝑢, 𝑤 ∣𝑆 = 0, ∇n𝑤 ∣𝑆 = 0.
Thus, 𝑤 satisfies an inhomogeneous Cauchy problem corresponding to the smooth
background metric 𝑔 and with generalized functions occurring only on the right-
hand side of the equation. In particular, 𝑤 will be smooth in regions where null
geodesics corresponding to 𝑔 emanating from 𝑆 do not intersect the 𝒞∞-singular
support of 𝑄𝑢.

In the more general situation of a globally hyperbolic Lorentz manifold pro-
vided with a foliation into spacelike hypersurfaces via a splitting of the metric we
shall construct an embedding 𝜄 and show that the embedding almost commutes
with □𝑔 and with restriction to space-like slices of the foliation. The extent of
failure to commute is roughly measured by the divergence of the volume element
on the slices along the time direction. Although we state our results in the scalar
case, the extension to the case of wave-equations on differential forms is obvious.

2. Regularization of distributions on
complete Riemannian manifolds

In this section we describe a geometric regularization procedure for distributions
(or distributional sections of vector bundles) on complete Riemannian manifolds.
This procedure encodes regularity and singularity features in terms of asymptotic
behavior. Our approach is based on [13], to which we refer for further details.

We first fix some notations from the theory of distributions. Let 𝑀 be an
orientable complete Riemannian manifold of dimension 𝑛 with Riemannian met-
ric 𝑔. The space 𝒟′(𝑀) of Schwartz distributions on 𝑀 is the dual of the space
Ω𝑛
𝑐 (𝑀) of compactly supported 𝑛-forms on 𝑀 . Further, 𝒟(𝑀) is the space of

smooth compactly supported functions on 𝑀 . We identify 𝒟(𝑀) with Ω𝑛
𝑐 (𝑀) via

𝑓 2→ 𝑓 ⋅ 𝑑𝑔, with 𝑑𝑔 the Riemannian volume form induced by 𝑔. Thus 𝒟′(𝑀) can
be viewed as the dual space of 𝒟(𝑀). We consider 𝐿1

loc(𝑀) (hence in particu-
lar 𝒞∞(𝑀)) a subspace of 𝑀 via 𝑓 2→ [𝜑 2→ ∫

𝑀 𝑓𝜑𝑑𝑔]. If 𝐸 is a vector bundle
over 𝑀 then 𝒟′(𝑀 : 𝐸), the space of 𝐸-valued distributions on 𝑀 is defined by
𝒟′(𝑀 : 𝐸) = 𝒟′(𝑀) ⊗𝒞∞(𝑀) Γ

∞(𝑀 : 𝐸), with Γ∞(𝑀 : 𝐸) the space of smooth
sections of 𝐸. By ℰ ′(𝑀 : 𝐸) we denote the space of compactly supported distribu-
tional sections of 𝐸. We shall assume that 𝐸 is endowed with a Hermitian inner
product so that the distributional sections 𝒟′(𝑀 : 𝐸) of 𝐸 can be identified with
the dual Γ∞𝑐 (𝑀 : 𝐸)′ of the space of compactly supported smooth sections. Reg-
ularity properties of distributions we are interested in are, in particular, encoded
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in the singular support singsupp(𝑤), the wavefront set WF(𝑤), and the Sobolev
regularity of any given 𝑤 ∈ 𝒟′(𝑀).

In order to be able to track these regularity properties in terms of regu-
larizations of a given distribution we need a conceptual framework that allows
to assign geometrical and analytical properties to regularizations, i.e., to nets of
smooth functions. Algebras of generalized functions in the sense of J.F. Colombeau
([9, 10, 31]) indeed provide a well-developed theory of this kind and below we shall
briefly review some basic definitions, based mainly on [20, 16].

The basic idea of Colombeau’s approach is to assign to any given locally
convex space 𝑋 a space 𝒢𝑋 of generalized functions as follows. We define the
spaceℳ𝑋 of moderate nets to consist of those maps 𝜀 2→ 𝑥𝜀 (𝜀 ∈ 𝐼 := (0, 1]) that
are smooth and for any seminorm 𝜌 of𝑋 satisfy 𝜌(𝑋𝜀) = 𝑂(𝜀𝑁 ) for some integer 𝑁
as 𝜀 → 0. Similarly we call a net 𝑥𝜀 negligible if for all seminorms 𝜌 and all integers
𝑁 the asymptotic relation 𝜌(𝑋𝜀) ∼ 𝑂(𝜀𝑁 ) holds. The space 𝒢𝑋 is defined as the
quotient of the space of all moderate nets by the space 𝒩𝑋 of all negligible nets.
The class represented by a net 𝑥𝜀 shall be denoted by [𝑥𝜀]. In case 𝑀 is a smooth
manifold we call 𝒢(𝑀) := 𝒢𝒞∞(𝑀) the standard (special) Colombeau algebra of
generalized functions on 𝑀 ([9, 12, 20]). If 𝐸 → 𝑀 is a vector bundle then we set
𝒢(𝑀 : 𝐸) := 𝒢Γ∞(𝑀 :𝐸). For 𝐸 = ℂ the space 𝒢ℂ inherits a ring structure from
ℂ. It is therefore called the space of generalized numbers, denoted by ℂ̃. Every
space 𝒢𝐸 is naturally a ℂ̃-module, and hence is called the ℂ̃-module associated
with 𝐸 ([16]).

Similarly we shall also consider the subspace 𝒢∞𝑋 of regular elements of 𝒢𝑋 ,
defined as the space of all those elements of 𝒢𝑋 that can be represented by a net
𝑥𝜀 for which one can find an integer 𝑁 in the above relations independent of any
seminorm 𝜌 on𝑋 . Thus 𝒢∞𝑋 is the space of uniformly controlled asymptotics. Again
we set 𝒢∞(𝑀) := 𝒢∞𝒞∞(𝑀). In regularity theory, 𝒢∞(𝑀) is the analogue of 𝒞∞(𝑀)

in the theory of distributions ([31, 24, 14, 17]). This is based on the fundamental
result ([31]) that for open subsets Ω of ℝ𝑛, 𝜄(𝒟′(Ω)) ∩ 𝒢∞(Ω) = 𝒞∞(Ω), where 𝜄
is the standard embedding of 𝒟′ into 𝒢 via convolution with a standard mollifier.
We will introduce further notions of regularity theory based on 𝒢∞ below.

The assignment 𝑋 2→ 𝒢𝑋 is obviously functorial, so that any continuous
linear map 𝜙 : 𝑋 → 𝑌 naturally induces a map 𝜙∗ : 𝒢𝑋 → 𝒢𝑌 . Thus a smooth
map 𝑓 : 𝑀 → 𝑁 gives rise to a pull-back 𝑓∗ : 𝒢(𝑀) → 𝒢(𝑀). In particular
𝒢(𝑀) defines a fine sheaf of algebras and similarly 𝒢(𝑀 : 𝐸) is a fine sheaf of
𝒢(𝑀)-modules.

We finally introduce the notion of association, which provides a concept of
weak equality between elements of Colombeau spaces as well as a standardized
way of assigning distributional limits to certain Colombeau generalized functions.
For 𝑢, 𝑣 ∈ 𝒢(𝑀 : 𝐸) we say that 𝑢 is associated (or weakly equal) to 𝑣, 𝑢 ≈ 𝑣 if
𝑢𝜀−𝑣𝜀 → 0 in 𝒟′(𝑀 : 𝐸) for (some, hence any) representatives of 𝑢, 𝑣. We say that
𝑢 possesses 𝑤 ∈ 𝒟′(𝑀 : 𝐸) as a distributional shadow if 𝑢𝜀 → 𝑤 in 𝒟′(𝑀 : 𝐸).
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To construct the desired regularization process on 𝒟′(𝑀 : 𝐸) we need two
pieces of data:

1. A Schwartz function 𝐹 ∈ S (ℝ) such that 𝐹 ≡ 1 near the origin.
2. An elliptic symmetric differential operator 𝐷 on 𝐸 such that the speed of
propagation 𝐶𝐷, defined as

𝐶𝐷 = sup{∥𝜎𝐷(𝑥, 𝜉)∥ ∣ 𝑥 ∈ 𝑀, ∥𝜉∥ = 1} (2.1)

is finite. Here 𝜎𝐷 denotes the principal symbol of 𝐷. Such an operator 𝐷 will
be referred to as admissible.

As a consequence of the finite speed of propagation, the symmetric operator 𝐷 is
essentially self-adjoint ([23, 10.2.11]). Therefore the equation

∂

∂𝑡
𝑢 = 𝑖𝐷𝑢 𝑢( . , 0) = 𝑢0, (2.2)

has a unique solution for all times 𝑡 for any initial datum 𝑢0 ∈ Γ∞𝑐 (𝑀 : 𝐸). Indeed
it follows from functional calculus that 𝑒𝑖𝑡𝐷𝑢0 is a solution, and uniqueness can
be established using energy estimates.

We note that functional calculus defines a map

S (ℝ) ∋ 𝑓 2→ 𝑓(𝐷) ∈ ℬ(𝐿2(𝑀 : 𝐸))

where the operator 𝑓(𝐷) can also be expressed by the Fourier inversion formula:

𝑓(𝐷) :=
1

2𝜋

∫
ℝ

𝑓(𝑠)𝑒𝑖𝑠𝐷𝑑𝑠 (2.3)

(in the sense of strong operator convergence). Since the operator 𝐷 is elliptic, it
follows that 𝑓(𝐷) has a smooth kernel by elliptic regularity.

Let 𝐹 ∈ S (ℝ) with 𝐹 ≡ 1 near the origin and set 𝐹𝜀(𝑥) := 𝐹 (𝜀𝑥). Then
we shall obtain the desired regularizing procedure from 𝐹𝜀(𝐷). To do this we first
take a closer look at singularity properties available in generalized functions.

As has been mentioned above the space 𝒢(𝑀 : 𝐸) is a fine sheaf over 𝑀 ,
hence provides a notion of support. Furthermore, the notion of wave-front set can
be defined for generalized functions both locally and in invariant global terms
analogous to distributions. For Ω ⊆ ℝ𝑛 open we call 𝑢 ∈ 𝒢(Ω) 𝒢∞-microlocally
regular at (𝑥0, 𝜉0) ∈ 𝑇 ∗Ω ∖ 0 if there exists some test function 𝜑 ∈ 𝒟(Ω) with
𝜑(𝑥0) = 1 and a conic neighborhood Γ ⊆ ℝ𝑛 ∖ 0 of 𝜉0 such that the Fourier
transform ℱ(𝜑𝑢) is rapidly decreasing in Γ, i.e., there exists 𝑁 such that for all 𝑙,

sup
𝜉∈Γ

(1 + ∣𝜉∣)𝑙∣(𝜑𝑢𝜀)
∧(𝜉)∣ = 𝑂(𝜀−𝑁 ) (𝜀 → 0).

The generalized wave front set of 𝑢, WF𝑔(𝑢), is the complement of the set of
points (𝑥0, 𝜉0) where 𝑢 is 𝒢∞-microlocally regular. By [21], for any 𝑢 ∈ 𝒢(𝑀),
WF𝑔(𝑢) can naturally be viewed as a subset of 𝑇 ∗𝑀 ∖ 0. It is equivalently defined
as (cf.[17]),

WF𝑔(𝑢) =
∩

𝑃𝑢∈𝒢∞(𝑀)

char(𝑃 ) (𝑃 ∈ Ψ0
𝑐𝑙(𝑀)).
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Here char(𝑃 ) ⊆ 𝑇 ∗𝑀 is the characteristic set of the order 0 classical pseudodif-
ferential operator 𝑃 . The singular support of 𝑢, singsupp𝑔(𝑢), is the complement
of the maximal open set on which 𝑢 ∈ 𝒢∞. It then follows that singsupp𝑔(𝑢) =
pr1(WF𝑔).

We are now ready to define a class of regularization procedures for distribu-
tional sections of a vector bundle.

2.1. Regularizations

Definition 2.1. A parametrized family (𝑇𝜀)𝜀∈𝐼 of properly supported smoothing
operators (in the sense of [4, Ch. 1.4]) is called an optimal regularization process if

1. The regularization of any compactly supported distributional section 𝑠 ∈
ℰ ′(𝑀 : 𝐸) is of moderate growth: For any continuous seminorm 𝜌 on Γ∞(𝑀 :
𝐸), there exists some integer 𝑁 such that

𝜌(𝑇𝜀𝑠) = 𝑂(𝜀𝑁 ) (𝜀 → 0).

2. The net (𝑇𝜀) is an approximate identity: for each 𝑠 ∈ E ′(𝑀 : 𝐸),

lim
𝜀→0

𝑇𝜀𝑠 = 𝑠 in 𝒟′(𝑀 : 𝐸).

3. If 𝑢 ∈ Γ∞𝑐 (𝑀 : 𝐸) is a smooth compactly supported section of 𝐸 then for all
continuous seminorms 𝜌 and given any integer 𝑚,

𝜌(𝑇𝜀𝑢− 𝑢) = 𝑂(𝜀𝑚).

4. The induced map 𝜄𝑇 : ℰ ′(𝑀 : 𝐸)→ 𝒢(𝑀 : 𝐸) preserves support, and extends
to a sheaf map 𝒟′(𝑀 : 𝐸)→ 𝒢(𝑀 : 𝐸) that satisfies,

𝜄𝑇 (𝒟′(𝑀 : 𝐸)) ∩ 𝒢∞(𝑀 : 𝐸) = Γ∞(𝑀 : 𝐸). (2.4)

This implies in particular that 𝜄𝑇 preserves singular support.
5. The map 𝜄𝑇 preserves wave-front sets in the sense that for any distribution

𝑠 ∈ 𝒟′(𝑀 : 𝐸)
WF(𝑢) = WF𝑔(𝜄𝑇 (𝑢)).

As mentioned already we shall use spectral properties of the elliptic differen-
tial operators to obtain regularizing processes satisfying the above conditions.

Our main result in this section is the following.

Theorem 2.2. Let 𝐹 ∈ S (ℝ) be a Schwartz function such that 𝐹 ≡ 1 near the
origin. Let 𝐹𝜀(𝑥) := 𝐹 (𝜀𝑥). Given an admissible differential operator 𝐷, the fam-
ily of operators (𝐹𝜀(𝐷))𝜀∈𝐼 provides an optimal regularization process in sense of
Definition 2.1.

The essential idea of the proof boils down to the following two steps.
First we prove Theorem 2.2 under the assumption that the underlying man-

ifold 𝑀 is compact. We then use finite propagation speed to extend the result to
a general complete Riemannian manifold.

Thus let us for the time being assume that 𝑀 is a closed manifold. Then the
space of smoothing operators Ψ−∞(𝑀 : 𝐸) is a Fréchet algebra. The functional
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calculus map defined by 𝐷 induces a smooth map 𝜙𝐷 : S (ℝ) → Ψ−∞(𝑀 : 𝐸),
hence the estimate 1 holds because 𝐹𝜀 is a moderate net and 𝐹𝜀(𝐷) = (𝜙𝐷)∗(𝐹𝜀),
where (𝜙𝐷)∗ is the induced map on the asymptotic spaces 𝒢S (ℝ) → 𝒢Ψ−∞(𝑀).
Condition 2 then follows as the ring map 𝜙𝐷 preserves approximate units.

When 𝑀 is compact the operator 𝐷 has discrete spectrum and the spectrum
of 𝐷2 satisfies Weyl’s law, namely

𝑁𝐷2(𝜆) := #{𝜆𝑖 ∈ sp(𝐷2)∣ 𝜆𝑖 ≤ 𝜆} ∼ 𝐶𝜆
dim(𝑀)

2 . (2.5)

The Weyl estimates in conjunction with the fact that 𝐹 ≡ 1 near the origin now
provides the compatibility condition 3 (see [11]).

To describe the regularity of a distributional section 𝑢 ∈ 𝒟′(𝑀 : 𝐸) we first
note that any distribution provides a map between two Fréchet spaces, namely
between the smoothing operators Ψ−∞(𝑀 : 𝐸) and the smooth sections Γ∞(𝑀 :
𝐸) by evaluation. More precisely, to any 𝑢 ∈ 𝒟′(𝑀 : 𝐸) we associate the map

Θ𝑢 : Ψ
−∞(𝑀)→ Γ∞(𝑀 : 𝐸) Θ𝑢(𝑇 ) := 𝑇 (𝑢).

The mapping properties of the maps Θ𝑢 imply that if 𝑢 ∕∈ 𝐻𝑘(𝑀 : 𝐸) for every

𝑘 > 𝑡 then given any 𝛿 > 0, ∥𝐹𝜀(𝐷)𝑢∥2𝐿2(𝑀 :𝐸) is not 𝑂(𝜀
dim M

2 +𝑡+𝛿) (see [11,

Lemma 7.4]). This direct description of Sobolev regularity is in fact stronger than
condition 4 and therefore,

𝜄𝐹𝜀(𝐷)(𝒟′(𝑀 : 𝐸)) ∩ 𝒢∞(𝑀 : 𝐸) = Γ∞(𝑀 : 𝐸)).

The sheaf property of the embedding 𝜄𝐹𝜀(𝐷) as well as the proof of the result
for the more general case of a not necessarily compact complete manifold rely on
the finite speed of propagation of 𝐷, to which we turn next.

2.2. Finite speed of propagation

We shall reduce the computation of asymptotics on a complete Riemannian man-
ifold to certain compact manifolds obtained as doubles of suitable compact sub-
manifolds with boundaries. If 𝑋 is a compact manifold with boundary, a double of
𝑋 , denoted here by 𝐷𝑋 is a closed manifold obtained by gluing two copies of 𝑋
along the boundary ∂𝑋 (see, e.g., [26]). If 𝑋 is a compact manifold with boundary
embedded in a Riemannian manifold 𝑀 of the same dimension and if 𝑈 is an open
subset of 𝑀 such that 𝑈̄ ⊂ interior(𝑋), then there exists a Riemannian metric on
𝐷𝑋 such that the inclusion 𝑗 : 𝑈 ↪→ 𝐷𝑋 becomes an isometric embedding. More-
over, for any vector bundle 𝐸 → 𝑀 there exists a corresponding vector bundle
𝐸𝑋 → 𝐷𝑋 such that 𝐸𝑋 ∣𝑈 is canonically isomorphic to 𝐸∣𝑈 . Also, there exists a
symmetric elliptic operator 𝐷𝑋 on 𝐸𝑋 that coincides with 𝐷 on 𝑈 .

Let 𝑢 ∈ ℰ ′(𝑀 : 𝐸) and fix a constant 𝑐 > 0. Then by the Hopf-Rinow theorem
the open ball 𝑈 := 𝐵2𝑐⋅𝐶𝐷(supp(𝑢)) (with 𝐶𝐷 as defined in (2.1)) is relatively
compact and therefore contained in a compact manifold with boundary 𝑋 ⊆ 𝑀 .
By the above 𝑢 can be identified with a distributional section of 𝐸𝑋 → 𝐷𝑋 .
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Proposition 2.3. With assumptions on 𝑢, 𝑐 and 𝐹 as above 𝐹 (𝐷)𝑢 and 𝐹 (𝐷𝑋)𝑢
are both supported in 𝑈 and

𝐹 (𝐷)𝑢 = 𝐹 (𝐷𝑋)𝑢.

Proof. The restrictions of 𝐷 and 𝐷𝑋 to the open set 𝑈 coincide, hence uniqueness
of solutions to (2.2) implies that 𝑒𝑖𝑠𝐷𝑢 and 𝑒𝑖𝑠𝐷𝑋𝑢 agree for 𝑠 ≤ 𝑐. Hence the
claim follows from the Fourier Inversion Formula (2.3). □

From these observations the proof of Theorem 2.2 can be deduced along the
following lines (cf. [13, Sec. 4]):

Let 𝜙 ∈ 𝒟(−𝑐, 𝑐) satisfy 𝜙 ≡ 1 in a neighborhood of 0 and let 𝑢 ∈ ℰ ′(𝑀 : 𝐸).
Then

𝐹𝜀(𝐷)𝑢 =
1

2𝜋

∫ ∞

−∞
𝜙(𝑠)𝐹𝜀(𝑠)𝑒

𝑖𝑠𝐷𝑢 𝑑𝑠 = 𝑗∗
(
1

2𝜋

∫ ∞

−∞
𝜙(𝑠)𝐹𝜀(𝑠)𝑒

𝑖𝑠𝐷𝑋𝑢 𝑑𝑠

)
.

Based on this calculation we observe that the estimates required for Def-
inition 2.1 in the general case of 𝐹𝜀(𝐷) follow from that of 𝐹𝜀(𝐷𝑋) which have
already been established in case of the closed manifold 𝐷𝑋 . Furthermore the sheaf
properties of 𝜄𝐹𝜀(𝐷) can be obtained as a consequence of the calculations in Propo-
sition 2.3. The support of 𝑢 coincides with the generalized support of [𝐹𝜀(𝐷)𝑢].
This implies that the embedding extends to a sheaf morphism 𝑖𝐹𝜀 : 𝒟′(𝑀 : 𝐸)→
𝒢(𝑀 : 𝐸). Preservation of wavefront sets is more involved. We refer to [13, Th.
3.10] for a complete proof of this property.

Remark 2.4. In the scalar case, an alternative proof (not relying on the above
doubling-technique) of Theorem 2.2 can be found in [13], Section 3.

2.3. Applications

As a first application consider 𝐸 =
⋀∗ 𝑀 , the exterior bundle over a Riemannian

manifold 𝑀 and 𝐷 = 𝑑 + 𝑑∗ where 𝑑∗ is the Hodge adjoint of the de Rham
differential 𝑑. Then 𝐷 is symmetric, elliptic and has propagation speed 𝐶𝐷 = 1
since 𝜎𝐷(𝑥, 𝜉)2 = −∥𝜉∥2id, hence is essentially self-adjoint. Letting Δ := 𝐷2 be
the Laplace-Beltrami operator on Ω∗(𝑀), it follows from functional calculus that

cos(𝑠𝐷) = cos(𝑠
√
Δ) on 𝐿2(𝑀).

Now let 𝐹 be an even Schwartz function which has germ 1 at the origin. Then

𝐹 (
√
Δ) =

1

2𝜋

∫ ∞

−∞
𝐹 (𝑠) cos(𝑠

√
Δ) 𝑑𝑠

as a Bochner integral in ℬ(𝐿2(𝑀)).

Finally, let 𝑐 > 0 and pick an even test function 𝜙𝑐 with support in (−2𝑐, 2𝑐)
and such that 𝜙𝑐 ≡ 1 on (−𝑐, 𝑐). Now set

𝑇𝜀(
√
Δ) :=

1

2𝜋

∫ ∞

−∞
𝜙𝑐(𝑠)(𝐹𝜀)

∧(𝑠) cos(𝑠
√
Δ) 𝑑𝑠. (2.6)
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Then each 𝑇𝜀(
√
Δ) is a properly supported smoothing operator and (𝑇𝜀(

√
Δ))𝜀∈𝐼 is

an optimal regularization process in the sense of Definition 2.1. From the construc-
tion of 𝑇 in terms of the functional calculus of the Laplace operator we conclude
the following invariance properties of the corresponding embedding 𝜄𝑇 :

Corollary 2.5.

(i) Let 𝑓 : 𝑀 → 𝑀 be an isometry. Then for any 𝑢 ∈ 𝒟′(𝑀), 𝜄𝑇 (𝑓
∗𝑢) =

𝑓∗𝜄𝑇 (𝑢).
(ii) If Ψ is a pseudodifferential operator commuting with Δ, then Ψ commutes

with 𝜄𝑇 .

For the special case ℝ𝑛 with the Euclidean metric the above construction
gives

𝑇𝜀𝑢 = 𝜇𝜀 ∗ 𝑢, with 𝜇𝜀(𝜉) =
1

2𝜋
ℱ(𝜙1

𝜀
𝐹 (

.

𝜀
)
)
(∣𝜉∣).

In particular, for the one-dimensional case 𝑛 = 1 we obtain 𝜇𝜀 = 𝜙𝑐 ⋅𝐹 (./𝜀)/(2𝜋𝜀).

Note that 𝐹 (./𝜀)/(2𝜋𝜀) is a standard mollifier, i.e., a Schwartz function with unit
integral and all higher moments vanishing. Thus the regularization process reduces
precisely to the usual Colombeau embedding via convolution ([10, 31, 20]).

A further consequence of the above construction is that it relates naturally
to isomorphisms of vector bundles. Thus let 𝜙 : 𝐸1 → 𝐸2 be a vector-bundle
isomorphism (covering the identity map on 𝑀) and let 𝐷1 be an order one admis-
sible operator on 𝐸1. We choose a Hermitian structure on 𝐸2 which makes 𝜙 an
isometry. Then the push-forward operator 𝐷2 := 𝜙𝐷1𝜙−1 is isospectral to 𝐷1. The
naturality of functional calculus then gives that for any Schwartz function 𝐹 with
𝐹 ≡ 1 near the origin the embedding and the bundle map 𝜙 commute, that is

𝜙 ∘ 𝐹𝜀(𝐷1) = 𝐹𝜀(𝐷2) ∘ 𝜙.

We note that if 𝑟1 + 𝑠1 = 𝑟2 + 𝑠2 then any Riemannian metric provides an iso-
morphism of the tensor bundles 𝔗𝑟1

𝑠1 → 𝔗𝑟2
𝑠2 by ‘raising or lowering of indices’.

Thus if we pick the connection Laplace operators on the tensor bundles and an
even Schwartz function 𝐹 as above we obtain a regularization process that is well
behaved with respect to raising and lowering of indices.

3. Regularization on globally hyperbolic space-times

We now return to the situation described at the end of Section 1. Thus, throughout
this section, (𝑀, 𝑔) will be a smooth space-time, i.e., a connected time-oriented
Lorentz manifold. We first review the concept of metric splitting for globally hy-
perbolic space-times. Building on this we construct invariant regularizations of
distributions on smooth globally hyperbolic space-times.
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3.1. The metric splitting of globally hyperbolic space-times and
associated Riemann metrics

The original definition, due to J. Leray of global hyperbolicity of a space-time 𝑀
appeared in [28]. It requires that the set of causal curves connecting two points 𝑝,
𝑞 ∈ 𝑀 be compact in the space of all rectifiable paths with respect to a suitable
metric topology ([5, Ch. XII, Sec. 8, 9]). In what follows, we will use an equivalent
definition, cf. [22, Sec. 6.6], and [5, Ch. XII, Th. 10.2].

Thus we call a space-time globally hyperbolic if it satisfies (a) strong causality
and (b) for any 𝑝, 𝑞 ∈ 𝑀 the intersection 𝐽+(𝑝)∩𝐽−(𝑞) of the causal future 𝐽+(𝑝)
of 𝑝 with the causal past 𝐽−(𝑞) of 𝑞 is a compact subset of 𝑀 . Thanks to [3]
condition (a) may be weakened to causality, i.e., non-existence of closed time-like
curves.

As shown by Geroch (cf. [18]) global hyperbolicity is equivalent to the exis-
tence of a Cauchy hypersurface and in turn provides a foliation of 𝑀 by Cauchy
hypersurfaces. Further development of these constructions and techniques led to
the following result due to Bernal-Sánchez (cf. [2]) on the so-called metric splitting
of a globally hyperbolic space-time (𝑀, 𝑔): There exists a Cauchy hypersurface 𝑆
in 𝑀 and an isometry of (𝑀, 𝑔) with the Lorentz manifold (ℝ×𝑆, 𝜆) with Lorentz
metric 𝜆 given by

𝜆 = −𝛽 𝑑𝑡2 + ℎ𝑡, (3.1)

where 𝛽 ∈ 𝒞∞(ℝ × 𝑆) is positive, (ℎ𝑡)𝑡∈ℝ is a smoothly parametrized family of
Riemannian metrics on 𝑆, and 𝑡 denotes (slightly ambiguously) both the global
time function (𝑡, 𝑥) 2→ 𝑡 and its values. In other words, in order to construct a reg-
ularization (or embedding) for distributions on the globally hyperbolic Lorentzian
manifold (𝑀, 𝑔) we may as well assume that (𝑀, 𝑔) = (ℝ× 𝑆, 𝜆).

The specific structure of the Lorentz metric 𝜆 in (3.1) suggests to associate
with it the Riemann metric

𝜌 := 𝛽 𝑑𝑡2 + ℎ𝑡 (3.2)

onℝ×𝑆 and to simply use the regularization and embedding of distributions onℝ×
𝑆 based on this Riemann metric 𝜌. The regularization construction on Riemannian
manifolds described above requires completeness of the Riemann metric 𝜌. It may
happen that 𝜌 is not complete, however we may then introduce an appropriate
conformal factor to obtain a complete Riemannian metric (cf. [30]). Note that
the latter would amount to introducing the exact same conformal factor for the
Lorentz metric 𝜆 and would not change the class in the so-called causal hierarchy of
space-times according to Minguzzi-Sánchez [29]. Therefore we assume henceforth
that 𝜌 is complete.

Denoting by Δ𝜌 the Laplacian w.r.t. 𝜌, for any 𝑠 ∈ ℝ and any 𝑢 ∈ 𝒟(𝑀) we
set

∥𝑢∥𝑠 := ∥(1 + Δ𝜌)
𝑠/2𝑢∥𝐿2(𝑀).

The Sobolev space 𝐻𝑠(𝑀) of order 𝑠 is the completion of 𝒟(𝑀) with respect to
this norm.
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Example. (i) Consider 𝑆 = ℝ and 𝜆 = −𝑑𝑡2 + 𝑑𝑥2

1+𝑡6𝑥6 as Lorentz metric on ℝ2.

It is elementary to check that (ℝ2, 𝜆) is globally hyperbolic, e.g., by showing that

{0}×ℝ is a Cauchy hypersurface. The associated Riemann metric 𝜌 = 𝑑𝑡2+ 𝑑𝑥2

1+𝑡6𝑥6

is not complete, since the hypersurfaces {𝑡}×ℝ with 𝑡 ∕= 0 are closed and bounded
but not compact in (ℝ2, 𝜌). Multiplying 𝜌 by the function 𝛼 ∈ 𝒞∞(ℝ2), 𝛼(𝑡, 𝑥) =
1+𝑡6𝑥6, yields a conformal metric which is complete (by the Hopf-Rinow theorem,
since lengths of curves w.r.t. 𝛼 ⋅ 𝜌 are greater than or equal to their Euclidean
lengths).

(ii) Let (𝑆, ℎ0) be a connected Riemannian manifold. For the Robertson-
Walker space-time ℝ × 𝑆 with Lorentz metric of the form 𝜆 = −𝑑𝑡2 + 𝑓(𝑡)2ℎ0,
where 𝑓 ∈ 𝒞∞(ℝ) is positive, we have (cf. [1, Lemma A.5.14]):

(ℝ× 𝑆, 𝜆) is globally hyperbolic if and only if (𝑆, ℎ0) is complete.
If this is the case, then the corresponding Riemannian metric 𝜌 = 𝑑𝑡2 + 𝑓(𝑡)2ℎ0
on ℝ× 𝑆 is complete (see [32], Lemma 7.40).

3.2. Regularization and embedding via the associated Riemannian structure

Let (𝑇𝜀)𝜀∈𝐼 be the regularization (i.e., family of properly supported smoothing
operators) and 𝜄 : 𝒟′(ℝ × 𝑆) ↪→ 𝒢(ℝ × 𝑆) be the embedding associated with the
complete Riemann metric 𝜌 as in (2.6). We recall that the embedding thus respects
the differential algebraic structure of 𝒞∞(ℝ×𝑆) and the wave front sets of distribu-
tions in the strong sense of generalized functions, that is, with respect to equality
on the level of 𝒢(ℝ × 𝑆). Furthermore, 𝜄 is also invariant under isometries of the
Riemannian structure and commutes with the action of the Laplace operator Δ𝜌

corresponding to 𝜌 on distributions and generalized functions, respectively.
Let 𝑢 ∈ 𝒟′(ℝ× 𝑆). Then according to (3.1) the difference between the wave

operator □𝜆 and the Laplace operator Δ𝜌 acts on 𝑢 as

□𝜆𝑢−Δ𝜌𝑢 =
−2√

𝛽 det ℎ𝑡
∂𝑡

(√detℎ𝑡
𝛽

∂𝑡𝑢
)
:= −2Θ𝑢. (3.3)

From this equation and the commutation property of the embedding 𝜄 with
Δ𝜌 we obtain for any 𝑢 ∈ 𝒟′(ℝ× 𝑆)

𝜄(□𝜆𝑢)−□𝜆𝜄(𝑢) = 𝜄((Δ𝜌 − 2Θ)𝑢)− (Δ𝜌 − 2Θ)𝜄(𝑢) = 2
(
Θ𝜄(𝑢)− 𝜄(Θ𝑢)

)
. (3.4)

Thus, the precise invariance properties of the embedding with respect to the wave
operator can be reduced to investigating the corresponding behavior upon inter-
changing 𝜄 with Θ.

As a first simple, but useful, observation we point out that 𝜄 commutes with
□𝜆 in the distributional sense (i.e., in the sense of association in 𝒢), which follows
from the fact that □𝜆 is a differential operator with smooth symbol. This proves
the following statement.

Proposition 3.1. For any 𝑢 ∈ 𝒟′(ℝ× 𝑆) we have 𝜄(□𝜆𝑢) ≈ □𝜆 𝜄(𝑢).

We will now show that under additional regularity assumptions on the dis-
tribution 𝑢 a stronger asymptotic property holds.
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Theorem 3.2. If 𝑢 ∈ 𝐻3(ℝ× 𝑆) is compactly supported then

∥ [𝑇𝜀,□𝜆]𝑢 ∥𝐿2 = 𝒪(𝜀2) (𝜀 → 0).

Proof. As in (3.4) we have the basic relation

[𝑇𝜀,□𝜆]𝑢 = 2[Θ, 𝑇𝜀]𝑢.

Now recalling the Bochner-integral defining the action of 𝑇𝜀 on 𝐿2-functions we
have

Θ𝑇𝜀𝑢− 𝑇𝜀Θ𝑢 =
1

2𝜋

∫
ℝ

𝜙𝑐(𝑠)
1

𝜀
𝐹 (

𝑠

𝜀
)
(
Θcos(𝑠

√−Δ𝜌)𝑢− cos(𝑠
√−Δ𝜌)Θ𝑢

)
𝑑𝑠.

Hence everything boils down to deriving asymptotic estimates for the commutator
of Θ with the operator 𝑆(𝑠) := cos(𝑠

√−Δ𝜌) (𝑠 ∈ ℝ). For any 𝑣 ∈ 𝐿2(ℝ × 𝑆) the

function 𝑤 ∈ 𝒞∞(ℝ, 𝐿2(ℝ×𝑆)), 𝑤(𝑠) := 𝑆(𝑠)𝑣 (𝑠 ∈ ℝ), is the mild solution to the
following Cauchy problem on ℝ× ℝ× 𝑆:

∂2𝑠𝑤 −Δ𝜌𝑤 = 0, 𝑤(0) = 𝑣, ∂𝑠𝑤(0) = 0. (∗)
In the above integral formula the term cos(𝑠

√−Δ𝜌)Θ𝑢 corresponds to the solution

with 𝑣 = Θ𝑢, whereas the term Θ cos(𝑠
√−Δ𝜌)𝑢 is just the application of Θ to

the solution 𝑤(𝑠) corresponding to 𝑣 = 𝑢. Applying Θ to (∗) we obtain
∂2𝑠Θ𝑤 −Δ𝜌Θ𝑤 = [Θ,Δ𝜌]𝑤 =: 𝑓

and
Θ𝑤 ∣𝑠=0= Θ(𝑤(0)) = Θ𝑢, ∂𝑠Θ𝑤 ∣𝑠=0= Θ(∂𝑠𝑤(0)) = 0.

Therefore the Duhamel principle yields

Θ cos(𝑠
√−Δ𝜌)𝑢 = Θ𝑤(𝑠)

= cos(𝑠
√−Δ𝜌)Θ𝑢+

∫ 𝑠

0

(𝑠− 𝑟) sinc
(
(𝑠− 𝑟)

√−Δ𝜌

)
𝑓(𝑟) 𝑑𝑟,

where sinc : ℝ→ ℝ is given by sinc(𝑧) = sin(𝑧)
𝑧 . In summary, we obtain

Θ𝑇𝜀𝑢− 𝑇𝜀Θ𝑢 =
1

2𝜋

∫
ℝ

𝜙𝑐(𝑠)
1

𝜀
𝐹 (

𝑠

𝜀
)

∫ 𝑠

0

(𝑠− 𝑟) sinc
(
(𝑠− 𝑟)

√−Δ𝜌

)
𝑓(𝑟) 𝑑𝑟 𝑑𝑠,

where
𝑓(𝑟) = [Θ,Δ𝜌]𝑤(𝑟) = [Θ,Δ𝜌] cos(𝑟

√−Δ𝜌)𝑢.

Since [Θ,Δ𝜌] is of third order and maps 𝐻3
comp into 𝐿2 and cos(𝑟

√−Δ𝜌) has
operator norm 1 on every Sobolev space there exists a constant 𝐶1 > 0 such
that ∥𝑓(𝑟)∥𝐿2 ≤ 𝐶1∥𝑢∥𝐻3 for every 𝑟 ∈ ℝ. Furthermore, the operator norm of

(𝑠− 𝑟) sinc
(
(𝑠− 𝑟)

√−Δ𝜌

)
is bounded by sup𝑧∈ℝ ∣(𝑠− 𝑟) sinc((𝑠− 𝑟)𝑧)∣ = ∣𝑠− 𝑟∣.

Combining these upper bounds we estimate

∥Θ𝑇𝜀𝑢− 𝑇𝜀Θ𝑢∥𝐿2 ≤ 𝐶1

2𝜋

∫
ℝ

∣𝜙𝑐(𝑠)∣1
𝜀
∣𝐹 (𝑠

𝜀
)∣𝑠

2

2
𝑑𝑠 ⋅ ∥𝑢∥𝐻3

=
𝐶1

4𝜋
∥𝑢∥𝐻3

∫
ℝ

∣𝜙𝑐(𝜀𝜎)∣∣𝐹 (𝜎)∣𝜎2 𝑑𝜎 ⋅ 𝜀2 ≤ 𝐶1

4𝜋
∥𝑢∥𝐻3∥𝜙𝑐∥𝐿∞∥𝐹 ′′∥𝐿1 ⋅ 𝜀2. □
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Remark 3.3. Applying the reasoning of the proof of Theorem 3.2 to the opera-
tors ∂𝑡 or 𝑀𝛼 (multiplication by 𝛼) instead of Θ gives the following additional
asymptotic properties:

(i) If 𝑢 ∈ 𝐻2(ℝ× 𝑆) then ∥𝑇𝜀∂𝑡𝑢− ∂𝑡𝑇𝜀𝑢 ∥𝐿2 = 𝒪(𝜀2) (𝜀 → 0).
(ii) Let 𝛼 ∈ 𝒞∞(ℝ× 𝑆) and let 𝑢 ∈ 𝐻1(ℝ× 𝑆) have compact support. Then

∥𝑇𝜀(𝛼𝑢)− 𝛼𝑇𝜀𝑢 ∥𝐿2 = 𝒪(𝜀2) (𝜀 → 0).

We have constructed the regularization operators (𝑇𝜀)𝜀∈𝐼 and the embedding
𝜄 of distributions on ℝ × 𝑆 based on the Riemannian metric 𝜌 given by (3.2).
However, the construction itself does not directly reflect the metric splitting in (3.2)
or (3.1) and so far we have not paid special attention to the foliation by the space-
like Cauchy hypersurfaces {𝑡}×𝑆 (𝑡 ∈ ℝ). However, this foliation becomes essential
in case of distributions that allow restriction to these hypersurfaces. The latter is
true in particular for distributional solutions to the wave equation □𝜆𝑢 = 𝑓 , where
𝑓 ∈ 𝒞∞(ℝ,𝒟′(𝑆)). In these situations we automatically have 𝑢 ∈ 𝒞∞(ℝ,𝒟′(𝑆)),
since Char(□𝜆) does not contain any elements of the form (𝑡, 𝑥;±1, 0) ∈ 𝑇 ∗(ℝ×𝑆)
(cf. [15], 23.65.5). Thus for every 𝑡 ∈ ℝ the value 𝑢(𝑡) is an element of 𝒟′(𝑆) and
the metric splitting (3.1) provides us with a Riemannian metric ℎ𝑡 on 𝑆, which
can be used to regularize or embed 𝑢(𝑡) according to our general construction.
For every 𝑡 ∈ ℝ let (𝑇 ℎ𝑡

𝜀 )𝜀∈𝐼 denote the regularization obtained from the Riemann
metric ℎ𝑡 on 𝑆 and let 𝜄ℎ𝑡 denote the corresponding embedding 𝒟′(𝑆) ↪→ 𝒢(𝑆).
The following statements compare these with the global constructions on ℝ× 𝑆.

Theorem 3.4.

(i) The embedding 𝜄 : 𝒟′(ℝ × 𝑆) ↪→ 𝒢(ℝ × 𝑆) respects the metric splitting (3.1)
in the weak sense: If 𝑢 ∈ 𝒞∞(ℝ,𝒟′(𝑆)) then we have

∀𝑡 ∈ ℝ : 𝜄(𝑢)(𝑡) ≈ 𝜄ℎ𝑡(𝑢(𝑡)).

(ii) If 𝑢 ∈ 𝒞∞(ℝ, 𝐻2(𝑆)), then we have for every compact subset 𝑍 ⊆ ℝ

sup
𝑡∈𝑍

∥ (𝑇𝜀𝑢)(𝑡)− 𝑇 ℎ𝑡
𝜀 𝑢(𝑡) ∥𝐿2(𝑆) = 𝒪(𝜀2) (𝜀 → 0).

Proof. (ii) Pick 𝜒 ∈ 𝒟(ℝ) such that 𝜒 ≡ 1 near 𝑍 and let 𝑢(𝑡) := 𝜒(𝑡)𝑢(𝑡). It then
follows from [13], Proposition 3.7 that (𝑇𝜀𝑢̃−𝑇𝜀𝑢)𝜀 is negligible on supp(𝑢̃−𝑢)𝑐 ⊇
𝑍. Thus we may without loss of generality assume that the support of 𝑢 is bounded
in 𝑡, so 𝑢 ∈ 𝐿2(ℝ× 𝑆). This allows us to employ the integral formulae defining 𝑇𝜀

and 𝑇 ℎ𝑡
𝜀 and obtain

(𝑇𝜀𝑢)(𝑡)− 𝑇 ℎ𝑡
𝜀 𝑢(𝑡)

=
1

2𝜋

∫
ℝ

𝜙𝑐(𝑠)
1

𝜀
𝐹
(𝑠

𝜀

)(
(cos(𝑠

√−Δ𝜌)𝑢)(𝑡)︸ ︷︷ ︸
=:𝑤(𝑠,𝑡)

− cos(𝑠√−Δℎ𝑡)𝑢(𝑡)︸ ︷︷ ︸
=:𝑣(𝑠,𝑡)

)
𝑑𝑠,
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where 𝑣, 𝑤 ∈ 𝒞∞(ℝ2, 𝐻2(𝑆)) solve the following Cauchy problems, respectively:

(∂2𝑠 −Δ𝜌)𝑤 = 0 (in 𝒟′(ℝ× ℝ× 𝑆)), 𝑤 ∣𝑠=0 = 𝑢, ∂𝑠𝑤 ∣𝑠=0 = 0,
(∂2𝑠 −Δℎ𝑡)𝑣(., 𝑡) = 0 (in 𝒟′(ℝ× 𝑆)), 𝑣(0, 𝑡) = 𝑢(𝑡), ∂𝑠𝑣(0, 𝑡) = 0.

Therefore we have at arbitrary, but fixed 𝑡 ∈ ℝ

∂2𝑠𝑤(., 𝑡) −Δℎ𝑡𝑤(., 𝑡) = Δ𝜌𝑤(., 𝑡) −Δℎ𝑡𝑤(., 𝑡) =: 𝑓𝑡,

where 𝑓𝑡 ∈ 𝒞∞(ℝ, 𝐿2(𝑆)), since 𝑢 (hence 𝑤) has values in 𝐻2(𝑆). We observe that
𝜓𝑡 := 𝑤(., 𝑡) − 𝑣(., 𝑡) satisfies the Cauchy problem

(∂2𝑠 −Δℎ𝑡)𝜓𝑡 = 𝑓𝑡 (in 𝒟′(ℝ× 𝑆)), 𝜓𝑡(0) = 0, ∂𝑠𝜓𝑡 = 0,

which implies

𝜓𝑡(𝑠) =

∫ 𝑠

0

(𝑠− 𝑟) sinc((𝑠− 𝑟)
√−Δℎ𝑡)𝑓𝑡(𝑟) 𝑑𝑟.

Hence we obtain

∥𝜓𝑡(𝑠)∥𝐿2(𝑆) ≤
∣∣∣∣∫ 𝑠

0

(𝑠− 𝑟)∥𝑓𝑡(𝑟)∥𝐿2(𝑆) 𝑑𝑟

∣∣∣∣ ≤ 𝑠2

2
⋅ sup
∣𝜎∣≤∣𝑠∣

∥𝑓𝑡(𝜎)∥𝐿2(𝑆)

and therefore arrive at

∥(𝑇𝜀𝑢)(𝑡)− 𝑇 ℎ𝑡
𝜀 𝑢(𝑡)∥𝐿2(𝑆) ≤

1

2𝜋

∫
ℝ

∣𝜙𝑐(𝑠)∣1
𝜀
∣𝐹 (𝑠

𝜀
)∣∥𝜓𝑡(𝑠)∥𝐿2(𝑆) 𝑑𝑠

≤ 𝜀2

4𝜋

∫ 2𝑐/𝜀

−2𝑐/𝜀
∣𝜙𝑐(𝜀𝜏)∣∣𝐹 (𝜏)∣𝜏2 sup

∣𝜎∣≤𝜀∣𝜏 ∣
∥𝑓𝑡(𝜎)∥𝐿2(𝑆) 𝑑𝜏

≤ 𝜀2

4𝜋
∥𝜙𝑐∥𝐿∞ sup

∣𝜎∣≤2𝑐
∥𝑓𝑡(𝜎)∥𝐿2(𝑆)∥𝐹 ′′∥𝐿1

= 𝑂(𝜀2) (𝜀 → 0)

uniformly when 𝑡 varies in a compact set.

(i) Since association is checked by action on test functions in 𝒟(𝑆) we may
reduce to the case that supp(𝑢(𝑡)) is compact. Then 𝑢(𝑡) ∈ 𝐻 𝑙(𝑆) for some 𝑙 ∈ ℤ
and since (1−Δℎ𝑡)

±𝑙/2 commutes weakly with 𝜄 and strongly with 𝜄ℎ𝑡 the assertion
follows from (ii). □
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[17] C. Garetto, G. Hörmann. Microlocal analysis of generalized functions: pseudodiffer-
ential techniques and propagation of singularities. Proc. Edinb. Math. Soc. (2) 48
(2005), no. 3, 603–629.

[18] R. Geroch. Domain of dependence. Jour. Math. Phys., 11:437–449, 1970.

[19] J.D.E. Grant, E. Mayerhofer, R. Steinbauer. The wave equation on singular space-
times. Comm. Math. Phys. 285 (2009), no. 2, 399–420.

[20] M. Grosser, M. Kunzinger, M. Oberguggenberger, R. Steinbauer. Geometric theory
of generalized functions, Kluwer, Dordrecht, 2001.
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[30] K. Nomizu and H. Ozeki. The existence of complete Riemannian metrics. Proc. Am.
Math. Soc., 12:889–891, 1961.

[31] M. Oberguggenberger. Multiplication of distributions and applications to partial dif-
ferential equations. Pitman Research Notes in Mathematics 59. Longman, New York,
1992.

[32] B. O’Neill. Semi-Riemannian geometry, volume 103 of Pure and Applied Mathemat-
ics. Academic Press, New York, 1983.

[33] R. Steinbauer and J. Vickers, The use of generalized functions and distributions in
general relativity, Class. Quantum Grav. 23 (2006), pp. R91–R114.

[34] J.A. Vickers and J.P. Wilson, Generalized hyperbolicity in conical spacetimes, Class.
Quantum Grav. 17 (2000), pp. 1333–1260.
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A Remark on the Uniqueness for
Backward Parabolic Operators with
non-Lipschitz-continuous Coefficients

Daniele Del Santo

Abstract. Using Bony’s paramultiplication we improve a result obtained in
[6] for operators having coefficients non-Lipschitz-continuous with respect to
𝑡 but 𝒞2 with respect to 𝑥, showing that the same result is valid when 𝒞2 is
replaced by 𝒞1,𝜀, with 𝜀 > 0.
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1. Introduction

Let 𝜇 be a modulus of continuity and let 𝑎 be a bounded function on ℝ such that
𝑎 ∈ 𝒞𝜇, i.e.,

∣𝑎(𝑡1)− 𝑎(𝑡2)∣ ≤ 𝐶𝜇(∣𝑡1 − 𝑡2∣),
for all 𝑡1, 𝑡2 ∈ ℝ such that ∣𝑡1 − 𝑡2∣ ≤ 1. The main result in [6] states that if
1/𝜆0 ≥ 𝑎(𝑡) ≥ 𝜆0 > 0 for all 𝑡 ∈ [0, 𝑇 ] and the modulus of continuity satisfies the
so-called Osgood condition, then the backward parabolic operator

𝐿 = ∂𝑡 + 𝑎(𝑡)∂2𝑥 + lower-order terms

has the property of uniqueness in the Cauchy problem for solutions in 𝐻1((0, 𝑇 ),
𝐿2(ℝ)) ∩ 𝐿2((0, 𝑇 ), 𝐻2(ℝ)).

The question of uniqueness in backward parabolic problems goes back to a
classical example of Tychonoff [13] and a rather complete answer was given at
the beginning of the 60’s by Lions and Malgrange in [8], under the hypothesis of
Lipschitz regularity of the coefficient 𝑎 (see also [1] and [7] for other more refined
and abstract results). Some years after Miller [11] showed that the uniqueness
property depends essentially on the regularity of 𝑎 and this point was enlightened
by another non-uniqueness example in [9].
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Actually in [8], [1], [7], [6], the backward uniqueness was proved in the case
of the coefficient 𝑎 depending also on the space variable, i.e., for the operator

𝐿̃ = ∂𝑡 + ∂𝑥(𝑎(𝑡, 𝑥)∂𝑥) + lower-order terms.

In [6] a technical difficulty in the estimate of a commutator led to imposing on 𝑎
the 𝐶𝜇 regularity with respect to 𝑡, uniformly with respect to 𝑥, together with the
𝒞2 regularity with respect to 𝑥, uniformly with respect to 𝑡.

In the present note we improve this statement, showing that under the Os-
good condition for 𝜇, the 𝐶𝜇 regularity with respect to 𝑡, uniformly with respect
to 𝑥 together with the Hölder 𝒞1,𝜀 regularity with respect to 𝑥, uniformly with
respect to 𝑡, for the coefficient 𝑎, is sufficient for the same uniqueness result.

The proof follows the same path as that one in [6], the only difference being
in the introduction of a paradifferential operator (actually a simple paramultipli-

cation) at the place of the second-order part of the operator 𝐿̃.
The estimate of the commutator, in the present case, is made more effective

by a theorem due to Coifman and Meyer [3, Th. 35] (see also, for a similar use of
that theorem, [5, Prop. 3.7]).

2. Main result

Definition 2.1. A function 𝜇 is said to be a modulus of continuity if 𝜇 is continuous,
concave and strictly increasing on [0, 1], with 𝜇(0) = 0 and 𝜇(1) = 1. Let 𝐼 ⊆ ℝ
and let 𝜑 : 𝐼 → ℬ, where ℬ is a Banach space. We say that 𝜑 ∈ 𝐶𝜇(𝐼,ℬ) if
𝜑 ∈ 𝐿∞(𝐼,ℬ) and

sup
0<∣𝑡−𝑠∣<1
𝑡,𝑠∈𝐼

∥𝜑(𝑡)− 𝜑(𝑠)∥ℬ
𝜇(∣𝑡− 𝑠∣) < +∞.

It is immediate to verify the following statements

∙ 𝜇(𝑠) ≥ 𝑠 for all 𝑠 ∈ [0, 1];
∙ the function 𝑠 2→ 𝜇(𝑠)/𝑠 is decreasing on ]0, 1];
∙ there exists lim𝑠→0+ 𝜇(𝑠)/𝑠;
∙ the function 𝜎 2→ 𝜎𝜇(1/𝜎) is increasing on [1,+∞[;
∙ the function 𝜎 2→ 1/(𝜎2𝜇(1/𝜎)) is decreasing on on [1,+∞[.

Definition 2.2. A modulus of continuity is said to satisfy the Osgood condition if∫ 1

0

1

𝜇(𝑠)
𝑑𝑠 = +∞. (2.1)

Theorem 2.3. Let 𝜇 be a modulus of continuity satisfying the Osgood condition and
let 𝜀 ∈ ]0, 1[. Suppose 𝑎 ∈ 𝐶𝜇([0, 𝑇 ], 𝐶𝑏(ℝ𝑥))∩𝐶([0, 𝑇 ], 𝐶1,𝜀(ℝ𝑥)), where 𝐶𝑏(ℝ𝑥) is
the space of bounded continuous functions and 𝐶1,𝜀(ℝ𝑥) is the usual Hölder space.
Suppose moreover that 1/𝜆0 ≥ 𝑎(𝑡, 𝑥) ≥ 𝜆0 > 0 for all (𝑡, 𝑥) ∈ [0, 𝑇 ] × ℝ. Let 𝑏
and 𝑐 bounded coefficients on [0, 𝑇 ]× ℝ.
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Then the operator

𝐿̃ := ∂𝑡 + ∂𝑥(𝑎(𝑡, 𝑥)∂𝑥) + 𝑏(𝑡, 𝑥)∂𝑥 + 𝑐(𝑡, 𝑥) (2.2)

has the ℋ-uniqueness property, with ℋ := 𝐻1((0, 𝑇 ), 𝐿2(ℝ)) ∩ 𝐿2((0, 𝑇 ), 𝐻2(ℝ)),
i.e., if 𝑢 ∈ ℋ, 𝐿̃𝑢 = 0 in [0, 𝑇 ]×ℝ and 𝑢(0, 𝑥) = 0 in ℝ, then 𝑢 = 0 in [0, 𝑇 ]×ℝ.

We remark that the statement of Theorem 2.3 is given for operators in only
one space variable: this is done to avoiding cumbersome notations. There are no
difficulties for treating the general case of 𝑛 space variables (see [6]).

3. Proof

The proof of Theorem 2.3 is very similar to that of [6, Th. 1]. For the reader’s
convenience we repeat here the main points.

3.1. Weight function and Carleman estimate

Theorem 2.3 will follow from a Carleman estimate. The weight function in the
Carleman estimate will be obtained from the modulus of continuity. This crucial
idea goes back to the paper [12] in which a uniqueness result for elliptic operators
with non-Lipschitz-continuous coefficients is proved. We define

𝜙(𝑡) =

∫ 1

1
𝑡

1

𝜇(𝑠)
𝑑𝑠.

The function 𝜙 is a strictly increasing𝐶1 function. From (2.1) we have 𝜙([1,+∞[) =
[0,+∞[; moreover 𝜙′(𝑡) = 1/(𝑡2𝜇(1/𝑡)) > 0 for all 𝑡 ∈ [1,+∞[. We set

Φ(𝜏) =

∫ 𝜏

0

𝜙−1(𝑠) 𝑑𝑠.

We obtain Φ′(𝜏) = 𝜙−1(𝜏) and consequently lim𝜏→+∞Φ′(𝜏) = +∞. Moreover
Φ′′(𝜏) = (Φ′(𝜏))2𝜇(

1

Φ′(𝜏)
) (3.1)

for all 𝜏 ∈ [0,+∞[ and, as the function 𝜎 2→ 𝜎𝜇(1/𝜎) is increasing on [1,+∞[, we
deduce that

lim
𝜏→+∞Φ

′′(𝜏) = lim
𝜏→+∞(Φ

′(𝜏))2𝜇(
1

Φ′(𝜏)
) = +∞. (3.2)

Now we can state the Carleman estimate.

Proposition 3.1. There exist 𝛾0, 𝐶 > 0 such that∫ 𝑇
2

0

𝑒
2
𝛾Φ(𝛾(𝑇−𝑡))∥∂𝑡𝑢+ ∂𝑥(𝑎(𝑡, 𝑥)∂𝑥𝑢)∥2𝐿2 𝑑𝑡

≥ 𝐶𝛾
1
2

∫ 𝑇
2

0

𝑒
2
𝛾Φ(𝛾(𝑇−𝑡))(∥∂𝑥𝑢∥2𝐿2 + 𝛾

1
2 ∥𝑢∥2𝐿2) 𝑑𝑡

(3.3)

for all 𝛾 > 𝛾0 and for all 𝑢 ∈ 𝐶∞
0 (ℝ

2) such that supp𝑢 ⊆ [0, 𝑇/2]× ℝ.
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The way of obtaining theℋ-uniqueness from the inequality (3.3) is a standard
procedure and the details are in [6, Par. 3.4].

3.2. Littlewood-Paley decomposition, Bony’s paramultiplication and commutators

We review some known results on Littlewood-Paley decomposition and related
topics. More details can be found in [2], [10, Ch. 4 and Ch. 5] and [5, Par. 3].

Let 𝜒 ∈ 𝐶∞
0 (ℝ), 0 ≤ 𝜒 ≤ 1, even and such that 𝜒(𝜉) = 1 for ∣𝜉∣ ≤ 11/10 and

𝜒(𝜉) = 0 for ∣𝜉∣ ≥ 19/10. For 𝑘 ∈ ℕ, let us consider 𝜒𝑘(𝜉) = 𝜒(2−𝑘𝜉), 𝜒̃𝑘(𝑥) its
inverse Fourier transform, the operators

𝑆𝑘𝑢 := 𝜒̃𝑘 ∗ 𝑢 = 𝜒𝑘(𝐷𝑥)𝑢, and Δ0𝑢 := 𝑆0𝑢,

and, for 𝑘 ≥ 1,
Δ𝑘𝑢 := 𝑆𝑘𝑢− 𝑆𝑘−1𝑢 and 𝑆−𝑘𝑢 := 0.

In the following propositions we recall the characterization of Sobolev and Hölder
spaces via Littlewood-Paley decomposition (see [10, Prop. 4.1.11 and Prop. 4.1.16]
and [5, Prop. 3.1 and Prop. 3.2]).

Proposition 3.2. Let 𝑠 ∈ ℝ. A temperate distribution 𝑢 is in 𝐻𝑠 if and only if the
following two conditions hold

i) for all 𝑘 ≥ 0, 𝑢𝑘 := Δ𝑘𝑢 ∈ 𝐿2;
ii) the sequence 𝛿𝑘 := 2

𝑘𝑠∥𝑢𝑘∥𝐿2 is in 𝑙2.

Moreover the norm of 𝑢 in 𝐻𝑠 is equivalent to the norm of (𝛿𝑘)𝑘 in 𝑙2.

Proposition 3.3. Let 𝑠 ∈ ℝ and 𝑅 ≥ 2. Let (𝑢𝑘)𝑘 a sequence of functions in 𝐿2

such that

i) the support of the Fourier transform of 𝑢0 is contained in {∣𝜉∣ ≤ 𝑅} and the
support of the Fourier transform of 𝑢𝑘 is contained in { 1𝑅 2𝑘 ≤ ∣𝜉∣ ≤ 𝑅 2𝑘},
for all 𝑘 ≥ 1;

ii) the sequence 𝛿𝑘 := 2
𝑘𝑠∥𝑢𝑘∥𝐿2 is in 𝑙2.

Then 𝑢 :=
∑

𝑘 𝑢𝑘 belongs to 𝐻𝑠 and the norm of 𝑢 in 𝐻𝑠 is equivalent to the norm
of (𝛿𝑘)𝑘 in 𝑙2. When 𝑠 > 0 it is sufficient to assume that the Fourier transform of
𝑢𝑘 is contained in {∣𝜉∣ ≤ 𝑅2𝑘}, for all 𝑘 ≥ 1.
Proposition 3.4. Let 𝜌 > 0, 𝜌 ∕∈ ℕ. A temperate distribution 𝑎 is in 𝐶 [𝜌],𝜌−[𝜌] (here
[𝜌] denotes the integer part of 𝜌) if and only if the following two conditions hold

i) for all 𝑘 ≥ 0, 𝑎𝑘 := Δ𝑘𝑎 ∈ 𝐿∞;
ii) the sequence 𝜂𝑘 := 2

𝑘𝜌∥𝑎𝑘∥𝐿∞ is in 𝑙∞.

Moreover the norm of 𝑎 in 𝐶 [𝜌],𝜌−[𝜌] is equivalent to the norm of (𝜂𝑘)𝑘 in 𝑙∞.

Let 𝑎 ∈ 𝐿∞. The Bony’s paraproduct of 𝑎 and 𝑢 ∈ 𝐻𝑠 (see [2, Par. 2]) is
defined as

𝑇𝑎𝑢 :=
+∞∑
𝑘=3

𝑆𝑘−3𝑎Δ𝑘𝑢.

Useful properties of the paraproduct are contained in the following proposition
(also see [10, Prop. 5.2.1] and [5, Prop. 3.4])
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Proposition 3.5. Let 𝑎 ∈ 𝐿∞ and 𝑠 ∈ ℝ. Then 𝑇𝑎 maps 𝐻𝑠 into 𝐻𝑠 and

∥𝑇𝑎𝑢∥𝐻𝑠 ≤ 𝐶∥𝑎∥𝐿∞∥𝑢∥𝐻𝑠 .
Let 𝑎 ∈ 𝐶1,𝜀 with 𝜀 ∈ ]0, 1[. Then the operator 𝑢 2→ 𝑎𝑢 − 𝑇𝑎𝑢 maps 𝐿2 into 𝐻1

and

∥𝑎𝑢− 𝑇𝑎𝑢∥𝐻1 ≤ 𝐶𝜀∥𝑎∥𝐶1,𝜀∥𝑢∥𝐿2.

Proof. We prove only the second part of the statement. We have

𝑎𝑢− 𝑇𝑎𝑢 =

+∞∑
𝑘=3

Δ𝑘𝑎𝑆𝑘−3𝑢+

+∞∑
𝑘=0

( ∑
𝑗≥0

∣𝑗−𝑘∣≤2

Δ𝑗𝑎Δ𝑘𝑢

)
.

We remark that the support of the Fourier transform of Δ𝑘𝑎𝑆𝑘−3𝑢 is contained in
{2𝑘−2 ≤ ∣𝜉∣ ≤ 2𝑘+2}. Moreover, by Proposition 3.4, we have that

∥Δ𝑘𝑎𝑆𝑘−3𝑢∥𝐿2 ≤ ∥Δ𝑘𝑎∥𝐿∞∥𝑆𝑘−3𝑢∥𝐿2 ≤ 𝐶2−𝑘𝛿𝑘∥𝑎∥𝐶1,𝜀∥𝑢∥𝐿2

where 𝛿𝑘 = 2−𝑘𝜀. Since (𝛿𝑘)𝑘 is in 𝑙2 then, by Proposition 3.3, we have that∑+∞
𝑘=3Δ𝑘𝑎𝑆𝑘−3𝑢 ∈ 𝐻1 and∥∥∥∥∥

+∞∑
𝑘=3

Δ𝑘𝑎𝑆𝑘−3𝑢

∥∥∥∥∥
𝐻1

≤ 𝐶𝜀∥𝑎∥𝐶1,𝜀∥𝑢∥𝐿2. (3.4)

Next, we see that∑
𝑗≥0

∣𝑗−𝑘∣≤2

Δ𝑗𝑎Δ𝑘𝑢 = Δ𝑘−2𝑎Δ𝑘𝑢+Δ𝑘−1𝑎Δ𝑘𝑢+Δ𝑘𝑎Δ𝑘𝑢+Δ𝑘+1𝑎Δ𝑘𝑢+Δ𝑘+2𝑎Δ𝑘𝑢,

so that

+∞∑
𝑘=0

( ∑
𝑗≥0

∣𝑗−𝑘∣≤2

Δ𝑗𝑎Δ𝑘𝑢

)
=

+∞∑
𝑘=2

Δ𝑘−2𝑎Δ𝑘𝑢+ ⋅ ⋅ ⋅+
+∞∑
𝑘=0

Δ𝑘+2𝑎Δ𝑘𝑢.

We have that the support of the Fourier transform of Δ𝑘−2𝑎Δ𝑘𝑢 is contained in
{∣𝜉∣ ≤ 2𝑘+3} and similarly for the other four terms. Moreover

∥Δ𝑘−2𝑎Δ𝑘𝑢∥𝐿2 ≤ ∥Δ𝑘−2𝑎∥𝐿∞∥Δ𝑘𝑢∥𝐿2 ≤ 𝐶2−𝑘(1+𝜀)∥𝑎∥𝐶1,𝜀𝛿𝑘,

where (𝛿𝑘)𝑘 = (∥Δ𝑘𝑢∥𝐿2)𝑘 ∈ 𝑙2 and consequently ∥(𝛿𝑘)𝑘∥𝑙2 ≤ 𝐶∥𝑢∥𝐿2. From

Proposition 3.3 we have that
∑+∞

𝑘=2Δ𝑘−2𝑎Δ𝑘𝑢 ∈ 𝐻1+𝜀 and∥∥∥∥∥
+∞∑
𝑘=2

Δ𝑘−2𝑎Δ𝑘𝑢

∥∥∥∥∥
𝐻1+𝜀

≤ 𝐶∥𝑎∥𝐶1,𝜀∥𝑢∥𝐿2,
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Arguing similarly for the other terms and using the obvious inclusion in Sobolev

spaces we have that

+∞∑
𝑘=0

( ∑
𝑗≥0

∣𝑗−𝑘∣≤2

Δ𝑗𝑎Δ𝑘𝑢

)
∈ 𝐻1 and

∥∥∥∥+∞∑
𝑘=0

( ∑
𝑗≥0

∣𝑗−𝑘∣≤2

Δ𝑗𝑎Δ𝑘𝑢

)∥∥∥∥
𝐻1

≤ 𝐶∥𝑎∥𝐶1,𝜀∥𝑢∥𝐿2. (3.5)

The conclusion of the proof of the proposition is reached putting together (3.4)
and (3.5). □

We end this subsection with a property of commutation which will be crucial
in the proof of the Carleman estimate (see [5, Prop.3.7]).

Proposition 3.6. Let 𝑎 be a bounded Lipschitz-continuous function and let 𝑢 ∈ 𝐻1.
Then

(
+∞∑
𝜈=0

∥∂𝑥([Δ𝜈 , 𝑇𝑎]∂𝑥𝑢)∥2𝐿2)1/2 ≤ 𝐶∥𝑎∥𝐿𝑖𝑝∥𝑢∥𝐻1 (3.6)

(here [𝐴, 𝐵] denotes the commutator between the operators 𝐴 and 𝐵, i.e.,
[𝐴, 𝐵]𝑤 := 𝐴(𝐵𝑤) −𝐵(𝐴𝑤)).

Proof. We start remarking that

[Δ𝜈 , 𝑇𝑎]𝑤 =

+∞∑
𝑘=3

[Δ𝜈 , 𝑆𝑘−3𝑎]Δ𝑘𝑤,

and consequently

∂𝑥([Δ𝜈 , 𝑇𝑎]∂𝑥𝑢) = ∂𝑥

(+∞∑
𝑘=3

[Δ𝜈 , 𝑆𝑘−3𝑎]Δ𝑘(∂𝑥𝑢)

)
.

In fact Δ𝜈 and Δ𝑘 commute so that

Δ𝜈(𝑆𝑘−3𝑎Δ𝑘𝑤)) − 𝑆𝑘−3𝑎Δ𝑘(Δ𝜈𝑤) = Δ𝜈(𝑆𝑘−3𝑎Δ𝑘𝑤))− 𝑆𝑘−3𝑎Δ𝜈(Δ𝑘𝑤).

Let us consider

∂𝑥

(+∞∑
𝑘=3

[Δ𝜈 , 𝑆𝑘−3𝑎]Δ𝑘(∂𝑥𝑢)

)
= ∂𝑥

(+∞∑
𝑘=3

[Δ𝜈 , 𝑆𝑘−3𝑎]∂𝑥(Δ𝑘𝑢)

)
.

Looking at the support of the Fourier transform, it is possible to see that

[Δ𝜈 , 𝑆𝑘−3𝑎]∂𝑥(Δ𝑘𝑢)

is identically 0 if ∣𝑘 − 𝜈∣ ≥ 4. Consequently the sum in 𝑘 is reduced to at most
7 terms: ∂𝑥([Δ𝜈 , 𝑆𝜈−6𝑎]∂𝑥(Δ𝜈−3𝑢)) + ⋅ ⋅ ⋅ ∂𝑥([Δ𝜈 , 𝑆𝜈𝑎]∂𝑥(Δ𝜈+3𝑢)), each of them
having the support of the Fourier transform contained in {∣𝜉∣ ≤ 𝐶2𝜈}. Let us
consider one of these terms, e.g., ∂𝑥([Δ𝜈 , 𝑆𝜈−3𝑎]∂𝑥(Δ𝜈𝑢)), the computation for
the other ones being similar. We have, from Bernstein’s inequality

∥∂𝑥([Δ𝜈 , 𝑆𝜈−3𝑎]∂𝑥(Δ𝜈𝑢))∥𝐿2 ≤ 𝐶2𝜈∥[Δ𝜈 , 𝑆𝜈−3𝑎]∂𝑥(Δ𝜈𝑢)∥𝐿2 .



Uniqueness for Backward Parabolic Problems 109

On the other hand, using [3, Th. 35], we have that

∥[Δ𝜈 , 𝑆𝜈−3𝑎]∂𝑥(Δ𝜈𝑢)∥𝐿2 ≤ 𝐶∥𝑎∥𝐿𝑖𝑝∥Δ𝜈𝑢∥𝐿2,

where 𝐶 does not depend on 𝜈. Consequently

∥∂𝑥([Δ𝜈 , 𝑆𝜈−3𝑎]∂𝑥(Δ𝜈𝑢))∥𝐿2 ≤ 𝐶2𝜈∥𝑎∥𝐿𝑖𝑝∥Δ𝜈𝑢∥𝐿2.

Since 𝑢 ∈ 𝐻1, by Proposition 3.2, we have that (2𝜈∥Δ𝜈𝑢∥)𝜈 is in 𝑙2 with 𝑙2-norm
equivalent to ∥𝑢∥𝐻1 , so that∑

𝜈

∥∂𝑥([Δ𝜈 , 𝑆𝜈−3𝑎]∂𝑥(Δ𝜈𝑢))∥2𝐿2 ≤ 𝐶∥𝑎∥2𝐿𝑖𝑝∥𝑢∥2𝐻1 .

We obtain

+∞∑
𝜈=0

∥∂𝑥
(+∞∑
𝑘=3

[Δ𝜈 , 𝑆𝑘−3𝑎]Δ𝑘(∂𝑥𝑢)

)
∥2 ≤ 𝐶∥𝑎∥2𝐿𝑖𝑝∥𝑢∥2𝐻1 ,

and the proof is completed. □

3.3. Carleman estimate and approximation

We set 𝑣(𝑡, 𝑥) = 𝑒
1
𝛾Φ(𝛾(𝑇−𝑡))𝑢(𝑡, 𝑥). The inequality (3.3) becomes∫ 𝑇

2

0

∥∂𝑡𝑣 + ∂𝑥(𝑎(𝑡, 𝑥)∂𝑥𝑣) + Φ′(𝛾(𝑇 − 𝑡))𝑣∥2𝐿2 𝑑𝑡

≥ 𝐶𝛾
1
2

∫ 𝑇
2

0

(∥∂𝑥𝑣∥2𝐿2 + 𝛾
1
2 ∥𝑣∥2𝐿2) 𝑑𝑡.

(3.7)

Using the second part of Proposition 3.5, the inequality (3.7) will be deduced from
the following ∫ 𝑇

2

0

∥∂𝑡𝑣 + ∂𝑥(𝑇𝑎(∂𝑥𝑣)) + Φ′(𝛾(𝑇 − 𝑡))𝑣∥2𝐿2 𝑑𝑡

≥ 𝐶𝛾
1
2

∫ 𝑇
2

0

(∥∂𝑥𝑣∥2𝐿2 + 𝛾
1
2 ∥𝑣∥2𝐿2) 𝑑𝑡,

(3.8)

as the quantity ∥∂𝑥((𝑎(𝑡, 𝑥)− 𝑇𝑎)∂𝑥𝑢)∥𝐿2 can be absorbed by the right-hand side
part of (3.7), possibly taking different 𝐶 and 𝛾0.

Let us go back to the Littlewood-Paley decomposition; a consequence of
Proposition 3.2 is that there exists 𝐾 > 0 such that

1

𝐾

∑
𝜈

∥𝑢𝜈∥2𝐿2 ≤ ∥𝑢∥2𝐿2 ≤ 𝐾
∑
𝜈

∥𝑢𝜈∥2𝐿2
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for all 𝑢 ∈ 𝐿2. We have∫ 𝑇
2

0

∥∂𝑡𝑣 + ∂𝑥(𝑇𝑎∂𝑥𝑣) + Φ′(𝛾(𝑇 − 𝑡))𝑣∥2𝐿2 𝑑𝑡

≥ 1

𝐾

∫ 𝑇
2

0

∑
𝜈

∥Δ𝜈(∂𝑡𝑣 + ∂𝑥(𝑇𝑎∂𝑥𝑣) + Φ′(𝛾(𝑇 − 𝑡))𝑣)∥2𝐿2 𝑑𝑡

≥ 1

𝐾

∫ 𝑇
2

0

∑
𝜈

∥∂𝑡𝑣𝜈 + ∂𝑥(𝑇𝑎∂𝑥𝑣𝜈) + Φ
′(𝛾(𝑇 − 𝑡))𝑣𝜈 + ∂𝑥([Δ𝜈 , 𝑇𝑎]∂𝑥𝑣)∥2𝐿2 𝑑𝑡

≥ 1

2𝐾

∫ 𝑇
2

0

∑
𝜈

∥∂𝑡𝑣𝜈 + ∂𝑥(𝑇𝑎∂𝑥𝑣𝜈) + Φ
′(𝛾(𝑇 − 𝑡))𝑣𝜈∥2𝐿2 𝑑𝑡

− 1

𝐾

∫ 𝑇
2

0

∑
𝜈

∥∂𝑥([Δ𝜈 , 𝑇𝑎]∂𝑥𝑣)∥2𝐿2 𝑑𝑡.

From the result of Proposition 3.6 is then immediate that (3.8) will be deduced
from the same estimate from below for∫ 𝑇

2

0

∑
𝜈

∥∂𝑡𝑣𝜈 + ∂𝑥(𝑇𝑎∂𝑥𝑣𝜈) + Φ
′(𝛾(𝑇 − 𝑡))𝑣𝜈∥2𝐿2 𝑑𝑡,

and finally, again using the second part of Proposition 3.5, we have that (3.8) will
be implied by the following: there exists 𝐶 and 𝛾0 positive constants, such that∫ 𝑇

2

0

∑
𝜈

∥∂𝑡𝑣𝜈 + ∂𝑥(𝑎(𝑡, 𝑥)∂𝑥𝑣𝜈) + Φ
′(𝛾(𝑇 − 𝑡))𝑣𝜈∥2𝐿2 𝑑𝑡

≥ 𝐶𝛾
1
2

∫ 𝑇
2

0

(∥∂𝑥𝑣∥2𝐿2 + 𝛾
1
2 ∥𝑣∥2𝐿2) 𝑑𝑡,

(3.9)

for all 𝛾 > 𝛾0 and for all 𝑣 ∈ 𝐶∞
0 (ℝ

2) such that supp 𝑣 ⊆ [0, 𝑇/2]× ℝ. In fact∑
𝜈

∥∂𝑥((𝑎(𝑡, 𝑥) − 𝑇𝑎)∂𝑥𝑣𝜈)∥2𝐿2 ≤
∑
𝜈

𝐶2∥𝑎∥2𝐶1,𝜀∥𝑣𝜈∥2𝐻1 ≤ 𝐶2∥𝑎∥2𝐶1,𝜀∥𝑣∥2𝐻1

and consequently
∑

𝜈 ∥∂𝑥((𝑎(𝑡, 𝑥)−𝑇𝑎)∂𝑥𝑣𝜈)∥2𝐿2 can be absorbed by the right-hand
side part of (3.8). From this point on the proof is an exact repetition of that one
of the main result in [6]. We have∫ 𝑇

2

0

∑
𝜈

∥∂𝑡𝑣𝜈∂𝑥(𝑎(𝑡, 𝑥)∂𝑥𝑣𝜈) + Φ
′(𝛾(𝑇 − 𝑡))𝑣𝜈∥2𝐿2 𝑑𝑡

=

∫ 𝑇
2

0

∑
𝜈

(
∥∂𝑡𝑣𝜈∥2𝐿2 + ∥∂𝑥(𝑎∂𝑥𝑣𝜈) + Φ

′(𝛾(𝑇 − 𝑡))𝑣𝜈∥2𝐿2

+𝛾 Φ′′(𝛾(𝑇 − 𝑡))∥𝑣𝜈∥2𝐿2 + 2Re ⟨∂𝑡𝑣𝜈 , ∂𝑥(𝑎∂𝑥𝑣𝜈)⟩𝐿2

)
𝑑𝑡.

(3.10)
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Since 𝑎 is not Lipschitz-continuous, it is not possible to use the integration by parts
to estimate the last term in (3.10). We use the well-known approximation technique
developed in [4]. Let 𝜌 ∈ 𝐶∞

0 (ℝ) with supp 𝜌 ⊆ [−1/2, 1/2], ∫
ℝ

𝜌(𝑠) 𝑑𝑠 = 1 and
𝜌(𝑠) ≥ 0 for all 𝑠 ∈ ℝ; we set

𝑎𝜀(𝑡, 𝑥) =

∫
ℝ

𝑎(𝑠, 𝑥)
1

𝜀
𝜌

(
𝑡− 𝑠

𝜀

)
𝑑𝑠

for 𝜀 ∈ ]0, 1/2]. We obtain that there exist 𝐶 > 0 such that

∣𝑎𝜀(𝑡, 𝑥)− 𝑎(𝑡, 𝑥)∣ ≤ 𝐶𝜇(𝜀) and ∂𝑡𝑎𝜀(𝑡, 𝑥) ≤ 𝐶
𝜇(𝜀)

𝜀
.

We have∫ 𝑇
2

0

2Re ⟨∂𝑡𝑣𝜈 , ∂𝑥(𝑎∂𝑥𝑣𝜈)⟩𝐿2 𝑑𝑡 = −2Re
∫ 𝑇

2

0

⟨∂𝑥∂𝑡𝑣𝜈 , 𝑎∂𝑥𝑣𝜈⟩𝐿2 𝑑𝑡

= −2Re
∫ 𝑇

2

0

⟨∂𝑥∂𝑡𝑣𝜈 , (𝑎− 𝑎𝜀)∂𝑥𝑣𝜈⟩𝐿2 𝑑𝑡− 2Re
∫ 𝑇

2

0

⟨∂𝑥∂𝑡𝑣𝜈 , 𝑎𝜀∂𝑥𝑣𝜈⟩𝐿2 𝑑𝑡.

We remark that ∥∂𝑥𝑣𝜈∥𝐿2 ≤ 2𝜈+1∥𝑣𝜈∥𝐿2 and ∥∂𝑥∂𝑡𝑣𝜈∥𝐿2 ≤ 2𝜈+1∥∂𝑡𝑣𝜈∥𝐿2 for all
𝜈 ∈ ℕ so that∣∣∣∣∣2Re

∫ 𝑇
2

0

⟨∂𝑥∂𝑡𝑣𝜈 , (𝑎− 𝑎𝜀)∂𝑥𝑣𝜈⟩𝐿2 𝑑𝑡

∣∣∣∣∣ ≤ 2𝐶𝜇(𝜀)

∫ 𝑇
2

0

∥∂𝑥∂𝑡𝑣𝜈∥𝐿2 ∥∂𝑥𝑣𝜈∥𝐿2 𝑑𝑡

≤
∫ 𝑇

2

0

∥∂𝑡𝑣𝜈∥2𝐿2 𝑑𝑡+ 𝐶 24(𝜈+1)𝜇(𝜀)

∫ 𝑇
2

0

∥𝑣𝜈∥2𝐿2 𝑑𝑡

(remark that 𝜇(𝜀2) ≤ 𝜇(𝜀)), and similarly∣∣∣∣∣2Re
∫ 𝑇

2

0

⟨∂𝑥∂𝑡𝑣𝜈 , 𝑎𝜀∂𝑥𝑘𝑣𝜈⟩𝐿2 𝑑𝑡

∣∣∣∣∣ =
∣∣∣∣∣
∫ 𝑇

2

0

⟨∂𝑥𝑣𝜈 , ∂𝑡𝑎𝜀∂𝑥𝑣𝜈⟩𝐿2 𝑑𝑡

∣∣∣∣∣
≤ 𝐶 22(𝜈+1)

𝜇(𝜀)

𝜀

∫ 𝑇
2

0

∥𝑣𝜈∥2𝐿2 𝑑𝑡.

We deduce that, for all 𝜈 ∈ ℕ,∫ 𝑇
2

0

∥∂𝑡𝑣𝜈 + ∂𝑥(𝑎∂𝑥𝑘𝑣𝜈) + Φ
′(𝛾(𝑇 − 𝑡))𝑣𝜈∥2𝐿2 𝑑𝑡

≥
∫ 𝑇

2

0

(∥∂𝑥(𝑎∂𝑥𝑣𝜈) + Φ
′(𝛾(𝑇 − 𝑡))𝑣𝜈∥2𝐿2 + 𝛾Φ′′(𝛾(𝑇 − 𝑡))∥𝑣𝜈∥2𝐿2

−𝐶

(
24(𝜈+1) 𝜇(𝜀) + 22(𝜈+1)

𝜇(𝜀)

𝜀

)
∥𝑣𝜈∥2𝐿2) 𝑑𝑡.

(3.11)

Let 𝜈 = 0. From (3.2) we can choose 𝛾0 > 0 such that Φ′′(𝛾(𝑇 − 𝑡)) ≥ 1 for
all 𝛾 > 𝛾0 and for all 𝑡 ∈ [0, 𝑇/2]. Taking now 𝜀 = 1/2 we obtain from (3.11) that∫ 𝑇

2

0

∥∂𝑡𝑣0 + ∂𝑥(𝑎∂𝑥𝑣0) + Φ
′(𝛾(𝑇 − 𝑡))𝑣0∥2𝐿2 𝑑𝑡 ≥

∫ 𝑇
2

0

(
𝛾 − 24𝐶𝜇

(
1

2

))
∥𝑣0∥2𝐿2 𝑑𝑡
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for all 𝛾 > 𝛾0. Possibly choosing a larger 𝛾0 we have, again for all 𝛾 > 𝛾0,∫ 𝑇
2

0

∥∂𝑡𝑣0 + ∂𝑥(𝑎∂𝑥𝑣0) + Φ
′(𝛾(𝑇 − 𝑡))𝑣0∥2𝐿2 𝑑𝑡 ≥ 𝛾

2

∫ 𝑇
2

0

∥𝑣0∥2𝐿2 𝑑𝑡. (3.12)

Let now 𝜈 ≥ 1. We recall that in this case ∥∂𝑥𝑣𝜈∥𝐿2 ≥ 2𝜈−1∥𝑣𝜈∥𝐿2 . We take
𝜀 = 2−2𝜈 . We obtain from (3.11) that∫ 𝑇

2

0

∥∂𝑡𝑣𝜈 + ∂𝑥(𝑎∂𝑥𝑣𝜈) + Φ
′(𝛾(𝑇 − 𝑡))𝑣𝜈∥2𝐿2 𝑑𝑡

≥
∫ 𝑇

2

0

((∥∂𝑥(𝑎∂𝑥𝑣𝜈)∥𝐿2 − Φ′(𝛾(𝑇 − 𝑡))∥𝑣𝜈∥𝐿2)2

+𝛾Φ′′(𝛾(𝑇 − 𝑡))∥𝑣𝜈∥2𝐿2 − 𝐶 24𝜈 𝜇(2−2𝜈)∥𝑣𝜈∥2𝐿2) 𝑑𝑡.

On the other hand, since

∥∂𝑥(𝑎∂𝑥𝑣𝜈)∥𝐿2∥𝑣𝜈∥ ≥ ∣⟨∂𝑥(𝑎∂𝑥𝑣𝜈), 𝑣𝜈⟩𝐿2 ∣ ≥ ∣⟨𝑎∂𝑥𝑣𝜈 , ∂𝑥𝑣𝜈⟩𝐿2 ∣ ≥ 𝜆0∥∂𝑥𝑣𝜈∥2𝐿2

we have

∥∂𝑥(𝑎∂𝑥𝑣𝜈)∥𝐿2 ≥ 𝜆0
4
22𝜈 ∥𝑣𝜈∥𝐿2 .

Suppose first that Φ′(𝛾(𝑇 − 𝑡)) ≤ 𝜆0

8 2
2𝜈. Then

∥∂𝑥(𝑎∂𝑥𝑣𝜈)∥𝐿2 − Φ′(𝛾(𝑇 − 𝑡))∥𝑣𝜈∥𝐿2 ≥ 𝜆0
8
22𝜈∥𝑣𝜈∥𝐿2

and then, using also the fact that Φ′′(𝛾(𝑇 − 𝑡)) ≥ 1, we obtain that∫ 𝑇
2

0

((∥∂𝑥(𝑎∂𝑥𝑣𝜈)∥𝐿2 − Φ′(𝛾(𝑇 − 𝑡))∥𝑣𝜈∥𝐿2)2

+𝛾Φ′′(𝛾(𝑇 − 𝑡))∥𝑣𝜈∥2𝐿2 − 𝐶 24𝜈 𝜇(2−2𝜈)∥𝑣𝜈∥2𝐿2 )𝑑𝑡

≥
∫ 𝑇

2

0

((
𝜆0
8
22𝜈
)2
+ 𝛾 − 𝐶 24𝜈 𝜇(2−2𝜈)∥𝑣𝜈∥2𝐿2

)
𝑑𝑡

≥
∫ 𝑇

2

0

((
1

2

(
𝜆0
8

)2
− 𝐶𝜇(2−2𝜈)

)
24𝜈 +

𝛾

3

)
∥𝑣𝜈∥2𝐿2 𝑑𝑡

+

∫ 𝑇
2

0

(
1

2

(
𝜆0
8

)2
24𝜈 +

2

3
𝛾

)
∥𝑣𝜈∥2𝐿2 𝑑𝑡.

Since lim𝜈→+∞ 𝜇(2−2𝜈) = 0, there exists 𝛾0 > 0 such that(
1

2

(
𝜆0
8

)2
− 𝐶𝜇(2−2𝜈)

)
24𝜈 +

𝛾

3
≥ 0
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for all 𝛾 ≥ 𝛾0 and for all 𝜈 ≥ 1. Consequently there exist 𝛾0 and 𝑐 > 0 not
depending on 𝜈 such that∫ 𝑇

2

0

((∥∂𝑥(𝑎∂𝑥𝑣𝜈)∥𝐿2 − Φ′(𝛾(𝑇 − 𝑡))∥𝑣𝜈∥𝐿2)2

+𝛾Φ′′(𝛾(𝑇 − 𝑡))∥𝑣𝜈∥2𝐿2 − 𝐶 24𝜈 𝜇(2−2𝜈)∥𝑣𝜈∥2𝐿2 )𝑑𝑡 (3.13)

≥
∫ 𝑇

2

0

(
1

2

(
𝜆0
8

)2
24𝜈 +

2

3
𝛾

)
∥𝑣𝜈∥2𝐿2 𝑑𝑡 ≥

∫ 𝑇
2

0

(𝛾

2
+ 𝑐𝛾

1
2 22𝜈

)
∥𝑣𝜈∥2𝐿2 𝑑𝑡

for all 𝛾 ≥ 𝛾0.
If on the contrary Φ′(𝛾(𝑇 − 𝑡)) ≥ 𝜆

8 2
2𝜈 then, using (3.1), the fact that 𝜆0 ≤ 1

and the properties of 𝜇 (see Subsection 3.1),

Φ′′(𝛾(𝑇 − 𝑡)) = (Φ′(𝛾(𝑇 − 𝑡))2𝜇

(
1

Φ′(𝛾(𝑇 − 𝑡))

)
≥
(

𝜆0
8

)2
24𝜈 𝜇

(
8

𝜆0
2−2𝜈

)
≥
(

𝜆0
8

)2
24𝜈 𝜇(2−2𝜈).

Hence also in this case there exist 𝛾0 and 𝑐 > 0 such that∫ 𝑇
2

0

((∥∂𝑥(𝑎∂𝑥𝑣𝜈)∥𝐿2 − Φ′(𝛾(𝑇 − 𝑡))∥𝑣𝜈∥𝐿2)2

+𝛾Φ′′(𝛾(𝑇 − 𝑡))∥𝑣𝜈∥2𝐿2 − 𝐶 24𝜈 𝜇(2−2𝜈)∥𝑣𝜈∥2𝐿2) 𝑑𝑡 (3.14)

≥
∫ 𝑇

2

0

(
𝛾

2
+

(
𝛾

2

(
𝜆0
8

)2
− 𝐶

)
24𝜈𝜇(2−2𝜈)

)
∥𝑣𝜈∥2𝐿2𝑑𝑡 ≥

∫ 𝑇
2

0

(
𝛾

2
+ 𝑐𝛾 22𝜈

)
∥𝑣𝜈∥2𝐿2𝑑𝑡

for all 𝛾 ≥ 𝛾0 and for all 𝜈 ≥ 1. Putting together (3.13) and (3.14), we have that
there exist 𝛾0 and 𝑐 > 0 such that∫ 𝑇

2

0

∥∂𝑡𝑣𝜈 + ∂𝑥(𝑎∂𝑥𝑣𝜈) + Φ
′(𝛾(𝑇 − 𝑡))𝑣𝜈∥2𝐿2 𝑑𝑡

≥
∫ 𝑇

2

0

(𝛾

2
+ 𝑐𝛾

1
2 22𝜈

)
∥𝑣𝜈∥2𝐿2 𝑑𝑡

(3.15)

for all 𝜈 ≥ 1 and for all 𝛾 ≥ 𝛾0.

Form (3.12) and (3.15) we get that there exist 𝛾0 and 𝑐 > 0 such that∫ 𝑇
2

0

∑
𝜈

∥∂𝑡𝑣𝜈 + ∂𝑥(𝑎∂𝑥𝑣𝜈) + Φ
′(𝛾(𝑇 − 𝑡))𝑣𝜈∥2𝐿2 𝑑𝑡

≥ 𝑐𝛾
1
2

∫ 𝑇
2

0

∑
𝜈

(𝛾
1
2 ∥𝑣𝜈∥2𝐿2 + ∥∇𝑣𝜈∥2𝐿2) 𝑑𝑡

for all 𝛾 ≥ 𝛾0. This inequality is equivalent to (3.9) and it concludes the proof of
the Proposition 3.1.
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Abstract. In this paper we study spectral properties associated to the Schrö-
dinger operator −Δ−𝑊, with potential 𝑊 that is an exponentially decaying
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1. Introduction

In this paper we study the problem of resonances at zero energy for the operator

𝑆(𝜓)(𝑥) = −Δ𝜓(𝑥)−𝑊 (∣𝑥∣)𝜓(𝑥), (1)

with 𝑊 (∣𝑥∣) being a positive real-valued measurable radial function, decreasing
sufficiently rapidly at infinity. There exists a vast literature concerning the theory
of resonances, we cite here [2], [6], [29], [31] (and references therein). The resonances
of an operator were introduced in physics and defined as the poles of its resolvent
operator function taken in some generalized way. More precisely one can observe
that, if we choose a radial function 𝑢(∣𝑥∣) in R3, we have the relation

△
(

𝑢(∣𝑥∣)
∣𝑥∣

)
=

𝑢′′(∣𝑥∣)
∣𝑥∣ .

Therefore, picking up 𝜓(𝑥) = 𝑢(𝑥)/∣𝑥∣ and 𝑆(𝜓) = 𝑃 (𝑢)/∣𝑥∣, we can rewrite the
operator (1) as

𝑃 (𝑢)(𝑟) = −𝑢′′(𝑟)−𝑊 (𝑟)𝑢(𝑟) (2)
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on the semi-line (0,∞) together with the Dirichlet condition
𝑢(0) = 0

at the origin, that is a selfadjoint unbounded operator in 𝐿2(0,∞) with domain
{𝑢 ∈ 𝐻2(0,∞);𝑢(0) = 0}.

A reasonable assumption on the potential that allows to apply the Friedrichs ex-
tension for 𝑃 is

∣𝑊 (𝑟)∣ ≤ 𝐶

𝑟2−𝜀
, 𝑟 > 0. (3)

For simplicity we shall suppose in this work that 𝑊 (𝑟) ∈ 𝐶1([0,∞)) that
satisfies the assumption

∣𝑊 ′(𝑟)∣ + ∣𝑊 (𝑟)∣ ≤ 𝐶𝑒−𝜀0𝑟, 𝑟 ≥ 0 (4)

for some 𝐶 > 0 and 𝜀0 > 0.
It is well known that if the potential is of short range type, then the set

of eigenvalues of 𝑃 is finite, contained in (−∞, 0), with each eigenvalue of finite
multiplicity.

Recall that the resolvent of 𝑃

𝑅(𝜇2) = (𝑃 − 𝜇2)−1

(considered as an operator from 𝐶∞
0 to 𝐶∞) is a meromorphic operator in some

subset of the complex plane. The poles of 𝑅(𝜇2) are called resonances of 𝑃. The
main goal of this work is to present an argument that gives a sufficient condition
for the non-existence of resonances. This means the following,

Theorem 1.1. Suppose that the potential 𝑊 (𝑟) ∈ 𝐶1([0,∞)) is a positive decreasing
function satisfying (for some 𝐶 > 0 and 𝜀0 > 0) the estimates (4).

Then there exists a positive 𝛿 such that there are no resonances in

{𝜇 ∈ C; ∣𝜇∣ ≤ 𝛿}.
Moreover, if 𝜇 with Im𝜇 > −𝛿 is a resonance, then 𝜇 is a real negative number
and 𝜇 is an eigenvalue of 𝑃.

Remark 1.1. The fact that all resonances in the domain of type

{𝜇 ∈ C; 0 < ∣𝜇∣ < 𝑅, ∣ Im𝜇∣ < 𝛿}
are eigenvalues is a well-known and follows from resolvent estimates leading to
limiting absorption principle (see [1] for example). The fact that this domain can
be extended taking 𝑅 → ∞ is also well known (see [28] for example). Therefore,
the key information in this theorem is the lack of resonances at the origin 𝜇 = 0.

The resonances can be considered in some manner like eigenvalues. The exis-
tence of a non-trivial solution of the equation 𝑃 𝑢 = 0, is a typical obstacle to find
dispersive properties of the time evolution group associated with the Schrödinger
operator −Δ−𝑊 (𝑥). Therefore, as a first application of the above Theorem 1.1,
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we shall look for dispersive properties to the solution of the following (see [4], [5],
[31], [33] for further details),

𝑢𝑡𝑡 −Δ𝑢 −𝑊 𝑢 = 0, (𝑡, 𝑥) ∈ R×R3

𝑢(0, 𝑥) = 𝑢0(𝑥), 𝑢𝑡(0, 𝑥) = 𝑣0(𝑥),
(5)

where the potential 𝑊 satisfies the assumptions (4). In our setting, we get local
energy decay, see Theorem 5.1, for the above problem (5).

Consider now the solution 𝑢 of the Schrödinger type equation

𝑖∂𝑡𝑢+Δ𝑢+ ∣𝑢∣𝑝−1𝑢 = 0. (6)

The existence of solitary type solutions to the Schrödinger equation (6) is a
well-studied problem. One can see for example [9] and [32] the existence results
for 1 < 𝑝 ≤ 1 + 4/3.

The natural functional associated with this problem is

ℰ(𝜒) =
1

2
∥∇𝜒∥2𝐿2 − 1

𝑝+ 1

∫
R3

∣𝜒∣𝑝+1𝑑𝑥. (7)

The corresponding minimization problem is associated with the quantity

𝐼𝑁 = inf{ℰ(𝜒);𝜒 ∈ 𝐻1, ∥𝜒∥2𝐿2 = 𝑁}. (8)

We have the following result, see [9] and [10] for more details,

Lemma 1.1. 1. For any 𝜔 > 0 there exists a unique positive solution 𝜒(𝑥) =
𝜒𝜔(𝑥) ∈ 𝐻1 of the equation (53), such that

i) the function 𝜒(𝑥) = 𝜒(∣𝑥∣) is radially symmetric,

ii) the function 𝜔 ∈ (0,∞)→ ∥𝜒𝜔∥𝐿2 is a strictly increasing one and belongs to
𝐶1(0,∞).

Remark 1.2. To check ii) we use the following argument used in [9]. Any positive
radial solution of

−Δ𝜒+ 𝜔𝜒 = 𝜒𝑝, 𝜒 ∈ 𝐻1(R3), 𝜒 > 0

is given by 𝜒(𝑥) = 𝜔1/(𝑝−1)𝜒1(
√

𝜔𝑥) where 𝜒1 is the unique radial solution of

−Δ𝜒1 + 𝜒1 = 𝜒𝑝
1, 𝜒1 ∈ 𝐻1(R3), 𝜒1 > 0

Thus

∥𝜒∥𝐿2(R3) = 𝜔1/(𝑝−1)−3/4∥𝜒1∥𝐿2(R3)

so 𝑁 = const 𝜔1/(𝑝−1)−3/4 where 1/(𝑝− 1)− 3/4 > 0. This yields the characteri-
zation of 𝑁 as a function of 𝜔.

One can see that the solutions 𝜒𝜔 of Lemma 1.1 are radial and 𝜒𝜔(𝑥) is
rapidly decreasing in 𝑥 as ∣𝑥∣ → ∞ provided 𝑁(𝜔) ≤ 1.
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In particular property ii) of Lemma 1.1 guarantees that one can find a unique
𝜒∗ that is a radial positive function 𝜒∗ = 𝜒∗(∣𝑥∣) that is a minimizer of 𝐼1. There-
fore, one can find a unique 𝜔∗ > 0 so that

Δ𝜒∗ + 𝜔∗ 𝜒∗ = 𝜒𝑝
∗,∫

R3

∣𝜒∗∣2 = 1.
(9)

A standard linearization of the Nonlinear Schrödinger equation (6) around
the solitary solution leads to the necessity to use some spectral properties of the
following operator

−△− 𝜒𝑝
∗(𝑥).

