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Foreword

When I was a graduate student in the early 1970s I was interested in q-series, special
functions and I had some interest in fractional calculus. The prevailing wisdom at
the time was that none of these subjects will lead anywhere. It is amazing how much
things have changed since then and here I am, 40 years later, writing a Preface to a
wonderful monograph on q-fractional calculus and q-difference equations. I worked
with Waleed Al-Salam who was enthusiastic about the subject. Earlier he introduced
the operators of q-fractional calculus and in the early 1970s he worked with Arun
Verma on q-fractional Leibniz rule. They found q-analogues of part of a series of
papers by Tom Osler on fractional calculus, whose first paper appeared in 1970.

In my opinion the recent developments in q-difference equations and q-fractional
calculus naturally followed the developments in the theory of q-series and orthog-
onal polynomials by a quite a few mathematicians under the leadership of Richard
Askey and George Andrews. By the late 1980s the importance of difference and
q-difference equations, as well as the Askey–Wilson operator equations, became
apparent and Mahmoud Annaby started studying the old papers by Adams, Birkhoff,
and their collaborators. He started working with students and other mathematicians
from Cairo on related problems and they were naturally led to work on operators of
fractional and q-fractional calculus as well as difference and q-difference equations.

Fractional calculus has a long history and has recently gone through a period of
rapid development. In writing any book one has to pick and choose from a wide
range of topics. The present monograph covers a selection of topics in a rigorous
way. It starts with elementary calculus of q-differences and q-integration. Then
presents a study of q-difference equations. The existence and uniqueness theorems
are derived using successive approximations, leading to systems of equations with
retarded arguments. Regular q-Sturm–Liouville theory is also introduced; Green’s
function is constructed and the eigenfunction expansion theorem is established. The
Abel integral equation is the prime example of a Volterra integral equation which can
be solved via the Riemann–Liouville operators of fractional calculus. The authors
study fractional q-calculi of many types including Riemann–Liouville; Grünwald–
Letnikov; Caputo; Erdélyi–Kober and Weyl, in some detail. One aspect I liked is
the rigorous treatment of fractional q-Leibniz rule and its application. This puts on
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viii Foreword

solid ground many classical results starting from those early papers of F. H. Jackson
down to the recent papers of Al-Salam and Verma. It is nice to see these results
written and the domains of their validity precisely specified.

In special functions the tradition is that identities are proved but in many cases
one side gives analytic continuation of the other side. A case in point is the Pfaff–
Kummer transformation

2F1.a; b; cI z/ D .1 � z/�a2F1.a; c � bI c; z=.z � 1//:

This is an identity if jzj < 1 and jzj < j1 � zj. On the other hand, the right-hand
side gives an analytic continuation of the left-hand side if jzj > 1 but jzj < j1 � zj.
Many identities in this work can be considered as analytic continuation formulas to
domains wider than their domains of validity.

Some integral equations of Volterra and Abel type work as an introductory
material for the study of fractional q-calculi.

The investigation of q-fractional difference equations leads to families of q-
Mittag-Leffler functions which are defined and their properties are investigated,
especially the distribution, asymptotic and reality of their zeros, establishing q-
counterparts of Wiman’s results. Fractional q-difference equations are studied;
existence and uniqueness theorems are given and classes of Cauchy-type problems
are completely solved in terms of families of q-Mittag-Leffler functions. Among
many q-analogues of classical results and concepts, q-Laplace and Fourier trans-
forms are studied and their applications are investigated

As I said earlier this monograph is too brief to be encyclopedic, so the authors
had to restrict their coverage of topics within the subject. For example dual integral
and series equations are not covered but the reader can find this in Sneddon [276].
Another topic of interest is that operators of fractional calculus can be used to
construct reproducing kernels with known eigenvalues and eigenfunctions. Another
important missing topic is the characterization of the ranges of various fractional
integral operators. This is related to the theory of multipliers for the Mellin
transform. Some references are [259, 260]. Zeinab Mansour kindly informed me of
her joint work in progress on q-analogues of these results. I look forward to seeing
this work completed.

I am sure the publication of this book will stimulate further research in this area.

Orlando, FL Mourad Ismail



Preface

This book is a rigorous study of q-fractional calculus and q-fractional difference
equations. Our study is developed starting from the work of Agarwal [17], Al-
Salam [18, 19], and Al-Salam and Verma [20]. In [17], the q-fractional Riemann–
Liouville calculus is defined formally and many properties are given as well. In
comparison with the celebrated monographs on fractional calculus, for example, the
first book on fractional calculus [227] written by Oldham and Spanier, the books
of Samko et al. [269], Kilbas et al. [169], Podlubny [234], and Diethelm [82],
we can see that the q-fractional theory is far from being a well-established q-
counterpart of the existing fractional theory. However, we hope that the present work
would be a takeoff point to establish a more comprehensive q-fractional theory.
We would like to mention that our q-study is based on a q-difference operator
and its associated right inverse. This q-difference operator goes back to Euler and
may go back to Heine and is reintroduced by Jackson in [158]. Sometimes it is
called Euler–Jackson q-difference operator or simply Jackson q-difference operator
as we do through the entire book. The main objective of this book is to provide
such an overview of the basic theory of fractional q-difference equations, methods
of their solutions and applications, taking into account the audience of this book,
namely the applied scientists interested in developing the q-theory, investigating and
exploring its applications. Applications of the classical fractional calculus appeared
in many publications. For example, Sneddon’s book [276] on mixed boundary value
problems from the mid-1960s included a survey of fractional calculus and how
to use it to solve integral equation arising in elasticity. In addition, applications
of fractional calculus in mathematical physics, probability, and modeling were
introduced in the mid-1970s in [261]. Recently, more applications in classical
mechanics, particle physics, diffusion systems, viscoelastic and disordered modern
electrical systems, modeling and control are in [267]. Perhaps Leibniz [179] did not
expect this number of applications when he sent a letter in 1695 to L’Hôpital asking
about the meaning of the derivative of order half. From this point of view, we expect
that in the long run, many applications of the fractional q-calculus will appear.
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x Preface

This book consists of nine chapters. Chapter 1 provides some basic definitions
and properties of q-analysis as the q-difference operator, the q-integral operator, q-
special functions, and q-integral transforms. Chapter 2 is a study of the existence
and uniqueness of the solutions of first-order systems of q-difference equations
and linear q-difference equations. This chapter also includes some results on zeros
of q-trigonometric functions and q-Bessel functions. Chapter 3 includes the basic
Sturm–Liouville problem formulated and studied in [30]. It also includes the
reformulation introduced in [207] of the q2-Fourier transform introduced by Rubin
in [265, 266]. In Chap. 4, we survey the developments in the fractional q-theory
since Al-Salam and Agarwal introduced their generalization to Jackson q-integral
and derivatives to fractional orders. It contains the fractional q-calculus associ-
ated with Al-Salam and Agarwal fractional q-analogue of the Riemann–Liouville
fractional derivatives. Chapter 5 is devoted to other approaches of extending the
notion of q-integrals and q-derivatives to fractional orders like q-Caputo fractional
derivatives and q-Weyl fractional derivatives. In this chapter we show that a
generalization to Grünwald–Letnikov fractional derivatives in the q-settings leads
to Al-Salam–Agarwal fractional q-derivatives. We outline the generalization of the
Askey–Wilson q-difference operator to fractional orders introduced by Ismail and
Rahman in [147]. We conclude this chapter with a generalization of the q-difference
operator introduced by Rubin in [265, 266] to fractional orders. In Chap. 6, we
give a rigorous proof of Al-Salam–Verma fractional q-Leibniz rule [20] and a
generalization of the fractional q-Leibniz rule introduced by Agarwal in [15]. We
also introduce a fractional q-Leibniz rule associated with Weyl fractional q-operator.
This result is a generalization of the result introduced by Purohit in [248]. At the last
section of this chapter, we derive some q-identities using the fractional q-Leibniz
formulae represented in this chapter. Chapter 7 is fully devoted to q-Mittag-
Leffler functions and their major properties. We explore the Mellin–Barnes contour
representations and Hankel contour representations of the two q-analogues of the
Mittag-Leffler functions considered in this book. Chapter 8 includes fundamental
existence and uniqueness theorems for linear and nonlinear fractional q-difference
equations as well as first-order systems of fractional q-difference equations, where
the q-derivative is either the Riemann–Liouville fractional q-derivative or Caputo
fractional q-derivative. Most of the results of this chapter are a generalization
of the results mentioned in Chap. 2. In Chap. 9, the last chapter, we investigate
the applications of the q-Laplace, q-Mellin, and q2-Fourier integral transforms to
constructing explicit solutions of certain classes of linear fractional q-difference
equations. In the appendix, we include tables of fractional q-derivatives of q-special
functions and generalized Rodrigues-type formulae for some q-special functions.
The bibliography consists of 302 books and articles, including some recent pre-
prints submitted for publications, up to 2011. However, it cannot be considered as a
complete bibliography since this discipline is a fast-growing area. But, on the other
hand, we believe that the references of the bibliography and references mentioned
therein are enough to get a complete overview of the developments occurred in this
subject up to the year 2011.
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Acronyms

Here, we collect a list of symbols that have been used in this book.
Sets

N D f1; 2; 3; : : :g, the sets of natural numbers.

N0 D N [ f0g.

Z
� D f0;�1;�2;�3; : : :g, the set of all non positive integers.

R
C D fx 2 R W x > 0g.

Rq;C D ˚
qk W k 2 Z

�
.

Rq D ˚˙qk W k 2 Z
�
.

R The set of all real numbers.

Function Spaces

L
p
q;�.0; a/; � 2 R, p � 1 The space of all functions f defined on .0; a� that
satisfy

R a
0
t�jf .t/jp dqt < 1.

L
p
q;�.0; a/; � 2 R, p � 1 The space of all functions f defined on .0; a� that
satisfies t�f p.t/ 2 Lpq;�.0; x/, 0 < x � a. See Definition 1.4.1

A CqŒ0; a� The space of all q-absolutely continuous functions defined on Œ0; a�,
see Definition 4.3.1.

L2q
�
.0; a/ � .0; a/� See Definition 1.4.3.

A C
.n/
q Œ0; a� See Definition 4.3.2.

Sq;�I � > 0 The space of all functions f defined on a q�1-geometric set A such
that

jf .xq�n/j D O.q�n.nC�// as n ! 1:

Lp.Rq;C/ The space of all functions f defined on Rq;C that satisfy

Z 1

0

jf .t/jp dqt < 1:

xvii
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Lp.Rq/ The space of all functions f defined on Rq that satisfy

Z 1

�1
jf .t/jp dqt < 1:

L p.˝/ where˝ � C is a neighborhood or a deleted neighborhood of zero is the
space of all functions defined on ˝ such that

Z jzj

0

jf .t/jp dqt < 1 for all z 2 ˝:

Cn
q Œa; b� The space of all continues functions with continuous q-derivatives up to

order n � 1 on the interval Œa; b�. See Definition 1.4.4.

Functions

d�e Ceiling function, dxe WD min fn 2 N0 W x � ng.

Re z, Im z Real and imaginary part of the complex number z.

�q.z/ The q-analogue of the Euler’s gamma function.

Bq.˛; ˇ/ The q-analogue of the Euler’s beta function.

r�s The basic hypergeometric function, see (1.9).

J
.1/
� .zI q/ First Jackson q-Bessel function.

J
.2/
� .zI q/ Second Jackson q-Bessel function.

J
.3/
� .zI q/ Third Jackson q-Bessel function.

eq.z/; Eq.z/ q-analogues of the exponential function.

sinq z; cosq z; sinhq z; coshq z The q-analogues of the sine, cosine, hyperbolic
sine, and hyperbolic cosine associated with eq.z/.

Sinq.z/, Cosq.z/, Sinhq.z/, Coshq.z/ The q-analogues of the sine, cosine, hyper-
bolic sine, and hyperbolic cosine associated with Eq.z/.

sin.zI q/, cos.zI q/ q-analogues of the sine and cosine functions, see (2.75)–
(2.76).

Sin.zI q2/, Cos.zI q2/ q2-analogues of the sine and cosine functions, see (3.70).

e.zI q2/ D Cos.�izI q2/C i Sin.�izI q2/; z 2 C

e�;�.zI q/; E�;�.zI q/ q-analogues of the two parameter Mittag-Leffler functions,
see (7.3).

r s.zI q/ q-analogue of the Fox-Wright function, see Definition 1.8.1.

Erf.zI q/; Erfq.z/; erf.zI q/ q-analogues of the error function, see (1.73), (1.75),
(1.77).

�q.s; x/; �q.s; x/ q-analogues of the incomplete gamma function, see (1.78).
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Operators

Dq Jackson q- divided difference operator.

@q The q-divided difference operator introduced by Rubin, see (3.77).

Wq is a q-analogue of the Wronskian determinant, see Definition 2.7.1.

Dq The Askey–Wilson operator.

q Ls , q Ls The q-analogues of the Laplace integral transforms.

Mq A q type Mellin integral transform.

Fq A q2 type Fourier transform.

D˛
q The Riemann–Liouville fractional q-derivative of order ˛.

cD˛
q The q-Caputo fractional q-derivative of order ˛.

D� q The fractional Caputo q-difference operator of order ˛.

Dk˛
q The sequential Riemann–Liouville fractional q-derivative of order k˛,
˛ > 0, see (8.74).

cDk˛
q The sequential Caputo fractional q-derivative of order k˛, 0˛ > 0.

Other Symbols

Wq;˛ , jWq;˛j The q; ˛ Wronskian matrix and the q; ˛ Wronskian determinant
associated with the Riemann–Liouville fractional q-derivative, respectively, see
Definition 8.6.2.

W C
q;˛ , jW C

q;˛j The q; ˛ Wronskian matrix and the q; ˛ Wronskian determinant
associated with the Caputo fractional q-derivative, respectively, see Defini-
tion 8.7.2.

w˛;ˇ.zI q/; W˛;ˇ.zI q/ q-analogues of the Write functions, see (1.83) and (1.84),
respectively.

o Sometimes called little-o or Landau symbol. For example, f D o.g/ as x ! a

means that limx!a
f .x/

g.x/
D 0.

O Sometimes called big-O or Landau symbol. For example. f D O.g/ as x ! a

means f .x/j � Ajg.x/j for some constant A and for all x in a neighborhood of
the point a.

	 For example, f 	 g as x ! a means that limx!a
f .x/

g.x/
D 1.



Chapter 1
Preliminaries

Abstract This chapter includes definitions and properties of Jackson q-difference
and q-integral operators, q-gamma and q-beta functions and finally q-analogues of
Laplace and Mellin integral transforms.

1.1 Some Classical Results

In this section, we collect results from complex analysis which we shall use in this
book. We will also introduce the definitions and terminology used in the text. Let
f; g be entire functions and a 2 C, we say that

f .z/ D O
�
g.z/

�
; as z ! a;

if f .z/
ı
g.z/ is bounded in a neighborhood of a. We write

f .z/ 	 g.z/; as z ! a; if lim
z!a

f .z/

g.z/
D 1:

If f .z/ WD P1
nD0 anzn is an entire function, then the maximum modulus is defined

for r > 0 by
M.r If / WD sup fjf .z/j W jzj D rg : (1.1)

The order of f , 	.f /, is, cf. [57, 128, 181],

	.f / WD lim sup
r!1

log logM.r; f /

log r
D lim sup

n!1
n logn

log jaj�1n
: (1.2)

Theorem 1.1. [57, 122]. If f is entire and 	.f / is finite and is not equal to a
positive integer, then f has infinitely many zeros, or it is a polynomial.

The following two results of Pólya, cf. [237,238], concerning the zeros of cosine
and sine transforms, are essential in our investigations.

M.H. Annaby and Z.S. Mansour, q-Fractional Calculus and Equations,
Lecture Notes in Mathematics 2056, DOI 10.1007/978-3-642-30898-7 1,
© Springer-Verlag Berlin Heidelberg 2012
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2 1 Preliminaries

Theorem 1.2. Let f .t/ be a real-valued twice continuously differentiable function
on the interval Œ0; 1�. If jf .1/j > jf .0/j, the entire functions

U.z/ D
Z 1

0

f .t/ cos.zt/ dt; V .z/ D
Z 1

0

f .t/ sin.zt/ dt

have infinitely many real zeros and a finite number of complex zeros.

Theorem 1.3. [238]. If the function f .t/ 2 L1.0; 1/ is positive and increasing,
then the zeros of the entire functions of exponential type

U.z/ D
Z 1

0

f .t/ cos.zt/ dt; V .z/ D
Z 1

0

f .t/ sin.zt/ dt

are real, infinite and simple. The even function U.z/ has no zeros in Œ0; 

2
/, and its

positive zeros are situated in the intervals .
k�
=2; 
kC
=2/, 1 6 k < 1, one
zero in each interval. The odd function V.z/ has only one zero z D 0 in Œ0; 
/, and
its positive zeros are situated in the intervals .
k; 
.k C 1//, 1 6 k < 1, one zero
in each interval.

The following version of Hurwitz–Biehler theorem for entire functions of order
zero, cf. [181, Chap. 7] will be used in the sequel.

Theorem 1.4. Let F.z/ be an entire function of order zero and assume that

F.z/ D P.z/C iQ.z/;

where P.z/ andQ.z/ are entire functions with real coefficients. All roots of F.z/ lie
in the upper half plane, =z > 0, if and only if P.z/ and Q.z/ have real, simple and
interlacing zeros.

Katkova and Vishnyakova[166] derived the following interesting result.

Theorem 1.5. Assume that F.z/ WD P1
kD0 akzk is an entire function, ak > 0 for

all k 2 N0, and x0 is the unique positive root of the polynomial x3 � x2 � 2x � 1,
x0 
 2:1479. Then x0 is smallest possible constant such that if

akakC1 > x0ak�1akC2 .k 2 N/ (1.3)

then the zeros of F.z/ have negative real parts.

Consequently, we can prove the following corollary.

Corollary 1.6. Consider an entire function F.z/ D P1
kD0 akzk , ak > 0. If the

sequence fakg1
kD0 satisfies condition (1.3), then the functions

1X

kD0
.�1/ka2kz2k and

1X

kD0
.�1/ka2kC1z2kC1

have real, simple and interlacing zeros.
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Proof. The proof follows at once by noting that for all z 2 C, =z > 0 if and only if
Re.�iz/ < 0, and

F.iz/ D
1X

kD0
.�1/ka2kz2k C i

1X

kD0
.�1/ka2kC1z2kC1:

ut
Proofs of many results of this book depend on the Banach fixed point theorem,

cf. [171]:

Theorem 1.7 (Banach fixed point Theory). Let .X; d/ be a Banach space and let
T W .X; d/ ! .X; d/ be a contraction mapping, i.e., there is a positive number w,
0 < w < 1 such that

d.T x; Ty/ � wd.x; y/ for all x; y 2 X:

Then T has a unique fixed point u�. Moreover, for any u0 2 X ,

lim
k!1T ku0 D u�;

where

T 1 WD T; and T kC1 WD T T k .k 2 N/:

1.2 q-Notations and Results

In the following, unless otherwise stated, q is a positive number less than 1 and by
the word “basic” we mean a q-analogue. In this section, we introduce some of the
needed q-notations and results.

The q-shifted factorial, see [113], is defined for a 2 C by

.aI q/n D

8
<̂

:̂

1; n D 0;
n�1Y

iD0
.1 � aqi /; n 2 N :

(1.4)

The limit of .aI q/n as n tends to infinity exists and will be denoted by .aI q/1. The
multiple q-shifted factorial for complex numbers a1; : : : ; ak is defined by

.a1; a2; : : : ; ak I q/n WD
kY

jD1
.aj I q/n:
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Let ˛ be a complex number. We use the following notation for the q-binomial
coefficients

h˛
k

i

q
D
8
<

:

1; k D 0;

.1 � q˛/.1 � q˛�1/ : : : .1 � q˛�kC1/
.qI q/k ; k 2 N:

(1.5)

If aq˛ ¤ q�n for all n 2 N0, we define .aI q/˛ to be

.aI q/˛ WD .aI q/1
.aq˛I q/1 ; (1.6)

where in (1.5) and (1.6) the principal branch of q˛ is taken. We have the following
series representations for .aI q/n .n 2 N0/ and .aI q/1, cf., e.g. [113, P. 11],

.aI q/n WD
nX

kD0
.�1/k

hn
k

i

q
q
k.k�1/

2 ak; (1.7)

.aI q/1 D
1X

kD0
.�1/kq k.k�1/

2
ak

.qI q/k : (1.8)

For complex numbers a1; : : : ; ar , b1; : : : ; bs , let r�s denote the q-hypergeometric
series

r�s .a1; : : : ; ar I b1; : : : ; bsI q; z/ D
1X

nD0

.a1; : : : ; ar I q/n
.q; b1; : : : ; bsI q/n zn.�q.n�1/=2/n.s�rC1/:

(1.9)
The series representation of the function r�s converges absolutely for all z 2 C if
r � s and converges only for jzj < 1 if r D s C 1. The q-Vandermonde (q-Chu–
Vandermonde) sums [113, Eq. (II.6)],

2�1.q
�n; aI cI q; q/ D .c=a; q/n

.c; q/n
an; (1.10)

and reversing the order of summation, [113, Eq. (II.7)]

2�1

�
q�n; aI cI q; cq

n

a

�
D .c=a; q/n

.c; q/n
: (1.11)

The following theorem, taken from [25, P. 491], will be needed in sequel.

Theorem 1.8. Suppose � and � are real. Then

lim
q!1�

.q�xI q/1

.q�xI q/1 D .1 � x/���; (1.12)
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uniformly on
fx 2 C W jxj 6 1g ; if � > �; �C � > 1;

and uniformly on compact subsets of fx 2 C W jxj 6 1; x ¤ 1g for other choices
of � and �.

The q-translation operator "y is introduced by Ismail in [143] and is defined on
monomials by

"yxn WD xn
� � y=xI q�

n
; (1.13)

and it is extended to polynomials as a linear operator. Thus

"y

 
mX

nD0
fnx

n

!

WD
mX

nD0
fnx

n
� � y=xI q�

n
: (1.14)

The q-translation operator is defined for xa
�
a 2 R

C� to be

"yxa WD xa
� � y=xI q�

a
; (1.15)

provided that y ¤ �q�k�ax for all k 2 N0.

1.3 The q-Difference Operator

If� 2 R is fixed, a subsetA of C is called�-geometric if�z 2 Awhenever z 2 A. If
a subset A of C is a �-geometric then it contains all geometric sequences fz�ng1

nD0,
z 2 A. Let f be a function, real or complex valued, defined on a q-geometric set A,
jqj ¤ 1. The q-difference operator, which was reintroduced by Jackson [158], and
may go back to Heine [132] or Euler, is defined by

Dqf .z/ WD f .z/ � f .qz/

z � qz
for z 2 A n f0g : (1.16)

Jackson introduced a systematic study of this operator in [153–161]. The
q-difference operator (1.16) sometimes called Jackson q-difference operator, Euler–
Jackson q-difference operator or Euler–Heine–Jackson q-difference operator. If
0 2 A, the q-derivative at zero is defined for jqj < 1 by

Dqf .0/ WD lim
n!1

f .zqn/ � f .0/
zqn

for z 2 A n f0g ; (1.17)

provided the limit exists and does not depend on z. In addition, the q-derivative at
zero is defined for jqj > 1 by

Dqf .0/ WD Dq�1f .0/:
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In some literature, the q-derivative at zero is defined to be f 0.0/ if it exists,
cf. e.g. [174, 280]. The definition in (1.17) is more suitable for our approaches.

Jackson [160] introduced an integral denoted by

Z b

a

f .t/ dqt

as a right inverse of the q-derivative. It is defined by

Z b

a

f .t/ dqt WD
Z b

0

f .t/ dqt �
Z a

0

f .t/ dqt .a; b 2 A/; (1.18)

where Z x

0

f .t/ dqt WD .1 � q/

1X

nD0
xqnf .xqn/ .x 2 A/; (1.19)

provided that the series at the right-hand side of (1.19) converges at x D a and b.
Kac and Cheung [163, p. 68] proved that if x˛f .x/ is bounded on Œ0; a� for some

0 6 ˛ < 1, then
R x
0
f .t/ dqt exists for all x 2 Œ0; a�. Moreover, Bromwich [65,

PP. 418–419] proved that if
R b
0
f .x/ dx converges, then

Z b

0

f .x/ dx D lim
q!1�

Z b

0

f .x/ dqx:

If x > 0 and f is a function defined on a q-geometric set A, Hahn [123] defined the
q-integral of the function f on Œx;1/ to be

Z 1

x

f .t/ dqt D
1X

kD1
xq�k.1� q/f .xq�k/: (1.20)

There is no unique canonical choice for the q-integration over Œ0;1/. Hahn in[123]
defined the q-integration for a function f over Œ0;1/ by

Z 1

0

f .t/ dqt D .1 � q/
1X

nD�1
qnf .qn/;

while in [210], Matsuo defined a q-integration on the interval Œ0;1/ by

Z 1=b

0

f .t/ dqt WD 1 � q
b

1X

nD�1
qnf .qn=b/ .b > 0/: (1.21)

Consequently, the q-integration of a function f defined on R can be defined as

Z 1=b

�1=b

f .t/ dqt D 1 � q
b

1X

�1
qn .f .qn=b/C f .�qn=b// ; b > 0;

provided that the series converges absolutely.
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Definition 1.3.1. Let f be a function defined on a q-geometric set A. We say that

f is q-integrable on A if and only if
Z z

0

f .t/ dqt exists for all z 2 A.

Definition 1.3.2. A function f which is defined on a q-geometric set A, 0 2 A, is
said to be q-regular at zero if

lim
n!1f .zqn/ D f .0/ for all z 2 A:

Moreover, if A is also q�1-geometric, then we say that f is q-regular at infinity if
there exists a constant C such that

lim
n!1f .zq�n/ D C for all z 2 A:

From now on, if A � R is q-geometric and f is a q-regular at zero function
defined on A, we define f .0C/ and f .0�/ by

f .0C/ WD lim
k!1

x>0

f .xqk/; f .0�/ WD lim
k!1

x<0

f .xqk/:

Clearly, if f is q-regular at zero, then

f .0/ D f .0C/ D f .0�/:

The q-regularity at zero plays the role of continuity in the classical sense in some
settings. However, continuity at zero implies q-regularity at zero, but the converse
is not necessarily true. For example, the function f W Œ0; 1� �! R,

f .x/ D
8
<

:
1; x D an D 1p

n
; n is prime;

x; otherwise:
(1.22)

is q-regular at zero for rational q, but it is not continuous at zero.

Remarks.

1. If x 2 A n f0g and A contains a neighborhood of the point x such that f is
differentiable at x, then lim

q!1
Dqf .x/ D f 0.x/. If x D 0 and f 0.0/ exists, then

Dqf .0/ D f 0.0/.
2. If f is a function defined on a q-geometric set A which contains zero such

that Dqf .0/ exists, then f is q-regular at zero. This is similar to the fact that
differentiability implies continuity.

3. It may happen thatDqf .0/ exists for a function f without being differentiable or
even continuous at zero. For example, the function f defined by (1.22) satisfies
Dqf .0/ D 1, while f is not continuous at zero.
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4. The q-derivative of a function f defined on a q-geometric set A is zero if and
only if f .x/ D f .qx/ for all x 2 A. To our best knowledge, these functions had
been introduced by Boole who called them “periodic constants,” see [13, 161].
Recently, they are called “q-periodic functions,” see e.g. [281]. It is obvious that
the constant functions are q-periodic functions. Another example of a q-periodic
function, cf. [281, P. 856], is f .x/ D sin.˛ logx/ with ˛ log q D 2
 , which has
singularity at x D 0.

Proposition 1.9. Let f be a q-periodic function defined on a q-geometric set A.
If f is q-regular at zero, then f is a constant function. In addition, if f is a q�1-
periodic function defined on a q�1-geometric set A and f is q-regular at infinity,
then f is constant on A.

Proof. Since f is q-periodic on A, then f .x/ D f .qx/ D � � � D f .qnx/, for all
x 2 A, n 2 N. Thus,

f .x/ � lim
n!1f .xqn/ � f .0/:

The result in case of f is q-regular at 1 follows similarly . ut
We present here some of the basic rules concerning q-derivatives. By means

of these rules, q-derivatives of commonly occurring functions can be found by
straightforward manipulations.

In rules 1 through 4, two functions f and g are defined on a q-geometric set A
such that the q-derivatives of f and g exist for all x 2 A.

Rule 1. Dq.f ˙ g/.x/ D Dqf .x/˙Dqg.x/:

This is an immediate consequence of (1.16)–(1.17).
Rule 2. [The q-product rule]

Dq.f g/.x/ D Dqf .x/g.x/C f .qx/Dqg.x/: (1.23)

Symmetric rules are

Dq.f g/.x/ D Dqf .x/g.x/C f .x/Dqg.x/ � x.1 � q/Dqf .x/Dqg.x/

and
Dq.f g/.x/ D Dqf .x/Aqg.x/C Aqf .x/Dqg.x/;

where Aq is the averaging operator which acting on a function h defined on a
q-geometric set A by

Aqh.x/ D h.x/C h.qx/

2
:

Nevertheless, the non symmetric formula (1.23) is useful in computations.
Another symmetric rule is

Rule 3. [q-type Leibniz rule]

Dn
q.fg/.x/ D

nX

kD0

hn
k

i

q

�
Dn�k
q;x f

�
.qkx/ Dk

q g.x/; (1.24)
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where x 2 A n f0g. If x D 0, we additionally assume that the kth q-derivatives
of f and g exist at zero where k D 1; 2; : : : ; n.
In the following rule we assume that g does not vanish at x or qx.

Rule 4. If g.x/ ¤ g.qx/ ¤ 0 then

Dq

�
f=g

�
.x/ D Dqf .x/g.x/ � f .x/Dqg.x/

g.x/g.qx/
:

Rule 5: The nth q-derivative,Dn
q , of a function f can be represented by its values

at the points fqj x; j D 0; 1; � � � ; ng through the identity

Dn
qf .x/ D .�1/n.1� q/�nx�nq�n.n�1/=2

nX

rD0
.�1/r

hn
r

i

q
qr.r�1/=2f .xqn�r /

(1.25)
for every x in A n f0g. After some straightforward manipulations, formula (1.25)
can be written as

Dn
qf .x/ D .1 � q/�nx�n

nX

rD0
qr
.q�nI q/r
.qI q/r f .xqr / for x 2 A n f0g : (1.26)

Moreover, the formula (1.25) can be inverted through the relation

f .xqn/ D
nX

kD0
.�1/k

hn
k

i

q
.1 � q/kxkq.k2/Dk

q f .x/: (1.27)

Formulas (1.25) and (1.27) are well-known and follow easily by induction.

1.3.1 More Properties of q-Integrals

The rule of q-integration by parts is

Z a

0

g.t/Dqf .t/ dqt D .fg/.a/� lim
n!1.fg/.aq

n/�
Z a

0

Dqg.t/f .qt/ dqt: (1.28)

If f and g are q-regular at zero, then the limit on the right hand side of (1.28) can
be replaced by .fg/.0/.

The following theorem is an analogue of the fundamental theorem of calculus.
Its proof is simple and is omitted.

Theorem 1.10. Let f be a q-regular at zero function defined on a q-geometric set
A containing zero. Define

F.z/ WD
Z z

c

f .t/ dqt .z 2 A/;
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where c is a fixed point in A. Then F is q-regular at zero. Furthermore, DqF.z/
exists for every z 2 A and

DqF.z/ D f .z/ for every z 2 A:

Conversely, if a and b are two points in A, then

Z b

a

Dqf .t/ dqt D f .b/� f .a/: (1.29)

Theorem 1.11. Let f be a function defined on Œa; b�, 0 � a � b. Assume that there
exists � , 0 � � < 1 such that x�f .x/ is continuous on Œa; b�. Let

F.x/ D
Z x

c

f .t/ dqt for x 2 Œa; b�;

where c is a fixed point in Œa; b�. Then F.x/ is a continuous function on Œa; b�.

Proof. Set
g.x/ WD x�f .x/ for all x 2 Œ0; a�:

Fix x0 2 Œa; b� and assume that x0 ¤ 0. Then,

F.x/ � F.x0/ D .1 � q/

1X

kD0
xqkf .xqk/ � .1 � q/

1X

kD0
x0q

kf .x0q
k/

D .1 � q/x1��
1X

kD0
xqk.1��/

	
g.xqk/ � g.x0qk/




Cx�0 .x1�� � x1��0 /.1 � q/

1X

kD0
qkg.x0q

k/: (1.30)

Since g.x/ is continuous on Œa; b�, then it is uniformly continuous on Œa; b�. Hence
for any � > 0 there exists ı > 0 such that for all x; y 2 Œa; b�

jx � yj < ı �! jg.x/ � g.y/j < �:

Therefore, if x 2 Œa; b�, jx � x0j < ı then jxqk � x0qkj < ı for all k 2 N0 and

jg.xqk/� g.x0q
k/j < � for all k 2 N0:

Hence, lim
x!x0

g.xqk/ D g.x0q
k/ uniformly in k and we can calculate the limit as

x ! x0 on the series on (1.30) term by term to obtain lim
x!x0

F .x/ D F.x0/. Now

assume that x0 D 0. Then,
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Fig. 1.1 The function g.x/ on Œ0; 1� with q D 1=2

F.x/ � F.0/ D
Z x

0

f .t/ dqt D
Z x

0

t1�� .g.t/ � g.0//C 1 � q
1 � q2��

x2�� g.0/:

Consequently,

jF.x/ � F.0/j �
�

max
k2N0

jg.xqk/� g.0/j C g.0/

�
1 � q
1 � q2�� x

2�� :

Then, from the continuity of the function g at zero and since 0 < � < 1, we obtain
limx!0 F.x/ D F.0/. That is, F.x/ is continuous on Œa; b�. ut

Remarks.

(i) The next example indicates that the q-regularity at zero seems to be the best
possible condition such that the first part of Theorem 1.10 holds.

Example 1.3.1. Define a function g on Œ0; 1� by

g.x/ WD
�
fk.x/; x 2 .qkC1; qk�; k 2 N0;

0; x D 0;
(1.31)

where

fk.x/ WD

8
ˆ̂
<

ˆ̂
:

2
1�q

��q C xq�k� ; x 2
�
qkC1;

qk.1C q/

2

�
;

2
1�q

�
1 � xq�k� ; x 2



qk.1C q/

2
; qk

�
:

(1.32)

See Fig. 1.1. If x 2 .0; 1�, then x is represented uniquely in the form x D tqk0 ,
for some t 2 .q; 1� and k0 2 N0. Consequently,

lim
k!1g.xqk/ D lim

k!1fkCk0.xqk/ D
(
2
t�q
1�q ; q < t � 1Cq

2

2 1�t
1�q ;

1Cq
2

� t � 1:
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Since the value of the limit is dependent on the point x, then g is not q-regular
at zero. But on the other hand, g.x/ D g.qx/, for all x 2 .0; 1�. Thus,

Z 1

0

Dqg.t/ dqt D
Z .1Cq/=2

0

Dqg.t/ dqt D 0;

implying

Z 1

.1Cq/=2
Dqg.t/ dqt D 0 ¤ g.1/ � g..1C q/=2/ D �1:

Therefore, if in Theorem 1.10 f is not q-regular at zero, then

Z b

0

Dqf .t/ dqt D f .b/ � lim
n!1f .bqn/:

Consequently, (1.29) would take the form

Z b

a

Dqf .t/ dqt D
h
f .b/� lim

n!1f .bqn/
i

�
h
f .a/ � lim

n!1f .aqn/
i
:

(ii) The inequality

ˇ
ˇ
ˇ
ˇ̌
Z b

a

f .t/ dqt

ˇ
ˇ
ˇ
ˇ̌ 6

Z b

a

jf .t/j dqt .0 6 a 6 b < 1/ (1.33)

is not always valid. For example, let us define a function hW Œ0; 1� �! R by,
cf. Fig. 1.2,

h.x/ D

8
ˆ̂
ˆ̂
ˆ̂
ˆ̂<

ˆ̂
ˆ̂̂
ˆ̂
:̂

1

1 � q .4q
�nx � .1C 3q// ; qnC1 6 x 6 qn.1C q/

2
; n 2 N0;

4
1�q .�xq�n C 1/� 1;

qn.1C q/

2
6 x 6 qn; n 2 N0;

0; x D 0:

The function h is q-integrable on Œ0; 1� such that

h.qn/ D �1 and h

�
qn.1C q/

2

�
D 1 for all n 2 N0:
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Fig. 1.2 The function h.x/
on Œ0; 1� with q D 1=2

Therefore, a direct calculation yields

Z 1

1Cq
2

h.t/ dqt D �3C q

2
;

Z 1

1Cq
2

jh.t/j dqt D 1 � q
2

:

Hence, ˇ̌
ˇ
ˇ
ˇ

Z 1

1Cq
2

h.t/ dqt

ˇ̌
ˇ
ˇ
ˇ
>

Z 1

1Cq
2

jh.t/j dqt:

However, inequality (1.33) holds when a D 0 or b D 1 and when a, b 2 I

.a < b/ are in the form a D xqn and b D xqm; n, m 2 Z.

Lemma 1.12. Let h.t; x/ be a function defined on Œ0; a� � Œ0; a� such that for each
fixed t the functions

Dj
q;xh.t; x/ .j D 0; 1; : : : ; k � 1/

are q-integrable on Œ0; a�. If for some x 2 .0; a� and k 2 N

h.xqr ; xqj / D 0 .r D 0; 1; 2; : : : ; j � 1I j D 1; 2; : : : ; k/ (1.34)

then

Dk
q;x

Z x

0

h.t; x/ dqt D
Z x

0

Dk
q;xh.t; x/ dqt:

Proof. From (1.25) we obtain

Dk
q;x

Z x

0

h.t; x/ dqt D
jDkX

jD0
.�1/j



k

j

�

q

q
j.jC1/

2 �kj

xk.1 � q/k
Z xqj

0

h.t; xqj / dqt: (1.35)

Letting f satisfy (1.34) implies

Z xqj

0

h.t; xqj / dqt D
Z x

0

h.t; xqj / dqt; j D 1; 2; : : : ; k:
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Hence,

Dk
q;x

Z x

0

h.t; x/ dqt D
jDkX

jD0
.�1/j



k

j

�

q

q
j.jC1/

2 �kj

xk.1 � q/k
Z x

0

h.t; xqj / dqt

D
Z x

0

0

@
jDkX

jD0
.�1/j



k

j

�

q

q
j.jC1/

2 �kj

xk.1 � q/k
h.t; xqj /

1

A dqt

D
Z x

0

Dk
q;xh.t; x/ dqt:

ut
Lemma 1.13. Let h.t; x/ be a function defined on Œa;1/ � Œa;1/ such that for
each fixed t the functions

Dj
q;xh.t; x/ .j D 0; 1; : : : ; k � 1/

are q-integrable on Œa;1/. If for some x 2 Œa;1/ and k 2 N

h.xqr ; xqj / D 0 .r D 0; 1; 2; : : : ; j � 1I j D 1; 2; : : : ; k/

then

Dk
q;x

Z 1

x

h.t; x/ dqt D
Z 1

x

Dk
q;xh.t; x/ dqt:

Proof. The proof is similar to the proof of Lemma 1.12 and is omitted. ut
The proof of the following lemma is easy and is omitted.

Lemma 1.14. Let I and J be intervals containing zero, such that J � I . Let fn,
f be functions defined in I , n 2 N, such that

lim
n!1fn.t/ D f .t/; for all t 2 I; and fn tends uniformly to f on J: (1.36)

Then,

lim
n!1

Z x

0

fn.t/ dqt D
Z x

0

f .t/ dqt for all x 2 I: (1.37)

1.4 Function Spaces

Let 1 � p < 1, a > 0 and � be a real number. Let Lpq;�.0; a/ be the space of all
equivalence classes of functions satisfying

Z a

0

t�jf .t/jp dqt < 1;
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where we define two functions to be equivalent if they are equal on the sequence
faqn W n 2 N0g. With a slight abuse of notation, we denote by f both a function
in Lpq;�.0; a/ and its equivalence class. It is straightforward to prove that the space
L
p
q;�.0; a/ associated with the norm function

kf kp;�;a WD
�Z a

0

t�jf .t/jp dqt
�1=p

is a Banach space. Moreover, if p D 2, then L2q;�.0; a/ associated with the inner
product

hf; gi WD
Z a

0

t�f .t/g.t/ dqt
�
f; g 2 L2q;�.0; a/

�
(1.38)

is a separable Hilbert space. In fact,

'n.x/ D
8
<

:

1
p
x�C1.1 � q/

; x D aqnI n 2 N0;

0; otherwise;
(1.39)

is an orthonormal basis of L2q;�.0; a/. The proof of this fact is just a straightforward
generalization of the special case � D 0 proved in [26]. For any q 2 .0; 1/ and
0 < b < 1, we define the spaces

Lp.Rb;q/ WD
(

f W
Z 1=b

�1=b

jf .x/jp dqx < 1
)

.p � 1/:

We shall use the particular notation Rq and eRq to denote R1;q and Rp
1�q;q ,

respectively. One can verify that L2.Rb;q / associated with the inner product

< f; g >WD
Z 1=b

�1=b

f .t/g.t/ dqt
�
f; g 2 L2.Rb;q/

�

is a Hilbert space.

Definition 1.4.1. For a real number � and a positive number p, we define the space
L

p
q;�Œ0; a� to be the space of all functions f defined on .0; a� satisfying

kf kp;� WD sup
x2.0;a�

�Z x

0

t�jf .t/jp dqt
�1=p

< 1: (1.40)

For simplicity, we shall use the symbols Lpq Œ0; a�, L
p
q Œ0; a� and kf kp to denote

L
p
q;0Œ0; a�, L p

q;0Œ0; a� and kf kp;0, respectively.

Proposition 1.15. The space
�
L

p
q;�Œ0; a�; k�kp;�

�
is a Banach space.
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Proof. It is straightforward to prove that
�
L

p
q;�Œ0; a�; k�kp;�

�
is a normed space.

Therefore, we give only a proof for completeness. Let .fn/n be a Cauchy sequence
in
�
L

p
q;�Œ0; a�; k�kp;�

�
. Hence, for all � > 0 there exists n0 2 N such that for all

n;m 2 N

n;m > n0 �! sup
x2.0;a�

1X

kD0
.xqk/�C1.1 � q/jfn.xqk/� fm.xq

k/jp < �: (1.41)

Hence x
�C1
p fn.x/ is a uniformly Cauchy sequence on .0; a�. Then there exists a

function f defined on .0; a� such that

lim
n!1x

�C1
p fn.x/ D x

�C1
p f .x/; uniformly on .0; a�:

Fix M > 0 and n > n0. Then from (1.41)

m > n0 �!
MX

kD0
.xqk/�C1.1 � q/jfn.xqk/ � fm.xqk/jp < � (1.42)

for all x 2 .0; a�. Then calculating the limit as m ! 1 on (1.42) gives for all
M > 0 and n > n0

MX

kD0
.xqk/�C1.1 � q/jfn.xqk/� f .xqk/jp 6 � for all x 2 Œ0; a�:

Hence,
kfn � f kp;� ! 0 as n ! 1:

Consequently,

fn0C1 � f 2
�
L p
q;�Œ0; a�; k�kp;�

�

and since fn0C1 2 �
L

p
q;�Œ0; a�; k�kp;�

�
, then so is f . This completes the proof and

yields the required result. ut
Definition 1.4.2. For � > 0 and A � R, 0 2 A, let H�.A/ be the space of all
functions defined on A such that if f 2 H�.A/, then there exists c > 0 such that

jf .x/ � f .0/j < cjxj� for all x 2 A:

Definition 1.4.3. Let L2q
�
.0; a/ � .0; a/

�
be the space of all complex valued

functions f .x; t/ defined on Œ0; a� � Œ0; a� such that

kf .�; �/k2 WD
�Z a

0

Z a

0

jf .x; t/j2 dqxdqt
�1=2

< 1:
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The elements ofL2q
�
.0; a/�.0; a/� are equivalence classes where f and g are in the

same equivalence class if f .aqm; aqn/ D g.aqm; aqn/ for all m; n 2 N0. The zero
element is the equivalence class of all functions f .x; t/ satisfying f .aqm; aqn/ D 0

for all m; n 2 N0.

Lemma 1.16. The space L2q
�
.0; a/ � .0; a/� associated with the inner product

hf; gi2 WD
Z a

0

Z a

0

f .x; t/g.x; t/ dqxdqt:

is a separable Hilbert space.

Proof. Similar to [26, pp. 217–218], the spaceL2q
�
.0; a/�.0; a/� is a Banach space.

To prove separability, it suffices to prove that

�ij .x; t/ WD �i .x/�j .t/ .i; j D 1; 2; : : :/

is an orthonormal basis ofL2q
�
.0; a/�.0; a/� whenever f�i.�/g1

iD1 is an orthonormal
basis of L2q.0; a/. Indeed,

˝
�jk; �mn

˛
2

D
Z a

0

Z a

0

�j .x/�k.t/�m.x/�n.t/ dqx dqt

D
Z a

0

�j .x/�m.x/ dqx

Z a

0

�k.t/�n.t/ dqt

D ıjmıkn;

proving orthogonality. To prove that
˚
�ij
�

is a basis, we prove that if there exists

f 2 L2q
�
.0; a/ � .0; a/�

such that
˝
f; �ij

˛
2

D 0 for all i; j 2 N0;

then f is the zero element. Indeed,

0 D ˝
f; �ij

˛ D
Z a

0

Z a

0

f .x; t/�i .x/�j .t/ dqx dqt

D
Z a

0

�j .t/
� Z a

0

f .x; t/�i .x/ dqx
�
dqt

D
Z a

0

h.t/�j .t/ dqt:
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Thus,

h.t/ WD
Z a

0

f .x; t/�i .x/ dqx

is orthogonal to the �j ’s which implies that h.aqn/ D 0, for all n 2 N0. So,
f .x; aqn/ is orthogonal to each �i . Consequently, f .aqm; aqn/ D 0, for all
m; n 2 N0. ut
Definition 1.4.4. Let Cn

q Œa; b� be the space of all continues functions with continu-
ous q-derivatives up to order n � 1 on the interval Œa; b�.

The space Cn
q Œa; b� associated with the norm function

kf k WD
n�1X

kD0
max
a�x�b jDk

qf .t/j
�
f 2 Cn

q Œa; b�
�

is a Banach space as we shall see in the following lemma.

Lemma 1.17.
�
Cn
q Œa; b�; k�k

�
, n 2 N, is a Banach space.

Proof. The proof that
�
Cn
q Œa; b�; k�k

�
is a normed space is straightforward and is

omitted. Therefore, it remains to show that Cn
q Œa; b� is complete. Let .fm/m be a

Cauchy sequence in Cn
q Œa; b�. Then for all � > 0 there exists n0 2 N such that for

all l; m 2 N

l; m > n0 �!
n�1X

kD0
max
x2Œa;b�

ˇ
ˇ
ˇDk

qfl.x/ �Dk
qfm.x/

ˇ
ˇ
ˇ < �:

Hence,

l; m > n0 �! max
x2Œa;b�

ˇ
ˇ
ˇDk

qfl .x/ �Dk
qfm.x/

ˇ
ˇ
ˇ < �:

That is .Dk
q fm/m is a Cauchy sequence in C Œa; b� for k D 0; 1; : : : ; n� 1. Thus, for

each k 2 f0; 1; : : : ; n � 1g there exists a function gk 2 C Œa; b� such that

lim
k!1 max

x2Œa;b�
jDk

qf .x/ � gk.x/j D 0; k D 0; 1; : : : ; n � 1:

It is clear that

gk.x/ D Dk
qg0.x/ .x 2 Œa; b� n f0g ; k D 0; 1; 2; : : : ; n � 1/ : (1.43)

If 0 2 .a; b/ then

lim
x!0

gk.x/ D lim
x!0

Dk
q g0.x/ D lim

r!1Dk
qg0.tq

r /;
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for all t 2 .a; b/, t ¤ 0. Consequently,

lim
x!0

gk.x/ D lim
r!1

Dk�1
q g0.tq

r / �Dk�1
q g0.tq

rC1/
tqr .1 � q/

D 1

1 � q lim
r!1

"
Dk�1
q g0.tq

r / �Dk�1
q g0.0/

tqr
� q

Dk�1
q g0.tq

rC1/�Dk�1
q g0.0/

tqrC1

#

D Dk
qg0.0/:

(1.44)
Hence, the identity in (1.43) holds for every x 2 Œa; b� and hence g0 2 Cn

q Œa; b�. If
0 D a or b, we just replace the limit as x ! 0 in (1.44) by x ! 0C or x ! 0�,
respectively.

Definition 1.4.5. The space C�Œa; b� is the space defined for � 2 R by

C�Œa; b� D
�
g.x/ W x�g.x/ 2 C Œa; b�; kgkC� WD max

a�x�b jx�g.x/j
�
:

1.5 Some q-Functions

Euler proved that

.�zI q/1 WD
1X

nD0

qn.n�1/=2

.qI q/n zn .z 2 C/

and

1

.zI q/1 WD
1X

nD0

zn

.qI q/1 .jzj < 1/ :

See [25, P. 490] and for a reference to Euler, see [24, P. 30]. The above two identities
relate infinite products to infinite sums. Jackson [154] denoted .�zI q/1 by Eq.z/
and 1=.zI q/1 by eq.z/. See also [25, 113, 143]. Hence, Eq.z/ is an entire function
with simple zeros at the points f�q�n; n 2 N0g, and

eq.z/Eq.�z/ � 1 for jzj < 1: (1.45)

Therefore, the domain of the function eq.z/ can be extended to C by defining eq.z/,
z 2 C, to be

eq.z/ WD 1

.zI q/1 :
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Hence, the relation (1.45) holds in C, and the function eq.z/ has simple poles at the
points fq�n; n 2 N0g. See e.g. [113, 154]. Gasper and Rahman [113, P. 15] proved
also that

eq.z/ D 1

.zI q/1 D
1X

nD0

qn
2�n

.q; zI q/n zn for z 2 C n ˚q�k ; k 2 N0

�
:

Let the basic trigonometric functions sinq z, cosq z, Sinq z and Cosq z be defined
by

sinq z WD eq.iz/� eq.�iz/
2i

; cosq z WD eq.iz/C eq.�iz/
2

; jzj < 1; (1.46)

Sinq z WD Eq.iz/� Eq.�iz/
2i

; Cosq z WD Eq.iz/C Eq.�iz/
2

; z 2 C; (1.47)

respectively. See [154]. The functions sinq z and cosq z can be analytically continued
through the identities

sinq z D Sinq z

.�z2I q2/1 ; cosq z D Cosq z

.�z2I q2/1 for z 2 C n f˙q�mi ;m 2 N0g :

Hence, the functions sinq z and cosq z are meromorphic functions with poles at
the points f˙q�mi; m 2 N0g. In addition, q-analogues of the hyperbolic functions
sinh z and cosh z are defined by

sinhq z WD �i sinq.iz/; coshq z WD cosq.iz/; (1.48)

Sinhq z WD �i Sinq.iz/; Coshq z WD Cosq.iz/: (1.49)

The 
-function is defined for z 2 Cn f0g ; 0 < jqj < 1 to be


.zI q/ WD
1X

nD�1
qn

2

zn: (1.50)

The following identity is introduced by Jacobi in 1829. It is called Jacobi’s triple
product identity, see [113]

1X

nD�1
qn

2

zn D .q2I q2/1.�qzI q2/1.�qz�1I q2/1; (1.51)

where z 2 Cn f0g and 0 < jqj < 1. Hence, 
.zI q/ has only real simple zeros at the
points

˚�q2kC1; k 2 Z
�
. A generalization of (1.51) is Ramanujan’s identity

1X

nD�1

.aI q/n

.bI q/n zn D .az; q=az; q; b=aI q/1
.z; b=az; b; q=aI q/1 ; (1.52)
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where jqj < 1 and jba�1j < jzj < 1. See [25, Theorem 10.5.1]. There are three
known q-analogues of classical Bessel functions that are due to Jackson, see [143,
157]. These are designated by J .k/� .zI q/, k D 1; 2; 3 and defined by

J .1/� .zI q/ WD .q�C1I q/1
.qI q/1

1X

nD0
.�1/n .z=2/2nC�

.qI q/n.q�C1I q/n .jzj < 2/ ; (1.53)

J .2/� .zI q/ WD .q�C1I q/1
.qI q/1

1X

nD0
.�1/n q

n.�Cn/.z=2/2nC�

.qI q/n.q�C1I q/n .z 2 C/ ; (1.54)

J .3/� .zI q/ WD .q�C1I q/1
.qI q/1

1X

nD0
.�1/n qn.nC1/=2z2nC�

.qI q/n.q�C1I q/n .z 2 C/ : (1.55)

The third Jackson q-Bessel function is also known as the Hahn–Exton q-Bessel
function, see e.g. [156, 174]. These q-analogues satisfy that

lim
q!1�

J .k/� ..1 � q/zI q/ D J�.z/ .k D 1; 2/; lim
q!1�

J .3/� ..1 � q/zI q/ D J�.2z/;

cf. [174]. The functions J .k/� .zI q/ .k D 2; 3/ are entire functions of order zero.
Therefore, by Theorem 1.1, they have infinitely many zeros. Hahn [123] found that

J .1/� .zI q/ D J .2/� .zI q/= ��z2=4I q2�1 .jzj < 2/: (1.56)

Because of the finite radius of convergence of the series in (1.53), Ismail [141]
remarked that J .1/� .zI q/ has only finitely many positive zeros. Furthermore, in [251],
Rahman considered the identity in (1.56) as an analytic continuation of the function
J
.1/
� .zI q/. Set

J .2/� .zjq/ D J .2/�

�
2z.1� q1=2/I q� ;

and
J .1/� .zjq/ D J .2/� .zjq/= ��.1 � q1=2/2z2I q2� ;

so that
lim
q!1�

J .1/� .zjq/ D lim
q!1�

J .2/� .zjq/ D J�.z/:

Rahman, cf. [251], proved that J .k/� .�zjq/ .k D 1; 2/ satisfies the q-difference
equations

Dq1=2

�
zDq1=2J

.k/
� .�zjq/� � q��=2

�
1 � q�=2
1� q1=2

�2
z�1J .k/�

�
�zq1=2jq�

D ��2
(

zJ .1/� .�zjq/
qzJ .2/� .�zqjq/
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and Exton, cf. [98], shows that J .3/� .�zI q/ satisfies the q-difference equation

Dq1=2

�
zDq1=2J

.3/
� .�zI q/�C

 

�2z � q��=2

z

�
1 � q�=2

1 � q1=2
�2!

J .3/�

�
�zq1=2I q� D 0:

1.6 The q-Gamma and q-Beta Functions

The q-gamma function was introduced by Thomae [282] and later by Jackson [155]
and defined by

�q.z/ WD .qI q/1
.qzI q/1 .1 � q/1�z .0 < jqj < 1/ ; (1.57)

where z 2 Cnf�n W n 2 N0g. Here, we take the principal values of qz and .1�q/1�z.
Then �q.z/ is a meromorphic function with poles at z D �n, n 2 N0. Since �q.z/
has no zeros, then 1=�q.z/ is an entire function with zeros at z D �n, n 2 N0.
Obviously,

�q.n/ D .qI q/n�1
.1 � q/n�1 .n 2 N/:

It is known that for x > 0, �q.x/ is the unique logarithmically convex function that
satisfies the functional equation

�q.x C 1/ D 1 � qx

1 � q �q.x/; �q.1/ D 1:

See [25] and [113, P. 21] for more historical remarks about the q-gamma function.
The q-beta function is defined by

Bq.x; y/ WD
Z 1

0

tx�1.qt I q/y�1 dqt .Re.x/ > 0I Re.y/ > 0/ : (1.58)

Using the q-binomial theorem, cf. [25, P. 488],

1X

nD0

.aI q/n

.qI q/n zn D .azI q/1
.zI q/1 .jzj < 1/; (1.59)

Askey [40] proved

Bq.x; y/ D �q.x/�q.y/

�q.x C y/
.Re.x/ > 0I Re.y/ > 0/ ;
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see also [25, p. 494]. Many characterization theorems for the q-gamma and the
q-beta functions are in [75, 89, 145, 164, 224].

Lemma 1.18. Let ˛ and ˇ be two complex numbers. Then for every n 2 N0

.q˛CˇI q/n D
nX

kD0

hn
k

i

q
qkˇ.q˛I q/k.qˇI q/n�k: (1.60)

Proof. Using the q-analogue of Gauss’summation formula(1.10) and applying [113,
Eq. (I.10)] we obtain

nX

kD0

hn
k

i

q
qkˇ.q˛I q/k.qˇI q/n�k D .qˇI q/n 2�1.q�n; q˛I q1�ˇ�nI q; q/

D .qˇI q/nqn˛ .q
1�ˇ�˛�nI q/n
.q1�ˇ�nI q/n D .q˛CˇI q/n:

ut
Corollary 1.19. Let ˛ and ˇ be complex numbers, and let n 2 N0. Then

Bq.˛; ˇ/.q
nC1I q/˛Cˇ�1 D

nX

kD0
qkˇ.1 � q/.qkC1I q/˛�1.qn�kC1I q/ˇ�1; (1.61)

and

q�nˇ.qnC1I q/˛Cˇ�1Bq.˛; ˇ/ D
nX

kD0
q�kˇ.1 � q/.qn�kC1I q/˛�1.qkC1I q/ˇ�1:

(1.62)

Proof. Using (1.6) and (1.57) one can easily see that for any � 2 C, j 2 N0

.qjC1I q/��1 D .qI q/1.q� I q/j
.q� I q/1.qI q/j D �q.�/.1 � q/��1 .q� I q/j

.qI q/j : (1.63)

Hence, (1.60) yields

nX

kD0
qkˇ.1 � q/.qkC1I q/˛�1.qn�kC1I q/ˇ�1

D .1 � q/˛Cˇ�1�q.˛/�q.ˇ/
.qI q/n

nX

kD0
qkˇ

hn
k

i

q
.q˛I q/k .qˇI q/n�k (1.64)

D .1 � q/˛Cˇ�1�q.˛/�q.ˇ/
.q˛CˇI q/n
.qI q/n :
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But from (1.63)

.q˛CˇI q/n
.qI q/n D .1 � q/1�˛�ˇ

�q.˛ C ˇ/
.qnC1I q/˛Cˇ�1: (1.65)

Combining (1.64) and (1.65) leads to (1.61). The proof of (1.62) follows from the
proof of (1.61) by replacing each k in the right hand side of (1.61) by n � k. ut
Lemma 1.20. Let ˛ and ˇ be two complex numbers with positive real parts, and
let f 2 L1q.0; a/ for some a > 0. Then

a˛�1
Z a

0

.qt=aI q/˛�1tˇ�1
Z t

0

.qu=t I q/ˇ�1f .u/ dqu dqt

D Bq.˛; ˇ/a
˛Cˇ�1

Z a

0

�
qt=aI q�

˛Cˇ�1f .t/ dqt:
(1.66)

Proof. Let ˛; ˇ > 0 and f 2 L1q.0; a/, a > 0. Then by the definition of the q-
integration, cf. (1.19) we obtain

a˛�1
Z a

0

.qt=aI q/˛�1tˇ�1
Z t

0

.qu=t I q/ˇ�1f .u/ dqu dqt

D a˛Cˇ.1 � q/2
1X

nD0
qnˇ.qnC1I q/˛�1

1X

mD0
qnCm.qmC1I q/ˇ�1f .aqnCm/

D a˛Cˇ.1 � q/2
1X

nD0
qnˇ.qnC1I q/˛�1

1X

kDn
qk.qk�nC1I q/ˇ�1f .aqk/

D a˛Cˇ�1
1X

kD0
aqk.1 � q/f .aqk/

kX

nD0
qnˇ.1� q/.qnC1I q/˛�1.qk�nC1I q/ˇ�1:

Thus, from (1.61)

a˛�1
Z a

0

.qt=aI q/˛�1tˇ�1
Z t

0

.qu=t I q/ˇ�1f .u/ dqu dqt

D a˛Cˇ�1Bq
�
˛; ˇ

� 1X

kD0
aqk.1 � q/.qkC1I q/˛Cˇ�1f .aqk/

D a˛Cˇ�1Bq
�
˛; ˇ

� Z a

0

.qt=aI q/˛Cˇ�1 f .t/ dqt:

ut
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1.7 q-Integral Representations of the q-Gamma, q-Beta
and Some Related q-Functions

In [80], De Sole and Kac introduced the following theorem:

Theorem 1.21. Let

Kq.A; x/ WD Ax
.�1=A;�qAI q/1

.�qx=A;�q1�xAI q/1 and Kq.x/ WD Kq.1; x/; (1.67)

where A;Re.x/ > 0. Then for x; y 2 C such that Re x > 0; Re y > 0

�q.x/ D Kq.A; x/

Z 1=A.1�q/

0

tx�1eq.�t.1 � q// dqt; (1.68)

and

Bq.x; y/ D Kq.A; x/

Z 1=A

0

tx�1.�tqxCy I q/�x�y dqt: (1.69)

Moreover, if ln.1 � q/= ln.q/ 2 N then

�q.x/ D Kq.x/

.1 � q/x

Z 1

0

tx�1eq.�t/ dqt:

Proof. Since

Z 1=A.1�q/

0

tx�1eq.�t.1 � q// dqt D .1 � q/1�x

Ax.�1=AI q/1
1X

nD�1
qnx.�1=AI q/k;

then applying Ramanujan’s identity (1.52) gives

Z 1=A.1�q/

0

tx�1eq.�t.1 � q// dqt D .1 � q/1�x

Ax.�1=AI q/1
.q;�qx=A;�q1�x=AI q/1
.qx;�1=A;�q=AI q/1 :

Then (1.68) follows . Similarly, we can prove (1.69).

Proposition 1.22. For Re.x/ > 0

�q.x/ D 1

.1 � q/x

Z 1

0

tx�1Eq.�qt/ dqt (1.70)

D
Z 1=1�q

0

tx�1Eq.�q.1 � q/t/ dqt: (1.71)
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Proof. The q-integral representation of �q.x/ in (1.70) follows at once by letting
Re.y/ ! 1 on (1.58). The second identity of the q-gamma functions follows from
(1.70) by making the substitution t D .1 � q/� and then replacing � by t . ut

The functions erf.z/ and erfc.z/ are respectively the error function and the
complimentary error function encountered in integrating the normal distribution,
see [127]. They are entire functions and defined by

erf.z/ WD 2p



Z z

0

e�t 2 dt; erfc.z/ D 1 � erf.z/ .z 2 C/ : (1.72)

q-analogues of the error function and the complementary error function are
introduced in [92] and defined by

Erf.zI q/ WD 1C q

�q2.1=2/

Z z

0

Eq2 .�q2t2.1 � q2// dqt .z 2 C/ (1.73)

and

Erfc.zI q/ WD 1C q

�q2.1=2/

Z 1p
1�q2

z
Eq2.�q2t2.1 � q2// dqt .z 2 C/ : (1.74)

The function Erf.zI q/ has the series representation

Erf.zI q/ D 1 � q2

�q2.1=2/

1X

nD0
.�1/nqn.nC1/ z2nC1

.1 � q2nC1/�q2.nC 1/

D .1C q/z

�q2.1=2/
1�1

�
qI q3I q2; q2z2.1 � q2/� :

The error function Erf.zI q/ has the following properties:

1. Erf.0I q/ D 0,

2. Erf.
˙q�k
p
1 � q2

I q/ D Erf.
˙1

p
1 � q2 I q/ D ˙1 .k 2 N0/,

3. Erf.zI q/C Erfc.zI q/ D 1 .z 2 C/ :

Another q-analogue is introduced in [245] and defined by

Erfq.z/ WD 2zp


2�1.0; q

1=2I q3=2I q;�z2/ .jzj < 1/ : (1.75)

One can verify that

Erfq.z/ WD 2p



Z z

0

eq.�t2.1 � q// dq1=2t: (1.76)
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Since the constant multiplier in (1.72) is a normalization factor so that

lim
z!1 erf.z/ D 1;

the constant multiplier in (1.75) or in (1.76) does not make sense. In the following
lemma we calculate the value of

Z 1=
p
1�q2

0

eq2.�t2.1 � q2// dqt;

to identify an appropriate multiplier constant in (1.76).

Lemma 1.23.

Z 1=
p
1�q2

0

eq2.�t2.1 � q2// dqt D 1

1C q

�q2.1=2/

Kq2.1=2/
;

where

Kq2.1=2/ WD Kq2.1; 1=2/D .�1;�q2I q2/1
.�q;�qI q2/1 :

Proof. Applying (1.21), we obtain

Z 1=
p
1�q2

0

eq2.�t2.1 � q2// dqt D 1 � q
p
1 � q2.�1I q2/1

1X

�1
qk.�1I q2/k:

Therefore, applying Ramanujan identity (1.52) yields

Z 1=
p
1�q2

0

eq2.�t2.1 � q2// dqt D 1 � q
p
1 � q2

�
q2;�q;�qI q2�1
.�1;�q2; qI q2/1

D �q2.1=2/

.1C q/Kq2.1=2/
:

ut
This motivates us to introduce a q-analogue of the error function by

erf.zI q/ WD .1C q/Kq2.1=2/

� 2
q .1=2/

Z z

0

eq2.�t2.1 � q2// dqt; (1.77)

so that

lim
k!1 erf.

q�k
p
1 � q2 I q/ D 1:
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The function erf.zI q/ is defined on R and as a complex function, it is meromorphic

with simple poles at the points z D ˙i q�k=2p
1�q2 , k 2 N0. Moreover,

erf.zI q/ WD 1C q

� 2
q .1=2/

Kq2.1=2/ z 2�1
�
0; qI q3I q2;�z2.1 � q2/

�
for jzj < 1

1 � q :

We also define two q-analogues of the incomplete gamma function through the
relations

�q.s; x/ D
Z x

0

t s�1 eq.�t.1 � q// dqt D
1X

nD0
.�1/n .1 � q/xnCs

.1 � qnCs/�q.nC 1/
; (1.78)

�q.s; x/ D
Z x

0

t s�1 Eq.�t.1 � q// dqt D
1X

nD0
.�1/n q.

n
2/.1 � q/xnCs

.1 � qnCs/�q.nC 1/
: (1.79)

A straightforward manipulation gives

�q.s; x/ D xs�q.s/

1X

nD0
.�1/n .qsI q/n

.qI q/n�q.nC s C 1/
xn; (1.80)

�q.s; x/ D xs�q.s/

1X

nD0
q.

n
2/.�1/n .qsI q/n

.qI q/n�q.nC s C 1/
xn: (1.81)

Hence, for each fixed x, as functions of the variable s, the functions �q.s; x/ and
�q.s; x/ have poles at all non-positive integer values. Therefore, we extend the
functions �q.s; x/ and �q.s; x/ to the holomorphic functions

��
q .s; x/ D x�s

�q.s/
�q.s; x/; � �

q .s; x/ D x�s

�q.s/
�q.s; x/:

1.8 q-Analogue of the Wright Function

Wright [293] introduced the function

�.˛; ˇ; z/ D
1X

kD0

zk

kŠ� .˛ k C ˇ/
.˛ > �1I ˇ 2 C/ :

This function has many applications in fractional differential and partial differential
equations. See, for example, [111, 115, 167, 193, 201, 269] for extensive study of
the properties of the Wright function and its applications. The generalized Wright
function r s.z/ is defined by
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r s.z/ D r s



.a1; ˛1/; : : : ; .ar ; ˛r /

.b1; ˇ1/ ; : : : ; .bs; ˇs/

ˇ
ˇ
ˇz
�

D
1X

kD0

Qr
iD1 � .ai C ˛ik/Qs
lD1 � .bl C ˇlk/

zk

kŠ
; (1.82)

where ai ; bl 2 C, ˛i ; ˇl 2 R, l D 1; : : : ; r and j D 1; : : : ; s. This generalization
of the Wright function was investigated by Fox [109] and Wright [294–296], see
also [169]. In some literature, the function r s is called the Fox–Wright function,
see [79, 167, 170].
In [92], El-Shahed and Salem defined a q-analogue of the Wright function through
the Barnes–Contour integral

�˛;ˇ.zI qk/ D ln q

2
 .q � 1/

Z

C

�q.�s/
� k
q .ˇ � ˛ s/

.�z/s ds;

where k 2 N, 0 < q < 1, z is not equal to zero and C is a suitable path in the
complex s-plane that runs from s D �i1 to s D i1, so the points s D n, n 2 N0

lie to the right of the contour C . It seems that there is an error in choosing the
contour C passing through the pole s D 0. The authors of [92] also proved that

�˛;ˇ.zI qk/ D
1X

nD0

zn

�q.nC 1/�qk .˛ nC ˇ/
qn.nC1/=2:

In the following we introduce two q-analogues of the Wright function through the
identities

w˛;ˇ.zI q/ D
1X

kD0

zk

�q.˛ k C ˇ/�q.k C 1/
for jzj < .1 � q/�˛; (1.83)

and

W˛;ˇ.zI q/ D
1X

kD0
q˛k.k�1/=2 zk

�q.˛k C ˇ/�q.k C 1/
for z 2 C: (1.84)

In the following definition, we introduce a q-analogue of the Fox–Wright function
defined in (1.82).

Definition 1.8.1. A q-analogue of the Fox–Wright function is defined by

r s.zI q/ D r s



.a1; ˛1/; : : : ; .ar ; ˛r /

.b1; ˇ1/; : : : ; .bs; ˇs/

ˇ
ˇ
ˇq; z

�

D
1X

kD0

Qr
iD1 �q.ai C ˛ik/Qs
lD1 �q.bl C ˇlk/

�
qk.k�1/=2�

Ps
iD1 ˇi�

Pr
lD1 ˛lC1 zk

�q.k C 1/
;

(1.85)
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where
Re.al / > 0; Re.bi / > 0; l D 1; 2; : : : ; r; i D 1; 2; : : : ; s;

and
sX

iD1
bi �

rX

lD1
al C 1 � 0:

It is straightforward to prove that if

sX

iD1
ˇi >

rX

lD1
˛l � 1;

then the domain of convergence is C. If
Ps

iD1 ˇi D Pr
lD1 ˛l �1, the series in (1.85)

converges only for jzj < 1. If we set al D bi D 1, we obtain

r s.zI q/ D r�s
�
˛1; : : : ˛r Iˇ1; : : : ; ˇsI q; .�1/s�rC1z

�
:

1.9 q-Analogues of the Laplace Transform

In [123], Hahn defined the following two q-analogues of the Laplace transform

qLsf .x/ D �.s/ D 1

1 � q
Z s�1

0

Eq.�qsx/ f .x/ dqx; (1.86)

and

qLsf .x/ D ˚.s/ D 1

1 � q

Z 1

0

eq.�sx/f .x/ dqx; (1.87)

where Re.s/ > 0. Abdi [3], studied certain properties of these q-transforms. In
[5], he used these analogues to solve linear q-difference equations with constant
coefficients and certain allied equations. In this section, we present some properties
of the transforms q Ls and q Ls . For extensive study of the properties of the Laplace
transforms (1.86) and (1.87), cf. e.g. [3, 5, 6, 123–125, 214–218].

1.9.1 The q Ls Transform

We summarize here the most important results of the q Ls transform which we shall
need in the sequel. Using the definition of the q-integration (1.19), the q-Laplace
transform (1.86) is

q Lsf .x/ D .qI q/1
s

1X

jD0

qj

.qI q/j f .s
�1qj /:



1.9 q-Analogues of the Laplace Transform 31

As an example, if

�r.x/ D xr

�q.r C 1/
.r > �1/ then q Ls�r.x/ D .1 � q/r

srC1
; Re.s/ > 0: (1.88)

In [123, Eq. (9.5)], Hahn defined the convolution of two functions F; G to be

.F �G/.x/ D x

1 � q

Z 1

0

F.tx/GŒt � tqx� dqt; (1.89)

where GŒx � y�, for

G.x/ WD
1X

nD0
anx

n;

is defined to be

GŒx � y� WD
1X

nD0
anŒx � y�n; with Œx � y�n WD xn

�y
x

I q
�

n
:

Using the definition of q-integration, .F � G/ is nothing but

.F �G/.x/ D 1

1 � q
Z x

0

F.t/GŒx � qt� dqt: (1.90)

The translation operator (1.14) implies

GŒx � qt� D "�qtG.x/:

Ismail in [143] defined the convolution of two functions F; G to be

�
F �G� D 1

1 � q

Z x

0

F.t/"�qtG.x/ dqt: (1.91)

It is remarked by Hahn, cf. [123, P. 373] that the convolution theorem

q Ls.F �G/ D q LsF q LsG; (1.92)

holds only for q Ls transform and does not hold for the q Ls transform. Abdi [3]
also pointed out that whereas the q Ls transform has the above advantage over
the q Ls transform, it suffered from the disadvantage that a q-analogue of the
well known Goldstein’s theorem does not hold, see [3] and the references cited
therein. Now we mention without proofs some of the basic properties of the q Ls
transform. The interested reader could refer to [3] for proofs. In the following
�.s/ D q Ls.f .x//.
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Rule 1.
q Lsf .ax/ D .1=a/�.s=a/ .a ¤ 0/:

Rule 2.

q Ls

�
Dn
qf .x/

�
D
�

s

1 � q
�n
�.s/ �

nX

mD1
Dn�m
q f .0/

sm�1

.1 � q/m
.n 2 N/ :

(1.93)
The case n D 1 was proved by Hahn in [122].

Rule 3.

q Ls

�
f .x/

x

�
D 1

1 � q

Z 1

qs

�.t/ dqt;

provided that q Ls

�
f .x/

x

�
exists.

Rule 4.

q Ls

�Z 1

x

f .t/

t
dqt

�
D 1

s

Z qs

0

�.t/ dqt;

provided

(i) The two integrals exist,
(ii) �.s/ exists for all s,

(iii) qj
P1

rD1 jf .qj =s/j D O.jhjj /, for every fixed j and jhj < 1.

Rule 5. If

I nq f .x/ D
Z x

0

Z xn�1

0

Z xn�1

0

: : :

Z x1

0

f .t/ dqt dqx1dqx2 : : : dqxn�1 (1.94)

then

q Ls.I
n
q f .x// D

�
1 � q
s

�n
�.s/:

Rule 6. The addition theorem.
If q Ls.fr .x// D �r.s/ then

q Ls

 
mX

rD0
fr .x/

!

D
mX

rD0
�r .s/ (1.95)

provided any of the following conditions holds:

(a) m is finite
(b) m is infinite and

(i)
P1

rD0 jfr.xqj /j is convergent for all x0qj , x0 being fixed,
(ii) qj

P1
rD0 jfr.xqj /j D O.hj /, where j is greater than some fixed J and

h is a fixed quantity, jhj being less than unity.
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Rule 7. Set

F.x/ D
Z x

0

f .t/

t
dqt;

and assume that lim
x!0

f .x/

x
D 0. Then

q Ls .F.x// D 1

s

Z 1

qs

�.s/ dqs:

The following theorem is the inversion formula of the q Ls transform introduced
by Hahn in [122, P. 373].

Theorem 1.24 (Hahn’s inversion formula). If q Ls.f .x// D �.s/ then

f .x/ D
Z

C

�.s/eq.sx/ ds; (1.96)

where the path of integration C encircles the origin and can also be deformed
into a loop, parallel to the imaginary axis. In particular, when �.s/ is analytic,
the inversion is

f .x/ D 1

x

1X

iD0
.�1/iqi.i�1/=2 �.x

�1q�i /
.qI q/i :

1.9.2 The q Ls Transform

We mentioned in the previous section that although there is no q-analogue of the
convolution theorem which holds for the q Ls transform, the q Ls transform has an
advantage over the q Ls transform. This advantage is the verification of q-analogue
of the Goldstein theorem. This q-analogue was proved by Abdi in [3, P. 400]. Using
the definition of the q-integration (1.19), the q-Laplace transform (1.87) is

q Lsf .x/ D 1

.�sI q/1
1X

jD�1
qj .�sI q/j f .qj /:

The following is a brief account of the properties of the q Ls transform introduced
by Abdi in [3].

