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Foreword to the English edition

It is natural that authors should be delighted when their works are
translated into other languages, and even more so when the translation
is done very nicely — as it is the case with the present translation of
our notes on plane algebraic curves by John Stillwell. On the other
hand, it is also true that as time goes by one gets more aware of the
defects of one's work. One of our friends has criticized us for
writing a heavy volume on such an elementary subject, and we have to
admit that this criticism is not totally unjustified. However, we
would like to say in our defence that a number of people who are now
doing research on singularities found the book quite useful as a first
introduction, and so it is our hope that readers of the English edition

will have the same experience.

We would like to point out that there is now a more effective
approach to iterated torus knots than the one presented in this book.
This is developed in the beautiful new book by David Eisenbud and
Walter Neumann, "Three-dimensional link theory and invariants of plane
curve singularities", and in the forthcoming work of Frangoise Michel

and Claude Weber.

We would like to thank John Stillwell for all his work. We
realize that in some instances translating such a book must have been a

really difficult task. We feel that he has succeeded very well.

Egbert Brieskorn and Horst Kndrrer Bonn, April 1986
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"Es ist die Freude an der Gestalt
in einem hoheren Sinne, die den
Geometer ausmacht."

(Clebsch, in memory of Julius

Pliicker, Gottinger Abh. Bd. 15).

Foreword

In the summer of 1976 and winter 1975/76 I gave an introductory
course on plane algebraic curves to undergraduate students. I wrote
a manuscript of the course for them. Since I took some trouble over
it, and some colleagues have shown interest in this manuscript, I have
now allowed it to be reproduced, in the hope that others may find it

useful.

In this foreword I should like to explain what I wanted to achieve
with this course. I wanted — above all — to show, by means of beauti-
ful, simple and concrete examples of curves in the complex projective
plane, the interplay between algebraic, analytic and topoiogical
methods in the investigation of these geometric objects. I did not
succeed in developing the theory of algebraic curves as far as is
possible — I must even say that in some places the course stops where
the theory is just beginning. Rather, I aimed to allow the listeners

to develop as much familiarity as possible with the new objects, and

the best possible intuition. For this reason I almost always used the
most elementary and concrete methods. Also for this reason, I have
taken the trouble to make a great number of drawings. I once read a

remark of Felix Klein to the effect that what a geometer values in his

science is that he sees what he thinks.

Another principle which I have tried to put into effect in this
course is that of breaking through the formal lecture style — the style
which replaces the development of ideas by a staccato of definitions,

theorems and proofs. Thus heuristic, historical and methodological
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considerations took up a substantial portion of the course, which they
likewise occupy in the manuscript. I am well aware of the disadvan-
tages of this method for the reader, and the resulting lack of formal
precision, conciseness, clarity and elegance is an annoyance to me too.
However, I have accepted this annoyance in order to be able to develop

the ideas in a natural way and to promote understanding and thought.

I have developed no new scientific ideas in this course, but have
drawn much from other sources. Thus in Chappter II I have depended
heavily on notes of a course by R. Remmert on algebraic curves which
brought me into contact with algebraic geometry for the first time as a
student, and on the book by Walker. I have also used the introduction
to algebraic geometry by van der Waerden. In the historical remarks
I have relied a lot on the corresponding Enzyclopddie articles and the
books of Smith and Struik. My aim was not historical refinement but
to give students a picture of the beginnings from which the theory has
developed. The whole later history — from the second half of the 19th
century onwards — was not so important for this pedagogical purpose,
and for it I refer to the new book of Dieudonné or the beginning of the
book by Shafarevich. For the local investigations of topology and
resolution of singularities I have depended on lecture notes of F. Pham
and H. Hironaka as well as original work of A'Campo. Finally, I have
used many other sources, which I perhaps have not always acknowledged.

I hope the authors will forgive me.

What is lacking in the course? It lacks a chapter on the deform-
ation of singularities, in which I would have liked to introduce the
beautiful results of A'Campo and Gusein-Zade on the computation of the
monodromy groups of plane curves. For this I refer to the report of
A'Campo to the International Congress of Mathematicians in Vancouver in
1974. I have tried to admit the deformation viewpoint at least impli-
citly in sections 8.5, 9.2 and 9.3. What is not lacking? There is
no lack of introductions to modern algebraic geometry. This course is
not intended to be such an introduction. For this purpose there are
now the beautiful books of D. Mumford, I.R. Shafarevich, P.A. Griffiths
and R. Hartshorne. The purpose of the course is to familiarise
students, in a natural, intuitive and concrete way, with the various
methods for the investigation of singularities, and to lead in this way
to my own field of work. I believe that it has reached this goal.

This is shown by a series of beautiful Diplomarbeiten which have come
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into being in the meantime. If the notes presented here can also serve
others similarly, then they have fulfilled their purpose, even if only

as a source of suggestions or as a collection of material.

In conclusion, I should like to thank all of those who have helped
in the production of this extensive piece of work : diploma mathemati-
cian Mr. Ebeling and above all Dr. Knorrer for working out some lectures
in Chapter III, and for a critical inspection and proof-reading of the
manuscript, and help with assembling the references, the three secreta-
ries Mrs. Schmirler, Mrs. Weiss and Mrs. Eligehausen for the laborious
and alienating work of typing the text, and the printers at the Mathe-
matische Institut, Mr. Vogt and Mr. Popp, for printing the almost one
thousand pages. But above all I should like to thank two students,
Mr. Koch and Mr. Scholz, for taking on the enormous job of producing
the manuscript, proof-reading, making the index and redrawing more
nicely many of the figures. Without them the manuscript would never

have been completed. Once again : many thanks!

Bonn, Spring 1978 E. Brieskorn
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I. HISTORY OF ALGEBRAIC CURVES

The plane algebraic curves have a history of more than 2000 years.
At the end of this development stands a definition of algebraic curves,
an understanding of the main problems of the theory, and methods for
handling them, to the extent that almost all problems about algebraic
curves admit methodical treatment and solution. These questions and
methods are part of a general field, algebraic geometry, whose develop-
ment proceeded mainly during the past and present century and still
continues. The theory of algebraic curves is a part of this general
theory which has the character of a paradigm, and thereby serves as a
good introduction to it for the beginner. Today this is the main
point of view in introductory treatments of this field, e.g. the book of

Fulton [F1].

This viewpoint will also play a role in our course, but it will
not be the only one. Our emphasis will be not so much on the develop-
ment of the algebraic conceptual apparatus and the algebraic methods,
as on the geometric viewpoint, where possible, in working out some of
the many connections between this field and analysis and topology.
Moreover, I will not, as is almost always done today, completely ignore

the two-thousand-year history of algebraic curves.

In the first lectures of this course I shall give an introduction
to this history, naturally quite sketchy, in which I omit all proofs
to save time. Of course I shall later formulate and prove all

assertions with the usual rigour.

The purpose of this historical introduction is to give provisional

answers to the following questions

1. What is the origin of the objects of our investigation, the
algebraic curves? Why were mathematicians concerned with them
originally?

2. From which viewpoints have they been investigated? What has led

E. Brieskorn and H. Knérrer, Plane Algebraic Curves: Translated by John Stillwell,
DOI 10.1007/978-3-0348-0493-6_1, © Springer Basel 1986



to the viewpoints and methods which predominate today?

3. What were or are the main objects of investigation?

It will be understood that the answers to these questions, as long
as theory has not been given, will be incomplete. For those who are
interested in more details, I recommend looking at older books on
algebraic curves. I particularly recommend the following literature:
the survey articles of Berzolari [B2] and Kohn-Loria [K3] in Band III,

2.1 of the Encyclopddie der Mathematischen Wissenschaften, as well as

the books of Loria [L4] and Gomes Teixeira [T2].

1. Origin and generation of curves

First I should like to tell you something of the reasons why the
first interesting curves were already considered in antiquity. We
shall then see how these were taken up again in the Renaissance, after
which there was a permanent enrichment of the theory by new content and
methods. We shall see that there were many causes for the origin and
generation of algebraic curves: the development of historically
important mathematical problems, playful mathematical constructions and
the joy of solving problems, but also, and very important in this
field, numerous applications of mathematics in other fields:
perspective, optics, astronomy, architecture, kinematics, mechanics

and technology.

1.1 The circle and the straight line

The simplest curves are the circle and the line. Their origins
lie in prehistoric times. Knowledge of them was necessary for the
solution of numerous practical problems, such as land measurement
(= geometry in the original meaning of the word) and building con-
struction. Straight lines and circles are treated intuitively in the
earliest mathematical texts, and the first attempt at strict definition
and proof in mathematics, about 600 B.C. (Thales), concerns these
objects. The attempt of the Greek mathematicians, such as Euclid
(300 B.C.),to define a line was inadequate from a logical standpoint,
even though the Greeks of course already knew almost all essential
properties of lines in the plane. From our present-day standpoint,
the question of the definition of lines depends on the conceptual frame-

work : one can make the line an implicitly defined basic axiomatic



concept as, e.g., in Hilbert's axiomatisation of euclidean geometry, or
take it to be a derived concept as, e.g., in analytic geometry or linear

algebra, where it is a l-dimensional affine subspace.

The definition of the circle causes no difficulties — and did not
cause any for Euclid — when one assumes the euclidean plane as known :
it is the locus of all points in the plane which have a given distance
from a giQen point. This type of definition of curves as loci was
typical of the way the Greeks handled curves. They were defined as
the loci of points having certain distance relationships (specific for

each curve) to given points, lines and circles.

To construct, i.e. draw, a circle one uses a simple mechanism, the
pair of compasses. To draw a straight line one mostly uses a some-

what problematic instrument, the ruler, and hence a template.

It is very clear that numerous simple practical and mathematical
problems can be solved by construction with compasses and ruler. From
the analytic-algebraic standpoint, the construction of the intersection
of two lines is the solution of two linear equations, the construction
of the intersection of a line and a circle, or of two circles, is the
solution of a quadratic equation. By iterating such constructions one

can therefore solve all'problems of the form : from given segments of

length g0, construct a segment of length a , where a

results from ay,---eay by repeated rational operations and extractions
of square roots. Criteria for this to be the case are obtained from
Galois theory. Of course these conditions for the solvability of

problems by ruler and compass construction were unknown to the Greeks,
so it is understandable why they tried to solve the great problems of

antiquity by such constructions.

1.2 The classical problems of antiquity

The classical problems of antiquity were:

1. The trisection of an arbitrary angle.

2. Squaring the circle (before 1500 B.C.?).
3. Duplication of the cube. (Delian problem)

(5th century B.C.?)

Squaring the circle means determining the number 7. Lindemann
(1882) showed g 1is transcendental, i.e. not the root of any algebraic

equation



with rational coefficients ai. This means, in particular, that =

cannot be constructed with compasses and ruler.

Duplication of the cube leads to solving the equation x3 -2=0
which, by Galois theory, likewise cannot be done by ruler and compass

construction.

As for the trisection of an arbitrary angle o : the addition

theorem for trigonometric functions immediately yields

sin 38 = 3 sin B - 4 sin3 B,

hence, setting B8 /3, x = sin 8 and c¢ = sin a,

4x3 -3x +c =0,

and it again follows from Galois theory that the solution of this
equation for arbitrary c¢ cannot be found by ruler and compass con-

struction.

Thus the classical problems cannot be solved by ruler and compass
constructions. It is true that the Greeks had no proof of this, but
they saw the futility of their attempts — and found solutions with the
help of curves less simple than the circle and the line. I shall say

something about them in what follows.

1.3 The conic sections

The discovery of the conic sections is attributed to Menaechmus

(c. 350 B.C.). They were intensively investigated by Apollonius of
Perga (c. 225 B.C.). These mathematicians generated the conic sections
as intersections of cones with planes. Apollonius and, to some extent,

Menaechmus could also characterise the conic sections by area applica-

tion properties, which are expressed in today's notation by
y2 = px + qx2

In the terminology of Apollonius we obtain for

0 the parabola, i.e. "application"
g > 0 the hyperbola, i.e. "application with excess"

q < 0 the ellipse, i.e. "application with defect".



Of course the Greeks also knew the definitions of these curves as loci.

A parabola is the locus of all points having equal distances from

a given point P and a given line g.

An ellipse (hyperbola) is the locus of all points for which the
sum (difference) of distances from two given points P, Q has a fixed

value.

Parabola

Ellipse



Hyperbola

Menaechmus had already seen that one could use conic sections to
solve the Delian problem. Determination of the intersection of the
parabolas with equations

y2 = 2x

2
X" =y
leads to the solution of the equation

2x = x4

and hence to x =0 and x = 75, whence one has a method to solve the
Delian problem when one has a method to construct parabolas which
yields not just particular points but the whole curve. It is not
known which constructions the Greeks used to draw the conic sections.

Later, many such constructions — so-called "organic generations" - were

found for conic sections. The best known is undoubtedly the gene-
ration of an ellipse by a point A on a line which moves in the plane

so that two other points B, C on the line move on a pair of axes.



By using this manner of generation one can construct an apparatus
convenient for drawing ellipses. The next page shows such an ellipso-

graph. There are similar parabolagraphs and hyperbolagraphs.

Like the Delian problem, the angle trisection problem can also be
solved with the help of conic sections, but I shall not go further
into this. Of course there is no such solution for squaring the
circle, but here the Greeks also found a way : they used certain other

curves, such as the quadratrix of Hippias (c. 425 B.C.).



Ellipsograph



1.4 The cissoid of Diocles

Apart from solutions of the problems of doubling the cube and tri-
secting the angle with the help of conic sections, the Greeks found
still other solutions with the help of other curves. The oldest and
most important of these curves were the cissoid of Diocles and the

conchoid of Nicomedes.

The cissoid is constructed pointwise as follows. We draw a

circle about the intersection O of two perpendicular lines AA' and

A''A'""" Parallel to A''A''' we draw two lines equidistant from it,
meeting AA' in B and B' respectively. Let their intersections
with the circle be C, C', C'', C'''" as in the figure. The line

through one of these points, say C', and A cuts the other parallel,
CC'', in a point P. The totality of points constructed in this way

is the cissoid of Diocles.

c
P
A
/QB o |8
C.A 4
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The name "cissoid" was used for this curve from the early seven-
teenth century on. The Greek word «x1000e18n§ means "ivy-shaped". We
know from Proclus and Pappus that there were curves called k1000e180¢
(e.g. Pappus, Collection III, 20 and IV, 58). We do not know which
curves were so called, but probably the cissoid of Diocles was not one of
them ([T3], p. 24). We may assume that the word «kioooei18h¢ refers to
the way the curve comes to a singular point, "making an angle with it-

self", as the Greeks put it, reminding us in a way of the edge of an ivy

leaf.

The curve obviously goes through the points A, A'', A''' of the
circle and has the tangent to the circle at A' as asymptote. The
cissoid has a cusp or, as one says, a return point. Such singular

points will be carefully studied in this course, and the cissoid is
perhaps the oldest example (c. 180 B.C.) of a curve with such a

singularity.

We now suppose that the cissoid is already drawn, as described
above. Then Diocles solves the Delian problem by the following con-

struction

CI

/
-
.
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Let M be the midpoint of OA'' and let P be the intersection
of A'M with the cissoid, with CB and C'B' as above. Let x,y,2z

be the segments x = A'B, y = BC, z = AB. Then obviously

A'B _A'0 _,

PB MO

A'B _CB _ C'B' AB' AB

BC AB B'A" B'C' BP
hence

xX_Y__2

Y z hx !

which immediately implies x3 = 2y3, and hence the Delian problem is

solved.

For this to really solve the problem it is of course necessary to
have not just a pointwise construction of the cissoid, but a process
which continuously draws a whole piece of the curve, and hence an
organic generation. The following organic generation of the cissoid

was given by Newton.



\

A right angle with an arm of fixed length 2r is moved in the

plane in such a way that its endpoint E moves on a line and the other
arm always goes through a fixed point F at distance 2r from the
line. The midpoint P of the arm SE then describes the cissoid.

It is interesting, incidentally, to use other points P', P'' on the

arm SE in place of P. These describe curves like the following:
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In this way one obtains a whole l-parameter family of curves

which are in a sense deformations of the cissoid.

1.5 The conchoid of Nicomedes

The conchoids of Nicomedes are curves, found c. 180 B.C., which

solve the Delian problem and also the problem of trisecting the angle.

They are constructed as follows. Given a line %, a point O
at distance d from %, and a segment k, let A be an arbitrary
point on & and P, P' the points on the line OA at distance k
from A. The locus of all these points P, P' 1is a conchoid. Its

form depends on the relation between d and k as follows:
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k > d

Thus conchoids have two branches, one of which can have a cusp or double
point. The name stems from the shell-like shape (Kéyxn = concha =

seashell) .

In antiquity the conchoid was also used for the construction of

vertical sections of columns.

We remark that the construction just described yields an organic
generation. From it we obtain the following process of Nicomedes for

the trisection of an arbitrary angle q.

Let 4$AOB be the given acute angle o, where B is the foot of
the perpendicular & from A onto 0B. One draws the conchoid for
% and O with k = 20A. The parallel to ) through A cuts the
conchoid on the side away from O at C. Let y = ¥BOC. Then

Y = % and hence the problem is solved.
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Proof : Let E be the intersection of AB and CO and let D be the

midpoint of the segment CE. Then DA = AO by construction of the
conchoid. Then the base angles of the isosceles triangle ODA
satisfy B = B'. Thus it follows from B + y = ¢ and B' = 2y that
a = 3y.

1.6 The spiric sections of Perseus

Following Menaechmus' construction of the ellipse, hyperbola and
parabola by cutting a cone by a plane, around 150 B.C. the Greek mathe-
matician Perseus had the idea of cutting a torus by a plane parallel to
the axis of rotation, and thereby obtained interesting curves. Because
the Greeks called the torus the spira (owsTpa), these curves are

called the spiric sections of Perseus. We shall not construct these

curves exactly here, but only give a rough picture of their form by a

drawing.
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Perhaps this look at the spiric sections of Perseus will remind some of

you of the Cassini curves. Rightly so!

