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Foreword

When I was a graduate student in the early 1970s I was interested in g-series, special
functions and I had some interest in fractional calculus. The prevailing wisdom at
the time was that none of these subjects will lead anywhere. It is amazing how much
things have changed since then and here I am, 40 years later, writing a Preface to a
wonderful monograph on g-fractional calculus and g-difference equations. I worked
with Waleed Al-Salam who was enthusiastic about the subject. Earlier he introduced
the operators of g-fractional calculus and in the early 1970s he worked with Arun
Verma on ¢g-fractional Leibniz rule. They found g-analogues of part of a series of
papers by Tom Osler on fractional calculus, whose first paper appeared in 1970.

In my opinion the recent developments in g-difference equations and g-fractional
calculus naturally followed the developments in the theory of g-series and orthog-
onal polynomials by a quite a few mathematicians under the leadership of Richard
Askey and George Andrews. By the late 1980s the importance of difference and
q-difference equations, as well as the Askey—Wilson operator equations, became
apparent and Mahmoud Annaby started studying the old papers by Adams, Birkhoff,
and their collaborators. He started working with students and other mathematicians
from Cairo on related problems and they were naturally led to work on operators of
fractional and g-fractional calculus as well as difference and g-difference equations.

Fractional calculus has a long history and has recently gone through a period of
rapid development. In writing any book one has to pick and choose from a wide
range of topics. The present monograph covers a selection of topics in a rigorous
way. It starts with elementary calculus of g-differences and g-integration. Then
presents a study of g-difference equations. The existence and uniqueness theorems
are derived using successive approximations, leading to systems of equations with
retarded arguments. Regular g-Sturm-Liouville theory is also introduced; Green’s
function is constructed and the eigenfunction expansion theorem is established. The
Abel integral equation is the prime example of a Volterra integral equation which can
be solved via the Riemann-Liouville operators of fractional calculus. The authors
study fractional g-calculi of many types including Riemann-Liouville; Griinwald—
Letnikov; Caputo; Erdélyi—Kober and Weyl, in some detail. One aspect I liked is
the rigorous treatment of fractional g-Leibniz rule and its application. This puts on
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viii Foreword

solid ground many classical results starting from those early papers of F. H. Jackson
down to the recent papers of Al-Salam and Verma. It is nice to see these results
written and the domains of their validity precisely specified.

In special functions the tradition is that identities are proved but in many cases
one side gives analytic continuation of the other side. A case in point is the Pfaff—
Kummer transformation

2Fi(a,b,c;z) = (1 —2)7%Fi(a,c —b;c,z/(z—1)).

This is an identity if |z| < 1 and |z] < |1 — z|. On the other hand, the right-hand
side gives an analytic continuation of the left-hand side if |z > 1 but |z] < |1 —z].
Many identities in this work can be considered as analytic continuation formulas to
domains wider than their domains of validity.

Some integral equations of Volterra and Abel type work as an introductory
material for the study of fractional g-calculi.

The investigation of g-fractional difference equations leads to families of g-
Mittag-Leffler functions which are defined and their properties are investigated,
especially the distribution, asymptotic and reality of their zeros, establishing g-
counterparts of Wiman’s results. Fractional g-difference equations are studied;
existence and uniqueness theorems are given and classes of Cauchy-type problems
are completely solved in terms of families of g-Mittag-Leffler functions. Among
many g-analogues of classical results and concepts, g-Laplace and Fourier trans-
forms are studied and their applications are investigated

As I said earlier this monograph is too brief to be encyclopedic, so the authors
had to restrict their coverage of topics within the subject. For example dual integral
and series equations are not covered but the reader can find this in Sneddon [276].
Another topic of interest is that operators of fractional calculus can be used to
construct reproducing kernels with known eigenvalues and eigenfunctions. Another
important missing topic is the characterization of the ranges of various fractional
integral operators. This is related to the theory of multipliers for the Mellin
transform. Some references are [259,260]. Zeinab Mansour kindly informed me of
her joint work in progress on g-analogues of these results. I look forward to seeing
this work completed.

I am sure the publication of this book will stimulate further research in this area.

Orlando, FL Mourad Ismail



Preface

This book is a rigorous study of g-fractional calculus and g-fractional difference
equations. Our study is developed starting from the work of Agarwal [17], Al-
Salam [18, 19], and Al-Salam and Verma [20]. In [17], the ¢g-fractional Riemann—
Liouville calculus is defined formally and many properties are given as well. In
comparison with the celebrated monographs on fractional calculus, for example, the
first book on fractional calculus [227] written by Oldham and Spanier, the books
of Samko et al. [269], Kilbas et al. [169], Podlubny [234], and Diethelm [82],
we can see that the g-fractional theory is far from being a well-established g-
counterpart of the existing fractional theory. However, we hope that the present work
would be a takeoff point to establish a more comprehensive g-fractional theory.
We would like to mention that our g-study is based on a g-difference operator
and its associated right inverse. This g-difference operator goes back to Euler and
may go back to Heine and is reintroduced by Jackson in [158]. Sometimes it is
called Euler—Jackson g-difference operator or simply Jackson g-difference operator
as we do through the entire book. The main objective of this book is to provide
such an overview of the basic theory of fractional g-difference equations, methods
of their solutions and applications, taking into account the audience of this book,
namely the applied scientists interested in developing the g-theory, investigating and
exploring its applications. Applications of the classical fractional calculus appeared
in many publications. For example, Sneddon’s book [276] on mixed boundary value
problems from the mid-1960s included a survey of fractional calculus and how
to use it to solve integral equation arising in elasticity. In addition, applications
of fractional calculus in mathematical physics, probability, and modeling were
introduced in the mid-1970s in [261]. Recently, more applications in classical
mechanics, particle physics, diffusion systems, viscoelastic and disordered modern
electrical systems, modeling and control are in [267]. Perhaps Leibniz [179] did not
expect this number of applications when he sent a letter in 1695 to L’Hopital asking
about the meaning of the derivative of order half. From this point of view, we expect
that in the long run, many applications of the fractional g-calculus will appear.
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X Preface

This book consists of nine chapters. Chapter 1 provides some basic definitions
and properties of g-analysis as the g-difference operator, the g-integral operator, g-
special functions, and g-integral transforms. Chapter 2 is a study of the existence
and uniqueness of the solutions of first-order systems of g-difference equations
and linear g-difference equations. This chapter also includes some results on zeros
of g-trigonometric functions and g-Bessel functions. Chapter 3 includes the basic
Sturm-Liouville problem formulated and studied in [30]. It also includes the
reformulation introduced in [207] of the ¢?-Fourier transform introduced by Rubin
in [265,266]. In Chap.4, we survey the developments in the fractional g-theory
since Al-Salam and Agarwal introduced their generalization to Jackson g-integral
and derivatives to fractional orders. It contains the fractional g-calculus associ-
ated with Al-Salam and Agarwal fractional g-analogue of the Riemann-Liouville
fractional derivatives. Chapter 5 is devoted to other approaches of extending the
notion of g-integrals and g-derivatives to fractional orders like g-Caputo fractional
derivatives and g-Weyl fractional derivatives. In this chapter we show that a
generalization to Griinwald—Letnikov fractional derivatives in the g-settings leads
to Al-Salam—Agarwal fractional g-derivatives. We outline the generalization of the
Askey—Wilson g-difference operator to fractional orders introduced by Ismail and
Rahman in [147]. We conclude this chapter with a generalization of the g-difference
operator introduced by Rubin in [265, 266] to fractional orders. In Chap.6, we
give a rigorous proof of Al-Salam—Verma fractional g-Leibniz rule [20] and a
generalization of the fractional ¢-Leibniz rule introduced by Agarwal in [15]. We
also introduce a fractional g-Leibniz rule associated with Weyl fractional g-operator.
This result is a generalization of the result introduced by Purohit in [248]. At the last
section of this chapter, we derive some g-identities using the fractional g-Leibniz
formulae represented in this chapter. Chapter 7 is fully devoted to g-Mittag-
Leffler functions and their major properties. We explore the Mellin—Barnes contour
representations and Hankel contour representations of the two g-analogues of the
Mittag-Leffler functions considered in this book. Chapter 8 includes fundamental
existence and uniqueness theorems for linear and nonlinear fractional g-difference
equations as well as first-order systems of fractional g-difference equations, where
the g-derivative is either the Riemann-Liouville fractional g-derivative or Caputo
fractional g-derivative. Most of the results of this chapter are a generalization
of the results mentioned in Chap.2. In Chap.9, the last chapter, we investigate
the applications of the g-Laplace, g-Mellin, and ¢>-Fourier integral transforms to
constructing explicit solutions of certain classes of linear fractional g-difference
equations. In the appendix, we include tables of fractional g-derivatives of g-special
functions and generalized Rodrigues-type formulae for some g-special functions.
The bibliography consists of 302 books and articles, including some recent pre-
prints submitted for publications, up to 2011. However, it cannot be considered as a
complete bibliography since this discipline is a fast-growing area. But, on the other
hand, we believe that the references of the bibliography and references mentioned
therein are enough to get a complete overview of the developments occurred in this
subject up to the year 2011.
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Acronyms

Here, we collect a list of symbols that have been used in this book.
Sets

N ={1,2,3,...}, the sets of natural numbers.

Ny =NuU{0}.

7= =1{0,—1,-2,-3,...}, the set of all non positive integers.
Rt ={xeR : x>0

R, + {¢* : k e}

R, ={£q¢*: keZ}.
R The set of all real numbers.

Function Spaces
Ly,(0,a);n€R, p>1 The space of all functions f defined on (0,a] that
satisfy [ 7] f(1)|P dyt < oo.

P 0,a);n€R, p>1 The space of all functions f defined on (0,a] that
satisfies 1" f7(t) € L} (0, x),0 < x < a. See Definition 1.4.1

2/ C4[0,a] The space of all g-absolutely continuous functions defined on [0, a],
see Definition 4.3.1.

L2((0,a) x (0,a))  See Definition 1.4.3.

#C"[0,a]  See Definition 4.3.2.

Fyuwi >0 The space of all functions f defined on a g~ '-geometric set A such
that

/(g™ = 0@ ") as 0 — oo,

L?(R;+) The space of all functions f defined on R, 4 that satisfy
o0
/ | f(D)]? dgt < 0.
0
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L?(R;) The space of all functions f defined on R, that satisfy

[ oras <o

ZLP(£2) where 2 C Cis aneighborhood or a deleted neighborhood of zero is the
space of all functions defined on 2 such that

l2]
/ | f()|P dyt <oo forall ze £2.
0

C; [a,b] The space of all continues functions with continuous g-derivatives up to
order n — 1 on the interval [a, b]. See Definition 1.4.4.

Functions

[] Ceiling function, [x] := min{n € Ny : x < n}.

Rez,Im z Real and imaginary part of the complex number z.
I';(z)  The g-analogue of the Euler’s gamma function.

B,(a, B) The g-analogue of the Euler’s beta function.

+¢s  The basic hypergeometric function, see (1.9).

J"(z:q)  First Jackson ¢-Bessel function.

J2(z:q)  Second Jackson g-Bessel function.

Y (z;q) Third Jackson g-Bessel function.

e,(2), E4(z) q-analogues of the exponential function.

sin, z, cos, z, sinh, z, cosh,z The g-analogues of the sine, cosine, hyperbolic
sine, and hyperbolic cosine associated with e, (z).

Sing (z), Cosy(z), Sinh, (z), Cosh,(z)  The g-analogues of the sine, cosine, hyper-
bolic sine, and hyperbolic cosine associated with E,(z).

sin(z; q), cos(z;q) g-analogues of the sine and cosine functions, see (2.75)—
(2.76).

Sin(z; ¢), Cos(z:¢?)  g*-analogues of the sine and cosine functions, see (3.70).

e(z:q?) = Cos(—iz;q*) +iSin(—iz;q?), ze C

evu(z:q), E,,(z:q) q-analogues of the two parameter Mittag-Leffler functions,
see (7.3).

+Vs(z;q)  g-analogue of the Fox-Wright function, see Definition 1.8.1.

Erf(z; q), Erf,(z), erf(z;q) g-analogues of the error function, see (1.73), (1.75),
(1.77).

v4(s,x), I,(s,x) g-analogues of the incomplete gamma function, see (1.78).
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Operators

D, Jackson g- divided difference operator.

d; The g-divided difference operator introduced by Rubin, see (3.77).

W, is a g-analogue of the Wronskian determinant, see Definition 2.7.1.

9, The Askey—Wilson operator.

¢ Ls, ¢ Z;  The g-analogues of the Laplace integral transforms.

My A q type Mellin integral transform.

Fy A q? type Fourier transform.

D7 The Riemann-Liouville fractional g-derivative of order a.

“Dy  The g-Caputo fractional g-derivative of order .

Dy, The fractional Caputo g-difference operator of order .

@é‘“ The sequential Riemann—Liouville fractional g-derivative of order ko,
a > 0, see (8.74).

"@;‘0‘ The sequential Caputo fractional g-derivative of order ko, O > 0.

Other Symbols

Wyar IWgal The g, Wronskian matrix and the ¢, Wronskian determinant
associated with the Riemann-Liouville fractional g-derivative, respectively, see
Definition 8.6.2.

qua, |W(fa The g, Wronskian matrix and the ¢, Wronskian determinant
associated with the Caputo fractional g-derivative, respectively, see Defini-
tion 8.7.2.

wep(2:9), Wap(z;q) g-analogues of the Write functions, see (1.83) and (1.84),
respectively.

o Sometimes called little-o or Landau symbol. For example, f = o(g) asx — a
means that lim,_, gf 8 =

O  Sometimes called big- O or Landau symbol. For example. f = O(g)asx — a
means f(x)| < A|g(x)| for some constant A and for all x in a neighborhood of
the point a.

~  For example, f ~ g as x — a means that lim,_,,

S(x) =1
glx .




Chapter 1
Preliminaries

Abstract This chapter includes definitions and properties of Jackson g-difference
and g-integral operators, g-gamma and g-beta functions and finally g-analogues of
Laplace and Mellin integral transforms.

1.1 Some Classical Results

In this section, we collect results from complex analysis which we shall use in this
book. We will also introduce the definitions and terminology used in the text. Let
f, g be entire functions and a € C, we say that

f@)=0(gk), a z—a,
if f(z) / g(z) is bounded in a neighborhood of a. We write

f@) ~ g(z), asz—a, if lim—= =1

If f(z) := Y o2, ayZ" is an entire function, then the maximum modulus is defined
for r > 0 by

M(r: f) :=sup{[f(2)| : [z] =r}. (1.1)
The order of f, p(f), is, cf. [57,128,181],
loglog M (r, !
p(f):= limsupw = lim sup ﬁ. (1.2)
r—00 logr n—soo loglal|;!

Theorem 1.1. [57, 122]. If f is entire and p(f) is finite and is not equal to a
positive integer, then f has infinitely many zeros, or it is a polynomial.

The following two results of Pélya, cf. [237,238], concerning the zeros of cosine
and sine transforms, are essential in our investigations.

M.H. Annaby and Z.S. Mansour, g-Fractional Calculus and Equations, 1
Lecture Notes in Mathematics 2056, DOI 10.1007/978-3-642-30898-7_1,
© Springer-Verlag Berlin Heidelberg 2012
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Theorem 1.2. Let f(t) be a real-valued twice continuously differentiable function
on the interval [0, 1]. If | f(1)| > | £(0)|, the entire functions

1 1
U(z)=/0 f(t)cos(zt) dt, V(z)=/0 f(t)sin(zt) dt

have infinitely many real zeros and a finite number of complex zeros.

Theorem 1.3. [238]. If the function f(t) € L(0,1) is positive and increasing,
then the zeros of the entire functions of exponential type

1 1
U(z) = /0 f(t)cos(zt)dt, V(z) = /0 f(¢)sin(zt) dt

are real, infinite and simple. The even function U(z) has no zeros in [0, %), and its
positive zeros are situated in the intervals (tk — /2, 7k +1/2), 1 < k < 00, one
zero in each interval. The odd function V(z) has only one zero z = 0 in [0, ), and
its positive zeros are situated in the intervals (wk, w(k + 1)), 1 < k < oo, one zero
in each interval.

The following version of Hurwitz—Biehler theorem for entire functions of order
zero, cf. [181, Chap. 7] will be used in the sequel.

Theorem 1.4. Let F(z) be an entire function of order zero and assume that

F(z) = P(2) +i0(2),

where P(z) and Q(z) are entire functions with real coefficients. All roots of F(z) lie
in the upper half plane, Iz > 0, if and only if P(z) and Q(z) have real, simple and
interlacing zeros.

Katkova and Vishnyakova[166] derived the following interesting result.

Theorem 1.5. Assume that F(z) := Y oo axz* is an entire function, ay > 0 for
all k € Ny, and xy is the unique positive root of the polynomial x3 — x* —2x — 1,
Xo & 2.1479. Then x is smallest possible constant such that if

axai4+1 = Xoak—1dr4+2 (k € N) (1.3)

then the zeros of F(z) have negative real parts.
Consequently, we can prove the following corollary.

Corollary 1.6. Consider an entire function F(z) = Y p—, apZ’, ax > 0. If the
sequence {ax }rw, satisfies condition (1.3), then the functions

s o0
Z(—l)kGZkZZk and Z(_1)ka2k+lzzk+1
k=0 k=0

have real, simple and interlacing zeros.
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Proof. The proof follows at once by noting that for all z € C, Iz > 0 if and only if
Re(—iz) < 0, and

oo oo
Fiz) = ) (=Dfan +i ) (=Dfayn .
k=0 k=0

O

Proofs of many results of this book depend on the Banach fixed point theorem,
cf. [171]:

Theorem 1.7 (Banach fixed point Theory). Let (X, d) be a Banach space and let
T : (X,d) — (X,d) be a contraction mapping, i.e., there is a positive number w,
0 <w < 1 such that

d(Tx,Ty) <wd(x,y) forall x,y €X.

Then T has a unique fixed point u*. Moreover, for any uy € X,

lim T%uy = u*,
k—o00

where

T':=T, and T**':=TT* (k e N).

1.2 g-Notations and Results

In the following, unless otherwise stated, ¢ is a positive number less than 1 and by
the word “basic” we mean a g-analogue. In this section, we introduce some of the
needed g-notations and results.

The g-shifted factorial, see [113], is defined for a € C by

1, n=20,

n—1
q)n = . 14
(@:q) [Tt —ag). neN. (1.4)

i=0
The limit of (a; g), as n tends to infinity exists and will be denoted by (a; ¢)oo- The

multiple g-shifted factorial for complex numbers ay, . . ., a, is defined by
k

(ar,aa,...,ar;q), = l—[(aj;q),,.

J=1



4 1 Preliminaries

Let « be a complex number. We use the following notation for the g-binomial
coefficients

. 1 k=0,
qu= (=g =g ... a—g") (1.5)
(q:9)k ’ ‘

If aq® # q" for all n € Ny, we define (a; q), to be

(@;q)oo

— 1.6
(aq%; q)oo (16)

(@:9)e ==

where in (1.5) and (1.6) the principal branch of ¢* is taken. We have the following
series representations for (a;q), (n € Ny) and (¢; ¢)co, cf., e.g. [113, P. 11],

. o : k[ (LN
@ =YD ] a7 (1.7)
k=0
o k(k—1) ak
@ @)oo =Y (g 7 ———. (1.8)
=0 (R
For complex numbers ay,...,a,, by, ..., b, let ,¢; denote the g-hypergeometric

series

o

al,...,dp, _ _
r &5 (al,...,ar;bl,...,bs;q,z) = MZ"(—QM l)/2)n(5 r+l)'

= (@.br.... b
(1.9)
The series representation of the function ,¢; converges absolutely for all z € C if
r < s and converges only for |z| < 1if » = s + 1. The g-Vandermonde (g-Chu—
Vandermonde) sums [113, Eq. (IL.6)],

(c/a,q)n o

, 1.10
(¢, q)n (160

2p1(g7 " asciq.q) =

and reversing the order of summation, [113, Eq. (IL.7)]

cq”) _ (c/a, @)
a T

201 (q‘”,a;c;q, (1.11)

The following theorem, taken from [25, P. 491], will be needed in sequel.
Theorem 1.8. Suppose A and  are real. Then

(@ X:q)oo

=(1—x)+* 1.12
17 ("X:q) oo (=27, (1.12)
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uniformly on
xeC:|x|<1},if uzi, un+A1=1,

and uniformly on compact subsets of {x € C : |x| < 1, x # 1} for other choices
of A and .

The g-translation operator ¢” is introduced by Ismail in [143] and is defined on
monomials by
e'x" = x"(—y/x:q),, (1.13)

and it is extended to polynomials as a linear operator. Thus

&’ (Z fnx") =Y fux"(—y/x19),. (1.14)
n=0 n=0

The g-translation operator is defined for x* (a € R™) to be
ex" = x(—y/x:q),. (1.15)

provided that y # —¢*~“x for all k € N,.

1.3 The g-Difference Operator

If © € Ris fixed, a subset A of C is called pu-geometric if uz € A wheneverz € A. If
a subset A of C is a u-geometric then it contains all geometric sequences {z/1" } oo,
z € A. Let f be a function, real or complex valued, defined on a g-geometric set A4,
lg| # 1. The g-difference operator, which was reintroduced by Jackson [158], and
may go back to Heine [132] or Euler, is defined by

@) - f(g2)
qz

—

D, f(z) = for z€ A\ {0}. (1.16)

Jackson introduced a systematic study of this operator in [153-161]. The
q-difference operator (1.16) sometimes called Jackson g-difference operator, Euler—

Jackson g-difference operator or Euler-Heine—Jackson ¢-difference operator. If
0 € A, the g-derivative at zero is defined for |¢| < 1 by

J(zq") — f(0)

DafO)y:= g =

for z€ A\ {0}, (1.17)

provided the limit exists and does not depend on z. In addition, the g-derivative at
zero is defined for |¢| > 1 by

D, £(0) := D1 £(0).
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In some literature, the g-derivative at zero is defined to be f/(0) if it exists,
cf. e.g. [174,280]. The definition in (1.17) is more suitable for our approaches.
Jackson [160] introduced an integral denoted by

/ab f(@)d,t

as a right inverse of the g-derivative. It is defined by

b b a
/ F(t)dyt ::/ f(t)dqt—/ f(tydyt (a.be A,  (1.18)
a 0 0

where

| 0di = 0= Y5 fx) (e, (1.19)
n=0

provided that the series at the right-hand side of (1.19) converges at x = a and b.
Kac and Cheung [163, p. 68] proved that if x* f(x) is bounded on [0, a] for some
0 < a < 1, then fox f(t)d,t exists for all x € [0, a]. Moreover, Bromwich [65,

PP. 418-419] proved that if fob f(x) dx converges, then

b b
/0 f(x)ydx = Jim. /0 f(x)dyx.

If x > O and f is a function defined on a g-geometric set A, Hahn [123] defined the
q-integral of the function f on [x, 0o0) to be

[ rwdge =3 xg - g g™, (1.20)
x k=1

There is no unique canonical choice for the g-integration over [0, co). Hahn in[123]
defined the g-integration for a function f over [0, c0) by

/0 Fode=0-q) Y 4" f@",

while in [210], Matsuo defined a g-integration on the interval [0, co) by

oo/b 1— q o
SOy dgti=—="%" ¢"f(g"/b) (b>0). (121)
n=-—00
Consequently, the g-integration of a function f defined on R can be defined as
oo/b 1— q o0
/ A0t =303 g GG )+ S ). >0,

o0

provided that the series converges absolutely.
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Definition 1.3.1. Let f be a function defined on a g-geometric set A. We say that
Z
f is g-integrable on A if and only if/ S (t)d,t exists forall z € A.
0

Definition 1.3.2. A function f which is defined on a g-geometric set 4, 0 € A4, is
said to be g-regular at zero if

lim f(zg") = f(0) forall z € A.
n—>oo

Moreover, if A is also g~ !-geometric, then we say that f is g-regular at infinity if
there exists a constant C such that

lim f(zg™")=C forall z € A.
n—>oo

From now on, if A C R is g-geometric and f is a g-regular at zero function
defined on A, we define f(0T) and f(07) by

fOF) = lim f(xg"). f(07):= lim f(xq").

x>0 x<0

Clearly, if f is g-regular at zero, then

f(0) = £(07) = f(07).

The g-regularity at zero plays the role of continuity in the classical sense in some
settings. However, continuity at zero implies g-regularity at zero, but the converse
is not necessarily true. For example, the function f:[0, 1] — R,

1
1, x =a, = —, n is prime,
fx) = NG P (1.22)

X, otherwise.

is g-regular at zero for rational ¢, but it is not continuous at zero.

Remarks.

1. If x € A\ {0} and A contains a neighborhood of the point x such that f is
differentiable at x, then lirn1 D, f(x) = f'(x).If x = 0 and f’(0) exists, then
q—>

D, f(0) = f'(0).

2. If f is a function defined on a g-geometric set A which contains zero such
that D, f(0) exists, then f is g-regular at zero. This is similar to the fact that
differentiability implies continuity.

3. It may happen that D, f(0) exists for a function f* without being differentiable or
even continuous at zero. For example, the function f defined by (1.22) satisfies
D, f(0) = 1, while f is not continuous at zero.
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4. The g-derivative of a function f defined on a g-geometric set A4 is zero if and
only if f(x) = f(gx) forall x € A. To our best knowledge, these functions had
been introduced by Boole who called them “periodic constants,” see [13, 161].
Recently, they are called “g-periodic functions,” see e.g. [281]. It is obvious that
the constant functions are ¢g-periodic functions. Another example of a g-periodic
function, cf. [281, P. 856], is f(x) = sin(« log x) with & log g = 27, which has
singularity at x = 0.

Proposition 1.9. Let f be a g-periodic function defined on a q-geometric set A.

If f is q-regular at zero, then f is a constant function. In addition, if f isa q~'-

periodic function defined on a q~'-geometric set A and f is q-regular at infinity,

then f is constant on A.

Proof. Since f is g-periodic on A, then f(x) = f(gx) = --- = f(¢"x), for all
x € A,n € N. Thus,
f@) = lim_f(xq") = f(0).

The result in case of f is g-regular at oo follows similarly . O

We present here some of the basic rules concerning g-derivatives. By means
of these rules, g-derivatives of commonly occurring functions can be found by
straightforward manipulations.

In rules 1 through 4, two functions f and g are defined on a g-geometric set A
such that the g-derivatives of f and g exist for all x € A.

Rule 1. D,(f £8)(x) = D, f(x) £ Dyg(x).
This is an immediate consequence of (1.16)—(1.17).
Rule 2. [The g-product rule]

Dy (fg)(x) = Dy f(x)g(x) + f(gx)Dyg(x). (1.23)

Symmetric rules are

Dy(fg)(x) = Dy f(x)g(x) + f(x)Dgg(x) = x(1 = q) Dy f(x) Dy g(x)

and
Dy(fg)(x) = Dy f(x)A48(x) + Ay f(x)Dyg(x),

where A, is the averaging operator which acting on a function / defined on a
q-geometric set A by
h(x) + h(gx)

> .

Nevertheless, the non symmetric formula (1.23) is useful in computations.
Another symmetric rule is
Rule 3. [g-type Leibniz rule]

Agh(x) =

n

i =3[ ] (Pitr) @ g a2

k=0
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where x € A\ {0}. If x = 0, we additionally assume that the kth g-derivatives
of f and g exist at zero where k = 1,2,...,n.
In the following rule we assume that g does not vanish at x or gx.

Rule 4. If g(x) # g(gx) # O then

Dy f(x)g(x) — f(x)Dyg(x)
g(x)g(gx) '

Dq(f/g)(x) =

Rule 5:  The nth g-derivative, D", of a function f can be represented by its values
at the points {g/x, j =0, 1,---,n} through the identity

DLF(0) = (-1 (1 = )" x g 3 7] e )
= (1.25)

for every x in A \ {0}. After some straightforward manipulations, formula (1.25)
can be written as

S9r

DI F(x) = (1 — ) "x" Zq (q -~

———— f(xq") forx e A\{0}. (1.26)
Moreover, the formula (1.25) can be inverted through the relation
n
n k
fag) =Y 0[] a=afe@plreo. a2
k=0 kg

Formulas (1.25) and (1.27) are well-known and follow easily by induction.

1.3.1 More Properties of q-Integrals

The rule of g-integration by parts is

| e, dg = @ = lim (ferag”) = [ Dysoran dor. 128

If f and g are g-regular at zero, then the limit on the right hand side of (1.28) can

be replaced by ( fg)(0).
The following theorem is an analogue of the fundamental theorem of calculus.

Its proof is simple and is omitted.

Theorem 1.10. Let f be a q-regular at zero function defined on a q-geometric set
A containing zero. Define

F(z) .= /z f@)d,t (z€A),
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where c is a fixed point in A. Then F is q-regular at zero. Furthermore, D, F(z)
exists for every z € A and

DyF(z) = f(z) forevery ze€ A.

Conversely, if a and b are two points in A, then

b
[ Dty = so)- s (1.29)

Theorem 1.11. Let f be a function defined on [a, b], 0 < a < b. Assume that there
exists v, 0 <y < 1 such that x? f(x) is continuous on [a, b]. Let

F(x) = /X f@)d,t forx €la,b],

where ¢ is a fixed point in [a, b]. Then F(x) is a continuous function on [a, b].

Proof. Set
g(x):=x" f(x) forall x €[0,dq].

Fix x¢ € [a, b] and assume that xy # 0. Then,

F(x) = F(xo) = (1 —q) Y x¢" f(xg") — (1= q) Y x0q* f(x04")

k=0 k=0

= (1=g)x"7 > xg""7 [g(xg") — g(x04")]
k=0

) (1 = xy A =) Y gF g(xogb). (1.30)
k=0

Since g(x) is continuous on [a, b], then it is uniformly continuous on [a, b]. Hence
for any € > 0 there exists § > 0 such that for all x, y € [a, b]

Ix—yl <86 —|g(x) —g(y) <e.
Therefore, if x € [a, b], |x — x¢| < § then |qu _quk| < §forallk € Ny and
lg(xq") — g(xoq")| < € forall k e N,.

Hence, lim g(x¢*) = g(xog*) uniformly in k and we can calculate the limit as
X—>X0
X — Xp on the series on (1.30) term by term to obtain lim F(x) = F(xg). Now
X—>X0

assume that xo = 0. Then,
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1
0.8

0.6
0.4

0.2

o
0.2 0.4 0.6 0.8 1

Fig. 1.1 The function g(x) on [0, 1] withg = 1/2

q

FO=FO = [ fwdp = [ 07 @0 - 20) + 5 #7500

Consequently,

1—
1700~ FO) = (maxls(ag) — O]+ 50)) =2 27,

Then, from the continuity of the function g at zero and since 0 < y < 1, we obtain

limy_o F(x) = F(0). That is, F(x) is continuous on [a, b]. O
Remarks.
(i)  The next example indicates that the g-regularity at zero seems to be the best

possible condition such that the first part of Theorem 1.10 holds.
Example 1.3.1. Define a function g on [0, 1] by

fi(x), x€(¢"T.q"], keN,

1.31
0, x =0, ( )

g(x) =

where

k
_ ¢ (1+q)
2 g +xg ) oxe (¢, ZUED],

k
_ q (1 +gq)
_134 (1—xq7"). xe[—z ,qk:|.

Ji(x) = (1.32)

See Fig. 1.1.If x € (0, 1], then x is represented uniquely in the form x = g,
for some ¢t € (¢, 1] and k¢ € Ny. Consequently,

. . 2
lim g(qu) = lim fk+k0(qu) = §
k—o00 k—>o00 2
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Since the value of the limit is dependent on the point x, then g is not g-regular
at zero. But on the other hand, g(x) = g(gx), for all x € (0, 1]. Thus,

1 (1+q)/2
[ i = [ Dygra =o
implying
1
/( Dyg(t)dyt =0 # g(1) —g((1 +¢q)/2) = —1.

1+q)/2

Therefore, if in Theorem 1.10 f is not g-regular at zero, then

b
| por@ s = o= tim_ riea,

Consequently, (1.29) would take the form

b
[ Porode =16~ tim 164"~ [1@ - lim_fag"].

The inequality

b b
/ f(t)dyt s/ |fO)dyt (0 <a<b<oo) (1.33)

is not always valid. For example, let us define a function 4: [0, 1] — R by,
cf. Fig. 1.2,

1 (1
-4 (4q7"x —(1+3q)). "' <x < w, n € No,
n
= 1
h(x) ﬁ(—xq_”-l-l)—l, MSxSq”,n € No,
0, x =0.

The function £ is g-integrable on [0, 1] such that

q"(1+q)

h(g")=—1 and h( 3

) =1 forall n € Ny.



1.3 The g-Difference Operator 13

Fig. 1.2 The function /(x)

\/\/ Vo

Therefore, a direct calculation yields

_ 3+4y¢q ! _1—g¢
hey dy = =21 /1+ oyl dgt = —2.

1+q
2

Hence,
1

Ly, HOdyt

2

1
> /m h(t)| dyt.
2

However, inequality (1.33) holds when a = O or b = oo and whena, b € |
(a < b) are in the forma = xq" and b = xq™; n, m € Z.

Lemma 1.12. Let h(t, x) be a function defined on [0, a] x [0, a] such that for each
fixed t the functions

D) h(t.x) (j=0.1,....k—1)
are q-integrable on [0, a]. If for some x € (0,a] andk € N
h(xq".xg/) =0 (r=012.....7—1j=12..k (1.34)

then ; .
D;ﬁx/O h(t,x)dqt:/O DE h(t.x)dyt.
Proof. From (1.25) we obtain

Dy

k xq/ .
D,',‘,x/O h(t, X)dt—Z( 1)’[ } ;Ika—q)k/o h(t.xq’)dyt. (1.35)

Letting f satisfy (1.34) implies

xq/ ) X )
/ h(t,xq’)dt =/ h(t,xq’)dyt, j =1,2,... k.
0 0
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Hence,
h X d = : i k —j(j i Y h X i d
t, = E 1 t,xq t
/ ( ) Jj= O( ) [ i| xk(l Q)k / ( )
/(j+1) kj

- /0 Dy h(t.x)dyt.

Lemma 1.13. Let h(t, x) be a function defined on [a,c0) X [a, o0) such that for
each fixed t the functions

O

D({,xh(l’x) (j:()?ls---gk_l)
are g-integrable on [a, c0). If for some x € [a,00) andk € N
BOa 3¢ =0 (= 01200~ = 1200

then
oo oo
D(];x/ h(ts-x)dq[ = / D;xh(t,x)dqt.
X X
Proof. The proof is similar to the proof of Lemma 1.12 and is omitted. O

The proof of the following lemma is easy and is omitted.

Lemma 1.14. Let I and J be intervals containing zero, such that J C I. Let f,,
[ be functions defined in I, n € N, such that

li)m Ju(t) = f(t), forallt € 1, and f, tends uniformlyto f on J. (1.36)
n—oo

Then, N N
lim Ja(@)dgt = / f@)d,t forallx € l. (1.37)
n—o00 0 0

1.4 Function Spaces

Let 1 < p < 0o,a > 0 and 7 be a real number. Let L] (0, @) be the space of all
equivalence classes of functions satisfying

/ t" f(@)|F dyt < o0,
0
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where we define two functions to be equivalent if they are equal on the sequence
{aq" : n € Np}. With a slight abuse of notation, we denote by f both a function
in L} ,(0,a) and its equivalence class. It is straightforward to prove that the space
LY (0, a) associated with the norm function

a 1/p
11l ppa == (/0 t”lf(t)|”d,,t)

is a Banach space. Moreover, if p = 2, then L;n(O, a) associated with the inner
product

()= [ s (feeli,00) a3

is a separable Hilbert space. In fact,

1
———, x =aq"; n € N,
on(x) = 1 /xmti(1 —¢q) (1.39)

0, otherwise,

is an orthonormal basis of L;n(O, a). The proof of this fact is just a straightforward
generalization of the special case n = 0 proved in [26]. For any ¢ € (0,1) and
0 < b < o0, we define the spaces

[e.]

oo/b
LP(Rpq) = {f 1/_ M | f()IP dgx <o0¢ (p=1).

We shall use the particular notation R, and ﬁq to denote Ry, and R ;= ,,
respectively. One can verify that L?(R, ;) associated with the inner product

oo/b -
< fig>i= [ SORDdut (18 € P @)

(o]

is a Hilbert space.

Definition 1.4.1. For a real number 7 and a positive number p, we define the space
£F,10,a] to be the space of all functions f defined on (0, a] satisfying

X 1/p
I/1,, = sup (/0 t" f(@)|? dql) < 00. (1.40)

x€(0,a]

For simplicity, we shall use the symbols L/[0,a], £ [0,a] and | f || , to denote
L} [0,a), £70[0,a] and || f 1| ,, respectively.

Proposition 1.15. The space (fq]fn [0,a], ||||p,7) is a Banach space.
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Proof. 1t is straightforward to prove that (.Zq{7 710, al. ||| p’n) is a normed space.
Therefore, we give only a proof for completeness. Let ( f,,), be a Cauchy sequence
in (z,{’,,[o, al, ||-||p’,]). Hence, for all € > 0 there exists 7o € N such that for all
n,meN

o0
nom>ng—> sup > (xq" )1 = @) fu(xq") = fu(xg")IP < e (141)
xe(O,a]kzO

+1
Hence x 7 Jfn(x) is a uniformly Cauchy sequence on (0, a]. Then there exists a
function f defined on (0, a] such that

1+l 1+l
lim x 7 f,(x) =x 7 f(x), uniformly on (0,a].
n—>oo

Fix M > 0 and n > ng. Then from (1.41)
M
m>ng— » (xg") 1= @) fu(xg") = fulxg")? <€ (1.42)
k=0

for all x € (0,a]. Then calculating the limit as m — oo on (1.42) gives for all
M > 0andn > ny

M
Y (g™ (1 = @)l fu(xg") = f(xg")|? < € forall x € [0,a].
k=0
Hence,
||f,,—f||p’n—>0 as n — oQ.
Consequently,

Juo+r1— f € ('Zq]jn[o’ al, ”'””’”)

and since f,,4+1 € (fqp,,, [0, a], ||-||M), then so is f. This completes the proof and
yields the required result. O

Definition 1.4.2. Forv > 0and A € R, 0 € A4, let H,(A) be the space of all
functions defined on A such that if f € H,(A), then there exists ¢ > 0 such that

| f(x) = f(0)] <c|x|” forall x € A.

Definition 1.4.3. Let L; ((O,a) x (0, a)) be the space of all complex valued
functions f(x,t) defined on [0, a] x [0, @] such that

a pa 1/2
L/, = ( [ If(x,t)lquxdqt) -
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The elements of Lg ((0, a)x (0, a)) are equivalence classes where f and g are in the
same equivalence class if f(aq™,aq") = g(aq™,aq") for all m,n € Ny. The zero
element is the equivalence class of all functions f(x, ¢) satisfying f(ag™,aq") =0
forall m,n € Ny.

Lemma 1.16. The space Lz((O, a) x (0, a)) associated with the inner product

(= [ [ fon0gtn dyaye.

is a separable Hilbert space.

Proof. Similar to [26, pp. 217-218], the space Lg ((0, a)x (0, a)) is a Banach space.
To prove separability, it suffices to prove that

¢ij(-xs[) = ¢l(x)¢j(t) (ls./ = 1525)

is an orthonormal basis of L; ((O, a)x (0, a)) whenever {¢; (-)}72, is an orthonormal
basis of Lé(O, a). Indeed,

(b ), = /0 /0 65 (B B 1) g6 diyt

- / 6, () dyx / S (OB D) dyt
0 0

= Sjmgkna

proving orthogonality. To prove that {(;Si j} is a basis, we prove that if there exists

f € Ly((0,a) x (0,a))
such that

(f.¢ij), =0 foralli,j €Ny,

then f is the zero element. Indeed,
0=(rgs) = [ [ e 0@ @m0 dy
= [ FO( [ renmmaz)

= /0 h(t)p; (t) dyt.
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Thus,
h(t) ::/o S, )i (x)dyx

is orthogonal to the ¢;’s which implies that 2(aq”) = 0, for all n € Ny. So,
f(x,aq") is orthogonal to each ¢;. Consequently, f(aq™,aq") = 0, for all
m,n € Ny. O

Definition 1.4.4. Let C/[a, b] be the space of all continues functions with continu-
ous g-derivatives up to order n — 1 on the interval [a, b].

The space C;/[a, b] associated with the norm function
n—1

1/1:=)" max D} £ (f € Cla.bl)
k=0 —

is a Banach space as we shall see in the following lemma.

Lemma 1.17. (Cq” [a, b], ||||), n € N, is a Banach space.

Proof. The proof that (C; [a, b], ||-||) is a normed space is straightforward and is

omitted. Therefore, it remains to show that C}'[a, D] is complete. Let (f,)m be a
Cauchy sequence in Cj[a, b]. Then for all € > 0 there exists no € N such that for
all/,m e N

n—1
k k
Lm> ny—> Zxrg[%] ‘qu/(x) - qum(x)‘ <e
k=0
Hence,
[,m > nyg —> max ‘Dkf/(x) — Dkfm(x)‘ <e.
x€fap |4 1

That is (D’q‘fm)m is a Cauchy sequence in C[a, b] fork = 0,1,...,n—1. Thus, for
each k € {0, 1,...,n — 1} there exists a function g € Ca, b] such that

lim max]|D/q‘f(x) —gr(x)|=0,k=0,1,...,n—1.

k—00 x€la,b

It is clear that
gr(x) =Digo(x) (x €[a.b]\{0}. k=0.1.2,....n—1). (1.43)
If 0 € (a, b) then

lim g¢(x) = lim Dygo(x) = lim Dygo(rq"),
x—0 x—0 ¢ r—oo 4
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forall ¢ € (a,b),t # 0. Consequently,
Dy 'go(tq") — Dy ' go(tq™)
tq"(1=q)
1 [D’q‘“go(tq") — Dk1g0(0) 4 Dilgo(1q™) — D/q‘_lgo(O):|

lim gz (x) = lim
x—0 r—>oo

= 1— q ,E)ngo tqr tqr-l—l

= D} g0(0).
(1.44)
Hence, the identity in (1.43) holds for every x € [a, b] and hence gy € C/[a,b]. If

0 = a or b, we just replace the limit as x — 0in (1.44) by x — 0" or x — 07,
respectively.

Definition 1.4.5. The space C, [a, b] is the space defined for y € R by

Cyla.b] = 18(x) : x"g(x) € Cla.b]. ligllc, »= max |x"g(x)[¢ .

1.5 Some ¢g-Functions

Euler proved that
X n(n—1)/2
q
(-2 Qoo =)y ——2' (z€©)
> ; (@: )

and

1 > 7"
= 1).
Com 2 @on F<Y

See [25, P. 490] and for a reference to Euler, see [24, P. 30]. The above two identities
relate infinite products to infinite sums. Jackson [154] denoted (—z;¢)co by £4(2)
and 1/(z; ¢)oo by €4(z). See also [25, 113, 143]. Hence, E,(z) is an entire function
with simple zeros at the points {—g™", n € Ny}, and

eq(2)Ey(—z) =1 forz] < 1. (1.45)

Therefore, the domain of the function ¢,(z) can be extended to C by defining e, (z),
z € C, tobe

1
()

e,(2) =
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Hence, the relation (1.45) holds in C, and the function e, (z) has simple poles at the
points {g™", n € Ny}. See e.g. [113, 154]. Gasper and Rahman [113, P. 15] proved
also that

nz—n

e,(2) = ' forze C\{g™", k e Ny}.

Let the basic trigonometric functions sin, z, cos, z, Sin, z and Cos, z be defined
by

(z q)oo (42 @)n

Sian = M, COSqZ = M’ |Z| < 1, (146)
E, (iz) — E;(—i E, E, (—i
Sing 7 := 2202 - (7D oy o= L0010 - () e, a4

respectively. See [154]. The functions sin, z and cos, z can be analytically continued
through the identities

Sing z Cos, z

—_— = forze C\ {£qg i ,m e Ny}.
(%19 —2214%) \ {4 o}

sing z =

Hence, the functions sin, z and cos, z are meromorphic functions with poles at
the points {£¢ i, m € Ny}. In addition, g-analogues of the hyperbolic functions
sinh z and cosh z are defined by

sinh, z :

Sinh, z := —i Sin, (i2), Cosh,, z := Cos,(i2). (1.49)

—i sing(iz), coshy z 1= cosy (iz), (1.48)

The 6-function is defined for z € C\ {0}, 0 < |¢g| < 1 tobe

0@g) = Y q"7. (1.50)

n=—0oo

The following identity is introduced by Jacobi in 1829. It is called Jacobi’s triple
product identity, see [113]

o0
2 —
Y 4 =074 eo(—47 4N oo(—47 " ) oo, (1.51)

n=—oo

where z € C\ {0} and 0 < |¢| < 1. Hence, 0(z; ¢) has only real simple zeros at the
points { AF1 ke Z} A generalization of (1.51) is Ramanujan’s identity

Z @@, _ (a2.9/a2.9.b/3:9)00 (1.52)

Big) (z.b/az.b,q/a;q)e0

n=—0oo
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where |¢| < 1 and [ba™'| < |z] < 1. See [25, Theorem 10.5.1]. There are three
known g-analogues of classical Bessel functions that are due to Jackson, see [143,

157]. These are designated by Jv(k) (z;9), k = 1,2, 3 and defined by

(qu+1; Q)oo o0 (Z/2)2n+u

JO(zq) = _yr—= 2), (1.53

v @) (q:9 Z( ) (q:9)n (@ T q)n (=l <2). (153
n(v+n) 2)2n+v

T (zq) = @ 9w A 7 e C). (154

@) (61, ,;)( B (@:)n (@ 15 q)n (ceQ). 54
n(n+l)/2 2n—+v

IO (z:q) = ’q)°° 4z C). (1.55

D(z:q) P Z( V' o, G0 15)

The third Jackson g-Bessel function is also known as the Hahn—Exton g-Bessel
function, see e.g. [156, 174]. These g-analogues satisfy that

lim JO((1 = zg) = L@ k=12, lim JP (1= zq) = J.(22).
Und Und

cf. [174]. The functions J.*) (z:q) (k =2,3) are entire functions of order zero.
Therefore, by Theorem 1.1, they have infinitely many zeros. Hahn [123] found that

IV =12 @e)/ (-2/44Y), (2 <2). (1.56)

Because of the finite radius of convergence of the series in (1.53), Ismail [141]
remarked that J ‘}(1) (z; ¢) has only finitely many positive zeros. Furthermore, in [251],
Rahman considered the identity in (1.56) as an analytic continuation of the function
Iz q). Set

JPGElg) = 1P (22(1-q'?):q)

and
IV lg) = IP @)/ (- —q" 2P 4%,

so that
lim J"@lg) = lim J P (lg) = J,(2).
q—>1" q—>1"

Rahman, cf. [251], proved that Jv(k) (Azlg) (k =1, 2) satisfies the g-difference
equations

2
_ 1 _qu/Z 3
Dy (2Dgr2 0 (Azlq)) — g~ (1 —g7)c LI (Azg'?|q)

2 21" (Azlg)
gz (Azqlq)
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and Exton, cf. [98], shows that JV(3) (Az; q) satisfies the g-difference equation

3 e ? 3 1/2
Dql/z (ZDql/ZJU( )(AZ q)) + Az — . (1_—q1/2) J, ) (Azq ;q) =0.

1.6 The g-Gamma and ¢g-Beta Functions

The g-gamma function was introduced by Thomae [282] and later by Jackson [155]
and defined by

I, = (qz’.‘”‘” 1—¢)' (0<lgl<1), (1.57)
(4% 9o
where z € C\{—n : n € Ny}. Here, we take the principal values of g* and (1—¢)'~=.
Then I';(z) is a meromorphic function with poles at z = —n, n € Ny. Since I7,(z)
has no zeros, then 1/I(z) is an entire function with zeros at z = —n, n € Ny.
Obviously,
(95 @n—1
Ir,(n)=——""—— (neN).
! (1—g)!

It is known that for x > 0, I';(x) is the unique logarithmically convex function that
satisfies the functional equation

1—¢g*
Iyx+1)= = q I;(1) =1

See [25] and [113, P. 21] for more historical remarks about the ¢g-gamma function.
The g-beta function is defined by

1
B,(x,y) :=/0 t* Y qt;q)y—1dst (Re(x) > 0; Re(y) > 0). (1.58)

Using the g-binomial theorem, cf. [25, P. 488],

@D, _ (@290
7' = 1), 1.59
Z « (4 q)n (z:9) oo (=<1 (1.59)
Askey [40] proved
By(x.y) = LT Ry > 0 Re(y) > 0).

Iy(x+y)
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see also [25, p.494]. Many characterization theorems for the g-gamma and the
¢-beta functions are in [75, 89, 145, 164,224].

Lemma 1.18. Let a and 8 be two complex numbers. Then for every n € Ny

@i =) [Z]qq"ﬁ(q“;q)k(qﬁ;q)n—k- (1.60)
k=0

Proof. Using the g-analogue of Gauss’summation formula(1.10) and applying [113,
Eq. (I.10)] we obtain

n

n p— —f—
Z[k]qqkﬂ(q”:q)k(qﬁ:q)n—k = (@" D 21a7"4%:4 7 q.9)
k=0
w0 @ P g,

=" g @), =@

Corollary 1.19. Let « and B be complex numbers, and let n € Ny. Then

n
By(@. B)@" i Darp1 = Y a1 =)@ Qa1 (@ i @)pr, (161
k=0

and

n
"G Darp1 By B) =D g0 =)@ a1 (6" g)p.

k=0
(1.62)
Proof. Using (1.6) and (1.57) one can easily see that forany y € C, j € Ny
; (4:9)0(q":9); ~1(g7:9);
(@" i)y = oo = Ty (y) (1= q) T (1.63)

@93 9); (q:9);

Hence, (1.60) yields

n
Y a1 =)@ a1 (@ g)p
k=0

(1- Q)a+ﬂ_1Fq(0‘)Fq(,3) . kg [ @ B

= ; 7). 1.64

@ ;;q [k]q(q i (@8 (1.64)
@* P q)n
(@@

= (1 =q) ) ry(B)
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But from (1.63)

(qa+ﬂ§(I)n _ (1 _Q)l_a_ﬁ n41

@@ Tyla+p)

Combining (1.64) and (1.65) leads to (1.61). The proof of (1.62) follows from the
proof of (1.61) by replacing each k in the right hand side of (1.61) by n — k. O

@ Dot p-1- (1.65)

Lemma 1.20. Let « and  be two complex numbers with positive real parts, and
let f € L;(O,a)for some a > 0. Then

a [at/as gt [ qu/ti e £ dyudys
’ ’ (1.66)

:B,,(a,ﬂ)aa+ﬂ_1/0 (q1/a:9), g, £ (1) dyt.

Proof. Leta, f > Oand f € L}{(O,a), a > 0. Then by the definition of the g-
integration, cf. (1.19) we obtain

g /0 (q1 /@ Qa1 /0 (qu) 13 @)pr £ 1) dyudyt

00 0o
— aa-‘rﬁ(l _q)Zanﬁ(qn+l;q)a_l Z qn+m(qm+l;q)ﬂ_lf(aqn+m)

n=0 m=0

00 o0
=a*P (1= " @ De1 Y d @ T @)po1 flagh)
n=0 k=n

o) k
=a" VPN "agh (1 - ) f(ag") D g (1= @ a1 (6T gD
k=0

n=0

Thus, from (1.61)
a t
g /0 (q1/a @ar ™! /0 G0/ 1:Q)pr S @) dyu dyt

= a7 By (. ) Y agt (1 = )@ i Darpr flag")
k=0

=B, @ p) [t/ S0 dy
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1.7 g-Integral Representations of the g-Gamma, ¢-Beta
and Some Related ¢-Functions

In [80], De Sole and Kac introduced the following theorem:
Theorem 1.21. Let

(=1/A4,—qA: ) oo
(=q* /A, —q'""A: @)oo

where A,Re(x) > 0. Then for x, y € C such thatRex >0, Rey >0

K,(A,x) = A" and K,(x):= K,;(1,x), (1.67)

00/A(1—q)
(x) = Kq(A,x)/ e (—t(1 —q))dyt, (1.68)
0

and
oo/A
By(x,y) = K,(A,x) / N =tg" T q) =iy dyt. (1.69)
0

Moreover, if In(1 — q)/ In(q) € N then

Kq(x) o

" e, (—1)d,t.
(g Jy & %

Iy(x) =

Proof. Since

(1—g)'

/A D Y =1/,

o0/A(1—q) 4
/ " ey (—t(l —q))dst =
0 n=—00
then applying Ramanujan’s identity (1.52) gives

A=) (¢.—¢"/A.—q' ™/ A: @)
AN (=1/A4:q)00  (¢*,—1/A,—q/A: @)

oo/All=g)
/O ey (—t(1 —q)) dgt =

Then (1.68) follows . Similarly, we can prove (1.69).
Proposition 1.22. For Re(x) > 0

1 1
I(x) = m/{) t*VE,(—qt) d,t (1.70)

1/1—q
= / " VE (—q(1 —q)t)dyt. (1.71)
0
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Proof. The g-integral representation of I (x) in (1.70) follows at once by letting
Re(y) — oo on (1.58). The second identity of the g-gamma functions follows from
(1.70) by making the substitution = (1 — ¢)& and then replacing & by ¢. O

The functions erf(z) and erfc(z) are respectively the error function and the
complimentary error function encountered in integrating the normal distribution,
see [127]. They are entire functions and defined by

erf(z) := % /0Z e~ dt, erfe(z) =1-— erf(z) (zeC). (1.72)

g-analogues of the error function and the complementary error function are
introduced in [92] and defined by

l+q (°
Erf(z; ) := Wuqz) Ep(—*(1—g)dygt  (€C)  (1.73)
q* 0
and
l+gqg v 2,2 2
Erfe(z;q) := —/ E (—qt*(1—qg°))d;t (z€C). (1.74)
rp(1/2) J; ‘ !

The function Erf(z; ¢) has the series representation

1—¢q? i ) L2t
Erf(z;q) = ——= ) (=D"¢""
Tp(1/2) &~ (=g )+ 1)
(1+49)z 3.2 22 2
= — 14747, 1- .
qu(l/z)lqﬁl(qq q*. ¢’ (1 —q%))

The error function Erf(z; ¢) has the following properties:
1. Erf(0;¢q) =0,

+q7F +1
2. Erf(%;q) = Brf(———q) = %1 (k € No)

3. Erf(z;q) + Erfe(z;q) =1 (z€C).
Another g-analogue is introduced in [245] and defined by

2z

ﬁzdn(O,q”z;q”Z;q,—f) (2l < 1). (1.75)

Erf,(z) :=
One can verify that

2 Z
Exf,(z) := J_E/o eq(—12(1 —q)) d it (1.76)
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Since the constant multiplier in (1.72) is a normalization factor so that
lim erf(z) =1,
7—>00

the constant multiplier in (1.75) or in (1.76) does not make sense. In the following
lemma we calculate the value of

/oo/«/ﬁ

0

e (—1*(1 = ¢%)) dyt,

to identify an appropriate multiplier constant in (1.76).

Lemma 1.23.

0o/ /1= L Lp/2)
242 - ey
/(; eqz( t (1 ‘] ))dqt 1+qKq2(1/2)’
where (-1 %1q%)
K-(1/2) =K, (1,1/2) = ——m——.
2(1/2) £1.1/2) (4. —9: 9o

Proof. Applying (1.21), we obtain

0o/ A/1-¢2
/0 eqz(—tz(l—qz))dqt = \/1_—( 1 qz)oo g.;q ( I; CI

Therefore, applying Ramanujan identity (1.52) yields

00/ A/ 1—q? 1— 2’_ . —q: 2
/ v e (21— ) dyt = q (Ci _612 q.qz)oo
0 \/1—q2( 15 q-.49:4 )oo

_ ey
1+ q)qu(1/2)‘

|
This motivates us to introduce a g-analogue of the error function by
(1 +q)K,2(1/2) ) )
f _ —t°(1 - dgt, 1.77
erf(z;q) := r21/2) \ ep(=t°(1—q7))d, (1.77)
so that
g *
hm erf( iq) =1
k—o00 1— (]2
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The function erf(z; g) is defined on R and as a complex function, it is meromorphic
. . . . g2
with simple poles at the points z = +i :1/1_2, k € Ny. Moreover,
—q

l+4q

1
— L K(1/2 0,q9:¢%:q%, —72(1 —g?)) f S
172 2(1/2)22¢1(0.9:¢°:¢>. 2> (1 — ¢*)) for |z| < —

erf(z; q) := 1

We also define two g-analogues of the incomplete gamma function through the
relations

(s.3) = / ¢ eyt =g dyt = Yty gy
Yq (S, A q q)) aq ~ (=g )L, + 1)’ :
x © () (1 = g)xnts
_ s—1 _ _ _ 1\ q (1 q)-x
F,,(s,x)_/o TV E (—t(1 q))dqt—’;)( 1) T LoD (1.79)
A straightforward manipulation gives
n (q°:9)n "
Ve(s,x) = X°T, (s)Z( 1) GO 5T (1.80)
Lys.x) = X' T(s) Y ¢® (1" o gf"(;nqi: i (1.81)
k] n+tq

n=0

Hence, for each fixed x, as functions of the variable s, the functions y, (s, x) and
I, (s, x) have poles at all non-positive integer values. Therefore, we extend the
functions y, (s, x) and I (s, x) to the holomorphic functions

—S —S

L0 I 60 = s LG5,

Vg (5,x) = Lo

1.8 g-Analogue of the Wright Function

Wright [293] introduced the function

0 k
Z
,B.2) = _ >—1; peC).
$(@.p.2) I;W(akw) (@ B0
This function has many applications in fractional differential and partial differential
equations. See, for example, [111,115,167,193,201,269] for extensive study of
the properties of the Wright function and its applications. The generalized Wright

function , ¥ (2) is defined by
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P s (2) = s

[(al,on), , (ar, o)

]_[l I'(a; + a;k)
A BT IR m e

l 1F(b1+,3k)k'

S

where a;,b; € C,o;, 8 € R, = 1,...,rand j = 1,...,s. This generalization
of the Wright function was investigated by Fox [109] and Wright [294-296], see
also [169]. In some literature, the function . is called the Fox—Wright function,
see [79,167,170].

In [92], El-Shahed and Salem defined a g-analogue of the Wright function through
the Barnes—Contour integral

ok 1nq Fq(_s) S
hop(@a") = 5ot [ Ry

where k € N, 0 < g < 1, z is not equal to zero and C is a suitable path in the
complex s-plane that runs from s = —ioco to s = i 00, so the points s = n,n € Ny
lie to the right of the contour C. It seems that there is an error in choosing the
contour C passing through the pole s = 0. The authors of [92] also proved that

o0 n
ey Z n(n+1)/2
bap(z:9") ;Fq(n+1)Fqk(an+,3)q .

In the following we introduce two g-analogues of the Wright function through the
identities

0 k

b4
wpl2:q) = f 1—¢q) %, 1.83
Wap(234) ];)Fq(ak-i-ﬁ)rq(k-i- p forll<d-a (1.83)

and
k(k—1)/2 2 C

Wy s “« f . 1.84
zq) = ZCI L@k 1ALk + 1) or z € (1.84)

k=0

In the following definition, we introduce a g-analogue of the Fox—Wright function
defined in (1.82).

Definition 1.8.1. A g-analogue of the Fox—Wright function is defined by

) = (ar,or), ..., (ar, o)
rl//s(Z,Q) = I'WS |:(b1,,31), L (bs,,Bs) q,z:|

_ o~ [Tz [yai + aik) ( k(k_l)/z)Zf=1ﬂi—Zf=1a1+l 2
= 1= Ty (b + Bik) I,k +1)
(1.85)

k




30 1 Preliminaries

where
Re(a;) >0, Re(b;) >0, =1,2,...,r,i =1,2,...,s,

and . ,
Y b= a+1=0.
i=1 I=1

It is straightforward to prove that if

s r
Z,Bi > Zal -1,
i=1 =1

then the domain of convergenceis C.If Y ', B; = Y_)_, a;— 1, the series in (1.85)
converges only for |z| < 1. If we seta; = b; = 1, we obtain

rWS(Z; (I) = r¢s (Oll, .. .Olr;ﬂl, e ’,Bs;q, (_l)s—r+lz) )

1.9 g-Analogues of the Laplace Transform

In [123], Hahn defined the following two g-analogues of the Laplace transform

1 s
L) = 90) = 7 /0 Ey(—~gsx) f(x)d,x. (1.86)

and
1 o0
¢ f(x) = P(s) = m/() eq(=sx) f(x)dyx, (1.87)

where Re(s) > 0. Abdi [3], studied certain properties of these g-transforms. In
[5], he used these analogues to solve linear g-difference equations with constant
coefficients and certain allied equations. In this section, we present some properties
of the transforms , L, and , .Z; . For extensive study of the properties of the Laplace
transforms (1.86) and (1.87), cf. e.g. [3,5,6,123-125,214-218].