Rule 1. If q Ls.f .x// D �.s/ and a 2 Rq;C, then

q Lsf .ax/ D .1=a/�.s=a/:
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Rule 2.

q Ls

�
Dn
qf .x/

�
D
�

s

1 � q

�n
�.s/ �

nX

mD1
Dn�m
q f .0/

sm�1

qm�1.1 � q/m ; n 2 N:

(1.97)
Rule 3.

q Ls .f .x/=x/ D 1

1 � q
Z 1

qs

�.t/ dqt;

provided that q Ls .f .x/=x/ exists.
Rule 4.

q Ls

�Z 1

x

f .t/

t
dqt

�
D 1

s

Z qs

0

�.t/ dqt;

provided

(i) The two integrals exist,
(ii) �.s/ exists for all s,

(iii) qj
P1

rD1 jf .qj =s/j D O.jhjj /, for every fixed j and jhj < 1.

Rule 5.

q Ls.I
n
q f .x// D

�
1 � q
s

�n
�.s/;

where I nq is defined in (1.94).
Rule 6. The addition theorem.

If q Ls.fr .x// D �r.s/ then q Ls

 
mX

rD0
fr .x/

!

D
mX

rD0
�r .s/;

provided at least one of the following conditions holds:

(a) m is finite
(b) m is infinite and

(i)
P1

rD0 jfr.xqj /j is convergent for all x0qj , x0 being fixed,
(ii) qj

P1
rD0 jfr.xqj /j D O.hj /, where j is greater than some fixed J and h

is a fixed quantity, jhj being less than unity.

Rule 7. If lim
x!0

f .x/

x
D 0 then

q Ls

�Z x

0

f .x/

x
dqx

�
D 1

s

Z 1

qs

�.t/ dqt:

Rule 8. If q Ls.f .x// D �.s/ then

q Ls .x
nf .x// D .q � 1/nDn

q;s�.s/: (1.98)
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Abdi [3] introduced the identities

q Ls

�
xnDm

q f .x/
�

D .�q�1/m.q � 1/n�mDn
q;s .s

m�.s=qm// for m � n (1.99)

and

q Ls

�
xnDm

q f .x/
�

D .q � 1/nDm
q

"
sm

.q.1� q//m
�.s=qm/�

mX

rD1

sr�1Dm�r
q f .0/

qr�1.1 � q/r

#

; (1.100)

for all m > n. Then he obtained a generalization of Goldstein theorem which we
state without proof.

Theorem 1.25 (q-Goldstein Theorem). If q Lsf .x/ D �.s/ and q Lsg.x/ D
 .s/ then

Z 1

0

f .x/ .x/ dqx D
Z 1

0

g.x/�.x/ dqx;

provided that

(i) The two integral exists,
(ii) qj.j�1/=2f .q�i / D O.Rj / when j ! 1,

(iii) qj.j�1/=2g.q�j / D O.Rj / when j ! 1,

where s is greater than a fixed quantity R, R < 1.

Remark 1.9.1. 1. It should be noted that Abdi derived Rules (1.93), (1.97) and
(1.100) in terms of f .r/.0/, the r th classical derivative at zero, since he defined
the q-derivative at zero to be equal to f 0.0/. But one can verify that the
mentioned rules are still correct whenDqf .0/ is defined as in (1.17).

2. Abdi in [5] employed the q Ls transform to solve q-difference equation with
variable coefficients. As an illustration to his technique, he considered a q-
difference equation of the form

.x2 C a20/D
2
qf .x/C a1xDqf .x/C a2f .x/ D F.x/; (1.101)

where a0 and a2, are arbitrary constants and a1 WD � 1Cq
1�q . Then he applied the

q Ls transform to (1.101) to obtain

A.s/�.s/C B.s/�.
s

q
/C C.s/�.

s

q2
/ D D.s/C q2.1 � q/2 .s/; (1.102)

where

q Ls .f .x// .s/ D �.s/; q Ls .F .x// .s/ D  .s/;

and
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A.s/ D q2
�
q C a1.1 � q/C a2.1� q/2

�
;

B.s/ D �q ..1C q/C a1.1 � q// ;

C.s/ D a20s
2 C 1;

D.s/ D qa20sf .0/C q2.1 � q/a20f .1/.0/:

He chose the constants a0 and a1 so that the coefficients of �.s/ and �. s
q
/ vanish.

Thus, (1.102) becomes

1

q2
�.
s

q2
/ D a20q

�1sf .0/� .1 � q/a20f .1/.0/

a0s2 C 1
C .1 � q/2

a0s2 C 1
 .s/:

Abdi proved in [3] that

q Ls

�
Sinq.kx/

�
.s/ D qk

k2 C q2s2
;

q Ls

�
Cosq.kx/

�
.s/ D q2s2

k2 C q2s2
;

where Sinq.�/ and Cos.�/ are q-analogues of the sine and cosine functions
introduced by Jackson in [154], see also (1.47). Then by inversion (1.102), the
solution function is defined through the relation

f .q2x/ D q�1f .0/Cosq

�
x

qa0

�
C .1 � q/a0f .1/.0/ Sinq

�
x

qa0

�

C.1 � q/2 1

2
 i

Z

C

 .s/

a0s2 C 1
Eq.qsx/ ds:

1.10 q-Analogue of the Mellin Transform

The Mellin transform of a suitable function f defined over .0;1/ is defined
by [243, Chap. 12]

M .f /.s/ D
Z 1

0

xs�1f .x/ dx: (1.103)

In general, the integral (1.103) exists only for complex values s D aC ib such that
a1 < a < a2 where a1 and a2 depend on the function f . This introduces what is
called the strip of definition of the Mellin transform. By h˛; ˇi, we denote the largest
open strip, called the fundamental strip, in which the integral (1.103) converges. It
is well known that the inversion formula for the Mellin transform is given by the
following line integral,
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f .x/ D 1

2
 i

Z cCi1

c�i1
M .f /.s/x�s ds;

where c 2 h˛; ˇi. The definition of the Mellin convolution of suitable functions f
and g is

f �M g.x/ D
Z 1

0

f .y/ g

�
x

y

�
dy

y
:

The q-Mellin convolution rule is

M .f �M g/ D M .f /M .g/:

Fitouhi et al. [102] defined q-analogue of the Mellin transform through the identity

Mq.f /.s/ D
Z 1

0

t s�1f .t/ dqt; f 2 L1q.Rq;C/:

Recall that L1q.Rq;C/ is the space of all functions defined over .0;1/ such that

Z 1

0

jf .t/j dqt < 1:

It is straightforward to verify that the q-Mellin transform is a linear operator on
L1q.Rq;C/. In other words, if f and g are two functions defined in .0;1/ such that
their q-Mellin transforms exist then

Mq.f C g/ D Mq.f /C Mq.g/:

By h˛q;f ; ˇq;f i, we mean the fundamental strip such that for ˛q;f � Re.s/ � ˇq;f ,
the q-integral (1.103) is convergent. The authors of [102] introduced the following
sufficient condition that guarantees the existence of the q-Mellin transform.

Proposition 1.26. Let f be a function defined over .0;1/ and let u and v be real
numbers such that u > v. Suppose

f .x/ D O.xu/ as x ! 0; and f .x/ D O.xv/ as x ! 1:

Then Mq.f /.s/ exists in the strip h�u;�vi.

Proof. See [102, P. 310]. ut
The following rules of the q-Mellin transform is proved in [102].

Rule 1.
Mq.t

af .t//.s/ D .Mqf .t//.a C s/: (1.104)

Rule 2 . For s 2 h�ˇq;f ;�˛q;f i, we have
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Mq



f

�
1

t

��
.s/ D Mq.f /.�s/:

Rule 3. For s 2 h1� ˇq;f ; 1 � ˛q;f i, we have

Mq



1

t
f

�
1

t

��
D Mq.f /.1 � s/:

Rule 4. For s 2 h˛q;f C 1; ˇq;f C 1i, we have

Mq

h
Dn
qf .t/

i
D �q.n� s C 1/

�q.1� s/
Mq.f /.s � n/

C
n�1X

kD0

.�1/k �q.s/

�q.s � k/



lim

j!�1

qj.s�k�1/Dn�k�1
q .qj /� lim

j!1

qj.s�k�1/Dn�k�1
q .qj /

�
:

(1.105)

If f .t/ and Re.s/ are such that all the substitutions of the limit as j ! ˙1 in
(1.105) give zero, then the formula (1.105) takes the simple form

Mq

h
Dn
qf .t/

i
D �q.n � s C 1/

�q.1 � s/
Mq.f /.s � n/: (1.106)

Rule 5. For s 2 h˛q;f � 1; ˇq;f � 1i we have

Mq


Z t

0

f .x/ dqx

�
.s/ D 1 � q

1 � q�sMq.f /.s C 1/:

Rule 6. Given 	 > 0 and s 2 h	˛q	;f ; 	ˇq	;f i we have

Mq Œf .t
	/.s/� D 1 � q

1 � q	
Mq	 .f /

�
s

	

�
:

Rule 7. Let .�k/k be a sequence of real numbers. Let .�k/k be a sequence of C,
and let f be a suitable function, then we have

Mq

" 1X

kD0
�kf .�kt/

#

.s/ D
 1X

kD0

�k

�sk

!

Mq.f /.s/;

provided the sum converges.
Rule 8. If a 2 Rq;C then

Mq.f .at//.s/ D 1

as
Mq.f .t//.s/:
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Fitouhi et al. [102] proved the following inversion formula of the q-Mellin
transform:

Theorem 1.27. Let f be a function defined over .0;1/ and let c 2 ˝
˛q;f ; ˇq;f

˛
.

Then

f .x/ D log.q/

2
 i.1� q/

Z cCi 

log q

c�i 

log q

Mq.f /.s/x
�s ds for all x 2 Rq;C:

Proof. See [102]. ut
Fitouhi et al. defined the q-Mellin convolution of two functions f and g to be the
function

f �Mq g.x/ D
Z 1

0

f .y/g

�
x

y

�
dqy

y
; x 2 Rq;C;

provided the q-integral exists. Then they proved that if the q-Mellin convolution
product of f and g exists, then

f �Mq g D g �Mq f;

and
Mq

	
f �Mq g


 D Mq.f /Mq.g/:



Chapter 2
q-Difference Equations

Abstract This chapter includes proofs of the existence and uniqueness of the
solutions of first order systems of q-difference equations in a neighborhood of
a point a, a � 0. Then, as applications of the main results, we study linear
q-difference equations as well as the q-type Wronskian. These results are mainly
based on (Mansour, q-Difference Equations, Master’s thesis, Faculty of Science,
Cairo University, Giza, Egypt, 2001). This chapter also includes a section on the
asymptotics of zeros of some q-functions.

2.1 Introduction

The study of q-difference equations have been initiated by Jackson in [158]. The
paper of Carmichael [73], to the best of our knowledge, is the first study of
the problem of existence of solutions of linear q-difference equations using the
technique established by Birkhoff in [56]. Mason [209] studied the existence of
entire function solutions of homogeneous (f D 0) and nonhomogeneous linear
q-difference equations of order n of the form

nX

jD0
aj .x/y.q

n�j x/ D f .x/; (2.1)

where the coefficients aj are taken to be entire functions. Then Adams in [11–
13] studied extensively the existence of solutions of (2.1) when the coefficients are
analytic or have pole of finite order at the origin. More recently, Trjitzinsky [285]
has developed an analytic theory of existence of solutions of homogenous linear
q-difference equations and for their properties. The existence and uniqueness
of solutions of first order linear q-difference equations in the space C Œ0;1/

and Lp.RC/ are discussed in [189]. Apart from this old history of q-difference
equations, the subject received a considerable interest of many mathematicians and
from many aspects, theoretical and practical. It is hard to encompass all such axes
in a short notice, but to give the reader a reasonable idea we will mention some

M.H. Annaby and Z.S. Mansour, q-Fractional Calculus and Equations,
Lecture Notes in Mathematics 2056, DOI 10.1007/978-3-642-30898-7 2,
© Springer-Verlag Berlin Heidelberg 2012

41
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of these aspects. In the papers [136, 188, 190, 192, 198, 257, 258, 298] one finds
general study of the theory of q-difference equations. The spectral analysis has also
attracted the attention of many authors, like e.g. [14, 30, 35, 50, 66, 67, 98, 138, 140–
142, 187, 194, 280, 281]. Since investigating q-difference equations using function
theory tools explores more properties, this direction is also considered in many
works, like [48, 184, 287, 299]. The solutions of difference equations and q-
analogues of existing classical ones, especially orthogonal polynomials could be
found in [38,39,43,58,74,86,107,108,144,146]. Applicable problems involving q-
difference equations and q-analogues of mathematical physical problems are studied
extensively, see e.g. [1, 23, 63, 86, 87, 97, 100, 165, 194, 274, 286] for dynamical
system, q-oscillator, q-classical and quantum models; [51, 101, 195, 225] for q-
analogues of mathematical physical problems including heat and wave equations;
[6, 8, 20, 25, 29, 36] for sampling theory of signal analysis.

In this chapter, we aim to develop a theory for q-difference equations similar
to the one established for ordinary differential equations in [78, 88]. Therefore,
we study the Cauchy problems of q-difference equations in a neighborhood of a
point a, 0 6 a < 1. We derive existence and uniqueness theorems for the cases
a D 0 and 0 < a < 1. This is established by using a q-analogue of the Picard–
Lindelöf method of differential equations and equations with deviating arguments,
respectively. The range of validity of the solutions are investigated in each case and
the existence and uniqueness theorem of solutions of q-difference equations of order
n in a neighborhood of zero is also proved. The situation when the initial conditions
are given at a point a > 0 is rather complicated. In [98, Sect. 5.1], it is claimed that
the Cauchy problem

Dq

˚
K.x/Dqy

� �G.x/y.qx/ D 0; a 6 x 6 b; y.c/ D �0; Dqy.c/ D �; (2.2)

whereK and G are continuous function on Œa; b�, c is an interior point of Œa; b� and
�0; � are complex numbers, has only one continuous solution with a continuous
q-derivative. This is not necessarily true as the following counter example indicates.

Example 2.1.1. Let g.t/ WD �.t � q2c/.t � qc/, t 2 Œq2c; qc� and c is a non zero
real number. Since each x 2 Œq2c;1/ is written uniquely in the form x D tq�n;
t 2 Œq2c; qc/; n 2 N0, the relation

�.x/ D �.tq�n/ WD g.t/
�
t 2 Œq2; qc/I n 2 N0

�

defines a function � on Œq2c;1/. Clearly, � is a continuous q-periodic function i.e.,
Dq�.x/ � 0. So, D2

q�.x/ � 0, Dq�.c/ D 0 and

�.c/ D �
�
.q2c/q�2� D g.q2c/ D 0:

Hence, the q-initial value problem D2
qy.x/ D 0; y.c/ D Dqy.c/ D 0, has the

functions
y.x/ D �.x/ and y.x/ D 0
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Fig. 2.1 The function �.x/ with q D 1=2, c D 1, and x 2 Œ0; 4�

as two continuous solutions with continuous q-derivative over Œq2c;1/. See Fig. 2.1
for a graph of the function �.x/ when q D 1

2
.

In fact this setting is more complicated than the case when initial conditions
are given at zero. The problem in this case behaves like differential equations with
deviations, see e.g. [121]. We will have two types of problems, the forward and
backward problems. This will be treated in Sect. 2.4.

2.2 q-Successive Approximations

In this section we define the q-successive approximations associated with q-Cauchy
problems.

Definition 2.2.1. Let r , s and ni , i D 0; 1; � � � ; r , be positive integers and let

N D .n0 C 1/C � � � C .nr C 1/� 1:

Let Fj .x; y0; y1; � � � ; yN / , j D 0; 1; � � � ; s, be real or complex-valued functions,
where x is a real variable lying in some interval I and each yi is a complex variable
lying in some region Di of the complex plane. If there is a sub-interval J of I and
functions �i , 0 � i � r , defined in J such that

1. �i has ni q-derivatives in J for i D 0; 1; : : : ; r .
2. Dm

q �i exists and lies in the regionDi for all x in J; 0 � m � ni , and 0 � i � r ,
for which the left-hand side in (2.3) below is defined.

3. For all x in J and 0 � j � s, the following equations hold

Fj

�
x; �0.x/;Dq�0.x/; � � � ;Dn0

q �0.x/; � � � ; �r .x/; � � � ;Dnr
q �r .x/

�
D 0; (2.3)
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then we say that f�i griD0 is a solution of the system of the q-difference equations

Fj

�
x; y0.x/;Dqy0.x/; � � � ;Dn0

q y0.x/; � � � ; yr .x/; � � � ;Dnr
q yr .x/

�
D 0; (2.4)

0 � j � s, valid in J , or that the set f�igriD0 satisfies (2.4) in J . If there are no such
J and functions �i , we say that system (2.4) has no solutions. System (2.4) is said
to be of order n, where n WD max

06i6p
ni .

We shall only consider first order systems (2.4) when r D s D p. If the functions
Fj are such that (2.4) can be solved for the Dni

q yi in the form

Dni
q yi .x/ D fi

�
x; y0.x/;Dqy0.x/; � � � ; y1.x/ � � � � .i D 0; 1; : : : ; p/ (2.5)

or in the form

Dni
q yi .x/ D fi

�
qx; y0.qx/;Dq;qxy0.qx/; � � � ; y1.qx/ � � � � .i D 0; 1; : : : ; p/;

(2.6)

the systems (2.5) and (2.6) will be called normal systems. The following are
examples of normal first order systems:

Dqyi .x/ D fi
�
qx; y0.qx/; y1.qx/; : : : ; yp.qx/

�
.i D 0; 1; : : : ; p/; (2.7)

Dqyi .x/ D fi
�
x; y0.x/; y1.x/; : : : ; yp.x/

�
.i D 0; 1; : : : ; p/: (2.8)

The existence of a solution of system (2.7) or (2.8) in a neighborhood of a
point a, 0 6 a < 1, will be established by using a q-analogue of the Picard–
Lindelöf method of successive approximations, see e.g. [78, 88]. The following is a
description of this q-analogue for a D 0, and 0 < a < 1, respectively.

The Case a D 0

To establish the existence of solutions of the first order system (2.8), we define
sequences of functions f�i;mg1

mD1, i D 0; 1; � � � ; p, by the equations

�i;m.x/ D
8
<

:

bi ; m D 1;

bi C
Z x

0

fi
�
t; �0;m.t/; � � � ; �p;m.t/

�
dqt; m > 2;

(2.9)

where bi are constants which lie inDi . It is worth mentioning here that the constants
fbi gpiD0 should be replaced by q-periodic functions if we are looking for solutions
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which are not necessarily continuous at zero. We shall show in Theorem 2.1 that
under suitable conditions on the fi ’s, there are functions �i and an interval J � I

containing zero such that �i;m.x/ tends uniformly to �i.x/ on J as m ! 1. Then,
it will be possible to apply Lemma 1.14 to obtain

�i.x/ D bi C
Z x

0

fi
�
t; �0.t/; � � � ; �p.t/

�
dqt: (2.10)

Hence, �i .0/ D bi , and f�i gpiD0 is a solution of (2.8). Similarly, for (2.7).

The Case 0 < a < 1

This case differs from the case a D 0. For instance, instead of the initial values of
(2.9), there should be initial functions defined on an initial interval Œqa; a/ for (2.7)
and Œa; aq�1/ for (2.8). This is similar to the treatment of differential equations
with deviations, see e.g. [121]. So, the successive approximations in case of (2.8)
will be

�i;m.tq
�n/ D

(
ci .t/; m D 1

ci .t/C R tq�n

t
fi
�
qu; �0;m.qu/; � � � ; �p;m.qu/

�
dqu; m � 2;

(2.11)

where t 2 Œqa; a/, n 2 N0 and ci are q-periodic functions. Thus, under suitable
conditions on the functions fi ’s which will be stated in Theorem 2.5, there exist
functions f�i gpiD0 such that lim

m!1�i;m.x/ D �i.x/ and

�i .tq
�k/ D ci .t/C

Z tq�k

t

fi .qu; �0.qu/; : : : ; �m.qu// dqt; (2.12)

where k 2 N0 . Therefore, �i.t/ � ci .t/, t 2 Œqa; a/, and f�i gpiD0 is a solution of
(2.7) valid in Œqa;1/. As for (2.7), the successive approximations will be

�i;m.tq
n/ D

(
ci .t/; m D 1

ci .t/ � R t
tqn
fi
�
u; �0;m.u/; : : : ; �p;m.u/

�
dqu; m > 2;

where ci are q-periodic functions, i D 0; 1; : : : ; p and n 2 N. It may seem that q-
difference equations are equivalent to difference equations by the change of variable
x D qy . In fact, this transformation maps x D 0 to Re y D �1 if q > 1 and
Re y D 1 if 0 < q < 1. Therefore, our analysis of q-regularity at x D 0 does not
follow from existing theory of difference equations.
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2.3 q-Initial Value Problems in a Neighborhood of Zero

Definition 2.3.1. Let I be an interval containing zero and Er be disks of the form

Er WD fy 2 C W jy � br j < ˇg ; ˇ > 0; br 2 C;

and r D 0; 1; � � � ; p. Let fi .x; y0; y1; � � � ; yp/, i D 0; 1; � � � ; p, be functions defined
on I � E0 � � � � � Ep . By a q-initial value problem in a neighborhood of zero we
mean the problem of finding continuous at zero functions fyi gpiD0 satisfying system
(2.7) or (2.8) and the initial conditions

yi .0/ D bi .i D 0; 1; : : : ; p/: (2.13)

Theorem 2.1. Let I be an interval containing zero and Er be disks of the form

Er WD fy 2 C W jy � br j < ˇg ; ˇ > 0; br 2 C;

and r D 0; 1; � � � ; p. Let fi .x; y0; y1; � � � ; yp/, i D 0; 1; � � � ; p, be functions defined
on I � E0 � � � � �Ep such that the following conditions are fulfilled.

(i) For yr 2 Er , 0 6 r 6 p, fi .x; y0; y1; � � � ; yp/ is continuous at x D 0, 0 6
i 6 p.

(ii) There is a positive constant A such that, for x 2 I and yr ; Qyr 2 Er , 0 6 r; i 6
p, the following Lipschitz’ condition is fulfilled

ˇ̌
fi .x; Qy0; � � � ; Qyp/ � fi .x; y0; � � � ; yp/

ˇ̌ � A
� j Qy0 � y0j C : : :C j Qyp � ypj �:

(2.14)
Then, if 0 is not an end point of I; there exists h > 0 such that the Cauchy
problem (2.8), (2.13) has a unique solution valid for jxj � h . Moreover, if 0 is
the left or right end point of I , the result holds, except that the interval Œ�h; h�
is replaced by Œ0; h� or Œ�h; 0�, respectively.

Proof. We give a proof when 0 is an interior point of I . The proof when 0 is an end
point of I is similar. Applying Lipschitz’ condition (2.14),

jfi .x; y0; : : : ; yp/j 6 jfi.0; b0; : : : ; bp/j
C ˇ
ˇfi .x; y0; : : : ; yp/ � fi .x; b0; : : : ; bp/

ˇ
ˇC ˇ

ˇfi .x; b0; : : : ; bp/ � fi .0; b0; : : : ; bp/
ˇ
ˇ

6 A

pX

jD0
jyj � bj j C ˇ

ˇfi .x; b0; : : : ; bp/� fi .0; b0; : : : ; bp/
ˇ
ˇC jfi.0; b0; : : : ; bp/j:

Since fi .x; b0; : : : ; bp/ is continuous at zero, then there exists � > 0 such that

jfi .x; b0; : : : ; bp/ � fi .0; b0; : : : ; bp/j < 1 for jxj 6 �:
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Hence,

jfi .x; y0; : : : ; yp/j 6 A.p C 1/ˇ C 1C max
06i6p

jfi.0; b0; : : : ; bp/j;

for all yr 2 Er , r D 0; 1; : : : ; p, and jxj 6 � . Define the nonzero constantsK; h to
be

K WD max
0�i�p sup

jxj��;jyi�bi j�ˇ
jfi .x; y0; � � � ; yp/j;

h WD min

�
�;
ˇ

K
;

1

A.p C 1/.1� q/

�
:

We establish the existence of the solution f�i gpiD0 of (2.8) and (2.13) on J WD
Œ�h; h� using the method of successive approximations. We consider the sequence
defined by (2.9).

Existence:- The proof of the existence is given in four steps. Fix i 2 f0; 1; � � � ; pg.

(a) We show that �i;m, m 2 N, are well defined. First

�i;m.x/ 2 Ei .x 2 J I m 2 N/: (2.15)

Then, from (2.3), for x 2 J we have

j�i;mC1.x/ � bi j �
Z x

0

ˇ
ˇfi
�
t; �0;m.t/; � � � ; �p;m.t/

�ˇˇ dqt � Kjxj: (2.16)

Thus, each �i;m.x/ is continuous at zero and (2.9) is well defined.
(b) For all m 2 N, x 2 J , we can prove by induction on m that

j�i;mC1.x/ � �i;m.x/j � KBm�1.1 � q/m jxjm
.qI q/m ; (2.17)

where B WD A.p C 1/.
(c) We show that �i;m tends to a function �i uniformly on J . From (2.17), the

general term of the series

�i;1.x/C
1X

lD1
�i;lC1.x/ � �i;l .x/ (2.18)

satisfies

j�i;lC1.x/ � �i;l .x/j 6 KBl�1

.qI q/l h
l .x 2 J /:
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This implies the uniform convergence of the series on J by Weierstrass
M-test. Since the mth partial sum of the series is �i;mC1.x/, then �i;m.x/ tends
uniformly to �i .x/ on J , where �i.x/ is the sum of the series . Obviously
�i .x/ 2 Ei , x 2 J and it is continuous at zero.

(d) Now we show that f�igpiD0 satisfies (2.8) and (2.13). Indeed, from (2.14),

jfi.t; �0;m.t/; � � � ; �p;m.t// � fi .t; �0.t/; : : : ; �p.t//j
6 A

�
j�0;m.t/ � �0.t/j C : : :C j�p;m.t/ � �p.t/j

�
;

for all t 2 J and for allm 2 N. Since by (c) the right-hand side tends uniformly
to zero on J , as m ! 1, it follows that

lim
m!1fi

�
t; �0;m.t/; : : : ; �p;m.t/

� D fi
�
t; �0.t/; : : : ; �p.t/

�
uniformly on J:

Letting m ! 1 in (2.9) and using Lemma 1.14, we obtain

�i .x/ D bi C
Z x

0

fi
�
t; �0.t/; � � � ; �p.t/

�
dqt .0 � i � pI x 2 J /: (2.19)

Using conditions (i), (ii), and the continuity of the functions f�i gpiD0 at zero,
one can verify that the functions fi .x; �0.x/; � � � ; �p.x// are continuous at the
point .0; b0; � � � ; bp/. Thus,

Dq�i .x/ D fi
�
x; �0.x/; � � � ; �p.x/

�
.0 � i � pI x 2 J / :

Hence, the set f�igpiD0 is a solution of problem (2.8), (2.13) valid in J since
(2.13) is satisfied.

Uniqueness:- To prove the uniqueness, assume that f i gpiD0 is another solution
valid in jxj � h1 � h and satisfies (2.13). Then, for i D 0; 1; � � � ; p, jxj 6 h1

 i .x/ D  i .qx/C x.1 � q/fi
�
x; 0.x/; � � � ;  p.x/

� I (2.20)

�i .x/ D �i .qx/C x.1 � q/fi
�
x; �0.x/; � � � ; �p.x/

�
: (2.21)

By subtracting (2.20), (2.21), and using the Lipschitz’ condition (ii), we obtain

j�i.x/ �  i.x/j 6 j�i .qx/ �  i .qx/j C Ajxj.1 � q/

pX

iD0
j�i.x/ �  i.x/j: (2.22)

Let �.x/ WD Pp
iD0 j�i.x/ �  i.x/j, jxj 6 h1. Hence, from (2.22) � satisfies

.1 � B.1 � q/jxj/ �.x/ � �.qx/ .jxj � h1/ :
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Hence,

�.x/ � �.qnx/
Qn�1
kD0

�
1 � B.1 � q/jxjqk� .jxj � h1/ ;

and by calculating the limit as n ! 1, we obtain

�.x/ 6 �.0/
Q1
kD0

�
1 � B.1 � q/qkjxj� .jxj 6 h1/:

Since �.0/ D 0, then �.x/ � 0 in jxj 6 h1 and the proof is complete. ut
Theorem 2.2 (Range of validity). Assume that all conditions of Theorem 2.1 are
satisfied with Er D C for all r; r D 0; 1; � � � ; p. Then problem (2.8), (2.13) has a

unique solution valid at least in I \
�

� 1

A.p C 1/.1� q/
;

1

A.p C 1/.1 � q/
�

.

Proof. We prove the theorem by proving the existence and uniqueness on any
subinterval

Œ�h; h� � I� WD I \
�

� 1

A.p C 1/.1� q/
;

1

A.p C 1/.1� q/

�
;

where h > 0. Similar to the proof of Theorem 2.1, we can find a constant � 6 h

such that �i;m tends uniformly to �i on Œ��; ��, where �i;m are defined in (2.9). In
addition to this, it is not hard to see that �i;m converges to �i pointwise on Œ�h; h�.
Using Lemma 1.14 it can be shown that the solution f�i gpiD0 could be extended
throughout Œ�h; h�. ut
Remark 2.3.1. Theorem 2.1 holds for the Cauchy problem (2.7), (2.13), but the
solution will be valid throughout the whole interval I whenever the functions fi ’s
satisfy the conditions (i), (ii) of Theorem 2.1 with Er D C, 0 6 r; i 6 p.

The following corollary indicates that Theorem 2.1 can be applied to discuss the
existence and uniqueness of the nth order q-initial value problem

Dn
qy.x/ D f

�
x; y.x/;Dqy.x/; � � � ;Dn�1

q y.x/
�

Di�1
q y.0/ D bi .bi 2 CI 1 6 i 6 n/:

(2.23)

Corollary 2.3. Let p, I , Er , br be as in the Theorem 2.2. Let f .x; y0; y1; � � � ; yp/
be a function defined on I � E0 � � � � � Ep such that the following conditions are
satisfied:

(i) For any fixed values of the yr in Er ; f .x; y0; y1; � � � ; yp/ is continuous at zero.
(ii) f satisfies Lipschitz’ condition
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ˇ
ˇf .x; Qy0; : : : ; Qyp/ � f .x; y0; : : : ; yp/

ˇ
ˇ � A

� j Qy0 � y0j C : : :C j Qyp � ypj �;

where A > 0, yi ; eyi 2 Ei for i D 0; 1; : : : ; p and x 2 I .

Then, if 0 is an interior point of I , there exists h > 0 such that Cauchy problem
(2.23) has a unique solution � valid for jxj � h. If 0 is a left or right endpoint of
I the result holds, except that the interval jxj � h is replaced by Œ0; h� or Œ�h; 0�,
respectively.

Proof. Assume that 0 is an interior point of I . The Cauchy problem (2.23) is
equivalent to the first order q-initial value problem

Dqyi .x/ D fi .x; y0; � � � ; yn�1/; yi .0/ D bi ; I 0 6 i 6 n � 1; (2.24)

in the sense that f�ign�1
iD0 is a solution of (2.24) if and only if �0 is a solution of

(2.23). Here fi are the functions

fi .x; y0; � � � ; yn�1/ D
�

yiC1; 0 6 i 6 n � 2;
f .x; y0; � � � ; yn�1/; i D n � 1:

Hence, by Theorem 2.1, there exists h > 0 such that system (2.24) has a unique
solution valid in jxj 6 h. ut
Corollary 2.4. Consider the Cauchy problem

a0.x/D
n
q y.x/C a1.x/D

n�1
q y.x/C � � � C an.x/y.x/ D b.x/

Di
qy.0/ D bi .0 6 i 6 n � 1/:

(2.25)

Let the aj .x/, 0 6 j 6 n, and b.x/ be defined on an interval I containing zero such
that a0.x/ ¤ 0 for all x in I and the functions aj .x/, b.x/ are continuous at zero
and bounded on I . Then, for any complex numbers br , there exists a subinterval J
of I containing zero such that (2.25) has a unique solution.

Proof. Dividing by a0.x/, we get the equation

Dn
qy.x/ D A1.x/D

n�1
q y.x/C � � � C An.x/y.x/C B.x/; (2.26)

where Aj .x/ D �aj .x/=a0.x/, 1 6 j 6 n, and B.x/ D b.x/=a0.x/. Equation
(2.26) is of the form (2.24) with

f .x; y; � � � ; Dn�1
q y/ D A1.x/D

n�1
q y.x/CA2.x/D

n�2
q y.x/C � � � C An.x/y.x/C B.x/:

Since Aj .x/ and B.x/ are continuous at zero and bounded on I , the function
f .x; y; � � � ;Dn�1

q y/ satisfies the conditions of Theorem 2.3. Hence, there exists
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a subinterval J of I containing zero such that (2.26) has a unique solution valid
in J . ut
Remark 2.3.2. In a more restrictive manner, Carmichael [71] had defined the
normal first order system to be a system of the form

fi .qx/ � q�i �i .x/fi .x/ D
nX

jD1
 ij .x/fj .x/; jxj 6 r .i D 1; : : : ; n/ (2.27)

where the�i ’s are arbitrary constants, the functions ij and �i are analytic functions
for jxj 6 r and the expansion of  ij begins with a term in xsC1. Moreover, the
equation

fi .qx/ � q�i �i .x/fi .x/ D 0 .i D 1; : : : ; n/

has a solution in the form fi .x/ D x�i
�
1C c1;i x C � � � C cs;i x

s
�
. Similarly, normal

systems in a neighborhood of 1 were defined. These normal systems are more
restrictive than those defined above. He considered linear systems of the form

Gi.qx/ D q˛x˛
nX

jD1
Aij .x/Gj .x/ .i D 1; � � � ; n/; (2.28)

where ˛ is arbitrary and jqj ¤ 1, Aij .x/ are single valued functions for which

Aij .x/ D

8
<̂

:̂

Aij C A
.1/
ij x

1 C A
.2/
ij x

2 C � � � ; jxj 6 r;

Aij C A
.1/
ij x

�1 C A
.2/
ij x

�2 C � � � ; jxj > R:

The constants Aij are such that the characteristic roots fAi gniD1 of the characteristic
equation jAij � �I j D 0 are different from zero and are of simple character, i.e.,
q�Ai �Aj ¤ 0 for i ¤ j and � 2 Z. Then, he proved under several transformations
that the system (2.28) can be transformed into a normal system. To prove existence

he defined the successive approximations
n
f
.m/
i

on

iD1 of (2.28) throughout

f
.1/
i .qx/ � q�i �i .x/f

.1/
i .x/ D 0

f
.m/
i .qx/ � q�i �i .x/f .m/

i .x/ D
nX

jD1
 ij .x/f

.m�1/
j .x/ .m 2 N/:

(2.29)

The most general solution of first equation on the preceding system is

f
.1/
i .x/ D Ui.x/ D Ci.x/ui .x/ D Ci.x/x

�i
�
1C c

.1/
i x C � � � C c

.s/
i x

s
�
; (2.30)
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where Ci is a q-periodic function. Then, it is shown that by solving system (2.29),
the functions

˚
f m
i

�1
mD1 are

f
.1/
i .x/ D Ui.x/;

f
.mC1/
i .x/ D Ui.x/C Sxi

0

@
nX

jD1
 ij .x/f

.m�1/
j .x/

1

A .m > 2/
(2.31)

where

Sxi .�.x// D �Ui.x/
1X

�D0

�.xq�/

U.xq�C1/
:

In fact these sequences of successive approximations coincide with those defined in
Sect. 2.2. To see this, in (2.27), set fi D Uigi , where Ui WD Ciui , Ci is a q-periodic
function and ui is a solution of the equation

fi .qx/ � q�i �i .x/fi .x/ D 0:

Then (2.27) is equivalent to the normal system

Dqgi .x/ D � 1

x.1 � q/

nX

jD1

Uj .x/

Ui .qx/
 ij .x/gj .x/ .1 6 i 6 n/: (2.32)

Applying the successive approximation method described in Sect. 2.2, we find that
the successive approximation of (2.32) are nothing but

g
.m/
i .x/ D

8
ˆ̂
<̂

ˆ̂
:̂

Ci ; m D 1;

Ci �
Z x

0

1

t.1 � q/

nX

jD1

Uj .t/

Ui .qt/
 ij .t/g

.m�1/
j .t/ dqt; m > 1;

(2.33)

i D 1; � � � ; n. One can easily verify that the successive functions f .m/
i WD Uig

.m/
i

are exactly (2.31). We would like to mention that in [71] the problem of uniqueness
has not been considered and moreover no concrete conditions are given to guarantee
the existence.

Remark 2.3.3. We can use the power series method to find solutions of some linear
q-difference equation. For example, if we assume that f .x/ D P1

nD0 anxn is the
solution of the q-initial value problem

Dqy.x/ D y.x/; y.0/ D 1; (2.34)
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then an is the solution of the difference equation

an D 1 � qnC1

1 � q anC1; a0 D 1:

That is

an D .1 � q/n
.qI q/n ; f .x/ D eq.x.1 � q//;

and by Theorem 2.2, the solution f .x/ is valid in jxj < .1�q/�1. Another example
is the q-initial value problem

Dqy.x/ D y.qx/; y.0/ D 1; (2.35)

the coefficients bn of the solution g.x/ WD P1
nD0 bnxn satisfies the difference

equation

bnC1 D qn
.1 � q/

.1� qnC1/
bn; a0 D 1:

Therefore,

bn WD q
n.n�1/
2 .1 � q/n

.qI q/n ; g.x/ D Eq.x.1 � q//;

and by Remark 2.3.1, the solution of (2.35) holds throughout C. The q-initial value
problems (2.34) and (2.35) are q-analogues of the initial value problem

y0.x/ D y.x/; y.0/ D 1:

2.4 The Problem in a Neighborhood of Infinity

As we indicated in the introduction of this chapter, if the initial conditions are given
at a point a > 0, the uniqueness of solutions of the q-initial value problem is not
guaranteed. In this section we will study the problem of existence and uniqueness
of initial-value problems with initial conditions at points differ from zero. In this
case instead of an initial point c, we will have an initial interval and instead of the
constants bi ’s we will have initial q-periodic functions. Let us first define the Cauchy
problem in this case. There will be two types of problems, the forward problem and
the backward one depending on the q-difference equations.

Definition 2.4.1. By a forward value problem at a > 0, we mean the problem of
finding a solution of (2.7) in an interval of the form Œa;1/, such that the initial
conditions yi .x/ D gi .x/, x 2 Œqa; a/ are satisfied. The arbitrary functions gi
are called initial functions and the interval Œqa; a/ is called the initial interval.



54 2 q-Difference Equations

By a backward value problem at b > 0, we mean the problem of finding a
solution of (2.8) in an interval of the form .0; b�, such that the backward conditions
yi .x/ D gi .x/, x 2�b; bq�1� are satisfied. The arbitrary functions gi are called
backward functions and the interval �b; bq�1� is called the backward interval.

Theorem 2.5. Let the functions fi .x; y0; y1; � � � ; yp/ be defined for x 2 Œqa;1/,
yj 2 C, where 0 6 j; i 6 p, and a > 0 . Let fgi .t/gpiD0 be a set of q-periodic
functions such that:

(i) jfi .x; g0.x/; � � � ; gp.x//j is bounded function on Œqa;1/,
(ii) There is a positive constant A such that

jfi .x; Qy0; � � � ; Qyp/ � fi .x; y0; � � � ; yp/j 6 A
�j Qy0 � y0j C � � � C j Qyp � ypj� ;

(2.36)
where i D 0; 1; : : : ; p, x 2 Œqa;1/ and yr ; Qyr 2 C.

Then, the forward value problem

Dqyi .x/ D fi .qx; y0.qx/; : : : ; yp.qx// for x 2 Œa;1/; (2.37)

�i .x/ D gi .x/ .x 2 Œqa; a/; 0 6 i 6 p/

has a unique solution f�i gpiD0 valid in Œa;1/.

Proof. From (i), there exists a positive constant C such that

C WD max
06i6p

sup
x>qa

ˇ
ˇfi .x; g0.x/; � � � ; gp.x//

ˇ
ˇ: (2.38)

In this setting the successive approximations associated with problem (2.37), �i;m,
0 6 i 6 p, m 2 N, will be the sequence (2.11). In (2.11) the integral over Œt; tq�k�
is understood to be

Z tq�k

t

h.u/dqu D .1 � q/
kX

jD1
tq�j h.tq�j /:

Thus the q-integral in (2.11) is well defined. Now, let t 2 Œqa; a/ and k 2 N0 be
fixed.

Existence:- The existence of solutions of (2.11) is established in three steps.

(a) By induction on m 2 N, where B D A.p C 1/, one finds

j�i;m.tq�k/� �i;m�1.tq�k/j 6 CBm�1q
m.m�1/

2
tm.1 � q/m
qmk .qI q/m ; (2.39)

for all t 2 Œqa; a/ and k 2 N.
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(b) We show that �i;m.x/ tends to functions �i.x/, x 2 Œqa;1/. From (2.39), the
general term of the series �i;1.tq�k/CP1

lD1 �i;lC1.tq�k/��i;l .tq�k/; satisfies

j�i;lC1.tq�k/� �i;l .tq
�k/j 6 CBl t

lC1.1 � q/lC1

q.lC1/k.qI q/lC1 q
l.lC1/
2 for all l 2 N:

(2.40)
Since, t 2 Œqa; a/, k 2 N0 are arbitrary, then (2.40) and the Weierstrass M-test
imply the uniform convergence of the series on

[k2N0 Œaq�kC1; aq�k/ D Œa;1/:

Themth partial sum of the series is �i;mC1.tq�k/. Then denoting the sum of the
series by �i.tq�k/, we have

lim
m!1�i;m.x/ D �i .x/ uniformly on Œa;1/: (2.41)

(c) We now show that the set f�i gpiD0 is a solution of the initial value problem
(2.37) in Œa;1/. By (2.36),

ˇ
ˇfi
�
x; �0;m.x/; : : : ; �p;m.x/

� � fi
�
x; �0.x/; : : : ; �p.x/

�ˇˇ

6 A
�j�0;m.x/ � �0.x/j C : : :C j�p;m.x/ � �p.x/j

�
:

From (2.41) the right hand side of the last inequality tends to zero as m ! 1
for all x 2 Œqa;1/. Then,

lim
m!1

fi
�
x; �0;m.x/; � � � ; �p;m.x/

� D fi
�
x; �0.x/; : : : ; �p.x/

�
uniformly on Œa;1Œ:

Hence, letting m ! 1 in (2.11), we obtain

�i .tq
�k/ D gi .t/C

Z tq�k

t

fi .qu; �0.qu/; : : : ; �p.qu// dqu (2.42)

for all t in Œqa; a/ and k 2 N0. Putting k D 0 in (2.42), we see that the initial
conditions on (2.37) are satisfied. From (1.16), one can see that the functions
f�i .x/gpiD0 is a solution of the q-initial value problem (2.37) valid in Œa;1/.

Uniqueness:- Suppose that there is a second solution f i .x/gpiD0 valid in a sub-
interval Œa; b� of Œa;1/ such that  i.x/ D gi .x/ for all x in Œqa; a/, 0 6 i 6 p.
Thus,

Dq i .x/ D fi .qx;  0.qx/; : : : ;  p.qx// .i D 0; 1; � � � ; p/
for all x 2 Œa; b�. Consequently,

 i .x/ D  i.qx/C x.1 � q/fi
�
qx; 0.qx/; : : : ;  p.qx/

�
: (2.43)
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In addition,

�i .x/ D �i.qx/C x.1 � q/fi
�
qx; �0.qx/; : : : ; �p.qx/

�
: (2.44)

So, by subtracting (2.43), (2.44), and using the Lipschitz condition (ii), we obtain

j�i .x/� i.x/j 6 j�i.qx/� i.qx/jCAjxj.1�q/
pX

iD0
j�i .qx/� i.qx/j: (2.45)

Let �.x/ WD Pp
iD0 j�i.x/ �  i.x/j, x 2 Œa; b�. Hence, from (2.45), �.x/ satisfies

�.x/ 6 .1C A.1C p/.1 � q/x/�.qx/ for all x 2 Œa; b�: (2.46)

But, for any x in Œa; b�, there exists t 2 Œqa; a/ and k 2 N0 such that x D tq�k .
Hence, substituting in (2.46) yields

�.tq�k/ 6 .1C A.1C p/.1 � q/tq�k/�.tq1�k/;

which leads to

�.tq�k/ 6
kY

jD1

�
1C A.1C p/.1 � q/qk

t

qj

�
�.t/ .t 2 Œqa; a// : (2.47)

But �.t/ D 0 for all t 2 Œqa; a/ implies that �.tq�k/ D 0 for all t 2 Œqa; a/ and
k 2 N0 such that x D tq�k 2 Œa; b�. Thus, �.x/ � 0 on Œa; b� and �i .x/ D  i.x/

for all x 2 Œa; b�, 0 6 i 6 p, as required. ut
Similarly, we can prove the following theorem.

Theorem 2.6. Let the functions fi .x; y0; y1; � � � ; yp/ be defined for x 2 .0; b� and
yj 2 C, where 0 6 j; i 6 p, b > 0. Let fgi gpiD0 be a set of q-periodic functions
such that

(i) fi .x; g0.x/; � � � ; gp.x/// are bounded function on .0; b�.
(ii) There is a positive constant A such that, for 0 6 i 6 p,

jfi .x; Qy0; � � � ; Qyp/ � fi .x; y0; � � � ; yp/j 6 A
�j Qy0 � y0j C � � � C j Qyp � ypj� ;

(2.48)
where x 2 .0; b� and yr ; Qyr 2 C.

Then, there exists 0 < c < b such that the system

Dqyi .x/ D fi .x; y0.x/; � � � ; yp.x//; �i .x/ D gi .x/
�
x 2 .c; cq�1�

�
: (2.49)

has a unique solution f�i gpiD0 valid in .0; c�.
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2.5 Linear q-Difference Equations

Consider the non-homogeneous q-difference equation of order n

a0.x/D
n
qy.x/C a1.x/D

n�1
q y.x/C � � � C an.x/y.x/ D b.x/ .x 2 I / (2.50)

for which ai , 0 6 i 6 n, and b are continuous at zero functions defined on I and
a0.x/ ¤ 0 for all x 2 I . Equation (2.50) together with the initial conditions

Di�1
q y.0/ D bi ; .bi 2 CI i D 1; : : : ; n/ (2.51)

form a q-type Cauchy problem. According to Corollary 2.4, there exists a unique
solution of (2.50)–(2.51) in a subinterval J of I , J D Œ�h; h�, h > 0. In this section,
we shall study the nth order homogeneous linear equation

a0.x/D
n
qy.x/C a1.x/D

n�1
q y.x/C � � � C an.x/y.x/ D 0 .x 2 I /: (2.52)

LetM denote the set of solutions of (2.52) valid in a subset J � I which contains
zero. It it straightforward to prove that M is a linear space over C. In addition to
this, from the existence and uniqueness theorem of solutions of (2.52) subject to the
initial conditions (2.51), if � 2 M and

Di
q�.0/ D 0 .i D 0; 1; : : : ; n � 1/

then �.x/ � 0 on J . Moreover, the functionsDi
q�, 0 6 i 6 n � 1, are continuous

at zero for any � 2 M .

Definition 2.5.1. A set of n solutions of (2.52)–(2.51) is said to be a fundamental
set for (2.52) valid in J or a fundamental set ofM if it is linearly independent in J .

Lemma 2.7. If bij , 1 � i; j � n, are numbers, and, for each j , �j is the unique
solution of (2.52) which satisfies the initial conditions

Di�1
q �j .0/ D bij ; .i; j D 1; : : : ; n/ ;

then
˚
�j
�n
jD1 is a fundamental set of (2.52) if and only if det.bij / 6D 0:

Proof. The proof is similar to the one of differential equation and is omitted.
See [88]. ut
Corollary 2.8. The linear spaceM is of dimension n.

Let M denote the set of solutions of (2.52) valid in a subset J � I , 0 2 J . A set
of n solutions of (2.52) is said to be a fundamental set for (2.52) valid in J or a
fundamental set of M if it is linearly independent in J . Moreover, as in differential
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equations, if bij , 1 � i; j � n, are numbers, and, for each j , �j is the unique
solution of (2.52) which satisfies the initial conditions

Di�1
q �j .0/ D bij .i D 1; 2; : : : ; n/

then
˚
�j
�n
jD1 is a fundamental set of (2.52) if and only if det.bij / 6D 0. HenceM is

a linear space of dimension n.

2.6 A Fundamental Set of Solution

In this section, we are concerned with constructing a fundamental set for (2.52)
when it has constant coefficients, ar , 0 6 r 6 n. Set

L WD a0D
n
q C a1D

n�1
q C : : :C an:

Then, (2.52) can be written as

Ly.x/ D a0D
n
qy.x/C a1D

n�1
q y.x/C � � � C any.x/ D 0: (2.53)

The characteristic polynomial P.�/ of (2.53) is defined by

P.�/ D a0�
n C a1�

n�1 C � � � C an .� 2 C/: (2.54)

Let �i , 1 6 i 6 k, denote the distinct roots of P.�/ andmi denotes the multiplicity
of �i , so that

Pk
iD1 mi D n. Corresponding to each �i we define anmi -dimensional

subspaceMi by
Mi D ˚

v 2 M W �Dq � �i
�mi v D 0

�
: (2.55)

The construction of a fundamental set of (2.53) depends on the fact that, cf. [275],

M D M1 ˚ � � � ˚Mk: (2.56)

Lemma 2.9. Let .X;K/ be a vector space, and let T be a linear operator on X. For
any � 2 K, if there exist y0; y1; : : : ; ym�1 in X such that

Ty0 D �y0; y0 ¤ 0

Tyi D �yi C yi�1 .1 6 i 6 m � 1/; (2.57)

then y1; : : : ; ym�1 are linearly independent.

Proof. The proof follows by finite induction on i , 0 6 i 6 m � 1. ut
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Lemma 2.10. If �i ¤ 0, then the initial value problem

Dq�0;i D �i�0;i ; �0;i .0/ D 1;

Dq�r;i D �i�r;i C �r�1;i ; �r;i .0/ D 0 .r D 1; : : : ; mi � 1/
(2.58)

has the solution

�r;i .x/ D

8
ˆ̂̂
<

ˆ̂
:̂

eq .�ix.1 � q// WD P1
kD0

.�i x.1�q//k
.qIq/k ; r D 0;

1

�ri

P1
kDr

k.k�1/:::.k�rC1/
rŠ

.�ix.1 � q//k
.qI q/k ; r D 1; 2; : : : ; mi � 1;

(2.59)
which is valid for jxj < 1

�i .1�q/ . If �i D 0 then

�r;i .x/ D xr .1 � q/r
.qI q/r .r D 0; 1; : : : ; mi � 1/: (2.60)

Proof. The proof follows by direct computations. ut
It is worth noting that

.Dq � �i /mi �r;i D 0 .r D 0; 1; : : : ; mi � 1/ :

Thus,
�r;i 2 Mi .r D 0; 1; : : : ; mi � 1/ :

Therefore, these functions form a basis for Mi since they are linearly independent
by Lemma 2.9. This fact and (2.56) imply the following theorem.

Theorem 2.11. The set f�i;rgmi�1rD0 of (2.59) when �i ¤ 0 or of (2.60) when �i D 0

is a linearly independent set of solutions of (2.53). Moreover,

k[

iD1
f�i;rgmi�1rD0

is a fundamental set of solutions of (2.53).

Example 2.6.1. The q-difference equation

D3
qy.x/ � 4D2

qy.x/C 5Dqy.x/ � 2y.x/ D 0; (2.61)

has the functions eq.2x.1 � q//; eq.x.1 � q// and
P1

kD1 k
.x.1 � q//k

.qI q/k as a

fundamental set of solutions.
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2.7 A q-Type Wronskian

In the following we give a q-analogue of the Wronskian for nth order q-difference
equations. A study for a second order Wronskian is established by Swarttouw and
Meijer in [281]. The results of the present section are also included in [10, 203].

Definition 2.7.1. Let yi , 1 � i � n, be functions defined on a q-geometric set A.
The q-Wronskian of the functions yi which will be denoted by Wq.y1; : : : ; yn/.x/

is defined by

Wq.y1; : : : ; yn/.x/ WD

ˇ
ˇ̌
ˇ
ˇ
ˇ
ˇ̌
ˇ

y1.x/ : : : yn.x/

Dqy1.x/ : : : Dqyn.x/
:::

: : :
:::

Dn�1
q y1.x/ : : : D

n�1
q yn.x/

ˇ
ˇ̌
ˇ
ˇ
ˇ
ˇ̌
ˇ

; (2.62)

provided that the q-derivatives exist in I . For convenience of the reader and
when there is no ambiguity about the fundamental set, we write Wq.x/ instead of
Wq.y1; : : : ; yn/.x/.

Lemma 2.12. Let y1; : : : ; yn be functions defined on a q-geometric set A. Then for
any x 2 A, x ¤ 0,

DqWq.y1; y2; : : : ; yn/.x/ D

ˇ
ˇ
ˇ
ˇ
ˇ̌
ˇ
ˇ
ˇ
ˇ̌
ˇ
ˇ
ˇ

y1.qx/ y2.qx/ : : : yn.qx/

.Dqy1/.qx/ .Dqy2/.qx/ : : : .Dqyn/.qx/
:::

:::
: : :

:::

.Dn�2
q y1/.qx/ .D

n�2
q y2/.qx/ : : : .D

n�2
q yn/.qx/

Dn
qy1.x/ Dn

qy2.x/ : : : Dn
qyn.x/

ˇ
ˇ
ˇ
ˇ
ˇ̌
ˇ
ˇ
ˇ
ˇ̌
ˇ
ˇ
ˇ

:

(2.63)

Proof. We prove the lemma by induction on n. The lemma is trivial when n D 1.
Assume that (2.63) holds at k 2 N, then expanding Wq.y1; y2; : : : ; ykC1/ in terms
of the first row we obtain

Wq.y1; y2; : : : ; ykC1/.x/ D
kC1X

jD1
.�1/jC1yj .x/W .j /

q .x/;

where

W .j /
q WD

8
<

:

Wq

�
Dqy2; : : : ;DqykC1

�
; j D 1I

Wq

�
Dqy1; : : : ;Dqyj�1;DqyjC1; : : : ;DqykC1

�
; 1 6 j 6 k C 1I

Wq

�
Dqy1; : : : ;Dqyk

�
; j D k C 1:
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Consequently,

DqWq

�
y1; y2; : : : ; ykC1

�
.x/ D

kC1X

jD1
.�1/jC1Dqyj .x/W

.j /
q .x/

C
kC1X

jD1
.�1/jC1yj .qx/DqW

.j /
q .x/:

Now

kC1X

jD1
.�1/jC1Dqyj .x/W

.j /
q .x/ D

ˇ̌
ˇ
ˇ
ˇ
ˇ
ˇ̌
ˇ
ˇ
ˇ
ˇ̌
ˇ
ˇ
ˇ
ˇ̌
ˇ

Dqy1.x/ : : : DqykC1.x/

Dqy1.x/ : : : DqykC1.x/

D2
qy1.x/ : : : D2

qykC1.x/
:::

: : :
:::

Dk�1
q y1.x/ : : : D

k�1
q ykC1.x/

Dk
q y1.x/ : : : Dk

q ykC1.x/

ˇ̌
ˇ
ˇ
ˇ
ˇ
ˇ̌
ˇ
ˇ
ˇ
ˇ̌
ˇ
ˇ
ˇ
ˇ̌
ˇ

D 0;

and from the induction hypothesis,

kC1X

jD1
.�1/jC1yj .qx/DqW

.j /
q .x/ D

kC1X

jD1
.�1/jC1yj .qx/�

ˇ
ˇ
ˇ
ˇ
ˇ̌
ˇ
ˇ
ˇ
ˇ
ˇ̌
ˇ
ˇ
ˇ
ˇ̌
ˇ

.Dqy1/.qx/ : : : .Dqyj�1/.qx/ .DqyjC1/.qx/ : : : .DqykC1/.qx/

.D2
qy1/.qx/ : : : .D2

qyj�1/.qx/ .D2
qyjC1/.qx/ : : : .D2

qykC1/.qx/

:::
: : :

:::
:::

: : :
:::

.Dk�1
q y1/.qx/ : : : .D

k�1
q yj�1/.qx/ Dk�1

q yjC1.qx/ : : : Dk�1
q ykC1.x/.qx/

dkC1
q y1.x/ : : : DkC1

q yj�1.x/ DkC1
q yjC1.x/ : : : DkC1

q ykC1.x/

ˇ
ˇ
ˇ
ˇ
ˇ̌
ˇ
ˇ
ˇ
ˇ
ˇ̌
ˇ
ˇ
ˇ
ˇ̌
ˇ

;

(2.64)

where when i D 1 the determinant of (2.64) starts with Dqy2.qx/ and when j D
k C 1, the determinant ends with DkC1

q yk.x/. Thus,



62 2 q-Difference Equations

kC1X

jD1

.�1/jC1yj .qx/DqW
.j/
q .x/ D

ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ

y1.qx/ : : : ykC1.qx/

.Dqy1/.qx/ : : : .DqykC1/.qx/

.D2
qy1/.qx/ : : : .D2

qykC1/.qx/

:
:
:

: : :
:
:
:

.Dk�1
q y1/.qx/ : : : .D

k�1
q ykC1/.qx/

DkC1
q y1.x/ : : : DkC1

q ykC1.x/

ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ

;

proving (2.63) for n D k C 1 and hence all k 2 N. ut
Theorem 2.13. If y1; y2; : : : ; yn are solutions of (2.52) in J � I , then their
q-Wronskian satisfies the first order q-difference equation

DqWq.x/ D �R.x/Wq.x/; x 2 J nf0g I R.x/ D
n�1X

kD0
.x � qx/k

akC1.x/
a0.x/

: (2.65)

Proof. From the definition of the operator Dq; we have

.Dm
q y/.qx/ D Dm

q y.x/ � x.1 � q/DmC1
q y.x/ .m 2 N0/ :

Substituting in (2.63) yields

DqWq

�
y1; : : : ; yn

�
.x/ D

ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ

y1.x/� x.1� q/Dqy1.x/ : : : yn.x/� x.1� q/Dqyn.x/

Dqy1.x/� x.1� q/D2
qy1.x/ : : : Dqyn.x/� x.1� q/D2

qyn.x/

: : :
: : : : : :

Dn�2
q y1.x/� x.1� q/Dn�1

q y1.x/ : : : D
n�2
q yn.x/� x.1� q/Dn�1

q yn.x/

Dn
qy1.x/ : : : Dn

qyn.x/

ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ

:

We shall prove by induction on n that

DqWq

�
y1; : : : ; yn

�
.x/ D

nX

kD1

.�1/k�1.x � qx/k�1

ˇ̌
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ

y1.x/ : : : yn.x/

Dqy1.x/ : : : Dqyn.x/
:
:
:

: : :
:
:
:

Dn�k�1
q y1.x/ : : : D

n�k�1
q yn.x/

Dn�kC1
q y1.x/ : : : D

n�kC1
q yn.x/

:
:
:

: : :
:
:
:

Dn
qy1.x/ : : : Dn

qyn.x/

ˇ̌
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ

:
(2.66)
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If (2.66) holds at n D m, then

DqWq.y1; y2; : : : ; ymC1/.x/ D
mC1X

jD1
.�1/jC1�yj .x/ � x.1 � q/Dqyj .x/

�
A1j ;

where

A1j D DqWq

�
Dqy1; : : : ;Dqyj�1;DqyjC1; : : : ;DqymC1

�
.j D 1; 2; : : : ; m/:

Hence, from the previous hypothesis we obtain

DqWq.y1; y2; : : : ; ymC1/.x/ D
mC1X

jD1
.�1/jC1�yj .x/ � x.1 � q/Dqyj .x/

� mX

kD1
.�1/k�1�x.1 � q/

�k�1
Bjk

D
mX

kD1
.�1/k�1�x.1 � q/�k�1 mC1X

jD1
.�1/jC1yj .x/Bjk

C
mX

kD1
.�1/k�x.1 � q/

�k
mC1X

jD1
.�1/jC1Dqyj .x/Bjk;

(2.67)

Bjk WD

ˇ̌
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ̌
ˇ
ˇ̌
ˇ

Dqy1.x/ : : : Dqyj�1.x/ Dqyj .x/ : : : DqymC1.x/

D2
qy1.x/ : : : D2

qyj�1.x/.x/ D2
qyj .x/ : : : D2

qymC1.x/

:
:
:

: : :
:
:
:

:
:
:

: : :
:
:
:

Dm�k
q y1.x/ : : : Dm�k

q yj�1.x/ Dm�k
q yj .x/ : : : Dm�k

q ymC1.x/

Dm�kC2
q y1.x/ : : : D

m�kC2
q yj�1.x/ D

mCkC1
q yjC1.x/ : : : D

mCkC1
q ymC1.x/

:
:
:

: : :
:
:
:

:
:
:

: : :
:
:
:

DmC1
q y1.x/ : : : DmC1

q yj�1.x/ DmC1
q yjC1.x/ : : : DmC1

q ymC1.x/

ˇ̌
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ̌
ˇ
ˇ̌
ˇ

;

k D 1; 2; : : : ; m, where when j D 1 the determinant B1k start with Dqy2.x/

and when j D m C 1, the determinant B.mC1/k ends with DmC1
q ym.x/. From the

properties of the determinants we conclude that
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mC1X

jD1
.�1/jC1yj .x/Bjk D

ˇ
ˇ
ˇ̌
ˇ
ˇ
ˇ
ˇ
ˇ̌
ˇ
ˇ
ˇ
ˇ̌
ˇ
ˇ
ˇ
ˇ

y1.x/ : : : ymC1.x/
Dqy1.x/ : : : DqymC1.x/

:::
: : :

:::

Dm�k
q y1.x/ : : : Dm�k

q ymC1.x/
Dm�kC2
q y1.x/ : : : D

m�kC2
q ymC1.x/

:::
: : :

:::

DmC1
q y1.x/ : : : DmC1

q ymC1.x/

ˇ
ˇ
ˇ̌
ˇ
ˇ
ˇ
ˇ
ˇ̌
ˇ
ˇ
ˇ
ˇ̌
ˇ
ˇ
ˇ
ˇ

; (2.68)

mC1X

jD1
.�1/jC1Dqyj .x/Bjk D 0 .k D 1; 2; : : : ; m � 1/; (2.69)

and

mC1X

jD1
.�1/jC1Dqyj .x/Bjm D

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ̌
ˇ
ˇ

Dqy1.x/ : : : DqymC1.x/
D2
qy1.x/ : : : D2

qymC1.x/
:::

: : :
:::

DmC1
q y1.x/ : : : D

mC1
q ymC1.x/

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ̌
ˇ
ˇ

: (2.70)

Combining (2.68)–(2.70) with (2.7), we obtain (2.66) when n D m C 1. One can
easily see that (2.66) holds at n D 1. Consequently it holds for all n 2 N. From
(2.52), we have

Dn
qyj .x/ D �

iDnX

iD1

ai .x/

a0.x/
Dn�i
q yj .x/ .j D 1; 2; : : : ; n/:

Then (2.66) is nothing but

DqWq.x/ D �

kDn�1X

kD0
.x � qx/k

akC1.x/
a0.x/

�
Wq.x/ D �R.x/Wq.x/:

This completes the proof of the theorem. ut
The following theorems gives a q-type Liouville’s formula, cf. [88], for the

q-Wronskian.

Theorem 2.14. Suppose that x.1 � q/R.x/ 6D �1 for all x 2J . Then the
q-Wronskian of any set of solutions f�igniD1 of (2.52) is given by

Wq.x/ D Wq.�1; : : : ; �n/.x/ D Wq.0/Q1
kD0.1C x.1 � q/qkR.xqk// .x 2 J /:

(2.71)
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Proof. Since Wq.x/ satisfies the q-difference equation (2.65), we obtain

Wq.qx/ D .1C x.1 � q/R.x//Wq.x/ .x 2 J n f0g/ :

Hence, under the assumption 1C x.1 � q/R.x/ 6D 0, we obtain

Wq.x/ D Wq.qx/

1C x.1 � q/R.x/
:

Consequently,

Wq.x/ D Wq.xq
n/

Qn�1
mD0 .1C xqm.1 � q/R.xqm// : (2.72)

Since all functions aj =a0 are continuous at zero, then
P1

kD0 qkjR.xqk/j is con-
vergent. Consequently,

Q1
kD0

�
1C x.1 � q/qkR.xqk/� converges for every x 2 I .

Thus, using the continuity of Wq.x/ at zero, (2.71) follows. ut
Corollary 2.15. Let f�igniD1 be a set of solutions of (2.52) in some subinterval J
of I which contains zero. Then Wq.x/ is either never zero or identically zero in I .
The first case occurs when f�i gniD1 is a fundamental set of (2.52) and the second
when it is not.

Proof. From Lemma 2.7, the functions f�i gniD1 form a fundamental set of (2.52) if
and only if Wq.0/ ¤ 0. Hence, the result is a direct consequence of Theorem 2.14.

ut
Example 2.7.1. We calculate the q-Wronskian of the solutions of the q-difference
equation

�D2
qy.x/C y.x/ D 0 .x 2 R/: (2.73)

The functions sinq x.1 � q/, cosq x.1 � q/, jxj.1 � q/ < 1, are solutions of (2.73)
subject to the initial conditions

y.0/ D 0; Dqy.0/ D 1 and y.0/ D 1; Dqy.0/ D 0;

respectively. Here R.x/ D x.1� q/. So, x.1� q/R.x/ ¤ �1 for all x in R. Hence,

Wq.x/ D Wq.0/Q1
nD0.1C q2nfx.1 � q/g2/ for jxj.1 � q/ < 1:

But

Wq.0/ D �
Cosq2x.1 � q/C Sinq2x.1 � q/

�ˇˇ
xD0 D 1:

Therefore,Wq.x/ � 1=
Q1
nD0.1C q2nfx.1 � q/g2/, jxj.1 � q/ < 1.
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We define a pair of basic trigonometric functions by studying the solutions of the
second order q-difference equation

�1
q
Dq�1Dqy.x/C y.x/ D 0 .x 2 R/ (2.74)

subject to the initial conditions

y.0/ D 1; Dqy.0/ D 0 and y.0/ D 0; Dqy.0/ D 1:

The solutions are the functions cos.xI q/, sin.xI q/, x 2 R, respectively. These
functions are defined for x 2 C by

cos.xI q/ WD
1X

nD0
.�1/n q

n2.x.1 � q//2n
.qI q/2n ;

D .q2I q2/1
.qI q2/1 .xq�1=2.1� q//1=2J�1=2

�
x.1 � q/=pq I q2� ;

(2.75)

and

sin.xI q/ WD
1X

nD0
.�1/n q

n.nC1/.x.1 � q//2nC1

.qI q/2nC1
(2.76)

D .q2I q2/1
.qI q2/1 .x.1 � q//1=2J1=2

�
x.1 � q/I q2� :

q-analogues of the hyperbolic functions sinhx and coshx are defined by

sinh.xI q/ WD �i sin.ixI q/; cosh.xI q/ WD cos.ixI q/ .x 2 C/:

We shall calculate Wq.cos.xI q/; sin.xI q// in the next example.

Example 2.7.2. Equation (2.74) can be written as

D2
qy.x/C qx.1 � q/Dqy.x/ � qy.x/ D 0: (2.77)

Comparing with (2.50), a0.x/ � 1, a1.x/ D qx.1 � q/ and a2.x/ D �q. Thus
R.x/ � 0 on R and Wq.x/ � Wq.0/. But

Wq.0/ D Wq

�
cos.�I q/; sin.�I q/�.0/

D �
cos.xI q/ cos.

p
qxI q/C p

q sin.xI q/ sin.
p
qxI q/�ˇˇ

xD0 D 1:

Then, Wq.x/ � 1 for all x 2 R.
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2.8 Zeros of q-Functions

This section includes some recent results about the zeros of some q-functions and
q-transforms and their asymptotics. In the following, we state some results about the
zeros of q-Bessel functions and their associated q-Hankel transforms. These results
are taken from [9,31–34,66,129,141,174], see also [151]. As mentioned in Sect. 1.5,
the functions J .k/� .z W q/ .k D 2; 3/ have infinitely many zeros. In [141], Ismail
proved that the zeros of J .2/� .zI q/ are real and simple and the zeros of z��J .2/� .zI q/
and z��J .2/�C1.zI q/ interlace. Hayman proved in [129] that, for arbitrary k the positive

zeros fzm;�g1
mD1 of J .2/� .zI q/ have the following asymptotic expansion

zm;� D 2q�mq
��C1
2

(

1C
kX

nD1
bnq

mn CO.q.kC1/m/
)

; (2.78)

for sufficiently largem, where the constants bn, n D 1; 2; : : : ; k depend on q and �.
In particular, we have

zm;� D 2q�mq
��C1
2
�
1CO.qm/

�
as m ! 1: (2.79)

Therefore, the zeros f�m;�g1
mD1 of J .2/� .zI q2/ have the asymptotics

�m;� D 2q�2mq��C1�1CO.q2m/
�

as m ! 1:

The functions Cosq z and Sinq z are related to the second Jackson q-Bessel functions
via the relations

Cosq z D .q2I q2/1
.qI q2/1 z1=2J .2/�1=2.2zI q2/; (2.80)

Sinq z D .q2I q2/1
.qI q2/1 z1=2J .2/1=2.2zI q2/: (2.81)

Therefore, if we denote the positive zeros of Cosq z and Sinq z by
n
x
.2/
m

o1
mD1 and

n
y
.2/
m

o1
mD1, respectively, then

x.2/m D �m;�1=2
2

; y.2/m D �m;1=2

2
.m 2 N/:

Consequently, from (2.79), we have

x.2/m D q�2mC 3
2
�
1CO.q2m/

�
; y.2/m D q�2mC 1

2
�
1CO.q2m/

�
;
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as m ! 1. As for J .3/� .zI q2/, Koelink and Swarttouw proved that its zeros are all
real and simple, cf. [174], and that the zeros of z��J .3/� .zI q/ and z��J .3/�C1.zI q/ also

interlace. Let wm;� .� > �1/ denote the positive zeros of J .3/� .�I q2/ in an increasing
order of m 2 N. In [9], Abreu et al. proved that if q2�C2 < .1 � q2/2, then

wm;�.q/ D q�mC2�m.�/; 0 < �m.�/ <
log

�
1 � q2mC2�

1�q2m
�

2 logq
;

1X

mD0
�m.�/ D log.q2�C2I q2/1

4 logq
:

Moreover, wm;� 	 q�m whenm ! 1 without the restriction

q2�C2 < .1 � q2/2:

Applying[53, Theorem 2], we deduce that the positive zeros fwm;�g of J .3/� .zI q2/
are given by

wm;� D Aq�m.1CO.qm// as m ! 1: (2.82)

Here, the non zero constant A depends on � and q. In [34], the authors proved that
A D 1. Let xm and ym, m 2 N, denote, respectively, the positive zeros of cos.zI q/
and sin.zI q/ in an increasing order of m. Since the functions cos.zI q/ and sin.zI q/
are related to the third Jackson q-Bessel function via the identities

cos.zI q/ WD .zq�1=2.1 � q//1=2.q2I q2/1
.qI q2/1 J�1=2.z.1 � q/=pq I q2/; (2.83)

sin.zI q/ WD .z.1 � q//1=2.q2I q2/1
.qI q2/1 J1=2.z.1 � q/I q2/; (2.84)

then
xm D q1=2.1 � q/�1wm;�1=2; ym D .1 � q/�1wm;1=2: (2.85)

Substituting with A D 1 in (2.82), we obtain

xm D q�mC1=2

1 � q .1CO.qm// ; ym D q�m

1 � q .1CO.qm// ; (2.86)

asm ! 1. In [66], the authors investigated the asymptotic behavior of the zeros of
sin.zI q/.

Now we state some results concerning the zeros of q-Hankel transforms. For
f 2 L1q.0; 1/, we denote by Ak.f / the q-moments of f , i.e.
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Ak.f / WD
Z 1

0

tkf .t/ dqt .k 2 N0/:

We denote by ck.f /, cf , Cf the constants

ck.f / WD A2kC2.f /

A2k.f /.1�q2kC1/.1�q2kC2/
.k 2 N0/;

cf WD infk2N0 ck.f /; Cf WD supk2N0 ck.f /;
(2.87)

and by bk.f /, bf , Bf to

bk.f / WD A2kC3.f /

A2kC1.f /.1�q2kC3/.1�q2kC2/
; k 2 N0;

bf WD infk2N0 bk.f /; Bf WD supk2N0 bk.f /:
(2.88)

The constants cf ; Cf ; bf ; Bf are finite positive numbers, cf. [31].

Theorem 2.16. Let f 2 L1q.0; 1/ be positive on f0; qn; n 2 N0g. If

q�1.1 � q/ cf
Cf

> 1 (2.89)

then the zeros of the entire function of order zero

Uf .z/ WD
Z 1

0

f .t/ cos.tzI q/ dqt .z 2 C/;

are real, simple and infinite. Moreover, Uf .z/ is an even function with no zeros in
the interval

	
0; q�1=2=

�p
Cf .1 � q/

��
, and its positive zeros lie in the intervals

 
q�r

.1 � q/
p
Cf

;
q�r�1

.1 � q/pCf

!

.r 2 N0/;

one zero in each interval.

Theorem 2.17. Let f 2 L1q.0; 1/ be positive on f0; qn; n 2 N0g. If

q�1.1 � q/
bf

Bf
> 1 (2.90)

then the zeros of the entire function of order zero

Vf .z/ WD
Z 1

0

f .t/ sin.tzI q/ dqt .z 2 C/
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are real, simple and infinite. Moreover the odd function Vf .z/ has only one zero

z D 0 in Œ0; q�1p
Bf .1�q/ /, and its positive zeros are located in the intervals

 
q�rC1=2

.1 � q/pBf
;

q�r�1=2

.1 � q/pBf

!

.r 2 N0/ ;

one zero in each interval.

Theorems 2.16, 2.17 give a basic analogue of Theorem 1.3 with the restrictions
(2.89), (2.90) on q, respectively. The following theorems, which are introduced in
[34], give another q-counterpart which is valid for any q 2 .0; 1/, but in this case
the entire functions Uf .z/ and Vf .z/ may have a finite number of complex zeros.

Theorem 2.18. Let f 2 L1q.0; a/, 0 < q < 1: Then the function Uf .z/ has at
most a finite number of non real zeros and it has an infinite number of real zeros
f˙�mg1

mD1, �m > 0, such that �m 	 xm asm ! 1. More precisely,

�m D xm.1CO.qm// as m ! 1:

Theorem 2.19. Let f 2 L1q.0; a/, 0 < q < 1: Then the function Vf .z/ has at
most a finite number of non real zeros and it has an infinite number of real zeros
f˙�mg1

mD1, �m > 0, for all m 2 N such that �m 	 ym asm ! 1. More precisely

�m D ym.1CO.qm// as m ! 1:

There are two similar theorems for the q-cosine and q-sine transforms based on
the basic trigonometric functions Cosq z and Sinq z, cf. [34]. In the following two
theorems, the numberx0 is the unique positive root of the polynomialx3�x2�2x�1
described in Theorem 1.5.