Note that the operator

𝐿−(𝜔∗) = −△− 𝜒𝑝
∗(𝑥) + 𝜔∗

introduced in [34] (with rescaled choice 𝜔∗ = 1) has a nontrivial kernel and plays an
important role in the study of modulational stability of ground states of nonlinear
Schrödinger equations.

It is well known from the results in [13], [18], [7], [8], [24], [26] that asymptotic
stability around solitary waves is closely connected with the existence of resonances
at the origin. More precisely, the following assumption is frequently used in these
articles:

(H1) 0 is not a resonance of −△− 𝜒𝑝
∗(𝑥).

The main goal of this work is to present an argument that proves the as-
sumption (H1) in the general case and therefore the above-cited results can be
established without this additional assumption and this is contained in Theo-
rem 6.1.

The asymptotic expansions of the resolvent near zero energy are discussed
in various works. For example in [19] this expansion is obtained and the possible
resonance at zero energy is associated with the corresponding projection operator.
For the general potential perturbation of the free Laplace operator−Δ−𝑊 (∣𝑥∣) the
resonances can be connected (see Definition 4 below) with nontrivial solutions 𝑢 ∈
𝐶(ℛ𝑛), to the equation −Δ𝑢−𝑊 (∣𝑥∣)𝑢 = 0 satisfying the appropriate weak decay
at infinity. If the space dimension is 𝑛 ≥ 5 and the potential decays sufficiently
rapidly at infinity, then a remark in [20] clarifies that 𝑢 ∈ 𝐿2 so resonance at 0
means that 0 is an eigenvalue. Under a suitable sign condition assumption one
can establish directly that 0 is not a resonance even in the 3-dimensional case (see
[16] for example. Under a suitable compact support assumption (which one can
see in [3]) it is possible to extend in a continuous way the resolvent even for the
perturbation of the principal symbol of the Laplacian, the smallness assumption
on the positive part of 𝑊 can guarantee also that 0 is not a resonance (see [4], [5]
for the potential case and [15] for the perturbation with magnetic fields).

The scheme of the paper is the following: in Section 2 we distinguish between
strong and weak resonances, defining the last one. We also give an asymptotic
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expansions of the corresponding solution. In Section 3 we give the main Theorem
3.1 on lack of strong resonances at the spectral point zero, in the radial case. In
Section 4 we extend the result to the non-radial case. In Sections 5 and 6 we
obtain some application, local energy decay for a wave equation perturbed by a
potential (Theorem 5.1), and lack of resonance (and eigenvalue) for the linearized
operator of NLS around its ground states (Theorem 6.1). Finally in Section 7 we
furthermore focalize on the weak resonances.

Recall the definition of the norm in the Sobolev spaces 𝐻𝑠

∥𝑢∥𝐻𝑠 = ∥⟨Δ⟩𝑠𝑢∥𝐿2(R3),

where 𝑠 ∈ R and ⟨Δ⟩ = (1 + ∣Δ∣2)1/2 Moreover, given any two positive real
numbers 𝑎, 𝑏, we write 𝑎 ≲ 𝑏 to indicate 𝑎 ≤ 𝐶𝑏, with 𝐶 > 0.

2. Resonance at the spectral origin

To study the poles of the perturbed resolvent 𝑅(𝜇2) = (𝑃 − 𝜇2)−1 we start with
an explicit representation of the free resolvent 𝑅0(𝜇

2) = (𝑃0 − 𝜇2)−1, where

𝑃0(𝑢)(𝑟) = −𝑢′′(𝑟)

with 𝑟 ∈ (0,∞) together with the Dirichlet condition
𝑢(0) = 0

at the origin. Then

𝑅±
0 (𝜇

2)(𝑓)(𝑟) =

∫ 𝑟

0

𝑒±𝑖𝜇𝑟
sin(𝜇𝑠)

𝜇
𝑓(𝑠)𝑑𝑠+

∫ ∞

𝑟

𝑒±𝑖𝜇𝑠
sin(𝜇𝑟)

𝜇
𝑓(𝑠)𝑑𝑠, (10)

are well defined for 𝑓 ∈ 𝐶∞
0 . A direct calculation shows that

𝑢±(𝑟) = 𝑅±
0 (𝜇

2)(𝑓)(𝑟)

satisfies the equation
𝑃0(𝑢)− 𝜇2𝑢 = 𝑓

as well as the Dirichlet condition 𝑢(0) = 0. Choosing the sign + in the above
representations we see that

𝑅0(𝜇
2)(𝑓)(𝑟) =

∫ 𝑟

0

𝑒𝑖𝜇𝑟
sin(𝜇𝑠)

𝜇
𝑓(𝑠)𝑑𝑠+

∫ ∞

𝑟

𝑒𝑖𝜇𝑠
sin(𝜇𝑟)

𝜇
𝑓(𝑠)𝑑𝑠

can be extended as an operator in 𝐿2 provided Im𝜇 > 0. Moreover, this is a
holomorphic operator-valued function for Im𝜇 > 0. The representation formula
guarantees also that the operator

𝜑(𝑟)(𝑃0 − 𝜇2)−1𝜑(𝑟), 𝜑(𝑟) = 𝑒−𝛿𝑟

is a holomorphic operator-valued (in 𝐿2) function in the larger domain Im𝜇 > −𝛿.
The perturbed resolvent 𝑅(𝜇2) = (𝑃−𝜇2)−1 satisfies on the upper half-plane

of ℂ the relation

(𝑃 − 𝜇2)−1 =
(
𝐼 − (𝑃0 − 𝜇2)−1𝑊

)−1
(𝑃0 − 𝜇2)−1, (11)
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provided the operator (𝐼 − (𝑃0 − 𝜇2)−1𝑊 ) is invertible. This relation implies

𝜑(𝑃 − 𝜇2)−1𝜑 =

(
𝐼 − 𝜑(𝑃0 − 𝜇2)−1𝑊

1

𝜑

)−1
𝜑(𝑃0 − 𝜇2)−1𝜑. (12)

Applying the Fredholm alternative, we see that

𝜑(𝑃 − 𝜇2)−1𝜑

is holomorphic except the points 𝜇 such that the equation

𝑓 = 𝜑(𝑃0 − 𝜇2)−1𝑊
𝑓

𝜑

has a nontrivial solution 𝑓 ∈ 𝐿2(0,+∞). These complex numbers 𝜇 are the reso-
nances and we give a more detailed description of the resonances in the following.

Lemma 2.1. Assume 𝑊 (𝑟) ≤ 𝐶𝑒−𝜀0𝑟 and 𝜑(𝑟) = 𝑒−𝛿𝑟 with 0 < 𝛿 < 𝜀0/2. For any
complex 𝜇 with 0 ≥ Im𝜇 > −𝛿 the following conditions are equivalent:

i) 𝜇 is a resonance, i.e., there is 𝑓 ∈ 𝐿2(0,∞) so that 𝑓 is not identically zero
and

𝑓 = 𝜑(𝑃0 − 𝜇2)−1𝑊
𝑓

𝜑
;

ii) there is 𝑢 ∈ 𝐶[0,∞) not identically zero, 𝑒Im𝜇𝑟𝑢 is bounded and

𝑢 = (𝑃0 − 𝜇2)−1𝑊 𝑢;

iii) there is 𝑢 ∈ 𝐶[0,∞) ∩ 𝐶2(0,∞) so that 𝑢 is not identically zero, 𝑒Im𝜇 𝑟𝑢 is
bounded and 𝑢 solves

𝑃 𝑢 = 𝜇2𝑢, 𝑢(0) = 0.

Proof. i) ⇔ ii). The proof follows from the standard substitution 𝑢 = 𝑓𝜑−1 and
classical estimates. We get 𝑢 = (𝑃0 − 𝜇2)−1𝑊 𝑓𝜑−1. Now by the assumption on
the complex number 𝜇, we can write

∥𝑒Im𝜇𝑟𝑢∥𝐿∞ ≲ ∥𝑢∥𝐿∞ ≲ ∥(𝑃0 − 𝜇2)−1𝑊 𝑓𝜑−1∥𝐿∞ .

The resolvent estimates ∥(𝑃0 − 𝜇2)−1𝑔∥𝐿∞ ≲ ∥⟨𝑥⟩1/2+𝜀𝑔∥𝐿2, (see [16] and refer-
ence therein), and the bound ⟨𝑥⟩ ≲ 𝜑−1, yield the implication i)⇒ii). The other
implication follows from

∣𝑓(𝑥)∣ = ∣𝜑(𝑥)𝑢(𝑥)∣ ≤ 𝐶𝑒−(𝛿+Im𝜇)∣𝑥∣ ∈ 𝐿2

with

𝐶 = sup
𝑟>0

𝑒Im𝜇𝑟∣𝑢(𝑟)∣.

ii)⇒ iii). Applying the operator 𝑃 on both sides of the identity 𝑢 = (𝑃0−𝜇2)−1𝑊 𝑢,
we get the result. Moreover the representation (10) says that 𝑢(0) = 0.
iii)⇒ ii). The proof follows by an application of the Limiting Absorption Principle

(see [1]) and by the bound 𝜑 ≲ ⟨𝑥⟩−1. □
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The above lemma reduces the study of resonance to the study of the solutions
to the problem

𝑃 𝑢 = 𝜇2𝑢, 𝑢(0) = 0,

satisfying the bound

∣𝑢(𝑟)∣ ≤ 𝐶𝑒− Im𝜇 𝑟, 0 ≥ Im𝜇 > −𝛿.

A more general question to solve is the existence of nontrivial solutions sat-
isfying the weaker bound

∣𝑢(𝑟)∣ ≤ 𝐶𝑒𝛿 𝑟, 0 ≥ Im𝜇 > −𝛿.

We distinguish these two cases: we call the resonances from Lemma 2.1 strong
resonances and define the weak ones as follows:

Definition 1. A complex number 𝜇 with 0 ≥ Im𝜇 > −𝛿 is called a weak resonance of

𝑃 = −
(
d

d𝑟

)2
−𝑊 (𝑟)

if there exists a 𝑢 ∈ 𝐶([0,∞)), such that 𝑢(0) = 0, 𝑢(𝑟) is not identically zero,
𝑃 (𝑢) = 𝜇2𝑢 in the distribution sense in (0,∞) and the solution 𝑢 satisfies the
inequality

∣𝑢(𝑟)∣ ≤ 𝐶 𝑒𝛿∣𝑟∣. (13)

We recall that, as underlined for example in [11] and [25], that the resonances
are defined as functions not in 𝐿2 but in larger 𝐿2 weighted spaces. Moreover these
functions are 𝐿∞-bounded and behave asymptotically as ⟨𝑥⟩−1, in the spatial
dimension three. These resonances will be called strong resonances (see Definition
2 for precise notion). But, for completeness, we study also the weak ones.

Moreover, as it was mentioned in the introduction, we have to study only the
existence of resonance at the origin.

3. Strong resonance at the spectral origin

Definition 2. A real number 𝜆 is called a strong resonance of

𝑃 =

(
d

d𝑟

)2
+𝑊 (𝑟)

if there exists 𝑢 ∈ 𝐶([0,∞)), such that 𝑢(0) = 0, 𝑢(𝑠) is not identically zero,
𝑃 (𝑢) = 𝜆𝑢 in the distribution sense in (0,∞) and the solution 𝑢 satisfies the
inequality

∣𝑢(𝑟)∣ ≤ 𝐶 (1 + 𝑟)𝑎. (14)

with some 0 ≤ 𝑎 < 1.
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We shall need the asymptotic expansions of Lemma 7.1. Without loss of
generality we can assume that 𝑢 is real-valued. Multiplying the equation

𝑃 (𝑢) ≡ 𝑢′′(𝑟) +𝑊 (𝑟)𝑢 = 0

by 𝑢′ and integrating over (𝑟,∞), we find

−∣𝑢
′(𝑟)∣2
2

− 𝑊 (𝑟)∣𝑢(𝑟)∣2
2

−
∫ ∞

𝑟

𝑊 ′(𝜏)∣𝑢(𝜏)∣2
2

𝑑𝜏 = 0. (15)

Take any function 𝑔(𝑟) ∈ 𝐶([0,∞)), such that 𝑔(𝑟) tends to 0 at infinity. We
multiply further the last relation by −𝑔(𝑟) and integrate over (0,∞)∫ ∞

0

𝑔(𝑟)∣𝑢′(𝑟)∣2
2

𝑑𝑟 +

∫ ∞

0

𝑔(𝑟)𝑊 (𝑟)∣𝑢(𝑟)∣2
2

𝑑𝑟

+

∫ ∞

0

𝐺(𝑟)𝑊 ′(𝑟)∣𝑢(𝑟)∣2
2

𝑑𝑟 = 0,

(16)

where 𝐺(𝑟) =
∫ 𝑟
0

𝑔(𝜏)𝑑𝜏.

Take a 𝐶1 function ℎ(𝑟) on (0,∞) such that ℎ′′(𝑟) exists, is continuous on
(0, 𝑟0) ∪ (𝑟0,+∞) and has a finite jump

−∞ < lim
𝑟→𝑟+0

ℎ′′(𝑟) − lim
𝑟→𝑟−0

ℎ′′(𝑟) < ∞.

We shall require further that ℎ′(𝑟) tends to zero at infinity and ℎ′′(𝑟) is decay-
ing sufficiently rapidly (for example exponentially) at infinity. We multiply the
equation 𝑃 𝑢 = 0 by ℎ𝑢 and integrate over (0,∞), so we get∫ ∞

0

ℎ′′(𝑟)∣𝑢(𝑟)∣2
2

𝑑𝑟 −
∫ ∞

0

ℎ(𝑟)∣𝑢′(𝑟)∣2 𝑑𝑟

+

∫ ∞

0

ℎ(𝑟)𝑊 (𝑟)∣𝑢(𝑟)∣2 𝑑𝑟 = 0.

(17)

Choosing ℎ = 𝑔/2 and summing the above two relations, we obtain∫ ∞

0

Φ(𝑟) ∣𝑢(𝑟)∣2 𝑑𝑟 = 0, (18)

where

Φ(𝑟) = 2𝑔(𝑟)𝑊 (𝑟) +𝐺(𝑟)𝑊 ′(𝑟) +
𝑔′′(𝑟)
2

.

The starting definition of the function 𝑔′′(𝑟) is the following one

𝑔′′(𝑟) =
{

𝑟𝑀 , if 0 ≤ 𝑟 < 𝑟0;
𝑒−𝛿𝑟, if 𝑟 > 𝑟0.

(19)

We take 𝑟0 = 𝑀2 and shall define the positive parameters 𝑀, 𝛿 later on.
For 0 ≤ 𝑟 < 𝑟0 we have

𝑔(𝑟) =
𝑟𝑀+2

(𝑀 + 2)(𝑀 + 1)
, 𝐺(𝑟) =

𝑟𝑀+3

(𝑀 + 3)(𝑀 + 2)(𝑀 + 1)
.

From these relations we deduce the following.
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Lemma 3.1. Suppose the potential 𝑊 (𝑟) is a positive decreasing function in
𝐶1([0,∞)), such that the assumption (4) is satisfied for some positive constants
𝐶, 𝜀0. Then one can find a positive constant 𝑀∗ depending on 𝐶, 𝜀0, such that for
any 𝑟 ∈ (0, 𝑀2) and 𝑀 > 𝑀∗ we have

Φ(𝑟) ≥ 2𝑔𝑊.

Proof. We have the estimates

𝐺(𝑟)𝑊 ′(𝑟) +
𝑔′′(𝑟)
2

≥ − 𝐶∗𝑟𝑀+3𝑒−𝜀0𝑟

(𝑀 + 3)(𝑀 + 2)(𝑀 + 1)
+

𝑟𝑀

2

=
𝑟𝑀

2

(
1− 2𝐶∗𝑟3𝑒−𝜀0𝑟

(𝑀 + 3)(𝑀 + 2)(𝑀 + 1)

)
.

Now we are in the position to choose 𝑀∗ = 𝑀∗(𝐶∗, 𝜀0) so large that

1− 2𝐶∗𝑟3𝑒−𝜀0𝑟

(𝑀 + 3)(𝑀 + 2)(𝑀 + 1)
≥ 0

for 𝑟 ≤ 𝑀2 and 𝑀 ≥ 𝑀∗. Hence

Φ(𝑟) = 2𝑔(𝑟)𝑊 (𝑟) +𝐺(𝑟)𝑊 ′
2(𝑟) +

𝑔′′(𝑟)
2

≥ 2𝑔(𝑟)𝑊 (𝑟).

This completes the proof. □
For 𝑟 > 𝑟0 = 𝑀2 we shall use the relations

𝑔(𝑟) =

∫ 𝑟

0

(𝑟 − 𝜏)𝑔′′(𝜏)𝑑𝜏, 𝐺(𝑟) =

∫ 𝑟

0

(𝑟 − 𝜏)2

2
𝑔′′(𝜏)𝑑𝜏.

Here and below we used the property 𝑔′(0) = 0.

Lemma 3.2. Suppose that the potential 𝑊 (𝑟) is a positive decreasing function in
𝐶1([0,∞)), such that there exist positive constants 𝐶, 𝜀0 so that (4) is fulfilled.
Then one can find a positive constant 𝑀∗ depending on 𝐶, 𝜀0, such that for any
𝑀 ≥ 𝑀∗ and for any 𝑟 ∈ (𝑀2,∞) we have

∣Φ(𝑟)∣ ≤ 2𝑒−𝜀0𝑟/2.
Proof. Take 𝑟 > 𝑀2. First we evaluate

𝑔(𝑟) =

∫ 𝑀2

0

(𝑟 − 𝜎)𝜎𝑀𝑑𝜎 +

∫ 𝑟

𝑀2

(𝑟 − 𝜎)𝑒−𝛿𝜎𝑑𝜎

≤ 𝑟

∫ 𝑀2

0

𝜎𝑀𝑑𝜎 + 𝑟

∫ ∞

0

𝑒−𝛿𝜎𝑑𝜎 ≤ 𝑟

(
𝑀2𝑀+2 +

1

𝛿

)
≤ 2𝑟2𝑟

√
𝑟

𝛿

for 𝛿 < 1 and 𝑀 > 1. In a similar way we get

2𝐺(𝑟) =

∫ 𝑀2

0

(𝑟 − 𝜎)2𝜎𝑀𝑑𝜎 +

∫ 𝑟

𝑀2

(𝑟 − 𝜎)2𝑒−𝛿𝜎𝑑𝜎

≤ 𝑟2
∫ 𝑀2

0

𝜎𝑀𝑑𝜎 + 𝑟2
∫ ∞

0

𝑒−𝛿𝜎𝑑𝜎 ≤ 𝑟2
(

𝑀2𝑀+2 +
1

𝛿

)
≤ 2𝑟3𝑟

√
𝑟

𝛿
.
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From these estimates and the assumptions on the decay of 𝑊 we derive

∣Φ(𝑟)∣ =
∣∣∣∣2𝑔(𝑟)𝑊 (𝑟) +𝐺(𝑟)𝑊 ′

2(𝑟) +
𝑔′′(𝑟)
2

∣∣∣∣ ≤ 4𝐶∗𝑒−𝜀0𝑟𝑟2𝑟
√
𝑟

𝛿
+ 𝑒−𝛿𝑟.

Taking 𝛿 = 𝜀0/2 and using the fact that

lim
𝑟→∞ 𝑒−𝜀0𝑟/2𝑟2𝑟

√
𝑟 = 0

we find 𝑀∗ = 𝑀∗(𝐶∗, 𝜀0) so that

∣Φ(𝑟)∣ ≤ 2𝑒−𝜀0𝑟/2
for 𝑟 > 𝑀2 and 𝑀 > 𝑀∗. This completes the proof of the lemma. □

Now we can state in a precise form the main Theorem 1.1:

Theorem 3.1. Suppose that the potential 𝑊 (𝑟) is a positive decreasing function in
𝐶1([0,∞)), such that the assumption (4) is satisfied for some positive constants
𝐶, 𝜀0. The zero is not a strong resonance for 𝑃 𝑢 = 𝑢′′(𝑟) +𝑊 (𝑟)𝑢(𝑟).

Proof. Suppose that 𝑢(𝑟) is a solution to 𝑢′′(𝑟) +𝑊 (𝑟)𝑢(𝑟) = 0, such that 𝑢(𝑟) is
not identically zero, i.e., ∫ 2

1

∣𝑢(𝑟)∣2𝑑𝑟 ∕= 0.
We choose 𝑀∗ so that the conclusions of Lemma 3.1 and Lemma 3.2 are fulfilled.
Then the identity (18) implies that∫ 𝑀2

0

Φ(𝑟) ∣𝑢(𝑟)∣2 𝑑𝑟 = −
∫ ∞

𝑀2

Φ(𝑟) ∣𝑢(𝑟)∣2 𝑑𝑟 (20)

for any 𝑀 ≥ 𝑀∗. We can apply Lemma 7.1 and conclude that

𝑢(𝑠) = 𝑢(1) +

∫ 𝑠

1

(𝜏 − 1)𝑊 (𝜏)𝑢(𝜏)𝑑𝜏 +

∫ ∞

𝑠

(𝑠− 1)𝑊 (𝜏)𝑢(𝜏)𝑑𝜏.

This relation and the exponential decay of the potential 𝑊 (𝜏) implies

𝑆 = sup ∣𝑢(𝑠)∣ ≤ ∣𝑢(1)∣+
∫ ∞

0

(𝜏 + 1)𝑊 (𝜏)∣𝑢(𝜏)∣𝑑𝜏 < ∞.

Applying Lemma 3.1, we see that∫ 𝑀2

0

Φ(𝑟) ∣𝑢(𝑟)∣2 𝑑𝑟 ≥
∫ 𝑀2

0

𝑔(𝑟)𝑊 (𝑟) ∣𝑢(𝑟)∣2 𝑑𝑟

≥
∫ 2

1

∣𝑢(𝑟)∣2𝑑𝑟𝑔(1)𝑊 (1) =
1

(𝑀 + 2)(𝑀 + 1)
𝑊 (1)

∫ 2

1

∣𝑢(𝑟)∣2𝑑𝑟

The right-hand side of the identity (20) can be evaluated by the aid of Lemma 3.2
and we get

−
∫ ∞

𝑀2

Φ(𝑟) ∣𝑢(𝑟)∣2 𝑑𝑟 ≤ 2
∫ ∞

𝑀2

𝑒−𝜀0𝑟/2∣𝑢(𝑟)∣2𝑑𝑟 ≤ 2𝑆2 𝑒−𝜀0𝑀
2/2

𝜀0
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so we arrive at the inequality

𝑊 (1)

∫ 2

1

∣𝑢(𝑟)∣2𝑑𝑟 ≤ 2𝑆2 (𝑀 + 1)(𝑀 + 2)𝑒−𝜀0𝑀
2/2

𝜀0

that obviously leads to a contradiction with∫ 2

1

∣𝑢(𝑟)∣2𝑑𝑟 ∕= 0
if 𝑀 > 𝑀∗ is sufficiently large. The contradiction implies 𝑢 = 0. This completes
the proof. □

4. The non-radial case: zero is resonance implies
zero is an eigenvalue

Along the previous sections we treated the non-existence of radial resonances. Our
next step is to treat the general case, that is the resonances in the non-radial
case. One can use standard projections on spherical harmonics and reduce the
analysis to the proof that zero is not a resonance for the following operator (see
[11] and [34]),

𝑃 (𝑢)(𝑟) = −𝑢′′(𝑟) −𝑊 (𝑟)𝑢(𝑟), 𝑟 ∈ (0,+∞). (21)

Here and below we shall assume that 𝑊 (𝑟) = 𝑊1(𝑟) +𝑊2(𝑟), where

𝑊1(𝑟) = −𝛼(𝛼+ 1)

𝑟2
, 𝛼 ≥ 0, (22)

while 𝑊2(𝑟) is a 𝐶1(0,∞) positive strictly decreasing function such that for some
positive constants 𝐶, 𝜀0 it satisfies the estimate (4) for some positive numbers
𝐶, 𝜀0.

It is clear that we need for the applications only the case when 𝛼(𝛼 + 1) is
an eigenvalue of the Laplace-Beltrami operator on the sphere S2. The arguments
from this section are valid for any 𝛼 > 0.

One can have

Definition 3. A real number 𝜆 is called eigenvalue of 𝑃 if there exists 𝑢 ∈ 𝐻1(0,∞)
such that 𝑢(0) = 0, 𝑢(𝑟) is not identically zero and 𝑃 (𝑢) = 𝜆𝑢 in the distribution
sense in (0,+∞).

Suppose that there exists a real-valued function 𝑢(𝑟) ∈ 𝐻1(0,∞) so that
𝑃 (𝑢) = 0. Our goal will be to show that 𝑢 is identically zero.

The Sobolev embedding on (0,∞) implies that 𝑢(𝑟) ∈ 𝐶([0,∞)). Then the
equation 𝑃 𝑢 = 0 guarantees that 𝑢 ∈ 𝐻2(𝑅,∞) ⊂ 𝐶1([𝑅,∞)) for any 𝑅 > 0. To
analyze the behavior of the solution at infinity, we integrate the equation 𝑃 𝑢 = 0
in the interval (𝑅, 𝑅1) and find

∣𝑢′(𝑅)− 𝑢′(𝑅1)∣ ≤
(∫ 𝑅1

𝑅

𝑊 (𝑟)2 d𝑟

)1/2

∥𝑢∥𝐿2 ≤ 𝐶𝑅−3/2,
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since 𝑊 (𝑟) is bounded from above by constant times 𝑟−2. The assumption 𝑢 ∈
𝐻1(0,∞) easily yields

∣𝑢′(𝑅)∣ ≤ 𝐶𝑅−3/2, ∣𝑢(𝑅)∣ ≤ 𝐶𝑅−1/2. (23)

From the asymptotic expansion obtained in Lemma 7.3 we have also∣∣∣𝑢′(𝑅) + 𝛼

𝑅
𝑢(𝑅)

∣∣∣ ≤ 𝐶𝑒−𝜀0𝑅/2. (24)

Once we have proved the lack of a zero-energy eigenvalue, we shall prove the
following:

Lemma 4.1. Suppose that 𝛼 > 1/2. If 𝜆 = 0 is a strong resonance (in the sense of
Definition 2) of 𝑃, then 𝜆 = 0 is an eigenvalue of 𝑃.

Proof. We can use the asymptotic formulae (68) at infinity, combined with the
estimates (79), (80) near 𝑟 = 0. If the operator 𝑃 has in the spectral point 𝜆 = 0
a resonance, then these asymptotic estimates imply that 𝑢(𝑟) is a function in
𝐻1(0,∞), so 0 is an eigenvalue of 𝑃. This completes the proof of the lemma. □

Finally, we may study the resonances of the operator

−Δ−𝑊 (∣𝑥∣), 𝑥 ∈ R3.

Definition 4. A real number 𝜆 is called a strong resonance of −Δ−𝑊 (∣𝑥∣) if there
exists a 𝑢 ∈ 𝐶(ℛ3), such that 𝑢(𝑥) is not identically zero, −Δ𝑢 −𝑊 (∣𝑥∣)𝑢 = 𝜆𝑢
in the distribution sense in ℛ3 and the solution 𝑢 satisfies the inequality

∣𝑢(𝑥)∣ ≤ 𝐶 (1 + ∣𝑥∣)−𝜀 (25)

with some 𝜀 > 0.
If 𝑢(𝑥) = 𝑢(∣𝑥∣) is a radial function, we shall call 𝜆 a radial resonance.

Theorem 4.1. Suppose that the potential 𝑊 (𝑟) is a positive decreasing function,
such that there exist positive constants 𝐶, 𝜀 so that (4) is fulfilled. Then zero is not
a radial resonance for −Δ − 𝑊 (∣𝑥∣). If 𝜆 = 0 is a (non-radial) resonance, then
𝜆 = 0 is an eigenvalue.

5. Resolvent estimates and local energy decay for wave equations
with potential

Along this section we will prove the main resolvent estimates concerning the per-
turbed operator (1). Let us indicate by

𝑅0(𝜇) = (−Δ− 𝜇2)−1,

the resolvent of the operator −Δ, and set 𝑅+
0 (𝜇) = 𝑅0(𝜇) if Im𝜇 > 0 and re-

spectively 𝑅−
0 (𝜇) = 𝑅0(𝜇) for Im𝜇 < 0. Take into account now the initial value

problem {
∂2𝑡 𝑢−Δ𝑢 = 0 𝑡 ∈ R, 𝑥 ∈ R3

(𝑢(0, 𝑥), ∂𝑡𝑢(0, 𝑥)) = (0, 𝑔(𝑥)),
(26)
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Once we pick Im𝜇 > 𝐶 > 0, we have, by an application of the Laplace transform,

𝑅0(𝜇) =

∫ ∞

0

𝑒𝑖𝜇𝑡𝒰0(𝑡)𝑑𝑡 (27)

where 𝒰0(𝑡) =
sin 𝑡

√−Δ√−Δ is the evolution operator associated to (26). This means

that the resolvent associated to (26) is a well-defined operator in ℬ(𝐻𝑚−1, 𝐻𝑚),
and depends analytically on 𝜇, once one notices that (see [21] and [31] for more
details)

∥𝒰0(𝑡)𝑓∥𝐻𝑚 ≲ ∥𝑓∥𝐻𝑚−1 . (28)

for any Schwartz function 𝑓. This aims to the following inequality, after an inte-
gration by parts of (27) and by (28), to the bound,

∥𝑅+
0 (𝜇)𝑓∥𝐻𝑚 ≲ 1

⟨𝜇⟩∥𝑓∥𝐻𝑚 , (29)

for any Schwartz 𝑓. Moreover one could get from the identity,

𝑅+
0 (𝜇) = −

1

𝜇2
− 1

𝜇2
Δ𝑅+

0 (𝜇),

the estimate,

∥𝑅+
0 (𝜇)𝑓∥𝐿2 ≲ 1

⟨𝜇⟩2 ∥𝑓∥𝐻1 . (30)

Other relevant estimates obtained easily from (27) are,

∥ 𝑑

𝑑𝜇
𝑅+
0 (𝜇)𝑓∥𝐿2 ≲ 1

⟨𝜇⟩2 ∥𝑓∥𝐿2, (31)

∥ 𝑑2

𝑑𝜇2
𝑅+
0 (𝜇)𝑓∥𝐿2 ≲ 1

⟨𝜇⟩3 ∥𝑓∥𝐿2, (32)

and

∥ 𝑑2

𝑑𝜇2
𝑅+
0 (𝜇)𝑓∥𝐿2 ≲ 1

⟨𝜇⟩2 ∥𝑓∥𝐻−1 . (33)

Recall the classical resolvent identities (11), (12) and set

𝑅(𝜇) = (−Δ−𝑊 − 𝜇2)−1, 𝐴(𝜇) = 𝜑(−Δ− 𝜇2)−1𝑊 𝜑−1.

One has the following compactness result in the spaces

𝐿2
−𝛿 = {𝑓 ∈ 𝐿2

𝑙𝑜𝑐, (1 + ∣𝑥∣)−𝛿𝑓 ∈ 𝐿2}.
Lemma 5.1. The operators 𝐴(𝜇) are compact in the space 𝐵(𝐿2

−𝛿, 𝐿2
−𝛿′), for Im𝜇 >

−𝛿 and 𝛿, 𝛿′ > 0. Moreover the following estimate is satisfied:

∥𝐴(𝜇)∥𝐵(𝐿2
−𝛿,𝐿

2
−𝛿′)

→ 0,

as ∣𝜇∣ → ∞.



128 V. Georgiev and M. Tarulli

This lemma is a well-known standard resultm so we skip the proof. It suffices
to notice that 𝜑(−Δ − 𝜇2)−1W is analytic on the zone Im𝜇 > −𝛿, and that
the potential 𝑊 is of the short range type (see [1] and references therein). The
continuity of the multiplication operator 𝜑−1 in 𝐵(𝐿2

−𝛿, 𝐿2
−𝛿′), with the estimate

(29), give the result.

Lemma 5.2. Let us assume that the potential 𝑊 satisfies (4). The cutoff resolvent
operator 𝜑𝑅+(𝜇)𝜑 has a meromorphic extension from Im𝜇 > 0 to Im𝜇 > −𝛿.
Moreover for each 𝛿 > 0 there exists a real constant 𝐶 > 0 such that the following
estimates are true:

∥𝜑𝑃ac𝑅
+(𝜇)𝜑𝑓∥𝐿2 ≤ 𝐶

⟨𝜇⟩∥𝑓∥𝐿2, (34)

∥𝜑𝑃ac𝑅
+(𝜇)𝜑𝑓∥𝐿2 ≤ 𝐶

⟨𝜇⟩2 ∥𝑓∥𝐻1 , (35)

∥𝜑 𝑑

𝑑𝜇
𝑃ac𝑅

+(𝜇)𝜑𝑓∥𝐿2 ≤ 𝐶
𝐶

⟨𝜇⟩2 ∥𝑓∥𝐿2, (36)

∥𝜑 𝑑2

𝑑𝜇2
𝑃ac𝑅

+(𝜇)𝜑𝑓∥𝐿2 ≤ 𝐶
𝐶

⟨𝜇⟩2 ∥𝑓∥𝐻−1 , (37)

for any Schwartz function 𝑓.

Proof. We start to prove the first claim. Denote by 𝑃ac the projection on the
absolutely continuous part of the operator

−Δ−𝑊.

The perturbed resolvent 𝑅(𝜇2) = (𝑃 − 𝜇2)−1 satisfies in Im𝜇 > 0 the relation

𝑃ac(−Δ−𝑊 − 𝜇2)−1 = 𝑃ac

(
𝐼 − (Δ− 𝜇2)−1𝑊

)−1
(−Δ− 𝜇2)−1 (38)

provided the operator (𝐼 − (𝑃0 − 𝜇2)−1𝑊 ) is invertible. This relation implies

𝜑𝑃ac(−Δ−𝑊 − 𝜇2)−1𝜑 = 𝜑𝑃ac𝜑
−1
(

𝐼 − 𝜑(𝑃0 − 𝜇2)−1𝑊
1

𝜑

)−1
𝜑(𝑃0 − 𝜇2)−1𝜑.

(39)
We can assume that 𝜇1 < ⋅ ⋅ ⋅ < 𝜇𝑁 ≤ 0 are the eigenvalues of the operator−Δ−𝑊
with corresponding eigenvectors (normalized in 𝐿2)

𝑓1(𝑥), . . . , 𝑓𝑁 (𝑥).

They decay exponentially and this fact implies

(𝐼 − 𝑃ac)𝑓 =
𝑁∑
𝑗=1

𝑓𝑗⟨𝑓, 𝑓𝑗⟩𝐿2 .

Hence taking 𝛿 > 0 sufficiently small in 𝜑(𝑥) = 𝑒−𝛿∣𝑥∣ we get

∥(𝐼 − 𝑃ac)𝜑
−1𝑓∥𝐿2 ≤ 𝐶∥𝑓∥𝐿2.
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Hence the operator 𝜑𝑃ac𝜑
−1 is bounded in 𝐿2 and the relation (39) can be used

in combination with the Analytic Fredholm Theory and Theorem 3.1 concerning
the lack of strong resonances in 𝜇 = 0. We are able to say that the operator(

𝐼 − 𝜑(−Δ− 𝜇2)−1𝑊
1

𝜑

)−1
,

is analytic in Im𝜇 > −𝛿, excluded a discrete subset where there are the eigenvalues
of (1). Moreover, the application of Theorem 4.1 and the remark after the theorem
guarantees that

𝜑𝑃ac𝜑
−1
(

𝐼 − 𝜑(−Δ− 𝜇2)−1𝑊
1

𝜑

)−1
is analytic in Im𝜇 > −𝛿.

In this way we obtain the inequality

∥𝜑𝑃ac𝑅
+(𝜇)𝜑𝑓∥𝐿2

≲ ∥𝜑𝑃ac𝜑
−1
(

𝐼 − 𝜑(−Δ− 𝜇2)−1𝑊
1

𝜑

)−1
∥𝐵(𝐿2

−𝛿,𝐿
2
−𝛿′ )

∥𝜑𝑅+
0 (𝜇)𝜑𝑓∥𝐿2 .

Considering 𝜑 ∈ 𝐿1(R), the right-hand side of the previous estimate could be

bounded in several different ways: by (29), it does not exceed 𝐶⟨𝜇⟩−1∥𝑓∥𝐿2, while,

from (30), we get that it is less than 𝐶⟨𝜇⟩−2∥𝑓∥𝐿2. In that way the resolvent
estimates (34) and (35) are obtained. After integrations by parts and following the
same lines of the proof for the above estimates, by using (31), (32) and (33) we
finally get (36) and (37). We notice that the meromorphic extension of the cutoff
resolvent 𝜑(𝑃 − 𝜇2)−1𝜑 guarantees that the estimates for Im𝜇 > 0 remain valid
also in the domain Im𝜇 > −𝛿. □
Remark 5.1. Since the operator −Δ − 𝑊 (∣𝑥∣) has no resonances, the operator
𝑅+(𝜇) has the form,

𝑅+(𝜇) =
∑

𝑗>0

𝐵𝑗

(𝜇− 𝜇𝑗)
+𝑄(𝜇) (40)

where the 𝐵𝑗 are projection operators on the eigenspaces associated to the eigen-
values 𝜇 = 𝜇𝑗 , while 𝑄(𝜇) is analytic in Im𝜇 > −𝛿. The operator

𝑃ac𝑅
+(𝜇) = 𝑃ac𝑄(𝜇),

is also analytic in Im𝜇 > −𝛿.

We now finally give

Theorem 5.1. Suppose that the potential 𝑊 satisfies the properties (4), 𝑢0 and
𝑣0 are smooth compactly supported functions and 𝜑(𝑥) = 𝑒−𝛿∣𝑥∣ for some 𝛿 >
0, 𝛿 ∈ (0, 𝜀0). Then there exists an 𝑎 > 0, such that the solution to (5) satisfies the
following estimates

∥𝜑𝑃ac𝑢(𝑡, 𝑥)∥𝐿2 ≲ 𝑒−𝑎𝑡(∥𝜑−1𝑢0∥𝐿2 + ∥𝜑−1𝑣0∥𝐻−1), (41)

and
∥𝜑∂𝑡𝑃ac𝑢(𝑡, 𝑥)∥𝐿2 ≲ 𝑒−𝑎𝑡(∥𝜑−1𝑢0∥𝐻1 + ∥𝜑−1𝑣0∥𝐿2). (42)
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Proof. The proof of the main theorem follows the one of Vainberg in [33, 31].

Proof of (41). We lose no generality if we assume 𝑢(0, 𝑥) = 0 in (5) and 𝑢, 𝑣0 are
real valued functions. Let ℋ be a general Hilbert space and denote by 𝐿𝜈(R,ℋ) =
𝑒−𝜈𝑟𝐿(R,ℋ). We have, by (27), the inversion formula

𝑢(𝑡, 𝑥) =
1

2𝜋
Re

∫ ∞+𝑖𝜈

−∞+𝑖𝜈

𝑒−𝑖𝜇𝑡𝑅+(𝜇)𝑣0𝑑𝜇, (43)

and the above integral converges in 𝐿𝜈(R, 𝐿2). Let 𝑅
+
(𝜇) denote the meromorphic

extension of the cutoff resolvent 𝜑𝑅+(𝜇)𝜑. Set

𝑅̃+(𝜇) = 𝑅
+
(𝜇)− 𝜑2

𝜇− 𝑖(𝜈 − 1) . (44)

From the fact that

Re

∫ ∞+𝑖𝜈

−∞+𝑖𝜈

𝑒−𝑖𝜇𝑡

𝜇− 𝑖(𝜈 − 1)𝑑𝜇 = 0, (45)

we can rewrite (43) as

𝜑𝑢(𝑡, 𝑥) =
1

2𝜋
Re

∫ ∞+𝑖𝜈

−∞+𝑖𝜈

𝑒−𝑖𝜇𝑡𝑅̃+(𝜇)𝜑−1𝑣0𝑑𝜇. (46)

Consider now, in the complex plane, the path1 Γ ∪ Γ1 ∪ Γ2 ∪ Γ3, where
Γ := {𝑧 ∈ C ∣ 𝑧 = 𝑠+ 𝑖𝜈,−𝑅 ≤ 𝑠 ≤ 𝑅},
Γ1 := {𝑧 ∈ C ∣ 𝑧 = 𝑅+ 𝑖𝑠,−𝑎 ≤ 𝑠 ≤ 𝜈},
Γ2 := {𝑧 ∈ C ∣ 𝑧 = 𝑠− 𝑖𝑎,−𝑅 ≤ 𝑠 ≤ 𝑅}.
Γ3 := {𝑧 ∈ C ∣ 𝑧 = −𝑅+ 𝑖𝑠,−𝑎 ≤ 𝑠 ≤ 𝜈}.

By the Cauchy theorem and integrating along the above path we yield

1

2𝜋

∫ ∞+𝑖𝜈

−∞+𝑖𝜈

𝑒−𝑖𝜇𝑡𝑅̃+(𝜇)𝜑−1𝑣0𝑑𝜇 =
∑3

𝑗=1

1

2𝜋

∫
Γ𝑗

𝑒−𝑖𝜇𝑡𝑅̃+(𝜇)𝜑−1𝑣0𝑑𝜇 =
∑3

𝑗=1
Λ𝑗 .

(47)

First we notice that from inequality (35) we achieve

∥Λ1∥𝐿2 ≲
∫ 𝑅+𝑖𝜈

𝑅−𝑖𝑎
∥𝑒−𝑖𝑠𝑡𝑅̃+(𝑠)𝜑−1𝑣0∥𝐿2𝑑𝑠 ≲ 𝑐(𝑡, 𝜈)𝑅−2∥𝜑−1𝑣0∥𝐻1 . (48)

where 𝑐(𝑡, 𝜈) is a positive measurable function depending (exponentially) on 𝑡 and
𝜈. A similar estimate is valid also for the term Γ3. Taking 𝑅 → ∞, we easily
see that ∥Λ𝑙∥𝐿2 approaches to 0 for both 𝑙 = 1, 3. What concerns the remaining
integral Λ2, we obtain by two integrations by parts,

Λ2 = 𝑁(𝑅)𝜑−1𝑣0 +
1

2𝑡2𝜋

∫ 𝑅−𝑖𝑎

−𝑅−𝑖𝑎
𝑒−𝑖𝜇𝑡

𝑑2

𝑑𝑠2
𝑅̃+(𝜇)𝜑−1𝑣0𝑑𝜇, (49)

1As pointed out in Remark 5.1, we do not include such eigenvalues in our proof because we

project the solution of (5) along the absolutely continuous spectrum of the Schrödinger operator
−Δ−𝑊. This does not affect the generality of the results.
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where 𝜇 = 𝑠− 𝑖𝑎 and 𝑁(𝑅) denotes the expression involving all boundary integral
terms. If Λ2 denotes the second term on the right-hand side of the previous identity,
we may write

∥Λ2∥𝐿2 ≲∥𝑁(𝑅)𝜑−1𝑣0∥𝐿2 + ∥Λ2∥𝐿2 . (50)

By estimate (34) and (35), it is easy to see that the first term on the right-hand
side of the above identity can be bounded by 𝐶(𝑅)∥𝜑−1𝑣0∥𝐻1 , where 𝐶(𝑅) is a
constant depending on 𝑅 approaching to 0 as 𝑅 → 0. The remaining term can be
handled, for 𝑡 large enough, as

∥Λ2∥𝐿2 ≲
∫ 𝑅−𝑖𝑎

−𝑅−𝑖𝑎
𝑒−𝑎𝑡∥𝑅̃+(𝑠)𝜑−1𝑣0∥𝐿2𝑑𝑠

≲ 𝑒−𝑎𝑡∥𝜑−1𝑣0∥𝐻−1

∫ 𝑅

−𝑅
⟨𝑠⟩−2𝑑𝑠 ≲ 𝑒−𝑎𝑡∥𝜑−1𝑣0∥𝐻−1 ,

(51)

and this completes the proof of the first part of the theorem.

Proof of (42). It is enough to see that the function ∂𝑡𝑢(𝑡, 𝑥) satisfies equation (5),
with initial data 𝑣0 and Δ𝑣0. Taking into account the estimate (41), the remaining
part of the proof is fulfilled. □

6. The nonlinear Schrödinger equation

Consider the nonlinear Schrödinger equation (NLS),

𝑖𝑢𝑡(𝑡, 𝑥) = −Δ𝑢(𝑡, 𝑥)− ∣𝑢∣𝑝−1𝑢(𝑡, 𝑥) = 0, (𝑡, 𝑥) ∈ R×R3,

𝑢(0, 𝑥) = 𝑢0(𝑥),
(52)

where 1 < 𝑝 < 1 + 4/3, this means in the domain where the problem is globally
well posed. In fact for 𝑝 > 1 + 4/3, there exist solutions with 𝐻1 norms blowing
up in a finite time interval. Solitary waves associated with the NLS type equation
have the form

𝜓𝑠(𝑡, 𝑥) = 𝜒𝜔(𝑥)𝑒
−𝑖𝜔𝑡, 𝑡 ∈ R, 𝑥 ∈ R3, ,

with 𝜔 ⊂ 𝒪, for some open interval 𝒪 ∈ R, where 𝜒𝜔 satisfies the equation

−Δ𝜒𝜔 − 𝜔𝜒𝜔 + ∣𝜒𝜔∣𝑝−1𝜒𝜔 = 0, 𝑥 ∈ R3, (53)∫
R3

𝜒2 = 1. (54)

We recall some well-known facts about the linearization at a ground state. Let us
write the ansatz

𝑢(𝑡, 𝑥) = 𝑒𝑖𝑡(𝜒𝜔(𝑥) + 𝑟(𝑡, 𝑥)), (55)

Inserting it into equation (55) we get

𝑖∂𝑡𝑟 = 𝒜𝑟 + (nonlinear terms), (56)

and

𝒜(𝜔)𝑟 = (−Δ+ 𝜔 − 𝑝+1
2 𝜒𝑝

𝜔)𝑟 − 𝑝−1
2 𝜒𝑝

𝜔𝑟.
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Because of the presence of the variable 𝑟, we write the above as a system.
This yields

𝑖∂𝑡𝑅 = 𝐻(𝜔)𝑅 (57)

where

𝐻(𝜔) =

(
0 𝐿+(𝜔)

−𝐿−(𝜔) 0,

)
(58)

and with
𝐿+(𝜔) = −Δ+ 𝜔 − 𝑝𝜒𝑝

𝜔, 𝐿−(𝜔) = −Δ+ 𝜔 − 𝜒𝑝
𝜔, (59)

having in mind also that the essential spectrum of 𝐻(1) consists of (−∞,−𝜔] ∪
[𝜔,+∞), and that 0 is its isolated eigenvalue. Furthermore it is easy to see that
𝐿(𝜔)± are self-adjoint operators with a continuous spectrum in [𝜔,∞), that 𝐿(𝜔)−
is nonnegative, while 𝐿(𝜔)+ has exactly one negative eigenvalue (see the paper [11]
and [34] for more details). Let us mention some recent works [14], [22], [12] where
computer assisted proofs on the complete information of the spectrum of linearized
operators for specific nonlinear terms are presented. We make the following appli-
cation of the results of the previous sections.

Theorem 6.1. The operators 𝐿±(𝜔) have no radial resonance (see Definition 4)
at the spectral point 𝜔. If 𝜔 is a (non-radial) resonance of 𝐿±(𝜔), then 𝜔 is an
eigenvalue of 𝐿±(𝜔).

Before starting the proof of the above theorem we need to give some pre-
liminary lemmas. By a rescaling argument we can pick 𝜔 = 1, and focalize our
attention on the operator

𝐿− = −Δ𝜒1 + 𝜒1 − 𝜒𝑝
1, 𝜒1 ∈ 𝐻2(𝑅3), 𝜒1 > 0

because all results can be proved in the same manner for 𝐿+. It is well known
that positive radial solutions exist and they are exponentially decaying (see, for
instance, [17]). Here we briefly sketch the proof for completeness and make a better
asymptotic expansion. First we note that the Sobolev embedding implies

∣𝜒1(𝑥)∣ ≤ 𝐶. (60)

A better decay estimate follows from an argument of Strauss (see page 155,
Section 2 of [32]). The classical Strauss lemma (Radial Lemma 1 in [32]) gives

𝑟𝜒1(𝑟) ≤ ∥𝜒1∥𝐻1 = 𝐶,

so
𝜒1(𝑟) − 𝜒𝑝

1(𝑟) > (1− 𝛿)𝜒1(𝑟)

for any positive 𝛿 and for 𝑟 > 0 large enough. Setting 𝑢 = 𝜒1(𝑟)𝑟, we see that
𝑢′′(𝑟) ≥ (1− 𝛿)𝑢(𝑟) so(

𝑢2

2

)′′
≥ (𝑢′)2 + (1− 𝛿)𝑢2 ≥ (1 − 𝛿)𝑢2.

This differential inequality shows that the quantity

𝑒−
√
2(1−𝛿)𝑟(𝑤′ +

√
2(1− 𝛿)𝑤), 𝑤(𝑟) = 𝑢2(𝑟)
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is non-decreasing and has to be non-negative, since 𝑤 and 𝑤′ are integrable on
(0,∞). This implies the decay estimate

𝑢2(𝑟) ≤ 𝐶𝑒−
√
2(1−𝛿)𝑟, 𝑟 →∞.

Using the argument of Remark 1.2, we arrive at the following.

Lemma 6.1. For any 𝜔 > 0 there exists a unique positive solution 𝜒(𝑥) = 𝜒𝜔(𝑥) ∈
𝐻1 of the equation (53) and a positive 𝛿0 = 𝛿0(𝜔), such that

∣𝜒𝜔(𝑟)∣ ≤ 𝐶𝑒−𝛿0𝑟.

To obtain a more precise estimate we rewrite

−Δ𝜒1 + 𝜒1 = 𝐹 (𝑟) ≡ 𝜒𝑝
1, 𝜒1 ∈ 𝐻1(𝑅3), 𝜒1 > 0

as follows

𝜒1(∣𝑥∣) = 𝑐

∫
ℝ3

𝑒−∣𝑥−𝑦∣

∣𝑥− 𝑦∣ 𝐹 (∣𝑦∣)𝑑𝑦.

Introducing polar coordinates, we find

𝜒1(∣𝑥∣) = 𝑐

∫ ∞

0

∫
𝕊2

𝑒−𝑟

𝑟
𝐹 (∣𝑥+ 𝑟𝜔∣)𝑑𝜔𝑟2𝑑𝑟.

Now we can use the following identity∫
𝕊2

𝐹 (∣𝑥+ 𝑟𝜔∣)𝑑𝜔 =
𝑐

∣𝑥∣𝑟
∫ ∣𝑥∣+𝑟

∣∣𝑥∣−𝑟∣
𝐹 (𝜆)𝜆𝑑𝜆

so

𝜒1(∣𝑥∣) = 𝑐

∣𝑥∣
∫ ∞

0

𝑒−𝑟
∫ ∣𝑥∣+𝑟

∣∣𝑥∣−𝑟∣
𝐹 (𝜆)𝜆𝑑𝜆𝑑𝑟.

One can see that

𝜒1(∣𝑥∣) = 𝑐

∣𝑥∣ (𝐾1(𝐹 )(∣𝑥∣) +𝐾2(𝐹 )(∣𝑥∣)) (61)

with

𝐾1(𝐹 )(∣𝑥∣) =
∫ ∣𝑥∣

0

𝑒−∣𝑥∣ sinh(𝜆)𝐹 (𝜆)𝜆𝑑𝜆.

𝐾2(𝐹 )(∣𝑥∣) =
∫ ∞

∣𝑥∣
sinh(∣𝑥∣)𝑒−𝜆𝐹 (𝜆)𝜆𝑑𝜆.

If one substitutes 𝐹 (𝜆) with 𝜒𝑝
1(𝜆) and notes that 𝐹 (𝑦) = 𝜒𝑝

1(𝑦) ≤ 𝐶 for ∣𝑦∣
bounded due to (60) and moreover the estimate of Lemma 6.1 implies 𝐹 (𝑦) ≤
𝐶𝑒−𝛿0𝑝∣𝑦∣ for ∣𝑦∣ ≥ 1, we deduce

∣𝐾1(𝐹 )(∣𝑥∣)∣ ≤ 𝐶𝑒−𝐵∣𝑥∣, 𝐵 = min(1, 𝛿0𝑝)

∣𝐾2(𝐹 )(∣𝑥∣)∣ ≤ 𝐶𝑒−𝐵∣𝑥∣, 𝐵 = min(1, 𝛿0𝑝),

and we find

∣𝑥∣∣𝜒1(∣𝑥∣)∣ ≤ 𝐶𝑒−𝐵∣𝑥∣, 𝐵 = min(1, 𝛿0𝑝).
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If 𝛿0𝑝 < 1 we derive 𝐹 (∣𝑥∣) ≤ 𝐶𝑒−𝑝𝐵∣𝑥∣ and making further iterations we get

Lemma 6.2. For any 𝜔 > 0 there exists a unique positive solution 𝜒(𝑥) = 𝜒𝜔(𝑥) ∈
𝐻1 of equation (53) and a positive 𝐶 = 𝐶(𝜔), such that

𝑟∣𝜒𝜔(𝑟)∣ ≤ 𝐶𝑒−
√
𝜔𝑟

for 𝑟 > 0.

To get an asymptotic expansion, we use (61). If one substitutes 𝐹 (𝜆) with
𝜒𝑝
1(𝜆) and applies the estimate of Lemma 6.2 (with 𝜔 = 1) one can obtain the
asymptotic expansions

𝐾1(𝜒
𝑝
1)(∣𝑥∣) = 𝐶0𝑒−∣𝑥∣ +𝑂

(
𝑒−(𝑝−𝛿)∣𝑥∣

)
, ∣𝑥∣ > 1,

𝐾 ′
1(𝜒

𝑝
1)(∣𝑥∣) = −𝐶0𝑒

−∣𝑥∣ +𝑂
(

𝑒−(𝑝−𝛿)∣𝑥∣
)

, ∣𝑥∣ > 1,

𝐾2(𝜒
𝑝
1)(∣𝑥∣) = 𝑂

(
𝑒−(𝑝−𝛿)∣𝑥∣

)
, ∣𝑥∣ > 1,

𝐾 ′
2(𝜒

𝑝
1)(∣𝑥∣) = 𝑂

(
𝑒−(𝑝−𝛿)∣𝑥∣

)
, ∣𝑥∣ > 1,

where 𝛿 is any positive number. After rescaling the argument we get

Lemma 6.3. For any 𝜔 > 0 there exists a unique positive solution 𝜒(∣𝑥∣) = 𝜒𝜔(𝑥) ∈
𝐻2 of equation (53) and a positive 𝐶0 = 𝐶(𝜔), such that

𝑟𝜒𝜔(𝑟) = 𝐶0𝑒
−√𝜔𝑟 +𝑂

(
𝑒−(𝑝−𝛿)

√
𝜔𝑟
)

, 𝑟 > 1,

(𝑟𝜒𝜔(𝑟))
′
= −√𝜔𝐶0𝑒−

√
𝜔𝑟 +𝑂

(
𝑒−(𝑝−𝛿)

√
𝜔𝑟
)

, 𝑟 > 1.

Theorem 6.2. For any 𝜔 > 0 there exists a unique positive solution 𝜒(∣𝑥∣) =
𝜒𝜔(𝑥) ∈ 𝐻1 of equation (53) so that

0 >
∂∣𝑥∣𝜒𝜔(𝑥)

𝜒𝜔(𝑥)
> −𝐶1

for some positive constant 𝐶1. Moreover there exists a positive 𝐶0 = 𝐶(𝜔) constant,
such that

𝑟𝜒𝜔(𝑟) = 𝐶0𝑒
−√𝜔𝑟 +𝑂

(
𝑒−(𝑝−𝛿)

√
𝜔𝑟
)

, 𝑟 > 1,

(𝑟𝜒𝜔(𝑟))
′ = −√𝜔𝐶0𝑒−

√
𝜔𝑟 +𝑂

(
𝑒−(𝑝−𝛿)

√
𝜔𝑟
)

, 𝑟 > 1.

Proof of Theorem 6.1. The proof is easy, so we reduce it to few lines; it is a con-
sequence of the results stated in the previous sections. By Theorem 6.2, we obtain
that the operator 𝐿−− 1 has the form of −Δ−𝑊, where 𝑊 satisfies the assump-
tion of Theorem 4.1. This assures that we have no radial resonance (or eigenvalue)
at zero energy; the same is valid for 𝐿+ − 1. Moreover, if 𝜆 = 0 is a (non-radial)
resonance, then 𝜆 = 0 is an eigenvalue. □
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7. Appendix 1: Asymptotics for solutions to some ODE

Lemma 7.1. Assume that 𝑊 (𝑠) > 0, ∀𝑠 > 0 and

(1 + 𝑠)2𝑊 (𝑠) ∈ 𝐿1(0,∞).
If 𝑢 ∈ 𝐶2(ℝ) is a solution of 𝑢′′+𝑊 𝑢 = 0 and there exists 𝑠0 ≥ 0 so that 𝑢(𝑠) > 0
for 𝑠 > 𝑠0, then there exists a non-negative number 𝐶1 so that we have the relations

𝑢′(𝑠) = 𝐶1 +

∫ ∞

𝑠

𝑊 (𝜏)𝑢(𝜏)𝑑𝜏, (62)

𝑢(𝑠) = 𝑢(𝑠0)+

∫ ∞

𝑠0

(𝜏−𝑠0)𝑊 (𝜏)𝑢(𝜏)𝑑𝜏+𝐶1(𝑠−𝑠0)−
∫ ∞

𝑠

(𝜏−𝑠)𝑊 (𝜏)𝑢(𝜏)𝑑𝜏, (63)

as well as the asymptotic expansions (valid for 𝑠 →∞)
𝑢(𝑠) = 𝐶0 + 𝐶1𝑠+𝑂(𝑔(𝑠)), 𝑢′(𝑠) = 𝐶1 +𝑂(ℎ(𝑠)),

where

ℎ(𝑠) =

∫ ∞

𝑠

(1 + 𝑠)𝑊 (𝑠)𝑑𝑠, 𝑔(𝑠) =

∫ ∞

𝑠

(1 + 𝑠)2𝑊 (𝑠)𝑑𝑠.

Proof. We have
𝑢′′(𝑠) = −𝑊 (𝑠)𝑢(𝑠) < 0, 𝑠 ≥ 𝑠0.

The Taylor expansion gives

0 < 𝑢(𝑠) = 𝐷0 +𝐷1𝑠+
𝑢′′(𝜉)(𝑠− 𝑠0)

2

2
< 𝐷0 +𝐷1𝑠,

where
𝑠 > 𝑠0, 𝜉 ∈ (𝑠0, 𝑠), 𝐷1 = 𝑢′(𝑠0), 𝐷0 = 𝑢(𝑠0)− 𝑠0𝑢

′(𝑠0).
The inequality

0 < 𝑢(𝑠) < 𝐶(1 + 𝑠)

and the assumption
(1 + 𝑠)2𝑊 (𝑠) ∈ 𝐿1(0,∞)

show that

𝑢′(𝑠)− 𝑢′(𝑡) = −
∫ 𝑠

𝑡

𝑊 (𝜏)𝑢(𝜏)𝑑𝜏 (64)

is small when 𝑠0 < 𝑡 < 𝑠 and 𝑠, 𝑡 are large enough. This argument shows the
existence of the limit

lim
𝑠→∞𝑢′(𝑠) = 𝐶1

as well as the asymptotic expansion

𝑢′(𝑠) = 𝐶1 +𝑂(ℎ(𝑠)).

Integrating this relation and using the fact∫ ∞

𝑠

ℎ(𝜏)𝑑𝜏 = 𝑂(𝑔(𝑠)),

we obtain the desired expansion

𝑢(𝑠) = 𝐶0 + 𝐶1𝑠+𝑂(𝑔(𝑠)).
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The fact that 𝐶1 ≥ 0 follows from the positivity of 𝑢(𝑠) for 𝑠 > 𝑠0. Finally, to
prove (63) we use (64) and integrating (63) we find (62).

This completes the proof. □

A slight modification is the following

Lemma 7.2. Assume that 𝑊 (𝑠) > 0, ∀𝑠 > 0 and

(1 + 𝑠)𝑊 (𝑠) ∈ 𝐿1(0,∞).
If 𝑢 ∈ 𝐶2(ℝ) is a solution of 𝑢′′+𝑊 𝑢 = 0 and there exists 𝑠0 > 0 so that 𝑢(𝑠) > 0
for 𝑠 > 𝑠0, then

𝑢(𝑠) ≤ 𝐶(1 + 𝑠)

and the limit
lim
𝑠→∞ 𝑢′(𝑠)

exists.

Proof. As in the proof of the previous lemma we have

𝑢′′(𝑠) = −𝑊 (𝑠)𝑢(𝑠) < 0.

The Taylor expansion gives

0 < 𝑢(𝑠) = 𝐷0 +𝐷1𝑠+
𝑢′′(𝜉)(𝑠− 𝑠0)

2

2
< 𝐷0 +𝐷1𝑠,

where
𝑠 > 𝑠0, 𝜉 ∈ (𝑠0, 𝑠), 𝐷1 = 𝑢′(𝑠0), 𝐷0 = 𝑢(𝑠0)− 𝑠0𝑢

′(𝑠0).
The inequality

0 < 𝑢(𝑠) < 𝐶(1 + 𝑠)

and the assumption
(1 + 𝑠)𝑊 (𝑠) ∈ 𝐿1(0,∞)

show that

𝑢′(𝑠)− 𝑢′(𝑡) = −
∫ 𝑠

𝑡

𝑊 (𝜏)𝑢(𝜏)𝑑𝜏

is small when 𝑠0 < 𝑡 < 𝑠 and 𝑠, 𝑡 are large enough. This argument shows the
existence of the limit

lim
𝑠→∞𝑢′(𝑠).

This completes the proof. □

Our next step is to consider equation (21) with the potential 𝑊 (𝑟) = 𝑊1(𝑟)+
𝑊2(𝑟), where

𝑊1(𝑟) = −𝛼(𝛼+ 1)

𝑟2
, 𝛼 ≥ 0, (65)

while 𝑊2(𝑟) is a 𝐶1(0,∞) positive strictly decreasing function such that for some
positive constants 𝐶, 𝜀0 it satisfies the estimate (4).

The first step is to obtain asymptotic expansions of the solution and for this
aim, by Definitions 3 and 2, we give the following lemma.
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Lemma 7.3. Suppose (4) is true.

a) If 0 is an eigenvalue of 𝑃 and 𝑃 𝑢 = 0, in the sense of Definition 3, then one
can find a real number 𝐶 so that

𝑢(𝑟) =
𝐶

𝑟𝛼
+𝑂

(
𝑒−𝜀0𝑟/2

)
(66)

and

𝑢′(𝑟) = − 𝐶𝛼

𝑟𝛼+1
+𝑂

(
𝑒−𝜀0𝑟/2

)
(67)

as 𝑟 →∞.
b) If 0 is a strong resonance of 𝑃 and 𝑃 𝑢 = 0 in the sense of Definition 2, then

there exists a real number 𝐶 > 0 so that

𝑢(𝑟) =
𝐶

𝑟𝛼
+𝑂

(
𝑒−𝜀0𝑟/2

)
(68)

and

𝑢′(𝑟) = − 𝐶𝛼

𝑟𝛼+1
+𝑂

(
𝑒−𝜀0𝑟/2

)
(69)

as 𝑟 →∞.

Proof. First we prove a). One can rewrite the equation 𝑃 𝑢 = 0 as[
𝑟−𝛼

(
𝑢′(𝑟) +

𝛼

𝑟
𝑢(𝑟)

)]′
+ 𝑟−𝛼𝑊2(𝑟)𝑢(𝑟) = 0 (70)

or as [
𝑟−2𝛼 (𝑟𝛼𝑢(𝑟))′

]′
+ 𝑟−𝛼𝑊2(𝑟)𝑢(𝑟) = 0 . (71)

Note that the assumption 𝑊2(𝑟) ∈ 𝐶1(0,∞) combined with the equation 𝑃 𝑢 = 0
imply that 𝑢 ∈ 𝐶2(𝑅1, 𝑅2) for any 0 < 𝑅1 < 𝑅2. Integrating (71) in the interval
(𝑅1, 𝑅2), we find∣∣𝑅−2𝛼

2 (𝑅𝛼
2 𝑢(𝑅2))

′ −𝑅−2𝛼
1 (𝑅𝛼

1 𝑢(𝑅1))
′∣∣ = ∣∣∣∣∣

∫ 𝑅2

𝑅1

𝜏−𝛼𝑊2(𝜏)𝑢(𝜏) d𝜏

∣∣∣∣∣ , (72)

so using assumption (4) together with the fact that 𝑢 is bounded (since it belongs
to 𝐻1(1,+∞) ∩ 𝐶1(1,+∞)), and taking 𝑅1 > 1, we find∣∣∣∣∣

∫ 𝑅2

𝑅1

𝜏−𝛼𝑊2(𝜏)𝑢(𝜏) d𝜏

∣∣∣∣∣ ≤ 𝐶𝑒−𝜀0𝑅1/2. (73)

In this way we conclude that the limit

lim
𝑟→∞ 𝑟−2𝛼 (𝑟𝛼𝑢(𝑟))

′
, (74)

exists and is equal to a real constant 𝐶0. By this, we achieve the expansion

(𝑟𝛼𝑢(𝑟))
′
= 𝐶0𝑟2𝛼 +𝑂

(
𝑒−𝜀0𝑟/2

)
. (75)

Consider now the function

𝑔(𝑟) = 𝑟𝛼𝑢(𝑟) − 𝐶0
𝑟2𝛼+1

2𝛼+ 1
,
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then (75) implies that 𝑔′(𝑟) ∈ 𝐿1(1,∞). Moreover we can see that 𝑔(𝑟) has a limit
(say 𝐶) as 𝑟 goes to ∞ and

𝑔(𝑟) = 𝐶 −
∫ ∞

𝑟

𝑔′(𝜏) d𝜏 = 𝐶 +𝑂(𝑒−𝜀0𝑟/2).

Thus we obtain

𝑢(𝑟) = 𝐶0
𝑟𝛼+1

2𝛼+ 1
+

𝐶

𝑟𝛼
+𝑂

(
𝑒−𝜀0𝑟/2

)
(76)

and

𝑢′(𝑟) = 𝐶0
(𝛼+ 1)𝑟𝛼

2𝛼+ 1
− 𝐶𝛼

𝑟𝛼+1
+𝑂

(
𝑒−𝜀0𝑟/2

)
(77)

as 𝑟 moves to infinity. Comparing these asymptotic expansions with the fact that
𝑢 is bounded, we see that 𝐶0 = 0 and this completes the first part of the lemma.

The proof of b) can be obtained similarly to the above using assumption (14),
so we skip it. □

To study the asymptotic behavior of the solution to (21) we can use the
integral equation

𝑢(𝑟) = 𝑐𝑟−𝛼
∫ 𝑟

0

𝜏𝛼+1𝑊2(𝜏)𝑢(𝜏)𝑑𝜏 + 𝑐𝑟𝛼+1
∫ ∞

𝑟

𝜏−𝛼𝑊2(𝜏)𝑢(𝜏)𝑑𝜏. (78)

If 0 is a strong resonance of 𝑃 and 𝑃 𝑢 = 0 in sense of Definition 2, then

𝑢(𝑟) = 𝑂(𝑟𝛼+1) (79)

and

𝑢′(𝑟) = 𝑂(𝑟𝛼) (80)

as 𝑟 → 0.
The above arguments suffice to get

Lemma 7.4. If 0 is a weak resonance of 𝑃 and 𝑃 𝑢 = 0, then one can find real
numbers 𝐶0, 𝐶1 so that

𝑢(𝑟) = 𝐶0
𝑟𝛼+1

2𝛼+ 1
+

𝐶1

𝑟𝛼
+𝑂

(
𝑒−𝜀0𝑟/2

)
(81)

and

𝑢′(𝑟) = 𝐶0
(𝛼+ 1)𝑟𝛼

2𝛼+ 1
− 𝐶1𝛼

𝑟𝛼+1
+𝑂

(
𝑒−𝜀0𝑟/2

)
(82)

as 𝑟 > 1 tends to infinity.
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8. Appendix 2

In this section we complete the discussion concerning the weak resonances and its
connection with different types of potentials. It seems that the weak resonances
cannot be never avoid, more precisely they are an intrinsic character of the struc-
ture of the differential equation involved in the description of such phenomena. In
order to do that we look at large potentials and small potentials.

8.1. Large potentials do not generate weak resonance at the spectral origin

As in the previous section we shall assume 𝑊 (𝑠) > 0, ∀𝑠 > 0 and

(1 + 𝑠)2𝑊 (𝑠) ∈ 𝐿1(0,∞).
To show that all solutions 𝑢 ∈ 𝐶2(R) to 𝑢′′+𝑊 𝑢 = 0 having linear growth at

infinity are identically zero, we can apply Lemma 7.1 so without loss of generality
one can assume

𝑢(0) = 0, 𝑢(𝑠) > 0, ∀𝑠 > 0.

The key assumption that will guarantee that such solutions do not exist is

1

𝑀

∫ 𝑀

0

𝑠2𝑊 (𝑠)𝑑𝑠 ≥ 1 (83)

for some real 𝑀 > 0.
Turning back to the integral equation of Lemma 7.1 we have the relations

𝑢′(𝑠) = 𝐶1 +

∫ ∞

𝑠

𝑊 (𝜏)𝑢(𝜏)𝑑𝜏, (84)

𝑢(𝑠) =

∫ ∞

0

𝜏𝑊 (𝜏)𝑢(𝜏)𝑑𝜏 + 𝐶1𝑠−
∫ ∞

𝑠

(𝜏 − 𝑠)𝑊 (𝜏)𝑢(𝜏)𝑑𝜏, (85)

so we can introduce the operator

𝐾(𝑢)(𝑠) =

∫ ∞

0

𝜏𝑊 (𝜏)𝑢(𝜏)𝑑𝜏 −
∫ ∞

𝑠

(𝜏 − 𝑠)𝑊 (𝜏)𝑢(𝜏)𝑑𝜏

=

∫ 𝑠

0

𝜏𝑊 (𝜏)𝑢(𝜏)𝑑𝜏 + 𝑠

∫ ∞

𝑠

𝑊 (𝜏)𝑢(𝜏)𝑑𝜏.

It is clear that 𝑢 ≥ 0, ∀𝑠 ≥ 0 implies 𝐾(𝑢)(𝑠) ≥ 0 ∀𝑠 ≥ 0. Relation (84) shows that
𝑢′(𝑠) > 0 for the interval [0, 𝑀 ] so that 𝑢′(𝑠) ≥ 𝐶∗ = 𝑢′(𝑀) > 0 for 0 ≤ 𝑠 ≤ 𝑀.
Then we have the estimate

𝑢(𝑠) ≥ 𝐶∗𝑠, ∀𝑠 ∈ [0, 𝑀 ].

For any 𝑠 ∈ [0, 𝑀 ] we have

𝐾(𝑢)(𝑠) > 𝐾𝑀 (𝑢)(𝑠) ≡
∫ 𝑠

0

𝜏𝑊 (𝜏)𝑢(𝜏)𝑑𝜏 + 𝑠

∫ 𝑀

𝑠

𝑊 (𝜏)𝑢(𝜏)𝑑𝜏

so

𝐾(𝑢)(𝑠)

𝑠
≥ 𝐶∗

(
1

𝑠

∫ 𝑠

0

𝜏2𝑊 (𝜏)𝑑𝜏 +

∫ 𝛿

𝑠

𝜏𝑊 (𝜏)𝑑𝜏

)
.
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The function
1

𝑠

∫ 𝑠

0

𝜏2𝑊 (𝜏)𝑑𝜏 +

∫ 𝑀

𝑠

𝜏𝑊 (𝜏)𝑑𝜏

is decreasing so

𝐾(𝑢)(𝑠)

𝑠
≥ 𝐶∗

(
1

𝑀

∫ 𝑀

0

𝜏2𝑊 (𝜏)𝑑𝜏

)
.

Assumption (83) implies

𝐷 =
1

𝑀

∫ 𝑀

0

𝜏2𝑊 (𝜏)𝑑𝜏 ≥ 1.

So if 𝑢 solves the equation 𝑢(𝑠) = 𝐶1𝑠+𝐾(𝑢)(𝑠) we obtain

𝑢(𝑠)

𝑠
≥ 𝐶∗ ∀𝑠 ∈ [0, 𝑀 ] =⇒ 𝑢(𝑠)

𝑠
= 𝐶1 + 𝐶∗𝐷 > 𝐶∗ ∀𝑠 ∈ [0, 𝑀 ],

and we find

lim
𝑠→0+

𝑢(𝑠)

𝑠
= 𝑢′(0) ≥ 𝐶∗ +𝑁𝐶1,

but this is a contradiction since 𝑁 is arbitrary.

8.2. Small potentials generate weak resonance at the spectral origin

To construct nontrivial solutions 𝑢 ∈ 𝐶2(R+) to 𝑢′′+𝑊 𝑢 = 0 having linear growth
at infinity, we assume ∑

𝑀>0

1

𝑀

∫ 𝑀

0

𝑠2𝑊 (𝑠)𝑑𝑠 = 𝐷 < 1. (86)

Remark 8.1. One sufficient condition for (86) is∫ ∞

0

𝑠𝑊 (𝑠)𝑑𝑠 < 1,

since we have the estimate

1

𝑀

∫ 𝑀

0

𝑠2𝑊 (𝑠)𝑑𝑠 ≤
∫ 𝑀

0

𝑠𝑊 (𝑠)𝑑𝑠.

Consider the integral equation

𝑢(𝑠) = 𝐶1𝑠+𝐾(𝑢)(𝑠),

where

𝐾(𝑢)(𝑠) =

∫ ∞

0

𝜏𝑊 (𝜏)𝑢(𝜏)𝑑𝜏 −
∫ ∞

𝑠

(𝜏 − 𝑠)𝑊 (𝜏)𝑢(𝜏)𝑑𝜏

=

∫ 𝑠

0

𝜏𝑊 (𝜏)𝑢(𝜏)𝑑𝜏 + 𝑠

∫ ∞

𝑠

𝑊 (𝜏)𝑢(𝜏)𝑑𝜏.
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We plan to show that this equation has a solution in the Banach space ob-
tained as a closure of the linear space 𝐿 formed by the functions 𝑢(𝑠) ∈ 𝐶([0,∞)),
such that 𝑢(0) = 0 and

∥∣𝑢∥∣ = sup
𝑠>0

∣𝑢(𝑠)∣
𝑠

< ∞.

To be more precise, 𝐵 is the closure of 𝐿 with respect to the norm ∥∣𝑢∥∣.
To show this fact it is sufficient to notice that

∥∣𝐾(𝑢)∥∣ ≤ 𝐷∥∣𝑢∥∣
so the assumption 𝐷 < 1 enables one to apply a contraction argument for the
equation

𝑢(𝑠) = 𝐶1𝑠+𝐾(𝑢)(𝑠).
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Abstract. We establish an almost optimal decay estimate for the 3-D Schrö-
dinger equation with non-negative potential decaying exponentially and non-
linearity of power 𝑝 > 1 + 2/3 = 5/3. The key point is the introduction of an
appropriate analogue of the generators of the pseudoconformal group for the
free Schrödinger equation.
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1. Introduction

We consider the following Schrödinger type equation

(i∂𝑡 +Δ𝑥 −𝑊 (𝑥))𝑢 + ∣𝑢∣𝑝−1𝑢 = 0. (1.1)

where 𝑡 ≥ 1 and 𝑥 ∈ ℝ3 and 𝑊 (𝑥) is a non-negative potential.
Potential type perturbation for the classical Schrödinger equation

(i∂𝑡 +Δ𝑥)𝑈 + ∣𝑈 ∣𝑝−1𝑈 = 0

appears in a natural way, after linearization around solitary type solutions, i.e., a
solution of the form

𝑈 = 𝑒𝑖𝜔𝑡𝜒(𝑥),

where 𝜒 ∈ 𝐻1(ℝ3) is a critical point of the functional

𝐸(𝜒) =
1

2
∥∇𝜒∥2𝐿2 − 1

𝑝+ 1

∫
ℝ3

∣𝜒(𝑥)∣𝑝+1𝑑𝑥

The first author was supported by the Italian National Council of Scientific Research (project
PRIN No. 2008BLM8BB) entitled: “Analisi nello spazio delle fasi per E.D.P.”.
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subject to the constraint
∥𝜒∥2𝐿2 = 1.

Restricting the attention to the minimum of 𝐸(𝜒) subject to the same constraint
one can work with so-called ground states (see [6] and the references therein)
and see the existence and the fact that ground states are positive, radial and
exponentially decaying functions. The linearization of type

𝑈 =
(
𝑢+ 𝑒𝑖𝜔𝑡𝜒

)
leads to an equation of type (1.1), where 𝑊 is a bounded (possibly non-selfadjoint)
operator in 𝐿2 expressed in terms of 𝜒(𝑥).

For simplicity in this work we consider the case when 𝑊 (𝑥) is a real-valued
non-negative function having the same decay properties as the ground state 𝜒(𝑥).
More precisely, we assume the following hypotheses on 𝑊 :

(H1) 𝑊 is a non-negative Schwartz function decaying exponentially at infinity and
such that there exist positive constants 𝑐0 > 𝑐1 > 0 so that for any 𝑥 ∈ ℝ3

0 ≤ 𝑐0𝑊 (𝑥) ≤ −∂𝑟𝑊 (𝑥),

and
𝑊 (𝑥) + ∣∂𝑟𝑊 (𝑥)∣ ≤ 𝐶𝑒−𝑐1∣𝑥∣.

Let Σ𝑠 be the Hilbert space defined as the closure of 𝐶∞
0 (ℝ

3) functions with respect
to the norm

∥𝑢∥2Σ𝑠 = ∥𝑢∥2𝐻𝑠(ℝ3) + ∥∣𝑥∣𝑠𝑢∥2𝐿2(ℝ3). (1.2)

It is well known that 𝑝 = 5/3 is a critical value for the existence of asymptotic
profiles and dispersive estimates for small data solutions in case of the potential
𝑊 = 0 (see [11] for example). In this work we study the supercritical case 𝑝 > 5/3
and obtain the following decay estimate.

Theorem 1.1. Assume (H1) and the parameters 𝑠, 𝑝 satisfy 𝑝 > 5/3, 𝑠 > 3/2.
Then there is a constant 𝜖0 > 0, so that for any 𝛿 > 0 one can find a constant
𝐶0 = 𝐶0(𝜀0, 𝛿) > 0 such that for any 𝜖 ∈ (0, 𝜖0) the solution to (1.1) satisfies the
inequality

∥𝑢(𝑡)∥𝐿∞(ℝ3) ≤ 𝐶0

𝑡3/2−𝛿
𝜖, (1.3)

provided

∥𝑢(1)∥Σ𝑠 ≤ 𝜖.

There is a long list of results concerning the Strichartz type estimates, 𝐿𝑝 −
𝐿𝑞 estimates and similar dispersive estimates for potential (or magnetic) type
perturbations of the linear Schrödinger or wave equation (see [16], [18], [7], [2],
[14] for some of these results). However these types of estimates seem to have a
non-obvious application if one tries to get the almost optimal decay rate for the
nonlinear supercritical Schrödinger equation. The classical approach developed in
[11] is based on the use of the generators of the pseudoconformal transform that
enables us to get the optimal decay for the case of the potential 𝑊 = 0. Since no
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reasonable definition of these generators is available for the case of potential we
are forced to use a different approach.

Our approach is based on a direct application of the pseudoconformal trans-
form. After this transform the global Cauchy problem with initial data at 𝑡 = 1
becomes a local Cauchy problem for the Schrödinger equation with time-dependent
potential. More precisely, we shall need an estimate of the solution to the problem

𝑖∂𝑇 𝑣 +Δ𝑣 − 𝑇−2𝑊
(

𝑋

𝑇

)
𝑣 = 𝐺, 𝑇 ∈ (0, 1).

Taking 𝑠 ∈ [3/2, 2] for any 𝛿 > 0 we shall be able to find positive a constant
𝐶 = 𝐶(𝑠, 𝛿) so that

∥𝑣(𝑇, ⋅)∥𝐻𝑠𝑋 ≤ 𝐶∣𝑇 ∣3/2−𝑠−𝛿∥𝑣(1, ⋅)∥𝐻𝑠𝑋 + + 𝐶∣𝑇 ∣3/2−𝑠−𝛿∥𝐺∥𝐿1((𝑇,1);𝐻𝑠𝑋 )
.

This is our key estimate to derive the local existence result for the nonlinear
Schrödinger equation after the pseudoconformal transform.

2. Pseudo-conformal transform

The pseudo-conformal transform is defined as follows

(𝑡, 𝑥, 𝑢) =⇒ (𝑇, 𝑋, 𝑣),

where 𝑡 = 1/𝑇, 𝑥 = 𝑋/𝑇 and

𝑣(𝑇, 𝑋) =
1

𝑇 𝑛/2
𝑢(
1

𝑇
,

𝑋

𝑇
)𝑒i

𝑋2

4𝑇 . (2.1)

Then we have the relation

i∂𝑇 𝑣(𝑇, 𝑋) + Δ𝑋𝑣(𝑇, 𝑋) = 𝑇−2−𝑛2 𝑒i
𝑋2

4𝑇 (−i∂𝑡𝑢(𝑡, 𝑥) + Δ𝑥𝑢(𝑡, 𝑥)) ∣𝑡=1/𝑇,𝑥=𝑋/𝑡 .

Since 𝑢 satisfies the equation

(−i∂𝑡 +Δ𝑥 −𝑊 (𝑥))𝑢 + ∣𝑢∣𝑝−1𝑢 = 0,

we get

i∂𝑇 𝑣(𝑇, 𝑋) + Δ𝑋𝑣(𝑇, 𝑋) = 𝑇−2−𝑛2
(
𝑊 (𝑥)𝑢(𝑡, 𝑥) − ∣𝑢(𝑡, 𝑥)∣𝑝−1𝑢(𝑡, 𝑥)

)
𝑒i
𝑋2

4𝑇

= 𝑇−2𝑊
(

𝑋

𝑇

)
𝑣(𝑇, 𝑋)− 𝑇

𝑛𝑝−𝑛−4
2 ∣𝑣(𝑇, 𝑋)∣𝑝−1𝑣(𝑇, 𝑋).

Hence

i∂𝑇 𝑣 +Δ𝑋𝑣 − 𝑇−2𝑊
(

𝑋

𝑇

)
𝑣 + 𝑇

𝑛𝑝−𝑛−4
2 ∣𝑣∣𝑝−1𝑣 = 0 (2.2)

for 0 < 𝑇 ≤ 1 and 𝑋 ∈ ℝ𝑛. Note that the 𝐿2 norm of 𝑢 is constant, since 𝑢 satisfied
the nonlinear Schrödinger equation (1.1). On the other hand, the transform (2.1)
preserves the 𝐿2 norm, so we have

𝑑

𝑑𝑇

∫
ℝ𝑛

(∣𝑣∣2) 𝑑𝑋 = 0.

In this way we obtain the following lemma.
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Lemma 2.1. If 𝑢 satisfies the linear Schrödinger equation

(i∂𝑡 +Δ𝑥 −𝑊 (𝑥))𝑢 = 𝐹 for 𝑡 ≥ 1 and 𝑥 ∈ ℝ𝑛, 𝑛 ≥ 3, (2.3)

then 𝑣(𝑇, 𝑋) defined according to (2.1) and

𝐺(𝑇, 𝑋) =
1

𝑇 2+𝑛/2
𝐹 (
1

𝑇
,

𝑋

𝑇
)𝑒i

𝑋2

4𝑇 . (2.4)

satisfy

i∂𝑇 𝑣 +Δ𝑋𝑣 −𝑊𝑇 (𝑋)𝑣 = 𝐺(𝑇, 𝑋), (2.5)

where

𝑊𝑇 (𝑋) = 𝑇−2𝑊
(

𝑋

𝑇

)
. (2.6)

3. 𝑯2 estimate

Setting

𝑣2(𝑇, 𝑋) =

(
−Δ+ 𝑇−2𝑊

(
𝑋

𝑇

))
𝑣(𝑇, 𝑋),

we have the following equation satisfied by 𝑣2

𝑖∂𝑇 𝑣2 +Δ𝑣2 − 𝑇−2𝑊
(

𝑋

𝑇

)
𝑣2 = 𝑖𝑊1𝑣 +𝐺2,

where

𝑊1(𝑇, 𝑋) =

[
∂𝑇

(
𝑇−2𝑊

(
𝑋

𝑇

))]
and

𝐺2 =

(
−Δ+ 𝑇−2𝑊

(
𝑋

𝑇

))
𝐺.

Let us take 𝑛 = 3. Applying the Strichartz estimates of Theorem 6.8, we get

∥𝑣2(𝑇, ⋅)∥𝐿2
𝑋
≤ 𝐶

(
∥𝑣2(1, ⋅)∥𝐿2

𝑋
+ ∥𝑊1𝑣∥𝐿2((𝑇,1);𝐿

6/5
𝑋 )

+ ∥𝐺2∥𝐿1((𝑇,1);𝐿2
𝑋)

)
The assumption (H1) guarantees that

𝑊1(𝑇, 𝑋) ≤ 𝐶
𝑊0(𝑇, 𝑋)

𝑇
, (3.1)

where

𝑊0(𝑇, 𝑋) =
𝑒−𝑐2∣𝑋∣/𝑇

𝑇 2
.

We have a generalization of this estimate, given in the lemma below, where typi-
cally we shall assume that 𝑏(𝑠) = 1 + ∣ log 𝑠∣ or 𝑏(𝑠) = 𝑠−𝛿 with 𝛿 > 0 small.
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Lemma 3.1. Suppose 𝑏(𝑠) is a positive continuous function in (0,∞), such that 𝑏
is decreasing in (0, 1), satisfies the estimate 𝑏(𝑠2) ≤ 𝐶𝑏(𝑠), 𝑠 ∈ (0, 1) and

lim
𝑠↘0

𝑠𝜀𝑏(𝑠) = 0

for any 𝜀 > 0 such that 𝜀 < min(𝑐2, 𝑎/2)) and satisfies one of the following as-
sumptions

a) 𝑏 is decreasing in (1,∞), and
lim
𝑠↗∞

𝑠𝜀𝑏(𝑠) =∞

for some 𝜀 > 0 such that 𝜀 < min(𝑐2, 𝑎/2)) or

b) 𝑏 is increasing in (1,∞), satisfies the estimate 𝑏(𝑠−1) ≤ 𝐶𝑏(𝑠), 𝑠 ∈ (0, 1) and
lim
𝑠↗∞

𝑠𝜀𝑏(𝑠) =∞

for any 𝜀 > 0 such that 𝜀 < min(𝑐2, 𝑎/2)).

Then for 𝑇 ∈ (0, 1) we have the estimate

𝑏(∣𝑋 ∣)𝑊1(𝑇, 𝑋) ≤ 𝐶
𝑏(𝑇 )𝑊0(𝑇, 𝑋)

𝑇 1−𝑎∣𝑋 ∣𝑎 , 𝑎 ∈ (0, 1), (3.2)

where

𝑊0(𝑇, 𝑋) =
𝑒−(𝑐2−𝜀)∣𝑋∣/𝑇

𝑇 2
.

Proof. It is sufficient to verify the inequality

∣𝑋 ∣𝑎𝑏(∣𝑋 ∣)
𝑏(𝑇 )𝑇 𝑎

≤ 𝐶𝑒𝜀∣𝑋∣/𝑇 .

If 𝑇 2 < ∣𝑋 ∣ < 𝑇, then

∣𝑋 ∣𝑎𝑏(∣𝑋 ∣)
𝑇 𝑎𝑏(𝑇 )

≤ ∣𝑋 ∣𝑎𝑏(𝑇 2)

𝑇 𝑎𝑏(𝑇 )
≤ 𝐶.

If ∣𝑋 ∣ ≤ 𝑇 2, then the condition

lim
𝑠↘0

𝑠𝜀𝑏(𝑠) = 0

implies 𝑠𝜀𝑏(𝑠) ≤ 𝐶 so

∣𝑋 ∣𝑎𝑏(∣𝑋 ∣)
𝑇 𝑎𝑏(𝑇 )

≤ ∣𝑋 ∣𝑎−𝜀
𝑇 𝑎𝑏(𝑇 )

≤ 𝑇 𝑎−2𝜀

𝑏(𝑇 )
≤ 𝐶.

For 𝑇 < ∣𝑋 ∣ < 1 we have

∣𝑋 ∣𝑎𝑏(∣𝑋 ∣)
𝑇 𝑎𝑏(𝑇 )

≤ ∣𝑋 ∣𝑎
𝑇 𝑎

≤ 𝐶𝑒𝜀∣𝑋∣/𝑇
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and the same argument works if ∣𝑋 ∣ > 1 > 𝑇 and 𝑏 is decreasing everywhere,
i.e., a) holds. For b) we can separate the cases 1 < ∣𝑋 ∣ < 1/𝑇 and ∣𝑋 ∣ > 1/𝑇 . If
1 < ∣𝑋 ∣ < 1/𝑇 then 𝑏(∣𝑋 ∣) ≤ 𝑏(1/𝑇 ) ≤ 𝐶𝑏(𝑇 ) and we have

∣𝑋 ∣𝑎𝑏(∣𝑋 ∣)
𝑇 𝑎𝑏(𝑇 )

≤ 𝐶∣𝑋 ∣𝑎
𝑇 𝑎

≤ 𝐶1𝑒
𝜀∣𝑋∣/𝑇 .

If ∣𝑋 ∣ ≥ 1/𝑇 , then 𝑏(𝑇 ) ≥ 𝐶−1𝑏(1/𝑇 ) ≥ 𝐶−1𝑏(1) = 𝐶1 and hence

∣𝑋 ∣𝑎𝑏(∣𝑋 ∣)
𝑇 𝑎𝑏(𝑇 )

≤ 𝐶∣𝑋 ∣2𝑎𝑏(∣𝑋 ∣) ≤ 𝐶𝑒𝜀∣𝑋∣ ≤ 𝐶𝑒𝜀∣𝑋∣/𝑇 . □

Note that

∥𝑊0(𝑇, ⋅)∥𝐿𝑛/2 = 𝑂(1). (3.3)

Applying the estimate of the previous lemma (with 𝑛 = 3, 𝑏(𝑇 ) = ∣ log𝑇 ∣ )
we get

∥𝑊1𝑣∥𝐿2((𝑇,1);𝐿
6/5
𝑋 )

≤ 𝐶

∥∥∥∥∥ 𝑏(𝜏)𝑊0(𝜏, 𝑋)

𝜏1/2𝑏(∣𝑋 ∣)∣𝑋 ∣1/2 𝑣

∥∥∥∥∥
𝐿2((𝑇,1);𝐿

6/5
𝑋 )

.

Using the fact that

∥𝑏(𝜏)𝜏−1/2∥2𝐿2((𝑇,1)) =

∫ 1

𝑇

log2(𝜏)
𝑑𝜏

𝜏
∼ ∣ log𝑇 ∣3 = 𝑏(𝑇 )2∣ log𝑇 ∣,

combined with the Hölder inequality∥∥∥𝑊0(𝜏, 𝑋)𝑔(𝑥)
∥∥∥
𝐿

6/5
𝑋

≤ ∥𝑊0(𝑇, ⋅)∥
𝐿

3/2
𝑋

∥𝑔(𝑥)∥
𝐿

6/5
𝑋

= 𝐶 ∥𝑔(𝑥)∥
𝐿

6/5
𝑋

,

we get

∥𝑊1𝑣∥𝐿2((𝑇,1);𝐿
6/5
𝑋 )

≤ 𝐶𝑏(𝑇 )∣ log𝑇 ∣1/2
∥∥∥∥ 𝑣

𝑏(∣𝑋 ∣)∣𝑋 ∣1/2
∥∥∥∥
𝐿∞((𝑇,1);𝐿6

𝑋)

≤ 𝐶𝑏(𝑇 )∣ log𝑇 ∣1/2∥𝑣∥𝐿∞((𝑇,1);𝐿∞
𝑋 )

so

∥𝑊1𝑣∥𝐿2((𝑇,1);𝐿
6/5
𝑋 )

≤ 𝐶∣ log𝑇 ∣2∥𝑣∥𝐿∞((𝑇,1);𝐿∞
𝑋 ).

In this way we arrive at

∥(−Δ+𝑊𝑇 )𝑣(𝑇, ⋅)∥𝐿2
𝑋

(3.4)

≤ 𝐶∥𝑣(1, ⋅)∥𝐻2
𝑋
+ 𝐶∣ log 𝑇 ∣2∥𝑣(1, ⋅)∥𝐿2

𝑋
+ 𝐶∥(−Δ+𝑊𝑇 )𝐺∥𝐿1((𝑇,1);𝐿2

𝑋)
,

where 𝑊𝑡 is defined according to (2.6).
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4. Interpolation between 𝒔 = 2 and 𝒔 = 0

First we take any 𝛿 ∈ (0, 1) and 𝑣(1, 𝑥) = 0 and consider the operator

𝑀 : 𝐺 ∈ 𝐿1((𝛿, 1);𝐿2(ℝ3)) −→ 𝑣 ∈ 𝐿∞((𝛿, 1);𝐿2(ℝ3))

such that 𝑣 solves the equation

𝑖∂𝑇 𝑣 +Δ𝑣 − 𝑇−2𝑊
(

𝑋

𝑇

)
𝑣 = 𝐺,

with zero data at 𝑇 = 1. We take another small parameter 𝛿1 ∈ (0, 1) and define
for any complex 𝑧 with Re𝑧 ∈ [0, 1] the following operator

𝕌(𝑧) = 𝕌𝛿1(𝑧) = (−Δ+𝑊𝑇 )
𝑧𝑇 (𝛿1 −Δ+𝑊𝑇 )

−𝑧

𝕌(𝑧) : 𝐿1((𝛿, 1);𝐿2(ℝ3)) −→ 𝑣 ∈ 𝐿∞((𝛿, 1);𝐿2(ℝ3)).

This is an analytic operator-valued operator. Using the fact that

(−Δ+𝑊𝑇 )
𝑖𝑠 : 𝐿2(ℝ3) −→ 𝐿2(ℝ3)

is a bounded operator for a real 𝑠 due to the spectral theorem and using the charge
conservation law for the Schrödinger equation with real-valued potential, we see
that

∥𝕌𝛿1(𝑧)𝐹∥𝐿∞((𝛿,1);𝐿2(ℝ3)) ≤ 𝐶∥𝐹∥𝐿1((𝛿,1);𝐿2(ℝ3)) (4.1)

provided Re𝑧 = 0. Note that the constant 𝐶 > 0 is independent of 𝐺, 𝛿, 𝛿1.
Using the estimate (3.4), we see that

∥𝕌𝛿1(𝑧)𝐹∥𝐿∞((𝛿,1);𝐿2(ℝ3)) ≤ 𝐶∥𝐹∥𝐿1((𝛿,1);𝐿2(ℝ3)) (4.2)

provided Re𝑧 = 1 and again the constant 𝐶 > 0 is independent of 𝐺, 𝛿, 𝛿1.
Applying the Stein interpolation theorem (in this simple case the three lines

lemma) we see that for any 𝑠 ∈ (0, 2) we have
∥𝕌𝛿1(𝑠/2)𝐹∥𝐿∞((𝛿,1);𝐿2(ℝ3)) ≤ 𝐶∥𝐹∥𝐿1((𝛿,1);𝐿2(ℝ3)) (4.3)

and using the definition of 𝕌𝛿1(𝑧) we set

𝐹 = (𝛿1 −Δ+𝑊𝑇 )
𝑠/2𝐺, 𝐺 ∈ 𝐿1((𝛿, 1);𝐻𝑠(ℝ3))

and get

∥(−Δ+𝑊𝑇 )
𝑠/2𝑣(𝑇, ⋅)∥𝐿∞(𝛿,1);𝐿2

𝑋)
≤ 𝐶∥(𝛿1 −Δ+𝑊𝑇 )

𝑠/2𝐺∥𝐿1((𝛿,1);𝐿2
𝑋)

. (4.4)

With a constant 𝐶 > 0 independent of 𝐺, 𝛿, 𝛿1, letting 𝛿 and 𝛿1 tend to zero we
find

∥(−Δ+𝑊𝑇 )
𝑠/2𝑣(𝑇, ⋅)∥𝐿∞(0,1);𝐿2

𝑋)
≤ 𝐶∥(−Δ+𝑊𝑇 )

𝑠/2𝐺∥𝐿1((0,1);𝐿2
𝑋)

. (4.5)

In a similar way one can consider the map

𝑀0 : 𝑓 ∈ 𝐿2(ℝ3) −→ 𝑣 ∈ 𝐿∞((𝛿, 1);𝐿2(ℝ3))

such that 𝑣 solves the equation

𝑖∂𝑇 𝑣 +Δ𝑣 − 𝑇−2𝑊
(

𝑋

𝑇

)
𝑣 = 0,
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with data 𝑣(1, 𝑋) = 𝑓(𝑋) at 𝑇 = 1. The estimate (3.4) shows that we have

∥(−Δ+𝑊𝑇 )𝑣(𝑇, ⋅)∥𝐿2
𝑋
≤ 𝐶∥𝑓∥𝐻2

𝑋
+ 𝐶∣ log𝑇 ∣2∥𝑓∥𝐿2

𝑋
. (4.6)

Applying the interpolation argument as above, we find

∥(−Δ+𝑊𝑇 )
𝑠/2𝑣(𝑇, ⋅)∥𝐿2

𝑋
≤ 𝐶(1 + ∣ log𝑇 ∣)𝑠∥𝑓∥𝐻𝑠𝑋 (4.7)

for any 𝑠 ∈ [0, 2].
In this way we obtain the estimate.

Theorem 4.1. Assume 𝑠 ∈ [0, 2]. Then the solution to the equation

𝑖∂𝑇 𝑣 +Δ𝑣 − 𝑇−2𝑊
(

𝑋

𝑇

)
𝑣 = 𝐺

satisfies the inequality

∥(−Δ+𝑊𝑇 )
𝑠/2𝑣(𝑇, ⋅)∥𝐿2

𝑋

≤ 𝐶 (1 + ∣ log𝑇 ∣)𝑠 ∥𝑣(1, ⋅)∥𝐻𝑠𝑋 + 𝐶∥(−Δ+𝑊𝑇 )
𝑠/2𝐺∥𝐿1((𝑇,1);𝐿2

𝑋)
.