The Cassini curves are defined as follows : one is given two points
A, B distance 2a apart, and a positive number c. Then the assoc-
iated Cassini curve is the locus of all points P such that
PA - PB = c2. For fixed A, B and different values of ¢ these
curves look like the following. These curves were found by the astro-

nomer Giovanni Domenico Cassini (c. 1650-1700) .

He believed that the sun travelled around the earth on one such convex

curve, with the earth at a focus.

For a = c¢ the curve has an ordinary double point and forms a

double loop. This is the lemniscate of Jacob Bernoulli (1694).
(Anpv{cxog = loop in the form of an 8). This curve played an important
role in the development of the theory of elliptic functions. When the

torus on which we consider the spiric sections of Perseus results from
rotation of a circle of radius r about an axis at distance R from
the centre of the circle, and when the plane of intersection is
distance d from the axis, then the spiric sections of Perseus are
Cassini curves precisely when d = r. Then a = R and 2rR = c2.
Thus the Cassini curves are special cases of the spiric sections of

Perseus.
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1.7 From the epicycles of Hipparchos to the Wankel motor

Mathematics is indebted to astronomy for the knowledge of a series
of interesting special curves. We have met one example already : the
Cassini curves. A more important example was the epicycle, used by
the ancient astronomers Hipparchos (c. 180-125 B.C.) and Ptolemy
(c. 150 A.D.) to describe the paths of the planets. Such a curve is
the path of a point on a circle which turns with constant angular velo-
city about its centre, while the centre at the same time travels with

constant angular velocity on another circle.

During the Renaissance another interesting class of curves, the
wheel curves, was found, and it was noticed only later that these

wheel curves were included among the classical epicyclic curves.

A wheel curve is the path of a point on a circle K which rolls
on a fixed circle K' without slipping. One distinguishes between

epicycloids, hypocycloids and pericycloids according to the position of

the circles. If K' degenerates to a line, then the resulting curve
is called a cycloid. If K degenerates to a line, then the curve is

called a circle involute.

Epicycloid

Hypocycloid



Pericycloid

20

Cycloid

Circle involute
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Epi-, hypo- and pericycloids are closed curves or not according
as the ratio of the radii r and r' of K and K' 1is rational or
not. They have cusps and, when the situation demands it, ordinary

double points.

One can — and this is of practical importance — generalise the
definition of these curves still further, by considering the path, not
just of a point on the rolling circle K, but of any point in the plane
of K which moves with K as K rolls on K'. These paths are
called lengthened or shortened epi-, hypo- and pericycles, or simply

trochoids.

The following is a toy with which one can draw such trochoids, and
some of them are shown. (One sees easily that the peritrochoids are
epitrochoids and that the class of epicyclic curves of antiquity is

identical with the class of trochoids.)

-
- _aeeveEe .
-"‘i“ "'Ppa’.
-~ 'P%v& e
>, b

Trochoidograph
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r/r' = 1/2 r/r' = 1/3
r/r' = 1/4 r/r' = 2/3
r/r' = 2/3 r/r' = 5/6

Hypotrochoids



r/r' = 1/2

r/r' =« 2/3

Epitrochoids



r/r' = 3/2

r/r' = 2

Peritrochoids

An epitrochoid with r' = r is found in Albrecht Direr's

"Unterweisung der Messung mit dem Zirkel und Richtscheit" (Instruction
in measurement with compasses and straight edge), 1525, where these
curves are called spider lines because of the spider-like configuration

of Diirer's construction lines, as the accompanying reproduction shows.
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In the course of the next three hundred years a series of

important mathematical works were written on these curves.

just a few of the best known names.

We give

Those concerned with epi- and

hypocycloids and the cycloids included :

Epi- and hypocycloids

Daniel Bernoulli
Jacob Bernoulli
Johann Bernoulli
Desargues

Diirer

Euler

de la Hire
L'Hospital
Huygens

Newton
Cycloids

Jacob Bernoulli
Johann Bernoulli
Charles Bouvelles
Nicolaus von Cues
Descartes

Fermat

Galilei
L'Hospital
Leibniz

Mersenne

Newton

Pascal

Roberval

Wallis

Guido Grandi

1725
(1692-1699)
1695
(1593-1662)?
1525

(1745, 1781)
1694
(1661-1704)
1679

1686

1501

14547
(1596-1650)
(1601-1665)
1590

1615

(1623-1662)
(1602-1675)
(1616-1703)
1728 :

"Flores geometrici ex rhodonearum et claeliarum curvarum

descriptione resultantes"

(rose curves = special trochoids).
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The cycloid has the following characteristic property

For each point P of the cycloid, the radius of curvature OP is

halved by the base b.

In the Acta eruditorum of 1696, Johann Bernoulli posed the
following problem, whose solution he already knew, and published in
1697 : given two points A and B 1in a vertical plane, find a curve
from A to B so that a point P which slides from A to B along

the curve under gravity takes the shortest possible time.

He called the curve which solves this problem the brachistochrone

(Bpdy1oTog ypdvog = shortest time).

The problem was solved by several mathematicians, some immediately:
Newton, Leibniz, Jacob Bernoulli and L'Hospital. The solution is the

following.

Let b be the horizontal line through the higher point, A. Then
the cycloid through A and B with basis b is the brachistochrone,

provided it has no minimum between a and b.
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Proof

Whichever curve P slides along, energy conservation implies that

where m is the mass, v the velocity, and y the height fallen by

P, and hence

v = 7Y2gy.

Now we compare the cycloid through A and B with another curve
K from A to B, and show by infinitesimal considerations that when
the time of fall along K is minimal, K must be the cycloid. We

illustrate our infinitesimal reasoning by the following figure.

0

46

¢ = ¥Q'QQ"'’
q = QM B
p = PM = MO
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Let OP be the radius of curvature at the point P on the cycloid,
and let Q be the intersection of 0P with K. Let P' resp. Q'

be infinitesimally neighbouring points on the two curves. We compare
the infinitesimal times dt for the path from P to P' and dt for
the path from Q to Q'. The velocity at P is /EEE_EIH_E and at
Q it is /ESE—EI;—;. The infinitesimal distances to be traversed

satisfy

PP’ = 2pdd and QQ'' 6§Tcos ¢ = (g+p)de.

Hence
+
at = 2p de6 . dr = (g+p)de
Y2gp sin a ¥2gq sin a.cos ¢
2
a+p _ (/a-/p) + 2/ > 2/p
a /q

Thus dt > dt and equality holds only when /a - A; =0 and g = p,
i.e. P =Q. Q.E.D.

I have investigated this example in detail because the brachisto-
chrone problem was one of the earliest variational problems, and its
investigation was the starting point in the development of the calculus
of variations. Thus we again see a special curve, like the lemniscate
of Bernoulli, as the starting point in the development of a whole

mathematical discipline.

Another important property of the cycloid had been discovered
earlier by Huygens 1673 (Horologium oscillatorium) : it is the
tautochrone (tadTos xpévog = same time), i.e. the curve with the
property that a heavy point traversing it always reaches the bottom in
the same time, regardless of the starting point of its motion. This
leads to the construction of the cycloidal pendulum, for which the
duration of swing is independent of the amplitude, obtained by rolling
the thread of the pendulum on a cycloid to form its involute, which is

itself a cycloid (congruent to the original).
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Cycloidal pendulum

Following the cycloid, we now introduce a few epi- and hypocycloids’
which have been investigated particularly frequently : the cardioid,

the nephroid, the astroid and the three-cusped hypocycloid.

The cardioid (heart curve) is the epicycloid with r/r' = 1.
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The nephroid (kidney curve) is the epicycloid with r/r' = 1/2.

This curve comes up as the solution to a classical optical problem*

it" is the catacaustic of parallel light rays falling on a circle. The
catacaustic is the curve enveloping the family of reflected rays, their
envelope. It had already been observed in antiquity that the inten-
sity of reflected light was higher along this curve, whence the Greek
name. A rigorous explanation was not supplied by ray optics, but
first came through wave optics (the first such investigation was by
Airy 1838 in his explanation of the rainbow by means of caustics**.)

We shall return to the interesting curves which result from caustics

again in section 1.8.

*
Huygens : Traité de la lumiére, 1690.
* %
Such results which were correct qualitatively, and to some extent

quantitatively, already appear in Descartes and Newton.



Caustic of the circle with parallel incoming light

The general caustic of the circle by reflection of light from a

point source at arbitrary position was first determined by Cayley 1858.

The three-cusped hypocycloid is the hypocycloid with r/r' = 1/3.

It was investigated by Euler 1745 in connection with an optical problem,
and later studied by Steiner (1857), which is why it is also called the
Steiner hypocycloid. It has the interesting property that the segments
of its tangents lying inside it have constant length. Thus one can
move a segment around the interior so that it always touches the

cycloid and has its endpoints on the cycloid.

Three-cusped hypocycloid

The astroid (star curve) is the hypocycloid with r/r' = 1/4. It
was already known in the time of Leibniz. An interesting way to

generate it is the following : slide a segment of fixed length along a
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pair of perpendicular axes, with one endpoint on each. The envelope of

these segments is the astroid.

To conclude this short survey of the cycloids we report on two

technically important applications : the cycloidal gear and the

trochoidal-rotation-reciprocator.

It appears that the cycloidal gear was already known to Desargues

(1593-1662) . One arrives at this construction as follows. A circle
K rolls on the outside of a fixed circle K'. Inside K a circle
K'' rolls, and in such a way that it simultaneously rolls on the out-

side of K',

meets K'.

i.e. at each

Then a point

plane fixed to K , while

fixed to

K'.

moment it passes through the point where K
on K'' describes a hypocycloid H in a

it describes an epicycloid E in a plane
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Similarly, a point on a circle K''' rolling in K' describes a
hypocycloid H' in the plane of K', and an epicycloid E' in the
plane of K. It is clear that with the rolling of K on K' the
curves E and H always have the same tangent, so that they slide

over each other. The same holds for E' and H'.

This fact gives rise to the cycloidal gear. The cogwheels of
such a gear have teeth consisting of pieces of the epi- and hypo-
cycloids, while the remaining, inessential parts of the boundary are
circular arcs concentric with the axis. For the teeth of the cogwheel
corresponding to K one uses pieces of H and E' and the cycloids
resulting from them by a rotation, and corresponding to K' one uses
pieces of H' and E. The pieces of E slide on those of H, those
of H' slide on those of E', and the following drawing shows a simple
example, in which the radii of K'' and K''' have been taken equal
for the sake of simplicity, and the gaps between the teeth have also
been taken equal to the width of the teeth. (In practice they are
not allowed to be quite equal, so that the teeth of the opposing wheel
have some play.) Moreover, the number of teeth in the drawing has been
chosen smaller than is usual in practice. Further details, and

descriptions of other gears and models may be found, e.g., in the work



35

of Schilling [S1]. Here we reproduce some pictures of the models

described there. (See also Wunderlich [W5].)
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The mathematical starting point for the construction of the

rotation reciprocator is similar to the one above. We again consider
two circles K and K' which roll on each other. To fix ideas, we
choose K of radius 2 and K' of radius 3. In what follows we

think alternatively of K' being fixed, and K rolling in its interior,
or K fixed and K' rolling on it. We also consider again two planes

V and V' fixed to K and K'.

When K' rolls on K, a point outside K' describes a trochoid

in V of the following form :

If we now let K roll on K', then the trochoid moves with it. At
each position of K we obtain a trochoid in V', altogether forming a
l-parameter family of trochoids in K'. The following picture shows

such a family of trochoids and their envelope.
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The envelope, which looks similar to a trefoil knot, has three double
points, and all trochoids of the family go through these three double

points.

Now we consider the curvilinear triangle A with these three
double points as vertices, and the three inner arcs of the envelope as
edges. When we again let K' 1roll on K, A moves inside the troch-
oid, and in such a way that its vertices always run on the trochoid,

while its edges slide along it.

This is the geometric basis for the construction of the Wankel
motor. The piston of this motor is (in principle) cylindrical and has
cross-section A , and the cylinder of the motor has the trochoid as
cross-section. The circles K and K' form an inner gear which
gives guidance to the piston in addition to that of the cylinder wall.
The axis of the piston moves on a circle around the centre of K ; this
motion is transmitted by means of an eccentric cylinder to an axle turn-
ing in a central bearing, and is thus transformed into a rotation of
this axle. Details may be found in an essay of H.R. Miller [M3], from
which the accompanying pictures are reproduced, or e.g. in the book of

Wunderlich [W5] on plane kinematics.
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1.8 Caustics and contour curves in optics and perspective

In the perspective representation of curved surfaces, interesting
curves with singularities appear as outlines. The following pictures
show, as an example, one and the same torus under parallel projection
in different positions. The curves appearing as outlines were

investigated by Cauchy and called toroids.

They can be constructed as parallel curves of the ellipse which is
the projection of the spine of the torus. The parallel curves of a
given curve are defined as the envelopes of systems of circles with

centres on the curve and fixed radius.

One sees easily that the toroids are in fact outlines of the torus
under orthogonal projection by thinking of the torus as the envelope of
spheres with centres on the spine. The images of the spheres under
orthogonal projection are circles with centres on the ellipse which is

the image of the spine. Their envelope is the toroid.
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The problem of constructing outlines had already been encountered
by the artists of the Renaissance — Uccello, Piero della Francesca,
Alberti, Leonardo da Vinci and Diirer. Perspective representations of
the torus may be found, e.g., in drawings and paintings of Uccello and

Leonardo. The following reproductions give an impression of them.
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Incidentally, it was his concern with perspective that led Diirer
to the discovery of new algebraic curves which today are known as
Direr's shell curves. The following are the relevant pages of Diirer's
book on measurement with compasses and straight edge [D6], in which a
definition and organic generation of the curves is given. Direr's
definition is not quite complete, inasmuch as the complete algebraic
curve consists of two branches, only one of which is drawn by Diirer.

We reproduce pictures of these curves from the book of Loria [L4].
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We now return from this digression to the outlines occurring in
perspective representation,.and clarify the appearance of singular

points on outlines by two particularly simple examples.

Here is the first example : we consider a plane E in space and a

smooth surface F 1lying over it as in the following picture.

We hope it is clear from the picture what the surface looks like.
In any case, the exact description of the surface does not enter.
(One could easily give a particularly simple surface of this type :
the planes perpendicular to E cut F in the dotted lines, which have
the form of the curves y = z3 + xz, where 2z 1is a coordinate perpen-
dicular to E and x, y are coordinates in E. Thus the equation
y = z3 + xz describes a surface of the type considered.) The surface

F is a smooth surface, but orthogonal parallel projection onto E
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yields an outline with a cusp. (In the case of the surface with the
equation above, one calculates quite easily that the outline has the
equation : 27y2 + 4x3 = 0.) Now an essential fact is that the gene-
ration of such an outline is a stable phenomenon : any other surface
lying sufficiently close to F generates a similar outline with one
cusp. One can also express this as follows : each small alteration in
the projection map leads to essentially the same map, i.e. the mapping
is stable. For this reason, the investigation of such singularities
plays an important role in Mather's theory of stable mappings (see e.g.

[G1]).

This theory of stable mappings is connected with another important
interpretation of the mapping of F onto E : we suppose that the
coordinates x, y 1in the plane E are parameters which control the
state 2z of a physical system. The points of the surface F are the
possible equilibrium states of the system. For parameter values "out-
side" the outline there is exactly one equilibrium state, "inside" there
are three. However, the "middle" one of these three is unstable. When
one continuously varies the control parameters along a curve in E, it
is obvious that the system may suddenly jump from one of the two stable
states to the other on crossing the outline. Thus a quantitatively
small change generates a gqualitatively large jump. Such a jump is also
known as a "catastrophe", about which there is a whole theory, the

catastrophe theory of Thom, which appears to have interesting applica-

tions in widely different fields ([Tl], [21]).

We shall give another example of this kind, somewhat more compli-
cated, but not offering anything new in principle. The surface F
now has two "folds" instead of one. (An equation for such a surface

would be, say, y = z4 + cz2 + xz).
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We see that the outline of F wunder orthogonal projection onto E
has two cusps and an ordinary double point, and looks quite like a part
of a toroid. In fact, what we see here is the paradigm for the out-
line of the projection of a smooth surface on a plane. Each such
stable projection (i.e. one for which a small disturbance causes no
essential alteration) generates outlines whose only singularities are

ordinary double points and cusps (see also 4.2).

It is interesting to vary the parameter ¢ 1in the surface equation
considered above. This corresponds to varying the distance of parallel
curves in our previous consideration of the ellipse. Of course, we can
consider parallels to any other curve in place of the ellipse, e.g. the
parabola. The following picture shows the family of curves parallel
to a parabola. We have also shown the normals to the parabola. These
normals are perpendicular to the parallel curves. The envelope of the
normals is a curve K with a cusp, and the cusps of the parallel curves

lie precisely on this curve K.

This mathematical situation is the model for an important class of
physical problems. We think of the parabola as a wave front, of light

waves, say. As the wave front continues to move, it describes
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precisely the parallel curves. In the optical interpretation, the

normals to the parallel curves are precisely the light rays which one
considers in ray optics, and their envelope K is the caustic. Thus
one sees that the caustic is exactly the locus of singularities of the

wave front.

Naturally, similar considerations apply in space instead of the
plane. The caustics are then surfaces in space with certain singular-
ities. Just as stable plane caustics can have only ordinary singular-
ities and double points as singularities, one can prove that there are
only three kinds of singularities of stable caustics in space. Here

are pictures of them (see [Al]).
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The systematic investigation of caustics extends, however, far
beyond the starting point in geometric optics and wave optics chosen
here, into the general theory of asymptotic solutions of partial
differential equations by rapidly oscillating integrals (see e.g. the
survey articles of Duistermaat [D5] and Arnold [Al]). But this leads
far beyond the scope of this introduction, and we therefore leave optics
and perspective and consider in conclusion a few examples of curves
whose study had its origin in the science and technology of the last

century.