Theorem 2.20. Let f 2 L1q.0; a/ and U .2/

f .z/ be defined for z 2 C by

U
.2/

f .z/ WD
Z 1

0

f .t/ Cosq tz dqt .0 < q < 1/;

thenU .2/

f .z/ has at most a finite number of non real zeros and has an infinite number

of real zeros f˙�mg1
mD1, �m > 0, such that �m 	 x

.2/
m asm ! 1. More precisely,

�m D x.2/m .1CO.q2m// D q�2mC 3
2
�
1CO.q2m/

�
; as m ! 1:

In particular, if q satisfies the condition
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x0 6 q�1 AkAkC1
Ak�1AkC2

8
ˆ̂̂
<

ˆ̂
:̂

1 � qmC1

1 � qm
; k D 2m;

1 � qmC 5
2

1 � qmC 3
2

; k D 2mC 1;

then all the zeros are real and simple.

Theorem 2.21. Let f 2 L1q.0; a/ and V .2/

f .z/ be defined for z 2 C by

V
.2/

f .z/ WD
Z 1

0

f .t/ Sinq tz dqt .0 < q < 1/:

Then V .2/

f .z/ has at most a finite number of non real zeros and it has an infinite

number of real zeros f˙�mg1
mD1, �m > 0, such that �m 	 y

.2/
m as m ! 1. More

precisely

�m D y.2/m .1CO.q2m// D q�2mC 1
2

�
1CO.q2m/

�
as m ! 1:

In particular, if q satisfies the condition

x0 6 q�1 AkAkC1
Ak�1AkC2

8
ˆ̂
ˆ̂
<̂

ˆ̂
ˆ̂
:̂

1 � qmC1

1 � qm
; k D 2m;

1 � qmC 3
2

1 � qmC 1
2

; k D 2mC 1;

then all the zeros are real and simple.



Chapter 3
q-Sturm–Liouville Problems

Abstract In this chapter we introduce the study held by Annaby and Mansour
in (J. Phys. A Math. Gen. 38(17), 3775–3797, 2005) of a self adjoint basic Sturm–
Liouville eigenvalue problem in a Hilbert space. The last two sections of this
chapter are about the q2-Fourier transform introduced by Rubin in (J. Math. Anal.
Appl. 212(2), 571–582, 1997; Proc. Am. Math. Soc. 135(3), 777–785, 2007), when
q lies in a proper subset of .0; 1/ and the generalization of Rubin’s q2-Fourier
transform, introduced in (Mansour, Generalizations of Rubin’s q2-fourier transform
and q-difference operator, submitted, 2012) for any q 2 .0; 1/.

3.1 Introduction

Let Œa; b� � R be a finite closed interval and �.�/ be a continuous real-valued
function defined on Œa; b�. By a Sturm–Liouville problem we mean the problem
of finding a function y.�/ and a number � 2 C satisfying the differential equation

Ly WD �y00 C �.x/y.x/ D �y.x/ .a 6 x 6 b/ (3.1)

together with the boundary conditions

U1.y/ WD a1y.a/C a2y
0.a/ D 0; (3.2)

U2.y/ WD b1y.b/C b2y
0.b/ D 0; (3.3)

where ai and bi , i D 1; 2 are real numbers for which

ja1j C ja2j ¤ 0 ¤ jb1j C jb2j: (3.4)

This problem has been extensively studied. It is known that the differential equation
(3.1) and the boundary conditions (3.2)–(3.3) determine a self adjoint operator
in L2.a; b/. There is a sequence of real numbers f�ng1

nD0 with 1 as the unique

M.H. Annaby and Z.S. Mansour, q-Fractional Calculus and Equations,
Lecture Notes in Mathematics 2056, DOI 10.1007/978-3-642-30898-7 3,
© Springer-Verlag Berlin Heidelberg 2012

73
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limit point such that corresponding to each �n there is one and only one linearly
independent solution of the problem (3.1)–(3.3). The sequence f�ng1

nD0 is called the
sequence of eigenvalues and the sequence of corresponding solutions f�n.�/g1

nD0
is said to be a sequence of eigenfunctions. One of the most important properties
of these eigenfunctions is that, f�n.�/g1

nD0 is an orthogonal basis of L2.a; b/. For
example, let �.x/ � 0 on Œa; b�. If we take a D 0, b D 
 , a1 D 1, a2 D 0, b1 D 1,
and b2 D 0, we get

�n D n2; �n.x/ D sinnx .n 2 N/

leading to the well known fact that fsin nxg1
nD1 is a complete orthogonal set of

L2.0; 
/, while taking a D 0, b D 
 , a1 D 0, a2 D 1, b1 D 0, and b2 D 1, we get

�n D n2; �n.x/ D cosnx .n 2 N0/

which leads to the completeness of fcosnxg1
nD0 in L2.0; 
/. We mention here that

the Fourier orthogonal basis
˚
einx

�1
nD0 of L2.�
; 
/ will not be extracted from this

setting but from a simpler situation, namely the first order problem

�iy0 D �y; y.�
/ D y.
/:

Among several references for the above mentioned facts we mention the mono-
graphs of Coddington and Levinson [78], Eastham [88], Levitan and Sargsjan
[182, 183], Marchenko [208] and finally Titchmarsh [284].

The discrete analogue of the theory outlined above, i.e. when the differential
operator d=dx is replaced by the forward difference operator �y.n/D y.nC 1/ �
y.n/ and the backward operator ry.n/ D y.n/ � y.n � 1/ where n is a positive
integer belonging to a finite set of integers of the form fm;mC1;mC2; � � � ; mCN;
m 2 Ng, is treated in Atkinson’s [45], see also [162].

The aim of this chapter is to study a basic analogue of Sturm–Liouville systems
when the differential operator is replaced by the q-difference operator Dq . In [98,
Chap. 5] and [99], a basic Sturm–Liouville system is defined. It is the system

Dq.r.x/Dqy/C �
l.x/C �w.x/

�
y.qx/ D 0 .a 6 x 6 b/ ; (3.5)

h1y.a/C h2Dqy.a/ D 0; (3.6)

k1y.b/C k2Dqy.b/ D 0; (3.7)

where r.�/, l.�/ and w.�/ are real-valued functions which posses appropriate q-
derivatives, h1, h2, k1, k2 are constants. It is proved [98, pp. 164–170] that all
eigenvalues of this system are real and the eigenfunctions satisfy an orthogonality
relation [98, Eq. (5.1.5)]. The author in [98] considered only computational aspects
to prove certain orthogonality relation of some q-special functions. There is no
attention paid to several points, which may lead to several mistakes. First the
existence of eigenvalues is not proved and it is not indicated how to determine the
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eigenvalues and the eigenfunctions. A basic point here is that if a ¤ 0 ¤ b, then it is
not guaranteed that initial conditions at either a or b determine a unique solution of
(3.5), see [203]. The geometric and algebraic simplicity of the eigenvalues, which
plays a major rule in proving the reality of the eigenvalues and the orthogonality
of the eigenfunctions are not proved or even assumed. Moreover, the space where
the problem is defined is not specified. If an inner product is defined in the view
of [98, Eq. (5.1.5)], there will be no orthogonality if h1, h2, k1 and k2 are not real.
For more information concerning the monograph [98], see the review by Mourad
Ismail in [301]. See also the review of [99] by Wolfgang Hahn in [302]. There are
several physical models involving q-(basic) derivatives, q-integrals, q-functions and
their related problems, see e.g. [76,105,106,119,277,278]. In addition, the problem
of expendability of functions in terms of q-orthogonal functions, which seems to be
first discussed by Carmichael in [72,73] has attracted the wok of several authors, see
e.g. [66,67,142,278,279]. However, as far we know, there is no study of the general
problem as we do in the present setting. At this point, it is worthy to mention that our
work based on the q-difference operator which is attributed to Jackson, see [153],
and a similar study of the Stum–Liouville systems generated by the Askey–Wilson
derivative, cf. [41] is very much needed. The case of half-line singular Sturm–
Liouville problem is investigated in [37], when the spectrum is discrete.

3.2 q-Sturm–Liouville Problem

In this section we investigate the fundamental solutions of the basic Sturm–Liouville
equation

� 1

q
Dq�1Dqy.x/C v.x/y.x/ D �y.x/ .0 6 x 6 a < 1I � 2 C/ (3.8)

where v.�/ is defined on Œ0; a� and continuous at zero. Let C2
q .0/ be the space of

all functions y.�/ such that y.�/, Dqy.�/ are continuous at zero. Clearly, C2
q .0/ is a

subspace of the Hilbert space L2q.0; a/. By a solution of equation (3.8), we mean
a continuous at zero function that satisfies (3.8) such that the function and its q-
derivative have prescribed values at x D 0. It is proved in Sects. 2.5 and 2.8 that
(3.8) has a fundamental set of solutions which consists of two linearly independent
solutions fy1.�/; y2.�/g and fy1; y2g forms a fundamental set of solutions if and only
if their q-Wronskian does not vanish at any point of Œ0; a�. The following theorem
is proved in [30].

Theorem 3.1. For c1; c2 2 C, (3.8) has a unique solution in C2
q .0/ which satisfies

�.0; �/ D c1; Dq�1�.0; �/ D c2 .� 2 C/: (3.9)

Moreover, �.x; �/ is entire in � for all x 2 Œ0; a�.
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Proof. See [30] ut
If we assume that the function v.�/ in (3.8) is continuous on Œ0; a�, then the solution
will be continuous on Œ0; a� as we shall see in the following theorem.

Theorem 3.2. Let 0 � � < 1. If the function v.�/ defined in (3.8) is continuous on
Œ0; a�, then (3.8) has a unique solution in C2

q Œ0; a� which satisfies

�.0; �/ D c1; Dq�1�.0; �/ D c2 .� 2 C/ (3.10)

where c1 and c2 are arbitrary constants. Moreover, �.x; �/ is entire in � for all
x 2 Œ0; a�.
Proof. The functions

'1.x; �/ D cos.sxI q/ and '2.x; �/ D
� sin.sxIq/

s
; � ¤ 0

x; � D 0
;

where s WD p
� is defined with respect to the principal branch, form a fundamental

set of
1

q
Dq�1Dqy.x/C �y.x/ D 0;

with the q-Wronskian Wq

�
'1.�; �/; '2.�; �/

� � 1, see Sect. 2.8. For all x 2 Œ0; a�,
� 2 C, we define the sequence fym.�; �/g1

mD1 of successive approximations by

y1.x; �/ D c1'1.x; �/C c2'2.x; �/; (3.11)

ymC1.x; �/ D c1'1.x; �/C c2'2.x; �/ (3.12)

�q
Z x

0

f'2.x; �/'1.qt; �/� '1.x; �/'2.qt; �/g v.qt/ ym.qt; �/ dqt:

We prove that for each fixed � 2 C the uniform limit of ym.�; �/ as m ! 1 exists
and defines a solution of (3.8) and (3.9). Let � 2 C be fixed. There exist positive
numbersK.�/; eK.�/, and A such that

jy1.x; �/j 6 eK.�/; jv.x/j 6 A; j'i .x; �/j 6
r
K.�/

2
.i D 1; 2I x 2 Œ0; a�/ :

Using mathematical induction, we have

jymC1.x; �/ � ym.x; �/j 6 eK.�/q
m.mC1/

2
.AK.�/x.1 � q//m

.qI q/m .m 2 N/: (3.13)

Consequently by Weierstrass M-test the series

y1.x; �/C
1X

mD1
ymC1.x; �/ � ym.x; �/ (3.14)
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convergence uniformly on [0,a]. Since the mth partial sums of the series is nothing
but ymC1.�; �/, then ymC1.�; �/ approaches a function �.�; �/ uniformly on Œ0; a� as
m ! 1, where �.x; �/ is the sum of the series. Using Theorem 1.11 we can prove
by induction on m that ym.x; �/ andDqym.x; �/ are continuous on Œ0; a�, where

DqymC1.x; �/ D c1Dq'1.x; �/C c2Dq'2.x; �/

�q
Z x

0

˚
Dq�2.x; �/'1.qt; �/ �Dq'1.x; �/'2.qt; �/

�
ym.qt; �/ dqt;

m 2 N. Hence, both �.�; �/ and Dq�.�; �/ are continuous on Œ0; a�. Consequently,
�.�; �/ 2 C2

q .0/. Because of the uniform convergence, letting m ! 1 in (3.12)
we obtain

�.x; �/ D c1'1.x; �/C c2'2.x; �/

�q
Z x

0

f'2.x; �/'1.qt; �/ � '1.x; �/'2.qt; �/g v.qt/ �.qt; �/ dqt:

Clearly, �.�; �/ satisfies (3.8) and (3.9). To prove that problem (3.8), (3.9) has a
unique solution, suppose on the contrary that  i.�; �/, i D 1; 2, are two solutions of
(3.8), (3.9). Let

�.x; �/ D  1.x; �/ �  2.x; �/ for x 2 Œ0; a�:

Then �.�; �/ is a solution of (3.8) subject to the initial conditions

�.0; �/ D Dq�1�.0; �/ D 0:

Applying the q-integration process on (3.8) twice yields

�.x; �/ D �q
Z x

0

.x � qt/�� � v.qt/
�
�.qt; �/ dqt: (3.15)

Since �.x; �/, v.x/ are continuous on Œ0; a�, then there exist positive numbers N�,
M� such that

N� D max
0�x�a j�.x; �/j; M� D max

0�x�a
ˇ
ˇ� � v.x/

ˇ
ˇ: (3.16)

Again we can prove by mathematical induction on k that

j�.x; �/j 6 N�M
k
� q

k2.1 � q/2k x2k

.qI q/2k .k 2 N0I x 2 Œ0; a�/ : (3.17)
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Since

lim
k!1N�M

k
� q

k2.1 � q/2k
x2k

.qI q/2k D 0;

then �.x; �/ D 0, for all x 2 Œ0; a�. This proves the uniqueness. Now, Let M > 0

be arbitrary but fixed. To prove that �.x; �/, x 2 Œ0; a�, is entire in �, it is sufficient
to prove that �.x; �/ is analytic in each disk ˝M ; ˝M WD f� 2 C W j�j 6 M g. We
prove by induction on m that

for all x 2 Œ0; a� ym.x; �/ is analytic on ˝M; (3.18)

for all � 2 ˝M

@

@�
ym.x; �/ is continuous at .0; �/: (3.19)

Clearly, for each fixed x 2 Œ0; a�, the functions '1.x; �/ and '2.x; �/ are entire

functions of �. Moreover,
@

@�
�i .x; �/ is continuous at .0; �/ for each � 2 C. Then,

the statements in (3.18) and (3.19) hold at m D 1. Now assume that (3.18) and
(3.19) hold at m 2 N. Then, for x0 2 Œ0; a�, �0 2 ˝M , we obtain

@

@�
ymC1.x0; �/

ˇ
ˇ
ˇ
�D�0

D @

@�
y1.x0; �/

ˇ
ˇ
ˇ
�D�0

� q @
@�
'2.x0; �/

ˇ
ˇ̌
�D�0

Z x0

0

'1.qt; �/ym.qt; �/ dqt

C q
@

@�
'1.x0; �/

ˇ
ˇ
ˇ
�D�0

Z x0

0

'2.qt; �/ym.qt; �/ dqt

� q'2.x0; �/ @
@�

� Z x0

0

'1.qt; �/ym.qt; �/ dqt
�ˇˇ̌
�D�0

C q'1.x0; �/
@

@�

� Z x0

0

'2.qt; �/ym.qt; �/ dqt
�ˇˇ
ˇ
�D�0

(3.20)

From (3.19) we conclude that

@

@�

�
'i.qt; �/ym.qt; �/

�
.i D 1; 2/

are continuous at .0; �0/. Therefore, there exist constants C; ı > 0 such that

ˇ
ˇ̌
ˇ
ˇ
@

@�

�
'i .x0q

n; �/ym.x0q
n; �/

�
ˇ
ˇ̌
ˇ
ˇ

6 C .n 2 NI j� � �0j 6 ı/:
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Hence

x0.1 � q/qn

ˇ
ˇ
ˇ̌
ˇ
@

@�

�
'i.x0q

nC1; �/ym.x0qnC1 �/
�
ˇ
ˇ
ˇ̌
ˇ

6 x0A.1 � q/qn .n 2 N0/

for all � in the disk j� � �0j 6 ı. i.e. the series corresponding to the q-integrals

Z x0

0

@

@�

�
'i.qt; �/ym.qt; �/

�
dqt .i D 1; 2/ (3.21)

are uniformly convergent in a neighborhood of � D �0. Thus, we can interchange
the differentiation and the q-integration processes in (3.20). Since x0; �0 are
arbitrary, we obtain

@

@�
ymC1.x; �/ D @

@�
y1.x; �/ � q

Z x

0

@

@�

�
'2.x; �/'1.qt; �/ym.qt; �/

�
v.qt/ dqt

Cq
Z x

0

@

@�

�
'1.x; �/'2.qt; �/ym.qt; �/

�
v.qt/ dqt; (3.22)

for all x 2 Œ0; a�, � 2 ˝M . From (3.19) the integrals in (3.22) are continuous at
.0; �/. Consequently @

@�
ymC1.x; �/ is continuous at .0; �/. Let x0 2 Œ0; a� be

arbitrary. Then there exists B.x0/;eB.x0/ > 0 such that

j'i.x0; �/j 6
r
B.x0/

2
; i D 1; 2; y1.x; �/j 6 eB.x0/ .� 2 ˝M/:

Finally the use of the mathematical induction yields

jymC1.x0; �/ � ym.x0; �/j 6 eB.x0/q
m.mC1/

2
.AB.x0/�.1 � q//m

.qI q/m : (3.23)

Consequently the series (3.14), with x D x0, converges uniformly in ˝M to
�.x0; �/. Hence �.x0; �/ is analytic in ˝M , i.e. it is entire. ut

3.2.1 The Self Adjoint Problem

In this subsection we define a basic Sturm–Liouville problem and prove that it is self
adjoint in L2q.0; a/. The following lemma which is needed in the sequel indicates
that unlike the classical differential operator d=dx, Dq is neither self adjoint nor
sqew self adjoint. Equation (3.25) below indicates that the adjoint ofDq is � 1

q
Dq�1 .

Lemma 3.3. Let f .�/, g.�/ in L2q.0; a/ be defined on Œ0; q�1a�. Then, for x 2 .0; a�,
we have
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.Dqg/.xq
�1/ D Dq;xq�1g.xq�1/ D Dq�1g.x/; (3.24)

˝
Dqf; g

˛ D f .a/g.aq�1/ � lim
n!1f .aqn/g.aqn�1/C ˝

f;
�1
q
Dq�1g

˛
; (3.25)

˝ � 1

q
Dq�1f; g

˛ D lim
n!1f .aqn�1/g.aqn/ � f .aq�1/g.a/C ˝

f;Dqg
˛
: (3.26)

Proof. Relation (3.24) follows from

Dq�1g.x/ D g.x/ � g.q�1x/
x.1 � q�1/

D g.xq�1/ � g.x/
xq�1.1 � q/

D .Dqg/.xq
�1/

D Dq;xq�1g.xq�1/:

Using the formula (1.28) of q-integration by parts we obtain

˝
Dqf; g

˛ D
Z a

0

Dqf .x/g.x/ dqx

D f .a/g.a/ � lim
n!1f .aqn/g.aqn/ �

Z a

0

f .qt/Dqg.t/ dqt

D f .a/g.a/ � lim
n!1f .aqn/g.aqn/ �

Z qa

0

f .t/
1

q
Dq�1g.t/ dqt

D f .a/g.a/ � lim
n!1f .aqn/g.aqn/C aq�1.1 � q/f .a/Dq�1g.a/

C
Z a

0

f .t/
�1
q
Dq�1g.t/ dqt

D f .a/g.aq�1/� lim
n!1f .aqn/g.aqn�1/C ˝

f;
�1
q
Dqg

˛
;

proving (3.25). Equation (3.26) can be proved by using (3.25). ut
Now consider the basic Sturm–Liouville problem

`.y/ WD �1
q
Dq�1Dqy.x/C v.x/y.x/ D �y.x/ .0 6 x 6 a < 1; � 2 C/(3.27)

U1.y/ WD a11y.0/C a12Dq�1y.0/ D 0; (3.28)

U2.y/ WD a21y.a/C a22Dq�1y.a/ D 0; (3.29)

where v.�/ is a continuous at zero real valued function and
˚
aij
�
; i; j 2 f1; 2g are

arbitrary real numbers such that the rank of the matrix .aij /16i;j62 is 2.

Theorem 3.4. The basic Sturm- Liouville eigenvalue problem (3.27)–(3.29) is self
adjoint on C2

q .0/\ L2q.0; a/.
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Proof. We first prove that for y.�/, z.�/ in L2q.0; a/, we have the following q-
Lagrange’s identity

Z a

0

�
`y.x/z.x/ � y.x/`z.x/

�
dqx D Œy; z�.a/ � lim

n!1Œy; z�.aq
n/; (3.30)

where

Œy; z�.x/ WD y.x/Dq�1 z.x/ �Dq�1y.x/z.x/: (3.31)

Applying (3.26) with f .x/ D Dqy.x/ and g.x/ D z.x/, we obtain

˝ � 1

q
Dq�1Dqy.x/; z.x/

˛

D �.Dqy/.aq
�1/z.a/C lim

n!1.Dqy/.aq
n�1/z.aqn/C ˝

Dqy;Dqz
˛

D �Dq�1y.a/z.a/C lim
n!1Dq�1y.aqn/z.aqn/C ˝

Dqy;Dqz
˛
: (3.32)

Applying (3.25) with f .x/ D y.x/, g.x/ D Dqz.x/,

˝
Dqy;Dqz

˛ D y.a/Dqz.aq�1/� lim
n!1y.aqn/Dqz.aqn�1/C ˝

y;�1
q
Dq�1Dqz

˛

D y.a/Dq�1 z.a/ � lim
n!1y.aqn/Dq�1z.aqn/C ˝

y;�1
q
Dq�1Dqz

˛
:

Therefore,

˝� 1

q
Dq�1Dqy.x/; z.x/

˛ D Œy; z�.a/� lim
n!1Œy; z�.aq

n/C˝y;�1
q
Dq�1Dqz

˛
: (3.33)

Lagrange’s identity (3.30) results from (3.33) and the reality of v.x/. Letting y.�/,
z.�/ in C2

q .0/ and assuming that they satisfy (3.28)–(3.29), we obtain

a11y.0/C a12Dq�1y.0/ D 0; a11z.0/C a12Dq�1z.0/ D 0: (3.34)

The continuity of y.�/, z.�/ at zero implies that limn!1Œy; z�.aqn/ D Œy; z�.0/. Then
(3.33) will be

h�1
q
Dq�1Dqy.x/; z.x/

˛ D Œy; z�.a/ � Œy; z�.0/C ˝
y;�1

q
Dq�1Dqzi:

Since a11 and a12 are not both zero, it follows from (3.34) that

Œy; z�.0/ D y.0/Dq�1z.0/�Dq�1y.0/z.0/ D 0:
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Similarly,

Œy; z�.a/ D y.a/Dq�1z.a/ �Dq�1y.a/z.a/ D 0:

Since v.x/ is real valued, then

h`.y/; zi D ˝ � 1

q
Dq�1Dqy.x/C v.x/y.x/; z.x/

˛

D ˝ � 1

q
Dq�1Dqy.x/; z.x/

˛ C hv.x/y; z.x/i

D ˝
y;�1

q
Dq�1Dqz.x/

˛C ˝
y; v.x/z.x/

˛ D hy; `.z/i ;

i.e. ` is a self adjoint operator. ut
Definition 3.2.1. A complex number �� is said to be an eigenvalue of problem
(3.27)–(3.29) if there is a non trivial solution ��.�/which satisfies the problem at this
��. In this case we say that ��.�/ is an eigenfunction of the basic Sturm–Liouville
problem corresponding to the eigenvalue ��. The multiplicity of an eigenvalue is
defined to be the number of linearly independent solutions corresponding to it. In
particular an eigenvalue is simple if and only if it has only one linearly independent
solution.

Lemma 3.5. The eigenvalues and the eigenfunctions of the boundary value prob-
lem (3.27)–(3.29) have the following properties:

i. The eigenvalues are real.
ii. Eigenfunctions that belong to different eigenvalues are orthogonal.

iii. All eigenvalues are simple.

Proof. i. Let �0 be an eigenvalue with an eigenfunction y0.�/. Then,

h`.y0/; y0i D hy0; `.y0/i : (3.35)

Since `.y0/ D �0y0, then

�
�0 � N�0

� Z a

0

jy0.x/j2 dqx D 0: (3.36)

Since y0.�/ is non-trivial then �0 D N�0, which proves i.
ii. Let �, � be two (real) distinct eigenvalues with corresponding eigenfunctions
y.�/, z.�/, respectively. Then,

.� � �/

Z a

0

y.x/z.x/ dqx D 0:

Since � ¤ �, then y.�/ and z.�/ are orthogonal, proving ii.
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iii. Let �0 be an eigenvalue with two eigenfunctions y1.�/ and y2.�/. From Corol-
lary 2.15, we can prove that the functions fy1.�/; y2.�/g are linearly dependent
by proving that their q-Wronskian vanishes at x D 0. Indeed,

Wq.y1; y2/.0/ D y1.0/Dqy2.0/� y2.0/Dqy1.0/

D y1.0/D
�1
q y2.0/� y2.0/D

�1
q y1.0/ D Œy1; y2� D 0;

since both y1 and y2 satisfy (3.28). ut
In the following we indicate how to obtain the eigenvalues and the corresponding

eigenfunctions. Let �1.�; �/, �2.�; �/ be the linearly independent solutions of (3.27)
determined by the initial conditions

Dj�1
q �i .0; �/ D ıij .i; j D 1; 2I � 2 C/:

Thus �1.�; �/ is determined by (3.11) by taking c1 D 1, c2 D 0 and �2.�; �/ is
determined by taking c1 D 0, c2 D 1. Then, every solution of (3.27) is of the form

y.x; �/ D A1�1.x; �/C A2�2.x; �/;

where A1 and A2 does not depend on x. A solution y.�; �/ of (3.27) will be an
eigenfunction if it satisfies the boundary conditions (3.28)–(3.29), i.e. if we can find
a non trivial solution of the linear system

A1U1.�1/C A2U1.�2/ D 0;

A1U2.�1/CA2U2.�2/ D 0: (3.37)

Hence, � 2 R is an eigenvalue if and only if

�.�/ D
ˇ
ˇ
ˇ
U1.�1/ U1.�2/

U2.�1/ U2.�2/

ˇ
ˇ
ˇ D 0: (3.38)

The function �.�/ is called the characteristic determinant associated with the
basic Sturm- Liouville problem (3.27)–(3.29). The zeros of �.�/ are exactly the
eigenvalues of the problem. Since �1.x; �/ and �2.x; �/ are entire in � for each
fixed x 2 Œ0; a�, then �.�/ is also entire. Thus, the eigenvalues of the basic Sturm–
Liouville system (3.27)–(3.29) are at most countable with no finite limit points. We
have proved in Lemma 3.5 that all eigenvalues are simple from the geometric point
of view. In the following theorem, we prove that the eigenvalues are also simple
algebraically, i.e. they are simple zeros of �.�/.

Theorem 3.6. The eigenvalues of the q-Sturm–Liouville problem (3.27)–(3.29) are
simple zeros of �.�/.
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Proof. Let 
1.�; �/ and 
2.�; �/ be defined by the relations


1.x; �/ WD U1.�2/�1.x; �/� U1.�1/�2.x; �/;


2.x; �/ WD U2.�2/�1.x; �/ � U2.�1/�2.x; �/: (3.39)

Hence, 
1.�; �/, 
2.�; �/ are solutions of (3.27) such that


1.0; �/ D a12; Dq�1
1.0; �/ D �a11I 
2.a; �/ D a22; Dq�1
2.a; �/ D �a21:
(3.40)

One can verify that

Wq

�

1.�; �/; 
2.�; �/

�
.x/ D �.�/Wq

�
�1.�; �/; �2.�; �/

�
.x/ D �.�/: (3.41)

Let �0 be an eigenvalue of (3.27)–(3.29). Then �0 is a real number and therefore

i .x; �0/ can be taken to be real valued, i D 1; 2. From (3.41), we conclude that

1.x; �0/, 
2.x; �0/ are linearly dependent eigenfunctions. So, there exists a non
zero constant k0 such that


1.x; �0/ D k0
2.x; �0/: (3.42)

From (3.40) and (3.39)


1.a; �0/ D k0a22 D k0
1.a; �/; Dq�1
1.a; �0/ D �k0a21 D k0Dq�1
1.a; �/:

(3.43)

In the q-Lagrange identity (3.30), taking y.x/ D 
1.x; �/, and z.x/ D 
1.x; �0/

imply

�
� � �0

� Z a

0


1.x; �/
1.x; �0/ dqx

D 
1.a; �/Dq�1
1.a; �n/ �Dq�1
1.a; �/
1.a; �n/

D k0

�

1.a; �/Dq�1
2.a; �/ � 
2.a; �/Dq�1
1.a; �/

�

D k0Wq.
1.�; �/; 
2.�; �//.q�1a/ D k0�.�/:

Since �.�/ is entire in �,

�0.�0/ WD lim
�!�0

�.�/

� � �0 D 1

k0

Z a

0


21 .x; �0/ dqx ¤ 0: (3.44)

Therefore �0 is a simple zero of �.�/. ut
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Remark 3.2.1. For suitable functions r.�/ and w.�/, the q-difference equation (3.27)
may be replaced by

�1
q
Dq�1 .r.x/Dqy.x//C v.x/y.x/ D �w.x/y.x/:

We get similar results but the Hilbert space L2q.0; a/ will be replaced by a weighted
one L2q

�
.0; a/I w.�/� with the inner product

hf; giw D
Z a

0

f .x/g.x/w.x/ dqx
�
f; g 2 L2q ..0; a/I w.�//

�
:

Accordingly the boundary conditions will be changed.

3.3 Basic Green’s Function

The q-type Green’s function arises when we seek a solution of the nonhomogeneous
equation

� 1

q
Dq�1Dqy.x/C f��C v.x/g y.x/ D f .x/ .x 2 Œ0; a�I � 2 C/ (3.45)

which satisfies the boundary conditions (3.28)–(3.29), where f .�/ 2 L2q.0; a/ is
given.

Lemma 3.7. If � is not an eigenvalue of the basic Sturm–Liouville problem (3.27)–
(3.29), then the solution of (3.45), if it exists, would be unique.

Proof. Assume that �1.x; �/, �2.x; �/ are two solutions of (3.45). Then �1.x; �/�
�2.x; �/ is a solution of the problem (3.27)–(3.29). So, it is identically zero if � is
not an eigenvalue. ut
Another proof of Lemma 3.7 is included in the proof of the next theorem.

Theorem 3.8. Suppose that � is not an eigenvalue of (3.27)–(3.29). Let �.�; �/
satisfy the q-difference equation (3.45) and the boundary conditions (3.28)–(3.29),
where f .�/ 2 L2q.0; a/. Then

�.x; �/ D
Z a

0

G.x; t; �/f .t/ dqt for x 2 faqmI m 2 N0g ; (3.46)

where G.x; t; �/ is the Green’s function of problem (3.27)–(3.29) defined by

G.x; t; �/ WD �1
�.�/

8
<

:


2.x; �/
1.t; �/ ; 0 6 t 6 x;


1.x; �/
2.t; �/ ; x < t 6 a:

(3.47)
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Conversely the function �.�; �/ defined by (3.46) satisfies (3.45) and (3.28)–(3.29).
Green’s functionG.x; t; �/ is unique in the sense that if there exists another function
eG.x; t; �/ such that (3.46) is satisfied, then

G.x; t; �/ D eG.x; t; �/ for all x; t 2 faqm j m 2 N0g :

If f .�/ is q-regular at zero, then (3.46) holds for all x 2 Œ0; a�.
Proof. Using a q-analogue of the methods of variation of constants, a particular
solution of the non-homogenous equation (3.45) may be given by

�.x; �/ D c1.x/
1.x; �/C c2.x/
2.x; �/;

where c1.x/, c2.x/ are solutions of the first order q-difference equations

Dq;xc1.x/ D � q

�.�/

2.qx; �/f .qx/; Dq;xc2.x/ D q

�.�/

1.qx; �/f .qx/:

(3.48)

If the functionsDq;xci .x/, i D 1; 2, are q-integrable on Œ0; t � then

lim
n!1 tqn
i .tq

nC1; �/f .tqnC1/ D 0 .i D 1; 2/:

Define the q-geometric set Af by

Af WD
n
x 2 Œ0; a� W lim

n!1xqnjf .xqn/j2 D 0
o
: (3.49)

The set Af is a q-geometric set containing faqmI m 2 N0g because f 2 L2q.0; a/.
Hence, Dqci .�/, i D 1; 2, are q-integrable on Œ0; x� for all x 2 Af and appropriate
solutions of (3.48) are given by

c1.x/ D c1.0/C q

�.�/

Z x

0


2.qt; �/f .qt/ dqt .x 2 Af /; (3.50)

c2.x/ D c2.a/C q

�.�/

Z a

x


1.qt; �/f .qt/ dqt .x 2 Af /: (3.51)

That is the general solution of (3.45) is given by

�.x; �/ D c1
1.x; �/C c2
2.x; �/C q

�.�/

1.x; �/

Z x

0


2.qt; �/f .qt/ dqt

C q

�.�/

2.x; �/

Z a

x


1.qt; �/f .qt/ dqt; (3.52)
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where x 2 Af , and c1; c2 are arbitrary constants. Now, we determine c1, c2 for
which �.x; �/ satisfies (3.28)–(3.29). It is easy to see that

�.0; �/ D c1
1.0; �/C
�
c2 C q

�.�/

Z a

0


1.qt; �/f .qt/ dqt
�

2.0; �/;

Dq�1�.0; �/ D lim
n!1

x2Af

�.xqn; �/ � �.0; �/
xqn

D c1Dq�1
1.0; �/C
�
c2 C q

�.�/

Z a

0


1.qt; �/f .qt/ dqt
�
Dq�1
2.0; �/:

The boundary condition a11�.0; �/C a12Dq�1�.0; �/ D 0 implies that

�
c2 C q

�.�/

Z a

0


1.qt; �/f .qt/ dqt
�
Wq.
1; 
2/.0/ D 0:

Therefore,

c2 D �q
�.�/

Z a

0


1.qt; �/f .qt/ dqt:

Hence,

�.x; �/ D c1
1.x; �/C q

�.�/

Z x

0

�

1.x; �/
2.qt; �/�
2.x; �/
1.qt; �/

�
f .qt/ dqt:

(3.53)

Now we compute �.a; �/ and Dq�1�.a; �/. Indeed, from the definition of the q-
integration (1.19) and relation (3.52)

�.a; �/ D c1
1.a; �/C q

�.�/

Z a

0

�

1.a; �/
2.qt; �/ � 
2.a; �/
1.qt; �/

�
f .qt/ dqt

D c1
1.a; �/C q

�.�/

Z q�1a

0

�

1.a; �/
2.qt; �/ � 
2.a; �/
1.qt; �/

�
f .qt/ dqt

and

Dq�1�.a; �/ D Dq�1
1.a; �/
�
c1 C q

�.�/

Z q�1a

0


2.qt; �/f .qt/ dqt
�

� q

�.�/
Dq�1
2.a; �/

Z q�1a

0


1.qt; �/f .qt/ dqt:

The boundary condition a21�2.a; �/C a22Dq�1�2.a; �/ D 0 implies

�
c1 C q

�.�/

Z q�1a

0


2.qt; �/f .qt/ dqt
�
Wq.
1; 
2/.a/ D 0:
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Hence

c1 D �q
�.�/

Z q�1a

0


2.qt; �/f .qt/ dqt:

So for x 2 Af
�.x; �/

D �q
�.�/


2.x; �/

Z x

0


1.qt; �/f .qt/ dqt � q

�.�/

1.x; �/

Z q�1a

x


2.qt; �/f .qt/ dqt

D �1
�.�/


2.x; �/

Z qx

0


1.t; �/f .t/ dqt � 1

�.�/

1.x; �/

Z a

qx

2.t; �/f .t/ dqt

D �1
�.�/


2.x; �/

Z x

0


1.t; �/f .t/ dqt � 1

�.�/

1.x; �/

Z a

x


2.t; �/f .t/ dqt;

proving (3.46)–(3.47). Conversely, by direct computations, if �.x; �/ is given
by (3.46), then it is a solution of (3.45) and satisfies the boundary conditions
(3.28)–(3.29). To prove the uniqueness, suppose that there exists another function,
eG.x; t; �/, such that

 .x; �/ D
Z a

0

eG.x; t; �/ f .t/ dqt (3.54)

is a solution of (3.45) which satisfies (3.28)–(3.29). For convenience, let

G.x; t; �/ D
�
G1.x; t; �/; 0 6 t 6 x;

G2.x; t; �/; x 6 t 6 a:
; eG.x; t; �/ D

8
<

:

eG1.x; t; �/; 0 6 t 6 x;

eG2.x; t; �/; x 6 t 6 a:

By subtraction, we obtain

Z a

0

˚
G.x; t; �/ � eG.x; t; �/

�
f .t/ dqt D 0 for all x 2 faqmI m 2 N0g (3.55)

and for all functions f .t/ 2 L2q.0; a/. Let us take

f .t/ WD G.x; t; �/ � eG.x; t; �/ .x D aqmI m 2 N0/:
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Then
Z a

0

ˇ
ˇG.aqm; t; �/� eG.aqm; t; �/

ˇ
ˇ2 dqt

D
Z aqm

0

ˇ
ˇG1.aqm; t; �/� fG1.aqm; t; �/

ˇ
ˇ2 dqt

C
Z a

aqm

ˇ
ˇG2.aqm; t; �/� fG2.aqm; t; �/

ˇ
ˇ2 dqt

D a.1 � q/
X1

nD0 q
n
ˇ
ˇG.aqm; aqn; �/� eG.aqm; aqn; �/

ˇ
ˇ2 D 0 (3.56)

Therefore, from (3.56) we conclude that

G.aqm; aqn; �/ D eG.aqm; aqn; �/ .m; n 2 N0/;

and proving the uniqueness. If f .�/ is q-regular at zero, then Af � Œ0; a� and (3.46)
will be defined for all x 2 Œ0; a�. ut
Theorem 3.9. Green’s function has the following properties

(i) G.x; t; �/ is continuous at the point .0; 0/.
(ii) G.x; t; �/ D G.t; x; �/.

(iii) For each fixed t 2 .0; qa�, as a function of x, G.x; t; �/ satisfies the q-
difference equation (3.27) in the intervals Œ0; t/, .t; a� and it also satisfies the
boundary conditions (3.28)–(3.29).

(iv) Let �0 be a zero of �.�/. Then �0 can be a simple pole of the function
G.x; t; �/, and in this case

G.x; t; �/ D � 0.x/ 0.t/
� � �0

C eG.x; t; �/;

where eG.x; t; �/ is analytic function of � in a neighborhood of �0 and  0.�/ is
a normalized eigenfunction corresponding to �0.

Proof. (i) Follows from the continuity of 
1.�; �/, 
2.�; �/ at zero for each fixed
� 2 C and (ii) is easy to be checked. Now, we prove (iii). Let t 2 .0; qa� be fixed.
If x 2 Œ0; t �, then

G.x; t; �/ D 1

�.�/

1.x; �/
2.t; �/:

So,

`G.x; t; �/ D 1

�.�/

2.t; �/`
1.x; �/ D �

�.�/

2.t; �/
1.x; �/ D �G.x; t; �/:
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Similarly if x 2 Œt; a�. From (3.40) and (3.47), we have

a11G.0; t; �/C a12Dq�1G.0; t; �/

D 
2.t; �/

�.�/

˚
a11
1.0; �/C a12Dq�1
1.0; �/

� D 0;

a21G.a; t; �/C a22Dq�1G.a; t; �/

D 
1.t; �/

�.�/

˚
a21
1.a; �/C a22Dq�1
1.a; �/

� D 0:

(iv) Let �0 be a pole ofG.x; t; �/, andR.x; t/ be the residue ofG.x; t; �/ at �D�0.
From (3.42) and (3.44), we obtain

R.x; t/ D lim
�!�0

.� � �0/G.x; t; �/ D k�1
0 
1.x; �0/
1.t; �0/ lim

�!�0

� � �0

�.�/

D �
1.x; �0/
1.t; �0/R a
0

j
1.u; �/j2 dqu D � 0.x; �0/ 1.t; �0/:

ut

3.4 Eigenfunctions Expansion Formula

In this section, the existence of a countable sequence of eigenvalues of ` with no
finite limit points will be proved by using the spectral theorem of compact self
adjoint operators in Hilbert spaces, see e.g.[52]. Moreover, it will be proved that
the corresponding eigenfunctions form an orthonormal basis of L2q.0; a/. We define
the operator

L W DL ! L2q.0; a/

by

L y D `y for all y 2 DL ;

where DL is the subspace ofL2q.0; a/ consisting of those complex valued functions
y that satisfy (3.28)–(3.29) such that Dqy.�/ is q-regular at zero and D2

qy.�/ lies
in L2q.0; a/. Thus L is the q-difference operator generated by the q-difference
expression ` and the boundary conditions (3.28)–(3.29). By L .y/ D �y, we
mean that `.y/ D �y and y satisfies (3.28)–(3.29). The operator L has the
same eigenvalues of the basic Sturm–Liouville problem (3.27)–(3.29). We assume
without any loss of generality that � D 0 is not an eigenvalue. Thus ker L D f0g.
From the previous section the solution of the problem

.L y/.x/ D f .x/ .f 2 L2q.0; a// (3.57)
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is given uniquely in L2q.0; a/ by

y.x/ D
Z a

0

G.x; t/f .t/ dqt; (3.58)

where

G.x; t/ D G.x; t; 0/ D
8
<

:

c
1.t/
2.x/; 0 6 t 6 x;

c
1.x/
2.t/ x 6 t 6 a;

; c WD � 1

Wq.
1; 
2/
:

Replacing f .�/ by �y.�/ in (3.57). Then the eigenvalue problem

.L y/.x/ D �y.x/; (3.59)

is equivalent to the following basic Fredholm integral equation of the second kind

y.x/ D �

Z a

0

G.x; t/y.t/ dqt for x 2 faqmI m 2 N0g : (3.60)

Theorem 3.10. Let G be the integral operator

G W L2q.0; a/ ! L2q.0; a/; .G f /.x/ D
Z a

0

G.x; t/f .t/ dqt: (3.61)

Then

.L G /f D f .f 2 L2q.0; a//; (3.62)

and

.G L /.y/ D y .y 2 DL /: (3.63)

Proof. We show first that y D G f 2 DL . From (3.60) and (3.61)

y.x/ D .Gf /.x/ D 
2.x/y1.x/C 
1.x/y2.x/;

where

y1.x/ D c

Z x

0


1.t/f .t/ dqt and y2.x/ D c

Z a

x


2.t/f .t/ dqt:

Thus, for all x 2 Af , cf. (3.49),

Dqy.x/ D Dq
2.x/y1.qx/CDq
1.x/y2.qx/;

D2
qy.x/ D �qv.qx/.y/.qx/ � qf .qx/ 2 L2q.0; a/: (3.64)
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Since Dq
i.x; �/, yi .x/, i D 1; 2, are q-regular at zero, then so is Dqy.�/ and

Dq�1y.0/ D Dqy.0/ D lim
n!1

x2Af

y.xqn/ � y.0/
xqn

D Dq�1
2.0/y2.0/;

y1.0/ D 0, and y2.a/ D 0, then

�
a11y.0/C a12Dq�1y.0/

� D �
a11
1.0/C a12Dq�1
1.0/

�
y2.0/ D 0;

and

a21y.a/C a22Dq�1y.a/ D �
a21
2.a/C a22Dq�1
2.a/

�
y1.a/ D 0:

Thus y 2 DL . It follows from (3.64) that L y D .L G /.f / D f . Hence we have
established (3.62). Now, we prove (3.63). Indeed, replacing f in (3.62) by L y, we
get L y D L G L y. Thus, y D G L y since L is assumed to be injective. ut

It follows from (3.62) and (3.63) that ker G D f0g and � is an eigenfunction of
G with eigenvalue� if and only if � is an eigenfunction of L with eigenvalue 1=�.

Recall that a bounded linear operator T W X ! X , X is a Banach Space, is
called compact if for every bounded set S of vectors on X the set T .S/ is relatively
compact. That is fT s W s 2 Sg is compact. An equivalent definition of compact
operators on Hilbert spaces may be given as follows:

Definition 3.4.1. An operator T on a Hilbert space H

T W H ! H

is said to be compact if it can be written as

T D
NX

kD1
�k < fk; � > gk;

where 1 � N � 1, f1; : : : ; fN and g1; : : : ; gN are (not necessarily complete)
orthonormal sets. Here �1; : : : ; �n are positive numbers.

Theorem 3.11. The operator G is compact and self adjoint.

Proof. Let f; h;2 L2q.0; a/. Since G.x; t/ is a real valued function defined on
Œ0; a� � Œ0; a� and G.x; t/ D G.t; x/, then for f; h 2 L2q.0; a/,

hG .f /; hi D
Z a

0

.G f /.x/h.x/ dqx D
Z a

0

Z a

0

G.x; t/f .t/h.x/ dqt dqx

D
Z a

0

f .t/
� Z a

0

G.t; x/h.x/ dqx
�
dqt D hf;G .h/i ;
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i.e. G is self adjoint. Let

�ij .x; t/ WD �i .x/�j .t/ .i; j 2 N/

be an orthonormal basis of L2q
�
.0; a/ � .0; a/�. Consequently,

G D
1X

i;jD1

˝
G; �ij

˛
�ij :

Let

Gn D
nX

i;jD1

˝
G; �ij

˛
�ij .n 2 N/;

and let Gn be the finite rank integral operator defined on L2q.0; a/ by

Gn.f /.x/ WD
Z a

0

Gn.x; t/f .t/ dqt for x 2 f0; aqmI m 2 N0g :

Obviously Gn is compact for all n 2 N. From Cauchy–Schwarz’ inequality

k.G � Gn/.f /k D
�Z a

0

j.G � Gn/.f /.x/j2 dqx
�1=2

D
�Z a

0

ˇ
ˇ
ˇ
Z a

0

.G �Gn/.x; t/.f /.t/ dqt
ˇ
ˇ
ˇ
2

dqx

�1=2

6
�Z a

0

Z a

0

j.G �Gn/.x; t/j2 dqt dqx
�1=2 �Z a

0

jf .x/j2 dqx
�1=2

D kG �Gnk2 kf k ;

then

kG � Gnk 6 kG �Gnk2 ! 0 as n ! 1:

This completes the proof. ut
Corollary 3.12. (i) The eigenvalues of the operator L form an infinite sequence

f�kg1
kD1 of real numbers which can be ordered so that

j�1j < j�2j < � � � < j�nj < � � � ! 1 as n ! 1:

(ii) The set of all eigenfunctions of L form an orthonormal basis for L2q.0; a/.

Proof. First we prove (i). Since G is a compact self adjoint operator onL2q.0; a/, the
operator G has an infinite sequence of non zero real eigenvalues f�ng1

nD1, �n ! 0
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as n ! 1. Let f�ng1
nD1 denote an orthonormal set of eigenfunctions corresponding

to f�ng1
nD1. From the spectral theorem of compact self adjoint operators, we have,

G .f / D
1X

nD1
�n
˝
f; �n

˛
�n:

Since the eigenvalues f�ng1
nD1 of the operator L are the reciprocal of those of G ,

we obtain

j�nj D 1

j�nj ! 1 as n ! 1:

Now we prove (ii). Let y 2 DL . Then, y D G.f /, for some f 2 L2q.0; a/.
Consequently,

y D
1X

nD0
�n hf; �ni �n D

1X

nD0
�n hly; �ni�n

D
1X

nD0
�n hy; `�ni �n D

1X

nD0
hy; �ni�n:

If zero is an eigenvalue of L . Then, we can choose r 2 R such that r is not an
eigenvalue of L . Now, applying the above result on L � rI in place of L yields
the corollary. ut
Example 3.4.1. Consider the q-Sturm–Liouville boundary value problem

� 1

q
Dq�1Dqy.x/ D �y.x/; (3.65)

with the q-Dirichlet conditions

U1.y/ D y.0/ D 0; U2.y/ D y.1/ D 0: (3.66)

A fundamental set of solutions of (3.65) is

�1.x; �/ D cos.
p
�xI q/; �2.x; �/ D sin.

p
�xI q/p
�

: (3.67)

Now, the eigenvalues of problem (3.65) are the zeros of the determinant

�.�/ D
ˇ
ˇ
ˇ̌U1.�1/ U2.�1/
U1.�2/ U2.�2/

ˇ
ˇ
ˇ̌ D �2.1; �/ D sin.

p
�I q/p
�

:
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Hence, the eigenvalues f�ng1
nD1 are the zeros of sin.

p
�I q/. From (2.86),

�n D y2n D q�2n

.1 � q/2 .1CO.qn// .n 2 N/

for sufficiently large n and the corresponding set of eigenfunctions
n

sin.
p
�nIq/p
�n

o1
nD1

is an orthogonal basis of L2q.0; 1/. In the previous notations


1.x; �/ D sin.
p
�xI q/p
�

;

and


2.x; �/ D sin.
p
�I q/p
�

cos.
p
�xI q/C cos.

p
�I q/ sin.

p
�xI q/p
�

:

So, if � is not an eigenvalue, Green’s function is given by

G.x; t; �/ D sin.
p
�t I q/

sin.
p
�I q/

�
cos.

p
�xI q/ sin.

p
�I q/p
�

� cos.
p
�I q/ sin.

p
�xI q/p
�

�
;

for 0 6 t 6 x, and

G.x; t; �/ D sin.
p
�xI q/

sin.
p
�I q/

�
cos.

p
�t I q/ sin.

p
�I q/p
�

� cos.
p
�I q/ sin.

p
�t I q/p
�

�
;

for x 6 t 6 1. Since � D 0 is not an eigenvalue, then Green’s function G.x; t/ is
nothing but

G.x; t/ D G.x; t; 0/ D
�
t.1 � x/; 0 6 t 6 x;

x.1 � t/; x 6 t 6 1:

Hence the boundary value problem (3.65)–(3.66) is equivalent to the basic Fredholm
integral equation

y.x/ D �

Z 1

0

G.x; t/y.t/ dqt:

Example 3.4.2. Consider (3.65) with the q-Neumann boundary conditions

U1.y/ D Dq�1y.0/ D 0; U2.y/ D Dq�1y.1/ D 0: (3.68)

In this case 
1.x; �/ D cos.
p
�xI q/ and


2.x; �/ D cos.
p
�q�1=2I q/ cos.

p
�xI q/C p

q sin.
p
�q�1=2I q/ sin.

p
�xI q/:
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Since �.�/ D p
q� sin.

p
�q�1=2I q/. Then �0 D 0 and from (2.86) eigenvalue are

given by

�n D q�1y2n D q�2nC1

.1 � q/2 .1CO.qn// .n 2 N/:

Therefore,
˚
1; cos.

p
�nxI q/�1

nD1 is an orthogonal basis of L2q.0; 1/. If � is not an
eigenvalue, then the Green’s functionG.x; t; �/ is defined for x; t 2 Œ0; 1��Œ0; 1� by

G.x; t; �/ D � cos.
p
�t I q/

p
q� sin.

p
�q�1=2I q/

�
cos.

p
�q�1=2I q/ cos.

p
�xI q/

Cp
q sin.

p
�q�1=2I q/ sin.

p
�xI q/

�
for 0 � t � x

and

G.x; t; �/ D � cos.
p
�xI q/

p
q� sin.

p
�q�1=2I q/

�
cos.

p
�q�1=2I q/ cos.

p
�t I q/

Cp
q sin.

p
�q�1=2I q/ sin.

p
�t I q/

�
for x 6 t 6 1:

The operator L associated with problem (3.65), (3.68) is not invertible since zero
is an eigenvalue.

Example 3.4.3. Consider (3.65) with the following boundary conditions

U1.y/ D y.0/ D 0; U2.y/ D y.1/CDq�1y.1/ D 0: (3.69)

Then,

�.�/ D �2.1; �/CDq�1�2.1; �/ D sin.
p
�I q/p
�

C cos.
p
�q�1=2I q/:

The eigenvalues f�ng1
nD1 of this boundary value problem are the solutions of the

equation
sin.

p
�I q/p
�

D � cos.
p
�q�1=2I q/

and the corresponding eigenfunctions are
n

sin.
p
�nIq/p
�n

o1
nD1. The functions 
1.x; �/

and 
2.x; �/ are


1.x; �/ D sin.
p
�xI q/p
�

;


2.x; �/ D �
cos.

p
�q�1=2I q/C sin.

p
�I q/p
�

�
cos.

p
�xI q/

�� �
p
�q sin.

p
�q�1=2I q/C cos.

p
�I q/� sin.

p
�xI q/p
�

:
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If � is not an eigenvalue, then the Green’s function G.x; t; �/ is defined to be

G.x; t; �/ D �1
sin.

p
�I q/C p

� cos.
p
�q�1=2I q/

8
<

:

sin.
p
�t I q/
2.x; �/; 0 6 t 6 x;

sin.
p
�xI q/
2.t; �/; x 6 t 6 1:

and

G.x; t/ D �1
2

�
t.2 � x/; 0 6 t 6 x;

x.2 � t/; x 6 t 6 1:

Therefore, the boundary value problem (3.65), (3.69) is equivalent to the basic
Fredholm integral equation

y.x/ D �

Z 1

0

G.x; t/y.t/ dqt:

3.5 q2-Analogue of the Fourier Transform

Koornwinder and Swarttouw introduced a q-analogue of the cosine and sine Fourier
transform in [176] with the functions Cos.zI q2/ and Sin.zI q2/ defined by

Cos.zI q2/ D
1X

kD0

.�1/kqk.kC1/ .z.1 � q//2k

.qI q/2k
D 1�1

�
0I qI q2; q2z2.1 � q/2� ;

Sin.zI q2/ D
1X

kD0

.�1/kqk.kC1/ .z.1 � q//2kC1

.qI q/2kC1

D z 1�1
�
0I q3I q2; q2z2.1 � q/2� :

(3.70)

They first introduced the pair of q-transforms

g.qn/ D .qI q2/1
.q2I q2/1

1X

kD�1
qk

8
<̂

:̂

Cos. q
kCn

1�q I q2/
or

Sin. q
kCn

1�q I q2/
f .qk/;

f .qk/ D .qI q2/1
.q2I q2/1

1X

nD�1
qn

8
<̂

:̂

Cos. q
kCn

1�q I q2/
or

Sin. q
kCn

1�q I q2/
g.qn/;

(3.71)
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where 0 < q < 1 and f , g are in the space L2.Rq/. Now assume that log.1�q/
1�q 2 2Z

or equivalently

q 2 ˚q 2 .0; 1/ W 1 � q D q2m for some integer m
�
: (3.72)

Then by replacing qk and qn in (3.71) by qk
p
1 � q and qn

p
1 � q, respectively,

and then f .qk
p
1 � q/ and g.qn

p
1 � q/ by f .qk/ and g.qk/, respectively,

Koornwinder and Swarttouw obtained the following q-analogue of the cosine and
sine Fourier transforms

g.�/ D
p
1C q

� 2
q .1=2/

Z 1

0

f .t/

8
<

:

Cos.t�I q2/
or

Sin.t�I q2/
dqt;

f .x/ D
p
1C q

� 2
q .1=2/

Z 1

0

f .t/

8
<

:

Cos.x�I q2/
or

Sin.x�I q2/
dq�:

(3.73)

Therefore if we let q ! 1� for such q’s that satisfy (3.72) we obtain the cosine and
sine Fourier transforms

g.�/ D
r
2




Z 1

0

f .t/ cos.�t/ dt; f .t/ D
r
2




Z 1

0

g.�/ cos.t�/ d�; (3.74)

g.�/ D
r
2




Z 1

0

f .t/ sin.�t/ dt; f .t/ D
r
2




Z 1

0

g.�/ sin.t�/ d�: (3.75)

A key point in Koornwinder and Swarttouw’s investigations is the following
orthogonality relation they proved in [176]:

Theorem 3.13. Let jzj < 1 and n; m are integers. Then

ımn D
1X

kD�1
zkCn .z2I q/1

.qI q/1 1�1
�
0I z2I q; qnCkC1�zkCm .z2I q/1

.qI q/1 1�1
�
0I z2I q; qmCkC1� ;

(3.76)

where the sum converges absolutely and uniformly on compact subsets of the open
unit disc.

There is a relation connects the pairs of the q-cosine and q-sine functions

˚
Cos.xI q2/; Sin.xI q2/� ; fcos.xI q/; sin.xI q/g ;

where we introduced fcos.xI q/; sin.xI q/g in Sect. 2.8 as a fundamental set of
solutions of the basic Sturm–Liouville problem

�1
q
Dq�1Dqy.x/ D y.x/:



3.5 q2-Analogue of the Fourier Transform 99

In fact

Cos.xI q2/ D cos.q1=2xI q/; Sin.xI q2/ D sin.xI q/
Hence,

�1
q
D�1
q Dqy.x/ D

8
<

:

�2y.x/; ify.x/ D Sin.�xI q2/

q�2y.x/; if y.x/ D Cos.�xI q2/:
Therefore, the eigenfunctions

˚
Cos.�zI q2/; Sin.�zI q2/� have two different eigen-

values. Consequently, as remarked by Koornwinder and Swarttouw in [176] and
illustrated in Examples 3.4.1 and 3.4.2, no q-exponential functions built from the
functions

˚
Cos.xI q2/; Sin.xI q2/� or fcos.xI q/; sin.xI q/g will satisfy an eigen-

function problem. This motivated Rubin in [265, 266] to introduce the q-difference
operator

@qf .z/ D f .q�1z/C f .�q�1z/ � f .qz/C f .�qz/ � 2f .�z/

2.1� q/z
.z ¤ 0/: (3.77)

It is straightforward to prove that if a function f is differentiable at a point z, then

lim
q!1�

@qf .z/ D f 0.z/:

In addition,

ıqf .z/ D
(

Dqf .z/; if f is odd;
1
q
Dq�1f .z/; if f is even:

The following properties of the @q operator are from [54, 103, 266]:

Lemma 3.14. Let f be a function defined on a set A where A satisfies

z 2 A ! ˙q˙1z 2 A;

and let fe and fo be the even and the odd parts of f , respectively. Then for all
z 2 A n f0g we have

i. @qf .z/ D 1
q
Dq�1fe.z/CDqfo.z/.

ii. For two functions f and g,

– If f is even and g is odd then

@q .fg/ .z/ D qg.z/.@qf /.qz/C f .qz/@qg.z/;

– If f and g are even then

@q .fg/ .z/ D @qf .z/g.z/C f .z=q/@qg.z/;
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– If f and g are odd then

@q .fg/ .x/ D 1

q

�
f .x/

�
@qg

�
.x=q/C .@qf /.x=q/g.x=q/

�
:

– For a > 0, if
R a

�a @qf .x/ g.x/ dqx exists then

Z a

�a
@qf .x/ g.x/ dqx D 2

	
fe.q

�1a/go.a/C fo.a/ge.q
�1a/




�
Z a

�a
f .x/@qg.x/ dqx;

where go and ge are the odd and the even parts of the function g, respectively.
– For a > 0 if

R1=a

�1=a
@qf .x/ g.x/ dqx exists then

Z 1=a

�1=a

@qf .x/ g.x/ dqx D �
Z 1=a

�1=a

f .x/@qg.x/ dqx:

Rubin [265] defined a q2-analogue of the Fourier transform in the form

Of .xI q2/ WD Fq.f /.x/ D K
R1

�1 f .t/e.�i txI q2/ dqt;
K D .1C q/1=2

2�q2.
1
2
/

and f 2 L1.Rq/; (3.78)

and q satisfies (3.72). Rubin [265, 266] proved that the q2-analogue of the Fourier
transform satisfies the properties in the following theorem which we state without
proof.

Theorem 3.15. Let q satisfy the condition (3.72). Then the following properties of
the q2-Fourier transform are satisfied.

(1) If f .u/ and uf .u/ 2 L1q.Rq/, then

@q
�
Fqf

�
.x/ D Fq.�iuf .u//.x/:

(2) If f and @qf 2 L1q.Rq/, then

Fq.@qf /.x/ D ixFq .f /.x/: (3.79)

(3) If f 2 L1q.Rq/ \L2q.Rq/, then

f .t/ D K

Z 1

�1
Fq.f /.x/e.itxI q2/ dqx; 8t 2 Rq: (3.80)
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3.6 A Reformulation of the q2-Fourier Transform

In this section, we reformulate the definition of the q2-Fourier transform for any
q 2 .0; 1/. The results of this section are based on [207]. Rewrite the transform
pairs in (3.71) as in the following:

g.
qnp
1 � q

/ D .qI q2/1
.q2I q2/1

1X

kD�1
qk

8
<̂

:̂

Cos. q
kCn

1�q I q2/
or

Sin. q
kCn

1�q I q2/
f .

qkp
1 � q

/;

f .
qkp
1 � q

/ D .qI q2/1
.q2I q2/1

1X

nD�1
qn

8
<̂

:̂

Cos. q
kCn

1�q I q2/
or

Sin. q
kCn

1�q I q2/
g.

qnp
1 � q /;

(3.81)

where here we assume that the functions f and g are in the spaceL1.eRq/\L2.eRq/.
Using Matsuo definition of the q-integration on .0;1/, (1.21) with a D p

1 � q,
the transformations in (3.81) can be written as

g.x/ D
p
1C q

�q2.1=2/

Z 1=
p
1�q

0

f .t/Cos.xt I q2/ dqt;

f .t/ D
p
1C q

�q2.1=2/

Z 1=
p
1�q

0

g.x/Cos.xt I q2/ dqx; (3.82)

and

g.x/ D
p
1C q

�q2.1=2/

Z 1=
p
1�q

0

f .t/ Sin.xt I q2/ dqt;

f .t/ D
p
1C q

�q2.1=2/

Z 1=
p
1�q

0

g.x/ Sin.xt I q2/ dqx; (3.83)

where x; t 2 eRq and f; g are in L1.eRq/ \ L2.eRq/. Consequently, we set the
following generalization of Rubin’s definition of the q2-Fourier transform (3.78).

Definition 3.6.1. Let 0 < q < 1. We define the q2-Fourier transform for any
function f 2 L1.eRq/ to be

Of .xI q2/ WD Fq.f /.x/ D
p
1C q

2�q2.1=2/

Z 1=
p
1�q

�1=
p
1�q

f .t/e.�i txI q2/ dqt: (3.84)

It is clear that Rubin’s definition of the q2-Fourier transform when q-satisfies the
condition (3.72) is a special case of (3.6.1) since if 1 � q D q2m for some m 2 Z

then
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Z 1=
p
1�q

0

f .t/ dqt D
Z 1=qm

0

f .t/ dqt D
Z 1

0

f .t/ dqt:

However, we get the classical Fourier transform only when q ! 1� and q satisfies
the condition (3.72).

Now, replace q by q2 in (3.76) and set z D q˛ , ˛ > 0, we obtain

q�˛.nCm/ .q2I q2/21
.q2˛I q2/21

ımn

D
1X

kD�1
q2k˛1�1

�
0I q2˛I q2; q2nC2kC2�

1�1
�
0I q2˛I q2; q2mC2kC2� : (3.85)

Theorem 3.16. If f 2 L1.eRq/ \L2.eRq/, then

f .t/ D
p
1C q

2�q2.1=2/

Z 1=
p
1�q

�1=
p
1�q

F .f /.x/e.i tx.1 � q/I q2/ dqx .t 2 eRq/: (3.86)

Proof. Since

F .f /.x/ D
p
1C q

2�q2.1=2/

Z 1=
p
1�q

�1=
p
1�q

f .t/e.i tx.1 � q/I q2/ dqt

D
p
1C q

4�q2.1=2/

Z 1=
p
1�q

�1=
p
1�q

.fe.t/C fo.t// e.i tx.1 � q/I q2/ dqt;

where fe and fo are the even and the odd parts of the function f , respectively,
we obtain

F .f /.x/ D
p
1C q

2�q2.1=2/

Z 1=
p
1�q

0

fe.t/Cos.tx.1 � q/I q2/ dqt

C
p
1C q

2�q2.1=2/

Z 1=
p
1�q

0

fo.t/ Sin.tx.1 � q/I q2/ dqt:

Hence applying (3.82)–(3.83) we obtain

f .t/ D fe.t/C fo.t/

2

D
p
1C q

�q2 .1=2/

Z 1=
p
1�q

0

�
fe.x/Cos.xt.1 � q/Iq2/C fo.x/Sin.xt.1 � q/I q2/

�
dqx

D
p
1C q

2�q2 .1=2/

Z 1=
p
1�q

�1=
p
1�q

f .x/e.itx.1� q/I q2/ dqx:

ut
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Similar to Theorem 3.15 we have the following theorem which we state without
proof.

Theorem 3.17. If 0 < q < 1, then the following properties of the q2-Fourier
transform are satisfied.

(1) If f .u/ and uf .u/ 2 L1q.eRq/, then

@q
�
Fqf

�
.x/ D Fq.�iuf .u//.x/:

(2) If f and @qf 2 L1q.eRq/, then

Fq.@qf /.x/ D ixFq .f /.x/: (3.87)

Now we prove the following orthogonality relations for any q 2 .0; 1/.
Theorem 3.18. For 0 < q < 1

Z 1=
p
1�q

0

Sin.
qnp
1 � q

zI q2/ Sin.
qmp
1 � q

zI q2/ dqz D
p
1 � q.q2I q2/21
.qI q2/21

q�nın;m;

(3.88)
Z 1=

p
1�q

0

Cos.
qnp
1 � q zI q2/Cos.

qmp
1 � q zI q2/ dqz D

p
1 � q.q2I q2/21
.qI q2/21

q�nın;m;

(3.89)

and

Z 1=
p
1�q

�1=
p
1�q

e.i
qnp
1 � q zI q2/e.�i qmp

1 � q zI q2/ dqz D 4

p
1 � q.q2I q2/21
.qI q2/21

q�nın;m:

(3.90)

Proof. We start with proving (3.88). Since

Z 1=
p
1�q

0

Sin.
qnp
1 � q

zI q2/ Sin.
qmp
1 � q zI q2/ dqz

D
1X

kD�1
qk
p
1 � q Sin.

qnCk

1 � q
I q2/ Sin.

qmCk

1 � q I q2/

D qnCm

.1 � q/3=2

1X

�1
q3k1�1.0I q3; q2I q2C2nC2k/1�1.0I q3; q2I q2C2mC2k/: (3.91)
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In (3.85), set ˛ D 3=2 to obtain

1X

�1
q3k1�1.0I q3I q2; q2C2nC2k/1�1.0I q3; q2I q2C2mC2k/

D q�3.nCm/=2 .q2I q2/21
.q3I q2/21

ın;m: (3.92)

Combining (3.91) and (3.92) yield (3.88). The proof of (3.89) follows similarly
and the proof of (3.90) follows by combining (3.88) and (3.89). ut
Theorem 3.19. For any q 2 .0; 1/, the set

n
e.i

qnp
1�q xI q2/; n 2 Z

o
is a complete

orthogonal sets in L2q.eRq/.

Proof. To prove that
n
e.i

qnp
1�q xI q2/; n 2 Z

o
is complete in L2q.eRq/, it is equiva-

lent to prove that if there exists a function f 2 L2.eRq/ such that

hf; e.i qnp
1 � q xI q2/i D 0 for all n 2 Z; (3.93)

then

f

�
iqn

1 � q

�
D 0 for all n 2 Z:

From (3.93) we deduce

Z 1=
p
1�q

0

fe.t/Cos

�
qnp
1 � q t I q

2

�
dqt D 0 for all n 2 Z;

Z 1=
p
1�q

0

fo.t/ Sin

�
qnp
1 � q

t I q2
�
dqt D 0 for all n 2 Z;

where fe and fo are the even and the odd parts of the function f . Then from (3.82)–
(3.83), we obtain

fe.t/ D fo.t/ D f .t/ D 0 for all t 2 eRq:

Hence,
n
e.i

qnp
1�q xI q2/; n 2 Z

o
is a completer orthogonal set in L2.eRq/. ut

In the following we generalize the definitions of q2-Fourier Multiplier and the
q2-Fourier convolution introduced by Rubin in [266] with the restriction (3.72) to
any q 2 .0; 1/. Rubin defined the q2-Fourier multiplier operator corresponding to
translation by y to be

.Tyf /.x/ D
p
1C q

2�q2.1=2/

Z 1

�1
e.�i tyI q2/.Fqf /.t/e.i txI q2/ dqt;
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whenever the q-integral makes sense and whenever q satisfies the condition (3.72).
If f 2 L2.Rq/ and g 2 L1.Rq/, Rubin defined the multiplier corresponding to

q2-Fourier convolution of f with g to be

.f � g/ .z/ D
Z 1

�1
ŒT�f � .z/g.�/ dq�;

and he finally proved the following convolution formula

f; g 2 �L1 \L2� .Rq/ �! Fq.f � g/.x/ D Fq.f /.x/Fq.g/.x/: (3.94)

Now we have the following generalizations:

Definition 3.6.2. Let q 2 .0; 1/. We define the q2-Fourier multiplier operator
corresponding to translation by y to be

.Tyf /.x/ D
p
1C q

2�q2.1=2/

Z 1=
p
1�q

�1=
p
1�q

e.�i tyI q2/.Fqf /.t/e.i txI q2/ dqt;

whenever the q-integral makes sense. If f 2 L2.eRq/ and g 2 L1.eRq/, we define
the multiplier corresponding to Fourier convolution of f with g to be

.f � g/ .z/ D
Z 1=

p
1�q

�1=
p
1�q

ŒT�f � .z/g.�/ dq�:

Theorem 3.20. Let f and g be two functions in
�
L1 \L2� .eRq/. Then

Fq.f � g/.x/ D Fq.f /.x/Fq.g/.x/
�
x 2 eRq

�
: (3.95)

Proof. The proof of (3.95) is completely similar to the proof of (3.94) in [266,
Theorem 8] and is omitted. ut



Chapter 4
Riemann–Liouville q-Fractional Calculi

Abstract In this chapter we investigate q-analogues of the classical fractional
calculi. We study the q-Riemann–Liouville fractional integral operator introduced
by Al-Salam (Proc. Am. Math. Soc. 17, 616–621, 1966; Proc. Edinb. Math. Soc.
2(15), 135–140, 1966/1967) and by Agarwal (Proc. Camb. Phil. Soc. 66, 365–
370, 1969). We give rigorous proofs of existence of the fractional q-integral and
q-derivative. Therefore we establish a q-analogue of Abel’s integral equation and
its solutions.

4.1 Classical Fractional Calculi

In this section, we introduce some classical fractional calculi which we will
consider their q-analogues. We also state a set of relations and properties of these
fractional calculi for which we investigate their q-counterparts. First we denote by
A C .n/Œa; b�, n 2 N, to the set of functions f which have continuous derivatives
up to order n � 1 on Œa; b� with f .n�1/ 2 A C Œa; b�, i.e. absolutely continuous
on Œa; b�. Functions of A C Œa; b� can be characterized via the following Taylor’s
formula taken from [175].
Lemma A. The set A C .n/Œa; b� consists of those, and only those, functions f ,
which are represented in the form

f .x/ D
n�1X

kD0
ck.x � a/k C 1

n � 1Š
Z x

a

.x � t/n�1�.t/ dt;

where � 2 L1.a; b/ and the ck’s are arbitrary constants. Moreover, �.x/ D f .n/.x/

a.e., and ck D f .k/.a/

kŠ
, k D 0; 1; : : : ; n � 1.
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The first fractional integral operator we define in this section is that of Riemann
and Liouville. It is connected to Abel’s integral equation

1

� .˛/

Z x

a

.x � t/˛�1�.t/ dt D f .x/; x > a; ˛ > 0; f 2 L1.a; b/; (4.1)

cf. [269, P. 32], see also [213,227,262]. The following theorem, cf. [118,269], solves
Abel’s equation concretely.

Theorem 4.1. The Abel’s integral equation (4.1) with 0 < ˛ < 1 has a unique
solution in L1.a; b/ if and only if the function f1�˛ defined by

f1�˛.x/ WD 1

� .1 � ˛/
Z x

a

.x � t/�˛f .t/ dt

is absolutely continuous on Œa; b� and f1�˛.a/ D 0. If these later conditions are
fulfilled, then the unique solution � is given explicitly by

�.x/ D 1

� .1 � ˛/
d

dx

Z x

a

.x � t/�˛f .t/ dt D d

dx
f1�˛.x/; a.e. (4.2)

If f 2 A C Œa; b�, then f1�˛ 2 A C Œa; b� and (4.2) becomes

�.x/ D 1

� .1 � ˛/

h f .a/

.x � a/˛
C
Z x

a

f 0.s/
.x � s/˛

ds
i
:

The following Cauchy formulae can be considered as the nth primitive of a function
f 2 L1.a; b/.
Z x

a

Z xn�1

a

: : :

Z x1

a

f .t/ dt dx1 : : : dxn�1 D 1

.n � 1/Š
Z x

a

.x � t/n�1f .t/ dt; (4.3)

Z b

x

Z b

xn�1

: : :

Z b

x1

f .t/ dt dx1 : : : dxn�1 D 1

.n � 1/Š
Z b

x

.t � x/n�1f .t/ dt; (4.4)

n 2 N. Since the right hand sides of (4.3) and (4.4) exist also for non integer values
of n, the Riemann–Liouville fractional integral can be considered as an extension
of (4.3) and (4.4) when we replace n by ˛ 2 R

C and n � 1Š by � .˛/. Indeed, for
˛ 2 .0;1/ and f 2 L1.a; b/, the fractional Riemann–Liouville integral is defined
to be

I ˛aCf .x/ WD 1

� .˛/

Z x

a

.x � t/˛�1f .t/ dt;

I ˛b�f .x/ WD 1

� .˛/

Z b

x

.t � x/˛�1f .t/ dt;
(4.5)



4.1 Classical Fractional Calculi 109

x 2 .a; b/ with respect to x D a and x D b, respectively. In some literature,
they are called left-sided and right-sided Riemann–Liouville fractional integrals,
respectively. It is known, see e.g [211, 227, 235, 269], that if f 2 L1.a; b/, then
both of I ˛

aC

f and I ˛b�f exist a.e. and they are L1.a; b/-functions. Moreover, for
f 2 L1.a; b/, we have

lim
˛!0C I

˛
aC

f .x/ D lim
˛!0C I

˛
b�

f .x/ D f .x/ a.e. (4.6)

We now pass to the definition of the fractional derivative of arbitrary order. The
existence of the fractional derivative is connected to the solvability of the Abel’s
integral equation (4.1). For f 2 L1.a; b/, the left and right sided Riemann–
Liouville fractional derivatives of order ˛, ˛ 2 R

C, are defined formally by

D˛
aCf .x/ WD DkIk�˛

aC f .x/ D 1

� .k � ˛/

dk

dxk

Z x

a

.x � t/k�˛�1f .t/ dt; (4.7)

and

D˛
b�f .x/ WD .�1/kDkI k�˛

b� f .x/

D .�1/k
� .k � ˛/

dk

dxk

Z b

x

.t � x/k�˛�1f .t/ dt;
(4.8)

x 2 .a; b/, k D d˛e, respectively, d˛e is the smallest integer greater than or equal
to ˛. The fractional derivatives D˛

aC

f , D˛
b�

f exist if f 2 L1.a; b/ and I k�˛
aC

f ,

I k�˛
b�

f are of the class A C .k/Œa; b�, see [269]. For example, the Riemann–Liouville
fractional derivatives of xc , c 2 R, is given by

D˛
aCxc D � .c C 1/

� .c � ˛ C 1/
xc�˛ .˛ � 0/ : (4.9)

Of course if ˛ < 0, (4.9) gives the Riemann–Liouville fractional integral value
of xc .