1.9.1 The ,; L Transform

We summarize here the most important results of the ;, L, transform which we shall
need in the sequel. Using the definition of the g-integration (1.19), the g-Laplace
transform (1.86) is

J .
-f(s7'q?).

(@ Do = 4
L, f(x) =
i e Dy vy
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As an example, if

r 1-— r
b, (x) = ﬁ (r > —1) then , Ly, (x) = (Srfl’) Re(s) > 0. (1.88)

In [123, Eq. (9.5)], Hahn defined the convolution of two functions F, G to be

1
(F % G)(x) = ﬁ/ F(tx)Glt — tgx]d,t, (1.89)
- 0
where G[x — y], for

o0
G(x):= Z a,x",
n=0

is defined to be

o0
. y
_ — _ _ N
Glx —y]: ’;an[x Y, with [x —y], :=x (x,q)n.
Using the definition of g-integration, (F * G) is nothing but
1 X
(F xG)(x) = ﬁ/ F(@)G[x —qt]dgt. (1.90)

—4q Jo

The translation operator (1.14) implies
Gl[x —qt] = e G(x).

Ismail in [143] defined the convolution of two functions F, G to be
1 X
(F*G) = 1—/ F(1)e™?" G(x) dyt. (1.91)
=4 Jo

It is remarked by Hahn, cf. [123, P. 373] that the convolution theorem
g Ls(F xG) =, L;F, LG, (1.92)

holds only for , L, transform and does not hold for the , % transform. Abdi [3]
also pointed out that whereas the ; L, transform has the above advantage over
the , %, transform, it suffered from the disadvantage that a g-analogue of the
well known Goldstein’s theorem does not hold, see [3] and the references cited
therein. Now we mention without proofs some of the basic properties of the , L;
transform. The interested reader could refer to [3] for proofs. In the following

¢ (s) = ¢ Ls(f(x)).
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Rule 1.
o Ls f(ax) = (1a)p(s/a) (a #0).
Rule 2.
m—1
L, (D) /) =( ) $(5)— ZD"""f(O) T €N,
" (1.93)

The case n = 1 was proved by Hahn in [122].

Rule 3. ) . ~
X
1 L ( ) 1 —q qs ¢(t) dqt,

X

provided that , L, (@) exists.
X

Rule 4. £ L pos
o0 t S
qLS ([ qut) ZE ) ¢(t)dqt,

(1) The two integrals exist,
(i) ¢(s) exists for all s,
(i) ¢/ Y02, 1/(q’ /s)| = O(|h|’), for every fixed j and |h| < 1.

Rule 5. If

Ry Xn—1 Xp—1 X1
I f(x) = /0 /0 /0 /0 Jf@)dgtdgxidgxs ... dgx,—1  (1.94)

then

provided

) LI () —( ) b (s).

Rule 6. The addition theorem.

If g Li(fr(x)) = ¢,(s) then

L (Z ﬁ(x)) =Y ¢:(s) (1.95)
r=0 r=0

provided any of the following conditions holds:

(a) m is finite
(b) m is infinite and

(1) Y221/ (xq’)] is convergent for all xog”/, xo being fixed,
(i) ¢/ Y02, | fr(xg?)| = O(h'), where j is greater than some fixed J and
h is a fixed quantity, || being less than unity.
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Y AAO)
=), S
f(x)

and assume that lim ——= = 0. Then
x—>0 X

Rule 7. Set

1 o0
oLy (F) = / $(s) dys.

qs

The following theorem is the inversion formula of the , L transform introduced
by Hahn in [122, P. 373].

Theorem 1.24 (Hahn’s inversion formula). If, L;(f(x)) = ¢(s) then

fx) = /C b (5)e,(sx) ds. (1.96)

where the path of integration C encircles the origin and can also be deformed
into a loop, parallel to the imaginary axis. In particular, when ¢(s) is analytic,
the inversion is

i i(i— l)/2¢('x q )
flx) = Z( g G

1.9.2 The ; < Transform

We mentioned in the previous section that although there is no g-analogue of the
convolution theorem which holds for the , % transform, the , .Z; transform has an
advantage over the , L transform. This advantage is the verification of g-analogue
of the Goldstein theorem. This g-analogue was proved by Abdi in [3, P. 400]. Using
the definition of the g-integration (1.19), the g-Laplace transform (1.87) is

o0

1 . .
0 LS () = Y @ (=s:9); fq).

j=—00

The following is a brief account of the properties of the , %} transform introduced
by Abdi in [3].

Rulel. If , Z(f(x)) = ¢(s)anda € R, 4, then

L5 flax) = (1/a)¢(s/a).
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Rule 2.

m—l

2 (Dh ) = ( ) $(s) - Z DI f(0)———— neN.

qm- 1(1 )m’
(1.97)
Rule 3.

1 o0
VLS00 = / Tewd

provided that , & (f(x)/x) exists.

Rule 4. © £(1) L
t s
l]ﬁ( qut) == E A ¢(Z)dqt,

provided

(i) The two integrals exist,
(i1) ¢ (s) exists for all s,
(i) ¢/ Y02, 1/(q’ /s)| = O(|h|’), for every fixed j and |h| < 1.

Rule 5. N
2160 = (1) 600

where I; is defined in (1.94).
Rule 6. The addition theorem.

If  Z(fr(x)) = ¢ (s) then , £ (Z ﬁ(x)) = ¢ (s).
r=0 r=0

provided at least one of the following conditions holds:
(a) m is finite

(b) m is infinite and

(1) Y02, | fr(xq?)| is convergent for all xog/, xo being fixed,
(i) ¢/ Y72, | fr(xq7)| = O(h/), where j is greater than some fixed J and &
is a fixed quantity, |/| being less than unity.

Rule7. If lim 29

x—>0 X

= 0 then

( / oy ): ! /q°° S dt.

Rule 8. If ; Z(f(x)) = ¢(s) then

0L (x" [(x)) = (¢ = 1)" Dy p(s). (1.98)
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Abdi [3] introduced the identities

o2 (XD} F()) = (=g )" (q = 17" D} (" $(s/q")) form <n (1.99)

and
o 2 (¥ Dy ()
§m m sr—le—rf(O)
=@-)'D"| —M "y — e 1.100
(q—1"D, [(q(l_q))mqs(s/q ) ; =gy } (1.100)

for all m > n. Then he obtained a generalization of Goldstein theorem which we
state without proof.

Theorem 1.25 (¢-Goldstein Theorem). If , % f(x) = ¢(s) and ; Z;g(x) =
v (s) then

/ FCOY () dyx = / (1) (x) d,x,
0 0

provided that

(i) The two integral exists,
(ii) q/U=D/2 f(g™") = O(R’) when j — oo,
(iii) q¢/U=V/2g(g=7) = O(R’) when j — oo,

where s is greater than a fixed quantity R, R < 1.

Remark 1.9.1. 1. It should be noted that Abdi derived Rules (1.93), (1.97) and
(1.100) in terms of £ ((0), the rth classical derivative at zero, since he defined
the g-derivative at zero to be equal to f’(0). But one can verify that the
mentioned rules are still correct when D, f(0) is defined as in (1.17).

2. Abdi in [5] employed the ,.Z; transform to solve g-difference equation with

variable coefficients. As an illustration to his technique, he considered a g-
difference equation of the form

(x* +a3) D] f(x) + a1xDy f(x) + a» f(x) = F(x), (1.101)

where a( and a», are arbitrary constants and a; := —%. Then he applied the
¢ -Zs transform to (1.101) to obtain

A(s)p(s) + B(s)d»(g) + C(s)¢>(%) = D(s) + 2 (1 — 9)*¥(s).  (1.102)

where

¢ Zs (f(x) () = d(s). ¢ L (F(x))(s) =V(s).

and



36 1 Preliminaries

A) = ¢ (g + a1(1 —q) + ax(1 — q)?)
B(s) = —q((1+q) +ai(1—q)),

C(s) = a(z)s2 + 1,

D(s) = qagsf(0) + ¢>(1 — q)ag f(0).

He chose the constants ag and a; so that the coefficients of ¢ (s) and q&(é) vanish.
Thus, (1.102) becomes

qu(i) _ agqg"sf(0) = (1 = g)ag £V (0) + (g v(s)
> q? aps? + 1 aos? + 1 |
Abdi proved in [3] that
. qk
1 2 (Sing ) () = s
2.2
q’s
2 (Cony k) ) =

where Sin,(-) and Cos(-) are g-analogues of the sine and cosine functions
introduced by Jackson in [154], see also (1.47). Then by inversion (1.102), the
solution function is defined through the relation

f(@*x) =q~" f(0) Cos, (L) + (1 —q)ao fV(0) Sin, (i)
qao qaop

+(1 _q)ZL Ve

E ds.
277 | ags? 1 al@sx)ds

1.10 g-Analogue of the Mellin Transform

The Mellin transform of a suitable function f defined over (0, 00) is defined
by [243, Chap. 12]

A(f)(s) = /Ooox“_lf(x) dx. (1.103)

In general, the integral (1.103) exists only for complex values s = a + ib such that
a; < a < ap where a; and a; depend on the function f. This introduces what is
called the strip of definition of the Mellin transform. By (o, B), we denote the largest
open strip, called the fundamental strip, in which the integral (1.103) converges. It
is well known that the inversion formula for the Mellin transform is given by the
following line integral,
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1 c+ioo
fO) =~ / AN s,

where ¢ € («, 8). The definition of the Mellin convolution of suitable functions f

and g is
© d
Fraser= [ rme(2)
0 Y y

The g-Mellin convolution rule is

M S+ 8) = AM(f)A(g).

Fitouhi et al. [102] defined g-analogue of the Mellin transform through the identity
o0
A6 = [T W dt, f € LR
0

Recall that L}{ (Ry.+) is the space of all functions defined over (0, co) such that

/0 | f(0)] dyt < oo.

It is straightforward to verify that the g-Mellin transform is a linear operator on
L}{ (Ry,+). In other words, if f and g are two functions defined in (0, co) such that
their g-Mellin transforms exist then

Mo(f + &) = My(f) + Ay (2).

By (@g, 7. Bq.r)» we mean the fundamental strip such that for oy s < Re(s) < B4/,
the g-integral (1.103) is convergent. The authors of [102] introduced the following
sufficient condition that guarantees the existence of the g-Mellin transform.

Proposition 1.26. Let f be a function defined over (0, 00) and let u and v be real
numbers such that u > v. Suppose

f(x)=0x")Yasx -0, and f(x) = O(x")as x — oc.

Then #,(f)(s) exists in the strip (—u, —v).
Proof. See [102, P.310]. O
The following rules of the g-Mellin transform is proved in [102].

Rule 1.
My f(@))(s) = (My f(1))(a + 5). (1.104)

Rule2. Fors e (=B, . —ay r), we have
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a1 (7)o =i

Rule 3. Fors e (1 —f, .1 —ayr), wehave

471 (7)] = aira-.

t t
Rule4. Fors € (o, s + 1,8, s + 1), we have

L,n—s+1)

4 [P0 = S )6 =

n—1
Iy(s)
_k Js—k—1) pn—k—1,_j\ __ Js—k—=1) pn—k—1,,j
+Z( 9] TG — [/_)lmooq Dy (q7) hm q Dy (q )]
(1.105)

If f(¢) and Re(s) are such that all the substitutions of the limit as j — £o00 in
(1.105) give zero, then the formula (1.105) takes the simple form

Iyn—s+1)

AEIOIE iy = m. (1.106)

Rule 5. Fors € (ay s — 1, By s — 1) we have

[ [ rea x} (5) =

Rule 6. Given p > 0and s € (poyr 1, pByr.r) We have

D).

) = 1) (3).

Rule 7.  Let (ux )« be a sequence of real numbers. Let (A;); be a sequence of C,
and let f be a suitable function, then we have

o0 o0 /X
M, [Z xkf(ukr)] (s) = (Z M—k) M(1)6),

k=0 k=0 "k

provided the sum converges.
Rule8. Ifa € R, 4 then

My (f(an))(s) = %'//q(f(t))(s)-
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Fitouhi et al. [102] proved the following inversion formula of the g-Mellin
transform:

Theorem 1.27. Let [ be a function defined over (0, 00) and let ¢ € (aq,f, ,Bq,f).
Then

1 i i
Flo) = 8@ [T ot ds forall x € Ry
2mi(l—q) Je—irz.
Proof. See [102]. O

Fitouhi et al. defined the g-Mellin convolution of two functions f and g to be the
function

o0 d
f e g0 = /0 FO)e (3) W xRy

provided the g-integral exists. Then they proved that if the g-Mellin convolution
product of f and g exists, then

f*u, 8 =8x*u, f

and
My f *om, 8] = My(f)My(2).



Chapter 2
q-Difference Equations

Abstract This chapter includes proofs of the existence and uniqueness of the
solutions of first order systems of g-difference equations in a neighborhood of
a point a, a > 0. Then, as applications of the main results, we study linear
q-difference equations as well as the g-type Wronskian. These results are mainly
based on (Mansour, g-Difference Equations, Master’s thesis, Faculty of Science,
Cairo University, Giza, Egypt, 2001). This chapter also includes a section on the
asymptotics of zeros of some g-functions.

2.1 Introduction

The study of g-difference equations have been initiated by Jackson in [158]. The
paper of Carmichael [73], to the best of our knowledge, is the first study of
the problem of existence of solutions of linear g-difference equations using the
technique established by Birkhoff in [56]. Mason [209] studied the existence of
entire function solutions of homogeneous (f = 0) and nonhomogeneous linear
q-difference equations of order n of the form

D _a;)y(g"x) = f(x). .1

j=0
where the coefficients a; are taken to be entire functions. Then Adams in [11-
13] studied extensively the existence of solutions of (2.1) when the coefficients are
analytic or have pole of finite order at the origin. More recently, Trjitzinsky [285]
has developed an analytic theory of existence of solutions of homogenous linear
q-difference equations and for their properties. The existence and uniqueness
of solutions of first order linear g-difference equations in the space C][0, c0)
and L?(R™) are discussed in [189]. Apart from this old history of g-difference
equations, the subject received a considerable interest of many mathematicians and
from many aspects, theoretical and practical. It is hard to encompass all such axes
in a short notice, but to give the reader a reasonable idea we will mention some

M.H. Annaby and Z.S. Mansour, g-Fractional Calculus and Equations, 41
Lecture Notes in Mathematics 2056, DOI 10.1007/978-3-642-30898-7_2,
© Springer-Verlag Berlin Heidelberg 2012
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of these aspects. In the papers [136, 188, 190, 192, 198, 257, 258, 298] one finds
general study of the theory of g-difference equations. The spectral analysis has also
attracted the attention of many authors, like e.g. [14, 30, 35,50, 66,67, 98, 138, 140—
142,187, 194, 280, 281]. Since investigating g-difference equations using function
theory tools explores more properties, this direction is also considered in many
works, like [48, 184, 287, 299]. The solutions of difference equations and g¢-
analogues of existing classical ones, especially orthogonal polynomials could be
found in [38,39,43,58,74,86,107, 108, 144, 146]. Applicable problems involving g-
difference equations and g-analogues of mathematical physical problems are studied
extensively, see e.g. [1, 23, 63, 86, 87, 97, 100, 165, 194, 274, 286] for dynamical
system, g-oscillator, g-classical and quantum models; [51, 101, 195, 225] for g-
analogues of mathematical physical problems including heat and wave equations;
[6,8,20,25,29,36] for sampling theory of signal analysis.

In this chapter, we aim to develop a theory for g-difference equations similar
to the one established for ordinary differential equations in [78, 88]. Therefore,
we study the Cauchy problems of g-difference equations in a neighborhood of a
point a, 0 < a < oo. We derive existence and uniqueness theorems for the cases
a = 0and 0 < a < oo. This is established by using a g-analogue of the Picard—
Lindeldf method of differential equations and equations with deviating arguments,
respectively. The range of validity of the solutions are investigated in each case and
the existence and uniqueness theorem of solutions of g-difference equations of order
n in a neighborhood of zero is also proved. The situation when the initial conditions
are given at a point a > 0 is rather complicated. In [98, Sect. 5.1], it is claimed that
the Cauchy problem

Dy {K(x)Dgy} —G(x)y(gx) =0. a < x < b, y(c) = . Dygy(c) =y. (2.2)

where K and G are continuous function on [a, b], ¢ is an interior point of [a, b] and
Y0, ¥ are complex numbers, has only one continuous solution with a continuous
g-derivative. This is not necessarily true as the following counter example indicates.

Example 2.1.1. Let g(t) := —(t — q*c)(t —qc), t € [g*c,qc] and ¢ is a non zero
real number. Since each x € [g2c, 00) is written uniquely in the form x = t¢™";
t € [q*c.qc); n € Ny, the relation

p(x) =p(tg™") :=gt) (1 €lg’.qc): n € Ny)

defines a function ¢ on [¢%c, 00). Clearly, ¢ is a continuous ¢-periodic function i.e.,
Dyp(x) = 0. S0, Djp(x) = 0, Dyp(c) = 0 and

p(c) = ¢((g°c)g %) = g(g°c) = 0.

Hence, the g-initial value problem D; y(x) =0, y(c) = Dyy(c) = 0, has the
functions
y(x) =¢(x) and y(x) =0
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Fig. 2.1 The function ¢(x) withg = 1/2,¢ = 1, and x € [0, 4]

as two continuous solutions with continuous g-derivative over [¢%c, 00). See Fig. 2.1
for a graph of the function ¢(x) when g = %

In fact this setting is more complicated than the case when initial conditions
are given at zero. The problem in this case behaves like differential equations with
deviations, see e.g. [121]. We will have two types of problems, the forward and
backward problems. This will be treated in Sect. 2.4.

2.2 g-Successive Approximations

In this section we define the g-successive approximations associated with g-Cauchy
problems.

Definition 2.2.1. Letr,s andn;,i =0,1,---,r, be positive integers and let
N=m+1)+--+0m+1)-1

Let F;(x,y0,¥1,-+,¥n), j = 0,1,--- s, be real or complex-valued functions,
where x is a real variable lying in some interval / and each y; is a complex variable
lying in some region D; of the complex plane. If there is a sub-interval J of I and
functions ¢;, 0 <i < r, defined in J such that

1. ¢; has n; g-derivativesin J fori =0,1,...,r.

2. D;”q&i exists and lies in the region D; forall xin J, 0 <m < n;,and0 <i <,
for which the left-hand side in (2.3) below is defined.

3. Forall x in J and 0 < j < s, the following equations hold

Fy (. 40(x). Dygo(). -+ . D).+ . (x). - Dy, () = 0. 23)
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then we say that {¢; }\_ is a solution of the system of the ¢-difference equations

Fj ()C, y()(X), quO(-x)v"' ) DZ”)’O(X)V" vyr(-x)v"' ) DZ'Yr(x)) = O, (24)

0 < j <s,validin J, or that the set {¢; },T —o satisfies (2.4) in J. If there are no such
J and functions ¢;, we say that system (2.4) has no solutions. System (2.4) is said
to be of order n, where n := max n;.

o<i<p

We shall only consider first order systems (2.4) when r = s = p. If the functions
F; are such that (2.4) can be solved for the D;’f y; in the form

D} yi(x) = fi (x,y0(x), Dgyo(x), -+, y1(x)---) (i =0,1,....,p) (25

or in the form

DZiyi(x) = fl ((]X, yO(q-x)v Dq,quO(q-x)v"' 7yl(qx)) (l =0,1,... »P)s
(2.6)

the systems (2.5) and (2.6) will be called normal systems. The following are
examples of normal first order systems:

qui(-x) = fl (qxv yO(q-x)v yl(q-x)v BRI yp(q-x)) (l =0,1,..., p)v (27)
Dygyi(x) = fi (x.y0(x). y1(x),....y,(x)) ((=0.1,....p). (2.8)

The existence of a solution of system (2.7) or (2.8) in a neighborhood of a
point a, 0 < a < oo, will be established by using a g-analogue of the Picard—
Lindel6f method of successive approximations, see e.g. [78, 88]. The following is a
description of this g-analogue fora = 0, and 0 < a < oo, respectively.

The Casea =0
To establish the existence of solutions of the first order system (2.8), we define
sequences of functions {¢; ,,}>_,,i =0, 1,---, p, by the equations
bi, m = 17
Gim(x) = (2.9)

b +/0 i (6o om (@), -+ by (©)) dyt. m = 2.

where b; are constants which lie in D;. It is worth mentioning here that the constants
{b; }f —o should be replaced by g-periodic functions if we are looking for solutions
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which are not necessarily continuous at zero. We shall show in Theorem 2.1 that
under suitable conditions on the f;’s, there are functions ¢; and an interval J C [
containing zero such that ¢; ,, (x) tends uniformly to ¢;(x) on J as m — oo. Then,
it will be possible to apply Lemma 1.14 to obtain

$i(x) = by + /0 Fi (6 go(t). - (1)) dyt. 2.10)

Hence, ¢; (0) = b;, and {¢;}/_, is a solution of (2.8). Similarly, for (2.7).

The Case 0 < a < o0

This case differs from the case a = 0. For instance, instead of the initial values of
(2.9), there should be initial functions defined on an initial interval [qa, a) for (2.7)
and [a,aq™") for (2.8). This is similar to the treatment of differential equations
with deviations, see e.g. [121]. So, the successive approximations in case of (2.8)
will be

. —ny — —n Ci(t)’ m=1
Ginltqg ") { i@+ [ filqu. gom(qu). - $pom(qu) dgu,m = 2,
(2.11)

where ¢t € [ga,a), n € Ny and ¢; are g-periodic functions. Thus, under suitable
conditions on the functions f;’s which will be stated in Theorem 2.5, there exist
functions {¢; }/_, such that lim ¢;,,(x) = ¢;(x) and

m—00

tq_k
$1(0q7) = ci(0) + / F(qu o(qu). ... b (qu)) dyt. 2.12)

where k € Ny . Therefore, ¢;(t) = ¢;(¢), t € [qa,a), and {¢; f=0 is a solution of
(2.7) valid in [ga, 00). As for (2.7), the successive approximations will be

_ o ci(t), m=1
Pim(tq") = {c,-(t) — i Ji (s Gom @), - G (W) dgu, m =2,

where ¢; are g-periodic functions,i = 0,1, ..., p and n € N. It may seem that ¢-
difference equations are equivalent to difference equations by the change of variable
x = ¢”. In fact, this transformation maps x = O to Rey = —ocoifg > 1 and

Rey = 00 if 0 < g < 1. Therefore, our analysis of g-regularity at x = 0 does not
follow from existing theory of difference equations.
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2.3 g-Initial Value Problems in a Neighborhood of Zero

Definition 2.3.1. Let / be an interval containing zero and E, be disks of the form
E, :={yeC : |y=b)|<B}, >0, b €C,

andr =0,1,---, p.Let fi(x,y0,y1.:++,¥p),i =0,1,--, p,be functions defined
on I x Eyx---x E,. By a g-initial value problem in a neighborhood of zero we
mean the problem of finding continuous at zero functions {y; }lp —o satisfying system
(2.7) or (2.8) and the initial conditions

yi(0)=0b; (=0,1,...,p). (2.13)
Theorem 2.1. Let I be an interval containing zero and E, be disks of the form
E, :={yeC : |y=b)|<B}, >0, b €C,
andr =0,1,---, p. Let fi(x,y0,y1,+*+,¥p), i =0,1,-+ p, be functions defined

onl x Eqg x -+ x E, such that the following conditions are fulfilled.

(i) Fory, € E,, 0 <r < p, fi(x.y0,¥1,++,¥p) is continuous at x = 0, 0 <
i< p.

(ii) There is a positive constant A such that, for x € I and y,,y, € E,, 0 < r,i <
p, the following Lipschitz’ condition is fulfilled

| /i 0.+ 5p) = filx.yo. -+ yp)| = A(1Fo— Yol + ...+ [Fp — ypl).
(2.14)
Then, if 0 is not an end point of 1, there exists h > 0 such that the Cauchy
problem (2.8), (2.13) has a unique solution valid for |x| < h. Moreover, if O is
the left or right end point of I, the result holds, except that the interval [—h, h]
is replaced by [0, h] or [—h, 0], respectively.

Proof. We give a proof when 0 is an interior point of /. The proof when 0 is an end
point of 7 is similar. Applying Lipschitz’ condition (2.14),

Iﬁ(x7y03--'ay]7)| S |ff(03b05---ab]7)|
+‘f,-(x,yo,...,yp)—fi(x,bo,...,bp)‘ + |ﬁ(x,b0,...,bp)—fi(O,bo,...,bp)‘

p
< AY |yj=bil+ | fiCx.bo.....bp) = fi(0.bo.....by)| + 1 £i(0.bo.....by).

j=0
Since f;(x, bo, ..., b,) is continuous at zero, then there exists y > 0 such that

| fi(x.bo,....bp) — fi(0,bo,....b,)| <1 for|x| <y.
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Hence,
|ﬁ(xvy05---syp)| < A(p + l)ﬁ +1 +021ia<xp|ﬁ(07b07"'7b17)|5
forall y, € E,,r =0,1,..., p,and |x| < y. Define the nonzero constants K, & to
be
K= max sup |fi(xvy05"' vyp)|s
0<I=P |x|<y.lyi—hil<p

1

h:=minl{y — ——— ¢ .
"K A+ H—q)

We establish the existence of the solution {¢; i":o of (2.8) and (2.13) on J =
[—h, h] using the method of successive approximations. We consider the sequence
defined by (2.9).

Existence:- The proof of the existence is given in four steps. Fix i € {0, 1,---, p}.

(a) We show that ¢; ,,, m € N, are well defined. First
Gim(x) € E; (x €J; meN). (2.15)

Then, from (2.3), for x € J we have

|¢i,m+1(x) _bil 5/0 |fi(t7¢0,m(t)v"' 7¢p,m(t))| dqt = K|x|‘ (2.16)

Thus, each ¢; ,, (x) is continuous at zero and (2.9) is well defined.
(b) Forall m € N, x € J, we can prove by induction on m that

|x|™

| mt1(x) = pim(x)| < KB" 7' (1 —q)" ——,
(4 Dm

(2.17)

where B := A(p + 1).
(c) We show that ¢;,, tends to a function ¢; uniformly on J. From (2.17), the
general term of the series

$i1(X) + Y pisr1(x) — dii(x) (2.18)
=1

satisfies o

[Bi14+1(x) — @i (x)] < KB o (x e ).

q:9n
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This implies the uniform convergence of the series on J by Weierstrass
M-test. Since the mth partial sum of the series is ¢; ,,+1(x), then ¢; ,,(x) tends
uniformly to ¢;(x) on J, where ¢;(x) is the sum of the series . Obviously
¢i(x) € E;, x € J and it is continuous at zero.

(d) Now we show that {¢; lp _ satisfies (2.8) and (2.13). Indeed, from (2.14),

|fi(lv ¢0,m(l)s T s¢p,m(t)) - fi(ts ¢0(t)v o vd)p(t))'
< A0 (0) = o] + - + [9pn(D) = 4,01

forall # € J and for all m € N. Since by (c) the right-hand side tends uniformly
to zeroon J, as m — oo, it follows that

mli_)mooﬁ(t,%,m(t), e Ppm (1)) = fi(t. o), ... . ¢,(¢)) uniformly on J.

Letting m — oo in (2.9) and using Lemma 1.14, we obtain
@i (x) = b +/ fi(t. o).+ .¢p(1)) dgt (0 <i <p:xel) (219
0

Using conditions (i), (ii), and the continuity of the functions {qb,-}f —o at zero,
one can verify that the functions f; (x, ¢o(x),: -, ¢,(x)) are continuous at the
point (0, by, -+, bp). Thus,

D,,(;Si(x):ﬁ(x,qﬁo(x),---,qﬁp(x)) (051517’ XEJ)'

Hence, the set {¢; ip=0 is a solution of problem (2.8), (2.13) valid in J since
(2.13) is satisfied.

Uniqueness:- To prove the uniqueness, assume that {w,-}ip _o 1s another solution
valid in |x| < hy; < h and satisfies (2.13). Then, fori =0,1,---, p, |x| < Iy

Vi(x) = ¥ilgx) + x(1 —q) fi (x. Yo (x). -+, ¥p(x)): (2.20)
¢i(x) = ¢i(gx) + x(1 —q) fi (x. po(x), -+, Pp(x)) . (2.21)

By subtracting (2.20), (2.21), and using the Lipschitz’ condition (ii), we obtain

p
| () — i (0] < |i (gx) — Y ()| + Alx[(1—q) Y Iy (x) — ¥ (¥)]. (2.22)
i=0

Leto(x) := Y7, |¢i(x) — ¥ (x)|, |x| < hy. Hence, from (2.22) o satisfies

(I1-B(1—-q)lx))o(x) =algx) (x[=h).
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Hence,
o(q"x)
o(x) = ——= (x| = h1),
(=0 (1= B(1—q)|xlg")
and by calculating the limit as n — oo, we obtain
a(0)
o(x) < (Ix] < h).
[TeZo (1 = B(1 = q)g¥|x])
Since 0(0) = 0, then o(x) = 0 in |x| < h; and the proof is complete. O

Theorem 2.2 (Range of validity). Assume that all conditions of Theorem 2.1 are
satisfied with E, = C forallr; r = 0,1,---, p. Then problem (2.8), (2.13) has a
1 1

unique solution valid at leastin I N | — , )
Ap+ 1D —¢q) A(p+ D1 —q)

Proof. We prove the theorem by proving the existence and uniqueness on any
subinterval

1 1
—hhCcI*:=1 — , ,
L=k, k] € ”( Ap+ D —q) A(p+1)(1—q))

where i > 0. Similar to the proof of Theorem 2.1, we can find a constant y < h
such that ¢; ,, tends uniformly to ¢; on [—y, ], where ¢; ,, are defined in (2.9). In
addition to this, it is not hard to see that ¢; ,, converges to ¢; pointwise on [—h, A].
Using Lemma 1.14 it can be shown that the solution {¢; }f=0 could be extended
throughout [—#, A]. O

Remark 2.3.1. Theorem 2.1 holds for the Cauchy problem (2.7), (2.13), but the
solution will be valid throughout the whole interval / whenever the functions f;’s
satisfy the conditions (i), (ii) of Theorem 2.1 with £, = C,0 < r,i < p.

The following corollary indicates that Theorem 2.1 can be applied to discuss the
existence and uniqueness of the nth order g-initial value problem

Dyy() = f (%, y(0). Dyy().+- Dy~ y())
(2.23)

DiT'y(0) =bi (b €C; 1<i<n).

Corollary 2.3. Let p, I, E,, b, be as in the Theorem 2.2. Let f(X, Yo, Y1.*** . Yp)
be a function defined on I x Ey x --- X E, such that the following conditions are
satisfied:

(i) For any fixed values of the y, in E, , f(x, o, Y1, ,Yp) is continuous at zero.
(ii) f satisfies Lipschitz’ condition
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|f( Toso s Tp) = f(y0se o 9p)| = A(1Fo = Yol + oo 417 = vl

where A >0, y;, yi € E; fori =0,1,...,pandx € I.

Then, if 0 is an interior point of I, there exists h > 0 such that Cauchy problem
(2.23) has a unique solution ¢ valid for |x| < h. If 0 is a left or right endpoint of
I the result holds, except that the interval |x| < h is replaced by [0, h] or [—h, 0],
respectively.

Proof. Assume that 0 is an interior point of /. The Cauchy problem (2.23) is
equivalent to the first order g-initial value problem

qui(-x):ﬁ(xsy()v”'syn—l)s yl(O):bls;Oslsn_ls (2'24)

in the sense that {(;Si}l'-';é is a solution of (2.24) if and only if ¢ is a solution of
(2.23). Here f; are the functions

Yi+1, Ogign_za

f(-xvy()v”'sy—l): .
l ! Sy, yn—1), i =n—1

Hence, by Theorem 2.1, there exists 7 > 0 such that system (2.24) has a unique
solution valid in |x| < A. O

Corollary 2.4. Consider the Cauchy problem
ao(x) Dy y(x) +ai(x) Dy~ y(x) + -+ + an (x)y(x) = b(x)

(2.25)
Diy(0)=b; (0<i<n-—1).

Lettheaj(x), 0 < j < n, and b(x) be defined on an interval I containing zero such
that ap(x) # 0 for all x in I and the functions a;(x), b(x) are continuous at zero
and bounded on I. Then, for any complex numbers b,, there exists a subinterval J
of I containing zero such that (2.25) has a unique solution.

Proof. Dividing by a(x), we get the equation
Dlly(x) = A1(x) D)~ y(x) + -+ + Ay (x)y(x) + B(x), (2.26)

where A;(x) = —a;(x)/ap(x),1 < j < n,and B(x) = b(x)/ao(x). Equation
(2.26) is of the form (2.24) with

Sy DI ) = A1) D) y(x) 4+ A () D)y (x) + - A Ay (X)y(x) + B(x).

Since A;(x) and B(x) are continuous at zero and bounded on /, the function
flx,y,--- ,D(’}_ly) satisfies the conditions of Theorem 2.3. Hence, there exists
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a subinterval J of I containing zero such that (2.26) has a unique solution valid
inJ. O

Remark 2.3.2. In a more restrictive manner, Carmichael [71] had defined the
normal first order system to be a system of the form

n
fi(@x) = g A () fi(x) = Y i () (), x| <7 G=1.....n) (2.27)
j=1
where the ;s are arbitrary constants, the functions y;; and A; are analytic functions
for |x| < r and the expansion of v;; begins with a term in x**!. Moreover, the
equation

filgx) =g A () fi(x)=0 (@ =1,...,n)

has a solution in the form f; (x) = x*i (1 +cix+-+ cs,ix“'). Similarly, normal
systems in a neighborhood of co were defined. These normal systems are more
restrictive than those defined above. He considered linear systems of the form

Gigx) = ¢*x* Y Ay ()G (x) (i =1,---.n), (2.28)

j=1
where « is arbitrary and |g| # 1, A;; (x) are single valued functions for which
A + AP + AT+ X<
A,’j (.X) =
A,] +A(1) —1 +A(2) -2 R , |X| > R
The constants A;; are such that the characteristic roots {4; }/_, of the characteristic
equation |4;; — AI| = 0 are different from zero and are of simple character, i.e.,

q"A;i—A; #0fori # j andy € Z. Then, he proved under several transformations
that the system (2.28) can be transformed into a normal system. To prove existence

he defined the successive approximations { S ) } of (2.28) throughout
i=1

£%qx%) — " 2 (x) £V (x) = 0

" ) (2.29)
@) =" R0 £ 00 = 3 () £ m € ).
j=1

The most general solution of first equation on the preceding system is

£ = Ui = Gow(x) = G (14 ¢Vx -+ V), 230)
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where C; is a g-periodic function. Then, it is shown that by solving system (2.29),
the functions { £;"}>_ are

£V(x) = Ui (),

n (2.31)
£ (%) = Ui (x) + S Z Vij (X)fj(m_l)(x) (m=2)
j=1
where
s E(g”)
Sxi(é(x)) - —U,(X) ; U(X(]V—H)‘

In fact these sequences of successive approximations coincide with those defined in
Sect.2.2. To see this, in (2.27), set f; = U; g;, where U; := C;u;, C; is a g-periodic
function and u; is a solution of the equation

fi(gx) = q" X (x) fi(x) = 0.

Then (2.27) is equivalent to the normal system

n

! Ui o g :
Dygi) =~ L G e @ (<isn. @3

J=1

Applying the successive approximation method described in Sect. 2.2, we find that
the successive approximation of (2.32) are nothing but

Ci, m=1,
(m)
g (x) = U (2.33)
C; —/ Sy (08" (O dgt.m > 1,
0 t(l—q)];Uf(qt) S !
i = 1,---,n. One can easily verify that the successive functions fl-(m) =U gi(m)

are exactly (2.31). We would like to mention that in [71] the problem of uniqueness
has not been considered and moreover no concrete conditions are given to guarantee
the existence.

Remark 2.3.3. We can use the power series method to find solutions of some linear
g-difference equation. For example, if we assume that f(x) = Y oo a,x" is the
solution of the g-initial value problem

Dgy(x) = y(x), y(0) =1, (2.34)
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then a,, is the solution of the difference equation

1— n+1
a, = Lan+ly ap = 1.
l—g¢q
That is a v
—q
n=—— Jf(x)=¢;(x(1-¢q)),
(4:9)n

and by Theorem 2.2, the solution f(x) is validin |x| < (1 —¢)~!. Another example
is the g-initial value problem

the coefficients b, of the solution g(x) := Y oo b,x" satisfies the difference
equation

biy1=9¢ mbn, ap = 1.
Therefore,

nn—1)
g > (I1-9)"
by = ——————, g(x) = E;(x(1—9)).
(4:9)n

and by Remark 2.3.1, the solution of (2.35) holds throughout C. The g-initial value
problems (2.34) and (2.35) are g-analogues of the initial value problem

y'(x) =y(x), y(0) =1.

2.4 The Problem in a Neighborhood of Infinity

As we indicated in the introduction of this chapter, if the initial conditions are given
at a point @ > 0, the uniqueness of solutions of the g-initial value problem is not
guaranteed. In this section we will study the problem of existence and uniqueness
of initial-value problems with initial conditions at points differ from zero. In this
case instead of an initial point ¢, we will have an initial interval and instead of the
constants b;’s we will have initial g-periodic functions. Let us first define the Cauchy
problem in this case. There will be two types of problems, the forward problem and
the backward one depending on the g-difference equations.

Definition 2.4.1. By a forward value problem at @ > 0, we mean the problem of
finding a solution of (2.7) in an interval of the form [a, 00), such that the initial
conditions y;(x) = gi(x), x € [ga,a) are satisfied. The arbitrary functions g;
are called initial functions and the interval [ga,a) is called the initial interval.
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By a backward value problem at b > 0, we mean the problem of finding a
solution of (2.8) in an interval of the form (0, b], such that the backward conditions
yi(x) = gi(x), x €]b,bq™"] are satisfied. The arbitrary functions g; are called
backward functions and the interval ]b, bg~'] is called the backward interval.

Theorem 2.5. Let the functions fi(x, yo, y1,--+,yp) be defined for x € [ga, o),
y; € C where 0 < j,i < p,anda > 0. Let {g;(t)}/_, be a set of q-periodic
functions such that:

(i) |fi(x,g0(x), -, gp(x))| is bounded function on [ga, o),
(ii) There is a positive constant A such that

|fi(xv.)707"' vy~]7)_fi(xvy07"' vy]?)l SA(I);O_)’OI""FI);])_Y])D’

(2.36)
wherei =0,1,...,p, x € [qa,o0) and y,, y, € C.
Then, the forward value problem
Dyyi(x) = fi(gx,yo(gx),....yp(gx)) forx € la,o0), (2.37)
$i(x) = gi(x) (x€lga.a). 0<i<p)
has a unique solution {¢;}/_ valid in [a, o0).
Proof. From (i), there exists a positive constant C such that
C := max sup | f;(x,go(x), - . gp(x))|. (2.38)

0<i<p x=qa

In this setting the successive approximations associated with problem (2.37), ¢; ,,
0 <i < p,m € N, will be the sequence (2.11). In (2.11) the integral over [, tg ]
is understood to be

g k : :
[ hwdu= =03 ta hg )

=1

Thus the g-integral in (2.11) is well defined. Now, let t € [ga,a) and k € N be
fixed.

Existence:- The existence of solutions of (2.11) is established in three steps.
(a) By inductiononm € N, where B = A(p + 1), one finds

m(mzfl) t (1 —_ q)

|$im(tq™) = pim—1(1g7)| < CB"'q "
9" (g Dm

(2.39)

forall ¢ € [ga,a) and k € N.
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(b) We show that ¢; ,, (x) tends to functions ¢; (x), x € [ga, 00). From (2.39), the
general term of the series ¢; 1 (g %) + e bt (tq™%) =i 1 (tg7F), satisfies

1 =)
—k —k !
i1+1( — @it <CB' ——————q 2 forall [ €N,
|pi1+1(tq™") — dia(tg™)| g e
(2.40)

Since, ¢ € [ga,a), k € Ny are arbitrary, then (2.40) and the Weierstrass M-test
imply the uniform convergence of the series on

—k

Uken, lag +l’aq—k) = [a, c0).

The mth partial sum of the series is ¢; ,,+1(t¢ ). Then denoting the sum of the
series by ¢; (tg %), we have

li_1>noo ¢im(x) = ¢i(x) uniformly on [a, 00). (2.41)

() We now show that the set {¢;}/_, is a solution of the initial value problem
(2.37)in [a, 00). By (2.36),
(5 Bom (). Gpun () = (%o o) ()]
< A (Igom(x) = Go()| + .. + [Ppm(x) = Pp(x)]) -

From (2.41) the right hand side of the last inequality tends to zero as m — oo
for all x € [ga, c0). Then,

mli)moof,- (x,¢0,m(x),~-- ,¢p,m(x)) = f; (x,¢0(x) ..... ¢,,(x)) uniformly on [a, col.

Hence, letting m — oo in (2.11), we obtain

—k

tq
$i(tq7™) = g1 (1) + / Fiquao(qu).... . $plqu) g (2.42)

for all ¢ in [ga,a) and k € Ny. Putting k = 0 in (2.42), we see that the initial
conditions on (2.37) are satisfied. From (1.16), one can see that the functions
{¢i (x)}/_, is a solution of the g-initial value problem (2.37) valid in [a, c0).

Uniqueness:- Suppose that there is a second solution {1; (x)}/_, valid in a sub-
interval [a, b] of [a, c0) such that ¥; (x) = g;(x) for all x in [ga,a),0 < i < p.
Thus,

qui(-x) = fi(qu wO(q-x)v R wp(q-x)) (l = Os 17 Tt p)

for all x € [a, b]. Consequently,

Vi (x) = Vilgx) + x(1 —q) fi (gx, Yo(gx)..... ¥, (qx)). (2.43)
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In addition,

$i(x) = ¢i(gx) + x(1 —q) f; (gx. po(gx). ....$,(qx)). (2.44)

So, by subtracting (2.43), (2.44), and using the Lipschitz condition (ii), we obtain

p
| () = ¥ ()] < [ (%) = Y (gx) | + Alx|(1=q) Y i (gx) — ¥ (gx)|. (2.45)

i=0
Leto(x) := Y7, |¢i(x) — ¥i(x)], x € [a, b]. Hence, from (2.45), o(x) satisfies
o(x) < (14+ A0+ p)(1 —g)x)o(gx) forall x € [a, b]. (2.46)

But, for any x in [a, b], there exists ¢ € [ga,a) and k € Ny such that x = tg=*.
Hence, substituting in (2.46) yields

o(tg™) < (1+ A1 + p)(1 — )t )o(tq'™),
which leads to

k
o(tg™) < l_[ (1 + A1+ p)(1 —q)qu.) o(t) (telga,a)). (247)
q]

J=1

But o(t) = O for all ¢ € [ga,a) implies that 6(tg™*) = 0 for all t € [ga,a) and
k € Ny such that x = t¢g™* € [a, b]. Thus, 6(x) = 0 on [a, b] and ¢; (x) = ¥; (x)
forall x € [a,b],0 < i < p, as required. O

Similarly, we can prove the following theorem.

Theorem 2.6. Let the functions fi(x, o, y1.-- ,yp) be defined for x € (0, b] and
yj € C, where 0 < j,i < p, b > 0. Let {g;}/_, be a set of q-periodic functions
such that

(i) fi(x,g0(x), -+, gp(x))) are bounded function on (0, b].

(ii) There is a positive constant A such that, for 0 <i < p,

|ﬁ(-xa.)707"' s);p)_fi(stOv"' sYp)l <14('_)70__)](:"—i_“'—+_|.)7P_yp|)7
(2.48)
where x € (0,b] and y,, y, € C.

Then, there exists 0 < ¢ < b such that the system

Dyyi(x) = fi(x,yo(x), -+, ¥, (X)), ¢i(x) = gi(x) (x €(c,cq']). (2.49)

has a unique solution {¢; }'_ valid in (0, c].
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2.5 Linear ¢-Difference Equations

Consider the non-homogeneous g-difference equation of order n
ao(x) Dy y(x) + a1 (x) Dy~ y(x) 4+ -+ an(x)y(x) = b(x) (x €1) (2.50)

for which a;, 0 < i < n, and b are continuous at zero functions defined on I and
ao(x) # 0 forall x € I. Equation (2.50) together with the initial conditions

D7y (0) = by, (bi €C;i=1,....n) (2.51)

form a g-type Cauchy problem. According to Corollary 2.4, there exists a unique
solution of (2.50)—(2.51) in a subinterval J of I, J = [—h, h], h > 0. In this section,
we shall study the nth order homogeneous linear equation

ao(x) Dy y(x) + al(x)DZ_ly(x) 4+ +a,(x)y(x) =0 (xel). (252

Let M denote the set of solutions of (2.52) valid in a subset J C [ which contains
zero. It it straightforward to prove that M is a linear space over C. In addition to
this, from the existence and uniqueness theorem of solutions of (2.52) subject to the
initial conditions (2.51), if ¢ € M and

Di¢p(0)=0 (i=0,1,....n—1)

then ¢(x) = 0 on J. Moreover, the functions Df]qS, 0 <i < n —1, are continuous
at zero for any ¢ € M.

Definition 2.5.1. A set of n solutions of (2.52)—(2.51) is said to be a fundamental
set for (2.52) valid in J or a fundamental set of M if it is linearly independent in J.

Lemma 2.7. If b;;, 1 < i,j < n, are numbers, and, for each j, ¢; is the unique
solution of (2.52) which satisfies the initial conditions

DIl (0) = by, (i j=1....n),

then {(;S] }};=1 is a fundamental set of (2.52) if and only if det(b;;) # 0.

Proof. The proof is similar to the one of differential equation and is omitted.
See [88]. O

Corollary 2.8. The linear space M is of dimension n.

Let M denote the set of solutions of (2.52) valid in a subset J C I,0 € J. A set
of n solutions of (2.52) is said to be a fundamental set for (2.52) valid in J or a
fundamental set of M if it is linearly independent in J. Moreover, as in differential
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equations, if b;;, 1 < i, j < n, are numbers, and, for each j, ¢; is the unique
solution of (2.52) which satisfies the initial conditions

D' (0)=by  (i=1.2,....n)

then {qu }’;:l is a fundamental set of (2.52) if and only if det(b;;) # 0. Hence M is
a linear space of dimension 7.

2.6 A Fundamental Set of Solution

In this section, we are concerned with constructing a fundamental set for (2.52)
when it has constant coefficients, a,, 0 < r < n. Set

L= aoD,’; + alD,’;_l + ...+ a,.
Then, (2.52) can be written as
Ly(x) = agD}y(x) + a1D} "' y(x) + -+ + a,y(x) = 0. (2.53)
The characteristic polynomial P(A) of (2.53) is defined by
PA) =a)l" +a A" '+ +a, (ALeC). (2.54)
LetA;, 1 <i < k, denote the distinct roots of P(A) and m; denotes the multiplicity
of A;, so that ZL , m; = n. Corresponding to each A; we define an m;-dimensional

subspace M; by
M; = {v eM: (Dq — )ki)miv = O} . (2.55)

The construction of a fundamental set of (2.53) depends on the fact that, cf. [275],
M=M & & M. (2.56)

Lemma 2.9. Let (X,K) be a vector space, and let T be a linear operator on X. For
any A € K, if there exist yo, y1, ..., Ym—1 in X such that

Tyo = Ayo, Yo #0

(2.57)
Ty;=Ayi+yic1 (I1<i<m-1),

then yi,..., Yym—1 are linearly independent.

Proof. The proof follows by finite inductiononi,0 <i <m — 1. O
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Lemma 2.10. If A; # O, then the initial value problem

Dygoi = Aigo,is ¢0i(0) =1,

(2.58)
Dq¢r.i = /\id)r,i + ¢r—l,iv ¢r,i(0) =0 (I‘ =1,....m; — 1)
has the solution
Aix(1—g)*
e (Aix(1—q)) = Y32, s, r=0.
Ori (x) =
00 klk=1)..k= g1y (i x(1—q)" 19 e — 1
=r r! ’ s~ . 12 ’
A ' (439«
(2.59)
which is valid for |x| < =0 (1 ik If i =0 then
r 1 — r
i) = LD o m— 1), (2.60)
(q:9)r
Proof. The proof follows by direct computations. O

It is worth noting that
(Dq—ki)m"(ﬁm‘ =0 (I‘ =O,1,...,mi - 1)
Thus,
¢ri € M; (r=0,1,...,mi—l).

Therefore, these functions form a basis for M; since they are linearly independent
by Lemma 2.9. This fact and (2.56) imply the following theorem.

Theorem 2.11. The set {¢; , }m’_l of (2.59) when A; # 0 or of (2.60) when A; =0

is a linearly independent set of solutions of (2.53). Moreover,

U {Biriry!

i=1
is a fundamental set of solutions of (2.53).

Example 2.6.1. The g-difference equation

DJy(x) —4D}y(x) + 5Dy y(x) —2y(x) =0, (2.61)

1—ank
has the functions e,(2x(1 — g)), e4(x(1 — ¢)) and Z,fozlku as a

(q: 9k
fundamental set of solutions.



60 2 g-Difference Equations
2.7 A g-Type Wronskian

In the following we give a g-analogue of the Wronskian for nth order g-difference
equations. A study for a second order Wronskian is established by Swarttouw and
Meijer in [281]. The results of the present section are also included in [10, 203].

Definition 2.7.1. Let y;, 1 <i < n, be functions defined on a g-geometric set A.
The g-Wronskian of the functions y; which will be denoted by W, (y1, ..., yu)(X)
is defined by

i) o oy

Dyyi(x) ... Dgyn(x)

W{(yla""yn)(x) = ’ (262)

DI yi(x) .. DIy, (x)

provided that the g-derivatives exist in /. For convenience of the reader and
when there is no ambiguity about the fundamental set, we write W, (x) instead of

Wy, yn) ().
Lemma 2.12. Let yy, ..., y, be functions defined on a q-geometric set A. Then for
any x € A, x # 0,

y1(gx) »2(qx) ... yalgx)
(Dgy)(gx) (Dgy2)(gx) ... (Dgyn)(qx)

D Wiy o)) = | @) . D) |
aWq (Y1, 2 Yn)(X (D) 2y1)(gx) (D) 2y2)(gx) ... (D)2 ya)(gx)

Diyvi(x)  Dlya(x) ... Dly,(x)
(2.63)

Proof. We prove the lemma by induction on n. The lemma is trivial when n = 1.
Assume that (2.63) holds at k € N, then expanding W, (y1, y2, ..., Yk+1) in terms
of the first row we obtain

k+1
Wy, 2.y () = Y (=) ()W (),
j=1
where
A Wy(Dgya. ... Dgyi+1), J=1
WD = 2 Wy(Dgyi.....Dgyj=1. DgYj1.-... Dgyig1), 1 < j <k + 1;
I’Vq(qul,...,quk), j=k+1.
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Consequently,
k+1
Dqu(YI» Y2,y J’k+l)(x) = Z(_l)]+quyj(x)Wq(])(x)
j=1
k+1 ' '
+ Y (=) (g D W (x).
j=1
Now
Dgyi(x) Dgyr+1(x)
Dgyi(x) Dgyr+1(x)
k+1 ' ' Djyi(x) D yi41(x)
Y DDy W (x) = =0,
j=1
Dl(;_l)ﬁ(x) DI;_IYkH(x)
D],;)’l(x) D],IJ’k+1(X)
and from the induction hypothesis,
k+1 k+1
D (=1 Ty (g) Dy WD (x) = (=1)/ Ty (gx)x
j=1 j=1
(Dgy)(gx) .. (Dgyj-1)(qx) (Dgyj+1)(gx) ... (Dgyi+1)(qx)
(Dgy)(gx) ... (Dgyj-0)(gx) (D7yj+1)(gx) ... (D7yr+1)(gx)
(DE'y)(gx) ... (DE'y-)(gx) DEy 41(gx) ... DE "y (x)(gx)
d’;“yl(x) D(];'Hyj_l(x) D;"Hyjﬂ(x) D;‘Hyk“(x)
(2.64)

where when i = 1 the determinant of (2.64) starts with D, y»(gx) and when j =

k + 1, the determinant ends with D]q‘*'1 yx (x). Thus,
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yilgx) oo Yii(gx)
(Dgy)(gx) ... (Dgyr+1)(gx)
Sy - @i - Opeean)
Z(—l)/+1y/(qX)Dqu(/)(X)= g yolgx) ... Yie+1)\gx
j=1 : .
(Dy~'y)(gx) ... (Df,‘“yk+1)(qX)
DEFyi(x) oo Dy g (x)
proving (2.63) forn = k + 1 and hence all k € N. O

Theorem 2.13. If yi, y2,..., y, are solutions of (2.52) in J C 1, then their
q-Wronskian satisfies the first order q-difference equation

DyW,(x) = —R(x)W,(x). x € J\{0}: R(x) = Z(x x)* "*(1()) (2.65)

Proof. From the definition of the operator D,, we have

(Dy'y)(gx) = Dy'y(x) =x(1 =)Dy y(x)  (m € Np).

Substituting in (2.63) yields

Dqu(yl ~~~~~ Yn)(x) =
() =x(=g)Dgyi(x) ... ya(x) —x(1 —q)Dyyu(x)
qM(x)—x(l—Q)D yi(x) qu/l(x) x(l—Q)Dan(x)

DIy (x) = x(1 = @)D~ yi(x) ... DI 2y, (x) = x(1— @)Dl ™y, (x)

DZyl(x) D:;yn(x)
We shall prove by induction on n that

Dqu(yl ~~~~~ yn)(x) =

nE o )
qul(x) qun(x)
S gt [P0 DT () 260
= Dy (x) .. DETE () |0
DIyi(x) ... Dlyu(x)
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If (2.66) holds at n = m, then

m+1
DyWy(y1.y2, o ymt1)(x) = Z(—l)j+l(Yj (x) = x(1—q)Dyy;(x)) Ay,
j=1
where

Alj = Dqu(qu%---quYj—lvquj+lv---quym+l) (G =12,...,m).

Hence, from the previous hypothesis we obtain

Dqu(ylv Yo, ..., ym+])(x) =

m+1 m
S (0 = 2 (1= @) Dgy; (1) Y (D (x(1 = ) ' By
j=1 k=1
m m+1 (2.67)

Z D (1= @) T S =1y () By

k=1 j=1

m+1
+Z( DA (x(1 =) 3 (1) Dyy; (0 By
j=1
Dyyi(x) ... Dgyj—1(x) Dyyj(x) ... Dgymti1(x)
Diyi(x) ... Dgyj—1(x)(x) Dgyj(x) coo DIymtr(x)
Bji = D;”_kyl(x) D;"_kyjfl(x) D;"_kyj(x) D;"_ky,n+1(x)

Dy 2y (x) ... DRy, (0) DRy () L Dy ()

Dytiyi() .o Dptly;i() Dptlyip) o DY g ()

k = 1,2,...,m, where when j = 1 the determinant By, start with D, y>(x)
and when j = m + 1, the determinant B(,,41); ends with D;”H Vm(x). From the
properties of the determinants we conclude that
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y1(x) Ym+1(x)
Dyyi(x) ... Dgym+1(x)
m+1 ke ok
» Dy yi(x) ... Dy ymgr(x)
—1)/ Ty (0B = | L q . (2.68)
;( ) Vi ) jk D;ﬂ k+2yl(x) D;" k+2ym+l(x)
D(’I"Hyl(x) D;”+1ym+1(x)
m—+1
S =)Dy (B =0 (k=1.2.....m—1), (2.69)
j=1
and
Dyyi(x) ... Dgymt+1(x)
> (=1 Dyy; () Bjm = : ) : . (2.70)
j=l

DIy (x) ... DIy ()

Combining (2.68)—(2.70) with (2.7), we obtain (2.66) when n = m + 1. One can
easily see that (2.66) holds at n = 1. Consequently it holds for all » € N. From
(2.52), we have

D2y = =3 ) priy ) (= L2,

i=1 a (x)
Then (2.66) is nothing but
k=n—1 a 1( )
+
D, W, (x) = [ Z (x —gx)¥ ) :|Wq(x) = —R(x)W, (x).
This completes the proof of the theorem. O

The following theorems gives a g-type Liouville’s formula, cf. [88], for the
g-Wronskian.

Theorem 2.14. Suppose that x(1 — q)R(x) # —1 for all xe€J. Then the

q-Wronskian of any set of solutions {¢; }/_, of (2.52) is given by
W, (0)

[TeZo(1 + x(1 = q)g* R(xq*))

Wq(x):Wq(d)lv"'vd)n)(x): ()CEJ).

2.71)
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Proof. Since W, (x) satisfies the g-difference equation (2.65), we obtain

Wylgx) = (1 + x(1 = q)R(x)) Wy(x) (x € J\{0}).
Hence, under the assumption 1 4+ x(1 — ¢) R(x) # 0, we obtain

_ Wq(qx)
1+ x(1—¢g)R(x)

W, (x)

Consequently,

Wq (xq")
[T (1 + xq" (1 — g)R(xg™))
Since all functions @, /ao are continuous at zero, then Y 7o ¢*|R(xg*)| is con-

vergent. Consequently, [ 7=, (1 +x(1— q)qu(qu)) converges for every x € 1.
Thus, using the continuity of W, (x) at zero, (2.71) follows. O

Wy (x) =

(2.72)

Corollary 2.15. Let {¢;}/_, be a set of solutions of (2.52) in some subinterval J
of I which contains zero. Then W, (x) is either never zero or identically zero in I.
The first case occurs when {¢;};_, is a fundamental set of (2.52) and the second
when it is not.

Proof. From Lemma 2.7, the functions {¢; }7_, form a fundamental set of (2.52) if
and only if W, (0) # 0. Hence, the result is a direct consequence of Theorem 2.14.
O

Example 2.7.1. We calculate the g-Wronskian of the solutions of the g-difference
equation

—Dly(x)+y(x) =0 (x€R). (2.73)

The functions sing x(1 — ¢g), cos, x(1 — g), [x|(1 —¢) < 1, are solutions of (2.73)
subject to the initial conditions

y(0) =0, Dyy(©) =1 and y(0) =1, D,y(0) =0,

respectively. Here R(x) = x(1—¢). So, x(1 —¢)R(x) # —1 for all x in R. Hence,

W, (0)

W) = o T i =P

for [x|(1 —¢q) < 1.

But
W,(0) = (Cos,”x(1 —g) + Sin*x(1 —q))| _, = 1.

Therefore, W, (x) = 1/T[72,(1 + ¢*"{x(1 — ¢)}*), |x|(1 —¢q) < L.
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We define a pair of basic trigonometric functions by studying the solutions of the
second order g-difference equation

-1
7Dq—l qu(x) + y(x) =0 ()C S R) (274)
subject to the initial conditions

YO =1, Dyy(0)=0 and y(0)=0. D,y(0) = 1.

The solutions are the functions cos(x;g), sin(x;q), x € R, respectively. These
functions are defined for x € C by

cos(x:q) = Z(—l)”M7

- (4:9)2n
n=0 (2.75)
_ (@97 —1/2 1/2 L2
=———xq "(1=¢q) "I (x(1=q)/Vq:9%) .
(4:9%)oo
and
o n(n+1) 1— 2n+1
sin(xiq) = 3 (~1)" 7 (x( =) (2.76)
=0 (@:9)2n+1
(61 4%)oo 1/2 .2
= (x(1=q)"* ]2 (x(1 = q); ¢°) .
R
g-analogues of the hyperbolic functions sinh x and cosh x are defined by
sinh(x; q) := —i sin(ix;q), cosh(x;q) := cos(ix;q) (x € C).
We shall calculate W, (cos(x; g), sin(x; ¢)) in the next example.
Example 2.7.2. Equation (2.74) can be written as
Dy (x) +qx(1—=q)Dgy(x) —qy(x) = 0. (2.77)

Comparing with (2.50), ap(x) = 1, a;(x) = gx(1 — ¢q) and a(x) = —q. Thus
R(x) = 0onRand W,(x) = W,(0). But

W, (0) = Wy(cos(-; q), sin(-; 4))(0)
= (cos(x;q) cos(\/qx;q) + /q sin(x; q) sin(ﬂx;q))|x=0 = 1.

