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Foreword to the English edition 

It is natural that authors should be delighted when their works are 

translated into other languages, and even more so when the translation 

is done very nicely - as it is the case with the present translation of 

our notes on plane algebraic curves by John Stillwell. On the other 

hand, it i s also true that as time goes by one gets more aware of the 

defects of one's work. One of our friends has criticized us for 

writing a heavy volume on such an elementary subject , and we have to 

admit that this criticism is not totally unjustified. However, we 

would like to say in our defence that a number of people who are now 

doing research on singularities found the book quite useful as a first 

introduction, and so it is our hope that readers of the English edition 

will have the same experience . 

We would like to point out that there is now a more effective 

approach to iterated torus knots than the one presented in this book. 

This is developed in the beautiful new book by David Eis e nbud and 

Walter Neumann, "Three-dimensional link theory and invariants of plane 

curve singularities", and in the forthcoming work of Fran~oise Michel 

and Claude Weber. 

We would like to thank John Stillwe ll for all his work. we 

realize that in some instances translating such a book must have been a 

really difficult task. We feel t hat he has succeeded very well. 

Egbert Brieskorn and Horst Knorrer Bonn, April 1986 
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"Es ist die Freude an der Gest a l t 

in einem hoheren Sinne, die den 

Geometer ausmacht." 

(Clebsch, in memory of J ulius 

Plucker, Gotti nger Abh. Bd. 15}. 

Foreword 

In the summer of 19 76 a nd wi nter 1975/ 76 I gave an introductory 

c ourse on plane algebraic curves to undergraduate s t udents. I wrote 

a manuscript of the course for them. Since I too k some troubl e o ver 

it, and some c ol leagues have shown interest in t his manuscript, I have 

now allowed it to be reproduced, in the hope that others may f i nd i t 

u seful. 

In t h is f oreword I s hould l i ke to e x p l a in what I wanted t o achieve 

with this course. I wanted - a bove all - to show, by means o f beauti-

ful, simple and concrete examples of curves in the complex pro jec tiv e 

plane, the inte rplay between a l gebraic, analytic a nd topological 

methods in the i nvestigation o f t hese g e ometri c objects. I d id no t 

s u cceed i n d eveloping t h e t heory o f a l gebrai c c urves as far as i s 

possib l e - I must e ve n say t hat i n s ome places the c ourse s tops where 

the theory is j u st beginning. Rather, I aimed to allow the listeners 

to develop as much familiarity as possible with the new objects , and 

the best possibl e intuition. Fo r this reason I almost always used the 

most e l e me ntary a nd conc r e t e methods. Also f o r this r eason , I ha ve 

take n t he trouble to make a g reat number of d rawings. I on ce read a 

remark of Feli x Klein to the e f f e c t that what a geometer values i n h is 

science is that he sees what he thinks. 

Another principle which I have tried to put into effec t in t hi s 

cour se i s t hat of break i ng thr ough t h e fo rmal lec t ure style - t he style 

whic h replace s t h e development of i d eas by a staccato of defin i tions , 

theore ms a nd p r oofs. Thus heu ri s tic , hi s t o ric al a nd metho d o l ogical 
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considerations took up a substantial portion of the course, which they 

likewise occupy in the manuscript . I am well aware of the disadvan-

tages of this method for the reader, and the resulting lack of formal 

precision, conciseness, clarity and elegance is an annoyance to me too. 

However, I have accepted this annoyance in order to be able to develop 

the ideas in a natural way and to promote understanding and thought. 

I have developed no new scientific ideas in this course, but have 

drawn much from other sources . Thus in Chappter II I have depended 

heavily on notes of a course by R. Remmert on algebraic curves which 

brought me into contact with algebraic geometry for the first time as a 

student, and on the book by Walker. I have also used the introduction 

to algebraic geometry by van der Waerden. In the historical remarks 

I have relied a lot on the corresponding Enzyclopadie articles and the 

books of Smith and Struik. My aim was not historical refinement but 

to give students a picture of the beginnings from which t h e theory has 

developed. The whole later history - from the second half of the 19th 

century onwards - was not so important for this pedagogical purpose, 

and for it I refer to the new book of Dieudonne or the beginning of the 

book by Shafarevich. For the local investigations of topology and 

r esolution of singularities I have depended on lecture notes of F. Pham 

and H. Hironaka as well as origi nal work of A' Campo . Finally, I have 

used many other sources, which I perhaps have not always acknowledged. 

I hope the authors will forgive me. 

What is lacking in the course? It lacks a c hapter on the deform-

ation of singularities, in which I would have liked to introduce the 

beautiful results of A'Campo and Gusein-Zade on the computation of t h e 

monodromy groups of plane curves. For this I refer to the report of 

A'Campo to the International Congress of Mathematicians in Vancouver in 

1974. I have tried to admit the deformation viewpoint at least impli-

citly in sections 8.5, 9.2 and 9.3. What is not lacking? There is 

no lack of introductions to modern algebraic geometry. This course is 

not intended to be s uch an introduction. For this purpose there are 

now the beautiful books of D. Mumford, I.R. Shafarevich, P.A. Griffiths 

and R. Hartshorne. The purpose of the course is to familiarise 

students, in a natural, intuitive and concrete way, with the various 

methods for the investigation of singularities, and to lead in this way 

to my own field of work. I believe that it has reached this goal . 

This is s hown by a series of beautiful Diplomarbeiten which have come 
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into being in the meantime. If the notes presented here can also serve 

others similarly, then they have fulfilled their purpose, even if only 

as a source of suggestions or as a collection of material. 

In conclusion, I should like to thank all of those who have helped 

in the production of this extensive piece of work : diploma mathemati­

cian Mr. Ebeling and above all Dr. Knorrer for working out some lectures 

in Chapter III, and for a critical inspection and proof-reading of the 

manuscript, and help with assembling the references, the three secreta­

ries Mrs. Schmirler, Mrs. Weiss and Mrs. Eligehausen for the laborious 

and alienating work of typing the text, and the printers at the Mathe­

matische Institut, Mr. Vogt and Mr. Popp, for printing the almost one 

thousand pages. But above all I should like to thank two students, 

Mr. Koch and Mr. Scholz, for taking on the enormous job of produci ng 

the manuscript, proof-reading, making the index and redrawing more 

nicely many of the figures. Without them the manuscript would never 

have been completed. Once again : many thanks! 

Bonn, Spring 1978 E . Brieskorn 
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I • HISTORY OF ALGEBRAIC CURVES 

The plane algebraic curves have a history of more than 2000 years. 

At the end of this developmen t stands a definition of algebraic curv es, 

an understanding of the main problems of the theory, and methods for 

handling them, to the extent that almost all problems about algebraic 

curves admit methodical treatment and solution. These questions and 

methods are part of a general field, algebraic geometry, whose develop­

ment proceeded mainly during the past and present century and still 

continues. The theory of algebraic curves is a part of this general 

theory which has the character of a paradigm, and thereby serves as a 

good introductio n to it for the beginner. Today this is the main 

point of view i n introductory treatments of this field, e.g. the book of 

Fulton [Fl). 

This viewpoint will also play a role in our course, but it will 

not be the only one. Our emphasis will be not s o much on the develop­

ment of the algebraic conceptual apparatus and the algebraic methods, 

as on the geometric viewpoint, where possible, in working out s ome of 

the many connections between this field and analysis and topology. 

Moreover, I will not , as is almost always done today, complete ly i gnore 

the two-thousand-year history o f algebraic curves. 

In the first lectures of this course I shall give an introduction 

to this history, naturally quite sketchy, in which I omit all proofs 

to save time. Of course I shall later formulate and prove all 

assertions with the usual rigour . 

The purpose of this historical introductio n i s to give provisional 

answers to the following questions : 

1. What is the origin of the objects of our investigation, the 

algebraic curves? Why were mathematic ians concerned with them 

originally? 

2 . From which viewpoints have they been investigated? Wha t has led 

, ,  
DOI 10.1007/978-3-034 -0 - _1
E. Brieskorn and H. Knörrer Plane Algebraic Curves: Translated by John Stillwell

8 493 6 , © Springer Basel 1986
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to the viewpoints and methods which predominate today? 

3. What were or are the main objects of investigation? 

It will be understood that the answers to these questions, as long 

as theory has not been given, will be incomplete . For those who are 

interested in more details, I recommend looking at older books on 

algebraic curves. I particularly recommend the following literature: 

the survey articles of Berzolari [B2] and Kohn-Loria [K3] in Band III, 

2.1 of the Encyclopadie der Mathematischen Wissenschaften, as well as 

the books of Loria [L4] and Gomes Teixeira [T2]. 

1. Origin and generation of curves 

First I should like to tell you something of the reasons why the 

first interesting curves were already considered in antiquity. We 

shall then see how these were taken up again in the Renaissance, after 

which there was a permanent enrichment of the theory by new content and 

methods. We shall see that there were many causes for the origin and 

generation of algebraic curves: the development of historically 

important mathematical problems, playful mathematical constructions and 

the joy of solving problems, but also, and very important in this 

field, numerous applications of mathematics in other fields: 

perspective, optics, astronomy, architecture, kinematics, mechanics 

and technology. 

1.1 The circle and the straight line 

The simplest curves are the circle and the line. Their origi ns 

lie in prehistoric times. Knowledge of them was necessary for the 

solution of numerous practical problems, such as land measurement 

(= geometry in the original meaning of the word) and building con-

struction. Straight lines and circles are treated intuitively in the 

earliest mathematical texts, and the first attempt at strict definition 

and proof i n mathematics , about 600 B.C. (Tha l es ), concerns these 

objects. The attempt of the Greek mathematicians, such as Euclid 

(300 B.C.),to define a line was inadequate from a logical standpoint, 

even though the Greeks of course already knew almost all essential 

properties of lines in the plane. From our present-day standpoint, 

the question of the definition of lines depends on the conceptual frame­

work : one can make the line an i mplicitly defined basic axiomatic 
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concept as, e.g., in Hilbert's axiomatisation of euclidean geometry, or 

take it to be a derived concept as, e.g., in analytic geometry or linear 

algebra, where it is a !-dimensional affine subspace. 

The definition of the circle causes no difficulties - and did not 

cause any for Euclid - when one assumes the euclidean plane as known : 

it is the locus of all points in the plane which have a given distance 

from a given point. This type of definition of curves as loci was 

typical of the way the Greeks handled curves. They were defined as 

the loci of points having certain distance relationships (specific for 

each curve) to given points, lines and circles. 

To construct, i.e. draw, a circle one uses a simple mechanism, the 

pair of compasses. To draw a straight line one mostly uses a some-

what problematic instrument, the ruler, and hence a template. 

It is very clear that numerous simple prac tical and mathematical 

problems can be solved by construction with compasses and ruler. From 

the analytic-algebraic standpoint, the construction of the intersection 

of two lines is the solution of two linear equations, the construction 

of the intersection of a line and a circle, or of two circles, is the 

solution of a quadratic equation. By iterating such constructions one 

can t herefore solve all'problems of the form: from given segments of 

length a 1 , ... ,an , construct a segment of length a , where a 

results from by repeated rational operations and extractions 

of square roots. Criteria for this to be the case are obtained from 

Galois theory . Of course these conditions for the solvability of 

problems by ruler and compass construction were unknown to the Greeks, 

so it is understandable why they tried to solve the great problems of 

antiquity by such constructions . 

1.2 The classical problems of antiquity 

The classical problems of antiquity were: 

1. The trisection of an arbitrary angle. 

2. Squaring the circle (before 1500 B.C.?). 

3. Duplication of the cube. (Delian problem) 

(5th century B.C.?) 

Squaring the circle means determining the number n. Lindemann 

(1882 ) showed n is transcendental, i.e. not the root of any algebraic 

equatio n 

0 
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with rational coefficients ai. This means, in particular, that ~ 

cannot be constructed with compasses and ruler. 

Duplication of the cube leads to solving the equation x 3 - 2 = 0 

which, by Galois theory, likewise cannot be done by ruler and compass 

construction. 

As for the trisection of an arbitrary angle a : the addition 

theorem for trigonometric functions immediately yields 

sin 313 3 sin 13 - 4 sin3 S, 

hence, setting 13 a/3, x sin S and c = sin a, 

4x3 - 3x + c 0, 

and it again follows from Galois theory that the solution of this 

equation for arbitrary c cannot be found by ruler and compass con-

struction. 

Thus the classical problems cannot be solved by ruler and compass 

constructions. It is true that the Greeks had no proof of this , but 

they saw the futility of their attempts - a nd found solutions wi th the 

help of curves less simple than the circle and the line. 

something about them in what follows. 

1.3 The conic sections 

I shall say 

The discovery of the conic sections is attributed to Menaechmus 

(c. 350 B.C.). They were intensively investigated by Apollonius o f 

Perga (c. 225 B. C .). These mathematicians generated the conic sections 

as intersections of cones with planes. Apollonius and, to some extent, 

Menaechmus could also characterise the conic sections by area applica-

tion properties, which are expressed in today's notation by 

2 2 
y px + qx . 

In the terminology of Apollonius we obtain for 

q 0 the parabola, i.e. "application" 

q > 0 the hyperbola , i.e. "application with excess" 

q < 0 the ellipse, i.e. "application with defect". 
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Of course the Greeks also knew the definitions of these curves as loci. 

A parabola is the locus of all points having equal distances from 

a given point P and a given line g. 

An ellipse (hyperbola) is the locus of all points for which the 

sum (difference) of distances from two given points P, Q has a fixed 

value. 

g 

Parabola 

Ellipse 
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Hyperbola 

Menaechmus had already seen that one could use conic sections to 

solve the Delian problem. 

parabolas with equations 

Determination of the intersection of the 

y 2 2x 
2 

X y 

leads to the solution of the equation 

2x = x 4 

and hence to x = 0 and x >2, whence one has a method to solve the 

Delian problem when one has a method to construct parabolas which 

yields not just particular points but the whole curve. It is not 

known which constructions the Greeks used to draw the conic sections. 

Later, many such constructions- so-called "organic generations" - were 

found for conic sections. The best known is undoubtedly the gene­

ration of an ellipse by a point A on a line which moves in the plane 

so that two other points B, C on the line move on a pair of axes. 
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By using this manner of generation one can construct an apparatus 

convenient for drawing ellipses. The next page shows such an ellipso­

graph. There are similar parabolagraphs and hyperbolagraphs. 

Like the Delian problem, the angle trisection problem can also be 

solved with the help of conic sections, but I shall not go further 

into this. Of course there is no such solution for squaring the 

circle, but here the Greeks also found a way : they used certain other 

curves, such as the quadratrix of Hippias (c. 42 5 B.C.). 
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Ellipsograph 
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1.4 The cissoid of Diocles 

Apart from solutions of the problems of doubl ing the cube and tri­

secting the angle with the help of conic sections, the Greeks f ound 

still other s o lutions with the h e lp of othe r curves . The o ldest and 

most important of these curves were the cissoid of Diocles and the 

conchoid of Nicomedes. 

The cissoid is constructed po intwise as f o l lows. We draw a 

circle about the intersection 0 o f two perpendicular lines AA ' and 

A' 'A''' Pa rallel to A' 'A''' we d r a w t wo lines equi d istant from it, 

meeting AA' in B and B' respectively. Let their intersections 

with the circle be C, C', C'', C' '' as in t h e figure. The lin e 

through one of these points, say C', and A cuts the other parall el, 

CC'', in a point P. The total i ty of points c onstructed in thi s way 

is the cissoid of Diocles. 
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The name "cissoid" was used for this curve from the early seven­

teenth century on. The Greek word KtCJcroetcSns means "ivy-shaped". We 

know from Proclus and Pappus that there were curves called Ktcrcroetons 

(e.g. Pappus, Collection III, 20 and IV, 58). We do not know which 

curves were so called, but probably the cissoid of Diocles was not one of 

them ([T3), p. 24). we may assume that the word Ktcrcroetons refers to 

the way the curve comes to a singular point, "making an angle with it­

self", as the Greeks put it, reminding us in a way of the edge of an ivy 

leaf. 

The curve obviously goes through the points A, A'', A''' of the 

circle and has the tangent to the circle at A' as asymptote. The 

cissoid has a cusp or, as one says, a return point. Such singular 

points will be carefully studied in this course, and the cissoid is 

perhaps the oldest example (c. 180 B.C.) of a curve with such a 

singularity. 

We now suppose that the cissoid is already drawn, as described 

above. Then Diocles solves the Delian problem by the following con-

struction : 
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Let M be the midpoint of OA'' and let P be the inter section 

of A'M with the cissoid, with CB and C'B' as above. Let x ,y,z 

be the segments x = A'B, y = BC, z = AB. Then obviously 

A'B A'O 
2 = 

PB MO 

A'B CB C'B' AB' AB 
BC AB B'A' B'C' BP 

hence 

X ¥.. z 
y z ~X . 

which immediatel y implies 

solved. 

3 
X 2y3 , and hence the Delian problem is 

For this to really solve the problem it is of course necessary to 

have not just a pointwise construction of the c i ssoid, but a process 

which c ontinuously dra ws a whole piece o f the cur ve, and he nc e an 

organic generation. The foll owing o rga nic g e neratio n of the c issoid 

was given by Newton. 
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E 

A right angle with an arm o f fixed length 2r is moved i n the 

plane in such a way that its endpoint E moves on a line and the o ther 

arm always go e s through a fixed point F at di s tance 2r from t he 

line . The midpoint P of the arm SE the n d e s cribe s the c issoi d . 

It is interesting, incidentally, to use other points P', P'' on the 

arm SE in place of P. These describe curves like the following: 
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F 

In this way one obtains a whole 1-parame t e r f amily o f curves 

which are in a sense deformations of the cissoid. 

1.5 The conchoid of Nicomedes 

The conchoids of Nicomedes are curves, f ound c . 180 B.C. , which 

solve t h e De lian probl em and a lso the problem of trisecting the angle. 

Th ey are con s tructed as f ollows. Give n a line ~. a point 0 

at distance d from ~. and a segment k, let A be an arbitrary 

point on ~ and P, P' the points on the line OA at distance k 

from A. The l ocus of all t hese points P, P' is a conchoid. Its 

f o rm depe nds on t he rel a tio n betwee n d and k a s f o llows : 
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k < d 

k = d 
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k > d 

Thus conchoids have two branches, one of which can have a cusp o r double-

point. The name stems from the shell-like shape (Koyxn = concha 

seashell). 

In antiquity the conchoid was also used for the construction of 

vertical sections of columns. 

We remark that the construction just described yields an organic 

generation. From it we obtain the following process of Nicomedes for 

the trisection of an arbitrary angle a. 

Let 1AOB be the given acute angle a, where B is the foot of 

the perpendicular ~ from A onto OB. One draws the conchoid for 

~ and 0 with k 20A. The parallel to OB through A cuts the 

conchoid on the side away from 0 at C . 
a 

y = 3 and hence the problem is solved. 

Let y = ~BOC. Then 
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c 

0 

Proof : Let E be the intersection of AB and CO and let D be the 

mid po int o f the segme nt CE. Then DA = AO by construc tion of the 

c onc ho i d . Then t h e base a ngles of the i sosceles tria ngle ODA 

satisfy e = e·. 
a = 3y. 

Thus it follows from 6 + y = a and 6' = 2y that 

1.6 The spiric sections of Perseus 

Followi ng Menaechmu s ' con s t r u ctio n o f the e llipse , hyperbol a and 

p a rabol a by cutting a c o n e by a p l a n e , aro und 1 50 B. C . the Gree k mathe­

matician Perseus had the idea o f cutting a torus by a plane parall e l to 

the axis of rot ation, and thereby obtained interesting curves. Because 

the Greeks called the torus the spira (orr€\pa), these curves are 

c a lled t h e spi r i c section s of Pers eus . We s h a ll not con struct these 

curves exa ctly here , bu t o nly give a r ough pict u r e of t h e i r f o r m by a 

dra wing . 
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Perhaps this l ook at the spiric sections of Perseus will remind s ome of 

you of the Cassini curves. Rightly so! 

The Cassini curves are defi ned as follows one is given two p oints 

A, B distance 2a a pa rt, a nd a posit i ve numbe r c. The n t he a s soc-

iated Cassini curve is the locus of all points p such that 

PA PB = 
2 

For fixed A, B and different values of these c c 

curves look like the following . These curves were found by the a s tro­

nomer Giovanni Domenico Cassini (c. 1650-1700). 

He bel iev ed t hat t he sun t r a velled a r ound the eart h on one s u c h convex 

c u rve, with the earth at a f ocu s . 

For a = c the curve has an ordinary double point and f o rms a 

double loop. This is the lemniscate of Jacob Bernoulli (1694 ) . 

(ln~v{oKO S = l oop in the f o rm of an 8) . This curve played an important 

r o l e in the devel opme nt o f the theory o f elli ptic functions. Whe n the 

tor us on wh i ch we co nsider t he spiric sectio ns o f Perse u s r esults f r o m 

rotation of a c i rcle of radius r about an axis at distance R from 

the centre of the circle, and when the plane o f intersection i s 

distance d fro m the axis, then the spiric sections of Perseus are 

Ca s s i n i c u rves p r ec i sel y whe n d = r. The n a = R a nd 2r R = c 2 . 

Thus the Cassini c urves are speci a l cases of t h e spi ric section s of 

Pers eus . 
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1.7 From the epicycles of Hipparchos to the Wankelmotor 

Mathematics is indebted to astronomy for the knowledge of a series 

of interesting special curves. We have met one example already : the 

Cassini curves. A more important example was the epicycle, used by 

the ancient astronomers Hipparchos (c. 180-125 B.C.) and Ptolemy 

(c. 150 A.D.) to describe the paths of the planets. Such a curve is 

the path of a point on a circle which turns with constant angular velo­

city about its centre, while the centre at the same time travels with 

constant angular velocity on another circle. 

During the Renaissance another interesting class of curves, the 

wheel curves, was found, and it was noticed only later that these 

wheel curves were included among the classical epicyclic curves. 

A wheel curve is the path of a point on a circle K which rolls 

on a fixed circle K' without slipping. One distinguishes between 

epicycloids, hypocycloids and pericycloids accordi ng to the position of 

the circles. If K' degenerates to a line, then the resulting curve 

is called a cycloid. If K degenerates to a line, then the curve is 

called a circle involute. 

Epicycloid 

Hypocycloid 
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Peri cycloid 

Cycloid 

Circle involute 
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Epi-, hypo- and pericyclo ids are closed curves or not according 

as the ratio of the radii r and r' of K and K' is rational o r 

not. They have cusps and, when the situation demands it, ordinary 

double points. 

One can - and this is of practical importance - generalise the 

definition of these curves still further, by considering the path, not 

just of a point on the rolling circle K, but of any point in the p lane 

of K which moves with K as K rolls on K'. These paths are 

called lengthened or shortened epi-, hypo- and pericycles, or simply 

trochoids. 

The following is a toy with which one can draw such trochoids, and 

some of them are shown. (One sees easily that the peritrochoids are 

epitrochoids and that the class of epicyclic curves of antiquity is 

identical with the class of trochoids.) 

Trochoidograph 
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r/r' • 1/2 r/r' • 1/3 

r/r' • 1/4 r/r' • 2/3 

r/r' • 2/3 r/r' • 5/6 

Hypotrochoids 
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r/r' • 1/2 

r/r' • 2/3 

Epitrochoids 
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r/r' • 3/2 

r/r' • 2 

Peritrochoids 

An epitrochoid with r' = r is found in Albrecht Durer's 

"Unterweisung der Messung mit dem Zirkel und Richtscheit" (Instruction 

i n measurement with c ompasses a nd straight edge), 1525, where these 

curves are c alled spider lines because of the spi der-l ike configuration 

of Durer's construction lines, a s the accompanying reproduction shows. 
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In the course of the next three hundred years a series of 

important mathematical works were written on these curves. We give 

just a few of the best known names. Those concerned with epi- and 

hypocycloids and the cycloids included : 

Epi- and hypocycloids 

Daniel Bernoulli 

Jacob Bernoulli 

Johann Bernoulli 

Desargues 

Durer 

Euler 

de la Hire 

L'Hospital 

Huygens 

Newton 

Cycloids 

Jacob Bernoulli 

Johann Bernoulli 

Charles Bouvelles 

Nicolaus von Cues 

Descartes 

Fermat 

Galilei 

L'Hospital 

Leibniz 

Mersenne 

Newton 

Pascal 

Roberva1 

Wallis 

Guido Grandi 

1725 

(1692-1699) 

1695 

(1593-1662)? 

1525 

(1745, 1781) 

1694 

(1661-1704) 

1679 

1686 

1501 

1454? 

(1596-1650) 

(1601-1665) 

1590 

1615 

(1623-1662) 

(1602-1675) 

(1616-1703) 

1728 : 

"Flores geometrici ex rhodonearum et claeliarum curvarum 

descriptione resultantes" (rose curves = special trochoids) . 



27 

The cycloid has the followi ng characteristic property 

0 

For each point P of the cycloid, the radius of curvature OP is 

halved by the base b. 

In the Acta eruditorum of 1696, Johann Bernoulli posed the 

following problem, whose solution he already knew, and published i n 

1697 : given t wo points A a nd B in a ver tical p l a ne , find a curve 

from A to B so that a point P which slides from A t o B along 

the curve under gravity takes the shortest possible time. 

He called the curve which s o lves this problem the brachistoch rone 

(8pax ta•os xpo vos = shortest time ) . 

Th e problem wa s solved by several ma the matici a n s , some i mmedi a t ely : 

Newton, Le i bni z , Jacob Be rnoull i and L'Hospital . 

following. 

The solution i s the 

Let b be the horizontal line through the higher point, A. Then 

the cycloid t h rough A a nd B with basis b i s the brachi stochrone, 

provided it has no minimum between a and b . 
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Proof 

A 

B 

Whichever curve P slides along, energy conservation implies that 

m 2 
rngy 2 v , 

where m is the mass, v the velocity, and y the height fallen by 

P, and hence 

v 12gy . 

Now we compare the cycloid through A and B with another curve 

K from A to B, and show by infinitesimal considerations that when 

the time of fall along K is minimal, K must be the cycloid . We 

illustrate our infinitesimal reasoning by the following figure. 

A 

'P - ~Q'QQ'. 

q • QM 

P•PM•Mo 
B 
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Let OP be the radius of curvature at the point P on the cycloid, 

and let Q be the intersection of OP with K. Let P' resp. Q' 

be infinitesimally neighbouring points on the two curves. We compare 

the infinitesimal times dt for the path from P to P' and dT for 

the path from Q to Q'. The velocity at P is /2gp sin a and at 

Q it is /2gq sin a. 

satisfy : 

The infinitesimal distances to be traversed 

PP' 2pde and QQ'. QQOcos <I> (q+p>de. 

Hence 

dt 
2p de 

dT 
(q+p) de 

hgp sin a hgq sin a.cos <I> 

q+p (/ci-IP> 2 
+2/P > 2/P 

/ci /ci 

Thus dT > dt and equality holds only when /ci - /P 0 and q p, 

i.e. P = Q. Q.E.D. 

I have investigated this example in detail because the brachisto­

chrone problem was one of the earliest variational problems, and its 

investigation was the starting point in the development of the calculus 

of variations. Thus we again see a special c urve, like the lemniscate 

of Bernoulli, as the starting point in the development of a whole 

mathematical discipline. 

Another important property of the cycloid had been discovered 

earlier by Huygens 1673 (Horologium oscillatorium) : it is the 

tautochro ne (TaVTOS XP~Vo~ = same time), i.e. the curve with the 

property that a heavy point traversing it always reaches t he bottom i n 

the same time, regardless of the starting point of its motion . This 

leads to the construction of the cycloidal pendulum, for which the 

duration of swing is independent of the amplitude, obtained by rolling 

the thread of the pendulum on a cycloid to form its involute, which is 

itself a cycloid (congruent to the original) . 
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---------
Cycloidal pendulum 

Following t he c y c l oid , we now i ntroduce a few epi - and hypocycl oids 

which have been investigated particularly frequently : the cardioid, 

the nephroid, the astroid and t he three-cusped hypocycloid. 

The cardioid (heart curve ) is the epicycloid with r / r' l . 
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The nephroid (kidney curve) is the epicycloid with r/r' 1/2. 

This curve comes up as the solution to a classical optical problem* 

it" is the catacaustic of parallel light rays falling on a circle. The 

catacaustic is the curve enveloping the family of reflected rays, their 

envelope. It had already been observed in antiquity that the inten-

sity of reflected light was higher along this curve, whence the Greek 

name. A rigorous explanation was not supplied by ray optics, but 

first came through wave optics (the first such investigation was by 

Airy 1838 in his explanation of the rainbow by means of caustics**.) 

We shall return to the interesting curves which result from caustics 

again in section 1.8. 

* Huygens : Traite de la lumiere, 1690. 
** 

Such results which were correct qualitatively, and to some extent 
quantitatively, already appear in Descartes and Newton. 



32 

/1T 

L 

\ 

Caustic of the circle with parallel incoming light 

The general caustic of the circle by reflection of light from a 

point source at arbitrary position was first determined by Cayley 1858. 

The three-cusped hypocyclo id is the hypocycloid with r/r' 1/ 3. 

It was investigated by Euler 1745 in c onnection with an optical problem, 

and later studied by Steiner {1857), whic h is why it is also called t h e 

Steiner hypocycloid. It has the interesting property that the segments 

of its tangents lying inside it have constant length. Thus one can 

move a segment around the interior so that it always touches the 

cycloid and has its endpoints on the cycloid. 

Three-cusped hypocycloid 

The astroid {sta r curve) is the hypocycloid with r/r' = 1/4. It 

was already known in the time of Leibniz . An interesting way to 

generate it is the following : slide a segment of fixed l ength along a 
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pair of perpendicular axes, with one endpoint on each. The envelope of 

these segments is the astroid. 

To conclude this short survey of the cycloids we report on two 

technically important appl i cat ions : the cycloidal gear and the 

trocho i dal-rotation-re ciprocator . 

It appears that the cycloidal gear was already known to Desargues 

(1593-1662) . One arrives at this construction as follows. A circle 

K rolls on the outside of a fixed circle K'. Inside K a c i rcle 

K'' rol l s, and in s uch a way that it simultaneously r olls on the out­

s i d e of K', i.e . at each moment it passes through the point whe r e K 

meets K'. Then a point on K'' describes a hypocycloid H in a 

plane fixed to K while it describes an epicycloid E in a plane 

fixed to K'. 
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Similarly, a point on a circle K''' rolling in K' describes a 

hypocycloid H' in the plane of K', and an epicycloid E' in the 

plane o f K. It is clear that with the rolling of K on K' the 

curves E and H always have the same tangent, so that they slide 

over each other. The same holds for E' and H'. 

This fact gives rise to the cycloidal gear. The cogwheels of 

such a gear have teeth consisting of pieces of the epi- and hypo­

cycloids, while the remaining, inessential parts of the boundary are 

cir cular arcs concentric with the axis. For the teeth of the cogwheel 

corresponding to K one uses pieces of H and E' and the cycloids 

resulting from them by a rotation, and corresponding to K' one uses 

pieces of H' and E. The pieces of E slide on those of H, those 

of H' s l ide on those of E', and the following drawing shows a simple 

example, in which the radii o f K'' and K''' have been taken equal 

for the sake of simplicity, and the gaps between the teeth have also 

been taken equal to the width of the teeth. (In practice they are 

not allowed to be quite equal, so that the teeth of the opposing wheel 

have some play. ) Moreover, the number of teeth in the drawing has been 

chosen smaller than is usual in practice. Further details, and 

descriptions of other gears and models may be f ound, e.g., in the work 
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of Schilling [Sl]. Here we reproduce some pictures of the models 

described there. (See also Wunderlich [W5] . ) 

.... ,. 
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The mathematical starting point for the construction of the 

rotation reciprocator is similar to the one above. 

two circles K and K' which roll on each other. 

choose K of radius 2 and K' of radius 3. 

We again consider 

To fix ideas, we 

In what follows we 

think alternatively of 

or K fixed and K' 

V and V' fixed to 

~· being fixed, and K rolling in its interior, 

rolling on it. We also consider again two planes 

K and K'. 

lihen K' rolls on K, a point outside K' describes a trochoid 

in V of the following form : 

If we now let K roll on K', then the trochoid moves with it. At 

each position of K we obtain a trochoid in V', altogether forming a 

1-parameter family of trochoids in K'. The following picture shows 

such a family of trochoids and their envelope. 
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The envelope, which looks similar to a trefoil knot, has three double 

points, and all trochoids of the family go through these three double 

points. 

Now we consider the curvilinear triangle 6 with these three 

double points as vertices, and the three inner arcs of the envelope as 

edges. When we again let K' roll on K, 6 moves inside the troch­

oid, and in such a way that its vertices always run on the trochoid, 

while its edges slide along it. 

This is the geometric basis for the construction of the Wankel 

motor. The piston of this motor is (in principle) cylindrical and has 

cross-section 6 , and the cylinder of the motor has the trochoid as 

cross-section. The circles K and K' form an inner gear which 

gives guidance to the piston in addition to that of the cylinder wall. 

The axis of the piston moves o n a circle around the centre of K this 

motion is transmitted by means of an eccentric cylinder to an axle turn­

ing in a central bearing, and is thus transformed into a rotation of 

this axle. Details may be found in an essay of H.R. Muller [M3], from 

which the accompanying pictures are reproduced, or e.g. in the book of 

Wunderlich (W5] on plane kinematics. 
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1.8 Caustics and contour curves in optics and perspective 

In the perspective representation of curved surfaces, interesting 

curves with singularities appear as outlines. The following pictures 

show, as an example, one and the same torus under parallel projection 

in different positions. The curves appearing as outlines were 

investigated by Cauchy and called toroids. 

They can be constructed as parallel curves of the ellipse which is 

the projection of the spine of the torus. The parallel curves of a 

given curve are defined as the envelopes of systems of circles with 

centres on the curve and fixed radius. 

One sees easily that the toroids are in fact outlines of the torus 

under orthogonal projection by thinking of the torus as the envelope of 

spheres with centres on the spine. The images of the spheres u nder 

orthogonal projection are circles with centres on the ellipse which is 

the image of the spine. Their envelope is the toroid. 



42 

0 

~ ~t--···· · · ·· · ...... :· .. 



43 

The problem of constructing outlines had already been encountered 

by the artists of the Renaissance - Uccello, Piero della Francesca, 

Alberti, Leonardo da Vinci and Durer. Perspective representations of 

the torus may be found, e.g., in drawings and paintings of Uccello and 

Leonardo. The following reproductions give an impression of them. 
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Incidentall y, it was his concern with perspective that led Durer 

to the disc overy of new algebraic curves which today are known a s 

Durer's shell curves. The following are the relev ant pages of Durer's 

book o n measurement with c ompasses and straight edge [D6), i n which a 

definition and organic generation of the curves is given. Durer's 

definition is not quite comple te, inasmuch as t h e complete algebraic 

curve consists o f two branches, only one of which is drawn by Dure r . 

We reproduce pic tures of these c u rves from the book of Loria [L4) . 
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We now return from this digression to the outlines occurring in 

perspective representation, . and clarify the app earance of singul ar 

points on outlines by two parti cularly simple examples. 

Here is the first e xample : we consider a plane E in space and a 

smooth surface F lying over it as in the following picture. 

We hope it is clear from the picture what the surface looks like. 

In any case , the exact description of t he surf a ce does not e nter . 

(One could easily give a particularly simple surface of this type 

the planes perpendicular to E cut F in the d o tted lines, which have 

the f o rm of the curves y z 3 + xz, where z is a coordinate perpen-

dicular t o E and x, y are coordinates in E. Thus the equation 

y = z 3 + x z d escribes a surface of the type c onside r ed .) The surface 

F is a smooth surface, but orthogonal parallel projection onto E 
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yields an outline with a cusp. (In the case of the surface with the 

equation above, one calculates quite easily that the outline has the 

equation 27y2 + 4x3 = 0.) Now an essential fact is that the gene­

ration of such an outline is a stable phenomenon : any other surface 

lying sufficiently close to F generates a similar outline with one 

cusp. One can also express this as follows : each small alteration in 

the projection map leads to essentially the same map, i.e. the mapping 

is stable. For this reason, the investigation of such singularities 

plays an important role in Mather's theory of stable mappings (see e.g. 

[Gl]). 

This theory of stable mappings is connected with another important 

interpretation of the mapping of F onto E : we suppose that the 

coordinates x, y in the plane E are parameters which control the 

state z of a physical system . The points of the surface F are the 

possible equilibrium states of the system . For parameter values "out-

side" the outline there is exactly one equilibrium state,"inside" there 

are three. However, the "middle" one of these three is unstable. When 

one continuously varies the control parameters along a curve in E, it 

is obvious that the system may suddenly jump from one of the two stable 

states to the other on crossing the outline. Thus a quantitatively 

small change gene rates a qualitatively large jump. Such a jump is also 

known as a "catastrophe", about which there is a whole theory, the 

catastrophe theo ry of Thorn, which appears to have interesting applica­

tions in widely different fields ([Tl], [Zl]). 

We shall give another example of this kind, somewhat more compli-

cated, but not offering anything new in principle. The surface F 

now has two "folds" instead of one. 

would be, say, y = z 4 + cz2 + xz). 

(An equation for such a surface 
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We see that the outline of F under orthogonal projection onto E 

has two cusps and an ordinary double point, and looks quite like a part 

of a toroid. In fact, what we see here is the paradigm for the out-

line of the projection of a smooth surface on a plane. Each such 

stable projection (i.e. one for which a small disturbance causes no 

essential alteration) generates outlines whose only singularities are 

ordinary double points and cusps (see also 4.2). 

It is interesting to vary the parameter c in the surface equation 

considered above. This corresponds to varying the distance of parallel 

curves in our previous consideration of the ellipse. Of course, we can 

consider parallels to any other curve in place of the ellipse, e.g. the 

parabola. The following picture shows the family of curves parallel 

to a parabola. We have also shown the normals to the parabola. These 

normals are perpendicular to the parallel curves. The envelope of the 

normals is a curve K with a cusp, and the cusps of the parallel curves 

lie precisely on this curve K. 

This mathematical situation is the model f or an i mportant c l ass of 

physical problems. We think of the parabola as a wave front, of light 

waves, say. As the wave front continues to move, it describes 
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precisely the parallel curves. In the optical interpretation, the 

normals to the parallel curves are precisely the light rays which one 

considers in ray optics, and their envelope K is the caustic. Thus 

one sees that the caustic is exactly the locus of singularities of the 

wave front. 

Naturally, similar considerations apply in space instead of the 

plane. The caustics are then surfaces in space with certain singular­

ities. Just as stable plane caustics can have only ordinary singular­

ities and double points as singularities, one can prove that there are 

only three kinds of singularities of stable causti cs in space. 

are pictures of them (see [Al)). 

Here 
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The systematic investigation of caustics extends, however, far 

beyond the starting point in geometric optics and wave optics chosen 

here, into the general theory of asymptotic solutions of partial 

differential equations by rapidly oscillating integrals (see e.g. the 

survey articles of Duistermaat [D5] and Arnold [Al]). But this leads 

far beyond the scope of this introduction, and we therefore leave optics 

and perspective and consider in conclusion a few examples of curves 

whose study had its origin in the science and technology of the last 

century. 

1.9 Further examples of curves from science and technology 

We have already seen some examples of technological appl i cations 

of curves in section 1.7 : the cycloidal gear and the reciprocating 

motor. Here is another example of curves whose investigation stemmed 

from an important technological discovery : the Watt curves. These 

curves result from the discovery of J. Watt, which he made in 1784 f o r 

the purpose of guiding the piston rod of a steam engine, namely the 

Watt parallelogram. The Watt curves are generated as follows : we 

consider a quadrilateral ABCD, movable in the plane. The points A 

and D are fixed, while B and C can move on circles around A and 

D r e spective ly . Now we choo s e a point M on the l i ne BC. Whe n 

B and C move, M describes a curve. The resulting curves are 

called Watt curves. 

Their form depends on the relative sizes of the segments AB, BC, 

CD, AD. The following drawings show a few such curves. 
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Thus one sees that with the help of a quadrilateral linkage one can 

already generate quite interesting curves. If one takes linkages with 

more rods, one can generate still more complicated curves. All these 

curves are algebraic curves or, more precisely, pieces of such, and 

conversely, each finite piece of an algebraic curve can be generated in 

this way, as was proved by Kempe. Admittedly, these linkages are 

mostly too complicated in practice. However, a few of them are of 

practical significance, e.g. in the construction of approximate linear 

motion. (Wunderlich [W5]) 

To conclude we shall briefly mention a class of curves which are 

usually known as Lissajou curves because (in Europe) they were first 

investigated by Lissajou 1850 in connection with vibration problems. 

They had already (1815) been investigated by the American mathematic ian 

and astronomer Bowditch in connection with the motion of a double 

pendulum. Nowadays one can make them visible in a particularly 

beautiful way by means of the cathode ray oscilloscope, because these 

curves are parametrised by 

x = a sin wt 

y b sin w' (t+T) . 

w:w' • 1:3 w:w' • 2:3 

w:w' • 1:3 w:w' • 1:2 



66 

2. Synthetic and analytic geometry 

Human activity and thought are extremely complex historical 

processes, in which many conflicting tendencies unfold. This also 

ho lds for mathematics, in which the unfolding of these c onflicts is an 

important element pushing development forwards. In the process of 

mathematical research, as well a s in the mathemat ical method itself, 

dialectical conflicts are of fundamental significance : analytic­

synthetic, axiomatic-constructi ve, exact-intuitive, abstract-concrete, 

special-g eneral, simple-c omplex, finite-infinite, regular-s ingul ar, 

algebraic-geomet ric, qualitative-quantitative. All these confl icts 

have had a marked influence on many fields of mathematics. I c annot 

go further into details here, s o I shall refer t o my essay on dialectic 

in mathematics [BS), as well as to the article by Alexandroff in the 

same book. 

In what f o llows we s h a ll confine ourse lve s to s howi ng t he u nfold i ng 

of the conflict between analytic and synthetic in the develo pment o f 

the theory of plane curves. 

2.1 Coordinates 

Th e int r oduction of coord inate s into geomet ry and t he d evel opment 

of ana l y tic g eome try are usually attributed to Desca rte s a nd Fermat . 

This is, in the main, correct . However, it is important to emphasize 

that this brilliant achievement, which decisively affected the f urther 

development of mathematics, was made possible by earlier works which 

prepare d the way f o r it - as indeed is the case with all bri l l iant 

achiev e me nts in human history . This is no t t o d e ny the no velty, the 

jump in e vo lution, but me rely to conceive it as part of a histo rical 

process. 

The idea of using coordinates in land measu rement and city planning 

appears to hav e been the basis of Egyptian and Roman land surv eying 

(fo r this and wha t f o llows see, e .g., Smith, Hi s tory o f Ma the matics [S6 ), 

II, p . 316). The Greek geog raphers and a s t r onome r s , e . g. Hipparchus 

and Ptolemy, used degrees of longitude and latitude to describe points 

on the surface o f the earth and in the sky. 

The Greek geometers, in discussing curves, used relatio ns between 

segments a p pe aring in the constructio n which amount , f r o m a p r esent-da y 

standpoint , t o equations for t he curves i n c a rtesian coordinates . How­

e v e r, this analytic element was not fully d e vel oped : the basic i dea o f 

, ,  
DOI 10.1007/978-3-034 -0 - _2
E. Brieskorn and H. Knörrer Plane Algebraic Curves: Translated by John Stillwell

8 493 6 , © Springer Basel 1986
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each analytic method is the reduction of a system to a few basic elements. 

The advantage of simplification gained in this way may possibly be 

opposed by the disadvantage of complexity in the reconstruction of the 

system from the basic elements. In the case of analytic geometry the 

reduction consists in choosing two perpendicular lines in the plane 

and determining the position of points, on a curve for example, by their 

distances x, y from these lines. 

X 

y 

More generally, one can take any two intersecting lines as coordinate 

axes. 

The simplicity of the reduction of the description to a position 

relative to only two lines is opposed by the complexity of the equation 

f(x,y) ~ 0 for the coordinates x, y of the points of the curve. The 

Greeks, whose t hinki ng was perhaps more synthetic than analytic, 

preferred to use many auxiliary lines, in order to attain simple 

relationships. 

The use of coordinates developed further in the Middle Ages, partic­

ularly in the work of Oresme (c. 1360), where there are already attempts 

to represent functions by graphs. 

by this. 

Kepler and Galilei were influenced 

The decisive advantage of the analytic method, the reduction of 

qualitative geometric relations to complex quantitative relations 

equations between coordinates - could only come to light after methods 

for handling such quantitative relations, i.e. algebra, had been 

developed. This development was due mainly to the eastern mathema-
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ticians of the Middle Ages, Arabs, Persians and Indians. 

With the decline of the Roman empire came a period of socio-economic 

and cultural degeneration and poorer communication with the Orient, then 

trade began to develop between the blossoming Italian merchant cities 

and the Arab world, European scholars and traders such as Leonardo of 

Pisa (known as Fibonacci) (c. 1200-1220) studied the eastern culture, 

among other reasons "to put to use in their mercantile civilisation, 

which already in the twelfth and thirteenth century had seen the growth 

of banking and the beginnings of a capitalistic form of industry" (for 

this and what follows cf. D. Struik [88], pp. 86-129*). Fibonacci 

cited the Arab algebraists and contributed to the gradual spread of 

Arabic numerical calculation in the account books of European merchants 

and bankers. This development strengthened in the next 300 years in 

the mercantile towns, growing under the direct influence of trade, 

navigation, astronomy and surveying. The townspeople were i n terested 

in numbers, arithmetic and calculation. "The fall of Constantinople 

in 1453, which ended the Byzantine empire, led many Greek scholars to 

the western cities. Interest in the original Greek texts increased 

and it became easier to satisfy this interest. University professors 

joined with cultured laymen in studying the texts, ambitious reckon 

masters listened and tried to understand the new knowledge in their own 

way" (quotation from Struik) . The first objective was to pick up the 

old knowledge of the Greeks and Arabs. But the Renaissance was also a 

new age : "Characteristic of the new age was the desire not only to 

absorb classical information but also to create new things, to penetrate 

beyond the boundaries set by the classics". 

was developed far beyond that of the Arabs. 

In mathematics, algebra 

At the beginning of the 16th century, Scipio del Ferro at the 

University of Bologna solved the cubic equation 

3 
x + px q 

for non-negative p, q by 

>~ + q2 + 5. - ~ 5. X = Y. --
27 4 2 27 4 2 

* In the English edition, pp. 98-123 (Translator's note). 
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Ferrari reduced the equation of degree 4 to a cubic, Bombelli intro­

duced a theory of pure imaginary numbers in his "Algebra" of 1572, in 

connection with the investigation of cubic equations, and Vieta {1540-

1603) perfected the theory of equations, and was one of the first to 

denote the constants and unknowns in equations by letters. This 

brought algebra to a level of development at which it could be applied 

to geometry . 

2.2 The development of analytic geometry 

In Europe, the value of algebra for the solution of geometric 

problems was already known to Leonardo of Pisa in his "Practica 

geometriae" {1220), following the Arab mathematicians who had earlier 

known and used the relation between algebraic and geometric problems. 

Conversely, geometric methods were used for the solution of equations, 

e.g. by Cardano {1545). The relation between algebra and geometry 

later became common knowledge, e .g . with Vieta and Ghetaldi {1630). 

But it was Fermat and Descartes who first arrived at a programme, 

a general method for the treatment of geometric problems by algeb raic­

analytic methods, i.e. at analytic geometry. 

Fermat had the idea of analytic geometry in 1629. The details 

were first published posthumously. He had the rectangular coordinate 

axes as well as the equations y 
2 2 2 2 

mx for lines and x = a y = b 

for the conic sections. He knew that the extrema of a function 

y = f{x) lie where the tangents to the corresponding curve in the 

(x, y) -plane are parallel to the x-axis. 

Descartes published his geometry in 1637 , but had worked o n it 

earlier, perhaps since 1619. This is not the place to thoroughly 

assess Descartes' achievement within the general social development of 

his time. I content myself with a few quotations from the book o f 

Struik already cited : Descartes' "Geometry" "brought the whole field 

of classical geometry within t he scope of the algebraists". The book 

was ori g inally published as an appendix to the "Discours de la Methode"*, 

the "discourse on reason in which the author explained his rationalistic 

approach to the study of nature". ( [58]) 

In accordance with many other great thinkers of the seventeenth 

* Complete title : Discours de la methode pour bien conduire sa raison 
et chercher la verite dans les sciences . 
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century, Descartes searched for a general method of thinking in order 

to be able to facilitate inventions and to find the truth in the 

sciences. Since the only known natural science with some degree of 

systematic coherence was mechanics, and the key to understanding of 

mechanics was mathematics, mathematics became the most important means 

for the understanding of the universe. Moreover, mathematics with its 

convincing statements was itself a brilliant example that truth could 

be found in science " ... Cartesians, believing in reason . . . found in 

mathematics the queen of the sciences". 

His "Geometry" actually contains little analytic geometry i n the 

modern sense, no "cartesian" axes and no derivations of the equations of 

conic sections as in Fermat. Nevertheless, the influence of this work 

on the development of geometry has not been overestimated. Descartes' 

programme and merit is the "consistent application of the well-developed 

algebra of the early seventeenth century to the geometrical anal ysis of 

the ancients, and by this, an enormous widening of its applicability". 

A further merit of Descartes is the followi ng : the Greeks and 

subsequent mathematicians had indeed considered not only lengths x, y 
2 3 

of segments but also their products, such as x, x , xy etc., but the 

latter were not regarded as numbers of the same type, i.e. segments . 

Descartes abolished this distinction : "An algebraic equation became a 

relation between numbers, a new advance in mathematical abstraction 

necessary for the general treatment of algebraic curves, which one can 

regard as the final adoption of the algorithmic-algebraic tradition of 

the east by the west". 

Thus Descartes' achievement lay in a unification of the numerous 

attempts already existing and in the conception of a general, quasi-

mechanical method for the solution of geometric problems. Unlike the 

mathematicians before him he does not want to investigate just indivi­

dual curves, he wants a general method for the investigation and classi-

ficatio n of all curves. This is clearly expressed in the following 

quotation from him : 

"I could give here several other ways of tracing and conceiving 

curved lines, of ever-increasing complexity ; but in order to comprehend 

all those which occur in nature and to separate them by order into cer­

tain genera, I know o f no better way than to say that, for those we may 

call "geometric", that is those which are determined by some precise and 

exact measure, their points must bear a certain relation to the points of 
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a straight line which can be expressed by a single uniform equation." 

Thus Descartes sees the equation of a curve as the starting point of 

this general method. The method itself consists in the application of 

algebra to this equation. 

The execution of this programme by Descartes, Fermat and their 

contemporaries, by Wallis, Pascal, Newton and Leibniz, was however not 

carried out by algebraic methods alone, but also by those which led to 

infinitesimal calculus infinitesimal calculations in which limit 

processes complemented the algebraic methods. 

The development of infinitesimal calculus was made possible by 

numerous and very varied earlier developments, which we cannot describe 

adequately here. These preparatory developments included investiga­

tions of curves such as the calculation of arc lengths (rectification) , 

areas a nd volumes, as we ll as centres of mass , which go back to ancient 

traditions and from a modern viewpoint a mount to calculatio n of integrals. 

To these were added the investigations of Fermat and others o n 

problems such as the tangent problem, which from our viewpoint amount to 

calculation of derivatives. Descartes' method consists in transforming 

these probl e ms, which ha d previously been hand l ed by geometric me thods 

and more or less strict limit arguments, into problems which could be 

solved by algebraic calculations and, if necessary, by limit arguments. 

In the case of limits, each separate case was handled by a new and 

different argument, until Leibniz and Newton, with the different ial and 

integral calculus, found a unifor m method for handling all these 

problems. Leibniz conceived i nfinitesimal calculus to be , among other 

things, a method for unifying the different investigations of curves . 

Struik : "The search for a universal method by which he could obtain 

knowledge, make inventions, and understand the essential unity of t he 

universe was the mainspring of h i s life." 

Thus it was that the geometry of p l ane curves became a nalytic 

geometry, the i nvestigation of the equations defini ng c urves by algebraic 

and analytic methods. This was the starting point for two hundred 

years of development, after which the tendency to synthesis again came 

to the fore. 

2.3 Equations for curves 

We shall present equation s for some of t h e curves considered earlier . 
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The equation for a line is of course 

ax + by + c 0. 

The equation for a circle with centre (x0 ,y0 ) and radius r is 

as follows immediately from Pythagoras' theorem . 

The parabola is the locus of all points equidi stant from a l ine g 

and a point P . We choose the line through P and perpendicular to g 

as the y-axis and the perpendicular bisector o f the perpendicular from 

P to g as the x-axis. 

a 
g 

When the distance from P to g equals 2a , the points of the para­

bola satisfy 

(y+a ) 2 2 2 
(y-a) + x 

by Pythagoras' theorem, and we obtain the equation of the parabola as: 

x 2 - 4ay 0. 

For the ellipse and hyperbola we choose the x-axis to be the line 
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through the foci, and the y-axis as their perpendicular bisector. Let 

2e be the distance between the foci, ·and let c be the sum resp . 

difference of the distances from the foci. 

y 

t 

It follows immediately from Pythagoras' theorem and the curve 

definition that: 

c . 

For the ellipse one has the plus sign and c > 2e, for the hyperbola 

the minus sign and c < 2e. Squaring both sides one obtains 

and squaring again 

2 - c 

If one sets c = 2a and 4c2 - 16e2 

for t h e el lipse res p . hyperbola 

2 
:16b , o ne obtains the equati on 

If one doe s not choose t h e axes in the special way described above , 

but arbitrarily, and if o ne also admits degenerate conic sections, i.e . 

line pairs or double l i nes , then one obtains the general equation of a 
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conic section as 

ax2 + by 2 + cxy + dx + ey + f 0, 

i.e. an equation f(x,y) = 0 where f(x,y) is a polynomial of degree 

2 in the variables x and y. 

To present the equation of the cissoid we recall the figure 

appearing in the definition, t o which we have added coordinate axes. 

X r 
1'---------~~---------J 

X' 

~Vi th the notation shown on the figure, the coordinates x , y of 

a point on the cissoid satisfy : 

X: = y' 
X ~ 

x' 2r-x 

y' 

Squaring both sides of the first equation and substituting the other two 

y i elds the equation of t h e c i ssoid : 



and thus an equation f(x,y) 

degree 3 in x and y. 
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0, where f(x,y) is a polynomial of 

way. 

We establish the equation of the conchoid in quite an analogous 

We choose coordinate axes and notations as in the following 

figure. 

-x 

Then 

¥.. L 
X d 

An easy calculation gives the equation of the conchoid 
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Thus it is an equation f(x,y) 

4 in x and y. 

0 where f is a polynomial of degree 

The spiric sections of Perseus result from cutting a torus by a 

plane. We therefore begin by setting up the equation of a torus 

relative to cartesian space coordinates x, y, z. The torus results 

from rotation of a circle about the z-axis. The circle lies in a 

plane which contains this axis, and has radius r. Its centre lies in 

the (x,y)-plane and has distance R from the z-axis. 

hence 

Then we obviously have 

1"?22 2 2 
(R-/x~+y·) + z = r , 

2 + z 2 
- r 

Thus one obtains the equation 

z 
t 

r?? 
2R/x-+y~ . 

for the torus. If one now sets y equal to a constant c , then one 

obtains the equation of the spiric sections : 



This is an equation f(x,y) 

degree 4. 
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0 where f(x,y ) is a polynomial of 

It is likewise easy to set up the equation of the Cassini curves 

on the basis of the definition . When one does this one sees that the 

equation coinc ides with the one above for c = r . In this way one 

easily sees that the Cassini curves are special cases of the spiri c 

sections and wi t h this we hav e the first exampl e o f the e ffectiveness 

of the analytic method. 

The epicycl ic curves are most simply desc r ibed by a parametric 

representation 

x = R cos m~ + r cos n~ 

y R s in m~ + r sin n~ . 

When 
m 

is rati onal easily derive one can 
n 

from this. We can assume without loss of 

non-negative integers, because if not there 

an equation for the cur v e 

gener ality that m, n are 

are i n tegers m' • n' • q 
m' n ' 

with m = q[ , n = q[ , and when we u s e ~· = ~/q a s p a r a meter we 

o btain a parametri c r epresen tat ion with i ntegra l m', n'. 

It now fol l ows easily by iteration of the addition theorems f o r 

trigonometric f unctions that cos m~ and sin m~ are polynomial 

functions of cos ~. sin ~ -

cos 2 ~ 

sin 2~ 

cos2 ~ - sin2 ~ 
2 sin ¢> cos ¢>. 

If one then sets t 
~ 

tan 2 , 

sin ¢> • cos ¢> 

Fo r example 

Using the parameter t in p lace of ¢>, one now obtains a para­

metrisation f or the epicyclic curve : 

X = Rl (t) 

y R2 ( t) 
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where the Ri (t) are rational functions of t, i.e. quotients 

Pi (t)/Qi (t) of polynomials. The points of our curve are therefore 

the points (x,y) for which there is a t which is a common zero of 

the polynomial equations 

P1 (t) - xQ1 (t) 0 

P2 (t) - yQ2 (t) 0. 

But it is well known that this holds precisely for the (x,y) for 

which the resultant of these t wo polynomials, which is of course a 

polynomial f(x,y) in x and y, vanishes. Thus f(x,y) = 0 is 

the desired equation for our epicyclic curve for rational m/n. 

For irrational m/n and arbitrary coordinates ~. n in the plane 

there can be no continuous equation f(~,n) = 0 whose zero set is the 

epicyclic curve, because the points of this curve lie densely in an 

annulus. But when one works with polar coordinates, which are essenti-

ally coordinates in the universal covering of the original punctured 

plane, then the curve has an equation of the form 

~2 - a + b cos ~ 0. 

Thus one sees that these curves, despite having the same type of 

generation and trigonometric parametrisation, are very different from 

the point of view of equations. One satisfies a polynomial equation 

and has a very nice, namely rational, parametrisation, the other has no 

reasonable equation at all in the plane, and only a tra nsce ndental 

equation i n the covering. 

Similar remarks apply to the Lissajou curves. For a rational 

frequency ratio the two vibrations satisfy an a lgebraic equation, which 

one can derive by the method above , for an irrational ratio they do not. 

Finally we mention t he equation of t he cycloid i n cartesian 

coordinates: 

r-y ; -----2-
x = r arc cos r - 12ry-y 

for a c ircle of radius r which rolls on the x-axis. 

Thus we see that many interesting curves can be defined as the 

zero sets of equations f(x,y) = 0, where f(x,y) is a polynomial in 
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x and y. Such curves were called algebraic curves by Leibniz. 

Some curves have an analytic equation f(x,y ) = 0 in cartesian 

coordinates, where f(x,y) is not a polynomial, and hence a transcen-

dental, function. Leibni z called such curves transcendental curves. 

(Example : the cycloid.) 

Other curves satisfy, e.g., a transcendental equation relative to 

polar coordinates. Often these are also called transcendental curves. 

According to Loria [L4), Descartes considered a somewhat different 

class of curves, which he called geometric curves. In our language 

they are defined as those which satisfy a differential equation 

f(x,y,y') = 0, where f(x,y,y') is a polynomial in all three variables. 

This class includes the algebraic curves and many special transcendental 

ones. I do not know whether Loria's assertion is historically correct. 

It is clear that algebraic methods will apply most successfully 

when f(x,y) is a polynomial. Only for this class, the algebraic 

curves, is there a general and self-contained algebraic theory. In 

what follows we will therefore confine ourselves to the investigation 

of algebraic curves. 

2.4 Examples of the application of analytic methods 

The tangent problem consists in constructing the tangent to a 

given plane curve at a given point. 

The meaning of "constructing" remains open at first. The mathe-

maticians of the 17th century gave solutions to this problem in many 

individual cases . The unification of these results was a very 

important element in the development of differential calculus. After 

the completion of this development the solution of the tangent problem 

could be presented as follows. 

The curve in the plane is given by an equation f(x,y) = 0 in 

cartesian coordinates x, y. If is a given point on the 

It may be that the curve does not have a 

uniquely defined tangent at this point, e.g. in the case of an o rdinary 

double point, as we have seen in many examples. One hypothesis which 

guarantees the existence and uniqueness of the tangent at a point, is 

that the curve be smooth , or regular, at this point. Analytically, 

this is equivalent to the hypothesis of the implicit function theorem, 

i.e. that the partial derivatives of f do not both vanish at (x0 ,y0 ). 
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Thus we can assume without loss of generality that 

Then, by the implicit function theorem, there is a unique solution 

taining 

with y{x0 J = y 0 and f{x,y{x)) : 0 

x and dy = - ~ I af 
o ' dx ax ay 

in an interval con-y = y{x) 

This funct i on y{x) therefore gives a local parametrisation 

x 1+ {x,y{x)) for our curve in the neighbourhood of the given point. 

y 

t 

-x 

If one c onsiders a secan t of the curve through a neighbouring 

po int {x1 ,y1 ) on the curve, then this has the equatio n 

Here one sees the advantage of the application of algebra to g e ometry 

made possible by Descartes : t h e description of the secant is r educed to 

t h e simplest algebrai c operations o n t he diff e r ences betwee n the coer-

dina tes o f the po ints. Now comes the i nfini t e s i mal part o f t he 

analysis : if one lets {x1 ,y1 ) tend toward {x0 , y0 ), then the sec ant 

becomes the desired tangent, a nd correspondingly the difference quotient 

~~ becomes t h e differential quotient ~~ . Thus the computatio n above 

a nd t h is diffe r e ntial q uotie nt f ina lly g ive u s the equat ion of the 

t a ngen t a t t he point {x 0 ,y0 J 
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This determines the tangent analytically. 
af 

Now when our curve is alge-

b . af ( 
ra~c. ax x 0 ,y0 ) and ay (x0 ,y0 ) may be computed from and the 

coefficients of the polynomial f(x,y) by rational operations, i.e. 

the corresponding segments may be constructed by ruler and compass and 

one has thereby - in principle - a construction of the tangent in an 

entirely classical sense. 

We have just defined regular points. A non-regular point is a 

singular point. Thus it is a point (xo·Yol with f(xo·Yol = 0, 
af af 

(xo,Yol = 0, (xo,Yol = 0. Examples of such points that we have 
ax ay 
seen previously (in non-analytic description) are the cusps and ordin-

ary double points. 

We give an example of the way in which the analytic description of 

singular points enables us to determine them by algebraic operations : 

we determine the singular points of the astroid. 

With respect to suitable cartesian coordinates the astroid has the 

equation 

2 2 3 2 2 
(x +y -1) + 27x y = 0, 

as we s hall see later. Thus the partial derivatives, which we shall 

denote by f 
X 

and f 
y 

af af . 
instead of ax and ay , sat~sfy 

3(x2+y2-1) 22x + 54xy2 0 

3(x2+y2-1) 22y + 54x2y 0 

at the singular points. The three equations imply 

either (a) x = 0 and y = + 1 

or (b) y 0 and x = + 1 

or (c) (x2 +y2-1) 2+9y2 = 0 and (x2+y2-1) 2+9x2 

From (c) it follows that 

(2x2-1) 2 + 9x2 = 0. 

2 
X 

2 
y and hence 

If one sets ~ = x2 , this gives the equation 

The solutions are ~ -1 and ~ 
1 
4 

Thus one obtains (x,y) = (+ i' + i) resp. (x,y) 
-

as solutions of (c). The first of these solutions are 

0. 

= (+ 

also 

i ~) 
' 

+ 
2 - 2 
solutions 
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of the astroid equation, the lat ter are not . 

Thus we have obtained exactly 8 points as s o lutions f 0, 

f 0, f 0 
X y 

(0, + 1) 

(+ 1, 0) 

(+ i. + i) . 

The 4 points (0, ~1) and (~1, 0) are the 4 cusps of the astroid . 

These are precisely the singular points of these real curves. What is 

the meaning o f t he othe r f our point s ? Thi s c annot be und e r stood until 

one replaces the real curve f(x,y) = 0 by a complex curve, in whi ch 

points (x,y) with complex coordinates are also admitted as solutions 

of f(x,y) = 0, and therefore we shall do this lat er. 

The singular points of the astroid are thus determined. The 

r eal o nes a re s imple c u sps . But curves c an have muc h mo r e complicated 

"higher" singularities, and since Cramer, around 1750 , the investigation 

of such singular ities has been a permanently important theme of this 

theory. 

In the pair of opposites "regular-singular" we have before us 

another dial ect i c al pai r of opposites whic h plays a rol e i n all fields 

of mathematics and relates closely to othe r pairs of o ppos ites suc h as 

"special-general" and "finite-infinite". A singularity within a 

totality is a place of uniqueness, of speciality , of degeneration , of 

indeterminacy or infinity. All these basic meanings are closely 

c onnected. I c annot g o into more detail here and refer to my lecture 

on s ingularitie s (B7 ]. 

In various examples we have seen that the constructio n of the 

envelope, the curve enveloping a given family of curves, can lead to 

interesting and important new curves. We shall now show in an example 

how one can conceive this process, o r const r uc tion, a nalytically . 

A o ne - para meter fami ly of c urves i s given by a o n e - par a meter 

fami ly o f equations fa( x ,y) 0 , where a i s t he paramet er a nd x,y 

are cartesian coordinates in the plane. One can best express the fact 

that this family depends on the parameter a in a reasonable way by 

saying f a (x ,y) = f (x,y,a), where the func tion f (x, y ,z) depends on 

x, y ,z in the desired way , e .g. diffe r e ntiab l y or a na l ytically . Now 

how does o ne describe resp. define the e nve l ope? I ntuitive ly speaking, 
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it should be a curve which touches all curves of the family and which is 

touched at each of its points by some curve of the family. One 

possible way to make this precise is the following: 

We consider the surface F in 3-dimensional space, with coordin-

ates x,y,z given by f(x,y,z) = 0. When we cut F with the plane 

z =a and project the curve of intersection onto the (x,y)-plane by 

(x,y,z) ~ (x,y) we obtain precisely the curve fa (x,y) = 0. This 

leads us to consider the mapping F + ffi2 defined by projection. 

We look at an example. 

circles 

2 
a 

Let the family o f curves be the family of 

The enveloping curve is obviously just the pair of axes, the surface F 

is an oblique cone, and the axis pair is obviously its outline under 

projection onto the (x,y)-plane. 
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This brings us to the following definition : 

The envelope of the family of curves given by fa(x,y) = 0 is the out­

line of the surface with equation f(x,y,z) = 0 under projection onto 

the (x,y)-plane (where fa(x,y) = f(x,y,a).) 

This definition does not correspond entirely to the intuitive 

definition given above, but it has the advantage that it immediately 

gives us an analytic method for the calculation of the envelope. For 

the outline is precisely the image in the (x,y)-plane of all points of 

F at which there is a vertical tangent. These are precisely the 

points at which :~ = 0. Thus we obtain the equation of the envelope 

by elimination between the equations 

f(x,y,z) = 0 

af az (x,y,z) 0. 

We remark that not every family of curves has a curve as envelope. For 

example, one sees immediately that for the family of all lines through 

the origin the envelope in the above sense consists only of the origin 

itself. 

The families of curves which appear most frequently in our context 

are not parametrised by a real parameter a, but by the points (a,b) 

of a curve which itself is given by an equation g(a,b) 0. Thus one 

has a family of equations f(x,y,a,b) = 0 for the family of curves. 

By carrying over the considerations above one now sees easily that : 

One obtains the equations of the envelope by elimination of a,b 

from the equations 

f(x,y,a,b) 0 

0 

0 

(1) 

(2) 

(3) 

As an example, we shall compute the equation of the astroid. The 

astroid was the envelope of the family of lines resulting from the 

motion of a line with two points constrained to slide on the axes. We 

choose the distance between the points equal to one. When a,b are 

the intercepts of the line on the axes, the equations then read: 

(1) 
X r - 1 0 - + 
a b 

(2) 
2 + b2 - 1 0 a 

(3) 
b a 

0. 
2 

X - -y 
a b2 
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Multiplication of (1) by b 3 y ields 

-X 
a 

Substitution of (3) in this yields 

Hence, by (2 ) 

and similarly 
3 

x = a . 

Substitution in (1) gives the natural equation of the astroid 

When one raises both sides to the power 3, carries roots to the right­

hand side and again raises to the power 3, one f inally obtains the 

equation o f the astroid 

We remark that any curve can be regarded as the envelope o f the 

family of its tangents. This fact plays an impor tant role in Plucker's 

idea of regarding the lines as elements of a new manifold, and taking 

the coe f f icie n t s of their equations a s coordi nates in this ma nifold. 

The total i ty of t ange nts t o a curve the n c o n s titutes a n e w c u rve in t h is 

manifold of lines, the dual curve of the original. 

After these examples of the application of differential calc ulus 

to the analytic geometry of curves, we shall now discuss in detail 

one e xa mple among t h e general l y known applications o f inte g r al calc ulus 

(suc h a s computation of a rea), namely t h e p r oblem of r ect ify i ng a cur ve , 

i.e. calculating arc length. 

Suppose a curve in cartesian coordinates is given by a par ametri­

sation 

x = x (t) 

y y (t) . 

We know that such a parametrisation always exists locally, in the 

neighbourhood of a regular point. Then the a r c length of the curve 

from (x(t0 ), y (t0 )) to (x(t1 ) , y(t1 )) is 

f t l /::C(t )2 + y( t ) 2 d t. 

to 
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Even for simple curves, e.g. the ellipse, such an integral is in general 

not elementarily computable, i.e. expressible in terms of elementary 

functions, and this was a factor leading to the theory of elliptic inte­

grals and the development of function theory . 

We shall look at quite a simple example. 

ised parabola 

We consider a general-

Incidentally, one sees here again how the analytic base allows interest­

ing curves to be defined through mere generalisation of the form of 

equations. A global parametrisation of this curve (for p, q relat-

ively prime) is 

However, we prefer to choose the parametrisation by x 

y = xp/q. 

We then find the arc length to be 

J/ X~-+ p2 

0 q2 

x 2 (p/q -l) dx. 

This cannot be elementarily evaluated for general p, q. However, for 

the special case p = 3, q = 2, i.e. for Neil's parabola (or semicubical 

parabola) 

we obtain 

+ ~ x dx 
4 

8 + ~ ) 3/2 IX 
27(l 4x · 

0 

And hence in this case we can construct a segment of the same length as 

a given arc of the curve by ruler and compasses. Neil's parabola was 

one of the first curves to be rectified, by Neil himself in 1657. 

2.5 Newton's investigation of cubic curves 

The analytic method of Descartes is in a certain sense the most 

general method for the generation of curves, because it allows the con­

cept of plane algebraic curve to be defined in full generality, as the 

zero set of an equation f(x,y) = 0, where f(x,y) is an arbitrary 

polynomial in x and y. Each particular choice of equation defines 
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a curve, whose particular properties can be investigated, e.g. the gener­

alised parabola xp - yq = 0 or the folium of Descartes 

x 3 + y 3 + axy = 0. 

The generality underlying the definition of algebraic curves makes 

for a corresponding generality in the resulting problem of bringing 

order into the totality of all these curves, of classifying them in a 

suitable sense. 

A first approac~ to a classification was already found by Newton. 

It comes directly from t he form of the equation : obviously the 

equation f(x,y ) = 0, and hence the curve itself, can be more complex 

as the degree of the polynomial increases. This number, the order of 

the curve, is therefore a certain quantitative measure for the geometric, 

qualitative complexity of curves. It is easy to see that, under a 

change of cartesian coordinates, the equation is transformed into 

another of the same order, and thus in the order we have found a measure 

invariant under such transformations, an invariant for the qualitative 

geometric properties of the curve. 

It is easy to capture the geometric meaning of this invariant more 

precisely. Let f(x,y) = 0 be the equation of a given curve of order 

d, and let ax + by + c = 0 be t he equation of an arbitrary l i ne. We 

can eliminate one of the variables from the line equation, say 

y = ax + a for b ~ 0. If we substitute this in the polynomial 

f(x,y), then in g(x) = f(x,ax+a) we obtain a polynomial in x of 

degree < d, and for all but at most finitely many lines this poly­

nomial is exactly of degree d. 

Now the zeroes of g(x) are obviously just the abscissas of the 

intersections of the line with the curve, and hence we obtain : ~ curve 

of order d is cut by an arbitrary line in at most d points. Is it 

perhaps exactly d ? 

bola y 2 - x 3 0. 

We consider an example, say the semicubical para-
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The figure above shows the semicubical parabola and some of the 

lines intersecting it. The line g cuts the curve at three points, as 

we would expect on the basis of the preceding considerations, and each 

line which results from g by a sufficiently small displacement has the 

same property . But when we displace g so far that the line goes 

through the origin, say at position g', two of the three points of 

intersection coincide. If one assigns this intersection a multiplicity 

2, then g' still cuts in three points. Algebraically, this means 

that in the polynomial equation for the intersections of the curve with 

the line y = ax, namely a 2x 2 - x 3 = 0, t he zero x = 0 has multi plici-

ty 2. If we displace our line still further, say to the position g' ', 

then the two intersections at the origin vanish! Algebraically, this 

corresponds to the fact that for y = ax + b with a·b > 0 the inter­

section equation x 3 - (ax+b) 2 = 0 has two non-real roots. By the 

fundamental theorem of algebra , each polynomial of degre e d has d 

ze r os - wi th mult i plicit ies counted - but of c ourse t he s e need not all 

be real. We see here that it will be useful to also admit complex 

solutions for the equation f( x ,y) = 0 of our c urve. 

Let us consider again the intersection of the semicubical parabo la 

with a ll lines through the o rigin . All of these lines, apart from the 

two c oordinate axes, cut the curve in thre e points : the origin with 

multiplicity two, and a further point P with multiplicity one. When 

the line moves to the position of the x-axis, P also moves to the 

origin, the single intersection o f the curve with the x-axis. For this 

reason, one should now count this intersection with multiplicity 3 

We see from t his that i t will become nece s sary t o develo p a theo r y o f 

t h e multi plic itie s with whic h curve s are cut at their singular points. 

If our line now moves to the other distinguished position, that of 

the y-axis, then P moves to infinity, so that t h e only intersection 

with the curve which remains is the origin, counted with multiplici ty 

two. 

We s ee from this that it will become necessary to deve lop a s y s tem­

atic theory of infinitely distant points, in order to capture the infin-

itely distant intersections as well. This is a factor which led to the 

development of projective geometry. 

We s hall i n f act d e velop a s a tisfact ory theory o f multiplici ty and 

inte r sections in complex projec t i ve geometry. 
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We have seen that with the order d of curves we have at our dis-

posal the first invariant which can be applied to the classification of 

curves. It is now quite natural to proceed with the classification 

problem by obtaining an overview of all curves of lower order, say by 

considering the cases d = 1,2,3,4. 

The case of curves of order 1 is trivial these are just all 

lines ax + by + c = 0. 

The curves of order 2 are, when one admits degenerate cases such 

as line pairs and double lines, just the conic sections 

2 
bxy 

2 
+ dx f 0. ax + + cy + ey + = 

One also calls these curves of order 2 quadrics. 

The first interesting case is that of the cubics, i.e. the curves 

* of order 3. This case was first investigated systematically by Newton 

in his article on curves, [N2]. We shall give a brief survey of t he 

results which Newton obtained in it. 

In his investigation of cubic curves, Newton systematically 

applies the analytic method : he investigates the equation f(x,y) = 0, 

where f(x,y) is a polynomial of degree 3. He starts with the asymp-

totic behaviour of curves. For "large" x,y this behaviour is of 

course determined by the terms of highest, i.e. third, degree in f, 

and hence by a homogeneous polynomial of third degree, 

l(x,y) ax3 + bx2y + cxy2 + dy3 Now there are obviously two possible 

cases. Case A : f is the third power of a linear form. By a 

change of cartesian coordinates (not necessarily rectangular) one then 

has f(x,y) = 
3 

ax with a 1 0. Case B : is not a third power. 

Then one sees that with a suitable change of coordinates f can be 

brought into the form f.(x,y) = xy2 - ax3 • In the remaining terms of 

f, i.e. in f- f , the monomials y 2 , xy and y can appear, in 

addition to powers of X. In case B one can make the y 2 and xy 

terms vanish by displacement of the origin, and in case A one can make 

and vanish, by a change of coordinates, when 
2 

xy y new y appears . 

If 
2 

does y not appear, but xy does, one can make y vanish. In 

summary, one has : a cubic curve which contains no lines has an equation 

* Particular examples of cubics had already long been known, e.g. the 
cissoid of Diocles, the folium of Descartes and Neil's parabola. 
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of one of the 4 normal forms which follow, relati ve to suitable carte-

sian coordinates : 

2 3 
bx2 + d. I. xy + ey ax + + ex 

II. 
3 + bx2 + d. xy ax ex + 

III. 
2 3 + bx2 + d. y ax ex + 

IV. 
3 

+ bx2 + d. y = ax + ex 

Newton now discusses these equations, having to make case d i stinct­

ions according to the roots of ax3 + bx2 + ex + d = 0. In this way 

he obtains 72 cases, and there are six cases that he overlooked. The 

discussion of cases II and IV i s of course trivial , case I is the most 

complicated. We shall not go into this discussion in detail here, but 

in order to give an impression o f it we reproduce the first pag es of 

Newton's work and the section in which he discusses case III . In this 

case he obtains 5 types of "div erging parabolas" : there are t wo which 

are no n-s ingular, when all thre e r oots o f ax3 + bx2 + ex + d = 0 are 

different, with two curved paths in the case of three real zeros, and 

one in the case of one. If two of the three roots coincide one obtains 

a curve with an isolated singular point or an o rdinary double point . 

If all three roots coincide one of course obtains the semicubical para-

bo l a . Newton's manuscript also contains picture s of all these curves, 

so tha t we c an s i mply r efer t o it . 
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CURVES. Tbe irtcomp11r11b/e Sir !Cue Newton 
gives this following Ennurnerntion of Gmnetri­
c•l LimsoftheThird orCubick_Order; in which 
}Oil hAve All 11dmirable Account of m.ttt] Species 
of Curves which txcwJ the Conick-Seetions 
for tbt] go 110 higher thAn the Q...uAdrAtick._ or St: 
Second Order. 

The Ortkrs of Geometrick_Lints. 

r: GEOMETRICK-LINES, ;J.re lxft diftin­
gui!li'd into Cl.tffes, Genders, or Ordtrs, according 
to [he Number of·the Dimenfions of an Equation, 
expreffing the relation between the Ordinatts and 
the Abfciff~ ; or which is much ar one, according 
to the Number of Points in which they may be cut 
by a Right Line. Wherefore, a Line of rhe Firfl 
Order will be only a I(jght Li11r: The(e of rhe Se­
cond or ~•dr~tticl(_ Order, will be rhe Circlt and the 
ConicJr.-SeBions J and the(e of the Third or Cubic!( 
Order, will be the Cubic~tl and Nelittn Parabo/11's, 
the Cijfoid of the Antients, and the re!t as belew 
cnnumerated. But a Curve of the Fir/l Gender 
(lxcaufe a Right Line can't be reckoned among the 
Cu,..,es) is the fame with a Line of the Second Or­
der, and a Curve of the Steond Gender ; the fame 
with a Line of rhe Third Order, and a Line of an 
Infinittfim~tl Order, isrhatwhich a Right Line may 
cur in infinite Points, as the Spiutl, C}cloid, the 
~•drAtrix, and every Line generated by rhe lnfi. 
nite Revolutions of a 1{11ditH or Jt.ot•. 

:1.. The chief Properties of the Conic~·St8ions 
are every where rre:tted of by Geometers ; and of 
the fame Narure are the Properties of the Curves 
of the Second Gmdtr, and of the reft, as from the 
following Ennumerarion of their Principle Proper­
ties will appear. 

3. For if any righr and parallel Lines be drawn 
and terminated on both Sides by one and the fame 
Conick.-Seaion; and a Right Line bifeCting any 

CUR 

two of rhem, llull bifed: all the 1Tft ; and there­
lor~ fuch a Line is called the Diameter of the 
Figure; anJ all the Right Lines fo bi!etfed, are 
calk·J OrJinatr A!!licatrs to that Diameter and 
the Point of Concourlc ro all the Diameters i~ cal­
fed rhc Ctmtr of the Figurt; as rhe Imcrfeaion of 
rhe Curve and of rhe Di:?.mc:ter, is called the Va· 
t~x, and rhat Diameter rhe AxH to which the Or­
dinar.,s an: Norrnr./1) applied. And (o in Curvts of 
the Steo11J Gwdrr, if any two right anJ parallel 
l.mcs arc drawn occurring to the Curve in Three 
Points; a right Line whith l11all fo cut thofe Paral­
lels, that the Sum of Two Pans terminated at 
the Curve on one Side of the InterfeCtin.~; Line 
!IWI I><= equal co the third Parr terminated at the 
Curve: on the ocher fide,rhis Line {hall cut,afrer the 
Umemanner,aiJochc:rs parallel tO thcfr,and OCCUlTing 
to the Curve m Threc:·Poims; that is, lhalr focur 
Them rh;u the Sum of the ·1 wo Parts on one Side 
of ir, !hall be equal to the Third Pan on the other. 

And therefore thefc: Three Pares one of which is 
rhus every where equal ro the Sum of the or her two 
may be called OrJi11attApplicnw alfo: And the In~ 
terleCting Line to which rhe Onlinaccs arc applied, 
rna Y be called the Di11mtttr • rhe Interfdlion of 
thl' Diameter and rhe Curve,' may be called the 
frnltx, and the Point of Coucourfc of any two 
Diameters, the Ce11tcr. 

And if the Diameter be Normal to the Ordi· 
nates, it may be called rhe Axil ; and t'har Point 
where 11l/ the Diameter'S terminate, the GnurAI 
Crntrr. 

Ajfjmptottt 11nd their Proptrtiu. 

4- The Hyperbol:rofrhe Firft Gender has Two 
Ajfjmpwes, that of the Second, Three · that of 
rh_e Third, Fous, and ir can have no more,' and fo 
ol the rcft. And as the Parts of any Right Line 
lying lxrwcen the Co11ic111 Hypubo/4 and irs Two 
Alfymprorcs arc every where equal; (o in the Hy­
rerbola's of rhe _Second Gendet, if any Right Line 
he drawn, curnng both the Curve and irs Three 
Atfymprmes, in Three Points; theSumol rhe Two 
Pam of that Right Line, lxing drawR the fame 
wly from auy Two Atfymptotes to Two Poinrs of 
the Curve, will be equal to the Third Pan drawn 
a Qtlntr;~ry way from the Third Allymptore to a 
Third I aim of the Curve. 

L~ttrn Trllnfrmfo 11nt! !{din. 
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~-----------------------------------------------

~- A11.l " in 1\'o11 P~rdbolicl:, Co11iclc. Se£/itml 
<he Squ.nc of rltr Ordina·<c Aprlicare , tha; 
is, tbe Reda11rk under the Ordin3.tes, drawn at 
contrary Sides of the Diameter, is ro the Redangle 
of <he Parts of the Diameter, which arc termina­
<ed at the Vertex's of the E8ipji1 or Hyp"hl• · as 
a ccruin Gi\'rn Line which is called the L'•tuJ 
J<!Rum, is to that Parr of 1he Diameter which lies 
between <he Vertex's, and is called the Ltttll y,.d,.;: 
1mjitm: loin Non-P•r•bolici(,Cu>vtl of the Second 
C.enJcr, a Parallelopiped under the Three Ordi­
nate Applicate,, is w a l'arallclopiped, under the 
Parts of the Di~meter tcrminared at the 0rdinJtes 
:ond the Three Vertex's of the Figure in a certair; 
Given Ratio ; in which Rario, if you take Three 
·Right Lines to the Three Parts of a Diameter fci­
tuatr<l hnween the Venex's of the Figure, one an­
fwering :o anmher, then thc(e Three Righ< Lint·s 
may he called the_ L•tcr4 l{t£1.> of the Figure, and 
the P~rts of the Dtamcter between tht: lltrtia1, the 
f.4trr• Trttnfvr:rfir. And as in the Conick Parabola 

ha\'lng w one and the lame DiJm(':er but one only 
V crrex, the Rcdan!:lc under <he Ordinues is equal 
w that under the Pan ot the Diameter cut off be­
tween the Ordina<es and the V crt ex, and a ceHail\ 
Line c3.Jied the l.atus l{_rt1mn : So in the Cun•es of 
the Second Gender, which ha•e but two Vertn:'s 
to the fame Diameter; the Parallelopiped under 
Three Ordma<cs, IS equal to 1he Par.:lldopi[ cd un­
der the Two Parts ot the Dtameter cutOH.bctween 
the Ordinates anJ thule Two Vertexes, and a gi­
,·en Right Line, which therefore may be caned <he 
L~tuJJ{tllum. 

Tl>t l{ttti' •! tor l{<EIIfll;',itJ u~~:lrr t!Jt Srgmmts ~f 
l'ArttUrls. 

I.•f/ly, As in the Conick-Scdions when two pa­
rallels tctminated on each fide at the Curve, arc 
cnt by <wo mher Parallels terminated on each fide 
by rhe Curve, the Fir!t being em by the ThirJ, 
and the Second by the Fourth ; as here the Red­
angle under the Pam of the Firft, is to the Red­
angle under tb~ Pam of <he Third; as the Red­
angle undrr the P 1 res of the Secon,l is to that un­
der the Parts of the Fourrh : So whm Four tuch 
Right Lines occor to a Cur\'e of the Second Gen­
der, each one in Three Poin", then I hall the Pa­
ullclopiprd 11nder the Pans of the firlt right Line 
be to that under the Parts of the Third, and as the 

I 

Paral~lopiped un\ler the P ms of the .Second Lin: 
into that under the Pares of <he Fourth. 

All the Legs ol Cur\'es of t_hc fecond and higher 
Genders, as well as of the hrft, infinitely drawn 
out, wtll be of the H;ptrbolick, or Parabolic/:.. Grr.­
der; and I call rhat an Hyptrbolick, Leg, which in­
finitely approac!les to (orne Ajjmptore ; and that a 
l'ttrabolick, one, which hath no A,t)mptote, And thefc 
Legs are bell: known from the Tangents : For if 
the. Pomr of Con tad be at. an infinite Difbnce, 
the Tangent of an Hrptrbolzck, Lc~ will coincide 
with the .Aj)mptote, and the Tangr~t of a Parabo­
liek Leg will recede ;,. i11jinitum, will ''anilh and 
no wher~ be found. Wherefore the Afymptote of 
any Leg ts found, by feekmg the Tangent to that 
Leg at a Point infinitely diftant : And the Courj( 
!'I net or 1-V~y of a_n infini~e Leg! is found b)' feek: 
tng the Po~non ol any Rtght Lme, which is raral­
lel_t~ t~e 1 ~ngem where .rhe Point of Conrad gars 
otl "' •nfimtum: For th1s Rtght Line is dirrdcd 
towards the fame way wi<lt <he infinite Leg. 

Tht l{tdu£/iotl of •U Curvn of tht Sterr..! Ctndtt 1~ 
Four C:ll{ts of J.;']ll.<:io"'· ' 

CASE 

I All Lines of 1he Firft, Third, Fif[h and Seventh 
Order, and lo of any one, pt"OceedinJ: in the Or­
der of the odd Numbers, ,h_a".c . at lc;tll rwo Legs 
or Stdl'S rrocecJrng (J!I "" •nfmllum, and towarJs 
contrary way~. And all Linl's of the Third Order 
ha\'L' two fitch I.,·g~,or Sides running out contrary 
ways, an,! tuwarcls whKhno other of their infinite 
Lf!:S (except in the <.'allrjim1 P.:rdbot~) do te~d. 
If the Le~:s arc of the H)-perbolick Gender Ire 
G .A S be their Afnnr•tor~ ; and 10 it let the P;ral­
ld C Be be drawn, trnnina<cd (if polliblc) ac 
bo:h Ends at th~ Cunr. L('( tbis Parallel be bit: 

fedcd in X; and then will the Plareof that Paine X 

13ll The 1\lathPnwlical Works of Isaac Newton + Volume II 
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Fig. l• 

be the Conic11l HJprrboltt X 4>, one of whofe Afym­
ptotes is A S: Let its other Afymptote be A B; 
then the EqUJttion by which r~e Relatio_n betwce_n 
the Ordinate B C and the Abfctffa A B IS derermt· 
mined, if A B be put = x and B C = J• will al­
ways be in rhis Form, xyy + ey = 11x' + bx x 
+ c x + J, where. ~he Terms e, a, b, c and J 
denote given Quanuucs, atfcd:cJ Wtth rhetr Stgns 
+and-; of which any one mly be. waming, 
fo the Figure, through thetr ~efed,_ don t rurn mro 
a Conick-Sed:ion. And thts Comcal Hyperbola 
may coincide wirb ir_s Afympwtes, rhar is, the Point 
x may come to be m the Lme A B, and then the· 
Term + n will be wanting. 

CAS E II. 

9• But if the Right Line C B c cannot be ter­
minated both ways at rhe Curve, but will occur 
ro the Curve only in one Point; then draw any 
Linein a given Pofirion, which lhall cut t_he Af~m­
ptote AS in A; as al(o any other Rtght Lme, 
as B C, parallel to the Afymptotc, and meeting 
the Curve in the Point C: And then the Equation 
by which the Relarion between the Ordinate B C 
and the Abfcilfa A B is determined, will always 
putonthisForm, xy =ax'-1-bxx-t:cx+J. 

CASE Ill 

1 o. But if the oppofirc Legs are of the Parabo­
lick Gender, draw the Kigbt Line C B c, termi­
nated at both Ends, if it's po!ftble, at the Curve; 
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and running according w the Courfe of the Legs ; 
which bilfcCI: in B : Then !hall the Place of B be 
a Right Line. Let that Right Line be A B, ter­
minated at any given Point, as A; and then the 
Equation by which the R~lation bc~ween rh~ Or­
dinate B C and the Abfctlfa A P. ts derermmed, 
will always be in this Form, y y = a x 1 -t- b x x 
+ex +d. 

CASE IV. 

11.But if theRight Line C Be meet the Curve but 
in oncPoint,and therefore can't be terminated at the 
Curve at bothEnds; let thePoinrwhere it occurs to 
the Curve be C; and let that Right Line at the Point 
B fall on any other Right Line given in Pofirion, 
a; A B, and terminated at any given Point, •s A: 
Then will rhe Equation, by which the Relation be­
tween the Ordinate B C and the Abfcilfa A .'J is 
determined, always be in this Form, y l :=: ~ ·'' 
+bxx+cx+J. 

Tb~ Nam~s of the Forms. 

I :1.. In the Enumeration of Curve~ of thefc 
Cafes, we call that an Infcrib<tl Hyp:.bola, which 
lies entirely wirhin the Angle of the Afymptorc~. 
like the Conic11/ HyperbolA ; and tbar a Ci rcmnf;ri· 
bed one, which curs the Afymprotes, and conr~ir.s 
the Pam cut off within its own proper Space ; .<nd 
that an Ambigen11/ one, which hath one of irs mn­
nite Legs inli::ribing it, and the other circumfrrt­
bing it. I call that a Conwrging one, whofc Con­
cave Legs bend inwards towards one another, and 
run borh the fame way ; but rhat I call a Diwrg­
ing one, whofe Legs turtt their Convexities towards 
each other, and tend towards quire cor.rrary ways. 
I call that HJpnboia contr4rJieg'd, whofe Legs are 
Convex towards contrary Parrs, and run infinitely 
on towards contrary ways; and rhat a Cor~c!·o:dn 1 

on~, which is applied to irs Afymptorc with irs 
Concave Vertex a11d diverging Lt"gs ; and rhat an 
AnguincAI or Eel-lil;.,e c,ne, which curs its :1 fymprorc 
with contrary Flexions, and is produced borh w:o.ys 
into contrary Legs. I call rhat a Cruciform or Crofi­
li/;.,e one, which curs its Conjugate crofs wife; and 
that NodAu, which, by returning round imo, de­
cuifarcs it felf. I call that Cujpid~t<, whofe two 
Pam meet and terminate in the Angle of Conrad; 
and rhat PunEIAfe, whofe Oval Conjug11te is infi­
nitely fmall, or a Point: And that Hyperbola I 

TIH: ~lathenwlical Works of Isaac Newton + Volnmc II 139 
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CUR 

yl"s uf till' 1\i)·mrtotl'S, bur in the conriguouStor 
. 1(,;ci n1~1: cne:>, a11d thlt on each .'>iJe the Abfciffa 

Fi~. 6S. 

G 

Fig. 69, 

G 

~ A 

( 
l 

A lJ ; and ~ven without any Diameter, if the Term 
c J be there, bur with one if that be wanting. 
Which two Sprci '' are the SixtJ fourth and Sixty 
fifth, 

A TriJmr. 

16. In the fecond Cafe of the Equations there is 
XJ =•x' +bxx+cx+d: And theFigure 
in this Cafe .will have four infinite Legs, ol which 

CUR 
Fig. 76 . 

rwo are Hyperbola's about rhe Afymptore A G 
rending towuds contrary Parts ; and rwo· converg. 
irtg Parabola's, and, wirb the Former, making as 

it were the Figure of a T.-idmr. And this Figure 
is that Parabola by which D. CmttJ conllrueted E­
quations of fix Dm1enfions. Thts rherctore is the 
Sixty fixr!J S;rcicJ, 

Fiw Diwrging Par~bola't, 

27. In rhe third Cafe the Equation was YJ = 
ax' + bx x + c x -1 d; and deligns a Parabola, 
whofe Legs diverge from one another, and run out 
infinitely comrary ways. The Abfciffa A B is irs 
Diameter, and irs five Species arc thefe : 

If, of the Equation .sx' + b x x -1- c x + d 
= o, all the Roots AT, AT, At, are real ae~d 
unequal; then rhe Figure is a diverging Parabola 

Fig. 7C, 

G / 
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Fig. 71. 

G 

c 

of the Fonn of a Bell, with an Oval at its Vertex. 
And this makes a Sixty fiwmb Spcits. 

If two of the Roots a~e equal, a Parabola will 
be formed, either NoJAted by touching an Oval, 

Fig. 71. 

Fig.. 73-

c 

A 
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CUR 
or Pun841t, by having the Oval infinitely fmalL 
Which two Sptcits are the Si.ttJ tighth and SixtJ 
nimh. 

If three of Ehe Roors are equal, the Parabola 
will be CufiiJ4tl at the Venex. And this is the 

Fig. 75. 

Ntili•n Parabola, commonly called Semi-cubical. 
Which makes the Stvmtitth Sptciu. 

If two of the Roors are impoiiible, there will 
(Sec Fig. n) 

Fig. 13· 

be a Pure Parabola of a Bell-like Form. And this 
makes the S~mtJ firft Species. 

158 The i\lnthcmatical Works of lsnac Newton + Volume 11 
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CUR 
The Cubical Parabola. 

18. in the Fourth Cafe, let the Equation be 
1 = 11 ~ + b x ~ + c x + d; then will it denote 

Fig, 11· 

the Cubical Par11bola with contrary turn'd Legs. 
And this makes up, or com pleats, the Number of 
the Species of thelc Curves to be in all Sc~tnt} tn>o. 

Of the Genejis of Curvrs b) Shadows. 

19. If the Shadows of Figures are projetl:ed on 
an infinite Plane illuminated from a lucid Poim, 
the Shadows ol the Conick-Scdions will always 
be Conick-Sedions ; thofe of the Curves of the 
Second Gender, will always be Curves Qf theSe­
cond Gender ; and the Shadows of Curves of the 
Third Gender, will themlclves. be of the fam.: 
Gender, and foon in inji11itum. And as a Circle, 
by the Projection of its Shade, generates all rh:: 
Conick-Scdions ; fa will the five di\·erging Para. 
bola's fpoken of in ch. :z.S. by their Shadows gene­
rate and exhibit all Curves of the Second Gender ; 
and fo fame more fimple Curves of other <kndcrs 
may be found, which, by the Projcd:ion of their 
Shadows from a lucid Point upon a Plane, !hall 
from all c•tllcr Curves of the fame kinds. 

0{ t<l,. dwblc P•ints of Cmws-, 

30. I faid above, that Curves of the Second 
Gender might be cut by a Right Line in three 
Points ; bur rwo of thofc Points arc fometimes co-

CUR 
incidtm, As when the Right Line patfcs by an O­
val infinitely fmall, or by the Concourfe of two 
Parts of a Cun·c mutually interCeding each other, 
or running together into a Cufp:i. And if at any 
time all the Right Lines tending the fame way with 
rhe infinite Leg of any Curve, do cur it in one on­
ly Poinr, (as harrens in the Ordinates of the Car­
ttjiall, and in the Cubicdl l'dr.:bo/4 , and in the 
Right Lines which arc parallel to the Abfci!l'a of 
the Hyperbolifm< of Hyrerbola's and Parabola's;) 
then you arc 10 conceive chat thole IUght Lines pals 
through two other Points of the Curve (as I may 
fay) placed at at an ir.finite L)ilbn\e; and thefe 
two co-incident lnterfcehons, whether they be at a 
finite or an infinite Diftance, I call the Doubl• 
Point. And fuch Curves as have this Doubt• 
Point, may be dcfcribed by tl:e following Theo­
rems. 

Theor•ms for the Org.:nica/ Drfcription of Curt>es, 

31. Tlmr. I. If two Angles, as PAD and 
P B D, whofc Magnitude is given, be turned round 
the Poles A and B, given alfo in Petition ; and 
their Legs A P, B P, by their Point of Concourfe 

Fig. 78. 

,,. ... --.... 

P, defcribc a Conick-Sec1ion palling thro' their 
Poles A and lJ ; rxcepr when that Right Line 
happens to rai1 rhrongh either of the Poles 
A or lJ; "" v.hcn rile A"J~ks IJ AD and A IJ D 
,·anilh roger her onto unrhi"~; for in fuch Cafes the 
Pcir.t will defcribc a Right l.il.<', 

H. If the fi1ft Legs A P, B P, by their Point of 
Cll!!courfc P, do Jcfcribe a Conick-Setl:ion paf-
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Newton's description of al l the cubics was l ater critic ised by 

some mathematicians, e.g. Euler, because this classification lacks a 

general principle. Plucker later gave a more refined classification, 

in which he arrives at 219 types . 

In the face of this multiplicity of types, the question of a 

unifying principle naturally arises. And such a principle al r eady has 

its basis in the work of Newton, namely the short section (29 ) : Of 

the Genesis of Curves by Shadows, reproduced on the previous page. 

The foll owing two pic tures illustrate t hese ideas of Newto n. The 

first shows how projection of a circle in a plane E fro m a point P 

onto the planes E', E'', E''' yields ellipse, parabola and hyperbola. 

The second picture shows the p ro jection of a cubi cal parabola onto a 

semicubical parabola, and conversely. 
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Newton's theorem contains an important idea : that the classifi­

cation of the great multiplicity of cubic curves is essentially simpli­

fied when one considers two curves to belong to the same class when one 

results from the other by projection from a centre. The unfolding of 

this idea led to the development of projective geometry, which will be 

discussed in the next section. 

3. The development of projective geometry 

We have seen how the methods of perspective representation of 

spatial objects, which had their beginnings in antiquity, were devel­

oped into a fine art during the Renaissance in the work of artists, 

architects and inventors. In the 16th and 17th century this art 

became a geometric theory, which at the end of the 18th century unfolded 

into a mature system, descriptive geometry. This theory is concerned 

with generating planar pictures of spatial or planar objects by projec-

tion. We have already seen how Newton used this projection method to 

unify the classification of cubic curves. As descriptive geometry 

itself unfolded, geometers realised that the consistent introduction of 

the "projective" viewpoint made possible a far-reaching unification and 

generalisation of geometric methods. This led to the development of 

projective geometry, in which the synthetic and analytic methods 

developed alternately. In what follows we shall look more closely at 

some essential steps in this development. 

3.1 Descriptive geometry and projective geometry 

The beginnings of perspective representation, of buildings for 

instance, already appear in antiquity. In the Renaissance these were 

developed into an art of drawing, with elements of a geometric theory, 

by Alberti, Franceschi, Viator, Brunelleschi, Ghiberti, Leonardo da 

Vinci and Albrecht Durer. With G. Ubaldo del Monte (1545-1607) there 

appears the basic idea of central projection, in which the perspective 

of an object appears as a section of the "visual ray pyramid" by the 

picture plane, and a geometric theory for the solution of problems of 

perspective representation begins to develop. 

One of the main problems of descriptive geometry is to draw planar 

pictures of spatial objects. This is done by central projection in 

the following way : one connects the points P of the object with a 

fixed point Z, the centre of projection, cuts the projection rays ZP 

, ,  
DOI 10.1007/978-3-034 -0 - _3
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by a fixed plane E' , the "picture plane", and draws the point P' of 

intersection as the image of the point P. 

z. 
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The centre of projection Z can be taken to be the eye or a light 

source, the projection rays as visual rays or light rays. When Z is 

an infinitely distant point, the projection rays are parallel, and the 

result is the orthogonal or oblique parallel pro j ection, according as 

the plane E' is orthogonal to the direction of projection or not . 

The image surfaces of the visible and invisib l e boundary surfaces 

of the object being mapped will be separated by true and apparent out-

lines. Such outlines can be interesting curves- we have seen, e.g., 

how a toroid appears in the case of orthogonal parallel projection of a 

torus. 

We shall now confine oursel ves to the special case in which the 

projected figures are planar, i.e. we investigate the projection o f a 

plane E onto a plane E' from a centre Z , as indicated by the 

following picture. 



105 

This projection associates each point P of the plane E with a 

unique point P' of the plane E' as image . An exception occ u r s with 

the points on the disappearing line, i.e. the line in which t h e plane 

through z parallel to E' cuts the plane E . The points on the dis­

appearing line have no image po ints in E', their images disappear at 

infinity, so t o speak. A line in E has an i mage in E' which is 

also a line . Parallel lines i n E have images in E' whic h 

obviously meet at a point, the vanishing point. The collectio n o f all 

vanishing points constitutes the vanishing line, which is the i nter­

s ection of E' wi th t h e plane through Z parallel to E . Th e poin t s 

on the vanishing line are the onl y points in E' which are not images 

of points in E. 

infinity" of E. 

They are in a way the images of the "points a t 

The fact that the images o f parallel lines under central projection 

me et a t a vani s h i ng point was a l ready seen b y Uba l do aro und 1600. But 

the view of thi s point as the i mage of a point at infinity is due t o the 

master builder and engineer Desargues (around 16 40 ) . With this intro­

duction of the points at infini ty and the line at infinity into the 

framework of his theoretical wo rk on perspective , and the applicatio n of 

pro j ective me thods in the proof of g e ometrical t heorems (Desa r gue s' 

theorem, c f . 6 . 2), Desargues was a p r ecurs or of projectiv e g eomet r y . 

The fruitful influence which the development of descript i v e 

geometry had o n that of projective geometry strengthened at -the t ime of 

the French revolution, when G. Monge, director o f the tcole Polyte ch­

nique , founded in 1794 and the prototype of a l l engine ering a nd mil itary 

school s in the early 19th century , pub lished his "Geometrie d e scrip tiv e" , 

a tho r ough system o f des c riptive geome try he ha d worke d o u t in co nnect­

ion with his lectures on fortification, and which he publishe d in order 

to make French i ndustry, with these tools in t h e hands of its engineers 

and architects, self-sufficient . 

One s tuden t of Mo nge wa s Ponce l et . Poncel et a dd r essed h i msel f to 

the pure ly s ynthetic content o f Monge' s geome try and t hereby arrived a t 

a way of thinking already hinted at two hundred years earlier by 

Desargues. Poncelet became the founder of pro jective geometry. 

The "Traite des proprietes p r o jectives des figures" (Treatise o n 

the pro jec tive p r operties o f f igures) of Po ncel e t appeare d in 1822 . 

"This heavy vo lume contain s a l l t he essential concept s underl y i ng t h e 

new f orm of geometry, such as cro ss ratio , p e rspectivity, projectiv ity, 



106 

involution, and even the circular points at infinity" (quoted from 

Struik) . The starting point of Poncelet was to ask which properties of 

figures are retained under arbitrary projections. These are the 

projective properties. They can involve quantitative relations such as 

the cross ratio of four points z 1 ,z2 ,z3 ,z4 on a number line, 

zl-z4 z2-z4 
However, most of the relations concerned are qualita-

tive, positional relations, which is why this geometry is often known as 

the geometry of position. 

In the systematic application of projections one had a synthetic 

method of great generality for the generation and investigation of 

geometric figures, and particularly curves. It was only natural for 

immediate attempts to be made to give this method an analytic form. 

This occurred in the work of Mobius and Plucker. 

3.2 The development of analytic projective geometry 

The first step in the application of analytic methods to plane 

geometry was the introduction of cartesian coordinates. In this one 

chooses two systems of parallel lines, and the position of a point is 

determined by the two lines on which it lies. The two lines are given 

by two numbers (x,y), which are just the cartesian coordinates. 

Parallel projection takes parallels to parallels, hence the corres­

ponding mappings can be properly described in cartesian coordinates. 

However, parallelism is not preserved under arbitrary central projection. 

One would like to know how to introduce coordinates which are adequate 

for use with arbitrary projections. Under arbitrary central projection 

the two systems of parallels of a cartesian coordinate system go to two 

pencils of lines through the corresponding vanishing points. 
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Since the position of a point P in the plane E is determined 

by the two lines on which it lies, the position of the image point P' 

in E' is determined by the two image lines. Thus when we have des-

cribed these two lines by suitable coordinates, we shall have coordin-

ates which allow a quantitative description of projection. In order 

to arrive at the right idea, we consider a special case. We take E 

and E' orthogonal to each other, and the centre of projection at 

distance 1 from E and E'. In E we use a system of rectangular 

cartesian axes, whose origin lies on the intersection line L of E 

and E' and whose axes make an angle of 45° with L. The following 

figure illustrates the situation. 

folded into the same plane. 

It shows half planes of E and E' 

Let u,v,w be the distances of P' from line QQ' and the images 

of the coordinate axes respectively. Here, distances in the interior 

of the triangle OQQ' are taken to be positive. The position of P' 

is of course uniquely determined by the triple (u,v,w) ; (u,v,w) are 

called the triangular coordinates of 

given by v = ~ and the line 
u 1 ' 

Q'P' 

P'. 

by 
w 
u 

The line 
y 
1 

QP' is obviously 
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Vanishing line 

E' 

E 
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Thus to determine the position of a point in the plane E', as the 

intersection of the lines QP' and Q'P', one does not need the trian-
v 

and X = gular coordinates (u,v,w) themselves, but only the ratios 
w 

y = -
u 

If one were to multiply the triangular coordinates 
u 

(u,v,w) 

by a common factor A f 0, constructing the triple 

(x0 ,x1 ,x2 l = (Au,AV,AW), then the same ratios 

xl 
X = 

y 

would result. 

coordinates 

This suggests that we admit not only the triangular 

(u,v,w) as coordinates of a point in the plane E', but 

also - as a generalisation of the coordinate concept - all triples 

Thus a point no longer corresponds to one 

number triple, but to infinitely many. Nevertheless, one says each of 

these triples are the coordinates of the point, because all the differ-

ent coordinates differ only by a factor. One calls these coordinates 

homogeneous (because all the coordinates x 0 ,x1 ,x2 are multiplied 

uniformly by the same factor A). Thus we see how one proceeds quite 

naturally from the triangular coordinates, which come up in the analytic 

treatment of central projection and which were introduced by Plucker in 

1830, to homogeneous coordinates. Plucker carried out the step to 

homogeneous coordinates in 1834. 

We remark that the homogeneous coordinates (x0 ,x1 ,x2 ) of a point 

can never satisfy x0 x 1 = x 2 = 0, because u = v = w = 0 would mean 

that the point lay on the three lines QQ', QQ and OQ', whereas they 

have no point in common. 

One more historical remark : homogeneous coordinates had already 

come up earlier- 1827 -in Mobius' barycentric calculus. Mobius 

fixed three points p 1 ,p2 ,p3 in the plane, gave these points weights, 

and then considered the centre of mass of this system of three weighted 

points. It is clear immediately that two such systems with weights 

(x0 ,x1 ,x2 ) and 

a A f 0 with 

<x0,xi,x2) have the same centre of mass when there is 

Thus one also arrives at 

the homogeneous extension of the coordinate concept from this starting 

point. 

Mobius realised that homogeneous coordinates were suitable for the 
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description of central projections. If E and E' are two planes in 

space and if one introduces homogeneous coordinates {x0 ,x1 ,x2 ) in E 

and {x0,xi,x2) in E', then each central projection of E onto E' 

with a projection centre on neither E nor E' is described in terms 

of these coordinates by 

x' 
1 

{*) 

where this transformation is invertible, i.e. its matrix is invertible. 

The converse does not quite hold : if E and E', homogeneous coordin-

ates, and the transformation {*) are given, then one cannot uncondition­

ally regard the latter as a central projection of E onto E' at 

their given positions in space. However, one can prove that each such 

linear transformation can be realised as the composite of a chain of 

central projections E = E1 + E2 + ... + Ek = E' with a series of 

auxiliary planes. It is therefore natural to consider all invertible 

linear transformations of the form {*). Mobius called these trans-

formations collineations because they preserve the collinearity of 

points, i.e. they map lines to lines. 

Figures which go into each other under collineations are called 

projectively related. This projectivity is an equivalence relation, 

like congruence, similarity and affinity of figures, whereas the 

perspectivity of figures, defined by central projection, is not an 

equivalence relation - it is not transitive, as one sees from the 

following figure. {In this figure the lines El and E2 . as well as 

the lines E2 and E3 ' 
are perspectively related. The relation be-

tween El and E3 resulting from composition is, however, not a per-

spectivity, because the lines connecting the corresponding points 

p 1 ,p3 resp. q 1 ,q3 resp. r 1 ,r3 no longer go through the same point. 

The relation between E1 a nd E3 is only a projective relation. ) 

Thus we see that in the course of the development of geometry 

different, and ever more general, equivalence relations and correspond­

ing geometries have arisen for the investigation of planar and spatial 

figures : 



congruence 

similarity 

affinity 

projectivity. 
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To each of these equivalence relations belongs a class of transformations 

which relate figures which are e quivalent under the respective equival-

ence relations. In fact we have the following correspondence betwe en 

classes of transformations and equivalence relations : 

congruence 

similarity 

affinity 

projectivity 

motions of the euclidean p lane 

central projection of pa rallel planes 

compositio n of parallel p r o jections 

collineations, i.e. c omposit ions of arbi trary 

central projections. 

Motions have obviously been considered since anti quity, affine t rans­

formations appear in Euler and have been familiar to mathematici ans 

since 1800. Collineations were introduced in full generality by 

Mobius, and he realised that homogeneous coordinat es were the means of 

handling them analytically , since collineations are simply the invert­

i ble linear trans f ormation s in homogeneous coordi n ates . 

Mobius characterises the real collineations as the continuous 

mappings of one plane onto another which preserve collinearity, and 

hence map lines to lines . In o r der to have bijective corresponde nc es 

between the l i nes of the two planes and the points of the two plane s it 

is necessary to complete the a f fine pla ne s by l i nes at inf inity. 

This is already clear when one considers central projection of a 

plane E onto a plane E' (see the figure in 3 . 1.). The vanishing 

line in E' corresponds to a line at infinity in E, and the disappear­

ing line in E correspo nds to the line at infinity in E'. I n 

int uitiv e f orm, suc h ideas are alr eady p resent i n Desa r g ues , a nd Po ncel e t 

later used them in s ynthe tic f o rm, without rigo rou s jus tificat ion, as a 

basis for the c onstruction of pro jective geometry. 

The introduction of homogeneous coordinates gives a rigorous anal-

ytic setting f or this process o f completio n o f an affine plane to a 

p ro jec tive pla ne . 

Let us r ecall o nc e again how we came t o the tria ngular coordinates 

(u,v,w) and from there to the homogeneous coo rdinates 

(x0 ,x1 ,x2 ) = (AU,AV,AW) 

plane E onto a plane 

by c onsideration of cent ral projec tio n o f a 

E'. The homogeneous coordinates, which 

corres pond to poin ts of the aff i ne p l a ne E , are all the 

wit h x0 ~ 0, a nd indeed t he homogeneous coordinates 

the point in t he affin e plane with c a rtesi an coor dinate s 
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xl 
X = 

xo 

x2 
y = 

xo 

The points with x0 = 0 are just the points on the vanishing line, 

which corresponds to the line at infinity of the plane E, and which we 

want to introduce with the help of homogeneous coordinates. 

I think it is now clear what we have to do. We simply admit all 

triples (x0 ,x1 ,x2 ) as homogeneous coordinates, naturally with the 

restriction that not all three of x 0 ,x1 ,x2 = 0. And we declare that 

(x0 ,x1 ,x2 ) and (x0,xi,x2) define the same point of the projective 

plane when there is a real number A F 0 such that 

When this holds we shall also write 

This defines an equivalence relation on the set of 
3 

(x0 ,x1 ,x2 ) £ ffi - {0}, and what we have just said means that the points 

of the projective plane are defined as the equivalence classes of the 

Thus : 

Definition The real projective plane P2 is the set of equivalence 

classes 

The class of a triple (x0 ,x1 ,x2 ) is called the point of P2 with the 

homoge ne ous coordinates (x0 ,x1 ,x2 ). The subset 

P1 = {(x0 ,x1 ,x2 ) £ P2 I x 0 = 0} is called the line at infinity of P2 . 

We remark that the correspondence (x0 ,x1 ,x2 ) ~ (x,y) with 

xl 

defines a bijective mapping of P2 - P1 onto the affine plane E with 

cartesian coordinates (x,y). The inverse mapping is the correspond-

ence 

(x,y) ~ (l ,x,y). 

When we identify E with P2 - P1 by means of this mapping, we can 
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regard P2 as the completion o f E by the line P1 at infinity. We can 

also interpret this completion as follows : 

We consider lines in the affine plane E with cartesian coordin-

ates (x,y), and in fact suc h lines through the origin. 

line has a parametric representation 

x = at 

y bt. 

Eac h such 

All (a,b) ~ (0,0) appear, and (a,b) defines the same line as 

(a' ,b') just in case (a' ,b') (Aa,Ab) f o r s ome A ~ 0. Thus we 

obtain a bijection between all lines in the plane through the origin 

and the points of the line at infinity when we associate the line with 

the parametric representation above to the point (O,a,b) £ P1 . This 

association has a geometric meaning : to the point (x,y) (at,bt ) 

corresponds the point i n P2 with homo g e neous coordina t e s (l, at ,bt) . 

For t ~ 0 this is the same point a s (t-1 ,a,b) . If o ne now lets t 

go to infinity, then this point goes to (O,a,b). Thus what thi s says 

is : we have c ompleted the affine plane E to the projective plan e by 

adjoining a line P1 at infinity, each point of which has been added 

to a line G in E through the origin and which is the intersecti on 

of P1 with the thus complete d l ine. 

In this way we see how the introduction of homogeneous coo r dinates 

allows the introduction of "ideal " elements a t infinity to be simply 

described, as is necessary for a consistent develo pment of pro jec t i ve 

geometry from Poncelet's starting point. 

Th e passage t o the p r ojec tive pla ne P2 a l so permits t he invert­

ible homogeneous linear transformations 

x' =Ax 

to be interpreted as bijective mappings of the pro jective plane P2 

onto its elf : the inv erse mapp ing i s 

-1 
X = A x' . 

Two matrices define the same mapping just in case they are the same up 

to a scalar factor. The totality of all these mappings of P2 onto 

itself obviously constitute a group, the group o f all collineations o f 

P2 , a nd by what we h ave jus t s a id this grou p is c anonic a l l y isomorph ic 

to the projectiv e linear group 

PGL(3, lR) = GL( 3 , lR)/{A·Id } . 
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(GL(n,K) denotes the general linear group of all invertible n x n 

matrices with entries from the field K.) 

We can of course regard the linear transformation x' = Ax as a 

coordinate change of P2 rathe r than a self-mapping, i. e . we assign 

to a point with the homogeneous coordinates (x0 ,x1 ,x2 ) the new homo­

geneous coordinates (x0,xi,x2J, which are computed from the old by 

x' = Ax. Naturally there is no great differe nce between the two : 

projective geometry is the investigation of the properties of geometric 

figure s which are preserved under arbitrary collineations - projective 

geometry is the investigation of the properties o f geometric figur es 

which are invariant under arbitrary homogeneous coordinate transform­

ations. 

Now which geometric figures shall we investigate in projective 

geometry? In the first place, curves, of course. We consider some 

quit e simple examples : 

(1) A line G in the affine plane E has the equation 

bx + cy + a 0 

in cartesian coordinates (x,y). If we view E as p2 - pl . and 
xl x2 

hence set X = . y = ' 
then 

xo xo 

xl 
b-

x2 
+ c- + a 0 

xo xo 

or equivalently, after multiplication by xo . 
a x0 + bx1 + cx2 = 0. 

If we now consider this equatio n not only in E, but in the whole p ro-

jective plane P2 , then the points (x0 ,x1 ,x2 ) in P2 which satisfy 

this equation are just the points of G plus the point (O,c,-b) , 

which is precisely the point on the line at infinity which completes 

the affine line G in P2 . We therefore make the definition 

A pro jective line in P2 is the zero set o f an equation 

The set of these projective lines consists precisely of the completed 

affine lines and the line P1 at infinity. 

Two comple ted lines of the affine plane obviously intersect in the 

s a me point of t he line P1 a t infi n ity when t hey are p a rallel in t he 
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affine plane. It is clear that there is exactly one line through two 

points of P2 and that two lines intersect in exactly one point. In a 

similar way to the axiomatic construction of euclidean geometry, one can 

also base the geometry of the projective plane on the basic concepts of 

point and line, as Hilbert has done in his classical book "Grund-

lagen der Geometrie". For this one needs axioms of incidence, order 

and continuity . We shall not go further into this here, but instead 

use from the outset the analytic definition of the projective plane, 

and the lines in it, which we have just developed. 

As soon as one has defined the lines in P2 and as soon as one 

has defined the topology on P2 (naturally the quotient topology on 

P2 = (lR3-{0})/-l, one can, following Mobius, define the collineations 

of P2 as the continuous bijective mappings of P2 onto itself which 

send lines to lines. As we have already said, Mobius showed that the 

collineations are exactly the mappings described by invertible homo-

geneous linear transformations in homogeneous coordinates. 

(2) We have seen in (1) that the passage from an affine line to 

the corresponding projective line corresponds to the passage from the 

affine equation to the homogeneous equation ax0 + bx1 + cx2 0. An 

equation 

function 

F(x0 ,x1 ,x2 ) = 0 is called homogeneous of degree n when the 
n 

F satisfies F(Ax0 ,Ax1 ,Ax2 ) = A F(x0 ,x1 ,x2 ) for all A f 0. 

The same process of homogenisation now describes the general passage 

from an algebraic curve in the affine plane to the corresponding curve 

in the projective plane. 

Consider for example the affine equations of the circle, hyperbola 

and parabola 

(i) 
2 2 

1 0 X + y -
(ii) 

2 2 
l 0 X - y -

(iii) 
2 

0. X - y = 

Homogenisation gives 

(i) 
2 2 2 

0 -xo + xl + x2 

(ii) 
2 2 2 

0 -xo + xl x2 

(iii) 
2 

0. -x0x2 + xl = 

The homogeneous equation (ii) goes to (i) by the transformation 

(x0 ,x1 ,x2 ) ~ (x1 ,x0 ,x2 ), and (iii) goes to (i) by the transformati on 

(x0 ,x1 ,x2 l ~ (x0+x2 ,x1 ,x0-x2 ). Thus we see, by quite simple homo-
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geneous coordinate transformations, that circle, hyperbola and parabola 

are projectively equivalent, i.e . the associated projective curves are 

the same - they transform into each other by collineations. 

In 2.5 we saw this simply and direc tly by application of central 

projection and the conic section definition of these curves. Here we 

see that the analytic proof by calculation with homogeneous equations 

is at least as simple. 

(3) As the last example we choose the two cubics 

(i) y - x 3 = 0 

(ii) y 2 - x 3 = 0 

which we found in 2.5, following Newton, to result from each other by 

central projection. 

Homogenisation gives 

(i) 0 

(ii) 0 

and these two equations are interchanged by the transformation 

In this case the analytic argument is 

simple r than the synthetic. 

These examples should suffi ce to show that with the introduction 

of the projective plane, homogeneous coordinates, the description of 

collineations by homogeneous linear transformations and the description 

of curves by homogeneous equations one has the correct analytic frame­

wo rk for the investi gation of c urves f rom the standpoint of pro jective 

geometry . 

3.3 The projective plane as a manifold 

An n-dimensional manifold M is a topological space which looks 

locally like the n-dimensional affine space mn, i.e . the space admits 

a covering by open s ets u . c 
~ 

M for which ther e are homeomorphisms 

<l>i : u. + v. onto open sets v. c mn. (In addi tion, one usually 
~ ~ ~ 

assumes that M is Hausdorff and para compact.) More precisely, one 

calls such a topological space an n-dimensional topological manifold. 

When one is able to choose the system of Ui and <Pi in such a 

way tha t these homeomorphisms are c ompa tible with each other in a 

s u i t able s e nse , then o ne can g i v e the ma n i f o ld additional structure by 

choice o f the U. 
~ 

and 
-1 

E . g. when all the q,i o <l>j are 
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differentiable, they define a differentiable structure on M. 

then meaningful to speak of differentiable functions f on 
-1 

differentiable when all the f o ~i are differentiable in 

It is 

One can then carry out real analysis on M. A manifold with a differ-

entiable structure is called a differentiable manifold. The U. are 
]_ 

called coordinate neighbourhoods and the are called 

charts. With their help one can use the cartesian coordinates in 1Rn 

local coordinates in u . c M. If the 
-1 

also real as ~i 0 ~j are 
]_ 

analytic, then M has the structure of an n-dimensional real analytic 

manifold. 

that the 

If one replaces 1Rn by ~n in this definition and demands 
-1 

~i o ~j be complex analytic, then M has the structure of 

an n-dimensional complex manifold, and one can speak of holomorphic 

functions on M and carry out complex analysis. For n = 1 one 

obtains in this way just the Riemann surfaces and the function theory 

of a complex variable. 

One can give an n-dimensional differentiable manifold M yet 

another structure by giving a euclidean metric on the tangent space of 

each point p E M, depending differentiably on p. Such a metric is 

called a Riemannian metric, and when we have chosen such a metric on M, 

as is always possible (in many different ways), M becomes a 

Riemannian manifold, and one can carry out differential geometry on M, 

Riemannian geometry. 

Finally, analogously to the definition of differentiable real and 

complex-analytic manifolds, one can also define abstract n-dimensional 

real algebraic resp. complex algebraic manifolds . Here the open sets 

U i c M are Zariski -open sets, and the mappings ~ i : U i + Vi 

bijective mappings onto n-dimensional affine algebraic subsets 

are 

V. of 
]_ 

1Rn resp. ~n. such that the ~i o ~;l are regular, i.e. rational func-

tions with non-vanishing denominator (cf. 4.3 for affine algebraic sets). 

For each class of manifolds defined above one can define a corres-

pending class of mappings : continuous resp. differentiable mappings, 

real resp. complex analytic mappings, regular mappings, and thus one 

obtains the categories of topological manifolds, differentiable mani­

folds, real analytic manifolds, complex manifolds, abstract real alge-

braic manifolds and complex algebraic manifolds . Of course, one can 

make even finer distinctions. For example, one calls a differentiable 
r -1 

manifold a C -manifold when the coordinate exchange mappings ~i 0 ~j 

are r times continuously differentiable. In speaking of a 
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differentiable manifold without further qualification one means gene-

rally, as we shall in this course, a C00-manifold . An example where 

this distinction is important will appear later (in 5.3). 

In what follows we shall assume the elementary fac ts about differ­

entiable manifolds to be known - whoever does not know these things can 

easily learn them from the introduction to differential topology by 

Brocker and Janich [BB]. Here we want only to recall the basic concept 

of "manifold" in order to make clear what we are talking about in what 

follows. The concept of manifold is quite central in mathematics, and 

similar in unifying power to the concept of group, hence it is worth­

while to say at least a few words on the origin of this concept . We 

must content ourselves with a brief suggestion ; for details we refer to 

the book of E. Scholz [52]. 

When one wants to understand, today, the decisive progress implicit 

in the introduction of the mani fold concept, one must first unde rstand 

the position originally held by geometry in mathematics, and the para-

mount position of euclidean geometry up to the time of Gauss. Until 

this time, geometry was, in a quite naive way, the science of real 

physical space, and euclidean geometry was the description of the 

properties of this space. An internal mathematical development, the 

discovery of non-euclidean geometries by Gauss, Bclyai and Lobachevsky, 

put the paramount position of euclidean geometry into question and led 

to fundamental scientific and philosophical discussion on the nature of 

space and the position of geometry, in relation to which the idealistic 

philosophies of Kant and Hegel were partly a hindrance and partly 

helpful . 