Now we state some properties of the Riemann–Liouville fractional calculus for
which we derive their q-analogues. We confine ourselves to the case of the left-sided
Riemann–Liouville fractional calculus since we shall study its basic analogue. Let
˛; ˇ 2 R

C. If f 2 L1.a; b/, then the semigroup property

I
ˇ
aC I

˛
aCf .x/ D I ˛aC I

ˇ
aCf .x/ D I

˛Cˇ
aC f .x/; (4.10)

holds for almost all x 2 Œa; b�. If f .x/ satisfies the conditions

f 2 L1.a; b/ and I k�˛
aC f 2 A C .k/Œa; b�; k D d˛e ;
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then 8
<

:

D
˛�j
aC f 2 L1.a; b/; j D 0; 1; : : : ; k;

D
˛�j
aC f 2 AC .j /Œa; b�; j D 1; 2; : : : ; k � 1:

(4.11)

Moreover, for functions satisfying the appropriate mentioned conditions

D˛
aCI ˛aCf .x/ D f .x/; a.e. (4.12)

D˛
aCI

ˇ
aCf .x/ D I

ˇ�˛
aC f .x/; a.e. if ˇ > ˛ > 0; (4.13)

D˛
aCI

ˇ
aCf .x/ D D

˛�ˇ
aC f .x/; a.e. if ˛ > ˇ > 0: (4.14)

In addition,

I ˛aCD˛
aCf .x/ D f .x/ �

kX

jD1
D
˛�j
aC f .aC/

.x � a/˛�j

� .1C ˛ � j / : (4.15)

If f 2 L1.a; b/ and D�.n�ˇ/
aC f 2 A C .n/Œa; b�, n D dˇe, then the equality

I ˛aCD
ˇ
aCf .x/ D D

ˇ�˛
aC f .x/ �

nX

jD1
D
ˇ�j
aC f .aC/

.x � a/˛�j

� .1C ˛ � j /
(4.16)

holds almost everywhere in .a; b/ for any ˛ > 0. Moreover, if

0 6 k � 1 6 ˛ < k; ˛ C ˇ < k; and D�.n�˛/
aC f 2 A C .n/Œa; b�;

then

D˛
aCD

ˇ
aCf .x/ D D

˛Cˇ
aC f .x/ �

nX

jD1
D
ˇ�j
aC f .aC/

.x � a/�˛�j

� .1 � ˛ � j /
; (4.17)

holds almost everywhere in .a; b/. Finally,

I ˛aCD˛
aCf .x/ D f .x/ and I ˛aCD

ˇ
aCf .x/ D D

ˇ�˛
aC f .x/;

whenever f 2 I ˛aC.L1/ and f 2 IˇaC.L1/, respectively, cf. [269]. Here, by I ˛aC.L1/
we denote the set of functions f represented by the left sided fractional integral of
order ˛ .˛ > 0/ of a summable function, i.e. f D I ˛aC�, � 2 L1.a; b/. For proofs
of these and other properties, see e.g. [85, 235, 269].

The other types of fractional derivatives we discuss here are those of Grünwald–
Letnikov and Caputo. It is known that the nth derivative of a function f defined on
.a; b/ is given by
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f .n/.x/ D lim
h!0

�n
hf .x/

hn
; (4.18)

where

�n
hf .x/ D 1

hn

nX

rD0
.�1/r

 
n

r

!

f .x � rh/:

Starting from this formula, Grünwald [120] and Letnikov [180] developed an
approach to fractional differentiation for which the formal definition of the fractional
derivative D˛

aC

f .x/ is the limit

D˛
aC

f .x/ WD lim
h!0

1

h˛

1X

jD0
.�1/j

 
˛

j

!

f .x � jh/; ˛ 2 R
C: (4.19)

Grünwald in [120] gave a formal proof while Letnikov in [180] gave a rigorous
proof of the fact that D�˛ coincides with the Riemann–Liouville fractional integral
operator when ˛ > 0 and f is continuous on Œa; b�, cf. [178]. The following
theorem gives the conditions on which the Grünwald–Letnikov fractional derivative
is nothing but the Riemann–Liouville fractional derivative.

Theorem 4.2 ([235]). Assume that f 2 A C .n/Œa; b�. Then for every ˛, 0 < ˛ < n,
the Riemann–Liouville fractional derivative D˛

aC

f .t/ exists and coincides with the
Grünwald–Letnikov derivative D˛

aC

f .t/, i.e. if

0 6 m � 1 6 ˛ 6 m 6 n

then for a < t < b the following holds:

D˛
aC

f .t/ D D˛
aC

f .t/ D
m�1X

jD0

f .j /.aC/.t � a/j�˛

j Š

C 1

� .m � ˛/

Z t

a

.t � �/m�1�˛f .m/.�/ d�:

(4.20)

It is known that in applied problems, we require definitions of fractional problems
which allow the involvement of initial conditions with physical meanings, i.e.
conditions like

f .j /.aC/ D bj ; j D 1; 2; : : : ; k; (4.21)

where the bj ’s and k 2 N are given constants. The Riemann–Liouville approach
leads to initial conditions containing the limit values of the Riemann–Liouville
fractional derivatives at the lower end point t D a, for example

lim
t!aC

D
˛�j
aC

f .t/ D cj ; j D 1; 2; : : : ; k; (4.22)
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where the cj ’s and k 2 N are given constants and ˛ is not an integer. It is
frequently stated that the physical meaning of initial conditions of the form (4.22)
is unclear or even non existent, see e.g. [269, P. 78]. The requirement for physical
interpretation of such initial conditions was most clearly formulated recently by
Diethelm et al. [83]. In [134], Heymans and Podlubny show that initial conditions
of the form (4.22) for Riemann–Liouville fractional differential equations may have
physical meanings, and that the corresponding quantities can be obtained from
measurements. However, the problem of interpretation of initial conditions of the
type (4.22) remains open. In [69,70], Caputo gave a solution for this problem when
he defined the fractional derivative of order ˛, Ca D

˛
t f .t/, by the formula

C
a D

˛
t f .t/ D 1

� .n � ˛/

Z t

a

.t � �/n�˛�1f .n/.�/ d�; (4.23)

n � 1 < ˛ 6 n, n 2 N. The Caputo approach leads to initial conditions of the form
(4.21) which are physically accepted. Recently, several initial value problems based
on the Caputo fractional operator have been studied, see e.g. [90, 91, 233, 236]. The
relationship between the Caputo fractional derivative and the Riemann–Liouville
fractional operator is given by

C
a D

˛
t f .t/ D I n�˛

aC

f .n/.t/:

If the function f .t/ has nC 1 continuous derivatives in Œa; b�, then cf. [235],

lim
˛!n

C
a D

˛
t f .t/ D f .n/.t/ for t 2 Œa; b�:

Another advantage of the Caputo fractional derivative is that Ca D
˛
t c D 0, where

c is a constant, while the Riemann–Liouville fractional derivative of a constant c is

D˛
aC

c D DnIn�˛
aC c D c

� .n � ˛ C 1/
Dn.x � a/n�˛ D c

� .1 � ˛/ .x � a/�˛;

where n D d˛e. Since we will establish a method for using the q-Laplace transform
defined by Hahn in [123] to solve fractional q-difference equations, we state some
results concerning the Laplace transform before closing this section.

Let f 2 L1.0; b/. If I n�˛
aC f 2 A C .n/Œ0; b� for any b > 0 such that I n�˛

aC f .x/

is of exponential order as x ! 1. That is, there exist nonnegative constants K , T
and p0 > 0, such that

jI n�˛
aC f .x/j 6 Kep0x .x > T / :

Then the Laplace transform of the Riemann–Liouville fractional derivative
D˛
aC

f .x/ exists, cf. [291], and satisfies the following identity
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L .D˛
aC

f /.p/ D
Z 1

0

e�ptD˛
aC

f .t/ dt

D p˛F.p/ �
n�1X

kD0
pkD˛

aC

f .0C/ .n D d˛e/ ;

for all p that satisfies Re.p/ > p0, cf. [269, 291].
Similarly, the Laplace transform of the Caputo derivative C

a D
˛
t f .x/ exists if

f .x/ 2 A C .n/Œ0; b� for every b > 0 and f .x/ is of exponential order as x ! 1.
In this case we can find nonnegative real number p0 such that the Laplace transform
of the Caputo derivative satisfies the identity

L .C0 D
˛
t f /.p/ D

Z 1

0

e�pt C
0 D

˛
t f .t/ dt

D p˛F.p/ �
n�1X

kD0
p˛�k�1f .k/.0/;

for all p satisfying Rep > Re.p0/. The Laplace transform method is usually used
for solving applied problems. So, it is clear that the Laplace transform of the Caputo
derivative allows utilization of initial values of classical integer-order derivative
with known physical interpretations, while the Laplace transform of the Riemann–
Liouville fractional derivative allows utilization of initial conditions of the form

D˛�j f .t/jtD0 D bj .j D 1; 2; : : : ; d˛e/ ;

which may form problems without known physical interpretations.

4.2 Recent History of Fractional q-Calculus

Over the last decades, fractional calculus became an area of intense research and
developments. There are many surveys for the history of the fractional calculus,
see the survey of Butzer and Westphal [68], the survey of Machado et al. [197]
reported some of the major documents and events in the area of fractional calculus
that took place since 1974 up to 2010. They also introduced a poster [196] illustrates
the major contribution during the period 1966–2010. To the best of our knowledge,
the recent developments in the theory of fractional q-calculus is not well reported.
Therefore, we aim to cover in brief in this section the recent developments in the
theory of fractional q-calculus. A q-analogue of the Riemann–Liouville fractional
integral operator is introduced in [19] by Al-Salam through

I ˛q f .x/ WD x˛�1

�q.˛/

Z x

0

�
qt=xI q�

˛�1f .t/ dqt; (4.24)
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˛ 62 f�1;�2; : : :g. Al-Salam defined this q-analogue as an extension of the
following q-Cauchy formula who introduced in[18]

I nq;af .x/ WD
Z x

a

Z xn�1

a

: : :

Z x1

a

f .t/ dqtdqx1 : : : dqxn�1

D xn�1

�q.n/

Z x

a

�
qt=xI q�

n�1f .t/ dqt:
(4.25)

For the convenience of the reader, we shall use the notation I nq f .x/ instead of
I nq;0f .x/. This basic analogue of Riemann–Liouville fractional integral is also given
independently by Agarwal, [17], who defined the q-fractional derivative to be

D˛
q f .x/ WD I�˛

q f .x/ D x�˛�1

�q.�˛/
Z x

0

�
qt=xI q��˛�1f .t/ dqt:

Using the series representation of the q-integration (1.19), identity (4.24) reduces to

I ˛q f .x/ D x˛.1 � q/˛
1X

nD0
qn
.q˛I q/n
.qI q/n f .xq

n/: (4.26)

Al-Salam, [19], defined a fractional q-integral operatorK�˛
q by

K�˛
q �.x/ WD q� 1

2 ˛.˛�1/

�q.˛/

Z 1

x

t˛�1�x=t I q�
˛�1�.tq

1�˛/ dqt;

K0
q�.x/ WD �.x/;

(4.27)

where ˛ ¤ �1;�2; : : : as a generalization of the q-Cauchy formula

K�n
q �.x/ D

Z 1

x

Z 1

xn�1

: : :

Z 1

x1

�.t/ dqtdqx1 : : : dqxn�1

D q� 1
2 n.n�1/

�q.n/

Z 1

x

tn�1 .x=t I q/n�1 �.tq1�n/ dqt;

which he introduced in [18] for a positive integer n. The fractional q-integral
operatorK�˛

q is a q-analogue of Liouville fractional integral,K˛�, defined by

K˛��.x/ D 1

� .˛/

Z 1

x

�.t/

.t � x/1�˛
dt .x > 0I Re.˛/ > 0/: (4.28)

Al-Salam formally proved the following semigroup identity, cf. [19],

K˛
qK

ˇ
q �.x/ D K˛Cˇ

q �.x/;
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for all ˛ and ˇ. It is remarked by Ismail, cf. [143, P. 553] that

Z 1

0

f .x/K�˛
q g.x/ dqx D

Z 1

0

g.xq�˛/I ˛q f .x/ dqx: (4.29)

There is a slight error on (4.29) as we shall see in Theorem 5.14. Al-Salam and
Agarwal introduced their q-analogue with only zero as a lower point of the q-
integration. Recently, Rajović et al. [254, 255] allowed the lower point of the
q-integration in (4.24) to be nonzero and introduced the fractional definition:

Definition 4.2.1. The fractional q-integral is

I ˛q;cf .x/ D x˛�1

�q.˛/

Z x

c

.qt=xI q/˛�1f .t/ dqt;

and the fractional q-derivative is

D˛
q;cf .x/ D Dd˛e

q I ˛�d˛e
q;c f .x/:

Rajvoicć et al. [255] proved the following properties

Proposition 4.3. Let ˛; ˇ 2 R
C. The q-fractional integration has the following

semigroup property
I ˛q;cI

ˇ
q;cf .x/ D I ˛Cˇ

q;c f .x/:

Proposition 4.4. For ˛ 2 R
C

D˛
q;cI

˛
q;cf .x/ D f .x/:

Al-Salam [19] and Agarwal [17] defined a two parameter q-fractional opera-
tor by

K�;˛
q �.x/ WD q��x�

�q.˛/

Z 1

x

�
x=t I q�

˛�1t
���1�.tq1�˛/ dqt; (4.30)

˛ ¤ �1;�2; : : :. This is a q-analogue of the Erdélyi and Sneddon fractional
operator, cf. [93, 96],

K�;˛�.x/ D x�

� .˛/

Z 1

x

�
t � x/˛�1t���1�.t/ dt: (4.31)

By means of (1.20), (4.30) can be written as

K�;˛
q �.x/ D .1 � q/˛

1X

kD0
qk�

.q˛I q/k
.qI q/k �.xq

�˛�k/:
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Al-Salam derived formally the following semigroup identity for �; ˛ and ˇ in R
C.

K�;˛
q K�C˛;ˇ

q f .x/ D K�;˛Cˇ
q f .x/:

Al-Salam did not consider the problem of the existence of K�˛
q , K�;˛

q �. In [112],
Galue generalizes the Erdélyi–Kober fractional q-integral operator of arbitrary order
˛ introduced by Agarwal in [17] as follows

I �;�;ˇq f .x/ D ˇx�ˇ.�/

�q.�/

Z x

0

�
qtˇ=xˇI q�

��1 t
ˇ.�C1/�1f .t/ dqt;

Re.ˇ/ > 0; Re.�/ > 0; � 2 C:

Then, he investigated various rules of composition for the above-defined operator.
Recently, Purohit and Yadav in [250] introduced two new fractional q-integral

operators by

I ˛;ˇ;�q f .x/ D x�ˇ�1q��.˛Cˇ/

�q.˛/

�
Z x

0

.qt=xI q/˛�1"� q˛C1t
x
	
2�1

�
q˛Cˇ; q��I q˛I q; q�


�f .t/ dqt;
(4.32)

K˛;ˇ;�
q f .x/ D q��.˛Cˇ/� ˛.˛C1/

2 �2ˇ

�q.˛/

�
Z 1

x

.x=t I q/˛�1t�ˇ�1"� q˛C1t
x

	
2�1

�
q˛Cˇ; q��I q˛I q; q�


�f .tq1�˛/ dqt
(4.33)

where ˛ > 0, ˇ is a real number, � is a nonnegative real number, and " is the q-
translation operator defined in (1.15). The series representations of the operators in
(4.32) and (4.33) are

I ˛;ˇ;�q f .x/ D x�ˇq��.˛Cˇ/.1 � q/˛�
�X

nD0
qn
.q˛CˇI q/n.q��I q/n

.qI q/n
1X

kD0
qk
.q˛CnI q/k
.qI q/k f .xqk/;
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and
K˛;ˇ;�
q D x�ˇq��.˛Cˇ/� ˛.˛C1/

2 �ˇ.1 � q/˛�
�X

nD0
qn
.q˛CˇI q/n.q��I q/n

.qI q/n
1X

kD0
qkˇ

.q˛CnI q/k
.qI q/k f .xq�˛�k/:

It is straightforward to see that Purohit and Yadav integral operators can be regarded
as extensions of Riemann–Liouville, Weyl and Kober fractional q-integral operators
with the following fractional relations

I ˛;0;�q D I ˛q ;

K˛;0;�
q D q�˛.˛C1/=2K�;˛

q ;

K˛;�˛;�
q D K˛

q :

Purohit and Yadav derived the fractional q-integration by parts formula:

Z 1

0

f .x/K˛;ˇ;�
q g.x/ dqx D q�˛.˛C1/=2�ˇ

Z 1

0

g.xq�˛/I ˛;ˇ;�q f .x/ dqx; (4.34)

for ˛ > 0, ˇ is real, and � is a nonnegative integer, provided that both of the q-
integrals in (4.34) exist. The operators (4.32) and (4.33) are q-extensions of the
operators

I ˛;ˇ;�x f D x�˛�ˇ

� .˛/

Z x

0

.x � t/˛�1
2F1

�
˛ C ˇ;��I˛; 1 � t

x

�
f .t/ dt; (4.35)

J ˛;ˇ;�x f D 1

� .˛/

Z 1

x

.x � t/˛�1t�˛�ˇ
2F1

�
˛ C ˇ;��I˛; 1 � t

x

�
f .t/ dt;

where 2F1 is the Gaussian hypergeometric functions defined by

2F1.a; bI c; x/ D
1X

nD0

.a/n.b/n

.c/n

xn

nŠ
:

4.2.1 The Time Scale Fractional q-Calculus

The time scale fractional calculus was introduced by Hilger and Aulbad in [46,135]
then developed by Bohner and Petrson in [59–61]. It merges the theory of difference
equations and the theory of differential equations into one theory. A time scale
means a closed subset of the real line. A merger of the Riemann–Liouville fractional
q-calculus and Riemann–Liouville fractional q-calculus on time scale was initiated
in the paper of Atici and Eloe in [44, 2007]. They use the time scale calculus
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notations to develop Hahn q-Laplace transform operator, q Ls , on the time scale
T WD fqn W n 2 N0g [ f0g and define a fractional q-difference equation on T and
finally apply the q-transform method to find solutions. A development for the
Caputo fractional q-derivative in the time scale fractional calculus can be found
in [2].

4.3 q-Abel Integral Equation

In this section, we define a q-analogue of Abel’s integral equation. So we need the
q-analogues of the classical classes L1.a; b/ and A C Œa; b� introduced in Sect. 1.2.
In Sect. 2.2, we introduced a q-analogue of the class of integrable functions. Now,
we introduce a q-analogue of A C Œ0; a� and we denote it by A CqŒ0; a�.

Definition 4.3.1. A function f defined on Œ0; a� is called q-absolutely continuous
if f is q-regular at zero, and there exists K > 0 such that

1X

jD0

ˇ
ˇf .tqj / � f .tqjC1/

ˇ
ˇ � K for all t 2 .qa; a�: (4.36)

If (4.36) holds then it can be extended throughout .0; a�. To see this, it suffices
to investigate the case when x 2 .0; a�. Indeed, if x 2 .0; a� then there exists
t 2 .qa; a� and k 2 N such that x D tqk . Then

1X

jD0

ˇ
ˇf .xqj / � f .xqjC1/

ˇ
ˇ D

1X

jDk

ˇ
ˇf .tqj /� f .tqjC1/

ˇ
ˇ

6
1X

jD0

ˇ
ˇf .tqj / � f .tqjC1/

ˇ
ˇ < 1:

We shall use A CqŒ0; a� to denote the class of q-absolutely continuous functions on
Œ0; a�.

Theorem 4.5. Let f be a function defined on Œ0; a�. Then, the function
f 2 A CqŒ0; a� if and only if there exists a constant c and a function � in L 1

q Œ0; a�

such that

f 2 A CqŒ0; a� ” f .x/ D c C
Z x

0

�.u/ dqu for all x 2 Œ0; a�: (4.37)

Moreover, the constant c and the function � are uniquely determined via c D f .0/

and
�.x/ D Dqf .x/ for all x 2 .0; a�:
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Proof. Assume that f 2 A CqŒ0; a�. Consequently, from the fundamental theorem
of q-calculus, Theorem 1.10, we obtain

f .x/ D f .0/C
Z x

0

Dqf .t/ dqt; x 2 Œ0; a�;

proving necessity. Assume that f is given by (4.37) for � 2 L 1
q Œ0; a�. Then for

x 2 Œ0; a�, we have

lim
n!1f .xqn/ D lim

n!1

 

c C x.1 � q/
1X

kDn
qk�.xqk/

!

D c:

Therefore, the function f is q-regular at zero. Applying Theorem 1.10 again, we
obtainDqf .x/ D �.x/, x 2 .0; a�. Hence,Dqf .x/ 2 L 1

q Œ0; a�. This directly leads
to (4.36), proving sufficiency. The uniqueness of c and � holds by construction. ut
Definition 4.3.2. Let A C

.n/
q Œ0; a�, n 2 N, be the space of all functions f defined

on Œ0; a� such that f , Dqf , : : :, Dn�1
q f are q-regular at zero and Dn�1

q f .x/ 2
A CqŒ0; a�.

When n D 1, we simply write A CqŒ0; a� for A C
.1/
q Œ0; a�:

Theorem 4.6. A function f W Œ0; a� ! C lies in A C
.n/
q Œ0; a� if and only if there

exists a function � 2 L 1
q Œ0; a� such that

f .x/ D
n�1X

kD0
ckx

k C xn�1

�q.n/

Z x

0

�
qt=xI q�

n�1�.t/ dqt; (4.38)

where

x 2 .0; a�; n 2 N; ck D Dk
qf .0/

�q.k C 1/
;

and �.x/ D Dn
qf .x/ for all x ¤ 0.

Proof. First, we prove sufficiency. Assume that f has the form (4.38). Then, the
q-derivative of order j for x ¤ 0 is

Dj
q f .x/ D

n�1X

kDj
ck.1 � qk/.1 � qk�1/ : : : .1 � qk�jC1/.1� q/�j xk�j

C xn�j�1

�q.n � j /

Z x

0

.qt=xI q/n�j�1 �.t/ dqt;
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where j D 0; 1; : : : ; n � 1. We can prove by induction that

Dj
q f .0/ D cj

.qI q/j
.1 � q/j

.j D 0; 1; : : : ; n � 1/:

Since
ˇ
ˇ
ˇ
ˇ
ˇ

Z xqm

0

.qt=xqmI q/n�j�1 �.t/ dqt

ˇ
ˇ
ˇ
ˇ
ˇ
D
ˇ
ˇ
ˇ
ˇ
ˇ

1X

rD0
xqmCr .1 � q/.qrC1I q/n�j�1�.xqmCr /

ˇ
ˇ
ˇ
ˇ
ˇ

6
1X

rDm
xqr.1 � q/j�.xqr/j

and � 2 L 1
q Œ0; a�, then

lim
m!1Dj

q f .xq
m/ D cj

.qI q/j
.1 � q/j

D Dj
q f .0/ .j D 0; 1; : : : ; n � 1/ :

Hence, the functionsDj
q f , j D 0; 1; : : : ; n � 1, are q-regular at zero. Clearly,

Dn
qf .x/ D �.x/ 2 L 1

q Œ0; a�;

proving sufficiency. As for necessity, we use mathematical induction. The case
n D 1 is proved in Theorem 4.5. Now, assume that (4.38) holds at n D m. Let
f .x/ 2 A C

.mC1/
q Œ0; a�. That is, f; : : : ;Dm

q f are q-regular at zero and Dm
q f 2

A CqŒ0; a�. Hence, Dqf 2 A C
.m/
q Œ0; a�. Then, from the induction hypothesis we

have

Dqf .x/ D
m�1X

jD0
cj x

j C xm�1

�q.m/

Z x

0

�
qt=xI q�

m�1�.t/ dqt; (4.39)

where x 2 .0; a�,

cj D D
j
qDqf .0/

�q.j C 1/
D D

jC1
q f .0/

�q.j C 1/
and �.x/ D DmC1

q f .x/

for all x ¤ 0. Now, replacing x by t and t with u in (4.39); integrating from 0 to x
and applying Lemma 1.20 yield

f .x/ D
mX

kD0

Dk
q f .0/

�q.k C 1/
xk C xm

�q.mC 1/

Z x

0

�
qt=xI q�

m
DmC1
q f .t/ dqt;

which completes the proof. ut
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As in the case of the Riemann–Liouville fractional derivative, the existence of the
fractional q-Riemann–Liouville derivative holds only for a more restrictive class of
functions. For this reason, we study a q-analogue of Abel’s integral equation.

Theorem 4.7. The q-Abel integral equation

x˛�1

�q.˛/

Z x

0

�
qt=xI q/˛�1 �.t/ dqt D f .x/ .0 < ˛ < 1; x 2 .0; a�/ (4.40)

has a unique solution �.x/ 2 L 1
q Œ0; a� if and only if

I 1�˛q f .x/ 2 A CqŒ0; a� and I 1�˛q f .0/ D 0: (4.41)

Moreover, the unique solution �.x/ is given by

�.x/ D Dq;xI
1�˛
q f .x/: (4.42)

Proof. First of all, we prove that the q-Abel integral equation cannot have more
than one L 1

q Œ0; a�-solution. Assume that (4.40) has a solution � 2 L 1
q Œ0; a�. Hence,

replacing x with t and t with u in (4.40), multiplying both sides of the equation by
x�˛�qt=xI q��˛ , and then integrating from 0 to x, we obtain

x�˛

�q.˛/

Z x

0

�
qt=xI q��˛

Z t

0

t˛�1�qu=t I q�
˛�1�.u/ dqu dqt

D x�˛
Z x

0

�
qt=xI q��˛f .t/ dqt:

But from (1.66),

x�˛

�q.˛/

Z x

0

�
qt=xI q��˛

Z t

0

t˛�1�qu=t I q�
˛�1�.u/ dqu dqt

D Bq.1 � ˛; ˛/

�q.˛/

Z x

0

�.t/ dqt:

Consequently,
Iq�.x/ D I 1�˛q f .x/: (4.43)

Therefore, any L 1
q Œ0; a�-solution of (4.40) must satisfy the relation (4.43). Suppose

that � and  are two L 1
q Œ0; a�-solutions of (4.40). From relation (4.43) and the

linearity of q-integration, we obtain

Iq.� �  /.x/ D
Z x

0

.�.t/�  .t// dqt D 0 for all x 2 .0; a�:
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Hence, from the fundamental theorem of q-calculus, Theorem 1.10, we obtain
� �  on .0; a�. That is, we have at most one solution in L 1

q Œ0; a�. Now we
prove necessity. Assume that (4.40) has a solution � 2 L 1

q Œ0; a�: Then, � satisfies
(4.43). ApplyingDq D Dq;x to (4.43), we obtain (4.42). By Theorem 4.5 and (4.42),
I 1�˛q f 2 A CqŒ0; a� and I 1�˛q f .0/ D 0:

Conversely, assume that f satisfies (4.41) and �.x/ WD Dq;xI
1�˛
q f .x/. Then

� 2 L 1
q .0; a/. We prove that � is a solution of (4.40). Indeed, let g be the function

defined by

g.x/ D x˛�1

�q.˛/

Z x

0

�
qt=xI q�

˛�1�.t/ dqt for all x 2 .0; a�: (4.44)

It suffices to show that g.x/ D f .x/, x 2 .0; a�. From the necessity part, � should
have the form (4.42) with g instead of f . Thus,

�.x/ D Dq;xI
1�˛
q f .x/ D Dq;xI

1�˛
q g.x/

D Dq;x

x�˛

�q.1 � ˛/

Z x

0

�
qt=xI q��˛g.t/ dqt;

for all x 2 .0; a�. The linearity of the q-integration implies

Dq;x

�
I 1�˛q

�
f � g

�
.x/
� D 0 for all x 2 .0; a�: (4.45)

Therefore, the function

c.x/ WD I 1�˛q

�
f � g

�
.x/ for all x 2 .0; a�; (4.46)

is a q-periodic function, i.e. c.x/ D c.qx/: The function I 1�˛q g.x/ 2 A CqŒ0; a�

because it satisfies (4.43) with g.x/ on the right hand side. Moreover, I 1�˛q g.0/ D 0:

Thus,
I 1�˛q

�
f � g

�
.x/ 2 A CqŒ0; a�:

Accordingly, I 1�˛q

�
f � g

�
is q-regular at zero with I 1�˛q

�
f � g

�
.0/ D 0.

Consequently, c.x/ � 0. That is,

x�˛

�q.1 � ˛/
Z x

0

�
qt=xI q��˛.f .t/ � g.t// dqt D 0 for all x 2 .0; a�:

The previous equation is in the form (4.40). By the uniqueness of its solutions, we
obtain f .x/ D g.x/, for all x 2 .0; a�: ut

Notice that in the previous proof, we have used the fact that the only q-regular
q-periodic functions are the constants. Indeed, if c has these two properties, then

c.x/ D c.qx/ D : : : c.qnx/ �! c.0/ as n �! 1:
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We would like to mention also that another proof of sufficiency could be derived by
direct computations using a technique similar to that applied in proving necessity.
The following two examples confirm the validity of the theorem.

Example 4.3.1. Consider the q-Abel integral equation

x˛�1

�q.˛/

Z x

0

�
qt=xI q/˛�1 �.t/ dqt D x .0 < ˛ < 1; x 2 .0; a�/ : (4.47)

An easy computation gives that

I 1�˛q f .x/ D x2�˛

�q.3 � ˛/ :

Then, I 1�˛q f .0/ D 0 and I 1�˛q f .x/ 2 A CqŒ0; a�. Consequently, (4.47) has a
unique solution given by

�.x/ D x1�˛

�q.2 � ˛/ :

Substitute with �.t/ on the left hand side of (4.47) and make the substitution
t=x D u, we obtain

x˛�1

�q.˛/

Z x

0

�
qt=xI q/˛�1 �.t/ dqt D x˛�1

�q.˛/�q.1 � ˛/

Z x

0

.qt=xI q/˛�1t1�˛ dqt

D x˛�1

�q.˛/�q.2 � ˛/

Z 1

0

.quI q/˛�1u1�˛ dqu

D x

�q.˛/�q.2 � ˛/
Bq.˛; 2 � ˛/ D x:

Example 4.3.2. Let N 2 N0. Consider the q-Abel integral equation

x˛�1

�q.˛/

Z x

0

�
qt=xI q/˛�1 �.t/ dqt D .xI q/N ; (4.48)

0 < ˛ < 1; and x 2 .0; a�:
Since

f .x/ WD .xI q/N D
NX

jD0
.�1/j



N

j

�

q

qj.j�1=2/xj ;

then

I 1�˛q f .x/ D �q.N C 1/

NX

jD0
.�1/j qj.j�1/=2

�q.N � j C 1/�q.j � ˛ C 2/
xjC1�˛:
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Hence, I 1�˛q f .0/ D 0 and it is a q-absolutely continuous function. Therefore, (4.48)
has a unique solution give by

�.x/ D �q.N C 1/

NX

jD0
.�1/j qj.j�1/=2

�q.N � j C 1/�q.j � ˛ C 1/
xj�˛:

Substituting with �.t/ into the left hand side of (4.48), we obtain

x˛�1

�q.˛/

Z x

0

�
qt=xI q/˛�1 �.t/ dqt

D x˛�1

�q.˛/

NX

jD0
.�1/j qj.j�1/=2

�q.N � j C 1/�q.j � ˛ C 1/

Z x

0

.qt=xI q/˛�1tj�˛ dqt

D �q.N C 1/

�q.˛/

NX

jD0
.�1/j qj.j�1/=2

�q.N � j C 1/�q.j � ˛ C 1/
Bq.˛; j � ˛ C 1/

D
NX

jD0
.�1/j



N

j

�

q

qj.j�1/=2xj D f .x/:

As in Theorem 4.1, the solution � of q-Abel’s equation (4.40) should be the
fractional q-derivative of order ˛ of f . Starting from this observation, we define the
basic fractional derivative as follows:

Definition 4.3.3. Let f be a function defined on Œ0; a�. For ˛ > 0 the fractional
q-derivative of order ˛ is defined to be

D˛
q f .x/ WD �.x/ D Dk

q I
k�˛
q f .x/ .k D d˛e/ ; (4.49)

provided that

f .x/ 2 L 1
q Œ0; a� and I k�˛

q f .x/ 2 A C .k/
q Œ0; a�: (4.50)

For example,

D˛
q x

ˇ�1 D �q.ˇ/

�q.ˇ � ˛/
xˇ�˛�1 .ˇ > 0I ˛ 2 R/: (4.51)

Theorem 4.7 guarantees that D˛
q f .x/ 2 L 1

q Œ0; a�, provided (4.50) is fulfilled.
The following lemma gives the relationship between the fractional q-derivative

of order ˛ and I�˛
q , ˛ > 0.
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Lemma 4.8. Let f 2 L 1
q Œ0; a� and ˛ > 0, k D d˛e, be such that I k�˛

q f 2
A C

.k/
q Œ0; a�. Then

D˛
q f .x/ D I�˛

q f .x/ D x�˛�1

�q.˛/

Z x

0

�
qt=xI q��˛�1f .t/ dqt for x 2 .0; a�:

Proof. From (4.49), we have

D˛
q f .x/ D Dk

q I
k�˛
q f .x/

D Dk
q

�
xk�˛�1

�q.k � ˛/
Z x

0

�
qt=xI q�

k�˛�1f .t/ dqt
�
:

(4.52)

Set

h.t; x/ WD xk�˛�1

�q.k � ˛/
�
qt=xI q�

k�˛�1f .t/:

Hence,

h.xqr ; xqj / D 0 .r D 0; 1; : : : ; j � 1I j D 1; 2; : : : ; k/ :

Applying Lemma 1.12 to (4.52), we obtain

D˛
q f .x/ D

Z x

0

Dk
q;x

xk�˛�1

�q.k � ˛/
�
qt=xI q�

k�˛�1f .t/ dqt

D x�˛�1

�q.�˛/
Z x

0

�
qt=xI q��˛�1f .t/ dqt D I�˛

q f .x/

ut

4.4 Some Properties of q-Riemann–Liouville Fractional
Integral Operator

In this section, we derive basic properties of the Riemann–Liouville fractional q-
integral operator in certain function spaces.

Lemma 4.9. Let ˛ 2 R
C and f W .0; a� ! C be a function. If f 2 L 1

q Œ0; a� then
I ˛q f 2 L 1

q Œ0; a� and
��
�I ˛q f

��
�
1

� a˛

�q.˛ C 1/
kf k1 : (4.53)

Proof. Let f be a function defined on .0; a� such that f 2 L 1
q Œ0; a�. Then from

(4.24) we get for x 2 .qa; a�
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Z x

0

jI ˛q f .t/j dqt D 1

�q.˛/

Z x

0

t˛�1
ˇ
ˇ
ˇ
ˇ

Z t

0

�
qu=t I q�

˛�1f .u/ dqu
ˇ
ˇ
ˇ
ˇ dqt

6 1

�q.˛/

Z x

0

t˛�1
Z t

0

�
qu=t I q�

˛�1jf .u/j dqu dqt

D x˛C1.1 � q/2

�q.˛/

1X

nD0
qn˛

1X

mD0
qnCm�qmC1I q�

˛�1jf .xqnCm/j
(4.54)

D x˛C1.1 � q/2

�q.˛/

1X

nD0
qn˛

1X

kDn
qk
�
qk�nC1I q�

˛�1jf .xqk/j

D x˛C1.1 � q/

�q.˛/

1X

kD0
qkjf .xqk/j

kX

nD0
.1 � q/qn˛

�
qk�nC1I q�

˛�1:

But from (1.61) we obtain

kX

nD0
.1 � q/qn˛

�
qk�nC1I q�

˛�1 D Bq.1; ˛/
�
qkC1I q�

˛
:

Since .qkC1I q/˛ � 1 for all k 2 N0, then

Z x

0

jI ˛q f .t/j dqt 6 Bq.1; ˛/x
˛

1X

kD0
qk.1 � q/jf .xqk/j

D x˛

�q.˛/
Bq.1; ˛/

Z x

0

jf .t/j dqt

6 a˛

�q.˛ C 1/
kf k1 :

(4.55)

Hence I ˛q f 2 L 1
q Œ0; a� and (4.53) is proved. ut

We shall also need the following lemma:

Lemma 4.10. Let � 2 R, � < 1, and let g 2 C�Œ0; a�. Then

(1) I ˛q g 2 C�Œ0; a� and

��
�I ˛q g

��
�
C�

� a˛
�q.1 � �/

�q.1C ˛ � �/
kgkC� : (4.56)

(2) If we additionally assume that � � ˛, then I ˛q g 2 C Œ0; a�,
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Proof. To prove that I ˛q g 2 C�Œ0; a�, it is equivalent to prove x�I ˛q g 2 C Œ0; a�.
Since x�g.x/ 2 C Œ0; a�, there exitsM > 0 such that

M WD max
0�x�a jx�g.x/j :

Hence,

ˇ
ˇ̌
x�I ˛q g.x/

ˇ
ˇ̌ � M

�q.˛/
x�C˛�1

Z x

0

.qt=xI q/˛�1t�� dqt

D Mx˛

�q.˛/

Z 1

0

.q�I q/˛�1��� dq� D Mx˛

�q.˛/
Bq.˛; 1 � �/:

Hence limx!0 x
� I ˛q g.x/ D 0 and we can assume the continuity of the function

x�I ˛q g at zero by assuming that its value at zero is zero. Now we prove the continuity
of the function x�I ˛q g.x/ at any x0 ¤ 0. Since x�g.x/ 2 C Œ0; a�, it is uniformly
continuous on Œ0; a�. Hence, 8� > 0 there exists ı > 0 such that for all x; y 2 Œ0; a�

jx � yj < ı �! jx�g.x/ � y�g.y/j < �:

Assume that jx � x0j < ı and we may assume that x0 � ı > 0. Consequently,

0 ¤ .x0 � ı; x0 C ı/:

Now

jx � x0j < ı �! jxqk � x0qkj < ı
�! ˇ̌

x.qk/�g.xqk/� .x0q
k/�g.x0q

k/
ˇ̌
< �;

for all k 2 N0. Consequently,

1X

kD0
qk.1��/

.q˛I q/k
.qI q/k

ˇ̌
x.qk/�g.xqk/ � .x0qk/�g.x0qk/

ˇ̌
<
.q˛C1�� I q/1
.q1�� I q/1 �:

That is,
ˇ
ˇ
ˇx��˛I ˛q g.x/ � x

��˛
0 I ˛q g.x0/

ˇ
ˇ
ˇ <

.q˛C1�� I q/1
.q1�� I q/1 �:

Hence, x��˛I ˛q g.x/ 2 C Œ0; a�. Consequently,

x�I ˛q g.x/ D x˛x��˛I ˛q g.x/ 2 C Œ0; a�:

That is, I ˛q g 2 C�Œ0; a�.
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Now we prove Inequality (4.56). Indeed,

�
�
�I ˛q g

�
�
�
C�

D max
0�x�a

ˇ
ˇ
ˇx�I ˛q g.x/

ˇ
ˇ
ˇ

D max
0�x�a

ˇ
ˇ̌
ˇ
x�C˛�1

�q.˛/

Z x

0

.qt=xI q/˛�1g.t/ dqt
ˇ
ˇ̌
ˇ

� kgkC� max
0�x�a

ˇ
ˇ
ˇ
ˇ
x�C˛�1

�q.˛/

Z x

0

.qt=xI q/˛�1t�� dqt
ˇ
ˇ
ˇ
ˇ : (4.57)

Since 0 < � < 1, the q-integration on the most right side of (4.57) converges.
Moreover, it can be calculated by making the substitution t D x�. This gives

Z x

0

.qt=xI q/˛�1t�� dqt D x1��
Z 1

0

.q�I q/˛�1��� dq� D x��C1Bq .˛; 1 � �/ :

(4.58)
Substituting (4.58) into (4.57), we get the required inequality. The proof of (2)
follows by using (1) and noting that

I ˛q g.x/ D x˛�� I �q g.x/ for all x 2 Œ0; a�;

and the product of continuous functions is continuous. ut
Lemma 4.11. Let ˛ > 0, � < 1 and g 2 C�Œ0; a�. Then

(i) If � < ˛, then limx!0C
I ˛q g.x/ D 0.

(ii) If ˛ D � , then

lim
x!0Cx

�g.x/ D c if and only if lim
x!0C

I ˛q g.x/ D c�q.1 � ˛/: (4.59)

Proof. Since

I ˛q g.x/ D x˛�1

�q.˛/

Z x

0

.qt=xI q/˛�1t�� .t�g.t/ � c/ dqt C c
x˛��

�q.˛/
Bq.˛; 1 � �/

and
ˇ
ˇ
ˇ̌
ˇ
x˛�1
�q.˛/

Z x

0
.qt=xI q/˛�1t�� .t�g.t/� c/ dqt

ˇ
ˇ
ˇ̌
ˇ

� Bq.˛; 1 � �/

�q.˛/
x˛�� max

0�t�x jt� g.t/� cj;

we obtain from the continuity of the function t�g at zero that

lim
x!0C

x˛�1

�q.˛/

Z x

0

.qt=xI q/˛�1t�� .f .t/ � f .0// dqt D 0:
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Hence

lim
x!0C

I ˛q g.x/ D c lim
x!0C

x˛��

�q.˛/
Bq.˛; 1 � �/ D

�
0; � < ˛;

c�q.1 � ˛/; � D ˛:

Now we prove the sufficient condition in (4.59). Therefore, we assume that

lim
x!0C

I ˛q g.x/ D d�q.1 � ˛/;

where d is a constant. Since �q.1 � ˛/ can be represented as

.1 � q/˛
1X

kD0
q.1�˛/k

.q˛I q/k
.qI q/k ;

then

I ˛q g.x/�c�q.1�˛/ D .1�q/˛
1X

kD0
qk.1�˛/

.q˛I q/k
.qI q/k

�
.xqk/˛g.xqk/� d

�
: (4.60)

Since limx!0C
x˛g.x/ D c. Let � > 0. Then there exists ı > 0 such that

ˇ
ˇ.xqk/˛g.xqk/� d

ˇ
ˇ � M for all x 2 .�ı; ı/:

Consequently,

qk.1�˛/
.q˛I q/k
.qI q/k

ˇ
ˇ.xqk/˛g.xqk/ � d ˇˇ � Cqk.1�˛/; C WD M

.1 � q/˛

.q˛I q/1 :

Hence, the series on the right hand side of (4.60) is uniformly convergent to zero
on .�ı; ı/, and we can calculate the limit as x ! 0C on (4.60) term by term. This
gives c � d D 0. That is, d D c, completing the proof of (ii) and the lemma. ut
In the following two lemmas, we study the limits limq!1� Iqf .x/ and lim

˛!0C

I ˛q f .x/.

Lemma 4.12. Let ˛ > 0 and f be a function defined on Œ0; a�, a > 0. If f is
Riemann integrable on Œ0; x�, then

lim
q!1�

I ˛q f .x/ D I ˛f .x/ .x 2 .0; a�I ˛ > 0/ :
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Proof. Let x 2 .0; a� be fixed. From (1.59) and (1.12), we obtain for 0 < t < x

lim
q!1�

x˛�1�qt=xI q�
˛�1 D lim

q!1�

x˛�1
�
qt=xI q�1�
q˛t=xI q�1

D x˛�1
�
1 � t

x

�˛�1
D .x � t/˛�1

uniformly for 0 < t < x. Hence, given � > 0 there exists ı > 0 such that for all
t 2 ˚qkx; k 2 N

�
, we have

ˇ
ˇx˛�1�qt=xI q�

˛�1 � .x � t/˛�1ˇˇ 6 �
ı
2

whenever 0 < 1 � q < ı. That is,

ˇ
ˇ̌
ˇI
˛
q f .x/ � 1

�q.˛/

Z x

0

.x � t/˛�1f .t/ dqt
ˇ
ˇ̌
ˇ 6 �

2�q.˛/

Z x

0

jf .t/j dqt:

Since

ˇ
ˇ
ˇI ˛q f .x/ � I ˛f .x/

ˇ
ˇ
ˇ 6

ˇ
ˇ
ˇ
ˇI
˛
q f .x/ � 1

�q.˛/

Z x

0

.x � t/˛�1f .t/ dqt
ˇ
ˇ
ˇ
ˇ

C
ˇ̌
ˇ
ˇ

1

�q.˛/

Z x

0

.x � t/˛�1f .t/ dqt � I˛f .x/

ˇ̌
ˇ
ˇ ;

then the lemma follows if f is Riemann integrable on Œ0; x�. ut
Lemma 4.13. Let � > 0 and let f 2 H�Œ0; a�. Then for ˛ > 0

I˛q f .x/ D x˛

�q.˛ C 1/
f .0/C F.x/;

where
F.x/ D O.x˛C�/:

Proof.

I ˛q f .x/ D x˛�1

�q.˛/

Z x

0

.qt=xI q/˛�1f .t/ dqt

D x˛

�q.˛ C 1/
f .0/C x˛�1

�q.˛/

Z x

0

.qt=xI q/˛�1.f .t/ � f .0// dqt:
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Set

F.x/ WD x˛�1

�q.˛/

Z x

0

.qt=xI q/˛�1.f .t/ � f .0// dqt:

Since f 2 H�Œ0; a�, there exists c > 0 such that

jf .t/ � f .0/j < ct� for all t 2 Œ0; a�:

Therefore,

jF.x/j � cx˛�1

�q.˛/

Z x

0

.qt=xI q/˛�1t� dqt D cx˛C� �q.� C 1/

�q.� C ˛ C 1/
;

proving the lemma. ut
Lemma 4.14. Let f 2 L 1

q Œ0; a�. Then

lim
˛!0C

I ˛q f .x/ D f .x/ for all x 2 .0; a�:

Proof. Let x 2 .0; a� be fixed. From (4.26), we have

lim
˛!0C I

˛
q f .x/ D lim

˛!0C x
˛.1 � q/˛

1X

nD0
qn
.q˛I q/n
.qI q/n f .xq

n/: (4.61)

Since

qn
.q˛I q/n
.qI q/n jf .xqn/j 6 qnjf .xqn/j . n 2 N0; ˛ 2 .0; 1�/ ;

from Weierstrass M-test, the series in (4.61) is uniformly convergent for ˛ 2 .0; 1/.
Thus,

lim
˛!0C

1X

nD0
qn
.q˛I q/n
.qI q/n f .xq

n/ D f .x/:

Hence,

lim
˛!0C I

˛
q f .x/ D lim

˛!0C x
˛.1 � q/˛ lim

˛!0C

1X

nD0
qn
.q˛I q/n
.qI q/n f .xq

n/

D f .x/:

ut
From now on, we use the notation I 0q f .x/ D f .x/.



132 4 Riemann–Liouville q-Fractional Calculi

4.5 q-Riemann–Liouville Fractional Calculus

In this section, we investigate the main properties of the Riemann–Liouville
fractional q-integral and q-derivative. The property

Iˇq I
˛
q f .x/ D I ˛q I

ˇ
q f .x/ D I ˛Cˇ

q f .x/ .˛I ˇ > 0/ (4.62)

is a q-analogue of the semigroup property (4.10). It is established by Agarwal
in [17]. For the convenience of the reader, we prove (4.62) in the following lemma.

Lemma 4.15. If f 2 L 1
q Œ0; a� then the semi group property (4.62) holds.

Proof. Using (4.26) we obtain

I ˛q .I
ˇ
q f .x// D x˛Cˇ.1 � q/˛Cˇ

1X

kD0
qk.1Cˇ/

.q˛I q/k
.qI q/k

1X

mD0
qm
.qˇI q/m
.qI q/m f .xq

nCm/:

Making the substitution n D k Cm we obtain

I ˛q .I
ˇ
q f .x// D x˛Cˇ.1 � q/˛Cˇ

1X

kD0
qk.1Cˇ/

.q˛I q/k
.qI q/k

1X

nDk
qn�k .qˇI q/n�k

.qI q/n�k
f .xqn/:

(4.63)
Since f 2 L 1

q Œ0; a�, the double series (4.63) is absolutely convergent. Then, we can
interchange the order of summations to obtain

I ˛q .I
ˇ
q f .x// D x˛Cˇ.1 � q/˛Cˇ

1X

nD0
qnf .xqn/

nX

kD0
qkˇ

.q˛I q/k
.qI q/k

.qˇI q/n�k
.qI q/n�k

:

It is straight forward to see that

.qˇI q/n�k
.qI q/n�k

D .q�nI q/k
.q1�n�ˇI q/k q

.1�ˇ/k:

Consequently,

I ˛q .I
ˇ
q f .x// D x˛Cˇ.1 � q/˛Cˇ

1X

nD0
qnf .xqn/

.qˇI q/n
.qI q/n 2�1.q

�n; q˛I q1�n�ˇI q; q/:
(4.64)

Applying (1.11) we obtain

2�1.q
�n; q˛I q1�n�ˇI q; q/ D .q1�n�ˇ�˛ I q/n

.q1�n�ˇI q/n qn˛ D .q˛CˇI q/n
.qˇI q/n : (4.65)
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Substituting (4.65) into (4.64), we obtain the series representation of I ˛Cˇ
q f .x/ and

(4.62) follows. ut
Similar to property (4.12), we have the following:

Lemma 4.16. If f 2 L 1
q Œ0; a� then

D˛
q I

˛
q f .x/ D f .x/ .˛ > 0I x 2 .0; a�/ : (4.66)

Proof. It is obvious that if ˛ D n, n 2 N, then Dn
qI

n
q f .x/ D f .x/. For a non

integer and positive ˛, n � 1 < ˛ < n; n 2 N, we apply the semi group identity
(4.62), to obtain

D˛
q I

˛
q f .x/ D Dn

qI
n�˛
q I ˛q f .x/

D Dn
qI

n
q f .x/ D f .x/;

for all x 2 .0; a�. ut
The converse of (4.66), which is a q-analogue of (4.15), is the following:

Lemma 4.17. Let ˛ 2 R
C and n WD d˛e. If

f 2 L 1
q Œ0; a� such that I n�˛

q f 2 A C .n/
q Œ0; a�;

then

I ˛q D
˛
q f .x/ D f .x/ �

nX

jD1
D˛�j
q f .0C/

x˛�j

�q.˛ � j C 1/
; x 2 .0; a�: (4.67)

Proof. Set

h.t; x/ WD x˛ .qt=xI q/˛ D˛
q f .t/; x 2 .0; a�; 0 < t 6 x:

Hence, h.x; qx/ D 0 for all x 2 .0; a�. Accordingly, applying Lemma 1.12 yields

I ˛q D
˛
q f .x/ D x˛�1

�q.˛/

Z x

0

�
qt=xI q�

˛�1D
˛
q f .t/ dqt

D Dq;x

�
x˛

�q.˛ C 1/

Z x

0

�
qt=xI q�

˛
D˛
q f .t/ dqt

�

D Dq;x

�
x˛

�q.˛ C 1/

Z x

0

�
qt=xI q�

˛
Dn
q I

n�˛
q f .t/ dqt

�

(4.68)
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Now, applying the q-integration by parts (1.28) n times on the last q-integral of
(4.68), we obtain

x˛

�q.˛C1/
R x
0

�
qt=xI q�

˛
D˛
q f .t/ dqt

D �Pn
jD1 D

˛�j
q;x f .0

C/ x˛�jC1

�q.˛�jC2/ C x˛�n

�q.˛�nC1/
R x
0

�
qt=xI q�

˛�nI
n�˛
q f .t/ dqt

D �Pn
jD1 D

˛�j
q;x f .0

C/ x˛�jC1

�q.˛�jC2/ C I ˛�nC1
q I n�˛

q f .x/:

(4.69)
Applying the semigroup identity (4.62) on (4.69) yields

x˛

�q.˛ C 1/

Z x

0

�
qt=xI q�

˛
D˛
q f .t/ dqt D

Iqf .x/ �
nX

jD1
D˛�j
q f .0C/

x˛�jC1

�q.˛ � j C 2/
:

(4.70)

Computing the q-derivative of both sides of (4.70) for x 2 .0; a� and combining the
result with (4.68) we end with (4.67). ut
From (4.67), the equality

I ˛q D
˛
q f .x/ D f .x/ for all x 2 .0; a�

holds if and only if

D˛�j
q f .0C/ D 0 .j D 1; 2; : : : ; n/ :

In the following four lemmas, we discuss the results of combining q-fractional
integral and derivative of not necessarily equal orders. These results are q-analogues
of relations (4.13), (4.14), (4.16), (4.17), and (4.11).

Lemma 4.18. If f 2 L 1
q Œ0; a� then

D˛
q I

ˇ
q f .x/ D Iˇ�˛

q f .x/ .ˇ > ˛ > 0I x 2 .0; a�/ : (4.71)

If in additionD˛�ˇ
q f .x/ exists in .0; a� then

D˛
q I

ˇ
q f .x/ D D˛�ˇ

q f .x/ .˛ > ˇ > 0/ : (4.72)

Proof. First, assume that ˇ > ˛. Then, ˇ D ˛C .ˇ�˛/ and from (4.62) we obtain

D˛
q I

ˇ
q f .x/ D D˛

q I
˛
q I

ˇ�˛
q f .x/ D Iˇ�˛

q f .x/:
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Now let ˇ < ˛, m WD d˛e and n WD d˛�ˇe. Then n 6 m. Using (4.49) and (4.62),
we get

D˛
q I

ˇ
q f .x/ D Dm

q I
m�˛
q I ˇq f .x/ D Dm

q I
m�n
q I n�˛Cˇ

q f .x/

D Dn
qI

n�˛Cˇ
q f .x/ D D˛�ˇ

q f .x/:

ut
Lemma 4.19. Let f 2 L 1

q Œ0; a� such that I n�ˇ
q f 2 A C

.n/
q Œ0; a�, where ˇ > 0

and n WD dˇe. Then for any ˛ > 0

I ˛q D
ˇ
q f .x/ D D�˛Cˇ

q f .x/ �
nX

jD1
Dˇ�j
q f .0C/

x˛�j

�q.˛ � j C 1/
for x 2 .0; a�:

(4.73)

Proof. Since 1
�q.z/

has zeros at the negative integers, identity (4.73) holds for any

ˇ > 0 when ˛ D 0. Therefore, we assume that ˛ > 0. We distinguish between two
cases. First, if ˛ > ˇ then from (4.62) and (4.67) we obtain

I ˛q D
ˇ
q f .x/ D I ˛�ˇ

q

�
Iˇq D

ˇ
q

�
f .x/

D I ˛�ˇ
q

0

@f .x/ �
nX

jD1
Dˇ�j
q f .0C/

xˇ�j

�q.ˇ � j C 1/

1

A

D I ˛�ˇ
q f .x/ �

nX

jD1
Dˇ�j
q f .0C/

x˛�j

�q.˛ � j C 1/
;

for all x 2 .0; a�. If ˇ > ˛ then from (4.71) and (4.67), we get

I ˛q D
ˇ
q f .x/ D Dˇ�˛

q

�
Iˇq D

ˇ
q f .x/

�

D Dˇ�˛
q

0

@f .x/ �
nX

jD1
Dˇ�j
q f .0C/

xˇ�j

�q.ˇ � j C 1/

1

A

D Dˇ�˛
q f .x/ �

nX

jD1
Dˇ�j
q f .0C/

x˛�j

�q.˛ � j C 1/
;

for all x 2 .0; a�. ut
Lemma 4.20. Let ˇ > 0 and n WD dˇe. Assume that

f 2 L 1
q Œ0; a� and I n�ˇ

q f .x/ 2 A C .n/
q Œ0; a�:
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Then

D˛
qD

ˇ
q f .x/ D D˛Cˇ

q f .x/ �
nX

jD1
Dˇ�j
q f .0C/

x�˛�j

�q.�˛ � j C 1/

for all x 2 .0; a�, provided that D˛Cˇ
q f .x/ exists for any ˛ > 0.

Proof. Let x 2 .0; a�. From (4.67) and (4.72), we conclude that

D˛
qD

ˇ
q f .x/ D D˛Cˇ

q I ˇq D
ˇ
q f .x/

D D˛Cˇ
q

2

4f .x/ �
nX

jD1
Dˇ�j
q f .0C/

xˇ�j

�q.ˇ � j C 1/

3

5

D D˛Cˇ
q f .x/ �

nX

jD1
Dˇ�j
q f .0C/

x�˛�j

�q.�˛ � j C 1/
:

ut
Remark 4.5.1. Similar to (4.20), if ˛; ˇ > 0, I k�˛

q 2 A C
.k/
q Œ0; a� and D˛Cˇ

q f .x/

exists, where k WD d˛e then

Dˇ
qD

˛
q f .x/ D DˇC˛

q f .x/ �
kX

iD1
D˛�i
q f .0C/

x�ˇ�i

�q.�ˇ � i C 1/
;

for all x 2 .0; a�. If

Dˇ�j
q f .0C/ D 0 .j D 1; 2; : : : ; n/

and
D˛�j
q f .0C/ D 0 .j D 1; 2; : : : ; k/ ;

then we have the simplified relation

D˛
qD

ˇ
q D Dˇ

qD
˛
q D D˛Cˇ

q :

Lemma 4.21. Let f be such that

f 2 L 1
q .0; a/ and I k�˛

q f 2 A C .k/
q Œ0; a�; (4.74)

where ˛ > 0 and k WD d˛e. Then

D˛�j
q f .x/ 2 L 1

q Œ0; a� .j D 0; 1; 2; : : : ; k � 1/ : (4.75)
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Moreover,
D˛�j
q f .x/ 2 A C .j /

q Œ0; a� .j D 1; 2; : : : ; k � 1/ : (4.76)

Proof. The proof of (4.75) follows immediately from (4.74) and Lemma 4.9. As for
(4.76), we apply Lemma 4.18 to obtain

D˛�j
q f .x/ D Dk�j

q I k�j�.˛�j /
q f .x/

D Dk�j
q I k�˛

q f .x/ 2 A C .j /
q Œ0; a� for j D 1; 2; : : : ; k � 1:

ut
Similar to property (4.20), we have the following representation of the q-fractional
derivative.

Lemma 4.22. Let ˛ > 0, k WD d˛e. If f 2 A C
.k/
q Œ0; a� then

D˛
q f .x/ D

k�1X

jD0

D
j
q f .0

C/

�q.�˛ C j C 1/
x�˛CjC xk�˛�1

�q.k � ˛/

Z x

0

�
qt=xI q�

k�˛�1
Dk
qf .t/ dqt;

(4.77)
for all x 2 .0; a�. Furthermore,D˛

q f .0
C/ D 0 if and only if

Dj
q f .0

C/ D 0 .j D 0; 1; : : : ; k � 1/ :

Proof. Since f 2 A C
.k/
q Œ0; a�, then from Theorem 4.6 we obtain

f .x/ D
k�1X

jD0

D
j
q f .0

C/
�q.j C 1/

xj C xk�1

�q.k/

Z x

0

�
qt=xI q�

k�1D
k
q f .t/ dqt

for all x 2 .0; a�. Consequently,

f .x/ D
k�1X

jD0

D
j
q f .0

C/
�q.j C 1/

xj C I kq D
k
q f .x/ for all x 2 .0; a�: (4.78)

Applying the operatorD˛
q to both sides of (4.78) and using (4.71) yield

D˛
q f .x/ D

k�1X

jD0

D
j
q f .0

C/
�q.j � ˛ C 1/

xj�˛ CD˛
q I

k
q D

k
q f .x/

D
k�1X

jD0

D
j
q f .0

C/
�q.j � ˛ C 1/

xj�˛ C I k�˛
q Dk

q f .x/
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D
k�1X

jD0

D
j
q f .0

C/
�q.j � ˛ C 1/

xj�˛ C xk�˛�1

�q.k � ˛/

Z x

0

�
qt=xI q�

k�˛�1D
k
q f .t/ dqt;

which is (4.77). The rest of the proof arises from (4.77). ut

4.6 A Complex Variable Approach for Riemann–Liouville
Fractional q-Derivative

In this section, we represent Jackson q-derivative of order n and Riemann–Liouville
fractional q-derivative of order ˛ in terms of complex integration. The complex
approach for Jackson q-derivative is already known. See for example [148, 149].

Theorem 4.23. Let � be a simple closed positively oriented contour such that the
zero point lies inside � . If f .�/ is analytic in some simply connected domain D
containing � and z is any nonzero point lies inside � then

Dn
qf .z/ D �q.nC 1/

2
 i

Z

�

f .�/

.� � z/.� � qz/ : : : .� � qn z/
d�: (4.79)

Proof. Since 0, z lie inside � , the set of points
˚
zqk; k 2 N0

�
lies inside � . Hence,

from the Cauchy’s integral formula, see for example [268, P. 143], we obtain

f .qkz/ D 1

2
 i

Z

�

f .�/

� � qk z
d� .k 2 N0/: (4.80)

Substituting with the value of f .qkz/ from (4.80) into (1.25), we obtain

Dn
qf .z/D .�1/nz�n.1 � q/�n

nX

kD0
.�1/k

hn
k

i

q
q�nkC k.kC1/

2
1

2
 i

Z

�

f .�/

� � qkz
d�

D .�1/nz�n.1 � q/�n

2
 i

nX

kD0
.�1/k

hn
k

i

q
q�nkC k.kC1/

2

Z

�

f .�/

�

1X

rD0
.
qkz

�
/r d�;

where we expand 1=.1 � .qkz=�// and use that jzj < j�j. Hence, by changing the
order of summations and applying the formula

mX

kD0
.�1/k

hm
k

i

q
q.

k
2/ak D .aI q/m;
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with m D n and a D q�nCrC1, we obtain

Dn
qf .z/ D .�1/nz�n.1 � q/�n

2
 i

1X

rD0
zr
Z

�

f .�/

�rC1
.q�nCrC1I q/n d�

D .�1/nz�n.1 � q/�n
2
 i

Z

�

f .�/

�

" 1X

rD0
.q�nCrC1I q/n

�
z

�

�r#

d�:

But 1X

rD0
.q�nCrC1I q/n

�
z

�

�r
D

1X

rDn
.q�nCrC1I q/n

�
z

�

�r
: (4.81)

Making the substitution k D r � n, we obtain

1X

rD0
.q�nCrC1I q/n

�
z

�

�r
D

1X

kD0
.qkC1I q/n

�
z

�

�kCn
:

Since

.qkC1I q/n D .qI q/nCk
.qI q/k D .qI q/n .q

nC1I q/k
.qI q/k ;

from the q-binomial theorem we obtain

1X

rD0
.q�nCrC1I q/n

�
z

�

�r
D .qI q/n

�
z

�

�n
.qnC1z=�I q/1
.z=�I q/1

D
�

z

�

�n
.qI q/n

.z=�I q/nC1
:

(4.82)

Substituting (4.81) into (4.82), we obtain (4.79). ut
Observe that the denominator of the integrand of (4.79) can be replaced by
�nC1.z=�I q/nC1. If we replace n by a non integer ˛, the function �˛C1 no longer has
a pole at � D 0 but a branch point. So, for n 2 N we define �n to be a simple closed
positively oriented contour like the one in Fig. 4.1. We assume that the inner contour
is a circle of radius �n and we denote it by c�n . We choose �n so that �n ¤ jzjqk for
all k 2 N. This leads to the following theorem

Theorem 4.24. Let R > 0 and h.�/ be an analytic function in jzj < R. Let G
be a branch domain of the logarithmic function and f .�/ D �ah.�/, a > �1,
� 2 ˝ WD DR \G. Then for each z 2 ˝

D˛
q f .z/ D lim

n!1

Z

�n

f .�/

�˛C1.z=�I q/˛C1
d�;

where �n 
 ˝ is the contour in Fig. 4.1.
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Branch cut of the
logarithmic function

cz

0

Cen

Fig. 4.1 Contour
integration �n

Proof. Since z is an interior point of �n, and the set of points
˚
zqk; k D 0; 1; : : : ; n

�

lies inside �n, from the Cauchy’s residue theorem we obtain

Z

�n

f .�/

�˛C1.z=�I q/˛C1
d� D 2
 i

nX

kD0
Res.f I ak/I ak WD zqk;

Res.f I ak/ D lim
�!ak

.� � ak/ f .�/

�˛C1.z=�I q/˛C1

D qk z�˛ .q�˛I q/k.q˛C1I q/1
.qI q/k.qI q/1 :

Hence,

�q.˛ C 1/

2
 i

Z

�n

f .�/

�˛C1.z=�I q/˛C1
d� D .1 � q/�˛

nX

kD0
qk
.q�˛I q/k
.qI q/k f .zqk/: (4.83)

Since f 2 L 1
q .G/, the convergence of the finite sums in the previous equation as

n ! 1 is confirmed. Therefore, from (4.26) by letting n ! 1 in (4.83) we get
D˛
q f .z/. ut
In the following lemma, we need to integrate the function f .�/=�˛C1.z=�I q/˛C1

on the branch cut of �˛ or equivalently the logarithmic function. We apply the
celebrated technique of integrating functions with branch cuts along their branch
cuts. See for example [268]. Briefly, the value of the function on each side of the cut
being determined by continuity from that side.
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Branch cut of the logarithic
      function

z

0 

C

Fig. 4.2 Contour
integration C

Lemma 4.25. Let f , ˝ , and ˛ be as in Theorem 4.24. Then

D˛
q f .z/ D

Z

C

f .�/

�˛C1.z=�I q/˛C1
d�;

where C is a positively oriented contour in Fig. 4.2.

Proof. From Fig. 4.3, it is obvious that

Z

�n

f .�/

�˛C1.z=�I q/˛C1
d� D

"
2X

iD1

Z

Ri

C
Z

C�n

C
Z

C

#
f .�/

�˛C1.z=�I q/˛C1
d�:

Since the function
f .�/

�˛C1.z=�I q/˛C1
is analytic in the region bounded by Ri ,

i D 1; 2, its integration is zero on Ri , i D 1; 2. Hence, using

ˇ
ˇ
ˇ
ˇ
ˇ

Z

C�n

f .�/

�˛C1.z=�I q/˛C1 d�

ˇ
ˇ
ˇ
ˇ
ˇ

� M.�nIf / max
j�jD�n

ˇ
ˇ
ˇ
ˇ

1

�˛C1.z=�I q/˛C1

ˇ
ˇ
ˇ
ˇ 2
 �n ! 0

as n ! 1, we obtain

lim
n!1

Z

�n

f .�/

�˛C1.z=�I q/˛C1 d�
D
Z

C

f .�/

�˛C1.z=�I q/˛C1
d�;

and the lemma follows. ut
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Branch cut of the 
logorithmic function

R2
R1

0

z
c

Cen

Fig. 4.3 The contour �n can
be represented as the sum of
the contours C�n , C and the
contours R1, R2

Theorem 4.26. Let ˛ 2 R and G be an open simply connected domain of the
complex plane containing the origin. Let fn, n 2 N, be a family of complex functions
defined on G, except may be at the origin. If for z 2 G n f0g
(1) D˛

q fn exists for each z 2 G,
(2)

P
n;m q

mjfn.zqm/j < 1,

then

D˛
q

1X

nD0
fn.z/ D

1X

nD0
D˛
q fn.z/:

Proof. Set F.z/ WD P1
nD0 fn.z/. For z 2 G

D˛
q F.z/ D z�˛.1 � q/�˛

1X

mD0
qm
.q�˛I q/m
.qI q/m F.zqm/

D z�˛.1 � q/�˛
1X

mD0
qm
.q�˛I q/m
.qI q/m

1X

nD0
fn.zq

m/:

But from the absolute convergence of the series
P

n;m q
mfn.zqm/, we can inter-

change the order of summations to obtain

D˛
q F.z/ D

1X

nD0
z�˛.1� q/�˛

1X

mD0
qm
.q�˛I q/m
.qI q/m fn.zq

m/

D
1X

nD0
D˛
q fn.z/:

ut
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4.7 The Law of Exponents

We have previously mentioned that Agarwal in [17] proved the semigroup property
(4.62), which is

I ˛q

�
Iˇq f .x/

�
D I ˛Cˇ

q f .x/ D Iˇq

�
I ˛q f .x/

�
.˛; ˇ > 0/:

Sometimes this rule is called the law of exponents. This rule may not be generalized
when ˛ and / or ˇ are negative real numbers. As an example, take ˛ D �1=2 and
ˇ D �3=2 and f .x/ D x1=2. Then,

I�1=2
q f .x/ D D1=2

q f .x/ D �q.3=2/

I�3=2
q f .x/ D D3=2

q f .x/ D 0

Therefore,

D3=2
q D1=2

q f .x/ D �q.3=2/

�q.�1=2/x
�3=2;

while

D1=2
q D3=2

q f .x/ D 0:

That is,

D3=2
q D1=2

q x1=2 ¤ D1=2
q D3=2

q x1=2:

In the following theorem, we state precise conditions under which the law of
exponents holds for arbitrary fractional operator.

Theorem 4.27. Let ˛1; ˛2 and ˇ be positive real numbers and let G be an open,
simply connected domain of the complex plane containing the origin. If f .z/ D
zˇ�1P1

nD0 anzn is defined on G, except may be at the origin then

D˛1
q D

˛2
q f .z/ D D˛2

q D
˛1
q f .z/;

for all z 2 G n f0g if

(a) ˛1 < ˇ and ˛2 is arbitrary.
(b) ˛1 � ˇ, ˛2 is arbitrary, and ak D 0 for k D 0; 1; : : : ; m � 1, where m is the

smallest integer greater than or equal to ˛1.

Proof. The proof is similar to the proof of [213, Theorem 3] and is omitted. ut
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4.8 Miscellaneous Examples

It is known that

D
1=2
0C exp.x/ D 1p


 x
C exp.x/ erf.

p
x/; (4.84)

I
1=2
0C exp.x/ D exp.x/ erf.

p
x/: (4.85)

The following theorem gives q-analogues of (4.84) and (4.85).

Theorem 4.28. For jxj < 1
1�q , we have

D1=2
q eq.x.1 � q// D 1p

x�q.1=2/
C eq.x.1 � q//Erf.

p
xI p

q/; (4.86)

I 1=2q eq.x.1 � q// D eq.x.1 � q//Erf.
p
xI p

q/: (4.87)

For x 2 C, we have

D1=2
q Eq.x.1 � q/=

p
q/ D 1p

x�q.1=2/
C Eq.x.1 � q// erf.

p
xI p

q/p
qKq.1=2/

; (4.88)

I 1=2q Eq.x
p
q.1 � q// D 1

Kq.1=2/
Eq.x.1 � q// erf.

p
xI p

q/: (4.89)

Proof. First, we prove the identities in (4.86) and (4.87). From the series represen-
tation of the function eq , we obtain

D1=2
q eq.x.1 � q// D

1X

nD0

xn�1=2

�q.nC 1=2/

D 1

�q.1=2/
p
x

C
1X

nD0

xnC1=2

�q.nC 3=2/
:

(4.90)

On the other hand,

Erf.
p
xI p

q/eq.x.1 � q//

D .1 � q/

�q.1=2/

1X

nD0
.�1/nqn.nC1/=2 xnC1=2

�q.nC 1/.1� qnC1=2/
�

1X

nD0

xn

�q.nC 1/

D .1 � q/

�q.1=2/

1X

nD0

xnC1=2

�q.nC 1/

nX

kD0
.�1/k

hn
k

i

q
q.

k
2/

qk

1 � qkC1=2 :
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Since

nX

kD0
.�1/k

hn
k

i

q
q.

k
2/

qk

1� qkC1=2 D 1

1 � q1=2
nX

kD0

.q�nI q/k.q1=2I q/k
.q3=2I q/k.qI q/k q.nC1/k

D 1

1 � q1=2 2�1
�
q1=2; q�nI q3=2I q; qnC1�

D 1

1 � q1=2
.qI q/n
.q3=2I q/n ;

where we used (1.11). Hence,

Erf.
p
xI p

q/eq.x.1 � q// D 1 � q

1 � q1=2�q.1=2/

1X

nD0

.1 � q/nxnC1=2

.q3=2I q/n

D
1X

nD0

xnC1=2

�q.nC 3=2/
:

(4.91)

Combining (4.90) and (4.91) yield (4.86). The proof of (4.87) follows from (4.91)
and the fact that

I 1=2q eq.x.1 � q// D
1X

nD0

xnC1=2

�q.nC 3=2/
:

ut
As for the identities in (4.88) and (4.89), one can verify that

D1=2
q Eq.x.1 � q/=

p
q/ D 1p

x�q.1=2/
C q�1=2

1X

kD0
qk

2=2 xkC 1
2

�q.k C 3=2/
; (4.92)

while

Eq.x.1 � q// erf.
p
xI p

q/ D Kq.1=2/

1X

kD0
qk

2=2 xkC 1
2

�q.k C 3=2/
: (4.93)

Substituting (4.93) into (4.92), we obtain (4.88). The proof of (4.89) follows from
(4.93) and

I 1=2q Eq.x
p
q.1 � q// D

1X

kD0
qk

2=2 xkC 1
2

�q.k C 3=2/
:

ut
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Corollary 4.29.

D1=2
q

�
eq.x.1 � q//Erf.

p
xI p

q/
� D eq.x.1 � q//;

I 1=2q

�
eq.x.1 � q//Erf.

p
xI p

q/
� D �

eq.x.1 � q// � 1� ;
D1=2
q

�
Eq.x.1 � q// erf.

p
xI p

q/
� D Kq.1=2/Eq.

p
q.1 � q/x/;

I 1=2q

�
Eq.x.1 � q// erf.

p
xI p

q/
� D p

qKq.1=2/
�
Eq.x.1 � q/=pq/ � 1� :

The following result is a q-analogue for the one proved in [178, P. 261].

Theorem 4.30. For jxj < 1
1�q ,

�q.a; x/ D �q.a/eq.�x.1 � q//I aq Eq.q
ax.1 � q//; (4.94)

�q.a; x/ D �q.a/Eq.q
�1x.1 � q//I aq eq.q�1x.1 � q//: (4.95)

Proof. First, we prove the first identity. A direct computation shows

I aq Eq.q
ax.1 � q// D

1X

kD0
qakq.

k
2/

xkCa

�q.k C a C 1/
:

Hence,

eq.�x.1 � q//I aq Eq.qax.1 � q//

D 1

�q.aC 1/

1X

nD0
.�1/n xnCa

�q.nC 1/
2�1.q

�n; qI qaC1I q; qnCa/:

Using (1.11) we obtain

eq.�x.1 � q//I aq Eq.qax.1 � q// D �q.a; x/

�q.a/
;

and (4.94) follows. The proof of (4.95) follows from

�q.a C 1/Eq.q
�1x.1 � q//I aq eq.q

�1x.1 � q//

D
1X

nD0
.�1/nq.n2/ xnCa

�q.nC 1/
2�1.q

�n; qI qaC1I q; q/:

Then using (1.10), we obtain (4.95). ut



Chapter 5
Other q-Fractional Calculi

Abstract In this chapter we investigate q-analogues of some known fractional
operators. This chapter includes as well the fractional generalization of the Askey–
Wilson operator introduced in (Ismail and Rahman, J. Approx. Theor. 114(2),
269–307, 2002). At the end of this chapter we introduce a fractional generalization
of the q-difference operator introduced in (Rubin, J. Math. Anal. Appl. 212(2), 571–
582, 1997).