(4.8)

One can show that

∥(−Δ+𝑊𝑇 )
𝑠/2𝑓∥𝐿2

𝑋
∼ ∥(−Δ)𝑠/2𝑓∥𝐿2

𝑋
,

for 0 ≤ 𝑠 < 3/2. This fact is established in [9], [8] (see also Section 7 below where
this is verified for completeness).

Then we arrive at

Theorem 4.2. Assume 𝑠 ∈ [0, 3/2). Then the solution to the equation

𝑖∂𝑇 𝑣 +Δ𝑣 − 𝑇−2𝑊
(

𝑋

𝑇

)
𝑣 = 𝐺

satisfies the inequality

∥(−Δ)𝑠/2𝑣(𝑇, ⋅)∥𝐿2
𝑋

≤ 𝐶 (1 + ∣ log𝑇 ∣)𝑠 ∥𝑣(1, ⋅)∥𝐻𝑠𝑋 + 𝐶∥(−Δ)𝑠/2𝐺∥𝐿1((𝑇,1);𝐿2
𝑋)

.
(4.9)

For 𝑠 = 2 we can use the maximum principle for −Δ+𝑊 and see that

∥(−Δ+𝑊 )−1𝑓∥𝐿2 ≤ ∥(−Δ)−1𝑓∥𝐿2

so

∥(−Δ+𝑊 )−1Δ𝑓∥𝐿2 ≤ 𝐶∥𝑓∥𝐿2 (4.10)

and by duality

∥Δ(−Δ+𝑊 )−1𝑓∥𝐿2 ≤ 𝐶∥𝑓∥𝐿2.

From this estimate we find

∥Δ𝑓∥𝐿2 = ∥Δ(−Δ+𝑊 )−1(−Δ+𝑊 )𝑓∥𝐿2 ≤ 𝐶∥(−Δ+𝑊 )𝑓∥𝐿2 . (4.11)
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Thus we can obtain the following

Theorem 4.3. Assume 𝑠 ∈ [3/2, 2]. Then the solution to the equation

𝑖∂𝑇 𝑣 +Δ𝑣 − 𝑇−2𝑊
(

𝑋

𝑇

)
𝑣 = 𝐺

satisfies the inequality

∥(−Δ)𝑠/2𝑣(𝑇, ⋅)∥𝐿2
𝑋

≤ 𝐶∣𝑇 ∣3/2−𝑠−𝛿∥𝑣(1, ⋅)∥𝐻𝑠𝑋 + 𝐶∣𝑇 ∣3/2−𝑠−𝛿∥(1−Δ)𝑠/2𝐺∥𝐿1((𝑇,1);𝐿2
𝑋)

.
(4.12)

Proof. It is sufficient to verify the estimate for 𝑠 = 2 and then to apply the
interpolation argument between 𝑠 = 2 and 𝑠 < 3/2 (established in the previous
theorem). For 𝑠 = 2 we use (3.4) as well as (4.11) and see that

∥(−Δ)𝑣(𝑇, ⋅)∥𝐿2
𝑋
≤ 𝐶∥𝑣(1, ⋅)∥𝐻2

𝑋
+ 𝐶∣ log𝑇 ∣2∥𝑣(1, ⋅)∥𝐿2

𝑋

+ 𝐶∥(−Δ)𝐺∥𝐿1((𝑇,1);𝐿2
𝑋)
+ 𝐶∥𝑊 𝐺∥𝐿1((𝑇,1);𝐿2

𝑋)
.

(4.13)

Now the estimate

∥𝑊 𝑓∥𝐿2 ≤ 𝐶

𝑇 1/2+𝛿
∥(−Δ)3/2+𝛿𝑓∥𝐿2 .

Hence the desired estimate with 𝑠 = 2 is fulfilled. This completes the proof. □

Corollary 4.4. Assume 𝑠 ∈ [3/2, 2]. Then for any 𝛿 > 0 one can find a positive
constant 𝐶 = 𝐶(𝑠, 𝛿) so that the solution to the equation

𝑖∂𝑇 𝑣 +Δ𝑣 − 𝑇−2𝑊
(

𝑋

𝑇

)
𝑣 = 𝐺, 𝑇 ∈ (0, 1)

satisfies the inequality

∥𝑣(𝑇, ⋅)∥𝐻𝑠𝑋 ≤ 𝐶∣𝑇 ∣3/2−𝑠−𝛿∥𝑣(1, ⋅)∥𝐻𝑠𝑋 + 𝐶∣𝑇 ∣3/2−𝑠−𝛿∥𝐺∥𝐿1((𝑇,1);𝐻𝑠𝑋 )
. (4.14)

5. Proof of Theorem 1.1

Our goal is to solve the nonlinear problem (2.2)

i∂𝑇 𝑣 +Δ𝑋𝑣 − 𝑇−2𝑊
(

𝑋

𝑇

)
𝑣 + 𝑇

3𝑝−7
2 ∣𝑣∣𝑝−1𝑣 = 0

with initial data
𝑣(1, 𝑋) = 𝜑(𝑋) ∈ 𝐻𝑠, 𝑠 > 3/2.

We shall assume that we deal with small initial data, i.e.,

∥𝜑∥𝐻𝑠𝑋 ≤ 𝜀.

We shall apply the contraction mapping principle for the Banach space sug-
gested by the estimate (4.14). Indeed, taking 𝑠 = 3/2+ 𝛿, with 𝛿 > 0, consider the
norm

∣∥ 𝑣 ∣∥𝛿= sup
0≤𝑇≤1

𝑇 2𝛿∥𝑣(𝑇, ⋅)∥𝐻𝑠𝑋 (5.1)
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and the corresponding Banach space 𝐵𝛿. The estimates

∥∣𝑣(𝑇, ⋅)∣𝑝∥𝐻𝑠
𝑋
≤ 𝐶∥𝑣(𝑇, ⋅)∥𝑝𝐻𝑠𝑋 (5.2)

∥∣𝑣(𝑇, ⋅)− 𝑤(𝑇, ⋅)∣𝑝∥𝐻𝑠𝑋 ≤ 𝐶∥𝑣(𝑇, ⋅)∥𝑝−1𝐻𝑠𝑋
∥𝑣(𝑇, ⋅)− 𝑤(𝑇, ⋅)∥𝐻𝑠𝑋 (5.3)

+ 𝐶∥𝑤(𝑇, ⋅)∥𝑝−1𝐻𝑠𝑋
∥𝑤(𝑇, ⋅)− 𝑤(𝑇, ⋅)∥𝐻𝑠𝑋

are fulfilled for any 𝑠 > 3/2. A possible reference for these estimates is Theorem
1, Section 5.4.3 in [17]. Using the estimate of Corollary 4.4, one can define the
sequence 𝑣𝑘 ∈ 𝐵𝛿 so that 𝑣0 is a solution to the linear Cauchy problem

i∂𝑇 𝑣0 +Δ𝑋𝑣0 − 𝑇−2𝑊
(

𝑋

𝑇

)
𝑣0 = 0

with initial data

𝑣0 = 𝜑(𝑋).

Then given any 𝑣𝑘 ∈ 𝐵𝛿 we define 𝑣𝑘+1 as the unique solution to

i∂𝑇 𝑣𝑘+1 +Δ𝑋𝑣𝑘+1 − 𝑇−2𝑊
(

𝑋

𝑇

)
𝑣𝑘+1 + 𝑇

3𝑝−7
2 ∣𝑣𝑘∣𝑝−1𝑣𝑘 = 0

with initial data

𝑣(1, 𝑋) = 𝜑(𝑋) ∈ 𝐻𝑠.

Applying the estimate of Corollary 4.4 as well as (5.2), we find

∣∥ 𝑣𝑘+1 ∣∥2𝛿≤ 𝐶𝜀+ 𝐶 ∣∥ 𝑣𝑘 ∣∥2𝛿
∫ 1

𝑇

𝜏3𝑝−7−2𝑝𝛿𝑑𝜏.

The assumption 𝑝 > 5/3 guarantees that (taking 𝛿 > 0 small enough)∫ 1

𝑇

𝜏3𝑝−7−2𝑝𝛿𝑑𝜏 ≤ 𝐶 < ∞,

so

∣∥ 𝑣𝑘+1 ∣∥2𝛿≤ 𝐶𝜀+ 𝐶 ∣∥ 𝑣𝑘 ∣∥𝑝2𝛿 .

From this estimate we easily get

∣∥ 𝑣𝑘 ∣∥2𝛿≤ 𝐶1𝜀. (5.4)

In a similar way, we can use (5.3) and derive

∣∥ 𝑣𝑘+1 − 𝑣𝑘 ∣∥2𝛿≤ 𝐶 ∣∥ 𝑣𝑘 − 𝑣𝑘−1 ∣∥2𝛿
(
∣∥ 𝑣𝑘 ∣∥𝑝−12𝛿 + ∣∥ 𝑣𝑘−1 ∣∥𝑝−12𝛿

)
≤ 𝐶𝜀𝑝−1 ∣∥ 𝑣𝑘 − 𝑣𝑘−1 ∣∥2𝛿,

so taking 𝜀 > 0 small enough, we can apply the contraction mapping principle and
we find a solution

𝑣 ∈ 𝐵𝛿 ⊂ 𝐿∞([0, 1];𝐻𝑠).

Turning back to the pseudoconformal transform (2.1), we see that for 𝑇 = 1
we have

𝑣(1, 𝑥) = 𝑢(1, 𝑥)𝑒i
𝑥2

4 . (5.5)
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It is easy to see that the map

𝜓(𝑥) =⇒ 𝜑(𝑥) = 𝜓(𝑥)𝑒i
𝑥2

4

maps Σ𝑠 in 𝐻𝑠 and

∥𝜑∥𝐻𝑠 ≤ 𝐶∥𝜓∥Σ𝑠 .
This completes the proof of Theorem 1.1.

6. Resolvent and Strichartz type estimates

In this section we discuss briefly the dispersive and Strichartz type estimates using
resolvent estimates. This link is possible in view of the following result due to Kato.

Theorem 6.1 (Kato [12]). Let 𝐻 be a self-adjoint operator on the Hilbert space 𝒳 ,
and for 𝜇 ∈ ℝ,ℑ𝜇 ∕= 0, let

(𝐻 − 𝜇)−1,

denote the resolvent. Suppose that 𝐴 is a closed, densely defined operator, possibly
unbounded, from 𝒳 into a Hilbert space 𝒴. Suppose that

Γ := sup{∥𝐴((𝐻 − 𝜇)−1)𝐴∗𝑓∥𝒴 ;ℑ𝜇 ∕= 0, 𝑓 ∈ 𝐷(𝐴∗), ∥𝑓∥𝒳 = 1} < ∞.

Then 𝐴 is 𝐻-smooth and

∥𝐴∥2𝐻 := sup

{
1

2𝜋

∫ ∞

−∞
∥𝐴𝑒−𝑖𝑡𝐻𝑓∥2𝒴𝑑𝑡; 𝑓 ∈ 𝒳 , ∥𝑓∥𝒳 = 1

}
≤ Γ2

𝜋2
.

A typical application for the Schrödinger equation is the choice 𝒳 = 𝐿2 and
𝐴 is the multiplication operator

⟨𝑥⟩−𝑠 : 𝑓(𝑥) ∈ 𝐿2 −→ ⟨𝑥⟩−𝑠𝑓(𝑥) ∈ 𝐿2
𝑠,

where here and below for any real 𝑠

𝐿2
𝑠 = {𝑓 ∈ 𝐿2

loc, ⟨𝑥⟩𝑠𝑓 ∈ 𝐿2}.
The study of the resolvent estimates is closely connected with the resonances

of the operator

−Δ+𝑊 (∣𝑥∣), 𝑥 ∈ ℝ3.

Definition 6.2. A real number 𝜆 is called a strong resonance of −Δ + 𝑊 (∣𝑥∣) if
there exists 𝑢 ∈ 𝐿2

−𝑎(ℝ
3) with 𝑎 > 1/2, so that 𝑢(𝑥) is not identically zero and

−Δ𝑢+𝑊 (∣𝑥∣)𝑢 = 𝜆𝑢 in the distribution sense in ℝ3.

Theorem 6.3 (see Theorem IX.2 in [9]). Suppose that the potential 𝑊 (𝑟) is a
positive decreasing function, such that there exist positive constants 𝐶∗, 𝜀 so that
(𝐻1) is fulfilled. Then zero is not a strong resonance for −Δ+𝑊 (∣𝑥∣).
Remark 6.4. Since 𝑊 is exponentially decaying and real valued, the above result
implies that −Δ+𝑊 (∣𝑥∣) has no resonances.
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In order to verify the resolvent estimate of the perturbed operator −Δ +
𝑊 (∣𝑥∣), denote

𝑅0(𝜇) = (−Δ− 𝜇2)−1,

the resolvent of the operator −Δ, and set 𝑅+
0 (𝜇) = 𝑅0(𝜇) if ℑ𝜇 > 0 and re-

spectively 𝑅−
0 (𝜇) = 𝑅0(𝜇) for ℑ𝜇 < 0. The classical resolvent estimate (limiting

absorbtion principle) is the following one

lim
ℑ𝜇↘0

∥⟨𝑥⟩−𝑠(−Δ− 𝜇2)−1⟨𝑥⟩−𝑠𝑓∥𝐿2(ℝ𝑛) ≤ 𝐶∥𝑓∥𝐿2(ℝ𝑛), (6.1)

where 𝑠 > 1, ℜ𝜇 ≥ 0, and the constant 𝐶 is independent of 𝜇. We have also the
estimate

∥⟨𝑥⟩−𝑠∇(−Δ− 𝜇2)−1⟨𝑥⟩−𝑠𝑓∥𝐿2(ℝ𝑛) ≤ 𝐶∥𝑓∥𝐿2(ℝ𝑛),

where

𝑠 >
1

2
, ℜ𝜇 ≥ 0,

so we can claim that the operators

⟨𝑥⟩−𝑠(−Δ− 𝜇2)−1⟨𝑥⟩−𝑠
are compact ones in 𝐿2 provided 𝑠 > 1 and ℑ𝜇 ≥ 0.

Hence

∥⟨𝑥⟩−𝑠𝑅+
0 (𝜇)⟨𝑥⟩−𝑠𝑓∥𝐿2(ℝ𝑛) ≤ 𝐶∥𝑓∥𝐿2(ℝ𝑛), 𝑠 > 1, ℜ𝜇 ≥ 0,ℑ𝜇 = 0. (6.2)

Set

𝑅(𝜇) = (−Δ+𝑊 − 𝜇2)−1, 𝐴(𝜇) = ⟨𝑥⟩−𝑠(−Δ− 𝜇2)−1𝑊 ⟨𝑥⟩𝑠.
One has the following compactness result:

Lemma 6.5. The operators 𝐴(𝜇) are compact in the space 𝐵(𝐿2, 𝐿2), for

ℑ𝜇 ≥ 0, 𝑠 > 1.

Moreover the following estimate is satisfied:

∥𝐴(𝜇)∥𝐵(𝐿2,𝐿2) → 0,

as ℑ𝜇 ≥ 0,ℜ𝜇 →∞.

This lemma is a well-known standard result so we give only the idea of the
proof. It suffices to notice that ⟨𝑥⟩−𝑠(−Δ−𝜇2)−1⟨𝑥⟩−𝑠 is continuous and compact
as an operator in 𝐵(𝐿2, 𝐿2), in the zone ℑ𝜇 ≥ 0. Since the potential 𝑊 is such that

⟨𝑥⟩𝑠𝑊 ⟨𝑥⟩𝑠
is bounded in 𝐿2, we have the desired result.

Lemma 6.6. Let us assume that the potential 𝑊 satisfies (𝐻1). For any 𝑠 > 1
the weighted resolvent operator ⟨𝑥⟩−𝑠𝑅+(𝜇)⟨𝑥⟩−𝑠 has a continuous extension from
ℑ𝜇 > 0 to ℑ𝜇 ≥ 0. Moreover there exists a real constant 𝐶 > 0 such that the
following estimate is true:

∥⟨𝑥⟩−𝑠𝑅+(𝜇)⟨𝑥⟩−𝑠𝑓∥𝐿2 ≤ 𝐶∥𝑓∥𝐿2. (6.3)

for any Schwartz function 𝑓.
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Proof. The result is well known, so we briefly sketch the idea. The perturbed
resolvent 𝑅(𝜇2) = (−Δ+𝑊 − 𝜇2)−1 satisfies in ℑ𝜇 > 0 the relation

(−Δ+𝑊 − 𝜇2)−1 =
(
𝐼 + (−Δ− 𝜇2)−1𝑊

)−1
(−Δ− 𝜇2)−1 (6.4)

provided the operator (𝐼 − (𝑃0 − 𝜇2)−1𝑊 ) is invertible. This relation implies

⟨𝑥⟩−𝑠(−Δ+𝑊 − 𝜇2)−1⟨𝑥⟩−𝑠

=
(
𝐼 + ⟨𝑥⟩−𝑠(−Δ− 𝜇2)−1𝑊 ⟨𝑥⟩𝑠)−1 ⟨𝑥⟩−𝑠(−Δ− 𝜇2)−1⟨𝑥⟩−𝑠.

(6.5)

We can apply the Fredholm Theory and Theorem 6.3 that shows 0 is not a reso-
nance, so we are able to say that the operator(

𝐼 + ⟨𝑥⟩−𝑠(−Δ− 𝜇2)−1𝑊 ⟨𝑥⟩+𝑠)−1 ,

is continuous in ℑ𝜇 ≥ 0. □

Once the resolvent estimate is established, one can use the approach from
[5] and derive the Strichartz type estimate for the corresponding inhomogeneous
Cauchy problem

𝑖∂𝑡𝑢−Δ𝑢 = 𝐹 , 𝑢(0) = 𝑓. (6.6)

We shall call the pair ( 1𝑝 , 1𝑞 ) sharp admissible (see [13] for this notion and the

properties of sharp admissible pairs), if it satisfies the condition:

𝑛

4
=
1

𝑝
+

𝑛

2𝑞
, 2 ≤ 𝑝 ≤ ∞, (𝑝, 𝑞, 𝑛) ∕= (2,∞, 2). (6.7)

If 𝑛 = 3, then we can choose the end point

𝑝∗ = 2, 𝑞∗ = 6

as an admissible couple. Moreover, (6.7) becomes

3

4
=
1

𝑝
+
3

2𝑞
, 2 ≤ 𝑝 ≤ ∞. (6.8)

Then we have

Theorem 6.7. If (𝑝, 𝑞) and (𝑝, 𝑞) satisfy (6.8), then the solution to the Cauchy
problem

𝑖∂𝑡𝑢+△𝑢−𝑊 𝑢 = 𝐹 , (𝑡, 𝑥) ∈ (1,∞)× ℝ3
𝑥, (6.9)

𝑢(1, 𝑥) = 𝑓(𝑥),

satisfies the estimate

∥𝑢∥𝐿𝑝((1,∞);𝐿𝑞𝑥) + ∥𝑢∥𝐶([1,∞);𝐿2) ≤ 𝐶
(
∥𝐹∥

𝐿𝑝′((1,∞);𝐿𝑞
′
𝑥 )
+ ∥𝑓∥𝐿2

)
. (6.10)
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Using the pseudoconformal transform, we make the substitution

𝑣(𝑇, 𝑋) =
1

𝑇 3/2
𝑢(
1

𝑇
,

𝑋

𝑇
)𝑒i

𝑋2

4𝑇 ,

𝐻(𝑇, 𝑋) =
1

𝑇 2+3/2
𝐹 (
1

𝑇
,

𝑋

𝑇
)𝑒i

𝑋2

4𝑇

ℎ(𝑋) = 𝑓(𝑋)𝑒i
𝑋2

4 .

(6.11)

and see that 𝑣 is a solution to the Cauchy problem

𝑖∂𝑇 𝑣 +Δ𝑋𝑣 − 𝑇−2𝑊
(

𝑋

𝑇

)
𝑣 = 𝐻 , (𝑇, 𝑋) ∈ (0, 1))× ℝ3

𝑥, 𝑢(1, 𝑥) = ℎ(𝑥).

(6.12)
A simple computation shows that

∥𝑢∥𝐿𝑝((1,∞);𝐿𝑞𝑥) = ∥𝑣∥𝐿𝑝((0,1);𝐿𝑞𝑋),
and

∥𝐹∥
𝐿𝑝′((1,∞);𝐿𝑞

′
𝑥 )
= ∥𝐻∥

𝐿𝑝′((0,1);𝐿𝑞
′
𝑋 )

,

provided the couples (𝑝, 𝑞) and (𝑝, 𝑞) are admissible ones. Since

∥𝑢∥𝐿∞((1,∞);𝐿2) = ∥𝑣∥𝐿∞((0,1);𝐿2),

we can take
𝑝∗ = 2, 𝑞∗ = 6

as an admissible couple and we arrive at the following.

Theorem 6.8. If 𝑛 = 3, then the solution to the Cauchy problem (6.12) satisfies
the estimates

∥𝑣∥𝐿2((0,1);𝐿6
𝑋)
+ ∥𝑣∥𝐿∞((0,1);𝐿2

𝑋)
≤ 𝐶

(
∥𝐻∥

𝐿2((0,1);𝐿
6/5
𝑋 )

+ ∥ℎ∥𝐿2
𝑋

)
(6.13)

and

∥𝑣∥𝐿2((0,1);𝐿6
𝑋)
+ ∥𝑣∥𝐿∞((0,1);𝐿2

𝑋)
≤ 𝐶

(
∥𝐻∥𝐿1((0,1);𝐿2

𝑋)
+ ∥ℎ∥𝐿2

𝑋

)
. (6.14)

7. Equivalence of 𝑯̇𝒔
𝑾 and 𝑯̇𝒔

Here we follow the argument of Section 5 in [8]. To show that 𝐻̇𝑠
𝑊𝑇

= 𝐻̇𝑠 for 𝑠 < 3
2

we will first prove the following

Lemma 7.1. 𝐻̇1
𝑊𝑇

= 𝐻̇1.

Proof. The positivity of 𝑊𝑇 implies∥∥∥(−Δ+𝑊𝑇 )
1
2 𝑓
∥∥∥2
𝐿2
= ⟨(−Δ+𝑊𝑇 )𝑓, 𝑓⟩𝐿2 ≥ ⟨(−Δ)𝑓, 𝑓⟩𝐿2 =

∥∥∥(−Δ) 1
2 𝑓
∥∥∥2
𝐿2

.

The assumption (H1) implies

𝑊𝑇 (𝑋) = 𝑇−2𝑊
(

𝑋

𝑇

)
≤ 𝐶

∣𝑋 ∣2 .



Decay Estimates for the Schrödinger Equation 159

The Hardy inequality yields

⟨(𝑊𝑇 𝑓, 𝑓⟩𝐿2 ≤ 𝐶
∥∥∥(−Δ) 1

2 𝑓
∥∥∥2
𝐿2

so ∥∥∥(−Δ+𝑊𝑇 )
1
2 𝑓
∥∥∥2
𝐿2
= ⟨(−Δ+𝑊𝑇 )𝑓, 𝑓⟩𝐿2 ≤ 𝐶

∥∥∥(−Δ) 1
2 𝑓
∥∥∥2
𝐿2

.

This completes the proof. □

Lemma 7.2. For 0 ≤ 𝑠 < 3/2 we have∥∥(−Δ+𝑊𝑇 )
𝑠
2 𝑓
∥∥2
𝐿2 ∼

∥∥(−Δ) 𝑠2 𝑓
∥∥2
𝐿2 .

Proof. Take 1 < 𝑠 < 3
2 . We shall use the identity∥∥(−Δ+𝑊 )

𝑠
2 𝑓
∥∥2
𝐿2 =

(
(−Δ+𝑊 )𝑠−1𝑓, (−Δ+𝑊 )𝑓

)
𝐿2

=
(
(−Δ+𝑊 )𝑠−1𝑓, (−Δ)𝑓)

𝐿2 +
(
(−Δ+𝑊 )𝑠−1𝑓, 𝑊 𝑓

)
𝐿2 (7.1)

=
(
(−Δ)1− 𝑠2 (−Δ+𝑊 )𝑠−1𝑓, (−Δ) 𝑠2 𝑓

)
𝐿2 +

(∣𝑊 ∣1− 𝑠2 (−Δ+𝑊 )𝑠−1𝑓, 𝑊
𝑠
2 𝑓
)
𝐿2 .

Let us set

𝐼1 =
(
(−Δ)1− 𝑠2 (−Δ+𝑊 )𝑠−1𝑓, (−Δ) 𝑠2 𝑓

)
𝐿2 ,

𝐼2 =
(
𝑊 1− 𝑠2 (−Δ+𝑊 )𝑠−1𝑓, 𝑊

𝑠
2 𝑓
)
𝐿2 .

Now we can apply Lemma 7.1 and using the fact that 1
2 < 2− 𝑠 < 1, we get∥∥∥(−Δ) 2−𝑠

2 𝑔
∥∥∥
𝐿2
≤ 𝐶

∥∥∥(−Δ+ 𝑉 )
2−𝑠
2 𝑔
∥∥∥
𝐿2

.

Taking now 𝑔 = (−Δ+ 𝑉 )𝑠−1𝑓 , we get∥∥∥(−Δ) 2−𝑠
2 (−Δ+𝑊 )𝑠−1𝑓

∥∥∥
𝐿2
≤ 𝐶

∥∥(−Δ+𝑊 )
𝑠
2 𝑓
∥∥
𝐿2 . (7.2)

Hence

∣𝐼1∣ ≤ ∥𝑓∥𝐻̇𝑠𝑊 ∥𝑓∥𝐻̇𝑠 . (7.3)

Further we need the following

Lemma 7.3. We have the estimate∥∥𝑊 𝑠
2 𝑓
∥∥
𝐿2 ≤ 𝐶 ∥𝑓∥𝐻̇𝑠 ,

where 𝑊 = 𝑊𝑇 = 𝑇−2𝑊 (𝑋/𝑇 ) and 0 ≤ 𝑠 < 3
2 .

Proof. Applying the Hölder inequality for Lorentz spaces and using the fact that∥∥∣𝑊 ∣ 𝑠2 ∥∥
𝐿( 3
𝑠
,∞) ≤ 𝐶 ∥𝑊∥ 𝑠2

𝐿( 3
2
,∞)

≤ 𝐶
𝑠
2
0 , we get∥∥𝑊 𝑠

2 𝑓
∥∥
𝐿2 ≤ 𝐶

∥∥𝑊 𝑠
2

∥∥
𝐿( 3
𝑠
,∞) ∥𝑓∥𝐿(𝑞,2) , (7.4)

1

2
=

𝑠

3
+
1

𝑞
, 𝑞 = 6 ∈ (2,∞) . (7.5)
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Now we can apply Sobolev’s embedding (see [3]) 𝐻̇𝑠 ⊂ 𝐿(𝑞,2) for 1
2 =

𝑠
3 +

1
𝑞 and

we get
∥∥∣𝑊 ∣ 𝑠2 𝑓

∥∥
𝐿2 ≤ 𝐶1 ∥𝑓∥𝐻̇𝑠 . □

Now we are ready to estimate the term 𝐼2. We have

∣𝐼2∣ ≤
∥∥∥𝑊 2−𝑠

2 (−Δ+𝑊 )𝑠−1𝑓
∥∥∥
𝐿2

∥∥(𝑊 )
𝑠
2 𝑓
∥∥
𝐿2 . (7.6)

Since 2− 𝑠 ∈ (0, 32 ), we can apply Lemma 5.2 and get∥∥∥∣𝑊 ∣ 2−𝑠2 (−Δ+𝑊 )𝑠−1𝑓
∥∥∥
𝐿2
≤
∥∥∥(−Δ) 2−𝑠

2 (−Δ+𝑊 )𝑠−1𝑓
∥∥∥
𝐿2

(7.7)

and
∥∥∣𝑊 ∣ 𝑠2 𝑓

∥∥
𝐿2 ≤ 𝐶 ∥𝑓∥𝐻̇𝑠 . We estimate the right-hand side of (7.7) using (7.2)

and find ∥∥∥𝑊 2−𝑠
2 (−Δ+𝑊 )𝑠−1𝑓

∥∥∥
𝐿2
≤ 𝐶

∥∥(−Δ+𝑊 )
𝑠
2 𝑓
∥∥
𝐿2 . (7.8)

From (7.2) (7.7) and (7.8) we obtain

∣𝐼2∣ ≤ 𝐶 ∥𝑓∥𝐻̇𝑠𝑊 ∥𝑓∥𝐻̇𝑠 . (7.9)

This estimate, (7.2) and (7.1) lead to

∥𝑓∥2𝐻̇𝑠𝑊 ≤ 𝐶 ∥𝑓∥𝐻̇𝑠𝑊 ∥𝑓∥𝐻̇𝑠 .

Hence

∥𝑓∥𝐻̇𝑠𝑊 ≤ 𝐶 ∥𝑓∥𝐻̇𝑠 , (7.10)

for 0 ≤ 𝑠 < 3
2 .

To show the opposite inequality, we use the fact that 𝑊𝑇 is a non-negative
potential decaying faster than ∣𝑥∣−2 at infinity, so one can apply Theorem 1.1 of
the work [19] and get the following estimate of the heat kernel 𝐾𝑊 (𝑡, 𝑥, 𝑦) of the
heat operator

∂𝑡 −Δ+𝑊

∣𝐾𝑊 (𝑡, 𝑥, 𝑦)∣ ≤ 𝐶𝐾0(𝑡, 𝑥, 𝑦), (7.11)

where

𝐾0(𝑡, 𝑥, 𝑦) = 𝑐𝑡−3/2𝑒−𝑐∣𝑥−𝑦∣
2/(4𝑡)

is the heat kernel of the free heat operator ∂𝑡 − 1
𝑐Δ.

It is important to notice that the potential 𝑊 = 𝑊𝑇 depends on the parame-
ter 𝑇 ∈ (0, 1), but the constant 𝐶 in (7.11) is independent of this parameter, since
we have the inequality

∣𝑊𝑇 (𝑥)∣ =
∣∣𝑇−2𝑊 (𝑥/𝑇 )

∣∣ ≤ 𝐶

∣𝑥∣3
with some constant 𝐶 independent of 𝑇 ∈ (0, 1). Given any sectorial operator 𝐴
with spectrum 𝜎(𝐴) satisfying

𝑧 ∈ 𝜎(𝐴) =⇒ ℜ𝑧 ≥ 0,
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we can define the negative powers of 𝐴 as follows (see for example Section 1.4
in [10])

𝐴−𝑘 =
1

Γ(𝑘)

∫ ∞

0

𝑡𝑘−1𝑒−𝐴𝑡𝑑𝑡. (7.12)

Choosing 𝑘 = 1,

𝐴 = −Δ+𝑊, 𝐴0 = −1
𝑐
Δ

and comparing the kernels of

𝑒−𝐴𝑡, 𝑒−𝐴0𝑡

by the aid of the estimate (7.12), we see

∥(−Δ+𝑊 )−1𝑓∥𝐿2 ≤ 𝐶∥(−Δ)−1𝑓∥𝐿2.

This estimate shows that the operator

(−Δ+𝑊 )−1(−Δ)
is 𝐿2 bounded, so its dual

(−Δ)(−Δ+𝑊 )−1

is also 𝐿2 bounded and we see that

∥(−Δ)𝑓∥𝐿2 ≤ 𝐶∥(−Δ+𝑊 )𝑓∥𝐿2 .

Hence, by interpolation

∥𝑓∥𝐻̇𝑠𝑊 ≤ 𝐶 ∥𝑓∥𝐻̇𝑠 , (7.13)

for 0 ≤ 𝑠 ≤ 2.
This completes the proof. □
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Wave Equations on Non-smooth Space-times

Günther Hörmann, Michael Kunzinger and Roland Steinbauer

Abstract. We consider wave equations on Lorentzian manifolds in case of
low regularity. We first extend the classical solution theory to prove global
unique solvability of the Cauchy problem for distributional data and right-
hand side on smooth globally hyperbolic space-times. Then we turn to the
case where the metric is non-smooth and present a local as well as a global
existence and uniqueness result for a large class of Lorentzian manifolds with a
weakly singular, locally bounded metric in Colombeau’s algebra of generalized
functions.
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1. Introduction

In this note we are concerned with wave equations on Lorentzian manifolds, with
a particular interest in the Cauchy problem in non-smooth situations. To achieve
a self-contained presentation we first give a brief account on the classical solution
theory in the smooth case, in particular discussing local well-posedness as well as
global well-posedness on globally hyperbolic manifolds. We first extend this theory
to the case of distributional data and right-hand sides. Then we turn to the case
where the metric is non-smooth, that is we deal with normally hyperbolic opera-
tors with coefficients of low regularity. Actually the regularity class of the metric
which we have in mind is below 𝒞1,1 (i.e., the first derivative locally Lipschitz) –
the largest class where standard differential geometric results such as existence and
uniqueness of geodesics remain valid, and also below the Geroch-Traschen class of
metrics – the largest class that allows for a consistent distributional treatment
([15, 26]). It is evident that no consistent distributional solution concept is avail-
able for these equations. Therefore we consider a large class of weakly singular,
locally bounded metrics in the setting of generalized global analysis and nonlinear



164 G. Hörmann, M. Kunzinger and R. Steinbauer

distributional geometry ([18, Sec. 3.2]) based on Colombeau algebras of general-
ized functions ([9, 10]). In particular, we present a local existence and uniqueness
result in the spirit of [16] and extend it to a global result on space-times with a
generalized metric that allows for a suitable globally hyperbolic metric splitting.

This line of research has drawn some motivation from general relativity: In
[7] Chris Clarke suggested to replace the standard geometric definition of singu-
larities by viewing them as obstructions to the well-posedness of the initial value
problem for a scalar field. However, for many relevant examples as, e.g., impulsive
gravitational waves, cosmic strings, and shell crossing singularities which have a
metric of low regularity, the Cauchy problem cannot consistently be formulated
in distribution theory and one has to use a more sophisticated solution concept.
In case of shell crossing singularities Clarke himself used a cleverly designed weak
solution concept to argue for local solvability of the wave equation ([8]). On the
other hand Vickers and Wilson ([33]) used Colombeau generalized functions to
show local well-posedness of the wave equation in conical space-times modelling
a cosmic string. This result has been generalized to a class of locally bounded
space-times in [16], also see [27] for the static case and [19] for an extension to
non-scalar equations.

This work is organized in the following way. In Section 2 we recall the classical
theory of normally hyperbolic operators on smooth Lorentzian manifolds, thereby
essentially following a recent book by Bär et al. ([1]). We extend their global
existence and uniqueness result (Th. 2.7) to the case of distributional data and
right-hand side in Section 3. In Section 4 we recall the necessary background
from global analysis based on Colombeau generalized functions ([18]). We devote
Section 5 to presenting a variant of the local existence and uniqueness theorem for
the wave equation in weakly singular space-times of [16]. Finally, in Section 6 we
extend this result to a global theorem for weakly singular space-times which allow
for a suitable globally hyperbolic splitting of the metric.

2. A review of wave equations on smooth Lorentzian manifolds

In this section we present the solution theory for wave equations on smooth
Lorentzian manifolds with smooth right-hand side and data (cf. (2.3) below),
mainly based on [1, 34] (see also [13]). We will at once formulate the theory for nor-
mally hyperbolic operators on sections of a vector bundle 𝐸 over some Lorentzian
manifold 𝑀 .

We first fix some notations. Throughout we will assume (𝑀, 𝑔) to be a
smooth, connected, time-oriented Lorentz manifold and 𝐸 → 𝑀 a smooth vector
bundle over 𝑀 . By Γ(𝑀, 𝐸) or Γ(𝐸) we denote the smooth sections of 𝐸 → 𝑀 ,
𝒟(𝑀, 𝐸) is the space of compactly supported sections, and Γ𝑘(𝐸) denotes the
spaces of sections of finite differentiability. Given a finite-dimensional vector space
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𝑊 , the space of 𝑊 -valued distributions in 𝐸, 𝒟′(𝑀, 𝐸, 𝑊 ) comprises the continu-
ous linear maps 𝒟(𝑀, 𝐸∗)→ 𝑊 . For example, given 𝑥 ∈ 𝑀 , the delta-distribution
𝛿𝑥 is the 𝐸∗

𝑥-valued distribution in 𝐸 given by 𝛿𝑥 : 𝒟(𝑀, 𝐸∗)→ 𝐸∗
𝑥, 𝜑 2→ 𝜑(𝑥).

A differential operator 𝑃 : Γ(𝐸) → Γ(𝐸) of second order is called normally
hyperbolic if its principal symbol satisfies 𝜎𝑃 (𝜉)∣𝑥 = −⟨𝜉, 𝜉⟩ ⋅ id𝐸𝑥 (𝜉 ∈ 𝑇 ∗

𝑥𝑀). If 𝐸
is equipped with a linear connection ∇ then an important example of a normally
hyperbolic operator is given by the connection d’Alembertian

□∇ : Γ(𝐸) ∇−→ Γ(𝑇 ∗𝑀 ⊗ 𝐸)
∇−→ Γ(𝑇 ∗𝑀 ⊗ 𝑇 ∗𝑀 ⊗ 𝐸)

−tr⊗id𝐸−→ Γ(𝐸),

where tr : 𝑇 ∗𝑀 ⊗ 𝑇 ∗𝑀 → ℝ, tr(𝜉 ⊗ 𝜂) = ⟨𝜉, 𝜂⟩ is the metric trace. By the
Weitzenböck formula, for any normally hyperbolic operator on Γ(𝐸) there exists a
unique connection∇ on 𝐸 and a unique 𝐵 ∈ Γ(Hom(𝐸, 𝐸)) such that 𝑃 = □∇+𝐵.
For any differential operator 𝐷 : Γ(𝐸) → Γ(𝐹 ), its formal adjoint 𝐷∗ : Γ(𝐹 ∗) →
Γ(𝐸∗) is uniquely characterized by∫

𝜓(𝐷𝜑) 𝑑𝑉 =

∫
(𝐷∗𝜓)(𝜑) 𝑑𝑉

for all 𝜑 ∈ 𝒟(𝑀, 𝐸) and all 𝜓 ∈ 𝒟(𝑀, 𝐹 ∗). Here 𝑑𝑉 is the Lorentzian volume
density on 𝑀 .

For notions from causality in Lorentz manifolds our main references are [28,
2]. In particular, for 𝑝, 𝑞 ∈ 𝑀 , by 𝑝 < 𝑞 (resp. 𝑝 ≪ 𝑞) we mean that there exists a
causal (resp. timelike) future directed curve from 𝑝 to 𝑞. For 𝐴 ⊆ Ω ⊆ 𝑀 we write

𝐼Ω+(𝐴) := {𝑞 ∈ Ω ∣ ∃𝑝 ∈ 𝐴 s.t. 𝑞 ≫ 𝑝 in Ω}
for the relative chronological future of 𝐴 in Ω, and analogous for 𝐼Ω−(𝐴). Also we
write

𝐽Ω
+(𝐴) := {𝑞 ∈ Ω ∣ ∃𝑝 ∈ 𝐴 s.t. 𝑞 ≥ 𝑝 in Ω},

for the relative causal future and analogous for 𝐽Ω−(𝐴). Here 𝑞 ≥ 𝑝means either 𝑝 <

𝑞 or 𝑝 = 𝑞. A domain Ω is called causal if its closure Ω is contained in a geodesically
convex domain Ω′ and if for all 𝑝, 𝑞 ∈ Ω the causal diamond 𝐽Ω′

+ (𝑝) ∩ 𝐽Ω′
− (𝑞) is a

compact subset of Ω′. The manifold 𝑀 is said to satisfy the causality condition
(CC) if there are no closed causal curves in 𝑀 . It satisfies the strong causality
condition (SCC) if for each 𝑝 ∈ 𝑀 and each neighborhood 𝑈 of 𝑝 there exists a
neighborhood 𝑉 ⊆ 𝑈 such that no causal curve that starts and ends in 𝑉 can
leave 𝑈 (i.e., there are no ‘almost closed’ causal curves in 𝑀).

A Cauchy hypersurface is a subset 𝑆 of 𝑀 that is intersected by each inex-
tendible timelike curve exactly once. 𝑀 is called globally hyperbolic if it satisfies
SCC and for all 𝑝, 𝑞 ∈ 𝑀 the causal diamond 𝐽𝑀

+ (𝑝) ∩ 𝐽𝑀
− (𝑞) is compact. The

following is a very useful characterization of global hyperbolicity, due in its final
form to [3].

Theorem 2.1. For any time-oriented Lorentzian manifold 𝑀 , the following are
equivalent:

(i) 𝑀 is globally hyperbolic.
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(ii) There exists a Cauchy hypersurface in 𝑀 .
(iii) 𝑀 is isometric to (ℝ×𝑆,−𝛽𝑑𝑡2+𝑔𝑡), where 𝛽 = 𝛽(𝑡, 𝑥) is smooth and strictly

positive, 𝑡 2→ 𝑔𝑡 is a smooth family of Riemannian metrics on 𝑆, and each
{𝑡} × 𝑆 is a (smooth) spacelike Cauchy-hypersurface in 𝑀 .

We remark that by a recent result ([4]) global hyperbolicity is also char-
acterized by the condition that results from replacing SCC by CC in the above
definition.

Turning now to the problem of solving the initial value problem for a normally
hyperbolic differential operator on 𝐸 → 𝑀 , we first consider the case where 𝑀 =
(𝑉, ⟨ , ⟩) is a Lorentz vector space of dimension 𝑛 (later on, the role of 𝑉 will be
played by a tangent space 𝑇𝑥𝑀 to 𝑀). We denote by 𝛾 : 𝑉 → ℝ, 𝛾(𝑋) := −⟨𝑋, 𝑋⟩
the quadratic form associated with ⟨ , ⟩. The analytic centerpiece of the entire
construction that is to follow is provided by the so-called Riesz distributions:

Definition 2.2. For 𝛼 ∈ ℂ with Re(𝛼) > 𝑛, let

𝑅±(𝛼)(𝑋) :=
{

𝐶(𝛼, 𝑛)𝛾(𝑋)
𝛼−𝑛

2 if 𝑋 ∈ 𝐽±(0)
0 else

where 𝐶(𝛼, 𝑛) := 21−𝛼𝜋
2−𝑛
2

Γ(𝛼2 )Γ(
𝛼−𝑛

2 +1)
. 𝑅+(𝛼) (𝑅−(𝛼)) is called advanced (retarded)

Riesz distribution on 𝑉 .

𝑅±(𝛼) is continuous on 𝑉 , and using the fact that □𝑅±(𝛼 + 2) = 𝑅±(𝛼)
for Re(𝛼) > 𝑛 + 2, 𝛼 2→ 𝑅±(𝛼) uniquely extends to a holomorphic family of
distributions on all of ℂ. For all 𝛼, supp(𝑅±(𝛼)) ⊆ 𝐽±(0) and singsupp(𝑅±(𝛼)) is
contained in the boundary 𝐶±(0) of 𝐽±(0). Moreover, 𝑅±(0) = 𝛿0.

The next step in the construction is to transport the Riesz distributions onto
the Lorentz manifold𝑀 . To this end, let Ω be a normal neighborhood of 𝑥 ∈ 𝑀 and
define the smooth function 𝜇𝑥 : Ω→ ℝ by 𝑑𝑉 = 𝜇𝑥 ⋅ (exp𝑥)∗(𝑑𝑧), where 𝑑𝑧 is the
standard volume density on 𝑇𝑥𝑀 , and exp𝑥 is the exponential map at 𝑥. In normal

coordinates around 𝑥, 𝜇𝑥 =
√∣ det 𝑔𝑖𝑗 ∣. Now we set 𝑅Ω

±(𝛼, 𝑥) := 𝜇𝑥 ⋅(exp𝑥)∗𝑅±(𝛼),
i.e.,

∀𝜑 ∈ 𝒟(Ω,ℂ) : ⟨𝑅Ω
±(𝛼, 𝑥), 𝜑⟩ = ⟨𝑅±(𝛼), (𝜇𝑥 ⋅ 𝜑) ∘ exp𝑥⟩ .

𝑅Ω±(𝛼, 𝑥) are called advanced (retarded) Riesz distributions on Ω. The analytical
properties of 𝑅±(𝛼) carry over to the manifold setting, albeit in slightly more
involved form, e.g., (setting Γ𝑥 := 𝛾 ∘ exp−1𝑥 ),

□𝑅Ω
±(𝛼+ 2, 𝑥) =

(
1

2𝛼
(□Γ𝑥 − 2𝑛) + 1

)
𝑅Ω
±(𝛼, 𝑥) for 𝛼 ∕= 0. (2.1)

Moreover, 𝑅Ω±(0, 𝑥) = 𝛿𝑥, supp(𝑅
Ω±(𝛼, 𝑥)) ⊆ 𝐽Ω±(𝑥) and singsupp(𝑅Ω±(𝛼, 𝑥)) ⊆

𝐶Ω
±(𝑥).

For any normally hyperbolic operator 𝑃 on Γ(𝐸), our aim is to construct a
fundamental solution in the following sense:



Wave Equations on Non-smooth Space-times 167

Definition 2.3. Let 𝑃 : Γ(𝐸) → Γ(𝐸) be normally hyperbolic. A distribution
𝐹 ∈ 𝒟′(𝑀, 𝐸, 𝐸∗

𝑥) such that 𝑃 𝐹 = 𝛿𝑥 (i.e., ⟨𝐹, 𝑃 ∗𝜑⟩ = 𝜑(𝑥) for all 𝜑 ∈ 𝒟(𝑀, 𝐸∗))
is called a fundamental solution of 𝑃 at 𝑥 ∈ 𝑀 . 𝐹 is called advanced (retarded) if
supp(𝐹 ) ⊆ 𝐽𝑀

+ (𝑥) (⊆ 𝐽𝑀
− (𝑥)).

For example, in a Lorentz vector space 𝑉 as above, 𝑅±(2) is an advanced
(retarded) fundamental solution of □ at 0 since □𝑅±(2) = 𝑅±(0) = 𝛿0. In the
manifold setting matters are more complicated, as already indicated in (2.1). We
first make the following formal ansatz for a fundamental solution on a normal
neighborhood Ω of 𝑥:

ℛ±(𝑥) :=
∞∑
𝑘=0

𝑉 𝑘
𝑥 𝑅Ω

±(2 + 2𝑘, 𝑥) , (2.2)

where 𝑉 𝑘
𝑥 ∈ Γ(Ω, 𝐸 ⊗ 𝐸∗

𝑥), the so-called Hadamard coefficients, are to be deter-
mined. By formal termwise differentiation one finds that in order for ℛ±(𝑥) to be
a fundamental solution, the 𝑉 𝑘

𝑥 have to satisfy the following transport equations:

∇gradΓ𝑥𝑉 𝑘
𝑥 − (

1

2
□Γ𝑥 − 𝑛+ 2𝑘)𝑉 𝑘

𝑥 = 2𝑘𝑃 𝑉 𝑘−1
𝑥 (𝑘 ≥ 0)

with 𝑉 0
𝑥 (𝑥) = id𝐸𝑥 . The Hadamard coefficients are therefore uniquely determined

as the solution to this problem.
Next, introducing convergence-generating factors into (2.2) we obtain an ap-

proximate fundamental solution ℛ̃(𝑥) in the following sense:
∃𝐾± ∈ Γ(Ω̄× Ω̄, 𝐸∗ ⊠ 𝐸) s.t. 𝑃(2)ℛ̃(𝑥) = 𝛿𝑥 +𝐾±(𝑥, . ) .

Here, 𝐸∗ ⊠ 𝐸 denotes the exterior tensor product and 𝑃(2) indicates that 𝑃 acts
on the second variable. We now use the 𝐾± as integral kernels to define for any
continuous section 𝑢 of 𝐸∗ over Ω̄:

(𝒦±𝑢)(𝑥) :=

∫
Ω̄

𝐾±(𝑥, 𝑦)𝑢(𝑦) 𝑑𝑉 (𝑦) .

For Ω a sufficiently small causal domain and any 𝑘, id + 𝒦± : Γ𝑘(Ω̄, 𝐸∗) →
Γ𝑘(Ω̄, 𝐸∗) is an isomorphism with bounded inverse given by the Neumann series

(id +𝒦±)−1 =
∞∑
𝑗=0

(−𝒦±)𝑗 .

Finally, for each 𝜑 ∈ 𝒟(Ω, 𝐸∗), we set 𝐹Ω
± ( . )[𝜑] := (id + 𝒦±)−1(ℛ̃±( . )[𝜑]) ∈

Γ(𝐸∗). Then

Γ(𝐸∗)→ 𝐸∗
𝑥

𝜑 2→ 𝐹Ω
± (𝑥)[𝜑]

is an advanced (retarded) fundamental solution for 𝑃 at 𝑥. Indeed,

𝑃(2)𝐹
Ω
± ( . )[𝜑] = 𝐹Ω

± ( . )[𝑃 ∗𝜑] = (id +𝒦±)−1(ℛ̃±( . )[𝑃 ∗𝜑])

= (id +𝒦±)−1(𝑃(2)ℛ̃±( . )[𝜑]) = (id +𝒦±)−1(𝜑+𝒦±𝜑) = 𝜑
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In addition, for each 𝜑 ∈ 𝒟(Ω, 𝐸∗), the map 𝑥′ 2→ 𝐹Ω
± (𝑥

′)[𝜑] is in Γ(Ω, 𝐸∗).
It can be shown that the approximate fundamental solution ℛ̃±(𝑥) is in fact an as-
ymptotic expansion of the true fundamental solution 𝐹Ω

± ( . )(𝑥) in a suitable sense.
Altogether, we obtain the following result on the solution of the inhomogeneous
problem on small domains:

Theorem 2.4. For any 𝑥 ∈ 𝑀 there exists a relatively compact causal neighborhood
Ω such that the following holds: given 𝑣 ∈ 𝒟(Ω, 𝐸) and defining 𝑢± by

⟨𝑢±, 𝜑⟩ :=
∫
Ω

𝐹Ω
± (𝑥)[𝜑] ⋅ 𝑣(𝑥) 𝑑𝑉 (𝑥) (𝜑 ∈ 𝒟(Ω, 𝐸))

we have: 𝑢± ∈ Γ(Ω, 𝐸), 𝑃 𝑢± = 𝑣, and supp(𝑢±) ⊆ 𝐽Ω±(supp(𝑣)).

Turning now to the global theory, the first step is to assure uniqueness of
fundamental solutions. For this, we need certain restrictions on the causal structure
of 𝑀 :

Theorem 2.5. Suppose that 𝑀 satisfies the causality condition, that the relation ≤
is closed on 𝑀 , and that the time separation function 𝜏 : 𝑀 ×𝑀 → ℝ̄ (see [28])
is finite and continuous. Let 𝑢 ∈ 𝒟′(𝑀, 𝐸) be a solution of 𝑃 𝑢 = 0 with future or
past compact support (supp(𝑣) ∩ 𝐽𝑀

± (𝑝) compact for all 𝑝). Then 𝑢 = 0.

As an immediate corollary we obtain that under the above assumptions for
each 𝑥 ∈ 𝑀 there is at most one fundamental solution for 𝑃 at 𝑥 with past
(future) compact support. The causality conditions in Theorem 2.5 are satisfied if
𝑀 is globally hyperbolic. Under this assumption, by Theorem 2.1 there exists a

spacelike Cauchy hypersurface 𝑆 in 𝑀 . We denote by 𝜉 the future directed timelike
unit normal vector field on 𝑆 and consider the following Cauchy problem:

𝑃 𝑢 = 𝑓 on 𝑀

𝑢 = 𝑢0 on 𝑆

∇𝜉𝑢 = 𝑢1 on 𝑆

(2.3)

where 𝑓 ∈ 𝒟(𝑀, 𝐸), and 𝑢0, 𝑢1 ∈ 𝒟(𝑆, 𝐸). One first notes that for vanishing 𝑓 ,
𝑢0, and 𝑢1, this problem only has the trivial solution. The analytical core of this
result is the observation that for each 𝜓 ∈ Γ(𝐸∗) and each 𝑣 ∈ Γ(𝐸), one has

𝜓 ⋅ (𝑃 𝑣)− (𝑃 ∗𝜓) ⋅ 𝑣 = div (𝑊 ) (2.4)

where the vector field 𝑊 is uniquely characterized by

⟨𝑊, 𝑋⟩ = (∇𝑋𝜓) ⋅ 𝑣 − 𝜓 ⋅ (∇𝑋𝑣) (𝑋 ∈ 𝔛(𝑀)) .

This allows to control the solution of the homogeneous equation 𝑃 𝑢 = 0 by the
Cauchy data on any Cauchy hypersurface. To prove existence of solutions one
uses the above local theory to obtain solutions for 𝑓 , 𝑢0 and 𝑢1 supported in
sufficiently small causal domains. More precisely, we call a causal domain Ω an
RCCSV-domain (for relatively compact causal with small volume) if it is relatively
compact and so small that vol(Ω) ⋅ ∥𝐾±∥𝒞0(Ω×Ω) < 1. Then we have:



Wave Equations on Non-smooth Space-times 169

Proposition 2.6. Let Ω be an RCCSV-domain and suppose that 𝑓 , 𝑢0 and 𝑢1 are
compactly supported in Ω (resp. Ω ∩ 𝑆). Then the corresponding Cauchy problem
in Ω is uniquely solvable.

Combined with rather subtle causality arguments, this local result finally
leads to the following main theorem on existence and uniqueness of solutions to
(2.3):

Theorem 2.7. Let 𝐸 be a vector bundle over a globally hyperbolic Lorentz manifold
𝑀 with a spacelike Cauchy hypersurface 𝑆, and let 𝑃 be normally hyperbolic on
Γ(𝐸). Then for each 𝑓 ∈ 𝒟(𝑀, 𝐸) and each 𝑢0, 𝑢1 ∈ 𝒟(𝑆, 𝐸) there exists a unique
solution 𝑢 ∈ Γ(𝐸) satisfying (2.3). Moreover, supp(𝑢) ⊆ 𝐽𝑀 (supp(𝑓)∪ supp(𝑢0)∪
supp(𝑢1)) and 𝑢 depends continuously on (𝑓, 𝑢0, 𝑢1).

This result can immediately be utilized to show existence and uniqueness of
fundamental solutions:

Theorem 2.8. Under the assumptions of Theorem 2.7, for each 𝑥 ∈ 𝑀 there exists
a unique fundamental solution 𝐹+(𝑥) (𝐹−(𝑥)) for 𝑃 at 𝑥 with past (future) compact
support. These fundamental solutions satisfy

(i) supp(𝐹±(𝑥)) ⊆ 𝐽𝑀± (𝑥).
(ii) ∀𝜑 ∈ 𝒟(𝑀, 𝐸∗), 𝑥 2→ 𝐹±(𝑥)[𝜑] ∈ Γ(𝐸∗) and 𝑃 ∗(𝐹±( . )[𝜑]) = 𝜑.

The corresponding fundamental kernels are called Green operators:

Theorem 2.9. Under the assumptions of Theorem 2.7, there exist unique Green
operators 𝐺± : 𝒟(𝑀, 𝐸)→ Γ(𝑀, 𝐸) satisfying

(i) 𝑃 ∘𝐺± = id𝒟(𝑀,𝐸)

(ii) 𝐺± ∘ 𝑃 ∣𝒟(𝑀,𝐸) = id𝒟(𝑀,𝐸)

(iii) ∀𝜑 ∈ 𝒟(𝑀, 𝐸) : supp(𝐺±𝜑) ⊆ 𝐽𝑀
± (supp(𝜑))

In fact, (𝐺±𝜑)(𝑥) = 𝐹∓(𝑥)[𝜑]. Moreover, denoting by 𝐺∗
± the Green operators

for 𝑃 ∗,∫
𝑀

(𝐺∗
±𝜑) ⋅ 𝜓 𝑑𝑉 =

∫
𝑀

𝜑 ⋅ (𝐺∓𝜓) 𝑑𝑉 (𝜑 ∈ 𝒟(𝑀, 𝐸∗), 𝜓 ∈ 𝒟(𝑀, 𝐸)) .

3. Wave equations on smooth Lorentzian manifolds:
the case of distributional data

In this section we will be concerned with the global Cauchy problem in the case
where the metric is still smooth but the data and right-hand side are distributional.
To keep the presentation simple we will restrict our attention to the wave operator.

Based on Theorem 2.1, we will assume that 𝑀 = ℝ × 𝑆 and the Lorentz
metric on 𝑀 is of the form 𝜆 = −𝛽𝑑𝑡2 + 𝑔𝑡. We denote by □ the d’Alembertian
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w.r.t. 𝜆. The Cauchy problem we are considering can then be written as

□𝑢 = 𝑓 on 𝑀

𝑢(0, . ) = 𝑢0 (3.1)

∇𝜉𝑢(0, . ) = 𝑢1

In the present setting, 𝜉 = 1√
𝛽

∂𝑡. To make this initial value problem meaningful

in the distributional setting we suppose that 𝑓 is smooth in the 𝑡-variable. More
precisely, we assume that 𝑓 ∈ 𝒞∞(ℝ, ℰ ′(𝑆)) ∩ ℰ ′(ℝ × 𝑆). It then follows from
non-characteristic regularity ([22, Th. 8.3.1]) that any 𝑢 ∈ 𝒟′(𝑀) with □𝑢 =
𝑓 has ±(1, 0) not in the wave front set WF(𝑢)∣(𝑡,𝑥) for all (𝑡, 𝑥). Thus by [12,
23.65.5], 𝑢 ∈ 𝒞∞(ℝ,𝒟′(𝑆)), so the initial value problem (3.1) indeed makes sense
for 𝑢0, 𝑢1 ∈ ℰ ′(𝑆).

To our knowledge, (3.1) has not been treated in full generality in the literature
so far for 𝑓 , 𝑢0, 𝑢1 as specified above. We therefore supply the necessary arguments.

Lemma 3.1. (Uniqueness) There is at most one solution 𝑢 ∈ 𝒞∞(ℝ,𝒟′(𝑆)) of (3.1).

Proof. We first note that □ is strictly hyperbolic with respect to the level sets of
the map 𝑇 : ℝ × 𝑆 → ℝ, (𝑡, 𝑥) 2→ 𝑡 (in the sense of [21, Def. 23.2.3]). In fact, for
the principal symbol 𝜎 of □ we have

𝜎∣(𝑡,𝑥)(𝜏, 𝜉) =
1

𝛽(𝑡, 𝑥)
𝜏2 − ℎ−1𝑡 (𝑥)(𝜉, 𝜉) .

Thus fixing (𝑡, 𝑥) ∈ 𝑀 and 𝜉 ∈ 𝑇 ∗
𝑥𝑆, 𝜉 ∕= 0, the polynomial 𝑝(𝑧) := 𝜎∣(𝑡,𝑥)(𝑧, 𝜉) has

the distinct real zeros ±
√

𝛽(𝑡, 𝑥)ℎ−1𝑡 (𝜉, 𝜉).

Suppose now that 𝑢 and 𝑢̃ are solutions of (3.1) and set 𝑤 := 𝑢− 𝑢̃. By strict
hyperbolicity it follows that there exists some neighborhood 𝑉 of 𝑆 such that
𝑤∣𝑉 = 0 (see [12, 23.72.8]). Furthermore, by [21, Th. 23.2.9], WF(𝑤) ⊆ Char(□)
and is invariant under the Hamiltonian flow of 𝜎. Now Char(□) consists entirely of
lightlike directions. Thus the projection of any (maximal) bicharacteristic onto 𝑀
is an inextendible null-geodesic, hence intersects the Cauchy surface 𝑆. Since the
wavefront set of 𝑤 is empty in 𝑉 and is transported along the bicharacteristics it
therefore must be empty everywhere on 𝑀 . Hence 𝑤 ∈ 𝒞∞(𝑀), and 𝑤 = 0 follows
from the uniqueness part of Theorem 2.7. □

Turning now to the problem of existence, it clearly suffices to treat the fol-
lowing special cases of (3.1): on the one hand, the homogeneous problem (𝑓 = 0),
which we denote by (CP1), and on the other hand the inhomogeneous problem
with vanishing initial data, called (CP2).

Turning first to (CP2), from Theorem 2.9 it is straightforward to conclude
that the Green operators 𝐺± : 𝒟(𝑀)→ 𝒞∞(𝑀) continuously extend to operators
from ℰ ′(𝑀)→ 𝒟′(𝑀) as transposed operators of 𝐺∗∓ (see [34, Th. 4.3.10]). Thus
given 𝑓 ∈ 𝒞∞(ℝ, ℰ ′(𝑆)) ∩ ℰ ′(ℝ× 𝑆) we may set 𝑤 := 𝐺+𝑓 to obtain □𝑤 = 𝑓 .
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Our task is thereby reduced to proving solvability of (CP1) since adding the
solution of (CP1) with 𝑢0 = −𝑤(0, . ) and 𝑢1 = −∇𝜉𝑤(0, . ) we obtain the desired

solution of (CP2) (note that since supp(𝐺+𝑓) ⊆ 𝐽𝑀
+ (supp 𝑓) by [34, (4.3.20)] both

𝑢0 and 𝑢1 are in ℰ ′(𝑆) by [1, Cor. A.5.4]).
To obtain a solution of (CP1) we first observe the following consequence

of (2.4), (cf. [34, Th. 4.3.20]): Denote by 𝐺∗ := 𝐺∗
+ − 𝐺∗− the propagator of the

transposed operator □∗. Then any smooth solution 𝑢 of the homogeneous equation
□𝑢 = 0 satisfies for all 𝜑 ∈ 𝒟(𝑀)∫

𝑀

𝜑 ⋅ 𝑢 𝑑𝑉 =

∫
𝑆

(∇𝜉𝐺
∗(𝜑)) ⋅ 𝑢0 −𝐺∗(𝜑) ⋅ 𝑢1 𝑑𝐴 (3.2)

where 𝑢0 = 𝑢∣𝑆 , 𝑢1 = ∇𝜉𝑢∣𝑆 , and 𝑑𝐴 is the Riemannian surface element of the

spacelike surface 𝑆 (i.e., the Riemannian density w.r.t. 𝑔0 in our case). For the
distributional Cauchy problem (CP1), we take (3.2) as a starting point and for
given 𝑢0, 𝑢1 ∈ ℰ ′(𝑆) define 𝐿(𝑢0, 𝑢1) ∈ 𝒟′(𝑀) by

⟨𝐿(𝑢0, 𝑢1), 𝜑⟩ := ⟨𝑢0, (∇𝜉𝐺
∗(𝜑))∣𝑆⟩ − ⟨𝑢1, 𝐺∗(𝜑)∣𝑆⟩ .

In case 𝑢0 and 𝑢1 are the given Cauchy data 𝑢 := 𝐿(𝑢0, 𝑢1) will be the desired so-
lution to (CP1). We start establishing this fact by first deriving an explicit formula
for 𝐿(𝑢0, 𝑢1) well suited to the (𝑡, 𝑥)-splitting. This naturally has to involve the
Green operators. First observe that by Theorem 2.9 (ii) we have□𝐿(𝑢0, 𝑢1) = 0, so
the argument preceding Lemma 3.1 shows that in fact 𝐿(𝑢0, 𝑢1) ∈ 𝒞∞(ℝ,𝒟′(𝑆)).
Hence for 𝜑0 ∈ 𝒟(ℝ), 𝜑1 ∈ 𝒟(𝑆) we may write

⟨𝐿(𝑢0, 𝑢1), 𝜑0 ⊗ 𝜑1⟩ =
∫
ℝ

𝜑0(𝑡)⟨𝐿(𝑢0, 𝑢1)(𝑡), 𝜑1⟩ 𝑑𝑡. (3.3)

Denote by 𝐹 ∗±(𝑠, 𝑥) the fundamental solutions of □∗ at (𝑠, 𝑥) according to
Theorem 2.8. Setting 𝐹 ∗

𝑠,𝑥 := 𝐹 ∗
−(𝑠, 𝑥)− 𝐹 ∗

+(𝑠, 𝑥), we have (𝐺∗𝜑)(𝑠, 𝑥) = ⟨𝐹 ∗
𝑠,𝑥, 𝜑⟩

for all (𝑠, 𝑥) ∈ 𝑀 and all 𝜑 ∈ 𝒟(𝑀). Furthermore, □𝐹(𝑠,𝑥) = 𝛿𝑠,𝑥 − 𝛿𝑠,𝑥 = 0, so
𝐹 ∗
𝑠,𝑥 ∈ 𝒞∞(ℝ,𝒟′(𝑆)) for each (𝑠, 𝑥) ∈ 𝑀 . Thus for each 𝑡 ∈ ℝ and each 𝜓 ∈ 𝒟(𝑆)
we obtain

⟨𝐿(𝑢0, 𝑢1)(𝑡), 𝜓⟩ = ⟨𝑢0,∇𝜉⟨𝐹 ∗
𝑠,𝑥(𝑡), 𝜓⟩∣𝑠=0⟩ − ⟨𝑢1, ⟨𝐹 ∗

0,𝑥(𝑡), 𝜓⟩⟩ . (3.4)

We are now in the position to show that 𝑢 indeed attains the Cauchy data.

To this end choose sequences 𝑢
(𝑗)
0 , 𝑢

(𝑗)
1 in 𝒟(𝑆) that converge to 𝑢0 resp. 𝑢1 in

ℰ ′(𝑆). By Theorem 2.7, for each 𝑗 there exists a unique 𝑢(𝑗) ∈ 𝒞∞(𝑀) such that

□𝑢(𝑗) = 0, 𝑢(𝑗)(0) = 𝑢
(𝑗)
0 , ∇𝜉𝑢

(𝑗)(0) = 𝑢
(𝑗)
1 .

In addition, again by [34, Th. 4.3.20] we have 𝑢(𝑗) = 𝐿(𝑢
(𝑗)
0 , 𝑢

(𝑗)
1 ). Moreover, by

(3.4) we obtain for all 𝜓 ∈ 𝒟(𝑆) and all 𝑡 ∈ ℝ

⟨𝑢(𝑗)(𝑡), 𝜓⟩ = ⟨𝐿(𝑢(𝑗)0 , 𝑢
(𝑗)
1 )(𝑡), 𝜓⟩ → ⟨𝐿(𝑢0, 𝑢1)(𝑡), 𝜓⟩ = ⟨𝑢(𝑡), 𝜓⟩ , (3.5)
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i.e., for all 𝑡, 𝑢(𝑡) = lim 𝑢(𝑗)(𝑡) in 𝒟′(𝑆). In particular, 𝑢(0) = lim𝑢(𝑗)(0) =

lim𝑢
(𝑗)
0 = 𝑢0, thereby verifying the first initial condition for 𝑢. To show that

∇𝜉𝑢(0) = 𝑢1 we first observe that by (3.4) we have for all 𝜓 ∈ 𝒟(𝑆) and all 𝑡 ∈ ℝ

⟨∂𝑡𝑢(𝑗)(𝑡), 𝜓⟩ = ⟨𝐿(𝑢(𝑗)0 , 𝑢
(𝑗)
1 )′(𝑡), 𝜓⟩

→ ⟨𝐿(𝑢0, 𝑢1)
′(𝑡), 𝜓⟩ = ⟨∂𝑡𝑢(𝑡), 𝜓⟩.

Now since for all 𝑡 ∈ ℝ we have ∇𝜉𝑢(𝑡) = 1/
√

𝛽(𝑡, .) ∂𝑡𝑢(𝑡) we obtain

∇𝜉𝑢(0) =
1√

𝛽(0, .)
∂𝑡𝑢(0) =

1√
𝛽(0, .)

lim ∂𝑡𝑢
(𝑗)(0)

= lim∇𝜉𝑢
(𝑗)(0) = lim𝑢

(𝑗)
1 = 𝑢1,

thereby also verifying the second initial condition.
Finally, we demonstrate that the support of the unique solution of (3.1)

satisfies the same inclusion relation as in the smooth case (Th. 2.7). To see this,
we first note that for any 𝑢 ∈ 𝒞∞(𝑀) such that supp(□𝑢) is compact we have the
following generalization of (3.2):∫

𝑀

𝜑 ⋅𝑢 𝑑𝑉 =

∫
𝑀

□𝑢(𝐺∗
++𝐺∗

−)(𝜑) 𝑑𝑉 +

∫
𝑆

(∇𝜉𝐺
∗(𝜑)) ⋅ 𝑢0−𝐺∗(𝜑) ⋅ 𝑢1 𝑑𝐴 (3.6)

(this follows by adapting the proof of [1, Lemma 3.2.2]). Now suppose that 𝑢 is the
unique solution of (3.1) and pick a sequence 𝑢𝑚 ∈ 𝒟(𝑀) such that 𝑢𝑚(𝑡)→ 𝑢(𝑡)
for each 𝑡 ∈ ℝ. For any 𝜑 ∈ 𝒟(𝑀) and each 𝑡 ∈ ℝ, supp((𝐺∗

+ + 𝐺∗−)𝜑(𝑡, . )) is
compact, so

⟨□𝑢𝑚, (𝐺∗
+ +𝐺∗

−)𝜑⟩ =
∫
ℝ

⟨□𝑢𝑚(𝑡), (𝐺
∗
+ +𝐺∗

−)𝜑(𝑡, . )⟩ 𝑑𝑡

→
∫
ℝ

⟨□𝑢(𝑡), (𝐺∗
+ +𝐺∗

−)𝜑(𝑡, . )⟩ 𝑑𝑡 = ⟨□𝑢, (𝐺∗
+ +𝐺∗

−)𝜑⟩

Thus applying (3.6) to each 𝑢𝑚 and letting 𝑚 →∞ we obtain

⟨𝑢, 𝜑⟩ = ⟨𝑓, (𝐺∗
+ +𝐺∗

−)𝜑⟩+ ⟨𝑢0, (∇𝜉𝐺
∗(𝜑))∣𝑆⟩ − ⟨𝑢1, 𝐺∗(𝜑)∣𝑆⟩ .

From this and Theorem 2.9 (iii), the claimed support properties of 𝑢 follow. Sum-
ming up, we have proved:

Theorem 3.2. Given 𝑓 ∈ 𝒞∞(ℝ, ℰ ′(𝑆)) ∩ ℰ ′(ℝ × 𝑆) and 𝑢0, 𝑢1 ∈ ℰ ′(𝑆) there
exists a unique solution 𝑢 ∈ 𝒞∞(ℝ,𝒟′(𝑆)) of the Cauchy problem (3.1). Moreover,
supp(𝑢) ⊆ 𝐽𝑀 (supp(𝑓) ∪ supp(𝑢0) ∪ supp(𝑢1)).

4. Generalized global analysis

Colombeau algebras of generalized functions ([9, 10]) are differential algebras which
contain the vector space of distributions and display maximal consistency with
classical analysis in the light of the Schwartz impossibility result ([30]). Here we
review global analysis based on the special Colombeau algebra 𝒢(𝑀), for further
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details see [11, 24, 25] and [18, Sec. 3.2]. The basic idea of its construction is reg-
ularization of distributions by nets of smooth functions and the use of asymptotic
estimates in terms of a regularization parameter.

Let 𝑀 be a smooth, second countable Hausdorff manifold. Set 𝐼 = (0, 1] and
denote by ℰ(𝑀) the subset of 𝒞∞(𝑀)𝐼 consisting of all nets depending smoothly
on the parameter 𝜀 ∈ 𝐼. The algebra of generalized functions on 𝑀 ([11]) is defined
as the quotient 𝒢(𝑀) := ℰM(𝑀)/𝒩 (𝑀) of moderate modulo negligible elements
of ℰ(𝑀), where the respective notions are defined by the following asymptotic
estimates. Here 𝒫 denotes the space of all linear differential operators on 𝑀 .

ℰM(𝑀) := {(𝑢𝜀)𝜀 ∈ ℰ(𝑀) : ∀𝐾 ⊂⊂ 𝑀 ∀𝑃 ∈ 𝒫 ∃𝑁 : sup
𝑝∈𝐾

∣𝑃 𝑢𝜀(𝑝)∣ = 𝑂(𝜀−𝑁 )}

𝒩 (𝑀) := {(𝑢𝜀)𝜀 ∈ ℰ(𝑀) : ∀𝐾 ⊂⊂ 𝑀 ∀𝑃 ∈ 𝒫 ∀𝑚 : sup
𝑝∈𝐾

∣𝑃 𝑢𝜀(𝑝)∣ = 𝑂(𝜀𝑚)}.

Elements of 𝒢(𝑀) are denoted by 𝑢 = [(𝑢𝜀)𝜀] = (𝑢𝜀)𝜀 + 𝒩 (𝑀). With com-
ponentwise operations, 𝒢(𝑀) is a fine sheaf of differential algebras where the
derivations are Lie derivatives with respect to smooth vector fields defined by
𝐿𝑋𝑢 := [(𝐿𝑋𝑢𝜀)𝜀], also denoted by 𝑋(𝑢).

There exist embeddings 𝜄 of 𝒟′(𝑀) into 𝒢(𝑀) that are sheaf homomorphisms
and render 𝒞∞(𝑀) a subalgebra of 𝒢(𝑀). Another, more coarse way of relating
generalized functions in 𝒢(𝑀) to distributions is based on the notion of association:
𝑢 ∈ 𝒢(𝑀) is called associated with 𝑣 ∈ 𝒢(𝑀), 𝑢 ≈ 𝑣, if 𝑢𝜀 − 𝑣𝜀 → 0 in 𝒟′(𝑀). A
distribution 𝑤 ∈ 𝒟′(𝑀) is called the distributional shadow of 𝑢 if 𝑢 ≈ 𝜄(𝑤).

The ring of constants in 𝒢(𝑀) is the space ℂ̃ of generalized numbers, which
form the natural space of point values of Colombeau generalized functions. These,
in turn, are uniquely characterized by their values on so-called (compactly sup-
ported) generalized points (equivalence classes of bounded nets (𝑝𝜀)𝜀 of points,
where (𝑝𝜀)𝜀 ∼ (𝑞𝜀)𝜀 if 𝑑(𝑝𝜀, 𝑞𝜀) = 𝑂(𝜀𝑚) for each 𝑚).

An element 𝑢 ∈ 𝒢(𝑀) is called globally bounded, if there exists a represen-
tative (𝑢𝜀)𝜀 and a 𝐶 > 0 such that ∣𝑢𝜀(𝑥)∣ ≤ 𝐶 for all 𝑥 ∈ 𝑀 and all 𝜀 ∈ 𝐼.

A similar construction is in fact possible for any locally convex space 𝐹 : an
analogous quotient construction in terms of the seminorms on 𝐹 allows to assign
a ℂ̃-module 𝒢𝐹 to 𝐹 in a natural way ([14]). A particularly important special case
is obtained for 𝐹 = Γ(𝑀, 𝐸), the space of smooth sections of a vector bundle
𝐸 → 𝑀 (again with representatives that are supposed to depend smoothly on 𝜀).
The resulting space Γ𝒢(𝑀, 𝐸) := 𝒢𝐹 then is a 𝒢(𝑀)-module, called the space of
generalized sections of the vector bundle 𝐸. A convenient algebraic description is
as follows:

Γ𝒢(𝑀, 𝐸) = 𝒢(𝑀)⊗𝒞∞(𝑀) Γ(𝑀, 𝐸) = 𝐿𝒞∞(𝑀)(Γ(𝑀, 𝐸∗),𝒢(𝑀)). (4.1)

Γ𝒢 is a fine sheaf of finitely generated and projective 𝒢-modules. For the special
case of generalized tensor fields of rank 𝑟, 𝑠 we use the notation 𝒢𝑟𝑠 (𝑀). We have:

𝒢𝑟𝑠 (𝑀) ∼= 𝐿𝒢(𝑀)(𝒢10 (𝑀)𝑠,𝒢01(𝑀)𝑟;𝒢(𝑀)).
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Observe that this allows the insertion of generalized vector fields and one-forms
into generalized tensors, a point of view which is essential when dealing with
generalized metrics in the following sense.

Definition 4.1. An element 𝑔 of 𝒢02(𝑀) is called a generalized pseudo-Riemannian
metric if it is symmetric (𝑔(𝜉, 𝜂) = 𝑔(𝜂, 𝜉) ∀𝜉, 𝜂 ∈ 𝔛(𝑀)), its determinant det 𝑔
is invertible in 𝒢 (equivalently, for each compact subset 𝐾 of a chart in 𝑀 there
exists some 𝑚 such that ∣ det(𝑔𝜀)𝑖𝑗(𝑝)∣ > 𝜀𝑚 for 𝜀 small and all 𝑝 ∈ 𝐾), and it
possesses a well-defined index 𝜈 (the index of 𝑔𝜀 equals 𝜈 for 𝜀 small).

Based on this definition, many notions from (pseudo-)Riemannian geometry
can be extended to the generalized setting (cf. [25]). In particular, any generalized
metric induces an isomorphism between generalized vector fields and one-forms,
and there is a unique Levi-Civita connection corresponding to 𝑔. This provides a
convenient framework for non-smooth pseudo-Riemannian geometry and the anal-
ysis of highly singular space-times in general relativity (see, e.g., [18, Ch. 5], [31]).

For the purposes of the present work we will also need the notion of a time-
dependent generalized metric. To this end, let 𝑆 be an 𝑛-dimensional smooth
manifold and let pr2 : ℝ×𝑆 → 𝑆 denote the projection onto 𝑆. Also, let pr∗2(𝑇

0
2 𝑆)

be the corresponding pullback-bundle.

Definition 4.2. An element ℎ ∈ Γ𝒢(pr∗2(𝑇 0
2 𝑆)) is called 𝑡-dependent generalized

pseudo-Riemannian metric if ℎ𝑡 possesses a well-defined index and if

(i) (Symmetry) ℎ𝑡(𝜉, 𝜂) = ℎ𝑡(𝜂, 𝜉) in 𝒢(ℝ× 𝑆) for all 𝜉, 𝜂 ∈ 𝔛(𝑀).
(ii) (Non-degeneracy) det(ℎ𝑡) is strictly nonzero in the following sense: for any

𝐾 ⊂⊂ ℝ, and any 𝐿 compact in some chart neighborhood on 𝑆 there exists
some 𝑚 such that ∣ det((ℎ𝜀)𝑡)𝑖𝑗(𝑥)∣ > 𝜀𝑚 for (𝑡, 𝑥) ∈ 𝐾 × 𝐿 and 𝜀 small.

We conclude this section by the following globalization lemma.

Lemma 4.3. Let 𝑢 : 𝐼 × 𝑀 → 𝑁 be a smooth map and let (P) be a property
attributable to values 𝑢(𝜀, 𝑝) that is stable with respect to decreasing 𝐾 and 𝜀 in
the following sense: if 𝑢(𝜀, 𝑝) satisfies (P) for all 𝑝 ∈ 𝐾 ⊂⊂ 𝑀 and all 𝜀 less than
some 𝜀𝐾 > 0 then for any compact set 𝐾 ′ ⊆ 𝐾 and any 𝜀𝐾′ ≤ 𝜀𝐾 , 𝑢 satisfies (P)
on 𝐾 ′ for all 𝜀 ≤ 𝜀𝐾′ . Then there exists a smooth map 𝑢 : 𝐼 ×𝑀 → 𝑁 such that
(P) holds for all 𝑢̃(𝜀, 𝑝) (𝜀 ∈ 𝐼, 𝑝 ∈ 𝑀) and for each 𝐾 ⊂⊂ 𝑀 there exists some
𝜀𝐾 ∈ 𝐼 such that 𝑢(𝜀, 𝑝) = 𝑢(𝜀, 𝑝) for all (𝜀, 𝑝) ∈ (0, 𝜀𝐾 ]×𝐾.

Proof. Let (𝐾𝑙)𝑙 be a compact exhaustion of 𝑀 with 𝐾𝑙 ⊆ 𝐾∘
𝑙+1 for all 𝑙 and

choose a smooth function 𝜂 : 𝑀 → ℝ with 0 < 𝜂(𝑥) ≤ 𝜀𝐾𝑙 for all 𝑥 ∈ 𝐾𝑙 ∖𝐾∘
𝑙−1

(𝐾0 := ∅) (cf., e.g., [18, Lem. 2.7.3]). Moreover, let 𝜈 : ℝ+
0 → [0, 1] be a smooth

function satisfying 𝜈(𝑡) ≤ 𝑡 for all 𝑡 and

𝜈(𝑡) =

{
𝑡 0 ≤ 𝑡 ≤ 1

2
1 𝑡 ≥ 3

2

For (𝜀, 𝑥) ∈ 𝐼×𝑀 let 𝜇(𝜀, 𝑥) := 𝜂(𝑥)𝜈
(

𝜀
𝜂(𝑥)

)
and set 𝑢̃(𝜀, 𝑥) := 𝑢(𝜇(𝜀, 𝑥), 𝑥). Then

𝑢̃ has all the required properties. □
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Remark 4.4. Lemma 4.3 allows to globalize properties of Colombeau-type general-
ized functions provided that representatives depend smoothly on 𝜀, as is assumed
throughout this work. Indeed, if in the above situation it is additionally assumed
that 𝑢 is a representative of a Colombeau generalized function then by the very
nature of the defining asymptotic estimates, 𝑢̃ is itself moderate and in fact con-
stitutes a representative of the same generalized function possessing the required
property (P) globally on𝑀 . In particular, any (time-dependent) generalized metric
𝑔 possesses a representative (𝑔𝜀)𝜀 such that each 𝑔𝜀 is a smooth (time-dependent)
metric globally on 𝑀 , a fact that will repeatedly be used in what is to follow.

5. Wave equations of non-smooth metrics I: The local theory

In this section we present a local existence and uniqueness result (closely related
to the one in [16]) for the homogeneous wave equation of a class of generalized
Lorentz metrics 𝑔, which will be extended to a global result in Section 6. We start
by introducing this class of generalized weakly singular metrics.

5.1. Weakly singular Lorentzian metrics

Let 𝑔 be a generalized Lorentzian metric on𝑀 . From now on we call the pair (𝑀, 𝑔)
a generalized space-time. To formulate asymptotic conditions on representatives
(𝑔𝜀)𝜀 of 𝑔 let 𝑚 be a background Riemannian metric on 𝑀 and denote by ∥ ∥𝑚
the norm induced on the fibers of the respective tensor bundle. To begin with we
impose the following condition:

(A) For all compact sets 𝐾, for all orders of derivative 𝑘 ∈ ℕ0 and all 𝑘-tuples of
smooth vector fields 𝜂1, . . . , 𝜂𝑘 and for any representative (𝑔𝜀)𝜀 we have:

sup
𝐾
∥L𝜂1 . . . L𝜂𝑘𝑔𝜀∥𝑚 = 𝑂(𝜀−𝑘) (𝜀 → 0)

sup
𝐾

∥∥L𝜂1 . . . L𝜂𝑘𝑔−1𝜀

∥∥
𝑚
= 𝑂(𝜀−𝑘) (𝜀 → 0). (5.1)

A generalized metric with property (A) will be called a weakly singular metric.
Note that here we use a somewhat different terminology as compared to [16].

Now with a view to formulating the local Cauchy problem of the wave op-
erator for such a metric we consider a local foliation of 𝑀 given by the level sets
of some non-singular function 𝑡 ∈ 𝒞∞(𝑈), where 𝑈 ⊆ 𝑀 is open and relatively
compact.

To exclude trivial cases we require the level sets Σ𝜏 = {𝑞 ∈ 𝑈 : 𝑡(𝑞) = 𝜏}
to be space-like with respect to all 𝑔𝜀. In fact, we suppose a uniform variant
of this condition which can also be viewed as a suitable generalization of the
classical notion of time-orientability. Moreover, we will need a uniform bound
on the covariant derivative of the normal form which, in particular, contains a
condition on the second fundamental form of the level sets. More precisely, we
demand:
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(B) Each 𝑝 ∈ 𝑀 possesses a neighborhood 𝑈 on which there exists a local time-
function, that is a smooth function 𝑡 with uniformly timelike differential
𝑑𝑡 =: 𝜎, i.e.,

𝑔−1𝜀 (𝜎, 𝜎) ≤ −𝐶 < 0 for some positive constant 𝐶 (5.2)

and one (hence any) representative 𝑔𝜀 and all small 𝜀. In addition, we have
for all 𝐾 ⊂⊂ 𝑈 that

sup
𝐾
∥∇𝜀𝜎∥𝑚 = 𝑂(1) (𝜀 → 0), (5.3)

where ∇ is the covariant derivative of 𝑔.

Let us denote the normal vector field to Σ𝜏 by 𝜉 (it is a generalized vector field
defined via its representative 𝜉𝜀 ∈ 𝔛(𝑈), given by 𝜎 = 𝑔𝜀(𝜉𝜀, ⋅), i.e., 𝜉𝜀 = grad 𝜀𝑡).
We observe that by pulling up the index, given (A), condition (B) is equivalent
to sup𝐾 ∥∇𝜀𝜉𝜀∥𝑚 = 𝑂(1). Also for vector fields 𝑋, 𝑌 tangent to Σ𝜏 , we obtain
∇𝜀𝜎(𝑋, 𝑌 ) = 𝑌 (𝜎(𝑋)) − 𝜎(∇𝜀

𝑌 𝑋) = 0 − 𝜎(nor∇𝜀
𝑌 𝑋), hence we obtain for the

second fundamental form 𝐼𝐼𝜀 of the hypersurfaces Σ𝜏

∥𝐼𝐼𝜀∥𝑚 = 𝑂(1) (𝜀 → 0) uniformly on compact sets.

Remark 5.1. Conditions (A) and (B) are given in terms of the 𝜀-asymptotics of
the generalized metric. There is, however, the following close connection to the
classical situation. Assume that we are given a space-time metric that is locally
bounded but not necessarily 𝒞1,1 or of Geroch-Traschen class (i.e., the largest
class that allows a consistent distributional treatment, see [15, 26] and [32] for
the relation with the present setting). We may then embed this metric into the
space of generalized metrics essentially by convolution with a standard mollifier
(for details again see [32]). From the explicit form of the embedding it is then clear
that condition (A) holds.

Condition (B), in adapted coordinates, demands somewhat better asymp-
totics of the time-derivatives of the spatial part of the metric as well as the spatial
derivative of the (0, 0)-component. This condition, in fact, is satisfied by several
relevant examples as well. In particular, we have:

∙ Conical space-times fall into our class since estimates (6) and (7) in [33] for
the embedded metric imply our condition (A), while (B) is immediate from
the staticity of the metric.

∙ Impulsive pp-waves (in “Rosen form”)
𝑑𝑠2 = −𝑑𝑢𝑑𝑣 + (1 + 𝑢+)

2
𝑑𝑥2 + (1− 𝑢+)

2
𝑑𝑦2

as well as expanding impulsive waves with line element

𝑑𝑠2 = 2𝑑𝑢𝑑𝑣 + 2𝑣2
∣∣∣𝑑𝑧 +

𝑢+
2𝑣

𝐻𝑑𝑧
∣∣∣2

satisfy conditions (A) and (B). Here 𝑢+ denotes the kink function and 𝐻(𝑧)
is the Schwarzian derivative 𝐻 = ℎ′′′/(2ℎ′)− (3ℎ′′2)/(4ℎ′2) of some analytic
function ℎ(𝑧) (which may be chosen arbitrarily). For details see [17, Ch. 20].
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In both cases the metric is continuous and it will obey conditions (A) and
(B) when embedded with a standard mollifier, or – more generally – if we use
any regularization that converges locally uniformly to the original metric.

5.2. Local existence and uniqueness

We start by formulating the local Cauchy problem for the wave operator on weakly
singular space-times. Let 𝑝 ∈ 𝑀 , and choose 𝑈 to be an open and relatively
compact neighborhood of 𝑝 as in condition (B). Denote the corresponding foliation
by Σ𝜏 = {𝑞 ∈ 𝑈 : 𝑡(𝑞) = 𝜏} (𝜏 ∈ [−𝛾, 𝛾]) and suppose 𝑝 ∈ Σ0 =: Σ. In addition
to the normal vector field 𝜉 and the normal covector field 𝜎 whose asymptotics
have already been discussed above we will need their corresponding normalized

versions 𝜉 = [(𝜉𝜀)𝜀] = [(𝜉𝜀/𝑉𝜀)𝜀] and 𝜎 = [(𝜎𝜀)𝜀] = 𝑔(𝜉, ⋅), where we have set
𝑉 2
𝜀 = −𝑔𝜀(𝜉𝜀, 𝜉𝜀).

We are interested in the initial value problem

□𝑢 = 0 on 𝑈

𝑢 = 𝑢0 on Σ

∇𝜉𝑢 = 𝑢1 on Σ,

(5.4)

where the initial data 𝑢0, 𝑢1 are supposed to be in 𝒢(Σ). Note that this, in partic-
ular, includes the case of distributional initial data. We are interested in finding a
local solution 𝑢 ∈ 𝒢 on 𝑈 or an open subset thereof.

A general strategy to solve PDEs in generalized functions is the following.
First, solve the equation for fixed 𝜀 in the smooth setting and form the net (𝑢𝜀)𝜀
of smooth solutions. This will be a candidate for a solution in 𝒢, but particular
care has to be taken to guarantee that the 𝑢𝜀 share a common domain of definition
and depend smoothly on 𝜀. In fact, as has recently been shown in [23] it suffices to
verify continuous dependence on 𝜀. In the second step, one shows that the solution
candidate (𝑢𝜀)𝜀 is a moderate net, hence obtaining existence of a solution [(𝑢𝜀)𝜀]
in 𝒢. Finally, to obtain uniqueness of solutions, one has to prove that changing
representatives of the data leads to a solution that is still in the class [(𝑢𝜀)𝜀].
Note that this amounts to an additional stability of the equation with respect to
negligible perturbations of the initial data.

So, in the present situation we need a condition which provides us with the
existence of a solution candidate:

(C) For each 𝑝 ∈ Σ there exists a neighborhood 𝑉 ⊆ 𝑈 and a representative (𝑔𝜀)𝜀
of the metric 𝑔 on 𝑉 such that 𝑉 is, for each 𝜀, an RCCSV-neighborhood in
(𝑀, 𝑔𝜀) with Σ ∩ 𝑉 a spacelike Cauchy hypersurface for 𝑉 .

Indeed Proposition 2.6 now provides us with a solution candidate defined on
𝑉 , that is a net (𝑢𝜀) with □𝜀𝑢𝜀 = 𝑓𝜀 on 𝑉 for some negligible net (𝑓𝜀) and moreover
𝑢𝜀∣Σ∩𝑉 = 𝑢0𝜀, ∇𝜉𝑢∣Σ∩𝑉 = 𝑢1𝜀 for some representatives (𝑢0𝜀) (𝑢1𝜀) of the data. We

note that continuous dependence of 𝑢 on 𝜀 follows readily from the construction
steps detailed in Section 2. Observe that the only part that exceeds the classical
condition for existence and uniqueness of solutions is a certain uniformity in 𝜀.
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Heuristically this means that the light-cones of the metric 𝑔𝜀 neither vary to wildly
with 𝜀 nor collapse as 𝜀 → 0. In terms of regularizations of classical metrics which
are locally bounded but not necessarily of 𝒞1,1 or of Geroch-Traschen class, this
condition will always be satisfied due to non-degeneracy of the classical metric.

Now we may state the main result of this section.

Theorem 5.2 (Local existence and uniqueness of generalized solutions). Let (𝑀, 𝑔)
be a generalized space-time with a weakly singular metric and assume that condi-
tions (B) and (C) hold. Then, for each 𝑝 ∈ Σ there exists an open neighborhood
Ω such that for all compactly supported 𝑢0, 𝑢1 ∈ 𝒢(Σ ∩ Ω), the initial value prob-
lem (5.4) has a unique solution 𝑢 in 𝒢(Ω).

The core of the proof of Theorem 5.2 consists of higher-order energy estimates
for the solution candidate whose existence is secured by condition (C). The energy
estimates, which rely on conditions (A) and (B), will be carried out in a geometric
setting using 𝜀-dependent energy momentum tensors and 𝜀-dependent Sobolev
norms. These notions have been introduced in [33] and a suitable generalization
of this method will be presented in the next section.

5.3. Higher-order energy estimates

Let 𝑈 ⊇ 𝑉 be the neighborhoods of 𝑝 given by conditions (B) and (C). The
solution candidate (𝑢𝜀)𝜀 is defined on 𝑉 and we are going to estimate 𝑢𝜀 on some
suitable neighborhood of 𝑝.

We start by introducing some notation. Let Ω be an open neighborhood
of 𝑝 with the property that Ω ⊆ 𝑉 , and such that the boundary of the region
Ω ∩ {𝑞 ∈ 𝑈 : 𝑡(𝑞) ≥ 0} and the boundary of the region Ω ∩ {𝑞 ∈ 𝑈 : 𝑡(𝑞) ≤ 0}
is space-like w.r.t. all 𝑔𝜀. Indeed, such a neighborhood exists by condition (A).
We now concentrate on the forward-in-time part of Ω (i.e., the part where 𝑡 ≥ 0)
since the backward-in-time part can be dealt with analogously. To this end we set
𝑆𝜏 := Σ𝜏 ∩Ω and denote by Ω𝜏 the open part of Ω between Σ and Σ𝜏 . We denote
the part of the boundary of Ω𝜏 with 0 < 𝑡 < 𝜏 by 𝑆Ω,𝜏 , so that ∂Ω𝜏 = 𝑆0∪𝑆𝜏∪𝑆Ω,𝜏
(see Figure 1).

From now on we will adopt abstract index notation for (generalized) tensorial
objects (see, e.g., [29]). In particular, representatives of the metric 𝑔𝜀 and its inverse
will be denoted by 𝑔𝜀𝑎𝑏 and 𝑔𝑎𝑏𝜀 , respectively. In addition, to simplify the notation
for tensors we are going to use capital letters to abbreviate tuples of indices, i.e.,
we will write 𝑇 𝐼

𝐽 for 𝑇 𝑝1...𝑝𝑟
𝑞1...𝑞𝑠 with ∣𝐼∣ = 𝑟, ∣𝐽 ∣ = 𝑠.

We now define a generalized Riemannian metric by

𝑒 := 𝑔 + 2𝜎 ⊗ 𝜎,

and use it in combination with the covariant derivative ∇ of 𝑔 to define “𝜀-
dependent” Sobolev norms and energies on 𝑈 . Observe that by conditions (A)
and (B) we have ∥𝑒𝜀∥𝑚 = 𝑂(1) and ∥∇𝜀𝑒𝜀∥𝑚 = 𝑂(1) on compact sets. We will
also frequently need tensor products of 𝑒 and use the notation 𝑒𝐼𝐽 = 𝑒𝑝1𝑞1 . . . 𝑒𝑝𝑟𝑞𝑟
with ∣𝐼∣ = 𝑟 = ∣𝐽 ∣.
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Figure 1. Local foliation of space-time

Definition 5.3 (Sobolev norms and energies). Let 𝑇 𝐼
𝐽 be a smooth tensor field and

𝑢 a smooth function on 𝑈 , 0 ≤ 𝜏 ≤ 𝛾, and 𝑘, 𝑗 ∈ ℕ0.

(i) We define the pointwise norm of 𝑇 𝐼
𝐽 by ∥𝑇 𝐼

𝐽∥2𝑒𝜀 := 𝑒𝜀𝐾𝐿𝑒𝐼𝐽𝜀 𝑇𝐾
𝐼 𝑇𝐿

𝐽

and the higher-order pointwise norm of 𝑢 by ∣∇(𝑗)
𝜀 𝑢∣2 := ∣∣∇𝜀

𝑝1 . . .∇𝜀
𝑝𝑗𝑢∣∣2𝑒𝜀 .

(ii) On Ω𝜏 and 𝑆𝜏 we define the Sobolev norms

∇∥𝑢∥𝑘Ω𝜏 , 𝜀 :=
⎛⎝ 𝑘∑

𝑗=0

∫
Ω𝜏

∣∇(𝑗)
𝜀 (𝑢)∣2𝜇𝜀

⎞⎠
1
2

,

and

∇∥𝑢∥𝑘𝑆𝜏 , 𝜀 :=
⎛⎝ 𝑘∑

𝑗=0

∫
𝑆𝜏

∣∇(𝑗)
𝜀 (𝑢)∣2𝜇𝜀

𝜏

⎞⎠ 1
2

respectively. Here 𝜇 = [(𝜇𝜀)𝜀] and 𝜇𝜏 = [(𝜇
𝜀
𝜏 )𝜀] denote the respective volume

forms on Ω𝜏 and 𝑆𝜏 derived from 𝑔. Note that although in the second norm
the integration is performed over the three-dimensional manifold 𝑆𝜏 only,
derivatives are not confined to directions tangential to 𝑆𝜏 .

(iii) On Ω we define the energy momentum tensors by (𝑘 > 0)

𝑇 𝑎𝑏,0
𝜀 (𝑢) := −1

2
𝑔𝑎𝑏𝜀 𝑢2,

𝑇 𝑎𝑏,𝑘
𝜀 (𝑢) :=

(
𝑔𝑎𝑐𝜀 𝑔𝑏𝑑𝜀 −

1

2
𝑔𝑎𝑏𝜀 𝑔𝑐𝑑𝜀

)
𝑒𝑝1𝑞1𝜀 . . . 𝑒𝑝𝑘−1𝑞𝑘−1

𝜀

×(∇𝜀
𝑐∇𝜀

𝑝1 . . .∇𝜀
𝑝𝑘−1

𝑢)(∇𝜀
𝑑∇𝜀

𝑞1 . . .∇𝜀
𝑞𝑘−1

𝑢),

(iv) Finally, the energy integrals are defined by

𝐸𝑘
𝜏,𝜀(𝑢) :=

𝑘∑
𝑗=0

∫
𝑆𝜏

𝑇 𝑎𝑏,𝑗
𝜀 (𝑢)𝜉𝑎𝜉𝑏 𝑉 −1

𝜀 𝜇𝜀
𝜏 . (5.5)



180 G. Hörmann, M. Kunzinger and R. Steinbauer

A straightforward calculation shows that the tensor fields 𝑇 𝑎𝑏,𝑘
𝜀 (𝑢) satisfy

the dominant energy condition hence an application of Stokes’ theorem yields the
basic energy estimate (see, e.g., [20, Sec. 4.3])

𝐸𝑘
𝜏,𝜀(𝑢) ≤ 𝐸𝑘

𝜏=0,𝜀(𝑢) +

𝑘∑
𝑗=0

∫
Ω𝜏

(
𝜉𝑏∇𝜀

𝑎𝑇 𝑎𝑏,𝑗
𝜀 (𝑢) + 𝑇 𝑎𝑏,𝑗

𝜀 (𝑢)∇𝜀
𝑎𝜉𝑏
)

𝜇𝜀. (5.6)

One key estimate in our approach is the equivalence of Sobolev norms and
energies. Indeed using condition (A) and the estimate (5.2) one may derive ([16,
Lemma 4.1]):

Lemma 5.4 (Energy integrals and Sobolev norms). There exist constants 𝐶, 𝐶′

such that for each 𝑘 ≥ 0 and all 𝜀 small

𝐶(∇∥𝑢∥𝑘𝑆𝜏 , 𝜀)2 ≤ 𝐸𝑘
𝜏,𝜀(𝑢) ≤ 𝐶′(∇∥𝑢∥𝑘𝑆𝜏 , 𝜀)2. (5.7)

With this tool at hand we may derive the core estimate allowing to prove
existence and uniqueness of solutions.