1.9 Further examples of curves from science and technology

We have already seen some examples of technological applications
of curves in section 1.7 : the cycloidal gear and the reciprocating
motor. Here is another example of curves whose investigation stemmed
from an important technological discovery : the Watt curves. These
curves result from the discovery of J. Watt, which he made in 1784 for
the purpose of guiding the piston rod of a steam engine, namely the
Watt parallelogram. The Watt curves are generated as follows : we
consider a quadrilateral ABCD, movable in the plane. The points A
and D are fixed, while B and C can move on circles around A and
D respectively. Now we choose a point M on the line BC. When
B and C move, M describes a curve. The resulting curves are

called Watt curves.

Their form depends on the relative sizes of the segments Kﬁ, gE,

EB, AD. The following drawings show a few such curves.
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Thus one sees that with the help of a quadrilateral linkage one can
already generate quite interesting curves. If one takes linkages with
more rods, one can generate still more complicated curves. All these
curves are algebraic curves or, more precisely, pieces of such, and
conversely, each finite piece of an algebraic curve can be generated in
this way, as was proved by Kempe. Admittedly, these linkages are
mostly too complicated in practice. However, a few of them are of
practical significance, e.g. in the construction of approximate linear

motion. (Wunderlich [W5])

To conclude we shall briefly mention a class of curves which are
usually known as Lissajou curves because (in Europe) they were first
investigated by Lissajou 1850 in connection with vibration problems.
They had already (1815) been investigated by the American mathematician
and astronomer Bowditch in connection with the motion of a double
pendulum. Nowadays one can make them visible in a particularly
beautiful way by means of the cathode ray oscilloscope, because these

curves are parametrised by

X = a sin wt

b sin w' (t+1).

)

wiw' = 1:3 wiw' = 2:3

=
Il

wiw' = 1:3 wiw' = ]:2
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2. Synthetic and analytic geometry

Human activity and thought are extremely complex historical
processes, in which many conflicting tendencies unfold. This also
holds for mathematics, in which the unfolding of these conflicts is an
important element pushing development forwards. In the process of
mathematical research, as well as in the mathematical method itself,

dialectical conflicts are of fundamental significance : analytic-

synthetic, axiomatic-constructive, exact-intuitive, abstract-concrete,
séecial-general, simple-complex, finite-infinite, regular-singular,
algebraic-geometric, qualitative-quantitative. All these conflicts
have had a marked influence on many fields of mathematics. I cannot
go further into details here, so I shall refer to my essay on dialectic
in mathematics [B5], as well as to the article by Alexandroff in the

same book.

In what follows we shall confine ourselves to showing the unfolding

of the conflict between analytic and synthetic in the development of

the theory of plane curves.

2.1 Coordinates

The introduction of coordinates into geometry and the development
of analytic geometry are usually attributed to Descartes and Fermat.
This is, in the main, correct. However, it is important to emphasize
that this brilliant achievement, which decisively affected the further
development of mathematics, was made possible by earlier works which
prepared the way for it — as indeed is the case with all brilliant
achievements in human history. This is not to deny the novelty, the
jump in evolution, but merely to conceive it as part of a historical

process.

The idea of using coordinates in land measurement and city planning
appears to have been the basis of Egyptian and Roman land surveying

(for this and what follows see, e.g., Smith, History of Mathematics [S6],

II, p. 316). The Greek geographers and astronomers, e.g. Hipparchus
and Ptolemy, used degrees of longitude and latitude to describe points

on the surface of the earth and in the sky.

The Greek geometers, in discussing curves, used relations between
segments appearing in the construction which amount, from a present-day
standpoint, to equations for the curves in cartesian coordinates. How-
ever, this analytic element was not fully developed : the basic idea of

E. Brieskorn and H. Knérrer, Plane Algebraic Curves: Translated by John Stillwell,
DOI 10.1007/978-3-0348-0493-6_2, © Springer Basel 1986
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each analytic method is the reduction of a system to a few basic elements.
The advantage of simplification gained in this way may possibly be
opposed by the disadvantage of complexity in the reconstruction of the
system from the basic elements. In the case of analytic geometry the
reduction consists in choosing two perpendicular lines in the plane

and determining the position of points, on a curve for example, by their

distances x, y from these lines.

More generally, one can take any two intersecting lines as coordinate

axes.

The simplicity of the reduction of the description to a position
relative to only two lines is opposed by the complexity of the equation
f(x,y) = 0 for the coordinates x, y of the points of the curve. The
Greeks, whose thinking was perhaps more synthetic than analytic,
preferred to use many auxiliary lines, in order to attain simple

relationships.

The use of coordinates developed further in the Middle Ages, partic-
ularly in the work of Oresme (c. 1360), where there are already attempts
to represent functions by graphs. Kepler and Galilei were influenced

by this.

The decisive advantage of the analytic method, the reduction of
qualitative geometric relations to complex quantitative relations —
equations between coordinates — could only come to light after methods
for handling such quantitative relations, i.e. algebra, had been

developed. This development was due mainly to the eastern mathema-
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ticians of the Middle Ages, Arabs, Persians and Indians.

With the decline of the Roman empire came a period of socio-economic
and cultural degeneration and poorer communication with the Orient, then
trade began to develop between the blossoming Italian merchant cities
and the Arab world, European scholars and traders such as Leonardo of
Pisa (known as Fibonacci) (c. 1200-1220) studied the eastern culture,
among other reasons "to put to use in their mercantile civilisation,
which already in the twelfth and thirteenth century had seen the growth
of banking and the beginnings of a capitalistic form of industry" (for
this and what follows cf. D. Struik [S8], pp. 86-129%). Fibonacci
cited the Arab algebraists and contributed to the gradual spread of
Arabic numerical calculation in the account books of European merchants
and bankers. This development strengthened in the next 300 years in
the mercantile towns, growing under the direct influence of trade,
navigation, astronomy and surveying. The townspeople were interested
in numbers, arithmetic and calculation. "The fall of Constantinople
in 1453, which ended the Byzantine empire, led many Greek scholars to
the western cities. Interest in the original Greek texts increased
and it became easier to satisfy this interest. University professors
joined with cultured laymen in studying the texts, ambitious reckon

masters listened and tried to understand the new knowledge in their own

way" (quotation from Struik). The first objective was to pick up the
old knowledge of the Greeks and Arabs. But the Renaissance was also a
new age : "Characteristic of the new age was the desire not only to

absorb classical information but also to create new things, to penetrate
beyond the boundaries set by the classics". In mathematics, algebra

was developed far beyond that of the Arabs.

At the beginning of the 16th century, Scipio del Ferro at the

University of Bologna solved the cubic equation

X + px =g

for non-negative p, g9 by
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In the English edition, pp. 98-123 (Translator's note).
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Ferrari reduced the equation of degree 4 to a cubic, Bombelli intro-
duced a theory of pure imaginary numbers in his "Algebra" of 1572, in
connection with the investigation of cubic equations, and Vieta (1540-
1603) perfected the theory of equations, and was one of the first to
denote the constants and unknowns in equations by letters. This
brought algebra to a level of development at which it could be applied

to geometry.

2.2 The development of analytic geometry

In Europe, the value of algebra for the solution of geometric
problems was already known to Leonardo of Pisa in his "Practica
geometriae" (1220), following the Arab mathematicians who had earlier
known and used the relation between algebraic and geometric problems.
Conversely, geometric methods were used for the solution of equations,
e.g. by Cardano (1545). The relation between algebra and geometry

later became common knowledge, e.g. with Vieta and Ghetaldi (1630).

But it was Fermat and Descartes who first arrived at a programme,
a general method for the treatment of geometric problems by algebraic-

analytic methods, i.e. at analytic geometry.

Fermat had the idea of analytic geometry in 1629. The details
were first published posthumously. He had the rectangular coordinate
axes as well as the equations y = mx for lines and x2 + a2y2 = b2
for the conic sections. He knew that the extrema of a function

y = f(x) 1lie where the tangents to the corresponding curve in the

(x,y) — plane are parallel to the x-axis.

Descartes published his geometry in 1637, but had worked on it
earlier, perhaps since 1619. This is not the place to thoroughly
assess Descartes' achievement within the general social development of
his time. I content myself with a few quotations from the book of
Struik already cited : Descartes' "Geometry" "brought the whole field
of classical geometry within the scope of the algebraists". The book
was originally published as an appendix to the "Discours de la Méthode"*,
the "discourse on reason in which the author explained his rationalistic

approach to the study of nature". ([S8])

In accordance with many other great thinkers of the seventeenth

*
Complete title : Discours de la méthode pour bien conduire sa raison
et chercher la vérité dans les sciences.
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century, Descartes searched for a general method of thinking in order
to be able to facilitate inventions and to find the truth in the
sciences. Since the only known natural science with some degree of
systematic coherence was mechanics, and the key to understanding of
mechanics was mathematics, mathematics became the most important means
for the understanding of the universe. Moreover, mathematics with its
convincing statements was itself a brilliant example that truth could

be found in science "... Cartesians, believing in reason ... found in

mathematics the queen of the sciences".

His "Geometry" actually contains little analytic geometry in the
modern sense, no "cartesian" axes and no derivations of the equations of
conic sections as in Fermat. Nevertheless, the influence of this work
on the development of geometry has not been overestimated. Descartes’
programme and merit is the "consistent application of the well-developed
algebra of the early seventeenth century to the geometrical analysis of

the ancients, and by this, an enormous widening of its applicability".

A further merit of Descartes is the following : the Greeks and
subsequent mathematicians had indeed considered not only lengths x, y
of segments but also their products, such as x2, X3, Xy etc., but the
latter were not regarded as numbers of the same type, i.e. segments.
Descartes abolished this distinction : "An algebraic equation became a
relation between numbers, a new advance in mathematical abstraction
necessary for the general treatment of algebraic curves, which one can
regard as the final adoption of the algorithmic-algebraic tradition of

the east by the west".

Thus Descartes' achievement lay in a unification of the numerous
attempts already existing and in the conception of a general, quasi-
mechanical method for the solution of geometric problems. Unlike the
mathematicians before him he does not want to investigate just indivi-
dual curves, he wants a general method for the investigation and classi-
fication of all curves. This is clearly expressed in the following
quotation from him :

"I could give here several other ways of tracing and conceiving
curved lines, of ever-increasing complexity ; but in order to comprehend
all those which occur in nature and to separate them by order into cer-
tain genera, I know of no better way than to say that, for those we may
call "geometric", that is those which are determined by some precise and

exact measure, their points must bear a certain relation to the points of
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a straight line which can be expressed by a single uniform equation."

Thus Descartes sees the equation of a curve as the starting point of
this general method. The method itself consists in the application of

algebra to this equation.

The execution of this programme by Descartes, Fermat and their
contemporaries, by Wallis, Pascal, Newton and Leibniz, was however not
carried out by algebraic methods alone, but also by those which led to
infinitesimal calculus — infinitesimal calculations in which limit

processes complemented the algebraic methods.

The development of infinitesimal calculus was made possible by
numerous and very varied earlier developments, which we cannot describe
adequately here. These preparatory developments included investiga-
tions of curves such as the calculation of arc lengths (rectification),
areas and volumes, as well as centres of mass, which go back to ancient

traditions and from a modern viewpoint amount to calculation of integrals.

To these were added the investigations of Fermat and others on
problems such as the tangent problem, which from our viewpoint amount to
calculation of derivatives. Descartes' method consists in transforming
these problems, which had previously been handled by geometric methods
and more or less strict limit arguments, into problems which could be
solved by algebraic calculations and, if necessary, by limit arguments.
In the case of limits, each separate case was handled by a new and
different argument, until Leibniz and Newton, with the differential and
integral calculus, found a uniform method for handling all these
problems. Leibniz conceived infinitesimal calculus to be, among other
things, a method for unifying the different investigations of curves.
Struik : "The search for a universal method by which he could obtain
knowledge, make inventions, and understand the essential unity of the

universe was the mainspring of his life."

Thus it was that the geometry of plane curves became analytic
geometry, the investigation of the equations defining curves by algebraic
and analytic methods. This was the starting point for two hundred
years of development, after which the tendency to synthesis again came

to the fore.

2.3 Equations for curves

We shall present equations for some of the curves considered earlier.
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The equation for a line is of course
ax + by + ¢ = 0.

The equation for a circle with centre (xo,yo) and radius r is

2 2 _ 2
(x=xq) " + (y-yg) =1r

as follows immediately from Pythagoras' theorem.

The parabola is the locus of all points equidistant from a line g
and a point P. We choose the line through P and perpendicular to g
as the y-axis and the perpendicular bisector of the perpendicular from

P to g as the x-axis.

When the distance from P to g equals 2a , the points of the para-

bola satisfy
2 2 2
(yta)” = (y-a)~ + x
by Pythagoras' theorem, and we obtain the equation of the parabola as:

x2 - 4day = 0.

For the ellipse and hyperbola we choose the x-axis to be the line
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through the foci, and the y-axis as their perpendicular bisector. Let
2e be the distance between the foci, and let ¢ Dbe the sum resp.

difference of the distances from the foci.

—_ <

It follows immediately from Pythagoras' theorem and the curve

definition that:
.’(x+e)2+y2 + /(e—x)2+y2 = cC.

For the ellipse one has the plus sign and c¢ > 2e, for the hyperbola

the minus sign and c¢ < 2e. Squaring both sides one obtains

)2+ 2+ )2 4 y? - o T 2 Ax2+yz+ez)2_4xze2 ’

and squaring again

(4c2—l6e2)x2 + 402y2 = cz(c2—4e2).

2
If one sets c¢ = 2a and 4c2 - 16e2 = +16b , one obtains the equation

for the ellipse resp. hyperbola

v |><
[N] 3 )
|+

o I“<
[NJEAN)

If one does not choose the axes in the special way described above,
but arbitrarily, and if one also admits degenerate conic sections, i.e.

line pairs or double lines, then one obtains the general equation of a
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conic section as
2 2
ax + by +cxy +dx +ey + £ =0,

i.e. an equation f(x,y) = 0 where f(x,y) is a polynomial of degree

2 in the variables x and vy.

To present the equation of the cissoid we recall the figure

appearing in the definition, to which we have added coordinate axes.

—_ <

x <
-

With the notation shown on the figure, the coordinates x, y of

a point on the cissoid satisfy

El S
|
<

|
I

»

2r-x

y' = /rz—(r-x)2 .

x
I

Squaring both sides of the first equation and substituting the other two

yields the equation of the cissoid

y2(2r—x) - x3 =0,
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and thus an equation f(x,y) = 0, where f£f(x,y) 1is a polynomial of

degree 3 in x and Y.

We establish the equation of the conchoid in quite an analogous
way . We choose coordinate axes and notations as in the following

figure.

- <

Then

%
I
a|“<

'y + @x? = k2.

An easy calculation gives the equation of the conchoid

(y2+x2)(d—x)2 - k2x2 = 0.
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Thus it is an equation f(x,y) = 0O where f 1is a polynomial of degree

4 in x and y.

The spiric sections of Perseus result from cutting a torus by a
plane. We therefore begin by setting up the equation of a torus
relative to cartesian space coordinates x, y, z. The torus results
from rotation of a circle about the z-axis. The circle lies in a
plane which contains this axis, and has radius r. Its centre lies in

the (x,y)-plane and has distance R from the z-axis.

Then we obviously have

(R- x2+y2)2 + z2 _ r2 )
hence

R2 + x2 + y2 + 22 - r2 = 2R/x2+y2 -
Thus one obtains the equation

®2-r2x4y%422) % - a2 (Pry?) = o

for the torus. If one now sets y equal to a constant c¢ , then one

obtains the equation of the spiric sections :
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(Rz-r2+c2+x2+z2)2 - 4R2(x2+c2) = 0.

This is an equation f(x,y) = 0 where f(x,y) 1is a polynomial of

degree 4.

It is likewise easy to set up the equation of the Cassini curves
on the basis of the definition. When one does this one sees that the
equation coincides with the one above for c¢ = r. In this way one
easily sees that the Cassini curves are special cases of the spiric
sections and with this we have the first example of the effectiveness

of the analytic method.

The epicyclic curves are most simply described by a parametric

representation

»
1]

R cos m¢ + r cos né

R sin m¢ + r sin n¢.

~
]

m . . . R .
When 5 is rational one can easily derive an equation for the curve
from this. We can assume without loss of generality that m, n are

non-negative integers, because if not there are integers m', n', g

with m = %; , n = %; , and when we use ¢' = ¢/q as parameter we

obtain a parametric representation with integral m', n'.

It now follows easily by iteration of the addition theorems for
trigonometric functions that cos m¢ and sin m$¢ are polynomial

functions of cos ¢, sin ¢. For example

cos 2¢ = c052¢ - sin2¢

sin 2¢ = 2 sin ¢ cos ¢.

If one then sets t = tan % ,
. 2t l-t2
sin ¢ = 5 cos ¢ = 5 -
1+t 1+t

Using the parameter t in place of ¢, one now obtains a para-

metrisation for the epicyclic curve :

"
]

Rl(t)
Y = R, (t)



78

where the Ri(t) are rational functions of t, i.e. quotients
Pi(t)/Qi(t) of polynomials. The points of our curve are therefore
the points (x,y) for which there is a t which is a common zero of

the polynomial equations

|
o

P, (t) - x0Q, (t)
P,(t) - yQ,(t) = 0.

But it is well known that this holds precisely for the (x,y) for
which the resultant of these two polynomials, which is of course a
polynomial f(x,y) in x and vy, vanishes. Thus f(x,y) =0 is

the desired equation for our epicyclic curve for rational m/n.

For irrational m/n and arbitrary coordinates £, n in the plane
there can be no continuous equation £f(f£,n) = 0 whose zero set is the
epicyclic curve, because the points of this curve lie densely in an
annulus. But when one works with polar coordinates, which are essenti-
ally coordinates in the universal covering of the original punctured

plane, then the curve has an equation of the form
2
¢ - a+ bcos ¢ = 0.

Thus one sees that these curves, despite having the same type of
generation and trigonometric parametrisation, are very different from
the point of view of equations. One satisfies a polynomial equation
and has a very nice, namely rational, parametrisation, the other has no
reasonable equation at all in the plane, and only a transcendental

equation in the covering.