5.1 Basic Grünwald–Letnikov Fractional Derivative

In this section we define a q-analogue of the Grünwald–Letnikov fractional
derivative. If f is a function defined on Œ0; a� (a > 0) then from (1.25), Dk

qf .x/,
k 2 N0, x 2 .0; a� is given by

Dk
qf .x/ D 1

xk.1 � q/k

kX

jD0
.�1/j



k

j

�

q

f .qj x/

qj.j�1/=2Cj.k�j / : (5.1)

Since
h
k
j

i

q
D 0 for all j > k, then

Dk
qf .x/ D 1

xk.1 � q/k

1X

jD0
.�1/j



k

j

�

q

f .qj x/

qj.j�1/=2Cj.k�j / : (5.2)

The right hand side of (5.2) has a meaning when we replace k by any real number ˛.
Therefore, we define the q-fractional operator

D˛
qf .x/ D 1

x˛.1 � q/˛
1X

jD0
.�1/j



˛

j

�

q

f .qj x/

qj.j�1/=2Cj.˛�j / : (5.3)

M.H. Annaby and Z.S. Mansour, q-Fractional Calculus and Equations,
Lecture Notes in Mathematics 2056, DOI 10.1007/978-3-642-30898-7 5,
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The operator (5.3) is a q-analogue of the Grünwald–Letnikov fractional operator
defined above. From (1.5)

.�1/j


˛

j

�

q

qj.jC1/=2�j˛ D qj
.q�˛I q/j
.qI q/j .j 2 N0/ :

Then

D˛
qf .x/ D x�˛.1 � q/�˛

1X

jD0
.�1/j qj.jC1/=2q˛j



˛

j

�

q

f .qj x/

D x�˛.1 � q/�˛
1X

jD0
qj
.q�˛I q/j
.qI q/j f .qj x/:

From (4.26), the q-fractional operator D˛
q , ˛ 2 R, coincides with the Riemann–

Liouville fractional operatorD˛
q .

5.2 Caputo Fractional q-Derivative

Definition 5.2.1. For ˛ > 0, the Caputo fractional q-derivative of order ˛ is
defined by

cD˛
q f .x/ WD I n�˛

q Dn
qf .x/ .n WD d˛e/ : (5.4)

It is obvious form the definition that if ˛ is a nonnegative integer, then

cDn
qf .x/ D I 0qD

n
qf .x/ D Dn

qf .x/:

Theorem 5.1. Let ˛ > 0 and n D d˛e. If f 2 A C
.n/
q Œ0; a� then cD˛

q f .x/ 2
L 1
q Œ0; a�.

Proof. The proof is straightforward since if f 2 A C
.n/
q Œ0; a� then Dn

qf 2
L 1
q Œ0; a�. Hence, applying Lemma 4.9 yields

cD˛
q f .x/ D I n�˛

q Dn
qf .x/ 2 L 1

q Œ0; a�:

ut
Example 5.2.1. Let f .x/ D xˇ�1, ˇ > 0 . Then

cD˛
q f .x/ D

8
<

:

0; if ˇ 2 f1; 2; 3; : : : ; ng ;
�q.ˇ/

�q.ˇ � ˛/
xˇ�˛�1; ˇ > n:

(5.5)
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A few additional examples of Caputo-type derivatives of certain important
functions are collected for the readers convenience in Table A.5.

In the following theorem, we discuss the results of combining the Riemann–
Liouville fractional q-derivative and Caputo fractional q-derivative of not necessar-
ily equal orders.

Theorem 5.2. Let ˛ and ˇ be positive numbers and let n D d˛e and m D dˇe.
Then the following relations hold:

1. If f 2 A C
.m/
q Œ0; a�, then

I ˛q
cDˇ

q f .x/ D
8
<

:
I
ˇ�˛
q f .x/ �Pm�1

jD0
D
j
q f .0

C/

�q.ˇ�˛CjC1/x
ˇ�˛Cj ; ˇ � ˛;

D
ˇ�˛
q f .x/ �Pm�1

jD0
D
j
q f .0

C/

�q.ˇ�˛CjC1/x
ˇ�˛Cj ; ˇ < ˛;

(5.6)

for all x 2 .0; a�.
2. If f 2 L 1

q Œ0; a� such that I ˛q f 2 A C
.m/
q Œ0; a�, then

cD
ˇ
q I

˛
q f .x/ D

8
<̂

:̂

I
˛�ˇ
q f .x/; ˛ � m � ˇ;

D
ˇ�˛
q f .x/�Pdm�˛e

jD0
D
m�˛�j
q f .0C/

�q.m � ˇ � j C 1/
xm�ˇ�j ; ˇ > ˛;

(5.7)
for all x 2 .0; a�.

Proof. First we prove (5.6).

I ˛q
cDˇ

q f .x/ D I ˛q I
m�ˇ
q Dm

q f .x/ D ImC˛�ˇ
q Dm

q f .x/:

Then (5.6) follows for ˛ � m � ˇ by applying (4.71) and follows for ˇ > ˛ by
applying (4.72), where ˛ and ˇ of (4.71) and (4.72) are replaced bymC ˛ � ˇ and
m, respectively. Now, we prove (5.7). Since

cDˇ
q I

˛
q f .x/ D Im�ˇ

q Dm
q I

˛
q f .x/;

then applying (4.71) and (4.72) give

Dm
q I

˛
q f .x/ D

(
I ˛�m
q ; if ˛ � m � ˇ;

Dm�˛
q ; if ˛ < m:

Hence, if ˛ � m � ˇ then from the semigroup property (4.62)

cDˇ
q I

˛
q f .x/ D Im�ˇ

q I ˛�m
q f .x/ D I ˛�ˇ

q f .x/:



150 5 Other q-Fractional Calculi

Now, if ˛ < m, then

cDˇ
q I

˛
q f .x/ D Im�ˇ

q Dm�˛
q f .x/:

Hence, applying (4.73) (where ˛ and ˇ of (4.73) are replaced withm�ˇ andm�˛,
respectively) yields the second part of (5.7). ut

We need the following q-analogue of the integral mean value theorem.

Theorem 5.3. (Mean Value Theorem for q-Integrals) Let f and g be two functions
defined on Œa; b�. Assume that

(1) The function g is positive on Œa; b� and q-regular at zero,
(2) The function f is a continuous on Œ0; a�.

Then there exists c 2 .0; a/ such that

f .c/ D
R a
0
f .t/g.t/ dqtR a
0 g.t/ dqt

:

Proof. Let

M WD max ff .x/ W x 2 Œ0; a�g and m WD min ff .x/ W x 2 Œ0; a�g :

Then

m �
R a
0
f .t/g.t/ dqtR a
0
g.t/ dqt

� M:

Hence, the theorem follows since f .Œ0; a�/ D Œm;M �. ut
Moreover, we shall also need the following q-Taylor formula. In [33], the authors
proved a stronger q-Taylor formula.

Theorem 5.4. Let f 2 A C
.n/
q Œ0; a� be such that Dn

qf 2 C Œ0; a�. Then

f .x/ D
n�1X

kD0

Dk
q f .0

C/
�q.k C 1/

xk C xn�1

�q.n/

Z x

0

.qt=xI q/n�1Dn
qf .t/ dqt:

Proof. Since

n�1X

kD0
I kC1
q DkC1

q f .x/ � I kq D
k
q f .x/ D I nq D

n
qf .x/ � f .x/;
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from the fundamental theorem of q-calculus and Theorem 1.10 we obtain

I kC1
q DkC1

q f .x/ � I kq D
k
q f .x/ D I kq

�
IqD

kC1
q f .x/ �Dk

qf .x/
�

D I kq

�
Dk
qf .0

C/
�

D Dk
qf .0

C/
xk

�q.k C 1/
;

k D 0; 1; : : : ; n � 1. Consequently,

f .x/ D
n�1X

kD0

Dk
q f .0

C/
�q.k C 1/

xk C I nq D
n
qf .x/:

Hence, the result follows from the basic Cauchy integral formula (4.25). ut
Remark 5.2.1. There are q-analogues of the mean value theorems in [253] for
functions defined on an interval of the form Œa; b� and a is not necessarily equal
to zero. These q-analogues are not valid for all q, 0 < q < 1, but it is valid for
q 2 Œq0; 1/ for some q0 > 0.

In the following theorem we introduce an identity relation between the Caputo
fractional q-derivative and the Riemann–Liouville fractional q-derivative. This
identity is a q-analogue of the result due to Diethelm in [82, Theorem 3.1].

Theorem 5.5. Let ˛ > 0 and n D d˛e. Assume that f 2 A C
.n/
q Œ0; a� and Dn

qf 2
C Œ0; a�. Then

cD˛
q f .x/ D D˛

q .f .x/ � Tn�1Œf I 0�// .x ¤ 0/ (5.8)

and

Tn�1Œf I 0� WD
n�1X

kD0

Dk
q f .0

C/
�q.k C 1/

xk:

Proof. Combining Theorems 5.4 and 5.3 yields

f .x/ D
n�1X

kD0

Dk
q f .0

C/
�q.k C 1/

xk CDn
qf .�/

xn�1

�q.n/

Z x

0

.qt=xI q/n�1 dqt;

for some � 2 Œ0; x�. Using the substitution t D x�, one can easily prove that

Z x

0

.qt=xI q/n�1 dqt D xBq.n; 1/:

Hence,

f .x/ D
n�1X

kD0

Dk
q f .0

C/
�q.k C 1/

xk C xn

�q.nC 1/
Dn
qf .�/: (5.9)
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Acting on the two sides of (5.9) by the operators cD˛
q and D˛

q gives

cD˛
q f .x/ D xn�˛

�q.n� ˛ C 1/
Dn
qf .�/

and

D˛
q f .x/ D D˛

q

 
n�1X

kD0

Dk
q f .0

C/
�q.k C 1/

xk

!

C xn�˛

�q.n � ˛ C 1/
Dn
qf .�/:

Hence,

D˛
q

"

f .x/ �
 
n�1X

kD0

Dk
q f .0

C/
�q.k C 1/

xk

!#

D cD˛
q f .x/:

ut
One can observe that the existence of the left hand side of (5.8) requires weaker
conditions than the conditions of Theorem 5.5. This is similar to the classical case
which was introduced independently by many authors including Caputo. See the
book of Diethelm, [82], and the references therein. Therefore, we introduce the
following definition

Definition 5.2.2. Assume that ˛ � 0 and f is a function such that

D˛
q .f .x/ � Tn�1Œf I 0�/ .n D d˛e/

exists. Then we define the functionD˛� qf by

D˛� qf WD D˛
q .f .x/ � Tn�1Œf I 0�.x// : (5.10)

The operatorD� q is called the Caputo fractional q-difference operator of order ˛.

If ˛ is an integer, say m, then the integer n of (5.10) is equal to m and Dm� qf D
Dm
q f .x/ since Dm

q ŒTm�1Œf I 0�� .x/ D 0.

Lemma 5.6. Assume that ˛� 0 andD˛
q .f .x/ � Tn�1Œf I 0�/ exists where nD d˛e.

Then

D˛� qf .x/ D x�˛�1

�q.�˛/
Z x

0

.qt=xI q/�˛�1 .f .t/ � Tn�1Œf I 0�.t// dqt .˛ 62 N0/ :

Proof. The proof follows directly from Lemma 4.8 and is omitted. ut
Corollary 5.7. Assume that ˛ > 0 and D˛

q .f .x/ � Tn�1Œf I 0�/ exists where n D
d˛e. Then

D˛� qf .x/ D x�˛.1 � q/�˛
1X

mD0
qm
.q�˛I q/m
.qI q/m .f � Tn�1Œf I 0�/ .xqm/: (5.11)
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Proof. The proof follows directly from the definition of Jackson q-integration,
see (1.19). ut
Corollary 5.8. Assume that ˛ >0 and D˛

q .f � Tn�1Œf I 0�/ .x/ exists where
n D d˛e. Then

D˛� qf .x/ D D˛
q f .x/ �

n�1X

kD0

Dk
q f .0

C/
�q.k � ˛ C 1/

xkC˛�1: (5.12)

Proof. Since from Example 4.51

D˛
q Tn�1.x/ D D˛

q

n�1X

kD0
Dk
q f .0

C/
xk

�q.k C 1/

D
n�1X

kD0
Dk
q f .0

C/
xk�˛

�q.k � ˛ C 1/
:

(5.13)

and from (5.11),

D˛� qf .x/ D D˛
q f .x/ �D˛

q Tn�1Œf I 0�.x/; (5.14)

then the corollary results by substituting with (5.13) in (5.14). ut
Corollary 5.8 leads to the following immediate result.

Corollary 5.9. Assume that ˛ � 0 and D˛
q .f .x/ � Tn�1Œf I 0�/ exists where

n D d˛e. Then
D˛� qf D D˛

q f

if and only if
Dk
qf .0

C/ D 0 .k D 0; 1; : : : ; n � 1/ :

5.3 Erdéli–Kober Fractional q-Integral Operator

Agarwal [17] defined a two parameter family of fractional q-operator corresponding
to the basic integral (1.19). This operator is defined by

I �;˛q f .x/ D x���1

�q.˛/

Z x

0

�
qt=xI q�

˛�1t
�f .t/ dqt .˛ ¤ �1;�2; : : :/ : (5.15)

Using the definitions of the q-integration (1.19) and the q-gamma function (1.57),
the definition of I �;˛q can be extended to any ˛ 2 C through the identity

I �;˛q f .x/ D .1 � q/˛
1X

kD0
q.�C1/k

�
q˛I q�

k

.qI q/k f .xq
k/: (5.16)
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The operator (5.15) is a q-analogue of the Erdéli–Kober fractional integral operator
defined by

I �;˛f .x/ D x���˛

� .˛/

Z x

0

.x � t/˛�1t�f .t/ dt;

see [94, 173]. It is clear that

I �;˛q f .x/ D x���˛I ˛q .x�f .x// :

Agarwal [17] proved the following semigroup identity when �; �, and � are
positive constants.

I �;�q I �C�;�q f .x/ D I �;�C�
q D I �C�;�q I �;�q f .x/

D I �;�q I�C�;�
q f .x/ D I �C�;�q I �;�q f .x/: (5.17)

It should also be mentioned here that in most of the proofs of [17,19], the domain
where the fractional integrals and the related properties hold is not determined
precisely. A very restrictive condition might be found in [17, P. 366]. We give a
sufficient for the existence of I �;˛q in the following proposition.

Proposition 5.10. Let �; r; ˛; and a be real numbers that satisfy

� > �1; r � 1; ˛ > 0 and a > 0:

If f 2 L r
q;�.0; a/ .a > 0/ then I �;˛q f .x/ exists for all x 2 .0; a�. Moreover,

I �;˛q f .x/ 2 L r
q;�Cˇ.0; a/ for all ˇ > 0:

Proof. First, assume that r > 1 and let s > 1 be such that 1
r

C 1
s

D 1. Assume that
f 2 L r

q;�.0; a/. Then using the Minkowski’s inequality we obtain

ˇ
ˇ̌
I �;˛q f .x/

ˇ
ˇ̌ D x���1

�q.˛/

ˇ
ˇ̌
ˇ

Z x

0

.qt=xI q/˛�1t�f .t/ dqt
ˇ
ˇ̌
ˇ

� x���1

�q.˛/

�Z x

0

t�.qt=xI q/s˛�1 dqt
�1=s �Z x

0

t�jf .t/jr dqt
�1=r

:

Using the substitution t D x� we can prove that

Z x

0

t�.qt=xI q/s˛�1 dq D x�C1
Z 1

0

��.q�I q/s˛�1 dq�:

Set

Ms WD 1

� s
q .˛/

Z 1

0

��.q�I q/s˛�1 dq�:
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We obtain

ˇ
ˇ
ˇI �;˛q f .x/

ˇ
ˇ
ˇ � Mx� �C1

r

�Z x

0

t�jf .t/jr dqt
�1=r

< 1;

for all x 2 .0; a�. Hence,

�Z x

0

t�Cˇ
�
I �;˛q f .t/

�r
dqt

�1=r
� M

�Z x

0

t�jf .t/jr dqt
�1=r �Z x

0

tˇ�1 dqt
�1=r

D M

�
1 � q

1 � qˇ x
ˇ

�1=r �Z x

0

t�jf .t/jr dqt
�1=r

:

If r D 1, then one can prove that there exists R > 0 such that

ˇ
ˇ
ˇI �;˛q f .x/

ˇ
ˇ
ˇ � Rx���1

Z x

0

t�jf .t/j dqt � Rx���1 kf k�;1 :

Hence,

Z x

0

t�CˇjI �;˛q f .t/j dqt � Raˇ
1 � q
1 � qˇ kf k�;1 :

ut
Now we prove the semigroup identity (5.17).

Proposition 5.11. If �, �, and �, are positive numbers, and f 2 L r
q;�.0; a/, r � 1,

then the semigroup property (5.17) holds for all x 2 .0; a�.
Proof. It is enough to prove the most left identity in (5.17).

I �;�q I �C�;�q f .x/ D x���1

�q.�/

Z x

0

.qt=xI q/��1t�I �C�;�q f .t/ dqt

D .1 � q/2x
�q.�/�q.�/

1X

kD0
q�k�.qkC1I q/��1

1X

nDk
qn.�C�C1/.qn�kC1I q/��1f .xqn/:

(5.18)
Now if f 2 L r

q;�.0; a/ then

ˇ̌
ˇ
ˇ
ˇ

1X

nDk
qn.�C�C1/.qn�kC1I q/��1f .xqn/

ˇ̌
ˇ
ˇ
ˇ

� M

1X

nDk
qn.�C�C1/jf .xqn/j

�
 1X

nDk
qn.�C1/jf .xqn/jr

!1=r  1X

nDk
qn.�C1C�s/

!1=s
:
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But  1X

nDk
qn.�C1C�s/

!1=s
D qk�qk.�C1/=s

.1 � q�C1C�s/1=s :

Hence, the double series in (5.18) is absolutely convergent. Then we can interchange
the order of summation to obtain

I �;�q I �C�;�q f .x/

D .1 � q/2x

�q.�/�q.�/

1X

nD0
qn.�C�C1/f .xqn/

nX

kD0
q�k�.qkC1I q/��1.qn�kC1I q/��1:

Applying (1.62) with ˛ D � and ˇ D � gives

nX

kD0
q�n�.qkC1I q/��1.qn�kC1I q/��1 D Bq.�; �/.q

nC1I q/�C��1q��n:

This gives after straightforward manipulations that

I �;�q I �C�;�q f .x/ D I �;�C�
q f .x/:

ut

5.4 Weyl Fractional q-Calculus

In previous chapters we dealt almost exclusively with the Riemann–Liouville
fractional q-calculus introduced independently by Al-Salam and Agarwal. Here,
we concentrate on the Weyl-fractional q-calculus. The q-analogue of the Weyl
fractional operator (4.28) is defined in (4.27). Using (1.20) we can write (4.27)
explicitly as

K�˛
q �.x/ D q� ˛.˛C1/

2 x˛.1 � q/˛
1X

kD0
.�1/kq.k2/

h�˛
k

i

q
�.xq�˛�k/; (5.19)

or in a more simpler form

K�˛
q �.x/ D q� ˛.˛C1/

2 x˛.1 � q/˛
1X

kD0
q�k˛ .q˛I q/k

.qI q/k �.xq
�˛�k/: (5.20)

Using (1.25) we can prove

Kn
q�.x/ D .�1/nDn

q�.x/ .n 2 N/ : (5.21)
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In the following we shall characterize a sufficient class of functions for which
K�˛
q exists for some ˛.

Definition 5.4.1. Let ˛ 2 C and let f be a function defined on a q�1-geometric
set A. We say that f is of class Sq;˛ if there exists � 2 C, Re� > Re˛ such that

f .xq�n/ D O.qn�/ as n ! 1; x 2 A:

Proposition 5.12. If ˛ 2 Z
� then K�˛

q f exists for any function f defined on
.0;1/. If ˛ 62 Z

� and f 2 Sq;˛ thenK�˛
q f exists.

Proof. If ˛ 2 Z
� then by (5.21), K�˛

q f exists for any functions f defined on a
.0;1/. If ˛ 62 Z

� and f 2 Sq;˛ then for each x > 0 there exists a constant C > 0,
C depends on x and ˛ such that

jf .xq�n�˛/j � Cqn�:

Applying the previous inequality in (5.20) gives

ˇ
ˇ
ˇK�˛

q f .x/
ˇ
ˇ
ˇ � Cq�˛.˛C1/=2jxj˛.1 � q/˛

.�qRe˛I q/1
.qI q/1

1X

kD0
qk.Re��Re ˛/

� Cq�˛.˛C1/=2jxj˛.1 � q/˛
.�qRe ˛I q/1

.1 � q.Re��Re˛//.qI q/1 :

ut
In the following we define a sufficient class of functions Sq;� for which K�˛

q f

exists for all ˛.

Definition 5.4.2. Let f be a function defined on a q�1-geometric set A. We say
that f is in the class Sq;� if there exist � > 0 and � 2 R such that for each x 2 A

jf .xq�n/j D O.q�n.nC�// as n ! 1:

It is clear that if f 2 Sq;� then f 2 Sq;˛ for all ˛. The spaces Sq;˛ and Sq;� are
q-analogues of the spaces of fairly good functions and good functions, respectively,
introduced by Lighthill [185, P. 15], see also [213, Chap. VII].

Example 5.4.1. An example of a function in the class Sq;1=2; is any function of the
form

Pn.x/

.axI q/1 for all n 2 N0;

where Pn.x/ is a polynomial of degree n and a is a constant such that axqk ¤ 1 for
all k 2 N0.
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Theorem 5.13. Let ˛ and ˇ be real numbers and � > 0. If � is a function defined
on .0;1/ and � 2 Sq;� then

K˛
qK

ˇ
q �.x/ D K˛Cˇ

q �.x/ .x > 0/:

Proof. From (5.20)

K˛
qK

ˇ
q �.x/ D q

1
2
.˛.1�˛/Cˇ.1�ˇ//�˛ˇx�˛�ˇ.1 � q/�˛�ˇ

�
1X

kD0
qk.˛Cˇ/ .q�˛I q/k

.qI q/k
1X

jD0
qjˇ

.q�ˇI q/j
.qI q/j �.xq˛Cˇ�.kCj //:

(5.22)

On the inner sum of (5.22) make the substitutionm D k C j . This gives

K˛
qK

ˇ
q �.x/ D q

1
2
.˛.1�˛/Cˇ.1�ˇ//�˛ˇx�˛�ˇ.1 � q/�˛�ˇ

�
1X

kD0
qk˛

.q�˛I q/k
.qI q/k

1X

mDk
qmˇ

.q�ˇI q/m�k
.qI q/m�k

�.xq˛Cˇ�m/:
(5.23)

Since � 2 Sq;�, we can interchange the order of summations in (5.23). This gives

K˛
qK

ˇ
q �.x/ D q

1
2
.˛.1�˛/Cˇ.1�ˇ//�˛ˇx�˛�ˇ.1 � q/�˛�ˇ

�
1X

mD0
qmˇ�.xq˛Cˇ�m/

mX

kD0
qk˛

.q�˛I q/k
.qI q/k

.q�ˇI q/m�k
.qI q/m�k

:
(5.24)

Some tedious manipulation yields

mX

kD0
qk˛

.q�˛I q/k
.qI q/k

.q�ˇI q/m�k
.qI q/m�k

D .q�ˇI q/m
.qI q/m 2�1

�
q�m; q�˛I q1Cˇ�mI q; q1C˛Cˇ� :

Hence, applying (1.11) yields

mX

kD0
qk˛

.q�˛I q/k
.qI q/k

.q�ˇI q/m�k
.qI q/m�k

D .q�ˇI q/m.q˛CˇC1�m/
.qI q/m.q1Cˇ�mI q/m

D .q�.˛Cˇ/I q/m
.qI q/m q˛m;

where we used

.aq�mI q/m

.bq�mI q/m D .q=aI q/m
.q=bI q/m

�a
b

�m
:
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Consequently,

K˛
qK

ˇ
q �.x/

D q
.˛Cˇ/.1�˛�ˇ/

2 /x�˛�ˇ.1 � q/�˛�ˇ
1X

mD0
qm.˛Cˇ/ .q�.˛Cˇ/I q/m

.qI q/m �.xq˛Cˇ�m/

D K˛Cˇ
q �.x/:

ut
Theorem 5.14. If f 2 L.Rq/ and g 2 Sq;� for some � > 0 then

Z 1

0

f .x/K�˛
q g.x/ dqx D q�˛.˛C1/=2

Z 1

0

g.xq�˛/I ˛q f .x/ dqx: (5.25)

Proof. Since

Z 1

0

f .x/K�˛
q g.x/ dqx

D q� ˛.˛C1/
2 .1 � q/˛C1

1X

kD�1
qk.1C˛/f .qk/

1X

rD0
q�r˛ .q˛I q/r

.qI q/r g.q
�˛Ck�r /:

(5.26)

Making the substitutionm D k � r on the most right series in (5.26) we obtain

Z 1

0

f .x/K�˛
q g.x/ dqx

D q� ˛.˛C1/
2 .1 � q/˛C1

1X

kD�1
qkf .qk/

kX

mD�1
qm˛

.q˛I q/k�m
.qI q/k�m

g.q�˛Cm/:
(5.27)

The conditions on the functions f and g guarantee the absolute convergence of
the double series in (5.27). Hence, we can interchange the order of summations to
obtain

Z 1

0

f .x/K�˛
q g.x/ dqx

D q� ˛.˛C1/
2 .1 � q/˛C1

1X

mD�1
qm˛g.qm�˛/

1X

kDm
qkf .qk/

.q˛I q/k�m
.qI q/k�m

:

(5.28)
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Making the substitution r D k �m on the second series in (5.28) gives

Z 1

0

f .x/K�˛
q g.x/ dqx

D q� ˛.˛C1/
2 .1 � q/˛C1

1X

mD�1
qm.˛C1/g.qm�˛/

1X

rD0
qrf .qrCm/

.q˛I q/r
.qI q/r

D q�˛.˛C1/=2
Z 1

0

g.xq�˛/I ˛q f .x/ dqx:

ut

5.5 Fractional q-Operator as a Generalization of a Right
Inverse of Askey–Wilson Operator

Let f be an integrable function of period 2
 . Weyl, see Zygmund’s book [300],
introduced a fractional operator which is more convenient for trigonometric series
than the Riemann–Liouville fractional operator. This operator is defined by

.I˛f /.x/ 	
1X

nD�1
cn
einx

.in/˛
if f .x/ 	

1X

�1
cne

inx; c0 D 0; (5.29)

where i˛ D ei˛
=2. He then pointed out that

I˛f .x/ D 1

2


Z 2


0

f .t/˚˛.x � t/ dt; ˚˛.x/ D
X

n¤0

einx

.in/˛
:

He also proved the semigroup identity

I˛Iˇ D I˛Cˇ .˛; ˇ > 0/:

In [147], Ismail and Rahman defined a q-analogue of the fractional operator I˛ , so
that ˛D 1 represents a right inverse of the Askey-Wilson operator Dq . The Askey-
Wilson operator is defined by

.Dqf /.x/ WD
Mf .q1=2ei
 / � Mf .q�1=2ei
 /
.q1=2 � q�1=2/ sin 


; x D cos 
;

where f .x/ D Mf .z/ with x D .z C 1=z/=2.



5.5 Fractional q-Operator as a Generalization of a Right Inverse of Askey–Wilson Operator 161

Ismail and Zhang [152] introduced the q-exponential function

".cos 
; cos�I˛/

WD .˛2I q2/1
.q˛2I q2/1

1X

nD0

��ei.�C
/q.1�n/=2;�ei.��
/q.1�n/=2I q�
n

.˛e��/n

.qI q/n q
n2=4:

It is straightforward to see that

Dq"q.cos 
; cos�I˛/ D 2˛q1=4

1 � q
"q.cos 
; cos�I˛/:

If we let ˛ D 0 and

"q.xI˛/ WD "q.x; 0I˛/;

then

"q.0I 1/ D 1 and lim
q!1�

"q.xI .1 � q/˛/ D exp.2˛ x/:

Bustoz and Suslov [67] used the notation

w0 D 0; wn D 1

2
J1=2;n.q/ .n ¤ 0/;

where fJ�;k.q/g denotes the sequence of positive zeros of J .2/� .zI q/ and J�;�k.q/ D
�J�;k.q/. Hence,

w�n D �wn:

Ismail and Zhang [152] proved that the sequence
˚
"q.xI iwn/

�
forms an orthogonal

basis of L2.w.x; q1=2jq/; Œ�1; 1�/, where

w.x; ˇjq/ D
�
e2i
 ; e�2i
 I q�1

sin 

�
ˇe2i
 ; ˇe�2i
 I q�1

; 0 < 
 < 
; x D cos 
:

This motivates Ismail and Rahman in [147] to define in analogy to (5.29)

I˛;qf .x/ D .1� q/˛

2˛q˛=4

X

n¤0

fn

.iwn/˛
"q.xI iwn/ .˛ > 0/;

where f 	 P1
�1 fn".xI iwn/. Hence,

I˛;qf .x/ D 
0

Z 1

�1
�˛.x; yjq/f .y/w.yI q1=2jq/ dqy;
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where

�˛.x; yjq/ D .1 � q/˛
2˛q˛=4
0

X

n¤0


n

.iwn/˛
"q.xI wn/;

and 
n is the constant appeared in the orthogonality relations

Z 1

�1
".x; iwn/".x; iwn/w.xI q1=2jq/ dx D ım;n


n
:

Ismail and Rahman [147] proved the semigroup identity

I˛;qIˇ;q D I˛Cˇ;q .˛ > 0I ˇ > 0/:

They also proved that
DqI˛;q D I˛�1;q .˛ > 1/:

5.6 Fractional q-Operator as a Generalization
of a q-Difference Operator

In this section, we introduce a q-analogue of the fractional operator (5.29) as
a generalization of the q-difference operator defined by Rubin in [265]. From
Theorem 3.19, if f 2 L2.eRq/\ L1.eRq/ then

f .x/ D
1X

�1
cne.ix

qnp
1 � q

I q2/C
1X

�1
dne.�ix qnp

1 � q
/
�
x 2 eRq

�
; (5.30)

where from the orthogonality relations (3.88)–(3.90)

cn D qn

C

Z 1=
p
1�q

�1=
p
1�q

f .t/e.�it
qnp
1 � q I q2/ dqt;

dn D qn

C

Z 1=
p
1�q

�1=
p
1�q

f .t/e.it
qnp
1 � q

I q2/ dqt;

where C WD 4
p
1 � q.q2I q2/21
.qI q2/21

. Consequently,

f .x/ D
Z 1=

p
1�q

�1=
p
1�q

f .t/�0.x; t/ dqt;
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where

�0.x; t/ D
1X

�1
qne.ix

qnp
1 � q /e.�it

qnp
1 � q

/C qne.�ix qnp
1 � q

/e.it
qnp
1 � q

/

D
1X

�1
qn Cos.x

qnp
1 � q

I q2/Cos.t
qnp
1 � q

/C qn Sin.x
qnp
1 � q

I q2/ Sin.t
qnp
1 � q

I q2/:

Lemma 5.15. The series

1X

nD�1
qn.1�˛/e.ix

qnp
1 � q I q2/e.�it

qnp
1 � q

I q2/ �x; t 2 eRq
�

(5.31)

is absolutely convergent only when Re ˛ < 1.

Proof. The series in (5.31) can be written as

 �1X

nD�1
C

1X

nD0

!

qn.1�˛/e.ix
qnp
1 � q

I q2/e.�it
qnp
1 � q I q2/:

It is known that

ˇ
ˇ̌
ˇ
.zI q/1
.qI q/1 1�1.0I z; q; q1Cn/

ˇ
ˇ̌
ˇ � .�jzj;�qI q/1

.qI q/1

(
1; n � 0;

jzj�nq n.nC1/
2 ; n � 0:

Hence, from the 2�1 series representation of Cos.�I q2/ and Sin.�I q2/ we obtain

j Sin.
qn

1 � q I q2/j � .�q2I q2/1
.qI q2/1

(
1; n � 0;

qn
2
; n < 0;

(5.32)

and

j Cos.
qn

1 � q
I q2/j � .�q2I q2/1

.qI q2/1

(
1; n � 0;

qn
2�2n; n < 0;

(5.33)

Consequently,

je. qn

1 � q
I q2/j � 2

.�q2I q2/1
.qI q2/1

(
1; n � 0;

qn
2
; n < 0:

(5.34)
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Thus, the series
P1

nD0 qn.1�˛/e.ix
qnp
1�q I q2/e.�it qnp

1�q I q2/ is absolutely conver-
gent for Re ˛ < 1 and diverges for Re ˛ � 1 while the series

�1X

nD�1
qn.1�˛/e.ix

qnp
1 � q I q2/e.�it

qnp
1 � q

I q2/

is absolutely convergent for all ˛ 2 C. ut
Set

�˛.x; t/ WD .1 � q/˛=2
1X

nD�1
qn
e.ix

qnp
1�q I q2/e.�it qnp

1�q I q2/
.iqn/˛

C .1� q/˛=2
1X

nD�1
qn
e.�ix qnp

1�q I q2/e.it qnp
1�q I q2/

.�iqn/˛ ;

where x; t 2 eRq and i˛ is defined with respect to the principal branch, i.e. i˛ D
e
i

2 ˛ .

Lemma 5.16. For k 2 N and Re ˛ < 1

ıkq;x�˛.x; t/ D �˛�k.x; t/:

Proof. The proof follows directly by using that

ıkq;xe.ix
qnp
1 � q I q2/ D

�
iqnp
1 � q

�k
e.ix

qnp
1 � q

I q2/:

ut
A direct calculation yields that the following identities hold whenever Re ˛ < 1

.1 � q/�˛=2�˛.x; t/ D 2 cos.



2
˛/A˛.x; t/C 2 sin.




2
˛/B˛.x; t/; (5.35)

where

A˛.x; t/

WD
1X

kD�1

qk.1�˛/ Cos.
qnCk

1� q
I q2/Cos.

qmCk

1� q
I q2/C qk.1�˛/ Sin.

qnCk

1� q
I q2/ Sin.

qmCk

1� q
I q2/

(5.36)
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and

B˛.x; t/

WD
1X

kD�1

qk.1�˛/ Cos.
qmCk

1� q
I q2/Sin.

qnCk

1� q
I q2/� qk.1�˛/ Cos.

qnCk

1� q
I q2/Sin.

qmCk

1� q
I q2/:

(5.37)

Theorem 5.17. For Re.˛/ < 1

.1 � q/�˛=2�˛. qnp
1 � q

;
qmp
1 � q /

D

8
ˆ̂
ˆ̂̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂̂
ˆ̂
ˆ̂
<

ˆ̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂
:̂

2 cos.

2
˛/q�m.1�˛/ .q

˛; q2I q2/1
.q1�˛; qI q2/1

P1
rD0 q˛Œ

r
2 �
.q1�˛I q/r
.qI q/r q.n�m/r

�2 sin.

2
˛/q�m.1�˛/ .q

1C˛; q2I q2/1
.q2�˛; qI q2/1

P1
rD0 q

˛r
2 �r

.q1�˛I q/r
.qI q/r q.n�m/r ;

n > mC Œ 1�˛
2
�;

2 cos.

2
˛/q�n.1�˛/ .q

˛; q2I q2/1
.q1�˛; qI q2/1

P1
rD0 q˛Œ

r
2 �
.q1�˛I q/r
.qI q/r q.m�n/r

�2 sin.

2
˛/q�n.1�˛/ .q

1C˛; q2I q2/1
.q2�˛; qI q2/1

P1
rD0 q

˛r
2 �r

.q1�˛I q/r
.qI q/r q.m�n/r ;

m > nC Œ 1�˛
2
�;

(5.38)

where �r D
(
q� r

2 q� 1�˛
2 ; r is odd;

q
r
2 ; r is even:

Moreover,

.1 � q/�˛=2�˛. qnp
1 � q

;� qmp
1 � q /

D

8
ˆ̂
ˆ̂
ˆ̂̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂̂
<

ˆ̂
ˆ̂̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂̂
ˆ̂
:

2 cos.

2
˛/q�m.1�˛/ .q

˛; q2I q2/1
.q1�˛; qI q2/1

P1
rD0.�1/rq˛Œ

r
2 �
.q1�˛I q/r
.qI q/r q.n�m/r

C2 sin.

2
˛/q�m.1�˛/ .q

1C˛; q2I q2/1
.q2�˛; qI q2/1

P1
rD0.�1/rq

˛ r
2 �r

.q1�˛I q/r
.qI q/r q.n�m/r ;

n > mC Œ 1�˛
2
�;

2 cos.

2
˛/q�n.1�˛/ .q

˛; q2I q2/1
.q1�˛; qI q2/1

P1
rD0.�1/rq˛Œ

r
2 �
.q1�˛I q/r
.qI q/r q.m�n/r

C2 sin.

2
˛/q�n.1�˛/ .q

1C˛; q2I q2/1
.q2�˛; qI q2/1

P1
rD0.�1/rq

˛ r
2 �r

.q1�˛I q/r
.qI q/r q.m�n/r ;

m > nC Œ 1�˛
2
�;

(5.39)



166 5 Other q-Fractional Calculi

.1 � q/�˛=2�˛. qnp
1 � q

;� qmp
1 � q /

D

8
ˆ̂
ˆ̂
ˆ̂̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂̂
<̂

ˆ̂̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂̂
ˆ̂
ˆ̂
:̂

2 cos.

2
˛/q�m.1�˛/ .q

˛; q2I q2/1
.q1�˛; qI q2/1

P1
rD0.�1/rq˛Œ

r
2 �
.q1�˛I q/r
.qI q/r q.n�m/r

�2 sin.

2
˛/q�m.1�˛/ .q

1C˛; q2I q2/1
.q2�˛; qI q2/1

P1
rD0 q

˛r
2 �r

.q1�˛I q/r
.qI q/r q.n�m/r ;

n > mC Œ 1�˛
2
�;

2 cos.

2
˛/q�n.1�˛/ .q

˛; q2I q2/1
.q1�˛; qI q2/1

P1
rD0.�1/rq˛Œ

r
2 �
.q1�˛I q/r
.qI q/r q.m�n/r

�2 sin.

2
˛/q�n.1�˛/ .q

1C˛; q2I q2/1
.q2�˛; qI q2/1

P1
rD0 q

˛r
2 �r

.q1�˛I q/r
.qI q/r q.m�n/r ;

m > nC Œ 1�˛
2
�:

(5.40)

.1 � q/�˛=2�˛.� qnp
1 � q

;� qmp
1 � q /

D

8
ˆ̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂̂
ˆ̂
ˆ̂
ˆ̂
<

ˆ̂
ˆ̂
ˆ̂
ˆ̂̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂
:

2 cos.

2
˛/q�m.1�˛/ .q

˛; q2I q2/1
.q1�˛; qI q2/1

P1
rD0 q˛Œ

r
2 �
.q1�˛I q/r
.qI q/r q.n�m/r

C2 sin.

2
˛/q�m.1�˛/ .q

1C˛; q2I q2/1
.q2�˛; qI q2/1

P1
rD0 q

˛r
2 �r

.q1�˛I q/r
.qI q/r q.n�m/r;

n > mC Œ 1�˛
2
�;

2 cos.

2
˛/q�n.1�˛/ .q

˛; q2I q2/1
.q1�˛; qI q2/1

P1
rD0 q˛Œ

r
2 �
.q1�˛I q/r
.qI q/r q.m�n/r

C2 sin.

2
˛/q�n.1�˛/ .q

1C˛; q2I q2/1
.q2�˛; qI q2/1

P1
rD0 q

˛r
2 �r

.q1�˛I q/r
.qI q/r q.m�n/r ;

m > nC Œ 1�˛
2
�:

(5.41)

Proof. Using the following formula from [176, P. 455]

1X

kD�1
qk.��C1/J˛.qmCk I q2/Jˇ.qnCkI q2/

D

8
ˆ̂
ˆ̂
ˆ̂
ˆ̂
<̂

ˆ̂
ˆ̂
ˆ̂
ˆ̂̂
:

qnˇqm.��ˇ�1/ .q
˛�ˇC�C1; q2ˇC2I q2/1
.q˛Cˇ��C1; q2I q2/1

�2�1
�
qˇ�˛��C1; q˛Cˇ��C1I q2ˇC2I q2; q2n�2mC˛�ˇC�C1� ;

qm˛qn.��˛�1/ .q
ˇ�˛C�C1; q2˛C2I q2/1
.q˛Cˇ��C1; q2I q2/1

�2�1
�
q˛�ˇ��C1; q˛Cˇ��C1I q2˛C2I q2; q2m�2nCˇ�˛C�C1� ;
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where Re.˛ C ˇ � � C 1/ > 0 we can prove that

1X

kD�1
qk.1�˛/ Cos.

qmCk

1 � q
I q2/Cos.

qnCk

1 � q
I q2/

D

8
ˆ̂
<̂

ˆ̂
:̂

q�m.1�˛/ .q
˛; q2I q2/1

.q1�˛; qI q2/1 2�1
�
q2�˛; q1�˛I qI q2; q2n�2mC˛� ;

q�n.1�˛/ .q
˛; q2I q2/1

.q1�˛; qI q2/1 2�1
�
q2�˛; q1�˛I qI q2; q2m�2nC˛� ;

where Re.1 � ˛/ > 0 and

1X

kD�1
qk.1�˛/ Sin.

qmCk

1 � q
I q2/ Sin.

qnCk

1 � q I q2/

D

8
ˆ̂
<̂

ˆ̂
:̂

qn�m q�m.1�˛/

1�q
.q˛; q2I q2/1
.q3�˛; qI q2/1 2�1

�
q2�˛; q3�˛I q3I q2; q2n�2mC˛� ;

qm�n q�n.1�˛/

1�q
.q˛; q2I q2/1
.q3�˛; qI q2/1 2�1

�
q2�˛; q3�˛I q3I q2; q2m�2nC˛� :

Also

1X

kD�1
qk.1�˛/ Sin.

qmCk

1 � q
I q2/Cos.

qnCk

1 � q I q2/

D

8
ˆ̂
<̂

ˆ̂̂
:

q�m.1�˛/ .q
1C˛; q2I q2/1
.q2�˛; qI q2/1 2�1

�
q1�˛; q2�˛I qI q2; q2n�2mC˛C1� ;

qm�n q�n.1�˛/

1�q
.q˛�1; q2I q2/1
.q2�˛; qI q2/1 2�1

�
q2�˛; q3�˛ I q3I q2; q2m�2nC˛�1� :

Hence, if x WD qnp
1�q and t WD qmp

1�q then

.1 � q/.1�˛/=2
.q1�˛; qI q2/1
.q˛; q2I q2/1 A˛.x; t/

D

8
ˆ̂
<̂

ˆ̂̂
:

t�.1�˛/
P1

rD0 q˛Œ
r
2 �
.q1�˛I q/r
.qI q/r

�
x
t

�r
; n > mC Œ�˛=2�;

x�.1�˛/P1
rD0 q˛Œ

r
2 �
.q1�˛I q/r
.qI q/r

�
t
x

�r
; m > nC Œ�˛=2�:

(5.42)
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Also

.1 � q/.1�˛/=2
.q1�˛; qI q2/1
.q˛; q2I q2/1 A˛.x;�t/

D

8
ˆ̂̂
<

ˆ̂
:̂

t�.1�˛/
P1

rD0.�1/rq˛Œ
r
2 �
.q1�˛I q/r
.qI q/r

�
x
t

�r
; n > mC Œ�˛=2�;

x�.1�˛/P1
rD0.�1/rq˛Œ

r
2 �
.q1�˛I q/r
.qI q/r

�
t
x

�r
; m > nC Œ�˛=2�:

(5.43)

.1 � q/.1�˛/=2 .q
2�˛; qI q2/1

.q1C˛; q2I q2/1B˛.x; t/

D �

8
ˆ̂
<̂

ˆ̂̂
:

q�m.1�˛/P1
rD0.�1/rq

˛r
2 �r

.q1�˛I q/r
.qI q/r q.n�m/r ; n � mC Œ 1�˛

2
�;

q�n.1�˛/P1
rD0.�1/rq

˛r
2 �r

.q1�˛I q/r
.qI q/r q.m�n/r ; m > nC Œ 1�˛

2
�;

(5.44)

.1 � q/.1�˛/=2 .q
2�˛; qI q2/1

.q1C˛; q2I q2/1B˛.x;�t/

D

8
ˆ̂
<̂

ˆ̂
:̂

q�m.1�˛/P1
rD0.�1/rq

˛r
2 �r

.q1�˛I q/r
.qI q/r q.n�m/r ; n � mC Œ 1�˛

2
�;

q�n.1�˛/P1
rD0.�1/rq

˛r
2 �r

.q1�˛I q/r
.qI q/r q.m�n/r ; m > nC Œ 1�˛

2
�:

(5.45)

Substituting from (5.42)–5.45 into (5.35) yield the values �˛.˙x;˙t/ and the
theorem follows. ut
Remark 5.6.1. In the previous theorem we calculated the value of �˛.x; t/ x; t 2
eRq and for specific values of x; t . We can calculate the values of �˛.x; t/ for all x; t
by using the identity

1X

�1
skCmykCn .y2I q2/1

.q2I q2/1 1�1
�
0Iy2I q2; q2kC2nC2� xkCm .x2I q2/1

.q2I q2/1
1�1

�
0I x2I q2; q2kC2mC2�

D yn�m .s�1xy�1; q2n�2mC2I q2/1
.q2n�2ms�1xy�1; q2I q2/1

2�1
�
q2n�2ms�1xy�1; s�1yx�1I q2n�2mC2I q2; sxy

�

for jsxyj < 1. See Proposition 4.1 of [176].
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In this case we have

A˛.
qnp
1 � q ;

qmp
1 � q

/ WD
1X

rD�1
qr.1�˛/ Cos.

qnCr

1 � q I q2/Cos.
qmCr

1 � q
I q2/

D q�m.1�˛/
�
q˛; q2n�2mC2; q2I q2�1
.q2n�2mC˛; q; qI q2/1 2�1

�
q2n�2mC˛; q˛I q2n�2mC2I q2; q1�˛� ;

(5.46)

B˛.
qnp
1 � q

;
qmp
1 � q / D

1X

rD�1
qr.1�˛/ Sin.

qnCr

1 � q
I q2/ Sin.

qmCr

1 � q
I q2/

D qn�mq�m.1�˛/
�
q˛; q2n�2mC2; q2I q2�1
.q2n�2mC˛; q; qI q2/1 2�1

�
q2n�2mC˛; q˛I q2n�2mC2I q2; q3�˛� ;

(5.47)

C˛.
qnp
1� q

;
qmp
1� q

/ D
1X

rD�1

qr.1�˛/ Sin.
qnCr

1� q
I q2/Cos.

qmCr

1� q
I q2/

D qn�mq�m.1�˛/

�
q˛�1; q2n�2mC2; q2I q2�

1

.q2n�2mC˛�1; q; qI q2/
1

2�1
�
q2n�2mC˛�1; q˛C1I q2n�2mC2I q2; q2�˛� :

Corollary 5.18. For each fixed x; t 2 eRq , the function �˛.x; t/ as a function of ˛
can be extended to an entire function on C.

Proof. If ˛ is a positive integer, then the series on the right hand sides of (5.38)–
(5.41) are finite sums and hence are convergent. Since the zeros of the function
cos.


2
˛/ are the poles of the function .q1�˛I q2/1 with the same orders. In fact

lim
˛! 2jC1

cos 

2
˛

.q1�˛I q2/1 D � 


2 ln q

qj
2Cj

.q2I q2/j .q2I q2/1 ; j 2 N0:

Similarly the zeros of the function sin.

2
˛/ are the poles of the function .q2�˛I q2/1

with the same orders and

lim
˛! 2j

sin 

2
˛

.q2�˛I q2/1 D � 


2 ln q

qj
2�j

.q2I q2/j�1.q2I q2/1 ; j 2 N:

Then the left hand side of (5.38)–(5.41) are entire functions. Hence as a function
of ˛, the functions ��˛.x; t/ .x; t 2 eRq/ can be analytically extended by defining
its values when Re˛ � 1 by the left hand sides of (5.38)–(5.41). ut
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It also should be noted that for Re.˛/ � 1, the left hand sides of (5.38) and (5.39)
determine��˛.x; t/ for all x; t 2 eRq which is different from the case of Re.˛/ < 1,
see Remark 5.6.1.

Definition 5.6.1. For Re˛ > 0, we define a fractional q-integral operator J ˛q on

L2.eRq/\ L1.eRq/ by

J ˛q f .x/ WD 1

C

Z 1=
p
1�q

�1=
p
1�q

f .t/�˛.x; t/ dqt:

The following properties follow directly from the definition of J ˛q .

• If f 2 L2.eRq/\ L.eRq/ and f is even then

J ˛q f .x/ D 2

Z 1=
p
1�q

0

f .t/'˛.x; t/ dqt;

where

.1 � q/�˛=2'˛. qnp
1 � q ;

qmp
1 � q /

D

8
ˆ̂
ˆ̂
ˆ̂
ˆ̂̂
ˆ̂
ˆ̂̂
<

ˆ̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂̂
:̂

2q�m.1�˛/ .q˛; q2I q2/1
.q1�˛; qI q2/1 cos 
2 ˛

P1
jD0

.q1�˛I q/2j
.qIq/2j qj.2n�2mC˛/

�2qn�m�m.1�˛/ sin 

2 ˛
.q1C˛; q2I q2/1
.q2�˛; qI q2/1

P1
jD0

.q1�˛ I q/2jC1
.qI q/2jC1

qj.2n�2mC˛�1/;

2q�n.1�˛/ .q˛; q2I q2/1
.q1�˛; qI q2/1 cos 
2 ˛

P1
jD0

.q1�˛I q/2j
.qIq/2j qj.2m�2nC˛/

C2q�n.1�˛/ sin 

2 ˛
.q1C˛; q2I q2/1
.q2�˛; qI q2/1

P1
jD0

.q1�˛I q/2j
.qI q/2j qj.2m�2nC˛C1/;

and

.1� q/�˛=2'˛.� qnp
1 � q ;

qmp
1 � q

/

D

8
ˆ̂
ˆ̂
ˆ̂̂
ˆ̂
ˆ̂
ˆ̂̂
<

ˆ̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂̂
ˆ̂
:̂

2q�m.1�˛/ .q˛; q2I q2/1
.q1�˛; qIq2/1 cos 
2 ˛

P1
jD0

.q˛C1I q/2j
.qI q/2j qi.2n�2mC˛/

C2qn�m�m.1�˛/ sin 

2 ˛
.q1C˛; q2I q2/1
.q2�˛; qI q2/1

P1
jD0

.q1�˛I q/2jC1
.qI q/2jC1

qj.2n�2mC˛�1/;

2q�n.1�˛/ .q˛; q2I q2/1
.q1�˛; qI q2/1 cos 
2 ˛

P1
jD0

.q1�˛I q/2j
.qIq/2j qj.2m�2nC˛/

�2q�n.1�˛/ sin 

2 ˛
.q1C˛; q2I q2/1
.q2�˛; qI q2/1

P1
jD0

.q1�˛I q/2j
.qI q/2j qj.2m�2nC˛C1/:
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• If f 2 L2.eRq/\ L.eRq/ and f is odd then

J ˛q f .x/ D 2

Z 1=
p
1�q

0

f .t/ ˛.x; t/ dqt;

where

.1� q/�˛=2 ˛.
qnp
1� q

;
qmp
1� q

/

D

8
ˆ̂
ˆ̂
ˆ̂
ˆ̂
ˆ̂̂
ˆ̂
<̂

ˆ̂̂
ˆ̂
ˆ̂
ˆ̂̂
ˆ̂
ˆ̂
:

2q�m.1�˛/qn�m
.q˛; q2I q2/

1

.q1�˛; qI q2/
1

cos 

2
˛
P

1

jD0

.q2�˛ I q/2jC1

.qI q/2jC1

qj.2n�2mC˛/

�2q�m.1�˛/ sin 

2
˛
.q1C˛; q2I q2/

1

.q2�˛; qI q2/
1

P
1

jD0

.q1�˛I q/2j
.qI q/2j qj.2n�2mC˛C1/;

2q�n.1�˛/
.q˛; q2I q2/

1

.q1�˛; qI q2/
1

cos 

2
˛
P

1

jD0

.q1�˛I q/2j
.qI q/2j qj.2m�2nC˛/;

C2q�.nC1/.1�˛/qm�n sin 

2
˛
.q1C˛; q2I q2/

1

.q2�˛; qI q2/
1

P
1

jD0

.q1�˛ I q/2jC1

.qI q/2jC1

qj.2m�2nC˛�1/;

and

.1� q/�˛=2 ˛.� qnp
1� q

;
qmp
1� q

/

D

8
ˆ̂̂
ˆ̂
ˆ̂
ˆ̂̂
ˆ̂
ˆ̂<

ˆ̂
ˆ̂
ˆ̂
ˆ̂̂
ˆ̂
ˆ̂̂
:

�2q�m.1�˛/qn�m
.q˛; q2I q2/

1

.q1�˛; qI q2/
1

cos 

2
˛
P

1

jD0

.q2�˛ I q/2jC1

.qI q/2jC1

qj.2n�2mC˛/

�2q�m.1�˛/ sin 

2
˛
.q1C˛; q2I q2/

1

.q2�˛; qI q2/
1

P
1

jD0

.q1�˛I q/2j
.qI q/2j qj.2n�2mC˛C1/;

2q�n.1�˛/
.q˛; q2I q2/

1

.q1�˛; qI q2/
1

cos 

2
˛
P

1

jD0

.q1�˛I q/2j
.qI q/2j qj.2m�2nC˛/

�2q�.nC1/.1C˛/qm�n sin 

2
˛
.q1C˛; q2I q2/

1

.q2�˛; qI q2/
1

P
1

jD0

.q1�˛ I q/2jC1

.qI q/2jC1

qj.2m�2nC˛�1/:

Example 5.6.1. If f 2 L2.eRq/\ L1.eRq/ then

Jqf .x/ D 1

C

Z 1=
p
1�q

�1=
p
1�q

f .t/�1.x; t/ dqt;

where if x; t 2 eRq we obtain

�1.x; t/ D �

p
1 � q

ln q
� C

2
; �1.x;�t/ D 


p
1 � q

ln q
� C

2
;
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and

�1.�x; t/ D �

p
1 � q

ln q
C C

2
; �1.�x;�t/ D 


p
1 � q

ln q
C C

2
:

Hence

Jqf .x/ D �2
p
1 � q

C ln q

Z 1=
p
1�q

0

fo.t/ dqt �
Z 1=

p
1�q

0

fe.t/ dqt;

and

Jqf .�x/ D
Z 1=

p
1�q

0

fe.t/ dqt � 2

p
1 � q

C ln q

Z 1=
p
1�q

0

fo.t/ dqt:

Definition 5.6.2. For ˛ > 0 we define a fractional q-difference operator ı˛q on

L2.eRq/\ L1.eRq/ by

ı˛q f .x/ WD J�˛
q f .x/ D 1

C

Z 1=
p
1�q

�1=
p
1�q

f .t/��˛.x; t/ dqt: (5.48)

Lemma 5.19. The operator ı˛q coincides with Rubin’s q-difference operator when
˛ ia a positive integer.

Proof. Let ˛ D k for some k 2 N and let f 2 L2.eRq/ \L1.eRq/. Using (3.88), we
conclude

f .x/ D 1

C

Z 1=
p
1�q

�1=
p
1�q

f .t/�0.x; t/ dqt:

Then from Lemma 5.16 we obtain

ıkqf .x/ D 1

C

Z 1=
p
1�q

�1=
p
1�q

f .t/��k.x; t/ dqt;

and the lemma follows. ut
Lemma 5.20. If ˛ > 0 and f 2 L2.eRq/ then

ı˛q f .x/ D ıkqJ
k�˛
q f .x/ .˛ > 0I k D d˛eI x 2 Rq/: (5.49)

Now if ˛ is a positive integer then d˛e D ˛ and from (5.49)

@˛q D @kq :
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Proof. Since

ıkqJ
k�˛
q f .x/ D 1

C
ıkq

Z 1=
p
1�q

�1=
p
1�q

f .t/�k�˛.x; t/ dqt

and ıkq;x�k�˛.x; t/ D ��˛.x; t/, the proof follows. ut
Theorem 5.21. If f 2 L1.eRq/ \ L2.eRq/ and ˛, ˇ are complex numbers such that
Re.˛/ < 1 and Re.ˇ/ < 1 such that Re.˛ C ˇ/ < 1 then

J ˛q J
ˇ
q f D J ˇq J

˛
q f D J ˛Cˇ

q f:

Proof. Let x 2 eRq . Since

J ˛q .J
ˇ
q f /.x/ D 1

C 2

Z 1=
p
1�q

�1=
p
1�q

Z 1=
p
1�q

�1=
p
1�q

f .u/�˛.x; t/�ˇ.t; u/dqu dqt

D 1

C 2

Z 1=
p
1�q

�1=
p
1�q

f .u/
Z 1=

p
1�q

�1=
p
1�q

�˛.x; t/�ˇ.t; u/ dqt dqu;

using the orthogonality relation (3.90) we obtain

Z 1=
p
1�q

�1=
p
1�q

�˛.x; t/�ˇ.t; u/ dqt D C�˛Cˇ.xI u/:

Consequently,

J ˛q .J
ˇ
q f /.x/ D 1

C

Z 1=
p
1�q

�1=
p
1�q

f .u/�˛Cˇ.xI u/dqu D J ˛Cˇ
q f .x/:

ut



Chapter 6
Fractional q-Leibniz Rule and Applications

Abstract This chapter includes analytic investigations on q-type Leibniz rules of
q-Riemann–Liouville fractional operator introduced by Al-Salam and Verma
in (Pac. J. Math. 60(2), 1–9, 1975). In this chapter, we provide a generalization of the
Riemann–Liouville fractional q-Leibniz formula introduced by Agarwal in (Ganita
27(1–2), 25–32, 1976). Purohit (Kyungpook Math. J. 50(4), 473–482, 2010)
introduced a Leibniz formula for Weyl q-fractional operator only when ˛ is an
integer. In this respect, We extend Purohit’s result for any ˛ 2 R. We end the
chapter with deriving some q-series and formulae by applying the fractional Leibniz
formula mentioned and derived earlier in the chapter.

6.1 Leibniz Rule for Fractional Derivatives

Studies of Leibniz rule for derivatives of arbitrary order started with the work of
Liouville [186] who introduced the Leibniz rule

D˛u.z/v.z/ D
1X

nD0

� .˛ C 1/

� .˛ � nC 1/
D˛�nu.z/Dnv.z/: (6.1)

While Liouville used Fourier expansions in obtaining (6.1), Grünwald [120] and
Letnikov [180] obtained (6.1) in a different technique. Other extensions and proofs
could be found in the work of Watanabe [288], Post [242], Bassam [49] and Gaer–
Rubel [110]. In Watanabe’s paper, the author derived the generalization

D˛u.z/v.z/ D
1X

�1

� .˛ C 1/

� .˛ � � � nC 1/� .� C nC 1/
D˛���nu.z/D�Cnv.z/; (6.2)

for any fixed � . In [288], no precise domain of convergence is given [228, P. 659].
Osler in [228], see also [81, 229–231], determined the domain of convergence
of (6.2) which includes (6.1) as the special case � D 0.

M.H. Annaby and Z.S. Mansour, q-Fractional Calculus and Equations,
Lecture Notes in Mathematics 2056, DOI 10.1007/978-3-642-30898-7 6,
© Springer-Verlag Berlin Heidelberg 2012
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The expansion (6.2) can be used to derive some series expansions of some
functions for example [228, P. 659]. If we take u D zd�a�1, v D zc�b�1, ˛ D
c � a � 1 and � D c � 1, we end with


2� .c C d � a � b � 1/ csc
a csc
b

� .c � a/� .c � b/� .d � a/� .d � b/
D

1X

�1

� .a C n/� .b C n/

� .c C n/� .d C n/
:

The identity

F.a; bI c:z/ D � .c/� .b � c C 1/ sin
.b � c/



1X

nD0
.�1/n F.a; bI b � nI z/

nŠ.b � c � n/� .b � n/

which holds for Re b > 0 and Rez < 1=2 is obtained from (6.2) by calculating
Db�czb�1.1 � z/�a by two different methods. One method is by taking

U.z/ D zb�1; V .z/ D .1 � z/�a;

and the other methods is by taking

U.z/ D .1 � z/�a; V .z/ D zb�1:

6.2 Al-Salam–Verma Fractional q-Leibniz Formula

In [20], Al-Salam and Verma derived formally a q-fractional Leibniz rule. They
used the q-Taylor series

f .z/ D
1X

nD0
.�1/nq�n.n�1/=2Dn

qf .aq
�n/

.1 � q/n
.qI q/n Œa � z�n; (6.3)

which is slightly different from the q-Newton series

f .z/ D
1X

nD0
Dn
qf .a/

.1 � q/n

.qI q/n Œz � a�n; (6.4)

introduced formally by Jackson in [159]. According to Jackson’s notations, Œy � t �n
denotes the function �n.y; t/ defined in (6.7) below for y; t 2 C and n 2 N0.
No proofs of (6.3) or (6.4) are given either in [20] or [159]. However, Al-Salam
and Verma gave a formal verification of (6.3) under the condition that f can be
expressed in the form
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f .z/ D
1X

nD0
cnŒz � a�n: (6.5)

Again, no indication is given for the class of functions where (6.5) holds. To the best
we know, Ismail and Stanton [149] are the first to give q-Taylor series in a rigorous
analytic way. Ismail and Stanton result is proved for q-Askey Wilson operators and
for functions analytic on bounded domains of C or entire functions whose maximum
modulusM.r If / satisfies

lim
r!1

jlnM.r If /j
ln2 r

D C; C <
1

ln q�1 :

See also [62, 148, 191, 289]. In [33], a rigorous proof of q-Taylor series based on
Jackson q-difference operator is introduced for functions analytic in finite domains
and also for entire functions that satisfy

lim
r!1

jlnM.r If /j
ln2 r

D C; C <
1

2 ln q�1 :

Returning to the fractional q-Leibniz rule of Al-Salam and Verma, the authors
of [20] derived also in a formal way the relation

I ˛q U.z/V .z/ D
1X

mD0

h�˛
m

i

q
Dm
q U.zq

�˛�m/I ˛Cm
q V.z/: (6.6)

Then Al-Salam and Verma gave some applications which we will mention in the last
section of this chapter. In Sect. 6.4 we provide an analytic proof of (6.6) indicating
the conditions on U; V; ˛ and the domain of convergence of the series in (6.6).

6.3 q-Taylor and Interpolation Series

In this section we exhibit the q-Taylor and interpolation series introduced in [33].
The q-Taylor expansion is given in terms of the polynomials �n.a; z/ where for each
t 2 C, the polynomials f'n.y; t/g1

nD0 are defined for y 2 C by

'0.y; t/ WD 1;

'n.y; t/ WD

8
<̂

:̂

yn .t=yI q/n ; y ¤ 0;

.�1/nq n.n�1/
2 tn; y D 0:

(6.7)

We consider 'n.y; t/ as a function of the two variables y and t .
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Lemma 6.1. For n 2 N and y; t 2 C we have

Dq;y'n.y; t/ D 1 � qn
1 � q 'n�1.y; t/;

Dq;t'n.y; t/ D �1 � qn
1 � q

'n�1.y; qt/;

I nq;t .1/ D 'n.y; t/

�q.nC 1/
:

Let k be a positive real number and f be an entire function with the power series
expansion

f .z/ D
1X

nD0
anzn: (6.8)

Bezivin [55] called f .z/ q-Gevrey of order 1=k, if there exist positive real numbers
A and C such that

janj < Aq
n.nC1/
2k C n .n 2 N0/ :

In [256], Ramis defined the q-Gevery series when q > 1. He also defined an entire
function f .z/ to have a q-exponential growth of order k and a finite type ı, ı 2 R,
if there exists a positive numberK such that

jf .z/j < Kjzj˛ exp

 
k ln2 jzj
2 ln2 q

!

;

see also [149, P. 177]. The following lemma coincides with that introduced by
Ramis [256] when q > 1.

Lemma 6.2. Let f be an entire function with the power series expansion

f .z/ D
1X

kD0
akzk .z 2 C/ :

The following are equivalent.

(i) There exist positive constants k, K and a real constant ˛ such that for r > 0

M.r If / 6 K exp

 
k ln2 r

2 ln2 q
C ˛ln r

!

:

(ii) There exists a positive constant A such that

janj 6 A exp

 
�.n � ˛/2 ln2 q

2k

!

.n 2 N0/ :
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The following is one of the q-Taylor series introduced in [33] and it is essential in
our investigations on the fractional q-Leibniz formula.

Theorem 6.3. Let f .z/ be a function with q-exponential growth of order k,
k < ln q�1, and a finite type ı, ı 2 R. Then for a 2 C n f0g, the function f .z/
has the expansion

f .z/ D
1X

mD0
.�1/mq�m.m�1/=2D

m
q f .aq

�m/
�q.mC 1/

'm.a; z/; (6.9)

absolutely and uniformly on compact subsets C.

Corollary 6.4. Let f be an entire function with q-exponential growth of order k�
k < ln q�1� and a finite type ı, ı 2 R. Then

f .zqn/ D
1X

mD0
.�1/m q

�m.m�1/=2

�q.mC 1/
Dm
q f .zq

�m�� /.qnC� ; q/m.zq�� /m; (6.10)

where � 2 R, z 2 C n f0g and n 2 N0. Moreover, for each z 2 C n f0g, the
convergence is absolute and uniform on fzqm W m 2 Ng.

Proof. Let z 2 Cnf0g be fixed. Hence,D WD f0; zqm W m 2 Ng is a compact subset
of C. Applying Theorem 6.3 with a D zq�� we obtain

f .y/ D
1X

mD0
.�1/mq�m.m�1/=2D

m
q f .zq

�m�� /
�q.mC 1/

'm.zq
�� ; y/ .y 2 D/;

and the convergence ia absolute and uniform on D. Observing that

'm.zq
�� ; zqn/ D .zq�� /m.qnC� I q/m;

then replacing y with zqn, n 2 N proves (6.10). ut

6.3.1 A Fractional q-Taylor Formula

Purohit and Raina [249] derived a generalized q-Taylor’s formula in fractional
q-calculus using Riemann–Liouville fractional q-difference operator. We introduce
Purohit and Raina’s result in the theorem below, for the proof cf. [249].

Theorem 6.5. Let � be an arbitrary complex number and Re.p/ > �1. If

f .x/ D
1X

�1
Anx

n;
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then

xp.t=xI q/pF.x; t/ D
1X

�1

q.nC�/.nC��1/=2tnC�

�q.nC �C 1/
DnC�
q;x fxpf .x/g ;

where
F.x; t/ D "�tqp .f .x//;

" is the q-translation operator defined in (1.15), jt=xj < 1, jtqp=xj < 1, and
jqj < 1.

The authors of [249] used the previous fractional q-Taylor formula to derive a
q-generating function of the basic hypergeometric function r�s: They proved that

xp.t=xI q/p "�qpt Œr�s .a1; : : : ; ar I b1; : : : ; bsI q; 	x/� (6.11)

D
1X

�1

q.nC�/.nC��1/=2

�q.nC �C 1/
tnC� �q.p C 1/

�q.p C 1 � n � �/

� xp�n��
rC1�sC1

�
a1; : : : ; ar ; q

pC1I b1; : : : ; bs; qpC1�n��I q; 	 x� :

Saxena et al. [270] introduced a basic analogue of the H -functions in terms of
the Mellin–Barnes type basic contour in the following manner:

H
m;n
A;B



zI q
ˇ
ˇ
ˇ
.a; ˛/

.b; ˇ/

�
D 1

2
 i
(6.12)

�
Z

C

QB
jDmC1.q1�bjCBj sI q/1QA

jDnC1.qaj�˛j sI q/1
Qm
jD1.qbj�Bj sI q/1Qn

jD1.q1�ajC˛j sI q/1
.q1�s I q/1
z

sin 
 z
ds;

and 0 � m � B; 0 � n � A; aj and ˛j are all positive integers. The contour
C is a line parallel to Re.ws/ D 0, with indentations, if necessary, in such a
manner that all the zeros of .qbj�ˇj s I q/1 .1 � j � m/ are to its right, and those
of .q1�ajC˛j sI q/1, 1 � j � n are to the left of C . The basic integral converges
if Re Œs log.x/ � log sin 
 s� < 0, for large values of jsj on the contour C , that is if˚
arg.z/� w2w�1

1 log jzj� < 
 , where jqj < 1, log q D �w D �.w1 C iw2/, w1 and
w2 are real numbers.

Purohit and Raina applied the fractional q-Taylor’s formula to obtain

zp.t=zI q/p"�tqp
�
H
m;n
A;B



zI q
ˇ
ˇ
ˇ
.a; ˛/

.b; ˇ/

��
D

1X

�1

q.nC�/.nC��1/=2

�q.nC �C 1/

zp.t=z/nC�

.1 � q/nC�

�Hm;nC1
AC1;BC1



	 zI q

ˇ
ˇ̌ .�p; 1/; .a; ˛/

.b; ˇ/; .nC � � p; 1/
�
;
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where � is arbitrary complex number, 0 � m � ˇ, 0 � n � A, and the existence
condition as in (6.12).

6.4 Analytic Proofs and Applications

In this section we give an analytic proof of the fractional q-Leibniz rule (6.6) of
Al-Salam and Verma in [20].

Theorem 6.6. Let U.z/ be an entire function with q-exponential growth of order k,
k < ln q�1, and a finite type ı, ı 2 R. Let V be a function that satisfies

1X

jD0
qj jV.zqj /j < 1 .z 2 C/ :

Then

I ˛q .UV/ .z/ D
1X

mD0

h�˛
m

i

q
Dm
q U.zq

�˛�m/I ˛Cm
q V.z/; (6.13)

for z 2 C n f0g and ˛ 2 R.

Proof. From (4.26) we have

I ˛q .UV/.z/ D z˛

�q.˛/

1X

nD0
qn.qnC1I q/˛�1U.zqn/V .zqn/

D z˛.1 � q/˛
1X

nD0
qn
.q˛I q/n
.qI q/n

U.zqn/V .zqn/:

(6.14)

Since U has q-exponential growth of order k
�
k < ln q�1� and a finite type ı, there

exists a constant K > 0 such that

jM.r IU /j 6 K exp

 

� l ln2 r

2 ln q
C ıln r

!

.r > 0I l < 1/ :

So, from Lemma 6.2, the sequence fang1
nD0 satisfies the inequality

janj 6 Cq.n�ı/2=2l . n 2 N0/ ; (6.15)

for some positive constant C , which is independent of n. Following Corollary 6.4,
the function U.�/ has the expansion

U.zqn/ D
1X

mD0
.�1/m q

�˛m�m.m�1/=2

�q.mC 1/
.qnC˛I q/mzmDm

q U.zq
�˛�m/; (6.16)
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uniformly and absolutely on the sequence fzqn W n 2 N0g, z 2 Cnf0g. Substituting
with (6.16) into (6.14), we obtain

I ˛q .UV/.z/ D z˛.1 � q/˛
1X

nD0
qn
.q˛I q/n
.qI q/n V .zq

n/

�
1X

mD0
.�1/mq�˛m�m.m�1/=2D

m
q U.zq

�˛�m/
�q.mC 1/

.qnC˛I q/mzm:

(6.17)

If we prove that the double series in (6.17) is absolutely convergent, then we can
interchange the order of summations in (6.17) and use

.q˛I q/n.qnC˛I q/m D .q˛I q/nCm D .q˛I q/m.q˛CmI q/n
and

I ˛Cm
q V.z/ D zmC˛.1 � q/mC˛

1X

nD0
qn
.q˛CmI q/n
.qI q/n V .zqn/

to obtain

I ˛q .UV/.z/ D
1X

mD0
.�1/m q

�˛m�m.m�1/=2.q˛I q/m
.qI q/m Dm

q U.zq
�˛�m/I ˛Cm

q V.z/:

(6.18)

Substituting with

h�˛
m

i

q
D .�1/mq�˛m�m.m�1/=2 .q˛I q/m

.qI q/m (6.19)

into (6.18), we obtain (6.13). Now we prove that the double series in (6.17) is
absolutely convergent. We do this by proving that the series in (6.16) and (6.14)
converge absolutely. Indeed, if U.z/ has the representation

U.z/ D
1X

rD0
ar z

r .z 2 C/

then

Dm
q U.zq

�˛�m/ D .1 � q/�m
1X

kD0
akCm.qkC1I q/mzkq�.˛Cm/k

D �q.mC 1/

1X

kD0
akCm

.qmC1I q/k
.qI q/k q�.˛Cm/kzk:
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Thus, from (6.15) we get

ˇ
ˇ
ˇDm

q U.zq
�˛�m/

ˇ
ˇ
ˇ 6 C�q.mC 1/q.m�ı/2=2l

1X

kD0

qk.k�2ı/=2l

.qI q/k q�˛kq.
1
l �1/mkjzjk:

(6.20)

Since the series on the right hand side of (6.20) converges and its sum depends only
on z; ı, and ˛, there exists a constant K1 which depends on z, ı and ˛ such that

ˇ
ˇ
ˇ
ˇ
q�m.m�1/=2

�q.mC 1/
.zq�˛/mDm

q U.zq
�˛�m/

ˇ
ˇ
ˇ
ˇ 6 K1q

. 1l �1/m2=2qm.
1
2� ı

l �˛/:

Hence,
1X

mD0

q�˛m�m.m�1/
2

�q.mC 1/

�
qnC˛I q�

m
jzjm

ˇ̌
ˇDm

q U.zq
�˛�m/

ˇ̌
ˇ � K2;

where

K2 WD K1.�q˛I q/1
1X

mD0
q.l

�1�1/m2=2 qm.
1
2� ı

2l �˛/jzjm:

Therefore,

1X

nD0
qn
.q˛I q/n
.qI q/n jU.zqn/ V .zqn/j 6 K2

.qI q/1
1X

nD0
qnjV.zqn/j < 1;

i.e. the series in (6.17) is absolutely convergent. This completes the proof. ut
It is worth noting that the condition

1X

jD0
qj jV.zqj /j < 1 .z 2 C/

is not restrictive. It is not hard to see that all q-regular functions as well as continuous
at zero functions satisfy this integrability condition.

6.5 A Generalization for Agarwal’s Fractional q-Leibniz
Formula

In [15], Agarwal introduced the following fractional q-Leibniz formula:

Theorem 6.7 (Agarwal’s fractional q-Leibniz formula). Let U and V be two
analytic functions which have power series representations at z D 0 with radii of
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convergenceR1 and R2, respectively and R D min fR1;R2g. Then,

I ˛q .UV/ .z/ D
1X

nD0

h�˛
n

i

q
Dn
qU.z/I

˛Cn
q V .zqn/ .jzj < R/; (6.21)

Proof. See [15]. ut
Recently, Purohit [247] used (6.21) to derive a number of summation formulae

for the generalized basic hypergeometric functions. In this section we present the
generalization of Agarwal’s fractional q-Leibniz formula (6.21) introduced in [206].
Let 0 < R < 1 and DR WD fz 2 C W jzj < Rg. In the following we say that the
function f 2 L1q.DR/ if

1X

jD0
qj jf .zqj /j < 1 for all z 2 DR n f0g :

Theorem 6.8. Let G be a branch domain of the logarithmic function. Let a; b be
complex numbers and R be a positive number. Let u and v be analytic functions in
the disk DR. Let U and V be defined in G \DR through the relations

U.z/ D zau.z/; V .z/ D zbv.z/: (6.22)

If V.�/ and UV.�/ are in L1q.DR/, then

I ˛q UV.z/

D z�
�q.˛/

�q.˛ � �/
1X

mD0


�˛ C �

m

�

q

Dm
q

�
.q˛�� �=zI q/�U.�/

� j�Dz

�
I ˛��Cm
q

�
V.zqm/;

(6.23)
where z 2 G \DR, and ˛; � 2 R.