Proposition 5.5. Let (𝑢𝜀) be a solution candidate on 𝑉 . Then, for each 𝑘 ≥ 1,
there exist positive constants 𝐶′

𝑘, 𝐶′′
𝑘 , 𝐶′′′

𝑘 such that for all 0 ≤ 𝜏 ≤ 𝛾 we have

𝐸𝑘
𝜏,𝜀(𝑢𝜀) ≤ 𝐸𝑘

0,𝜀(𝑢𝜀) + 𝐶′
𝑘(
∇∥𝑓𝜀∥𝑘−1Ω𝜏 , 𝜀

)2 + 𝐶′′
𝑘

𝑘−1∑
𝑗=1

1

𝜀2(1+𝑘−𝑗)

∫ 𝜏

0

𝐸𝑗
𝜁,𝜀(𝑢𝜀)𝑑𝜁

+𝐶′′′
𝑘

∫ 𝜏

0

𝐸𝑘
𝜁,𝜀(𝑢𝜀)𝑑𝜁. (5.8)

Before sketching the proof of this statement, we draw the essential conclusions
from it. Observe that the constant in front of the highest-order term on the r.h.s.
does not depend on 𝜀, hence we obtain, by an application of Gronwall’s lemma:

Corollary 5.6. Let (𝑢𝜀) be a solution candidate on 𝑉 . Then, for each 𝑘 ≥ 1, there
exist positive constants 𝐶′

𝑘, 𝐶′′
𝑘 , 𝐶′′′

𝑘 such that for all 0 ≤ 𝜏 ≤ 𝛾,

𝐸𝑘
𝜏,𝜀(𝑢𝜀) ≤

⎛⎜⎝𝐸𝑘
0,𝜀(𝑢𝜀) + 𝐶′

𝑘(
∇∥𝑓𝜀∥𝑘−1Ω𝜏 , 𝜀

)2 + 𝐶′′
𝑘

𝑘−1∑
𝑗=1

1

𝜀2(1+𝑘−𝑗)

𝜏∫
𝜁=0

𝐸𝑗
𝜁,𝜀(𝑢𝜀)𝑑𝜁

⎞⎟⎠ 𝑒𝐶
′′′
𝑘 𝜏

(5.9)
Consequently, if the initial energy (𝐸𝑘

0, 𝜀(𝑢𝜀))𝜀 is a moderate (resp. negligible) net
of real numbers, and (𝑓𝜀)𝜀 is negligible then

sup
0≤𝜏≤𝛾

(𝐸𝑘
𝜏, 𝜀(𝑢𝜀))𝜀

is moderate (resp. negligible).

Now we sketch the proof of Proposition 5.5: We have to estimate the right-
hand side of the basic energy estimate (5.6). Starting with the second term under
the integral we use condition (B) to obtain∣∣𝑇 𝑎𝑏,𝑗

𝜀 (𝑢𝜀)∇𝜀
𝑎𝜉𝑏
∣∣ ≤ ∥𝑇 𝑎𝑏,𝑗

𝜀 (𝑢𝜀)∥𝑒𝜀∥∇𝜀
(𝑎𝜉𝑏)∥𝑒𝜀 ≤ 𝐶 ∥𝑇 𝑎𝑏,𝑗

𝜀 (𝑢𝜀)∥𝑒𝜀 . (5.10)
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Observe that by condition (A), the Riemannian metric 𝑒 is 𝑂(1) hence ∥ ∥𝑚 and
∥ ∥𝑒𝜀 are equivalent norms. We now may estimate ∥𝑇 𝑎𝑏,𝑗

𝜀 (𝑢𝜀)∥𝑒𝜀 by the higher-order
pointwise norm of 𝑢. After integration this gives∣∣∣∣∣∣

𝑘∑
𝑗=0

∫
Ω𝜏

𝑇 𝑎𝑏,𝑗
𝜀 (𝑢𝜀)∇𝜀

𝑎𝜉𝑏𝜇𝜀

∣∣∣∣∣∣ ≤ 𝐶 (∇∥𝑢𝜀∥𝑘Ω𝜏 , 𝜀)2. (5.11)

Now turning to the divergence term on the right-hand side of (5.6) we start
with orders 𝑘 = 0, 1. Using the wave equation we find

∇𝜀
𝑎𝑇 𝑎𝑏,0

𝜀 (𝑢𝜀) = −𝑢𝜀∇𝑏
𝜀𝑢𝜀 and ∇𝜀

𝑎𝑇 𝑎𝑏,1
𝜀 (𝑢𝜀) = 𝑓𝜀∇𝑏

𝜀𝑢𝜀,

which after integration clearly can be estimated by the squares of ∇∥𝑢𝜀∥1Ω𝜏 , 𝜀 and
∇∥𝑓𝜀∥0Ω𝜏 , 𝜀. Inserting this and (5.11) for 𝑘 = 1 into (5.6) we obtain

𝐸1
𝜏,𝜀(𝑢𝜀) ≤ 𝐸1

0,𝜀(𝑢𝜀) + 𝐶
(∇∥𝑓𝜀∥0Ω𝜏 , 𝜀)2 + 𝐶

(∇∥𝑢𝜀∥1Ω𝜏 , 𝜀)2 .

Next we use Lemma 5.4 to estimate the Sobolev norm of 𝑢𝜀 in terms of its energy,
i.e., (∇∥𝑢𝜀∥1Ω𝜏 , 𝜀)2 = ∫ 𝜏

0

(∇∥𝑢𝜀∥1𝑆𝜁, 𝜀)2𝑑𝜁 ≤ 𝐶

∫ 𝜏

0

𝐸1
𝜁,𝜀(𝑢𝜀)𝑑𝜁,

which gives the claim for 𝑘 = 1 (with 𝐶′′
1 = 0).

Finally, one has to estimate the divergence of the higher (i.e., 𝑘 > 1) or-
der energy momentum tensors. The general strategy is, of course, to rewrite terms
containing the (𝑘+1)st order derivative of 𝑢𝜀 using the wave equation. This necessi-
tates interchanging the order of covariant derivatives, which introduces additional
curvature terms. These can be estimated using condition (A). Observe, however,
that there also appear terms where the covariant derivatives falls on 𝑒. These terms
of the form ∇𝜀

𝑎𝑒𝐼𝐽𝜀 can be estimated thanks to condition (B). □

We finally sketch the proof of Theorem 5.2: We have already noted the ex-
istence of a solution candidate (𝑢𝜀) on 𝑉 . To prove that 𝑢𝜀 is moderate on Ω𝛾

we start from moderateness of the data 𝑢0, 𝑢1. Inductively using the wave equa-
tion this translates into moderateness of the initial energies (𝐸𝑘

0,𝜀(𝑢𝜀))𝜀. Now by

Corollary 5.6 we obtain moderateness of the energies (𝐸𝑘
𝜏,𝜀(𝑢𝜀))𝜀 for all 0 ≤ 𝜏 ≤ 𝛾.

Finally, we use the Sobolev embedding theorem (together with the fact the vol-
ume is 𝑂(1) due to condition (A)) to estimate the sup-norm of 𝑢𝜀 in terms of the
Sobolev norms, which in turn can be bounded by the energies (𝐸𝑘

𝜏,𝜀(𝑢𝜀))𝜀 due to
Lemma 5.4 (for details see [16, Lemma 6.2]). So we see that moderateness of the
energies implies moderateness of (𝑢𝜀) and we have proved existence of solutions.

Uniqueness follows along the same lines replacing moderateness by negligi-
bility. □
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6. Wave equations of non-smooth metrics II: The global theory

We extend the results of Theorem 5.2 to establish existence and uniqueness of
global generalized solutions. As in the classical situation we have to impose addi-
tional global conditions on the generalized Lorentzian metric to control causality
properties of space-time in the large. Thus, we begin by transferring the notion
of global hyperbolicity to the setting of generalized space-times by appealing to a
variant in terms of the metric splitting property stated in Theorem 2.1, (iii).

Definition 6.1. Let 𝑔 be a generalized Lorentz metric on the smooth (𝑛 + 1)-
dimensional manifold 𝑀 . We say that (𝑀, 𝑔) allows a globally hyperbolic metric
splitting if there exists a 𝒞∞-diffeomorphism 𝜓 : 𝑀 → ℝ × 𝑆, where 𝑆 is an 𝑛-
dimensional smooth manifold such that the following holds for the pushed forward
generalized Lorentz metric 𝜆 := 𝜓∗𝑔 on ℝ× 𝑆:

(a) There is a representative (𝜆𝜀)𝜀∈𝐼 of 𝜆 such that every 𝜆𝜀 is a Lorentz metric
and each slice {𝑡0} × 𝑆 with arbitrary 𝑡0 ∈ ℝ is a (smooth, spacelike) Cauchy
hypersurface for every 𝜆𝜀 (𝜀 ∈ 𝐼).
(b) We have the metric splitting of 𝜆 in the form

𝜆 = −𝛽𝑑𝑡2 + ℎ,

where ℎ ∈ Γ𝒢(pr∗2(𝑇 0
2 𝑆)) is a 𝑡-dependent generalized Riemannian metric (in the

sense of Definition 4.2) and 𝛽 ∈ 𝒢(ℝ×𝑆) is globally bounded and locally uniformly
positive, i.e., for some (hence any) representative (𝛽𝜀) of 𝛽 and for every 𝐾 ⊂⊂
ℝ × 𝑆 we can find a constant 𝐶 > 0 such that 𝛽𝜀(𝑥) ≥ 𝐶 holds for small 𝜀 > 0
and 𝑥 ∈ 𝐾.
(c) For every 𝑇 > 0 there exists a representative (ℎ𝜀) of ℎ and a smooth complete
Riemannian metric 𝜌 on 𝑆 which uniformly bounds ℎ from below in the following
sense: for all 𝑡 ∈ [−𝑇, 𝑇 ], 𝑥 ∈ 𝑆, 𝑣 ∈ 𝑇𝑥𝑆, and 𝜀 ∈ 𝐼

(ℎ𝜀)𝑡(𝑣, 𝑣) ≥ 𝜌(𝑣, 𝑣).

Remark 6.2. Observe that the basic splitting structure and the requirements on
lower bounds for 𝛽 and ℎ in the above definition display common features with the
notion of regularly sliced space-times ([5, Ch. XII, Subsec. 11.4]) which provide
sufficient conditions for global hyperbolicity in the smooth case ([6]).

Example. To obtain simple non-trivial examples of generalized space-times satis-
fying the conditions of Definition 6.1 we consider Robertson-Walker space-times.
First, we briefly recall the classical situation: Let (𝑆, ℎ0) be a connected Riemann-
ian manifold, 𝑓 : ℝ → ]0,∞[ be smooth, and put 𝜆(𝑡,𝑥) = −𝑑𝑡2 + 𝑓(𝑡)2(ℎ0)𝑥 for
every (𝑡, 𝑥) ∈ ℝ×𝑆. Then the Lorentzian metric 𝜆 on ℝ×𝑆 is globally hyperbolic
if and only if (𝑆, ℎ0) is complete (cf. [1, Lemma A.5.14]). Moreover, if this is the
case, then every slice {𝑡0} × 𝑆 is a smooth, spacelike Cauchy hypersurface.

We generalize the Robertson-Walker space-time by allowing as warping func-
tion any 𝑓 ∈ 𝒢(ℝ) that is globally bounded and locally uniformly positive and
replace ℎ0 by a generalized Riemannian metric on 𝑆 which is bounded below by
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some smooth complete Riemannian metric (to guarantee condition (c)). By Lemma
4.3 on globalization techniques we may pick representatives (𝑓𝜀) of 𝑓 and (ℎ0𝜀) of
ℎ0 such that the smooth function 𝑓𝜀 is everywhere positive and ℎ0𝜀 is a Riemann-
ian metric on 𝑆 for every 𝜀 ∈ 𝐼. In addition, we assume that each ℎ0𝜀 is complete.
The generalized Lorentz metric 𝜆 := −𝑑𝑡2 + 𝑓2ℎ0 on ℝ× 𝑆 then trivially satisfies
condition (b). Putting 𝜆𝜀 := −𝑑𝑡2 + 𝑓2𝜀 ℎ0𝜀 (𝜀 ∈ 𝐼) we obtain a representative of
𝜆. By completeness of the Riemann metric ℎ0𝜀, the Lorentz metric 𝜆𝜀 is globally
hyperbolic and every slice {𝑡0}×𝑆 is a Cauchy hypersurface for every 𝜀 ∈ 𝐼. Thus
condition (a) in Definition 6.1 is also satisfied.

From now on we consider only generalized space-times (𝑀, 𝑔) which possess
a globally hyperbolic metric splitting. To simplify notation we will henceforth
suppress the diffeomorphism providing the splitting and assume that 𝑀 = ℝ× 𝑆
and 𝑔 = 𝜆 with 𝑆 and 𝜆 as in the statement of Definition 6.1. Thus, the generalized
space-time is represented by a family of globally hyperbolic space-times (𝑀, 𝑔𝜀)
such that 𝑆 ∼= {0} × 𝑆 is a Cauchy hypersurface for every 𝑔𝜀 (𝜀 ∈ 𝐼).

Therefore we are provided with a suitable Cauchy hypersurface for the initial
value problem for the wave operator □ corresponding to the generalized space-time
metric 𝑔 on 𝑀 , i.e., the Cauchy problem

□𝑢 = 0 on 𝑀

𝑢 = 𝑢0 on 𝑆

∇𝜉𝑢 = 𝑢1 on 𝑆.

(6.1)

Here the unit normal vector field of 𝑆 is given by 𝜉 = 1√
𝛽

∂𝑡 and the initial data

𝑢0, 𝑢1 are assumed to belong to 𝒢(𝑆) and to have compact supports, e.g., arising
by embedding distributional data from ℰ ′(𝑆).

Now the key strategy to establish a global version of Theorem 5.2 on exis-
tence and uniqueness of solutions to the Cauchy problem (6.1) is as follows: From
the classical existence and uniqueness result in Theorem 2.7 for every 𝜀 ∈ 𝐼 we
obtain a solution candidate defined on all of 𝑀 , which again depends continu-
ously on 𝜀. In this sense the global hyperbolic metric splitting of (𝑀, 𝑔) replaces
condition (C) used in the proof of Theorem 5.2 to produce a solution candidate.
Then we aim at showing moderateness, thus existence of a generalized solution, as
well as uniqueness by employing energy estimates as in the local constructions of
Section 5. Therefore it is appropriate to suppose also condition (A), i.e., 𝑔 to be
weakly singular. In the present situation we may translate (5.1) into corresponding
asymptotic conditions on 𝛽 and ℎ𝑡. As for condition (B), we see that the existence
of a suitable (in this case even global) foliation is a consequence of the globally hy-
perbolic metric splitting. Indeed we globally have 𝑔−1𝜀 (𝑑𝑡, 𝑑𝑡) = −1/𝛽𝜀 ≤ −𝐶 < 0
for some positive 𝐶, which implies (5.2). The second asymptotic boundedness
condition (5.3) in (B), i.e., sup𝐾 ∥∇𝜀𝑑𝑡∥𝑚 = 𝑂(1), now simply reads

∥𝑑𝛽𝜀∥𝑚 = 𝑂(1) (𝜀 → 0) (6.2)
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uniformly on compact sets. As in the local setting this implies for the extrinsic
curvature of the hypersurfaces {𝑡} × 𝑆

∥𝐼𝐼𝜀∥𝑚 = 𝑂(1) (𝜀 → 0) uniformly on compact sets.

We may now state the main result of this section.

Theorem 6.3 (Global existence and uniqueness of generalized solutions). Let (𝑀, 𝑔)
be a generalized space-time with a weakly singular metric admitting a globally hy-
perbolic metric splitting and assume that condition (5.3) holds. Then the Cauchy
problem (6.1) has a unique solution 𝑢 ∈ 𝒢(𝑀) for all compactly supported 𝑢0, 𝑢1 ∈
𝒢(𝑆).

Sketch of proof: Let □𝜀 denote the wave operator corresponding to 𝑔𝜀. Then
Theorem 2.7 provides us with a global solution 𝑢𝜀 to □𝜀 = 0 with Cauchy data
𝑢0𝜀 and 𝑢1𝜀, thereby defining a solution candidate.

To prove existence we have to establish moderateness of the net (𝑢𝜀)𝜀. Choose
an exhaustive sequence of compact sets 𝐾𝑗 (𝑗 ∈ ℕ) in 𝑆. Then it suffices to show
moderateness of (𝑢𝜀)𝜀 on 𝐿𝑗 := [−𝑗, 𝑗]×𝐾𝑗 for each 𝑗 ∈ ℕ.

Fix 𝑗 ∈ ℕ and choose 𝜌 as in Definition 6.1, (c) with 𝑇 = 𝑗. We cover 𝐿𝑗

by finitely many lens-shaped regions as in Figure 1 that are, in turn, contained
in coordinate neighborhoods. By the explicit construction given in [27, Sec. 3.3.4]
(based on condition (A)) the heights of these lenses are uniformly bounded below
on 𝐿𝑗 by some 𝛿 > 0 due to the properties of 𝜌 and 𝛽.

Employing the energy estimates from Section 4.3 we thereby derive moder-
ateness estimates of 𝑢𝜀 on the strip [0, 𝛿/2]×𝐾𝑗 from the moderateness of 𝑢0𝜀 and
𝑢1𝜀. We may iterate this procedure to cover [0, 𝑗]×𝐾𝑗 in finitely many steps, and
analogously for [−𝑗, 0]×𝐾𝑗 .

By the same token negligibility of (𝑢0𝜀) and (𝑢1𝜀) implies the corresponding
property for (𝑢𝜀), which proves uniqueness. □

Finally, we remark that our methods also allow to treat the inhomogeneous
equation as well as the inclusion of lower-order terms, which have to satisfy certain
asymptotic bounds, see [19].

Also, condition (A) is actually a little stronger than what is needed to prove
moderateness of the solution candidate resp. negligibility in case of negligible data.
Indeed, again by a result of [19], it suffices to suppose (A) for 𝑘 = 0. On the other
hand we could use (A) to explicitly calculate 𝜀-power bounds of (derivatives) of
the solution, which encode additional regularity information of our generalized
solutions.
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[30] L. Schwartz. Sur l’impossibilité de la multiplication des distributions. C. R. Acad.
Sci. Paris, 239:847–848, 1954.

[31] R. Steinbauer and J.A. Vickers. The use of generalized functions and distributions
in general relativity. Classical Quantum Gravity, 23(10):R91–R114, 2006.

[32] R. Steinbauer and J.A. Vickers. On the Geroch-Traschen class of metrics. Classical
Quantum Gravity, 26(6):065001, 19, 2009.

[33] J.A. Vickers and J.P. Wilson. Generalized hyperbolicity in conical spacetimes.
Class. Quantum. Grav., 17:1333–1360, 2000.

[34] S. Waldmann. Geometric wave equations. Lecture Notes, University of Freiburg.
http://omnibus.uni-freiburg.de/∼sw12/Lectures/Wellen0809/main.pdf, 2009.
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Lower Bounds for the Lifespan of Solutions to
Nonlinear Wave Equations in Elasticity

Hideo Kubo

Abstract. In this paper we study the lifespan of solutions to nonlinear wave
equations in elasticity with small initial data. Main step of our argument is to
construct a good approximate solution. A natural choice of the approximation
seems to be the leading term of solutions to the free elastic wave equation.
However, it does not satisfy the nonlinear elastic wave equation in a suitable
sense. For this reason, we modify the approximation by adding a higher-order
term. Then, we are able to obtain a lower bound of the lifespan which is
expressed in terms of initial data and a coefficient in the nonlinearity.
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1. Introduction

In this paper we consider the Cauchy problem for homogeneous, isotropic, hyper-
elastic wave equations :

(∂2𝑡 − 𝐿)𝑢(𝑡, 𝑥) = 𝐹 (∇𝑢,∇2𝑢), (𝑡, 𝑥) ∈ (0, 𝑇 )×R3, (1.1)

𝑢(0, 𝑥) = 𝜀𝑓(𝑥), (∂𝑡𝑢)(0, 𝑥) = 𝜀𝑔(𝑥), 𝑥 ∈ R3, (1.2)

where 𝑢(𝑡, 𝑥) = 𝑡(𝑢1(𝑡, 𝑥), 𝑢2(𝑡, 𝑥), 𝑢3(𝑡, 𝑥)) is the displacement vector from the
configuration, ∇𝑢 = (∂1𝑢, ∂2𝑢, ∂3𝑢), ∂𝑗 = ∂/∂𝑥𝑗 (𝑗 = 1, 2, 3), and

𝐿 = 𝑐22Δ+ (𝑐
2
1 − 𝑐22) graddiv, Δ = div grad

with material constants 𝑐1, 𝑐2 satisfying 0 < 𝑐2 < 𝑐1. Here grad and div stand
for the spatial gradient and divergence, respectively. Besides, 𝑓 , 𝑔 are smooth

This research is partially supported by Grant-in-Aid for Challenging Exploratory Research
(No. 22654017), JSPS.
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functions with compact support and 𝜀 is a positive parameter. The nonlinearity 𝐹
is assumed to be of the form

𝐹 (∇𝑢,∇2𝑢) = 𝐴1 grad (div𝑢)2 +𝐴2 grad ∣rot𝑢∣2 (1.3)

+𝐴3 rot ((div𝑢)(rot𝑢)) +𝑁(𝑢).

Here, 𝐴𝑙 (𝑙 = 1, 2, 3) are real constants, and the 𝑖th component of 𝑁 is expressed
as

𝑁𝑖(𝑢) =

3∑
𝑗,𝑘,𝑙=1

3∑
𝑎,𝑏=1

𝐵𝑖𝑎𝑏
𝑗𝑘𝑙 (∂𝑗𝑢𝑎)(∂𝑘∂𝑙𝑢𝑏)

with real constants 𝐵𝑖𝑎𝑏
𝑗𝑘𝑙 satisfying

∑3
𝑗,𝑘,𝑙=1 𝐵𝑖𝑎𝑏

𝑗𝑘𝑙 𝜃𝑗𝜃𝑘𝜃𝑙 = 0 for any 𝑖, 𝑎, 𝑏 ∈ {1, 2, 3}
and (𝜃1, 𝜃2, 𝜃3) ∈ 𝑆2. In addition, we assume that if we rewrite the 𝑖th component
of 𝐹 as

𝐹𝑖(∇𝑢,∇2𝑢) =

3∑
𝑗,𝑘,𝑙=1

3∑
𝑎,𝑏=1

𝐶𝑖𝑎𝑏
𝑗𝑘𝑙 (∂𝑗𝑢𝑎)(∂𝑘∂𝑙𝑢𝑏),

then 𝐶𝑖𝑎𝑏
𝑗𝑘𝑙 = 𝐶𝑖𝑎𝑏

𝑗𝑙𝑘 = 𝐶𝑏𝑎𝑖
𝑗𝑙𝑘 holds for any 𝑖, 𝑗, 𝑘, 𝑙, 𝑎, 𝑏 ∈ {1, 2, 3}. This is actually an

additional restriction only on 𝑁(𝑢) (for details, we refer to [1], [15]).
We denote the lifespan of the problem (1.1)–(1.2) by 𝑇𝜀 which is the supre-

mum of all 𝑇 > 0 such that the problem admits a unique smooth solution in
[0, 𝑇 )×R3. In John [10] the lower bound for the lifespan 𝑇𝜀 ≥ 𝑒𝐶/𝜀 with a positive
number 𝐶 was obtained for sufficiently small 𝜀 (see also [13]). Moreover, if 𝐴1 = 0,
then the global solvability of the problem for sufficiently small initial data was
proved by Agemi [1] and Sideris [15], independently.

On the one hand, concerning the Cauchy problem for scalar wave equations :

(∂2𝑡 −Δ)𝑣(𝑡, 𝑥) =
3∑

𝑗,𝑘,𝑙=0

𝑔𝑗𝑘𝑙(∂𝑗𝑣)(∂𝑘∂𝑙𝑣), (𝑡, 𝑥) ∈ (0, 𝑇 )×R3, (1.4)

𝑣(0, 𝑥) = 𝜀𝜙(𝑥), (∂𝑡𝑣)(0, 𝑥) = 𝜀𝜓(𝑥), 𝑥 ∈ R3, (1.5)

not only the estimate of the lifespan 𝑇𝜀 of this problem from below but also

much precise information of 𝑇𝜀 are known (here, 𝑔𝑗𝑘𝑙 are real constants satisfying
𝑔𝑗𝑘𝑙 = 𝑔𝑗𝑙𝑘 for 𝑗, 𝑘, 𝑙 ∈ {0, 1, 2, 3}, and 𝜙, 𝜓 ∈ 𝐶∞

0 (R
3)). More explicitly, it was

independently shown by Hörmander [5] and John [9] that

lim inf
𝜀→+0

𝜀 log𝑇𝜀 ≥
(
max {−2−1𝐺(𝜃) ∂2𝑠 ℛ̃[𝜙, 𝜓](𝑠, 𝜃) ; 𝑠 ∈ R, 𝜃 ∈ 𝑆2 }

)−1
, (1.6)

provided the right-hand side is a finite number. Here, the functions 𝐺 and ℛ̃[𝜙, 𝜓]
are defined by

𝐺(𝜃) =

3∑
𝑗,𝑘,𝑙=0

𝑔𝑗𝑘𝑙 𝜃𝑗𝜃𝑘𝜃𝑙 with 𝜃0 = −1, (𝜃1, 𝜃2, 𝜃3) ∈ 𝑆2,

ℛ̃[𝜙, 𝜓](𝑠, 𝜃) =
1

4𝜋
(ℛ[𝜓](𝑠, 𝜃) − ∂𝑠ℛ[𝜙](𝑠, 𝜃)) , (𝑠, 𝜃) ∈ R× 𝑆2,
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where ℛ[𝜙] is the Radon transform of 𝜙, that is,

ℛ[𝜙](𝑠, 𝜃) =

∫
𝜃⋅𝑦=𝑠

𝜙(𝑦) 𝑑𝑆𝑦 , (𝑠, 𝜃) ∈ R× 𝑆2. (1.7)

The counter part of the estimate (1.6) has been studied by Alinhac [2]. We remark
that 𝐺 ≡ 0 on 𝑆2 is equivalent to the null condition introduced by Klainerman [12],

and the condition implies 𝑇𝜀 = +∞ (see also [3]). On the other hand, ℛ̃[𝜙, 𝜓] ≡ 0
on R× 𝑆2 is equivalent to 𝜙 ≡ 𝜓 ≡ 0 on R3.

Therefore, a natural question is if it is possible to derive an analogous estimate
to (1.6) for the lifespan 𝑇𝜀 of the problem (1.1)–(1.2) or not. The difficulty for
dealing with the elastic wave equation (1.1) comes from the fact that the equation
has two distinct propagation speeds. For this, the hyperbolic boosts 𝑥𝑗∂𝑡 + 𝑡∂𝑗
do not work well, and construction of a nonlinear approximate solution is not
straightforward as in the case of the wave equation. Nevertheless, by using a higher-
order approximation (see (6.36) below) together with careful treatments of the
decay factor (1 + ∣𝑐𝑖𝑡− ∣𝑥∣ ∣)−1, we are able to overcome the difficulty.

In order to state our result, we define

ℛ̃𝑖[𝑓, 𝑔](𝑠, 𝜃) =
1

4𝜋

(
𝑐−1𝑖 ℛ[𝑔](𝑠, 𝜃)− ∂𝑠ℛ[𝑓 ](𝑠, 𝜃)

)
(𝑖 = 1, 2) (1.8)

for (𝑠, 𝜃) ∈ R × 𝑆2, where the Radon transform ℛ[𝑓 ] of 𝑓 = 𝑡(𝑓1, 𝑓2, 𝑓3) ∈(
𝐶∞
0 (R

3)
)3
is given by ℛ[𝑓 ] = 𝑡(ℛ[𝑓1],ℛ[𝑓2],ℛ[𝑓3]). We note that ℛ̃𝑖[𝑓, 𝑔] is

bounded on R × 𝑆2 and compactly supported in 𝑠 for 𝑓 , 𝑔 ∈ (𝐶∞
0 (R

3)
)3
. In

particular, if

𝑝0(𝑠, 𝜃) := 𝜃 ⋅ ℛ̃1[𝑓, 𝑔](𝑠, 𝜃) (1.9)

is not identically zero on R× 𝑆2, then ∂2𝑠𝑝0(𝑠, 𝜃) takes both positive and negative
values. Therefore, one can define a positive number

𝜏∗ =
(
max{−𝑐−21 𝐴1 ∂2𝑠𝑝0(𝑠, 𝜃) ; 𝑠 ∈ R, 𝜃 ∈ 𝑆2 })−1 , (1.10)

provided 𝐴1 ∕= 0 and 𝑝0 ∕≡ 0 on R× 𝑆2.
Then, our main result is the following:

Theorem 1.1. Let 𝑓 , 𝑔 ∈ (𝐶∞
0 (R

3)
)3
. If 𝐴1 ∕= 0 and 𝑝0 ∕≡ 0 on R × 𝑆2, then we

have

lim inf
𝜀→+0

𝜀 log𝑇𝜀 ≥ 𝜏∗. (1.11)

Remark 1.2. (i) Unfortunately, we do not have the estimate in the opposite
direction to (1.11), that is to say

lim sup
𝜀→+0

𝜀 log𝑇𝜀 ≤ 𝜏∗ (1.12)

in general. But, when the initial data take the following form :

𝑓(𝑥) = 𝜙(𝑟)𝑥, 𝑔(𝑥) = 𝜓(𝑟)𝑥, 𝑥 ∈ R3,
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(1.12) was shown by John [8], provided 𝐴1 ∕= 0 and the corresponding 𝑝0 does not
identically vanish on R× 𝑆2. Hence, the lower bound (1.11) seems to be optimal.

(ii) The number 𝜏∗ is related to the lifespan of the following Cauchy problem for
𝑝 = 𝑝(𝑠, 𝜃, 𝜏) :

2𝑐21 ∂𝜏𝑝+𝐴1(∂𝑠𝑝)
2 = 0 in R× 𝑆2 × [0, 𝜏∗), (1.13)

𝑝(𝑠, 𝜃, 0) = 𝑝0(𝑠, 𝜃) for (𝑠, 𝜃) ∈ R× 𝑆2. (1.14)

Indeed, it is known that the solution to the above problem uniquely exists in
R× 𝑆2 × [0, 𝜏∗) (for the proof, see Lemma 6.5.4 with 𝐺(𝜔) ≡ 2𝐴1/𝑐21 in [6]).

This paper is organized as follows. In the next section we gather notation. In
Section 3 we give some preliminaries. An approximate solution is constructed in
Section 6, and useful estimates for the approximation are established in Proposition
6.5. Outline of the proof of Theorem 1.1 is given in Section 7. The detail of the
proof will be published elsewhere.

2. Notation

In this section, we introduce notation which will be used throughout this paper. We

denote 𝑟 = ∣𝑥∣ and 𝜔 = 𝑥/𝑟. We set ∂𝑟 =
∑3

𝑗=1(𝑥𝑗/𝑟)∂𝑗 and 𝑂 = 𝑡(𝑂1, 𝑂2, 𝑂3) =

𝑥 ∧ 𝑡(∂1, ∂2, ∂3), where ∧ stands for the outer product in R3. Then we have

𝑡(∂1, ∂2, ∂3) = 𝜔∂𝑟 − 𝑟−1𝜔 ∧𝑂. (2.1)

We denote 𝑍 = {𝑍0, 𝑍1, . . . , 𝑍6} = {∂𝑡, ∂1, ∂2, ∂3, 𝑂1, 𝑂2, 𝑂3}. We write 𝑍𝛼 for
𝑍𝛼0
0 ⋅ ⋅ ⋅𝑍𝛼6

6 with a multi-index 𝛼 = (𝛼0, . . . , 𝛼6). Note that we have [𝑍𝑎, ∂2𝑡 −Δ] =
0 (𝑎 = 0, . . . , 6), where we have set [𝐴, 𝐵] = 𝐴𝐵 −𝐵𝐴.

We also use 𝑍 = {𝑍0, 𝑍1, . . . , 𝑍6} = {∂𝑡𝐼, ∂1𝐼, ∂2𝐼, ∂3𝐼, 𝑂̃1, 𝑂̃2, 𝑂̃3} for R3-
valued functions, where 𝐼 is the 3× 3 identity matrix and

𝑂̃𝑗 = 𝑂𝑗𝐼 + 𝑈𝑗 (𝑗 = 1, 2, 3) (2.2)

with

𝑈1 =

⎛⎝ 0 0 0
0 0 1
0 −1 0

⎞⎠ , 𝑈2 =

⎛⎝ 0 0 −1
0 0 0
1 0 0

⎞⎠ , 𝑈3 =

⎛⎝ 0 1 0
−1 0 0
0 0 0

⎞⎠ .

The vector fields 𝑂̃𝑗 is closely related to the fact that if 𝑢(𝑡, 𝑥) solves (1.1), then
so does 𝐴−1𝑢(𝑡, 𝐴𝑥) for any orthogonal matrix 𝐴. This observation leads to the

good algebraic relations [𝑍𝑎, 𝐿] = 0 for 𝑎 = 0, . . . , 6. We write 𝑍𝛼 for 𝑍𝛼0
0 ⋅ ⋅ ⋅𝑍𝛼6

6

with a multi-index 𝛼 = (𝛼0, . . . , 𝛼6).
For functions of (𝑠, 𝜃, 𝜏) ∈ R×𝑆2× [0,∞), we denote the differentiation with

respect to 𝑠, 𝜃 and 𝜏 by

Λ0 = ∂𝑠, Λ1 = 𝑜1, Λ2 = 𝑜2, Λ3 = 𝑜3, Λ4 = ∂𝜏 , (2.3)
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where differential operators 𝑜𝑖 on 𝑆2 are (formally) defined by 𝑡(𝑜1, 𝑜2, 𝑜3) = 𝜃 ∧
𝑡(∂𝜃1 , ∂𝜃2 , ∂𝜃3). We write Λ

𝛽 for Λ𝛽0

0 ⋅ ⋅ ⋅Λ𝛽4

4 and Λ𝛾
∗ = Λ

𝛾0

0 ⋅ ⋅ ⋅Λ𝛾3

3 with multi-indices
𝛽 = (𝛽0, . . . , 𝛽4) and 𝛾 = (𝛾0, . . . , 𝛾3).

For a nonnegative integer 𝑘, and a real-valued smooth function 𝜑(𝑡, 𝑥), we
define

∣𝜑(𝑡, 𝑥)∣𝑘 =
∑
∣𝛼∣≤𝑘

∣(𝑍𝛼𝜑)(𝑡, 𝑥)∣, ∣∂𝜑(𝑡, 𝑥)∣𝑘 =
∑
∣𝛼∣≤𝑘

3∑
𝑎=0

∣(𝑍𝛼∂𝑎𝜑)(𝑡, 𝑥)∣.

For anR3-valued function 𝑢(𝑡, 𝑥) we use the same notation ∣𝑢(𝑡, 𝑥)∣𝑘 and ∣∂𝑢(𝑡, 𝑥)∣𝑘
with 𝑍 replaced by 𝑍.

For 𝜈 ≥ 0, a nonnegative integer 𝑘, and 𝜙 ∈ 𝒮(R3), we define

∥𝜙∥𝑘,𝜈 =
⎛⎝ sup

𝑥∈R3

∑
∣𝛼∣≤𝑘

(1 + ∣𝑥∣2)𝜈 ∣∂𝛼
𝑥 𝜙(𝑥)∣2

⎞⎠1/2

.

Here, 𝒮(R3) is the Schwartz class, the set of rapidly decreasing real-valued func-

tions. Besides, for 𝑓 , 𝑔 ∈ (𝒮(R3)
)3
, we set

𝒜𝑘,𝜈 [𝑓, 𝑔] =

3∑
𝑗=1

(∥𝑓𝑗∥𝑘+1,𝜈 + ∥𝑔𝑗∥𝑘,𝜈) . (2.4)

As usual, various positive constants which may change line by line are denoted
just by the same letter 𝐶 throughout this paper.

3. Preliminaries

First we recall basic properties of the Radon transform discussed in the section
4 of [11] for the case of 𝑛 = 3 and 𝜒 ≡ 1 (note that when 𝜒 ≡ 1, 𝒮𝜒(R3) and
∥𝜑∥𝜒,𝑘,𝜈 in [11] become to 𝒮(R3) and ∥𝜑∥𝑘,𝜈 , respectively). It holds that

∂𝑠ℛ[𝜑](𝑠, 𝜃) = ℛ[(𝜃 ⋅ grad)𝜑](𝑠, 𝜃), (3.1)

𝑜𝑖ℛ[𝜑](𝑠, 𝜃) = ℛ[𝑂𝑖𝜑](𝑠, 𝜃), 𝑖 = 1, 2, 3, (3.2)

ℛ[∂𝑖𝜑](𝑠, 𝜃) = 𝜃𝑖 ∂𝑠ℛ[𝜑](𝑠, 𝜃), 𝑖 = 1, 2, 3 (3.3)

for a real-valued function 𝜑 ∈ 𝒮(R3). Moreover, for 𝜈 ≥ 0, a nonnegative integer
𝑘, and a multi-index 𝛼, we have∣∣∂𝑘

𝑠 𝑜𝛼ℛ[𝜑](𝑠, 𝜃)
∣∣ ≤ 𝐶∥𝜑∥𝑘+∣𝛼∣,𝜈+3+∣𝛼∣(1 + 𝑠2)−

𝜈
2 (3.4)

for (𝑠, 𝜃) ∈ R× 𝑆2. Here 𝐶 = 𝐶(𝑘, 𝜈, 𝛼) is a positive constant.
Next we define

𝑄𝛾 [𝜑](𝑡, 𝑥) =
1

4𝜋

∫
𝜃∈𝑆2

𝜃𝛾𝜑(𝑥+ 𝑡𝜃)𝑑𝑆′
𝜃 , (𝑡, 𝑥) ∈ (0,∞)×R3 (3.5)
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for a multi-index 𝛾 = (𝛾1, 𝛾2, 𝛾3), a real-valued function 𝜑 ∈ 𝒮(R3). Here, 𝑑𝑆′
𝜃

is the area element on 𝑆2. Note that 𝑄0[𝜑] is the spherical mean of 𝜑. We shall
derive decay property of 𝑄𝛾 [𝜑].

Proposition 3.1. Let 𝑘 be a nonnegative integer, 𝜈 > 0, and 𝛾 be a multi-index.
Then there exists a positive constant 𝐶 such that we have∣∣∂𝑘

𝑡 𝑄𝛾 [𝜑](𝑡, 𝑥)
∣∣ ≤ 𝐶∥𝜑∥𝑘,𝜈+2(1 + 𝑡+ 𝑟)−2(1 + ∣𝑟 − 𝑡∣)−𝜈 (3.6)

for (𝑡, 𝑥) ∈ (0,∞)×R3 with 𝑟 = ∣𝑥∣, provided that 𝜑 ∈ 𝒮(R3).

Proof. It follows that

∂𝑘
𝑡 𝑄𝛾 [𝜑](𝑡, 𝑥) =

∑
∣𝛼∣=𝑘

1

4𝜋

∫
𝜃∈𝑆2

𝑐𝛼 𝜃𝛾+𝛼(∂𝛼
𝑥 𝜑)(𝑥+ 𝑡𝜃)𝑑𝑆′

𝜃 (3.7)

with some appropriate constants 𝑐𝛼. Therefore, we get∣∣∂𝑘
𝑡 𝑄𝛾 [𝜑](𝑡, 𝑥)

∣∣ ≤ 𝐶∥𝜑∥𝑘,𝜈+2
∫
𝜃∈𝑆2

(1 + ∣𝑥+ 𝑡𝜃∣)−𝜈−2𝑑𝑆′
𝜃

= 𝐶∥𝜑∥𝑘,𝜈+2 × 2𝜋

𝑡𝑟

∫ 𝑡+𝑟

∣𝑡−𝑟∣
𝜆(1 + 𝜆)−𝜈−2𝑑𝜆

(see, e.g., [14, Lemma 2.1] for the proof of the last equality). Hence, the desired
estimate follows from

1

𝑡𝑟

∫ 𝑡+𝑟

∣𝑡−𝑟∣
𝜆(1 + 𝜆)−𝜈−2𝑑𝜆 ≤ 𝐶(1 + 𝑡+ 𝑟)−2(1 + ∣𝑟 − 𝑡∣)−𝜈 (3.8)

for 𝑡, 𝑟 > 0. By symmetry, it suffices to show (3.8) for 0 < 𝑟 ≤ 𝑡.
First suppose 0 < 𝑟 ≤ 𝑡 < 1. Then the desired estimate follows from

1

𝑡𝑟

∫ 𝑡+𝑟

∣𝑡−𝑟∣
𝜆(1 + 𝜆)−𝜈−2𝑑𝜆 ≤ 1

𝑡𝑟

∫ 𝑡+𝑟

∣𝑡−𝑟∣
𝜆𝑑𝜆 = 2.

Next suppose 𝑡 ≥ 1 and 0 < 𝑟 ≤ 𝑡. Since 𝑡 ≥ (𝑡+ 𝑟 + 1)/3, we get

1

𝑡𝑟

∫ 𝑡+𝑟

∣𝑡−𝑟∣
𝜆(1 + 𝜆)−𝜈−2𝑑𝜆 ≤ 3

(1 + 𝑡+ 𝑟)𝑟

∫ 𝑡+𝑟

∣𝑡−𝑟∣
(1 + 𝜆)−𝜈−1𝑑𝜆.

Observing that 𝑡− 𝑟 ≥ (𝑡+ 𝑟)/3 for 𝑡 ≥ 2𝑟 and that 𝑟 ≥ (𝑡+ 𝑟)/3 for 𝑡 ≤ 2𝑟, we
obtain (3.8). This completes the proof. □

The following proposition shows that the leading term of 𝑄𝛾 [𝜑] is described
by the Radon transform. Since the proof of the proposition is similar to that of
Lemma 4.3 in [11], we omit it.

Proposition 3.2. Let 𝑘 be a nonnegative integer, 𝜈 ≥ 0, 𝛾 be a multi-index, and
𝑐∗ ≥ 1. Then there exist a positive constant 𝐶 and an integer 𝑁0 (≥ 𝜈 + 4) such
that we have ∣∣𝑡∂𝑘

𝑡 𝑄𝛾 [𝜑](𝑡, 𝑥) − (4𝜋𝑟)−1(−𝜔)𝛾
(
(−∂𝑠)

𝑘ℛ[𝜑]) (𝑟 − 𝑡, 𝜔)
∣∣ (3.9)

≤ 𝐶∥𝜑∥𝑘+1,𝑁0(1 + 𝑡+ 𝑟)−2(1 + ∣𝑟 − 𝑡∣)−𝜈
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for (𝑡, 𝑥) ∈ (0,∞) × R3 satisfying 𝑟 ≥ 𝑡/(2𝑐∗) ≥ 1 with 𝑟 = ∣𝑥∣ and 𝜔 = 𝑥∣𝑥∣−1,
provided that 𝜑 ∈ 𝒮(R3).

Next we derive a couple of estimates of the following integral operator for
the latter sake:

𝑇𝛾 [𝜑](𝑡, 𝑥) =

∫ 𝑐1𝑡

𝑐2𝑡

𝜏−1𝑄𝛾 [𝜑](𝜏, 𝑥)𝑑𝜏, (𝑡, 𝑥) ∈ (0,∞)×R3. (3.10)

Proposition 3.3. Let 𝑘 be a nonnegative integer, 𝜈 > 0, 𝛾 be a multi-index, and
𝜑 ∈ 𝒮(R3). When (𝑡, 𝑥) ∈ (0,∞) × R3 satisfies one of 𝑟 > 2𝑐1𝑡, 𝑟 < 𝑐2𝑡/2 or
0 < 𝑡+ 𝑟 ≤ 1, we have

∣𝑇𝛾 [𝜑](𝑡, 𝑥)∣ ≤ 𝐶∥𝜑∥0,𝜈+2 (1 + 𝑡+ 𝑟)−2−𝜈 . (3.11)

On the other hand, when (𝑡, 𝑥) ∈ (0,∞) × R3 satisfies 𝑐2𝑡/2 < 𝑟 < 2𝑐1𝑡 and
𝑡+ 𝑟 ≥ 1, we have

∣𝑇𝛾 [𝜑](𝑡, 𝑥)∣ ≤ 𝐶∥𝜑∥0,𝜈+2 (1 + 𝑡+ 𝑟)−3, (3.12)

provided 𝜈 > 1. Moreover, if 𝑘 ≥ 1, then we have∣∣∂𝑘
𝑡 𝑇𝛾 [𝜑](𝑡, 𝑥)

∣∣ ≤ 𝐶∥𝜑∥𝑘,𝜈+2 (1 + 𝑡)−1(1 + 𝑡+ 𝑟)−2 max
𝑖=1,2

{(1 + ∣𝑟 − 𝑐𝑖𝑡∣)−𝜈} (3.13)

for (𝑡, 𝑥) ∈ (0,∞)×R3. Furthermore, we have

∣𝑇𝛾 [∂𝑗𝜑](𝑡, 𝑥)∣ ≤ 𝐶∥𝜑∥2,𝑁0 (1 + 𝑡+ 𝑟)−3 max
𝑖=1,2

{(1 + ∣𝑟 − 𝑐𝑖𝑡∣)−1}, (3.14)

where 𝑁0 is the number from Lemma 3.2.

Proof. First we prove (3.11). By (3.6) we have

∣𝑇𝛾 [𝜑](𝑡, 𝑥)∣ ≤ 𝐶∥𝜑∥0,𝜈+2
∫ 𝑐1𝑡

𝑐2𝑡

𝜏−1(1 + 𝜏 + 𝑟)−2(1 + ∣𝑟 − 𝜏 ∣)−𝜈𝑑𝜏

≤ 𝐶∥𝜑∥0,𝜈+2 (1 + 𝑐2𝑡+ 𝑟)−2
∫ 𝑐1𝑡

𝑐2𝑡

𝜏−1(1 + ∣𝑟 − 𝜏 ∣)−𝜈𝑑𝜏. (3.15)

Observe that if 𝑟 ≤ 𝑐2𝑡/2 and 𝜏 ≥ 𝑐2𝑡 then ∣𝜏 − 𝑟∣ ≥ (𝑐2𝑡 + 𝑟)/3, and that if
𝑟 ≥ 2𝑐1𝑡 and 𝜏 ≤ 𝑐1𝑡, then ∣𝑟 − 𝜏 ∣ ≥ (𝑐1𝑡+ 𝑟)/3. Thus we get (3.11) for 𝑟 ≤ 𝑐2𝑡/2
or 𝑟 ≥ 2𝑐1𝑡. On the one hand, from (3.15) we have

∣𝑇𝛾 [𝜑](𝑡, 𝑥)∣ ≤ 𝐶∥𝜑∥0,𝜈+2
∫ 𝑐1𝑡

𝑐2𝑡

𝜏−1𝑑𝜏 ≤ 𝐶∥𝜑∥0,𝜈+2,

which yields (3.11) for 0 < 𝑡+ 𝑟 ≤ 1.
Next we prove (3.12). Since 𝜏 > 𝐶(1 + 𝑡 + 𝑟) for 𝜏 > 𝑐2𝑡, 𝑐2𝑡/2 < 𝑟 < 2𝑐1𝑡,

and 𝑡+ 𝑟 ≥ 1, we get (3.12) from (3.15) by 𝜈 > 1.

Next we prove (3.13). It follows from (3.10) that

∂𝑡𝑇𝛾 [𝜑](𝑡, 𝑥) = 𝑡−1 (𝑄𝛾 [𝜑](𝑐1𝑡, 𝑥)−𝑄𝛾 [𝜑](𝑐2𝑡, 𝑥)) . (3.16)
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When 𝑡 ≥ 1, we easily have (3.13) by (3.6). On the other hand, when 0 < 𝑡 < 1,
we rewrite the right-hand side of (3.16) as

(𝑐1 − 𝑐2)

∫ 1

0

(∂𝑡𝑄𝛾 [𝜑]) (𝑐1𝑡𝜎 + 𝑐2𝑡(1− 𝜎), 𝑥)𝑑𝜎.

Since 0 ≤ 𝑐1𝑡𝜎 + 𝑐2𝑡(1− 𝜎) ≤ 𝐶 for 0 < 𝜎, 𝑡 < 1, we get from (3.6)∣∣∂𝑘
𝑡 𝑇𝛾 [𝜑](𝑡, 𝑥)

∣∣ ≤ 𝐶∥𝜑∥𝑘,𝜈+2 (1 + 𝑟)−2−𝜈 ,

which yields (3.13) for 0 < 𝑡 ≤ 1.
Finally, we prove (3.14). When one of 𝑟 > 2𝑐1𝑡, 𝑟 < 𝑐2𝑡/2 or 0 < 𝑡 + 𝑟 ≤ 1

holds, (3.11) with 𝜈 = 2 yields (3.14). Therefore, we have only to consider the case
where 𝑐2𝑡/2 ≤ 𝑟 ≤ 2𝑐1𝑡 and 𝑡+ 𝑟 ≥ 1. We rewrite

𝑇𝛾 [∂𝑗𝜑](𝑡, 𝑥) = (4𝜋𝑟)−1
∫ 𝑐1𝑡

𝑐2𝑡

𝜏−2(−𝜔)𝛾ℛ[∂𝑗𝜑](𝑟 − 𝜏, 𝜔)𝑑𝜏

+

∫ 𝑐1𝑡

𝑐2𝑡

𝜏−2
(
𝜏𝑄𝛾 [∂𝑗𝜑](𝜏, 𝑥)− (4𝜋𝑟)−1(−𝜔)𝛾ℛ[∂𝑗𝜑](𝑟 − 𝜏, 𝜔)

)
𝑑𝜏.

Let 𝜈 > 1 in the following. Then, by (3.9) with 𝑘 = 0 the second term on the
right-hand side is estimated by

𝐶∥𝜑∥2,𝑁0

∫ 𝑐1𝑡

𝑐2𝑡

𝜏−2(1 + 𝜏 + 𝑟)−2(1 + ∣𝑟 − 𝜏 ∣)−𝜈𝑑𝜏

≤ 𝐶∥𝜑∥2,𝑁0 (1 + 𝑡+ 𝑟)−4,

because 𝜏 ≥ 𝐶(1 + 𝑡 + 𝑟) in this case. Using (3.3), we can make integration by
parts in 𝜏 in the first term. Then it is rewritten as

(4𝜋𝑟)−1
∫ 𝑐1𝑡

𝑐2𝑡

(−2𝜏−3)𝜔𝑗(−𝜔)𝛾ℛ[𝜑](𝑟 − 𝜏, 𝜔)𝑑𝜏

− (4𝜋𝑟)−1
(
(𝑐1𝑡)−2𝜔𝑗(−𝜔)𝛾ℛ[𝜑](𝑟 − 𝑐1𝑡, 𝜔)

−(𝑐2𝑡)−2𝜔𝑗(−𝜔)𝛾ℛ[𝜑](𝑟 − 𝑐2𝑡, 𝜔)
)

.

By (3.4) we have ∣ℛ[𝜑](𝑠, 𝜔)∣ ≤ 𝐶∥𝜑∥0,𝜈+3 (1 + ∣𝑠∣)−𝜈 . Since 𝜈 > 1, we thus find
(3.14) in this case. This completes the proof. □

4. The free elastic wave equation

In this section we consider the Cauchy problem :

(∂2𝑡 − 𝐿)𝑢0(𝑡, 𝑥) = 0, (𝑡, 𝑥) ∈ (0,∞)×R3, (4.1)

𝑢0(0, 𝑥) = 𝑓(𝑥), (∂𝑡𝑢0)(0, 𝑥) = 𝑔(𝑥), 𝑥 ∈ R3, (4.2)

where 𝑓 , 𝑔 ∈ (𝒮(R3)
)3
. First we recall the explicit representation of the solution

𝑢0. We define

𝐸[𝑔](𝑡, 𝑥) = 𝐸1[𝑔](𝑡, 𝑥) + 𝐸2[𝑔](𝑡, 𝑥) + 𝐸3[𝑔](𝑡, 𝑥), (4.3)
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with

𝐸1[𝑔](𝑡, 𝑥) =
𝑡

4𝜋

∫
𝜃∈𝑆2

Π(𝜃)𝑔(𝑥 + 𝑐1𝑡𝜃)𝑑𝑆′
𝜃 , (4.4)

𝐸2[𝑔](𝑡, 𝑥) =
𝑡

4𝜋

∫
𝜃∈𝑆2

(𝐼 −Π(𝜃))𝑔(𝑥 + 𝑐2𝑡𝜃)𝑑𝑆′
𝜃, (4.5)

𝐸3[𝑔](𝑡, 𝑥) = − 𝑡

4𝜋

∫ 𝑐1𝑡

𝑐2𝑡

𝜏−1𝑑𝜏

∫
𝜃∈𝑆2

(𝐼 − 3Π(𝜃))𝑔(𝑥+ 𝜏𝜃)𝑑𝑆′
𝜃 . (4.6)

Here, for each fixed 𝜃 ∈ 𝑆2, Π(𝜃) : R3 → R3 is the projection defined by Π(𝜃)𝑣 =
(𝜃 ⋅ 𝑣)𝜃 for 𝑣 ∈ R3. Then it is known that

𝑢0(𝑡, 𝑥) = ∂𝑡𝐸[𝑓 ](𝑡, 𝑥) + 𝐸[𝑔](𝑡, 𝑥), (𝑡, 𝑥) ∈ (0,∞)×R3 (4.7)

holds (see, e.g., John [10]). The following estimates are extension of those in The-
orem 1 in [10] in the sense that we can replace the decaying factor 1+𝑟 by 1+ 𝑡+𝑟
and that the derivatives enjoy better decay property with respect to 1 + ∣𝑟 − 𝑐𝑖𝑡∣
with 𝑖 = 1, 2.

Proposition 4.1. Let 𝑘 be a nonnegative integer, 𝑓 , 𝑔 ∈ (𝒮(R3)
)3
, 𝜈 > 1, and 𝑁0

be the number from Proposition 3.2. Then, for (𝑡, 𝑥) ∈ (0,∞)×R3, we have

∣𝑢0(𝑡, 𝑥)∣𝑘 ≤ 𝐶𝒜𝑘,𝜈+2[𝑓, 𝑔] (1 + 𝑡+ 𝑟)−1 𝑊−1(𝑡, 𝑟) (4.8)

and

∣∂𝑢0(𝑡, 𝑥)∣𝑘 ≤ 𝐶𝒜𝑘+2,𝑁0 [𝑓, 𝑔] (1 + 𝑡+ 𝑟)−1 𝑊−2(𝑡, 𝑟), (4.9)

where 𝒜𝑘,𝜈 [𝑓, 𝑔] is defined by (2.4), and for 𝜈 ∈ R we put

𝑊𝜈(𝑡, 𝑟) = max
𝑖=1,2

{(1 + ∣𝑟 − 𝑐𝑖𝑡∣)𝜈}. (4.10)

Proof. Suppose that all the assumptions of the proposition are fulfilled. Let (𝑡, 𝑥) ∈
(0,∞)×R3 in the following. Since [𝑍𝑎, 𝐿] = 0, we have

∂ℓ
𝑡∂

𝛼
𝑥 𝑂̃𝛽𝐸[𝑔](𝑡, 𝑥) = ∂ℓ

𝑡𝐸[∂
𝛼
𝑥 𝑂̃𝛽𝑔](𝑡, 𝑥) (4.11)

for any nonnegative integer ℓ and any multi-indices 𝛼, 𝛽. Therefore, it suffices to
show that ∣∣∂𝑘

𝑡 𝐸[𝑔](𝑡, 𝑥)
∣∣ ≤ 𝐶𝒜𝑘,𝜈+2[0, 𝑔] (1 + 𝑡+ 𝑟)−1 𝑊−1(𝑡, 𝑥), (4.12)∣∣∂𝑘

𝑡 ∂𝐸[𝑔](𝑡, 𝑥)
∣∣ ≤ 𝐶𝒜𝑘+2,𝑁0 [0, 𝑔] (1 + 𝑡+ 𝑟)−1 𝑊−2(𝑡, 𝑥). (4.13)

First we prove (4.12). We denote the 𝑖th component of 𝐸1[𝑔] by 𝐸
(𝑖)
1 [𝑔]. Then

we see from (4.4), (3.5) that

𝐸
(𝑖)
1 [𝑔](𝑡, 𝑥) =

3∑
𝑗=1

𝑡𝑄𝛾𝑖𝑗 [𝑔𝑗](𝑐1𝑡, 𝑥) (𝑖 = 1, 2, 3), (4.14)
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where 𝛾𝑖𝑗 = 𝑒𝑖 + 𝑒𝑗 with 𝑒1 = (1, 0, 0), 𝑒2 = (0, 1, 0), 𝑒3 = (0, 0, 1). Since

∂𝑘
𝑡

(
𝑡𝑄𝛾𝑖𝑗 [𝑔𝑗 ](𝑐1𝑡, 𝑥)

)
= 𝑐𝑘1𝑡

(
∂𝑘
𝑡 𝑄𝛾𝑖𝑗 [𝑔𝑗]

)
(𝑐1𝑡, 𝑥) + 𝑘𝑐𝑘−11

(
∂𝑘−1
𝑡 𝑄𝛾𝑖𝑗 [𝑔𝑗]

)
(𝑐1𝑡, 𝑥)

(4.15)

for 𝑘 ≥ 0, applying (3.6) with 𝑡 replaced by 𝑐1𝑡, we get∣∣∂𝑘
𝑡

(
𝑡𝑄𝛾𝑖𝑗 [𝑔𝑗 ](𝑐1𝑡, 𝑥)

)∣∣ ≤ 𝐶∥𝑔𝑗∥𝑘,𝜈+2(1 + 𝑡+ 𝑟)−1(1 + ∣𝑟 − 𝑐1𝑡∣)−𝜈

for 𝜈 > 0. Thus we obtain∣∣∂𝑘
𝑡 𝐸1[𝑔](𝑡, 𝑥)

∣∣ ≤ 𝐶𝒜𝑘,𝜈+2[0, 𝑔] (1 + 𝑡+ 𝑟)−1(1 + ∣𝑟 − 𝑐1𝑡∣)−𝜈 . (4.16)

Similarly, we can handle 𝐸2[𝑔] and find∣∣∂𝑘
𝑡 𝐸2[𝑔](𝑡, 𝑥)

∣∣ ≤ 𝐶𝒜𝑘,𝜈+2[0, 𝑔] (1 + 𝑡+ 𝑟)−1(1 + ∣𝑟 − 𝑐2𝑡∣)−𝜈 . (4.17)

Therefore, we have only to show∣∣∂𝑘
𝑡 𝐸3[𝑔](𝑡, 𝑥)

∣∣ ≤ 𝐶𝒜𝑘,𝜈+2[0, 𝑔] (1 + 𝑡+ 𝑟)−2. (4.18)

Observe that each component of 𝐸3[𝑔] can be expressed as a linear combination
of the following type of integrals:

𝑡

∫ 𝑐1𝑡

𝑐2𝑡

𝜏−1𝑄𝛾 [𝜑](𝜏, 𝑥)𝑑𝜏 = 𝑡 𝑇𝛾 [𝜑](𝑡, 𝑥)

with a suitable 𝜑 ∈ 𝒮(R3) and multi-index 𝛾. Here 𝑇𝛾 [𝜑] is defined by (3.10). We
see from (3.11), (3.12) that

∣𝑡 𝑇𝛾 [𝜑](𝑡, 𝑥)∣ ≤ 𝐶∥𝜑∥0,𝜈+2 (1 + 𝑡+ 𝑟)−2

holds, since 𝜈 > 1. For 𝑘 ≥ 1, we have
∂𝑘
𝑡 (𝑡 𝑇𝛾 [𝜑](𝑡, 𝑥)) = 𝑡 ∂𝑘

𝑡 𝑇𝛾 [𝜑](𝑡, 𝑥) + 𝑘 ∂𝑘−1
𝑡 𝑇𝛾 [𝜑](𝑡, 𝑥).

Therefore, using (3.13) together with (3.11) and (3.12), we obtain∣∣∂𝑘
𝑡 (𝑡 𝑇𝛾 [𝜑](𝑡, 𝑥))

∣∣ ≤ 𝐶∥𝜑∥𝑘,𝜈+2 (1 + 𝑡+ 𝑟)−2 𝑊−1(𝑡, 𝑥) (4.19)

since 𝜈 ≥ 1. Thus we get (4.18).
Next we prove (4.13). In view of (4.16) and (4.17) with 𝜈 = 2, we see that it

suffices to show∣∣∂𝑘
𝑡 ∂𝐸3[𝑔](𝑡, 𝑥)

∣∣ ≤ 𝐶∥𝑔∥𝑘+2,𝑁0 (1 + 𝑡+ 𝑟)−2 𝑊−1(𝑡, 𝑥). (4.20)

When ∂ = ∂𝑡, we immediately get (4.20) from (4.19). It remains to evaluate
∂𝑘
𝑡 ∂𝑗(𝑡 𝑇𝛾 [𝜑](𝑡, 𝑥)) for 𝑘 ≥ 0. Since ∂𝑗𝑇𝛾 [𝜑](𝑡, 𝑥) = 𝑇𝛾 [∂𝑗𝜑](𝑡, 𝑥), it follows from
(4.19) that ∣∣∂𝑘

𝑡 ∂𝑗 (𝑡 𝑇𝛾 [𝜑](𝑡, 𝑥))
∣∣ ≤ 𝐶∥𝜑∥𝑘+1,𝜈+2 (1 + 𝑡+ 𝑟)−2 𝑊−1(𝑡, 𝑥)

for 𝑘 ≥ 1. Combining this estimate with (3.14), we find (4.20). This completes the
proof. □
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Next we derive the radiation field for the free elastic wave (for the case of the
scalar wave equation, see Friedlander [4], and also [11]). In view of (4.16), (4.17),
(4.18), and (4.20), we find that

lim
𝑡→∞ 𝑡𝑢0(𝑡, (𝑐𝑖𝑡+ 𝑠)𝜔) = lim

𝑡→∞ 𝑡 (∂𝑡𝐸𝑖[𝑓 ](𝑡, (𝑐𝑖𝑡+ 𝑠)𝜔) + 𝐸𝑖[𝑔](𝑡, (𝑐𝑖𝑡+ 𝑠)𝜔))

for each fixed (𝑠, 𝜔) ∈ R×𝑆2 (recall 𝑐1 ∕= 𝑐2). Having Proposition 3.2 in mind, we
define the radiation field ℱ𝑖[𝑓, 𝑔] (𝑖 = 1, 2) for 𝑢0 associated with the propagation
speed 𝑐𝑖 by

ℱ1[𝑓, 𝑔](𝑠, 𝜃) = Π(𝜃)ℛ̃1[𝑓, 𝑔](𝑠, 𝜃), (4.21)

ℱ2[𝑓, 𝑔](𝑠, 𝜃) = (𝐼 −Π(𝜃))ℛ̃2[𝑓, 𝑔](𝑠, 𝜃) (4.22)

for (𝑠, 𝜃) ∈ R × 𝑆2, and 𝑓 , 𝑔 ∈ (𝒮(R3)
)3
. Here, ℛ̃𝑖[𝑓, 𝑔](𝑠, 𝜃) is defined by (1.8),

and Π(𝜃)𝑣 = (𝜃 ⋅ 𝑣)𝜃 for 𝑣 ∈ R3. We remark that (3.4) implies

∣∂𝑘
𝑠 𝑜𝛼ℱ𝑖[𝑓, 𝑔](𝑠, 𝜃)∣ ≤ 𝐶(1 + ∣𝑠∣)−𝜈 , (𝑠, 𝜃) ∈ R× 𝑆2 (4.23)

for any 𝜈 > 0, nonnegative integer 𝑘, multi-index 𝛼, and 𝑓 , 𝑔 ∈ (𝒮(R3)
)3
. One

can express the leading term of 𝑢0 in terms of the radiation fields as follows.

Proposition 4.2. Let 𝑓 , 𝑔 ∈ (𝒮(R3)
)3

and let 𝑢0 be the solution to the problem
(4.1)–(4.2). Then for any nonnegative integer 𝑘 and any multi-index 𝛼 with ∣𝛼∣ ≥ 1,
there exists a positive constant 𝐶 such that∣∣∣∣∣𝑢0(𝑡, 𝑥)−

2∑
𝑚=1

𝑟−1ℱ𝑚[𝑓, 𝑔](𝑟 − 𝑐𝑚𝑡, 𝜔)

∣∣∣∣∣
𝑘

≤ 𝐶(1 + 𝑡+ 𝑟)−2, (4.24)

and ∣∣∣∣∣∂𝑡𝑢0(𝑡, 𝑥)−
2∑

𝑚=1

(−𝑐𝑚)𝑟
−1(∂𝑠ℱ𝑚[𝑓, 𝑔])(𝑟 − 𝑐𝑚𝑡, 𝜔)

∣∣∣∣∣
𝑘

(4.25)

+

∣∣∣∣∣∂𝛼
𝑥 𝑢0(𝑡, 𝑥)−

2∑
𝑚=1

𝜔𝛼𝑟−1(∂∣𝛼∣𝑠 ℱ𝑚[𝑓, 𝑔])(𝑟 − 𝑐𝑚𝑡, 𝜔)

∣∣∣∣∣
𝑘

≤ 𝐶(1 + 𝑡+ 𝑟)−2𝑊−1(𝑡, 𝑟)

for (𝑡, 𝑥) ∈ (0,∞)×R3 with 𝑟 ≥ 𝑐2𝑡/2 ≥ 1. Here, 𝜔 = (𝜔1, 𝜔2, 𝜔3) = 𝑟−1𝑥.

Proof. First of all, recalling (4.7) and noting that

(∂∣𝛼∣𝑠 ℱ𝑚[𝑓, 0])(𝑟 − 𝑐𝑚𝑡, 𝜔) = ∂𝑡

(
(∂∣𝛼∣𝑠 ℱ𝑚)[0, 𝑓 ](𝑟 − 𝑐𝑚𝑡, 𝜔)

)
for any multi-index 𝛼 and 𝑚 = 1, 2, we see that it suffices to show (4.24) and
(4.25) with 𝑢0 = 𝐸[𝑔] and 𝑓 ≡ 0. In the following, we write ℱ𝑚[𝑔] ≡ ℱ𝑚[0, 𝑔] for
simplicity.
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Next we observe that the following property of ℱ𝑚[𝑔] :∣∣∣∂𝛼
𝑥 𝑂̃𝛽 (ℱ𝑚[𝑔](𝑟 − 𝑐𝑚𝑡, 𝜔)) −ℱ𝑚[∂

𝛼
𝑥 𝑂̃𝛽𝑔](𝑟 − 𝑐𝑚𝑡, 𝜔)

∣∣∣ (4.26)

≤ 𝐶∥𝑔∥∣𝛼∣+∣𝛽∣,𝜈+3+∣𝛼∣+∣𝛽∣ (1 + 𝑡+ 𝑟)−1(1 + ∣𝑟 − 𝑐𝑚𝑡∣)−𝜈

for 𝑔 ∈ (𝒮(R3))3 and multi-indices 𝛼, 𝛽. Since 𝑂𝑖(𝜓(𝜔)) = (𝑜𝑖𝜓)(𝜔) for any
𝜓 ∈ 𝐶∞(𝑆2), we find from (3.2) that

𝑂̃𝑖(ℱ𝑚[𝑔](𝑟 − 𝑐𝑚𝑡, 𝜔)) = ℱ𝑚[𝑂̃𝑖𝑔](𝑟 − 𝑐𝑚𝑡, 𝜔)

for 𝑖 = 1, 2, 3 and 𝑚 = 1, 2 (recall (2.2)). Thus, we may assume 𝛽 = 0 in proving
(4.26). By (2.1) and (3.3) we have

∂𝑖(ℛ[𝑔](𝑟 − 𝑐𝑚𝑡, 𝜔)) = ℛ[∂𝑖𝑔](𝑟 − 𝑐𝑚𝑡, 𝜔)− 𝑟−1Ω𝑖ℛ[𝑔](𝑟 − 𝑐𝑚𝑡, 𝜔),

where we put Ω = 𝑡(Ω1,Ω2,Ω3) = 𝜔 ∧ 𝑂. Hence, noting that 𝑟 is equivalent to
1 + 𝑡+ 𝑟 for 𝑟 ≥ 𝑐2𝑡/2 ≥ 1, we see from (3.4) that (4.26) with 𝛽 = 0 holds.

Now, we are going to prove (4.24) with 𝑢0 = 𝐸[𝑔] and 𝑓 ≡ 0. In the following,
we assume 𝑟 ≥ 𝑐2𝑡/2 ≥ 1 and 𝜈 ≥ 0. Then, by virtue of (4.11) and (4.26), the
desired estimate follows from∣∣∣∣∣∂𝑘

𝑡

(
𝐸[𝑔](𝑡, 𝑥)−

2∑
𝑚=1

𝑟−1ℱ𝑚[𝑔](𝑟 − 𝑐𝑚𝑡, 𝜔)

)∣∣∣∣∣ ≤ 𝐶(1 + 𝑡+ 𝑟)−2.

We see from (4.3) and (4.18) that the above estimate follows from

2∑
𝑚=1

∣∣∂𝑘
𝑡

(
𝐸𝑚[𝑔](𝑡, 𝑥)− 𝑟−1ℱ𝑚[𝑔](𝑟 − 𝑐𝑚𝑡, 𝜔)

)∣∣ (4.27)

≤ 𝐶(1 + 𝑡+ 𝑟)−2𝑊−𝜈(𝑡, 𝑟).

Recalling (4.14) and (4.15), we get, for 𝑖 = 1, 2, 3,

∂𝑘
𝑡 𝐸

(𝑖)
1 [𝑔](𝑡, 𝑥) =

3∑
𝑗=1

𝑐𝑘1𝑡
(
∂𝑘
𝑡 𝑄𝛾𝑖𝑗 [𝑔𝑗 ]

)
(𝑐1𝑡, 𝑥)

+

3∑
𝑗=1

𝑘𝑐𝑘−11

(
∂𝑘−1
𝑡 𝑄𝛾𝑖𝑗 [𝑔𝑗]

)
(𝑐1𝑡, 𝑥),

where 𝛾𝑖𝑗 = 𝑒𝑖 + 𝑒𝑗 . By (3.6), the second term on the right-hand side is estimated

by
∑3

𝑗=1 𝐶∥𝑔𝑗∥𝑘−1,𝜈+2 (1 + 𝑡 + 𝑟)−2(1 + ∣𝑟 − 𝑐1𝑡∣)−𝜈 . Meanwhile, applying (3.9)
with 𝑡 and 𝑐∗ by 𝑐1𝑡 and 𝑐1/𝑐2(> 1) respectively, we get∣∣𝑐1𝑡 (∂𝑘

𝑡 𝑄𝛾𝑖𝑗 [𝑔𝑗 ]
)
(𝑐1𝑡, 𝑥)− (4𝜋𝑟)−1(−𝜔)𝛾𝑖𝑗

(
(−∂𝑠)

𝑘ℛ[𝑔𝑗 ]
)
(𝑟 − 𝑐1𝑡, 𝜔)

∣∣
≤ 𝐶∥𝑔𝑗∥𝑘+1,𝑁0 (1 + 𝑡+ 𝑟)−2(1 + ∣𝑟 − 𝑐1𝑡∣)−𝜈 .



Nonlinear Wave Equations in Elasticity 199

Therefore, we have∣∣∣∣∣∣∂𝑘
𝑡

⎛⎝𝐸
(𝑖)
1 [𝑔](𝑡, 𝑥)− (4𝜋𝑟)−1

3∑
𝑗=1

(−𝜔)𝛾𝑖𝑗𝑐−11 ℛ[𝑔𝑗 ](𝑟 − 𝑐1𝑡, 𝜔)

⎞⎠∣∣∣∣∣∣ (4.28)

≤
3∑

𝑗=1

𝐶∥𝑔𝑗∥𝑘+1,𝑁0 (1 + 𝑡+ 𝑟)−2(1 + ∣𝑟 − 𝑐1𝑡∣)−𝜈 ,

which implies ∣∣∂𝑘
𝑡 (𝐸1[𝑔](𝑡, 𝑥)− 𝑟−1ℱ1[𝑔](𝑟 − 𝑐1𝑡, 𝜔))

∣∣ (4.29)

≤ 𝐶(1 + 𝑡+ 𝑟)−2(1 + ∣𝑟 − 𝑐1𝑡∣)−𝜈 ,

since (−𝜔)𝛾𝑖𝑗 = 𝜔𝛾𝑖𝑗 . Similarly, one can show∣∣∂𝑘
𝑡 (𝐸2[𝑔](𝑡, 𝑥)− 𝑟−1ℱ2[𝑔](𝑟 − 𝑐2𝑡, 𝜔))

∣∣ (4.30)

≤ 𝐶(1 + 𝑡+ 𝑟)−2(1 + ∣𝑟 − 𝑐2𝑡∣)−𝜈 ,

and hence we obtain (4.27).
Finally, we prove (4.25) with 𝑢0 = 𝐸[𝑔] and 𝑓 ≡ 0. Proceeding as before,

with the help of (4.20) instead of (4.18), we find that the desired estimate follows
from

2∑
𝑚=1

∣∣∂𝑘
𝑡

(
∂𝑡𝐸𝑚[𝑔](𝑡, 𝑥)− (−𝑐𝑚)𝑟

−1(∂𝑠ℱ𝑚[𝑔])(𝑟 − 𝑐𝑚𝑡, 𝜔)
)∣∣ (4.31)

+

2∑
𝑚=1

∣∣∣∂𝑘
𝑡

(
∂𝛼
𝑥 𝐸𝑚[𝑔](𝑡, 𝑥)− 𝜔𝛼𝑟−1(∂∣𝛼∣𝑠 ℱ𝑚[𝑔])(𝑟 − 𝑐𝑚𝑡, 𝜔)

)∣∣∣
≤ 𝐶(1 + 𝑡+ 𝑟)−2𝑊−𝜈(𝑡, 𝑟)

for 𝑟 ≥ 𝑐2𝑡/2 ≥ 1 and 𝜈 ≥ 0. Because of (3.3), it follows from (4.21) and (4.22)
that ℱ𝑚[∂𝑖𝑔](𝑠, 𝜃) = 𝜃𝑖∂𝑠ℱ𝑚[𝑔](𝑠, 𝜃). Therefore, recalling (4.11), we get (4.31) from
(4.27). This completes the proof. □

5. The inhomogeneous elastic wave equation

In this section we recall basic estimates for the solution of{
(∂2𝑡 − 𝐿)𝑢(𝑡, 𝑥) = ℎ(𝑡, 𝑥) for (𝑡, 𝑥) ∈ (0, 𝑇 )×R3,

𝑢(0, 𝑥) = 0, (∂𝑡𝑢)(0, 𝑥) = 0 for 𝑥 ∈ R3.
(5.1)

The following estimate is a slight improvement of the corresponding estimate given

by [1, Proposition 5.1] in the sense that
(
min𝑖=0,1,2 {1 + ∣𝑐𝑖𝑡− ∣𝑥∣∣}

)1+𝜇
is replaced

by
(
min𝑖=0,1,2 {1 + ∣𝑐𝑖𝑡− ∣𝑥∣∣}

)1−𝜇
with being 𝑐0 = 0. This kind of modification

was well studied in the case of the scalar wave equation, and the detail of the proof
of (5.2) will appear elsewhere.
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Proposition 5.1. Let 𝑢 be the solution to (5.1) and let 𝜇 > 0. Then we have

∣∂𝑢(𝑡, 𝑥)∣ ≤ 𝐶(1 + 𝑟)−1𝑊−1(𝑡, 𝑟) (5.2)

× sup
(𝑠,𝑥)∈[0,𝑡]×R3

∣𝑥∣ (1 + 𝑠+ ∣𝑥∣)1+𝜇( min
𝑖=0,1,2

{1 + ∣𝑐𝑖𝑠− ∣𝑥∣∣}
)1−𝜇 ∣ℎ(𝑠, 𝑥)∣1

for (𝑡, 𝑥) ∈ [0, 𝑇 )× ℝ3.

On the other hand, the following estimate was proved by [10, Theorem 3].

Proposition 5.2. Let 𝑢 be the solution to (5.1). Then we have

∣∂𝑢(𝑡, 𝑥)∣ ≤ 𝐶(1 + 𝑟)−1𝑊−1(𝑡, 𝑟) (5.3)

× log(2 + 𝑡+ 𝑟) sup
𝑠∈[0,𝑡]

∫
R3

min
𝑖=1,2

{1 + ∣𝑐𝑖𝑠− ∣𝑥∣∣} ∣ℎ(𝑠, 𝑥)∣7𝑑𝑦,

∫
R3

∣∂𝑢(𝑡, 𝑥)∣ 𝑑𝑥

∣𝑥∣ ≤ 𝐶 log(2 + 𝑡) (5.4)

× sup
𝑠∈[0,𝑡]

(∫
R3

(
(1 + ∣𝑦∣) min

𝑖=1,2
{1 + ∣𝑐𝑖𝑠− ∣𝑦∣∣} ∣ℎ(𝑠, 𝑥)∣1

)2
𝑑𝑦

)1/2

for 𝑡 ∈ [0, 𝑇 ).

6. Approximate solutions

This section is the core of the present paper. We shall construct an approximate
solution and derive important estimates given in Proposition 6.5 below in proving

Theorem 1.1. Throughout this section we assume that 𝑓 , 𝑔 ∈ (𝐶∞
0 (R

3)
)3
satisfy

𝑓(𝑥) = 𝑔(𝑥) = 0 for ∣𝑥∣ ≥ 𝑅 (6.1)

with some 𝑅 > 1, and that 𝐴1 ∕= 0 and 𝑝0 ∕≡ 0 on R × 𝑆2, where 𝑝0 is defined
by (1.9).

Lemma 6.1. Let 𝑝(𝑠, 𝜃, 𝜏) be the solution to (1.13)–(1.14) vanishing for ∣𝑠∣ ≥ 𝑅.
Let 0 < 𝜏0 < 𝜏∗ with 𝜏∗ being defined by (1.10). Then for any 𝑁 > 0, and for any
multi-indices 𝛽 = (𝛽0, . . . , 𝛽4) and 𝛾 = (𝛾0, . . . , 𝛾3), there exists a positive constant
𝐶 = 𝐶(𝜏0, 𝛽, 𝛾, 𝑁) such that

∣Λ𝛽𝑝(𝑠, 𝜃, 𝜏)∣ ≤ 𝐶(1 + ∣𝑠∣)−𝑁 , (6.2)

∣Λ𝛾
∗{𝑝(𝑠, 𝜃, 𝜏)− 𝑝0(𝑠, 𝜃)}∣ ≤ 𝐶𝜏(1 + ∣𝑠∣)−𝑁 (6.3)

for all (𝑠, 𝜃, 𝜏) ∈ R× 𝑆2 × [0, 𝜏0].

Proof. First of all, we note that (6.2) and (6.3) follow from

∣Λ𝛽∂𝑠𝑝(𝑠, 𝜃, 𝜏)∣ ≤ 𝐶(1 + ∣𝑠∣)−𝑁 , (6.4)

∣Λ𝛾
∗∂𝑠{𝑝(𝑠, 𝜃, 𝜏)− 𝑝0(𝑠, 𝜃)}∣ ≤ 𝐶(1 + ∣𝑠∣)−𝑁 (6.5)
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for all (𝑠, 𝜃, 𝜏) ∈ R × 𝑆2 × [0, 𝜏0] and 𝑁 > 0, respectively, because both 𝑝(𝑠, 𝜃, 𝜏)
and 𝑝0(𝑠, 𝜃) vanish for ∣𝑠∣ ≥ 𝑅.

Next we prove (6.4). If we set 𝑃 = ∂𝑠𝑝, then it satisfies

𝑐21 ∂𝜏𝑃 +𝐴1𝑃 ∂𝑠𝑃 = 0 in R× 𝑆2 × [0, 𝜏∗), (6.6)

𝑃 (𝑠, 𝜃, 0) = ∂𝑠 𝑝0(𝑠, 𝜃) for (𝑠, 𝜃) ∈ R× 𝑆2. (6.7)

Observe that for (𝑠, 𝑠0, 𝜃, 𝜏) ∈ R×R× 𝑆2 × [0, 𝜏0), the equation

𝐹 (𝑠, 𝑠0, 𝜃, 𝜏) := 𝑐21(𝑠0 − 𝑠) + ∂𝑠𝑝0(𝑠0, 𝜃)𝐴1𝜏 = 0 (6.8)

determines the implicit function 𝑠0 = 𝑠0(𝑠, 𝜃, 𝜏), because

∂𝑠0𝐹 (𝑠, 𝑠0, 𝜃, 𝜏) = 𝑐21 + ∂2𝑠𝑝0(𝑠0, 𝜃)𝐴1𝜏 ≥ 𝑐21(1 − 𝜏/𝜏∗) > 0.

Therefore, the solution to (6.6)–(6.7) is given by 𝑃 (𝑠, 𝜃, 𝜏) = (∂𝑠𝑝0)(𝑠0(𝑠, 𝜃, 𝜏), 𝜃),
and hence for (𝑠, 𝜃, 𝜏) ∈ R× 𝑆2 × [0, 𝜏0), we have

∂𝑠𝑝(𝑠, 𝜃, 𝜏) = (∂𝑠𝑝0)(𝑠0(𝑠, 𝜃, 𝜏), 𝜃). (6.9)

Since (3.4) implies ∣Λ𝛽𝑝0(𝑠, 𝜃)∣ ≤ 𝐶(1+ ∣𝑠∣)−𝑁 for any (𝑠, 𝜃) ∈ R×𝑆2 and 𝑁 > 0,
we see that Λ𝛽𝑠0(𝑠, 𝜃, 𝜏) is bounded for any (𝑠, 𝜃, 𝜏) ∈ R×𝑆2× [0, 𝜏0), because we
have

∂𝑠𝑠0(𝑠, 𝜃, 𝜏) =
𝑐21

𝑐21 + (∂
2
𝑠𝑝0)(𝑠0(𝑠, 𝜃, 𝜏), 𝜃)𝐴1𝜏

,

∂𝜏𝑠0(𝑠, 𝜃, 𝜏) =
−𝐴1(∂𝑠𝑝0)(𝑠0(𝑠, 𝜃, 𝜏), 𝜃)

𝑐21 + (∂
2
𝑠𝑝0)(𝑠0(𝑠, 𝜃, 𝜏), 𝜃)𝐴1𝜏

,

𝑜𝑖𝑠0(𝑠, 𝜃, 𝜏) =
−𝐴1𝜏(𝑜𝑖∂𝑠𝑝0)(𝑠0(𝑠, 𝜃, 𝜏), 𝜃)

𝑐21 + (∂
2
𝑠𝑝0)(𝑠0(𝑠, 𝜃, 𝜏), 𝜃)𝐴1𝜏

.

Therefore, we get (6.4) by using (6.9).
Next we prove (6.5). Since 𝑠0(𝑠, 𝜃, 0) = 𝑠, we get

∂𝑠𝑝(𝑠, 𝜃, 𝜏) − ∂𝑠𝑝0(𝑠, 𝜃) = 𝜏

∫ 1

0

(∂2𝑠𝑝0)(𝑠0(𝑠, 𝜃, 𝜎𝜏), 𝜃)∂𝜏 𝑠0(𝑠, 𝜃, 𝜎𝜏)𝑑𝜎.

In view of (6.8), we see that (1 + ∣𝑠0(𝑠, 𝜃, 𝜏)∣)−𝑁 is equivalent to (1 + ∣𝑠∣)−𝑁 for
(𝑠, 𝜃, 𝜏) ∈ R× 𝑆2 × [0, 𝜏0), because ∣Λ𝛾

∗(∂𝑠𝑝0(𝑠0(𝑠, 𝜃, 𝜏), 𝜃)𝐴1𝜏)∣ is bounded. Thus
we find (6.5) holds. This completes the proof. □

For a real-valued function 𝜑(𝑠, 𝜃, 𝜏) on R× 𝑆2 × [0, 𝜏∗), we shall write

𝜑(𝑡, 𝑥) := 𝜑(𝑟 − 𝑐1𝑡, 𝜔, 𝜀 log(𝜀𝑡))

for (𝑡, 𝑥) ∈ [𝜀−1, 𝜀−1 exp(𝜏∗𝜀−1))×R3 with 𝑟 = ∣𝑥∣ and 𝜔 = 𝑟−1𝑥. Then we have

∂𝑡𝜑 = −𝑐1∂̃𝑠𝜑+ 𝜀𝑡−1∂̃𝜏𝜑, 𝑂𝑖𝜑 = 𝑜𝑖𝜑 (𝑖 = 1, 2, 3), (6.10)

grad𝜑 = 𝜔∂̃𝑠𝜑− 𝑟−1 𝜔 ∧ 𝑜 𝜑, (6.11)

where we have used (2.1) to get (6.11).
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Let 𝑝(𝑠, 𝜃, 𝜏) be the solution to (1.13)–(1.14) vanishing for ∣𝑠∣ ≥ 𝑅. Using the
above notation, we define

𝑤1(𝑡, 𝑥) = 𝜀𝑟−1 (𝑝(𝑡, 𝑥)𝜔 + ℱ2[𝑓, 𝑔](𝑟 − 𝑐2𝑡, 𝜔)) (6.12)

for (𝑡, 𝑥) ∈ [𝜀−1, 𝜀−1 exp(𝜏∗𝜀−1))× (R3 ∖ {0}). Note that
𝑤1(𝑡, 𝑥) = 0 for ∣𝑥∣ ≥ 𝑐1𝑡+𝑅. (6.13)

The following estimates, which shows that 𝑤1 is a good approximation of 𝑢0 near
the characteristic cones 𝑟 = 𝑐𝑖𝑡 (𝑖 = 1, 2), are reduced from Lemma 6.1.

Corollary 6.2. Let 0 < 𝜏0 < 𝜏∗ and let 0 < 𝜀 ≤ 1. Then for any nonnegative integer
𝑘, there exists a positive constant 𝐶 = 𝐶(𝜏0, 𝑘) such that

∣𝑤1(𝑡, 𝑥)∣𝑘 ≤ 𝐶𝜀(1 + 𝑡+ 𝑟)−1, (6.14)

∣∂𝑤1(𝑡, 𝑥)∣𝑘 ≤ 𝐶𝜀(1 + 𝑡+ 𝑟)−1𝑊−1(𝑡, 𝑟), (6.15)

∣div𝑤1(𝑡, 𝑥)∣𝑘 ≤ 𝐶𝜀(1 + 𝑡+ 𝑟)−1(1 + ∣𝑟 − 𝑐1𝑡∣)−1, (6.16)

∣rot𝑤1(𝑡, 𝑥)∣𝑘 ≤ 𝐶𝜀(1 + 𝑡+ 𝑟)−1(1 + ∣𝑟 − 𝑐2𝑡∣)−1 (6.17)

for 𝑐2𝑡/2 ≤ ∣𝑥∣ ≤ 𝑐1𝑡+𝑅 and 𝑡 ∈ [𝜀−1, 𝜀−1 exp(𝜏0𝜀−1)). Moreover, we have

∣𝑤1(𝑡, 𝑥)− 𝜀𝑢0(𝑡, 𝑥)∣𝑘 ≤ 𝐶𝜀(1 + 𝑡+ 𝑟)−2, (6.18)

∣∂𝑡{𝑤1(𝑡, 𝑥) − 𝜀𝑢0(𝑡, 𝑥)}∣𝑘 ≤ 𝐶𝜀(1 + 𝑡+ 𝑟)−2𝑊−1(𝑡, 𝑟), (6.19)

for 𝑐2𝑡/2 ≤ ∣𝑥∣ ≤ 𝑐1𝑡+𝑅 and 1/𝜀 ≤ 𝑡 ≤ 2/𝜀. Here, 𝑢0 is the solution of the Cauchy
problem (4.1)–(4.2).

Proof. We suppose that 𝑐2𝑡/2 ≤ 𝑟 ≤ 𝑐1𝑡+𝑅 and 𝑡 ∈ [𝜀−1, 𝜀−1 exp(𝜏0𝜀−1)) in what
follows. Then we have

∣𝑡−1∣𝑘 + ∣𝑟−1∣𝑘 + ∣(1 + 𝑡+ 𝑟)−1∣𝑘 ≤ 𝐶(1 + 𝑡+ 𝑟)−1. (6.20)

First we prove (6.14) and (6.15). It follows from (4.23), (2.1), and (6.20) that

∣ℱ2[𝑓, 𝑔](𝑟 − 𝑐2𝑡, 𝜔)∣𝑘 ≤ 𝐶(1 + ∣𝑟 − 𝑐2𝑡∣)−1.

Meanwhile, from (6.2), (6.4) with 𝑁 = 1, (6.10), (6.11), and (6.20), we get

∣𝑝(𝑡, 𝑥)∣𝑘 ≤ 𝐶
∑
∣𝛽∣≤𝑘

∣∣Λ̃𝛽𝑝(𝑡, 𝑥)
∣∣ ≤ 𝐶, (6.21)

∣∂𝑝(𝑡, 𝑥)∣𝑘 ≤ 𝐶
∑
∣𝛽∣≤𝑘

∣∣Λ̃𝛽∂𝑠𝑝(𝑡, 𝑥)
∣∣+ 𝐶(1 + 𝑡+ 𝑟)−1

∑
∣𝛽∣≤𝑘+1

∣∣Λ̃𝛽𝑝(𝑡, 𝑥)
∣∣ (6.22)

≤ 𝐶(1 + ∣𝑟 − 𝑐1𝑡∣)−1.

Thus we obtain (6.14) and (6.15) from (6.12).
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Next we prove (6.16). A direct computation shows that

div (𝑟−1𝑝(𝑡, 𝑥)𝜔) = 𝑟−1∂̃𝑠𝑝(𝑡, 𝑥) + 𝑟−2𝑝(𝑡, 𝑥), (6.23)

div (𝑟−1ℱ2[𝑓, 𝑔](𝑟 − 𝑐2𝑡, 𝜔)) (6.24)

= −𝑟−2(2𝜔 ⋅ ℛ̃2[𝑓, 𝑔](𝑟 − 𝑐2𝑡, 𝜔) + Ω ⋅ ℛ̃2[𝑓, 𝑔](𝑟 − 𝑐2𝑡, 𝜔)),

where we put Ω ⋅ 𝑓(𝑥) =
∑3

𝑗=1 Ω𝑗𝑓𝑗(𝑥) with Ω = 𝜔 ∧ 𝑂 (recall also (4.22)).

Therefore, by (6.2), (6.4) with 𝑁 = 1, and (3.4), we get (6.16).
Next we prove (6.17). A direct computation shows that

rot (𝑟−1𝑝(𝑡, 𝑥)𝜔) = −𝑟−2Ω ∧ (𝑝(𝑡, 𝑥)𝜔), (6.25)

rot (𝑟−1ℱ2[𝑓, 𝑔](𝑟 − 𝑐2𝑡, 𝜔)) = 𝑟−1rot ℛ̃2[𝑓, 𝑔](𝑟 − 𝑐2𝑡, 𝜔) (6.26)

− 𝑟−2(𝜔 ∧ ℛ̃2[𝑓, 𝑔](𝑟 − 𝑐2𝑡, 𝜔)− Ω ∧ Π(𝜔)ℛ̃2[𝑓, 𝑔](𝑟 − 𝑐2𝑡, 𝜔)).

Thus (6.2) and (3.4) yield (6.17).
Next we prove (6.19). Suppose that we also have 1/𝜀 ≤ 𝑡 ≤ 2/𝜀 from now on.

In view of (4.25), it suffices to show∣∣∣∣∂𝑡{𝑤1(𝑡, 𝑥)−
2∑

𝑚=1

𝜀𝑟−1ℱ𝑚[𝑓, 𝑔](𝑟 − 𝑐𝑚𝑡, 𝜔)

}∣∣∣∣
𝑘

≤ 𝐶𝜀(1 + 𝑡+ 𝑟)−2𝑊−1(𝑡, 𝑟),

or

∣∂𝑡{𝑝(𝑡, 𝑥)𝜔 −ℱ1[𝑓, 𝑔](𝑟 − 𝑐1𝑡, 𝜔)}∣𝑘 ≤ 𝐶(1 + 𝑡+ 𝑟)−1𝑊−1(𝑡, 𝑟),

because of (6.12) and (6.20). We see from (4.21) and (1.9) that the above estimate
follows from

∣∂𝑡{𝑝(𝑡, 𝑥)− 𝑝0(𝑟 − 𝑐1𝑡, 𝜔)}∣𝑘 ≤ 𝐶(1 + 𝑡+ 𝑟)−1𝑊−1(𝑡, 𝑟). (6.27)

It follows from (6.10), (6.11), (6.2), and (6.5) with 𝑁 = 1 that the left-hand side
of (6.27) is bounded by

𝐶
∑
∣𝛾∣≤𝑘

∣Λ̃𝛾
∗∂𝑠𝑝(𝑡, 𝑥) − (Λ𝛾

∗∂𝑠𝑝0)(𝑟 − 𝑐1𝑡, 𝜔)∣

+ 𝐶𝜀(1 + 𝑡+ 𝑟)−1
∑
∣𝛽∣≤𝑘

∣Λ̃𝛽∂𝜏𝑝(𝑡, 𝑥)∣

≤ 𝐶𝜀
(
(log(𝜀𝑡))(1 + ∣𝑟 − 𝑐1𝑡∣)−1 + (1 + 𝑡+ 𝑟)−1

)
,

which yields (6.27), because 𝑡 ≤ 2/𝜀 implies 𝜀 ≤ 𝐶(1 + 𝑡+ 𝑟)−1.
Similarly, one can show (6.18) by using (4.24), (6.3) instead of (4.25), (6.5),

respectively. This completes the proof. □

Next we examine how well 𝑤1(𝑡, 𝑥) satisfies the original equation (1.1) near
the characteristic cones 𝑟 = 𝑐𝑖𝑡 (𝑖 = 1, 2). We set

𝐸[𝑢](𝑡, 𝑥) = (∂2𝑡 − 𝐿)𝑢(𝑡, 𝑥)− 𝐹
(∇𝑢(𝑡, 𝑥),∇2𝑢(𝑡, 𝑥)

)
. (6.28)
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Lemma 6.3. Let 0 < 𝜏0 < 𝜏∗ and let 0 < 𝜀 ≤ 1. Then for any nonnegative integer
𝑘, there exists a positive constant 𝐶 = 𝐶(𝜏0, 𝑘) such that

∣𝐸[𝑤1](𝑡, 𝑥) − (𝑐21 − 𝑐22)𝜀𝑟−2{𝜔 ∧ 𝑜 ∂𝑠𝑝(𝑡, 𝑥) + (∂𝑠𝑌 )(𝑟 − 𝑐2𝑡, 𝜔)𝜔} (6.29)

+𝐴2 grad ∣rot𝑤1(𝑡, 𝑥)∣2∣𝑘 ≤ 𝐶𝜀(1 + 𝑡+ 𝑟)−3,

for 𝑐2𝑡/2 ≤ ∣𝑥∣ ≤ 𝑐1𝑡+𝑅 and 𝑡 ∈ [𝜀−1, 𝜀−1 exp(𝜏0𝜀−1)). Here we have set

𝑌 (𝑠, 𝜔) = 2𝜔 ⋅ ℛ̃2[𝑓, 𝑔](𝑠, 𝜔) + Ω ⋅ ℛ̃2[𝑓, 𝑔](𝑠, 𝜔).

Proof. Let 𝑐2𝑡/2 ≤ ∣𝑥∣ ≤ 𝑐1𝑡+ 𝑅 and 𝑡 ∈ [𝜀−1, 𝜀−1 exp(𝜏0𝜀−1)). Then, 𝑡 and 𝑟 are
equivalent to 1 + 𝑡+ 𝑟.

It holds that

∂2𝑡 𝑝(𝑡, 𝑥) = 𝑐21∂̃
2
𝑠𝑝(𝑡, 𝑥)− 2𝑐1𝜀𝑡−1∂̃𝜏∂𝑠𝑝+ 𝑡−2(𝜀2∂̃2𝜏𝑝− 𝜀∂̃𝜏𝑝),

Δ(𝑟−1𝑝(𝑡, 𝑥)𝜔) = 𝑟−1∂̃2𝑠𝑝(𝑡, 𝑥)𝜔 + 𝑟−3Δ𝜔(𝑝(𝑡, 𝑥)𝜔),

graddiv (𝑟−1𝑝(𝑡, 𝑥)𝜔) = 𝑟−1∂̃2𝑠𝑝(𝑡, 𝑥)𝜔 − 𝑟−2𝜔 ∧ 𝑜 ∂𝑠𝑝(𝑡, 𝑥)

− 2𝑟−3𝑝(𝑡, 𝑥)𝜔 − 𝑟−3𝜔 ∧ 𝑜 𝑝(𝑡, 𝑥),

where Δ𝜔 =
∑3

𝑗=1 𝑂2
𝑗 . Therefore, we have∣∣∣(∂2𝑡 − 𝐿)(𝜀𝑟−1𝑝(𝑡, 𝑥)𝜔) + 2𝑐1𝜀

2(𝑡𝑟)−1∂̃𝜏∂𝑠𝑝(𝑡, 𝑥)𝜔 (6.30)

−(𝑐21 − 𝑐22)𝜀𝑟−2𝜔 ∧ 𝑜 ∂𝑠𝑝(𝑡, 𝑥)
∣∣∣
𝑘
≤ 𝐶𝜀(1 + 𝑟 + 𝑡)−3.

Meanwhile, we have

(∂2𝑡 − 𝑐22Δ)(𝑟
−1ℱ2[𝑓, 𝑔](𝑟 − 𝑐2𝑡, 𝜔)) = −𝑐22 𝑟−3Δ𝜔ℱ2[𝑓, 𝑔](𝑟 − 𝑐2𝑡, 𝜔).