Similar remarks apply to the Lissajou curves. For a rational
frequency ratio the two vibrations satisfy an algebraic equation, which

one can derive by the method above, for an irrational ratio they do not.

Finally we mention the equation of the cycloid in cartesian

coordinates:
r- 2
X = r arc cos —;X - /éry-y

for a circle of radius r which rolls on the x-axis.

Thus we see that many interesting curves can be defined as the

zero sets of equations f(x,y) = 0, where f(x,y) 1is a polynomial in
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x and y. Such curves were called algebraic curves by Leibniz.

Some curves have an analytic equation f(x,y) = O in cartesian
coordinates, where f(x,y) 1is not a polynomial, and hence a transcen-
dental, function. Leibniz called such curves transcendental curves.

(Example : the cycloid.)

Other curves satisfy, e.g., a transcendental equation relative to

polar coordinates. Often these are also called transcendental curves.

According to Loria [L4], Descartes considered a somewhat different
class of curves, which he called geometric curves. In our language
they are defined as those which satisfy a differential equation
f(x,y,y') = 0, where f(x,y,y') 1is a polynomial in all three variables.
This class includes the algebraic curves and many special transcendental

ones. I do not know whether Loria's assertion is historically correct.

It is clear that algebraic methods will apply most successfully
when f(x,y) 1is a polynomial. Only for this class, the algebraic
curves, is there a general and self-contained algebraic theory. In
what follows we will therefore confine ourselves to the investigation

of algebraic curves.

2.4 Examples of the application of analytic methods

The tangent problem consists in constructing the tangent to a

given plane curve at a given point.

The meaning of "constructing" remains open at first. The mathe-
maticians of the 17th century gave solutions to this problem in many
individual cases. The unification of these results was a very
important element in the development of differential calculus. After
the completion of this development the solution of the tangent problem

could be presented as follows.

The curve in the plane is given by an equation f(x,y) = 0 in

cartesian coordinates x, y. If (x is a given point on the

0+¥)

curve, then f(x ) = 0. It may be that the curve does not have a

0¥o
uniquely defined tangent at this point, e.g. in the case of an ordinary
double point, as we have seen in many examples. One hypothesis which
guarantees the existence and uniqueness of the tangent at a point, is
that the curve be smooth, or regular, at this point. Analytically,
this is equivalent to the hypothesis of the implicit function theorem,

i.e. that the partial derivatives of f do not both vanish at (xo,yo).
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Thus we can assume without loss of generality that %§ (xo,yo) # 0.

Then, by the implicit function theorem, there is a unique solution

y = y(x) with y(xo) =Y, and f(x,y(x)) = 0 in an interval con-
tainin X and dy _ af , 3f
9 *o dx ax 7 By

This function y(x) therefore gives a local parametrisation

X v (x,y(x)) for our curve in the neighbourhood of the given point.

$ (x,,yz

ay
(Xo,¥)

/ ax

If one considers a secant of the curve through a neighbouring

point (xl,yl) on the curve, then this has the equation

I
x
%

(y-yg) = 2—1 (x=x) .

Here one sees the advantage of the application of algebra to geometry
made possible by Descartes : the description of the secant is reduced to
the simplest algebraic operations on the differences between the coor-
dinates of the points. Now comes the infinitesimal part of the
analysis : if one lets (xl,yl) tend toward (xo,yo), then the secant
becomes the desired tangent, and correspondingly the difference quotient
%% becomes the differential quotient g% . Thus the computation above
and this differential quotient finally give us the equation of the

tangent at the point (xo,yo)
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of
(xo,yo) (x-xo) + = (xo,yo) (y—yo) = 0.

3x Ay
This determines the tangent analytically. Now when our curve is alge-
. af 9f
braic, % (xo,yo) and 5; (xo,yo) may be computed from Xq ¥ and the

coefficients of the polynomial f(x,y) by rational operations, i.e.
the corresponding segments may be constructed by ruler and compass and
one has thereby — in principle — a construction of the tangent in an

entirely classical sense.

We have just defined regular points. A non-regular point is a
singular point. Thus it is a point (x,,y.) with f(x_ ,y.) =0,
3 oF 0'f0 0'f0
9% (xo,yo) =0, 3; (xo,yo) = 0. Examples of such points that we have

seen previously (in non-analytic description) are the cusps and ordin-

ary double points.

We give an example of the way in which the analytic description of
singular points enables us to determine them by algebraic operations

we determine the singular points of the astroid.

With respect to suitable cartesian coordinates the astroid has the

equation
(x2+y2—l)3 + 27x2y2 =0,

as we shall see later. Thus the partial derivatives, which we shall

9f 9f
a i s 2 i
enote by fx and fy instead of % and 3y satisfy

3(x2+y2—l)22x + 54xy2

=0
3(x2+y2—1)22y + 54x2y =0
at the singular points. The three equations imply
either (a) x =0 and y =+1
or (b) y =0 and x = + 1
or (c) (x2+y2—l)2+9y2 = 0 and (x2+y2—l)2+9x2 = 0.

From (c) it follows that x2 = y2 and hence
(2x2—1)2 + 9x2 = 0.

2 . . .
If one sets & = x , this gives the equation

ag2 v 56 + 1 =o0.

NS

The solutions are ¢ = -1 and § = -

Thus one obtains (x,y) = (+ i, + i) resp. (x,y) = (i% Pt %)

as solutions of (c). The first of these solutions are also solutions
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of the astroid equation, the latter are not.

Thus we have obtained exactly 8 points as solutions £ = O,

f =0, f =0

X Y
(0, + 1)
+1, 0)

(i, +1i).
The 4 points (O, il) and (il, 0) are the 4 cusps of the astroid.
These are precisely the singular points of these real curves. What is
the meaning of the other four points? This cannot be understood until
one replaces the real curve f(x,y) = 0 by a complex curve, in which

points (x,y) with complex coordinates are also admitted as solutions

of f(x,y) = 0, and therefore we shall do this later.
The singular points of the astroid are thus determined. The
real ones are simple cusps. But curves can have much more complicated

"higher" singularities, and since Cramer, around 1750, the investigation
of such singularities has been a permanently important theme of this

theory.

In the pair of opposites '"regular-singular" we have before us

another dialectical pair of opposites which plays a role in all fields
of mathematics and relates closely to other pairs of opposites such as
"special-general" and "finite-infinite". A singularity within a
totality is a place of uniqueness, of speciality, of degeneration, of
indeterminacy or infinity. All these basic meanings are closely
connected. I cannot go into more detail here and refer to my lecture

on singularities [B7].

In various examples we have seen that the construction of the
envelope, the curve enveloping a given family of curves, can lead to
interesting and important new curves. We shall now show in an example

how one can conceive this process, or construction, analytically.

A one-parameter family of curves is given by a one-parameter
family of equations fa(x,y) = 0, where a 1is the parameter and x,y
are cartesian coordinates in the plane. One can best express the fact
that this family depends on the parameter a in a reasonable way by
saying fa(x,y) = f(x,y,a), where the function f£(x,y,z) depends on
X,Y,Zz 1in the desired way, e.g. differentiably or analytically. Now

how does one describe resp. define the envelope? Intuitively speaking,
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it should be a curve which touches all curves of the family and which is
touched at each of its points by some curve of the family. One

possible way to make this precise is the following:

We consider the surface F in 3-dimensional space, with coordin-
ates x,y,z given by f(x,y,z) = 0. When we cut F with the plane
z = a and project the curve of intersection onto the (x,y)-plane by
(x,y,2z) ¥ (x,y) we obtain precisely the curve fa(x,y) = 0. This

leads us to consider the mapping F +ZR2 defined by projection.

We look at an example. Let the family of curves be the family of
circles

(x—a)2 + (y-a)2 = a2

\

The enveloping curve is obviously just the pair of axes, the surface F
is an oblique cone, and the axis pair is obviously its outline under

projection onto the (x,y)-plane.



84




85

This brings us to the following definition
The envelope of the family of curves given by fa(x,y) = 0 1is the out-
line of the surface with equation f(x,y,z) = 0 wunder projection onto

the (x,y)-plane (where fa(x,y) = f(x,y,a).)

This definition does not correspond entirely to the intuitive
definition given above, but it has the advantage that it immediately
gives us an analytic method for the calculation of the envelope. For

the outline is precisely the image in the (x,y)-plane of all points of

F at which there is a vertical tangent. These are precisely the
9f . .
points at which 7 0. Thus we obtain the equation of the envelope

by elimination between the equations

f(x,y,z) =0

Af B
E (XIYIZ) = 0.

We remark that not every family of curves has a curve as envelope. For
example, one sees immediately that for the family of all lines through
the origin the envelope in the above sense consists only of the origin

itself.

The families of curves which appear most frequently in our context
are not parametrised by a real parameter a, but by the points (a,b)
of a curve which itself is given by an equation g(a,b) = 0. Thus one
has a family of equations f(x,y,a,b) = 0 for the family of curves.

By carrying over the considerations above one now sees easily that

One obtains the equations of the envelope by elimination of a,b

from the equations

f(x,y,a,b) =0 (1)
g(a,b) =0 (2)
fagb - fbga =0 (3)

As an example, we shall compute the equation of the astroid. The
astroid was the envelope of the family of lines resulting from the
motion of a line with two points constrained to slide on the axes. We
choose the distance between the points equal to one. When a,b are

the intercepts of the line on the axes, the equations then read:

X,
Z+ L - =

M Iy 0

(2) a?+p’-1=0

(3) %x—izy=o
a b
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Multiplication of (1) by b3 yields
3
b+ b2y - b =o0.
a
Substitution of (3) in this yields

(a2+b2)y - b3 = 0.

Hence, by (2)

and similarly x = a3.

Substitution in (1) gives the natural equation of the astroid

3wy o

When one raises both sides to the power 3, carries roots to the right-
hand side and again raises to the power 3, one finally obtains the

equation of the astroid
ry2-1) 3 4 27x%y? = 0.

We remark that any curve can be regarded as the envelope of the

family of its tangents. This fact plays an important role in Plicker's

idea of regarding the lines as elements of a new manifold, and taking

the coefficients of their equations as coordinates in this manifold.

The totality of tangents to a curve then constitutes a new curve in this

manifold of lines, the dual curve of the original.

After these examples of the application of differential calculus

to the analytic geometry of curves, we shall now discuss in detail

one example among the generally known applications of integral calculus

(such as computation of area), namely the problem of rectifying a curve,

i.e. calculating arc length.

Suppose a curve in cartesian coordinates is given by a parametri-

sation
x = x(t)
y = y(t).

We know that such a parametrisatioh always exists locally, in the
neighbourhood of a regular point. Then the arc length of the curve

from (x(to), y(to)) to (x(tl), y(tl)) is

t
/{ L /xwr? + y0)? ac.
%
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Even for simple curves, e.g. the ellipse, such an integral is in general
not elementarily computable, i.e. expressible in terms of elementary
functions, and this was a factor leading to the theory of elliptic inte-

grals and the development of function theory.

We shall look at quite a simple example. We consider a general-
ised parabola

xp - yq = 0.

Incidentally, one sees here again how the analytic base allows interest-
ing curves to be defined through mere generalisation of the form of
equations. A global parametrisation of this curve (for p, g relat-
ively prime) is

x =t

y = tF.

However, we prefer to choose the parametrisation by x

We then find the arc length to be
¢ x -2
J //;—+ B x2(p/q 1) dx.
2
0 q
This cannot be elementarily evaluated for general p, q. However, for

the special case p =3, g = 2, i.e. for Neil's parabola (or semicubical

parabola)

S -y? =0

we obtain

r x x
vV 1+ g x dx = li(l + 2 x)3/2
o 4 4

27 0

And hence in this case we can construct a segment of the same length as
a given arc of the curve by ruler and compasses. Neil's parabola was

one of the first curves to be rectified, by Neil himself in 1657.

2.5 Newton's investigation of cubic curves

The analytic method of Descartes is in a certain sense the most
general method for the generation of curves, because it allows the con-
cept of plane algebraic curve to be defined in full generality, as the
zero set of an equation f(x,y) = 0, where f(x,y) is an arbitrary

polynomial in x and vy. Each particular choice of equation defines
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a curve, whose particular properties can be investigated, e.g. the gener-

alised parabola % - yq = 0 or the folium of Descartes

x3 + y3 + axy = 0.

The generality underlying the definition of algebraic curves makes
for a corresponding generality in the resulting problem of bringing
order into the totality of all these curves, of classifying them in a

suitable sense.

A first approach to a classification was already found by Newton.
t comes directly from the form of the equation : obviously the

equation f(x,y) = 0, and hence the curve itself, can be more complex
as the degree of the polynomial increases. This number, the 95932 of
the curve, is therefore a certain quantitative measure for the geometric,
qualitative complexity of curves. It is easy to see that, under a
change of cartesian coordinates, the equation is transformed into
another of the same order, and thus in the order we have found a measure
invariant under such transformations, an invariant for the qualitative

geometric properties of the curve.

It is easy to capture the geometric meaning of this invariant more
precisely. Let f(x,y) = 0 be the equation of a given curve of order
d, and let ax + by + ¢ = 0 be the equation of an arbitrary line. We
can eliminate one of the variables from the line equation, say
y =ax + B for b # 0. If we substitute this in the polynomial
f(x,y), then in g(x) = f(x,ax+B) we obtain a polynomial in x of
degree < d, and for all but at most finitely many lines this poly-

nomial is exactly of degree d.

Now the zeroes of g(x) are obviously just the abscissas of the
intersections of the line with the curve, and hence we obtain : a curve
of order d 1is cut by an arbitrary line in at most d points. 1Is it
perhaps exactly d ? We consider an example, say the semicubical para-

bola y2 - x3 = 0.
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The figure above shows the semicubical parabola and some of the
lines intersecting it. The line g cuts the curve at three points, as
we would expect on the basis of the preceding considerations, and each
line which results from g by a sufficiently small displacement has the
same property. But when we displace g so far that the line goes

through the origin, say at position g', two of the three points of

intersection coincide. If one assigns this intersection a multiplicity
2, then g' still cuts in three points. Algebraically, this means

that in the polynomial equation for the intersections of the curve with
the line y = ax, namely a2x2 - x3 = 0, the zero x = 0 has multiplici-
ty 2. If we displace our line still further, say to the position g'',
then the two intersections at the origin vanish! Algebraically, this

corresponds to the fact that for y = ax + b with a-b > 0 the inter-
section equation x3 - (ax+b)2 = 0 has two non-real roots. By the
fundamental theorem of algebra, each polynomial of degree d has d
zeros — with multiplicities counted — but of course these need not all
be real. We see here that it will be useful to also admit complex

solutions for the equation f(x,y) = 0 of our curve.

Let us consider again the intersection of the semicubical parabola
with all lines through the origin. All of these lines, apart from the
two coordinate axes, cut the curve in three points : the origin with
multiplicity two, and a further point P with multiplicity one. When
the line moves to the position of the x-axis, P also moves to the
origin, the single intersection of the curve with the x-axis. For this
reason, one should now count this intersection with multiplicity 3 !

We see from this that it will become necessary to develop a theory of

the multiplicities with which curves are cut at their singular points.

If our line now moves to the other distinguished position, that of
the y-axis, then P moves to infinity, so that the only intersection
with the curve which remains is the origin, counted with multiplicity

two.

We see from this that it will become necessary to develop a system-

atic theory of infinitely distant points, in order to capture the infin-

itely distant intersections as well. This is a factor which led to the

development of projective geometry.

We shall in fact develop a satisfactory theory of multiplicity and

intersections in complex projective geometry.
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We have seen that with the order d of curves we have at our dis-
posal the first invariant which can be applied to the classification of
curves. It is now quite natural to proceed with the classification
problem by obtaining an overview of all curves of lower order, say by

considering the cases d =1,2,3,4.

The case of curves of order 1 is trivial : these are just all

lines ax + by + ¢ = 0.

The curves of order 2 are, when one admits degenerate cases such

as line pairs and double lines, just the conic sections
2 2
ax + bxy +cy +dx + ey + £ = 0.
One also calls these curves of order 2 quadrics.

The first interesting case is that of the cubics, i.e. the curves
*
of order 3. This case was first investigated systematically by Newton
in his article on curves, [N2]. We shall give a brief survey of the

results which Newton obtained in it.

In his investigation of cubic curves, Newton systematically
applies the analytic method : he investigates the equation f(x,y) = O,
where f(x,y) 1is a polynomial of degree 3. He starts with the asymp-
totic behaviour of curves. For "large" x,y this behaviour is of
course determined by the terms of highest, i.e. third, degree in f,
and hence by a homogeneous polynomial of third degree,

f(x,y) = ax3 + bx2y + cxy2 + dy3. Now there are obviously two possible
cases. Case A : f is the third power of a linear form. By a
change of cartesian coordinates (not necessarily rectangular) one then
has f(x,y) = ax3 with a # O. Case B : f 1is not a third power.
Then one sees that with a suitable change of coordinates f can be
brought into the form f.(x,y) = xy2 - ax3. In the remaining terms of
f, i.e. in f - ¥ , the monomials y2, xy and y can appear, in
addition to powers of x. In case B one can make the y2 and xy
terms vanish by displacement of the origin, and in case A one can make
Xy and y vanish, by a new change of coordinates, when y2 appears.
If y2 does not appear, but xy does, one can make y vanish. 1In

summary, one has : a cubic curve which contains no lines has an equation

*
Particular examples of cubics had already long been known, e.g. the
cissoid of Diocles, the folium of Descartes and Neil's parabola.
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of one of the 4 normal forms which follow, relative to suitable carte-

sian coordinates :

I. xy2+ey=ax3+bx2+cx+d.
II. Xy = ax3 + bx2 + cx + d.
ITII. y2 = ax3 + bx2 + cx + d.

Iv. y = ax3 + bx2 + cx + d.