Remark 6.5.1. It is worthwhile to notice that if we set � D 0 in (6.23), we obtain
Agarwal’s fractional Leibniz rule (6.21) with less restrictive conditions on the
functions U.z/ and V.z/. Actually, the special case � D 0 of Theorem 6.8 is an
extension of the result given by Manocha and Sharma in [202].

Proof. Since V , UV are in L1q.DR/, then

zaV 2 L1q.DR/; Re.b/ > �1 and Re.aC b/ > �1:

From (4.26) we obtain

I ˛q .UV /.z/ D z˛.1 � q/˛
1X

nD0
qn
.q˛I q/n
.qI q/n U.zq

n/V .zqn/: (6.24)
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Substituting with

.q˛I q/n
.qI q/n D .q˛�� I q/n

.qI q/n .q˛I q/�� .q˛��CnI q/�

into (6.24), we obtain

I ˛q .UV/.z/ D z˛.1 � q/˛.q˛I q/��
1X

nD0
qn
.q˛�� I q/n
.qI q/n .q˛��CnI q/�U.zqn/V .zqn/:

(6.25)

The existence of UV in the space L1q.DR/ guarantees that the series in (6.24) or
in (6.25) converges absolutely for all z 2 DR n f0g. Replace x in (1.27) by � and
then let

f .�/ D .q˛�� �=zI q/� U.�/:

Consequently,

.q˛��CnI q/�U.zqn/

D
nX

kD0
.�1/k.1 � q/k

hn
k

i

q
qk.k�1/=2zkDk

q

�
.q˛�� �=zI q/� U.�/

� ˇˇ
ˇ
�Dz
:

(6.26)

Then substituting (6.26) into (6.25), we get

I ˛q .UV/.z/ D z˛.1 � q/˛.q˛I q/��
1X

nD0
qn
.q˛�� I q/n
.qI q/n V .zqn/

�
nX

kD0
.�1/k.1 � q/k

hn
k

i

q
qk.k�1/=2zkDk

q

�
.q˛�� �=zI q/� U.�/

� ˇˇ̌
�Dz
: (6.27)

Using (1.25) we obtain

Dk
q

�
.q˛�� �

z
I q/�U.�/

� ˇ
ˇ
ˇ
�Dk D .�1/k.1 � q/�kza�kq� k.k�1/

2 .q˛�� I q/�

�
kX

rD0
q
r.r�1/
2



k

r

�

q

.q˛I q/k�r
.q˛�� I q/k�r

q.k�r/au.zqk�r /
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Therefore, since u.z/ is analytic in DR, there existsM > 0 such that

ˇ
ˇ
ˇ
ˇD

k
q

�
.q˛�� �

z I q/�U.�/
� ˇˇ
ˇ
�Dk

ˇ
ˇ
ˇ
ˇ

� .1 � q/�k jzjRe.a/�kqk Re a� k.k�1/
2 M

Pk
rD0 q

r.r�1/
2

h
k
r

i

q
q�r Rea

D M.1� q/�kjzjRe.a/�kqk Rea� k.k�1/
2 .�q� Re.a/I q/k

� M.1� q/�kjzjRe.a/�kqk Rea� k.k�1/
2 .�q� Re.a/I q/1

(6.28)

Consequently,

nX

kD0
.1 � q/k

hn
k

i

q
qk.k�1/=2

ˇ
ˇ
ˇ
ˇz
kDk

q

�
.q˛�� �

z
I q/�U.�/

� ˇ
ˇ
ˇ
�Dz

ˇ
ˇ
ˇ
ˇ

6 M jzjRe.a/ .�qRe.a/I q/1
.qI q/21

1 � q.nC1/Re.a/

1 � qRe.a/
:

(6.29)

Set F.�/ WD .q˛�� �
z I q/�U.�/. Then substituting (6.29) into (6.5) we obtain

1X

nD0

qnj.q˛�� I q/nj
.qI q/n jV.zqn/j

nX

kD0
.1 � q/k

hn
k

i

q
qk.k�1/=2

ˇ
ˇ
ˇzkDk

qF.z/
ˇ
ˇ
ˇ

6 M jzjRe.a/ .�q˛�� I q/1.�q� Re.a/I q/1
.qI q/31

1X

nD0

1 � q.nC1/Re.a/

1 � qRe.a/
qnjV.zqn/j:

(6.30)

The last series converges for all z 2 DR n f0g since V , zaV 2 L1q.DR/.
Consequently, the series in (6.30) is absolutely convergent and we can interchange
the order of summations in (6.5). This leads to

I ˛q .UV /.z/ D z˛.1 � q/˛.q˛I q/1��
�P1

kD0.�1/kqk.k�1/=2zk .1�q/
k

.qIq/k D
k
qF.z/

P1
nDk qn

.q˛�� Iq/n
.qIq/n�k

V .zqn/

D z˛.1 � q/˛.q˛I q/��P1
kD0.�1/kqk.kC1/=2zk .1�q/

k

.qIq/k D
k
qF.z/

�P1
jD0 qj

.q˛�� Iq/jCk

.qIq/j V .zqjCk/:
(6.31)

Since

�
I ˛��Ck
q V

�
.zqk/ D .zqk/˛��Ck.1 � q/˛��Ck

1X

jD0
qj
.q˛��Ck I q/j
.qI q/j V .zqjCk/;
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and
.q˛�� I q/jCk D .q˛�� I q/k.q˛��Ck I q/j ;

the substitution with the last two identities in (6.31) gives

I ˛q .UV /.z/ D z� .1 � q/� .q˛I q/��

�
1X

kD0
.�1/kq�k.k�1/=2Ck.�˛C�/ .q˛�� I q/k

.qI q/k

�
�
I ˛��Ck
q V

�
.zqk/Dk

q

�
.q˛�� �

z
I q/�U.�/

� ˇ
ˇ
ˇ
�Dz

D z� .1 � q/� .q˛I q/��

�
1X

kD0


�˛ C �

k

�

q

�
I ˛��Ck
q V

�
.zqk/Dk

q

�
.q˛�� �

z
I q/�U.�/

� ˇ
ˇ
ˇ
�Dz
;

and the theorem follows. ut
In the following theorem we derive Leibniz’ formula for Caputo fractional

q-difference operator.

Theorem 6.9. Let f and g be analytic on DR WD fz 2 C W jzj < Rg. Then

D˛� q.fg/.z/ D
1X

mD0

h�˛
m

i

q
Dm
q f .z/I

˛Cm
q g.zqm/�

n�1X

kD0
Dk
q .fg/.0/

zk�˛

�q.k � ˛ C 1/
:

Proof. The proof follows by combining (5.10) and Agarwal fractional q-Leibniz
formula (6.21). ut

6.6 A q-Extension of the Leibniz Rule via Weyl
q-Fractional Derivative

In [248], Purohit derived a q-extension of the Leibniz rule via Weyl fractional
q-difference operator defined in (4.27). He proved that for a nonnegative integer ˛

K˛
q .UV/.z/ D

X̨

rD0

.�1/rqr.rC1/=2.q�˛I q/r
.qI q/r K˛�r

q U.z/Kr
q;zV.zq

r�˛/; (6.32)

where U.z/ D z�p1u.z/, V.z/ D z�p2v.z/, u and v are analytic functions having
power series expansions at z D 0 with radius of convergence 	, 	 > 0, and p1;
p2 � 0. Purohit established some summation formulae as applications of the
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fractional Leibniz formula (6.32) which can be represented as

K˛
q .UV /.z/ D

X̨

rD0

.q�˛I q/r
.qI q/r K˛�r

q U.z/Dr
q�1;z fV.zq˛/g ;

where

Dr
q�1;zV.zq

˛/ D .�1/rqr.rC1/=2Kr
q;zV.zq

r�˛/

In [206], Mansour proved that the q-expansion in (6.32) can be derived for
any ˛ 2 R. The proof introduced in [206] is completely different from the one
introduced by Purohit for nonnegative integer values of ˛. The keynotes in proving
the generalization of Purohit fractional q-Leibniz formula are two identities: the first
one is

K˛
q z�p D q˛.1�˛/=2q�˛ pz�˛�p �q.˛ C p/

�q.p/
; (6.33)

which holds for any p 2 R when ˛ 2 N or holds when ˛ C p > 0. The proof
of (6.33) follows from (5.20) by replacing ˛ with �˛, x with z, and setting �.z/ D
z�p . The second identity follows from formula (1.27) with q replaced by q�1 and x
by z. That is

f .zq�n/ D
nX

kD0
.q�1 � 1/kq�.k2/

hn
k

i

q�1
zkDk

q�1f .z/

D
nX

kD0
qk.k�1/=2.1 � q/kq�nk hn

k

i

q
zkDk

q�1f .z/;

(6.34)

where we used, cf. [113, Eq. (I.47)]

hn
k

i

q�1
D
hn
k

i

q
qk

2�nk:

The identity in (6.33) leads to the following result

Lemma 6.10. Let p and ˛ be such that 0 < Re.p/ < 1 and ˛ > Re.p/. Let G be
the principal branch of the logarithmic function and letDR WD fz 2 C W jzj > Rg \
G. Assume that

U.z/ D zp
1X

jD0
aj z�j

is analytic on DR. Let

˝˛ D fz 2 DR W q˛z 2 DRg :
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Then K˛
q U.z/ exists for all z 2 ˝˛ . Moreover,

K˛
q U.z/ D q˛ p

�q.˛ � p/

�q.�p/ zp�˛
1X

jD0
aj
.q�pI q/j
.q˛�pI q/j q

�˛ j z�j .z 2 ˝˛/ : (6.35)

Proof. From (5.20) we find that

K˛
q U.z/ D q˛.1�˛/=2q˛ pzp�˛.1 � q/�˛

1X

kD0
qk.˛�p/ .q�˛I q/k

.qI q/k
1X

jD0
aj q

.�˛Ck/j :

(6.36)

From the assumptions of the present lemma we can easily deduce that the double
series in (6.36) is absolutely convergent for all z 2 ˝˛. Hence, we can interchange
the order of summations in (6.36). This and the q-binomials theorem (1.59) give

K˛
q U.z/ D q˛.1�˛/=2q˛ pzp�˛.1 � q/�˛

1X

jD0
aj q

�˛ j z�j
1X

kD0
qk˛�kpCkj .q�˛I q/j

.qI q/j

D q˛.1�˛/=2q˛ pzp�˛.1 � q/�˛
1X

jD0
aj q

�˛ j z�j .q�pCj I q/1
.q˛�pCj I q/1 :

Simple manipulations lead to (6.35). ut
Lemma 6.11. Let p, ˛, G, U , DR, and˝˛ as in Lemma 6.10. Then

1X

jD0
q˛ j jU.zq˛�j /j < 1 for all z 2 ˝˛:

Proof. The proof is easy and is omitted. ut
Theorem 6.12. Let U and V be functions defined on a q�1-geometric set A and let
˛ 2 R. Assume that UV 2 Sq;˛ and U 2 Sq;�, � > 1

2
. Then

K˛
q UV.z/ D

1X

mD0

.q�˛I q/m
.qI q/m K˛�m

q U.z/Dm
q�1;z fV.zq˛/g (6.37)

for all z 2 A and for all in ˛ 2 R. If � D 1=2 then (6.37) may not hold for all ˛ on
R but only for ˛ in a subdomain of R.

Proof. Let z 2 q�˛A be arbitrary but fixed. Since UV 2 Sq;˛, then

1X

kD0
qk˛

ˇ
ˇU.zq˛�k/V .zq˛�k/

ˇ
ˇ < 1: (6.38)
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From (5.20)

�
K˛
qUV

�
.z/ D q˛.1�˛/=2.1 � q/�˛z�˛

1X

mD0
q˛m

.q�˛I q/m
.qI q/m U.zq˛�m/V.zq˛�m/:

Applying (6.34) with f .z/ D V.zq˛/ yields

�
K˛
q UV

�
.z/ D q˛.1�˛/=2.1 � q/�˛z�˛

1X

mD0
q˛m

.q�˛I q/m
.qI q/m U.zq˛�m/

�
mX

jD0
qj.1�j /=2.1 � q/j q�mj



m

j

�

q

zjDj

q�1;z
fV.zq˛/g:

(6.39)

From the assumptions on the function U , there exists a constant C1 > 0 and � 2 R

such that

jU.zq˛�m/j � C1 q
�m.mC�/:

Using (1.25) with q�1 instead of q, we obtain

zjDj

q�1;z fV.zq˛/g � C2:

Consequently, the double series on (6.39) is bounded from above by

C1C2
.�q� Re˛I q/1
.qI q/1

1X

mD0
qmRe˛q�m.mC�/

mX

jD0
qj.1�j /=2



m

j

�

q

q�mj

� C1C2
.�q� Re˛I q/1
.qI q/1

1X

mD0
qmRe ˛q�m.mC�/.�q�mI q/m

� C1C2
.�q� Re˛I q/1.�qI q/1

.qI q/1
1X

mD0
qmRe˛q�m.mC�/q�m.mC1/=2;

(6.40)

where we applied the identity in (1.7). Now it is clear that if � > 1=2, the series on
the most right hand side of (6.40) is convergent for all ˛ 2 C. On the other hand, it
is convergent only for Re˛ > �� C 1

2
when � D 1

2
. Therefore, we can interchange

the order of summation in the series on the right hand side of (6.39). This gives

�
K˛
qUV

�
.z/ D q˛.1�˛/=2.1 � q/�˛z�˛

�
1X

jD0

.q�˛I q/j
.qI q/j zj .1 � q/jD

j

q�1;z
V.zq˛/

1X

rD0
q.˛�j /r .q�˛Cj I q/r

.qI q/r U.zq˛�j�r /:

(6.41)
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But

1X

rD0
q.˛�j /r .q�˛Cj I q/r

.qI q/r U.zq˛�j�r / D z˛�j .1 � q/˛�j q.˛�j /.˛�j�1/=2K˛�j
q V .z/:

Combining this latter identity with (6.41) yields the theorem. ut

6.7 Applications

In this section we apply the fractional Leibniz formulae introduced through the
chapter to derive transformations. Al-Salam and Verma [20] used the fractional
q-Leibniz formula (6.6) to derive some identities as in the next two applications.
In the remaining applications, we derive some identities using Agarwal’s fractional
Leibniz formula and its generalization.

Application 6.1 Let N 2 N0, ˛ 2 R, and � 2 C be such that Re .�/ > 0. Then

2˚1
�
q˛; zqN I zI q; q�� D .q�C˛I q/1

.q�I q/1
.zq�˛I q/N
.zI q/N

� 3˚2
�
0; q˛; q�N I q˛�NC1=z; q�C˛I q; q� :

(6.42)

Proof. Take

U.z/ D .zI q/N and V.z/ D z��1:

One can verify that form 2 N0 we have

Dm
q U.z/ D

�
.1 � q/�mqNm.q�N I q/m.zqmI q/N�m; if m � N;

0; if m > N:

Then

.Dm
q U /.zq

�˛�m/ D .1 � q/�mqNm.q�N I q/m.zq�˛I q/N�m:

But from [113, Eq. (I.10)]

.zq�˛I q/N�m D q.
m
2/
�

�q
˛C1�N

z

�m
.zq�˛I q/N

.q˛�NC1=zI q/m
:

Consequently,

.Dm
q U /.zq

�˛�m/ D q.
m
2/
�

� q˛C1

z.1 � q/

�m
.q�N I q/m .zq�˛I q/N

.q˛�NC1=zI q/m
: (6.43)
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Moreover,

I ˛Cm
q z��1 D �q.�/

�q.�C ˛/

.1 � q/m

.q�C˛I q/m z�C˛Cm�1: (6.44)

Combining (6.43), (6.44) and (6.19) yields

I ˛q .UV /.z/

D z˛C��1 �q.�/

�q.�C ˛/
.zq�˛I q/N

NX

mD0

.q˛I q/m .q�N I q/m
.qI q/m .q˛�NC1=zI q/m .q�C˛I q/m q

m

D z˛C��1 �q.�/

�q.�C ˛/
.zq�˛ I q/N 3˚2

�
0; q˛; q�N I q˛�NC1=z; q�C˛I q; q� :

(6.45)

On the other hand, using (6.14) we obtain

I ˛q .UV/.z/ D .1 � q/˛z˛C��1.zI q/N
1X

mD0
qm�

.q˛I q/m.zqN I q/m
.qI q/m.zI q/m

D .1 � q/˛z˛C��1.zI q/N 2˚1
�
q˛; zqN I zI q; q�� ;

(6.46)

whenever Re .�/ > 0. Combining (6.45) with (6.46) gives (6.42). ut
Application 6.2 Let � and ˛ be complex numbers satisfying Re.� � ˛/ > 0. Then

2�1
�
q˛; 0I qnC�C˛I q;�zq�˛� D .q�˛zI q/1q�n˛ .q�C˛I q/n

.q�I q/n

�
nX

kD0

q.�Cn/k.q˛I q/k .q�nI q/k .zqn�k I q/k
.qI q/k.q˛C�I q/k 2�1

�
q˛Ck; 0I q˛C�Ck I q; zqn�k� ;

(6.47)
holds for jzq�˛j < 1 and n 2 N0.

Proof. The identity in (6.47) follows by calculating

I ˛q
�
znC��1.zI q/1

�

in two different ways. Firstly by letting

U.z/ D zn; V .z/ D z��1.zI q/1
and secondly by taking

U.z/ D .zI q/1; V .z/ D znC��1:

Equating the results of these two calculations we obtain (6.47). ut



6.7 Applications 193

If we apply the Leibniz formula of Theorem 6.8 to the functionsU and V defined
on Application 6.1, we obtain the identity

2�1
�
q˛; zqnI zI q; q�� D .q�C˛I q/1

.q�I q/1 2�2
�
q�n; q˛I q�C˛; zI q; q�C˛� :

If we set a D q˛ , b D zqn, c D z, and � D q�, we obtain Jackson transformation of
2�1 and 2�2:

2�1 .a; bI cI q; �/ D .a�I q/1
.�I q/1 2�2 .a; c=bI c; a�I q; b�/ :

See [113, Eq. (III.4)]

Application 6.3 Let q 2 .0; 1/ and let �;� 2 C such that Re .�/ > 0. If jzq�j < 1
then

2˚1
�
q˛; zq�I zI q; q�� D .q�C˛I q/1

.q�I q/1 2˚2
�
q˛; q��I q�C˛; zI q; q�C�z

�
: (6.48)

Proof. Let

U.z/ D .zI q/�; V .z/ D z��1:

Then

Dk
qU.z/ D q�k .q��I q/k

.zI q/�

.zI q/k .1 � q/�k;

and

I ˛Ck
q V .zqk/ D �q.�/

�q.�C ˛/

.1� q/k

.q�C˛I q/k q
k.�C˛Ck�1/z�C˛Ck�1:

Consequently, for jzq�j < 1 we have

I ˛q UV.z/

D z�C˛�1.zI q/� �q.�/

�q.�C ˛/

1X

kD0
.�1/kqk.k�1/=2 .q˛; q��I q/k

.q; q�C˛; zI q/k .zq
�C�/k (6.49)

D z�C˛�1.zI q/� �q.�/

�q.�C ˛/
2˚2

�
q˛; q��I q�C˛; zI q; q�C�z

�
:
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On the other hand, using the definition (6.14) we obtain for Re .�/ > 0

I˛q UV.z/ D z�C˛�1.1 � q/˛.zI q/�
1X

nD0
qn�

.q˛I q/n.zI q/n
.qI q/n.zI q/n

D z�C˛�1.1 � q/˛.zI q/�2˚1
�
q˛; zq�I zI q; q�� :

(6.50)

By equating (6.49) and (6.50) we obtain (6.48). ut
Application 6.4 Let n 2 N0 and � 2 C, Re .�/ > 0. Then

2�2
�
0; q˛I z; qnC�C˛I q; zq�Cn�

D .qnC�I q/1
.qnC�C˛I q/1

nX

kD0
q.�Cn/k .q˛I q/k .q�nI q/k

.qI q/k.zI q/k 2�1
�
0; q˛Ck I zqk I q; q�� ;

(6.51)

holds for all z 2 C n ˚q�k W k 2 N0

�
.

Proof. Formula (6.51) follows by calculating I ˛q znC��1.zI q/1 by two different
ways. Firstly, we take

U.z/ D zn and V.z/ D z��1.zI q/1:

In this case

Dk
qU.z/ D

�
.�1/kqnk�k.k�1/=2.1 � q/�k .q�nI q/k zn�k; k D 0; 1; : : : ; n

0; k 2 fn; nC 1; : : :g ;
(6.52)

I ˛Ck
q V .zqk/ D .zqk/˛CkC��1.zqk I q/1.1 � q/˛Ck

1X

rD0
qr�

.q˛Ck I q/r
.qI q/r .zqk I q/r : (6.53)

The q-fractional integral I ˛Ck
q V .zqk/ exists for Re .�/ > 0 and for all z 2 C

because the poles of the series in (6.53) are zeros for .zqk I q/1. Moreover, the
series in (6.53) is the function 2�1

�
0; q˛Ck I zqk I q; q��. Hence, applying Agarwal’s

fractional Leibniz rule (6.21) gives

I ˛q UV.z/ D .1 � q/˛ znC�C˛�1.zI q/1

�
nX

kD0
q.�Cn/k .q˛I q/k .q�nI q/k

.qI q/k.zI q/k 2�1
�
0; q˛Ck I zqk I q; q�� :

(6.54)

Secondly, if we take

U.z/ D .zI q/1 and V.z/ D znC��1;
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we obtain

I ˛q UV.z/ D znC�C˛�1.zI q/1.1 � q/˛
.qnC�C˛I q/1
.qnC�I q/1 2�2

�
q˛I z; qnC�C˛I q; q�Cn� :

(6.55)

By equating (6.54) and (6.55) we obtain (6.51). ut
Application 6.5 Let a, b, and c be complex numbers such that Re.b/ > 0. Then for
jzq�aj < 1,

2�1
�
qa; qb; qc I q; q�az

� D �q.c/

�q.b/�q.c � b/

�
1X

mD0
qmb

.q�bC1I q/m
.1 � qc�bCm/.qI q/m 2�1

�
qa; qI qmC1Cb�cI q; zq�aCm� :

Proof. The proof follows by calculating I c�bq

�
zb�1.zI q/�a

�
by applying

Theorem 6.8 in two different ways. The first one is by taking

U.z/ D zb�1; V .z/ D .zI q/�a;

and the second one follows by taking

U.z/ D .zI q/�a; V .z/ D zb�1:

ut
Application 6.6 For n 2 N0, ˛ 2 R and � 2 C with Re.�/ > 0

2�1
�
q�n; q˛I q�C˛I q; q�Cn� D q�n˛

2�1
�
q�n; q˛I q�C˛I q; q�

D .q�I q/n
.q�C˛I q/n :

(6.56)

Proof. Set U.z/ D zn and V.z/ D z��1. Then applying Theorem 6.6 gives

I ˛q UV.z/ D znC�C˛�1q�n˛ �q.�/

�q.�C ˛ Cm/
2�1

�
q�n; q˛I q�C˛I q; q� :

Now, applying Agarwal’s fractional Leibniz formula (6.21) yields

I ˛q UV.z/ D znC�C˛�1 �q.�/

�q.�C ˛ Cm/
2�1

�
q�n; q˛I q�C˛I q; q�Cn� :
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But a direct computation gives

I ˛q znC��1 D �q.nC �/

�q.nC �C ˛/
znC�C˛�1:

Hence, equating the last three identities gives (6.56). ut
Application 6.7 For complex numbers a, b, and c such that Re.c � a/ > 0 and
Re.c � a � b/ > 0

�q.c � a � b/�q.c/

�q.c � b/�q.c � a/ D 2�1
�
qa; qbI qc I q; qc�a�b� (6.57)

Proof. The proof of (6.57) follows by taking

U.z/ D z�b; V .z/ D zc�a�1 (6.58)

and applying the fractional Leibniz rule Theorem 6.8 with � D 0, ˛ D a. This gives

I ˛q .UV/.z/ D zc�b�1 �q.c � a/
�q.c/

1X

kD0
qk.c�a�b/ .qaI q/k.qbI q/k

.qI q/k.qcI q/k : (6.59)

On the other hand,

I ˛q UV.z/ D I aq zc�a�b�1 D �q.c � a � b/
�q.c � b/

zc�b�1: (6.60)

Consequently, equating the identities in (6.60) and (6.59) yields (6.57). ut
The expansion (6.57) is the q-Gauss summation formula introduced by Heine,
cf. [130–133].

Application 6.8 For complex numbers a, b, A, B , d , andD such that Re.b/ > �1,
Re.B/ > 0, and Re.b C B/ > 1

2�1

�
qaCA; qbCB I qdCDI q; q�.aCA/z

�
D .zI q/�a �q.d CD/�q.B/

�q.b C B/�q.d C B � b/
.1 � q/B�D

�
1X

mD0
.�1/mq.m2/qmB .qb�d I q/m

.qIq/m.qdCD�bI q/m

�3�2
�
q�m; qdCD�b�B; zq�aI qd�b; zI q; qbC1�

2�1

�
qA; qB I qdCB�bCmI q; q�a�ACm�;

(6.61)

for jzq�a�Aj < 1.
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Proof. The previous identity follows by taking

U.z/ D zb.zI q/�a; V .z/ D zB�1.zq�aI q/�A;

and applying Theorem 6.8 with

˛ D d CD � b � B; � D D � B:

Then using (1.26) we obtain

Dm
q

�
.qd�b �

z
I q/D�B�b.�I q/�a

� ˇ
ˇ̌
�Dz

D .1 � q/�mz�mCb.zI q/�a .qd�bI q/1
.qd�bCD�B I q/1

� 3�2
�
q�m; qd�bCD�B; zq�aI qd�b; zI q; qbC1� : (6.62)

In addition,

.I ˛��Cm
q V /.zqm/ D zd�bCˇ�1Cmqm2C.d�bCˇ�1/m �q.ˇ/

�q.B CmC d � b/

�2�1
�
qA; qˇI qm�bI q; qm�a�A� ;

(6.63)

and

h� � ˛

m

i

q
D .�1/mq.��˛/mq.

�m
2 /
.q˛�� I q/m
.qI q/m : (6.64)

Substituting with (6.62)–(6.64) into (6.23), we obtain

I˛q UV.z/ D zdCD�1.1 � q/D�B.zI q/�a �q.ˇ/

�q.B C d � b/

�
1X

mD0
.�1/mq.m2/qmB .qb�d I q/m

.qIq/m.qdCD�bI q/m

�3�2
�
q�m; qdCD�b�B; zq�aI qd�b; zI q; qbC1�

2�1

�
qA; qB I qdCB�bCmI q; q�a�ACm�

(6.65)

On the other hand,

I ˛q UV.z/ D �q.b CB/

�q.d CD/
zdCD�1

2�1
�
qaCA; qbCB I qdCDI q; q�.aCA/� : (6.66)

Combining (6.65) and (6.66) we obtain (6.61). ut
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Application 6.9 Let � , �, �, and ˛ be complex numbers satisfying

Re.�/ > 0; Re.�C �/ > 0; � 62 N0 and Re.˛/ > 0:

Then

�q.�C �/�q.˛/�q.�C ˛ � �/
�q.˛ � �/�q.�/�q.�C �C ˛/

D
1X

mD0
qm.�C�/ .q˛�� ; q��I q/m

.q; q�C˛�� I q/m 2�1
�
q�� ; q�C1I q��mC1I q; q˛� :

(6.67)

Proof. We prove the identity by using Theorem 6.8. Take U.z/ D z� and v.z/ D
z��1. Then,

Dm
q .q

˛�� �
z

I q/��� D Dm
q

1X

kD0

.q�� I q/k
.qI q/k

�
q˛

z

�k
��Ck

D
1X

kD0

.q�� I q/k
.qI q/k

�
q˛

z

�k �q.�C k C 1/

�q.�C k �mC 1/
��Ck�m:

Hence,

Dm
q .q

˛�� �
z I q/���

ˇ
ˇ
ˇ
�Dz

D z��m �q.�C 1/

�q.� �mC 1/
2�1

�
q�� ; q�C1I q��mC1I q; q˛�

D .�1/m .q
��I q/m

.1 � q/m
qm��.m2/z��m

�2�1
�
q�� ; q�C1I q��mC1I q; q˛� :

(6.68)
and

�
I ˛��Cm
q V

�
.zqm/ D �q.�/

�q.�C ˛ � � Cm/
.zqm/�C˛��Cm�1

D �q.�/

�q.�C ˛ � �/
.1 � q/m

.q�C˛�� I q/m .zq
m/�C˛��Cm�1:

(6.69)

Then applying Theorem 6.8 gives

I ˛q .UV /.z/ D z�C�C˛�1 �q.˛/�q.�/

�q.˛ � �/�q.�C ˛ � �/

�
1X

mD0
qm.�C�/ .q˛�� ; q��I q/m

.q; q�C˛�� I q/m 2�1
�
q�� ; q�C1I q��mC1I q; q˛� :

(6.70)
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On the other hand,

I ˛q z�C��1 D �q.�C �/

�q.�C �C ˛/
z�C�C˛�1: (6.71)

Equating (6.70) and (6.71) gives (6.67). ut



Chapter 7
q-Mittag–Leffler Functions

Abstract The classical Mittag–Leffler function plays an important role in fractional
differential equations. In this chapter we mention in brief the q-analogues of
the Mittag–Leffler functions defined by mathematicians. We pay attention to a
pair of q-analogues of the Mittag–Leffler function that may be considered as
a generalization of the q-exponential functions eq.z/ and Eq.z/. We study their
main properties and give a Mellin–Barnes integral representations and Hankel
contour integral representation for them. As in the classical case we prove that
the q-Mittag–Leffler functions are solutions of q-type Volterra integral equations.
Finally, asymptotics of zeros of one of the pair of the q-Mittag–Leffler function will
be given at the end of the chapter.

7.1 Mittag–Leffler Functions

The special function of the form

E	.z/ D
1X

nD0

zn

� .n	C 1/
.	 > 0/ ; (7.1)

and more general functions

E	;�.z/ D
1X

nD0

zn

� .n	C �/
.	 > 0I � 2 C/ ; (7.2)

where z 2 C, are known as Mittag–Leffler functions, see e.g. [95, 143, 168]. The
one parameter function E	;1.z/ D E	.z/ was first introduced by Mittag–Leffler in a
sequence of five notes [219–223]. See also [200]. The two parameter function (7.2)
was first introduced by Agarwal in [16], see also Humbert and Agarwal [137]. The
functionE	;�.z/ is an entire function of z of order 1=	 and type 1.

M.H. Annaby and Z.S. Mansour, q-Fractional Calculus and Equations,
Lecture Notes in Mathematics 2056, DOI 10.1007/978-3-642-30898-7 7,
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The Mittag–Leffler functionE	;�.z/ is a special case of the Fox–Wright function
(1.82). It is straightforward to verify

E	;�.z/ D 1 1



.1; 1/

.�; 	/

ˇ
ˇ
ˇ̌z
�
:

These functions had been extensively studied by Kilbas et al. in [167] and in [168].
The two parameter Mittag–Leffler functions appeared as solutions of frac-

tional integro differential equations, see e.g. [52, 85, 114, 117, 172, 200, 235].
See also [21, 22, 84, 85, 116, 235, 239–241, 246, 272, 273, 283] for properties and
asymptotics of zeros, and more historical notes. In 1971, Prabhakar [244] introduced
a generalization of the Mittag–Leffler function of two parameters as a kernel of
certain fractional differential equations. The generalized Mittag–Leffler function is
defined by

E
�

˛;ˇ.z/ D
1X

nD0

zn.�/n
nŠ� .n˛ C ˇ/

:

Now, we give q-analogues of the Mittag–Leffler functions. Since we have
two major q-exponential functions, namely, eq.z/ and Eq.z/, we will define the
following two q-analogues of the Mittag–Leffler functions

e˛;ˇ.zI q/ WD
1X

nD0

zn

�q.n˛ C ˇ/
.jz.1 � q/˛j < 1/ ;

E˛;ˇ.zI q/ WD
1X

nD0

q˛n.n�1/=2

�q.n˛ C ˇ/
zn .z 2 C/ ;

(7.3)

where ˛ > 0; ˇ 2 C. When ˇ D 1, the functions e˛;1.zI q/ and E˛;1.zI q/ define
families of q-exponential functions of one parameter. Another one-parameter family
of q-exponential functions is defined by, cf. [42, 104, 143],

E.˛/
q .z/ WD

1X

kD0

q˛k
2=2

.qI q/k zk .˛ 2 C/ :

Rajković et al. in [255] introduced another pair of q-Mittag–Leffler functions. This
pair is denoted by eqI˛;ˇ.zI c/, EqI˛;ˇ.zI c/, and defined by

eqI˛;ˇ.xI c/ D
1X

nD0

.c=xI q/˛ nCˇ�1
.qI q/˛ nCˇ�1

x˛ nCˇ�1 .jxj > jcj/ ;

EqI˛;ˇ.xI c/ D
1X

nD0

q.
˛ nCˇ�1

2 /.c=xI q/˛ nCˇ�1
.qI q/˛ nCˇ�1.�cI q/˛ nCˇ�1

.x 2 C/ ;
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where

fq; x; c; ˛g 
 C; Re.˛/; Re.ˇ/ > 0 and jqj < 1:

The authors of [255] called eqI˛;ˇ.xI c/ the small q-Mittag–Leffler function and
EqI˛;ˇ.xI c/ the big q-Mittag–Leffler function. It is clear that

eqI˛;ˇ.xI 0/ D .1 � q/�ˇxˇ�1e˛;ˇ.x˛.1 � q/�˛I q/:

7.2 The q-Mittag–Leffler Function e˛;ˇ.zI q/

The following formulae follow directly from the definition of e˛;ˇ.zI q/:

e2;1.zI q/ D coshq
p

z.1 � q/; e2;2.zI q/ D sinhq
p

z.1 � q/p
z

;

e1;1.zI q/ D eq.z.1 � q//; e1;2.zI q/ D eq
�
z.1 � q/� � 1

z
;

e˛;ˇ.zI q/ D 1

�q.ˇ/
C ze˛;˛Cˇ.zI q/;

qˇzDq;ze˛;ˇC1.z˛I q/ D �1 � qˇ

1 � q
e˛;ˇC1.z˛I q/C e˛;ˇ.z

˛I q/:

We also have the following set of properties ;

Dm
q;zem;1.z

mI q/ D em;1.z
mI q/;

Dm
q;zem=n;1.z

m=nI q/ D em=n;1.z
m=nI q/C

n�1X

kD1

z
m
n k�m

�q.
m
n
k �mC 1/

;

e˛;ˇ.zI q/ D 1 � qˇ

1 � q
e˛;ˇC1.zI q/C qˇ

1 � q˛

1 � q zDq˛;ze˛;ˇC1.zI q/;

zr e˛;ˇCr˛.zI q/ D e˛;ˇ.zI q/C
r�1X

jD0

zj

�q.˛ j C ˇ/
; r 2 N:

The last identity can be generalized to any r > 0 through the identity

zdree˛;ˇC˛r .zI q/ D e˛;ˇCr�d r e.zI q/C
d r e�1X

jD0

zj

�q.˛ j C ˇ C r � d r e/ :
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7.2.1 Application of the q Ls Transform

Theorem 7.1. Let ˛, ˇ, and � be complex numbers with positive real parts. Then

Z x

0

tˇ�1e˛;ˇ.at˛ I q/"�qt
	
x��1e˛;ˇ.�ax˛ I q/
 dqt D x˛Cˇ�1e2˛;�Cˇ.a2x2˛I q/;

where a 2 C n f0g and jxj < 1

a1=Re.˛/.1 � q/ .

Proof. Let s and p be complex numbers related to the identity s D p.1 � q/. If
jpj > jaj1=Re.˛/, one directly obtains

q Ls
�
xˇ�1e˛;ˇ.ax˛ I q/� D 1

1 � q
p˛�ˇ

p˛ � a
;

and

q Ls
�
x��1e˛;� .�ax˛I q/� D 1

1 � q

p˛��

p˛ C a
:

Hence,

q Ls
�
xˇ�1e˛;ˇ.ax˛ I q/� q Ls

�
x��1e˛;� .�ax˛ I q/� D 1

.1 � q/2
p2˛�.�Cˇ/

p2˛ � a2

D 1

1 � q
q Ls

�
x�Cˇ�1e2˛;�Cˇ.a2x2˛I q/� :

Therefore, the proof follows by applying the convolution theorem of the q Ls
transform, cf. (1.91)–(1.92). ut

7.3 The q-Mittag–Leffler Function E˛;ˇ.zI q/

The following set of formulae follow immediately from the definition of E˛;ˇ.zI q/.

E2;1.zI q/ D cosh.q�1=2pzI q/; E2;2.zI q/ D sinh.q�1pzI q/
q�1pz

;

E1;1.zI q/ D Eq.z.1 � q//; E1;2.qzI q/ D 1

z
.�1C Eq.z.1 � q///;

E˛;ˇ.zI q/ D 1

�q.ˇ/
C zE˛;˛Cˇ.qz; q/ .Re.˛/ > 0/ ;

z˛E˛;˛Cˇ..qz/˛I q/ D 1 � qˇ

1 � q
E˛;ˇC1.z˛I q/C qˇzDqE˛;ˇC1.z� I q/:
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Lemma 7.2. Let ˛, �, and ˇ be complex numbers with positive real parts. Then

z˛�1

�q.˛/

Z z

0

�
qt=zI q�

˛�1Eˇ;�.�t
ˇI q/t��1 dqt D z˛C��1Eˇ;�C˛.�zˇI q/: (7.4)

Proof. Replace Eˇ;�.�tˇI q/ by its power series expansion on the left-hand side of
(7.4). Consequently,

z˛�1

�q.˛/

Z z

0

�
qt=zI q�

˛�1Eˇ;�.�t
ˇI q/t��1 dqt

D z˛�1

�q.˛/

Z z

0

�
qt=zI q�

˛�1t
��1

 1X

nD0
qn.n�1/ˇ

ı
2

�
�tˇ

�n

�q.nˇ C �/

!

dqt:

(7.5)

Since the right hand side of (7.5) can be written as an absolutely convergent double
series, we can interchange the order of summation and the q-integration in (7.5) to
obtain

z˛�1

�q.˛/

Z z

0

�
qt=zI q�

˛�1Eˇ;�.�t
ˇI q/t��1 dqt

D z˛�1

�q.˛/

1X

nD0
q
n.n�1/ˇ

ı
2 �n

�q.nˇ C �/

Z z

0

�
qt=zI q�

˛�1t
nˇC��1 dqt:

(7.6)

Substituting with u WD t=z and z ¤ 0 in (7.6) and using (1.58), we obtain

Z z

0

�
qt=zI q�

˛�1t
nˇC��1 dqt D znˇC�

Z 1

0

�
quI q�

˛�1u
nˇC��1 dqu

D znˇC�Bq
�
˛; nˇ C �

�
:

Hence,

z˛�1

�q.˛/

1X

nD0
qn.n�1/ˇ

ı
2 �n

�q.nˇ C �/

Z z

0

�
qt=zI q�

˛�1t
nˇC��1 dqt

D z˛�1

�q.˛/

1X

nD0
q
n.n�1/ˇ

ı
2 �nznˇC�

�q.nˇ C �/
Bq
�
˛; nˇ C �

�

D
1X

nD0
qn.n�1/ˇ

ı
2 �nznˇC�C˛�1

�q.nˇ C �C ˛/
D z˛C��1Eˇ;�C˛.�zˇI q/;

completing the proof. ut
The previous lemma leads directly to the following corollary.
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Corollary 7.3. Let �; �; ˛ be positive numbers. Then

Z z

0

t��1E�;�.t� I q/ dqt D z�E�;�C1.z� I q/; (7.7)

z˛�1

�q.˛/

Z z

0

�
qt=zI q�

˛�1 cosh.
p
�t I q/ dqt D z˛E2;˛C1.�z2qI q/; (7.8)

z˛�1

�q.˛/

Z z

0

�
qt=zI q�

˛�1
sinh.q�1p�t I q/p

�
dqt D qz˛C1E2;2C˛.q2�z2I q/;

(7.9)

z˛�1

�q.˛/

Z z

0

�
qt=zI q�

˛�1Eq.�t.1 � q// dqt D z˛E1;˛C1.�zI q/: (7.10)

Proof. Formula (7.7) follows from (7.4) by taking ˛ D 1. Formula (7.8) follows
from (7.4) by taking ˇ D 2, � D 1, and from (7.4) by replacing z in E1;2.zI q/ by
�t2. As for formula (7.9) it follows from (7.4) by taking ˇ D � D 2 and using (7.4)
when z in E2;2.zI q/ is replaced by �t2. Finally, formula (7.9) follows from (7.4) by
taking ˇ D � D 1 and using (7.4) when z is replaced by �t . ut
Lemma 7.4. Let ˛ and ˇ be complex numbers such that Re.˛/ > 0. Then
E˛;ˇ.zI q/ is an entire function of order zero.

Proof. From (1.2) we have

	
�
E˛;ˇ.zI q/

� D lim sup
n!1

n logn

log.1=jcnj/ ;

where cn is the coefficient of zn in (7.3), see [57], i.e.

cn D q
˛n.n�1/

2

�q.n˛ C ˇ/
.n 2 N0/ :

Hence,

log

�
1

jcnj
�

D �Re.˛/

2
n.n � 1/ logq C log

ˇ
ˇ�q.n˛ C ˇ/

ˇ
ˇ :

From (1.8) and the definition of the q-gamma function, cf. (1.57) we obtain

log
ˇ̌
�q.n˛ C ˇ/

ˇ̌ D log
ˇ̌
ˇ .qIq/

1

.qn˛CˇIq/
1

.1 � q/1�n˛�ˇ
ˇ̌
ˇ

D log
ˇ
ˇ
ˇ .qIq/

1

.qn˛CˇIq/
1

.1 � q/1�n˛�Reˇ
ˇ
ˇ
ˇ

D log.qI q/1 C .1 � nRe.˛/ � Re.ˇ// log.1 � q/
� log

ˇ
ˇ.qn˛CˇI q/1

ˇ
ˇ ; (7.11)
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and

log
ˇ
ˇ.qn˛CˇI q/1

ˇ
ˇ D log

� 1Y

kD0

ˇ
ˇ1 � qn˛CˇCkˇˇ � D log

�
lim
m!1

mY

kD0

ˇ
ˇ1 � qn˛CˇCkˇˇ

�

D lim
m!1

mX

kD0
log

ˇ
ˇ1 � qn˛CˇCkˇˇ D

1X

kD0
log

ˇ
ˇ1 � qn˛CˇCkˇˇ :

Since

log
ˇ
ˇ1 � qn˛CˇCkˇˇ 6 log

�
1C jqn˛CˇCkj� 6 jqn˛CˇCkj D qnRe.˛/CkCRe.ˇ/;

then 1X

kD0
log

ˇ
ˇ1 � qn˛CˇCkˇˇ 6

1X

kD0
qnRe.˛/CkCRe.ˇ/ D qnRe.˛/CRe.ˇ/

1 � q :

Therefore,

lim
n!1

log
ˇ
ˇ.qn˛CˇI q/1

ˇ
ˇ

n logn
D 0:

Consequently, by (7.11)

lim
n!1

log
ˇ̌
�q.n˛ C ˇ/

ˇ̌

n logn
D 0:

Since

lim
n!1

n� 1

logn
D 1;

then

lim
n!1

log.1=jcnj/
n logn

D 1;

i.e. 	
�
E˛;ˇ.zI q/

� D 0: ut

7.4 q-Mellin–Barnes Contour Integrals
for the q-Mittag–Leffler Functions

The Mellin–Barnes integral is an integral containing the gamma function in the
integrand. A typical such integral is given by

f .z/ D 1

2
 i

Z �Ci1

��i1

Qn
jD1 � .aj C A � js/� .bj � Bj s/

Qr
jD1 � .cj C Cj s/

Qs
jD1 � .dj �Dj s/

zs ds;
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where � is real, Aj , Bj , Cj , and Dj are positive constants, and the contour
is a straight line parallel to the imaginary axis with indentation if necessary to
avoid poles of integrand. See [47, 212, 232]. To the best we know, Gasper and
Rahman [113, Chap. 4] were the first to introduce q-analogues of the celebrated
Mellin–Barnes integral. In this section we introduce q-analogue of the Mellin–
Barnes integral of the classical Mittag–Leffler functions:

E˛;ˇ.z/ D 1

2
 i

Z

L

� .s/� .1 � s/
� .ˇ � ˛ s/

.�z/�s ds D �
1X

nD0

z�k

� .1 � ˛ k/
;

where the contour of integration,L, starts at c � i1, ends at c C i1 .0 < c < 1/,
and separates all the poles s D �k .k 2 N0/, to the left and all the poles s D kC 1,
.k 2 N0/ to the right. See [169, PP. 41–44] and [127].

7.4.1 A q-Mellin–Barnes Contour Integral of e˛;ˇ.zI q/

Theorem 7.5. Let 0 < d < 1, ˛ > 0, and ˇ 2 C . Then

e˛;ˇ.zI q/ D ��q.d/�q.1 � d/ ln q

2
 i .1 � q/

Z

L

.q�d z/�s�q.s/�q.1 � s/

�q.ˇ � ˛ s/�q.d C s/�q.1 � d � s/
ds;

where jzj < .1� q/�˛ and the contour of integration, say L, starts at c � i1, ends
at cC i1 .0 < c < 1/, and separates all the poles s D �k .k 2 N0/ to the left and
all the poles s D k C 1 .k 2 N0/ to the right.

Proof. We prove the theorem by using the Cauchy residue theorem. Set

f .s/ WD �q.s/�q.1 � s/

�q.ˇ � ˛ s/�q.d C s/�q.1 � d � s/ .q
�d z/�s : (7.12)

We integrate f on the contour �R WD �1;R [ �2;R where �1;R represents the line
segment joining the points c � iR and c C iR and �2;R is the curve

js � cj D Rei
 ;



2
� 
 � 3


2
:

Thus,
Z

�R

f .s/ ds D 2
 i

NRX

kD0
Res .f .s/I �k/ ;

where NR denotes the number of poles of f .s/ inside � .R/. Now we prove that
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lim
R!1

Z

�2;R

f .s/ ds D 0: (7.13)

Hence, if 1X

kD0
Res.f .s/I �k/ (7.14)

is convergent then

Z cCi1

c�i1
f .s/ ds D lim

R!1

Z

�R

f .s/ ds D 2
 i

1X

kD0
Res .f .s/I �k/ :

Since

Res .f .s/I �k/ D 1 � q

�q.d/�q.1 � d/ ln 1
q

zk

�q.˛ k C ˇ/
.k 2 N0/;

the series in (7.14) is convergent for jzj < .1� q/�˛ . Therefore, it remains to prove
that the contour integration on �2;R vanishes as R ! 1. A parametrization of the
contour �2;R is given by

s.t/ D c CReit ;



2
� t � 3


2
:

Hence, on �R;2, we deduce that Re.s/ ! �1 as R ! 1. Since the function f .s/
can be represented as

f .s/ D Eq.�qˇ�˛ s/Eq.�qdCs/Eq.�q1�d�s/
Eq.�qs/Eq.�q1�s/

qds.1 � q/ˇ�1

.qI q/1 .z.1 � q/˛/�s ;

there exists a constant c1 > 0 such that

jf .s/j � c1q
d Re.s/ Eq.q

dCRe.s//

jEq.�qRe.s//j .jzj.1 � q/˛/� Re s for all s 2 �2;R:

Since the function Eq.z/ has the asymptotic relation

lim
r!1

lnM.r If /
ln2 r

D 1

2 ln q�1 ;

see [148, 149, 256], there exists c2 > 0 such that

qd Re.s/ Eq.q
dCRe.s//

jEq.qRe.s//j � c2 for all s 2 �2;R:
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Accordingly,

jf .s/j � c1c2 .jzj.1 � q/˛/� Re s for all s 2 �2;R:

But
lim

Re.s/!�1 .jzj.1 � q/˛/� Re.s/ D 0 for jzj.1 � q/˛ < 1:

Therefore, the contour integration on �2;R ! 0 as R ! 1 and

Z cCi1

c�i1
f .s/ ds D 1 � q

�q.d/�q.1� d/ ln. 1
q
/

1X

kD0

zk

�q.˛k C ˇ/

D 1 � q
�q.d/�q.1� d/ ln. 1

q
/
e˛;ˇ.zI q/;

completing the proof. ut
Since

Res .f .s/I k/ D 1 � q

�q.d/�q.1 � d/ ln 1
q

z�k

�q.ˇ � ˛ k/
.k 2 N/;

then if we calculate the residues of the function f .s/ at the poles s D k, k 2 N

instead of the poles s D �k, k 2 N0, we obtain the following analytic continuation
formula of e˛;ˇ.zI q/.

e˛;ˇ.zI q/ D
1X

kD1

z�k

�q.ˇ � ˛ k/
.jzj.1 � q/˛ > 1/ :

Consequently,

e˛;ˇ.zI q/ D
NX

kD1

z�k

�q.ˇ � ˛ k/
CO

�
1

znC1

�
; as z ! 1:

7.4.2 A q-Mellin–Barnes Contour Integral of E˛;ˇ.zI q/

Theorem 7.6. Let 0 < d < 1, ˛ > 0, and ˇ 2 C. Then for z 2 C

E˛;ˇ.zI q/ D

��q.d/�q.1 � d/ ln q

2
 i.1� q/

Z

L

q
˛s2

2 �q.s/�q.1 � s/
�q.ˇ � ˛ s/�q.d C s/�q.1 � d � s/

.q
�˛
2 �d z/�s ds;
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where the contour of integration, say L, starts at c � i1, ends at c C i1
.0 < c < 1/, and separates all the poles s D �k .k 2 N0/ to the left and all the
poles s D k C 1 .k 2 N0/ to the right.

Proof. Set g.s/ WD f .s/q
˛
2 .s

2Cs/ where s 2 C and f is the function defined in
(7.12). Then

Res .g.s/I �k/ D 1 � q

�q.d/�q.1 � d/ ln 1
q

q
˛
2 k.k�1/ zk

�q.˛ k C ˇ/
:

The remaining of the proof is similar to the proof of Theorem 7.5 and is omitted.
ut

If we calculate the residues at the poles s D 1 C n, n 2 N0 of �q.1 � s/, we
obtain the following analytic continuation formula of E˛;ˇ.zI q/.

E˛;ˇ.zI q/ D
1X

kD1

q
˛ k.k�1/

2

�q.ˇ � ˛ k/
z�k:

Consequently,

E˛;ˇ.zI q/ D
NX

kD1

q
˛ k.k�1/

2

�q.ˇ � ˛ k/
z�k CO.

q
˛
2 .nC 2/.nC 3/

znC1 /; as z ! 1:

7.5 Hankel Contour Integral Representation
of q-Mittag–Leffler Functions

In the survey of the Mittag–Leffler functions [127], the authors introduced an
integral representation of E˛;ˇ.z/ of the form

E˛;ˇ.z/ D 1

2
 i

Z

Ha

t˛�ˇ exp.t/

t˛ � z
dt .z 2 C; ˛ > 0; ˇ 2 R/ (7.15)

where the path of integrationHa is the Hankel path, i.e. a path starts and ends at �1
and encircles the circular disk jt j � jzj 1˛ in the positive sense:�
 < arg.t/ � 
 .
The integrand has a branch cut along the negative real axis, and in the cut plane, the
integrand is single valued. Hanneken et al. [126] used (7.15) to define E˛;ˇ when
˛ � 0 through the identity

E�˛;ˇ.z/ D 1

� .ˇ/
�E˛;ˇ

�
1

z

�
:
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In this section we shall introduce a Hankel contour integral representations of the
q-Mittag–Leffler functions e˛;ˇ.zI q/ and E˛;ˇ.zI q/. To introduce these results, we

first need to investigate the Hankel contour integral representation of
1

�q.x/
.

Theorem 7.7.

1

�q.x/.1 � q/x�1 D 1

2
i

Z

C

eq.t/

tx
dt .Re.x/ > 0/ ;

where the path of integration C encircles the origin and can also be deformed into
a loop, parallel to the imaginary axis.

Proof. Making the substitution t D us in (1.70) gives

�q.x/.1 � q/x�1 D sx

1 � q
Z 1=s

0

ux�1Eq.�qsu/ dqu D sx q Ls.u
x�1/:

Using the Hahn’s inversion formula, (1.96), of the q Ls transform we obtain

ux�1

�q.x/.1 � q/x D 1

2
 i

Z

C

eq.su/

sx
ds;

and the theorem follows by making the substitution t D su on the last integrand and
using that the value of the integral is the same on all deformed contours. ut

In the following theorem, we derive Hankel contour integral representation of
e˛;ˇ.zI q/.
Theorem 7.8. For ˛ > 0, ˇ 2 R, we have

e˛;ˇ.zI q/ D .1 � q/ˇ�1

2
 i

Z

Ha

t˛�ˇeq.t/
t˛ � .1 � q/˛z

dt for jzj < 1

.1 � q/˛
; (7.16)

where the path of integration Ha is the Hankel path, a path starts and ends at �1
and encircles the circular disk jt j � jzj 1˛ in the positive sense:�
 < arg.t/ � 
 .
The integrand has a branch cut along the negative real axis, and in the cut plane, the
integrand is single valued.

Proof. From the series representation of e˛;ˇ.zI q/ and Theorem 7.7, we obtain

e˛;ˇ.zI q/ D 1

2
 i

1X

kD0
.1 � q/˛kCˇzk

Z

C

eq.t/

t˛kCˇ dt: (7.17)

The contour C can be deformed to the Hankel contour Ha, see [290]. In addition,
the series representation of e˛;ˇ.zI q/ is absolutely convergent for jzj.1 � q/˛ < 1.
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Accordingly, after replacing the contour C by Ha and interchanging the order of
integration and summation in (7.17), we obtain

e˛;ˇ.zI q/ D .1 � q/ˇ
2
 i

Z

Ha

t�ˇeq.t/
1X

kD0

�
z.1 � q/˛

t˛

�k
dt: (7.18)

But
jzj.1� q/˛

jt j˛ < 1 for all t 2 Ha:

Consequently,
1X

kD0

�
z.1 � q/˛

t˛

�k
D t˛

t˛ � z.1 � q/˛ : (7.19)

Substituting (7.19) into (7.18), we obtain (7.16) and the theorem follows. ut
In the following theorem, we derive Hankel contour integral representation of

E˛;ˇ.zI q/.
Theorem 7.9. For ˛ > 0, and ˇ 2 R

E˛;ˇ.zI q/ D .1 � q/ˇ � 1

2
 i

Z

Ha

�

�
q˛;

.1 � q/˛q˛z

t˛

�
eq.t/

tˇ
dt;

where Ha is the Hankel contour as in Theorem 7.7 and �.q; u/ is the partial theta
function defined by

�.q; u/ D
1X

kD0
q.

kC1
2 /uk:

This function first appeared in [139, P. 330], see also [177].

Proof. The proof of this theorem is similar to the proof of Theorem 7.8 and is
omitted. ut

7.6 q-Volterra Integral Equations

The solution of the integral equation

u.x/ D f .x/C �

Z x

c

K.x; t/u.t/dt (7.20)

was originally attained by Volterra in 1896, cf. [264]. When K.x; t/ is a difference
kernel of the form K.x � t/, the standard technique of solving the above equation
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when c D 0 is the use of Laplace transform provided that the Laplace transform (one
sided) of the functions f .x/, K.x/, and u.x/ exist. Another technique is the use of
Picard–Lindellöf method of successive approximations, see e.g. [77]. The following
theorem gives explicit solutions of a basic Volterra integral equation of the second
kind in terms of the translation operator defined by Ismail [143], cf. (1.14).

Theorem 7.10. Let �; a > 0 and � 2 C be such that

j�ja�.1 � q/� < 1: (7.21)

If f 2 L 1
q Œ0; a� then the q-integral equation

u.x/ D f .x/C �x��1

�q.�/

Z x

0

�
qt=xI q�

��1u.t/ dqt; x 2 .0; a�; (7.22)

has the unique solution

u.x/ D
1X

kD0
�kI k�q f .x/

D f .x/C �x��1
Z x

0

�
qt=xI q�

��1"
�q� t .e�;�.�x� I q// f .t/ dqt;

(7.23)

in the space L 1
q Œ0; a�.

Proof. We prove the theorem in four steps.

i. We first prove uniqueness. Assume that U and V are solutions of (7.22) in
L 1
q Œ0; a� valid in .0; h�, h 6 a. Set

Z.x/ WD U.x/ � V.x/ for all x 2 .0; h�:

Then Z.x/ satisfies the functional equation

Z.x/ D �x��1

�q.�/

Z x

0

�
qt=xI q�

��1Z.t/ dqt: (7.24)

Since Z 2 L 1
q Œ0; a�, then Z 2 L 1

q Œ0; h� and there exists K > 0 such that

Z x

0

jZ.�/j dq� � K for all x 2 .0; h�:

Fix w 2 .qh; h� and � 2 fwqm; m 2 N0g. From (7.24), we obtain

jZ.�/j 6 j�j
�q.�/.q�I q/1K���1: (7.25)



7.6 q-Volterra Integral Equations 215

Applying (7.25) to (7.24) to estimate the value of z.�/, we get

jZ.�/j 6 K
j�j2

� 2
q .�/.q

�I q/1 �2��1Bq.�; �/

D K
j�j2

�q.2�/.q�I q/1 �2��1:

Repeating the procedure n times we obtain

jZ.�/j 6 K
j�jn

�q.n�/.q� I q/1 �n��1;

Since

1X

nD1

j�jn
�q.n�/.q�I q/1 �n��1 D ����1

.q� I q/1
1X

nD0

j�jn
�q.n� C �/

�n�

D ����1

.q� I q/1 e�;�.j�j�� I q/;

then

lim
n!1

�n

�q.n� C �/
�n� D 0:

Hence, Z.�/ D 0 for all � 2 fwqm; m 2 N0g and for all w 2 .qh; h�. That is
Z.x/ D 0 for all x 2 .0; h� and the uniqueness is proved.

ii. Now we prove that a solution exists by using the q-analogue of the method
of successive approximations introduced in Sect. 2.2. Define the sequence
fumg1

mD0 recursively by

u0.x/ D f .x/;

um.x/ D f .x/C �x��1

�q.�/

Z x

0

�
qt=xI q�

��1um�1.t/ dqt;
(7.26)

where x 2 .0; a�, m 2 N. We prove by mathematical induction that

um.x/ D
mX

kD0
�kI k�q f .x/ (7.27)

for all m 2 N and for all x 2 .0; a�. Indeed, if um satisfies the identity (7.27),
then from (7.26) we obtain
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umC1.x/ D f .x/C �x��1

�q.�/

Z x

0

�
qt=xI q�

��1
mX

kD0
�kI k�q f .t/ dqt

D f .x/C
mX

kD0
�kC1 x��1

�q.�/

Z x

0

�
qt=xI q�

��1I
k�
q f .t/ dqt

D f .x/C
mX

kD0
�kC1I �q I k�q f .x/;

(7.28)

for all x 2 .0; a�. Hence, from the semigroup identity (4.62) we have

umC1.x/ D f .x/C
mX

kD0
�kC1I k�C�

q f .x/ D
mC1X

kD0
�kI k�q f .x/;

for all x 2 .0; a�. Thus, the identity in (7.27) is true for all m 2 N0 because it
is true at m D 0. Now we prove that the series

P1
kD0 �kI k�q f .x/ is absolutely

and uniformly convergent on .0; a� and defines a function u.x/ on .0; a�. Since
f 2 L 1

q Œ0; a�, there existsK > 0 such that

Z x

0

jf .u/j dqu � K for all x 2 .0; a�:

Let y 2 .qa; a� and t 2 fyqm; m 2 N0g be fixed numbers. Since

I �kq f .t/ D t�k

�q.�k/

1X

rD0
qr .1 � q/.qrC1I q/�k�1f .tqr /

and f 2 L 1
q Œ0; a�, we obtain

ˇ̌
ˇ�kI k�q f .t/

ˇ̌
ˇ 6 j�jktk��1

�q.k�/

1X

rD0
tqr .1 � q/�qrC1I q�

k��1jf .tqr /j

6 K
j�jkyk��1

.q� I q/1�q.k�/ ;
(7.29)

for all k 2 N0. Since the series

1X

kD1

�kyk��1

�q.k�/
D �y��1

1X

kD0

�kyk�

�q.k� C �/
D �y��1e�;�.�y� I q/;

is convergent for all y such that 0 < jyj � a and a satisfies the condition

(7.21), the series
P1

kD0
ˇ
ˇ
ˇ�kI k�q f .t/

ˇ
ˇ
ˇ is absolutely and uniformly convergent on

fyqm; m 2 Ng, y 2 .qa; a�. Hence, the convergence holds throughout .0; a�.
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The function u.x/ defined by

u.x/ WD
1X

kD0
�kI k�q f .x/; x 2 .0; a� (7.30)

is a solution of (7.22).
iii. We prove that u 2 L 1

q Œ0; a�, i.e. u 2 L1q.0; y/ for all y 2 .qa; a�. Indeed from
(7.30) and the semigroup identity (4.62) we obtain

Z y

0

ju.�/j dq� D Iq.juj/.y/ 6
1X

kD0
j�jk

ˇ
ˇ
ˇI �kC1
q f .y/

ˇ
ˇ
ˇ :

But from (7.29) we obtain

1X

kD0
j�jk

ˇ̌
ˇI �kC1
q f .y/

ˇ̌
ˇ 6

1X

kD0
j�jk

Z y

0

ˇ̌
ˇI �kq f .t/

ˇ̌
ˇ dqt

6
R y
0

jf .u/j dqu
.q� I q/1

1X

kD0

j�jk yk�
�q.k� C 1/

D
R y
0

jf .u/j dqu
.q� I q/1 e�;1.j�ja�I q/;

for all y 2 .qa; a�. Since a satisfies the condition (7.21) and f 2 L 1
q .0; y/, for

all y 2 .qa; a�, then so is u.
iv. Finally, we prove that u has the representation (7.23). Since

u.x/ D
1X

kD0
I k�q f .x/ D f .x/C

1X

kD1

�kxk��1

�q.k�/

Z x

0

�
qt=xI q�

k��1f .t/ dqt

D f .x/C �x��1
1X

kD0

�kxk�

�q.k� C �/

Z x

0

�
qt=xI q�

k�C��1f .t/ dqt

and
.qt=xI q/k�C��1 D .qt=xI q/��1.q�t=xI q/k�;

then

u.x/ D f .x/C �x��1
Z x

0

 1X

kD0

�kxk�

�q.k�/

�
q�t=xI q�

k�

!
�
qt=xI q�

��1f .t/ dqt

D f .x/C �x��1
Z x

0

�
qt=xI q�

��1"
�q� t e�;�.�x�/f .t/ dqt;

where the q-translation operator "y is defined in (1.15). ut
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Similarly, we prove the following theorem.

Theorem 7.11. Let �; a > 0 and � 2 C. If f 2 L 1
q Œ0; a� then the q-integral

equation

u.x/ D f .x/C �x��1

�q.�/

Z x

0

�
qt=xI q�

��1u.qt/ dqt

has the unique solution

u.x/ D f .x/

C�q�x��1
Z x

0

�
qt=xI q�

��1
1X

jD0

�j q
�j.j�1/

2

�q.�j C �/

�
q�t=xI q�

�j�1f .q
jC1t/ dqt;

(7.31)
in the space L 1

q Œ0; a�.

Proof. First, we prove that a solution of (7.31) exists. Let fum.x/g1
mD0 be the

sequence defined recursively by

u0.x/ D f .x/;

um.x/ D f .x/C �x��1

�q.�/

R x
0

�
qt=xI q�

��1um�1.qt/ dqt;
(7.32)

for all x 2 .0; a� and for all m 2 N0. We can prove by mathematical induction that

um.x/ D
mX

jD0
�j q

j.j�1/
2 �I j�q f .q

j x/ .m 2 N0/ : (7.33)

Indeed, from (7.32) we obtain

umC1.x/ D f .x/C �I �q

0

@
mX

jD0
�j q

j.j�1/
2 �g.qt/

1

A .x/;

where

g.t/ D I j�q
�
f .qj t/

�
:

Hence,

umC1.x/ D f .x/C
mX

jD0
�jC1q

j.j�1/
2 �I �q .g.qt//.x/:

A straightforward manipulation gives

.I �q h/.qt/ D q�I �q h.qt/ for all h 2 L 1
q Œ0; a�:
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Consequently,
I �q .g.qt// D qj�I .jC1/�

q f .qjC1t/;

and from the semigroup property (4.62) we obtain

UmC1.x/ D f .x/C
mX

jD0
�j q

j.jC1/
2 �I .jC1/�

q f .qjC1x/

D
mC1X

jD0
�j q

j.j�1/
2 �I �jq f .q

j x/:

(7.34)

This proves (7.33) because it holds at m D 0. Fix x 2 .0; a�. Now we prove that the
series 1X

jD0
�j q

j.j�1/
2 �I �jq f .q

j t/

is absolutely and uniformly convergent on
˚
xqj ; j 2 N0

�
. Since

I �jq f .t/ D t�j

�q.�j /

1X

kD0
qk.1 � q/.qkC1I q/�j�1f .tqk/

and f 2 L 1
q Œ0; a�, we obtain

jI �jq f .tqj /j � 1

.q� I q/1�q.�j / t
�j�1 kf k for t 2 ˚xqk; k 2 N0

�
:

Hence,

ˇ
ˇ
ˇ̌
ˇ
ˇ

1X

jD1
�j q

j.j�1/
2 �I �jq

�
f .tqj /

�
ˇ
ˇ
ˇ̌
ˇ
ˇ

6 kf k
x.q� I q/1

1X

jD1
j�x� jj q

j.j�1/
2 �

�q.j�/

D j�jx��1 kf k
.q� I q/1

1X

jD0
j�x� jj q

j.jC1/
2 �

�q.j� C �/

6 j�jx��1 kf k
.q� I q/1 E�;�.j�x� jI q/

for all t 2 ˚
xqk; k 2 N0

�
. Since the function E�;�.j�x� jI q/ is convergent for

all � 2 C, the series
P1

jD0 �j q
j.j�1/

2 �I
�j
q f .q

j t/ is uniformly and absolutely
convergent on t 2 ˚

xqj ; j 2 N0

�
. Thus we can pass the limit as m ! 1 through

the q-integral in (7.32) to obtain (7.31). The rest of the proof is similar to that of
Theorem 7.10 and is omitted. ut
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7.7 Zeros of q-Mittag–Leffler Functions

From Theorem 1.1 and Lemma 7.4 we conclude that E�;�.zI q/ has infinitely many
zeros. In this section we prove that for specific values of � and �, E�;�.zI q/, 0 <
q < 1, may have only a finite number of non-real zeros. Moreover, if q satisfies
an additional condition then the zeros of E�;�.zI q/ are all real. The results of this
section are from [204] and they are q-extensions of the results of Wiman [292].

Consider the function

E�;� .zI q/ WD E2;1C� .��2zI q/ .z 2 C/ ;

where � is a fixed positive number and 0 � � < 2. Recall that f˙xng1
nD1 and

f0;˙yng1
nD1, xn; yn > 0, denote the zeros of cos.zI q/ and sin.zI q/, respectively,

cf. (2.85). Then we have the following theorem

Theorem 7.12. Let 0 6 � < 2. Then

1. For any q 2 .0; 1/ the function E�;� .z2I q/ has at most a finite number of non
real zeros and it has an infinite number of real, simple and symmetric zeros,n
˙�.�/n

o1
nD1, �

.�/
n > 0, with the asymptotic behavior

�.�/n D

8
ˆ̂
<̂

ˆ̂
:̂

q1=2xn

�

�
1CO.qn/

�
; 0 < � < 1;

qyn

�

�
1CO.qn/

�
; 1 < � < 2;

(7.35)

as n ! 1.
2. If q satisfies the condition

q�1.1 � q/.1 � q�C1/.1 � q�C2/ > 1; � 2 .0; 2/; � ¤ 1; (7.36)

then the zeros of E�;� .z2I q/ are all real, simple and symmetric with respect to the
point z D 0 such that for n 2 N

�.�/n 2

8
ˆ̂̂
ˆ̂
<̂

ˆ̂̂
ˆ̂
:̂

 
q�nC3=2

p
.1� q�C1/.1� q�C2/

�.1� q/
;
q�nC1=2

p
.1� q�C1/.1� q�C2/

�.1� q/

!

; � 2 .0; 1/;

 
q�nC5=2

p
.1� q�C1/.1� q�C2/

�.1� q/
;
q�nC3=2

p
.1� q�C1/.1� q�C2/

�.1� q/

!

; � 2 .1; 2/:

3. If � 2 f0; 1g then E�;� .z2I q/ has only real, simple and symmetric zeros such that

�.0/m WD q1=2xm

�
; �.1/m WD qym

�
.m 2 N/ ;

where xm and ym are defined in (2.85).
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Proof. If � 2 f0; 1g then from (7.4) we obtain

E0;� .z
2I q/ D cos.q�1=2�zI q/; E1;� .z

2I q/ D sin.q�1�zI q/
q�1�z

:

Since the zeros of cos.�I q/ and sin.�I q/ are real and simple, then the desired
statement follows for � 2 f0; 1g. From formula (7.4) with ˇ D 2, � D ��2 we
have

E2;�C˛.��2z2I q/ D z��

�q.˛/

Z z

0

�
qt=zI q�

˛�1E2;�
� � �2t2I q�t��1 dqt: (7.37)

Substitute with u WD t=z, z ¤ 0, on the q-integral of (7.37). Then

Z z

0

�
qt=zI q�

˛�1E2;�
� � �2t2I q�t��1 dqt

D z�
Z 1

0

.quI q/˛�1E2;�.��2u2z2I q/t��1 dqt:

Equation (7.37) is nothing but

E2;�C˛.��2z2I q/ D
Z 1

0

.quI q/˛�1E2;�.��2u2z2I q/t��1 dqt: (7.38)

If 0 < � < 1 then substituting in (7.38) with � D 1 and ˛ D � yields

E�;� .z
2I q/ D 1

�q.�/

Z 1

0

.qtI q/��1 cos.q�1=2�tzI q/ dqt; (7.39)

while if 1 < � < 2, the substitution into (7.38) by � D 2 and ˛ D � � 1 leads to

q�1�zE�;� .z
2I q/ D 1

�q.� � 1/

Z 1

0

.qtI q/��2 sin.q�1�tzI q/ dqt: (7.40)

For ı 2 .0; 1/, let fı be the function defined on Œ0; 1� by

fı.t/ WD .qtI q/ı�1
�q.ı/

:

Since
fı.q

k/

fı.qkC1/
D 1 � qkC1

1 � qkCı > 1 .k 2 N0/
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then

fı.1/ > fı.q/ > fı.q
2/ > : : : > fı.q

n/ > : : : > fı.0/ D 1

�q.ı/
:

That is fı , ı 2 .0; 1/ is increasing and is positive on the sequence f0; qn; n 2 Ng.
Moreover, fı 2 L1q.0; 1/ because

Z 1

0

fı.t/ dqt D Bq.ı; 1/

�q.ı/
D 1

�q.ı C 1/
:

Hence, applying Theorem 2.18 to (7.39) and Theorem 2.19 to (7.40) we conclude
that for any q 2 .0; 1/, E�;� .z2I q/ has at most a finite number of non-real zeros, and

it has an infinite number of real, simple and symmetric zeros, say
n
�
.�/
m

o
, such that

n
�
.�/
m

o
satisfies the asymptotic properties (7.35). From (2.87) and (2.88) we have

ck;f��1 D 1

.1 � q2kC�C1/.1 � q2kC�C2/
.0 < � < 1/ ;

bk;f��2 D 1

.1 � q2kC�C1/.1 � q2kC�C2/
.1 < � < 2/ ;

for all k 2 N0. Consequently,

cf��1 D 1; Cf��1 D 1

.1 � q�C1/.1 � q�C2/
.0 < � < 1/ ;

bf��2 D 1; Cf��2 D 1

.1 � q�C1/.1 � q�C2/
.1 < � < 2/ :

Thus, the condition (2.89) of Theorem 2.16 and condition (2.90) of Theorem 2.17
are nothing but the condition (7.36). Therefore, the proof of the point (2) of the
theorem follows from Theorems 2.16 and 2.17 of Sect. 2.8. ut



Chapter 8
Fractional q-Difference Equations

Abstract As in the classical theory of ordinary fractional differential equations,
q-difference equations of fractional order are divided into linear, nonlinear, homo-
geneous, and inhomogeneous equations with constant and variable coefficients. This
chapter is devoted to certain problems of fractional q-difference equations based on
the basic Riemann–Liouville fractional derivative and the basic Caputo fractional
derivative. In this chapter, we investigate questions concerning the solvability of
these equations in a certain space of functions. A special class of Cauchy type q-
fractional problems is also developed at the end of this chapter.

8.1 Equations with the Riemann–Liouville Fractional
q-Derivatives

In this section we shall study the existence and uniqueness of solutions of the q-
Cauchy type problem

D˛
q y.x/ D f .x; y.x// .˛ > 0/; (8.1)

D˛�k
q y.0C/ D bk; bk 2 R .k D 1; : : : ; d˛e/ : (8.2)

The result of this section is an extension of the results derived by Kilbas et al.
in [169, Chap. 3].

8.1.1 Solutions in the Space L 1
q Œ0; a�

Theorem 8.1. Let ˛ > 0, n D d˛e. Let G be an open set in C and let f W .0; a� �
G ! R be a function such that f .x; y/ 2 Lq;1Œ0; a� for any y 2 G. Assume that

M.H. Annaby and Z.S. Mansour, q-Fractional Calculus and Equations,
Lecture Notes in Mathematics 2056, DOI 10.1007/978-3-642-30898-7 8,
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224 8 Fractional q-Difference Equations

y.x/ 2 L 1
q Œ0; a�. Then y.x/ satisfies (8.1)–(8.2) for all x 2 .0; a� if and only if

y.x/ satisfies the q-integral equation

y.x/ D
nX

kD1

bk

�q.˛ � k C 1/
x˛�k C x˛�1

�q.˛/

Z x

0

.qt=xI q/˛�1f .t; y.t// dqt; (8.3)

for all x 2 .0; a�.
Proof. First, we prove the necessity condition. Let y.x/ satisfy (8.1)–(8.2), then
D˛
q y.x/ 2 L 1

q Œ0; a�. Hence, applying Lemma 4.17 gives

I ˛q D
˛
q y.x/ D y.x/ �

nX

kD1

bk

�q.˛ � k C 1/
x˛�k .0 < x � a/: (8.4)

On the other hand,

I ˛q D
˛
q y.x/ D I ˛q f .x; y.x// D x˛�1

�q.˛/

Z x

0

.qt=xI q/˛�1f .t; y.t// dqt; (8.5)

for all x 2 .0; a�. Consequently, combining (8.4) and (8.5) proves the necessity
condition. Now we prove the sufficiency. Let y.x/ satisfy (8.3) for all x 2 .0; a�,
then from Lemma 4.9, y.x/ 2 L 1

q Œ0; a�. Moreover,

I n�˛
q y.x/ D

nX

kD1

bk

�q.n� k C 1/
xn�k C xn�1

�q.n/

Z x

0

.qt=xI q/n�1f .t; y.t// dqt;

for all x 2 .0; a�. Hence, from Theorem 4.6, I n�˛
q y.x/ 2 A C

.n/
q Œ0; a�. That is

D˛
q y.x/ exists for all x 2 .0; a�. Since

D˛
q

x˛�k

�q.˛ � k C 1/
WD Dn

qI
n�˛
q

x˛�k

�q.˛ � k C 1/
D Dn

q

xn�k

�q.n � k C 1/
D 0;

for k D 1; 2; : : : ; n, then applying the operatorD˛
q on the two sides of (8.3) gives

D˛
q y.x/ D D˛

q I
˛
q f .x; y/ D f .x; y.x//; for all x > 0:

Now

D˛�k
q y.0C/ D lim

j!1D˛�k
q y.xqj / D bk C lim

j!1 I kq f .xq
j ; y.xqj //

D bk C lim
j!1

.xqj /k�1

�q.k/

Z xqj

0

.qt=xI q/k�1f .t; y.t// dqt;
(8.6)
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where the limit on the most left hand side of (8.6) vanishes because of f .x; y.x// 2
L 1
q Œ0; a�. ut
The proof of the existence and uniqueness theorem of this section depends on the

Banach fixed point Theorem 1.7.