Then, W,(x) =1 forall x € R.
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2.8 Zeros of g-Functions

This section includes some recent results about the zeros of some g-functions and
q-transforms and their asymptotics. In the following, we state some results about the
zeros of g-Bessel functions and their associated g-Hankel transforms. These results
are taken from [9,31-34,66,129,141,174], see also [151]. As mentioned in Sect. 1.5,
the functions Jv(k) (z:9q) (k = 2, 3) have infinitely many zeros. In [141], Ismail
proved that the zeros of J, @ (z; q) are real and simple and the zeros of z7" J, @ (z;q)
and 77 J% »1(z: q) interlace. Hayman proved in [129] that, for arbitrary k the positive

2e10S {Zm.y by Of J, v( ) (z; q) have the following asymptotic expansion

Zmy =29 "q =) Zb g™ + 0(g*TImy | (2.78)
n=1
for sufficiently large m, where the constants b,,n = 1,2, ...,k depend on g and v.

In particular, we have

Zmy =29 "q =5 (1+ 0(¢g™) as m — oo. (2.79)
Therefore, the zeros {&, .}, of J, @ (z: ¢%) have the asymptotics

Eny =2q""q" (1 + 0(g™)) as m — oc.

The functions Cos, z and Sin, z are related to the second Jackson g-Bessel functions
via the relations

(q - q )oo /2 (2) 2
Cos,z = —="27127% (2. 4%), (2.80)
1 (q;qz)oo 12
Sin, z = ((CILZ))M 1272 0z 4. 2.81)

Therefore, if we denote the positive zeros of Cos, z and Sin, z by {x { @ } . and

o0
{ Vi } , respectively, then
1

m=

Em—1/2 Em.1)2
xP = — 2 0= —2/ (m € N).

Consequently, from (2.79), we have

_ 3 _ 1
xr(nZ) =g 2m+2(1 + O(qu))’ yy(nz) =gq 2m+2(1 + O(qu))’
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as m — 00. As for JV(3) (z:¢%), Koelink and Swarttouw proved that its zeros are all
real and simple, cf. [174], and that the zeros of 77" JV(3) (z;q)and 77" Jv(i_)l (z;q) also

interlace. Let wy, , (v > —1) denote the positive zeros of JV(3) (-; ¢%) in an increasing
order of m € N. In [9], Abreu et al. proved that if g?"*2 < (1 — ¢?)?, then

2m~+2v )

log (1 — —
Wm,u(q) :q_m+2€”’(v), O<€m(\)) < 1—g2

2logg

.- log(¢**: %) oo
Do en(v) = =
— 4logq

Moreover, wy, , ~ ¢~ when m — oo without the restriction
2042 2\2
g < (1 =q7)".

Applying[53, Theorem 2], we deduce that the positive zeros {w,, ,} of JV(3) (z:9%)
are given by

Wiy = Ag""(1 4+ O(g™)) asm — oo. (2.82)
Here, the non zero constant A depends on v and g. In [34], the authors proved that
A = 1. Let x,, and y,;, m € N, denote, respectively, the positive zeros of cos(z; q)

and sin(z; ¢) in an increasing order of m. Since the functions cos(z; ¢) and sin(z; q)
are related to the third Jackson g-Bessel function via the identities

(zg7"2(1 = 9)* (4% ¢%)oo

cos(z:¢q) = . Jop G =)/ Vq:97), (2.83)
1= g)'"2(g2: ¢Y)eo
sin(zrq) = =@ 40 11— gy ), (2.84)
(9:9%) oo
then
X =g =) Wamize Y= (1= @) W12 (2.85)

Substituting with A = 1 in (2.82), we obtain

q—m+l/2

Xm = 1—(1 +0q"), ym=
—q

—m

q
l—gq

(I+0(@™M), (2.86)

as m — oo. In [66], the authors investigated the asymptotic behavior of the zeros of
sin(z; q).

Now we state some results concerning the zeros of g-Hankel transforms. For
f e L}{ (0, 1), we denote by A (f) the g-moments of f, i.e.
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1
Ac(f) ::/0 t* ftyd,e  (k € No).

We denote by ¢k (f), ¢, C the constants

o Aok+2(f)
ce(f) = A (N (I=g* (I F2) (k € No), (2.87)
¢y =infreny ck(f),  Cy = supgey, ck(f).
and by by (f), by, By to
. Ase+3(f)
be(f) = Az 1 () (1= F3)(1—¢%F2) k € No, (2.88)
by := infren, bi(f), By := supen, bk (f).
The constants ¢y, Cr, by, B are finite positive numbers, cf. [31].
Theorem 2.16. Let f € Ly (0, 1) be positive on {0,¢",n € No}. If
-l s (2.89)
Cr

then the zeros of the entire function of order zero

1
Ur(2) ::/o f(@t)cos(tz;q)dyt  (z € C),

are real, simple and infinite. Moreover, Uy (z) is an even function with no zeros in
the interval [0, q_l/z/(‘/Cf(l — q))), and its positive zeros lie in the intervals

q—r q—r—l
N (I‘ S N()),
(1-9)y/Cr (1—q)/Cy
one zero in each interval.

Theorem 2.17. Let f € Ly(0, 1) be positive on {0,¢",n € No}. If
by
g1 —q)-L =1 (2.90)
By
then the zeros of the entire function of order zero

1
Vi(2) = /0 f(@)sin(tz;q)dyt (z € C)
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are real, simple and infinite. Moreover the odd function Vy(z) has only one zero

—1
z=01in|0, ﬁ), and its positive zeros are located in the intervals
r(1—q

( q—r+l/2 q—r—l/2

(1-q)yBs (1-q)/By

one zero in each interval.

) (r € Np),

Theorems 2.16, 2.17 give a basic analogue of Theorem 1.3 with the restrictions
(2.89), (2.90) on g, respectively. The following theorems, which are introduced in
[34], give another g-counterpart which is valid for any g € (0, 1), but in this case
the entire functions U (z) and V¢ (z) may have a finite number of complex zeros.

Theorem 2.18. Let f € L}{(O,a), 0 < g < 1. Then the function Uy(z) has at
most a finite number of non real zeros and it has an infinite number of real zeros
{£Cn}o |, &m > 0, such that {, ~ X, as m — co. More precisely,

Cn = xu(1+ 0(G™) as m — oo.

Theorem 2.19. Let f € L;(O,a), 0 < g < 1. Then the function Vy(z) has at
most a finite number of non real zeros and it has an infinite number of real zeros
{E0m o, m > 0, for all m € N such that 1,, ~ y, as m — 0o. More precisely

Nm = ym(1+ O@™)) as m — oo.

There are two similar theorems for the g-cosine and g-sine transforms based on
the basic trigonometric functions Cos, z and Sin, z, cf. [34]. In the following two
theorems, the number X is the unique positive root of the polynomial x> —x?—2x—1
described in Theorem 1.5.

Theorem 2.20. Let f € L}(0.a) and U (2) be defined for z € C by

1
U}Z)(Z) = / f(t) Cosgtzdyt (0<q<1),
0

then U}Z) (z) has at most a finite number of non real zeros and has an infinite number

of real zeros {£m oy, &n > 0, such that §,, ~ x2

as m — o0. More precisely,
tn = X1+ 0(@™™) = ¢ (1 + 0(¢*™). as m — oo,

In particular, if q satisfies the condition
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1— m+1
T k=o2m,
< g A Aj41 I—qm
0= A1 Ay | 1=g"2 k
—1 __k=2m+1,
1_qm+§

then all the zeros are real and simple.

Theorem 2.21. Let f € L}(0.a) and V{” (2) be defined for z € C by

1
V2 (2) :=/ f@) Singtzd,t (0 <gq<1).
0

Then Vf(z) (z) has at most a finite number of non real zeros and it has an infinite

o0

2
me1> Tm > 0, such that t,, ~ y,(,,) as m — o0o. More

number of real zeros {£t,}
precisely

tn = y2(1+ 0(@*™) = ¢ 2 (1 4+ 0(¢*™)) asm — oo.

In particular, if q satisfies the condition

1— m+1
1%, k = 2m,
X < g A A+ i
h Ap—14k+2 | g+l
— 1 k=2m+1,
1_qm+§

then all the zeros are real and simple.



Chapter 3
q-Sturm-Liouville Problems

Abstract In this chapter we introduce the study held by Annaby and Mansour
in (J. Phys. A Math. Gen. 38(17), 3775-3797, 2005) of a self adjoint basic Sturm—
Liouville eigenvalue problem in a Hilbert space. The last two sections of this
chapter are about the ¢>-Fourier transform introduced by Rubin in (J. Math. Anal.
Appl. 212(2), 571-582, 1997; Proc. Am. Math. Soc. 135(3), 777-785, 2007), when
q lies in a proper subset of (0, 1) and the generalization of Rubin’s ¢>-Fourier
transform, introduced in (Mansour, Generalizations of Rubin’s qz-fourier transform
and g-difference operator, submitted, 2012) for any g € (0, 1).

3.1 Introduction

Let [a,b] € R be a finite closed interval and v(-) be a continuous real-valued
function defined on [a, b]. By a Sturm-Liouville problem we mean the problem
of finding a function y(-) and a number A € C satisfying the differential equation

Ly :=—y"+v(x)y(x) = Ay(x) (a<x<b) (3.1)
together with the boundary conditions

Ui(y) == a1y(a) + azy'(a) =0, (3.2)
Us(y) := b1y(b) + byy'(b) =0, (3.3)

where a; and b;, i = 1, 2 are real numbers for which
lai| + |az| # O # |bi| + [ba]. (3.4)

This problem has been extensively studied. It is known that the differential equation
(3.1) and the boundary conditions (3.2)—(3.3) determine a self adjoint operator
in L%(a,b). There is a sequence of real numbers {1,}°° ; with oo as the unique

M.H. Annaby and Z.S. Mansour, g-Fractional Calculus and Equations, 73
Lecture Notes in Mathematics 2056, DOI 10.1007/978-3-642-30898-7_3,
© Springer-Verlag Berlin Heidelberg 2012
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limit point such that corresponding to each A, there is one and only one linearly
independent solution of the problem (3.1)—(3.3). The sequence {1, },—, is called the
sequence of eigenvalues and the sequence of corresponding solutions {¢,(-)}r—
is said to be a sequence of eigenfunctions. One of the most important properties
of these eigenfunctions is that, {¢,(-)}o2, is an orthogonal basis of L*(a,b). For
example, let v(x) = Oon [a,b]. f wetakea = 0,b =nw,a; = 1,a,b, =0,b; = 1,
and b, = 0, we get

Ap =02, ¢p(x) =sinnx (n €N)

leading to the well known fact that {sinnx} -, is a complete orthogonal set of
L?(0, ), while takinga = 0,b = m,a, = 0,a, = 1,b; = 0, and b, = 1, we get

Ap =02 ¢p(x) =cosnx (n €Ny

which leads to the completeness of {cosnx}oo in L?(0, 7). We mention here that
the Fourier orthogonal basis {ei ’”‘}:io of L?(—m, ) will not be extracted from this
setting but from a simpler situation, namely the first order problem

=iy’ =2y, y(=m)=y(m).

Among several references for the above mentioned facts we mention the mono-
graphs of Coddington and Levinson [78], Eastham [88], Levitan and Sargsjan
[182, 183], Marchenko [208] and finally Titchmarsh [284].

The discrete analogue of the theory outlined above, i.e. when the differential
operator d /dx is replaced by the forward difference operator Ay(n) =y(n +1) —
y(n) and the backward operator Vy(n) = y(n) — y(n — 1) where n is a positive
integer belonging to a finite set of integers of the form {m,m+1,m+2,--- ,m+ N,
m € N}, is treated in Atkinson’s [45], see also [162].

The aim of this chapter is to study a basic analogue of Sturm-Liouville systems
when the differential operator is replaced by the g-difference operator D,. In [98,
Chap. 5] and [99], a basic Sturm—Liouville system is defined. It is the system

Dy(r(x)Dgy) + (I(x) + Aw(x))y(gx) =0 (a <x <b), (3.5)
hiy(a) +haDyy(a) = 0, (3.6)
k1y(b) + kaDyy(b) = 0, 3.7

where r(-), [(-) and w(-) are real-valued functions which posses appropriate g-
derivatives, hy, hy, ki, k, are constants. It is proved [98, pp. 164—170] that all
eigenvalues of this system are real and the eigenfunctions satisfy an orthogonality
relation [98, Eq. (5.1.5)]. The author in [98] considered only computational aspects
to prove certain orthogonality relation of some g-special functions. There is no
attention paid to several points, which may lead to several mistakes. First the
existence of eigenvalues is not proved and it is not indicated how to determine the
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eigenvalues and the eigenfunctions. A basic point here is thatif a # 0 # b, then it is
not guaranteed that initial conditions at either @ or b determine a unique solution of
(3.5), see [203]. The geometric and algebraic simplicity of the eigenvalues, which
plays a major rule in proving the reality of the eigenvalues and the orthogonality
of the eigenfunctions are not proved or even assumed. Moreover, the space where
the problem is defined is not specified. If an inner product is defined in the view
of [98, Eq. (5.1.5)], there will be no orthogonality if &1, h,, k; and k, are not real.
For more information concerning the monograph [98], see the review by Mourad
Ismail in [301]. See also the review of [99] by Wolfgang Hahn in [302]. There are
several physical models involving g-(basic) derivatives, g-integrals, g-functions and
their related problems, see e.g. [76,105,106,119,277,278]. In addition, the problem
of expendability of functions in terms of g-orthogonal functions, which seems to be
first discussed by Carmichael in [72,73] has attracted the wok of several authors, see
e.g. [66,67,142,278,279]. However, as far we know, there is no study of the general
problem as we do in the present setting. At this point, it is worthy to mention that our
work based on the g-difference operator which is attributed to Jackson, see [153],
and a similar study of the Stum-Liouville systems generated by the Askey—Wilson
derivative, cf. [41] is very much needed. The case of half-line singular Sturm—
Liouville problem is investigated in [37], when the spectrum is discrete.

3.2 ¢-Sturm-Liouville Problem

In this section we investigate the fundamental solutions of the basic Sturm—Liouville
equation

— éququy(x) +v(x)y(x) =Ay(x) 0O<x<a<oo;AeC) (3.8

where v(-) is defined on [0, a] and continuous at zero. Let CqZ(O) be the space of
all functions y(-) such that y(-), D, y(-) are continuous at zero. Clearly, qu(O) is a
subspace of the Hilbert space Lé (0,a). By a solution of equation (3.8), we mean
a continuous at zero function that satisfies (3.8) such that the function and its g-
derivative have prescribed values at x = 0. It is proved in Sects.2.5 and 2.8 that
(3.8) has a fundamental set of solutions which consists of two linearly independent
solutions {y;(-), y2(-)} and {y, y»} forms a fundamental set of solutions if and only
if their g-Wronskian does not vanish at any point of [0, a]. The following theorem
is proved in [30].

Theorem 3.1. Forcy,c; € C, (3.8) has a unique solution in qu(O) which satisfies
¢(0,1) = ¢y, Dy;~1¢(0.1) =c (A €C). (3.9)

Moreover, ¢(x, L) is entire in A for all x € [0, a].
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Proof. See [30] O

If we assume that the function v(-) in (3.8) is continuous on [0, @], then the solution
will be continuous on [0, a] as we shall see in the following theorem.

Theorem 3.2. Let 0 < y < 1. If the function v(-) defined in (3.8) is continuous on
[0, a), then (3.8) has a unique solution in qu [0, a] which satisfies

p(O0. M) =ci,  D1¢p(0,M)=c; (AeC) (3.10)

where ¢ and c, are arbitrary constants. Moreover, ¢(x,A) is entire in A for all
x €1[0,al.

Proof. The functions

sin(sx;q)
= e A#EO

@1(x,A) = cos(sx;q) and @y(x,A) = ,
x, A=0

where s := +/A is defined with respect to the principal branch, form a fundamental
set of

1
C—ID,Fquy(x) + Ay(x) =0,

with the g-Wronskian W, ((pl(-, A), o, /\)) = 1, see Sect.2.8. For all x € [0, a],
A € C, we define the sequence {y,,(-, 1)}, of successive approximations by

yi(x, 1) = c1e1(x, ) + c2¢a(x, 1), (3.11)
Ym+1(x, A) = c191(x, A) + c202(x, A) (3.12)

—q /0 {2(x, V)i (qt. A) — @i (x, Mga(qt. A)Jv(qt) ym(qt. A) dyt.

We prove that for each fixed A € C the uniform limit of y,,(-, A) as m — oo exists
and defines a so}gtion of (3.8) and (3.9). Let A € C be fixed. There exist positive
numbers K (1), K(A), and A such that

_ A
DS RO) WIS A, T ] <52 =12 v ef0.a).

Using mathematical induction, we have

nos (AK(A)x (1 —¢))"
(4 Dm

[t (X, A) = yu(x, 1) < K(A)gq (m e N). (3.13)

Consequently by Weierstrass M-test the series

YOG + Y ymra (6, A) = (X, 4) (3.14)

m=1
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convergence uniformly on [0,a]. Since the mth partial sums of the series is nothing
but y,,+1(-, ), then y,,4+1(-, A) approaches a function ¢ (-, 1) uniformly on [0, a] as
m — oo, where ¢ (x, 1) is the sum of the series. Using Theorem 1.11 we can prove
by induction on m that y,,(x, A) and D,y (x, A) are continuous on [0, a], where

Dyym+1(x,A) = c1Dy@1(x,A) + c2Dypa(x, A)

—q /0 {Dg$2(x, V)1 (gt. A) = Dyopr (x. D)@a(qt, )} v (qt, ) dyt.

m € N. Hence, both ¢(-, 1) and D ¢ (-, 1) are continuous on [0, a]. Consequently,
¢(,A) € qu(O). Because of the uniform convergence, letting m — oo in (3.12)
we obtain

d(x,A) = cr191(x, A) + c202(x, A)

—q /0 {o2(x. D@1 (gt A) — @i (x, Va(qt, M) v(qr) ¢(gt, A) dgt.

Clearly, ¢ (-, 1) satisfies (3.8) and (3.9). To prove that problem (3.8), (3.9) has a
unique solution, suppose on the contrary that ¥; (-, A), i = 1, 2, are two solutions of
(3.8), (3.9). Let

x(x,A) = Y (x, L) — ¥a(x,A) forx €[0,al.
Then y(-, 1) is a solution of (3.8) subject to the initial conditions
x(0,4) = Dy~ x(0,4) = 0.

Applying the g-integration process on (3.8) twice yields

2 A) = —q /0 (x —qt) (A —v(gn) x(qt. A dyt. (3.15)

Since x(x,A), v(x) are continuous on [0, ], then there exist positive numbers N,,
M, such that

N, = max |y(x,4)|, M, = max |A—v(x)\. (3.16)
0<x<a 0<x<a

Again we can prove by mathematical induction on k that

2k
2
Ix(x, )| < NaMfq" (1 —g)* ——

(q: )2k (k &€ No: x €[0.a]). (3.17)
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Since
R 2%k
lim Ny Myq* (1—q)* :
k—>o00

(q:9)2 -

then y(x,A) = 0, for all x € [0, a]. This proves the uniqueness. Now, Let M > 0
be arbitrary but fixed. To prove that ¢ (x, 1), x € [0, a], is entire in A, it is sufficient
to prove that ¢ (x, A) is analytic in each disk 257; 2y (= {A € C: |A| < M }. We
prove by induction on m that

forall x € [0,a] ym(x,A) isanalytic on £2), (3.18)

forall A€ 2y %ym(x,k) is continuous at (0, A). (3.19)

Clearly, for each fixed x € [0,q], the functions ¢;(x,A) and ¢,(x,A) are entire

functions of A. Moreover, —¢; (x, A) is continuous at (0, 1) for each A € C. Then,

the statements in (3.18) and (3.19) hold at m = 1. Now assume that (3.18) and
(3.19) hold at m € N. Then, for xy € [0, a], Ao € £2)7, we obtain

%J’mﬁ(xo,)\) e %yl(xo’k)‘hxo
)
—agpentea ] [ entan a0 g
)
ragroad)|,_ [ man ) do
9 ([
— a0z ([ ean v du)|,_

d [
apo gz ([ e dg)|
(3.20)

From (3.19) we conclude that

a .
i@t D) i =1.2)

are continuous at (0, A¢). Therefore, there exist constants C, § > 0 such that

9
—(goi(xoq",k)ym(xoq”,k)) <C (el |A—d| <)

A
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Hence

0
x0(1 = )" |5 (000" Dy (rog" ' 1) )| < A = @)g" (0 € No)

for all A in the disk |A — A¢| < 8. i.e. the series corresponding to the g-integrals

X0 a
/0 S (oilar (g ) dyt G =1.2) (3.21)

are uniformly convergent in a neighborhood of A = A(. Thus, we can interchange
the differentiation and the g-integration processes in (3.20). Since xp, Ao are
arbitrary, we obtain

0 0 0
ST (64) = () — g /0 2 (920r. D@ W ynlar. ) (g dyt

< 9
+0 [ gp (oD@ @ )ande. 62

for all x € [0,a], A € £2). From (3.19) the integrals in (3.22) are continuous at
(0, 1). Consequently %ymH(x,A) is continuous at (0,1). Let xo € [0,a] be
arbitrary. Then there exists B(xg), B(x¢) > 0 such that

B(xo)

|91 (x0, A)| < Ji=1,2, 316, 0)] < B(xo) (A € 2u).

Finally the use of the mathematical induction yields

~ mm+1) (AB(xp)A(1 — "
1 (0. ) = 3 (0. )] < Bxg)g ™5 ABCOALZ DN 3.5
(4:@m
Consequently the series (3.14), with x = X, converges uniformly in £2;; to
¢(x0,A). Hence ¢ (xp, A) is analytic in £2yy, i.e. it is entire. O

3.2.1 The Self Adjoint Problem

In this subsection we define a basic Sturm—Liouville problem and prove that it is self
adjoint in Lé(O, a). The following lemma which is needed in the sequel indicates
that unlike the classical differential operator d/dx, D, is neither self adjoint nor

sqew self adjoint. Equation (3.25) below indicates that the adjoint of D is —éDq—l .

Lemma 3.3. Ler f(-), g() in L;(O, a) be defined on [0, g~ 'a). Then, for x € (0, a),
we have
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(Dyg)(xq™") = D, ,—18(xq™") = D,~1g(x), (3.24)

- - —1
(Dgf.8) = f(@glag™) = lim f(ag")g(aq"™") +{f.—=Dy1g). (3:25)

1 _ _
(- ;D f.g) = lim f(aqg" "g(ag") — f(ag~")g(a) + (/. Dyg). (3.26)

Proof. Relation (3.24) follows from

P -1y _
Dy1g(x) = g();)(l _g;q_l)x) = g(;c;_l()l _é;(;) = (Dyg)(xq™")

= Dq,xq“ g(xq_l)-

Using the formula (1.28) of g-integration by parts we obtain
a —
(Dy18) = [ Do fwigT0) dyr

= @)@ = lim_ (g z@ ~ [ gD,z d

qa

~ @@~ Jim flag"ea ~ [ 10D dye
= f(a)g(a) - lim f(aq")g(ag") +aq~" (1= q) f(@)D,~1g(a)
« T
+/0 f(t)7D,Flg(t)dqz
S -
= f(@glag™) = lim f(ag")g(aq"™) +(f.—=Dqg).

proving (3.25). Equation (3.26) can be proved by using (3.25). O

Now consider the basic Sturm-Liouville problem

L(y) = —éD,Fquy(x) +v(x)y(x) =Ay(x) (0<x<a<oo, ALeC)(3.27)

Ui(y) :==any(0) +apD,~1y(0) =0, (3.28)
Ux(y) := any(a) + anDy-1y(a) =0, (3.29)
where v(-) is a continuous at zero real valued function and {a,-j} ,i,j € {1,2} are
arbitrary real numbers such that the rank of the matrix (a;;)1<i j<2 i 2.

Theorem 3.4. The basic Sturm- Liouville eigenvalue problem (3.27)—(3.29) is self
adjoint on CqZ(O) N L; (0, a).
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Proof. We first prove that for y(-), z(-) in L;(O,a), we have the following g-
Lagrange’s identity

[ (07— y D) dyx = @ = fim [ dlag"), (330

where
[v.2](x) := y(x) D ~12(x) — D=1 y(x)z(x). (3.31)

Applying (3.26) with f(x) = D,y(x) and g(x) = z(x), we obtain

(_ éDq—quY(x)vZ(x»
= _(DqY)(aq_l)Z(_a) + nango(DqY)(aqn_l)Z(aqn) + (Dqu D(ﬂ)

= —D,1y(a)z(a) + lim D,-1y(ag")z(aq") + (Dgy. Dyz). (3.32)
4 n—oQ 4
Applying (3.25) with f(x) = y(x), g(x) = Dyz(x),
_ ————— 1
(qu, qu) = y(a)Dyz(aqg™") —nlggo v(aq")Dyz(ag"™ ") + (y, —C—Iququz)
- - 1
= y(a)D,~1z(a) — lim y(aq") D -1z(aq") + (y. —qu—quz).
Therefore,
1 _ ., 1
(==Dy=1Dgy(x). 2(x)) = [y, 2(@)~ lim [y, z](ag") +{y,—= D41 Dyz). (3.33)
q n—oQ q

Lagrange’s identity (3.30) results from (3.33) and the reality of v(x). Letting y(-),
z(-)in C qz(O) and assuming that they satisfy (3.28)—(3.29), we obtain

any(0) +anpDy-1y(0) =0, az(0) +anDy-12(0) = 0. (3.34)

The continuity of y(-), z(-) at zero implies that lim,—, [y, z](@g") = [y, z](0). Then
(3.33) will be

(=2 D, D351, 2(0) = [1.21@) = [10) + (3. = Dy Dy,

Since a1 and a;, are not both zero, it follows from (3.34) that

[v,2](0) = y(0)D,~12(0) — D,~1y(0)z(0) = 0.
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Similarly,
[v.2)(a) = y(a)D,~1z(a) — D,~1y(a)z(a) = 0.

Since v(x) is real valued, then
(€03).3) = (= 2D, D,3(6) + ()3 (), 5()
= (= 2D, D,y () + ((03.300)
= (3 =Dy DyE(0) + {3 v (92(0) = (3,).

i.e. £ is a self adjoint operator. O

Definition 3.2.1. A complex number A* is said to be an eigenvalue of problem
(3.27)—(3.29) if there is a non trivial solution ¢*(-) which satisfies the problem at this
A*. In this case we say that ¢*(-) is an eigenfunction of the basic Sturm-Liouville
problem corresponding to the eigenvalue A*. The multiplicity of an eigenvalue is
defined to be the number of linearly independent solutions corresponding to it. In
particular an eigenvalue is simple if and only if it has only one linearly independent
solution.

Lemma 3.5. The eigenvalues and the eigenfunctions of the boundary value prob-
lem (3.27)—(3.29) have the following properties:

i. The eigenvalues are real.
ii. Eigenfunctions that belong to different eigenvalues are orthogonal.
iii. All eigenvalues are simple.

Proof. i. Let A( be an eigenvalue with an eigenfunction y(-). Then,

{(€(>0). y0) = (¥0,£(yo)) - (3.35)

Since £(yo) = Ao Yo, then
(Ao — o) / lyo(x)|* dyx = 0. (3.36)
0

Since yg(+) is non-trivial then Ay = )_ko, which proves i.
ii. Let A, u be two (real) distinct eigenvalues with corresponding eigenfunctions
¥ (-), z(+), respectively. Then,

G- [y dgr = o

Since A # p, then y(-) and z(-) are orthogonal, proving ii.
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iii. Let Ao be an eigenvalue with two eigenfunctions y;(-) and y,(-). From Corol-
lary 2.15, we can prove that the functions {y;(-), y2(:)} are linearly dependent
by proving that their g-Wronskian vanishes at x = 0. Indeed,

Wy (y1,52)(0) = y1(0) Dy y2(0) — y2(0) Dy y1(0)
= y1(0) D" y2(0) = y2(0) D, ' y1(0) = [y1, y2] =0,

since both y; and y, satisfy (3.28). O

In the following we indicate how to obtain the eigenvalues and the corresponding
eigenfunctions. Let ¢ (-, 1), ¢2(-, A) be the linearly independent solutions of (3.27)
determined by the initial conditions

DJ7'¢i(0.0) =68, (i,j =12 1eC).

Thus ¢;(-,A) is determined by (3.11) by taking ¢c; = 1, ¢; = 0 and ¢,(-,A) is
determined by taking ¢; = 0, ¢, = 1. Then, every solution of (3.27) is of the form

y(x,A) = A191(x, A) + Azha(x, 1),

where A; and A, does not depend on x. A solution y(-,A) of (3.27) will be an
eigenfunction if it satisfies the boundary conditions (3.28)—(3.29), i.e. if we can find
anon trivial solution of the linear system

AU (¢1) + AU (¢2) = 0,
A1Ux(¢1) + Ay Us(¢2) = 0. (3.37)

Hence, A € R is an eigenvalue if and only if

_ |Ui(e) Ui(¢o) | _
Ad) = Ux(¢1) Uax(¢2) =0 (3:38)

The function A(A) is called the characteristic determinant associated with the
basic Sturm- Liouville problem (3.27)—(3.29). The zeros of A(A) are exactly the
eigenvalues of the problem. Since ¢ (x, 1) and ¢,(x,A) are entire in A for each
fixed x € [0, a], then A(A) is also entire. Thus, the eigenvalues of the basic Sturm—
Liouville system (3.27)—(3.29) are at most countable with no finite limit points. We
have proved in Lemma 3.5 that all eigenvalues are simple from the geometric point
of view. In the following theorem, we prove that the eigenvalues are also simple
algebraically, i.e. they are simple zeros of A(A).

Theorem 3.6. The eigenvalues of the q-Sturm—Liouville problem (3.27)—(3.29) are
simple zeros of A(L).
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Proof. Let 0;(-, A) and 6,(-, A) be defined by the relations

01(x,4) == Ui(¢2)p1(x. 1) — Ur(¢1)¢2(x, ),

02(x. ) := Ua(2)p1(x, ) — Ua(1) g2 (x, A). (3.39)
Hence, 6;(-, 1), 6(-, A) are solutions of (3.27) such that

91(0,1) =dajy, Dq—lél(O, /\) = —dj, 92(61,/\) = dan, Dq—lé’g(a,)k) = —dj].
(3.40)

One can verify that

Wy (01(2), 0:(, 1) (x) = AWy (1 (L A), 92 (D) (x) = AR). (341

Let A¢ be an eigenvalue of (3.27)—(3.29). Then A, is a real number and therefore
0; (x, Ap) can be taken to be real valued, i = 1,2. From (3.41), we conclude that
01(x, Ag), 62(x, Ag) are linearly dependent eigenfunctions. So, there exists a non
zero constant ko such that

91 (x, /Xo) = k092(x, Ao). (3.42)
From (3.40) and (3.39)

91(61, /\0) = k0a22 = koel(a,l), D,,—191 (a, /\0) = —k0a21 = k()Dq—lel (a, /\)
(3.43)

In the g-Lagrange identity (3.30), taking y(x) = 6;(x,A), and z(x) = 6;(x, Ao)
imply
(A = 2o) /Oa 01 (x, A)01(x, Ao) dyx
= Gl(a,A)qu@l(a,A,,) — Dqﬂ@l(a,k)el(a,kn)
= ko(e1 (@, \)Dy165(a, A) — 6>(a, ) D16 (a, x))
= koWy(01(~ 1), (- 1)) (g~ a) = koA(R).
Since A(A) is entire in A,

oA 1 [
A (L) = ll;n;{) : _( A)o =& /0 02 (x, ko) dyx # 0. (3.44)

Therefore A is a simple zero of A(A). O
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Remark 3.2.1. For suitable functions r () and w(-), the g-difference equation (3.27)
may be replaced by

1
- D1 (r(x) Dy y(x)) 4 v(x)y(x) = Aw(x)y(x).

We get similar results but the Hilbert space Lg (0, a) will be replaced by a weighted
one L ((0,a); w(-)) with the inner product

(fed= [ SR dx (fg < L (©Oaxne)).

Accordingly the boundary conditions will be changed.

3.3 Basic Green’s Function

The g-type Green’s function arises when we seek a solution of the nonhomogeneous
equation

— éququy(x) +{-2+v(x)}y(x) = f(x) (x€[0,a]; AeC) (345)

which satisfies the boundary conditions (3.28)—(3.29), where f(-) € Lg (0,a) is
given.

Lemma 3.7. If A is not an eigenvalue of the basic Sturm—Liouville problem (3.27)-
(3.29), then the solution of (3.45), if it exists, would be unique.

Proof. Assume that x;(x, ), y2(x, A) are two solutions of (3.45). Then y;(x, ) —
x2(x,A) is a solution of the problem (3.27)—(3.29). So, it is identically zero if A is
not an eigenvalue. O

Another proof of Lemma 3.7 is included in the proof of the next theorem.

Theorem 3.8. Suppose that A is not an eigenvalue of (3.27)—(3.29). Let ¢ (-, 1)
satisfy the q-difference equation (3.45) and the boundary conditions (3.28)—(3.29),
where f(-) € L;(O, a). Then

B(x.A) = / G(x.t.2) f(t)dgt for x € {ag"; m € No} . (3.46)
0
where G(x,t, A) is the Green’s function of problem (3.27)—(3.29) defined by

Br(x, M0 (1, 1), 0 <1 < x,
G(x, 1, 1) 1= —— (3.47)
AN e (1) . x <1 <a.
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Conversely the function ¢ (-, L) defined by (3.46) satisfies (3.45) and (3.28)—(3.29).
Green’s function G(x, t, A) is unique in the sense that if there exists another function
G (x,t,A) such that (3.46) is satisfied, then

G(x,t,A) = G(x,t,)) forallx,t € {ag" | m € Ny}.

If () is g-regular at zero, then (3.46) holds for all x € [0, a].

Proof. Using a g-analogue of the methods of variation of constants, a particular
solution of the non-homogenous equation (3.45) may be given by

P(x,4) = c1(x)01(x, 4) + c2(x)0a2(x, 4),

where ¢ (x), ¢2(x) are solutions of the first order g-difference equations

Dq,xcl(-x)

02(qx,4) f(gx), Dgxca(x) = A(A)Ql(qx A) f(gx).
(3.48)

A(l)

If the functions D, .c;(x), i = 1,2, are g-integrable on [0, ¢] then
lim 1¢"60; (1" 1) f(tg") =0 (i =1,2).
n—o00

Define the g-geometric set A y by

A= {x el0.a: lim xg"| f(xq") = 0}. (3.49)

The set A/ is a g-geometric set containing {ag™; m € Ny} because f € Lg 0,a).
Hence, D,c;(:), i = 1,2, are g-integrable on [0, x] for all x € A and appropriate
solutions of (3.48) are given by

c1(x) = c1(0) + m /X O:(qt, L) f(qt)dst (x € Ay), (3.50)

e (x) = ea(a) + %x) / O1(qt. M) flgr)dyt (x € Af).  (3.51)

That is the general solution of (3.45) is given by

(6, 1) = 161 (6, A) + 6o, ) + L6, (x. 2) / Baqt. ) f(qt) dyt

A(A)

4 s6a(x.) / 61(qt. ) f(qt) dyt. (3.52)
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where x € Ay, and ¢y, ¢ are arbitrary constants. Now, we determine ¢y, ¢ for
which ¢ (x, A) satisfies (3.28)—(3.29). It is easy to see that

$(0,1) = 16,0, 1) + (Cz 4 m/ Gl(qt,k)f(qt)d,,t)ez(o, ),
d(xq", 1) —¢(0,4)

xq"

Dq—l ¢(0, /X) = nlgglo

XEAf

= 1D 1610, 2) + (02 + ﬁ /0 61(g1, 1) £ (at) dyt) Dy16(0, ).

The boundary condition a1;1¢(0, A1) + a12D,-1¢(0,A) = 0 implies that

(cz + ﬁfo 6i(qt.A) f(qt) dqt)Wq(el’ 62)(0) = 0.
Therefore,
_q a
C) = m/o t1(qt. 1) f(qt) dqt‘
Hence,
o(x, 1) = c10;(x, A)+m (Gl(x,k)ez(qt,/l)—ez(x,1)91(4171))]((41) dyt.

(3.53)

Now we compute ¢(a,A) and D,—1¢(a, A). Indeed, from the definition of the g-
integration (1.19) and relation (3.52)

¢(a,r) = c16(a, A) + m (91(61’/\)92(6]1,/\) - 92(61,/\)91(6]1,/\))][(61[)%[

¢ la
= ati@d) + 505 [ (6@ R)0a(r. ) — 620, 01 1. 0) £a)

and

—1

D,-1¢(a,A) = D,16i(a, A)(c1 + -1 92(qt,k)f(qt)dqt)

A()L)
q'a
_mD IGZ(a’A)/O 01(q1. 1) f(qt) dyt.

The boundary condition azi$»(a, A) + anD,~1¢a(a,A) = 0 implies

g [0
(o 505 /0 02(g1.2) £(q1) dgt ) Wy (61, 62) (@) = 0.
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Hence
62(gt, A t .
= A(A) h(qt, ) f(qt)dyt
Soforx € Ay
$(x, 1)

= A(A)HZ(X /\)/ O1(qt, A) f(gt) dgt — A(A)el(x )L)/ 0>(qt. X) f(qt) dyt

——=0i1(x. ) 92(t A) f(2) dyt

qx

— L / 011, 0) (1) dyt —

A(A) A(k)

L, / 611, 1) £(1) dyt

A(A) —0(x. 1) / 6a(1. 1) (1) d,t.

A(l)
proving (3.46)—(3.47). Conversely, by direct computations, if ¢(x,A) is given
by (3.46), then it is a solution of (3.45) and satisfies the boundary conditions

Q .28)—(3.29). To prove the uniqueness, suppose that there exists another function,
G(x,t, 1), such that

Ve = [ Bl S0 dye (3.54)
0
is a solution of (3.45) which satisfies (3.28)—(3.29). For convenience, let

Gi(x,1,1),0<t<x,
Gi(x,1,1),0<1t<x, 1(x,4,4) o

tA) =
G(x.1,4) {Gz(x,t,k),x$t$a.

. G(x,1,)) = {

52()6,1,)&), x<t<a.

By subtraction, we obtain
a
/ {G(x,t,A) = G(x,t, M)} f(1)dyt =0 forall x € {ag™; m € No} (3.55)
0

and for all functions f(¢) € L; (0,a). Let us take

F(1) = G(x,t,\) = G(x.t,1) (x =aq": m € Ny).
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Then

/ G(ag™ t,2) — Glag™, 1. 1)|” dyt
0
q”l

=/ |Gy(ag™ 1.2) — Gr(ag”.1. M) dyt
0
+/ \Gz(aq’",t,l)—@(aqm,t,k)iz dyt
aq”'l

00 ~ 2
=a(l=q)) _ q"[G(ag".aq".2) = G(aq".ag". M) =0  (3.56)
n=
Therefore, from (3.56) we conclude that
G(aq™,aq", 1) = a(aq’",aq”,k) (m, n € Np),

and proving the uniqueness. If f(-) is g-regular at zero, then Ay = [0, a] and (3.46)
will be defined for all x € [0, a]. O

Theorem 3.9. Green’s function has the following properties

(i) G(x,t,A) is continuous at the point (0, 0).

(i) G(x,t,A) = G(t,x,A).

(iii) For each fixed t € (0,qal, as a function of x, G(x,t,A) satisfies the q-
difference equation (3.27) in the intervals [0,t), (¢, a] and it also satisfies the
boundary conditions (3.28)—(3.29).

(iv) Let Ay be a zero of A(A). Then Ay can be a simple pole of the function
G(x,t, 1), and in this case

—Yo(X)¥o(r)

G(x.t, A
2~ 1o + G(x.1,}),

G(x,t,A) =
where G (x,1, 1) is analytic function of A in a neighborhood of Ao and o(-) is
a normalized eigenfunction corresponding to Ao.

Proof. (i) Follows from the continuity of (-, 1), 61(-, A) at zero for each fixed
A € C and (ii) is easy to be checked. Now, we prove (iii). Let ¢ € (0, ga] be fixed.
If x € [0, ¢], then

G(x,t,1) = ﬁ@l(x,/\)eg(t,/\).

So,

(G 1. h) = —— Oyt M), (x, A) =

A
A(A) A 02(t,A)01(x, A1) = AG(x,1, Q).
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Similarly if x € [¢, a]. From (3.40) and (3.47), we have

an1G(0,1,1) + 12Dy G(0,1, 1)

Or(t, A
= ZA((/\)) {an@l(o,k) + alqu—lel(O,A)} =0,
anGa,t,A) + an D, - G(a,t, M)
O1(t, A
= IA((/X)) {a2191(a,)k) + angq—lél(a,/\)} =0.

(iv) Let Ao be a pole of G(x, ¢, 1), and R(x,t) be the residue of G(x,, 1) at A = Ay.
From (3.42) and (3.44), we obtain

A—2
— 1i — = ~1 i
ROr1) = lim (= R0)G(x.1.2) = kg 01(x. 20)61 (1. o) lim =

01 (x, A A
1(x, A0)01(2, Ao) = —Yo(x, Ao) Y (2, Ap).

T [T10iw, M) dyu

3.4 Eigenfunctions Expansion Formula

In this section, the existence of a countable sequence of eigenvalues of £ with no
finite limit points will be proved by using the spectral theorem of compact self
adjoint operators in Hilbert spaces, see e.g.[52]. Moreover, it will be proved that
the corresponding eigenfunctions form an orthonormal basis of Lé (0, a). We define
the operator

L9y — L}(0.a)

by
Ly ="Ly forall ye Dy,

where Z ¢ is the subspace of L; (0, a) consisting of those complex valued functions
y that satisfy (3.28)—(3.29) such that D, y(-) is g-regular at zero and D; y(-) lies
in L; (0,a). Thus .Z is the g-difference operator generated by the g-difference
expression £ and the boundary conditions (3.28)—(3.29). By .Z(y) = Ay, we
mean that £(y) = Ay and y satisfies (3.28)—(3.29). The operator .Z has the
same eigenvalues of the basic Sturm-Liouville problem (3.27)—(3.29). We assume
without any loss of generality that A = 0 is not an eigenvalue. Thus ker ¥ = {0}.
From the previous section the solution of the problem

(Ly)x) = f(x) (f € L;(0,a)) (3.57)
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is given uniquely in L;(O, a) by

y(x) = /Ou G(x,t) f(t)dyt, (3.58)
where
c61(t)02(x), 0 <t < x, |
ol = o0 { c01(x)0(t) x <t < a, T _m'
Replacing f(-) by Ay(:) in (3.57). Then the eigenvalue problem
(Zy)(x) = Ay(x), (3.59)

is equivalent to the following basic Fredholm integral equation of the second kind
y(x) = )L/ G(x,t)y(t)dyt forx e {aq™; m e Ny}. (3.60)
0

Theorem 3.10. Let & be the integral operator

4G :L;(0.a) > L;(0.a). (4f)(x)= / G(x, 1) f(t)dyt. (3.61)
0
Then
(LN =1 (f€Ly0.a)), (3.62)
and
Gy =y (e D). (3.63)

Proof. We show first that y = & f € Do From (3.60) and (3.61)
y(x) = (@ f)(x) = 0:2(x) y1(x) + 01 (x) y2(x),
where
yi(x) = c/OX 01(1) f(t) dyt and y(x) = c/: 0x(1) f(t) dyt.
Thus, for all x € A, cf. (3.49),

Dyy(x) = Dyth(x)y1(qx) + Dgb(x)y2(qx),
D2y(x) = —qv(gx)(y)(gx) —qf(qx) € L;(0,a). (3.64)
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Since D, 0;(x, ), yi(x),i = 1,2, are g-regular at zero, then so is D, y(-) and

y(xq") —y(©) _

Dy~1y(0) = Dyy(0) = lim
n—o00 an

xEAf

Dy~16,(0)2(0),

¥1(0) =0, and y»(a) = 0, then
(ally(o) + a12Dq_1y(0)) = (allel(o) + alqu—lel(O))yz(O) =0,

and
any(a) + anD,~1y(a) = (a262(a) + arnD,~16,(a)) y1(a) = 0.

Thus y € Z. It follows from (3.64) that £y = (Z¥Y)(f) = f. Hence we have
established (3.62). Now, we prove (3.63). Indeed, replacing f in (3.62) by £y, we
get Ly = X9 Ly. Thus, y = Y.Ly since .Z is assumed to be injective. O

It follows from (3.62) and (3.63) that ker® = {0} and ¢ is an eigenfunction of
¢ with eigenvalue u if and only if ¢ is an eigenfunction of . with eigenvalue 1/ .

Recall that a bounded linear operator 7 : X — X, X is a Banach Space, is
called compact if for every bounded set S of vectors on X the set 7(S) is relatively
compact. That is {T's : s € S} is compact. An equivalent definition of compact
operators on Hilbert spaces may be given as follows:

Definition 3.4.1. An operator 7" on a Hilbert space H
T:H—H

is said to be compact if it can be written as

N
T = k< firr> &

k=1
where 1| < N < oo, fi,..., fv and gi1,..., gy are (not necessarily complete)
orthonormal sets. Here A1, ..., A, are positive numbers.

Theorem 3.11. The operator ¢4 is compact and self adjoint.

Proof. Let f, h, € L;(O, a). Since G(x,t) is a real valued function defined on
[0,a] x [0,a] and G(x,1) = G(t, x), then for f,h € L7(0.,a),

@) h) = /0 @ 1)) dy = /0 /0 G 1) f(ORCO dyt dyx

_ / f(z)(/“ G(t.x)h(x) dyx) dyt = (.9 (h)).
0 0
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i.e. ¢ is self adjoint. Let

bij(x,1) == ¢i(X)¢; (1) (. j €N)

be an orthonormal basis of L; ((O, a) x (0, a)). Consequently,

= Z G ¢1] ¢z;

Let .
= Z (G.¢ij)pi; (n eN),
ij=1

and let ¥, be the finite rank integral operator defined on Lé (0,a) by

G,(f)(x) == /O G, (x.1) f(t)dyt for x € {0, ag™; m € Ny}.

Obviously ¥, is compact for all n € N. From Cauchy—Schwarz’ inequality

a 1/2
& — <) ()] = (/0 (& =G () dqx)
-(/
a a 1/2 a 1/2
< (/ / (G —G,)(x,1)? dgt dqx) (/ | f(x)]? dqx)
0 0 0

a ) 1/2
[ 6 =G dl dqx)

=[G -Gul2 111
then
|9 -4, <||G—Gull, >0 as n — oo.
This completes the proof. O

Corollary 3.12. (i) The eigenvalues of the operator £ form an infinite sequence
{Ak}re, of real numbers which can be ordered so that

A1) < |Az| <o <Ayl <+ — 00 as n — oo.

(ii) The set of all eigenfunctions of £ form an orthonormal basis for L;(O, a).

Proof. First we prove (i). Since ¢ is a compact self adjoint operator on L2 40.a), the
operator ¢ has an infinite sequence of non zero real eigenvalues {i, }re |, ttn —> 0
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asn — oo. Let {¢, },—, denote an orthonormal set of eigenfunctions corresponding
t0 {{n}pe,. From the spectral theorem of compact self adjoint operators, we have,

G) = Inlf.bu)b
n=1

Since the eigenvalues {1, }—, of the operator . are the reciprocal of those of ¢,
we obtain

|An| =

1
— 00 as n — 0o.
e
Now we prove (ii). Let y € Z¢. Then, y = G(f), for some f € Lé(O, a).
Consequently,

ZZA (fsn) b = Zﬂn Ly, éu) ¢
n=0

o

Z (v, Lpu) ¢n—Z(J’v¢n>¢n-

n=0

If zero is an eigenvalue of .Z. Then, we can choose 7 € R such that r is not an
eigenvalue of .Z. Now, applying the above result on .Z — r/ in place of .Z yields
the corollary. O

Example 3.4.1. Consider the g-Sturm-Liouville boundary value problem
1
— qu—quy(x) = Ay(x), (3.65)

with the g-Dirichlet conditions

Ui(y) = y(0) =0, Ux(y)=y(l)=0. (3.66)

A fundamental set of solutions of (3.65) is

sin(v/Ax; q)

Now, the eigenvalues of problem (3.65) are the zeros of the determinant

sin(v/2: q)
—

$1(x.A) = cos(VAx:q),  da(x.A) = (3.67)

A(A) _ ‘Ul((Pl) U2(¢1) — ¢)2(1,A) —

Ui(¢2) Ua(¢h2)
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Hence, the eigenvalues {1, }:o:l are the zeros of sin(\/x ;q). From (2.86),

—2n
q
Ay =y = = (1+0(¢q") (n€N)
(1—q)
. . - ons § i) | %
for sufficiently large n and the corresponding set of eigenfunctions {T} »

is an orthogonal basis of Lﬁ (0, 1). In the previous notations

sin(v/Ax: q)
A = D
O1(x, 1) 5
and
_sin(x/x;q) _ ~sin(v/Ax; q)
ez(x,/\)_—ﬂ cos(\/ix,q)Jrcos(\/X,q)—ﬁ .

So, if A is not an eigenvalue, Green’s function is given by

G(x,t,A) = Sin(ﬁt;q) (cos(ﬁX?q)L\/f;q) - cos(\/z q)—sin(«/xx;q))’

sin(v/2; ) VA A

forO <t < x,and

Gx.1.1) = sin(v/Ax; q) (cos(ﬁt;q)w —cos(ﬂ;q)w#),

sin(v/A; q) VA N/

for x <t < 1. Since A = 0 is not an eigenvalue, then Green’s function G(x,t) is
nothing but

t(1—x),0<t < x,
x(1—1),x<t< 1.

G(x,t) = G(x,t,0) = {

Hence the boundary value problem (3.65)—(3.66) is equivalent to the basic Fredholm
integral equation

y(x) =21 /01 G(x,t)y(t)dyt.
Example 3.4.2. Consider (3.65) with the g-Neumann boundary conditions
Ui(y) = Dy—1y(0) =0, Ux(y) = Dy—1y(1) =0. (3.68)
In this case 0 (x, 1) = cos(+/Ax;q) and

6>(x, 1) = cos(vVAg™" % q) cos(vAx; q) + ﬂsin(«/xq_l/z;q) sin(vAx: q).
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Since A(L) = /gAsin(v/Ag~"/%;q). Then Ay = 0 and from (2.86) eigenvalue are

given by ot

- q
A =q 'yn = s(1+0(¢") (meN).
(I-9)
Therefore, {1, cos(v/Aux; q)}:il is an orthogonal basis of Lg (0,1). If A is not an
eigenvalue, then the Green’s function G(x, ¢, A) is defined for x, ¢ € [0, 1] %[0, 1] by

. cos(ﬁt; q) ~1)2. ]
G(x,t,A) = — \/q_lsin(ﬁq—l/z;q) (cos(x/xq 1q) cos(«/xx,q)
+ g sin(vVAg™ % q) sin(ﬂx;q)) forO0<t<x
and
G(x,t,A) = — cos(v'Ax:4) (cos(ﬁq‘l/z;q) cos(ﬁt;q)

Vaksin(vAg=%:q)
+ /g sin(vVAg7%: q) sin(ﬁt;q)) forx <t < 1.

The operator . associated with problem (3.65), (3.68) is not invertible since zero
is an eigenvalue.

Example 3.4.3. Consider (3.65) with the following boundary conditions

Ui(y) = y(0) =0, Uz(y) = y(1) + Dy—1y(1) = 0. (3.69)
Then,
AQ) = ¢a(1,1) + Dy-1¢(1, 1) = % + cos(vVAg™ 2 g).

The eigenvalues {1, }—, of this boundary value problem are the solutions of the
equation

sin(v/A; q) B ~1).
—ﬁ = cos(ﬂq 1q)

. . )00
and the corresponding eigenfunctions are {%} v The functions 6 (x, 1)

and 65(x, 1) are I "

sin(v/Ax; q)
—ﬁ )

0>(x. 1) = (cos(vVAg~"*:q) + W) cos(v/Ax: q)

91(x,)k) =

—(= V2gsin(vAg™"%; q) + cos(VA; q))W-
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If A is not an eigenvalue, then the Green’s function G(x, ¢, A) is defined to be

—1
Sill( \% Av 6]) + \/XCOS(«/Iq_l/2; q)

sin(v/At;q)6>(x, 1), 0 <1 < x,
G(x,t,A) =

sin(v/Ax;q)0>(t, 1), x <1 < 1.

and
t2—x),0<t < x,

Gl 1) = {x(2—t)x<t < 1.

Therefore, the boundary value problem (3.65), (3.69) is equivalent to the basic
Fredholm integral equation

1
y(x) =l/0 G(x,t)y(t) dyt.

3.5 g2-Analogue of the Fourier Transform

Koornwinder and Swarttouw introduced a g-analogue of the cosine and sine Fourier
transform in [176] with the functions Cos(z; ¢*) and Sin(z; ¢°) defined by

St — 1k gkk+1) 1— 2k
Cose = 37 LG o)

k=0
=161 (0::4>.¢4°7 (1 —q)°) . 570
Sin(z: %) = 3~ CEDEY G0
P (45 9)2k+1
=z1¢1 (0:¢°: 4% ¢°2(1 — ¢)?).
They first introduced the pair of ¢-transforms
Cos( ,q 2)
(4:4%) '
glg") = 5= Z q* or 1(q").
(4% 4700 T
Sln( = ,q 2)
(3.71)
Cos( = ,q )
i _ (64)oo - .
F@) = e Z q" o g(q").

n=—oo Sin(4 =4 2)
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where 0 < ¢ < 1 and f, g are in the space LZ(Rq). Now assume that W €27
or equivalently

g €{q€(0.1):1—g =g for some integer m} . (3.72)

Then by replacing ¢ and ¢” in (3.71) by ¢* /T —gq and ¢" /T — ¢, respectively,
and then f(¢*/T—¢q) and g(¢"/T—¢q) by f(¢*) and g(g¥), respectively,
Koornwinder and Swarttouw obtained the following g-analogue of the cosine and
sine Fourier transforms

o Cos(tA;q?)
V1
g = ng)/ f@) or dyt,
q 0 Sin(11; ¢?)
A ) (3.73)
0o Cos(xA; q
V1
flx) = %/ S or dgA.
¢ (1/2) Jo Sin(x2; ¢?)

Therefore if we let ¢ — 1~ for such ¢’s that satisfy (3.72) we obtain the cosine and
sine Fourier transforms

gh) = \/Z/OO f(@)cos(Ar)dt, f(t) = \/Z/OO g(X)cos(tr)dAr, (3.74)
T Jo T Jo

gV = \/Z/OO f(@)sin(Ar) dt, f(t) = \/Z/OO gA)sin(tA)dAr.  (3.75)
T Jo T Jo

A key point in Koornwinder and Swarttouw’s investigations is the following
orthogonality relation they proved in [176]:

Theorem 3.13. Let |z| < 1 and n, m are integers. Then

m+k+l),

- k+n(Zz;Q)oo 2 n4k+1 k+m(12§(I)oo 2
=Y FT"=200(0:2%q.q )& 0 (0: 270 g g

(45 9) oo (4:9) oo

k=—00

(3.76)

where the sum converges absolutely and uniformly on compact subsets of the open
unit disc.

There is a relation connects the pairs of the g-cosine and g-sine functions

{Cos(x:¢%). Sin(x:¢*)}. {cos(x:q). sin(x;q)}.

where we introduced {cos(x;gq), sin(x;g)} in Sect.2.8 as a fundamental set of
solutions of the basic Sturm—Liouville problem

1
—5Dq71 Dgy(x) = y(x).
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In fact

1/2

Cos(x:q%) = cos(q'x:q), Sin(x;¢?) = sin(x:q)

Hence,

1 A?y(x), ify(x) = Sin(Ax;q?)
——Dq_quy(x) =
1 22y(x). if y(x) = Cos(Ax:1¢?).

Therefore, the eigenfunctions {Cos(kz; q%). Sin(Az; qz)} have two different eigen-
values. Consequently, as remarked by Koornwinder and Swarttouw in [176] and
illustrated in Examples 3.4.1 and 3.4.2, no g-exponential functions built from the
functions {Cos(x;qz), Sin(x;qz)} or {cos(x;q), sin(x;g)} will satisfy an eigen-
function problem. This motivated Rubin in [265, 266] to introduce the g-difference
operator

@' + f(=q7"2) = f(q2) + f(—q2) —2f(-2)

2(1—¢q)z (z#0). (377

9, f(2) =

It is straightforward to prove that if a function f is differentiable at a point z, then
lim 9, f(z) = f'(2).
qg—1

In addition,
B D, f(z). if f isodd,
84 f(2) = équlf(Z), if f iseven.

The following properties of the d, operator are from [54, 103,266]:

Lemma 3.14. Let f be a function defined on a set A where A satisfies
zeA—>:|:qilz€A,

and let f, and f, be the even and the odd parts of f, respectively. Then for all
z€ A\ {0} we have

L. aqf(Z) = équlfe(Z) + quo(z)'

ii. Fortwo functions f and g,
— If f is even and g is odd then

34 (f2) (2) = q8(2) (94 f)(q2) + f(q2)9,8(2),

— If f and g are even then

3y (f8) (2) = 9,/ (2)g(2) + f(2/q)3,8(2).
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— If f and g are odd then

3y (f8) (x) = = (f(x) (348) (x/q) + B, /) (x/9)g(x/q)).

1
q
— Fora>0,if [* 9, f(x)g(x)dyx exists then

9y f(x) g(x) dyx = 2[ fe(q ™' a)go(a) + fol@)ge(q™ a)]

[ F0p,800dyx.

where g, and g, are the odd and the even parts of the function g, respectively.
- Fora>0 iffoo/a 9y f(x) g(x) dyx exists then

—o0/a

oo/a oo/a

[ aswsda == [ pwonstd

—o0/a —oo/a

Rubin [265] defined a ¢>-analogue of the Fourier transform in the form
f(xiq?) = Z()(x) = K [°5, f(0)e(—itx:q?)dyt,

1 1/2
= % and f c Ll(Rq),
2 (L)

(3.78)

and ¢ satisfies (3.72). Rubin [265,266] proved that the g?-analogue of the Fourier
transform satisfies the properties in the following theorem which we state without
proof.

Theorem 3.15. Let g satisfy the condition (3.72). Then the following properties of
the q*-Fourier transform are satisfied.

(1) If f(u) and uf(u) € L}](Rq), then
0y (741) (x) = Fy(=inef () (x).
(2) If fand 0, f € L}I(Rq), then
40, ) x) = ixZ, ())(). (3.79)

(3) If f € LL(Ry) N L2(Ry), then

f(t)=K /_ - Ty () (x)elitx; q*) dgx, Yt € R,. (3.80)
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3.6 A Reformulation of the ¢2-Fourier Transform

In this section, we reformulate the definition of the ¢?-Fourier transform for any
q € (0,1). The results of this section are based on [207]. Rewrite the transform
pairs in (3.71) as in the following:

k—+n

q" @9 = & CosCiia) g
A=) = Fdm k_Z ¢y o flg=).
=—00 Sin q . 2)
(=4
s (3.81)
k .42 S COS( 1—q q ) n
I C i b D S
«/1 — q (qz,qz)oo n=—00 qk+n «/1 —q ’

where here we assume that the functions f and g are in the space L' (ﬁq) n Lz(ﬁq).
Using Matsuo definition of the g-integration on (0, 00), (1.21) witha = /1 —g¢q,
the transformations in (3.81) can be written as

g(x) = % OOO/mf(t)COS(xt;qz) dgt.

f@) = % OOO/mg(x) Cos(xt;q%) dyx, (3.82)
and

¢(x) = % Ow/m F(0)Sin(x:6) dyt,

f(t) = % Ow/m g(x) Sin(x; ¢*) dyx, (3.83)

where x,t € ﬁq and f, g are in Ll(ﬁq) n Lz(ﬁq). Consequently, we set the
following generalization of Rubin’s definition of the ¢-Fourier transform (3.78).