Hence, recalling (6.24), (6.10), and (6.11), we obtain∣∣(∂2𝑡 − 𝐿)(𝜀𝑟−1ℱ2[𝑓, 𝑔](𝑟 − 𝑐2𝑡, 𝜔)) (6.31)

−(𝑐21 − 𝑐22) 𝜀𝑟−2(∂𝑠𝑌 )(𝑟 − 𝑐2𝑡, 𝜔)𝜔
∣∣
𝑘
≤ 𝐶𝜀(1 + 𝑟 + 𝑡)−3.

Next we consider the nonlinear term 𝐹 which is expressed as (1.3). It follows
from (6.16), (6.17) that

∣rot ((div𝑤1(𝑡, 𝑥))(rot𝑤1(𝑡, 𝑥)))∣𝑘 ≤ 𝐶𝜀2(1 + 𝑡+ 𝑟)−3.

By using (2.1) together with the condition on 𝐵𝑖𝑎𝑏
𝑗𝑘𝑙 , we get from (6.14) and (6.15)

∣𝑁(𝑤1(𝑡, 𝑥))∣𝑘 ≤ 𝐶𝜀2(1 + 𝑡+ 𝑟)−3.

We see from (6.23), (6.24) that

∣grad (div𝑤1)
2 − grad (𝜀𝑟−1∂̃𝑠𝑝(𝑡, 𝑥))2∣𝑘 ≤ 𝐶𝜀2(1 + 𝑡+ 𝑟)−3,

and hence

∣grad (div𝑤1)
2 − 2𝜀2𝑟−2∂̃𝑠𝑝(𝑡, 𝑥)∂̃2𝑠𝑝(𝑡, 𝑥)𝜔∣𝑘 ≤ 𝐶𝜀2(1 + 𝑡+ 𝑟)−3.
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Thus we obtain∣∣𝐹 (∇𝑤1,∇2𝑤1)−𝐴2 grad ∣rot𝑤1∣2 (6.32)

−2𝐴1𝜀
2𝑟−2∂̃𝑠𝑝(𝑡, 𝑥)∂̃2𝑠𝑝(𝑡, 𝑥)𝜔

∣∣∣
𝑘
≤ 𝐶𝜀2(1 + 𝑟 + 𝑡)−3.

Observe that (6.2) and (6.4) (with 𝑁 = 1/2) yield

∣∂̃𝑠𝑝(𝑡, 𝑥)∣𝑘 ≤ 𝐶(1 + ∣𝑐1𝑡− 𝑟∣)−1/2. (6.33)

By (6.6) with 𝑃 = ∂𝑠𝑝, and (6.33), we obtain∣∣∣2𝑐1 𝜀2(𝑡𝑟)−1∂̃𝜏∂𝑠𝑝+ 2𝐴1 𝜀2𝑟−2∂̃𝑠𝑝 ∂̃2𝑠𝑝
∣∣∣
𝑘

(6.34)

=
∣∣∣2𝐴1(𝑟 − 𝑐1𝑡)𝜀

2(𝑐1𝑡)−1𝑟−2∂̃𝑠𝑝 ∂̃2𝑠𝑝
∣∣∣
𝑘

≤ 𝐶𝜀2(1 + 𝑡+ 𝑟)−3.

Now (6.30), (6.31), (6.32), and (6.34) imply (6.29). This completes the proof. □

In order to eliminate 𝑟−2{𝜔∧𝑜 ∂𝑠𝑝(𝑡, 𝑥)+(∂𝑠𝑌 )(𝑟− 𝑐2𝑡, 𝜔)𝜔} in the estimate
(6.29), we need to construct a more precise approximation. For this reason, we set

𝑞1(𝑠, 𝜃, 𝜏) =

∫ ∞

𝑠

𝜃 ∧ (𝑜 𝑝)(𝑠′, 𝜃, 𝜏)𝑑𝑠′, 𝑞2(𝑠, 𝜃) =

∫ 𝑠

−∞
𝑌 (𝑠′, 𝜃) 𝜃 𝑑𝑠′, (6.35)

and define

𝑤(𝑡, 𝑥) = 𝑤1(𝑡, 𝑥) + 𝜀𝑟−2 (𝑞1(𝑡, 𝑥) + 𝑞2(𝑟 − 𝑐2𝑡, 𝜔)) (6.36)

for (𝑡, 𝑥) ∈ [𝜀−1, 𝜀−1 exp(𝜏0𝜀−1))× (R3 ∖ {0}). Then, 𝑤 enjoys the same estimates
as in Corollary 6.2 together with a suitable estimate for 𝐸[𝑤] as follows.

Lemma 6.4. Let 0 < 𝜏0 < 𝜏∗. We assume that 0 < 𝜀 ≤ 1. Then for any nonnegative
integer 𝑘, there exists a positive constant 𝐶 = 𝐶(𝜏0, 𝑘) such that

∣𝑤(𝑡, 𝑥)∣𝑘 ≤ 𝐶𝜀(1 + 𝑡+ 𝑟)−1, (6.37)

∣∂𝑤(𝑡, 𝑥)∣𝑘 ≤ 𝐶𝜀(1 + 𝑡+ 𝑟)−1𝑊−1(𝑡, 𝑟), (6.38)

∣div𝑤(𝑡, 𝑥)∣𝑘 ≤ 𝐶𝜀(1 + 𝑡+ 𝑟)−1(1 + ∣𝑟 − 𝑐1𝑡∣)−1, (6.39)

∣rot𝑤(𝑡, 𝑥)∣𝑘 ≤ 𝐶𝜀(1 + 𝑡+ 𝑟)−1(1 + ∣𝑟 − 𝑐2𝑡∣)−1, (6.40)

∣𝐸[𝑤](𝑡, 𝑥) +𝐴2 grad ∣rot𝑤1(𝑡, 𝑥)∣2∣𝑘 ≤ 𝐶𝜀(1 + 𝑡+ 𝑟)−3 (6.41)

for 𝑐2𝑡/2 ≤ ∣𝑥∣ ≤ 𝑐1𝑡+𝑅 and 𝑡 ∈ [𝜀−1, 𝜀−1 exp(𝜏0𝜀−1)). Moreover, we have

∣𝑤(𝑡, 𝑥) − 𝜀𝑢0(𝑡, 𝑥)∣𝑘 ≤ 𝐶𝜀(1 + 𝑡+ 𝑟)−2, (6.42)

∣∂𝑡{𝑤(𝑡, 𝑥)− 𝜀𝑢0(𝑡, 𝑥)}∣𝑘 ≤ 𝐶𝜀(1 + 𝑡+ 𝑟)−2𝑊−1(𝑡, 𝑟), (6.43)

for 𝑐2𝑡/2 ≤ ∣𝑥∣ ≤ 𝑐1𝑡+𝑅 and 1/𝜀 ≤ 𝑡 ≤ 2/𝜀. Here, 𝑢0 is the solution of the Cauchy
problem (4.1)–(4.2).
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Proof. Since 𝑝(𝑠, 𝜃, 𝜏) = 0 for ∣𝑠∣ ≥ 𝑅, we see from (6.2) and (3.4) that

∣Λ𝛽𝑞1(𝑠, 𝜃, 𝜏)∣ ≤ 𝐶, ∣Λ𝛽∂𝑠𝑞1(𝑠, 𝜃, 𝜏)∣ ≤ 𝐶(1 + 𝑠)−1, (6.44)

∣Λ𝛽𝑞2(𝑠, 𝜃)∣ ≤ 𝐶, ∣Λ𝛽∂𝑠𝑞2(𝑠, 𝜃)∣ ≤ 𝐶(1 + 𝑠)−1, (6.45)

for multi-indices 𝛽 and (𝑠, 𝜃, 𝜏) ∈ R× 𝑆2 × [0, 𝜏0]. Therefore, if we set

𝑤2(𝑡, 𝑥) = 𝜀𝑟−2 (𝑞1(𝑡, 𝑥) + 𝑞2(𝑟 − 𝑐2𝑡, 𝜔)) ,

then we get

∣𝑤2(𝑡, 𝑥)∣𝑘 ≤ 𝐶𝜀(1 + 𝑡+ 𝑟)−2, (6.46)

∣∂𝑤2(𝑡, 𝑥)∣𝑘 ≤ 𝐶𝜀(1 + 𝑡+ 𝑟)−2𝑊−1(𝑡, 𝑟), (6.47)

so that the estimates in Lemma 6.4 except for (6.41) immediately follow from
Corollary 6.2.

In order to show (6.41), we write

𝐸[𝑤] +𝐴2 grad ∣rot𝑤1∣2 (6.48)

= (𝐸[𝑤1] + (𝑐
2
1 − 𝑐22)𝜀𝑟−2{∂̃2𝑠𝑞1(𝑡, 𝑥) − (∂2𝑠𝑞2)(𝑟 − 𝑐2𝑡, 𝜔)}

+𝐴2 grad ∣rot𝑤1∣2)
+
(
(∂2𝑡 − 𝐿)𝑤2 − (𝑐21 − 𝑐22)𝜀𝑟−2{∂̃2𝑠𝑞1(𝑡, 𝑥)− (∂2𝑠𝑞2)(𝑟 − 𝑐2𝑡, 𝜔)}

)
+
(
𝐹 (∇𝑤1,∇2𝑤1)− 𝐹 (∇𝑤,∇2𝑤)

)
.

By (6.15), (6.47) we get

∣𝐹 (∇𝑤1,∇2𝑤1)− 𝐹 (∇𝑤,∇2𝑤)∣𝑘 ≤ 𝐶𝜀2(1 + 𝑡+ 𝑟)−3. (6.49)

Using (6.44), we find

∣(∂2𝑡 − 𝑐22Δ)(𝑟
−2𝑞1(𝑡, 𝑥))− (𝑐21 − 𝑐22)𝑟

−2∂̃2𝑠𝑞1(𝑡, 𝑥)∣𝑘 ≤ 𝐶(1 + 𝑡+ 𝑟)−3.

Since 𝜃⋅𝑞1(𝑠, 𝜃) = 0, we have div (𝑟−2𝑞1(𝑡, 𝑥)) = −𝑟−3Ω⋅𝑞1(𝑡, 𝑥) by (2.1). Therefore,
we get

∣(∂2𝑡 − 𝐿)(𝑟−2𝑞1(𝑡, 𝑥))− (𝑐21 − 𝑐22)𝑟
−2∂̃2𝑠𝑞1(𝑡, 𝑥)∣𝑘 ≤ 𝐶(1 + 𝑡+ 𝑟)−3. (6.50)

On the other hand, we have from (6.45)

∣(∂2𝑡 − 𝑐22Δ)(𝑟
−2𝑞2(𝑟 − 𝑐2𝑡, 𝜔))∣𝑘 ≤ 𝐶(1 + 𝑡+ 𝑟)−3.

Since div (𝑟−2𝑞2(𝑟 − 𝑐2𝑡, 𝜔)) = 𝑟−2𝑌 (𝑟 − 𝑐2𝑡, 𝜔), we obtain

∣(∂2𝑡 − 𝐿)(𝑟−2𝑞2(𝑟 − 𝑐2𝑡, 𝜔)) (6.51)

+ (𝑐21 − 𝑐22)𝑟
−2(∂2𝑠𝑞2)(𝑟 − 𝑐2𝑡, 𝜔)∣𝑘 ≤ 𝐶(1 + 𝑡+ 𝑟)−3.

Now, in view of (6.48), we see from (6.49), (6.50), (6.51), and (6.29) that (6.41)

holds, because ∂̃2𝑠𝑞1(𝑡, 𝑥)−(∂2𝑠 𝑞2)(𝑟−𝑐2𝑡, 𝜔) = −(𝜔∧𝑜 ∂𝑠𝑝(𝑡, 𝑥)+(∂𝑠𝑌 )(𝑟−𝑐2𝑡, 𝜔)𝜔).
This completes the proof. □
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Now we are in a position to construct an approximate solution 𝑢1 for all
(𝑡, 𝑥) ∈ [𝜀−1, 𝜀−1 exp(𝜏0𝜀−1))×(R3 ∖{0}) : Let 𝜒 and 𝜉 be smooth and nonnegative
functions on [0,∞) such that

𝜒(𝑠) =

{
1, 𝑠 ≤ 1,
0, 𝑠 ≥ 2, 𝜉(𝑠) =

{
0, 𝑠 ≤ 𝑐2/2,

1, 𝑠 ≥ 3𝑐2/4.
Let 0 < 𝜀 ≤ 1 in the following. We put 𝜒𝜀(𝑡) = 𝜒(𝜀𝑡) and 𝜂(𝑡, 𝑥) = 𝜉(∣𝑥∣/𝑡). Since

𝜀 ≤ 𝐶(1 + 𝑡)−1 if 0 ≤ 𝜀𝑡 ≤ 2, (6.52)

we get ∣∣∣∣𝑑𝑚𝜒𝜀

𝑑𝑡𝑚
(𝑡)

∣∣∣∣ = 𝜀𝑚
∣∣∣∣𝑑𝑚𝜒

𝑑𝑡𝑚
(𝜀𝑡)

∣∣∣∣ ≤ 𝐶(1 + 𝑡)−𝑚 for 𝑡 ≥ 0, (6.53)

where 𝑚 is a nonnegative integer. Meanwhile, we easily have 𝑂𝑗𝜂(𝑡, 𝑥) = 0 for
1 ≤ 𝑗 ≤ 3. Since 𝑐2𝑡/2 ≤ 𝑟 ≤ 3𝑐2𝑡/4 for (𝑡, 𝑥) ∈ supp ∂𝜂, we have∑

∣𝛼∣=𝑚
∣∂𝛼𝜂(𝑡, 𝑥)∣ ≤ 𝐶(1 + 𝑡+ 𝑟)−𝑚 for (𝑡, 𝑥) ∈ [1,∞)×R3, (6.54)

where 𝑚 is a nonnegative integer, ∂ = (∂𝑡,∇𝑥), and 𝛼 is a multi-index. Besides,
we get

𝑊−1(𝑡, 𝑟) ≤ 𝐶(1 + 𝑡+ 𝑟)−1 if 0 ≤ 𝑟 ≤ 3𝑐2𝑡/4. (6.55)

Let 𝑢0 be the solution of the Cauchy problem (4.1)–(4.2), and let 𝑤 be given
by (6.36). We define

𝑢1(𝑡, 𝑥) = 𝜒𝜀(𝑡)𝜀𝑢0(𝑡, 𝑥) +
(
1− 𝜒𝜀(𝑡)

)
𝜂(𝑡, 𝑥)𝑤(𝑡, 𝑥) (6.56)

for (𝑡, 𝑥) ∈ [0, 𝜀−1 exp(𝜏∗𝜀−1)
)×R3. By (6.1) and the property of finite propaga-

tion, we have ∣𝑥∣ ≤ 𝑐1𝑡+𝑅 in supp𝑢0. Hence, recalling (6.13), we find that

𝑢0(𝑡, 𝑥) = 𝑤1(𝑡, 𝑥) = 0 for ∣𝑥∣ ≥ 𝑐1𝑡+𝑅. (6.57)

Then we have the following:

Proposition 6.5. Let 0 < 𝜏0 < 𝜏∗, 𝑘 be a nonnegative integer, 0 ≤ 𝜆 ≤ 1/2, 0 <
𝜇 ≤ 1/4, and 0 < 𝜀 ≤ 1. Then there exists a positive constant 𝐶 = 𝐶(𝜏0, 𝑘, 𝜆, 𝜇)
such that

∣𝑢1(𝑡, 𝑥)∣𝑘 ≤ 𝐶𝜀(1 + 𝑡+ 𝑟)−1, (6.58)

∣∂𝑢1(𝑡, 𝑥)∣𝑘 ≤ 𝐶𝜀(1 + 𝑡+ 𝑟)−1𝑊−1(𝑡, 𝑟), (6.59)

∣𝐸[𝑢1](𝑡, 𝑥) +𝐴2 grad ∣rot𝑤1(𝑡, 𝑥)∣2∣𝑘 (6.60)

≤ 𝐶𝜀1+𝜆(1 + 𝑡+ 𝑟)−2+𝜆−𝜇𝑊−1+𝜇(𝑡, 𝑟)

for (𝑡, 𝑥) ∈ [0, 𝜀−1 exp(𝜏0𝜀−1)]×R3, and∥∥∣𝐸[𝑢1](𝑡, ⋅) +𝐴2 grad ∣rot𝑤1(𝑡, ⋅)∣2∣𝑘
∥∥
𝐿2 ≤ 𝐶𝜀1+𝜆(1 + 𝑡)−(3/2)+𝜆 (6.61)

for 𝑡 ∈ [0, 𝜀−1 exp(𝜏0𝜀−1)].
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Proof. We write 𝑥 = 𝑟𝜔 with 𝑟 = ∣𝑥∣ and 𝜔 ∈ 𝑆2. First we prove (6.58) and (6.59).
It follows from (4.8) that

∣𝑢0(𝑡, 𝑥)∣𝑘 ≤ 𝐶(1 + 𝑡+ 𝑟)−1𝑊−1(𝑡, 𝑟) (6.62)

for (𝑡, 𝑥) ∈ [0,∞) ×R3. We see from (6.57) that (1 + 𝑡)−1 ≤ 𝐶(1 + 𝑡 + 𝑟)−1 for
(𝑡, 𝑥) ∈ supp𝑤1. Therefore, we get (6.58) and (6.59) from (6.37), (6.38), (6.53),
(6.54), and (6.62).

Next we consider (6.60) and (6.61). If we set

𝑣(𝑡, 𝑥) = 𝜂(𝑡, 𝑥)𝑤(𝑡, 𝑥) − 𝜀𝑢0(𝑡, 𝑥), (6.63)

then we have 𝑢1 = 𝜀𝑢0 + (1− 𝜒𝜀)𝑣 by (6.56). Therefore, it follows that

𝐸[𝑢1] = 𝐼0 + 𝐼1 + 𝐼2 + 𝐼3, (6.64)

where we put

𝐼0 = −𝜒𝜀(𝑡)𝐹 (∇𝑢1,∇2𝑢1),

𝐼1 = −𝜒′′𝜀 (𝑡)𝑣(𝑡, 𝑥),

𝐼2 = −2𝜒′𝜀(𝑡)∂𝑡𝑣(𝑡, 𝑥),

𝐼3 =
(
1− 𝜒𝜀(𝑡)

) {
(∂2𝑡 − 𝐿)

(
𝜂(𝑡, 𝑥)𝑤(𝑡, 𝑥)

) − 𝐹 (∇𝑢1,∇2𝑢1)
}

.

We will estimate 𝐼𝑗 for 0 ≤ 𝑗 ≤ 3. Let 0 ≤ 𝜆 ≤ 1/2 and 0 < 𝜇 ≤ 1/4 in the
following.

By (6.52) and (6.57), we have

𝜀 ≤ 𝐶(1 + 𝑡+ 𝑟)−1 for (𝑡, 𝑥) ∈ supp𝑢0 ∪ supp𝑤1. (6.65)

From (6.62), (6.15), (6.47), and (6.65) we get

∣𝐼0∣𝑘 ≤ 𝐶𝜀1+𝜆(1 + 𝑡+ 𝑟)−3+𝜆𝑊−2(𝑡, 𝑟), (6.66)

which yields ∥∥∣𝐼0∣𝑘∥∥𝐿2 ≤ 𝐶𝜀1+𝜆(1 + 𝑡)−2+𝜆. (6.67)

Next we estimate 𝐼1. We may assume 𝑡 ≥ 1, because 𝜀𝑡 ≥ 1 in supp𝜒′′𝜀 .
Therefore, (6.54), (6.55) and (6.62) yield∣∣(1− 𝜂(𝑡, 𝑥)

)
𝑢0(𝑡, 𝑥)

∣∣
𝑘
≤ 𝐶(1 + 𝑡+ 𝑟)−2. (6.68)

Observe that we have 1/𝜀 ≤ 𝑡 ≤ 2/𝜀 and 𝑐2𝑡/2 ≤ 𝑟 in supp(𝜒′′𝜀𝜂). Thus, writing
𝐼1 = −𝜀2𝜒′′(𝜀𝑡)

(
𝜂(𝑤 − 𝜀𝑢0)− 𝜀(1− 𝜂)𝑢0

)
, by (6.42), (6.68), and (6.65), we get

∣𝐼1∣𝑘 ≤𝐶𝜀3(1 + 𝑡+ 𝑟)−2 ≤ 𝐶𝜀2(1 + 𝑡+ 𝑟)−3. (6.69)

In order to evaluate 𝐼2, we use∣∣(1− 𝜂(𝑡, 𝑥)
)
∂𝑡𝑢0(𝑡, 𝑥)

∣∣
𝑘
≤ 𝐶(1 + 𝑡+ 𝑟)−3, (6.70)

which follows from (6.54), (6.55) and (4.9). Then, writing

𝐼2 = − 2𝜀𝜒′(𝜀𝑡)
(
(∂𝑡𝜂)(𝑤 − 𝜀𝑢0) + (∂𝑡𝜂)𝜀𝑢0

+ 𝜂(∂𝑡𝑤 − 𝜀∂𝑡𝑢0)− (1 − 𝜂)𝜀∂𝑡𝑢0
)
,
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by (6.42), (6.43), (6.54), (6.62), (6.65), and (6.70) that

∣𝐼2∣𝑘 ≤ 𝐶𝜀1+𝜆(1 + 𝑡+ 𝑟)−3+𝜆𝑊−1(𝑡, 𝑟). (6.71)

By (6.69), (6.71), and (6.65) we get

∣𝐼1 + 𝐼2∣𝑘 ≤ 𝐶𝜀1+𝜆(1 + 𝑡+ 𝑟)−3+𝜆𝑊−1(𝑡, 𝑟), (6.72)∥∥∣𝐼1 + 𝐼2∣𝑘
∥∥
𝐿2 ≤ 𝐶𝜀1+𝜆(1 + 𝑡)−2+𝜆. (6.73)

Next we consider 𝐼3 by rewriting it as

𝐼3 =
(
1− 𝜒𝜀(𝑡)

)
(𝐼31 + 𝐼32 + 𝐼33), (6.74)

where we have set

𝐼31 = −𝐹 (∇𝑢1,∇2𝑢1) + 𝜂𝐹 (∇𝑤,∇2𝑤),

𝐼32 = [∂
2
𝑡 − 𝐿, 𝜂]𝑤

𝐼33 = 𝜂
(
(∂2𝑡 − 𝐿)𝑤 − 𝐹 (∇𝑤,∇2𝑤)

)
.

In the following, we assume 𝑡 ≥ 1, because 𝜀𝑡 ≥ 1 in supp(1− 𝜒𝜀).
We first estimate 𝐼31. We may assume 𝜀𝑡 ≤ 2 or 𝑟 ≤ 3𝑐2𝑡/4, because 𝐼31 = 0

otherwise. If 0 ≤ 𝜀𝑡 ≤ 2, then we have
∣(1− 𝜒𝜀)𝐼31∣𝑘 ≤ 𝐶𝜀1+𝜆(1 + 𝑡+ 𝑟)−3+𝜆𝑊−2(𝑡, 𝑟),

similarly to (6.66). Meanwhile, if 𝑟 ≤ 3𝑐2𝑡/4, then (6.38), (6.59), and (6.55) yield
∣(1− 𝜒𝜀)𝐼31∣𝑘 ≤ 𝐶𝜀2(1 + 𝑡+ 𝑟)−4.

Summing up, we have proved

∣(1 − 𝜒𝜀)𝐼31∣𝑘 ≤ 𝐶𝜀1+𝜆(1 + 𝑡+ 𝑟)−3+𝜆𝑊−2(𝑡, 𝑟) + 𝐶𝜀2(1 + 𝑡+ 𝑟)−4. (6.75)

By (6.37), (6.38), (6.54) with 𝑚 = 1, 2, and (6.55), we get

∣(1− 𝜒𝜀)𝐼32∣𝑘 ≤ 𝐶𝜀(1 + 𝑡+ 𝑟)−3. (6.76)

It follows that

(1− 𝜒𝜀)𝐼33 +𝐴2 grad ∣rot𝑤1∣2 =(1− 𝜒𝜀)𝜂(𝐸[𝑤] +𝐴2 grad ∣rot𝑤1∣2)
+ 𝐴2 ((1− 𝜒𝜀)(1− 𝜂) + 𝜒𝜀) grad ∣rot𝑤1∣2.

Therefore, by (6.41), (6.15), (6.55), and (6.65), we get

∣(1 − 𝜒𝜀)𝐼33 +𝐴2 grad ∣rot𝑤1∣2∣𝑘 (6.77)

≤ 𝐶𝜀(1 + 𝑡+ 𝑟)−3 + 𝐶𝜀1+𝜆(1 + 𝑡+ 𝑟)−3+𝜆𝑊−2(𝑡, 𝑟).

Thus, (6.75), (6.76), and (6.77) lead to

∣𝐼3 +𝐴2 grad ∣rot𝑤1∣2∣𝑘 ≤ 𝐶𝜀(1 + 𝑡+ 𝑟)−3 + 𝐶𝜀1+𝜆(1 + 𝑡+ 𝑟)−3+𝜆.

Since 𝜀𝑡 ≥ 1 in supp 𝐼3, we have 𝜀 ≥ 𝑡−1 ≥ (1 + 𝑡+ 𝑟)−1. Hence, we get

∣𝐼3 +𝐴2 grad ∣rot𝑤1∣2∣𝑘 ≤ 𝐶𝜀1+𝜆(1 + 𝑡+ 𝑟)−3+𝜆, (6.78)
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which yields ∥∥∣𝐼3 +𝐴2 grad ∣rot𝑤1∣2∣𝑘
∥∥
𝐿2 ≤ 𝐶𝜀1+𝜆(1 + 𝑡)−(3/2)+𝜆. (6.79)

Finally (6.60) follows from (6.66), (6.72), and (6.78). We also obtain (6.61)
from (6.67), (6.73), and (6.79). This completes the proof. □

7. Outline of the proof of Theorem 1.1

We assume that 0 < 𝜀 ≤ 1 and that (6.1) holds for some 𝑅 > 1. Let 𝑢1(𝑡, 𝑥) be
the approximation defined by (6.56) for (𝑡, 𝑥) ∈ [0, 𝜀−1 exp(𝜏∗𝜀−1)

)×R3. If we set

𝑢2(𝑡, 𝑥) = 𝑢(𝑡, 𝑥)− 𝑢1(𝑡, 𝑥),

then (1.1)–(1.2) is reduced to

(∂2𝑡 − 𝐿)𝑢2 = 𝐻(𝑢1, 𝑢2)− (𝐸[𝑢1] +𝐴2 grad ∣rot𝑤1∣2) +𝐴2 grad ∣rot𝑤1∣2 (7.1)

in
[
0, 𝜀−1 exp(𝜏∗𝜀−1)

)×R3,

𝑢2(0, 𝑥) = (∂𝑡𝑢2)(0, 𝑥) = 0 for 𝑥 ∈ R3, (7.2)

where 𝐸[𝑢] is defined by (6.28), and 𝐻(𝑢1, 𝑢2) is given by

𝐻(𝑢1, 𝑢2) = 𝐹 (∇(𝑢1 + 𝑢2),∇2(𝑢1 + 𝑢2))− 𝐹 (∇𝑢1,∇2𝑢1).

Observe that for any nonnegative integer 𝑘, there exists a constant 𝐶𝑘 such that

sup
𝑥∈R3

∣𝑢2(0, 𝑥)∣𝑘 ≤ 𝐶𝑘𝜀2, (7.3)

because for 0 ≤ 𝑡 ≤ 𝜀−1 and 𝑥 ∈ R3, we have

(∂2𝑡 − 𝐿)𝑢2 = 𝐹 (∇(𝑢1 + 𝑢2),∇2(𝑢1 + 𝑢2)),

𝑢2(0, 𝑥) = ∂𝑡𝑢2(0, 𝑥) = 0, and 𝑢1(𝑡, 𝑥) = 𝜀𝑢0(𝑡, 𝑥) by (6.56). Therefore, by the local
existence theorem (see [7]), what we need for proving Theorem 1.1 is to establish a
suitable a priori estimate. More explicitly, for 0 < 𝑇 < max{𝑇𝜀, exp(𝜏0𝜀−1)} with
𝜏0 ∈ (0, 𝜏∗), we wish to evaluate the following quantity :

sup
(𝑡,𝑥)∈[0,𝑇 ]×R3

{
(1 + 𝑟)(𝑊−1(𝑡, 𝑟))−1∣∂𝑢2(𝑡, 𝑥)∣𝐾 (7.4)

+ (1 + 𝑟)(1 + ∣𝑐1𝑡− 𝑟∣)∣div 𝑢2(𝑡, 𝑥)∣𝐾
+(1 + 𝑟)(1 + ∣𝑐2𝑡− 𝑟∣)∣rot𝑢2(𝑡, 𝑥)∣𝐾} ,

provided 𝐾 is an integer large enough and 𝜀 is small enough.

In order to carry out this purpose, we employ (5.2) for estimating 𝐸[𝑢1] +
𝐴2 grad ∣rot𝑤1∣2 and (5.3) for evaluating 𝐻(𝑢1, 𝑢2), respectively. Note that (6.60),
(6.61) enable us to regard 𝐸[𝑢1] +𝐴2 grad ∣rot𝑤1∣2 as a harmless term. Moreover,
one can handle grad ∣rot𝑤1∣2 by using the following lemma which is due to [1],
because of (6.17) and the discrepancy of the propagation speeds 𝑐1, 𝑐2.
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Lemma 7.1. Let 𝜑 = 𝜑(𝑡, 𝑥) be a smooth real-valued function. If 𝑢 solves

(∂2𝑡 − 𝐿)𝑢 = grad𝜑 in [0, 𝑇 )×R3, (7.5)

𝑢(0, 𝑥) = (∂𝑡𝑢)(0, 𝑥) = 0 for 𝑥 ∈ R3, (7.6)

then 𝑢 also satisfies

(∂2𝑡 − 𝑐21Δ)𝑢 = grad𝜑 in [0, 𝑇 )×R3. (7.7)

Proof. Let 𝜓 = 𝜓(𝑡, 𝑥) be the solution of

(∂2𝑡 − 𝑐21Δ)𝜓 = 𝜑 in [0, 𝑇 )×R3,

𝜓(0, 𝑥) = (∂𝑡𝜓)(0, 𝑥) = 0 for 𝑥 ∈ R3.

Then we have

(∂2𝑡 − 𝐿)grad𝜓 = (∂2𝑡 − 𝑐21Δ)grad𝜓 = grad𝜑.

Because of the uniqueness for the problem (7.5)–(7.6), we have 𝑢 = grad𝜓, so that
𝑢 satisfies (7.7). This completes the proof. □

Now, one can develop argument as in [1], because when 𝑇 < 𝜀−1 exp(𝜏0𝜀−1),
we see that 0 ≤ 𝑡 ≤ 𝑇 implies 𝜀 log(2 + 𝑡) ≤ 𝐶(1 + 𝜏0) for 𝜀 small enough. Noting
that lim

𝜀→0
𝜀 log 𝜀 = 0, we find that Theorem 1.1 is valid.
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matiques & Applications, 26, Springer-Verlag, Berlin, 1997.

[7] F. John, Finite amplitude waves in a homogeneous isotropic elastic solid, Comm.
Pure Appl. Math. 30 (1977), 421–446.

[8] F. John, Formation of singularities in elastic waves, Lecture Notes in Phys., 195,
194–210, Springer, Berlin, 1984.



212 H. Kubo

[9] F. John, Existence for large times of strict solutions of nonlinear wave equations in
three space dimensions for small initial data, Comm. Pure Appl. Math. 40 (1987),
79–109.

[10] F. John, Almost global existence of elastic waves of finite amplitude arising from
small initial disturbances, Comm. Pure Appl. Math. 41 (1988), 615–666.

[11] S. Katayama and H. Kubo, The rate of convergence to the asymptotics for the wave
equation in an exterior domain, Funkcial. Ekvac. 53 (2010), 331–358.

[12] S. Klainerman, The null condition and global existence to nonlinear wave equations,
Lectures in Appl. Math., 23 (1986) 293–326.

[13] S. Klainerman and T.C. Sideris, On almost global existence for nonrelativistic wave
equations in 3D, Comm. Pure Appl. Math. 49 (1996), 307–321.

[14] H. Kubo and M. Ohta, On the global behaviour of classical solutions to coupled
systems of semilinear wave equations, “New trends in the theory of hyperbolic equa-
tions” (M. Reissig and B.-W. Schulze eds.), Birkhäuser, 2005.
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Resolvent for Wave Equation with
a Potential Outside the Convex Obstacle

Tokio Matsuyama

Abstract. The purpose of the present article is to provide the results on the
perturbed resolvent of the Schrödinger operator in an exterior domain outside
the convex obstacle. The representation formula for this resolvent via the free
one in the whole space ℝ𝑛 will be given, which extends the result of [5] to
higher-dimensional spaces.
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1. Introduction

Let 𝑛 ≥ 3 and Ω an exterior domain of ℝ𝑛 such that ℝ𝑛 ∖ Ω is compact with
smooth boundary ∂Ω. We assume that 0 /∈ Ω. The present article is devoted to
the investigation of the resolvent of the Schrödinger operator −Δ+ 𝑉 , where the
potential function 𝑉 is real valued and measurable on Ω. More precisely, we shall
derive the representation formula for the perturbed resolvent 𝑅𝑉 (𝑧) = (𝐴𝑉 −𝑧)−1

of 𝐴𝑉 = −Δ + 𝑉 via the free one 𝑅0(𝑧) = (−Δ − 𝑧)−1 over ℝ𝑛. It is proved
in the author’s recent paper [5] that when 𝑛 = 3 and 𝑉 decays quadratically,
as will be stated later, zero is not an eigenvalue of 𝐴𝑉 , and no resonances are
present on [0,∞). In many articles on the dispersive estimates, the above fact
is assumed and the spectral analysis is developed (see, e.g., Moulin [7], Vodev
[10] and the references therein). When 0 ≤ 𝑉 (𝑥) ≤ 𝐶∣𝑥∣−2(∣𝑥∣𝜀 + ∣𝑥∣−𝜀)−1 (0 <
𝜀 ≪ 1) in 3-dimensional space ℝ3, Georgiev & Visciglia studied the dispersive
and Strichartz estimates for wave equation with the above potential by using the
spectral analysis (see [4]), where the non-existence of eigenvalues and resonances on

The author was supported by Grant-in-Aid for Scientific Research (C) (No. 21540198), Japan
Society for the Promotion of Science.
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[0,∞) are discussed in detail. For the potentials of Kato class in ℝ3, see D’Ancona
& Pierfelice [3]. Quite recently, the author studied the dispersive and Strichartz
estimates for wave equation with a polynomially decaying potential in an exterior
domain outside the convex obstacle of ℝ3 (see [5]); we assumed that

−𝑐0∣𝑥∣−𝛿0 ≤ 𝑉 (𝑥) ≤ 𝑐1∣𝑥∣−𝛿0 for some 0 < 𝑐0 < 1/4, 𝑐1 > 0 and 𝛿0 > 3.

Also, it is proved that zero is not an eigenvalue of 𝐴𝑉 , and no resonances are
present on [0,∞), provided 𝛿0 > 2. However, it seems that in exterior problems of
higher-dimensional spaces, there are no results on the resolvent behaviour. Thus,
in this article we shall reveal the resolvent behaviour together with obtaining the
representation formula of 𝑅𝑉 (𝜆

2 ± 𝑖0) in higher-dimensional spaces. The main
results will be stated in Theorem 3.2, which claims that no resonances are present
on [0,∞). As a by-product, we will obtain the result in the whole space. This topic
will be discuss in §4.

In the rest of this section we will review some known results on the perturbed
resolvent and the free one. It is known from Mochizuki [6] that there exist the
limits:

s− lim
𝜀↘0

𝑅𝑉 (𝜆
2 ± 𝑖𝜀) = 𝑅𝑉 (𝜆

2 ± 𝑖0) in B(𝐿2
𝑠(Ω), 𝐻2

−𝑠(Ω)) (1.1)

for any 𝑠 > 1/2 and 𝜆 > 0, provided that the real-valued measurable function 𝑉
on Ω satisfies

−𝑐0∣𝑥∣−𝛿0 ≤ 𝑉 (𝑥) ≤ 𝑐1∣𝑥∣−𝛿0 (1.2)

for some 0 < 𝑐0 < (𝑛 − 2)2/4, 𝑐1 > 0 and 𝛿0 > 1. Here B(𝐿2
𝑠(Ω), 𝐻2

−𝑠(Ω)) is the
space of all bounded linear operators from 𝐿2

𝑠(Ω) to 𝐻2−𝑠(Ω). The limits (1.1) are
known as the limiting absorption principle. In particular case 𝑉 = 0 and Ω = ℝ𝑛,
the limiting absorption principle for the free resolvent is known as

s− lim
𝜀↘0

𝑅0(𝜆
2 ± 𝑖𝜀) = 𝑅0(𝜆

2 ± 𝑖0) in B(𝐿2
𝑠(ℝ

𝑛), 𝐻2
−𝑠(ℝ

𝑛)) (1.3)

for any 𝑠 > 1/2 and 𝜆 > 0 (see, e.g., Agmon [1]). We should also refer to the result
of the limiting absorption principle in the critical case 𝑠 = 1/2, which Ruzhansky
and Sugimoto found (see [9]). Then, in an exterior domain outside the convex
obstacle of 3-dimensional space it is proved in Proposition 3.2 from [5] that if the
real-valued measurable function 𝑉 on Ω satisfies (1.2) for some 𝛿0 > 2, then

𝑅𝑉 (𝜆
2 ± 𝑖0) = 𝑆±

𝜆 𝑅0(𝜆
2 ± 𝑖0)𝐽∗, ∀𝜆 ≥ 0, (1.4)

where 𝑆±
𝜆 are the inverses of operators 𝐽∗ +𝑅0(𝜆

2 ± 𝑖0) in a subspace of 𝐿2
−𝑠(Ω),

𝐽 and 𝐽∗ are identification operators, which will be defined in §3. In particular,
when Ω = ℝ3, the operators 𝑆±

𝜆 are coincide with the inverses of 𝐼 +𝑅0(𝜆
2± 𝑖0)𝑉

in 𝐿2
−𝑠(ℝ

𝑛). Since we are in the exterior problem, the identity operator 𝐼 will be
perturbed as an identification operator 𝐽 . For more details, see §3. The formula
(1.4) provides several resolvent estimates, and hence, by developing the spectral
analysis, we can get the dispersive and Strichartz estimates for wave equation with
potential 𝑉 satisfying (1.2) (see Theorems 1.1–1.2 in [5]). Thus the result in this
article would be available to get these estimates in higher-dimensional spaces.
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Now let us introduce the known uniform resolvent estimates. We will always
assume that 𝑛 ≥ 3 and 𝑉 is a real-valued measurable function on Ω satisfying

−𝑐0∣𝑥∣−𝛿0 ≤ 𝑉 (𝑥) ≤ 𝑐1∣𝑥∣−𝛿0 (1.5)

for some constants 0 < 𝑐0 < (𝑛−2)2/4, 𝑐1 > 0 and 𝛿0 > (𝑛+2)/2. Without loss of
generality, we may assume that the obstacle ℝ𝑛∖Ω contains the unit ball of ℝ𝑛. The
uniform resolvent estimate for the perturbed version is known in Mochizuki [6]:∥∥𝑅𝑉 (𝜆

2 ± 𝑖0)𝑓
∥∥
𝐿2

−𝑠(Ω)
≤ 𝐶𝜆−1∥𝑓∥𝐿2

𝑠(Ω)
, ∀𝜆 > 0 (1.6)

for any 𝑠 > 1/2, provided that ℝ𝑛 ∖ Ω is star-shaped with respect to the origin.
Actually, (1.6) holds for 𝛿0 > 1. In particular case 𝑉 = 0 and Ω = ℝ𝑛 we have also
the uniform resolvent estimate∥∥𝑅0(𝜆

2 ± 𝑖0)𝑓
∥∥
𝐿2

−𝑠(ℝ𝑛)
≤ 𝐶𝜆−1∥𝑓∥𝐿2

𝑠(ℝ
𝑛), ∀𝜆 > 0 (1.7)

for any 𝑠 > 1/2 (see also Ben-Artzi & Klainerman [2]). For small 𝜆, it follows from
Lemma 2.2 in Murata [8] that in B(𝐿2

𝑠(ℝ
𝑛), 𝐻2−𝑠(ℝ𝑛)) one has the expansion

𝑅0(𝜆
2 ± 𝑖0) = 𝜆𝑛−2(log 𝜆)𝜀(𝑛)𝐹1 +𝐺0 + 𝑜 (1) as 𝜆 → +0 (1.8)

for any 𝑠 > 1, where 𝜀(𝑛) = 0 for 𝑛 odd, and 𝜀(𝑛) = 1 for 𝑛 even. Here the
operators 𝐹1 and 𝐺0 belong to B(𝐿2

𝑠(ℝ
𝑛), 𝐻2

−𝑠(ℝ
𝑛)).

In this paper we denote by B(𝑋, 𝑌 ) the space of all bounded linear operators
from a Banach space 𝑋 to another Banach space 𝑌 . When 𝑋 = 𝑌 , we denote
B(𝑋) = B(𝑋, 𝑋). The weighted Sobolev spaces are defined in the standard way:
For 𝑚 ∈ ℕ ∪ {0}, 𝜅 ∈ ℝ and a domain 𝐺 of ℝ𝑛 we put

𝐻𝑚
𝜅 (𝐺) =

{
𝑓 : ⟨𝑥⟩𝜅∂𝛼

𝑥 𝑓 ∈ 𝐿2(𝐺), ∣𝛼∣ ≤ 𝑚
}

,

and 𝐻𝑚
0,𝜅(𝐺) is the completion of 𝐶∞

0 (𝐺) with respect to the norm ∥ ⋅ ∥𝐻𝑚𝜅 (𝐺). We

put 𝐿2
𝜅(𝐺) = 𝐻0

𝜅(𝐺). We will use the notationR(𝑇 ) for the range of an operator 𝑇 .

Finally, we state our plan in this paper. Section 2 is devoted to the proof of
the assertion that zero is not an eigenvalue of the operator −Δ + 𝑉 . In Section
3 the main result will be stated as Theorem 3.2, and the complete proof will be
given. In Section 4 the representation formula for the perturbed resolvent in the
whole space will be given.

2. Uniqueness theorem for the Schrödinger equation

In this section we shall prove the uniqueness theorem for the Schrödinger equation.
This means that zero is not an eigenvalue of 𝐴𝑉 . The result will be used to obtain
the representation formula for the perturbed resolvent in §3.
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We shall prove here the following:

Lemma 2.1. Let 𝑛 ≥ 3. Assume that the measurable potential 𝑉 satisfies (1.5) for
some 𝛿0 > (𝑛+ 2)/2. Suppose that 𝑢 ∈ 𝐻1−𝑠(Ω) ∩𝐿∞(Ω) for some 1/2 < 𝑠 ≤ 𝛿0/2
satisfies the boundary value problem for the Schrödinger equation:{−Δ𝑢+ 𝑉 (𝑥)𝑢 = 0 in Ω,

𝑢 = 0 on ∂Ω
(2.1)

and

lim
𝑅→∞

1

𝑅𝑛

∫
𝑅<∣𝑥∣<2𝑅

∣𝑢(𝑥)∣2 𝑑𝑥 = 0. (2.2)

Then 𝑢(𝑥) = 0 in Ω.

Actually, when 𝑛 = 3, Lemma 2.1 is true for 𝛿0 > 2 (see Lemma 2.1 from [5]).

To prove Lemma 2.1, we need the following lemma.

Lemma 2.2. Let 𝑛 ≥ 3. Put 𝑢̃ = (−Δ)−1𝑓 in ℝ𝑛. If 𝑓 ∈ 𝐿2
𝑠(ℝ

𝑛) for some 𝑠 > 1/2,
then

lim
𝑅→∞

1

𝑅𝑛

∫
𝑅<∣𝑥∣<2𝑅

∣𝑢̃(𝑥)∣2 𝑑𝑥 = 0. (2.3)

Proof. Taking the Fourier transform of the equation we have

𝑢̃(𝑥) = F−1
[

𝑓(𝜉)

∣𝜉∣2
]
(𝑥),

where 𝑓 is the Fourier transform of 𝑓 and F−1 is the inverse Fourier transform.
Inserting the cut-off function 𝜒(𝜉) ∈ 𝐶∞

0 (ℝ
𝑛) equal to one for ∣𝜉∣ ≤ 1/2 and zero

for ∣𝜉∣ ≥ 1, we can write 𝑢̃ = 𝑢1 + 𝑢2, where

𝑢1(𝑥) = F−1
[

𝜒(𝜉)𝑓(𝜉)

∣𝜉∣2
]
(𝑥), 𝑢2(𝑥) = F−1

[
(1− 𝜒(𝜉))𝑓(𝜉)

∣𝜉∣2
]
(𝑥).

We claim that 𝑢2 fulfills (2.3). Indeed, by the assumption that 𝑓 ∈ 𝐿2
𝑠(ℝ

𝑛), we
readily see that 𝑢2 ∈ 𝐿2

𝑠(ℝ
𝑛). Hence we conclude that

1

𝑅𝑛

∫
𝑅<∣𝑥∣<2𝑅

∣𝑢2(𝑥)∣2 𝑑𝑥 ≤ 𝐶𝑠𝑅
−2𝑠−𝑛

∫
𝑅<∣𝑥∣<2𝑅

⟨𝑥⟩2𝑠∣𝑢2(𝑥)∣2 𝑑𝑥

≤ 𝐶𝑠𝑅
−2𝑠−𝑛∥𝑢2∥2𝐿2

𝑠(ℝ
𝑛) → 0,

as 𝑅 →∞.
In order to see that 𝑢1 fulfills (2.3), we note that (−Δ)−1 is a convolution

operator with a kernel 𝐺0(𝑥 − 𝑦) defined by

𝐺0(𝑥) =
Γ(𝑛/2)

4(𝑛− 2)𝜋𝑛/2
⋅ 1

∣𝑥∣𝑛−2 . (2.4)



Representation Formula of the Resolvent 217

From (2.4) we observe that F−1 [∣𝜉∣−2𝜒(𝜉)F ⋅] is a convolution operator with a
𝐶∞-kernel majorized by 𝐶⟨𝑥− 𝑦⟩−(𝑛−2), 𝐶 > 0. Hence we have∫
𝑅<∣𝑥∣<2𝑅

∣𝑢1(𝑥)∣2 𝑑𝑥 ≤ 𝐶

∫
𝑅<∣𝑥∣<2𝑅

(∫
ℝ𝑛
⟨𝑥− 𝑦⟩−(𝑛−2)∣𝑓(𝑦)∣ 𝑑𝑦

)2
𝑑𝑥 (2.5)

≤ 𝐶

∫
𝑅<∣𝑥∣<2𝑅

(∫
ℝ𝑛
⟨𝑥− 𝑦⟩−2(𝑛−2)⟨𝑦⟩−2𝑠 𝑑𝑦

)
∥𝑓∥2𝐿2

𝑠(ℝ
𝑛) 𝑑𝑥

≤ 𝐶

∫
𝑅<∣𝑥∣<2𝑅

(∫
ℝ𝑛
∣𝑥− 𝑦∣−(𝑛−1)⟨𝑦⟩−2𝑠 𝑑𝑦

)
∥𝑓∥2𝐿2

𝑠(ℝ
𝑛) 𝑑𝑥,

where we used the fact that 𝑛 − 1 ≤ 2(𝑛 − 2) in the last step, since 𝑛 ≥ 3. Here
we can estimate∫

ℝ𝑛
∣𝑥− 𝑦∣−(𝑛−1)⟨𝑦⟩−2𝑠 𝑑𝑦 ≤

⎧⎨⎩
𝐶⟨𝑥⟩−(2𝑠−1) if 1/2 < 𝑠 < 𝑛/2,

𝐶⟨𝑥⟩−(𝑛−1) log(𝑒 + ∣𝑥∣) if 𝑠 = 𝑛/2,

𝐶⟨𝑥⟩−(𝑛−1) if 𝑠 > 𝑛/2,

and it follows from (2.5) that, for 1/2 < 𝑠 < 𝑛/2,∫
𝑅<∣𝑥∣<2𝑅

∣𝑢1(𝑥)∣2 𝑑𝑥 ≤ 𝐶

(∫
𝑅<∣𝑥∣<2𝑅

⟨𝑥⟩−(2𝑠−1) 𝑑𝑥

)
∥𝑓∥2𝐿2

𝑠(ℝ
𝑛)

≤ 𝐶𝑅−(2𝑠−1)+𝑛∥𝑓∥2𝐿2
𝑠(ℝ

𝑛).

Thus we conclude that 𝑢1 satisfies (2.3), since 𝑠 > 1/2. In a similar way, when
𝑠 ≥ 𝑛/2, we have∫

𝑅<∣𝑥∣<2𝑅
∣𝑢1(𝑥)∣2 𝑑𝑥 ≤

{
𝐶𝑅 log(𝑒+𝑅)∥𝑓∥2𝐿2

𝑠(ℝ
𝑛), if 𝑠 = 𝑛/2,

𝐶𝑅∥𝑓∥2𝐿2
𝑠(ℝ

𝑛), if 𝑠 > 𝑛/2,

and hence, 𝑢1 satisfies (2.3) also in these cases. The proof of Lemma 2.2 is now
complete. □

Proof of Lemma 2.1. First, we claim that

𝑢(𝑥) =

⎧⎨⎩
𝑂
(∣𝑥∣−(𝛿0−2)) , if 2 < 𝛿0 < 𝑛,

𝑂
(∣𝑥∣−(𝑛−2) log ∣𝑥∣) , if 𝛿0 = 𝑛,

𝑂
(∣𝑥∣−(𝑛−2)) , if 𝛿0 > 𝑛,

as ∣𝑥∣ → ∞, (2.6)

∣∇𝑢(𝑥)∣ =

⎧⎨⎩
𝑂
(∣𝑥∣−(𝛿0−1)) , if 2 < 𝛿0 < 𝑛,

𝑂
(∣𝑥∣−(𝑛−1) log ∣𝑥∣) , if 𝛿0 = 𝑛,

𝑂
(∣𝑥∣−(𝑛−1)) , if 𝛿0 > 𝑛,

as ∣𝑥∣ → ∞. (2.7)

To show the asymptotic behaviour (2.6)–(2.7), let us consider the extension 𝑢̃ of 𝑢
to ℝ𝑛. More precisely, we define 𝑢̃ to be 𝑢(𝑥) = 𝜓(𝑥)𝑢(𝑥), where 𝜓(𝑥) ∈ 𝐶∞(ℝ𝑛)

equals zero in a bounded open neighbourhood 𝒪 of ℝ𝑛 ∖ Ω and one in ℝ𝑛 ∖ 𝒪
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such that the closure of 𝒪̃ is compact and 𝒪 ⋐ 𝒪. This 𝑢̃ satisfies the equation
−Δ𝑢̃ = 𝑓 in ℝ𝑛, where

𝑓 = −𝜓𝑉 𝑢− 2∇𝜓 ⋅ ∇𝑢− (Δ𝜓)𝑢. (2.8)

It is well known that the Poisson equation has a unique solution in S ′(ℝ𝑛) (= the
space of all tempered distributions) up to an additive polynomial. Hence 𝑢̃ can be
represented as

𝑢̃(𝑥) =
Γ(𝑛/2)

4(𝑛− 2)𝜋𝑛/2

∫
ℝ𝑛

𝑓(𝑦)

∣𝑥− 𝑦∣𝑛−2 𝑑𝑦 + polynomial.

It can be readily checked that 𝑓 ∈ 𝐿2
𝑠(ℝ

𝑛) provided 1/2 < 𝑠 ≤ 𝛿0/2. In fact, by
using the decay assumption (1.5) on 𝑉 , we have

∥𝑓∥𝐿2
𝑠(ℝ

𝑛) ≤ 𝐶
∥∥⟨⋅⟩𝑠−𝛿0𝑢

∥∥
𝐿2(ℝ𝑛)

+∥2∇𝜓 ⋅ ∇𝑢− (Δ𝜓)𝑢∥𝐿2
𝑠(ℝ

𝑛) ≤ 𝐶∥𝑢∥𝐻1
−𝑠(Ω)

< ∞.

Hence we see from the asymptotic behaviour (2.2) in Lemma 2.2 that

𝑢̃(𝑥) =
Γ(𝑛/2)

4(𝑛− 2)𝜋𝑛/2

∫
ℝ𝑛

𝑓(𝑦)

∣𝑥− 𝑦∣𝑛−2 𝑑𝑦,

and it follows from (2.8) that

∣𝑢̃(𝑥)∣ ≤ Γ(𝑛/2)

4(𝑛− 2)𝜋𝑛/2

(∫
ℝ𝑛

∣𝜓(𝑦)𝑉 (𝑦)𝑢(𝑦)∣
∣𝑥− 𝑦∣𝑛−2 𝑑𝑦

+

∫
ℝ𝑛

2∣∇𝜓(𝑦)∣∣∇𝑢(𝑦)∣
∣𝑥− 𝑦∣𝑛−2 𝑑𝑦 +

∫
ℝ𝑛

∣Δ𝜓(𝑦)∣∣𝑢(𝑦)∣
∣𝑥− 𝑦∣𝑛−2 𝑑𝑦

)
.

(2.9)

We shall estimate each term for large ∣𝑥∣ > 2𝑅. The second and third terms of
(2.9) decay like ∣𝑥∣−(𝑛−2) as ∣𝑥∣ → ∞. In fact, observing ∣𝑥 − 𝑦∣ ≥ ∣𝑥∣ − 𝑅0 for

∣𝑥∣ > 2𝑅 and 𝑦 ∈ supp∣∇𝜓∣, where 𝑅0 is the diameter of 𝒪, we see that∫
ℝ𝑛

( ∣∇𝜓(𝑦)∣∣∇𝑢(𝑦)∣
∣𝑥− 𝑦∣𝑛−2 +

∣Δ𝜓(𝑦)∣∣𝑢(𝑦)∣
∣𝑥− 𝑦∣𝑛−2

)
𝑑𝑦

≤ 𝐶(∣𝑥∣ −𝑅0)
−(𝑛−2)

(∫
supp∣∇𝜓∣

∣∇𝑢(𝑦)∣ 𝑑𝑦 +

∫
supp∣Δ𝜓∣

∣𝑢(𝑦)∣ 𝑑𝑦

)
≤ 𝐶(∣𝑥∣ −𝑅0)

−(𝑛−2)∥𝑢∥𝐻1
−𝑠(Ω)

.

As to the term involving 𝑉 , by using the decay assumption (1.5) and 𝑢 ∈ 𝐿∞(Ω),
we see that∫

ℝ𝑛

∣𝜓(𝑦)𝑉 (𝑦)𝑢(𝑦)∣
∣𝑥− 𝑦∣𝑛−2 𝑑𝑦 ≤ 𝐶

(∫
ℝ𝑛

𝑑𝑦

∣𝑥− 𝑦∣𝑛−2⟨𝑦⟩𝛿0
)
∥𝑢∥𝐿∞(Ω).

Here the integral in the right-hand side behaves like

∫
ℝ𝑛

𝑑𝑦

∣𝑥− 𝑦∣𝑛−2⟨𝑦⟩𝛿0 =

⎧⎨⎩
𝑂
(∣𝑥∣−(𝛿0−2)) if 2 < 𝛿0 < 𝑛,

𝑂
(∣𝑥∣−(𝑛−2) log ∣𝑥∣) if 𝛿0 = 𝑛,

𝑂
(∣𝑥∣−(𝑛−2)) if 𝛿0 > 𝑛,

as ∣𝑥∣ → ∞.
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Summarizing this observation, we get (2.6). We now turn to prove (2.7). Writing

∣∇𝑢̃(𝑥)∣ ≤ 𝑐𝑛

∫
ℝ𝑛

∣𝑓(𝑦)∣
∣𝑥− 𝑦∣𝑛−1 𝑑𝑦

≤ 𝑐𝑛

(∫
ℝ𝑛

∣𝜓(𝑦)𝑉 (𝑦)𝑢(𝑦)∣
∣𝑥− 𝑦∣𝑛−1 𝑑𝑦 +

∫
ℝ𝑛

2∣∇𝜓(𝑦)∣∣∇𝑢(𝑦)∣
∣𝑥− 𝑦∣𝑛−1 𝑑𝑦 +

∫
ℝ𝑛

∣Δ𝜓(𝑦)∣∣𝑢(𝑦)∣
∣𝑥− 𝑦∣𝑛−1 𝑑𝑦

)
,

we shall estimate each term. By the same calculation as above, we conclude that
the second and third terms decay like ∣𝑥∣−(𝑛−1) as ∣𝑥∣ → ∞. The first term is
handled by using the decay assumption (1.5) on 𝑉 and 𝑢 ∈ 𝐿∞(Ω):∫

ℝ𝑛

∣𝜓(𝑦)𝑉 (𝑦)𝑢(𝑦)∣
∣𝑥− 𝑦∣𝑛−1 𝑑𝑦 ≤ 𝐶∥𝑢∥𝐿∞(Ω)

∫
ℝ𝑛

𝑑𝑦

∣𝑥− 𝑦∣𝑛−1⟨𝑦⟩𝛿0

=

⎧⎨⎩
𝑂(∣𝑥∣−(𝛿0−1)), if 2 < 𝛿0 < 𝑛,

𝑂(∣𝑥∣−(𝑛−1) log ∣𝑥∣), if 𝛿0 = 𝑛,

𝑂(∣𝑥∣−(𝑛−1)), if 𝛿0 > 𝑛.

as ∣𝑥∣ → ∞.

Summarizing these estimates obtained now, we get (2.7).
Now, integrating by parts, we have∫
Ω∩{∣𝑥∣<𝑅}

{∣∇𝑢(𝑥)∣2 + 𝑉 (𝑥)∣𝑢(𝑥)∣2} 𝑑𝑥 =

∫
∣𝑥∣=𝑅

𝑢𝑟(𝑥)𝑢(𝑥) 𝑑𝑆𝑅, (2.10)

where 𝑢𝑟 = ∂𝑢/∂𝑟 (𝑟 = ∣𝑥∣) and 𝑑𝑆𝑅 is the (𝑛 − 1)-dimensional surface element.
Since

(𝛿0 − 1) + (𝛿0 − 2) > 𝑛− 1
provided 𝛿0 > (𝑛+2)/2, by using the asymptotic behaviour (2.6)–(2.7) and taking
the inferior limit in (2.10) as 𝑅 →∞, we get∫

Ω

{∣∇𝑢(𝑥)∣2 + 𝑉 (𝑥)∣𝑢(𝑥)∣2} 𝑑𝑥 = 0. (2.11)

Here we may assume that ∣𝑥∣ ≥ 1 for all 𝑥 ∈ Ω without loss of generality. By using
the assumption (1.5) on 𝑉 : 𝑉 (𝑥) ≥ −𝑐0∣𝑥∣−𝛿0 , where 0 < 𝑐0 < (𝑛− 2)2/4, we can
estimate ∫

Ω

𝑉 (𝑥)∣𝑢(𝑥)∣2 𝑑𝑥 ≥ −
∫
Ω

𝑐0
∣𝑢(𝑥)∣2
∣𝑥∣2 𝑑𝑥,

and hence, resorting to the Hardy inequality, we get∫
Ω

{∣∇𝑢(𝑥)∣2 + 𝑉 (𝑥)∣𝑢(𝑥)∣2} 𝑑𝑥 ≥
∫
Ω

{
∣∇𝑢(𝑥)∣2 − 𝑐0

∣𝑢(𝑥)∣2
∣𝑥∣2

}
𝑑𝑥

≥
{
1− 4𝑐0

(𝑛− 2)2
}∫

Ω

∣∇𝑢(𝑥)∣2 𝑑𝑥.

Therefore we arrive at ∫
Ω

∣∇𝑢(𝑥)∣2 𝑑𝑥 = 0,

which implies that 𝑢 is constant in Ω. Thus we conclude from the boundary con-
dition that 𝑢 = 0 in Ω. The proof of Lemma 2.1 is complete. □
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3. Representation formula for 𝑹𝑽 (𝝀
2 ± 𝒊0)

In this section let us investigate the relation among 𝑅𝑉 (𝜆
2 ± 𝑖0) and 𝑅0(𝜆

2 ± 𝑖0)
for 𝑛 ≥ 4. For this purpose, we need identify the space 𝐿2(ℝ𝑛) that −Δ acts on,
with 𝐿2(Ω) that −Δ+𝑉 acts on. Following Mochizuki [6], we define identification
operators

𝐽 ∈ B(𝐿2(ℝ𝑛), 𝐿2(Ω)), 𝐽∗ ∈ B(𝐿2(Ω), 𝐿2(ℝ𝑛)) (3.1)

as follows. Let 𝑗(𝑥) = 𝑗(𝑟𝜔) ∈ 𝐶∞(ℝ𝑛) (𝑟 = ∣𝑥∣, 𝜔 = 𝑥/∣𝑥∣ ∈ 𝕊𝑛−1) be a non-
decreasing function in 𝑟 for each 𝜔 such that 𝑗(𝑥) = 0 for 𝑥 ∈ ℝ𝑛 ∖ Ω, and equal
to 1 for 𝑥 ∈ Ω̃ := {𝑥 : dist(𝑥,ℝ𝑛 ∖ Ω) > 1}, which is possible if we assume that
ℝ𝑛 ∖ Ω is convex. In fact, for each 𝜔 ∈ 𝕊𝑛−1 taking 0 < 𝑟1(𝜔) < 𝑟2(𝜔) such that

𝑟1(𝜔)𝜔 ∈ ∂(ℝ𝑛 ∖ Ω) and 𝑟2(𝜔)𝜔 ∈ ∂Ω̃, we let 𝑗(𝑟𝜔) = 0 for 𝑟 ≤ 𝑟1(𝜔), 𝑗(𝑟𝜔) = 1
for 𝑟 ≥ 𝑟2(𝜔), and 𝑗(𝑟𝜔) is non-decreasing in [𝑟1(𝜔), 𝑟2(𝜔)]. For 𝑓 ∈ 𝐿2

loc(ℝ
𝑛) we

define the operator 𝐽 to be

(𝐽𝑓)(𝑥) = 𝑗(𝑥)𝑓(𝑥), 𝑥 ∈ Ω,

and for 𝑔 ∈ 𝐿2
loc(Ω) define

(𝐽∗𝑔)(𝑥) =

{
𝑗(𝑥)𝑔(𝑥), 𝑥 ∈ Ω,

0, 𝑥 ∈ ℝ𝑛 ∖ Ω.

Then 𝐽 ∈ B(𝐿2
𝑠(ℝ

𝑛), 𝐿2
𝑠(Ω)) and 𝐽∗ ∈ B(𝐿2

𝑠(Ω), 𝐿2
𝑠(ℝ

𝑛)) for any 𝑠 ∈ ℝ, and
hence, (3.1) holds. It is readily checked that 𝐽∗ is the adjoint operator of 𝐽 : For
any 𝑓 ∈ 𝐿2(ℝ𝑛) and 𝑔 ∈ 𝐿2(Ω),

(𝐽𝑓, 𝑔)𝐿2(Ω) = (𝑓, 𝐽∗𝑔)𝐿2(ℝ𝑛).

Put

𝑊∗ = 𝐽∗(−Δ+ 𝑉 (𝑥)) + Δ𝐽∗.

By elementary calculus, we can write

𝑊∗𝑔 = 𝑗(𝑥)𝑉 (𝑥)𝑔 − (Δ𝑗)𝑔 − 2∇𝑗 ⋅ ∇𝑔. (3.2)

Then

𝑊∗ ∈ B(𝐻1
𝑠 (Ω), 𝐿2

𝑠+𝛿0(ℝ
𝑛))

for any 𝑠 ∈ ℝ on account of the decay assumption (1.5) on 𝑉 , and we have the
“resolvent equations”:

𝐽∗𝑅𝑉 (𝜆
2 ± 𝑖0) = 𝑅0(𝜆

2 ± 𝑖0)
{

𝐽∗ −𝑊∗𝑅𝑉 (𝜆
2 ± 𝑖0)

}
,

which implies that{
𝐽∗ +𝑅0(𝜆

2 ± 𝑖0)𝑊∗
}

𝑅𝑉 (𝜆
2 ± 𝑖0) = 𝑅0(𝜆

2 ± 𝑖0)𝐽∗. (3.3)

Recalling that R(𝑇 ) is the range of an operator 𝑇 , we prepare the following
lemma:
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Lemma 3.1. Let 𝑛 ≥ 4. Assume that the measurable potential 𝑉 satisfies (1.5) for
some 𝛿0 > (𝑛+ 2)/2. Let 1 < 𝑠 ≤ 𝛿0/2. Then the inclusion

R(𝑅0(𝜆
2 ± 𝑖0)𝐽∗) ⊂ R(𝐽∗ +𝑅0(𝜆

2 ± 𝑖0)𝑊∗) ⊂ 𝐿2
−𝑠(ℝ

𝑛) (3.4)

holds for any 𝜆 ≥ 0.
Proof. The first inclusion in (3.4) for 𝜆 ≥ 0 is proved by using the resolvent
equations (3.3):

R(𝑅0(𝜆
2 ± 𝑖0)𝐽∗) =R((𝐽∗ +𝑅0(𝜆

2 ± 𝑖0)𝑊∗)𝑅𝑉 (𝜆
2 ± 𝑖0)) (3.5)

⊂R(𝐽∗ +𝑅0(𝜆
2 ± 𝑖0)𝑊∗).

When 𝜆 = 0, we used the existence of 𝑅𝑉 (0), which is assured by Lemma 2.1. As
to the second inclusion in (3.4), we have only to show that∥∥𝑅0(𝜆

2 ± 𝑖0)𝑊∗𝑓
∥∥
𝐿2

−𝑠(ℝ𝑛)
≤ 𝐶∥𝑓∥𝐻1

−𝑠(Ω)
, 𝑓 ∈ 𝐻1

−𝑠(Ω) (3.6)

for any 𝜆 ≥ 0. For any 𝜆 > 0, by using the resolvent estimate (1.7) and the decay
assumption (1.5) on 𝑉 , we can estimate∥∥𝑅0(𝜆

2 ± 𝑖0)𝑊∗𝑓
∥∥
𝐿2

−𝑠(ℝ𝑛)
(3.7)

≤ ∥∥𝑅0(𝜆
2 ± 𝑖0)(𝑗𝑉 𝑓)

∥∥
𝐿2

−𝑠(ℝ𝑛)
+
∥∥𝑅0(𝜆

2 ± 𝑖0){(Δ𝑗)𝑓}∥∥
𝐿2

−𝑠(ℝ𝑛)

+ 2
∥∥𝑅0(𝜆

2 ± 𝑖0)(∇𝑗 ⋅ ∇𝑓)
∥∥
𝐿2

−𝑠(ℝ𝑛)

≤ 𝐶𝜆−1
{∥⟨⋅⟩𝑠−𝛿0𝑓∥𝐿2(Ω) + ∥(Δ𝑗)𝑓∥𝐿2

𝑠(Ω)
+ ∥∇𝑗 ⋅ ∇𝑓∥𝐿2

𝑠(Ω)

} ≤ 𝐶𝜆−1∥𝑓∥𝐻1
−𝑠(Ω)

,

provided 1/2 < 𝑠 ≤ 𝛿0/2. For small 𝜆, by using the asymptotic expansion (1.8)
and the decay assumption (1.5) on 𝑉 , we conclude from the same calculation as
in (3.7) that ∥∥𝑅0(𝜆

2 ± 𝑖0)𝑊∗𝑓
∥∥
𝐿2

−𝑠(ℝ𝑛)
≤ 𝐶∥𝑓∥𝐻1

−𝑠(Ω)
, (3.8)

provided 1 < 𝑠 ≤ 𝛿0/2. Thus (3.7)–(3.8) imply (3.6). The proof of Lemma 3.1 is
now finished. □

To state the main result, let us introduce a subspace of 𝐻2
−𝑠(Ω):

𝐻̂𝑚
0,−𝑠(Ω) =

{
𝑢 ∈ 𝐻𝑚

0,−𝑠(Ω) : lim
𝑅→0

1

𝑅𝑛

∫
𝑅<∣𝑥∣<2𝑅

∣𝑢(𝑥)∣2 𝑑𝑥 = 0
}

, (𝑚 = 1, 2),

which comes from Lemma 2.1. Then we have:

Theorem 3.2. Let 𝑛 ≥ 4 and ℝ𝑛∖Ω is convex. Assume that the measurable potential
𝑉 satisfies (1.5) for some 𝛿0 > (𝑛 + 2)/2. Let 1 < 𝑠 ≤ 𝛿0/2. Then there exists a
family of operators 𝑆±

𝜆 from R(𝐽∗ +𝑅0(𝜆
2 ± 𝑖0)𝑊∗) to 𝐻2

0,−𝑠(Ω) such that

𝑆±
𝜆 ∘
{

𝐽∗ +𝑅0(𝜆
2 ± 𝑖0)𝑊∗

}
= 𝐼, (3.9)

𝑅𝑉 (𝜆
2 ± 𝑖0) = 𝑆±

𝜆 𝑅0(𝜆
2 ± 𝑖0)𝐽∗ (3.10)

for any 𝜆 ≥ 0. When 𝜆 = 0, R(𝑆±
0 ) equals 𝐻̂2

0,−𝑠(Ω) ∩ 𝐿∞(Ω). Furthermore, 𝑆±
𝜆

are bounded from R(𝑅0(𝜆
2 ± 𝑖0)𝐽∗) to 𝐻2

0,−𝑠(Ω) for any 𝜆 > 0 and there exists a
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constant 𝐶 > 0 such that∥∥𝑆±
𝜆 𝑅0(𝜆

2 ± 𝑖0)𝐽∗𝑓
∥∥
𝐻1

−𝑠(Ω)
≤ 𝐶

∥∥𝑅0(𝜆
2 ± 𝑖0)𝐽∗𝑓

∥∥
𝐿2

−𝑠(ℝ𝑛)
, ∀𝜆 > 0 (3.11)

for 𝑓 ∈ 𝐿2
𝑠(Ω).

Proof. First, we claim that 𝐽∗+𝑅0(𝜆
2± 𝑖0)𝑊∗ are injective from 𝐻2

0,−𝑠(Ω) (resp.
𝐻̂2
0,−𝑠(Ω)∩𝐿∞(Ω)) to 𝐿2−𝑠(ℝ𝑛) for any 1 < 𝑠 ≤ 𝛿0/2 and 𝜆 > 0 (resp. 𝜆 = 0). Let

𝑓± ∈ 𝐻2
0,−𝑠(Ω) be solutions to the following integral equations:{

𝐽∗ +𝑅0(𝜆
2 ± 𝑖0)𝑊∗

}
𝑓± = 0. (3.12)

Taking a sequence {𝑓±,𝑗}𝑗 ⊂ 𝐶∞
0 (Ω) in such a way that

𝑓±,𝑗 → 𝑓± in 𝐻2
0,−𝑠(Ω) as 𝑗 →∞, (3.13)

we find from the resolvent equations (3.3) that

𝑢±,𝑗 := 𝑅0(𝜆
2 ± 𝑖0)𝐽∗

{−Δ+ 𝑉 (𝑥)− 𝜆2
}

𝑓±,𝑗

=
{

𝐽∗ +𝑅0(𝜆
2 ± 𝑖0)𝑊∗

}
𝑅𝑉 (𝜆

2 ± 𝑖0)
{−Δ+ 𝑉 (𝑥)− 𝜆2

}
𝑓±,𝑗

=
{

𝐽∗ +𝑅0(𝜆
2 ± 𝑖0)𝑊∗

}
𝑓±,𝑗.

Then it follows from (3.12)–(3.13) that 𝑢±,𝑗 → 0 in 𝐻2
0,−𝑠(ℝ

𝑛) as 𝑗 → ∞, which
implies that

𝐽∗
{−Δ+ 𝑉 (𝑥)− 𝜆2

}
𝑓±,𝑗 =

(−Δ− 𝜆2
)

𝑢±,𝑗 → 0 in 𝐿2
−𝑠(ℝ

𝑛) as 𝑗 →∞.

Hence, by using the definition of 𝐽∗ and (3.13), we see that
{−Δ+𝑉 (𝑥)−𝜆2

}
𝑓±=

0 a.e. in Ω. Denote by Ω0 a sub-domain of Ω such that
{−Δ+ 𝑉 (𝑥)− 𝜆2

}
𝑓±

vanish. Then 𝑓± satisfy the following boundary value problems:{{−Δ+ 𝑉 (𝑥) − 𝜆2
}

𝑓± = 0 in Ω0,

𝑓± = 0 on ∂Ω0.

When 𝜆 > 0, since the operator −Δ + 𝑉 (𝑥) has no positive eigenvalues (see
Theorem 2.1 from [6, Mochizuki]), it follows that 𝑓± = 0 in Ω0, and hence, 𝑓± = 0
in 𝐻2

0,−𝑠(Ω). This means that the operators 𝐽∗ + 𝑅0(𝜆
2 ± 𝑖0)𝑊∗ are injective for

𝜆 > 0. When 𝜆 = 0, if 𝐻2
0,−𝑠(Ω) is replaced by 𝐻̂2

0,−𝑠(Ω) ∩ 𝐿∞(Ω), then it follows
from Lemma 2.1 that 𝑓± = 0 in Ω0. In any case, the injection of 𝐽∗+𝑅0(𝜆

2±𝑖0)𝑊∗
is proved for all 𝜆 ≥ 0.

Next, by the injection of 𝐽∗+𝑅0(𝜆
2± 𝑖0)𝑊∗, the inverses 𝑆±

𝜆 of 𝐽∗+𝑅0(𝜆
2±

𝑖0)𝑊∗ exist and map from R(𝐽∗ + 𝑅0(𝜆
2 ± 𝑖0)𝑊∗) to 𝐻2

0,−𝑠(Ω) for any 𝜆 > 0,

which proves (3.9). When 𝜆 = 0, the range of 𝑆±
0 is 𝐻̂2

0,−𝑠(Ω) ∩ 𝐿∞(Ω), and
(3.9) is also valid in this case. The equations (3.10) readily follows from (3.9) and
the resolvent equations (3.3). In particular, 𝑆±

𝜆 map from R(𝑅0(𝜆
2 ± 𝑖0)𝐽∗) to

𝐻2
0,−𝑠(Ω) for any 𝜆 ≥ 0 by the inclusion (3.4) from Lemma 3.1. In particular, 𝑆±

𝜆

map from R(𝑅0(𝜆
2± 𝑖0)𝐽∗) to 𝐻2

0,−𝑠(Ω) for any 𝜆 ≥ 0 by the inclusion (3.4) from
Lemma 3.1. In particular, 𝑆±

𝜆 map from R(𝑅0(𝜆
2 ± 𝑖0)𝐽∗) to 𝐻2

0,−𝑠(Ω) for any
𝜆 ≥ 0 by the inclusion (3.4) from Lemma 3.1.
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We now turn to prove that 𝑆±
𝜆 ∈ B(R(𝑅0(𝜆

2 ± 𝑖0)𝐽∗), 𝐻1
0,−𝑠(Ω)) for each

𝜆 > 0. We note that R(𝑅0(𝜆
2 ± 𝑖0)𝐽∗) are closed subspaces in 𝐿2

−𝑠(ℝ
3) for 𝑠 > 1,

since 𝑅0(𝜆
2 ± 𝑖0) are compact operators from 𝐿2

𝑠(Ω) to 𝐿2
−𝑠(Ω) for 𝑠 > 1 and 𝐽∗

is bounded from 𝐿2−𝑠(Ω) to 𝐿2−𝑠(ℝ3) for 𝑠 > 0. For this purpose, we claim that
the spaces R(𝐽∗ + 𝑅0(𝜆

2 ± 𝑖0)𝑊∗) are closed subspaces in 𝐿2
−𝑠(ℝ

3). In fact, let

{𝑓±,𝑗}∞𝑗=1 be sequences in 𝐻2
0,−𝑠(Ω) such that

{𝐽∗ +𝑅0(𝜆
2 ± 𝑖0)𝑊∗)}𝑓±,𝑗 → 𝑔 ∈ 𝐻2

0,−𝑠(Ω) as 𝑗 →∞.
Then the sequences {{𝐽∗ + 𝑅0(𝜆

2 ± 𝑖0)𝑊∗)}𝑓±,𝑗}∞𝑗=1 are Cauchy sequences, and
hence, by the same argument as in the proof of injection argument, we see that

(−Δ− 𝑉 (𝑥) − 𝜆2)(𝑓±,𝑗 − 𝑓±,𝑘)→ 0 in 𝐿2
−𝑠(Ω) as 𝑗, 𝑘 →∞.

Hence it follows from the limiting absorption principle (1.1) that

𝑓±,𝑗 − 𝑓±,𝑘 → 0 in 𝐻2
0,−𝑠(Ω) as 𝑗, 𝑘 →∞,

which implies that there exist the limits 𝑓±:

𝑓±,𝑗 → 𝑓± in 𝐻2
0,−𝑠(Ω) as 𝑗 →∞.

Since 𝐽∗ + 𝑅0(𝜆
2 ± 𝑖0)𝑊∗ are continuous from 𝐻1

0,−𝑠(Ω) to itself, we conclude
that 𝑔 = {𝐽∗ +𝑅0(𝜆

2 ± 𝑖0)}𝑓± ∈ R(𝐽∗ +𝑅0(𝜆
2 ± 𝑖0)), which proves that R(𝐽∗ +

𝑅0(𝜆
2±𝑖0)𝑊∗) are closed. Since 𝐽∗+𝑅0(𝜆

2±𝑖0)𝑊∗ are closed operators, it follows
from the closed range theorem that the inverses 𝑆±

𝜆 are in B(R(𝐽∗ + 𝑅0(𝜆
2 ±

𝑖0)𝑊∗), 𝐻2
0,−𝑠(Ω)) for each 𝜆 > 0. Thus we conclude from the first inclusion in

Lemma 3.1 that 𝑆±
𝜆 ∈ B(R(𝑅0(𝜆

2 ± 𝑖0)𝐽∗), 𝐻2
0,−𝑠(Ω)) for each 𝜆 > 0.

It remains to prove (3.11) for any 𝜆 > 0. Since X 𝜆± (ℝ𝑛) := R(𝐽∗ +𝑅0(𝜆
2 ±

𝑖0)𝑊∗)) ⊂ 𝐿2
−𝑠(ℝ

𝑛), it follows that∥∥𝐽∗+𝑅0(𝜆
2± 𝑖0)𝑊∗

∥∥
B(𝐻1

−𝑠(Ω),X
𝜆
± (ℝ𝑛))

≥𝐶
∥∥𝐽∗+𝑅0(𝜆

2± 𝑖0)𝑊∗
∥∥

B(𝐻1
−𝑠(Ω),𝐿

2
−𝑠(ℝ𝑛))

for any 𝜆 > 0 and 1/2 < 𝑠 ≤ 𝛿0/2, where the constant 𝐶 > 0 is independent of 𝜆.
If we can prove that there exists a constant 𝐶 > 0 such that∥∥𝐽∗ +𝑅0(𝜆

2 ± 𝑖0)𝑊∗
∥∥

B(𝐻1
−𝑠(Ω),𝐿

2
−𝑠(ℝ𝑛))

≥ 𝐶 (3.14)

for any 𝜆 > 0, then by the above estimate and (3.14), we get∥∥𝐽∗ +𝑅0(𝜆
2 ± 𝑖0)𝑊∗

∥∥
B(𝐻1

−𝑠(Ω),X
𝜆
± (ℝ𝑛))

≥ 𝐶 (3.15)

for any 𝜆 > 0, which proves the estimates (3.11) for 𝑁 = 0 and 𝜆 > 0. Hence all
we have to do is to prove (3.14). However, we have proved the estimates (3.7) in
the proof of Lemma 3.1:∥∥𝑅0(𝜆

2 ± 𝑖0)𝑊∗𝑓
∥∥
𝐿2

−𝑠(ℝ𝑛)
≤ 𝐶𝜆−1∥𝑓∥𝐻1

−𝑠(Ω)
, ∀𝜆 > 0.

Thus these estimates imply that there exists 𝜆1 > 1 such that∥∥𝑅0(𝜆
2 ± 𝑖0)𝑊∗

∥∥
B(𝐻2

−𝑠(Ω),𝐿
2
−𝑠(ℝ𝑛))

≤ 1

2
∥𝐽∗∥B(𝐻1

−𝑠(Ω),𝐿
2
−𝑠(ℝ𝑛))
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for any 𝜆 > 𝜆1, and hence∥∥𝐽∗ +𝑅0(𝜆
2 ± 𝑖0)𝑊∗

∥∥
B(𝐻2

−𝑠(Ω),𝐿
2
−𝑠(ℝ𝑛))

≥ 1

2
∥𝐽∗∥B(𝐻1

−𝑠(Ω),𝐿
2
−𝑠(ℝ𝑛))

for any 𝜆 > 𝜆1. Hence we get (3.14) for 𝜆 > 𝜆1. We now turn to the estimates for
𝜆 ∈ (0, 𝜆1]. If we suppose that there is a number 𝜆∗ ∈ (0, 𝜆1] such that∥∥𝐽∗ +𝑅0(𝜆

2
∗ ± 𝑖0)𝑊∗

∥∥
B(𝐻1

−𝑠(Ω),𝐿
2
−𝑠(ℝ𝑛))

= 0,

then this contradicts the injection of 𝐽∗+𝑅0(𝜆
2
∗± 𝑖0)𝑊∗ in B(𝐻2

−𝑠(Ω), 𝐿2
−𝑠(ℝ

𝑛)).
Thus there exists a constant 𝐶 > 0 such that∥∥𝐽∗ +𝑅0(𝜆

2 ± 𝑖0)𝑊∗
∥∥

B(𝐻1
−𝑠(Ω),𝐿

2
−𝑠(ℝ𝑛))

≥ 𝐶

for any 𝜆 ∈ (0, 𝜆1], which implies (3.14) for 0 < 𝜆 ≤ 𝜆1. Summarizing the estimates
obtained now, we conclude (3.14) for any 𝜆 > 0. The proof of Theorem 3.2 is
complete. □

4. Final remark

As an immediate consequence of Theorem 3.2 for 𝑛 ≥ 4, and Proposition 3.2 for
𝑛 = 3 from [5], we have the result on the whole space ℝ𝑛. For, in particular case
Ω = ℝ𝑛, we can choose 𝑗(𝑥) as 𝑗(𝑥) = 1 on ℝ𝑛, and hence, the identification
operator 𝐽 becomes the identity operator 𝐼. As a result of this observation, we
conclude that the operator 𝑊∗ is reduced to the multiplication operator 𝑉 .

Summarizing the above argument, we have the following:

Theorem 4.1. Let 𝑛 ≥ 4. Assume that the measurable potential 𝑉 satisfies

−𝑐0⟨𝑥⟩−𝛿0 ≤ 𝑉 (𝑥) ≤ 𝑐1⟨𝑥⟩−𝛿0
for some 0 < 𝑐0 < (𝑛− 2)2/4, 𝑐1 > 0 and 𝛿0 > (𝑛+ 2)/2. Let 1 < 𝑠 ≤ 𝛿0/2. Then
there exists a family of bounded operators 𝑆±

𝜆 ∈ B(𝐿2
−𝑠(ℝ

𝑛)) such that

𝑆±
𝜆 ∘
{

𝐼 +𝑅0(𝜆
2 ± 𝑖0)𝑉

}
= 𝐼,

𝑅𝑉 (𝜆
2 ± 𝑖0) = 𝑆±

𝜆 𝑅0(𝜆
2 ± 𝑖0)

for any 𝜆 ≥ 0. Furthermore, there exists a constant 𝐶 > 0 such that∥∥𝑆±
𝜆 𝑓
∥∥
𝐿2

−𝑠(ℝ𝑛)
≤ 𝐶 ∥𝑓∥𝐿2

−𝑠(ℝ𝑛)
, ∀𝜆 ≥ 0

for 𝑓 ∈ 𝐿2
−𝑠(ℝ

𝑛). When 𝑛 = 3, we may take 𝛿0 > 2, and the same results hold
true.

Let us give a remark on Theorem 4.1. Thanks to the argument of [4], observ-
ing that 𝑅0(𝜆

2 ± 𝑖0)𝑉 are the compact perturbations of the identity operator 𝐼,
we can then apply Fredholm alternative theorem to deduce the existence of the
inverses 𝑆𝜆

± of operators 𝐼 +𝑅0(𝜆
2 ± 𝑖0)𝑉 .
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On the Scattering on a Loop-shaped Graph
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Abstract. We treat an inverse scattering problem on a graph with an infinite
ray and a loop joined at one point. Our problem amounts to the reconstruction
of potential on the basis of the scattering data of operator.
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1. Introduction

Differential equations on graphs arise as simplified models in mathematics, physics,
chemistry and engineering (nanotechnology), when one considers the propagation
of waves of different natures in thin, tube-like domains (for more details see P.
Exner, P. Seba [3], Yu. Pokornyi et al. [16], the papers of P. Kuchment [10]–[11]
and the references within). Among several problems in this field, the scattering
problems have been studied by many authors (e.g., B. Pavlov [5], N. Gerasimenko
[5], [6], V. Kostrykin, R. Schrader [8], M. Harmer [7], P. Kurasov-F. Stenberg [9],
J. Boman-P. Kurasov [2], V. Pivovarchik [15], Y. Latushkin-V. Pivovarchik [12])
because of the general importance of their applications.

In our paper we investigate the case of a relatively simple looking “loop-
shaped” graph, i.e., a graph consisting of an infinite ray and a loop joined at one
point.

As we have already mentioned, very interesting and deep results have already
been obtained in the case of some general and complex graphs. However, the prob-
lem of characterizing scattering data, i.e., S-function, eigenvalues and normalizing
constants (weight numbers), appears to be rather complicated and in this paper
we investigate the spectral properties more precisely, allowing us to progress deep
investigation of the corresponding inverse scattering problem.

Let Γ be a graph which consists of a half-line 𝛾 = {𝑥 ∣ 0 < 𝑥 < ∞} and a loop
𝜅 = {𝑧 ∣ 0 < 𝑧 < 2𝜋}, joint at the point 𝜗 = {{𝑥 = 0} = {𝑧 = 0} = {𝑧 = 2𝜋}} (we
call this point the vertex of the graph). We consider on Γ the following spectral
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problem describing the one-dimensional scattering of a quantum particle:

−𝑢′′ +
{

𝑞(𝑋)− 𝜆2
}

𝑢 = 0, 𝑋 ∈ Γ ∖ {𝜗}, (1.1)

𝑢(𝑥 = 0) = 𝑢(𝑧 = 0) = 𝑢(𝑧 = 2𝜋), (1.2)

𝑢′(𝑥 = 0+ 0) + 𝑢′(𝑧 = 0 + 0)− 𝑢′(𝑧 = 2𝜋 − 0) = 0. (1.3)

Here differentiation with respect to the variable 𝑋 is understood as differentiation
with respect to 𝑥, when 𝑋 ∈ 𝛾, and as differentiation with respect to 𝑧, when
𝑋 ∈ 𝜅. Differentiation is not defined at the vertex. The potential 𝑞(𝑋) is real
valued, and is required to satisfy 𝑞(𝑋) ∈ 𝐿2

loc(Γ) (i.e., 𝑞(𝑋) ∈ 𝐿2(𝛿) for any part
𝛿 ⊂ Γ) and also (1 + 𝑥)𝑞(𝑥) ∈ 𝐿1(𝛾). Parameter 𝜆 is a complex number such that
Im𝜆 ≥ 0.

The matching conditions (1.2), (1.3) at the vertex are called the Kirchhoff
conditions. For electric circuits they express the Kirchhoff law.

The Kirchhoff conditions guarantee the selfadjointness of the resulting Schrö-
dinger operator

ℒ(𝑢) = 𝑢′′(𝑋) + 𝑞(𝑋)𝑢(𝑋), 𝑋 ∈ Γ. (1.4)

More precisely, on the Hilbert space 𝐿2(Γ) with norm

∥𝑓∥𝐿2(Γ) =
{
∥𝑓∥2𝐿2(𝛾) + ∥𝑓∥2𝐿2(𝜅)

}1/2
(1.5)

we introduce the operator ℒ with domain
𝒟(ℒ) = {𝑢(𝑋), 𝑋 ∈ Γ ∣ 𝑢(𝑋) ∈ 𝐻2(𝛾) ∪𝐻2(𝜅)

and satisfies the Kirchhoff conditions}
where 𝐻𝑘 (𝑘 = 1, 2, . . . ) are the usual Sobolev spaces. Then under the above
assumptions on 𝑞(𝑋), ℒ is selfadjoint in 𝐿2(Γ) and bounded from below. Moreover,
the essential spectrum of ℒ consists of the half-line [0,∞).
Theorem 1.1. For any real 𝜆 ∕= 0 there exists a solution Φ(𝑋, 𝜆) of problem (1.1)–
(1.3) which is represented on 𝛾 uniquely as follows:

Φ(𝑥, 𝜆) = 𝑒(𝑥,−𝜆) − 𝑆(𝜆)𝑒(𝑥, 𝜆). (1.6)

(More precise formulation of Theorem 1.1 is presented in §2.)
Here 𝑒(𝑥, 𝜆) are so-called Jost functions, which behave on the closed upper

half-plane of the spectral parameter 𝜆 as

𝑒(𝑥, 𝜆) = 𝑒𝑖𝜆𝑥{1 + 𝑜(1)}. (1.7)

Function 𝑆(𝜆) is continuous on the whole line −∞ < 𝜆 < ∞ (except, possibly, at
the point 𝜆 = 0), ∣𝑆(𝜆)∣ = 1 and

𝑆(𝜆)− 𝑆0(𝜆) = 𝑂

(
1

𝜆

)
, ∣𝜆∣ → ∞, (1.8)

𝑆0(𝜆) =
2 sin𝜆𝜋 − 𝑖 cos𝜆𝜋

2 sin𝜆𝜋 + 𝑖 cos𝜆𝜋
=
3𝑒𝑖𝜆𝜋 − 𝑒−𝑖𝜆𝜋

𝑒𝑖𝜆𝜋 − 3𝑒−𝑖𝜆𝜋 , (1.9)
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by drawing an analogy with classical scattering on a half-line (e.g., [1]), the function
𝑆(𝜆) is called the scattering function for the boundary value problem (1.1)–(1.3).
Function 𝑆0(𝜆) is the scattering function of (1.1)–(1.3) in the case 𝑞(𝑋) ≡ 0,
𝑋 ∈ Γ.

Precise formulas for 𝑆(𝜆) are given by (2.3)–(2.4).

Next we investigate a point spectrum of the boundary value problem (1.1)–(1.3).

Definition 1.2. Eigenvalues of ℒ are called “visible at infinity” if there exist corre-
sponding eigenfunctions which are not identically vanishing on 𝛾.

Remark 1.3. The boundary value problem (1.1)–(1.3) can possess eigenvalues,
which are “invisible at infinity”, i.e., corresponding eigenfunctions vanish identi-
cally on 𝛾. For example, in the case 𝑞(𝑋) ≡ 0, 𝑋 ∈ Γ, any number 𝑘2, 𝑘 = 1, 2, . . .
is an “invisible at infinity” eigenvalue with eigenfunction sin 𝑘𝑧, 𝑧 ∈ 𝜅.

Theorem 1.4. Operator ℒ possesses at most a finite number of “visible at infinity”
eigenvalues −𝜆2𝑗 , 0 < 𝜆1 < 𝜆2 < ⋅ ⋅ ⋅ < 𝜆𝑛, which are all negative and simple.

Remark 1.5. “Invisible at infinity” eigenvalues are also simple and can not coincide
with eigenvalues “visible at infinity”.

Now we are ready to state the inverse scattering problem.
We call

𝑚𝑗 = ∥𝐸(⋅, 𝑖𝜆𝑗)∥−1𝐿2(Γ), 𝑗 = 1, . . . , 𝑛 (1.10)

the “weight numbers” of problem (1.1)–(1.3). Here 𝐸(𝑋, 𝑖𝜆𝑗) is an eigenfunction
of operator 𝐿, corresponding to the eigenvalue “visible at infinity” −𝜆2𝑗 , which is
normalized as 𝐸(𝑥, 𝑖𝜆𝑗) = 𝑒(𝑥, 𝑖𝜆𝑗) for 𝑥 ∈ 𝛾.

The scattering data is then given by {𝑆(𝜆), 𝜆𝑗 , 𝑚𝑗 ∣ 𝜆 ∈ ℜ∖{0}, 𝑗 = 1, . . . , 𝑛},
where −𝜆2𝑗 , 𝑗 = 1, . . . , 𝑛 are eigenvalues “visible at infinity”, and 𝑚𝑗 , 𝑗 = 1, . . . , 𝑛
are corresponding “weight numbers”.

Our inverse scattering problem is the following:

IScP: Given scattering data {𝑆(𝜆), 𝜆𝑗 , 𝑚𝑗 ∣ 𝜆 ∈ ℜ ∖ {0}, 𝑗 = 1, . . . , 𝑛}, recover
potential 𝑞(𝑋) ∈ Γ.

As is well known (see for instance [13], Chapter 3 ), the Jost solution 𝑒(𝑥, 𝜆)
of equation (1.1) in 𝛾 can be represented as

𝑒(𝑥, 𝜆) = 𝑒𝑖𝜆𝑥 +

∫ ∞

𝑥

𝐾(𝑥, 𝑡)𝑒𝑖𝜆𝑡𝑑𝑡, (1.11)

where the kernel 𝐾(𝑥, 𝑡) is continuous on 0 ≤ 𝑥 ≤ 𝑡 < ∞ and satisfies the equation

𝐾(𝑥, 𝑥) =
1

2

∫ ∞

𝑥

𝑞(𝑡)𝑑𝑡, 𝑥 > 0. (1.12)

As a function of variable 𝜆, 𝑒(𝑥, 𝜆) is analytic in the open half-plane Im𝜆 > 0 and
continuous on Im𝜆 ≥ 0.

The following theorem allows us to reconstruct potential 𝑞(𝑋) on the semi-
line 𝛾 and at the vertex.
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We define the function

𝐹 (𝑥) =

𝑛∑
𝑘=1

𝑚2
𝑘𝑒−𝜆𝑘𝑥 + 𝐹𝑆(𝑥), (1.13)

𝐹𝑆(𝑥) =
1

2𝜋

∫ ∞

−∞
(𝑆0(𝜆)− 𝑆(𝜆))𝑒𝑖𝜆𝑥𝑑𝜆. (1.14)

Function 𝐹𝑆(𝑥) is understood as the Fourier transform of the function from
𝐿2(−∞,∞).
Theorem 1.6.
(i) For any fixed 𝑥 ∈ 𝛾 the kernel 𝐾(𝑥, 𝑡) of transformation operator (1.11)

satisfies the equation

𝐹 (𝑥+ 𝑡) +𝐾(𝑥, 𝑡) +

∫ ∞

𝑥

𝐾(𝑥, 𝑦)𝐹 (𝑡+ 𝑦)𝑑𝑦 = 0, 0 < 𝑥 < 𝑡 < ∞. (1.15)

(ii) If function 𝐹 (𝑡) is constructed from the scattering data of problem (1.1)–(1.3)
according to (1.13)–(1.14), then equation (1.15) has a unique solution 𝐾(𝑥, 𝑡),
belonging to 𝐿1(𝑥,∞) for each fixed 𝑥 ≥ 0.
Theorem 1.6 allows us to prove the uniqueness of the solution to the inverse

scattering problem (IScP) on the semi-line 𝛾 in the following sense.
Let us consider a second boundary value problem

−𝑢′′ +
{

𝑞(𝑋)− 𝜆2
}

𝑢 = 0, 𝑋 ∈ Γ, (1.16)

subject to Kirchhoff boundary conditions (1.2)–(1.3). Here function 𝑞(𝑋) is real
valued, required to satisfy 𝑞(𝑋) ∈ 𝐿2

loc(Γ) and (1 + 𝑥)𝑞(𝑥) ∈ 𝐿1(𝛾)

This second boundary value problem possesses the scattering function 𝑆(𝜆),

“visible at infinity” eigenvalues 𝜆̃𝑗 and corresponding weight numbers 𝑚̃𝑗 .

Theorem 1.7. Let us suppose that scattering data of problems (1.1)–(1.3) and

(1.16), (1.2)–(1.3) coincide, i.e., 𝑆(𝜆) = 𝑆(𝜆), 𝜆 ∈ ℜ ∖ {0}, 𝜆𝑗 = 𝜆̃𝑗 , 𝑚𝑗 =
𝑚̃𝑗 , 1 ≤ 𝑗 ≤ 𝑛 = 𝑛̃. Then 𝑞(𝑋) = 𝑞(𝑋), 𝑋 ∈ 𝛾.

Theorem 1.6 allows us also to reconstruct potential 𝑞(𝑋) for any 𝑋 ∈ 𝛾.

Reconstruction procedure. Given scattering data {𝑆(𝜆), 𝜆𝑗 , 𝑚𝑗 ∣ 𝜆 ∈ ℜ ∖ {0},
𝑗 = 1, . . . , 𝑛}
Step 1. Construct 𝐹 (𝑥) via formula (1.13)

Step 2. Find 𝐾(𝑥, 𝑡), 0 ≤ 𝑥 ≤ 𝑡 < ∞ by solving main equation (1.15).

Step 3. Recover the potential according to formula

𝑞(𝑥) = −2 𝑑

𝑑𝑥
𝐾(𝑥, 𝑥), 𝑥 > 0. (1.17)

Remark. The knowledge of scattering data {𝑆(𝜆), 𝜆𝑗 , 𝑚𝑗 ∣ 𝜆 ∈ ℜ ∖ {0}, 𝑗 =
1, . . . , 𝑛} allows us to reconstruct potential 𝑞(𝑋) only on a semiinfinite line 𝛾.
However, given some additional information we can reconstruct potential 𝑞(𝑋) on
the whole graph Γ. For example, in the case of a potential which is constant on
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the loop and continuous on 𝛾 in the neighborhood of the vertex, we can extend
the reconstruction procedure to the whole graph.

The inverse scattering problem, investigated in this paper, was initially sug-
gested to us by Prof. V.A. Marchenko and brief results are reported in Marchenko-
Mochizuki-Trooshin [14] subject to the requirement that potentials have compact
support. The present paper generalizes the results to non-compactly supported
potentials and includes full details of the proof.

We would like to mention some results closely related to ours.