Theorem 8.2. Let ˛ > 0, n D d˛e. Let G be an open set in C and

f W .0; a� �G �! R

be a function satisfying the following conditions:

1. For any y 2 G, f .x; y/ 2 L 1
q Œ0; a�.

2. There exists a constant A > 0 such that for all x 2 .0; a� and for all y1; y2 2 G,
the following Lipschitz condition is satisfied:

jf .x; y1.x// � f .x; y2.x//j � Ajy1.x/ � y2.x/j:

If 0 < h � a satisfies the condition

Ah˛

�q.˛ C 1/
< 1

then the fractional q-Cauchy problem (8.1)–(8.2) has a unique solution in L 1
q Œ0; h�.

Proof. From Theorem 8.1, the Cauchy type problem (8.1)–(8.2) is equivalent to
the Volterra q-integral equation (8.3). Consequently, a solution of (8.1)–(8.2) in
Lq;1Œ0; h� is a fixed point of the operator T W Lq;1Œ0; h� �! Lq;1Œ0; h� defined by

Ty.x/ D
nX

kD1

bk

�q.˛ � k C 1/
x˛�k C x˛�1

�q.˛/

Z x

0

.qt=xI q/˛�1f .t; y.t// dqt:

Therefore, to prove the theorem, we prove

(1) If y 2 Lq;1Œ0; h�, then Ty 2 Lq;1Œ0; h�,
(2) T is a contraction mapping.

The proof of (1) follows from Lemma 4.9, moreover, from (4.53) we obtain

kTy1 � Ty2k1 � A
�
�
�I ˛q .y1 � y2/

�
�
�
1

� w ky1 � y2k1 ; w WD A
h˛

�q.˛ C 1/
< 1:

Hence from the Banach fixed point theorem, there exists a unique y� 2 Lq;1Œ0; h�

such that Ty� D y�. Therefore, the result follows by applying the sufficient part of
Theorem 8.1. ut
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By Theorem 1.7, the solution y� is obtained as a limit of a convergent sequence
.T my0/.x/:

lim
m!1 kT my0 � y�k1 D 0;

in the space Lq;1Œ0; h�, where y0 is any function in Lq;1Œ0; h�. If at least one bk ¤ 0

in the initial condition (8.2), we can take

y0.x/ WD
nX

kD1

bk

�q.˛ � k C 1/
x˛�k :

Consequently, the sequence T my0 is defined by the recurrence relation

T my0.x/ D y0.x/C x˛�1

�q.˛/

Z x

0

.qt=xI q/˛�1f .t; T m�1y0.t// dqt .m 2 N/:

If we denote ym.x/ D .T my0/.x/, then the last relation takes the form

ym.x/ D y0.x/C x˛�1

�q.˛/

Z x

0

.qt=xI q/˛�1f .t; ym�1.t// dqt .m 2 N/:

This means that the successive approximation method can be used to find a
unique solution of (8.1)–(8.2) whenever bk ¤ 0 for some k 2 f1; 2; : : : ; ng.

The following example is a q-extension of the example given in [168, Example
3.1].

Example 8.1.1. Consider the Cauchy type q-fractional equation:

D˛
q y.x/ D �xˇy2.x/ .0 < ˛ < 1; x > 0I�; ˇ 2 RI � ¤ 0/ ;

I 1�˛q y.0C/ D 0:
(8.7)

Set
f .x; y.x// D �xˇy2.x/ .x > 0/;

where

.x; y/ 2 .0; a� �G WD f0 < x � aI 0 < jyj � K xwI K > 0g :

Let x 2 .0; a� and y1; y2 2 G. Then

jf .x; y1/ � f .x; y2/j � j�jxˇjy21 � y22 j:

Therefore, using

jy21 � y22 j � 2max fjyj1; jy2jg jy1 � y2j � 2Kxwjy1 � y2j;
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we obtain

jf .x; y1/ � f .x; y2/j � Ajy1 � y2j; A WD 2j�jKaˇCw;

provided that ˇ C w � 0. That is, f satisfies the Lipschitz condition. If we also
assume that ˇ C 2w > �1 then f .x; y/ 2 L 1

q Œ0; a�. Hence, the conditions of
Theorem 8.2 is satisfied and the fractional q-Cauchy problem (8.7) has a unique
solution in Lq;1Œ0; h�, where h is a positive number satisfying the inequality

2j�jK hˇCwC˛

�q.˛ C 1/
< 1:

Hence, w should satisfy the conditions

w C ˇ � 0; 2w C ˇ > �1: (8.8)

Assume that w D r � .ˇC˛/. Consequently, w Cˇ D r �˛ and we should assume
that r � ˛. In addition, the condition 2w C ˇ > �1 implies

2r � ˇ � 2˛ > �1:

I.e

2r > �1C .ˇ C 2˛/:

Therefore, if we assume that ˇ C 2˛ < 1 then the conditions in (8.8) are satisfied
and (8.7) has a unique solution in Lq;1Œ0; h�. One can verify that this solution is
given by

y.x/ D �q.1 � ˛ � ˇ/
��q.1 � 2˛ � ˇ/

x�.˛Cˇ/:

8.1.2 Solutions in the Space of Weighted Continuous
Functions

In this subsection, we provide conditions by which the Cauchy type problem (8.1)–
(8.2) has a unique solutions in the space Cn�˛Œ0; a�, n � 1 < ˛ � n .n 2 N/.

Theorem 8.3. Let ˛ > 0, n D d˛e, and � < 1. Let G be an open set in C and let
f W .0; a� � G ! R be a function such that f .x; y/ 2 C�Œ0; a� for any y 2 G. If
y 2 Cn�˛Œ0; a� then y.x/ satisfies (8.1)–(8.2) for all x 2 .0; a� if and only if y.x/
satisfies the q-integral equation
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y.x/ D
nX

kD1

bk

�q.˛ � k C 1/
x˛�k C x˛�1

�q.˛/

Z x

0

.qt=xI q/˛�1f .t; y.t// dqt; (8.9)

for all x 2 .0; a�.
Proof. The theorem follows from Theorem 8.1, because if g 2 C�Œ0; a� for some
� < 1, then g 2 L 1

q Œ0; a�. ut
Theorem 8.4. Let ˛ > 0 and n D d˛e. Let G be an open set in C and let
f W .0; a� �G �! R be a function satisfying the following conditions:

1. f .x; y/ 2 Cn�˛Œ0; a� for any y 2 G.
2. There exists a constant A > 0 such that for all x 2 .0; a� and for all y1; y2 2 G,

the following Lipschitz condition is satisfied:

jf .x; y1.x// � f .x; y2.x//j � Ajy1.x/ � y2.x/j:

If 0 < h � a satisfies the condition

Ah˛
�q.1 � nC ˛/

�q.1 � nC 2˛/
< 1

then the fractional q-Cauchy problem (8.1)–(8.2) has a unique solution in
Cn�˛Œ0; h�.

Proof. From Theorem 8.3, the fractional q-Cauchy problem (8.1)–(8.2) is equiva-
lent to (8.9). Hence, a solution of (8.1)–(8.2) in Cn�˛Œ0; h� is a fixed point of the
operator T W Lq;1Œ0; h� �! Lq;1Œ0; h� defined by

Ty.x/ D
nX

kD1

bk

�q.˛ � k C 1/
x˛�k C x˛�1

�q.˛/

Z x

0

.qt=xI q/˛�1f .t; y.t// dqt:

To prove the theorem, we prove

1. If y 2 Cn�˛Œ0; h�, then Ty 2 Cn�˛Œ0; h�,
2. T is a contraction mapping.

Since

xn�˛Ty.x/ D
nX

kD1

bk

�q.˛ � k C 1/
xn�k C xn�˛I ˛q f .x; y.x//;

the proof of (1) follows by applying Lemma 4.10. In addition, from (4.56) we
conclude that

kTy1 � Ty2kCn�˛
� A

��
�I ˛q .y1 � y2/

��
�
Cn�˛

� w ky1 � y2kCn�˛
;
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where

w WD Ah˛
�q.1 � nC ˛/

�q.1 � nC 2˛/
< 1:

Therefore, from Banach fixed point theorem there exists a unique y� 2 Cn�˛Œ0; h�
such that Ty� D y�. Thus, the result follows by applying the sufficient part of
Theorem 8.3. ut

One can verify that if g 2 CrŒ0; a� .r � �/ then g 2 C�Œ0; a�. Hence, a
generalized form of Theorem 8.4 is in the following theorem:

Theorem 8.5. Let ˛ > 0 and n D d˛e. Let G be an open set in R and let
f W .0; a� �G �! C be a function such that

(1) There exists � � n � ˛ such that f .x; y/ 2 C�Œ0; a� for any y 2 G,
(2) There exists a constantA > 0 such that for all x 2 .0; a� and for all y1; y2 2 G,

the following Lipschitz condition is satisfied:

jf .x; y1.x// � f .x; y2.x//j � Ajy1.x/ � y2.x/j:

If 0 < h � a satisfies the condition

Ah˛
�q.1 � nC ˛/

�q.1 � nC 2˛/
< 1

then the fractional q-Cauchy problem (8.1)–(8.2) has a unique solution in
Cn�˛Œ0; h�.

Theorem 8.6. Let 0 < ˛ < 1, G be an open set in C and f W .0; a� �G �! R be
a function such that the following conditions are fulfilled:

1. There exists � � n � ˛ such that f .x; y/ 2 C�Œ0; a� for any y 2 G.
2. There exists a constant A > 0 such that for all x 2 .0; a� and for all y1; y2 2 G,

the following Lipschitz condition is satisfied:

jf .x; y1.x// � f .x; y2.x//j � Ajy1.x/ � y2.x/j:

If 0 < h � a satisfies the condition

Ah˛
�q.1 � nC ˛/

�q.1 � nC 2˛/
< 1

then the fractional q-Cauchy problem

D˛
q y.x/ D f .x; y.x// .0 < x � a/ ; (8.10)

lim
x!0C

x1�˛y.x/ D b

�q.1 � ˛/
.b 2 R/ ; (8.11)

has a unique solution in C1�˛Œ0; h�.
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Proof. The proof follows by noting that from (ii) of Lemma 4.11, the q-fractional
Cauchy problem (8.10)–(8.11) is equivalent to the fractional q-Cauchy prob-
lem (8.1)–(8.2) with 0 < ˛ < 1. Therefore, the theorem follows by applying the
sufficient part of Theorem 8.5. ut
Example 8.1.2. Consider the Cauchy type q-fractional equation:

D˛
q y.x/ D �xˇym.x/ .m > 1; 0 < ˛ < 1; x > 0I�; ˇ 2 RI � ¤ 0/ ;

I 1�˛q y.0C/ D 0:

(8.12)
Set

f .x; y.x// D �xˇym.x/ .x > 0/;

where

.x; y/ 2 .0; a� �G WD f0 < x � aI 0 < jyj � K xwI K > 0g :

Let x 2 .0; a� and y1; y2 2 G. Then

jf .x; y1/� f .x; y2/j � j�jxˇjym1 � ym2 j:

Hence, using

jym1 � ym2 j � mmax
˚jy1jm�1; jy2jm�1� jy1 � y2j � 2Km�1x.m�1/wjy1 � y2j;

we obtain

jf .x; y1/ � f .x; y2/j � Ajy1 � y2j; A WD mj�jKm�1aˇC.m�1/w;

provided that ˇ C .m � 1/w � 0. That is, f satisfies the Lipschitz condition. If
f .x; y/ 2 C1�˛Œ0; a� then x1�˛f .x; y/ is continuous and hence bounded on Œ0; a�.
Therefore, we should assume that 1 � ˛ C ˇ C mw � 0. Hence the conditions of
Theorem 8.4 are satisfied and the Cauchy type q-fractional problem (8.12) has a
unique solution in C1�˛Œ0; h�, where h is a positive number satisfying the inequality

mj�jKm�1 hˇC.m�1/wC˛�q.˛/
�q.2˛/

< 1:

Therefore, w should satisfy the conditions

ˇ C .m � 1/w � 0; 1 � ˛ Cmw C ˇ � 0: (8.13)

Assume that .m � 1/w D r � .ˇ C ˛/. Then .m � 1/w C ˇ D r � ˛. From (8.13),
r � ˛. Also, the condition 1 � ˛ Cmw C ˇ � 0 implies
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m

m � 1r C 1 � ˇ C .2m � 1/˛

m � 1
� 0:

I.e
m

m � 1r � �1C .2m� 1/˛ C ˇ

m � 1
:

So, if we assume that ˇ C .2m � 1/˛ < m � 1 then the conditions in (8.13) are
satisfied and problem (8.12) has a unique solution in C1�˛Œ0; h� and this solution is
given by

y.x/ D
 
�q.1 � ˛Cˇ

m�1 /
��q.1 � m˛Cˇ

m�1 /

! 1
m�1

x� ˛Cˇ
m�1 :

8.2 q-Riemann–Liouville Fractional Order Systems

This section deals with two systems of q-Riemann–Liouville fractional derivatives,
namely

D˛
q yi .x/ D fi .x; y1.x/; : : : ; yn.x// .i D 1; 2; : : : ; n/ ; (8.14)

and

D˛
q yi .x/ D fi .qx; y1.qx/; : : : ; yn.qx// .i D 1; 2; : : : ; n/ ; (8.15)

where ˛ > 0. System (8.14) together with the initial conditions

D˛�k
q yi .0

C/ D bik .bik 2 RI i D 1; 2; : : : ; nI k D 1; 2; : : : ; d˛e/ ; (8.16)

is called an initial value problem.
In this section, by a solution of the initial value problem (8.14), (8.16) we mean

a set of functions fyi gniD1 that satisfies (8.14) and the initial conditions (8.16) in an
interval I WD .0; a� such that

yi 2 L 1
q Œ0; a� .i D 1; 2; : : : ; n/ :

Similarly, we define solutions of the initial value problem (8.15)–(8.16). We begin
this section with the existence and uniqueness theorems of solutions of the initial
value problem (8.14), (8.16). The following lemma is needed in the derivations of
the main results of this section.

Lemma 8.7. Let n be a positive integer and f .x; y1; : : : ; yn/ be functions defined
for x 2 .0; a�, a > 0, and yi in the domain Gi � C, 1 � i � n, satisfying the
following conditions.

(i) There is a positive constant A such that for x 2 Œa; b� and yi ; Qyi 2 Gi ,
1 6 i 6 n, the following Lipschitz’ condition is fulfilled
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jf .x; y1; : : : ; yn/ � f .x; Qy1; : : : ; Qyn/j 6 A

�
jy1 � Qy1j C : : :C jyn � Qynj

�
:

(ii) There is � > 0 such that f .x; y1; y2; : : : ; yn/ 2 C�Œa; b� for any yi 2 Gi .
Then, the function x�f .x; y1; y2; : : : ; yn/ is continuous on Œa; b��Qn

iD1 Gi . More-
over, if eachGi , i D 1; 2; : : : ; n, is compact subset of C, then x�f .x; y1; y2; : : : ; yn/
is bounded on Œa; b� �Qn

iD1 Gi .
Proof. We shall prove the lemma for the case n D 1. The proof for any n > 1 is
similar. Now
ˇ̌
x�f .x; y/ � x�0 f .x0; y0/

ˇ̌ � x� jf .x; y/ � f .x; y0/j C jx�f .x; y0/ � x
�
0 f .x0; y0/j

� Ax� jy � y0j C jx�f .x; y0/ � x�0 f .x0; y0/j:
(8.17)

Hence, the lemma follows since the limit of the most right hand side of (8.17) tends
to zero as .x; y/ ! .x0; y0/. ut
Theorem 8.8. Let n be a positive integer and let fi .x; y1; : : : ; yn/ be functions
defined for x 2 .0; a�, a > 0, and yi in the domain Gi � C, 1 � i � n, satisfying
the following conditions.

(i) There is a positive constant A such that for x 2 .0; a� and yi ; Qyi 2 Gi , 1 6
i 6 n, the following Lipschitz’ condition is fulfilled

jfi .x; y1; : : : ; yn/ � fi .x; Qy1; : : : ; Qyn/j 6 A

�
jy1 � Qy1j C : : :C jyn � Qynj

�
:

(ii) There exists � < 1 and � � ˛ such that

fi .x; y1; : : : ; yn/ 2 C�Œ0; a�; for any yi 2 Gi ; i D 1; : : : ; n: (8.18)

Let K be a constant satisfying

Ma˛���q.1 � �/
�q.˛ � � C 1/

� K; (8.19)

where

M WD max fjx�fi .x; y1; y2; : : : ; yn/j; x 2 Œ0; a�; yi 2 Di.a;K/; i D 1; 2; : : : ; ng ;

andDi.a;K/ 
 Gi is the set of points yi 2 Gi satisfying the relation

ˇ
ˇ
ˇ
ˇ̌
ˇ
yi �

d˛eX

kD1
bik

x˛�k

�q.˛ � k C 1/

ˇ
ˇ
ˇ
ˇ̌
ˇ

� K;
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for all x 2 .0; a�. Then, there exists h 2 .0; a� such that the initial value problem
(8.14), (8.16) has a unique solution fyi .�/gniD1 valid in .0; h�, yi 2 Cd˛e�˛Œ0; a�
for i D 1; 2; : : : ; n.

Proof. Existence. Define the sequences f�i;m.�/g1
mD1, i D 1; : : : ; n, x 2 .0; a� by

the following relationships

�i;1.x/ D
d˛eX

kD1
bik

x˛�k

�q.˛ � k C 1/
;

�i;m.x/ D
d˛eX

kD1
bik

x˛�k

�q.˛ � k C 1/

C x˛�1

�q.˛/

Z x

0

�
qt=xI q�

˛�1fi .t; �1;m�1.t/; : : : ; �n;m�1.t// dqt;

(8.20)

where m > 2. We will show that lim
m!1�i;m.x/ exists and gives the required

solution f�i .�/gniD1 of the initial value problem (8.14), (8.16). We prove the
existence in four steps.

i. We prove by induction on m that

�i;m.x/ 2 Di.a; k/ .m 2 NI i D 1; : : : ; nI x 2 .0; a�/: (8.21)

Clearly, �i;1.x/ 2 Di.a;K/ for i D 1; : : : ; n and x 2 .0; a�. If we assume that

�i;m.x/ 2 Di.a; k/ for i D 1; : : : ; n and x 2 .0; a�

then from Lemma 8.7, there existsM > 0 such that

jfi .x; �1;m.x/; : : : ; �n;m.x//j 6 Mx�� for all x 2 .0; a�:

Thus, by (1.58)

ˇ
ˇ
ˇ�i;mC1.x/ �Pd˛e

kD1
bik

�q.˛�kC1/x
˛�k

ˇ
ˇ
ˇ

6 x˛�1

�q.˛/

R x
0

�
qt=xI q�

˛�1 jfi .t; �1;m.t/; : : : ; �n;m.t//j dqt

6 Mx˛�1

�q.˛/

R x
0

�
qt=xI q�

˛�1t
�� dqt D M

�q.˛/
Bq.˛; 1 � �/x˛��

D Mx˛���q.1��/
�q.˛��C1/ 6 Ma˛�� �q.1��/

�q.˛��C1/ 6 K:

(8.22)
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So,

�i;mC1.x/ 2 Di.a;K/ for all x 2 .0; a�:

This completes the induction steps and proves (8.21).
ii. Applying Lemma 4.10 gives that I ˛q fi .t; �1;m.t/; : : : ; �n;m.t// 2 C Œ0; a� for

all m 2 N. Since
Pn

kD1
bikx

˛�k

�q.˛�kC1/ 2 Cd˛e�˛Œ0; a�, the function �i;mC1 2
Cd˛e�˛Œ0; a� for all m 2 N0 and i 2 f1; 2; : : : ; ng.

iii. We prove by induction on m that

j�i;mC1.x/ � �i;m.x/j 6 MBm�1xm˛���q.1 � �/

�q.m˛ � � C 1/
; (8.23)

where
B WD An; m 2 N; and for any x 2 .0; a�:

From (8.22), inequality (8.23) is true at m D 1. Assume that (8.23) is true at
m D k, that is,

j�i;kC1.x/ � �i;k.x/j 6 MBk�1xk˛���q.1 � �/
�q.k˛ � � C 1/

.i D 1; 2; : : : ; n/:

Hence, for x 2 .0; a� we have

j�i;kC2.x/ � �i;kC1.x/j

6 x˛�1

�q.˛/

Z x

0

�
qt=xI q�

˛�1

� jfi .t; �1;kC1.t/; : : : ; �n;kC1.t// � fi .t; �1;k.t/; : : : ; �n;k.t//j dqt

6 Ax˛�1

�q.˛/

Z x

0

�
qt=xI q�

˛�1
nX

jD1
j�j;kC1.t/ � �j;k.t/j dqt

D MBkx˛�1�q.1 � �/

�q.˛/�q.k˛ � � C 1/

Z x

0

�
qt=xI q�

˛�1t
k˛�� dqt

D MBk�q.1 � �/

�q.˛/�q.k˛ C 1/
Bq.˛; k˛ � � C 1/x.kC1/˛��

D MBk�q.1 � �/
�q
�
.k C 1/˛ � � C 1

�x.kC1/˛�� :

That is (8.23) is true at m D k C 1 and hence it is true for all m > 1.
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iv. We prove that lim
m!1�i;m.x/ exists for i D 1; 2; : : : ; n, and for any x 2 .0; a�

such that f�i .�/gniD1,

�i .x/ WD lim
m!1�i;m.x/ .i D 1; 2; : : : ; nI x 2 .0; a�/ ;

defines a solution of (8.14), (8.16). Consider the infinite series

�i;1.x/C
1X

mD1
�i;mC1.x/ � �i;m.x/: (8.24)

From (8.23) we obtain

1X

mD1
j�i;mC1.x/ � �i;m.x/j 6 M�q.1 � �/

B
x��

1X

mD1

.Bx˛/m

�q.m˛ � � C 1/

6 M�q.1 � �/x��

B

1X

mD0

.Bx˛/m

�q.m˛ � � C 1/

D M�q.1 � �/x��

B
e˛;1�� .Bx˛I q/:

Set h WD min
n
a; 1

B1=˛.1�q/
o
. Since e˛;1�� .Bx˛I q/ is defined only for jxj 6

h, the series in (8.24) is uniformly convergent on .0; h� to a function �i ,
i.e. �i.x/ D lim

m!1�i;m.x/. Now �i;m.x/ 2 Di.a; k/ implies that �i .x/ 2
Di.a; k/, x 2 .0; h�. Since xd˛e�˛�i;m.x/ 2 C Œ0; a� for each m 2 N, then
so is xd˛e�˛�i .x/, i D 1; : : : ; n. The uniform convergence of the sequences
f�i;m.x/g on .0; h� allows us to let m ! 1 in the relationship (8.20), which
gives for x 2 .0; h�

�i .x/ D
d˛eX

kD1

bik

�q.˛ � k C 1/
x˛�k C x˛�1

�q.˛/

Z x

0

�
qt=xI q�

˛�1
fi .t; �1.t/; : : : ; �n.t// dqt:

Therefore, we obtain

D˛�r
q �i .x/ D

rX

kD1

bik

�q.˛ � k C 1/
xr�k C I rq fi .x; y1.x/; : : : ; yn.x//:

But from Lemma 4.9 we obtain

jI rq fi .x/j � Mxr

�q.r C 1/
.i D 1; 2; : : : ; n/:
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Hence,

lim
x!0CD

˛�r
q �i .x/ D bir .i D 1; 2; : : : ; nI r D 1; 2; : : : ; d˛e/:

Uniqueness. To prove the uniqueness we assume that f i gniD1 is another solution
valid in an interval .0; b�, b 6 h. Set

�i .x/ WD �i .x/ �  i.x/;

and

gi .x/ WD fi .x; �1.x/; : : : ; �n.x// � fi .x;  1.x/; : : : ;  n.x// ;

for i D 1; 2; : : : ; n and for any x 2 .0; h�. Hence,

D˛
q �i .x/ D gi .x/ .i D 1; : : : ; n/ :

From (4.67) we obtain

�i .x/ D x˛�1

�q.˛/

Z x

0

�
qt=xI q�

˛�1gi .t/ dqt; i D 1; : : : ; n: (8.25)

Now x1�˛�i is continuous at zero for i D 1; 2; : : : ; n. Then, for each x 2 .qb; b�
there exists a constant Cx > 0 such that

t1�˛ j�i .t/j 6 Cx

�q.˛/
for t 2 fxqm; m 2 N0g :

Fix x 2 .qh; h� and t 2 fxqm; m 2 Ng. Hence, from (8.25) we obtain

j�i .t/j 6 At˛�1

�q.˛/

nX

iD1

Z t

0

�
qu=t I q�

˛�1�i .u/ dqu

6 AnCxt
˛�1

� 2
q .˛/

Z t

0

u˛�1�qu=t I q�
˛�1 dqu

D AnCxt
2˛�1

� 2
q .˛/

Bq.˛; ˛/ D BCx

�q.2˛/
t2˛�1:

Repeating the previous process k times, k 2 N, we obtain

j�i .t/j 6 Cx
BkC1t˛kC˛�1

�q.˛k C ˛/
.i D 1; 2; : : : ; n/ : (8.26)
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Since
Bkt˛k

�q.˛k C ˛/
is the general term of the series of e˛;˛.ˇt˛ I q/ and

ˇt˛ 6 ˇa˛ < .1 � q/�˛;

we have lim
k!1

Bkt˛k

�q.˛kC˛/ D 0. Therefore, �i .t/D 0 for all t 2 fxqm; m 2 N0g and

for all x 2 .qb; b�. That is �.x/ D 0 for all x 2 .0; b�, proving the uniqueness.
ut

Now we investigate the initial value problem (8.15)–(8.16). We state the exis-
tence and uniqueness theorem. We give a brief account on the proof by mentioning
the main differences from the previous proof.

Theorem 8.9. Let fi .x; y1; : : : ; yn/ be functions defined for x 2 .0; a� and yi in
the domain Gi , satisfying the following conditions.

(i) There is a positive constant A such that for x 2 .0; a� and yr ; Qyi 2 Gi , 1 6 r;

i 6 n, the following Lipschitz condition is fulfilled

ˇ
ˇfi .x; Qy1; : : : ; Qyn/ � fi .x; y1; : : : ; yn/

ˇ
ˇ 6 A

� j Qy1 � y1j C : : :C j Qyn � ynj
�
:

(ii) There exists � < 1 and � � ˛ such that

fi .x; y1; : : : ; yn/ 2 C�Œ0; a� for any yi 2 Gi I i D 1; : : : ; n: (8.27)

Let K be a constant that satisfies

K > Ma˛Cw�q.w C 1/

�q.˛ C w C 1/
;

where

M WD max fjx�fi .x; y1; y2; : : : ; yn/j; x 2 Œ0; a�; yi 2 Di.a;K/; i D 1; 2; : : : ; ng ;

andDi.a;K/ 
 Gi is the set of points yi 2 Gi that satisfies

ˇ
ˇ
ˇ
ˇ̌
ˇ
yi �

d˛eX

kD1
bik

x˛�k

�q.˛ � k C 1/

ˇ
ˇ
ˇ
ˇ̌
ˇ

� K for all x 2 .0; a�:

Then the initial value problem (8.15)–(8.16) has a unique solution fyi .�/gniD1
valid in .0; a�, yi 2 Cd˛e�˛Œ0; a� for i D 1; 2; : : : ; n.
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Proof. Consider the system of functions

f�i;m.x/g1
mD1 .i D 1; : : : ; nI x 2 .0; a�/

defined by

�i;1.x/ D
d˛eX

kD1

bik x
˛�k

�q.˛ � k C 1/
;

�i;m.x/ D
d˛eX

kD1

bikx
˛�k

�q.˛ � k C 1/
(8.28)

C x˛�1

�q.˛/

Z x

0

�
qt=xI q�

˛�1fi
�
qt; �1;m�1.qt/; : : : ; �n;m�1.qt/

�
dqt;

where m > 2. We prove that lim
m!1�i;m.x/ exists and give the required solution

f�i .�/gniD1 of the initial value problem (8.15)–(8.16) in .0; a�. As in the proof of
Theorem 8.8, we can prove by induction on m that �i;m.x/ 2 Di.a; k/, m 2 N for
all x 2 .0; a� and

j�i;mC1.x/ � �i;m.x/j 6 MBm�1q
m.m�1/˛

2 �.m�1/�xm˛���q.1 � �/
�q.m˛ � � C 1/

; (8.29)

where B WD An. According to the estimate (8.29), for x 2 .0; a�, the absolute value
of the terms of the series

�i;1.x/C
1X

mD1
�i;mC1.x/ � �i;m.x/ (8.30)

is less than the corresponding terms of the convergent numeric series

M

B
q��q.1 � �/

1X

mD0

Bmq
m.m�1/˛

2 �m�am˛��

�q.m˛ � � C 1/
D M

B

�q
a

��
�q.1 � �/E˛;1��.q

��Ba˛I q/:

Therefore, the series (8.30) is uniformly convergent on .0; a� to a function �i , where
�i .x/ D lim

m!1�i;m.x/. Since xd˛e�˛�i;m 2 C Œ0; a� for all m 2 N and i D 1; : : : ; n,

then so is xd˛e�˛�i . In addition, �i;m.x/ 2 Di.a; k/ implies that �i .x/ 2 Di.a; k/,
x 2 .0; a�. The uniform convergence of the sequences f�i;m.x/g, x 2 .0; a�, allows
us to let m ! 1 in the relationship (8.28), this gives that

�i .x/ D
d˛eX

kD1

bik

�q.˛ � k C 1/
x˛�k C x˛�1

�q.˛/

Z x

0

�
qt=xI q�

˛�1
fi .t; �1.qt/; : : : ; �n.qt// dqt:
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Consequently,

D˛�k
q �i .x/ D bik CD˛�k

q I ˛q fi .x; y1.qx/; : : : ; yn.qx//

D bik C I kq fi .x; y1.qx/; : : : ; yn.qx//:

Therefore,

D1�˛
q �i .0

C/ D bik .i D 1; 2; : : : ; n/;

i.e. f�i .�/gniD1 satisfies the initial conditions (8.16). The proof of the uniqueness of
the solution is similar to that of Theorem 8.8 so it is omitted. ut
Remark 8.2.1. When ˛ D 1, the initial value problems (8.14), (8.16) and equa-
tions (8.15)– (8.16) are reduced to the initial value problems (2.7), (2.13)
and (2.8), (2.13), respectively. Therefore, the results of Sect. 8.2 generalize the ones
of Sect. 2.3.

Example 8.2.1. Consider the q-fractional first order system

D˛
q y1.x/ D y2.x/; D˛

q y2.x/ D �y1.x/;
I 1�˛q y1.0

C/ D 0; I 1�˛q y2.0
C/ D 1;

where x 2 R and 0 < ˛ < 1. Substituting into (8.20) with b1 D 0 and b2 D 1, we
get

�1;1.x/ D 0;

�1;2m.x/ D �1;2mC1.x/ D x2˛�1
m�1X

jD0
.�1/j x2˛j

�q.2˛j C 2˛/
; m 2 N;

and

�2;2m�1.x/ D �2;2m.x/ D x˛�1
m�1X

jD0
.�1/j x2˛j

�q.2˛j C ˛/
; m 2 N:

One can verify that the functions �i.x/ WD lim
m!1�i;m.x/, i D 1; 2, are defined only

for jxj < .1 � q/�1 by

�1.x/ D x2˛�1e2˛;2˛.�x2˛I q/; �2.x/ D x˛�1e2˛;˛.�x2˛I q/: (8.31)

If we take ˛ D 1 in (8.31), we get

�1.x/ D sinq x.1 � q/; and �2.x/ D cosq x.1 � q/;
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which is the solution of the q-initial value problem

Dqy1.x/ D y2.x/; Dqy2.x/ D �y1.x/;
y1.0

C/ D 0; y2.0
C/ D 1:

Example 8.2.2. Using the successive approximation method, one can prove that
the successive functions f�i;m.x/g1

mD1, i D 1; 2, corresponding to the initial value
problem

D˛
q y1.x/ D y2.x/ D˛

q y2.x/ D �q1�2˛y1.qx/
I 1�˛q y1.0

C/ D 0 I 1�˛q y2.0
C/ D 1

are

�1;1.x/ D 0;

�1;2mC1.x/ D �1;2m.x/ D x2˛�1
m�1X

jD0
.�1/j qj.j�1/˛ x2˛j

�q.2˛j C 2˛/
;

�2;2m�1.x/ D �2;2m.x/ D x˛�1
m�1X

jD0
.�1/j qj.j�1/˛ x2˛j

�q.2˛j C ˛/
;

m 2 N. Hence, the functions

�i .x/ WD lim
m!1�i;m.x/ .i D 1; 2/

are defined on R by

�1.x/ D x2˛�1E2˛;2˛.�x2˛I q/; �2.x/ D x˛�1E2˛;˛.�x2˛ I q/:

If we set ˛ D 1, we obtain

�1.x/ D q�1 sin.q�1xI q/; and �2.x/ D cos.q�1=2xI q/; x 2 R;

which is the solution of the q-initial value problem

Dqy1.x/ D y2.x/; Dqy2.x/ D �q�1y1.qx/;

y1.0/ D 0; y2.0/ D 1;

valid on R.
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8.3 Equations with Caputo Fractional q-Derivatives

In this section we shall study the existence and uniqueness of solutions of the
Cauchy type problem

cD˛
q y.x/ D f .x; y.x// .˛ > 0/; (8.32)

Dk
qy.0

C/ D bk .bk 2 RI k D 0; 1; : : : ; d˛e � 1/ : (8.33)

The result of this section is an extension of the results derived by Kilbas et al.
in [169, Sect. 3.5]. In the following, we prove the existence and uniqueness of
solutions in the space Cn

q Œ0; a�,

Lemma 8.10. Let ˛ > 0 and n D d˛e. If there exists � � ˛ � n C 1 such that
f 2 C�Œ0; a� then I ˛q f 2 Cn

q Œ0; a�.

Proof. From Lemma 4.10, I ˛�k
q f 2 C Œ0; a� for k D 0; 1; : : : ; n � 1. Since

Dk
q I

˛
q f D I ˛�k

q f .x/ .k D 0; 1; : : : ; d˛e � 1/:

Hence Dk
q I

˛
q f 2 C Œ0; a� and f 2 Cn

q Œ0; a�. ut
Theorem 8.11. Let ˛ > 0, n D d˛e. Let G be an open set in C and f W .0; a� �
G ! R be a function such that f .x; y/ 2 C�Œ0; a� for any y 2 G, � � ˛�nC1. If
y 2 Cn

q Œ0; a� then y.x/ satisfies (8.32)–(8.33) for all x 2 .0; a� if and only if y.x/
satisfies the q-integral equation

y.x/ D
n�1X

kD0

bk

�q.k C 1/
xk C x˛�1

�q.˛/

Z x

0

.qt=xI q/˛�1f .t; y.t// dqt; (8.34)

for all x 2 Œ0; a�.
Proof. First, we prove the necessity condition. Let y.x/ satisfy (8.32)–(8.33), then
cD˛

q y.x/ 2 C�Œ0; a�. Hence, applying (5.6) (with ˇ D ˛ ) gives

I ˛q
cD˛

q y.x/ D y.x/ �
n�1X

kD0

bk

�q.k C 1/
xk .0 � x � a/: (8.35)

On the other hand,

I ˛q
cD˛

q y.x/ D I ˛q f .x; y.x// D x˛�1

�q.˛/

Z x

0

.qt=xI q/˛�1f .t; y.t// dqt (8.36)

for all x 2 Œ0; a�. Consequently, combining (8.35) and (8.36) proves the necessity
condition. Now we move to prove the sufficiency. Let y.x/ satisfy (8.34) for all
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x 2 Œ0; a�, then from Lemma 8.10, y.x/ 2 Cn
q Œ0; a�. Consequently, acting on the

two sides of (8.34) by the operator cD˛
q and applying (5.8) give

cD˛
q y.x/ D D˛

q

"

y.x/ �
n�1X

kD0

bk

�q.k C 1/
xk

#

D D˛
q I

˛
q f .x; y.x// D f .x; y.x//

for all x 2 Œ0; a�. For x 2 .0; a� and k 2 f0; 1; : : : ; n � 1g we obtain

Dk
qy.0

C/ D lim
j!1Dk

qy.xq
j / D bk C lim

j!1 I ˛�k
q f .xqj ; y.xqj //

D bk C lim
j!1

.xqj /˛�k�1

�q.˛ � k/
Z xqj

0

.qt=xI q/˛�k�1f .t; y.t// dqt (8.37)

D bk C lim
jD1

.xqj /˛�k

�q.˛ � k/

1X

rDj
qr
.q˛�k I q/r
.qI q/r f .xqr ; y.xqr //;

where the limit on the most left hand side of (8.37) vanishes because of
f .x; y.x// 2 C�Œ0; a�. ut
Theorem 8.12. Let ˛ > 0, n D d˛e and G be an open set in C. Let

f W .0; a� �G �! R

be a function satisfying the following conditions:

1. There exists � , � � ˛ � nC 1, such that f .x; y/ 2 C�Œ0; a� for any y 2 G.
2. There exists a constant A > 0 such that for all x 2 .0; a� and for all y1; y2 2 G,

the following Lipschitz condition is satisfied:

jf .x; y1.x// � f .x; y2.x//j � Ajy1.x/ � y2.x/j:

If 0 < h � a satisfies the condition

w WD A

n�1X

kD0

h˛�k�q.1 � �/
�q.˛ � k � � C 1/

< 1;

then the fractional Cauchy problem (8.32)–(8.33) has a unique solution in Cn
q Œ0; a�.

Proof. From Theorem 8.11, the Cauchy type problem (8.32)–(8.33) is equivalent
to the Volterra q-integral equation (8.34). Hence, a solution of (8.32)–(8.33) in
Cn
q Œ0; a� is a fixed point of the operator T W Cn

q Œ0; a� �! Cn
q Œ0; a� defined by

Ty.x/ D
n�1X

kD0

bk

�q.k C 1/
xk C x˛�1

�q.˛/

Z x

0

.qt=xI q/˛�1f .t; y.t// dqt:
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To prove the theorem, we prove

1. If y 2 Cn
q Œ0; a�, then Ty 2 Cn

q Œ0; a�

2. T is a contraction mapping.

The proof of (1) follows from Lemma 8.10, and from (4.53) we obtain

kTy1 � Ty2k1 D
n�1X

kD0
max
0�t�h

ˇ
ˇ
ˇI ˛�k
q .f .t; y1.t// � f .t; y2.t///

ˇ
ˇ
ˇ

� A

n�1X

kD0
max
t2Œ0;h�

I ˛�k
q .y1 � y2/ � w ky1 � y2k1 :

Consequently, from the Banach fixed point theorem, there exists a unique y� 2
Cn
q Œ0; a� such that Ty� D y�. So, the result follows by applying the sufficient part

of Theorem 8.11. ut
By Theorem 1.7, the solution y� is obtained as a limit of a convergent sequence

.T my0/.x/:
lim
m!1 kT my0 � y�k D 0;

in the space Cn
q Œ0; a�, where y0 is any function in Cn

q Œ0; a�. If at least one bk ¤ 0 in
the initial condition (8.33), we can take

y0.x/ WD
n�1X

kD0

bk

�q.k C 1/
xk:

Consequently, the sequence T my0 is defined by the recurrence relation

T my0.x/ D y0.x/C x˛�1

�q.˛/

Z x

0

.qt=xI q/˛�1f .t; T m�1y0.t// dqt .m 2 N/:

If we denote ym.x/ D .T my0/.x/ then the last relation takes the form

ym.x/ D y0.x/C x˛�1

�q.˛/

Z x

0

.qt=xI q/˛�1f .t; ym�1.t// dqt .m 2 N/:

This means that the successive approximation method can be used to find a unique
solution of (8.32)–(8.33) whenever bk ¤ 0 for some k 2 f0; 1; : : : ; n � 1g.

Example 8.3.1. Consider the Cauchy type q- fractional equation:

cD˛
q y.x/ D �xˇym.x/ .m > 1I 0 < ˛ < 1I x > 0I �; ˇ 2 RI � ¤ 0/ ;

y.0C/ D 0:
(8.38)
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Set

f .x; y.x// D �xˇym.x/ .x > 0/;

where

.x; y/ 2 .0; a� �G WD f0 < x � aI 0 < jyj � K xwI K > 0g :

Then, similar to Example 8.1.2, we obtain

jf .x; y1/ � f .x; y2/j � Ajy1 � y2j; A WD mj�jKm�1aˇC.m�1/w;

wheneverˇC.m�1/w � 0. That is, f satisfies the Lipschitz condition. If f .x; y/ 2
C�Œ0; a� then x�f .x; y/ is continuous and hence bounded on Œ0; a�. Therefore we
should assume that � C ˇ C mw � 0. Hence the conditions of Theorem 8.12 is
satisfied and the Cauchy type q-fractional problem (8.38) has a unique solution in
C Œ0; h�, where h is a positive number satisfying the inequality

mj�jKm�1 hˇC.m�1/wC˛

�q.˛ C 1/
< 1:

Hence w should satisfy the conditions

w C .m � 1/ˇ � 0; � Cmw C ˇ � 0: (8.39)

Assume that .m� 1/w D r � .ˇC˛/. Hence .m� 1/w Cˇ D r �˛ and we should
assume that r � ˛. In addition to this the condition � Cmw C ˇ � 0 implies

m

m � 1
r C � � ˇ C .m/˛

m � 1
� 0:

That is

m

m � 1
r � �� C m˛ C ˇ

m� 1
:

So if we assume that � � ˇCm˛
m�1 , then the conditions in (8.39) are satisfied and the

Cauchy fractional initial problem has a unique solution in C�Œ0; h�. One can verify
that this solution is given by

y.x/ D
"
�q.1 � ˛Cˇ

m�1 /
��q.1 � m˛Cˇ

m�1 /

# 1
m�1

x� ˛Cˇ
m�1 :
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8.4 q-Caputo Fractional Order Systems

This section deals with two systems of q-Caputo fractional derivatives, namely

cD˛
q yi .x/ D fi .x; y1; : : : ; yn/ .i D 1; 2; : : : ; n/ ; (8.40)

and

cD˛
q yi .x/ D fi .qx; y1.qx/; : : : ; yn.qx// .i D 1; 2; : : : ; n/ ; (8.41)

where ˛ > 0. We call system (8.40) together with the initial conditions of the form

Dj
q yi .0/ D bij

�
bij 2 RI i D 1; 2; : : : ; nI j D 0; 1; : : : ; d˛e � 1

�
; (8.42)

an initial value problem. The same applies to system (8.41) with the initial
conditions (8.42).

By a solution of the initial value problem (8.40), (8.42) we mean a set of
functions fyi gniD1 that satisfies (8.40) and the initial conditions (8.42) in an interval
I containing zero such that the functions yi .x/, i D 1; 2; : : : ; n are continuous on I .
Similarly, we can define the solution of the initial value problem (8.41)–(8.42).

In the following theorem we investigate the conditions under which the initial
value problem (8.40), (8.42) has a unique solution.

Theorem 8.13. Let fi .x; y1; : : : ; yn/ be functions defined for x 2 .0; a�, and yi in
the domain Gi , satisfying the following conditions.

(i) There is a positive constant A such that for x 2 .0; a� and yi ; Qyi 2 Gi , 1 6
i 6 n, the following Lipschitz’ condition is fulfilled

jfi .x; y1; : : : ; yn/ � fi .x; Qy1; : : : ; Qyn/j 6 A

�
jy1 � Qy1j C : : :C jyn � Qynj

�
:

(ii) There exists � � ˛ � d˛e C 1 such that

fi .x; y1; : : : ; yn/ 2 C�Œ0; a� for any yi 2 Gi I i D 1; 2; : : : ; n:

Let

M WD max fjx�fi .x; y1; y2; : : : ; yn/j; x 2 Œ0; a�; yi 2 Di.a;K/; i D 1; 2; : : : ; ng ;

andDi.a;K/ 
 Gi be the set of points yi 2 Gi satisfying

ˇ
ˇ
ˇ
ˇ
ˇ̌yi .x/ �

d˛e�1X

jD0
bij

xj

�q.j C 1/

ˇ
ˇ
ˇ
ˇ
ˇ̌ � K for all x 2 Œ0; a�:
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Then there exists h 2 .0; a�,
Mh˛�q.1� �/

�q.˛ � � C 1/
� K

such that the initial value problem (8.40), (8.42) has a unique solution
fyi .x/gniD1 in C d˛e

q Œ0; h�.

Proof. Existence. Define the iterations

f�i;m.x/g1
mD1 .1 � i � n; x 2 .0; a�/

by the following relationships

�i;1.x/ D
d˛e�1X

jD0
bij

xj

�q.j C 1/
;

�i;m.x/ D
d˛e�1X

jD0
bij

xj

�q.j C 1/

C x˛�1

�q.˛/

Z x

0

.qt=xI q/˛�1 fi .t; �i;m�1.t/; : : : ; �n;m�1.t// dqt;

(8.43)

where m > 2. We show that lim
m!1�i;m.x/ exists and gives the required solution

f�i .x/gniD1 of the initial value problem (8.40), (8.42) in subinterval .0; h� of .0; a�.
Similar to (8.21), one can prove that

�i;m.x/ 2 Di.a; k/ .m 2 NI i D 1; 2; : : : ; nI x 2 .0; a�/ :

Applying Lemma 8.10, we conclude that �i;m.x/ 2 C
d˛e
q Œ0; a� for i D 1; 2; : : : ; n

andm 2 N. We can also prove by induction on m that for r D 0; 1; : : : ; d˛e � 1
ˇ
ˇ
ˇDr

q�i;mC1.x/ �Dr
q�i;m.x/

ˇ
ˇ
ˇ 6 MBm�1xm.˛�r/���q.1 � �/

�q.m.˛ � r/ � � C 1/
; (8.44)

where B WD An andm 2 N0. Now, consider the infinite series

Dr
q�i;1.x/C

1X

mD1
Dr
q�i;mC1.x/ �Dr

q�i;m.x/: (8.45)

Let h D min
n
a; 1

B1=˛.1�q/
o
. According to the estimate (8.44), for 0 6 x 6 h, the

absolute value of the terms of (8.45) is less than the corresponding terms of the
convergent numerical series
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Mh��

B
�q.1��/

1X

mD0

Bmhm.˛�r/

�q.m.˛ � r/ � � C 1/
D Mh��

B
�q.1��/e˛�r;1�� .Bh

˛�r I q/:

This means that the series (8.45) is uniformly convergent on Œ0; h� to a function
gr;i .x/, and gr;i .x/ D lim

m!1Dr
q�i;m.x/. Since Dr

q�i;m is continuous for all m 2 N,

i D 1; : : : ; n, then so is gr;i . One can verify that

gr;i .x/ D Dr
q�i .x/; �i .x/ WD g0;i .x/:

Hence,

�i 2 C d˛e
q Œ0; a� .i D 1; 2; : : : ; n/ :

In addition, �i;m 2 Di.a; k/ implies that �i .x/ 2 Di.a; k/. The uniform
convergence of the sequences f�i;mg allows us to let m ! 1 in identity (8.43),
which gives

�i.x/ D
d˛e�1X

jD0
bij

xj

�q.j C 1/
C x˛�1

�q.˛/

Z x

0

�
qt=xI q�

˛�1fi .t; �1.t/; : : : ; �n.t// dqt:

Obviously, the initial conditions (8.42) holds. The proof of the uniqueness of the
solution is similar to of that of Theorem 8.8 and is omitted. ut

Similar to Theorem 8.13 we have the following theorem

Theorem 8.14. Let fi .x; y1; : : : ; yn/ be functions defined for x 2 Œ0; a� and yi in
the domain Gi , satisfying the following conditions.

(i) There is a positive constant A such that

jfi .x; y1; : : : ; yn/ � fi .x; Qy1; : : : ; Qyn/j 6 A .jy1 � Qy1j C : : :C jyn � Qynj/ ;
for all x 2 .0; a� and for any yr ; Qyi 2 Gi , 1 6 r; i 6 n:

(ii) There exists � < ˛ � d˛e C 1 such that

fi .x; y1; : : : ; yn/ 2 C�Œ0; a� for any yi 2 Gi ; i D 1; 2; : : : ; n:

Let

M WD max fjx�fi .x; y1; y2; : : : ; yn/j .x 2 Œ0; a�I yi 2 Di.a;K/I i D 1; 2; : : : ; n/g ;

where Di.a;K/ 
 Gi is the set of points yi 2 Gi satisfying

ˇ
ˇ
ˇ
ˇ
ˇ̌yi .x/ �

d˛e�1X

jD0
bij

xj

�q.j C 1/

ˇ
ˇ
ˇ
ˇ
ˇ̌ � K for all x 2 .0; a�;
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and

K � Ma˛�q.1 � �/
�q.˛ � � C 1/

:

Then, the initial value problem (8.41)– (8.42) has a unique solution fyi gniD1 in

C
d˛e
q Œ0; a�.

Proof. Consider the system of successive functions f�i;mg1
mD1, i D 1; : : : ; n,

�i;1.x/ D
d˛e�1X

jD0
bij

xj

�q.j C 1/

and for m 2 f2; 3; : : :g

�i;m.x/ D Pd˛e�1
jD0 bij

xj

�q.jC1/

C x˛�1

�q.˛/

R x
0

�
qt=xI q�

˛�1fi .qt; �1;m�1.qt/; : : : ; �n;m�1.qt// dqt:

(8.46)
We show that lim

m!1�i;m.x/ exists and gives the required solution f�i gniD1 of the

initial value problem (8.41)–(8.42). As in the proof of Theorem 8.13, we can prove
by induction on m that �i;m.x/ 2 Di.a; k/ for i D 1; : : : ; n, m 2 N, x 2 Œ0; a�, and

j�i;mC1.x/ � �i;m.x/j 6 MBm�1qm.m�1/˛=2xm˛

�q.m˛ C 1/
; (8.47)

where B WD An and m 2 N. According to the estimate (8.47), for 0 6 x 6 a, the
absolute values of the terms of the series

�i;1.x/C
1X

mD1
�i;mC1.x/ � �i;m.x/ (8.48)

are less than the corresponding terms of the convergent series

M

B

1X

mD0

qm.m�1/˛=2.Ba˛/m

�q.m˛ C 1/
D M

B
E˛;1.Ba

˛I q/:

This means that the series (8.48) is uniformly convergent on .0; a� to a function �i ,
where �i .x/ D lim

m!1�i;m.x/. Since �i;m 2 L 1
q Œ0; a�, for all m 2 N, i D 1; : : : ; n,

then so is �i . In addition, �i;m.x/ 2 Di.a; k/ implies that �i .x/ 2 Di.a; k/, x 2
Œ0; a�. The uniform convergence of the sequences f�i;m.x/g1

mD1, x 2 .0; a�, allows
us to let m ! 1 in the relationship (8.46), this gives that
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�i .x/ D
n�1X

jD0
bij

xj

�q.j C 1/
C x˛�1

�q.˛/

Z x

0

�
qt=xI q�

˛�1fi .t; �1.t/; : : : ; �n.t// dqt;

which are the required solutions. Uniqueness can be proved as in Theorem 8.8. ut

Example 8.4.1. Consider the first order system

cD˛
q y1.x/ D y2.x/;

cD˛
q y2.x/ D �y1.x/ .0 < ˛ < 1/;

y1.0
C/ D 0; y2.0

C/ D 1:

Using the method of successive approximations, the functions f�i;m.�/g1
mD1 are

given by

�1;1.x/ D 0;

�1;2m.x/ D �1;2mC1.x/ D x˛
m�1X

jD0
.�1/j x2˛j

�q.2˛j C ˛ C 1/
;

�2;2m�1.x/ D �2;2m.x/ D
m�1X

jD0
.�1/j x2˛j

�q.2˛j C 1/
;

wherem 2 N. One can see that the limits

�i .x/ WD lim
m!1�i;m.x/ .i D 1; 2/

exist only for jx.1 � q/j < 1 and are defined by

�1.x/ D x˛e2˛;˛C1.�x2˛I q/; �2.x/ D e2˛;1.�x2˛I q/: (8.49)

Substituting ˛ D 1 into (8.49), we obtain

y1.x/ D sinq x.1 � q/; y2.x/ D cosq x.1 � q/; jx.1 � q/j < 1;

forming the solution of the initial value problem

Dqy1.x/ D y2.x/; Dqy2.x/ D �y1.x/;
y1.0/ D 0; y2.0/ D 1:

Example 8.4.2. Consider the first order system

cD˛
q y1.x/ D y2.x/;

cD˛
q y2.x/ D �q�˛y1.qx/;

y1.0
C/ D 0; y2.0

C/ D 1: (8.50)
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The successive approximating functions f�i;m.x/g1
mD1, i D 1; 2, are defined for

m 2 N by

�1;1.x/ D 0;

�1;2m.x/ D �1;2mC1.x/ D x˛
m�1X

jD0
.�1/j qj.j�1/˛ x2˛j

�q.2˛j C ˛ C 1/
;

�2;2m�1.x/ D �2;2m.x/ D
m�1X

jD0
.�1/j qj.j�1/˛ x2˛j

�q.2˛j C 1/
:

Hence, the solutions

�i .x/ WD lim
m!1�i;m.x/ .i D 1; 2/

are defined on R by

�1.x/ D x˛E2˛;˛C1.�x2˛I q/; �2.x/ D E2˛;1.�x2˛I q/: (8.51)

If we set ˛ D 1 in (8.51), we get

y1.x/ D q sin.q�1xI q/; and y2.x/ D cos.q�1=2xI q/; x 2 R;

which form a solution of the first order system

Dqy1.x/ D y2.x/; Dqy2.x/ D �q�1y1.qx/;

y1.0
C/ D 0; y2.0

C/ D 1:

8.5 A q-Cauchy Fractional Problem

In this section we investigate the existence and uniqueness of solutions of a
q-Cauchy fractional problem defined in terms of a set of real parameters

˚
�j
�3
jD0

and a set
˚
Lj
�3
jD0 of q-integro difference operators of fractional order. This problem

is a q-analogue of a Cauchy problem given by Djrbashian [85]. As in the classical
case, the solutions will be given explicitly in terms of q-Mittag–Leffler functions.

Let the set of parameters
˚
�j
�3
jD0 satisfy the conditions

1

2
< �0; �3 6 1; 0 6 �1; �2 6 1;

3X

jD0
�j D 3: (8.52)
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Then obviously

1 < �0 C �3 6 2; 1 6 �1 C �2 < 2:

We shall also consider the two special cases

�0 D �2 D �3 D 1 when �1 D 0;

�0 D �1 D �3 D 1 when �2 D 0:
(8.53)

We associate a given set of parameters
˚
�j
�3
jD0 satisfying (8.52) with in the set

˚
Lj
�3
jD0 of q-integro-difference operators of fractional order setting

L0y.x/ WD I 1��0q y.x/;

L1y.x/ WD I 1��1q DqL0y.x/ D I 1��1q D�0
q y.x/;

L2y.x/ WD I 1��2q DqL1y.x/ D I 1��2q D�1
q D

�0
q y.x/;

L1=2y.x/ WD L3y.x/ D I 1��3q DqL2y.x/ D I 1��3q D�2
q D

�1
q D

�0
q y.x/:

In the following we introduce the domain of the definitions of the operators˚
Lj
�3
jD0.

Definition 8.5.1. For a > 0 let A Cf�gŒ0; a�, be the set of functions y.x/ satisfying
the conditions

1. y.x/ 2 L 1
q Œ0; a�.

2. Ljy.x/ 2 AqC Œ0; a�, j D 0; 1; 2.

Obviously, if Ljy.x/ 2 AqC Œ0; a� then DqLj y.x/ 2 L 1
q .0; a/, for j D 0; 1; 2,

and L1=2y.x/ 2 L 1
q Œ0; a�. Now, let y.x/ 2 AqC� Œ0; a� be a given function. We

introduce the following constants:

mj .y/ D Ljy.0
C/; �j D

jX

kD0
�k; for j D 0; 1; 2:

Recall that since y 2 A Cf�gŒ0; a�, the operator Ljy is q-regular at zero for j D 0;

1; 2, and
Ljy.0

C/ D lim
k!1Ljy.xq

k/ .x > 0/:

One can easily verify that

�j1 C �j2 6 2; j1 ¤ j2;
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for any pair of numbers of the set
˚
�j
�3
jD0. The q-Cauchy problem which we are

interested in is

L1=2y.x/C �y.qx/ D 0; 0 < x � a; (8.54)

Ljy.0
C/ D mj .y/; j D 0; 1; 2; (8.55)

where
˚
mj .y/

�2
jD0 and � are arbitrary complex numbers. We solve (8.54) by

repeatedly applying the q-Riemann–Liouville fractional operator of appropriate
orders until (8.54) is transformed into a solvable q-difference equation. This
technique is used by Ross and Djrbashian to solve certain integral operators,
cf. e.g. [85, 263, 264].

Lemma 8.15. If y 2 A Cf�gŒ0; a� then

I 2qL1=2y.x/ D y.x/ �
2X

kD0
mk.y/

x�k�1

�q.�k/
; x 2 .0; a�: (8.56)

Proof. Since L1=2y.x/ 2 L 1
q .0; a/, then using (4.62) we obtain the following

equality for all x 2 .0; a�

I 2qL1=2y.x/ D I 2q I
1��3
q DqL2y.x/

D I 2��3q

˚
IqDqL2y.x/

� D I 2��3q fL2y.x/ �m2.y/g

D I 2��3q L2y.x/ �m2.y/
x2��3

�q.3 � �3/ :
(8.57)

Furthermore,

I 2��3q L2y.x/ D I 2��3q

n
I 1��2q Dq;xL1y.x/

o

D I 2��2��3q

˚
IqDqL1y.x/

� D I 2��2��3q fL1y.x/ �m1.y/g

D I 2��2��3q L1y.x/ �m1.y/
x2��2��3

�q.3 � �2 � �3/ :
(8.58)

Similarly,

I 2��2��3q L1y.x/ D I �0q Dq;xL0y.x/

D I �0q Dq;x

n
I 1��0q y.x/

o
D I �0q D

�0
q y.x/:

But
I �0q D

�0
q y.x/ D y.x/ � I 1��0q y.0C/:
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Therefore,

I 2��2��3q L1y.x/ D y.x/ �m0.y/
x�0�1

�q.�0/
for x 2 .0; a�:

This formula together with (8.57) and (8.58) imply the desired representation (8.56).
ut

Lemma 8.16. If y.x/ 2 A C�Œ0; a� then

L1=2y.x/ D
(
D2
qy.x/ �P2

kD0 mk.y/
x�k�3

�q.�k�2/ ; if �k 62 f1; 2g ;
D2
qy.x/; otherwise:

(8.59)

Proof. Applying the operation D2
q to both sides of identity (8.56), we arrive at

formula (8.59). ut
Lemma 8.17. The q-Cauchy problem (8.54)–(8.55) may have only a unique solu-
tion in the class A C�Œ0; a�.

Proof. If there exist two solutions yj .x/ 2 A C�Œ0; a�, j D 1; 2, then y.x/ WD
y1.x/�y2.x/ is of the same class, and it is a solution of the homogeneous q-Cauchy
problem

L1=2y.x/C �y.qx/ D 0 .x 2 .0; a�/ ;
Lky.0

C/ D mk.y/ .k D 0; 1; 2/ :
(8.60)

By (8.56) and (8.60),

I 2qL1=2y.x/ D y.x/ D ��I 2q y.qx/ for x 2 .0; a/:

In other words, the function y.x/ 2 L 1
q .0; a/ is a solution of the homogeneous

q-Volterra equation

y.x/ D ��
Z x

0

.x � qt/y.qt/ dqt; x 2 .0; a�:

Hence, from Theorem 7.11, y.x/ D 0 for all x 2 .0; a�. ut
The next lemma deals with the function

y�.x; �/ D x��1E2;�.��q��1x2I q/

D
1X

kD0
.�1/kqk2C.��2/k.��/k x2kC��1

�q.2k C �/
;

(8.61)
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which obviously satisfies

y�.x; �/ 2

8
<̂

:̂

L 1
q .0; a/; � > 0;

L 2
q .0; a/; � > 1=2:

Lemma 8.18. If

�r D
rX

jD0
�j .r D 0; 1; 2/ (8.62)

the functions
˚
y�r .�; �/

�2
rD0 are solutions of the q-Cauchy problem

L1=2y.x/C �y.qx/ D 0 for x 2 .0; a�; (8.63)

Lry.x/jxD0 D ık;r �
�
1; k D r;

0; k ¤ r;
(8.64)

in the space A Cf�gŒ0; a�.

Proof. We consider three cases

1. If � D �0 D �0 then

L0y�0.xI�/ D
1X

kD0
.��/kqk2C.�0�2/k x2k

�q.1C 2k/
;

L1y�0.xI�/ D ��
1X

kD0
.��/kq.kC1/2C.�0�2/.kC1/ x2kC2��1

�q.3 � �1 C 2k/
;

L2y�0.xI�/ D ��
1X

kD0
.��/kq.kC1/2C.�0�2/.kC1/ x2kC2��1��2

�q.3 � �1 � �2 C 2k/
:

Since �1 C �2 < 2 and

3 � �1 � �2 � �3 D �0 D �0;

we obtain

L1=2y.x/ D L3y.x/

D ��
1X

kD0
.��/kq.kC1/2C.�0�2/.kC1/ x2kC2��1��2��3

�q.3 � �1 � �2 � �3 C 2k/

D ��
1X

kD0
.��/kqk2C.�0�2/k .qx/

2kC�0�1

�q.2k C �0/
D ��y.qx/:
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That is, the function y�0.xI�/ is a solution of the Problem (8.63)–(8.64).
2. If � D �1 D �0 C �1 then

L0y�1.xI�/ D
1X

kD0
.��/kqk2C.�1�2/k x2kC�1

�q.2k C �1 C 1/
;

L1y�1.xI�/ D
1X

kD0
.��/kqk2C.�1�2/k x2k

�q.2k C 1/
;

L2y�1.xI�/ D ��
1X

kD0
q.kC1/2C.�1�2/.kC1/ x2k��2C2

�q.3 � �2 C 2k/
;

L3y�1.xI�/ D L1=2y�1.xI�/

D ��
1X

kD0
.��/kqk2C.�1�2/k .qx/2kC2��2��3

�q.3 � �2 � �3 C 2k/
:

(8.65)

But in this case, 3� �2 � �3 D �0 C �1 D �1 according to (8.52). Therefore, the
last identity may be written in the form

L1=2y�1.xI�/C �y�1.qxI�/ D 0 for x 2 .0; a�:

By formulae (8.65), y�1.xI�/ 2 A Cf�gŒ0; a� and, in addition, this function
satisfies (8.63) with the initial condition (8.64) with r D 1.

3. If � D �2 D �0 C �1 C �2 then

L0y�2.xI�/ D
1X

kD0
.��/kqk2C.�2�2/k x2kC�1C�2

�q.2k C �1 C �2 C 1/
;

L1y�2.xI�/ D
1X

kD0
.��/kqk2C.�2�2/k x2kC�2

�q.2k C �2 C 1/
;

L2y�2.xI�/ D
1X

kD0
.��/kqk2C.�2�2/k x2k

�q.2k C 1/
;

L3y�2.xI�/ D L1=2y�2.xI�/ D ��
1X

kD0
.��/kqk2C.�2�2/k .qx/2kC2��3

�q.3 � �3 C 2k/
:

(8.66)
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Since �2 D 3��3 and according to (8.52), the last identity may be written in the
form

L1=2y�2.xI�/C �y�2.qxI�/ D 0; x 2 .0; a/:

By formulae (8.66),

y�2.xI�/ 2 A C�Œ0; a�

and y�2.xI�/ satisfies (8.63) with the initial condition (8.64) with r D 1. ut
The next theorem indicates that the set of solutions

˚
y�r .�; �/

�2
rD0 plays the role

of fundamental set of solutions of q-difference equations.

Theorem 8.19. Let a > 0 be an arbitrary number. Then the function

Y.xI �/ D
2X

jD0
mj .y/y�j .xI�/ 2 L 1

q Œ0; a� (8.67)

is the unique solution of the q-cauchy problem (8.54)–(8.55) in the class A C�Œ0; a�.

Proof. By Lemma 8.18,

L1=2Y.xI �/C �Y.qxI�/

D
2X

jD0
mj .y/

˚
L1=2y�j .xI�/C �Y.qxI�/� D 0; x 2 .0; a�

and

LkY.0
CI�/ D

2X

jD0
ajL�j .0

CI�/

D
2X

jD0
mj .y/ık;j D ak .k D 0; 1; 2/:

The uniqueness of the solution follows from Lemma 8.17. ut
Finally, we present the forms taken by the operators

˚
Lj
�3
jD0, the corresponding

Cauchy type problems and their solutions in the special cases (8.53).

(1) �1 D 0 and �0 D �2 D �3 D 1. In this case we have

L0y.x/ D y.x/; L1y.x/ D IqDqy.x/ D y.x/ � y.0/;

L2y.x/ D Dqy.x/; L1=2y.x/ D L3y.x/ D D2
qy.x/;
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�0 D 1; �1 D �2 D 2, and

m0.y/ D y.0C/; m1.y/ D 0; andm2.y/ D Dqy.0
C/:

(2) �2 D 0 and �0 D �1 D �3 D 1. In this case we have

L0y.x/ D y.x/; L1y.x/ D Dqy.x/;

L2y.x/ D IqD
2
qy.x/ D Dqy.x/ �Dqy.0/;

L1=2y.x/ D L3y.x/ D D2
qy.x/;

�0 D 1; �1 D �2 D 2 and

m0.y/ D y.0C/; m1.y/ D Dqy.0
C/; and m2.y/ D 0:

In both cases we reach the same Cauchy problem

D2
qy.x/C �y.qx/ D 0 for x 2 .0; a/; (8.68)

y.0C/ D ˛; Dqy.0
C/ D ˇ: (8.69)

Therefore, the solution of (8.68)–(8.69) is

Y.xI�/ D ˛E2;1.��x2I q/C ˇxE2;2.�q�x2I q/:

Remark 8.5.1. 1. The Cauchy type problem

L1=2y.x/C �y.x/ D 0 forx 2 .0; a/; (8.70)

Ljy.0
C/ D mj .y/; j D 0; 1; 2; (8.71)

can be treated similarly. In this case, we shall get the following existence and
uniqueness theorem.

Theorem 8.20. Let � 2 R. Then there exists a > 0 such that the function

Z.xI �/ D
2X

jD0
mj .y/z�j .xI�/ 2 L 1

q Œ0; a�; (8.72)

z�.xI�/ D x��1e2;�
���x2I q� for j�x2.1 � q/2�j < 1;

is the unique solution of the cauchy type problem (8.70)–(8.71) in the class
A C�Œ0; a�.
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2. Theorems 8.19 and 8.20 of this section can be used to find particular solutions of
the q-difference equation

D2
q.y/.x/C �y.qx/ D f .x/;

or

D2
qy.x/C �y.x/ D f .x/;

where

f .x/ D
2X

jD0
aj

x�j�1

�q.�j /
;

and the �j ’s are the constants defined in (8.62).
3. The studies of the special types of q-fractional integro-differential problems

of [84, 85] lead to formulation of eigenvalue problems whose eigenvalues are
zeros of Mittag–Leffler functions and whose eigenfunctions are Riesz bases of
families of Mittag–Leffler functions in some Hilbert spaces. This is applied in
[28] to obtain sampling theorems in Paley–Wiener-Type spaces. There are several
works in sampling theory and in the q-setting, see e.g. [7, 26, 27, 150]. To derive
sampling theories associated with q-fractional integro-difference equations, we
have to establish q-fractional eigenvalue problems and investigate the properties
of eigenvalues and eigenfunctions. This is not expected to be an easy straightfor-
ward task because of the properties of the q-integration over Œa; b�; a ¤ 0 which
leads to difficulties in defining right-sided q-fractional integrals and derivative.
This has an impact on defining the boundary conditions at the right end points.

8.6 Linear Sequential Riemann–Liouville Fractional
q-Difference Equations

In this section we investigate the existence and uniqueness theorem for solutions of
linear sequential q-difference equation. We also introduce and prove some essential
properties of the q; ˛ Wronskian, see [169, Chap. 7] for the definition of the ˛
Wronskian. The results of this section are mostly based on [205]. Throughout this
section we assume that 0 < ˛ < 1.

Definition 8.6.1. Let n 2 N. We shall call linear sequential Riemann–Liouville
fractional q-difference equation of order n˛ the equation of the form

nX

kD0
bk.x/D

k˛
q y.x/ D g.x/; 0 < x � a; (8.73)
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where bk , k D 0; 1; : : : ; n, and g are given real functions, bn.x/ ¤ 0 for all
x 2 .0; a/, and Dk˛

q y is the sequential Riemann–Liouville fractional q-derivative
defined by:

D˛
q y WD D˛

q y; Dk˛
q y WD D˛

qD
.k�1/˛
q y .k 2 N/: (8.74)

If bn.x/ ¤ 0 for all x 2 Œ0; a�, (8.73) may be expressed in its normal form as
follows:

�
Lq;n˛y

�
.x/ WD Dn˛

q y.x/C
n�1X

kD0
ak.x/D

k˛
q y.x/ D f .x/: (8.75)

Theorem 8.21. Let aj .x/; j D 0; 1; : : : ; n� 1, and f .x/ be in the space C�Œ0; a�,
� � ˛. Then there exists 0 < h 6 a such that the equation

Ln˛;qy.x/ D f .x/ (8.76)

has a unique solution in C1�˛Œ0; h� satisfying

I 1�˛q Dk˛
q y.0/ D ck (8.77)

or equivalently

lim
x!0C

x1�˛Dk˛
q y.x/ D ck

�q.˛/
; (8.78)

where ck 2 R for k D 0; 1; : : : ; n � 1.

Proof. From Theorem 8.8, there exists h > 0 such that the first order system

D˛
q yi D yiC1; i D 1; 2; : : : ; n � 1;

D˛
q yn D �a0y1 � a1y2 � : : : � an�1yn C f .x/

(8.79)

together with the initial conditions

I 1�˛q yk.0
C/ D ck .k D 0; 1; : : : ; n � 1/ (8.80)

has a unique solution in C1�˛Œ0; h�. But
˚
yj
�n
jD1 is a solution of (8.79) with the

initial conditions (8.80) if and only if y1 is a solution of (8.76) with the initial
conditions (8.77) or (8.78). ut

The following two propositions are straight forward results of Theorems 8.21
and their proof is omitted .

Proposition 8.22. Let aj 2 C�Œ0; a�, � � ˛, j D 1; 2; : : : ; n. Then the
homogeneous fractional q-difference equation

Ln˛;qy.x/ D 0 (8.81)
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together with the initial conditions

lim
x!0C

x1�˛Dj˛
q y.x/ D 0 or I 1�˛q Dj˛

q y.0
C/ D 0 .j D 0; 1; : : : ; n � 1/

has only the trivial continuous solution y.x/ D 0.

Proposition 8.23. Any linear combination of solutions of the homogeneous
equation

Lq;n˛y.x/ D 0

is also a solution of this equation.

Definition 8.6.2. We call q; ˛ Wronskian of n functions uj , j 2 N, having
fractional Riemann–Liouville sequential q-derivative up to order .n� 1/˛ in .0; a�,
the following determinant

ˇ̌
Wq;˛ .u1; : : : ; un/ .x/

ˇ̌ D

ˇ
ˇ
ˇ
ˇ
ˇ̌
ˇ
ˇ
ˇ
ˇ

u1.x/ u2.x/ : : : un.x/
D˛
q u1.x/ D˛

q u2.x/ : : : D˛
q un.x/

:::
:::

D .n�1/˛
q u1.x/ D .n�1/˛

q u2.x/ : : : D
.n�1/˛
q un.x/

ˇ
ˇ
ˇ
ˇ
ˇ̌
ˇ
ˇ
ˇ
ˇ

:

To simplify the notation, this will be represented by jWq;˛.x/j. We shall use Wq;˛

for the corresponding q; ˛ Wronskian matrix.

Proposition 8.24. Let
˚
uj .x/

�n
jD1 be a family of functions which admits Riemann–

Liouville fractional sequential q-derivatives up to order .n�1/˛ in .0; a�, satisfying
for j D 1; 2; : : : ; n and k D 0; : : : ; n � 1, the condition

lim
x!0C

xn�n˛Dk˛
q uj .x/ exists: (8.82)

If the functions
˚
x1�˛uj .x/

�n
jD1 are linearly dependent on Œ0; a� then

xn�n˛jWq;˛.x/j D 0 for all x 2 Œ0; a�:

Proof. Since
˚
x1�˛uj .x/

�n
jD1 are linearly dependent on Œ0; a�, then there exist n

constants
˚
cj
�n
jD1, not all zeros, such that for all x 2 Œ0; a�, Pn

jD1 cj x1�˛uj .x/ D
0. Therefore, for all x 2 .0; a� we obtain

nX

kD1
cj uj .x/ D 0: (8.83)
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Successive applications of the sequential q-derivative Dk˛
q , k 2 f1; : : : ; n � 1g,

to (8.83) lead to the following relation:

Wq;˛.x/eC De0; eC D .c1; c2; : : : ; cn/
> ¤e0; (8.84)

ande0 is the zero n � 1 matrix. Consequently,
ˇ
ˇWq;˛.x/

ˇ
ˇ D 0 for all x 2 .0; a�. In

addition, by (8.82), we can also conclude that

lim
x!0C

x1�˛Wq;˛.x/eC De0:

Hence, limx!0C
xn�n˛jWq;˛.x/j D 0, which completes the proof. ut

Proposition 8.25. Let
˚
uj .x/

�n
jD1 be a set of solutions of (8.81) satisfying the

initial conditions (8.77) or equivalently (8.78). Then
˚
uj .x/

�n
jD1 is a linearly

independent set if and only if

lim
x!0C

xn�n˛ ˇˇWq;˛ .u1; : : : ; un/ .x/
ˇ
ˇ ¤ 0: (8.85)

Proof. The proof of the sufficient part follows from Proposition 8.24 by reductio ad
absurdum. To prove the necessary part, we suppose on the contrary that

lim
x!0C

xn�n˛jWq;˛.x/j D 0:

Hence, the system

x1�˛Wq;˛.x/
ˇ
ˇ
ˇ
xD0

eC De0

has a non zero solution eC . For the function

y.x/ WD
nX

jD1
cj uj .x/ .x 2 .0; a�/

which is a solution of (8.81) in .0; a�, it holds that

x1�˛Dk˛
q y.x/

ˇ
ˇ
ˇ
xD0 D 0; k D 0; 1; : : : ; n � 1:

Therefore, using the uniqueness of solutions, the function x1�˛y.x/ vanishes
identically on Œ0; a� and consequently

˚
x1�˛uj .x/

�n
jD1 are linearly dependent on

Œ0; a�, which is a contradiction. Hence, (8.85) should hold. ut
Let M be the vector space of all solutions of the homogeneous equation (8.81).

In the following, any set of linearly independent solutions forming a basis of M is
called a fundamental set of solutions of (8.81).
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Theorem 8.26. M is a vector space of dimension n.