Definition 3.6.1. Let 0 < ¢ < 1. We define the g*-Fourier transform for any
function f € L'(R,) to be

JTFg [V

ity g2
2r,(1/2) —oo/mf(t)e( itx;q7) dgt.  (3.84)

f(xig?) = Z,(f)x) =

It is clear that Rubin’s definition of the ¢?-Fourier transform when g-satisfies the
condition (3.72) is a special case of (3.6.1) sinceif | —q = qz’” for some m € Z
then
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qm

f(@)d,t =/O f(@)dgt =/O f(@)dgt.

However, we get the classical Fourier transform only when ¢ — 17 and ¢ satisfies
the condition (3.72).
Now, replace g by q2 in (3.76) and set z = g%, o > 0, we obtain

/00/«/@

—a(n+m) (qz;qz)go
(@)%
s oo
o0

— Z qZkal¢1 (O;an;q27q2n+2k+2) 1¢1 (O, an;qz’q2m+2k+2) . (385)

k=—00

q

Theorem 3.16. If f € L'(R,) N L*(R,), then

JTHG [

= 5D _w/ﬁy(f)(x)e(nx(l—q);qz) d,x (1 €R,). (3.86)

f(@

Proof. Since

0o/+/T=q

FON = iy [ S0elite ~ gy
7 —00//T—¢q
JTFg (>

= T 1 A~ ; _ .2
T 4r,(172) _m/m(fe(” + fo(@) e(itx(1 = q);q%) dyt,

where f, and f, are the even and the odd parts of the function f, respectively,
we obtain

1 oo//T—q

F(f)x) = ,M—J/qz) 0 u0) Cos(tx (1 — q): ) dyt
q
JIFq [V

1 .2
20,(1/2) Jo fo(t) Sin(zx (1 — q); ¢°) dyt.

Hence applying (3.82)—(3.83) we obtain
fe() + fo(0)
2

1 0o//T=¢

- am (o) Cosrr(1 = :¢) + folx) Sin(xe(1 = @):q)) dyx
q

_ JTHq [V

- 202(1/2) J ooy yi=g

f) =

Fe(itx(1—q);¢%) dyx.
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Similar to Theorem 3.15 we have the following theorem which we state without
proof.

Theorem 3.17. If 0 < g < 1, then the following properties of the q>-Fourier
transform are satisfied.

(1) If f(u) and uf(u) € LY (R,), then
9 (4 1) (x) = Fy(—iuf ) (x).
(2) If fandd,f € LY(R,), then

Fq(0g ) (x) = ixFy (f)(x). (3.87)

Now we prove the following orthogonality relations for any ¢ € (0, 1).

Theorem 3.18. For0 <gq <1

/ T Sin(o Lz g sin(— L g dy2 ——V(‘iz"“’q—"anm,
0 Vi—g Vi—¢q (¢:9°)5
(3.88)
/OO/ =4 COS( ql‘l Z'qZ)COS( qm 2) — Vv 1 - (q q ooq—n8
0 vI—q vl—q ” (4:97)3
(3.89)
and
[ s e gyt = e e,
Proof. We start with proving (3.88). Since
/OO/ 1= ( q 2 ( q 2 d
Sin z:¢%) Sin z:q7) dyz
0 v1I—y¢q vI—gq !
m+k
= Z 7 1—¢q Sln( ,qz)Sln( :q%)
k=—00
qn+m

=W2q3k1¢1(061 77141047 g% 7). 391
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In (3.85), set @ = 3/2 to obtain

o0
Zq3k1¢l (0;q3;q2,q2+2n+2k)1¢1 (O;q3’q2;q2+2m+2k)
—00
—3(n+m)/2 (97973
(@:q)% "

Combining (3.91) and (3.92) yield (3.88). The proof of (3.89) follows similarly
and the proof of (3.90) follows by combining (3.88) and (3.89). ]

(3.92)

Theorem 3.19. For any g € (0, 1), the set {e(z
orthogonal sets in L; (Rq).

=X g%, n € Z} is a complete

Proof. To prove that {e(i J'(qu; q%), n € Z} is cimplete in Lz (ﬁq), it is equiva-
lent to prove that if there exists a function f € LZ(Rq) such that

(fie(i———=x:¢*)) =0 foralln €Z, (3.93)

Vi—gq

then

ig"
f =0 foralln e Z.
l—gq

From (3.93) we deduce

oo/+/T=q q"
/ fe(t) Cos (mt;qz) dst =0 foralln € Z,
/oo/a/l—q f qn ) 4
(1) Sin( t;q ) t =0 foralln € Z,
0 V1—gq !

where f, and f, are the even and the odd parts of the function f. Then from (3.82)-
(3.83), we obtain

fot) = fo(t) = f(t) =0 forall 7eR,.

Hence, {e(i ﬁ%{x; q%>). ne Z} is a completer orthogonal set in Lz(ﬁq). O

In the following we generalize the definitions of ¢2-Fourier Multiplier and the
q*-Fourier convolution introduced by Rubin in [266] with the restriction (3.72) to
any ¢ € (0, 1). Rubin defined the ¢>-Fourier multiplier operator corresponding to
translation by y to be

e(=ity:q*)(Fq f)(t)elitx;q?) dyt.

(10 = 5f it /.
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whenever the g-integral makes sense and whenever ¢ satisfies the condition (3.72).
If f € L*(R,) and g € L'(R,), Rubin defined the multiplier corresponding to
q*-Fourier convolution of f with g to be

o

(T3 f1(x)g(A) dyA,

(0@ = [
and he finally proved the following convolution formula

fig € (L'NLY) (R) —> Zy(f * &)(x) = Zy(f)(X)F(g)(x).  (3.94)

Now we have the following generalizations:

Definition 3.6.2. Let ¢ € (0,1). We define the g2-Fourier multiplier operator
corresponding to translation by y to be

JTHG [V

202 (1/2) ooy =i e(=ity;q*)(Fy f)(t)elitx: q?) dyt,

(Ty ))(x) =
whenever the g-integral makes sense. If f € Lz(ﬁq) and g € Ll(ﬁq), we define
the multiplier corresponding to Fourier convolution of f with g to be

o0//T=q
(Fro@=[ Mm@

—00/4/1—¢q
Theorem 3.20. Let f and g be two functions in (L' N L?) (R,). Then

F(f % 9)(x) = Zo(H()F()(x) (xeRy). (3.95)

Proof. The proof of (3.95) is completely similar to the proof of (3.94) in [266,
Theorem 8] and is omitted. O



Chapter 4
Riemann-Liouville ¢g-Fractional Calculi

Abstract In this chapter we investigate g-analogues of the classical fractional
calculi. We study the g-Riemann-Liouville fractional integral operator introduced
by Al-Salam (Proc. Am. Math. Soc. 17, 616-621, 1966; Proc. Edinb. Math. Soc.
2(15), 135-140, 1966/1967) and by Agarwal (Proc. Camb. Phil. Soc. 66, 365—
370, 1969). We give rigorous proofs of existence of the fractional g-integral and
q-derivative. Therefore we establish a g-analogue of Abel’s integral equation and
its solutions.

4.1 Classical Fractional Calculi

In this section, we introduce some classical fractional calculi which we will
consider their g-analogues. We also state a set of relations and properties of these
fractional calculi for which we investigate their g-counterparts. First we denote by
/C™la,b], n € N, to the set of functions f which have continuous derivatives
up to order n — 1 on [a,b] with £~V € &/Cla,b], i.e. absolutely continuous
on [a, b]. Functions of 27 C[a, b] can be characterized via the following Taylor’s
formula taken from [175].

Lemma A. The set .</C ™ [a, b] consists of those, and only those, functions f,
which are represented in the form

n—1

1 .
0= Yawte—at o [0 owar

where ¢ € Lj(a,b) and the ¢ ’s are arbitrary constants. Moreover, ¢ (x) = f " (x)

®)(a
ae.,and ¢, = %,k =0,1,...,n—1.
M.H. Annaby and Z.S. Mansour, g-Fractional Calculus and Equations, 107

Lecture Notes in Mathematics 2056, DOI 10.1007/978-3-642-30898-7_4,
© Springer-Verlag Berlin Heidelberg 2012



108 4 Riemann-Liouville g-Fractional Calculi

The first fractional integral operator we define in this section is that of Riemann
and Liouville. It is connected to Abel’s integral equation

ﬁ/:(x -0 'o(t)dt = f(x), x >a, a >0, f€Li(ab), 4.1)

cf. [269, P. 32], see also [213,227,262]. The following theorem, cf. [118,269], solves
Abel’s equation concretely.

Theorem 4.1. The Abel’s integral equation (4.1) with 0 < o < 1 has a unique
solution in Ly(a, b) if and only if the function fi_, defined by

Fioa(r) = / (x =) f(t) di

is absolutely continuous on [a,b] and fi—_y(a) = 0. If these later conditions are
fulfilled, then the unique solution ¢ is given explicitly by

1 d ([ L _d
¢(X) = ma/a (X—t) f(l) dl = dx fl_a(x), a.e. (42)

If f € @/Cla,b], then fi_y € o/CJa,b] and (4.2) becomes

f(a) 1)

F(l—a) x—a)“ (x—s)“

P(x) =

The following Cauchy formulae can be considered as the nth primitive of a function

f € Ll(a, b)

//1/1 fOdrdn.dvi = o 1)'/ (x =0 f(n)dr. (4.3)

Lb[:1...lef(t)dtdx1...dx,,_1 = 1)'/ (t—x)""Lf(t)dt, (4.4)

n € N. Since the right hand sides of (4.3) and (4.4) exist also for non integer values
of n, the Riemann-Liouville fractional integral can be considered as an extension
of (4.3) and (4.4) when we replace n by « € RT and n — 1! by I' (). Indeed, for
a € (0,00) and f € Li(a,b), the fractional Riemann-Liouville integral is defined
to be

19, fx) = ﬁ / =0 f ) d,

C (4.5)
- _ a1
o / (c — 0 £(0) dr,

I f(x):
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x € (a,b) with respect to x = a and x = b, respectively. In some literature,
they are called left-sided and right-sided Riemann—Liouville fractional integrals,
respectively. It is known, see e.g [211,227,235,269], that if f € Li(a,b), then
both of /7, f and I} f exist a.e. and they are L;(a, b)-functions. Moreover, for
f € Li(a,b), we have

dim 1% f(0) = lim L f(0) = f(x) ae. (4.6)

We now pass to the definition of the fractional derivative of arbitrary order. The
existence of the fractional derivative is connected to the solvability of the Abel’s
integral equation (4.1). For f € Lj(a,b), the left and right sided Riemann—
Liouville fractional derivatives of order o, &« € Rt are defined formally by

D, f(x) 1= DF I ) = 4 / -0 dr @)
at T et T I'(k—a)dx* J, ' ‘

and

Df_f(x) = (—l)kD"Ié‘_‘“f(x)

_ ( l)k k—a—1
- s / (t — ) £ (1) d,

(4.8)

x € (a,b), k = [a], respectively, [«] is the smallest integer greater than or equal
to . The fractional derivatives D%, f, Dy f existif f € Li(a,b) and I :;“ f,
1 ff__ “ f are of the class .7 C ®[a, b], see [269]. For example, the Riemann—Liouville
fractional derivatives of x¢, ¢ € R, is given by

T+ 1) X7 (>

DY, x¢ =
a+* I'lc—a+1) -

0). (4.9)

Of course if @ < 0, (4.9) gives the Riemann-Liouville fractional integral value
of x¢.

Now we state some properties of the Riemann-Liouville fractional calculus for
which we derive their g-analogues. We confine ourselves to the case of the left-sided
Riemann-Liouville fractional calculus since we shall study its basic analogue. Let
a, B € RT.If f € Li(a,b), then the semigroup property

I f ) = 1 1Y f () = 15 f (), (4.10)
holds for almost all x € [a, b]. If f(x) satisfies the conditions

feLiab) and I/7°f € 7CPla,b], k =[a],
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then )
Djj_’feLl(a,b), j=0,1,...k,

DI feACD(a,b), j=1,2,... . k—1.

Moreover, for functions satisfying the appropriate mentioned conditions

D7 17 f(x) = f(x), ae.
Dﬁf+lf+f(x) = If:xf(x), ae. if f=a=0,

D3+If+f(x) = Dj:_ﬂf(x), ae. ifa > =0.
In addition,

(x —a)*/

k
18D f(x) = fx) =) Dy me'

j=1
If f € Li(a,b) and D, " P f € &7C™[a,b], n = [B], then the equality

(x —a)*™/

DL 09 = DI 00 = 3 DI S

holds almost everywhere in (a, ) for any o > 0. Moreover, if
O<k—l<a<k a+pf <k and D" f e C™a,b],

then
) , n . ( _ a\ya—j
D DY, f(x) = DIfP f(x) - ; DI f (a+>px(1_a—i_j)v

holds almost everywhere in (a, b). Finally,

I8, DG, f(x) = f(x) and I¢, DL, f(x) = DIT" f(x),

A.11)

(4.12)
(4.13)
(4.14)

(4.15)

(4.16)

4.17)

whenever f € I, (Ly)and f € If+ (L1), respectively, cf. [269]. Here, by 1, (L1)
we denote the set of functions f represented by the left sided fractional integral of
order o (a > 0) of a summable function, i.e. f/ = I, ¢, ¢ € Li(a,b). For proofs

of these and other properties, see e.g. [85,235,269].

The other types of fractional derivatives we discuss here are those of Griinwald—
Letnikov and Caputo. It is known that the nth derivative of a function f defined on

(a, b) is given by
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m 26/ ) (4.18)
h—0

() =1 i

where
M f) = Y (’: ) fe—rh).
r=0

Starting from this formula, Griinwald [120] and Letnikov [180] developed an
approach to fractional differentiation for which the formal definition of the fractional
derivative D% f(x) is the limit

D, f(x) = lim - Z( 1)1< )f(x —jh), a e RT. (4.19)

Griinwald in [120] gave a formal proof while Letnikov in [180] gave a rigorous
proof of the fact that D™ coincides with the Riemann-Liouville fractional integral
operator when o > 0 and f is continuous on [a, b], cf. [178]. The following
theorem gives the conditions on which the Griinwald—Letnikov fractional derivative
is nothing but the Riemann-Liouville fractional derivative.

Theorem 4.2 ([235]). Assume that { € o/C™|a, b]. Then for everya, 0 < a < n,
the Riemann—Liouville fractional derivative D? f(t) exists and coincides with the
Griinwald-Letnikov derivative D% f(@), ie. if

Os<m—-1<as<m<n

then fora <t < b the following holds:

DY, f(t) = D, f(t) = Z f(1>(a+)([ —a)i™

(4.20)

_ ym—l—a r(m)
st [ e

Itis known that in applied problems, we require definitions of fractional problems
which allow the involvement of initial conditions with physical meanings, i.e.
conditions like

fP@Y) =b;, j=12,..k 4.21)

where the b;’s and k € N are given constants. The Riemann-Liouville approach
leads to initial conditions containing the limit values of the Riemann—Liouville
fractional derivatives at the lower end point ¢ = a, for example

lim D fW)=c;. j=12,... .k (4.22)
t—a
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where the ¢;’s and k € N are given constants and « is not an integer. It is
frequently stated that the physical meaning of initial conditions of the form (4.22)
is unclear or even non existent, see e.g. [269, P. 78]. The requirement for physical
interpretation of such initial conditions was most clearly formulated recently by
Diethelm et al. [83]. In [134], Heymans and Podlubny show that initial conditions
of the form (4.22) for Riemann-Liouville fractional differential equations may have
physical meanings, and that the corresponding quantities can be obtained from
measurements. However, the problem of interpretation of initial conditions of the
type (4.22) remains open. In [69, 70], Caputo gave a solution for this problem when
he defined the fractional derivative of order «, ng‘ f(2), by the formula

DLW = s [ w2

—a)

n —1 < a < n,n € N. The Caputo approach leads to initial conditions of the form
(4.21) which are physically accepted. Recently, several initial value problems based
on the Caputo fractional operator have been studied, see e.g. [90,91,233,236]. The
relationship between the Caputo fractional derivative and the Riemann—Liouville
fractional operator is given by

CDIf0) = L fO ).
If the function f'(¢) has n + 1 continuous derivatives in [a, b], then cf. [235],

lim £DF f(1) = f™(1) for 1 € [a.b].

Another advantage of the Caputo fractional derivative is that ¢ D¢ = 0, where
¢ is a constant, while the Riemann—Liouville fractional derivative of a constant ¢ is

c c
DY ¢ = D'["% — D'(x —a)'™ = —a)©,

where n = [a]. Since we will establish a method for using the g-Laplace transform
defined by Hahn in [123] to solve fractional g-difference equations, we state some
results concerning the Laplace transform before closing this section.

Let f € Li(0,b). If 1) f € </ C ™0, b] for any b > 0 such that 1'% f(x)
is of exponential order as x — oo. That is, there exist nonnegative constants K, T’
and py = 0, such that

[ f(x)] < KeP™  (x>T).

Then the Laplace transform of the Riemann-Liouville fractional derivative
D, f(x) exists, cf. [291], and satisfies the following identity
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LW @) = [ DL sy dr

n—1

= p"F(p)—)_ p*De f(07) (n=Tal),

k=0

for all p that satisfies Re(p) > py, cf. [269,291].

Similarly, the Laplace transform of the Caputo derivative ¢ D¥ f(x) exists if
f(x) € &ZC™|0,b] for every b > 0 and f(x) is of exponential order as x — oo.
In this case we can find nonnegative real number p( such that the Laplace transform
of the Caputo derivative satisfies the identity

2E D0 f)(p) = /0 '€ DE £(1) di

n—1
= pF(p)=Y_ p* 1 f®(0).

k=0

for all p satisfying Re p > Re(py). The Laplace transform method is usually used
for solving applied problems. So, it is clear that the Laplace transform of the Caputo
derivative allows utilization of initial values of classical integer-order derivative
with known physical interpretations, while the Laplace transform of the Riemann—
Liouville fractional derivative allows utilization of initial conditions of the form

D* f(t)|i=o = b; (=12,....[a]),

which may form problems without known physical interpretations.

4.2 Recent History of Fractional ¢-Calculus

Over the last decades, fractional calculus became an area of intense research and
developments. There are many surveys for the history of the fractional calculus,
see the survey of Butzer and Westphal [68], the survey of Machado et al. [197]
reported some of the major documents and events in the area of fractional calculus
that took place since 1974 up to 2010. They also introduced a poster [196] illustrates
the major contribution during the period 1966-2010. To the best of our knowledge,
the recent developments in the theory of fractional g-calculus is not well reported.
Therefore, we aim to cover in brief in this section the recent developments in the
theory of fractional g-calculus. A g-analogue of the Riemann—Liouville fractional
integral operator is introduced in [19] by Al-Salam through

xa—l X

Fq(a) 0

1 f(x) = (qt/x:q),_, f(1)dgt. (4.24)
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a & {—1,-2,...}. Al-Salam defined this g-analogue as an extension of the
following g-Cauchy formula who introduced in[18]

X pXp—1 X1
I, f(x) = / / / @) dytdyx, ... dgx,—,
xn—l X

(qt/x:q), , f(1)dgt.

(4.25)

T rm .,

For the convenience of the reader, we shall use the notation [/ f(x) instead of
Iy f(x). This basic analogue of Riemann-Liouville fractional integral is also given
independently by Agarwal, [17], who defined the g-fractional derivative to be

X
Iy (

a—1 X
Dy 1) = 172 ) = 7es [ (at/wia)_ s dye

Using the series representation of the g-integration (1.19), identity (4.24) reduces to

If0) =21 -q)* Y q" %f(xq”). (4.26)
n=0 »4/n

Al-Salam, [19], defined a fractional g-integral operator K by

—La@—1) poo

—a q a—1 1—a
K ¢p(x) = ——— | 1 (x/t:q), ¢(tq ") dqyt,
1 L) J, ( Ja-t ! (4.27)
K2 (x) := ¢(x),
where & # —1,—2, ... as a generalization of the ¢g-Cauchy formula

K, "¢(x) = loo [:ol .../looqb(t) dytdgxi ...dgxn—

X

—5n(n—1) o)

g

= m ; t’l—l (x/t;q)n_l¢(tql—n) dqt,

which he introduced in [18] for a positive integer n. The fractional g-integral
operator K is a g-analogue of Liouville fractional integral, K%, defined by

“ _ L 90 ,
K*¢p(x) = @ /x (-0 dt (x> 0; Re(a) > 0). (4.28)

Al-Salam formally proved the following semigroup identity, cf. [19],

K{K]$(x) = K{ g (x),
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for all o« and B. It is remarked by Ismail, cf. [143, P. 553] that

| sk = [T e rmdy @29

There is a slight error on (4.29) as we shall see in Theorem 5.14. Al-Salam and
Agarwal introduced their g-analogue with only zero as a lower point of the g-
integration. Recently, Rajovi¢ et al. [254, 255] allowed the lower point of the
g-integration in (4.24) to be nonzero and introduced the fractional definition:

Definition 4.2.1. The fractional g-integral is

1% () = / 1/ @amt £(0) dyt.

F()

and the fractional g-derivative is

o — plal ja=Tal
DY, f(x) = DI 1etel ).

Rajvoic¢ et al. [255] proved the following properties

Proposition 4.3. Let o, B € RT. The g-fractional integration has the following
semigroup property

18015 f(x) = I8H f(x).

Proposition 4.4. Fora € RT

Dy A f(x) = f(x).

Al-Salam [19] and Agarwal [17] defined a two parameter g-fractional opera-
tor by
Ty(e)

a # —1,-2,.... This is a q-analogue of the Erdélyi and Sneddon fractional
operator, cf. [93,96],

K¢ (x) := (x/t;q)a_lt_”_1¢(tql_°‘)dqt, (4.30)

K™ (x) = ” (t =)t (1) du. 4.31)

X
(@)

By means of (1.20), (4.30) can be written as

" e o (@ q)k i
KM¢p(x)=(1-q)* Y ¢""——"¢(xqg*").
! kz:% (q: D
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Al-Salam derived formally the following semigroup identity for 7, @ and 8 in RT.
) +a.B — o+p
KUK f(x) = KT f(x).

Al-Salam did not consider the problem of the existence of K ™, Kfy’aqb. In [112],
Galue generalizes the Erdélyi—Kober fractional g-integral operator of arbitrary order
« introduced by Agarwal in [17] as follows

Bx—Fm

Iy(n)

Re(B) > 0, Re(n) > 0, n e C.

17" f(x) =

X
(ar”/xP5q) PV f () dyt,

Then, he investigated various rules of composition for the above-defined operator.
Recently, Purohit and Yadav in [250] introduced two new fractional g-integral
operators by

xBlgnetp)
Iy()

X/ (qt/X;q)a—18" %[2‘?1( P g7:q%q.9)]
0
X f(t)dyt,

RS

(4.32)

q—n<a+ﬁ>—”‘°++”—zﬂ
Iy(a)

/ (xX/t;:q)art P e 5 [2¢>1( “tP g7 4% q.q)]

x f(tqg'™) dyt

K f(x) =

(4.33)

where o« > 0, B is a real number, 7 is a nonnegative real number, and ¢ is the g-
translation operator defined in (1.15). The series representations of the operators in
(4.32) and (4.33) are

I;“ﬂ”’f(x) — x—ﬂq—n(a+ﬂ)(1 —q)"x

n a+p. -1.
Z(:)q,, (q ,(Z);,;()qn 1q)n Z r (g” o ,q)kf(xq )
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and

K;Lﬂ.n - x ﬂq—n(a+ﬂ)—"(”+”—ﬂ(1 —q)*%

n _
2 @ ) (g ) @k ,q)k ek
,;) ! (@ @n Z (q:9) Fog= 7).

It is straightforward to see that Purohit and Yadav integral operators can be regarded
as extensions of Riemann—Liouville, Weyl and Kober fractional g-integral operators
with the following fractional relations

a0 _ ga
I‘I - I‘I ’
K{z{x,O,n — q—oc(a-l-l)/ZKl;y,a’

a—o) o
K¢ K.

Purohit and Yadav derived the fractional g-integration by parts formula:

| AR g dyx = g [ g1 ) dyx. 434
0 0

for « > 0, B is real, and 7 is a nonnegative integer, provided that both of the ¢-
integrals in (4.34) exist. The operators (4.32) and (4.33) are g-extensions of the
operators

—Olﬂ

= T

/(x—t)”‘ LE (a+ﬂ —n;a, 1——)f(z)dt (4.35)

TP f = %/x (x =0 FR (ot + B, —na,l— j—c) S@)dz,

where , I is the Gaussian hypergeometric functions defined by

2Fi(a,bie,x) = Z%%

n=0

4.2.1 The Time Scale Fractional q-Calculus

The time scale fractional calculus was introduced by Hilger and Aulbad in [46, 135]
then developed by Bohner and Petrson in [59-61]. It merges the theory of difference
equations and the theory of differential equations into one theory. A time scale
means a closed subset of the real line. A merger of the Riemann—Liouville fractional
g-calculus and Riemann—Liouville fractional g-calculus on time scale was initiated
in the paper of Atici and Eloe in [44, 2007]. They use the time scale calculus
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notations to develop Hahn g-Laplace transform operator, 4, Ly, on the time scale
T :={q" : n € No} U {0} and define a fractional g-difference equation on T and
finally apply the g-transform method to find solutions. A development for the
Caputo fractional g-derivative in the time scale fractional calculus can be found
in [2].

4.3 q-Abel Integral Equation

In this section, we define a g-analogue of Abel’s integral equation. So we need the
g-analogues of the classical classes L (a, b) and <7 C[a, b] introduced in Sect. 1.2.
In Sect. 2.2, we introduced a g-analogue of the class of integrable functions. Now,
we introduce a g-analogue of &7 C [0, a] and we denote it by .7 C,[0, a].

Definition 4.3.1. A function f defined on [0, @] is called g-absolutely continuous
if f is g-regular at zero, and there exists K > 0 such that

D O1fg?) = ftgtH| < K forall 1 € (ga.al. (4.36)
j=0

If (4.36) holds then it can be extended throughout (0, a]. To see this, it suffices
to investigate the case when x € (0,a]. Indeed, if x € (0,a] then there exists
t € (qa,a] and k € N such that x = ¢g*. Then

o0

2| r6ah) = feegh] = 30| tg) = fag’ )
j=0

j=k
<Y |fq?) = flg'™)| < 0.
j=0

We shall use &7 C, [0, a] to denote the class of g-absolutely continuous functions on
[0, a].

Theorem 4.5. Let [ be a function defined on [0,a]. Then, the function
f e Cyl0,al if and only if there exists a constant ¢ and a function ¢ in .,S”ql [0,a]
such that

fedCl0,a] <= f(x) =c+ /quﬁ(u) dqu  forall x € [0,al. (4.37)

Moreover, the constant ¢ and the function ¢ are uniquely determined via ¢ = f(0)
and

¢(x) =D, f(x) forall x € (0,a].
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Proof. Assume that [ € o/ C,4[0, a]. Consequently, from the fundamental theorem
of g-calculus, Theorem 1.10, we obtain

£() = £(0) + /0 D, f()dyt. x € [0.a]

proving necessity. Assume that f is given by (4.37) for ¢ € fql [0, a]. Then for
x € [0, a], we have

lim f(xq") = lim (c +x(1 —q)Zq%(qu)) =c.

k=n
Therefore, the function f is g-regular at zero. Applying Theorem 1.10 again, we

obtain D, f(x) = ¢(x), x € (0,a]. Hence, D, f(x) € fql [0, a]. This directly leads
to (4.36), proving sufficiency. The uniqueness of ¢ and ¢ holds by construction. O

Definition 4.3.2. Let <7 C;") [0,a], n € N, be the space of all functions f defined
on [0,a] such that f, D, f, ..., D}~" f are g-regular at zero and D}~' f(x) €
o/ Cy[0, a].

When n = 1, we simply write .7 C,[0, a] for Q/Cq(l)[o, al.

Theorem 4.6. A function f : [0,a] — C lies in JZ/Cq(n)[O, a) if and only if there
exists a function ¢ € qu [0, a] such that

X" 1 X
f(x) = chx + s (qt/x:q), (1) d,t, (4.38)
where kf( )
Dq 0
xG(O,a], nGN, Ckzm,

and ¢(x) = Dy f(x) for all x # 0.

Proof. First, we prove sufficiency. Assume that f has the form (4.38). Then, the
q-derivative of order j for x # 0 is

n—1
S =) al—¢HU =g (=g 7TH—g) X
k=j
X" j—1
o [ @0
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where j = 0,1,...,n — 1. We can prove by induction that
D] f(0) = ¢, 9, (j=01,....n—1).
(1-q)
Since
qu o0
/0 @/50" Dy 0 dyt | = |3 2g™ (1= 9) (@™ a1 (™)
r=0

<> xq" (1= q)lp(xq")|

r=m

and ¢ € .qu [0, a], then

lim D] f(xq"™) = ]((q q); =D)f0) (j=0.1....n—1).

Hence, the functions D; f,j=0,1,...,n—1, are g-regular at zero. Clearly,
DI f(x) = ¢p(x) € £/[0.4],

proving sufficiency. As for necessity, we use mathematical induction. The case
n =1 is proved in Theorem 4.5. Now, assume that (4.38) holds at n = m. Let
f(x) € .;szq(mH)[O,a]. That is, f...., Dy’ f are g-regular at zero and D}’ /' €
2/ C4[0,a]. Hence, D, [ € &/ Cq(m) [0, a]. Then, from the induction hypothesis we

have
m—1 ml X

D, f(x) = Zc,x +r(m)

(qt/x:q), ¢t dst. (439
where x € (0,a],

 DJD,f©) Dy f(0)
TGy LG+

and ¢(x) = D f(x)

for all x # 0. Now, replacing x by ¢ and ¢ with « in (4.39); integrating from O to x
and applying Lemma 1.20 yield

m k
=3 DO

m+1
k=0 Fq(k"‘f'l) F(m—}—l)/ qt/x CI Dq f(t)dqt,

which completes the proof. O
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As in the case of the Riemann—Liouville fractional derivative, the existence of the
fractional ¢g-Riemann-Liouville derivative holds only for a more restrictive class of
functions. For this reason, we study a g-analogue of Abel’s integral equation.

Theorem 4.7. The q-Abel integral equation

xa—l X

Fq(a)

(q1/x:q)a—1 ¢ () dyt = f(x) (0O<a <1, x€(0,a]) (4.40)

has a unique solution ¢ (x) € fql [0, a] if and only if
1,7 f(x) € #Cy[0.a] and 1,7 f(0) = 0. (4.41)
Moreover, the unique solution ¢ (x) is given by

d(x) = Dq,xlql_af(x)- (4.42)

Proof. First of all, we prove that the g-Abel integral equation cannot have more
than one .qu [0, a]-solution. Assume that (4.40) has a solution ¢ € .qu [0, a]. Hence,
replacing x with ¢ and ¢ with u in (4.40), multiplying both sides of the equation by
x™¢ (qt /x; q)_a, and then integrating from O to x, we obtain

X ¢ x . ta—l . ) )
Fq(a)/o (‘”/x’q)—afo’ (qu/1:q),_,9 () dyudyt

— X /0 (qt/x:9)_, f () dyt.

But from (1.66),

Ii;(a) /0 (qt/x;‘I)_a/ 1 Nqu/t:q),  ¢w)dyudyt

. —a, a)
= F(a) / d(t)dgt.

Consequently,
Lip(x) = 1,7 f(x). (4.43)

Therefore, any 92”,11 [0, a]-solution of (4.40) must satisfy the relation (4.43). Suppose

that ¢ and v are two 92”(11 [0, a]-solutions of (4.40). From relation (4.43) and the
linearity of g-integration, we obtain

I, (¢ —¥)(x) = /0 (@) =y () dst =0 forall x € (0,qa].
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Hence, from the fundamental theorem of g-calculus, Theorem 1.10, we obtain
¢ = ¥ on (0,a]. That is, we have at most one solution in .,?j{l [0,a]. Now we
prove necessity. Assume that (4.40) has a solution ¢ € .,2{11 [0, a]. Then, ¢ satisfies
(4.43). Applying D, = D, \ to (4.43), we obtain (4.42). By Theorem 4.5 and (4.42),
Iql_“f € @/ Cy[0,a] and Iql_“f(O) =0.

Conversely, assume that f satisfies (4.41) and ¢(x) := Dy ./ ql_“ f(x). Then

¢ € 92”,11 (0, a). We prove that ¢ is a solution of (4.40). Indeed, let g be the function
defined by

xoc—l x

Iy(@) Jo

glx) = (qt/x:q),_ @) dyt forall x € (0.al. (4.44)

It suffices to show that g(x) = f(x), x € (0, a]. From the necessity part, ¢ should
have the form (4.42) with g instead of f. Thus,

P(x) = Dy I} f(x) = Dy I} g(x)

R [ @rxia)_ g dn

for all x € (0, a]. The linearity of the g-integration implies
Dyx(I,7(f —¢)(x)) =0 forall x € (0,al. (4.45)
Therefore, the function
c(x):=1,7%(f —g)(x) forall x € (0,a], (4.46)

is a g-periodic function, i.e. ¢(x) = c(gx). The function Iql_”‘g(x) € 4/ Cy[0, al
because it satisfies (4.43) with g(x) on the right hand side. Moreover, 1 ql ~g(0) =0.
Thus,

1,7(f — 8)(x) € FC,[0,a].

Accordingly, Iql_”‘(f — g) is g-regular at zero with Iql_“ (f — g)(O) = 0.
Consequently, c¢(x) = 0. That is,

x_a X
m/() (qt/x,q)_a(f(t) —g(1))dyt =0 forall x € (0,a].

The previous equation is in the form (4.40). By the uniqueness of its solutions, we
obtain f(x) = g(x), forall x € (0,4q]. O

Notice that in the previous proof, we have used the fact that the only g-regular
q-periodic functions are the constants. Indeed, if ¢ has these two properties, then

c(x) =c(gx) =...c(¢"x) — c(0) asn —> oo.
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We would like to mention also that another proof of sufficiency could be derived by
direct computations using a technique similar to that applied in proving necessity.
The following two examples confirm the validity of the theorem.

Example 4.3.1. Consider the g-Abel integral equation

a—1 X

al (q1/x: a1 d(dyt =x (O <a<1 xe(.a)). (447)
0

Fq(a)

An easy computation gives that

x2—o¢

1—a _
Iy f@%‘ga—m'

Then, Iql_“f(O) = 0 and Iql_“f(x) € @/ Cy[0,a]. Consequently, (4.47) has a

unique solution given by
l—a

x
ry,2—aw)

Substitute with ¢(¢) on the left hand side of (4.47) and make the substitution
t/x = u, we obtain

P(x) =

xa—l X . B .
Fq(a)/o (qt/x,Q)a—l¢(t)dqt = W/ (qt/x q)a 1t dt

qu; q) e— w'*d dyu

rmwa m/(

= —Fq(a)rq(z ) q(C{ 2— (X) = X.

Example 4.3.2. Let N € Ny. Consider the g-Abel integral equation

X —1 X
a /0 (41/%: Qo $ (1) dyt = (x: ) (4.48)

0<a<l1, and x € (0,qa].

Since
N TNT .. .
10 = gy = Y07 | ] g,
=0 J g
then

qj(j—l)/2

jHl—a
LN —j+1)I,(—a+2)

N
L7 f(x) = Ty(N + 1)) (1)
=0
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Hence, 17 £(0) = 0 and it is a g-absolutely continuous function. Therefore, (4.48)
has a unique solution give by

qj(j—l)/Z
X
IN—j+ DI, —a+1)

j—a

N
$(x) =Ty(N+1)) (-1)
j=0

Substituting with ¢ (¢) into the left hand side of (4.48), we obtain

xa—l

Iy()

/O (q1/x:q)a—1 ¢(1) dyt

- XN:( ) U0/
= -1 - -
I = I,N—j+DI,(j—a+1)

/0 (@)% Dt dyt

LN+ D K q’V7"/2 :

" Thw &V Tworenngoarn @l TerD
J N

=> (-1 [j } /U2 = f(x).
j=0 q

As in Theorem 4.1, the solution ¢ of g-Abel’s equation (4.40) should be the
fractional ¢g-derivative of order « of f. Starting from this observation, we define the
basic fractional derivative as follows:

Definition 4.3.3. Let f be a function defined on [0, a]. For @ > 0 the fractional
q-derivative of order « is defined to be

DY f(x):=¢(x) =DiIy ™ f(x) (k=Ta]), (4.49)
provided that
f(x) € Z/[0.a] and I;7*f(x) € #CM[0.al. (4.50)
For example,
o« - I3B)  poe .
DixPT! = mxﬁ "' (B>0; « €R). 4.51)

Theorem 4.7 guarantees that Dy f(x) € 92”,11 [0, a], provided (4.50) is fulfilled.
The following lemma gives the relationship between the fractional g-derivative
of order « and Iq_"‘, a > 0.



4.4 Some Properties of g-Riemann—Liouville Fractional Integral Operator 125

Lemma4.8. Let f € .,S”ql [0,a] and ¢ > 0, k = [«], be such that I;‘_o‘f €
7 CP0,a). Then

—ozl X

DyI) =1 W) = s |

(qt/x:q)_,_, f(t)dyt for x € (0.al.
Proof. From (4.49), we have

Dg f(x) = Dy~ f(x)

Xkt x (4.52)
= D} (m i (qt/x;q)k_a_lf(t)dqt).
Set ke
h(t, x) = m(qf/x:@k_a_lf(f)-
Hence,
h(xq".xq¢’) =0 (r=0,1,....j—1; j=12,...k).
Applying Lemma 1.12 to (4.52), we obtain
x yk—a—1
Dy = [ D gy @/ a) o F O
e -
e (qt/x:q)_,_, f(©)dgt = 1. f(x)
O

4.4 Some Properties of ¢g-Riemann-Liouville Fractional
Integral Operator

In this section, we derive basic properties of the Riemann—Liouville fractional g-
integral operator in certain function spaces.

Lemma4.9. Leta € RY and f : (0,a] — C be a function. If f € ,Z{l [0, a] then
17 f € .,S”ql [0, a] and
‘ T, ( +1)

Proof. Let f be a function defined on (0, @] such that f € .qu [0, a]. Then from
(4.24) we get for x € (ga, al

117 = 1 (4.53)
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/Oxu;‘f(r)qu— F(a)/ ot

/0 (qu/t:4),_, fu) dyu

< r(a) /0~ t”‘-l/o (qu/t;q)a—1|f(“)|dqudq[

q
— x05+1(1_q)2 — na > n+m m+1 n+m
=T L & mZOq q), i1 f(xg"+™)]

(4.54)

oa+1 1_ 2 00 00

:% qnazq kn+1 a 1|f(xq )|
q =0

_MZ | f(x )|Z(1 )na(k,,_H )
) et L0 =0 9.

But from (1.61) we obtain

k
Y (=" (@ "), = By(La) ("),

n=0

Since (¢**':¢)e < 1 forall k € Ny, then

/0 12 £(1)] dyt < By(1,a)x" qu(l — ) f(xg")]

= B [ 170l (459
< Farn
Hence I/ f € ipql [0, a] and (4.53) is proved. O

We shall also need the following lemma:
Lemma 4.10. Letry e R, y < 1, andlet g € C,[0,a]. Then
(1) 13g € Cy[0,a] and

o Fq(l_)/)

1] <a’———— |zl -
c, Il4+a-vy) G

| ee

(2) If we additionally assume that y < a, then 15'g € C[0, a],

(4.56)
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Proof. To prove that I7g € C,[0,a], it is equivalent to prove x”[*g € C[0,a].
Since x¥ g(x) € C[0, a], there exits M > 0 such that

M = max [x"g(x)|.
0<x=<a

Hence,

M

‘x”f?g(x)‘ @

ot [ b

M x
=yq()/<q5q>a wds—F()B(al ).

Hence lim,—,ox?I/g(x) = 0 and we can assume the continuity of the function
x"17g atzero by assuming that its value at zero is zero. Now we prove the continuity
of the function x” /g (x) at any xo # 0. Since x”g(x) € C[0,a], it is uniformly
continuous on [0, a]. Hence, Ve > 0 there exists § > 0 such that for all x, y € [0, a]

Ix =yl <8 — |x"g(x) —y'g(y)| <e.
Assume that |x — xo| < § and we may assume that xo — § > 0. Consequently,
0 7é (XO _87x0 +8)'
Now
k k
X —xo| <8 — |xq" —x0q"| <8
— |x(d")" g(xq") — (x0q*)7 g(x0q")| < e,

for all k& € Ny. Consequently,

) k(1—y) () ey « Ky . (qa+1 7 oo
SR R gy g (g — (g Y g (eog)| < L
=0 (q: 9k @7 2o

That is,

‘ T g (x) g(xo) a_H 7 q)oo
X g(x —x} I“ X0 ‘ —’e
’ (@7 @)oo

Hence, x”™*Ig(x) € C[0,a]. Consequently,
X' g(x) = x*x""17g(x) € C[0,qa].

Thatis, I;g € C,[0,qa].
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Now we prove Inequality (4.56). Indeed,

|-

I”‘gH = max
Cy 0<x=<a

x”lq”‘g(x)‘
xy+a 1

Iy(@)

O<x<u

[ s dye
y+oc 1

Iy(a)

IA

(4.57)

/ @t/ Dart™ dyt].
0

Igle, max

Since 0 < y < 1, the g-integration on the most right side of (4.57) converges.
Moreover, it can be calculated by making the substitution ¢ = x£. This gives

X 1
[ @trxiarune din =5 [N g =B @1 ).
0 0
(4.58)
Substituting (4.58) into (4.57), we get the required inequality. The proof of (2)
follows by using (1) and noting that

I7g(x) =x*"7"1]g(x) forall x € [0,a],

and the product of continuous functions is continuous. O
Lemma 4.11. Leta >0,y < land g € C,[0,a]. Then

(i) If y <o, thenlim,_o+17g(x) = 0.

(ii) If o =y, then

lim x"g(x) =c¢ ifandonlyif lim IJg(x)=cly(1—a). (4.59)
x—>0+ x—0t

Proof. Since

x¥Y

/(qr/x Dot (1) = &) dyt + ¢ By 1~ 7)

I7g(x) = @

F()

and

1=
an Y max |t7g(1) —c|,
I}(a) 0<r=<x

/ (1) st~ (7 g(1) — ) dyt| <

1}(“)

we obtain from the continuity of the function ¢” g at zero that

VL0+F( )/ (qt/x;q@)a—1t"7 (f(t) = £(0)) dyt = 0.
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Hence

x*r 0 y <a
hm I“ xX)=c¢ hrn —B,(a,1—y) = ’ ’
lim, I7g(x) s Ty Dot D=1er(-a)y =

Now we prove the sufficient condition in (4.59). Therefore, we assume that

xglg)lJr I7g(x) =dI;(1 —a),

where d is a constant. Since I (1 — o) can be represented as

> (1—a)k (g% 9k
(1=q)" ) q" ™" ———,
];) (q: 9k

then

q*: 9

. ((xg")“g(xq*) — d). (4.60)

o0
Ig(x)—cTy(1—a) = (1—¢)" quu_a)
k=0

Since lim,_, o+ x*g(x) = c. Let € > 0. Then there exists § > 0 such that
|(x¢")g(x¢") —d| <M forall x e (-5,5).
Consequently,

k(1—a) (4% D
(RO

(1—¢g)

(0" g () —d| < Cq*7, €= M,
(4% @)oo

Hence, the series on the right hand side of (4.60) is uniformly convergent to zero
on (—§,8), and we can calculate the limit as x — 01 on (4.60) term by term. This
gives c —d = 0. That is, d = ¢, completing the proof of (ii) and the lemma. O

In the following two lemmas, we study the limits lim,_ ;- /, f(x) and hm+
oa—>0
15 f(x).

Lemma 4.12. Let « > 0 and f be a function defined on [0,a], a > 0. If f is
Riemann integrable on [0, x], then

linll_ 17 f(x) =1°f(x) (x€(0,a]; «>0).
q—
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Proof. Let x € (0, a] be fixed. From (1.59) and (1.12), we obtain for0 < ¢ < x

: a—1 . — 1; a—1 (qt/X;q)oo
ql_l)nll_ X (qt/'x’ q)a—l - q1_1>nll— x (qott/x; q)oo

¢ a—1
= xo! (1 — —) =(x—1)*"!
X

uniformly for 0 < ¢ < x. Hence, given € > 0 there exists § > 0 such that for all
t e {qu, k € N}, we have

|x* (gt /x:q),_ — (x —1)*7"| <€/2

whenever 0 < 1 — ¢ < §. That is,

10 = s [ =0 o) < 525 ol
Since
10 - 17w < 120 - s [ =0 0 d
2@ Jy
i [ a0 0 de = s
then the lemma follows if f is Riemann integrable on [0, x]. 0

Lemma 4.13. Letv > O andlet f € H,(0,a]. Then fora > 0

o

I8 f(x) = ———f(0) + F(x).

Iy(a+1)
where
F(x) — 0(xa+V)'
Proof.
I f(x) = F(a)/ (q1/%:Q)amr (1) dyt

o

e +1)f()+r()

/ @1/ s (£ (1) — F(0)) dyt.
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Set

Py i= s [ @m0 - ron
Since f € H,[0, a], there exists ¢ > 0 such that

| f(t) — f(0)] < ct’ forall t €]0,al.

Therefore,
r,(v+1)
F(x t/x;q)a—1t" d t=cx +Vq—,
R Y e
proving the lemma. O

Lemma 4.14. Let f € .£[0,a]. Then

lim 77 f(x) = f(x) forall x € (0,qa].
a—0t

Proof. Let x € (0, a] be fixed. From (4.26), we have

o . o 2 @D
Jim 17 f(x) = lim x*(1—q) Z% G T @D

Since
(q S q)n

(q:@)n

from Weierstrass M-test, the series in (4.61) is uniformly convergent for o € (0, 1).
Thus,

———1f(xq") < q"|f(xq")]  (neNo, ae(0.1]),

lim Zq D f(xg) = 0,

a—0+

Hence,

f(xq")

o0
o — o - ¢ "
Jm Ig ) = lim x*(1—q) "1—1’%1+nz=;)q (@:q)n

S ().

From now on, we use the notation / qo f(x) = f(x).
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4.5 g-Riemann-Liouville Fractional Calculus

In this section, we investigate the main properties of the Riemann-Liouville
fractional ¢g-integral and g-derivative. The property

IP15 () = [J1] f(x) = I P f(x) - (e p=0) (4.62)
is a g-analogue of the semigroup property (4.10). It is established by Agarwal
in [17]. For the convenience of the reader, we prove (4.62) in the following lemma.
Lemma 4.15. If f € qu [0, a] then the semi group property (4.62) holds.

Proof. Using (4.26) we obtain

18I0 f () = x TP (1 — )t Y gh0+h ((qq-;;))kk S g (E]q qq))m 7).

m=0

Making the substitution n = k + m we obtain

1P f(x) = xT(1 —q)”ﬁZq"“*ﬁ)—((qq_;;)): > oq" "((qq qq))"_k f(xq").
5 ek n—k

(4.63)
Since f € 92”,11 [0, a], the double series (4.63) is absolutely convergent. Then, we can
interchange the order of summations to obtain

0 ~ 5 @Dk (4P )k
11" =P A=) " q" f(xq" v '
¢ Ug f() =271 —q) ;q flxq )kgq @D @Dk

It is straight forward to see that

(qﬂ;Q)n—k _ () q(l_ﬁ)k.
@ Dn—r (@7 Fiq)k

Consequently,

B +8 +8 = (qP:q)n _ —n—B
L) f(x) = x TP = )Py g" f(xq™) G "4 " q.q).

n=0 »4/n
(4.64)
Applying (1.11) we obtain
—n o —n— (ql—n—ﬂ O[’q)n no (qa+ﬂ,61)n
201(¢7".q%q" " P1q.q) = = (4.65)

— 5 4 - T 7. N
(@' q)n @)
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Substituting (4.65) into (4.64), we obtain the series representation of 7, +h f(x) and
(4.62) follows. O

Similar to property (4.12), we have the following:
Lemma 4.16. If f € [0, a] then
DyIf f(x) = f(x) (a>0:x€(0.a]). (4.66)

Proof. It is obvious that if « = n, n € N, then DgI7 f(x) = f(x). For a non
integer and positive o, n — 1 < o < n, n € N, we apply the semi group identity
(4.62), to obtain

D,‘;‘I;‘f(x) = D;’I;_“I;‘f(x)
=Dyl f(x) = f(x),
for all x € (0,a]. O
The converse of (4.66), which is a g-analogue of (4.15), is the following:
Lemma 4.17. Leta € R* andn := [a]. If
feZ0.d] suchthat 1]7°f € &/C/"[0,d],

then

o o _ _ ¢ a—j + xa—j
I8D2 f(x) = f(x) ;Dq 7 £ )—Fq(a_j T © (0.a].  (4.67)

Proof. Set
h(t,x) :=x%(qt/x;q)y Dy f(t), x€(0,a], 0<i<ux.
Hence, hi(x,gx) = 0 for all x € (0, a]. Accordingly, applying Lemma 1.12 yields

xa—l X

19Dy f(x) = r@ (qt/x:q),_, D f(t) dyt

xa X o
= Dq,x (m/(; (qt/x,q)aDq f(t) dqt) (468)

xa g nyrn—o
:Dq’x (m/(; (ql/x,q)aDqu f(l)dql)
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Now, applying the g-integration by parts (1.28) n times on the last g-integral of
(4.68), we obtain

Fq(“;—:l) Iy (qt/x'q) DY f (1) dyt

Xx¢ —+1 xe—n n—o
=—2j=D f(0+)r @ jj++2) + Fq(a PER) Jo (at/x:q),_ WA S0 dyt
x® 1
= _Z] 1 f(0+)p(a jj+2) + I; n_HI; ozf(x).
(4.69)
Applying the semigroup identity (4.62) on (4.69) yields
t ), D5 f(t)dyt =
o | e, pirod,
" . (ol (4.70)
I, f(x)— DY f0T) —mF—.
/(%) ; O Ty

Computing the g-derivative of both sides of (4.70) for x € (0, a] and combining the
result with (4.68) we end with (4.67). O

From (4.67), the equality
15D f(x) = f(x) forall x €(0,q]
holds if and only if
DI fO0T) =0 (j=12.....n).
In the following four lemmas, we discuss the results of combining g-fractional
integral and derivative of not necessarily equal orders. These results are g-analogues

of relations (4.13), (4.14), (4.16), (4.17), and (4.11).

Lemma 4.18. If f € £/(0,a] then
DUIff(x) =1/~ f(x) (B=a=0:xe(0.a]. 4.71)
If in addition Dy —# f(x) exists in (0, a] then
DU f(x) =Dy P f(x) (a>p=0). 4.72)
Proof. First, assume that 8 = «. Then, f = « + (8 — «) and from (4.62) we obtain

D1P f(x) = DYISI) ™ f(x) = 1) f(x).
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Now let 8 < o, m := [a] and n := [o« — B]. Then n < m. Using (4.49) and (4.62),
we get
B - —arp - —n pn—a+p
DyI) f(x) = D117 f(x) = Dy' 1" 177 f(x)
=Dy}~ f(x) = DI f(x).

O

Lemma 4.19. Let [ € 9211 [0, a] such that I;_ﬂf € szCq(n)[O, al, where g > 0
andn := [B]. Then for any x = 0

xe—J
14DF f(x) = —“+ﬂf(x)—ZDﬂ T £(0 +)m for x € (0,a).
j=1

(4.73)

Proof. Since e ( 5 has zeros at the negative integers, identity (4.73) holds for any

B > 0 when o = 0. Therefore, we assume that ¢ > 0. We distinguish between two
cases. First, if « = § then from (4.62) and (4.67) we obtain

1908 f(v) = 17 (110 f(v)

n

—-J
— jo—B _ B=i £(o0+
L\ f@) ,ZlD SO % (ﬂ .y
T B foty_ X
= 1277 f(x) ZD TFON)~ YOI

j=1
forall x € (0,a]. If B > « then from (4.71) and (4.67), we get

12DF f(x) = DI~ (1 D £(x))

n

— pnb—« _ B=i fot
Dy~ | £ ,-ZlD FOH) = (ﬂ )

x4«

— DB« p= + I
=Dy f(x) - ZD O Ty

j=

for all x € (0, al. O
Lemma 4.20. Let § > 0 and n := [B]. Assume that

feZ0.a] and 1)7F f(x) € #C{"[0.a].
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Then
—a—j

DeDP DytP DETfFO0T) —————
§ DS () = DI f(x) = ]ZI /0 )F( v

forall x € (0, a], provided that DZH} f(x) exists for any a > 0.
Proof. Let x € (0,a]. From (4.67) and (4.72), we conclude that

B — +B18 b
Dy Dy f(x) = Dy""1; Dy f(x)

n .

= D(t;ﬂ‘i f(x)_ZDﬁ 70 +)m
j=1

= Dy f) = Y. DI F0%) 7

ot (a j+1

O

Remark 4.5.1. Similar to (4.20), if o, p > 0, 1= € &/C{?[0.a] and D™ f(x)
exists, where k := [o/] then

k —B—i
B no _ B+a _ oa—i +
DYDY f(x) = DI f(x) ;D f( )—F( T
forall x € (0,a]. If
DI fO0Y)y=0 (j=12.....n)

and '
DT fO0T)=0 (j=12.....k),

then we have the simplified relation
anB — nBpe — natp
DyDy; = D,D; = D;™".
Lemma 4.21. Let f be such that
feZ/0.a) and I;7f e 7CH[0.al, (4.74)
where o > 0 and k := [a]. Then

DI f(x) € Z/[0.a] (j=0.1.2,....k—1). (4.75)
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Moreover, ' A
DI f(x) e #CP0.a] (j=1.2.....k—1). (4.76)

Proof. The proof of (4.75) follows immediately from (4.74) and Lemma 4.9. As for
(4.76), we apply Lemma 4.18 to obtain

Dy fx) = Dy T f(x)
=D\ Iy f(x) e #CY[0,a] for j=1.2,... k-1

O

Similar to property (4.20), we have the following representation of the g-fractional
derivative.

Lemma 4.22. Leta > 0,k := [a]. If f € /CX[0.a] then

k—1 j
N _ Dé f(0+) iy xk—a—l x . ‘
Dy f(x) = ;0 et it T hE—w fy @ Dean PO dyt,
4.77)
forall x € (0,a]. Furthermore, Dy f(0%) = 0ifand only if
DJf(0T)=0 (j=0.1,....k—1).
Proof. Since f € of Cq(k) [0, @], then from Theorem 4.6 we obtain
DJ f(0+) xk=1 X .
= t/x; D t)d,t
f(x) = Z G an” T Em ), @i d,
for all x € (0, a]. Consequently,
D] f(0)
f(x) = Z fo + 1yD} f(x) forall x € (0.a]. (4.78)

= I,(j+1
Applying the operator Dy’ to both sides of (4.78) and using (4.71) yield
k—1

D) f(ot)
Dy 1) = 3 e L8 4 Dt Dl
j=0"1

(0 ) j—a —a
ZF(J—aH) 1D ()
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k—1

D] f(0+) ) yh—a—1 x
T t/x; D f(1)dyt,
ZF(]—O{+1)X +Fq(k—a)/0 (q /x q)k—a—l qf() q
which is (4.77). The rest of the proof arises from (4.77). |

4.6 A Complex Variable Approach for Riemann-Liouville
Fractional ¢g-Derivative

In this section, we represent Jackson g-derivative of order n and Riemann—Liouville
fractional g-derivative of order « in terms of complex integration. The complex
approach for Jackson g-derivative is already known. See for example [148, 149].

Theorem 4.23. Let I' be a simple closed positively oriented contour such that the
zero point lies inside I'. If () is analytic in some simply connected domain D
containing I and z is any nonzero point lies inside I" then

D fg = e D f® g, 479)

i Jr §-2)E—q2)...(E—q"2)

Proof. Since 0, z lie inside I, the set of points {zqk, k e NO} lies inside I". Hence,
from the Cauchy’s integral formula, see for example [268, P. 143], we obtain

1 f(?;‘)
f(q )_E P E—gF

SdE (ke No). (4.80)

Substituting with the value of f(g*z) from (4.80) into (1.25), we obtain

d§

Dl f(x)=(-1)"z"(1—¢q)" y 1< [" Lk ket 1 f(E)
" 2] /

2mi Jr £ —qFz

_ =D z7"(1—g)™" z":( l)k[ _nk+k(k+l)/ f() Z( )r dE,

2w

where we expand 1/(1 — (¢¥z/£)) and use that |z| < |£|. Hence, by changing the
order of summations and applying the formula

“ m k
Yt [ ], 40 = @am.
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—ntr+1

withm =nanda = ¢q , we obtain

(—1)"z—"(1—q)—"izr SE) o,

2w r %'r-i-l (

DIf(2) = q)n dE

r=0

_ED A=) [ O | S —ntr, (g)
== [FS[;@ o (2) | e

Z(q‘”’“,q)n (—) Z(q‘”’“,q)n (g) : (4.81)

Making the substitution k = r — n, we obtain

But

o

k+n
Z(q‘”““,q)n() Z(qk“,q)n(g) :

r=0

Since ( ) ( . )
K+, Dtk _ (o @Dk
G " = @0 (g5 9)n TR

from the g-binomial theorem we obtain

S 2\ _ z\" (@""'2/E 9w
;(q ’q)"(é‘) _(q’q)"(é‘) (/€ Qoo
(4.82)

_ (5) G
3 (Z/S;q)n-l-l.

Substituting (4.81) into (4.82), we obtain (4.79). O

Observe that the denominator of the integrand of (4.79) can be replaced by
E"t1(z/€: q)n+1. If we replace n by a non integer «, the function £2*! no longer has
apole at £ = 0 but a branch point. So, for n € N we define I, to be a simple closed
positively oriented contour like the one in Fig. 4.1. We assume that the inner contour
is a circle of radius €, and we denote it by ¢,. We choose €, so that €, # |z|¢* for
all k € N. This leads to the following theorem

Theorem 4.24. Let R > 0 and h(§) be an analytic function in |z| < R. Let G
be a branch domain of the logarithmic function and f(&§) = &°h(§), a > —1,
£ € 2 :=DrNG.Then foreachz € §2

) . /&)
DY f(z) = nlglgofrn e

where I, C 2 is the contour in Fig.4.1.
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Fig. 4.1 Contour

integration I
£ " Branch cut of the

logarithmic function

N

1/

Proof. Since z s an interior point of I, and the set of points {zqk, k=0,1,..., n}
lies inside I3,, from the Cauchy’s residue theorem we obtain

_ IO ey ) an e gk
J, e 5 2 Res(fiar); ax =24,

f &)
£ (/& q)at1

PR (/R 7) VY (7R y) 198

Res(f:ar) = gliglk@ — a)

—h (4: Di(q: @)oo
Hence,
Lo+ 1) G L @
d§ = (1~ - . (4.83
2mi n §TNZ/E Qat f=0-9 ,;q (q:9)k f(zq"). (4.83)

Since f € fql (G), the convergence of the finite sums in the previous equation as
n — oo is confirmed. Therefore, from (4.26) by letting n — oo in (4.83) we get

Dy f(2). O

In the following lemma, we need to integrate the function f(£)/£% " (z/&: q)a+1
on the branch cut of &% or equivalently the logarithmic function. We apply the
celebrated technique of integrating functions with branch cuts along their branch
cuts. See for example [268]. Briefly, the value of the function on each side of the cut
being determined by continuity from that side.
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Fig. 4.2 Contour Branch cut of the logarithic
integration C function

Lemma 4.25. Let f, §2, and a be as in Theorem 4.24. Then

v [ SE
Dy 1@ = /c ET (e art

where C is a positively oriented contour in Fig. 4.2.