B. Pavlov, N. Gerasimenko [5], [6] started the rigorous investigation of scat-
tering problems on graphs. M. Harmer had deduced the Marchenko equation in
the case of a star-shaped graph, i.e., a graph consisting of a finite set of semiinfi-
nite lines, joined at one point. P. Kurasov, J. Boman [2] had proved the existence
of graphs equipped with different potentials, which possesses the same scattering
matrix. (Their results do not mean a non-uniqueness in our case under considera-
tion.) V. Pivovarchik, Y. Latushkin [15], [12] had investigated cases of loop-shaped
and fork-shaped graphs with potentials vanishing on semi-lines. They used a con-
nection with the Regge-type spectral problem on a finite interval to investigate
spectral and scattering properties of a problem on graphs and they proved the
existence of loop-shaped graphs equipped with different potentials on the loop,
which possesses the same scattering function.

The rest of the paper will be organized as follows. Theorem 1.1 is proved in
§2, and Theorem 1.4 is proved in §3. After preparing some other lemmas, we prove
Theorems 1.6 and 1.7 in §4.

2. Proof of Theorem 1.1

A precise formulation of Theorem 1.1 is given by Theorem 2.1.

Let 𝑐(𝑧, 𝜆), 𝑠(𝑧, 𝜆) be linear independent solutions of equation (1.1) on the
loop 𝜅, satisfying the initial conditions

𝑐(0, 𝜆) = 𝑠′(0, 𝜆) = 1, 𝑐′(0, 𝜆) = 𝑠(0, 𝜆) = 0.

Note that their Wronskian is

⟨𝑐(𝑧, 𝜆), 𝑠(𝑧, 𝜆)⟩ = 1. (2.1)

Theorem 2.1. For any real 𝜆 ∕= 0 there exists a solution Φ(𝑋, 𝜆) of problem (1.1)–
(1.3) which is represented as follows: On 𝛾 we have

Φ(𝑥, 𝜆) = 𝑒(𝑥,−𝜆) − 𝑆(𝜆)𝑒(𝑥, 𝜆); (2.2)

𝑆(𝜆) =
𝑒(0,−𝜆)[𝑐(2𝜋, 𝜆) + 𝑠′(2𝜋, 𝜆)− 2]− 𝑒′(0,−𝜆)𝑠(2𝜋, 𝜆)

𝑒(0, 𝜆)[𝑐(2𝜋, 𝜆) + 𝑠′(2𝜋, 𝜆)− 2]− 𝑒′(0, 𝜆)𝑠(2𝜋, 𝜆)
, 𝜆 ∕= 𝜆0, (2.3)

𝑆(𝜆0) =
𝑒(0,−𝜆0)𝑐

′(2𝜋, 𝜆0)− 𝑒′(0,−𝜆0)

𝑒(0, 𝜆0)𝑐′(2𝜋, 𝜆0)− 𝑒′(0, 𝜆0)
. (2.4)
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Here we denote by 𝜆0 such a value of parameter 𝜆 that

𝑠(2𝜋, 𝜆0) = 0 and 𝑐(2𝜋, 𝜆0) = 1.

On the loop 𝜅 we have

Φ(𝑧, 𝜆) =
−2𝑖𝜆[𝑠(2𝜋, 𝜆)𝑐(𝑧, 𝜆) + (1− 𝑐(2𝜋, 𝜆))𝑠(𝑧, 𝜆)]

𝑒(0, 𝜆)[𝑐(2𝜋, 𝜆) + 𝑠′(2𝜋, 𝜆)− 2]− 𝑒′(0, 𝜆)𝑠(2𝜋, 𝜆)
, 𝜆 ∕= 𝜆0 (2.5)

Φ(𝑧, 𝜆0) =
−2𝑖𝜆0𝑐(𝑧, 𝜆0)

𝑒(0, 𝜆0)𝑐′(2𝜋, 𝜆0)− 𝑒′(0, 𝜆0)
+ 𝑏(𝜆0)𝑠(𝑧, 𝜆0). (2.6)

Here 𝑏(𝜆0) is an arbitrary constant.

Proof. For any real 𝜆 ∕= 0, the Wronskian of functions 𝑒(𝑥, 𝜆), 𝑒(𝑥,−𝜆) is

⟨𝑒(𝑥, 𝜆), 𝑒(𝑥,−𝜆)⟩ = 𝑒(𝑥, 𝜆)𝑒′(𝑥,−𝜆) − 𝑒′(𝑥, 𝜆)𝑒(𝑥,−𝜆) = −2𝑖𝜆. (2.7)

This implies that these two functions form a fundamental system of solutions of
equation (1.1) in 𝛾, and thus, if 𝑢 satisfies (1.1) for any real 𝜆 ∕= 0, then we have
for some constants 𝑚(𝜆), 𝑛(𝜆),

𝑢(𝑥, 𝜆) = 𝑚(𝜆)𝑒(𝑥, 𝜆) + 𝑛(𝜆)𝑒(𝑥,−𝜆). (2.8)

On the other hand, any solution of equation (1.1) on the loop 𝜅 can be
represented as

𝑦(𝑧, 𝜆) = 𝑎(𝜆)𝑐(𝑧, 𝜆) + 𝑏(𝜆)𝑠(𝑧, 𝜆). (2.9)

Let us find 𝑆(𝜆) on such a way that the solution in the form (2.2) would
satisfy boundary conditions (1.2)–(1.3). According to representation (2.9) of the
solution to equation (1.1) on the “loop” 𝜅, the following equations hold

𝑒(0,−𝜆)− 𝑆(𝜆)𝑒(0, 𝜆) = 𝑎(𝜆) = 𝑎(𝜆)𝑐(2𝜋, 𝜆) + 𝑏(𝜆)𝑠(2𝜋, 𝜆), (2.10)

𝑒′(0,−𝜆)− 𝑆(𝜆)𝑒′(0, 𝜆) = 𝑎(𝜆)𝑐′(2𝜋, 𝜆) + 𝑏(𝜆)(𝑠′(2𝜋, 𝜆)− 1) (2.11)

As result, in the case 𝑠(2𝜋, 𝜆) ∕= 0 the following equation takes place

𝑏(𝜆) = 𝑎(𝜆)
1 − 𝑐(2𝜋, 𝜆)

𝑠(2𝜋, 𝜆)
.

It follows from equation (2.11) that

𝑒′(0,−𝜆)− 𝑆(𝜆)𝑒′(0, 𝜆) = [𝑒(0,−𝜆)− 𝑆(𝜆)𝑒(0, 𝜆)]

×
(

𝑐′(2𝜋, 𝜆) +
(1− 𝑐(2𝜋, 𝜆))(𝑠′(2𝜋, 𝜆)− 1)

𝑠(2𝜋, 𝜆)

)
,

and as result,

𝑆(𝜆)

[
𝑒(0, 𝜆)

(
𝑐′(2𝜋, 𝜆) +

(1 − 𝑐(2𝜋, 𝜆))(𝑠′(2𝜋, 𝜆)− 1)
𝑠(2𝜋, 𝜆)

)
− 𝑒′(0, 𝜆)

]
= 𝑒(0,−𝜆)

(
𝑐′(2𝜋, 𝜆) +

(1− 𝑐(2𝜋, 𝜆))(𝑠′(2𝜋, 𝜆)− 1)
𝑠(2𝜋, 𝜆)

)
− 𝑒′(0,−𝜆). (2.12)
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If we take into account the Wronskian (2.1), we will come to (2.3). The solution
to equation (1.1) in the case 𝑠(2𝜋, 𝜆) ∕= 0 will be represented on the “loop” 𝜅 as

Φ(𝑧, 𝜆) = 𝑎(𝑧)

[
𝑐(𝑧, 𝜆) +

1− 𝑐(2𝜋, 𝜆)

𝑠(2𝜋, 𝜆)
𝑠(𝑧, 𝜆)

]
.

If we put

𝑎(𝜆) = 𝑒(0,−𝜆)− 𝑆(𝜆)𝑒(0, 𝜆)

=
−2𝑖𝜆𝑠(2𝜋, 𝜆)

𝑒(0, 𝜆)[𝑐(2𝜋, 𝜆) + 𝑠′(2𝜋, 𝜆)− 2]− 𝑒′(0, 𝜆)𝑠(2𝜋, 𝜆)
,

then we come to representation (2.5).
Next we examine such a parameter 𝜆 that 𝑠(2𝜋, 𝜆) = 0, 𝑐(2𝜋, 𝜆) ∕= 1. In that

case it has to be 𝑎(𝜆) = 0 and it follows from (2.10) that

𝑆(𝜆) =
𝑒(0,−𝜆)

𝑒(0, 𝜆)
.

If we put it into formula (2.11) and take into account the Wronskian (2.7) then

𝑏(𝜆) =
2𝑖𝜆

(1 − 𝑠′(2𝜋, 𝜆))𝑒(0, 𝜆)

and as result,

Φ(𝑧, 𝜆) =
2𝑖𝜆𝑠(𝑧, 𝜆)

(1 − 𝑠′(2𝜋, 𝜆))𝑒(0, 𝜆)
.

We came to formulas (2.3), (2.5) with 𝑠(2𝜋, 𝜆) = 0.
Lastly we investigate the case 𝜆 = 𝜆0. In this case it follows from equation

(2.1) that 𝑠′(2𝜋, 𝜆0) = 1. Taking also into account (2.10), (2.11) and (2.7) we come
to (2.4) and formula

𝑎(𝜆0) =
−2𝑖𝜆0

𝑒(0, 𝜆0)𝑐′(2𝜋, 𝜆0)− 𝑒′(0, 𝜆0)
.

As result we obtain equation (2.6). □

Lemma 2.2. The solution Φ(𝑋, 𝜆) to the boundary value problem (1.1)–(1.3), de-
fined by (2.2)–(2.6) can be analytically extended, as a function of variable 𝜆, to the
function, which is meromorphic in the half-plane Im𝜆 > 0 and continuous on the
closed half-plane Im𝜆 ≥ 0, except for its poles and, probably, zero.

Such an analytically extended function is the solution to the boundary value
problem (1.1)–(1.3) for any Im𝜆 ≥ 0, 𝜆 ∕= 0 and can be represented on the “semi-
infinite string” 𝛾 as

Φ(𝑥, 𝜆) = − 2𝑖𝜆

𝑒(0, 𝜆)
𝜔(𝑥, 𝜆)− 2𝑖𝜆

Δ(𝜆)𝑒(0, 𝜆)
𝑒(𝑥, 𝜆), 𝜆 ∕= 𝜆̃, (2.13)

Φ(𝑥, 𝜆̃) = − 2𝑖𝜆̃

𝑒(0, 𝜆̃)
𝜔(𝑥, 𝜆̃), (2.14)
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and on the “loop” 𝜅 = {0 < 𝑧 < 2𝜋} according to formulas (2.5)–(2.6). Here func-
tion 𝜔(𝑥, 𝜆) is the solution to equation (1.1) on “string” 𝛾, satisfying initial con-
ditions 𝜔(0, 𝜆) = 0, 𝜔′(0, 𝜆) = 1,

Δ(𝜆) =
𝑒(0, 𝜆)[𝑐(2𝜋, 𝜆) + 𝑠′(2𝜋, 𝜆) − 2]

𝑠(2𝜋, 𝜆)
− 𝑒′(0, 𝜆), 𝜆 ∕= 𝜆0 (2.15)

Δ(𝜆0) = 𝑒(0, 𝜆0)𝑐
′(2𝜋, 𝜆0)− 𝑒′(0, 𝜆0), (2.16)

and 𝜆̃ is a value of parameter 𝜆, satisfying 𝑠(2𝜋, 𝜆̃) = 0 and 𝑐(2𝜋, 𝜆̃) ∕= 1.
Proof. In the case 𝑠(2𝜋, 𝜆0) = 0 and 𝑐(2𝜋, 𝜆0) = 1 it follows from equation (2.1)
that 𝑠′(2𝜋, 𝜆0) = 1. Zeros of function 𝑠(2𝜋, 𝜆) are simple and, as result,

𝑐(2𝜋, 𝜆) + 𝑠′(2𝜋, 𝜆)− 2
𝑠(2𝜋, 𝜆)

=
(𝑐(2𝜋, 𝜆)− 1)(1− 𝑠′(2𝜋, 𝜆))

𝑠(2𝜋, 𝜆)
+ 𝑐′(2𝜋, 𝜆)→ 𝑐′(2𝜋, 𝜆0) (2.17)

as 𝜆 → 𝜆0. It means that function Φ(𝑧, 𝜆), 𝑧 ∈ 𝜅, which is defined by formulae
(2.5)–(2.6), is analytic for any ℑ𝜆 > 0 and continuous on the closed half-plane
Im𝜆 ≥ 0, except for zeros of function Δ(𝜆).

Let us consider now the solution of problems (1.1)–(1.3) on the “semi-infinite
string” 𝛾, defined by formula (2.2) in the case of real 𝜆 ∕= 0.

We can represent this solution as

Φ(𝑥, 𝜆) = 𝑒(𝑥,−𝜆)− 𝑒(0,−𝜆)

𝑒(0, 𝜆)
𝑒(𝑥, 𝜆)−

(
𝑆(𝜆)− 𝑒(0,−𝜆)

𝑒(0, 𝜆)

)
𝑒(𝑥, 𝜆).

We come to (2.14) immediately in the case 𝜆 = 𝜆̃. Otherwise we use the expression

𝜔(𝑥, 𝜆) = −𝑒(0, 𝜆)𝑒(𝑥,−𝜆)− 𝑒(0,−𝜆)𝑒(𝑥, 𝜆)

2𝑖𝜆
(2.18)

to obtain

Φ(𝑥, 𝜆) = − 2𝑖𝜆

𝑒(0, 𝜆)
𝜔(𝑥, 𝜆) − 2𝑖𝜆

Δ(𝜆)𝑒(0, 𝜆)
𝑒(𝑥, 𝜆). (2.19)

This function can be analytically extended in the whole half-plane ℑ𝜆 > 0 except
either for zeros of function 𝑒(𝜆, 0) or for zeros of function Δ(𝜆). It could be verified
directly, that function Φ(𝑥, 𝜆), so-defined on the upper half-plane Im𝜆 ≥ 0, satisfies
the boundary value problem (1.1)–(1.3). □
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3. Proof of Theorem 1.4

First we prove several lemmas which will be used to prove Theorem 1.4.

Lemma 3.1. Any solution 𝑦(𝑋, 𝜆) of equation (1.1) for any 𝑎, 𝑏 ∈ Γ satisfies the
formula

2𝜆

∫ 𝑏

𝑎

𝑦2(𝑋, 𝜆)𝑑𝑋 + (𝑦(𝑋, 𝜆)𝑦̇′(𝑋, 𝜆)− 𝑦̇(𝑋, 𝜆)𝑦′(𝑋, 𝜆)) ∣𝑏𝑥=𝑎 = 0. (3.1)

Here 𝑦̇ =
∂

∂𝜆
𝑦.

Proof. If we differentiate equation (1.1) with respect to 𝜆, we obtain the following
equation

𝑦̇′′(𝑋, 𝜆)− (𝑞(𝑋)− 𝜆2
)

𝑦̇(𝑋, 𝜆) + 2𝜆𝑦(𝑋, 𝜆) = 0, 𝑋 ∈ Γ. (3.2)

We multiply equation (3.2) by 𝑦(𝑋, 𝜆) and subtract equation (1.1) multiplied by
𝑦̇(𝑋, 𝜆). We obtain the equation:

2𝜆𝑦2(𝑋, 𝜆) + 𝑦̇′′(𝑋, 𝜆)𝑦(𝑋, 𝜆) − 𝑦′′(𝑋, 𝜆)𝑦̇(𝑋, 𝜆) = 0, 𝑋 ∈ Γ. (3.3)

After integrating this equation, we obtain equality (3.1). □

Lemma 3.2. Zeros of functions Δ(𝜆) and 𝑒(0, 𝜆) do not coincide in the upper
half-plane Im𝜆 > 0.

Proof. We first mention that functions 𝑒(0, 𝜆) and 𝑒′(0, 𝜆) can not become 0 si-

multaneously. We fix any 𝜆̃ from the upper half-plane Im𝜆̃ > 0.

1) In the case 𝑠(2𝜋, 𝜆̃) ∕= 0 it follows from definition (2.15) that 𝑒(0, 𝜆̃) and

Δ(𝜆̃) can not become 0 simultaneously.

2) In the case 𝑠(2𝜋, 𝜆̃) = 0 and 𝑐(2𝜋, 𝜆̃) = 1 it follows from equation (2.1)

that 𝑠′(2𝜋, 𝜆̃) = 1. Zeros of function 𝑠(2𝜋, 𝜆) are simple and, as result,

𝑐(2𝜋, 𝜆) + 𝑠′(2𝜋, 𝜆)− 2
𝑠(2𝜋, 𝜆)

=
(𝑐(2𝜋, 𝜆)− 1)(1− 𝑠′(2𝜋, 𝜆))

𝑠(2𝜋, 𝜆)
+ 𝑐′(2𝜋, 𝜆)→ 𝑐′(2𝜋, 𝜆̃)

as 𝜆 → 𝜆̃. It means that in the case under consideration Δ(𝜆̃) = 0 and 𝑒(0, 𝜆̃) = 0

implies 𝑒′(0, 𝜆̃) = 0 which is impossible.

3) In the case 𝑠(2𝜋, 𝜆̃) = 0 and 𝑐(2𝜋, 𝜆̃) ∕= 1 function Δ(𝜆̃) can be finite only
if 𝑒(0, 𝜆̃) = 0. Such a point 𝜆̃ belongs to imaginary axis.

We choose 𝜆 = 𝜆̃ + 𝜖, 𝜖 ∈ R∖{0} and multiply formula (2.15) by 𝑒(0, 𝜆) to
obtain an equality

2𝑖Im(Δ(𝜆)𝑒(0, 𝜆)) = 2𝑖Im

{
(𝑐(2𝜋, 𝜆) − 1)(1− 𝑠′(2𝜋, 𝜆))

𝑠(2𝜋, 𝜆)
+ 𝑐′(2𝜋, 𝜆)

}
∣𝑒(0, 𝜆)∣2

− {𝑒′(0, 𝜆)𝑒(0, 𝜆)− 𝑒′(0, 𝜆)𝑒(0, 𝜆)}
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Since 𝑐(2𝜋, 𝜆̃)𝑠′(2𝜋, 𝜆̃) = 1 by (2.1), it follows that

(𝑐(2𝜋, 𝜆)− 1)(1− 𝑠′(2𝜋, 𝜆)) =
(𝑐(2𝜋, 𝜆̃)− 1)2𝜉1(𝜖)

𝑐(2𝜋, 𝜆̃)
, 𝜉1(𝜖) = 1 +𝑂(𝜖)

as 𝜖 → 0. Next we take 𝑦 = 𝑠(𝑧, 𝜆̃), (𝑎, 𝑏) = 𝜅 in Lemma 3.1. Then the condition

𝑠(2𝜋, 𝜆̃) = 0, 𝑠(0, 𝜆) = 𝑠̇(0, 𝜆) = 0 imply

𝑠̇(2𝜋, 𝜆̃) = 2𝜆̃𝑐(2𝜋, 𝜆̃)

∫
𝜅

𝑠(𝑧, 𝜆̃)2𝑑𝑧.

Substituting this into the formula

𝑠(2𝜋, 𝜆) = 𝜖𝑠̇(2𝜋, 𝜆̃)𝜉2(𝜖), 𝜉2(𝜖) = 1 +𝑂(𝜖),

and taking into account that functions 𝑐(𝑧, 𝜆̃), 𝑠(𝑧, 𝜆̃) are real valued we come to
the following equation

2𝑖Im

{
(𝑐(2𝜋, 𝜆)− 1)(1− 𝑠′(2𝜋, 𝜆))

𝑠(2𝜋, 𝜆)
+ 𝑐′(2𝜋, 𝜆)

}
= 2𝑖Im

{
(𝑐(2𝜋, 𝜆̃)− 1)2𝜉1(𝜖)𝜉2(𝜖)

2𝜖𝜆̃𝑐(2𝜋, 𝜆̃)2∥𝑠(⋅, 𝜆̃)∥2𝐿2(𝜅)∣𝜉2(𝜖)∣2
}
+ 2𝑖Im𝑐′(2𝜋, 𝜆)

= − 𝑖

𝜖
𝐵(1 + 𝛿(𝜖)) + 2𝑖𝛿1(𝜖).

Here

𝐵 =
(𝑐(2𝜋, 𝜆̃)− 1)2

∣𝜆̃∣𝑐(2𝜋, 𝜆̃)2∥𝑠(⋅, 𝜆̃)∥2𝐿2(𝜅)

> 0

and 𝛿(𝜖), 𝛿1(𝜖) → 0 as 𝜖 → 0. On the other hand, since 𝜆̃ is pure imaginary we
come to the formula

𝑒′(0, 𝜆)𝑒(0, 𝜆)− 𝑒′(0, 𝜆)𝑒(0, 𝜆) = 4𝑖𝜖∣𝜆̃∣∥𝑒(⋅, 𝜆)∥2𝐿2(𝛾).

Taking into account

𝑒(0, 𝜆) = 𝜖𝑒̇(0, 𝜆̃)𝜉3(𝜖), 𝜉3(𝜖) = 1 +𝑂(𝜖), 𝜖 → 0,

we conclude

Im(Δ(𝜆)𝑒(0, 𝜆)) = −2𝜖∣𝜆̃∣∥𝑒(⋅, 𝜆)∥2𝐿2(𝛾) −
𝜖

2
𝐵∣𝑒̇(0, 𝜆̃∣2(1 + 𝛿(𝜖)). (3.4)

If Δ(𝜆̃) = 0, function Δ(𝜆)𝑒(0, 𝜆) (and function Δ(𝜆)𝑒(0, 𝜆) ) has to have a zero

of second order at point 𝜆̃, which is impossible according to formula (3.4).

This implies, that Δ(𝜆̃) ∕= 0. □
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Lemma 3.3. Eigenvalues of boundary problem (1.1)–(1.3), visible at infinity, are
all negative and compose the following set

𝜎𝑑(ℒ) = {𝜆̃2∣ 𝜆̃ ∈ 𝑈1 ∪ 𝑈2 ∪ 𝑈3};
𝑈1 = {𝜆̃∣ Im𝜆̃ > 0, 𝑠(2𝜋, 𝜆̃) ∕= 0, Δ(𝜆̃) = 0},
𝑈2 = {𝜆̃∣ Im𝜆̃ > 0, 𝑠(2𝜋, 𝜆̃) = 0, 𝑐(2𝜋, 𝜆̃) = 1, Δ(𝜆̃) = 0},
𝑈3 = {𝜆̃∣ Im𝜆̃ > 0, 𝑠(2𝜋, 𝜆̃) = 0, 𝑐(2𝜋, 𝜆̃) ∕= 1, 𝑒(0, 𝜆̃) = 0}.

Proof. It follows from the selfadjointness of problem (1.1)–(1.3), that all eigenval-
ues of the problem are real.

For any real 𝜆 ∕= 0 there exists a fundamental system of solutions 𝑒(𝑥, 𝜆),
𝑒(𝑥,−𝜆) to equation (1.1) on the semiinfinite string 𝛾, which behaves like exp(𝑖𝜆𝑥)
and exp(−𝑖𝜆𝑥) for sufficiently large 𝑥. It means, that any solution to equation (1.1)
does not decrease for any positive value of parameter 𝜆 and, as result, problem
(1.1)–(1.3) can not possess positive eigenvalues, visible at infinity. In the case
𝜆 = 0 there exists a fundamental system of solutions, which behaves as 1 and 𝑥 for
sufficiently large 𝑥 (see §5, Chapter I, [1]), which means that problem (1.1)–(1.3)
also cannot possess zero eigenvalue, visible at infinity.

If 𝜆̃2 is an eigenvalue visible at infinity, then the corresponding eigenfunction
has to be proportional to function 𝑒(𝑥, 𝜆̃) on 𝛾. This eigenfunction has to satisfy
the boundary conditions (1.2)–(1.3). As result, the following relation has to hold:

𝑒(0, 𝜆̃) = 𝑎(𝜆̃) = 𝑎(𝜆̃)𝑐(2𝜋, 𝜆̃) + 𝑏(𝜆̃)𝑠(2𝜋, 𝜆̃), (3.5)

𝑒′(0, 𝜆̃) = 𝑎(𝜆̃)𝑐′(2𝜋, 𝜆̃) + 𝑏(𝜆̃)(𝑠′(2𝜋, 𝜆̃)− 1) (3.6)

Consequently, in the case 𝑠(2𝜋, 𝜆̃) ∕= 0, 𝑒(0, 𝜆̃) ∕= 0 it should be

𝑒′(0, 𝜆̃) = 𝑒(0, 𝜆̃)

[
𝑐′(2𝜋, 𝜆̃) +

(1− 𝑐(2𝜋, 𝜆̃)(𝑠′(2𝜋, 𝜆̃)− 1)
𝑠(2𝜋, 𝜆̃)

]
. (3.7)

In the case 𝑠(2𝜋, 𝜆̃) = 0, 𝑐(2𝜋, 𝜆̃) = 1 we have 𝑠′(2𝜋, 𝜆̃) = 𝑐(2𝜋, 𝜆̃)−1 = 1 and
consequently

𝑒′(0, 𝜆̃) = 𝑒(0, 𝜆̃)𝑐′(2𝜋, 𝜆̃). (3.8)

These equations show that Δ(𝜆̃) = 0, and as result 𝜆̃ ∈ 𝑈1 ∪ 𝑈2.

Lastly, in the case 𝑠(2𝜋, 𝜆̃) = 0, 𝑐(2𝜋, 𝜆̃) ∕= 1 parameter 𝜆̃2 will become an

eigenvalue, visible at infinity, only if 𝑒(0, 𝜆) = 0 and, as result, 𝜆̃ ∈ 𝑈3. □

Lemma 3.4. All the zeros 𝑖𝜆𝑘 of function Δ(𝜆) are simple. Moreover, the following
equality holds

Δ̇(𝑖𝜆𝑘)𝑒(0, 𝑖𝜆𝑘)

2𝑖𝜆𝑘
= −𝑚−2

𝑘 , (3.9)

where 𝑚𝑘 are weight numbers defined by (1.10).
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Proof. Let us denote by ℎ(𝑋, 𝜆) a solution to (1.1)–(1.3), satisfying the initial
condition ℎ(0, 𝜆) = 1. Such a solution exists in the neighbourhood of 𝑖𝜆𝑘 and we
have

ℎ(𝑋, 𝑖𝜆𝑘) =
𝐸(𝑋, 𝑖𝜆𝑘)

𝑒(0, 𝑖𝜆𝑘)
, (3.10)

where 𝐸(𝑋, 𝑖𝜆𝑘) is an eigenfunction normalized as 𝐸(𝑥, 𝑖𝜆𝑘) = 𝑒(𝑥, 𝑖𝜆𝑘), 𝑥 ∈ 𝛾.
We employ Lemma 3.1 to obtain the following equality

∣∣ℎ(𝑖𝜆𝑘, 𝑥)∣∣2𝐿2(𝛾) =
𝑒̇′(0, 𝑖𝜆𝑘)𝑒(0, 𝑖𝜆𝑘)− 𝑒′(0, 𝑖𝜆𝑘)𝑒̇(0, 𝑖𝜆𝑘)

2𝑖𝜆𝑘𝑒2(0, 𝑖𝜆𝑘)
. (3.11)

Solution ℎ(𝑥, 𝜆) satisfies the initial condition ℎ(0, 𝜆) = 1 for any 𝜆 in the neigh-

bourhood of 𝑖𝜆𝑘, and, as result, ℎ̇(0, 𝜆) = 0 there. Then it follows from Lemma
3.1 that

∣∣ℎ(𝑧, 𝑖𝜆𝑘)∣∣2𝐿2(𝜅) = −
1

2𝑖𝜆𝑘

(
ℎ̇′(2𝜋, 𝑖𝜆𝑘)− ℎ̇′(0, 𝑖𝜆𝑘)

)
. (3.12)

Function ℎ(𝑋, 𝑖𝜆𝑘) satisfies boundary conditions (1.2)–(1.3). As result,

ℎ′(𝑥 = 0, 𝑖𝜆𝑘) = ℎ′(𝑧 = 2𝜋, 𝑖𝜆𝑘)− ℎ′(𝑧 = 0, 𝑖𝜆𝑘) = 𝐴(𝑖𝜆𝑘), (3.13)

where

𝐴(𝜆) =
𝑐(2𝜋, 𝜆) + 𝑠′(2𝜋, 𝜆)− 2

𝑠(2𝜋, 𝜆)
, 𝜆 ∕= 𝜆0,

and 𝐴(𝜆0) = 𝑐′(2𝜋, 𝜆0). Here 𝜆0 is such a value of parameter 𝜆, that 𝑠(2𝜋, 𝜆0) = 0
and 𝑐(2𝜋, 𝜆0) = 1.

As result we obtained the formula

∣∣ℎ(𝑧, 𝑖𝜆𝑘)∣∣2𝐿2(𝜅) = −
𝐴̇(𝑖𝜆𝑘)

2𝑖𝜆𝑘
. (3.14)

Combining (3.11) and (3.14), we come to

∣∣ℎ(𝑋, 𝜆)∣∣2𝐿2(Γ) =
𝑒̇′(0, 𝑖𝜆𝑘)𝑒(0, 𝑖𝜆𝑘)− 𝑒′(0, 𝑖𝜆𝑘)𝑒̇(0, 𝑖𝜆𝑘)− 𝐴̇(𝑖𝜆𝑘)𝑒

2(0, 𝑖𝜆𝑘)

2𝑖𝜆𝑘𝑒2(0, 𝑖𝜆𝑘)
.

(3.15)
From definitions (2.15)–(2.16) of Δ(𝜆), differentiating with respect to 𝜆, we obtain
the formula

Δ̇(𝜆) = −𝑒̇′(0, 𝜆) + 𝐴̇(𝜆)𝑒(0, 𝜆) +𝐴(𝜆)𝑒̇(0, 𝜆). (3.16)

It follows from (3.10)–(3.13), that

Δ̇(𝑖𝜆𝑘)𝑒(0, 𝑖𝜆𝑘) = −𝑒̇′(0, 𝑖𝜆𝑘)𝑒(0, 𝑖𝜆𝑘) + 𝑒′(0, 𝑖𝜆𝑘)𝑒̇(0, 𝑖𝜆𝑘) + 𝐴̇(𝑖𝜆𝑘)𝑒
2(0, 𝑖𝜆𝑘).

(3.17)
Comparing this formula with formula (3.15), we obtain the equality

𝑚−2
𝑘 = 𝑒2(0, 𝑖𝜆𝑘)∣∣ℎ(𝑖𝜆𝑘, 𝑥)∣∣2𝐿2(Γ) = −

Δ̇(𝑖𝜆𝑘)𝑒(0, 𝑖𝜆𝑘)

2𝑖𝜆𝑘
. (3.18)

□
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Proof of Theorem 1.4. According to Lemma 3.3, we have only to show that the
sets 𝑈1, 𝑈2, 𝑈3 are at most finite.

Function 𝑠(2𝜋, 𝜆) can have only a finite number of imaginary zeros. So, 𝑈2

and 𝑈3 are at most finite. We now show that the set of zeros of function Δ(𝜆) is
also finite.

We can show that Δ(𝜆) ≥ 𝐶 > 0 for sufficiently large ∣𝜆∣ and, consequently,
the zeros of Δ(𝜆) form at most a countable set having 0 as the only possible limit
point.

If Δ(0) ∕= 0, then the set of zeros cannot have a limit point and, as result,
the number of zeros of Δ(𝜆) is finite. We now investigate the case Δ(0) = 0. If 0
is the limiting point of zeros {𝑖𝜇𝑘} then there exists

𝑀 > 𝜇1 > 𝜇2 > ⋅ ⋅ ⋅ > 𝜇𝑘 > ⋅ ⋅ ⋅ → 0.

Eigenfunctions 𝐸(𝑋, 𝑖𝜇𝑘) satisfy the following equation:

0 =

∫
Γ

𝐸(𝑋, 𝑖𝜇𝑘)𝐸(𝑋, 𝑖𝜇𝑘+1)𝑑𝑋

=

∫
Γ𝐴

𝐸(𝑋, 𝑖𝜇𝑘){𝐸(𝑋, 𝑖𝜇𝑘+1)− 𝐸(𝑋, 𝑖𝜇𝑘)}𝑑𝑋

+

∫
Γ𝐴

𝐸(𝑋, 𝑖𝜇𝑘)
2𝑑𝑋 +

∫ ∞

𝐴

𝑒(𝑥, 𝑖𝜇𝑘)𝑒(𝑥, 𝑖𝜇𝑘+1)𝑑𝑥.

Here Γ𝐴 = (0, 𝐴) ∪ 𝜅 for any 𝐴 > 0 and we can show that

lim
𝑘→∞

{𝐸(𝑋, 𝑖𝜇𝑘+1)− 𝐸(𝑋, 𝑖𝜇𝑘)} = 0
uniformly for 𝑋 ∈ Γ𝐴. It implies, that

lim inf
𝑘→∞

∫ ∞

𝐴

𝑒(𝑥, 𝑖𝜇𝑘)𝑒(𝑥, 𝑖𝜇𝑘+1)𝑑𝑥 ≤ 0.

But for sufficiently large 𝐴 > 0 there is a uniform estimate 𝑒(𝑥, 𝑖𝜇) >
1

2
𝑒−𝜇𝑥 on

(𝑥, 𝜇) ∈ [𝐴,∞)× [0,∞) and, consequently,∫ ∞

𝐴

𝑒(𝑥, 𝑖𝜇𝑘)𝑒(𝑥, 𝑖𝜇𝑘+1)𝑑𝑥 >
𝑒−2𝐴𝑀

8𝑀
.

We come to a contradiction. □

4. Proof of Theorem 1.6 and Theorem 1.7

To prove Theorem 1.6 we need some more lemmas.

Lemma 4.1. Scattering function 𝑆(𝜆), defined in Theorem 1.1 (Theorem 2.1), is
continuous on the whole line (except, probably, at the point 𝜆 = 0), ∣𝑆(𝜆)∣ = 1 and

𝑆(𝜆)− 𝑆0(𝜆) = 𝑂

(
1

𝜆

)
, ∣𝜆∣ → ∞. (4.1)
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Proof. We can represent function 𝑆(𝜆) as

𝑆(𝜆) =
Δ(𝜆)𝑠(2𝜋, 𝜆)

Δ(𝜆)𝑠(2𝜋, 𝜆)
.

Assertions of the lemma follow from this representation, formula (2.17) and the
asymptotics of corresponding functions:

𝑒(0, 𝜆)− 1 = 𝑂

(
1

𝜆

)
, 𝑠(2𝜋, 𝜆)− sin 2𝜋𝜆

𝜆
= 𝑂

(
1

𝜆

)
, etc. □

Lemma 4.2. Function Φ(𝑋, 𝜆), defined by (2.5)–(2.6), (2.13)–(2.14) possesses the
following properties:

(i) Function Φ(𝑋, 𝜆) is bounded in a vicinity of 𝜆 = 0.
(ii) Let us define by Λ0 > 0 such a positive number, that all the poles of Φ(𝑋, 𝜆)

belong to the ball ∣𝜆∣ < Λ0. Then there are exists a positive number 𝐶 > 0
such that

∣Φ(𝑥, 𝜆)∣ ≤ 𝐶𝑒∣𝜆∣𝑥, ∣𝜆∣ ≥ Λ0. (4.2)

Proof. (i) If Δ(0)𝑒(0, 0) ∕= 0, then the statement follows immediately from the
definition of function Φ(𝑋, 𝜆).

Let us investigate now the case Δ(0)𝑒(0, 0) = 0, using the argument of [13],
Chapter 3.

We introduce the family of auxiliary problems −𝑢′′+ 𝑞𝛽(𝑋)𝑢 with potentials

𝑞𝛽(𝑋) = 𝑞(𝑋), 𝑋 ∈ Γ𝛽, = 0, 𝑥 > 𝛽.

Here Γ𝛽 = (0, 𝛽) ∪ 𝜅.
In the case of compact supported potentials 𝑞𝛽(𝑋) the corresponding func-

tions Δ𝛽(𝜆)𝑒𝛽(𝑥, 𝜆) are meromorphic on the whole plane 𝜆 ∈ C.
Kernel 𝐾(𝑥, 𝑡) of transformation operator (1.11) is integrable with respect to

both variables and satisfies the following estimates (see, for instance [13] Chapter
3 or [4] Chapter 2):

∣𝐾(𝑥, 𝑡)∣ ≤ 1

2
𝑄0

(
𝑥+ 𝑡

2

)
exp

(
𝑄1(𝑥)−𝑄1

(
𝑥+ 𝑡

2

))
, (4.3)∣∣∣∣∂𝐾(𝑥1, 𝑥2)

∂𝑥𝑖
+
1

4
𝑞

(
𝑥1 + 𝑥2
2

)∣∣∣∣
≤ 1

2
𝑄0(𝑥1)𝑄0

(
𝑥1 + 𝑥2
2

)
exp

(
𝑄1(𝑥1)−𝑄1

(
𝑥1 + 𝑥2
2

))
, 𝑖 = 1, 2.

(4.4)

Here

𝑄0(𝑥) =

∫ ∞

𝑥

∣𝑞(𝑡)∣𝑑𝑡, 𝑄1(𝑥) =

∫ ∞

𝑥

𝑄0(𝑡)𝑑𝑡. (4.5)

We can choose sufficiently small 𝜌 > 0 such, that functions Δ𝛽(𝜆)𝑒𝛽(𝑥, 𝜆)
have no more than one zero in the half-disk 𝐷𝜌 = {𝜆; ∣𝜆∣ ≤ 𝜌, Im𝜆 ≥ 0} for all
sufficiently large 𝛽. We also suppose that 𝜌 > 0 is small enough and 𝑠(2𝜋, 𝜆) does
not have any zeros in 𝐷𝜌 except probably 0.
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We denote by 𝜆𝛽 a zero of Δ𝛽(𝜆)𝑒𝛽(𝑥, 𝜆), belonging to 𝐷𝜌 (if there is no such
zero, we put 𝜆𝛽 = 0).

It follows from Lemma 3.4 that all the zeros 𝜆𝛽 are simple and it implies that
functions

Φ𝛽(𝑥, 𝜆)
𝜆 − 𝜆𝛽
𝜆+ 𝜆𝛽

are analytic in 𝐷𝜌 and bounded on arc {𝜆; ∣𝜆∣ = 𝜌, Im𝜆 ≥ 0} uniformly on 𝛽 for
all sufficiently large 𝛽. Also it follows from Lemma 4.1 that Φ𝛽(𝑥, 𝜆) are bounded
on interval −𝜌 ≤ 𝜆 ≤ 𝜌 uniformly on 𝛽 for all sufficiently large 𝛽. It means that

sup
𝜆∈𝐷𝜌

∣∣∣∣Φ𝛽(𝑥, 𝜆)
𝜆 − 𝜆𝛽
𝜆+ 𝜆𝛽

∣∣∣∣ = 𝐶(𝑥) < ∞

for all sufficiently large 𝛽.
We mention that

lim
𝛽→∞

𝜆− 𝜆𝛽
𝜆+ 𝜆𝛽

= 1, lim
𝛽→∞

Φ𝛽(𝑥, 𝜆) = Φ(𝑥, 𝜆)

for any 𝜆 ∈ 𝐷𝜌∖{0}. As result, we come to the following estimate:∣∣Φ(𝑥, 𝜆)
∣∣ ≤ 2𝐶(𝑥)

for any 𝜆 ∈ 𝐷𝜌∖{0}.
(ii) Estimate (4.2) follows easily from definitions (2.5)–(2.6), (2.13)–(2.14)

and the asymptotics of the corresponding functions. □

Lemma 4.3. For every eigenvalue 𝑖𝜇𝑗, visible at infinity, the following equality
takes place:

Res𝜆=𝑖𝜇𝑗 𝑒
𝑖𝜆𝑡Φ(𝑥, 𝜆) = 𝑖𝑚2

𝑗𝑒(𝑥, 𝑖𝜇𝑗)𝑒
−𝜇𝑗 𝑡. (4.6)

Proof. In the case 𝑖𝜇𝑗 ∈ 𝑈1 ∪ 𝑈2 we have

Res𝜆=𝑖𝜇𝑗 𝑒
𝑖𝜆𝑡Φ(𝑥, 𝜆) = −2𝑖(𝑖𝜇𝑗)𝑒

−𝜇𝑗𝑡𝑒(𝑥, 𝑖𝜇𝑗)

Δ̇(𝑖𝜇𝑗)𝑒(0, 𝑖𝜇𝑗)

and formula (4.6) follows immediately from Lemma 3.4.
Next, in the case 𝑖𝜇𝑗 ∈ 𝑈3 it can be easily seen that

𝑒(0, 𝜆)

𝑠(2𝜋, 𝜆)
→ 𝑒̇(0, 𝑖𝜇𝑗)

𝑠̇(2𝜋, 𝑖𝜇𝑗)
, 𝜆 → 𝑖𝜇𝑗,

𝑐(2𝜋, 𝑖𝜇𝑗) + 𝑠′(2𝜋, 𝑖𝜇𝑗)− 2 = (𝑐(2𝜋, 𝑖𝜇𝑗)− 1)2
𝑐(2𝜋, 𝑖𝜇𝑗)

.

Then

Res𝜆=𝑖𝜇𝑗 𝑒
𝑖𝜆𝑡Φ(𝑥, 𝜆) =

2𝜇𝑗𝑒
−𝜇𝑗𝑡𝑒(𝑥, 𝑖𝜇𝑗)

𝑒̇(0, 𝑖𝜇𝑗)

[
1

𝑒′(0, 𝑖𝜇𝑗)

+
𝑠̇(2𝜋, 𝑖𝜇𝑗)

𝑒̇(0, 𝑖𝜇𝑘)(𝑐+ 𝑠′ − 2)(2𝜋, 𝑖𝜇𝑗)− 𝑒′(0, 𝑖𝜇𝑘)𝑠̇(2𝜋, 𝑖𝜇𝑗)

]
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=
2𝜇𝑗𝑒

−𝜇𝑗𝑡𝑒(𝑥, 𝑖𝜇𝑗)

𝑒̇(0, 𝑖𝜇𝑗)

× 𝑒̇(0, 𝑖𝜇𝑗)(𝑐(2𝜋, 𝑖𝜇𝑗)− 1)2
𝑒′(0, 𝑖𝜇𝑗)[𝑒̇(0, 𝑖𝜇𝑗)(𝑐(2𝜋, 𝑖𝜇𝑗)− 1)2 − 𝑐(2𝜋, 𝑖𝜇𝑗)𝑠̇(2𝜋, 𝑖𝜇𝑗)𝑒′(0, 𝑖𝜇𝑘)]

.

By definition 𝐸(𝑥, 𝑖𝜇𝑗) = 𝑒(𝑥, 𝑖𝜇𝑗), 𝑥 ∈ 𝛾, and

𝐸(𝑧, 𝑖𝜇𝑗) =
𝑒′(0, 𝑖𝜇𝑗)𝑐(2𝜋, 𝑖𝜇𝑗)

1− 𝑐(2𝜋, 𝑖𝜇𝑗)
𝑠(𝑧, 𝑖𝜇𝑗), 𝑧 ∈ 𝜅.

According to Lemma 3.1 we can calculate

2𝑖𝜇𝑗∥𝐸(⋅, 𝑖𝜇𝑗)∥2𝐿2(𝛾) = −𝑒̇(0, 𝑖𝜇𝑗)𝑒
′(0, 𝑖𝜇𝑗),

2𝑖𝜇𝑗∥𝐸(⋅, 𝑖𝜇𝑗)∥2𝐿2(𝜅) =

(
𝑒′(0, 𝑖𝜇𝑗)𝑐(2𝜋, 𝑖𝜇𝑗)

1− 𝑐(2𝜋, 𝑖𝜇𝑗)

)2
𝑠̇(2𝜋, 𝑖𝜇𝑗)𝑠

′(2𝜋, 𝑖𝜇𝑗),

and as result,

2𝑖𝜇𝑗∥𝐸(⋅,𝑖𝜇𝑗)∥2𝐿2(Γ)

=−𝑒̇(0,𝑖𝜇𝑗)𝑒
′(0,𝑖𝜇𝑗)+

𝑒′(0,𝑖𝜇𝑗)
2𝑐2(2𝜋,𝑖𝜇𝑗)

(𝑐(2𝜋,𝑖𝜇𝑗)−1)2 𝑠̇(2𝜋,𝑖𝜇𝑗)𝑠
′(2𝜋,𝑖𝜇𝑗)

=
−(𝑐(2𝜋,𝑖𝜇𝑗)−1)2𝑒̇(0,𝑖𝜇𝑗)𝑒

′(0,𝑖𝜇𝑗)+𝑒′(0,𝑖𝜇𝑗)
2𝑐2(2𝜋,𝑖𝜇𝑗)𝑠̇(2𝜋,𝑖𝜇𝑗)𝑠

′(2𝜋,𝑖𝜇𝑗)

(𝑐(2𝜋,𝑖𝜇𝑗)−1)2 .

Finally we use the equality 𝑐(2𝜋, 𝑖𝜇𝑗)𝑠
′(2𝜋, 𝑖𝜇𝑗) = 1, which takes place in the case

𝑖𝜇𝑘 ∈ 𝑈3, to finish the proof of the lemma. □

Proof of Theorem 1.6. (i) Solution Φ(𝑥, 𝜆), 𝑥 ∈ 𝛾, to the boundary problem (1.1)–
(1.3) can be represented as

Φ(𝑥, 𝜆) = 𝑒(𝑥,−𝜆)− 𝑆0(𝜆)𝑒(𝑥, 𝜆) + (𝑆0(𝜆)− 𝑆(𝜆))𝑒(𝑥, 𝜆).

Using formula (1.11) we can rewrite it as

Φ(𝑥, 𝜆) = 𝑒−𝑖𝜆𝑥 − 𝑆0(𝜆)𝑒
𝑖𝜆𝑥 +

∫ ∞

𝑥

𝐾(𝑥, 𝑡)(𝑒−𝑖𝜆𝑡 − 𝑆0(𝜆)𝑒
𝑖𝜆𝑡)𝑑𝑡

+ (𝑆0(𝜆)− 𝑆(𝜆))

(
𝑒𝑖𝜆𝑥 +

∫ ∞

𝑥

𝐾(𝑥, 𝑡)𝑒𝑖𝜆𝑡𝑑𝑡

)
. (4.7)

We fix 𝑥 > 0. For any arbitrary chosen 𝑦 > 𝑥 we let 𝜒(𝑡) be an infinitely differ-
entiable function such that 𝜒(𝑡) = 0, 𝑡 ∈ (−∞, 𝑦) and tends rapidly to zero for
𝑡 →∞.

We denote by 𝜒̃(𝜆) a Fourier transform of 𝜒(𝑡):

𝜒̃(𝜆) =

∫ ∞

𝑦

𝜒(𝑡)𝑒𝑖𝜆𝑡𝑑𝑡. (4.8)

We multiply both sides of (4.7) by
1

2𝜋
𝜒̂(𝜆) and integrate on (−∞,∞). Function

𝑒−𝑖𝜆𝑥 − 𝑆0(𝜆)𝑒
𝑖𝜆𝑥 is analytic in the upper half-plane Im𝜆 > 0 and function 𝑆0(𝜆)
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is uniformly bounded there, we can use the Jordan lemma to see that

1

2𝜋

∫ ∞

−∞
(𝑒−𝑖𝜆𝑥 − 𝑆0(𝜆)𝑒

𝑖𝜆𝑥)𝜒̂(𝜆)𝑑𝜆

=

∫ ∞

𝑦

𝜒(𝑡)

[
1

2𝜋

∫ ∞

−∞
(𝑒−𝑖𝜆𝑥 − 𝑆0(𝜆)𝑒

𝑖𝜆𝑥)𝑒𝑖𝜆𝑡𝑑𝜆

]
𝑑𝑡 = 0.

As 𝑆0(𝜆)− 𝑆(𝜆) =

∫ ∞

−∞
𝐹𝑆(𝑡)𝑒

−𝑖𝜆𝑡𝑑𝑡, we get from formula (4.7) that

1

2𝜋

∫ ∞

−∞
Φ(𝑥, 𝜆)𝜒̂(𝜆)𝑑𝜆

=

∫ ∞

𝑦

𝜒(𝑡)

[
𝐹𝑆(𝑥+ 𝑡) +

∫ ∞

−∞
𝐹𝑆(𝑡− 𝜏)𝐾(𝑥,−𝜏)𝑑𝜏 +𝐾(𝑥, 𝑡)

]
𝑑𝑡.

Function Φ(𝑥, 𝜆) is analytic in the half-plane Im𝜆 > 0 except zeros of Δ(𝜆) and
𝑒(0, 𝜆). Then it follows from Lemma 4.3 that

1

2𝜋

∫ ∞

−∞
Φ(𝑥, 𝜆)𝜒̂(𝜆)𝑑𝜆 =

∫ ∞

𝑦

𝜒(𝑡)

[
−

𝑛∑
𝑗=1

𝑚2
𝑗𝑒(𝑥, 𝑖𝜇𝑗)𝑒

−𝜇𝑗𝑡
]
𝑑𝑡

−
∫ ∞

𝑦

𝜒(𝑡)

[ 𝑚∑
𝑗=1

(
2𝜈𝑗𝜔(𝑥, 𝑖𝜈𝑗)𝑒

−𝜈𝑗𝑡

𝑒̇(0, 𝑖𝜈𝑗)
+
2𝜈𝑗𝑒(𝑥, 𝑖𝜈𝑗)𝑒

−𝜈𝑗𝑡

Δ(𝑖𝜈𝑗)𝑒̇(0, 𝑖𝜈𝑗)

)]
𝑑𝑡,

where {𝑖𝜈𝑗}, 𝑗 = 1, . . . , 𝑚, are zeros of 𝑒(0, 𝜆), which are not included in 𝑈3.
Taking into account the equality Δ(𝑖𝜈𝑗) = −𝑒′(0, 𝑖𝜈𝑗) we see that the second
integral becomes zero. Hence

1

2𝜋

∫ ∞

−∞
Φ(𝑥, 𝜆)𝜒̂(𝜆)𝑑𝜆 =

∫ ∞

𝑦

𝜒(𝑡)

[
−

𝑛∑
𝑗=1

𝑚2
𝑗𝑒(𝑥, 𝑖𝜆𝑗)𝑒

−𝜆𝑗𝑡
]
𝑑𝑡

=

∫ ∞

𝑦

𝜒(𝑡)

[
−

𝑛∑
𝑗=1

𝑚2
𝑗

{
𝑒−𝜆𝑗(𝑥+𝑡) +

∫ ∞

𝑥

𝐾(𝑥, 𝜏)𝑒−𝜆𝑗(𝜏+𝑡)𝑑𝜏

}]
𝑑𝑡.

Since function 𝜒(𝑡) is arbitrary, the assertion (i) follows from these equations.
(ii) In the case under consideration there is only a finite number of eigenvalues

visible at infinity, which are simple, as in the case of the scattering problem on the
semi-axis. According to Lemma 4.1 function 𝐹 (𝑋) possesses the same properties
as the corresponding function in the case of the scattering problem on the semi-
axis, which allows us to repeat arguments [1], Chapter III. to prove the unique
solvability of the Marchenko equation (1.15). □

Proof of Theorem 1.7. In the case under consideration 𝐹 (𝑥) = 𝐹 (𝑥) and, as result

of unique solvability of the main equation (1.15),𝐾(𝑥, 𝑡) = 𝐾̃(𝑥, 𝑡), 0 < 𝑥 < 𝑡 < ∞
and, by continuity, 𝐾(𝑥, 𝑥) = 𝐾̃(𝑥, 𝑥), 0 ≤ 𝑥 < ∞. Then, according to (1.17),
𝑞(𝑥) = 𝑞(𝑥), 𝑥 ∈ 𝛾. □
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On the Cauchy Problem for Hyperbolic
Operators with Double Characteristics
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Abstract. The aim of this work is to provide a survey, along with new recent
results, of what is known about the 𝐶∞ well-posedness of the Cauchy problem
for hyperbolic operators with double characteristics. Some conjectures and
open problems will also be presented.
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1. Introduction and state of the art

We are concerned here with the classical problem of the 𝐶∞ well-posedness of
the Cauchy problem (C.p., for short) for (linear) hyperbolic operators with double
characteristics. This argument has been intensely studied in past years, but in
our opinion much remains yet to be done to have a reasonably complete picture.
Our hope is mainly to convince the reader about the still actual interest of this
field and, along the path, the fundamental role played by symplectic geometry for
obtaining invariant results.

Although most of what we will be saying may be formulated for hyperbolic
operators of order ≥ 2, with at most double characteristics, for the sake of clarity,
and simplicity, we will restrict ourselves to considering only the second-order case.

In ℝ𝑛+1
𝑥 = ℝ𝑥0 × ℝ𝑛

𝑥′ (𝑛 ≥ 2) consider the operator

𝑃 = −𝐷2
𝑥0
+

∑
𝑗+∣𝛼∣≤2
𝑗=0,1

𝑎𝑗𝛼(𝑥)𝐷
𝑗
𝑥0

𝐷𝛼
𝑥′

(
𝐷 =

1

𝑖
∂

)

with smooth coefficients. Denote by

𝑝(𝑥, 𝜉 = (𝜉0, 𝜉′)) = −𝜉20 + 2𝑏(𝑥, 𝜉′)𝜉0 + 𝑐(𝑥, 𝜉′)

the principal symbol of 𝑃 .
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Suppose that 𝑃 is hyperbolic with respect to 𝑥0 (the time variable), that is

∙ 𝑏(𝑥, 𝜉′), 𝑐(𝑥, 𝜉′) are real (homogeneous of degree 1, 2, respectively, in 𝜉′);
∙ Δ(𝑥, 𝜉′) := 𝑏(𝑥, 𝜉′)2 + 𝑐(𝑥, 𝜉′) ≥ 0, ∀𝑥, ∀𝜉′ ∕= 0.

Then, the characteristic set of 𝑃 is

𝑝−1(0) = {(𝑥, 𝜉); 𝜉′ ∕= 0, 𝜉0 = 𝑏(𝑥, 𝜉′)±
√
Δ(𝑥, 𝜉′)}.

If Δ(𝑥, 𝜉′) > 0 for all 𝑥 and all 𝜉′ ∕= 0, then 𝑃 would be strictly hyperbolic, a
case for which the 𝐶∞ well-posedness has no secrets (see, e.g., Hörmander [7]).

Since we are interested in the weakly hyperbolic case, we will assume through-
out that Δ vanishes exactly to second order on some smooth (connected) subman-
ifold

Σ′ = {(𝑥, 𝜉) ∈ 𝑇 ∗ℝ𝑛+1; 𝜉′ ∕= 0, Δ(𝑥, 𝜉′) = 0}
of fixed codimension 𝑑 (1 ≤ 𝑑 < 2𝑛+ 1).

Recall that the vanishing condition on Δ means that for all compact 𝐾 ⊂
ℝ𝑛+1 there exists 𝐶𝐾 > 0 such that

𝐶−1
𝐾 ∣𝜉′∣2distΣ′(𝑥, 𝜉′)2 ≤ Δ(𝑥, 𝜉′) ≤ 𝐶𝐾 ∣𝜉′∣2distΣ′(𝑥, 𝜉′)2, ∀𝑥 ∈ 𝐾, ∀𝜉′ ∕= 0,

where distΣ′(𝑥, 𝜉′) denotes the distance of (𝑥, 𝜉0 = 0, 𝜉′/∣𝜉′∣) to Σ′. We shall write
Δ(𝑥, 𝜉′) ≈ ∣𝜉′∣2distΣ′(𝑥, 𝜉′/∣𝜉′∣)2.

Define next

Σ = 𝑝−1(0) ∩Σ′ (codimΣ = 𝑑+ 1),

so that 𝑝
∣∣
Σ
= 0, 𝑑𝑝

∣∣
Σ
= 0 and 𝑝−1(0) ∖ Σ ∕= ∅.

Problem: The well-posedness of the C.p. for 𝑃 in 𝐶∞.

The 𝐶∞ well-posedness we aim at is that as defined in Hörmander [6]:

(i) For any given 𝑡 ∈ ℝ, for every 𝑢 ∈ E ′(ℝ𝑛+1) with 𝑃 𝑢 = 0 in {𝑥0 > 𝑡} we
have 𝑢 = 0 in {𝑥0 > 𝑡};

(ii) For any given 𝑡 ∈ ℝ, for every 𝑓 ∈ 𝐶∞
0 (ℝ

𝑛+1) there exists 𝑢 ∈ E ′(ℝ𝑛+1)
satisfying 𝑃 𝑢 = 𝑓 in {𝑥0 > 𝑡}.
It is worth noting that if we do not assume the above vanishing condition on

Δ, then very little is known, and mainly in classes of examples.
A main concern in the study of degenerate operators is to have a coordinate-

independent approach, and for this reason geometry (namely, symplectic geometry)
plays a fundamental role.

To start with, we recall one of the main invariant objects.
At any given 𝜌 ∈ Σ and for every 𝑣 ∈ 𝑇𝜌𝑇 ∗ℝ𝑛+1 we have

𝑝(𝜌+ 𝑣) =
1

2
⟨Hess 𝑝(𝜌)𝑣, 𝑣⟩+𝑂(∣𝑣∣3).

Using the symplectic form 𝜎 =
∑𝑛

𝑗=0 𝑑𝜉𝑗 ∧ 𝑑𝑥𝑗 , we can write

1

2
⟨Hess 𝑝(𝜌)𝑣, 𝑤⟩ = 𝜎(𝑣, 𝐹 (𝜌)𝑤), ∀𝑣, 𝑤 ∈ 𝑇𝜌𝑇 ∗ℝ𝑛+1,
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where the linear map 𝐹 (𝜌) : 𝑇𝜌𝑇 ∗ℝ𝑛+1 −→ 𝑇𝜌𝑇 ∗ℝ𝑛+1 is called the Hamilton map
or fundamental matrix of 𝑃 at 𝜌.

Note that 2𝐹 (𝜌) is the linearization at 𝜌 of the Hamilton vector-field 𝐻𝑝

associated with the principal symbol 𝑝 of 𝑃 . In the coordinates (𝑥, 𝜉) we thus have

𝐻𝑝 =

𝑛∑
𝑗=0

( ∂𝑝

∂𝜉𝑗

∂

∂𝑥𝑗
− ∂𝑝

∂𝑥𝑗

∂

∂𝜉𝑗

)
,

and

𝐹 (𝜌) =
1

2

[
𝑝′′𝑥𝜉(𝜌) 𝑝′′𝜉𝜉(𝜌)
−𝑝′′𝑥𝑥(𝜌) −𝑝′′𝜉𝑥(𝜌)

]
, 𝜌 ∈ Σ.

It is important also to note that one rephrases the vanishing condition on Δ in
terms of 𝐹 (𝜌) by saying that

Ker𝐹 (𝜌) = 𝑇𝜌Σ, ∀𝜌 ∈ Σ.

From Hörmander [7] one knows that

𝑧 ∈ Spec(𝐹 (𝜌))⇐⇒ −𝑧, 𝑧 ∈ Spec(𝐹 (𝜌)),
and only three possible cases can occur:

(i) There exists 𝜆 > 0 such that

{−𝜆, 𝜆} ⊂ Spec(𝐹 (𝜌)), Spec(𝐹 (𝜌)) ∖ {−𝜆, 𝜆} ⊂ 𝑖ℝ.

In this case one says that 𝑃 is effectively hyperbolic at 𝜌. From now on we
shall put

Σ+ := {𝜌 ∈ Σ; 𝑃 is effectively hyperbolic at 𝜌}.
Note that Σ+ is always a (possibly empty) open subset of Σ.

(ii) Spec(𝐹 (𝜌)) ⊂ 𝑖ℝ and in the Jordan normal form of 𝐹 (𝜌) corresponding to the
eigenvalue 0, there are only Jordan blocks of dimension 2, i.e., Ker𝐹 (𝜌)2 ∩
Im𝐹 (𝜌)2 = {0}. In this case one says that 𝑃 is non-effectively hyperbolic of
type 1 at 𝜌. From now on we shall put

Σ− := {𝜌 ∈ Σ; 𝑃 is non-effectively hyperbolic of type 1 at 𝜌}.
(iii) Spec(𝐹 (𝜌)) ⊂ 𝑖ℝ and in the Jordan normal form of 𝐹 (𝜌) corresponding to

the eigenvalue 0, there is only a Jordan block of dimension 4 and no block of
dimension 3, i.e., Ker𝐹 (𝜌)2 ∩ Im𝐹 (𝜌)2 is two-dimensional. In this case one
says that 𝑃 is non-effectively hyperbolic of type 2 at 𝜌. From now on we shall
put

Σ0 := {𝜌 ∈ Σ; 𝑃 is non-effectively hyperbolic of type 2 at 𝜌}.
Obviously,

Σ = Σ− ⊔Σ0 ⊔ Σ+ (disjoint union)

and we say that we have a transition exactly when at least two among the above
sets are non-empty.

At this point we recall one of the most important results due to Ivrii and
Petkov [9], and Hörmander [6].
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Theorem 1.1. In order that the C.p. for 𝑃 be well posed in 𝐶∞ it is necessary that
at any given 𝜌 ∈ Σ− ⊔ Σ0 we have

Im 𝑝𝑠1(𝜌) = 0, ∣Re 𝑝𝑠1(𝜌)∣ ≤ Tr+𝐹 (𝜌), (1.1)

where

𝑝𝑠1(𝑥, 𝜉) = 𝑝1(𝑥, 𝜉) +
𝑖

2

𝑛∑
𝑗=0

∂2𝑝

∂𝑥𝑗∂𝜉𝑗
(𝑥, 𝜉)

is the subprincipal symbol of 𝑃 (𝑝1 being the symbol of the 1st-order part of 𝑃 ),
and

Tr+𝐹 (𝜌) :=
∑
𝜇≥0

𝑖𝜇∈Spec(𝐹 (𝜌))

𝜇,

is the positive trace of 𝐹 (𝜌).

Remark 1.2. Note that in case Tr+𝐹 (𝜌) = 0 (which is equivalent to saying that
Spec(𝐹 (𝜌)) = {0}, since 𝜌 ∕∈ Σ+), condition (1.1) reduces to the celebrated Levi
condition 𝑝𝑠1(𝜌) = 0.

1.1. Known results for the C.p.

On the side of positive results for the 𝐶∞ well-posedness of the C.p. we have that:

∙ When Σ = Σ+, the C.p. is well posed independently of the lower-order terms
of 𝑃 . This result is due to Iwasaki [10] and [11], and Nishitani [14] (see also
Melrose [12]).

∙ When Σ = Σ−, and rk𝜎
∣∣
Σ
is constant (recall that, for 𝜌 ∈ Σ, rk𝜎𝜌 =

dim
( 𝑇𝜌Σ

𝑇𝜌Σ ∩ 𝑇𝜌Σ𝜎

)
), the C.p. is well posed if the following strict Ivrii-Petkov-

Hörmander condition is satisfied:

Im 𝑝𝑠1(𝜌) = 0, ∣Re 𝑝𝑠1(𝜌)∣ < Tr+𝐹 (𝜌), 𝜌 ∈ Σ. (1.2)

This result is due to Ivrii [8] and Hörmander [6]. Notice that the condition
reduces to 𝑝𝑠1

∣∣
Σ
= 0 when Tr+𝐹

∣∣
Σ
= 0.

A natural case to consider is now when Σ = Σ0. Supposing that rk 𝜎
∣∣
Σ
is

constant and that (1.2) holds, can we conclude that the C.p. is 𝐶∞ well posed?
The answer is in general in the negative.
The reason why this is the case, is related to the behavior of the null-

bicharacteristics of 𝑝, that is of the integral curves 𝑡 2→ 𝛾(𝑡) of the Hamilton
vector field 𝐻𝑝 that by definition solve{

𝛾̇(𝑡) = 𝐻𝑝(𝛾(𝑡))

𝛾(0) ∈ 𝑝−1(0) ∖ Σ.

Of course, one has that 𝛾 ⊂ 𝑝−1(0)∖Σ, but the problem is: Can 𝛾 have limit-points
in Σ?

∙ The answer is no when Σ = Σ− (in this case, Σ is roughly a center for 𝐻𝑝).
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∙ When Σ = Σ+, for any given 𝜌 ∈ Σ there are exactly four half-bicharacteris-
tics that enter Σ at 𝜌 (as 𝑡 → ±∞) transversally (the directions being given
by the eigenvectors belonging to the real non-zero eigenvalues of 𝐹 (𝜌)). In
this case Σ behaves like a saddle for 𝐻𝑝.

∙ What happens hence when Σ = Σ0?
Consider the example (𝑛 = 2)

𝑝(𝑥, 𝜉) = −(𝜉0 − 𝑥1𝜉2)
2 + 𝜉21 + (𝑥

2
1 + 𝛽𝑥31)𝜉

2
2 , 𝛽 ∈ ℝ.

An explicit computation gives (see Bernardi-Bove [1]) that

∙ If 𝛽 = 0, no null-bicharacteristic of 𝐻𝑝 can have limit-points in Σ.
∙ If 𝛽 ∕= 0, there are indeed null-bicharacteristics entering Σ tangentially.

A precise explanation to this phenomenon was given (long time ago) by
Bernardi-Bove [1], and by Nishitani [15]. Recall that at every 𝜌 ∈ Σ we have

𝑇𝜌Σ = Ker𝐹 (𝜌) ⊊ Ker𝐹 (𝜌)2 ⊊ Ker𝐹 (𝜌)3 ⊊ Ker𝐹 (𝜌)4 = Ker𝐹 (𝜌)5,

with a one-dimensional gap between Ker𝐹 3 and Ker𝐹 4, and between Ker𝐹 2 and
Ker𝐹 3. Fix next a smooth non-zero vector field Σ ∋ 𝜌 2−→ 𝑧(𝜌) ∈ 𝑇𝜌𝑇 ∗ℝ𝑛+1

(positively homogeneous of degree 0 in the fibers; from now on we shall refer to
positive homogeneity of degree 𝑑 in the fibers for short as “p.h. of deg. 𝑑”) such
that

Ker𝐹 (𝜌)4 = Ker𝐹 (𝜌)3 ⊕ Span{𝑧(𝜌)}, Ker𝐹 (𝜌)3 = Ker𝐹 (𝜌)2 ⊕ Span{𝐹 (𝜌)𝑧(𝜌)}
(so that Ker𝐹 (𝜌)2 ∩ Im𝐹 (𝜌)2 = Span{𝐹 (𝜌)2𝑧(𝜌), 𝐹 (𝜌)3𝑧(𝜌)}), and fix a real sym-
bol 𝑆(𝑥, 𝜉) (p.h. of deg. 1), vanishing on Σ, such that

0 ∕= 𝐻𝑆(𝜌)╱╱𝐹 (𝜌)2𝑧(𝜌), 𝜌 ∈ Σ.

One then has the following theorems (see [1], [3] and [15]).

Theorem 1.3. No null-bicharacteristic 𝛾 of 𝑝 has limit-points in Σ iff

𝐻3
𝑆𝑝
∣∣
Σ
= 0.

Theorem 1.4. If 𝐻3
𝑆𝑝
∣∣
Σ
= 0 and (1.2) holds, the C.p. is microlocally well posed

in 𝐶∞.

Theorem 1.4 has been recently improved by Nishitani [16], who proved the
local well-posedness in 𝐶∞, and made more precise by Bernardi-Nishitani [4], who
proved that if (𝐻3

𝑆𝑝)(𝜌) ∕= 0 for some point 𝜌 ∈ Σ and if (1.2) holds, then the C.p.
is not well posed in 𝐶∞.

1.2. New problems: transition

From Subsection 1.1 we therefore may conclude that we have a quite complete
picture when the spectrum of 𝐹 (𝜌) is of one and the same type at every point
𝜌 of Σ. We note in passing that, however, there is still the obvious gap between
(1.1) and its strict counterpart (1.2), and we address the reader to the work of
Parenti-Parmeggiani [17] for results in that direction.
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Now, very simple examples show that Spec(𝐹 (𝜌)) can indeed change at dif-
ferent points of Σ.

Consider for example

𝑝(𝑥, 𝜉) = −𝜉20 + 𝜉21 + (𝑥0 − 𝑥1 − 𝑓(𝑥1, 𝑥′))2∣𝜉′∣2, (1.3)

where 𝑥′ = (𝑥2, . . . , 𝑥𝑛), 𝑛 ≥ 2, 𝑓 is smooth and real, with 1 + 𝑓 ′𝑥1
> 0. Then a

point 𝜌 = (𝑥0 = 𝑥1 + 𝑓(𝑥1, 𝑥′), 𝑥1, 𝑥′; 𝜉0 = 0, 𝜉1 = 0, 𝜉′ ∕= 0) ∈ Σ belongs to
∙ Σ+ iff 𝑓 ′𝑥1

< 0;
∙ Σ− iff 𝑓 ′𝑥1

> 0;
∙ Σ0 iff 𝑓 ′𝑥1

= 0.

Hence, we have a transition iff 𝑓 ′𝑥1
∕≡ 0 and 𝑓 ′𝑥1

vanishes somewhere.
The previous example is very simple, but one should bear in mind that tran-

sition may occur in a very complicated way (see, e.g., Bernardi-Bove [2]).
Our purpose is next that of studying the 𝐶∞ well-posedness of the C.p. when

transitions are present. Cases where Σ = Σ+ ⊔Σ− were already treated in [2], and
we will consider here a rather different class of examples.

2. The case of transition: a geometric class of operators

The first step in our program is that of selecting a geometric-definite class of
operators. We proceed as follows. Near any given 𝜌 ∈ Σ, by performing a suitable
canonical transformation which preserves the “time” direction 𝑥0, and by using
the Morse Lemma, we may microlocally write

𝑝(𝑥, 𝜉) = −𝜉20 +

𝑑∑
𝑗=1

𝑓𝑗(𝑥, 𝜉′)2,

for some smooth real functions 𝑓𝑗 , p.h. of deg. 1, with independent Hamilton vector
fields at all points of

Σ = {(𝑥, 𝜉); 𝜉′ ∕= 0, 𝜉0 = 0, 𝑓1(𝑥, 𝜉′) = ⋅ ⋅ ⋅ = 𝑓𝑑(𝑥, 𝜉′) = 0}.
For 𝜌 ∈ Σ define (recall that for functions 𝑓, 𝑔 the Poisson bracket {𝑓, 𝑔} =∑
(∂𝜉𝑗𝑓∂𝑥𝑗𝑔 − ∂𝑥𝑗𝑓∂𝜉𝑗𝑔))

𝛼(𝜌) =

⎡⎢⎣ {𝜉0, 𝑓1}(𝜌)
...

{𝜉0, 𝑓𝑑}(𝜌)

⎤⎥⎦ , 𝑀(𝜌) =
[
{𝑓𝑗, 𝑓𝑘}(𝜌)

]
1≤𝑗,𝑘≤𝑑

.

The matrix 𝑀(𝜌) is therefore a 𝑑× 𝑑 skew-symmetric matrix. Suppose from now
on the following

Hypothesis (H1):

∙ rk𝑀(𝜌) is constant as 𝜌 varies in Σ;
∙ 𝛼(𝜌) ∈ Im𝑀(𝜌) for all 𝜌 ∈ Σ.
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It can be shown (see Bernardi-Parenti-Parmeggiani [5]) that (H1) has a sym-
plectically invariant meaning. Namely, (H1) is equivalent to requiring

(i) rk𝜎
∣∣
Σ′ is a constant ≥ 2;

(ii) rk𝜎
∣∣
Σ
= rk 𝜎

∣∣
Σ′−2.

Denoting by 𝑀(𝜌)−1 the inverse of 𝑀(𝜌)
∣∣
Im𝑀(𝜌)

, one can show that

(i) 𝜌 ∈ Σ+ iff ∣𝑀(𝜌)−1𝛼(𝜌)∣ > 1;
(ii) 𝜌 ∈ Σ− iff ∣𝑀(𝜌)−1𝛼(𝜌)∣ < 1;
(iii) 𝜌 ∈ Σ0 iff ∣𝑀(𝜌)−1𝛼(𝜌)∣ = 1.

Hence, to have a transition we must have ∣𝑀(𝜌)−1𝛼(𝜌)∣ = 1 somewhere and
have codimΣ ≥ 3. (Note that 𝑀(𝜌)−1𝛼(𝜌) is p.h. of deg. 0.)

Next, suppose also from now on the following

Hypothesis (H2): Σ0 = {𝜌 ∈ Σ; ∣𝑀(𝜌)−1𝛼(𝜌)∣ = 1} ⊊ Σ is a smooth submanifold
of Σ of fixed codimension ≥ 1.

Correspondingly, we have

Σ± = {𝜌 ∈ Σ; ∣𝑀(𝜌)−1𝛼(𝜌)∣ − 1 ≷ 0}.
Remark 2.1. The quantity ∣𝑀(𝜌)−1𝛼(𝜌)∣ is invariant : it is independent of the
Morse normal form of 𝑝.

We therefore have, in principle, three possible cases of transition:

(T1) Σ = Σ− ⊔ Σ0;
(T2) Σ = Σ+ ⊔ Σ0;
(T3) Σ = Σ− ⊔ Σ0 ⊔Σ+.

Notice that in cases (T1) and (T2) the submanifold Σ0 can have any codi-
mension in Σ, but in case (T3) one must have codimΣΣ0 = 1.

We next turn to examine what happens to the spectrum of 𝐹 (𝜌). This is
what one can prove (see [5]):

(S1) exactly two eigenvalues ±𝑖𝜇(𝜌) collapse to 0 as 𝜌 approaches Σ0 from within
Σ−;

(S2) the two real eigenvalues ±𝜆(𝜌) collapse to 0 as 𝜌 approaches Σ0 from within
Σ+;

(S3) the picture is either (S1) or (S2), depending on whether we approach Σ0 from
within Σ− or Σ+.

It is important to note that the order of vanishing on Σ0 of the eigenvalues
that collapse to 0 is that of√

1− ∣𝑀(𝜌)−1𝛼(𝜌)∣2 (𝜌 ∈ Σ−),
√
∣𝑀(𝜌)−1𝛼(𝜌)∣2 − 1 (𝜌 ∈ Σ+).

Hence, in general we do not have a smooth collapse.
Having selected a geometric class of operators, for which a transition oc-

curs, we now turn to the study of the C.p. for these operators. As a preliminary
remark motivated by the case Σ = Σ0, we expect that the behavior of the null-
bicharacteristics of 𝑃 play now a crucial role in all the above cases. Moreover,
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once the dynamics of 𝐻𝑝 has been understood, we still have to consider the Ivrii-
Petkov-Hörmander condition (1.1) that must be satisfied, at least on Σ0.

At the moment, we have some (positive) results in what we think to be the
simplest case, namely Σ = Σ−⊔Σ0, and some conjectures in the case Σ = Σ+⊔Σ0.

3. Results and conjectures when Σ = Σ− ⊔ Σ0

Since 𝑝 is non-effectively hyperbolic everywhere, for simplicity we shall suppose that
Tr+𝐹 (𝜌) > 0 for all 𝜌 ∈ Σ, and that the strict Ivrii-Petkov-Hörmander condition
(1.2) holds on Σ. Note that, geometrically, we necessarily have Tr+𝐹

∣∣
Σ∖Σ0

> 0, but

that we could also very well have Tr+𝐹
∣∣
Σ0
= 0. When this happens, the situation

becomes even more involved, as shown in Parenti-Parmeggiani [17].

Consider now the dynamical system associated with 𝐻𝑝 on 𝑝−1(0) ∖Σ. As in
Section 1, select a smooth non-zero vector field Σ0 ∋ 𝜌 2−→ 𝑣(𝜌) ∈ 𝑇𝜌𝑇 ∗ℝ𝑛+1 such
that

Ker𝐹 (𝜌)2 ∩ Im𝐹 (𝜌)2 = Span{𝑣(𝜌), 𝐹 (𝜌)𝑣(𝜌)}, 𝜌 ∈ Σ0.
Recall that 𝑣(𝜌) is obtained as the image through 𝐹 (𝜌)2 of the one-dimensional
gap between Ker𝐹 3 and Ker𝐹 4.

Let now 𝑆(𝑥, 𝜉) be a smooth real symbol (p.h. of deg. 1) vanishing on Σ such
that

0 ∕= 𝐻𝑆(𝜌)╱╱𝑣(𝜌), 𝜌 ∈ Σ0.

We have, at this point, the following conjectures.

Conjecture 3.1. No null-bicharacteristic of 𝑝 can have limit-points in Σ0 iff

𝐻3
𝑆𝑝
∣∣
Σ0
= 0.

Conjecture 3.2. If 𝐻3
𝑆𝑝
∣∣
Σ0
= 0 and (1.2) holds, then the C.p. for 𝑃 is (at least

microlocally) well posed in 𝐶∞.

Conjecture 3.1 sounds reasonable, but we are still unable to prove it in gen-
eral. We can prove it in case hypothesis (H3) below is satisfied.

As for Conjecture 3.2, again, we do not have a proof in general, but we do
have a proof (see [5]) under the following two additional assumptions, that is under
the following

Hypothesis (H3):

∙ Recall that 1−∣𝑀(𝜌)−1𝛼(𝜌)∣2 is positive when 𝜌 ∈ Σ∖Σ0 and vanishes when
𝜌 ∈ Σ0. We assume that

1− ∣𝑀(𝜌)−1𝛼(𝜌)∣2 vanishes exactly to second order on Σ0. (3.1)

Equivalently, in a more invariant form, the vanishing eigenvalues of 𝐹 (𝜌), as
we approach Σ0, vanish exactly as the distance of 𝜌 to Σ0.
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∙ The second assumption concerns 𝐹 (𝜌)𝑣(𝜌). Because of its definition

𝐹 (𝜌)𝑣(𝜌) ∈ 𝑇𝜌Σ ∩ 𝑇𝜌Σ
𝜎, ∀𝜌 ∈ Σ0.

We assume that

𝐹 (𝜌)𝑣(𝜌) ∈ 𝑇𝜌Σ0 ⊊ 𝑇𝜌Σ, ∀𝜌 ∈ Σ0. (3.2)

We wish to comment on the latter condition. First of all, the condition is
invariant, because for all 𝜌 ∈ Σ0 the vector field 𝑣(𝜌) is in the image through
𝐹 (𝜌)2 of the one-dimensional gap between Ker𝐹 (𝜌)4 and Ker𝐹 (𝜌)3. The second
observation is that at a first glance one might think there is no correlation between
the symplectic nature of Σ0 and the tangency of 𝐹 (𝜌)𝑣(𝜌) to Σ0. On the contrary,
there is indeed a strong link between these two.

Lemma 3.3. Write 𝑧(𝜌) := 𝐹 (𝜌)𝑣(𝜌), 𝜌 ∈ Σ0. Then, for any given 𝜌 ∈ Σ0 the
following conditions are equivalent:

(i) 𝑧(𝜌) ∕∈ 𝑇𝜌Σ0;
(ii) There exists a symplectic subspace 𝑉 ⊂ 𝑇𝜌𝑇 ∗ℝ1+𝑛 such that

𝑇𝜌Σ0 ⊂ 𝑉 ⊂ Span{𝑧(𝜌)}𝜎.

Proof. (ii) ⇒ (i): by contradiction. If 𝑧(𝜌) ∈ 𝑇𝜌Σ0, then 𝑧(𝜌) ∈ 𝑉 ⊂ Span{𝑧(𝜌)}𝜎,
whence 𝑧(𝜌) ∈ 𝑉 ∩ 𝑉 𝜎 = {0}, which is impossible, for we have 𝑧(𝜌) ∕= 0.
(i) ⇒ (ii): as Span{𝑧(𝜌)} ∕⊂ 𝑇𝜌Σ0, we have 𝑇𝜌Σ

𝜎
0 ∕⊂ Span{𝑧(𝜌)}𝜎, i.e., there exists

𝑣 ∈ 𝑇𝜌Σ
𝜎
0 such that 𝜎(𝑣, 𝑧(𝜌)) ∕= 0. Set 𝑊 = Span{𝑣, 𝑧(𝜌)}. Then 𝑊 is symplectic

and so is 𝑊 𝜎. Obviously, 𝑊 𝜎 ⊂ Span{𝑧(𝜌)}𝜎 and 𝑊 ⊂ 𝑇𝜌Σ
𝜎
0 , because 𝑧(𝜌) ∈

Im𝐹 (𝜌) = 𝑇𝜌Σ
𝜎 ⊂ 𝑇𝜌Σ

𝜎
0 . Hence 𝑇𝜌Σ0 ⊂ 𝑊 𝜎, and it suffices to take 𝑉 = 𝑊 𝜎. □

Note, in particular, that when Σ0 is symplectic, then 𝑧(𝜌) is never tangent
to Σ0.

To make an example, consider (1.3) with 𝑥′ = (𝑦′, 𝑦′′) and

𝑓(𝑥1, 𝑥′) =
𝛾1
3

𝑥31 + 𝛾2𝑥1∣𝑦′∣2, 𝛾1, 𝛾2 ≥ 0, 𝛾1 + 𝛾2 > 0.

A direct computation shows that

Σ0 =

⎧⎨⎩
𝜉0 = 𝑥0 = 0, 𝜉1 = 𝑥1 = 0, 𝑦′ = 0, when 𝛾1, 𝛾2 > 0,

𝜉0 = 𝑥0 = 0, 𝜉1 = 𝑥1 = 0, when 𝛾1 > 0, 𝛾2 = 0,

𝜉0 = 𝜉1 = 0, 𝑥0 = 𝑥1, 𝑦′ = 0, when 𝛾1 = 0, 𝛾2 > 0.

Moreover, on Σ0, the vector field 𝑧(𝜌) is a (non-zero) smooth multiple of the vector
field

∂

∂𝑥0
+

∂

∂𝑥1
,

so that 𝑧(𝜌) ∈ 𝑇𝜌Σ0, 𝜌 ∈ Σ0, iff 𝛾1 = 0 and 𝛾2 > 0. Note that, consistently
with Lemma 3.3, in all the other cases Σ0 is either symplectic or contained in a
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symplectic submanifold. Note also that condition 𝐻3
𝑆𝑝
∣∣
Σ0
= 0 is satisfied, for 𝐻𝑆

is a multiple of the vector field

∂

∂𝜉0
− (1 + 𝑓 ′𝑥1

)
∂

∂𝜉1
−
〈
∇𝑥′𝑓,

∂

∂𝜉′

〉
.

To prove at the same time microlocal Carleman estimates and Conjecture
3.1, the standard way (see Ivrii [8]) is to find a microlocal factorization of the
principal symbol 𝑝 of 𝑃 of the kind

𝑝(𝑥, 𝜉) = − (−𝜉0 + ℓ(𝑥, 𝜉′))︸ ︷︷ ︸
𝑁(𝑥,𝜉)

(−𝜉0 − ℓ(𝑥, 𝜉′))︸ ︷︷ ︸
Λ(𝑥,𝜉)

+𝑞(𝑥, 𝜉′), (3.3)

with 𝑞 ≥ 0 vanishing on Σ and
(i) ∣{𝑁,Λ}∣ ≲ ∣Λ−𝑁 ∣+√𝑞,
(ii) ∣{Λ, 𝑞}∣ ≲ 𝑞.

From now on we shall refer to such a factorization as to an Ivrii-factorization.
An Ivrii-factorization of 𝑝 near points of Σ ∖ Σ0 was already proved by Hör-

mander in [6] and Ivrii in [8]. Hence we concentrate on finding a Ivrii-factorization
near any arbitrarily fixed point of Σ0, the main point being the choice of the
symbol ℓ (appearing in 𝑁 and Λ in (3.3)), which is forced on Σ. When 𝑝 is written
as

𝑝(𝑥, 𝜉) = −𝜉20 +
𝑑∑

𝑗=1

𝑓𝑗(𝑥, 𝜉′)2,

then, for 𝜌 ∈ Σ,

𝐻Λ(𝜌) = −𝐻𝜉0(𝜌)−
𝑑∑

𝑗=1

(𝑀(𝜌)−1𝛼(𝜌))𝑗𝐻𝑓𝑗 (𝜌) =: −𝐻𝜉0(𝜌)−⟨𝑀(𝜌)−1𝛼(𝜌), 𝐻𝑓 (𝜌)⟩.

Note that 𝐻Λ(𝜌) is collinear to 𝑧(𝜌). One then starts by taking (see [5])

ℓ(𝑥, 𝜉′) =
𝑑∑

𝑗=1

𝜆𝑗(𝑥, 𝜉′)𝑓𝑗(𝑥, 𝜉′) = ⟨𝜆(𝑥, 𝜉′), 𝑓(𝑥, 𝜉′)⟩,

where

𝜆(𝜌) =

⎡⎢⎣ 𝜆1(𝜌)
...

𝜆𝑑(𝜌)

⎤⎥⎦ = 𝑀(𝜌)−1𝛼(𝜌), 𝜌 ∈ Σ,

with ∣𝜆(𝑥, 𝜉′)∣ ≤ 1 and ∣𝜆(𝑥, 𝜉′)∣ = 1 only on Σ0, with 1 − ∣𝜆∣ vanishing exactly to
second order on Σ0. Then, necessarily,

𝑞(𝑥, 𝜉′) = ∣𝑓(𝑥, 𝜉′)∣2 − ⟨𝜆(𝑥, 𝜉′), 𝑓(𝑥, 𝜉′)⟩2,
so that 𝑞 is transversally elliptic with respect to Σ only if we stay away from Σ0.

Unfortunately, without any further condition the above factorization does not
satisfy Ivrii’s condition (ii). To cope with this problem, we first of all microlocally



On the Cauchy Problem for Hyperbolic Operators 257

choose new equations for Σ′, 𝜓 = 0, 𝜁1 = ⋅ ⋅ ⋅ = 𝜁𝑑−1 = 0, so that 𝜓 = ⟨𝜆, 𝑓⟩, and
𝑞 = ℎ𝜓2 +

∑
𝑗 𝜁2𝑗 = ℎ𝜓2 + ∣𝜁∣2, where ℎ = (1 − ∣𝜆∣2)/∣𝜆∣2 ≥ 0 vanishes exactly to

second order on Σ0.
In order to control the Poisson bracket

−{Λ, 𝑞} = {𝜉0 + 𝜓, ℎ𝜓2 + ∣𝜁∣2}
by 𝑞, we have to control the two terms {𝜉0+𝜓, ℎ𝜓2} and {𝜉0+𝜓, ∣𝜁∣2}, which give
different kinds of problems.

As for the former, we write

{𝜉0 + 𝜓, ℎ𝜓2} = 2ℎ𝜓{𝜉0 + 𝜓, 𝜓}+ 𝜓2{𝜉0 + 𝜓, ℎ}.
The first term is harmless, because 𝐻Λ is tangent to Σ, so that

∣ℎ𝜓{𝜉0 + 𝜓, 𝜓}∣ ≤ 𝐶(ℎ𝜓2 + ∣𝜁∣2),
and the second term is under control, for 𝐻Λ(𝜌) ∈ 𝑇𝜌Σ0 on Σ0, so that, ℎ vanishing
exactly to second order on Σ0, we have

∣{𝜉0 + 𝜓, ℎ}∣𝜓2 ≤ 𝐶ℎ𝜓2 near Σ0.

As for the latter term, {𝜉0 + 𝜓, ∣𝜁∣2}, this requires taking into account the
condition 𝐻3

𝑆𝑝
∣∣
Σ0
= 0, which is at this point used to deform Λ (and accordingly

𝑁) by adding to −𝜉0 − 𝜓 terms that vanish to higher order on Σ′ (see [5] for the
non-trivial details).

In the end, we get⎧⎨⎩
Λ = −𝜉0 − 𝜓 − (higher-order terms in 𝜓, 𝜁)

𝑁 = −𝜉0 + 𝜓 + (the same higher-order terms)

𝑞 ≈ 𝑞 = ℎ𝜓2 + ∣𝜁∣2 + 𝜓4/∣𝜉′∣2.

The next step is to use the factorization to prove microlocal (forward) Car-
leman estimates: For any given 𝜏 ∈ ℝ and any given compact 𝐾 ⊂ ℝ𝑛+1, for any
given (properly supported) microlocalizer 𝜒(𝑥, 𝜉′) supported in a conic neighborhood
(with compact base), there exists 𝐶 > 0 and 𝜆0 ≫ 1 such that for all 𝑣 ∈ 𝐶∞

0 (𝐾)
and 𝑢 = 𝜒(𝑥, 𝐷′)𝑣 one has

𝜆4
∫ ∞

0

𝑒2𝜆𝑥0 ∣𝑢∣2𝜏𝑑𝑥0 + 𝜆2
∫ ∞

0

𝑒2𝜆𝑥0 ∣𝑢∣2𝜏+1/2𝑑𝑥0 ≤ 𝐶

∫ ∞

0

𝑒2𝜆𝑥0 ∣𝑃 𝑢∣2𝜏𝑑𝑥0, (3.4)

for all 𝜆 ≥ 𝜆0.
Here ∣𝑢∣𝜏 is the Sobolev norm of order 𝜏 with respect to the space variables 𝑥′.

By Hörmander [6], things are OK when 𝜒 is supported away from Σ0. So,
we need only prove (3.4) when supp𝜒 ∩ Σ0 ∕= ∅. We shall sketch the proof when
𝜏 = 0.

Remark 3.4. It is useful to take into account that estimates (3.4) are invariant

∙ through conjugation by a unitary, zeroth-order Fourier integral operator in
𝑥′, depending smoothly on 𝑥0;

∙ by perturbations of 𝑃 by zeroth-order terms.
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To simplify notation, we shall denote by OPS𝑚 the class of all classical,
properly supported 𝜓dos 𝐴(𝑥, 𝐷′) which depend smoothly on 𝑥0 and are pseudo-
differential of order 𝑚 in 𝑥′ (the total symbol 𝑎(𝑥, 𝜉′) of 𝐴(𝑥, 𝐷′) will be written
as 𝑎𝑚(𝑥, 𝜉′) + 𝑎𝑚−1(𝑥, 𝜉′) + ⋅ ⋅ ⋅ ).

By Remark 3.4, we may therefore suppose 𝑃 of the form

𝑃 = −𝐷2
0 +𝐴(𝑥, 𝐷′) + 𝑖𝐵(𝑥, 𝐷′),

where 𝐴 = 𝐴∗ ∈ OPS2, with principal symbol 𝑎2 ≥ 0 vanishing exactly to second
order on Σ′, 𝐵 = 𝐵∗ ∈ OPS1. Notice that

Re 𝑝𝑠1 = Re 𝑎1, Im 𝑝𝑠1 = 𝑏1.

Hence, condition (1.2) reads

Re 𝑎1(𝜌) + Tr
+𝐹 (𝜌) > 0, 𝑏1(𝜌) = 0, ∀𝜌 ∈ Σ.

It is at this point that we have to exploit the factorization of 𝑝 that we have
constructed before.

On defining

Λ(𝑥, 𝐷) := −𝐷0 − 𝐿(𝑥, 𝐷′), 𝑁(𝑥, 𝐷) = −𝐷0 + 𝐿(𝑥, 𝐷′),

with 𝐿 = 𝐿∗ ∈ OPS1, ℓ1 = ℓ, we have

𝑃 = −𝑁Λ +𝑄+ 𝑖𝑅,

with 𝑄 = 𝑄∗ ∈ OPS2, 𝑞2 = 𝑞, 𝑅 = 𝑅∗ ∈ OPS1, and
𝑞𝑠1
∣∣
Σ
= Re 𝑝𝑠1

∣∣
Σ

, 𝑟1 = 𝑏1 + {𝜉0 + ℓ1, ℓ1}.
Remark 3.5. We have 𝐻Λ(𝜌) = −𝐻𝜉0+ℓ1(𝜌), with ℓ1

∣∣
Σ
= 0, so that by the tangency

we get {𝜉0 + ℓ1, ℓ1}
∣∣
Σ
= 0. Hence 𝑟1

∣∣
Σ
= 0.

Now, following Hörmander, estimates (3.4) are obtained through an energy
form of the kind

𝐸(𝑥0;𝑢) = ∣Λ(𝑥, 𝐷)𝑢∣2 + (𝑄𝑢, 𝑢).

One next computes 𝑑𝐸/𝑑𝑥0, considers −
∫ ∞

0

𝑒2𝜆𝑥0(𝑑𝐸/𝑑𝑥0)𝑑𝑥0 and integrates by

parts, and runs into a problem:

Problem: One has to control ∣(𝑅2𝑢, 𝑢)∣ by (𝑄𝑢, 𝑢). Since we are in a situation
where 𝑄 is not transversally elliptic, the usual approach does not work.

Luckily, there is a remedy to this. We modify Λ(𝑥, 𝐷) by a zeroth-order term
as follows:

Λ̃(𝑥, 𝐷) := Λ(𝑥, 𝐷)− 𝑖𝑆(𝑥, 𝐷′), 𝑆 = 𝑆∗ ∈ OPS0,
so that, modulo OPS0,

𝑃 = −𝑁 Λ̃ +𝑄+ 𝑖𝑅̃+ 𝑖𝑆Λ̃,

and we may choose 𝑆 in such a way that

𝑟1 = 𝑂(
√

𝑞).
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The term 𝑆Λ̃ will be under control, provided we choose the right energy:

𝐸(𝑥0;𝑢) = ∣Λ̃(𝑥, 𝐷)𝑢∣2 + (𝑄𝑢, 𝑢).

Then
𝑑𝐸

𝑑𝑥0
= − 2Im(𝑃 𝑢, Λ̃𝑢) + 𝑖([𝑄,Λ]𝑢, 𝑢) + 2Re(𝑆𝑄𝑢, 𝑢)

+ 2Re(𝑅̃𝑢, Λ̃𝑢) + 2(𝑆Λ̃𝑢, Λ̃𝑢),

and, through an integration by parts, from

−
∫ ∞

0

𝑒2𝜆𝑥0
𝑑𝐸

𝑑𝑥0
𝑑𝑥0 = 𝐸(0) + 2𝜆

∫ ∞

0

𝑒2𝜆𝑥0𝐸(𝑥0)𝑑𝑥0,

one arrives at, for 𝜆 ≥ 𝜆0 ≫ 1,

𝜆𝐸(0) +𝜆2
∫ ∞

0

𝑒2𝜆𝑥0 ∣Λ̃𝑢∣2𝑑𝑥0 +𝜆2
∫ ∞

0

𝑒2𝜆𝑥0(𝑄𝜆𝑢, 𝑢)𝑑𝑥0 ≤ 𝐶

∫ ∞

0

𝑒2𝜆𝑥0 ∣𝑃 𝑢∣2𝑑𝑥0,

with 𝑄𝜆 given by

𝑄𝜆 = 𝑄+
1

2𝜆
(𝑆𝑄+𝑄𝑆)− 1

2𝜆𝑖
[𝑄,Λ]− 1

𝜆2
𝑅̃2. (3.5)

It is elementary to control the term containing ∣Λ̃𝑢∣2. In fact one has
𝜆3

2
∣𝑢(0)∣2 + 𝜆4

2

∫ ∞

0

𝑒2𝜆𝑥0 ∣𝑢∣2𝑑𝑥0 ≤ 𝜆2
∫ ∞

0

𝑒2𝜆𝑥0 ∣Λ̃𝑢∣2𝑑𝑥0.

To see this, write −Λ̃ = 𝐷0 + 𝑍(𝑥, 𝐷′), where 𝑍 has order 1 and real principal
symbol. Then

𝑑

𝑑𝑥0
∣𝑢(𝑥0)∣2 = − 2Im(Λ̃𝑢, 𝑢)− 𝑖((𝑍 − 𝑍∗)︸ ︷︷ ︸

order 0

𝑢, 𝑢),

−
∫ ∞

0

𝑒2𝜆𝑥0
𝑑

𝑑𝑥0
∣𝑢∣2𝑑𝑥0 = ∣𝑢(0)∣2 + 2𝜆

∫ ∞

0

𝑒2𝜆𝑥0 ∣𝑢∣2𝑑𝑥0,

whence, by the Cauchy-Schwarz inequality,

1

𝜆

∫ ∞

0

𝑒2𝜆𝑥0 ∣Λ̃𝑢∣2𝑑𝑥0 ≥ ∣𝑢(0)∣2 + (𝜆− 𝐶)︸ ︷︷ ︸
≥𝜆/2

∫ ∞

0

𝑒2𝜆𝑥0 ∣𝑢∣2𝑑𝑥0,

which proves the claim when 𝜆0 is chosen sufficiently large.
Next, to control the term (𝑄𝜆𝑢, 𝑢), we have to use Melin’s inequality (see,

e.g., Hörmander [7]).

Theorem 3.6. Suppose that 𝐴 = 𝐴∗ is a 𝜓do with symbol 𝑎 ∼ 𝑎𝑚 + 𝑎𝑚−1 + ⋅ ⋅ ⋅
satisfying

𝑎𝑚 ≥ 0, and 𝑎𝑚 = 0 =⇒ 𝑎𝑠𝑚−1 +Tr
+𝐹 > 0.

Then for any given compact 𝐾 there exist 𝑐𝐾 , 𝐶𝐾 > 0 such that

(𝐴𝑢, 𝑢) ≥ 𝑐𝐾 ∣𝑢∣2(𝑚−1)/2 − 𝐶𝐾 ∣𝑢∣2(𝑚−2)/2, ∀𝑢 ∈ 𝐶∞
0 (𝐾).
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To be in a position to use Melin’s theorem, we have to examine the principal
and subprincipal symbols, 𝑞𝜆,2 and 𝑞𝑠𝜆,1, respectively, and the Hamilton map 𝐹𝑞𝜆,2

of 𝑄𝜆. One has

𝑞𝜆,2 =
(
1 +

𝑠0
𝜆

)
𝑞 +

1

2𝜆
{𝜉0 + ℓ1, 𝑞} − 1

𝜆2
𝑟21 ≳ 𝑞, provided 𝜆 ≥ 𝜆0 ≫ 1,

𝑞𝑠𝜆,1(𝜌) = 𝑞𝑠1(𝜌) +
1

2𝜆
(𝐻Λ𝑞)(𝜌) = 𝑞𝑠1(𝜌), 𝜌 ∈ Σ,

and

𝐹𝑞𝜆,2(𝜌) = 𝐹𝑞(𝜌) +
1

𝜆
𝑠0(𝜌)𝐹𝑞(𝜌) +

1

2𝜆
𝐹{𝜉0+ℓ1,𝑞}(𝜌)−

1

𝜆2
𝐹𝑟21

(𝜌).