The result of this discussion, which continued for decades, was, 

to the extent that one can speak of "a" result in view of the continued 

divergence of idealistic and materialistic positions in the philosophy 

of science, a new assessment of the position of geometry in mathematics. 

The purpose of geometry is no longer the direct desc ription of real 

physical space and its laws -that is a problem of physics. The geo-

meter's problem is, independently of immediate ties with reality, to 

develop mathematical concepts a nd structures which seem suitable for the 

use of physicists on their problem. In particular, this leads to an 

unfolding of the concept of space , i.e. an investigation of mathematical 

objects and structures which can serve as possible models for spatial 

reality, or which are in some way related to such models. This is the 
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position reached by Riemann at the end of his famous Habilitation 

lecture of 1854, in which he developed the foundations of Riemannian 

geometry starting from Gauss' investigations on the differential geometry 

of surfaces. 

The historical development has shown that Riemann's conceptual 

preparation achieved exactly what he wanted, because his geometry became 

the mathematical foundation of general relativity theory. It was pre­

cisely the release of geometry from the task of directly comprehending 

spatial reality which made possible the degree of conceptual abstraction 

needed for later deeper penet·ration into the nature of space. 

The central concept of geometry became the concept of manifold in 

its numerous variations. From the present standpoint, manifolds are 

space-like mathematical objects, possible models for physical space, 

they are "spaces" - but mathematical spaces now, no longer naively 

identified with "the" physical space as euclidean space was previously. 

The mathematicians of the last hundred years have hesitated to regard 

the manifolds as "spaces". They have rightly and intentionally chosen 

the concept "manifold", i.e. a collection of different objects of the 

same kind, in order to stress the abstract character of the concept. 

In fact, one had already arrived, in various ways, at certain collect­

ions of objects which we call manifolds today, and treated them in a 

geometric way. Thus the work of Lagrange and Cauchy in theoretical 

physics had shown that it was desirable to treat multidimensional mani­

folds in a geometric way, because a geometric treatment made the ana­

lytic and algebraic arguments more comprehensible. 

Thus it was - in a dialectic development - precisely the application 

of analytic and algebraic methods made possible by the introduction of 

the coordinate concept which led to an extension of the domain of geo­

metric concepts and methods. This appears particularly clearly in the 

work of the English mathematician Cayley, who developed the theory of 

homogeneous polynomials, or more precisely, algebraic invariant theory, 

and interpreted it geometrically at the same time. A collection of 

algebraic objects, e.g. the set of homogeneous polynomials of given 

degree and given number of variables, was regarded as a manifold. 

Before this, manifolds of geometric objects had been considered by 

Plucker, but Plucker had not been prepared to regard these objects as 

"points" of a space. We have already seen quite a simple example of 

this in 3.2 the collection of all lines through a point of the plane 
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can be identified with a manifold P1 , the projective line. There 

will be more on such manifolds, whose elements are curves, later (in the 

discussion of linear systems and the discussion of duality in projective 

geometry, 6. 2) . 

A very important contribution to the development of the manifold 

concept was made by H. Grassmann in his work "Die lineare Ausdehnungs·­

lehre", published in 1844, in which he spoke of n-tuply extended mani­

folds for the first time and developed, among other things, modern 

n-dimensional analytic geometry and linear algebra, in which the mathe­

matical structure is worked out i n a coordinate-free way, allowing the 

simplest treatment of problems in n-dimensional geometry, and in other 

fields as well. 

To summarise the essential elements in the development of the 

concept of manifold were : the fall of euclidean space as the privileged 

ob ject of g eometric investigat ion and the related reassessme nt of the 

position of geometry, and an extension of the domain of geometric 

objects, which could now be arbitrary manifolds of other mathematical 

objects. In connection with this, geometry was freed from the 

restriction to three-dimensionality. The coordinate concept was exten-

ded t o c ope with these wider requirements : inde ed, the definition of a 

manifold which we have given - t hough it is a more precise statement, 

which first appeared later expresses the intuitive idea that a 

manifold is a space with a covering by coordinate neighbourhoods which 

are compatible with each other. 

Afte r the se, admittedly incomplete, remarks on this decisive phase 

i n the d e v e l opment of geome try we shall now concern ourselves quite 

concretely with a particular manifold, the projective plane, and some­

what more generally with projective spaces. 

Definition 

(i) The n-dimensional r eal p roj ecti v e spac e p (Til.) 
n 

is the quotient 

n+l 
Pn(m.) = (m. -{0})/-

by the equivalence relation which is defined as follows: 

with A € m., A t 0. 
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(ii) We denote the equivalence class of (x0 , ... ,xn) by (x0 , ... ,xn) 

(iii) 

itself, and call the (n+l)-tuple of real numbers (x0 , . .. ,xn) 

the homogeneous coordinates of the point (x0 , ... ,xn). 

The real projective linear group PGL(n+l, lR) is the group 

PGL (n+l, lR) GL(n+l, lR) / {A·Id}. 

It acts on Pn( lR) by linear transformations 

x' = Ax. 

These bijective mappings of Pn ( lR) onto itself are called 

collineations. 

One can also view the transformation x' = Ax as a 

coordinate change. Each coordinate system x' defined in this 

way will also be called a homogeneous coordinate system. 

(iv) A projective linear subspace of Pn ( lR) is a subset of Pn ( lR) 

described by a system of linear homogeneous equations : 

When this system has rank n-k, one can obviously introduce 

homogeneous coordinates y0 , ... ,yn so that the projective sub-

space i s g iven by yk+l ••• = yn = 0. One the n has a 

natural bijection between this projective linear subspace P 

and Pk( lR), and hence P is a k-dimensional projective sub-

space. The collineations map any k-dimensional projective 

subspace onto another and preserve incidences. The (n-1 ) -

dimensional projective subspaces are called hyperplanes. 

Around 1870 the concept of n-dimensional pro jective space 

was universally known , and an n-dimensional projective geometry 

began to be systematically developed in these spaces. We cannot do 

this here and we shall only concern ourselves bri efly with the project­

ive spaces as manifolds. 

The topology on the projective space is by definition the quotient 
n+l 

t~pology on lR - {0}/-. 

logical manifold. 

Proof 

thus 

With this topology, P n ( lR) is a topo-

be the complement of the hyperplane X. 
~ 

0, 
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This is obviously an open set (by definition of the quotient topology). 

Let 

be the mapping 
x. 

]_ 

X. 
]_ 

X 

n ) . 
X. 

]_ 

This mapping is continuous and bijective and has the continuous inverse 

hence ~i is a homeomorphism. Moreover, Pn( lR) is a compact Haus-

dorff space, as we see immediately and hence it is proved that Pn( lR) 

is a topological manifold. But we have proved much more. The chart 

. ·. U. + lRn -1 mapplngs ~i l above satisfy : ~i o ~j on ~j(Ui ~ Uj) is 

described by rational functions with non-vanishing denominator, and 

hence is a regular mapping. Thus we obtain, by this system of charts 

on P n ( lR) , the structure of an abstract real algebraic manifold. In 

particular, we thereby obtain the structure of a differentiable manifold 

on Pn ( lR), and we shall always provide Pn ( lR) with this differenti-

able structure in future. (Warning : there are also "exotic" 

differentiable structures on the topological manifold Pn( lR) .) 

We shall now attempt to get an intuitive picture of this differ-

entiable manifold, at least for n = 2. We first note the following 

The equivalence classes of lRn+l - {O}/- are exactly the lines in 
n+l 

lR through the origin, with the origin itself removed from all lines. 

Thus we have a canonical bijection of Pn( lR) onto the set of all lines 

through the origin in lRn+l , and we can also defi ne P ( lR) as the 
n 

manifold of these lines. Here we see an example of the way in which 

geometric objects, in this case lines, can be regarded as points of a 

new space, in this case the manifold p ( lR). 
n 

Now we consider the standard sphere Sn 

2 + X 
n 

n+l 
in lR , namely 

1L 

Each line through the origin meet s Sn in exactly two points, which 

are antipodal, i.e. when one point is (xo, ... ,xn)' the other is 

(-xo, ... ,-xn). Thus we let Z\2 ' the cyclic group of order 2 ' act 

on sn by the antipodal map 
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and construct the orbit space 

sn with its antipodal point. 

i.e. we identify each point of 

We can make Sn/ ~2 into a differentiable manifold. To do this 

we first choose a suitable covering of the manifold Sn by coordinate 

neighbourhoods. Indeed, let 

u: { (x0 , ... ,xn) E snjxi > 0} 

ui { (x0 , ... ,xn) E sn !xi < O}. 

These are the two open hemispheres into which Sn is divided by the 

hyperplane xi = 0. Now we map 

by projection from the centre. 

.+ 
Ui onto the hyperplanes X. 

1. 

x. - 0 
1 

x. - -1 
1 

+1 

If we use (x0 , ... ,xi, ... ,xn) 

planes, then these projections 

as cartesian coordinates in these hyper­

become described by the mappings 
+ + n 

4>i : ui .,. IR with 

+ ~ ~ ~ 
<l>i(xo, · · · ,xn) = ( ;c:- x. x. ) · 

+ 
These 4>-:-

1. 

1. 1. 1. 

are homeomorphisms, and by means of these charts 

becomes a differentiable manifold . 

Now this whole construction of charts has been chosen, obviously, 

to be compatible with the quotient mapping Sn + Sn/ ~2 . 
+ 

morphic images of Ui and Ui are the same open set Ui 
+ 

and 4>- both induce the same homeomorphism 

namely the mapping 

The homeo-

in 
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xo x. X 

~. (x0 , •.. ,x ) 
}_ n 

) . 
:L n X. X . X . 

}_ }_ }_ 

. nl In th:Ls way, S ~2 also becomes a differentiable manifold. 

Now we have already implicitly established - this was the starting 

point of our investigation of Snl ~ -that the inclusion snC:ffin+l 
2 

defines a bijective mapping 

by passing to the --equivalence classes. The above description of the 

coordinate neighbourhoods and charts for the differentiable manifolds 

Sn I~ and P ( ffi) shows immediately that this bijective mapping is 2 n 
differentiable and has a differentiable inverse. One calls such a 

mapping of differentiable manifolds a diffeomorphism. Thus we have 

shown : 

Proposition 1 

The canonical mapping 

is a diffeomorphism. 

It follows, in particular, that P n ( ffi) is compact, connected 

and Hausdorff, since these assertions clearly hold for 
n s I ~2 . 

With Proposition 1 we have learned another description of project­

ive space, but this still does not give us a clear intuitive picture 

of the manifold. We shall therefore make a further modification of 

this description. First of all, the following is clear : the inclusion 

of the closed hemisphere u; c sn induces a homeomorphism 

--= n u01- + s 1 ~2 . 

What happens to the hemisphere u0 on passing to u;1- ? The anti-

pedal points on the boundary of the hemisphere become identified. Thus 

we obtain 

Proposition 2 

As a topological space, Pn( ffi) results from a closed n-dimensional 

hemisphere S~ by identifying antipodal points on the boundary. 

One obtains immediately, as a consequence, that P1 ( ffi) results 

from a semicircle, in other words an interval, by identification of the 

endpoints, and hence is again homeomorphic to a circle. 

easy to convince oneself that 

Indeed, it is 
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Corollary 3 

pl ( lR) is diffeomorphic to s1 
0 

This settles the nature of the projective line. Now for the 

projective plane P2 ( lR). One can interpret Proposition 2 as saying 

that P2 ( lR) results from a 2-dimensional disc by identification of 

diametrically opposite boundary points. From this one already obtains 

a first intuitive impression of the behaviour of curves in P2 (lR) 

one represents P 2 ( lR) diagrammatically by a disc. The boundary 

represents the line at infinity, and the behaviour of the curve at the 

boundary of the disc represents the behaviour at infinity of the actual 

curve in P2 ( lR). Of course, one must think of antipodal points on 

the boundary as being identified. The following schematic pictures 

of this kind already make e.g. the projective equivalence of hyperbola, 
3 2 3 

circle and parabola, and of the cubics y = x and y x 

intuitively clear, as we have proved analytically i n 3.2. 

Hyperbola Parabola Circle 

1 

y 
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Such representations have also been used t o advantage in the 

investigation of the behaviour at infinity of the phase portrait o f 

ordinary differential equations in the plane (cf . e.g. Lefschetz [L2]). 

While this schematic representation is certainly useful, we want 

to obtain an even more intuitive representation of the surface P2 ( ffi). 

We therefore return to Proposition 2, but deform the hemisphere 

gradually, as shown in the following pictures . 
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The last picture in this series shows the model of the projective 

plane obtained by this process. This model is a compact surface F 

lying in m3 , with a self-intersection along a line segment and two 

complicated singular points at the ends of this segment . This s u rface 

results from the hemisphere by identifying not only the diametrically 

opposite points on the boundary circle, but also their mirror image 

points in one coordinate plane. This means : the singular surface F 

results from the projective plane P2 ( ffi) by identifying pairs of 

points on the line P1 at infinity in a certain way. The identifica-

tion corresponds to that in which (x,y) is identified with (x,-y) 

on the circle x 2 + y 2 l homeomorphic to P1 . Thus an interval 

results from P1 by identification, and this is the interval along 

which F intersects itself. 

If one views the picture of F as if the self-intersection did 

not r eally exist, then one obtains an intuitive representation of the 

projective plane. The surface F can be put together from two 

pieces : the piece F with the self-intersection, and a perforated 

sphere. One calls F a crosscap. Thus our model F of the project-

ive plane results from cutting a disc from a sphere and replacing it by 

a crosscap . In a certain sense our model is not particularly nice, 

because of the two singular points. There are, though we shal l not go 

into this further here, models of P2 ( ffi) in m3 - more precisely, 

immersions of P2 ( ffi) in m3 - whose singularities at worst appear 

like the intersections of two or three coordinate planes in m3 (See 

e.g. Hilbert-Cohn-Vossen [Hl].) There is nothing better than this : 

one can prove that there is no embedding of P2 ( ffi) as a submanifold 

of m3 , and hence without singularities. 

However, our model with the crosscap is good enough to establish 

an interesting topological property of P2 ( ffi) , namely that P2 ( ffi ) 

is not orientable. Intuitively, this means that the surface F is 

one-sided in m3 ; when a fly c rawl s along the curve shown (it ignores 

t h e self-intersection!) it e nds up on the "ot her" side, i.e. there is 

only one side. 
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The one-sidedness is a property of the surface in m3 , non-

orientability is an intrinsic property of the surface. Non-orient-

ability means if one continuously extends an orientation of the 

surface, chosen at a point, along a suitable clo sed curve, then one 

returns with the opposite orientation. On F , for example, this is 

the cas e f o r t he curve already conside red. Thus we see: 

Proposition 4 

P2 ( ffi) is a non-orientable surface. 

The first non-orientable surface was discovered in 1858 by Mobius 

(in the conte xt of an inve stigation of polyhe d r a! ) and in the same 

y ear, i ndepende ntly, by Li sting, a s tude nt o f Gauss . This f i rst non-

orientable surface, which caused great astonishment at the time, is the 

Mobius band, pictures of which are familiar nowadays. It resul ts from 

the product [0,1] x (-1,1] when one identifies (O,t) with (1,-t). 

The ide ntific ation of the endpoints 0 and 1 of [0,1] results in a 

circle s 1 , and the Mobiu s band is therefor e a k i nd of twist e d p r oduc t 

of with an interval . Over the ne ighbourhood U of each point 

in it looks like the product U x [-1,1] , but globally it is 

twisted. One calls such a thing a locally tri v i a l fibre bundle with 

basis s1 and fibre [-1,1]. 
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The non-orientability of the long "known" projec tive plane P2 ( lR) was 

first discovered in 1873 by Felix Klein and Schlafli. 

In fact there is a close connection between the non-orientability 

of these two surfaces. Namely, we shall show that the Mobius band 

can be regarded as a part of the surface P2 ( lR), and it will then be 

clear that P2 ( lR) is non-orientable along with the Mobius band. 

We show 

Proposition 5 

The projective plane results from identification of a disc and a 

Mobius band along their boundaries. 

Proof : Just for fun we give a very intuitive topological proof. The 

Mobius band M and the disc D both have a circle as boundary . We 

paste them together along their common boundary and we want to see why 

the resulting surface 

F = MUD 

is the projective plane. To do this we cut F along the centre line 

of M and obtain a surface F' whose boundary oF' is a circle sl. 

Now everyone who has played with a Mobius band M knows that cutting 

it along its centre line gives an annulus M' (M' has a twisted 

embedding in m3 but that does not matter, we are interested only in 

the abstract surface M' . which is an annulus) . Thus 

F' = DU M' 

is a disc 6 with boundary sl. The surface F now results f r om F' 

by identification of the points of oF' which correspond to the same 

point on the centre line of the Mobius band . That is, F results 

from 6 by identification of antipodal points on t he boundary s 1 of 

5. Thus F is the projective plane by Proposition 2. Q.E.D. 
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The description of P2 ( lR) in Proposition 5 nicely shows, in 

particular, what the projective plane p2 looks like in the neighbour-

hood of the line pl at infinity : pl is the centre line of the Mobius 

band, and the Mobius band M is a neighbourhood of pl in p2 ' in 

fact a particularly nice neighbourhood U, a tubular neighbourhood, as 

the differential topologists say. This neighbourhood U = M of P1 

is simply the complement of a "large" disc D around the origin of the 

affine plane E C P2 , and the intervals into which M is fibred are 

the intersections of U = M with the projective lines in P2 through 

the origin of E. 

To conclude, we shall give another intuitive description of P2 ( lR) 

as the union of a Mobius band M and a disc D. To do this we again 

consider a surface F in JR3 with self-intersection along a line seg­

ment and two complicated singularities at the endpoints, namely the 

surfac e shown in the following figures. 
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Roughly speaking, this surface is constructed as f ollows: a Mobius band 

M is embedded i n m3 in the usual way. (The fibres of the Mobius 

band are shown as dotted lines in the picture.) Then a point p is 

chosen in the complement of M and connected by curved rays to all the 

boundary points of M. When one does this correctly, the union of 

these rays becomes a disc 5 with a self-intersection, as in the first 

picture. 

Attachment of the disc 5 to the Mobius band M then results in 

the singular surface F 

F = 5 v M. 

For clarification we give two more pictures, showing the t opolo­

gical type of the singularities o f F at the endpoints of the line of 

self-intersection. 

With this we shall leave the topology of the real projective plane 

and turn to the complex projective plane and the curves in it. 
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3.4 Complex projective geometry 

We have already seen, in 2.4 and 2.5, that the applicatio n of 

analytic methods to problems such as the determination of the coor-

dinates of singular points of a curve, or the intersection of two 

curves, leads to equations whose solutions are complex numbers. In 

the synthetic treatment of these problems imaginary elements also 

appeared; the first time this occurred to a significant extent was in 

Poncelet, with the application of his "continui ty principle". This 

principle, whose mathematical content is today reduced to the identity 

theorem for analytic functions and the fundamental theorem of algebra, 

says that "a property known of a figure in sufficient generality also 

holds for all other figures obtainable from it by continuous 

variation of position" (F. Klein [Kl]), p. 81-82 ). For example, it 

follows from the principle that two conics always intersect in four 

points . When this does not happen in the real domain, the missing 

points of intersection are imaginary. A strict treatment of such 

imaginary elements was not carried out by Poncelet, and it is not easy 

to do on a synthetic basis. 

In an analytic treatment, the introduction o f imaginary elements, 

which was don e s ystematically by Plucker, offers no difficulties in 

principle: one has simply to admit complex numbers wherever real numbers 

were used previously. The coordinates of points, the coefficients of 

polynomials, the solutions of equations etc. - all these quantities can 

now be complex. 

In particular, o ne no w considers the n-dimensional complex 

projective space p (a:) . 
n 

It is defined quite analogously to the real 

projective space 

n +l 
Pn(a:) =a: - {0}/-

where (x0, ... ,x~) - (x0 , ... ,xn) exactly when there is a A E a:- {0} 

with 

A whole series of earlier definitions carry over immediately to the 

complex case. Thus one defines the coordinate neighbourhoods 

and affine coordinates on Ui by 

u. 
l. 

by 



x. 
l. 

X . 
l. 
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X 

n l. 
X. 

l. 

The coordinate exchanges are then described by regular functions, and 

Pn(~) thereby receives, in particular, the structure of an abstract 

complex-algebraic manifold. One is then free to view Pn(~) as a 

complex manifold, a differentiable manifold or a topological manifold. 

As in the real case, one can also define the complex d-dimensional 

projective linear subspaces of Pn(~), and again these are mapped onto 

other such subspaces by the collineations, i.e. the operations of the 

complex projective linear group 

PGL(n+l,~) = GL(n+l,~)/{A·Id}. 

However, one can no longer characterise the collineations as the contin-

uous incidence-preserving bijections of Pn(~) onto itself which carry 

projective linear subspaces to projective l i near subspace s, because 

conjugation of Pn(~) also has these properties. 

the mapping 

Conjugation K is 

of Pn(~) onto itself. Of course, K2 = Id, i.e. K is an involution. 

One can show that each homeomorphism of Pn(~) which carries linear 

subspaces to linear subspaces is either a collineation or the product 

of a collineation with the conjugation K The fixed point set 

i.e. the set of x E Pn(~) with K(x) = x is obviously just the real 

projective space 

In 3.3.1 we described the real projective space as n s I ?Z2 • Corres-

pending to this, we have the following description of the complex pro-

jective space. We consider the (2n+l)-sphere 

2n+l n+l 
S ={(x0 , ... ,xn)EO: \Exi~i =l}. 

The multiplicative group s 1 of complex numbers A with \A\ 

on s 2n+l by 

(x0 , ... ,xn) t+ (Ax0 , ... ,AXn). 

l acts 

One can make the orbit space s 2n+l;s1 into a d i fferentiable manifold 

in a natural way, and then the canonical mapping 



* is a diffeomorphism. 

8 2n+l + P (<r) 
n 
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The coset mapping 

is a differentiable locally trivial fibre bundle with basis Pn(U:), 

total space s 2n+l and fibre s 1 . It is also known as the Hopf fibre 

bundle or the Hopf fibration . When n = l, then Pn(U:) is homeomor-

phic to the 2-sphere s 2 , as we will soon see, and the Hopf fibration 

is therefore a fibratio n 

of the 3-sphere over the 

this fibration as follows. 

2-sphere with fibre 

One divides s 2 

s1 . One can visualise 

by the equator into two 
+ -

discs, D , D . The preimages of these discs , considered as abstract 

spaces , are s i mply products s1 x D+ s1 x D-, and hence solid tori. 

Let us see how these solid tori, fibred by circles s 1 , lie in s 3 . 

We view s3 as the compactification of m3 by a point at infinity, and 

so we want to see how such a solid torus, with its fibration, is 

embedded in m3 . To do this we take an ordinary solid torus with its 

ordinary fibration by circles parallel to the centre line, cut it along 

a d isc perpendicular to the cent re line , t wi st t hrough 36 0° and paste 

back together. This does not change the solid torus as an abstract 

space, nor its fibration into circles, but we have altered the embedding 

of the fibration in m3 . Any two fibres are now linked together. 

The Hopf fibration results from pasting together two solid tori 

fibred in this way. (The decomposition of s3 into two tori will be 

useful t o us lat er, e.g . in 5. 3 in the study of singularities of the 

* It fol l ows , i n particular, that p (U:) 
n 

is compact and c o nnected. 
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complex curves.) The next picture shows the fibration of the solid 

torus just constructed, embedded in m3 . 

In general, i.e. for n > l, it is difficult to obtain an 

intuitive picture of the topology of Pn(~), because Pn(~) has real 

dimension 2n as a differentiable manifold. Thus the complex plane 

is already a real 4-dimensional manifold, and for that reason I cannot 

give an intuitive picture of it. 

In what follows we therefore confine ourselves to picturing the 

figures within the complex projective plane we want to study - and 

these are the curves. 

From what we have said in 3.3 about curves in the real p rojective 

plane, and from the remarks at the beginning of this section on the 

passage from real to complex projective geometry, it is already clear 

how we define curves in the complex projective plane : as subsets of 

P2 (~) which are the zero sets of homogeneous polynomials. 

with complex coeffi c i ents aijk . The number m is the "order" of 

the curve. Now when we want to study these curves , we can view them 

from several aspects : we can regard such a curve C as a projective 

algebraic subset of P2 (~), i.e. as simply the zero set of a homogeneous 

polynomial, or as a complex analytic subset of the complex manifold 

P2 (~) , i.e. as a subset which in a suitable coordinate neighbourhood of 

each point is the zero set of a complex analytic f unc tion , or f i nally 
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as simply a topological subset o f the manifold P2 (~). 

The first viewpoint is the viewpoint of algebraic geometry, and it 

is the one we shall mostly adopt later in this course (in Chapter II), 

though no t always consistently . The second viewpoint is that of 

function theory. In particular, each non-singular curve C in P2 (~) 

is a 1-dirnensional complex manifold, by the implicit function theorem, 

and hence, disregarding the embedding, a one-dimensional compact 

complex manifold. When the curve has singular points one can associate 

it, as we shall see late r (in 9 . 1 ) , with a unique one-dimensional corn-

pact c omplex manifold, its "normalisation", by "resolution" of its 

singular points. But the one-di mensional compact complex manifolds 

are precisely the abstract Riemann surfaces whic h one studies in corn-

plex variable theory, and thus one sees that from the second v iewpoint, 

the study of curves in the complex projective p l ane is really a part of 

complex function theory. 

There is really little difference between the algebraic- geometric 

and function theoretic starting points. The important theorem of Chow 

shows that : each closed complex analytic subset of Pn(~) is a pro­

jective algebraic subset . 

The thi rd, t opological, vie wpoint is esse n t ially qualit a t ive in 

comparison with the other two. For that reason it is perhaps 

especially suitable for obtaining a first impression of the nature of 

the geometric figures we wish to investigate. In what follows ·we shall 

therefore investigate a few simple examples of curves mainly from the 

t o po l ogic al v i ewpoint, and the y will b e curves o f o rde r s l, 2 and 3 

in turn, in othe r words lines , quadrics and cubics . 

We first consider a complex projective line L c P2 (~), i.e. the 

zero set of an equation 

After a s uitable change of c oordinat e s t he equation has the f o r m s i mply 

This s hows that our line L i s isomorphic to the 1-dirnens-

ional complex projective space P1 (~) . Thus it suffices to find out 

what the manifold P1 (~) looks like.With the homogeneous coordinates 

(x0 ,x1 ), P1 (~) becomes covered by two coordinate neighbourhoods u0 

a nd u1 

u. 
l 



uo and ul 

u. by 
l. 

xl 
zo 

xo 

z = 
1 

are isomorphic 

in uo 

in 
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to a:. One obtains a coordinate z. in 
l. 

Thus the coordinate change in u 0 n u 1 is described by 

z = 1 

P1 (a:) results from two copies of a: when one identifies the complement 

of the origin in one copy with the complement of the origin in the 

other copy by means of the formula 
-1 

zl = zo One can also view this 

as identifying, say, u0 with a: and then adding another pcint where 

x0 = 0, i.e. z 0 = ~. Thus the one-dimensional complex projective 

space is none othe r than the Riemann numbe r sphere. As a different­

iable manifold it is diffeomorphic tc the standard sphere s 2 . 
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One obtains a diffeomorphism of the standard sphere s 2 c JR3 with 

equation x 2 + y 2 + z 2 1 onto P1 (~) with affine coordinates z 0 

in u0 and z1 in u1 by stereographic projection 

(x,y,z) >+ z 0 
2(x+iy) 

1-z 

(x,y,z) 1+ z = x-iy 
1 2 (l+z) 

for z f. 1 

for z 1- -1. 

This makes the real projective line P 1 ( lR) c P 2 ( lR) correspond to the 

great circle y = 0 on s 2 . 

So much for projective lines. We now consider the quadrics. It 

is easy to prove that, up to equivalence under collineations, there 

are only two distinct complex projective quadrics, namely the reducible 

quadric, which consists simply of two projective lines, and the irre-

ducible quadric. The latter is a non-singular curve (proof in 7.1). 

Reducibility of a quadric, i.e. decomposition into two components 

both lines - means that the homogeneous polynomial of degree 2 in 

0 decomposes into two linear factors. 

Mind you, the decomposition into linear factors is in general onl y 

possible when we admit linear factors with complex coefficients. 

F may or may not decompose as a real polynomial. Example 

(i) 

(ii) 

real decomposition, 

In case (i) the real zero set in P2 ( lR) is the union of two distinct 

real projective lines. 

Thus the real picture leads to an adequate view of the nature of the 

complex curve . But in case (ii) the real zero set in P2 ( lR) is just 

a single point, namely (1,0,0), and this seemingly wayward curve gives 

no adequate picture of the associated complex curve. 
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As we have already said, t he complex curve consists of two complex 

projective lines which meet transversely. It i s not possibl e t o d raw 

an adequate picture of this situation, because the lines are real 

2-dimensional and lie in the real 4-dimensional manifold P2 (~). The 

transverse intersection looks exactly like that between the two complex 

coordinate axes x 1 = 0 and x 2 = 0 in ~2 . Thus it is not possible 

to make a good picture of the reducible quadric Q embedded in P2 (~). 

However, one can easily visualise the topological space itself, a part 

from the embedding : Q is the one point union of two pro jective lines. 

Eac h pro jective line is home omorphic to s 2 . Thus Q results from 

two copies of s 2 when one identifies a point on one copy with a point 

on the other. Thus Q is - i n the language o f t opologists - a 

bouquet s 2 v s 2 of two 2-spheres. 

To repeat : this picture does no t adequately represent the embedding 

QC: P2 (~), because there the two spheres are of course embedded as 

smooth submanifolds. But when one draws them as smooth and wi t ho u t 

pene tratio n of e ach o the r, the result i s a p ictu re of t he following 

type , which i ndeed i s also topol ogically correct , but p sycho l ogical l y 

counte r t o the i dea o f a transvers e interse ction. 
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The following picture is likewise dangerous, though useful, because it 

may give the impression that the singular point of the 1-dimensional 

quadric Q look s like a 2-dimensional cone vertex. 

A picture of a real cone vertex, such as the following, is more adequate 

as a representation of the real surface and - by analogy - also the 

comp l ex surface in three-dimensional space with the equation 

x 2 + y2 - z2 = 0 

I explain these different figures in such detail because in my 

experience it always leads to confusion when o ne does not say what o ne 

means by them. 
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So much for the reducible quadric, the union of two lines. Now 

to the irreducible quadric. In 3.3 we have already established that 

the circle, hyperbola and parabola, which are distinct from the affine 

viewpoint, are real projectively equivalent. The same is just as true 

in complex projective geometry by suitable coordinate transformations 

one can bring the equations of all irreducible quadrics into the same 

normal form (cf. 7.1). One can choose the normal form to be, e.g. 

In spite of this we shall begin our investigation of the irreducible 

complex quadric with the real affine normal forms 

(i) 
2 

parabola y X 

(ii) xy 1 hyperbola 

(iii) 
2 2 

1 circle. X + y 

We do this because we want to read off some characteristics of the com-

plex curves from the pictures of the corresponding real curves, and 

because we want to demonstrate different methods of investigation . The 

corresponding complex projective curves are projectively equivalent 

this is shown by a proof corresponding to the real case given in 3.3 . 

In the investigation we mostly use the affine complex coordinates x, y. 

For the time being we choose the homogeneous complex coordinates 

so that 

In order to investigate a curve like our irreducible quadric, or more 

generally any curve C, we can make use of the method of projection. 

To do this we choose a point p of the projective plane, which can lie 

on C but need not, a projective line L with p ~ L, and project C 

onto L. We shall see examples shortly. 



146 

r 



147 

In the complexes, each point of L has in general the same number 

of pre-image points on C. When p does not lie on C their number 

equals the order of C (see 5.2). But for particular points of L 

some of the pre-image points may coincide. The mapping 

C + L 

which one obtains by projecting from a point p outside C is what 

the topologists and function theorists call a branched covering. The 

points where several pre-image points coincide in C are called 

branch points. We shall see in examples that the description of C 

as a branched covering of L permits, e.g., conclusions to be drawn 

about the topology of C. 

This general method of investigation by projection will now be 

applied in a variety of ways to quadrics. 

We begin with the affine equation of the parabola 

2 
y - X 0. 

The homogeneous equation of the corresponding quadric C reads 

The line at infinity, x0 = 0, contains a point of C, namely 

p = (0,0,1). We project C from this point onto the line x 2 = 0. 

In affine coordinates (x,y), this is projection in the direction of 

the y-axis onto the x-axis. Over each point of the x-axis lies 

one point of the quadric, namely (x,y) = (x,x2). The real affine 

picture of this is the following 

\ /c 
\ v 

1\ I 
\ v 
" r--- / 

v L 
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The real projective picture is schematically something like this 

p 

L 

Thus projection yields a bijectiv e mapping onto L 

whe re the point p is mapped onto t h e point at infinity o f P1 (~). 

The inverse mapping 

is given, in the homogeneous coordinates (z0 ,z1 ) of P1 (~) and 

(x0 ,x1 ,x2 ) of P2 (~), by 

2 2 
(zO,zl) ~ (zO,zO~l'zl) = (xO,xl,x2) . 

This is a bijective regular mapping with regular inverse. Thus the 

projective line and the irreduci ble quadric C are isomorphic as 

abstract curves, even though their embeddings in P2 (~) are completely 

d i f ferent and t here is no collineation which carries a line to a 

quadric! In particular, the two curves are also the same as topologi-

cal spaces resp. differentiable manifolds, i.e. the quadric is a 

2-sphere. The real quadric corresponds, under the above isomorphism 

P1 (~) + C, to the real projective space P1 (m) c P1 (~), and hence to 

a great c ircle on the 2-sphere. This explains the nature of this 

curve. 

Nevertheless, we shall go on to see what happens when we project 

from a point outside C, say from p (0,1,0) onto x 1 = 0. Affinely, 

this is projection in the direction of the x-axis onto the y-axis. 

Here again are the corresponding real-affine and real-projective 

pictu res (schemat i c a nalogue pic tures : we s how only the real curv es) . 
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If we use x as affine coo rdinate on C and y as affine coord­

inate on the y-axis L, then the projection is described by 

2 
y = X • 

If we identify, as before, C with P1 (~) in the homogeneous coordinates 

(z0 ,z1 ) and if we use the homogeneous coordinates (x0 ,x2 ) on the 

projective line L with equation x1 = 0, then the mapping C + L 

induced by the projection becomes identified with the mapping 

with 

One sees immediately that this is a well-defined, regular and hence 

certainly complex analytic mapping of the Riemann sphere onto itself. 

Apart from the two points (x0 ,x2 ) (0,1), each 

point of the image space has exactly two preimages, while (1,0) and 

(0,1) each have one. The latter are the branch points. In the 
zl x2 

affine coordinates x z resp. y = the mapping, as we have 
0 ~ 

already said, is described by 

2 
y = X 

and in the affine coordinates 

dingly described by 

x' resp. y' it is correspon-

As one says in function theory, the mapping P1 (~) + P1 (~) is a two­

sheeted branched covering of the Riemann sphere, branched over the 

points 0 and 

We shall represent this mapping as intuitively as possible. To do 

this we first consider the complement of the point 

sider the mapping 

Thus we con-

d escribed by 
2 

y = X • One can obtain a good intuitive impression o f 

this mapping with the help of the following picture. The advantage of 

this picture is that one sees immediately how the preimage space ~ 
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"lies over the image space a:", how the preimage space consists of two 

"sheets", and how one comes from one sheet to the other by travelling 

around the branch point y = 0. When the point x traverses the 

circle x = e2ni~. 0 < ~ < l, once, then the image point 
2 2ni2~ -

y = x = e traverses the circle around y = 0 twice, and indeed 

with twice the speed. 

A certain disadvantage of the above picture is that in passing 

from one sheet to the other across the dotted line a self-intersection 

seems to occur. Of course this is only because we are trying to 

represent the graph of the mapping ~ ~ ~ 

3-dimensional space, where in reality this 

C' with affine equation 
2 

0 is in y - X = 

with 

graph, 

2 
y = X as a subset of 

and indeed the curve 

the real 4-dimensional 

a:2 Such self-intersections be avoided with models in 
3 

space cannot JR. 

The "sheets" we spoke of above can be explicitly descr-ibed quite 

simply, namely as the upper half plane 
+ 

H and the lower half plane 

The line separating them is the real axis, whic h is mapped by 

H 

of a:. 
2 

y = X onto the positive real semi-axis. When we cut the image space 

along this positive r eal semi-axis and the preimage space along the 
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real axis, the preimage space falls into two separate sheets, and the 

graph of our mapping looks as follows: 

/ I 
H+ 

/ 

/ 
7 H 

• 

l 
! 

/ 7 
7 

Conversely, we can reconstruct our double covering of ~ as 

follows : we cut the image space ~ along the positive real semi-axis. 

The resulting space is homeomorphic to a half plane, and the mapping 
2 

y = X yields a homeomorphism of precisely or H onto the cut 

plane. The boundary of the cut plane is a line, which is divided by 

the origin into two half lines, the "banks". We now take two copies of 

the cut plane, call them H+ and H-, and denote their banks by 

resp. b as in the next figure. 

a 

b 

Then we paste bank a of 
+ 

H to bank a of 

H 

b 

a 

H , and bank b of 

to bank b of + 
H . The resulting space is of course the plane 

a 

H 

~-
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D H+ 

b a a 

~ 
b a 

H 

But and H were copies of the cut plane and they therefore 

have canonical mappings onto [. Thus we obtain a mapping of 
+ 

[ = H U H onto ~ , and it is obviously the required double covering. 

I hope that nobody is bewildered by the naive sounding terminology 

which refers to topological operations as "cutting" and "pasting " . 

Naturally one can formulate all this in the rigorous language o f set 

theoretic terminology - for example, the "pasting together" of two 

spaces is the passage to a suitable quotient space of the disjoint sum, 

with the corresponding quotient topology. However , t h e terminology of 

cutting and pasting - introduced by Riemann l ong before the invention of 

set theoretic topology - is so intuitive that I believe it is the most 

suitable for giving the correct impression of our branched coverings. 

Now that we have thoroughly investigated the branched covering 

~ + ~ , there is no further diffi culty in analysing t he complet e two­

sheeted covering 

of the Riemann sphere in the same way. In the image space we make a 

branch cut from the south pole 0 to the north pol e 00 , in fact a l ong 

the half of the great c i rcle through the poles whi ch corresponds to t he 

positive real axis. If we cut the sphere along this semicircle, then 

the result is a space homeomorphic to a hemisphere. 
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This cutting separates the preimage space into two sheets, namely the 

hemisphere into which the sphere P1 (~) is divided by the great circle 

Conversely, when one knows that the preimage space is a 

double-branched covering of P1 (~) with two branch points over 0 and 

~. then o ne can reconstruc t the covering s pace by pasting together two 

hemispheres, and conclude that the covering space must be a 2-sphere. 

In this way one can topologically analyse more general covering spaces, 

e.g. a curve C which is a branched covering of a projective line 

under projection. The following picture gives an intuitive impression 

of the two-sheeted branc hed covering 

2 2 s .. s 

just considered. 
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We shall now briefly explain why coverings such as the two-she eted 

branched covering above are interesting not only t opologically, but 

also function theoretically - we already know that they appear in alge-

braic geometry in a natura l way, namely with the projection o f curv es 

onto lines. 

We begin by considering again the affine curve C' c ~2 with the 

equation y x 2 = 0, and the double covering 

C' + IC 

obtained by projection onto the y-axis. When we restrict any entire 

rational function on ~2 • e.g. the function x, to the 1-dimens ional 

complex manifold C', then we obtain a well-defined holomorphic function 

x on c•. (Indeed we have seen before that one can take x as a 

coordinate on C' .) We now consider a point ye ~ and the two points 

of c • lying over y. 

precisely the values 

X =.::. /Y. 

Then at these two po ints the function x has 

Thus we see the following : on the y-plane a function /Y cannot, as 

is well known, be defined properly, i.e. as a single-valued analytic 

function of y , because when one travels once around the o rigin and 

analytically continues one of the two power seri es expansions, then one 

returns with the expansion with the opposite sign. But when we go to 

the double covering C' + ~. x = /Y becomes a well-defined complex 

analytic function on C'. If one also admits the value for y, 

then one must likewise do so f o r x, i.e. one comes to precisely the 

branched covering 

that we have analysed above, and on the covering space x = /Y becomes 

a well-defined meromorphic function. One calls this branched covering 

the Riemann surface of the many-valued "function" /Y. In general one 

c an con s ide r a many-va lue d algebraic "fu nction" y (x ) def ined by a n 

implicit equation 

Ym + m-1 a 1 (x)y + ... + am(x ) = 0 

where the 

was simply 

a. (x) are polynomi als in x. (In our case the equation 
1 2 
y - x = 0 .) One i n t erpre ts the ai(x) a s meromorphic 

functions on P1 (~) a nd y as a many-valued meromorphic "func t ion" on 
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One now seeks a 1-dimensional compact complex manifold C and 

a holomorphic mapping 

as a branched covering so that y can be interpreted as a well-defined 

meromorphic function on C. (One hopes that there is such a thing, 

because when one takes an m-sheeted covering one has in general m 

points over each point of P1 (~), at which the function y can take its 

m values.) Such a c, for which the sheet number of the covering is 

chosen as small as possible, always exists and is essentially unique. 

One calls this branched covering C + P1 (~) 

many-valued "function" y. 

the Riemann surface of the 

Now this many-valued Riemann surface has a lot to do with algebraic 

curves in P2 (~). Namely, the affine equation 

Ym + m-1 a 1 (x)y + ... + am(x) = 0 

also defines a projective algebraic curve C in P2 (~), and projection 

in the direction of the x-axis onto the y-axis defines a mapping 

c + pl (~). 

When c is non-singular, as in the previous case of the quadric, then 

c + pl (~) is already the Riemann surface of y. When c is singular, 

one must go to a non-singular normalisation c + c, and the composition 

is then the desired Riemann surface. 

Summary The connection between the algebraic geometric and function 

theoretic viewpoints in the invest igation of algebraic curves is the 

following : the concrete Riemann surfaces C + P1 (~) of many-valued 

algebraic functions are the branched coverings of P1 (~) which result 

from composition of a normalisation C + C and projection C + P1 (~) 

of an algebraic curve C. In addition, one can show that each 

abstract Riemann surface C, i.e. each compact 1-dimensional complex 

manifold, can be viewed as a branched covering C + P1 (~), i.e. as the 

concrete Riemann surface of a many-valued algebraic "function". 

Of course we cannot here go precisely into all these things from 

function theory, and we must refer to textbooks on function theory 

such as those of Behnke and Sommer [Bl) or Siegel [55). But perhaps 

it was useful to at least explain the connection between function theory 
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and the theory of algebraic curves here. 

We shall now study the quadrics from another viewpoint, and to do 

so we begin with the second affine normal form, the equation of the 

hyperbola 

xy = 1. 

More generally, we consider the whole family of quadrics defined by the 

affine equations 

xy = c, 

where c is a complex parameter. For c ~ 0 these quadrics are 

irreducible, while for c = 0 we have a reducible quadric, which decom-

poses into the two lines x = 0 and y = 0. The real images o f these 

curves already suggest what happens in this family of quadrics as 

c + 0. The irreducible quadrics are drawn towards the reducible quadric 

c 1 
4 c 1 

1 c 1 
c 

2 2 
1 c c 4 

as c + 0. In the process, the topological type changes : we already 

know that an irreducible complex projective quadric is ho meomorph ic to 

s 2 , whereas a reducible one is homeomorphic to s 2 v s 2 . 

In order to see more precisely what is happening, we now use the 

third real normal form, that of the circle, and consider the family of 

complex projective quadrics with the affine equations 

2 
= c , 

c > 0 real. 
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We could again analyse this family of quadrics by viewing them as 

branched coverings of the y-axis with the branch points y = ~ c. 

Instead of that we choose another method here, which brings out the 

relation between real and complex quadrics particularly clearly. In 

order to be able to denote real and imaginary parts of coordinates in 

the usual way by x and y, we change the notati on for affine complex 

coordinates we now call them and with 

Thus we consider the family of affine quadrics 

This equation is a complex equation, equivalent to the following two 

real eq uations 

2 2 2 2 2 
xl + x2 - yl - y2 c (1) 

xlyl + x2y2 = 0. {2) 

Let Q c ([2 be the affine quadric defined by these two equations. 
c 

What does this real 2-dimensional manifold look like ? In order to 

see, we proje ct ([2 onto 1R2' i.e. we conside r the mapping 

with 

Because of {1), Qc is mapped onto the r e gion 2 + 2 x1 x 2 > c outside the 

c ircle with radius c which is in fact the associated real quadri c . 

In order to analyse the mapping of Qc onto this region B more pre­

cisely, we partition this region into the rays which are its inter­

sections with lines through the origin. 



' ' 

, , 

' ' 

I 

' 

' ' 
' ' \ 

I 

I 

' ' 

I 
I 

. . 
I 
I . 

I 

159 

I 
I 

I 
I 

. 
I 

I 

I 

, 

' ' , , 
I 

, , 
, , 

' ' 

' , , 

, , , , 

', 

What is the appearance of the part of Qc which is mapped by Qc + B 

onto such a ray ? 

Equation (2) says : the y coordinates of the preimage points of 

the ray through 

(y 1 ,y 2 ) -plane. When we map thi s line into the 

y 1 I+ x 11 y 2 •+ x 2 it becomes precisely the line through the origin per­

p endicular to the ray in question, and hence parallel to the tangent to 

the circle x~ + x~ = c 2 at the point where the ray meets the circle. 

Equation (1) determines the distance p of the two points of Qc 

on this tangent from the origin in terms of the distance r of 

from the origin 

2 
p 

2 
r 

Then equation (1) says 

2 2 2 
r - p c . 

This is the equation of a real hyperbola in the (r,P)-plane. The 
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following picture suggests the situation. It shows the intersection of 

Qc with the 3-dimensional space y 1 = 0, and c onsists of the real 
2 2 2 

circle x 1 + x 2 = c and the two hyperbola branches which lie over the 

positive and negative x 1-axes. 
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When we let the ray x 2 = 0, x1 > c just considered rotate in the 

(x1 ,x2 )-plane it sweeps out the region B and traverses all the rays 

into which we have decomposed B. Over each line lies a real hyperbo la 

branch in the affine quadric Qc , as we have seen above . This brings 

us to the idea that our surface 

one-sheeted hyperboloid of revolution 

with the equation 

2 2 2 2 
u + v - w c . 

could be viewed topologically as a 

He , i . e. as the surface in ffi3 

And in fact one easily sees from our previous considerations how to 

explicitly define a homeomorphism of the complex affine quadric Qc 

onto the hyperboloid 

is defined by 

u xl 

v x2 

w = /v2J yl+y2 

The sign of the root 

H . 
c 

The mapping 

is determined as 
2 

follows : the circle x 1 

divides into two regions, namely the regions with x1y 2 -

(This condition describes the decomposition of 

tangents to the circle into half tangents to left and right of the 

point of contact . ) In one region we choose the positive root, in the 

other, the negative root. Then is well defined, and one sees 

easily that it is a homeomorphism. Since we can carry out the con-

struction for each c , and since it depends continuously on c, we 

obtain a homeomo rphism of the family of affine complex quadrics Qc 

onto the family of one-sheeted hyperboloids of revolution He , so that 

we can describe the degeneration of the quadrics as c + 0 topologically 

in terms of the corresponding degeneration of the family H 
c 

But one sees immediately, for the family of hyperboloids of revol-

ution, what happens as c + 0 : the "waist" , i.e . the circle 
2 2 2 

x1 + x 2 = c , contracts to a point. 
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•, 
'·, 

' ·, 

·. 

The circle, which has radius c and hence contracts to a point as 

c + 0, is called a vanishing cycle. 

We have now come to a better understanding of the degeneration, not 

only of the affine quadrics, but also of the complex projective quadrics. 

When one lets c tend to 0 in the family of complex projective qua-

dries 

then the quadrics degenerate to a reducible quadri c. In the process, 

the vanishing cycle contracts to a point. The non-degenerate quadrics 
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are topological 2-spheres, with the vanishing cycle, the circle in the 

real affine plane 

2 + x2 = 2 
xl 2 c ' 

a great circle on this sphere. As 

constricts and one obtains a bouquet 

c + 0 the equator of this sphere 

8 2 v 8 2 . We have already esta-

blished that a reducible quadric is topologically a bouquet. 

We now want to make an investigation similar to the one we have 

just made for a family of quadrics, but now for a family of cubics, 

namely the family of diverging cubic parabolas with the affine equation 

(1) 

Here, t is any complex number. We denote the cubic associated with 

t in the complex projective plane by ct. By equating partial deri-

vatives to zero one finds two values of t for which the curve Ct is 

singular, namely 

213 
t = + 9 

In order to obtain a first impression of the course of the curves Ct , 

we again divide into real and imaginary parts zl xl + iyl and 

z2 x2 + iy2 Equation (1) is then equivalent to 

2 2 3 2 
(2) x2 - Y2 - xl + 3xlyl + xl = t 

2x2y2 
2 + 3 0. (3) - 3xlyl yl + yl = 

If we now intersect the affine curve with the equation (1) in ~2 with 

the real three-dimensional linear subspace y 1 = 0, then (2) and (3 ) 

give the equations 

0 and 

or 0 and 
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The following picture, which I received from the American mathematician 

Richard Bassein, shows these curves for various values of t. Curve 

branches which correspond to the same value of the parameter t are 

denoted by the same letters a, b, c, d, e. We have 

213 
for t > 

9 
a 

t 
213 

9 
for b 

t 0 for c 

213 
for d t -9 

213 
for t < -

9 
e. 
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We shall now investigate the curves Ct topologically, again by 

suitable projection onto a projective line. 

We first investigate one of the two singular curves, say the curve 
213 

C = ct for t = -g- . The investigation of the other singular curve 

proceeds analogously, with analogous result. The picture of the real 

affine curve already suggests how to project most conveniently : from 

the singular point p = (z1 ,z2 ) with z 1 = ~ 13 , z 2 = 0 onto the 

y-axis z 1 = 0. 
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One immediately computes that the line through p and the point (O,u) 

on the z 2-axis cuts the curve c in exactly one point other than p, 

namely the point (zl,z2) with 

2 2 -
3u - 3 13 

-313 u 3 + 3u. 

Conversely, u o+ (z1 ,z2 ) defines a holomorphic mapping of ~ onto the 

affine cubic. This admits an immediate extension to a holomorphic 

mapping 

namely, in homogeneous coordinates 

One easily sees that this mapping is almost bijective more precisely, 

the following holds : if one removes the singular point p from C and 

the two points 

is bijective. 

p in P1 (~) . 

p = (1, + 1/ /,13) 
+ 

The two points 

from P1 (~) then the mapping 

and p_ are the two preimages of 

They are the two points at whic h the two tangents to C 

at p mee t the z 2-axis. Thus we obtain : 

Result : The singular cubic C with an ordinary double point p 

results from the Riemann sphere by identificati on of two points p+ and 

P_ 

We can see this topological space intuitively in various ways, e.g. 

by one of the following pictures . The f irst picture suggests that one 

can also obtain this space, which results from s 2 by identification of 
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two points, by contracting a meridian on a torus to a point. 

Since one can, of course, exchange meridian and latitude circles on 

a torus by exchange of the factors in s1 x s 1 , one can 'equally well 

contract a latitude circle, say the inner equator . 

When one does this in JR3 , the result is the second of the above 

figures, which one can obtain by rotation of a figure 8. 

We make these remarks at this stage because we shall see later that 

this contraction of meridian resp . latitude circles describes precisely 

t he top o l ogical degene r ation which occurs i n our family of cubics Ct 

when the parameter t tends to the two singular values. 

We shall now topologically analyse the non-singular cubics of our 

family. To do this we project Ct in the direction of the z 2-axis 

onto the z 1 -axis. In coordinates this is the mapping 

This affine mapping may be extended to a holomorphic mapping 

in which the point (0,0,1) is sent to the point (0,1) 

becomes a t wo - s heeted b ranched covering o f t he 2-sphere . 

ct then 

Th e branc h 

points (in affine coordinates) are obviously the three solutions 

e. 
~ 

of the equation 

togethe r with the po int z 1 = ~. as one easily conv inces oneself. The 

three branch po ints c an be see n very n icely, by the way, on the c urve 

denoted by c i n Ric hard Bassein' s p i cture . 
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Now we analyse the branched covering Ct + P1 (~} by the same method 

that we applied previously to quadrics. The posi tion of the three 

points e 1 ,e2 ,e3 on the sphere is unimportant for the topological 

analysis. We can therefore identify the 2-sphere s 2 with the sur-

face of a tetrahedron with vertices e 1 ,e2 ,e3 and Then we cut the 

tetrahedron along the three edges from ei to and obtain a triangle. 

00 

If we also cut the surface Ct doubly covering the 2-sphere 

along the preimages of the cut edges, then it divides into two pieces, 

two copies of the triangle above. (This is a general fact from topol-

ogy : an m-sheeted unbranched covering of a simply connected region G 

decomposes simply into m copies of G , and we can apply this here, 

because our triangle of course is simply connected.) 

Conversely, we can reconstruct the surface Ct by suitably pasting 

two copies of the triangle. Naturally the sides on which the corres-

ponding points e. 
1 

with together. 

lie must be identified. First we paste the sides 

Then a paral lelogram results. 

00 e, co 

' 
' 

' ' 
' ,~2 

' 
' ' ' 

00 ~ co 
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Then we identify the sides with e1 - with the correct orientation of 

course - and the result is a cylinder. 

Finally, we identify the sides with e 3 , and the result is a torus. 

Result : The non-singular cubic curves Ct in P2 (~) are homeomorphic 

to a torus. 

It is natural to ask where the curves we see in Richard Bassein's 

picture lie on the torus. This question only acquires a precise 

meaning when we specify precisely how the curve Ct is to be identi­

fied with the torus, for example, by saying how the edges of the tetra-

hedro n lie on the sphere. We shall do this f o r the parameter value 

t = 0. The curve co cuts the real x-axis in the three points 

el -1 

e2 0 

e3 +1 

and a t We choose the segments of the real axis from t o 

e 1 , e 1 to e 2 , e 2 to e 3 and e 3 to as edges of our tetrahedron. 

The remaining edges do not interest us. When we identify c 0 with 

the torus in ffi3 as previously prescribed, then we obtain the following 

picture for the arrangement on the torus of the curves shown in 

Bassein's picture : 



170 

Result : If t runs from 0 to the critical value 

latitude circle 

the critical value 

a point. 

contracts to a point, and if t 
213 - -g- , then the meridian circle 

2~ 
+ -g- , then the 

runs from 0 to 

contracts to 

In this way we have obtained a deeper understanding of what happen~ 

topologically when a family of non-singular cubics degenerates to an 

irreducible cubic with an ordinary double point. One can similarly 

investigate, e.g., how non-singular cubics degenerate to three lines in 

general position. In this case three meridians of a torus contract to 

points. 
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Another example would be the degeneration of a non-singular cubic 

into the semicubical parabola. In this case a meridian and latitude 

circle on the torus both contract. The result is a sphere, and this 

harmonises with the fact that the mapping 

is a homeomorphism of P1 (~) 
3 2 

onto the semicubical parabola z 2-z0 z 1 0. 

Summary : We summarise the long discussion in this section on the 

geometry of curves in the complex projective plane . 

One can treat curves algebraically- this will happen in Chapter II. 

One can treat them function-theoretically as abstract or concrete 

Riemann surfaces a viewpoint to which we shall occasionally return 

(e.g. in 7.4). Finally, we have investigated the examples of quadrics 

and cubics topologically. In these examples we have seen that curves 

in the complex projective plane, viewed as topological spaces , result 

from compact orientable surfaces, possibly with the identification of 

finitely many points of the surfaces. The genus of these surfaces is 

the most fundamental invariant. Later we shall derive formulae, the 

Plucker formulae, for the computation of genus. 

We have also seen examples of the way in which the topological 

type - the genus - of a family of curves alters when a curve acqui res a 

singularity. The Plucker formulae cover this phenomenon. 

We have seen in addition that one can interpret this alteration of 

topological type as the contraction of vanishing cycles. This view-

point plays an important role in algebraic geometry today, in the topo­

logical investigation of algebraic manifolds (Lefschetz [Ll], Griffiths 

[G2], Deligne [Dl], Milnor [Ml], Brieskorn [B6]. 

With this prospect we conclude this introductory chapter. 
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II. INVESTIGATION OF CURVES BY ELEMENTARY ALGEBRAIC METHODS 

In Chapter I of this course we have seen how the historical develop­

ment of the theory of plane curves led to the investigation of curves 

in the complex projective plane which are the zero sets of homogeneous 

polynomials . In this second chapter we want to begin such an investi-

gation - from an analytic geometric standpoint - using essentially only 

elementary algebraic methods, namely simple facts about computation with 

polynomials . 

In the later chapters we shall then carry out deeper and more 

extensive investigations - likewise from an analytic geometric stand-

point and mostly by algebraic methods - guided strongly, however, by 

qualitative geometric viewpoints. 

4. Polynomials 

In this section we collect a few simple facts about computation 

with polynomials which we shall use regularly in what follows. We con-

fine ourselves only to essentials, and for details refer to algebra 

textbooks, e.g. [Wl] or [Rl]. 

An affine algebraic curve C in the complex affine plane ~2 is 

the zero set of an equation f(x,y) = 0, where f(x,y) 

is a polynomial in the two indeterminates x and y. 

i j 
L a .. X y 

i+j~n LJ 
If C' is 

another curve with equation g(x,y) = 0, where g is likewise a poly­

nomial, then we can consider the polynomial f -g, and the zero set of 

f-g(x,y) is obviously the curve C u C'. The decomposition of poly-

nomials into factors corresponds to the decomposition of curves into 

components. For the algebraic treatment of this decomposition into 

components it is therefore necessary to investigate divisibility and 

factorisation properties of polynomials. The investigation of poly-

nomials in several indeterminates reduces largely to the investigation 

of polynomials in one indeterminate, because, e.g . , one can regard the 

polynomial f with two indeterminates x, y and complex coefficients 

, ,  
DOI 10.1007/978-3-034 -0 - _4
E. Brieskorn and H. Knörrer Plane Algebraic Curves: Translated by John Stillwell

8 493 6 , © Springer Basel 1986
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aij as a polynomial in the single indeterminate x 

n n-1 
a 0 (y)x + a 1 (y)x + ... + an(y), 

where the coefficients ai (y) are in turn polynomials in the indeterm­

inate y with complex coefficients. 

4.1 Decomposition into prime factors 

Let R be a commutative integral domain with unit (e.g. a poly­

nomial ring over a field) . 

Definition: Let p E R, p 1 0 be a non-unit. 

(i) Then p is called irreducible when p = a·b implies either a or 

b is a unit in R. (Instead of irreducible one also says inde-

compos able .) 

(ii) p is called a prime element if, whenever p divides a product 

a·b, p d ivides one o f the factors a o r b. 

Remark : Each prime element is irreducible. 

Proof : When p = a·b, p divides a factor, say a= ap. 

of p gives a·b = 1, so that b is a unit. 

Cancellation 

Q.E .D . 

The converse does not hold in general. For example, in 

~{x,y, z}/(z2-xy ) the class of z is irreduc ible but not a prime element, 

because z divides xy , but neither x nor y. This, together with 

the natural question of existence and uniqueness of decomposition i nto 

indecomposable factors, leads us to consider the following factorisation 

properties for the ring R (cf. Scheja [Rl], §14). 

Definition Let R be a commutative integral domain with 1 and l et 

a ~ R be any non-zero non-unit. R has property 

F, when each a is a product of finitely many prime elements; 

F0 , when each a is a product of finitely many irreducible 

elements; 

F1 , when F0 holds and the decomposition into irreducible f actors 

i s unique up to order and multiplication by units; 

F2 , when each irreducible element is prime. 

Proposition 1 

F 0 F l 0 F O a nd F 2 . 

The proof is simple (cf. e.g. Scheja [Rl], Theorem 160) . 
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Definition : A ring with these properties is called factorial {also 

UFD, unique factorisation domain). 

Example : In R = ~{x,y,z}/{z2 -xy), z 2 has two essentially different 

decompositions into irreducible elements : z 2 = z·z = x.y. Thus R 

is not a UFD. However, in the following sections we shall see that 

the rings which interest us, namely polynomial rings over fields, are 

UFD's. 

4.2 Divisibility properties of polynomials 

Let A be a commutative integral domain with 1. We consider 

polynomials in an indeterminate x with coefficients from A 

n is called the degree of the polynomial. The collection of all such 

polynomials forms a ring, the polynomial ring A[x], which is obviously 

also an integral domain. We shall investigate divisibility and factor-

isation properties in this ring. 

We first assume that A is a field so that one can divide by all 

non-zero b € A. Then the most important fact concerning A[x] is 

the existence of a division algorithm . If 

f 
n n-1 

and b 0x 
m 

b 'I 0 = a 0x + a 1x + ... + a g = + ... + n m 

are polynomials of degrees n, m respectively {with n > m) then there 

are unique polynomials q and r with 

f = q · g + r 

where degree r < degree g or r = 0. The polynomial r is the 

"remainderu on division of f by g. It is clear how the algorithm 

for carrying out this division with remainder proceeds : the term of 

highest degree in is 
ao n-m 

One subtracts 
ao n-m 

from q -X 

bo 
X g 

bo 
and obtains a polynomial of lower degree, then divides by g again, 

Rings which admit such a division with remainder are called 

euclidean rings. 

We now use the division algorithm in order to determine the 

greatest common divisor of two polynomials a, a' E. A[x] {euclidean 

algorithm) 

We iterate division with remainder 

f 

etc. 
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a qa' + a'' 

a' q'a'' + a''' 

(k-2) 
a q(k-2)a(k-l) + a(k ) 

until the remainder 
(k) 

a becomes a constant in A. Now if b 

divides both a and a', then it also divides a'', and hence also 

a' •', etc. Thus it follows that if a(k) I 0 then a, a' have no 

proper (i.e. non-constant) common divisor, they are "relatively prime". 

If a(k) = 0, then a(k-l) is the greatest common divisor of a and 

a'. 

It follows immediately from the above algorithm that a'' is a 

linear combination of a, a' with coefficients in A[x), hence so too 

iS a I I I 1 etC • Thus : if c is the greatest common divisor of a and 

a' there are polynomials u and v with 

ua + va' = c. 

In particular, for relatively prime a, a' there are polynomials u, v 

with 

ua + va' = 1. 

We can use this to show 

Proposition 1 

A polynomial ring over a field is factorial. 

Proof : F0 obviously holds. 

and suppose pja·b but pja. 

We prove F2 . Let p be irreducible 

By pja and irreducibility of p, a 

and p are relatively prime, and hence there are u, v with 

ua + vp 1 

hence 

uab + vpb = b. 

Then since pja·b we also have pjb. Q.E . D. 

Example Let f E ~[x] be a polynomial of nth degree, f = xn + ... 

and let a 1 , ... ,an e: ~ 

is the decomposition of 

be its zeroes. 

f into irreducible factors. 

Remark One sees from this example that there is no general algorithm 

for computing the prime factor decomposition . 

We now give up our restriction to polynomial rings over a field and 
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consider the general problem of deciding when A[x] is factorial for an 

integral domain A. 

itself factorial. 

Of course this cannot be the case unless A is 

However, this is also sufficient, as one proves by 

reduction to Q[x], where Q is the quotient field of A : in order to 

decompose a polynomial in A[x] into prime factors, one first divides 

it by the g.c.d. of its coefficients and obtains a "primitive" polynomial, 

i.e. one with relatively prime coefficients. Then one separately 

decomposes the g.c.d. into prime factors in A and it remains to find 

a prime factorisation for primitive polynomials. But for a primitive 

polynomial f c A[x] one can show without difficulty that f is irre­

ducible resp. prime in A[x] if and only if it is irreducible resp. 

prime in Q[x). (See [Rl), Theorem 180.) Since it is easy to see 

that each primitive polynomial f in A[x) is a product of finitely 

many primitive irreducible polynomials fi , we thereby also obtai n a 

prime factor decomposition of f, because the f. 
l 

are irreducible in 

A[x), hence in Q[x), hence prime in Q[x), hence prime in A[x) . 

Thus one has the following theorem of Gauss. 

Theorem 2 

A polynomial ring A[x) is factorial if and only if A is 

factorial. 

Corollary 

torial. 

A factorial, x 1 , ... ,xn indeterminates 9 A[x1 , ... ,xn) fac­

In particular, polynomial rings over fields are factorial. 

The theoretically proven possibility of decomposing each polynomial 

in A[x1 , ... ,xn) into primes of course says nothing about how one may 

find the decomposition for a given polynomial f, in other word s , how 

one finds the prime divisors of f . Certainly, one can use the division 

algorithm to establish whether a given polynomial g divides f, but in 

general one must try infinitely many g to find the divisors of f, 

e.g. for f E. a: [ x), all g (x) = x-a where a is an arbitrary complex 

number . When A is a UFD in which prime factor decomposition 

can be carried out in finitely many steps, and which has only f i nitely 

many units, then the same is true for A[x), as one easily shows by an 

argument of Kronecker (see e.g. van der Waerden [Wl], §30). Thus, e,g., 

the prime factor decomposition i n ~[x1 , ... ,xn)' and hence also in 

~[x1 , ... ,xn)' can be carried out in finitely many steps. But for the 

case in which we are particularly interested, namely O:[x1 , ... ,xn], this 

unfortunately does not hold (cf . also Scheja [Rl ) ) . 
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We now consider the question of when two polynomials f,g E A[x] 

have a common divisor, under the assumption that A is a UFD. 

Let 

f 
m 

+ 
m-1 

+ a 0x a 1x + a 
m 

b0 x 
n + b 1 x 

n-1 
+ + b g = ... 

n 

We admit the possibility that e i ther a 0 or b 0 vanish. In order to 

establish whether f and g have a non-constant common divisor, one 

can of course apply the euclidean algorithm when A is a field, and it 

will indeed yield the greatest common divisor. However, if we do not 

want the g.c.d. itself, but only to know whether it is non-constant, 

then it suffices to establish whether the constant a(k) appeari ng last 

in the algorithm vanishes or not . 

the algorithm that this constant 

expression in the coefficients a . 
~ 

It is clear from the description of 
(k) 

a is a uniquely defined rational 

and b. 
J 

of the two polynomials 

which must vanish when there is a non-constant g.c.d. It is clear 

from this that there must be a polynomial R(a,b) in the coefficients 

ai and bj such that R(a,b) = 0 if and only if f and g have a 

common divisor . 

In order to compute this polynomial explicitly, we could analyse 

the euclidean algorithm. However, that would be troublesome. Instead , 

we proceed as follows. 

Suppose that f and g have a non-constant common divisor h. 

Thus we have 

f U·h 

g V·h 

where u, v are polynomials with degree u < m, degree v < n, say 

m-1 m-2 
u cox + c 1x + + c 

m-1 

d 0x 
n-1 

d 1x 
n-2 

d v + + . . . + 
n-1 

and 

vf - ug = 0 (u, v "I 0). 

The existence of this equation is therefore necessary for the existence 

of a non-constant common divisor. However, it is also sufficient, 

because the prime divisors of f must then all appear in u·g as well, 

but they cannot all appear in u, since degree u <degree f, when 
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Thus a prime divisor of f divides the polynomial g. Multi-

plying out the above equation and comparing coefficients yields the 

following linear equations for the coefficients c. 
J. 

and d. 
J 

- boca 0 

blcO - bOcl 0 

- b m-lcO - bOcm-1 0 

amdo + aOdm bmcO - blcm-1 0 

+ amdl + aOdm+l 

+ aodn-1 

+ aldn-1 - bncO 

+ a d 
m n-1 

For these equations to have a non-trivial solution it is neces sary and 

sufficient that the determinant of the coefficients vanish. By multi-

plying columns by 

in the form : 

ao al 

ao 

Rf,g 
bo bl 

bo 

Definition : Rf,g 
n 

g = b 0x + ... + bn 

We have proved 

Theorem 3 

-1 and 

a2 

al a2 

ao al 

bl 

bo bl 

transposition one 

a 
m 

a 
m 

a2 

ao al 

b b 
n-1 n 

a 
m 

a2 

b 
n 

b 
n 

a 
m 

b 
n 

is called the resultant of 

Le t A be a UFD and let 

obtains the determi nant 

n 

m 

f and 
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f 
m 

a 0 x + + a 
m 

n 
+ b g b 0 x + 

n 

be polynomials from A(x] with ao "I 0 or bo "I 0 . Then f and g 

have a non-constant common divisor if and only if the resultant R of 

f and g vanishes. 

Remark : The resultant R also arises as follows Suppose that f and 

g have a common zero x 0 , so that 

+ a 
m 

+ b 
n 

0 

0. 

By multiplying these equations by suitable powers of x 0 and p o lynomial 

expressions in ai' bj and subtracting, one can successively eliminate 

all powers of x 0 until what remains is a polynomial in the ai and 

b j which mus t v a nish, n a me ly the r e sultan t R . This me ans : the 

equation R = 0 results from the two equations a bove by elimination. 

It is a necessary condition for the existence of a common zero x0 b. A 

(because in that case x - x0 is a common divisor) . 

One can also carry out an analogous elimination process for the 

equatio ns 

m m-1 
f a 0x + a 1x + + a 

m 

b 0x 
n 

b 1x 
n -1 

+ b + + g. 
n 

Then one obtains, instead of the equation R = 0 , an equation 

R = Pf + Qg wi th polynomials P and Q. In this way one then proves 

(exerc ise, see van d e r Wae rden (Wl], §34) the following 

Proposition 4 

Let A be a UFO, and let f ,g e: A(x] with f ,g <t A. Then for 
m 

f = a 0x + . . . + am and g = b xn + . . . + b wit h resultant 
0 n 

R there 

are p o lynomials P, Q with d egree P < n and degr ee Q < m suc h that 

R = Pf + Qg. 

The coefficients of P and Q are integral polynomials in the 

and bj which depend only on the numbers m, n. R is an integral 

homogeneous p o l y nomial in the 

n in the a i and d e gree m 

a . and 
1 

i n the 

b. 
J 

of degree m+n , of degree 

b .. 
J 

Fina lly, we mention yet ano ther desc ription of the resulta nt f o r 

a. 
1 
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the case when f and g decompose into linear factors. 

simple proof we refer to van der Waerden [Wl], §35.) 

Proposition 5 

Let f ao(x-xl) (x-xm) 

g bo (x-yl) (x-yn) 

and let R be the resultant of f and g. Then 

(i) 
n m 

II (xi-yj) R aobo 
i,j 

(ii) R n II g(x.) ao . ]_ 
]_ 

(iii) R (-l)m·nbm Jl f (y j). 
0 

j 

(For the 

Remarks : In (i), R is symmetric in the xi and yi hence -as we 

expect - a polynomial in the elementary symmetric functions of the 

and respectively, hence in the coefficients of f and g. 

Formula (ii) also holds when g does not decompose into linear 

factors, and (iii) holds when f does not decompose. 

Corollary 6 

Two polynomials f, g ~ ~[x] have a common zero if and only if 

their resultant vanishes. 

X. 
]_ 

In 6.1 we shall see the usefulness of the resultant of two poly-

nomials in establishing the existence of common components of two curves 

and in calculating the number of intersection points of two curves with 

the equations f = 0 and g = 0. In order to see an application of 

the resultant immediately, we show how one can use it to find by elimin­

ation the equation of a rational curve given by a parametrisation 

pl (t) 
X = 

Ql (t) 

P2 (t) 
y = 

Q2(t) 

(We have already seen this in connection with the presentation of 

equations for epicyclic curves in 2.3.) 

Let f and g be the following polynomials in the indeterminate 

t wi th coeffi cients in ~[x,y] 

f P1 (t) - xQ1 (t) 

g P2 (t) - yQ2 (t), 
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and let R be their resultant . 

For (x0 ,y0 ) to be an image point of t E ~ it is necessary that 

f 0 

g 0. 

For this it is necessary that R(x0 ,y0 ) 

R(x,y) = 0 

is the desired equation of the curve. 

Example 

X 

y 

0. Thus 

Of course in this case one can eliminate t immediately: 

t X~ 

y x~(x-1) 
2 

x(x-1) 2 . y 

Hence the desired equation is 

However, we can also construct the resultant 

l 0 -x 0 0 
0 l 0 -x 0 

2 3 2 
R 0 0 l 0 -x y - X + 2x - X 

l 0 -1 -y 0 
0 l 0 -1 -y 

and with R = 0 we obtain the same equat ion . 

To conclude, we brie fly consider the importan t special case of the 

resultant of f and g when g is the formal derivative f' of the 

polynomial f thus 

m m-1 
f = aox + alx + ... + am 

m-1 m-2 
f' = ma0 x + (m-l)a1x + ... + am_1 . 

Definition : Rf,f' is the discriminant Df of f . 

Since f and f' have a proper common factor if and only if f 

has a multiple factor, it follows from Theorem 3 that 

Corollary 7 

A polynomial f has a multiple f actor if a nd only i f its 
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discriminant vanishes. 

It is important to understand clearly the geometric meaning of the 

discriminant. We shall achieve this by considering the discriminant 

of polynomials of the third and fourth degree. 

We first consider polynomials of degree 3 with real resp. complex 

By a coordinate transformation 

x = x' - a 1/3 (a "Tschirnhaus-transformation") one can always arrange 

that the coefficient of the second highest power vanishes. Thus 

without loss of generality we assume that our polynomial f is of the 

following form : 

f = x 3 + bx + a. 

Eliminating x between 

x 3 + bx + a 0 

3x2 + b 0 

yields the discriminant equation Rf,f' 

27a2 + 4b3 = 0. 

0 

This is 

(i.e. in IR2 

and in a: 2 

the equation of a semicubical parabola in the (a,b)-plane 

when we are discussing polynomials with real coefficients, 

in the complex case) . For the sake of clearness we carry 

out the discussion which follows for the real case. 

Now it is important to analyse not just a single polynomial 

x 3 + bx + a, but to allow the parameter (a,b) to vary in the plane IR2 

and to investigate how the behaviour of solutions of x 3 + bx + a = 0 

depends on a, b. We could do this in the present case with the help 

of the Cardano formula, see 2.1, e.g. for b > 0, a < 0 the (real) 

solution is given by 

X = :l!.b3 + a2 - ~ - #.b3 + a2 + ~ 
27 4 2 27 4 2 

in which the square root term is just the discriminant (up to a factor) . 

Instead, we shall be content with a qualitative consideration. 

We consider the graphs of the function y 

three qualitatively different cases : b < 0, b 

There are 

0 and b > 0. 
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b < 0 b - 0 b > 0 

Now we consider the zeroes of x 3 + bx + a. In the case b > 0 

there is obviously exactly one real zero. In the case b 0 there is 

exactly one real zero when a ~ 0, and a triple zero when a = 0. The 

most interesting case is when b < 0. As long as a lies between the 

minimum and maximum of y = x 3 + bx there are obviously three real 

zeroes, otherwise one. If a becomes equal to one of the extrema, two 

of the zeroes become a double zero. The condition that a lie between 

the extrema may be expressed algebraically immediately. 

dition 

Thus the discriminant 27a 2 + 4b3 = 0 divides we see : 

two regions G G' where 27a 
2 

+ 4b3 < 0 resp. resp. 

For (a,b) E G, 
3 

+ bx + a has three real for X zeroes, 

It is ·the con-

the plane into 

27a 
2 + 4b3 > 0. 

(a,b) E G' it 

has one. Along the discriminant curve D there are multiple zeroes. 

We can visualise this situation geometrically as follows : 

In lR3 with the coordinates (x,y,b) we consider the collection 

of all cubical parabolas 
3 

+ bx, i.e. consider the smooth y = X we 
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surface F in m3 with equation x 3 + bx - y = 0. If we set y -a, 

then for constant a, b the points on the surface are (xi,a,b) 

is a zero of x 3 + bx + a. exactly the points whose first coordinate xi 

Thus when we project m3 onto the m2 with the coordinates (a,b) by 

(x,y,b) •+ (-y,b) and restrict to the surface F we obtain a mapping 

F + m2 

with the following property 

The pre image in F of each point (a,b) € m2 consists of the 

points (xi ,a,b), 1 i 3' where is of 
3 + bx + The < < X. a zero X a. - ~ 

following picture illustrates this mapping F + m 2 . (It shows F in 

a parallel projection in which the planes b = constant in m3 , and 

the cubical parabolas y = x 3 + bx therein, are parallel to the plane 

of projection.) 

One sees how projection in the direction of the x-axis sends three 

points of F to each point of G , and one to each point of G'. Over 

each point of the discriminant curve D there is one simple point and a 

doubly counted point where two preimage points "run together". Over 

the cusp of the discriminant curve there is a triply counted point. 

One also sees that the discriminant curve is precisely the outline 

of the projection F + m2 , as we have already observed in section 1.8. 
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Now we consider polynomials of fourth degree. By a Tschirnhaus 

transformation we can assume without loss of generality that the poly­

nomials are of the form 

f = x 4 + cx2 + bx +a. 

We shall again regard a, b, c as variables in an 
3 

ffi , and we shall 

investigate the vanishing behaviour of f in rel ation to (a,b,c). 

The discriminant of 

2 3 
27Df = 4(c +12a) -

f is Df , where 

(2c3-72ac+27b2 ) 2 . 

Thus it is a pclynomial of degree 5 in a, b, c and it is not quite 

easy to see what the discriminant surface described by the equation 

Df = 0 looks like in m3 . 

We shall determine the form of this surface by considering the 

curves in which it cuts the planes c = constant. Then 

x 4 + cx2 + bx + a still depends on the two parameters a and b. Now, 

exactly as in the case of the cubical parabolas in m3 , we can consider 
4 2 

the family of biquadratic parabolas y = x + ex + bx. They form a 

surface F in m3 . The following figure shows a particular parallel 
c 

projection of such a surface Fe for a c < 0 . 
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If one maps Fe onto the (a,b)-plane by the projection 

(x,y,b) ~ (a,b) with a = -y, then the outline obtained is precisely 

the intersection De of the discriminant surface with the plane 

c = constant . One sees from the following picture that for c < 0 

this is a curve of the following form, with two cusps and an ordinary 

double point (cf. section 1.8). 

a 

b 

When we want to see the whole discriminant surface, we must vary c. 

As c + 0, the triangle enclosed by the curve contracts to a singular 

point. For positive c, De consists of a non-singular curve and an 

isolated singular point. Altogether, the discriminant surface has the 

form shown in the following picture : 
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0.. 
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The singular loci of the discriminant surface are the fold edge 

with the equations 

c 2 + 12a = 0 

2c 3 - Sac + 9b2 = 0 

and the double line with the equations 

b = 0 

c 2 - 4a 0. 

Along the fold edge the surface looks locally like the product of a cusp 

with a line (except of course at (a,b,c) = (0,0,0)). These edge 

points correspond to polynomials with a triple zero. The origin cor­

responds to the polynomial x 4 with a quadruple zero. Along the 

double line the surface intersects itself (for c < 0) . These points 

correspond to polynomials with two double zeroes . The remaining points 

on the discriminant surface correspond to polynomials with only one 

double zero. The points outside the discriminant surface correspond 

to polynomials without multiple zeroes. They fall into three regions. 

In the region "enclosed" by the discriminant surface there are 4 real 

zeroes, in that next to the enclosing part of the surface there are 

two real zeroes, and in the third region there are none . 

Thus we see that an understanding of the geometry of the discri­

minant surface is very useful in understanding equations of degree 4. 

The discriminant surface and its significance fo r the discussion of the 

biquadratic equation were first indicated by Kronecker (Monatsbericht 

der Berliner Akademie, 14.2.1878). In good old textbooks of algebra 

one therefore finds pictures of this surface (e. g . Weber's Lehrbuch 

der Algebra, Band 1, §84, p. 279, [W4]). Unfortunately, with the 

coming of "modern" algebra these pictures vanished from the algebra 

texts, and they only surfaced again when it was realised how these 

discriminants played a role in various places, e.g. as catastrophe sets 

in Thorn's catastrophe theory or as caust i cs in optics (see [B9], [D5], 

[Tl], [Zl]), as we have already seen in section 1.8. 

After this digression on the geometric meaning of discriminants of 

polynomials, we now turn to the i nvestigation of zero sets of poly­

nomials. 

4.3 Zeroes of polynomials 

Le t A be a commutative ring with 1 and let f(x1 , .. . ,xk) be a 
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polynomial with coefficients in A. Then a k-tuple of constants 

0 is called a zero of (cl, ... ,ck} 

f in Ak. 

field K. 

The most important example is the case where A is a 

The zero set V(f} o f f is then a subset of the affine 

space 

V(f} 

Such a zero set is also called an affine algebraic hypersurface. When 

k = 3, V(f} is a surface in the space K3 , when k = 2 it is a p lane 

affine algebraic curve. Naturally, one can also consider common zero 

sets of finitely many functions f 1 , ... ,fr. These sets V(f1 , ... ,fr} 

of common zeroes of f 1 , ... ,fr are called affine algebraic sets, and 

their investigation is an important problem of algebraic geometry . 

However, in accordance with the theme of this course, we shall confine 

ourselves mostly to curves here . 

As long as the coefficient ring A remains an arbitrary ring, the 

relation between a polynomial f E A[x] and its zeroes seems to be 

uncontrollable. This is already shown by the f ollowing two examples. 

Example 1. In 'll/9 'll , f (X} 
2 

= X has three zeroes, namely 0, 3, 6 , 

whereas e.g. the fundamenta l theorem of algebra leads us to expect that 

a polynomial of degree 2 will have at most 2 zeroes. 

Example 2. Consider the polynomial f(x} = x 2 + x in 'll/2 'll[x]. This 

is a polynomial different from zero, but for all c E 'll/2 'll (namely 

c = 0 and c = 1} f(c} = 0, so that f identically vanishes as a 

function on K = 'll/2 'll , and f and 0 have the same zero set. 

Under suitable assumption s about the domain of coefficients, such 

things cannot happen. 

Proposition 1 

Let A be a commutative integral domain. Then 

(i} If a E A is a zero of f E A[x], then (x-a} is a divisor of 

f. 

(ii} f E A[x] of degree n has at most n zeroes. 

(iii} If A has infinitely many elements and if 

vanishes identically as a function on 

A[x1 , ... ,xk]. 

f E A[x1 , ... ,xk] 

then f = 0 in 
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Proof : (i) We have f = q(x-a)+r with r € A by division with 

remainder*. If one sets x =a, then r = 0 follows because f (a) 

(ii) This assertion follows from (i), since f can have at most n 

linear factors. 

(iii) Suppose f f 0. By the finiteness of the number of roots of 

f(x1 , ... ,xk-l'xk) € A[x1 , ... ,xk_1 J[xk], from (ii), and the infinitude 

of A, there is a ck £ A with f(x1 , ... ,xk-l' ck) f 0 in 

A[x1 , ... ,xk_1 J. Induction yields the existence of (c1 , ... ,ck) E Ak 

Contradiction! 

Remark: A a l ways has infinitely many elements, e.g., when A is an 

algebraically closed field. (Proof : if A were finite, 

IT (x-a) + 1 would be a polynomial without zeroes in A, contrary to 
a e. A 
algebraic closure.) 

The following theorem now shows that for an algebraically closed 

field like, e.g ., the field ~.there is a reasonable connection 

between polynomials with coefficients in the field and their zero sets. 

This theorem is a special case of the theorem which is basic to alge­

braic geometry, Hilbert's Nullstellensatz. 

Theorem 2 (Study's lemma) 

Let K be an algebraically closed field and let 

f,g € K[x1 , .. . ,xk] be polynomials with zero sets V(f) and V(g) 

respectively. Then when f is irreducible and V(f) c V(g), f is 

a divisor of g. 

Proof When g = 0, f is trivially a divisor. We therefore assume 

that g f 0. Then f f 0 also by (iii) in Proposition l. If f 

is constant, then it is trivially a divisor . Hence we assume that 

f ~ K. Then without loss of generality we can assume 

It then follows, as we shall show later, that 

g ¢ K[x1 , . . . ,xk_1 J also. 

sentation 

R = Pf + Qg 

Thus by Proposition 4.2.4 we have a repre-

0. 

for the resultant R of f,g E K[x1 , ... ,xk_1 J [xk], 

in K[x1 , ... ,xk_1 ] . 

R is a polynomial 

* Although A ne ed not be factorial, this causes no problems for 
divis ion with remainder, because the coefficient of x in (x-a) 
equals l. 
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Let the coefficient of the highest power of f be a 0 (x1 , ... ,xk-l). 

Because of the algebraic closure of K there is a zero of f for each 

(c1 , ... ,ck-l) with a 0 <c1 , ... ,ck-l) f 0, and by hypothesis this is also 

a zero of g. Thus substituting these (c1 , . .. ,ck-l) in the above 

equation always gives R(c1 , ... ,ck_1 ) = 0. Consequently, the function 
k-1 

a 0 <x1 , ... ,xk-l)R(x1 , ... ,xk-l) vanishes identically on K Hence 

by l(iii) I aoR = 0 in K[xl, ... ,xk-1]. Since ao f 0, it follows 

that R = 0. Thus, by Theorem 4.2.3, f and g have a non-constant 

common divisor, and by the irreducibility of f it must be f itself. 

Thus f is a divisor o f g, as was to be shown. 

We still have to carry out the proof that g t K[x1 , .. . ,xk_1 J. 

We give a proof by contradiction. 

Suppose Then by Proposition !(iii) there is 

Kk-1_ a (c1 , ... ,ck-l) which is not a zero of ga0 as a function on 

Since g, viewed as a function on Kk, does not depend on the last 

component, it follows that g(c1 , ... ,ck-l ,ck) f 0 for all ck € K. 

But in contradiction to this, there is a with 

f(cl, ... ,ck-1 ,ck) 

f ~ K[x1 , ... ,xk_1 J 

0 since K is algebraically closed, 

and This proves the theorem. 

Thus for algebraically closed fields K, such as ~. there is a 

reasonable connection between polynomials and their zero sets . E.g., 

if f and g are irreducible polynomials with the same zero set 

V(f) V(g), then f = a·g for some a E K- {0}. For non-algebraic-

ally closed fields K such as, e.g., the field of real numbers m this 

is no t at all true. 

Example : In m, f(x) = 1 + x 2 has a zero set which is empty, and hence 

contained in any other zero set. Also, 1 + x 2 is irreducible. How­

ever, it certainly does not divi de every other polynomial, ·e.g. it does 

not divide 1. 

4.4 Homogeneous and inhomogeneous polynomials 

We have already seen in sections 3.3 and 3.4 how one comes to 

define curves in the real or complex projective plane as zero sets of 

homogeneous polynomials. Since the homogeneous coordinates 

(x0 , .. . ,xn) of a projective space are defined only up to multiplication 

by a scalar factor t f 0, one can only call such a point a "zero " of a 

polynomial f when f satisfies the following : 
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For all (x0 , ... ,xn) f (0, ... ,0), f (x0 , ... ,xn) 

f(tx0 , ... ,txn) = 0 for all t f 0. 

0 if and only if 

The homogeneous polynomials have this property, and for poly­

nomials with coefficients in an algebraically closed field homogeneity 

also follows from this property by 4.3.l(iii). 

This makes it clear why we must be concerned with homogeneous 

polynomials in what follows : because curves in the projective plane 

are precisely the zero sets of homogeneous polynomials . 

Definition A non-zero polynomial f £ A[x1 , ... ,xk] is homogeneous 

of degree n just in case 

First we shall give various other characterisations of homogeneity. 

The s implest is the following : 

Proposition 1 

0 f f E A[x1 , ... ,xk] is homogeneous of degree n when f is of 

the following form 

f 
~ il ik 

. l . a . . xl . .. xk . 
~1+ ... +~k=n ~1 ... ~k 

Proof Let f Then 

Comparing 

coefficients with 
n 

t f(x1 , ... ,xk) yie lds the assertion. 

Corollary 2 

Each polynomial f f 0 is uniquely expressible as a sum of non-

vanishing homogeneous terms, f = f + . .. + f , where 
nl< < nr 

f 
n. 
~ 

i s 

homogeneous of degree ni (and n1 ... nr) . 

Remark : (i) We could also have tried to define homogeneous polynomials 

somewhat differently by viewing a polynomial 

f(x1 , ... ,xk) ~ A[x1 , ... ,xk] as a function on Ak 

would call f a homogeneous function of degree n 

all (c1 , ... ,ck) E Ak and all t € A 

In this sense one 

on Ak when, for 
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In general this is a weaker concept (cf. 4.3, example 2). But when A 

contains infinitely many elements, it follows from 4.3.l(iii) that : 

f t 0 is a homogeneous polynomial if and only if the corresponding 

function is homogeneous. 

(ii) When A is a field K with infinitely many elements we can 

express the homogeneity property somewhat differently : let K* be the 

multiplicative group of non-zero elements of K. Then K* acts on 

Kk t 
by (c1 , ... ,ck) ~ (tc1 , ... ,tck). Correspondingly, one obtains an 

t 
action on polynomials by f(x1 , ... ,xk) ~ f(tx1 , . .. ,txk). 

The formula 

then describes the transformation behaviour of homogeneous polynomials 

under this action of K*. 

Now it is natural to consider, in addition to the simplest con­

ceivable K*-action (c1 , .. ,ck) ~ (tc1 , ... ,tck), other simple acti ons, 

e.g. 

are particular natural members . Then one again has where w1 , .. . ,wk 

a corresponding K* action on polynomials and one can consider the 

polynomials which have the following transformation behaviour with 

respect to this action 

wl wk 
f(t x 1 , ... ,t xk) = 

One easily sees, exactly as in the homogeneous case, that these are 

precisely the polynomials of the following form : 

il ik 
L . - a. . xl ... xk . 

wlil+ ... +wk~k-n ~1·· -~k 
f 

These polynomials are called weighted-homogeneous with the weights 

w1 , ... ,wk and degree 

or isobaric (where w . 
~ 

the weight of f)). 

Examples : 

n (other names for them are quasi-homogeneous 

is called the weight of X . 
~ 

and n is called 

is weighted homogeneous with weights wi = a 1 ... ai ... ak and 

degree n = a 1 ... ak. These polynomials have played an important role 
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in establishing connections between algebraic geometry and differential 

topology: [B4], [Ml], [M2]. 

(2) Let f, g be polynomials of degrees m, n 

f 
m-1 

+ a 1 x + 

n-1 
+ b 1 x + g 

+ a 
m 

+ b . 
n 

We already know that the resultant R(a,b) is a homogeneous polynomial 

in the ai , bj of degree m+n, and hence weighted homogeneous with 

weights wi = 1 and degree m+n. But when we set a 0 = 1, R(a,b) is 

no longer homogeneous in a 1 , ... ,am. We can, however, view it as 

weighted homogeneous in the following way. Suppose f and g split 

into linear factors 

f 

g 

Then we know (4.2.5) that 

R = II 
i,j 

Thus R is homogeneous in the x1 , ... ,xm, y 1 , ... ,yn of degree n·m. 

Now a. is, up to sign, the ith elementary symmetric function in 
~ 

x1 , ... ,xm; likewise bj is, up to sign, the jth elementary symmetric 

function in y 1 , ... ,yn. Since the 

weight 1, this leads us to give ai 

x 1 , ... ,xm, y 1 , ... ,yn have 

weight i and bj weight j. 

Then, by the homogeneity of R in the xi , yj , we obviously have : 

The resultant of xm + m-1 
and a 1x + ... + a 

m 
n + b1x 

n-1 
+ b is weighted homogeneous of X + 

n 
degree m·n when a. receives weight i and b. 

~ J 
receives weight j. 

It follows in particular that : 

Xn + n-1 The discriminant of a 1x + ... +an is weighted 

homogeneous of degree n(n-1), with the weight i for a .. 
~ 

Examples (i) f x3 + a 2x + a3 
2 3 

of 27a3 + 4a2 

(ii) f = 
4 2 + X + a 2x a 3x + a 4 

27Df = 
2 4(a2 

3 + 12a4 ) - 3 (2a2 - 72a2a 4 + 27a~) 2 
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The corresponding zero surfaces, which we have considered previously, 

are therefore invariant under the corresponding K*-action. 

We now come to another important characterization of homogeneous, 

and more generally quasi-homogeneous, polynomials . 

Theorem 3 

Let K be a field of characteristic 0. A non-vanishing poly-

nomial f € K[x1 , ... ,xk] is quasi-homogeneous with weights w1 , ... ,wk 

and degree n if and only if it satisfies the following partial differ­

ential equation of Euler : 

at I w .X. 
j=l J J axj 

k 

nf. 

Proof : When f is quasi-homogeneous it is of the form 

Hence 

~ il ik 
. I. . a . . x1 .. . xk . 

wl~l+ ... +wk~k=n ~1 · ··~k 
f 

k 
af I w .X. ' 

j=l J J axj 

k 
~ 
I. 

j=l 

nf. 

To prove the converse we write a given polynomial f as 

f = f + ... + fn, where the 
nl . r 

f 
n 

are quasi-homogeneous of degree 

ns with we~ghts w1 , ... ,wk. Thefi, as we have just proved, 

k 
af ~ n1f I. w.x. = + ... + n f 

j=l J J ax. nl r n 
J r 

Since f now satisfies the Euler differential equation, it follows 

that n 1fn + ... + nrfn nfn + ... + nfn, and hence by comparing 

coefficients (since cha?(K) = 0), r = 1 ana n = n1 , so that f is 

quasi-homogeneous . 

Remark : When D de notes the partial differential operator 
k 

D = I w .X. 
j=l J J axj 

the preceding theorem reads 

Df nf 

for qua si-homogeneous f. Repeated application of D of c ourse gives 
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Dr .is a partial differential operator of rth order. Its principal 

part, i.e. the sum of the highest order terms, i s 

k 
L W. 

jl, . .. ,jr=l Jl 

In the special case where all w. 
J 

1, the homogeneous case, Dr 
0 

satisfies a differential equation of the form Drf = constant• f. 
0 

Corollary 4 

When f(x1 , .. . ,xk} 

k 
I X .••• X. 

. . -1 Jl J Jl, ... ,Jr- r 

is homogeneous of degree n, 

n(n-1) ... (n-r+l)f. 

also 

Proof : The proof is by complete induction. 
1 

Theorem 2 is the base step 

because D0 D. 

Df = n- f 

Now suppose we have proved 

r 
D0 f = n(n-1) ... (n-r+l)f 

Application of D to (2} gives 

DDrf = n(n-1} ... (n-r+l)nf 
0 

(1} 

(2) 

(3) 

because of (1) . By means of the product rule for differentiation, one 

shows easily that 

DDrf = Dr+lf rf 0 0 + rDO . 

It follows immediately from (3} and (4} that 

r+l 
D0 f = n (n-1) .. . (n-r+l} (n-r) f, 

which completes the induction step from r to r+l. 

(4) 

Now that we have learned a series of characterisations of homo-

geneous polynomials, we shall concern ourselves with the relations 

between homogeneous and i nhomogeneous equatio n s for c u rves i n the pro -

j e ctive a nd affine plane respecti vely. Mo re generally, we consider t he 

case of hypersurfaces in projectiv e space. 

We recall the connection between the projective space Pk(~) and 

the affine space ~k . (Cf. secti ons 3.3, 3.4 . ) Pk(~) is covered by 

k+l coordinate neighbourhoods Ui , where 
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One has a homeomorphism u. + crk 
l 

defined by 

( xo , ... , xi 
X. X. 

l ~ 

homeomorphism 

with 

and the inverse mapping 

(x1 , ... ,xk) >+ (l,x1 , ... ,xk). 

xk) 
x. 

l 

In particular, one has a 

This is how we always identify the affine space crk with u0 . 

then the complement in Pk(cr) of the "hyperplane at infinity" 

Now when F(x0 , ... ,xk) is a non-constant homogeneous polynomial 

the equation F(x0 , ... ,xk) 0 defines a projective algebraic hyper-

surface V(F) in Pk(cr) 

Then the part of V(F) lying in the affine space u0 C Pk(cr), namely 

v (F) n u0 , is obviously just 

V(F) nu0 = {(l,x1 , ... ,xk) E Pk(cr)IF(l,x1 , . . . ,xk) O}. 

Thus if we set 

f(x1 , ... , xk) ·= F(l,x1 , ... ,xk) 

the zero set V(f) C crk of f satisfies , by the identification of crk 

with uo 

V(F) (\ u = 
0 

V(f). 

The passage from F to f therefore describes the passage from the 

projective to t he affine hypersurface . One obtains t he conve rse 

passage by homogenisation of the polynomial f. When f is a poly-

nomial of degree n in the indeterminates x 1 , ... ,xk, the homogeni­

sation of f is the homogeneous polynomial F o f degree n in the 

variables x0 , . .. ,xk defined by 

_ n (xl F(x0 , ... ,xk) - x f __ 0 , . . . , 
xo 
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This F obviously satisfies F(l,x1 , . .. ,xk) = f(x1 , ... ,xk) so that if 

one homogenises f and then returns to the affine situation, f is 

recovered. The converse does not quite hold, because in passing from 
r 

F(x0 , ... ,xk) to F(l,x1 , ... ,xk) a possible factor x0 in F becomes 
r 

1. However, when no factor x 0 , r > 1, is present we in fact have 

the homogenisation of F(l,x1 , ... ,xk) is F(x0 , ... ,xk), so that one has 

a bijection between the polynomials f(x1 , ... ,xk) of degree n and 

the homogeneous polynomials F(x0 , ... ,xk) of degree n which are not 

divisible by x0 . We shall describe the polynomials which correspond 

in this way as "associated". 

In what follows we shall use the divisibility properties of poly­

nomials, obtained in section 4.2, in order to prove the corresponding 

divisibility properties of the associated homogeneous polynomials. We 

shall always use f, g, h etc. to denote polynomials in the indeter­

minates x 1 , ... ,xk , and mostly use F, G, H etc. to denote homogeneous 

polynomials in the indeterminates x0 , ... ,xk. For the sake of simpli­

city we let the coefficient ring be a field K. 

Lemma 5 

Each factor of a homogeneous polynomial is homogeneous. 

Proof : Suppose F G·H , where F is homogeneous of degree m. 

Suppose also that H is homogeneous, say of degree n < m. 

must also be homogeneous, because it follows from 

F(tx) G(tx) . H(tx) = G(tx) · tnH(x) = tmF(x) = tmG(x) 

Then G 

H{x) that 

G(tx) 
m-n 

t G {x). Thus it suffices to show that G and H are not 

both inhomogeneous. If this were so, then there would be represen-

tations of G(tx), H(tx) in A[x,t] of the form 

G(tx) 

H(tx) 

tr(P(x) + tR(x,t)) 

ts(Q{x) +tS(x,t)) 

with P, Q, R, S f 0. Then we would have 

r+s 2 
F(tx) = G(tx)H{tx) = t (PQ+t(RQ+PS)+t RS). 

Here we would have t(RQ+PS) + t 2Rs f 0 because the degrees in t 

satisfy degree (RQ+PS) ~degree RS. 

contrary to the homogeneity of F. 

But this means F(tx) f tnF(x), 

(Alternative proof : Let + ... + G 
m 

r 
and 

be the decompositions into homogeneous components. 

+ ... + H 

If r = s = 1 

n 
s 
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were not the case, F = G·H would have homogeneous components of 

different degrees, namely the term 

term G 
m 

r 
H 

n 
s 

Proposition 6 

of highest degree.) 

of lowest degree and the 

Let f f 0 be a polynomial with the (essentially unique) decompo-

sition into irreducible factors f = f 1 • • fr , and let F resp. 

Fi be the homogeneous polynomial s associated with f resp. f . 
l. 

Then 

• . • • • F 
r 

is the (essentially unique ) decomposition o f F 

irreducible factors. 

Proof : When g resp. h are associated with the homogeneous poly­

nomials G resp. H, then f = g·h is obviously associated with 

into 

F . 
r 

Moreover, it is obvious f rom F = G·H. Therefore, F = F1 • 

Lemma 5 that a polynomial f is irreducible if and only if the associ-

ated homogeneous polynomial F is irreducible . 

irreducible. 

Thus t h e F . are 
l. 

Remark : The geometric meaning o f this (for k = 2) , as we shall see 

later, is that for a curve in the projective plane which does no t con-

tain the line at infinity the decomposition into irreducible components 

corresponds precisely to the decomposition of the corresponding c urve 

in the affin e plan e into irreducible compone n t s. 

The decompo sition into irreducible factors is particularl y simple 

and useful for homogeneous polynomials in two variables with coeffi­

cients in an a l gebraically closed field. 

Proposition 7 

Let K be algebraically closed a nd l et 

homogeneous of degree n. Then there are 

n 
=a rr (b.x0-a.x1 ) 

i =l l. l. 

FE. K[x0 ,x1 ], F f 0 b e 

(ai,bi) E K2 , i l, ... ,n, 

where a E. K and the ai' bi are determined up to a f actor from K. 

Proof This is a corollary to Proposition 6, since over an algebraically 

closed K each polynomial in one variable decompo ses into linear 

factors. 

Remark : For K = ~ the geometric meaning of thi s is that , fo r each 

nth degr ee homogeneous polynomial F(x0 ,x1 ) the zero set in P1 (~) 
decomposes into n points (counting mul t iplicities ). 
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To conclude our investigation of the divisibility properties of 

homogeneous polynomials, we consider the resultant of two homogeneous 

polynomials F, G €. K[x 0 , ... ,xk], whicll we view as a polynomial in the 

indeterminate xk with coefficients in K[x0 , .. . ,xk_1 l. 

Proposition 8 

Let F 

G 

+ A 
m 

+ B 
n 

where 

i, 

of F 

Ai , Bj e: K[x0 , ... ,xk-ll 

respectively. Then if 

and G we have R 
F,G 

are homogeneous polynomials of degrees 

RF,G e: K[x0 , ... ,xk_1 J is the resultant 

0 or RF,G is a homogeneous polynomial 

of degree m·n. 

Proof : This follows from the assumption degree Ai = i resp. degree 

Bj = j, and the earlier remark that the resultant is weighted homo-

geneous in 

weights i, 

equation 

A. 
1. 

, Bj with degree m-n when one gives Ai , Bj 

respectively. Of course, one can also prove the 

m· n 
RF,G(txo, .. . ,txk-1) = t RF,G(xo, ... ,xk-1 ) 

directly by suitable determinant manipulations. 

the 

With these theorems on polynomials our algebraic preparations are 

concluded, and we now apply ourselves to the algebraic investigation of 

curves in the projective plane. 

5. Definition and elementary properties of plane algebraic curves 

5.1 Decomposition into irreducible components 

After the foregoing historical and methodological discussions, 

the following definition of a plane algebraic curve should - I hope 

be sufficiently motivated. 

Definition 

A plane, complex projective-algebraic curve is the zero set of a 

non-constant homogeneous polynomial in the complex projective plane 

Remarks : We use the terminology "plane curve" because the curve is 

e mbedded in the plane - one could also consider curves which are embed­

ded in other manifolds, or one could define a c oncept of algebraic curve 

quite independently of these embeddings. We shall not do this here, 

, ,  
DOI 10.1007/978-3-034 -0 - _5
E. Brieskorn and H. Knörrer Plane Algebraic Curves: Translated by John Stillwell

8 493 6 , © Springer Basel 1986
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but we shall make remarks later on such "abstract curves" defined 

independently of embeddings. Curves embedded in o ther spaces wi l l also 

appear naturally later, with the resolution of singularities of curves 

in §9. We say "algebraic curve" because the curve has an algebraic 

description, as the zero set of a polynomial, and also because the 

abstract curve can be given an algebraic structure . (One gives such a 

structure by giving a system of o pen sets - the Zariski topology - and 

saying what are the admissible functions on these open sets : the every-

where defined rational functions . ) We shall not go into this further 

here since , i n this paragraph and the next, we shall consider curves 

quite concretely as curves embedded in P2 (~) . 

We say "projective-algebraic curve" because we define a curve as 

the zero set of a homogeneous polynomial in the projective plane. The 

other possibility would be to consider plane affine-algebraic curves, 

which are the zero sets of non-constant polynomials in the affine plane. 

We shall say some more about the connection between the two concepts 

shortly. Generally, we shall use affine algeb raic curves only as a 

means of handling projective algebraic curves, and we shall adh ere to 

the projective standpoint. Considering projective curves means , i n 

particular, that we c onsider complete c urves, i.e. curves which do not 

lack points "at i nfi n ity" etc. Topol ogically (in the sense of ordinary 

topology) this means that the curves are compact, as closed subsets of 

the compact plane P2 (~). We have already seen, in the report on 

Newton's classification of cubics, that the projective standpoint l eads 

to a far-reaching simplification in the problem of classifying curves 

(2. 5). Th is simplification bri ngs out the essence of the theory of 

plane curves mo re strongly. 

Finally, we say "complex-pro jective" curves because we shall, 

develop our whole theory for curves defined over the field of c omplex 

numbers. One could consider other fields, say the field ffi o f real 

numbe rs, which perhaps suggests i tself in view of the prehistory of 

algebraic curves . Then one would arrive at r eal - projective algebrai c 

curves in P 2 ( ffi ) , resp. real-affi ne algebraic curves in m2 In 

general, algebraic geometers consider curves in P2 (k) resp. k 2 , where 

k is an arbitrary field. 

(resp. arbitrary) 

curve in 

pol y nomial 

resp. IF2 
q 

with integer coefficients, it defines a 

for almos t every finite field IFq. The 

consideratio n of such curves has a lot t o do with numbe r theory . 
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Since we are more interested in the connections of the theory of alge-

braic curves with function theory, geometry and topology, we shall con­

fine ourselves entirely to the case k = ~ in this course, with ceca-

sional remarks on the case k =ffi. 

plex projective algebraic curves. 

Thus we are considering plane com­

When it is clear what is meant, we 

shall speak simply of "curves" or "plane curves". 

A final comment on the definition of plane projective algebraic 

curves is the following. We have defined such curves C C P2 (~) as 

zero sets of homogeneous polynomials F(x0 ,x1 ,x 2). This assumes that 

homogeneous coordinates are given in P2 (~). Now we shall frequently 

have occasion to go from a given homogeneous coordinate system 

to another (x0,xi,x2> by a linear transformation 

This transformation carries F(x0 ,x1 ,x2 ) to a homo-x. = Ea . . x'. 
~ ~J J 

geneous polynomial G(x0,xi,x2>, and, relative to the new coordinates, 

the curve C is the zero set of G. Thus one sees that the property 

of being a projective algebraic curve does not depend on the choice of 

homogeneous coordinates. The coordinates, and the curve equations 

relative to them, are for us only an algebraic means of describing the 

curves. 

An aspect of the interplay between analysis and synthesis in the 

mathematical investigation of possible kinds of objects is the attempt 

to decompose the objects under investigation into simpler ones which do 

not decompose further, investigating the indecomposable objects first 

and then building up all the others. This going back to simplest 

elements is a reduction process, and hence one often calls the indecom-

posable objects "irreducible". We now proceed along these general 

lines for curves. 

Definition 

A plane curve is irreducible if it is not the union of two distinct 

plane curves. 

Proposition 1 

Let C be a plane curve and let F be a homogeneous polynomial 

with zero set C. Then C is irreducible just in case F is a power 

of an irreducible polynomial. 

Proof Suppose that C is the union C' v C'' of two different 

curves C', C''. Let C', C'' be the zero sets of G, H respectively. 

Since C' j C' ', there must be at least two distinct irreducible poly-
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nomials F1 , F2 which divide either G or H. But then F1 , F2 must 

also divide each polynomial F with zero set C, because the zero sets 

of the Fi are contained in that of F, and hence FiiF foll ows by 

4.4.6 and Study's lemma 4.3.2 . Thus F is not a power of a n irredu­

cible polynomial, because the decomposition into irreducible po l y nomials 

is unique. 

Conversely , let C be the zero set of a po lynomial F whic h is 

not a power of an irreducible polynomial. Then F has a fac torisation 

F = G·H into relative l y prime homogeneous pol ynomials G and H (this 

follows from 4 . 4. 6 ). Le t C', C'' be the zero sets of G, H r e s pect-

ively. Obviously C = C' u C''. We have t o show that the curves C' 

and C'' are different. If C ' c C'', then the zero sets c~ 
l 

o f the 

prime factors G. 
l 

of G are c ontained in C ' ', and by 4.3 .2 and 4.4.6 

the Gi divide the polynomial H, contrary to the assumption t hat G 

and H are relatively prime. This prov es the pr o positio n . 

Proposition 2 

Let C be any plane alge braic curve, the zero set of the homo-

geneous polynomial F with prime factors F1 , . . . , Fr, so that 

kl kr 
F = F l ... F r 

Then 

(i) C has a unique decomposi tion into irreduc i ble curves, · 

c = c1 u . . . u cr. 

(ii ) With suitable numbering , the irreducible curv e c. 
l 

is the zero set 

o f F .. 
l 

Th e polynomials F . 
l 

a re det e rmined, up t o a constant 

factor, by c . 
l 

(and h e n ce by C) . 

Proof : Assertion (ii) is an immediate consequenc e of Proposition l. 

If an irreducible curve C' we re the zero set o f two distinct (i.e. 

differing by more than a constant factor) irreducible homogeneous poly-

nomial s G and H, t h en C ' would a l so be the zero set o f G· H, i n 

contradic tion to Pro positio n l . 

Proof o f (i) . The existenc e of a decomposition into irreduc ible 

curves C. 
l 

f ollows immediately f rom Proposition l and the existence o f 
kl Rr 

the decomposit i on F = F1 . . . Fr pro ved in 4.4.6 when one defines Ci 

t o be the zer o set of Fi . One sees t h e uniqueness as fol l ows . If 

C' i s a n irreducible c urve with C ' c C a nd if c ' i s t h e zero s e t 

of t h e i r reducibl e pol ynomial G, t hen it again fol l ows from Study 's 
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lemma and the unique factorisation of F into irreducibles that G 

must be one of the Fi , up to a constant factor, and hence C' = Ci. 

Any other decomposition of C into irreducible curves must therefore 

consist of curves Ci , though perhaps not all of them. However, the 

latter cannot happen, because if a C. 
10 

were missing in the decompo-

sition, F. 
10 

would divide the product rr Fi by Study's lemma, 

i~io factorisation. contrary to the uniqueness of prime 

This proves Proposition 2. 

Definition 

The irreducible curves appearing in the unique decomposition of a 

plane curve into irreducibles are called the irreducible components . 

Proposition 2 allows us to associate each plane curve C with a 

homogeneous polynomial which is unique up to a constant factor 

is irreducible, then it is the zero set of an essentially unique 

if c 

irreducible polynomial. If C decomposes into irreducible components, 

C = c1 U ... u Cr , then each c. 
1 

is associated with an essentially 

unique irreducible polynomial Fi , and we associate C with the poly­

nomial F = F1 • ... • Fr. 

Definition 

If F is the unique (up to a constant factor ) homogeneous poly­

nomial associated with the curve C as above, then we call 

the equation of C. 

In this way we have chosen a particular equati on from a mong all 

the possible equations for a curve C (in fixed homogeneous coordin-

ates), namely the one for which the homogeneous polynomial 

F = Fl • Fr 

other equations for 

has no multiple factors. 
kl 

c are of the f o rm F1 

have a bijection between the plane c urves on 

By Pro~osition 2, all 

• • r -..• Fr - 0. Thus we 

the one hand and the equi-

val ence classes of homoge neous po lynomial s without multiple factors 

on the other, where two homogeneous polynomials are considered to be 

equivalent when they differ only by a constant factor. Polynomials 

with multiple factors should properly be associated with "curves" 

having multiple components- cf . 6.2 fo r fu rther explanation. 



207 

Definition 

The order of a plane curve C is the degree of the polynomial 

associated with C. One frequently says degree instead of order. 

The degree of a polynomial does not change under linear transfor­

mations, which represent coordinate changes resp. collineations of 

With this number, the order of a curve, we have therefore 

defined the first invariant for curves. (Cf. the earlier explanation 

in 2. 5.) We shall become acquainted with the geometric meanin g of this 

invariant in the next section, 5.2. Perhaps it is not superfluous to 

mention that order is an invariant of curves embedded in the plane, but 

not of abstract curves. For example, the non-singular quadrics, i .e. 

curves of order 2, are isomorphic, as abstract curves, to lines, i.e. 

curves of order 1, but natural ly there is no collineation carryi ng a 

quadric to a line. 

Definition 

A plane curve of order 1, 2, 3, 4, 5, 6 is called a line, quadric, 

cubic, quartic, quintic, sexti c respectively. 

To conclude this section we shall explain further the relation 

bet ween plane projective-algebraic and affin e -algebraic curves, and 

between homoge neous and affine equations. A plane projective-algebraic 

curve C has only finitely many irreducible components, and c ertainly 

only finitely many lines are i r reducible components of c. If L is 

any line which is not an irreducible component of C, then L cuts the 

curve C in only finitely many points (see section 5.2). We choose 

such a line L a nd choose homogeneous coordinates so t hat 

L has equation x 0 = 0. Let F(x0 ,x1 ,x2 ) = 0 be the equation o f 

relative to these coordinates. Now let f(x,y) F(l,x,y), so that 

and F are associated polynomials in the sense o f 4.4. Let ~2 be 
xl 

the affine plane with the affine coordinates X = 

y 
x2 

xo 
Obviously, C n ~2 is the affine-algebraic curve C' with 

c 

f 

equation f(x,y) = 0. The projective-algebraic curve C results from 

the affine-algebraic C' by completing C' with the addition of the 

finitely many points of C A L on the "line at i nfinity" L . Since 

f( x ,y) uniquely d etermi nes t h e associated h omo g en eous polynomial 

F(x0 ,x1 ,x2 ), we can describe C just as well by means of the affine 
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equation f(x,y) = 0, and with suitable choice o f coordinates this may 

be clearer and show special features of the curve more quickly. Hence 

we shall often make use of this description by an affine equation. 

5.2 Intersection of a curve by a line 

In Chapter I we have seen that curves have been studied since 

antiquity for the reason that certain problems reduce to constructi ng 

or finding the intersection of certain curves . Accordingly, investi-

gating the intersection of two curves is an important task, which we 

shall unde rtake in detail in §6. By way o f preparation, we shall now 

concern ourselves with the particularly simple case in which one of the 

curves is a line L. When L is a component o f C, L n C = L o f 

course consists of infinitely many points. We therefore assume t hat 

L is not a c omponent of C. 

Proposition l 

Let C be a plane complex projective-algebraic curve and l et L 

be a line which is not a component of C. Then the number of poin t s 

of intersection of L and C, c ounting multiplic ities, is equal t o the 

order of c. (Multiplicity is defined in the proof.) 

Proof : Without loss o f generality, we can assume that L has the 

eq u a tion x2 = 0. Then (x0 ,x1 ) a re homog e n eous coor d inates i n t he 

one-dimensional projective space L. If F (x0 ,x1 ,x2 ) = 0 is the 

equation of c, 

tion of c and 

divide F, and 

then 

L. 

hence 

F(x0 ,x1 , 0 ) 

Since L 

F(x0 ,x1 , 0 ) 

is 

0 is the equati on of the intersec­

not a component of C, x 2 does not 

is a non-vanishi ng homogeneous pol y-

nomia l of the same deg r ee, m, a s He nc e by 4 . 4.7 i t h a s 

exactly m zeroes in L when these are counted with the right mult i-

plicity, i.e., as often as the c o rresponding linear factors appear in 

This definition of multiplicity is an "ad hoc" definition. 

In 6.1 we shall be concerned with a general definition of mult i p l icity 

which i n the e nd will reduce to t he presen t one, and we s ha ll prove in 

partic ula r that the definitio n is inde p e ndent o f coor d ina t es . 

rate, with the present definition, the theorem is p roved. 

At any 

Proposition 1 shows the meaning of the order m of a curve C : 

almost all lines cut C in m points, when one c ounts the multiplici-

t ies o f the points. In f a ct, most line s cut C i n m distinc t 

po ints , he nce wi th mul t iplic i t y one . We have 
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Proposition 2 

Let C be a plane curve o f order m and let p be a point in the 

complement of C. Then, with at most m(m-1) exceptions L. 
l. 

i = l, ... ,m(m-1 ) , a line L through p cuts the curve C in exactly 

m distinct points. 

Proof : We choose homogeneous coordinates (xO,xl ,x2) so that 

p = (0,0,1). Let F(x0 ,x1 ,x2 ) 0 be the equation of c. We obtain 

a bijection between the family L of all lines through p and t h e 

pro j ect ive line G with equa tion x 2 = 0 

with its intersection A = (A0 ,A1 ,0) with 

by a ssociating each L E L 

G. We denote the l i ne 

through A and p by LA. Obviously 

Thus the inter sections of LA with C are given by the equation 

The polynomial F(A0 ,A1 ,t) does no t va nish i denti-

cally, because LA is no t a c omponent of C. Since p ¢ C it has 

degree precisely m. Then by 4.2.7, this polynomial has a multiple 

zero just in c ase its discriminant vanishes. 

inant 

By 4.4.8, this discr i m-

is a homogeneous polynomial in 

counting multiplicities, m(m-1 ) zeroes 

of degree m(m-1), hence it has, 

A (i ) . The preceding consi der-

ations show that at most the lines Li = LA (i) in L have intersec ­

tions of multiplicity > 1 with the c urve c . 

The s peci a l case m 2 is of course we ll known : the r e a re a t 

most two t a ngents to a q uadr i c t hrough a give n point p . Th e next 

intersecting case is that of cubics. In this case, Proposition 2 leads 

us to expect at most 3.2 = 6 tangents. The f ol lowing figure il l us-

trates this s i tuation, where C and p are chosen so that al l 6 

t a ngents a r e real . 
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L~ 

L~ 
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5.3 Singular points of plane curves 

Right at the beginning of this course we saw many examples of 

curves on which some points looked different from others. There were 

cusps, and double points where the curves intersected themselves, on the 

cissoid of Diocles, the conchoid of Nicomedes, on the epicyclic curves 

of Ptolemy, and on many other curves. Then in 2.4 we gave a prelimin-

ary indication of the way in which these singular points could be 

handled, for real affine-algebraic curves, by analytic methods. The 

non-singular, or regular, points then appear as those points at which 

the tangent problem has a simple, unique solution. 

The same idea underlies the following treatment of singular points 

of plane complex projective-algebraic resp. affine-algebraic curves. 

For the moment we wish only to define these points and characterise 

them in a simple way. A detailed analysis of singular points will be 

carried out later - in §8. 

We want to define the singular points of a curve C to be those 

points p at which the curve has more than one tangent - counting 

multiplicity. In order to make this idea precise, we first consider 

an arbitrary line L through p and investigate the intersection of 

L and C at p. 

The clearest way to carry out these investigations is with the help 

of the affine equation f(x,y) = 0 for C. Naturally we choose coor-

dinates so t .hat the point p being investigated does not lie on the 

line at infinity, and so that the latter is not a component of C . Let 

the point p have the affine coordinates (a,b). The lines through 

p then have parametric representation 

x = a + ;\t 

t E: a: 
y b + )Jt. 

Here, the (A,Jl) 1 (0,0) is determined by the line up to a constant 

factor. Thus the lines through p c onstitut e a !-di mensio na l pro-

jective space L with the homogeneous coordinates (A,Jl). 

plicity of the intersection of C with the lines L(A,Jl) 

The multi-

defined in 

the proof of 5.1.1, with the above parametric representation, is 

precisely the multiplicity of the zero of the polynomial 

f (a+At, b+)Jt) 

in the indeterminate t at the position t 0. As is well known, 
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this multiplicity is described by the vanishing of the derivatives with 

respect to t at the position t = 0. More precisely : if the deri-

vatives of order less than r vanish at t = 0, then the polynomial has 

an r-tuple zero at t = 0. One can also express this as follows . 

~ f(k) (a,b)tk 
If t k! is the Taylor expansion of f(a+>.t,b+~t) at 

t = 0, and if this expansion begins with the term of order r, then 

f(a+>.t,b+~t) has an r-tuple zero at t = 0. This Taylor expansio n 

results from the Taylor expansion of f at (a,b), namely 

1 
k 

(~) 
akf i k-i 

f(x,y) = ~ ~ (a,b) (x-a) (y-b) (1 ) t k! t 
axiay k-i 

k=O i=O 
1 

where all terms of the same order have been collected into a sum, by 

setting x = a + >.t, y = b + ~t. Thus the coefficient of the term of 

order k in the Taylor expansion of f(a+>.t,b+~t) is, up to a factor 
1 

k! , equal to 

k akf L (~) (a,b)>.i/-i . 
i=O 1 a xi ayk-i 

(2) 

This is a homogeneous polynomial of degree k in the indeterminates 

>.' ~. If one replaces these indeterminates in (2) by x-a, y-b then 

one obtains exactly the term o f o rder k in the Taylor expansion (1) 

of f at the point (a,b). 

I n this way we have obtained the following result : Suppose that 

the terms in the Taylor expansion (1) of f vanish for orders < r, 

while the term of order r does not vanish. Then all lines 

through p = (a,b) cut the curve C with multiplicity > r at p, 

because (2) also vanis hes for k < r and hence f(a+>.t,b+~t) has at 

least an r-tuple zero. Counti ng multi plicity , there are e xac tly r 

lines L(>. . ,~.) 
p, namely ihoae in 

1, ... ,r which cut c 

L corresponding to the 

0 . 

with multiplicity 

r zeroes 

These results motivate the following definition 

Definition 

> r at 

of 

Let C be a plane complex projective-algebrai c curve and let p 

be a point of C. Let (x,y) be affine coordinates such that p has 

coordinates (a,b) a nd C has the affine equation f(x,y) = 0 . 

(i) The multiplicity \J (C) 
p 

of C a t p is the order of the lowest 

non-vanishing term in the Taylor expans i o n o f f at p . 
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(ii) The tangents to C at p are the lines through p which cut 

C with multiplicity > vp(C) at p. 

has exactly vp(C) tangents at p. 

Counting multiplicity, C 

(iii) p is a regular point of c when v (C) = l. 
p 

p is a singular point of c when v (C) > l. 
p 

p is a double point of c when v (C) 2. 
p 

p is a triple point of c when Vp(C) 3. 

Remarks : (i) In the definition of multiplicity we have used affine 

coordinates. However, the definition is obviously independent of the 

choice of coordinates. 

(ii) It is clear from the foregoing discussion how one computes the 

v = vp(C) tangents to C at p. The affine equation of the c u r v e 

they make up (with multiple components when tangents have to be multiply 

counted) reads 
v 
~ 
L 

i=O 
i v-i ax ay 

i v-i 
(a,b) (x-a) (y-b) 0, 

and therefore results from equating to zero the lowest non-vanishi ng 

term in the Taylor expansion of f at p. 

(iii) We shall soon see (in §6.2) that at most finitely many points 

of a pla ne curve can b e s i ngular, whi l e a ll o the rs a r e r e gula r. This 

justifies the choice of the words regular and singular : the singul a-

rities are the exception, regular points are the rule. 

(iv) At this stage we shoul d list a few examples of singular points. 

The simplest examples are the double points and simple cusps, which we 

have already met with several curves in §l : 

The t ypical equation for an ordinary d ouble p o i n t is xy = 0 ; the 

typical equa tion for a simple c u sp is x 2 - y 3 = 0, the e quat i o n o f the 

semic u b i cal parabola. As a c o mmo n generalisati on of both, we ha v e 
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already met, in 2.4, the generalised parabolas 

which have a singularity at x = y = 0 for p > 1, q > 1. The 

different pairs (p,q) yield different singularities the pair (p,q) 

is a characteristic invariant of the singularity. In the case of the 

generalised parabolas this pair suffices to describe the type of the 

singularity. In general, however, the singularities of plane curves 

are much more complicated, and even when the curve consists of a 

single p i ece in the neighbourhood of the singular point one needs 

several number pairs, the so-called Puiseux pairs in order to describe 

the type of the singularity- we shall do this later (in 8.3). The 

complexity of singularities is not adequately reflected, as we shall 

see in an example shortly, by the real pictures of curves we have used 

intuitively most of the time until now. As an example, the general-

ised parabolas xp - yq = 0 yield only three qualitatively different 

pictures for relatively prime p and q, namely those represented by 
2 3 

0, 
3 4 

0 and 
3 5 

0. X - y = X - y = X - y = 
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0,5 
---- y 

0,5 

l 
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j 
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o.~ 

0,5 

l .. 

y 
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o.s 

o.~ -+. 