Newton now discusses these equations, having to make case distinct-
ions according to the roots of ax3 + bx2 + cx +d = 0. In this way
he obtains 72 cases, and there are six cases that he overlooked. The
discussion of cases II and 1V is of course trivial, case I is the most
complicated. We shall not go into this discussion in detail here, but
in order to give an impression of it we reproduce the first pages of
Newton's work and the section in which he discusses case III. In this
case he obtains 5 types of "diverging parabolas" : there are two which
are non-singular, when all three roots of ax3 + bx2 + cx +d =0 are
different, with two curved paths in the case of three real zeros, and
one in the case of one. If two of the three roots coincide one obtains
a curve with an isolated singular point or an ordinary double point.
If all three roots coincide one of course obtains the semicubical para-
bola. Newton's manuscript also contains pictures of all these curves,

so that we can simply refer to it.
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CURVES.  The sncomparable Sir Ifaac Newtbn
gives this following Ennumeration of Geometri-
cal Lines of the Third or Cubick Order ; in which
you have an admirable account of many Species
of Curves which exceed the Conick-Sections,
for they go no higher than the Quadratick or Se-
Second Order.

The Orders of Geometrick Lines.

1: GEOMETRICK-LINES, are beft diftin-
guifti'd into Claffes, Genders, or Orders, according
to the Numbser of the Dimenfions of an Equation,
exprefling the relation between the Ordinares and
the Abfciffe ; or which is much ar one, according
to the Number of Points in which they may be cut
by a Right Line. Wherefore, a Line of the Firf¢
Order will be only a Right Line: Thefe of the Se-
cond or Quadratick Order, will be the Circle and the
Conick-Se&3onsy and thele of the Third or Cubick
Order, will be the Cubscal and Nelian Parabols's,
the Ciffoid of the Antients, and the reft as belew
ennumerated. But a Curve of the Fir? Gender
(becaufea Right Line can’t be reckoned among the
Curves) is the fame with a Line of the Second Or-
der, and a Curve of the Second Gender ; the fame
with a Line of the Third Order, and a Line of an
Infinitefimal Order, isthat which a Right Line may
cut in infinite Points, as the Spiral, Cycloid, the
Quadrasrix, and every Line generated by the Infi-
nite Revolutions of a Radius ar Rota.

2. The chief Properties of the Conick-Se&ions
are every where treated of by Geometers ; and of
the fame Narure are the Propertics of the Curves
of the Second Gender, and of thereft, as from the
following Ennumeration of their Principle Proper-
ties will appear.

3. Forifany right and parallel Lines be drawn
and terminated on both Sides by one and the fame
Conick-SeBion; and a Right Line bifetting any
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two of them, fhall bife& all the reft ; and there-
fore fucih a Line is called the Diameter of the
Figure ; and all the Righr Lines fo bile¢ked, are
called Ordinate Applicates to that Diameter, and
the Point of Concourte to all the Diameters is cal-
led the Cenrer of the Figure ; as the Interfetion of
the Curve and of the Diameter, is called the Ver-
tex, and that Diameter the Axs to which the Or-
dinates are Normally applied.  And (o in Curves of
the Second Gender, if any two right and parallel
Lincs are drawn occurring to the Curve in Three
Points ; aright Line which fhall (o cucthofe Paral-
lels, that the Sum of T'wo Parts terminated at
the Curve on one Side of the Interfecting Line
fball be equal to the third Parc terminated at the
Curve on the other fide,this Line fhall cut,after the
famemanner,allothers parallel to thefe,and occurring
to the Curve in Three-Points; thac is, fhall focus
them that the Sum of the [ wo Parts on one Side
of it, fhall be equal to the Third Part on the other,

And cherefore thefe Three Parts one of which is
thusevery where equal to the Sum of the other two,
may be called Ordinate dpplicates alfo : And the In-
terlecting Linc to which the Ordinates arc applied,
may be called the Diameter ; the Interfc@ion of
the Diameter and the Curve, may be called the
Versex, and the Point of Concourfe of any two
Diameters, the Center.

And if the Diameter be Normal to the Ordi-
nates, it may be called the Ax5 ; and that Point
where 4l the Diameters terminate, the Geweral
Centre.

Aflympeotes and their Properties,

4. The Hyperbola of the Firft Gender has Two
A[;mcum, that of the Second, Three ; that of
the Third, Four, and it can have no more, and fo
of the reft.  And asthe Parts of any Righe Line
lying between the Conical Hyperbola and its Two
Affymptotes are every where equal ; fo in the Hy-
rerbola’s of the Second Gendet, if any Right Line
Le drawn, cutting both the Curve and its Three
Atfymprotes, in Three Points; the Sum of the Two
Parts of that Right Line, being drawa the fame
wdly from any Two Affymprotesto Two Points of
the Curve, will be equal to the Third Part drawn
a eontrary way from the Third Aflymptote toa
Third | oint of the Curve.

Latera Tranfverfa and Refla.

¢ Volume II 137
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s. And as in Non Parabolick Conick Seflions,

the Square of the Ordinate Applicate, that
is, the Rectangle under the Ordinates, drawn at
contrary Sides of the Diamerer, is to the Re@angle
of the Parts of the Diameter, which are termina-
ted at the Vertex's of the Elipfis or Hyperlola ; as
a certain Given Line which is called the Latus
Re&um, is to that Part of the Diameter which lics
between the Vertex's, and is called the Latus Tranf-
verfum : fo in Non-Parabolick Curves of the Second
Gender, a Parallelopiped under the Three Ordi-
nate Applicates, is to a Parallclopiped, under the
Parts of the Diameter terminared at the Ordinatcs,
and the Three Vertex’s of the Figure in a certain
Given Ratio ; in which Ratio, if you take Three
Right Lines to the Three Pans of a Diameter fci-
tuated berween the Vertex's of the Figure, onc an-
{fwering to another, then thefe Three Righ: Lines
may be called the Latera Refta of the Figure, and
the Parts of the Diameter between the Vertices, the
V.atera Tranfverfs. And as in the Conick Parabola
havig to one and the fame Diamc:er but one only
Vertex, the Rectangle under the Ordinates is equal
to that under the Part ot the Diameter cut off be-
tween the Ordinates and the Vertex, and a cectain
Linc called the Latus Retum : So in the Curves of
the Second Gender, which have bur two Vertex's
to the fame Diameter ; the Parallelopiped under
Three Ordinatcs, is equal to the Par.llclopif ed un-
der the Two Parts of the Diameter curoft berween
the Ordinatcs and thofe Two Vertexes, and a gi-
ven Right Line, which therefore may be called the
Latus Rellum.

The Ratio of thc Reflangles under the Scgments of
Parallels,

Laflly, As in the Conick-Sections when two pa-
rallels tetminated on cach fide at the Curve, arc
cut by two other Parallels terminated on cach fide
by the Curve, the Firft being cut by the Third,
and the Sccond by the Fourth ; as here the Rect-
angle under the Parcs of the Firft, is o the Rect-
angle under tha Pares of the Third ; as the Redt-
angle under the Purcs of the Second is to thatun-
der the Parts of the Fourth : So when Four fuch
Right Lines occar to a Curve of the Sccond Gen-
der, cach one in Three Points, then fhall the Pa-
rallelopiped wnder the Parts of the Firlt right Line
be to that under the Parts of the Third, and as the

138
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Parallelopiped under the Parts of the Second Line
into that under the Pares of the Fourth.

Hyperbolick and Parcbolick Legs.

All the Legs of Curvesof the fecond and higher
Genders, as well as of the tirft, infinitely drawn
out, will be of the Hyperbolick or Parabolick Ger.-
der; and I call thatan Hyperbolick Leg, which in-
finitely approaches to fome Afympeore 5 and that a
Parabolick one, which hath ne 4ymipeore. And thele
Legs are beft known from the Tangents : For if
the Point of Contact be art an infinite Diftance,
the Tangent of an Hyperbolick Leg will coincide
with the Afsmptore, and the Tangentof a Parabo-
lick Leg will recede sn infiniewsn, will vanith and
no where be found. Whercfore the Afymprote of
any Leg is found, by feeking the Tangent to that
Leg at a Point infinitely diftant : And the Courfe,
Place or ay of an infinite Leg, is fonnd by feck-
ing the Pofition of any Right Line, which is paral-
lelto the Tangent where the Point of Conract goes
off' sn infinitum: For this Right Line is directed
towards the fame way with the infinite Leg.

The Redu&ion of all Curves of the Secend Gende, 10
Four Cafes of Equazions.

CASE I

All Lincs of the Firft, Third, Fifth and Seventh
Order, and lo of any onc, proceeding in the Or-
der of the odd Numbiers, have ar Jeaft two Legs
or Sides proceeding on ad infinitum, and towards
contrary ways.  And all Lincs of the Third Order
have two fuch Legsaor Sides running out contrary
ways, and towards whichno other of their infinite
Legs (exceptin the Cartefian Pirabola) do tend.
If the Legs are of the Hyperbolick Gender, let
G 4§ be their Afymptote ; and toir lce the Paral-
lel € Be be drawn, terminated (if poflible) ac
both Ends at the Curve.  Let this Parallel be bif-

feted in X ; and then will the Placeof that Point X
¢ Volume II
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be the Conical Hyperbola X &, one of whofe Alym-
protes is 4 §: Let its other Alymprote be 4 B;
then the Equation by which the Relation between
the Ordinate BC and the Abfciffa 4 B is determi-
mined, if 4B be put = xand B C =, willal-
ways bein thisForm, xyy + ¢y = ax’ 4 bxx
— cx -+ d, where the Terms ¢, 4, b, ¢ and d
denote given Quantities, affected with their Signs
—+ and — ; of which any one may be wanting,
fo the Figure, through their Defeét, don't turn into
a Conick-Se@ion. And this Conical Hyperbola
may coincide with its Afymptotes, thatis, the Point

X may cometo be in the Line 4B, and then the -

Term - ¢y will be wanting.
CASE IL

¢+ Butif the Right Line C B¢ cannot be ter-
minated both ways at the Curve, bur will occur
to the Curve only in one Point; then draw any
Linein a given Pofition, which fhall cut the Afym-
prote AS in A; as alfo any other Right Line,
as BC, parallel to the Afymprote, and meeting
the Curve in the Point C: And then the Equation
by which the Reladion between the Ordinate B C
and the Abfciffa A4 B is determined, will always
put on this Form, xy —ax’ -|-bx x -\ cx +d.

CASE IIL
1o. Butif the oppofite Legs are of the Parabo-

lick Gender, draw the Right Line € B¢, termi-
nated at both Ends, if ic’s poffible, ac the Curve ;
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and running according to the Coutfe of the Legs ;
which biffe& in B : Then fhall the Placc of B be
a Right Line. Let that Right Line be 4 B, rer-
minated ar any given Point, as 4; and then the
Equation by which the Relation between the Or-
dinate B C and the Abfciffa 4 B isdetermined,
will always be in this Form, yy = a x* -+ bx x
+cx +d.

CASE IV,

11.But if theRight Line ¢Bc meet theCurve but
in oncPoint,and therefore can’t be terminated at the
Curve at bothEnds; let thePoint where it occurs to
the Curve be C;and let that Right Line at thePoint
B, fall on any other Right Line given in Pofition,
as A B, and terminated atany given Point, as 4:
Then will the Equation, by which the Relation be-

tween the Ordinate B € and the Abfciffa 43 ig
determined, always be in this Form, yy = ax?
4+ bxx+cx 4 d.

The Names of the Forms.

t2. In the Enumeration of Curves of thefe
Cafes, we callthat an Inferibed Hyperbola, which
lies endrely within the Angle of the Afymptorcs,
like the Conscal Hyperbola ; and that a Circumfcri-
bed one, which cuts the Afymptotes, and contains
the Parts cut off within its own proper Space ; and
that an Ambigenal one, which hath one of its inn-
nite Legs infcribing it, and the other circumfcri-
bing it. I call that a Converging one, whofc Con-
cave Legs bend inwards towards one another, and
run both the fame way ; but that L call a Diverg-
ing one, whofe Legs turn their Convexities towards
each other, and tend towards quite contrary ways.
I call that Hyperbola contrary leg'd, whofe Legs are
Convex towards contrary Parrs, and run infinitely
on towards contrary ways ; and that a Conclo:da’
one, which is applied to its Afymprote with irs
Concave Vertex and diverging Legs ; and that an
Anguineal or Eel-like one, which cuts its Afymprote
with contrary Flexions, and is produced both ways
into contrary Legs. I callthat a Cruciform or Crofi-
like one, which cutsits Conjugate crofs wife ; and
that Nedate, which, by returning round into, de-
cuffates it felf, I call that Cufpidare, whofe two
Parts meet and terminate in the Angle of Contact;
and that Pun&are, whofe Oval Conjugate is infi-
nitely fmall, or a Point: And that Hyperbola I

¢ Volume II 139
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gles of e Alymprotes, but in the contiguousror
agjeining ones, and that on cach Side the Abfciffa

Fig. 6S.
G
C
\._
B R
L
T B
A

Fig. 69.

A3 ; and even without any Diameter, if the Term
¢y be there, but with one if that be wanting.
Which two Species are the Sixty fourth and Sixty
fifth,

A Tridene.
26. Inthe fecond Cafe of the Equations there is

Xy —ax' -} bxx--cx -+ d: And the Figure
in this Cafe will have four infinite Legs, ot which

The Mathematical Works of Tsaac Newton

two are Hyperbola's about the Afymptote 4 G
tending towards contrary Parts ; and two converg-
irig Parabola’s, and, with the Former, making as
it were the Figure of a Teident. And shis Figure
is that Parabola by which D. Carres conftructed E-
quartions of fix Dimenfions. This therctore is the
Sixty fixth Specics.

Five Diverging Parabola’s,

27. In the third Cafe the Equation was yy =
ax’ 4 bxx— cx-| d; and defigns a Parabola,
whole Legs diverge from one another, and run out
infinitely contrary ways. The Abfciffa 4 B is its
Diameter, and ics five Species are thefe :

If, of the Equation ax' + bxx—4-cx+4d
= o, all the Roots A7, AT, At, are real aod
unequal; then the Figure is a diverging Parabola

Fig. 7c.

€ /

/
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Fig. 71. or Pun8ate, by having the Oval infinitely fmall,
Which two Species are the Sixty eighth and Sixey

G ninth,
If three of the Roors are equal, the Parabola
¢ will be Cu/pidate at the Vertex. And this is the

(o)

of the Formof a Bell, with an Oval at its Vertex. A B
And this makes a Sixty feventh Species,

If two of the Roors are equal, a Parabola will
be formed, cither Nodated by touching an Oval,

Fig. 72.

|
I
i

G
Neilian Parabola, commonly called Semi-cubical,

‘Which makes the Seventseth Species.

If two of the Roorts are impoifible, there will

A (Sce Fig. 73.)
Fig. 73.

be a Pure Parabola of a Bell-like Form., And this
makes the Sevensy firft Species,

158 The Mathematical Works of Isaac Newton € Volume 11
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The Cubsical Parabola,

28. in the Fourth Cafe, let the Equation be
y=ax--bxx+ cx - d; then will it denote

Fig. 77.

G

the Cubical Parabola with contrary turn'd Legs.
And this makes up, or compleats, the Number of
the Species of thefe Curves to be in all Sevensy swo.

Of the Genefis of Curves by Shadows.

29. If the Shadows of Figures are projected on
an infinite Plane illuminated from a lucid Point,
the Shadows ot the Conick-Sections will always
be Conick-Setions ; thofe of the Curves of the
Second Gender, will always be Curves of the Se-
cond Gender ; and the Shadows of Curves of the
Third Gender, will themielves. be of the fame
Gender, and foon in infinitum. And as a Circle,
by the Projection of its Shade, gencrates all the
Conick-Sc&ions ; fo willthe five diverging Para.
bola’s fpoken of in ch. 28. by their Shadows gene-
rate and exhibic all Curves of the Second Gender ;
and fo fome more fimple Curves of other Genders
may be found, which, by the Projeion of their
Shadows from a lucid Point upon a Plane, fhall
from all other Curves of the fame kinds.

Of #ee dowble Points of Curves,

30. I faid above, that Curves of the Second
Gender might be cut by a Righe Linc in three
Points ; but two of thofe Points are fometimes co-
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incident.  As when the Right Line patfes by an O-
val infinicely fmnall, or by the Concourle of two
Parcs of a Curve mutually interfecting each other,
or running together into a Cufpss.  And if at any
time all the Right Lines tending the fame way with
the infinite Leg of any Curve, do cut itin one on-
ly Point, (as happens in the Ordinates of the Car-
tefian, and in the Cubical Parcbola, and in the
Right Lines which are parallel to the Abfciffa of
the Hyperbolifms of Hyperbola's and Parabola's; )
then you arc to conceive that thofe Right Lines pals
through two other Points of the Curve (as I ma
fay) placed at at an infinite Diftance ; and thefe
two co-incident InterfeGtions, whether they beat a
finite or an infinite Diftance, I call the Double
Point.  And fuch Curves as have this Double
Point, may be defcribed by the following Theo-
rems.

Theorems for the Organical Defeription of Curves.

31. Theor. I. I two Angles, as PAD and
P B D, whofe Magnitude isgiven, be turned round
the Poles 4 and B, given alfo in Pofition ; and
their Legs 4P, B P, by their Point of Concourfe

Fig. 78.

P, defcribe a Conick-Section paffing thro® their
Poles 4 and B ; cxcept when that Right Line
happens to pals through cither of the Poles
Aar B; or when the Angles BAD and ABD
vanifh together into nothing 5 forin fuch Cafes the
Point will deferibe a Right Live,

II. If the fuftLegs 4 P, B P, by their Pointof
Concourle P, do dcfcribe a Conick-Section paf-
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Newton's description of all the cubics was later criticised by
some mathematicians, e.g. Euler, because this classification lacks a
general principle. Pliicker later gave a more refined classification,

in which he arrives at 219 types.

In the face of this multiplicity of types, the question of a
unifying principle naturally arises. And such a principle already has
its basis in the work of Newton, namely the short section (29) : Of

the Genesis of Curves by Shadows, reproduced on the previous page.