Hence,

𝐹𝑞𝜆,2(𝜌) −→ 𝐹𝑞(𝜌), as 𝜆 → +∞, locally uniformly in 𝜌 ∈ Σ.
Since

Tr+𝐹𝑞(𝜌) = Tr
+𝐹 (𝜌), 𝜌 ∈ Σ,

Melin’s inequality yields the inequality

𝜆2
∫ ∞

0

𝑒2𝜆𝑥0(𝑄𝜆𝑢, 𝑢)𝑑𝑥0 ≥ 𝑐1𝜆
2

∫ ∞

0

𝑒2𝜆𝑥0 ∣𝑢∣21/2𝑑𝑥0 − 𝑐2𝜆
2

∫ ∞

0

𝑒2𝜆𝑥0 ∣𝑢∣2𝑑𝑥0.

(3.6)
Melin’s inequality is also used to control from below (𝑄(0, 𝑥′, 𝐷′)𝑢(0), 𝑢(0))

by −𝐶∣𝑢(0)∣2, and hence to get rid of the term 𝜆𝐸(0) by using the term 𝜆3∣𝑢(0)∣2
with 𝜆 large.

Hence we arrive at

𝜆4
∫ ∞

0

𝑒2𝜆𝑥0 ∣𝑢∣2𝑑𝑥0 + 𝜆2
∫ ∞

0

𝑒2𝜆𝑥0 ∣𝑢∣21/2𝑑𝑥0 ≤ 𝐶

∫ ∞

0

𝑒2𝜆𝑥0 ∣𝑃 𝑢∣2𝑑𝑥0, (3.7)

for all 𝜆 ≥ 𝜆0 ≫ 1, and we are done.
To pass from the Sobolev order 𝜏 = 0 to the Sobolev order 𝜏 ∕= 0, we take

𝑀𝜏 = 𝑀𝜏 (𝑥
′, 𝐷′) with principal symbol ∣𝜉′∣𝜏 and parametrix 𝑀 ′

−𝜏 , and see at once
that the Carleman estimate (3.4) with 𝜏 = 0 gives the Carleman estimate (3.4)
with 𝜏 ∕= 0, just by the replacements

𝑢 ⇝ 𝑀𝜏𝑢, 𝑃 ⇝ 𝑀𝜏𝑃 𝑀 ′
−𝜏 .

Since 𝑃 and 𝑀𝜏𝑃 𝑀 ′
−𝜏 have equal principal symbols and on Σ equal subprincipal

symbols, we are done.

Remark 3.7. One gets in the same way estimates when
∫∞
0 is replaced by

∫∞
𝑡 ,

any given 𝑡 ∈ ℝ, and also when
∫∞
0 𝑒2𝜆𝑥0 is replaced by

∫ 𝑡
−∞ 𝑒−2𝜆𝑥0 .

The natural step at this point would be passing from microlocal Carleman
estimates to local Carleman estimates. This requires taking under control the
commutators [𝑃, 𝜒], which is no problem when 𝜒 is supported away from Σ0, but
that in fact seems to be out of control near Σ0, for it involves control from below of

(𝑄𝜆𝑢, 𝑢)− 𝜀(𝑍∗𝑍𝑢, 𝑢), 0 < 𝜀 ≪ 1,
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for an arbitrary first-order operator 𝑍(𝑥, 𝐷′), the principal symbol of which we only
know that it vanishes on Σ. Hence, the alluded to control is in general impossible
regardless the size of 𝜆 and 𝜀, because 𝑄𝜆 is not transversally elliptic.

Henceforth, we just have microlocal energy estimates, and a plan for proving
𝐶∞ well-posedness seems to go through a combination of microlocal estimates and
results on the propagation of singularities.

We now wish to give an idea of this, at least in the case 𝑝(𝑥, 𝜉) = −𝜉20 +
∣𝑓(𝑥, 𝜉′)∣2. Recall that when 𝜌 ∈ Σ, the hyperbolicity cone of the localized polyno-
mial 𝜎(𝑣, 𝐹 (𝜌)𝑣) is defined to be

Γ𝜌 = {𝑣 ∈ 𝑇𝜌𝑇 ∗ℝ𝑛+1; 𝜎(𝑣, 𝐻𝜉0 (𝜌)) > ∣𝜎(𝑣, 𝐻𝑓 (𝜌))∣},
and its polar by

Γ𝜎𝜌 := {𝑤 ∈ 𝑇𝜌𝑇 ∗ℝ𝑛+1; 𝜎(𝑤, 𝑣) ≥ 0, ∀𝑣 ∈ Γ𝜌}.
(Recall, see, e.g., Wakabayashi [18], the “semicontinuity property” of the cone-
field 𝜌 2−→ Γ𝜌: Given 𝜌0 ∈ Σ, and given 𝐾, a compact set in Γ𝜌0 , there exists a
neighborhood 𝑈 of 𝜌0 in Σ such that 𝐾 ⊂ Γ𝜌 for all 𝜌 ∈ 𝑈 .)

As is well known (see, e.g., Hörmander [6]),

𝜌 ∈ Σ− ⇐⇒ Γ𝜌 ∩Ker𝐹 (𝜌)2 ∕= ∅,
and the proper time-directions to derive energy estimates are chosen in

𝐹 (𝜌)
(
Γ𝜌 ∩Ker𝐹 (𝜌)2

)
.

Lemma 3.8. Let 𝜌 ∈ Σ−. Denote by Γ̇𝜎𝜌 := {𝑤 ∈ 𝑇𝜌𝑇 ∗ℝ𝑛+1; 𝜎(𝑤, 𝑣) > 0, ∀𝑣 ∈ Γ𝜌},
the “interior” of Γ𝜎𝜌 . Then

𝐹 (𝜌)
(
Γ𝜌 ∩Ker𝐹 (𝜌)2

)
= Γ̇𝜎𝜌 ∩

(
𝑇𝜌Σ ∩ 𝑇𝜌Σ

𝜎
)

.

Proof. We start by defining the linear maps

𝛾 = 𝛾𝜌 : 𝑇𝜌𝑇 ∗ℝ𝑛+1 ∋ 𝑣 2−→
[

𝜎(𝑣, 𝐻𝜉0 (𝜌))
𝜎(𝑣, 𝐻𝑓 (𝜌))

]
∈ ℝ× ℝ𝑑,

𝜃 = 𝜃𝜌 : ℝ× ℝ𝑑 ∋
[

𝜁0
𝜁′

]
2−→ −𝜁0𝐻𝜉0(𝜌) + ⟨𝜁 ′, 𝐻𝑓(𝜌)⟩ ∈ 𝑇𝜌𝑇 ∗ℝ𝑛+1.

Using

𝐹 (𝜌)𝑣 = −𝜎(𝑣, 𝐻𝜉0(𝜌))𝐻𝜉0 (𝜌) + ⟨𝜎(𝑣, 𝐻𝑓 (𝜌)), 𝐻𝑓 (𝜌)⟩,
one then computes

Ker𝐹 (𝜌)2 =

{
𝑣; 𝛾(𝑣) =

[
𝜁0

𝜁′ − 𝜁0𝑀(𝜌)−1𝛼(𝜌)

]
, 𝜁0 ∈ ℝ, 𝜁′ ∈ Ker𝑀(𝜌)

}
,

Γ𝜌 =

{
𝑣; 𝛾(𝑣) =

[
𝜂0
𝜂′

]
, 𝜂0 > ∣𝜂′∣

}
,
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and

Ker𝐹 (𝜌)2 ∩ Γ𝜌 =
{

𝑣; 𝛾(𝑣) =

[
𝜁0

𝜁′ − 𝜁0𝑀(𝜌)−1𝛼(𝜌)

]
,

𝜁0 > 0, 𝜁0 >
∣𝜁′∣√

1− ∣𝑀(𝜌)−1𝛼(𝜌)∣2 , 𝜁′ ∈ Ker𝑀(𝜌)

}
.

Let now 𝑣 ∈ Ker𝐹 (𝜌)2 ∩ Γ𝜌, with 𝛾(𝑣) =

[
𝜁0

𝜁′ − 𝜁0𝑀(𝜌)−1𝛼(𝜌)

]
. Then

𝑤 = 𝐹 (𝜌)𝑣 = 𝜃(𝛾(𝑣)) = −𝜁0𝐻𝜉0 + ⟨𝜁′ − 𝜁0𝑀(𝜌)−1𝛼(𝜌), 𝐻𝑓 (𝜌)⟩,
with 𝜁0 > ∣𝜁′∣/√1− ∣𝑀(𝜌)−1𝛼(𝜌)∣2. Hence 𝑤 ∕= 0. Notice that since 𝑇𝜌Σ =

Ker𝐹 (𝜌) and Im𝐹 (𝜌) =
(
Ker𝐹 (𝜌)

)𝜎
= 𝑇𝜌Σ

𝜎, it is immediate that 𝑤 ∈ 𝑇𝜌Σ ∩
𝑇𝜌Σ

𝜎. If we prove that 𝑤 ∈ Γ̇𝜎𝜌 , we then have

𝐹 (𝜌)
(
Ker𝐹 (𝜌)2 ∩ Γ𝜌

)
⊂ Γ̇𝜎𝜌 ∩

(
𝑇𝜌Σ ∩ 𝑇𝜌Σ

𝜎
)

.

Now, for any given 𝑣 ∈ Γ𝜌 with 𝛾(𝑣) =
[ 𝜂0
𝜂′
]
,

𝜎(𝑤, 𝑣) = 𝜁0

(
𝜂0 +

〈
𝑀(𝜌)−1𝛼(𝜌) − 𝜁′

𝜁0
, 𝜂′
〉)

,

and since∣∣∣∣𝑀(𝜌)−1𝛼(𝜌)− 𝜁′

𝜁0

∣∣∣∣2 < 1, we get 𝜂0 +

〈
𝑀(𝜌)−1𝛼(𝜌)− 𝜁′

𝜁0
, 𝜂′
〉
≥ 𝜂0 − ∣𝜂′∣ > 0,

which gives the claimed inclusion.

Conversely, let 𝑤 ∈ Γ̇𝜎𝜌 ∩
(

𝑇𝜌Σ ∩ 𝑇𝜌Σ
𝜎
)

. Then 𝑤 ∕= 0 and 𝑤 ∈ Im𝐹 (𝜌), so

that we may write 𝑤 = −𝜆0𝐻𝜉0(𝜌)+ ⟨𝜆′, 𝐻𝑓 (𝜌)⟩. Since, on the other hand, we also
have 𝐹 (𝜌)𝑤 = 0, it then follows that

0 = 𝐹 (𝜌)𝑤 = 𝜃(𝛾(𝑤)) = 𝜃

[
𝜎(𝑤, 𝐻𝜉0 (𝜌))
𝜎(𝑤, 𝐻𝑓 (𝜌))

]
= 𝜃

[ −⟨𝛼(𝜌), 𝜆′⟩
−𝜆0𝛼(𝜌) −𝑀(𝜌)𝜆′

]
,

whence

𝑀(𝜌)(𝜆′ + 𝜆0𝑀(𝜌)−1𝛼(𝜌)) = 0 =⇒ 𝜆′ = −𝜆0𝑀(𝜌)−1𝛼(𝜌) + 𝜃′, 𝜃′ ∈ Ker𝑀(𝜌).

Therefore we have

0 ∕= 𝑤 = −𝜆0𝐻𝜉0(𝜌) + ⟨𝜃′ − 𝜆0𝑀(𝜌)−1𝛼(𝜌), 𝐻𝑓 (𝜌)⟩,
and, for 𝑣 ∈ Γ𝜌 with 𝛾(𝑣) =

[ 𝜂0
𝜂′
]

,

0 < 𝜎(𝑤, 𝑣) = 𝜆0𝜂0 + ⟨𝜆0𝑀(𝜌)−1𝛼(𝜌)− 𝜃′, 𝜂′⟩,
for all

[ 𝜂0
𝜂′
]
with 𝜂0 > ∣𝜂′∣. It thus follows that

𝜆0 > ∣𝜆0𝑀(𝜌)−1𝛼(𝜌)− 𝜃′∣,
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and since ∣𝜆0𝑀(𝜌)−1𝛼(𝜌)− 𝜃′∣2 = 𝜆20∣𝑀(𝜌)−1𝛼(𝜌)∣2 + ∣𝜃′∣2, we obtain
𝜆0 > ∣𝜃′∣

/√
1− ∣𝑀(𝜌)−1𝛼(𝜌)∣2 ,

that is, 𝑤 = 𝐹 (𝜌)𝑣0 with 𝛾(𝑣0) =
[
𝜆0

𝜆′
]

, whence

𝑤 ∈ 𝐹 (𝜌)
(
Ker𝐹 (𝜌)2 ∩ Γ𝜌

)
,

which shows the remaining inclusion and proves the lemma. □

This observation allows us to define the following family of sets:

Σ ∋ 𝜌 2−→ 𝑉𝜌 :=

{
Γ̇𝜎𝜌 ∩

(
𝑇𝜌Σ ∩ 𝑇𝜌Σ

𝜎
)
, for 𝜌 ∈ Σ−

ℝ+𝑧(𝜌)
(⊂ 𝑇𝜌Σ ∩ 𝑇𝜌Σ

𝜎
)
, for 𝜌 ∈ Σ0,

where 𝑧(𝜌) is the vector field of Lemma 3.3.

Remark 3.9. Notice that 𝑉𝜌 ⊂ 𝑇𝜌Σ∩ 𝑇𝜌Σ
𝜎 for all 𝜌 ∈ Σ. Since 𝑧(𝜌) ∈ 𝑇𝜌Σ0, when

𝜌 ∈ Σ0, we therefore have
𝑉𝜌 ⊂ 𝑇𝜌Σ0 ∩ 𝑇𝜌Σ

𝜎
0 ∕= {0}, ∀𝜌 ∈ Σ0,

because Σ0 is not symplectic.

We next define the microlocal influence domain (in the future) by

𝐾+
𝜌 := {𝛾(𝑡); 𝛾 : [0, 𝑇𝛾]

Lipschitz−→ Σ, 𝛾(0) = 𝜌, 𝛾̇(𝑡) ∈ 𝑉𝛾(𝑡) 𝑡−a.e.}.
The theorem we expect to prove (which is work in progress) is the following.

Theorem 3.10. If 𝜌 ∈ Σ ∖WF(𝑃 𝑢) and, for some neighborhood 𝑈 ⊂ 𝑇 ∗ℝ𝑛+1 of 𝜌,

WF(𝑢) ∩ 𝑈 ∩
(

𝐾+
𝜌 ∖ {𝜌}

)
= ∅,

then 𝜌 ∕∈WF(𝑢).
We expect that an analogous result holds in the case of the (Sobolev-based)

wave-front sets WF𝜏 (𝑃 𝑢) and WF𝜏+1/2(𝑢).
We hope that the combination of microlocal estimates and results on the

propagation of singularities give hold on the whole 𝐶∞ well-posedness of the C.p.,
in the spirit of work done by Kajitani and Wakabayashi.

4. Conjectures when Σ = Σ+ ⊔ Σ0.

This case is much more difficult to treat, in that, to start with, one should find
the correct Ivrii-Petkov-Hörmander condition (1.1). One should bear in mind that
we must have (1.1) on Σ0, but no condition at all on 𝑝𝑠1(𝜌) is a priori expected as
long as 𝜌 stays away from Σ0.

To simplify things a little, let us suppose that Tr+𝐹 (𝜌) > 0 at every 𝜌 ∈ Σ.
Let 𝜆(𝜌), 𝜌 ∈ Σ ∖Σ0, be the real positive (smooth) eigenvalue of 𝐹 (𝜌), and extend
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𝜆 to Σ by putting 𝜆(𝜌) = 0 when 𝜌 ∈ Σ0. Recall also that
𝜆(𝜌) ≈

√
∣𝑀(𝜌)−1𝛼(𝜌)∣2 − 1.

Now, for 𝜌 ∈ 𝕊∗Σ (where the cosphere 𝕊∗Σ of Σ is defined to be the set of those
𝜌 ∈ Σ which have fiber 𝜉 of length 1) and 0 < 𝜀 ≪ 1, consider the closed set
𝐼𝜀(𝜌) ⊂ ℂ given by

𝐼𝜀(𝜌) = {𝑧 ∈ ℂ; Im 𝑧 = 0, ∣Re 𝑧∣ ≤ Tr+𝐹 (𝜌)− 𝜀}.
Let us consider the following analog of the Ivrii-Petkov-Hörmander condition:

For any given 𝜌0 ∈ 𝕊∗Σ0 there is a neighborhood 𝑉 ⊂ 𝕊∗Σ of 𝜌0 and some
0 < 𝜀 ≪ 1 such that

dist(𝑝𝑠1(𝜌), 𝐼𝜀(𝜌)) ≤ 𝐶𝜆(𝜌)2, 𝜌 ∈ 𝑉, (4.1)

for some 𝐶 > 0 independent of 𝜌 and 𝜀.

Condition (4.1) obviously implies

Im 𝑝𝑠1(𝜌) = 0, ∣Re 𝑝𝑠1(𝜌)∣ < Tr+𝐹 (𝜌), ∀𝜌 ∈ Σ0,
but is very demanding on the behavior of 𝑝𝑠1(𝜌) as 𝜌 approaches Σ0 from within Σ+.

Condition (4.1) should be compared with Melrose’s conjecture (see Melrose
[13]), which states the following: If the C.p. for 𝑃 is well posed in Ω ∩ {𝑡 > 0},
where Ω ∋ 0 is an open set of ℝ𝑛+1, then 𝑠(𝜌)/𝜆(𝜌) is uniformly bounded in Σ+
for all 𝜌 ∈ Σ+ ∩ (𝑇 ∗𝑉0 ∖ 0), where 𝑉0 is some neighborhood of 0 ∈ ℝ𝑛+1 and where

𝑠(𝜌) := ∣Im 𝑝𝑠𝑚−1(𝜌)∣+ inf{∣Re 𝑝𝑠1(𝜌)− 𝑠∣; ∣𝑠∣ ≤ Tr+𝐹 (𝜌)}.
Now, once more, we are faced with another difficult geometric problem related

to the null-bicharacteristics of 𝑝. As in the preceding cases, we can consider𝐻3
𝑆𝑝
∣∣
Σ0

.

Problem: Is condition 𝐻3
𝑆𝑝
∣∣
Σ0
= 0 necessary and/or sufficient to ensure that no

null-bicharacteristic of 𝑝 can tangentially enter Σ0?

The problem is open.

On the side of the C.p. we have the following conjecture.

Conjecture 4.1. Suppose that Σ0 is non-symplectic and that 𝐻3
𝑆𝑝
∣∣
Σ0
= 0. If 𝜆(𝜌)2

vanishes exactly to second order on Σ0 and 𝐹 (𝜌)𝑣(𝜌) ∈ 𝑇𝜌Σ0, and if (4.1) holds,
then the C.p. is 𝐶∞ well posed.

5. A final example

We end this paper by giving an example, which puts at work the approach we
explained in Setions 2 and 3, and for which the C.p. is well posed, not only mi-
crolocally, in 𝐶∞, this being due to the fact that the Ivrii-factorization that is
constructed is global (and not only microlocal).

Let 𝜇 > 0 and let

𝑝(𝑥, 𝜉) = −𝜉20 + 𝜉21 + 𝜉22 + 𝜇2𝑥22∣𝜉′′∣2 + (𝑥0 − 𝑥1 − 𝑓(𝑥1, 𝑥′′))2∣𝜉′′∣2,
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where 𝜉′′ = (𝜉3, . . . , 𝜉𝑛), 𝑥′′ = (𝑦′, 𝑦′′), 𝑓(𝑥1, 𝑥′′) = 𝛾𝑥1∣𝑦′∣2 with 𝛾 > 0. Then

Σ = {𝜉0 = 𝜉1 = 𝜉2 = 0, 𝑥2 = 0, 𝑥0 = 𝑥1 + 𝑓(𝑥1, 𝑥′′), 𝜉′′ ∕= 0},

𝛼(𝜌) =

⎡⎢⎢⎣
0
0
0
∣𝜉′′∣

⎤⎥⎥⎦ , 𝑀(𝜌) =

⎡⎢⎢⎣
0 0 0 −𝑓 ′𝑥1

∣𝜉′′∣
0 0 𝜇∣𝜉′′∣ 0
0 −𝜇∣𝜉′′∣ 0 0

𝑓 ′𝑥1
∣𝜉′′∣ 0 0 0

⎤⎥⎥⎦ ,

𝑀(𝜌)−1𝛼(𝜌) =

⎡⎢⎢⎣
1/(1 + 𝑓 ′𝑥1

)
0
0
0

⎤⎥⎥⎦ ,

so that ∣𝑀(𝜌)−1𝛼(𝜌)∣ = 1/(1 + 𝛾∣𝑦′∣2) and
Σ0 = {𝜉0 = 𝜉1 = 𝜉2 = 0, 𝑥0 = 𝑥1, 𝑥2 = 0, 𝑦′ = 0, 𝜉′′ ∕= 0},

which is non-symplectic, and we have a Ivirii-factorization by taking

Λ = −𝜉0 − 1

1 + 𝛾∣𝑦′∣2 𝜉1.

Hence at 𝜌 ∈ Σ0
𝐻Λ(𝜌) =

∂

∂𝑥0
+

∂

∂𝑥1
∈ 𝑇𝜌Σ0,

and as 𝐻𝑆 one may choose a multiple of

∂

∂𝜉0
− (1 + 𝑓 ′𝑥1

)
∂

∂𝜉1
−
〈
∇𝑥′′𝑓,

∂

∂𝜉′′

〉
,

and check that 𝐻3
𝑆𝑝
∣∣
Σ0
= 0. Finally, the eigenvalues of 𝐹 (𝜌) are given by ±𝑖𝜇∣𝜉′′∣

and ±𝑖∣𝜉′′∣√𝑓 ′𝑥1
(2 + 𝑓 ′𝑥1

), so that

Tr+𝐹 (𝜌) = 𝜇∣𝜉′′∣+ ∣𝜉′′∣
√

𝛾∣𝑦′∣2(2 + 𝛾∣𝑦′∣2).
The admissible lower-order terms are of the form

𝑝1(𝑥, 𝜉) = 𝑎𝜉0 + 𝑏𝜉1 + 𝑐𝜉2 + ⟨𝑑, 𝜉′′⟩,
where Im 𝑑

∣∣
Σ
= 0, and ∣Re 𝑑

∣∣
Σ
∣ < 𝜇+

√
𝛾∣𝑦′∣2(2 + 𝛾∣𝑦′∣2).

For the relative operator 𝑃 , the C.p. is (locally) well posed in 𝐶∞.
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[6] L. Hörmander. The Cauchy problem for differential equations with double charac-
teristics. J. Analyse Math. 32 (1977), 118–196.
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1. Definitions of modulation spaces

The modulation space was introduced by Feichtinger [15] in 1983. We denote by
𝔖 the Schwartz space and by 𝔖′ its dual space. Let 𝑓, 𝑔 be Schwartz functions,
and set

𝑉𝑔𝑓(𝑥, 𝜔) =

∫
ℝ𝑛

𝑒−i𝑡𝜔𝑔(𝑡− 𝑥)𝑓(𝑡)𝑑𝑡.

𝑉𝑔𝑓 is said to be the short-time Fourier transform of 𝑓 . In the following, if there
is no explanation, we will always assume that

−∞ < 𝑠 < ∞, 0 < 𝑝, 𝑞 ≤ ∞, ⟨⋅⟩ = (1 + ∣ ⋅ ∣2)1/2.

The norm on modulation spaces is given by

∥𝑓∥o𝑀𝑠
𝑝,𝑞
=

(∫
ℝ𝑛

(∫
ℝ𝑛
∣𝑉𝑔𝑓(𝑥, 𝜔)∣𝑝𝑑𝑥

)𝑞/𝑝
⟨𝜔⟩𝑠𝑞𝑑𝜔

)1/𝑞

, (1.1)

with a natural modification for 𝑝, 𝑞 = ∞. Applying the frequency-uniform local-
ization techniques, one can give an equivalent norm on modulation spaces. Let 𝑄𝑘

be the unit cube with its center at 𝑘, {𝑄𝑘}𝑘∈ℤ𝑛 constitutes a decomposition of
This work was completed with the support of NSFC grant. M.R. is supported by the EPSRC
Leadership Fellowship.



268 M. Ruzhansky, M. Sugimoto and B. Wang

ℝ𝑛. Such kind of decomposition goes back to the work of N. Wiener [57], and we
say that it is the Wiener decomposition of ℝ𝑛. We can roughly write

□𝑘 ∼ 𝔉−1𝜒𝑄𝑘𝔉, 𝑘 ∈ ℤ𝑛, (1.2)

where 𝜒𝐸 denotes the characteristic function on the set 𝐸, and 𝔉 is the Fourier
transform. Since 𝑄𝑘 is a translation of 𝑄0, □𝑘 (𝑘 ∈ ℤ𝑛) have the same localized
structures in the frequency space, which are said to be the frequency-uniform
decomposition operators. Similar to Besov spaces, one can use {□𝑘}𝑘∈ℤ𝑛 and ℓ𝑞(𝐿𝑝)
to generate a class of function spaces, so-called modulation spaces for which the
norm is defined by

∥𝑓∥𝑀𝑠
𝑝,𝑞
=

(∑
𝑘∈ℤ𝑛

⟨𝑘⟩𝑠𝑞∥□𝑘𝑓∥𝑞𝑝
)1/𝑞

,

with the natural modifications for 𝑝, 𝑞 = ∞. We now give an exact definition on
frequency-uniform decomposition operators. Since 𝜒𝑄𝑘 can not be differentiated, it
is convenient to replace 𝜒𝑄𝑘 in (1.2) by a smooth cut-off function. Let 𝜌 ∈ 𝔖(ℝ𝑛),
𝜌 : ℝ𝑛 → [0, 1] be a smooth function verifying 𝜌(𝜉) = 1 for ∣𝜉∣∞ ≤ 1/2 and
𝜌(𝜉) = 0 for ∣𝜉∣∞ ≥ 11. Let 𝜌𝑘 be a translation of 𝜌,

𝜌𝑘(𝜉) = 𝜌(𝜉 − 𝑘), 𝑘 ∈ ℤ𝑛. (1.3)

We see that 𝜌𝑘(𝜉) = 1 in 𝑄𝑘 and so,
∑

𝑘∈ℤ𝑛 𝜌𝑘(𝜉) ≥ 1 for all 𝜉 ∈ ℝ𝑛. Denote

𝜎𝑘(𝜉) = 𝜌𝑘(𝜉)

(∑
ℓ∈ℤ𝑛

𝜌ℓ(𝜉)

)−1
, 𝑘 ∈ ℤ𝑛. (1.4)

Then we have⎧⎨⎩
∣𝜎𝑘(𝜉)∣ ≥ 𝑐, ∀ 𝜉 ∈ 𝑄𝑘,

supp𝜎𝑘 ⊂ {𝜉 : ∣𝜉 − 𝑘∣∞ ≤ 1},∑
𝑘∈ℤ𝑛 𝜎𝑘(𝜉) ≡ 1, ∀ 𝜉 ∈ ℝ𝑛,

∣𝐷𝛼𝜎𝑘(𝜉)∣ ≤ 𝐶∣𝛼∣, ∀ 𝜉 ∈ ℝ𝑛, 𝛼 ∈ (ℕ ∪ {0})𝑛.

(1.5)

Hence, the set

Υ𝑛 = {{𝜎𝑘}𝑘∈ℤ𝑛 : {𝜎𝑘}𝑘∈ℤ𝑛 satisfies (1.5)} (1.6)

is non-void. If there is no confusion, in the sequel we will write Υ = Υ𝑛. Let
{𝜎𝑘}𝑘∈ℤ𝑛 ∈ Υ. The frequency-uniform decomposition operators can be exactly
defined by

□𝑘 := 𝔉−1𝜎𝑘𝔉, 𝑘 ∈ ℤ𝑛. (1.7)

For simplicity, we write 𝑀0
𝑝,𝑞 = 𝑀𝑝,𝑞. The space 𝑀 𝑠

𝑝,𝑞 is said to be the modula-
tion space. One can prove that ∥ ⋅ ∥o𝑀𝑠

𝑝,𝑞
and ∥ ⋅ ∥𝑀𝑠

𝑝,𝑞
are equivalent norms; cf.

[15] for a proof on modulation spaces defined on Abelian groups, and [55] for a
straightforward proof.

1For 𝜉 = (𝜉1, . . . , 𝜉𝑛), ∣𝜉∣∞ := max𝑖=1,...,𝑛 ∣𝜉𝑖∣.



Modulation Spaces and Nonlinear Evolution Equations 269

2. Questions on the Schrödinger equation

Let 𝑆(𝑡) = 𝑒i𝑡Δ be the Schrödinger semi-group. It is known that 𝑆(𝑡) = 𝑒i𝑡Δ :
𝐿𝑝 → 𝐿𝑝 is bounded if and only if 𝑝 = 2. Indeed, one can show that

sup
𝜑∈𝔖∖{0}

∥𝑆(𝑡)𝜑∥𝐿𝑝(ℝ𝑛)
∥𝜑∥𝐿𝑝(ℝ𝑛) =∞, 𝑝 ∕= 2, (2.1)

by taking 𝜑 = 𝑒−(𝑎+i𝑏)∣𝑥∣
2

. So, a natural question is the following

Question 2.1. Is there any Banach function space 𝑋 satisfying

sup
𝜑∈𝑋∖{0}

∥𝑆(𝑡)𝜑∥𝑋(ℝ𝑛)

∥𝜑∥𝑋(ℝ𝑛)
< ∞ ? (2.2)

Recall that (cf. [5, 6])

∥𝑆(𝑡)𝑓∥𝑝 ≤ 𝐶∣𝑡∣−𝑛(1/2−1/𝑝)∥𝑓∥𝑝′, (2.3)

where 2 ≤ 𝑝 ≤ ∞, 1/𝑝 + 1/𝑝′ = 1. Estimate (2.3) contains singularity at 𝑡 = 0,
and another natural question is

Question 2.2. Is there any Banach function space 𝑋 satisfying the following trun-
cated decay

∥𝑆(𝑡)𝜑∥𝑋(ℝ𝑛) ≤ 𝐶(1 + ∣𝑡∣)−𝛿(𝑋)∥𝜑∥𝑋′(ℝ𝑛)? (2.4)

where 𝛿 > 0, 𝑋 ′ denotes the dual space of 𝑋 , 𝑋 and 𝑋 ′ have the same regularity.

Consider the Cauchy problem for the nonlinear Schrödinger equation (NLS)

i𝑢𝑡 +Δ𝑢 = ∣𝑢∣2𝜅𝑢, 𝑢(0, 𝑥) = 𝑢0(𝑥), 𝜅 ∈ ℕ. (2.5)

It is known that if 𝑢 is a solution of (2.5), so is 𝑢𝜇(𝑡, 𝑥) = 𝜇1/𝜅𝑢(𝜇2𝑡, 𝜇𝑥) with the

initial datum 𝜇1/𝜅𝑢0(𝜇𝑥). Taking notice of

∥𝑢𝜇(0)∥𝐻̇𝑠 = 𝜇𝑠−𝑛/2+1/𝜅∥𝑢0∥𝐻̇𝑠 , 𝜇 > 0,

one sees that 𝑠 = 𝑠𝜅 := 𝑛/2−1/𝜅 is the index such that ∥𝑢𝜇(0)∥𝐻̇𝑠 is invariant for
all 𝜇 > 0. 𝐻̇𝑠𝜅 is said to be a critical space for NLS (2.5); cf. [6]. Up to now, we can
solve (2.5) in 𝐻𝑠 for 𝑠 ≥ 𝑠𝜅 ≥ 0, which correspond to the critical and sub-critical
cases in 𝐻𝑠. However, we cannot solve (2.5) in 𝐻𝑠 in the case 𝑠 < 𝑠𝜅, where 𝐻𝑠

is said to be the super-critical space. Our question is

Question 2.3. Let 0 ≤ 𝑠 < 𝑠𝜅. Are there any initial data 𝑢0 ∈ 𝐻𝑠 ∖ 𝐻𝑠𝜅 so that
NLS (2.5) is still locally and globally well posed?

In order to answer the above questions, modulation spaces play important
roles. Roughly speaking, Schrödinger semi-group is bounded in modulation spaces
and it satisfies a truncated decay in modulation spaces. Moreover, the modulation
space𝑀2,1 enjoys lower derivative regularity and we can solve NLS (2.5) in𝑀2,1 for
all 𝜅 ∈ ℕ.𝑀2,1 contains a class of data which are out of the control of𝐻𝑠𝜅 if 𝑠𝜅 > 0.

Finally, we mention that all the questions above make sense for other equa-

tions as well. For example, the propagators𝑊±(𝑡) = 𝑒±i𝑡
√−Δ for the wave equation
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display the loss of regularity for 𝑝 ∕= 2. More precisely, we have that for 1 < 𝑝 < ∞
and 𝑡 > 0, the operator 𝑊+(𝑡) : 𝑊 𝑠,𝑝(ℝ𝑛) → 𝐿𝑝(ℝ𝑛) is (locally) bounded if and
only if 𝑠 ≥ (𝑛 − 1)∣1/𝑝 − 1/2∣. The same holds for 𝑊−(𝑡), and Question 2.1 is
valid. Also, a variant (2.3) holds2, so Question 2.2 is also valid, as well as the
corresponding version of Question 2.3.

We note that the dependence of estimates and large time asymptotics in
Sobolev spaces for the propagator 𝑒i𝑡𝑎(𝐷) on 𝑎(𝜉) is known, especially in the first-
order case. For example, let 𝑎 ∈ 𝐶∞(ℝ𝑛∖0) be a real-valued positively homoge-
neous function, satisfying ∇𝑎(𝜉) ∕= 0 for all 𝜉 ∕= 0. If we denote

𝑘 := max
∣𝜉∣=1

rank∇2
𝜉𝑎(𝜉),

then there is a loss of derivatives in 𝐿𝑝 depending on 𝑘. More precisely, as a special
case of estimates for Fourier integral operators for 1 < 𝑝 < ∞, it was shown in [37]
(see also [38]) that if 𝑒i𝑎(𝐷) : 𝑊 𝑠,𝑝 → 𝐿𝑝 is locally bounded then 𝑠 ≥ 𝑘∣1/𝑝− 1/2∣.
The dispersive estimates3

∥𝑒i𝑡𝑎(𝐷)𝑓∥𝑝 ≤ 𝐶∣𝑡∣−𝜅(1/2−1/𝑝)∥𝑓∥𝑝′ ,
where 2 ≤ 𝑝 ≤ ∞, 1/𝑝 + 1/𝑝′ = 1, depend on the convexity of the level sets
Σ = {𝜉 : 𝑎(𝜉) = 1} as well as on the maximal orders of contacts between Σ and its
tangent lines. For a comprehensive analysis of such types of estimates and their
applications to the Strichartz estimates we refer to [39].

3. Some results on modulation spaces

Roughly speaking, frequency-uniform decomposition operators combined with
function spaces ℓ𝑞(𝐿𝑝) produce modulation spaces. During the past thirty years,
the importance of the frequency-uniform decomposition in applications seems to be
not fully recognized, and it is even not mentioned in Gröchenig’s famous book [18].
However, from PDE point of view, the combination of frequency-uniform decom-
position operators and Banach function spaces ℓ𝑞(𝑋(ℝ𝑛))4 seems to be important
in making nonlinear estimates, which contains an automatic decomposition on
high-low frequencies.

3.1. Basic properties on modulation spaces

Proposition 3.1 (Completeness). Let 0 < 𝑝, 𝑞 ≤ ∞ and 𝑠 ∈ ℝ.

(1) 𝑀 𝑠
𝑝,𝑞 is a (quasi-) Banach space. Moreover, if 1 ≤ 𝑝, 𝑞 ≤ ∞, then 𝑀 𝑠

𝑝,𝑞 is a
Banach space.

(2) 𝔖(ℝ𝑛) ⊂ 𝑀 𝑠
𝑝,𝑞 ⊂ 𝔖′(ℝ𝑛).

(3) Let 0 < 𝑝, 𝑞 < ∞, then 𝔖(ℝ𝑛) is dense in 𝑀 𝑠
𝑝,𝑞.

2with 𝑛 replaced by 𝑛− 1.
3or rather the value of 𝜅.
4𝑋 is a Banach function space defined in ℝ𝑛.
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Proposition 3.2 (Equivalent norm). Let {𝜎𝑘}𝑘∈ℤ𝑛 , {𝜑𝑘}𝑘∈ℤ𝑛 ∈ Υ. Then {𝜎𝑘}𝑘∈ℤ𝑛
and {𝜑𝑘}𝑘∈ℤ𝑛 generate equivalent norms on 𝑀 𝑠

𝑝,𝑞.

Proposition 3.2 indicates that one can choose {𝜎𝑘}𝑘∈ℤ𝑛 ∈ Υ𝑛 according to
our requirement. In applications of PDE, it is convenient to use the following
{𝜎𝑘}𝑘∈ℤ𝑛 ∈ Υ𝑛. Let {𝜂𝑘}𝑘∈ℤ ∈ Υ1, we denote

𝜎𝑘(𝜉) := 𝜂𝑘1(𝜉1) . . . 𝜂𝑘𝑛(𝜉𝑛), (3.1)

then we have {𝜎𝑘}𝑘∈ℤ𝑛 ∈ Υ𝑛. the above 𝜎𝑘(𝜉) realizes the separation of different
variables.

Proposition 3.3 (Embedding). Let 𝑠1, 𝑠2 ∈ ℝ and 0 < 𝑝1, 𝑝2, 𝑞1, 𝑞2 ≤ ∞.

(1) If 𝑠2 ≤ 𝑠1, 𝑝1 ≤ 𝑝2 and 𝑞1 ≤ 𝑞2, then 𝑀 𝑠1
𝑝1,𝑞1 ⊂ 𝑀 𝑠2

𝑝2,𝑞2 .
(2) If 𝑞2 < 𝑞1 and 𝑠1 − 𝑠2 > 𝑛/𝑞2 − 𝑛/𝑞1, then 𝑀 𝑠1

𝑝,𝑞1 ⊂ 𝑀 𝑠2
𝑝,𝑞2 .

Proposition 3.4 (Dual space). Let 𝑠 ∈ ℝ and 0 < 𝑝, 𝑞 < ∞. If 𝑝 ≥ 1, we denote
1/𝑝+ 1/𝑝′ = 1; If 0 < 𝑝 < 1, we write 𝑝′ =∞. Then

(𝑀 𝑠
𝑝,𝑞)

∗ = 𝑀−𝑠
𝑝′,𝑞′ . (3.2)

If 𝑝 ≥ 1, Proposition 3.4 is similar to that of Besov spaces, however, if 0 <
𝑝 < 1, the result is quite different from that of Besov spaces. The details of the
proof of Proposition 3.4 can be found in [55] by following the proof of the relevant
result in Besov spaces.

Remark 3.5. If 𝑝, 𝑞 ∈ [1,∞], Propositions 3.1 and 3.4 were obtained by Feichtinger
[15]. In [55, 56], the cases 0 < 𝑝 < 1 and 0 < 𝑞 < 1 were considered.

Soon after the work [56], Kobayashi [29] independently defined 𝑀𝑝,𝑞 for all
0 < 𝑝, 𝑞 ≤ ∞ and obtained Proposition 3.1. Almost at the same time as [55],
Kobayashi [30] discussed the dual space of 𝑀𝑝,𝑞 and obtained partial results of
Proposition 3.4: if 0 < 𝑝 < 1 or 1 < 𝑞 < ∞, he obtained 𝑀𝑝′,𝑞′ ⊂ (𝑀𝑝,𝑞)

∗ ⊂
𝑀∞,∞. For the other cases, he showed (𝑀𝑝,𝑞)

∗ = 𝑀𝑝′,𝑞′ . Recently, by using the
molecular decomposition techniques of modulation spaces, Kobayashi and Sawano
[31] reconsidered the dual space of 𝑀 𝑠

𝑝,𝑞 and they also obtained the result of
Proposition 3.4. It is worth to mention that Triebel [50] introduced a class of
generalized modulation spaces for all indices 0 < 𝑝, 𝑞 ≤ ∞, however, those spaces
have no complete norms, which seems harder to use in the study of PDEs.

3.2. Inclusions between Besov and modulation spaces

From the definitions, we see that Besov spaces and modulation spaces are rather
similar, both of them are the combinations of frequency decomposition operators
and function spaces ℓ𝑞(𝐿𝑝). In fact, we have the following inclusion results.

Theorem 3.6 (Embedding). Let 0 < 𝑝, 𝑞 ≤ ∞ and 𝑠1, 𝑠2 ∈ ℝ. We have the following
results.
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(1) 𝐵𝑠1
𝑝,𝑞 ⊂ 𝑀 𝑠2

𝑝,𝑞 if and only if 𝑠1 ≥ 𝑠2 + 𝜏(𝑝, 𝑞), where

𝜏(𝑝, 𝑞) = max

{
0, 𝑛

(
1

𝑞
− 1

𝑝

)
, 𝑛

(
1

𝑞
+
1

𝑝
− 1
)}

;

(2) 𝑀 𝑠1
𝑝,𝑞 ⊂ 𝐵𝑠2

𝑝,𝑞 if and only if 𝑠1 ≥ 𝑠2 + 𝜎(𝑝, 𝑞), where

𝜎(𝑝, 𝑞) = max

{
0, 𝑛

(
1

𝑝
− 1

𝑞

)
, 𝑛

(
1− 1

𝑝
− 1

𝑞

)}
.

The inclusions between Besov and modulation spaces in the cases (1/𝑝, 1/𝑞) ∈
[0, 1]2 were first discussed by Gröbner [17] and he has never published his results.
When (1/𝑝, 1/𝑞) is in the vertices of the square [0, 1]2, Gröbner’s results are op-
timal. Afterwards, Toft [48] obtained the sufficiency of Theorem 3.6 in the cases
(1/𝑝, 1/𝑞) ∈ [0, 1]2. Sugimoto and Tomita [46] showed the necessity of the first
inclusion of Theorem 3.6 in the cases (1/𝑝, 1/𝑞) ∈ [0, 1]2, and by duality the sec-
ond inclusion is also sharp if (1/𝑝, 1/𝑞) ∈ [0, 1]2 and 𝑝, 𝑞 ∕= ∞. Sugimoto and
Tomita’s idea is to use Feichtinger’s norm and the dilation property of modulation
spaces. In [54, 55, 56] the authors proved the conclusions of Theorem 3.6 by using
frequency-uniform decomposition techniques.

Corollary 3.7. We have the following inclusions.

𝐵
𝑠+𝑛/2
2,1 ⊂ 𝑀 𝑠

2,1 ⊂ 𝐵𝑠
2,1, 𝐵𝑠+𝑛

∞,1 ⊂ 𝑀 𝑠
∞,1 ⊂ 𝐵𝑠

∞,1.

The above embedding theorem is of importance for the study of nonlinear
PDEs. As for the inclusions between 𝐿𝑝-Sobolev spaces and modulation spaces, it
has been explicitly determined by a recent work of Sugimoto and Kobayashi [32]:

Theorem 3.8. Let 1 ≤ 𝑝, 𝑞 ≤ ∞ and 𝑠1, 𝑠2 ∈ ℝ. Then 𝐻𝑠1
𝑝 ⊂ 𝑀 𝑠2

𝑝,𝑞 if and only if
one of the following conditions is satisfied:

(1) 𝑞 ≥ 𝑝 > 1, 𝑠1 ≥ 𝑠2 + 𝜏(𝑝, 𝑞); (2) 𝑝 > 𝑞, 𝑠1 > 𝑠2 + 𝜏(𝑝, 𝑞);
(3) 𝑝 = 1, 𝑞 =∞, 𝑠1 ≥ 𝑠2 + 𝜏(1,∞); (4) 𝑝 = 1, 𝑞 ∕=∞, 𝑠1 > 𝑠2 + 𝜏(1, 𝑞),

and 𝑀 𝑠1
𝑝,𝑞 ⊂ 𝐻𝑠2

𝑝 if and only if one of the following conditions is satisfied:
(1) 𝑞 ≤ 𝑝 < ∞, 𝑠1 ≥ 𝑠2 + 𝜎(𝑝, 𝑞); (2) 𝑝 < 𝑞, 𝑠1 > 𝑠2 + 𝜎(𝑝, 𝑞);
(3) 𝑝 =∞, 𝑞 = 1, 𝑠1 ≥ 𝑠2+𝜎(∞, 1); (4) 𝑝 =∞, 𝑞 ∕= 1, 𝑠1 > 𝑠2+𝜎(∞, 𝑞),

where 𝜏(𝑝, 𝑞) and 𝜎(𝑝, 𝑞) are the same indices as in Theorem 3.6.

3.3. Dilation property of modulation spaces

Roughly speaking, homogeneous Sobolev spaces and their generalizations including
homogeneous Besov and Triebel spaces have scales like

∥𝑓(𝜆 ⋅)∥𝑋 ∼ 𝜆𝜃(𝑋)∥𝑓∥𝑋 .

However, the scaling properties of modulation spaces are very complicated, which
is quite different from the classical Sobolev spaces. The following result is due to
Sugimoto and Tomita. Let 𝜏(𝑝, 𝑞) and 𝜎(𝑝, 𝑞) be as in Theorem 3.6. Denote

𝜇1(𝑝, 𝑞) = 𝜏(𝑝, 𝑞)− 𝑛/𝑝, 𝜇2(𝑝, 𝑞) = −𝜎(𝑝, 𝑞)− 𝑛/𝑝

Theorem 3.9 ([46]). Let 1 ≤ 𝑝, 𝑞 ≤ ∞. The following are true.
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(1) There exists a constant 𝐶 > 0 such that

𝐶−1𝜆𝜇2(𝑝,𝑞)∥𝑓∥𝑀𝑝,𝑞 ≤ ∥𝑓(𝜆 ⋅)∥𝑀𝑝,𝑞 ≤ 𝐶𝜆𝜇1(𝑝,𝑞)∥𝑓∥𝑀𝑝,𝑞
for all 𝑓 ∈ 𝑀𝑝,𝑞 and 𝜆 ≥ 1. Conversely, if there is a constant 𝐶 > 0 such
that

𝐶−1𝜆𝛽∥𝑓∥𝑀𝑝,𝑞 ≤ ∥𝑓(𝜆 ⋅)∥𝑀𝑝,𝑞 ≤ 𝐶𝜆𝛼∥𝑓∥𝑀𝑝,𝑞
for all 𝑓 ∈ 𝑀𝑝,𝑞 and 𝜆 ≥ 1, then 𝛼 ≥ 𝜇1(𝑝, 𝑞) and 𝛽 ≤ 𝜇2(𝑝, 𝑞).

(2) There exists a constant 𝐶 > 0 such that

𝐶−1𝜆𝜇1(𝑝,𝑞)∥𝑓∥𝑀𝑝,𝑞 ≤ ∥𝑓(𝜆 ⋅)∥𝑀𝑝,𝑞 ≤ 𝐶𝜆𝜇2(𝑝,𝑞)∥𝑓∥𝑀𝑝,𝑞
for all 𝑓 ∈ 𝑀𝑝,𝑞 and 0 < 𝜆 ≤ 1. Conversely, if there is a constant 𝐶 > 0 such
that

𝐶−1𝜆𝛼∥𝑓∥𝑀𝑝,𝑞 ≤ ∥𝑓(𝜆 ⋅)∥𝑀𝑝,𝑞 ≤ 𝐶𝜆𝛽∥𝑓∥𝑀𝑝,𝑞
for all 𝑓 ∈ 𝑀𝑝,𝑞 and 0 < 𝜆 ≤ 1, then 𝛼 ≥ 𝜇1(𝑝, 𝑞) and 𝛽 ≤ 𝜇2(𝑝, 𝑞).

4. NLS and NLKG in modulation spaces

As indicated in §2, the dispersive semi-group combined with the frequency-uniform
decomposition operator has some advantages and we discuss them in this section.
The results of this section can be found in [2, 3, 11, 56, 55].

4.1. Schrödinger and Klein-Gordon semigroup in modulation spaces

Let 𝑆(𝑡) = 𝑒i𝑡△ denote the Schrödinger semi-group. In [56], Wang, Zhao and Guo
obtained the uniform boundedness for the Ginzburg-Landau semi-group 𝐿(𝑡) =
𝑒(𝑎+i)𝑡△ (𝑎 > 0) in modulation spaces and their proof is also adapted to the
Schrödinger semi-group (𝑎 = 0 in 𝐿(𝑡)).

Proposition 4.1 (Uniform boundedness of 𝑺(𝒕) in𝑴𝒔
𝒑,𝒒 ). Let 𝑠 ∈ ℝ, 1 ≤ 𝑝 ≤ ∞

and 0 < 𝑞 < ∞. Then we have

∥𝑆(𝑡)𝑓∥𝑀𝑠
𝑝,𝑞
≤ 𝐶(1 + ∣𝑡∣)𝑛∣1/2−1/𝑝∣∥𝑓∥𝑀𝑠

𝑝,𝑞
. (4.1)

Shortly after the work [56], Proposition 4.1 is independently obtained by
Bényi, Gröchenig, Okoudjou and Rogers in [3] and their result contains more
general semi-group 𝑒i𝑡(−Δ)𝛼 with 𝛼 ≤ 1, whose proof is based on the short-time
frequency analysis technique. Miyachi, Nicola, Riveti, Taracco and Tomita [34]
were able to consider the case 𝛼 > 1, Chen, Fan and Sun [7] obtained some refined
estimates for 𝑒i𝑡(−Δ)𝛼 with any 𝛼 > 0.

Now we consider the truncated decay of 𝑆(𝑡).

Proposition 4.2. Let 𝑠 ∈ ℝ, 2 ≤ 𝑝 < ∞, 1/𝑝+ 1/𝑝′ = 1 and 0 < 𝑞 < ∞. Then we
have

∥𝑆(𝑡)𝑓∥𝑀𝑠
𝑝,𝑞
≤ 𝐶(1 + ∣𝑡∣)−𝑛(1/2−1/𝑝)∥𝑓∥𝑀𝑠

𝑝′,𝑞
. (4.2)
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Propositions 4.1 and 4.2 answer Questions 2.1 and 2.2, and moreover, they
are optimal in the sense that the powers of time variable are sharp, cf. [12]. Now
we consider the truncated decay estimate for the Klein-Gordon semi-group 𝐺(𝑡) =

𝑒i𝑡𝜔
1/2

where 𝜔 = 𝐼 −Δ.
Proposition 4.3. Let 𝑠 ∈ ℝ, 1 ≤ 𝑝 ≤ ∞ and 0 < 𝑞 < ∞. Then we have

∥𝐺(𝑡)𝑓∥𝑀𝑠
𝑝,𝑞
≤ 𝐶(1 + ∣𝑡∣)𝑛∣1/2−1/𝑝∣∥𝑓∥𝑀𝑠

𝑝,𝑞
. (4.3)

It is known that 𝐺(𝑡) satisfies the following 𝐿𝑝 − 𝐿𝑝′ estimate

∥𝐺(𝑡)𝑓∥
𝐻

−2𝜎(𝑝)
𝑝

≤ 𝐶∣𝑡∣−𝑛(1/2−1/𝑝)∥𝑓∥𝑝′ , (4.4)

where

2 ≤ 𝑝 < ∞, 2𝜎(𝑝) = (𝑛+ 2)

(
1

2
− 1

𝑝

)
. (4.5)

From (4.4) it follows that

Proposition 4.4. Let 𝑠 ∈ ℝ, 2 ≤ 𝑝 < ∞, 1/𝑝+ 1/𝑝′ = 1, 0 < 𝑞 < ∞, 𝜃 ∈ [0, 1] and
𝜎(𝑝) is as in (4.5). Then we have

∥𝐺(𝑡)𝑓∥𝑀𝑠
𝑝,𝑞
≤ 𝐶(1 + ∣𝑡∣)−𝑛𝜃(1/2−1/𝑝)∥𝑓∥

𝑀
𝑠+2𝜎(𝑝)𝜃

𝑝′,𝑞
. (4.6)

4.2. Strichartz estimates in modulation spaces

For convenience, we write

∥𝑓∥ℓ𝑠,𝑞□ (𝐿𝛾(𝐼,𝐿𝑝)) =

(∑
𝑘∈ℤ𝑛

⟨𝑘⟩𝑠𝑞∥□𝑘𝑓∥𝑞𝐿𝛾(𝐼,𝐿𝑝)
)1/𝑞

, (4.7)

ℓ𝑞□(𝐿
𝛾(𝐼, 𝐿𝑝)) := ℓ0,𝑞□ (𝐿𝛾(𝐼, 𝐿𝑝)), ℓ𝑞□(𝐿

𝑝
𝑥,𝑡∈𝐼) := ℓ𝑞□(𝐿

𝑝(𝐼, 𝐿𝑝)). Recall that the
truncated decay can be generalized to the following estimate

∥𝑈(𝑡)𝑓∥𝑀𝛼
𝑝,𝑞
≤ 𝐶(1 + ∣𝑡∣)−𝛿∥𝑓∥𝑀𝑝′,𝑞 , (4.8)

where 2 ≤ 𝑝 < ∞, 1 ≤ 𝑞 < ∞, 𝛼 = 𝛼(𝑝) ∈ ℝ, 𝛿 = 𝛿(𝑝) > 0, 𝛼 and 𝛿 are
independent of 𝑡 ∈ ℝ, 𝑈(𝑡) is a dispersive semi-group,

𝑈(𝑡) = 𝔉−1𝑒i𝑡𝑃 (𝜉)𝔉, (4.9)

and 𝑃 (⋅) : ℝ𝑛 → ℝ is a real-valued function. In the sequel we will assume that
𝑈(𝑡) satisfies conditions (4.8) and (4.9), from which we can get some Strichartz
inequalities for 𝑈(𝑡) in modulation spaces (cf. [55]).

Proposition 4.5 (Strichartz inequalities). Let 𝑈(𝑡) satisfy (4.8) and (4.9). For any
𝛾 ≥ 2 ∨ (2/𝛿), we have

∥𝑈(𝑡)𝑓∥
ℓ
𝛼/2,𝑞

□ (𝐿𝛾(ℝ,𝐿𝑝))
≤ 𝐶∥𝑓∥𝑀2,𝑞 . (4.10)

In addition, if 𝛾 ≥ 𝑞, then we have

∥𝑈(𝑡)𝑓∥
𝐿𝛾(ℝ,𝑀

𝛼/2
𝑝,𝑞 )

≤ 𝐶∥𝑓∥𝑀2,𝑞 . (4.11)
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Denote

(𝔘𝑓)(𝑡) =

∫ 𝑡

0

𝑈(𝑡− 𝑠)𝑓(𝑠, ⋅)𝑑𝑠. (4.12)

Proposition 4.6. Let 𝑈(𝑡) satisfy (4.8) and (4.9). For any 𝛾 ≥ 2 ∨ (2/𝛿), we have

∥𝔘𝑓∥ℓ𝑞□(𝐿∞(ℝ,𝐿2)) ≤ 𝐶∥𝑓∥
ℓ
−𝛼/2,𝑞
□ (𝐿𝛾′(ℝ,𝐿𝑝′)). (4.13)

In addition, if 𝛾′ ≤ 𝑞, then

∥𝔘𝑓∥𝐿∞(ℝ,𝑀2,𝑞) ≤ 𝐶∥𝑓∥
𝐿𝛾′(ℝ,𝑀−𝛼/2

𝑝′,𝑞 )
. (4.14)

Proposition 4.7. Assume that 𝑈(𝑡) satisfies (4.8) and (4.9), 𝛾 ≥ max(2/𝛿, 2). Then
we have

∥𝔘𝑓∥
ℓ
𝛼/2,𝑞

□ (𝐿𝛾(ℝ,𝐿𝑝))
≤ 𝐶∥𝑓∥ℓ𝑞□(𝐿1(ℝ,𝐿2)). (4.15)

In addition, if 𝛾 ≥ 𝑞, then

∥𝔘𝑓∥
𝐿𝛾(ℝ,𝑀

𝛼/2
𝑝,𝑞 )

≤ 𝐶∥𝑓∥𝐿1(ℝ,𝑀2,𝑞). (4.16)

The Schrödinger semi-group corresponds to the cases 𝛼 = 0, 𝛿 = 𝑛(1/2−1/𝑝)
and 2 ≤ 𝑝 < ∞. Taking 𝑞 = 1 in Propositions 4.5–4.7, we immediately have

Corollary 4.8. Let 2 ≤ 𝑝 < ∞, 𝛾 ≥ 2 ∨ 𝛾(𝑝), and

2

𝛾(𝑝)
= 𝑛
(1
2
− 1

𝑝

)
. (4.17)

Let 𝑆(𝑡) = 𝑒i𝑡Δ, 𝔄 =
∫ 𝑡
0 𝑆(𝑡− 𝑠) ⋅ 𝑑𝑠. Then

∥𝑆(𝑡)𝜑∥ℓ1□(𝐿𝛾(ℝ,𝐿𝑝)) ≤ 𝐶∥𝜑∥𝑀2,1 , (4.18)

∥𝔄𝑓∥ℓ1□(𝐿𝛾(ℝ,𝐿𝑝))∩ℓ1□(𝐿∞(ℝ,𝐿2)) ≤ 𝐶∥𝑓∥ℓ1□(𝐿𝛾′(ℝ,𝐿𝑝′)). (4.19)

Similar to Corollary 4.8, we have

Corollary 4.9. Let 2 ≤ 𝑝 < ∞, 𝜃 ∈ (0, 1], 1 ≤ 𝑞 < ∞,

2

𝛾𝜃(𝑝)
= 𝑛𝜃

(1
2
− 1

𝑝

)
, 2𝜎 = (𝑛+ 2)𝜃

(1
2
− 1

𝑝

)
. (4.20)

Let 𝐺(𝑡) be as in (4.4), 𝔊 =
∫ 𝑡
0 𝐺(𝑡− 𝑠) ⋅ 𝑑𝑠. Then for any 𝛾 ≥ 2∨ 𝛾𝜃(𝑝), we have

∥𝐺(𝑡)𝜑∥ℓ−𝜎,𝑞□ (𝐿𝛾(ℝ,𝐿𝑝)) ≤ 𝐶∥𝜑∥𝑀2,𝑞 , (4.21)

∥𝔊𝑓∥ℓ−𝜎,𝑞□ (𝐿𝛾(ℝ,𝐿𝑝))∩ℓ𝑞□(𝐿∞(ℝ,𝐿2)) ≤ 𝐶∥𝑓∥ℓ𝜎,𝑞□ (𝐿𝛾′(ℝ,𝐿𝑝′)). (4.22)

Related Strichartz estimates in Wiener amalgam spaces for the Schrödinger
equation were obtained by Cordero and Nicola [10].
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4.3. Wellposedness for NLS and NLKG

We study the Cauchy problem for NLS and give partial answers to Question 2.3.
Let us consider

i𝑢𝑡 +Δ𝑢 = 𝑓(𝑢), 𝑢(0, 𝑥) = 𝑢0(𝑥). (4.23)

Noticing that 𝐵𝑛∞,1 ⊂ 𝑀∞,1 ⊂ 𝐵0∞,1 ⊂ 𝐿∞ are sharp embeddings, up to now, we

can not get the wellposedness of NLS in 𝐿∞ or in 𝐵0
∞,1. However, we can obtain

the local wellposedness of NLS in 𝑀∞,1. We have

Theorem 4.10 ([2, 11]). Let 𝑛 ≥ 1, 𝑓(𝑢) = 𝜆∣𝑢∣𝜅𝑢, 𝜅 ∈ 2ℕ, 𝜆 ∈ ℝ, 𝑢0 ∈ 𝑀𝑝,1

and 1 ≤ 𝑝 ≤ ∞. Then there exists a 𝑇 > 0 such that (4.23) has a unique solution
𝑢 ∈ 𝐶([0, 𝑇 ), 𝑀𝑝,1). Moreover, if 𝑇 < ∞, then lim sup𝑡↗𝑇 ∥𝑢(𝑡)∥𝑀𝑝,1 =∞.

If the nonlinearity has an exponential growth, say 𝑓(𝑢) = 𝜆(𝑒∣𝑢∣
2 − 1)𝑢, the

result in Theorem 4.10 also holds. Noticing that 𝐵
𝑛/2
2,1 ⊂ 𝑀2,1 ⊂ 𝐵0

2,1 ∩𝐶(ℝ𝑛) are
sharp embeddings, we can get that NLS is globally well posed in 𝑀2,1 if initial
data are sufficiently small.

Theorem 4.11 ([55]). Let 𝑛 ≥ 1, 𝑓(𝑢) = 𝜆∣𝑢∣𝜅𝑢, 𝜅 ∈ 2ℕ, 𝜆 ∈ ℝ, 𝜅 ≥ 4/𝑛, 𝑢0 ∈ 𝑀2,1

and there exists a sufficiently small 𝛿 > 0 such that ∥𝑢0∥𝑀2,1 ≤ 𝛿. Then (4.23) has
a unique solution

𝑢 ∈ 𝐶(ℝ, 𝑀2,1) ∩ ℓ1□(𝐿
𝑝
𝑥,𝑡∈ℝ), (4.24)

where 𝑝 ∈ [2 + 4/𝑛, 2 + 𝜅] ∩ℕ, ℓ1□(𝐿
𝑝
𝑥,𝑡∈ℝ) is as in (4.7).

Theorem 4.12 ([55]). Let 𝑛 ≥ 2, 𝑓(𝑢) = 𝜆(𝑒𝜚∣𝑢∣
2 − 1)𝑢, 𝜆 ∈ ℂ and 𝜚 > 0. Assume

that 𝑢0 ∈ 𝑀2,1 and there exists a sufficiently small 𝛿 > 0 such that ∥𝑢0∥𝑀2,1 ≤ 𝛿.
Then (4.23) has a unique solution

𝑢 ∈ 𝐶(ℝ, 𝑀2,1) ∩ ℓ1□(𝐿
4
𝑥,𝑡∈ℝ). (4.25)

We now consider the initial value problem for NLKG,

𝑢𝑡𝑡 + (𝐼 −Δ)𝑢 + 𝑓(𝑢) = 0, 𝑢(0) = 𝑢0, 𝑢𝑡(0) = 𝑢1. (4.26)

Analogous to NLS, we have

Theorem 4.13 ([2, 11]). Let 𝑛 ≥ 1, 𝑓(𝑢) = 𝜆∣𝑢∣𝜅𝑢, 𝜅 ∈ 2ℕ, 𝜆 ∈ ℝ, (𝑢0, 𝑢1) ∈
𝑀𝑝,1 ×𝑀−1

𝑝,1 and 1 ≤ 𝑝 ≤ ∞. Then there exists a 𝑇 > 0 such that (4.23) has a

unique solution (𝑢, 𝑢𝑡) ∈ 𝐶([0, 𝑇 ), 𝑀𝑝,1) × 𝐶([0, 𝑇 ), 𝑀−1
𝑝,1 ). Moreover, if 𝑇 < ∞,

then lim sup𝑡↗𝑇 (∥𝑢(𝑡)∥𝑀𝑝,1 + ∥𝑢𝑡(𝑡)∥𝑀−1
𝑝,1
) =∞.

If the nonlinearity has an exponential growth, the corresponding results as
in Theorem 4.13 also hold.

Theorem 4.14 ([55]). Let 𝑛 ≥ 1, 𝑓(𝑢) = 𝜆𝑢1+𝜅, 𝜅 ∈ ℕ and 𝜅 ≥ 4/𝑛. Put

𝜎 =
𝑛+ 2

𝑛(2 + 𝜅)
. (4.27)
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Assume that (𝑢0, 𝑢1) ∈ 𝑀𝜎
2,1 ×𝑀𝜎−1

2,1 and there exists a sufficiently small 𝛿 > 0

such that ∥𝑢0∥𝑀𝜎
2,1
+ ∥𝑢1∥𝑀𝜎−1

2,1
≤ 𝛿. Then (4.26) has a unique solution

𝑢 ∈ 𝐶(ℝ, 𝑀𝜎
2,1) ∩ ℓ1□(𝐿

2+𝜅
𝑥,𝑡∈ℝ). (4.28)

Theorem 4.15 ([55]). Let 𝑛 ≥ 2, 𝑓(𝑢) = sinh𝑢 − 𝑢 and 𝜎 = (𝑛 + 2)/4𝑛. Assume
that (𝑢0, 𝑢1) ∈ 𝑀𝜎

2,1 ×𝑀𝜎−1
2,1 and there exists a sufficiently small 𝛿 > 0 such that

∥𝑢0∥𝑀𝜎
2,1
+ ∥𝑢1∥𝑀𝜎−1

2,1
≤ 𝛿. Then (4.26) has a unique solution

𝑢 ∈ 𝐶(ℝ, 𝑀𝜎
2,1) ∩ ℓ1□(𝐿

4
𝑥,𝑡∈ℝ). (4.29)

5. Derivative nonlinear Schrödinger equations

We study the initial value problem for the derivative nonlinear Schrödinger equa-
tion (gDNLS)

i𝑢𝑡 +Δ±𝑢 = 𝐹 (𝑢, 𝑢̄,∇𝑢,∇𝑢̄), 𝑢(0, 𝑥) = 𝑢0(𝑥), (5.1)

where 𝑢 is a complex-valued function of (𝑡, 𝑥) ∈ ℝ× ℝ𝑛,

Δ±𝑢 =

𝑛∑
𝑖=1

𝜀𝑖∂
2
𝑥𝑖 , 𝜀𝑖 ∈ {1, −1}, 𝑖 = 1, . . . , 𝑛, (5.2)

∇ = (∂𝑥1 , . . . , ∂𝑥𝑛), 𝐹 : ℂ2𝑛+2 → ℂ is a series of 𝑧 ∈ ℂ2𝑛+2,

𝐹 (𝑧) = 𝐹 (𝑧1, . . . , 𝑧2𝑛+2) =
∑

3≤∣𝛽∣<∞
𝑐𝛽𝑧𝛽, 𝑐𝛽 ∈ ℂ, (5.3)

∣𝑐𝛽 ∣ ≤ 𝐶∣𝛽∣. The typical nonlinear term is

𝐹 (𝑢, 𝑢̄,∇𝑢,∇𝑢̄) = ∣𝑢∣2𝜆⃗ ⋅ ∇𝑢 + 𝑢2𝜇⃗ ⋅ ∇𝑢̄+ ∣𝑢∣2𝑢,

see [9, 14, 51]. Another model is

𝐹 (𝑢, 𝑢̄,∇𝑢,∇𝑢̄) = (1 + ∣𝑢∣2)−1(∇𝑢)2𝑢̄ =
∞∑
𝑘=0

(−1)𝑘∣𝑢∣2𝑘(∇𝑢)2𝑢, ∣𝑢∣ < 1,

which is an equivalent version of the Schrödinger flow [20]. The non-elliptic gDNLS
arises in the strongly interacting many-body systems near the criticality, where
anisotropic interactions are manifested by the presence of the non-elliptic case, as
well as additional residual terms which involve cross derivatives of the independent
variables [9, 14, 51]. Some water wave and completely integrable system models in
higher spatial dimensions are also non-elliptic, cf. [1, 58, 59]. A large amount of
work has been devoted to the study of gDNLS, see [19, 20, 22, 23, 24, 25, 28, 36,
42, 43, 45].

Since the nonlinearity in gDNLS contains derivative terms and the Strichartz
inequalities can not absorb any derivatives, gDNLS can not be solved if we use
only the Strichartz estimate. One needs to look for some other ways to handle
the derivative terms in the nonlinearity. Up to now, three kinds of methods seem
to be very useful for gDNLS. One is to use the energy estimate to deal with the
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derivatives in the nonlinearity, the second way is to use Bourgain’s space 𝑋𝑠,𝑏 and
the third technique is Kato’s smooth effect estimates. Of course, there are some
connections between these methods.

In this survey paper we only discuss the smooth effect estimates together with
the frequency-uniform decomposition techniques for gDNLS and we show that it
is globally well posed and scattering in a class of modulation spaces.

For convenience, we denote

𝑆(𝑡) = 𝑒i𝑡Δ± = 𝔉−1𝑒i𝑡
∑𝑛
𝑗=1 𝜀𝑗𝜉

2
𝑗𝔉, 𝔄𝑓(𝑡, 𝑥) =

∫ 𝑡

0

𝑆(𝑡− 𝜏)𝑓(𝜏, 𝑥)𝑑𝜏.

We now state a global wellposedness and scattering result for gDNLS in
modulation spaces. We denote by 𝐿𝑝1

𝑥𝑖𝐿
𝑝2
(𝑥𝑗)𝑗 ∕=𝑖

𝐿𝑝2
𝑡 := 𝐿𝑝1

𝑥𝑖𝐿
𝑝2
(𝑥𝑗)𝑗 ∕=𝑖

𝐿𝑝2
𝑡 (ℝ

1+𝑛) the

anisotropic Lebesgue space for which the norm is defined by

∥𝑓∥𝐿𝑝1𝑥𝑖𝐿𝑝2(𝑥𝑗)𝑗 ∕=𝑖𝐿𝑝2𝑡 =
∥∥∥∥𝑓∥𝐿𝑝2𝑥1,...,𝑥𝑗−1,𝑥𝑗+1,...,𝑥𝑛

𝐿
𝑝2
𝑡 (ℝ×ℝ𝑛−1)

∥∥∥
𝐿
𝑝1
𝑥𝑖
(ℝ)

. (5.4)

For 𝑘 = (𝑘1, . . . , 𝑘𝑛), we write

∥𝑢∥𝑋𝑠𝛼 =
𝑛∑

𝑖, ℓ=1

∑
𝑘∈ℤ𝑛, ∣𝑘𝑖∣>10∨max𝑗 ∕=𝑖 ∣𝑘𝑗 ∣

⟨𝑘𝑖⟩𝑠−1/2
∥∥∂𝛼

𝑥ℓ□𝑘𝑢
∥∥
𝐿∞
𝑥𝑖
𝐿2

(𝑥𝑗)𝑗 ∕=𝑖
𝐿2
𝑡

+
𝑛∑

𝑖, ℓ=1

∑
𝑘∈ℤ𝑛

∥∥∂𝛼
𝑥ℓ
□𝑘𝑢

∥∥
𝐿2
𝑥𝑖
𝐿∞

(𝑥𝑗)𝑗 ∕=𝑖
𝐿∞
𝑡

, (5.5)

∥𝑢∥𝑆𝑠𝛼 =
𝑛∑

ℓ=1

∑
𝑘∈ℤ𝑛

⟨𝑘⟩𝑠−1 ∥∥∂𝛼
𝑥ℓ
□𝑘𝑢

∥∥
𝐿∞
𝑡 𝐿2

𝑥

∩
𝐿3
𝑡𝐿

6
𝑥

, (5.6)

∥𝑢∥𝑋𝑠 =
∑
𝛼=0,1

∥𝑢∥𝑋𝑠𝛼 , ∥𝑢∥𝑆𝑠 =
∑
𝛼=0,1

∥𝑢∥𝑆𝑠𝛼 . (5.7)

Theorem 5.1 ([53, 52]). Let 𝑛 ≥ 3, 𝑢0 ∈ 𝑀
3/2
2,1 and there exists a suitably small

𝛿 > 0 such that ∥𝑢0∥𝑀3/2
2,1
≤ 𝛿. Then (5.1) has a unique solution 𝑢 ∈ 𝐶(ℝ, 𝑀

3/2
2,1 )∩

𝑋3/2 ∩ 𝑆3/2, ∥𝑢∥𝑋3/2∩𝑆3/2 ≤ 𝐶𝛿. Moreover, the scattering operator 𝑆 of (5.1)

carries a whole zero neighborhood in 𝐶(ℝ, 𝑀
3/2
2,1 ) into 𝐶(ℝ, 𝑀

3/2
2,1 ).

Remark 5.2. Recently, this technique was also developed for the Navier-Stokes
equation and the dissipative nonlinear electrohydrodynamic system [56, 21, 13].

6. Canonical transformations

It is interesting to generalize results in previous two sections to the case of dis-
persive operators 𝑎(𝐷) instead of −Δ. Recently Ruzhansky and Sugimoto have
introduced a new idea to establish fundamental estimates for dispersive equations
based on the idea of canonical transformations, and this attempt is quite successful
for smoothing estimates ([41]).
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Let 𝜓 : ℝ𝑛 ∖ 0→ ℝ𝑛 ∖ 0 be 𝐶∞-maps satisfying 𝜓(𝜆𝜉) = 𝜆𝜓(𝜉) for all 𝜆 > 0
and 𝜉 ∈ ℝ𝑛 ∖ 0, and let

𝐼𝜓𝑢(𝑥) = 𝔉−1[(𝔉𝑢)(𝜓(𝜉))](𝑥)

= (2𝜋)−𝑛
∫
ℝ𝑛

∫
ℝ𝑛

𝑒i(𝑥⋅𝜉−𝑦⋅𝜓(𝜉))𝑢(𝑦) 𝑑𝑦𝑑𝜉.
(6.1)

We remark that we have the formula

𝑎(𝐷) ⋅ 𝐼𝜓 = 𝐼𝜓 ⋅ 𝜎(𝐷), 𝑎(𝜉) = (𝜎 ∘ 𝜓)(𝜉). (6.2)

For example, for a positive function 𝑎(𝜉) satisfying 𝑎(𝜆𝜉) = 𝜆2𝑎(𝜉) for all 𝜆 > 0
and 𝜉 ∈ ℝ𝑛 ∖ 0, we have

𝑎(𝐷) ⋅ 𝐼𝜓 = 𝐼𝜓 ⋅ (−Δ)
if we take

𝜎(𝜂) = ∣𝜂∣2, 𝜓(𝜉) =
√

𝑎(𝜉)
∇𝑎(𝜉)

∣∇𝑎(𝜉)∣ ,

provided that ∇𝑎(𝜉) ∕= 0 for 𝜉 ∕= 0. The latter is achieved if we assume that the
Gaussian curvature of the hypersurface Σ = {𝜉 : 𝑎(𝜉) = 1} never vanishes, in
which case also 𝐼𝜓 has the inverse 𝐼𝜓−1 = 𝐼−1𝜓 because the Gauss map Σ ∋ 𝜉 2→
∇𝑎(𝜉)
∣∇𝑎(𝜉)∣ ∈ 𝕊𝑛−1 is a diffeomorphism.

Thus we can induce the same estimate for 𝑎(𝐷) from the estimates for −Δ
if we establish the boundedness of operators 𝐼𝜓 and 𝐼𝜓−1 on modulation spaces.
Ruzhansky, Sugimoto, Toft and Tomita [40] discuss such boundedness properties,
and we have a positive result for the local boundedness. Let 𝐿𝑞

𝑠 be the space of
functions such that ⟨𝑥⟩𝑠𝑓 ∈ 𝐿𝑞:

Theorem 6.1. Let 𝑠 ∈ ℝ, 1 ≤ 𝑝, 𝑞 ≤ ∞, and let 𝜓 : ℝ𝑛 → ℝ𝑛 be such that the
pullback 𝜓∗ : 𝑓 2→ 𝑓 ∘ 𝜓 is bounded on 𝐿𝑞

𝑠(ℝ
𝑛). Then 𝐼𝜓 is locally bounded on

𝑀 𝑠
𝑝,𝑞(ℝ

𝑛).

By Theorem 6.1 and Propositions 4.1, 4.2, we straightforwardly obtain esti-
mates (4.1) and (4.2) for 𝑆(𝑡) = 𝜒(𝑥)𝑒−i𝑡𝑎(𝐷)𝜒̃(𝑥) (and we have to also restrict
the case to 1 ≤ 𝑞 ≤ ∞) form the estimates for 𝑆(𝑡) = 𝑒i𝑡Δ, where 𝜒, 𝜒̃ are cut-off
functions.

As for the global boundedness of 𝐼𝜑, we have unfortunately a negative result:

Theorem 6.2. Let 1 ≤ 𝑝, 𝑞 ≤ ∞, 2 ∕= 𝑝 < ∞, and let 𝜓 : ℝ𝑛 → ℝ𝑛 be a 𝐶1-
function. Assume that operator 𝐼𝜓 is bounded on 𝑀𝑝,𝑞(ℝ𝑛). Then 𝜓 is an affine
mapping.

7. Open questions

It is known that the algebra property of function spaces is of importance for PDE.
Up to now the following question is not clear for us:
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Question 7.1. Let 𝛼 ∈ (0,∞). Does
∥∣𝑢∣𝛼𝑢∥𝑀𝑝,1 ≤ 𝐶∥𝑢∥𝛼+1𝑀𝑝,1

hold for all 𝑢 ∈ 𝑀𝑝,1?

It is known that if 𝛼 ∈ 2ℕ, the answer is affirmative. If 𝛼 is not an even
integer, the question seems very difficult, cf. [47].

The global well posedness of NLS in modulation spaces for large initial data
seems open.

Question 7.2. Can we show that NLS (2.5) is global well posed if the initial data
𝑢0 ∈ 𝑀2,1 is large?

We should also discuss non-affine transforms which induce the globally bound-
ed canonical transformations. Note that such transforms must not be 𝐶1-mappings
in view of Theorem 6.2.

Question 7.3. Can we show the global boundedness of the operator 𝐼𝜓 in (6.1) on
modulation spaces for a homogeneous change of variables 𝜓?

Some partial answers to this question appeared in [40].
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An Optimal Control Problem
for a Nonlinear Hyperbolic Equation
with an Infinite Time Horizon

Simon Serovajsky and Kanat Shakenov

Abstract. An optimization control problem for a nonlinear hyperbolic equa-
tion with non-smooth nonlinearity and infinite time horizon without global
solvability of the boundary problem is considered. This problem is solved using
an approximation. The convergence of the approximation is proved. Necessary
conditions of optimality are obtained.
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1. Introduction

We consider an optimization control problem for a system described by a nonlinear
hyperbolic equation. The existence and uniqueness of the boundary problem is
not guaranteed for arbitrary control data. Furthermore, the nonlinear term of the
equation is non-smooth and the problem is considered on an infinite time interval.

Optimization methods for systems described by nonlinear parabolic and el-
liptic equations are well known. There exist a lot of results for control systems
characterized by Goursat–Darboux problems. Some results for optimization prob-
lems for usual boundary problems are obtained by Matveev and Yakubovich [1],
Tiba [2], Fursikov [3]. They prove the existence of the optimal control and neces-
sary conditions for optimality in the following case. The boundary problem has a
unique solution for all admissible control data, nonlinear terms are smooth, and
the time interval is finite. Relaxation methods for these problems are used by Tiba
[4] and Sumin [5]. Banks and Kunisch [6] apply numerical methods for its solution.
Kuliev and Gasanov (see [7]) consider optimization problems for nonlinear hyper-
bolic equations with a control in coefficients and with state constraints. Optimiza-
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tion methods for systems described by regular boundary problems for nonlinear
hyperbolic equations under smoothness assumptions and with finite time horizon
are well known.

Singular control systems may be not solvable or may have non-unique so-
lutions for admissible control data. The use of variational methods or gradient
methods for functional minimization are a matter of serious difficulty in this sit-
uation. The control is the primary object, and the state function is second for
standard optimization methods. It is determined by the state equation for the
given value of the control. However, the unique solvability of the problem can be
violated when varying the control in the singular case. Then the control and the
state function should be interpreted as an equal in rights pair. The state equation
is interpreted as a constraint in this situation. The cost functional is minimized
here on the admissible set of pairs, that is the set of control-state pairs such that
the state equation holds true. This conditional extremal problem can be solved
by means of the infinite-dimensional Lagrange multipliers method (see Fursikov
[3]) or penalty method (see Lions [8]). Optimization problems for nonlinear hyper-
bolic equations are considered for the singular case in these papers. However the
considered systems are smooth and the corresponding time interval is finite.

Two types of non-smooth optimization problems are known. Non-smooth
terms can be included either in the cost functional or in the state equation. If
the state operator is smooth and there is non-smoothness only in the functional
the problem can be solved using nonsmooth analysis methods (see, for example,
Rockafellar [9] and Clarke [10]). The classical derivatives (Gataux, Fréchet, some
other) can be replaced by its non-smooth extension, for example, sub-gradient or
Clarke derivative. Using these methods for problems with non-smooth terms in
the equation is very difficult because of the absence of the effective non-smooth
analogues of the inverse function theorem and the implicit function theorem. They
are used for proving the differentiability of the control-state mapping. However,
such optimization problems can be solved by means of smooth approximation of
the state equation (see Barbu [11]). This idea is used for nonlinear singular elliptic
equation in [12].

The additional difficulty of our optimization problem is the non-compactness
of the time interval. Optimization problems with infinite time horizon are well
known for systems described by ordinary differential equations (see, for example,
Seierstad [13] or Aseev and Kryazhimskiy [14]). The analogous problems for dis-
tributed systems are seldom considered. However, we note the result of Lions [15]
for systems described by linear parabolic equations. He proposes the approxima-
tion of the initial system by the analogous system on the finite time interval. The
conditions of optimality for the given problem are obtained after passing to the
limit in the necessary conditions of optimality for the approximate problem. But
the linearity of the system is used substantially in this case. Optimization prob-
lems for nonlinear parabolic equations with infinite time horizon are considered by
[16] and Cannarsa and Da Prato [17]. However they solve only feedback problems
by means of Hamilton–Jacobi equations.
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Optimization problems for nonlinear hyperbolic equations without smooth-
ness and regularity, and with infinite time horizon are not solved yet. We will use
some ideas and technical methods for its resolution.

Our system is singular. So we will interpret the state equation as a constraint.
The control data and the state function are equal in rights in this situation (see [3]
and [8]). The considered problem can be solved using Lagrange multipliers method
or a penalty method. These methods are equivalent for the optimization problems
of [3] and [8]. However we have additional difficulties because of non-smoothness
and non-compactness of the time interval. So we prefer to use the Penalty method
because it is an approximation method as opposed to the Lagrange multipliers one.

The peculiarity of our problem is the existence of non-smooth terms in the
state equation but not in the cost functional. This difficulty will be overcome by
means of smooth approximations of the equation. This idea was used in [11], [18]
for regular systems. It will be natural to use two forms of approximation (penalty
method and smooth approximation) simultaneously. The approximation of the
non-smooth term will be realized in the penalty functional. The corresponding
smooth penalty approximation method was used in [12] for an optimization prob-
lem for a singular elliptic equation with non-smooth nonlinearity. However, it is
not sufficient for obtaining the effective results for the system with infinite time
horizon.

We know that an optimization problem for linear parabolic equations with
infinite time horizon was solved in [15] by means of the finite time approximation
method. The corresponding approximate optimization problem has a finite time
interval. We propose to use this idea in our problem. The approximation will be
realized here at two stages. At first we will use finite time approximation. The
obtained optimization problem will be solved with using of the smooth penalty
approximation method.

In known results based on approximation techniques (penalty method [8],
smooth approximation method [11], and finite time approximation method [15])
necessary conditions of optimality for the initial problem are obtained by passing
to the limit in the optimality conditions for the approximate problems. Here we
have several difficulties. The high order of difficulty of the given problem does not
allow to obtain an analogous statement. But this peculiarity is not an obstacle for
solving the problem.

We will find an approximate solution of the problem, it is necessary to define
exactly the notion of approximate solution. It will be best to find an admissible
control, which is close enough to the optimal one. However, it is only possible for
simple enough optimization problems to obtain this form of approximate solution.
There is another notion of approximate solution, which is often used. For weak
approximate solutions the aim is to find an admissible control where the value of
the minimizing functional is close enough to its minimum on the admissible control
set. These two forms of approximate solutions are equivalent for optimization
problems well posed in the sense of Tikhonov [19]. But the values of the functionals
can be close for controls which are not close if the optimization problem is ill posed.
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It is known (see [20]), that the majority of optimization problems are ill posed.
So the weak approximate solution is used in the practical solution of optimization
problems as a rule.

Unfortunately, it may be hard to find a weak approximate solution if the
problem is very difficult. We will define a weaker approximate solution. Both,
strong and weak approximate solutions are admissible controls. We determine the
weaker approximate solution as a control, which is close enough to some admissible
control, and the corresponding value of the minimizing functional, which is close
enough to its minimum on the admissible control set. This object is weaker because
we permit the realization of the given constraint with some small error and do not
require it exactly. So the class of solvable problems is extended by weakening the
requirement of the approximate solution. The analogical idea was be realized in
[21] for an optimization problem for a singular elliptic equation. Our problem is
difficult enough. So we will try to find its weaker approximate solution.

There are different methods of practical solution of optimization problems.
The first class includes direct methods. The practical algorithm is determined by
the problem statement directly. This is true for example for gradient methods
(see [22]).

However, using direct practical methods can be very hard for a difficult prob-
lem. The given problem may be transformed to another form (condition of optimal-
ity) in this situation and the obtained problem may be easier for using numerical
methods. The methods of the second class are realized at two steps, obtaining of
the optimality conditions and its immediate resolution. However, using the opti-
mality conditions can be very hard too for very difficult optimization problems.
In these situations we can approximate the initial problem. So we obtain a third
class of practical optimization methods, which are realized in three steps. At first
we approximate the given problem. Then we obtain the conditions of optimality
for the approximate problem. The last step is the resolution of optimality condi-
tions for the approximate problem. Our problem is very difficult. So we will use a
method of the third class.

2. Statement of the problem

Let Ω be an bounded open 𝑛-dimensional set with smooth boundary 𝑆 and let
𝑄 = Ω× (0,∞) and Σ = 𝑆 × (0,∞). The state function 𝑦 = 𝑦(𝑥, 𝑡) is the solution
of the initial boundary value problem

𝑦′′ −Δ𝑦 + 𝑓(𝑦) = 𝑣, (𝑥, 𝑡) ∈ 𝑄, (2.1)

𝑦 = 0, (𝑥, 𝑡) ∈ Σ, (2.2)

𝑦(𝑥, 0) = 𝜑(𝑥), 𝑦′(𝑥, 0) = 𝜓(𝑥), 𝑥 ∈ Ω. (2.3)

The functions in the right side of the equations (2.3) are known. They satisfy the
inclusions

𝜑 ∈ 𝐻1
0 (Ω), 𝜓 ∈ 𝐿2(Ω).
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The function 𝑓 belongs to the set

𝐹 =
{

𝑓 ∈ 𝐶(ℝ) :
∣∣𝑓(𝜂)∣∣ ≤ 𝑐

∣∣𝜂∣∣3 ∀𝜂
}

,

where 𝑐 > 0.
The function 𝑣 = 𝑣(𝑥, 𝑡) is the control. It is an element of the set

𝑉 =
{

𝑥 ∈ 𝐿2(𝑄) : 𝑣(𝑥, 𝑡) ∈ 𝐺(𝑥), (𝑥, 𝑡) ∈ 𝑄
}

,

where 𝐺(𝑥) is closed and convex for all 𝑥 and 0 ∈ 𝐺(𝑥). The solution of the
boundary problem (2.1)–(2.3) will be found from the space

𝑌 =
{

𝑦 : 𝑦 ∈ 𝐿∞
(
0,∞; 𝐻1

0

)
, 𝑦′ ∈ 𝐿∞

(
0,∞; 𝐿2

)}
.

It is important that we cannot guarantee the existence of the solution of this
problem for arbitrary control (see [8]). However, we can determine the set 𝑈 of
admissible pairs for the system (2.1)–(2.3) (see [3] and [8]).

Definition 1. The pair (𝑣, 𝑦) from the set 𝑉 × 𝑌 is called admissible, if it satisfies
the equations (2.1)–(2.3).

The state functional is determine by

𝐼(𝑣, 𝑦) =
1

6

∥∥𝑦 − 𝑧
∥∥6
𝐿6(𝑄)

+
𝛼

2

∥∥𝑣∥∥2
𝐿2(𝑄)

,

where 𝛼 > 0 and 𝑧 is a given function from the space 𝐿6(𝑄). We consider the
following optimization problem.

Problem P. Find an admissible pair (𝑣, 𝑦) that minimizes the state functional 𝐼 on
the set 𝑈 .

The existence of its solution is guaranteed by the following result.

Theorem 1. If the set 𝑈 is nonempty, then the Problem P is solvable.

Proof. The functional 𝐼 is bounded from below. Therefore, there exists a minimiz-
ing sequence {𝑢𝑛} for this problem. Let 𝑢𝑛 = (𝑣𝑛, 𝑦𝑛), where 𝑣𝑛 ∈ 𝑉, 𝑦𝑛 ∈ 𝑌 . It
satisfies the equations

𝑦′′𝑛 −Δ𝑦𝑛 + 𝑓(𝑦𝑛) = 𝑣𝑛, (𝑥, 𝑡) ∈ 𝑄, (2.4)

𝑦𝑛 = 0, (𝑥, 𝑡) ∈ Σ, (2.5)

𝑦𝑛(𝑥, 0) = 𝜑(𝑥), 𝑦′𝑛(𝑥, 0) = 𝜓(𝑥), 𝑥 ∈ Ω. (2.6)

Furthermore, we have the convergence

𝐼(𝑢𝑛)→ inf
𝑢∈𝑈

𝐼(𝑢). (2.7)

The sequences {𝑣𝑛} and {𝑦𝑛} are bounded in the spaces 𝐿2(𝑄) and 𝐿6(𝑄) because
of the coercitivity of the functional. Therefore, the sequence

𝑓𝑛 = 𝑣𝑛 − 𝑓(𝑦𝑛)
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is bounded in 𝐿2(𝑄). The function 𝑦𝑛 is the solution of the equation

𝑦′′𝑛 −Δ𝑦𝑛 = 𝑓𝑛, (𝑥, 𝑡) ∈ 𝑄

with boundary conditions (2.5), (2.6). By the classical theory of linear hyperbolic
equations (see, for example, [15], Chapter 4) it follows that the sequence {𝑦𝑛} is
bounded in the space 𝑌 . Choosing a suitable subsequence, we obtain the conver-
gence 𝑣𝑛 → 𝑣 weakly in 𝐿2(𝑄) and 𝑦𝑛 → 𝑦 weakly in 𝑌 , in particular 𝑣 ∈ 𝑉 . So
𝑦𝑛 → 𝑦 strongly in 𝐿2(𝑄) and a.e. in 𝑄 by compactness of the embedding from 𝑌
into 𝐿2(𝑄) (see [23], Chapter 1, Theorem 5.1). Thus, 𝑓(𝑦𝑛)→ 𝑓(𝑦) a.e. in 𝑄. We
get the convergence 𝑓(𝑦𝑛) → 𝑓(𝑦) weakly in 𝐿2(𝑄) (see [23], Chapter 1, Lemma
1.3). We pass to the limit in the equations (2.4)–(2.6). Then the function 𝑦 satisfies
(2.1)–(2.3). Hence, for 𝑢 = (𝑣, 𝑦). we obtain 𝑢 ∈ 𝑈 .

Powers of the norms of the considered spaces are lower semicontinuous. So
we get the inequality

𝐼(𝑢) ≤ lim inf 𝐼(𝑢𝑛).

Using (2.7) we obtain, that the pair 𝑢 is a solution of the Problem P. □

Our next step is a solving this problem.

3. Finite time approximation

We will find an approximate solution of the given problem. If the control space is
normed, then it is naturally to define an approximate solution as an element of
the admissible control set 𝑈 such that∥∥𝑢− 𝑢0

∥∥ ≤ 𝜀

with small enough 𝜀 > 0, where 𝑢0 is an exact solution of the given problem.
Unfortunately finding such an approximate solution can be very hard for

difficult enough optimization problem. So one often defines a weak approximate
solution as a control 𝑢 ∈ 𝑈 , that satisfies the inequality∣∣𝐼(𝑢)− inf

𝑢∈𝑈
𝐼(𝑢)

∣∣ ≤ 𝜀

for small enough 𝜀 > 0. In reality it is sufficient that

𝐼(𝑢) ≤ inf
𝑢∈𝑈

𝐼(𝑢) + 𝜀,

because the value of the functional in the admissible control cannot be less than
its lower bound. The closeness of functional values is a corollary of the closeness of
controls if the functional is continuous. Then this approximate solution is weaker
than first one. Obviously these notions are equivalent if the optimization problem
is well posed in the sense of Tikhonov [19]. But the class of ill-posed optimiza-
tion problem is much larger. Thus, usually only weak approximate solutions will
be found practical optimization problems. Unfortunately, finding a weak approxi-
mate solution can be hard too if the optimization problem is very difficult. Then it
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is necessary to try to determine weaker forms of approximate solutions. Both of the
above-defined approximate solutions are elements of the set 𝑈 . We permit small
errors of the optimal control and of the minimum of the functional, but constraints
are satisfied exactly. However all objects of the problem statement are only known
in approximate form. Therefore it is naturally to require the approximate realiza-
tion of the given constraints. Of course, the corresponding error should be small.
So we have the following weaker form of approximate solutions of optimization
problems.

Definition 2. The control 𝑢 denotes a weaker approximate solution of the mini-
mization problem of the functional 𝐼 on the set 𝑈 , if 𝑢 ∈ 𝑂 and

𝐼(𝑢) ≤ inf
𝑢∈𝑈

𝐼(𝑢) + 𝜀

for a small enough neighborhood 𝑂 of the set 𝑈 and a small enough value 𝜀 > 0.

The weaker approximate solution may be not admissible. But it is close
enough to a point of the set 𝑈 . Besides this, the corresponding value of the func-
tional may exceed its lower bound only by a small value. It is obvious, that the
state functional in the weaker approximate solution must be approximated too. If
the weaker approximate solution belongs to the set 𝑈 , it is the weak approximate
solution of the given problem.

We have three difficulties of the optimization problem. It is the singularity of
the state equation, the smoothness of the nonlinear term, and the non-compactness
of the time interval. Therefore, we will use finite time approximation [15], the
penalty method [8], and a smooth approximation [16] for finding the approximate
solution of the given problem.

Our first step is the finite time approximation. We fix the value 𝑇 > 0. Let
𝑄𝑇 = Ω× (0, 𝑇 ) and denote by 𝑉𝑇 and 𝑌𝑇 the set of restrictions of functions from
𝑉 and 𝑌 to 𝑄𝑇 . The set 𝑈𝑇 of pairs (𝑣, 𝑦) is determined from the product 𝑉𝑇 ×𝑌𝑇
such that (2.1) is satisfied on the set 𝑄𝑇 and the initial conditions (2.3) hold true.
It is obvious that the restriction of an admissible pair of the system (2.1)–(2.3) to
the set 𝑄𝑇 is an element of the set 𝑈𝑇 . Furthermore, for all pair 𝑢 = (𝑣, 𝑦) from
𝑈𝑇 its trivial extension 𝑢 = (𝑣, 𝑦) by zero outside of the set 𝑈𝑇 is an admissible
pair of the system (2.1)–(2.3). We define the functional

𝐼𝑇 (𝑣, 𝑦) =
1

6

∥∥𝑦 − 𝑧
∥∥6
𝐿6(𝑄𝑇 )

+
𝛼

2

∥∥𝑣∥∥2
𝐿2(𝑄𝑇 )

and consider the finite time approximation problem of the given optimization
problem.

Problem P𝑇 . Find the control data from 𝑈𝑇 that minimize the functional 𝐼𝑇 on
this set.

Theorem 2. The problem P𝑇 is solvable.
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Proof. By lower boundedness of the functional 𝐼𝑇 there exists a sequence {𝑢𝑛}
from 𝑈𝑇 such that

𝐼(𝑢𝑛)→ inf
𝑢∈𝑈

𝐼(𝑢). (3.1)

We denote 𝑢𝑛 = (𝑣𝑛, 𝑦𝑛). Then we get the equations

𝑦′′𝑛 −Δ𝑦𝑛 + 𝑓(𝑦𝑛) = 𝑣𝑛, (𝑥, 𝑡) ∈ 𝑄𝑇 , (3.2)

𝑦𝑛 = 0, 𝑥 ∈ 𝑆, 𝑡 ∈ (0, 𝑇 ), (3.3)

𝑦𝑛(𝑥, 0) = 𝜑(𝑥), 𝑦′𝑛(𝑥, 0) = 𝜓(𝑥), 𝑥 ∈ Ω (3.4)

from the definition of the set 𝑈𝑇 . The sequence {𝑦𝑛} is bounded in the space
𝐿6(𝑄𝑇 ) and {𝑣𝑛} is bounded in 𝐿2(𝑄𝑇 ) because of the coercitivity of the functional
𝐼𝑇 . Therefore, the sequence is bounded in the space 𝐿2(𝑄𝑇 ) by definition of the
set 𝐹 . It is obvious that the function 𝑦𝑛 is a solution of the equation

𝑦′′𝑛 −Δ𝑦𝑛 = 𝑓(𝑦𝑛), (𝑥, 𝑡) ∈ 𝑄𝑇 ,

where

𝑓𝑛 = 𝑣𝑛 − 𝑓(𝑦𝑛).

The sequence {𝑓𝑛} is also bounded in the space 𝐿2(𝑄𝑇 ) and the sequence {𝑦𝑛} is
bounded in 𝑌𝑇 by standard theory of linear hyperbolic equations. After passing
to subsequences we get 𝑣𝑛 → 𝑣 weakly in 𝐿2(𝑄𝑇 ), and 𝑦𝑛 → 𝑦 weakly in 𝑌𝑇
together with 𝑣 ∈ 𝑉𝑇 . We repeat reasoning from the proof of Theorem 1 to obtain
𝑓(𝑦𝑛)→ 𝑓(𝑦) weakly in 𝐿2(𝑄𝑇 ). After passing to the limit in the equation (3.2)–
(3.4), we obtain that the function 𝑦 is a solution to the equation (2.1) within 𝑄𝑇 .
Thus the pair 𝑢 = (𝑣, 𝑦) belongs to the set 𝑈𝑇 . Thus

𝐼𝑇 (𝑢) ≤ lim inf𝐼𝑇 (𝑢𝑛)
and the pair 𝑢 is a solution of the problem P𝑇 because of (3.1). □

We denote the solution of the approximate problem P𝑇 by 𝑢𝑇 = (𝑣𝑇 , 𝑦𝑇 ).
Now we prove the convergence of the approximation scheme.

Theorem 3. If 𝑇 →∞ then 𝐼(𝑢𝑇 )→ min
𝑢∈𝑈

𝐼(𝑢).

Proof. By the lower boundedness of the functional 𝐼 on the set 𝑈 there exists for
all 𝛿 > 0 a pair 𝑢𝛿 such that

𝐼(𝑢𝛿) ≤ min
𝑢∈𝑈

𝐼(𝑢) + 𝛿.