:; 
y = )( 
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3 
It may well be surprising to learn that the curves x 

and x 3 y 5 = 0 have the origin x = 0, y = 0 as a singular point, 

because the real curves appear to be smooth and have a well-defined 

tangent. On the other hand, the two partial derivatives 3x2 and 

4y 3 vanish at this point, so there is a singul arity there according 

to our definition. It seems a contradiction occurs between our 

definition and our intention that the definition of regular point 

should describe the point where the curve is smooth. 

We shall show that the apparent contradiction is resolved when we 

consider the complex curve instead of the real one. 

First we analyse the real affine-algebraic curve with the 
3 4 2 

equation x 1 - x 2 = 0. We begin by showing that this subset of ~ 

is a !-dimensional, once continuously differentiable submanifold 

(C1-manifold} of ~2 . To do this it suffices to give a once continu­

ously differentiable mapping t ~ (x1 (t} ,x2 (t)} of a n inte rval, whi ch 

maps the interval bijectively onto the affine algebraic curve in such 

a way that we always have (xi(t},x;(t}} 1 (0,0} . 

such a mapping : 

t 

We can easily give 

has the desired properties. This mapping is continuously differenti­

able once, but not twice. There is in fact no twice continuously 

differentiable mapping t ~ (x1 (t} ,x2 (t)} at all from an interval onto 

our curve such that <xi (t} ,x; (t}} 1 (0,0}. 

Proof : If we had such a mapping, then the two functions 

X = 
1 

x1 (t}, x 2 would satisfy 

3 4 
xl = x2 . (1} 

Differentiation of (1} gives 

(2} 

Dividing by a nd combi ning wi th (1} g i v e s 

(3} 

Differentiation of (3} gives 

4/ 3 -2/3 ( '} 2 + 4xl/3x'' 
x2 x2 2 2 (4} 
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Multiplication of (4) by gives 

(5) 

But the relation (5) contains a contradiction : because when t 0 is 

the point where (x1 (t0 ) ,x2 <t0 )) = (0,0). we have xi (t0 ) = 0 by (3) 

and hence x2(t0 ) I 0. Thus the left-hand side of (5) is non-zero, 

while the right-hand side is zero, and that is the contradiction. 

Hence there are no twice continuously differentiable functions with the 

desired properties. 

We have therefore obtained the following result : 

. . h f . . 3 4 algebra1c curve w1th t e a f1ne equat1on x 1 - x 2 0 

manifold of ~2 • but not a cr-submanifold for r > 1. 

the real affine­

is a c 1-sub-

It is indeed 

"smooth", but not especially smooth. This situation is typical. A 

real affine-algebraic curve can indeed be a Cr-submanifold of ~2 at 

a singular point, for low r . But there is always an r 0 such that 

the curve is no t a Cr-submanifold at this point for r > r 0 . At a 

regular point, on the other hand, the curve is always a C00-submanifold 

of ~2 and in fact even a real analytic submanifold - this follows 

immediately from the Implicit Function Theorem. 

We have therefore established that the singular po ints on a real 

algebraic curve can be recognised as places where the curve is less 

smooth, in the sense that the curve is not at that point a submanifold 

of ~2 or, if it is, it is not differentiable as often there as at 

regular points. However, one cannot necssarily see this with the 

naked eye on the picture of the real curve. 

The situation is much less equivocal for complex curves in the 

complex plane. One can prove : at a singular point p, a complex 

affine-algebraic curve C in ~2 is never a submanifold of ~2 • not 

even a topological submanifold. This means : there is no neighbour­

hood U of p on ~2 such that the pair (U,U n C) is homeomorphic 

to ( ~4 , ~2 ). We shall not prove this fact here - it is not alto-

gether easy t o demonstrate. Instead we shall clarify our example 
3 4 

zl - z2 0 when the associated affine-algebraic curve c is embedded 

in ~2 . It then quickly becomes clear that 

submanifold of ~2 . 
c cannot be a topological 

We now consider the mapping ~ ~ + ~2 defined by 
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One sees immediately that the image of ~ is precisely the curve C 

with equation zi - z~ = 0, and that the mapping ~ : ~ + C is a homeo-

morphism. As a topological space, therefore, the curve C is a 

2-dimensional topological manifold. But it is not a topological sub­

manifold of ~2 ! We now want to convince ourselves of this. 

To do so we consider the circle s 1 , ltl = c, in 
c ~ -

K ~(s 1 ) under ~ is contained in a 
c c 

2-dimensional torus 

(z1 ,z2 ) E ~2 with namely the torus consisting of the 

4 
c 

3 
c 

Its image 

s1 x s1 , 

For its part, this torus is contained in a 3-sphere enclosing the 

origin of ~2 • namely the 3-sphere s 3 
c 

If one now allows c 

8 6 
c + c . 

to run from zero to infinity, then 
6 8 

c + c 

increases strictly monotonically from zero to infinity. The corres­

ponding spheres fill ~2 - {0}, and different values of c give 

differe nt spheres. For this reason, we obviously have 

K 
c 

Now how does the circle K lie in the 3-sphere s 3 ? K lies on 
c c c 

the torus described above. Thus one must first understand how this 

torus lies in the 3-sphere. 

This is now a standard situation, which has nothing to do with our 

curve. We consider the 3-sphere si , and hence the points in ~2 

with 

2 2 Jz1 J + Jz2 J = 2, 

and the torus therein, of points of ~2 with 

This torus divides the 3-sphere into 2 pieces, namely 

+ 
T 

T 

{ (zl,z2) E: si 

{ (z1 ,z2 ) E si 
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Obviously 

si = T+ V T . 

We claim that T+ and T are 3-dimensional solid tori. The proof, 
+ 

say for T , is simple. If T0 is the 3-dimensional solid torus 

l}, 

then one obtains a homeomorphism T+ + T0 by 

Thus one finds that the representation s 3 = T + v T of the 3-sphere 
l 

s 3 results from pasting together two copies of the solid torus T0 
l 

along the bOUndary s1 X S 1 , With the tWO faCtOrS Of the boundary 

s 1 x s1 being exchanged by the pasting. One can visualise this 

situation well by omitting a point of s3 , so that one obtains the 
l 

3-dimensional euclidean space m3 Then one can describe the decom-

position as follows : one solid torus is simply embedded in the usual 

way. The other is its complement. One easily sees that the comple­

ment in m3 is likewise a torus, more precisely a solid torus, from 

which a point has been removed. The following picture may help. 
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We now return to the topological investigatio n of the curve C. 

The intersec tion 

is now seen to lie in the torus T with !z1 ! = 1, lz2 ! = 1, and the 

sphere in the way described above, hence it is latter torus lies in the 

embedded in ffi3 = si - {p} 

K1 lie in the torus T ? 

under the mapping 

in the usual way. Now how does the circle 

is the image of sl in 
1 sl 

Kl T = sl )( 

1 1 

t .... (t4 ,t3). 

This is a circle which winds around the torus, in such a way that it 

turns four times in one direction while it turns three times in the 

other. The following picture presents this intuitively. 



The curve K 
c 

in resp. 
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is thus a circle looped around 

itself in a certain way or, as topologists say, a knot. Such knots 

were first investigated by Listing, a student of Gauss, in the middle of 

the 19th century, after Gauss' own reflections on electrodynamics had 

led him to consider several linked circles, and to define a linking 

number for them. The knots defined by mappings s1 + s1 x s 1 of the 

form t I+ (tq,tp) with relatively prime p, q are called torus knots. 

They 

zP -
1 

are precisely the result of intersecting the generalised parabolas 

zq = 0 with the standard 3-sphere in ~2 . 
2 

It was first observed 

by Brauner in 1928 that the singularities of plane curves have something 

to do with knots. The simplest knot occurring in this way is that 
2 3 

which results from the semicubical parabola z 1 - z 2 = 0. It is the 

trefoil knot, an ancient pattern, examples of which occur in the history 

of art from the earliest times. 
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For curves with more complicated singularities, intersection with 

a small sphere round the origin yields more complicated knots, the so-

called iterated torus knots. When the curve divides into several 

pieces in a neighbourhood of the singular point, intersection with a 

sphere yields a link of several iterated torus knots. 

details later (in 8.4). 

We shall go into 

We now return to the topological investigation of our curve C 
3 4 with the equation z 1 - z 2 = 0. We have investigated the intersection 

K 
c 

for a particular value c = 1 and found that Kc is a particular torus 

knot in the 3-sphere. The situation for arbitrary c is exactly the 

same. In fact we can now precisely describe the topological type of 

the pair (~2 ,c). We view the sphere s~ and the knot K1 in it as 

a subset of ~ 2 and construct the cone C over K1 , i.e. 

C = {tz e: ~2 I t ~ 0, z e: K1 l. 

Of course, we can view itself as the cone over 
3 s1 , i.e. write 

each point of ~ 2 as tz with and t > 0. Then 

(tz1 ,tz2 ) ~ (t4 z 1 , t 3z 2 ) 

defines a homeomorphism ~ 2 + ~ 2 which maps the cone C onto the 

affine algebraic curve C. Thus we have proved 

Proposition 1 

Let C c ~ 2 be the curve with equation 

are relatively prime. Then the pair (~ 2 ,c) 
zi - z~ = 0, where p, q 

is homeomorphic to the 

pair (~ 2 ,C), where C is the cone over a torus knot of type (p,q). 

What we do not want to prove here is the purely topological fact 

("'2,C-) 4 2 that the pair .... is not homeomorphic to the pair ( 1R , 1R ) . 

That this is so is, nevertheless, very plausible, because it is intuit-

ively immediate that the torus knot of type (3,4) cannot be unknotted. 

Thus we already seem to have obtained a far-reaching insight into the 

topological nature of the singular points of plane curves. When these 

curves do not divide into several pieces in the neighbourhood of such 

a point, they are indeed 2-dimensional topological manifolds. How-

ever, they are not embedded flatly in the real 4-dimensional ~2 , as 

topological submanifolds, but in the tricky way described above : they 

are locally cones over iterated torus knots. 
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When the curve divides locally into several pieces, the situation 

is still more complicated. Then the curve is locally the cone over a 

link of iterated torus knots. The simplest situation is that in which 

the individual pieces are non-singular and meet transversely. 

One calls such a singular point an ordinary n-tuple point when the 

curve divides locally into n components. Since we shall first treat 

the local decomposition into components later, we shall give the 

following definition here instead of the intuitive one : 

Definition 

A singular point p of a plane curve C i s called an ordinary 

n-tuple point of 

at c. 

c when c has exactly n = vp(C) distinct tangents 

To conclude this section we want to describe the singular points of 

a curve with the help of the homogeneous equation, instead of the affine 

equation we have used till now. 

Proposition 2 

Let C be a plane complex projective algebraic curve with homo-

geneous equation F(x0 ,x1 ,x2 ) = 0, and let p be a point of C. Then 

vp(C) = r exactly when all partial derivatives of F up t o , but not 

including, order r vanish at p. 

Proof : Without loss of generality, we can choose coordinates as we 

please, since the statement about the vanishing of the derivatives of 

F at p is obviously coordinate-invariant. We choose the homogeneous 

coordinates so that does not divide ' p and p does 

not lie on the line o, say p = (l,a,b). Then 

f (x,y) = F(l,x,y), h ence f(x,y) = 0 is the affine equation of C and 
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aFi+j 
. . (l,a,b). 

ax~ ax~ 

It follows that if all the partial derivatives of F of order < r-1 

vanish at 

(r < n 

vanish at 

p, then the same is true for the partial derivatives of 

degree (F) ) ) . Then if not all the rth derivatives of 

p, at least one of the derivatives 
arF 

does not 
i r-i 

ax1 ax2 

f 

F 

vanish at p, and hence an 
th 

r derivative of f also does not vanish. 

Otherwise 
arF 

r ax0 

would be the single non-vanishing derivative and the 

Euler formula 4.4.3 would give 

ar-lF 
(l,a,b) 

1 arF 
(l,a,b) = xo r-1 n-r+l 

ax~ ax0 

contrary to the fact that the left side vanishes and the right does not. 

This proves one direction of the theorem. The converse direction is 

proved similarly : if all the partial derivatives of f of order < r-1 

vanish at p, then the corresponding derivatives of F also vanish. 

With the help of the 

the derivatives 
a iF 

i 
the theore m. 

ax0 

The multipli city 

naturally satisfies 

Euler formula, one then proves by induction that 

' for i < r-1, also vanish at p. This proves 

vp(C) of a point p on a curve of order 

vp(C) < m this follows immediately from the 

m 

definition. 

points with 

Thus to find the singular points of C we need only seek 

= r < m. The following corollary shows that the v (C) 
p 

points wit h v (C) 
p 

~ r c an be found wi t h the help of the (r-l)th 

derivatives alone. 

Corollary 3 

v (C) 
p 

the 

Let C C P2 (~) be a plane curve of order m with homogeneous 

Then the points p o f C with 

> r (whe r e r < m) are precis ely the points o f P2 (~) whe re all 

(r-l) t h pa rtial derivative s va nish. In particula r, the singular 

points of C are the points of P2 (~) where all the first partial 

derivatives vanish. 

Proof : By Proposition 2, the vanishing derivative condition is 

trivially necessary, and by the Euler formula 4.4.4 it is also s ufficient. 

To conclude , we shall now give t he equatio n of t he tangent t o a 
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curve at a regular point in homogeneous coordinates. 

Proposition 4 

The equation of the tangent to a curve C with homogeneous 

equation F(x0 ,x1 ,x2 ) = 0 at a regular point p reads 

2 oF I X. (p) = 0. 
i=O 1 oxi 

Proof : One can choose the coordinates for the proof arbitrarily, s i nce 

the given equation transforms correctly under coordinate transformations. 

We therefore choose the coordinates (x0 ,x1 ,x2 ) so that p = (l,a,b) 

and so that x0 does not divide F. 

xl x2 
Let x x , y x and let f(x,y) = F(l,x,y). By remark (ii) 

after the defin~tion of ~angent, the equation of the tangent to the 

affine curve f(x,y) = 0 is 

of of 
oX(a,b) (x-a) + oy(a,b) (y-b ) 0 

hence 

oF xl oF x2 
a;z-(l,a,b) (:;-- - a) + -0-(l,a,b) (- - b) = 

1 0 x2 xo 

Since F(l,a,b) = 0, it follows 

oF oF 
-a-3- (l,a,b) - ~(l,a,b) 

xl x2 

from the Euler 

aF 
-~- (l,a,b). ax0 

After multiplication by x 0 , (2) and (3) yield 

(1) 

0. (2) 

formula that 

(3) 

aF aF aF 
x 0 . ax

0
(l,a,b) + x 1 · -a-( l, a,b) + x 2 . -a-(l,a,b) 

xl x2 
0 

and this is the equation of the tangent which we wished to derive. 

6. The intersection of plane curves 

6.1 Bezout's theorem 

In this section we shall prove the main result in the intersection 

theory of plane algebraic curves, Bezout's theorem (1779). This 

theorem gives t he precise number of inte rsection points of two plane 

curves c , c• in the complex projective plane P2 (~). To be sure, 

the points of intersection must be chosen with suitable multiplicity, 

and defining this intersection multiplicity is a problem in itself. 

Here we shall choose a definition which makes the proof of Bezout's 

theorem particularly simple. 

We shall first concern ourselves with a simpler qualitative 

, ,  
DOI 10.1007/978-3-034 -0 - _6
E. Brieskorn and H. Knörrer Plane Algebraic Curves: Translated by John Stillwell

8 493 6 , © Springer Basel 1986
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question, namely, whether the number of points in C n C' is finite or 

infinite. Since each curve in P2 (~) naturally has infinitely many 

points, C ~ C' consists of infinitely many points when C and C' 

have a component in common. In what follows we shall therefore assume 

that C and C' have no common component. First we shall show that, 

under this assumption, C n C' consists of only finitely many points. 

In fact, we shall give a bound on the number of intersection points, 

given the orders ord(C) = m and ord(C') = n of the curves. 

The basic idea which we use to bound the number of these inter-

section points and in Bezout's theorem is quite simple : as in the 

following figure we choose a point q in the complement of c and C' 

and a line L which does not go through q, and project P2(~) - { q} 

from q onto L. This projection 11 maps the line L through q 
c 

and a point c E L onto c. On each line L there are obviously 
c 

only finitely many points of en C' (by 5. 2). Thus to show that 

there are only finitely many intersection points, it suffices to show 
i 

intersection points lie on L . for only finitely many c E L. A 
cl. 

refinement of this argument also yields the desired bound and a deter-

mination of the number of intersection points. 

I 
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c' 

L 
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In order to determine the L i , we proceed as follows : we choose 
c 

homogeneous coordinates x0 ,x1 ,x2 in P2 (~) so that q = (0,0,1) and 

L has the equation x 2 0, hence x0 ,x1 are homogeneous coordinates 

in the projective line L and t he projecti on 

given by w(x0 ,x1 ,x2 ) = (x0 ,x1 ). Relative to these coordinates, let 

C, C' have the equations F(x0 ,x1 ,x2 ) = 0, G(x0 ,x1 ,x2 ) = 0 respecti­

vely, where F and G are homogeneous polynomials of degree m and 

n respectively. Because of the above description of the projection, 

it is convenient to view these polynomials as polynomials in x 2 with 

coefficients in ~[x0 ,x1 J, thus 

F 

G 

Here 

resp. 

m m-1 
AOx2 + Alx2 + 

n n-1 
BOx2 + Blx2 + 

+ A 
m 

+ B 
n 

Ai , Bj £ ~[x0 ,x1 J are homogeneous polynomials of degrees i 

j, and since q ¢ C, C' and q = (0,0,1) we obvi ously have 

Therefore, since C and C' have no common compo-

nent, and hence F and G have no non-constant common factor, it 

follows from 4.2.3 and 4.4.8 that is a non-zero homo-

geneous polynomial of degree m·n. 

Now let p = (c0 ,c1 ,c2 ) 

F(c0 ,c1 ,c2 ) 0 and 

be an intersection point of C and 

Then 

solution of the two equations 

A0 (c0 ,c 1 )x~ + 

n 
Bo<co,cl)x2 + 

is a common 

0 

0. 

C'. 

He nce it follows by 4.2.6 that RF,G(c0 , c 1 ) = 0, and conversely, this 

condition is sufficient for the existence of a solution. Thus we 

obtain : 

The zeroes of RF,G are precisely the 

L 
c 

contain intersection points of c and 

c E L for which the lines 

C'. This determines the 

l i nes L i , and yie lds a me thod for explici tly finding the i nter-

sectionscof C and C' by computing the zeroes of a certain poly-

nomial. 

After these preparations we now obtain the desired bound on the 

number of inter section points very quickly . 
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Proposition 1 

Two curves C and C', of orders m resp. n, without commo n 

component in the complex projective plane have at most m·n inter­

s e ction points. 

Proof : Suppose there are at least m·n+l intersection points 

p 1 , ... ,pm·n+l Then we choose the point q and the line L as a bove, 

and in addition arrange 

ting pi to pj, where 

images c i and c j in 

that q lies on none of the lines L. . connec-

i t- j. 
i . l.J 

Then p and pJ have dif ferent 

L under the pro j ection 11. In this way we 

points 
1 m·n+l 

in L which c , . . . ,c obtain at least m·n+l different 

are zeroes of the resultant R 
F,G 

But this contradicts the fact that 

of the 

R 
F,G 

equations of c and C '. 

is homog eneous of degree 

Thus there are at most m·n poi n ts of intersection. 

Since we now know that the two c urves C and C ' ha ve only 

m·n. 

finitely many po ints 
i 

p in common, we c a n choo s e ou r cen tre of p r o -

jection q so that it lies on no line Lij c onnecting two intersection 

points pi and pj. Then t h e projection 11 y iel ds a bijection 

between the intersection points pi and thei r i mages c~: 11(pi) in 

L. This suggests the following 

Definition 

Let C and C' be curves i n the complex pro jective plane without 

common components, and let 
i 

p be the intersection points of C and 

C'. Let (x0 , x1 ,x2 ) be coordinates such that the point (0,0,1 ) l ies 

on no line c onnecting intersecti o n point s , and let F(x0 ,x1 , x 2 ) : 0 

r esp . G (x0 ,x1 ,x2 ) = 0 be t he eq uation of C r esp . C' wi th respect 

to thes e coordinates. Let be the r e s ultant of the poly-

nomials F and G, viewed as polynomials 
i i i i 

~[x0 ,x1 ]. Let p = (c0 ,c1 ,c2 ) and let 

intersection multiplicity v . (C , C') of 

in x2 with coeffic ients in 
i i i 

The n the c = (cO,cl). 
i c and C' at p i s defined 

pl. i 
to be the multiplicit y of the zero c of RF,G ' 

I n t his way we finally have the defin ition o f int erse c tion multi­

plicity reduced to quite a simple multiplicity definition, namely that 

of the multiplicity of zeroes o f a polynomial i n one variable (4 .4. 7 ). 

Since RF,G , being a homogeneous polynomial of degree m·n, has exactly 

m·n zeroes whe n their multipl icit ies are c ount e d, i t o bviou s ly f o llows 

tha t the sum of intersec t ion mult iplic ities vi (C , C ') is exactly m·n. 
p 
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This is the desired determination of the number of intersection points. 

Theorem 2 (Bezout's Theorem) 

The sum of intersection multiplicities of two curves c, C' of 

orders m, n respectively in the complex projective plane satisfies 

I v (C,C') = m·n. 
pE. c nc• P 

This theorem, which originated in remarks of Newton and MacLaurin, 

was already proved by Euler 1748 and Cramer 1750. In the next section 

we shall see some applications of this theorem, and in the section after 

that we shall investigate it from a different point of view. But first 

let us consider more closely the concept of intersection multiplicity 

just introduced. 

The problem of defining intersection multiplicity can be 

approached in different ways on the one hand, one can choose an 

axiomatic method. This means presenting a series of postulates for 

intersection multiplicity, and then proving that there is at most one 

intersection theory satisfying these conditions. An example of this 

method is the presentation in the book of Fulton [Fl). In order to 

show that there really is an intersection theory satisfying these post­

ulates, one must still define intersection multiplicity in some explicit 

way (explicit as opposed to implicit definition by axioms) . Our 

definition above is an example of such an explicit definition. There 

is a series of other, equivalent definitions, some of which we shall 

meet later. 

Some of these are better, and others worse, for generalising to 

higher-dimensional situations. 

nal situation is the following 

An example of such a higher- dimensio­

let V and W be projective-

algebraic varieties in Pn(~) of co-dimensions a resp. b. When 

the intersection V n W is pure-dimensional of co-dimension a+b, one 

can again associate intersection multiplicities with the components of 

v" w. If in particular a+ b = n, then Vn W consists of finitely 

many points, and we again have Bezout's theorem the sum of the inter-

section multiplicities is the product of the orders of V and W. 

Our definition of intersection multiplicity above has the advant­

age that Bezout's theorem follows immediately from known results about 

resultants. But it has the disadvantage of being a priori dependent 

on the choice of coordinates. We first want to convince ourselves 
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that it is really independent of this choice. 

Lennna 3 

The intersection multiplicity v (C,C') 
p 

defined above does not 

depend on the choice of coordinate system in the projective plane. 

Proof : Let (x0 ,x1 ,x2) be a homogeneous coordinate system which satis­

fies the conditions for the definition of multiplicity, so that 

(0,0,1) ~ C U C' U U L .. 
i,j l.) 

i 

, where L .. 
l.) 

is the line connecting the 

intersection points p of c with C' (an "admi ssible" 

coordinate system for short) . We obtain any other admissible coordi-

nate system (x0,xi,x2) by a linear transformation xi = Eaijx;, 

where A = (aij) is an invertible 3 x 3 matrix,_ i.e. an element of 

GL(3,~). The matrices which yield admissible coordinate systems are 

precisely those for which the point with x'-coordinates (0,0,1) again 

does not lie in C u C' v u 
i,j 
If 

L. . In the x-coordina t e system this 
l.J 

H(x0 ,x1 ,x2 ) = 0 is the equation of 

C U C' v .U. Lij in the (x0 ,x1 ,x2 ) -coordinate system, then the set X 
l.,J 

of all matrices A which yield admissible coordinate systems is 

described by 

One can also describe this set of matrices as follows : let 

M(3,~) be the set of all 3 x 3 matrices 

This is a ~9 with the coordinates aij' 

with a . . E. ~­
l.J 

The determinant is a homo-

geneous polynomi al D(a .. ) 
l.J 

of thi rd degree in the a ... 
l.J 

Le t P(aij) = D(aij) · H(a02 ,a12 ,a22 ). Then 

X= {(a .. )£ M(3,~) IP(a .. ) 'I 0}. 
l.J l.) 

Thus X is the complement of an affine hypersurface in the 9-dimens­

ional affine space ~9 = M(3,~). X is a topological space as a sub­

space of ~9 . We claim that X is path-connected. This results from the 

following general fact : if V i s a connected algebraic manifold over 

the field of complex numbers and W c V is an algebraic subvariety, 

then X = V - W is also connected. (One can prove this general 

assertion by induction on dim W : by the induction hypothesis one can 

consider V-Sing(W) instead of V, where Sing(W) is t he singularity 

set of W. 
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Hence it suffices to prove the theorem when W is non-singular. The 

proof then follows from the fact that a curve connecting two points of 

V-W in V can be made transverse to W by an arbitrarily small per-

turbatio n. But since W has real co-dimension i n V of at least 2, 

transversality means that the curve does not meet W.) In our case 

V = ~9 and W is the hypersurface with equation P = 0. In thi s case 

one can see the connectedness of X = V - W direc tly quite easi ly : if 

A,B ~ X and L is the complex-affine line in ~9 through A and B, 

then L' L ~ X results from L by removal of finitely many points, 

namely the zeroes of the polynomial which results from P by s ubsti-

tution of an affine coordinate f o r L. L' C X is of course c onnected 

and it contains A, B. Then it is clear that X is path-connect ed. 

We now c ome to the proof of the coordinate i ndependence of inter-

section multiplicity. We shall prove that the intersection mul tiplici-

ties 

and 

of 

and v~ defi ned f o r t wo coord i na t e s y s t e ms 

(x0,xi,x2) are the same. Let 

X, we can find a continuous curve 

X =Ax'. By the connectedness 

At , 0 < t < l, in X with 

A0 = l, A1 =A. An admissible coordinate system xt = (xt,O'xt,l'xt, 2 ) 

is defined for each t by Atxt. If one substitutes the latter in the 

equatio ns F(x ) = 0 r e sp. G(x ) 0 o f C resp. C', then o ne o btains 

t h e equation s Ft (xt) = 0 r e sp . Gt(xt) = 0 of C r e sp . C ' r e lative 

to the coordinates As above, we consider the resultant 

RF G (xt 0 ,xt 1 ) . By construction, Rt(x0 ,x1 ) = RF G (x0 ,x1 ) is a 
t, t , , t, t 

one-parameter family of homogeneous polynomials of degree m·n wit h the 

f o llowi ng property : the number o f dis tinct zer oes ci(t) o f Rt (not 

counting multiplicity) is constant (na me ly, equa l to the number of 

d i s t i n c t i nte r section p o ints p i of c a nd C ', to which they corr es-

pond under projection) . But it follows from this that the multiplicity 

o f zeroes ci(t ) of Rt , which depends continuousl y on t, is also 

constant. Thi s is immediate f r om the following wel l-known fact about 

the r oots of polynomials in one indete rminate 

Let f c ~[x] b e a p o lynomi al of d e gree d and let c ~ ~ be a 

zero of f of multiplicity v. Let £ > 0 be so small that all other 

zeroes have distance > E from x. Then there i s a o > 0 for E 

such that each p o lynomial whose c oefficients di f fer from those o f f by 

l ess tha n o has e xactly v zero e s in the c ircle o f r a dius £ around 

c, counting multiplic i t i es. 
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This proves that the multiplicity of the zeroes ci(t), and wi th it 

the intersection multiplicity o f C and C' at i 
p with respect to 

the coordinate system xt , is independent of t. 

section multiplicity is coordinate-independent . 

Thus the inter -

Q.e.d. 

The computation of intersection multiplicity from the defi nition in 

terms of the multiplicity of zeroes of the resultant is natural l y very 

troublesome. For this reason, simpler formulae for the intersection 

multiplicity are useful. 

f o llowi ng theorem. 

The most important one is given by t he 

Proposition 3 

Let C and C' be curves without common components and let p be 

an intersection point of C and C'. Then 

(i) vp (C,C') ~ vp (C) · vp(C') 

(ii) Equality, v (C,C') = v (C) · v (C'), holds if and only if 
p p p 

tangents to C at p are pairwise distinct from t he 

tangents to C' at p. 

Proof : Let and s = vp (C •) • Without loss of generality 

we can c hoose homogeneou s c oordinates (x0 ,x1 ,x2), r e l a t ive to wh i ch we 

h ave equations F(x0 ,x1 ,x2 ) = 0 r esp. G(x0 ,x1 ,x2 ) = 0 f o r C and 

C' and their resultant RF,G (with respect t o x2 ) , so that 

q = (0,0,1) is not on C or c• or on a line connecting inte r s e c tion 

points of C and C', or on a tangent to C or C' at p, and s o that 

p = (1,0,0) 0 

Let f(x, y ) = F(l, x , y ) a nd g (x, y ) = G (l ,x ,y) be the associated 

polynomials and let Rf,g(x) be their resultant , where f, g are 

viewed as polynomials in y with coefficients in ~[x]. Obviously 

the order of the zero x = 0 of 

(1,0) of R G , hence it equals 
F, 

Thus we investigat e Rf ,g(x) . 

It follows from v (C) 
m pm-1 

f(x,y) f 0y + f 1y + 

g(x,y) 
n n-1 

goy + gly + 

wi t h f i , gj E:: ~[x] . 

Rf,g(x) equals the order of the zero 

vp (C, C '). 

and p = (1 ,0,0) 
r-1 

+ fm-r+lxy + 

s-1 + 
+ gn-s-t-lxy 

that : 

+ f xryo 
m 

+ g xsyo 
n 



are 

236 

The equations of the tangents to C resp . C' at p 

r r-1 
fm-r(O)y + fm-r+l (O)xy + 

s s-1 
gn-s(O)y + gn-s+l (O)xy + 

+ f (O)xr 
m 

+ g (O)xs 
n 

0 

0 . 

(1,0,0) 

The tangents to C are pairwise distinct from those to C' if and only 

if these equations have no non-trivial common s o lution, i.e. when 

f (0) 
m-r 

g (0) 
n-s 

f (0) 
m 

f (0) 
m-r 

g (0) 
n-s 

g (0 ) 
n 

f (0) 
m 

g (0) 
n 

t- 0 

Moreover, the assumption that no further intersection points lie on the 

line x = 0 from p to q has the consequence that the equations 

f(O,y) = 0 and g(O,y) = 0 have only y = 0 as common solution, i.e. 

fo (O)ym-r + fl (O)ym-r-1 + 

n- s n-s-1 
gO(O)y + gl(O)y + 

+ f (0) 
m-r 

+ g (0) 
n-s 

0 

0 

have no common solution, because fm-r(O) t- 0 and gn-s(O) I 0 since 

x = 0 is not a tangent to C resp. C' at p. This means that 

the following r e sultant does not vanish : 
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f {0) 
m-r 

f {0) 
m-r 

g {0) 
n-s 

'I 0 

Now we consider the determinant of the {m+n)-rowed matrix which 

x, the next by 

Similarly, we 

2 
X defines Rf,g· We multiply the {n-s+l)th row by 

etc., down to the nth, which we multiply by xs. 

multiply the {n+m-r+l)th row by x, the next by x 2 etc., down to the 

{n+m)th, which we multiply by xr. As a result, Rf,g is multiplied 

by X 
1+2+ ... +r+l+2+ ... +s 

r+s-1 
X 

Now we divide the last column by 
r+s 

X 

etc., back to the {n+m-r-s+l)th, which is second last by 

divided by x. As a result, the determinant is divided by 

xl+2+ .. . +r+{r+l)+{r+2)+ ... +{r+s) 

Altogether we have 

R { ) = Xr. SD {X) . 
f,g X 

l+2+ . . . +r+l+2+ ... +s+r.s 
X 

{1) 

the 

D{x) is the determinant of a matrix whose entries are polynomials in 

x. The form of this matrix is indicated in the following schema. 

Expanding by the first n+m-r-s columns, one sees that 

D{O) = D1 {2) 

Then assertion {i) follows from {1) and assertion {ii) follows from {1) 

and {2) and D2 'I 0, together with the fact that D1 I 0 just in case 

the transversality condition for the tangents is satisfied. 
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n 

n•1~~ 
n•m·r~ 

n+lll-r+1 

To conclude, we can use the local intersection numbers to define 

a global intersection number C·C' of two curves without common com­

ponents : 

C · C ' 
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6.2 Applications of Bezout's theorem 

In the section "Origin and generation of c urv es" at the beg inn ing 

of this course we saw that an important reaso n for the study of c urv es 

is the f a ct tha t the solution o f many p roblems - e . g . the cla ssica l 

problems of antiquity - reduces to finding the i ntersection o f suitable 

curves. This v iewpoint was also stressed by Ne wton. Bezout's 

theorem solves the problem of determining the number of intersect i on 

points of two curves C and C', and results i n many applications t o 

geometric probl ems , as we shall see in this paragraph and the next (on 

c ubic s). 

One can also invert the question in a cert ain sense : given 

finitely many points in the proje c tive plane, one can ask whic h curv es 

go through these points. In this way one o btains a whole syste m o f 

curves such that the g iven poi nts lie in the intersectio n o f a l l curves 

i n the s y s t e m. Befor e we s t a rt on a ppl icat i o n s of Bezout' s theorem, 

we make a series of remarks on such systems of curv es. 

We shall describe our syst em of curves with the help of the corres-

pending system o f equations. To do so we must e xtend the earlie r 

definition of c urves in 5.1 , in order to have a completely satisfa ctory 

relatio n betwe e n c urves a nd e q ua t i o n s . I n 5 .1 we d efined a c u r ve as 

the z ero set of a homogeneous polynomial in the pro jec tive plane, and 

hence as a subset of P 2 (rr) . We then describ ed each curve by an 

equation F(x0 ,x1 ,x2 ) = 0, where F is a homogeneo us polynomial , deter-

mined by the curve up to a c onstant factor . The decompositio n o f the 

curve i nto i r reducibl e components the n corr esponds to t h e d ecomposition 

of F i n to i r redu cibl e factors . Fo r thi s reason , t he polynomi a l s 

appearing in equations of curves are precisely t hose with no multip l e 

factors. When we want all po lynomials to appear, we must c orr e spon-

dingly admit ·~· with "mult iple" c omponents. Thus by a c u r v e 

with multiple components we mean a f o rmal linear combination 

where the c . 
~ 

are irreducible curves (in the old sense) and the 

are natural numbers. The number n. 
~ 

gives t h e multiplicity wi t h 

c .. If F. 0 is the e quation of c. 
~ ~ ~ 

we count the component 

the equat i o n o f c i s natural l y 

n. 
~ 

which 

the n 
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and the order of C is the degree of this homogeneous polynomial. If 

Emici and C' = EnjCj have no common components, 

then one naturally defines the multiplicity of a point of intersection 

two such curves c 

by 

v (C,C') = Em.n.v (C. ,C'.) 
p 1Jp 1 J 

and the ordinary Bezout theorem trivially yields a Bezout's theorem for 

these curves with multiple components. When we mean such curves with 

multiple components in what follows we shall place the word "curve" in 

quotation marks. 

(If one also admits negative n. 
1 

in the linear combinations 

D = Enici , then one calls such a D a divisor on the projective plane. 

In general, one understands a divisor on an algebraic manifold W to 

be an integral formal linear combination of subvarieties of co-dimension 

1.) 

The set of all homogeneous polynomials 

io 
L a. . xo 

. 10 ... 1k 
1 0+ ... +ik=m 

of degree m in the indeterminates x 0 , ... ,xk obviously forms a 

complex vector space of dimension 

because this is the number of combinations of m elements (with repe-

titions) which can be chosen from a set of k+l elements. If one 

regards two homogeneous polynomials as equivalent when they differ only 

by a constant factor, i.e. when they define the same "curve", then the 

set of these equivalence classes forms a complex projective space 

PN-l , and the coefficients a. . 
10 ... 1k 

of the homogeneous polynomial 

are homogeneous coordinates in this PN-l' Thus we obtain : the set 

of all "curves" of order m 

projective space of dimension 

in the projective plane forms a complex 
m(m+3) 

2 

One can now consider projective subspaces of this projective space. 

One calls such a linear subspace Pd of curves of a particular degree 

m a linear subsystem, and the dimension d of Pd is called the 

dimension of the linear system. If d = 1, a case which one considers 

particularly often, then instead of speaking of a !-dimensional linear 

system one also speaks of a linear pencil of curves . For example, 
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the lines through a fixed point in the projective plane form a pencil. 

One meets linear systems in the treatment of various problems in 

algebraic geometry, e.g. -and this is a particularly important applic­

ation- in the construction of rational mappings (see also [M8], §6A). 

One can describe linear systems in various ways, e.g . by giving a 

(d+l)-dimensional vector space of homo-

geneous polynomials of degree m corresponding to the d-dimensional 

linear system Pd. 

with equations 

The linear system then consists of all "curves" 

Often one considers linear systems of "curves" of a particular degree 

m which are defined by conditions of the following kind . One gives 

a certain finite set of points in the plane and demands that the 

"curves" go through these points, or that they have multiplicities 

exceeding particular values at these points. 

fy these conditions then form a linear system. 

The "curves" which satis-

we shall now study such conditions in somewhat more detail. We 

consider "curves" of degree m, given by equations 

where 
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Since we first consider the vector space of all such polynomials, we 

regard the ai,j,k as variables, as coordinates in this vector space. 

Now we consider a particular point c = (c0 ,c1 ,c2 l in P2 (~). The 

condition for the "curve" to go through this point is that 

0, thus 

0. 

This is a linear equation for the indeterminates 
i j k 

a . . k , with the 
l., J, 

complex numbers c 0c 1c 2 as coeff icients. 

Thus the condition for a "curve" of degree m to go through a 

point is a linear condition, and the "curves" which satisfy it form a 

projective subspace of codimension 1 in the projective space of all 

"curves" of degree m. 

More generally, one sees that the condition for a "curve" o f 

degree m to have multiplicity at least s at a particular point p 

is equivalent to s(s+l)/2 linearly independent conditions. 

Proof : by 5.3.3 the multiplicity condition for the curve is equivalent 

to the vanishing at p of the (s-l)th partial derivatives of the 

associated homogeneous polynomial F. A homogeneous polynomial in 

three variables has exactly s(s+l)/2 partial derivatives of order 

s-1 (namely, as many as the number of terms up to order s-1 in the 

Taylor expansion of the affine equation at p) . Hence the multipli-

city condition is equivalent to s(s+l)/2 linear conditions. These 

conditions are linearly independent. To prove this one chooses the 

coordinates, without loss of 

Sl.nce F = ~ a xixjxk 
, . L i 'k 0 1 2 
l+J+k=m J 

generality, so that 

, the vanishing of 

p = (1,0,0). 

s-l-'-k . k(l,O,O) means precisely that ai,J.,k = 0, where 
ax J axJax 

0 l 2 

Then, 

j+k ~ s-1, and these are s(s+l)/2 linearly independent conditions. 

Now one can , as already indicated at the beginning of this 

section, choose several points p 1 , ... ,pr in P2 (~), and natural 
th 

numbers s 1 , ... ,sr, and consider the set of "curves" of m order 

which have multiplicity at least s at 
p 

These are purely linear 

conditions , and the "curves" which satisfy them therefore form a linear 

system L 

"curves" of 

in the 
t h 

m 

(m(m+3) / 2)-dimensional projective space of all 

order. We have proved 
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Proposition 1 

The "curves" of 
th 

m order which have multiplicity at least 

at form a linear system 

s (s +1) 
d > m(m+3) _ E p p 

- 2 p 2 

L of dimension d, where 

s 
p 

Whether equality or inequality holds here depends on whether the 

conditions for the different points are linearly independent or no t. 

Both can happen. One sees this already in a trivial example : let 

m = 1, r 3, s 1 s 2 = s 3 = 1 . Thus we con s ide r the condition f or a 

line to go through three given points p1 , p 2 , p 3 . If the three 

points are in "general position", i.e. not collinear, then the three 

conditions are linearly independent, and d = 1 ; 4 - 3 = -1 . I. e . Pd 

is empty and there is no line which goes through p 1 , p 2 , p 3 . But 

if the points are collinear, and hence in "special position", then 

d > -1 and there is one line, s o that d = 0, when the points do not 

all coincide. In the latter case d = 1, and the lines form a pencil. 

This situation is also typical for "curves" of higher order a nd 

systems of condi tions for the mul tiplicities o f the "curves" at giv en 

points p . 
p 

In what follows we confine ourselves to the cas e s 
p 

Suppose we consider t he case o f q uad r i cs , so that m = 2. They 

form a linear system of dimension 2(2+3)/2 

quadric goes through five different points. 

5 . Thus at least one 

When exactly one goes 

through them, we shall say that the 5 points are in general position 

(relative to quadrics) . When 5 points p1 , . . . ,p5 are in general 

1. 

positio n and one choose s a point p 6 whic h d oes no t l ie o n t he quadri c 

through p 1 , ... ,p5 , then there is no quadric through p 1 , . . . ,p6 . This 

is the normal case, and hence we shall say that the six points are in 

general position (relative to quadrics) when no quadric goes through 

them, while they are in special position when they lie on a quadric. 

Definition 

The r different points 

11 Curves 11 

P1 , ... ,p E: P2 {<r ) a re in ge neral 
th r 

of m order when the linear s y stem L position relativ e to 

of "curves" of roth order through h as the smallest possible 

dimension d, i.e . 

d = m(m+3) / 2 - r 

when m(m+3) /2 > r and L is empt y whe n m(m+3)/2 < r. 
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In order to justify this definition, we must show that general 

position is really "general", i.e. that almost all r-tuples of points 

have general position. To do this we must first explain what "almost 

all" is to mean. We can view the 

in the m-fold cartesian product 

r-tuple (p1 , ... ,pr) 

p 2 (0:) X • • • X p 2 (([) • 

as a point 

The condition 

of general position is a condition on the rank of a system of linear 

equations, and it may therefore be expressed by saying that certain 

determinants do not vanish. These determinants are polynomials in the 

homogeneous coordinates of the points p 1 , ... ,pr. The set of 

(p1 , ... ,pr) in general position i s therefore the complement 

P2 (a:) x .•• x P2 (0:) -A of a certain algebraic set A, namely the zero 

set of these determinants. Two cases are now conceivable. Either 

the exceptional set A equals P2 (a:) x ••• x P2 (0:) then there is no 

point (p1 , ... ,pr) in general position. Or else A is a proper 

algebraic s ubset. The n the points (p1 , . .. , pr ) in general positio n 

in P2 (0:) x .. . x P2 (a:) form a non-empty so-called Zariski-open subset. 

In the sense of the usual topology (not the Zariski topology) , such a 

set is then open and dense. When this is the case one is entitled to 

say that r distinct points in general are in general position, and 

we shall use the expression in this sense. 

Proposition 2 

In the pro jective plane, r distinct points in general are in 

general position relative to "curves" of 

there is in general exactly one "curve" of 

m(m+3) /2 points. 

th 
m order. In particular, 

mth order through 

Proof : From what we have already said it is clear that it suffi ces to 

show : for each m there are m(m+3) / 2 points through which exactly 

one "curve" of mth order passes. 

For m = 1 the assertion is clear 

We show this by induction on m. 

there is exactly one line through 

two distinct points. 

observe that 

To make the induction step from m-1 to m, we 

m(m+3) /2 (m-1) (m-1+3) /2 + m + 1. 

\ve first choose m+l distinct points p 1 , . . . ,pm+l on a line L, and 

then (m-1) (m-1+3)/2 further points pm+2 , .. . ,pm(m+3 )12 which do not 

lie on L and which are in general position. This is possible by 

t he i nduction hypothesis. Clai m only o ne " c urve" o f mth order 

goes through p 1 , ... ,pm(m+3 )12 . 
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Proof : by Bezout's theorem (5.2 . 1), L must be a component of each 

th C = L ·' C', "curve" C of m order through p 1 , ... ,pm+l, hence ~ 

where C 1 is a "curve" of (m-l)th order. But the "curve" C' must 

go through the remaining points, hence it is uniquely determined, by 

the choice of these points. This proves the theorem. 

Example : 

Through 5 points there is in general exactly one quadric. 

9 points there is in general exactly one cubic. 

Through 

Now, as a first application of Bezout's theorem, we shall prove a 

theorem on special positions of intersection points of two "curves". As 

special cases, we obtain two theorems about particularly beautiful 

symmetric configurations of points and lines, namely the theorems of 

Pascal and Brianchon. 

Theorem 3 

Let C, C 1 be "curves" of order n which meet in exactly 2 
n 

distinct points. When exactly m·n of these points lie on an irredu-

cible "curve" C 11 of order m, then the remaining n(n-m) intersec-

tion points lie on a "curve" C' 11 of order n-m. 

Proof : Let F(x0 ,x1 ,x2) = 0 be the equation of C and let 

G(x0 ,x1 ,x2) = 0 be the equation of C'. Let L be the pencil of 

"curves" of nth order with the equations 

AF + )IG 0. 

All "curves" in L go through the 2 
n intersection points of c 

and C'. Since L is 1-dimensional, we can f ind a "curve" in L to 

satisfy a given linear condition. To set up such a condition, we 

choose a point q E C 1 1 different from the n·m points in C A C' 1 • 

Let C E L be a "curve" with q e C - we have just established that C 

exists. Then C and C 11 meet in at least nm+l points. Hence 

they must have a common component, by Bezout's theorem, and since C11 

is irreducible by hypothesis, this can only be C' '. Thus 

C=c''uc•••, 

with C' •• a "curve" of order n-m. The remaining n(n-m) inter-

section points of C and C', which do not lie in C 1 1 , lie in c, 
and hence in C ' ''. This proves the theorem. 

This theorem is a the orem about special position of points . The 
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hypothesis says that m·n of the intersection points have special 

position, because they lie on a"curve"of order m, whereas for 

n > m > l we always have m·n ~ m(m+3)/2, and hence m·n points in 

general position do not lie on a "curve" of order m (cf. Proposition 2). 

Likewise, of course, the hypothesis that n 2 points lie, not only on 

C, but also on another"curve" C' of order n, is a hypothesis about 

the special position of these points, because for n > 2, n 2 points 

in general determine a "curve" C of order n uniquely. Finally, 

the conclusion of the theorem is an assertion about the special position 

of points , because for n > m ~ 2, n(n-m) points in general positi on 

do not lie on a "curve" of order n-m, by Proposition 2. 

As an application of Theorem 6.2.3, we now prove Pascal's theorem 

on the configuration corresponding to a hexagon inscribed in an irre-

ducible quadric. A hexagon is a system of six distinct points 

p 1 , ... ,p6 and six lines 

Li is the line through 

set 

We call 

L1 , ... ,L6 in the projective plane such that 

pi and pi+l for i = 1, ... ,6, where we 

the vertices of the hexagon and Li ' Li+3 
the opposite sides (where indices are reduced modulo 6) . ~~e shall say 

that a hexagon is inscribed in a quadric when its six vertices lie on 

the quadric. A hexagon circumscribes an irreducible quadric when its 

sides are tangents to the quadri c. 
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Corollary 4 (Pascal's theorem) 

For a hexagon inscribed in an irreducible quadric the intersection 

points of the three pairs of opposite sides lie on a line. 

Proof: Let p 1 , ... ,p6 be the vertices and let L1 , ... ,L6 be the sides 

of the hexagon inscribed in the quadric Q. We apply Theorem 6.2.3 

C' We check the 

hypotheses of 6.2.3. It is clear first of all that the Li are pair­

wise distinct, because if two sides Li , Lj were to coincide, at least 

three vertices would lie on Li , hence on Lin Q, contrary to 

Bezout's theorem. Now we claim that C and C' meet in exactly 9 

points. Proof : it is clear from the hypotheses that c n C' con-

sists of the 6 vertices and the three intersection points q 1 ,q2 ,q3 of 

Also, the 

are distinct from the pj , since each side L. 
J 

meets in two 

vertices p p and hence in no other point by Bezout. But the 
j ' j+l ' 

qi are also different from each other, for if two of them did coincide, 

so too would the corresponding side pairs, whereas all the sides are 

distinct. 

Thus c n C' consists of the 9 distinct points 

P1 , ... ,p6 ,q1 ,q2 ,q3 . Of these, p1 , ... ,p6 lie on the irreducible 

quadric C''. Hence by 6.2.3 the three points q 1 , q 2 , q 3 lie on a 

line C''', as was to be proved. 

due to Plucker. 

Remarks : 

This proof of Pascal's theorem is 

(i) The proof of Pascal's theorem which we have just given i s not 

exactly the same as Pascal's. Pascal first proves his theorem- in 

the real case - for the circle. Since every irreducible conic section 

is projectively equivalent to a circle, the theorem then follows in 

general, since the incidences are preserved by collineations. 

(ii) We have proved Pascal's theorem only for a hexagon inscribed 

in an irreducible quadric. However - and this was already known to 

the Greek mathematician Pappus - it also holds for the reducible quadric 

consisting of two distinct lines. This follows from a refinement of 

Theorem 6. 2. 3 where C and C' are cubics and C' ' is a reducible 

quadric. We shall prove this refinement later (in 7.2). In the 

reducible case the Pascal theorem y ields a beaut iful configuration of 

9 lines and 9 points. The 9 points are the 6 vertices of the hexagon 
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and the 3 intersection points o f the pairs of opposite sides. The 9 

lines are the 6 sides of the hexagon, the lines of the reducible quadric, 

on which the 6 vertices lie, and the line through the 3 intersection 

points o f the opposite sides. Through each of the 9 po ints go three 

lines, and on each of the 9 lines lie three point s . This configuration, 

the Pascal configuration, was extensively investi gated in the 19t h cen-

tury. It belongs, together with the Desargues configuration and the 

inflection point configuration o f the plane c ubic which we shall meet 

later (in 7.3), among the conf igurations of c lassical projective 

ge ome try. 

The Desargues configuration consists of 10 points and 10 l i nes . 

The points are the 6 vertices of two triangles in perspective po s i tion, 

the 3 intersection points of corresponding sides, which are c ollinear 

by the Desargues theorem, and the centre of perspectivity . Th e 10 

line s a re t he 6 sides o f t he t riangles , t he 3 l i nes connect i ng the 

vertices to the centre of perspectivity, and the line through the 3 

intersection points of corresponding sides. Through each of the 10 

points go 3 lines, and on each o f the 10 lines lie 3 points . The 

following pictures illustrate Pascal's theorem and the configurations 

of Pascal and Desargues. 
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We shall now dualise Pascal's theorem to obtain Brianchon's 

theorem. We have not previously mentioned the duality principle o f 

pr9jective geometry in this course, because a suitable time and oppor-

tunity were lacking . Now we can say a few words about it. 

Let P2 (~) be the projective plane. To abbreviate we set 

p In P we have homogeneous coordinates (x0 ,x1 ,x2 ) . If 

L is any line in P, then this line is given by an equation 

aoxo + alxl + a2x2 = 0 

where (aO,al,a2) is dete rmined up to a scalar fac tor. If we regard 

(aO,al,a2) as a point of p2 (~)' then L>+ (aO,al,a2) yields a 

bijection between the set P* of all lines in p and p2 (~ ) . Thus 

we can again view the set P* o f all lines in p as a projective 

plane P*, the projective plane dual to P. 

In 6.2 we have viewed many more general linear systems of "curves" 

of higher order as higher-dimensional projective spaces. 

A pencil of lines through a point p ~ P is a line in P*, and 

each line L* in P* is a pencil of lines through a point p E P, 

namely p Thus the lines of P c o rrespond to the points 

of P*, and the points of P correspond t o the l i nes o f P*, b i jec t -

ively in fact. 

P again. 

Thus we have identified the dual space (P*)* with 

We denote the 

the point p* in 

we denote the line 

the po int p in 

have 

p'' p 

L' • L 

and similarly 

(p*).. p* 

(L*)'' L*. 

line L* 

P* dual 

L in p 

p dual to 

in P* dual to a point p E p by p'' and 

to a line L in p by L'. Similarl y, 

dual t o a point p* E. P* by (p*) '' and 

a l i ne L* in P* by (L*) '. Then we 

Moreover, the following obviously holds for the incidence of points and 

lines : if L* = p' and p* = L ' then 

p E. L ~ L* 3 p*. (*) 
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For this reason, one can translate statements about the incidence of 

points and lines in P into equivalent statements about the incidence 

of points and lines in P*. 

For example, the intersection point of two lines in P corres­

ponds to the connecting line of the corresponding points in P* and, 

dually, the connecting line of two points in P corresponds to the 

intersection point of the corresponding lines in P*. Or : three 

points in P are collinear when the three corresponding lines in P* 

meet at a point, etc. Under this type of translation, true statements 

about the incidence of points and lines obviously go over to true state­

ments by (*) . This is the duality principle, which has played a great 

role in the development of projective geometry. 

Duality Principle: 

If, in a theorem on the incidence of points and lines, one every­

where replaces the word "point" by the word "line", and the word "line" 

by the word "point", and if one replaces each assertion of the form 

"point p lies on the line L " by the dual assertion "line L* goes 

through the point p* ",then one obtains a valid new theorem on inci­

dences of points and lines, dual to the original theorem. 

Of course, the principle in this form is not a theorem of projec­

tive geometry, but rather a statement on a higher level, a statement 

about theorems of projective geometry. From the modern standpoint 

the principle is an aside, since we now know how projective geometry 

can be derived from incidence axioms. But from the historical stand­

point the discovery of the duality principle and the clarification of 

the nature of duality was a decisive event in developing the conception 

of projective geometry as a geometry based on axioms of incidence. 

In the above formulation, the duality principle applies only to 

theorems in which (in principle) only the concepts "point" and "line" 

appear, together with the incidence relation p € L only. For 

example, one can apply it to Desargues' theorem, but not to Pascal's 

theorem, because the concept of "quadric" appears in the latter. How­

ever, one can extend the duality principle by defining "dual curves" 

for curves of higher order. 

The definition of the dual curve C* of C is very simple. 

C* is the set of tangents of C in the sense of 5.3. This is a sub­

set of the dual plane P*. When C is a line, C* consists of only 
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one point, hence it is not a true curve. For thi s reason we assume, 

in the above definition, that C contains no lines as components. We 

then still have to show that C* is in fact an algebraic curve. 

Proposition 5 

Let C be a curve in the complex projective plane P, without 

lines as components, and let C* in the dual plane P* be the set of 

tangents of C. Then C* is a complex projective-algebraic curve 

in the plane P*, the dual curve to C. 

Proof : We just ske t ch the proof. Le t 

coordinates in P and let (y0 , y 1 ,y2 l 

(x0 ,x1 ,x2 ) be homogeneou s 

be the dual homogeneous coordi-

nates in P* . Let 

to find an equation 

F(x0 ,x1 ,x2 ) = 0 be the equation of C. We want 

F*(y0 ,y1 ,y2 ) = 0 with zero set C*. If 

{x0 ,x1 ,x2 ) is a regular point o f C, then by 5.3.4 the tangent to C 

at {x0 ,x1 ,x2 ) is the point in P* with the homogeneou s coordinates 

(y0 ,y1 ,y2), where 

i 0 ,1,2. {1) 

aF 
For a regular point with ax-<x0 ,x1 ,x2 J f 0 these three e quations 

are obvious ly equivalent to the fo~lowing two 

aF 
{xO,xl,x2) 

aF 
{xO,xl,x2) 0 Yo ax1 

- yl ax0 

aF 
{xO,xl,x2) 

aF 
(xO,xl,x2) = 0 . Yo ax2 

- y2 ax0 

{2) 

Moreover, a point (xO,xl,x2 ) o f c satisfies 

2 
~ aF 

mF 0 L x . 
~ ax . i=O ~ 

by the Euler f o rmula 4.4.3. 

lent to 

2 
~ x.y . = 0 

i=O ~ ~ 

f or a regular po int. 

( 3 ) 

Because of {1), t h is equation is equiva-

(4) 

the three equati ons (2) and {4) have a solution obviously consi s t s o f 

just the points of C* together with finitely many lines in P*, which 

correspond to the pencils of lines in P through the singular poi nts 

o f c . (We s ha l l see late r that C h a s only f i nite ly ma ny s i ngula r 

points , a nd i t also follows f r om 5 . 2 . 2 t ogether wi t h 6 . 1.3 .) 
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Thus it suffices to show that the set C of (y0 ,y1 ,y2 ) for which 

the three equations (2) and (4) have a solution (x0 ,x1 ,x2 ) i s the 

zero set of a homogeneous polynomial R(y0 ,y1 , y 2 l. One finds such a 

polynomial by elimination o f x0 , x1 ,x2 from the three equations (2) and 

(4). One can carry out this elimination systematically with the help 

of a kind of r esultant. One has the following general result from 

elimination theo ry, which can be proved with the help of theorems from 

elimination theory and the resultant from 4.2 (v an der Waerden, 

Algebra II [Wl], 3rd edition , §88 ) . 

Lemma 6 

Let ~0 •. . .• ~n be homogeneous polynomials with undetermined 

coefficients in the variables (x0 , ... ,xn). Then there is a po ly­

nomial R in the undetermined c oefficients of the ~i such that, for 

given values aij of these undetermined coeffic ients, R(a i j) = 0 is 

equiva l e nt to the existence of a nontrivial s olution o f the c orrespon-

ding equations 

The polynomi al R is homogeneous in the undetermined coefficients from 

the individual polynomials ~ - . 
l. 

Applying 6.2. 6 to the three homogeneous polynomia l s on the l e ft 

sides of equations (2) and (4) , one immediately obtains the existence 

o f a homogeneous polynomial R(y 0 ,y1 ,y2) with zero set C. Thus C 
is in fact an algebraic curve, a nd hence the same is true of C*. The 

F*( y0 ,y1 ,y2 )-eq uation f o r C* r e sults from R when one divi des by the 

highest possible powe rs of the linear fo rms which correspond t o t he 

pe nc ils through the singular points of C . Th i s p roves 6.2. 5 . 

The order of the dual curve C* is called the class of C . In 

5.2.2 we have proved the following : let C be a curve of order m > l, 

l e t p b e a point in the c omplement of C, and let L* = p' be t h e 

pencil of l i nes through p . The n i n L* the r e are , counti ng multipli-

c ity, exactly m(m-1) line s Li which meet C anywhere with mul tipli-

city greater than one. These lines include, of course, all lines 

connecting p to singular points of C. The remaining Li are pre­

cisely the tangents to c through p. But the number of these 

tangents , counting multip l icity , i s just t h e c lass of C . Thus we 

obt a in : 
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Proposition 7 

A nonsingular curve C of order m > 1 has class m(m-1). For 

singular curves C of order m > 1 the class is less than m(m-1). 

Each singular point lowers the class. 

There are formulae of Plucker which say precisely how much a 

singular point lowers the class. For example, one can prove that an 

ordinary double point lowers the class by two, and an ordinary cusp 

lowers it by three. Thus a nonsingular cubic has class 6, an irredu-

cible cubic with an ordinary double point has class 4, and an irredu-

cible cubic with an ordinary cusp has class 3. A nonsingular quadric 

c naturally has class 2, and C* is again nonsingular. Proof : one 

writes the equation of c in the normal form 2 + 2 + 2 
0 (see xO xl X = 2 

7 .1)' then C* obviously has the equation 
2 + 2 + 2 = 0. Yo yl y2 

The interpretation of lines in the plane P as points in a dual 

projective plane P* goes back to Poncelet, Gergonne and Plucker, as 

* does the consideration of curves of such points in P*. Each curve 

in P* which contains no lines as components arises as a dual curve 

C* to a curve C. One has C** = C, and the composition of the cano-

nical rational mappings c + C* and C* 

e.g. van der Waerden [W2], §19, Satz 2). 

C** is the identity (cf. 

This means : 

If C* is the dual curve of C, p is a regular point of C and 

L is the tangent to C at p, and if also p* = L' is the point of 

C* corresponding to L and L* = p' is the line of P* corresponding 

to p, then 

p E C - L* is tangent to C* at p* . 

If one combines this equivalence with the one considered previously, 

p E L - L* 3 p*, 

then one obtains a rule for turning each theorem about incidences of 

points and lines, or points and curves, or contact o f lines and curves 

into a corresponding dual theorem. The duality principle then 

acquires an extended meaning in which each theorem has a dual. 

We now want to use this principle to derive Brianchon's theorem 

from Pascal's theorem . 

* The germ o f this ide a was already pre sent in the description of c urves 
as envelopes of their tangents, which we met i n 2.4. 
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Proposition B (Brianchon's theo rem) 

The lines connecting oppo site vertices of a hexagon which circ um­

scribes an irreducible quadric meet at a point. 

Proof : As in Pascal's theorem, we c onsider a hexago n with vertices 

and sides L1 , ... ,L6 , inscribed in a quadric Q. As 

before, let q 1 , q 2 ,q3 be the intersection poin t s 

of the three pairs of opposite sides. Now we c onsider the dual 

quadric Q* in the dual plane P*, with the points 

Pi+l = Li , i = 1, . . . , 6 (modulo 6 ) and lines Li =Pi , i = 1, ... ,6, 

together with Gj = qj , j = 1, 2 ,3. The dual of the assertio n that 

p1 , ... ,p6 and L1 , ... ,L6 

Li, ... ,L6 form a hexagon 

fo r m a hexagon H is that Pi·· · ·•P6 and 

H* . The dual of the assertion that H is 

inscribed in the quadric Q is that H* circumsc ribes the quadri c 

Q* . The dual of the assertion that the are intersection points 

of opposite s ides is that the G~ 
J 

are c o nnecting line s o f o pposite 

vertices. And finally, the dual of the assertion that the qj are 

collinear is that the Gj meet at a point . This proves that 

Brianchon's t h eorem is just the dual of Pascal's t heorem. 

The following picture illustrates Brianchon's theorem. 
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Our first application of Bezout's theorem was Theorem 3 on the 

special position of intersection points of two curves, and the conse-

quent theorems of Pascal and Brianchon. 

As a second application of Bezout's theorem, we shall now derive 

bounds for the number of singular points of a curve. The basic 

idea is the following. Given a curve C, one c onstructs a curve C' 

such that all singular points of C lie in the intersection of C and 

c•. One then bounds the number of intersection po ints of C and C' 

using Bezout's theorem. 

Proposition 9 

Let C be a curve of order n without multiple components. 

Then the number of singular points of C is bounded as follows. 

I \) (C) 
p e: C p 

,-

(v (C) -1) < n (n-1). 
p 

We first prove the following 

Lemma : Let f(x) and g(x) be polynomials with coefficients in 

~[x1 , ... ,xn] such that 

and its derivative f'. 

g(x) 

Then 

is irreducible and a divisor of both 
2 

g also divides the polynomial f . 

Proof of the lemma : Since g i s a divisor o f f , f = g·h, hence 

f' = g' ·h + g -h'. Thus g also divides g'·h. Since g is irre-

ducible, and hence prime by 4 . 1 . 1 and 4.2.2, and s i nce g does not 

divide g', g necessarily divides h in dividing g'h. Thus g 2 

is a diviso r of f = g·h. 

f 

Proof of t he proposition : Let F(x0 ,x1 ,x2 ) = 0 be t he equation o f C , 

whe r e c oo rdinate s are chosen so that (1,0,0) does not lie on C and 

x 0 =0 is not a component of C . Then it follows that actually 

appears in each factor of the polynomial F(x0 ,x1 ,x2), so _that each 

nonconstant factor of F(x0 ,x1 ,x2 ) is also a nonconstant factor of F, 

v iewed as a polynomial in x0 with coeffi c i e nts i n ~[x1 ,x2 ] . The r e -
aF f ore F(x 0 ,x1 ,x2 ) and ax-<x0 ,x1 ,x2 ) hav e no nonconstant common 

factor, otherwise F woul~ have a multiple factor by the lemma. 

Hence one can apply Bezout's theorem to the curve c and the curve C' 

with the equat i on 

aF 
ax-< x0 ,x1 ,x2 ) 0 , 

0 

a nd obtain precis e ly n(n-1 ) a s t h e sum o f t he intersectio n numbe r s 
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of c and C'. 

Now if p is a singular point of C, then p E C', and hence by 

5.3.3 

v (C') > v (C) - 1. 
p - p 

Thus by 6.1.3 and 6.1.1 we obtain 

I \) (C) 
p e:C p 

(v (C) -1) < 
p 

I \) (C) 
pe cnc• P 

vp(C') < n(n-1), 

which is the required bound. 

The bound in 6.2.9 is optimal under the assumptions made there, 

because if, e.g., C consists of n different lines through a point 

p, then C has only one singular point p and vp(C) = n, so that 

equality holds in 6.2.9. 

Under additional assumptions on the number of components of C the 

bound may be improved. For example, we have 

Proposition 10 

The number of singular points of an irreducible curve C of order 

n satisfies 

I \) (C) 

P€ C P 
(v (C) - 1) < (n-1) (n-2). 

p 

Proof : By 6.2.9, C has only finitely many singular points, say 

Let L be the linear p 1 , ... ,pk. For brevity we set 

system of "curves" of (n-l)th 

r. = v (C). 
1 pi 

order wh1ch have multiplicity ~ ri - l 

at By the remark early in this section 6.2, L has dimension 

d > (n-1) (n+2) 
2 

k 
~ 
L 

i =l 

r . (r . -1) 
1 1 

2 

It follows immediately from the bound 6.2.9 for Eri (ri-1) that d > 0 

for n > 1. Thus if we choose d points on C apart from the pi , 

then there is a c' E. L which meets c at these d points. 

By Bezout's theorem and 6.1.3, the intersection number of c and 

C' the n satisfies 

n(n-1) > I v (C)v (C') >d + 
pi: CI"IC' p p 

k 
I ri(ri-1). 

i=l 

The asserted bound follows immediately from this. 

Corollary 11 

(i) An irreducible quadric has no singular points. 
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(ii) An irreducible cubic has at most one singular point, and this is 

a double point. 

(iii) An irreducible curve of order n with an (n-1)-tuple point has 

no other singular points. 

Proof : Trivial. 

The example (ii) of an irreducible cubic with one double point (e.g. 

the semicubical parabola) shows, incidentally, that the bound 10 is 

sharp. 

These few applications of Bezout's theorem will suffice us for the 

time being. 

6.3 The intersection ring of P2 (~) 

In this last section of this paragraph on Bezout's theorem we 

want to interpret Bezout's theorem from a topological standpoint . 

Naturally, the relationship with topology can only be properly under­

stood when one already has the basic concepts of algebraic topology, 

from a two-semester course, say. However, to provide at least a 

reasonable understanding for those without this previous knowledge, I 

shall briefly define a few of the concepts used. 

Let M be a compact orientable differentiable manifold without 

boundary. The example we shall later investigate in detail is 

M = P2 (~), but first we develop the theory of the intersection ring for 

an arbitrary M. 

Let H (t1) 
p 

be the th 
p homology group of M. For those not 

familiar with homology groups, we briefly indicate the definition. 

Hp(M) is an abelian group defined as the quotient of two other groups: 

Here is the group of p-cycles of M, and 

of bounding p-cycles of M. 

There are several ways to define p-cycles. 

B (M) 
p 

is the group 

We first describe a 

very intuitive definition. To do this we choose a triangulation T 

of the manifold M, i.e. we describe M as the union of simplexes of 

various dimensions, subject to certain incidence conditions which we 

shall not go into here (they say that M is a simplicial complex with 

this triangulation) . A simplex of dimension n (n-simplex for short) 

is the n-dimensional analogue of a tetrahedron . A 0-simplex is 
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a point, a 1-simplex is an interval, a 2-simpl ex is a triangle, a 

3-simplex is a tetrahedron, and the standard n-simplex ~n is the con­

vex hull of the standard basis o f mn+l_ The simplexes of the t r iangu-

lation o f M are topo logical images o f standard simplexes. One can 

prove that a di f ferentiable manifo ld M always has a triangulation. We 

shall denote the manifold M, together with the c hosen triangulat i on, by 

The decompo sition of the manifold MT into the simplest bu ilding 

blocks, the simplexes, or the construction of ~ from these buil ding 

b l ock s , a llows us to c a rry out a topolog ical a nalysis of MT by alge-

braic methods . 

combinations 

z = En.a. 
1 1 

To do this we c onsider finite integral formal l inear 

where the ai are p-simple xe s. Suc h linear combinatio n s of p-sim-

p l e xes are called p- chains . Intuit ivel y o ne can view, e.g. , a 

1-chain as a sequence, a "chain", of 1-simplexes, where the chain of 

course may branch or fall into several pieces, a nd h ave multiply counted 

edges. 

Of pa rticular int e r est now are the c l osed c hain s , the c ycles . 
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In general one can define closed chains as those chains which have 

no boundary. How does one define the boundary? A p-simplex has 

p+l sides, e.g. a triangle with the vertices 0, 1, 2 has the sides 

with endpoints (0,1), (0,2), (1,2). The sides are oriented when our 

triangle's vertices are traversed from the lowest to highest number. 

z 

D 
0 f 

One naturally regards the three sides as the boundary of the triangle, 

but one also traverses them so that the boundary as a whole is tra­

versed in the same direction, from 0 to 1 to 2 to 0 : 

In general, when 

the side opposite the 

be 

6. 
1 

.th 
1 

is the 
.th 

1 side of the simplex 6, i.e. 

vertex, one defines the boundary of 6 to 

When z = Eniai is any p-chain of MT , one defines the boundary of 

z by 

az = En. a a. . 
1 1 

Then one can define 

z is a p-cycle just in case az 0. 

z i s a p-boundary just in case z = ay for a (p+l)-chain y. 

And finally one can d e fine : 

Zp(~) is the group of p-cycles of MT 

Bp(MT) is the group of p-boundaries of ~ 
th 

HP n-~.r> = Zp(~)/Bp(~) is the p homology group of M. 

The classes [z] in Hq(~) generated by the c ycles z are called 

homology classes. This definition is very intuitive and concrete. 
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However, it has the disadvantage of inflexibility, brought about by the 

choice of triangulation. For example, one is frequently forced t o go 

from one triangulation T to a finer triangulation T', a refinement, 

and it is then annoying that our definitio n o f homology groups - at 

least a priori - depends on the choice of triangulation. 

For this reason one nowadays usually employs a variant of t he con-

struction above, the "singular homology theory". In it one has 

singular simplexes of M in place of simplexes . These are no l onger 

topological simplexes, but c ontinuous images, or more precisely, map­

pings of standard simplexes into M. 

Then one defines, completely analogously to the foregoing , 

Z (M) the group of singular p-simplexes 
p 

B (Ml the group of singular p-boundaries 
p 

th 
Hp(M) = Z (M)/B (M) the p singular h omology group. 

p p 

It is clear that one can carry out this construction for each topolo-

gical space M, and that a continuous mapping f : M + N induces a 

homomorphism 

In this way one obtains, for each q, a functor H 
q 

from the c a t e go ry 

of topological spaces into the category of abelian groups with certain 

typical properties, the well-known Eilenberg-Steenrod axioms for homo-

logy theory, which we shall not go into here . This homology theo ry is 

a means of translating geometric problems into algebraic problems, and 

the theory of the intersec tion ring, whic h we want to ske t c h here , is 

an example of it. 

The connection between the homology theory described first, using 

the simplicial complexes MT , and the singular homology of M is 

simply that the canonical homomorphism 

i s an i somorphism. 

The geometric problem that we want to translate into an algebraic 

problem by means of homology theory is the description of the inter-

section of two cycles. The s implest example would be two !-cycles on 

a surface M, which intersect in finitely many points. The p roblem 

would t he n be t h e de t e rmina t i on of the inte r sect ion number. We have 
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met another problem of interse c t i on number determination with Bezout's 

theorem. In this case the manifold M is the c omplex projective plane 

P2 (~), hence of real dimension 4, and we want to intersect complex 

curves C , C' i n M. In 3.4 we have seen examples of wha t such curves 

look like topologically : they result from compact orientable surfaces 

by possible identifications of s ome points. Si nce one can tri angulate 

these surfaces without boundary by decomposition into triangles , i . e. 

2-simplexes, it is plausible that one can assoc iate the curves C , C' 

with cyc les resp. homology classes [C), [C'], and thereby turn the 

p rob l e m o f d e t e rmining the intersection numbe r o f C and C ', solv ed 

by Bezout's theorem, into a problem about the homol ogy of M. 

follows we want to explore these ideas somewhat f urther. 

In what 

Our program is the following : 

(l) De fini t ion of the intersection c l ass [ z ]·[z'] of two h omo log y 

c l asses of M, and with it the definitio n of t h e inte rsectio n 

ring H*(M) of M. 

(2) Definition of the homology class [C] c orresponding to a cu rve, 

the so-cal led fundamental class. 

(3 ) Compariso n of topo logic al and algebraic defin itio ns of inter-

s e c tio n. 

(4) Co mputatio n o f the intersecti o n ring o f the projective p l ane . 

(5) Topological "proof" of Bezout's theorem. 

(1) On the definition of intersection class : 

In o rde r to d e fine the intersection class o f two homology c lasses, 

o n e must fi nd cycl es z 1 , z 2 in t hese homo l ogy c l asses whic h meet as 

reasonably as possible, i.e. transversely in a cycle z. One t h en 

defines the intersection class [ z 1 J·[z2 ] to be the homology c l ass 

[z]. Thus the problem first is to find such z 1 and which meet 

rea s onably. 

The re are various methods f o r this . E. g . one can pus h o ne o f the 

two c ycles a l i ttle in the manifold M, so tha t i t is in general posi­

tion relative to the other, and then obtain the desired intersection 

cycle. Here we want to describe another method, which is particularly 

intuitive, e vocative of the essence of the s i t uation, and whi c h has 

p l a yed a n importa nt r o l e historically. The e s sentia l prop e rty of 

manifolds t hat i t i nvol ves is t he e x istence of dual cell d e c omposit ion s . 
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We first describe dual cell decompositions for 2-dimensional mani­

folds, because one can form an intuitive picture of them particularly 

easily. Let M be a 2-dimensional compact oriented manifold and let 

T be a triangulation of M. Let T' be the barycentric subdivision. 

It is constructed as follows first one subdivides each 1-simplex by 

a point. Then one chooses a point in the interior of each 2-simplex 

and connects it to the vertices of the 2-simplex and the three sub­

division points of the edges. In this way each 2-simplex is sub ­

divided into 6 smaller 2-simplexes. One defines the barycentric sub­

division for triangulated higher-dimensional manifolds correspondingly 

by inductively subdividing first the 1-simplexes, then the 2-sim-

plexes, then the 3-simplexes, etc. 

this subdivision process. 

The following picture illustrates 
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Each 2-simplex a of the old triangulation T is the union of all 

2-simplexes in the new triangulation T' which have a newly chosen 

subdivision point p in the interior of a as vertex. These form, 

as one says, the star of the vertex p . Thus we can view the old 

triangulation T as the decomposition of M into the stars of the new 

vertices which have been chosen in the simplexes of highest dimension. 

Now we c onsider the stars o f the old verti ces, i.e. the unions of 

simplexes of T' which have an old vertex in common. These new stars 

are no longer triangle s, but polygons . They are topologically the 

same as the previous stars, however, in that each star is a cell, i.e. 

homeomorphic to a circular disc. 

stars again cover M completely . 

And one sees i mmediately that these 

We have c o n s t ructed two cell decom-

positions of M, and they are dual to each other. The vertices, i.e. 

0-cells, of o ne cell decomposition correspond t o the 2-cells of the 

o ther , and the 1-cells of one decompositio n correspo nd t o the 1-cells 

of the other. All this general ises to manifo lds of dimension n : by 

barycentric subdivision of a triangulation and c ollecting simplexes in 

stars one obtains two cell decompositions, dual to each other, such that 

a p-cell of one decomposition meets a q-cell o f the other decompo ­

sitio n transversely in a chain of T' , if a t al l . 

A beautiful example of dual cell dec o mposi tion s occurs wi th the 

five Platonic solids, the regular polyhedra. The tetrahedron, octa-

hedron and icosahedron are triangulations of the 2-sphere with 4, 8, 

20 triangles respectively. The dual cell decomposition for the tetra-

hedro n is again a tetrahedron, f or the octahe d ron it is a c ube with its 

8 ve rtic es, and for the icosahedron it i s the dodecahedron with its 12 

penta gons and 20 vertices. 
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The p-cells of one cell decomposition are s i mply the p-simplexes 

of the triangulation T. Thus p-chains of the triangulation T are 

certain special p-chains of T', which we call cell chains. Corres-

pondingly, one can also consider the p-chains of T' which are 

defined by linear combinations of cells of the dual cell decomposition. 

We call these the cell chains of the dual cell decomposition. 

either type of cell chain closed resp. bounding when it lies in 

We call 

By dividing each group of closed p-cell 

chains by the corresponding group of bounding p-cell chains, we obtain 

two new homology groups for M. In one case this is simply the old 

homology group Hp(MT), and we already know that the natural homomor­

phis m Hp(MT) + Hp(MT,) is an isomorphism. One can show that it is 

likewise for the dual c e ll decomposition. 

In particular, one can not only represent each homology class in 

by a cycle which is a closed p-cell chain in one cell 

decomposition, but one can also represent each homology class in 

Hq(MT,) by a q-cyc l e z 2 which is a closed q-cell chain in the dual 

cell decomposition. The p-cell s of meet t he q-ce lls o f 

transversely in a (p+q-n)-chain of MT' , if at all. By recalling 

the orientation of M one can give these intersection chains a sign 

~ l, and one then sums all these chains . It then turns out that t h is 

sum is a cycle, the intersecti on cyc le z 1 ·z2 . The ne xt picture 

illus trate s the intersec tion o f two dual 1-cycles in a surface. 
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One can show that the homology class [z1 ·z2 J depends only on the 

homology classes [z1 J and [z2 J, so that one can define the inter­

section class [ z 1 J·[z2 J by 

[zl)·[z2) = [zl.z2]. 

For [z1 J E Hp(M), [z2 J E. Hq(M} we have 

This settles the first point of our program, the definition of the 

intersection class. However, we want to note a few more properties of 

this intersection product. 

When MT is a connected compact oriented manifold, there are two 

distinguished homology classes. One is the a-dimensional homology 

class [m) generated by an arbitrary a-simplex, i.e. a point m ~ M. 
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Each mE M represents the same homology class, and one easily s ees 

that H0 (M) is the infinite cyclic group generated by [m], thus 

For a E H (M) 
p 

and bE Hq (M) with p+q = n = dim M one therefore 

has a definition of the intersection number <a,b>, namely 

<a,b> · [m] a·b. 

If one represents a and b as above by cycl es z 1 ,z2 of the dual 

cell decompositions, then <a,b> is simply the number of intersecti on 

points of z 1 

the sign + 1 

and z 2 , where e ach inters ection point i s taken with 

given by the orientation of the simplexes of z 1 , z 2 

which meet in it. 

For cycles z 1 , z 2 of c o mp lementary dimensions which meet o n l y 

at i s olated points o ne can similarly define a local intersection mul ti-

plic ity <z 1 ,z2 >p for e a c h inte r sectio n p o int p , and we the n have 

[zl]·[z2 ] = [ I <zl,z2>p[p] ]. 
pE z1 r.z2 

Thus in particul ar the intersectio n numbers satisfy 

The other distinguished homology class a s soc iated with MT i s the 

fundamental class [M] E Hn (~) . This is the h omology class repr esen-

ted by the fundamental cycle. The fundamental cycle is the sum o f all 

n-simplexes o f MT , where eac h n-simplex is oriented in the same way 

as M. This i s obvio usly a c y c l e , a nd o n e c an 

t h e infin ite c y c l ic gro u p gen e r ated by [M] 

Hn (M) = ~[tl]. 

s h o w that H (M) 
n 

i s 

Obviously [M] has the following property : if z is a closed cell 

chain of the dual c e ll decomposi tion, then z- MT z, hence 

[ z ] [M] = [ z ]. 

Thus [M] behave s like a n i d e n tity e l e ment for t he inter section pro-

duct. All this suggests that we introduce a multi plication on 

H*(M) = 6l H (M) 
p p 

by mea n s of t h e inter section product. Th e r e sult is 
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Theorem 1 

For a compact oriented manifold M, H*(M) with the intersection 

product is a graded ring with unit element [M]. Multiplication is 

commutative in the following sense : for a € Hp(M), b € Hq (M), 

a·b = (-l ) p·qb·a. 

Definition : H*(M) is called the intersection ring of M. 

The intersection ring of a manifold was introduced by S. Lefschetz 

around 1926/ 27 . Lefschetz made very important contributions t o the 

topology of algebraic manifolds, [Ll]. A treatment of the intersection 

ring in the style of this course may be found, e.g., in the classical 

topology book o f Seifert-Threlfal l [53], Chap. 10 ; a modern defini tion 

of intersection numbers and intersection classes may be found in the 

book of Dold [04] (VII.4 and VIII.l3). 

What does the intersection ring H*(M) look like? First of all, 

one can say that the individual groups Hp(~) are obviously finitely 

generated abel i an groups, since the triangulation T of the compact 

manifold M has only finitely many simplexes. Moreover, Hp(M) = 0 

for p > n, H0 (M) - ~ and Hn (M) - ~ - In general, H (M), like any 
p 

finitely generated abelian group, has the form 

Hp(M) = F fD T 
p p 

Here T is the finite abelian group of torsio n elements of Hp(M) , p 
and F is a finitely generated free abelian group, i.e. F is a 

p p 
finite direct sum 

The number b of summands is called the pth Betti number of M. 
p 

These Betti numbers cannot be completely arbitrary. 

the important Poincare duality theorem. 

Theore m 2 (Poi ncare duality theorem) 

They satisfy 

The Betti numbers o f an n - dime nsional ma n i f o ld s ati sfy 

b = b 
p n-p 

In fact, one can prove a better version of this theorem which also 

says some thing about the ring s tructure o f H*(M). 

bilinea r form 

H (M) X H (M) + ~ 
p n-p 

We conside r the 
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given by the intersection product (a,b) * <a,b>. With the help of 

dual cell decompositions one can prove that this bilinear form is non-

degenerate on the free components FP , Fn-p and that it can be des­

cribed by a matrix with d eterminant + 1 for given bases. One can 

also express this as follows : the canonical homomorphism of F 
n-p 

the dual group 

isomorphism 

F - F*. 
n-p p 

F* 
p 

Hom(Fp' ~ ) , defined by the bilinear form, is an 

(1) 

into 

Naturally, it f o llows in particular that b 
p 

b 
n-p 

In addition, o n e 

can show 

- T . 
p 

(2) 

Assertions (1) and (2) together form the full content of the Poincare 

duality theorem in its classical formulation. 

Nowadays one u sually formul ates the theorem somewhat diffe rently, 

namely, as a theorem on the relation between homology and cohomology. 

The cohomology groups Hq(M) of a compact mani f o ld are also finitely 

generated abelian groups. We shall not go into the definition, but 

only say that they are defined dually to the homology groups, as it were, 

with the help of linear forms on t he c hains . Because of t his one has 

a natural surjective homomorphism 

maps the free component of Hq(M) 

Hq(M) + Hom(H (M), ~) = F* 
q q 

isomorphically onto F*. 
q 

which 

It is not 

difficult to show that the kernel is isomorphic to Tq-l 

care duality theorem therefore gives us an isomorphism 

The Poin-

H (M). 
n-q 

( 3) 

The modern version of the Poincare duality theorem just says that there 

is such an isomorphism, and that it is defined in a particular , natural 

way (namely by the cap product with the fundamental class [M] ). 

Now one shows in algebraic topology that one can always provide 

the direct sum H*(M) of t h e cohomology groups with a ring structure, 

i.e. for any topological space. One can then prove (Dold [D4] ) that 

when M is a compact oriented manifold then this ring structure on 

H*(M) goes via the Poincare isomorphism H*(M ) ~ H*(M) into the ring 

structure on the intersection ring. If one already had the Poincare 

isomorphism, then one could define the intersection ring with the help 

of the cup product from cohomology . However, that would be much less 

intuitive, even if perhaps more e legant technically. Also , it is the 
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case historically that one first found the intersection ring H*(M) for 

manifolds, and discovered only later that H*(M) had a ring structure 

for any space . So much for the intersection ring. 

(2) The homology class of· a submanifold 

(3) Comparison of topological and algebraic intersection theory 

Let M be a compact oriented differentiable manifold, and let 

V C M be a differentiable submanifold which is likewise compact and 

oriented. Further, let i : V + M be the inclusion mapping, and let 

i* : H*(V) + H*(M) be the mapping on homology induced by i. (Of 

course, this is not in general a ring homomorphism, but only a homo-

morphism of abelian groups.) In H*(V) one has a distinguished 

element, the fundamental class [V). We recall that, for a given tri-

angulation of V, [V) is represented by a fundamental cycle, the sum 

of properly oriented simple xes of highest dimension. Naturally one 

can also view this cycle as a cycle in M, a k-cycle when V is 

k-dimensional. It then represents a homology class in Hk(M), 

obviously just i*([V)). 

latter by [V) also. 

For the sake of simplicity we denote the 

[V) € H* (M) 

is the homology class of the submanifold V C M. 

If V and W are oriented, compact submanifolds of M which 

meet transversely, and if one orients the intersection manifold V n W 

by a suitable rule which takes account of the orientations of V, W and 

M, then o ne can show : 

[V II W) = [V)· [W). 

This means the geometric intersection of submanifolds corresponds 

exactly to the algebraic product in the intersection ring. 

Naturally one can apply all this to the case whe re M is a non­

singula r complex projec tive-algebraic manifo ld o f c omplex dimension n, 

and V, W are non-singular compl ex submanifolds o f complex dimensions 

p, q respectively. As real differentiable manifolds, M, V and W 

then have real dimensions 2n, 2p and 2q respectively. If, for 

example, M = P2 (~) and c1 , c2 are non-singular plane curves, then 

M i s real four -dime nsiona l and [C1 J, [C2 J € H2 (P2 (~)). If the se 

curve s meet transversely, then t h e topo l ogical i nt ersectio n numbe r 
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precisely equals the number of intersection points, 

because the rules for the orientation of the complex manifolds 

c1 ,c2 ,P2 (~) are such that the local intersection multiplicities are 

always positive. On the other hand, in this simple case the number of 

intersection points is also the intersection number c 1 · c 2 in the 

sense of algebraic geometry, as defined in 6.1. Thus the topological 

and algebraic geometric intersection numbers coi ncide : 

But 6.1 allows the algebraic geometry inte rsection number t o be 

defined for quite arbitrary curves, including ones which are singular 

or which have non-transverse intersection. Hence there should be a 

corresponding more general topological theory, and this is in fact the 

case. In order to develop it, one must first define the homo logy 

class 

[V] E. H2k (M) 

associated with a projective-algebraic subset V of a non-singular 

projective-algebraic manifold M, where V has pure complex dimension 

k and possible singularities. 

There are several possibilities for suc h a def initio n. The one 

most convenient for us again uses triangulations. We have already 

seen in examples in 3.4, and we shall prove generally by resolution of 

singularities in §9, that topologically each plane curve C results 

from a compact orientable surface C when certain points of c are 

identified. It is clear what C looks like : each connected component 

resul ts from a 2-sphe r e by attaching handles . I n parti cular, one can 

triangulate C. If one takes the triangulation to be so fine that the 

points to be identified are vertices, then one obtains a triangulation 

of C, and this triangulation defines a 2-cycle in P2 (~), because 

the boundaries of any two adjacent 2-simplexes cancel out. 

2-cyc le defines a homo logy class 

This 

the homology class [C] is just the image of the fundamental c l ass 

[C] under the resolution mapping C + C ~ P2 (~ ) , and for that reason 

it is independent of the choice of triangulation. When C is a 

"curve" with multiple c omponents , C = l:nici 

the n na tur ally o ne defin es 

wi th irreducible C. 
l 
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One can now prove, though we do not wish t o do so here, that 

Proposition 3 

For "curves" C, C' in the complex projective plane without 

common components, the topological and algebraic intersection numbers 

coincide, i.e. 

C·C' = <[C], [C' ]>. 

All this can be considerably generalised. One has the following 

theorem, already asserted in the thirties [W2], but first proved later 

by Lojasiewicz and Giesecke [L3], in a form even more general than we 

state here. 

Theorem 4 

* Let M be a complex projective a l gebraic variety a nd l et 

v 1 , ... ,Vk be subvarieties. Then there is a triangulation of ~i as 

a finite simplicial complex for which v1 , .. . ,Vk are subcomp lexes. 

Recently, Hironaka has shown how one can use resolution of singu-

larities to prove such results . 

With t he help of this theorem o ne can associate a homology class 

[V] E H*(M) with any pure-dimensional subvariety V of a non-singular 

M, and one can show that the algebraic geometrically defined inter-

section cycle V·W satisfies 

[V·W] = [ V]· [W]. 

Another version o f this is found in Borel-Haefliger [B3] . Naturally 

we cannot go into the algebraic geometric intersectio n theory i n any 

such generality here, but one gets roughly the right idea of it when 

one knows that for two curves C, C' without common component the 

intersection cycle is defined by 

c 0 C' = I \1 (C, C') · p . 
pEC n c • P 

For algebraic cycles, i.e. i ntegral formal linear combinations of sub­

varieties Vi of a non-singular projective-al gebraic manifold M, one 

can introduce a suitable equivalence relation (rational equivalence), 

and with the def inition of intersection cycles these equivalence 

I .e. an irreducible algebraic subset o f a Pn(~), see [M8] . 
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classes of cyc les become a ring, the Chow ring A*(M}. v >+ [ V ) then 

defines a homomorphism from this purely algebrai cally defined Chow ring 

to the topologically defined intersection ring H*(M}, and in many cases, 

e.g. for M = Pn(~}, this is an i somorphism. (More on this is in 

Grothendieck [G3).} The problem of deciding which homology classes 

of H*{M) lie i n the image of A*{M) is in general extraordinaril y 

difficult and has been a much-investigated p roblem of recent algebraic 

geometry. However, we are again looking far beyond the framework of 

our c ourse , and we now return to deal with the next point of our program. 

(4} Computation of the intersection ring of Pn(~) 

In computing H*(Pn(~} } i t is important t o hav e a sequenc e o f pro­

jective subspaces 

s uch t hat is i somo r phic t o 
i 

~ . One can def i ne s uc h 

a sequence, for example, by 

= X = 0}. 
n 

To abbreviate we set P. 
~ 

By (2}, Pi corresponds to a h omo-

logy class 

It is clear that any other i-dimensional pro jective subspace P~ o f 
~ 

p 
n 

defines the same homology class. (Proof : There is a c ollineation 

g of p with g(Pj_l = P . . Because of the connectedness of 
n ~ 

GL(n+l,~} there is then a continuous family o f co llineations gt ' 
0 < t < 1, with go = 1, g l = g . Thus g is homo topic t o t he i dentity -
and it follows that the mapping g* on homology induced by g is the 

identity (by the axioms of ho mo l ogy theory} . Thus 

We c a n use t h e c l ass es [ Pi) to describe t he a ddi t i ve structure 

We show : 

Proposition 5 -! z::o H. (P {~ )) 
~ n 

for i even, 0 < i < 2n 

o therwise. 
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Proof : The proof is by induction on n. For n = 0 the theorem is 

trivial. We assume it holds for n-1, and prove it for n. 

H2n(Pn(rr)) is generated by the fundamental class [Pn] and is infinite 

cyclic, as a special case of the corresponding general fact about com­

pact oriented manifolds which we ascertained earlier in (1) and use here 

without proof. 

Thus we consider Let z be a p-cycle in 

Pn(rr), p < 2n-l. Then there is a point which lies in no simplex of z. 

By the earlier remarks we can assume, without loss of generality, that 

this point has coordinates (0, ... ,0,1). Now we consider the family 

of singular cycles z, , 0 < t < 1, which are images of z under the 

~ -·~ mappings (x0 , . . . ,xn-l'xn) (x0 , ... ,xn_1 ,txn) . Since the map-

pings •o and •l are homotopic, z0 and z 1 are homologous. 

(Intuitively speaking : the "union" of all zt , 0 < t ~ l, yields a 

(p+l)-cyc l e with boundary z 0 -z1 .) But the cycle z 0 is a cycle in 

Pn-l and hence homologous to 0 in Pn-l when p is odd, and to 

a[Pk] for some a E ~ when p = 2k. Therefore the corresponding 

homologies hold just as well in P 
n 

is generated by 

Now it only remains to show that if a cycle y in Pn-l is a 

boundary as a cycle in Pn(rr), say y = az in Pn , then y is also a 

boundary in Pn-l· This goes as follows. We associate z with the 

cycle in Pn-l as above, and then y The required result 

then follows from the induction hypothesis that the H2k(Pn-l) are 

infinite cyclic, together with the preceding arguments for the corres­

ponding assertion about H2k(Pn), and this completes the proof of the 

proposition. 

We now determine the multiplicative structure of the intersection 

Proposition 6 

The multiplicative structure of the intersection ring H*(Pn(rr )) 

is given by the following formula for the product of generators [Pi] 

Proof : Because of what was said earlier, the proof is now trivial, 

since we can assume by the above remarks that P . 
~ 

spaces of dimension i, j respectively, e .g. let 

P . 

P. 
~ 

J 
are any sub­

be the one with 
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xi+l = ... = xn 0 and let Pj be x 0 = ... = xn-j-l = 0. 

Pi and Pj meet transversely in a Pi+j-n The assertion 

[Pi+j-nl = [Pi]·[Pj] then follows from the general formula 

[V ~ W] = [V)·[W) in the intersection ring from (1). 

These 

Remark : Let H C Pn(a:) be a hyperplane. It follows from Proposition 

6 that [H]i [P .] for i < n, and of course, by Propcsition 5, 
n-1 -

[H)i = 0 for i > n. Hence we can also express the description of 

intersection ring in Propositions 5 and 6 as follows : if x is an 

indeterminate over Z:: , then [H) o+ x defines an isomorphism 

the 

from the intersection ring H*(Pn(O:)) 

ring Z::[x) by the ideal generated by 

to the quotient of the polynomial 
n+l 

X For many important mani-

folds one can also describe the intersection ring in a similar way. 

(5) "Proof" of Bezout's theorem 

Just as in the algebraic-geometric case (as in 5.2) we first treat 

the intersection of a "curve" with a line. If C is a "curve" of 

order m, then it meets a general line L in exactly m pcints, by 

5.2.2, hence 

L C = m. 

Hence by Proposition 3 we also have 

<[L), [C)> m. 

By Proposition 5, [C) a[L) for a certain whole number a. But then 

by Proposition 6, 

<[L],[C)> = <[L),a[L)> a<[L), [L]> = a. 

Thus it follows that a m. We have proved 

Proposition 7 : 

The homology class C E. H2 (P2 (a:)) of a plane "curve" of order m 

i s m·[L), whe r e [L) e H2 (P2 (a:)) is the generating homology c lass of 

a line L. 

Now we can quite easily give a topological "proof" of Bezout's 

theorem. Proof in quotes, because in this section we have used so 

many facts proved only in part. v<e should therefore regard this as an 

inte rpretation of Bezout 's theorem rather than a proof. It shows that 

the global invariant, the "intersection number" C·C', which is the sum 
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of the local intersection numbers, can be computed quite easily for 

plane curves by means of other global invariants, namely the orders of 

C and C', because the intersection ring of P2 {~) is so simple. 

Thus : 

Bezout's theorem 

The intersection number C·C' of two plane curves C and C' of 

orders m and m' is given by 

C·C' = m·m' 

Proof : By Propositions 3, 6 and 7 we have : 

C·C' = <[C],[C' ]> = <m[L],m'[L]> = m·m'<[L],(L]> mm'. 

7. Some simple types of curves 

7.1 Quadrics 

Next to lines, quadrics are the simplest plane curves. From the 

complex-projective standpoint they are the analogues of the conic sect-

ions of antiquity. If one also admits curves with multiple components, 

and thus understands the quadrics to include all "curves" with equations 

of degree 2, then a quadric is just a curve wi th a homogeneous equation 

2 
I a .. x.x. 0, 

i,j=O lJ l J 

where one can assume without loss of generality that aij = aji. 

polynomial ra .. x . x . is a form of degree 2, a quadratic form. 
lJ l J 

The 

If A 

is the matrix (aij}, then one can write this form in matrix fashion as 

follows : 

t 
X Ax. 

Under a linear coordinate transformation x By, this goes .over to 

Under linear coordinate transformations, a quadric transforms like 

a quadratic form, and we can therefore bring the equation into a normal 

form by bringing the matrix A into a normal form through a transfor­

mation BtAB. Now it is known from linear algebra that, over the 

complex numbers, a symmetric matrix can always be brought into diagonal 

form by such a transformation, with l's and O's on the diagonal . 

With real symmetric matrices one can arrive by real transformations at 

, ,  
DOI 10.1007/978-3-034 -0 - _7
E. Brieskorn and H. Knörrer Plane Algebraic Curves: Translated by John Stillwell

8 493 6 , © Springer Basel 1986
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a diagonal form in which the diagonal entries are 0 or +1 . The 

projective classification of quadrics follows immediately from this. 

Theorem 1 

Relative to suitable homogeneous coordinates, the equation of each 

complex projective plane quadric Q has exactly one of the following 

three normal forms 

(i) 
2 2 2 

0 xo + xl + K2 

(ii) 
2 2 

0 xo + xl 

(iii) 
2 

0. xo = 

In case (i) Q is an irreducible, non-singular quadric, in case 

(ii) Q decomposes into two distinct lines, and in case (iii) Q is a 

double line. 

Thus the compl ex-projective classification of quadrics is very 

simple : there are only three different kinds. The most interesting 

are, of course, the non-singular curves. 

What else can one say about the non-singular quadrics? Let us go 
2 2 2 

from the normal form x0 + x 1 + x 2 = 0 to another normal form by intro-

ducing ne w coordinates y0 = x 0 , y 1 

one obtains the equation 

Then 

This equation has the advantage, among others, that it immediately shows 

the non-singular quadric Q to be isomorphic, as a n abstract curve, to 

the !-dimensional complex pro jective space P1 (~). i.e. to the 

Riemann number sphere. Namely, we choose homogeneous coordinates 

in P1 ( ~) and consider the mapping 

One sees immediately that this is an everywhere defined, rational , 

bijective mapping 

and that the inverse mapping is likewise rational and everywhere 

defined. This mapping is therefore an isomorphism of P1 (~) onto Q, 

when one considers them as abstract c urves. In particular, the two 

curves are homeomorphic as topological spaces, namely, both are homeo-
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morphic to the sphere 
2 s . But more than that : they are not just the 

same as topological spaces, but also as abstract curves. 

This fact, which we have proved quite directly here, is essentially 

a special case of a much more difficult theorem of function theory, the 

main theorem of conformal mapping (cf. Behnke and Sommer [B5], V, §5, 

Satz 28) . It follows from this theorem that : each non-singular pro-

jective-algebraic curve which is homeomorphic to s 2 as a topological 

space is isomorphic to the projective line P1 (~ ) as an abstract alge-

braic curve. Thus there is only one curve , up to isomorphism, which 

looks topologically like P1 {~), namely P1 {~) itself. The non-

singular quadric is abstractly the same as this curve - but of course, 

as a curve embedded in P2 (~), it is different from P1 {~) C P 2 {~ ) . 

It even has a different homology class, by 6.3.7. 

We shall see later (in §9) that none of the non-singular curves of 

order greater than 2 in P2 {~) is h omeomorphic to P1 (~). In con-

trast to this, singular curves of higher order can very well be homeo-

morphic to 

2 
YoYl -

An example of this is the semicubical parabola 

Here we obtain a homeomorphi s m of P1 (~) o nto C by 

3 3 2 
(zO,zl) ,... (zO,zl,zOzl). 

c 

This is still a bijective, everywhere defined mapping, but the inverse 

is no longer regular at the singular point (1,0,0 ) of c. 

Also of interest is the example of the irreducible cubic C with 

a doubl e point, which we have already tre ated in 3.4. 

have a regular mapping 

In this case we 

which is admittedly no longer bi jective, but it is bijective and has a 

regular inverse when we remove some points from P1 (~) and C . One 

can regard s uch a mapping as a rational parametrisation of C, because 

when o ne introduces an affine coordinate t in P1 {~) and affine 

coordinates (x,y) in the plane of the curve then the essentially 

bijective mappin g is described b y two rational functions 

x = x(t) 

y y(t). 

Curves which have such a parametrisation are therefore called rational 
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curves. The lines and the non-singular quadric s are, as we have 

already said, the only non-singular rational curves. The rational 

curves are the simplest curves of all. 

In t he f o llowing sec t i ons we shall see that the non-singular c urves 

of the next highest order, the cubics, are essentially more inter esting. 

We shall see that as topological spaces they are all homeomorphic to a 

torus s 1 x s 1 , but that as curves in the plane a nd also as abstr act 

curves they are of infinitely many different kinds. 

7.2 Linear systems of cubics 

Recall our remarks on linear systems of " curv es" at the beginning 

of section 6. 2. We shall now be particularly interested in linear 

systems of cubics. We understand a cubic to be a curve of order 3, 

which can have multiple components. Naturally the really interesting 

cubics a re the i rreducible c u b i cs , because t h e compone nts of t he o the r s 

are only lines o r quadrics. But when we consider linear systems we 

must also admit reducible "curves", since, e . g., often in a pencil o f 

curves all but finitely many are irreducible, the exceptions hav i ng 

several, and also multiple, components. We shall see an examp le of 

this s hort ly (7 .3. 5). 

The linear s y s t e m of all cubi cs i s 9 - dime n s i onal, a nd t hrough 9 

points there goes in general exactly one cubic, as we have see n i n 

6.2.2. Of c ourse, there are s ystems of 9 poin ts in special po s i t i on, 

through which more than one cubic passes. For e xample, passing t h r ough 

the 9 intersecti on po ints of two cubics C a nd C ' we have at least 

a ll the cubics o f the p e nc il g e ne r a t e d by C a nd C '. Thus the 9 

intersecti on points of two cub i c s a r e in spec ial positio n relative t o 

cubics. When these 9 intersecti on points are a l l different, i t is of 

interest whether any 8 of them are in general position relativ e to 

cubics . The following theorem say s they are . 

Proposition l 

Let C a nd C ' be two cubics whic h meet i n e xactly 9 different 

intersection po ints, and let L be the pencil of cubics generated by 

C and C'. Then if 

sect i o n poi nts a nd if 

I n o the r wo rds 

p 1 , .. . ,p8 are any eigh t of the nine i n ter­

L i s t he linear system o f c ubic s through 

a ny eight of the nine intersectio n poin ts a r e in 
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general position relative to cubics. 

Proof : We shall prove five assertions about the general position of 

subsystems of the nine intersection points p1 , . . . ,p9 relative to lines 

and quadrics, and from them derive the theorem in a sixth step. 

(1) 4 points from p 1 , ... ,p9 are never colli near. 

Proof : Otherwise the line through these points would be a common 

component of c and c• by Bezout's theorem. 

(2) 7 points from p 1 , ... ,p9 never lie on a quadric. 

Proof : An irreducible quadric which had 7 intersection points in 

common with C and c• would be a common component of C and 

C'. Of seven intersection points on a reducible quadric, at 

least four must lie on one of the components, and hence on a line 

- in contradiction to (1). 

(3) Through any 5 points from p1 , ... ,p9 there is exactly one quadric. 

Proof : Suppose two quadrics Q, Q' went through p1 , . . . ,p5 . By 

Bezout's theorem, both must be reducible, otherwise they could meet 

each other in only 4 intersection points . For the same reason, 

they must have a line L as commo n component , namely o ne on which 

3 of t he 5 points lie . More than three po ints cannot lie o n L 

by (1). Thus the other two points must lie on the other component 

and thereby determine it uniquely. Hence Q = Q'. 

(4) If L I L, then no 3 points from p 1 , ... ,p8 are collinear . 

Proof : Sinc e L C Z, the assumptio n L I L means that L is at 

least 2-dime n s i o na l, s o t hat we can p lace t wo mo r e linear condi -

tions on the cubics from L. We do this as follows.: 

Then 

p 4 ,p5 ,p6 ,p7 ,p8 lie on exactly one quadric Q, by (3). We choose 

a pI p 1 , p 2 ,p3 in L and a q t LV Q. Sinc e L is a t l e ast 

2-dime nsional, there is a C E L through p and q. Since 

c n L c ontains four poin t s , L is a compone nt of c by Bezout's 

theorem, hence C = LV Q' for some quadric Q'. 

Now, by (1), p4 , ... ,p8 do not lie on L, hence they lie on 
~ 

Q', a nd s o Q = Q', whic h me ans C = L V Q i n c ontradiction to 

q E C, q ~ LV Q. 

(5 ) I f L ~ L , then no six point s from p 1 , ... ,p9 l i e o n a quadric . 
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Proof : If p 1 , ... ,p6 

ducible by (4). Let 

choose a p '1- p 1 , ... ,p6 

lay on a quadric Q, then Q would be irre­

L be the line through p 7 , p 8 . We 

on Q and a q J!1 L v Q. If L '1- L, 

" then there would again be a C E L through p and q. Since C 

has seven points in common with Q, it follows by Bezout's 

theorem that C = Q v L' for some line L'. By (2) , p 7 , p 8 do 

not lie on Q, hence they lie on L'. Thus L' = L and 

C = Q V L in contradiction to q E C, q ¢ L v Q. 

(6) The assumption L '1- L leads to a contradiction. 

Proof : Let L be the line through pl and p2 and let Q be 

the unique (by (3)) quadric through p3 ' p4 ' Ps ' p6 ' Pr We 

choose two distinct points ql,q2 .,. pl,p2 on L. If L '1- L 

there is a ce: L through ql, q2. Since P1 ,p2 ,ql ,q2 E Cl"l L, 

" L is a component of c by Bezout's " theorem, hence c = L u Q'. 

Since p3' ... ,p7 do not l ie on L, by (4). they lie on Q' . . . 
Thus Q' = Q by (3). i.e. c = L U Q. Now Ps E c bec ause 
" c € L, but Ps t L by (4) and Ps ¢ Q by (5). This is a contra-

diction! Hence the theorem is proved. 

As a corollary, we obta in the sharpe ning o f 6.2.3 for c ub i c s, 

mentioned in the remarks on Pascal's theo rem, 6.2.4, and needed for the 

proof of Pappus' theorem. 

Corollary 2 

When two cubics C, C' meet in exactly 9 distinct points, 6 of 

whic h lie on a quadric , then the other three lie on a line . 

Proof Let L be the line thro ugh two of the thr ee remai n i ng i nte r-

section points. Then by Proposition 1, the cubic Q v L captains 

all 9 intersection points, and L therefore goes through all three 

intersection points which do no t lie on Q. 

Q. E . D. 

7.3 Inflection point figures and normal forms of cubics 

In this section we shall present normal f o rms for the equations 

of plane cubic curves, and use them to obtain results about the inflec-

tion points o f these curves . I t will turn out that these inflectio n 

po ints form an inte res ting configuration. Conversely, results about 

the i n f l ectio n points of c u b ics a re useful in obta ini ng no rma l forms. 
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The investigation of inflection points of plane cubics was already 

recognised by Newton to be an interesting problem. When we look at 

the pictures in Newton's enumeration of the (real) plane curves of 

third order, we find that these real cubics have up to three (real) 

inflection points. He reproduce some of the pictures here [N2]. 

Fig. 8. Fig. ''· 

~-

..., 
o:o· 
... .... 
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Fig. 43· 
Fiz. 44· Fig. 45· 

Fig. 56. Fig. 63. 

Fig. SJ, Fig. 54· 
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How shall we define an inflection point? It is sometimes pro-

posed to define an inflection point of a curve as a point at which its 

curvature changes sign. (Intuitively at an inflection point the 

curve changes form a "left-hand bend" to a "right-hand bend" or con-

versely.) This has the differential geometric consequence that the 

radius of curvature vanishes at the inflection point and changes sign 

there. This definition is in good agreement with intuition, however, 

as the following discussion shows, it is unsatisfactory in other 

respects . : 

We consider the curve with the affine equation y-xm = 0. When 

m > 2 is odd, then this curve has an inflection point at the origin, 

in the intuitive sense above. But when n is even it has no inflec-

tion point in the above sense. 

i.e. we consider the equation 

Now we perturb the equation a little, 

where the £. are m different real numbers . 
l. 

Then the function 

y(x) defined thereby has exactly m real zeroes and hence (by Rolle's 

theorem) , m-1 extrema, at which y' must change from positive to 

negative. Thus y'' has exactly m-2 zeroes, which are simple 

zeroes, in fact each lies between two extrema. This means that the 

affine curve with the equation 

has exactly m-2 inflection points in the intuitive sense above. Now 

we r egard the as variable and let them tend to zero. Then 

the m-2 inflection points tend to the origin, and for this reason 

one should define the origin to be an (m-2)-tuple inflection point, 

at least in algebraic geometry, where one wants a specialisation of the 

type just described (in which the parameters £i take the special 

value 0) to preserve the number of inflection points. 

The following pictures of y (x2-a2 ) (x2-4a2 ) as a + 0 show 

how the two inflection points me rge at the origin, and the two inflec­

tion tangents tend toward the tangent to the curve y = x 4 at the 

origin. 
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ca. • o," Q.cO,S a c O,ft 

In section 5.3 we have defined the tangents to a curve C at a 

point p of multiplicity vp{C) to be those lines through p which 

meet C at p with multiplicity greater than vp{C}. If one counts 

tangents "with multiplicity", then there are exactly vp{C} tangents. 

In particular, if p is a regular point of C, i.e. if vp{C) = 1, 

then C has a well-defined tangent T at 
p 

p, and it meets C with 

multiplicity v {C,T } > 1 at p. 
p p 

Now what is the exact multiplicity 

with which C meets the tangent T at 
p 

p ? 

how closely the tangent clings to the curve. 

plane affine curve with equation 

y - f{x) = 0, 

which is not a line. 

This is a measure of 

Consider for example a 

Its tangent at the point (x0 ,f{x0 }} has the equation 

By the definition in 5.2, the intersection multiplicity of curve and 

tangent at this point is the order of vanishing of the restriction of 

y-f{x} = 0 to the tangent at x0 , and hence t he order of the zero x0 

of 
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If one introduces the Taylor expansion for 

sees that the intersection multiplicity is 

first non-vanishing derivative at x0 . 

intersection multiplicity is equal to 2, 

f(x) at 

r, where 

x9 , then one 

f r) (x0 ) is the 

Thus for almost all xo the 

and it is greater than 2 only 

at the finitely many points where f' I (XO ) = 0. At these 

finitely many points the tangent clings to the curve better than at the 

other points, and these are also the points at which we expect inflec-

tions, after the analysis above. All this motivates the following : 

Definition 

A regular point p of a curve C in the complex projective plane 

is an inflection point of c when the tangent T to C at p is not 

a component of C and meets C at p with multiplicity at least 3. 

More precisely, p is called an r-tuple inflection point when the 

intersection multiplicity satisfies vp(C,T) = r+2. 

If the tangent T is a component of C, then p is called an 

improper inflection point. 

In what follows we shall sometimes use "inflection point" to 

include improper inflection points. I t should be clear from the con-

text what is meant. When it is not, we shall refer to inflection 

points in the sense of the above definition as "proper inflection 

points" for the sake of clarity. 

We now want to develop a method for computing the inflection 

points of a given curve. Naturally one hopes to express the coordi-

nates of the inflection points as solutions of suitable equations, i.e. 

as intersections of the given curve C with other associated curves. 

This idea goes back to de Gua (1740) and was carried out by Pl~cker in 

his "System der analytischen Geometrie", 1835, though Plucker cut C 

by a curve which was not "covariant", i.e. its definition was coordi-

nate dependent. A covariant curve which achieved the same thing was 

then found by Hesse 1844. Hesse found his curve by a systematic dis-

cussion. To save time here we simply give his curve and content our-

selves with the heuristic remark that, in the examples above, the 

inflection points of C were found as zeroes of equations defined with 

the he lp of the second derivatives of the equation for C . 

also expect a definition o f this form for the Hessian curve. 

Thus we 
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Definition 

Let C be a curve in the complex projective plane which does not 

decompose completely into lines. Let c be given by the equation 

F(x0 ,x1 ,x2 ) = 0 . 

the equation 

Then the Hessian curve He of C is the curve with 

det( 

Remarks 

ax. ax. 
1 J 

0. 

(i) Hesse showed that 
a2F 

det ( ax. ax. 
l J 

vanishes identically 

just in case C decomposes into lines. (ii) One computes trivially 

that the curve is independent of the choice of coordinates, since 

the Hessian matrix 
a2 F 

ax. ax. 
l J 

transforms like a quadratic form under 

coordinate transformations. (iii) It is clear that the Hessian curve 

He of a curve of order m has order 3(m-2). In particular, the 

Hessian curve of a cubic is again a cubic. (iv) For a quadric C, 

He is empty. (v) It is clear that He goes through each singular 

point p of C. This is trivial when v (C) 
p 

> 2, because then all 

a2F 
ax. ax. (p) vanish by definition. But it also holds when v (C) 

p 
= 2, 

l J 
because the Euler formula 4.4.3 gives 

0 (m-l)~(p) 
ax. 

l 

for p = (p0 ,p1 ,p2 ), and it follows that 

a2F 
det( ax . ax. (p)) 0. 

l J 

The following theorem now shows that the Hessian curve He 

achieves exactly what is wanted : it picks out the inflection points on 

c. 

Theorem 1 

Let C be a plane c urve without lines as components. The n a 

regular point p of C is an r -tuple inf l ection point just in case 

the Hessian curve He meets C at p with multiplicity r . 

Proof : We choose homogeneous coordinates (x0 ,x1 ,x2 ) so that the point 

p under investigation has coordinates (1,0,0) and so that the tan-

gent to C at p has equation x 2 = 0. If one introduces affine 
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coordinates x, y by X = , y = 
xo 

f(x,y) = 0, where we can write the 

r+2 
f (x,y) = y · u (x,y) + x g (x). 

x2 
, then 

xo 
polynomial 

c 
f 

has an affine equation 

in the following form: 

Here u(O,O) f 0, g(O) f 0 and r+2 is the intersection multiplicity 

of C with its tangent y = 0 at p. 

polynomial F i s then of the form 

The associated homogeneo us 

(1) 

where U and G are t he polynomials a ssoc i ated with u and g. It 

then follows from 

~(1,0,0) 
ax0 

f 

U(l,O,O) f 0 

G(l,O) f 0. 

g(O) f 0 

0 

and u(O,O) f 0 that 

( 2 ) 

(3) 

(4) 

I f o ne comput es t he s e cond d e r i vatives o f F, the n i t follows from 

(1) , (2) and (4) by simple calculation that the determinant D of the 

Hessian matrix o f F is of the following form : 

D (5) 

where V and H are certain homogeneous poly nomials and 

H (1,0) f 0 . (6) 

0 is by definition the equatio n of He. Thus the i nter-

section points o f C and He are the common zeroes of F and D. 

One easily concludes the following from (1), (3 ) , (4), (5) and (6 ) 

Whe n r = o , p ~ c n He . 

s ection po int o f C and He. 

When r > 0, p is a n i solated inter­

Wi th t his we have a lre ady p r oved : C 

and He have no common component and therefore meet in finitely many 

points, and these points are precisely the inflection points of C. 

Thus it only remains to prove the statement on the 

multiplicity o f the inflection point. To do this we go back to the 

definition o f i ntersectio n mul tip l icit y a s the mult i p l i c i ty of the z e r o 

of a certain resultant in 6.1. We have to choose the coordinates 

suitably for thi s, namely, so that the point (0,0,1) lies on none of 

the finitely many lines connecting intersectio n po ints of C and He. 

Then we c o nstruct the resultant R 
F,D 

of F and D, which we view as 

a pol y nomial in x 2 

the c o nstant terms o f 

with coeffic i e nts i n ~[x0 ,xll· 
r +2 

F resp . D are j us t x 1 G 

I n this s e nse 
r 

resp. x 1H. It 
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then follows, by expanding the determinant form of RF,D by the last 

column that 

R 
F,D 

(7) 

for certain homogeneous polynomials P, Q € ~[x0 ,x1 J. We claim 

P(l,O) t- 0. (8) 

Proof : P(l,O) is the resultant of U(l,O,x2 ) and x 2 ·V(l,O,x2 ) . If 

it vanished, then these two polynomials would have a common zero x2 , 

and (l,O,x2 ) would be a common zero of F and D, hence a point on 

C n He and the line through (1,0,0) and (0,0,1 ) , hence equal to 

(1,0,0), contrary to U(l,O,O) t- 0. 

It follows from (7) and (8 ) that the multiplicity of the zero 

(1,0) of RF,D is equal to r. But this multiplicity is equal to 

vp(C,HC) by definition, and hence the theorem is proved. 

Corollary 2 

A non-singular curve of order m > 2 in the complex projective 

plane has exactly 3m(m-2) inflection points, counting multiplicit ies. 

Proof : The corollary follows immediately from Theorem l, Bezout's theo­

rem, and remark (iii) above. 

It follows i n particular from the corollary t ha t a non-singular 

quadric has no inflection points, and a non-singular cubic has nine, 

counting multiplicity. But in the case of the cubic we can say even 

more. Since, by Bezout's theorem, the intersectio n multiplicity o f an 

inflection tangent with a cubic at the inflection point is at most 3, 

while it is at least 3 by definition, it must exact l y equal 3, and a l l 

inflection points o f a cubic are simple . Thus we obtain the result 

already found by Plucker : 

Corollary 3 

A non-s ingular c ubic has exactly 9 distinct inflection points, a nd 

these are all simple inflection points. 

In what follows we shall see that we can determine the position of 

these inflection points exactly, and that they form a very beautiful 

symmetric configuration. We shall prove this with the help of a part-

icularly symmetrical normal form for the equation o f a non-singular 

cubic , found by Hesse in 1844. We now derive this normal form. 

Let C be a non-singular cubic. We begin by using the existence 
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of inflection points to choose a coordinate system for which as many 

terms as possible in the equation for C vanish, and then use further 

coordinate transformations to bring the equation into normal form . 

First we c hoose homogeneous coordina t e s (z0 ,z1 ,z2 ) so that 

(0,0,1) and (0,1,0) are inflection points of C and z1 = 0 resp. 

z 2 = 0 are the corresponding i nflection tangen ts. 

Then, if one sets either z 1 = 0 or in the equati on for 
3 

C, all terms except z 0 vanish. Consequently , the equation contains 

only mo nomials d i visib l e by 

the form 

3 
z 1 z 2 , apart from z 0 , and hence it is of 

Since C is non-singular, it follows by an easy c alculation that 
1/ 3 

S, y, o 1 0. Since we can also use the coordinates (o z 0 ,sz1 ,yz2 ) 

in place of (z0 ,z1 ,z2 ), we c an assume wi t ho u t l oss of gene ralit y that 

the equation is of the following form : 

(1) 

Then the non-singular nature o f C is equivalent to the condition 

( 2 ) 

as one easily s ees by c omputation of the common zer oes of the three 

partial derivatives of (1) . 

We now i n troduce new coordinates (y0 ,y1 ,y2 ) by 

( 3 ) 

One computes q u ite easily that this transformation converts equation (1) 

into the equation 

2 2 
y 1 - y 1y 2 + y 2 s plits into the Now o ne recognises immed i ately that 

2 
linear factors (y 1 +£y 2 ) (y 1 +£ y 2 ) , where £ and £ 2 are the two 

solutions e:2 ni/3 of 

€ 2 + £ + 1 = 0. 

Then one sees tha t t h e sum of t h e homogeneou s terms of o r der 3 in y 1 ,y2 
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is, up to sign, the sum of the cubes of these two linear facto rs. We 

may therefore write (4) as 

3 3 3 2 3 2 
(27+a Jyo-<yl+Ey2J -(yl+E y2J -3ayo<yl+Ey2 J (yl+£ y2J = o . 

(5 ) 

Thus if one introduces new coordinates (x0 , x 1 ,x2 J by 

then (5 ) bec omes the equation 

(6) 

Since we can a l so replace the coordinate x 0 by (27+a3 J 11 3x0 , by 

virtue of (2) , we find in the e nd that for suitable coordinates 

the equatio n for c is o f the f o llowing form : 

(7) 

where A can be any complex number apart from the three roots o f 

A3 + 27 0. Thus we have proved : 

Theorem 4 

Rel a tive to suitabl e homogeneous coordinates , each non-singular 

cubic has an e quation of the fo rm 

(Such an equation describes a non-singular cubic j ust in case 

A 3 + 2 7 '/- 0 .) 

Remark : Let CA be the cubic wi t h the eq uation 

3 + x 2 + Ax0x 1x 2 = 0. 

We have proved that each non-si ngular cubic C C P2 (~J can be carried 

into some c urv e CA by a coll i neation. In t h is sense , one c a n v i e w 

the CA as no r mal forms of cubics . To be s u re , t h is norma l form is 

no t unique ly determined by C . For exampl e , if o ne multip lies t he 

coordinates by (different) cube roots of unity, then A is also mu l ti-

plied by a cub e root of unity, i.e. and c 
EA 

can be carrie d into 

each other by collineations. Later we shall investigate prec isely 

whe n t wo c urves CA , CA, can b e carried i n to each other . 

We now compute the inflect i o n points o f CA. 

pute the Hessi an det e rmina nt 

To do this we com-
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Thus we see that, like CA , the Hessian corresponds to a !-dimensional 

linear system L of cubics, defined by 

The non-singul ar curves o f this linear s ystem a r e precisely the cubic s 

CA A e with A3 + 27 f 0 . For = 0 obtains the triangle 
' ' 

a one 
a 

c of the three coordinate axes, with equatio n x0xlx2 = 0. For 

AJ + 27 = 0, CA likewise decomposes into three lines, because one 

easily computes that in this case the equation splits into linear fac­

tors as f o llo ws 

c 2 
-3£ 

2 2 
(xo+xl+x2) (xo+e:xl+e: x2) (xo+ e: xl+ e:x2) 

2 2 
(xo+xl+e:x2) (xo+e: xl+x2) (xo+e: xl+e: x2) 

2 2 
(x 0+x1 +e: x 2 ) (x0 +e:x1 +e:x2 ) (x0 +e: x 1 +x2 ) 

0 

0 

o. 

Altogether , Coo v c_3 v C_3e: v C 2 is a s ystem o f twe l ve diff e r ent 

lines. 
- 3£ 

Moreover, it is clear that any two curves CA , CA, of our l inear 

system must meet in the same 9 points. In particular, the inter-

section pcints of with the Hessian curve H are the same as 
CA 

and hence the commo n zer oes o f thos e of c0 with 

x0xl x 2 0 

3 3 3 
0. xo + xl + x2 

But one can c ompute these immediately : they are the pcints 

(0 ,-1 '1) (0,-E ,1) (0 ,- e: 
2 

'1) Poo Pol Po2 

P1 o (1 , 0 ,-1) Pn (1, 0 , -E) pl2 (l, O,- e: 2 ) 

(-1, 1 ,0) (-E , 1 ,0) (-E 
2 
,1,0). p20 p21 p22 

These are ther e f ore the inflectio n points of CA. It follows by 

Theorem 7. 2. 1 t hat the linear s ystem of cubics through these 9 point s 

is ! - d ime nsional, h e nce it coinc i des with o ur l i n e a r syste m L. Thus 

we h ave proved t he f ol l owing : 
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Proposition 5 

(i) The linear system of cubics through the 9 points p ij , 

i, j = 0,1,2, is the !-dimensional system of cubics CA. 

For finite A, CA is the cubic with equation 

3 3 3 
x 0 + x 1 + x 2 + Ax0x 1x 2 0, 

(ii) C®, c_3 , c_3£ , C 2 are triangles, each of three different 
-3£ 

lines, making 12 lines altogether. 

(iii) All other CA are non-singular and have inflections precisely at 

the nine points pij' 

It is interesting and useful to study the configuration formed by 

the 9 inflection points and the 12 lines of the degenerate cubics some-

what more closely. All 9 infl ection points lie on each of the 4 

triangles. By comparing the equations of the 12 lines with the coor-

dinates of the 9 points, one can easily determine which points lie on 

which lines. In this way one obtains the following result : 

Proposition 6 

The position of the 9 inflection points o n t he 12 lines of the 

degenerate cubics can be described in terms of the expansion scheme for 

3 X 3 

.th 
J 

determinants, as follows : 

If one lets correspond to the element in the 
.th 
~ row and 

column, then 3 points pij lie on each of the 12 lines, . namely, 

those whose corresponding elements are in the same row, or in the same 

column, or in the same element in the expansion of the determinant. 