The following two pictures illustrate these ideas of Newton. The
first shows how projection of a circle in a plane E from a point P
onto the planes E', E'', E''' yields ellipse, parabola and hyperbola.
The second picture shows the projection of a cubical parabola onto a

semicubical parabola, and conversely.
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Newton's theorem contains an important idea : that the classifi-
cation of the great multiplicity of cubic curves is essentially simpli-
fied when one considers two curves to belong to the same class when one
results from the other by projection from a centre. The unfolding of
this idea led to the development of projective geometry, which will be

discussed in the next section.

3. The development of projective geometry

We have seen how the methods of perspective representation of
spatial objects, which had their beginnings in antiquity, were devel-
oped into a fine art during the Renaissance in the work of artists,
architects and inventors. In the 16th and 17th century this art
became a geometric theory, which at the end of the 18th century unfolded
into a mature system, descriptive geometry. This theory is concerned
with generating planar pictures of spatial or planar objects by projec-
tion. We have already seen how Newton used this projection method to
unify the classification of cubic curves. As descriptive geometry
itself unfolded, geometers realised that the consistent introduction of
the "projective" viewpoint made possible a far-reaching unification and
generalisation of geometric methods. This led to the development of
projective geometry, in which the synthetic and analytic methods
developed alternately. In what follows we shall look more closely at

some essential steps in this development.

3.1 Descriptive geometry and projective geometry

The beginnings of perspective representation, of buildings for
instance, already appear in antiquity. In the Renaissance these were
developed into an art of drawing, with elements of a geometric theory,
by Alberti, Franceschi, Viator, Brunelleschi, Ghiberti, Leonardo da
Vinci and Albrecht Direr. With G. Ubaldo del Monte (1545-1607) there

appears the basic idea of central projection, in which the perspective

of an object appears as a section of the "visual ray pyramid" by the
picture plane, and a geometric theory for the solution of problems of

perspective representation begins to develop.

One of the main problems of descriptive geometry is to draw planar
pictures of spatial objects. This is done by central projection in
the following way : one connects the points P of the object with a

fixed point Z, the centre of projection, cuts the projection rays 2zP

E. Brieskorn and H. Knérrer, Plane Algebraic Curves: Translated by John Stillwell,
DOI 10.1007/978-3-0348-0493-6_3, © Springer Basel 1986
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by a fixed plane E' , the "picture plane", and draws the point P' of

intersection as the image of the point P.
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The centre of projection Z can be taken to be the eye or a light
source, the projection rays as visual rays or light rays. When Z is
an infinitely distant point, the projection rays are parallel, and the

result is the orthogonal or oblique parallel projection, according as

the plane E' is orthogonal to the direction of projection or not.

The image surfaces of the visible and invisible boundary surfaces
of the object being mapped will be separated by true and apparent out-
lines. Such outlines can be interesting curves — we have seen, e.g.,
how a toroid appears in the case of orthogonal parallel projection of a

torus.

We shall now confine ourselves to the special case in which the
projected figures are planar, i.e. we investigate the projection of a

plane E onto a plane E' from a centre 2Z , as indicated by the

following picture.
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This projection associates each point P of the plane E with a
unique point P' of the plane E' as image. An exception occurs with

the points on the disappearing line, i.e. the line in which the plane

through Z parallel to E' cuts the plane E. The points on the dis-

appearing line have no image points in E', their images disappear at

infinity, so to speak. A line in E has an image in E' which is
also a line. Parallel lines in E have images in E' which
obviously meet at a point, the vanishing point. The collection of all

vanishing points constitutes the vanishing line, which is the inter-
section of E' with the plane through Z parallel to E. The points
on the vanishing line are the only points in E' which are not images
of points in E. They are in a way the images of the "points at

infinity" of E.

The fact that the images of parallel lines under central projection
meet at a vanishing point was already seen by Ubaldo around 1600. But
the view of this point as the image of a point at infinity is due to the
master builder and engineer Desargues (around 1640). With this intro-
duction of the points at infinity and the line at infinity into the
framework of his theoretical work on perspective, and the application of
projective methods in the proof of geometrical theorems (Desargues'

theorem, cf. 6.2), Desargues was a precursor of projective geometry.

The fruitful influence which the development of descriptive
geometry had on that of projective geometry strengthened at the time of
the French revolution, when G. Monge, director of the Ecole Polytech-
nique, founded in 1794 and the prototype of all engineering and military
schools in the early 19th century, published his "Géométrie descriptive",
a thorough system of descriptive geometry he had worked out in connect-
ion with his lectures on fortification, and which he published in order
to make French industry, with these tools in the hands of its engineers

and architects, self-sufficient.

One student of Monge was Poncelet. Poncelet addressed himself to
the purely synthetic content of Monge's geometry and thereby arrived at
a way of thinking already hinted at two hundred years earlier by

Desargues. Poncelet became the founder of projective geometry.

The "Traité des propriétés projectives des figures" (Treatise on
the projective properties of figures) of Poncelet appeared in 1822.
"This heavy volume contains all the essential concepts underlying the

new form of geometry, such as cross ratio, perspectivity, projectivity,



106

involution, and even the circular points at infinity" (quoted from
Struik) . The starting point of Poncelet was to ask which properties of
figures are retained under arbitrary projections. These are the
projective properties. They can involve quantitative relations such as

the cross ratio of four points on a number line,

z1-24 2,724
H . However, most of the relations concerned are qualita-
z. -2z z_ -z

1 74 2 "4
tive, positional relations, which is why this geometry is often known as

Z1125123.2,

the geometry of position.

In the systematic application of projections one had a synthetic
method of great generality for the generation and investigation of
geometric figures, and particularly curves. It was only natural for
immediate attempts to be made to give this method an analytic form.

This occurred in the work of MoObius and Plicker.

3.2 The development of analytic projective geometry

The first step in the application of analytic methods to plane
geometry was the introduction of cartesian coordinates. In this one
chooses two systems of parallel lines, and the position of a point is
determined by the two lines on which it lies. The two lines are given

by two numbers (x,y), which are just the cartesian coordinates.

Parallel projection takes parallels to parallels, hence the corres-
ponding mappings can be properly described in cartesian coordinates.
However, parallelism is not preserved under arbitrary central projection.
One would like to know how to introduce coordinates which are adequate
for use with arbitrary projections. Under arbitrary central projection
the two systems of parallels of a cartesian coordinate system go to two

pencils of lines through the corresponding vanishing points.
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Since the position of a point P in the plane E 1is determined
by the two lines on which it lies, the position of the image point P’
in E' 1is determined by the two image lines. Thus when we have des-
cribed these two lines by suitable coordinates, we shall have coordin-
ates which allow a quantitative description of projection. In order
to arrive at the right idea, we consider a special case. We take E
and E' orthogonal to each other, and the centre of projection at
distance 1 from E and E'. In E we use a system of rectangular
cartesian axes, whose origin lies on the intersection line L of E
and E' and whose axes make an angle of 45° with L. The following
figure illustrates the situation. It shows half planes of E and E'

folded into the same plane.

Let u,v,w be the distances of P' from line QQ' and the images
of the coordinate axes respectively. Here, distances in the interior
of the triangle 0QQ' are taken to be positive. The position of P'
is of course uniquely determined by the triple (u,v,w) ; (u,v,w) are
called the triangular coordinates of P'. The line QP' is obviously

- Y

given by % = % , and the line Q'P' by % =71 -
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Vanishing line
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Thus to determine the position of a point in the plane E', as the

intersection of the lines QP' and Q'P', one does not need the trian-
. ) v

gular coordinates (u,v,w) themselves, but only the ratios x = 3 and

y = E If one were to multiply the triangular coordinates (u,v,w)
by a common factor X # 0, constructing the triple

(xo,xl,xz) = (Au,Av,Aw), then the same ratios
*
X=x—
0
N
*0
would result. This suggests that we admit not only the triangular

coordinates (u,v,w) as coordinates of a point in the plane E', but
also — as a generalisation of the coordinate concept — all triples

(x = (Au,Av,Aw) . Thus a point no longer corresponds to one

0'¥1:%)
number triple, but to infinitely many. Nevertheless, one says each of
these triples are the coordinates of the point, because all the differ-
ent coordinates differ only by a factor. One calls these coordinates

homogeneous (because all the coordinates XqeXq,X are multiplied

2
uniformly by the same factor ). Thus we see how one proceeds quite
naturally from the triangular coordinates, which come up in the analytic
treatment of central projection and which were introduced by Pliicker in
1830, to homogeneous coordinates. Plicker carried out the step to

homogeneous coordinates in 1834.

We remark that the homogeneous coordinates (x_., ) of a point

0'*1'%2
can never satisfy Xg = X = X, = 0, because u =v = w = 0 would mean
that the point lay on the three lines QQ', Q0 and O0Q', whereas they

have no point in common.

One more historical remark : homogeneous coordinates had already

come up earlier — 1827 — in Mobius' barycentric calculus. MoSbius

fixed three points Py /P, /Py in the plane, gave these points weights,
and then considered the centre of mass of this system of three weighted
points. It is clear immediately that two such systems with weights

(x ,x2) and (xé,xi,xé) have the same centre of mass when there is

0'*1
s ] [ ] = 3

a A #0 with (xo,xl,xz) (Axo,xxl,XXz). Thus one also arrives at

the homogeneous extension of the coordinate concept from this starting

point.

Mobius realised that homogeneous coordinates were suitable for the
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description of central projections. If E and E' are two planes in

space and if one introduces homogeneous coordinates (xo,xl,x2) in E
and (xé,xi,xé) in E', then each central projection of E onto E'
with a projection centre on neither E nor E' is described in terms

of these coordinates by

A + +
X0 T 200%0 T %01*1 T 202%2

- *
X1 T 310% Y an* t 3% ™

' =
Xy T 3%t axn* t 2%,

where this transformation is invertible, i.e. its matrix is invertible.

The converse does not quite hold : if E and E', homogeneous coordin-

ates, and the transformation (*) are given, then one cannot uncondition-
ally regard the latter as a central projection of E onto E' at

their given positions in space. However, one can prove that each such

linear transformation can be realised as the composite of a chain of

central projections E = E1 + E2 oLl Ek = E' with a series of
auxiliary planes. It is therefore natural to consider all invertible
linear transformations of the form (*). MSbius called these trans-

formations collineations because they preserve the collinearity of

points, i.e. they map lines to lines.

Figures which go into each other under collineations are called

projectively related. This projectivity is an equivalence relation,

like congruence, similarity and affinity of figures, whereas the
perspectivity of figures, defined by central projection, is not an

equivalence relation — it is not transitive, as one sees from the

following figure. (In this figure the lines El and E2 , as well as
the lines E2 and E3 , are perspectively related. The relation be-
tween El and E3 resulting from composition is, however, not a per-

spectivity, because the lines connecting the corresponding points
Py.P; Tresp. d,,q4; resp. r,,r; no longer go through the same point.

The relation between El and E3 is only a projective relation.)

Thus we see that in the course of the development of geometry
different, and ever more general, equivalence relations and correspond-
ing geometries have arisen for the investigation of planar and spatial

figures
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congruence
similarity

affinity

projectivity.
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To each of these equivalence relations belongs a class of transformations
which relate figures which are equivalent under the respective equival-
ence relations. In fact we have the following correspondence between

classes of transformations and equivalence relations :

congruence - motions of the euclidean plane

similarity - central projection of parallel planes
affinity - composition of parallel projections
projectivity - collineations, i.e. compositions of arbitrary

central projections.

Motions have obviously been considered since antiquity, affine trans-
formations appear in Euler and have been familiar to mathematicians
since 1800. Collineations were introduced in full generality by
Mobius, and he realised that homogeneous coordinates were the means of
handling them analytically, since collineations are simply the invert-

ible linear transformations in homogeneous coordinates.

Mobius characterises the real collineations as the continuous
mappings of one plane onto another which preserve collinearity, and
hence map lines to lines. In order to have bijective correspondences
between the lines of the two planes and the points of the two planes it

is necessary to complete the affine planes by lines at infinity.

This is already clear when one considers central projection of a
plane E onto a plane E' (see the figure in 3.1.). The vanishing
line in E' corresponds to a line at infinity in E, and the disappear-
ing line in E corresponds to the line at infinity in E'. In
intuitive form, such ideas are already present in Desargues, and Poncelet
later used them in synthetic form, without rigorous justification, as a

basis for the construction of projective geometry.

The introduction of homogeneous coordinates gives a rigorous anal-

ytic setting for this process of completion of an affine plane to a

projective plane.

Let us recall once again how we came to the triangular coordinates
(u,v,w) and from there to the homogeneous coordinates
(xo,xl,xz) = (Au,Av,Aw) Dby consideration of central projection of a
plane E onto a plane E'. The homogeneous coordinates, which
correspond to points of the affine plane E , are all the (xo,xl,xz)
with xO # 0, and indeed the homogeneous coordinates (xo,xl,xz) define

the point in the affine plane with cartesian coordinates
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X
x = =
0
-2
*o0

The points with x_ = 0 are just the points on the vanishing line,

0
which corresponds to the line at infinity of the plane E, and which we

want to introduce with the help of homogeneous coordinates.

I think it is now clear what we have to do. We simply admit all
triples (xo,xl,xz) as homogeneous coordinates, naturally with the
restriction that not all three of xo,xl,x2 = 0. And we declare that

Voo R . . R
(XO’xl’XZ) and (xo,xl,xz) define the same point of the projective

plane when there is a real number X # O such that

(xo.xl.xz) = (Xxo,kxl,xxz).

When this holds we shall also write
Al 1 L}
(XgeXqa%,) ~ (X, X7,%5) .
This defines an equivalence relation -~ on the set of
(xo,xl,xz) e]R3 - {0}, and what we have just said means that the points
of the projective plane are defined as the equivalence classes of the

(x Thus

0'¥17%)) -

Definition : The real projective plane P2 is the set of equivalence

classes

P, = {(

5 Xl'x2) |xi e R, (x

xol O'xl'xz) # (OIOIO)} /"'-

The class of a triple (xo,xl,xz) is called the point of P2 with the

homogeneous coordinates (x ) . The subset

0'*17%2
= 0} 1is called the line at infinity of P

P, = {(xg,%x;,%,) € P, | X, 5

We remark that the correspondence (xo,xl,xz) » (x,y) with

c = X
*o

y %
defines a bijective mapping of P2 - P1 onto the affine plane E with
cartesian coordinates (X,y). The inverse mapping is the correspond-
ence

(x,y) » (1,x,y).
When we identify E with P, - P, by means of this mapping, we can

2 1
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regard P as the completion of E by the line P, at infinity. We can

2
also interpret this completion as follows

1

We consider lines in the affine plane E with cartesian coordin-
ates (x,y), and in fact such lines through the origin. Each such

line has a parametric representation

X at

y bt.

All (a,b) # (0,0) appear, and (a,b) defines the same line as
(a',b') Jjust in case (a',b') = (xa,Ab) for some A # O. Thus we
obtain a bijection between all lines in the plane through the origin
and the points of the line at infinity when we associate the line with
the parametric representation above to the point (0,a,b) € Pl. This
association has a geometric meaning : to the point (x,y) = (at,bt)
corresponds the point in P2 with homogeneous coordinates (1,at,bt).
For t # 0 this is the same point as (t-l,a,b). If one now lets t
go to infinity, then this point goes to (0,a,b). Thus what this says
is : we have completed the affine plane E to the projective plane by
adjoining a line Pl at infinity, each point of which has been added
to a line G in E through the origin and which is the intersection

of Pl with the thus completed line.

In this way we see how the introduction of homogeneous coordinates

allows the introduction of "ideal" elements at infinity to be simply

described, as is necessary for a consistent development of projective

geometry from Poncelet's starting point.

The passage to the projective plane P2 also permits the invert-

ible homogeneous linear transformations
x' = Ax

to be interpreted as bijective mappings of the projective plane P

onto itself : the inverse mapping is

Two matrices define the same mapping just in case they are the same up

to a scalar factor. The totality of all these mappings of P onto

2
itself obviously constitute a group, the group of all collineations of
P2 , and by what we have just said this group is canonically isomorphic

to the projective linear group

PGL(3, R) = GL(3, IR)/{A-Id}.
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(GL(n,K) denotes the general linear group of all invertible n x n

matrices with entries from the field K.)

We can of course regard the linear transformation x' = Ax as a

coordinate change of P rather than a self-mapping, i.e. we assign

2
to a point with the homogeneous coordinates (xo,xl,xz) the new homo-

geneous coordinates (xé,xi,xé), which are computed from the old by
x' = AX. Naturally there is no great difference between the two

projective geometry is the investigation of the properties of geometric

figures which are preserved under arbitrary collineations — projective
geometry is the investigation of the properties of geometric figures
which are invariant under arbitrary homogeneous coordinate transform-

ations.

Now which geometric figures shall we investigate in projective
geometry? In the first place, curves, of course. We consider some

quite simple examples
(1) A line G in the affine plane E has the equation

bx + cy +a =20

in cartesian coordinates (Xx,y). I1f we view E as P2 - Pl , and
X X
2
hence set x = % y = bl then
0 0
X X
bx—1+c;(-2—+a=0
0 0

or equivalently, after multiplication by Xq

ax0 + bxl + cx2 = 0.

If we now consider this equation not only in E, but in the whole pro-
jective plane P2 , then the points (xo,xl,xz) in P2 which satisfy
this equation are just the points of G plus the point (0,c,-b),

which is precisely the point on the line at infinity which completes

the affine line G in P2. We therefore make the definition
A projective line in P2 is the zero set of an equation
+ + =
axg bx1 cx, 0.

The set of these projective lines consists precisely of the completed

affine lines and the line Pl at infinity.