Therefore, we get the inequality

𝐼𝑇 (𝑢𝑇 ) ≤ 𝐼𝑇 (𝑢
𝛿) ≤ 𝐼(𝑢𝛿) ≤ min

𝑢∈𝑈
𝐼(𝑢) + 𝛿. (3.5)
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Besides this, we obtain

min
𝑢∈𝑈

𝐼(𝑢) ≤ 𝐼(𝑢𝑇 ) =
𝛼

2

∫
𝑄

∣∣𝑣𝑇 ∣∣2𝑑𝑄+
1

6

∫
𝑄

∣∣𝑦𝑇 − 𝑧
∣∣6𝑑𝑄

=
𝛼

2

∫
𝑄𝑇

∣∣𝑣𝑇 ∣∣2𝑑𝑄𝑇 +
1

6

∫
𝑄𝑇

∣∣𝑦𝑇 − 𝑧
∣∣6𝑑𝑄𝑇 +

∞∫
𝑇

∫
Ω

∣∣𝑧∣∣6𝑑Ω𝑑𝑡

= 𝐼𝑇 (𝑢𝑇 ) +

∞∫
𝑇

∫
Ω

∣∣𝑧∣∣6𝑑Ω𝑑𝑡.

By (3.5) we get

min
𝑢∈𝑈

𝐼(𝑢) ≤ 𝐼(𝑢𝑇 ) ≤ min
𝑢∈𝑈

𝐼(𝑢) + 𝛿 +

∞∫
𝑇

∫
Ω

∣∣𝑧∣∣6𝑑Ω𝑑𝑡.

After the passing to the limit we obtain

min
𝑢∈𝑈

𝐼(𝑢) ≤ lim
𝑇→∞

𝐼(𝑢𝑇 ) ≤ min
𝑢∈𝑈

𝐼(𝑢) + 𝛿.

Then 𝐼(𝑢𝑇 )→ min
𝑢∈𝑈

𝐼(𝑢) because of arbitrariness of 𝛿. □

By the proved assertion the extension 𝑢𝑇 of the solution 𝑢𝑇 of problem P𝑇

can be chosen as the weak solution of the initial optimization problem for a small
enough value 𝑇 . It is an admissible pair with the value of the minimizing functional
close enough to its minimum. Our next step is an analysis of the problem P𝑇 .

4. Smooth penalty approximation

We use the penalty method with a smooth approximation for solving P𝑇 . For this
we define the functional

𝐼𝑘𝑇 (𝑣, 𝑦) =
1

6

∥∥𝑦 − 𝑧
∥∥6
𝐿6(𝑄𝑇 )

+
𝛼

2

∥∥𝑣∥∥2
𝐿2(𝑄𝑇 )

+
1

2𝜀𝑘

∥∥𝑦′′ −Δ𝑦 + 𝑓𝑘(𝑦)− 𝑣
∥∥2
𝐿2(𝑄𝑇 )

,

where 𝜀𝑘 > 0 and 𝜀𝑘 → 0 as 𝑘 →∞ and where 𝑓𝑘 are continuous functions with(
𝜀𝑘
)−1/2∥∥∥𝑓𝑘(𝑦)− 𝑓(𝑦)

∥∥∥
𝐿2(𝑄𝑇 )

→ 0 (4.1)

uniformly with respect to 𝑦 ∈ 𝑌𝑇 . We denote further by 𝑊𝑇 the set of pairs (𝑣, 𝑦)
from (𝑉𝑇 × 𝑌𝑇 ) such that the function 𝑦 satisfies the initial conditions (2.3).

Problem P𝑘
𝑇 Find the pair that minimizes the functional 𝐼𝑘𝑇 over the set 𝑊𝑇 .

Theorem 4. The problem P𝑘
𝑇 is solvable.
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Proof. Obviously, there exists a sequence {𝑢𝑛} from 𝑊𝑇 , where 𝑢𝑛 = (𝑣𝑛, 𝑦𝑛),
such that

𝐼𝑘𝑇 (𝑢𝑛)→ inf
𝑢∈𝑈

𝐼𝑘𝑇 (𝑢). (4.2)

By coercitivity of the functional 𝐼𝑘 the sequence {𝑦𝑛} is bounded in the space
𝐿6(𝑄𝑇 ) and the sequences {𝑣𝑛} and {𝑔𝑛} are bounded in 𝐿2(𝑄𝑇 ), where

𝑔𝑛 = 𝑦′′𝑛 −Δ𝑦𝑛 + 𝑓𝑘(𝑦𝑛)− 𝑣𝑛.

Furthermore, 𝑦𝑛 is the solution of the equation

𝑦′′𝑛 −Δ𝑦𝑛 = ℎ𝑛, (𝑥, 𝑡) ∈ 𝑄𝑇

with boundary conditions

𝑦𝑛 = 0, 𝑥 ∈ 𝑆, 𝑡 ∈ (0, 𝑇 ),

𝑦𝑛(𝑥, 0) = 𝜑(𝑥), 𝑦′𝑛(𝑥, 0) = 𝜓(𝑥), 𝑥 ∈ Ω,

where

ℎ𝑛 = 𝑔𝑛 + 𝑣𝑛 − 𝑓𝑘(𝑦𝑛).

The sequence {ℎ𝑛} is bounded in the space 𝐿2(𝑄𝑇 ). So the sequence {𝑦𝑛} is
bounded in the space 𝑌𝑇 . After passing to subsequences we get 𝑣𝑛 → 𝑣 weakly in
𝐿2(𝑄𝑇 ), 𝑔𝑛 → 𝑔 weakly in 𝐿2(𝑄𝑇 ), and 𝑦𝑛 → 𝑦 weakly in 𝑌𝑇 , besides 𝑣 ∈ 𝑉𝑇 .
Thus the pair 𝑢 = (𝑣, 𝑦) is an element of 𝑈𝑇 . We repeat the reasoning from the
proof of Theorem 1 and obtain 𝑓𝑘(𝑦𝑛)→ 𝑓𝑘(𝑦) weakly in 𝐿2(𝑄𝑇 ). Then ℎ𝑛 → ℎ,
where

ℎ = 𝑔 + 𝑣 − 𝑓𝑘(𝑦).

Hence we get

𝐼𝑘𝑇 (𝑢) ≤ lim inf 𝐼𝑘𝑇 (𝑢𝑛).

Therefore, the pair 𝑢 = (𝑣, 𝑦) is a solution of the problem P𝑘
𝑇 . □

Next, we prove the convergence of the approximation scheme. We denote by
𝑢𝑘𝑇 = (𝑣

𝑘
𝑇 , 𝑦𝑘𝑇 ) the solution of the problem P𝑘

𝑇 .

Theorem 5. If 𝑘 →∞ then

lim inf 𝐼𝑇 (𝑢
𝑘
𝑇 ) ≤ min

𝑢∈𝑈𝑇
𝐼𝑇 (𝑢),

and 𝑢𝑘𝑇 → 𝑢𝑇 weakly in 𝐿2(𝑄𝑇 )× 𝑌𝑇 where 𝑢𝑇 is the solution of the problem P𝑇 .

Proof. By lower boundedness of the functional 𝐼𝑇 on the set 𝑈𝑇 there exists for
all 𝛿 > 0 a pair 𝑢𝛿 = (𝑣𝛿, 𝑦𝛿) from 𝑈𝑇 such that

𝐼𝑇 (𝑢
𝛿) ≤ inf

𝑢∈𝑈𝑇
𝐼𝑇 (𝑢) + 𝛿.
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Using the optimality of the pair 𝑢𝑘𝑇 for the problem P𝑘
𝑇 , we get

𝐼𝑘𝑇 (𝑢
𝑘
𝑇 ) = min

𝑢∈𝑊𝑇
𝐼𝑘𝑇 (𝑢) ≤ 𝐼𝑘𝑇 (𝑢

𝛿)

= 𝐼𝑇 (𝑢
𝛿) +

1

2𝜀𝑘

∥∥∥(𝑦𝛿)′′ −Δ𝑦𝛿 + 𝑓𝑘(𝑦𝛿)− 𝑣𝛿
∥∥∥2
𝐿2(𝑄𝑇 )

≤ min
𝑢∈𝑈𝑇

𝐼𝑇 (𝑢) + 𝛿 +
1

2𝜀𝑘

∥∥∥𝑓𝑘(𝑦𝛿)− 𝑓(𝑦𝛿)
∥∥∥2
𝐿2(𝑄𝑇 )

because of the previous inequality and the inclusion 𝑦𝛿 ∈ 𝑌𝑇 . Using (4.1), we
obtain after passing to the limit 𝑘 →∞

lim inf 𝐼𝑘𝑇 (𝑢
𝑘
𝑇 ) ≤ min

𝑢∈𝑈𝑇
𝐼𝑇 (𝑢) + 𝛿.

After passing to the limit 𝛿 → 0, we obtain

lim inf 𝐼𝑘𝑇 (𝑢
𝑘
𝑇 ) ≤ min

𝑢∈𝑈𝑇
𝐼𝑇 (𝑢). (4.3)

Then by definition of the functional 𝐼𝑘𝑇 we obtain the boundedness of the sequences
{𝑣𝑘𝑇 } and {𝑦𝑘𝑇} in the spaces 𝐿2(𝑄𝑇 ) and 𝐿6(𝑄𝑇 ), besides 𝑦𝑘𝑇 is a solution of the
equation (

𝑦𝑘𝑇
)′′ −Δ𝑦𝑘𝑇 + 𝑓𝑘(𝑦𝑘𝑇 )− 𝑣𝑘𝑇 =

√
𝜀𝑘𝑔𝑘𝑇 , (𝑥.𝑡) ∈ 𝑄𝑇 , (4.4)

where the sequence {𝑔𝑘𝑇} is bounded in 𝐿2(𝑄𝑇 ). So the sequence {𝑓𝑘(𝑦𝑘𝑇 )} is
bounded in this space. Thus the function 𝑦𝑘𝑇 satisfies the equation(

𝑦𝑘𝑇
)′′ −Δ𝑦𝑘𝑇 = ℎ𝑘𝑇 ,

where

ℎ𝑘𝑇 = 𝑣𝑘𝑇 +
√

𝜀𝑘𝑔𝑘𝑇 − 𝑓𝑘(𝑦𝑘𝑇 ).

It is obvious that the sequence {ℎ𝑘𝑇 } is bounded in the space 𝐿2(𝑄𝑇 ). Using the
theory of linear hyperbolic equations, we prove the boundedness of the sequences
{𝑦𝑘𝑇 } in the space 𝑌𝑇 .

After passing to subsequences we obtain convergence 𝑣𝑘𝑇 → 𝑣𝑇 weakly in
𝐿2(𝑄𝑇 ) , 𝑦𝑘𝑇 → 𝑦𝑇 weakly in 𝑌𝑇 , 𝑔𝑘𝑇 → 𝑔𝑇 weakly in 𝐿2(𝑄𝑇 ), and in particular
𝑣𝑇 ∈ 𝑉𝑇 . Using the standard method, we get 𝑓𝑘(𝑦𝑘𝑇 )→ 𝑓(𝑦𝑇 ) weakly in 𝐿2(𝑄𝑇 ).
Then we obtain∣∣∣∣∣

∫
𝑄𝑇

(
𝑓𝑘(𝑦𝑘𝑇 )− 𝑓(𝑦𝑇 )

)
𝜆𝑑𝑄𝑇

∣∣∣∣∣
≤
∣∣∣∣∣
∫
𝑄𝑇

(
𝑓𝑘(𝑦𝑘𝑇 )− 𝑓(𝑦𝑘𝑇 )

)
𝜆𝑑𝑄𝑇

∣∣∣∣∣+
∣∣∣∣∣
∫
𝑄𝑇

(
𝑓(𝑦𝑘𝑇 )− 𝑓(𝑦𝑇 )

)
𝜆𝑑𝑄𝑇

∣∣∣∣∣
≤ sup

𝑦∈𝑌

∥∥∥𝑓𝑘(𝑦)− 𝑓(𝑦)
∥∥∥
𝐿2(𝑄𝑇 )

+

∣∣∣∣∣
∫
𝑄𝑇

(
𝑓(𝑦𝑘𝑇 )− 𝑓(𝑦𝑇 )

)
𝜆𝑑𝑄𝑇

∣∣∣∣∣
for all 𝜆 ∈ 𝐿2(𝑄𝑇 ).
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Using the uniform convergence of the sequence {𝑓𝑘}, we get 𝑓𝑘(𝑦𝑘𝑇 )→ 𝑓(𝑦𝑇 )
weakly in 𝐿2(𝑄𝑇 ). After the passing to the limit in (4.4), we obtain, that the
function 𝑦𝑇 satisfies the equation (2.1) in 𝑄𝑇 . Thus we get the inclusion 𝑦𝑇 ∈ 𝑌𝑇 .
Then 𝑢𝑇 ∈ 𝑈𝑇 , where 𝑢𝑇 = (𝑣𝑇 , 𝑦𝑇 ). The following inequality

𝐼𝑇
(
𝑢𝑘𝑇
) ≤ 𝐼𝑘𝑇

(
𝑢𝑘𝑇
)

is true because of the definition of the functional 𝐼𝑘𝑇 . Using 4.3, we get (if 𝑘 →∞)
lim inf 𝐼𝑇

(
𝑢𝑘𝑇
) ≤ lim inf 𝐼𝑘𝑇

(
𝑢𝑘𝑇
) ≤ min

𝑢∈𝑈𝑇
𝐼𝑇
(
𝑢
)
.

Thus, we obtain
𝐼𝑇 (𝑢𝑇 ) ≤ lim inf

𝑘→∞
𝐼𝑇
(
𝑢𝑘𝑇
) ≤ min

𝑢∈𝑈𝑇
𝐼𝑇
(
𝑢
)

from the weak lower semicontinuity of the powers of norms. Therefore 𝑢𝑇 is a
solution of the problem P𝑇 . □

Therefore, a weaker approximate solution can be found from the obtained
results.

Theorem 6. The extension 𝑢𝑘𝑇 of the solution 𝑢𝑘𝑇 of the problem P𝑘
𝑇 is a weaker

approximate solution of the problem P for large enough 𝑘 and 𝑇 .

Proof. Using Theorem 3, we obtain that for all 𝜀 > 0 there exists a value 𝑇 such
that the extension 𝑢𝑇 of the solution 𝑢𝑇 of the problem P𝑇 satisfies the inequality

𝐼
(
𝑢𝑇
) ≤ min

𝑢∈𝑈
𝐼(𝑢) + 𝜀/2. (4.5)

By Theorem 5, we obtain the convergence 𝑢𝑘𝑇 → 𝑢𝑇 weakly in 𝐿2(𝑄𝑇 ) × 𝑌𝑇 .
Therefore,

𝑢𝑘𝑇 → 𝑢𝑇 weakly in 𝐿2(𝑄𝑇 )× 𝑌. (4.6)

Furthermore,
lim inf
𝑘→∞

𝐼𝑇
(
𝑢𝑘𝑇
) ≤ min

𝑢∈𝑈𝑇
𝐼𝑇 (𝑢). (4.7)

It is obvious, that 𝐼𝑇 (𝑢) = 𝐼(𝑢) for all 𝑢 ∈ 𝐿2(𝑄𝑇 )× 𝑌𝑇 . So we get

min
𝑢∈𝑈𝑇

𝐼𝑇 (𝑢) = 𝐼𝑇 (𝑢𝑇 ) = 𝐼(𝑢𝑇 )) ≤ min
𝑢∈𝑈

𝐼(𝑢) + 𝜀/2 (4.8)

from inequality (4.5). Based on (4.6) and (4.7), we obtain for given 𝜀 > 0, corre-
sponding value 𝑇 and neighbourhood 𝑂 of 𝑈 in the sense of the weak topology of
the product 𝐿2(𝑄𝑇 )× 𝑌𝑇 a sufficiently large number 𝑘 such that 𝑢𝑇 ∈ 𝑂 and

𝐼
(
𝑢𝑘𝑇
)
= 𝐼𝑇

(
𝑢𝑘𝑇
) ≤ 𝐼𝑇 (𝑈𝑇 ) + 𝜀/2.

Using (4.8), we get

𝐼
(
𝑢𝑘𝑇
) ≤ 𝐼(𝑈) + 𝜀/2.

Hence, the assertions of the theorem are true. □

Thus we can choose the extension 𝑢𝑘𝑇 of the solution to the problem P𝑘
𝑇 as

the weaker approximate solution of the initial optimization problem. Our last step
is to obtain necessary conditions of optimality for the problem P𝑘

𝑇 .
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5. Solving the approximate optimization problem

We consider the problem P𝑘
𝑇 of minimizing the smooth functional 𝐼

𝑘
𝑇 on the convex

set 𝑊𝑇 . This problem can be solved by means of standard methods.

Theorem 7. The solution 𝑢𝑘𝑇 = (𝑣
𝑘
𝑇 , 𝑦𝑘𝑇 ) to the problem P𝑘

𝑇 satisfies the variational
inequality ∫

𝑄𝑇

(
𝛼𝑣𝑘𝑇 + 𝑝𝑘𝑇

)(
𝑣 − 𝑣𝑘𝑇

)
𝑑𝑄𝑇 ≥ 0 ∀𝑣 ∈ 𝑉𝑇 , (5.1)

where 𝑝𝑘𝑇 is the solution of the initial boundary value problem(
𝑝𝑘𝑇
)′′ −Δ𝑝𝑘𝑇 +

(
𝑓𝑘
)′(

𝑦𝑘𝑇
)
𝑝𝑘𝑇 =

(
𝑦𝑘𝑇 − 𝑧

)5
, (𝑥, 𝑡) ∈ 𝑄𝑇 , (5.2)

𝑝𝑘𝑇 = 0, 𝑥 ∈ Ω, 𝑡 ∈ (0, 𝑇 ), (5.3)

𝑝𝑘𝑇 (𝑥, 𝑇 ) = 0,
(
𝑝𝑘𝑇
)′
(𝑥, 𝑇 ) = 0, 𝑥 ∈ Ω, (5.4)

and 𝑦𝑘𝑇 is the solution of the initial boundary value problem(
𝑦𝑘𝑇
)′′ −Δ𝑦𝑘𝑇 + 𝑓𝑘

(
𝑦𝑘𝑇
)
= 𝑣𝑘𝑇 + 𝜀𝑘𝑝𝑘𝑇 , (𝑥, 𝑡) ∈ 𝑄𝑇 , (5.5)

𝑦𝑘𝑇 = 0, 𝑥 ∈ Ω, 𝑡 ∈ (0, 𝑇 ), (5.6)

𝑦𝑘𝑇 (𝑥, 0) = 𝜑(𝑥),
(
𝑦𝑘𝑇
)′
(𝑥, 0) = 𝜓(𝑥), 𝑥 ∈ Ω. (5.7)

Proof. By Theorem 3.1 (of [15], Chapter 1) the minimal point 𝑢𝑘𝑇 of the functional
𝐼𝑘𝑇 on the convex set 𝑊𝑇 satisfies the variational inequality〈(

𝐼𝑘𝑇
)′(

𝑢𝑘𝑇
)
, 𝑢− 𝑢𝑘𝑇

〉
≥ 0 ∀𝑢 ∈ 𝑊𝑇

where
〈
𝜆, 𝑢
〉
is the value of the linear continuous functional 𝜆 in the point 𝑢, and(

𝐼𝑘𝑇
)′(

𝑢𝑘𝑇
)
is the Gataux derivative of the functional 𝐼𝑘𝑇 in the point 𝑢𝑘𝑇 . Using the

definition of the set 𝑊𝑇 , we obtain, that the last formula can be transformed to
the variational inequality〈(

𝐼𝑘𝑇𝑣
)(

𝑢𝑘𝑇
)
, 𝑣 − 𝑣𝑘𝑇

〉
≥ 0 ∀𝑣 ∈ 𝑉𝑇 (5.8)

and stationarity condition

𝐼𝑘𝑇𝑦
(
𝑢𝑘𝑇
)
= 0, (5.9)

where 𝐼𝑘𝑇𝑣
(
𝑢𝑘𝑇
)
and 𝐼𝑘𝑇𝑦

(
𝑢𝑘𝑇
)
are the partial derivatives of the functional 𝐼𝑘𝑇 in the

considered point. Using the definition of the functional 𝐼𝑘𝑇 we find the values of its
partial derivatives from the formula

𝐼𝑘𝑇𝑣
(
𝑢𝑘𝑇
)
= 𝛼𝑣𝑘𝑇 −

1

𝜀𝑘

((
𝑦𝑘𝑇
)′′ −Δ𝑦𝑘𝑇 + 𝑓𝑘

(
𝑦𝑘𝑇
)− 𝑣𝑘𝑇

)
,
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such that〈(
𝐼𝑘𝑇𝑦
)(

𝑢𝑘𝑇
)
, ℎ
〉
=

∫
𝑄𝑇

(
𝑦𝑘𝑇 − 𝑧

)5
𝑑𝑄𝑇

+
1

𝜀𝑘

∫
𝑄𝑇

((
𝑦𝑘𝑇
)′′ −Δ𝑦𝑘𝑇 + 𝑓𝑘

(
𝑦𝑘𝑇
)− 𝑣𝑘𝑇

)(
ℎ′′ −Δℎ+

(
𝑓𝑘
)′(

𝑦𝑘𝑇
)
ℎ
)

𝑑𝑄𝑇

holds true for all ℎ ∈ 𝑌𝑇 . We define

𝑝𝑘𝑇 =
1

𝜀𝑘

((
𝑦𝑘𝑇
)′′ −Δ𝑦𝑘𝑇 + 𝑓𝑘

(
𝑦𝑘𝑇
)− 𝑣𝑘𝑇

)
.

Then the function 𝑦𝑘𝑇 satisfies the equation (5.5). The boundary conditions (5.6),
(5.7) can be obtained by using of the definition of the set 𝑊𝑇 . We find the value
of the partial derivative

𝐼𝑘𝑇𝑣
(
𝑢𝑘𝑇
)
= 𝛼𝑣𝑘𝑇 − 𝑝𝑘𝑇.

Thus the variational inequality (5.8) is transformed to (5.1). We obtain in an
analogous way the partial derivative from the equation〈(

𝐼𝑘𝑇𝑦
)(

𝑢𝑘𝑇
)
, ℎ
〉
=

∫
𝑄𝑇

((
𝑦𝑘𝑇 − 𝑧

)5
ℎ+ 𝑝𝑘𝑇

(
ℎ′′ −Δℎ+

(
𝑓𝑘
)′(

𝑦𝑘𝑇
)
ℎ
))

𝑑𝑄𝑇

=

∫
𝑄𝑇

((
𝑦𝑘𝑇 − 𝑧

)5
+
(
𝑝𝑘𝑇
)′′ −Δ𝑝𝑘𝑇 +

(
𝑓𝑘
)′(

𝑦𝑘𝑇
)
𝑝𝑘𝑇

)
ℎ𝑑𝑄𝑇

+

∫
Ω

(
𝑝𝑘𝑇 (𝑥, 𝑇 )ℎ′(𝑥, 𝑇 )− (𝑝𝑘𝑇 )′(𝑥, 𝑇 )ℎ(𝑥, 𝑇 )

)
𝑑𝑥

+

𝑇∫
0

∫
𝑆

𝑝𝑘𝑇
∂ℎ

∂𝑛⃗
𝑑𝑆𝑑𝑡 ∀ℎ ∈ 𝑌𝑇 ,

where 𝑛⃗ is the outward normal of 𝑆. Using (5.9), we obtain∫
𝑄𝑇

((
𝑦𝑘𝑇 − 𝑧

)5
+
(
𝑝𝑘𝑇
)′′ −Δ𝑝𝑘𝑇 +

(
𝑓𝑘
)′(

𝑦𝑘𝑇
)
𝑝𝑘𝑇

)
ℎ𝑑𝑄𝑇

+

∫
𝑆

(
𝑝𝑘𝑇 (𝑥, 𝑇 )ℎ′(𝑥, 𝑇 )− (𝑝𝑘𝑇 )′(𝑥, 𝑇 )ℎ(𝑥, 𝑇 )

)
𝑑𝑥+

𝑇∫
0

∫
𝑆

𝑝𝑘𝑇
∂ℎ

∂𝑛⃗
𝑑𝑆𝑑𝑡 = 0

for all ℎ ∈ 𝑌𝑇 and the function 𝑝𝑘𝑇 solves the boundary problem (5.2)–(5.4). □

Thus we have obtained a system including the variational inequality (5.1),
the state equations (5.5)–(5.7), and the adjoint system (5.2)–(5.4) for solving the
problem P𝑘

𝑇 . It can be computed by using standard iterative methods, see [24].
By Theorem 6 the extension of the solution 𝑢𝑘𝑇 = (𝑣𝑘𝑇 , 𝑦𝑘𝑇 ) of the problem P𝑘

𝑇
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can be chosen as the weaker approximate solution of the initial problem for large
enough value of 𝑘 and 𝑇 . Note, that the equation (5.5) implies that the initial state
equation is satisfied approximately but not exactly because of the second term in
its right-hand side. Therefore, the pair 𝑢𝑘𝑇 is not admissible and we have indeed a
weaker approximate solution of the problem P.
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Local in Space Energy Estimates for
Second-order Hyperbolic Equations

Sergio Spagnolo and Giovanni Taglialatela

Abstract. In the first part of the paper we review some recent results con-
cerning the propagation of analytic regularity for the 𝑠-Gevrey solutions, with
𝑠 < 𝑚/(𝑚 − 1), to the semilinear (weakly) hyperbolic equations with char-
acteristics of multiplicity ≤ 𝑚. The main results are concerning two special
classes of equations: the equations with coefficients depending only on time,
and those in space dimension one. These results rely on suitable a priori esti-
mates for the corresponding linearized equations, based on the theory of quasi-
symmetrizer. In view of these a priori estimates, the case of several space vari-
ables is quite different from that of one space variable: in the latter the quasi-
symmetrizer provides an energy integral on each open subset of ℝ1, and this
ensures the propagation of regularity along the cones of determinacy, whereas
in the multidimensional case we can only define the energy on the whole ℝ𝑛.

The second part of the paper is devoted to the Cauchy problem for the
second-order linear hyperbolic equations. For these equations, we are in the
position to get an energy estimate along the cones of determinacy, which will
imply, for the corresponding semilinear equations, the analytic propagation
along these cones for all the 𝑠-Gevrey solution with 𝑠 < 2. The proof of this
energy estimate is only sketched.

Mathematics Subject Classification. Primary 35L15; Secondary 35B65.

Keywords. Energy estimates, weakly hyperbolic equations, analytic
propagation.

1. The analytic propagation

The propagation (in time) of the analyticity (in space variables) for solutions
to nonlinear hyperbolic equations has been the object of many investigations.
Roughly speaking, the propagation of analyticity can be described as follows:

Let 𝑢(𝑡, 𝑥) be a sufficiently smooth solution of an hyperbolic equation

𝒫𝑢 ≡ ∂ 𝑚
𝑡 𝑢+

∑𝑚

ℎ=1
𝑝ℎ(𝑡, 𝑥, ∂𝑥)∂

𝑚−ℎ
𝑡 𝑢 = 𝑓(𝑢) in [0, 𝑇 ]× ℝ𝑛, (1)

𝑝ℎ(𝑡, 𝑥, 𝜉) being polynomials of degree ≤ ℎ in 𝜉 ∈ ℝ𝑛, with analytic coefficients.
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If 𝑢(𝑡, 𝑥), as well as its time derivatives ∂𝑗
𝑡 𝑢(𝑡, 𝑥) of order 𝑗 ≤ 𝑚, are analytic

in 𝑥 at 𝑡 = 0, can we conclude that 𝑢(𝑡, ⋅) remains analytic for all 𝑡 ≥ 0?
Denote by

𝑝0(𝑡, 𝑥, 𝜏, 𝜉) ≡ 𝜏𝑚 +

𝑚∑
ℎ=1

𝑝0ℎ(𝑡, 𝑥, 𝜉)𝜏𝑚−ℎ =
𝑚∏
𝑗=0

(
𝜏 − 𝜏𝑗(𝑡, 𝑥, 𝜉)

)
, (2)

where 𝑝0ℎ is the homogeneous part of degree ℎ of 𝑝ℎ, the principal symbol of the
operator 𝒫 :

We say that 𝒫 is hyperbolic when the characteristic roots {𝜏𝑗(𝑡, 𝑥, 𝜉)}1≤𝑗≤𝑚
are real .

Thus, hyperbolic is here synonymous of weakly hyperbolic.

In the following, we shall assume that 𝑝0ℎ(𝑡, 𝑥, 𝜉) is bounded on [0, 𝑇 ] × ℝ𝑛,
for ∣𝜉∣ = 1, ℎ = 1, . . . , 𝑛, hence

Λ0 ≡ sup
(𝑡,𝑥,𝜉)∈[0,𝑇 ]×ℝ𝑛×(ℝ𝑛∖{0})

∣∣𝜏ℎ(𝑡, 𝑥, 𝜉/∣𝜉∣)∣∣ < +∞ . (3)

We shall refer to the cones

Γ ≡ Γ(𝑥0, 𝑟0,Λ) =
{
(𝑡, 𝑥) ∈ [0, 𝑇 ]× ℝ𝑛

∣∣∣ ∣𝑥− 𝑥0∣ ≤ 𝑟0 − Λ 𝑡
}

,

with Λ ≥ Λ0, as to the determinacy cones of (1).

We consider two different versions of analytic propagation for the equation (1):
either

∂𝑗
𝑡 𝑢(0, ⋅) ∈ 𝒞𝜔(Γ0) for all 𝑗 < 𝑚 =⇒ 𝑢 ∈ 𝒞𝜔(Γ), (PA)loc

for each determinacy cone Γ with base Γ0 = Γ ∩ {𝑡 = 0} at the initial time; or

∂𝑗
𝑡 𝑢(0, ⋅) ∈ 𝒞𝜔𝐿2(ℝ𝑛) for all 𝑗 < 𝑚 =⇒ 𝑢(𝑡, ⋅) ∈ 𝒞𝜔𝐿2(ℝ𝑛). (PA)glob

By (3) it follows that

(PA)loc =⇒ (PA)glob .

The analytic propagation property has a rather long history. The case of
strictly hyperbolic equations (which means that the characteristic roots 𝜏𝑗 are
simple) has been considered by Lax [L] in space dimension 𝑛 = 1, and by Alinhac
and Métivier [AM] in several space dimensions. They proved (PA)loc for those
solutions which are a priori assumed to belong to 𝒞∞, or, more generally, to a
Sobolev class of a sufficiently large order. In the linear case the analytic propagation
had been previously stated by Mizohata [Mi].
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In the nonstrictly hyperbolic case, it is natural to think that we need to
strengthen the degree of regularity which should be a priori required for the given
solution. More precisely, we conjecture that the propagation of analyticity holds
for the solutions which belong to a functional class 𝒳 in which the Cauchy problem
for the linearized equation is well posed:

Ansatz. If the Cauchy Problem for the linearized equation 𝒫𝑢 = 𝑓(𝑡, 𝑥) is well
posed in some class 𝒳 (𝒞𝜔 ⊆ 𝒳 ⊆ 𝒞∞), regardless to lower-order terms, then a
solution 𝑢(𝑡, ⋅) enjoys the analytic propagation as long as it remains bounded in 𝒳 .

In this direction, in [S1], some answers were given, limited to the class of
semilinear second-order equations. Subsequently, various other results have been
obtained: [Ma] and [RY] for second-order equations, [CZ] for equations with con-
stant multiplicity, [KY] for uniformly symmetrizable systems. It should be noted
that for a (hyperbolic) linear system, the analytic propagation is a direct conse-
quence of the global wellposedness in 𝒞𝜔 (Theorem of Bony-Shapira [BS]) together
with Holmgren uniqueness.

If 𝜇(𝜏𝑗) is the multiplicity of the characteristic root 𝜏𝑗 , the number (among
1 and 𝑚)

𝑚 ≡ max
𝑗

max
𝑡,𝑥,𝜉

𝜇
(
𝜏𝑗(𝑡, 𝑥, 𝜉)

)
,

is called the multiplicity of the equation (1). For 𝑚 = 1, the equation is strictly
hyperbolic.

Now, after Bronštĕın [B] we know that the sharp wellposedness spaces for a
linear hyperbolic equation with multiplicity ≤ 𝑚, are the Gevrey classes 𝛾𝑠 with
exponent 𝑠 < 𝑚/(𝑚− 1); thus we expect that every solution which is bounded in
one of these classes enjoys the analytic propagation. More precisely we think that
the following statements holds true:

Conjecture 1. A solution 𝑢(𝑡, ⋅) to an analytic hyperbolic equation (1) enjoys
(PA)loc as long as it remains bounded in some Gevrey class 𝛾𝑠 with 𝑠 < 𝑠 ≡
𝑚/(𝑚− 1).
Global version: 𝑢(𝑡, ⋅) enjoys (PA)glob as long as it remains bounded in some

𝛾𝑠𝐿2 with 𝑠 < 𝑠.

Notations. If Ω is an open set of ℝ𝑛, the Gevrey class 𝛾𝑠 ≡ 𝛾𝑠(Ω) is formed by
the functions 𝜑 ∈ 𝒞∞(Ω) satisfying

sup
𝑥∈𝐾

∣∣∂𝛼
𝑥 𝜑(𝑥)

∣∣ ≤ 𝐶𝐾Λ
∣𝛼∣
𝐾 𝛼!𝑠 for all compact 𝐾 ⊂ Ω, ∀𝛼,

while

𝛾𝑠𝐿2 =
{

𝜑 ∈ 𝒞∞(ℝ𝑛) : ∥∂𝛼
𝑥 𝜑∥𝐿2 ≤ 𝐶Λ∣𝛼∣𝛼!𝑠, ∀𝛼 ∈ ℕ𝑛

}
.

Note that 𝒞𝜔 = 𝛾1 ⊂ 𝛾𝑠 ⊂ 𝛾𝑠
′ ⊂ 𝒞∞ for 1 < 𝑠 < 𝑠′.

In [DS], Conjecture 1 was proved, in the global version, for the special case
of space-independent leading coefficients. More recently, in [ST], Conjecture 1 was
proved for any equation of the type (1), but limited to one space variable.
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The case of hyperbolic systems was also considered, and it was proved:

Theorem 1 ([DS]). A solution 𝑈(𝑡, 𝑥) to an analytic hyperbolic system of the form

𝑈𝑡 +𝐴1(𝑡)𝑈𝑥1 + ⋅ ⋅ ⋅+𝐴𝑛(𝑡)𝑈𝑥𝑛 = 𝑓(𝑡, 𝑥, 𝑈) in [0, 𝑇 ]× ℝ𝑛,

enjoys (PA)glob whenever it is bounded in 𝛾𝑠𝐿2 for some 𝑠 < 𝑠 ≡ 𝑚/(𝑚− 1).
Theorem 2 ([ST]). A solution 𝑈(𝑡, 𝑥) to an analytic hyperbolic system of the form

𝑈𝑡 = 𝑓(𝑡, 𝑥, 𝑈, 𝑈𝑥) in [0, 𝑇 ]× ℝ, (4)

enjoys (PA)loc in a determinacy cone Γ, whenever, in a neighborhood of Γ, it is
bounded in 𝛾𝑠 for some 𝑠 < 𝑠.

Here, the nonlinear terms 𝑓(𝑡, 𝑥, 𝑈) and 𝑓(𝑡, 𝑥, 𝑈, 𝑈𝑥) are assumed to be an-
alytic in (𝑡, 𝑥) and entire analytic in 𝑈 and (𝑈, 𝑈𝑥) respectively.

Roughly speaking, the proofs of these theorems can be splitted in two parts:
an a priori energy estimate (in Gevrey classes) for the linearized operators, and
an estimate of the analytic norm of the nonlinear terms. The techniques employed
for proving the linear estimates are elaborate, and apply also to other questions on
hyperbolic systems and on parameter-depending polynomials. The main tool is the
quasi-symmetrizer introduced by Jannelli in 1989 [J1], and by D’Ancona-Spagnolo
in 1998 [DS] (see also [J2]).

Open Problem. To extend Theorem 2 to the case of several space variables, i.e.,
to the systems

𝑈𝑡 = 𝑓(𝑡, 𝑥, 𝑈, 𝑈𝑥1, . . . , 𝑈𝑥𝑛) in [0, 𝑇 ]× ℝ𝑛. (5)

The main difficulty is concerning the linear estimates. We need to find a
Gevrey energy function for the linear hyperbolic system

𝑈𝑡 +𝐴1(𝑡, 𝑥)𝑈𝑥1 + ⋅ ⋅ ⋅+𝐴𝑛(𝑡, 𝑥)𝑈𝑥𝑛 = 𝑓(𝑡, 𝑥), (6)

and to prove an a priori estimate ensuring the 𝛾𝑠-wellposedness for 𝑠 < 𝑚/(𝑚−1).
This wellposedness was proved in 1982 by Bronštĕın [B], but his proof is not based
on an energy estimate, and so does no seem to be directly exploitable for the
nonlinear equations.

Actually, a global (Gevrey) energy function for the solutions to (6), leading
to the global analytic propagation for (5), could be constructed by setting up
a pseudo-differential version of the quasi-symmetrizer, suitable to be applied to
linear equations with space-dependent coefficients. On the other hand, the con-
struction of a local energy function for (6) is much harder, since to this end we
cannot use the pseudodifferential operators. As a matter of facts, we are able to
construct such a local energy only in the special case of second-order scalar equa-
tions. This construction will be sketched in the next section.

We remark that, in space dimension 𝑛 = 1, the construction of a local energy
does not present any additional difficulty w.r. to that of a global energy (see
Subsection 2.9).
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2. Local energy for second-order equations

Let us now restrict our investigation to the second-order equations in 𝑛 space
variables, i.e.,

𝒫𝑢 ≡ ∂2𝑡 𝑢− 2
𝑛∑

𝑗=1

𝑏𝑗(𝑡, 𝑥)∂𝑗∂𝑡𝑢 −
𝑛∑

𝑖,𝑗=1

𝑎𝑖𝑗(𝑡, 𝑥)∂𝑖∂𝑗𝑢 + 𝑙.𝑜.𝑡. = 𝑓(𝑡, 𝑥), (7)

where the leading coefficients are smooth real functions on a strip [0, 𝑇 ]× ℝ𝑛.
We assume the hyperbolicity condition:( 𝑛∑

𝑗=1

𝑏𝑗(𝑡, 𝑥)𝜉𝑗

)2
+

𝑛∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑡, 𝑥)𝜉𝑖𝜉𝑗 ≥ 0 . (8)

Theorem 3. For the solutions to (7), it is possible to define a local energy function
𝐸(𝑡, 𝑢; Ω), for each open set Ω ⊂ ℝ𝑛, and to prove an a priori estimate leading to
the wellposedness in the Gevrey classes 𝛾𝑠 with 𝑠 < 2, on every determinacy cone.

Remark 1. The equations

𝑢𝑡𝑡 + 𝑢𝑥 = 0, 𝑢𝑡𝑡 − 2𝑡𝑢𝑥𝑡 + 𝑡2𝑢𝑥𝑥 = 0, 𝑢𝑡𝑡 − 2𝑥𝑢𝑥𝑡 + 𝑥2𝑢𝑥𝑥 = 0,

are examples of hyperbolic equations for which the Cauchy problem is 𝛾𝑠 well
posed only for 𝑠 < 2.

Remark 2. By using the energy estimate stated in Theorem 3, we can prove the lo-
cal analytic propagation for the solutions of 𝒫𝑢 = 𝑓(𝑢, ∂𝑡𝑢, ∂𝑥1𝑢, . . . , ∂𝑥𝑛𝑢) which
are bounded in some 𝛾𝑠 with 𝑠 < 2.

Remark 3. The finite speed of propagation for a hyperbolic system of the type

(6), means that, if 𝑈(𝑡, 𝑥) and 𝑈(𝑡, 𝑥) are two solutions coinciding on the base

Γ0 of a determinacy cone Γ, then 𝑈 = 𝑈 on Γ. Under the assumption that 𝑈

and 𝑈 are Gevrey function in 𝑥 of order 𝑠 < 𝑚/(𝑚 − 1), such a property was
stated by various authors (see Ohya and Tarama [OT], Rauch [R], Colombini
and Rauch [CR]). However, the finite speed of propagation does not imply the
existence of a local (in space) energy estimate.

2.1. Sketch of proof of Theorem 3

For the sake of simplicity, we shall consider the case of an homogeneous operator
with coefficients independent of time. The general case requires minor additional
computations. We write our operator in the form

𝒫𝑢 = ∂2𝑡 𝑢− 2
𝑛∑

𝑗=1

𝑏𝑗(𝑥)∂𝑗∂𝑡𝑢−
𝑛∑

𝑖,𝑗=1

∂𝑖(𝑎𝑖𝑗(𝑥)∂𝑗𝑢)

= 𝑢𝑡𝑡 − 2 ⟨𝑏(𝑥),∇𝑢𝑡⟩ − div(𝐴(𝑥)∇𝑢)

where 𝑏(𝑥) =
(
𝑏1(𝑥), . . . , 𝑏𝑛(𝑥)

)𝑡
, 𝑎𝑖𝑗 = 𝑎𝑗𝑖, 𝐴(𝑥) = [𝑎𝑖𝑗(𝑥)], and ∇ = ∇𝑥 .
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The hyperbolicity assumption reads

𝐴(𝑥) ≡ 𝑏(𝑥) 𝑏(𝑥)𝑡 +𝐴(𝑥) ≥ 0.

2.2. A transformation

Introducing the derivation

∂𝑏 = ∂𝑡 − 𝑏(𝑥) ⋅ ∇ ≡ ∂𝑡 −
𝑛∑

𝑗=1

𝑏𝑗(𝑥)∂𝑗 ,

our operator becomes (up to lower-order terms)

𝒫𝑢 = ∂2𝑏𝑢− div (𝐴(𝑥)∇𝑢),

where div = div𝑥. Note that the operators ∂𝑏 and ∂𝑡 are not commuting each
other. In the following we shall use the shortened notation

𝑢𝑏 = ∂𝑏𝑢, 𝑢𝑏𝑏 = ∂2𝑏𝑢.

2.3. The energy density

For any 𝑢(𝑡, 𝑥) we define the non-negative function

𝑒(𝑡, 𝑥) =
1

2

[
𝑢 2
𝑏 + ⟨𝐴(𝑥)∇𝑢,∇𝑢⟩

]
≡ 1

2

[(
𝑢𝑡 −

𝑛∑
𝑗=1

𝑏𝑗(𝑥)𝑢𝑥𝑗
)2
+

𝑛∑
𝑖,𝑗=1

(
𝑏𝑖(𝑥)𝑏𝑗(𝑥) + 𝑎𝑖𝑗(𝑥)

)
𝑢𝑥𝑖𝑢𝑥𝑗

]
,

and the vector

𝜃(𝑡, 𝑥) = −
{

𝑒(𝑡, 𝑥) 𝑏(𝑥) + 𝑢𝑏 ⋅ 𝐴(𝑥)∇𝑢
}

.

Remark 4. The symbol of our operator 𝒫 ≡ 𝒫(𝑥; ∂𝑡, ∂𝑥) is the polynomial

𝑃 (𝑥; 𝜏, 𝜉) = 𝜏2 − 2⟨𝑏(𝑥), 𝜉⟩ 𝜏 + ⟨𝐴(𝑥)𝜉, 𝜉⟩.
Thus, denoting by 𝒫𝜏 the operator with symbol ∂𝜏𝑃 ≡ 2𝜏 − 2⟨𝑏(𝑥), 𝜉⟩, we have

𝑢𝑏 ≡ 𝑢𝑡 − ⟨𝑏(𝑥),∇𝑢⟩ = 1

2
𝒫𝜏𝑢.

2.4. The crucial estimate

Lemma 1. For any function 𝑢(𝑡, 𝑥) it holds the identity

∂𝑡 𝑒(𝑡, 𝑥) + div 𝜃(𝑡, 𝑥) =
1

2
𝒫𝑢(𝑡, 𝑥)⋅𝒫𝜏𝑢(𝑡, 𝑥) + Φ(𝑡, 𝑥),

where Φ is a function satisfying the estimate∣∣Φ(𝑡, 𝑥)
∣∣ ≤ 𝐶 ∣∇𝑢(𝑡, 𝑥)∣

√
𝑒(𝑡, 𝑥) + 𝐶 𝑒(𝑡, 𝑥),

for some constant 𝐶 independent on 𝑢.
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Proof. By a direct computation we have

∂𝑡 𝑒 + div 𝜃 = 𝑢𝑏 ⋅ 𝒫𝑢+Φ1 +Φ2 +Φ3,

where

Φ1(𝑡, 𝑥) =

𝑛∑
ℎ=1

∂ℎ𝑢 ⟨𝐴∇𝑢,∇𝑏ℎ⟩,

Φ2(𝑡, 𝑥) = −1
2

𝑛∑
ℎ=1

𝑏ℎ ⟨(∂ℎ𝐴)∇𝑢,∇𝑢⟩,

Φ3(𝑡, 𝑥) = 𝑒 ⋅ div 𝑏.

Therefore we find, by the Cauchy-Schwartz inequality,∣∣Φ1(𝑡, 𝑥)
∣∣ ≤ 𝑛∑

ℎ=1

∣∂ℎ𝑢∣ ⟨𝐴∇𝑢,∇𝑢⟩1/2⟨𝐴∇𝑏ℎ,∇𝑏ℎ⟩1/2 ≤ 𝐶1∣∇𝑢(𝑡, 𝑥)∣
√

𝑒(𝑡, 𝑥) .

To estimate the second term we apply to the Glaeser inequality,∣∣∂ℎ𝜑(𝑥)
∣∣ ≤ √𝜑(𝑥)

√
2 ∥∂2ℎ𝜑∥𝐿∞ ,

to the nonnegative function 𝜑(𝑥) = ⟨𝐴(𝑥)𝜉, 𝜉⟩, with 𝜉 fixed, and then we take
𝜉 = ∇𝑢(𝑥). Thus, we get∣∣Φ2(𝑡, 𝑥)

∣∣ ≤ 𝐶 ∣𝑏∣ ∣∇𝑢∣ ⟨𝐴∇𝑢,∇𝑢⟩1/2 ≤ 𝐶2 ∣∇𝑢(𝑡, 𝑥)∣
√

𝑒(𝑡, 𝑥) .

The third term can be directly estimated as∣∣Φ3(𝑡, 𝑥)
∣∣ ≤ 𝐶3 𝑒(𝑡, 𝑥) .

Combining the above inequalities, we get the wished estimate. □
2.5. The local energy

Taking into account that 𝑒(𝑡, 𝑥) ≥ 0, for each 𝑢(𝑡, 𝑥) and each open set Ω ⊂ ℝ𝑛

we can define the local energy

𝐸(𝑡, 𝑢; Ω) =

∫
Ω

𝑒(𝑡, 𝑥) 𝑑𝑥.

In particular, having fixed a solution 𝑢(𝑡, 𝑥) of 𝒫𝑢 = 𝑓(𝑡, 𝑥), we put

𝐸(𝑡) ≡ 𝐸(𝑡, 𝑢;𝐵𝑡) =

∫
𝐵𝑡

𝑒(𝑡, 𝑥) 𝑑𝑥 , where 𝐵𝑡 = 𝐵(𝑥0, 𝑟0 − Λ𝑡), Λ > 0.

Therefore we have, by Lemma 1 and equation (7),

𝐸′(𝑡) =
∫
𝐵𝑡

∂𝑡𝑒(𝑡, 𝑥) 𝑑𝑥 − Λ
∫
∂𝐵𝑡

𝑒(𝑡, 𝑦) 𝑑𝑦

=

∫
𝐵𝑡

[
𝑢𝑏 ⋅ 𝑓 +Φ(𝑡, 𝑥)

]
𝑑𝑥 −

∫
∂𝐵𝑡

[
⟨𝜃(𝑡, 𝑦), 𝑁(𝑦)⟩+ Λ 𝑒(𝑡, 𝑦)

]
𝑑𝑦 ,

where 𝑁 is the outer normal at 𝑦. By the definition of the vector 𝜃, it follows

⟨𝜃, 𝑁⟩ = −𝑒 ⟨𝑏, 𝑁⟩ − 𝑢𝑏⟨𝐴∇𝑢, 𝑁⟩,
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so

∣⟨𝜃, 𝑁⟩∣ ≤ 𝑒 ∣⟨𝑏, 𝑁⟩∣ + ∣𝑢𝑏∣ ⟨𝐴∇𝑢,∇𝑢⟩1/2 ⟨𝐴 𝑁, 𝑁⟩1/2

≤ 𝑒 ∣⟨𝑏, 𝑁⟩∣ + 𝑒 ⟨𝐴 𝑁, 𝑁⟩1/2.
Note that the characteristic roots of our equation are

𝜏1,2(𝑥, 𝜉) = ⟨𝑏(𝑥), 𝜉⟩ ∓
√
⟨𝐴(𝑥)𝜉, 𝜉⟩ ,

thus, for Λ0 = max
𝑥,𝜉

{∣𝜏1(𝑥, 𝜉/∣𝜉∣)∣, ∣𝜏2(𝑥, 𝜉/∣𝜉∣)∣}, we have
∣⟨𝜃(𝑡, 𝑥), 𝑁⟩∣ ≤ 𝑒

{
∣⟨𝑏, 𝑁⟩∣+ ⟨𝐴 𝑁, 𝑁⟩1/2

}
≤ Λ0 𝑒(𝑡, 𝑥) .

Hence, if Λ ≥ Λ0 (determinacy cones), the boundary integrand function in
the expression of 𝐸′(𝑡) is negative, and we get the estimate

𝐸′(𝑡) ≤
∫
𝐵𝑡

{
𝑢𝑏 ⋅ 𝑓 +Φ

}
𝑑𝑥 ≤ 𝐶

∫
𝐵𝑡

{
∣𝑓 ∣√𝑒 + ∣∇𝑢∣√𝑒+ 𝑒

}
𝑑𝑥, (9)

whence

∂𝑡
√

𝐸(𝑡) ≤ 𝐶
√

𝐸(𝑡) + 𝐶
{∫

𝐵𝑡

∣∇𝑢(𝑡, 𝑥)∣2𝑑𝑥
}1/2

+ 𝐶
{∫

𝐵𝑡

∣𝑓(𝑡, 𝑥)∣2𝑑𝑥
}1/2

. (10)

2.6. Approximate energies

In the strictly hyperbolic case (10) yields an energy estimate. Indeed, in such a

case, the matrix 𝐴(𝑥) is coercive, so ∣∇𝑢(𝑡, 𝑥)∣2 ≤ 𝐶 𝑒(𝑡, 𝑥). Hence (10) gives

∂𝑡
√

𝐸(𝑡) ≤ 2𝐶
√

𝐸(𝑡) + 𝐶
{∫

𝐵𝑡

∣𝑓(𝑡, 𝑥)∣2𝑑𝑥
}1/2

.

In the weakly hyperbolic case, we define

𝒫𝜀 = 𝒫 + 𝜀2Δ, 𝐴𝜀(𝑡, 𝑥) = 𝐴(𝑡, 𝑥) + 𝜀2 𝐼,

𝑒𝜀(𝑡, 𝑥) = 𝑒(𝑡, 𝑥) + 𝜀2 ∣∇𝑢(𝑡, 𝑥)∣2

𝜃𝜀(𝑡, 𝑥) = −
{

𝑒𝜀(𝑡, 𝑥) 𝑏(𝑥) + 𝑢𝑏(𝑡, 𝑥)𝐴𝜀(𝑡, 𝑥)∇𝑢(𝑡, 𝑥)
}

,

𝐸𝜀(𝑡) ≡ 𝐸𝜀(𝑡, 𝑢;𝐵𝑡) =

∫
𝐵𝑡

𝑒𝜀(𝑡, 𝑥) 𝑑𝑥.

Using Lemma 1 we find the identity

∂𝑡 𝑒𝜀 + div 𝜃𝜀 =
1

2
𝒫𝜀𝑢 ⋅𝒫𝜀

𝜏𝑢 + Φ𝜀,

where now∣∣Φ𝜀(𝑡, 𝑥)
∣∣ ≤ 𝐶 ∣∇𝑢(𝑡, 𝑥)∣

√
𝑒𝜀(𝑡, 𝑥) + 𝐶 𝑒𝜀(𝑡, 𝑥) ≤ 𝐶

𝜀
⋅ 𝑒𝜀(𝑡, 𝑥).
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Since 𝒫𝜀𝑢 = 𝑓 + 𝜀2Δ𝑢 , we cannot estimate ∂𝑡𝑒𝜀 in terms of 𝑒𝜀; indeed, instead
of (9), we get (noticing that, as above, the boundary integrand in 𝐸′

𝜀(𝑡) is negative):

𝐸′
𝜀(𝑡) ≤

∫
𝐵𝑡

{
𝑢𝑏 ⋅ 𝑓 + 𝜀2 𝑢𝑏Δ𝑢 + Φ𝜀

}
𝑑𝑥

≤ 𝐶

∫
𝐵𝑡

{
∣𝑓 ∣√𝑒 + 𝜀2 ∣Δ𝑢∣ √𝑒 + 𝜀−1𝑒

}
𝑑𝑥.

Thus, we are forced to introduce the energy of order one, i.e.,

𝐸1,𝜀(𝑡) =
𝑛∑

ℎ=1

𝐸𝜀(𝑡, ∂ℎ𝑢;𝐵𝑡)

=

𝑛∑
ℎ=1

∫
𝐵𝑡

{
∣∂𝑏(∂ℎ𝑢)∣2 + ⟨𝐴∇(∂ℎ𝑢),∇(∂ℎ𝑢)⟩

}
𝑑𝑥 + 𝜀2

∑
∣𝛼∣=2

∫
𝐵𝑡

∣∂𝛼𝑢∣2 𝑑𝑥,

to get

∂𝑡
√

𝐸𝜀 ≤ 𝐶
{

𝜀−1
√

𝐸𝜀 + 𝜀
√

𝐸1,𝜀 + ∥𝑓∥𝐿2(𝐵𝑡)

}
.

Going on, we consider the sequence 𝜀𝑗 = 𝑗−1, where 𝑗 = 1, 2, . . ., and we introduce
the 𝑗th-order energy

𝐸𝑗,𝜀(𝑡) =
∑
∣𝛼∣=𝑗

𝐸𝜀(𝑡, ∂𝛼𝑢;𝐵𝑡)

=
∑
∣𝛼∣=𝑗

∫
𝐵𝑡

{
∣∂𝑏(∂𝛼𝑢)∣2 + ⟨𝐴∇(∂𝛼𝑢),∇(∂𝛼𝑢)⟩

}
𝑑𝑥 + 𝜀2𝑗

∑
∣𝛼∣=𝑗+1

∫
𝐵𝑡

∣∂𝛼𝑢∣2 𝑑𝑥.

Proceeding as above, we find

∂𝑡
√

𝐸𝑗 ≤ 𝐶
{

𝑗
√

𝐸𝑗 + 𝑗−1
√

𝐸𝑗+1 + ∥𝑓∥𝐻𝑗(𝐵𝑡)
}

.

2.7. The Gevrey energy

We define the local Gevrey energy of order 𝑠 = 2, as

ℰ(𝑡, 𝑢) =

∞∑
𝑗=0

√
𝐸𝑗(𝑡, 𝑢)

𝜌𝑗

𝑗!2
.

Proceeding as in [ST] or [S], we find the a priori estimate

ℰ ′(𝑡, 𝑢) ≤
∞∑
𝑗=0

√
𝐸𝑗(𝑡, 𝑢)

𝜌𝑗−1

𝑗! (𝑗 − 1)!
{

𝜌′ + 𝐶1𝜌+ 𝐶2

}
+ 𝐶 ℰ(𝑡, 𝑓) ≤ 𝐶 ℰ(𝑡, 𝑓),

for a suitable choice of the radius-function 𝜌 ≡ 𝜌(𝑡). This estimate leads to the
local 𝛾𝑠 wellposedness, for 𝑠 < 2, on the determinacy cones.

Finally, proceeding as in [ST], we can prove the analytic propagation on the
determinacy cones for the semilinear equation 𝒫𝑢 = 𝑓(𝑢, ∂𝑡𝑢, ∂𝑥1𝑢, . . . , ∂𝑥𝑛𝑢).
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2.8. G̊arding energy forms

We recall the classical techniques developed by Leray ([L]) and G̊arding ([G]) in
order to construct an energy function for a strictly hyperbolic equation. Let

𝑃 (𝑡, 𝑥; 𝜏, 𝜉) = 𝜏𝑚 +

𝑚∑
𝑗=1

𝑝𝑗(𝑡, 𝑥; 𝜉) 𝜏𝑚−𝑗 , 𝜏 ∈ ℂ , 𝜉 ∈ ℝ𝑛 (𝑚 ≥ 2) ,

be a strictly hyperbolic polynomial in 𝜏 , where the 𝑝𝑗(𝑡, 𝑥; 𝜉) are real homogeneous
polynomials in 𝜉 of order 𝑗. Consider the differential operators 𝒫 = 𝑃 (𝑡, 𝑥; ∂𝑡, ∂𝑥)
and 𝒫𝜏 = (∂𝑃/∂𝜏)(𝑡, 𝑥; ∂𝑡, ∂𝑥). Then, for all real function 𝑢 = 𝑢(𝑡, 𝑥), one has

1

𝑚
𝒫𝑢 ⋅ 𝒫𝜏𝑢 = ∂𝑡{𝐴0(𝑡, 𝑥;𝑢)} +

𝑛∑
𝑗=1

∂𝑗{𝐴𝑗(𝑡, 𝑥;𝑢)}+Φ(𝑡, 𝑥;𝑢),

where 𝐴0, 𝐴1, . . . , 𝐴𝑛 are Hermitian forms in the derivatives of order 𝑚− 1 of 𝑢,
i.e., putting 𝐷 = (∂𝑡, ∂𝑥),

𝐴𝑗(𝑡, 𝑥;𝑢) =
∑

∣𝛼∣=∣𝛽∣=𝑚−1
𝑎𝑗𝛼,𝛽(𝑡, 𝑥)𝐷𝛼𝑢 𝐷𝛽𝑢, 𝑗 = 0, 1, . . . , 𝑛.

Moreover, there is some constant 𝑐0 > 0 such that the form 𝐴0, frozen at any
point (𝑡, 𝑥̄), satisfies the positivity condition∫

ℝ𝑛
𝐴0(𝑡, 𝑥̄;𝑢) 𝑑𝑥 ≥ 𝑐0

∫
ℝ𝑛
∣𝐷𝑚−1𝑢∣2 𝑑𝑥.

From this it follows, by a partition of the unity, the classical G̊arding inequality∫
ℝ𝑛

𝐴0(𝑡, 𝑥;𝑢) 𝑑𝑥 ≥ 𝐶−1
∫
ℝ𝑛
∣𝐷𝑚−1𝑢∣2 𝑑𝑥 − 𝐶

∫
ℝ𝑛
∣𝐷𝑚−2𝑢∣2 𝑑𝑥, for some 𝐶 > 0.

In conclusion, putting

𝑒(𝑡, 𝑥) = 𝐴0(𝑡, 𝑥;𝑢), 𝜃(𝑡, 𝑥) = (𝐴1(𝑡, 𝑥;𝑢), . . . , 𝐴𝑛(𝑡, 𝑥;𝑢))𝑡,

we can write
1

𝑚
𝒫𝑢 ⋅ 𝒫𝜏𝑢 = ∂𝑡𝑒(𝑡, 𝑥) + div 𝜃(𝑡, 𝑥) + Φ,

and a global energy for the operator 𝒫 is provided by

𝐸(𝑡, 𝑢) =

∫
ℝ𝑛

𝑒(𝑡, 𝑥) 𝑑𝑥, where 𝑒(𝑡, 𝑥) = 𝑒(𝑡, 𝑥) + 𝐶 ∣𝐷𝑚−2𝑢(𝑡, 𝑥)∣2.

Remark 5. In order to define a local energy, we need that the energy density 𝑒(𝑡, 𝑥)
be a nonnegative function, so that we can put

𝐸(𝑡) =

∫
𝐵𝑡

𝑒(𝑡, 𝑥) 𝑑𝑥, with 𝐵𝑡 = 𝐵(𝑥0, 𝑟0 − Λ𝑡).

Moreover, in the computation of 𝐸′(𝑡) it appears the integral on ∂𝐵𝑡 of the quan-
tity ⟨𝜃(𝑡, 𝑥), 𝑁(𝑥)⟩, where 𝑁(𝑥) = 𝑥/∣𝑥∣ is the outer normal. So, to get the energy
estimate in the weakly hyperbolic case, we need a pointwise estimate such as

∣⟨𝜃(𝑡, 𝑥), 𝑁(𝑥)⟩∣ ≤ 𝐶 𝑒(𝑡, 𝑥).
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To this regard we recall that, as soon 𝑚 ≥ 3, a form∑
∣𝛼∣=∣𝛽∣=𝑚−1

𝑎𝛼,𝛽 ∂𝛼𝑢 ∂𝛽𝑢

with symbol
∑

𝑎𝛼,𝛽 𝜉𝛼 𝜉𝛽 ≥ 0, is not necessarily positive. This partly explains

why the local theory for the equations of order 𝑚 > 2 presents more difficulties
than for the case 𝑚 = 2.

Example (Third-order equations). Consider the traceless equation

∂3𝑡 𝑢− 3
𝑛∑

𝑖,𝑗=1

𝑎𝑖𝑗(𝑥) ∂𝑗∂𝑗∂𝑡𝑢 − 2
𝑛∑

𝑖,𝑗,𝑘=1

𝑏𝑖𝑗𝑘(𝑥) ∂𝑖∂𝑗∂𝑘𝑢 = 0,

under the hyperbolicity condition

Δ(𝑥, 𝜉) ≡
{ 𝑛∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥)𝜉𝑖𝜉𝑗

}3
−
{ 𝑛∑
𝑖,𝑗,𝑘=1

𝑏𝑖𝑗𝑘(𝑥) 𝜉𝑖𝜉𝑗𝜉𝑘

}2
≥ 0.

Following Leray, we put 𝑈 = (𝑢, 𝑢𝑡, 𝑢𝑡𝑡)
𝑡 to transform the equation into a differ-

ential system

𝑈𝑡 = 𝐴(𝑥, ∂𝑥)𝑈, 𝐴 =

⎛⎜⎝ 0 1 0
0 0 1

2
∑

𝑏𝑖𝑗𝑘(𝑥) ∂𝑖∂𝑗∂𝑘 3
∑

𝑎𝑖𝑗(𝑥) ∂𝑗∂𝑗 0.

⎞⎟⎠ .

The natural symmetrizer for the matrix 𝐴(𝑥, 𝜉) is the matrix

𝑄(𝑥, 𝜉) =

⎛⎜⎜⎝
3
{∑

𝑎𝑖𝑗(𝑥)𝜉𝑖𝜉𝑗

}2
2
∑

𝑏𝑖𝑗𝑘(𝑥) 𝜉𝑖𝜉𝑗𝜉𝑘 −
∑

𝑎𝑖𝑗(𝑥)𝜉𝑖𝜉𝑗

2
∑

𝑏𝑖𝑗𝑘(𝑥) 𝜉𝑖𝜉𝑗𝜉𝑘 2
∑

𝑎𝑖𝑗(𝑥)𝜉𝑖𝜉𝑗 0

−
∑

𝑎𝑖𝑗(𝑥)𝜉𝑖𝜉𝑗 0 1

⎞⎟⎟⎠ .

In view of a local positive energy, a good candidate for a density energy is the
function

𝑒(𝑡, 𝑥) =
1

2

∣∣∣𝑢𝑡𝑡 − 𝑛∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥)∂𝑖∂𝑗𝑢
∣∣∣2

×
{∣∣∣ 𝑛∑

𝑖,𝑗=1

𝑎𝑖𝑗(𝑥)∂𝑖∂𝑗𝑢
∣∣∣2 + 2 𝑛∑

𝑖,𝑗=1

𝑎𝑖𝑗(𝑥)∂𝑖𝑢𝑡∂𝑗𝑢𝑡

− 2
𝑛∑

𝑖,𝑗,𝑘=1

𝑏𝑖𝑗𝑘(𝑥)∂𝑖𝑢𝑡∂𝑗∂𝑘𝑢

}
.

The corresponding symbol is positive, but it is not clear whether 𝑒(𝑡, 𝑥) ≥ 0.
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2.9. One space dimension

The one-dimensional case is very special, since each hyperbolic scalar equation of
order 𝑚 can be converted into a first-order system of the form

𝑈𝑡 = 𝐴(𝑡, 𝑥)𝑈𝑥 +𝐵(𝑡, 𝑥)𝑈,

where 𝐴 is a hyperbolic matrix of Sylvester type. Therefore (see [DS]) it is pos-
sible to find a quasi-symmetrizer 𝑄𝜀(𝑡, 𝑥), i.e., a real symmetric matrix with the
following properties:

𝐶−1 𝜀2(𝑚−1)𝐼 ≤ 𝑄𝜀 ≤ 𝐶 𝐼,

𝑄𝜀𝐴 = 𝑇𝜀 +𝑅𝜀 where:

𝑇𝜀 = (𝑇𝜀)
∗ ≤ Λ0 𝑄𝜀, ∣𝑇𝑥∣ ≤ 𝐶 𝜀1−𝑚𝑄𝜀, ∣𝑅𝜀∣ ≤ 𝐶 𝜀 𝑄𝜀,

with Λ0 = maximum of the eigenvalues of 𝐴(𝑡, 𝑥). Thus, we simply take

𝑒𝜀(𝑡, 𝑥) = ⟨𝑄𝜀𝑈, 𝑈⟩, 𝜃𝜀(𝑡, 𝑥) = ⟨𝑇𝜀𝑈, 𝑈⟩ .
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[B] M.D. Bronštĕın, The Cauchy problem for hyperbolic operators with characteristics
of variable multiplicity, Trudy Moskov. Mat. Obshch. 41 (1980), 83–99.

[CR] F. Colombini and J. Rauch, Sharp finite speed for hyperbolic problems well posed
in Gevrey classes, Comm. P.D.E. 36 (2011), 1–9.

[CZ] M. Cicognani and L. Zanghirati, Analytic regularity for solutions of nonlinear
weakly hyperbolic equations, Boll. Un. Mat. Ital. B (7) 11 (1997), 643–679.

[DS] P. D’Ancona and S. Spagnolo, Quasi-symmetrization of hyperbolic systems and
propagation of the analytic regularity, Boll. Un. Mat. Ital. Sez. B Artic. Ric. Mat.
(8) 1 (1998), 169–185.

[G] L. G̊arding, Solution directe du problème de Cauchy pour les équations hyper-
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The Final Problem on the Optimality of the
General Theory for Nonlinear Wave Equations

Hiroyuki Takamura and Kyouhei Wakasa

Abstract. The general theory of the initial value problem for fully nonlinear
wave equations is to clarify lower bounds of the lifespan, the maximal exis-
tence time, of classical solutions in terms of the amplitude of small initial data
according to the order of smooth nonlinear terms and space dimensions. All
the results had been obtained till 1995. So we have been interested in the opti-
mality of the lower bounds. This can be obtained by blow-up results for model
equations. Among such several results, only the case of the quadratic semilin-
ear term in 4 space dimensions has been remained open for more than 20 years.

This final problem on the optimality has been known to be the critical
case of Strauss’ conjecture on semilinear wave equations. The technical diffi-
culty prevented us from proving even the blow-up of solutions in finite time.
This was finally solved by Yordanov and Zhang [5] in 2006, or Zhou [6] in
2007 independently. But the upper bound of the lifespan was not clarified in
both papers. Recently Takamura and Wakasa [4] have succeeded to obtain it
including all the critical cases in higher dimensions than 4.

In this note, we present the result of [4] in the most interesting case, 4
space dimensions. It is much simpler than higher dimensions.

Mathematics Subject Classification. Primary 35L70; Secondary 35B05, 35E15.

Keywords. Lifespan, nonlinear wave equation, quadratic term, 4 space
dimensions.

1. Introduction

Let us consider the initial value problem for fully nonlinear wave equations,{
𝑢𝑡𝑡 −Δ𝑢 = 𝐻(𝑢, 𝐷𝑢, 𝐷𝑥𝐷𝑢) in R𝑛 × [0,∞),

𝑢(𝑥, 0) = 𝜀𝑓(𝑥), 𝑢𝑡(𝑥, 0) = 𝜀𝑔(𝑥),
(1.1)

where 𝑢 = 𝑢(𝑥, 𝑡) is a scalar unknown function of space-time variables,

𝐷𝑢 = (𝑢𝑥0 , 𝑢𝑥1 , . . . , 𝑢𝑥𝑛), 𝑥0 = 𝑡,

𝐷𝑥𝐷𝑢 = (𝑢𝑥𝑖𝑥𝑗 , 𝑖, 𝑗 = 0, 1, . . . , 𝑛, 𝑖 + 𝑗 ≥ 1),
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𝑓, 𝑔 ∈ 𝐶∞
0 (R

𝑛) and 𝜀 > 0 is a “small” parameter. Let

𝜆̂ = (𝜆; (𝜆𝑖), 𝑖 = 0, 1, . . . , 𝑛; (𝜆𝑖𝑗), 𝑖, 𝑗 = 0, 1, . . . , 𝑛, 𝑖+ 𝑗 ≥ 1).
Suppose that the nonlinear term 𝐻 = 𝐻(𝜆̂) is a sufficiently smooth function with

𝐻(𝜆̂) = 𝑂(∣𝜆̂∣1+𝛼)
in a neighbourhood of 𝜆̂ = 0, where 𝛼 ≥ 1 is an integer. Let us define the lifespan
𝑇 (𝜀) by

𝑇 (𝜀) = sup{𝑡 > 0 : ∃classical solution 𝑢 of (1.1) for arbitrarily fixed (𝑓, 𝑔).}.
In this note we assume 𝑛 ≥ 2 for the simplicity.

In Chapter 2 of Li and Chen [2], we have long histories on the estimate for
𝑇 (𝜀). All the lower bounds of 𝑇 (𝜀) are summarized in the following table.

𝑇 (𝜀) ≥ 𝛼 = 1 𝛼 = 2 𝛼 ≥ 3

𝑛 = 2

𝑐𝑎(𝜀)
in general case,

𝑐𝜀−1

if
∫
R2 𝑔(𝑥)𝑑𝑥 = 0,

𝑐𝜀−2

if ∂2𝑢𝐻(0) = 0

𝑐𝜀−6

in general case,
exp(𝑐𝜀−2)
if ∂𝑏

𝑢𝐻(0) = 0 (𝑏 = 3, 4)

∞

𝑛 = 3

𝑐𝜀−2

in general case,
exp(𝑐𝜀−1)
if ∂2𝑢𝐻(0) = 0

∞ ∞

𝑛 = 4

exp(𝑐𝜀−2)
in general case,

∞
if ∂2𝑢𝐻(0) = 0

∞ ∞

𝑛 ≥ 5 ∞ ∞ ∞

Here 𝑐 stands for a positive constant independent of 𝜀 and 𝑎 = 𝑎(𝜀) is a number
satisfying 𝑎2𝜀2 log(𝑎 + 1) = 1. We note that the lower bound in the case where
𝑛 = 4 and 𝛼 = 1 is exp(𝑐𝜀−1) in the general case in Li and Chen [2]. But later, Li
and Zhou [3] improved this part. The remarkable fact is that all these lower bounds
are known to be sharp except for (𝒏, 𝜶) = (4, 1) and (2, 2). See Li and Chen [2]
for references on the whole history, in which the open sharpness of (𝑛, 𝛼) = (2, 2)
is dropped. For this case, it seems that 𝑏 = 4 is a technical condition which may
be removed. See also a table in Li [1]. Recently, Zhou and Han [7] have obtained
the sharpness for 𝑏 = 3 in (𝑛, 𝛼) = (2, 2) by studying 𝐻 = 𝑢3𝑡 .

Our purpose in this note is to show this remained sharpness of the lower
bound by giving a sharp blow-up theorem for 𝐻 = 𝑢2 in 𝑛 = 4. This is a part of
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our previous paper [4] which establishes the result for model terms 𝐻 = ∣𝑢∣𝑝0(𝑛)
in all high dimensions, 𝑛 ≥ 4. But the proof of this note is much simpler than
that of [4]. Because we have an extra term in our iteration frame for 𝑛 ≥ 5. This
exponent 𝑝0(𝑛) is well known critical number of the famous Strauss’ conjecture
on model equations 𝐻 = ∣𝑢∣𝑝. See Introduction in [4] for all the histories and the
estimates of the lifespan on this problem. We note that 𝑝0(𝑛) is a positive root of
the quadratic equation (𝑛− 1)𝑝2 − (𝑛+ 1)𝑝− 2 = 0 and 𝑝0(4) = 2.

Turning back to the problem (1.1) with 𝐻 = 𝑢2 and 𝑛 = 4, we know two
papers of Yordanov and Zhang [5] and Zhou [6]. They showed 𝑇 (𝜀) < ∞ indepen-
dently. In this note, we prove the following theorem.

Theorem 1.1. Let 𝐻 = 𝑢2 and 𝑛 = 4. Assume that both 𝑓 ∈ 𝐶4
0 (R

4) and 𝑔 ∈
𝐶3
0 (R

4) are non-negative and do not vanish identically. Suppose that the problem
(1.1) has a solution 𝑢 ∈ 𝐶2(R4 × [0,∞)) with

supp 𝑢 ⊂ {(𝑥, 𝑡) ∈ R4 × [0, 𝑇 (𝜀)) : ∣𝑥∣ ≤ 𝑡+𝑅} (𝑅 ≥ 1/4). (1.2)

Then, there exists a positive constant 𝜀0 = 𝜀0(𝑓, 𝑔, 𝑅) such that 𝑇 (𝜀) has to satisfy

𝑇 (𝜀) ≤ exp (𝐶𝜀−2
)

for 0 < 𝜀 ≤ 𝜀0, (1.3)

where 𝐶 is a positive constant independent of 𝜀.

Our method is based on the one in [5]. Zhou and Han [8] have recently found
another proof of this theorem which is based on the method in [6].

2. Blow-up lemma for ODI

We shall start with the following observation on our problem (1.1). Let us put

𝐹 (𝑡) =

∫
R4

𝑢(𝑥, 𝑡)𝑑𝑥 ∈ 𝐶2([0, 𝑇 (𝜀)).

Then it follows from the divergence theorem, the support property (1.2) and
Hölder’s inequality that

𝐹 ′′(𝑡) =
∫
R4

𝑢(𝑥, 𝑡)2𝑑𝑥 ≥ ∣B4(0, 1)∣−1(𝑡+𝑅)−4𝐹 (𝑡)2 for 𝑡 ≥ 0, (2.1)

where ∣B4(0, 1)∣ is a volume of a unit ball in R4. Moreover, the assumption on the
initial data in Theorem 1.1 yields that

𝐹 (0) = 𝜀

∫
R4

𝑓(𝑥)𝑑𝑥 > 0, 𝐹 ′(0) = 𝜀

∫
R4

𝑔(𝑥)𝑑𝑥 > 0. (2.2)

Therefore, as in Takamura and Wakasa [4], we shall make use of the following
blow-up result for ordinary differential inequality.

Lemma 2.1. Suppose that 𝐹 ∈ 𝐶2([0, 𝑇 )) satisfies⎧⎨⎩
𝐹 (𝑡) ≥ 𝐾𝑡2 for 𝑡 ≥ 𝑇0,

𝐹 ′′(𝑡) ≥ 𝐵(𝑡+𝑅)−4𝐹 (𝑡)2 for 𝑡 ≥ 0,
𝐹 (0) > 0, 𝐹 ′(0) > 0,

(2.3)
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where 𝐵, 𝐾, 𝑅, 𝑇0 are positive constants with 𝑇0 ≥ 𝑅. Then, 𝑇 must satisfy that
𝑇 ≤ 2𝑇1 provided 𝐾 ≥ 𝐾0, where

𝐾0 =

{
1

23

√
𝐵

3

(
1− 1

22𝛿

)}−2
, 𝑇1 = max

{
𝑇0,

𝐹 (0)

𝐹 ′(0)

}
(2.4)

with an arbitrarily chosen 𝛿 satisfying 0 < 𝛿 < 1/2.

Remark 2.2. In view of (2.1) and (2.2), we already have the second and third
inequalities in (2.3) with 𝐵 = ∣B4(0, 1)∣−1. So the key fact is how to obtain the
first inequality in (2.3) with an appropriate choice of 𝑇0 which should be almost
like the desired lifespan. See Remark 3.4 below.

Proof. We prove this lemma by contradiction. Assume that 𝑇 > 2𝑇1. First we note
that the second and third inequalities in (2.3) yield that

𝐹 ′(𝑡) ≥ 𝐹 ′(0) > 0, 𝐹 (𝑡) ≥ 𝐹 ′(0)𝑡+ 𝐹 (0) ≥ 𝐹 (0) > 0 for 𝑡 ≥ 0. (2.5)

Multiplying the second inequality in (2.3) by 𝐹 ′(𝑡) and integrating it over [0, 𝑡],
we have that, for 𝑡 ≥ 0,

1

2
𝐹 ′(𝑡)2 ≥ 𝐵

∫ 𝑡

0

(𝑠+𝑅)−4𝐹 (𝑠)2𝐹 ′(𝑠)𝑑𝑠+
1

2
𝐹 ′(0)2

>
𝐵

3(𝑡+𝑅)4
{

𝐹 (𝑡)3 − 𝐹 (0)3
} ≥ 𝐵

3(𝑡+𝑅)4
𝐹 (𝑡)2 {𝐹 (𝑡)− 𝐹 (0)} .

Restricting the time interval to 𝑡 ≥ 𝐹 (0)/𝐹 ′(0) and making use of (2.5), we get
1

2
𝐹 (𝑡)− 𝐹 (0) ≥ 1

2
{𝐹 ′(0)𝑡− 𝐹 (0)} ≥ 0.

Hence we obtain

𝐹 ′(𝑡) >

√
𝐵

3
⋅ 𝐹 (𝑡)3/2

(𝑡+𝑅)2
for 𝑡 ≥ 𝐹 (0)

𝐹 ′(0)
.

If 𝑡 ≥ 𝑇1(≥ 𝑅), one can make use of the first inequality in (2.3) to obtain

𝐹 ′(𝑡)
𝐹 (𝑡)1+𝛿

>

√
𝐵

3
⋅ 𝐹 (𝑡)1/2−𝛿

(𝑡+𝑅)2
≥
√

𝐵

3
⋅ 𝐾1/2−𝛿

22𝑡1+2𝛿

for any 𝛿 satisfying 0 < 𝛿 < 1/2. Integrating this inequality over [𝑇1, 𝑡], we get

1

𝛿

(
1

𝐹 (𝑇1)𝛿
− 1

𝐹 (𝑡)𝛿

)
>

1

23𝛿

√
𝐵

3
𝐾1/2−𝛿

(
1

𝑇 2𝛿
1

− 1

𝑡2𝛿

)
.

Then, one can put 𝑡 = 2𝑇1 because of 𝑇 > 2𝑇1. Neglecting 1/𝐹 (𝑡)𝛿 > 0 in the
left-hand side and making use of the first inequality in (2.3) with 𝑡 = 𝑇1, we obtain

1

𝐾𝛿
≥
(

𝑇 2
1

𝐹 (𝑇1)

)𝛿
>
1

23

√
𝐵

3

(
1− 1

22𝛿

)
𝐾1/2−𝛿.

This inequality contradicts to the choice of 𝐾 ≥ 𝐾0. Therefore we conclude that
𝑇 ≤ 2𝑇1. The lemma is now established. □
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3. Iteration of 𝑳2 norm of the solution

In this section, we shall construct an iteration of estimates for 𝐿2 norm of the
solution to get the first inequality in (2.3). The final estimate will give us an
enough growth of the norm for large time. To this end, we have to start with the
following basic frame of the iteration for 𝐹 ′′(𝑡) = ∥𝑢(⋅, 𝑡)∥2𝐿2(R4).

Proposition 3.1. Suppose that the assumption in Theorem 1.1 is fulfilled. Then,
there exists a positive constant 𝐶 = 𝐶(𝑓, 𝑔, 𝑅) such that 𝐹 ′′ satisfies

𝐹 ′′(𝑡) ≥ 𝐶

∫ 𝑡−𝑅

0

𝑑𝜌

(𝑡− 𝜌+𝑅)3

(∫ (𝑡−𝜌−𝑅)/2

0

𝐹 ′′(𝑠)𝑑𝑠

)2

for 𝑡 ≥ 𝑅. (3.1)

Proof. This proposition immediately follows from the combination of two estimates
for Radon transformation, (2.14) and (2.21), in Yordanov and Zhang [5]. □

The next proposition is the basic estimate for the first step of our iteration.

Proposition 3.2. Suppose that the assumption in Theorem 1.1 is fulfilled. Then,
there exists a positive constant 𝐶 = 𝐶(𝑓, 𝑔, 𝑅) such that 𝐹 ′′ satisfies

𝐹 ′′(𝑡) ≥ 𝐶𝜀2 for 𝑡 ≥ 0. (3.2)

Proof. This is exactly (2.5′) in Yordanov and Zhang [5]. □
The main estimate in our iteration is the following proposition.

Proposition 3.3. Suppose that the assumption in Theorem 1.1 is fulfilled. Then,
𝐹 ′′ satisfies that

𝐹 ′′(𝑡) ≥ 𝐶𝑗

(
log

𝑡−𝑅

(𝑎𝑗 − 1)𝑅
)2𝑗−1

for 𝑡 ≥ 𝑎𝑗𝑅. (3.3)

Here we set 𝑎𝑗 = 2
𝑗+1 − 2 (𝑗 = 1, 2, 3, . . . ) and

𝐶𝑗 = exp
{
2𝑗−1

(
log(𝐶0𝐶18

−𝑆(𝑗))
)
− log𝐶0

}
(𝑗 ≥ 2),

𝐶1 =
𝐶3

22 ⋅ 33 𝜀4, 𝐶0 =
𝐶

210
, 𝑆(𝑗) =

𝑗−1∑
𝑘=1

𝑘

2𝑘
,

(3.4)

where 𝐶 is the one in Propositions 3.1, 3.2.

Remark 3.4. The case of 𝑗 = 1 in this lemma is equivalent to the result of Yordanov
and Zhang [5]. Such an estimate will give us a new estimate for 𝐹 ,

𝐹 (𝑡) ≥
(

𝐶3

26 ⋅ 33 𝜀4 log
𝑡

4𝑅

)
𝑡2 for 𝑡 ≥ 4𝑅.

See the proof of Proposition 4.1 below. Hence, making use of Lemma 2.1 with
𝑇0 = 𝐷 exp

(
𝜀−4
)
in which 𝐷 = 27 ⋅ 33𝐾0/𝐶3 > 0 and 𝜀 is appropriately small, we

have an estimate of the lifespan as 𝑇 (𝜀) ≤ exp (2𝐷𝜀−4
)
. But this is not the optimal

one. See also the proof of Theorem 1.1 in the next section. The improvement of the
upper bound of the lifespan is carried out by further iterations of this proposition.
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Proof. First we shall show this proposition for 𝑗 = 1. Replacing 𝐹 ′′(𝑠) in the
right-hand side of (3.1) by the lower bound of 𝐹 ′′(𝑡) in (3.2), we have that

𝐹 ′′(𝑡) ≥ 𝐶3

22
𝜀4
∫ 𝑡−𝑅

0

(𝑡− 𝜌−𝑅)2

(𝑡− 𝜌+𝑅)3
𝑑𝜌 for 𝑡 ≥ 𝑅.

From now on, we restrict the time interval to 𝑡 ≥ 𝑎1𝑅 = 2𝑅 and diminish the
domain of the 𝜌-integral to [0, 𝑡− 2𝑅]. Then we have 𝑡− 𝜌 ≥ 2𝑅 in the 𝜌-integral.
We now employ the following elementary lemma.

Lemma 3.5. Let 𝑀 > 1 and 𝑅 be a positive constant. Then, 𝑡 − 𝜌 ≥ 𝑀𝑅 is
equivalent to

𝑀 + 1

𝑀 − 1 (𝑡− 𝜌−𝑅) ≥ 𝑡− 𝜌+𝑅.

It is easy to prove this lemma. We omit the proof. Making use of Lemma 3.5
with 𝑀 = 𝑎1 = 2, we obtain that

𝐹 ′′(𝑡) ≥ 𝐶3

22 ⋅ 33 𝜀4
∫ 𝑡−2𝑅

0

𝑑𝜌

𝑡− 𝜌−𝑅
= 𝐶1 log

𝑡−𝑅

(𝑎1 − 1)𝑅 for 𝑡 ≥ 𝑎1𝑅.

Therefore (3.3) is true for 𝑗 = 1.
Next we shall show (3.3) by induction. Assume that (3.3) holds but 𝐶𝑗 is

unknown except for 𝑗 = 1. Later we look for the relation between 𝐶𝑗 and 𝐶𝑗+1

which yields (3.4). To this end, we restrict the time interval 𝑡 ≥ 𝑎𝑗𝑅 to 𝑡 ≥
(2𝑎𝑗 + 1)𝑅. Then it follows from (3.1) that

𝐹 ′′(𝑡) ≥ 𝐶

∫ 𝑡−(2𝑎𝑗+1)𝑅

0

𝑑𝜌

(𝑡− 𝜌+𝑅)3

(∫ (𝑡−𝜌−𝑅)/2

𝑎𝑗𝑅

𝐹 ′′(𝑠)𝑑𝑠

)2

for 𝑡 ≥ (2𝑎𝑗+1)𝑅.

Making use of (3.3), we have that

𝐹 ′′(𝑡) ≥ 𝐶𝐶2
𝑗

∫ 𝑡−(2𝑎𝑗+1)𝑅

0

𝐼𝑗(𝑡, 𝜌)2

(𝑡− 𝜌+𝑅)3
𝑑𝜌 for 𝑡 ≥ (2𝑎𝑗 + 1)𝑅,

where we set

𝐼𝑗(𝑡, 𝜌) =

∫ (𝑡−𝜌−𝑅)/2

𝑎𝑗𝑅

(
log

𝑠−𝑅

(𝑎𝑗 − 1)𝑅
)2𝑗−1

𝑑𝑠.

Now we restrict the time interval further to 𝑡 ≥ 2(𝑎𝑗 +1)𝑅 and diminish the
domain of the 𝜌-integral to [0, 𝑡− 2(𝑎𝑗 + 1)𝑅]. Then we have 𝑡 − 𝜌 ≥ 2(𝑎𝑗 + 1)𝑅
in the 𝜌-integral. We note that one can diminish also the domain of the 𝑠-integral
to [𝑎𝑗(𝑡− 𝜌−𝑅)/(2𝑎𝑗 + 1), (𝑡− 𝜌−𝑅)/2] because of

𝑎𝑗𝑅 ≤ 𝑎𝑗
2𝑎𝑗 + 1

(𝑡− 𝜌−𝑅).

Thus we get

𝐼𝑗(𝑡, 𝜌) ≥
∫ (𝑡−𝜌−𝑅)/2

(𝑡−𝜌−𝑅)𝑎𝑗/(2𝑎𝑗+1)

(
log

𝑠−𝑅

(𝑎𝑗 − 1)𝑅
)2𝑗−1

𝑑𝑠.
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It follows from 2𝑎𝑗 + 1 = 𝑎𝑗+1 − 1 that the variable in the logarithmic term is
estimated from below by

(𝑡− 𝜌−𝑅)𝑎𝑗/(𝑎𝑗+1 − 1)−𝑅

(𝑎𝑗 − 1)𝑅 =
(𝑡− 𝜌−𝑅)𝑎𝑗 − (𝑎𝑗+1 − 1)𝑅

(𝑎𝑗+1 − 1)(𝑎𝑗 − 1)𝑅
=

𝑡− 𝜌−𝑅

(𝑎𝑗+1 − 1)𝑅 +
𝑡− 𝜌−𝑅− (𝑎𝑗+1 − 1)𝑅
(𝑎𝑗+1 − 1)(𝑎𝑗 − 1)𝑅 .

Hence, neglecting the last positive term in the above equality, we have

𝐼𝑗(𝑡, 𝜌) ≥ 𝑡− 𝜌− 𝑅

2(𝑎𝑗+1 − 1)
(
log

𝑡− 𝜌−𝑅

(𝑎𝑗+1 − 1)𝑅
)2𝑗−1

which yields that

𝐹 ′′(𝑡) ≥ 𝐶𝐶2
𝑗

4(𝑎𝑗+1 − 1)2
∫ 𝑡−𝑎𝑗+1𝑅

0

(𝑡− 𝜌−𝑅)2

(𝑡− 𝜌+𝑅)3

(
log

𝑡− 𝜌−𝑅

(𝑎𝑗+1 − 1)𝑅
)2𝑗+1−2

𝑑𝜌

for 𝑡 ≥ 𝑎𝑗+1𝑅. Applying Lemma 3.5 with 𝑀 = 𝑎𝑗+1, we have

𝐹 ′′(𝑡) ≥ 𝐶𝐶2
𝑗

4(𝑎𝑗+1 − 1)2
(

𝑎𝑗+1 − 1
𝑎𝑗+1 + 1

)3 ∫ 𝑡−𝑎𝑗+1𝑅

0

𝑑𝜌

𝑡− 𝜌−𝑅

(
log

𝑡− 𝜌−𝑅

(𝑎𝑗+1 − 1)𝑅
)𝑎𝑗+1

because of 2𝑗+1 − 1 = 𝑎𝑗+1 + 1. Therefore we obtain

𝐹 ′′(𝑡) ≥ 𝐶𝐶2
𝑗

𝑎𝑗+1 − 1
4(𝑎𝑗+1 + 1)4

(
log

𝑡−𝑅

(𝑎𝑗+1 − 1)𝑅
)𝑎𝑗+1+1

for 𝑡 ≥ 𝑎𝑗+1𝑅.

It follows from 𝑎𝑗+1 − 1 ≥ 2𝑗 and 𝑎𝑗+1 + 1 ≤ 2𝑗+2 that

𝐹 ′′(𝑡) ≥ 𝐶𝐶2
𝑗

210 ⋅ 8𝑗
(
log

𝑡−𝑅

(𝑎𝑗+1 − 1)𝑅
)2𝑗+1−1

for 𝑡 ≥ 𝑎𝑗+1𝑅.

As a conclusion, if 𝐶𝑗 is defined by 𝐶𝑗+1 =
𝐶0𝐶2

𝑗

8𝑗
(𝑗 ≥ 1) with 𝐶0 in (3.4),

then (3.3) is valid for all 𝑗 ≥ 1. This equality is rewritten as
log𝐶𝑗+1 = 2 log𝐶𝑗 − 𝑗 log 8 + log𝐶0.

It is clear that 𝐶2 defined by this equality is the one in (3.4). For 𝑗 ≥ 2, we have
the following concrete expression of log𝐶𝑗+1 inductively.

log𝐶𝑗+1 = 2
𝑗 log𝐶1 −

𝑗∑
𝑘=1

𝑘2𝑗−𝑘 log 8 +
𝑗−1∑
𝑘=0

2𝑘 log𝐶0

= 2𝑗 {log𝐶1 − 𝑆(𝑗 + 1) log 8 + log𝐶0} − log𝐶0.

This is exactly (3.4). Therefore Proposition 3.3 is now established. □
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4. Proof of Theorem 1.1

We complete the proof of Theorem 1.1 here. In view of Lemma 2.1, our first step is

to shift the estimate for 𝐹 ′′(𝑡) = ∥𝑢(⋅, 𝑡)∥2𝐿2(R4) to the one for 𝐹 (𝑡) =

∫
R4

𝑢(𝑥, 𝑡)𝑑𝑥.

Proposition 4.1. Suppose that the assumption in Theorem 1.1 is fulfilled. Then, 𝐹
satisfies

𝐹 (𝑡) ≥ 𝐶𝑗

4𝑗+1

(
1

2
log 𝑡

)2𝑗−1
𝑡2 for 𝑡 ≥ {(𝑎𝑗 + 2)𝑅}2, (4.1)

where 𝑎𝑗 and 𝐶𝑗 are defined in Proposition 3.3.

Proof. Integrating (3.3) in Proposition 3.3 over [𝑎𝑗𝑅, 𝑡], we have

𝐹 ′(𝑡) ≥ 𝐶𝑗

∫ 𝑡

𝑎𝑗𝑅

(
log

𝑠−𝑅

(𝑎𝑗 − 1)𝑅
)2𝑗−1

𝑑𝑠 for 𝑡 ≥ 𝑎𝑗𝑅.

Here we restrict the time interval to 𝑡 ≥ (𝑎𝑗 + 1)𝑅 and diminish the domain of
the 𝑠-integral to [𝑎𝑗𝑡/(𝑎𝑗 + 1), 𝑡]. Then the variable of the logarithmic term is
estimated by

𝑎𝑗𝑡/(𝑎𝑗 + 1)−𝑅

(𝑎𝑗 − 1)𝑅 =
𝑡

(𝑎𝑗 + 1)𝑅
+

𝑡− (𝑎𝑗 + 1)𝑅
(𝑎𝑗 − 1)(𝑎𝑗 + 1)𝑅 ≥ 𝑡

(𝑎𝑗 + 1)𝑅
.

Hence we obtain

𝐹 ′(𝑡) ≥ 𝐶𝑗

𝑎𝑗 + 1
𝑡

(
log

𝑡

(𝑎𝑗 + 1)𝑅

)2𝑗−1
for 𝑡 ≥ (𝑎𝑗 + 1)𝑅.

Integrating this inequality over [(𝑎𝑗 + 1)𝑅, 𝑡], we have

𝐹 (𝑡) ≥ 𝐶𝑗

𝑎𝑗 + 1

∫ 𝑡

(𝑎𝑗+1)𝑅

𝑠

(
log

𝑠

(𝑎𝑗 + 1)𝑅

)2𝑗−1
𝑑𝑠 for 𝑡 ≥ (𝑎𝑗 + 1)𝑅.

Similarly, restricting the time interval to 𝑡 ≥ (𝑎𝑗+2)𝑅 and diminishing the domain
of the 𝑠-integral to [(𝑎𝑗 + 1)𝑡/(𝑎𝑗 + 2), 𝑡], we get

𝐹 (𝑡) ≥ 𝐶𝑗

(𝑎𝑗 + 2)2
𝑡2
(
log

𝑡

(𝑎𝑗 + 2)𝑅

)2𝑗−1
for 𝑡 ≥ (𝑎𝑗 + 2)𝑅.

Note that (𝑎1 + 2)𝑅 = 4𝑅 ≥ 1. Therefore we finally obtain that

𝐹 (𝑡) ≥ 𝐶𝑗

(𝑎𝑗 + 2)2
𝑡2
(
1

2
log 𝑡

)2𝑗−1
for 𝑡 ≥ {(𝑎𝑗 + 2)𝑅}2.

The proof is now ended by 𝑎𝑗 + 2 = 2
𝑗+1. □

Let us continue to prove Theorem 1.1. Assume 𝑗 ≥ 2 and define a sequence
of time interval {𝐼(𝑗)} by

𝐼(𝑗) =
[{(𝑎𝑗 + 2)𝑅}2, {(𝑎𝑗+1 + 2)𝑅}2] (4.2)
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and set

𝐾𝑗(𝑡) =
𝐶𝑗

4𝑗+1

(
1

2
log 𝑡

)2𝑗−1
which is the coefficient of 𝑡2 in (4.1). Then it follows from the definition of 𝐶𝑗 in
(3.4) that

𝐾𝑗(𝑡) = exp
{
2𝑗−1 log𝐿𝑗(𝑡)− 𝑗 log 4− log(4𝐶0)− log

(
log
√

𝑡
)}

,

where we set

𝐿𝑗(𝑡) = 𝐶0𝐶18
−𝑆(𝑗)

(
1

2
log 𝑡

)2
.

In view of the definition of 𝐶1 in (3.4), we have that 𝐿𝑗(𝑡) ≥ 𝑒 provided

𝜀2 log 𝑡 ≥ 𝐸 ≡ 2
(
22 ⋅ 33 ⋅ 8𝑆(∞)𝑒

𝐶0𝐶3

)1/2
> 0. (4.3)

Because 𝑆(𝑗) is monotonously increasing in 𝑗, but converges to a positive constant
𝑆(∞).

From now on, we assume (4.3). Then it follows that

𝐾𝑗(𝑡) ≥ 𝑀𝑗 for 𝑡 ∈ 𝐼(𝑗),

where we set

𝑀𝑗 = exp
{
2𝑗−1 − 𝑗 log 4− log(4𝐶0)− log (log{(𝑎𝑗+1 + 2)𝑅})

}
.

We have lim
𝑗→∞

𝑀𝑗 = ∞ obviously. Hence, there exists an integer 𝐽 = 𝐽(𝑓, 𝑔, 𝑅)

such that 𝑀𝑗 ≥ 𝐾0 for 𝑗 ≥ 𝐽 , where 𝐾0 is the one in (2.4) with 𝐵 = ∣B4(0, 1)∣−1.
This fact and Proposition 4.1 imply that

𝐹 (𝑡) ≥ 𝐾0𝑡
2 for 𝑡 ∈ 𝐼(𝑗) as far as 𝑗 ≥ 𝐽.

Therefore the definition of 𝐼(𝑗) also implies that

𝐹 (𝑡) ≥ 𝐾0𝑡
2 for 𝑡 ≥ {(𝑎𝐽 + 2)𝑅}2.

Now we are in a position to apply Lemma 2.1 to our situation with 𝐵 =
∣B4(0, 1)∣−1. First we set 𝑇0(𝜀) = exp

(
𝐸𝜀−2

)
, where 𝐸 is the one in (4.3). Then

there exists 𝜀0 = 𝜀0(𝑓, 𝑔, 𝑅) such that

𝑇0(𝜀) ≥ {(𝑎𝐽 + 2)𝑅}2 and 2max

{
𝑇0(𝜀),

𝐹 (0)

𝐹 ′(0)

}
≤ exp (2𝐸𝜀−2

)
hold for 0 < 𝜀 ≤ 𝜀0 because 𝐽 and 𝐹 (0)/𝐹 ′(0) are independent of 𝜀 as we see. If
the lifespan 𝑇 (𝜀) satisfies 𝑇 (𝜀) > 𝑇0(𝜀), then we have

𝐹 (𝑡) ≥ 𝐾0𝑡
2 for 𝑡 ∈ [𝑇0(𝜀), 𝑇 (𝜀))

by definition of 𝑇0(𝜀), because such a 𝑡 satisfies 𝜀2 log 𝑡 ≥ 𝐸. Lemma 2.1 says that
this inequality implies that

𝑡 ≤ 2max
{

𝑇0(𝜀),
𝐹 (0)

𝐹 ′(0)

}
≤ exp (2𝐸𝜀−2

)
.
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Taking a supremum over 𝑡 ∈ [𝑇0(𝜀), 𝑇 (𝜀)), we get

𝑇 (𝜀) ≤ exp (2𝐸𝜀−2
)

for 0 < 𝜀 ≤ 𝜀0. (4.4)

The counter case 𝑇 (𝜀) ≤ 𝑇0(𝜀) is trivial. Therefore (4.4) holds for any cases. The
proof of Theorem 1.1 is now completed. □
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