The following schema shows the incidences just described : 
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One sees that three of the 9 points lie on each line, and that 4 of 

the 12 lines pass through each point. Configurations of this type are 

also called "tactical configurations", and one indicates the numbers of 

incident points resp. lines by symbols such as A 3,4 
or LJ. 9 12 · 

' 
(Other examples are, e.g., the configurations one obtains from two 

triangles in perspective position, or the Pascal hexagon inscribed in 

a degenerate quadric, which we discussed previously. More on this 

may be found, e.g., in the Steinitz article "Konfigurationen der pro­

jektiven Geometrie" [57], as well as in R.D. Carmichael's book "Intro­

duction to the Theory of Groups of Finite Order" [ Cl] . ) 

What is particularly nice is that one can also obtain the confi­

guration (94 , 12 3 ) in quite a different way : 

Proposition 7 

The configuration (94 , 12 3 ) of the 9 inflection points and the 

12 lines of the degenerate cubics of L is isomorphic to the configu­

ration of 9 points and 12 lines in the affine plane over the prime 

field of characteristic 3. The isomorphism is given by associa-

ting the point pij with the point with coordinates (i,j), 

i,j = 0,1,2, and associating the ljnes of one configuration with the 

lines through the corresponding points of the other configuration. 
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Proof : The statement is easily checked explicitly using the incidence 

schema from Proposition 6. 

The advantage of the description of our configuration in Proposi­

tion 7 is that we can now easily give the symmetry group of this confi-

guration. This is because the automorphisms of point and line confi-

gurations in the affine plane over F 3 are known : they are, as one 

can easily convince oneself, just the affine automorphisms. 

They form a group, the affine group 

Since there are nine translations in the plane 
2 

F 3 , and the general 

linear group GL(2, F 3 ) has order 48, as one easily sees*, A(2, F 3 ) 

is a group of order 9.48 = 432. In this group we have a normal sub-

group of index 2, the special affine group SA(2, F 3), which is gene­

rated by the translations and the elements of SL(2, F 3). 

ord(SA(2, F 3 )) = 216. 

The next question, of course, is whether we can induce the auto-

morphisms of (94 , 12 3 ) by collineations in the projective plane. 

This is in fact the case, at least for SA(2, F 3), and it is achieved 

by t he Hessian group G216 . 

This is the group of 216 collineations generated by the 5 colli­

neations A, B, C, D, E described by the following schema for 

(xO,xl,x2) ~ (xo,xi,x2) 

I A B c D E 

x' xl xo xo xo xo + xl + X 
0 22 

x' x2 x2 EXl EXl xo + EXl + E 1 
x' 

2 2 
xo xl E X EX2 xo + E x1 + E 

2 2 

In fact, one easily shows that A and c are the translations in F2 
3 

by the vectors (2 ,0) resp. (0,2). and that B, D, E correspond to 

the special linear transfo rmations 

(~ ~) . c ~) (~ ~) 
respectively, and that these 5 transformations generate SA(2, F 3 ). 

* See L.E. Dickson "Linear groups" [D2]. 
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One can generate the remaining transformations of A(2, F 3 ) when one 

adds the conjugation transformation (x0 ,x1 ,x2 ) ~ (x0 ,x1 ,x2), which one 

naturally cannot induce (as an automorphism of (94 , 123 )) by a pro-

jective linear transformation . Incidentally, it is of course clear 

that there is at most one projective linear transformation which in-

duces a given automorphism of (94 , 123 ). 

From these findings we can draw the following conclusion 

Proposition 8 

G216 transforms L into itself. Two cubics 

equivalent via a projective linear transformation A 

C:\ , C~ are then 

if and only if 

one is carried to the other by a transformation in the Hessian group 

Proof : When A carries to c~ , A induces an automorphism of 

the configuration (94 , 12 3), and hence A is an element of G216 . 

Conversely, since the elements of G216 are automorphisms of (94 , 123), 

they carry each CA to a cubic with the same inflection points and 

hence, by Proposition 5, to a c . 
~ 

With this, we can finally obtain a simple answer to the question 

following Theorem 4, asking when CA 

other by collineations. 

and C can be carried into each 
l' 

We consider the action of G216 on the linear system L. In 

G216 we have a normal subgroup G18 , of order 18, which carries each 

CA into itself, and hence acts trivially on L. It is the group gene-

rated by A, B, C. The quotient group I G216;G18 therefore acts 

on the !-dimensional projective space L, and it is c lear from the 

foregoing that two cubics CA , CA, are equivalent via a collineation 

just in case an operation in I carries one t o the other. 

We therefore study the action of on L more closely. is 

obviously a group of order 1 2 , generated by the cosets D and E of 

D and 

on L. 

l' = 

hence 

:\ 

3 
to 

E. We shall explicitly describe the action of these generators 

To do this it is c onve nient to use the affine coordinate 

instead of :\ on the !-dimensional projective space, and 

write our curve equations in the form 

The parameter values for which these cubics degenerate are 
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Ei, i = 0,1,2. 

It is now easy to compute the action of D resp . E by carrying out 

the substitutions corresponding to D resp. E in the above e quation. 

One obtains 

D(;t) 

E(;t) 

2 
£ >' 
;t+2 

p-1 

In particular : 

2 0 

2 
£ 

- 2 
E(£ ) 

1 
£ 

0 
£ • 

But one can easily see from t h is how the group T acts on L. 

Proposition 9 

The action of T on L is equivalent to the action of the tetra­

hedral group T on the Riemann number sphere s 2 . 

Proof : We inscribe a tetrahedron in the Riemann number sphere 
2 s . 

The tetrahedral group T is the group of rotations which carry the 

tetrahedron into itself. T consists of 12 elements : the identity, 

8 elements of order 3 and 3 elements of order 2. The ele ments o f 

order 3 are rotations of 120° about the 4 axes whic h connect a vertex 

to the centre of the opposite face. The 3 elements of order 2 are the 

rotations of 1 80° about the 3 a xes which connect centres of opposite 

edges. 

Now we c hoose an a ff i ne coordinate p on the number sphere s 2 

so tha t the 4 vertices o f the insc ribed tetrahedron are just 

p = =, £ 0 , E 1 , £ 2 . Each element of the tetrah edral group T then 

defines a certain permutation o f the 4 vertices , and hence a certain 

projective transformation of the 1-dimensional projective s pace 
2 s . 

This is just the corr esponding rotation of the spher e, a nd in thi s way 

the t e trahedral group acts on s 2 . If we now identify s 2 and L , 

t hen D and E are obviously operations in the tetrahedral group , and 

so T acts as a subgroup of T . 

follows that T = T. 

Since both have the same order, i t 

Wecould now easily settle our problem of deciding when CA can be 

carrie d to CA , by a collineat i on, a s follows : the a c t ion o f T on 

A yields 12 numbers A1 , ... ,A1 2 , and CA, can be obt a ined from CA 
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just in case A' = Ai for some i. However, we want to give this 

condition a sti ll more elegant formulation by f i nding a function ~ (A) 

such that ~(A) takes the same value precisely on A1 , ... ,A12 . Then 

we can say CA c a n be carried into CA, jus t in case ~(A ) = ~ (A') . 

Finding such a function is closely connected with describing the 

canonical mapp ing 8 2 + 8 2/T from 8 2 onto the orbit space 8 2/ T. 

It is clear that the quotient space 8 2/ T i s again a 2-sphere, 

topologically . (Proof if one divides the sphere into spherical 

triang l es corres ponding to the 4 triang l es of t he tetrahedron, and sub­

divides each of these 4 triangles into 3 smaller triangles by c onnec­

ting their vertices to the centre, then one obta ins a decompo sit ion of 

the sphere into 12 fundamental triangles . 

• 
I 

I -.(' 
' ' 

Now the quotien t mapping obviously identifies the "inner" edg es, while 

the two halves o f t he " outer" edge a r e identified by r efle ctio n in its 

mi dpoint . Thi s of cours e gives a topol ogical 2- sph e r e .) 

One can now show that the quotient space can also be given the 

structure of an (abstract) algebraic curve in a natural way, that this 

curve is the Riemann sphere, and that the mapping 8 2 + 8 2/ T , when one 

views as a mapping P1 (~) + P1 ( ~ ) i n t his s ense, is g i ven i n homo ­

g eneou s c oordinates by (u, v ) ~ (P(u, v ) ,Q(u, v )) , whe r e P (u,v), Q (u,v) 

are homoge neou s polynomials of d e gree 12. Thes e polynomials mus t then 
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be invariant under the action of T, in the sense that the action of 

each element of T multiplies them by the same constant. Conversely, 

when we find two such invariant polynomials which differ by more than a 

constant factor, then we can use them to define a mapping P1 (~ ) ~ P1 (~) 

which factors over P1 (~)/T, so that we can identify P1 (~)/T with 

pl (~). 

Thus we now want to find such invariant polynomials. The zeroes 

of P resp. Q must, counting multiplicities, be 12 points which are 

permuted by the action of T. The most obvious thing is to take the 

vertices of the tetrahedron, namely the points with the inhomogeneous 

coordinates ~ oo, e 0 E 1 , E 2 . We introduce homogeneous coordinates 

(u,v) with ~ v/u. Then these 4 vertices are the zeroes of the 

homogeneous polynomial 

In homogeneous coordinates one can describe the substitutions D and 

E: by 

(u,v) ;.,. (u, e 2v) 

(u, v) (v-u, v+2u) . 

The above polynomial is unaltered by the first substitution, and the 

second multiplies it by 9. 

A further system of 4 points invariant under T are the centres 

of the triangles of the tetrahedron, i.e. the points ~ = 0 and 

They are the zeroes of the homogeneous polynomial 

which D 2 
multiplies by E , and 

P(u,v) u3(u3-v3)3 

v3 (v3 +8u3) 3 Q(u,v) 

multiplies by 9 . The refore 

are two invari ant homogeneous polynomials of t he desired kind, whi ch 

describe the quotient mapping f or us. 

We shall now describe this mapping in affine coordinates. Thus 

we go to ~ = v / u in the preimage space and to -Q/ P in the i mage space. 

Then we obtain the rational function 

~ 3(~3+8)3 

(~3-1) 3 
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This has triple poles at precisely the 4 values oo, £i, i = 0,1,2, 

which correspond to degenerate cubics. For the remaining values we 

call the number j(~) the j-invariant of the cubic curve with equation 

It is clear from the construction and the above remarks that for each 

j € ~ there are, counting multiplicity, exactly 12 values 

p1 , ...• ~ 12 E ~- {£0 , £1 , £2 ) for which j(pi) = j, that these are 

permuted among themselves by the action of T, and that ~. ~· with 

j(p) 1 j(p') are inequivalent under T. In view of the identifi-

cation of the T-action with that of T of L given by Proposition 9, 

we finally have : 

Theorem 10 

Let j (~) 
~3(~3+8)3 

(~3-1)3 
be the j-invariant of the cubic curve 

with equation 

Then C and C , are isomorphic via a collineation if and only if 
~ ~ 

j ( p) = j ( l.l') • 

Since each nonsingular cubic c urve is isomorphic, via a collinea-

tion, to a c , this gives a compl ete clas sificati on of the nonsingular 
11 

cubic curves. 

Remark : The j-invariant defined here agrees with the one most common­

ly used elsewhere only up to multiplication by a constant, which is 

unimportant in our context. 

The normal form equation f or the cubic which we have used unti l 

now is particularly suitable for the investigation of the inflection 

point configuration. For certain other purposes another normal form 

is natural, the Weierstrass normal form. 

Theorem 11 

Relative to suitable affine coordinate s, each nons i ngular cubic 

has an equation of the form 

2 4x3 -Y g2x - g3 ' 

whe r e the polynomial 4x3 - has no multiple zeroes. Conver-

sely, each such equation defines a nonsingular cubic. 
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Proof : Since we have already derived one normal form in Theo rem 4, we 

shall skip a detailed derivati on of the Weierstrass normal f o r m a nd 

content ourselves with a few hints. One first chooses homogeneous 

coordinates so that x0 = 0 is the inflection tangent at (0 , 0 , 1 ) . 

Then the cubic has an equation in affine coordinates of the f o r m 

2 
y + (ax+b)y + g(x) = 0 

where g(x) is a polynomial of degree 3. At this stage it i s clear 

that one can reach the desired form of equation through furth e r coordi-

nate transformations . 

Remarks : 

(i) There is a reason for choosing the no rmal form in just this 

way, i.e. with the coefficient 4 for x 3 , which we shall meet in 7. 4 

one can define two functions x(z), y(z) in a v ery natural way and then 

show t hat t hey s a tis fy e xactly this equa t ion i n Weier s t rass normal form, 

and hence parametrise the curve. The function x is the Weierst rass 

?-function and y is its derivative. If these functions are tak en as 

given from the b eginning, then the equation c ome s automatically, a s the 

differential equation of the Weierstrass ? -func tion. 

(ii) The norma l f o rm in Th e o rem 4 con t ains only o ne pa r ameter A, 

the We i e r s trass f o rm c ontains two , g 2 

normal form, each curve obviously has 

equations - along with y 2 = 4x3 - g x 
2 3 2 3 2 

equations y = 4x - a g 2x - a g 3 . 

(iii ) Th e c ondition that 

a nd Wi th the We ierstrass 

a whole one-parameter family o f 

there are also all t h e 

h ave no multiple root s 

is equivalent to non-vanish i n g of t he discriminant , a nd h e nce equ iva-

lent to the c ondition 

(iv) One c an o f course compute the j-invar i ant of Theo rem 10 as 

a func t i on of the par a me t e r s and in the Weiers tra s s normal 

form. 

J 

Up to a multiplicative cons t a n t it is 
3 

g2 

Thus t wo c u r ves with equatio ns in We i e rstrass no rma l f o rm are i somor-

ph ic just i n c a se they have t he s ame J i nvari a nt . 

To conc l ude this section o n i n f l ection points and normal forms of 
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plane cubics we briefly treat the case of singular cubics. The inves-

tigation of reducible cubics is not interesting from this viewpoint 

they decompose into lines or into a nonsingular quadric and a line. 

Proper inflection points are not present. 

We therefore confine ourselves to irreducible cubics. By Corol­

lary 6.2.11, an irreducible cubic C can have at most one singular 

point p, and this point must have multiplicity 2. By 5.3, C either 

has two simple tangents at such a point, i.e. p is an ordinary double 

point, or C has a double tangent. The following two propositions now 

show that with this case distinction the projective classification of 

singular irreducible cubics is already settled . Since the proofs of 

the theorems are quite simple and along similar lines to the proofs of 

Theorem 4 and Proposition 6 (choice of suitable coordinates - coordinate 

transformation to normal form - co~putation of the Hessian curve) we 

omit t hem . 

Proposition 12 

An irreducible cubic with an ordinary double point has equation 

relative to suitable affine coordinates. It has exactly 3 i nflectio n 

points, a nd they are collinear. 

Proposition 13 

An irreducible cubic with one non-ordinary double point has 

equation 

2 3 
y X 

relative to suitable affine coordinates. 

point. 

It has exactly one inflection 

Theorem 4, Theorem 10, Proposition 12 and Proposition 13 complete­

ly settl e the complex-projective c lassification of pla ne irreducible 

cubics whic h began in a certain s ense with Ne wton' s projective classifi­

cation, which we discussed in 2 . 5 . 

Admittedly, Newton was of c ourse concerned with real cubics. By 

way of conclusion, we want to carry over our results on complex cubics 

to real c ubics , at l east as far as inflection points are concerned. 

Fo r this purpose we confine ourselves to no nsingu l a r real c ubics, i.e. 

to the z ero sets in P 2 ( IR) o f real homogeneous polynomials 
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F(x0 ,x1 ,x2 ) for which the cubic in P2 (~) defi ned by F(x0 ,x1 ,x2 ) 0 

is nonsingular. 

Proposition 14 

A nonsingular real cubic has exactly three real inflection points. 

These inflection points are collinear. 

Proof : One easily sees that the Weierstrass normal form of a nonsingu-

lar complex cubic which is defined by a real equation can be chosen in 

such a way that the coefficients g 2 , g 3 in the equation 

y 2 4x3 - g 2x - g 3 are real. It follows easily that the real cubic 

has at least three real inflection points. 

On the other hand, we claim that it has at most three real inflec-

tion points. 

induces an automorphism K of the complex inflection point configura-

tion (94 , 123 ), and hence an involuti on K by the 

remark at the end of Proposition 7. Now one easily proves that each 

involution in A(2, F 3), i.e. each K E A(2, F 3 ) such that K2 = 1, 

has either one, three or nine fixed points. But the fixed points of 

K are just the real inflectio n points. Thus it suffices to show that 

one can never choose the c o o rdinates in P2 (~ ) s o that all 9 i nflec tion 

points become real. This follows from the computation of inf lectio n 

points for the Hessian normal form at the end of Theorem 4. Assuming 

9 real inflection points in some coordinate system, there would be a 

collineation A which carried the 9 inflection po ints of the Hess ian 

normal form into 9 points in P2 ( IR) C P2 (~), and one could assume 

without loss of generality that A(l,0,-1) = (1,0,0), 

A(O,l,-1) = (0,1,0) and A(O,l,-E) = (0,0,1). This d e t e rmines A up 

to a multiplicative constant and one computes immediately that, e.g., 

A(O,l,-£ 2 ) = (0,1,£), contrary to the assumption that A maps all 

inflection points to real points. Thus the real cubic has exactly 

three inflection points . 

It is clear that they must also be collinear. Because the l ine 

through two of these inflection points meets the complex cubic in a 

third inflection point, and this third intersec tion point must also be 

real, and hence coincident with the third real inflection point. This 

proves Proposi tio n 14. Of c ourse one c a n also carry out the proof 

quite independently of the Weierstrass normal form and the associa t e d 

He ssian curve . 
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7.4 Cubics, elliptic curves and abelian varieties 

When C is a nonsingular plane cubic and p and q are points 

on C, then the line through p and q cuts the cubic c in just one 

fu r the r point r', and this property obviously holds only for c ubic s . 

Thus, for a cubic, (p,q) ,.,. r' gives a mapping C x C .,. C, and this 

leads us to defi ne a group structure on C x c, which indeed must also 

be given by a mapping C x C + c - if one exists . When there is o ne 

group structure on a set, there are of course many others, o btained 

from the given s tructure by c onjugation wi th a t r anslation. A trans -

lation sends t h e ident ity element to ano ther e lement, whic h becomes the 

identity element of the new struc ture. Thus in order to pic k out a 

particular str ucture among thes e conjugate ones, we must fix a pa r ticu-

lar element t o s erve as the identity. We choose a particular po i n t 

p 0 E C for this purpose . 

Now one easily sees t hat the pr oduct o r sum of t wo e l eme nts 

p, q E C canno t simply be defined as the thi r d i ntersection poi n t, r', 

with C of the line through p and q, because then p0 would 

obviously not be an identity element. One mus t therefore associate 

the point r' in a suitable way with some oth e r po int, which is then 

t he sum of p a nd q . The s impl est way t o obtain thi s further point 

from r' is pe r h a ps t he followi ng one draws a l i ne t hroug h r ' a nd 

the given point p 0 . This meets C in a furth e r point r. When one 

defines this r to be p+q it is certainly clear that p + p 0 = p , 

as we desire. This motivates the following def inition, which will be 

j ustified f u r ther by what f o llows : 

Definitio n 

Let C be a nonsingular plane cubic and let p0 E C be any parti-

cular point on C . Then the s um of p, q E C i s defined as f o l l ows. 

Let r' be the third intersection point of C with the line through 

p a nd q , a nd l e t r be the t h ird i nte r section point of c with t he 

line through r ' and Then 

P + q = r . 
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In the above definition, the line through two coincident points of 

c is of course understood to be the tangent at the point in question. 

Theorem 1 

Let C be a nonsingular plane cubic, let p0 be a point of C, 

and let + be the binary operation on elements of C just defined. 

Then (C,+) is an abelian group with p 0 as identity element. 

Proof : As noted above, it is clear that p0 is an identity element. 

It is likewise clear that the operation is commutative, because the 

line through p and q does not depend on the order of p and q. 

One constructs the inverse -p of p as follows : the tangent to C 

at cuts c at a further point Then the intersection point 

-p of C with the line through p and p 1 is obviously the inverse 

of p as the first of the two following figures illustrates. 
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The second figure illustrates the following proof of the associa-

tive law (p+q ) + r = p + (q+r) . 

We set 

p + q = s 

s + r t 

q + r u. 
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We have to show : p + u = t. 

We denote the auxiliary points appearing in the construction of 

s, t, u by s', t', u'. In order to show p + u t, we must prove 

that p, u and t' lie on a line. This happens as follows : let L1 

be the line through p, q, s', let L2 be the line through s, r, t' 

and let L3 be the line through p 0 , u', u. Also, let G1 be the line 

through p0 , s', s and let G2 be the line through q, r, u'. 

Now we apply Theorem 6.2.3 to the intersection of the cubics c 

and C ' = L1 V L2 V L3 . This theorem says : if two curves C, C' of 

order n meet in exactly n 2 points, n·m of which lie on an irredu-

cible curve C'' of order m, then the remainder lie on a curve C''' 

of order n-m. 

We first assume that C and C' meet in exactly 9 distinct points. 

Thus we apply 6.2.3 to C and C' = L1 v L2 V L3 as well as C'' = G1 , 

and it follows that the six points q, r, u', p, t', u lie on a quadric. 

But q, r, u' lie on the line G2 , and hence G2 must be a component 

of this quadric. Let the other component be G3 . If p, t', u do 

not lie on G2 , then they must lie on G3 , which was to be proved. 

Until now, the proof has assumed that C and C' meet in exactly 

9 differe nt points. But in our situation, some of the 9 intersection 

points can in fact coincide. Nevertheless, one can convince oneself 

that this is the case only for the (p,q,r) in a proper algebraic sub-

set of c x c x c. Similarly for the last step of the proof, which we 

can only carry out when neither u, t' nor p lies on G2 . Again, 

the latte r can happen only for the points (p,q,r) of a proper alge-

braic s ubset . Thus the two mappings 

C X C X C .;. C 

defined by (p,q,r) ,... (p+q) + r resp. (p,q,r) ~ p + (q+r) coincide 

outside a proper algebraic subset. These mappings are regular mappings 

(see below), in particular, they are continuous in the usual sense. 

They agree on an open dense set (namely, the complement of a proper 

algebraic subset of c x c x C) . Thus they agree everywhere. This 

completes the proof of the theorem. 

We now have two kinds of structure on a nonsingular plane cubic 

C. On the one hand, C has the structure of a projective-algebraic 

manifold, on the other hand it has the structure of an abelian group. 
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Since the group structure relates in a natural way to the description of 

C as a plane curve of order 3 , we hope of course that the two struc­

tures are compatible with each other. 

Thi s should mean the following : the group s tructure is cha rac t e r­

ised by two mappings, 

C X C + C 

resp. C + C 

which send (p,q) to p+q resp. p to -p. On the other hand, o ne 

has a natural class o f mappi ngs for the pro j ective -alge braic ma n i f o lds, 

namely the regular mappings. A mapping f X + Y of projective-

algebraic manifolds is called regular when X and Y can be c overed 

with affine coordinate neighbourhoods u. 
1 

resp. V. so that f o r each 
J 

point in X there is a neighbourhood Ui , and a neighbourhood vj of 

its image , such that f : Ui + Vj can be described in terms of the 

a ssoci ated aff ine co o rdinates by me ans o f rational func tions with non-

vanishing denominator. In this way one defines the concept of a regu-

lar mapping of algebraic manifo lds. In parti cular, one can say when 

two such manifolds are isomorphic. This isomorphi sm concept concern s 

the structure of the manifolds as "abstract" algebraic manifolds, not 

their e mbedding in p ro j ective s pac e. For e xa mp l e , a line a nd a non-

singular plane quadric are isomo rphic as abstrac t manifolds, but there 

is no collineation of the plane which carries one to the other. 

Since C x C, along with C, is also a pro j e c tive algebraic mani-

fold, it is meaningful to speak o f regular mappings C x C + C r esp . 

c + c . One now sees easily that addition r e sp. i nversion can i n f act 

be d e scribed in t e rms of affine c oordinates by r ati ona l functions . If , 

say, one writes the equation of C in the Weierstrass normal form 

y 2 4x3 - g 2x - g 3 , and if (x1 ,y1 ) resp. (x 2 ,y2 ) are the coordi­

nates of p resp. q, then the line through p , q has equat i on 

y 

If one substitutes this in the equation to the curv e then, div iding by 

(x-x1 ) (x-x2 ) , o ne obtains a linear equation in x with coefficients 

which are rational functions in x1 , y 1 , x 2 , y 2 . The solution is 

the x-coordinate of the point r' a t whic h t he l ine t hrough p , q 

me e ts the c ubic C . One e asily sees, by arg uments o f this type , t hat 

the group add ition a nd i nve rsion a r e defined by rationa l function s , a nd 
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one can then convince oneself that they are regular. 

Projective-algebraic manifolds with an abelian group structure for 

which addition and inversion are described by regular mappings are 

called abelian manifolqs. 

The preceding remarks have not completely proved, but have at least 

made understandable, the following : 

Corollary to Theorem 1 

The nonsingular plane cubics, with the group structure 

defined above, are one-dimensional abelian manifolds. 

(C,+) 

The definition of the group structure (C,+) depends on the choice 

of the identity element p 0 . However, it follows quite easily from 

the construction that the group structures resulting from different 

choices of the identity element are all conjugate by translation, so 

that the abelian manifold defined by a plane cubic is unique up to iso-

morphism. 

In what follows we shall derive quite a different description of 

the abelian manifolds associated with nonsingular cubics. 

shall identify them with the !-dimensional complex tori. 

Namely, we 

To do this 

we shall use function-theoretic arguments, for which we must refer to 

the function theory textbooks, say that of Cartan [C2). 

We first explain what complex tori are. 

number with positive imaginary part, and let 

Let w be a complex 

be the lattice in r 
w 

consisting of all complex numbers m + nw, where m and n are 

integers. In general, a lattice r C ~n is a subgroup 

r = Z<le 1 8l 

* independent. 

n 
8l Z<le 2n where e 1 , ... , e 2n e: ~ are real linearly 

We consider the quotient ~/r . Since r is a sub-
w w 

group of the additive group ~. ~;rw has the structure of an abelian 

group in a canonical way. In addition, ~;rw has the structure of a 

one-dimensional complex manifold in a canonical way : a function on an 

open set U C ~;rw is, by definition, holomorphic just in case its 

composition with the quotient mapping ~ + ~;rw from the preimage onto 

u is holomorphic. One sees immediately that addition and inversion 

in the group structure on ~;r 
w 

are described by holomorphic mappings. 

* In the case n = 1 and r c ~ there is obviously a complex number a 
with ar = rw for suitable w, so we can confine ourselves to lattices 
of this kind. 
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The abelian group and complex manifold structures defined on a:; r 
w 

are 

therefore compatible. As a topological manifold, a:;rw is obviously 

homeomorphic to s1 x s1 , a torus. Hence we call a:;r , with its 
w 

structure as an abelian group and a complex manifold, a !-dimensional 

complex torus. 

tori by a:n;r 

Correspondingly, one defines n-dimensional complex 

where r is a lattice in a:n. 

Naturally, one can also regard abelian manifolds as complex mani-

folds with an abelian group structure, and in this sense it is meaning­

ful to ask whether the abelian manifolds are perhaps isomorphic to tori 

or not. In what follows we shall show that each !-dimensional abelian 

manifold is isomorphic to a !-dimensional complex torus, and conversely. 

In order to describe explicitly the isomorphism from complex t o ri to 

abelian manifolds, we have to use meromorphic functions on the complex 

tori, and hence it is necessary to concern ourselves with these mero-

morphic functions first. 

When ~ is a meromorphic function on the complex torus a:; r then 
w 

composition with the quotient mapping a:+ a:; r w gives a r-invariant 

function f meromorphic on the whole complex number plane a:. 

r-invariance means that 

f(z+m+nw) = f(z), 

which is equivalent to 

f(z+l) 

f (z+w) 

f (z), 

f (Z). 

Thus f i s a doubly periodic function, i.e. one with two periods 

linearly independent over the reals, name ly l and w. Thus a mero-

morphic function on a:;rw defines a doubly periodic meromorphic func­

tion on a:, with periods l and w, and conversely, such a function 

defines a meromorphic function on a:;r . 
w 

Now l e t be any meromorphic function on the complex t o rus a:;r 

a nd l e t f be the a ssociated meromorphic doubly periodi c function o n 

a:. The meromorphic function ~ has of course only finitely many 

w 

zeroes p 1 , ... ,pr and finitely many poles q 1 , . . . ,qs. Let m1 , ... ,mr 

n 1 , ... ,ns be the orders of the be the orders of the zeroes and let 

poles. Then one calls the formal sum 

the principal divisor of the function ~- Now in our case we are in 
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quite a special situation, since the points pi and qj are elements 

of ~;rw , and hence of an abelian group, so that we can not only con­

struct the formal sum above, we can also form the real sum in ~;rw. 

And for this we have the following theorem : 

Theorem 2 (4. Liouville's Theorem) 

A principal divisor on a 1-dimensional complex torus ~;rw satis-

fies 

mlpl + ··· + mrpr- nlql- · ··- nsqs 0 

in ~;rw . 

Proof : We reduce to the proof of the corresponding assertion about the 

doubly periodic function f on ~ which is associated with ~- The 

function f 

b. E 
J 

~ is a 

zeroes resp. 

We now choose 

has infinitely many zeroes and poles : if 

number with image pi resp . qj in ~;r "' 

poles of f are just a. + m + nw resp. 
l. 

a zo so that no zeroes or poles l ie on 

a. E ~ 
l. 

resp. 

, then the 

b. + m + n w. 
J 

the edges of the 

parallelogram D with vertices z 0 , z 0 + 1, z 0 + w, z 0 + 1 + w. 

Without loss of generality we can assume that a 1 , ... ,ar and 

b 1 , ... ,bs lie in this parallelo gram. 

z0+l+w 
r---------------------------~ 

The proof of our theorem is now equivalent to the proof of the 

following assertion 

We s hall prove this assertion by viewing the sum as the sum of re-

sidues of a suitable function, compute the latter by the residue 

theorem, and thereby establish that the integral in question is a num-

ber from r . 
w 

z . f' (z ) 

f (Z) 

To do this we consider the function 

In our period parall elogram this function has poles of order 1 at 



315 

a 1 , ... ,ar , b 1 , ... ,bs , and no other poles. 

m.a. and its residue at b. is -n.b .. 

Its residue at a . is 
~ 

Thus the sum of its residues 
~ ~ J J J 

in the period parallelogram is precisely 

- n b . s s 

By the residue theorem, this sum is equal to the integral 

- 1- J z~z 
211i ao f (z) 

and hence equal to the sum of 4 integrals 

1 ° f' (z) ( 
z +1 

21!i 1 z~z 
zo 

z +l+w 

+1° z~z 
1 f (z) 

zo+ 

z +w 

1° f' (z) 
+ z~z 

zo+l+w 

But f is doubly periodic with periods 1 and w. 

f' (z) ) 
z~z. 

For this 

~ 
f(z) 

reason, has the same value at corresponding points on opposite 

sides, while the values of z differ by 1 resp. w. Thus by corres-

pending substitutions for the variables of integration and combining 

integrals 1 and 3, as well as 2 and 4, one obtains the value of the 

integral as 

( 
z +1 

0 f' (z) -w1 ~z 
zo 

( 
z +1 

-w1 ° d (log 

zo 

f) + 

Since w and 1 are periods of f, one obtains the same value of f 

by continuation from the initial to the final point of integration, and 

hence for log f one obtains a value differing from the initial value 

by a multiple of 211i. Altogether, we obtain 

and this proves the theorem. 

- n b 
s s 

1 1 f' (z) 
211i aoz~z E rw 

We shall now explicitly construct, for a given lattice rw in ~. 

two doubly periodic functions Pw and ?~ which will give us a map­

ping of the complex torus ~/fw onto a certain elliptic curve. In 

fact, we define the Weierstrass P-function by 
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'P 
1 

~' (--1- 1 
(z) - + - 2). 

w 2 L 
(z-y) 2 z YE f y 

w 

The prime on the summation sign means that the sum is over all y 'I 0 

in r . One can of course show that this infinite serie s o f meromor­
w 

phic functions converges. It is in fact normal l y convergent on each 

compact subregion of ~. The limit is therefor e a meromorphic f u nc-

tion, and one can differentiate t erm-by-term. (Fo r this, and wh a t 

follows, see Cartan [C2], Chap. V, sections 2.1 and 2.5.) 

differentiation yields the derivative 

'P' (z) 
w 

1 
-2 2 

yE r (z-y) 3 
w 

Termwise 

It is obvious that 'P' 
w 

is doubly periodic. It follows easi ly 

that 'P is doubly periodic. 'P has poles p recisely at the points 
w w 

of r 
w . and in fact poles of order 2 ; 'P ' lik ewi se 

w 
has its poles at 

the poin t s o f r . and the y are of o rder 3. 
w 

We shall now derive a relation between 'P and 'P' . To do this 
w w 

we use the Laurent expansion of 'P in the neighbourhood of z = 0 . 

Since 'P (z) 
w 

'P (-z) and 
w 

w 1 
'P (z ) -

w 2 
is holomorphic in the neighbour-

hood of z = 0 and zero at z = 0, z the Laurent expansion is of the 

f orm 

'P (z) 
w 

1 2 4 
2 + a 2 z + a 4 z + . . . 
z 

Differentiating and squaring g i ves: 

( 'P' (z)) 2 4 
Ba2 

16a4 -2 - + ... 
w 6 

z z 

Rai s ing both sides o f (1) t o the powe r 3 g ives 

1 3a2 
~ + --2 + 3a4 + 
z z 

It follows fro m (1), (2) and (3 ) t hat the function 

(1) 

(2) 

(3) 

is holomorphic in the neighbourhood of the origin and zero at z = 0. 

On the other hand, this function is doubly periodic, with periods 1 and 

w. It could have poles only i n rw' but we have just seen that i t has 

no n e t h e r e . Thus the func tion is h o l o mo rphic over the who le p lan e. 

Since i t is a l so dou b l y - periodi c, it is a h o l omorph i c , bounded f unc tion 

over the whole p lane, and h e nc e con s tant by a theorem o f Li ouville, 
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hence identical ly 0, since it vanishes at z = 0 . We therefore have 

p~2 - 4P~ + 20a2 Pw + 28a4 = 0. 

This is a first order differential equation which the P-function 

must satisfy. 

tial equation 

Of course, the c oefficients a 2 , a 4 

and with them the solution - depend on 

of the d i fferen-

w ; a 2 and 

p (Z)- 1 may be easily calculated by term-wise differentiation of w 2 
z = 0. The results are 

z 

3 I I 
1 

a 2 L 4 
Y E. r y 

w 

a = 5 ~~ \ 
4 yE.f y 

w 
Haking the abb reviations 

g 2 (w) 60 I I 1 
L 4 

YE.f y 
w 

g3 (w) 140 \'I l 
/.. 6 

yEf y 
w 

we have proved 

Theorem 3 

Let w be a complex numb e r wi th no nvanish ing i ma g i nary par t and 

let P be the associated Weier strass P-function. 
w 

and g 3 (w) be the functions of w defined a bove . 

Also, let g 2 (w) 

Then P is a 
w 

doubly periodic function of z with periods 1 and w and i t satis­

fie s the differential equatio n 

Remark : If we set x = Pw(z ) , and g 2 

then the differential equation reads 

or 

dx 
dz 

dz 
dx 

h e nc e z 

/4x3- g x - g 
2 3 

1 

/4x3-g x-g 
2 3 

as well as 
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The (many-valued) function z of x is therefore an (indefinite) 

elliptic integral (in Weierstrass normal form) . The inverse functions 

of elliptic integrals are called elliptic functions. Thus the Weier-

strass r-function and its derivative r· are particular elliptic 

functions. In general the elliptic functions are just the doubly perio­

dic functions meromorphic over the whole plane ~. 

In view of the differential equation for the r-function it is 

clear how to set up a mapping from the torus 

x (z) f>(z) 

y (z) f>• (z). 

Then 

~; r onto a cubic. 
w 

Set 

This is the equation of a cubic in Weierstrass normal form, and the 

existence of the differential equation just means that z ~ (x(z) ,y(z)) 

maps the plane ~ into the cubic. The mapping is also well defined 

at the poles 

at infinity. 

its image is the inflection point (0,0,1) on the line 

Since x and y are doubly periodic, the mapping of ~ 

into the cubic factorises over the torus ~;r . 
w 

following assertions about this mapping : 

Theorem 4 

One can now prove the 

(i) Let w be a complex number with positive imaginary part. 

Then the cubic C with affine equation 
w 

y 2 = 4x3 - g 2 (w)x- g 3 (w) 

is nonsingular. 

(ii) Each nonsingular cubic has, relative to suitable coord_inates, 

an equation of the form 

(iii) The mapping 

~;r 
w 

of the complex torus 

strass f>-function x = f>(z) 

onto the cubic C 
w 

induced by the Weier-

and its derivative y = 7>• (z) is biholo-

morphic (i.e. bijective and holomorphic, with holomorphic inverse). 

Remark : As 1-dimensional complex manifolds, al l nonsingular cubics 

are therefore biholomorphically equivalent to !-di mensional complex 
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tori, and conversely. 

Since the function theory of these curves is just the theo r y o f 

elliptic functions, one also calls them elliptic curves. Fo r the p roof 

of the above theorem we refer to the appropriate t e xtbooks, e .g. Cartan 

[C2], V, §2, 5 and VI, §5, 3 . 

We shall now conclude by setting up a relati on between the g r oup 

structure of the complex tori ~/rw and the cubi cs Cw , choosing the 

point (0,0,1) as the identity element on Cw in order to map the 

identity element of the torus to the identity element o f the abelian 

manifold c . 
w 

Theorem 5 

Then we have : 

Setting x = Pw(z), y = P~ (z) defines an isomorphism of t he 

!-dimensional complex torus 

fo l d (C ,+) . 

~;r onto the 
w 

!-di mensional abelian mani-

w 

Proof : Let and p + q = r. Let <1>1 = 0 be the equat ion 

of the line through p, q, and let <1> 2 0 be t he equation of t he l ine 

through p0 and r. Then <I> <1> 1/<1> 2 defines a r ational func t i on on 

Cw , and by c omposing with ~;rw + Cw one obtains a rational func tion 

<1> on ~;r . 
w 

Th e t wo zeroes of are t he p r eima ges of p 

a nd q, the poles a r e the preimages of r a nd We 

have b 2 = 0 by the choice of p0 . 

that 

Hence it follows from Theorem 2 

which wa s to be prov ed . 

We now want to interpret our results on the i nflectio n points o f 

plane cubics from the previous paragraph in the light of our n ewly 

acquired knowledge of the connection between cubi c curves and complex 

t ori. 

For t h i s purpose we c hoose the dis t i ngu ished point p0 o n t he 

cubic C , i.e . the ide ntity eleme nt of our abelia n g roup, to b e a n in-

flection point. It is then clear from the construction of the inverse 

-p to p, give n earlier, that -p is just the t hird intersection 

po int with c o f the line through p and p 0 . 

that 

But then it i s clear 
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Proposition 6 

If one chooses the identity element on a plane nonsingular cubic 

C to be an inflection point, then one has 

p + q + r = 0 

in the associated group structure exactly when p, q, r lie on a l ine. 

From this it follows that : 

Corollary 7 

If one chooses the identity element on a plane nonsingular cubic 

C to be an inflection point, then in the associated group structure we 

have p e C is an inflection point just in case 

3p 0. 

But now we know from Theorem 5 how to view the groups (C,+) : they 

are the complex tori a:;r . 
w 

And it is a trivial problem to find the 

p e a:;r w with 

complex numbers 

3p = 0. They are the 9 points represented by the 9 

0 
1 2 
3 3 

~ 1 w 2 w - + 3 - + 3 3 3 3 
2w 1 2 w 2 2w 

+ 3 + 3 3 3 3 

Thus we obtain anew the result that each nonsingular plane cubic has 9 

inflection points (7.3.3). In addition, we immediately obtain the con-

figuration of inflection points and lines through them described in 

( 7 . 3 . 7) and ( 7 . 3 . 6 ) : 

The 9 inflection points form a subgroup of the complex torus, iso-

morphic to the additive group lF 3 x lF 3 . By proposition 6, 3 of these 

inflection points, say p, q, r, lie on a line just in case 

p + q + r = 0. Thus two of them uniquely determine the third. This 

gives rise to (~) ~ 3 = 12 l i nes, and one chec ks immediately that the 

configuration of these lines and the 9 inflection points is just the 

configuration (9 4 , 123 ) considered earlier. We see in this way that 

the inflection point configuration results quite simply from the des­

cription of the complex torus. 

To conclude, we shall make a few remarks on higher-di mensional 

abelian varieties and complex tor i . One can show that each higher-

dimensiona l abelian manifold is i s omorphic to a complex torus. But 
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not every complex torus is a projective-algebraic manifold . One can 

prove : ~n; r is an abelian manifold just in case the following c o ndi­

tion, which goes back essentially to Riemann, i s satisfied. One 

chooses the coordinates in ~n so that r is generated by the vectors 

(1,0, ... ,0), . . . ,(0, ... ,0,1), (a11 , ... ,a1n), ... ,(an1 , ... ,ann). Let 

be the matrix (a .. ). Then Riemann's conditio n reads : there are 
l-J 

integers d 1 , . . . ,dn f 0 such that the matrix Z =AD, where 

D = (oijdi), satisfies 

(1) Z is symmetric 

(2 ) Im(Z) is positive defi nite. 

The set of matrices Z which satisfy conditions (1) and (2) may be 
n(n+l)/2 . 

viewed as an open domain in ~ , more p rec1sely as a certai n 

bounded symmetric domain in the sense of E. Car tan. 

A 

For eac h D, the mapping Z ~ ZD-l maps t his d omain o n to a l ocally 
n 2 

analytic s e t o f dime nsio n n(n+l)/2 in the ~ of (n x n)-matri ces . 

If one constructs the union of these denumerably many subsets over all 

D, then one o btains the set of all matrices A for which the Riemann 

period relations (1), (2) are satisfied, and hence for which ~n/r is 

an abelian manifold . One sees : for n > 1, almost all c omp lex t o ri 

are n o t a belian manifolds ! I f, e.g. 

A 

where a, b, c, d E. IR and a, b , c, d are linearly independent over 

~ with ad - b e ¢ ~. then A does not satisfy the Riemann period 

r e l ations a nd t h e a ssociated 2 - d ime nsion a l torus i s not algebr aic. To 

g ive q u ite a con crete e xamp l e : if r c ~2 

(1,0), (0,1), (1 ,/2), (/3,/5), then ~2;r 
is the l attice g enerated by 

is n o t algebraic. (Cf. 

Chern [C3) §7, Mumford [M4) Chap . I, Siegel [85 ) I II, Chap. V, §11. ) 

It may seem that we have strayed far from o u r main theme , the 

theo r y of a lgebrai c c u r ves , wit h t h ese remar k s o n higher-dime n s i o nal 

t o r i a nd abelian manifolds . However , t h is is not so . The theor y of 

abelian manifolds is closely connected with the theory of plane curves. 

It is not possible to go further into this in t h e space of this c our se. 

But we would l i ke now to give a n idea of the c onne ction between t h e two 

theo ries, e v e n tho ug h we have t o use some concepts we have not previou s -

ly intro duc ed . 

Let X be a nons ingular a l geb raic curve o f genus p. (Th e genus 



322 

will be defined in §8.) One chooses a basis a 1 , ... ,ap for the 

vector space of holomorphic differential forms on X, and chooses 

!-cycles 

group of 

y 1 , ... ,y2p on X which form a basis for the first homology 

X. Then one can define the period matrix (wij) by 

W. • 
l.J 

Its columns generate a lattice r C ~P. The complex torus ~P;r is 

an abelian manifold, the Jacobian variety of X. Now an important 

theorem of Torelli says that X, as an abstract algebraic curve, is 

determined up to isomorphism by its Jacobian variety. Using this 

theorem, D. Mumford 1961 showed that the set of isomorphism classes of 

algebraic curves of genus p carries, in a natural way, the structure 

of a complex space M with singularities, and that this moduli space 
p 

M can be viewed as a Zariski-open subset of a projective algebraic 
p 

variety . The dimension of Mp is 0 for p = 0, 1 for p = 1 and 

(3p-3) for p > 1. 

The number 3p-3 was already guessed by Riemann, who called it 

the number of moduli. For p = 1, i.e. for elliptic curves, the 

number of moduli is 1, and M1 is the quotient of the upper half plane 

H under the action of SL(2, ~) via line ar fractional transformations, 

because ~/r is isomorphic to 
w 

by an operation in SL(2,~). 

~/rw, just in case 

M1 is isomorphic to 

w goes to w' 

~. and the quo-

tient mapping H + H/SL (2, ~) - ~ is given by none other than the 

J-invariant 

J (w) 
3 2 

g 2 (w)-27g 3 (w) 

With this glimpse, we conclude this section on special curves. 

The cubics are really very special curves. They have particularly 

nice properties, which one understands very well, and their study be­

longs to the most beautiful part of classical algebraic geometry and 

classical function theory. As for the general theory of algebraic 

curves of higher genus, we shall be able to take only the very first 

steps in the next chapter - more than this is not possible in the space 

of this course. 
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III. INVESTIGATION OF CURVES BY RESOLUTION OF SINGULARITIES 

One of the most natural questions in the investigation of a parti­

cular class of mathematical objects is always the problem of classifi-

cation of these objects. One tries to understand the structure of the 

objects under investigation as far as possible and, on the basis o f this 

understanding, to divide the total ity of objects into classes in a 

suitable way. The finer this classification is, the better . But i n 

general, i.e. very often, the finest classification - up to isomorphism 

of the structure in question - is very difficult, and one often has to 

be content with a coarser classification. 

Suppose that we consider t he problem of classi fying algebraic 

curves. The finest meaningful classification of algebraic curves in 

the complex projective plane would surely be up to equivalence under 

collineations of P2 (~). In terms of this equivalence relation , we 

have classified the quadrics in 7. 1 and the cubics in 7.3. In the c ase 

of irreducible cubics one has to distinguish between nonsingular a nd two 

types of singular curves -according to the typ e of singularity . 

Carrying out such a classification for curves o f order greater t han 3 

becomes increasingly complicated as the order increases. One reaso n 

for this is that suc h c urve s can have eve r more c omplicate d s ingular i­

ties with increasing order,and the classificati on of these singularities 

alone is already an unsolved and in fact meaningless problem at t hi s 

level of generality - even though recent work o f Arnold [All and others 

has made much progress in this direction. 

The conclusion t o be d r awn f r om this , reg a rding the c las s ification 

problem, i s that o ne mus t s implify the problem. One way o f doing t h is 

is to pass from plane algebraic curves, by a suit able simplificatio n 

process, to curves which no longer have singulari t i es. 

is called reso lution of singulari ties of the c urve. 

Such a process 

The curve s whic h o ne obtai ns by thi s r esolution p r oce s s a re , 

admittedly, no l o nger curv es i n t he p r ojective p l a ne , but, depe nding o n 

the kind of resol ution process, they lie in various other algebrai c 

manifolds or else are constructed only as abstract algebraic cur ves, 

without being e mbedded in a partic ular manifold . For this reason , the 

most natural way t o v i e w the c lassif i catio n p robl em is as t he p r obl e m of 

classify i ng t hese nonsingular abstr act algebraic cu rves up to i s omor-

ph i sm. 

, ,  
DOI 10.1007/978-3-034 -0 - _
E. Brieskorn and H. Knörrer Plane Algebraic Curves: Translated by John Stillwell

8 493 6 8, © Springer Basel 1986
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In this form the problem is still very difficult when one inter­

prets it correctly. What is "classification up to isomorphism" to 

mean? Let us recall the classification of nonsingular plane cubics in 

7.3. There we classified these curves up to equivalence under colline-

ations by a number, the j-invariant, and one can show, in this case, 

that this is also the classification of the abstract algebraic curves 

up to isomorphism. The j-invariant can take each value in the com­

plex number plane rr. In other words : the isomorphism classes of 

elliptic curves are parametrised by the points of rr. From the topo­

logical standpoint, the elliptic curves are all tori, and one can show 

that each nonsingular algebraic curve which is topologically a torus is 

an elliptic curve. Thus we see that the isomorphism classes of non­

singular curves which have genus 1 topologically are parametrised by 

the points of rr. 

The c lass i f ication of more c omplic a t ed curves is the same in p rin­

ciple, but much more difficult. One first makes a very coarse topo­

logical classification : nonsingular curves are topologically 2-dimen­

sional compact orientable manifolds, and the classification of such sur­

faces is known : they are classified by one number, the genus. The 

compact orientable surfac e of genus p is jus t the s u r face wh ich 

results from the 2-sphere by attaching p handles. 

p • 0 

p • I p - 2 
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For elliptic curves, p = 1. 

In analogy with the theory of elliptic curves, one agai n hopes 

that for each p there is a nice space Mp whose points classify the 

isomo r phism c l asses o f c urves o f genus p. One c an in f act c onstruct 

such a space, and Mumford has even shown that M 
p 

can be given the 

structure of a quasi-projective algebraic variety of dimensio n (3p-3) 

(cf. the remarks at the end of 7 .4). However, t h e construction o f 

is very compl i cated and goes far beyond the scope of this course . 

M 
p 

Here we shall be s a t i s f ied with muc h less : by a suit abl e analy s i s 

of singular points, we shall show how one resolv es the singulari t i es of 

each plane curve by a suitable modification process. We shall then 

define the genus of the plane curve to be the genus of this nonsingular 

model. Finally, we shall see how this invariant of the curve, t he 

genus , c a n be computed from other invariants , namely the order of the 

curve and cert ain inva riants o f its singula r points . I n this way we 

shall arrive s ystematically at a comprehension of a phenomenon observed 

earlier in 3 . 4, that in a family of curves of t he same order the sin ­

gular curves have a topological type different fro m that of the non-

singular ones . The systematic investigation o f such phenomena by 

Lefschetz [Ll], Griffiths [G2 ], Grothendie c k a nd De l igne [Dl ] ha s l ed 

t o very i mportant developments i n mod e rn a lgebraic geometry (cf . also 

[D3]). 

8. Local investigations 

8.1 Localisation local rings 

I n par agr aph 8 we a r e going t o car r y o u t a local i nvesti gati on of 

plane curves a t their singular points. The results obtained will then 

be used in the next paragraph t o make global s tatements about s uch 

curves. 

I n the pres ent sectio n 8.1 we wa nt t o g i v e a heuris tic di s cuss i o n 

of what we mean by " local " i n t h i s contex t . As an e xample , consider 

t he complex affine plane ~2 a nd the curve c wi t h affine equation 

2 
y x 2 (x+l), 

the plane cubic with an ordinary double point from 7.3 . We fi r s t 

study this c urve wit h the he l p o f a pa rametrisation t ~ (x (t ) , y( t ) ). 

We easily obtai n s uch a par ametrisa tio n by proj e c ting C from t he 

double poin t (0 ,0) o n to t h e l ine x = l . The line wi th equation 
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y = tx 

cuts the line 

(0,0)' at X = 

X = 1 

t2 -
at 

1, y 

y = t , and it cuts the cubic, outside of 

= t 3 - t. 

Thus we obtain the parametrisation of c 

x(t) t 2 - 1 

y(t) t3 - t. 

This is a rational, everywhere defined mapping ~ of the line ~ o nto 

It sends the two points t = 1 and t = -1 to the the c urve C. 

singular point (0,0) o f C. Apar t from this, the mapping 

~ - {1,-1} ~ C - {0} defined by the parametrisation is bijective and 

the inverse mapping is rational and everywhere de fined. Thus the 

singular point i s replaced by two points in ~. and the resulting curve, 

namely ~. is nonsingular. Outside the singular point nothing has 

c h a nged. Thus the mapping 

gives us a particularly simple example of the pa s sage from a s i ngular 

to a nonsingula r curve, illustr ating a process we shall later call 

reso l u tion o f s i ngularities. 

Now why is it that we must replace t he singular point by t wo 

points? Consider the intersecti on of our curv e C with a neighbour-

hood U of the singular point, say with the polydisc 

u { (x, y) lxl < c, IYI < 2c} 

whe r e 0 < c < 1 . One s ees immedia t e ly tha t the c ondition jyj < 2c 

is automatical ly s a t isfied for point s of C with lxl < c . 

W = ~-l(U) be the preimage of U in ~- Obviously 

w = {t €: ~ 
2 It -11 <c ) 

Now l e t 

c onsists of the two regions w and + w , enc l o sed by Cassini ovals . 
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The mapping ~ induces embeddings 

+ 2 w _,. a: 

w a:2, 

whose images 
+ v-

+ + w- . v and v 

and their union is 

+ 

+ + 
~(W-), being biholomorphic images of W-, look like 

intersect only at the origin, transversely in fact, 

v u v = c n u. 

Thus the intersection of C with the neighbourhood U of the singular 

point falls into two components 
+ -

V , V , and since these "component~' are 

nonsingular, resolution of singularities in this case consists simply 

of "separating" the two components. 

An intuition for this situation is already given by the picture of 

the corresponding real curves : 
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Naturally, one also wishes to interpret the decomposition of the 

curve C into two "components", or "branches" as they are also called, 

in the neighbourhood of the singular point in analytic terms, using the 

equation. In 5.1 we described the decomposition of curves i n the pro-

jective plane into their irreducible components using the decomposition 

of polynomials, whose zero sets the curves were, into irreducible fac­

tors. In the present case our curve C is irreducible and the poly­

nomial f(x,y) = y 2 x 2 (x+l) is irreducible accordingly. The decom­

position of the curve in a suitable neighbourhood of the singular point 

is therefore not reflected by the decomposit i on of the polynomial f 

into the product of two polynomials. Rightly so, because the curve C 

indeed does not decompose into two pieces over the whole plane, but only 

in a suitably chosen, sufficiently small, neighbourhood. 

This raises the question of what a "sufficiently small neighbour-

hood" should mean. The most obvious neighbourhood concept in algebraic 

geometry is the Zariski-open neighbourhood. The Zariski-open neigh-

bourhoods U of a point x0 in the affine plane result, e.g., by 

removing from ~2 some points and curves which do not meet x0 . As 

rational functions on U one admits all rational functions, i . e. 

quotients !?. 
q 

of polynomials, whose denominators are nonvanishing on 

The set of all these rational functions on all Zariski-open ne ighbour-

hoods of is the maximal ideal of 

polynomials which vanish at x 0 , then this ring is just the ring 

This ring is obviously a "local ring", i.e. it has exactly one 

maximal ideal, namely the ideal o f the 

vanishing at One also calls 

~[x1 ,x2 J at x0 , or the algebraic local ring o f 

p E f)J, the functions 

localisation of 

~2 at x o· 

u. 

One could perhaps hope that the intersection of our irreducible 

curve C with a suitable Zariski-open neighbourhood U would decompose 

into two components. Algebraically, it would correspond to a factori-

sation f = f 1 · f 2 of f in ~[xl,x2)f)J . where fl and f2 both 

of ~[xl,x2)f)J. But this cannot be, otherwise 

with PiE M, qi ~ f)J, and hence we would have f. 
l. qi 

q 1 · q 2 · f = p1 · p 2 , and the i rreducible factors in 

lay in the maximal ideal 
Pi 

of and 

would both divide f, contradicting the irreducibility of 

One can also see geometrically that the intersection of C with a 
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Zariski-open neighbourhood canno t decompose into two pieces. Because 

c n U results from C by removal of some points and intersections 

with curves, and hence just by the removal of finitely many points. 

Correspondingly , the preimage V <1>-l(C 11 U) results from a: by 

removal of finitely many points, and hence consists of just one compo-

nent. Thus we see that the Zariski-neighbourhoods are too large, and 

that curves cannot decompose within them. 

Thus we now consider neighbourhoods U of the singular po int in 

a:2 in the sense of the usual c l assical topology, e.g. our polydisc. 

Also, we admit more functions on these neighbourhoods U as possi ble 

factors of f, namely all funct i ons which are holomorphic, i.e. locally 

expandable in convergent power series, in U. 

For example, in the polydisc U considered above we can regard 

the func tion /X+l (whe re we choose one of the two branches o f the 

r oot func tion) as s uc h a we ll defined ho l omorph ic f unc tion, because 

x+l is nonzero in U and U is simply connected. This immediately 

gives a factorisation of the po l ynomial f = y 2 - x 2 (x+l) into 

with 

f 1 y + x/X+l 

f = y - xh+i. 
2 

And this decomposition gives just what we want : if /X+l is the 

branch with 

zero s et o f 

/l = +1, then the zero set of 

is just + v . I f we let 

is just v-, and t he 

deno te the ring o f all 

func tions holomo rphic in U, the n in this ring we ha ve the desired 

d e compos ition i n t o fac t o r s 

For many purposes this is an adequate description of the situation, 

e s pecially when we a r e interested in the topo l ogical prope rtie s of a 

curve i n t he neighbourhood of a s ingular poi nt. In this c a se we 

int e rsect the curve C with suitable neighbourhoods o f x0 , e. g . 

balls or polydiscs, and treat the intersectio n V = C r'l U as the zero 

set of the holomorphic functio n f € 0(U) . 

Fo r certain other purposes it can c ause t rouble t o c hoose a part i-

cula r neighbo u r hood U o f x 0 . The n it i s mo re conve nie nt, a s we 

ha ve a l ready done i n t he case of the Zarisk i t opology , to conside r the 
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system of all neighbourhoods U of x0 , and the system of all holo-

morphic functions on all neighbourhoods of x0 . In this case one 

naturally identifies all holomorphic functions which agree on a suitable 

neighbourhood of x0 , since one is interested only in the behaviour of 

the functions in arbitrarily small neighbourhoods of x0 . The resul-

ting equivalence classes of holomorphic functions are called germs of 

holomorphic functions at x 0 . Thus one has the 

Definition : 

A germ of holomorphic functions at a point x0 is an equivalence 

class of holomorphic functions defined in neighbourhoods of x0 . Two 

such functions are equivalent, i.e. they define the same germ, when 

their restrictions to a suitable neighbourhood of x0 coincide. 

The set of all germs of holomorphic functions obviously constitu-

tes a ring 0 2 , the ring of germs of holomorphic functions at x 0 . 
a: ,xo 

Now one can also describe this ring as follows : each function 

which is holomorphic in a neighbourhood of x0 can be associated with 

its Taylor expansion at x0 . The latter is a convergent power series 

which converges to the function in a neighbourhood of x0 . Functions 

which define the same germ at x 0 naturally have the same Taylor 

expansion at x0 . Thus we obtain a mapping of 0 2 into the ring 
a: ,xo 

a:{x,y} of convergent power series . This mapping is of course a homo­

morphism because of the known rules for the power series expansion of 

sums and products of functions. It is injective, because the power 

series expansion of a function f in a neighbourhood of x0 con­

verges to f, and thereby determines the germ of f at x0 uniquely. 

It is also surjective, because each convergent power series converges 

to a holomorphic function in some neighbourhood of the expansion point. 

Thus, by associating each germ at x 0 with its Taylor expansion at 

x 0 , we obtain an isomorphism 

0 2 ;;; a:{x,y}. 

a: ,xo 

Naturally, one can also define the ring 0 of germs of holo-

morphic functions at a point 
n 

x0 € a: quite analogously, and or.e then 

has an isomorphism 
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onto the ring of convergent power series in n variables, ~{x1 , ... , x n} . 

The earlie r con s ide r a tio n s o n the l ocalisat ion of polynomia l rings may 

be carried out in precisely the same way for n variables, and one has 

in particular the algebraic local ring ~[x1 , ... ,xn]~ , the rationa l 

functions defined in a Zariski neighbourhood o f x0 E ~n. where ~ is 

the maximal ideal for 

Now we return to our facto r i sation pro b l em. The factori s ation 

f = fl . f2 

isation f = 

in 0(U) obviously yields, by passing to germs, a factor-

f 1 · f 2 in 0 2 and hence in ~{x,y}. Conversely, 
~ ,xo 

when we have a decomposition of f into in 0 2 , we c an 

represent the germs by holomorphic functions f, f 1 , 

neig hbourhood U, s o that we then ha v e f = f 1 · f 2 

~ ,xo 
f 2 in a suitab le 

in 0 (U ) . Thus 

we see that the decomposition o f the curve into several analytic c ompo-

nents in a suffi ciently small neighbourhood o f x0 just means t hat , 

for the equatio n f(x,y) = 0 o f the curve, f i s r educible i n 0 2 
~ , xo 

The local ring 0 2 - ~{x,y} therefore provides us with a ring 
~ ,xo 

which i s i nde pende nt of each c hoice of neigh bou rhood a nd co n t a ins 

enough functions to express the geometric properties of c urves 

f (x,y) 0 at a singular point x0 by corresponding algebraic p r oper-

ties of f E:: 0 2 
a: ,xo 

Admi t tedly, algebr a ic geometers are not ve r y g l ad t o u se the 

ring a:{x,y}. Among othe r rea sons , t h is is because they wa nt to c on-

sider zero sets of polynomials whose coefficients are not real or c om-

plex, but in any field k. In an arbitrary field it is no l onge r 

meaningful to s p eak of convergent power series. However, o ne can 

alwa y s c o nsid e r the r ing of formal power series k [[x1 , ... ,xn] ] i n the 

indete r mina t es with coeffic i e nts in k. Fo r k = a: one 

As far as t he problem of decomposition into irreducible fac t ors 

is concerned, i t is of course c l ear that each decomposition 

f = f 1 · f 2 i n a:{x 1 , .. . ,xn} l eads to a corr e s ponding decompositi o n 

in a:[[x1 , .. . ,xn ]]. Conve r s ely, o ne can s ho w t ha t : if 

f E a: {x1 , . . . ,xn } has a d e c ompositi o n f = f 1 · f 2 i n a:[[x1 , ... , x n ]], 
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where f 1 , f 2 are power series without constant terms, then it 

already has such a decomposition in ~{x1 , ... ,xn}. Thus the irreduci­

bility of f E ~{x1 , ... ,xn} is equivalent to the irreducibility of f 

viewed as an element of ~[[x1 , ... ,xn]]. Thus the ring ~[[x1 , . .. ,xn]] 

is just as good as the ring ~{x1 , ... ,xn}' as far as the investigation 

of local decomposition into irreducible components is concerned. 

It may appear to be a disadvantage that one cannot interpret formal 

power series as functions or germs to the same extent that one can 

interpret convergent power series. However, this is no problem for 

modern algebraic geometry. There one constructs a topological space 

X with a kind of Zariski topology for each commutative ring R, and 

for each open set U of X a class of regular functions on U, so 

that R itself is just the ring of functions regular on the whole o f 

X. As a point set, X is just the set of all prime ideals of R. 

One calls this space the spectrum of R and writes X= Spec(R). By 

means of this construction one can interpret all algebraic statements 

about R as geometric statements about Spec R. 

This blending of algebra and geometry is the foundation on which 

algebraic geometry was rebuilt by Grothendieck around 20 years ago, 

a nd which led to a fantastic development of this field. However, 

these considerations are outside the scope of our course. Those who 

are interested will find an introduction in Chapter V of the book 

"Basic Algebraic Geometry" by Shafarevich, [S4]. The objects, such as 

Spec(R), which take the place of the classical varieties in this alge-

braic geometry, are also known as schemes. 

We have seen t hat the algebraic local ring ~[x1 , ... ,xn]~ contains 

too few functions to give an adequate analysis of the singularities of 

zero sets of polynomials, while the rings ~{x1 , . .. ,xn} and 

~[[x1 , ... ,xn] J do contain enough functions. We shall conclude by 

considering a f urther possibility for the algebraic geometer to provide 

himself with a ring containing "enough" function s . 

our example y 2 x2 (x+l). The formula 

Let us return to 

shows that we can carry out the desired factorisation as soon as we 

have the functions y(x) = + xl~ at our disposal, i. e . the two 

solutions o f the equation 

2 
y 
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If we want to analyse other singularities in 
n +l 

a: then we a r e led to 

other such equations. In general, these equations are of the form 

with ai (x) € <r[x1 , ... ,xn]M. This leads to consideration of the follo­

wing ring a:<x1 , ... ,xn>. 

Definition 

{y ~ O:[[x1 , ... ,xn]J IY is entirely algebraic over 

a:[xl, ... ,xn JM}. 

The condition that y be entirely algebraic over O:[x1 , ... ,xn]M is 

just that y satisfy an equation 

The local ring a:<x1 , ... ,xn> defined in this way contains j ust 

enough functions to enable all the necessary factorisations t o be 

carried out. One can show (Nagata [Nl] VII, 45.1, and exercise 4) 

f € <r<x1 , . . . ,xn> is irreducible if and only if it 

i s irreduc ible in O:[(x1 , ... ,xn]]. 

One can deduce from this that a: <x1 , ... ,xn> also contains j ust 

enough functions to admit other important theorems for this ring, such 

as the implicit function theorem. We shall formulate this somewhat 

more precisely. In the following proposition we consider normalised 

polynomials wi th coefficients in the ring A = a:<x1 , ... ,xn>, i.e. poly­

nomial s f E A[y] from the polynomial ring with leading coefficient 1, 

namely 

with a. e: A. 
~ 

For such a polynomial f we let f denote the po ly-

nomial in O:( y ] which results from f when we take the values of the 

coefficients ai at x = 0, thus 

- k k-1 
f = y + a 1 (O)y + ... + ak(O). 

We can view f as a function f(x,y) in x and y and con -

struct the partial derivative 
of 

by formal differentiation . The 

value of this derivative at x = 0, y = 0 is a certain complex number 

~(0 0). With these arrangements we have ay , 
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Proposition 1 

(i) 

Normalised polynomials f E A[y] satisfy : 

Let yl, ... ,yrE. a: 

has multiplicity 

be the different zeroes of f(y), and suppose 
ki 

k . . 
l 

Let gi = (y-yi) , so that 

holds in a:[y]. Then there are normalised polynomials fiE A[y] 

with fi = gi , such that 

already holds in A[y]. 

(ii) We view the normalised polynomial f ~ a: <x1 , ... ,x >[y] as a func-
n af 

tion f(x,y) in x and y. When f(O,O ) = 0 and --(0,0) ~ 0 
ay 

then there is a unique solution y(x) o f the implicit equation 

f(x,y) = 0 with y(O) = 0 in a: <x1 , .. . ,xn>. I.e. there is an 

a E a:<x1 , . . . ,xn> with a(O) = 0 such that f(x,a ) = 0 in 

a:<xl, ... ,xn>. 

Remarks : 

(i) Assertio n (ii) says that the germs of functions in a:<x1 , . .. ,xn> 

satisfy the implicit function theorem. The proof is trivi al : 

by the usua l implicit function theorem for f ormal power series, 

f(x,y) = 0 has a unique solution a~ a:([x1 , ... ,xn]], and by 

definition of a:<x1 , ... ,xn> this zero a o f f E a:[[x1 , ... ,xn]][y] 

must already belong to a:<x1 , ... ,xn>, because a is entirely 

a:<x1 , ... ,xn> is by algebraic over a: <x1 , .. . ,xn>' hence, since 

definition entirely algebraic over a:[x1 , ... ,xn]~, a is also 

entirely algebraic over a:[x1 , ... ,xn]~. 

(ii) One can show that assertion (ii) also impl ies assertion (i) of 

Proposition 1. We shall not give the proof. The geometric 

meaning of the assertion about the ring A = a:<x1 , ... ,xn> is 

appro ximat ely t he followi ng : each finitely branched covering of 

Spec A decomposes into as many connected components as it has 

points over the point of Spec A corresponding to the maximal 

ideal (x1 , ... 1 Xn) 1 i.e. over the point which corresponds to the 

origin of a:n. (Cf. the book of Kurke on hensel ian rings 1 [K4].) 

(iii ) One can formulate assertions (i) and (ii ) of Proposition l so 

that they are meaningful for each local ring A with maximal 
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ideal M, by replacing in general the passage from ~<x1 , ... ,xn> 

to ~ by the passage from A to A/M. One then calls 

(i) Hensel's lemma for A, and (ii) the implicit function theorem. 

One can show (see, e.g., Kurke) that these assertions are equi-

valent. A local ring A for which these assertions hold is 

called a henselian local ring. Thus Proposition 1 just says that 

~<x1 , ... ,xn> is henselian. ~{x1 , ... ,xn } and ~[[x1 , ... ,xn]] 

are also henselian, because they satisfy the implicit function 

theorem . 

(iv) One can show (Nagata [Nl], VII, §43, Kurke [K4]), that each local 

ring has a unique "smallest" henselian extension, its henselisa-

tion, a concept introduced by Nagata 1953. The henselisation of 

~[xl' · · · ,xn]M 

~{xl, ... ,xn} 

we have that 

is just ~<x1 , ... ,xn>. In particular, since 

is a henselian ring which contains ~[x1 , ... ,xn]M, 

(v) In the case of the algebraic local ring ~[x1 , ... ,xn]M we have 

established what is the appropriate neighbourhood concept : it is 

that of Zariski-open neighbourhoods, which leads to the Zariski 

topology. 

What is the neighbourhood concept for ~<x1 , ... ,xn>? 

The function germs in ~<x1 , ... ,xn> can initially be regarded as 

germs of holomorphic functions. However, since they are defined 

as solutions of polynomial equations whose coefficients are defined 

on a whole Zariski-open set, these holomorphic functions can be 

analytically continued inside a whole Zariski-open set U. But 

they do not remain single-valued under this analytic continuation. 

One only obtains well-defined analytic functions by passing to a 

suitable finite covering of U. The "open sets" on which the 

functions of ~<x1 , ... ,xn> become properly defined a re thus no 

longer subsets of ~n. but finite coverings of Zariski-open subsets 

of ~n. The associated "topology", the so-called etale topology 

(from the French etale-morphisme for unbranched covering) is thus 

no longer a topology in the usual sense, but in a more general 

sense. It is a "Grothendieck topology". 

This e tale topology is e ssentially more sui t abl e t han the Zar i ski 

topology for carrying over the methods of algebraic topology, devel oped 
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for classical topology, to the investigation of algebraic manifolds 

over arbitrary fields. 

What are the neighbourhoods for ~{x1 , ... ,xn}? 

There are no more finite neighbourhoods : we are interested only 

in the behaviour of analytic functions in arbitrarily small classical 

neighbourhoods of 0 in ~n. i.e. the complex analytic neighbourhood 

germs of 0 in ~n. an infinitesimal neighbourhood of 0 in ~n. so 

to speak. The "formal neighbourhood associated with" ~[ [x1 , ... ,xn ]) 

of 0 in ~n is, finally, the inverse limit of the "finite infinite­

simal neighbourhoods" Ui , where Ui is defined by saying that two 

power series f, g E ~[[x1 , ... ,xn)) coincide on Ui when they coin­

cide up to terms of order greater than i. 

Summary 

In order to localise the investigation of algebraic geometric 

problems, one must define a suitable neighbourhood concept, and a 

suitable concept of admissible functions defined on these neighbour-

hoods. This has led us to the consideration of the following local 

rings, with the following containments : 

~[x1 , ... ,xn]M c ~<x1 , ... ,xn> c ~{x1 , . . . ,xn} C ~[[x1 , ... ,xn]]. 

~[x1 , ... ,xn]M is the localisation of ~[x1 , ... ,xn] by the maximal 

ideal (x1 , ... ,xn). 

~<x1 , ... ,xn> is the ring of algebraic power series and is the henseli­

sation of ~[x1 , ... ,xn]M. 

~{x1 , ... ,xn} is the ring of convergent power series. 

~[[x1 , ... ,xn]] is the ring of formal power s e ries . 

The solution of algebraic geometric problems is often done at 

several levels 

(1) One first attempts to solve a corresponding formal problem, i.e. 

a problem which ultimately leads to the consideration of formal 

power series. 

(2) When one can solve the formal problem, one can attempt to show 

that there is also a convergent solution. An example of this is 

the proof of the implicit function theorem in the analytic case : 

one first shows the existence of a formal solution and then proves 

its convergence. An example which is much more i mportant and 

difficult to prove is the Artin approximation theorem [A2 ] : if a 
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complex analytic implicit equation f(x, y ) = 0 has a formal 

solution y = y(x), then it also has conv e r gent solutions y , and 

the formal solution y may be approximated arbitrarily wel l by 

c onvergent solut i o n s y . 

(3) When one can solve the convergent problem (o r the formal o ne ) , one 

can investigate whether there are in fact a l gebraic solutions, i.e. 

solutions described by functions in the henselisations o f a l gebraic 

local rings. This is possible for many p roblems in algebraic 

geometry on the basis o f a theo ry d e v e lope d by M. Artin ([A3 ] ) . 

(4) Finally, when (3) admits a positive solution, one can attempt to 

show that the solutions can be described by rational func t i ons, 

and that the spaces constr uc ted are algebraic varieties in the 

usual sense. Of course, it usually turns out that this i s defi-

nitely not the c ase. Fo r this reason o n e i s o ften f o r c e d , in 

treating s uc h proble ms, t o admit a larger c lass o f "algebraic 

spaces" t han the algebraic varieties. 

Artin and Knutson [K2]. 

These were introduc ed by 

In our c ourse we shall operat e in §8 mainl y at the level o f c on-

v e rge nt power series . This has t he adva ntag e t hat pas sing to t he c on-

side r ation of zeroes of ho lomorphic f unctions i n open s ets i n t he u s ual 

topology is quite natural, and we can also bring to bear on t hese zero 

sets all the classical analyti c and topological methods that we want to 

use. 

8.2 Singula rities as analyti c set germs 

In t h e p r eviou s s ection we h ave seen that t he s tud y of singul ari­

ties of algebraic sets leads us to view the latter as analytic sets, 

i.e. as zero sets of analytic f unctions, and t o investigate t h em by the 

methods of func tion theory. Therefore, we shall now develop t he most 

importa nt bas ic c oncepts from t h e theory o f a nal ytic s ets a nd func tio n s , 

in particular t he properti e s of the ring ~{z1 , ... ,zn} of convergent 

power series . Thes e a nd further details can a l so be read i n textbook s 

of complex analy sis such as Gunning-Rossi [G6 ] o r Grauert-Fritzsc he 

[G4]. 

The f ollowing theor e m, found by Weiers trass c. 1860, is ba s i c in 

the func t ion t heory of sever a l variabl es : 
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Theorem 1 (Weierstrass preparation theorem) 

Let g(t,z) = g(t,z1 , ... ,zn) be a convergent power series from 

~{t,z1 , ... ,zn} and let g be t-general (or t-regular) of order k, 

i.e. suppose g(t,O) is a power series with lowest power tk. 

Then there exist u(t,z) E: a:{t,z} and ci (z) E: a:{z} such that 

g(t,z) 

with ci (0) 

uniquely. 

Remarks : 

k k-1 
(t +c1 (z)t + ... + ck(z)). u (t ,z) 

0 and u(O,O) ~ 0. This determines the c. and u 
~ 

(i) The theorem is called the "preparation" theorem because the power 

series g is "prepared" thereby for the study of its zeroes. 

Since u nowhere vanishes in a neighbourhood of 
n+l 

o e a: , the 

zeroes of g there coincide with those of the polynomial 

Such a normalised polynomial with coefficients in a:{z1 , ... ,zn} is 

u(O,O) ~ 0 just called a Weierstrass polynomial. The condition 

means that u is a unit in the ring a:{t,z}. The representation of 

g as a product of a Weierstrass polynomial wi th a unit will also 

enable us to investigate divisibility questions in a:{t,z} with the 

help of results we already know about polynomial r i ngs. 

(ii) Relative to suitable coordinates (t' ,z'l, each g E a:{t,z} 

is t'-general : if g = j~k pj (pk ~ 0) is the expansion of g in 

homoge neous polynomials with 

and if we set 

cient of t'k 

r 

t' = t, zi_ 
in pk(t',z') 

= z . - E.t (with 
~ ~ 

is equal to 

vl \) 
n 

v 
n 

z 
n 

Ei € U:) , then the coeffi-

c = 
vo+.~.+vn =k 

a 
vo. · .vn El E 

n 

and for almost every choice of 

c is also the coefficient of 

choice o f the becomes 

the E. 

t'k 
~ 

in 

this expression does no t vanish; 

g(t' ,z') hence, by correct 

t'-general of order k. 

One can prove Theorem 1 by showing the existence of a formal 
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solution by comparing coefficients and induction, then carrying out a 

convergence proof (cf. e.g. Brill [Bl2]). However, the attempt to 

find versions of the preparation theorem suitable for other theories 

(e.g. for differentiable functions) has led to more elegant methods, 

which we shall use for the proof here. 

Theorem 1 follows from the somewhat more general Theorem 2, which 

represents a kind of division a l gorithm for convergent power series. 

Theorem 2 : (Division theorem) 

Let f,g E ~{t,z} and let g be t-general o f order k. 

there exist q E. ~{t,z} and a polynomial r E ~{z}[t] of degree 

< k - 1 such that 

r(t,z) 
k 
L a (z) 

i=l ~ 

with f q · g + r, 

k-i 
t (ai (z) E. ~{z}) 

and q, r are uniquely determined thereby. 

Then 

Theorem 2 is often called the Weierstrass formula i however, it was 

first proved by Stickelberger 1887 and independentl y by Spath in the 

year 1929. The notation in the above formula suggests that q i s the 

quotient after division of f by g, and r is the remainder. 

Derivation of Theorem 1 from Theorem 2 : 

where 

We set f(t,z) 

r = 

g + r 

k-i I a.t 
i =l ~ 

k 

q(t,z)g(t,z) 

k 
t . 

or, 

Then by Theorem 2, 

written differe ntly, 

k k . 
L a .( z ) t -~ 

i=l ~ 

If one sets z = 0 

tk then the result 

in this equation and compares the coefficients of 
. k . 

s~nce g(t,O) c t + h~gher terms -is that 

q (0,0) ., 0. 
-1 

Thus we can divide by the unit 

u := q , ci := -ai, that 
k k . I c.t -~) 

i=l ~ 
. u. 

q and obtain, with 

Incidentally , it is also no t too difficult to derive Theorem 2 

from Theorem 1 (see , e .g., Grauert-Remmert [G5 ], p. 4 3). 

The proof o f Theorem 1 and Theorem 2 is obtained with the help of 
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the following theorem, which is a special case of Theorem 2 . 

Theorem 3 (Special division theorem) 

Let pk (t,y) E. a:{y1 , ... ,yk}[t] be "the general polynomial of 

degree k", i.e. 

k k k-i 
pk <t. y) = t + I y. . t 

i=l ~ 

Then, for each f(t,z,y) € a:{t,z,y} 
k 

polynomial 

a:{z,y} 

r(t,z,y) L A. (z,y) 
i=l ~ 

there exist q ~ a:{t,z,y} and a 

tk-i of degree < k - 1 over 

such that 

f = q · pk + r. 

This is a special case of Theorem 2, because here we divide only 

by the "general polynomial", and not by an arbitrary t-general func­

tion from a:{t,z,y}. 

Using the "Malgrange trick", one can reduce t he preparation theorem 

and the division theorem to the special division theorem. 

as follows : 

Reduction of Theorem 1 to Theorem 3 

This goes 

Let g E a: {t,z} be t-general of order k, i.e. g(t,O) is a 

power series of the form 

g(t,O) = c · tk + ... (higher terms in t) with c 'I 0. 

By Theorem 3 , 

k k-1 
g(t,z) = q(t,z,y) (t +y1t + ... +yk) + r(t,z,y) (*) 

k-1 
with a polynomial r(t,z,y) = A1 (z,y)t + ... + Ak(z,y) and 

q E. a:{t,z,y}. 

Our aim is to replace the "general coefficients" yi of the poly-

nomial pk by suitable holomorphic functions y. (Z) 
~ 

so that the 

remainder term r in (*) vanishes . With this in mind we first show 

for i > 
Claim 

for i j. 

Proof : If one sets y = z 0 in equation (*) and compares the coeffi-

cients of t 0 , ... ,tk, then one obtains 

Ai (0,0) = 0 and q(O,O,O) =c. 

If one differentiates both sides of (*) with respect to the variable 
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yj, then the result for y = z = 0 is 

0 
aq k k j aAl k-1 aAk 
-0--(t,O,O) · t + q(t,O,O) ·t- + ---(0,0) ·t + ... + -0-- (0 , 0) . 

Yj ayj Yj 

If one compares the coefficients of t 0 ,t1 , ... ,tk-l' then it follows 

that 

and 

a~ 
-3--(0,0J 

yj 

3A. 

aAk-1 
o, --3--- (O ,OJ 

yj 

~(0,0) = -q(O,O, O) = - c , 
yj 

and the above claim is proved. 
a A. 

0 , ... , 
3A.+l 
_)_(0 0 ) 

ay. , 
J 

0 

The matrix 
ay. 

l 
is therefo re an upper triangular matrix with deter-

minant (-c)k f 0. J The equations Ai (z,y) 0 t h erefore satisf y the 

hypotheses of the implicit func tion theorem 

yj(z) E ~{z}, with yj(O) = 0, s uch that 

Ai(z,y1 (z), ... ,yk(zi) = 0, i = l, ... ,k. 

consequently there are 

If we now substitute y = y(z ) in equation (* ) and set 

u(t,z) = q(t,z, y (z)), then we o btain 

g (t ,z) 
k k-1 

(t +y1 (z ) · t + . . . + yk( z )) ·u (t , z) 

and u(O,O) c f 0. This shows that g is the p r oduct o f a Weier-

strass polynomial and a unit u. 

Proof of uniqueness of the product decomposition 

Le t g (t , z) = u 
k k-1 

(t +c 1 t + ... +ck) 

k - k-1 -( t +c 1 t + ... +c k) 

and let U = V x W be a neighbourhood of 0 € ~ x ~n on which u and 

u vanish nowhere. Since the r oots of a polynomial depend continu o usly 

on the coefficients, all k zeroes (counting multiplicity) of t he poly-

nomial s 

k k-1 
t + c 1 (z)t + 

t k - k -1 + c 1 (z ) t + 

lie in v for sufficiently small z E ~n. Si nce u I- 0 these are just 

the zeroes o f g( t,z) in V, i.e. the two poly nomi al s have the s ame 

z e r oes a nd h e nce coinc ide . Thu s, for all s u f f i c i ent l y smal l z , 

ci (z) = ci (z)' a nd it follows that c. c . and henc e u = u a l s o. 
l l 
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Reduction of Theorem 2 to Theorem 3 

Let g be t-regular of order k and let f E ~{t,z}. By 

Theorem 3 we can write g and f in the form 

g q(t,z,y) pk + r.(t,z,y) 

f q(t,z,y) · pk + ~(t,z,y), 

where r and "' r are again polynomials of degree k-1 with coeffi-

cients in ~{z,y}. 

y = y( z ), so that 

As in the above proof of Theorem 1, we substitute 

r(t,z,y(z))- 0. 

Then we obtain 

g(t,z) q(t,z,y(z)) pk (with q(O,O,O) "I 0) 

f (t,z) q(t,z,y(z)) pk + r(t,z,y(z)) 

"' --1 q q g + r. 

If we set q(t,z) 
--1 

q ( t , z , y ( z) ) . q ( t , z , y ( z) ) and 

r(t,z) ·= r(t,z,y(z)) then we have the desired representation 

f = q . g + r. 

The uniqueness of this decomposition is shown in the same way as 

for Theorem 1 : if f = q 1 · g + r 1 = q 2 . g + r 2 , then 

Theorem 1 shows that g(t,z) has k zeroes, counting multiplicity, in 

a neighbourhood of 0 € ~ for sufficie ntly small z. Then the poly-

nomial r 1 (t,z) - r 2 (t,z) of degree < k - 1 also has at least k 

zeroes, and hence vanishes identically. Thus rl = r2 and hence 

ql = q2. 

We now come to the 

Proof of Theorem 3 : 

The idea is to divide the function f successively by the linear 

factors of the general polynomial pk. 

Step I : (Division by a general linear factor t - xi) . 

Fo r each Fe ~{t,z,x1 , . . . ,xk} there exist Q E ~{t,z,x} and 

R E ~{z , x } such that 
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because if one sets R(z,x) := F(xi,z,x) then (t-xi) divide s t he 

series F- R = F(t,z , x) - F(xi,z,x). (This fact from function theory 

is easily seen by expanding F - R in terms of the coordinates 

(t-xi)' (t+xi)' z 1 , ... ,zn, x 1 , .. . ,xi , ... ,xk.) 

Step II (Div ision by a general product of linear factors) 

For each FE ~{t,z,x1 , ... ,xk} there exist Q E ~{t,z,x} and a 

polynomia l R € ~{z, x }[t] of degree < k such that 

This equation determines Q a nd R uniquely . 

Proof : By Step I we have 

F = Q1 (t-x1 J + R1 (Q1 E ~{t,z,x}, R1 E ~{z,x}) 

Q1 = Q2 (t -x2 J + R2 (Q2 E ~{t, z , x }, R2 € ~{z,x}) 

(Qk E ~{t,z,x}, ~ E ~{z,x}) . 

Successiv e substitutions give 

Thus with Q := Qk , R := R1 + (t-x1 JR2 + ... + (t-x1 J (t-x2 J .. . ( t-xk-l)~ 

we have 

One proves the uniqueness of Q and R exactly as we _proved t he 

uniqueness assertion in Theorem 2 above. 

Step III (The Lojaziewicz trick) 

Le t c\ ( X ) 

x1 , . . . ,xk (c f. 

be the i th elementary s ymmetric f unction i n 

van der Wa e rden [Wl], §33 ). We s ubs titute 

Then we obtain the "splitting" of the general polynomial 

into its linear factors : 

k k-1 
t + ylt + . .. + yk 

(t-x1 J (t - x2 J . . . (t-xk). 

We wa nt t o divide the function f (t, z ,y) by the gene r a l polynomial, 
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and so we set 

F(t,z,x) f (t,z,o1 (x), . .. ,ak (x)) 

and get, by Step II : 

F(t,z,x) = Q(t,z,x) (t-x1 ) ... (t-xk) + R(t,z,x). 

Q and R are then symmetric, i.e. invariant under permutations o f 

x1 , ... ,xk , because such permutations leave F and the polynomial 

(t-x1 ) · ... · (t-xk) fixed, and hence cannot change 

unique ness assertion of Step II. By the symmetry of 

Q and 

Q and 

R by the 

R, and 

the fundamental theorem of symmetric functions, there is a holomorphic 

function q(t,z,y) ~ ~{t,z,y} and a polynomial r(t,z,y) of degree 

< k in t with coefficients in ~{z,y} such that 

q(t,z,o1 (x), ... ,ak (x)) Q(t,z,x) and 

r(t,z,o1 (x), ... ,ak (x)) R(t,z,x). 

We therefore have 

f(t,z,o 1 (x ) , ... ,ok(x)) 
k k-1 

q(t,z,o1 (x), . . . ,ok(x))·(t +o 1 (x)t + ... +ok(x )) +r (t,z,o1 (x), .. . , ok(x)) 

and since the mapping of ~k into ~k which sends (x1 , ... ,xk) to 

(o1 (x), . . . ,ak (x ) ) i s surjective, Theorem 3 follows . 

In the proof we have used the fundamental theorem of symmetric 

functions. This theorem says that a convergent power series 

~(x1 , ... ,xk,z1 , ... ,zm) € ~{x1 , . . . ,xk,z1 , ... ,zm} which is invariant 

under permutations of the xi may be written as a holomorphic function 

in the e leme ntar y symme tric functions . This means that there i s a 

convergent po we r series 

For polynomials, and m = 0, this theorem is proved in every algebra 

course (cf. van der Waerden [Wl) , §33), and from that on e directly 

obtains the c orresponding assertion for formal power series . A proof 

of the theorem for convergent power series may be found e.g. in 

Tougeron [T4), Chap. IX, 6.5. 

Remark : The preparation theorem and division theorem are easy to prove 

for formal power series. The division theorem for real analytic f unc-

tions f o llo ws from the "comp lex case" by passing to the real part 
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from this one can proceed as above to the Weierstrass preparation 

theorem for real analytic functions. On the other hand, the analogue 

of the preparation theorem for germs of differentiable functions is a 

deep result of Malgrange 1964 [MS ] . This "Malgrange preparation 

theorem" has in the meantime become one of the most important tools for 

the investigation of differentiable functions, above all in the work of 

Mather on finitely determined germs of differentiable functions (Gl]. 

As an appl ication of Theorem 1 and Theorem 2 we now prove some 

algebraic properties of the ring ~{z1 , ... ,zn} of convergent power 

series. The preparation and d ivision theorems are used to reduce these 

results to the corresponding theorems about polynomial rings. 

Proposition 4 (Ruckert basis theorem) 

The ring ~{z1 , ... ,zn} of convergent power series in n variables 

is noetherian, i.e. each of its ideals is finitely generated (cf . v an 

der Waer den (Wl], §115). 

Proof : (by induction on n) 

The base step of the induction, n = 0, is t rivial. 

Let I € ~{z1 , ... ,zn} be an ideal and let g be a non-zero 

e lement of the ideal. The remarks after Theorem 1 s how t hat there are 

always coordinates zi, ... ,z~ in ~n such that the germ g of holo-

morphic functions is z~-general. Since the assertion of the theor em 

is independent of the choice of coordinates, we can assume without loss 

of generality that g is zn-general. ~{z1 , ... ,zn-l} is noetherian 

by the inductio n hypothes is. The Hilbert basis theorem (cf. van der 

Waerden (Wl], §115) says that the polynomial r ing over a noetherian 

ring is again noetherian 

generated by fi nitely many functions g 1 , ... ,gk. 

division theorem allows f to be written as 

Now if f € I, the 

Since f and g lie in the ideal I , we also have r = f-q·g € I . 

Thus r € ~{z1 , . .. ,zn_1 }[zn] ~I and r may be wr itten as a l inear 

combination of the 

This i mplies 
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Hence we have shown that generate the ideal I. 

The geometric meaning of this theorem is that the zero sets of 

arbitrarily many analytic functions can always be described locally by 

finitely many equations. 

The attempt to decompose algebraic s~ts locally into components has 

led us to investigate algebraic sets by analytic methods. In 5.1 we 

have seen that the unique decomposition of algebraic curves into irre-

ducible components follows from the unique factorisation property of the 

Therefore, we now investigate the divisibility proper-

Lemma 5 

A Weierstrass polynomial h £ ~{z1 , ... ,zn-l}[zn] is reducible in 

~{z1 , . .. ,zn_1 }(zn] if and only if it is reducible in ~{z1 , ... ,zn}. 

And when h is reducible, then all its factors are Weierstrass poly­

nomials, up to units. 

Proof : 

First assume that h is reducible in ~{z1 , ... ,zn} say 

h Since h is 

a Weierstrass pol ynomial, hence zn-general, g 1 and g 2 are also 

zn-general. By the Weierstrass preparation theorem, we then have 

gi ui · hi , where ui is a unit in ~{z1 , ... ,zn} and 

hi~ ~{z1 , ... ,zn_1 J[zn] is a Weierstrass polynomial. Thus we have two 

decompositions of h as a product of a unit and a Weierstrass poly­

nomial, namely 

The uniqueness assertion of Theorem 1 then yields 

and h 1 ,h2 are not units in ~{z1 , ... , zn_1 )[ zn]' otherwise g 1 ,g2 
would also be units. 

Conversely, if h = g 1 · g 2 is a decomposition of h into the 

product of two non-units 

have to show that and 

Let 

g 1 ,g2 e ~{z1 , ... ,zn_1 J[zn]' then we still 

g 2 are also not units in the larger ring 
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r 
+ {lower terms in zn) gl = a z 

n 

b 
s 

+ {lower terms in zn) g2 z 
n 

with a,b e <r{z} . Then comparison of coe fficients in h 

gives 

ab = 1, 

hence we can assume without loss o f generality that a = b 

g 1 were a unit in <I:{z1 , ... ,zn } ' 

-1 
g 2 = g l h 

gl g2 

1. Now if 

would be a decomposition of the Weierstrass p o l ynomial g 2 into the 

product of a unit with a Weierstrass polynomial. 

tion of Theorem 1 again yields 

The uniqueness asser-

But this contradicts the assumpt i on t ha t g 1 is a non-unit i n 

<I:{zl, ... ,zn-l}(zn]. 

In 4.1 we gave various c haracterisations o f factorial rings. To 

prove the next theorem we shall use the result that a ring is fac torial 

if and only if the decompositio n of each element into irreducible fac-

t ors i s unique. 

Proposition 6 : 

Proof : {by induction on n) 

Let f € <r{z1 , ... , zn}. Again assume without loss o f gene r a lity 

tha t f is zn-genera l . By t he Weierstrass prepar a tio n t heorem, 

f = u t, where ! E <r{z1 , .. . ,zn_1 }(zn] is a Weierstrass polynomial 

and u is a unit. 

induction hypothesis and the theorem of Gauss {4 .2.2), hence in 

<r{z1 , . . . , zn}[ z n] the re is a unique decompositi o n , 

t = f 1 · f 2 · . . . · f k of ! into i r r educ i b l e ele me nts. Then by 

Lemma 5, 

f = u . fl . .... fk 

is a decompositio n of f in <r{z1 , . .. ,zn}, unique up to units and the 

order o f facto rs . 

<r {z1 , ... , zn} is t he refo re a Noethe r ian, fac t o rial, l oc a l r i ng. 
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Remarks : 

(i) The Weierstrass preparation theorem immediately implies the 

implicit function theorem: if f(t,z) E ~{t,z1 , . .. ,zn} with 

f(O,O) = 0 and ~!(0,0) f 0, then this jus t says that f is t-general 

of order 1. Then by Theorem 1 there is a t(z) E ~{z} and a unit u 

such that 

f (t,z) (t-t (z)) · u. 

Since u(O,O) f 0, t t(z) is a unique solution of the implicit equa-

tion f(t,z) = 0 in a neighbourhood of zero. Conversely, one sees 

easily that the implicit function theorem is equivalent to the prepara­

tion theorem for t-general functions of order 1. 

By remark (iii) of 8.1 it f o llows in particul ar that 

~{z1 , ... ,zn} is a henselian local ring. One can also easily derive 

Hense l's lemma directly from the Weierstrass preparation theorem 

(Grauert-Fritzsche [G4], p. 88). 

(ii) Let a = (a1 , ... ,an) E ~n and let 0 
n 

~ ,a 
be the ring of 

germs of holomorphic functions at a (cf. 8.1). If one associates 

each such germ with its Taylor expansion at a, then one obtains a con-

vergent power series in the variables z 1 - a 1 , ... ,zn- an. If we 

denote the ring of these convergent power series by ~{z1-a1 , ... ,zn-an} 

then we obtain an isomorphism 

In particular, for a= 0 we have 

In what follows we shall frequently move back and forth between the 

notions of "germs of holomorphic functions" and " convergent power 

series" without always mentioning this identification explicitly. 

After these investigations of germs of holomorphic functions we 

now return to our proper theme, the investigation of local properties 

of analytic sets. 

Definition : 

Let U be an open s e t in ~n. XC U. 

(i) If x ~ U, then X is called analytic at x if there is a 
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neighbourhood V of x i n U and finitely many holomo rphic 

functions f 1 , ... ,fr on V such that 

X!'"\ V = {z E. V I f 1 (z) = 

(ii) X is called an analytic subset of U when X is analytic at all 

X E U. 

Remark If X is analytic in U, then X is c l osed in u. 

Proof : Let x E U - X and V be as above. Then X ~ V is closed in 

v, and hence there is a neighbour hood W c V of x whic h does not meet 

X. Thus U - X i s open. 

This proof uses the fact that X is also a nalytic at p o i n t s i n 

u - X. Sets which are analytic only at their own points are c a l led 

locally analytic. For example, the set a: - {0} c a:2 is loc ally a na-

lytic in a:2 analytic in a:2 - {0}, but not a nalytic in a:2. 
' 

a: - {0} 
~-------<~------~--

J us t as we introduced germs of functions i n 8. 1 to i nvestigate 

loca l prope r t i es of f unctions, we now i ntroduce germs of analytic set s : 

Definition : Let U and u• be open in a:n, and let X C U, X' C u• 

be analytic subsets. X and X' define the same germ of analytic 

s ets at x ~ U ~ u• whe n there i s an open neighbou rhood V C U n U' 

of x s uch t hat 

x n v = X' n v. 
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We write (X,x) for the set germ of X at x ; X is called a repre­

sentative of (X,x) . 

If one wants to be pedantically exact, one can define (X,x) to be 

the class of all pairs (X' ,U') equivalent to (X,U) under the equi­

valence relation defined above (U' an open neighbourhood of x, X' 

analytic in U'). 

The concept of set germs allows the economical formulation of asser­

tions about X which depend only on the properties of the set X in 

arbitrarily small neighbourhoods of a point x € X, namely, assertions 

about the singularity of X at x. Hence in what follows we shall 

frequently use the word "singularity" synonymously with "set germ". 

We now want to investigate the relations between ideals in 0 
a:n,a 

and germs of analytic sets. The process of describing a set by the 

ideal o f functions which vanish on it comes from algebraic geometry, as 

developed in the '20's and '30's of this century. We have become 

partially acquainted with these algebraic-geometric methods already with 

the introduction of algebraic curves in Section 5. 

If I C 0 is an ideal, then by Proposition 4 it is generated 
a:n,a 

by finitely many function germs f 1 , ... ,fr. Let ! 1 , ... ,!r be func-

tions, on a neighbourhood U of a, whose germs at a are just 

We consider the zero set of these functions 

We shall show that the germ of this set at a does not depend on the 

choice of generating systems and representatives. 

Let (g1 , ... ,gs) be another generating system for I, and let 

g1 , ... ,g5 be representatives of 

a. Then there are germs aij £ 

gl, · · · ,gs on a neighbourhood U' 

also representatives 

:r . = Ea . . . g. 
l. l.J J 

a .. 
l.J 

of 

0 with 
a:n,a 

a. . such that 
l.J 

on a suitable neighbourhood W of a. Then obviously 

Analogously, there is a neighbourhood W' of a such that 

and hence 

~(t) II W' C. ~(g) n W'. Thus in W n W', X(t) and ~(g) coincide. 

But that just means that the sets define the same germ at a. 

of 
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Definition : 

X(I) = <~<!1 , ... ,rr) ,a) is called the set germ defined by the 

ideal I. 

One can also state this definition somewhat roughly as follows : 

X(I) is the zero set of the ideal I. Conversely, if (X,a) is an 

analytic set germ, then one has the ideal of function germs which vanish 

on X. 

Definition 

The ideal of the analytic set germ X is the set J(X) of all 

germs f E 0 which have a representative ! , on a neighbourhood U 
a:n,a 

of a, which vanishes on a representative X C U of X. 

We have already met a similar situation in 5.1, where we first 

defined plane curves as zero sets of arbitrary polynomials (this is ana­

logous to the association I~ ~(I)) and then constructed the equation 

of each curve (this is analogous to the association X~ J(X)). 

A few trivialities : 

(iii) ~(~(X)) X 

(iv) ~(~(I)) :>I. 

It is not in general true that J(X(I)) =I. Example : if I is the 

ideal in Oa: O = a:{z} generated by z 2 , then X(I) = {0} and 

~(~(I)) = (zl ~ (z2). Thus one must add to the ideal I all functions 

whose powers lie in I, i.e. all "roots" of functions from I. 

Definition 

If R is a ring and I C R is an ideal, then 

rad(I) := {f E":: R I fk E I for some k} 

is called the radical of I. 

Theorem 7 (Ruckert's Nullstellensatz) 

The ideal of an analytic set germ X(I) satisfies 

J (X(I)) rad (I). 
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Remark : 

This is the analogue of Hilbert's Nullstellensatz, which expresses 

exactly the same relation between algebraic sets and ideals in the poly-

We have not proved the Hilbert Nullstellen-

satz but have contented ourselves with a weaker form, Study's lemma 

(4.3, Theorem 2). Here, too, we shall prove the Ruckert Nullstellen-

satz only for principal ideals ; the complete proof is more complicated, 

though based on the same idea (Gunning-Rossi [G6], p. 90-97). 

Proof of Theorem 7 

ideal in 0 ) 
a:n,o 

(for the case in which I = (f) is a principal 

The inclusion rad(f) C ~(~(f)) is clear 

J (X (f)) C rad (f) , in other words that 

we have to show that 

0 * f divides 
k 

g for a suitable k . 

It suffices to show this for irreducible germs f, because if 

f into irreducible facto rs, 

g 

· fr is the decomposition of 

vanishes on each of the sets X(f.). 
- J. 

If the theorem is proved 
ki 

for irreducible functions, then 
kl+ •• ·+I< 

f. divides a power g of g. But 
J. 

the n f divides g r 

So assume, without loss of generality, that f is irreducible. 

Suppose that the assertion is false. Then f and g have no 

common divisor. As usual we choose coordinates in cr:n so 

that f and g are zn-general. By the preparation theorem, f and 

g are each t he product of a unit with a Weie rstrass polynomial. 

Since we are interested only in the zero sets of f and g, and divisi­

bility properties, assume without loss of generality that f and g 

are Weierstrass polynomials in 0 n-l [zn]. 
a: ,0 

The functions f and g are relatively prime in 

hence also in 0 n-l [zn]' by Lemma 5. 
a: '0 

If 

field of 0 n-l , then it easily follows that 

a: '0 

K is the 

f and 

0 n , and 
a: , 0 . 

quotJ.ent 

g are also 

relatively prime in * (exercise! ) . With the help of the eucli-

dean algorithm, we have seen in 4.2 that there are then a, e ~ K[zn] 

such that 

af + Sg = 1. 

* See [Rl], Theorem 180. 
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If we write a = a/c, B b/c with a,b li 0 n-l [zn], c E. 0 n-l and 
a: ,0 a: ,0 

c f 0, then 

a · f + b · g = c e 0 n-l 
a: '0 

i.e. this (nonvanishing) linear combination of f and g does not 

depend on the last variable zn. 

The function f is a Weierstrass polynomial, say 

with ci (0, ... ,0) = 0. Since the roots of a polynomial depend contin-

uously on the coefficients (Rouche's theorem, Behnke-Sommer [Bl] III, 

§4, Theorem 18), for any E > 0 there is a neighbourhood 

u = {<z1 , ... ,zn_1 l ll<z1 , ... ,zn_1 l II< o} 

of 0 in a:n-l such that for (z1 , ... ,zn-l) e U the polynomial 

f(z1 , ... ,zn_1 ,t) has k roots (counting multiplicity) with absolute 

value less than E. 

The zero set X(f) may be visualised in the real domain as 

follows : 

u 

(k • 3) 

£ 

In particular, at least one zero of f lies over each 

Since g vanishes on ~(f), it follows that fo r 

each z 
n 

s uch that 
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c(z1 , ... ,zn) = a(z1 , ... ,zn) ·f(z1 , ... ,zn) + b(z1 , ... ,zn) ·g(z1 , ... ,zn)= 0. 

But since c does not depend on the variable zn , c = 0. 

This is a contradiction. Hence the assumption that f divides 

no power of g is false, as was to be shown. 

Remark : The description of the hypersurface X(f) as a "finitely 
n-1 

branched covering" of the regular set a: used i n the above proof, 

is the real geometric content of the Weierstrass preparation theorem. 

This description may be generalised to all analytic set germs (Gunning­

Rossi [G6), p. 98). Its analogue in algebraic geometry is the Noether 

normalisation lemma ([S4), I, §5 .4). 

Consequence of Theorem 7 : X~ J(X) gives a bijection between analytic 

set germs at a and radical ideals (i.e. ideals I with I= rad(I)) 

in 0 
a:n,a 

In complex a nalysis one associates each analytic set germ (X,a) 

with the ring of germs at a of holomorphic functions on X. If 

(X,a) C (<I:n,a) is such a set germ, then two holomorphic function germs 

f, g in (<I:n,a) define the same function germ on X when f - g 

vanishes on X, i .e. when f - g € ~(X). Thus the ring of all holomor-

phic func tion germs on (X,a) is just the ring 0 n /~(X). 
a: ,a 

Definition : 

(i) An analytic algebra is a <!:-algebra of the form 

<I:{z1 , ... ,zn}/I , where I is an ideal in <I:{z1 , . .. ,zn}. 

(ii) An analytic algebra A is called reduced when it contains no 

non-zero nilpotent elements. An e lement f E: A is called nilpotent 

when fk = 0 for sufficiently large k. 

Remarks : 

(i) Obviously <I:{z1 , ... ,zn}/I is reduced just in case I is a radical 

ideal. 

(ii) If X is an analytic set germ at a € a:n, then the analytic algebra 

0 
X,a 

0 n /~ (X) 
a: ,a 

of germs at a of holomorphic functions on X 

reduced. 

(iii) It follows from the Ruckert Nullstellensatz that 

X,... 0 
X,O 

germs at 

= 0 /J(X) defines a bijection between the analytic set 
a:n,o 

0 and the reduced analytic algebras <I:{z1 , ... ,zn}/I. 

is 
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(iv) Just as it was convenient in 6.2 to admit curves with multiple 

components, so it is sometimes necessary in complex analysis to consider 

non-reduced analytic algebras. 

into this. 

However, we do not wish to go f urther 

We are mainly interested in the zero sets of single equations 

(curves in ~2 ), hence in hypersurfaces. 

Definition 

A set germ X(I) at a E ~n is called a hypersurface when 

I (f) 

Remark : 

If 

is a principal ideal in 0 
a:n,a 

k 
f r 

r 
is the decomposition of 

irreducible factors, then rad(f ) = (f1 · ... · fr). 

f into different 

f 1 · ... · fr = 0 is called "the equation" o f the hypersurfac e 

it is uniquely determined up to units. 

This definition is quite analogous to the definition of the equa­

tion of an algebraic curve which we gave earlier in 5.1 - except t hat we 

did not then formulate our statements ideal-theoretically. 

Now that we have def i ned t he concept o f t he ge rm of a n ana lytic 

set, we shall also define morphisms between set germs. 

Definition : 

Let (X,p) c (~m.p), (Y,q) c (<I:n,q) be analytic set germs. Let 

U, V be neighbourhoods of p i n ~m and l e t 

f 

g 

be two analytic mappings with f(p) = q and g(p) = q, which map repre-

sentatives of X into representatives of Y. Then f and g define 

the same mapping germ (X,p) + (Y,q) whe n the r e i s a neighbou r hood 

W C ~m of p and a r e pre s e ntative X of X in W such that 

Naturally, the concept of a germ of holomorphic functions in remark (ii) 

above is a special case of the concept of a "mapping germ", namel y that 

with Y = ~1 . 

I t i s clear h ow o ne define s t he composi t i on of mapping ger ms, and 
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one sees easily that the analytic set germs, together with the mapping 

germs, constitutes a category. 

If ~ : (X,p) + (Y,q) is a mapping germ, then it induces a mapping 

~* 0 + 0 of the associated local ~-algebras. The mapping ~* Y,q X,p 
is defined simply by ~*(f) f o ~- This relationship is functorial. 

Conversely, if ~* : 0 + 0 is a morphism of reduced analytic 
Y,q X,p 

algebras, then ~* comes from a mapping germ f (X,p) + (Y ,q). 

Proof : Let (Y,q) c (~n,q) and (X,p) C (~m,p) be the given set germs 

and let be coordinate functions of around q. 

The point ~* (z.) 
l. 

lies in 0 = 0 m /~(X) 
X,p ~ ,p 

be functions in 0 
a:m,p 

which represent the ~*(zi). We set : 

f : (~m.p) + (~n.q) 

Then f induces a mapping germ f 

f*(zi) = ~*(zi) by construction. 

written as a power series in the 

help of the Artin-Rees lemma. 

(X,p) + (Y ,q) (exercise!), and 

Since each element of 0 may be 
Y,q 

zi , the assertion follows with the 

To sum up : the correspondence (X,p) ~ 0 defines an anti­
X,p 

equivalence between the category of analytic set germs and the category 

of reduced local analytic a:-algebras. 

Thus the category of analytic algebras is an algebraic reflection 

of the category actually of interest to us, that of analytic set germs, 

and much work in complex analysis may also be expressed in the language 

of these algebras. 

viewpoint. 

However, we shall mainly stick to the geometric 

As in any category, we naturally have the concept of isomorphism 

for analytic set germs : 

Definition : 

A mapping germ f : (X,p) + (Y,q) is called an isomorphism when 

there is a mapping germ g (Y,q) + (X,p) such that 

f* 

g o f = identity, f o g identity. 

From what was said above, f is an isomorphism if and only if 

0 + 0 is an isomorphism of local ~-algebras. 
Y,q X,p 
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In particular, if (X,O) and (Y ,0) are both set germs in 

then each isomorphism f : (X,O ) + (Y,O) is induc ed by a local isomor­

phism F (~n,O) + (~n,O). 

Proof 

Let F 

germs which induce morphisms f : (X,O) + (Y, O) and g (Y ,0) + (X,O), 

so that the c o rresponding homomorphisms 

g* OX,O + OY,O satisfy 

f * o g* = i d and g * o f* = id. 

f* : 0 + OX 0 and y , o , 

We would like t o be able to show that F and G are isomorphi s ms, 

because then the above assertion will be proved. 

In order t o show this, we first make the f o llowing additional 

assumption (A) for at l east one of the set germs, say (X, O) , t he 

embedding (X,O) C (~n,O) i s a n embedding in an a f fine space with the 

smallest possible dimension n. That means that X does not lie in 

the hyperplane z. = 0 
l. 

for any local coordinate function in any coor-

dinate system. Such local coord inate functions a r e of course just the 

elements o f m- m2 • where m i s the maximal ideal of ~{xl, . . . ,xn}. 

Thus ass umption (A) is equiva l e nt t o 

Under this assumption, we now prove : F a nd G are local isomor-

phisms. To do this we consider the composition H = G o F. I n l ocal 

coordinates, H is described by equations 

with 

holds 

Th e n 

X ~ 
l. 

n 

I c . . x . 
j=l l.J 

i 

c .. € ~{xl, ... ,xn}. 
l.J 
mod :!.(X) • i.e. 

1, .. . ,n 

Sin ce 

~ C .. X. - X . mod J(X) . L J l. l. J j 
since :!.(X) C M2 we certainly 

I c .. x. ~ X . mod m2 . 
j l.) J l. 

f* 0 g* 

ha v e 

id , t he relation X~ 
l. 

But this just means that the Jacobian matrix o f H is the identity 

ax ~ 

<a/<O)) 
J 

= ( c . . { 0) ) = 1. 
l. J 

Hence , by t h e i nverse func t ion t heor e m, H i s a l ocal i s omorphi s m! 

X. 
l. 
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The same then holds for F and G as well, as was to be shown. 

To conclude, we still have to free ourselves of the additional 

assumption (A) about the minimal embedding dimension. If 

(X,O) c (~n,O) and (Y,O) C (~n.O) are embeddable in lower-dimensional 

smooth subspaces (~n-l,O) and (~n-l,O), then one can induce f* by 

an isomorphism between (~n-1 ,0) and (~,n-l,O).(By induction, with the 

above proof as base step.) This isomorphism is obviously extendable 

to an isomorphism F : (~n.O) + (~n.O), which induces f*. The 

assertion is now completely proved . 

We have now constructed the category of objects whose description, 

investigation and particularly classification will concern us in what 

follows : the category of germs of analytic sets - synonymously, singu-

larities - or equivalently, the category of analytic algebras. Among 

the many possible viewpoints from which the se objects can be investiga-

ted and classified, we shall naturally work out only a few. In parti-

cular, one must not expect that we will be able to find a meaningful 

classification of all germs of analytic sets up to isomorphism -

isomorphism is much too fine an equivalence relation and there are far 

too many analytic sets for it. We can be well satisfied if we succeed 

merely in finding a suitable classific ation f or a few c lasses of hyper­

surfaces. 

In particular, we shall first deal with 1-dimensional hypersur­

faces - the curves in the plane ~2 and hence germs of analytic sets 

X which are zero sets of holomorphic functions f of two variables. 

Previou s ly we have studie d affine a lge brai c curve s in the plane ~2 
' 

i . e . zer o sets o f polynomials . In consi deri ng the singularities of 

analytic sets in ~2 we are, a priori, considering a larger cLass of 

objects than the singularities of algebraic curves. It would therefore 

seem that our problem has become more complicated . In truth it is 

quite t he oppos ite. It turns out that the class has not in fact 

become any larger namely, N. Levinson proved the following theorem in 

1960 ([L6], [L7 ]) 

Theorem 8 

Let f € 0 2 be any germ of holomorphic functions of two 
~ ,0 

var i abl e s, wit hout multiple facto rs. The n there are local coordinates 

in a neighbourhood of 0 € ~2 is a poly-

nomial. 
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This means that, up to isomorphism of analytic set germs, all sin-

gularities which can occur with analytic curves in the plane already 

occur with algebraic curves, so that, in a certain sense, we have not 

enlarged our class of objects. On the other hand, we have enlarged 

the class of admissible mappings. Now, all mappings are defined by 

analytic functions, whereas for the singularities of algebraic curves 

the natural morphisms first appeared to be mappings given by rational 

functions. But we have already seen, through the discussion in 8.1, 

that we must go beyond this for an adequate treatment of the local 

properties of curves. The introduction of the category of analytic 

set germs is precisely what does this. For example, an irreducible 

cubic with an ordinary double point and a reducible quadric also with an 

ordinary double point have isomorphic analytic set germs corresponding 

to their singular points, but one can find no isomorphism described by 

rational functions. Quite generally, the problem of classifying sin-

gularities becomes simplified by the admission of the larger class of 

analytic isomorphisms. We shall see, though, that it remains inter-

esting, and quite difficult enough. 

We remark that N. Levinson's theorem has been considerably 

generalised i n vario us directions . The condition that 

f(z1 ,z2 ) E ~{z1 ,z2 } have no multiple components c an also be expressed 

by saying that f has an isolated singularity at 0 E ~2 . In general, 

f E ~{z1 , ... ,zn} has an isolated singularity at 0 E ~n just in case 

the set germ defined by af = 0, ... , !!_ = 0 is just the origin. By 
az1 az 

the Ruckert Nullstellensatz, this is equ~valent to 

/Yik c (!!_, ... ,!!_) 
az1 azn 

for a suitable natural number 

ideal of ~{z1 , ... ,zn}. 

of the form 

Theorem 9 (Mather) 

(Thus 

k, where /YJ = (z1 , ... ,zn) is the maximal 

/Yik is the ideal of all power series 

i 
z n.) 

n 

Let f E ~{z1 , ... ,zn} be a power series with an isolated singu­

larity at 0, so that 
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Then for each g ~ ~{zl, ... ,zn} 

(~n,O) _,. (~n,O) 

with 
k+2 

g- f EM there is a local 

isomorphism <!> with g = f 0 <)>. 

If one applies this in particular to the case where g is the 

Taylor e xpansion of f up to order k+l, then the result is that f is 

transformed by a change of coordinates into g, and hence into a poly-

nomial. 

It follows in particular that hypersurfaces with isolated singula-

rities are algebraic. Theorems of similar type had previously been 

proved by Hironaka and Samuel. For a proof of Theorem 9 see 

Wassermann : Stability of Unfoldings, [W6), Th. 2.6. 

As far as zero sets are concerned, around 1968 an even more general 

result was proved 1 the proof, in contrast to that of Theorem 9, goes 

essentially beyond the scope of this course (cf. M. Artin : The implicit 

function theorem in algebraic geometry, [A3)). 

Theorem 10 : (M. Artin) 

Each isolated singularity of an analytic set i s algebraic, i .e. 

the associated analytic set germ is isomorphic to an analytic set germ 

of an affine algebraic set. 

In the investigatio n of singularities we frequently want to go 

from the pure "pcint" description by set germs to a "local" description 

by representative analytic sets. For this it is important to grasp the 

relation between the ideal for the germ at a point x 0 of a given ana­

lytic set X and the ideal for a point x E X in a neighbourhood of 

x 0 . This is done by means of the following theorem 

Theorem 11 : 

Let X be an analytic set in a domain U of ~n. and for each 

x E u let Jx = _:!(X,x) C 0 n be the ideal of the set germ (X,x) . 
~ ,x 

If f 1 , ... ,fr are generators of 

tatives of them, then ! 1 , ... ,!r also represent generators of 

all x in a suitable neighbourhood of x 0 . 

J 
X 

for 

This theorem is a corollary of a still stronger theorem which says 

somewhat more about the relation between the generators, and can be 

formulated as follows : the ideal sheaf J(X) l) J of an analytic 
x~U X 

set is coherent. For the difficult proof we refer to Gunning-Rossi 

[G6) IVD, Cor . 3, p. 141. 
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In what follows we shall rather briefly develop the most i mportant 

concepts for the local investigation of analyti c sets : 

(l) Local decomposition i nto irreducible components. (2) Regular 

and singular points. (3) Dimension o f a nalytic sets. 

l. Local decomposition into irreducible components: 

If X ~ (f1 , ... ,fr) and Y = ~(g1 , ... ,gs ) are germs o f analytic 

sets at a E ~n. then so too are 

X () y 

XV Y 

We can therefore attempt to represent an analytic set germ as t he union 

of indecomposable germs. 

Definition : 

Le t X be an analytic set g erm at a~ ~n . X is c a l led reduci-

ble if there are germs x1 ~ X, x2 ~ X such that X= x1 V x 2 . 

Otherwise X is called irreduci ble. 

Proposition 12 : 

An ana l ytic set g erm X is irreduc ible jus t in case its idea l 

J(X) is a pri me i deal . 

Proof If X with then 

~(X2 ) ~~(X). We choose functions f E ~(X1 ) - J (X) and 

and 

g € ~(X2 ) - ~ ( X ) . Then f · g lies in ~(Xl ) ~ ~(X2 ) =~(X) 

J(X) is no t a p rime ideal. 

thu s 

Conversely, if ~(X) is not a prime ideal, t hen there are 

f, g€ 0 - J (X) such that f g E J(X). Since f and g both 
~n a 

do not vanish on X, one obtains xl X f'l ~(f ) C. X and 
f 

x2 := X () ~(g) f X with x1 u x2 = X () ~(f · g) = X. Thus X i s 

r educible . 

Theorem 13 

Each analytic set germ at a E ~n has a unique decomposition 

into irreduc i b l e g erms with 

a re called t he irredu c i bl e components of X. 

the Xi a r e a l so called b r a nches of X. ) 

for i f j. The X. 
~ 

(In t he case of curves 
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Proof : The existence of the decomposition follows from the fact that 

0 is noetherian. When X is not irreducible, one can decompose 
a:n,a 

it : X = x1 u x 2 . If x 1 and x 2 are irreducible, then one is 

finished. If not, one decomposes further. This process must come to 

an end. If this were not so, one would have an infinite descending 

sequence of germs 

and hence an infinite strictly ascending sequence of ideals 

~(Yl} ~ ~(Y2} 1 ... 
in 0 This is impossible, because 0 is noetherian (cf. 

a:n,a a:n,a 
van der Waerden [Wl] §115}. 

If X = Xi U ..• v X~ is another decomposition of X into irre­

ducible sets, then we now have to show that each component of one decom-

position is contained in a component of the other . 

not contained in any of the Xi , then 

If, say, Xi were 

would be a proper decomposition of Xi , contradicting the irreducibility 

of xi. 

The geometric statement of Theorem 13 corresponds to the algebraic 

theorem of prime factorisation in the noetherian ring 0 ([Wl], 
. . a:n a 

§118}. For arbitrary noetherian r1ngs one can g1ve the ' prime fac-

torisation theorem an analogous geometric formulation with the help of 

the language of affine schemes. 

Proposition 14 : 

If X = X(f} is a hypersurface and 
k 

f r 
r 

is the 

decomposition of f into distinct irreducible factors, then 

U X(f } 
- r 

is the decomposition of X into irreducible components. 

Proof : Since 0 
a:n,a 

(4.1.1}, and hence the 

is factorial, the f. 
1 

are also prime elements 

are prime ideals. Therefore, the 

are irreducible. 

Remark : 

One can analogously define the concepts of "irreducible" and 

X(f . } 
- 1 
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"decomposition into irreducible c omponents" no t on l y for germs o f a n a-

lytic sets, but also for the anal ytic subsets XC G in a d omain G of 

~n. In general, such a decomposition can then have infinitely many 

components. However, the s ystem of irreducible c omponents i s a lway s 

locally finite , and the connection with the decomposition of t h e germ 

(X,x) at a point x is the f o llowing : 

For E > 0 let U 
E 

be the ball or polydisc o f radius E a r ound 

X. Then there is a number r s uch that for suf ficiently small 

inters ection U () X 
E 

decomposes into r irreduci ble compone nts 

E the 

and the germs (X1 ,x) , ... , (Xr,x ) are the irreducible component s o f 

(X,x). The proof of this asserti on about the c onnection between p o int 

and local decomposition is not simple (cf. Whitn ey, Complex Analyt i c 

Va r ietie s, Theorem 8 5 [W9 ]). 

2. Regular and singular points 

Definition : Let X be an analy t i c subset in a domain of ~n and let 

X € X. Then x is a regular point of X when there is a nei ghbou r -

hood U o f 

f o ld o f U. 

X s u c h that XfiU i s a comple x ana lytic s ubmani-

Ot herwise x is c a l led a singular point of X. We 

denote the set o f singular points of X by S(X). 

In what follows we shall deri ve criteria f o r regularity . Th e most 

important criterion characterises singular points as those at which the 

Jacobian mat r ix of partial derivative s degenerate s, i.e. has a lower 

r a nk . We s h a l l no w ma k e t his prec i se 

Let X be an analytic set in ~n 

the ideal of the germ (X,x) and let 

Then we set 
af. 

p :=rank (---~ (x)). 
X,x az j 

and let x ~ X. Let J 
X 

f 1 , ... ,fr b e generator s of 

be 

J 
X 

On e easil y c hecks tha t does not depend on t h e c hoice of g e n e -

rators. 

If X is regular at x a nd if X () U is a p-codimensional 

complex submanifold in a neig hbo urhoo d U of x, then of course 

PX, y = p for all y c x nu. 

I n gen e r a l o n e can say only the following if X E X, a nd if 
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f 1 , ... ,fr generate the ideal Jx, then of course 

af. af. 
rank(~(y)) > rank(~(x)) f o r all y in a neighbourhood U(x) of 

az. - az. 
J J 

X. Sinc e f 1 , ... ,fr are part of a genera tor system of Jy (y E U (x)), 

one also has 

Px,y ~ Px ,x for y ~ U( x ). 

The example of singularities of algebraic curves (c f. 5.3) suggests t he 

conjecture that constancy of rank is characteristic of regular points. 

This is i n f act the case : 

Theorem 15 

Let X be an analytic subset in a domain o f ~n. and let x € X. 

Then the following statements are equivalent : 

(i) (X,x) is regular 

(ii ) (X,x) i s i somorphic to (~n-p ,0) c. (~n ,0) 

(iii) 0 is isomorphic to ~{z1 , ... ,z } 
X,x n-p 

(iv) Px,y = p for all y in a neighbourhood of x. 

Proof :The implications (i) ~ (ii) ~ (iii) ~ (iv ) are clear. We 

have to show (iv) ~ (i) . 

Let J b e the ideal of X at X a nd l e t f l, ... ,fr be r epre-
X 

sentatives of a generator system for J ' numbered, without loss of 
X 

generality, so that 

af . 
rank (--J.) . . = p . 

a z j l.,J=l , . .. ,p 

By the implic it functio n theore m on e i s the n f r ee to a s s ume that 

f. (z) = z . i 1' ... 'p l. l. 

in neighbourhood of 0 in 
n 

Let a u X = ~ . 
x = {z E u I zl = = z 0}. Trivially, we have ur.x c. x. To p 
p r ove t h e t heor e m it suffices to show tha t u nx coinci des wit h the 

regula r set X, i.e. t o show that 

fi\x = o for i = p+l, ... ,r. 

It follows from the constancy Px,y = p for all yEVf'IX (where 

V C U is a suit able neighbourhood o f x) that 

af . 
1 

az ~ X n v = 0 

J 

fo r i, j p+l, ... ,r, 
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af. 
1 

az. 
J 

r 

af . 
1 

az . 
J 
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are linear combinations of the 

I a .. kfk for i,j = p+l, ... ,r. 
k=l 1 ) 

(k 1, ... ,r) 

By repeated differentiation and induction it follows that all partial 

derivatives of f. 
1 

(i ~ p+l) with respect to variables z . 
J 

( j ~ p+l) 

vanish when restricted to X~ V. In particular, the Taylor series of 

fi at the point 0 lies in the ideal 

Thus fi lxr.v = O, as was to be shown. 

Proposition 16 : 

Let f f 0 be a holomorphic function in a domain U of ~n and 

let X be the hypersurface {z E: U I f(z) = 0}. The germs of f at 

the points of X are assumed, in addition, to have no multiple factors. 