Proof. From Fig. 4.3, it is obvious that

J FE e [Z/ , /c +, ]saﬂ(?/(?q)aﬂ I

f()
£ (/& q)at1

i = 1,2, its integration is zero on R;, i = 1, 2. Hence, using

Since the function is analytic in the region bounded by R;,

1
§H (/8 @at

M(e,: f) max

2w e, — 0

/ A¢3)
., ETN@/E Qan dE

as n — 00, we obtain

G G
5 /, (/5 ay1 dE /c A e Dt

and the lemma follows. O
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Fig. 4.3 The contour I, can Branch cut of the
be represented as the sum of logorithmic function
the contours C,, C and the

contours Ry, R,

N
N

Theorem 4.26. Let « € R and G be an open simply connected domain of the
complex plane containing the origin. Let f,, n € N, be a family of complex functions
defined on G, except may be at the origin. If forz € G \ {0}

(1) Dj fy exists for eachz € G,

(2) X d" fa(zq™)] < oo,

then - -
Dy Y fud) =) Dy ful).
n=0

n=0

Proof. Set F(z) := Y ;2 fu(z). Forz € G

_ R )
DiF)=z%1—¢q)™™ ) ¢"—=F(zq")
I mZ=O (@:@m

e “Zq CBSTIE S

@ =

But from the absolute convergence of the series ), , ¢" f.(zq™), we can inter-
change the order of summations to obtain

DiFE) =Y 0 q)ﬂ'Zq 4D )
n=0

=Y D ().

n=0
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4.7 The Law of Exponents

We have previously mentioned that Agarwal in [17] proved the semigroup property
(4.62), which is

1 (18 £@) = 1% £y = 17 (12 £ ) (@, B> 0).

Sometimes this rule is called the law of exponents. This rule may not be generalized
when o and / or B are negative real numbers. As an example, take « = —1/2 and
B =—3/2and f(x) = x'/?. Then,

Iq—l/2f(x) — D;ﬂf(x) = Fq(3/2)
172 f(x) = D f(x) =0

Therefore,
DDy ) = s
while
D,*D]"” f(x) =0.
That is,

3/2 /2,172 1/2 3/2,.1/2
DD,/ "x""* # D,/"D;"x"/~.
In the following theorem, we state precise conditions under which the law of
exponents holds for arbitrary fractional operator.

Theorem 4.27. Let ), o2 and B be positive real numbers and let G be an open,
simply connected domain of the complex plane containing the origin. If f(z) =
1 Y2 yan?" is defined on G, except may be at the origin then

DD f(2) = DD f(2),

forallz € G\ {0} if

(a) oy < B and ay is arbitrary.
(b) oy > B, ay is arbitrary, and ay, = 0 fork = 0,1,...,m — 1, where m is the
smallest integer greater than or equal to .

Proof. The proof is similar to the proof of [213, Theorem 3] and is omitted. O
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4.8 Miscellaneous Examples

It is known that

Dl/2 exp(x) = \/%_x + exp(x) erf(v/x), (4.84)

1/2 4 exp(x) = exp(x) erf(y/x). (4.85)
The following theorem gives g-analogues of (4.84) and (4.85).

Theorem 4.28. For |x| < =g We have

1
D,Pey(x(1—q)) = Ty et - Erf(v/X; /q),  (4.86)

1,%e,(x(1 = q)) = e, (x(1 — q)) Erf(v/x: /7).

(4.87)
For x € C, we have
12 B B 1 E,(x(1 — q)) erf(y/x; /q)
DPE,(x(1=q)/ V) = NI + K07 , (4.88)
1
I, Ey(x /g1 —q)) = Koy e =a) erf(v/x: /). (4.89)

Proof. First, we prove the identities in (4.86) and (4.87). From the series represen-
tation of the function e,, we obtain

[e.]

n—1/2
DYe,(x(1—g) =Y
J a1 =4) 2T, +1/2)
(4.90)
1 n+1/2

1"(1/2)[ Zl"(n+3/2)
On the other hand,

Erf(v/X: /q)eg(x(1 —q))

_ (1— Z( 1yrgn /2 xR i x"
T (1/2) L+ D= g7 & T, + 1)
(1 _ q) n+1/2

n q*
- Fq(l/z)zr(l’l-i-l) Z( l)k[ ] ‘](2 1_gk+12

qk+l/2
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Since

k £ q* _ @ D@Dk gk
Z( D [ ] q() —gt12 T 1—¢q ‘/ZZ (@ @)z @ 7

1

_ _q1/22¢1 (ql/z’q—n;q3/2;q’qn+l)

1 (4:9)n
L=q'"2(@*:q)n’

where we used (1.11). Hence,

1— q i (1 _q)nxn+1/2

Erf(v/X; /@) (x(1 —g)) 1= ¢ 2T,(1/2) @ q)
n=0 ’ "

(4.91)
e xnt1/2

HZ:;) I,(n+3/2)

Combining (4.90) and (4.91) yield (4.86). The proof of (4.87) follows from (4.91)
and the fact that
e xht1/2

1/2 _ - -
1,/7eq(x(1—q)) ’;Fq(n+3/2)'

As for the identities in (4.88) and (4.89), one can verify that

1

1/2 — — 1 —1/2 k2/2 Xk
D Ey(r(1 =)/ Vi) = s 4 > T

k=0

while

) k3
E,(x(1 —q))erf(/x; /q) = K,(1/2) Z k /Zm (4.93)

Substituting (4.93) into (4.92), we obtain (4.88). The proof of (4.89) follows from
(4.93) and

1

+3

LPE((xq(1 —q)) = Z kz/zm
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Corollary 4.29.
D, (eq(x(1 = @) EBrf(v/x: /q)
1, (e (x(1 = )) Exf(v/x: /q)
Dy? (Eq(x(1 = q)) erf(V/X: \/q)
17 (Eg(x(1 — q)) erf(v/x: /)

) = eq(x(1—q)).
) = (eg(x(1—q)) = 1).

) = K,(1/2) Eo(Jq(1 = g)x).

) = VaK,(1/2) (Eg(x(1 = 9)/ V@) — 1).

The following result is a g-analogue for the one proved in [178, P. 261].
Theorem 4.30. For |x| < T

Ya(a,x) = Iy(a)eq(—x (1 — q))I;Eq(qux(l —q)). (4.94)
Fy(a,x) = Ty(@E (¢ x(1 = @) Ife,(q™ x(1 = ). (4.95)
Proof. First, we prove the first identity. A direct computation shows

k+a

p _ ak (5) ___*~
1{E.(q“x(1 —q)) = Zq q()r(k+a+1)

Hence,

eq(=x(1 —q)) 1/ Eq(q*x(1 = q))
1 o n+a

X
e — _1 n__ -~ —n’ : a+1; , n4+a .
T@+ D) n§=0( ) Fq(n+1)z¢1(q 9“7 59,9"7)

Using (1.11) we obtain

Yq(a, x)
q(a)

eq(—x(1— @) Eg(¢"x(1 - q)) =
and (4.94) follows. The proof of (4.95) follows from
Tya+ DEy (g " 'x(1=g) e (g™ x(1 —q))
0 n+a
_ —1)" @_* g a+l; q).
;)( 1 e @ e )

Then using (1.10), we obtain (4.95). O



Chapter 5
Other ¢g-Fractional Calculi

Abstract In this chapter we investigate g-analogues of some known fractional
operators. This chapter includes as well the fractional generalization of the Askey—
Wilson operator introduced in (Ismail and Rahman, J. Approx. Theor. 114(2),
269-307,2002). At the end of this chapter we introduce a fractional generalization
of the g-difference operator introduced in (Rubin, J. Math. Anal. Appl. 212(2), 571-
582, 1997).

5.1 Basic Griinwald-Letnikov Fractional Derivative

In this section we define a g-analogue of the Griinwald—Letnikov fractional
derivative. If f is a function defined on [0, a] (a > 0) then from (1.25), D]qC f(x),
k € Ny, x € (0, a] is given by

k f(qjx)
by = (=g & Z( 1)][ } gD/ =) 1)
Since [1]‘] = 0forall j > k, then
q

fig'v)
DL fn) = yZey[}ﬁﬁm%m. 52

The right hand side of (5.2) has a meaning when we replace k by any real number «.
Therefore, we define the g-fractional operator

) @] _ g’
D /() = qyz(y[};TMWWT -9

M.H. Annaby and Z.S. Mansour, g-Fractional Calculus and Equations, 147
Lecture Notes in Mathematics 2056, DOI 10.1007/978-3-642-30898-7_5,
© Springer-Verlag Berlin Heidelberg 2012
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The operator (5.3) is a g-analogue of the Griinwald-Letnikov fractional operator
defined above. From (1.5)

(—1y/ [“} gIuHje qjm (j € No).
Jlq (4:9);
Then

DE f(x) = x (1 - wﬂZylyﬂﬁw““[}f@x>

j=0

= L D g,
LG,

From (4.26), the g-fractional operator D%, o« € R, coincides with the Riemann—
Liouville fractional operator Dy .

5.2 Caputo Fractional g-Derivative

Definition 5.2.1. For « > 0, the Caputo fractional g-derivative of order o is
defined by
Dy f(x):=1"Dyf(x) (n:=Tal]). (5.4)

It is obvious form the definition that if « is a nonnegative integer, then
— 70 —
Dy f(x) = 19D} f(x) = D} f(x).
Theorem 5.1. Leta > O andn = [a]. If f € #/CYV[0.a] then ‘Dif(x) €
.fql [0, a].

Proof. The proof is straightforward since if f € &/ Cq(”) [0,a] then Dy f €
fql [0, a]. Hence, applying Lemma 4.9 yields

‘DY f(x) = 17D} f(x) € £,10.al.

Example 5.2.1. Let f(x) = x#~!, B > 0. Then

0, if B €{1,2,3,....n},
CDaf(x) = Fq(,B) B—a—
q —Fq(,B—a)x T B >n.

(5.5)
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A few additional examples of Caputo-type derivatives of certain important
functions are collected for the readers convenience in Table A.5.

In the following theorem, we discuss the results of combining the Riemann—
Liouville fractional g-derivative and Caputo fractional g-derivative of not necessar-
ily equal orders.

Theorem 5.2. Let o and B be positive numbers and let n = [a] and m = [B].
Then the following relations hold:

1 If f € ZC(0.al, then

p—a -1 D)ot oy
reenp ey =1 1T TR o Terrent 2o (5.6)
= + ) .
o DY ) = X2y et B <,

J=0 I, (B— 0t+]+1)

forall x € (0,a].
2.If f € £M0.a) such that I8 f € o/ C{™[0.al, then

157 r o, a>m=p,

B 1y - el Dy F(0*)
Po O =g+ 1)

‘DY I f(x) =

for all x € (0, al.
Proof. First we prove (5.6).
acnp _ gqagm—pB nym _ gm+ta—pf nm
17Dy f(x) = IJ17" D) f(x) = 1 Dy f(x).
Then (5.6) follows for « > m > B by applying (4.71) and follows for 8 > « by
applying (4.72), where « and B of (4.71) and (4.72) are replaced by m + « — B and
m, respectively. Now, we prove (5.7). Since
B —p
‘DY IS f(x)=1]""DJ I} f(x),
then applying (4.71) and (4.72) give

I;‘_’”, ifa>m=>p,

DI f(x) =
g 1g [ DI, ifa <m.

Hence, if « > m > f§ then from the semigroup property (4.62)

DIIf(x) = 1P I f(x) = 157F £(x).
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Now, if @ < m, then
B — =B pm—
‘DY I f(x) = 1]""DJ™ f(x).
Hence, applying (4.73) (where « and  of (4.73) are replaced with m — 8 and m — v,
respectively) yields the second part of (5.7). O

We need the following g-analogue of the integral mean value theorem.

Theorem 5.3. (Mean Value Theorem for q-Integrals) Let f and g be two functions
defined on [a, b). Assume that

(1) The function g is positive on [a, b] and q-regular at zero,
(2) The function f is a continuous on [0, al.

Then there exists ¢ € (0, a) such that

_ o f0s@®) dyt.

fle) 7 80) dot

Proof. Let

M :=max{f(x): x €[0,a]} and m :=min{f(x): x € [0,a]}.

Then
m f fo ]:(t)g(t) d’it <M
f() g(t) d’it
Hence, the theorem follows since f([0,a]) = [m, M]. O

Moreover, we shall also need the following g-Taylor formula. In [33], the authors
proved a stronger g-Taylor formula.

Theorem 5.4. Let f € o/ C,"[0.a] be such that D!\ f € C[0.a). Then

CUDEAOY) et e
0 =Y Fr [ @rvionangsaa

k=0

Proof. Since

n—1
S LFIDE f(x) — IFDE f(x) = 17 D! f(x) — f(x).

k=0
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from the fundamental theorem of g-calculus and Theorem 1.10 we obtain

LD f(x) — 15DE f(x) = I (Iqu‘“f(x) - D;‘f(X))

Xk
— Ik Dk 0+ Dk +
F(PL1O0) = DO
k=0,1,...,n— 1. Consequently,
« Dy foh
k n
= 1; Dy
f() 1; AR A
Hence, the result follows from the basic Cauchy integral formula (4.25). O

Remark 5.2.1. There are g-analogues of the mean value theorems in [253] for
functions defined on an interval of the form [a, ] and a is not necessarily equal
to zero. These g-analogues are not valid for all ¢, 0 < g < 1, but it is valid for
q € [q0, 1) for some gy > 0.

In the following theorem we introduce an identity relation between the Caputo
fractional g-derivative and the Riemann-Liouville fractional g-derivative. This
identity is a g-analogue of the result due to Diethelm in [82, Theorem 3.1].

Theorem 5.5. Let o > 0 andn = [«]. Assume that | € .;sz,,(”)[O,a] and Dy f €
C[0,a). Then

Dy f(x) =Dy (f(x) = Tha[f:0D) (x #0) (5.8)

and

— DEf(0T)
T/ 0] = Zr(k+1) .

Proof. Combining Theorems 5.4 and 5.3 yields

D0
o= pe e+ e R

for some £ € [0, x]. Using the substitution t = x£, one can easily prove that

/ (qt/x;q)n—1dqt = xBy(n,1).
0

Hence,
— DEf(O) o x"
f(x)_ZF(k+1) UNTESD)

DL f(®). (5.9)
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Acting on the two sides of (5.9) by the operators “ Dy and Dy gives

DW= o P
and -
o _ o - qu(0+) k X" n
Pa/E) = Ps (Zm )+ To—as 1/ ©
Hence,

o - kf(+) k ¢ na
Dy | f(x) - ;F(km =D f(x).

One can observe that the existence of the left hand side of (5.8) requires weaker
conditions than the conditions of Theorem 5.5. This is similar to the classical case
which was introduced independently by many authors including Caputo. See the
book of Diethelm, [82], and the references therein. Therefore, we introduce the
following definition

O

Definition 5.2.2. Assume that @ > 0 and f is a function such that

Dy (f(x) =Tha[f:0D)  (n = Ta])

exists. Then we define the function DY, f by

D¢, f = DY (f(x) = Tumal£:0](x)). (5.10)

The operator Dy is called the Caputo fractional g-difference operator of order o.

If « is an integer, say m, then the integer n of (5.10) is equal to m and D*’”q f =
D7 f (x) since Dy [Tu—1[f0]] (x) = 0.

Lemma 5.6. Assume that o > 0 and Dy (f(x) — Ty—1[f: 0]) exists wheren = [a].

Then
x4 1
D2, 1) = s [ @t /550)amt (O = T l£500) dyt (@ ).
Proof. The proof follows directly from Lemma 4.8 and is omitted. O

Corollary 5.7. Assume that o > 0 and Dy (f(x) — T,,—1[f; 0]) exists where n =
[a]. Then

DY, f(x) = x( q)ﬂ'Z n! . ’;’)’" (f = Toalf:0) (g™, (5.11)
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Proof. The proof follows directly from the definition of Jackson g-integration,
see (1.19). ]

Corollary 5.8. Assume that o« >0 and Dy (f —T,—1[f:0]) (x) exists where
n = [a]. Then

o DEfoh)
o — Do _ 9 k+a—1
Dy, f(x) = Dg f(x) kE=0 T—at s . (5.12)

Proof. Since from Example 4.51

n—1
DT, _ Dy f(0*
ST (x) = Z S )F(k+1)
(5.13)
n—l xk—a
=) DiEfON)——.
q _
P Iytk—a+1)
and from (5.11),
D, f(x) = Dy f(x) = DgT,—1[f:0](x). (5.14)
then the corollary results by substituting with (5.13) in (5.14). O

Corollary 5.8 leads to the following immediate result.

Corollary 5.9. Assume that o« >0 and Dy (f(x) — T,—1[f:0]) exists where
n = [a]. Then
DLy f =Dy f
if and only if
Dyf(0Y)=0 (k=0.1,....n—1).

5.3 Erdéli-Kober Fractional ¢-Integral Operator

Agarwal [17] defined a two parameter family of fractional g-operator corresponding
to the basic integral (1.19). This operator is defined by

—7;—1 by
Iy(a)

Using the definitions of the g-integration (1.19) and the g-gamma function (1.57),
the definition of Iq” ““ can be extended to any « € C through the identity

—(qa‘;q)k Fxqb). (5.16)
(95 9k

1% f(x) =

(qt/x;q)a_lt”f(t)dqt (@+#-1,-2,..). (5.15)

o0
o _ o + 1k
f(x)=(1—q)*y g
k=0
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The operator (5.15) is a g-analogue of the Erdéli—Kober fractional integral operator
defined by

17 f(x) =

see [94, 173]. It is clear that

o / "= 0 £ (o d
() Jo ’
1 ) = xS (0 ().

Agarwal [17] proved the following semigroup identity when 7, A, and u are
positive constants.

an,llqrﬁl,uf(x) — an,u+/\ — an+/1,;¢1qn,kf(x)
= IJMI f () = 1 f (). (5.17)

It should also be mentioned here that in most of the proofs of [17,19], the domain
where the fractional integrals and the related properties hold is not determined
precisely. A very restrictive condition might be found in [17, P. 366]. We give a
sufficient for the existence of Iq” ““ in the following proposition.

Proposition 5.10. Let 1, r, o, and a be real numbers that satisfy
n>—1,r>1,a>0 and a > 0.

If f € £;,(0.a) (a>0)then 1% f(x) exists for all x € (0, a]. Moreover;
1% f(x) € £;,.4(0,a) forall > 0.

Proof Flrst assume that r > 1 and let s > 1 be such that L+ 1 — | Assume that
feZ 2.,(0.@). Then using the Minkowski’s inequality we obtaln

x!

Fq(a)

—n—1 X 1/s . Ur
= ?q(a) (/(; 1"(qt/ x: q)y— dqt) (/0 t"fo dql) .

Using the substitution 1 = x& we can prove that

1 £ (o)

/0. (qt/x:q)a—1t" f(t) dyt

x 1
/ t"(qt/x:q)}, quX”“/ (a8 @Yoy dyt.
0 0

Set

V= [ s as
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We obtain

X l/r
e oo < aa ([ onsor ) <o
0

for all x € (0, a]. Hence,

X - 1/r x 1/r x 1/r
(/0 (1+h (Iq”'“f(t)) dqt) EM(/O t’7|f(t)|’dqt) (/O zﬁ—ldqz)
1— 1/r X ) 1/r

:M(l_qqﬂ ﬂ) (/0 N (0] dqt) .

If r = 1, then one can prove that there exists R > 0 such that

177 ()] = R /0 CIfOldgt = R Sl

Hence,

+B B
| e sy < Ra T 111

Now we prove the semigroup identity (5.17).

Proposition 5.11. Ifn, A, and p, are positive numbers, and f € £ ,(0,a), r > 1,
then the semigroup property (5.17) holds for all x € (0, al.

Proof. Tt is enough to prove the most left identity in (5.17).

LI f () = F_Zl; / (qt/x: @t "I £ (1) dyt
_ (1-¢q)*x i —kA( 1 gy Z n(u+A+1)( n—k+1. Yt f(xq™).
—Fq(/\)Fq(u) q 1q)r— 1n kCI q ) u—1 q

(5.18)
Now if /" € .2, (0,a) then

00
<MY gD f(xg™)|
n=k

[ele) 1/r 00 1/s
< (Z qn(n+l)|f(an)|r) (Z qn(n+l+ls)) )
n=k

n=k

o0
D gD @ R ) f(xg™)
n=k
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But
gFrgk+n/s

00 1/s
an(n+l+ls) —

i (1 _q7]+1+)LS)1/S.
n=

Hence, the double series in (5.18) is absolutely convergent. Then we can interchange
the order of summation to obtain

1P f(x)

_ U=0Px S agrasn —ka (kL n—k+1.
A Z f(xq" )];)61 (@ aa-1(q G 1.

Applying (1.62) with o = p and § = A gives
n
> @ T @ ) = By ) (@ Dar g™
k=0

This gives after straightforward manipulations that

IR f(x) = 1A f(x).

5.4 Weyl Fractional g-Calculus

In previous chapters we dealt almost exclusively with the Riemann-Liouville
fractional g-calculus introduced independently by Al-Salam and Agarwal. Here,
we concentrate on the Weyl-fractional g-calculus. The g-analogue of the Weyl
fractional operator (4.28) is defined in (4.27). Using (1.20) we can write (4.27)
explicitly as

K0 () = ¢~ xe q)”Z( DO [ 7] s 6a9)

or in a more simpler form

K%)= ¢ T 2" (1-9)" Y g ‘k“((qq qq))%( ). (5.20)
k=0

Using (1.25) we can prove

K!$p(x) = (=1)'D!¢(x) (n €N). (5.21)
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In the following we shall characterize a sufficient class of functions for which
K, exists for some o

Definition 5.4.1. Let @ € C and let f be a function defined on a ¢~ !-geometric
set A. We say that f is of class S, if there exists u € C, Re & > Re o such that

f(xg™) = 0(g"") asn — oo, x € A.

Proposition 5.12. If « € Z~ then K/ f exists for any function f defined on
(0,00). If« € Z~ and | € Sqo then K * [ exists.

Proof. If a € Z~ then by (5.21), K ® f exists for any functions f defined on a
(0,00).If¢ ¢ Z™ and f € S, then for each x > 0 there exists a constant C > 0,
C depends on x and « such that

|f(xg™" ™) = Cq"".
Applying the previous inequality in (5.20) gives
- - (=g"°*:q)
K F()] = Cqe Pl (1 - g q)oo“ Z e

(=41 ¢) oo
(1 — gRerRe) (g q)oo

< Cq—a(oc+l)/2|x|a(1 _q)oc

|

In the following we define a sufficient class of functions .7, for which K f
exists for all a.

Definition 5.4.2. Let f be a function defined on a ¢~ '-geometric set 4. We say
that f is in the class .7 , if there exist 4 > 0 and v € R such that for each x € 4

(g™ = O(g"""*) as n — oo.

It is clear that if /' € ., then f € S, for all @. The spaces S, and .7, are
g-analogues of the spaces of fairly good functions and good functions, respectively,
introduced by Lighthill [185, P. 15], see also [213, Chap. VII].

Example 5.4.1. An example of a function in the class Sy 1>, is any function of the
form
Py (x)
(ax;q)oo

where P, (x) is a polynomial of degree n and a is a constant such that axq* # 1 for
all k € Ny.

forall n € Ny,
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Theorem 5.13. Let o and B be real numbers and ju > 0. If ¢ is a function defined
on (0,00) and ¢ € S, then

KiKPp(x) = KHPp(x) (x> 0).
Proof. From (5.20)

« La(l—a —B)—aB ,.—a— —a—
Kquqﬁ(x) — qz( (I—a)+p(1=p))—ab . ﬂ(l —q) B

: i_o: ¢ (iq ;I;Ik) k Z_;) " (q(q, ’;1,)1 ¢ (xgHPmERD), 622
On the inner sum of (5.22) make the substitution m = k + j. This gives
KUK (x) = g2 et-artBU=p-ed cma=p (| _ gy=ep
(5.23)

ka s q)k mp (q_ﬂ; q)m—k a+p—m
Z T ;q G PO

Since ¢ € ., ,,, we can interchange the order of summations in (5.23). This gives

KeKPp(x) = g2 @—+B(—B)—op y—a—B(| _ gy=ap

8 quﬂ¢(xqa+ﬁ M)qua Dk @ D (5.24)
o @Dk (@ Dm—k
Some tedious manipulation yields
m ( —a. —B.
Z ke @Dk (@77 Pm—k _ _ (g~ B )m e (q q q1+ﬂ "y q1+a+ﬂ)‘
@Dk (@ Dm—k (43 @m
Hence, applying (1.11) yields
a+ﬂ+1—m)

Z’":qka @D @ Dnsk _ @1 nlg
@Dr (@ Dm—k (@ Dm(q" TP q)m

(g @t q)m
— qam’
(G:@)m

where we used

@q™: @m _ (G/a@)m (g)m
(g™ @)m  (4/b;q)m
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Consequently,
B
KeKP$(x)

o0
@tpi—a—p), _ e ety @ CTP @) a+f—m
=q 2 x 7 P(1—¢q) ﬂZq(+ﬂ)_—¢(XC1 o

— (¢:Dm
= K¢ (x).

Theorem 5.14. If f € L(R,) and g € .7, ,, for some u > 0 then

/0 FOK o g(x) dgx = g2 /0 Qg e f () dgx.  (5.25)

Proof. Since

/0 FOK;g(x) dgx
(5.26)
_ °‘(°‘+” )a+l Z qk(1+a)f(q )Z —ra((q :q)r (q—a+k—r)‘
P q:9)r

Making the substitution m = k — r on the most right series in (5.26) we obtain

| 1K e d,x
N (5.27)
T A Y ¢h ) Z {5 Dk et
= o @ Di-m

The conditions on the functions f and g guarantee the absolute convergence of
the double series in (5.27). Hence, we can interchange the order of summations to
obtain

/0 F@K 7 g(x) dyx

(5.28)

_ a(qul) a+1 ma m—uo k (q q)k —m
=q¢ 2 (1-q) m_Z_OOq g(q )quf( )(qq)km
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Making the substitution 7 = k — m on the second series in (5.28) gives
o0
| ror e dg
0

:q_u(wT-H)(l _q)oz+1 Z qm(ot-l—l) m— Q)Z f( r+m) ((q ;q))r

m=—0Q

o0
= q_”(““’”/ gleq ) I f(x) dyx.
0

5.5 Fractional g-Operator as a Generalization of a Right
Inverse of Askey—Wilson Operator

Let f be an integrable function of period 2. Weyl, see Zygmund’s book [300],
introduced a fractional operator which is more convenient for trigonometric series
than the Riemann-Liouville fractional operator. This operator is defined by

(I f)(x) ~ n;oo c"(fW it f(x) ~ gcnei’”, o =0, (5.29)

where i* = ¢/*"/2_ He then pointed out that

2 inx

1) =5 [ 0o, ouwm =Y o
n#0

He also proved the semigroup identity

Iallg = Ia—i—ﬂ (Ol,,B > 0).

In [147], Ismail and Rahman defined a g-analogue of the fractional operator /1, so
that @ = 1 represents a right inverse of the Askey-Wilson operator Z,. The Askey-
Wilson operator is defined by

f(ql/zeiO) _ f(q—l/zeiﬁ)

(Zq /) (x) == @2 —q P)sing X = cos0,

where f(x) = f(z) withx = (z+ 1/2)/2.



5.5 Fractional g-Operator as a Generalization of a Right Inverse of Askey—Wilson Operator 161

Ismail and Zhang [152] introduced the g-exponential function
e(cos 6, cos ¢; @)

_ (@¢Y)e O GUI2 i@ g(1=m)/2, o (@e™)" 2
@22 0% q 4), 4:9)
(@02 4o _0 4: )

It is straightforward to see that

1/4

Dyeq4(cos b, cos ;) = - g4(cos 6, cos ;).

If welet = 0 and
gq(x;00) 1= g4(x,0;0),
then

g4(0;1) =1 and lir{l gq(x; (1 — q)a) = exp(2a x).
q—>1-
Bustoz and Suslov [67] used the notation
1
wo=0, w,= §J1/2,n(4) (n #0),

where {J, x(¢)} denotes the sequence of positive zeros of JV(Z) (z;q) and J, ¢ (q) =
—Jyx(q). Hence,
Wopy = —wy.

Ismail and Zhang [152] proved that the sequence {sq (x; iw,,)} forms an orthogonal
basis of L2(w(x,¢'/?|g),[~1, 1]), where

(€2i8, —219’ q)

- ,0< 60 <m, x =cosb.
sm@(ﬁez’e,ﬁe 2107q)oo

w(x, Blg) =

This motivates Ismail and Rahman in [147] to define in analogy to (5.29)

—q)*

Ia,qf(X) = 2a a/4 (an)

gq(x;iw,) (@ > 0),

where f ~ > fue(x;iwy,). Hence,

1
Lg f(6) = 70 /_ e 219) f 0 a) 3,
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where

Yo (x,ylq) = 2a a/4m) Z < (o, )a q (X3 W),

and m, is the constant appeared in the orthogonahty relations

1
/ e(x, iwn)e(x, iw)w(x: ¢"?|q) dx = 8’"’".
—1 TT,

n

Ismail and Rahman [147] proved the semigroup identity

Ia,qlﬁ,q = Ia+/3,q (Ol > 0; ,3 > 0).

They also proved that
Dylog = Io—14 (a2 >1).

5.6 Fractional ¢g-Operator as a Generalization
of a ¢g-Difference Operator

In this section, we introduce a g-analogue of the fractional operator (5.29) as
a generalization of the g-difference operator defined by Rubin in [265]. From
Theorem 3.19, if f € L?>(R,) N L'(R,) then

flx) = gcne(ix Jfqu;qz) n ;dne(—ix Jqu) (xeR,). (530

where from the orthogonality relations (3.88)—(3.90)

/w Fye(~ ) dt,
Cp = t )
C oo/+/1—¢q o \/ —4q q
d ! d
n_—/WFﬂmww_Fq)t
AT q(¢% )

where C =

2. Consequently,
(4:99)%

00/ +/T—¢q
ﬂmzf FOW (5. 1) dyt

—00/+/1—¢q
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where
q" q"
«/ J1—q J1—¢q

Vl n n

= Zq Cos(xJ_,q ) Cos(t m) + ¢" Sin(x ;qz) Sin(z

Je (it )

Yo(x,t) = Zq"e(zx e(—it )—I—q e(—ix

\/_

1q%).

q q
V=g V1—=q

Lemma 5.15. The series

oo n n

n(l—a) ,: q 2 q
Yo a elix—m==i)e(it—==:4") (

n=—oo

x,1 €R,) (5.31)

is absolutely convergent only when Re o < 1.

Proof. The series in (5.31) can be written as

—1 0 n n
(Z +Z)q”“‘“>e(fx T et i)

n=—00  n=0

It is known that

(Z q)oo
(9: @)oo

0 , 1+n S
191(0:2.9.97")| = @D ng M

1zl —4: @) 0o L, n =0,
|z

Hence, from the ¢, series representation of Cos(-; ¢%) and Sin(-; ¢>) we obtain

Isin(-L—: %) < Ca%49 ) 1, n20. (5.32)
l—¢q T (4:9Y) | q".n <0,
and
n 2.2
- ’ 17 n 2 Oa
| Cos(——:¢7)| < M a (5.33)
1—¢q (4:9) | ¢ ,n <0,
Consequently,
§ —4*:4°) 1, n>0,
o0 gy < 200 e EEEL (5.34)
l—g¢q (4:9%)0 [ q" . n<0.



164 5 Other g-Fractional Calculi

Thus, the series Y2 ¢" '~ e(ix—f
gent for Re o < 1 and diverges for Re a > 1 while the series

,qz)e( th g?) is absolutely conver-

n

n(l1—a) 2 ° . 2
q e(ix sq)e(—it :q°)
> A=A

n=—oo
is absolutely convergent for all o« € C. O
Set
©elix=:qPe(=itA=:q)
@ " J1= N
Wo(x, 1) :=(1—g)* Y g . G 4
n=—00 1q
00 e(—ix——: qelit—7— =1q 2)
o n 1—
+A=9 Y ¢ - :

(—ig")® ’

n=—0oo

where x,t € ﬁq and i* is defined with respect to the principal branch, i.e. i* =

in
e2“.

Lemma 5.16. Fork € NandRe ¢ < 1
8y Walx.1) = Yyp (x.1).

Proof. The proof follows directly by using that

n s n k n
8 celix——1q?) = ( - ) elix—=—:4").
4 JT—¢q JT—¢q JT—¢q

A direct calculation yields that the following identities hold whenever Rea < 1
—a/2 T . T
(1 —q) "W (x,t) = 2cos(Ea)Aa(x,Z) + 2sm(5a)Ba(x,t), (5.35)

where

Ay(x,1)

el q)1+k qm-‘rk q)1+k m+k
= 2 4T Con{ g Cost{ s ) 40 Sin({ s ) sind

k=—o0

:4°)
(5.36)
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and
By (x,1)

. - k(1—) qm+k. 2y qn+k. 2y k(1—a) g"t* 2 qmtk 2
= Z q COS(1 ,q)Sm(l 347) — ¢ Cos( ,q)Sm( 34°).
s —q —q I—q —q

(5.37)
Theorem 5.17. For Re(x) < 1
m
1_ —a/le q , q
T i @ 4747 w1 @D s
2GR g BT g,
E) £ o0 r
. e @45 0D 0 oo ( ),
—ZSIH(E(X)CI m(1 a)—z °0q? q(n m)r
2 @ q:4%)00 0 (q:9):
n>m+[52],
N oty @ 0700 oo o1 @D
2COS(%O()(] n(l a)—z _Oqa[z]—q(m nr
(@7 q:4) 00 T (@)
. e @ 40P o ( ~q),
—28111(%0[)(] n(1 a)m Zroioqzt )l q(m n)r
m>n+ [52], 538
wheret, = | 4 %q IT’ ris odd,
' (ﬁ r is even.
Moreover,
m
1_ a/le/ q
ey @477 (@' :q),
Zeos(Ga)g ™ “mz o1 ]<—>r o
1+o 2.2
+2 sin(%a)q"”“‘“’—(éz_a’z.’;z))w Y (=1g7 e, @ g, @ ’)q)’q(” mr,
£ ) o0 r
n>m+[52],
B et @ 4% q";9)
2005(7“)‘1 n(1-2) (ql‘“,q:qz;:o Z —o(—=1"q o514 @D r‘](m mr
PN (7 MY R i I IR L) L o)
F2sin(Ga)g )(qz‘“,q;qz)oo LDt (¢ q)rrq< )
m>n+ [52],

(5.39)
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m

q
N
—m(l—a) q% 9% ¢H) oo Z ° (=1)'g aff ]((] ’q)’q(n—m)r
@7 q:9M) 00 T S q)r
l+a 2.2 —a.
—m(l—a) (q 4754 )00 Zooo < : (q ’q)l'q(n—m)r
(@, 9:94M) (4:9)r

n>m+[52],

(1 — )2y (

2cos(Fa)g

)

—2sin(Fa)q

e @ 4% %) 1@ D s
¢ )l—a—.ZooZr o(=D’g []—q( )
(@' 4:9%)0 qr

—n(l—a) (ql+a’q2;q2)oo Zoci q%l’ ( ’q)rq(m n)r
@ g5 7" $q)r

m>n+[1_T“].

2cos(Fa)q

—2sin(Fa)q

(5.40)

_ q
(1—q) Wy (- -
VI—q I—gq

—m(l—a) (qa’ qzﬁqz)oo Zoo_o a[%] (ql_a;q)rq(n_m)r
(@', q:4*) o (q'q)r

_ @' 4% 00 o e (@7"1q),

+2sin(Fa)g TN S 3 gt —q(n mr.

@ q:q)0 =7 " (q:9)r

n>m+ [52],

2cos(Fa)q

o 2.2 JE
—n(1—a) (49”9797 ) oo Zoo of%] (g vCI)rq(m_,,)r

2 cos(Za)gq r—=
2 (@' q:qP)o0 =" (q:9)r
14+a ,2.,2
+2sin(Far)g 017 —(éz_a’z.’;z))w PR ’)q)’q(’” ",
k) ) o0 r

m>n-+ [I_T"‘].
(5.41)

Proof. Using the following formula from [176, P. 455]

oo
Z qk(—7+l)Ja(qm+k;qZ)Jﬂ(qn+k;q2)
k=—00
qePvHl G242 42y
(q* 7+ g2 4%) o
X201 (qﬁ—&—}/-i-l,qa-i—ﬁ vl g2842. 2 g2 2m+a—ﬁ+y+1)7

qnﬁqm(y B— 1)(

. qn(y ) (qﬂ—a+y+l’q2a+2;q2)oo
(q*TP7+1,4% ¢?) o

X6 (qa—ﬁ—y+l’ qa+ﬁ—y+l; q2a+2; (]2, qu—2n+ﬁ—a+y+l) ;
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where Re(a + B — y + 1) > 0 we can prove that

Z qk(l—a) COS(

k=—o00

n+k

,qz) COS( :q°)

_ q*.9*:q%) o 1 _
q m(1—a) (q S qZ)oo 21 (q2 a7ql a;q;qZ’an 2m+a)
) o0
- @*. 4% 4P o
@4 D
where Re(1 —«) > 0 and

’

¢l (qZ—a’ ql—a; q; q27 q2m—2n+a) ,

o . n+k
Z gk4= Sln( ,qz) Sln( :q%)
k=—00
qn—m g mi—a) (qa’qz;qz)oo 2¢1 (qZ—a q3—a.q3.q2 q2n—2m+a)
_ (@ ¢ 4o o ’
o o 2.2
m—n g "7 (q 4759 )oo 2—a ,3—a.,3.,2 ,2m—2n+a
= — 201479719797, q .
I—q (q3 “,61§q2)oo ( )
Also
(o] qm+k qn+k
> ¢" 7 Sin(+—1:4°) Cos(~——:¢%)
1—¢q 1—¢q

k=—o00

iy @ 4% 07 Y o _
m(1—a) (qz_a q-qZ):)oz('bl (ql a’qZ a;q;qZ’an 2m+a+l) )
o (@* " 4% 9P oo
= (¢, ¢ ¢

q

2¢1 ((]2—047 q3—a; (]3§ (]2, qu—2n+a—l) .

Hence, if x := 2" andt := —4" then
1 V1—q J1—q

.42
)(1_a)/2 @' 9:9) Ay (x, 1)

(9%, 9% 4 oo
(=3 qa[él% (%) n>m+[—a/2], (5.42)

l—a.
—(1—a) e} al5] (q vq)l‘ t\" _
X rm0 g —— () .m>n+[-a/2].
Z 0 (q:9)- ()
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Also

(@' q4:9%) o
(1-)/2 Ay (x. —
(-9 (9%, 4% 4H) oo (¥ 1)

(=) Y0 (yrgels ](q(q—’)q)’ (2)". n>m+[—a/2], (5.43)

) Zroio(_l)rqa[g]% (%)r ,m>n+[—a/2).
(@* . 4:9M)
(@', ¢% 4?0 Bal:2)

q—m(l—a) Zfio(_l)rq"{fr%q(n—m)r’ n>m+ [I_T“], (5.44)
k] r

(1—g)'7”2

—n(l—a) o} ro (ql_a;(I)r (m—n)r l—a
q Zr:O(_l) q?2 Trwq ,m>n-+ [T]’

w2 4470
(10 2 g e

—m(l —a) 1" o (ql_a;q)’ (n—m)r I—a 5.45
PR G VR WQ cn=m+[F*], (5.45)

l—a.
q_n(l o) Z © (- l)rqazr - (q(q.qv)q‘)rq(m—n)r’ m>n+ [I—Ta]

Substituting from (5.42)-5.45 into (5.35) yield the values ¥, (£x, +¢) and the
theorem follows. O

Bemark 5.6.1. In the previous theorem we calculated the value of ¥, (x,?) x,t €
R, and for specific values of x, . We can calculate the values of ¥, (x, t) for all x, ¢

by using the identity

(% 4%)o0

m o tn (y 7°) . m
Z k+ k+ o0 1¢1 (0; yz;qz’qzk+2 +2) xk+ >
(9*:9%) 0

4*)oo

l¢l (0, x2; q27 q2k+2m+2)

-1 2n—2m+2. 2
. q )oo

nem 871Xy g
(@225 Txy1 4242 0o

2¢1 (‘]2}1—27}15,—1xy—1’S—ly)C l’an 2m+2. q S)Cy)

for |sxy| < 1. See Proposition 4.1 of [176].
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In this case we have

qn Z (1—0) ) m+r )
Aa(—, gt Cos( ,q )Cos( q°)
VT4 ey
o (qa,an—2m+2’q iq ) B B B
=g m(1—a) (an_2m+a p q.qz) 002¢l (an 2m+a’qa;q2n 2m+2;(]2,(]1 a) i
k) ) k) o0
(5.46)
qn qm 00 m+r
Ba(ﬁ m Z g Sm( ,612) S1n( 1q%)
r=—00
o 2n—2m—+2
_ n—m,—m(l—a) (4*.q .q4%:q°) m—2m4a a., 2m—-2m+2. 2 3—a
-1 (612”‘2’”+“,q,q;cﬂ)ooooz(Zsl (@ 4 )
(5.47)

n m > n+r m +r

471 Sin( L 1q%) Cos({—17)
v Vi ;_: l—gq —q

2n —2m-+2

4% f1) . (an—Zm—‘ra—l,qa—‘rl. 2—2m+2. 2 2—0{).

n—m —rn(l—a)(
(q2n—2m+a 1 .q4.q; qz)oo 2 sq 4.4

=9

Corollary 5.18. For each fixed x,t € ﬁq, the function W, (x,t) as a function of
can be extended to an entire function on C.

Proof. 1f « is a positive integer, then the series on the right hand sides of (5.38)—
(5.41) are finite sums and hence are convergent. Since the zeros of the function
cos(5a) are the poles of the function (9'7%: ¢*) 0o With the same orders. In fact

:2
s +
cos Ja b4 q’

lim —
w2+ (@17 ¢ 2Inq (6247 ;4% ¢Pes

., J € No.

Similarly the zeros of the function sin(5«) are the poles of the function G719 o0
with the same orders and

lim sin o _ T qu—j
a=2j (¢>7:1¢%) oo 2Ing (¢%:9%);-1(@* 4P oo

j eN.

Then the left hand side of (5.38)—(5.4}\}) are entire functions. Hence as a function
of a, the functions ¥_,(x, ) (x,t € R,) can be analytically extended by defining
its values when Re« > 1 by the left hand sides of (5.38)—(5.41). O
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It also should be noted that for Rq\({a) > 1, the left hand sides of (5.38) and (5.39)
determine ¥_ (x, ¢) forall x, ¢ € R, which is different from the case of Re() < 1,
see Remark 5.6.1.

Definition 5.6.1. For Rea > 0, we define a fractional g-integral operator J; on
L2(R,) N L'(R,) by

0o//1=q
Jg f(x) = / SO)Wu(x,1)dyt.
C ooy
The following properties follow directly from the definition of JZ'.

e If f e Lz(ﬁq) N L(RI) and f is even then

00/ /1=q
st =27 fontndg

where
(11— gy g (— L L
vi—-g V1—¢
_m(l a) ((ql aq . q 2))00 cos 2O[Z:oo 0 (q( s)q)2] j@n—2m+a)
q ".4:49 q:49)2;
1+o .2
—2g"M— m(1—e) ¢in a((qz a»q qz))oo Z;’io (q( v)q)2]+lqj(2n 2m4a— 1)
_ .44 q:9)2j+1
—n(l —a) (q q o q )OO ps 00 (6] 7q)2j j@m=2n+a)
g e " 20 L= @)y
1 )
+2q—n(l—a) Sil’l la (q +“,q »q )00 Zoo_o (q vq)2] ](2m 2n+a+l)
2@ )0 TV (459)2)
and
m
1 _ —0(/2 _ q , q
(1—=9)™¢a( T 1_q)
—m(l —a) (ql 444 2)oo o8 2“200 (¢t sQ)Zj qi(Zn—2m+a)
(@' 4:9%) o0 (9:9)2)
1+o )
+2qn—m—m(l—a) sin %Ol ((q z_a»q 7q2))00 Z;’io (q( v)q)Zj +1 ien—2m4a— 1)
_ 47 7,4:9" )0 q:9)2j+1
2012 (ql 9% qz)oo cos 5 Y2 (¢'~ ,q)z;qj(Zm_ZHa)
(@' q:9%) o0 (4:9)2)
(ql+a»q »qz)OO o0 (ql vq)2] q](zm 2n+a+l)

—2¢ "= gip Ly ©
27 @ 0400 T (q19)2)
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« If f € L2(R,) N L(R,) and f is odd then

00/ \/T=¢
T2 f(x) = 2/ S@OYa(x, 1) dgt,

0

where

m

1— —a/2 " qn , q

)

zq—m(l—a)qn—m (qa’ qZ; qZ)OO

(@' 4:9%) oo (45 9)2j+1
e oz @ TGP0 00 oo (@'
—2¢7mMI=9 gin Zg pIyes
_ 2@ 000 TITY (459
- o« 2.2 1—a. )
PRI LTa RN SR I
Y oo

(q59)2j
(qH—a

+2q—(n+l)(1—ot)qm—n sin Zor

2—a. .
cos Ja Z?io —(q $9)2+1 Jj@n—2m~+a)

0‘; q)2/ q/'(2n—2m+ut+l)

27 @7 03900 TV (g39)2 41

and

m

=gyl (——T 4
(I1—q) w(m =7

_zq—m(l—a)qn—m (qa’qz;qz)oo

(@' 4597 0o

—m(l—a) ¢in T (ql+rx’q2;q2)oo oo (ql_
—2q sin o ——— 5 oy

_ (>, 45 9%) oo (459)2)

zq—n(l—tx) (qa’qz’qz)oo

(@' 4:9*) o0

1+«
q" " sin 2o 0

(95 9)2j+1

(q59)2;

2. .2
_zq_()l+l)(l+11) 4754 )oo Z

. I—a.
,qzaqz)oo o (g a’q)Zj-‘rl j@m—2n+a—1)

2—a. .
cos Ja Z?io @ 50y j@n—2m+e)
o. X
’q)zf qj(Zn—2n1+a+1)

1—a. X
cos Sa Z/?io —(q 19)2 j@m—2n+a)

27 (@7 3900 T (@39)241

Example 5.6.1. If f € L*(R,) N L'(R,) then

1 [roo/v1=¢4
iw=g [ ronenda.

oo/ /T=q
where if x,1 € ﬁq we obtain
V1= C V1=
‘Ill(x,l):—ﬂ—q__y v (x, z 1

—l) __ Y @ _
Ing 2 Ing

I—a.
oo @041 om—snta—n

171
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and
lI/l(_x,t) = _n— 'l_q + g, l]/l(_x, _[) = ﬂ—'l_q + E
Ing 2 Ing 2
Hence
—2nJT—¢q 0o/ /T=q 0o/ /T=q
Iyt ==t | ode— [T pwdy,
Clnq 0
and
0o/ /T=q 2SI = 0o/ /T=q
sfeo = [ fwdi =L T o

Definition 5.6.2. For o > 0 we define a fractional g-difference operator §; on
L2(R,) N L'(R,) by

1 [oo/V1=4
g f(x) = J " f(x) = E/ o SOP_o(x,1)dyt. (5.48)
—o0/JT=]

Lemma 5.19. The operator 83 coincides with Rubin’s q-difference operator when
o ia a positive integer.

Proof. Leta = k for some k € Nand let f € L2(R,) N L'(R,). Using (3.88), we
conclude

1 [oo/vVI=4
=g [ 7 rownd.
—oo//1—¢
Then from Lemma 5.16 we obtain

oo/ /T=q
8 f(x) = C/ POV (1) dyt,

oo/ /T=q

and the lemma follows. O

Lemma 5.20. Ifa > 0 and f € L*(R,) then
82 f(x) =85y f(x) (a>0: k =[a]: x €Ry). (5.49)
Now if « is a positive integer then [@] = « and from (5.49)

o __ ak
oz = ok,
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Proof. Since

k rk—a Lok oo/

8,0y f(x) = ES”/ f@O)Y¥—a(x,t)dyt
—00//1—¢q

and 5§x Ui_y(x, 1) = W_y(x,t), the proof follows. O

Theorem 5.21. If f € Ll(ﬁq) N Lz(ﬁq) and o, B are complex numbers such that
Re(x) < 1 and Re(B) < 1 such that Re(o + B) < 1 then

a gB g — gBya g _ gotp
JEIPf = PIef = JetE .

Proof. Letx € ﬁq. Since

1 [oo/V1=¢ poo//T=q
E/ / S )W (x, 1) Wp(t, u)dgu dyt

—o0//T=4 J—00/ JT=¢

1 [oo/v1=4 oo/+/T=q
o / S /
—o0/ /=4 -

Je UL )

Wy (x, 1)Wp(t, u) dyt dyu,
oo/ /T=¢

using the orthogonality relation (3.90) we obtain

oo/ /T=q
/ Yo (x, )W (t, u) dyt = CWyqp(x;u).
—oo//T=¢
Consequently,
1 [oo/vVI=a N
BN =& [ fvaptindg = 17 £,
—0o//1—¢4



Chapter 6
Fractional ¢-Leibniz Rule and Applications

Abstract This chapter includes analytic investigations on g-type Leibniz rules of
g-Riemann-Liouville fractional operator introduced by Al-Salam and Verma
in (Pac. J. Math. 60(2), 1-9, 1975). In this chapter, we provide a generalization of the
Riemann-Liouville fractional g-Leibniz formula introduced by Agarwal in (Ganita
27(1-2), 25-32, 1976). Purohit (Kyungpook Math. J. 50(4), 473-482, 2010)
introduced a Leibniz formula for Weyl g-fractional operator only when « is an
integer. In this respect, We extend Purohit’s result for any ¢ € R. We end the
chapter with deriving some g-series and formulae by applying the fractional Leibniz
formula mentioned and derived earlier in the chapter.

6.1 Leibniz Rule for Fractional Derivatives

Studies of Leibniz rule for derivatives of arbitrary order started with the work of
Liouville [186] who introduced the Leibniz rule

[e.]

D%u(z)v(z) = Z

n=0

F'la+1) _
—— D" D"v(2). 6.1
Fa—ntD u(z) D"v(z) (6.1)
While Liouville used Fourier expansions in obtaining (6.1), Griinwald [120] and
Letnikov [180] obtained (6.1) in a different technique. Other extensions and proofs
could be found in the work of Watanabe [288], Post [242], Bassam [49] and Gaer—
Rubel [110]. In Watanabe’s paper, the author derived the generalization

" - F(a+1) o .
D%u(z)v(z) = ; Fa—yn+ Dl Tns 1)D "u(z) DY "v(z), (6.2)

for any fixed y. In [288], no precise domain of convergence is given [228, P. 659].
Osler in [228], see also [81, 229-231], determined the domain of convergence
of (6.2) which includes (6.1) as the special case y = 0.

M.H. Annaby and Z.S. Mansour, g-Fractional Calculus and Equations, 175
Lecture Notes in Mathematics 2056, DOI 10.1007/978-3-642-30898-7_6,
© Springer-Verlag Berlin Heidelberg 2012
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The expansion (6.2) can be used to derive some series expansions of some
functions for example [228, P. 659]. If we take u = %7, v = P71 o =
c—a—1landy =c — 1, we end with

o0

m’I(c+d—a—b—1)cscmacscth  ~ I'(a+n)I'(b+n)
Te—alc—hId—-ald—b 2 Fe+mid+n)

—00

The identity

F(a,b;c.2)

_F@r(b—c+sinab—c) o~ .,  Fla,b;b—n;z)
N b4 nZ;)( D nl(b—c—n)I'(b—n)

which holds for Reb > 0 and Rez < 1/2 is obtained from (6.2) by calculating
DP=¢zP71(1 — )7 by two different methods. One method is by taking

U =27 V@ =010-27
and the other methods is by taking

Uz =(1-27° VE)==""

6.2 Al-Salam-Verma Fractional ¢-Leibniz Formula

In [20], Al-Salam and Verma derived formally a g-fractional Leibniz rule. They
used the g-Taylor series

= S ({12 p (L —q)"
1@ = 2N flaa™ s

n=0

[a —2]a, (6.3)

which is slightly different from the g-Newton series

(1-¢9)"
(q:9)n

f@) =)Dl f(a) [z — al.. (6.4)
n=0

introduced formally by Jackson in [159]. According to Jackson’s notations, [y — ],
denotes the function ¢, (y, ) defined in (6.7) below for y,t € C and n € Ny.
No proofs of (6.3) or (6.4) are given either in [20] or [159]. However, Al-Salam
and Verma gave a formal verification of (6.3) under the condition that f can be
expressed in the form
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f@ =Y cilz—al 6.5)
n=0

Again, no indication is given for the class of functions where (6.5) holds. To the best
we know, Ismail and Stanton [149] are the first to give g-Taylor series in a rigorous
analytic way. Ismail and Stanton result is proved for g-Askey Wilson operators and
for functions analytic on bounded domains of C or entire functions whose maximum
modulus M (r; f) satisfies

In M(r; 1
fim MO _ ool L
r>o0  In’r Ing~!

See also [62, 148, 191, 289]. In [33], a rigorous proof of g-Taylor series based on
Jackson g-difference operator is introduced for functions analytic in finite domains
and also for entire functions that satisfy

In M(r; 1
lim M =C, C< .
r—>00 11’127’ 21n q—l

Returning to the fractional g-Leibniz rule of Al-Salam and Verma, the authors
of [20] derived also in a formal way the relation

LUEve =Y [ " L DI'UGg™* ™IV (2. (6.6)

m=0

Then Al-Salam and Verma gave some applications which we will mention in the last
section of this chapter. In Sect. 6.4 we provide an analytic proof of (6.6) indicating
the conditions on U, V, « and the domain of convergence of the series in (6.6).

6.3 ¢-Taylor and Interpolation Series

In this section we exhibit the g-Taylor and interpolation series introduced in [33].
The g-Taylor expansion is given in terms of the polynomials ¢, (a, z) where for each
t € C, the polynomials {¢,(y, 1)}~ are defined for y € C by

@o(y.1) =1,

Yt/ yiq), . vy #0, (6.7)
en(y, 1) =

nn—1)

(=D"q =1, y=0.

We consider ¢, (v, t) as a function of the two variables y and ¢.
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Lemma 6.1. Forn € Nand y,t € C we have

n

—q
Dysa(y.0) = T i1 0.0
_qn
Dq,r@n()’vt) = - 1_q (pn—l(ysqt)v
en(y.0)
I" (1) = ————.
a:(D Ty(n+1)

Let k be a positive real number and f be an entire function with the power series
expansion

f@ =) an". (6.8)
n=0

Bezivin [55] called f(z) g-Gevrey of order 1/ k, if there exist positive real numbers
A and C such that

lan| < Ag"FC" (n e N).

In [256], Ramis defined the g-Gevery series when ¢ > 1. He also defined an entire
function f(z) to have a g-exponential growth of order k and a finite type 6, § € R,
if there exists a positive number K such that

k1n?|z|
< K|z|%ex ,
| /(@) |z|* exp ( Ty

see also [149, P. 177]. The following lemma coincides with that introduced by
Ramis [256] when g > 1.

Lemma 6.2. Let f be an entire function with the power series expansion
o0
f) = Zakzk (ze©).
k=0

The following are equivalent.

(i) There exist positive constants k, K and a real constant o such that forr > 0

k In?
M(r; f) < Kexp n2r+ozlnr .
2In“ g
(ii) There exists a positive constant A such that

—(n—a)’In’q

lan| < Aexp (T) (n € Np).
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The following is one of the g-Taylor series introduced in [33] and it is essential in
our investigations on the fractional g-Leibniz formula.

Theorem 6.3. Let f(z) be a function with q-exponential growth of order k,
k < Ing™', and a finite type §, § € R. Then for a € C \ {0}, the function f(z)
has the expansion

Dy flag™)
z 1" —m(m—1)/2 0 (d,2), 6.9
f2) = Z() F( T s @) (6.9)
absolutely and uniformly on compact subsets C.
Corollary 6.4. Let f be an entire function with q-exponential growth of order k
(k <In q_l) and a finite type 8, § € R. Then

—m(m—1)/2

D = S i gy gt —yym
f(zq)—mZ:O( Y e 20 @ TG e (610)

where y € R, z € C\ {0} and n € Ny. Moreover, for each z € C \ {0}, the
convergence is absolute and uniform on {zq™ : m € N}.

Proof. Letz € C\ {0} be fixed. Hence, D := {0, zg™ : m € N} is a compact subset
of C. Applying Theorem 6.3 with a = zg~" we obtain

Dy f(zq™"77)

f) = Z( g gy oG ) (e D).

and the convergence ia absolute and uniform on D. Observing that

n+y

em(zq9™7.29") = (247 ")"(@": @Dm+

then replacing y with zq", n € N proves (6.10). O

6.3.1 A Fractional q-Taylor Formula

Purohit and Raina [249] derived a generalized g-Taylor’s formula in fractional
g-calculus using Riemann-Liouville fractional ¢g-difference operator. We introduce
Purohit and Raina’s result in the theorem below, for the proof cf. [249].

Theorem 6.5. Let 1 be an arbitrary complex number and Re(p) > —1. If

F) =3 A,
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then
ntn)(n+n=1)/2¢n+n

n-‘r
L,n+n+1) MRS

X
xP(tfx:q)pFety =3 4

where

Frn) = 7 (f(x).

¢ is the q-translation operator defined in (1.15), |t/x| < 1, |tq?/x| < 1, and
lq| < 1.

The authors of [249] used the previous fractional g-Taylor formula to derive a
g-generating function of the basic hypergeometric function ,¢,: They proved that

xP(t/x:q), e " oy (ay.....ar; by, ... bsq, px)] (6.11)

) q(n+7z)(n+n—l)/2 at Fq(p-i- 1)
~ y(n+n+1) Iy(p+1—n—-n)

ptl—n—n.

—n— +1.
Xxp n i’]r+1¢s+1 (al,...,ar,qp ,bl,..-,bs,q q,ox)

Saxena et al. [270] introduced a basic analogue of the H -functions in terms of
the Mellin—Barnes type basic contour in the following manner:

mn (a,@) 1
HA,B |:Z7 (b ,B)i| 27T_l (612)

d s

/ [T —m+1(ql bitB;s, Q)ool_[ =107 D)oo ("5 )00z
[T721@ 5% oo [T 21 (@' T @)oo sin 7 z

and 0 <m < B;0 < n =< A;a; and «; are all positive integers. The contour
C is a line parallel to Re(ws) = 0, with indentations, if necessary, in such a
manner that all the zeros of (g% #/%;¢)s (1 < j < m) are to its right, and those
of (¢'74 %% ¢)00, 1 < j < n are to the left of C. The basic integral converges
if Re [s log(x) — logsin 7 s] < 0, for large values of |s| on the contour C, that is if
{arg(z) —wowy ! log |z|} < m, where |g| < 1,logg = —w = —(w; + iw,), w; and
w» are real numbers.
Purohit and Raina applied the fractional g-Taylor’s formula to obtain

. ar o (a.a) q(n+n)(n+n—l)/2 Zp([/z)nﬂ
Zp(f/ZaQ)pS q (HAB[ ‘(b ﬁ)i|) OOFII(”"'”"_U (1—g)ntn

m,n+1 ( P> 1) (a O{)
*Hatip [“"’} (b.B). (n+n—p. 1)}
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where 7 is arbitrary complex number, 0 < m < 8,0 < n < A, and the existence
condition as in (6.12).

6.4 Analytic Proofs and Applications

In this section we give an analytic proof of the fractional g-Leibniz rule (6.6) of
Al-Salam and Verma in [20].

Theorem 6.6. Let U(z) be an entire function with q-exponential growth of order k,
k <1Ing~", and a finite type §, 8§ € R. Let V be a function that satisfies

Y @ IVg)) <o (z€0).

j=0
Then -
o — m —a—my ya+m
18 (UY) (z)=m2=0[m ], PiUGa V), (6.13)
forz € C\{0}and o € R.
Proof. From (4.26) we have
o _ Za = ne n+l. n n
WG =50 ;q @ @)a—1U(zg")V (zq")
(6.14)
o . (q%:q),
— o 1_ o n U n V n X
#(1-¢q) ;)q Ga). VOV G

Since U has g-exponential growth of order k (k <In q_l) and a finite type 8, there
exists a constant K > 0 such that

IM(r;U)| < Kexp|—
2Ing

[ In®
- r+81nr) r>0.1<1).