Two completed lines of the affine plane obviously intersect in the

same point of the line Pl at infinity when they are parallel in the
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affine plane. It is clear that there is exactly one line through two

points of P and that two lines intersect in exactly one point. 1In a

2
similar way to the axiomatic construction of euclidean geometry, one can
also base the geometry of the projective plane on the basic concepts of
point and line, as Hilbert has done in his classical book "Grund-

lagen der Geometrie". For this one needs axioms of incidence, order
and continuity. We shall not go further into this here, but instead
use from the outset the analytic definition of the projective plane,

and the lines in it, which we have just developed.
As soon as one has defined the lines in P2 and as soon as one

has defined the topology on P2 (naturally the quotient topology on

P2 = (]R3—{0})/~), one can, following Mobius, define the collineations

of P2 as the continuous bijective mappings of P2 onto itself which
send lines to lines. As we have already said, Mobius showed that the
collineations are exactly the mappings described by invertible homo-

geneous linear transformations in homogeneous coordinates.

(2) We have seen in (1) that the passage from an affine line to
the corresponding projective line corresponds to the passage from the
affine equation to the homogeneous equation axg + bxl + cx, = 0. An
equation F(xo,xl,xz) = 0 1is called homogeneous of degree n when the

function F satisfies F(Xxo,xxl,xxz) = XnF(xo, ) for all 2 # O.

X{4X,
The same process of homogenisation now describes the general passage
from an algebraic curve in the affine plane to the corresponding curve

in the projective plane.

Consider for example the affine equations of the circle, hyperbola

and parabola

(i) 2 +y? 1=
(ii) X2 - Y2 -1=0
(iii) x2 -y = 0.
Homogenisation gives

(1) —xg + xi + xz =0
. 2 2 2

- + - =
(ii) xo xl x2 0
(iii) -X_ X, + x2 =0

072 1 :

The homogeneous equation (ii) goes to (i) by the transformation
(xo,xl,xz) - (xl,xo,xz), and (iii) goes to (i) by the transformation

+ - 1 1 -
(xo,xl,xz) - (x0 x2,xl,x0 x2). Thus we see, by quite simple homo
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geneous coordinate transformations, that circle, hyperbola and parabola
are projectively equivalent, i.e. the associated projective curves are

the same — they transform into each other by collineations.

In 2.5 we saw this simply and directly by application of central
projection and the conic section definition of these curves. Here we
see that the analytic proof by calculation with homogeneous equations

is at least as simple.

(3) As the last example we choose the two cubics

(i) y - x3 =0
(ii) y2 - x3 =0
which we found in 2.5, following Newton, to result from each other by

central projection.

Homogenisation gives

. 2 3 _
(1) xox2 xl =0
‘s 2 3 _
(ii) xox2 xl =0

and these two equations are interchanged by the transformation

(x ,xz)l* (xz,xl,xo). In this case the analytic argument is

0'*1
simpler than the synthetic.

These examples should suffice to show that with the introduction
of the projective plane, homogeneous coordinates, the description of
collineations by homogeneous linear transformations and the description
of curves by homogeneous equations one has the correct analytic frame-
work for the investigation of curves from the standpoint of projective

geometry.

3.3 The projective plane as a manifold

An n-dimensional manifold M is a topological space which looks

locally like the n-dimensional affine space IRn, i.e. the space admits
a covering by open sets Ui<: M for which there are homeomorphisms
¢i : Ui + Vi onto open sets Vic H{{ (In addition, one usually
assumes that M 1is Hausdorff and paracompact.) More precisely, one

calls such a topological space an n-dimensional topological manifold.

When one is able to choose the system of Ui and ¢i in such a
way that these homeomorphisms are compatible with each other in a

suitable sense, then one can give the manifold additional structure by
choice of the Ui and ¢i. E.g. when all the ¢i 0 ¢;l are
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differentiable, they define a differentiable structure on M. It is

then meaningful to speak of differentiable functions £ on M : f is
differentiable when all the f o ¢;l are differentiable in Vic:]Rn.
One can then carry out real analysis on M. A manifold with a differ-
entiable structure is called a differentiable manifold. The Ui are
called coordinate neighbourhoods and the ¢i : Ui hd Bfl are called

charts. With their help one can use the cartesian coordinates in r"

as local coordinates in UiCt M. If the oi 0 ¢;1 are also real

analytic, then M has the structure of an n-dimensional real analytic
manifold. If one replaces r" by c¢” in this definition and demands
that the ¢i 0 ¢;1 be complex analytic, then M has the structure of
an n-dimensional complex manifold, and one can speak of holomorphic

functions on M and carry out complex analysis. For n =1 one

obtains in this way just the Riemann surfaces and the function theory

of a complex variable.

One can give an n-dimensional differentiable manifold M vyet
another structure by giving a euclidean metric on the tangent space of
each point p € M, depending differentiably on p. Such a metric is

called a Riemannian metric, and when we have chosen such a metric on M,

as is always possible (in many different ways), M becomes a

Riemannian manifold, and one can carry out differential geometry on M,

Riemannian geometry.

Finally, analogously to the definition of differentiable real and
complex-analytic manifolds, one can also define abstract n-dimensional

real algebraic resp. complex algebraic manifolds. Here the open sets

l%_c M are Zariski-open sets, and the mappings ¢i : Ui e Vi are
bijective mappings onto n-dimensional affine algebraic subsets Vi of
n€’ resp. En, such that the ¢i 0 ¢;l are regular, i.e. rational func-
tions with non-vanishing denominator (cf. 4.3 for affine algebraic sets).

For each class of manifolds defined above one can define a corres-
ponding class of mappings : continuous resp. differentiable mappings,
real resp. complex analytic mappings, regular mappings, and thus one
cbtains the categories of topological manifolds, differentiable mani-
folds, real analytic manifolds, complex manifolds, abstract real alge-
braic manifolds and complex algebraic manifolds. Of course, one can
make even finer distinctions. For example, one calls a differentiable
manifold a C -manifold when the coordinate exchange mappings ¢i 0 o;l
are r times continuously differentiable. In speaking of a
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differentiable manifold without further qualification one means gene-
rally, as we shall in this course, a c”-manifold. An example where

this distinction is important will appear later (in 5.3).

In what follows we shall assume the elementary facts about differ-
entiable manifolds to be known — whoever does not know these things can
easily learn them from the introduction to differential topology by
Brocker and Janich [B8]. Here we want only to recall the basic concept
of "manifold" in order to make clear what we are talking about in what
follows. The concept of manifold is quite central in mathematics, and
similar in unifying power to the concept of group, hence it is worth-
while to say at least a few words on the origin of this concept. We
must content ourselves with a brief suggestion ; for details we refer to

the book of E. Scholz [S2].

When one wants to understand, today, the decisive progress implicit
in the introduction of the manifold concept, one must first understand
the position originally held by geometry in mathematics, and the para-
mount position of euclidean geometry up to the time of Gauss. Until
this time, geometry was, in a quite naive way, the science of real
physical space, and euclidean geometry was the description of the
properties of this space. An internal mathematical development, the
discovery of non-euclidean geometries by Gauss, Bolyai and Lobachevsky,
put the paramount position of euclidean geometry into question and led
to fundamental scientific and philosophical discussion on the nature of
space and the position of geometry, in relation to which the idealistic
philosophies of Kant and Hegel were partly a hindrance and partly
helpful.

The result of this discussion, which continued for decades, was,
to the extent that one can speak of "a" result in view of the continued
divergence of idealistic and materialistic positions in the philosophy
of science, a new assessment of the position of geometry in mathematics.
The purpose of geometry is no longer the direct description of real
physical space and its laws — that is a problem of physics. The geo-
meter's problem is, independently of immediate ties with reality, to
develop mathematical concepts and structures which seem suitable for the
use of physicists on their problem. In particular, this leads to an
unfolding of the concept of space, i.e. an investigation of mathematical
objects and structures which can serve as possible models for spatial

reality, or which are in some way related to such models. This is the
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position reached by Riemann at the end of his famous Habilitation
lecture of 1854, in which he developed the foundations of Riemannian
geometry starting from Gauss' investigations on the differential geometry

of surfaces.

The historical development has shown that Riemann's conceptual
preparation achieved exactly what he wanted, because his geometry became
the mathematical foundation of general relativity theory. It was pre-
cisely the release of geometry from the task of directly comprehending
spatial reality which made possible the degree of conceptual abstraction

needed for later deeper penetration into the nature of space.

The central concept of geometry became the concept of manifold in
its numerous variations. From the present standpoint, manifolds are
space-like mathematical objects, possible models for physical space,
they are "spaces" — but mathematical spaces now, no longer naively
identified with "the" physical space as euclidean space was previously.
The mathematicians of the last hundred years have hesitated to regard
the manifolds as "spaces". They have rightly and intentionally chosen
the concept "manifold", i.e. a collection of different objects of the
same kind, in order to stress the abstract character of the concept.

In fact, one had already arrived, in various ways, at certain collect-
ions of objects which we call manifolds today, and treated them in a
geometric way. Thus the work of Lagrange and Cauchy in theoretical
physics had shown that it was desirable to treat multidimensional mani-
folds in a geometric way, because a geometric treatment made the ana-

lytic and algebraic arguments more comprehensible.

Thus it was — in a dialectic development — precisely the application
of analytic and algebraic methods made possible by the introduction of
the coordinate concept which led to an extension of the domain of geo-
metric concepts and methods. This appears particularly clearly in the
work of the English mathematician Cayley, who developed the theory of
homogeneous polynomials, or more precisely, algebraic invariant theory,
and interpreted it geometrically at the same time. A collection of
algebraic objects, e.g. the set of homogeneous polynomials of given
degree and given number of variables, was regarded as a manifold.
Before this, manifolds of geometric objects had been considered by
Pliicker, but Pliicker had not been prepared to regard these objects as
"points" of a space. We have already seen quite a simple example of

this in 3.2 : the collection of all lines through a point of the plane
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can be identified with a manifold Pl , the projective line. There
will be more on such manifolds, whose elements are curves, later (in the
discussion of linear systems and the discussion of duality in projective

geometry, 6.2).

A very important contribution to the development of the manifold
concept was made by H. Grassmann in his work "Die lineare Ausdehnungs-
lehre", published in 1844, in which he spoke of n-tuply extended mani-
folds for the first time and developed, among other things, modern
n-dimensional analytic geometry and linear algebra, in which the mathe-
matical structure is worked out in a coordinate-free way, allowing the
simplest treatment of problems in n-dimensional geometry, and in other

fields as well.

To summarise : the essential elements in the development of the
concept of manifold were : the fall of euclidean space as the privileged
object of geometric investigation and the related reassessment of the
position of geometry, and an extension of the domain of geometric
objects, which could now be arbitrary manifolds of other mathematical
objects. In connection with this, geometry was freed from the
restriction to three-dimensionality. The coordinate concept was exten-
ded to cope with these wider requirements : indeed, the definition of a
manifold which we have given — though it is a more precise statement,
which first appeared later — expresses the intuitive idea that a
manifold is a space with a covering by coordinate neighbourhoods which

are compatible with each other.

After these, admittedly incomplete, remarks on this decisive phase
in the development of geometry we shall now concern ourselves quite
concretely with a particular manifold, the projective plane, and some-
what more generally with projective spaces.

Definition

(i) The n-dimensional real projective space Pn(IR) is the quotient

+1
P (R) = (R -{0})/~
by the equivalence relation ~ which is defined as follows:

' . . .
gr- X)) ( (X ) if and only if

Kgre--

' =
.,xn) (xxo,...,xxn)

with xe R, ) # O.
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(ii) We denote the equivalence class of (xo,...,xn) by (xo,...,xn)
itself, and call the (n+l)-tuple of real numbers (xo,...,x )
the homogeneous coordinates of the point (xo,...,xn).

(iii) The real projective linear group PGL(n+l, IR) is the group

PGL(n+l, R) = GL(n+l, IR)/{A-1d}.
It acts on Pn(]R) by linear transformations
x' = Ax.

These bijective mappings of Pn(]R) onto itself are called

collineations.
One can also view the transformation x' = Ax as a
coordinate change. Each coordinate system x' defined in this

way will also be called a homogeneous coordinate system.

(iv) A projective linear subspace of Pn( IR) is a subset of Pn( IR)

described by a system of linear homogeneous equations

a,.x + ... +a,x =0 i=1,...,m.
1‘O() ll’ln ’ ’ ’

When this system has rank n-k, one can obviously introduce
homogeneous coordinates Ygr---sY, SO that the projective sub-
space is given by D A 0. One then has a
natural bijection between this projective linear subspace P

and Pk(IR), and hence P is a k-dimensional projective sub-

space. The collineations map any k-dimensional projective
subspace onto another and preserve incidences. The (n-1)-

dimensional projective subspaces are called hyperplanes.

Around 1870 the concept of n-dimensional projective space
was universally known , and an n-dimensional projective geometry
began to be systematically developed in these spaces. We cannot do
this here and we shall only concern ourselves briefly with the project-

ive spaces as manifolds.

The topology on the projective space is by definition the quotient
+
topology on r" o {0}/~. With this topology, Pn(nn is a topo-
logical manifold.

Proof : Let Uic: Pn(]R) be the complement of the hyperplane X, = o,

thus

Up = {Xge--o0x) € pn(m)lxi # 0}.
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This is obviously an open set (by definition of the quotient topology).

Let
n
0, = U, *R
be the mapping
x X. x
_ 0 i n
¢i(x0,...,xn)—(x—.-,...,x. ' cx )
i i i

This mapping is continuous and bijective and has the continuous inverse

¢Tl(xl,---,x ) = (x

i n preseeX

illlxi+ll"'lxn) '

hence ¢i is a homeomorphism. Moreover, Pn(]R) is a compact Haus-
dorff space, as we see immediately and hence it is proved that Pn(IR)
is a topological manifold. But we have proved much more. The chart
mappings ¢i : Ui -+ Hgl above satisfy : ¢i 0 ¢;l on ¢j(Ui/\ Uj) is
described by rational functions with non-vanishing denominator, and
hence is a regular mapping. Thus we obtain, by this system of charts
on Pn(im), the structure of an abstract real algebraic manifold. 1In
particular, we thereby obtain the structure of a differentiable manifold
on Pn(IR), and we shall always provide Pn(IR) with this differenti-
able structure in future. (Warning : there are also "exotic"

differentiable structures on the topological manifold Pn( R).)

We shall now attempt to get an intuitive picture of this differ-
entiable manifold, at least for n = 2. We first note the following

The equivalence classes of ]Rn+l - {0}/~ are exactly the lines in
:mn+l through the origin, with the origin itself removed from all lines.
Thus we have a canonical bijection of Pn(IR) onto the set of all lines
through the origin in ]Rn+l , and we can also define Pn(]R) as the
manifold of these lines. Here we see an example of the way in which
geometric objects, in this case lines, can be regarded as points of a

new space, in this case the manifold Pn( IR) .

+1
Now we consider the standard sphere s in R" , namely
n n+l, 2 2
= R = .
S {(xo, X)) € R lxo x 1}

Each line through the origin meets s" in exactly two points, which
are antipodal, i.e. when one point is (xo,...,xn), the other is

(—xo,...,—xn). Thus we let 22 , the cyclic group of order 2 , act
on s" by the antipodal map

=X )

(xo,...,xn) 4 (—xo,... n
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and construct the orbit space Sn/ zz , i.e. we identify each point of
s® with its antipodal point.

We can make Sn/ ZZ into a differentiable manifold. To do this

we first choose a suitable covering of the manifold s” by coordinate

neighbourhoods. Indeed, let
+ n
u; = {(xo,...,xn)e S |xi > 0}
- n
Ui = {(xo,...,xn) € S |xi < 0}.

These are the two open hemispheres into which s" is divided by the
+
hyperplane X, = 0. Now we map UI onto the hyperplanes X, = +1

by projection from the centre.

x., = 0
i
vy
x, = -]
i
If we use (x,,...,X.,...,X_ ) as cartesian coordinates in these hyper-
0 i’ n

planes, then these projections become described by the mappings

+ + n .
¢—- : U= =+ IR with
1 1

>

X .

[¢] i
;—-,...,;—,...,
+ i i n
These ¢I are homeomorphisms, and by means of these charts S

><|=><

[

X = (
0% (x X)) =

o' " ¥n

becomes a differentiable manifold.

Now this whole construction of charts has been chosen, obviously,

to be compatible with the quotient mapping s - Sn/ ZZ . The homeo-
+ - ~

morphic images of Ui and Ui are the same open set Ui in Sn/ Z, ,

+
and ¢— both induce the same homeomorphism

~ ~ n
. >
o, + U, R,

namely the mapping



X
~ _ 0
b, (Xgaeeeux ) = X

Ry

[

In this way, Sn/ Zz also becomes a differentiable manifold.

Now we have already implicitly established — this was the starting
+
point of our investigation of Sn/ ZZ — that the inclusion S"C R" .

defines a bijective mapping
+
sz, » B - (ol/~ = 2 (W)
2 n
by passing to the ~-equivalence classes. The above description of the

coordinate neighbourhoods and charts for the differentiable manifolds

Sn/ Zz and Pn(:m) shows immediately that this bijective mapping is

differentiable and has a differentiable inverse. One calls such a
mapping of differentiable manifolds a diffeomorphism. Thus we have
shown

Proposition 1
The canonical mapping
sz, + P (R)
2 n
is a diffeomorphism.

It follows, in particular, that Pn(nR) is compact, connected

and Hausdorff, since these assertions clearly hold for Sn/ ZZ.

With Proposition 1 we have learned another description of project-
ive space, but this still does not give us a clear intuitive picture
of the manifold. We shall therefore make a further modification of
this description. First of all, the following is clear : the inclusion

of the closed hemisphere U; c s induces a homeomorphism

et n

U0/~ +'S /z2
What happens to the hemisphere U; on passing to UB/~ ? The anti-
podal points on the boundary of the hemisphere become identified. Thus

we obtain
Proposition 2

As a topological space, Pn(]R) results from a closed n-dimensional
hemisphere S: by identifying antipodal points on the boundary.

One obtains immediately, as a consequence, that Pl(]R) results
from a semicircle, in other words an interval, by identification of the
endpoints, and hence is again homeomorphic to a circle. Indeed, it is

easy to convince oneself that
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Corollary 3
Pl(]R) is diffeomorphic to Sl.