Then the set of singular points is equal to 

af af 
S(X) = {z EX I -a-(z) = ... = -a-(z) = 0}. 

zl zn 

Proof : If a partial derivative ~(z) f 0, then 
az. 

z is a regular point 

of X by the implicit function the6rem. Conversely, if all partial 

derivatives ~(x) = 0 at a poi nt x ~X, then by Theorem 1 5 (iv) 
az . 

have to show thit there is no neighbourhood U of x such that 

we 

~~. (y) = 0 for all y e u n x and i = 1, ... ,n. Suppose there were 
1 

such a U. Then the germs of the partial derivatives would satisfy: 

~€ ~(X ,x) for i 
az. 

1 

Thus the r e would be germs 

1, . .. ,n. 

a. such that 
1 

af 
az. 

a.f 
1 

for i = 1, .. . ,n .. 
1 

Differentiation gives 

a2f aai 
-. f 
az . az. az. 

1 J J 

+ a. 
1 

af 
az . € ~ (X,x) . 

J 

It follows by repeated differentiation and inductio n tha t all partial 

derivatives of f lie in ~(X,x), and hence all terms of the Taylo r 

series of f vanish at x. But this implies f = 0, contrary to 

hypothesis. 

Remarks : 

(i ) For algebraic curves this shows that t he present definition 

coincides with the concept of singular given in 5.3. 
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(ii) Proposition 16 shows that for hypersurfaces X the singula-

rity set S(X) is a proper analytic subset. 

generally 

Theorem 17 : 

This holds quite 

The singularity set S(X) of an analytic set X is a proper ana­

lytic subset of X. 

The proof makes essential use of the coherence of the ideal sheaf 

(Theorem 11) and a regularity criterion different from those in Theorem 

15. See Gunning-Rossi [G6], Chap. IV, D, Cor. 4, p. 141. 

Remarks : (i) One can show, in addition, that X- S(X) is open and 

dense in X. If X is irreducible, then X- S(X) is even connected. 

Thus the singularity set S(X) is a "thin subset" of X, while almost 

all points of X belong to the manifold of regular points. Regularity 

is the normal case, singularity the exception. 

(ii) If we set 

Xl X - S (X) 

x 2 S (X) - S (S (X)) 

x 3 · = S (S (X) ) - S (S (S (X) ) ) 

then we obtain a decomposition X 

xi with 

vxi into non-singular manifolds 

xi " xj ~ ~ for i 'f and 

xi+lc xi 

Decompositions of this and similar kinds are called stratifications ; 

the Xi are the strata. Stratification is a method of reducing the 

investigation of singularities to the investigation of non-singular 

objects. The other two most important methods are resolution and 

deformation. Later in this chapter (§8.4) we shall develop the method 

of resolution in detail. 

3. Dimension of analytic sets : 

Definition : Let X be an analytic subset of an open set in ~n. 

(i) If x € X is a regular point, then there is a neighbourhood 

U of x such that U n X is a connected complex submanifold. Then 

x is called a regular point of dimension d when X n U has (complex) 

dimension d. 
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(ii) If x E X is arbitrary, then each neighbourhood of x con-

tains regular points of X. The dimension of the set germ (X,x) is 

the greatest number d such that each neighbourhood of x contains 

regular points of X of dimension d. We write d dim X. 
X 

(iii) The dimension of X is 

dim X := 
max 

X €. X 
dim 

X 
X. 

X is called pure-dimensional if dim X = dim X 
X 

for all X E. X. 

(iv) The germ (X,x) is called pure-dimensional when it has a 

pure-dimensional representative. 

Remark : If X is irreducible, then the set of regular points is con-

nected, hence X is pure-dimensional. Thus an analytic set Y is 

pure-dimensional just in case all irreducible components have the same 

dimension. The same holds for germs of analytic sets. 

For example, if 

x2 = { z c:: a:3 I zl z2 

xl 

x2 dimz X = 1 if z E 

particular, dim0 X = 2. 

= 

0} 

and 

{z E a:3 I 
and X 

z 'I o, 

z3 = 0}' 

= x1 u x2 then dim X 

and dim X = 2 if z e z 

0 

= 2' 

xl. In 

In books on the function theory of several variables, the dimension 

of analytic set germs is often introduced algebraically, i.e. with the 

help of the associated analytic algebra. These definitions of dimen-

sion are perhaps not quite so intuitive, but they have the advantage 

that one can more easily compute with them. 

definitions : 

Here are a few such 
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The Chevalley dimension : (cf. Grauert-Remmert [G5], p. 109) 

If A is an analytic ~-algebra, then the Chevalley dimension of 

A is the smallest number d for which there are functions f 1 , ... ,fd 

with 

for a suitable k. 

Here M is the maximal ideal in A. 

If A = OX,O is the algebra of the set germ (X,O) then 

Mk C (f1 , ... ,fd) says, by the Ruckert Nullstellensatz, that the inter­

section of X with the d hyperplanes {f1 = O}, ... ,{fd = 0} is a 

single point. The geometric idea is the following : in the d-dimen-

sional space X the zero set of an equation is in general a (d-1)­

dimensional subspace : one therefore needs d equations in order to 

describe a zero-dimensional subspace. 

The Weierstrass dimension: (cf. Gunning-Rossi [G6], p. 110) 

In the remark after Theorem 7 we mentioned that each analytic set 

germ X may be described as a finitely branched covering of a regular 

set. The dimension of this regular set is well-defined and is called 

the Weierstrass dimension of X. 

TI : X + ~d is such a branched covering just in case OX,O is a 

finite ~{z 1 , ... ,zd}-module by virtue of n*. This makes it possible 

to view the concept of Weierstrass dimension algebraically. 

The Krull dimension (Grauert-Remmert [G5], §6). 

Let A be an analytic algebra. A pri me ideal chain of length ~ 

in A is an ascending sequence 

of prime ideals . The Krull dimension of A is the maximal length of 

a prime ideal chain in A. 

A prime ideal chain in OX,O corresponds to an ascending sequence 

of irreducible subspaces of X 

X~~ X~-l 1 ... ~ XO C X. 

The concept of Krull dimension is based on the idea that through the 

point Xd = {0 } one can put a one-dimensional curve Xd-l , through 

this one can put a two -dimensional surface Xd_ 2 , etc. 

one obtains an ascending chain of irreducib l e subspaces of 

In this way 
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dimensions 0, 1, 2, ... , d. 

In commutative algebra one defines the Krull dimension of an arbi­

trary ring R quite generally to be the maximal length of a prime 

ideal chain. The Krull dimens i o n co ncept is therefo r e t he most ge ne ral 

of those presented here. 

Theorem 18 : 

If (X,x ) is an analytic set germ and A= 0 
X,x 

is the algebra 

of germs of holomorphic functions on X, then all these concepts of 

d i mension c o i ncide . 

The coincidence of the Chevalley, Krull and Weierstrass d ime nsions 

is shown in Grauert-Remmert [GS] §4 ; the coinci dence of our c o ncept of 

dimension with the Weierstrass d i mension is estab lished in Gunning-

Rossi [G6] (III . C.3, p. 111). 

An import ant tool fo r t h e i nvestigatio n of d imen s i o n i s t h e follo­

wing result of Krull : 

Theorem 19 : (Krull principal ideal theorem) 

Let A be an analytic algebra of dimension d and let f ~ A. 

The n dim A/f· A > d-1, and i f f f 0 i s not a zero divisor in A, t hen 

dim A/ f·A = d-1. 

A proof may be found in Grauert-Remmert [GS ] , p. 129. Th e Krull 

principal ideal theorem means that the intersectio n of a hypersurface 

H with a germ X in general has codimension 1 in X. 

c ontai ns a c omponent o f X, t h is need not be so. 

But when H 

X 

Fo r example, if X C ~2 is the union of the two coor dinate a xes 
2 

{z E ~ J z 1 · z 2 0}, and f(z) = z 2 , then 

A OX,O = ~{z1 ,z2 }/(z1 ·z2 ), i.e. dim A= 1, but also 

dim A/f·A dim ~{z1 J = 1. 

Corollary If A is an ana l y tic algebr a o f dimension d, and if 

f 1 , ... , f k€ A, the n dim A/ (f 1 , . . . , f k) .::_ d-k . 

Remark : In order to describe an analytic set germ (X,O) c (~n , O ) of 

codimension k, one therefore needs at least k functions. Set germs 

for which k f unctions really s u ffice are c alled complete intersecti ons. 

Ma ny met hod s o f invest igating hypers urfac e s ingularities may be genera-

lised to c omplet e i n tersections . (See Grauert - Re mmert [GS ] , p. 114) . 

Complete i ntersectio n s a r e , in a certain s ense, partic ula rly simple 
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singularities, since they may be investigated particularly easily. How­

ever, many interesting singularities are not complete intersections, and 

it is easy to give examples. Set germs of pure codimension 1 are always 

complete intersections. 

Proposition 20 : 

An analytic set germ (X,x) c (~n.x) is pure 1-codimensional just 

in case (X,x) is a hypersurface. 

Proof : Without loss of generality, assume X is irreducible. If X 

is a hypersurface, then X- S(X) is obviously an (n-1)-dimensional 

submanifold, and hence X is 1-codimensional. 

Conversely, if X is a 1-codimensional irreducible germ, then we 

choose a function f I 0 from the vanishing ideal J (X) of X. Let 
kl kr 

f = f 1 fr be its decomposition into irreducible factors. 

Since J(X) is a prime ideal, one of the factors, say f 1 , lies in 

J (X). 

We want to show that f 1 generates the ideal J(X). Suppose this 

were not so. Then there would be a g E ~(X) - (f 1 ). This g would 

define a non-zero divisor in the analytic algebra A= 0 n /(f1), since 
~ ,x 

A is an integral domain. The Krull principal ideal theorem would then 

give : dim A/g·A = n-2. Then, since f 1 , g E ~(X) it would follow that 

dim 0 < n-2, contrary to the assumption that 
X,x 

J (X) = (f 1 ). 

8.3 Newton polygons and Puiseux expansions 

dim 0 = n-1. 
X,x 

Hence 

In the previous section we have developed a few general concepts 

with which we can investigate the zero sets of analytic functions of 

several variables. In the present we shall in particular make a local 

investigation of plane curves, i.e. the analytic sets in a domain of ~ 2 

which are the local zero sets of functions f(x,y) of two variables. 

Since we want to carry out only purely local investigations, i.e. only 

the germ of the curve at a point, say the origin of ~ 2 • is of interest 

to us, we shall be interested only in the power series expansion of the 

function f(x,y) at this point. Thus we begin with a convergent power 

series f E ~{x,y} with f(O,O) 0. 

We now want to describe the zero set of f, i.e. the set of solu-

tions of the equation f(x,y) = 0, in a suitable neighbourhood of the 

origin. We shall see that in a certain sense one can solve this 
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equation quite explicitly. To do this one uses a method which goes 

back to Newton and was developed by him in correspondence with Leibniz 

and Oldenburg (letters from Newton to Oldenburg, 13 June 1676 and 

24 October 1676, see. [N4)). The second letter gives a very detailed 

account of methods of definition and handling of infinite series, in 

particular power series. 

both letters. 

We reproduce here the relevant passages of 
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NEWTON TO OLDENBURG 
13 JUNE 1676 

From the: original in the University .Library, Cambridgc. l11 

Cambridge 
June 13 1676 

Most worthy Sir, 

Translation 

Though the modesty of Mr Leibniz, in the extractsl'l from his letter which you have 
lately sent me, pays great tribute to our countrymen for a certain theory ofinfinitc series, 
about which there now begins to be some talk, yet I have no doubt that he has discovered 
not only a method for reducing any quantities whatever to such series, as he asserts, but 
also various shortc~cd forms, perhaps like our own, if not even better. Since, however, he 
very much wants to know what has been discovered in this subject by the English, and 
since I myself fell upon this theory some years ago, I have sent you some of those things 
which occurred to me in order to satisfy his wishes, at any rate in part. 

The extractions of affected roots, of equations with severalliteralterms,ill resemble in form 
their extractions in numbers, but the method of Vieta and our fellow-countryman 
Oughtred is less suitable for this purpose. Therefore I have been led to devise another, an 

example of which the following diagrams!•> display, where the right-hand column 
exhibits the results ofsubstitutinf: in the middle column the values ofy, p, q, r, etc. shown 
in the left-hand column. The first diagram displays the solution of this numerical 
equation, y3 - 2y- 5 = 0; and here at the top of the column the negative part of the root, 
subtracted from the positive part, gives the actual root 2·09455148; and the second 
diagram displays the solution of this literal equation, 

y3 +axy+a'y-x'- 2a3 = 0. 

I 
( x xx 13 I x3 509x' 
a-4+ 64a + 512aa + 16384a3 &c 

- ·· 
a+p=y y• a• + 3aap + 3app + p3 

+axy +aax+a>;p 
+aay +a3 +aap 
-x' -x' 

-2a3 - 2a3 
- - - ·--- -

- !x+q=p P" - ·i4x3 + y16xxq &c 
+3app + f 0axx- ~axq + 3aqq 
+axp - ~axx+axq 

+4aap -a4<+4aaq 
+aax +aax 
-x' -x' 

- · ·--
XX 

+ 64a + r=q 3aqq 
3x' 

+ 4096a &c 

+-f.xxq 
3x4 

+ 1024a &c 

- !axq - 1i 8 x3 - -~axr 
+4aaq + / 6axx + 4aar 
- -i~-x3 -i~x3 

- 1}6axx -feaxx 

4aa- ax - x'--- -- ---) 131 !5x4 ( 131x3 509x4 

+ ! . + 128 4096a + 512aa + !6384a' · 
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( + 2, 10000000 
-0,00544852 -----

2,09455148 

2+P=!f y• + 8+ 12p + 6pp +P3 

-2y -4-2p 
-5 -5 

-
summa -I+ lOp+ 6pp +p3 

-
+0,1 +q=P +p• + 0,001 + 0,03q + 0,3qq + q3 

+6pp +0,06 + 1,2 +6 
+lOp +I + 10, 

-1 -I 

summa 0,061 + ll,23q + 6,3qq + q3 

-0,0054+r=q +q• -0,0000001 + O,OOOr &c 
+ 6,3qq + 0,0001837-0,068 

+ ll ,23q -0,060642 + 11,23 
+0,061 +0,061 

summa +0,0005416+ 11,162r 

- 0,00004852+s=r 

In the first diagram the first term of the value of p, q, r in the first column is found by 
dividing the first term of the sum given in the line next above by the coefficient of the 
second term of the same sum, [as - I by I 0, or 0·061 by 11·23, and by changing the sign 
of the quotient] ;110l and the same term is found in almost the same way in the second 
diagram. Here to be sure the chief difficulty is in finding the first term of the root; a 
general method(ll) by which this is effected I pass over here for the sake of brevity, as a lso 
some other things which tidy up the operation. And as there is not time here to explain 
the ways of abbreviating the process I shall merely say generally that the root of any 
equation once extracted can be kept as a rule for solving similar equations; and that from 
several such rules it is usually possible to form a 11)-0re general rule; and that all roots, 
whether they be simple or affected, can be extracted in limitless ways, and on that 
account the simpler of the ways must always be considered. 
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~4 OCTOBER 1070 NEWTON TO OLDEI'\llURG 

Translation 

Cambridge October 24 1676 
Most worthy Sir, 

I can hardly tell with what pleasure I have read the letters o:t.hose very distingui~he~ 
men Leibniz<•> and Tschirnhaus.<3l Leibniz's method for obtatntng convergent senes IS 

certainly very elegant, and it would have sufficiently revealed the genius of its au tho;, 
even if he had written nothing else. But what he has scattered elsewhere throughou~ h1s 
letter is most worthy of his reputation-it leads us also to hope for very ~reat thmgs 
from him. The variety of ways by which the same goal is approached has gtven me the 
greater pleasure, because three methods of arriving at series of that kind had. already 
become known to me so<•> that I could scarcely expect a new one to be commumcatcd to 
us. One of mine I h~ve described before; I now add another, namely, that by which 
I first chanced on these series-for I chanced on them before I knew the divisions<•> and 
extractions of roots which I now usc. And an explanation of this will serve to lay bare, 
what Lcibniz desires from·me, the basis of the theorem set forth ncar the beginning of the 
former letter.<•> .•• 

What the celebrated Leibniz wants me to explain I have partly described above. But 
as to finding the terms p, q, r, in the extraction of an affected root, first I get p thus.<66l 

Having described the right angle BAC, I divide its sides BA, AC into equal parts, and then 
draw normals dividing the angular space into equal parallelograms or squares, which I 
suppose to be designated by the dimensions of two indefinite kinds, say x andy, ascending 
in order from the end A, as is seen inscribed in fig. 1; where y denotes the root to be 
extracted and x the other indefinite quantity, from powers of which a series is to be 

B 

x• I x'y I x'y' I x'y' x'y' 

7~~~ x3yt xly' x3y' 

Fig. I x2 I x2y ~~~~ :cty:a x2!l 

_·_1_2_1~/~~ 
1 o I ·• I ~ I ,. ~ I 
A c 

B. * ··-. * * 
Fig. 2 D --- -- -* 

---- * 
·- ---* 

A E '·C 

constructed. Then, when some equation is proposed, I distinguish the parallelograms 
corresponding to each of its terms with mme mark, and apply a ruler to two or perhaps 
more of the marked parallelograms, of which one is the lowest in the left-hand column 
next AB, and others situated to the right of the ruler, while all the rest not touching the 
ruler lie above it. I pick out the terms of the equation distinguished by the parallelograms 
in contact with the ruler, and thence get the quantity to be added to the quotient. 

Thus to extract the root y from 

y6 - 5xy' + (x'fa) y• -1a2x2y' + 6a3x3 + b'x' = 0; 

the parallelograms answering to the terms of this equation I denote by some mark * as 
seen in fig. 2. Then I apply the ruler DE to the lower of the places marked in the left­
hand column, and rotate it from the lower to the higher to the right till it begins to reach 
likewise another or perhaps several of the remaining marked places. And I see that the 
places x', x2y2 and y6 arc thus reached. And so from the terms y•- 1a2x2y2 + Ga3x3 as 
though equal to zero (and further reduced if desired to v6 -7v2 + 6 = 0 by putting 
y = v..j(ax)) , I seck the value ofy, and find four, namely 

+.J(ax), - ..j(ax), +.J(2ax), -..j(2ax),<••> 
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of which any one may be taken as the first term of the quotient, according as it has been 
decided to extract one or other of the roots. Thus the equation 

y" + axy +a2y -x3 - 2a3 = 0, 

which I solved in my former letter, gives - 2a3 + a2y + y3 = 0, and hence y = a very 
nearly. And so since a is the first term of the value of y, I put p for all the rest to infinity, 
and substitute a+ p for y. Here some difficulties will sometimes arise, but Leibniz I think 
will need no help to extricate himself from them. But the ensuing terms q, r, s, are obtained, 
from the second and third equations and the rest, in the same way as the first term p from 
the first equation, only with less trouble, because the remaining terms of the value of y 
commonly result from dividing the term involving the lowest power of the variable x by 
the coefficient of the root p, q, r or s. 
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Very roughly speaking, Newton begins by viewing f(x,y} = 0 as an 

implicit equation for y as a function of x and computes the sol u­

tion y by an approximation process which yields an expansion of the 

solution y in powers of x . When the conditions of the implicit 

function theorem are satisfied, one knows that the solution y can in 

fact be represented by a convergent power series in x. But in general 

one cannot expect this. This is already seen in the following quite 

trivial example : f(x,y} = xp- yq. 

xp - yq = 0 

has the solution y = xp/q. 

One sees from this that fractional powers o f x have to be ad-

mitted in order to represent the solution y, at any rate. Somewhat 

more generally, we can find a solution of the form 

y tx11 , 

where t is a complex number and 11 = p/q is a positive rational 

number, whenever f(x,y} is a polynomial of the following form : 

f(x,y} 

Such an f is a quasi-homogeneous polynomial, as defined earlier in 

4.4. In t his case one can find a solution y = t x 11 by substituting 

y = tx11 in f(x,y} and obtaining 

l:act8XCI+IIf\8 

\) 8 
x l:aa 8t 

x\)g ( t } . 

If is a zero of the polynomial g (t} , then is .a solu-

tion of f(x,y} = 0. We can choose t 0 ~ 0 just in case 

g(t} ~ c·tm , i.e. when f(x, y) contains at least two distinct 

monomials . 

The condition that f(x,y) contain o nly monomials ct 8 
X y for 

which a + 118 = \) can also be described - and this is an essential 

part of Newton's idea- in the following intuitive geometric way : 

Each monomial xayB corresponds to the pair (a,8) of natural 

numbe rs, and hence t o a point of the l a ttice m2 of points (a,8) 

with intege r coordinates i n t he p l a n e m2 Now when 
a B f(x,y) = Eaa 8x y is an arbitrary power s eries, we consider the set 
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of lattice points whose monomials (X s 
X y really appear in t he 

power series, i.e. those for which the coeffici ents aaS 1 0. 

this set of lattice points the carrier 

ll(f) = { (a, S) € lN2 I a 
a S 1 0}. 

We first consider two examples . 

Example 1 : f (x ,y) 

f! 

' 4 

3 

2 

I 

Example 2 f (x, y) 

fl 

4 ... 

3 

2 

I 

4 = y 

... 

... 

... ... 

4 
y 

... ... 

2x3y 
2 

+ 
6 - X 

' ... 
' ... 

', 
... ... 

I 2 3 

... 
... 

' 
' ... 

... 
' ... 

I 2 3 

ll (f) 

... 
... 

4 

6 
+ X 

' 
' 

'• 

.... 

' ' 

s 

' 

of 

... ... ... 

7 
X . 

' ' ' 

5 

f, thus 

' ... 
.6 a 

' ' 
(, 7 

We call 

a 
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The condition that there be rational numbers ~ and v such that 

(a,S)E 6(f) obviously means that all points of a + ~S = v for all 

6(f) lie on a line. And in fact this line then has slope 
1 

and 

it meets the a-axis at a = v. 

3 
In Example 1 this condition is satisfied with ~ = 2 , v = 6. We can 

therefore find a solution of the form y = tx31 2 . Substitution in f 

yields 

f(x,tx 31 2 ) = x6 (t4 - 2t2 + 1). 

The zeroes of g(t) = t 4 - 2t2 + 1 = (t2-1) 2 are t 

obtain two solutions of our equation, y = x 312 and y 

+ 1. Thus we 

-x3/2. 

In Example 2 the points of 6(f) do not all lie on a line and we there-

fore cannot find a solution as simply as in Example 1. 

can view the function f in Example 2 as a sum 

f ! + h, 

However, we 

where is the function 

-4x5y - x7 

f(x,y) = y 4 of Example 1 and 

h(x,y) 

order of a monomial 

is a higher order perturbation term. 

xayS is not a + S, as usual, but 

Here, the 

a + With 

respect to this definition of order, all monomials of ! in our example 

have higher o rder, namely x5y has have order 6, and the terms in 

and x 7 has order 

h 

order 6~ 7. 

Now when we simply substitute the solution y = X 
3/2 

of 

t(x,y) = 0 in f(x,y) then f does not vanish, but at least the 

terms of lower order do. This means that we can regard the solution 

y = x 3/ 2 of t(x,y) 0 as an approximate solution to f(x,y) = 0, 

and hope that the true solution differs from the approximate solution 

only by terms of higher order. We express the true solution as 

y x 3/ 2 + terms of higher order 

In order to avoid calculating with fractional powers of X from now on, 

we also make the substitution ~ 
X = xl. 

Altogether, we substitute in f(x,y) 

y 

X = 

Then the result is 



2 3 
f (xl,xl (l+y l)) 

4 
fl (xl,yl) = yl 
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f 1 (x1 ,y1 ), where 

+ 4y~ - 4x1y 1 - 4x1 - x~. 

Again we consider the carrier , ~ (f1 ) 

8 

\ 

\ 

\ \ 
\ 

\ \ 

\ \ 
\ \ \ 

\ \ \ 

\ \ \ 
\ \ \ 

\ \ \ 

\ \ \ 

\ ' \ 

\ \ \ 
\ \ 

\ \ \ 
a 

We see tha t ~ (f1 ) does not l ie on one line , however it lie s on a 

system of parallel lines of slope -2. For this reason, we seek a solu-

tion of fl (xl,yl) = 0 of the form 

yl 
":! 

t l xl 

Subs titution in the t e rms of l owe r orde r y i eld s 

4y2 - 4x = x (4t2-4) = 0 1 1 1 1 • 

hence If we choose l and substitute in 

f 1 (x1 ,y1 ), then we obtain 

":! 2 
f l (x l,xl ) = xl + 4x 3/ 2 + 4x - 4x 312 4x - x 1

2 = 0. l l 1 - l 

Thus ":! 
= x1 is a sol ution of f 1 (x1 ,y1 ) 0 . Becau se of t h is , 

y = 
3/2 

X (l+yl) 
3/2 ":! 3/ 2 !;( 

= x (l+x1 ) = x (l+x ) 

is a solution o f f(x,y) = 0 . Thus with 

y = 3/ 2 
X 

7/ 4 
+ X 

we have f ound a s o lution of t he orig i nal equati on f (x, y ) 0 ! 
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After these examples, we now describe the general Newton process : 

Let f(x,y) = a a 
I:aaax Y be a convergent power series and, without 

loss of generality, let f be y-general (say of order m > 0, i . e . 

a om t- 0 and aOi = 0 for i < m) . As above, 

t,(f) ·= {(a, al E. IN2 

is the carrier o f f. 

We now want to find the line at which we begin the process. It is 

the "steepest possible line" through the lowest point of the carrier 

on the a- axis. In order to make this precise, we introduce a few 

concepts, which we shall also need later. 

For each point 

quadrant p + ( lR +) 2 

p of the carrier of f we consider the positive 

moved up to p. From the union of all these 

displaced quadrants we construct the convex hull 

conv( u 
Pe,., {f ) 

(p+(lR+)2)). 

The boundary consists of a compact polygonal path (where all the seg-

ments have negative slope) and two half lines. 

path is called the Newton polygon of f. 

This compact polygonal 
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' 
<~.o>' a 

If the Newton polygon is a single point 

s • 

• 
(0,.).---------------.-----------

• 

then f = ym g(x,y) with g(O, O) f 0. In t his case y _ 0 is a 

solution of f(x,y) 0. 

Otherwise, the steepest segment of the Newton polygon is the start-

ing line which we want. We therefore let 
1 

~0 
be the slope of the 

steepest segment of the Newto n polygon. Then we can partition f into 

separate parts according t o the we ight given by ~O : 
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f {1) 

Here v is the intercept on the a-axis of the line through (O,m) with 
1 

slope (hence v = m~0 ) , and by construction there are at least 
~0 

two number pairs (a,el € ~{f) with a + ~0e = v . 

The first approximate soluti on of f(x,y) = 0 that we construct is 

a solution of the quasi-homogeneous equation 

r (x,y) = 

We substitute 

r(x,y) X V ( L a te) 
ae 

a+~oe=~om 

xvg(t). 

Here g is a polynomial of degree m. Since at least t wo 

nonzero, the polynomial 

g(t) 

has a nonzero root t 0 . Then 

a 
ae 

are 

is the first approximate solution of our implicit equation f(x,y) 0. 

The exponent ~O is rational, say 

Po 

qo 

where are relatively prime natural numbers. 
1/qo 

x1 := x , so that the first approximate solution 

is In order to improve this approximate solution, we 

make a fresh start with 

and substitute thi s throughout the equatio n f(x,y) 0. This gives 

a new power series in x 1 and 

qo Po 
f(xl ,xl (to+ylll. 

vqo 
By (1), x 1 divides this power series , i.e. 
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and f 1 is again y 1-general of an order m1 < m. 

process just described : 

Now we iterate the 

We construct the Newton polygon of f 1 , let 

pl . . ll~ 
negative slope <1.11 = --) , obta1n an approx1mate solut1on 

l 
be its steepest 

Ill 

1/qil 
yl = t lxl ' 

substitute x 2 := x1 , again make an improved start 

pl 
y 1 = x 2 (t1+y2 ) which is substituted throughout f 1 (x1 ,y1 ) 0 and 

pull out all possible powers of x 2 

with a y 2-general f 2 of order m2 2 m1 , etc. 

Altogether, we obtain a sequence 

1/qi 

of convergent power series 

fi (xi,yi) (with xi+l xi ) , each yi-general of order 

and a sequence of approximate solutions 

llo 
y x <to+yll 

Ill 
yl xl (tl+y2) 

1.12 
y2 x2 (t2+y3) 

Thus the result is that 

llo llo Ill llo ll1 ll2 
t 0x + t 1x xl + t 2x xl x2 + ... 

llo 
+ t 1x 

llo+lll/ qo llo+llllqo+ll2/ qoql 
= t 0x + t 2x + ... 

m. 
1 

(2) 

where 

- an expansion of y as a series in ascending fractional powers of x. 

We now want to show that this series is meani ngful in the sense 

that the denominators in the exponents do not increase indefinitely . 

Apart from this, the convergence of the series still remains to be 

proved later. 

In certain cases the process breaks off with y. = 0 
1 

for some i 

(e.g. when the Newton polygon of f. 
1 

is a single point) , and then the 
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series (2) is a polynomial in xl/n, for some n, which satisfies the 

equation f(x,y) = 0. 

For the general case we show the following 

Assertion : 

There is an index i 0 such that ~i is always an integer for 

i > i 0 . 

Then qi = 1 and xi+l = xi for i ~ i 0 , hence n := 

is a common denominator for all exponents in the series (2). 

words, 

Proof : 

y may be represented as a power series in 1/n 
X . 

The series fi are yi-general of order mi , and the 

descending sequence of natural numbers : 

qOql ... q-\J 

In other 

m. 
l. 

form a 

We shall show in a moment that ~i fails to be an integer only when 

This happens only finitely often, hence from a certain i 0 

onwards all the ~i are integers. 

Now it remains to show that 

If mi = mi+l , then ~i € IN. 

Proof : (without loss of generality, for the case i 0) 

qo Po 
Making the substitution x = x1 , y x 1 (t0+y1 ) in the equation 

(1), one obtains 

Hence it follows that 

Here t 0 is a nonzero solution of the equation g(t) = 0, and g is a 

polynomial of degree m = m0 . The number m1 is just the order of the 

zero y1 = 0 in f 1 (O,y1 l, and hence the order of the zero t 0 of g. 

If - as we have assumed - m1 = m0 m, then g has the form 

g(t) (c 'I 0) . 
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g(t) 
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m-1 
t in the po lynomial 

does not vanish , i.e. · a 1 f 0 for some a e:: lN with 
a,m-

a + llo (m-1) = !l0m. It follows that llo = a E;. lN , as was to be shown. 

Thus we have now expanded y as a forma l power series in 

By con s truc tion, f(x,y(x)) v ani s hes t o arbitrarily high o rder. 

f(x,y(x)) = 0 and y(x) is a formal solution of the equation 

f (x,y) = 0. 

Definition : 

1/n 
X • 

Thus 

The series y(x) Ea . xi/ n is a Puiseux expansion for the curve 
~ 

with equation f(x,y) 0 . 

The series of course depends on the choice o f zeroes t .. 
~ 

Never-

theless, we shal l soon see that a t irreducible singularities i t is 

legitimate to speak of "the" Pui seux expansion. The naming o f the 

series after Puiseux rather than Newto n is based upon the fact that 

Puiseux inve stigated this serie s expa n s ion mo r e thoroughly in h is wo r k , 

a s we s hall see late r. 

If one does not want to work with fractional exponents, i.e. with 
1/n 

many-valued functions, then one can set z = x This substitution 

converts the Puiseux expansion i n t o a power seri es 
i 

y(z) = Ea.z 
~ 

wh ich 

s o lve s t h e imp l icit equation f (zn,y( z )) = 0. I n thi s wa y o ne c an, as 

we often shall in wha t follows , work as usu a l with formal a nd convergen t 

power series . 

Newton said nothing about the convergence of the series i n the 

letters we have cited. A convergence proof by direct estimation o f the 

coefficients obtai ned b y t he proc ess would p r obably b e a wkward ; we t h ere-

f o r e take another a pproach. We fi r s t prove the exis tenc e o f a conver-

gent solution . One can immedi ately derive the existence of a c onver-

gent solution from the existence of a formal s olution just proved by the 

Artin approximation theorem (cf. 8.1). However, it is not necessar y to 

u s e this deep t heorem ; for t h is simple pro blem our knowledge o f ana -

l ytic sets s uffices . Whe n E, o > 0 we l et uE, o deno t e t he polyd i sc 

u 
E, 0 

{(x,y) E a: 2 IIY I < E , lxf < 6 }. 
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Theorem 1 

Let f(x,y) E ~{x,y} be y-general of order m > 0 and irredu-

cible. Then there is an e0 > 0 such that for each 0 < £ < e0 there 

is a o > 0 with the following properties : 

If 

x := {(x,y)E uE,o I f(x,y) =0} 

is the zero set of f, then there is a convergent power series 

y (z) e ~{z} for which the mapping 11 : B + ~2 from the disc 

B : = {z E ~ jlzl < ol/m} to ~2 with 11(z) = (zm,y(z)) is holomor­

phic and onto X, i.e. 

11 : B ++ X. 

The restriction rr 

11-l(O) = {0}. 

B - {0} .,. X - {0} is biholomorphic and 

Proof : Without loss of generality let f be a Weierstrass polynomial 

m m-1 
f(x,y) = y + c 1 (x)y + ... + cm(x). 

We have seen earlier (say, in the proof of 8.2.7) that for sufficiently 

small £ there is a o such that for x0 € D0 {x E: ~ I I xI < o} 

the polynomial f(x0 ,y) has exactly m zeroes (counting multiplicity) 

in the polydisc UE,O 

af 
Since f is irreducible, f and are relatively prime as 

ay 
Weierstrass polynomials and by Lemma 8.2.5 they are also relatively 

prime in ~{x,y}. Thus :~ is not a zero divisor in OX,O and, by 

the Krull principal ideal theorem 8.2.19, the set of common zeroes of 

f and af is zero-dimensional, and hence consists of isolated points. 
ay 

af 
Thus if o is sufficiently small and if x 0 e: D0 - {0}, then ay 

is nonzero on the zero set of f(x0 ,y); i.e. the equation f(x0 ,y) = 0 

has m ~imple zeroes. If y0 is such a zero then the implicit func­

tion theorem gives a holomorphic function y(x) and a neighbourhood in 

which it locally parametrises X. 

around (x0 ,y0 ) and the projection 

X + D 
0 

(X,y) I+ X 

X is therefore locally a manifold 

is biholomorphic locally around (x 0 ,y0 ). 
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D~ 

X 0 
0 

Thus the projection X - {0} + D0 - {0} is a covering in the topo-

logical sense. The only possible singular point of X is 0 ; by 

remark (i) fol lowing 8.2.17, X- {0} is connected. But one knows 

from topol ogy* that such a covering of D0 - {0} looks like the cover­

ing of the punctured disc 

B - {0} + D0 - {0} 

given by 
m z l+ z . More precisely : if one chooses z 0 E B - { 0 } 

y 0 E: a: with 0, then there is a unique homeomorphism 

n : B - {0} + X - {0} 

and 

which sends to and makes the following diagram commute 

X - {0} 

* cf., e.g., [53]. §55. 

X €. D0 - {0} 3 
m 

z 

B - { 0} 

"' 



388 

n has the form n(z) = (zm,y(z)), and y(z) is a well defined contin-

uous function on B- {0}. Thus y(z) is holomorphic, because it coin-

cides locally with the composite of the mapping z ~ zm and the solu­

tion y constructed above by the implicit function theorem. The 

mapping n is biholomorphic from 

inverse mapping is given locally by 

branch of the mth root. 

B - {0} to X - {0} because the 

n-1 (x,y) = ,x, with a suitable 

Since the zeroes of a polynomial depend continuously on the coeffi­

cients, y(z) tends to zero with z (since y(z) is the solution of 

the equation f(zm,y) = 0). The function y(z) with y(O) = 0 is 

therefore holomorphic in B - {0} and continuous at 0, and hence a 

holomorphic function on B. 

rr(z) = (zm,y(z)) is the desired parametrisation of X. 

We can now show the convergence of the series obtained by the 

Newton process (the Puiseux series) 

Let our f(x,y) ~ ~{x,y} be, without loss of generality, a Weier­

strass polynomial of degree m. If f is irreducible, then Theorem 1 

yields a convergent series y(xl/m) which satisfies the equation 

f(x,y) 0. But then the "functions" 

1/m 1/m m-1 1/m y(x ), y(£X ), ... ,y(£ X ) 

also satisfy this equation. Thus we have already found m distinct 

roots of the Weierstrass polynomial f(x,y) of degree m, and they are 

all convergent series in ~{xl/m }. But the series obtained by the 

Newton process also satisfies the equation f(x,y) = 0. As a polynomial 

of degree m has a ·t most m roots, it coincides with one of the series 

above. In particular, it is convergent. 

In general, f has a decomposition into irreducible factors, 
rl rn 

f 1 , ... ,fn . The Puiseux series then satisfies one of the equations 

fi (x,y) = 0, and hence, by what was said above, it is also convergent in 

this case. We have seen that each irreducible curve with an equation 

f(x,y) = 0 admits a solution y = y(x) describable by a series expan­

sion in powers of xl/m, determined uniquely up to the choice of branch 

of xl/m where m is the degree of the Weierstrass polynomial f. Equi­

valent to this description of the solution is the parametrisation 

z ~ (zm,y(z)) of a disc of the z-line in the (x,y)-plane. 

ly, each such parametrisation z ~ (zm,y(z)) yields a curve. 

Converse-
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Theorem 2 

Let m be a natural number, and y(z) E ~{z} a convergent power 

series. The image X of the mapping z ~ (zm,y(z)) is then the zero 

set of the analytic function 

1/m 
f(x,y) = IT (y-y(EX )) 

Em=l 

in a neighbourhood of 0 E ~2 . 

Proof: On the set {(x,y) e. ~2 I x 'I 0}, f is obviously, in the neigh-

bourhood of the origin, a well-defined, bounded holomorphic function 

which may be continuously extended on the y-axis. Thus f is holo­

morphic on ~2 and X is obviously just the zero set of f. 

In Theorem 1, the curve X was parametrised by the mapping 

n : ~ ~ X of the regular analytic set ~ onto the possibly singular set 

X. We have thereby met the second important method (after stratifica­

tion in 8.2) for the reduction of singular objects to regular objects -

resolution of singularities. 

Definition 

Let X be an analytic set and let S(X) b e the set of its 

singular points . A resolution of singularities o f X is a proper , 

surjective, holomorphic mapping n : X + X of a complex manifold X 
onto X such that 

11 : X- n-l(S(X)) ~X- S (X) 

is biholomorphic and 
-1 

n (S (X)) is a nowhere dense analytic subset i n 

x. 

Remarks 

(i) It is important to understand this definition precisely. I n 

this regard, it must first be stressed that a resolution of singulari­

ties of X is given not simply by a nonsingular X, but only by the 

mapping n X ~ X with the properties listed in the above def i n i tion. 

For example, when one resolves the local irreducible singularities of 

curves, then for suitable representatives X, like those previously 

chosen, the manifold X is the same for all curves, namely a disc . 

The difference between the curve singularities first appears in the 

mapping n, and hence in the Puiseux expansion . 

The idea of resolution of singularities by purely algebrai c or 
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algebraic-geometric processes is about 100 years old and goes back to 

Kronecker and, independently, Noether. (More on the history is in 

[B2], p. 362- 363.) Both use certain birational transformations, inclu-

ding q uadr atic transfo rmations , which we shall say more about in sec-

tion 8.4. These quadratic transformations can already be found in the 

work of Newton, Maclaurin and Braikenridge on t he organic generation of 

curves, and lat er (1750) in Cramer's investigation of singularities . 

"However, what these authors are concerned with is not in fact a 

the ory o f reduction o f singularitie s but me r e ly the simplifi cation of 

curve constructions by simplification of curve equations, so as to 

recognise their form in the neighbourhood of s ingular points, be they 

finite or at inf inity." (cf . L. Berzolari: "Al gebraische Transforma-

tionen und Korrespondenzen" . Encyclopadie der mathematischen Wissen­

schaften, Band I IIC 11, especially section 66.) 

For i rreducib l e plane algebraic curve g e rms, Theorem 1 gives a 

resolution of singularities by means of the Puiseux expansion. And one 

can resolve reducible curve germs by resolving the reducible c omponents 

individually and then taking the "disjoint union" of all these resolu-

tions . From there it is no t far to a global resolution of singulari-

ties f o r an alge braic c urve . I n the ne xt section we shall study the 

r e solutio n o f s i ngularitie s of p lane curve s in detail, na mely the reso-

lution by quadratic transformations. Resolving the singularities of 

surfaces is muc h more difficult; a general process for the resolution 

of two-dimensional singularities was found by Hirzebruch [H5) 1952. 

For a l gebraic varieties of arbitrary dimension, the existence of a reso­

lution of s ingularities wa s p r oved by Hi rona ka [H3] in the y ear 196 4 

and after some years he was able to extend it t o arbitrary complex 

spaces. Hironaka's proof is among the most difficult in all mathema-

tics, but the basic idea is again the application of generalisations of 

quadratic transformations. 

In the cas e of r esolution of irredu c ible singularities of curves 

t he mapping n : B +X, z ~ (zm,y( z )) is e v e n a home omorphism . The 

associated mapping n* : OX,O = ~{x,y}/(f) + ~{z }, which associates 

each function ¢> E OX, 0 with the function ¢> o -rr, is therefore injec-

t i ve . Howev e r, it is not in g e neral surjec tive. 

Example 

I f f(x,y) y 2 - x 3 , t h e n we have t he paramet r i s ation 
2 

X = Z , 
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3 
y = z 

y(x,y) 

(the parametrisation is 

l:a .. xiyj € a:{x,y}/(f) 
l.) 

we therefore have 

For a power series 
2i+3j 

11* (y) = Ea . . z 
l.) 

i.e. the image of 11* is the set 

We shall now describe the function theoretic difference between B 

and X more precisely. By the Riemann extension theorem, a function 

which is continuous on the disc B and holomorphic on B - {0} is 

already holomorphic on B. However, no analogous assertion holds for 

the above semicubical par abola X with equation y 2 - x 3 

the function Y . . { I Y2 ~(x,y) = x 1.s cont1.nuous on X= (x,y) 

holomorphic on X- {0}, but not holomorphic on the whole of 

0 . E . g. 

x 3 } and 

X. We 

note, incidentally, that in the above notation z = ~ is precisel y the 

power missing in 11*(0x,o>, which one must add in order to obtain reso­

lution in the local ring a:{z} . 

One calls an irreducible analytic set germ (X,y) normal when each 

continuous function on X which is holomorphic on the set X- S(X) of 

regular points is already holomorphic on X. 

If X is an analytic space, then a proper surjective holomorphic 

mapping 11 : X+ X o f a no rmal analytic space X (i . e. X i s no rmal 

at each o f its points) onto X is called a normalisation of X when 

11 induces a biholomorphic mapping 11 : X- 11-l(S(X)) +X- S (X) and 

11-l(S(X)) is nowhere dense in X. One can show that there is always 

a unique smallest normalisation of X. 

tion of X. 

This is called the normalisa-

In particular, each resolution of singulariti es i s a normal isation: 

for curves these concepts coincide completely. In the above example 

of the cuspidal cubic we have indeed seen how the local ring a:{ z } re­

sults from resolution by adjunction of those function germs which are 

continuous on X and holomorph ic on X- {0}. Fo r higher-dimensional 

s pa ces i t i s much s i mp l er to f ind a normalisat ion r a ther t ha n a resolu-

t i o n (Narasimhan [N3], Ch. VI) . For example, a hy persurfa c e XC a:n 

is itself normal when the singularity set S(X) has codimensio n at 

least 2 in X. 

In Theorem l we have reso lved the singulari t y 

X { (x,y) f(x,y) = 0} by studying the branched covering 

X + D0 = : D, (x, y ) •+ x . The r e solution 11( z ) = (zm,y( z )) d e pends not 
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only on the abstract topological covering X- {0} + D- {0}, but a l so 

quite essentially on the way this covering is "embedded" in o: 2 . 

0:2 

\.) 

(x,y) E. X 
1T 

X 3 z 

Il# 
m 

XE.D3z 

We shal l now analyse in more detail how the Puiseux expansion y(z) 

is related to the covering X + D. 

different solutions Over each point x 0 E D - { 0} lie m 
i 1/ m 

yi (x0 J = y(£ x 0 ) of the equat ion f(x0 ,y) = o (where £ = e 2rri / m). 

The covering X - {0} + D - {0} is unbranched, hence each path 

yl (x ) ; 
0 I 

I 

0 

X 

D 

in D - {0} (0 < t < 1) may be lifted to m distinct paths. 

(x (t) , y 1 (t)) , ... , (x (t) ,ym (t )) 

x(t ) 
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in X. The are then well-defined complex-valued continuous func-

tions, on the interval [0,1], such that yi (t) f yj(t) for if j . 

Example : We consider the familiar semicubical parabola (cf. 5 .3). 

X= {(x,y) E. a:2 I/= x3}. 

The resolution of the singularity is TI(Z) = (z2 ,z3 ), thus m = 2, 

y(z) = z 3 . Let the path x (t) be one circuit of the unit circle 

2Tiit 
x(t) = e 

The s o lutions of f(x(t) ,y) are then 

e2 Tii(3/2) t 

y2(t) 
2Tii(3/2)t 

-e 

The graphs of these two mappings lie on the cylinder 

(0,1) X s1 C (0,1) X a:. 

In future we shall represent such graphs by suitable plane projections: 
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In general, for a closed curve x(t) in D - {0} we have m con-

and tinuous functio ns yi : [0,1] + ~ with 

{yl {0) • ... ,ym {0)} = {yl (1) • .•• ,ym (1)}. 

as follows : 

The graph then looks somewhat 

-a braid! 

Intuiti vely, it is perfec tly clear wha t one means by a braid . A 

braid results when o ne a s sociat es e a c h pcint in [ 0 ,1] wit h m diffe-

rent complex numbers, in a continuous way, and so that the same set of 

complex numbers is associated with both 0 and 1 . "Pushing the 

threads" with fixed initial and f inal point d o es not amount to any thing. 

One can make this precise as follows (cf . Birman [BlO]) 

s ymme t ric g roup S a c t o n ~m by e x c hang ing c oordinates . 
m 

let the 

Th en 

is the set of all unordered m-tuples of distinct complex numbers . (The 

set 
th 

m 

y 
m 

can be identified with the space of all c omplex pclynomials of 

degre e with distinc t roots, by associating 

z = wi th t h e pol yn omia l 

which is the pclynomial with roo t s 

morphic, even biholomorphically equivalent, to 

eac h 
m-1 

a1 {z )x + ... + om {z ), 

Thus Y 
m 

is homeo -

t he complement of the 

discriminant surface in ~m. whi ch we have c onsi dered in 4. 2 ). 

Definition : 

A b r aid on m s trings (and i n iti a l point y) is a h omo t opy c l ass 

of a c l osed pat h in Ym wi th i ni t ial and fi nal p o i n t y, i . e. a b raid 

is an element of w1 (Ym,y). 

w1 (Ym,y) is a group, and multiplication of braids is simply "join­

ing t o g e the r". 
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One also calls this group the Artin braid group B(m). 

The process for solving the equation f(x,y) = 0 by a power 

series y = y(x) goes back to Newton, as we have said, was further 

developed by Cramer (1750) and perfected by Puiseux [P3] 1850. In 

Puiseux one also finds the idea of investigating singularities with the 

help of braids. Admittedly , topology was not sufficiently developed 

in the time of Puiseux to enable the concept of braid group to be made 

precise as above, or in any similar way. (The fundamental group was 

first developed by Poincare, nearly fifty years later.) Nevertheless, 

it seems to me that Puiseux's investigation must be implicitly based on 

an idea similar to braids. The concept of "braid" was first made ex-

plicit by E. Artin [AS] 1925 . (Previously it had also been implicit 

in Hurwitz. ) 

Braids and braidlike weaving of course appear very early in human 

culture, at least since the Middle Stone Age . On the following pages 

we reproduce, from [Sll], a description of one very old special weaving 

technique - tablet weaving - for which the resulting weaves are really 

braids in the mathematical sense. 
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Weaving 
ON A LOOM 

Weaving is the interlacing of two sets of yarns at right angles to 
each other to form a plane or fabric. One set. the warp, is stretched 
out flat and held taut so that each warp yarn, or end, is held with 
the same degree of tension. A loom is a device designed for stretch­
ing all the warp ends next to each other-a device that also holds 
them taut and allows for adjusting their tension. 

The other set of yarns. really a single strand, is called the weft, or 
tiller. In the simplest weaving, a plain weave, the weft yarn is 
passed over and under successive warp ends across the width of the 
warp, and then passed back under and over alternate ends. The 
sides of the weaving. where the weft turns and passes back across 
the warp, are called the se!rages. 

Speed and ease in weaving are accomplished by various shedding 
mechanisms. The alternate warp ends, the ones the tiller is to go 
under, are lifted together. forming a space between them and t)le 
warp ends that the weft is to go over. The triangular space formed 
by separating the warp this way is called a shed. Ordinarily. on 
looms. shedding is achieved with heddles and harnesses; in tablet 
weaving. the shedding mechanism is the tablets. 

When a shed is formed . the weft can be passed through the shed , 
across the warp, with the aid of a flat tool. called a shuttle, that has 
the filler wrapped around it. This weft "shot," as it is called, is then 
forced, or beaten down, against the body of the weaving. 

As the weaving progresses. the shed is changed so that different 
warp ends are on top of a new shed. Then, with the shuttle. another 
shot of weft is passed back through the new shed and beaten down. 

WITH TABLETS 

The tablets used in tablet weaving are made of any rigid material, 
cut to a regular geometrical shape (most often square). with a hole 
punched near each corner. The corners of the tablets are rounded to 
facilitate turning. 

A warp end is threaded through each hole of a tablet in one direc­
tion. either all up from back to front, or all down from front to 
back. When an entire warp is threaded this way with an appropriate 
number of identical tablets, and the tablets are held together in a 
deck. a shed is formed between the ends threaded through the top 
holes of the tablets and those threaded through the bottom holes. 

Notice that each tablet can be turned around freely. This turning 
twists the warp ends of one tablet together and changes the shed by 
raising and lowering the ends in rotation. 

Ordinarily, tablet weaving is limited in width by the number of 
tablets that can be held and -turned in your hands. and tablet weav­
ing is most suitable for making long narrow strips of fabric. 

Tablet Weaving 7 

Loom·Weaving Terms 
a. warp d. heddle 
b. weft e. shed 
c. plain weave f. shuttle 

Tablet weaving pulled apart 
to show its structure. 

Tablet·Weaving Terms 
a. warp d. tablets 
b. weft e. shed 
c. plain tablet weave f. shuttle 
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.. ~ ~ rt • • :: 

This diagram, after Margrethe Hald, 
shows how the structure of 2-hole tab­
let weaving could be reproduced with· 
out tablets. 
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The fabric is woven by passing the filler. or weft, through the 
shed formed, beating down, and then turning the tablets to form a 
new shed. The warp ends of each tablet twist around the weft. 
Hence, tablet-woven bands are warpjaced (that is, the weft only 
sh;,ws at the selvages of the band) and warp-twisted (that is. the 
warp ends of one tablet are twisted around each other). This twisted 
warp makes for an exceptionally strong fabric. One can also weave a 
fabric that is not warp-twisted, a plain weave, by turning the tablets 
in a slightly different manner. 

A ply is the number of yarns twisted together. With 4-holed tab­
lets, a 4-ply fabric is obtained: I ply (or yarn) for each threaded 
hole. This means the tablet-woven band is many plied and very 
thick. 

Pattern in tablet weaving is determined by threading different col­
ored threads through the holes in the tablets, and by the sequence 
and direction of turning them. 

The structure of tablet-woven fabric raises the question of how the 
method was probably developed. It is possible to produce identical 
weaves without tablets, twisting two or more warp ends by hand 
before inserting a weft . The use of tablets with holes to twist the 
warp while forming a shed appears an ingenious solution to the 
difficulty of performing both operations by hand. The value of the 
twist is clear: the twisting together of warp yarns makes for a thick­
er, stronger fabric, and is related to the process of twisting yarns to 
make rope. 



398 

Types of weaves in the tablet weaving of Quechua Indians from Titi cachi, 

Munecas Provi nce , Boliv i a . Th e patterns from this rich c ultural tra­

dition s how, a mong other t h i ngs , condor , llama, horse, deer and h i ghly 

stylised tomatoes . 
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Each closed path x(t) in D - {0} yields a braid in the way des-

cribed above. Since this braid results from the covering 

X- {0} + D- {0}, homotopic paths yield the same braid. 

Now we must pay some attention to the initial and final poi nts of 

the braids. If x(t) and x' (t ) are closed paths in D - {0} with 

different initial points, then i n general the associated braids y and 

y' have different initial points. Now if x and x' are free homo-

topic (i.e. if there is a homotopy ht between x and x' such that 

the paths ht(O) and ht(l) coincide), then the associated braids y 

and y' are also free homotopic as paths in y • 
m 

Intuitively, this 

means that the threads of y may be deformed into those of y '. with 

the initial and final point of each thread being moved in the same way. 

y 

y' 

We call two braids (topologically) equivalent when they are free homo-

topic as paths in y . 
m 

Thus we have proved 

valent braids. 

free homotopic paths in D - {0} yield equi-

Because of this fact , and because the fundamental group of D - {0} 

i s generated by a circuit around 0, it suffices to confine ourselves 

to the standard path 

2nit 
x(t) = 6e (6 sufficiently small) 

when investigating braids. We call this braid "the braid of the singu-

larity" . We shall now study how the braid of a singularity is related 

to the Puiseux expansion y(x). First , a couple of examples. 
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Example 1 : 

3/2 7/4 
Suppose the Puiseux expansion of f is y = x + x . When 

7/4 
one chooses 6 sufficiently small, the term x is small in compa-

rison with x 312 , i.e., to a first approximation the points lying over 

x = 6 are the two points y + s31 2 . And as x rotates around the 

circle lxl = 6 they turn one and a half times around the origin in ~. 

The braid is one we have already seen previously 

Now we consider the perturbation term X 
7/ 4 

Over the point 

x = 6 there are now four points y~, ... ,y4 , grouped in pairs around 

the points y = 6312 and y = - 631 previously considered : 
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During a circuit of x around the circle lx l = o, the points o31 2 

and - o31 2 , a s before, mov e o ne and a half times around the big c i r c le; 

and t h e points actua lly of int erest t o u s , e ach r o t a t e 

one and three quarter times around the strings o f the first b r aid. The 

resulting braid is as follows . 



.. 
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Example 2 : 

Suppose the Puiseux expansion of f is y X 
37/2 

To a 

first approximation, we again have y = X 
3/2 

But this time the perturbation term 

strings of the braid. The braid for 

around t he first approximation : 

x 3712 does not alter the number of 

x 312 + x 3712 just oscillates 

This braid may be smoothed out so as to give the o riginal brai d, thus the 

braids for x 312 and x 312 + x 3712 are equivalent. 
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This example suggests the conjecture that for a function f with 

the Puiseux expansion y(x) = Ea xK (a 1 0) the braid of f depends 
K K 

only on the terms a xK for which the denominators of the exponents 
K 

increase. We shall formulate this more precisely shortly. 

In order to be able to associate a singularity with a braid which 

is uniquely determined, up to equivalence, we must choose the coordi­

nates in the plane suitably, because the latter enter essentially into 

the definition of the projection mapping (x,y) ~ x and hence into the 

definition of the braid. For example, with the singularity 

y 2 - x 3 0 we have associated the Puiseux seri es y = x 312 and the 

following braid 

But if we exchange the roles of the coordinates x and y in the con­

struction, then we obtain the singularity y 3 - x2 = 0 with the 

Puiseux series y = x 2/ 3 and the three-stringed braid 

This is because we have obtained the braid by study of the covering 

X- {0} + D- {0}, (x,y) ~ x, and this covering is essentially different 

in the two cases, as the real picture already shows : 
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~2 

D D 

0 0 

The covering is given by pro jection along the y-axis; and in the 

first case the y-axis cuts the singularity with multiplicity 2 , in the 

second case with multiplicity 3. As we have seen in 5.3, this second 

case is exceptional. We therefore introduce t he following c onv e ntio n 

fo r the c hoice o f coordina tes x, y, and we s hall make i t t he basis fo r 

all our f uture investigation o f Puiseux expansions and the a ssociated 

braids, unless the context demands otherwise. 

Let f(x, y) be irreducibl e. If m is the multiplicity of f at 

the origin (cf. 5.3), let f be y- general of order m. I .e., 

suppose the y-axi s i s not a t angent at the s i ngular p o int o f the cur ve. 

This is equi valent to assuming that the Puiseux e xpansio n of f 

has the form 

y = cxa + h i gher terms (c t- 0) 

with a > 1. 

We now define the Puiseux pair s of f , a sequence of pairs of inte­

gers which describes exactly those positions in t he Puiseux series where 

the denominator o f the exponent increases, and what the exponent s are at 

those positions. 

We write the Puiseux e xpansion of f in the f o rm 
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With aK ~ 0, K ~ ~' K ~ 1. Then f is regular just in case all K 

are integers. In this case no Puiseux pairs are defined. 

Otherwise, there is a smallest Kl which is not an integer. 

nl 
K = 

l 

with relatively prime ml, nl. The number pair (ml' nl) is the first 

Puiseux pair of f. Some of the exponents which follow may be of the 

form :L (q > nl)' but if not all of them are, we shall come to a K2 
~l 

which ~s not so representable. We then write K2 in the form 

K = 
2 

(If necessary we must multiply the fraction for K2 on top and bottom 

by a divisor of The numbers and are uniquely deter-

mined, and the pair (m2 ,n2 J is the second Puiseux pair of f. 

In general, if the Puiseux pairs (m1 ,n1 ) , ... , (mj,nj) are already 

defined, let Kj+l be the smallest exponent for which the preceding 

exponents are all expressible in the form 

K = 
q 

while Kj+l itself is not. Then let 

= 
nj+l 

with gcd(nj+l ,mj+l) 1. Kj+l ml· ... ·mj+l 

Then (mj+l'nj+ll is the next Puiseux pair. Eventually this process 

terminates, i.e. there is a g such that .•• m = m is a common 
g 

denominator of all exponents in the Puiseux series. Hence we obtain in 

this way a finite sequence (m1 ,n1 J , ••• , (mg,ng) of pairs of integers. 

Definition 

The pairs (m1 ,n1 J , ••• , (mg,ng) defined in this way are called the 

Puiseux pairs of f. 

Examples : If y = x 312 + x714 , then the Puiseux pairs are 

(m1 ,n1 J (2, 3), (m2 ,n2 ) = (2, 7). 

If y = x3/2 + x5/3 + x37/2 = x3/2 + xl0/2·3 + xlll/2·3 then 

(3' 10). 

Since the exponents Kj are monotonically increasing and greater 

than 1, the Puiseux pairs satisfy the following conditions : 



nj-lmj < nj 

gcd(nj,mj) 
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for :::. 2 

1 for j = 1, ... , g. 

(1) 

Conversely, any given sequence of pairs of natural numbers, 

(m1 ,n1 ) , ... , (mg,ng), which satisfies the conditions (1) is the sequence 

of Puiseux pairs of a certain Puiseux expansion, say the "standard ex-

pans ion" 

y(x) 

What does the braid of such a standard expansion look li ke? In 

this general case we can describe the braid in a way quite similar to 

that used already for the special example 1. The braid results from 

letting x run once around a small circle 

x(t) = 6e2Tiit 

centred on the origin. We arrive at the braid via finitely many 

approximations. For the first approximation we consider only the term 
Kl 

x Over the initial point x = 6 of our path we then have the 

points 

k = 1, . .. ,m1 

on a circle with centre 0 and radius 

The second term improves the approximation ; now one has 

sets of points grouped of circles of radius 
K2 

o around the 

points y 1 , .. . , ym found first, etc. The points on the last and 

smallest circles 1 (radius 6Kg) are those whose paths we want to inves-

tigate, because when x describes its circle once, these paths give us 

the desired braid. 

If o is chosen sufficient ly small, none of these circles inter-

fere with each other. If we let x(t) descri be the circle jxj = o, 
then all these circles begin to rotate around each other with different 

velocities. Thus each yK(t) describes an iterated epicyclic curve, 

like those we have already met (for g = 2) in our report on the epi­

cycles of Hipparchus and Ptolemy (cf. 1.7). Here the angular velocity 

of the ith circle relative t o the comple x plane equals K . • 
~ 

The 

points on the smallest c ircles then describe a braid of m1 · . .. ·m9 
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threads, like a cable, resulting from the twist ing of m1 thi ck 

strands of threads, where each of t he latter strands 

results from twisting of m2 f iner strands of m3 - ... ·m9 threads, 

whic h in turn results fro m twisting m3 still finer stra nds. All of 

these strands a r e twisted in the same sense, whereas most cabl es used 

in practice i nvolve alternating directions of t wist. (Partic u l ars may 

be found e.g. in The Ashley Boo k of Knots, from which we have repro­

duced a few pages here and at the end of this section.) 
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ON KNOTS 

103. Yam: Is a number of fibers twisted together, "right-handed." 
Thread: In ropemaking is the same as yam. 

104. Se'Wing thread: May he two, three, or more small yarns 
twisted together. Sail111akcr's sc't:!ing thread: Consists of a number of 
cotton or linen yarns loose-twisted and is often called sewiug twine. 

105. Straud: Is two or more yarns or threads twisted together, 
generally /eft-handed. 

106. Rope: Is three or more left-handed straods twisted together, 
right-handed, called plain-laid rope. 

107. Hawser: Large plain-laid rope generally over 5" in circumfer­
ence is called hawser-laid. 

108. Cable or cable-laid rope: Three plain- or hawser-laid ropes 
bid up together, left-handed; also called water-bid becatiSe it was 
presumed to be less pen·ious to moisture than plain-laid rope. four­
strand cable has been used for stays. 

109. Four-strand rop,•: Right-Iianded, is used for lanyards, bucket 
hails, manropes, and sometimes for the running rigging of yachts. 

110. Shroud-laid rope: Right-handed, four strands with a center 
core or heart (formerly termed a goke) was used for standing 
rigging before the days of wire rope. The heart is of plain-laid rope 
about hali the size of one of the strands. 

111. Six-smmd rope: Right-handed with a heart, very hard-laid, 
was formerly used for tiller rope. The best was made of hide. 

Six-strand "limber rope" was formerly laid along a keel and used 
to clear the limbers when they became clogged. It was made of horse­
hair, which resists moisture and decay better than vegetable fiber. 
Nowadays six-strand rope with wire cores in e,tch strand is made 
for mooring cable and buoy ropes for small craft. 

112. Backhanded or n"L'<'rse-l,rid rope: In this material the yarns 
and the strands are botb right-handed. It may be either three- or 
four-strand and is more pli~nr than plain-laid rope and less liable to 
kink when new, but it does not wear so well, is difficult to splice, 
and takes up moisture readily. formerly it was used in the Navy for 
gun tackle and braces. 1\:owadays (in cotton) it is sometimes used for 
yacht running rigging. Lang-laid wire rope is somewhat similar in 
structure. 

113. !_eft-handed or left-laid rope: The yarns arc left-handed, the 
strands are right-handed, and the rope lcft-han,Icd, the direct op­
posite of right-handed rope. Coupled with a right-handed or plain­
bid rope of equal size, this is now used in roping seines and nets. The 
opposite twists compensate, so that wee seines have no tendency co 
twist and roll up at the edges. 

In ropemaking, strictly speaking, yarns are "spun," strands are 
11formcd," ropes nrc "laid/' anJ cables arc ~~closed,'' but these terms 
are often used indiscriminately. 

formerly plain-laid ;~nd hawser-laid meant the same thing. Now 
the term ba-u:scr-/,rid refers on!~· to l;~rge plain-laid ropes suitable for 
rowing, warping, and mooring. 

It is a common mistal;c of recent years to use the terms hawser­
laid and cable-l.rid interchangeably. This leaves two totally diiTcrent 
products without distinguishing names, and it is no longer certain 
when either name is applied just what thing is referred to. 

[ 2 3 J 
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Example y 

u 

In this example the point with number k goes to the point with number 

k+l (mod 72) after one rotation. 

Thus for standard expansions we can now construct the associated 

braid. The next theorem shows that the braid of an arbitrary irredu­

cible singularity looks exactly like that of t he standard expansion 

wi t h t he same Puiseux pairs. 
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Theorem 3 : 

Puiseux expansions with the same Puiseux pairs yield equivalent 

braids. 

Proof : A complete proof would be lengthy and technical (cf. Pharo [Pl]); 

we want only to give the geometric idea here. 

Let = Ea xK be the Puiseux expansion of f, and let 
K 

yl (X) 

y(x) 
g K. 
I X l. 

i=l 
be the standard expansion corresponding to the Puiseux 

pairs of f. 

We split y into 

y y + g 

where y 
g Ki 
I a x 

i=l Ki 
contains just the terms which correspond to the 

Puiseux pairs of f, and g is t he remainder . 

The terms of the Puiseux expansion corresponding to the Puiseux 

pairs are also called essential (or characteristic) terms of the Pui-

seux series. 

The terms of g lead only to "useless oscillations" of the threads, 

which can be smoothed out again, in the construction of t he braid by 

the process described above (cf. example 2!). 

equivalent braids. 

Thus y and y yield 

In the construction of the braids for y and y 1 , similar confi­

gurations of circles appear, except that the r adii are different and 

the points on the circles are shifted. 

However, if o is sufficiently small, these radii no l onger inter­

fere with each other, and the braids for 

g K. 

I a x J and 
j=l Kj 

a 
g K . K. 
\ J X ) 
L ~ 

j=l ,-K " I 
J 

are equivalent (a deformation yields, e .g., the family of braids corres­
a 

K· K. 

pending to Il-t+tla J x J). 
K. 

J 
Thus we can suppose, without loss of generality, that all a 

K. 

have the value 1 . Now the radii of the c i rcles are all equal, )and 

only the initial points are somewhat rotated relative to each other. 

By means of a suitable family of iterated rotations one can then con­

struct a free homotopy between the braids in question, and thus one 
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obtains the complete equivalence between the braids of y and its asso­

ciated standard expansion y 1 . 

With Theorem 3 we have qualitatively captured the many-valued 

behaviour of the many-valued "functions" y = y(x) which we have de­

fined as solutions of the analytic equations f(x,y) = 0 and described 

quantitatively as expansions y = Ea xK in fractional powers xK by 
K 

means of the Puiseux expansion, which goes essentially back to Newton . 

Theorem 3 says that the numbers (m1 ,n1 ) , ... , (mg,ng) suffice to quali­

tatively describe this many-valued behaviour. Thus we have first des­

cribed the solution "functions" y(x) of f(x,y) = 0 quantitatively, 

then qualitatively, and finally- though more coarsely than the origi­

nal quantitative description - quantitatively again, namely by the 

invariants 

We shall now find a similar description, at first qualitative and 

then quantitative, for the zero set X of f(x,y) = 0 in the neigh-

bourhood of the origin. Since the plane curve X is indeed parame-

trised in a neighbourhood of the origin by the many-valued "mapping" 

x..,. (x,y(x)), where y(x) is the many-valued "solution function", this 

qualitative description of the zero set is essentially immediate from 

that of the solution function, and the principal result again is that 

the zero set is already uniquely characterised, qualitatively, by the 

invariants (m1 ,n1 ), .. . , (mg,ng). 

The qualitative description of the zero set X is best carried 

out by topological means. Indeed, topology was intentionally developed 

by Poincare as a kind of qualitative substitute for geometry, because 

purely quantitative-analytic description became too complicated in many 

situations in modern mathematics, and the equipment of classical geom­

etry was inadequate for the necessary qualitative-geometric description. 

The simplest definition we could make to enable the local qualita­

tive description of analytic sets would perhaps be the following : 

Definition : 

An analytic set X is homeomorphic at x £ X to an analytic set 

Y at y € Y when there is a homeomorphism (U,x) ~ (V,y) for suit-

able neighbourhoods U of x in X and V of y in Y. Since 

this property obviously depends only on the germs (X,x) and (Y,y) 

in fact only on their isomorphism classes - we then say the germ (X,x) 
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is homeomorphic to (Y,y). 

What does this definition achieve? It certainly allows us t o make 

a coarse qualitative distinction between analy tic set germs. E.g. two 

pure-dimensional set germs of diffe rent dimensions could not, of course, 

be homeomorphic , because of Brouwer's theorem on the invariance of 

dimension under homeomorphisms . But it also permits set germs of the 

same dimension to be distinguished. 

n-dimensional hypersurface germ 

equation 

a l 
xl + 0, 

X 
a 

As an example, we consider the 
n+l 

in ~ which is given by the 

where a= (a1 , . .. ,an+l) is an n-tuple of natural numbers ai > 1. 
n+l 

The hypersurface has an isolated singular point at 0 E ~ , and we can 

ask whether our qualitative concept of homeomorphism of set germs can 

distinguish between this singular point and a nonsingular point, in other 

words, we ask : is (Xa,O) always non-homeomorphic to (~n,O)? It 

turns out that the answer depends on the dimension. 

Theorem 4 

For n > 2 : (Xa,O) is homeomorphic to 

the two f ollowing conditions is satisfied 

just in case one of 

(i) There are at least two indices i, such that 1 

for k ~ i and (aj,ak) = 1 for k ~ j. 

(ii) There is an index i with (ai,ak) = l for k ~ i , where 

ai is odd, and for even aj , ak one has (aj,ak) = 2 for 

j ~ k, and the number of these even exponents is odd. 

For n = 2 is never homeomorphic to (~2 ,0). 
For n l is always homeomorphic to (~,0) when (Xa ,O) 

is irreducible, i.e. when (a1 ,a2 ) = l. 

Examples 

(i) For a 

a = (2 '2 ' 2 ' 3 ) ' X 

(ii) For a 

= 

a 
= 

(2,2,2,2,3), Xa is not homeomorphic to ~4 • but for 

is homeomorphic to a: 3 . 

(2,2,2,3,5) and a = (2,2,3,5 ), xa is homeomorphic 

to a:4 resp. a:3, but for a = (2,3,5), Xa is not homeomorphic to 

but to a cone over the spherical dodecahedral space (cf. [B6] ). 

2 
~ ' 

The example 
al an+l 

xl + ... + xn+l has played an important role stimu-

lating progress in the topological investigation of singularities 
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( [B4] I [W7]). Mumford [M6] showed in 1961 that a two-dimensional 

normal analytic set germ which has a proper singularity is never homeo­

morphic to (~2 ,0). This result led to the conjecture that, in higher 

dimensions too, the set germ of a singularity could not be homeomorphic 

to (~n,O). The theorem above, and the realisation that one could con­

struct "exotic spheres" with the help of the sets Xa , has greatly sti­

mulated interest in the topological investigation of singularities. 

Theorem 4 completely answers the qualitative question we have posed 

for this example. Its proof for the cases n > 2 ([B4]) and n = 2 

([M6]) goes beyond the framework of this course. Nevertheless, we have 

cited the theorem because it shows the scope and limits of our first 

attempt at the local qualitative description of analytic sets : for sets 

of dimension n > 1 this attempt is very interesting, but for the case 

n = 1, the one we are concerned with in this course, it is uninteresting . 

In fact, 1-dimensional analytic set germs satisfy 

Proposition 5 

All irreducible 1-dimensional analytic set germs are homeomorphic 

to (~,0). Two reducible 1-dimensional set germs are homeomorphic 

just in case they have the same number of irreducible components. 

We prove the theorem only for irreducible analytic set germs in 

In this case it follows from what we have said earlier. In par-

ticular, for an irreducible 1-dimensional germ (X,x), the resolution 

(X,x) + (X,x) which we have described in terms of the Puiseux expan-

sion, yields a homeomorphism between (X,x) and (X,x). 

is simply equal to (~,0) . 

But (X,x) 

Thus if we want to capture the local qualitative properties of 

plane curves, we cannot consider them simply as abstract curves, but as 

curves embedded in ~2 . This leads to the following : 

Definition : 

Let X and Y be analytic subsets in domains of ~n and suppose 

x E X, y e Y. Then the germ (X,x) is topologically equivalent to 

(Y,y) when there are neighbourhoods U and V of x resp. y in 

~n and a homeomorphism ~ : U + V such that ~(x) = y and 

~(X n U) = Y n v. 

Naturally, (X,x) and (Y,y) are homeomorphic if they are 
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topologically equivalent, but the converse does 

not hold. We have already seen this in our first discussion on the 

topology of singularities of plane curves in 5.3. Among other things, 

we found there that for a curve C C ~2 with equation xP - yq 0 the 

pair (~2 ,C) was homeomorphic to the pair ( JR4 ,C), where C is the 

cone with vertex 0 over a torus knot of type (p,q) in s 3 c JR4 , and 

it follows in particular that (C,O) is not a topological submanifold 

of ~2 • i.e. it is not topologically equivalent to (~,0). We shall 

now continue the discussion of the topology of singularities of plane 

curves begun in 5.3, and extend it to a complete classification of p lane 

curve germs up to topological equivalence. 

This classification was carried out essentially in the '20's and 

'30's of the present century, in particular by the mathematicians 

Brauner, Kahler, Burau and Zariski. For a more detailed historical 

survey we refer to the work of Reeve [R2]. 

In the definition of topological equivalence of (X,x) and (Y,y) 

we have left completely open the nature of the neighbourhoods u of x 

and V of y for which X~ U is homeomorphic to Y n V. However, 

when one wants to prove topological equivalence of analytic sets X and 

Y given concretely by equations, or when one wants to describe the 

local topological type of X at x, it is useful and ne cessary to 

choose the neighbourhoods U and V in a suitable and sufficiently 

simple way. One tries to choose the class of neighbourhoods so that, 

for any two sufficiently small neighbourhoods U' and U'' of x E X 

which are in the class we have : X n U' is homeomorphic to X n U''. 

If one wants something like this, then the neighbourhoods admitted pre­

viously cannot be completely arbitrary, with holes or ugly boundari es, 

but one must choose nice simple neighbourhoods . 

It turns out that for most such purposes balls or polydiscs are the 

most suitable. The open resp. closed ball 

around the origin in ~n i s the set 

B 
E 

{z E ~n II z II< d 

resp._ 
B = { z E: ~n I II z II ~ E } • 

E 

B resp. B of radius 
E 

The open resp. closed polydisc with multiradius o 
give n by 
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lzil < oi} resp. 

lzil < oi} . 

The advantage of working with balls is of course that the closed balls 

are smooth manifolds with boundary- the boundary is a (2n-l)-sphere 

s = as . 
E E 

The polydiscs are indeed also topologically manifolds with boundary, but 

the boundary is not smooth - it has edges. For example, a two-dimen-

sional polydisc D C. a:2 = a: X a:, namely 

i3 = { (x,y) E; a:2 I !xi < o, IY I 2. 1'1}, -
is the product of the two circular discs, 

D {x E: a: I I xI < fi} x {y € a: I I Y I < n}, 

and this has the boundary 

ai) = {xlixl=o} x {yi!YI2_n} U {xllxl2_o} x {yi!YI=n}. 

Thus ao is the union uf the two solid tori 

+ 
T 

T 

{x 

{x 

!xi a} x {y 

I X I < {i l X {y 

These two solid tori meet along the 2-dimensional torus 

+ 
T I'"\ T 

and along this torus the boundary ao has an edge. In spite of the 

edge, it is convenient in many cases to work with polydiscs, especi ally 

when certain vari ables are distinguished, as they are with Puiseux ex­

pansions. The product structure of the polydisc is particularly suited 

to such a product decomposition of a:n. 

Of course, from a topological standpoint in contrast to the func-

tion theoretic standpoint by the way - balls and polydiscs are not 

essentially different. They are homeomorphic t o each other, and thus the 

boundary of a polydisc is homeomorphic to a sphere : for the 3-sphere 

S in a:2 , E 2 a2 + n2 gives a natural decomposition into two solid 
E 

tori 

T 

{ (x,y ) E. S 
E 

I Y I < n} 

I X I < 0 } 
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which we have already considered in 5.3. One obtains homeomorphisms 

by 

resp. 

(x,y) >+ (ox/lxl ,y) 

(x,y) >+ (x,ny/IYI> 

and these define a homeomorphism 

+ -
1jJ : T+ U T_ + T U T . 

The boundary of the polydisc, aD, is therefore a sphere with edges and 

for that reason we also denote it by 

1: := aD 

in what follows, and we have just defined a homeomorphism 

The following picture illustrates this situation 

T_ 

Correspondingly, one can construct homeomorphisms of the solid ball B 
£ 

onto the polydisc D. This is a trivial exercise. However, one can 

prove an even better result in this direction. Roughly speaking , it 

says that the intersection of a curve with a small ball around a singu­

lar point looks topologically exactly like the intersection with a 

small polydisc. We now want to make this precise. 

Let f(x ,y) ~ ~{x,y} be a convergent power series without mul tiple 

factors, suppose f(O,O) = 0, and let X be the zero set of 

f( x,y) = 0 in the domain of convergence of f. Let the coordinates 

x, y be chosen in such a way t hat the y-axis is not a tangent t o X 

at the origin, i.e. y is m-general and m is the multipl icity of f 
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at the origin. 

disc 

We consider the intersection of X with a small poly-

6 = {(x,y) E a: 2 I lxl < o, IYI < rd 

resp. a small ball B • 
£ 

Let 

"Small" here means the following : 
--mk 

t I+ (t ,yk(t)) be the resolution of the singularity of a branch 

of X by means of the Puiseux expansion. Then 6 shall first be 

chosen so small that 
ljmk 

radius o 

D n X is the union of images of the discs of 

under this resolution, and so that the origin is the only 

singular point of 6 n X. Further, o shall be chosen so small that 

I yk (t) I < 11, hence so that X n E c. ~+ . Finally, o shall also be 

chosen so small that 

. yk. (t) . t) t- 0 (*) 

for and £ shall be chosen so small that B 
£ 

lies in D. The condition (*) then guarantees that X will cut the 

sphere s£ as£ 
fied, we say that 

transversely. When all these conditions are satis-

6 is a small polydisc and B is a small ball 

around the singular point 0 of X. 

Then one can prove the following theorem (cf. Pham [Pl]) 

Theorem 6 

Let X be a curve as above through 0 E a: 2 . Then 

(i) For any two small balls B', B' • around the point 0 £ X there is 

a homeomorphism ~ : B' + B' • with ~(0) = 0 and 

<!>(Xn B') = x nB". 

An analogous assertion holds for any two small polydiscs 6•, 6• •. 

(ii) If B is a small ball and 6 is a small polydisc around 0 E X, 

then there is a homeomorphism ¢ : B + D with ¢(0) = 0 and 

~(X n B) X n D. 

We shall not carry out the proof here, but merely suggest the idea 

of it by a picture. The meaning of the picture is that one obtains the 

desired mapping by allowing the points of B to move along the integral 

curves of the suitably chosen vector field. In order to map X n B 
into X n D resp. X n B' into X n B' •, one must choose the vector 

field so that it is tangential to X at the points of X- {0}. We 
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I I \ 
I I \ 

I I 

X 

refer to Pham [Pl) and also Milnor [Ml) for the details. 

Corollary ?. 

For all smal l balls B or polydiscs D with boundary oB s 

resp. aD l:, the pairs 

(S,S 1"'1 X) and (E,E I"\ X) 

resulting f rom intersection with the curve are homeomorphic to each 

other. S n X is the disjoint union of k circles in the 3- sphere 

S, where k is the number of irreducible components of X at the 

origin. Thus we see that the intersection of the curve with the 

3-sphere which one obtains as the boundary of a good small neighbourhood 

of the singular point, consists of finitely many circles in such an 

possibly linked with each other . This means : 

K = XIlS 

is a link. 

in s 3 . 

When X is irreducible at the singular point, K is a knot 

Definition 

A kno t is a subset K c s 3 

provided with an orientation. 

which is homeomorphic to 

Two knots K' and K'' in 

a nd 

s 3 a re 
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equivalent when there is an orientation preserving homeomorphism 

~ : s 3 ~ s 3 which maps K' onto K'' with preservation of their orien-

tations. Links and their equivalence are defined correspondingly. 

Remarks : 

(i) One could place additional conditions on the knot K, such as its 

being a differentiable, or at least topological, submanifold of 

s 3 . But in our investigations these are the only kinds of knot 

which appear anyway. 

(ii) Our knot K xn s is the image of a circle 

sl = {t E a: It I c} under the resolution of the singularity. 

We orient sl in the positive sense and K correspondingly. 

The simplest knot is the trivial knot 

The simplest non-trivial knot is the trefoil knot. 
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It results from joining the ends of the simplest knot in the colloquial 
.,..,--:;..-

sense, ~ , so that the figure cannot be undone. The trefoi l knot 

is a favourite ornament in Romanesque churches . One finds it, e.g., 

on some columns at the crossing of Bonn cathedral : 

41'!<-..... 

The link of the trefoil knot with a circle shown below (Dreischenkel or 

Triquetra) is probably a symbol of the Holy Trinity. 

Knots and links have i ndeed always been very popular themes for 

ornament. In Celtic and Scandinavian ornament in parti cular one finds 

very artistic knot patterns. On the pages which follow we reproduce 

some figures from the book of A. Speltz [Sl2] . 
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Das kclti!"chc Ot·namcnl. 

Tafel 59. 

Fig. I. Manuskriptmalerei aus dem 10. Jahrhundert (Dolmctsch). 
2. lnitiale aus elnem Psalter von Ricemarchus. Jetzl im Trinity College, Dublin; 

ans dem II. Jahrhnndert (Owen Jones). 
:t u. ·L Manuskriptmalereien aus dem 10. Jahrhundert (0\\'Cn June!') . 
5. Cas Kreuz von Aberlemno (Ou·cn Jones). 
fl. lnitla/e aus dem 7. Jahrhundert (_Dolmetsch). 
i -11. Manuskriptmalereien keltlsch·angelsachsischen Ursprungs (Owrn JOiws) . 

12. Ornament vom Sockel eines Kreuzes in der Kirche von Eassie, Angusshire 
(Owen Jones). 

I 3. Ornament vom Sockel eines Kreuzes an der Kirche von St. Vigean, Angusshire 
(Owen Jones). 

14. Ornament vom Sockel eines Kreuzes an der Kirche von Meigle, Angusshire 
(O"·cn Jones). 
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Fig. 1. lOth century manuscript painting (Dolmetsch). 

Fig. 2. Initial from a psalter of Ricemarchus, 11th century. 

Now in Trinity College, Dublin (Owen Jones). 

Figs. 3 and 4. lOth century manuscript painting (Owen Jones). 

Fig. 5. The cross of Aberlemno (Owen Jones). 

Fig. 6. Initial, 7th century (Dolmetsch). 

Figs. 7-11. Manuscript painting of Celtic-Anglosaxon origin (Owen Jones). 

Fig. 12. Ornament from the base of a cross in the church of Eassie, 

Angusshire (Owen Jones) . 

Fig. 13. Ornament from the base of a cross in the church of St. Vigean, 

Angusshire (Owen Jones) . 

Fig. 14. Ornament from the base of a cross in the church of Meigle, 

Angusshire (Owen Jones) . 
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J)as kcltisch~ Oru.1mcnt. 

Jiig. 1. :1. ~ tt. 8. Von Manuskriptmalereien aus dem 10. Jahrhundert (D.llntcls,:h rr 

0\\·cn JooPs). 

2. Desgleichen aus dem 11. Jahrhundert (Dolrneb~.:h). 

5. 6 u. 10. Desgleichen aus dem 8. Jahrhundert (ll,,lmetsrh). 

'. Desgleichen nus dem 9. Jnhrhundert \ p,,hm•t:o:d1). 

9. Initiate aus der franko-Sachsischen Bibel von St. Denis nus dem 9 . Jnhr­

hundert {Uwcn Joncs ·l. 

11-2l. Aus Manuskriptmalereien keltisch - angelsachsischen Ursprungs (Uwca 

.Jonc..-J. 
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Figs. 1, 3, 4 and 8. From lOth century manuscript painting (Dolmetsch 

and Owen Jones).. 

Fig. 2. The same, from 11th century (Dolmetsch). 

Figs. 5. 6 and 10. The same, from 8th century (Dolmetsch). 

Fig. 7. The same, from 9th century (Dolmetsch) . 

Fig. 9. Initial from the 9th century Franco-Saxon bible of St. Denis 

(Owen Jones) . 

Figs. 11-21. From manuscript painting of Celtic-Anglosaxon origin 

(Owen Jones) . 
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At least as old as these ornaments, and much more important in 

practice are knots which were developed for connecting,fastening and 

holding things in place, especially by sailors but also in many other 

crafts. Most of these knots are "open knots" whose ends are not connec-

ted together (as was done above to produce the trefoil knot from an ord-

inary knot) . Friction prevents these knots from corning undone an 

aspect which is completely ignored by mathematical knot theory. Some 

"closed knots" (hence knots in the mathematical sense) also occur in 

practice, particularly as ornamental forms such as the so-called Turk's 

head. Braids also have practical significance, even today. Many 

cords, ropes and cables are today plaited mechanically as braids, e.g. 

heavy anchor ropes. The reproductions from "The Ashley Book of Knots" 

[A9] at the end of this chapter give an impression of the practical sig­

nificance of knots. 

Corollary 7 tells us that each singular point of an irreducible 

curve f(x,y) = 0 in ~ 2 is associated with a knot which is unique up 

to equivalence. One can show, incidentally, that the equivalence class 

of this knot also does not depend on the choice of coordinates in ~2 . 
In what follows we shall precisely determine the nature of this knot. 

But first we want to establish that this knot already determines the 

topology of the singularity uniquely. 

Theorem 8 

Let B be a small ball around the singular point x of the curve X 

with boundary aB = s and let K 

cone with base K and vertex x . 

s n x. Also, let C (K) c. B be the 

Then : 

(B,B n X) and (B,C(K)) are homeomorphic. 

The proof uses the same basic idea as Theorem 6. For the details 

we refer to Pharn [Pl] or Milnor [Ml] 2.10. 

Corollary : 

Theorem 8 shows that curve germs with equivalent links are topolo-

gically equivalent. One can prove that the converse also holds : thus 

curve germs are topologically equivalent if and only if they have equi­

valent links. 

Theorem 8 and its corollary show that if we are to classify irre­

ducible curve germs up to topological equivalence, then we need only 

classify their knots K c S up to equivalence. Corollary 7 shows us 
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that we may just as well consider knots K C E in the sphere E with 

edges, and the homeomorphism ~ S + E allows us to view such knots as 

knots in the ordinary sphere S again. 

Thus we consider knots K C E. In principle we can easily obtain 

a grasp of these knots with the help of the braids which were used in the 

qualitative description of the many-valued solutions 

tion f(x,y) = 0 to the curve X with X n E = K. 

y. (X) 
]. 

of the equa-

The associated 

braid was the mapping of the unit interval into the symmetric product 

y 
m 

which associated eac h t E. [0,1] with the m complex numbers 

yi(t),i=l, ... ,m obtained as solutions of the equation f(x,y) = 0 

for X= ce2Wit. 

This can also be expressed as follows : 

The projection (x,y) ~ x defines a mapping K + s1 onto the 

circle s1 = {x lxl = c}, and the points of K over the point 
2wit 2wit 

x = ce are just the points (ce ,y i (t)), i = 1, ... ,m. 

Thus the knot K is uniquely determined by the functions y. (t) 
]. 

which describe the braid. We can also describe this construction of 

the knot from the braid intuitively as follows : 

Because of the choice of our small polydisc 

D = {(x,y) E: a:2 lxl 2_ c, IYI 2_ n}, the function values y. (t) 
]. 

lie 

entirely inside the disc D2 = {y E. a: I IYI < n}. 

knot K lies entirely inside one of the solid tori 

the edged sphere E has been divided, namely 

K C Sl x D2 = T+ 

This means that the 
+ T , T into which 

We can construct this solid torus by identifying the discs at the end of 

the solid cylinder [0,1] x o2 by the equivalence relation 

(O,y) - (l,y). This means that we consider the mapping 

[0,1] X o2 ---;.s1 X o2 

(t,y) (e2 wit ,y). 

Under this mapping, the points (t,yi (t)) making up the graph of the 

many-valued "function" t I+ y 1 (t) , ... ,ym(t) go precisely to the knot K. 

Intuitively speaking : the knot K results from the braid when we 

identify corresponding initial and final point s. The link resulting 

from identification of initial and final points of a braid is also called 

a closed braid. The following picture illustrates the description of 
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the trefoil knot as a closed braid : 

This is indeed the trefoil knot : 

Here is an example of a braid which yields a link rather than a knot. 
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One can usually obtain a knot in many different ways as a c l o sed 

braid. Here is another generation of the trefoil knot, this time from 

a closed braid with 3 strings : 
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22-11. A co~·criug for tr ring or !',I'071nll<'f. t\!ake a loose t!Jree­
straud gr01m11et by \\'inding a cord in a \\·idely and evenly spaced 
helix three times around the circuit of the ring that is to be covered. 
Tie the two ends together, Jca,•ing them long enough for doubling. 
Count the turns and take another cord of another color or size mate­
rial and wind it the same uwnbcr of tuniS in the opposite direction 
three times around the ring. This is to act merely as a clue. Take a 
longer cord of the first material and with it follow parallel with 
the secoud cord hut tucking alternately o\'Cr and under at the cross-
ings. Next remove the clue and double both strands throughout or 
triple and quadruple them if necessary to cover the rin~. Use a _wire 
needle (i!I99L) to tie the knot and work 1t taut w1th a pncker 
(i!I99A). 

Aus: The Ashley Book of Knots 

It can be proved (Alexander 1923) that each knot and link is 

obtainable as a closed braid. This enables the theory of braid groups 

* to be applied to the (unsolved ) problem of classifying knots. 

Intuitively, it is clear that the closure of a given braid is 

determined, up to knot equivalence, by the group element representing 

the braid, and indeed by just the conjugacy class of the element. 

Because when one precedes the given braid by any other, and succeeds it 

by the inverse of the latter, identification of initial and final points 

leads to cancellation of the initial braid by the final one. 

Proposition 9 : 

Closed braids which correspond to topologically equivalent (open) 

braids are topologically equivalent as links. 

By a theorem of Markov (1935), one can even say precisely when two 

braids from different braid groups B 
m 

and define equivalent 

links. The condition is of the type saying that there is a sequence 

of certain algebraic operations converting one braid to the other. How­

ever, one does not have an algorithm which establishes, for two given 

braids, whether such a sequence of operations exists. One part of the 

* This problem has been solved, in a certain sense, by G. Hemion Acta 
Math. 142 (1979 ) , 123-155 (Translator's note.) 
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problem is the conjugacy problem for braid groups, i.e. the problem of 

deciding algorithmically whether two braids in the braid group 

* 
B 

n 

conjugate. This problem was solved by Garside in 1969 , but the 

are 

general problem of classifying knots and links is still unsolved. 

literature, cf. Birman [BlO].) 

(For 

In what follows we shall see that the knots we have to deal with in 

connection with singularities of plane curves are of a very special kind, 

which admit a very nice description and for which the classification 

problem is completely solved. 

First we look at the knot which corresponds to an irreducible curve 

with only one Puiseux pair (m,n), say the generalised parabola 

xn - ym 0. The Puiseux expansion is y = xn/ m and the associated 

braid is given by the functions 
k+t 

2TTi--n 
(t) m k 1 · th n = rn/m, Yk = ne , , ... ,m w1 u 

hence it is a braid with m strings which twist at an angle 

for 0 < t < l. The following picture shows the braid for 

(m,n) = (3,5). 

The corresponding knot is the homeomorphic image of the circle 

s1 = {t E ~ I ltl = 1} under the mapping 

s1 ... T 
+ 

t ,.,. (otm,ntn). 

Thus it is a circle which lies on the torus 

* 

2TTi.n/ m 
e 

The s ame r e sult was announced i n 1968 b y G.S. Makanin (Makanin, G.S.: 
The conjugacy problem in the braid group. Soviet Math. Dokl. 9 (1968), 
1156-1157) . 
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s1 x s1 = { (x,y) I lxl = o, IYI = n} C T+ 

and winds m times in o~e direction and n times in the other. 

is a picture for the example above, (m,n) 

I 

I 

(3. 5) 

Here 

Such knots are called torus knots, and we have already seenin 5.3 

that such knots appear in the t opological description of singulari ties. 

The "winding around" can be made p recise as follows. We consider the 

two projections 

w. : s 1 x s 1 • s 1 , 
l. 

i = 1,2 

of the factors of s 1 x s 1 . 

.. 
l. 

Then the restriction to K c s 1 x s 1 

yie lds cover i ngs of the c i rcle s 1 by t he circle K of degree m for 

i = 1 resp. n for i = 2, and in this way the winding numbers are 

characterised . In general, for any circle KC sl X sl, one can define 

two mappings .. : K + sl 
l. 

by restriction of the projections, and with 

them t wo numbers, m and n, whic h are t h e degrees of these ma ppings. 

One can prove that for suc h a kno t K t h e re is a homeomorphism of 

s 1 x s 1 , homotopic to the identity , which carries K into the standard 
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knot with parametrisation t ~ (tm,tn) described above. 

to the following 

Definition : 

This leads us 

Let F be a torus surface and let h : F + s1 x s 1 be a homeomor-

phi sm. Suppose K c F is homeomorphic to s1 and oriented. Then 

K is called a torus knot of type (m,n) on the torus surface F with 

trivialisation h when the projections n. o h : T + s1 , for i = 1,2, 
~ 

are such that n. o h : F + s 1 has mapping degree m for i = 1 and 
~ 

n for i = 2. 

Remark 

It is important to understand that the type (m,n) of the torus 

knot K C F is defined only when the trivialisation h 
1 1 

F + s X s 

is given. One easily sees this, for example as follows. Suppose we 

have the standard knot K c s 1 X s1 of type (m,n). Now let 

h : s 1 x s 1 + s1 x s1 be the mapping (t1 ,t2 ) ~ (t1 ,t~·t2 ), where k 

is any integer. (Intuitive description of h : cut s1 x s 1 along 

{1} x s1 , twist through 2nk, and paste together again.) This h 

yields a new trivialisation of s1 x s1 , and relative to this new trivia­

lisation K has type (m,km+n). In general, if h : s 1 X s 1 + s1 X s 1 

a b c d 
is the mapping (t1 ,t2 ) ~ (t1t 2 ,t1t 2 ), where a,b,c,d E ~ and 

a b 
det(c d) = ~ 1, then a knot K of type (m,n) goes to a knot of type 

(am+bn, cm+dn). One easily sees that with the help of such automor­

phisms of s1 x s 1 the knot K is convertible to torus knots of all 

other types (r,s) (gcd (r, s) 1). Thus one sees that the numbers 

describing the type of the knot really do depend on the trivialisation 

of F, i.e. on the choice of latitude circle s1 x {1} and longitude 

circle {1} x s 1 on F. 

When F is any abstract surface, for which one only knows that it 

is homeomorphic to a torus, then there is no obvious distinguished tri-

vialisation of F. However, the torus surfaces that we have to con-

sider are always boundaries of solid tori in the 3-sphere S resp. E, 

moreover they are also embedded in a particular way in the solid tori 
+ T- resp. T+ , as we shall describe shortly. In this situation we 

have two distinct methods for defining a trivialisation of F, leading 

in general to genuinely distinct trivialisations. 
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Method I 

to 

3 
K0 c s 

and let T 

be a differentiable oriented submanifold homeomorphic 

be a tubular neighbourhood o f K0 , homeomorphic to 

a c losed s o lid t o rus. Le t 

consider the trivialisation 

F be the torus s urface F = aT. 

F ::: s1 x s1 of F such that : 

Then we 

(i) A longitude circle {t1 } x s1 results from cutting F by a 

plane transverse to K0 . 

* (ii) A lati tude circle has linking number 0 with 

K0 , a nd t he projec t ion F + K0 i nduces a n o rient a tion-preserving 

covering s 1 x {t2 } + K0 . 

Example 1 

---------- --. 
. , , 

. . 
. . 

*The linking number of two knots K and K' in s 3 is obtained as fol­
lows : one chooses a compact orientable surface , F ~ s 3 whose boundary 
aF is 0 just K. The knot K' can be deformed so that it cuts the sur­
fa ce F t ransvers ely . The l inking number o f K and K' i s then the 
i n tersect i o n number of K' and ~ (cf. 6 .3). For further details 
see Seife rt-Threlfall [S3] §77 (see a l so Chapter 8 . 5 , Theo rem 1) . 
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When one represents the 3-sphere as IR3 U {®} , one can interpret 

method I as a method of introducing coordinates on the surface F 

which give position relative to the knot K0 , but not relative t o a 

fixed space IR3 . The second method, on the other hand, addresses it­

self to the coordinates of the space IR3 . To make this work, we have 

to make special assumptio ns abou t the position o f the spine K0 of the 

solid torus T we begin with. 

Method II 

Let be the decomposition of the sphere into two 

s olid t ori . 
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T 

We call a differentiable kno t K0 regularly 
1 Jl 2 

embedded - ad hoc definition - when K0 c S x u and the pro jection 

previously considered. 

K + s1 
0 

is a differentiable o rientation-preserv ing covering . 

choose a tubular neighbourhood T 

the intersection T n ({t} x o2 ) 

of such that for each 

Then we 

t E s1 

around the points o f 

consists of disjoint discs Di (t) 

K0 f\ ( { t} x o2 ) • We choose the boundary 

o f such a disc as l ongitude c ircle on F = aT. As lat i t ud e ci r cle on 

F we choose a curve whose points qi (t) E. Di (t ) are such that 

qi (t) -pi (t) has constant direction in o 2 . 

Example 

. 
I 

: 
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I 
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In what follows we shall always use method II for the choice of 

trivialisation. This means that when K1 is a regularly embedded 

torus knot of type (m,n) on F relative to this trivialisat ion, and 

when the projection onto the spine of T K + s1 , is a k-fold 
+ • 01 

covering, then for K1 the projection K1 + S onto the spine of T+ 

is an (m·k)-fold covering, and when one traverses Ko once the m 

points of Kl over the moving point of Ko turn in D2 through 

21m/m relative to this point. 

If now the knot K0 is an ordinary torus knot in the sense 

defined above, then the torus knot K1 on a tubular neighbourhood of 

K0 is in a certain sense a torus knot "of higher order". We can make 

this idea for the construction o f higher order torus knots preci se as 

follows. 

Definition 

The trivial knot s1 X {0} c s1 X o2 c s3 is a torus knot of oth 

order. 

A torus knot of type (m1 ,n1 ) on the boundary of a tubular neigh­

bourhood of the trivial knot (with trivialisation by method II ) is a 

t orus kno t o f 1st o rde r a nd type (m1 ,n1 ). 

If K. C s1 x o2 C s3 is a regula rly embedded torus knot o f i th 
~ 

order and type (m1~1 ) , ... , (mi~iL' and if Ki+l is a torus knot of 

type (mi+l ,ni+l) on a tubular neighbourhood of Ki (with triviali­

sation by method II), then Ki+l is called a torus knot of (i+l ) th 

o r der and type (m1 ,n1 ) , ... , (mi+l ,ni+l) · 

Torus knots o f higher order are also called iterated torus knots. 

In the English literature such knots are often called "cable knots" 

because the braids from which they are obtained resemble the cables. 

Remark : 

Many a utho r s d efine ite rated t orus knots using triviali s ation by 

me thod I , whi c h res ults in quit e different numbe rs f or t h e t ype. Cer-

tain authors complete the confusion by defining the (mi,ni) by one 

method and erroneously computing them by the other. 

Now we can formulate our results on the topology of singulari ties 

of pla n e c urves. 
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Proposition 10 : 

The knot corresponding to the Puiseux expansi on 
n1; m1 n 2;m1m2 n ;m1 ... m 

y =x +x + ... +xg g 

with Puiseux pairs is an iterated torus knot of 

order g and type {m1 ,n1 ) , .. . , {mg,ng). 

Proof 

This follows immediately from the earlier description of the braid 

corres ponding to the Puiseux expansion and the definition o f iterated 

torus knots, or also directly, by inductively considering the knots 

which result from breaking off the Puiseux expansion at the i t h term. 

Remark : 

If one uses method I for the trivialisation o f the tori, then one 

finds the type numbe rs o f the ite rated t o rus kno t s t o b e 

where the Ai are determined rec ursively as f oll ows 

Al nl 

Ai n i - ni-lmi + Ai-lmi-lmi. 

One can obtain t h i s c omput ational f ormula by geometric considerations 
A 

{cf . Le Dung Trang [L5]) ; in 8.5 we shall at least indicate another 

proof of it. 

Thus we see that the Puis eux pairs play a decisive role, not only 

in the q ua litati ve des cription of the s o lutions y{x) o f f{x,y) 0, 

but also i n the qualitative d esc r ipti on of the zero set . In fact, they 

characterise the situation completely. Using methods of knot theory, 

which we do not want to give here, the iterated torus knots can be com­

pletely classified, and this leads to the fol lowing result : 

Proposition 11 : 

Two i terat ed torus kno t s corre s ponding t o Puis eux e xpansions are 

equivalent just in case they have the same type, i.e. when the Puiseux 

pairs of the two expansions are equal. 

Now we summa rise the essentials of our p r evious results 

Theo r em 12 : 

Let {X,x) be a n irr educible p l a ne curve germ, pa r a me trised by a 
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Puiseux expansion with the Puiseux pairs (m1 ,n1 ) , ... , (mg,ng). Then 

the intersection K of X with the boundary S (or E) of a small 

ball (or polydisc) around x is an iterated torus knot of type 

Two such germs are topologically equivalent just 

in case their Puiseux pairs coincide. 

Proof : Theorem 3, Propositions 9, 10, 11, Theo rem 8 and Corollary . 

With this, the irreducible curve germs are completely class ified 

from a topological standpoint. We now want to describe briefly how 

one can ext e nd this result to t h e case of reducible c urve germs . More 

details may be found, e.g., in the work of Reeve [R2]. 

If X is a reducible curve germ, then the intersection of X with 

a small sphere S is the union o f linked knots. Each knot belongs to 

an irreducible component of X. Certain information about the kind of 

linking is obtained from a knowledge of the linking number of any two 

knots. 

As in 6.1, one can define i ntersection multiplicity for curve 

germs, and then one has 

Proposition 13 : 

Let xl and x2 

and let Kl = x1 n s 

from intersecting them 

linking number o f K1 

o f x1 and x2 . 

be irreducibl e curve germs at a point X of 

resp. K2 = x2 n s be the knots which result 

with a small sphere s around X. Then the 

and is just the intersection multiplicity 

E . g. if X is the union of two transversely i n tersecting l ines , 

then X n S consists of t wo circl es with linking number 1 : 

a: 2 . 
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If X is the union of three different lines, then one obtains a link 

of the following form : 

Since the intersection multiplicity of two curve germs at a point is 

always positive, a link such as the foll owing cannot occur as the link 

of a plane singularity. 

Since we shall often be calculating with intersection multip lici-

ties, we give a few more characterisations of the intersection multi-

plicity of two curve germs (cf . e.g. Fulton [Fl]). 

Theorem 14 

Suppose (X,x) and (X' ,x) are two different irreducible curve 

germs in ~2 and let v be the intersection multiplicity of X and 

X'. Then : 
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(i) v equals the linking number of the knots of (X,x ) and 

(X' ,x). 

(ii) If f resp. g are the function germs defining X resp. 

X', then the vector space 0 2 /(f ,g) is finite-dimens i onal 
<1: ,X 

by the Ruckert Nullstellensatz (8.2 .7) . The intersection 

multiplicity v is just the dimension dima:O 2 /(f ,g ) of 
a: ,x 

this vector space. 

(iii) If lT (<1:,0) + (X,x) is the resolution of the singularity 

of X by the Puiseux e xpansion (Theorem 1), and g is again 

the function germ defining X', then v equals the order of 

the mapping 

g 0 lT : (<1:,0) + (<1:,0). 

The method of computing the intersec tion multiplicity with the help 

of the r esultant (6.1), while it allows a very simple proof of B~zout's 

theorem, leads to very laborious calculations even in simple examples. 

Assertions (ii ) and (iii) of Theorem 14 now give us a simpler method of 

computation. 

Example : 

Let f (x,y ) = 

gcd(p,q) 

is n (z) 

1' 

(z 

(n,m) 
m ,zn), 

n m 
X - y 

'I (p,q). 

hence 

g o n(z ) = zmp- znq 

and g(x,y) = xp- yq, with gcd(m,n) = 1, 

The resolution of the singularity of X 

and the intersection multiplicity v of X and X' is 

v = min{mp,nq} . 

Proposition 13 alone does not yield a complete description of the 

link of a reducible singularity . E.g. three knots can be linked t o -

gether in various ways even though the individual linking numbers coin-

cide. This i s already shown by the following example , the Bo rromean 

rings 
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Nevertheless, the knots together with their linking numbers do suffice 

to characterise the singularity. 

Theorem 15 : 

Two c urve germs (X,x) and (X' ,x) are topologically equivalent 

just in case there is a bijection between the irreducible components of 

X and X' such that 

(i) the Puiseux pairs of corresponding components are the same, 

(ii) the intersection numbers of corresponding components coincide . 

With this, we have reached a complete topo logical classification of 

the plane singularities. We now want to say a little about the connec-

tion with the analytic classification. 

For the topological type of a plane irreducible singularity, only 

the terms corresponding to the Puiseux pairs are essential, and the 

topological type is also independent of the coef ficients of these terms 

(as long as they are nonzero) . Now how much can one alter the "iness-

ential terms" of the Puiseux series without altering the analytic type 

of the singularity? 

We know, at any rate, by Mather's theorem (8.2.9) that only fini­

tely many terms of the equation f(x,y) = 0 are relev ant for the ana-

lytic type of its singularity. Hence only fini t ely many terms of the 
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Puiseux expansion can influence the analytic type. 

have (cf. [H2] for what follows) 

More precisely, we 

Theorem 16 : 

Let (X,x) be a plane irreducible singularity with multiplicity m 

and Puiseux expansion y = Ea . xi/m. Let n ( ~,0) + (X,x) be the 
1 

resolution of the singularity from Theorem 1 n induces an embedding 

TT* : 0 4 0 0 . X,x a:, Let N be the number 

N := 2 dim 0 0/n* (0 ) . 
~. x,x 

Then a singularity (X' ,x') with Puiseux expansion 

analytically equivalent to (X,x) when a. =b. 
1 1 

only on the topological type of the singularity. 

Remark 

for 

i/m 
y = Ebix 

i < N. N 

is 

depends 

N may be computed from just the Puiseux pairs of X, or o t her 

topological invariants of the singularity (cf. 8.5). 

The extent to which the coefficients ai (i < N) can still vary is 

difficult to say in general, as the following analysis of two examples 

shows. 

Example 1 : 

An irreducible singularity with (3,7) as its single Puiseux pair 

is analytically equivalent to the singularity 

if the coefficient of x813 vanishes in the Puiseux expansion. 

wise the singularity is analytically equivalent to 

y = 7/3 8/3 
X + X • 

Other-

The singularities and y X 
8/ 3 

are not analytically 

equivalent. 

Example 2 : 

The singularities with the Puiseux series 

(t E ~) 

are all topologically equivalent (the single Puiseux pair is (4,9)), 

but analytically inequivalent. 

To prove these a ssertions we apply the following general fact 
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Lemma 17 : 

Suppose (X1 ,x1 ) resp. (X2 ,x2 J 

germs and let n1 (X1 ,x1 J + (X1 ,x1 J 

be resolutions of their singularities. 

are irreducible analytic curve 

resp. n2 : (X2 ,x2 ) + (X2 ,x2 J 

Then (X1 ,x1 ) is analytically 

equivalent to (X2 ,x2 ) just in case there is an isomorphism 

~ : (X1 ,x1 J + (X2 ,x2 J such that the associated homomorphism of local 

rings, ~* : Ox. - + 0- - maps the subring n* (0 ) bijectively 
2'x2 xl,xl 2 x2,x2 

onto ni(OX ) . 
l'xl 

Proof of the lemma 

If ~ : (X1 ,x1 ) + (X2 ,x2 ) is an isomorphism of analytic set germs, 

then ~ may be lifted to a homeomorphism ~ : xl + x2 so that the 

following diagram commutes 

Since ~ is analytic away from x1 , ~ is an analytic isomorphism by 

the Riemann extension theorem. Obviously ~ is the desired mapping. 

Conversely, such a ~ yields the isomorphism 

of analytic rings. (This is well defined because ni is injective.) 

As we have seen in 8.2, the two set germs are then analytically equi-

valent . 

Analysis of example 1 

Since the number N in Theorem 16 is a topological invariant, we 

can compute it with the help of the standard expansion with given 

Puiseux pairs. In the case of the singularity of example 1 the stan­

dard expansion is y = x 7/ 3 , h e nce by Theorem 1 t he reso lution of the 

singularity is o f the form 

no : ~ + ~2 ' z ~ (z3,z7) 

k 
and n0(0X,O) = {Eakz a 1=a2=a4=a5=a8=a11 = 0}. Consequently N = 12, 

and by Theorem 16 we may break off the Puiseux expansion of the singu-
12/3 

l arity in example 1 after the term x Moreover, we make the 
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Assertion : 

The singularity with the Puiseux series 

is equivalent to the singularity 

X 7/ 3 8/3 
y = + a 8x . 

Proof : 

We have to show that the subring R' o f ~{z} consisting of the 

powe r serie s i n 

3 
and 

7 8 9 10 11 
z z + a8z + a 9 z + alOz + allz + ... 

can be carried into the ring generated by 

3 and 
7 8 

z z + a 8 z 

by coordinate transfo r ma tion. By a theor em o f Goren s t e i n , t he ideal 

generated by z 12 lies in both rings, hence one c an work modulo (z12 ) 

(cf. Hironaka [H2], p. 155). Thus let R = R' / (z12 ). 

the ring in ~{z}/(z12 ) generated by 

Then R is 

Sinc e 
9 

z E R, R is also generated by 

3 and 
7 8 10 11 

z z + a 8 z + alOZ + allz 

Since 
3 7 8 10 ll 10 ll 

in ring is z (z +a8 z +a10z +a11z ) z + a 8 z R, the R 

also generated by 

u = z 3 a nd v 
7 8 10 11 

(z +a 8 z +a 10z +a 11z 

7 8 11 
z + a8z + cz 

Making the first coordinate transformation, z ~ z + AZ5 , with A -c/ 7, 

u and v go respectively to 

u' (Z+Az 5) 3 = z 3 + 3Az7 + 3 A2z ll 

v' 

The ring generated by u' and v ' is also gener ated by 

u' - 3AV 1 
3 = z v ' = 

The coordinat e transformati o n conver ts this ring i nto 

t h e one genera t ed by 

z 3 + 3A 2z 11 and 
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With the coordinate transformation z ~ z - A2z 9 we finally c ome t o the 

ring generated by 

and this proves the assertion. 

Now let (XA,O) be the singularity with the Puiseux expansion 

3 
X = Z and 

By Lemma 17, the coordinate transformation 

y = z7 + Az8 . 

-1 
z >+ A z immediately con-

verts the singularity (XA,O) into (X1 ,0J fo r A I 0. This proves 

that an irreducible singularity with only one Puiseux pair is analyti-

cally equivalent to either (X0 ,0) or (X1 ,0J. It remains to show 

only that (X0 ,0) and (X1 ,o) are not isomorphic. 

Suppose now that the singularities (X0 ,0) and (X1 ,0) were iso ­

morphic . Then by Lemma 17 there would be a n automorphism $ o f the 

analytic algebra ~{z} 

series in z 3 and z 7 

in z 3 and z 7 + z8 . 

carrying the ring 

into the ring R1 

The automorphism 

R0 := n0(0x 0 J of all 
0' ni(Ox 0 ) of all s eries 

carri~~ the maximal ideal 

(z) of ~{z} into itself, and hence also induces an isomorphism o f 

the ring ~{z} / ( zr) for all r > 0. Obviously, $ is already deter-

mined by the i ma g e of z , 

$ (z) = (without loss of generality, a 1 

The series 3 lies in z 

$(X) 
3 

Computing modulo z 

3 
mod (z5 J (wi t h X - C • Z 

and it follows t hat 

hence 

3 
z 

0 . 

Rl ' hence there is an 

(zs J , we obtain 

c E ~) 

l). 

X €. RO with 

On t h e o t h e r hand , z 7 

z 7 + z8 = $ (y) with 

8 
+ z i s a lso i n t he i mage of R0 unde r $ , 

say y c R0 . I f we compute modulo (z9 ), we ob-

tain 

hence 

But t his i s impossible be c a u se a 2 = 0. 
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Analysis of example 2 

We show that the singularities Xt with Puiseux expansions 

9/4 10/4 + txll/4 y = X + X 

are all equivalent topologically, but distinct analytically. 

Proof : 

The topological equivalence is clear, because all these singulari-

ties have just the single Puiseux pair (4,9). To prove the analytic 

distinctness we again use Lemma 17. Thus let "t : (<1:,0) + (Xt,O) be 

the resolution of the singularity by the Puiseux expansion 

and 

4 9 10 ll 
"t(z) = (z ,z +z +tz ) , 

let Rt <r{z} be the subalgebra of power series in := "8 {Ox ol c 
4 

and 
9 + zl + £;11, that there is an automorphism z z We now assume 

<I> of <I:{z} which carries R into Rt. We 
s 

implies s = t, and then we will be finished. 

Let x,y € R 
s 

be elements such that 

<I> (x) 
4 

z 

<I> (y) 
9 

+ z 
10 ll 

z + tz 

shall show that 

(l) 

{2) 

this 

Such elements must exist by the hypothesis on q,. The automorphism <1> 

is determined by <!> (Z). Suppose 

with k0 "f o. (3) 

Since x lies in the ring Rs , which is generated by z 4 and 

z 9 + z 10 + sz11 x has no terms of order 5, 6 or 7 as a power series 

in z. Thus if we compute modulo {z7 ) we obtain : 

x _ cz4 mod{z7), 0 "f c E a:. 

It follows from (3) and (4) that 

<I> (x) 

Comparing coefficients in (l) and (5) yields 

We argue similarly for the element y. 

y _ d( z 9 +z10+s z 11 J mod(z12 ) 

Since y E Rs 

{4) 

(5) 

{6) 

(7) 

for a nonvanishing constant d. It follows from (3), (6) and (7) that: 
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Comparing coefficients in (2) and (8) first yields 

k 0 = 1 and finally the assertion claimed : s = t. 

(8) 

1, then 

Thus examples 1 and 2 together show that a given topological type 

may consist of infinitely many analytically distinct singularities, 

which form a complex analytically parametrised family of curves, or of 

only finitely many analytically distinct singularities, depending on 

the topological type. The Puiseux pair (4,9) is an example for the 

first case, and (3,7) is an example for the second. 
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CHAPTER 17: THE TURK'S-HEAD 

Made ou the footropcs of jibbooms iu plnce of an mxrbnnded knot, 
the Turk's-Head is nntcb ueater-and comidered by some a11 oma-
ment. WILLJ.\M BRAnY : The Kedge Anchor, 1841 

The TuRK's-HEAO is a tubular knot that is usually made around a 
cylindrical object, such as a rope, a stanchion, or a rail. It is one of 
the varieties of the BINDING KNoT and serves a great diversity of 
practical purposes but it is perhaps even more often used for deco­
ration only; for which reason, it is usually classed with "fancy 
knots." Representations of the TuRK's-HEAD are often carved in 
wood, ivorv, bone and stone. 

Lever's Sheet Anchor ( I8o8) states that a TuRK's-HEAD, "worked 
with a logline, will form a kind of Crown or Turban." This re­
semblance to a turban presumably is responsible for the name 
"TURK1S-HEAD." 

There is no knot with a wider field of usefulness. A TuRK's-HEAD 
is generally found on the "up-and-down" spoke of a ship's steering 
wheel, so that a glance will tell if the helm is amidship. It provides a 
foothold on footropes and a handhold on manropcs, yoke ropes, 
gymnasium climbing ropes, guardrails, and life lines. It serves instead 
of whippings and seizings. It is employed as a gathering hoop on 
ditty bags, neckerchiefs and bridle reins. Tied in rattan, black 
whalebone or stiff fishline, it makes a useful napkin ring, and ir is 
often worn by racing crews in "one-design classes" as a bracelet or 
anklet. It will cover loose ends in sinnets and splices. It furnishes a 
handgrip on fishing rods, archery bows and vaulting poles. It will 
stiffen sprung vaulting poles, fishing rods, spars, oars and paddles. 
On a pole or rope it will raise a bole big enough to prevent a hitch 

[ 2 2 7 ] 
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1300. CoACHWHIPPING, based on SQUARE SINNET, makes a herring­
bone weave. The directions for SQUARE SINNET are given on page 
493. This may be made with eight strands around a rope or rail, and 
gives four lengthwise rows of "herringboning." The legs may be 
left long enough for sticking back at both ends, which is done in 
the manner shown as '# 1 290. 

1301. SQUARE SINI'ET of twelve and sixteen strands can be em­
ployed in the same way, using three or four strands to each unit, as 
the case may be. 

1302. Six rows of herringboning will result if the strands are led 
as shown here. Care must be exercised in these last two to arrange 
the seizings so that the rims will be symmetrical. The ends should 
be stuck back with a needle before removing the seizings. Some of 
the ends are stuck once and trimmed, others are led back two and 
three tucks in order to scatter them. CoACH\\"HIPPING ordinarily is 
not doubled; it is completed in one operation. But if the surface has 
not been completely covered, double the knot, using a needle. 

The common TcRK's-HEAD is made of a single continuous line and 
is an older knot than the multi-strand one. Sometimes it is called the 
RuNI<I~G Tt:RK's-HEAD, a term which may have been applied in 
contradistinction to STANDING TURK's-HEAD, or it may be descriptive 
of the sailor's use of the knot a.< a gathering hoop or puckering ring 
to slide up and down on bag lanyards, neckerchiefs, etc. It should be 
understood that whenever the name "TuRK's-HEAD" is applied by 
sailors without qualification, the single-line knot is always the one 
that is referred to. 

The name "TuRK's-HEAo" first appears in Darcy Lever's The 
Sheet A11cbor ( 18o8), but the knot is much older. I have a powder 
hom dated 1676 which has several TuRK's-HEAos carved around 
it, and Leonardo da Vinci (1452-1519) shows a number in disk form, 
in a drawing that is reproduced b;: bhrvall in Om Kuutar ( 1916). 

In discussmg the StNGLF.-STRA>ID fuRK's-HF.AD the use of the word 
m ·aud will be avoided as it is ambiguous. Cord or liue will designate 
the material of the knot and the word /emf will designate a single 
circuit of the cord around the cvlinder or barrel. The size of a knot 
is designated by the number of its leads and bights. Bights are the 
scallops or coves formed by the cord where it changes direction 
at the rims. The total number of leads denotes the width of a knot 
along the cylinder, and the total number of bights denotes the length 
of a knot arouud the barrel or cylinder. 

Each reappearance of the cord or lead on the surface will be 
termed a part. Only one part, the upper one, is in evidence at each 
crossing in the finished knot. To follow a cord or lead is to parallel 
it with identical over-and-under sequence, which alternates in the 
common TuRK's-H~:Ao. When a lead has been followed throughout 
a whole knot, the knot is said to have been doubled. 

The sailor interprets the word double in his own way. \Vhen a 
finished knot consists of two parallel cords the sailor describes it as 
having been tfoublcd tu-ice! when it exhibits three parallel cords 
throughout, it has been doubled tbree times. 

A knot that is doubled three times is said by sailors to have three 
lays. It is also called a THREE-PLY KNoT. 

Tucking over 11 cord is the same as passing or crossing owr. A 
sailor may tuck either under and over, or over and under. 

1303, 1305. Ordinarily the sailor ties a TcRK's-HEAD directly 
around his fingers. \\'hen it has been formed it is placed around the 
object that is to be its permanent support. 

[ 2 32 ) 
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There are two sizes that the sailor commonly ties in this direct 
manual way: i!i130J, which has three leads and two bights; and 
i!i1305, which has three leads and four bights. 

1304. An unusual !Jut simple method of tying the THREE-LEAD, 
Two-BIGHT Tt:RK's-HEAD is to first make the FIGURE-EIGHT KNoT, 
then insert thumi.J and finger into two compartments as shown, and 
pinch them together. When the two ends meet the knot is complete. 

1306. The sailor also ties the THREF.-LEAD BY FIVE-BIGHT KNoT. 
either directly or more often by lengthening i!i1 305, a process that 
is later described as i!i1 3 16. 

1307. Occasionally he ties directly the Fin-LEAD BY THREE­
BIGHT KNoT as shown here. After reaching the position of the left 
diagram, the left turn of the two center leads is shifted to the right 
over the next one to assume the position of the right diagram. To 
complete the knot, follow the line indicated by the arrow. Any of 
the TuRK's-HEADS may I.Je doui.Jled or tripled uy paralleling one end 
with the other. 

1308, 1309, 1310, 1311. There are several manual methods of tying 
the FouR-LEAD by THREE-BIGHT KNoT. No particular technique is 
required. After reaching the position shown in any final diagram 
the knot is placed around its permanent support and "faired," bur 
not drawn up. The lay is then paralleled as many times as wished 
by "following the lead" thor has been established. To do this tuck 
in one end beside its opposing end, and continue to tuck contrari­
wise and parallel with the other end, following the lead with iden­
tical over-and-under sequence. The second lead must be kept always 
on the same side of the first lead, either right or left according to 
how it was started. When the knot has as many plies as desired it 
is worked snug with a pricker. This is done by progressing from one 
end of the cord to the other through the whole knot, !Jack and 
forth, gradually pricking up and hauling out the slack. The knot 
must not at any time I.Je distorted by pulling too strongly on any 
one part. When completed it should be so snug around its support 
that it will not slip. To tie fl• 311: Start as if you were making 
KNIFE LANYARD KNOT fi78J. 

I have known several sailors who could tie directly in hand 
4L X 5B and 5L X 4B TURK's-HEADS but in each case their methods 
were individual and often too cumbersome to be generolly practical. 
They were also perhaps unnecessary, as it is easier to tie large knots ~ 
by raising smaller ones to larger dimensions. For this purpose there ~ 
are several different methods to follow. 

There is but one actual limitation to the size and proportions of "" 
SrNGLE-LINE TuRK's-HEADS: A knot of one line is impossible iu -
which the number of leads and the nrmtber of bights have a common 
divisor. All others are possible if the knot tier has sufficient time and 
cord at his disposal. 131 0 I J 11 

This "Law of the Common Divisor" was discovered at the same 
time by George H. Taber and the author. 

The operation of the Law of the Common Divisor is quite simple. 
For example, within the limits of twenty-four leads and twenty­
four bights there are 576 comi.Jinations. Of these combinations, 240 
have a common divisor and cannot I.Je tied as a TURK's-1-lEAD, and 
336 have no common divisor and can be tied. If a knot is attempted 
in one cord with dimensions that possess a common divisor, the 
working end and the standing end will meet before the desired knot 
is complete. Such a knot, I.Jeing composed of more than one line, can 
be tied only as a MuLTI-STRAND KNoT. 

[ z 3 3 J 
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HERRINGBONE WEAVE 

1381. The four SQUARE TuRK's-HEADS of page 236 lend them­
selves readily to different weaves, of which over-two-and-under­
two and over-three-and-under-three are the simplest. The knots are 
tied on the barrel in much the same manner that has been described 
already for K:<OTs N •ps-z8. With an over-two-under-two lead, 
a knot is completed each time four bights are added to each rim, 
and with over-three-under-three, a knot is completed each time six 
bights are added to each rim. 

To tie an "OvER-Two-U:<oER-Two" KNoT: Start as in first dia­
gram in KNoT N 132 5. Take all crossings over until three pllTallel 
leads are encountered. Tuck under the first one in each group of 
three, until a group of four parallel leads is met. Thereafter tuck 
over two and under two. A knot is completed at any time when the 
lead runs over-two-under-two throughout. Then tie the two ends 
together. 

To tie an "OvER-THREE-UNDER-THREE" KNoT: When the knot 
has progressed as far as the first diagram, make one more circuit 
over-all. When four parallel leads are encountered, tuck under the 
first one of them; when five parallel leads are encountered, tuck 
under the first two of them; and when six parallel leads are encoun­
tered, tuck under the first three of them and over the second three. 
When completing the knot, butt the ends together as in N 1329 and 
N 1330, and withdraw them into the middle of the knot without 
"doubling." 