So, from Lemma 6.2, the sequence {a, } .-, satisfies the inequality
jan] < Cq" = (n € No). (6.15)

for some positive constant C, which is independent of n. Following Corollary 6.4,
the function U(-) has the expansion

—am—m(m—1)/2

@ n" Dy UGg™™),  (6.16)

N 4
U(Zq)_,;f D" D
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uniformly and absolutely on the sequence {zg" : n € Ny}, z € C\ {0}. Substituting
with (6.16) into (6.14), we obtain

1UVE =219 g "y
.7 o (6.17)
x Z(_l)mq—am—m(m—l)/Z Dq U(Zq )( n+oz7q)mZ

Iy(m+1)

m=0

If we prove that the double series in (6.17) is absolutely convergent, then we can
interchange the order of summations in (6.17) and use

@ D@ D = @ Dntm = @ D@ @)
and
(@),
V(@) = 1= )"y gV (")
— (95 9)n
to obtain

—am—m(m—l)/Z(qa; q)m
(@:9)m

1EOvE =Y e

m=0

DI U(zq™ ™" 1SH"V (2).

(6.18)

Substituting with

o — m ,,—am—m(m— 1)/2(q Q)m
[’"] - (q:@)m (19

into (6.18), we obtain (6.13). Now we prove that the double series in (6.17) is
absolutely convergent. We do this by proving that the series in (6.16) and (6.14)
converge absolutely. Indeed, if U(z) has the representation

Uz) = Zarzr (ze©)
then

o0
DIUGG™* ™) = (1=q)™" Y akm(g* i q)md g~ "
k=0

o0
SOk tm
=Fq(m+1)zak+qu (atmk k.
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Thus, from (6.15) we get

520 xm XTI ki
DJU(zg™*™™)| < CIy(m + 1)g™m="/ qu_a RAR ML

(6.20)

Since the series on the right hand side of (6.20) converges and its sum depends only
on z, 8, and «, there exists a constant K; which depends on z, § and « such that

—m(m—1)/2
q —a\m ym —a—m A—1ym?/2 m(l—é—a)
- DU < Kig'l 271 .
‘Fq(mﬂ)(zq )" Dy U(zg™*™™) 19 q
Hence,
00 _am m(m 1)
n+oc m m —a—m
7" |DJ'U(z < K,
> gy @), " [ Ueg ] < Ko
m=0
where
> —1 2 1 8
Ky = Ki(=q":q)oo p_ g V"2 g G g,
m=0
Therefore,
(4“:9) K <
Zq U Gg") V(g < —— Y q"|V(zg")| < oo
= (@D (@)oo =
i.e. the series in (6.17) is absolutely convergent. This completes the proof. O

It is worth noting that the condition

Y ¢/ Vg <o (z€0)
j=0

is not restrictive. It is not hard to see that all g-regular functions as well as continuous
at zero functions satisfy this integrability condition.

6.5 A Generalization for Agarwal’s Fractional ¢-Leibniz
Formula

In [15], Agarwal introduced the following fractional g-Leibniz formula:

Theorem 6.7 (Agarwal’s fractional ¢-Leibniz formula). Let U and V be two
analytic functions which have power series representations at z = 0 with radii of
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convergence Ry and Ry, respectively and R = min{R}, R,}. Then,

o

IOV @ =Y [_n“]q DIUQIE"V(g") (2] < R), 6.21)
n=0
Proof. See [15]. O

Recently, Purohit [247] used (6.21) to derive a number of summation formulae
for the generalized basic hypergeometric functions. In this section we present the
generalization of Agarwal’s fractional g-Leibniz formula (6.21) introduced in [206].
Let0 < R < ooand Dg := {z € C : |z] < R}. In the following we say that the
function f € L;(DR) if

o0
quIf(ijN < oo forall z€ Dg\ {0}.
j=0

Theorem 6.8. Let G be a branch domain of the logarithmic function. Let a,b be

complex numbers and R be a positive number. Let u and v be analytic functions in
the disk Dg. Let U and V be defined in G N Dy through the relations

Uz) = 2uz), V() =2v). (6.22)
If V(-) and UV(-) are in L}I (DR), then

12UV (2)

— M > —o+y m a— . a—y+m m
_Zqu(oz—y)mX::OI: m 1|qu ((q y&/z,q)yU(E)) le=2 (Iq v )V(zq ),

(6.23)
wherez € G N Dg, and o, y € R.

Remark 6.5.1. 1t is worthwhile to notice that if we set y = 0 in (6.23), we obtain
Agarwal’s fractional Leibniz rule (6.21) with less restrictive conditions on the
functions U(z) and V(z). Actually, the special case y = 0 of Theorem 6.8 is an
extension of the result given by Manocha and Sharma in [202].

Proof. Since V, UV are in L}] (Dg), then
2"V € Ly(Dg), Re(b) > —1 and Re(a +b) > —1.

From (4.26) we obtain

(o]

LUV =2(1-9") q

n=0

2 @%@
(q:9)n

U(zg")V(zq"). (6.24)
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Substituting with

@D _ @D a—y+n
(4:@)n (q:9)n (@)

19y
into (6.24), we obtain

[e%e} a—y.
I3 (UV)@) = (1 =" (@)~ ) q" %( ), Ulzg") V(29"
" (6.25)

The existence of UV in the space L(lj (DR) guarantees that the series in (6.24) or
in (6.25) converges absolutely for all z € Dg \ {0}. Replace x in (1.27) by & and
then let

J@&) =@"7E/zq), UE).

Consequently,

q@* 7" q),U(zq")

n (6.26)
= 20—t [[] ¢ D] (e ), V@) |
k=0

Then substituting (6.26) into (6.25), we get

o0 a—y.
FUNE =0 - 0 - 0 TG
n=0 k) n

< Enta-al [ ] D) (@, v©) | 620)
k=0 '
Using (1.25) we obtain
Dy ((q“_yg;q)yU(E)) L=k = (—D)F(1 —g)* g T ("),

k
re=n [k q*: Q)ik—r 6y (g
X q 2 [ i| —q u(zq"™")
; rly @7 Qr—r



186 6 Fractional ¢-Leibniz Rule and Applications

Therefore, since u(z) is analytic in Dg, there exists M > 0 such that

2% (@ have)] |

k(k—1) r(r 1)
< (1 — ) F|gRe@—kghRea="5" 0 g [’fL g Red

k(k—1)

(6.28)

— M(l _(]) k|Z|Re(a) quRea— ( q—Re(a);q)k

(k—1
< M(l _ q)—kIZIRe(a)—quRea— > )(_q—Re(a);q)oo

Consequently,

Z(l —g) [ZL gkk=n/2 |k Dg ((qa—yé;q)yU(é)) t:z

k=0 ' (6.29)
1— q(n-l-l) Re(a)

P )]
< M|Z|R . ((]'(])2 = 1— qRe(“)
»4 /o0

Set F(§) := (¢g*77 % q)yU(&). Then substituting (6.29) into (6.5) we obtain

o0 n
q" (@77 q)nl k[ k(k—l)/z‘ k nk ‘
2 A Y (g 1— D) F
g, VeI —a) [ ] a2 oiFe
6.30
| — gorHDRe@ (630)

(=471 D)oo (=4 0) oo
< M[z[R@ =~ =3 e ALUCRL

(¢: 9% — 1=

The last series converges for all z € Dpg \ {0} since V, 'V € L;(DR).
Consequently, the series in (6.30) is absolutely convergent and we can interchange
the order of summations in (6.5). This leads to

I2UV)(2) = (1 = 9)*(q“; 9~y

x Z?J:O(_l)qu(k—l)/zzk ((lq - Dk F(z) Z ° . q" ((qq Ty l])n V(zg")

=7(1 — q)a(qa.q)_y Z/Sio(_l)qu(kH)/z k (—g)* DkF(Z)

) (@59
9°77"3q) j+k i +k
XZ] Oq] (qq)/ V(zg’™).

(6.31)

Since

(1277%5Y) (2") = (27 (1 = g~ y+k2 ALl ’q)j Vizg"™).
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and

@75 40 = @7 (@7 )5,

the substitution with the last two identities in (6.31) gives
15UV)@) =2 (1= 9)"(q*:9)—

. k —k(k—1)/2-+k (g7 )k
XZ(_D g k=Dt (—a+y)+
= (q: 9k

g'Q)yU(S)) L=Z

x (167774V) (2") D ((q“_"z,

=2 -9 (g% q9)—y
5 i —a+y (Ia—”"V) (zg") D} (q“‘yg:q) U() ‘ ,
k q q z 14 f=2
k=0 q
and the theorem follows. O

In the following theorem we derive Leibniz’ formula for Caputo fractional
q-difference operator.

Theorem 6.9. Let f and g be analytic on D := {z € C : |z] < R}. Then

k—a

0 n—1
o —« m o+m m -
D*q(fg)(z):’;[m L DI fRIH " g (2 )—];D(’;(fg)(o)rq(kia“).

Proof. The proof follows by combining (5.10) and Agarwal fractional g-Leibniz
formula (6.21). |

6.6 A g-Extension of the Leibniz Rule via Weyl
q-Fractional Derivative

In [248], Purohit derived a g-extension of the Leibniz rule via Weyl fractional
q-difference operator defined in (4.27). He proved that for a nonnegative integer o

(=1)q "tV (g™ q),
K*(UV)(z) =
! ; (q:9)r

K;7"U@K, V(zg"™),  (6.32)

where U(z) = 7 P'u(z), V(z) = z 7*v(z), u and v are analytic functions having
power series expansions at z = 0 with radius of convergence p, p > 0, and py,
p> > 0. Purohit established some summation formulae as applications of the
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fractional Leibniz formula (6.32) which can be represented as

KW@ =Y %K;”U@D;_l,z Vg,
r=0 » 1T

where
D]\ V(zg*) = (—1)"q""VPK] Vizg™™)

In [206], Mansour proved that the g-expansion in (6.32) can be derived for
any o € R. The proof introduced in [206] is completely different from the one
introduced by Purohit for nonnegative integer values of . The keynotes in proving
the generalization of Purohit fractional ¢-Leibniz formula are two identities: the first
one is
Iy + p)

I, (p) ’

which holds for any p € R when & € N or holds when @ + p > 0. The proof
of (6.33) follows from (5.20) by replacing o with —c, x with z, and setting ¢ (z) =

Kiz P = gm0 2gmerger (6.33)

77P. The second identity follows from formula (1.27) with ¢ replaced by ¢! and x
by z. That is
fea™ =Y =D O[] | FDl @
= kd4—1 q
- (6.34)

n B . n
_ qu(k D/2(1 — g)kgk [k] sz]q‘_lf(z),
k=0 1

where we used, cf. [113, Eq. (1.47)]

[Z ]qfl - [Z L qkz_nk'

The identity in (6.33) leads to the following result

Lemma 6.10. Let p and o be such that 0 < Re(p) < 1 and a > Re(p). Let G be
the principal branch of the logarithmic function and let Dg := {z € C: |z] > R} N
G. Assume that

U(z) =7 Zajz_j

J=0

is analytic on Dg. Let

Q¢ =1{z€ Dg:q%z € Dg}.
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Then K} U(z) exists for all 7 € §2,. Moreover,

Ny : o
KiU(2) = ¢° (a p) i “Z ,(qa P,C;))j, Tl (€ 82y).  (6.35)

Proof. From (5.20) we find that

o0
K:;U(Z) = qa(l—a)/zqapzp—a(l —q) qu(a ' gk (g~ s(I)k Za q( ath)j
=0 @ =

(6.36)

From the assumptions of the present lemma we can easily deduce that the double
series in (6.36) is absolutely convergent for all z € §2,. Hence, we can interchange
the order of summations in (6.36). This and the g-binomials theorem (1.59) give

0 00 —a. .
KiU(z) = q*" g = (1 — q) ™ Zajq_“jz_j qu“_k”kj @4

=0 = (q:9);
i —ptj.
_ a(l—w)/2 jap_p—a —a —oj_—J (q ’ ’q)oo
=q q" P (1 =q) ajq e
]2:(:) ’ (@* 7" q)oo
Simple manipulations lead to (6.35). O

Lemma 6.11. Let p, o, G, U, Dy, and §2,, as in Lemma 6.10. Then

o0
anjw(zqa_j)l <00 forall z € £2,.
=0

Proof. The proof is easy and is omitted. O

Theorem 6.12. Let U and V be functions defined on a q~'-geometric set A and let
a € R Assume that UV € Sy and U € Sy, (0 > % Then

9 Pm

@) — K" ’"U(Z)D AV (zg%)} (6.37)

KiUV(z) = Z (

m=0

forallz € A and forallinoa € R. If u = 1/2 then (6.37) may not hold for all & on
R but only for o in a subdomain of R.

Proof. Let z € g~%A be arbitrary but fixed. Since UV € §, o, then

> q" UG V(zg"™)| < 0. (6.38)
k=0
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From (5.20)

4 Dm

U lX—WlV a—m.
@D (zg* ™)V (zg*™)

(KaUV) (Z) _ qa(l a)/2(1 q)—a —a Z qam(

m=0

Applying (6.34) with f(z) = V(zg®) yields

4 Dm

(KaUV) (Z) _ qoé(l 04)/2(1 q) @, anm(( )

m=0

Ulzg*™)
N (6.39)
« qu—n/z(l —q)Y g™ [’ﬂ 7 D;_I!Z{V(zq“)}.

q

Jj=0

From the assumptions on the function U, there exists a constant C; > 0 and v € R
such that

IU(an—m)| < Cl q;Lm(m-l—v)‘
Using (1.25) with ¢! instead of ¢, we obtain
dD) V() = Co

Consequently, the double series on (6.39) is bounded from above by

Clcz—( 1q)oo quRw #m(m+V)ZqJ(1 /)/2|: :| g™
(4:9) 0 = J 14
< Clczw ququum(mﬂ)( a " Pm (6.40)
m=0

—Rea. . (o]
<G, (—¢q e‘z;;])qo)o(_q, 9)oo Zqueaqpm(m+v)q—m(m+l)/2,
1q)oo

m=0

where we applied the identity in (1.7). Now it is clear that if & > 1/2, the series on
the most right hand side of (6.40) is convergent for all « € C. On the other hand, it
is convergent only for Rear > —v + % when pu = % Therefore, we can interchange
the order of summation in the series on the right hand side of (6.39). This gives

(K;;UV) (@) = g*1=0/2(] _ )=

(q ’q)j ] 1— ]Dj V(zg® G (a—j)r (q_a+j;q)l‘ U a—j—r
X]Z;) @9, ( q) g1z (zq );q _(Q§61)1~ (zq )-

(6.41)
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But

Zq(a AC o ;‘I)r U(zg*™ ™) = 27 (1 — q)oc—jq(oc—j)(oc—j—l)/ZK;x—j V(2).

Combining this latter identity with (6.41) yields the theorem. O

6.7 Applications

In this section we apply the fractional Leibniz formulae introduced through the
chapter to derive transformations. Al-Salam and Verma [20] used the fractional
q-Leibniz formula (6.6) to derive some identities as in the next two applications.
In the remaining applications, we derive some identities using Agarwal’s fractional
Leibniz formula and its generalization.

Application 6.1 Ler N € Ny, @ € R, and A € C be such that Re (A) > 0. Then

(@ @)oo (2471 @)y

(@*: Do (z q)N (6.42)
x 3@, (0.4%.¢ 7 V:q* V24" q.q) .

21 (¢%.2¢":z:9.9") =

Proof. Take
UG) = (z:q)y and V(z) =N

One can verify that for m € Ny we have

m A =)™g"" (@™ Q)m(zq™; q)N—m. if m <N,
D =
VD=1, ifm > N.

Then
(DU g™ ™) = A=) """ (@™ : )m (g™ @) n-m-

But from [113, Eq. (I1.10)]

0 q)vm = ¢@ (_q““‘N)m (4~ )

z (@ Ntz q),
Consequently,
oz+1 m —a.
DmU a—my __ ()( ) —N; - (Zq 7q)N ) 643
( Nzg™* ") =¢q T (¢ ":q) @ s, (6.43)
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Moreover,

L LM —g )
Ia-‘rm /\ 1 — q /H-a-l-m l. 644
¢ T Ot @, ©44)

Combining (6.43), (6.44) and (6.19) yields
IEUV)E)

et ) @ Dm @i Dm .

N
=7 29~ %
Lot Y L e g
i Ty

=7z ——(zq™%; @, (0,g%, g7V
Fq(x+a)(q Qv 39P2(0.9%.¢7 Vg

a—N-I—l/Z’ qk-l—a;q’q) )

(6.45)
On the other hand, using (6.14) we obtain

(g s @m

19(UV)(2) = (1 — q)*2* Tz N
! = v @ Z 1 (G Dm (@ @m (6.46)

m=0

=1 -9 v 291 (424" :2:9.9") .

whenever Re (1) > 0. Combining (6.45) with (6.46) gives (6.42). O

Application 6.2 Let A and o be complex numbers satisfying Re(A — ) > 0. Then

o n o —o —o —na (q)»+a; q)"

201 (¢, 0:4" . —2g7%) = (¢ 5 @ooq "

(g% @)n

n A+n)k (0. —n. n—k.
q (q*: @k (@ Qi (29" q)k wtk . Atk I
X 2 ,0; 1q,2 ,
2 @O ) P 0" g 2"
(6.47)

holds for |zq=%| < 1 and n € Nj.

Proof. The identity in (6.47) follows by calculating
Il G E) N
in two different ways. Firstly by letting
U@ =7, V@ =7""@x
and secondly by taking
U@ = @ q)eos V() =271

Equating the results of these two calculations we obtain (6.47). O



6.7 Applications 193

If we apply the Leibniz formula of Theorem 6.8 to the functions U and V' defined
on Application 6.1, we obtain the identity

Ata /H-oz) )

201 (4%.24":2:9.9%) = 22 (7" q% 4" 2 q.q

Ifweseta =q*% b =z9",c =z,and § = q*, we obtain Jackson transformation of
201 and 2¢;:

b1 (@, b g, E) = (E’f q))°°z¢>2 (@.c/bic.ak:q.bE).

See [113, Eq. (IIL.4)]

Application 6.3 Let g € (0,1) and let A, u € C such that Re (A) > 0. If |zg"] < 1
then

2@ (4%, 29" 2:9.9%) = e 2@ (¢% g7 g, P 2) . (6.48)

Proof. Let
U@@) = (zq)u. V(=277
Then

(Zv q)ll

DiUR) = q"* (¢ " q); o

(1-g)7*

and

k
1;+k V(zg*) = %) (i: 9) k(tactk=1) Atatk—1
Iy(A + o) (@4 q)k

Consequently, for |zg"| < 1 we have

1;UV(2)

Mba=l (o %) Z( 1)kgk=n/2 ¢, q” ,q)k( g% (6.49)

=: DTyt ) @ zqn

- ;)
_ Ata—1,_. q
=z (Zs Q)u Fq (A.

A+
+ o) M)

2@ (4.7 ¢, 24,9
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On the other hand, using the definition (6.14) we obtain for Re (1) > 0
S o. .
’ n Za n
UVE) = 27— g g Yo g L DE D
= @D (6.50)
=1 - ) (2 9)2 1 (4% 29" 9. 47) -

By equating (6.49) and (6.50) we obtain (6.48). O
Application 6.4 Letn € Ny and A € C, Re (1) > 0. Then

202 (O’qa;z’ qn+l+a’q Zq/H-n)
("“,q)oo Z ek @3 Qi (q"’;q)k2¢1 (0.4 2¢%: 4. %) (6.51)
T @) (4: Dk (z: @i

holds for all z € C\ {g™* : k € Ny}.

Proof. Formula (6.51) follows by calculating I;‘z"H_l(z; q)co by two different
ways. Firstly, we take

UR)=7" and V(2) =27 (@ @)co-
In this case

(g DR = ) (g g 2 k=01

D =
Ve 0, kefnn+1,...},
(6.52)
atk k kyoatk+A—1 Kk vk o (@),
IEV(zq") = (24%) @4": ool —q)* Y gt 2 (6.53)

= (9" q),

The g-fractional integral 12TV (z¢*) exists for Re (1) > 0 and for all z € C
because the poles of the series in (6.53) are zeros for (2g*: ¢)0o. Moreover, the

series in (6.53) is the function »¢; (0 q* % 2¢%q.q ) Hence, applying Agarwal’s
fractional Leibniz rule (6.21) gives

IUVE) = (1—q)" " (@)oo
(6.54)

n o. —n.
Gk @D (7" @k atk. k. A
XY q ——— 201 (0.4 ;24" 9.9
Z (CRANCD): ( )

Secondly, if we take

Uiz) = () and V(z) =",
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we obtain
P _ ntAta—lg,. o (@ @)oo a., ntita., Atn
1JUV(2) =z @ ool = @) 5242 (4" 2.9 1q.q" ).
(q 9 (I)oo
(6.55)
By equating (6.54) and (6.55) we obtain (6.51). O

Application 6.5 Let a, b, and ¢ be complex numbers such that Re(b) > 0. Then for
lzg™| < 1,

a b c. a5 — Fq—(c.)
21 (¢".q".q%q.947"2) = Iy(b)Iy(c —b)

o0 —
« Z " (" qm 21 (g%, q1q" T gL g

_ _b+ . bl 9 bl 9 .
= (=g (g Dm

Proof. The proof follows by calculating I ,j_b (7"(z:9)-a) by applying
Theorem 6.8 in two different ways. The first one is by taking

U@@) =27 V(@) = @ @)
and the second one follows by taking

U@) = (zq)—a, V() =2"".

O
Application 6.6 Forn € Ny, « € Rand A € C with Re(A) > 0
2¢1 (q—n’qa;ql-‘ra;q’ql-l—n) — q—na2¢l (q—n7qa;ql+a;q’q)
(¢*:0) (6.56)
IR

Proof. Set U(z) = 7" and V(z) = z*~'. Then applying Theorem 6.6 gives

%)

°UvV — MntAita—1  —na
JUV(@R) =7" q —Fq(/\+a+m)2

¢1 (q—n’qa;q)»+a;q’q) )

Now, applying Agarwal’s fractional Leibniz formula (6.21) yields

%)

IOLUV — n+A+a—1
JUVE =2 I, + o +m)

21 (07" q% ¢ .M.
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But a direct computation gives

]azn-l-l—l — Fq(l’l + A) Zn+/\+a—l
Iyn+A+a)
Hence, equating the last three identities gives (6.56). O

Application 6.7 For complex numbers a, b, and ¢ such that Re(c —a) > 0 and
Re(c—a—b)>0

Iy(c—a—>b)Iy(c)
Iy(c—=b)Iy(c—a)

=201 (¢°.4":q%:9.97") (6.57)

Proof. The proof of (6.57) follows by taking
U =z" V@) =z"" (6.58)

and applying the fractional Leibniz rule Theorem 6.8 with y = 0, « = a. This gives

- 1 Ty — a)z ke—a—p) @5 DR (@ D

1;(UV)(2) = , . (6.59)
/ Iy(c) (@ D @k
On the other hand,
o Iy(c—a->b) _,_
1°UV — Jayca b—1 _ 4\ " " b—1 6.60
JUV(@) =1z T, =5 (6.60)
Consequently, equating the identities in (6.60) and (6.59) yields (6.57). O

The expansion (6.57) is the g-Gauss summation formula introduced by Heine,
cf. [130-133].

Application 6.8 For complex numbers a, b, A, B, d, and D such that Re(b) > —1,
Re(B) > 0, andRe(b + B) > 1

L+ DB gy
I+ B)Iyd+B—b 7

= (@ q¢)—a

" ( ata b+B;qd+D;q,q—(a+A)Z)

o b—d.
Xm;o( Sl (@ Dm(@? TP~ q)m

X3¢2 (q_’",qd*'D_b‘B,zq—“;qd—b, 4, b+1) b1 (qA B gdtB-bEm. q—u—A+m)’

(6.61)

for |zg7 4| < L.
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Proof. The previous identity follows by taking
U@ =@ - V@) =" 9)-1
and applying Theorem 6.8 with
a=d+D-b—-B, y=D-B.

Then using (1.26) we obtain

Dy ((q"—b%:qm_gs’?(s;q)_u) |

E=z
d—b.
_ —m_—m+b_. (q aq)oo
=(1-9)™"z (Z,Q)—am
% 3¢2 (q_m,qd_b+D_B,Zq_a;qd_b,Z;qub+l) ) (662)
In addition,
_ —b4Be b Iy (B)
JOYHMY Y (zg™) = AbHB—14m m2+(d—b+p—1)m q
(q )(zg™) 4 Iy(B4+m+d—>b) (6.63)
X2¢1 (qA’qﬂ;qm—b;q’qm—a—A) ,
and
[V—a] — (1yrgomy (7 m @ D (6.64)
m 1 (@:Pm

Substituting with (6.62)—(6.64) into (6.23), we obtain

Iy (B)
I,(B+d—b)

o0 b—d.
_1 m ('g) mB (q vq)m
DL e e e

I2UV(R) = TP (1 - )P B ()

s m

m=0

X3¢ (q—m’qd+D—b—Byzq—a;qd—b’Z’ b+1) s (qA qB qd+B b+m. q.q a—A+m>

(6.65)
On the other hand,

I,(b+ B) _ _
IOtUV — q d+D—1 u+A’ b+B; d+D; , (a+A4) . 6.66
@) T, d+D)° 201 (0“7 a7 g iq.q ). (6.66)

Combining (6.65) and (6.66) we obtain (6.61). O
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Application 6.9 Let y, A, 1, and o« be complex numbers satisfying
Re(A) >0, Re(A+pu)>0, ugNy and Re(x) > 0.

Then

IyA+wh@Iy(A+a—y)
Tyl =) L,(MT(A+ pn+a)

(6.67)

o]

_ At @ " qm - +1. m+1.
—Z e ”)W%(CI Y Y R N

Proof. We prove the identity by using Theorem 6.8. Take U(z) = z* and v(z) =
7!, Then,

m a—y & oS @) k
DJ(q ™ a8 = Z @ q)kk (7) grtk

_ Z R (_)" Ltk 4D im

(@ \z) Liip+k—m+1)
Hence,
_ o Lgp+1) _ _
D™ (g% y§; ;L‘ — u—m q v, /L+l; I m+l; g
g @ =2 F(,u—m+1)2¢1(q q"" g q.4%)
— (1 )m(q ,q)m () g
1-
xah1 (g~ V,q"“,q""”“;q,q“)-
(6.68)
and
_ I3 (A) e
I y+mV my _ q myA+a—y+m—1
(‘1 )(zq) Fq(k—i-oz—y—l-m)( )
" (6.69)
_ Fq(/x) (1 _Q) (qu)l+a—y+m—l'
LA+ o —y) (@7 q)m
Then applying Theorem 6.8 gives
Ty(o)l,(A
15U V)() = tirert L@ )
Iy —y)IyA+a—yp)
E (¢*~ 9
% Z m(k+u)—”” 21 (q—y’q;ﬁl g" m+1’q q )

(4.4 q)m
(6.70)
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On the other hand,

II;IZ/\-‘F/L—I — F’I (A + lu“) Z/\+/L+Oé—l ) (671)
Iy,A+pu+a)

Equating (6.70) and (6.71) gives (6.67). O



Chapter 7
q -Mittag—Leffler Functions

Abstract The classical Mittag—Leffler function plays an important role in fractional
differential equations. In this chapter we mention in brief the g-analogues of
the Mittag—Leffler functions defined by mathematicians. We pay attention to a
pair of g-analogues of the Mittag—Leffler function that may be considered as
a generalization of the g-exponential functions e,(z) and E,(z). We study their
main properties and give a Mellin—Barnes integral representations and Hankel
contour integral representation for them. As in the classical case we prove that
the g-Mittag—Leffler functions are solutions of g-type Volterra integral equations.
Finally, asymptotics of zeros of one of the pair of the g-Mittag—Leffler function will
be given at the end of the chapter.

7.1 Mittag-Leffler Functions

The special function of the form

o n
Z
E = _— 0), 7.1
p(2) ;:o Fop+ D) (p>0) (7.1
and more general functions
0 7
E,u(z) = E F(np+ ") (p>0; pe), (7.2)

where z € C, are known as Mittag—Leffler functions, see e.g. [95, 143, 168]. The
one parameter function £, ;(z) = E,(z) was first introduced by Mittag—Leffler in a
sequence of five notes [219-223]. See also [200]. The two parameter function (7.2)
was first introduced by Agarwal in [16], see also Humbert and Agarwal [137]. The
function E, ,(z) is an entire function of z of order 1/p and type 1.

M.H. Annaby and Z.S. Mansour, g-Fractional Calculus and Equations, 201
Lecture Notes in Mathematics 2056, DOI 10.1007/978-3-642-30898-7_7,
© Springer-Verlag Berlin Heidelberg 2012
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The Mittag—Leffler function £, (z) is a special case of the Fox—Wright function
(1.82). It is straightforward to verify

Ep,u(Z)zll// |:(1 1) i|

(i, p)

These functions had been extensively studied by Kilbas et al. in [167] and in [168].

The two parameter Mittag—Leffler functions appeared as solutions of frac-
tional integro differential equations, see e.g. [52, 85, 114, 117, 172, 200, 235].
See also [21, 22, 84, 85, 116, 235, 239-241, 246, 272, 273, 283] for properties and
asymptotics of zeros, and more historical notes. In 1971, Prabhakar [244] introduced
a generalization of the Mittag—Leffler function of two parameters as a kernel of
certain fractional differential equations. The generalized Mittag—Leffler function is
defined by

(Y
ﬂ(z) Z < n!I"(no + B
Now, we give g-analogues of the Mittag—Leffler functions. Since we have

two major g-exponential functions, namely, e,(z) and E,(z), we will define the
following two g-analogues of the Mittag—Leffler functions

71

eap(2:9) Z g (O-ol<n.

- (7.3)
qom(n—l)/Z )

Ty + ) 0.

Ea,ﬁ (z:q) ==

where ¢ > 0, B € C. When B8 = 1, the functions e, ;(z;¢) and E, (z;q) define
families of ¢g-exponential functions of one parameter. Another one-parameter family
of g-exponential functions is defined by, cf. [42, 104, 143],

e qak2/2
E;‘)‘)(z) = * (xe).
= @9k

Rajkovic et al. in [255] introduced another pair of g-Mittag—Leffler functions. This
pair is denoted by e 4(2; ¢), Eq;0.8(z; ¢), and defined by

(c/x-q)dn-f—ﬂ 1 +B-1
esap(x;c) = —_— X" x| > |c]),
s Z(q‘I)an-‘rﬁl (el > el

(x:¢) = Z AR IO :T R T S ES
Equp 0 (@ Dantp1 (=i Dantpi |
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where

{q,x,c,a} C C, Re(x), Re(B) > 0and |gq| < 1.

The authors of [255] called ey;qg(x;c) the small g-Mittag—Leffler function and
Ey.0.p(x; ¢) the big g-Mittag—Leffler function. It is clear that

egiap(x:0) = (1 — ) PxP ey g (x*(1 — )™ q).

7.2 The g-Mittag-Leffler Function e, 3(z; q)

The following formulae follow directly from the definition of ey g(z; ¢):

e21(z:9) = coshy Vz(1 —q), ex2(z:q) = sinhy /2(1 = )

ﬁ 9
eqs(z(1—q)) —
e11(z:q) = e4(z(1 —q)), e12(zq) = %7
eap(z:9) = 7 (,3) + zeua+p(2:9).
B o _qﬁ o a
q"zDg.eap+1(@1q) = —— 7 eap+1(2":q) + € p(:9).
We also have the following set of properties ;
Dy em1(Z":q) = em1(2";q),
n—1 7 k=m
D m/n, /n’ — Sm/n, /n’ - mi. . 1N
g:€m/m 1@ q) = emn (" q)+21“(’”k mrD)
—gP _ @
q l1—¢q
Cap(ziq) = T p Cap1(zq) + 4" _p 2Dye ceapy1(2:9),
r—1 j
Feaprra@q) = eapzq) + ) 7 r €N
! ! Z T j+p)

The last identity can be generalized to any r > 0 through the identity

[r1-1

er]ea,ﬂ+ar(Z;Q) = ea,ﬁ+r—fr'|(z;q) + Z
=0

Z/‘
Laj+B+r—[r])’
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7.2.1 Application of the ; L Transform

Theorem 7.1. Let o, B, and y be complex numbers with positive real parts. Then

X
/ th e glat®; q)e ™ [x" e p(—ax®; q)] dyt = x* TP ery 1 p(a®x*; q),
0

1
al/Re(a)(l _ q)

Proof. Let s and p be complex numbers related to the identity s = p(1 — g). If
|p| > |a|'/Re@® one directly obtains

where a € C\ {0} and |x| <

— o _1 pa_ﬁ
o Ly (P e lax®; q)) = g —a
and 1 “Ty
B p
qu (xy 1ea,y(—axa;q)) = l_qpa+a'
Hence,

1 )
(1-¢)* p*—a’

g Ly (FFeap(ax;q)) g Ls (x" " ew, (—ax*;q)) =

= m q Ls (xy+ﬁ_le2a,y+ﬂ(a2x2a; 61)) .

Therefore, the proof follows by applying the convolution theorem of the , L;
transform, cf. (1.91)—(1.92). O

7.3 The g-Mittag—Leffler Function E, g(z; q)

The following set of formulae follow immediately from the definition of E, g(z; q).

sinh(¢™" /21 q)
q9'Vz

1
Ev1(z:q) = E;(z(1 —q)), E12(9z:9) = E(_l + E4(z(1 —q))),

E>i(z:q) = cosh(q™" 2z q).  Ean(ziq) =

Eoup(ziq) = +z2Eua+8(qz.q)  (Re(a) > 0),

1
I, (B)
B

q . )

p Eop+1(2%:9) + qP 2Dy Eq p11(2": q).

1
& Eaatp((q2)"1q) = 1
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Lemma 7.2. Let o, i, and B be complex numbers with positive real parts. Then

Za—l z

Fq(a) 0

(qt/z:9),_ EppMt?:q)t" " dyt = 22T EpuiaAP ). (14)

Proof. Replace Eg ,(A1?;q) by its power series expansion on the left-hand side of
(7.4). Consequently,

Za—l /z
1)z Eg (AP )"V dt
Fq(Oé) 0 (C] /2 q)a—l ﬁ'l*( q) q s
2=t e > _ ()\tﬂ)n '
_ t/z: e nn-npf2__ A7) di.
Fq(a) 0 (q /Z q)ot—l (nz(:)q Fq(nﬁ + H) q

Since the right hand side of (7.5) can be written as an absolutely convergent double
series, we can interchange the order of summation and the g-integration in (7.5) to
obtain

Za—l z
Fq (@) Jo

(qt/z:9), | Epuht?;q)t" " dgt

(7.6)
Z

oa—1 ( 1)5/2 AN z b+ |
= nin— _ t/z; t"PTE T d e
I,(@) ;q I,(np +M)/0 (01/2:4)- ‘

Substituting with u := t/z and z # 0 in (7.6) and using (1.58), we obtain
1

z
/ (9/2 0) g " dyt = ZmHM/ (qu:q) " dyu
0 0

= z”ﬁ"'“Bq(a,n,B 4 M)-
Hence,

S awengfa M ) f1
e t/7; A
I, (@) ,;q I,(np +M)/0 (01/2:4)- ‘

A"Z"ﬂ_HL
—B
LB+ ) !

Za_l iqn(ﬂ—l)ﬂ/z

Fq(a)

(o, + 12)

n=0
> n np+pta—I1

= n(n—l)ﬂ/Z/\Z— _ otu-lp 3.4P-

;q LB +pta) ° puta(A2:q).
completing the proof. q

The previous lemma leads directly to the following corollary.
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Corollary 7.3. Let v, u, « be positive numbers. Then

/vt“_leL(tu;q) dyt =2"E, ji41(2":1q). (7.7)
0
Za—l z
) (q1/2:q),_, cosh(VAt:q) dgt = 2 Ez o11(A2%q: q), (7.8)
q 0
S sinh(g~"v/At: q)
t/z; T dt = q2 T Erara (§PA q),
Fq(oz)/ /79),_, 7 4t = qzZ 20+4a(q7AZ75q)
(7.9)
Zoc—l z "
@ )y (@77 0) Ear (1= @) dyt = 2 Era (hz:9). (7.10)
q

Proof. Formula (7.7) follows from (7.4) by taking « = 1. Formula (7.8) follows
from (7.4) by taking 8 = 2, u = 1, and from (7.4) by replacing z in E},(z; q) by
At2. As for formula (7.9) it follows from (7.4) by taking 8 = u = 2 and using (7.4)
when zin E55(z; ¢) is replaced by Az2. Finally, formula (7.9) follows from (7.4) by
taking B = p = 1 and using (7.4) when z is replaced by Az. O

Lemma 7.4. Let o and B be complex numbers such that Re(o) > 0. Then
Eq p(z; q) is an entire function of order zero.

Proof. From (1.2) we have

nlogn
Ey5(z; limsup ———
P(Eup ) = limsup oo

where ¢, is the coefficient of Z" in (7.3), see [57], i.e.
an(n—1)
q

Reatp "N

Cp =

Hence,

log (|c1 |) = —Rez(a)n(n — D) logg + log | (na + B)| .

From (1.8) and the definition of the g-gamma function, cf. (1.57) we obtain

log |, (na: + B)| = log

=1 —q) |

= log | )= (1 — g)! ok

= 10g(¢:¢)o + (1 —nRe(a) —Re(p)) log(l —¢q)

—log|(@" " 9)oo] . (7.11)
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and
e m
log|(¢"*?: g)oo| = log ([T |1 —g"+#*|) = 10g( 1—[ na+5+k|)
k=0 =0
m )
= lim Zlog‘l —q”“+ﬂ+k| = Zlog‘l _qna+ﬂ+k| '
Since

log il _qna+ﬂ+ki < log (1 + |qna+ﬂ+k|) < ana+ﬂ+k| — ane(a)+k+Re(ﬂ)’

then
S S nRe(a)+Re(B)
Zlog |1 _ qna-l—ﬂ-l—k‘ < anRe(a)+k+Re(ﬂ) _4
k=0 I—q
Therefore,
log|(@" i g)oo| _
lim
n—0o nlogn

Consequently, by (7.11)

log [T (na + B)|
m _—

=0.
n—00 nlogn
Since
. on—1
lim = 00,
n—00 logn
then tos(1
i log(/lenl) _
n—>oco nlogn
ie. p(Eqp(z:q)) = 0. O

7.4 g-Mellin—-Barnes Contour Integrals
for the g-Mittag—Leffler Functions

The Mellin—Barnes integral is an integral containing the gamma function in the
integrand. A typical such integral is given by

*ds,

P 1 /V+i00 [lj=iF(a; + A= js)I'(bj — Bjs)
7) = —— - 5 Z
2w y—ioo nj=l F(Cj +CjS)l_[j:1F(dj —DjS)
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where y is real, A;, B;, C;, and D; are positive constants, and the contour
is a straight line parallel to the imaginary axis with indentation if necessary to
avoid poles of integrand. See [47, 212, 232]. To the best we know, Gasper and
Rahman [113, Chap. 4] were the first to introduce g-analogues of the celebrated
Mellin—Barnes integral. In this section we introduce g-analogue of the Mellin—
Barnes integral of the classical Mittag—Leffler functions:

R r)ra—-s) . o~
E“ﬁ(Z)_znf/L Th—as) ? ds__zl"(l—ak)’

n=0
where the contour of integration, L, starts at ¢ —ioo, ends at ¢ +ioo (0 < ¢ < 1),
and separates all the poles s = —k (k € Ny), to the left and all the poles s = k + 1,
(k € Np) to the right. See [169, PP. 41-44] and [127].

7.4.1 A q-Mellin—Barnes Contour Integral of e, g(z; q)

Theorem 7.5. Let0 <d <1, >0,and p € C. Then

euplzq) = o@Dl ‘d)hW/L (@) L) (1 —s)

27i(1—q) T,B—as)[yd+s)(—d—s)

where |z] < (1 —q)™ and the contour of integration, say L, starts at ¢ — i 00, ends
atc+ioo (0 < ¢ < 1), and separates all the poles s = —k (k € Ny) to the left and
all the poles s = k + 1 (k € Ny) to the right.

Proof. We prove the theorem by using the Cauchy residue theorem. Set

. Iy(s) (1 =) s
fs) = Fq(,B—as)Fq(d+s)Fq(1—d—s)(q 275, (7.12)

We integrate f on the contour I'g := y; g U y2 g Where y; r represents the line
segment joining the points ¢ — iR and ¢ 4 iR and y,  is the curve

3

s—cl=Re". Z<p<"
2

oS

Thus,

Nr
/ f(s)ds =2mi ) Res(f(s):—k).
I k=0

where N denotes the number of poles of f(s) inside I"(R). Now we prove that
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lim / f(s)ds =0. (7.13)
R—o00 V2R
Hence, if
> Res(f(s):—k) (7.14)
k=0

is convergent then

c+ioo 00
[ f(S)ds=R1LII;LRf(s)ds=2niZRes(f(s);—k).

"—i 00 k=0

Since

1—gq Z

r(d)ry(1—d)inl ek + )

Res (f(s): —k) = (k € No),

the series in (7.14) is convergent for |z| < (1 — g)™“. Therefore, it remains to prove
that the contour integration on y, g vanishes as R — 0o. A parametrization of the
contour y; g is given by

3

s(t) = ¢ + Re'’, 1=

I

Hence, on g5, we deduce that Re(s) — —oo as R — oo. Since the function f(s)
can be represented as

Ey(—qP ) Eq(—q“ ) Eqg(—q"97%) q% (1 — q)f !

f) = Eq(=q*)Eq(—q'™) (@:9)o0

@1 =)™,

there exists a constant ¢; > 0 such that

Eq (qd +Re(s))

1E, (g0 (21 = g)*)"ReS forall s € yy.4.
q

|f($)] < crg? R

Since the function E,(z) has the asymptotic relation

. InM(r; f) 1
lim 5 = —
r—00 In“r Zlnq

see [148, 149,256], there exists ¢, > 0 such that

d+Re(s))

Eq(q
dRe(s) 241 7 . foralls € .
|Ey(qR)] =2 e
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Accordingly,

|£($)] < crea (|21(1—q)*) "% forall s € ya &

But
lim  (z|(1 —¢)*) " =0 for |z|(1-¢)* < L.

Re(s)——o0

Therefore, the contour integration on y, g — 0 as R — oo and

/c+ioo f(s) ds — 1— q Z Zk
—ico rd)ry(1 = d)in(}) = Iy(ak + B)

k=0
T ()T, (1= d)in()

eq p(z:9),

completing the proof. O
Since

1—¢g 7

Res (/1) = 1 = d)in§ Iy(B — k)

(k €N),

then if we calculate the residues of the function f(s) at the poles s = k, k € N
instead of the poles s = —k, k € Ny, we obtain the following analytic continuation
formula of ey 4(z; q)-

00 —k

. — z _ o
ea,ﬁ(z,q)—];m (211 = g)" > 1).

Consequently,

N —k
Z 1
wp(2:q) = —+ 00— ). .
e,ﬁ(ZQ) ;Fq(ﬁ—ak)-’_ (Z”‘H) as z — 00

7.4.2 A q-Mellin—Barnes Contour Integral of E, g(z; q)

Theorem 7.6. Let0 <d <1, > 0, and B € C. Then forz € C

Eop(z:q) =
T, = d)Ing g5 L,)0,(1 ) Sd s
Zﬁi(l_Q) AFq(ﬂ—as)[‘q(d+S)Fq(1_d_s)(q 7)) ds,



7.5 Hankel Contour Integral Representation of g-Mittag—Leffler Functions 211

where the contour of integration, say L, starts at ¢ — ioco, ends at ¢ + (00
(0 < ¢ < 1), and separates all the poles s = —k (k € Ny) to the left and all the
poless =k + 1 (k € Ny) to the right.

Proof. Set g(s) := f(s)q2“"+9) where s € C and f is the function defined in
(7.12). Then

. l1—¢ Skaoy_ S
Res (g(s); —k) = F(d)F(l—d)lnlq Fq(ak-l-ﬂ)'

The remaining of the proof is similar to the proof of Theorem 7.5 and is omitted.
O

If we calculate the residues at the poles s = 1 +n, n € Ny of I},(1 — ), we
obtain the following analytic continuation formula of E, g(z; q).

o0 o(k(k )

Fare 0 = L p g

Consequently,

N ak(k—1)
2

g% (n+2)(n+3)
Zn+1

Eup(zq) = 7k 4+ 0( ), as z — oo.

kZ::l Iy(B —ak)
7.5 Hankel Contour Integral Representation

of ¢g-Mittag—Leffler Functions

In the survey of the Mittag—Leffler functions [127], the authors introduced an
integral representation of E¢ g(z) of the form

a=p
Eap@) = —— / TR0 g eCoa>0,feR) (7.15)
2wi Jy, tY—2

where the path of integration Ha is the Hankel path, i.e. a path starts and ends at —oo
and encircles the circular disk |7| < |z|i in the positive sense:—n < arg(?) < .
The integrand has a branch cut along the negative real axis, and in the cut plane, the
integrand is single valued. Hanneken et al. [126] used (7.15) to define E, g when
a < 0 through the identity

1 1
E—a,ﬁ(Z) = m - Eoc,ﬂ (z) .
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In this section we shall introduce a Hankel contour integral representations of the
g-Mittag—Leffler functions e, g(z; ¢) and Eq g(z; ¢). To introduce these results, we
1

first need to investigate the Hankel contour integral representation of I@)
g (x

Theorem 7.7.

! L [ &)

W - 2ri Jo t¥ dt (Re(x) > 0),

where the path of integration C encircles the origin and can also be deformed into
a loop, parallel to the imaginary axis.

Proof. Making the substitution = us in (1.70) gives

SX

L

1/s
/ u""_lEq(—qsu) dyu =5y L (.
0

Using the Hahn’s inversion formula, (1.96), of the , L, transform we obtain

w1 1 / eq(su)
= — ds,
) —q)  2mi Jo s*

and the theorem follows by making the substitution # = su on the last integrand and
using that the value of the integral is the same on all deformed contours. O

In the following theorem, we derive Hankel contour integral representation of
ep(2:q).

Theorem 7.8. Fora > 0, B € R, we have

(1-g)f! / 1 Pey(1)
H

7.16
2mi Jt9—(1—q) ( )

1
(1—q)*
where the path of integration Ha is the Hankel path, a path starts and ends at —oco
and encircles the circular disk |7]| < |z|i in the positive sense:—n < arg(t) < =.

The integrand has a branch cut along the negative real axis, and in the cut plane, the
integrand is single valued.

eq p(z:9) = . dt for|z| <

Proof. From the series representation of e, g(z; ¢) and Theorem 7.7, we obtain

I B | ak+B_k eq(t)d 217
ap(z:q) = %Z( —q) z  tok+B L (71.17)
k=0

The contour C can be deformed to the Hankel contour Ha, see [290]. In addition,
the series representation of e, g(z; g) is absolutely convergent for [z|(1 — g)* < 1.
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Accordingly, after replacing the contour C by Ha and interchanging the order of
integration and summation in (7.17), we obtain

(1_ )/3 B 0 1— )a k
eap(zq) = Ti/mr "eq@;(“[—aq) di.  (7.18)

But
1 _ o
FA=a" _y forans e Ha.
|e]
Consequently,
00 k
1—g)* ¢
Z(z( taQ) ) = (7.19)
= 1 —z(1-¢q)
Substituting (7.19) into (7.18), we obtain (7.16) and the theorem follows. |

In the following theorem, we derive Hankel contour integral representation of

Eq (2 9).
Theorem 7.9. Fora > 0,and B € R

- ﬂ_ p— o 0
Eup(z:q) = M/H w(qa, (1-q9)%q z) eqtg) i,

2mwi e

where H, is the Hankel contour as in Theorem 7.7 and W (q, u) is the partial theta
function defined by

o0
V(q,u) = Z q(kg_l)uk.
k=0
This function first appeared in [139, P. 330], see also [177].

Proof. The proof of this theorem is similar to the proof of Theorem 7.8 and is
omitted. O

7.6 g-Volterra Integral Equations
The solution of the integral equation
u(x) = f(x) + A / K(x,t)u(t)dt (7.20)

was originally attained by Volterra in 1896, cf. [264]. When K(x, ) is a difference
kernel of the form K(x — t), the standard technique of solving the above equation
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when ¢ = 0 1is the use of Laplace transform provided that the Laplace transform (one
sided) of the functions f(x), K(x), and u(x) exist. Another technique is the use of
Picard—Lindell6f method of successive approximations, see e.g. [77]. The following
theorem gives explicit solutions of a basic Volterra integral equation of the second
kind in terms of the translation operator defined by Ismail [143], cf. (1.14).

Theorem 7.10. Letv,a > 0 and A € C be such that
[Ala"(1 —¢q)" < 1. (7.21)
If fe qu [0, a] then the q-integral equation

v—1

A
u(x) = f(x) + =

r,() /0’ (qt/x;q)v_lu(t) dst, x €(0,a], (7.22)

has the unique solution

u(x) =Y AIF f(x)
k=0 (7.23)

= )+ [ (qrfxig), e (e Riq) (1) dyt.
0

in the space ,Z{l [0,a].
Proof. We prove the theorem in four steps.

i. We first prove uniqueness. Assume that U and V' are solutions of (7.22) in
)10, a] valid in (0, 4], < a. Set

Z(x) :=U(x)—V(x) forall x € (0,h].
Then Z(x) satisfies the functional equation

Axv—l X
Z(x) = Fq(v)/o (q1/x:q),_,Z(t)dyt. (7.24)

Since Z € .Z[0,a], then Z € .Z[0, h] and there exists K > 0 such that

/x |Z(€)|dye < K forall x € (0, h].
0

Fix w € (gh, h] and 7 € {wq™, m € Ny}. From (7.24), we obtain

Al b1
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ii.

Applying (7.25) to (7.24) to estimate the value of z(t), we get

A2 -1
1Z(0)| € K——" 1271 (v,v)
L2()(q": 9)oo !
|A]? 201

I,20)(@" oo -

Repeating the procedure n times we obtain

|A]" .
1Z(t)| < K—7—1"
Iy(nv)(q"; 9) o
Since
i Ltm}_l = At i IA’|" v
= Ty (nv)(g”: 9) oo (4" @)oo = Ty(nv + v)
A’.Cv—l
= Weu,u(lllf”;q),
k) o0
then

Al‘l

lim — ™"
n—o0 [, (nv 4+ v)

Hence, Z(t) = 0 for all T € {wg™, m € Ny} and for all w € (gh, h]. That is
Z(x) = 0 forall x € (0, h] and the uniqueness is proved.

Now we prove that a solution exists by using the g-analogue of the method
of successive approximations introduced in Sect.2.2. Define the sequence
{um} oo, recursively by

uo(x) = f(x),
Axt—l X (7.26)
@ = 0+ Fo [ arrea) a0 dg
where x € (0,a], m € N. We prove by mathematical induction that
() = AL f(x) (7.27)
k=0

for all m € N and for all x € (0, «a]. Indeed, if u,, satisfies the identity (7.27),
then from (7.26) we obtain
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XV~ 1 x

()

1 () = f(x) + | (ar/x:4),., DALY £(1) dyt
k=0

m v—1 X
:f(xHZA"“I’f—(V)/O (qt/x:q),_ I, f()dgt  (7.28)
k=0 4

= f)+ D AT f(x),

k=0

for all x € (0, a]. Hence, from the semigroup identity (4.62) we have

m+1

1 (X) = () + Y AT f(x) = AR f(),
k=0

k=0

for all x € (0, a]. Thus, the identity in (7.27) is true for all m € Ny because it
is true at m = 0. Now we prove that the series Y o, )&k]qk"f(x) is absolutely
and uniformly convergent on (0, a] and defines a function u(x) on (0, a]. Since
fe .qu [0, @], there exists K > 0 such that

/ | f(w)| dyu < K forall x € (0,a].
0

Let y € (qa,a] andt € {yq™, m € Ny} be fixed numbers. Since

LY f) =

I, (vk) qu(l — )@ D1 f(1q")
q et

and f € .Z/[0,a], we obtain

)Aklk“f(t)‘<Mil " =) aq), ) £ )]
q S Tk & q q kv—11/ U4

(7.29)
|A|kykv_1

(@": @)ool (kv)
for all k£ € Ny. Since the series
/\k kv—1 lk kv

v—1 _ v—1
Zr(ku)_)L ZF(kv+v) Ay eyt a),

is convergent for all y such that 0 < |y| < a and a satisfies the condition
(7.21), the series > ;o ‘Akl ;“’ f (t)‘ is absolutely and uniformly convergent on
{yq™, m € N}, y € (qa,a]. Hence, the convergence holds throughout (0, a].
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The function u(x) defined by
o0
u(x) =Y M1 f(x). x€(0.4] (7.30)
k=0

is a solution of (7.22).
iii. We prove that u € 92”,11 [0,a],ie u € L}{ (0,y) forall y € (gqa, a]. Indeed from
(7.30) and the semigroup identity (4.62) we obtain

1))

y o0
/0 @l dge = 1,(uh () < 3 A

k=0

But from (7.29) we obtain

o0 o0 y
S o] < S nk [
k=0 k=0 0

sfoylf(mldqu | R
@ Doo = Ty(kv +1)
] dyu

=————¢,1(|Ala";q),
@ Do

It f(t)‘ d,t

for all y € (ga, a]. Since a satisfies the condition (7.21) and f € fql (0, y), for
all y € (qa, al, then so is u.
iv. Finally, we prove that u has the representation (7.23). Since

e Akxkv—l X

u(x) =Y I f(x) = f(x)+ ) Ty ), @) fO) dyt
k=0 k=1 4 0

o Akxkv X
— v—1 .
= f(x) + Ax 1;) m A (qf/X,CI)kUJrV_lf(f) dyt
and
(qt/x: @ kvtv—1 = (qt/x:q)v—1(q"t/X: @rvs
then

e /\kxkv

u(x) = f(x) + ax""! /0 (Z )

k=0

(q"t/x: q)ku) (qt/x:q),_, f(t) dyt

= f(x) + Ax""! /O (qt/x:q), &4 " e s (AXY) £ (1) dyt.

where the g-translation operator ¢” is defined in (1.15). O
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Similarly, we prove the following theorem.

Theorem 7.11. Let v,a > Oand A € C. If f € .,Sfj{l[O,a] then the q-integral
equation

Axu—l X
u(x) = f(x) + qt/x;q),_ u(qt) dgt
I;(w) Jo ( )V ! 1
has the unique solution
u(x) = f(x)
N 00 quvj(jz—n
g [ afxia) Ly Y e 6 0),, ST
o ( )Vl;)Fq(l}]—i-\))( )v; 1 q

(7.31)
in the space .,?j{l [0,a].

Proof. First, we prove that a solution of (7.31) exists. Let {u,(x)}n—, be the
sequence defined recursively by

uo(x) = f(x).

b=y (7.32)
un(x) = f(x) + % fo (qt/X;Q)U_lum—l(qt) dqtv

for all x € (0, a] and for all m € Ny. We can prove by mathematical induction that

un() = Y Mg T (@ %) (m e No). (7.33)
j=0

Indeed, from (7.32) we obtain

w1 (0) = 00+ AL [ S M g g an | (o),

=0

where
g) =177 (f(g'D).
Hence,

o

U1 (0) = £00) + AT (g(a0) ().

=0

A straightforward manipulation gives

(Ih)(gt) = q" I h(qt) forall h € Z[0,a].
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Consequently,
1) (g(gn) = ¢ 1YV f(g! ).

and from the semigroup property (4.62) we obtain

Upti(x) = f(x)+Z/V ST f(gT )

j=0

. (7.34)

_ZA]

T £ ).

This proves (7.33) because it holds at m = 0. Fix x € (0, a]. Now we prove that the
series

s A (V)) . .
D Mgt fql

=0

is absolutely and uniformly convergenton {x¢q/, j € N}. Since

" =@ )1 £(1g")

vj _ tj
17 f(@0) = I,07) Z

and f € Z/[0,a], we obtain

A A 1 .
11,7 f(tq Al forte{qu, k € No}.

N <o
(qv;q)oorq(vj)
Hence,

JU=10 1)

- [PAl q 2
Mg v]w M < jr -
; V) < e ;' G
TS Ay
@D = F(JV+v)
< |AIX:_1 ”f” Ev,v(lk-xvl;q)
(@": 9o

for all 1 € {xg*, k € No}. Since the function E,,(|Ax"|:¢) is convergent for
all A € C, the series Z?io A g
convergenton f € {xqf, j € NO}. Thus we can pass the limit as m — oo through
the g-integral in (7.32) to obtain (7.31). The rest of the proof is similar to that of

Theorem 7.10 and is omitted. O

v 1;/ f(q/t) is uniformly and absolutely
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7.7 Zeros of g-Mittag-Leffler Functions

From Theorem 1.1 and Lemma 7.4 we conclude that £, ,(z; ¢) has infinitely many

zeros. In this section we prove that for specific values of v and u, E, ,(z;¢), 0 <

q < 1, may have only a finite number of non-real zeros. Moreover, if g satisfies

an additional condition then the zeros of E, ,(z; q) are all real. The results of this

section are from [204] and they are g-extensions of the results of Wiman [292].
Consider the function

&0(z:q) = Er14y(—0°zq) (z€C),

where o is a fixed positive number and 0 < y < 2. Recall that {x,} -, and
{0, £y, };Ozl, Xn, Yn > 0, denote the zeros of cos(z; ¢) and sin(z; ), respectively,
cf. (2.85). Then we have the following theorem

Theorem 7.12. Let 0 < y < 2. Then

1. For any q € (0, 1) the function &,,(z>;q) has at most a finite number of non
real zeros and it has an infinite number of real, simple and symmetric zeros,

o0
{:I:E,(,w} , ,SV) > 0, with the asymptotic behavior
n=1

1/2

q ' Xn

5 (1+0@").0<y<1,
£V = (7.35)

qz” (1+0(@"). 1<y<2,

asn — oo.
2. If q satisfies the condition

' U= —g"™A—¢"") > 1, ye(0,2), y#L, (7.36)

then the zeros of &,,(z%; q) are all real, simple and symmetric with respect to the
point 7 = 0 such that forn € N

q—/1+3/2\/(1 _qy+1)(1 _ qy+2) q—n+1/2\/(1 _ qy+1)(1 _ qy+2)
o(l—q) ' o(l—q)

), y€(©,1),

£ €

(qn+5/z\/(1 —gThH — g1 q—n+3/2\/(1 —gtH(1 — ¢ ?)

o —a) ’ o —a) )yeul}

3. Ify € {0, 1} then &,,(z%; q) has only real, simple and symmetric zeros such that

1/2
5(0) 4 / Xm
m

=T ey,
[0} (o}

where x,, and y,, are defined in (2.85).
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Proof. If y € {0, 1} then from (7.4) we obtain

_ sin(q~'oz:q)
E00(Z:q) = cos(qg*0z:q).  E1.(Fiq) = T oz

Since the zeros of cos(-;¢) and sin(:;¢q) are real and simple, then the desired
statement follows for y € {0, 1}. From formula (7.4) with 8 = 2, A = —02 we
have

H ‘
Iy(a) Jo

Erpta(—0721q) = (9t/2:q),_ Erp(— 0t q)" " dyt. (1.37)
Substitute with u := t/z, 7 # 0, on the g-integral of (7.37). Then
Z
/ (9t/2:4) oy E2u(— 0?1?:q)t" ™" dyt
0
1
=z / (qu; @)a—1 Ea j(—0?u? 2 q)t* dt.
0
Equation (7.37) is nothing but

1
Esta(—0%2%q) = / (qut; Qa1 B2y (—0*u* 5 q) 1" dyt. (7.38)
0

If 0 < y < 1 then substituting in (7.38) with 4 = 1 and o = y yields

1
Iy(y)

1
Ey0(ZP:q) = / (qt: q)y—1 cos(q~ otz q) dyt. (7.39)
0

while if 1 < y < 2, the substitution into (7.38) by © = 2 and ¢ = y — 1 leads to

1 1
-1 2 in(g™!
q 026,5(27q) = —/ (qt:q)y—2sin(q™ otz;q) dyt. (7.40)
’ r,y="1Jo e ‘

For § € (0, 1), let fs be the function defined on [0, 1] by

(gt q)s—1

S ="F G
q

Since
fs@) _ 1-g*!
fg(qk'H) 1 _qk+8

>1 (keNo)
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then

SO > @ > @) > o> @) > > O = Fo
q

That is f5, § € (0, 1) is increasing and is positive on the sequence {0, ¢", n € N}.
Moreover, fs € L}] (0,1) because

! B8 1
Aﬁm%“'n@ )

Hence, applying Theorem 2.18 to (7.39) and Theorem 2.19 to (7.40) we conclude
that for any ¢ € (0, 1), &,,(z% ¢) has at most a finite number of non-real zeros, and

it has an infinite number of real, simple and symmetric zeros, say { ,(,,y)}, such that

{ ,(,,y)} satisfies the asymptotic properties (7.35). From (2.87) and (2.88) we have

Chfrmt =42 q2k+y+l)1(1 — k) O<y<D,
bi.fy— = (1— q2k+y+1)1(1 — k) (I<y<2),
for all k& € Ny. Consequently,
=1 Cp = a —qV‘H)l(] s O<y<l,
by, ,=1, Cy_,= ! 1<y<?2).