Proof. Let f�i gniD1 be n solutions of (8.81) satisfying the initial conditions

lim
x!0C

x1�˛D .k�1/˛
q �j .x/ D ıkj

�q.˛/
.k; j D 1; : : : ; n/ ;

or equivalently

I 1�˛q D .k�1/˛
q �j .0/ D ıkj .k; j D 1; : : : ; n/:

From proposition 8.24 since

lim
x!0C

xn�n˛Wq;˛.�1; : : : ; �n/.x/ D 1

� n
q .˛/

;

the functions f�i gniD1 are linearly independent. Let y 2 M n f0g. Then there exist
constants fbkgnkD1, not all zeros, such that

lim
x!0C

x1�˛D .k�1/˛
q y.x/ D bk:

Seteb D .b1; b2; : : : ; bn/
>. Then the system

lim
x!0C

x1�˛Wq.�1; : : : ; �n/.x/eC Deb

has a non zero solution eC , eC D .c1; c2; : : : ; cn/. Let

z.x/ D
nX

jD1
cj �j .x/ for x 2 .0; a�:

Then
lim
x!0C

x1�˛D .k�1/˛
q .y � z/.x/ D 0 .k D 1; 2; : : : ; n/:

Consequently,
z.x/ � y.x/ for all x 2 .0; a�:

Thus, the solution y is written uniquely as a linear combination of the functions
f�i gniD1. Hence, f�i gniD1 is a basis of M . ut
Corollary 8.27. A set

˚
uj .x/

�n
jD1 of n linearly independent solutions of (8.81) is

a fundamental set if and only if

lim
x!0C

xn�n˛ ˇˇWq;˛.u1; : : : ; un/.x/
ˇ
ˇ ¤ 0:
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Proof. The proof is a direct consequence of Propositions 8.24 and 8.25 and is
omitted. ut
Proposition 8.28. If yp is a particular solution to the (8.76), then the general
solution to this equation is given by yg D yh C yp , where yh is the general solution
to the associated homogeneous equation (8.81).

Proof. The proof is straightforward and is omitted. ut

8.7 Linear Sequential Caputo Fractional q-Difference
Equations

In this section, we assume that ˛ is a positive number which is less than one.

Definition 8.7.1. Let n 2 N. We shall call linear sequential Caputo fractional q-
difference equation of order n˛ the equation of the form

nX

kD0
bk.x/

cDk˛
q y.x/ D g.x/; 0 � x � a; (8.86)

where bk, k D 0; 1; : : : ; n, and g are given real functions and cDk˛
q y is the

sequential fractional Caputo q-derivative defined by:

cD˛
q y WD cD˛

q y;
cDk˛

q y WD cD˛
q
cD .k�1/˛

q y .k 2 N/: (8.87)

If bn.x/ ¤ 0 for all x 2 Œ0; a�, (8.86) may be expressed in its normal form as
follows:

�
LCq;n˛y

�
.x/ WD cDn˛

q y.x/C
n�1X

kD0
ak.x/

cDk˛
q y.x/ D f .x/: (8.88)

Theorem 8.29. Let aj 2 C�Œ0; a� for j D 0; 1; : : : ; n � 1 and for some � � ˛.
Then there exists 0 < h 6 a such that the equation

LCn˛;qy.x/ D f .x/ (8.89)

has a unique solution in C Œ0; h� satisfying

cDk˛
q y.0

C/ D ck; (8.90)

where ck 2 R, k D 0; 1; : : : ; n � 1.



264 8 Fractional q-Difference Equations

Proof. From Theorem 8.13, there exists h > 0 such that the first order system

cD˛
q yi D yiC1; i D 1; 2; : : : ; n � 1; (8.91)

cD˛
q yn D �a0y1 � a1y2 � : : : � an�1yn C f .x/

together with the initial conditions

yk.0
C/ D ck .k D 1; : : : ; n/ (8.92)

has a unique solution in C Œ0; h�. But
˚
yj
�n
jD1 is a solution of (8.91) with the

initial conditions (8.92) if and only if y1 is a solution of (8.89) with the initial
conditions (8.90). ut

Similar to Propositions 8.23 and 8.30, we have the following two propositions
which we state without proof.

Proposition 8.30. Let aj 2 C�Œ0; a� for j D 1; 2; : : : ; n, and for some � � ˛. Then
the homogeneous fractional Caputo q-difference equation (8.86) together with the
initial conditions

cDj˛
q y.0

C/ D 0 .j D 0; 1; : : : ; n � 1/

has only the trivial continuous solution y.x/ D 0.

Proposition 8.31. Any linear combination of solutions of the homogeneous equa-
tion

LCq;n˛y.x/ D 0 (8.93)

is also a solution of this equation.

Definition 8.7.2. We call q; ˛ Wronskian of n functions uj , j 2 N, having
fractional Caputo sequential q-derivative up to order .n�1/˛ in .0; a�, the following
determinant

ˇ
ˇ
ˇW C

q;˛ .u1; : : : ; un/ .x/
ˇ
ˇ
ˇ D

ˇ
ˇ̌
ˇ
ˇ
ˇ
ˇ̌
ˇ
ˇ

u1.x/ u2.x/ : : : un.x/
cD˛

q u1.x/ cD˛
q u2.x/ : : : cD˛

q un.x/
:::

:::
cD

.n�1/˛
q u1.x/ cD

.n�1/˛
q u2.x/ : : : cD

.n�1/˛
q un.x/

ˇ
ˇ̌
ˇ
ˇ
ˇ
ˇ̌
ˇ
ˇ

:

To simplify the notation, this will be represented by jW C
q;˛.x/j. We shall use W C

q;˛

for the corresponding q; ˛ Caputo Wronskian matrix.

Proposition 8.32. Let
˚
uj .x/

�n
jD1 be a family of functions which admit Caputo

fractional sequential q-derivatives up to order .n � 1/˛ in .0; a� such that
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cDk˛
q uj .0C/ exists for j D 1; 2; : : : ; n and k D 0; : : : ; n � 1, If the functions

˚
uj .x/

�n
jD1 are linearly dependent on Œ0; a� then

jW C
q;˛.x/j D 0; for all x 2 Œ0; a�:

Proof. Since
˚
uj .x/

�n
jD1 are linearly dependent on Œ0; a�, then there exist n con-

stants
˚
cj
�n
jD1, not all zeros, such that for all x 2 Œ0; a�,

nX

kD1
cj uj .x/ D 0: (8.94)

Successive applications of the Caputo sequential q-derivative

cDk˛
q .k D 1; : : : ; n � 1/

to (8.94) lead to the following relation:

W C
q;˛.x/

eC De0; eC D .c1; c2; : : : ; cn/
> ¤e0; (8.95)

ande0 is the zero n�1matrix. Consequently,
ˇ
ˇ̌
W C
q;˛.x/

ˇ
ˇ̌ D 0 for all x 2 Œ0; a�, which

completes the proof. ut
Proposition 8.33. Let

˚
uj .x/

�n
jD1 be solutions of the equation (8.89) satisfying the

initial conditions (8.90). Then
˚
uj .x/

�n
jD1 are linearly independent if and only if

ˇ
ˇ̌
W C
q;˛ .u1; : : : ; un/ .0

C/
ˇ
ˇ̌ ¤ 0: (8.96)

Proof. The proof of the sufficient part follows from Proposition 8.32 by reductio
ad absurdum. To prove the necessary part, we suppose on the contrary that
jW C

q;˛j.0C/ D 0. Hence, the system

W C
q;˛.0

C/eC De0

has a non zero solution eC . For the function

y.x/ WD
nX

jD1
cj uj .x/; x 2 Œ0; a�;

which is a solution of (8.89) in Œ0; a�, it holds that

cDk˛
q y.0

C/ D 0 .k D 0; 1; : : : ; n � 1/ :
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Therefore, using the uniqueness of solutions, the function y.x/ vanishes identically
on Œ0; a� and consequently

˚
uj .x/

�n
jD1 are linearly dependent on Œ0; a�, which is a

contradiction. Hence, (8.96) should hold. ut
LetHC be the vector space of all solutions of the homogeneous equation (8.89).

In the following, any set of linearly independent solutions forming a basis of HC is
called a fundamental set of solutions of (8.89).

Theorem 8.34. HC is a vector space of dimension n.

Proof. The proof is similar to the proof of Theorem 8.26 and is omitted. ut
The proofs of the following results are direct and are omitted.

Corollary 8.35. A set
˚
uj .x/

�n
jD1 of n linearly independent solutions of (8.89) is

a fundamental set if and only if

ˇ
ˇ
ˇW C

q;˛ .u1; : : : ; un/ .0
C/
ˇ
ˇ
ˇ ¤ 0:

Proof. The proof is a direct consequence of Proposition 8.33 and is omitted. ut
Proposition 8.36. If yp is a particular solution to the (8.76), then the general
solution to this equation is given by yg D yh C yp , where yh is the general solution
to the associated homogeneous equation (8.81).

Proof. The proof is straightforward and is omitted. ut

8.8 Fundamental Set of Solutions of a Linear Sequential
Riemann–Liouville Fractional q-Difference Equation

In this section we are concerned with constructing a fundamental set of solutions
of (8.75) when it has constant coefficients. Let

Lq;n˛y.x/ WD
nX

kD0
akD

k˛
q y.x/ D 0; (8.97)

where the coefficients fakgnkD0 are real constants and an ¤ 0.
The characteristic polynomial P.�/ of (8.97) is defined by

P.�/ D a0�
n C a1�

n�1 C � � � C an ; � 2 C: (8.98)

From now on �i .i D 1; 2; : : : ; K/ denote the distinct roots of P.�/ and �i denotes
the multiplicity of �i , so that

PK
iD1 �i D n. As in the classical case, we shall seek

a solution in the form
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y.x; �/ D x˛�1e˛;˛.�x˛I q/ D x˛�1
1X

jD0

.�x˛/j

�q.˛j C ˛/

where .j�.x.1 � q//˛j < 1/. Since

Dk˛
q y.x; �/ D �ky.x; �/ .k 2 N0/;

we obtain

Lq;n˛y.x; �/ D P.�/y.x; �/: (8.99)

Therefore, y.x; �/ is a solution of (8.97) if and only if P.�/ D 0. The following
assertion is true for complex � 2 C.

Lemma 8.37. If � is a complex root of the characteristic polynomial (8.98), then
for all l 2 N0 we obtain

@l

@�l

�
Lq;n˛y.x; �/

� D Lq;n˛

�
@l

@�l
y.x; �/

�
(8.100)

and

@l

@�l
y.x; �/ D xl˛C˛�1

1X

mD0
.mC l/.mC l � 1/ : : : .mC 1/

.�x˛/m

�q.m˛ C l˛ C ˛/
:

Proof. The lemma follows from the linearity of the operators @l

@�l
and Lq;n˛ . ut

Lemma 8.38. The functions

�˛;l .x; �i / WD xl˛C˛�1
1X

mD0
.mC l/.mC l � 1/ : : : .mC 1/

.�ix
˛/m

�q.m˛ C l˛ C ˛/
;

i D 1; : : : ; K; l D 1; : : : ; �i ; and j�i jjx.1� q/j˛ < 1; (8.101)

are linearly independent solutions of (8.97).

Proof. From (8.99)–(8.100) and the classical Leibniz rule, we obtain

Lq;n˛ .�˛;l .x; �i // D Lq;n˛

�
@l

@�l
y.x; �/

� ˇ
ˇ
ˇ
�D�i

D
lX

rD0

 
l

r

!

P .r/.�/
@l�r

@�l�r
y.x; �/

ˇ
ˇ
ˇ
�D�i

D 0;
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for l D 0; 1; : : : ; �i � 1. So the functions defined in (8.101) are the solutions
of (8.97). The linear independence follows from Proposition 8.24 since

lim
x!0C

xk�˛k ˇˇWq;˛

�
�˛;1; �˛;2; : : : ; �˛;�i

�
.x; �i /

ˇ
ˇ D 1

� k
q .˛/

:

ut
This lemma and the above discussion lead to the following theorem which we

state without proof.

Theorem 8.39. For i D 1; 2; : : : ; K , the set f�˛;r .x; �i /g�i�1rD0 of (8.101) is a
linearly independent set of solutions of (8.97). Moreover, the set

n
f�˛;r .x; �i /gmi�1rD0 ; i D 1; : : : ; K

o

is a fundamental set of solutions of (8.97).

Example 8.8.1. Consider the sequential Riemann–Liouville fractional q-difference
equation

D2˛
q y.x/ � y.x/ D 0:

The characteristic polynomial P.�/ D �2 � 1 has two distinct roots �1 D 1,
�2 D �1. Hence, the general solution is given by

y.x/ D c1x
˛�1e˛;˛.xI q/C c2x

˛�1e˛;˛.�xI q/;

where c1 and c2 are arbitrary constants.

Example 8.8.2. Consider the sequential Riemann–Liouville fractional q-difference
equation

D3˛
q y.x/ � 4D2˛

q y.x/C 5D˛
q y.x/ � 2y.x/ D 0:

The characteristic polynomial

P.�/ D �3 � 4�2 C 5� � 2 D .� � 1/2.� � 2/

has the root � D 1 which is of multiplicity 2 and the simple root � D 2. Hence, the
general solution is given for 2jx.1� q/j˛ < 1 by

y.x/ D c1x
˛�1e˛;˛.xI q/C c2�˛;1.x; 1/C c3x

˛�1e˛;˛.2xI q/:

Recall that �˛;1.x; 1/ D x2˛�1P1
mD0.mC 1/

xm˛

�q.m˛ C 2˛/
.
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8.9 Fundamental Set of Solutions of a Linear Sequential
Caputo Fractional q-Difference Equation

In this section we are concerned with constructing a fundamental set of solutions of
the fractional q-difference equation

LCq;n˛y.x/ WD
nX

kD0
ak

cDk˛
q y.x/ D 0; (8.102)

where the coefficients fakgnkD0 are real constants and an ¤ 0. The characteristic
polynomialQ.�/ of (8.102) is defined by

Q.�/ D a0�
n C a1�

n�1 C � � � C an ; � 2 C: (8.103)

From now on �i .i D 1; 2; : : : ; L/ denote the distinct roots ofQ.�/ and �i denotes
the multiplicity of �i , so that

PL
iD1 �i D n. We shall seek solutions of the form

z.x; �/ D e˛;1.�x
˛I q/ D

1X

jD0

.�x˛/j

�q.˛j C 1/
for j�x˛j < .1 � q/�˛:

Since

cDk˛
q z.x; �/ D �kz.x; �/ for all k 2 N0;

we obtain

LCq;n˛z.x; �/ D Q.�/z.x; �/: (8.104)

Therefore, z.x; �/ is a solution of (8.102) if and only if Q.�/ D 0.
The following assertion is true for complex � 2 C.

Lemma 8.40. If � is a complex root of the characteristic polynomial (8.103), then
for all l 2 N we obtain

@l

@�l

�
LCq;n˛z.x; �/

�
D LCq;n˛

�
@l

@�l
z.x; �/

�

and

@l

@�l
z.x; �/ D xl˛

1X

mD0
.mC l/.mC l � 1/ : : : .mC 1/

.�x˛/m

�q.m˛ C l˛ C 1/
:

Proof. The lemma follows from the linearity of the operators @l

@�l
and LCq;n˛ . ut
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Lemma 8.41. The functions

 ˛;l .x; �i / WD xl˛
1X

mD0
.mC l/.mC l � 1/ : : : .mC 1/

.�ix
˛/m

�q.m˛ C l˛ C 1/
; (8.105)

where
i D 1; : : : ; L; l D 1; : : : ; �i ; and j�i jjx.1� q/j˛ < 1;

are linearly independent solutions of (8.102).

Proof. The proof is similar to the proof of Lemma 8.38 and is omitted. ut
Lemma 8.41 and the above discussion lead to the following theorem.

Theorem 8.42. For i D 1; 2; : : : ; L, the set f ˛;r .x; �i /g�i�1rD0 of (8.105) is a
linearly independent set of solutions of (8.102). Moreover, the set

n
f ˛;r .x; �i /gmi�1rD0 ; i D 1; : : : ; L

o

is a fundamental set of solutions of (8.102).

Example 8.9.1. Consider the linear sequential Caputo fractional q-difference
equation

cD2˛
q y.x/ � y.x/ D 0:

The characteristic polynomial Q.�/ D �2 � 1 has two distinct roots �1 D 1,
�2 D �1. Hence, the general solution is given by

y.x/ D c1e˛;1.xI q/C c2e˛;1.�xI q/;

where c1 and c2 are arbitrary constants.

Example 8.9.2. Consider the linear sequential Caputo fractional q-difference
equation

cD3˛
q y.x/ � 5cD2˛

q y.x/C 8cD˛
q y.x/ � 4y.x/ D 0:

Then Q.�/ D �3 � 5�2 C 8� � 4 D .� � 2/2.� � 1/. Hence, the general solution
is given for 2jx.1 � q/j˛ < 1 by

y.x/ D c1e˛;1.xI q/C c2e˛;1.2xI q/C  ˛;1.x; 2/;

where

 ˛;1.x; 2/ D x˛
1X

mD0

mC 1

�q.m˛ C ˛ C 1/
.2x˛/m; j2x˛.1 � q/˛j < 1:



Chapter 9
q-Integral Transforms for Solving Fractional
q-Difference Equations

Abstract Integral transforms like Laplace, Mellin, and Fourier transforms are used
in finding explicit solutions for linear differential equations, linear fractional differ-
ential equations, and diffusion equations. See for example (Kilbas et al., Theory and
Applications of Fractional Differential Equations, Elsevier, London, first edition,
2006; Mainardi, Appl. Math. Lett. 9(6), 23–28, 1996; Nikolova and Boyadjiev,
Fract. Calc. Appl. Anal. 13(1), 57–67, 2010; Wyss, J. Math. Phys. 27(11), 2782–
2785, 1986). This chapter is devoted to the use of the q-Laplace, q-Mellin,
and q2-Fourier transforms to find explicit solutions of certain linear q-difference
equations, linear fractional q-difference equations, and certain fractional q-diffusion
equations.

9.1 q-Laplace Transform of Fractional q-Integrals
and q-Derivatives

In the following theorem we compute the q Ls transform of the Riemann–Liouville
fractional q-integral and q-derivatives.

Theorem 9.1. If F 2 L 1
q Œ0; a� and ˚.s/ WD q LsF.x/ then

q LsI
˛
q F.x/ D .1 � q/˛

s˛
˚.s/ for any ˛ > 0: (9.1)

If n � 1 < ˛ � n and I n�˛
q F.x/ 2 A C

.n/
q Œ0; a� then

q LsD
˛
q F.x/ D s˛

.1 � q/˛
˚.s/�

nX

mD1
D˛�m
q F.0C/

sm�1

.1 � q/m : (9.2)

M.H. Annaby and Z.S. Mansour, q-Fractional Calculus and Equations,
Lecture Notes in Mathematics 2056, DOI 10.1007/978-3-642-30898-7 9,
© Springer-Verlag Berlin Heidelberg 2012
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Proof. Since

I ˛q F.x/ D .1 � q/ x
˛�1

�q.˛/
�q F.x/ D .1� q/

�
�˛�1.x/ �q F.x/

�
;

we obtain (9.1) from (1.88), (1.91), and (1.92). Now we prove (9.2). From (4.49),
(1.93), and (9.1) we get

q Ls
�
D˛
q F.x/

� D q Ls
�
Dn
qI

n�˛
q F.x/

�

D sn

.1 � q/n q LsI
n�˛
q F.x/ �

nX

mD1
Dn�m
q I n�˛

q F.0C/
sm�1

.1 � q/m

D s˛

.1 � q/˛ ˚.s/ �
nX

mD1
D˛�m
q F.0C/

sm�1

.1 � q/m
; (9.3)

proving the theorem. ut
Theorem 9.2. If q Lsf .x/ D ˚.s/ then the q-Laplace transform of the Caputo
fractional q-derivative is given by

q Ls
cD˛

q f .x/ D s˛

.1 � q/˛
 

˚.s/ �
n�1X

rD0
Dr
qf .0

C/
.1 � q/r
srC1

!

:

Proof. Since cD˛
q f .x/ D .1 � q/Dn

qf .x/ � �n�˛�1.x/, then by (1.88) and (1.93)
we obtain

q Ls
cD˛

q f .x/ D .1 � q/n�˛

sn�˛ q Ls.D
n
qf .x//

D .1 � q/n�˛

sn�˛

 �
s

1 � q
�n
˚.s/�

nX

mD1
Dn�m
q f .0C/

sm�1

.1 � q/m

!

D
 

s˛

.1 � q/˛ ˚.s/ �
n�1X

rD0
Dr
qf .0

C/
s�rC˛�1

.1 � q/�rC˛

!

:

ut
Lemma 9.3. If q Lsf .x/ D ˚.s/ then the q-Laplace transform of the Riemann–
Liouville sequential q-derivative of orderm˛, 0 < ˛ < 1, is given by

q LsD
m˛
q f .x/ D pm˛�.s/ � 1

1 � q

m�1X

rD0
p˛.m�1�r/I 1�˛q D˛r

q f .0
C/; p D s

1 � q ;

where the operator Dk˛
q is defined in (8.74).
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Proof. The proof of this lemma follows by induction on m and by using (9.2). ut
Similarly, we have the following lemma:

Lemma 9.4. If q Lsf .x/ D ˚.s/ then the q-Laplace transform of the Caputo
sequential q-derivative of orderm˛, 0 < ˛ < 1, is given by

q Ls
cDm˛

q f .x/ D pm˛�.s/ � 1

1� q

m�1X

rD0
p˛.m�1�r/cD˛r

q f .0
C/:

The next lemma will be needed in the proof of the main result of the next section.
In the remaining of this chapter by f .k/.u/, k 2 N, we mean dk

duk
f .u/.

Lemma 9.5. Let ˛; ˇ; a 2 R
C and k 2 N. Then the identity

q Ls

�
tk˛Cˇ�1e.k/˛;ˇ

�˙ at˛ I q�
�

D p˛�ˇ

1 � q
kŠ

�
p˛ � a/kC1 ; jpj˛ > a (9.4)

is valid in the disk ft 2 C W ajt.1 � q/j˛ < 1g.

Proof. From (7.3) we obtain

e
.k/

˛;ˇ.uI q/ D
1X

nD0

n.n � 1/ : : : .n � k C 1/

�q.˛nC ˇ/
un�k; juj < .1 � q/�˛:

Thus, for jat˛ j < .1 � q/�˛ we have

tk˛Cˇ�1e.k/˛;ˇ
�˙ at˛ I q� D

1X

nD0

n.n � 1/ : : : .n � k C 1/

�q.˛nC ˇ/
.˙a/n�kt˛nCˇ�1:

Consequently,

q Ls

�
tk˛Cˇ�1e.k/

˛;ˇ

�˙ at˛ I q�
�

D
1X

nD0
n.n� 1/ : : : .n� k C 1/.˙a/n�k .1 � q/˛nCˇ�1

s˛nCˇ

D p�k˛�ˇ
1 � q

1X

nD0
n.n� 1/ : : : .n � k C 1/.˙ap�˛/n�k

D p�k˛�ˇ
1 � q

dk

d�k

1X

nD0
�n; � D ˙ap�˛:

By choosing a�1jpj˛ > 1 we obtain j�j WD jap�˛ j < 1. Since
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p�k˛�ˇ

1 � q
dk

d�k

1X

nD0
�n D p�k˛�ˇ

1 � q
dk

d�k
1

1 � �
D p�k˛�ˇ

1 � q

kŠ

.1� �/kC1

D p�k˛�ˇ

1 � q
kŠ

�
1� ap�˛�kC1 D p˛�ˇ

1 � q

kŠ
�
p˛ � a/kC1 :

Equation (9.4) follows and the lemma is proved. ut
Lemma 9.6. Let �˛;l .x; �i / be the function defined for l D 1; 2; : : : ; �i , i D
1; : : : ; k, and �i 2 C by (8.101). Then

q Ls .�˛;l .x; �i // D lŠ

1 � q

�
p˛ � �i /�l�1; (9.5)

which is valid for jpj˛ > j�i j where p D s
1�q .

Proof. From the properties of the q-Laplace transform, we obtain

q Ls�˛;l .x; �i / D q Ls

1X

mD0
.mC l/.mC l � 1/ : : : .mC 1/

�mi x
m˛Cl˛C˛�1

�q.m˛ C l˛ C ˛/

D p�l˛�˛

1 � q
1X

mD0
.mC l/.mC l � 1/ : : : .mC 1/.�i p

�˛/m:

So, for j�i j < p˛ we get

q Ls�˛;l .x; �i / D p�l˛�˛

1 � q

d l

d zl

1X

mD0
zm
ˇ
ˇ
ˇ
zD�ip�˛

D p�l˛�˛

.1 � q/

d l

d zl
1

1 � z

ˇ
ˇ
ˇ
zD�ip�˛

D lŠ

.1 � q/.p˛ � �i/lC1
:

ut

9.2 A General Solution of Nonhomogeneous Linear
Fractional q-Difference Equations

In this section n is a positive integer greater than one, and
˚
aj
�n
jD0 is a set

of complex numbers such that an ¤ 0. Let
˚
ˇj
�n
jD0 be a set of real numbers

such that

ˇn > ˇn�1 > : : : > ˇ1 > ˇ0 > 0: (9.6)
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Here we are concerned with finding a general solution of the nonhomogeneous
linear fractional q-initial value problem

nX

kD0
ak D

ˇk
q y.x/ D f .x/ .x > 0/; (9.7)

Dˇk�r
q y.0C/ D

�
0; if dˇke � 2; r D 2; : : : ; dˇke
bk; if r D 1

.k D 0; 1; : : : ; n/;

(9.8)

by using the q-Laplace transform method. Let p WD s
1�q and R > 0 be such that

nX

jD0
aj p

ˇj ¤ 0 for jpj > R0 > 0:

Let gn.p/ be the function defined for jpj > R by

gn.p/ WD 1
nX

jD0
aj p

ˇj

:

Theorem 9.7. Let �n.x/ be the sequence of functions defined for n D 1; 2; : : : and

jx.1 � q/j <
ˇ
ˇ
ˇ an
an�1

ˇ
ˇ
ˇ
1=.ˇn�ˇn�1/

by

�n.x/ WD 1 � q

an

1X

mD0

.�1/m
mŠ

X

k0C:::Ckn�2Dm
k0>0;:::;kn�2>0

 
m

k0; k1; : : : ; kn�2

!
n�2Y

iD0

�
ai

an

�ki

� x.ˇn�ˇn�1/mCˇn�Pn�2
iD0.ˇi�ˇn/ki�1

� e.m/
ˇn�ˇn�1;ˇn�Pn�2

iD0.ˇi�ˇn/ki

�
�an�1
an

xˇn�ˇn�1 I q
�
;

(9.9)

and defined for n D 1 by

�1.x/ WD 1 � q
a1

xˇ1�1eˇ1�ˇ0;ˇ1
�

�a0
a1
xˇ1�ˇ0 I q

�
; jx.1� q/j <

ˇ
ˇ̌
ˇ
a1

a0

ˇ
ˇ̌
ˇ

1=.ˇ1�ˇ0/
:
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Then

q Ls.�n.x// D gn.p/; n > 1; gn.p/ WD 1
Pn

jD0 aj pˇj
; jsj > R > R0:

Proof. We choose R > R0 such that for jsj > R,

ˇ
ˇ̌
ˇ
ˇ
ˇ

n�2X

jD0
aj p

ˇj

ˇ
ˇ̌
ˇ
ˇ
ˇ
<
ˇ
ˇan�1pˇn�1 C anp

ˇn
ˇ
ˇ : (9.10)

For jpj > R; we have

Y.s/ D cgn.p/C F.s/gn.p/; c WD 1

1 � q
nX

jD0
aj bj : (9.11)

Using (9.10) we get

gn.p/ D 1

anpˇn C an�1pˇn�1 C : : :C a0pˇ0
D
�
anp

ˇn C an�1pˇn�1
��1

1C
Pn�2

jD0 aj pˇj

anpˇn C an�1pˇn�1

D
1X

mD0
.�1/m

�Pn�2
jD0 aj pˇj

�m

�
anpˇn C an�1pˇn�1

�mC1

D
1X

mD0

.�1/m
anpˇn�1

�Pn�2
jD0

aj

an
pˇj�ˇn�1

�m

�
an�1
an

C pˇn�ˇn�1

�mC1 :

Applying the multinomial theorem on

0

@
n�2X

jD0

aj

an
pˇj�ˇn�1

1

A

m

we obtain

�Pn�2
jD0

aj
an
pˇj�ˇn�1

�m

D P
k0C:::Ckn�2Dm
k0>0;:::;kn�2>0

�
m

k0;k1;:::;kn�2

�Qn�2
jD0

� aj
an

�kj
p.ˇj�ˇn�1/kj

D P
k0C:::Ckn�2Dm
k0>0;:::;kn�2>0

�
m

k0;k1;:::;kn�2

� �Qn�2
jD0

� aj
an

�kj
�
p
Pn�2
jD0.ˇj�ˇn�1/kj :
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Thus,

gn.p/ D
1X

mD0

.�1/m
an

X

k0C:::Ckn�2Dm
k0>0;:::;kn�2>0

 
m

k0; k1; : : : ; kn�2

!
n�2Y

jD0

�aj
an

�kj p
�ˇn�1CPn�2

jD0.ˇj�ˇn/kj
�
an�1
an

Cpˇn�ˇn�1

�mC1 :

(9.12)

Since the last series in (9.12) is absolutely convergent for jsj > R, then using (1.95),
and (9.4) we obtain gn.p/ D q Ls�n.x/, jsj > R. ut
Theorem 9.8. The function y.�/ defined by

y.x/ D 1

1 � q

0

@
nX

jD0
aj I

1�ˇj
q y.0C/

1

A�n.x/C �n.x/ � f .x/

D 1

1 � q

0

@
nX

jD0
aj I

1�ˇj
q y.0C/

1

A�n.x/C 1

1 � q

Z x

0

f .t/"�qt�n.x/ dqt

(9.13)

is the general solution of (9.7)–(9.8) valid in

jx.1� q/j <
ˇ
ˇ
ˇ
ˇ
an

an�1

ˇ
ˇ
ˇ
ˇ

1=.ˇn�ˇn�1/

:

Proof. Assume that q Ls y.x/ D Y.s/ and q Ls f .x/ D F.s/ for jsj > R0 > 0. Let
n 2 N. From (9.2) the q-Laplace transform of (9.7) is

0

@
nX

jD0
aj

sˇj

.1 � q/ˇj

1

A Y.s/� 1

1 � q
nX

jD0
aj I

1�ˇj
q y.0C/ D F.s/:

Thus,

Y.s/ D gn.p/

1 � q
nX

jD0
aj I

1�ˇj
q y.0C/C gn.p/F.s/; jsj > R0:

Consequently, from Theorem 9.7

y.x/ D 1

1 � q

0

@
nX

jD0
aj I

1�ˇj
q y.0C/

1

A�n.x/C f .x/ � �n.x/;

which is (9.13). ut
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Example 9.2.1. Consider the fractional q-difference equation

D1=2
q y.x/ � �y.x/ D f .x/; Iqy.0

C/ D D�1=2
q y.0C/ D 0; 0 6 x 6 a; (9.14)

where f is q-integrable on Œ0; a�, a > 0, and � 2 C. We have

n D 1; ˇ1 D 1=2; ˇ0 D 0; a1 D 1; and a0 D ��:

Hence, the solution of (9.14) is given for x 2 Œ0; a�, ja.1 � q/j < j�j�2 by

y.x/ D
Z x

0

f .t/ "�qt
�
x�1=2e1=2;1=2.�x1=2I q/

�
dqt:

Example 9.2.2. Consider the q-fractional equation

Dqy.x/ �D1=2
q y.x/C �y.x/ D f .x/; 0 6 x 6 a; � 2 C;

and f is q-integrable on Œ0; a�. In this case

n D 2; ˇ2 D 1; ˇ1 D 1=2; ˇ0 D 0; a2 D a0 D 1; a1 D ��:

Then

�.x/ D
1X

mD0

.�1/m
mŠ

x
3m
2 e

.m/

1=2;mC1
���x1=2I q� ;

and

y.x/ D c�.x/C f .x/ � �.x/; x 2 Œ0; a�; ja.1 � q/j < j�j2;
where

c WD 1

1 � q

2X

jD0
aj I

.1�ˇj /
q y.0C/:

As for the q-Caputo fractional derivative, we have the following theorems.

Theorem 9.9. Let n 2 N and let ˇk ,k D 0; 1; : : : ; n be real numbers satisfy-
ing (9.6). Consider the nth term fractional Caputo q-difference equation

nX

kD0
ak

cDˇk
q y.x/ D f .x/; x > 0; (9.15)

associated with the initial condition

y.0C/ D b; y.k/.0C/ D 0 for k D 1; : : : ; dˇne:
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Then

y.x/ D b

1 � q �n.x/C �n.x/ � f .x/

D b

1 � q �n.x/C 1

1 � q
Z x

0

f .t/"�qt�n.x/ dqt

is the general solution of (9.15) valid in

jx.1� q/j <
ˇ
ˇ
ˇ̌ an
an�1

ˇ
ˇ
ˇ̌
1=.ˇn�ˇn�1/

:

Proof. The proof is similar to the proof of Theorem 9.8 and is omitted. ut

9.3 General Solutions of Nonhomogeneous Linear Sequential
Fractional q-Difference Equation

In this section we seek a general solution for the non-homogeneous equation

Lq;n˛y.x/ D Dn˛
q y.x/C

n�1X

kD0
akD

k˛
q y.x/ D f .x/; (9.16)

where 0 < ˛ < 1, by applying the q-Laplace transform method to derive a particular
solution yp.x/ of (9.16).

We need the following lemma in our investigations.

Theorem 9.10. Let
˚
�j
�K
jD1 be the K distinct roots of the multiplicity

˚
�j
�K
jD1

of the characteristic polynomial Pn.�/ associated with the homogeneous equation
Lq;n˛y.x/ D 0. Let Qn�1.�/ be the polynomial defined by

Qn�1.�/ D
n�1X

lD0
dl�

l ; dl WD
n�l�1X

kD0
akI

1�˛
q Dk˛

q y.0
C/:

Let
˚
�j;r

�
,
˚
ıj;r
�
, j D 1; : : : ; k; r D 1; : : : ; �j be the constants satisfying the

identities

1

Pn.�/
D

KX

jD1

�jX

rD1

ıj;r

.� � �j /r ;
Qn�1.p/
Pn.p/

D
KX

jD1

�jX

rD1

�j;r�
� � �j

�r : (9.17)
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Then the general solution of (9.16) is given by

y.x/ D
KX

jD1

�jX

rD1

.1 � q/
r � 1Š

�
�j;r�˛;r .x; �j /C ıj;rf .x/ � �˛;r .x; �j /

�
; (9.18)

where �˛;r .x; �j / are the functions defined in (8.101).

Proof. First. It should be noted that the constants
˚
�j;r

�
,
˚
ıj;r
�
, j D 1; : : : ; k; r D

1; : : : ; �j are uniquely determined by applying the method of partial fractions on

the functions
1

Pn.�/
and

Qn�1.�/
Pn.�/

, respectively. Applying the q-Laplace transform

on the two sides of (9.16) gives
 

nX

rD0
arp

r˛

!

�.s/ �
nX

mD1

m�1X

lD0
am�1�l

�
I 1�˛q D˛l

q y.0
C/
�
pl˛ D F.s/;

where p D s
1�q . Since

Pn
mD1

Pm�1
lD0 am�1�l

�
I 1�˛q D˛l

q y.0
C/
�
pl˛

D Pn�1
lD0

�Pn
mDlC1 am�1�l

�
I 1�˛q D

˛.m�l�1/
q y.0C/

��
pl˛

D Pn�1
lD0 dl pl˛ D Qn�1.p˛/;

we obtain �.s/ D Qn�1.p˛/
Pn.p˛/

C F.s/

Pn.p˛/
: In addition to this from (9.17) and (1.92)

we obtain

�.s/ D
kX

jD1

�jX

rD1

�j;r�
p˛ � �j

�r C
KX

jD1

�jX

rD1

ıj;r�
p˛ � �j

�r F .s/:

Thus; y.x/ D
KX

jD1

�jX

rD1
q L

�1
s

 
�j;r�

p˛ � �j
�r C F.s/

ıj;r�
p˛ � �j

�r

!

: (9.19)

From (9.4) and (1.92) we get, for jp˛j > max
16j6K

j�j j,

1
�
p˛ � �j

�r D q Ls

�
.1 � q/
r � 1Š

�˛;r .x; �j /

�
; (9.20)

q L
�1
s

F .s/
�
p˛ � �j

�r D f .x/ � �˛;r .x; �j /: (9.21)

Then substituting from (9.20) and (9.21) in (9.19) gives (9.18) and completes the
proof. ut
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Example 9.3.1. Consider the sequential fractional q-difference equation of order 2˛

D2˛
q y.x/ � D˛

q y.x/ � 2y.x/ D f .x/: (9.22)

The characteristic polynomial P2.�/ of (9.22) is given by

P2.�/ D �2 � � � 2 D .�C 1/.�� 2/:

It has two distinct roots �1 D �1 and �2 D 2. Therefore, the general solution of the
homogeneous equation associated with (9.22) is given by

y.x/ D c1x
˛�1e˛;˛.�x˛I q/C c2x

˛�1e˛;˛.2x˛I q/;

where c1 and c2 are arbitrary constants. One can verify that

�1;1 D 1

3
.d1 � d0/; �2;1 D 1

3
.2d1 � d0/; ı1;1 D �1

3
; and ı2;1 D 1

3
:

That is

yp.x/ D �1;1�˛;1.x;�1/C �2;1�˛;1.x; 2/C 1

3
f .x/ � .�˛;1.x; 2/� �˛;1.x;�1// :

Now we compute yp in case of f .x/ D x. Set g.x/ WD �˛;1.x; 2/ � �˛;1.x;�1/.
Then

f .x/ � g.x/ D 1

1 � q
Z x

0

g.t/"�qtx dqt D 1

1 � q
Z x

0

g.t/.x � qt/ dqt:

Applying the q-integration by part rule (1.28) with

a D 0; b D x; u.t/ D x � t; and Dqv.t/ D g.t/

gives

f .x/ � g.x/ D 1

1 � q
1X

mD0
.mC 1/

�
2m C .�1/mC1� xm˛C2˛

�q.m˛ C 2˛ C 1/

D x2˛C1

1� q

�
e
.1/
˛;˛C2.2x

˛I q/ � e.1/˛;˛C2.�x˛I q/
�
;

where by f .k/.z/, k 2 N, we mean
dk

d zk
f .z/. Thus,

yp.x/ D �1;1�˛;1.x;�1/C�2;1�˛;1.x; 2/C x2˛C1
3.1 � q/

�
e
.1/
˛;˛C2.2x˛I q/� e.1/˛;˛C2.�x˛ I q/

�
:
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Remark 9.3.1. The results of this section hold if we consider linear sequential
q-difference equations where the fractional q-derivative is the Caputo q-derivative.

9.4 q-Laplace Transform Method for Solving Certain
q-Integral Equations

In Sect. 7.6, we solved q-analogue of Volterra integral equations by using
q-analogue of Picard–Lindelöf method of successive approximations. In this
section, we use the q-Laplace transform to solve certain q-integral equations. It is
known that one of the most important applications of Laplace transform is solving
integral equations. Abdi in [4] used the q-Laplace transform to solve q-integral
equations of the form

1

1 � q

Z x

0

"�qy .K.x// F.y/ dqy D G.x/; (9.23)

where " is the q-translation operator defined in (1.13)–(1.14) and

K.x/ D
1X

jD0
Aj x

j .jxj < RI R > 0/:

That is

"�qy .K.x// D
1X

jD0
Aj x

j .qy=xI q/j :

Abdi observed that the left hand side of (9.23) is the q-convolution of the functions
K.x/ and F.x/. Hence, (9.23) is

K.x/ �q F.x/ D G.x/: (9.24)

Assume that the functionsK , F , and G are analytic functions and

k WD q LsK; f WD q LsF; and g WD q LsG

exist. Using q Ls
�
K.x/ �q F.x/

� D q LsKq LsF D fg, and then applying the
q-Laplace transform on (9.24) give

f .s/ D g.s/

k.s/
; or F.x/ D q L

�1
s

�
g.s/

k.s/

�
:

Then using the inversion formula introduced by Hahn in [122], leads to

F.x/ D 1

2
 i

Z

C

g.s/

k.s/
eq.sx/ ds;
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where the contour of integration C , is a contour encircling the origin and can be
modified into a loop parallel to the imaginary axis. If we additionally assume that
there existsR > 0 such that g.s/=k.s/ is analytic in jsj > R then from the inversion
formula of Hahn q-Laplace transform, cf. [122, P. 373],

F.x/ D 1

x

1X

iD0
.�1/i q

.i2/

.qI q/i
g.x�1q�i /
k.x�1q�i /

for jxj < 1

R
:

Abdi introduced the following example in [4].

Example 9.4.1. Consider the q-analogue of Abel’s integral equation

x�a

1 � q
Z x

0

.qy=xI q/�aDqF.y/ dqy D G.x/ .0 < a < 1/: (9.25)

Calculating the q-Laplace transform of the two sides of (9.25) gives

q Ls F.x/ D F.0C/
s

C s�ag.s/
.1 � q/aC1

�q.�a C 1/
;

where we used (1.88) and (9.1) with n D 1. Consequently,

F.x/ D .1 � q/F.0C/C .1 � q/
�q.a/�q.�a C 1/

�
xa�1 �G.x/� :

Abdi [4] applied the same technique to solve q-integral equations of the second
kind of the form

F.x/ D G.x/C 1

1 � q

Z x

0

"�qyK.x/F.y/ dqy: (9.26)

Assume that the q-Laplace transforms of the functions F , G, and K exist and are
analytic in jS j > R for some R > 0 and denote them by lowercase letters f , g
and k. Then applying the q-Laplace transform on (9.26) gives

f .s/ D g.s/

1 � k.s/
:

By inversion

F.x/ D 1

2
 i

Z

C

g.s/

1 � k.s/ eq.sx/ds:

In particular, if 1
1�k.s/ is the q-Laplace transform of some functionH.x/ then

F.x/ D G.x/ �q H.x/:



284 9 Applications of q-Integral Transforms

Remark 9.4.1. Mishra in [214] defined a generalization of the q-Laplace trans-
form (1.87) as follows

G.s/ D �q.�C ˇ C 1/

.1 � q/�q.˛ C �C ˇ C 1/

�
Z 1

0

.sx/ˇ2�1
�
q�CˇC1; 0I q˛C�CˇC1; q;�sx� f .x/ dqx;

(9.27)

provided that

(i) Reˇ > �1,
(ii)

P1
jD0

ˇ̌
q.ˇC1/j f .qj /

ˇ̌
converges,

(iii) f .q�j / D O.Rj / .jqj < 1; j > j0/.

Then in [217] he made an attempt to solve certain q-integral equation analogues
to Fredholm and Volterra types with the help of the generalized q-Laplace trans-
form (9.27).

9.5 q-Mellin Transform of Riemann–Liouville and Weyl
Fractional q-Derivatives

Proposition 9.11. Let ˛ > 0 and let f be a function defined on .0;1/. Assume
that I ˛q f .t/ exists for all t 2 Rq;C. If I ˛q f satisfies the sufficient condition on
Proposition 1.26 then

Mq.I
˛
q f /.s/ D �q.1 � s � ˛/

�q.1 � s/ .Mqf /.s C ˛/ .Re.s C ˛/ < 1/ : (9.28)

Proof.

Mq.I
˛f /.s/ D

Z 1

0

t s�1I ˛q f .t/ dqt

D .1� q/

Z 1

0

t sC˛�1

�q.˛/

1X

kD0
qk.qkC1I q/˛�1f .tqk/ dqt:

The conditions on the function f allow us to interchange the order of summation
and the q-integration on the last identity. Therefore, applying property (1.104) of
the q-Mellin transform gives
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Mq.I
˛f /.s/ D 1

�q.˛/

1X

kD0
qk.1 � q/.qkC1I q/˛�1Mq.f .tq

k//.s C ˛/

D 1

�q.˛/

1X

kD0
qk.1 � q/.qkC1I q/˛�1qk.�s�˛/Mq.f /.s C ˛/

D Bq.˛; 1 � s � ˛/
�q.˛/

Mq.f /.sC˛/ D �q.1� s � ˛/
�q.1 � s/

Mq.f /.sC˛/;

and completes the proof. ut
Proposition 9.12. For ˛ > 0 and n D d˛e

Mq.D
˛
q f /.s/ D �q.1 � s C ˛/

�q.1� s/
.Mqf /.s � ˛/C

n�1X

kD0
.�1/k �q.s/

�q.s � k/
(9.29)

�



lim
j!1 q�j.s�k�1/Dn�k�1

q I n�˛
q f .q�j / � lim

j!1 qj.s�k�1/Dn�k�1
q I n�˛

q .qj /

�
;

If f .t/ and Re.s/ are such that substitutions of the limits values in (9.29) are zeros,
then

Mq.D
˛
q f /.s/ D �q.1 � s C ˛/

�q.1 � s/
.Mqf /.s � ˛/: (9.30)

Proof. Since Mq.D
˛
q f /.s/ D Mq.D

n
qI

n�˛
q f /.s/, the proof of (9.29) follows

from (9.28) and (1.105) and the proof of (9.30) follows from (9.28) and (1.106). ut
Proposition 9.13.

Mq

�
x˛D˛

q f
�
.s/ D �q.1 � s/

�q.1 � s � ˛/
.Mqf /.s/: (9.31)

Proof. The proof follows by applying (9.30) and (1.104). ut
Proposition 9.14. Let ˛ 2 R and let f be a function defined on .0;1/ such that
f 2 Sq;�, � > 0. If K˛

q f satisfies the sufficient condition on Proposition 1.26 then

Mq

�
.K˛

q f /.xq
�˛/

�
.s/ D q

˛.˛C1/
2

�q.s/

�q.s � ˛/
.Mqf /.s � ˛/ (9.32)

and

Mq

�
x˛
�
K˛
q f
�
.xq�˛/

�
.s/ D q

˛.˛C1/
2

�q.s C ˛/

�q.s/
.Mqf /.s/; (9.33)

where either Re s > 0 or s 2 C and ˛ 2 N0.
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Proof. Applying (5.20) with ˛ is replaced by �˛. This gives

�
K˛
q f
�
.xq�˛/ D q

˛.˛C1/
2 .1 � q/�˛x�˛

1X

kD0
qk˛

.q�˛I q/k
.qI q/k f .xq�k/:

Hence,

Mq

�
.K˛

q f /.xq
�˛/

�
.s/

D q
˛.˛C1/

2 .1 � q/�˛
1X

kD0
qk˛

.q�˛I q/k
.qI q/k

Z 1

0

xs�˛�1f .xq�k/ dqx;
(9.34)

where the conditions on the function f allow us to interchange the order of the
q-integration and the summation. Applying the substitution y D xq�k on the
q-integral in the right hand side of (9.34), we obtain

Mq

�
.K˛

q f /.xq
�˛/

�
.s/ D q

˛.˛C1/
2 .1 � q/�˛ �Mqf

�
.s � ˛/

1X

kD0
qks

.q�˛I q/k
.qI q/k

D q
˛.˛C1/

2 .1 � q/�˛ .q
s�˛I q/1
.qsI q/1

�
Mqf

�
.s � ˛/

D q
˛.˛C1/

2
�q.s/

�q.s � ˛/

�
Mqf

�
.s � ˛/;

completing the proof of (9.32). The proof of (9.33) follows by applying (1.104)
and (9.32). ut

9.5.1 q-Mellin Transform Method for Solving
Nonhomogeneous Fractional q-Difference Equation

In this section we use the q-Mellin transform to solve fractional q-difference
equation of the forms

mX

kD0
Akx

˛CkD˛Ck
q y.x/ D f .x/ .x > 0; ˛ > 0/; (9.35)

mX

kD0
Bkx

˛Ck �K˛Ck
q y

�
.xq�˛�k/ D f .x/ .x > 0; ˛ > 0/: (9.36)
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Assume that the Mq.f /.s/ exists for s 2 C such that ˛q;f < Re.s/ < ˇq;f ,
where h˛q;f ; ˇq;f i is the fundamental strip of the function f . Applying the q-Mellin
transform to (9.35) and (9.36) and using the linearity of the operator Mq , (9.31)
and (9.33) give

"
mX

kD0
Ak

�q.1 � s/

�q.1 � s � ˛ � k/

#

.Mqy/.s/ D .Mqf /.s/ (9.37)

and

"
mX

kD0
Bkq

.˛Ck/.˛CkC1/
2

�q.s C ˛ C k/

�q.s/

#

.Mqy/.s/ D .Mqf /.s/; (9.38)

respectively. Set

P˛.s/ D
mX

kD0
Ak

�q.1 � s/

�q.1 � s � ˛ � k/ ;

and

Q˛.s/ D
mX

kD0
Bkq

.˛Ck/.˛CkC1/
2

�q.s C ˛ C k/

�q.s/
:

Then using the inverse q-Mellin transform in (9.37) and (9.38), we derive the
following solutions to the equations (9.35) and (9.36) in respective forms:

y.x/ D M �1
q



1

P˛.s/
Mq.f /.s/

�
D M �1

q

�
Mq.G˛.x/ �Mq f .x//

�

D
Z 1

0

G˛.t/f
�x
t

� dqt
t
;

and

y.x/ D M �1
q



1

Q˛.s/
Mq.f /.s/

�
D M �1

q

�
Mq.G˛.x/ �Mq f .x//

�

D
Z 1

0

H˛.t/f
�x
t

� dqt
t
;

where

G˛.x/ D M �1
q

�
1

P˛.s/

�
; H˛.x/ D M �1

q

�
1

Q˛.s/

�
;
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9.5.2 Equation with Riemann–Liouville Fractional
q-Derivative

We consider in this section as an illustrative example the fractional Riemann–
Liouville q-difference equation

x˛C1D˛C1
q y.x/C �x˛D˛

q y.x/ D f .x/ .x > 0; ˛ > 0; � 2 R/ : (9.39)

Applying the q-Mellin transform method and using (9.31), we obtain



�q.1 � s/

�q.�s � ˛/ C �
�q.1 � s/

�q.1 � s � ˛/

�
Mq.y/.s/ D F.s/:

We shall consider two cases: �.1 � q/ ¤ �1 and �.1 � q/ D �1.

The Case �.1 � q/ ¤ �1. In this case we have

.Mqy/.s/ D �q.1 � s � ˛/

�q.1 � s/
1 � q

1C �.1 � q/ � q�s�˛ .Mqf /.s/:

We set

�q.1� s � ˛/
�q.1 � s/

D Mq.G1/.s/;
1 � q

1C �.1 � q/ � q�s�˛ D Mq.G2/.s/:

One can prove by a direct application of the q-Mellin transform definition that for
Re.s/ � min fRe.p/� ˛; 1 � ˛g

G1.t/ D
8
<

:

t˛�1.q=t I q/˛�1
�q.˛/

; t � 1;

0; t < 1;

and

G2.t/ D
8
<

:

t˛�p

1C �.1 � q/
; qp D 1

1C�.1�q/ ; t � 1;

0; t < 1:

Hence, for x 2 Rq;C

G˛.x/ D G1.x/�MqG2.x/ D
Z 1

0

G1.t/G2

�x
t

� dqt
t

D
Z 1

1

G1.qt/G2

�
x

qt

�
dqt

t
:
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One can prove that

G˛.x/ D
8
<

:

0; x 2 fqn; n 2 Ng ;
1 � q

1C �.1� q/

x˛�p

�q.˛/

Pn
kD0 qk.1�p/.qkC1I q/˛�1; x 2 fq�n; n 2 N0g :

If we assume that p < 1 then the function G.x/ can be defined on .0;1/ through
the formula

G˛.x/ D 0 if x < 1

and

G˛.x/ D 1 � q
1C �.1 � q/

x˛�p �q.1 � p/

�q.1 � p C ˛/

� 1 � q
1C �.1 � q/

x˛�1 .q˛C1�p I q/1
.q1�pI q/1 2�1

�
q1�˛; q1�p I q˛C1�pI q; q˛=x�

if x � 1.

The Case �.1 � q/ D �1. In this case applying the q-Mellin transform on (9.39)
gives

Mq.y.s// D �qsC˛.1 � q/
�q.1 � s � ˛/
�q.1 � s/

Mq.f /.s/:

It is straightforward to see that

Mq.G˛/.s/ D �qsC˛.1 � q/
�q.1 � s � ˛/
�q.1 � s/ ; Re.s/ < 1 � ˛;

where

G˛.x/ D
(

� q.1�q/
�q.˛/

x˛�1.q2=xI q/˛�1; x > 1;
0; x � 1:

Therefore,

y.x/ D �q.1 � q/

�q.˛/

Z 1

1

t˛�1.q2=t I q/˛�1f .t=x/ dqt .x > 0/:

9.5.3 Equation with Weyl Fractional q-Derivative

In this subsection we will discuss , as an illustrating example, the Weyl fractional
q-difference equation

x˛C1 �K˛C1
q y

�
.xq�˛�1/C �x˛

�
K˛
q y
�
.xq�˛/ D f .x/; (9.40)
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where

x > 0; ˛ > 0; and � � q2˛C1

1 � q :

Applying the q-Mellin transform method gives

q
˛.˛C1/

2
�q.s C ˛/

�q.s/

q˛C1 C �.1 � q/ � qsC2˛C1

1 � q Mq.y/.s/ D .Mqf /.s/:

We will consider two cases: � ¤ � q
˛C1

1 � q and � D � q˛C1

1 � q
.

The Case �.1 � q/ ¤ �q˛C1. In this case we have

.Mqy/.s/ D q� ˛.˛C1/
2

�q.s/

�q.s C ˛/

qp.1 � q/
.1 � qsC˛Cp/

.Mqf /.s/;

where

qp WD q˛C1

q˛C1 C �.1 � q/ :

We set

�q.s/

�q.s C ˛/
D Mq.H1/.s/; q� ˛.˛C1/

2
qp.1 � q/

.1 � qsC˛Cp/
D Mq.H2/.s/:

One can prove by a direct application of the q-Mellin transform definition that for
Re.s/ > max .0;�˛ � Re.p//

H1.t/ D
8
<

:

.qtI q/˛�1
�q.˛/

; 0 � t � 1;

0; t > 1;

H2.t/ D
(
q� ˛.˛C1/

2 qpt˛Cp; 0 � t � 1;

0; t > 1:

Hence, for x 2 Rq;C

Mq.H˛.x// D Mq.H1.x//.s/Mq.H2.x//.s/ D Mq.H1.x/�MqH2.x//.s/:

Thus,

H˛.x/ D
Z 1

0

H1.t/H2.x=t/
dqt

t
D
Z 1

0

H1.t/H2.x=t/
dqt

t
;

where x 2 Rq;C. One can prove that H˛.x/ D 0 for all x > 1 and

H˛.q
n/ D qpq� ˛.˛C1/

2
.qnC1I q/1

.qnC˛I q/1�q.˛/
nX

kD0
.1 � q/q.˛CpC1/k .q�nI q/k

.q�n�˛C1I q/k :
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If we assume that p > �1, then the function H˛.x/ can be defined on .0;1/

through the formula
H˛.x/ D 0 if x > 1

and

H˛.x/ D qp.1 � q/q� ˛.˛C1/
2

.qxI q/˛�1
�q.˛/

2�1
�
1=x; qI q�˛C1=xI q; qpC1� ; if x � 1:

The Case q˛C1 C �.1 � q/ D 0. In this case, applying the q-Mellin transform
on (9.40) gives

Mq.y.s// D �q.1 � q/q� ˛.˛C5/
2 q�s �q.s/

�q.s C ˛ C 1/
Mq.f /.s/ .Re.s/ > 0/:

It is straightforward to see that in this case

H˛.x/ D
8
<

:
�q.1 � q/q� ˛.˛C5/

2
.q2xI q/˛
�q.˛ C 1/

; x � q�1;

0; x > q�1:

Therefore,

y.x/ D �q.1 � q/q� ˛.˛C5/
2

�q.˛ C 1/

Z 1=q

0

.q2t I q/˛f .t=x/ dqt .x > 0/ :

9.6 q2-Fourier Transform Method for Solving Fractional
q-Difference Equations

In [136], Ho explored the possibility of using the classical Fourier and Mellin
integral transforms to solve the class of q-difference differential equations.

Dn
q;tu.x; t/ D @2

@x2
u.x; t/; x 2 R; t > 0; n 2 N; (9.41)

with the initial conditions

y.x; 0/ D f .x/; Dk
q;ty.x; t/jtD0C

D gk.x/ .k D 1; : : : ; n � 1/ ;

where the functions f .x/ and gk.x/ are assumed to vanish as x ! ˙1. In [64]
Brahim and Quanes used the q2-Fourier transform and the q-Mellin transform to
solve (9.41) in case of n D 1 and 2 and only for

q 2 ˚q 2 .0; 1/ W 1 � q D q2m; for some m 2 Z
�
:



292 9 Applications of q-Integral Transforms

In this section, we use the q2-Fourier transform with the q Ls transform to solve the
q-fractional diffusion equation

D˛
q;tu.x; t/ D �@2q;xu.x; t/; (9.42)

x 2 eRq; t 2 R; 0 < ˛ < 1; I 0 < q < 1;
with the initial conditions

D˛�1
q;t u.x; t/jtD0C

D �.x/; @kq;xu.x; t/ 2 L1q.Rq/ .k D 0; 1/; (9.43)

� 2
�
L1q \ L2q

�
.Rq/: (9.44)

Theorem 9.15. The solution of the q-fractional diffusion equation (9.42) subject to
the initial conditions (9.43)–(9.44) is given by

u.x; t/ D
Z 1=

p
1�q

�1=
p
1�q

	
TyG.x; t/



.x/�.y/ dqy;

where

	
TyG.x; t/



.x/ D .1C q/1=2

2�q2.
1
2
/

Z 1=
p
1�q

�1=
p
1�q

e.�iy�I q2/g.�; t/e.ix�I q2/ dq�;

and

g.�; t/ WD
(
t˛�1e˛;˛.���2 t˛I q/; j��2t˛j < 1

.1�q/˛ ;
0; otherwise:

Proof. First we calculate the q2-Fourier transform of (9.42) with respect to the
variable x. Hence, applying (3.79) yields

D˛
q;tU.�; t/ D ���2U.�; t/; (9.45)

where
U.�; t/ WD Fq;x.u.x; t//.�/:

Now we calculate the q Ls transform of (9.45) with respect to the variable t .
Using (9.2) we obtain

�
P˛ C ��2

�
V.�; s/ D Fq.�/.�/

1 � q
;

where
V.�; s/ D q;tLs .U.�; t// .s/ and p D s

1 � q :
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One can verify that

q;tLs
�
t˛�1e˛;˛.���2 t˛I q/� D 1

1 � q

1

p˛ C � �2
;

for
ˇ
ˇ��2p�˛ˇˇ < 1. Consequently,

U.�; t/ D Fq.�/.�/ t
˛�1e˛;˛

��� �2 t˛� ; ˇˇ��2 t˛ˇˇ < 1

.1 � q/˛ :

It follows from the inversion formula of the q2-Fourier transform that

t˛�1e˛;˛.���2 t˛ I q/ D Fq;x .G.x; t// .�/;

G.x; t/ D
p
1C q

2�q2.1=2/

Z 1=
p
1�q

�1=
p
1�q

t˛�1e˛;˛.���2 t˛ I q/e.i� xI q2/ dq�;

where the variable of the q-integration � runs only over all � 2 eRq such that

ˇ̌
� �2 t˛

ˇ̌
<

1

.1 � q/˛
:

Consequently,
u.x; t/ D �.x/ �G.x; t/:

Applying the q2- Fourier convolution formula gives

u.x; t/ D
Z 1=

p
1�q

�1=
p
1�q

	
TyG.x; t/



.x/�.y/ dqy;

where
	
TyG.x; t/



.x/

D
p
1C q

2�q2.1=2/

Z 1=
p
1�q

�1=
p
1�q

e.�iy�I q2/t˛�1e˛;˛.���2 t˛I q/e.ix�I q2/ dq�:

ut



Appendix A
Tables of Fractional Derivatives
and q-Derivatives

In this appendix, we collect the Riemann–Liouville fractional derivative and Caputo
fractional of some q-analogues of the celebrated special functions and we also
include a table of Riemann–Liouville fractional derivative for comparison.

A.1 Table of Riemann–Liouville Fractional Derivatives

Table A.1 Riemann–Liouville fractional derivatives

�.x/
�
D˛
0C�

�
.x/; x > 0; ˛ > 0

xˇ�1 � .ˇ/

� .ˇ � ˛/
xˇ�˛�1; ˇ > 0

e�x .x/�˛E1;1�˛.�x/

xˇ�1e�x
� .ˇ/

� .ˇ � ˛/
xˇ�˛�1

1F1.ˇIˇ � ˛I�x/
cos.�x/ x�˛E1=2;1�˛.��2x2/
sin.�.x � a// x1�˛�E1=2;2�˛.��2x2/
xˇ�1E�;ˇ.�x�/ xˇ�˛�1E�;ˇ�˛.�x�/; ˇ; � > 0

xˇ�1
2F1 .�; �IˇI�x/ � .ˇ/

� .ˇ � ˛/
xˇ�˛C1

2F1 .�; �Iˇ � ˛I�x/ ; ˇ > 0

M.H. Annaby and Z.S. Mansour, q-Fractional Calculus and Equations,
Lecture Notes in Mathematics 2056, DOI 10.1007/978-3-642-30898-7,
© Springer-Verlag Berlin Heidelberg 2012
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A.2 Table of Riemann–Liouville Fractional q-Derivatives

Table A.2 Riemann–Liouville fractional q-derivatives

� D˛
q � x > 0; ˛ > 0

xˇ�1; ˇ > 0 xˇ�˛�1 �q.ˇ/

�q.ˇ�˛/

eq.�x/ x�˛e1;1�˛.�x.1 � q/�1I q/
Eq.�x/ x�˛E1;1�˛.�x.1 � q/�1I q/

xˇ�1eq.�x/ xˇ�˛�1�q.ˇ/

�q.ˇ�˛/ 2�1.0; q
ˇI qˇ�˛; q; �x/; ˇ > 0

xˇ�1Eq.�x/ xˇ�˛�1�q.ˇ/

�q.ˇ�˛/ 1�1.q
ˇI qˇ�˛I q; �x/; ˇ > 0

cosq �x x�˛e2;1�˛.��2x2.1� q/�2I q/
sinq �x �.1 � q/�1x1�˛e2;2�˛.��2x2.1 � q/�2I q/
Cosq�x x�˛

�q.1�˛/ 1�2.q
2I q2�˛; q1�˛I q2;�q�2x2/

Sinq�x �x1�˛

�q.1�˛/ 1�2.q
2I q2�˛; q1�˛I q2;�q3�2x2/

cos.�xI q/ x�˛E2;1�˛.�q�2x2I q/
sin.�xI q/ �x1�˛E2;2�˛.�q2�2x2I q/
xˇ�1E�;ˇ.�x�I q/ xˇ�˛�1E�;ˇ�˛.�x�I q/; ˇ; � > 0
xˇ�1e�;ˇ.�x�I q/ xˇ�˛�1e�;ˇ�˛.�x�I q/; ˇ; � > 0

xˇ�1
2�1

�
a; bI qˇI q; �x� �q.ˇ/x

ˇ�˛�1

�q.ˇ � ˛/ 2�1
�
a; bI qˇ�˛I q; �x� ; ˇ > 0

xˇ�1
2�1 .a; bI cI q; �x/ �q.ˇ/x

ˇ�˛�1

�q.ˇ � ˛/ 3�2
�
a; b; qˇI c; qˇ�˛ I q; �x� ; ˇ > 0

A.3 Table of the Erdéli–Kober Fractional q-Integral
Operator

The next table contains the Erdéli–Kober fractional integrals for some q-functions.
An extended table can be found in [271].
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Table A.3 The integral operator I �;˛q
� I

�;˛
q � .x > 0/

xˇ�1 xˇ�1
�q.�C ˇ/

�q.�C ˇ C ˛/
; Re .ˇ C �/ > 0

xˇ�1eq.�x/; xˇ�1
�q.�C ˇ/

�q.�C ˇ C ˛/
2�1

�
0; q�CˇI q�CˇC˛I q; �x�

Re .ˇ C �/ > 0

xˇ�1Eq.�x/; xˇ�1
�q.�C ˇ/

�q.�C ˇ C ˛/
1�1

�
q�CˇI q�C˛CˇI q;��x�

Re .ˇ C �/ > 0

xˇ�1 cosq �x; xˇ�1
�q.�C ˇ/

�q.�C ˇ C ˛/
�

Re .ˇ C �/ > 0 4�3.0; 0; q
�Cˇ; q�CˇC1I qˇC˛C�; qˇC˛C�C1I q2;��2x2/

xˇ�1 Cosq.�x/;
xˇ�1�q.�C ˇ/

�q.�C ˇ C ˛/
�

Re .ˇ C �/ > 0 2�3.q
�Cˇ; q�CˇC1I q; q�C˛Cˇ; q�C˛CˇC1I q2;�q�2x2/;

xˇ�1 cos.�xI q/; xˇ�1
�q.ˇ C �/

�q.ˇ C �C ˛/
�

Re .ˇ C �/ > 0 3�3
�
0; qˇC�; qˇC�C1I q; qˇC�C˛; qˇC�C˛C1I q2; q�2.1� q/2x2

�

xˇ�1 sinq �x;
�xˇ�q.�C ˇ C 1/

.1� q/�q.�C ˇ C ˛ C 1/
�

Re.ˇ C �/ > �1 4�3
�
0; 0; q�CˇC1; q�CˇC2I q3; q�CˇC˛C1; q�CˇC˛C2I q2;��2x2�

xˇ�1 Sinq �x;
xˇ��q.�C ˇ C 1/

.1� q/�q.�C ˇ C ˛ C 1/
�

Re.ˇ C �/ > �1 2�3
�
q�CˇC1I q�CˇC2I q3; q�CˇC1C˛; q�CˇC˛C2I q2;�q3�2x2�

xˇ�1 sin.�xI q/ �xˇ
�q.ˇ C �C 1/

�q.ˇ C �C ˛ C 1/
�

Re.ˇ C �/ > �1 3�3
�
0; qˇC�C1; qˇC�C2I q3; qˇC�C˛C1; qˇC�C˛C2I q2;

q2�2.1� q/2x2
�

xˇ�1E�;ˇC�.�x
�I q/; xˇ�1E�;ˇC�C˛.�x

�I q/; Re.�/ > 0
Re.ˇ C �/ > 0

xˇ�1e�;ˇC�.�x
�I q/ xˇ�1e�;ˇC�C˛.�x

�I q/; Re.�/ > 0
Re.ˇ C �/ > 0

xˇ�1
2�1.a; bI cI q; �x/; xˇ�1

�q.ˇ C �/

�q.ˇ C �C ˛/
3�2

�
a; b; qˇC�I c; qˇC�C˛I q; �x�

Re.ˇ C �/ > 0
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A.4 Table of Erdéli–Sneddon q-Fractional Integral Operator

Most of the results in the following table are proved in [19].

Table A.4 The integral operator K�;˛
q

�.x/ K
�;˛
q �.x/

x�; Re � > Re� q�˛� �q.� � �/
�q.�� �C ˛/

x�

x�C˛C� .b=xI q/� ; Re.˛ C �/ < 0
�q.�˛ � �/

�q.��/ q�˛.�C�C˛/x�C˛C�.b=xI q/�C˛

x��C�eq.c=x/; Re � > Re� x���q˛.���/ �q.�/

�q.�C ˛/
2�1

�
0; q�I q�C˛I q; cq˛=x� ; j cq˛

x
j < 1

x�C˛eq.x/ x�C˛q�˛.�C˛/.1 � q/˛eq.xq�˛/.q=xI q/˛

x�C��1.axI q/� ; Re.� C �/ < 1 x�C��1q�˛.�C��1/.1 � q/˛.axq�˛I q/��
2�1

�
q˛; q˛C1=axI q˛C1��=axI qI q����C1�,

jxj < 1

x�C��1
2�1 .a; bI cI q; 1=x/ ; q�˛.�C��1/ �q.1 � �/

�q.1� �C ˛/
�

jxj > min.1;Re.˛//; Re� < 1 3�2
�
a; b; q1��I c; q1��C˛ I q; q˛=x�

A.5 Table of Caputo Fractional q-Derivatives

Table A.5 Caputo fractional q-derivative

� cD˛
q � x > 0; ˛ > 0, d˛e D n, ˇ > n; � > 0

xˇ�1; ˇ 62 N xˇ�˛�1 �q.ˇ/

�q.ˇ�˛/

xˇ�1 zero if ˇ 2 f1; 2; : : : ; n � 1g
eq.�x/ �n.1 � q/�nxn�˛e1;nC1�˛.�x.1 � q/�1I q/
Eq.�x/ �n.1 � q/�nxn�˛E1;nC1�˛.qn�x.1 � q/�1I q/

xˇ�1eq.�x/, ˇ 62 N
�q.ˇ/

�q.ˇ � ˛/
xˇ�˛�1

2�1.0; q
ˇI qˇ�˛ I q; �x/

(continued)
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Table A.5 (continued)

xˇ�1Eq.�x/, ˇ 62 N
�q.ˇ/

�q.ˇ � ˛/
xˇ�˛�1

1�1.q
ˇI qˇ�˛ I q; �x/

cosq�x
�

��2x2
.1�q/2

�dn=2e
x�˛e2;2dn=2e�˛C1.��2x2.1 � q/�2I q/

sinq�x .�1/Œn=2�x�˛
�
�x
1�q

�2Œn=2�C1
e2;2C2Œn=2��˛

.��2x2.1 � q/�2I q/

Cosq�x
�

��2x2
.1�q/2

�dn=2e
x�˛ q

dn=2e.2dn=2e�1/

�q.2dn=2e � ˛/
�

1�2.q
2I q2dn=2e�˛C1; qdn=2e�˛C2I q2;�q4dn=2eC1�2x2/

Sinq�x
�
�x
1�q

�2Œn=2�C1
x�˛ .�q2Œn=2�C1/Œn=2�

�q .1 � ˛ C 2Œn=2�/
�

1�2.q
2I q2Œn=2��˛C2; q2Œn=2��˛C3I q2;�q3C4Œn=2��2x2/

cos.�xI q/ ��qdn=2e�2x2
�dn=2e

x�˛�
E2;2dn=2e�˛C1.�qdn=2eC2�2x2I q/

sin.�xI q/ .�1/Œn=2�qŒn=2�.Œn=2�C1/.�x/1C2Œn=2�x�˛�
E2;2Œn=2��˛C2 .�q1C2Œn=2��2x2I q/

xˇ�1E�;ˇ.�x�I q/; ˇ 62 N xˇ�˛�1E�;ˇ�˛.�x�I q/
xˇ�1e�;ˇ.�x�I q/; ˇ 62 N xˇ�˛�1e�;ˇ�˛.�x�I q/

2�1 .a; bI cI q; �x/ �nxn�˛.a; bI q/n
.cI q/n�q.1 � ˛ C n/

�
3�2

�
aqn; bqn; qI cqn; q1�˛CnI q; �x�

A.6 The ˙1=2 Riemann–Liouville Fractional q-Derivatives

It is known that in fractional calculus, the Riemann–Liouville fractional derivative of
order 1=2 is very suitable for describing some physicals phenomena. Therefore, we
collect here the Riemann–Liouville fractional q-derivative and fractional q-integral
of order 1=2 of some q-functions.
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Table A.6 The ˙1=2 Riemann–Liouville fractional derivatives

f .x/ D
1=2
q f .x/ I

1=2
q f .x/

eq.x.1� q//
1p

x�q.1=2/
C eq.x.1� q//Erf.

p
xI p

q/

eq.x.1� q//Erf.
p
xI p

q/

eq.x.1� q//Erf.
p
xI p

q/ eq.x.1� q//
�
eq.x.1� q//� 1

�

Eq.xq
�1=2.1� q//

1p
x�q.1=2/

C 1
Kq.1=2/

Eq.x.1� q// erf.
p
xI p

q/

Eq.x.1� q// erf.
p
xI p

q/p
qKq.1=2/

Eq.x.1� q// erf.
p
xI p

q/ q�1=4eq.q1=2x.1� q//
p
qKq.1=2/

�
Eq.x.1� q/=

p
q/� 1

�

J
.1/
0 .2

p
zI q/ 1

�q.1=2/
p

z
cosp

q.
p

z/
.1� q/

�q.1=2/
sinp

q.
p

z/

J
.2/
0 .2

p
zI q/ 1

�q.1=2/
p

z
Cosp

q.q
p

z/
q1=4.1� q/

�q.1=2/
Sinp

q.
p

z=
p
q/

J
.3/
0 .

p
zI q/ 1

�q.1=2/
p

z
Cos.

p
z=1� qI q/ .1� q/

�q.1=2/
Sin.

p
z=1� qI q/

or or

1

�q.1=2/
p

z

.1� q/

�q.1=2/
sin.

p
z=1� qI p

q/

� cos.
q

z
p
q=1� qI p

q/

A.7 Generalized Rodrigues q-Type Formulae

The results mentioned in the table below are q-analogues of the results introduced by
Lavoie, Osler, and Tremblay in [178]. The derivations of these formulas follow by
applying Theorem 4.26. In some times we use some transformation. For example in
deriving the Rodrigues formula of 2�1.qa; qbI qcI z/ we use Heine’s transformation
of q-series, cf. [113, Eq. (III.1)]. All the functions in the table are defined in the book
except the little Legendre function which is defined by

P�.xjq/ D 2�1
�
q��; q�C1I qI q; qx� ;

where � is a nonnegative integer, it is called little Legendre polynomial. See [252,
Eq. (1.26)].
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Table A.7 Generalized Rodrigues type formulae

First Jackson q-Bessel J
.1/
� .2

p
xI q2/ D .1� q2/��C1

�q2 .1=2/
x��=2D

��C1=2

q2
sinq.

p
x/

Second Jackson q-Bessel J
.2/
� .2

p
xI q/ D q

1�2�
4
.1� q2/��C1

�q2 .1=2/
x��=2D

��C1=2

q2
Sinq.q

2��1
4

p
x/

Third Jackson q-Bessel J
.3/
� .

p
xI q/ D .1� q2/��C1

�q2 .1=2/
x��=2D

��C1=2
q sin.x=1� qI q/

Little Legendre function P�.xjq/ D 1

�q.� C 1/
D�
q

�
x�.q��C1xI q/��

Little incomplete q-gamma �q.a; x/ D �q.a/eq.�x.1� q//D�a
q Eq.q

ax.1� q/

Big incomplete q-gamma �q.a; x/ D �q.a/Eq.q
�1x.1� q//D�a

a eq.q
�1x.1� q//

2�1.q
a; qb I qc I x/; jxj < 1 �q.c/

�q.b/
x1�cDb�c

q

�
xb�1.xI q/

�a

�

1�1.q
aI qcI q; x/; x 2 C

�q.c/

�q.a/
x1�cDa�c

q

�
xa�1.xI q/

1

�
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53. W. Bergweiler, W.K. Hayman, Zeros of solutions of a functional equation. Comput. Meth.

Funct. Theor. 3(1–2), 55–78 (2003)
54. N. Bettaibi, R.H. Bettaieb, q-analogue of the Dunkl transform on the real line. Tamsui Oxf.

J. Math. Sci. 26(2), 178–206 (2009)
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Ingr. Univ. Zulia 6, 139–143 (1983). Special Issue

271. R.K. Saxena, R.K. Yadav, S.D. Purohit, Kober fractional q-integral operator of the basic
analogue of the H-function. Rev. Téc. Ing. Univ. Zulia, ago 28(2), 154–158 (2005)
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