A ROUND SINNET TURK'S-HEAD 

1382. TuRK's-HEADS of FRENCH SJN:-<ET, CHAI:< SINNET and FLAT 
SINNET have been shown, and only Souo S1x:o<us have been left 
unconsidered. The first attempted was the Rou:so SINNET of six 
strands, which makes a TuRK's-HEAD of two cords. A working 
drawing was made in circular form, with strands widely separated 
so that all crossings were clearly depicted. This proved feasible, 
but a more practical method suggested itself. A very loose grommet 
(Nz86-t) was made. Into this the ends of three shoestrings were 
tucked over and under, exactly as in short splicing, until they en­
circled the grommet, after making the same number of turns but 
in the opposite direction as the banding. Opposite ends were then 
knotted together, taking care that two ends of the same string 
were not bent together. The shoestrings serve merely as a clue. Next 
untie one of the three knots and replace the shoestrings with a long 
cord of the same material as the grommet. Double the knot that has 
been made, using a wire needle. Half knot, and "bury" opposing 
ends as in LoNG SPLICI:SG 1/: 2697· 

A core consisting of an ordinary grommet (N286-t) is advisable, 
if the knot is to be doubled or tripled. 

1383. To make a TuRK's-HEAD employing a cominuous length ol 
THREE-STRAND FLAT SIN:SET for the basic material: First form an 
ordinary THREE-LEAD T uRK's-HEAD (N qo6) and double it, leaving 
one long end. 'Vith this end and the two parallel leads already 
established proceed to plat a THREE-STRAND FLAT SINNET in the 
ordinary way (W1315 and N1316) but following the line of the 
TuRK's-HEAD that has been formed. 
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2421. This is K:-<oT i!lz.p 8 tied with gold wires. Formerly this was 
a very characteristic gift from a sailor to his sweetheart. The two 
rings could move independently but could not be separated, which 
undoubtedly carried a meaning to the young couple that made the 
long separation entailed by a sea voyage more tolerable. 

2424. Jewelers not conversant with the symbolism of the previous 
knot were apt to make the TRvE-LovER's KxoT in this form, which, 
while it superficially seemed about the same, consisted of but one 
wire and held the two rings rigidly together. 

2425. A TRuE-LoVER's KNOT tied in the bights of four short 
strands symbolizes the four clasped hands of two lovers arranged in 
the manner called a "hand chair." The knot w as shown to me by 
Mrs. Osborn W. Bright. 

2426. A TRUE-LOVER's KNoT in ring form, based on the CARRICK 
BEND. This, like # 2424, is made of a single wire, and I cannot but 
feel that it was less popular than the one to follow, which does not 
submerge all individuality. One reason that I believe that this knot is 
held in lower esteem by the sailor is that the only two specimens I 
have ever seen were both of silver. Cert~inly the baser metal must 
bear some significance. Moreover one of them was exposed for sale 
in a pawnshop window. 

2427. A CARRICK BEl'm in two separate rings which interlock har­
moniously, perhaps the handsomest of the four rings shown. 

There are probably other knots that are called by the name TRu~­
LovER's, but these are all I have found that fi ll the specifications 
that were somewhat arbitrarily adopted. These are outlined on page 
JRJ. 

2428. The following knots, through page 389, are SINGLE-CORD 
L.<NY.<Rn KNoTs with a loop at either side and a four-part crown at 
the center. Two-STRAND KNOT 1il2451 is the well-known CHINESE 
CRow:-< KNOT. I set out to find a knot of similar appearance for a 
siugle-cord lanyard and this series resulted before I was through. 
The first five are of similar aspect. The simplest is 1;! '+3'• which is 
the common SHEEPSHANK KNOT with the parts pulled together. This 

[ J88 J 
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2976. FRENCH SINNET is a flat plat in which the strands have a 
regular over-one-and-under-one weave. The French call it "TaESSE 
ANGLAISE." As this has occasionally been translated literally in Eng­
lish books, it has caused some confusion. FRENCH SINNET is generally 
tied with an odd number of strands but may be tied quite as satis­
factorily with an even number. In working it the strands are cus­
tomarily divided so that if there is an odd one it is placed with the 
group that is held in the left hand. 

FRENCH SINNET ( 1 ). The example given here is of seven strands. 
With four strands in the left hand, take the upper left strand and lead 
it diagonally down to the center, crossing its three sister strands alter­
nately under, over and under. It has now become the lowest member 
of the right-hand group. Next take the upper member of the right­
hand group (which now has four strands) and lead it to the left in 
the same order as before, under one, over one, under one. Repeat 
these two operations until sufficient sinnet is made. 

2977. Srx-STRAND FRENCH SINNET with three strands in the left 
hand and three in the right. Lead the top left strand to the center 
over one and under one. Follow with the top right strand under 
one, over one and under one, and repeat from the start. 

2978. DouBLE fRENCH SINNET. This drawing illustrates a FRENCII 
SINNET of five leads platted with doubled strands, ten in all. 

2979. FaENCH SINNET ( 2). In the braid and trimming trades 
ashore a different technique from '#2976 is used, which gives a 
different character to the product, although it is structurally the 
same. All the strands are held in the left hand and only the top 
right strand is worked. This strand is led almost horizontally acr05S 
all the other strands, in alternate over-and-under sequence. Then 
the next top right strand is treated likewise, and the _process con­
tinued. The much shorter diagonal of the right strands IS responsible 
for the changed appearance. 

2980. The texture of sinners based on FLAT and FRENCH S1NNEn 
has a range of possibilities analogous to weaving and the range 
widens rapidly as the number of the strands is increased. But the 
comparative narrowness of the sinnet limits the size of the patterns 
employed. 

With eight strands (five in the left hand) lead the top left strand 
under three, and over one to the center. Then lead the top right 
strand over three to the center. Repeat the two movements. 

2981. Six strands (three in the left hand). Lead the left strand 
over one and under one. Lead the right strand under one and over 
two. Repeat. 

2982. Seven strands (five in the left hand). Move the left under 
three, over one. Move the right under one, over one. Repeat. 

2983. Seven strands (four in left hand). Move left outer strand 
under two, over one, move right strand under two, over one. Repeat. 

[ 49°] 
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8.4 Resolution of singularities by quadratic transformations 

In the previous section we have already given an algorithm for the 

resolution of a plane singularity Y (8.3.1). With this resolution 

~ : B + Y, B is an abstract manifold, while the singularity Y is em-

bedded in a two-dimensional space. In this section we want to con-

struct a resolution n' : Y + Y for which Y is likewise embedded in a 

surface, and indeed in such a way as to reflect the embedding o f Y in 

the plane. 

If a plane projective-algebraic curve is given, then one can alter 

its form and position by suitable transformations of the projective 

plane P2 (CI:). We already know that linear transformations make no 

essential change in the singularities of the curve. The next most com-

plicated transformations are quadratic transformations. These were 

already used by Newton and !1aclaurin (cf. the remarks in 8 . 3) . 

Consider for example the quadratic transformation T of 

* given by 

We apply the transformation to the quartic with the equation 

This quartic has three ordinary double points, at the "fundamental 

points" (1,0,0), (0,1,0) and (0,0,1) of P2 {a: ) . 

quadratic transformation T yields the equation 

Application of the 

I.e., the given curve goe·s over to the union of three lines and a conic. 

The three lines are in a certain sense insignifi cant ; essentially, we 

have transformed our quartic into a nonsingular quadric. 

Conversely, the quadric goes over t o the original 

quartic under T . Outside a certain point set, T is an involution : 

ToT=l. 

Now what is the geometric meaning of these transformations? 

* We shall not a t first worry about the 
well defined on the whole of P2 (CI:) 

braically with these substitutions. 

fac t that this mapping is not 
one can in any case compute alge-
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Recall how we interpreted the homogeneous c oordinates of P2 ( IR) 

in 3.2, following Plucker, as t r iangle coordinate s in the plane. A 

triangle is given in the plane , and the coordina t es 

the di s tanc es from the three sides. 

(I, 0, 0) 

measure 

(0, I , 0) 

Lines through the fundamental poi nts p 0 = (1, 0 , 0) , p 1 = (0,1, 0 ) resp. 

(0,0, 1) are determined by the ratios x 1 : x2 , x0 : x 2 resp . 

x 1 . Thes e ratios go to their inverses under the transformation 

Thus the transformation T sends a line through a vertex t o its 

ref l ectio n in t he c orrespo nd i ng angle bisect or . Th i s enabl es u s t o 

construct t he image of e a c h point (e xcep t t he ver t i ces ) wi t h r u ler a nd 

compasses 

In this way o ne s ees aga i n, very c learly , t hat T is a n involution. Now 

we construct the i mage of a circl e unde r t he t r a nsforma t ion T. The 
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form of the curve obtained depends on the position of the circle rela-

tive to the fundamental triangle. The following picture shows this 

curve for the case where the triangle is equilateral and the circle lies 

symmetrically with the triangle inside it. In the picture, some points 

on the circle are numbered in the positive direction, and their images 

on the curve are numbered correspondingly. 

L, 

Quadratic transformation of a quadric into a quartic and vice 

versa : resolution of singularities by quadratic transformation. 

The construction yields a quartic with three double points, lying 

precisely at the three fundamental points p0 ,p1 ,p2 . 

quartic goes bac k to the circle under T. 

Conversely, this 

One obse rves the following : outside the fundamental triangle, T 

is bije ctive , and the s i d e s Li ·= {x E P2 (~) x. = 0} of the f unda­
l 
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mental triangle are mapped to the opposite vertices. Our circ le cuts 

each side of the triangle twice, resulting in a double point of the 

image at a vertex of the triangle. 

Now what should one consider the images of the fundamental points 

to be ? 

opposite sides . 

The images should be sensibl e enough to lie on the 

E.g., corresponding to the point p 1 of the quartic 

there are two different points of the circle, and i ndeed these two image 

points are just the limits of points of the quartic near the singular 

point. The image of the point p 1 of the quarti c therefore depends on 

the direction in which the point is approached. For the point p 1 of 

the plane there is an image point for each direction i.e. for each 

line g through p1 - on the opposite side 

intersection with the reflection g' of g 

L1 : x1 0, namely its 

in the corresponding angle 

bisector (this can also be the point at infinity on L1). 

This is how the two branches of the quartic at the singular point 

are separated. 

The transformation T causes singularities t o vanish for certain 

curves, suc h as the quartic considered above . On the other hand, it 

c an also p r oduce singularities - as wi t h t he c irc le - in fact it always 
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does when a curve cuts a triangle side in more than one point. We 

therefore want to abstract the process which has led to the vanishing of 

singularities, so as to find a similar process of a purely local nature. 

We shall then use the latter process for the resolution of s ingularities. 

Under the transformation T, each line through a fundamental point pi 

yields an image point of pi. Thus the essence of the process c onsists 

in replacing the point pi by the set of all lines through pi . This 

may be formulated with set-theoretic precision as follows : 

Let X= ~2 , p = 0. 

The set of all lines through p is a one-dimensional projective space 

(cf. 3.2). 

!gig is a line through p} 

We construct the set 

X' X E g}. 

If x f p, then there is exactly one line through x and p, i f x = p, 

then all lines of P1 (~) go through x. 

The projection 

lT : X' + X 

(x,g) t+ x 

is therefore a homeomorphism over X- {p}, while the fibre 
-1 

11 (p) of 

p is the projective line P1 (~ ) . Also, 11 is a proper mapping . 

We want t o investigate this projection 11 : X' + X and the space 

X' in mo r e detail. 

X' is a submanif old of 
2 

~ x P1 (~) , because it is desc rib e d b y a 

regular equation : 

X' {(X X • Z Z ) E ~2 X P1 (~) 0' l ' 0' 1 u. u. 

The usual c o o rdi na t e cov e ring of pl (~) yields one f o r X X p l (~ ) a nd 

also fo r X' 

uo { (x; z ) E X' zo f 0} 

ul { (x;z ) ~ X' zl f 0} 

with the coordi nates 

z l 
vo xo uo / z resp . 

zo 0 
vl xl ul / z 

1 
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The two coordinate neighbourhoods and are biholomorphically 

equivalent to a:2 and the coordinate exchange is 

In the first component the transi tion function is just the coor dinate 
2 

exchange for the Riemann number sphere S . Hence (u0 ,v0 ) I+ u0 resp. 

(u1 ,v1 ) ~ u 1 defines a holomorphic mapping X' + P1 (a:), namely the 

mapping induced by the projection a:2 x P1 (a:) + P1 (a:) . Over each 

point of s 2 l i es a c omplex line wi th v 0 r esp . v 1 as coordinate . 

is the total space of a complex line bundle* over s 2 . Thus X' Over 

the northern resp. southern hemisphere, D+ resp. D this bundle is 

trivial (i.e . isomorphic to 
+ D X a: resp . D X (t) • 

... 
One can also think of s' as put together from a northern and 

southern hemisphere ; t hen t he " coordinate e xchange" along the equato r 
-1 

is again u 1 = u 0 . 

The two trivial bundles over D+ resp. D 

along the equator by the "pasting function" 

coordinate exchange in the second component. 

* 

are then pasted together 

which describes the 

'£he bundle described 

The basic f a c ts about vector bundles may be f ound, s ay, i n Brocker-
Janich [BB] §3. 
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The fact that X' is a line bundle over 
2 s can of course also 

be read off directly from the definition. The projection 

X' .,. Pl (a:) 

(x,g) ,.,. g 

has, as fibre over each line g, all the points of the line g, and we 

know that P1 (a: ) is homeomorphic to s 2 . 

Most important in practice is the description of the projection 

1T X' u0 V u1 + X in local coordinates 

11 (u0 ,v0 J ..,. (v0 ,u0v 0 ) on u0 

11 (u1 ,v1 J ,.,. (u1v 1 ,v1 J on u 1 . 

This description of the mapping by a quadratic transformation should be 

remembered without fail. 

We now try to give a real picture of the projection 11 X' -+ X. 

* The sphere bundle of the Hopf bundle, i.e. the set of all points 
{ (x ,g) e: X' I I xI = 1} with the induced mapping o n P 1 (a:) is t he 
Hopf fibration described in 3.4, incidentally. 
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The picture perhaps does not give quite the right impression , inasmuch 

as there is not a line over the point p, but a one-dimensional real 

projective space, and hence a circle s1 . Thus the "spiral staircase" 

surface shown above sho u ld really be a Mobius band. 

(The Mobius band is also the real analogue of the Hopf bundle descri bed 

above.) 

Thus in the reals the passage from X t o X' looks as follows 

One cuts a disc with midpoint p 0 out o f X = IR2 and re-

places it by a (compact) Mobius ba nd. 

process in more d e tail in 3.3. 

We have a l ready des c r ibed t his 

Here is yet another description of X'. 

~2 x P1 (~) of the graph of the mapping 

~2 - {0} + Pl (~) (xl,x2 ) .... (xl,x2) 

X' is the clo sure in 

which send s eac h point o f ~2 - {0} to the l ine throug h this point and 

0. One proves this easily from the definition o f X'. 

Definition : 

The process described above for passing from X to n : X' + X 

i s call ed a a - p r ocess wi t h centre p E X, o r a quadratic t ransf ormation 

at p o r blowi ng up the po int p . 

The words "blowing up" are appropriate inasmuch as the point p is 

replaced by a s phere s 2 = P1 (~). A second interpretation of the words 

as "enlargement " would also be reasonable, because the process can sepa­

r ate curve b ranches which previou sly met , or r e d uce t heir con t a ct 

(intersection number ) . The separation o f thi ngs no t p r e v i ously sepa-

r a ble t o the eye is typ i cal o f e n l a rge me nt . Th e t e rm "q u adra t ic 
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transformation" comes about because 1r 

coordinates. The newly introduced line 

is a quadratic mapping in local 

TI-l(O) is also called the 

exceptional line. In general, a curve C in a surface X' is called 

exceptional when it admits blowing down, i . e. when contraction of all 

the points of C to a single point results in a complex surface X. 

To distinguish the line introduced by the cr-process from these general 

exceptional curves, one also calls it an exceptional curve of the first 

kind. 

The cr-process is a purely local process . For that reason we can 

quite easily generalise the blowing up of the 0-point in ~2 as fol­

lows, and define the blowing up of an arbitrary point p in a 2-dimen-

sional complex manifold M. Let <I> u + v be a chart mapping of a 

neighbourhood of in neighbourhood of 0 in 
2 u p M onto a v ~ . 

and let 'IT : X' + ~2 be the cr-process at the origin of ~2. Let V' 

be the comple x manifold V' -1 
The blowing up of i n = TT (V). p M 

now takes place, intuitively speaking, by replacing the open set U 

biholomorphically equivalent to v by V'. More precisely : we 

define a complex manifold M' by pasting M - {p} and V' together 

along u - {p} resp. V' - TT-l (0 ) by means of t h e biholomorphic map-

ping 
-1 

{p} 
-1 

holomorphi c TT 0 <I> u - + V' - TT (0). One has a natural 

mapping n' M' + M given by the identity on M' - v• and by 

<1>-l o 1r on V', and 

lf 1 : M' -+ M 

is the desired cr-process on M at p. 
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v 

V' 
X' 

If <1>' is another c hart of M around p and if one carries out 

the blowing up operation as above with the chart <1>', then one obtains 

a "blown up" manifold 11'' : M'' + M. One easily sees that then there 

is a biholomorphic equivalence M' - M'' such that the diagram 

M' M'' 

M 

commutes. The "blown up manifold" M' i s therefore essentially unique . 

Remark : 

One can define a-processes in just the same way in n dimensions. 

If one wants to blow up t he origi n in 
n 

~ , then one sets 

X' x. 
l_ 

AZ . }. 
l_ 
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Again one has n coordinate neighbourhoods isomorphic to ~n 

with coordinates 

zl 
ul = ~ , ... , ui-1 = 

~ 

zi-1 

z. 
~ 

u. 
~ 

The projection 11 : U. + ~n 
~ 

then has the form 

zi+l 

z. 
~ 

u 
n 

z 
n 

z. 
~ 

One can even define the concept of blowing up for essentially more 

general objects; and one actually needs these "monoidal transformations" 

for the resolution of arbitrary singularities of higher dimensional 

analytic sets. However, we do not wish to go into this here. 

We shall now investigate the connection between the quadratic 

transformation T of P2 (~) studied at the beginning, and the process 

of blowing up. 

T was the transformation 

T : P2 (~) + P2 (~) 

(x0 ,x1 ,x2 ) ~ (x1x 2 ,x0x 2 ,x0x 1 ). 

As above, let p 0 = (1,0,0), p 1 = (0,1,0), p 2 = (0,0,1) be the funda­

mental points and let Li := {xi = 0} be the sides of the fundamental 

triangle of P2 (~). 

In order to save writing, let us agree that in this context the indices 

i, j, k appearing in a formula will always be pairwise distinct. 

Thus : 
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T : x ,_,. z with 

T is not defined when two of the coordinates x0 ,x1 ,x2 are simulta­

neously zero. This happens just at the fundamental po ints 

Po = (l,O,Ol, p 1 = (O,l,Ol, p2 = (O,O,ll. 

T : P2 (~ } - {pO,pl,p2} _,. P2(~} 

is therefore a well-defined mapping. Its graph i s a certain subset of 

P2 (~} x P2 (~} and its closure is the submanifold 

One has the two projections 

point x E P2 (~ } over to 

, 1 and , 2 
-1 

"2 o " l (x} 

X 

of 

1\ 
T 

z . x . = z .x.}. 
~ ~ J J 

T carries a 

To study n 1 and 112 we choo se a covering o f X by the coo rdinate 

neighbourhoods 

U . . : = { (x;z} e: X 
~J 

with the coordinates 

zk 

On 

"2 

u .. 
~J z. ' vij = x. 

J ~ 

uij ' the pro jection 

X. l' X. = u. .V . 
~ J ~ J ~ j 

has t he form 

z. u . . V . 
' 

z. = 
~ ~J ~ j J 

has the form 

' xk v. 
~j 

( *} 

l, zk = u. ' ~j 
( *} 

and these are - relative to the usual coordinate neighbourhoods o f 

P2 (~} -just t h e formulae we have found f o r blowing u p t he point pi . 

Mo r e p r e c isely, o ne sees t hat a nd a r e b iho l omorphic over 

Under , 1 , t he poin t pi is blown up t o t he l i ne 
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L. { (x, z) E: x I X. = xk = 0} 
1 J 

and pj is blown up analogously by 112 to 

L. ·= { (x , z) E. x I z . zk 0} 
J 1 

~ 

: ... ... 
..:I ..:I 

I 

,.. ,... ... .... 
..:I ..:I 

~)( 
.... .... 

I - I .,. .. .. 

: ... ... 
..:I ..:I 

I 

,.. ,.. ... ... 
"' "' ....... 

I - IN .. .. 
Q) 
lo; 
Q) 
.r: 
~ 

Sununary : 

Under the trans formation T the fundamental points p 1 , p 2 , p 0 are 

blown up , a nd t he n t he t hre e l i nes a r e b l own down. 
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From the standpoint of a-processes, the transformation is already 

quite complicated. More generally, one can consider transformations of 

P2 (~) which result from repeated blowing up and blowing down (as long 

as the manifold one ends with is again isomorphic to P2 (~)). This 

gives the group of birational transformations or Cremona transformations 

which was first investigated in full generality by L. Cremona around 

1863-65. 

In algebraic geometry, birational isomorphisms are usually defined 

somewhat differently : a rational mapping from P2 (~) to P2 (~) is a 

transformation (x0 ,x1 ,x2 ) ~+ (F0 (x0 ,x1 ,x2 J ,F1 (x0 ,x1 ,x2 J ,F2 (x0 ,x1 ,x2 J), 

where the F. 
1. 

are homogeneous polynomials of the same degree in the 

X. • 
J 

If a rational mapping has a rational inverse, then it is called 

a birational isomorphism. It is a theorem that these two definitions 

coincide (Shafarevich [S4] IV, §3.4). 

Mo re precisely : one can obtain each birational isomorphism of the 

plane by first b lowing up a certain number of points in succession, 

then blowing down the same number of exceptional curves of the first 

kind. 

The birational transformations of the projective plane onto itself 

form a group, the Cremona group. This is in a certain sense an 

infinite-dimensional group, but not as much so as an infinite-dimensio-

nal Lie group. The infinitely many dimensions arise because polynomi-

als of arbitrarily high degree can occur in the description of trans-

formations by homogeneous polynomials. (Or, what comes to the same 

thing, arbitrarily many pcints can be blown up.) The structure of the 

Cremona group is not easily understood, and has given rise to many in­

vestigations which today are, unfortunately, almost forgotten. (Cf. 

Berzolari [Bl4], especially sections 46-66.) 

The relation between the birational transformations of the plane 

onto itself and the quadratic transformations i s the following. First, 

some remarks on quadratic transformations : at the beginning of this 

section we defined the special quadratic transformation T by 

More generally, one can consider arbitrary birational quadratic trans­

formations of the plane, i.e. those given by homogeneous polynomi als of 

degree 2. Each such transformation results from blowing up three 

points and subsequently blowing down three exceptional c urves of the 
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first kind. In general, the blown up points are distinct. In this 

general case the quadratic transformation results from the transforma­

tion T considered above by composing with projective linear transfer-

mations before and after. In the singular case either two or all 

three points coincide, i.e. one first blows up one point of the plane, 

and then further points on the exceptional lines. 

tions for this are 

with c t 0. 

So much for quadratic birational transformations . 

The standard equa-

The connection with 

arbitrary birational transformations is now given by theorem from 

around 1870 found by M. Noether (and independently by Clifford and 

Posanes) 

Theorem : 

Each birational transformation of the plane is a product of qua-

dratic transformations. 

Now that we have obtained the concept of quadratic transformation, 

we next want to investigate how a hypersurface Y in ~n+l behaves 

under a quadratic transformation . 

1T : 

Suppose 11 X' + X := ~n+l is a a-process at the origin. Since 

X' - 11-l(O) +X- {0} is biholomorphic, we need only consider 

hypersurfaces which go through the origin. Assume then that Y is 

defined in a ne i ghbourhood of the origin by the affine equation 

0, where 

Pn 
x and f(O) 

n 
0. 

X' 

l· 
X 
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n 
X' has a covering by coordinate neighbourhoods X' = U u. with 

i=O 1 n+l u. -a: 
1. 

We choose a fixed 

tive to these coordinates, n 

n : U. + X = cr:n+l 
1. 

u. 
1. 

with coordinates uo, ... ,un. 

may be described as follows : 

(uo•·· .,un) ~ (uOui, ... ,ui-lui,ui,ui+lui, ... ,unui) · 

Let ~ := ~0 (f) be the order of f at 0. 

given by 

Then 11 -l (Y) n U. is 
1. 

Thus 11-l(Y) n U. consists of 
1. 

Pn(<I:) n U. and a hypersurface 
I., 

Y. 
1. 

Rela-

with equation 

identically on 

f ~ (u0 , ... ,u ) 0, where fi (u0 , ... ,un) does not vanish 
1. n 
{ui = 0}. 

Definition : 

The strict (or proper) preimage Y' of a hypersurface Y in X' 

under the o-process 11 : X' + X is the union of the hypersurfaces 

' ' Yi = {f i = 0}, namely Y' ~ Y. . 11-l(O) is called the exceptional 
. 1. 

hypersurface, or for n = 1 1 tRe exceptional curve. 

We now consider a few examples (for n = 1) . 

Example 1 

Y therefore consists of just the two 

coordinate axes : 

(vo,uovo) (ul,vl) ~ 

and 11 -l (Y) n U~ are given by the equations 

v 1 (u1 ) = 0. 
2 

resp. u 1v 1 

y 



y • 
0 

I 
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.-

r-u 
0 

(Shaded parts are identified by u1 
y • 

0 

y . 
I 

t: 
I 

v 

y • 
I 

-

-I 
1! (Y) drawn heavily 

The s t rict preimage Y' = Y0 <J Y1 of Y the r efor e consists of t wo 

lines, which no longer intersect. This was to be expected, because 

the a-process is set up precisely to separate all lines through the 

origin. (The picture above must of course be understood as symbolic 

only - in truth, blowing up yields a Mobius band in the real case, and 

a Hopf bundle i n t he comple x.) 

Example 2 : 

f(x0 ,x1 ) = x~ +xi , p ~ q. 

Equation of rr-1 (Y) 1\ u0 v~ + <u0v 0 Jq 

Eq uati o n o f 
-1 

rr (YJ '' u1 

v~(l+u6v6-p) = 0. 

vp(up+vq-p) = 0 . 
l l l 
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We consider the situation in the two coor d i nate neighbourhoods 

First the case q 

p para l l e l lines : 

p in this case Y0 and Y1 each consis t o f 

v - 0 
0 

u 
0 

This is because Y in this case is the union o f p lines through the 

origin. 

Now let q > p 

Then does not meet the line {v0 = 0}. Since 1! is biholo-

morphic away f rom the origin, Y0 in this case i s nonsingular . 

v - 0 
0 

u 
0 

Fo r our a n a lys i s in u1 we distinguish three cases : I f q - p < p, 

Y1 has the line v1 = 0 as tangent, for example like this 

o r (fo r p 2 , q 3 , hence in the case o f Neil' s parabo l a ) 
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Thus the multip licity of Y1 at the origin is smal ler than t hat of Y. 

In the case of Neil's parabola the singularity i s even reso lved. 

If q - p = p, Y1 consists of p lines which meet at 0 E u 1 

As we have seen above, this singularity of Y1 may be resolved by a 

further a - p r ocess . 

If q - p > p, then Y1 has a tangent at 0 E u 1 which is perpen­

dicular to v 1 0, e.g. in the case p = 2, q = 5 : 

y ' 
I 

u 
I 

Th is singula r i t y has a l so bee n improved, in a c e r tain wa y, by b l owi ng 
' 2 3 up, bec a use Yi = {u1 + v 1 = 0} i s Neil' s pa r abol a, whose singul arity 

we a lready kno w to be removable by a a-process. 

These observations suggest the conjecture tha t any singularity is 

improved in a certain way by blowing up . The c oncepts nece ssary for 

measuring this imp r oveme nt will be devel oped in what follows . Fir st , 

howev e r, we convince ourselves that a singular ity of a plane curve is 

at least no t wo r sened by b l owing up , in the sense tha t its multipl i c ity 
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is not increased. 

Lenuna 1 : 

Let X be a complex surface, Y c X a curve in X, and p £ Y a 

point of Y. Also let 11 X' + X be a a-process at p, and let Y' 

be the strict preimage of Y 

P1 , ... ,ps be the points of 

Then 

under this process. Further, let 

Y' on the exceptional curve E = 1!-l(p). 

(i) 

(ii) 

s 
2 \J (Y' ,E) 

i=l pi 
s 

\J (Y) 
p 

2 \J (Y') < \J (Y) in particular 
i=l pi p • 

(iii) If \J (Y') = \J (Y) 
pi p 

for some 

is the single point of Y' t"\ E. 

l . 

Proof : 

\J (Y') < \Jp(Y) 
pi 

for all i. 

then s=l,i.e. 

X' 

X 

We can assume without loss of generality that p = 0 

in ~2 
and X is a 

neighbourhood of 0 in ~2 . Coordinates x , y are chosen so 

that neither of the coordinate axes is a tangent to Y at p . 

Let f = f(\J) + f(\J+l) + ... be the power series expansion of f 

around 0, where f(~) consists of all terms of ~th order and 

\) := \) (f). 
p 

If we substitute the formula for the quadratic transformation in 
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f, then we obtain 

V v0 (f(vl (1 J + f(v+l) (1 J J ,uo vo ,uo + ... 

\) (\!) (\1+1) 
f(u1v 1 ,v1 ) = v1 (f (u1 ,1) + v 1f (u1 ,1 ) + ... ). 

I (vi I (vJ Thus Y' n E = {(O,u0) f (l,u0 ) = 0} u {(u1 ,0J f (u1 ,1J 0 } . But 

since u 1 = 0 is not a zero o f f (v) (u1 ,1J by our choice of coordi-

f f (vJ 1 1 d 1· · · • n -l ( J nates, all zeroes o (u1 , ) a rea y 1e 1n u0 , 1.e. Y n p 

is the zero set of f(v) (l,u0 ) on the u 0-axis. 

Since f(v) (l,u0 ) is a polynomial of degree 

multiplicities at the zeroes p 1 , ... ,ps (s ~ v ) 

v, the sum o f t he 

of f (v) (l,u0 ) is 

just \! . By definition of i ntersection 

such a zero equals v (Y' ,n-1 (p)) 

multiplicity, the orde r of 

> v (Y') · \! (E) = \! (Y' ) . This 
p. 

implies, first, assertion (i), and 
pi p. p. 

then also (ii ) 1 and (iiit, trivially. 

Our goal is to show that each singularity of a plane curv e Y may 

be resolved by a finite sequence of a-processes. To do this, it 

suffices to show that repeated blowing up will at some stage reduce t he 

multiplicity of t h e strict prei mage o f Y. Thus if the multiplicity 

is not at first reduced by application of a quadratic transformation, 

we must guarantee that the singularity has nevertheless been improved 

in a certain way. To measure the improvement we shall use the Newton 

polygon of the singularity at the point in question. 

we have the followi ng preparations. 

For this purpose 

Definition : 

Let Y C X be a curve in the surface X and suppose p E Y. For 

each finite sequence of a-processes 1jJi : X. -X. l + ••. + x1 -X, 
l ~i l- . ~l 

where ~l is a a-process at p , let Y. 
-1 l 

b e the strict pre1mage o f Y 

in Xi under 1jJi , and l e t Ei : = 1jJi (p). For i > 2, ~i c an also 

consist o f s e v e r a l a-proc e sse s at diffe r e nt poi nt s. 

We now assume that for all j, 2 2 j 2 i, xj results from 

by blowing up the intersection points of Ej-l with Yj-l 

po ints o f Ei n Yi are c alled i nfinitely near points of p 

r e lative to 1jJi. 

Then the 

in X. 
l 
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! 
x, 

X 

(The infinitely near points of p are drawn heavily.) 

In particular, the points x <:. Ei r. Y i with 

called v-tuple infinitely near points of p 

vx(Yi) = vp(Y) 

i n X .. 
l. 

=: \) are 

By Lemma 1, each X. 
J 

contain s at most one v-tuple infinitely near 

point X. 
J 

of p. Thus the v-tuple infinitely near points of p con-

stitute a well-defined sequence. In order to show that the multiplici-

ty of the strict preimage becomes smaller than v after finitely many 

a-proces ses, we must prove that this seque nce i s finite . 

To d o this we shall construct a smooth curve W whic h hugs Y so 

well at the singular point p that its strict preimages at the v-tuple 

infinitely near points pi always remain tangential to Y .• 
l. 

In other 

words : W accompanies Y under the a-processes, up to multiplicity 

at the infinitel y ne ar points o f p one l evel sma lle r. After each 

a-proces s we shall choo se the strict preimage of w. and t he new except­

ional lin e as coordinate a xes, and consider the Newton polygon o f the 
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singularity relative to these coordinates. The slopes of the segments 

of the Newton polygon will measure how much the singularity has been 

improved. For this purpose we now need a few more general results 

about the Newton polygon. 

Supplementary results on the Newton polygon 

Lemma 2 : 

For each irreducible curve germ (Y,O) in (~2 ,0), different from 

the coordinate axes, the Newton polygon consists of a single segment. 

Proof : 

For each segment of the Newton polygon we construct a monomial 

mapping ~2 ~2 and consider the preimage of Y under this mapping. 

Let ~- be the ith segment of the Newton polygon. 
~ 

points of ~i be (pi,qi) 

be the next lattice point on 

and 

L 
~ 

Then a . and b . are relatively 
~ ~ 

(pi+l'qi+l), and let 

after (pi,qi). 

prime natural numbers 

through ~- has the equation bip + aiq = e . . where 
~ ~ 

and 

e.:= 
~ 

The lattice points on ~- are the points (pi+Kai' qi-Kbi)' 
~ 

K = 0,1, ... ,ki. 

Let the end-

the line 

bipi+aiqi. 

1, we can of course find natural numbers ci,di 

with 

d. b. 
~ > ~ and a . d. - b.c. 

c. a. ~ ~ ~ ~ 
1. (*) 

~ ~ 

These relations continue to hold when we add positive multiples of 

Thus we can choose ci,di to have the additio-
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lies below the Newton polygon. 

clear in any case and for i > 1 

(For i = 1 

bi-1 
we can always attain > 

ai-l 

Now let with coordinates and let 

this is 
d. b. 

1 1 > -.) 
c. a. 

1 1 

Let ur := ~* X ~*. Then nilu~ : ur + ~* X ~* is biholomorphic by 

(*). If f(x,y) = 0 is the loEal equation for Y, where 

f(x,y) = Eapqxpyq, then 

e. f . 
v. 1 u. 1 (g. (u.) + v1.h(u1.,v1.)). 

1 1 1 1 

Here, the polynomial gi has just the coefficients of f which corres-

pond to the lattice points of ti. Thus the preimage of 

is t h e c urve Yi with the equati on 

Y in u~ 
1 

Y. 
1 

cuts the u . -axis at the zeroes of 
1 

Since a f 0, 
piqi 

u. 
1 

0 is not a zero. Let r. 
1 

be the number of distinct zeroes of 

Assertion 1 

Y has at least ri branches, whose preimages in 

ui-axis at the ri zeroes of gi. 

u. 
1 

cut the 

Proof : 

We consid er the i nte rsectio n o f y with a sma ll polydisc 

p {I X I < 
€: 

c, IYI < d. The p r eimage of p i s containe d i n a ne igh-
€: 

bourhood wo = {lui I < 0 or lvil < o} of the axes. 

Then for sufficiently small o, Yi ~ W0 has a connected c omponent 

Y. . for each zero 
1) 

(j = 1, ... ,rj). 

X. 
J 

of gi , meeting the u.-axis at this zero 
1 

If o ne construc t s the i nters ect i o n wit h Ul , t hen 

Y. . possibly decomposes i nto s ever a l connec ted c omponents, namely , 
1) 

whe n x . i s r educible and o is sufficie ntly small . 
J 



Since w : u~ + ~* X ~* 
1 1 

ciently small E, at least 

corresponding to at least 

Assertion 2 : 
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is a homeomorphism, one obtains, for suffi-

ri connected components in (Y (') P ) - { 0}, 
E 

r. distinct branches of the curve Y. 
1 

The branches of Y which correspond to different segments of t he 

Newton polygon are all distinct. 

Proof : 

Consider t he following diagram (without loss of generality let 

i > k). 

* 

* * ~ X ~ 

All the mappings present in it are biholomorphic . 

is a monomial mapping. 

u. 
1 

V. 
1 

-1 
w. 

1 
u* + u~ 

k 1 



where 

Since 

u. + 0 
~ 

a,S,y,o are defined by 

d. 
~ 

> 
b. 
~ 

, we have 
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a,S > o ; y ,o < o. Therefore 
a. 
~ 

as and uk + const. Hence a connected 

component of (Y n P£) - {0} cannot simultaneously be the image of a 

Y .. 
~J 

from U . 
~ 

Remark : 

and a from uk. This proves the lemma. 

Assertions 1 and 2 together give a better result: 

If r. 
~ 

is the number of zeroes of the polynomial gi , then Y 

has at least Er. branches. 
~ 

Since ri ~ 1 one has in particular : 

Corollary : 

Y has at least as many branches as the Newton polygon has segments. 

Lemma 3 

Let X be a curve germ in (~2 ,0), with irreducible components 

x1 , ... ,xr (all different from the coordinate axes). Let t. be the 
~ 

Newton polygon of Xi , which we know to be a segment by Lemma 2. Let 

the components be numbered in such a way that for i > k the slope of 

R-i is greate r than the slope of tk. 

The n the Newton polygon of X results from j o ining t ogether the 

different segments R-i , suitably displaced. More precisely : i f ~i 

has initial point (O,pi) and final point (qi,O ) (i = 1, . .. , r), then 
I I 

the Newton polygon of X consists of the segments t 1 , . .. ,tr , where 

R-. is the segment with initial point ( I qk L p.) and final point 
~ k <i j~i J 

( I qk , I p. l. 
k<i j>i J 
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Example : 5 2 

~: 
- 0 X + y • 0 

Proof : 

One can prove that for two curves X', X'' with equations f = 0 

resp. g = 0 the Newton polygon of X = X' u X'' results from j oining 

together the segments of the Newton polygons for X' and X'' (the 

assertion of the l e mma t hen fol l ows immediately by induction) . To 

prove this more general assertion one shows : 

(i) The monomial xpyq corresponding to a vertex (p,q ) of the 

(ii) 

composite polygon can be written in exactly one way as the 

product of a monomial in f and a monomial in g . 

No point of 6(f·g) 

ll(f·g) c 6(f) + 6(g) 

lies below this pol ygon, because 

and 6(f) + 6(g) contains no points 

which lie below the composite polygon. 

The assertion then follows immediately from the definition o f 

Newton polygon. 

Curves with maximal contact 

Suppose X is a complex surface, Y C X a curve on X and p ~ Y 

a point on the curve. On the basis of the program we have already 

drawn up for the resolution of singularities, we would like to have at 

our disposal, in t his s ituation, a smooth c urve W through p on X 

which hugs the curve Y as well as possible at p. In other words : 

W is to have the "best possible" contact with Y. For this purpose 



482 

we must first define "best possible contact" precisely. 

Several definitions of "best possible contact" are conceivable, not 

necessarily equivalent to each other. We choose the concept of "maxi-

mal contact" as the most suitable for our purpose. In order to moti-

vate the technical form of the definition, we first give a short heuris-

tic discussion. 

When a curve Y is irreducible at p and hence has a unique 

tangent there, one would want a smooth curve W with maximal contact to 

have at least the same tangent at p as Y. One would want the same 

when all irreducible branches of Y have the same tangent at p. On 

the other hand, when there are branches with different tangents, then 

the smooth curve W cuts at least one of these branches transversely 

and hence does not have especially good contact with it. Since this 

situation occurs for any W with at least one branch, in this sense all 

W are equally bad - or, if one prefers, equally good. Thus in the 

case of branches with different tangents one can say that all smooth 

curves W have the maximal possible contact. 

Now we return to the case where all branches of Y have the same 

tangent, which is the case, in particular, when Y only has one branch. 

Then W must have the same tangent. But it is still conceivable that 

different w hug y differently. One already sees this in a trivial 

example : when y is the x-axis in cr2 with coordinates x, y, and 

wk is the parabola 
k 

k > 1, then y = X ' Wk obviously hugs Y better 

k > m. The question is, how is one to make "better" than W when 
m 

hugging precise? There are several possibilities, We describe two 

differe nt definitions, which one can prove to be equivalent with the 

help of theorems proved later. 

The first definition of maximal contact between Y and W uses 

a-processes. The a-process, applied repeatedly, has the facility to 

separate curves which previously were in contact, and hence to reduce 

their contact. Thus the c urves Y and W have maximal contact when 

they stay together as long as possible under repeated a-processes. 

"As long as possible" may be defined as follows. W has maximal con-

tact with Y when the strict preimage W' of W cuts the strict pre­

image Y' of Y tangentially as long as possible under a-processes, 

i.e . as long as all branches of Y' still go ·through the same point·, 

have the same tangent there and as long as the latter is transverse to the 
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exceptional curve last introduced. One can also describe this condi-

tion, perhaps more concretely, with the help of the multiplicities of 

the infinitely near points of the singular points : 

Let m be the multiplicity of Y at p. Then W has maximal 

contact with Y when the strict preimage W' goes through all m-tuple 

infinitely near points of p on Y' under iterated a-processes, and 

also has the same tangent as the last m-tuple point when all branches 

of Y' have the same tangent. (Then W' and Y' automatically have 

the same tangent for the earlier m-tuple points.) 

We see that this first geometric definition of maximal contact -

per definitionem - does what we want : curves with maximal contact stay 

together as long as possible under iterated a-processes. But in order 

to prove later the existence of such curves of maximal contact, we need 

a criterion for maximal contact, if possible a numerical one. I .e. we 

need a quantitative measure of the contact between W and Y, and we 

must be able to compute this measure, this invariant, with the help of 

algebraic data, i.e. the equations of W and Y. 

The intersection number of course offers itself to measure 

contac t between W and Y. And in fact one can show for a curve Y 

irreducible at p that W and Y ha ve maximal contac t (in the sense 

of the first definition above) when vp(W,Y) has the maximum possi ble 

value, i.e. when vp(W,Y) = sup vp(W,y), where the supremum is taken 

over all s1nooth W through p which are different from Y. 

When Y has several branches Yi at p, the situation is no t 

quite s o simple . First of all, one sees in simple examples that in 

this case the condition that be maximal is too sharp. This 

condition always implies maximal contact, but not conversely . For 

example, if Y consists of two ordinary cusps with different tangents, 

then each smooth W has maximal contact according to our firs t defini-

tio n. But has t he ma x i mal v a lue 5 only whe n the t angen t 

o f W equals t h e tange n t of one of t he t wo c usps , while f o r all o t her 

W we have only vp(W,Y) = 4. Moreover, it is clear that simple com-

parison of the intersection numbers vp(W,Yi) does not permit a compa­

rison of the contact of W with the different branches, because by 

Proposit ion 6 .1.3 we have vp(W,Yi ) ~ vp (Yi ), wi th equa l i ty j ust i n c ase 

o f t ransve rsality. Thus i t can very well happen that 

be caus e e ve n thoug h W meet s t he 



484 

branch Yi transversely, and hence with bad contact, while it has a 

tangent in common with Yj. This fault can be remedied by considering 

the quotient 6p(W,Yi) = vp(W,Yi)/vp(Yi) instead of vp(W,Yi). This 

"contact exponent" of W and Yi yields a better measure of the con­

tact of W with the different branches of Y. 

Now how does one obtain a measure of contact for the whole curve 

Y from these measures of contact with the individual branches? If one 

took the maximum of the 6p(W,Yi) then for 

the assertion bp(W,Y) = k would mean that 

bp(W,Y) :=max 6p(W,Yi) 

W has contact with at 

least one branch Y. such that 
l 

6p(W,Yi) = k, and that its contact 

Conversely, for with no other branch is better. 

the assertion would mean that w 

has contact with all branches Y . such that 6p (W, Yj) > k, and that 
J -

for one branch only 6p (W, Yj) = k holds. In both cases we could now 

try t o define maximal contact between w a nd y by requiring bp(W,Y) 

resp. 6P(W,Y) to be maximal. In the first case, however, this would 

be too strong a requirement. One sees this again from the abov e exam-

ple of the two cusps transverse to each other when W is tangential to 

one of the two cusps, bp(W,Y) = 3/2, and otherwise bp(W,Y) = l. 

bp(W,Y) would be maximal only for w with this special tangent, 

as with our first definition all w should have maximal contact . 

the other hand, 6p(W,Y) gives the desired result in this example 

6p(W,Y) = 1 for all W, and hence 6p(W,Y) is maximal. 

Thus 

where-

o n 

All these considerations motivate the following sequence of defi-

tions : 

Definition 

Suppose X is a complex surface, Y C X a curve on X and p ~ Y 

a point on Y. Also, let Y . 
l 

be the irreducible components of Y at 

p. 

(i) If W C X is a smooth curve through p, then the contact 

e xpo n e nt of w and 

min 
:= 

i 

Y at p 
v (W, Y.) 

p l 

v (Y.) 
p l 

is the rational number 

(ii) The first characteristic exponent of Y at p is 

6 (Y) := sup 6 (W,Y), 
p w p 

where the supremum i s taken over all smooth W t Yi thro ugh 

p. 
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(iii) A smooth curve w through p has maximal contact with y 

at p just in case 

op (W, Y) = oP (Yl. 

Examples 

(1) 

(2) 

(3) 

(4) 

(5) 

YC a:2 be the with the equation 
2 3 

0 and let Let curve y - X = 
p be the origin. Then oP (Yl = 3/2, and each w with the x-

axis as tangent has maximal contact. 

y c a:2 be the curve with equation 
2 5 

0 and let Let y - X = p 

be the origin. 

tact with Y. 

Then 

The curve W 

5/2. The 

with equation 

x-axis has maximal con­

y = x 2 has non-maximal 

contact with 

Let y c a:2 

Y, because op(W,Y) = 4/2 = 2. 

be the curve with equation (y2-x3 ) (x2-y5 ) = 0 and 

let p be the origin. Then Each smooth W through 

p has maximal contact. 

Let be the curve wi th the equation 

and let p be the origin. Then oP(Yl = 3/2 and each smooth W 

through p with the x-axis as tangent has maximal contact with 

Y. 

Let y c a:2 be the x-axis and let p be the origin. Then 

op(Y) = oo, and there is no W with maximal contact. 

In what follows we shall see that for each singular Y the first 

characteristic exponent op(Y) is finite, and hence a rational number. 

We shall investigate the behaviour of 

mations and compute the integer part 

nitely near m-tuple points, m = vp(Y). 

under quadratic transfer-

from the number of infi-

In order to be able to do 

this, we must first develop a method for computing the contact exponent 

We shall see that we can derive this from the Newton polygon by 

suitable choice of coordinates. 

First we describe the connection between contact exponents and 

Newton polygons. We consider a curve germ (Y,O) in 

the equation f(x,y) = a xay S = 0. He re f is 
aS 

a,S 
order m = v0 (Y), i.e. the y-axis is not a tangent to 

a:2 , described by 

y-ge neral of 

Y. In addi-

tion, coordinates are chosen so that the smooth curve W we want to 

compare with Y is just the x-axis, i.e. W has the equation y = 0. 
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Lemma 4 : 

The slope of the steepest segment of the Newton polygon is just 

-1 

Proof : 

Let f = f 1 
r 

ble factors, Y = U Y. 
i=l ~ 

cible components. The 

· fr be the decomposition of f into irreduci­

the associated decomposition of Y into irredu-

Newton polygon of f results from "joining to-

gether" the Newton polygons for the f . 
~ 

3. But by Lemma 2 the Newton polygons 
1 ments ; suppose their slopes are - ~ . 

segment of the Newton polygon for f ~is 

0 = min 0 .• 
~ ~ 

only show that 

On the other hand, o0 (W,Y) 

oi = o0 (W,Yi) for all 

, as we have described in Lemma 

for the fi are simply seg­

The slope of the steepest 

1 with 
0 

then equal to 
min 

i 
Thus we need 

i. 

Since the y-axis is obviously not a tangent of Yi , fi is again 

y-general (cf. 8.2.5), and in fact of order mi ·= v 0 (Yi). Thus the 

Newton polygon for 

(0 • m.) 
1 

(O. I) 

f. 
~ 

has the form 

a 

We want to compute v0 (W,Yi) =dim~ ~{x,y}/(y,fi) (cf. 8.3.14) 

fi(x,y) - fi (x,O) is a power series divisible by y, so in any case it 

lies in the ideal (y,fi) . Hence y and fi (x,O) also generate this 

ideal. Now fi (x,O) is of the form 
m. o. 

= x ~ ~h(x) 

with h(O) f 0. Thus h is invertible in 
m. o. 

(y,x ~ ~). 

~{x,y}, and so 

m . o .. 
~ ~ 

This gives 
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m. o. 
1 1 
m. = oi , which was to be shown. 

1 

With this formula we can give a criterion for W to have maximal 

contact with Y. Let t 1 again be the steepest segment in t he Newton 

polygon. As in 8.3 we decompose f as follows : 

~ a S 
F {x,y) + L aaSx y 

a+os>mo 
f{x,y) 

where F = 2 a xayS is the quasihomogeneous part of small est or-
a+oS=o aS 

der relative to t~e weight given by t 1 : 

B 

(0 ,m) 

a 

Lemma 5 

W has non-maximal c ontact with Y jus t i n c ase F {x,y) has t h e 

form 

Proof : 

{i) If F has the b i nomial fo r m F{ x ,y) = c {y- >.x o) m' let v be the 

g i ven by AX 
0 

= 0. Then v is a t rate s mooth c u rve curve y - a ny a 

t h r ough the o r igin. We make the c oordina t e change 

x• x. 

In the new coo rdinates V has t he equation y ' 

a xayS o f f = Ea xaya becomes 

0, a nd t he mo nomial 

aS a S 

aa8X,a{y'+AX'o)i3. 
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The transformed power series therefore has the f orm 

f' = a y 'm + 
O,m 

in par tic ula r, f is again y'-ge n e ral o f order m. 

Now what d oes the new Newton polygon look like? 

The points of the carrier ~ (f') of f' . which correspond t o the 

terms a x'a (y '+Ax' 0 )B (with ae a + oB > om) , all lie strictly above the 

line t through (O,m) with slope -1/ o. Namely, these terms y ield 

only points of t h e f orm (a+ko,S-k) f o r t h e c arrier o f f' , h e nc e 

points on the line through (a ,B) with slope -1/o . But (a ,B) al-

ready lies above the line t , hence so do all t he new points . 

(O,m 

8 

..... 
' ..... 

' ' ' ' ' ' ' ' ' ..... 

' ' 

Thus the line t meets the convex hull o f ~( f') o nly at (O ,m), 

i . e . t he s l op e of the s t e e pest s e gment of t h e Ne wton polygon i s mo r e 

g e n tle than ll/ ol. Then by Lemma 4 

o0 (V, Y) > o = o0 (W, Y) , 

and W does not have maximal c ontact . 

(ii) Convers ely, suppo se that W d o e s not hav e maximal c ontact wi th Y. 

Thus the r e is a smoo th c urve V with o0 (V,Y) > o0 (W, Y) . V i s not 

t a ngential t o t h e y-a x is , o t herwi s e we woul d h a ve o0 (V,Y) 1, sin c e 

the y-axis is not tangent to Y. Hence it fo l lows from the i mplicit 

function theorem that V is described by an equation 

y - iilbi x i = 0. 

On e infers immed iate l y from the Newto n po lygo n o f V tha t b. 
1 

0 f o r 
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We first prove indirectly that 

Assumption : 

In order to apply Lemma 4, we make the coordinate change 

x' = x 

y' = y - Eb.xi 
~ 

f' (x' ,y' )· 
i 

:= f(x' ,y'+Ebix' ) 

Then V again has the required form V = {(x' ,y') IY' = 0}. 

(*) 

We con-

sider the effect of the coordinate change on the Newton polygon. A 

monomial xaya is transformed into 

Since bi = 0 for i < d, all points of 6(f') which originate f r om 
a a 

the monomial aaax y lie either on the line through (a,S) with slope 

-1/d, or to the right of it. For this reason, the monomial x'mdy• 0 

appears only in the expression which results from transformation of 

but there it has the coefficient b~ ~ 0. 

8 

(O,m) 

Newton polygon of f 

(md,O) ' Slope - 1/cS 

Thus the Newton polygon of f' is the segment connecting (O,m) 

and (md,O), and this segment has slope -1/d. 

o0 (V,Y) = d < o0 (W,Y), contrary to assumption. 

Assumption : 

d > o0 (W, Y ) . 

Then by Lemma 4, 

m 
y ' 
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We again make the coordinate transformation (* ) 

x' 

y' 

X 

y- Eb.xi. 
~ 

Again, the 
a 6 

aa6x y of 

points of ll (f') which originate from the monomial 

f lie on or above the line throu gh (a, 6) with slo pe 

-1/d. But this time these line s are flatter tha n the first segment of 

the Newton polygon of f . 

Newton polygon of f 

(O,m) 

1/ o 

(mcS ,O) a 

The points o f t he carrier o f f on the s teepest segme nt of t h e Newton 

polygon for f also lie in ll(f'), hence the s l ope of the firs t segment 

of the Newton polygon for f' is again equal t o -1/ o. 

this yields o0 (V,Y) = o0 (W,Y), contrary to assumption. 

By Lemma 4, 

ber . 

(*) 

Since v0 (V) = 1, o is a whole num-

Let u s see what t h is i mplies f or t he coor dinate transformatio n 
a 6 

Under the coordinate transformation (*), the monomial aa 6x y 

this time yields points in the carrier of f' which lie on or above the 

line through (a,6) with slope -1/d = -1/ o . 
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B 

(a,6) 

(O,m)~ 

a 

Since o0 (V,Y) > o0 (W,Y), t he steepest segme n t o f the Ne wto n pol ygon o f 

f' is flatter than t 1 . Thus the coordinate transformation (*) cau­

ses all pcints of ~(f) on t 1 (except (O,m)) to vanish. 

This means : 

F(x,y) = cy'm + terms of higher order, relative to the weight 

given by t 1 . 

Now 

F(x,y) = F (x' ,y'+b0x' 0 ) +terms of higher order 

and F(x' ,y'+b 0x' 0 ) is quasihomogeneous of order m relative t o our 

weight. 

or 

Thus 

F(x',y'+b0x' 0 ) = cy'm 
o m 

F(x,y) = c (y-b 0x ) 

and Lemma 5 is p roved. 

We now come t o the behaviour of the contact e xpo nent under blowing 

up. 

Lemma 6 : (Stability of maximal contact) 

Let Y 

tact with Y 

be singular at 

at 0. Let 

0 c ~2 , and suppose W has maximal con-

n : x1 + ~2 result f rom blowing u p 0 c ~2 • 
l et w1 be the strict preimage of W, and let Y1 be the strict pre-

image o f Y. Then : 
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There is a point p 1 E Y1 with rr(p1 ) = 0 and 

just in case 

contact with 

In this case 

v (Y1 ) = v0 (Y)= m 
pl 

and w1 has maximal lio(W,Y) > 2. 

Yl at pl. In addition, = o0 (W,Y) - l. 

Proof : 

Without loss of generality, let W again be the x-axis and let 

the equation o f Y be y-general of order m = v0 (Y). Suppose the 

a-process is described by (u,v) t+ (v,uv) = (x,y) in the neighbourhood 

of an infinitely near point p 1 of 0, where p1 = (0,0). 

is described by 

a+l3-m 13 
f 1 (v,u) = Eaa 13v u 

a 13 
where f(x,y) = Eaa 13 x y is the power series which describes 

degree of the monomial va+l3-mul3 is a + 213 - m, hence f 1 

Then Y1 

Y. The 

has multi-

plicity m at p 1 just in case aal3 0 for a + 26 < 2m, and this 

is so prec isely when the steepest line o f the Newton po lygon for f has 

slope less than l / 2. 

8 

(O,m) 

a 

a+28•2m 

The first assertion of the lemma the n follows. 

We now look a t the transformation of the Newton polygon in this 

case. A segment through the points (O,m) and (a,B) in the carrier 

of f goes over to the segment between (O,m) and (a+B-m,S). 

In this diagram the exponent of v is carried by the horizontal 

axis, and the exponent of u by t he vertical . 
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(O,m) 

B 

a+B-m a 

The original segment had slope 
-1 

while the new has slope o./ (m-B) ' 
one 

-1 -1 
(o.+B-m) I (m-B) a/(m-B)-1 

If -1/o is the slope of the s teepes t 

segment of the Newton polygon for f, then the slope of the steepest 

segment of the Newton polygon for f 1 equals -1/( o-1). By Lemma 4 

this is just o(W1 ,Y1 ) = o(W,Y) - 1. 

w1 has maximal contact with Y1 . 

Thus it remains to show only that 

It fo llows from t he c onside rations above t hat the "quasihomogeneous 

part" is computed from the steepest segment of the Newton polygon for 

f 1 as follows 

F(v,u) 
F1 (v,u) = m 

v 

If w1 has non-maximal contac t with Y1 , then F1 is binomial 

(Lemma 5) 

But then 

m o m o+l m 
F(x,y) =X (y/X-AX ) = (y-AX ) 

is a l so b i nomial , a nd W has non-maxima l contact with Y. Th i s con-

tradicts the hypothesis, and henc e Lemma 6 is proved. 

Lemma 7 

If Y has a proper singularity at 0, then o0 (Y) is finite . 

Proof : 

Suppose o0 (Y) We ha v e t o s how that Y i s r egular a t 0 . 
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Let w0 be any smooth curve through 0. We choose coordinates x, y 

so that w0 = {y=O} and f(x,y) is a Weierstrass polynomial in y of 

degree m. The carrier of f therefore lies - with the exception of 

the point (O,m) - entirely beneath the line S = m - 1. 

8 

(O,m) 

ll•m-1 

• • 

• • 
• 

---+------------------------------------------~a 

If w0 = Y, then we are finished. Otherwise w0 has non-maximal 

contact with 

f (x,y) = 

f has the form Y, hence by Lemma 5 

00 m 
ao,m(y-box ) + ~ a xayS 

a+oo~>oom aS 

In the proof of Lemma 5 (part 
co 

w1 := {(x,yl I y- b 0x = 0} 

(i)) we have seen that 

has better contact with 

We again make the coordinate transformation 

xl = X 
00 

yl y - b 0x 

y than has. 

(thus wl {yl=O}). It follows from these formulae that the carrier 

of the transformed equation again has the above form, i.e. with the 

exception of the point (O,m) it lies beneath the line S = m - 1. 

If w1 = Y then we are finished ; otherwise f again has, in the 

new coordinates, the form 

01 m 
f(x,y) = (y1-b1x 1 ) + 

Again, w2 

by Lemma 4, and 

01 
{yl-blxl = 0} has better contact, we make the corres-
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pending coordinate transformation, etc ..... 

If this process ever terminates, i.e. if w. = y 
~ 

for some i, then 

there is no more to show. If not we have, for each r, the represen-

tat ion 

f(x,y) 

(r) a ll 
~, a x y . 

a+o ll>o m all r 
r r 

The points of t he carrier of the remainder term 

above the line through (O,m) with slope -1/or 

ll=m-1. 

m 

m-1 

(r) a ll 
~, a x y lie 

a+o ll>o m all r 
, a~d b~low the line 

a+6 a-6 m 
r r 

The o. 
~ 

are monotonically increasing, hence the remainder term becomes 

divisible by an arbitrarily high power of X when r is sufficiently 

large. Hence the sequence of remainder terms tends to zero and we have 
0. 

f(x,y) a (y - I b.x ~ ) m 
O,m i=O ~ 

and t he curve Y is regular at 0 . 

(Remark : This proof is essentially an explicit i mplementation of the 
oi 

Newton process, and y = Ebix is the Puiseux series for f.) 

We can now prove the theorem already announced : 

Theorem 8 

Le t Y be a curve on a complex surface and let p e Y be a point 

with multiplicity \! (Y) 
p 

m. Then the number of infinitely near 
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m-tuple points equals the integer part, [op(Y) ], of the first character­

istic exponent o f Y at p. 

Proof 

If (Y,O) is regular (i.e. m = l and o0 (Y) = oo), then iterated 

blowing up always yields regular curve germs, and the assertion i n this 

case is trivial. If (Y,O) is singular, then by the preceding lemma 

there is a smoot h curve W which has maximal c o ntact with Y. Lemma 6 

shows that o ne comes to a singularity (Y' ,p') of multiplicity m, 

who se con t a c t exponent i s less than two , in p r e cisely [ o0 (Y) ] - l b l ow­

ing up operations. It also shows that singulari t i es which result from 

blowing up (Y' , p ') have mult i p l icity less than m. Thus by Lemma 

l(iii) the number of m-tuple i n f initely near point s exactly equals 

[ o0 (Y) ]. 

We no w have the too ls to prove the c e ntra l result o f thi s s e c t i on. 

Theorem 9 : 

The singularities of each plane algebraic c urve, and more generally, 

the singularitie s of any curve o n a compact comple x surface, may be re­

solved by a finite sequence of a -processes. 

Proof : 

The curve has only finitely many singular poi nts ; it suffices to 

show that each i ndividual singular ity can be resolved by finitely many 

blowing up opera tions. By Theo rem 8, one obtains singularities o f 

lower multiplic ity by finitely many a-processes (more precisely : by as 

ma ny a - p r ocesses as t he integer part o f t h e co ntact e xpone nt) . Thus 

the assertio n f o llows by induc t ion o n t h e mul tipl ici t y of t he singula ­

rity. 

Now that we have secured the existence of a resolution of singul a­

rities by a-p rocesses, we want t o investigate t hese resolutions more 

closely, and t o descri be t he d i f feren t kinds . 

Firs t we c onsid e r an exampl e! We l ook a t Ne i l' s parabol a , g iven 

by the equatio n x 2 + y 3 = 0. If we blow up the origin once, then the 

singularity is resolved immediat e l y . 

y a -proce ss 

1 



497 

However, one is still not satisfied with this s i tuation : the exceptio­

nal curve is not cut transversely . By blowing up again we o b tai n a 

better situation, though it is sti ll not optimal , : the proper preimage 

of the curve (dotted) indeed cuts each o f t he exceptional curv es trans­

versely, but at the point at which these two curves meet. 

, 
' 

' ' 
' 

/ 

' 
' / 

However, when we apply one more a-process, we f i nally reach a situation 

in which the proper preimage of the curve meets only one of the exc ep­

tio na l c urve s, and tha t tra n sversely 

This example is typical, inasmuch as such a sit uation may be reached 

quite generally , for any singulari ty. 

Corollary 10 : 

Each s i ngularity of a pla ne curve may be r esolve d by f initely many 

a-processes so t hat the proper preimage of the curve meets the p reimage 

o f the singular point- i.e. the system of exceptional curves - trans­

versely at a regular point. 

Proof : 

First we r esolve the singula rity. If we then have no n-trans v ersa­

lity, but higher contact, at a point, we blow u p at this p o int. Each 

blowing up lowers the contact by Lemma 6. If more than two curves 

meet at a point, then the curv es may be separated by blowing up at this 

point. 

An a na l ogue of Corollary 10 also holds in h igher dimension s . Thi s 

a na l o gue says that each s ingularity may a lways be resolved to the poin t 
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where the components of the preimages are manifolds which meet trans­

versely in pairs and have only normal crossings, i.e. they meet locally 

like coordinate hyperplanes in 
n 

a: • This theorem is a very frequently 

used result, because it permits the investigation of singularities to be 

reduced to the investigation of very simple singular standard situations 

the normal crossings. 

In higher dimensions a singularity can have several essentially 

different such resolutions. For plane curves, too, there are several 

such resolutions, because when one has a resolution with normal cross­

ings, one can blow up again and obtain another resolution with normal 

crossings. But in the case of curves there is obviously a unique 

"smallest" resolution with normal crossings, namely, the one obtained 

when we blow up as few times as possible. 

Definition 

For a singularity of a plane curve, the smallest resolution with 

normal crossings is called the standard resolution of the given singu­

larity. 

Theorem 9 makes an assertion about what one can attain with a 

finite sequence of a-processes. Similarly, one can ask what is 

attainable by a finite sequence of quadratic transformations. (Here we 

mean the quadratic transformations considered in the introduction to 

this chapter, namely birational transformations 

T P2 (a:) + P2 (a:) 

X (x0 ,x1 ,x2 ) I+ (fQ (X) ,f1 (X) ,f2 (X)) 

where the fi are homogeneous polynomials of degree 2 in the xi). 

The answer is given by the following 

Corollary 11 (M. Noether) 

By means of a finite sequence of quadratic transformations, each 

curve in the projective plane may be transformed into another curve of 

the projective plane with only ordinary singularities. 

Proof : 

Suppose a curve in the plane is given. We place our fundamental 

triangle so that only one vertex lies at a singularity and the three 

lines are general lines, i.e. no further singularities lie on the lines 

and the lines meet the curve transversely everywhere. 
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In particular, the lines must be different from the tangents to t he 

branches of the curve at the cho sen point. 

As we have seen in 8.4, the quadra tic transformation with this fun­

damental triangle corresponds to blowing up the t h r ee vertices and 

blowing down t h e lines. Thus the quadratic t r ansformation cho s e n b lows 

up the singularity at the vertex o f the triangle, and thereby simpli-

fies it. On t h e other hand, blowing down the lines results in mul tiple 

points , a nd in fac t o r d ina r y singularities . 

No other s i ngularities result from blowing down the three l i nes. 

In particular, the singularity wh ich results f r om blowing up t he chosen 

vertex is not a l tered by blowing down the lines, since, by the a ssump­

tion of general position for t hese lines, the stric~ preimages o f the 

lines after blowing up the vertex d o no t meet the resulting s i ngular 

points at a ll . He nce , for e ach s ingular poin t p of t h e giv en c u rve 

Y in the plane, one can choose a sequence of quadratic transformations 

of the plane whi ch have the same effect on this point as a given se-

quence of a-processes. Since one can resolve e a c h singularity by a 

sequence of a-processes, by Theorem 9 , one can choose a sequence o f 

q u adr a tic tra n s f o rma t ions c onverting a p l a n e c u r v e Y and a s ingula r 

point p i n to a plane c urv e Y' for which the points corre sponding t o 

p are nonsingul ar. The remai ning singular points remain u nalter ed 

under the birational transformati ons, and only o rdinary singular ities 

appear as new s ingularities o n Y'. If one a pplies similar transfer-

mations successively to the finitely many (non-o rdinary) s ingula r 

points o f Y, one finall y obtai n s a curve with only ordina ry singu lari -

ties. Thi s pro ve s Corolla ry l l . 

The above sequence of quadratic transformations yields a b i r ati onal 

transformation o f P2 (~) onto i tself. Coro llary ll therefor e say s 

t hat each c u rve in P2 (~) i s b ira tiona lly equiv a lent t o a c u rve in 

P2 (~ ) with only ordi nary singularit i es. 
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When one wants to retain the embedding in P2 (~), then this result 

cannot be improved, since the ordinary singularities cannot be removed. 

Certainly, we can do this in a resolution by a-processes, but then we 

must take into account that our curve lies in a really complicated sur­

face, which itself is embedded in a high-dimensional projective space. 

To conclude this section we shall therefore discuss whether this 

curve can be embedded as a non-singular curve in a space of lower dimen-

sion. We shall present only the ideas, and omit the details. 

We know that when a point of a plane curve is blown up, the new 

This transforms the plane X into the surface X' in 

Pl(~) X p2 (~). Now one can embed each product of projective spaces, 

PN(~) X PM(~), as a submanifold in a projective space PL(~) with 

L = (N+l) (M+l) - 1, e . g. by the Segre embedding ((xi), (y j)) o+ (xi ·yj), 

where xi resp. yj are the homogeneous coordinates in PN(~) resp. 

PM(~) (cf. Mumford [MB]). This makes X' also a surface in P5 (~). 

Thus blowing up a point of the plane X results in a projective alge-

braic surface X'. More generally if XC PK(~) is a projective 

algebraic surface, then the surface X' which results from blowing up 

a point p of X is again projective algebraic. Proof X' lies in 

the k-dimensional manifold which results from blowing up p in PK(~). 

The latter lies in PK(~) X PK-1 (~)' which is embedded in PL(~) with 

L = K(K+l) - 1 by the Segre embedding. Thus X' is also embedded in 

It follows by induction that repeated a-processes on projec-

tive algebraic surfaces always yield projective algebraic surfaces. 

Thus the curve C resulting from a plane curve by resolution of 

singularities can be embedded in a high-dimensional PN(~), where N 

is larger, the more a-processes are performed. Now we want to 

project this curve onto a space of lower dimension. In order to cla-

rify what can happen, we first consider the case of projection of a 

curve C in space onto a plane E from a centre of projection p. 

The curve C' in the plane E which we obtain as the image of C 

can acquire singularities in various ways. For example, it can happen 

that a ray of projection, i.e. a line through the centre of projection 

p and a point q of E meets the curve C more than once . When 

that happens - and only then - C' has several branches at q, one for 

each point in which the ray meet s C. As another example, it can 
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happen that the ray of projectio n meets the curv e non-transversely at 

some point, and hence is a tangent to the curve. When that happens -

and only then - the corresponding branch of C' has a singular po int 

at q. We illustrate both these possibilities for the generation o f 

singularities with a picture of the corresponding real situation. 
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At bottom, we have seen all this before, namely with the consideration 

of singularities of outlines in sections 1.8 and 4.2. (Admittedly only 

the curve C' appeared in the pictures there, as the projected outline 

of a surface F. The curve C itself is not shown in the pictures 

in 1.8. It is the "apparent outline" on the surface F itself which 

appears with projection from p - the line which separates "visible" 

and "invisible" parts of F. In addition, the centre of projection in 

the pictures there has been shifted to infinity . ) 

The situation is analogous for the projection of a curve C in a 

higher-dimensional projective space PN(~) onto a hyperplane PN-l (~) 

the image has no singularities just in case there are no rays of projec-

tion which are tangents or secants of the curve. 

Now the set of all points which lie on the tangents to an algebraic 

curve is an algebraic subset of dimension~ 2, and the set of all points 

which lie on secants is an algebraic subset of dimension < 3. Hence in 

PN(~), N > 3, we can always find a point which does not lie on a tangent 

or a secant. If we project from this point onto a PN-l (~), then no 

ray of projection coincides with a tangent or a secant, and hence we 

gene rate no new singularities. If we now begin with a nonsingular 

curve C which we have embedded in a PN(~), and project successively 

onto subspaces whose dimensions decrease by one each time, then we 

finally obtain the result : C can be embedded as a nonsingular curve 

In a space of still lower dimension, i.e. in the projective 

plane, we cannot in general project C onto a nonsingular image, since 

we can no longer avoid the secant set in P3 (~). However, we can avoid 

the set of points on triple secants, i.e. on the secants which meet C 

in more than two points, because this set is at most two-dimensional. 

In addition, we can, for the same reason, avoid the points on secants 

which meet c at two points where the tangents are coplanar with the 

secant. And finally we can, as before, avoid the set of points on tan-

gents of c. When we c hoose our centre of projection pc P3(~) in 

t h is way generally , we obtain as image of c a curve c• which has 

only ordinary double points. Thus we have : 

Each algebraic curve is birationally equivalent to a plane alge­

braic curve which has at most ordinary double points as singularities. 

This t heorem was first proved by Clebsch . 
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Description of the resolution of singularities of plane curves : 

We now want to consider reso lution in more detail. There a re 

various methods for describing resolution. 

of them, namely 

Here we shall p r esent two 

a) the multiplicity sequence and 

b) resolution graphs. 

We already know that Puiseux pairs describe singularities topologica lly. 

The goal of the present section is to explain how these different set s 

of data are r e lated t o e a c h other, a nd how one may be c ompute d from the 

other. 

We begin with the definitio n of the multiplicity sequence. This 

is not difficult for irreducible curves. Suppose we are given an irre-

ducible curve germ with an isolated singularity. Let "o be the mul-

tiplic ity o f thi s curve germ a t this point . If we b l o w up o nce , the n 

we again find at most one singularity. Let v1 be the multiplic ity 

of the curve germ blown up once, v2 the multip licity of the curve germ 

blown up twice, and continue to the standard resolution. The sequence 

ends with a sequence of ones. The sequence of these multiplic ities, 

(v0 , v1 , . .. ,vN-l), whe r e the l a st o ne i s no t counted, is the n t he multi­

plic ity sequence . 

With reducible curves we must proceed somewhat more careful l y s i nce 

we must describe, among other t h ings, how long t he preimages of the 

individual components stay together, and when t hey separate . Now we 

come to the definition of the multiplicity s equence in the g eneral c ase. 

Le t X be a s urface a nd l et Y be a c u rve i n X with a n i solated 

singularity p € Y. For the curve germ (Y,p) C (X,p) we c onsider 

the sequence of mappings 

4> 4> 
x = x0 ~ x1 ~ 

defined recursively as follows. Suppose $1 to $i have already 

been defined. Le t ~i : Xi + x0 be the produc t o f the ma pp ings $j , 

j = l, ... ,i, thus 

identity. Let 

~i = <1>1 ° 4>z o 
-1 

Ei = ~i (p) b e the exceptional curve in 

0 <Pi and 

X . 
1. 

Yi be the pro per preimage of Y under ~i in Xi. Then let 

i s the 

and let 

<l>i+l : Xi+l + Xi be the blowi ng up of precisel y t he points o f · Yi n Ei 

which a r e still s ingular o r e lse non-transv e r se inte r sections of Yi 

with t h e e xceptional c u r v e E . 
1. 

at regular points of E . . 
1. 
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By Corollary ll to the main theorem on the resolution of singulari­

ties, we know that after finitely many such blowing up processes ~i 

the proper preimage of the curve becomes nonsingular and it meets the 

exceptional curve transve rsely at regular points. Let N be the mini-

mal number of such blowing up processes ~i· Then 

the standard resolution of the singularity {Y,p) c {X,p), and 

~ 1 , ... ,~N is the sequence of mappings we wished to define. 

is 

The points in 

lar point p E Y 

Y. 1'"1 E. 
l. l. 

in X .• 
l. 

are the infinitely near points of the singu­

Let (Yr,p) be the irreducible components 

of (Y,p),r ~ l, ... ,s. Since we need only consider a neighbourhood of 

p in X sufficiently small that Y decomposes into the irreducible 

components Y1 , ... ,Ys, we can assume without loss of generality that Y 

already decomposes in X. Let Y~ c X. be the proper preimage of Yr 
l. l. 

under ~i . When we resolve an irreducible curve, we have exactly one 

infinitely near point o f the singular point on each level. Thus 

exactly one of the infinitely near points of p e Y in X. 
l. 

lies on 

Yr. Let Y~ 1'"1 E. {p~}. 
l. l. l. l. 

Definition 

Let 

(Yr) 
r l. 

pi 

be the multiplicity of Y~ at p~. The sequence of numbers 
r r r 

(v0 (Y) ,v1 (Y) , ... ,vN-l (Y )) is the multiplicity sequence of the branch 

(Yr,p) of (Y,p) with respect to the standard resolution ~N : XN + x0 

of (Y,p) when N > 0. If p is regular, we associate p with the 

e mpt y s eq u e nce . 

Remark : 

We exclude the multiplicity 
r 

vN(Y ) 

late our later Theore m 12 more s i mply . 

in order to be able to formu-

We o btain s sequ e nces o f numbe r s in this way. Certain numbers 

i n them correspond t o the same points . Thus we also obtain, for each 

i with 0 < i < N-1, a partition of the index set {1, ... ,s} into sub-

sets such that r and r' are in the same subset just in case 
r r' 

i.e., when Yr and 
r ' 

through the infini tely pi ~ p i , y go s ame near 
l. l. 

point of p in X .. 
l. 
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Definition ' 

The multiplicity sequences 

r = l, .... ,s 

of the branches (Yr,p) of (Y,p), together with the above partitions 

of the index set which describe the coincidences of infinitely near 

points on the branches, is called the system of multiplicity sequences 

of (Y,p) with respect to the standard resolution. 

We now want to give an intuitive graphical description of these 

systems. Since infinitely near points of p which belong to two diff-

erent components of Y and do not coincide in Xi also do not coin­

cide in Xi+l , the partitions become increasingly refined. Hence when 

we number the irreducible components suitably, we have a partition o f 

the index set {1, ... ,s} into intervals on each level. We shall 

assume that our components have been numbered in this way. We now 

associate the numbers in the multiplicity sequence of a branch Yr with 

points which we draw one above the other and connect by lines. We 

label the points from top to bottom with the multiplicities 
r r 

vN-l (Y) , ... , v0 (Y). The schemata for the different branches are 

drawn side by side, beginning on the left with Y1 in the numbering. 

When we finally indicate the multi-eleme nt subsets in the partition by 

encircling their elements, we obtain a graphical schema such as 

I 
• VN-1 (Y ) 

I . 
2 

• vN- I (Y ) 

I . 1 
. 
! 

. 
! 
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This schema contains the same information as the system of multi-

plicity sequences. We can also encode the same information by graphi-

cal schemata like the following : 

I 
VN-1 (Y ) 

i i i i i 
\ I i \ i 
i i .\ ;i· 

i i i 
." i / . 

• • • 
I I I 
• • • 
I I I . """"' ///. 

iiiii iii 
·~r~--~· 

I I I I I I I I s 
v0 (Y )• • • • • • • •v0 (Y) 

Here, the incidences are indicated by close proximity of the correspon-

ding points. We cannot simplify the schema still further. If we fuse 

incident points into a single point, then we lose i nformation. Because 

at such a point we must then write different multiplicities, and we no 

longer know which multiplicity belongs to which sequence. Thus a 

schema such as the following gives too little information about the sin-

gularity : 
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Notation 

For the sake of convenience, we have defined the multiplicity 

sequence of a curve so that the sequences of all branches have the same 

length N. As a rule, however, the proper preimage of a branch Yr of 

the curve will already meet the exceptional curve transversely, and will 

no longer meet the proper preimages of the other branches, after L < N 
r 

The smallest number L 
r 

with this property lies between the steps. 

length Nr of the standard resolution of the single branch and the 

length N of the standard resolution of the whole curve Y. We call 

L 
r 

the proper length of the multiplicity sequence of in the system 

of multiplicity sequences of Y. 

We now address ourselves to the second way of describing the reso­

lution. As above, let ~N : XN + x0 be the standard resolution of the 

curve germ {Y,p) C: {X,p), the product of the mappings 
-1 

XN + XN-l + .. . + x1 + x0 =X. Let EN ~N {p) be the exceptional 

curve. The irreducible components of EN are nonsingular and biholo-

morphically equivalent to P1 {~), because blowing up introduces a P1 {~) 

and outside the blown up point nothing changes. Any two components 

meet transversely at at most one point, and at most two components of 

EN go through any point of XN . One sees this inductively. We tri-

vially obtain such a situation with the first blowing up . Now suppose 

that any of 
-1 

transversely in two components E . = ~i {p) meet X. at 
l. l. 

at most one point, and that at most two components of E. go through 
l. 

any point of Xi. Then only two cases are possible for a point of 

either it lies on only one component or it is a crossing point of two 

E . : 
l. 

components. The following sketches indicate what a a-process does to 

such a point . 



p 

q 

E (1) 
'j 

E. (k) 
1 

E. (k) 
1 

In both cases the 

a-process 
at P 

a-process 
at q 
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E. (k) 
1 

E. (k) 
1 

introduced 

r 1 <t> 

E. (1) 
1 

introduced 

p ( ct) 
I 

introduced meets each component of E. trans-
1 

versely at at most one point, and different components at different 

points. But the situation remains unaltered away from the blown up 

point, hence our assertion holds for Ei+l' 

Le t YN be the proper preimage of Y in XN. Again let x0 = X 

be so small that Y decomposes into s connected components in x0 , 

where s is the number of irreducible components of Y. 

composes into s smooth connected components 
1 s 

YN, ... ,YN 

meets EN transversely at one point - this is precisely 

Then YN de­

' each of which 

how the stan-

dard resolution was chosen. In summary, we have a situation which we 

can describe schematically by pictures such as the following : 
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We remark that no cycles appear in these schemata, and hence we can 

always represent the projective line P1 (~) by straight line segments. 

Now we come to the definition of resolution graphs (also known as dual 

graphs) . 

Definition 

A resolution graph is a graph marked with values in the following 

way 

Each component of E is associated with a point each compo-
n 

ne nt of y 
N 

with a poin t * Two points are connected by a segment 

just in case the corresponding compone nts intersect. The point 

corresponding t o the component D of EN is given the value i(D), 

where l < i(D) < N is the s mallest index i for which the image of 

D in Xi under the product of the mappings 

not a point. 

X + ... +X. 
N ~ 

is still 

The assignment of values is necessary, since o ne must know which 

blowing up processes ~i : Xi + Xi-l the curves arise from . We note 

that different points can have the same indices, since, in the case of 

reducible curves, several points may be blown up at once by 

~i ' xi+ xi-1· 

We now want to illust rate our definitions by a n example 
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Example 

y 2 2 3 3 2 
{(x,y) E a: I x(x -y) (x -y) 0}, p (0,0). 



Standard resolution 

I 

I 
I 

' 

2 

, , , 

' 

3 

, , 
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2 

, 
, , , , 

y'-
2 

I 
I 
\ 

\ 

' ' 

I 
I 

y2 I 
I 

'',, I ,,"',. 
' I , / 

' I , , 
\I ' , 't' , , 

I c.( 
I ', 
I ' 
I \ 

2 

! 'y I 

(The numbers o n t h e compone nts D of E. 
1. 

i (D).) 

, 

3 

, , , , 

, , 

2 

I yl 
I I 
I 

I 

.... 
I , 

I 

X 
0 

cor respond to t he i ndices 
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Multiplicity sequence 

• I • I • I • I • I • I 

\I 
or \\I 

• I 

• • • 
2 2 

Resolution graph 

r 
• • 

·----·----·----·----· 
2 3 3 2 

We have now introduced dif ferent sets of data which describe 

singu laritie s. We know the f o llowing i nva ria nts : Puise ux pai rs and 

inter section numbers, the multiplic ity sequenc e, a nd finally the reso-

lution graph. Now we are interested in the connection between all 

these sets of data. We firs t show how the mult iplicity sequence may 

be computed from the Puiseux pairs and interse ction numbers. 

To do thi s we b e g in with t he case o f an irreducible c urve Y with 

a n i sol ated s ingula r i t y a t 0. 

at this point . Let 

+ • • • I 

Le t v0 = v0 (Y) be t he mul t i p l icity 

be t he Pui seux e xpansion. The i nesse ntia l terms are a dmitte d and it is 

not assumed t ha t k 1 > m. We want to e xp r ess the multiplicity v0 in 

terms of m and the ki. We recall that the multiplicity is the 

intersection multiplicity with a general line. But we obtain the 

intersec tio n multiplicity with a g e n e r a l line f rom The orem 8.3.14, by 

s ubstituting t h e Puiseux e xpa n s i o n of the c u r v e i n the general line 

equ ation. To d o this f o r the c u r ve Y, we mus t d i s tingu i s h 4 c ases 
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(i) m < kl ~ \)0 = m 

(ii) m > kl > 0 ~ \)0 = kl. 

Now, the case kl 0 can also occur. This means that the curve 

branch described by the Puiseux expansion does not go through the origin. 

We must therefore make the following coordinate change : 

x• = x 

y' y-al. 

After this, k 2 plays the role of k 1 , and we have the further cases 

(iii) kl 0, m < k2 ~ \)0 m 

(iv) kl 0, m > k2 ""' \)0 k2. 

Now we perform a a-process at (x (0) ,y (0)). 

preimage of y under this process. Let \)1 

Let Y1 be the proper 

be the multiplicity of 

Y1 at the intersection with the exceptional curve. We now investi-

gate what the Puiseux expansion looks like in the individual cases for 

Case (i) : 

In this case we look at the Puiseux expansion in the chart given 

by the transformation 

X = V 

y uv, 

namely 
k 1 -m k 2-m 

u a 1t + a 2t + .. . 
v tm. 

Case (ii) 

Transformation X = UV 

y = v 
m-k1 k 2 +m-2k1 

u blt + b2t + ... 
kl k 2 

v a 1 t + a 2t + ... 

Case (iii) 

Transformation X = V 

y - al uv 
k 2 -m k 3-m 

u a 2t + a 3t + ... 
v tm. 
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Case (iv) 

Transformation X = UV 

y - al v 
m-k2 

u blt + 

k2 k3 
v a 2t + a 3t + ... 

In each case, the Puiseux expansion obtained for Y1 can again be 

assigned to cases (i) - (iv) , and the next multiplicity v1 in the 

multiplicity sequence can be computed accordingly. By iteration one 

obtains an algorithm for computing the multiplicity sequence of an irre-

ducible curve. 

We want to analyse this algorithm in still more detail. 

Suppose we take case (i)' i.e. m < kl . It then follows that 

vo m. If we take case (i) again for yl then m 5. k 1 - m, i.e. 

2m < kl. Again it follows that vl m. If we also take case (i) for 

the next transform y2 , so that 3m < kl , then it also follows that 

v2 = m. In general, it follows from llm < kl that the first ll 

multiplicities in the multiplicity sequence satisfy : 

v = 0 vll-1 m. 

Thus, let 

k 1 = llm + r, 0 ~ r < m 

(If r > 0, ll [o(Yl] by Theorem 8.) Then we obtain 

vo v 
Il-l 

= m. 

Now if r > 0, 

the role that 

the next multiplicity 

kl played previously, 

v 
ll 

and 

r . At this stage m plays 

r plays the role previously 

played by m. Hence if we again write 

m ~·r + r', 0 < r' < r, 

then the next ll multiplicities in the multiplicity sequence satisfy 

v 
ll 

= v 
IJ+IJ'-l 

r. 

What is happening here is obviously a euclidean algorithm for the num-

bers m, k 1 . 

k 1 = 11m + r ~ ll times the multiplicity m 

m = 11'r + r' ~ 11' times the multiplicity r 

r = 11''r' + r'' ~ 11'' times the multiplicity r' 
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r 1 = \J 1 1 1 r 1 1 + r 1 11 $ \J 1 11 times the multiplicity r 1 1 

(k-1) 
r 

(k+l) (k) 
ll r 

We have obtained this algorithm under the assumption that case (i) holds 

at the beginning, so that k 1 ~ m. However, case (ii) also leads to 

such an algorithm, except that \l = 0 and r = k1 . 

As long as the algorithm runs on m and k 1 , case (i) or (ii) 

always appears. But now what happens when the euclidean algorithm 

comes to an end for the numbers m, k 1 ? 

One easily convinces oneself that the case now is (iii) or (iv) , 

and that the two power series of the Puiseux expansion begin as follows: 

(k) 

tr + higher terms 

k2-kl 
c · t + higher terms. 

(In order to see this, one sets m = k 1 in case (i) resp. (ii) .) Thus 

a new euclidean algorithm now begins for the numbers 

r(k), and so it continues. 

and 

Thus one sees that altogether the multiplicity sequence is obtained 

from the Puiseux expansion with the help of a chain of euclidean algo-

rithms, where each algorithm begins with the difference ki - ki-l 

between two successive exponents and the last multiplicity computed from 

the preceding algorithm. 

We now claim that one need only pay attention to the characteris-

tic t e rms in the power series 

k 
m 

+ ... +at + .... 
m 

Suppose, e.g., that the expansion does not begin with a characteristic 

term. Then k 1 is a multiple of m, k 1 = \Jm. Thus m appears at 

least \l times at the beginning of the multiplicity sequence. But we 
. . kl 

would also have obtained this by om~tt~ng a 1t , because k 2 > k 1 and 

hence k 2 > \lm. Carrying out the algorithm first for k 1 and m and 

then for k2 - kl and m, or just for k2 and m, amounts to the same 

thing. The same argument holds for k2 etc. to the first character-

istic term, with which we therefore can begin our algorithm equally 

well. One similarly convinces oneself that the other non-characteris-

tic terms are irrelevant. 
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Thus we have essentially proved the followi ng result 

Theorem 12 (Enriques-Chisini) 

(i) For an irreducible curve with Puiseux expansion 

in which only essential (characteristic) terms appear, the multiplicity 

sequence is determined by the f o llowing chain o f g euclidean algo­

rithms : 

with 

K. 
]. 

ri,w(i)-1 

0 < ri,j+ l < ri,j 

K. 
]. 

ri,l = ri-l,w(i-1) 

i l, ... ,g 

0). i = l, ... ,g 

for i > 1, rl,l = m. 

In the multiplicity sequence, the multiplicity rij then appears ~ij 

t imes , wher e i = l, ... , g ; j = l, ... ,w(i ). (If a certain multipl i cit y 

arises from seve ral succes sive a lgo rithms, then it is also c ounted mul-

tiply.) 

(ii) For an arbitrary irreducible curve one obtains the multiplicity 

sequence by omitting all non-characteristic terms from the Puiseux ex­

p a n s i o n a nd then appl yin g the a l gor ithm above . 

(iii ) Conver sel y , one can reconst r uct t h e e x ponent s of the c har a c t e ris­

tic terms o f the Puiseux expansion of an irreducible curve, i.e . the 

Puiseux pairs o f the curve, fro m the multiplic ity sequence, by the chain 

o f euclidean a l go rithms. 

The upshot of t h is t heorem is t hat , fo r an irre duc i b l e c urve , know­

l edge of the Puiseux pairs is equiva lent to knowledge of t h e multip l i­

city sequence . 
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Examples 

a) Let y1 be given by the Puiseux expansion 

X = tlOO 
1 

t250 + t375 + t410 + t417 y = 
1 

250 2.100 + 50 

100 2.50 

125 2.50 + 25 

50 2.25 

35 1.25 + 10 

25 2.10 + 5 

10 2.5 

7 1. 5 + 2 

5 2.2 + 1 

2 2.1 

Multiplicity sequence 

(100, 100, 50,50,50,50, 25,25,25, 10,10, 5,5,5, 2,2, 1,1) 

b) Let y2 be given by 

x2 
t100 

y2 
t250 + t375 + t390 + t391 

250 2.100 + 50 

100 2.50 

125 2.50 + 25 

50 2.25 

15 0.25 + 15 

25 1.15 + 10 

15 1.10 + 5 

10 2.5 

1 0.5 + 1 

5 5 .1 

Multiplicity sequence 

(100,100, 50,50,50,50, 25,25, 15, 10, 5,5, 1,1,1,1, 1) . 
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c) Let y3 be given by 

x3 
tlOO 

t250 + t375 + t390 393 
y3 - t 

The first three algorithms are the same as in b). What follows then is 

3 0.5 + 3 

5 1.3 + 2 

3 1.2 + 1 

2 2.1 

Multiplicity sequence : 

(100,100, 50,50,50,50, 25,25, 15, 10, 5,5, 3, 2, 1, 1) 

In the case of a reducible curve we must know, in addition to the 

multiplicity sequences of the irreducible components, the incidence 

schemata of the infinitely near points. In the description by Puiseux 

pairs we must know, in the addition to the Puiseux pairs, the intersec-

tion numbers of the individual components. The following theorem gives 

information on the relation between these additional pieces of data. 

Theorem 13 (Max Noether) 

Let (Y,O) and (Y',OJ be distinct irreducible curve germs in 

(~2 ,0). Let the multiplicity sequences of their union be 

where, for 0 < j 2 p, the multiplicities v . , v '. belong to the same 
J J 

infinitely near point in the standard resoluti on sequence of Y.LJ Y', 

and for > p they do not. 

Then the intersection multiplicities satisfy 

p 

v0 (Y,Y'J = L v.v' . . 
j=O J J 
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Proof : 

Let f(x,y) = 0 be the equation of Y, and let v0 be the multi­

plicity of Y. Coordinates x, y may be chosen so that 

vo 
f(x,y) = y +terms of higher order. 

(Since the curve germ is irreducible, we have only one tangent at 0. 

We can therefore choose the coordinates so that the line y = 0 is the 

tangent. But the homogeneous part of f of degree v0 is just the 

equation of the tangent. This gives the form above.) 

Suppose Y' has the Puiseux expansion 
v' 

X (t) t 0 

y {t) a 1t 
kl 

+ a 2t 
k2 

+ ... 

Then, by Theorem 8.3.14 

v0 (Y,Y'J = ord f(x(tl ,y(t)J. {*) 

We now perform a a-process at 0 E ~ 2 and consider the proper 

preimages Y1 resp. Yi of Y resp. Y' in the chart obtained by the 

coordinate transformation 

X ;:::: V 

y uv. 

We have 

f (x,y) f (v,uv) 
vO-

= v f (u,v) 

and f (u,v) 0 is the equation for Yl. 

u (t) 
kl-vO 

a 1t + ... 
v' 

v (t) t 0 

is the Puiseux expansion for Yi and, when Y1 and Yi meet at p 1 

on the exceptional curve 

(**) 

Moreover, 

f (x (t) ,y (t) 
vo 

v(t) f(u(t),v(t)) 
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Combined with (*) and (**), this gives 

v 0 (Y, Y') 

and the formula asserted in the theorem then follows by induction. 

Corollary 14 : 

The system of multiplicity sequences of a plane curve is deter­

mined by the multiplicity sequences of its branches and the intersection 

multiplicities of all pairs of branches. Conversely, this data is 

determined by the system of multiplicity sequences. 

the method of determination.) 

(The proof gives 

Proof : 

Suppose we are given the multiplicity sequences 
r r r r (v 0 (Y) ,v1 (Y) , ... ,vN _ 1 (Y )) of the branches Y relative to the 

r 
standard resolutions of the individual branches, and the intersection 

First we formally extend these sequences to 

infinite sequences, by setting all subsequent terms equal to 1. We 

do this because it is possible that in the standard resolution of the 

whole curve the individual branches have to be blovm up beyond the 

stages in their own standard resolutions. Thus for any two branches 

Yq, Yr of the curve we have two sequences 

q q q 
\!0 (Y ) '\!1 (Y ) '\!2 (Y ) ' ••• and 

r r r 
\!0 (Y ) 'vl (Y ) '\!2 (Y ) ' ... 

of which all but finitely many terms are ones. 

be the unique number such that 

Then let P 

P q r 
v0 (Yq, Yr) = L v. (Y ) v. (Y ) . 

j=O J 

Such a p exists by Max Noether's theorem, and it is obviously unique, 

because for p' < p resp. p' > p the right side of the equation be-

comes smaller resp. greater than the left. This P (Yq' Yr) is just the 

number p up to which the infinitely near points of the two branches 

coincide. Let N be the maximum of all P (Yq' Yr) for all pairs of 

branches and all lengths Nr of multiplicity sequences of the branches 

for their own standard resolutions. Then N is obviously the length 

of the multiplicity sequences in the system of multiplicity sequences 
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s 
of the curve Y = \) Yr, and one obtains these sequences by terminating 

the sequences for Eh~ branches a f ter the Nth place. These sequences, 

together with the numbers p(Yq,Yr) give the s y stem of multiplic ity 

sequenc e s . 

The proof of the converse is trivial. Because the multip licity 

sequences of the branches, relative to their own standard resolutions, 

result from the multiplicity sequences of the s y s tem, possibly with t he 

omission of a few ones. And it is clear, on the basis of the descri p-

tion o f the multiplicity sequence of an irreducible curve by a chain of 

euclidean algorithms, how many ones remain after these omissions: their 

number equals the immediately preceding multipl i city in the sequence, 

and when the sequence already begins with ones, t heir number equals 1. 

Example 

We continue the above e xa mpl e and determi ne t h e s y stem of multi p li­

city sequences of Y = Y1 u Y2 U Y3 . If one set s up the equations 

fi (x,y) = 0, i = 1,2,3, for the curves Yi by the rule given ear lier 

(obviously without actually multiplying out the p r oduct), and replaces 

x, y by 
i j 

vO (Y , y ) 

xj(t ) , yj(t), then one obtains the intersection mul t i p l icities 

fro m the orders of these power s e ries by Theorem 8. 3 .14 : 

31 6 2 5 

31 625 

31 630. 

Then one obtains the system of mul tiplicity sequenc es of 

y = y 1 u y 2 U y 3 by the pro cess in the p roof o f Cor o llary 1 4 

, 1 100 100 50 50 50 50 25 25 

r2 I 00 1 00 50 50 50 50 2 5 2 5 

, 3 100 100 50 50 50 50 25 25 

2 3 4 5 6 7 8 

15 A r1r1Qr1000.1 
15 ~ lJlJ 3lJ00. 1 

9 10 11 12 13 14 15 16 17 18 

Construction of resolution graphs in the irreducible case 

Le t Y b e a n irredu c ible cur ve , g ive n by i t s Puise ux e xpansion, 
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and let 

i l, ... ,g 

ri,w(i)-1 = ~i,w(i)ri,w(i ) 

be the chain of euclidean algorithms, obtained from the g essential 

terms of the Pui seux expansion, which we have used to describe the mul-

tiplicity sequence in Theorem 12. 

We shall now use these algorithms to describe the resolution graph 

of Y. 

The resolut ion graph is put together from g Puiseux chains Pi , 

i l, ... ,g, and each Puiseux chain Pi is in turn constructed from 

w(i) elementary chains E . . , j = l, .. . ,w(i). The latter elementary 
~J 

chain i s the subgraph of the resolution graph consisting o f the ~ij 

curves which result from blowing up the ~ij points of multiplicity 

r.. arising from the ith algorithm. This subgraph looks like 
~J 

points 

Here the values of the points are succe ssive , i . e. if c is the curve 

in this chain with smallest value i 1 = i(C), then the valuation is 

Thus it s uffic es to know the ini tial and f i nal point o f the chain, and 

t he value o f the initial point . Si nce we shall b e a ble t o derive the 

value from the length and order o f preceding chains when we later des­

cribe the construction of the graph, it suffices to mark the initial 

and final point of the chain . 

Also , since we shall be able to find the positions of the f inal 

points by ma rking t he initial point s, it suffices j ust to mark t he i ni­

tial point, say by 0. 

E .. 
~J 

We now c onstruct the Puiseux chains Pi from these e lementary 

chains a s f oll ows . The point s o f Pi are t he point s o f the Ei j , 

1 < < w(i), with the appropri ate c onnections . Points fro m the same 
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are conne cted as in E . . . 
l.J 

The final po int o f 

each elementary chain Eij is connected to the i n i tial point of the 

next-but-one elementary chain E . . 2 , as long as there is one, namely 
1.. J+ 

for j 2 w(i) - 2. 

The final point of Ej . w(i)-1 is connected to the final p o int of 

Ei,w(i) · We call this final point of Ei,w(i ) the contact p o int o f 

the Puiseux chain P. and mark it by 0. The two endpoints o f the 
1. 

chain constructed by this rule are : first, the initial point o f Ei,l , 

if there is one, i.e. if j.lil 'I 0, othe rwise the initial point o f Ei, 3 ' 
if there is one, i.e. if w(i) > 3. resp. t he final point of Ei, 2 if -
w(i) = 2 0 We mark this point by 0 and call it the initial point of 

P .• 
1. 

Second, t he other endpoint of P. 
1. 

is t h e i nitial point o f 

The Puiseux chain P. therefore looks like t h is 
1. 

Pi ,o.-------~or--~~~o~-------0-

t Ei,l Ei,3 Ei,5 'f' 
initial 
point 

contact 
point 

We now c onstruct the resoluti on graph from t he Puiseux chai ns P . 
1. 

i l, ... ,g, and the po int * whic h r epresen t s the p r oper preimage of Y 

in the sta ndard resolution, by the following rule 

(1) For i < g the contact point of P. 
1. 

i s connected t o the ini-

tial point of Pi+l" 

(2) The c ontact point of p 
g 

is connected t o *. 

The resolut ion g r a ph therefore l ooks like a mobile s uspe nded f r om * 

-
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Theorem 15 : 

The resolution graph of an irreducible plane curve is uniquely de­

termined by the characteristic exponents of the Puiseux expansion, o r 

equivalently, by the multiplicity sequence. It is the valuated graph 

described by the rule above. Conversely, the r esolution graph uniquely 

determines the characteristic exponents of the Puiseux expansion. 

Proof : 

We start with the curve Y given by a Puiseux expansion x = x(t), 

y = y(t) and resolve the s i ngularity by successive quadratic transfer-

mations x = u, y = uv etc .. As in the proof of Theorem 12, we obtain 

Puiseux expansions for the proper preimages of Y. We have derived the 

multiplicity sequence from these Puiseux expansions in the proof o f 

Theorem 12, and formulated the result with the help of the chain o f eu­

clidean algorithms described there. 

But one can also use these Puiseux expansions to derive the tan-

gents at the singular points of the proper preimages. Various possi-

bilities arise : one or two previously introduced curves may pass through 

the singular point in question. The tangent may now coincide with the 

tangent of o ne of these curves, or it may not. After blowing up the 

point the tangent may continue to coincide with the tangent of t his 

curve - this happens as long as the multiplicity within the multiplicity 

sequence of the same euclidean algorithm remains the same. As l ong as 

this happens, the result is an elementary chain of resolution graphs. 

But the tangent can be a tangent of the newly blown up curve. Then a 

new e l e mentary chain of the same euclidean algo rithm begins. Finally, 

the tangent can differ from the tangents of both exceptional curves. 

Then a new Puiseux chain begins. 

In this way one obtains the rule for the construction of resolution 

graphs. One can easily persuade oneself of the details (cf. also the 

Diplomarbeit of Mr. Schulze-Robbecke [S9]). Conversely, if the reso-

lution graph is given, one easi ly reconstructs the chain of euclidean 

algorithms. Because one knows the multiplicities of the last elemen-

tary chain Eg,w(g) they are l, and one knows the lengths \l i j o f 

all Ei j , because these are immediately deterr.1ined from the valuation 

of the graph. From this one c an reconstruct the gth a lgorithm from 

Pg , the n from Pg-l the (g-l)th etc . From the algorithms o ne imme-

diately obtains the characteristic exponents of the Pui seux expansion. 
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One can put together the res olution graph o f a reducible curv e re­

cursively from those of its irreducible components when one knows t he 

system of multiplicity sequences. 

Construction of resolution graphs in the reducible case 

Let the c urve germ (Y,p) have the irreducible components 

Y1 , ... ,Ys, and suppose that the r esolution graph G' of 

Y' = Y1 u ... u Ys-l has already been constructed. Let G'' be the 

resolution graph of the irreduci ble curve germ Y'' One obtains 

the sys t e m o f multi plici ty s equences of Y' r e sp . Y'' as a part o f 

the system of multiplicity sequences of Y. These sequences give the 

proper lengths l s-1 Y' Li, ... ,L~-l o f the branches Y , ... ,Y of and 

the length Ls for Y'' - the s mallest numbers o f quadratic transf o r-

mations after which the proper preimage of the branch is regular , t r ans-

verse to a single e xceptional c urve , a nd d isjo int f rom o ther bra nche s 

of Y' resp . Y'' . Now whe n the curves Y' a nd Y'' are combined 

the proper length of a branch Yr (l < r < s-1 ) or of Y'' = Ys can 

grow, namely, when the number o f common infinitely near points o f Yr 

and Y'' is greater than L' (resp. when the contact of yl I and Yr 
r 

for an r < s - l, 
- is greater than the length o f the multiplicity s e-

que nc e of y" ) • If q r is the d i fference be t ween the new and o l d 

proper lengths of t he branch Yr (r = l, ... ,s) , t hen we ext end the 

graph Gl resp . Gl I by introducing a chain o f qr points between the 

point * which corresponds to Yr and the poin t cr of Gl resp . Gl I . 
connected to * The values on the graph are extended accordingly . 

+ q r 

_1 ___ _ 



526 

We call the resulting graphs G' resp. G' '. We index the points 

* C'' of G'' apart from* by their values i(C' '), and denote them cor-

respondingly by Ci', 1 < i < k. Now let K be the greatest indexfor 

which blowing down C~' results in the infinitely near points of Y'' 

also being infinitely near points of Y'. Then each C'' i • i 2_ K, must 

be identified with a uniquely determined point c~ of 
l. 

G' (namely, so 

that the infinitely near points of Y' and Y'' resulting from blowing 

down Ci and Ci' coincide). This identification may be derived imme­

diately from the system of multiplicity sequences of Y. 

The resolution graph G of y = Y' U Y'' is then constructed from 

the modified graphs G· I G· I of Y' and Y'' by the following rule 

(1) The points of G are the points of G' and the points c ~ ' 
l. 

with i > K, together with * from G· I. 

(2) If a point Ci', i > K, resp. the point* of G'' is connected 

(3) 

in G" to a C' ' then it remains connected to C '.' in G for j • J 
j > K, and for < K it is connected in G to the corres-

C' . . 
J 

ponding 

Points of G' also remain connected in 

j < K, is connected to 

to C" in G'. 
K 

c• 
K 

in G', but 

G when c;. for 

C'. I is not connected 
J 

Proposition 16 : 

The resolution graph of a reducible singularity of a plane curve 

is uniquely determined by the system of multiplicity sequences. The 

resolution graphs of the individual branches are determined by Theorem 

15, and the resolution graph of the curve itself is determined from 

these graphs and the system of multiplicity sequences by the above rule. 

Proof 

Let Xk + Xk_ 1 + ... + x0 be the sequence of iterated a-processes 

which gives the standard resolution of the curve Y in the surface x0 . 

Let the number K be defined as above. We consider the situation in 

X . In X 
K K 

the blowing up 

there is exactly one exceptional curve C~', obtained by 

XK + XK_ 1 , and cut by the proper preimages of Y' and 

Y'' at distinct points. On the curves C'. ' with j < K in X. 
J - J 

containing the infinitely near points of Y'' . there are also infinitely 

near points of Y' and hence the c. '' < K' on G•' must be . 
J 

. 
* Since Y'' is irreducible, each value appears only once. 
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identified with the corresponding C'. 
J 

on G'. On the other hand, the 

C'. I from G· I with j > I( a r e different from curves of G'. Thi s 
J 

gives rule (1) for the description of the points of G. Rule (2) again 

comes from the identification of C'. and C'.' for j < I(. One sees 
J J -
C'. is connected in G' to C' . 

J I( 
rule (3) as follows : when a point 

in G•' this just means that the . but C'. I is not connected to C'' 
J I( 

C'. and C'. I goes through the 
J J 

curve in X which corresponds to 
I( 

on C' I. Blowing up separates these 
K 

infinitely near point p of Y'' 

points of C~' in XK+l , and hence C~' must not be connected to c~ 

in G. Other connections between points of G' are obv iously not dis-

turbed by blowing up p. 

As an example, we want to construct the resolution graph of the 

curve y = Y1 u Y2 U Y3 , which we have already considered after Theorem 

12 and Corollary 14. Its system of multiplicity sequences is : 

yl 100 100 50 50 50 50 25 25 25 880000000 
y2 100 100 50 50 so 50 25 25 15 00000°00

·' y3 100 100 50 50 50 50 25 25 IS 5 5 3 2 00. I 
2 3 4 5 6 7 8 9 10 II 12 13 14 15 16 17 18 

By Theo r e m 1 5 , the r e s o lutio n graphs o f the indi vidual irreduc i ble b r an­

ches have the following f o rm : 
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•r .. •• 

From the m, we construct the r e solution graph of Y with the help of 

Proposition 16 . 

y2 y3 ylr 
• .. .. .. . . .. 

.. 
" " " 

• 
" 

Now we want to proceed conversely, to obtain the system of multi-

plicity sequences from the resolution graph of a possibly reducible 

curve Y. In view of the results already obtained, it is clear that it 

suffices to use t h e resolution g r aph G of y to r econstruct t h e 

(exte nde d) resolution graphs G. of the branches yi of Y, in such a 
~ 

way that it i s clear which points of G corr espond t o the points of 
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the Gi. To do this we subject the graph G repeatedly to a contrac­

tion operation which corresponds to blowing down of curves. We want to 

call a point in a valuated graph contractible when it is connected only 

to points of lower value (in particular, it is not connected to the val­

uated points *). Contraction of this point consists in removing the 

point and connecting in pairs all the points connected to it . 

obtain the following 

Rule for reconstruction of the subgraphs G. 
l. 

Then we 

One removes from G all marked points * except that which corres-

ponds to 
i 

y . In the resulting graph one repeatedly applies all possi-

ble contractions as long as possible. The non-contractible valuated 

graph finally obtained is G .• 
l. 

It is easy to see that we have the following 

Corollary to Proposition 16 

The system of multiplicity sequences may be determined from the 

resolution graph by the above rules. 

Construction of the total preimages of the standard resolution 

Let (Y,O) be a plane curve with the square-free equation 

f (x,y) 0 in (~2 ,0) and l et n : X+ ~2 be the standard resolution. 

Let ! f o n and let Y be the zero set of t. As a subset of X, 

Y consists of the proper preimage Y' of Y and the exceptional 

curve E = n-1 (0). Then t vanishes along each irreducible component 

Ci of E with a certain multiplicity 

image of Y to mean the divisor of !, 

components 

Y' + ~m . C . 
l. l. 

m .• 
l. 

i.e. 

We speak of the t otal pre­

the curve with multiple 

The passage from the singular curve Y to this divisor with nor-

mal crossings is often described as resolution of the singularity , 

especially when one views the curve Y as the fibre over 0 of the 

mapping f : ~2 + ~- This passage to a divisor, whose only singulari-

ties are normal crossings represents, as we remarked earlier, a con-

siderable simplification of the situation. This reduction permits 

many geometric and algebraic problems about singularities to be solved 

in a simple way, and it is altogether the most important method for the 

investigation of singularities. 
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It is therefore of interest to find the multiplicities m. of the 
:1 

components of t h e exceptional curve. In princip le, these multipli ci-

ties can be determined recursively as follows. Each curve C. 
:1 

in the 

reso lut i o n graph results from blowing up a n infi nitely near point pi 

of v .. This v. 
:1 :1 

Y, and this point has a certain multiplicity is the 

sum of the multiplicities of the proper preimages of branches o f y 

which go through pi , and can b e derived from t h e multiplicity sequen­

ce. Now there are two possib ilities : 

Case I : 

Only one (previously appearing) exceptional curve Cj(i) g oes 

through pi. 

Case II 

Two (previously appearing) exceptional c urves go through pi. Let 

Cj (i) be the fi rst, and Ck(i) t he second , to appe a r. 

Case I 

p. 
l 

Ca s e II 

The indic es j(i) and k(i ) can be determined from the r esolution 

graph : one removes all points marked * and contracts all points with 

greater values than c. 
:1 

i n cas e I , a nd t o C j(i) 

Proposition 17 

has. 

a nd 

The multiplicities mi 

dard resolution of the curve 

follows : 

After that, Ci is c onnected to 

i n case I I. 

of the exceptional curves C. 
:1 

in the stan-

Y may be determi ned recursively as 

(i) For the c urve f irst int r oduced, 

m = 
0 

v 0 (Y) 
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Proof 

l. 
m = {

v. 

i vi 

Trivial . 

+ mj(i) + mk(i ) 

+ mj(i) 

The topology of resolution 
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in case II 

in case I. 

It is important to have a clear view of what the topology o f reso-

lution looks like. We have already seen, in c onnection with the defi-

nition of a-process, what a neighbourhood of a curve created by a a-pro­

cess looks like : like a neighbourhood of t he 0-sectio n i n t he Hopf 

line bundle. We shall now describe what the neighbourhoods look like 

after further po ints on them have been blown u p . To do this we c on­

sider the complex manifold Lk which results from identificatio n of two 

copies of ~2 • with coordinates (u1 ,v1 ) resp . 

by means of the following coordinate transformation : 

We view P1 (~ ) as the complex manifold which results from identifica-

tion of two copies of ~ . with coordinates u 1 resp. 
-1 

u 2 = ul . 

u 2 , alo ng 

(ui , vi ) 

~* by 

me ans o f the c oordinate transforma tion 

defines a ho lomorphic mapping 

The n 1-+ " u. 
l. 

The fibre over each point of p l (~) is a complex line ~- Thus the 

manifold Lk is the total space of a complex line bundle over pl ( ~ ) ' 

and in fact it is the kt h power of t h e Hopf l ine bundle L = Ll (i. e . 

t he k-fold tenso r product ) . Th e bundle has a u nique zero sect ion 

vi = 0, and the restriction of Lk + P1 (~) to this curve yield s a bi-

holomorphic mapp ing of the zero section onto One can s how, 

incidentally, that the self-intersection number o f the zero section in 

Lk i s p r eci sely -k. We now a s s ert 

Proposition 18 : 

Let C be the exceptional curve of a a-process n1 : x1 + x0 and 

let ni : Xi+ Xi-l , i = 2, ... ,k, be further a -processes, in whic h the 

points blown up are always points on C or on the proper preimage o f 

c. Le t C be the p roper prei mage o f C in Xk. Then there i s a 

ne i ghbourhood u o f in a nd a b iho l omorphic mapping of u onto 

a ne ighbou r hood of t h e zero sect ion i n is mappe d o n to t he 

zero section. 
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Proof : 

The proof is by induction on k. The basis of the induction, 

k = 1, has already been proved when a-processes were introduced. Thus 

it suffices to show the following : if one blows up a point on the zero 

section of Lk, then a neighbourhood of the proper preimage of the zero 

section is biholomorphic to a neighbourhood of the zero section in 

Lk+l But this follows by application of the coordinate transforma-

tion formulae for Lk, Lk+l, and quadratic transformations, because 

-1 
u2 ul 

k 
v2 ulvl 

and 

ul ul 

vl ulvl 

imply 

--1 
u2 ul 

-k+l-
v2 ul vl. 

With this, we have proved 

Proposition 19 

If $ : X + X is an iterated a-process with exceptional curve 

Ci, i = l, ... ,s, are the irreducible components of 

self-intersection number of Ci , then a suitable 

in X results from ~asting together suitable 

neighbourhoods of the zero sections in L ~. i = l, . .. ,s. 

-1 
and if E $ (X)' 

E and -k. is the 
~ 

neighbourhoo d of E 

This brings us to the following topological construction of a 

neighbourhood U of the exceptional curve E = uci. 

consider a neighbourhood Ui of the zero section in 

For each C . we 

L
ki ~ 

with smooth 
k· 

boundary, so that u. 
~ 

meets every line of the line bundle L ~ in a 

disc. Thus Ui is a locally trivial fibre bundle over Ci with 

fibre 

D2 = {v E: ([ llvll2 P }. 

The u. 
~ 

are now pasted together as follows : when c. 
~ 

at p .s Ci '"' Cj , one chooses a small disc D. 
~ 

resp. 

and c. meet 
J 

D. 
J 

around p 
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in c. n c .. Then the part of u. resp. u. over D. resp. D . is 
l. J l. J l. J 

fibre-faithfully homeomorphic to D. X D resp . D. X D. We choose 
l. J 

homeomorphisms of D. and D. onto D and use them to define a homeo-
l. J 

morphism 

h .. : D. X D =D. X D 
l.J l. J 

which exchanges the factors. 

Di x D resp. Dj x D by 

finally obtain a space 

u = u 
i,j 

u .. 
l.J 

h . .. 
l.J 

Then we identify Ui and 

Doing this for each pair 

u. 
J 

along 

(i , j) , we 

homeomorphic to a neighbourhood of E in X. This process of pasting 

together disc bundles over manifolds, sometimes known as "plumbing", 

permits many topological problems in the resolution of singularities to 

be reduced to simpler problems. One can gain a good intuitive grasp 

of the process by considering its real analogue : 

The Ci , being 1-dimensional real projective spaces, are homeo­

morphic to s 1 . Ui is homeomorphic to a ki-tuply twisted interval 

bundle, hence homeomorphic to s1 x I for even k . and to the Mobius 
1 - l. 

band S xI for odd ki . The bands are pasted together along squares. 
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One can also describe this construction of a neighbourhood of the 

exceptional curve E schematically by pictures such as the following : 

The proper preimages Yi of the branches of the resolved curve singu­

larity cut the exceptional curve E transversely in the standard reso-

lution. Hence one chooses a neighbourhood U of E, pasted together 

from disc bundles, so that the intersection of each 

just a disc. 

y~ 
~ 

~ Y.' Y· 
~ r- J 

I 
1 

~ 

r 

l 
I 

I 

with U is 

It is clear, and not difficult to prove, that from the topological 

standpoint it is irrelevant just which disc is Yi. Essentially it 

is a matter of which component of E meets Yi , and this is precisely 

what the resolution graph describes. If one now contracts the set 

~ Ci in our neighbourhood U constructed by plumbing disc bundles to 

a point p, then U becomes a neighbourhood of the singular point p 

in ~2 
' 

homeomorphic to a ball, and the ·yi-discs become the branches 

of the curve . Thus we see 
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Proposition 20 : 

Singularities with the same resolution graph are topologically 

equivalent. 

Supplement to Proposition 20 : 

The converse also holds. 

This corollary will not be proved here, because it would require 

additional considerations from knot theory or something similar (cf. 

also our remarks on this in 8.3) . 

We now collect our previous results into a theorem. 

Theorem 21 : 

The following pieces of data concerning the singularity of a plane 

curve are equivalent : 

(1) The topological type - characterised by the iterated torus knots 

corresponding to the branches and their linking numbers. 

(2) The Puiseux pairs of the branches and the intersection numbers of 

the branches with each other. 

(3) The system of multiplicity sequences. 

(4) The resolution graph. 

This list of data does not exhaust the possibilities for character-

ising the topological type. However, we want to leave it at this and 

instead go on to a more refined investigation of the topology of singu­

larities in the next section. 

8.5 Topology of singularities 

In this course we have frequently been concerned with the topology 

of singularities. In 3.4 we saw that the appearance of a singularity 

in a family of curves leads to a change in genus, and we announced that 

we would prove formulae - the formulae of Clebsch and Noether - which 

describe this phenomenon precisely. As preparation for this, we shall 

derive a corresponding local formula in this paragraph. 

Outside of 3.4, we have also investigated the topology of singula­

rities in 5.3, 8.3 and 8.4. Among other things, we have seen that 

intersecting a locally irreducible plane curve with a small sphere 

around a singular point yields an iterated torus knot and, in the case 

of a r educible singularity, several linked ite rated torus knots, one for 
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each branch. 

In the previous section we have just seen that this topological 

situation is determined by the Puiseux pairs and intersection numbers, 

o r by the syste m of multiplic ity seque nces, or by the resolutio n graph. 

We shall now treat an important property o f t h e knots and links 

involved in singularities, which will lead us t o t he desired l ocal 

Plucker formula. 

(1934) [Sl7]. 

To do this we commence with a t heorem of Sei fe r t 

Theorem 1 

Proof 

Each knot may be spanned by an orientable s urf ace. 

(after R.H. Fox, A quick t rip through k not theory in 

of 3-manifolds [F2]) 

Topo logy 

We project the kno t o n t he pla ne so t hat t h e projection has only 

normal crossings. E.g. here is a projec tion o f a trefo il knot : 

We span each crossing by a twi s ted rectangle, l ike t his 

and not like thi s 
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When we remove the interiors of these rectangles and the parts of 

their boundaries which lie on the projection of the knot, what r emains 

is the projection of a disjoint system of circles (Seifert circles ) . 

These circles are unknotted in three-dimensional space and not linked 

with each other. We can therefore span each of these circles by a 

disc in space, so that the discs are disjoint. 

The union of these discs with the spanning rec tangles is the des ired 

orie ntable surface. 
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Here is another example, with the usual projection of the trefo il 

knot, where one must think of the "outer" surface as closed . 

IIIII 

The following two pictures show different views of the f i gure 

which r esults from spanning the trefoil knot by two different surfac es 

(plain and dotted) . 
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It is not difficult to calculate the genus g of the spanning sur-

face. (By the genus of a connected orientable surface with boundary we 

mean the genus of the connected orientable surface without boundary 

which results from replacing each boundary component by a disc.) 

If d is the number of crossings in the projection and f is the 

number of Seifert circles, then the Euler characteristic x of the 

spanning surface obviously satisfies x = d + f - 2d = f - d, and hence 

g 
d-f+l 

2 

In the example of the trefoil knot above, g 

ning surface is a once-perforated torus 

0 

3-2+1 
2 

1, hence the span-

However , this perforated torus is not embedded in space in the trivial 

way just shown, but in the way shown earlier, so that its boundary is a 

trefoil knot. 

Of course, a knot may be spanned by several possible surfaces -

s i nce one can a lways add superfluous handles. 
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0 

But we can try to find a "smallest possible" spanning surface. At any 

rate, such a surface should have the smallest possible genus. This 

smallest possible genus of a spanning surface is called the genus of the 

knot, and it is obviously an important invariant. In the above exam-

ple of the trefoil knot the genus is 1, because when a knot has g enus 

0 it is obviously unknotted. 

structed has minimal genus. 

Thus the spanning surface we have con­

In general, a knot can have several 

essentially different spanning surfaces of the same genus. 

Example : (H.F. Trotter [T5)) 

8 8 8 
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It is easy to see that these two knots are equivalent (see Figure 2 of 

Trotter). But one can show that there is no homeomorphism of s 3 

which carries one spanning surface to the other. 

Now there is an interesting class of knots, the fibred knots, for 

which such problems do not appear. 

a knot K C s 3 for which s 3 - K 

Roughly speaking, a fibred knot is 

is fibred over s 1 by connected 

surfaces. 

Definition 

Let K c s 3 be a knot or, more generally, a link in s 3 . Let 

<1> : s 3 - K + s1 be a differentiable mapping with the following proper-

ties 

s3 sl * (i) <I> - K + is a locally trivial differentiable fibre bundle 

(ii) The fibre 
-1 

and its closure in s3 such that Ft <t> (t) Ft are 

Ft is the interior of the compact orientable differentiable sur-

face Ft with boundary aFt = K. 

* If E, B are differentiable manifolds, then a differentiable mapping 

<t> : E + B is called locally trivial differentiable fibre bundle with 

typical fibre F if each point p E B has a ne ighbourhood U for 

which <t> : ¢-1 (U} + U looks like the projection n1 : U x F + U of 

u x F onto the first factor, i.e. there is a diffeomorphism 

~ : U x F + <t>-l(U) such that the following diagram commutes 

u X F 
-1 

<t> (U) 

u 
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{iii) A differentiable tubular neighbourhood U of K in s 3 may be 

identified with a solid torus s1 x o2 in such a way that 

l 2 l X o2 - I II II F t f" S x 0 = { { S, Z) ~ S { 0} z/ Z = t } . 

Thus the fibres Ft meet along K as shown in the following picture 

{"open book" structure) 

A link K c s 3 with such a fibration s 3 - K + s 1 is called a 

fibred knot. 

Stallings [Sl3] showed in 1962 that a knot K c s 3 admits such a 
3 

fibration just in case the knot group ~1 {S -K) has a finitely gene-

rated commutator subgroup. 

by Neuwirth in particular. 

Knots with this property were inve stigated 

For that reason they are also known as 

Neuwirth knots or Neuwirth-Stallings knots. 

These fibred knots are of interest to us because the knots associ-

ated with singularities of plane curves possess such fibrations in 

quite a natural way. 

Theorem {Milnor) : 

{X,O) C {~2 ,0) be a plane curve with equation f{z) = 0, let 

be a sphere around the origin with sufficiently small radius, 

and let K C s 3 be the link K s3 i"l X. {By Theorem 8. 3.12, K 

consists of linked iterated torus knots.) Let 
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be the mapping defined by ~(z) 
f (z) 

\If <z) II Then K is a fibred knot 

with this mapping. 

Proof 

See Milnor [Ml], Singular points of complex hypersurfaces, Theorems 

4.8 and 6.1. 

Remark 

The fibration defined above is often called the Milnor fibration. 

Of course it was known long before Milnor that, e.g., the complement 

s 3 - K of the trefoil knot could be fibred. 

For a fibred knot K the spanning surface of minimal genus is uni­

quely determined and isotopic to the closed fibre (Burde and Zieschang 

[Bl3], 1967). In fact Giffen proved that the fibration s 3 - K + s 1 

is uniquely determined by K up to an isotopy of s 3 . Thus if we can 

find any fibrat ion at all for the complement of our knot, then we 

already know automatically that it essentially coincides with the Milnor 

fibration. In what follows we set ourselves the problem of determin-

ing this fibration, or at least computing the genus of the fibre. 

We can start from the equation of the curve, the Puiseux pairs, the 

multiplicity sequence or the resolution graph, since all these pieces of 

data determine the topology of the singularity and hence of the fibra-

tion also. Each of these approaches has its own advantages, and we 

shall pursue each of them, at least initially, without necessari l y 

carrying them to a conclusion. 

First we shall develop a description of the Milnor fibration for an 

i rreducibl e curve, proceeding from the fact that the knot associated 

with the curve is an iterated torus knot characterised by the Puiseux 

pairs. This description of the Milnor fibration was found by A'Campo 

[A4] in 1973. 