(1 =gt —g7*2)

Thus, the condition (2.89) of Theorem 2.16 and condition (2.90) of Theorem 2.17
are nothing but the condition (7.36). Therefore, the proof of the point (2) of the
theorem follows from Theorems 2.16 and 2.17 of Sect. 2.8. O



Chapter 8
Fractional ¢g-Difference Equations

Abstract As in the classical theory of ordinary fractional differential equations,
q-difference equations of fractional order are divided into linear, nonlinear, homo-
geneous, and inhomogeneous equations with constant and variable coefficients. This
chapter is devoted to certain problems of fractional ¢-difference equations based on
the basic Riemann-Liouville fractional derivative and the basic Caputo fractional
derivative. In this chapter, we investigate questions concerning the solvability of
these equations in a certain space of functions. A special class of Cauchy type g-
fractional problems is also developed at the end of this chapter.

8.1 Equations with the Riemann—-Liouville Fractional
q-Derivatives

In this section we shall study the existence and uniqueness of solutions of the ¢-
Cauchy type problem

Dyy(x) = f(x,y(x)) (a>0), (8.1)
DiFy()=br. breR (k=1.....[a]). (8.2)

The result of this section is an extension of the results derived by Kilbas et al.
in [169, Chap. 3].

8.1.1 Solutions in the Space .£[0, a]

Theorem 8.1. Let o > 0, n = [a]. Let G be an open set in C and let f : (0,a] x
G — R be a function such that f(x,y) € £,1[0,a] for any y € G. Assume that

M.H. Annaby and Z.S. Mansour, g-Fractional Calculus and Equations, 223
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224 8 Fractional ¢-Difference Equations

y(x) € 9211 [0,a]. Then y(x) satisfies (8.1)~(8.2) for all x € (0,a] if and only if
v(x) satisfies the q-integral equation

_ - bk a—k
0= e e o [wrmomsesoan 6

forall x € (0,al.

Proof. First, we prove the necessity condition. Let y(x) satisfy (8.1)—(8.2), then
Diy(x) € .Zj{l [0, a]. Hence, applying Lemma 4.17 gives

o no : bk a—k
I5Dgy(x) = y(x) =)

S S 0O<x<a). (84
LTe—k+n’ Os¥=o G

On the other hand,

15D y(x) = 1% f(x. y(x)) = = / @1/ Qamt fE YD) dyt.  (85)

Iy(@)

for all x € (0, a]. Consequently, combining (8.4) and (8.5) proves the necessity
condition. Now we prove the sufficiency. Let y(x) satisfy (8.3) for all x € (0,a],
then from Lemma 4.9, y(x) € fql [0, a]. Moreover,

n—a _ . bk n— k
oW =Y e [ @maseswd,

for all x € (0,a]. Hence, from Theorem 4.6, I;"y(x) € Jz%Cq(n)[O, a]. That is
Dy y(x) exists for all x € (0,a]. Since
a—k a—k n—k

X nyrn—o X _ n X =0

DY———— =D =D =
Ty —k+1) T Lya—k+1) TTyn—k+1)

fork = 1,2,...,n, then applying the operator Dy on the two sides of (8.3) gives
Dyy(x) = DI f(x,y) = f(x,y(x)), forall x > 0.
Now
DI Fy(0t) = Jim_ DiFy(xq’) = by + Jim_ If f(xq’ . y(xq”))

(xg/)! (®0
:bk'i‘jlinolom A (qt/x;CJ)k—lf(l,y(t))dql,
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where the limit on the most left hand side of (8.6) vanishes because of f(x, y(x)) €
qu [0, a]. O

The proof of the existence and uniqueness theorem of this section depends on the
Banach fixed point Theorem 1.7.

Theorem 8.2. Leta > 0, n = [«]. Let G be an open set in C and
f:(0,a]xG — R

be a function satisfying the following conditions:

1. Foranyy € G, f(x,y) € .,%1[0,61].
2. There exists a constant A > 0 such that for all x € (0, a] and for all y, y, € G,
the following Lipschitz condition is satisfied:

| fCe.y1 (X)) = f(x, y2(x))| = Aly1(x) = ya(x)].
If0 < h < a satisfies the condition

Ah®
— <1
Iy(a+1)

then the fractional q-Cauchy problem (8.1)—(8.2) has a unique solution in qu [0, A].

Proof. From Theorem 8.1, the Cauchy type problem (8.1)-(8.2) is equivalent to
the Volterra g-integral equation (8.3). Consequently, a solution of (8.1)—(8.2) in
Z,.110, h] is a fixed point of the operator T" : % 1[0, h] — £, 1[0, h] defined by

_ - bk oa— k
nw=3 e e o [ @m0

Therefore, to prove the theorem, we prove

(1) If y € £,1[0,h], then Ty € £, 1[0, h],
(2) T is a contraction mapping.

The proof of (1) follows from Lemma 4.9, moreover, from (4.53) we obtain

hO{
15 (n —yz)Hl <wlyi=yl;, wi=A——— < 1.

Ty, — T <A)
|| N1 Y2||1 = F,,(oc—i—l)

Hence from the Banach fixed point theorem, there exists a unique y* € .7, 1[0, h]
such that Ty* = y*. Therefore, the result follows by applying the sufficient part of
Theorem 8.1. O
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By Theorem 1.7, the solution y* is obtained as a limit of a convergent sequence
(T 7o) (x): |
lim 7" yo— y*|l, =0,
m—>00

in the space .7}, 1[0, h], where yo is any function in .Z7, 1[0, /]. If at least one by # 0
in the initial condition (8.2), we can take

R - bk a—k
yolx) := ; La—k+1)

Consequently, the sequence 7"y is defined by the recurrence relation

T"yo(x) =

o [ o,

If we denote y,,(x) = (T yg)(x), then the last relation takes the form

V() = / @/ Damt f Imas () dyt (m € N),

F()

This means that the successive approximation method can be used to find a
unique solution of (8.1)—(8.2) whenever by # 0 for some k € {1,2,...,n}.

The following example is a g-extension of the example given in [168, Example
3.1].

Example 8.1.1. Consider the Cauchy type g-fractional equation:

Dgy(x) =Axfy2(x) O<a<1, x>0, BeR; 1#0),
(8.7)
1,7y (0%) = 0.

Set
f.y(x) =axPy?(x) (x> 0),

where
(x,y)€0,a] xG:={0<x<a;0<]|y|<Kx"; K>0}.
Letx € (0,a] and y;, y, € G. Then
£ Gy = )l < AP IyE = 3.
Therefore, using

Iyf = y3l < 2max{|y|1, [y} [y1 — 2l < 2Kx"|y1 — yal,
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we obtain

|, y1) = f(x, )| < Alyi — ya|, A :=2[A|KaPt,

provided that 8 + w > 0. That is, f satisfies the Lipschitz condition. If we also

assume that 8 4+ 2w > —1 then f(x,y) € fql [0, a]. Hence, the conditions of

Theorem 8.2 is satisfied and the fractional g-Cauchy problem (8.7) has a unique

solution in .7 1[0, k], where 4 is a positive number satisfying the inequality
JBtwta

2MMK—"— < 1.
141 Iyl +1)

Hence, w should satisfy the conditions
w+ >0, 2w+p>-1. (8.8)

Assume that w = r — (8 + «). Consequently, w + B = r —« and we should assume
that r > «. In addition, the condition 2w + 8 > —1 implies

2r — B —2a > —1.
Le
2r > —1 + (B + 2a).

Therefore, if we assume that 8 4+ 2o < 1 then the conditions in (8.8) are satisfied
and (8.7) has a unique solution in % ;[0, #]. One can verify that this solution is
given by

_ L(—a=P) _@+p
YO = 20— )" '

8.1.2 Solutions in the Space of Weighted Continuous
Functions

In this subsection, we provide conditions by which the Cauchy type problem (8.1)—
(8.2) has a unique solutions in the space C,,—4[0,a]l,n — 1 <a <n (n € N).

Theorem 8.3. Leta > 0, n = [a], and y < 1. Let G be an open set in C and let
f 1(0,a] x G — R be a function such that f(x,y) € C,[0,a] forany y € G. If
y € C,—4[0, a] then y(x) satisfies (8.1)—(8.2) for all x € (0,a] if and only if y(x)

satisfies the q-integral equation
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. b
Y(x)=zr(a_—kk+l)xa 4+ F( )/ (q1/x:q)a—1 [ (2. y(1)) dyt. (8.9)
k=1"1

forall x € (0,a].

Proof. The theorem follows from Theorem 8.1, because if g € C, [0, a] for some
y < 1,then g € Z][0,al. O

Theorem 8.4. Let o > 0 and n = [«]. Let G be an open set in C and let
f :(0,a] x G —> R be a function satisfying the following conditions:

1. f(x,y) € C,—4[0,d] forany y € G.
2. There exists a constant A > 0 such that for all x € (0,a] and for all y,, y, € G,
the following Lipschitz condition is satisfied:

|f(x.y1(x) = f(x. y2(0))] = Alyi(x) = y2(x)].
If0 < h < a satisfies the condition

AR I,(1—n+a)
I;(1—n+2a)

then the fractional q-Cauchy problem (8.1)-(8.2) has a unique solution in
Cy—o[0, ).

Proof. From Theorem 8.3, the fractional g-Cauchy problem (8.1)—(8.2) is equiva-
lent to (8.9). Hence, a solution of (8.1)-(8.2) in C,—,[0, /] is a fixed point of the
operator T : £, 1[0, h] — £,1(0, h] defined by

_ - bk a— k
nw=Y e e s [(wrmaeseo

To prove the theorem, we prove

1. If y € C,—4[0, h], then Ty € C,_4[0, h],
2. T is a contraction mapping.

Since

n—o . bk n— n—o yo
x TY(X)=me C XS f(x, y(x)),
k=1

the proof of (1) follows by applying Lemma 4.10. In addition, from (4.56) we
conclude that

1T =Tvlle,, < A|1E=m)| . =win =l
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where
Iyl1-n+a

wi=AhY ————
I;(1—n+2a)

Therefore, from Banach fixed point theorem there exists a unique y* € C,_,[0, 4]
such that Ty* = y*. Thus, the result follows by applying the sufficient part of
Theorem 8.3. O

One can verify that if g € C.[0,a] (r <y) then g € C,[0,a]. Hence, a
generalized form of Theorem 8.4 is in the following theorem:

Theorem 8.5. Let « > 0 and n = [a]. Let G be an open set in R and let
f :(0,a] x G —> C be a function such that

(1) There exists y < n —a such that f(x,y) € C,[0,a] forany y € G,
(2) There exists a constant A > 0 such that for all x € (0,a] and forall y,, y, € G,
the following Lipschitz condition is satisfied:

| S, y1(x) = f(x, y2(x0)| = Aly1(x) — y2(x)].
If0 < h < a satisfies the condition

o Ig(l—n+a)

AR —————
I;(1—n+2a)

then the fractional q-Cauchy problem (8.1)—(8.2) has a unique solution in
Cy—a[O0, A].

Theorem 8.6. Let 0 < o < 1, G be an open set in C and f : (0,a] x G —> R be
a function such that the following conditions are fulfilled:

1. There exists y < n — o such that f(x,y) € C,[0,a] forany y € G.
2. There exists a constant A > 0 such that for all x € (0,a] and for all y,, y, € G,
the following Lipschitz condition is satisfied:

|G p1(x) = [, y2(0))] = Alyi(x) = y2(x)].

If 0 < h < a satisfies the condition

o Ig(l—n+a)

AR —————
I,(1—n+2a)

then the fractional q-Cauchy problem
Dyy(x) = f(x.y(x)) (0O<x=a). (8.10)

b
: l—« _
xl_l)r(r)1+x y(x) = —Fq(l e (b eR), (8.11)

has a unique solution in C1_4[0, h].



230 8 Fractional ¢-Difference Equations

Proof. The proof follows by noting that from (ii) of Lemma 4.11, the g-fractional
Cauchy problem (8.10)—(8.11) is equivalent to the fractional g-Cauchy prob-
lem (8.1)—(8.2) with 0 < o < 1. Therefore, the theorem follows by applying the
sufficient part of Theorem 8.5. O

Example 8.1.2. Consider the Cauchy type g-fractional equation:

Dy y(x) =AxPy"(x) m>1,0<a<1,x>0;1,BeR; A#0),
Iql_"‘y(0+) = 0.
(8.12)
Set
[ y(x) =2y (x) (x> 0),

where

(x,y) €(0,a] xG:={0<x<a; 0<|y|<Kx"; K>0}.
Letx € (0,a] and y;, y, € G. Then

| S, y0) = fOe y)| < APy = y3)
Hence, using
=3l < mmax {{ "~ a7 [y = yal < 2K 7Ty —

we obtain

| S, y1) = f(x, y2)| < Aly1 = yal, A= m|A[K" " aP =D,

provided that 8 + (m — 1)w > 0. That is, f satisfies the Lipschitz condition. If
f(x,y) € Ci_4[0,a] then x' ™ f(x, y) is continuous and hence bounded on [0, a].
Therefore, we should assume that 1 —a 4+ 8 + mw > 0. Hence the conditions of
Theorem 8.4 are satisfied and the Cauchy type g-fractional problem (8.12) has a
unique solution in C—4[0, k], where A is a positive number satisfying the inequality

hﬂ+(m—l)w+oc Fq (Ol)

mlA| K™
I;2a)

< 1.

Therefore, w should satisfy the conditions
B+(m—-—1w=>0, l—a+mw+p>0. (8.13)

Assume that (m — 1)w = r — (B + «). Then (m — 1)w + B = r — «. From (8.13),
r > «a. Also, the condition 1 —«a + mw + > 0 implies
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2m —1
m g BE@moDe
m—1 m—1
Ie 5 |
ps 4 Bm-Datp
m—1 m—1

So, if we assume that 8 + (2m — 1)a < m — 1 then the conditions in (8.13) are
satisfied and problem (8.12) has a unique solution in C,—,[0, /] and this solution is

given by
1
Fq(l _ 0(+Fi) m—1 wtp
Y = (—:; X
AT, (1 — Zethy

8.2 g-Riemann-Liouville Fractional Order Systems

This section deals with two systems of g-Riemann-Liouville fractional derivatives,
namely

Dgyi(x) = fix,y1(x),....m(x)) (=12,...,n), (8.14)

and

Dyyi(x) = fi(gx,yi1(gx),....ya(gx)) (G =12,....n), (8.15)
where o > 0. System (8.14) together with the initial conditions
DE ¥y 0Ny =by (b eRii=12,....nk=12..Ta]). (8.16)

is called an initial value problem.

In this section, by a solution of the initial value problem (8.14), (8.16) we mean
a set of functions {y; };_, that satisfies (8.14) and the initial conditions (8.16) in an
interval / := (0, a] such that

yi€ Z/[0.a] (i=12,....n).

Similarly, we define solutions of the initial value problem (8.15)—(8.16). We begin
this section with the existence and uniqueness theorems of solutions of the initial
value problem (8.14), (8.16). The following lemma is needed in the derivations of
the main results of this section.

Lemma 8.7. Let n be a positive integer and f(x, yi,..., yn) be functions defined
for x € (0,a], a > 0, and y; in the domain G; € C, 1 < i < n, satisfying the
following conditions.

(i) There is a positive constant A such that for x € [a,b] and y;,y; € G,
1 <i < n, the following Lipschitz’ condition is fulfilled
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LGVt y) = Tt )] sA(|y1—y1|+...+ |yn—fn|).

(ii) Thereisy > 0 such that f(x, y1,y2,....yx) € Cyla,b] for any y; € G;.

Then, the function x? f(x, y1, Y2, ..., yn) is continuous on [a, b] x [[/_, G;. More-
over, ifeach Gi,i = 1,2,...,n, is compact subset of C, then x” f(x, y1, Y2, ..., Yu)
is bounded on [a, b] x []'_, G;.

Proof. We shall prove the lemma for the case n = 1. The proof for any n > 1 is
similar. Now

|x” f(x.y) = x§ f(x0. yo)| < X7 | f(x.y) = f(x. y0)| + [x f(x. yo) — x{ f (x0. o)
< AxX”|y — yol + |x" f(x, yo) — x{ f(x0. yo)I.

(8.17)
Hence, the lemma follows since the limit of the most right hand side of (8.17) tends
to zero as (x, y) — (X0, Vo). O
Theorem 8.8. Let n be a positive integer and let fi(x, yi1,..., V) be functions

defined for x € (0,a], a > 0, and y; in the domain G; € C, 1 < i < n, satisfying
the following conditions.

(i) There is a positive constant A such that for x € (0,a] and y;,y; € G;, 1 <
i < n, the following Lipschitz’ condition is fulfilled

|f;('x7ylv5yn)_ﬁ(xv.)717vfn)lsA(lyl_.);ll_'_+|yﬂ_.)7)‘l|)
(ii) There exists y < 1 and y < « such that
fix,y1,....y) € C)[0,a], foranyy € G;, i=1,....,n. (8.18)

Let K be a constant satisfying

T -
where
M := max {|x” fi(x, y1, Y2, .-, yu)l, x € [0,a], y; € Di(a,K), i =1,2,...,n},
and Di(a, K) C G is the set of points y; € G; satisfying the relation

o] ok

i~ bi—va
‘ ; “Toa—k+1)
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forallx € (0,a). Then, there exists h € (0, a] such that the initial value problem
(8.14), (8.16) has a unique solution {y; (-)};_, valid in (0, h], y; € Cr41—¢[0,a]
fori =1,2,...,n.

o0

Proof. Existence. Define the sequences {¢; » (")}, —,.i = 1....,n,x € (0,a] by
the following relationships

[o] a—k
X
¢ii(x) = Zbikm,
k=1
[o] a—k
im = bjy——"-"""
$in () k; “Ty@—k+1)
a—1 X
+ = (q1/%:9)_ i (0 1m1 (0)s - (1)) dyt,

Fq (@) Jo
(8.20)

where m = 2. We will show that lim ¢;,(x) exists and gives the required
m—00

solution {¢;(-)}/—, of the initial value problem (8.14), (8.16). We prove the
existence in four steps.

i. We prove by induction on m that
¢im(x) € Di(a,k) (meN;i=1,...,n; x €(0,d]). (8.21)
Clearly, ¢; 1(x) € D;(a,K) fori =1,...,n and x € (0, a]. If we assume that
¢im(x) € Di(a,k) fori =1,...,n andx € (0,a]
then from Lemma 8.7, there exists M > 0 such that
Lfi (X, rm(X)s .. pm(x))| < Mx7Y forall x € (0,a].

Thus, by (1.58)

[a] bi —k
Gim+1(X) = 2imt Faer X ‘

< }2:_(:) f()x (qt/X; q)a—l Ifi(ts ¢l,m(t)s cees ¢n,m(t))| dq[
(8.22)

Mx*~! prx . - _ M —
< Fo b (qt/x:q), 177 dgt = T Bale. 1 —y)x*™7

Mx*"VI;(1—y) Ma* 7V I (1=y) <K
Lyla—y+1) = Lia—y+l) 7
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So,
¢i,m+1(x) € D,-(a, K) forall x € (O,a].

This completes the induction steps and proves (8.21).

ii. Applying Lemma 4.10 gives that I/ /i (1, $1m(t), . ... ¢am(t)) € C[0.a] for
all m € N. Since > ;_, T, (lt’;xk+l) € Clg1-«[0,a], the function ¢; 11 €
Cra1-«[0,a] for all m € Ny andz e{l,2,...,n}.

iii. We prove by induction on m that

MB™"'xmev (1 —y)
Iy(mo—y +1)

|Pimt1(x) = @i m(X)] < , (8.23)

where

B:=An, meN, andforany x € (0,a].
From (8.22), inequality (8.23) is true at m = 1. Assume that (8.23) is true at
m = k, that is,

MB*xke=r 1 (1 —y)
Iytka —y +1)

|Pik+1(xX) — Pk (x)| < (i=12,...,n).

Hence, for x € (0, a] we have

Pi k+2(x) — ik +1(x)]

a—1 x

(qt/x:9),_,
0

X
Fq(a)

X[ fit, hpra+1)s oo s Pus+1(0)) — fi(t, 1 (D), ... Pai (1))] dyt

Axa—l

s I,(@) Jo (qt/X;q)a—lj2=21|¢j,k+l(t)_¢j,k(f)|dqt

MB*x*='r,(1—y)

= * . ka—y P
L) y(ka —y +1) Jo (g1/x:4) 1" dy

MB*Iy(1—y)

— B ’k _ 1 (k+l)a—y
Ty (@), (ke 1) e @ ke =y + Dx

— MB*Iy(1-y) y(k+Da—y

Iy((k + Da—y +1)

That is (8.23) is true at m = k + 1 and hence it is true for all m > 1
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iv. We prove that lim ¢;,,(x) exists fori = 1,2,...,n, and for any x € (0, 4]
m—00

such that {¢; (-)}i—,,
Gi(x) 1= lim ¢i(x) (=120 xe(a),

defines a solution of (8.14), (8.16). Consider the infinite series

$i1(X) + Y Gim1(X) = Gim(x). (8.24)

m=1

From (8.23) we obtain

o0 MI,(1-y) _ & (BxO)"
n; [Bi m+1(X) — @i m(X)] < —©5 * ’ W; m

[e.]

MI;(1—-y)x™7 (Bx«)"
B Z Iyma—y+1)

m=0

MI,(1—y)x77

Set h := min {a, m}. Since eq,1—y (Bx%;q) is defined only for |x| <
h, the series in (8.24) is uniformly convergent on (0, %] to a function ¢;,

ie. ¢i(x) = mli—l>noo¢i”"(x)' Now ¢;m(x) € Di(a,k) implies that ¢;(x) €

Di(a,k), x € (0,h]. Since x'*17¢; ,,(x) € C[0,a] for each m € N, then
SO 1S xM_“q&i (x), i = 1,...,n. The uniform convergence of the sequences
{¢pim(x)} on (0, h] allows us to let m — oo in the relationship (8.20), which
gives for x € (0, A]

[o]

— bik a—k xe! ! . g
W)_; ek 0" T @y @50 a0 gu0) dyt.

Therefore, we obtain

. b; _
D:;_rd)i(x)zzf“](a——];{-kl)xr k+Iqrfi(xsyl(x)s---vyn(x))-
k=1

But from Lemma 4.9 we obtain

: My
|qui(x)| = m (i=12,...,n).



236 8 Fractional ¢-Difference Equations

Hence,

lim D”‘ "$i(x)=b;y (G =1,2,....n;r=12,...,[a]).
x—>0+

Uniqueness.  To prove the uniqueness we assume that {i; }7_, is another solution
valid in an interval (0, b], b < h. Set

Xi(x) 1= ¢i(x) — ¥ (x),

and

gi(x) = fl ()C, ¢1(X), R 7¢Vl(-x)) - fl ()C, wl(x)s IERR) Wn(x)) ’
fori =1,2,...,n and for any x € (0, &]. Hence,

Dyyi(x)=gi(x) (=1....n).
From (4.67) we obtain
X9 1 X
Xi(x) = (qt/x:q9), ,8i()dyt, i=1,....n. (8.25)
Ig(e) Jo

Now x!'~®y; is continuous at zero fori = 1,2, ...,n. Then, for each x € (gb, b]

there exists a constant C, > 0 such that

Cy
7y ()] < = fort € {xq™, m € Ny}.
[xi ()] @ ort € {xq", m € No}

Fix x € (gh,h] and t € {xq™, m € N}. Hence, from (8.25) we obtain

1o 1 n
0] < F(a)Z/ (qu/t:q),_, xi 0) dy
AnCyte=' 1
< — | uYqu/t:q dyu
qu(a) o ( )a—l q
AnC, 12! BC _
= B(wa) =
2@ ,2a)

Repeating the previous process k times, k € N, we obtain

Bk+1tak+a—l

i (D] < me (i=1.2....n). (8.26)
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Bktock
Since ——— isth 1t f th ies of % d
ince To(@k + o) is the general term of the series of e, (B1%;¢) an

Bt* < Ba® < (1—-¢q)°,

we have lim % =0. Therefore, y;(¢) =0 forall t € {xg", m € Ny} and
k—o00 "4
for all x € (¢b, b]. Thatis y(x) = O for all x € (0, b], proving the uniqueness.
O

Now we investigate the initial value problem (8.15)—(8.16). We state the exis-
tence and uniqueness theorem. We give a brief account on the proof by mentioning
the main differences from the previous proof.

Theorem 8.9. Let fi(x, y1,...,yn) be functions defined for x € (0,a)] and y; in
the domain G;, satisfying the following conditions.

(i) There is a positive constant A such that for x € (0,a] and y,,y; € G;, 1 <r,
i < n, the following Lipschitz condition is fulfilled

| /i Y Tn) = fie vy < AT =il 4+ Pa = wal)
(ii) There exists y < 1 and y < « such that
filx,y1,...,yn) € C[0,a] forany y; € Gi; i =1,...,n. (8.27)
Let K be a constant that satisfies

Ma*™ Ty (w+ 1)
>
La+w+1) ’

where
M = max {|x fi(x, y1,¥2,..., yu)|, x €[0,a], yi € Di(a,K), i =1,2,...,n},
and Di(a, K) C G is the set of points y; € G; that satisfies

[o] xa—k

i— Y bp—————| <K 1 0, al.
y ]; qu(a—k—i—l) forall x € (0,a]

Then the initial value problem (8.15)—(8.16) has a unique solution {y; (-)}i—,
valid in (0,a], y;i € Ciq1—«[0,a] fori =1,2,...,n.
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Proof. Consider the system of functions

{pim(X)}ey (G =1,....n; x €(0,a])

defined by
[e] a—k
b,-kx
i, (x = _—
fu) ;;Fq(a—k—f-l)
[o] a—k
bikx
T LT ek D) (8.28)
P ) ;;Fq(“—k+l)
a—1 x
@ ), (at/x:q) o, fi(at- prm—1(qD). ... pum—1(q0) dyt.

where m > 2. We prove that lim ¢;,(x) exists and give the required solution
m—>00

{¢i (-)}/_, of the initial value problem (8.15)—(8.16) in (0,a]. As in the proof of
Theorem 8.8, we can prove by induction on m that ¢; ,,(x) € D;(a,k), m € N for
all x € (0,a] and

m(m—1)a
m—qu—(m—l)vxma—y[vq(l _ 1))

Iyma—y+1)

@i m+1(X) — @im(X)] < , (8.29)

where B := An. According to the estimate (8.29), for x € (0, a], the absolute value
of the terms of the series

G110 + D Pimt1(x) = pim(X) (8.30)

m=1
is less than the corresponding terms of the convergent numeric series

m(m—1)a
M X grg"tT s gme=y M gy
23— =—(— I,(1 — y)Ey1— ("7 Ba®: q).
4 Ty(1=7) ra—yiD " 3 ) L =) Eaimy (g7 Ba®:q)

m=0

Therefore, the series (8.30) is uniformly convergenton (0, @] to a function ¢, , where
¢i(x) = lim ¢;,,(x). Since x'®1=%¢; ,, € C[0,a] forallm e Nandi = 1,...,n,
m—>00

then so is x/*1=%¢; . In addition, ¢, (x) € D;(a, k) implies that ¢; (x) € D;(a, k),
x € (0, a]. The uniform convergence of the sequences {¢; ,»(x)}, x € (0, a], allows
us to let m — oo in the relationship (8.28), this gives that

[o] bzk yo—l1 X

. _ ] a—k . .
60 =) e T R ), @/ Ve i 01D fala) dyt.

k=1
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Consequently,

Dy i (x) = b+ DI fi(x, y1(gx), .., yu(gx))
= b+ 1} fi(x, y1(gx), ... ya(gX)).
Therefore,
D¢ (0F) =by (i =1.2,....n),

i.e. {¢;()}7=, satisfies the initial conditions (8.16). The proof of the uniqueness of
the solution is similar to that of Theorem 8.8 so it is omitted. O

Remark 8.2.1. When o = 1, the initial value problems (8.14), (8.16) and equa-
tions (8.15)— (8.16) are reduced to the initial value problems (2.7), (2.13)
and (2.8), (2.13), respectively. Therefore, the results of Sect. 8.2 generalize the ones
of Sect.2.3.

Example 8.2.1. Consider the g-fractional first order system
Dyyi(x) = ya2(x), Dy ya(x) = —yi1(x),
1,7y1(07) =0, 1, y(0%) =1,

where x € R and 0 < @ < 1. Substituting into (8.20) with by = 0 and b, = 1, we
get

$r1.1(x) =0,

m—1 2aj

o— j X
G12m(X) = Promt1(x) = x* IJZ:;)(—IVW, meN

and

m—1 20(j

B22m—1(x) = $oom(x) = x> Z( b’ m et

One can verify that the functions ¢; (x) := lim ¢;,,(x), i = 1,2, are defined only
m—00
for |x| < (1 —¢)~ ' by

$1(x) = x> ern 20 (—x719), $2(x) = X erga (=11 ). (8.31)
If we take « = 1 1in (8.31), we get

¢1(x) = sing x(1 — g), and ¢»(x) = cosy x(1 —q),
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which is the solution of the g-initial value problem

Dgyi(x) = ya(x), Dyy2(x) = —y1(x),
y1(07) =0, 1,(0T) = 1.

Example 8.2.2. Using the successive approximation method, one can prove that
the successive functions {¢; »(x)}o—,, i = 1,2, corresponding to the initial value

m=1>
problem
Dy yi(x) = y2(x) Diy2(x) = =" y1(qx)
L7n(07) =0 I, y(07) =1
are
$1.1(x) =0,
2 1m 1 j(j—=1) X2
. " _ 20— 1 Jgil— 0‘—
Pram+1(x) = Prom(x) = x Z( )4 I,Qej +2a)
1 (=1 X
B — 1 Jagil— 0‘—
$2om—1(x) = P2am(x) = x Z( )4 I,2ej +a)

j=0
m € N. Hence, the functions
¢i(x) ;== lim ¢;pn(x) (I =1,2)
m—00
are defined on R by
¢1()C) = xza_lEZa,Za(_xza; f])s ¢2()C) = -xa_lEZa,oc(_-xza; C])
If we set « = 1, we obtain
¢1(x) = q_1 sin(q_lx;q), and ¢r(x) = cos(q_l/zx;q), x € R,

which is the solution of the g-initial value problem

Dyyi(x) = ya(x), Dyya(x) = —q~ ' y1(gx),
y1(0) =0, y2(0) =1,

valid on R.
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8.3 Equations with Caputo Fractional ¢g-Derivatives

In this section we shall study the existence and uniqueness of solutions of the
Cauchy type problem
‘Dyyx) = flx.y(x)) (a>0), (8.32)
Diy(O0Y)y=br (i €R:ik=0.1,....[a]-1). (8.33)
The result of this section is an extension of the results derived by Kilbas et al.

in [169, Sect.3.5]. In the following, we prove the existence and uniqueness of
solutions in the space C; [0,a],

Lemma 8.10. Let « > 0 and n = [a]. If there exists y < a —n + 1 such that
S €Cyl0,a] then I} | € CJ[0,a].

Proof. From Lemma 4.10, I¢% f € C[0,a] fork = 0,1,...,n — 1. Since
DiISf =1 f(x) (k=0.1.....[a]—1).

Hence D{I2 f € C[0,a] and f € C}'[0, a]. O

Theorem 8.11. Let o > 0, n = [a]. Let G be an open set in C and f : (0,a] x
G — R be a function such that f(x,y) € C,[0,a] foranyy € G,y <a—n+1.If
y € CJ[0,a] then y(x) satisfies (8.32)~(8.33) for all x € (0, a] if and only if y(x)
satisfies the q-integral equation

n—1
0= e e [ a6

forall x €[0,a].

Proof. First, we prove the necessity condition. Let y(x) satisfy (8.32)—(8.33), then
“Dgy(x) € Cy[0,a]. Hence, applying (5.6) (with B = « ) gives

n—1
ac no bk k
IZDEy(x) = y(x) =)

——x" (0<x<a). (8.35)
= Iy(k+1)

On the other hand,

18D y(x) = 12 f(x. y(x) = = / @1/ x: Qa1 [t Y1) dyt (8.36)

Iy(a)

for all x € [0, a]. Consequently, combining (8.35) and (8.36) proves the necessity
condition. Now we move to prove the sufficiency. Let y(x) satisfy (8.34) for all
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x € [0,qa], then from Lemma 8.10, y(x) € C/[0,a]. Consequently, acting on the
two sides of (8.34) by the operator “ D7 and applying (5.8) give

, = b
“Dy(x) = D¢ [y(x) -3 T};l)xk} = DI f(x.y(x)) = f(x.y(x))
k=0 "4

forall x € [0,a]. Forx € (0,a]and k € {0, 1,...,n — 1} we obtain
Dyy(0%) = lim Diy(xq’) =bi + lim 177 f(xq’, y(xq)))
j—>o0 j—>o00

( qj)a—k—l xq’

= by + lim (qt/x:q@)a—k—1 f(t,y(t))dyt  (8.37)

Jj—o0 F((X—k)
— qj)a _k;q)’ r r
= b+ lim @02 Z (q;q)r flxq". y(xq")),

where the limit on the most left hand side of (8.37) vanishes because of
fx, y(x)) € G,)[0,qa]. u]
Theorem 8.12. Let o > 0, n = [a] and G be an open set in C. Let

f:(0,a] xG — R

be a function satisfying the following conditions:

1. There exists y, y < a —n + 1, such that f(x,y) € C,[0,a] forany y € G.
2. There exists a constant A > 0 such that for all x € (0,a] and for all y,, y, € G,
the following Lipschitz condition is satisfied:

L f(x, y1(x) = f(x, y2(x))| < Aly1(x) — y2(x)].

If0 < h < a satisfies the condition

then the fractional Cauchy problem (8.32)—(8.33) has a unique solution in Cj [0,a].

Proof. From Theorem 8.11, the Cauchy type problem (8.32)—-(8.33) is equivalent
to the Volterra ¢g-integral equation (8.34). Hence, a solution of (8.32)—(8.33) in
C;[0,a] is a fixed point of the operator 7" : C/[0,a] —> C/'[0, a] defined by

n—1
— bi k
e =X e / (/6 a1 S0y (0) dyt.
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To prove the theorem, we prove

L. If y € CJ[0,a], then Ty € CJ[0,4]
2. T is a contraction mapping.

The proof of (1) follows from Lemma 8.10, and from (4.53) we obtain

n—1

ITy1 = Tyall; =) max

0<t<h

18- KCF, yi(0) = f(t, y2(1)))

<A max 12~ Kr=y) < wlyi =l -
— re(0.]

Consequently, from the Banach fixed point theorem, there exists a unique y* €
C,;[0,a] such that Ty* = y™*. So, the result follows by applying the sufficient part
of Theorem 8.11. O

By Theorem 1.7, the solution y* is obtained as a limit of a convergent sequence
(T yo) (x):
lim ||[T™yo—y*|| =0,
m—>00

in the space C/[0, a], where yj is any function in CJ'[0, a]. If at least one bx # 0 in
the initial condition (8.33), we can take

n—1
by k
Yo(x) := Z —_—X".
=Ty +1)

Consequently, the sequence 7"y, is defined by the recurrence relation

T yo(x) = / @1/ Dar S T y0(0)) dyt - (m € N).

F()

If we denote y,,(x) = (T™yo)(x) then the last relation takes the form

V() = / (@13 Qamr St Y (D) dyt (m € N,

F()

This means that the successive approximation method can be used to find a unique
solution of (8.32)—(8.33) whenever by # 0 forsome k € {0,1,...,n — 1}.

Example 8.3.1. Consider the Cauchy type g- fractional equation:

‘Diy(x) =AxPym™(x) (m>1:0<a<l;x>0; 4 BeR: A#0),

y(t) =o.
(8.38)
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Set
fy(x) = A y"(x) (x> 0),
where
(x,y) €(0,al xG:={0<x<a; 0<|y|<Kx"; K>0}.
Then, similar to Example 8.1.2, we obtain
| S, p1) = £, y2)| < Alyr = yal, A= m|A[K" " aP =D,

whenever S+ (m—1)w > 0. That is, f satisfies the Lipschitz condition. If f(x, y) €
C,[0,a] then x” f(x, y) is continuous and hence bounded on [0, a]. Therefore we
should assume that y + 8 + mw > 0. Hence the conditions of Theorem 8.12 is
satisfied and the Cauchy type g-fractional problem (8.38) has a unique solution in
C10, h], where h is a positive number satisfying the inequality

el hﬂ-l—(m—l)w-l—a
mAlK"
Iy(a+1)

Hence w should satisfy the conditions
w+m—1DB>0, y+mw+pB>0. (8.39)

Assume that (m — 1)w = r — (8 + «). Hence (m — 1)w + B = r —«a and we should
assume that r > «. In addition to this the condition y + mw + 8 > 0 implies

+
m r+y_mzo‘
m—1 m—1
That is
rz_y+moz+,3.
m—1 m—1

So if we assume that y < ’%:Tmla, then the conditions in (8.39) are satisfied and the
Cauchy fractional initial problem has a unique solution in C, [0, /]. One can verify
that this solution is given by

1
_ a+p m—1
y(x) = [—F o=y ] =3
AL (1= ==7)
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8.4 ¢-Caputo Fractional Order Systems

This section deals with two systems of g-Caputo fractional derivatives, namely

CD(‘;yi(x) = fix,y1,....yn) (G =12,...,n), (8.40)

and

‘DYyi(x) = fi(gx,y1(gx),....ya(gx)) (G =12,...,n), (8.41)

where o > 0. We call system (8.40) together with the initial conditions of the form
D)yi(0) =by; (b €Rii=12,....n: j =0,1,....[a]—1), (842

an initial value problem. The same applies to system (8.41) with the initial
conditions (8.42).

By a solution of the initial value problem (8.40), (8.42) we mean a set of
functions {y; }/_, that satisfies (8.40) and the initial conditions (8.42) in an interval
I containing zero such that the functions y; (x),i = 1,2,...,n are continuouson /.
Similarly, we can define the solution of the initial value problem (8.41)—(8.42).

In the following theorem we investigate the conditions under which the initial
value problem (8.40), (8.42) has a unique solution.

Theorem 8.13. Let fi(x, y1,...,yn) be functions defined for x € (0,a), and y; in
the domain G;, satisfying the following conditions.

(i) There is a positive constant A such that for x € (0,a] and y;,y; € G;, 1 <
i < n, the following Lipschitz’ condition is fulfilled

A1) = 5T < A=+ o = 5]
(ii) There exists y < a — [a] + 1 such that
fix,y1,....y) € C)0,a] foranyy; € G;; i =1,2,...,n.
Let
M = max {|x" f;(x, y1,¥2, ..., yu)|, x €[0,a], yi € D;(a,K), i =1,2,...,n},
and D;(a, K) C G; be the set of points y; € G; satisfying
[a]—1 j

X
i(x) — bjj——| <K 1 0,al.
yi(x) ; 7 LG+ forall x €[0,d]
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Then there exists h € (0, a],

o —_—
MIT, =)
Lya—y+1) —
such that the initial value problem (8.40), (8.42) has a unique solution
i ()i, in €10, A

Proof. Existence. Define the iterations
{Gim)y (1=i=<n, xe€(0,a]
by the following relationships

[a]—1 ;

x.}
i = E bij—,
(}5,1()6) j Fq(] 1

=0
fa]—1 j

Gim(x) = Z bijm

J=0

(8.43)

xa—l

@

/0 @5 Das f (o Bimt Do s (1)) ot

where m = 2. We show that lim ¢;,,(x) exists and gives the required solution
m—>00 :

{¢i (x)}{—, of the initial value problem (8.40), (8.42) in subinterval (0, /] of (0, a].
Similar to (8.21), one can prove that

¢im(x) € Di(a,k) (meN;i=1,2,...,n; x € (0,a]).

Applying Lemma 8.10, we conclude that ¢; ,,(x) € qua] [0,a] fori = 1,2,...,n
and m € N. We can also prove by induction on m that forr = 0,1, ..., [a] — 1

MBm—lxm(a—r)—qu(l _ )/)

D¢ D¢ ‘ < : 8.44
q¢z,m+l(-x) q¢t,m(x) Tym—r)—y +1) ( )
where B := An and m € Ny. Now, consider the infinite series
o0
D}ia(x) + Y Dipimi1(x) — D}im(x). (8.45)

m=1

Let 4 = min {a, m}. According to the estimate (8.44), for 0 < x < &, the
absolute value of the terms of (8.45) is less than the corresponding terms of the

convergent numerical series
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Mh™7 > Bmpme=r) Mh™7
—5 =) > 7 =
= qm(a—r)—y +1) B

Fq(l - V)ea—r,l—y(Bha_rQ q).

This means that the series (8.45) is uniformly convergent on [0, 4] to a function
gri(x),and g,;(x) = lim D;qb,-,m (x). Since ngﬁi,m is continuous for all m € N,
m—00

i =1,...,n,thensois g.;. One can verify that
gri(x) = Dypi(x),  ¢i(x) := go,i(x).
Hence,
¢ € ClN0.a] (1=1.2.....n).
In addition, ¢;,, € D;(a,k) implies that ¢;(x) € D;(a,k). The uniform
convergence of the sequences {¢; ,} allows us to let m — oo in identity (8.43),
which gives

fa]—1 xj xa—l X

¢i(x) = ]2:(:) bij LG +D + @ (qt/x:q),_, fi 0. 1(D), ... Pu(2)) dyt.

Obviously, the initial conditions (8.42) holds. The proof of the uniqueness of the
solution is similar to of that of Theorem 8.8 and is omitted. O

Similar to Theorem 8.13 we have the following theorem

Theorem 8.14. Let f;(x, y1,..., Vn) be functions defined for x € [0,a] and y; in
the domain G;, satisfying the following conditions.

(i) There is a positive constant A such that

|fiGe v yn) = file Y V)l S Ay =il + 4 yn = )

forall x € (0,a] and for any y,,y; € Gi, 1 <r,i <n.
(ii) There exists y < a — [o] + 1 such that

fikx,y1,....y) € C,[0,a] foranyy; € G;, i =1,2,...,n.

Let

M = max {|x? fi(x,y1,¥2,....yn)| (x €[0,a]; yi € Di(a,K); i =1,2,...,n)},

where D;(a, K) C G; is the set of points y; € G; satisfying

[a]—1 j

X
S (x) — bij——| < K forall x € (0,a],
yi(x) ; G| =K (0.4]
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and

- Ma*T,(1—vy)

T Le—y+1)]
Then, the initial value problem (8.41)-(8.42) has a unique solution {y;};_, in
cl0. a).

Proof. Consider the system of successive functions {¢; m}m si=1,...n

fa]—1 j

X
i1 (x) = bij—~——1
P ]2:(:) TG+
and form € {2,3,...}

[a] 1
Gim(x) = Z bu 1“,,(]+1)

,[() (qt/x q)a 1f (qt ¢lm l(qt) ¢n,m—l(qt)) dqt'

(8.46)
We show that lim ¢;,,(x) exists and gives the required solution {¢; }/_, of the
m—00

F()

initial value problem (8.41)—(8.42). As in the proof of Theorem 8.13, we can prove

by induction on m that ¢; ,,(x) € D;(a,k) fori =1,...,n,m € N, x € [0,a], and
MBm—lqm(m—l)a/mea

) — b < , 8.47

@i m+1(x) — @i ()] Fq(moz 1) ( )

where B := An and m € N. According to the estimate (8.47), for 0 < x < a, the
absolute values of the terms of the series

Gra(X) + Y Gimt1(x) = Gim(x) (8.48)

m=1

are less than the corresponding terms of the convergent series

M X m(m— De/2( B g®)m M
_ZCI (Ba®) 2 Eu1(Ba%:q).
I,ma+1) B

This means that the series (8.48) is uniformly convergent on (0, @] to a function ¢;,

where ¢; (x) = lim ¢; ,(x). Since ¢;, € 92”(11 [0,a], forallm e N,i = 1,...,n
m—00

then so is ¢;. In addition, ¢; ,,(x) € D;(a, k) implies that ¢; (x) € D;(a,k), x €

[0, @]. The uniform convergence of the sequences {¢; ., (x)}°_ , x € (0,a], allows

us to let m — oo in the relationship (8.46), this gives that

m=1°
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n—l J xa—l X

X
¢i(x) :;)bij LG +D + r@ b (qt/x:q),_, fi 0. 1(0). ... Pu(2)) dyt.

which are the required solutions. Uniqueness can be proved as in Theorem 8.8. 0O

Example 8.4.1. Consider the first order system

‘Dyyi(x) = ya(x), ‘Diyr(x) =—yi(x) (O<a<l),
»(0%) =0, y2(0%) = 1.

Using the method of successive approximations, the functions {¢; (")}, are
given by

$r.1(x) =0,
m—1

Prom(x) = Pramr1(x) = x* Y (—1)/
j=0

x2aj

I,QRoaj +a+1)’

x2aj

m—1
$22m—1(X) = P2om(x) = ;(—1)1 To0aj +1)°

where m € N. One can see that the limits
Gi(x) = lim gyn(x) (=1.2)
exist only for [x(1 — ¢)| < 1 and are defined by
$1(x) = X041 (—371q). $2(x) = €201 (—x719). (8.49)
Substituting ¢ = 1 into (8.49), we obtain
y1(x) = sing x(1 —q). y2(x) = cosgx(1 —q), |x(1-¢)| <1,
forming the solution of the initial value problem

Dyyi(x) = ya(x), Dyy2(x) = —y1(x),
y1(0) =0, 2(0) = 1.

Example 8.4.2. Consider the first order system

“Dyyi(x) = ya2(x), Dy ya(x) = —¢~“y1(gx),
y1(07) =0, y2(07) = 1. (8.50)
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The successive approximating functions {¢; ,,(x)}r_,, i = 1,2, are defined for
m € N by
$r1(x) =0,
m—1 PP x2aj
m = m = x“ 1)/ g/ 5
$1.2m(X) = Pramer(x) = x ;O( Y e e et
m—1 x20¢j
() = daay () = S (1) gD ‘
D200-1(3) = dron(x) = (Vg
j=0 1

Hence, the solutions
¢i(x) := lim ¢;u(x) (=1,2)
nm-—>00
are defined on R by

$1(x) = x* Exgat1(—x™:q),  $2(x) = Esp1(—x**;q). (8.51)

If weseta = 1in (8.51), we get

1

yi(x) = gsin(¢"'x;q), and y2(x) = cos(qg""*x;q), x € R,

which form a solution of the first order system

Dyyi(x) = ya(x), Dyya(x) = —q~ ' y1(gx),
y1(07) =0, y,(07) = 1.

8.5 A g-Cauchy Fractional Problem

In this section we investigate the existence and uniqueness of solutions of a

q-Cauchy fractional problem defined in terms of a set of real parameters {y g }j.=0
and a set {L j }i o Of g-integro difference operators of fractional order. This problem
is a g-analogue of a Cauchy problem given by Djrbashian [85]. As in the classical
case, the solutions will be given explicitly in terms of g-Mittag—Leffler functions.

3 . .
Let the set of parameters {y; }j=0 satisfy the conditions

3

< s X1, S B ~ 1 / . .
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Then obviously
1 <yo+y3<2, l<yi+y <2
We shall also consider the two special cases

Yo = V> = y3 = 1 when y; =0,
(8.53)
Yo = y1 = y3 = | when y, = 0.

We associate a given set of parameters {yj}j.zo satisfying (8.52) with in the set

3 . . . .
{L j }j=0 of g-integro-difference operators of fractional order setting

Loy(x) := 1,7y (x),
Liy(x) = 1,7 DyLoy(x) = 1,7 D}’ y(x),
Lyy(x) :=1,7”DyLyy(x) = I,/ D}' D)’ y(x),
Lij2y(x) := Lay(x) = I, *DyLyy(x) = I,”* D> D} DIy (x).

In the following we introduce the domain of the definitions of the operators
3
{L J } j=0

Definition 8.5.1. For a > 0let &/ Cy,;[0, a], be the set of functions y(x) satisfying
the conditions

1. y(x) € ,Z{I[O, al.
2. Ljy(x) € #,C[0,a], j =0,1,2.

Obviously, if L;y(x) € 2,C[0,a] then D, L;y(x) € .qu(O, a), for j =0,1,2,
and L;»y(x) € .qu [0, a]. Now, let y(x) € «,C,[0,a] be a given function. We
introduce the following constants:

J
mi(y)=L;jy©0%)., ;=Y y. for j =012
k=0
Recall that since y € 7 Cy,[0, a], the operator L y is g-regular at zero for j = 0,
1,2, and
Liy(0h) = Jim Liy(x¢") (x> 0).
—>00

One can easily verify that

Yit +vi2 <2, ji # ja.



252 8 Fractional ¢-Difference Equations

for any pair of numbers of the set {)/ i }i.=0. The g-Cauchy problem which we are
interested in is

Lipy(x) +Ay(gx) =0, 0 <x <a, (8.54)
Liy(0*) =m;(y). j =0.1,2, (8.55)

where {m J'(y)}§=o and A are arbitrary complex numbers. We solve (8.54) by
repeatedly applying the g-Riemann—Liouville fractional operator of appropriate
orders until (8.54) is transformed into a solvable g-difference equation. This
technique is used by Ross and Djrbashian to solve certain integral operators,
cf. e.g. [85,263,264].

Lemma 8.15. If' y € &/ Cy,[0,a] then

=1

2
I’L = — - 0,al. 8.56
7 L12y(x) = y(x) ];mk(J’)Fq(’uk) x € (0,4] (8.56)

Proof. Since Ljpy(x) € fql (0,a), then using (4.62) we obtain the following
equality for all x € (0, a]

LJLij2y(x) = 171,77 DyLay(x)

= 1777 {1y DyLay (0} = 1777 {Lay (@) —ma(0)} g o)

2=y3

X
=]>7nL - B
g Loy (x) —ma(y) G-

Furthermore,
177 Lay(x) = 1777 {177 Dy Liy ()

= 1777 LDy Ly ()} = 177 {Liy(x) =m0} (g.58)

= 177 Ly(x) —ml(Y)ﬁ'
LG —y2—y3)
Similarly,
I;_yz_VSLly(x) =1)"DyxLoy(x)
1Dy 1) = 1D
But

1D} y(x) = y(x) — 1,77 y(0").
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Therefore,
xy()_l
17777 Ly (x) = y(x) — mo(y) for x € (0,al.
I q (o)
This formula together with (8.57) and (8.58) imply the desired representation (8.56).
O
Lemma 8.16. If y(x) € &/C,[0,a] then
D? . 1,2},
L) = § DY) = Sicome G e A L2 o

D(?y (x), otherwise.
Proof. Applying the operation Dﬁ to both sides of identity (8.56), we arrive at
formula (8.59). O

Lemma 8.17. The q-Cauchy problem (8.54)—(8.55) may have only a unique solu-
tion in the class <7/ C, [0, a).

Proof. If there exist two solutions y;(x) € &/C,[0,a], j = 1,2, then y(x) :=
y1(x) —y2(x) is of the same class, and it is a solution of the homogeneous g-Cauchy
problem

Lij2y(x) + Ay(gx) =0 (x € (0,4a]),

(8.60)
Liy(0F) =m(y) (k=0,1,2).

By (8.56) and (8.60),
qull,l/zy(x) =yx) = —Alqzy(qx) for x € (0,a).

In other words, the function y(x) € ipql (0,a) is a solution of the homogeneous
g-Volterra equation

yu>=—xﬁ<x—wwwo@n x € (0.al.

Hence, from Theorem 7.11, y(x) = 0 for all x € (0, a]. O

The next lemma deals with the function

yu(x,A) = XM_IEZ,M(_AqM X% :q)

00 2k4p—1 (8.61)

_ k k24-(u—2)k kX
_Zl) M()F%+)
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which obviously satisfies

Z)(0,a), ju > 0,
ylL(va') €
220,a), > 1/2,

Lemma 8.18. If
we=>y_y; (r=0.1.2)
j=0

the functions {J’m G, A)}f o are solutions of the q-Cauchy problem
Lipy(x) +Ay(gx) =0 forx € (0.a].

={l,k:r,

Lry(-x)|x=0 = 8k,r 0. k 7& r

in the space </ C,,3[0, al.
Proof. We consider three cases

1. If w = po = yo then

x2k

L A) = _)F k% +(o—2)k ,
0V (iA) = 3 (=2)q e

k=0

E ko (k124 (uo—2) (k+1 xHHen
L1y, (x:h) = =4 Z(_k) q( >+ (ro—2)(k+1)
k=0

I, -y +2k)

2k+2—y1—y2

(8.62)

(8.63)

(8.64)

o0
2 _ X
LZyM()(x;A) — 2 (—A)k(](k+l) +(no—2)(k+1)
k=0

Since y; + y» < 2 and
3=V1—Y2—¥3= Y0 = o,

we obtain

Lijpy(x) = Lay(x)

x2k+2=y1—=r2—v3

L,G=yi—r+2k)

o0
- Z(_k)kq(k+l)2+(uo—2)(k+l)
k=0

= i(—k)quzﬂﬂo—zyc (gx) o
= I, 2k + o)

= —Ay(qx).

I,3—y1—y2—ys +2k)
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That is, the function y,,,(x; A) is a solution of the Problem (8.63)—(8.64).
2. If p = w1 = yo + y1 then

x2k+y1

oo
L ) = _)k gk -2k
0y (i) =Y (=Mq Lok 1)

k=0

x2k

o0
L Q) = _ )k gk -2k ’
m(2) = Y (-1 eTEE

k=0

K 2k=r2+2 (8.65)

o0
L xX;A) =—A kDG __ T 7
PR = 0 G- 7:+20)

k=0
LSY;M(X; A) = LI/ZY/M(X; A)

(qx)2k+2—y2—y3
I3 =y —ys+2k)

o0
- Z(_k)quu(m—z)k
k=0

But in this case, 3 — y» — y3 = 0 + 1 = 1 according to (8.52). Therefore, the
last identity may be written in the form

Lioyu (x:A) + Ay, (gx;2) =0 for x € (0,a].

By formulae (8.65), y,, (x;4) € &/Cy,;[0,a] and, in addition, this function
satisfies (8.63) with the initial condition (8.64) with r = 1.
3. If w = p2 = yo + y1 + 2 then

x2k+y1+)/2

Fq(2k+)/1+3/2+1)’

o0
Loy, (x: 1) = Y (—1)kgh tum=2k

k=0
o 2k+y>
2 X
Lly (X;A) — (_A)qu +(n2—2)k i
- kz=0 Ik +y2+ 1)
E k k2 (ua—2)k x
L X;A) = E -1 =
ZyMZ( ) ( ) q Fq(Zk i 1)

k=0
(gx)%+2n
I3 —ys +2k)
(8.66)

L3ym(x;)k) = Ll/z)’uz()ﬁ A)=—A Z(_k)quzﬂm_z)k
k=0
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Since 1, = 3 —y3 and according to (8.52), the last identity may be written in the
form

Li2yu, (x5A) + Ay, (gx;A) =0, x € (0,a).
By formulae (8.66),
Y, (x;1) € &/ C,[0,a]

and y,, (x; A) satisfies (8.63) with the initial condition (8.64) with r = 1. O

The next theorem indicates that the set of solutions { Vi, G A)}IZ:O plays the role
of fundamental set of solutions of g-difference equations.

Theorem 8.19. Let a > 0 be an arbitrary number. Then the function
2
Y(x: M) =Y mi(y)yu, (x: 1) € .Z)[0.d] (8.67)
j=0

is the unique solution of the q-cauchy problem (8.54)—(8.55) in the class </ C, [0, a].
Proof. By Lemma 8.18,

LippY(x; A) +AY(gx; A)

2
= > m;(y) {Lijayu, (x:2) + AY (gx: M)} = 0. x € (0.4]
j=0

and
2
LiY(0Y;4) = ) ajL,, (0752)
j=0
2
=Y mi(Mée; =ar (k=0.1.2).
j=0
The uniqueness of the solution follows from Lemma 8.17. O

Finally, we present the forms taken by the operators {L j }j.=0, the corresponding
Cauchy type problems and their solutions in the special cases (8.53).

(1) y1 =0and yy = y» = y3 = 1. In this case we have

Loy(x) = y(x), Liy(x)=1;D;y(x) = y(x)—y(0),
Lyy(x) = Dyy(x). Lijpy(x) = Lay(x) = D;y(x).
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po =1, 1 = pu2 =2, and
mo(y) = y(0F), mi(y) = 0, and my(y) = Dyy(0F).
(2) y2 =0and yy = y1 = y3 = 1. In this case we have
Loy(x) = y(x), Liy(x) = Dyy(x),
Lyy(x) = I,D;y(x) = Dyy(x) — Dyy(0),
Lij2y(x) = Lay(x) = D]y (x),
po =1, w1 = up =2 and
mo(y) = y(0F), mi(y) = Dygy(0F), and mz(y) = 0.
In both cases we reach the same Cauchy problem
Dgy(x) +Ay(gx) =0 forx € (0,a),
y(0F) =a, Dyy(0F) = p.
Therefore, the solution of (8.68)—(8.69) is
Y(x: ) = aEr 1 (—Ax%;q) + BXEy2(—qAx?:q).
Remark 8.5.1. 1. The Cauchy type problem

Lipy(x) +Ay(x) =0 forx € (0,a),
Liy(0Y)y=m;(y). j =0.1,2,
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(8.68)
(8.69)

(8.70)
(8.71)

can be treated similarly. In this case, we shall get the following existence and

uniqueness theorem.

Theorem 8.20. Let A € R. Then there exists a > 0 such that the function

2
Z(x: A) = Ym0z, (x:2) € Z][0,al,

j=0

2u(xid) = x' ey (—AxPiq) for |AxP(1—¢q)| <1,

(8.72)

is the unique solution of the cauchy type problem (8.70)—(8.71) in the class

A C,[0.a].
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2.

8 Fractional ¢-Difference Equations

Theorems 8.19 and 8.20 of this section can be used to find particular solutions of
the g-difference equation

D;(y)(x) + Ay(gx) = f(x).
or
Dey(x) + Ay(x) = f(x),
where

x#i!

2
fx) = ;)aj —Fq(ﬂj)’

and the i ;’s are the constants defined in (8.62).

. The studies of the special types of g-fractional integro-differential problems

of [84, 85] lead to formulation of eigenvalue problems whose eigenvalues are
zeros of Mittag—Leffler functions and whose eigenfunctions are Riesz bases of
families of Mittag—Leffler functions in some Hilbert spaces. This is applied in
[28] to obtain sampling theorems in Paley—Wiener-Type spaces. There are several
works in sampling theory and in the g-setting, see e.g. [7,26,27,150]. To derive
sampling theories associated with g-fractional integro-difference equations, we
have to establish g-fractional eigenvalue problems and investigate the properties
of eigenvalues and eigenfunctions. This is not expected to be an easy straightfor-
ward task because of the properties of the g-integration over [a, b], a # 0 which
leads to difficulties in defining right-sided g-fractional integrals and derivative.
This has an impact on defining the boundary conditions at the right end points.

8.6 Linear Sequential Riemann—Liouville Fractional

q-Difference Equations

In this section we investigate the existence and uniqueness theorem for solutions of
linear sequential g-difference equation. We also introduce and prove some essential
properties of the ¢, « Wronskian, see [169, Chap. 7] for the definition of the «
Wronskian. The results of this section are mostly based on [205]. Throughout this
section we assume that 0 < o < 1.