Just as the iterated torus knots result from i teration of a con-

struction, the Milnor fibration results from iteration of a correspon-

ding construction. We first consider the simplest conceivable case, 

from which we shall obtain the basic building block for the construction 

of the Milnor fibration. 

This simplest case is that of a curve xp - yq = 0. We c onsider 

the Milnor fibration of this curve . We have defined the Milnor fibra­

tion as a fibration of the complement s 3 - K + s1 , where s 3 is a 
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small sphere, i.e. the boundary of a ball, around the singular point and 

K is the intersection of s 3 with the curve. Now, however, we want 

to use a polydisc h instead of a sphere, to simplify the description. 

Let K' be the intersection of E a6 with the curve . We have al­

ready established earlier, in 8.3.6, that the pairs (s3 ,K) and (E,K') 

are homeomorphic. Thus, in view of the uniqueness of the fibration for 

Neuwirth-Stallings knots, we can describe the Milnor fibration just as 

well by describing a fibration of 1:- K' over s 1 . 

Let 6 be the polydisc 

h = {(x,y) E a:2 I lxl < 1, IYI < 1}. 

As we have seen earlier, 

+ 1: = T U T 

where T+ and T are both solid tori : 

+ 
T 

T 

{ (x,y) € a:2 

{(x,y) € a:2 

lxl 

lxl 

1, IYI < 1} 

< 1, IYI 1}. 

Now let 

f(x,y) 

and 

K'= {(x,y) E 1: I f(x,y) = 0}. 

Provided p and q are relatively prime, K' is a torus knot of type 

(p,q) , lying on the torus 

+ 
T T 

We fibre 1: 

<I> 1: 

with 

q,(x,y) 

Let 

(") T 

- K' over 

- K•+ sl 

f (x,y) 
lif (x,y) II 

sl by 

-1 1 
Ft = <1> (t) for t E S 

be the fibre over t and let 

the mapping 

Ft Ft 0. T 

+ 
The surfaces Ft resp. Ft in the two solid tori are explicitly 



546 

described by a very simple equation, and we can use this equation to 
+ + 

analyse them completely. We do this for Ft. We view T as 

s1 x o 2 , where o 2 {y € rr I IYI 2 1}. For x E s1 we consider the 

intersection of 0 {x} x o2 with all the fibres F~. One obtains 

the intersection as certain curves in 0, in fact just the preimages of 

all lines through the point xp under the mappi ng 0 + D with y ~ yq. 

For example, when q = 3 the partition of D into curves l ooks like 

this: 

In general, D is divided into 2q sectors in a way which one can 

easily visualise by considering the picture above. 

If the value of xp now varies, the parti tion of {x} x o2 into 

curves changes . The following pictures show the partition o f 

{x} x o 2 f or q = 3 a nd various va lues of xP . 
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with the fibres of for 
ni/3 ni/4 

e , e , Sections of {x} x o2 

eni/12, l, e -ni/ 12 a nd -ni/4 
e The intersection with the fibre 

+ 
Fl 

is drawn heavily in each case . 



548 

On the basis of this explicit description of the intersection of 

the fibre 
+ 

Ft with the discs one easily becomes convinced that the 

fibre looks as follows : 

consists of p connected components. Each connected compo-

nent is a differentiable surface with piecewise differentiable boundary 

and diffeomorphic to a 2q-gon. The boundary lies on the boundary of 

the solid torus, and every second vertex of the boundary lies on the 

knot. The next picture shows how lies in the torus. 
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(The torus is stretched in the form of a cylinder. 

the case q = 3. One sees that the components of 

like "monkey saddles".) 

One shows analogously that Ft consists of q 

+ 
Ft = Ft U F 

t 

results from the p 2q-gons and the q 2p-gons by 

The picture shows 
+ 

Ft look something 

-
2p-gons in T 

identifying each 

edge of a 2q-gon which does not lie on K wi th an edge of a 2p-gon 

which does not lie on K. Each 2p-gon has exactly one edge in common 

with each 2q-gon. One can decide from the above description which 

edges are to be identified with each other, and with which orientation. 

We do not want to go further int o this for the moment. The above des-

cription immediately gives the Euler characteristic of the fibre : 

X = p + q - pq . 

He n ce t he firs t Betti number o f t he f ibre i s 

)J = (p-1) (q-1) . 

We now want to present a few other models of the fibre. To do 

this we view K as a knot in m3 and describe a spanning surface for 

K of mi nima l genus. Be c a use of the unique n e ss of the Milno r fibra-

tion up to iso topy, and the fact that the spanning surface of minimal 

genus is uniquely determined up to isotopy and isotopic to a surface in 

the Milnor fibration, the surface we describe is isotopic to the pre-

viously described surfaces of the Milnor fibration. 

now t o see what must be done, by intuitive topology. 

Here are the two models for the spanning surface. 

It is quite easy 

The first pro-

ceeds from the nature of K as a torus knot of type (p,q) . The torus 

is embedded in the usual trivial way in m3 , and projected onto the 

plane through i ts spine. One obtains a projection of the knot as in 

the following picture for p = 5, q = 3 . 
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In general K i s a c l osed braid who s e p r o j ection r e sults from c ycl ic­

ally joining projections of p braids of q strings, each of wh ich has 

the appearance shown in the following picture for q = 7 : 

q • 7 

To construc t the s panning surfa c e we use the process we hav e l earne d in 

the p r oof of Seifert' s Theorem 1 . Thus we s pan each crossing by a 

small quadrangular strip. The r esulting Seifert c ircles then f o rm a 

system of q (topologically) c oncentric circles. We insert q discs 

in these q circles and obtain the desired surface F. In the fo l l o­

wing picture with p = 5 and q = 3 only two o f the three discs hav e 

been s hown for t he sak e of c l a r ity, and e ve n t h e n not t he f ull d i scs , 

but only t he annuli whic h r e sult from omi t t ing sma ll d iscs . 
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tion. 
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attached discs correspond essentially, though not exactly, to 

2p-gons in the outer torus appearing in the previous construe­

One sees immediately that F has first Betti number 

(p-1) (q-1) , hence it is in fact a surface of minimal genus with boun­

dary K. 

We obtain our second model immediately from the one just construc­

ted obviously F is, up to isotopy, obtainable from q parallel 

discs (cross-sec tions of a cylinder) , whe n nei ghbouring discs are con­

nected by p bands, each twisted once and in the same sense, whose 

spines are parallel to the axis of the cylinder. The boundary of each 

disc is connected alternately to the preceding and succeeding disc by 

these bands. The following picture shows the resulting surface for 

q = 3, p = 5. 
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One obtains a plane projection which is possibly even simpler by defor­

ming the discs to strips isotopically and pulling the connecting lines 

isotopically to one s ide of the strips. 
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Of course, one can imagine still more models of the Milnor fibre, but 

we want to leave it at this. 

However, we still want to secure a property of the fibration 

~ : L- K + s1 . In T+ resp. T we consider the somewhat smaller 

tori 

+ 
{ (x,y) € a:2 T := 

p 
lxl 1, Jyj < p} 

T { (x,y) E:. a:2 
p 

lxl < p, Jyj 1} 

with p < l. Then the fibres (resp. intersect these solid 

tori + 
T 

p 
resp. T 

p 
in p (resp. q) disjoint discs which are iso-

topic to the discs {x} x o 2 (resp. 

If one restricts the mapping ~ : L -

aT , then these fibrations of s 1 

s1 x ao2 + s 1 resp. ao2 x s 1 + s 1 . 

0 2 + 
x {y } ) in Ft resp. Ft. 

K + s 1 to the tori aT+ resp. 

are isotopic to the projections 

Now we consider the complement 

space of ~- in L. This is a solid torus T with the same spine as 
+ p + 

T , and containing T in i t s interi or. We identify the pair 
+ 

(T,T ) 

with a pair of solid tori (S1 x 0 0 , s1 x o 1 ), where 
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D0 = {z E a: I lzl 2_ 6} 

K, with parametrisation 
+ 

trivialisation of aT 

and o > 1. 
+ 

On T in T lies the torus knot 

x = e2ni~/q, y = e2 ni~/p relative to the chosen 

s1 x s 1 = {(x,y) E a: 2 I lxl = 1, IYI = 1} (in 

particular, the linking number of K with the spine equals p). 

We consider the restriction of ~ to T - K 

From what we have said above it is clear that the mapping on the boun­

dary S1 X a00 induced by ~p,q iS isotOpiC tO the projection On the 

second factor Hence we can replace the mapping ~p,q by an iso-

topic mapping 

V : T - K + Sl 
p,q 

with the following properties 

(i) The fibres of the mapping meet the boundary in q circles parallel 

to the spine (i.e. circles s1 x {yi}). 

(ii) vp,q is equivalent to the restriction of the Milnor fibration 

E - K + s1 to a solid torus somewhat larger than T+, namely the 

complement space of If-. 
p 

These mappings vp,q are the blocks f r om which we shall build the 

Milnor fibration for a singularity wit h several Puiseux pairs. 

One obtains a good intuitive grasp of the way the fibres of vp,q 

lie in the solid torus T when one looks again at the model o f the 

Milnor fibre on p. 552, which we obtained by projection of the torus 

knot . In this picture we have in fact shown the part of the Milnor 

fibre which lies in the somewhat larger torus T . One obtains the 

whole fibre by attaching to each of the q "latitude circles" a disc 

in the complementary solid torus. 

Now we give an iterative description of the construction of t he 

Milnor fibre for an iterated t orus knot. 

iterative generation of the knot itself. 

construction takes a "small" solid torus 

structed torus knot Ki-l of (i-l)th 

The construction follows the 

As we have seen in 8 . 3 , this 
+ 

Ti around a previously con-

order, and draws on it a torus 

knot K. 
.thl. 

(of first order on + 
aT. l . 

]. 
The resulti ng torus knot is then 

of l. order. The type of Ki 

these numbers are only determi ned 

is given by two numbers. However, 

when a trivialisation of the boun-
+ 

dary of Ti is chosen . We have seen that there are two possibilities 
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for carrying out such a trivialisation consistently. The first works 

with parallels (= latitude circles) and meridians, the latter of which 
+ 

bound discs in Ti transverse to the spine The second method 

uses the fact that each K. 
l. 

is embedded in a solid torus in a special 

way. We have used this second method because K. 
l. 

is then simply of 
.th . . 

type (mi,ni), where (mi,ni) is the 1. Pu1.seux pa1.r. However, in 

describing the Milnor fibration it is more convenient to go over to the 

other description. 

We consider a Puiseux expansion with only essential terms 
n 1;m1 n 2;m1 .m2 n ;m1 ... m 

y=x +x + ... +xg g 

We define the numbers and recursively by 

ni - ni-lmi + pi-lmimi-1 ' pl = nl 

m .• 
l. 

trivialisation of tori) a torus knot on + 
3Ti of type 

is the linking number of K. 
l. 

with the spine Ki-l 

(Remark : this linking number is the intersection number of the curves 

which result from breaking off the Puiseux expansion at the (i-l)th 

resp. ith places, and can be computed by the methods of the previous 

section.) 

tion 

T. 
l. 

meet 

Now we suppose that we have already constructed the Milnor fibra­

~i-l : s 3 - Ki-l + s 1 . We consider a small tubular neighbourhood 

of Ki-l" Ti is a solid torus, and the fibres Fi-l,t of ~i-l 

Ti in curves which obviously have linking number 0 with 

Ki-l = aFi-l,t" Hence one can- by the first method- trivialise the 

boundary aTi so that each fibre Fi-l,t cuts the torus aTi trans­

versely in a parallel circle. Now we define our fibration : 

as follows : 

ljJ 
pi,qi 

qi 

~i-1 

(Here we have identified T. with the solid torus 
l. 

viously constructed the fibration 
+ smaller torus T and K. with 

l. 

T on which we pre­

with the 



557 

These mappings fit together, because they induce the same fibration 

on the boundary aT .. 
J. 

* What does a fibre of <l>i look like ? Let F be the 
pi,qi,t 

* Then F 
pi,qi,t 

results from the Milnor fibre of 

by removal of qi discs. On the resulting boun-

dary components of we attach the co nnected components of 

the fibre of <l>i-1 over t along their boundaries. The latter 
th 

obtained as follows : let '1' . .. · 'q . be the q i roots of t, 

let Fi-1,<. be the fibres of cj> . 1
1 : s3 

- Ki-1 
+ sl over 1: • • 

J_- J. 
J. 

F. 1 F. 1 1- ,Ti 1- , Ti 
If . . 

J. 
This surface is of c ourse isotopic to 

in an obvious sense, because only a collar has been removed 

F i _ 1 , , . . The F . 1 
qi 

are the components of $i-l 
1. 1.- ' T . 

henc e we obtain t he 1 f ull desc ription o f the Milnor fibre 

Example : 

3 

2 

13 

2. 

u F'. 1 J_- "( 

' qi 

from 

are 

and 

Let 

The Milnor fibre of 
2 13 

x + y has genus 6, hence the Milnor fibre 

F2 ,t looks like this as an abstract surface (i.e., disregarding embed­

ding in s 3) 
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We have just described the Milnor fibre abstractly, as well as with 

its embedding, but we shall not attempt to draw an embedding for this 

example here, though with a suitable projection of the knot it would 

certainly be possible. 

So much for the description of the Milnor fibration using Puiseux 

pairs. 

To describe the Milnor fibration by means of resolution or the mul­

tiplicity sequence it is convenient to consider, not the Milnor fibra­

tion itself, but an equivalent fibration which is in any case more natu-

ral from the standpoint of analytic geometry. We now want to describe 

this fibration. 

(Y,O)C (([2 ,0) 

As always, we investigate a plane singularity 

with equation f(z) = 0. Let B be a ball around 

with sufficiently small radius. 

Lemma 1 : 

For sufficiently small o > 0 the mapping 

f: B!l {zE ([2 I \f(z)\ = o} +so 

0 

onto the circle S0 = {T E ([ \ \T\ o} is a locally trivial differen-

tiable fibre bundle, and this fibration is equivalent to the Milnor 

fibration of Y. 

Proof : 

A complete proof may be found in the book of Milnor [Ml], p. 52 ff; 

here we give only a rough outline of the idea. 

The Milnor fibre Ft (t E s 1 ) is the intersection of the preimage 

of the ray through 0 and t with the boundary S = aB of the ball 

B : 

-1 
Ft = f ({At\>.> O}) n as. 

One constructs a vector field on B- f- 1 (0) which is always tangential 

to the surfaces f-l({lt\l > 0}) and directed "outwards". 

Here is a schematic picture 
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(aesl lf<•>l > U 

1 ' 

By integrating this vector field one transports f- 1 (8 0 ) ~ B into the 

boundary s = aB of B and thus obtains a diffeomorphism ~ between 

f-1 (8 0) f1 B and the c omplement S- {z E S I l f (z) I < o} of a tubular 

neighbourhood {z E. S I If (z) I < o} of the knot K = Y (') S such that 

the following diagram commutes. 

-1 
f (S 0 )(')B 

~ 
l> s - {z E. s I If (z) I < a} 

f l 1 f 
<I> m 

so sl 

T T/o 
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If 6 is sufficiently small, then the fibration 6 on 

{zE sl lf<zll < 6} has an "open book" structure as we have described 

in the definition of fibred knots, and <jl s- {z€ Sl lf<zl I~ 6} + s 1 

is equivalent to the fibration <jl : S- K + s 1 . The equivalence of 

fibrations asserted in the lemma then follows. 

The description of the Milnor fibration S - K + s 1 originally 

given, by z ~ f(zl/lf(z) I, is a typical topological, or more precisely, 

differential topological, construction in the category of differenti able 

manifolds. The second description of this fibration, which is equiva-

lent to the first by Lemma 1, takes the actual situation better into 

account, since we are analysing a complex analytic situation here. With 

this construction the fibres 

Xt = {z £ B I f (z) = tl 

are not only differentiable manifolds diffeomorphic to the Milnor 

fibres, but they are even complex-analytic manifolds. This yiel ds an 

important relation between the local complex analytic situation studied 

here and a frequently studied global algebraic-geometric situation : 

when f(z) is a polynomial in two variables without multiple factors, 

one can also consider the family of plane affine-algebraic curves 

ct = {ze: a:2 I f(z) = t}. 

Suppose that c 0 has a singularity at the origin. If we choose B 

to be a ball around 0 in a:2 of sufficiently small radius £, then 

a sufficiently small o and t f 0 such that l t l < o, then the inter-

section 

is just the Milnor fibre. Thus the curve Ct , 0 < ltl < o resulting 

from c 0 by deformation differs from c 0 in B the way the Milnor 

fibre Xt differs from the singular analytic set x0 . This connection 

between the local and global situation i 's the basi s for the later appli­

cation of our results to the proof of the Noether formulae. 

Next we describe the Milnor fibration with the help of the stan­

dard resolution of the singularity. Let n : X + a:2 be the standard 

resolution of the singularity (Y,O) c (a:2 ,0). 

We l e t o 1 , ... ,Dr denote the lines of the exceptional divisor rr-1 (0) 

and let Y1 , ... ,Yk denote the components of the strict preimage o f Y. 

Let m. 
l. 

be the order of vanishing of the function f o rr on D . 
l. 

(i.e. 
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-1 
mi is the multiplicity of Di in the divisor n (0)). In the pre-

vious chapter we have described how all this information may be obtained 

from the resolution graph of the singularity. 

Under resolution,rthe ball B becomes a neighbourhood B of the 

exceptional divisor U D. and the Milnor fibration 
i=l 1 

f: {zE Bj jf(z)j = o} + S 0 

is equivalent to the fibration 

f on : {zE Bj jf o n(z)j = o} + S 0 . 

In particular, the Milnor fibre F f-l(o) n B is homeomorphic to 

F : = {z E B I f 0 n(z) = o}. 

The following picture illustrates this in a schematic way 

JJ ~k 

~: 
:lr 

I 
I 
I Di 
I 

~! "' B 

This is indeed a very schematic picture : F is a real 2-dimensional 

connected manifold which hugs closely to the real 2-dimensional total 

pre image 
-1 

in 4-dimensional x. n (Y) the real space 

In a neighbourhood of a simple point x0 of the total preimage of 

Y, f o n looks, in suitable coordinates, like 
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where m is the order of vanishing of f 0 1T at The fibre 

is locally homeomorphic to the set 

hence, around x 0 , F is locally an m-fold covering of the component 

Di resp. Yk through x 0 of the total preimage o f Y. 

At a crossing point x 1 of two components D and E of the total 

preimage, f o 1T looks, in suitab le coordinates, like 

where m resp. n is the multiplicity of D resp. 
-1 

1T (Y). Around x1 we construct the polydisc 

whose boundary consists of the two solid tori 

+ 
T 

and T 

{ (zl' z2) E t~l I zll 

{(zl,z2) E. t~l lz21 

1} 

1} . 

We assume without loss of generality that o < 1. 

E_ 

T~ 
T+ v 

\ 

A 

E in the divisor 

D 

F then meets T 
+ 

and T each i n gcd(m,n) circles, because 

F()T 
+ 

{ (z1 , z 2 l I lz1 1 
m n 

= 1 and zlz2 

is obviously the union of gcd(m,n) torus 

( m 
gcd(m,n) 

--~-n--~) and analogously f o r 
' gcd (m ,n) ' 

sees the following : 

= o} 

knots of type 

Also, one easily 
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F n ~ consists of gcd(m,n) cylinders spanning the circles of 

In particular, the Euler characteristic of F n ~ 

equals zero. 

We now want to put together F from the pieces just described. 

Around each of the double points of 
_ 1 r s 

11 (Y) = U D. '-' U Yk 
i=l ~ k=l 

we choose a small polydisc as above. Let K be the union of all these 

polydiscs. Thus if the exceptional curve Di meets exactly ri other 

is an ri-tuply perforated curves of the total preimage, then D. - K 
~ 

2-sphere. 

F is made up of pieces of F - f{ "'F which cover the perforated 

spheres D. - K we shall call these pieces M. - together with the 
~ ~ 

intersection of F with K (which is a union of cylinders) and the 

parts o f F - f{ n F which lie over the component s Yk - K. The 

latter are simple coverings of the perforated disc Yk - K, and hence 

also cylinders. 

Each Mi is an 

face with holes. 

mi-fold covering of Di - K, and hence a Riemann sur­

Cylinders of F I\ K are attached t o these holes ; 

as we ha v e s e en a bove, gc d(mi,mj) 

tion point of Di with Dj. Mj 

c ylinders c orre spond to an intersec­

is attached t o the other end of the 
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cylinder. One proceeds analogously for the intersection of 

a component Yk. 

Example 

D . 
l 

with 

We consider the singularity (x2+y 3 ) (x3+y2 ) 

resolution looks like this : 

0. The standard 

t, 
_\._ ______ _ 

and 

t2 
---- ___ _/._ 

5. 

~D 
4 

""'-n 
5 
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To compute the Euler characteristic of F we apply two elementary 

properties of Euler characteristic : 

Lemma 2 

(i) If A and B are subcomplexes of the simplicial complex A u B, 

then 

x(A U B) = X(A) + X(B) - X(A n B). 

(ii) If B + A is an m-fold unbranched covering, then 

X (B) = m · X (A) • 

Proof : 

(i) The numbers of n-simplexes satisfy 

#(n-simplexes of Au B) 

#(n-simplexes of A) + #(n-simplexes of B) 

- #(n-simplexes of A~ B). 

(ii) A sufficiently fine triangulation of A may be lifted to a trian-

gulation of B. For each n, the number of n-simplexes is multi-

plied by exactly m. 

In our case, F is the union of the M. . the components of F I"\ K, 
~ 

and the parts of F lying over the Yk. Apart from the M. all of 
~ 

these are parts of the cylinder sl X [0,1). and hence of Euler charac-

teristic 0. The intersections of the individual parts are circles, 

and hence also of Euler characteristic 0. 
r 
2 X (11.) • 

i=l ~ 

Hence by Lemma 2(i) 

Each Mi is an mi-tuple covering of the ri-tuply perforated sphe re 

Di- K, hence by Lemma 2(ii) 

x<M . ) = m. (2-r.). 
~ ~ ~ 

Altogether, the Euler characteristic of the Milnor fibre F is given 

by : 

Lemma 3 : 
r 

X (F) l: m. (2-r.). 
i=l ~ ~ 

As already mentioned, the mul tiplicities 

the e xceptional divisor , and the numbers r. 
~ 

m. of the lines 
~ 

of double points of 

D. 
~ 

of 

-1 
11 (Y) on Di , may be easily determined from the resolution graph of 
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the singularity, and for that reason Lemma 3 a l l ows the genus of the 

Milnor fibre to be calculated without difficulty from the resolution 

graph. We omit the derivation o f an explicit formula. 

Example 

For the singularity 
2 3 3 2 

(x +y ) (x +y ) = 0 just considered 

X(F) = 5.1 + 10. (-1) + 4.0 + 10. (-1) + 5.1 = -10. 

F is therefore a twice-perforated surface of genus 5, in agreement 

with the geometric description o f F already found. 

So much for the description of the Milnor fibre with the help of 

the resolution graph for the standard resolution. 

In conclusion, we now give a formula for the computation of the 

Euler characteristic of the Milnor fibre from the multiplicity sequence. 

We shall apply t his formula in the next paragraph to prove the formulae 

of Clebsch and Noether. 

Theorem 4 

Let (Y,O ) C (~2 ,0) be a singularity with r irreducible compo-

nents . Then the Euler characteristic of the Milnor fibre F of Y is 

where v. 
l. 

runs through the multiplicities of the strict preimages o f 

Y at all infinitely near points of 0 E. y. 

Examples : 

(l) When Y is an ordinary double point, r 2 and there are 

( 2) 

no further v . . 
l. 

Therefore 

x(FJ = 2 - 2.1 = o, 

in agreement with the fact, long known to us, that in this case 

the Milnor fibre is a cylinder s1 x [0,1). 

>vhen y is an ordinary cusp , r = l, \11 = 2 and the other \), 
1. 

equal l. Therefore 

x(FJ = l - 2 = -1 

in agreement with the fact - which we have already found - that 

Milnor fibre is a perforated torus in this case. 

(3) For the singularity (y2 +x 3 ) (y3+x2 ), the tree of infinitely near 

points (weighted by multiplicities) l ooks l ike this : 

the 
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• • 

4 

Thus X(F) = 2- 4.3- 1.0- 1.0- 1.0- 1.0 -10, in agreement with 

our earlier calculation. 

Proof of Theorem 4 : 

If Y is regular at 0, then the theorem is certainly correct. 

We carry out the proof by i nduction on the number of a-processes which 

are necessary to resolve the singularity. 

small ball B around 0 and represent F 

F = B n f- 1 (t). Now we blow up the point 

- 2 
11 : X + a: . 

As in Lemma 1 we choose a 

by a regular fibre 

0 E a:2 once by 

Suppose the strict preimage Y of Y consists of s components 

Y1 , ... ,Ys, and let E be the exceptional line 1!-1 (0). 

Y. 
J 

y. I 
J+ 

E 

By Lemma 8.4.1, Y meets the exceptional line E with multipli-

city 

\! := \!0 (Y) 

s 
i. e . L v (Y. ,E) 

j=l J 
\). 

By slightly pushing the Y. 
] 

one can obtain analytic sets Y'. 
] 

(l) 

which 
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meet E transversely in points and give analytic curves Y. 
J 

in the ball B when blown down . 

Y! 
J 

E 

Let f' be the equation of Y VY. 
J 

(it is not trivial to show 

that there is such an equation f' which describes the blown down 

curve Y in the whole of B!). F := f'- 1 (t) ~ B is homeomorphic to 

the original Milnor fibre F if all the deformations are chosen to be 

sufficiently small. The strict preimage F' of F is homeomo§phic 

to F (and hence also to F) and hugs the total preimage E v U Y'. 
. J 

of Y in a similar way, as we have seen in the proof of Lemma j~l 

E 

F' 

Around each of the intersection points of Y'. and E we c hoose 
J 

a small polydisc. F' is now composed of a part 11 which covers the 

perforated line E as above, the intersections with the polydiscs just 

chosen, and the parts of F' which lie over the Y' .. 

M is a v-tuple covering of 

rated projective line E. Henc e 

x(M) = v(2-v). 

s J 

the ( L v(Y.,E) = v)-tuply 
j = l J 

it follows by Lemma 2 that 

perfo-

(2) 
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The intersections of F' with the polydiscs are again cylinders, and 

the intersections with the individual pieces are again circles. 

Thus it remains to compute the Euler characteristics of the parts 

F'. of F' which lie over the Y' . . 
J J 

Outside the polydiscs, Fj is deformable into the Milnor fibre F. of 
J 

Yj , as the arrows in the above picture indicate. Thus Fj is homeo­

morphic to the v(Yj,E)-tuply perforated Milnor fibre Fj of Yj (and, 

since Y~ results just from pushing Y. F. is also the Milnor fibre 
J J J 

of Yj). Consequently 

Altogether, it follows by Lemma 2 from (1), (2), (3) that 
s 

x(F') = x(M) + L x(F'.) 
j=l J 

-v 2 + 2v + I x(F . ) 

s 
j=l J 

L x(F.) - v(v-1). 
j=l J 

Since F' ~ F, we obtain 

s 
- L v(Y.,E) 

j=l J 



x<Fl 
s 
I x<F.) - v(v-1) 

j=l J 
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where F. is the Milnor fibre of the component Y . of the strict pre-
J J 

image of Y. The formula of Theorem 4 then follows by induction . 

Remark 

Besides Lemma 3 and Theorem 4 there are further useful formulae for 

computing the homology of the Milnor fibre F : 

{i) Let (Y,p) be an analytic curve germ and let 

(abstract) resolution of singularities. If 

then n induces an injective mapping : 

r 
1T* : 0 ... 6l 0-

Y,p i=l Y,pi 

n : Y + Y be an 

~-1(0) { } " pl, · · · ,pr ' 

via f ..,. f o n. In [Ml], §10, Milnor proves the following formu-

la for the Euler characteristic of the Milnor fibre F : 

x<Fl 

0 
p 

= r - 2o where 
r p 

dim ( 6l 0- /n*(O )) . 
~ i=l Y,pi Y,p 

Incidentally, this number 2o has already surfaced in Theorem 
p 

8.3.16 in connection with the deformation theory of the singularity, as 

an upper bound for the number of essential parameters for the deforma-

tions with the same topological type as a given singularity. More pre-

cisely, one can show the following : the number of essential parameters 

for the perturbation or, as one says, unfolding of a holomorphic func­

tion f with an isola ted singularity (without preservation of topolo­

gical type ) equals the f i rst Betti number of the Milnor fibre associa­

ted with the singularity (cf., e.g., [Al]). 

The first Betti number of the Milnor fibre F is also called the 

Milnor number ~· Of course, x = 1-~ because F, being a connected 

bounded manifold, has second Betti number 0. 

(ii) If f is the equation of the singularity, then 

. af af 
~ = d~m~~{x,y}/(-- , --) . "" ax ay 

For a proof, see [Bll], Appendix B. 

In all, we have obtained the following formulae for ~ 

~ = dim ~{x,y}/ (~~ , ~~) 



574 

r 
2 dim e 0- /n*O - r + l 

i =l Y,pi Y,p 

(iii) A beautiful description of the Milnor fibre from the Newton poly­

gon is given by F. Ehlers in [El]. 

In our investigation of the Milnor fibration ~ 

we have mainly described the structure of the f ibre 

rfr : s - K + s1 

-1 
Ft = ~ (t) . But 

still more information is lodged in the Milnor f ibration : if one runs 

o nce around t he c i r c l e [0,1] + s1 with t he p a r ame t r isat i o n , ~ e 2 ni< 

then this path may be lifted to a homotopy (h ) 

' 

Each h, is a diffeomorphism of F1 onto F 2 ni<" 
e 

Th e d iffeomorphism 

is called the (geometric) monodromy of the singularity. The Mi lnor 

fibration is determined, essentially uniquely, by the fibre F = F1 and 

the monodromy h, bec ause it results from the t r ivial fibration 

F x [ 0 ,1] + [ 0 ,1] by past i ng F x {0 } t o F x {1 } by h. 

The monodromy of singularities was already inv estigated by Picard-

Simart [P4] and then especially by Lefschetz [Ll] around 1924. Inves-

tigation of the connection between monodromy and Feynman integrals in 

physics by Pharo [P2] and the related work [B4] has greatly strengthened 

i n terest in t h e study of s i ngulariti es . 

Homo l ogy a nd Fe y nman Integrals [H7 ].) 

(See also : Hwa-Tep l i t z , 

In a similar direction, there are important works of Grothendieck, 

Deligne, P.A. Griffiths, Thorn, Mather, Arnold. 

In the meantime, numerous methods f o r the investigation of the 

mo nodromy of s i ngula rities have been devel op e d, a nd the y could in them-

s elves be t he s ub ject o f a c o urs e. Some o f t h e p r ocesses introduced 

above to describe the Milno r fi bre may be applied, with a littl e more 

effort, to obtain statements about the monodromy . Time prevents us 

from going further into this, u nfortunately, and we refer instead t o the 

works [A4], [AS ] , [A6 ], [A7] o f A' Campo in parti c ular, where the mo no­

dromy of c u r v es is inve s t igated by t h ree qui t e d i ffe r ent and beautiful 

geome t r i c me thods. The first me thod u ses the ite rative construction of 
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the Milnor fibration, which we have developed at the beginning of this 

section following A'Campo. The second uses a wonderful combination of 

resolution and deformation of singularities, real and complex algebraic 

geometry, and Picard-Lefschetz theory. The third uses the description 

of the Milnor fibre by resolution which we have developed in this sec­

tion and which goes back essentially to Clemens. 

With this we leave the local study of singularities of plane cur­

ves, which has been our theme for this whole long chapter, and go to 

global investigations in the last chapter. 

local results very useful. 

There, we shall find the 



9. Global Investigations 

9.1 The Plucker formulae 
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Now that we have investigated the local properties of plane curves 

and their singular points from various viewpoints, in the previous para­

graph, we next want to derive global assertions about plane complex pro­

jective algebraic curves. Above all, we shall calculate global invari­

ants of such curves from the local invariants of their singular points 

which we have investigated earlier. The global invariants in question 

are the order, class and genus of curves. Formulae for the order and 

class were first presented by J. Plucker in 1834, and later generalised 

by M. Noether 1875 and 1883. We want to deal with these formulae in 

the present section. Then in the next section we shall derive the for­

mula for the genus, which in special cases goes back to Riemann 1857 

and Clebsch 1864, and in its general form to M. Noether 1874 and Weier­

strass. 

We have already defined the order of a plane curve C without 

multiple components, at the beginning of our analytic-algebraic investi­

gations of curves in 2.3 and 5.1, as the degree of the polynomial des­

cribing the curve C. The order is the simplest conceivable i nvari ant, 

and its significance was already seen by Newton. It is an invariant, 

not of an abstract curve, but of the curve C in the projective plane. 

The local analogue of this invariant is the multiplicity of a curve 

germ, which we have defined in 5 .3 . 

As soon as the idea of dualit y emerged in t he development of pro­

jective geometry, one could associate further invariants with a curve 

C, by considering the known invariants, but for the dual curve C' of 

C. In 6.2 we have defined the dual curve C' as the set of tangents 

of C, where these tangents are regarded as points in the dual projec­

tive plane. The order of this dual curve C' is then a new invariant 

of C, the class of C . It is important that this invariant l ikewise 

depends on the embedding in the p rojective plane, and that to define it 

one needs the geometry of the plane, since one must be able to view 

tangents as lines in the plane and points in the dual plane. 

It is clear how one must def i ne a corresponding local invariant 

for the branch of a plane algebrai c curve : the c lass of such an irre­

ducible branch i s the multiplicity of the corresponding point on the 

, ,  
DOI 10.1007/978-3-034 -0 - _9
E. Brieskorn and H. Knörrer Plane Algebraic Curves: Translated by John Stillwell

8 493 6 , © Springer Basel 1986
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dual curve. For a reducible curve germ the class is the sum of the 

classes of the branches. 

Example 

Let C be an irreducible cubic with a cusp. 

nates (x0 ,x1 ,x2 ), C has the equation : 

In suitable coordi-

2 3 
x 0x 1 + x 2 = 0. 

The point (x0,xi,x2l of the dual curve which corresponds to the point 

(x0 ,x1 ,x2 ) of c satisfies 

By eliminating x 0 , x 1 , x 2 from this and the equation of C one ob­

tains the equation 

27x'x' 2 - 4x' 3 = 0 
0 1 2 

for C'. Thus the dual curve C' is again a cubic with a cusp. The 

cusp (1,0,0) of C corresponds to the inflection point (0,1,0) of 

C', and the inflection point (0,1,0) of C corresponds to the cusp 

(1,0,0) of C'. 

It is very pleasant to see the relation between the form of a curve 

and its dual, for suitably chosen examples, illustrated by pictures of 

the corresponding real curves. 

In order to construct the dual of a given curve C without a lot 

of calculation, one can describe the duality which associates points of 

the plane E with lines of the dual plane E', and lines of E with 

points of E', in terms of the pole-polar relationship for a circle : 

each point p is associated with its polar in the circle, each line 

with its pole. 
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The polar of p with respect to a circle is defined by elementary geo­

metry, as the line connecting the two contact points of the tangents 

from p to the circle. When the circle has the equation 

in cartesian coordinates, then the polar of the point p 

the equation 

ax + by = 1. 

(a,b) has 

Thus the pole-polar relationship associates the line with affine equa­

tion ax + by = 1 with t he point whose affine coordinates are (a,b) , 

and this is precisely the analytic description of duality. 

On the basis of this analytic description it is also clear how one 

must extend the elementary geometric definition of polar when the pole 

p lies inside the circle. 

One constructs the chord through p perpendicular to the radius 

through p, and then constructs the tangents at the points where this 

chord meets the circle. The parallel to the chord through the inter-

section of the tangents is the desired polar of the pole p. 

The following pictures show some pairs of dual curves, constructed 

wit h the help of the pole-polar relationship in a circle. 
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, , , , 

' ' ' 

Constructi o n o f the dua l o f the cis s oid o f Diocles using the pole-polar 
relation in a circle. The cusp o f the cisso id c o rresponds to t he i n­
flection point of the dual curve, and the cusp of the dual curve c orres­
ponds to the inf lection point (at infinity) of t he cissoid. 
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c 

Construction of the dual C1 of the cubic C with an ordinary double 
point p. The two tangents through p are the polars to the points 
p 1 and p 1 1 on C1 r e l ative to the circle. The line through p 1 

and p 1 1 is the polar of p. This line is a double tangent. The 
cusp of C 1 corresponds to the inflection point, at infinity, of C. 
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The dual o f the three-cusped hypo­
cycloid (p . 32) is a nonsingular c u­
bic. The three real cusps p, p 1 1 

p 1 1 of the hypocycloid correspond 
to the three real inflection points 
q, q 1 , q 11 of the cubic. These lie 
on a line, the polar of the inter­
section of the three tangents through 
the three cusps. 
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Dual of the astroid. The duality is expressed by the pole-polar rela-
tionship in the circle. The four cusps of the astroid correspond to 
the four inflection points of the dual curve. Since the tangents 
through opposite cusps of the astroid coincide, the dual curve has two 
double points, and for each branch of the dual curve through such a 
point the double point is an inf lection point. 
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From the analysis of these examples we can already learn s omething 

about the relation between a c u rve C and its dual C'. The simple 

cusps of c correspond to the simple inflection points of C ', and 

dually, the simple infle ction points of C correspond to the simple 

cusps of C'. The ordinary double points of C correspond t o t h e ordi-

nary double tangents of C', and the ordinary double tangents t o double 

points of c' . The ordinary tangents of C (i . e . those which have a 

contact point o f multiplicity 2 with C and are otherwise transverse) 

correspond to the regular points of C', and the regular points o f C 

corre spond to the ordinary tange nts of C'. 

of all this - the proof is not difficult. 

We omit the ge ne ral p r oof 

The class o f a curve, as the examples show , is in general quite 

different from its order. We have already obtained some preliminary 

results on the relation between class and order. In 6. 2. 7 we proved, 

with the help of Bezout's theorem, that a nonsingular curve o f o rder 

m > 1 has class m(m-1). For singular curves t he class is smaller 

than m(m-1), and each singular point contributes to the lowering o f the 

class. In what follows we shall calculate precisely how much a singu­

lar point lowers the class. 

Previously we have also obtained results on the number of inflec-

tion points of a curve C of ord e r m (7 . 4.1 and 7 .4. 2 ). We have 

shown that the regular inflection points of C are cut by the Hessian 

curve He , that their multiplicities equal the intersection multipli­

cities of C and He at the points in question, and that for this rea­

s o n the number o f infl ect ion points o f a no nsingular curv e is 3m(m- 2 ) 

by Bezout ' s theorem. In what fol l ows we also want t o comp ute t his num-

ber for singular curves. 

In an important special case, all the question s just raised are 

answered by the Plucker formulae. 

Theorem 1 (Plucker formulae) 

Let C be a p l ane c u rve withou t multiple compon e nts and without 

lines as components, and let C' be the dual curve of C. Assume that 

the curves C and C' have at mo st ordinary double points and simple 

cusps as singular ities. This is equivalent to C's having o nly ordi-

nary double points a nd c us p s as s i ngu larities, a nd only o r dina ry tan­

gents , ordinary doubl e t angents and simpl e i n flect i on tangen ts. Suppose 

that 
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n is the order of c 

n' is the order of C' 

d is the number of ordinary double points of c 

d' is the number of ordinary double points of C ' 

s is the number of cusps of c 

s' is the number of cusps of C'. 

So n' is the class of c 

d' is the number of double tangents of c 

s' is the number of inflection tangents of c. 

These projective invariants are subject to the following relations: 

(i) n' n(n-1) - 2d- 3s 

(ii) s' 3n (n-2) - 6d - 8s 

(iii) n = n' (n'-1) - 2d' - 3s' 

(iv) s = 3n' (n'-2) - 6d' - 8s'. 

Remarks : 

(1) One immediately deduces from the formulae that they are no t inde­

pendent : from any three of them one can derive the fourth by a 

simple calculation. 

(2) The formulae easily yield the following assertion : any three of 

the six numbers n, d, s, n', d', s' are determined by the remain-

ing three. For example, n, d, s determine the numbers n' and 

s' by the formulae (i) and (ii), and d' is obtained from (i), 

(ii), (iii) by the formula 

d' = ~n(n-2) (n2- 9) - (2d+3s) (n2-n-6) + 2d(d-l) + ~s(s-1) + 6ds. 
2 

(3) The formulae (iii) and (iv) in Theorem 1 are dual to the formulae 

(i) and (ii). Hence to prove Theorem 1 it suffices to show (i) and 

(ii). But these formulae are simple special cases of the corres-

ponding formulae (i) and (ii) in Theorem 2 which follows ! 

Examples : 

(l) As our firs t example we consider the irreducible cubics, which we 

have already classified up to projective equivalence in 7.4, and 

divided into three types . Since these curves can have at most one 

ordinary double point or one simple cusp, one knows the numbers n, 

d, s. The Plucker formulae the n yield n', d', s'. The results 

are collected in the followi ng table and are in agreement with 
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propositions 7.3.3, 7.3.12 and 7.3.13 and the constructions of dual 

curves carried out previously. 

curve n d s n' d' s' dual curve 

nonsingular cubic 3 0 0 6 0 9 sextic with 9 cusps 

cubic with ordinary 3 1 0 4 0 3 quartic with 3 cusps, 
double point 1 double tangent 

cubic with cusp 3 0 1 3 0 1 irreducible cubic with 
cusp 

(2) As our second example we consider the astroid, which we defined in 

1.7 and have already investigated in 2.4. The equation was 

Thus n = 6. For the affine curve we have found 8 singular 

points : the 4 cusps (0,~ 1), (~ 1,0) and the 4 points (~i.~i). 

The latter 4 points are ordinary double points, because at these 

points the equation has a nondegenerate quadratic term. We find 

2 more singular points at infinity. These are likewise cusps. 

One sees this without calculation, on symmetry grounds, since intro­

duction of suitable homogeneous coordinates gives the homogeneous 

equation 

The Plucker formulae then give the following invariants for the 

astroid : 

n = 6 

d 4 

s = 6 

n' 

d' 

s' 

4 

3 

0. 

The dual curve is a quartic with 3 ordinary double points, of which 

two are real, and with 6 branches having inflection tangents, of 

which 4 are real. Thus we have applied Plucker formulae under 

somewhat more general assumptions than in Theorem 1 : after all, 

the tangents through opposite cusps of the astroid do coincide. 

(3) As our third example we compute the number d' of double tangents 

of a nonsingular curve C of order n. It follows from the re-

mark (2) following the Plucker formulae that 

d' = >,n(n-2) (n2-9). 
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For n = 1,2,3 we have d' = 0, which is clear in any case by Bezout's 

theorem, because a double tangent must cut the curv e in at least 4 points 

(counting multiplicity). Thus the smallest order for which double tan-

g e n t s can appear is n = 4. Here the r e sult i s 

d' = 28. 

These 28 double tangents of a plane quartic form a n interesting c o nfigu­

ration, which has been extensively investigated, f irst by Steiner and 

Plucker, then by Hesse, Aronhold and Noether, among others. I t is re-

lated t o other intere sting configurations, e.g. the Kummer c onfiguratio n 

and the configuration of 27 lines on a nonsingular cubic surfac e in 

A survey of the literature on this may b e found in Pascal's 

Repertorium der hoheren Mathematik [P7], Band II.l , Chap. XVIII , §5. 

Now we wan t to give the generalisation of t h e Plucker formulae found 

by We i erstrass and M. Noether . 

Theorem 2 

Let C be a plane algebrai c curve without multiple component s and 

without lines as components . Let n be the order of C and let n' 

be the class of C. Also, let s' be the number of inflection points 

o f c . Her e , all i n f lect i o n poi nts of n onsingul ar branc hes of C must 

b e c ounte d, and with the c o rrect multiplicity i n the s e nse o f 7. 3 . Let 

be the singular points of c and let vij be the multiplicities 

o f the infinitely near singular points of (C ,pi) . Finally , l et 

resp . vk be the orders resp. classes of the singular branches of 

The n the following f o rmulae h o l d f o r t he c l ass n' a nd the number 

of infle ction poi nts : 

(i) n' 

(ii) S I 

n(n-1) - Evij(vij-1) - E (vk-1) 

3n(n-2 ) - 3 · Evij( vij-1 )- E(2vk+vk-3). 

vk 

c . 

s' 

The basic idea for proving t he f o rmulae in Theorem 2 is quite simi-

lar for both f ormulae. For the fi r st formula we want to d e t e rmine the 

number n' of i nte rse ction s o f the d u a l c u rve C ' with a line L' in 

the dual projective plane, and for the second formula we want the number 

of regular inflection points of C . We already know from 7.3.1 and 

7.3.2 that the inflection points o n C are its intersections with the 

Hess ian c urve He. Thus we o nly nee d to det ermine the number of i n t er-

sectio n s of C with He , a nd i t equa l s n ·3 (n-2 ) by B~zout's theo rem. 

However, since we wa nt only the numb e r s' of s mooth inf lection points , 
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we must subtract the sum of the intersection numbers of C and He at 

the singular points of C. Thus the proof of formula (ii) reduces to 

computation of the intersection numbers at the singular points, from the 

multiplicities of their infinitely near points. 

In a similar way, we also reduce the proof of formula (i) to the 

computation of the intersection numbers of C with a suitable curve, 

namely a polar. To do this we first go from the problem of determining 

intersections of C' and L' to the dual problem : the points of the 

line L' in the dual plane correspond to the lines of the pencil in the 

original plane through the point p dual to L'. An intersection 

point of L' and C' corresponds to a tangent to C which goes through 

p. We describe the situation analytically. Let xO,xl,x2 be homo-

geneous coordinates, let p = (aO,al,a2)' and let F(x0 ,x1 ,x2 ) be the 

equation of c. By 5.3.4, the equation of the tangent to c at a 

regular point (x0 ,x1 ,x2 ) reads 

aF aF 
~a· ---(xO,xl,x2)+~1·---(xO,xl,x2)+~2· ax0 ax1 

0. 

Here are constant - for the moment - and are varia-

ble. If p is to be a point on this tangent, then it must satisfy 

this linear equation . Thus one obtains the linear equation 

If we regard (a0 ,a1 ,a2 ) as constant in this equation, and (x0 ,x1 ,x2 ) 

as variable, i.e. if we consider (*) to be the equation of a plane curve 

C of order n-1, then the intersections of this curve with C are just 

the points of C whose tangents go through p. More precisely : they 

are the points qi of C for which the line through qi and p meets 

the curve at p with multiplicity greater than one. Among these points 

are the points qj for which the line through qj and p is a tangent, 

and the number of these points, counted with the correct multiplicity, 

is just the number n' to be determined. However, the singular points 

of c also appear. When we have chosen the point p in sufficient 

generality, the tangents to C through the singular points do not go 

through p, and hence the singular points need not be counted in the com-

putation of n'. Thus we find the class n' to be the intersection 

number of c and e, which by Bezout is n(n-1), minus the sum of the 

intersection multiplicities of c and e at the singular points of c. 
In this way, the proof of formula (i) of Theorem 2 is also reduced to 
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the determination of the local intersection multiplicities of C with a 

suitable curve C. This curve c is called the first polar of c 

relative to p, and in what follows we must study such polars in some­

what more detail. 

Definition : 

Let C be a plane curve of order n with homogeneous equation 

F(x0 ,x1 ,x2 ) = 0. Let 1 < r < n and let y = (y0 ,y1 ,y2 ) E P2 (~) be a 

point for which the homogeneous polynomial 

does not vanish identically. Then the curve of order n-r with 

tion 
r = 0 is called the 

th 
polar of relative DYF(x0 ,x1 ,x2 ) r c 

point y. 

equat i on 
2 
I y. 

i=O l 

In particular, the 1st 
polar, the curve of order 

0 

is simply called the polar of C relative to the point y. 

n-1 

equa-

to the 

with 

A few remarks are called f o r in explanatio n o f this definition 

I t follows , by c ompar i ng coe f ficients o f An-r~r i n the Taylor ex­

pansions 

F(AX+~y) 

that 

1 DrF(x) 
r! y 

n 

I 
r=O 

1 n-r 
(n-r) ! Dx F (y ) . 

Hence DrF (x) - 0 
y 

just in case all (n-r)-tuple partial de~ivatives of 

F vanish at y, i.e. when y is at least an (n-r+l)-tuple point of C 

(cf. p. 212) . Thus it is precisely in this case that the r-tuple polar 

relativ e to y is not defined. In particular, the 1st polar relative 

to y i s undefined only when y is a n n-tuple point of C. 

One computes immedia tely tha t the a bove d e f i nition d oes no t d e pe nd 

on the choice of homogeneous coordinates, so the polars of a curve rela­

tive to a point are projectively invariantly defined. 

The above definition is an alge braic d e f i n i tio n. We wa nt t o inves-

tigate whethe r a more geomet r ic p resent ation can be found , a t least fo r 

t he first polar . 
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To do this we simplify by choosing the homogeneous coordina t es 

(x0 ,x1 ,x2 ) so that the point p , relative to which we shall describe 

the first polar of C, has the c oordinates (0, 0 ,1). Suppose C has 

the equat ion F (x0 ,x1 ,x2 ) = 0. 

p has the equation 

Then t he first polar of C relative to 

If we introduce affine coordinates x, y with 

xl 

then the pencil of lines through p (with the e xception of the line at 

infinity) becomes the family of parallel lines 

X = c , c E a: 

and the curve C has the affine equation 

f(x,y) = 0 

where f(x,y) 

af 
ay (x,y) 

F(l,x,y). The affine equation o f the polar then reads 

0 . 

Thus we obtain t he following description of the polar : 

The affine equation of the polar, ~~(x,y ) = 0 , describes t h e affine 

curve of those points in the affine plane at which the curve Ct o f the 

family f(x , y ) = t, t € a:, has a vertical tangent x = c or a s i ngul ar 

point . I n par ticular , the polar of C relative to p c uts t he c ur-

ve C at precisely t he regular points o f C whose tangents go t h rough 

p, and at the singular points . 

The following picture illust rates this situation for the folium of 

Descartes with the affine equati on x 3 + y 3 - 3xy = 0. The polar is 

the parabola x = y 2 . 
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y 

Polar 

A polar of the folium of Descartes 

The pole lies at infinity on the y-axis. 

With the above choice of coordinates we have excluded the affine 

description of the polar in the neighbourhood of the pole. For general 

coordinates (xO,xl,x2) the polar equation 

~ + al 
aF 

+ a2 
aF 

0 ao ax0 ax1 ax2 

goes over to the affine polar equation 

( f af af 1 af af = 0 
ao n - xax- Yay + al ax+ a2 ay 

xl x2 
for the affine coordinates x = , y = Of course it is clear 

xo xo 
that for a quadric C this descr~ption of the polar coincides with the 

elementary geometric one. Because when C is a quadric, n = 2, and 

hence the polar is of order 1, i.e. a line, and this line must go 
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through the contact points of both tangents from the pole to C. 

One needs to be aware that this geometric description of the polar 

contains an arbitrary element, namely the choice of the line at infinity, 

The curves ct belong, in the projective description, to the 

linear system 

where n is the order of C. Another choice of homogeneous coordinate 

system would give another line at infinity and thereby lead to another 

linear system of curves. However, the polar woul d still be t h e same, 

since it is defined in a projectively invariant manner. 

For those who do not want to come to terms with this contradiction 

between the invariant algebraic definition and the non-invariant geome­

tric description of polars, I shall give yet another descriptio n o f the 

first po lar of C relative to p ¢ C. Again we consider the pencil of 

lines through p. Let L be a line in this pencil. We want to des-

cribe the n-1 intersections of L with the polar of C relative to 

p (n is the order of C) . 

we have described the polar. 

When we have done that for each L, then 

The line L cuts C in n points. 

we introduce an affine c oordinate y o n the line L s o that p ~ oo , 

then we obtain n numbers as the coo rdinate s of these n 

intersections with C. Now we construct the polynomial with these 

zeroes 

If 

Then t he n-1 intersec tions of L with the po l a r we s eek a r e the n-1 

criti cal points o f ~. t he solutions o f the equat i o n ~· (y) ~ 0, i . e. 

the solutions of 
n /'"--... 
I <y-y1 ) . .. <y-y.) ... <y-y ) o. 

i~l 1 n 

Of course, it is trivial to convert this descript ion of the polar int o 

the on e above : if f (x ,y) ~ 0 is t he affine eq uati on of C, and i f 

X ~ C is the equation of L, then 

tor a, and the critical points of 

~(y) ~ af(c,y ) with a 

~. are the zeroes of 

c o n s tant 
af 
ay (c,y ) ' 

fac-

i.e. 

the intersections of L with the polar 
af 
ay(x,y) ~ o. In 1857 de 

Jonquieres named these n-1 points defined by y 1 , ... ,yn and p ~ oo 

the "harmonic me an po ints" of y1 , .. . ,yn r e lative t o p. 

of c ourse, one has the o rdi nary midpoi nt ~ (y1+y2 ) . 

For n ~ 2, 
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The independence of this "new" description of the polar from the 

choice of affine coordinate y o n L is obvi ous, and even though it 

too is not very geometrical, it perhaps contributes to the eluci dation 

of the co ncept . 

The description of the polar as the locus of points with vertical 

tangents in a family of curves may be generalised to families of analytic 

curves. This i s what we want t o look at next . 

Let v be a complex surface and let f : v + a: be a h o lomorphic 

functi o n whose fibres ct = f-l (t ) . t € a:. are c u r v es in v without 

multiple components. In addition to this family, let a smooth family 

of curves L c on v be given, i.e. a holomorph ic mapping x : V + a: 
which everywhere has rank 1. Its fibres L = x- 1 (c) are then non­

e 
singular curves in V. 

Definitio n : 

The polar of the family of curves {Ct} relative to the family of 

smooth curves {Lc} is the l o cus of those points q of V at which 

the curve Ct through q is singular or tangential to the curve 

through q. 

L 
c 

It is c l ear how t o d e s c ribe the s e polars a na lyti c a lly . If q is 

a ny poin t in V then, b ecause of t he r ank c ondition on x, one 

can use the function x as one coordinate function and find a further 

holomorphic function y so that x and y are complex coordinates in 

this neighbourhood. By definition, the point q lies on the polar 

when the curv e Ct thro ugh this point is singula r there, i .e. when 

~(q) = ~(q) = 0 , o r whe n the curves ax ay 
transverse, i.e. when the Jacobian of 

af) 
a~ = o. 

Ct a nd Lc through q are not 

f and x v anishes, and hence 

In t h is wa y we obtain the l ocal equation of t he pol ar t o be 

af = o. 
ay 

The· definition obviously generalises the above affine description 

of the polar of a plane projectiv e algebraic c u rve C : the family of 

smooth c urves L 
c 

is the fami l y of paralle l lines t h roug h the pole at 

inf inity , a nd is g i ven c a nonically the r e by . The f amily i ndeed 

d epend s o n a c hoice , but t he polar is uniquely det e rmine d b y C = c 0 . 
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In contrast to this, in the general situation, whi ch is the basis f o r 

the definition above, the polar is certainly not determined by c 0 alone, 

but depends on the choice of families {Ct} and {Lc}. 

Now that we have defined polars in general, we want t o comput e their 

intersection numbers with the curves Ct , bec a use it is to this we have 

reduced the proof of formula (i ) of Theorem 2, in the remarks a f t e r its 

statement. Fi rst we prove the following simple r esult : 

Lemma 3 : 

Le t C b e the polar of the family of curves {Ct} r e lativ e to the 

family of smooth curves {Lc} on the surface V, and let q be any 

point of v. 
through q. 

Let C resp . L 
to c o 

Then the difference of the intersec t i on numbers, 

be the c urves of the two families 

depends only on the singularity of the curve at q and not on the 

choice of the families 

Proof : 

{L }. 
c 

We compute the intersection numbers using 8 . 3 .14(iii). Le t C . be 
l 

the bran c h of ct through 

lution o f singula~ities. 
q and let lT. 

l 
(a: , O) + (V , q ) be the r e so-

The int ersection mul t i p l icity o f a curve with 

equation ~ = 0 with the branc h 

at the origin. 

c. 
l 

at q i s then the order 

First we show the - trivial - independence of the intersection num-

he r s from t h e c hoice o f t h e fami ly {Ct }. Suppose t h e family {Ct} is 

d e s cri bed locally by the equation s f (x, y ) t , where local coordinates 

chosen as above then c has equation af 
= 0. If we go t o are ; now 

ay 
another family {C~} with local equation f ' (x , y) = s, then f ' uf, 

for some nonvanishing function 

the new polar c· has equa tio n 

u, holds in a neighbourhood of q . Thus 

~ = u · ~ + f · au Ther e f ore 
ay ay ay 

af' 
ay 

0 JT . = u . 
1 ay 

af , a nd it f ollows t ha t vq (Ci , C') = vq (Ci,C) , which 

shows the independence of the inter section number s in question f rom t h e 

choice of {Ct}. 

Now we prove the independe nce o f the difference o f intersec t ion num-

he r s , v (C , C) - v (C , L ) , from the f ami l y {Lc} . 
q t o q t o co 

Here the indiv i -

dual intersection numbers ma y very we ll depend on t h e c hoice of {Lc} ' 
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but their difference is invariant. Let {Lb} be a second family of 

smooth curves, and let C' be the associated polar. Since one can al-

ways compare each family with a third locally defined family whose cur-

ves cut both the others transversely, we can assume without loss of gene-

rality that the curves L and L' through q already meet trans-

versely at 
co b 

Then we can choose 2ocal coordinates q. x, y in a neigh-

bourhood of q so that L 
c 

is given by x = c and Lb is given by 

y = b. If f(x,y) = t is the equation of ct . then the two polars 
af 

0 ~= 0. Suppose the = resp. 
ay ax 

and C' have the equations 

t>~o power series X. (t) and yi (t). 
]_ 

lution ITi is described by 

course, 

Differentiation with respect to t then yields : 

• X~ (t) + ~(X . (t) ,y . (t)) • y1~ (t) - 0, ]_ ay ]_ ]_ 

whence it follows trivially that 

0 IT.) 
]_ 

0 (~ 0 IT.) + 0 ( (y-b0 ) 0 IT 1.) • 
ay ]_ 

reso-

Of 

If we interpret these orders by 8.3.14, as above, as intersection 

numbers , then it follows that 

v (C. ,C') + v (C. ,L ) = vq(C1. ,C) + v (C. ,Lb' ) 
q ]_ q ]_ co q ]_ 0 

and the invariance of the difference of intersection numbers is proved. 

In the following lemma we c ompute the number 

Lemma 4 

Under the same general assumptions as in Lemma 3, the intersection 

number of Ct with the polar C relative to the family of smooth cur­

ves {L } sa~isfies 
c 

E vJ. (vJ.-1) - p, 
j:_o 

c 

where p is the numbe r of branches of Ct at q and the sum is of the 

multiplicities v. of all infinitely near0singularities of (Ct ,q). 
J 0 

Proof : 

By Lemma 3 we can assume, without loss of generality, that e is a 

"ge neral" polar, i.e. that the tangent of L d o es not coincide with 
c 

the tangent of a branch of (Ct ,q) . 
0 

Then v (Ct ,L ) = v0 , where 
q 0 c 
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v 0 is the multiplicity of Ct at q, and vq(C) = v0 - 1. We intro­

duce a a-process at q and igvestigate how the intersection multipli­

cities of the curves in question behave under this process, so as to 

carry out a proof by induction. 

Let x, y be local coordinates around q, such that Ct has equa-
- 0 . tion f(x,y) 0, Lc has equation x = 0 and C has equat1on 

!f(x y) = 0. Let 8• resp. C' be the proper preimages of Ct resp. 
ay ' o 
C under the a-process. The infinitely near points of (Ct ,q) on 

C' lie in a coordinate neighbourhood on the blown-up surface0with coor-

dinates u, v, where 

X = V 

y uv. 

The exceptional curve E has the equation v 0. 

If we expand f in a power series 

~ i j 
f(x,y) = L aijx y , 

i+j~vo 

then C' has equation l(u,v) = 0 with 

Since 

l(u,v) = I 
i+j~v0 

i+j-v0 j 
a .. v u . 
1) 

v (C) = v - 1 C' has equation 
q 0 ' 

<j>(u,v) 
- (vo-ll af 

v --(v,uv), hence 
ay 

Q>(u,v) 
. i+j-vo j-1 
Jaijv u 

Q>(u,v) 0 where 

Thus we see that 

the system of curves 

al 
<I> = au 

l(u,v) = s 

This means that C' is the polar of 

relative to the system of smooth cur-

ves L' 
b 

points of 

defined by v = b. And the curve 

C' is just the exceptional curve 

L' 
0 
E. 

through the singular 

In computing the 

intersection numbers of C' and C' at the singular points of C' we 

can therefore assume the formula of Lemma 4 by induction. If we s um 

over the intersection numbers thus computed for all singular points of 

C' on E, then we obtain 

v (C' ,c' l = l: 
j>O 

V.(v.-1) - p + v(C',E) 
J J 

l: vj(vj-1) - p + v0 . 
j >O 

(1} 

On the other hand, the Noether method for computing the intersection 
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numbers gives (cf. proof of 8.4.13) 

(2) 

Equations (1) and (2) immediately yield the formula claimed 

\) (C C) - \) = 
p t 0 • o l: 

j~O 

\). (\! .-1) - p 0 

J J 

With the help of the formula just proved we can now easily prove 

the general formula for the reduction of the class due to singular 

points. 

Proof of Theorem 2 

Proof of (i) : 

In the remarks following the statement of Theorem 2 we have already 

shown the following : if C is a curve without multiple components and 

without lines as compone nts, of order n and class n', and if C is 

the polar of C relative to a sufficiently general point, then 

n' = n(n-1) - Ev (C,C), 
pi 

where the summation is over all singular points of C. 

computed the numbers in Lemma 4 : 

where the first summation involves the multiplicities 

(1) 

But we have just 

\! .. 
lJ 

(2) 

of all infi-

nitely near singular points of (C,pi) and the second involves the mul­

tiplicities vk of the branches of C going through pi. The formula 

(i) to be proved follows immediately from (1) a nd (2) . 

Proof of (ii) 

We could derive (ii) in a similar way to (i) by computation of the 

intersection multiplicities of the curve C with its Hessian, as we 

have already indicated earlier. But, in order to save work, we shall 

instead derive (ii) from {i) and the genus formul a which will be proved 

in the next section. 

The genus formula says that the genus p of C satisfies 

2p-2 = n(n-3) - l:vij(vij-1 ) . (1) 

The generalised Plucker formula (i) yields the equation 

0 = n (n-1) - n' (2) 

If one subtracts (2) from (1) then the result is 
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2p- 2 ~ n' - 2n + E(~k-1). ( 3) 

Correspondingly, the genus p' of the dual curve C' obviously satis­

fies 

2p' - 2 = n- 2n' + E(~~-1) (4) 

where the summation is over the multiplicities ~~ of all singular 

branches of C', i.e. over the classes 

~· > 1. 

~· of all branches of C with 
K 

K 

Now genus is a birational invariant. This is evident from o ur 

definition in the next section. If one follows Max Noether in taking 

(1) as the definition of genus, then one can also prove the birational 

invariance purely algebraic-geometrically. Moreover, the curves C and 

C' are obviously birationally equivalent : one obtains a birational 

equivalence when one associates the points of C with their tangents, 

considered as points of C'. Thus we certainl y have 

p = p'. (5) 

If one uses (5) to eliminate n' from (3) and (4), then one obtains 

3(2p-2) = -3n + 2 · E(~k-1) + E(~~-1). (6) 

If one substitutes the e xpression for 2p-2 given by (1), then the 

result is 

(7) 

In (7), we split the sum E(~~-1) in two summands. One contains all 

the terms ~· - 1 
K 

which correspo nd to regular branches of c with 

~· > 1. 
K 

This sum equals the desired number, s', o f inflectio n points . 

The second summand contains all terms ~~ - 1 which correspond to sin­

We take this sum to the other side of the equa-gular branches of c. 

tion. Then the result is just the formula to be proved 

s' = 3n(n-2) - 3 · E~1 j( ~ij-l) - E(2~k+~~-3 ) . 

This proves the generalised Plucker formulae, and h e re we want to 

leave this theme for the time being. We shall return to it once again 

in the last chapter, in connection with the term "Plucker equivalent". 

We conclude this section wi th a few supplementary remarks on the 

concept of polar and t h e r e lated concept of adjoint c urves . Polars are , 

as we s hall see, special cases of adjoint curves. The concept of ad-

joint curve goes back t o Riemann' s fundamental work on abelian f unctions 
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[R3], and in the general form given here, probably to Brill and Noether 

(cf. e.g. [ NS] , IV) • 

In order to express the definition of adjoint curve precisely, we 

must first generalise our considerations of 6.2 somewhat. There we ob-

tained conditions on linear systems of curves, under which curves of a 

system through certain points pi of the plane have multiplicities at 

these points greater than or equal to V. • 
l. 

We shall now generalise 

these conditions by requiring the curves to have certain multiplicities 

at infinitely near points of the pi. In what follows we always under-

stand "curves" to include curves with multiple components. 

Definition: 

Let 

morphic mappings of complex surfaces, where $i+l : Xi+l + Xi is the 

blowing up of finitely many distinct points pikE Xi , and where the 
-1 

points blown up by $i+2 lie on the exceptional lines Eik = $i+l (pik) 

introduced by $i+l" For each point pik let a natural number vik 

be given. We make the following definition by recursion on the length 

N of the sequence of blowing up processes 

A curve c0 in x0 has multiplicity at least at the infi-

nitely near points when 

(i) has multiplicity at least v0k at the points 

(ii) Let c1 
-1 

-1 
in x1 be the curve c1 = $1 (C0 J - Ev0kEOk , where 

$1 (Co> denotes the total preimage of c0 . Then c1 has multi-

plicity at least vik at the infinitely near points with 

i > 1. 

One easily convinces oneself that here, as in 6.2, we are dealing 

with linear conditions and consequently, as a generalisation of 6.2.1, 

one has put at most 

linearly independent conditions on the curve c0 . 

Definition : 

Let C be a plane curve without multiple components. A plane 

curve C is called adjoint to C whe n C has, at all infinitely near 

singular points pij of C with multiplicity vij , multiplicity at 

least v . . - 1. C may have mul tiple components. 
l.J 
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For each curve there are adjoint curves, because 

Proposition 5 

Each polar of C is an adjoint curve of C. 

Proof : 

If f(x,y) = 0 is an affine equation of c then, by an earlier 

remark, the equation of the polar has the form 

af + b af 
+ c(nf-x·!f-

af 
0, a y·-) = ax ay ax ay 

with arbitrary constants a, b, c. Thus it suffices to prove the f o llo-

wing more general local statement : let c 0 be an analytic curv e in a 

neighbourhood of the origin in ~2 with equation f 0 (x,y) = 0, and let 

be a curve with equation g 0 (x,y) = 0, where 
af0 af0 

go = ao · ax + bo · ay- + cofo 

is of the f o rm 

whe r e a 0 , b 0 , c 0 are any analytic functions. Then c0 has, at each 

infinitely near singular point of (c0 ,0) with multiplicity v , multi­

plicity at least v-1. Proof o f this assertion : for the point 0 ~ ~2 

For the remaini ng 

infinitely near points the assertion follows by induction on the l ength 

of the reso lution process for the singularity 

If we blow up the origin, and hence set 

X = UV 

y = v 

f 1 (u,v) 

g 1 (u,v) 

-n 
v f 0 (uv,v) 
-n+l 

v g 0 (uv,v) 

The new function g 1 
af1 

gl = a l · a;;- + 

it follows by 
af1 

· -- + (b v) 
au o 

an easy calculation that 
af1 

• -- + 
av 

is therefore again of the form 
af1 

b l av + clfl 

with suitable func tions a 1 , b 1 , c 1 of u, v. The assertion a bout mul-

tiplicities then follows from the induction hypothesis, because 

f 1 (u,v) 0 is the equation of the proper preimage cl of c o and 

g 1 (u,v) 0 is the equation of the curve ~l ' 
whic h is the t otal pre-

image of ~0 minus the n-tuple exceptional curve. 

The polars of a c urve c of order n there fore form a linear 
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system of adjoint curves of order n-1. This linear system of polars 

has dimension < 2, whereas the dimension of the l i near system of all ad-

joint curves of order n-1 is greater, in general. Because it follows 

f rom the above-mentioned general i sation o f 6.2. 1 that the curves of or­

der m adjoint to C form a linear system of dimension at least 

m(m;3) - ~ . Evi (vi-1)' 

where the v. 
1 

are the multiplicities of the infin itely near points of 

c. It then follows, using the generalised Plucker formulae to make 

e sti mates when m = n-1, that the dime nsi on i s g reater t ha n n-2. The 

smaller the order m is, the smaller the dimension of the linear system 

of adjoint curves. This raises the question : f r om which m upwards 

does each curve of order n have at least one adjo int curve? If we 

also admit reducible curves, then the answer is : m = n-1. This is 

shown by the e xample o f a c urve C c onsisting of n line s in g en e ral 

pos i t i o n : on eac h line there are n-1 double points, so that an ad­

joint curve of o rder m < n-1 must contain all these n lines, con-

trary to m < n-1. In order t o exclude such t r ivialities, we consider 

only irreducible curves from now on. In this c ase the answer to our 

question is : m = n-3 , provided we exclude the rational curves, which 

have no adjoint curves o f o r d e r n- 3 . 

We first show, by means of an example, that there is an irreducible 

nonrational curve of order n = 6 for which no ad j oint curve o f order 

m = n - 4 = 2 exists. Our example is the dual c urve C of a non-

singular cubic. 

C i s birationally equival ent t o the cub i c , and henc e itself irre-

duc i b l e a nd non-rational. We know that C i s a s e xtic with 9 cusps, 

which corres pond to the nine infl ection tangents o f the cubic. The co-

ordinates of these 9 cusps (fo r a cubic in normal form) are well-known 

from our earlier investigations in 7 . 3. One sees immediately that these 

9 c usps canno t lie o n a quadric. (Pr oof they lie in t hrees on eac h 

of t he t hree line s x0 = 0, x1 = 0 , x2 = 0 . I f t hey a l so lay o n a qua ­

dric, then the latter would have to contain each o f the three l i nes .) 

But an adjoint curve of order 2 would be a quadric through the c usps, 

and hence it does not exist. 

Thus we consider t he adjoint curves of o r der n-3 . In [ N5], s e c -

t i o n 30 , Noether s howe d t hat fo r an irr educi ble curv e C of o rder n 

t he multipl icit y conditio n s fo r adjoin t c urves of order m > n-3 a r e 
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linearly independent. In partic ular, one obt ains the dimens ion of the 

vector space of homogeneous polynomials of degree n-3 which desc ribe 

adjoint curves as 

n(n-3) 1 p = ----2-- + - ~ LVi (vi-1) , 

where the summation extends over the multiplicitie s of all infinitel y 

near singular points of C. In t he next sec tion we shall prove t hat 

this number is the genus of C, so p > 0 in our particular case and 

p = 0 o nly for rational c urves. If we agree, in the c ase o f a non-

singular cubic , whe r e n 3 a nd p = 1, t o admi t a n ad joint curve 

which is the zero set of a nonvanishing homogeneous polynomial o f d egree 

n- 3 = 0, and hence empty, then we have the f ollowing result. 

Proposition 6 

For e ach irreduc i ble c urv e C o f o rder n, the maximum number p 

of linearly independent homogeneous polynomials ~ 1 , ...• ~p of d egr ee 

n-3 which descri be adjoint curves of C equals 

p = n(n;3 ) + 1 - ~ LVi (vi-1 ) ' 

where the summation i s over the multiplicities of all infinitely near 

singula r po ints o f C. (This number is the g enus o f C .) 

In [N5), Noether showed how one c ould explici t l y compute t he homo-

geneous polyno mi als ~ 1 , ...• ~p f o r a given curve equation, and i ndeed 

by rational operations, which ul t imately depend only on the s o l ut i o n of 

linear systems o f equations. In what follows we shall call suc h poly-

nomial s " a d joint polynomia l s " fo r sh ort. 

The s ignificance o f t he adjo int polyno mia l s ~ 1 •... ,~p of de g ree 

n-3 for a curve C of degree n and genus p l ies in the f act that 

one can use them to describe expl i c itly the holomorphic differential 

forms on the Riemann surface C ' which results f rom res olution of sin-

gula rities. Th is was alr e a d y s een by Riema n n , a nd was t he r e ason he 

i n troduced adjoint polynomials i n [R3), s e ction 9 . 

We shall b e concerned with t his description o f holomorphic d iffer­

ential forms i n the section after next. 

9.2 The formulae of Clebsch and Noether 

I n 3.4 we have alre ady s hown , by an e leme ntary a nalysis o f a simpl e 

exa mp l e , tha t the t opo l ogi cal type within a f amily o f c urves c hange s in 
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the passage from regular to singular curves. We shall now get a quanti-

tative hold on this phenomenon, by means of formulae which go back to 

Clebsch and M. Noether. 

Let f : X + S be a family of curves; more precisely, let f be a 

proper holomorphic mapping of the complex manifold 

S := {t E a:! It! < 1}. For t t- 0 let the fibres 

smooth irreducib le curves, and suppose x0 = f- 1 (0} 

X onto the disc 
-1 

xt = f (t } be 

has only fin i tely 

many singular points p 1 , ... ,pr. For each of these points we 

choose local comp lex coordinates and a small ball Bi around pi , 

where the ball is taken with respect to the local coordinates and is 

small in the sense of 8.3.6. We want to compare the singular fibre x0 

with the neighbouring regular fibres Xt , t t- 0 . To do this we choose 

It! sufficiently small that Xt cuts the balls B in the way des­

cribed in 8.5.1. 

Our basic idea for investigating t he passage from the general, 

regular, fibre 

We decompose 

to the special, singular, fibre is quite simple. 

outside the 

balls B. 
l. 

and 

and their parts 

into their parts 

resp. 

X~ resp. x0 
inside the balls B .• 

l. 
By 

8.5.1, the connected components of are diffeomorphic to a Milnor 
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X ' 
- 0 

X 
0 

If we put this informatio n t ogether, then we obtain the f o llowing 

result o n t h e r e l a t i o n b e t wee n t h e Euler c h a r acteristics of t h e s i n gula r 

and n o nsi ngular fibre s 

Lemma 1 : 

Under the above hypotheses : 
r 

x <x0J = x<Xtl- L <x <F . )-1). 
i = l ~ 

Proof : We s et 
r 

X' ·= xt - u fi. 
t 

i=l 
l 

r 0 
X' ·= xo - u B .• 

0 
i =l 

l 

Al s o l et 
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Y. ·= B. n xo and 
1 1 

F. B. r, X t" 1 1 

By Theorem 8 . 3 . 8, Y. is 
1 

diffeomorphic to the cone over Yi r~ aBi , 

hence contractible, while Fi- as we have already said is diffeomor-

phic to a Milnor fibre of the singularity of at The i nter-

sections Fi" aB resp. Y1 n 3B are disjoint u n ions of circles , and 

hence have Euler characteristic 0. It therefor e follows from the 

additivity o f the Euler characteristic (8 . 5. 2 ) that 
r 

gives 

x( Xtl = x (X~J + x(Fil 
i=l 

r 

x(xoJ = x (xoJ + I x(Yi J . 
i=l 

Now X' 
t 

may be deformed i nto X' 
0 

us t he desired r e l a t ion between 
r 

= - -

, and hence 

X (XO) and 

-

x(X~) = X (XO) . 

x (Xt) 
r 

-x( Xo) x( Xtl I (X (F. ) 
i=l 1 

X (Yi)) = x(xt ) L (X (F.) 
i=l 1 

1) . 

The formula of Lemma 1 is good for computing X (XO), because 

This 

i n 8.5 

we have given a series of ways f o r computing t h e Euler characteris tics 

La t e r we shall s h ow t hat one can vie w each plane a l gebraic curve C 

as the fibre of a family of curves in the way described above, and in­

deed in such a way that each of these curves may b e embedded as a p l ane 

curve in P2 (~ ) with the same o rder as C. 

With the help of Lemma 1 we can then obtain information on the topo-

l ogical s tructure o f C . I n t h is sense (but not i n the histo rica l 

sense ), Lemma 1 is t he "prot o t yp e " o f the genus formulae of Clebs ch and 

Noether. 

In this c ourse we shall c o nfine ourselves t o determining the topo-

l ogic al structur e of plane alg e braic curves C . Thus in future we shall 

say no mor e a bou t t h e e mbedd i ng of C as a topological s pace in the pro -

ject i v e plan e , e v e n though the r e a re many i n ter esting probl e ms here , 

some still unsolved. For examp le, in past years many mathematicians 

were interested in the question o f when the fundamental group 

n1 (P2 (~)-C ) i s abelian, and we want to say at least a few wor ds about 

t his problem h e re. 

In 1 9 33 , E . v a n Kampen develop e d the followi ng proc ess f o r obtain­

ing a presen tation of the f undamental group by g enerat ors and relatio n s 
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(see [ Z2], VIII.l) . 

Let L be a line in P2 (~) which is transverse to C, i.e. for 

which L n c 

the order of 

consists of n distinct points 

c. One chooses a base point 

p1 , ... ,pn , where 

q E. L - C and paths 

n is 

in L - C which go from q, without self-crossings, near to the point 

pi , run once around pi on a small circle, and then return to q on 

the same path. One can choose these paths so that their product 

y1 ... yn is null homotopic on the n-tuply perforated 2-sphere 

is freely generated by the homotopy classes ai of the 

l, ... ,n-1). One can now show that the inclusion 

L- C c P2 (~) - C induces a surjection of the fundamental groups 

then 

n1 (L-C,q) + n1 ( P2 (~)-C,q). 

raters of n1 (P2 (~)-C,q). 

Thus the images Cl. 
]_ 

of the are gene-

One obtains relations between the coi by letting the line L vary. 

Let L be the set of all lines through q which meet C in exactly n 

points. (t c [0,1]) is a closed path i n L with L0 = L1= L, 

then there are continuous mappi ngs pi : [0,1] + C such that 

pi (0) =pi and Lt ~ C = {p1 (t ) , . .. ,pn(t)} for all t ~ [0,1]. Just 

as in 8.3 the curves pi (t) define a braid z, but this time not in the 

complex plane ~ but in the one-dimensional complex projective space L. 

One can now construct a family ht of diffeomorphisms ht : L + Lt 

such that ht(pi) =pi (t), ht(q ) = q and h0 : L + L is the identity 

([B8], 9.5). Obviously the path h 1 o yi in P2 (~) - C is then homo­

topic to yi. The homotopy class of the path h1 o yi , which runs 

wholly in L- C, may be expressed as a word wi (S1 , ... ,Sn-l) in the 

generators ai 

the relations 

the braid z 

of n1 (L-C,q). Then in n1 (P2 (~)-C,q) we obviously have 

wi (co1 , ... ,con_1 l coi. The word wi is determined from 

algorithmically*, and in 8.3 we have described in princi-

ple how one can "compute" the braid z. 

The construction just described yields a relation between the gene-

raters for each closed path in L, and van Kampen's theorem says 

that these relations already suffice to determine n1 (P2 (~)-C,q). 

If one applies van Kampen's method to a curve C which consists of 

a union of n lines, no three of which meet at a point, then one can 

* See, e .g. : Looijenga, E. 
of a simple singularity. 

: The complement of the bifurcation variety 
Inv. Math. 23 (1973), 105-116 , §3 . 
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show that in this case ~ 1 (P2 (~)-C,q) is a free abelian group of rank 

n-1. Generalising this result, 0. Zariski formulated the following 

theorem in 1929 : if C is a plane algebraic curve with only ordinary 

double points as singularities, then ~ 1 (P2 (~)-C,q) is abelian. His 

proof later turned out to have a gap (see [Z2], VIII.2, and the footnote 

there), and this theorem was first given a complete proof recently 

(Deligne, P. : Le group fondamentale du complement d'une courbe plane 

n'ayant que des points doubles ordinaires est abelien. Seminaire 

Bourbaki 1979/80, expose 543) . 

After this short digression on the subtle questions concerning the 

embedding of a plane curve C in P2 (~), we now confine ourselves enti­

rely to the investigation of the topology of C i tself. 

Our examples in 3.4, and the reflections in connection with 

local resolution of singularities in 8.3, have already shown us how one 

has to analyse the topology of a curve C. The different irreducible 

components of C meet in finitely many points, and hence it is suffi-

cient here to investigate only irreducible curves C. 

fore confine ourselves to this case in what follows. 

We shall there-

It then becomes useful to understand a little more clearly what 

irreduc ibility of curves means. 

two lemmas. 

Lenuna 2 : 

Accordingly, we prove the following 

A complex projective algebraic curve in P2 (~) is irreducible as 

an algebraic curve just in case it is irreducible as an analytic set in 

Proof : 

The following would be a very simple proof : it is trivial that an 

analytic irreducible curve is also algebraically irreducible. Conver-

sely, if C is an analytically reducible curve, and hence the union of 

two proper analytic subsets C' and C'', then C' and C'' are pro­

jective algebraic by Chow's theorem, and hence C is also reducible as 

an algebraic curve. 

However, we have not proved Chow's theorem in this course, and for 

that reason we want to prove directly that algebraic reducibility fol­

lows from analytic reducibility. 
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By 4.4.6 and 5.1.2 it suffices to show that analytically reducible 

complex affine algebraic curves are also algebraically reducible. Let 

C be a curve of order k which is analytically reducible. For suit-

able coordinates x, y is the zero set of a polynomial 

k k-1 
f(x,y) = y + c 1 (x)y + ... + ck(x). 

Let x 1 , ... ,xr E C be the points at which this polynomial has multiple 

zeroes, let ~ = ~- {x1 , ... ,xr}' and let C be the preimage of ~ 

under the mapping C + ~ defined by (x,y) ~ x. 

is an unbranched covering of degree k. For each x0 E ~ there is a 

neighbourhood u such that exactly k disjoint sheets of c, whose 

y-coordinates are holomorphic functions yi . i = 1, 0 0 0 ,k, lie over u. 
For x € U the values yi(x) are the zeroes of the polynomial, and the 

functions are uniquely determined up to order. By analytic conti-

nuation along paths in ~. the yi define many-valued algebraic func­

tions, and when we continue the yi along a closed path with i nitial 

and final point x0 , the yi are permuted among themselves. The co­

efficients c. of the polynomial are the elementary symmetric functions 
J 

of the So much for the geometric and analytic description of the 

covering given by the mapping C + ~ of our cur ve. 

Now we suppose that c splits analytically into two complex ana-

lytic curves C' and C'' : c = C' u C''. We want to show, first, 

that this leads to a corresponding decomposition of the set of roots 

{y1 , ... ,yk}, and then to a decomposition f = g·h into two polynomials 

g and h. It is clear that for each neighbourhood U of an x0 € ~ 

the set of roots divides into two subsets the functions 

which describe sheets over C 1 , and those which describe sheets over C' 1 • 

Now this decomposition is invariant under analytic continuation along 

paths in ~- This is because C decomposes into the disjoint open 

sets e· =en C 1 and C1 ' = c n C 1 I. so that lifting a path from ~ 

to c results in a path which lies wholly in C1 or wholly in C1 1 • 

In this way we obtain a decomposition of the set {y1 , ... ,yk} of many-

valued algebraic functions on ~ into two subsets, {y1 , ... ,ym} and 

{ym+1 , ... ,yk}, which is invariant under analytic continuation. Because 

of this invariance, the element ary symmetric functions a 1 , ... ,am of 

and are single -valued func-

tions on c . But more than this is true : they are even polynomials. 
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Because they are entire functions whose absolute value increases with x 

at most as fast as a certain power of lxl , and one knows from function 

theory that functions with this rate of growth are polynomials . (The 

growth property follows from the fact that the 

tions. of any polynomial 

y are algebraic func-
i k k-1 
y + c 1y + . . . +ck = 0 

satisfies 

Because the root y 

max j 
IYI < lk~ , since the y with greatest absolut e 

value satisfies 

1 1 
+ ck · kl < k + · · · 

and hence 
y k 

· · · + ck I < IY 1-

+ 1: = 1 
k 

It follows from this bound that 

when the are polynomials, and hence growing at most like powers 

of x, then the same is true for the algebraic functions yi (x ) .) 

With the help of the polynomials a 1 , ... ,am and b 1 , . . . ,bk-m just 

obtained, we now define polynomials g and h in the variables x and 

y by 

g(x,y) ym + m-1 
a 1 (x)y + ... + a (x) 

m 

h(x,y) 
k-m 

+ b 1 (x)y 
k-m-1 

y + ... + bk-m (x). 

By construction, these polynomials satisfy 

f = g·h, 

since the zeroes of g and h together are just the zeroes of f, 

hence we have found the desired product decomposition of f, and 

Lemma 2 is proved. 

Now let n : c + c be a resolution of singularities of C. We 

know, by 8.3 and 8.4.9, that such a resolution of singularities always 

exists, and it fol lows immediately from the Riemann extension theorem 

that it is essentially unique . We also know, from our local descrip-

tion of the resolution in 8 .3 and 8.4, to what extent C and C differ 

topologically : C results from C when the preimage points of each 

singular point p in C, which correspond to the branches of C at p, 

are identified. c is a 2-dimensional compact real manifold, hence 

the positions of the points to be identified do not matter from the topo­

logical standpoint, provided only that they lie in the right connected 

component. 

following 

Lemma 3 : 

As far as the connectivity is concerned, we now have the 

Le t C be a plane algebraic curve and let TI c + c be the 
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resolution of singularities. Then the connected components of C cor-

respond bijectively to the irreducible components of C. 

C is connected just in case C is irreducible. 

In particular, 

Proof 

The image of each connected component ci of c under n is a 

compact, and hence closed, 1-dimensional analy t i c subset Ci of 

Different connected components give different image curves. The 

P2 (~). 

are analytical l y irreducible, since ci + ci is a resolution and 

connected. By Lemma 2 , the irreduc ible analytic c omponents o f c 

c . 
~ 

c. is 
~ 

are 

also algebraically irreducible components, and s o everything is proved . 

The reso lution C of an irreducible cur ve C is therefore a com-

pact, connected, orientable surface, and the t opo l ogy of c is known as 

soon as one knows the topology of c and the number of branches at the 

singular points of C . 

But it is well known how one classifies the compact, orientable, 

connected surfaces (cf., e.g., [83] or [B6]). Each such surface is 

homeomorphic to a surface which one obtains by attaching a cer tain num-

ber of handles to a 2-sphere, and the number p o f these handles i s an 

invariant whic h classifies the compac t, orientable, c onnec ted s urfaces 

up t o homeomorphism. 

0 
The numbe r p is called the genus o f the surface . It equa l s ha lf 

the middle Betti number b 1 . 

that the Euler characteristic 

X = 2 - 2p. 

Si nce, of course, b 0 = b 2 = l, it f ol lows 

After all t h e s e preparation s i t is c l ear t ha t t he genus of t he resolu­

t i on mus t be a n important i nva r i ant fo r an i rreducibl e plane algebra ic 
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curve C, since it contains essential qualitative information about C. 

Definition 

If C + C is a resolution of singularities of an irreducible pro­

jective algebraic curve C, then the genus p(C) is defined to be the 

topological genus of C. 

This definition of genus goes back essentially to Riemann 1857. 

Riemann defined the "connectivity" of a surface with the help of the num­

ber of "loop cuts" which one needs to render the surface simply connec­

ted. For a surface of genus p one needs 2p cuts, and Riemann's 

"connectivity" is 2p+l. This definition is admittedly not identical 

with the one we have given, but it is likewise a topological definition, 

and its equivalence with our definition is easily proved. 

Riemann recognised that the number p of a Riemann surface could 

also be described in an analytic way, namely as the number of linearly 

independent integrals of the first kind. In somewhat more modern termi-

nology : the genus p equals the number of linearly independent differ-

ential forms of degree 1. This form of the definition of genus can be 

generalised to any n-dimensional nonsingular projective algebraic mani­

fold V : let hq be the dimension of the complex vector space of holo-

morphic q-forms on V. Then one defines the arithmetic genus xa of 

v by 
n 
I (-llqhq. 

q=O 

Thus for a curve C this definition gives Xa(C) = 1-p. 

Riemann also realised the fundamental significance of genus for geo­

metry on the curve and for function theory on the associated Riemann sur-

face. In particular, he saw that genus is a birational invariant : when 

there is a birational transformation T of a curve c into a curve C' 
' 

then C and C' have the same genus. (For plane curves, such a bira-

tional transformation need not come from a birational transformation of 

the plane.) 

easy to see 

From our standpoint, the birational invariance of genus is 

a birational transformation T : C + C' lifts to a bira-

tional transformation T: C + C'. But, for the complex 1-dimensional 

nonsingular algebraic manifolds C, C', such a birational transformation 

T must be biregular. In particular, C and C' are homeomorphic, and 

hence they have the same genus. 
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After Riemann it was Clebsch, above all, who established the signi­

ficance of genus for geometry on the curve and function theory on the 

associated surface. The word "genus" ("Geschlecht") is also due to him 

(1864). An important example of this is the theorem which Brill and 

Noether named the Riemann-Roch theorem. A special case of this theorem 

essentially expresses the equivalence of the two definitions of genus 

given above : the topological one and the one involving holomorphic dif-

ferential forms. This theorem was later general i sed in different sta-

ges and in different ways by Hirzebruch, Grothendieck, Atiyah and Singer. 

A special case of the Riemann-Roch-Hirzebruch theorem s ays e.g. that for 

any projective-algebraic manifold V the analytically defined genus 

Xa(V) equals the purely topological one, the Todd genus T(V), defined 

as a certain linear combination of the Chern numbers. For projective-

algebraic manifolds one can also define Xa(V) purely algebraically , 

when o ne chooses a somewhat different kind of definition. For the 

latter definition, Grothendieck has given a purely algebraic-geometric 

proof of a theorem of the Riemann-Roch type. On the other hand, Xa(V) 

may also be interpreted as the index of a certain elliptic differential 

operator on V, and Atiyah and Singer have generali sed this interpreta­

tion to a general index theorem for elliptic differential operators o n 

manifolds, which expresses the analytically defined index by a topolo­

gical invariant. 

These historical remarks should certainly suffice to show what an 

important invariant genus is. 

In what follows , our goal is to compute the genus o f a curve from 

its degree and the invariants o f i ts singularities a lone. 

curve this is quite simple. 

Lemma 4 : 

For a smooth 

Let C be a smooth plane projective-algebraic curve of order d. 

Then the genus of C is 

p(C) 

Proof : 

(d-1) (d-2) 

2 

In P2 (~) we choose a point p ¢ C and a line L which does not 

meet p. Let ~ be the projection o f C on L from centre p. 
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' 

The n the projection is branched precisely where the ray of projection is 

tangential to the curve , and indeed the order of branch ing is just one 

less than the intersection multiplicity of the ray of projection with 

the curve C. 

The number of branch points, counted with multiplicity in the sense 

of branching order , is the r e f ore the number o f intersections of the dual 

curve C* (the c urve in the dual projective plane consisting of a ll the 

tangents, see 6.2 .5 a nd 9.1 ) with the line dual to p. But this is 

just the order o f C*, and hence the same as the class of C. In 6.2.7 

we have computed the class of a smooth curve, i t equals d(d-1). 

Thus we have represented C as a branched covering of the projec­

tive line L. The degree of the covering is d (a generic l i ne of 

projection meets C in d po ints ) , and the number of branch points is 
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d(d-1). Now we use the Hurwitz formula. 

The Hurwitz formula says the following : if A is a branched cover­

ing of Riemann surface B, with covering degree n and r branch point: 

(counting multiplicities) , then 

x(A) = n·x(B) - r. 

(Proof : one triangulates B in such a way that the images of the brancr 

points are vertices of the triangulation. The triangulation may be 

lifted to a triangulation of A. In the process, the numbers of verti-

ces, edges and faces are all multiplied by n, except that at a branch 

point q £ B, of order v, v+l vertices of the triangulation of A 

coincide. This explains the correction term in the Hurwitz formula.) 

In our situation we obtain 

X(C) = d·X(L) - d(d-1). 

L is a projective line, hence diffeomorphic to the 2-sphere, so that 

X(L) = 2. It follows that 

X(C) 2d - d2 + d = -d2 + 3d. 

Since p(C) 
2-X(C) 

it follows that 
2 I 

p(C) 
(d-1). (d-2) 

2 

and Lemma 4 is proved. 

This enables us to compute the genus of a smooth curve. If 

C C P2 (rr) is now an arbitrary, not necessarily smooth, irreducible 

curve of degree d, then one calls the number 

1l(C) 
·= (d-1) (d-2) 

2 

the virtual genus of C. 

d(d-3) + 1 
2 

If C is regular, then genus and virtual genus coincide. If c 
has singularities, then a correction t e rm appears, depending only on the 

local topological properties of C at the singular points. This is 

the content of the following formula of Max Noether (1875), which at the 

same time shows how the correction term depends on the resolutio n of 

singularities . 

If C is globally reducible, one can also give an analogous f o rmu­

la. However, since the t opological genus of C cannot be meaningf ully 
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* defined in this case , we use the Euler characteristic instead as global 

topological invariant of c. 

** Theorem 5 (M . Noether formula ) 

Let C C P2 (~) be a plane complex projective-algebraic curve, with-

out multiple components, of degree d. Then the Euler characteristic 

is 
s 

x(c) d(3-d)- I (r.-1) +I v.(v.-1). 
j=l J i ~ ~ 

denotes the number of branches of the germ sin-Here r . 
J 

gular points p 1 , . .. ,ps of C. The second sum extends over the multi­

plicities of the proper preimages at all infinitely near points of all 

singular points p1 , ... ,ps of C. 

In particular, an irreducible curve C has genus 

p(C) = n(C) - ~ I v. (v.-1) = d(d-2
3 ) + l - ~ v. (v . -1). 

i ~ ~ i ~ ~ 

Proof : 

The proof takes place in two steps. The first step is to construct 

a family ct of curves in P2(~) such that co is isomorphic to c 

and ct is nonsingular of degree d for t f 0. The second step 

applies previously proved theorems to this situation. 

1) Suppose the curve C is given as the zero set of a homogeneous 

polynomial ~O of degree d without multiple factors. 

the equation 

Thus c has 

One obtains embeddings of C in 1-parameter families of curves as fol­

lows: let c 1 be any other plane projective-algebraic curve of degree 

d, given by the equation ~l , which may have multiple factors. 

We consider the family c 
(tO,tl) 

of curves given by the following 

•If c is reducible, then the resolved curve c is not connected. How­
ever one wants to define genus for non-connected manifolds, there will 
always be a connected manifold of the same genus. But then genus 
would lose its characteristic property, namely, that of classifying 
manifolds. 

** In the literature, this formula is frequently listed among the Plucker 
formulae; however it does not appear in Plucker's own work (cf. also 
[D3] VI.l7). 
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equations : 

Such a family is called a linear system or linear family ; the points of 

the intersection c 0 n c 1 are called the base points of the linear 

system (cf. 6.2). 

In order to be able to apply Lemma 1, we want to go from a suitable 

linear system and construct a Qapping like that in Lemma 1, whose fibres 

are the curves c . 
(tO,tl) 

When one simply tries to define a mapping 

associating each point with the point 

(t0 ,t1 ) ~ P1 {~), then one obtains no well-defined mapping, since all 

curves c 
(tO,tl) 

of the linear system go through a base point z, but 

only a rational "mapping" <I> : P2 (~) + P1 (~) · To obtain a well-defined 

mappi ng, t he diffe rent c urves must first be separated by blowing up t h e 

base point. (When we choose c 1 so that c 0 and c 1 have no common 

component, there are at any rate only finitely many base points. ) 

To be able to remove these base points conveniently by blowing up, 

we choose cl so that cl meets the curve co in d2 different 

points. (For example , we c an choose cl to be the union of d l i nes 

in general position.) Since the entire inter s ect ion multipl icity i s 

meet transversely (at regular points) . 
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We blow up each of the d 2 intersection points once and thus obtain a 

mapping 

where Y is a compact algebraic manifo ld. We define 

As a composition of rational "mappings", f is a priori only a rati-

onal "ma pping". But the d e f i nition has been s e t up so t hat f is in 

fact an everywhere well-defined holomorphic mapping. This is seen imme-

diately from the description o f f in local c oordi nates : 

Let (z0 ,z1 ,z2) be homogeneous coordinates i n P2 (~) and let 

p € P2 (~) be a base point of the linear system. One of the homoge-

neous c oordinates of p is non-zero ; wi t h ou t l oss o f genera l ity 
zl z2 

suppose it is z 0 . Then y1 = ~ y 2 are local c omplex-ana lytic 
0 zo 

coordinates in a neighbourhood of p. But the functions 

<l>o(yl,y2 l 

<1>1 (yl,y2) 

~0 (l,yl,y2) 

~1 (l,yl,y2) 

a r e a l so l ocal c omplex- a na lytic coord i nates i n a neighbourhood of p , 

and indeed coordinates which vanish at p. 

q, 1 (y1 ,y2 ) = 0 are just affine equations for C and c 1 . and these 

curves are nonsingular and transverse at p. Thus we can use the latter 

coordinates to describe the blowing up of P2 (~ ) at p in a suitab le 

nei ghbourhood U of p . 

nate ne i ghbourhoods u 0 

well-known formulae 

<l>o vo <Po 
resp. 

<Pl vouo 4>1 

Th e p reimage of U i s cover ed by two c oordi-

and u1 , and 1T : u . + u 
]. 

is d escribed by the 

ulvl 

vl . 

Thus f <I> 0 1T is describe d i n uo resp. ul by 

f (u0 ,v0 ) (l,u0 ) resp . 

f(u1 ,v1 ) (u1 ,1) 

and these are o f course well-defined holomorphic mappings. To tho se 

who ha ve correctly und erstood a - p r ocesses , a l l t his i s c l ear i n a ny 

case . 
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The mapping f : Y + P1 (~) 
-1 

is therefore well defined and holomor-

phic, and the fibres f (t0 ,t1 ) are isomorphic to C , because 
(tO,tl) 

c and are regular and transverse at the base points. Consequent-

ly, the curves C( ) are also regular at 
tO,tl 

each base point, and for 

that reason 1T induces an isomorphism of the fibre 
-1 

f (t0 ,t1 ) onto 

the curve 
-1 

In particular, f (1,0) is isomorphic to c. 

It then follows from the two Bertini theorems (cf., e.g., van der 

Waerden [W2] §47), that with the exception of finitely many 
-1 

(t0 ,t1 ) E P1 (~), the fibre f (t0 ,t1 ) is nonsingular and irreducible, 

and hence connected. Our family is therefore constructed! 

In this course we have not proved the Bertini theorems, and hence 

we shall briefly indicate how one can prove the assertion directly. 

Let E c Y be the degeneration set of the mapping f : Y + P1 (~), i.e. 

the set of points at which the mapping has nonmaximal rank, and hence 

rank 0. This means that if one describes f in local coordinates, then 

both partial derivatives of f vanish on E. The analytic set E can 

consist of finitely many points and finitely many one-dimensional irre-

ducible components. The restriction of f to these one-dimensional 

components is constant, because, on the regular part of such a component, 

f is a function with identically vanishing derivative. This means 

that each of the finitely many components of the degeneration set E 

lies entirely within a fibre of f. It already follows from this that 

only finitely many fibres of f are singular. All other fibres are 

regular. But when they are regular, they are also irreducible, because 

a reducible curve always has singularities at the intersections of the 

components. Thus all but finitely many fibres of f are nonsingular 

and irreducible, as was to be proved. 

2) Let s 

ct := f- 1 <l,t) 
-1 

be a small disc around 0 = (1,0) ~ P1 (~), so that 

is smooth and connected for t E S- {o}. Let 

X := f (S) and let 

be the restriction of f : Y + P1 (~) . Then by Lemma 1 
s 

x<cl = x<c0 ) = x<ct)- I <x<F . )-1). 
j=l J 

Here F. is the Milnor fibre of 
J 

local formula 8.5.4 that 

It then follows from the 
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s 
x(C) = x(Ct)- I (r.-1) +I ''i(vi-1). 

j=l J i 

Since Ct is isomorphic to a smooth plane projective curve of degree 

d, the formula for the Euler characteristic in the theorem follows from 

Lemma 4. 

If C is irreducible, then we consider the resolution C of C. 

We have 

because C 

s 
x(C} + I (r.-1) 

j=l J 

results from C by identifying the r. 
~ 

preimage points of 

a singular point pi of C, corresponding to the ri branches of C 

at pi , into a single point, as the following schematic picture indi­

cates : 

c 

The assertion of the theorem then follows from 
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As a corollary, we obtain the following formula proved by Clebsch 

1864 

Corollary 6 (Clebsch's formula) : 

Let C c P2 (~) be an irreducible curve of degree d, which has 

only double points and cusps as singularities. Let r be the number 

of double points and let s be the number of cusps. 

p(C) 

Proof : 

d(d-3) + 1 -
--2- r - s. 

Then 

At a double point (resp. cusp) C has the local equation xy = 0 

(resp. x 2 - y 3 0), and hence multiplicity 2 in either case. The 

curve becomes smooth after once blowing up such a point. Thus each 

double point resp. cusp makes a contribution -1 in the formula of Theo-

rem 5. 

Examples and remarks : 

1) For a projective line L we have d = 1, r = s = 0, hence p (L) = 0. 

Of course, we have already established in 3.4 that L is homeomo rphic 

to the 2-sphere s2 . 

2) An irreducible quadric 
2. (-1) 

Q is nonsingular ; one obtains 

p(Q) = -2-- + 1 = 0 for the genus. This agrees with our results 

in 7.1, where we constructed an isomorphism between Q and P1 (~ ) . 

3) For the three types of irreducible cubic we obtain the following 

table : 

c urve I d r s genus 

nonsingular cubic 3 0 0 1 

cubic with ordinary double point 3 1 0 0 

cubic with cusp 3 0 1 0 

This s hould also be compared wi th the t opological investigations o f 3.4. 

4) The astroid 
2 2 3 2 2 

(x +y -1) + 27x y 0 (cf. p . 33, 81, 86 ) has degree 

6. In the preceding section 9.1 we established that the astroid has 

4 double points and 6 cusps. 

troid to be 

p = 9 + l - 6 - 4 0. 

Thus one finds the genus of the as-
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5) We consider the curve C given by the equation 

2 = x2p+2 + 2p+l y h(x) a 1x + ... + a 2p+2 

where h(x) is a polynomial of degree 2p+2 without multiple zeroes. 

Curves of this type are also called hyperelliptic curves. 

jective equation of C is 

Y22 2p = x2p+2 + 2p+l 2p+2 
a 1x z + ... + a 2p+2z . 

The pro-

C has only one singularity, at the point (0,1,0), and it is descri­

bed in the coordinates x, z by 

Z2p = x2p+2 + a x2p+lz + 2p+2 
1 ··· + a2p+2z · 

One easily computes that the sequence of multiplicities of proper pre­

images at the infinitely near points is 2p, 2, ... ,2, and hence one 

obtains from Theorem 3 that p 

p(C) = (2p+2) (2p-l) + l _ ~ 
2 

[2p(2p-l)+p·2 · (2-1) l = p. 

This example shows that there is a plane irreducible curve of genus 

p for each natural number p. 

6) The proof of Noether's formula showed that one can go from a singular 

curve C to a nonsingular curve not only by resolution, but also by 

"deformation", and that this formula also may be interpreted as fol­

lows : it describes the difference between two different kinds of non-

singular models of C, those of the resolved curve C and the defer-

med curve Here the difference is given depending on the 

resolution. 

7) I f one uses the f o rm of the l ocal f o rmula which we have given in 

r emark (i) at the end of 8. 5 , then one obtains 
s s 

x(C) = d(3-d) - I (r.-1) + 2 I o 
j=l ) j=l pj 

resp. 
s 

p(C) = n(C) - L 6 
j =l pj 

for irreducible curves in Theo r em 5. The corr e c tion term in this 

formula may be interpreted in the sense of deformation theory as fol­

lows : if (C,p) C (~2 ,p) is a reduced analytic curve germ, then C 

may be deformed, in a small neighbourhood U of p, by an arbitrarily 

small defo rmation into a cur ve C' which has only double points as 

singularitie s . The number o f t hese double point s is at most 0 . 
p 
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8) It follows from the formulae of Clebsch and Noether that the genus 

p(C) 

form 

of a nonsingular plane projective algebraic curve is of the 

p(C) d(d- 3 ) + 1 for a natural number d (the degree of the 
2 

curve). In particular, P2 (~) contains no nonsingular algebrai c 

curves of genus 2, 4, 5, 7, 8, 9, 11, 12, 13, 14, 16, .... 

The above condition for the genus is therefore a necessary c ondi­

tion for an irreducible curv e to be birationally equivalent to a 

smooth plane curve. However, this condition is not sufficient : for 

example, the hyperelliptic curves of example 5 have no nonsingular 

plane model for p > 2 ([S4] II I §5 ex. 15). 

To conclude this section it will be shown how the genus fo r mula 

generalises when curves are considered in arbitrary smooth compact corn-

plex surfaces V instead of in P2 (~). Since we can no longer speak 

of the degree of a curve, we must first develop the concepts which make 

a gene ral i sation possible . We observe that, in the f o rmula 

p ~ · (d2-3d) + 1, the number d 2 is the self-intersection number 

C·C of the curve C. (For this and what foll ows, cf. §6.3). We shall 

see that -3d can also be interpreted as the intersection number o f C 

with a divisor in V - the "canonical divisor" of v. 
divis or will now be def i ned. 

Let V be a connected compact complex manifold. 

is a finite linear combination 

This canonical 

A diviso r o n V 

where the Di are closed irreducible 1-codirnen sional ana lytic s ubs ets 

of v. 

Divisors come locally from rnerornorphic functions 

a system of locally rnerornorphic functions such that 

(i) {Ui} is an open covering o f v, 

(ii) fi is a nowhe re ide ntically vanishing rnerornorphic functi on on 

ui , 

has neither zeroes nor poles in u." u .. 
1 J 

Then the zeroes, resp. poles, of 

sional analytic subsets of v . 

n e nts , with multiplicitie s rn. 
J 

zero). Then 

form well-defined 1-codirnen-

be their i rreducible cornpo -

(negative f or a pol e , pos i t i v e f or a 
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is the divisor determined by {fi,Ui}. Each divisor arises in this way, 

and two systems {fi,Ui} and {fj,Uj} of locally meromorphic functions 

determine the same divisor (or are "equivalent") just in case f./f~ 
1 J 

* has neither zeroes nor poles in U.()U~. 
1 J 

Divisors constitute an abelian group (written additively). If D 

and D' are divisors, induced by {fi,Ui} and {fj,Uj} respectively, 

then D + D' is induced by {fi·f; , Ui () u;}. A divisor (induced by 

{fi,Ui}) determines a line bundle (unique up to isomorphism) with the 

transition function Two divisors and in-

duce isomorphic line bundles when there is a global meromorphic function 

f suchthat f. =f·f'. in U."u .. 
1 J 1 J 

One can show (cf. [M9] §9) that if V is algebraic (i.e. if V is 

isomorphic to a closed submanifold in a PN(~)), then each holomorphic 

line bundle over V comes from a divisor. This does not hold for arbi-

trary complex manifolds. Namely, there are smooth compact complex sur-

faces which contain no complex curves at all. 

We therefore define the canonical line bundle of V generally 

first, and later restrict to the case in which it is induced by a divisor. 

The canonical line bundle w v on the n-dimensional complex manifold V 

is the bundle of holomorphic n-forms on V : 

The transition functions are given by the determinants of the coordinate 

transformations. 

It is clear that w v is induced by a divisor just in case thefe is 

a global, nonconstant, meromorphic n-form on V. The divisor of each 

such n-form induces the same bundle The divisor of a meromorphic 

n-form is called the canonical divisor and denoted by ~· The way in 

whic h such meromorphic forms can be explicitly described for a curve V 

will be investigated in detail in 9.3. 

* 

If E is a continuous complex m-dimensional vector bundle over V, 

More generally, a finite formal linear combination of analytic subsets 
on an a nalytic space is called a Weil divisor, a system of locally mero­
morphic functions with properties (i) to (ii i ) is called a Cartier 
divisor. On complex manifolds the two definitions coincide. 
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2i then one can associate a Chern class ci (E) € H (V, Zil) with E for 

each i, 0 < i < m. The element c(E) = ~ c. (E) in the cohomology 
i>O ~ 

ring H*(V, Zil) is called the total Chern class. 

properties of Chern classes are : 

The characteristic 

(I) c 0 (E) is the identity element in H*(V, Zil) 

(II) If f : V + W is continuous, then 

c(f*(E)) = f*c(E) 

(f*E = induced bundle, while f* on the right-hand side denotes 

the induced mapping in the cohomology) . 

(III) c (E$E') = c (E) · c (E') 

(IV) Let (z0 , ... ,zn) be homogeneous coordinates in Pn(~) and let Ui 

be the coordinate neighbourhoods zi ~ 0. Let Pn-l (~) C Pn(~) 

be the divisor defined by z 0 = 0. Then Pn-l(~) defines a gene­

rator of H2n_ 2 (Pn(~), Zil) (cf. 6.3.5) and, by Poincare duality, a 

generator h of H2 (P (~) , Zil) . Let nn be the line bundle over n n _1 
Pn(~) defined by Pn-l (~) (transition function gij = zi zj ) . 

Then 

1 + h . 
n 

For the definition, and proof of these properties, cf. Hirzebruch 

[H6] §I. 4 ! 

Now let V be a compact connected complex manifold of dimension 2. 

If E is a complex line bundle over V, induced by a divisor D, then 

h[D], 

where [D] e H2n_ 2 (V, Zil) is the class of D (cf. §6.3) and 
2 

h : H2n_ 2 (V, Zil) + H (V, Zil) denotes the Poincare isomorphism. if D 

and D' are two divisors, then their intersection number is defined by 

D • D' := h(D) ([D']) 

i.e. the value of the cohomology class associated with D on the homo-

logy class of D'. Or, what comes to the same thing 

D D' <[D], [D']>[V] = (h(D) 1.) h(D')) [V], 

where <, > denotes the product in the intersection ring and v deno-

tes the cup product in the cohomology ring (cf. §6.3). In §6.3 we have 

mentioned that, in the case of an algebraic manifold, the algebraically 
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defined interse ction multiplic ity coincides wi th the topologi cal i nter-

section number defined here . 

For the sake of simplicity, we assume in what follows that the cano­

nical bundle of our complex s urface V i s induced by a c a nonical diviso r 

Ky· Let C c V be an irreducible complex curve, i . e . an irreducible 

1-dimensional c losed analytic subset of V. The generalised genus for-

mula now runs as follows : 

Theorem 7 

l-. L v . ( v. -1) . 
. :t :t 
:t 

The sum again is over all the multiplicities o f proper preimages at all 

infinitely near points of all s ingular points o f C. 

Before we prove the theor em, we show that our old formula is con-

tained in Theorem 7 a s a special case : 

Example : 

Let V = P2 (~), covered by the coordinate neighbourhoods 

U. = {z. t 0} . The determinant of the transition functions is 
:t :t 3 -3 

cij = (z / z i) (gij) (c f. I V) . The canonical bundle is therefore 

where L 

L 

is the Hopf line bundle over 
n+l 

(c f . p.461). 

A canonical divisor is given, e.g., by 

f ollows that 

Ky -J [ Pn-1(~)] . 

If CCV= P2 ( ~) is a curve o f degree d we t herefore have 

C·C = d 2 

c·Kv = - 3[ Pn-l (~) J • c - 3d. 

Proof of Theorem 7 : 

In general, 

It 

As with the topolog ica l proof o f Bezout's t heo r em, we cannot r eally 

speak of a proof, since we use many facts not p r oved in the course . 

We first p r ove Theorem 7 for smooth curve s , in order to s how the 

ge ne r a l case by induc t ion on the number of a - processes necessa r y t o re-

sol ve the s i ngu l a ri t ies o f t he curve . 
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(1) Let c C V be smooth, and let N(C) denote the normal bundle 

of C in V. We have 

T(V) lc = T(C) e N(C). 

It follows from properties I, II and III of the Chern classes that 

i*c1 (T(V)) c1 (T(C)) + c 1 (N(C)), 

where i : c + V denotes the incl usion. Since the restriction to C 

of the bundle induced by the divisor C is just N(C), it follows that 

c 1 (N(C)) = i*h[C]. In addition, one can show that c 1 (T(C)) is just 

the Euler class of C (cf. [H6] §I.4.11). Hence if we apply the above 

equation to the fundamental cycle [C], it follows that 

c 1 (T(V))·C x(C) + C·C. 

Since A2T(V) is dual to the canonical bundle, it follows (cf. [H6] 

§1.4.4.3) that 

c1 (T(V)) -c1 (T* (V)) 

and we obtain 

2 - 2p(C) + C · C, 

as was to be shown. 

(2) Now let C C V be arbitrary, let p ~ C be a singular point, 

and let v be the multiplicity of (C,p). In order to be able to carry 

out an induction it is enough, by part (1), to show the following : 

If ~ : V + V is a quadratic transformation at p ~ V and if C 
is the p rope r prei mag e of C, then 

The equation results from the following identities (E is the exceptional 

divisor of ~) 

~(C · C+Kv·C) ~(~-l(C ) -~-l(C) + n-l(KV) -~-l(C) ) 

~ ( (C+vE) (C+vE) + (K\i-E) (C+vE)) 

~ (CC+2vCE+v2EE+KVC-EC+VKyE-vEE) 

~<cc+KyCl + ~<v2 - v ). 

Here we have used 

1) I nvariance o f t he interse ctio n numbers under passage t o t otal p r e -

image : 
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D · D' = 1T-l(D) · 1T-l(D'). 

This follows from Noether' s theorem (8.4.13) and the fact that the 

intersection number equals the sum of the local intersection multi­

plicities. 

2) The generalised Hurwitz formula 

-1 
KV = E + 1T (~). 

Proof : 

Suppose ~ is described by the meromorphic 2-fo rm w o n v. 
Then w 0 1T is a meromorphic 2-form on v which describes Kv. We 

consider coordinates (x,y) in u n v and (;{ ,y) in unv with 

1T(U) C U. If w = f·dx 1\ dy in U, then 

w o "= det( :
2
:)f o 1Td;{ f\ dy holds in u, i.e. Kv is described in 

U by det ( ~~=y) f o 1T. But since E is described by det ( :
2
:) 

_1 ax ~ y . axay 
and 1T (KV) ~s descr~bed by f o "• the assertion follows. (The 

proof shows that the assertion holds for arbitr a ry mappings 1T : V + V 

between manifol ds of the same dimension when the functional determinant 

of 1T does not vani s h i dentically and whe n E denotes the divisor 

associa ted with this functional determinant.) 

3) E·E = -1 

Proof : (see also 8.4.18) 

Let z 1 ,z2 be local coordinates in a neighbourhood W around p 

in V. As usua l, 1T-l(W) is covere d by the two c oordinat e ne ighbour­

hoods u1 (coord i na tes u1 ,v1 ) a nd u 2 (coor d ina t es u 2 , v 2 ), so t hat 

1T is described relative to these coordinates by the equations 

zl vl 
in ul 

zl u2v2 
in u2 

z2 ulv l z2 v 2 

The e xcept iona l divisor E is d e s c ribe d in ul by {v1=0) and in u2 

by {v 2=0}. 

Let z be the divisor given by the holomorphic function zl 0 1T 
-1 

on 1T (W). z is described by vl = 0 in ul and by u2-v2 = 0 in 

u2 hence z E + U, where u is the divisor g ive n by u2 = 0. 

Si nce Z c ome s f r om a holomorphic func tio n define d globally in 

1T-l(W), t h e bundle ~ o ve r 1T-l (W) a ssociated with z is t r i v i al and 
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0. It follows that : 

0 = Z·E (E+U) ·E = E·E + U·E = E·E + 1, 

and hence E - E = -1. 

4) ~-E -1. 

Proof : 

We apply the assertion about nonsingular curves, already proved in 

part (1), to the exceptional curve E and obtain 

hence 

0 = p(E) = ~(E·E+Kv·E) + 1 = ~(-l+Kv · E) + 1, 

K-·E v -1. 

5) C·E = v by 8.4.1. 

This completes the proof of Theorem 7. 

9.3 Differential forms on Riemann surfaces and their periods 

The theory o f differential forms on Riemann surfaces, and their in­

tegrals, has its historical origin in investigations of elliptic inte-

grals, e.g. integrals which describe arc length on ellipses or lemni s-

cates. These investigations began with the disc overy of Fagnano 1714 

on the d oubling of the lemniscate arc, were carried forward by Euler, 

Gauss and above all Abel, then brilliantly raised to a new level by 

Riemann in his work of 1857 (R3]. We shall not go into the histo rical 

aspect of this development here - for that we refer to the books of 

Dieudonne (03], Chap. V, or Siegel (S5]- instead we shall begin imme­

diat ely with the desc ription of differential f o rms on a Ri emann surface. 

Suppose then that C' is an abstract closed Riemann surface, i.e. 

a complex one-dimensional connected compact complex manifold. (This 

formulation of the concept is due to H. Weyl.) We have spoken a bout 

the connection between abstract Ri emann surfaces, concrete Riemann sur­

fac es and algebraic c urves e arl ier in 3 .4 (cf . e spec i a lly p . l56). The 

closed Riemann surfaces are - as we claime d there without proof - biho-

lomorphically equivalent as complex manifolds to the manifolds which 

result from blowing up singularities of irreducible plane projective 

algebraic curves (cf. also 9.2). We shall use this concrete description 

in the present s ection, in orde r to desc ribe the differential forms on 

such a Riema nn surface C '. 

Since C' i s comple x one-dimensional, only t he 1-forms are 
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interesting from an analytic standpoint, and when we speak of differen-

tial forms on C' we always mean 1-forms. We want to investigate the 

meromorphic differential forms on C'. 

form always has a representation 

Locally, such a differential 

w g(z)dz 

where z is a local complex coordinate on the !-dimensional complex 

manifold C', and g(z) is a meromorphic function. We assume that the 

reader is already familiar with the calculus of differential forms (cf., 

say, the book of Narasimhan, [N6]). 

Differential forms are there to be integrated. If we integrate a 

meromorphic 1-form w over a closed curve, a "cycle" y on C', which 

avoids the poles of w, then we obtain a complex number 

J dw. 
y 

These numbers are called periods- in 7.4, p. 322, we have already spo­

ken briefly about the great significance they have in relation to the 

moduli problem. The periods are the definite integrals of w. Now we 

consider the indefinite integral ! If one integrates w over a varia-

ble path with fixed initial point z 0 and variable endpoint z, then 

one obtains a many-valued function of z 

Jzw 
y(z) 

zo 

These functions are called abelian integrals. Special cases are the 

elliptic integrals, which we have studied in a little more detail in 7.4. 

Abelian integrals are in general holomorphic on C'. 

singularities at the poles of w. 

In this regard we can distinguish three cases : 

However, they have 

I. The differential form w has no poles, and hence is a holomorphic 

singularities. The 

'z 
Then / w is a many-valued function without 

- zo 
many-valuedness is obviously described preci-

differential form. 

by the periods, i.e. the difference between two branches of 

is a period Jyw. Such integrals are called integrals of 

kind, and the holomorphic differential forms are called 

differential forms of 1st kind (older terminology : differentials 

of 1st kind) . 

II. The differential form w has poles, but the residues of w at 
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the poles are all zero (i.e. in local c o ordina tes w has t he f orm 

( :~n + ••• + 
a_2 ,\ 
z 2 + f(z)}dz where f (z) i s a holomorphic f unc tion 

and n > 2). this case In Jzz w is a many-valued me r omo r phic 

function on C', with poles at ~he poles of w. The many-valued-

ness does not come from the singular points in describing a s mall 

circle around a singular point one comes b ack to the same bra nch -

this follows immediately f r om the residue t heo rem. Differential 

forms of this kind are called differential forms of the 2nd kind, 

t he c orres ponding i ndef i nite i n tegr a l s a r e calle d i n tegrals of t he 

2nd kind. 

III. The differential form w has poles, at wh ich the residue of w 

does not vanish. In thi s case the abelian integral Jz w ha s lo­
zO 

garithmic singular ities at t hese po l e s. Additional many-valued-

ness there f o r e appe ars as a result o f the l ogarithmic s ingularity. 

With integrals of the lst and 2nd kind the periods J yw are non-

zero only for non-null homologous cycles y in C', whereas i n the 

3rd case o ne must also c onsider periods Jyw where w i s a small 

c ircle around such a pole , because this integral is just the resi-

d u e of w at t h is poin t - u p to a factor 2ni b y t h e residue 

theo r e m (such periods are also calle d r esidual perio d s ) . Di f f e r -

ential f orms with such po les are called differential forms o f the 

3rd kind, and the associated integrals are called integrals of 

the 3rd kind. 

This important div isio n of the me r omorphi c diffe r e ntial f o rms o n a 

Riemann s ur face is d ue to Riemann 1857. 

We now want to describe the differential s of lst kind quite ex-

plicitly. To do this we assume that n : C' + C is the reso l ution of 

singularities of a plane projective algebraic c urve c with a ff ine equa-

tion f(x , y) = 0 . The affine coordinate s x, y a r e r a tiona l f unction s 

o n c , and he nce g ive rational f unction s o n C ', which we aga in denot e 

by x, y, when composed with n . Likewise, each rational function 

R(x,y) of x and y gives a meromorphic function on C'. Finally, 

instead of the meromorphic functi ons x and y , we can consider thei r 

di f f e r e n t ials dx and dy - t he lat t er a r e certa i n me r omo r p h ic d iff e r-

entia l f o rms o n C ' . Mo r e generally , one o btains well defined me r omor-

ph ic differential forms R (x ,y)dx + S(x ,y) d y i n t his wa y . This i s t h e 
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form in which we shall first describe the differential forms of lst 

kind. 

The description we give already appears in Abel - though set up in 

a complicated way - and with clear proofs by Riemann in the cited work 

of 1857. 

Theorem l 

Let C be an irreducible plane algebraic curve of order n with 

affine equation f(x,y) = 0, and let the coordinates be chosen so that 

~ does not vanish identically. Let C' be the Riemann surface which 
ay 
results from C by resolution of singularities. Then the nonvanish-

ing differentials of lst kind on C' are just the differential forms 

~(x,y)dx 

at 
ay(x,y) 

where ~(x,y) = 0 is the equation of a curve of order n-3 adjoint to 

c. Thus the vector space of differentials of lst kind on C' has 

dimension p, where p is the genus of C'. 

Proof We first show that the differential forms w of the form 

~(x,y)dx 

at ' 
ay(x,y) 

w = 

where ~(x,y) is the equation of a curve C of order n-3 adjoint to 

C, are in fact differentials of lst kind on C', i.e. they have no 

poles. In order to avoid a separate discussion of possible poles at 

infinity, we use the substitution 
xl x2 

to write w in the X = 

homogeneo us form 

w = 

where F(x0 ,x1 ,x2 ) = 0 is the homogeneous equation of C and 

~(x0 ,x1 ,x2 J = 0 is the homogeneous equation of C. 

Thus we see that poles result from the vanishing of aF . The 
ax:2 

differential form w therefore has poles, if at all, at the points of 

C' lying over the intersections of c with the polar c; which is 

described by the equation 
aF 

0. The intersections of the -a-<"o'"l •"2l = 

polar e with 
x2 

one hand, the singular points of c are, on the c, on 

the other hand the smooth points at which the tangent to C goes 

through the pole. We consider t his second case first. At these 
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points w has no pole. Proof : the function f(x,y), regarded as a 

function on C', vanishes identically there. 

satisfies 

Hence its differential 

~+~ ax x ay Y 0. 

Therefore 

dx 
af;ay 

dy 
- at;ax 

Thus if we write w in the form 

w <P dx 
a;ay 

we can write it equally well in the form 

w -<P dy 
af;ax 

At a smooth point of C where 
at 

vanishes, ax 

for that reason w has no pole there. 

Now we consider a singular point p of C. 

does not vanish, and 

We describe the situ-

ation in affine coordinates x, y. Let t be a local coordinate on 

C' in a neighbourhood of a point q which is mapped onto p by the 

resolution n · c• + c. Let the resolution be described in the neigh-

bourhood of q by two functions 

x = x(t) 

y y(t). 