Definition 8.6.1. Let n € N. We shall call linear sequential Riemann—Liouville
fractional ¢g-difference equation of order no the equation of the form

D ()2 y(x) = g(x). 0<x=a, (8.73)
k=0
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where by, k = 0,1,...,n, and g are given real functions, b,(x) # 0 for all
x € (0,a), and _@;‘“ y is the sequential Riemann-Liouville fractional g-derivative
defined by:

2%y =Dy, 2"y :=Di7}y (k eN). (8.74)

If b,(x) # O for all x € [0,a], (8.73) may be expressed in its normal form as
follows:

n—1
(Lgnay) () := Z0°y(x) + D _ar() 75 y(x) = f(x). (8.75)

k=0

Theorem 8.21. Leta;(x), j =0,1,...,n—1, and f(x) be in the space C,[0, a],
y < a. Then there exists 0 < h < a such that the equation

Luagy(x) = f(x) (8.76)

has a unique solution in C,—4|0, h] satisfying
1,72 y(0) = e (8.77)

or equivalently

. _ Ck
lim x'"* g% y(x) = , 8.78
Jim -V (x) (@ (8.78)
wherec, € R fork =0,1,...,n—1.
Proof. From Theorem 8.8, there exists # > 0 such that the first order system
D;:yi = Yi+1, i=1,2,...,n—1, (879)
Dgy, = —apy1 — a1y — ... — dp—1yn + f(x)
together with the initial conditions
L0 =¢ (k=0.1,....n—1) (8.80)

has a unique solution in C;_,[0, 4]. But {yj}j:l is a solution of (8.79) with the
initial conditions (8.80) if and only if y; is a solution of (8.76) with the initial
conditions (8.77) or (8.78). O

The following two propositions are straight forward results of Theorems 8.21
and their proof is omitted .

Proposition 8.22. Let a; € C,[0,a], vy < o j = 1,2,....n. Then the
homogeneous fractional q-difference equation

Lyaqy(x) =0 (8.81)
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together with the initial conditions

11%1+x1—°'@qf“y(x)=o or 1,7°2/°y(0*)=0 (j=0.1.....n—1)

has only the trivial continuous solution y(x) = 0.

Proposition 8.23. Any linear combination of solutions of the homogeneous
equation

Lynay(x) =0

is also a solution of this equation.

Definition 8.6.2. We call g, Wronskian of n functions u;, j € N, having
fractional Riemann-Liouville sequential ¢-derivative up to order (n — 1)« in (0, a],
the following determinant

uy(x) ur(x) .. u, (x)
Dgui(x) Dgua(x) ... Djup(x)
’Wq,a(uls---sun)(-x)’: : .

28U (x) D8 ur(x) - BT (x)

To simplify the notation, this will be represented by |W, . (x)|. We shall use W, ,
for the corresponding ¢, o« Wronskian matrix.

Proposition 8.24. Let {u g (x)}’; _, be a family of functions which admits Riemann—
Liouville fractional sequential q-derivatives up to order (n—1)a in (0, a), satisfying
forj=1,2,...,nandk =0,...,n— 1, the condition

lim """ 7%, (x)  exists. (8.82)
x—>0

If the functions {xl—“ u; (x)}:',:l are linearly dependent on [0, a] then
X" W, e(x) =0 forall x €[0,al.

Proof. Since {xl_“u ; (x)}:l.: , are linearly dependent on [0, a], then there exist n

constants {c; }n.:l, not all zeros, such that for all x € [0,a], Y

0. Therefore, for all x € (0, a] we obtain

Toreix! Ty (x) =

> cjuj(x) =0. (8.83)
k=1
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Successive applications of the sequential g-derivative @é‘“, ke {l,....,n—1},
to (8.83) lead to the following relation:

Wya(x)C =0, C = (c1.¢n....cn) #0, (8.84)

and 0 is the zero n x 1 matrix. Consequently, \an (x)| = 0 forall x € (0,a]. In
addition, by (8.82), we can also conclude that

Er(r)lJr x!= Wy (x)a =0.
X

Hence, lim, _, o+ x"7"%|W, o (x)| = 0, which completes the proof. O
Proposition 8.25. Let {u J ()c)}’;.=1 be a set of solutions of (8.81) satisfying the
initial conditions (8.77) or equivalently (8.78). Then {uj (x)}’;.=1 is a linearly
independent set if and only if

lim X" |Wya (u, ... 1) (x)| # 0. (8.85)

x—0F

Proof. The proof of the sufficient part follows from Proposition 8.24 by reductio ad
absurdum. To prove the necessary part, we suppose on the contrary that

lim x"7"*|W, «(x)| = 0.
x—0t

Hence, the system
X! q,a(x)) C=0
x=0

has a non zero solution C . For the function
n
y(x) =) ejui(x) (x €(0,a))
j=1

which is a solution of (8.81) in (0, a], it holds that

xl_“.@;‘“y(x)‘ =0, k=0,1,...,n—1.
x=0

Therefore, using the uniqueness of solutions, the function x'~®y(x) vanishes
identically on [0, a] and consequently {xl_“ uj (x)}';.=1 are linearly dependent on
[0, a], which is a contradiction. Hence, (8.85) should hold. O

Let M be the vector space of all solutions of the homogeneous equation (8.81).

In the following, any set of linearly independent solutions forming a basis of M is
called a fundamental set of solutions of (8.81).
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Theorem 8.26. M is a vector space of dimension n.

Proof. Let {¢;}7_, be n solutions of (8.81) satisfying the initial conditions

lim x'"* g%, (x) = k,j=1,....n),

kj
x—0t I q (@)
or equivalently

Lg% (0) =8 (k.j=1.....n).

From proposition 8.24 since

Jm T W ) = Ty

the functions {¢;}7_, are linearly independent. Let y € M \ {0}. Then there exist
constants {by };_,, not all zeros, such that

lim x'"*g% Dy (x) = by.

x—0
Seth = (b1, by, ...,b,)T. Then the system

lim '~ W, (... ¢)(x)C =b
x—0

has a non zero solution C, C = (¢1,¢3,...,¢y). Let

z2(x) = chqﬁj(x) for x € (0, a].

Jj=1

Then
lim x'™*g% ey —(x) =0 (k=1.2.....n).

x—>07F
Consequently,
z(x) = y(x) forall x € (0,a].

Thus, the solution y is written uniquely as a linear combination of the functions
{¢:}/—,. Hence, {¢;}/_, is a basis of M. i

Corollary 8.27. A set {uj (x)}’;.=l of n linearly independent solutions of (8.81) is
a fundamental set if and only if

EI(I)l+ X" ‘Wq,a(ul, ey un)(x)‘ #0.
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Proof. The proof is a direct consequence of Propositions 8.24 and 8.25 and is
omitted. O

Proposition 8.28. If y, is a particular solution to the (8.76), then the general
solution to this equation is given by y, = y, + yp, where yy, is the general solution
to the associated homogeneous equation (8.81).

Proof. The proof is straightforward and is omitted. O

8.7 Linear Sequential Caputo Fractional ¢-Difference
Equations

In this section, we assume that « is a positive number which is less than one.

Definition 8.7.1. Let n € N. We shall call linear sequential Caputo fractional g-
difference equation of order no the equation of the form

Y h(x) 7 y(x) =g(x). 0<x=<a, (8.86)
k=0

where by, k = 0,1,...,n, and g are given real functions and C@é“’y is the
sequential fractional Caputo g-derivative defined by:

Gy = Dly. ‘Ify:=Dig¥ My (k eN). (8.87)

If b,(x) # O for all x € [0,a], (8.86) may be expressed in its normal form as
follows:

n—1
(LGuy) )= 200 (0) + Y a0 255 () = f(x). (838)
k=0

Theorem 8.29. Leta; € C,[0,a] for j = 0,1,...,n — 1 and for some y < a.
Then there exists 0 < h < a such that the equation

LS, y(x) = f(x) (8.89)
has a unique solution in C|[0, h] satisfying
‘P4 y(07) = ., (8.90)

wherec, € R,k =0,1,...,n—1.
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Proof. From Theorem 8.13, there exists 4 > 0 such that the first order system

‘Diyi=yip1. i=12....n-1, (8.91)
CDZtyn = —apy1 —aiy2 — ... —Aay—1Yn + f(x)

together with the initial conditions
Y0 = ¢ (k=1,....n) (8.92)

has a unique solution in C [0, k]. But {yj}’;:l is a solution of (8.91) with the
initial conditions (8.92) if and only if y; is a solution of (8.89) with the initial
conditions (8.90). O

Similar to Propositions 8.23 and 8.30, we have the following two propositions
which we state without proof.

Proposition 8.30. Leta; € C,[0,a]for j =1,2,...,n, andfor somey < a. Then
the homogeneous fractional Caputo q-difference equation (8.86) together with the
initial conditions

‘PPy0f)=0 (j=01,....n=1)

has only the trivial continuous solution y(x) = 0.
Proposition 8.31. Any linear combination of solutions of the homogeneous equa-
tion

L,y(x)=0 (8.93)

is also a solution of this equation.

Definition 8.7.2. We call g, Wronskian of n functions u;, j € N, having
fractional Caputo sequential g-derivative up to order (n— 1)« in (0, ¢, the following
determinant

uy(x) ua(x) u, (x)
c_@a c@a C@a :
Wq(,:a (. ... .up) (x)| = q’;ll(x) quz(x) ‘1"'{ (x)

DU (x) D8 ur(x) DY U (x)
To simplify the notation, this will be represented by |Wq€a (x)|. We shall use qua
for the corresponding ¢, & Caputo Wronskian matrix.
Proposition 8.32. Let {u j (x)}’;:l be a family of functions which admit Caputo
fractional sequential q-derivatives up to order (n — 1)a in (0,a] such that
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C@;‘“uj(0+) exists for j =1,2,...,n and k =0,...,n—1, If the functions
{uj (x)}’;.=1 are linearly dependent on [0, a] then

WS =0, forall xe€l0,al.

Proof. Since {u i (x)}';.=1 are linearly dependent on [0, a], then there exist n con-

stants {c;}"

j=v

not all zeros, such that for all x € [0, a],
> cjuj(x) =0. (8.94)
k=1

Successive applications of the Caputo sequential g-derivative
‘g (k=1....n-1)
to (8.94) lead to the following relation:

W)€ =0, C=(cr.crn....cn)’ #0, (8.95)

and 0 is the zero n x 1 matrix. Consequently,

Wfa (x)‘ = 0O forall x € [0, @], which
completes the proof. O

Proposition 8.33. Let {u j (x)}j _, be solutions of the equation (8.89) satisfying the
initial conditions (8.90). Then {u ; (x)}';.=1 are linearly independent if and only if

‘sza (w1, ) (0+)) # 0. (8.96)

Proof. The proof of the sufficient part follows from Proposition 8.32 by reductio
ad absurdum. To prove the necessary part, we suppose on the contrary that
|W,5,1(07) = 0. Hence, the system

W (09)C =0

has a non zero solution C . For the function

n

y(x) = cju;(x). x€[0.al.

J=1

which is a solution of (8.89) in [0, «], it holds that

gyt =0 (k=01....n—1).
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Therefore, using the uniqueness of solutions, the function y(x) vanishes identically

on [0, a] and consequently {u j (x)}’;.=1 are linearly dependent on [0, ], which is a
contradiction. Hence, (8.96) should hold. O

Let H¢ be the vector space of all solutions of the homogeneous equation (8.89).
In the following, any set of linearly independent solutions forming a basis of H¢ is
called a fundamental set of solutions of (8.89).

Theorem 8.34. H is a vector space of dimension n.

Proof. The proof is similar to the proof of Theorem 8.26 and is omitted. O
The proofs of the following results are direct and are omitted.

Corollary 8.35. A set {u J (x)}:l.:l of n linearly independent solutions of (8.89) is

a fundamental set if and only if

)Wfa i, un) (00| £ 0.

Proof. The proof is a direct consequence of Proposition 8.33 and is omitted. O

Proposition 8.36. If y, is a particular solution to the (8.76), then the general
solution to this equation is given by y, = y, + yp, where yy, is the general solution
to the associated homogeneous equation (8.81).

Proof. The proof is straightforward and is omitted. O

8.8 Fundamental Set of Solutions of a Linear Sequential
Riemann-Liouville Fractional ¢-Difference Equation

In this section we are concerned with constructing a fundamental set of solutions
of (8.75) when it has constant coefficients. Let

Lynay(x) =Y ar 75 y(x) =0, (8.97)
k=0

where the coefficients {ay };_, are real constants and a,, # 0.
The characteristic polynomial P(A) of (8.97) is defined by

PA) = aoA" +a A" '+ +a,, AeC. (8.98)
Fromnowon A; (i = 1,2,..., K) denote the distinct roots of P(4) and p; denotes

the multiplicity of A;, so that Zf;l Wi = n. As in the classical case, we shall seek
a solution in the form
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(Ax)!

,A — yo—l aaka; !
Y A) = 2 ewo(Ax"1q) = x ;—rq(a,-ﬂ)

where (JA(x(1 — ¢))*| < 1). Since
7y y(x, 1) = A y(x. ) (k € No).
we obtain
Lgnay(x,A) = P(A)y(x,A). (8.99)

Therefore, y(x, A) is a solution of (8.97) if and only if P(1) = 0. The following
assertion is true for complex A € C.

Lemma 8.37. If A is a complex root of the characteristic polynomial (8.98), then
foralll € Ny we obtain

31 al
W (Lq,nay(-x, A)) = Lq,na (Wy(x, A)) (8.100)

and

(Ax)™
Iy(mo+la+a)

i oo
%y(x,/\) = X1 it D+ 1= 1) (m + 1)

m=0

Proof. The lemma follows from the linearity of the operators % and Ly q. O

Lemma 8.38. The functions

(A x)™
Iyma+la+a)

Pos (x. 1) 1= XTI 4+ D+ 1= 1) ..(m+ 1)

m=0

i=1,.. K =1, . and |Ai||x(1 —¢)|* <1, (8.101)

are linearly independent solutions of (8.97).

Proof. From (8.99)—(8.100) and the classical Leibniz rule, we obtain

al
L’I,na (¢a,l(xv/xi)) = Ll{e"a (Wy(x’k)) ‘A:)v

L (1 s
— (r) —
- r=0 (")P (k) oAl y(x’k)‘k=)»i =0
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for/ = 0,1,...,u; — 1. So the functions defined in (8.101) are the solutions
of (8.97). The linear independence follows from Proposition 8.24 since

. —a. 1
x1—1>13)1+ xkek Woa (Pats Bozs s bopss) (X, 40)] = %'

|

This lemma and the above discussion lead to the following theorem which we
state without proof.

Theorem 8.39. Fori = 1,2,...,K, the set {¢o.,(x,A;) f’;ol of (8.101) is a
linearly independent set of solutions of (8.97). Moreover, the set

ldor e 23 i = 1K)

is a fundamental set of solutions of (8.97).

Example 8.8.1. Consider the sequential Riemann-Liouville fractional g-difference
equation

2, y(x) — y(x) =0.

The characteristic polynomial P(A) = A2 —1 has two distinct roots A; = 1,
A, = —1. Hence, the general solution is given by

y(x) = c1x* egq(x;q) + czx“_lea,a (—x;9),

where ¢; and ¢, are arbitrary constants.

Example 8.8.2. Consider the sequential Riemann-Liouville fractional g-difference
equation

D, y(x) — 49, y(x) + 575 y(x) —2y(x) = 0.
The characteristic polynomial
P =2 -4l +50—2=(A—-1)*(A-2)

has the root A = 1 which is of multiplicity 2 and the simple root A = 2. Hence, the
general solution is given for 2|x(1 — ¢)|* < 1 by

Y(x) = 1x* eqa(x:q) + a1 (x, 1) + e3x% eg 0 (2X: q).

xmoc

Recall that ¢, (x, 1) = x>*~" Y- (m + qu(ma +2a)
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8.9 Fundamental Set of Solutions of a Linear Sequential
Caputo Fractional ¢-Difference Equation

In this section we are concerned with constructing a fundamental set of solutions of
the fractional g-difference equation

LS, y(x) =Y ar“ZFy(x) =0, (8.102)
k=0

where the coefficients {ay};_, are real constants and a, # 0. The characteristic
polynomial Q(A) of (8.102) is defined by

O =aM +a A" ' +---+a,, AeC. (8.103)

Fromnowon A; (i = 1,2,..., L) denote the distinct roots of Q(A) and u; denotes
the multiplicity of A;, so that Zle wi = n. We shall seek solutions of the form

o (Ax) -
2(x,A) = eq1(Ax%; q) = ;m for |[Ax*| < (1 —¢g)™*.
Since
“Prz(x.h) = Az(x, 1) forall k €Ny,
we obtain

LS,a2(x. 1) = Q(M)z(x. A). (8.104)

Therefore, z(x, A) is a solution of (8.102) if and only if Q(A) = 0.
The following assertion is true for complex A € C.

Lemma 8.40. If A is a complex root of the characteristic polynomial (8.103), then
foralll € N we obtain

al c c al
m (Lq,naz(x7k)) - Lq,na (WZ(X7A))

and
o e g (xe)"
i A) = x Y m+Dm+1-1).. (m+ 1)Fq(m+1wr 5"

m=0

Proof. The lemma follows from the linearity of the operators % and chm. O
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Lemma 8.41. The functions

(Aix*)"

Vau (x.A) == x"" Y (m+D(m+1-1)...(m+1)

— Iy(ma +loa+1) (8.105)
where
i=1,....,L, I =1,...,0;, and |A;||x(1 —gq)|* <1,
are linearly independent solutions of (8.102).
Proof. The proof is similar to the proof of Lemma 8.38 and is omitted. O

Lemma 8.41 and the above discussion lead to the following theorem.

Theorem 8.42. For i = 1,2,...,L, the set {wa,,.(x,ki)}f":?)l of (8.105) is a
linearly independent set of solutions of (8.102). Moreover, the set

lar e dyg! i =1 L)

is a fundamental set of solutions of (8.102).

Example 8.9.1. Consider the linear sequential Caputo fractional g-difference
equation
‘Dy(x) — y(x) = 0.

The characteristic polynomial Q(A) = A2 —1 has two distinct roots A; = 1,
A, = —1. Hence, the general solution is given by

y(x) = creq1(x:q) + ceq1(—x:q),

where ¢; and ¢, are arbitrary constants.

Example 8.9.2. Consider the linear sequential Caputo fractional g-difference
equation
‘D y(x) = 5D y(x) + 8 y(x) —4y(x) = 0.

Then Q(A) = A3 — 512 + 81 —4 = (A — 2)%(A — 1). Hence, the general solution
is given for 2|x(1 — ¢)|* < 1 by
y(x) = creq1(x:q) + c260,1(2x1q) + Va1 (x,2),

where

oo
m+1
w1(x,2) = x* —(2x)", 2x"(1 —¢)*| < 1.
Var(n2) =) gy G 12x (1 =g

m=0



Chapter 9
g-Integral Transforms for Solving Fractional
q-Difference Equations

Abstract Integral transforms like Laplace, Mellin, and Fourier transforms are used
in finding explicit solutions for linear differential equations, linear fractional differ-
ential equations, and diffusion equations. See for example (Kilbas et al., Theory and
Applications of Fractional Differential Equations, Elsevier, London, first edition,
2006; Mainardi, Appl. Math. Lett. 9(6), 23-28, 1996; Nikolova and Boyadjiev,
Fract. Calc. Appl. Anal. 13(1), 57-67, 2010; Wyss, J. Math. Phys. 27(11), 2782—
2785, 1986). This chapter is devoted to the use of the g-Laplace, g-Mellin,
and ¢>-Fourier transforms to find explicit solutions of certain linear g-difference
equations, linear fractional g-difference equations, and certain fractional ¢-diffusion
equations.

9.1 g-Laplace Transform of Fractional ¢-Integrals
and g-Derivatives

In the following theorem we compute the ;, L, transform of the Riemann-Liouville
fractional ¢g-integral and g-derivatives.

Theorem 9.1. If F € fql [0,a] and ®(s) := 4 Ly F(x) then

&(s) forany a > 0. 9.1

(1-9)
qLSI;F()C) = S—O‘

Ifn—1<a<nand [[7*F(x) € ,Q/Cq(")[O,a] then

a n m—1

N N
L{D’F(x) = ——®(s)— Y DI "FO0t)——. 9.2
o LD (x) = o 0(9) mZZlq O G—a 9.2)
M.H. Annaby and Z.S. Mansour, g-Fractional Calculus and Equations, 271

Lecture Notes in Mathematics 2056, DOI 10.1007/978-3-642-30898-7_9,
© Springer-Verlag Berlin Heidelberg 2012
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Proof. Since
Ot—l
I5F(x) =1 —q)F( ) *a F(x) = (1 = q) (pa—1(x) %4 F(x)),

we obtain (9.1) from (1.88), (1.91), and (1.92). Now we prove (9.2). From (4.49),
(1.93), and (9.1) we get

¢ Ls(DGF(x)) = qLS(DZI;_aF(x))

n n m—1

S N
=— LJ"“F(x)— Y D""["*FO")——
(L—gy? 1 ,,; ¢ (1—g)m
5@ n Sm—l
=— _P(s)— Y D"FOT)—, 9.3)
(I—g) mg 1 (1—q)"
proving the theorem. O

Theorem 9.2. If , L, f(x) = @(s) then the q-Laplace transform of the Caputo
fractional q-derivative is given by

Oé

< pe (-9
Dif0) = G g (cb(s) ZD SN )

Proof. Since “ Dy f(x) = (1 —q) Dy f(x) * ¢n—a—1(x), then by (1.88) and (1.93)
we obtain

Loy f = T,

_(1_q)n—a S _ n—m + ml
= ((l—q) P(s) ZD 70 )( q)m)

m=1

s n—l N g rta—l
:((1 7" (s) — ZD S )m)

Ly(Dy f(x))

O

Lemma 9.3. If , L, f(x) = D(s) then the q-Laplace transform of the Riemann—
Liouville sequential q-derivative of order ma, 0 < o < 1, is given by

mo mo 1 m_l oam—1—-r — or S
LM f(x) = p ¢(s>—m2p< LTI SON) p =1
r=0

where the operator @;‘“ is defined in (8.74).
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Proof. The proof of this lemma follows by induction on m and by using (9.2). O
Similarly, we have the following lemma:

Lemma9.4. If , L;f(x) = ®(s) then the q-Laplace transform of the Caputo
sequential q-derivative of order ma, 0 < o < 1, is given by

m—1

1 —l—=r)c or
o LTI () = P9 — Y perTieger f o).
r=0

The next lemma will be needed in the proof of the main result of the next section.
In the remaining of this chapter by f*)(u), k € N, we mean % f(u).

Lemma 9.5. Leto, B, a € RT and k € N. Then the identity

_ peh k!
Ly (fFoti1el) (£ arsq)) = . pl > 9.4
o Ls eli(£ar"q)) T rEaeT Mva 09

is valid in the disk {t € C : a|t(1 —q)|* < 1}.

Proof. From (7.3) we obtain

*) , . _oon(”—l).“("_k"‘l) n—k _\-a
Cuplig) =3 ——p T < (=g

n=0

Thus, for |at*| < (1 —g)™* we have

nn—1)...(n—k +1)

tka+ﬂ_le¢§f}3( 4+ ata;q) — Z (ia)n—k[om+/3—l.

n=0 FQ(C{” + :3)
Consequently,
e —
1 — g)en+p—1
qLs (tk”ﬁ_legfé( + afa:CI)) = Z nn—1)...(n—k + 1)(+a)"* =™ Sq031+ﬂ
n=0
p_ka_ﬂ S —a\n—k
=T S ntn—1)...(n—k+ 1)(Fap™)
n=0
—ka—p gk o0
4 n o
= T gk , & =Zxap™.
T ’;)s §

By choosing a~!|p|* > 1 we obtain || := |ap~®| < 1. Since
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p—ka—ﬂ dk S . p—ka—ﬂ dk 1 p—ka—ﬂ k!
i L e S par il el (s
gtk sk

I=q (17 ap—‘)f)k+1 S 1—q (pr Fa)t

Equation (9.4) follows and the lemma is proved. O

Lemma 9.6. Let ¢y ;(x, A;) be the function defined for | = 1,2,...,u;, i =
1,....k,and A; € C by (8.101). Then

Al
g Ls (§ai(x, A1) = m (pa - Ai)_[_l’ 9.5)

which is valid for |p|* > |A;| where p = ﬁ

Proof. From the properties of the g-Laplace transform, we obtain

mxma+la+a—l

g Lsdai(x.4i) = ¢ Ly Z(m FHem+1=1). . m + I)Fqéma+la+<¥)

m=0
—la—a X
= pl — ,;)(m +Dm+1-=1)...(m+ )(A; p~)".

So, for |A;] < p* we get

p—la—a dl o
LS‘ o 7Ai = -7 "
4 st (X, A1) 1—g¢q d7! mZ=OZ =Aip~®
_ p—la—a dl 1
(I —q)dd 1 —zle=spe
!

T (I—q)(pt = A)FT

9.2 A General Solution of Nonhomogeneous Linear
Fractional ¢-Difference Equations

In this section n is a positive integer greater than one, and {a j }';.=0 is a set

of complex numbers such that a, # 0. Let {,3 f}j’=o be a set of real numbers
such that

Bu>PBut>...>PB1> o= 0. (9.6)
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Here we are concerned with finding a general solution of the nonhomogeneous
linear fractional g-initial value problem

Zak Df"y(x) = f(x) (x>0), 9.7)
k=0
Br—r 4 0, if [,Bk] >2. r=2,..., |—,3k-| _
D, Y(O)—{bb fr— (k=0,1,...,n),
(9.8)

by using the g-Laplace transform method. Let p := ﬁ and R > 0 be such that

n
> a;pP #£0 for|p| = Ry >0.
j =0

Let g, (p) be the function defined for | p| = R by

n(p)i= —

Z a; pPi
j=0

Theorem 9.7. Let ¢, (x) be the sequence of functions defined forn = 1,2, ... and

_ an l/(ﬁn_ﬁn—l) b
x(I—g)| < |z y

g & (=D m ()
on(x) = @ n; o Z ko, ki, ... kn— E)(_)

a
ko+..Fky—p=m n
k0=0....ky—2=0

X x(ﬂn‘ﬁn*l)m+ﬂn_z;7;(z)(ﬁi_ﬂn)ki_l (99)

(m) An=t  Bu—Bu—1.
> _
€ B—Bu1 =X Bi=Bo)k ( a A
and defined forn = 1 by

1/(B1—Po)

l—qg 4 _ aop g, _ a
$i1(x) = xP1 e gy p, (——xﬁl ﬁ%q), Ix(1—gq)| < |—
a ai ap
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Then
1
¢ Ls(9n(X)) = gu(p), n=1, g(p):=——5 [5[>R=R.
Zj=0 ajpr’
Proof. We choose R = R such that for |s| = R
Zajpﬁf < |an—1p=* + a, pP|. (9.10)
For |p| = R, we have
1
Y(s) = cgn(p) + F($)gn(p), ¢ := —— Za] 9.11)
j=0
Using (9.10) we get
() — 1 B (an pPr + an_lpﬂnfl)—l
&n(p ay pPr 4+ ay_ 1 pPr=1 + ...+ agpho Z";ZO a; phi
1+ :
anpﬂn —+ an—lpﬁ"71
n—2 "
_ P (Eimar”)
- - m+1
m=0 (anpﬁn —+ an_lpﬂnfl)

a
o (X550 ]Pﬂ’ “hen)”

- n— m—+1"°
=0 npﬁ 1(an_1 _l,_pﬂn—ﬁn—l)

An

Applying the multinomial theorem on

n—2aA "
Za_]pﬁj_ﬁnfl
j=0""
we obtain
n=2 dj f;—fu—i
Z/ Ounp/ "
n— — 1)k
= Do bon ) T 67
_ 2 aj (B —Bu— )k
= ittt Gy ) (150 () ) e
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Thus,

) n—2 —Bumt + X 20 (B —Bu)k;
_ £:lzi m EL kjp Jj=0\"J J
DI D S RN |} (2

m+1"
m=0 M ot Fhy_p=m \FO KL j=o (”’;——1+ pﬂn—ﬂnﬂ)
n

k0=0,....ky —2 =0
9.12)

Since the last series in (9.12) is absolutely convergent for |s| = R, then using (1.95),
and (9.4) we obtain g, (p) = 4 Ly, (x), |s| = R. O

Theorem 9.8. The function y(-) defined by

1 " _g.
y@) = 1 [ a1 30" | hu) + s % 1)
j=0

1 n . 1 X
o (Dl O | d + /0 SO, (x) dyt
j=0
(9.13)

is the general solution of (9.7)—(9.8) valid in

1/(/311_/31171)

n

Ix(1=q)| <

an—1

Proof. Assume that ;, Ly y(x) = Y(s)and 4 Ly f(x) = F(s) for |s| = Ry > 0. Let
n € N. From (9.2) the g-Laplace transform of (9.7) is

n B, .,
sPi 1 1-8; i
;)ajm Yo - 1—¢ ;)aﬂq y(0T) = F(s).

Thus,

g

V) = 22 Y 017 0 + e (pIFG). ] R
i =0

Consequently, from Theorem 9.7

1 " 'y
o == 3 a1y ) | du(x) + £(x) % (),
j=0

which is (9.13). O
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Example 9.2.1. Consider the fractional g-difference equation
D,Py(x) = Ay(x) = f(x). I,y(0")=D;"y(07) =0, 0<x<a, (9.14)

where f is g-integrable on [0,a], @ > 0, and A € C. We have

n=1, 1 =1/2, Bo=0, a; =1, and a9 = —A.
Hence, the solution of (9.14) is given for x € [0,a], |a(1 — q)| < |A|7% by

v = [ 1057 (7 e a1 )
Example 9.2.2. Consider the g-fractional equation

Dyy(x) = D,?y(x) + Ay(x) = f(x). 0<x<a AeC,

and f is g-integrable on [0, a]. In this case

l’l:2, ,32:1, ,31:1/2,,30:0,a2:a0:1,a1:—)k.

Then
(=D"
b =3 S ().
m=0 '
and
y(x) =co(x) + f(x) *p(x). x€0.al. |a(l—q)| <[]
where

2
1 (1-8))
1= — E ajly Pi y(0F).
1—qj=0

As for the g-Caputo fractional derivative, we have the following theorems.

Theorem 9.9. Let n € N and let B,k = 0,1,...,n be real numbers satisfy-
ing (9.6). Consider the nth term fractional Caputo q-difference equation

> ar DBy (x) = f(x). x >0, (9.15)
k=0

associated with the initial condition

yO0H =b, yOONH=0 fork=1,....[B].
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Then

b
V@) = T+ 400 % 1)
b Lo
= b+ [ SO

is the general solution of (9.15) valid in

1/(/311_/31171)

x(1—g)| <

n—1

Proof. The proof is similar to the proof of Theorem 9.8 and is omitted. O

9.3 General Solutions of Nonhomogeneous Linear Sequential
Fractional ¢-Difference Equation

In this section we seek a general solution for the non-homogeneous equation

n—1

Lynay(x) = Z0°y(x) + Y _ar 75 y(x) = f(x), (9.16)

k=0

where 0 < a < 1, by applying the g-Laplace transform method to derive a particular
solution y, (x) of (9.16).
We need the following lemma in our investigations.

Theorem 9.10. Let {)Lj}f:l be the K distinct roots of the multiplicity {Hj}le

of the characteristic polynomial P, (1) associated with the homogeneous equation
Lgnay(x) = 0. Let Q,—1(A) be the polynomial defined by

n—I[—1

n—l1
0w ) =Y dM. di= ) al;7y0").
=0

k=0
Let {yj,,}, {(S’j,r}, J = 1,...k, r =1,...,u; be the constants satisfying the
identities
K M) K K

Qn—l(p) V/z
ZZ( o Sl OO0

j=lr=1 ]lrl
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Then the general solution of (9.16) is given by

K M)

y(x) = j{jj{j (y,r¢a,<x A+ 85 S % far(x.2))). (918)

j=lr=1
where ¢ »(x, A ;) are the functions defined in (8.101).

Proof. First. It should be noted that the constants {)/j,r}, {8]',,.}, j=1,...,k, r=
1,...,u; are uniquely determined by applying the method of partial fractions on

1 n—1(A
the functions X6 and QPn (1;))

on the two sides of (9.16) gives

n n m—l1
<2ydﬂ)mm—§jzymﬂ4@f%%wwﬂ)ﬂaszx
r=0

m=1[1=0

, respectively. Applying the g-Laplace transform

where p = ——. Since

2:;=1§:ﬁ;fam-k4(1;—a@ﬁ’y«ﬁv) P
n— n —a —I-1
=215, (Zm=l+l Am—1-1 (]ql 7" )Y(0+))) P
= Y120di p' = Quoi(p).

(p*) F
we obtain ¢(s) = 22—t PD) o FG) 1 ddition to this from (9.17) and (1.92)

Pu(p®) Py (p*)

we obtain

j

K
$(s) = }:}: = ,+§: oyt

j=lr=1 ]=1r=1

K K . 8',~
Thus, y(x) Z Zq (%}7)" + F(S)W . (919)

j=lr=1

o .
From (9.4) and (1.92) we get, for | p*| > 121jasxl< A1,

(pa_l)k)’ =qLs ((1 q)¢ar(x Aj )) (9.20)

J

qLZI% = f(x) * ¢ar(x,1)). (9.21)
J

Then substituting from (9.20) and (9.21) in (9.19) gives (9.18) and completes the
proof. O
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Example 9.3.1. Consider the sequential fractional g-difference equation of order 2«
P2y (x) = D2y (x) = 2y(x) = f(x). 9.22)

The characteristic polynomial P,(A) of (9.22) is given by
PA)=A—1—-2=(A+ 1A —2).

It has two distinct roots A} = —1 and A, = 2. Therefore, the general solution of the
homogeneous equation associated with (9.22) is given by

y(x) = 1xleqa (=X q) + 21 e 0 (255 q),
where ¢; and ¢; are arbitrary constants. One can verify that

1 1 1 1
= —(dy — dy), = -2d, —dy), 811 = —=, ddy1 = —.
Y11 3( 1 0)s Va1 3( 1 0), d1.1 3 and 031 3

That is

1
V() = Y1aen (6. =1 + y21001 (x. 2) + 2/ (x) * ($a,1(x.2) — dan(x. —1)) .

Now we compute y, in case of f(x) = x. Set g(x) := Po1(x,2) — Po1(x,—1).
Then

1@« g0 = = [ e mvde = 1 [Cee-andye
Applying the g-integration by part rule (1.28) with
a=0b=x, ut)=x—1t, and Dyv(t) = g(t)
gives

xma+2a

Iy(ma 4204+ 1)

f(x) xg(x) = ﬁ Z(m +1) (2'" + (—1)m+1)
m=0

x2a+l ) )
=14 (ebn2@x":9) = efl)a(=2":0)).
dk
where by £ (z), k € N, we mean d—zkf(Z)- Thus,

2a+1

X 1 1
yp(x) = Vl,l¢a,1(X, —1) +)’2,1¢0¢,1(X, 2) + m (6‘;,;+2(2xa; q) — e(i’;_m(—xa;q)) .
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Remark 9.3.1. The results of this section hold if we consider linear sequential
q-difference equations where the fractional g-derivative is the Caputo g-derivative.

9.4 g-Laplace Transform Method for Solving Certain
q-Integral Equations

In Sect.7.6, we solved g-analogue of Volterra integral equations by using
g-analogue of Picard-Lindelof method of successive approximations. In this
section, we use the g-Laplace transform to solve certain g-integral equations. It is
known that one of the most important applications of Laplace transform is solving
integral equations. Abdi in [4] used the g-Laplace transform to solve g-integral
equations of the form

X

e (K(x)) F(y)dyy = G(x). (9.23)

1—

where ¢ is the g-translation operator defined in (1.13)—(1.14) and
o0
K(x) =Y A;jx’ (x| <R: R>0).
j=0

That is

e (K(x) =Y A;x) (qy/x:q);.
j=0

Abdi observed that the left hand side of (9.23) is the g-convolution of the functions
K(x) and F(x). Hence, (9.23) is

K(x) x4 F(x) = G(x). (9.24)
Assume that the functions K, F', and G are analytic functions and
k:=4yLK, f:=4LF, and g:=,L,G

exist. Using 4 Ly (K(x) *q F(x)) = 4L;K,L;F = fg, and then applying the
q-Laplace transform on (9.24) give

_ 86 (g
f(s)—k(s), or F(x)=,4L; (k(s))'

Then using the inversion formula introduced by Hahn in [122], leads to

1 g(s)
F(X) = E . meq(sx) dS,
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where the contour of integration C, is a contour encircling the origin and can be
modified into a loop parallel to the imaginary axis. If we additionally assume that
there exists R > 0 such that g(s)/k(s) is analytic in |s| > R then from the inversion
formula of Hahn g-Laplace transform, cf. [122, P. 373],

G g(xlg
;9 glxTg™) 1
F(x) = Z( )(q W T=r=y for |x| < .

Abdi introduced the following example in [4].

Example 9.4.1. Consider the g-analogue of Abel’s integral equation

vy=Gx) (O<ac<l). (9.25)

—da

Calculating the g-Laplace transform of the two sides of (9.25) gives

(1 _ q)u+1
Iy(—a+1)

+
oL F ) = T8 )

where we used (1.88) and (9.1) with n = 1. Consequently,

(1 - q) (xa—

F) = (1= FO) + o s
q q

"% G(x)).

Abdi [4] applied the same technique to solve g-integral equations of the second
kind of the form

F(x) =G(x) + L /X e PK(x)F(y)dyy. (9.26)
1—qJo

Assume that the g-Laplace transforms of the functions F, G, and K exist and are
analytic in |S| > R for some R > 0 and denote them by lowercase letters f, g
and k. Then applying the g-Laplace transform on (9.26) gives

gy
IO =6y
By inversion
1 g(s)
F(x) = Imi CT—k0) eq(sx)ds.

In particular, if —— is the g-Laplace transform of some function H(x) then

lk()

F(x) = G(x) x4 H(x).
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Remark 9.4.1. Mishra in [214] defined a generalization of the g-Laplace trans-
form (1.87) as follows

Liin+B+1)
A=) lyl@+n+p+1)

o0
x/ (sx)P 21 (q"PF,0;q*TTHPHY g, —sx) f(x) dyx,
0

G(s) =
(9.27)

provided that

(i) Rep > —1,
(i) 272 [PV f(g7)| converges,
(i) f(g7)=OR) (gl <1. j> jo)
Then in [217] he made an attempt to solve certain g-integral equation analogues

to Fredholm and Volterra types with the help of the generalized g-Laplace trans-
form (9.27).

9.5 ¢g-Mellin Transform of Riemann-Liouville and Weyl
Fractional ¢g-Derivatives

Proposition 9.11. Let o > 0 and let f be a function defined on (0, 00). Assume
that 1) f(¢t) exists forall t € Ry 4. If I;‘f satisfies the sufficient condition on
Proposition 1.26 then

Iy(l1—s—a)

M) = s
q

(Myf)s+) (Re(s+a)<1). (9.28)

Proof.

M1 f)(s) = /0 ts_llgf(t) dgt

[e%e) Zs-i-oz—l 0
= —q)/o S D @ amr f(1g5) dyt.
4 k=0

The conditions on the function f allow us to interchange the order of summation
and the g-integration on the last identity. Therefore, applying property (1.104) of
the g-Mellin transform gives
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A1) = s D (1= D@ @t Ay (14N + )
q k=0
=7 ( P — )@ Qam1g" M (f) (5 + @)
B,(a,1 —s5— 1—
= %/@(m +a) = S ()6 )
and completes the proof. O
Proposition 9.12. Fora > 0 andn = [«
o _Fq(l—s+(x) = k Fq(s)
(D)) =~ (M ) — ) + kzz;)(—l) Ton ©2

[llm q —j(s—k— I)Dn—k lln—af(q—])_ hm qj(S‘ —k— l)Dn —k— lln a(q )i|
J—>00

If f(t) and Re(s) are such that substitutions of the limits values in (9.29) are zeros,

then
o B Iy(l1—s+a) 3
AMy(Dg [)(s) = Tha—y (Mo f)(s— ). (9.30)

Proof. Since #y(Dy f)(s) = Ae(Dyl;™ f)(s), the proof of (9.29) follows
from (9.28) and (1.105) and the proof of (9.30) follows from (9.28) and (1.106). O

Proposition 9.13.
T, (1 s)
My (x* DY = ———(A, 9.31
V(D) 0 = i o) ©31)
Proof. The proof follows by applying (9.30) and (1.104). O

Proposition 9.14. Let o € R and let f be a function defined on (0, 00) such that
S € Fqu w>0.If K7 f satisfies the sufficient condition on Proposition 1.26 then

ale+1 F
(5 Na™) 0 = "5 s 116 - ©0.32)
and
o { va o sty I q(s + )
Ay (3 (K f) a™)) 0) = ¢ LS Do 03

where either Res > 0ors € C and a € N.
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Proof. Applying (5.20) with « is replaced by —a. This gives

(Ko r) g™ = "5 (1 =gy s qu“(q(q DL (37

Hence,
A, ((K,j'f)(xq‘“)) (#)

aletl —a oc ’ q)k s—oc—l —k
— 3 1 — ) k / (.x d X,
=q q Z (q o ) fxq™)d,

(9.34)

where the conditions on the function f allow us to interchange the order of the
g-integration and the summation. Applying the substitution y = xg~* on the
q-integral in the right hand side of (9.34), we obtain

N e _ et —u > @k
Ay (K ) xg™) () = 47T (1= @)™ (A ) (s S v
= ¢ —q)_“—((i: ;?‘” (Mo f) (s =)
LICRSIN
=q j)Q@q—(j)Ol)(///qf)(s—a)

completing the proof of (9.32). The proof of (9.33) follows by applying (1.104)
and (9.32). O

9.5.1 gq-Mellin Transform Method for Solving
Nonhomogeneous Fractional q-Difference Equation

In this section we use the g-Mellin transform to solve fractional g-difference
equation of the forms

D AxEDI y(x) = f(x) (x>0, 0>0).  (9.35)
k=0

3 Bixeth (Kg+k y) (x¢™ ) = f(x) (x>0, @>0).  (9.36)
k=0
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Assume that the .#,(f)(s) exists for s € C such that oy y < Re(s) < By s,
where (o, s, B4, r) is the fundamental strip of the function f. Applying the g-Mellin
transform to (9.35) and (9.36) and using the linearity of the operator .#,, (9.31)
and (9.33) give

- r,a-—
[ZAkF(l j(s—i)—k)}(///qy}(s)Z(J//qf)(S) (9.37)
q

and

|:Z @bt Iy(s+a+k)

T,(s) ] (Ayy)(s) = (Mg f)(5). (9.38)

respectively. Set

- r,(1-ys)
PO[ = A 4 ’
(s) ;; “T,0—s—a—k)

and
tbatitn 1 q(s +a+k)
Z k e

Quls) = T (S)

Then using the inverse g-Mellin transform in (9.37) and (9.38), we derive the
following solutions to the equations (9.35) and (9.36) in respective forms:

) = 4 [ D } My (Gulx) ., ()
o0 x\ d,t
= [ caor ()
and
Y() = A [m/f (f)(s)} My (Galx) o, ()
o0 x\ djt
- [ mwr(3)
where

Galo) =" (P 1<s)) a0 = (Q 1<s)) ’
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9.5.2 Equation with Riemann—Liouville Fractional
q-Derivative

We consider in this section as an illustrative example the fractional Riemann—
Liouville g-difference equation

xXFIDI y(x) + Ax*DYy(x) = f(x) (x>0. >0, 1eR). (939
Applying the g-Mellin transform method and using (9.31), we obtain

[ I;(1—y) 5 I;(1—ys)
Iy(=s—a) Iy(l—s—oa)

}///q(y)(S) = F(s).

We shall consider two cases: A(1 —¢q) # —1 and A(1 —¢q) = —1.
The Case A(1 — ¢) # —1. In this case we have

_L-s—a) l—gq
(Ayy)(s) = ,A—s) 1+A(1—q) g (A, f)(s).
We set
ry(l-s—a) 1—¢ B
m = M,(G1)(s), T A(—q) —qg 7 My(G2)(5).

One can prove by a direct application of the g-Mellin transform definition that for
Re(s) < min{Re(p) —a,1 — o}

R

—5 t 2 17
Gi(1) = Iy(o)
0, t <1,
and
te—r ) . -
Gty ={T+r(1—¢q T ~ = ="
0, t <1.

Hence, for x € R, 1

Gu(x) = G1(x)% ., Ga(x) = /0 610G (1) 2

o X\ dgt
=/ Gi(q1)G, (—) .
1 qt) t
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One can prove that

0, x €{q", n e N},

Gy(x) = 1—g¢q xXeP B .
«00 Zk=oqk(1 p)(qk+l§4)a—1, xe{qg™, neNy}.

1+ A0 —¢q) I)(@)

If we assume that p < 1 then the function G(x) can be defined on (0, co) through
the formula
Gy(x)=0 ifx<1

and
1-— I, (1—
Go(x) = q P q( p)
+21-¢)" T,d-pta
l—¢q w1 (@)oo l—a 1—p. a+l—p «
— X 201 ) ; 4,9 /X
A -a @ e 0T
ifx > 1.

The Case A(1 — g) = —1. In this case applying the g-Mellin transform on (9.39)

gives
I,(1—-s—ou)
_ _sta q
A5 == (1 = ) (D)
It is straightforward to see that
Iy,(1—-s—o
N — _ S5t 1— A R 1—
A (G5) = = (1 = = Rele) < 1~
where
Gu(x) = @)X Qamr x>
0, x <1.
Therefore,
1 _ o0
y) =~ LD ey f @/ dyt x> )
Fq(a) 1

9.5.3 Equation with Weyl Fractional q-Derivative

In this subsection we will discuss , as an illustrating example, the Weyl fractional
q-difference equation

U (Kgy) g7+ 2x (KEy) (kg ™) = f(x). (9.40)
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where
q2a+1
x>0, a>0, and A <

j— q :
Applying the g-Mellin transform method gives

aern Iy (s + @) gt 4+ A(1 — ) — g* T2t
Iy (s) 1—¢q

a+1

My (¥)($) = (Mg [)(5).

a+1
and)k:—q .
—q l—g¢

The Case A(1 — ¢) # —¢**!. In this case we have

etk I, (s) q? (1 —q)

We will consider two cases: A # — 1

(Aqy)(s) = q T 1) (1 —gTetr) (A, f)(s),
where
po_ 4
T
We set
Fq(s) _ _MQT-H) qP(l_q) B
—Fq(s | = %q(Hl)(S)s q m = %q(Hz)(S)-

One can prove by a direct application of the g-Mellin transform definition that for
Re(s) > max (0, —a¢ — Re(p))

(qt;Q)a—l’ <<l
Hi(t) = Fq(“)
0, t>1,
a(@+1)
- proa+p
Hy(r)=19 qPt*TP,0<t <1,
0, t>1.

Hence, for x € R, 1
My(Hy(x)) = My (H (x))(5). My (Ha(x))(5) = My (H\ (X) %z, Ha (X)) (5).
Thus, 1
Hy(x) = /0 Hl(t)Hz(x/t)# = /0 Hl(l)Hz(x/t)#,

where x € R, 1. One can prove that H,(x) = 0 forall x > 1 and

Ho(q") = qpq—"‘(%”M Xn:(l _ q)q(a+p+l)kM
’ (qn+a; (I)oorq(a) o (q—n—a+1; Dr
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If we assume that p > —1, then the function H,(x) can be defined on (0, c0)
through the formula
Hy,(x)=0 if x>1

and

wteeth (GX5q)a—1

=t (1/x,q: g7 xsq, gt if x < 1.
Fq(“) ( )

Ha(x) =q"(1 —q)q~
The Case ¢**! + A(1 — ¢) = 0. In this case, applying the g-Mellin transform
on (9.40) gives

a(a+s5 F
My (y(s) = —=q(1 =)~ (;)q_sl“(#(;)m
q

Ay (f)(s) (Re(s) > 0).

It is straightforward to see that in this case

_ewty (7X:q)q 4
- 1 - 2 ;. 1\ X S )
Hy(x) = q(1—q)q L@+ 1) q
0, x>q .
Therefore,
a(a+5)
—q(1—q)q~ 2 /”" 2

= t; t d,t > 0).
v = =Sty ) @aer @0 dit (>0

9.6 g*-Fourier Transform Method for Solving Fractional
q-Difference Equations

In [136], Ho explored the possibility of using the classical Fourier and Mellin
integral transforms to solve the class of g-difference differential equations.
32
Dgtu(x,t) = —u(x,t), xR, t >0, neN, (9.41)
. 92

with the initial conditions

y(x,0) = f(x), Dfy(x.0l—ot =g(x) (k=1...n-1),

where the functions f(x) and gi(x) are assumed to vanish as x — Fo00. In [64]
Brahim and Quanes used the g>-Fourier transform and the g-Mellin transform to
solve (9.41) in case of n» = 1 and 2 and only for

qe{qe(O,l):l—q:qz’", for some meZ}.
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In this section, we use the qz-Fourier transform with the ;, L, transform to solve the
q-fractional diffusion equation

D¢ u(x, 1) = A8; u(x.1), (9.42)

xeﬁq,teR,0<a<l,;O<q<l,

with the initial conditions

DT u(x, )]+ = ¢(x), 05 u(x.1) € L)(R,) (k=0.1), (9.43)

b e (L; N L;) R,). (9.44)

Theorem 9.15. The solution of the q-fractional diffusion equation (9.42) subject to
the initial conditions (9.43)—(9.44) is given by

0o//T=q
u(x, 1) = /_ [7,G(x.0)] () () dyy,

0o/+/1—¢q
where
(1 +(])1/2 00/+/1—¢q

- ivEe 2 s
2F42(%) —OO/ME( iy§:q7)8(E Delixk:q )dq%"

[Ty G(x, Z)] (x) =

and

la_lea,a(—kézta;@, |/\$2ta| < ﬁv

0, otherwise.

g 1) = {

Proof. First we calculate the g2-Fourier transform of (9.42) with respect to the
variable x. Hence, applying (3.79) yields

Dg U 1) = —AE°U(E.1), (9.45)

where
U, 1) == Fg(ulx, 1)) ().
Now we calculate the , L, transform of (9.45) with respect to the variable 7.
Using (9.2) we obtain
Z,
(P +28) Vie5) = T1P.

where

V() = guLs (UE, 1) (s) and p = ﬁ,
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One can verify that

1 1

LS ta_l o0 _A‘ ztaﬂ = T T a5
il (1N eaa A8 159) = T

for |A§2p~*| < 1. Consequently,

UE 1) = Fy(9)(E) 1" eqq (-1 E21%), |AE 1% <

1
(1—=q)*
It follows from the inversion formula of the g2-Fourier transform that

1 eaa(=AE2 171 q) = Ty (G(x,1)) (§),

JTTg [V

Glx.1) = 202 (172) J ooy yi=s

1“Teq o (“AER 1%q)e(i§ x1q°) dyé,

where the variable of the g-integration £ runs only over all £ € ﬁq such that

2 o
A7 1] < T

Consequently,
u(x,t) = ¢(x) *x G(x,1).

Applying the ¢>- Fourier convolution formula gives
oo/+/T=¢q
wey = [ [16G0] 060 dy.
—00/+/1—q
where
[TyG(x, t)] (x)

JTFG [V

— g 21 1 £2 ca. . .2
= S5 ]y oy BN (RSl dy



Appendix A

Tables of Fractional Derivatives

and g-Derivatives

In this appendix, we collect the Riemann-Liouville fractional derivative and Caputo
fractional of some g-analogues of the celebrated special functions and we also
include a table of Riemann-Liouville fractional derivative for comparison.

A.1 Table of Riemann—-Liouville Fractional Derivatives

Table A.1 Riemann-Liouville fractional derivatives

¢ (x)

xP1

e/lx

xﬂ—lekx
cos(Ax)
sin(A(x — a))
xP1 E, p(AxH)

(D8‘+¢)(x), x>0,a>0
_r®
IN( )
(X)™“E11—(Ax)

r'p)
rp—oa
XT*E1p1-a(—A%x?)

XITOAE 2 a—g (—A%X?)
xﬂ_"_lEM,,g_a(/lx“), B, u>0

xpP-a—1 B>0

P Fi (B B — o Ax)

r
xP=1LFy (v B Ax) &xﬂ_‘”1 2F (v B—aiAx), B>0
I'(p—a
M.H. Annaby and Z.S. Mansour, g-Fractional Calculus and Equations, 295
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A.2 Table of Riemann-Liouville Fractional ¢g-Derivatives

Table A.2 Riemann-Liouville fractional g-derivatives

1) Dj¢p x>0, a>0

xP=1 B >0 xp—e=l F;‘gz)

eq(Ax) XY (Ax(1-¢9)7"1q)

Eq(Ax) XYE - (Ax(1 = 9) 71 q)

xPle, (Ax) %2@(0, qP:qP~,q,2x), B >0
X E () s p1(g:qP 5 g, Ax), B> 0

cosy Ax X 1o (AN (1= 9) 771 q)

sing Ax A1 —q)'x' " er (=22 (1 — )% q)
CosgAx T 192747 4" P —g A7)

Sin, Ax 1820 a7 4 T g~ A )
cos(Ax;q) XTYE) 1 —a(—qA2 X7 q)

sin(Ax; q) AX'YEs o (—q*A2x%: q)

xPVE, p(Axt: q) P E g o (AxPiq), B, >0

xPle, p(AxH; q) xFe e, 5 0 (Ax*;q), By >0

X (a.biqP;q. Ax) %2451 (a.b:qP*:q,Ax), >0
xP=Vopy (a.bic;q, Ax) % s (a,b,qP;c,qP g, Ax), B>0

A.3 Table of the Erdéli-Kober Fractional ¢-Integral
Operator

The next table contains the Erdéli—-Kober fractional integrals for some g-functions.
An extended table can be found in [271].



A.3 Table of the Erdéli—-Kober Fractional ¢-Integral Operator

Table A.3 The integral operator ;"

¢

xbP!

xﬁfleq()tx),
Re(B+1n) >0

xPLE, (Ax),
Re(B+1n) >0

xf-1 cosy Ax,

Re(B+1n) >0

x#=1 Cos, (Ax),
Re(B+1n) >0
xP=cos(Ax; q),
Re(B+1n) >0
x#~1sin, Ax,
Re(B +1n) > —1
x#=1 Sin, Ax,
Re(B +1n) > —1
xP=1sin(Ax; q)

Re(B +1n) > —1

xﬁflEﬂﬂ_;_”(kx“;q),
Re(B+1n) >0

xXPley gy (A" q)
Re(B+1n) >0

xﬂ712¢1(a7b;C;q7Ax)’
Re(f +1n) >0

1%¢ (x>0)
v Iy(n+p)
ryn+pB+ a)’

v Iy(n+p)
L+ B+a)

Re(B+1n) >0

201 (0.g" TP g TPF g Ax)

Iy(n+p)
pr a7 B gntetb g gy
Fq(n+ﬂ+a)1¢1(q q q. —Ax)
xﬁ_l Ft](n + ﬂ) X
in+p+a
493(0,0, qn+ﬂ’ qn+/3+1 ; qﬂ+a+n’ qﬂ+a+n+1 : q2, _k2x2)

xﬁ_qu(n + )
Iyn+pg+a)
2¢3(qn+/3’qn+/5+1;q’qn+a+ﬁ’qn+a+ﬁ+l;q2’ —gA2x?),
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AL, + B+ 1)

X
A=—g)yn+p+a+1)
23 (qﬂ+/3+1 : qn+/3+2; q3’ qn+/3+1+a’ qn+/3+a+2; qz, —q312x2)

r,B+n+1
axf—4r T
LB+n+a+1
33 (0’ qﬁ+n+1’ q/3+r1+2; q3’ q/3+n+a+1’ qﬁ+n+a+2; qz,

qZAZ(l _ q)ZXZ)

xﬁilEu,,B-‘rrH-a(Axu;q)- Re(ﬂ) >0
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st LB+

b, ﬂ+n; , /3+n+oz; A
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A.4 Table of Erdéli-Sneddon ¢-Fractional Integral Operator

Most of the results in the following table are proved in [19].

Table A.4 The integral operator K;*

$(x) K79 ()
—en Ta(n—=2)
* Ren> Rei ok Ty
X en € q Fq("l i a) X
Iy(—o— A
X"t (b/x:q); , Re(@ +4) <0 MQ_Q(HHO‘)XWMH(I’/X; Dita
Iy(=2)
r,(A
x**ey(c/x), Ren > Re A x”_xqo‘(x—”)%zqﬁl

(0.¢%:¢**:q.cq/x), || < 1
xTHe,(x) xteg= e (1 — g)e,(xq™*)(q/X: @)a

x N ax:iq)y. Re(v 4+ ) <1 x#H1=lg=ewn=D(] — g)*(axqg™: q),x
2¢1 (qa’qa+l/ax;qa+l—v/ax;q;q—u—v+l)’
|x] <1

-2

Atn—1 bic:iqg. 1 ) —aA+p-n_ 4V

X 201 (a,b;c;q,1/x) q T —i+a)

|x| > min(1,Re(x)), ReA < 1 s¢a (a.b,.q" e, q,q%/x)

A.5 Table of Caputo Fractional g-Derivatives

Table A.5 Caputo fractional ¢-derivative

10) ‘Dip x>0, a>0,[a]=np>n pn>0
X1 BN xbmaml P

xP-1 zero if Bef{l,2,....n—1}

eq(Ax) A=) x" e p1-(Ax (1 =)' q)
E4(Ax) A1 —=q) " X" E1p1-a(q"Ax (1 = q) 75 q)
x#le,(Ax), B ¢ N %xﬂﬂ_lzfﬁl(@ q%:4P~*:q. Ax)

(continued)
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Table A.5 (continued)

_ LB e —a
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201 (a.b;c;q, Ax)

A.6 The £1/2 Riemann-Liouville Fractional ¢-Derivatives

It is known that in fractional calculus, the Riemann-Liouville fractional derivative of
order 1/2 is very suitable for describing some physicals phenomena. Therefore, we
collect here the Riemann—Liouville fractional g-derivative and fractional ¢g-integral
of order 1/2 of some ¢-functions.
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Table A.6 The +1/2 Riemann-Liouville fractional derivatives

/(x) Dy f(x) 1, £(x)
1
eg(x(1—q)) m-i— eq(x(1 — q)) Erf(J/X; /q)
q
eq(x(1 = q)) Erf(/X; /q)
eq(x(1 = @) Erf(y/X; /@) eq(x(1—q)) (eg(x(1—q))—1)
1
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VRN 7 7 SNV E ) s ST ga)
or or
; (-9 sin(+/z/1 — 45 /9)
(1/2) /2 I, (1/2)

X cos( 4 /zﬁ/l —q; @

A.7 Generalized Rodrigues ¢-Type Formulae

The results mentioned in the table below are g-analogues of the results introduced by
Lavoie, Osler, and Tremblay in [178]. The derivations of these formulas follow by
applying Theorem 4.26. In some times we use some transformation. For example in
deriving the Rodrigues formula of »¢, (g%, ¢”; ¢°; z) we use Heine’s transformation
of g-series, cf. [113, Eq. (II1.1)]. All the functions in the table are defined in the book
except the little Legendre function which is defined by

Py(xlg) =201 (¢7". 4" "1 q:9.9x) .

where v is a nonnegative integer, it is called little Legendre polynomial. See [252,
Eq. (1.26)].
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Table A.7 Generalized Rodrigues type formulae

First Jackson g-Bessel .1,,(1)(2\/;; q%) = %X_V/ZD;U-H/Z sing (4/X)
q
Second Jackson g-Bessel 3 2Jx9) =¢q E %x_”/z D;U-H/Z Siny, (‘IZHT_l V)
q
Third Jackson g-Bessel 1,(3)(ﬁ; q) = %X_V/ZD;V-HH sin(x/1 —q;q)
q
Little Legendre function Py(x|g) = ﬁ D“I’ (x”(q_”+1x; q),,)
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Fq(a)

201(9°,9"59%5 %), Ixl <1 x!TeDhme (X (x5 g)—a)
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