In terms of the local coordinate t, the differential form w is 

w = $(x(t) ,y(t))x' (t)dt 
at 
ay (x (t) ,y {t)) 

hence w has no pole at q iff the orders of these functions of t 

at p satisfy : 

O(<jlon) + (O(xon)-1) - O(afon) > 0. ay - (*) 

By 8.3.14, we can interpret these numbers as intersection numbers : if 

Cq is the branch of c at p corresponding to q and if L is the 

perpendicular line x = c through p, then we obtain the condition for 

w to have no pole at q as 

(**) 

For the case in which C is irreducible at p, so that (C,p) = (Cq,p), 

we can use the fact that we have calculated the intersection mul t i pli-
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city of C with the polar ~ in 9.1.4 : in this case 

v (C.~) = ~v.(v.-1) - 1 + vp(Cq,L) 
p q J J 

and then the condition (**) equivalent to (*) reads 

v (C,C) > ~v. (v .-1), 
p - J J 

where the summation is over all the multiplicities v. 
J 

of infinitely 

near points of (C,p). But this inequality f ollows from an easy gene-

ralisation of Theorem 8.4.13 using the multiplicity conditions intro­

duced in 9.1 with the definition of adjoint curves, because, at each 

infinite ly near point of C with multiplicity vj , C has multiplicity 

at least vj-1, and hence Max Noether's formula for calculating the 

intersection number yields a number > ~v.(v.-1). 
- J J 

Thus one sees that 

the adjoint condition is formulated just so that the forms w have no 

poles. 

In the general case, where C is reducible at p, we cannot reach 

the conclusion quite so simply, but then the inequality (*) or (**) 

follows by a simple induction as in the proof of 9.1.4. 

this here. 

We omit doing 

form 

The proof of (**) shows that the differential forms w of the 

w 
¢> dx 

at;ay ' 

where ¢> is the equation of an adjoint curve of order n-3, are holo-

morphic. Since, by 9.1.6, there are just p such equations which are 

linearly independent of each other, where p is the genus of C, we 

have thereby constructed p linearly independent differentials of the 

1st kind. In 9.1.6 we obtained the number p in the following 

form 

= n(n-23) + 1- ~ ~v.(v . -1). 
p L ) ) 

But in 9.2 we p roved that this number equals the genus of the Riemann 

surface C' , i.e. the first Betti number b1 of C' is 

Using this fact, we now prove that there are no holomorphic !-forms on 

C' other than those described above. 

Let V be the vector space of ho lomorphic !-forms on C' and let 

m = dima: V. Then V is a real vector space of dimension 2m. Now 

l et be cycles on C' which form a basis for the first 
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homology group of C'. Each represents a complex linear form 

on v, defined by 

tk(w) = Jykw 

The real part hk of 2-k is a real linear form on V 

hk(w) = Re J w 
yk 

For m > p to hold, the real subspace of V defined by the linear 

equations h1 (w) = ... = h 2p(w) = 0 would have to have positive dimen-

sion. Hence there would be a nonvanishing holomorphic 1-form w with 

Re J w = 0 y , 
k 

k=l, ... ,2p. 

Now we consider the indefinite integral 

y(z) = Jz w 
zo 

Since w has no pole~ y(z) would be a many-valued holomorphic func-

tion on C'. Because of the vanishing of the real parts of the periods, 

the real part of y would even be a single-valued function on C', and 

as the real part of a holomorphic function, Re(y(z)) would be a harmo-

nic function. Since C' is compact, this function would have to 

attain a maximum somewhere on C'. But, by the maximum principle for 

harmonic functions, a nonconstant function which is harmonic in some 

domain does not attain its maximum in the interior of the domain (cf. 

e.g. Behnke-Sommer [Bll, Chap. II, Appendix, Theorem 52). Since 

Re(y) has to attain a maximum, it must therefore be constant. Then, 

by the Cauchy-Riemann equations, the imaginary part would also have to 

be constant. Hence the function y would be constant, and.therefore 

its differential 

w = dy = 0, 

contradicting the assumption w f 0. Thus the assumption m > p has 

led to a contradiction and Theorem 1 is proved. 

In Theorem 1 we have written down the holomorphic 1-forms in a 

simplest possible form. The numerator is the product of dx with an 

affine adjoint of order n-3, and the denominator is 

tion ~ = 0 is the equation of a special polar. 
ay 

at 
ay . The equa-

In proving the theo-

rem we have already seen that the essential point is the comparison of 

intersection multiplicities of adjoint and polar. The special choice 
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of polar is inessential. 

It is therefore closer to the true state of affairs when we use, for 

the denominator, a polynomial which describes an arbitrary polar. In 

addition, it is more natural to use the equation of this general polar in 

homogeneous form 

because only in this form is it symmetric. In this way one comes to 

the following description of differentials of the lst kind 

geneous form, which goes back to Aronhold (1861) . 

in homo-

Corollary 

Let C be an irreducible plane curve of order n with homogeneous 

equation F(x0 ,x1 ,x2 ) = 0, and l et C' be the abstract Riemann surface 

which results from C by resolution of singularities. Then the holo­

morphic 1-forms on C' may be described in the following homogeneous 

form 
"'( ) . E(-l)sign(i,j,k) d 

where 

~ x0 ,x1 ,x2 aixj xk 

'a oF 
L iox. 

~ 

oF 
EaiaK."" 

~ 

0 is the equation of an arbitrary, but fixed, polar, and 

0 is the homogeneous equation of an (n-3)th order curve 

adjoint to c. The vector space of these polynomials <jJ has dimension 

p, where p is the genus of the Riemann surface. 

We could derive this corollary from Theorem l, or we could confirm 

it directly in the same way as Theorem l. Instead of this, we shall 

systematically explain, by a sequence of theorems which follows, how one 

can arrive at this form of differential forms. The roots of this go 

back to Poincare, Picard and Lefschetz. These roots have been very 

essentially extended and deepened in recent years in a series of works 

by P.A. Griffiths, which we follow in our presentation (cf. Griffiths 

[G7 ]). 

In what follows we shall assume, for the sake of simplicity, that 

C is a nonsingular curve in P2 (~). Then C is a !-dimensional com-

plex manifold in particular. To describe the holomorphic differential 

forms on C we can in principle use local complex coordinates, and 

r elative t o such a coordinate z, each 1-form has t he form g(z)dz 

when restricted to the coo rdinate neighbourhood, where g is a holo-
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morphic function. Passing to another coordinate t with z = z(t), 
dz 

one has the transformation g(z)dz = g(z(tlldfdt This kind of des-

cription of holomorphic forms is awkward and not particularly elegant. 

It may be asked whether there is not a description in closed form which 

more strongly uses the fact that C is given to us not only as an ab­

stract complex manifold, but concretely, with an embedding in 2-dimen­

sional projective space, in which we can use a single coordinate system 

(x0 ,x1 ,x2 J when we operate with homogeneous coordinates. This is in 

fact possible - indeed, we have given such a description of the differ-

ential forms in the Corollary to Theorem 1. We now want to understand 

this description better. The essential new idea will be that there is 

a close connection between the 1-forms on C and the 2-forms on the 

complement P2 (~) -C. 

We first want to investigate this connection in a somewhat more 

qualitative topological way. To do this we begin with some quite gene-

ral remarks on the description of cohomology by differential forms. 

Differential forms are there to be integrated over cycles. If one inte-

grates a p-form w on a manifold X over a p-cycle, then one obtains 

a complex number which, by Stokes' theorem, depends only on the homology 

class of the cycle when w is closed, i.e. when dw = 0. Of course, 

one uses p-cycles with complex coefficients, whi ch are quite analogous 

to the p-cycles with integer coefficients defined in 6.3. Their homo­

logy classes form the pth homology group of X with complex coeffi-

cients, 

Thus a closed p-form yields a linear form on Hp(X,~), and hence an 

element of the dual vector space. This dual vector space is (by the 

universal coefficient theorem) just the pth cohomology group of X 

with complex coefficients 

Hp(X,~) - Hp(X,~)*. 

Thus a closed p-form w yields a cohomology class [w] E Hp(X,~), and 

Stokes' theorem shows that this class does not change when we add to w 

an exact form, i.e. a differential of the form d~ , where ~ is a (p-1)­

zP(X) of form. It is therefore meaningful to divide the vector space 

closed p-forms on 

exact forms Bp(X). 

X with complex coefficients by the vector space of 

Then one obtains the pth de Rham cohomo logy 
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and our above discussion can be summarised by saying that the integration 

of closed p-forms over p-cycles induces a canonical homomorphism 

Until now we have left open what differential forms we want to work 

with. 

When X is given as a differentiable manifold, it is natural to 

work with differentiable forms, and the resulting differentiable de Rham 

cohomology satisfies the following well-known theorem (cf. e.g. 

Narasimhan [N6]). 

De Rham Theorem (1931) 

The canonical homomorphism for differentiable de Rham cohomology, 

is an isomorphism. 

When X is a complex manifold, it is natural to work with holo-

morphic differential forms. Under certain assumptions the resulting 

analytic de Rham cohomology, despite the fact that we are working with 

far fewer differential forms, is still isomorphic to the cohomology 

H*(X,O:). This holds, in particular, when there are a lot of holomorphic 

functions on X - more precisely : when X is a Stein manifold (these 

manifolds may be characterised as those which admit embeddings as closed 

submanifolds in an affine space a:N) . But in general the analytic de 

Rham cohomology is no longer isomorphic to cohomology. This holds 

especially in the case of interest to us, where X is a compact 1-di-

mensional complex manifold. Such an X admits very few holomorphic 

functions, namely, just the constant functions. For that reason, the 

first analytic de Rham cohomology group H~R(X) is isomorphic to the 

vector space of holomorphic 1-forms. (Each holomorphic 1-form w is 

closed, because dw is a holomorphic 2-form, but X is 1-dimensional, 

hence dw = 0.) Thus H~R(X) is a complex vector space of dimension 

p, whereas it is well known that H1 (X,O:) has dimension 2p, where p 

is the genus of X. 

half the cohomology. 

Thus in this case the holomorphic forms yield only 

However, when one wants to describe the rest of the cohomology by 

means of differential forms related to the complex analytic structure, 
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one has several options. 

First option : One replaces the definition of the analytic de Rham 

cohomology, which in a certain sense is addressed very much to a local 

situation, namely the Stein or affine case, by a more global definition 

of de Rham cohomology. One defines the analytic de Rham hypercohomology 

H;R{X), and then one again obtains an isomorphism H;R{X) - H*{X,~). 

These homological methods are important standard techniques in modern 

algebraic geometry, but they lead beyond the scope of this course. 

Second option : One considers not only the cohomology classes which 

come from holomorphic forms, but also others, e . g. those which come from 

antiholomorphic forms. We want to explain this a little more precisely. 

Let X be a complex manifold. A differentiable complex-valued differ-

ential form w is a {p,q)-form {or "form of type {p,q)") when it has 

a representation of the following form in local complex coordinates 

. . . 1\ dz . 1\ dz . 1\ .•• 1\ dz. 
lp Jl Jq 

Each m-form on X may be expressed uniquely as a sum of {p,q)-forms 

with p + q = m. When X is not only a complex manifold, but also a 

pro jective algebraic manifold {or more generally : a compact Kahler 

manifold), then this decomposition leads to a corresponding decomposi­

tion of the cohomology, the Hodge decomposition. 

Hodge decomposition : 

Let X be a projective algebraic manifold, and let Hp,q{X) be the 

subspace of Hp+q{X,~) generated by the closed {p,q)-forms. The n one 

has the direct sum decomposition 

m 
p+q=m 

Hp,q{X). 

The closed forms of type {p,O) are just the holomorphic p-forms, and 

Hp,O{X) is canonically isomorphic to the vector space of holomorphic 

p-forms. 

This fundamental theorem was proved by Hodge by tying together the 

ideas of Riemann with his own theory of harmonic forms in a series of 

works (from 1931 onwards), cf . Hodge [H8]. A concise introduction to 

these ideas may be f ound e .g. in [D3] VII.l, and a good summary and 

overview is in [G8] §3 . 
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As an example, let us consider the case of a nonsingular algebraic 

curve c of genus p. In this case we obtain the Hodge decomposition: 

The half H1 ' 0 (X) is- as we established above- the p-dimensional vee-

tor space of holomorphic 1-forms. If w 

then w is a closed (0,1)-form, because 

is a holomorphic 

dw = dw = 0. Thus 

1-form, 

HO,l (X) 

is generated by the forms which result from the holomorphic 1-forms by 

conjugation, the "antiholomorphic" forms. There is a conjugation on the 

complex vector space H1 (X,~), because H1 (X,~) is the complexification 

of H1 (X, IR), and this conjugation corresponds precisely to the conjuga­

tion w ~ w so that : H1 ' 0 (X) = H0 ' 1 (X). The closed (p,q)-forms we 

are working with here are differentiable, even real analytic, but neither 

complex analytic nor meromorphic. 

Third option : One can allow the forms used to describe the cohomo-

logy classes to be meromorphic and to have poles. We confine ourselves 

to the case of a nonsingular curve C. It follows immediately from the 

residue theorem that the integral of a meromorphic differential form 

of the second kind over a 1-cycle of C is always a well defined 

number (see above), which depends only on the homology class of the cycle. 

(For differential forms of the 3rd kind this is not so) . For that 

reason one can also associate a cohomology class [w] € H1 (C,~) with w 

of the 2nd kind. One can show - and we shall carry this out in de­

tail later that one in fact obtains all cohomology classes in H1 (c,~) 
in this way. 

We have now indicated three different, but related, methods for 

describing the cohomology of a complex manifold X by differential forms. 

Now when X is not only a complex manifold, but also a projective alge­

braic manifold, then it is natural to work only with rational differen­

tial forms, i.e. those which have local representations, in Zariski open 

sets, of the form 

with entire rational functions a. . . When we consider differen-
~1. 0 -~ 

tial forms defined on the entire projective algebraic manifold (i.e. 

without poles) then these are only a priori fewer in number than the 

holomorphic forms. For curves, we have already seen this, because 

Theorem l in fact gives a description of all holomorphic 1-forms by 
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rational forms. However, this also holds generally : holomorphic forms 

on a projective algebraic manifold X and rational forms without poles 

are the same, and so too are meromorphic forms and rational forms with 

poles (see Serre [Sl4] GAGA). 

For forms on a non-projective algebraic manifold, e.g. on an affine 

algebraic manifold, it is quite different. One already sees this in 

the simplest case of 0-forms, i.e. functions on X = ~ : the entire 

rational functions are a much smaller class than the entire functions, 

which also include transcendental functions, such as the exponential 

function. 

Interestingly enough, it nevertheless holds for non-projective 

algebraic manifolds that rational forms suffice for computing the coho-

mology. More precisely, one has the following important theorem of 

Grothendieck 

Algebraic de Rham Theorem : 

For a nonsingular algebraic manifold X the algebraic de Rham 

hypercohomology is isomorphic to the analytic de Rham hypercohomology, 

and hence to H*(X,~). 

For affine X, such as the complement of a hypersurface in Pn(~), 

the de Rham hypercohomology coincides with the usual de Rham cohomology. 

For that reason, it follows that : 

Theorem : 

For a nonsingular affine X the algebraic de Rham cohomology 

H* (X) is isomorphic to the cohomology with complex coefficients : 

H*(X) ; H*(X,~). 

This theorem allows us to work with just rational differential 

forms in what follows. 

With this, we wish to conclude our general remarks on the connec­

tion between cohomology and differential forms, and return to the pro-

blem of concretely describing the forms on a plane curve. The general 

remarks were intended only as background information, not necessary to 

the understanding of what follows, but perhaps useful. 

We want to study the relation between the differential forms on a 

plane algebraic curve C and the differential forms on its complement. 

If we go over to the cohomology classes defined by the differential 
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forms, then this means investigating the relations between the cohomo-

logy of c and P2-c. Dual to this, we can also study the relations 

between the homology of C and P2-c, and this is what we want to do 

first. 

For this purpose we first choose a tubular neighbourhood T of C 

in P2 . (When we provide P2 (~) with a Riemannian metric, then for 

sufficiently small £ > 0 we can take T to be the set of all points 

at distance < £ from c. Details may be found in all textbooks on 

differentiable manifolds, e.g. [BB].) The boundary aT of the tubular 

neighbourhood is a 3-dimensional orientable manifold and can be viewed 

as an oriented fibre bundle aT + c with fibre s 1 The orientation 

of the fibres comes from the complex structure of C and P2 {~) : T 

looks like a neighbourhood of the zero section in the complex normal 

bundle, and in the lines of this complex normal bundle we have an orien­

tation in the sense of a positive circuit round the origin. 

Now let [y] be any homology class in H1 {C). We choose a cycle 

y representing [y] which consists of disjoint oriented circles- one 

easily sees that this is always possible. 

The preimage <(Y) of y in aT is a two-dimensional manifold 

one can even say that it is a d i sjoint union of two-dimensional tori, 

because each component is an oriented s 1-bundle over a circle. In 

addition, the orientation of the cycle y 

fibre s 1 give an orientation of <{y) 

and the orientation of the 

in a natural way. The 

oriented submanifold <(y) of P2-c defines a homology class [ 1 (y)] 

in H2 (P2-CJ in the sense of 6.3, and one can prove that it depends 

only on the homology class of [y]. Thus 

[y) I+ [ < (y)) 

defines a homomorphism 

In a similar way, one can define a homomorphism 

for each complex 1-codimensional submanifold W of a complex manifold 

V. When a homology class [y] is represented by an oriented submani-

fold, the definition of 1 (y) goes exactly as above. In general t he 

idea is the same, but not quite so easy to carry out technically. 
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A technically more elegant way to define T, though not so geometrically 

intuitive, is, e.g., by means of the following commutative diagram 

Hp+l (V-W) 

lit 1jJ 

H2n-p(W) ~ 2n-p+l H (V,W). 

Here the vertical isomorphisms ¢ and 1jJ are those from Poincare dua-

lity and generalised Alexander duality respectively, and a is the 

boundary homomorphism in the exact cohomology sequence. However, we 

do not want to make further use of this technical definition, and for 

details we refer e.g. to [Sl5]. 

The mapping T is also called the Leray coboundary. The simplest 

conceivable situation in which the Leray coboundary appears is of course 

the situation of the classical residue theorem : V = ~ and w = {0}. 

H0 (W) is generated by the 0-cycle y which consists of t he point 

0, and T(y) is represented by a circle around the origin with orien­

tation in the positive direction 

The Leray coboundary 

T : Hp(W) + H (V-W) 
p+l 

V•C 

T(y) 

has been defined in a geometric way . By passing to homology with com-

plex coefficients and finally dualising we also obtain a dual mapping 

<* : Hp+l(V-W,~) + Hp(W,~). 

Now when we recall that cohomology classes can be described with the 

help of differential forms, the question arises whether there is an ope-

ration on differential forms corresponding to the mapping •*· This 

is in fact the case, and the operation in questi on is a construct i o n of 

the residue. We shall define the residue o nly for those f orms on v-w 
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which have no worse singularities than poles along W. A differentiable 

(p+l)-form w on V-W has at most a pole of order k along W when 

the following holds : if, in any open subset U of V, the submanifold 

W n u is described by the defining equation f(z) 

tion of fkw to U is a differential form on U. 

0, then the restric-

Let w be a (p+l)-form on V-W with a pole of order l along 

W, and suppose in addition that dw has at most a pole of order 1 

along W. 

along W. 

Such forms are also called forms with a logarithmic pole 

One sees immediately that w has a logarithmic pole just in 

case the following holds : if U is a coordinate neighbourhood and f 

is a complex coordinate function in U for which W is the zero set of 

f, then the restriction of w to U has a representation 

whe re a 

w = a• /\ 

and 13 

df + 13' 
f 

(*) 

are differentiable forms without poles on U. 

is any other such representation in U, then 

If 

a-a' is 

a form divisible by f, hence aiW =a' lw. If, in addition, f' = uf 

with u "f 0 is another defining equation for w and if 

a' /\ 
df' 

13' I then it follows that w =a'/\ 
df 

(a' /\ 
du 

13') w = -- + T + - + 
f' u 

and hence alw = a' lw again. Thus the restriction alw f\ u depends 

only on w, and not on the choice of representation (*), or on the 

choice of f. If one now chooses a covering of a neighbourhood of W 

in V by coordinate neighbourhoods U of the above kind, and for each 

U chooses a representation 

then t h e r estriction of to W n u defines a well-determined diffe-

rential form on W. This form is called the residue of w and is deno-

ted by Res(w). Thus Res(w) is defined by 

.Res(w) lwnu = auJwnu· 

The r esidu e construction for forms with logarithmic pole is compatible 

with the exterior derivative construction, because the local represen-

tation (*) of such a form w implies the corresponding representation 

dw = da A df + dl3 
f 

for the derivative dw. 

Thus in particular we have associated each closed (p+l)-form w 

on V-W with a pole of order 1 of the closed p-form Res(w) on W. 
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If in addition w is holomorphic on V-W, then Res(w) is also a holo-

morphic form on w. Residues were introduced by Poincare. 

For forms with a pole of higher order the definition of residue is 

not quite so simple. Let w be a (p+l)-form with a pole of order k 

at most, and suppose in addition that dw has a pole of order k at 

most. This is the same as saying that w has a local representation of 

the following form : 

W = aAdf + __ !>_ 
~ fk-1 

where a and 1> are differentiable forms without poles, and k > 1. 

We set 

w' 

(-1) p+l 

k-1 
Cl 

k-1 
f 

Then an easy calculation shows 

w = w' + dljl. 

Thus, modulo the exact form dljl, we can replace the form w with a pole 

of order k at most by the form w' with a pole of order k-1 at most. 

For a closed form w we can iterate this argument and hence replace w 

locally, up to an exact form, by a form w with a pole of order 1. If 

w is meromorphic, then w can also be chosen meromorphic. But this 

representation only holds locally! Using a differentiable partition of 

unity one then obtains a global representation on the whole of V-W, 

w = w + d~. 

where w and ~ are differentiable forms on V-W and w has at most 

a pole of order 1 along W. 

One can define 

Res (w) = Res (w) • 

Admittedly, the p-form Res(w) on W is no longer uniquely determined 

by w, but depends on the choice of w. However, an easy calculation 

shows that Res(w) is determined up to an exact differential form on 

W, and hence the cohomology class defined by Res(w) is unique. Conse-

quently, the integral of Res(w) over each cycle y on W has a uni-

que value, depending only on w and y. We poi nt out once again that, 
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because of the construction of the global representation w = w + d~, 

the form Res(w) is only a differentiable form, even when w is a mero-

morphic form with poles along W. 

As an illustration of the above definitions we consider the simplest 

conceivable case, the classical case in which V is a neighbourhood of 

the origin in ~ and W is the origin. 

pole of order k at 0 is then given by 

A meromorphic form w with a 

w 

We set 

w 

~ 

Then 

( L a . zi)dz. 
i=-k ]. 

a_l 
---=dz 

z 

a . 
i+l \' ]. 

I. i+l 
z 

i;'-1 

w = w + d~ 

and, according to our definition, Res(w) The residue of w 
is, again by definition, the restriction of the 0-form to the 

point 0 E ~, i .e . simply the complex number a _1 . 

gether, 

Res (w) = a_ 1 . 

Thus we have, alto-

Now it is well known that the classical residue theorem, in its simplest 

form, says that the integral of w over a small circle o around the 

origin is : 

J6w = 2ni a_1 . 

If we regard o as the Leray coboundary T(y) of the cycle y con­

sisting of the point 0, and if we view the complex number a_1 as the 

integral of the 0-form Res(w) over y, then we can also formulate 

the r esidue theorem as 

J w = 2ni JYRes(w). 
T(y) 

This formulation best expresses the essence of the situation, because in 

this form the theorem generalises to the general case considered above. 

Theorem 2 (Residue theorem) 

Let V be a complex manifold, let W be a 1-codimensional 
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complex submanifold, let w be a closed (p+l)-form on v-w with a pole 

along W, and let Res(w) be up to an exact form - the residue of w. 

Then if y is a p-cycle on W and 1(y) is its Leray coboundary we 

have 

We do not wish to carry out the proof here, but refer, say, t o 

[Sl5] or the original work of Leray. One can say that in the final 

analysis the proof reduces to the classical residue theorem with the help 

of algebraic topological arguments. 

We can also formulate the residue theorem as follows : if w is a 

closed (p+l) -form on v-w with a pole along W, if [w] is the coho-

mology class in Hp+l(V-W,<t) defined by w, and if [2TTi Res (w) ] is the 

cohomology class in Hp(W,<I:) defined by the closed form 21!i Res (w) , 

then 

1*[w] = [2 TTi Res (w) ]. 

Thus the residue is - up to the inessential factor 2TTi - exactly the 

operation on the plane of differential forms which is dual to the Leray 

coboundary on the homological plane. 

For this reason, assertions about the relation between the homology 

of W and V-W given by the Leray coboundary are reflected by corres­

ponding assertions about the relation between the differential f o rms on 

w and v-w given by the residue. In what follows, this principle 

will be applied to the case in which V is the complex projective plane 

P2 and W is a nonsingular curve C in P2 . 

We first i nvestigate the Leray coboundary homomorphism for this 

situation. 

Proposition 3 : 

The Leray coboundary 

is an isomorphism. 

Proof 

We first show surjectivity. Let o be a 2-cycle in P2-c . The 

homology class [o ] in P2 represented by o and the homology class 

[C] represented by C have the intersection number 
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[C] [6] = 0, 

because 6 does not meet the curve C at all. Hence it follows from 

our computation of the intersection ring of P2 in 6.3.5, 6.3.6 and 

6.3.7 that 

[oJ = o. 

Thus we can find a 3-chain a in P2 with aa = 6. We can choose a 

in such a way that a meets the curve C transversely in a 1-cycle y 

{a cycle, because a{a.C) = aa · C +a ac = OJ • 

We claim that the Leray coboundary T{y) is just the homology class 

in P2 represented by o. Proof : let T be a small tubular neigh-

bourhood of c in P2 , so small that the boundary aT meets the chain 

a transversely in a 2-cycle 6'. By definition, o' represents the 

Leray coboundary of y. On the other hand, it is clear that 6 and 

o' are homologous, because o-6' is the boundary of the chain 

a - a ~ T. Thus we have shown 

T{y) is homologous to 6, 

and hence the surjectivity of T is proved. 

Now we prove the injectivity. Let y be a 1-cycle in C and 

let a be the 3-chain which one obtains as the preimage of y in a 

small tubular neighbourhood T + c. By definition, the boundary aa 

represents the Leray coboundary of y. We have to show that when aa 

is null homologous in P2-c, y is null homologous in C. Suppose then 

that aa is the boundary of a 3-chain e in P2-c. Then a-e is a 

3-cycle in P2 which meets C transversely in the cycle y. But, 

since H3 {P2J = o, a-e is null homologous. 

null homologous, as was to be proved. 

It follows that y is also 

The result just proved gives us the opportunity - as we have 

already remarked in a more general way - to express the differential 

forms on C as residues of differential forms on P2-c with poles 

along c. 

To do this, we first consider the general problem of describing all 

rational differential forms on the n-dimensional projective space Pn{~). 

One can arrive at quite an explicit description of these forms in a 

purely algebraic way {cf. [G7] Theorem 2.9). For the sake of simplici-

ty, we want to confine ourselves here to forms of the highest degree, 

the n-forms. 
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It is completely clear how one describes the rational n-forms 

affinely : if (x0 , ... ,xn) 

are affine coordinates with 

just the forms 

g (z) d dz 
f (z) zl 1\ • • • 1\ n 

are homogeneous coordinates and 
xi 

;x0 , then the rational z. 
J. 

(*) 

(zl, ... ,zn) 

n-forms are 

where f and g are entire rational functions. Under the substitu-

tion 
xi 

z. / xo J. 
, the form dz1 1\ ••• 1\ dzn goes to the following 

form 

We set 

w := A dx . 
n 

In homogeneous form, the rational function g(z) /f(z) is written as 

the quotient of two homogeneous polynomials of t he same degree. I f one 
n+l 

then multiplies the denominator by x 0 , then one obtains the differ-

ential form (*) as the homogeneous expression 

(**) 

where F and G are homoge neous polynomials and 

degree F = degree G + (n+l) . 

Conversely, each homogeneous form (**) yields an affine rational form 

(*) by the substitution x 0 = 1, xi 

following 

Leunna 4 : 

z . . 
J. 

Hence we have proved the 

Written homogeneously, the rational n-forms on Pn(~) are just 

the forms 

G(x) 

F(x) w 

n 
i 

where w . I (-1) xidx0 A 

homogeneous ~~ynomials with 
-1\ dxi /\ . . . 1\ dxn, and F and G a re 

degree G = degree F - (n+l) . 

We now assume that F(x) = 0 is the homogeneous equation of a non­

singular curve of o r der m, and we wa nt to c ompute the r e sidues of the 

form 
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• w 
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with a pole of order 1 along c. 
of degree m-3, by Lemma 4. 

G is then a hom~geneous polynomial 

Proposition 5 : 

Let C be a nonsingular curve of order m in P2 (~), with homo-

geneous equation F(x) 0. Let 

Then the rational forms on P2 (~) with a pole of order 1 along C 

are just the forms 

<I> (x) 

F(x) 
. w, 

where <I> runs through all the homogeneous polynomials of degree m-3. 

of such a form may be computed as follows. Let The residue 

Ea.~= 0 
l.dX. 

be the equation of an arbitrarily chosen polar of 
1. 

Res (<I> (x)) · w 
F (x) 

Proof : 

<l>(x) ·E(-l)sign(i,j,k)a.x .dxk 
1. J 

Ea.~ 
l.dX. 

1. 

c. Then 

The first assertion follows from Lemma 4. The second asser t i on, 

concerning the residue, is proved as follows. Let L (x) 0 be the 

equation of an arbitrarily chosen line through the pole (a0 ,a1 ,a2). 

Using the Euler identity Ex.~= mF (Theorem 4 . 4.3), one checks the 
1. ax. 

following equation by a simple ~alculation 

<1>-E+a.x.dx k d 
----:-1.-::"--J __ .1\ (_!_ 

oF F 
Eaiax.-

(*) 

1. 

But this identity implies the assertion about the residue, because the 

rational form 

dF dL 
--~ 
F L 

yields just the form 

df 
f 

on restriction to the complement U of the line L(x) = 0, where 

f = 0 is the associated affine equatio n of C . Thus by restricti on 

to U a nd u s e o f (*) we have writ t e n our f o rm <I> • w i n the form 

a A df , a nd then, by defi nition, al e is the re~idue of <I> w 
f F 
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restricted to c n u. This proves agreement between the residue and 

the form in question on an open set, and hence they are identical over 

the whole of c. 

Remark : 

The preceding proof would perhaps be simpler and more easily remem-

bered if one wrote it in affine coordinates 
xl x2 

/xo ' z2 = /xo z = 1 
and made the additional assumption that the coordinates were chosen so 

that the pole had homogeneous coordinates (0,0,1) or (0,1,0) . 

Proof : 

~z~z az1 1 az2 2 

f 

and one proves the second equation analogously . 

Comparison of Theorem 1 with Proposition 5 shows the following 

Proposition 6 : 

Then 

The differential forms o f lst kind on a nonsingular plane curve 

C are just the residues of the 2-forms on P2-c with poles of o rder 

1 along C. 

With this, we have already acquired a wide understanding o f the 

dual isomorphism of the Leray coboundary 

If p is the genus of C, then inside the 2p-dimensional complex vec­

tor space . H 1 (C,~) we have the p-dimensional vector space H1 ' 0 (C) 

generated by the differential forms of lst kind, and inside the 2p-
2 

dimensional vector space H (P2-c.~) we have the p-dimensional sub-

space H1 generated by the rational forms with a pole of order 1, and 

Proposition 6 j ust says 

Hl,O (C). 

Now, how do things stand with the other half of the Hodge decompo­

sition H1 (C,~) = H1 ' 0 (c) + H0 ' 1 (C), with the differential forms of 2nd 

kind on C and with the f o rms with a pole of higher order along C? 

Let A~ be the vector s pace of r ational p-forms on P2-c with a 

pole of o rde r < k a l o n g C, and l et AP = V Ap be the vector space of 
k k 
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all rational p-forms with poles along C. By definition, the second 

algebraic de Rham cohomology group H2 of P2-c is just 

if = A2;dA1 . 

The algebraic de Rham theorem of Grothendieck implies 

We now introduce a kind of refinement of the de Rham cohomology groups 

~ which takes into account the orders of the poles of the differential 

forms. 

One can now prove the following by purely algebraic methods (cf. [G7], 

Theorems 4.2, 4.3). 

(i) For each rational 2-form w on P2-c with a pole of order k > 

there is a rational 1-form 1jJ such that w + dlj! has a pole of 

order < 2. 

(ii) If w has a pole of order k along c and if there is a 1jJ such 

2 

that w + dlj! has a pole of order < k along c, then there is such 

a 1jJ with a pole of order < k along c. 

With the help of the above refinement of the de Rham groups, this 

result can also be formulated as follows : 

Proposition 7 : 

The natural homomorphisms 

are surjective for k > 2 and injective for all k. 

one has isomorphisms (for k > 2) 

In particular, 

. .2- . .2- 2 
H~ = W = H (P -C) 

k 2 

and a filtration 

Thus to describe the cohomology H2 (P2-c) 

forms, we only need to acquire a grasp of ~-
. .2 2 1 2 h2 = A2;dA1 . By Lemma 4, the forms in A2 are 

where is a homogeneous form of degree 2m-3. 

by means of differential 

By definition, 

just the 

The forms in 
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can be described explicitly as follows. We consider the form 

A. are any homogeneous polynomials of degree m-2. Then 
1 1 1 

where the 

1jJ is in A1 , and each element of A1 is of this form (cf. [G7] 2.9). 

One finds dljl 

the Euler identi ty 

EA.~ -
18X. 

dljl 
1 

F2 

by a small computation, involving multiple use of 

4.4.3, to be 
8A. 

FE~ ax. 
1 . w . 

This determines the form of the elements of dA~ , and we obtain the 

following resul t 

Proposition 8 : 

(i) ~ is the vector space of forms 
~ 

where is homogeneous w, ~ 
F 

of degree m-3 and w = xodxl 1\ dx2 - x 1dx0 A dx2 + x 2dx0 A dx1 . 

(ii) Let F2m-3 be the vector space of homogeneous polynomials of 

degree 2m-3 and let f be the subspace of all polynomials 
aF 

EAi ax-:-
forms 1 

~ 
r 2. w, 

F 

Let 

r = 1, ... ,p 

are a basis of 

be the basis of Then the 

With this result we have completely computed the cohomology group 
2 

H (P2-c.~) by means of 2-forms. The residues of these 2-forms then 

yield a complete description of H1 (C,~) by means of 1-forms, by the 

residue theorem and Proposition 3. By definition of residue, the ra-

tiona! forms on P2-c with a pole of order 1 along C yield holo-

morphic forms, hence differential forms of 1st kind, on C. On the 

other hand, the forms on P2-c with poles of order 2 yield only 

differentiable forms on C, whe n one applies the definition of residue 

sketched earlier. Now one can also compute the residues of these forms 

differently, and this leads to meromorphic forms on C, though admitted-

ly with poles. This goes as follows : 

Proposition 9 : 

Let C be a nonsingular plane curve with affine equation 

f(x,y) = 0, and let 
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a = L dx /\ dy 
f2 

be a rational 2-form on the complement of C with a pole of order 2 

along C. Then the cohomology class in H1 (c,~) determined by 

Res(a) is the same as that determined by the meromorphic differential 

Res(S) of 2nd kind, where 

dx /\ dy. 

Here the residue of the form S, which is meromorphic in P2-c with a 

pole of order 1 along C, is defined analogously to the residue of a 

form which is holomorphic in P2-c with a pole of order 1. 

Proof 

Let C be the polar with equation 

rational 1-form 

af 
ay 

0 and let 1jJ be the 

1jJ = 
_g_ dx. 
af f 
ay 

Then we obviously have 

d\jJ = a - a. 

Now let y be any cycle on the curve C which does not pass through 

the intersection points of C and C, and let T(y) be a cycle in 

P2-c-c which represents the Leray coboundary of [y]. 

theorem we then have 

If y is a small oriented circle in c around a pole 

then y is null homologous in c and hence JYRes (a) 

Res (a) is a differentiable form over the whole of c 

By the residue 

p of Res (8), 

= 0, since 

in the sense of 

the earlier definition (equivalent argument : T(y) is null homologous 

in P2-c, and a is differentiable (even holomorphic) over the whole 

of P2-c, hence J,(y)a = 0.) But JYRes (a) = 0 simply means that 

the classical residue of the meromorphic 1-form Res(a) on c vani-

shes at the pole p. Res(a) is therefore a meromorphic differential 

form of 1st or 2nd kind on c. Hence Res(S) uniquely defines a 

cohomology class. This class is the same as the one given by Res(a), 

because its application to the homology class [y] of a cycle y is 

given by integration of the differential form over the cycle, and since 
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one can always choose y so that y avoids the intersection points of 

C and C, the equation 

JrRes(BJ = JrRes(a) 

shows the equality of the two homology classes. 

For later calculations it is useful to have an explicit affine 

description of 

definition. 

Res(B). This description follows immediately from the 
af 

Multiplying numerator and denominator of B by ay one 

gets : 

B 

g· a2f _ ag ~ 
a 2 ay ay 

(af, 3 
ay 

whence we have 

af 

ai. dx A dy 

Corollary to Proposition 9 

Res (B) 

Remark : 

gi! - ag 
a 2 ay 
~~~--~~~- dx . 

(~)3 
ay 

af 
ay 

(~)3 
ay 

More generally, one can use t he relation 

df 
dx 1\ f 

d ( 1 g dx) 
(k-lJ affk-1 

- .....2: 1 g 
dx 1\ dy + d ( af;ayl 1\ dx 

fk (k-l)fk-l 
ay 

to progressively lower the pole order of a meromorphic form ~x 1\ dy 
. f 

on the complement with a pole of higher order along C, unt1l one has a 

form with a pole of order 1. 

We summarise our results on the description of the cohomology of a 

curve by means of differential forms in the following theorem. 

Theorem 10 : 

Le t C be a nonsingular algebraic curve, with the following asso­

ciated complex vector spaces of differential forms resp. cohomology 

classes 

Ao vector space of rational functions on c 
Al vector space of differentials of 1st or 2nd kind 

dA0 vector space of differentials of rational functions 

H = A1/dA0 meromorphic "de Rham cohomology" of c 
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H1 C H subspace of differentials of lst kind 

H1 (c,~) lst cohomology group of C with complex coefficients 

H1 ' 0 C. H1 ( C,~) the subspace generated by closed (1, 0) -forms 

H0 ' 1 c H1 (C,~) the subspace generated by closed (0,1)-forms 
2 

H (P2-c,~) 2nd cohomology group of the complement 

~ C ~ the refined de Rham cohomology groups of 2-forms on 

P2 - C with poles of order 1 resp. 2 along C. 

For these objects one has the following commutative diagram of maps, in 

which the horizontal arrows are i nduced by i nclusions or coset maps and 

the vertical arrows are isomorphisms. 

H2 
1 '----7 ~ ~~~ 

1 
t a 

1 
2 

H (P2-C,~) 

211i Res l T* 211i res 

Hl,O~ H1 (C,~) ---7 Hl(C,~)/Hl,O - HO,l 

i I 13 T 
Hl ~ H H/Hl 

Here Res denotes the operation of constructing the residue of a form 

with a pole of order 1 along C, and the map res is defined by Pro­

position 9 ; T* is the dual isomorphism to the Leray coboundary. The 

maps a and 13 are induced by integration of differential forms over 

cycles, and the remaining isomorphisms are induced by 13 and T* o a. 

Proof : 

The theorem follows easily from Propositions 3, 6, 7 and 9, to~ 

gether with the residue theorem and the cited assertions about the 

Hodge decomposition, as soon as it is proved that B : H + H1 (C,~) is 

injective. But this is clear - a differential of lst or 2nd kind 

whose periods all vanish is the differential o f a rational func t ion, 

namely, its own indefinite integral. 

Propositions 8 and 9, and Theorem 10, give a complete description 

of the differentials of lst and 2nd kind on a nonsingular plane 

algebraic curve . We want to lay out this description explicitly for 

two examples . Since the nonsingular curves of order 1 and 2, i.e. the 

lines and quadr ics, are in fact rational, the theorems just mentioned 
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show that they have no differentials of 1st and 2nd kind, so the 

first interesting case is that o f cubics. We therefore choose the 

cubics in Hesse and Legendre normal form as examples. 

Example 1 

Cubics in Hesse normal form 

By 7.3.4 , a cubic 

F(x0 ,x1 ,x2) = 0 

c 
~ 

in Hesse normal form has homogeneous equa-

tion and affine equation f(x,y) = 0, where 

F 
3 3 3 

xO + xl + x2 

f 1 + x3 + y3 

Since C has degree m = 3, the adjoint polynomials of degree m-3 
\1 

have degree 0, and hence are constant. 

sition 8), the differentials of 1st kind 
1 dx 

Hence by Theorem 1 (or Propo­

on c11 are just c ·w1 , 

where c € ~ and w = - ----- , so 
1 3 af /ay 

To determine the differentials of 2nd kind 

sition 8, to find a basis of r 3;r3 1"\ J, where 
aF aF aF 

ted by the partial derivatives ax. ax. ax2 
represents sgch a Sasis. oneself that x 0x1x 2 

a basis of Hi1hi to be the form 

a = xy dx 1\ dy. 
f2 

we have, by Propo-

J is the ideal genera-

One easily convinces 

I n this way o ne finds 

If one now uses Proposition 9 and the Corollary to go f r om a to the 

equivalent form a, and c o nstruc ts Res(S), then one finds the d i ffer-

entia! of 2nd kind to be, up to a constant, 

w = 
2 

Thus we obtain the r e sult : the diffe r e nti als 

and 

of 1st and 2nd kind represent a basis of H1 (c .~), where C is a 
\1 ~ 

cubic in Hesse normal form. 
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Example 2 

Cubics in Legendre normal form 

It follows from 7.3.11 that every nonsingular cubic has an affine 

equation of the following form relative to suitable coordinates 

2 
y x (x-1) (x-t) t t- 0,1,"'. 

We denote the cubic with this equation by Ct . The equation is also 

called Legendre normal form. We set 

f (x,y,t) = y 2 - x (x-1) (x-t) 

2 
x 0x 2 - x 1 (x1-x0 ) (x1-tx0 ) . 

By Proposition 8 and Theorem 1 the differentials of 1st kind 

multiples of (~)-1dx i.e. of 
ay • 

dx 
w = 

1 y 

are the 

We remark that the indefinite integral Jw1 has already been considered 

at the end of 7 . 4.3. It is the elliptic integral 

J dx 

/x (x-1) (x-t) 

which describes the - many-valued - inverse mapping of the universal 

covering 

(We recall that the elliptic curve Ct is isomorphic to the complex 

torus 

and are cycles which represent a basis of 

To compute the differentials of 2nd 

a basis of F ! F {") (~ , ~ , ~). 
3 3 ax0 ax1 ax2 

geneous polynomial of degree 3, 

represents a basis of this vector space. 
2 x -x 

Cl =~X/\ dy 
f 

kind we again have to find 

One c an check that the homo -

Hence one obtains the 2-form 

as basis for Hi1Hi· If one uses the Corollary to Proposition 9 to go 

to an equival e nt meromorphic form e wi th a pole of order 1 along C, 
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and constructs the residue of S , then one finds the differential of 

2nd kind to be, up to constant, 

x(x-l)dx 

2y3 

Thus we have the following result for a cubic Ct in Legendre nor­

mal form 

The two differentials 

dx 
w =- and w2 l y 

x(x-l)dx 

2/ 
of lst and 2nd kind, represent a basis of 

l 
H (Ct ,a:) . 

The explicit description of the differentials of lst and 2nd 

kind on a curve makes possible a whole series of important further 

investigations of curves. We cannot go into all these questions here. 

We shall therefore demonstrate the usefulness of the explicit descrip-

tion of differentials of lst and 2nd kind in just one problem, by 

way of example. My reason for choosing this example is that, in itself, 

it is a simple, beautiful and classical example of the investigation of 

periods of integrals which - particularly through the work of P.A. 

Griffiths, W. Schmid, P. Deligne, N. Katz and others -has proved to be 

fruitful in recent years and also is of relevance to my own work. In 

order to allow the significance of this example to emerge clearly, I 

must backtrack again, as this is necessary to give a proper account of 

the example in the shortest possible form. 

The problem we pose is the following : in the family of cubics Ct 

in Legendre normal form 

y 2 - x (x-1) (x-t) = 0, 

we want to investigate the dependence of the periods of differentials of 

lst kind on the parameter t. The significance of this problem 

became apparent in the course of sections 7.3 and 7.4, in which we first 

investigated cubics. There, among other things, we stated and partly 

proved the following two facts : 

(1.) Associated with each nonsingular cubic is a certain number, its 

j-invariant, and two cubics are isomorphic just in case they have 

the same j-invariant. For the family of cubics in Hesse normal 

form we c omputed the j-invariant in 7.3. 10, with the help o f our 

analysis of the inflection point configuration - it is a certain 
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rational function of the parameter of the family. From this one 

could also compute the j-invariant of the Legendre normal form Ct 

as a function of t (cf. remark (iv) after 7.3.11). 

(2.) If a 1 and 

first kind 

a 2 are the periods 

on a cubic c, then 

a. =J w of a differential of l. y. 
C is l.isomorphic to the 1-di-

mensional complex torus a:; a 1 ?Z+a 2 ?Z, and hence to the 1-dimensio-

nal torus 
al 

«:/2Z+-?Z. 
a2 

One can compute the j-invariant as a certain meromorphic function 

al 
j = J(-) 

a2 

which is invariant under the operations in the group PSL(2, 2Z) of 

integral linear fractional transformations (cf. 7.4.4 and there­

marks at the end of 7.4). 

In our 

j-invariant 

of ct as a 

investigations which 
al 

j = J(-), but even 
a2 

function of t. 

follow we shall not only compute the 
al 

express the ratio of the periods 
a2 

The cubics in Legendre normal form constitute a linear system of 

cubics. By passing to homogeneous coordinates in the (x0 ,x1 ,x2J-plane 
xl x2 

with x = /x0 , y = ;x0 , and to homogeneous coordinates (t0 ,t1 ) 

for the parameter t = t 1;t0 , the cubics of this linear system become 

described by the following equations 
2 2 

t 0 [x0x 2-x1 (x1-x0 ) l + t 1 [x0x 1 (x1-x0 )] = 0. 

The system is parametrised by the points (t0 ,t1 J of a 1-dimensional 

complex projective space P1 («:). For the three parameter values (1,0), 

(1,1) and (0,1) the corresponding cubics c 0 , c 1 , coo are singular. c 0 

and c 1 are irreducible cubics with ordinary double points at 

p 1 = (1,0,0) resp. p 2 = (1,1,0), and C00 decomposes into three lines 

which all meet at the point p 3 = (0,0,1). Any two distinct cubics of 

the linear system meet at precisely these points p1 , p 2 , p 3 . 

The fact that the different cubics of the system have intersection 

points in common makes the investigation in a certain sense unclear and 

complicated. We would prefer to go to a simpler situation, as in 

section 9.2, where the curves no longer intersect, but instead lie dis-

joint from each other as fibres of a fibration. With this objective, 

we blow up the p rojective plane P2 (a:) at the three points p 1 , p 2 , p 3 . 

In fact we blow up repeatedly, namely, at the points at which the proper 
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preimages of the curves Ct still intersect. After a total o f 9 

cr-processes, two at p 1 , two at p 2 and 5 at p 3 , or at infinitely 

near points of these, one obtains a 2-dimensional complex manifold X 

in whic h the p rope r pre image s of t he curves ct are all dis joint . 

One can then obtain a well defined mapping <I> : X + pl (0:) with 

these curves as fibres, in the f ollowing way . Let 

be the modification mapping w~ich results from blowing up the 9 points . 

Also l e t 

xOxl (xO-xl) 

2 2 
x0x2-xl (xl-xO). 

F is not well defined at the three points p 3 ,p1 ,p2 , but the composi­

tion 

<I> = F o 11 

is a wel l defined ho l omorphic mapping 

What do the fi bres 
-1 

Xt = <1> (t) , t € P1 (0:) , loo k like for this mapping? 

It is clear that for t # O,l,oo the mapp ing 11 induces an iso ­

morphism 

between the fibre Xt and the nonsingular cubic Ct. The singular 

fibres x0 ,x1 , xoo consist of t h e proper preimages of the three s ingular 

cubics c 0 ,c1 , c oo together with some of the exceptional curves . It is 

an e asy exerc i s e t o determine t h e prec ise configuration of these singu­

l a r fibres, and the r esult i s the f o llowing : x 0 consists of t wo non-

s ingula r r a t iona l curves which meet trans versel y at t wo po ints . Sche -

matic picture : 
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One of the two curves is the preimage of the cubic with the ordinary 

double point p 1 , the other is the exceptional curve introduced at p 1 , 

which separates the two branches of the double point. 

The fibre X1 looks just like X0 . The fibre X consists of 

7 nonsingular rational curves which meet transversely in a configura­

tion which is described schematically by the following picture : 

Three of these curves are the preimages of the three components of C=' 

the other four are the first four of the five exceptional curves intro-

duced at All reduced components of the three singular fibres 

x0 ,x1 ,x2 have self-intersection number -2. 

Thus we have constructed a 2-dimensional complex manifold X to­

gether with a holomorphic mapping ~ : X + S onto a nonsingular curve 

S (namely, S P1 (~)), such that the fibres Xt , with finitely many 

exceptions, are all elliptic curves. Such a surface is called an 

elliptic surface. In the sixties, elliptic surfaces were investigated 

by K. Kodaira in a series of beautiful works. One of the first and 

simplest problems here is the description of the possible singular 

fibres, the exceptional fibres. In our case we have described the 

exceptional fibres x0 ,x1 ,x2 quite e xplicitly. It is use ful to repre-

sent the associated configuration by a graph similar to the resolution 

graph of 8.4, whose vertices correspond to curves and whose edges 
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correspond to intersections. Then one obtains the following graphs for 

X 

Those who know the theory of Lie groups and algebras will recognise 

these graphs as the extended Dynkin diagrams of types A1 resp . o 6 . 

This coincidence is no accident . Kodaira's c l ass i fication of the excep-

tional fibres of elliptic surfaces shows that, apart from a pair o f 

simple special cases, the graphs of exceptional fibres which can appear 

are j ust the e xte nded Dynki n diagrams o f type Ak, k = 1, 2 , .. . , o r 

Dk, k = 4,5, . . . or (Kodaira [ K5 ] ) . 

Our elliptic surface is a very special elliptic surface 

elliptic modular surface of level 2 (cf. T. Shioda [Sl6]). 

i t is an 

This 

family has 4 points of order 2, whose values f o r each t are just the 

4 points o f o rde r 2 of the abelia n va r iety Ct - in much the same way 

the family of c u b ics in Hesse normal f orm has 9 i n t e r sec t i o n s , whose 

values are the 9 points of order 3, i.e. the 9 inflection poi nts (cf. 

7 .4. 7). 

After this small digression on elliptic surfaces in general, we 

r eturn to our specia l e llip tic surface ~ : X + P1 (~ ) whi c h we have 

obta ine d from t he cubics i n Legendre norma l form . We con s ider the c oho­

mology H1 (Xt, ~) and the homology H1 (Xt, ?Z) o f the fibres. As far 

as the cohomology of the fibres is concerned, in Example 2 we hav e al­

ready described a basis for H1 (xt.~) with the he lp of two differentials, 

o f 1st and 2nd kind, namely 

dx d x w = 
1 y 

l x (x-1) (x-t ) 

x(x- l) dx 

2y3 

x(x-l)dx 

2 (/x (x-1) (x-t)) 3 

The proble m we ha ve set ours elves i s to investigate the depe nd e nce o f 

the periods o f w1 on the par a meter t. Thi s means we must provide 

ourse l ves with t wo cycl es y 1 (t ) a nd y 2 (t ) in Ct o r Xt which 
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represent a basis of H1 (Xt), and investigate the dependence of the 

integrals 

f W . 
y . (t) ~ 

J 

on the parameter t. To do this sensibly it is obviously necessary to 

choose the family of cycles in a sensible way, and we address ourselves 

to this problem first. 

The problem lies in the fact that for different values of t the 

cycles yj (t) must lie in different fibres. Naturally, the cycles 

should depend continuously on the variable t, in a suitable sense. It 

is a matter of making this condition precise. Now this is quite a 

general problem which arises with each differentiable family of differ-

entiable manifolds. Let ~ : X' + S' be a differentiable proper map-

ping of differentiable manifolds, whose rank at all points equals the 
-1 

dimension of S', so that the fibres Xt = ~ (t) are compact differ-

entiable manifolds . How does one then define continuous families of 

cycles y (t) in Xt ? (In our special example 

X' =X- (X0 u x1 u X"') and S' = P 1 (<I:) - {0,1,"'}.) We shall now give 

a construction which permits a path g : [0,1] + S' to be lifted uni-

quely, for each 

with gx(O) = x 

x € Xg (OJ , to a "horizontal" path 

The continuous family of cycles 

gx : [0,1] +X' 

y(t) then results 

from a fixed cycle y in Xs by "parallel displacement" along a path 

from s to t in S' by means of the horizontal lifting. 

In order to be able to lift the path g uniquely, we need a decom-

position of the tangent bundle into a "vertical" part and a "horizontal" 

part. This is certainly possible locally. Because the rank condi-

tion on ~ is equivalent, by the implicit function theorem, to the 

condition that for each point x € X' 1 there is a neighbourhood u of 

X in 

in X 
s 

X', neighbourhoods V = ~(U) of s = ~(x) in S' and W of x 

, and a diffeomorphism h : U + V x W which converts the mapping 

projection onto the first factor, i.e . which makes the following 

diagram commute. 

~ into 

h 
u V X W 

v 

At each point x € U the tangent mapping of h-l gives us a direct 
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sum decomposition into the vertical tangent space Tv of the fibre 

through x and a horizontal tangent space Th. One obtains the decom­

position of the tangent bundle into a direct sum of vertical and hori­

zontal subbundles, 

TX' = TvX' ~ ThX' 

by pasting together local decompositions 

u. 
~ 

by means of a partition of unity, {~}, 

Tv ~ T~ 
~ 

where 

and tiable functions with support Ui , ~i ~ 0 

the desired subspace Th as the set of vectors 

in the neighbourhoods 

the ~i are differen-

I:~i = 1. One obtains 

where the a. are the intersections of the 
~ 

the vertical affine spaces parallel to Tv, 

horizontal spaces T~ with 
h ~ 

so that {ai} = Ti A (Tv+c). 

The vertical subbundle TvX' is therefore just the kernel of the 

tangent mapping Tv : TX' + TS', while the horizontal subbundle ThX' 

is a complement of TvX'. Such a horizontal subbundle ThX' is also 

called an Ehresmann connection for ~ : X' + S'. In contrast to 

TvX', ThX' is not unique. When we choose a fixed Ehresmann connection 

ThX', this allows us to carry out a kind of "parallel displacement" of 

the fibres, in fact parallel displacement along any differe ntiable path 

in the base space S' of the mapping X'+ S'. I f g : [0,1] + S' is 

any differentiable path and if x ~ Xg(O), then there is an interval 

[O,r(x)] C [0,1] and a horizontal lifting gx : [O,r(x)] +X' of g. 

I.e. gx is a differentiable path in X' such that (i) gx(O) = x, 

g, and (iii) each tangent vector to gx is horizontal, 

i.e. an element of ThX'. 

Condition (iii) means that gx must satisfy a certain system of 

ordinary differential equations, and it follows from the existence and 

uniqueness theorems for ordinary differential equations that the hori­

zontal lifting gx exists and is unique on a small interval [O,r(x) ], 

where r depends continuously on x. Since ~ was assumed proper, 

Xg(O) is compact and r(x) > r > 0 for all x. By repeated local lif-

tings we finally obtain, for each x E Xg(x), a unique horizontal lifting 

of g. gx : [ 0, 1] + X' 

point hg (x) in the fibre 

The endpoint of the path 

Xg(l) over the endpoint 

g, and in this way one gets a d i ffeomorphism 

h 
g 

gx (s) 

g (1) 

is then a 

of the path 
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between the fibres over the initial and final points. 

allel displacement of Xg(OJ along the path g. 

This is the par-

Let us fix a basepoint t E S'. With each closed piecewise diffe-

rentiable path g in S' with endpoint t we associate the correspon-

ding diffeomorphism h 
g 

The set of diffeomorphisms of 

obtained in this way forms a group, called the holonomy group of the 

connection with respect to t. If the closed paths and are 

homotopic , then the corresponding diffeomorphisms h and 
. . go 

isotopic. In part~cular, for null homotop~c closed paths 

h are 
gl 

g the 

diffeomorphisms h are isotopic to the identity. 
g 

They form a normal 

subgroup of the holonomy group, the restricted holonomy group. If we 

divide by this subgroup, g ~ h induces a homomorphism of the funda­
g 

mental group n1 (S' ,t) into the quotient group. This may still de-

pend on the connection. To get something independent of the choice of 

connection, we have to pass from the group Diff (Xt) of all diffeomor­

phisms of Xt to its quotient Diff(Xt)/Is(Xt), where Is(Xt) is the 

normal subgroup of diffeomorphisms isotopic to the identity. 

get a h omomorphism 

Then we 

The image of this homomorphism is sometimes called the geometric mono-

dromy group. (The word "monodromic" means "running uniquely" and 

refers to the unique lifting of paths. 

Using the parallel displacement of an Ehresmann connection one can 

prove that ~ : X' + S' is a locally trivial differentiable fibre 

bundle. One gives S' a Riemannian metric. For each point s € S' 
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one chooses a normal geodesic coordinate neighbourhood u 
s 

defines a trivialising diffeomorphism X 
s 

-1 
x US + <!> (US) 

(x,s') •+ hg(x), where g is the geodesic arc from s to 

in S' and 

by 

s'. 

The assertion that <1> X' + S' is a locally trivial fibre bundle 

under the given hypotheses is the Ehresmann fibration theorem. The 

proof sketched here is given by J.A. Wolf (W8). It is easily genera-

lised to manifolds with boundary. If X' is a differentiable mani-

fold with boundary ax•, and if <t>lax• as well as <1> has maximal rank 

dimS', then <1> : X' + S' and <t>lax• : ax• + s are locally trivial 

fibre bundles. 

Parallel displacement also allows immediate definition of continu­

ous families of cycles, for whose sake we developed the whole theory 

above. If y is any p-cycle in a fibre Xs , then we can transport 

y into any fibre Xt by parallel displacement, and thus obtain a family 

of cycles y(t). Admittedly, the result of the parallel displacement 

depends on the choice of path along which displacement occurs. Since 

one can choose different paths from s to t, one obtains different 

cycles in one and the same fibre Xt , convertible to each other by 

operations in the corresponding holonomy group. The resulting family 

of cycles y(t) is therefore a many-valued function which associates 

each t E S with all cycles in Xt obtainable from a fixed cycle by 

parallel displacement. These families of cycles are what we mean by a 

"continuous family of cycles". Since they come into being through 

parallel displacement by means of a horizontal lifting of paths, in 

future we shall prefer to speak of a horizontal family of cycles. Local­

ly, of course, such a horizontal family may be represented by single­

valued branches, since locally we may use the same kind of parallel dis­

placement as in the trivialisation of the bundle. 

The definition of horizontal families of cycles depends on the 

choice of Ehresmann connection <1> : X' + S'. However, if one passes 

from the cycles to their homology classes, then simple algebraic topolo­

gical arguments show that for hoMology classes the result of parallel 

displacement is independent of the choice of connection and depends only 

on the fibration X' + S'. In this way one obtains the concept of a 

horizontal family of homology classes. In addition, one obtains iso-

morphisms of the homology of the fibres, induced by parallel displace-

ment, and in particular a homomorphism 
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One calls this the monodromy of the fibration, and its image is called 

the monodromy group of the fibration. 

For practical work with horizontal families it is sufficient, and 

simpler, to use any families of cycles which induce horizontal families 

of homology classes. This is how we shall proceed, but we call these 

more general families "horizontal families of cycles" as well. 

Now we want to compute an example of the monodromy group of a fi-

bration quite explicitly, and by elementary methods . As example we 

choose the elliptic surface which we have already obtained from the 

family of cubics Ct in Legendre normal form . In order to be able to 

give the most explicit possible description of parallel displacement for 

cycles in Ct , we again describe the cubic Ct , as in 3.4, as a bran­

ched double covering of the Riemann sphere with four branch points : 

0, 1, t and 

We briefly recall the construction in 3.4. For a fixed t = t 0 

we can describe Ct as follows : we triangulate the sphere as a tetra-

hedron with vertices 0, 1, t, oo. We cut the tetrahedron along the 

three edges going to oo, and thereby obtain a large "triangle" consis-

ting of four small "triangles", the faces of the tetrahedron. If one 

cuts the 2-fold covering Ct of the sphere in the same way, then it 

falls into two sheets, two "lRrge triangles". Identification along 

one side yields a parallelogram, further identifications along opposite 

sides yield a real 2-dimensional torus, homeomorphic to Ct by con­

struc tion. The following pictures illustrate the situation°: 
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The decomposition into triangles is not essential to describe the 

covering, but it makes it easier to follow how cycles in Ct are mapped 

to cycles in the plane, and conversely how cycles in the plane lift to 

curves in Ct. Each curve in the plane which does not run through a 

branch point lifts uniquely to a curve in the covering, as soon as one 

chooses a point q in the covering to correspond to a fixed point p 

of the curve in the plane. This can be done by specifying in which of 

the two sheets 
+ 

B , B the point q is to lie. Thus we can describe 

a curve in the covering by giving its image in the plane together with 

a mark of + or on a suitable point on the image curve, accordi ng 

as its preimage lies in 
+ 

B or B . Without this information, a given 

curve in the plane has two possible preimage curves, convertible into 

each other by the covering transformation which exchanges the two sheets. 

For example, in the above diagram we have described two cycles in 

the plane, consi sting of simple circuits around 0 and t 0 , resp . 1 

With the help of the triangle decomposition one can clearly 

see that their preimages in the parallelogram run in the way shown in 

the diagram. In the torus which results from identification of oppo-

site sides the preimage cycles and of the two cycles in the 

plane are therefore homologous to a latitude circle and a meridian on 

the torus. Thus the cycles y 0 and y 1 represe nt a basis of H1 (ct). 

We want to parallel displace these cycles in our family of elliptic 0 

curves Ct and thus compute the monodromy group of the fibration. 

To parallel displace the cycles, it suffices to parallel displace 

the curves themselves. More precisely, it suffi ces, for a g i ven path 

w : [0,1] 

point tl 

ct ' i.e. 
1 

~ 
s 

with 

~0 

+ P1 (~) - {0,1,~} with initial point t 0 = w(O) and final 

w(l), to parallel displace the curve Ct into the curve 

to construct a continuous family of homeomgrphisms · 

We obtain such a family of homeomorphisms 

continuous family of homeomorphis ms 

~ as follows 
s we choose a 

with the followi ng properties 
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"' id 0 pl («:) 

¢>s(0) = 0, ¢>s(l) = 1, ¢>s("') = "'• ¢>s(t0 ) = w(s). 

Then one easily convinces oneself, using familiar elementary properties 

of branched coverings, that there is a unique continuous family of con-

tinuous mappings ~ C + C which forms, together with the map-
s t 0 w (s) 

pings <l>s and the branched covering mappings, a commutative diagram 

~ 

c s 

to 
c 

w(s) 

1 l 
p 1 (a:) 

<l>s 

pl («:) . 
and for which ~0 = id. The "'s are obviously homeomorphisms and 

hence the desired family is constructed. 

There are of course many possible choices for the family ¢>s. The 

particular one chosen is quite irrelevant : parallel displacement always 

leads to the same result on homology classes. To choose <l>s one can, 

e.g., proceed as follows. Assume, for the sake of simplicity, that w 

i s a s i mple c l o sed p a th around the po int t = 0 . We identify a neigh-

bourhood of the closed curve in P1 («:) - {O,l,oo} with the annul us 

s 1 x [-1,1], and in fact in such a way that the path w becomes identi-

fied with w(s) (e2rris,O) . Then for 0 < s < 1 we define : 

<!>s I P1 (a:J- s1 x [-l,ll = id 

( 2rria )-(2rri(a+l-l pl sl) ¢>s e ,p - e ,p for 0 < a< 1, -1 < p < 1. 

The follo wi ng p icture illustrates t h e defini t ion : 
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In practice, when one wants to parallel displace a given cycle y 

along a given path w, one does not of course explicitly write down the 

above identification of an annulus with a neighbourhood of w ; one 

takes it for granted and proceeds intuitively to find what f 1 (y) looks 

like qualitatively 

tively. 

i.e. one finds a cycle homologous to ¥ 1 (y) intui-

In this connection it is necessary and useful to make clear - at 

least in principle - how the homeomorphism ~l lifts to the homeomor-

phism ¥ 1 of the double covering C + P1 (~). to 
following : the preimage of the spine 

It is easy to see the 

of the annulus, i.e. 

the curve w along which one makes the displacement, is a lemniscate­

like curve w with a self-intersection, and the preimage of the annulus 

looks qualitatively like a neighbourhood of the lemniscate bounded by 

Cassini curves, as shown in the following picture : 

0 

(The arrowheads indicate the positions of the images of the points pi 

and under 

The picture also shows where a few points pi, qj are transported 

by the diffeomorphism ~1 . On the lemniscate itself ¥ 1 is the iden­

tity, and likewise on the two ovals which bound the region on the inside. 

On the outer Cassini curve ~l is the covering transformation which 

looks qualitatively like reflection in the double point of the lemnis-

cate. The points qj inside the lemniscate are carried a bit further 



671 

in the direction of the orientation of the arc W induced by the orien-

tation of W. How far, depends on their distance from the arc . On 

the other hand, the points outside are first sent to the points p~ 
L 

by the covering transformation, and then a bit further in the direction 

of the lemniscate arc. Outside the preimage of the annulus, f 1 is the 

identity or the covering transformation. In fact, it is necessarily 

the covering transformation on the component which meets the outer 

Cassini curve, and the identity on the other component. 

This completely describes the homeomorphism f 1 of the torus and 

one can immediately deduce, from this description, the cycles y0 and 

Yi to which y 0 resp. y1 are sent by f 1 . On the homology we 

obviously have 

y' 
0 

y' 
1 

The following picture shows the mapping of 

geometric monodromy f 1 . 

into by the 
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We shall now replace the geometric monodromy ¥ 1 by a similar, but 

somewhat simpler, homeomorphism ¥. One sees very easily that the 

homeomorphism ¥ 1 of the torus just described is homotopic to the fol-

lowing, more simply described, homeomorphism T. ¥ is the identity 

outside two annuli over the arcs of the lemniscate, whose centre lines 

are therefore homologous to y0 . Inside these annuli ¥ rotates the 

circles parallel to the centre line through an angle which increases 

from 0 to 2n across the annulus from one boundary to the other. The 

accompanying figure shows the cycles y0 and Yi into which y0 and 

y1 are mapped by the homeomorphism. 
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The new description of the geometric monodromy by the homeomorphism ~ 

is not only simpler than the preceding one, but it better expresses the 

essence of the situation. We now want to go further into this. 

The homeomorphism describes the parallel displacement of the fibre 

X during a circuit around the singular fibre x0 along a circle 
to 

about t = 0 in the t-plane. As we have seen previously, the s i ngu-

lar fibre consists of two nonsingular rational curves, hence topological 

spheres, which meet transversely at two points. Here we have a situa-

tion similar to that in 3.4, where we first investigated a family of 

cubics. There we established that the singular cubics resulted from 

the nonsingular ones by contracting certain 1-cycles on the nonsingular 

curves to points. We called these cycles the vanishing cycles. The 

situation here is similar : the singular fibre x0 results from t he non-

singular fibre xt 

two singular point~ 
by contracting two vanishing cycles 

of 

to the 
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In section 9.2 we have already analysed suc h situations in det ail. 

We compared the homology of the s i ngular and n onsingular fibres. 

this we chose small balls Bi around the singular points pi and 

decompos ed the nonsingular fibre Xt into two parts : 

To do 

X' = X I"\ VB 
t t i i 

X' I = X - u B .• 
t t i ~ 

When t traverses a small circle around 

differentiable fibre bundle. The X'' 
t 

t = 0 , the xt form a trivial 

form the Milno r fibrat ion of 

the singular points pi. Since in our case the pi 

points, the Milnor fibre is an annulus s1 x [-1,1] 

line s1 x {0} as vanishing c ycle o .. 
~ 

One can now construct the geometric monodromy 

suit this decomposition. On X' 
t 

one chooses 

bec ause of t h e tri via l i t y o f the f ibra tio n : 

are ordinary d ouble 

with the centre 

~ : x + xt t o 
tQ "d 0 . to be tue ~ ent~ty, 

On the annuli one can take the mo nodromy ~ t o be rotation of the c on­

centric circles through an ang le which increases from 0 to 2rr f rom 

one bounda ry to the other. The f ollowing pic ture s hows how ~ ma ps a 

c ycle y which c uts one vanis h ing c yc l e o i nto a ne w c yc l e y' : 
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When one takes the sense of rotation carefully into account, this des­

cription of the geometric monodromy easily gives the following formula 

for the image y' of a cycle y under parallel displacement along a 

small positively oriented circle around a singular fibre : up to homo­

logy, 

y' y- l:<y,o.>o. , 
. l. l. 
l. 

where the o. 
l. 

are the vanishing cycles relative to the singular fibre 

being encircled, and is the intersection number of y and 

This is the famous "Picard-Lefschetz formula" (cf. [P4], [Ll], [P2]) . 

0 .• 
l. 

With the preceding considerations, which in some respects can be 

considerably generalised, we have exhaustively described the monodromy 

for a circuit around the singular fibre x0 in our special elliptic 

y' 
0 

y' 
1 

We have 

There is an analogous description of the monodromy for a circuit around 

the singular fibre x1 , where the circuit is taken in the positive sense 

along a circle around t = 1. It is clear from the symmetry of the 

situa tion that and then exchange roles. In two vanishing 

cycles homologous to y 1 contract to the two singular points and the 

Picard-Lefschetz formulae give the cycles 

are sent, up to homology 

y'' 
0 

y'' 
l 

to which 

We have now completely determined the monodromy group r of our 

fibration of elliptic curves in Legendre normal form : if we choose y 0 

and y 1 as basis for the homology group 

for circuits around the fibres x0 and 

wing ma t r ice s T0 and T1 : 

To 
(1 
0 

Tl 
(1 
2 

H1 (Xt ) , then the monodromy 

· 0d · 1 x1 l.S escrl.bed by the fo lo-

The subgroup r of SL(2, ~) generated by thes e two matrices can also 

be charac t e rised as f o llows. 

r = {(: ~) € SL(2 ,~Jib = c _ O(mod 2), a _ d _ l(mod 4)}. 
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This is a subgroup of index 2 i n the second principal congruence s ub-

r (2) = {(a 
c 

b 
d) € SL( 2 , ?Z) jb = c = O(mod 2), a - d - l(mod 2) } 

Kern (SL(2,ZZ)-> SL(2,ZZ/ 2ZZ)). 

If one goes over to the modular group PSL(2, ~) by the homomo r phism 

SL (2, ~) + PSL (2 , ~) then one obtains an isomo rphism of r onto i t s 

image 'f C. PSL (2, ~), the "projective monodromy g roup". In our c a s e 'f 

is the free group with generat ors T0 , T1 , and this is just the second 

principal c ongruence s ubgr o up 

f(2) = Kern(PSL(2, ~) + PSL (2, ~/2~)) . 

(For the properties of these groups we refer, e.g., to the boo k o f 

Magnus [M7), Chapter III. 2 .) 

Thus we have proved : 

Proposition 11 : 

For the elliptic surface X + P1 (~) with s ingular fibres x0 , x1 , 

X® which is ass ociated with the family of cubic s in Legendre no rma l 

form y 2 = x (x-1) (x-t), the mo nodromy group r C SL (2 .~) is generated 

by t h e matr ices 

1 - 2 
T = ( 1 ) 

0 0 
T = (1 

l 2 

By passing t o the projective monodromy group one obtains an isomo rphism 

of free groups 

r ( 2 ) , 

where r (2) C PSL (2, ~) is the s e cond princ i pal c o ngruence subgroup o f 

the modular group. This is a no rmal subgroup o f index 6 in t h e modular 

group. 

With t hi s theorem we have computed t he mo nodr omy group o f our f amily 

o f elliptic c urv e s Ct . I n add ition , we have given a metho d for push-

ing the cycl es of C a l o ng any g i ven path w with initial point t 0 , 
to 

by means of an explicltly constructed family of homeomorphisms 

'!' : c -> c ( . 
s t 0 w sJ 

homeomorphisms ~s : P1 (~) + P1 ( ~ ) 

Since the homeomorphisms are lifts of correspo nd ing 

with ~s(O J = 0 , ~s(l) = 1, 

~s(t0 ) = w (s ), o ne can obt ain the cycl es Y(s ) = ¢s(YJ by l ifti ng t h e 

c y c l es ~s ( Y), where Y i s the ima g e o f Y in P1 (~). I n t h i s wa y 

o ne can fol l o w t he paral lel d ispla ceme n t of c ycles in t he c o mp l e x plane , 
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which is both very simple and technically useful. The following sequen-

ce of pictures shows, for example, the displacement of y 1 as t makes 

a circuit around 0 with initial and final point t 0 . 

I. 2. 

0 
t 0c;::::::::::::: I 

0 0 

Now we return to the original problem which brought us up against 

the problem of parallel transport and monodromy. Since the latter pro-

blems have now been solved, our original problem can be made precise as 

follows : 

Le t w1 (t) and w2 (t) be the following d ifferential forms on the 

cubic with equation 

/ = x (x-1) (x-t) 

dx dx 
w1 (t) = y 

/x (x-1) (x-t) 

x(x-l)dx 

2/ 
x(x-l)dx 

~~~~~==~33 . 
2 (/x (x-1) (x-t)) 

Also, let y(t) be a horizontal family of 1-cycles in this family of 

cubics. The problem is to investigate the many-valued analytic func-

tions on P1 (~) - {0,1,=} given by the periods 

Jy(t)wi (t). 

Our goal is not to calculate any particular one of these integrals, but 

rather, to characterise the totality of functions 

L(t)wl (t) 

in a suitable way, for all possible choices of the families y{t). The 

most important step will be to show that all these functions are solu-

tions of a certain differential equation. In order to work out this 



681 

differential equation, we must o f course compute the derivatives of our 

period functions. Thus we are faced with the general problem of compu-

ting the derivative 

~t J')'(t) w(t) 

for a family of differential forms w(t) on a family of curves Ct in 

the plane, or a family of fibres Xt in a fibration, and a horizontal 

family of cycles y(t). In our special case of the forms w1 , w2 it 

is clear - if we proceed naively enough - what we have to do. We simp­

ly differentiate under the integral s ign and obtain : 

:t Jy(t)wl (t) = d~ Jy(t) /x(x-:~ (x-t) 

J x(x-l)dx 

Y (t) 2 (/ x (x-1) (x-t)) 3 

ddt f y (t) w2 (t ) 
d J x(x-l)dx 

dt y (t) 3 
2 (/ x (x-1) (x-t)) 

Jy(t) ~ (x-t) 2/:~x-l) (x-t) 

However, we still have to justify this procedure, because the cycle 

y(t) is also variable. 

computing 

To do this we consider the general problem of 

ddt J (t) w(t) ' y 

which we have just formulated abov e . Thus we consider a general family 

of curves Ct , given by the affine equation 

f (x,y,t) 0, 

where f(x,y,t) is a polynomial in x, y and t. 

consider a fami ly of differential forms 

w(t) = P (x ,y,t)dx + Q(x,y,t)dy 

In addition, we 

whe r e P and Q are rational functions o f x, y a nd t and where we 

regard w(t) as a meromorphic fo rm on t h e normalisation Xt o f Ct. 

Since the restriction of the differential df to Xt vanishes identi­

cally, we have there 

at af 
~x + aydY = 0. 

Hence we can also write w(t) i n the following form 
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w(t) = R(x,y,t)dx . 

Here, R(x,y,t) is a rational function of x, y and t. Now let y(t) 

be a horizontal family of 1-cycles for the family of curves Xt. (We 

assume that the Xt , apart from finitely many exceptional fibres, again 

form a locally trivial differentiable fibre bundle, so that parallel dis-

placement of cycles is defined.) The problem of computing 

d~ Jy (t) w (t) 

is solved by the following 

Lenuna 12 : 

d~ Jy(t)R(x,y,t)dx f [ aR _ aR (~J -1 ~]dx. 
y(tJ at ay ay at 

Proof : 

We sketch two proofs, the first of which is tailor-made for the in­

tuitive description of curves as branched coverings of the complex line, 

while the second is better suited to generalisation to the higher-dimen-

sional case. 

lst proof : 

We view y = y(x,t) as a (many-valued) algebraic function of x 

and Xt as the concrete Riemann surface of this function, realised as 

a branched covering of the sphere by the projection (x,y) ~ x. We can 

choose the family of cycles y(t) to avoid the branch points and possi-

ble poles of the form w(t). Let y(t) be the image of y(t) under 

the projection . Then with proper choice of the branch of y = y(x,t), 

y becomes a single-valued function on y(t), and we can interpret our 

period as a completely ordinary line integral in the complex plane 

Jy(t) R(x,y,t)dx = Jy(t)R(x,y(x,t) ,t)dx. 

In this integral the path of integration y (t) varies with the parameter 

t. However, for each (nonsingular) t 0 and sufficiently small neigh­

bourhood U(t 0 J of t 0 we can replace the variable cycle y(t) by the 

constant cycle y(t0J for all t in U(t 0). Hence 

Jy(t)R(x,y(x,t) ,t)dx = Jy(t0 JR(x,y(x,t) ,t)dx for t € U(t 0 J. 

Proof : 

There is a neighbourhood V of y(t 0J in C such that, for all 

t in a sufficiently small neighbourhood U' (t0 J the form 
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R(x,y(x,t) ,t)dx is a holomorphic 1-form on V. Moreover, it is ob-

vious on continuity grounds that one can choose the parallel displace­

ment of cycles so that y(t) C V for all t in a sufficiently small 

neighbourhood U'' (t0J. 

neighbourhood of t 0 in 

along a path from t 0 to 

Now if one chooses U(t0 ) to be a connected 

u0(t0 J n u0• (t0J, then parallel displacement 

t in U(t0 J gives 

y(t) is homologous to y(t0 J in V 

and hence the equality of integrals claimed above follows from the 

Cauchy integral theorem. 

Thus it suffices to compute 

dd J-( )R(x,y(x,t),t)dx. 
t y t 0 

But this is obtained from well-known theorems on the interchange of dif­

ferentiation and integration in line integrals whose integrand depends 

on a parameter : 

dd J -( )R(x,y(x,t) ,t)dx 
t y t 0 

J-( ) ..l.(R(x,y(x,t),t)dx 
y t 0 at 

J [aR aR ayld 
y(t0 J at+ ay at x 

J aR aR af -1 
y(t0 J rat- ay(ayl ~]dx. 

at 

The last identity follows from the fact t hat 

gives 

f (x,y (x,t) , t ) = 0 

af . ay + ~ = 0 
ay at at 

on differentiation by t. If we now replace integration over y(t0 ) 

by integration over y(t) while keeping the same argument in the inte­

gral just computed, then we finally obtain the formula claimed : 

2nd proof : 

We view our forms w(t) as the residues of forms on the complement 

and compute the derivatives as follows : 
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~(2 .)-lJ g(x,y,t)d d 
dt U T(y (t)) fk X .'\ y 

~(2TTi)-lJ g(x,y,t)dxl\d 
dt T (y <t0 J l fk Y 

(2TTi)-lJ ..i_ · g(x,y,t)dxl\d 
T (y (t0 ) l at fk Y 

ag·f-kg.1! 
. -lJ at at 

(2u) ( ( dxl\ dy 
Tyt0 )) fk+l 

ag at 
J at·f-kg ·at 

Y (t)re s fk+l dx .l\ dy. 

If one computes the residue in the sense of the Corollary to Proposition 

9 and the subsequent remarks there, and applies the formula from the 

first proof in differentiating the resulting integral, then an easy cal­

culation shows that the result coincides with the formula just obtained 

i n the f i r s t proof. 

Lemma 12 justifies, in parti cular, our earlier computation of the 

derivative of the integral Jy(t)wi (t). We now restate the results ob-

tained. 

w = 

We set 

dx 
y 

w' = >., dx 
y (x-t) 

w'' = 2 dx 
4 y(x-t)2 

Earlier, we had 

and with the computation of the derivatives we obtained 

d 1 ' dt y(t)w J '' y( t )w . 

The forms w and w' represent a bas is f o r the cohomo logy 
1 

H (Ct,~) of cubics in Legendre normal form this was just the result 

of our second example of the computation of cohomology by differentials 

of first and second kind. For that reason, w'' must be, up to an 

e xact fo rm, a l i near c ombinati o n o f w a nd w', whe r e the coeffic ients 

of the linear combinatio n depend on the parameter t : 
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w'' = pw + qw' + d*. 

We can even find the coefficients p and q in this linear combination 

explicitly. We claim : 

l 
p = 4t(l-t) 

q 
-l+2t 
t (1-t) 

Proof : 

Let * be the meromorphic function 

* = y 
2(x-t) 2t(l-t) 

Then a trivial calculation shows that (for constant t) 

w'' = pw + qw' + d*. 

This gives us the following result 

Proposition 13 : 

Then 

(i) 

Let ct be the cubic in Legendre normal form, 

2 
x (x-1) (x-t) . y 

the family of cubics ct has the properties : 

If wl and w2 are the following differenti a l 

resp. second kind 

dx dx 
y 2y (x-t) ' 

forms of first 

then w1 and w2 represent a basis for the cohomology group 
1 

H (Ct' a:) • 

(ii) If Y(t) is any horizontal family of cycles, and if z 1 (t) resp. 

z 2 (t) are the many-valued analytic functions 

zi (t) = JY (t )wi ' 

Then these functions are solutions of the first o rder system of 

ordinary differential equation s 

dz1 (t) 

dt z2 

dz2 (t) 

dt pzl + 

where p and 
l 

p = 4t(l-t) 

qz2 ' 

q are the following fun c t ions 
-1+2t 

q t(l-t ) 
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(iii) In particular, the period of the holomorphic 1-form w1 , i.e. 

the funct i on 

z (t) = JY (t) w1 
in the above notation, is a solution of the hypergeometric differ­

ential equation 

z'' - qz' - pz 0. 

More generally, the hypergeometric differential equation with para­

meters a , b, c E ~ is the ordinary homogeneous linear differential 

equation of second order 

z'' + c-(a+b+l)t z' ab z = O. 
t (1-t) - t (1-t) 

In our case the parameter values are 

a = ~ 
b ~ 

c = 1. 

The hypergeometric differential equation has three singular points, 

namely 0, 1 and oo, and these are regular singula r points. 

An ordinary homoge neous linear differentia l equation 

d n z dn-l z 
+ a 1 (t) --n=T + ... + an (t)z = 0 

dtn dt 

with meromorphic coefficients a . 
l. 

has a regular singular point at t 0 

if, when t + t 0 (in any sector with vertex t 0 ) , the solutions of the 

differential equation increase like powers of t at most . A ne c e ssary 

and s ufficient c onditio n for this i s tha t ai (t) have at most a po le o f 

o rde r i a t t 0 . Anothe r necessary a nd s uffic i e n t cond i t i o n is t hat 

the solutions in the neighbourhood of t 0 be repr esentable as linear 

combinations, with complex coefficients, of functions of the form 

A oo i k 
(t-t0 ) L c. (t-t0 ) < tn (t-t0 ) ) , 

i=O l. 

where A i s a complex number a nd k < n is a natural number. 

The solutions of the hypergeometric differential equation have been 

investigated in depth by such important mathematicians as Euler, Gauss 

and Riemann, in terms of series e xpansions such as this, on the one hand, 

and a lso in terms o f integral repres enta tions like thos e c onsidered 

above . A solut i o n of t he hypergeometric equation wi th par a me t ers 

a , b, c where c f 0, -1, -2, ... is obta ined by Gauss ' hypergeomet ric 
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F (a,b;c;t) I 
n=O 
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a(a+l) ... (a+n-l)b(b+l) ... (b+n-1) 
c (c+l) ... (c+n-1) 

For our special hypergeometric equation with parameters a = ~. b = ~. 

c = 1 we obtain from this a solution z 0 = F(~.~;l;t). But this lin-

ear differential equation, being homogeneous and linear of second order, 

has two linearly independent solutions. The way to find another solu-

tion is explained in the books on.special functions, e.g. "Higher Trans-

cendental Functions" [Bl5) Vol. 1, 2.7.1, p. 95. There one finds : 

z 0 F(~.~;l;t) 

z 1 -iF(~.~;l;l-t) 

are linearly independent solutions of the hypergeometric differential 

equation with parameters a = ~. b = ~. c = 1. One also finds the mono-

dromy group of the hypergeometric equation computed there. If one ana-

lytically continues the solutions and z 1 , which indeed are many-

valued analytic functions in ~ - {0,1}, along a path in ~ - {0,1} 

with initial and final point t 0 , then on returning to t 0 one obtains 

two new solutions zo· zi· and since zo· zl is a basis for the vector 

space of all solutions, z0 and zi must be linear combinations of z 0 

and 

z' 
0 

z' 
1 

In this way one obtains a homomorphism from the fundamental group 

n 1 (P1 (~) - {0, 1,®}) into the group of invertible 2 x 2 matrices, a nd 

the image of this homomorphism is the monodromy group of the differential 

equation. In our case this monodromy can be computed as follows : 

One has the relation (loc . cit.) 

F(~.~;l;t) = -l ~n(l-t)F(~.~;l;l-t) 
n 

+ 2 I [~-(~+l) ... (~+n-1)]2[<1J(n+l)-<IJ(n+~)](l-t)n 
n n=O n! 

where <I! = r• ; r is the logarithmic derivative of the gamma function. 

The precise form of the second summand on the right-hand side is not 

essential here . What is essential, is that there is a relation 

1 
z 0 ni ~n(l-t) z 1 + ~(1-t)) 
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where ~(1-t) is single-valued in the neighbourhood of t = 1. Since 

z 1 is also single-valued in the neighbourhood of t = 1, and since 

tn(l-t) becomes tn(l-t) + 2wi on a small circuit around t = 1 in 

the positive direction, we have 

A small circuit around t = 1 changes into 

where 

z'' 
0 

z'' 1 

One shows analogously that a small circuit around t o changes z 0 

and zl into z' 
0 

and z' 
1 

where 

z' 
0 zo 

z' 
1 

-2z0 + zl. 

Thus the analytic route has brought us back to the monodromy group which 

we found topologically in Proposition 11. In addition, we have found 

that the solutions z0 , z1 of the hypergeometric differential equation 

transform by exactly the same formulae as the c ycles y 0 , y 1 . (Com-

pare the formulae for y0 , Yi and y0•, Yi' in combination with the 

Picard-Lefschetz formulae.) This fact explains the connection between 

the solutions z0 , z 1 of our equation we have just desc ribed by power 

series, and the solutions by integrals 

i = 0,1 

described earlier in Proposition 13(iii} . Because one easily checks 

that the only invertible 2 X 2 matrice s with 

(a b) (1 2) (a b -1 (1 2 ) 
c d 0 1 c d) 0 1 

(a b) ( 1 0) (a b -1 ( 1 o, 
c d -2 1 c d) -2 1 

are matrices f rom the centre, and henc e matric es o f the form 

It follows that, up to a common constant c E ~. the solutions by series 

and integrals must coincide : 

and 

Thus , by a combination of purely topological and pur ely analy tic methods, 

we have explicitly calculated the periods of the form w as functions 
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of t, without carrying out the integration directly. 

the result on record 

Proposition 14 : 

We want to put 

Let ct be the family of cubics in Legendre normal form 

y 2 x (x-1) (x-t) . 

Choose a base point 

described earlier. 

t 0 and two cycles y 0 , y 1 in C in the way 
to 

Thus their images in the x-plane are cycles which 

run once around t 0 and 0 resp. 1, as shown in the following picture: 

Let (y 0 (t) ,y 1 (t)) be the horizontal family of pairs o f c ycles whi ch 

r esult s from t he pair (y 0 ,y 1 ) by paralle l displ acement 

(y 0 (t) ,y 1 (t)) represents a basis of H1 (Ct). 

In addition, let w (t) be the following f ami ly of differentials of 

first kind 

dx 
w (t) = 

y 
dx 

lx (x-1) (x-t) 

By Proposition 13, the periods Jy. (t)w(t) are sol utions of the hyper­

geometric differential equation with parameters a = ~. b = ~. c 1 . 

These elliptic integrals of lst kind may be i dentified (up to a con-

stant c 0 E ~ whos e determination we omit) with the fundamenta l system 

of sol u t ion s o f the hype r geometr i c e q uatio n d escribed above by hyper geo-

metric series one has 

J dx 

Yo(t) lx(x-1) (x-t) 

J dx 
yl ( t ) 

l x (x-1) (x - t ) 
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Corollary 15 

For the cubics Ct 

2 

in Legendre normal form, 

y = x (x-1) (x-t), 

and the notation of Proposition 14, one has : the ratio 

Jy0(t)w(t)/ JY1 (t)w(t) of the periods equals 

a (t) i 
F (;,,;,;l;t) 

F(;,,;,;l;l-t) 

Thus Ct is isomorphic to the !-dimensional complex torus 

<r:/22: + a(t) 22:. 

Proof : 

The first assertion follows immediately from Proposition 14, the 

second from the first and the facts about the relation between cubic 

curves and !-dimensional complex tori (in Theorems 7.4.3 and 7. 4.4) 

which we recalled at the beginning of our present investigation of cu­

bics in Legendre normal form. 

Our new results represent definite progress over our previous ones. 

In 7.4.4 we gave an isomorphism between a fixed !-dimensional torus 

<r:/22: + a2Z and a particular cubic in Weierstrass normal form, namely 

the cubic 

2 
y 4x 3 ( ( - g 2 a)x- g 3 a). 

Here, g 2 and g 3 were explicitly described functions of a, and the 

mapping of the torus was explicitly described by the Weierstrass P-
function, i.e. by x = r 

a 
with periods l and a : 

and y = r~ , where pa is doubly periodic 

r was the inverse function of the indefinite 

elliptic integral 

f dx 

/4x 3-g x-g 
2 3 

These results are very satisfactory when one begins with the torus 

<r:/22: + a2Z. But what remains open is the converse question :given a 

cubic in Weierstrass normal form, y 2 4x 3 - g 2x - g 3 , to which tori 

is it isomorphic ? In 7.4 we have answered this question only impli-

citly. It is isomorphic to each torus a:; 2Z + a 2Z with g 2 = g 2 (a), 

g 3 = g 3 (a), and more generally, to each torus <r:/22: + a2Z with the 

J-invariant 
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J(a) 

However, we did not explain how one computes the number a for a given 

cubic. This is what we have now achieved for cubics Ct in Legendre 

normal form 

y 2 x (x-1) (x-t), 

Corollary 15 contains the desired formula . 

Example : 

The cubic with equation 

is isomorphic to the complex torus a:; ZZ + i ZZ. 

These investigations, in combination with the earlier investiga-

tions in 7.3 and 7.4, have already given us a very good insight into the 

nature of cubic curves. Even more interesting things remain to be 

said, however, we can be quite satisfied with what we have already 

achieved, and we want to leave it at that. 

In the first half of this long section we were concerned with ob­

taining general statements about the periods of differential forms on 

curves, and in the second half we analysed quite a special example, the 

family of cubics in Legendre normal form, from this point of view. In 

conclusion, we want to make a few sketchy remarks on the aspects of this 

special example which are typical and which generalise to other situa­

tions. 

Consider, for example, the following general situation : let X be 

a nonsingular projective algebraic manifold and let X + S be a holo-

morphic mapping onto a nonsingular curve. In our special example X 

was the elliptic modular surface and S = P1 {a:). Suppose that for 

finitely many t 1 , . .. , tk E S the fibres 

sets 

X' X - VX 
. t. 
l. l. 

X 
t. 

l. 

are singular. If one 

then X' + S' is a differentiable locally trivial fibre bundle. One 

can again define a geometric monodromy, and for each p one obtains a 

monodromy 
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Tr 1 (S',t0 ) -+Aut(H(X )). 
P to 

One has a parallel displacement of homology classes, i.e. one has a 

connection on the vector bundle over S' whose fibres are the homology 

groups Hp(Xt'~). Analogously, one has a parallel displacement for 
p 

cohomology classes, and hence a c onnection on the H (Xt'~). One can 

describe the c o homology by means of differential forms, as we have indi-

cated at the begi nning of this section. This yields a description of 

the connection at the level of differential forms, called the Gauss-

Manin-conne ction. This connection is d escr ibed e xplic itly by d i fferen-

tial equations for the periods. If w(t) is a holomorphic family of 

p-forms w(t) on Xt , t f S', and if y(t) is a horizontal family of 

p-cycles, then the periods 

Jy(t)w(t ) 

sat isfy , as f unct i on s of t, an o r d ina r y l i near d ifferential equatio n 

In our special example we had three singular 

fibres Xt f o r t = O,l,oo, and the differential equation was the hyper-

geometric equation. The hypergeometric equatio n may be essenti ally 

characterised as the ordinary linear differential equation with three 

r egular singular points . What is typ i cal he r e is the regularity. More 

g e nerall y , one has the f o llowing t h eor e m : 

Regularity Theorem 

The differential equations for the periods Jy(t)w(t) have regular 

singularities . 

Fo r o u r hypergeome tric differ ential e qua t ion we ha ve dete rmined the 

monodromy gro u p explicitl y and described i t by generat ors which corres-

pond to circuits around the singular fibres. With this description one 

finds, among other things, that the monodromy group is completely redu­

cible, i.e . that each invariant subspace has an invariant complement. 

(I n our c a s e there a r e no invariant s ubspa c e s a t al l apart f rom {0 } 

a nd the who l e s pace .) 

We computed the generators explicitly by travelling round the 

fibres xo • xl • xoo. 

their eigenvalues are 

It foll ows immediately from this computation that 

1 More gene-

ral l y , t he f ol l owing theor e m holds : 

Monodromy Theorem : 

(i ) The e i genvalue s of the monodr omy tra ns f o rma t ions for 
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circuits around singular fibres 

are roots of unity. 

X 
t. 

1 

on small circles round 

(ii) The monodromy group is fully reducible. 

t. 
1 

There are many very different proofs of the Regularity - and Mono-

dromy Theorem. We refer those who are interested in these results and 

methods beyond the scope of this course to the survey article of 

Griffiths [G2]. I hope that this course has helped to awaken interest 

in these beautiful, deep and far-reaching questions. 
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A Roman I before the page number indicates that the reference is 

to the first part of the lecture notes, i.e. to §§1-7. 

A 

Abelian integral 
Addition on cubics 
Adjoint 

curve 
polynomial 

Algebra 
application in geometry 
of holomorphic function germs 
reduced 

Algebraic 
curve 
c yc le 
local ring 
manifold 
de Rham theorem 
space 
structure 

Algorithm 

628 
306 

598 
601 

I 69 
354 
354 

I 79, I 202 , 
I 274 
328 
I 119 
639 
337 
I 203 

euclidean (for Puiseux expansion) 514 
Analy sis and synthesis I 66 
Analyt i c 

s et 
at a point 
locally 

set germ 
set germ ideal 
subset 

Angle trisection 
Arithmetic genus 
Artin approximation theorem 
Astroid 

B 

equation 
genus 
natural equation 
Plucker formulae 
polar 
s ingular points 

Barycentric 
calculus 
subdivision 

Base point (of a linear system) 
Basis theorem 

Hi l bert 
Ruc kert 

337 
348 
349 
349 
351 
349 
I 3, 
6 10 
336 
I 32 
I 81, 
619 
I 86 
585 
582 
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345 
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Bertini theorems 
Betti number 

of a fibre 
Bezout's theorem 
Birational 

isomorphism 
transformation 

group 
Blowing up a point 
Boundary (of a chain) 
Bouquet (of topological spaces) 
Brachistochrone 
Braid (torus knots) 
Branch 

of a set germ 
of the multiplicity sequence 
point (of a covering) 

Brianchon's theorem 
Bundle 

Hopf 
line 
of vector spaces 

c 

Canonical 
divisor 
line bundle 

Cardano formula 
Cardioid 
Cartier divisor 
Cassini curves 
Catacaustic 
Catastrophe 

theory 
Caustic 

Cell 

of a parabola 
stable 

chain, of a triangulation 
decomposition, dual 

Central projection 
Chain 

cell-
closed 
p-

Characteristic 
e xponent, first 
term of the Puiseux expansion 

Chern class 
numbers 

Chevalley dimension 
Chow 

ring 
theorem 

Circle 
equation 
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617 
I 270 
550, 573 
I 227, I 232, I 264, I 277 

468 
468 
468 
462 
I 262 
I 143 
I 27 
551 

361 
504 
I 147 
I 256 

461 
460 
460 

622 
622 
I 68, 
I 30 
622 
I 18, 
I 31 
I 53 
I 53 
I 31 
I 55 
I 55 

I 266 
I 264 
I 102, 

I 266 
I 261 
I 261 

484 
411 
623 
611 
368 

I 275 
I 140 
I 3 
I 73, 

I 182 

I 77 

I 111 

I 117, I 127, I 145 
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Circle 
evolute I 19 
quadrature I 3, I 7 
Seifert 537, 551 

Cissoid (of Diocles) I 9, I 91 
equation I 74 
polar 579 

Class 
623 Chern 

intersection (in homology theory) I 268 
of a curve 

Classification 
I 254, 576 

324 of compact o rientable 2-manifolds 
of cubics I 87 , I 283 
of curves 
of quadrics 
of singularities 

Clebsch formula 
Closed 

chain 
p-form 

Coboundary , Leray 
Coherent s heaf 
Cohomology 

I 87, I 91, 323 
I 278 
323 
619 

I 261 
635 
641 
360 

class 653 
de Rham 635 
de Rham, group 635 

Collinear points I 243 
Collineation I 111, I 115, I 123, I 137 

homogeneity of polynomials preserved under I 204 
Complete intersection 369 
Completion 

of a curve 
of the affine plane 

Complex, simplicial 
Conchoid of Nicomedes 

equation 
Conditio n, linear (in a linear 
Configuration 

Desargues' 
Kummer's 
of a quartic 
of lines o n a cubic surface 
Pascal's 
tactical 

Conformal mapping, main theorem 
Conic section 

general equation 
organic generation 

Conjugation (as a mapping) 
Connection 

Ehresmann 
Gauss-Manin 

Connectivity, Riemann 
Contact 

e xponent 

I 207 
I 113 
I 260 
I 13 
I 75 

system) I 

I 248 
586 
586 
586 
I 248 
I 296 
I 280 
I 4, 
I 74 
I 6 
I 137 

663 
692 
610 

484 

242 

I 100 
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maximal 
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481 
-------, stability under blowing up 491 

Continuity principle (of Poncelet) I 136 
Contour (caustic) 
Contraction of graphs 
Coordinates 

affine 
cartesian 
development of 
exchange 
homogeneous 
local 
neighbourhood 
system, homogeneous 
triangular 

Covering 
branched 
--------, of Riemann sphere 

Cremona 
group 
transformation 

Cross ratio 
Crossing, normal (of divisors) 
Cube 

cell decomposition 
duplication of 

I 41 
529 

I 124, I 136 
I 106 
I 66 
I 116, I 137 
I 110, I 114, 
I 119 
I 119 
I 123 
I 108 

I 147, I 150 
I 154 

468 
468 
I 106 
498 

I 266 
I 3, I 6, I 10 

I 123, 456 

Cubic 
as abelian variety 
as topological space 
c l assification 
cohomology 

I 87, I 118, I 207, I 245, 689 
I 308 

genus 
Hesse normal form 
Legendre normal form 
Plucker formulae 

Curve 
abstract 
algebraic 

affine 
----------, projective 

-----------, complex 
as complex analytic subset 
as topological subset 
Cassini 
class 
classification 
complete 
complex 

I 163 
I 304 
684 
619 
I 293, 655 
656 
584 

I 203 
I 79, I 203 
I 172, I 191, 
I 203 
I 203 
I 139 
I 140 
I 18, I 77 
I 254 
I 88 
I 203 
I 139 
I 203 -------, projective 

defined by a differential 
dual 

equation I 79 

elliptic 
embedding in a space 
equation 
exceptional 

I 86, I 253, 
I 319, 324 
I 219 
I 71, I 86 
463, 470 

I 203 

576 
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Curve 
genus 
geometric (Descartes) 
Hessian 
hyperelliptic 
i n the comp l e x projecti ve plane 
in the projec tive plane 
intersection number 
irreducible 
Lissajou 
order 
pencil 
plane 

a lgebr a ic 
comple x alge braic 

rational 
transcendental 
Watt 
with multiple components 

Cusp (of a curve) 
Cycle 

a lge bra i c 
bounding 
fundamental 
horizontal family 
intersection 
p­
vanishing 

Cycloid 
equation 

Cyc l oidal 
gear 
pendulum 

D 

Decomposition (of a set germ) 
Deforma tion 

o f a c u r v e 
of a singularity 

De gre e 
n, homogeneous 
of a curve 
of a polynomial 

Delian problem 
Derivative 
Desa r gue s ' 

configurati on 
t heorem 

324 
I 79 
I 289 
620 
I 139 
I 117 
I 238 
I 204 
I 65 
I 88, 
I 240 
I 202 
I 203 
I 203 
I 280 
I 79 
I 58 
I 239 
I 10 

I 274 
I 26 0 
I 269 
665 
I 267, 
I 260, 
I 162 
I 20 
I 78 

I 33 
I 30 

361 

620 
366 

I 194 
I 207 
I 174, 
I 3, 
I 71 

I 248 
I 248 

I 

I 207 

I 274 
I 26 2 

I 194 
6, I 10 

Descartes, f oli urn of I 88, I 91, 589 
Dialectic (in mathematics) I 66, I 82 
Diffeomorphism I 126 
Differentiable structure I 119 
Differential equation, hypergeomet ric 686 

monodr omy 687 
Diffe r ential f orm 

1s t species 
(on a c u rve ) 

628 
649 



Differential form 
2nd species 
3rd species 
and cohomology 
closed 
exact 
holomorphic 
meromorphic 
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629 
629 
635 
635 
635 
628 
628 

on a curve 634, 654 
on a Riemann surface 
(p,q) 
rational 

Dimension 
Cheval ley 
Krull 
of a set germ 
of an analytic subset 
Weierstrass 

627 
637 
638 

368 
368 
367 
367 
368 

Disappearing line (in central pro j ection) I 105 
Discriminant 

of polynomials of degree 3 and 4 
I 181, I 196 

I 182 
Divis i on algorithm, euclidean I 174 
Division theorem (for convergent power series) 339 

special 340 
Divisor 

canonical 
Cartier 
common (of polynomials) 

624 
622 
I 177 

greatest common I 175 
intersection number of 623 
of a function (principal divi sor ) I 313 
of a singular curve 529 
on the projective plane I 240 
Weil 622 

Dodecahedron 
Double point (of a curve) 
Dual 

cell decomposition 
c urve 
-- (polar) 
graph 
projective plane 

Dualisation 
Duality principle 
Duplication (of the cube) 

E 

I 266 
I 213 

I 26 4 
I 86 
576 
509 
I 251 
I 251 
I 252, 
I 3, I 

Ehresmann connec t ion 663 
Elementary 

chain (of a resolution graph) 522 

I 255 
6, I 10 

symmetric functions, main 
Elimination (in equations) 
Ellipse 

theorem on 344 
I 179 

parallel curves of 
Ellips ograph 

I 4, I 73 
I 41 
I 8 



Elliptic 
curve 
function 
integral 
modular surface 

Embedding, Segre 
Envelope 
Epicycles 
Epicyclic curves 
Epicycloid 
Epitrochoid 
Equation 

affine 
from a parametrisation 
of a curve 
of a hypersurface 
of a polynomial, implicit 
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I 306, I 319, 
I 318 
I 318, 656 
661 
500 
I 31, I 82 
I 19 
I 19, I 77 
I 19 
I 23 

I 207 
I 180 
I 206 
355 
334 

Essential term of Puiseux expansion 411 
Etale topology 335 
Euclidean 

algorithm 

g e ome try 
ring 

(for Puiseux pairs) 

Euler characteristic 
of a curve 
of a fibre 
of a knot spanning surface 
of a singular fibre 
of a surface 

I 174 
514 
I 117, I 120 
I 174 

614 
550 
540 
603 
609 

324 

o f the Milnor fibre and resolution graph 568 
o f t h e Milnor fibre and the mul t iplic i t y sequence 569 

Euler's partial differential equation I 197 
Exact p-form 635 
Exceptional 

curve 
----- of 1st kind 
hypersurface 
line 

Exponent, fi r s t c haracter i stic 

F 

Factorial ring (= UFD) 
Feynman integral 
Fibration (of a knot) 
Fi bre (see a l so t1ilnor f ibre ) 

l st Betti number 
ge nus 

Fibre bundle 

463, 470 
463 
470 
463 
484 

I 174 
574 
543 

550, 573 
544 

locally trivial I 130 
locally trivial differentiable 542 

Folium of Descartes I 88, I 91, 590 
Function(s) 

doubl y period ic 
e lliptic 
ho l omorphic 
homoge neou s 

I 31 3 
I 31 8 
329 
I 194 



Function(s) 
main theorem on symmetric 
ring of holomorphic 
transcendental 
unfolding of 
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344 
329 
I 79 
573 

Weierstrass 'P- I 303, I 315 

Function germs 
algebra 
holomorphic 

differential equation 

354 
330 

I 317 

ring of holomorphic 
theorem on implicit 

330, 354 
335, 348 

Fundamental 
class 
cycle 

I 264, I 269 
I 269 

G 

Gaussian hypergeometric series 687 
Gauss-Manin c onnection 692 
General polynomial 342 
Generation, organic (of curves) I 6 
Genus 

arithmetic 610 
formula (for curves) , generalised 624 

of Clebsch and Noether 601 
of a connected orientable surface 540 
of a knot 541 
of a surface 609 
of curves 324 , 576, 596 , 603, 610, 614, 619, 

621 
Todd 
virtual 

Geometric monodrorny group 
Geometry 

analytic 
--------, development o f 
complex-projective 
e uclidean 
of position 
projective 
-----------, development of 
Riemannian 

Graph, dual 
Grothendieck topology 
Group 

H 

complex-projective-linear 
Cremona 
real - projective-linear 

Harmonic mean point 
Henselian local ring 
Henselis ation 
Hensel's lemma 
Hessian 

curve 

611 
613 
664 

I 66 
I 69 
I 136 
I 117' 
I 106 
I 90, 
I 102 
I 119 
509 
335 

I 137 
468 
I 115, 

591 
335 
335 
335 

I 289 

I 1 20 

I 116 

I 1 23 



Hessian 
group 
matrix 
normal form of cubics 

Hexagon 
and quadric 

Hilbert's 
basis theorem 
Nullstellensatz 

Hodge decomposition 
Holomorphic function 

germs 
-----, algebra of 
-----, ring o f 
-s, ring of 

Holonomy group (of a fibratio n) 
Homogeneous 

coordinate system 
coordinates 
equation 
function 
of degr ee n 
we i ghted 

Homogenisation 
Homology 
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I 297 
I 289 
I 293, 655 
I 246 
I 246 

345 
I 192, 352 
637, 649 
329 
330 
354 
330, 354 
329 
664 

I 123 
456 
I 117 
I 194 
I 194 
I 195 
I 117. I 199 

class 264 I 262, I 

th 
p singular 

I 260 
I 263 

group 

----- of a submanifold I 272 
----- of a projective algebraic s ubset 
o f Milnor fibre 
theory, singular 

Hopf 
fibration 
line bundle 
------------, complex, over 

Ho ri zontal 

57 3 
I 263 

I 138 
461 

pl (<I:) 531 

f amily of c yc l es 665 
homology classe s 665 

663 
613 
626 

I 273 

tangen t space 
Hurwitz formulae 

generalised 
Hyperbola 

projective equation 
Hype rboloid 
Hypercohomo l ogy, d e Rha m 

algebraic 

I 5, I 72, I 127, I 145, I 157 
I 117 

a nalytic 
Hype r e l liptic c urve 
Hypergeometric differential 

monodromy group 
series 

Hyperplane 
Hyper surface 

affine a l gebraic 
e quation 

I 161 
637 
639 
6 37 
620 

equation 686 
687 
687 
I 123 
355 
I 191 
355 



Hypersurface 
exceptional 
projective-algebraic 

Hypocycloid 
star curve, astroid 
three-cusped (Steiner's) 
-------------, polar 

Hypotrochoid 

I 

Icosahedron 
Ideal, maximal 

of an analytic set germ 
Implicit 

equation of a polynomial 
function theorem 

Index theorem of Atiyah-Singer 
Infinitely near point 

v-tuple 
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470 
I 199 
I 19 
I 32 
I 32 
581 
I 22 

I 266 
359 
351 

334 
334, 348 
611 
475, 504 
476 

Infinitesimal calculus in geometry 
Inflection point 

I 71 

configuration (of cubics) 
improper 
number of 
of cubic 
r-tuple 

Integral 
abelian 
elliptic 
Feynman 
of 1st species 
of 2nd species 
of 3rd species 
rectification 

Intersection 
class 
complete 
cycle 
multiplicity 

number 
of cycles 

in the multiplicity 
of curves 

------ of cycles 
------ of divisors 
of curves 
ring 
theory 

Invariant 
j-
of curve, global 
order of curves 

Irreducible 
component (of a set germ) 
curve 
in integral domain 
set germ 

I 295, I 320 
I 288 
583 
I 284, I 305, I 320 
I 288 
I 71 
628 
I 318, 656 
574 
628 
629 
629 
I 86 

I 264 
369 
I 267, I 274 
I 231 
I 269 

sequence 512 
I 238, I 274 
I 269, I 274 
623, 632 
I 90, I 208, I 227 
I 260, I 270, I 275 
I 90, I 227, I 232 

I302, I322, 657 
576 
I 88, I 207 

361 
I 204 
I 173 
361 
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Isobaric I 195 
Isolated singularity 359 
Isomorphic, as algebraic manifolds I 313 
Isomorphism 

birational 468 
(mapping germ) 356 
Poincare 271 

J 

Jacobian variety 

K 

Kind of a differential form 
Knot 

fibred 
genus 
Neuwirth-Stallings 
of singularity 
torus 

Krull 
dimension 
principal ideal theorem 

Kummer configuration 

L 

Lattice (in 0:) 

Legendre normal form (of cubics) 

322 

628 

542, 
541 
543 
535 
I 223 

368 
369 
586 

I 312 
656 

Lemniscate I 18 

543 

Length, proper (of a multiplicity sequence ) 507 
Leray coboundary 641, 645 
Line I 2, I 91, I 207 

at infinity I 114 
bundle 460 

canonical 
Hopf 
complex (over 

complex-projective 
equation 
exceptional 
pencil 
projective 
through a point 

Linear system (of curves) 
dimension 
given by a linear condition 
of cubics 

Linear transformation 
Lissajou curves 

equation 
Local ring 

hensel ian 
Localisation 
Locally analytic 

624 
401 
531 
I 140 
I 72 
463 
I 240 
I 116 
459 
I 240, 615 
I 240 
I 242 
I 281 
455 
I 65 
I 78 
328 
335 
328 
349 

Locus I 3 
Logarithmic pole (of a differential form) 642 
Lojaziewicz trick 343 



M 

Main theorem 
of conformal mapping 
on elementary symmetric 

Mal grange 
preparation theorem 
trick 

Manifold 
abelian 
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I 280 
functions 344 

345 
340 

I 313 
classification of compact orientable 2-dim. 324 
complex I 119 
------- algebraic I 119 
development of concept 120 
differentiable I 119 
Jacobian 
n-dimensional topological 
projective plane as 
real algebraic 
----analytic 
Riemannian 
Stein 

Mapping 
germ 
main theorem of conformal 
rational 
regular 

Maximal contact 
stability under blowing up 

Maximal ideal 
Mean point, harmonic 
Metric, Riemannian 
Milnor fibration 

and Newton polygon 
1st Betti number 
homology 
in the standard resolution 

Milnor number 
Mobius band 
Modular surface, elliptic 
Moduli 

space 
dimension 

Monkey saddle 
Monodromic 
Monodromy 

geometric 
theorem 

Monodromy group 
geometric 
of a differential equation 
of a fibration 
of the hypergeometric equation 
projective 

Multiplicity 
at infinitely near points 
of a curve at a point 

322 
I 118 
I 118 
I 119 
I 119 
I 119 
636 

355 
I 280 
468 
I 311 
481 
491 
359 
591 
I 119 
544 
574 
550 
573 
561 
573 
I 130, 
661 
I 322 
322 
322 
550 
664 
691 
574 
692 
665 
664 
687 
665 
687 
679 

598 
I 212, 

462, 533 

I 225 



t1ul tiplici ty 
of cycles 
of intersection of two curves 

Multiplicity sequence 

N 

and Puiseux expansion 
and resolution graph 
proper length of 
system 

Neighbourhood 
formal, in E[[x1 , ... ,xn)J 
germ 
in classical topology 
small 
Zariski open 

714 

I 269 
I 90, I 208 
504 
512 
521 
507 
505 

336 
336 
329 
328 
328 

Neil's parabola (see Parabola, 
Nephroid 

neil's) 

Neuwirth-Stallings knots 
Newton polygon 

and Milnor fibration 
Nilpotent 
Noether 

formula 
normalisation lemma 

Noetherian ring 
Non-orientability 
Normal crossings (of divisors) 
Normal form, Weierstrass 
Nullstellensatz 

0 

Hilbert 
Ruckert 

Octahedron 
One-sided surface (in space) 
Order (of a plane curve) 
Orga nic generation 

of conic sec tions 
of the cissoid 
of the conchoid 

Orientability 
Outline 

p 

Parabola 
diverging 
generalised 
Neil's (= semicubical) 

rectification 
projective equation 

Parallel 
curve 

of a parabola 

I 31 
543 
370, 477 
574 
354 

614 
354 
347 
I 130 
498 
I 302 

I 192, 352 
351 

I 266 
I 130 
I 88 

I 6 
I 11 
I 15 
I 130 
I 41, I 53, 

I 4, I 72, 
I 92, I 163 

I 

I 87, I 214, 
I 87, I 88, 

I 104, I 184 

127. I 145 

I 223 
I 101, I 118, 

I 215, I 223, I 280, 473, 
I 87 
I 118 

I 41 
I 55 

I 127, 
496 
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Parallel 
I 104 projectio n 

Parametrisation, rational 
Pascal 

{of curves) I 77, I 280 

configuration 
theor e m 

Pasting 

p-

of disc bundles 
topological 

boundary 
chain 
c ycle 

bounding 
Pe nc il, linear {of curves ) 
Peri cycloid 
Period 

of a differential form 
relations {Riemann) 
residual 

Peri trochoid 
Pers pe ctivity 
p-form 

closed 
exact 
rational on Pn{~) 

with logarithmic pole 
Plane 

I 248 
I 247 

533 
I 153 

I 262 
I 261 
I 26 2 
I 260 
I 240 
I 19 

628 
I 321 
629 
I 24 
I 111 

635 
635 
646 
642 

complex projective 
dual pro jective 
real p ro jec t i v e 

{see projective n-dim. space) 
I 251 

Platonic s o l ids 
Plumbing 
Plucker formulae 
Poincare 

duality theorem 
isomorphism 

Point 
at infinity 
infinitely near 
mu ltiplicity at infin i t e ly n ear 
v-tuple infinitely near 
ordinary n-tuple 
regular 
singular 

Polar 
c oordinates 
descr ipti o n 
general 
in a c ircle 
of a curve 
of a curve relative to a point 
of a famil y o f curves 
rth 

Po l e {of a differ e nt i a l equa t ion) 
Pole- pol a r r ela tions hip 
Po lygon, Newton 

I 114 
I 266 
533 
576, 584 

I 270 
I 271 

I 90 , I 105 
475 , 504 

598 
476 
I 225 
I 213, 363, 
I 213, 363 , 
592 
I 78 
589 
594 
578 
587 
588 
592 
588 
642 
5 78 
477 

686 
686 



Polyhedra, regular 
Polynomial 

adjoint 
as implicit equation 
associated 
division 
general 
homogeneous 
------------, weighted 
primitive 
ring 
Weierstrass 

Position 
general 
special 

Power series 
ring of convergent 
ring of formal 
---------------, neighbourhood 

Preimage 
proper 
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I 266 
I 172 
601 
334 
I 200 
I 174 
342 
I 194 
I 195 
I 176 
I 174 
338 

I 243 
I 243 

331 
331 
336 

470 
s trict 470 
total (of t he standard resolution) 529 

Preparation theorem 
Mal grange 
Weierstrass 

Prime element 
Prime ideal chain 
Principal congruence subgroup 
Principal divisor (of a function) 
Principal ideal theorem, Krull 
Projection 

centre of 
stereographic 

Projective 
algebraic hypersurface 

subset 
geometry 
line 
- --, complex 
linear group, complex 
-------------, real 
linear subspace 
monodromy group 
plane, real 
properties (Poncelet) 
space 

complex n-dimensional 

345 
338 
I 173 
368 
679 
I 313 
369 

I 102 
I 142 

I 199 
I 139 
I 116 
I 116 
I 140 
I 137 
I 123 
I 123 
679 
I 114 
I 106 
459 
I 136, I 198 

-------------------------------- , intersection ring 
space, real n-dimensional 
subspace, linear 
viewpoint 

Projectively related figures 
Projectivity 
Puiseux 

chain 
pairs 

I 122 
I 123, I 137 
I 102 
I 111 
I 113 

522 
I 214 

I 260 
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Puiseux 
pairs and multiplicity sequence 512 

and resolution graph 522 
Pure-dimensional (set germ) 367 

Q 

455, 498 
I 3, I 7 

Quadratic transformation 
Quadrature (of the circle) 
Quadric I 91, I 207, I 243, I 246, I 278, 

455, 619 
and hexagon 
projective 

Quartic 
Quasihomogeneous 
Quintic 

I 246, I 247 
I 142 
I 207, 455 

(see Weighted homogeneous) 

R 

Radical (of an ideal) 
Rational mapping 
Rectification (of curves) 
Reduced algebra 
Reducible set germ 
regular 

curve 
mapping (of algebraic manifolds) 
point 
polyhedron 
singular point 

Regularity theorem 
Relatively prime 
Remainder (in polynomial division) 
Representative (of a set germ) 
Residual period 
Residue 
Residue theorem 
Resolution 

and Puiseux expansion 
by quadratic transformations 
graph 
-----, contractible 
of singularities 
standard 
topology of 

I 207 

351, 354 
468 
I 86 
354 
361 
I 82 
I 79 

I 311 
I 213, 363 
I 266 
686 
692 
I 175 
I 174 
350 
629 
641 
644 

522 
455, 496 
503, 506 
529 
323, 325, 
498 
531 
178, 196, Resultant (of polynomials) 

computation of int ersection of curves 230 
de Rham 

algebraic theorem 
cohomology group 
hypercohomology 
theorem 

Riemann 
connectivity 
period relations 
sph ere 

639 
635 
637 
636 

610 
I 321 
I 141 

366, 

202 

503 

Rie mann surface I 119, I 140, 564 



Riemann surface 
abstract 
concrete 
covering the sphere 
of a function 

Riemannian 
geometry 
manifold 
metric 

Riemann-Roch theorem 
Ring 

algebraic local 
local 
-----, henselian 
noetherian 
of convergent power series 
of entire algebraic functions 
of formal power series 
of holomorphic function germs 
of holomorphic functions 

718 

I 156 
I 156 
I 153 
I 155 

I 119 
I 119 
I 119 
611 

328 
328 
335 
345 
331 
333 
331 
330, 354 
329 

of rational functions in Zariski neighbourhoods 
spectrum of 332 

Rotation reciprocator I 33, I 38 
Rouche's theorem 353 
Ruckert 

s 

basis theorem 
Nullstellensatz 

Schemes 
Segre embedding 
Seifert circles 

345 
351 

332 
500 
537, 551 

328, 331 

Self-intersection number (of zero section of line bundle) 531 
Set 

affine-algebraic 
analytic 

Set germ 
analytic 

ideal 
decomposition 
morphisms 
representative 

Sextic 
Sheets (of a covering) 
Shell curve (Durer) (see 
a-process 

n-dimensional 
Simplex 

singular 
Singular 

homology group 
theory 

point 
(on outline) 

simplex 

also 

191 
337 

349 
351 
361 
357 
350 
I 207 
I 152 

Conchoid) 
462, 
464 
I 260 
I 263 

I 263 
I 263 

I 47 
491 

I 81, I 211, I 213, I 258, 363 
I 52 
I 263 
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Singularity 
isolated 
resolution of 
set 

Solid, Platonic 
Space 

algebraic 
projective 

Species (= kind) 
of a differential form 

I 10, I 82, 350 
359 
323, 326 
363. 366 
I 266 

337 
459 

628 
of integral of a differential form 628 

Spectrum (of a ring) 332 
Sphere 

c over i ng of 
Riema nn 

Spider lines 
Spiric sections (of Perseus) 
Stallings, Neuwirth-Stallings knots 
Standard resolution 
Star (of a point in a triangulation) 
Stein manifold 
Strata 
St r ati ficat i o n 
Struc ture 

algebraic (of a curve) 
differentiabl e 

Study's lemma 
Subdivision, barycentric 
Submanifold, homology class of a 
Subset 

a na lytic 
compl e x-a nalytic 
projective-algebraic 
topological 

Subspace, projective linear 
Surface (see pro jective curve) 

elliptic 
o ne - sided, in s pa ce 

Swa llowta il 
Syste m (of multi plici t y s eque nc es ) 

T 

Tangent 
equation 
problem 
to a c u r ve 

Ta nge nt space 
horizontal 
vertical 

Tautochrone 
Tetrahedron 

group 
t-gener al 
Th eorem 

Ar tin approx i mation 
Atiyah-Si nger 

I 1 5 3 
I 141 
I 24 
I 16, I 76 
543 
498 
I 266 
636 
366 
366 

I 203 
I 119 
I 192 
I 265 
I 272 

349 
I 139 
I 139 
I 140 
I 123, I 1 37 

660 
I 1 30 
I 188 
505 

I 80 
I 7l, I 79 , I 211 
I 21 3, I 22 7 

663 
66 3 
I 29 
I 266 
I 299 
3 38 

336 
611 
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Theorem 
Bertini 617 
Bezout I 227, I 232, I 277 
Brianchon 
Chow 
Enriques-Chisini 
Liouville 
Milnor 
M. Noether 
Pascal 
Poincare duality 
Riemann-Roch 
Rolle 
Rouche 
Seifert 
Torelli 

Todd genus 
Topology 

classical 
ttale 
Grothendieck 
of resolution 

Toroid 
Torus 

complex 

I 256 
I 140 
516 
I 314 
543 
518 
I 247 
I 270 
611 
I 286 
353 
536 
I 322 
611 

329 
335 
335 
531 
I 41 

I 313 
I 76 
I 320 

equation 
higher-dimensional 
knot I 223, 544, 
--, as braid 

Transformation 
birational 
Cremona 
group, Cremona 
linear 
quadratic 
Tschirnhaus 

t-regular 
Triangular coordinates 
Triangulation 
Trick 

of Lojaziewicz 
of Malgrange 

Triple point 
Trisection of angle 
Trochoid 

rotation-reciprocator 
Tschirnhaus transformation 
Tubular neighbourhood 

u 

551 

468 
468 
468 
455 
455, 496 
I 182 
338 
I 108, 456 
I 260 

343 
340 
I 213 
I 3, I 7, 
I 21 
I 33, I 38 
I 182 
I 132 

UFD (= factorial ring) I 174 
Unfolding (of a holomorphic function) 57 3 

v 

Vanishing 
cycle I 162 

I 

550 

15 



Vanishing 
line 
point 

Variety 
abelian 

Vertical tangent space 
Virtual genus 

w 

Wankel motor 
Watt curves 
Wave front (of a parabola) 
Weierstrass 

dimension 
formula 
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I 105 
I 105 
I 191 
I 306 
663 
613 

I 38 
I 58 
I 55 

368 
339 
I 302 normal form 

/')-function I 303, I 316 
differential equation I 317 

polynomial 338 
preparation theorem 338 

Weighted homogeneous quasi-homogeneous 
Weil divisor 622 
Wheel curve I 19 

z 

Zariski-open neighbourhood 
Zero 

328 
I 190 

isobaric 

of a cubic 
set 

I 68, I 183 
I 190 

I 195 
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