This settles the nature of the projective line. Now for the
projective plane PZ(]R). One can interpret Proposition 2 as saying
that Pz(nn results from a 2-dimensional disc by identification of
diametrically opposite boundary points. From this one already obtains
a first intuitive impression of the behaviour of curves in P2(]R)
one represents P2(]R) diagrammatically by a disc. The boundary
represents the line at infinity, and the behaviour of the curve at the
boundary of the disc represents the behaviour at infinity of the actual
curve in Pz(nu. Of course, one must think of antipodal points on
the boundary as being identified. The following schematic pictures
of this kind already make e.g. the projective equivalence of hyperbola,
circle and parabola, and of the cubics y = x3 and y2 = x3 ,

intuitively clear, as we have proved analytically in 3.2.

Hyperbola Parabola Circle

y2_x2=1 y:)(2 X+y =1
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Such representations have also been used to advantage in the
investigation of the behaviour at infinity of the phase portrait of

ordinary differential equations in the plane (cf. e.g. Lefschetz [L2]).

While this schematic representation is certainly useful, we want
to obtain an even more intuitive representation of the surface P2(]R).
We therefore return to Proposition 2, but deform the hemisphere

gradually, as shown in the following pictures.

(7
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The last picture in this series shows the model of the projective
plane obtained by this process. This model is a compact surface F
lying in :m3 , with a self-intersection along a line segment and two
complicated singular points at the ends of this segment. This surface
results from the hemisphere by identifying not only the diametrically
opposite points on the boundary circle, but also their mirror image
points in one coordinate plane. This means : the singular surface F
results from the projective plane PZ(IR) by identifying pairs of
points on the line Pl at infinity in a certain way. The identifica-
tion corresponds to that in which (x,y) 1is identified with (x,-y)
on the circle x2 + y2 = 1 homeomorphic to Pl . Thus an interval
results from Pl by identification, and this is the interval along

which F intersects itself.

If one views the picture of F as if the self-intersection did
not really exist, then one obtains an intuitive representation of the
projective plane. The surface F can be put together from two
pieces : the piece F with the self-intersection, and a perforated
sphere. One calls F a crosscap. Thus our model F of the project-
ive plane results from cutting a disc from a sphere and replacing it by
a crosscap. In a certain sense our model is not particularly nice,
because of the two singular points. There are, though we shall not go

into this further here, models of PZ(]R) in 1R3 — more precisely,

immersions of P2(Im) in IR™ — whose singularities at worst appear

. . . . X 3
like the intersections of two or three coordinate planes in IR . (See
e.g. Hilbert-Cohn-Vossen [H1l].) There is nothing better than this

one can prove that there is no embedding of PZ(BU as a submanifold

of IR3 , and hence without singularities.

However, our model with the crosscap is good enough to establish
an interesting topological property of P2(BU , namely that PZ(HU
is not orientable. Intuitively, this means that the surface F is
one-sided in :m3 ; when a fly crawls along the curve shown (it ignores
the self-intersection!) it ends up on the "other" side, i.e. there is

only one side.
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The one-sidedness is a property of the surface in IR3 , non-
orientability is an intrinsic property of the surface. Non-orient-
ability means : if one continuously extends an orientation of the
surface, chosen at a point, along a suitable closed curve, then one
returns with the opposite orientation. On F , for example, this is

the case for the curve already considered. Thus we see:

Proposition 4
PZ(]R) is a non-orientable surface.

The first non-orientable surface was discovered in 1858 by Mobius
(in the context of an investigation of polyhedra!) and in the same
year, independently, by Listing, a student of Gauss. This first non-
orientable surface, which caused great astonishment at the time, is the
MObius band, pictures of which are familiar nowadays. It results from
the product [0,1] x [-1,1] when one identifies (0,t) with (1,-t).
The identification of the endpoints O and 1 of [0,1] results in a
circle Sl , and the Mobius band is therefore a kind of twisted product
of Sl with an interval. Over the neighbourhood U of each point
in Sl it looks like the product U x [-1,1] , but globally it is
twisted. One calls such a thing a locally trivial fibre bundle with

basis Sl and fibre [-1,1].



The non-orientability of the long "known" projective plane P2(ZR) was

first discovered in 1873 by Felix Klein and Schlafli.

In fact there is a close connection between the non-orientability
of these two surfaces. Namely, we shall show that the Mobius band
can be regarded as a part of the surface P2(]R), and it will then be
clear that P2(]R) is non-orientable along with the Mobius band.

We show
Proposition 5

The projective plane results from identification of a disc and a

MSbius band along their boundaries.

Proof : Just for fun we give a very intuitive topological proof. The
Mobius band M and the disc D both have a circle as boundary. We
paste them together along their common boundary and we want to see why

the resulting surface
F=MUD

is the projective plane. To do this we cut F along the centre line
of M and obtain a surface F' whose boundary 2d3F' is a circle Sl
Now everyone who has played with a Modbius band M knows that cutting
it along its centre line gives an annulus M' (M' has a twisted

. . 3 . .
embedding in 1R but that does not matter, we are interested only in

the abstract surface M' , which is an annulus). Thus
F' =DUM'
is a disc D with boundary Sl. The surface F now results from F'

by identification of the points of 3F' which correspond to the same
point on the centre line of the MoObius band. That is, F results
from D by identification of antipodal points on the boundary Sl of

D. Thus F 1is the projective plane by Proposition 2. Q.E.D.
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The description of P2(]R) in Proposition 5 nicely shows, in

particular, what the projective plane P2 looks like in the neighbour-

hood of the line Pl at infinity : Pl is the centre line of the Mobius

band, and the Mobius band M is a neighbourhood of P1 in P2 , in

fact a particularly nice neighbourhood U, a tubular neighbourhood, as

the differential topologists say. This neighbourhood U = M of P1
is simply the complement of a "large" disc D around the origin of the
affine plane E C P2 , and the intervals into which M is fibred are
the intersections of U = M with the projective lines in P2 through
the origin of E.

To conclude, we shall give another intuitive description of PZ(IR)
as the union of a MObius band M and a disc D. To do this we again
consider a surface F in IR3 with self-intersection along a line seg-
ment and two complicated singularities at the endpoints, namely the

surface shown in the following figures.
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Roughly speaking, this surface is constructed as follows: a Mobius band
M is embedded in ]R3 in the usual way. (The fibres of the MObius
band are shown as dotted lines in the picture.) Then a point p is
chosen in the complement of M and connected by curved rays to all the
boundary points of M. When one does this correctly, the union of
these rays becomes a disc D with a self-intersection, as in the first

picture.

Attachment of the disc D to the Mdbius band M then results in

the singular surface F
F=DumM.

For clarification we give two more pictures, showing the topolo-
gical type of the singularities of F at the endpoints of the line of

self-intersection.
@

With this we shall leave the topology of the real projective plane

and turn to the complex projective plane and the curves in it.
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3.4 Complex projective geometry

We have already seen, in 2.4 and 2.5, that the application of
analytic methods to problems such as the determination of the coor-
dinates of singular points of a curve, or the intersection of two
curves, leads to equations whose solutions are complex numbers. In
the synthetic treatment of these problems imaginary elements also
appeared; the first time this occurred to a significant extent was in

Poncelet, with the application of his "continuity principle". This

principle, whose mathematical content is today reduced to the identity
theorem for analytic functions and the fundamental theorem of algebra,
says that "a property known of a figure in sufficient generality also
holds for all other figures obtainable from it by continuous
variation of position" (F. Klein [K1l]), p. 81-82). For example, it
follows from the principle that two conics always intersect in four
points. When this does not happen in the real domain, the missing
points of intersection are imaginary. A strict treatment of such
imaginary elements was not carried out by Poncelet, and it is not easy

to do on a synthetic basis.

In an analytic treatment, the introduction of imaginary elements,
which was done systematically by Plicker, offers no difficulties in
principle: one has simply to admit complex numbers wherever real numbers
were used previously. The coordinates of points, the coefficients of
polynomials, the solutions of equations etc. — all these quantities can

now be complex.

In particular, one now considers the n-dimensional complex

projective space Pn(c). It is defined quite analogously to the real

projective space :

+
P (@ =c - o)/~
n
where (xb,...,xé) ~ (xo,...,xn) exactly when there is a 1€ C - {0}
with
' v =
(xo,...,xn) (XXO,...,Xxn).

A whole series of earlier definitions carry over immediately to the

complex case. Thus one defines the coordinate neighbourhoods Ui by

Ug = Uxg,eouxp) € P (@) [x; # 0}

and affine coordinates on Ui by
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b3

H*lH

X
0
(xol"'lxn) g (X_ R

i

KIDN

[y

The coordinate exchanges are then described by regular functions, and
Pn(m) thereby receives, in particular, the structure of an abstract
complex-algebraic manifold. One is then free to view Pn(m) as a

complex manifold, a differentiable manifold or a topological manifold.

As in the real case, one can also define the complex d-dimensional

projective linear subspaces of Pn(m), and again these are mapped onto

other such subspaces by the collineations, i.e. the operations of the

complex projective linear group

PGL(n+1,C) = GL(n+1,C)/{\-Id}.

However, one can no longer characterise the collineations as the contin-
uous incidence-preserving bijections of Pn(m) onto itself which carry
projective linear subspaces to projective linear subspaces, because
conjugation of Pn(m) also has these properties. Conjugation K is

the mapping

(xo,...,xn) i (xo,---.xn)

of Pn(m) onto itself. Of course, Kz = Id, i.e. K is an involution.
One can show that each homeomorphism of Pn(m) which carries linear
subspaces to linear subspaces is either a collineation or the product
of a collineation with the conjugation k. The fixed point set Pn(m)ﬁ
i.e. the set of x € Pn(m) with K(x) = x 1is obviously just the real

projective space
K
Pn(IR) = Pn(CD) C Pn(m).

In 3.3.1 we described the real projective space as Sn/ Zz . Corres-

ponding to this, we have the following description of the complex pro-

jective space. We consider the (2n+l)-sphere
2n+l n+l =
S —{(xo,...,xn)em | inxi—l}.
The multiplicative group st of complex numbers A with |x]| = 1 acts
2n+
g2n 1 by
(xo,...,xn) - (xxo,...,Xxn).
. 2n+l , 1 . . . .
One can make the orbit space S /S into a differentiable manifold

in a natural way, and then the canonical mapping
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S2n+l/sl N Pn(m)

*
is a diffeomorphism. The coset mapping

s2n+l > P (@)
n
is a differentiable locally trivial fibre bundle with basis Pn(m),
total space S2n+1 and fibre Sl. It is also known as the Hopf fibre
bundle or the Hopf fibration. When n =1, then Pn(m) is homeomor-

phic to the 2-sphere Sz, as we will soon see, and the Hopf fibration

is therefore a fibration

s3 N SZ
of the 3-sphere over the 2-sphere with fibre Sl. One can visualise
. . . . 2
this fibration as follows. One divides S by the equator into two
+ -
discs, D , D . The preimages of these discs, considered as abstract

. 1 + - . .
spaces, are simply products S x D , S1 x D , and hence solid tori.

Let us see how these solid tori, fibred by circles Sl, lie in S3

We view 83 as the compactification of IR3 by a point at infinity, and
so we want to see how such a solid torus, with its fibration, is
embedded in IR3. To do this we take an ordinary solid torus with its
ordinary fibration by circles parallel to the centre line, cut it along
a disc perpendicular to the centre line, twist through 360° and paste
back together. This does not change the solid torus as an abstract
space, nor its fibration into circles, but we have altered the embedding

. : . 3 . .
of the fibration in IR™. Any two fibres are now linked together.

The Hopf fibration results from pasting together two solid tori
fibred in this way. (The decomposition of S3 into two tori will be

useful to us later, e.g. in 5.3 in the study of singularities of the

*
It follows, in particular, that Pn(E) is compact and connected.
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complex curves.) The next picture shows the fibration of the solid

torus just constructed, embedded in ZR3.

In general, i.e. for n > 1, it is difficult to obtain an
intuitive picture of the topology of Pn(m), because Pn(c) has real
dimension 2n as a differentiable manifold. Thus the complex plane
is already a real 4-dimensional manifold, and for that reason I cannot

give an intuitive picture of it.

In what follows we therefore confine ourselves to picturing the
figures within the complex projective plane we want to study — and

these are the curves.

From what we have said in 3.3 about curves in the real projective
plane, and from the remarks at the beginning of this section on the
passage from real to complex projective geometry, it is already clear

how we define curves in the complex projective plane : as subsets of

P2(¢) which are the zero sets of homogeneous polynomials.

i j .k
FxgexyaXy) = 0 35 3 Xg¥%,
i+j+k=m
with complex coefficients aijk . The number m is the "order" of
the curve. Now when we want to study these curves, we can view them

from several aspects : we can regard such a curve C as a projective

algebraic subset of P2(¢), i.e. as simply the zero set of a homogeneous

polynomial, or as a complex analytic subset of the complex manifold

P2(¢), i.e. as a subset which in a suitable coordinate neighbourhood of

each point is the zero set of a complex analytic function, or finally
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as simply a topological subset of the manifold Pz(m).

The first viewpoint is the viewpoint of algebraic geometry, and it
is the one we shall mostly adopt later in this course (in Chapter II),
though not always consistently. The second viewpoint is that of
function theory. In particular, each non-singular curve C in Pz(m)
is a 1l-dimensional complex manifold, by the implicit function theorem,
and hence, disregarding the embedding, a one-dimensional compact
complex manifold. When the curve has singular points one can associate
it, as we shall see later (in 9.1), with a unique one-dimensional com-
pact complex manifold, its "normalisation", by "resolution" of its
singular points. But the one-dimensional compact complex manifolds

are precisely the abstract Riemann surfaces which one studies in com-

plex variable theory, and thus one sees that from the second viewpoint,
the study of curves in the complex projective plane is really a part of

complex function theory.

There is really little difference between the algebraic-geometric
and function theoretic starting points. The important theorem of Chow
shows that : each closed complex analytic subset of Pn(m) is a pro-

jective algebraic subset.

The third, topological, viewpoint is essentially qualitative in
comparison with the other two. For that reason it is perhaps
especially suitable for obtaining a first impression of the nature of
the geometric figures we wish to investigate. In what follows we shall
therefore investigate a few simple examples of curves mainly from the
topological viewpoint, and they will be curves of orders 1, 2 and 3

in turn, in other words lines, quadrics and cubics.

We first consider a complex projective line L C Pz(c), i.e. the

zero set of an equation

+ + a,x, = 0.

%0 T 21%1 2%2

After a suitable change of coordinates the equation has the form simply
X, = 0. This shows that our line L is isomorphic to the 1l-dimens-
ional complex projective space Pl(c). Thus it suffices to find out
what the manifold Pl(m) looks like.With the homogeneous coordinates
(xo,xl), Pl(c) becomes covered by two coordinate neighbourhoods UO

and U1

U; = {(xg.x)) € P(@) | x; # 0}.
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UO and Ul are isomorphic to C. One obtains a coordinate z; in
i oy
X
1 .
z, = — in U
6]
XO 0
X
0 .
z, = — in U_.
1 1
*1
Thus the coordinate change in U0 ] Ul is described by
2. = L
1 .
20

Pl(m) results from two copies of (€ when one identifies the complement

of the origin in one copy with the complement of the origin in the
other copy by means of the formula zy = zal. One can also view this

as identifying, say, UO with € and then adding another point where

0" 0, i.e. Zg = . Thus the one-dimensional complex projective

space is none other than the Riemann number sphere. As a different-

X

iable manifold it is diffeomorphic tc¢ the standard sphere S2
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. . 2 .
One obtains a diffeomorphism of the standard sphere S C.IR3 with

equation x2 + y2 + 22 =1 onto Pl(c) with affine coordinates z0

in U and z in U by stereographic projection

0 1 1
_ 2(x+iy)
(x,y,2) » zg = —3=— for z #1
X-iy

(x,y,z) » z, = for z # -1.

1 2(1+z)
This makes the real projective line Pl(HU [ P2(]R) correspond to the

. 2
great circle y =0 on S

So much for projective lines. We now consider the quadrics. It
is easy to prove that, up to equivalence under collineations, there
are only two distinct complex projective quadrics, namely the reducible
quadric, which consists simply of two projective lines, and the irre-

ducible quadric. The latter is a non-singular curve (proof in 7.1).

Reducibility of a quadric, i.e. decomposition into two components
— both lines — means that the homogeneous polynomial of degree 2 in
its equation F(xo,xl,xz) = 0 decomposes into two linear factors.
Mind you, the decomposition into linear factors is in general only

possible when we admit linear factors with complex coefficients.

F may or may not decompose as a real polynomial. Example
(i) Xy - x2 real decomposition,
AN 2 2 i s _ .
(ii) xl + x2 (xl 1x2)(xl 1x2) non-real decomposition.

In case (i) the real zero set in PZ(HU is the union of two distinct

real projective lines.

Thus the real picture leads to an adequate view of the nature of the
complex curve. But in case (ii) the real zero set in PZ(IR) is just
a single point, namely (1,0,0), and this seemingly wayward curve gives

no adequate picture of the associated complex curve.
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As we have already said, the complex curve consists of two complex
projective lines which meet transversely. It is not possible to draw

an adequate picture of this situation, because the lines are real

2-dimensional and lie in the real 4-dimensional manifold Pz(m). The
transverse intersection looks exactly like that between the two complex
coordinate axes Xy = 0 and x, = 0 in ¢2. Thus it is not possible

to make a good picture of the reducible quadric Q embedded in PZ(E).
However, one can easily visualise the topological space itself, apart
from the embedding : Q is the one point union of two projective lines.
Each projective line is homeomorphic to Sz. Thus Q results from
two copies of S2 when one identifies a point on one copy with a point
on the other. Thus Q is — in the language of topologists — a

bouquet 52 A\ 52 of two 2-spheres.

To repeat : this picture does not adequately represent the embedding
QC PZ(E), because there the two spheres are of course embedded as
smooth submanifolds. But when one draws them as smooth and without
penetration of each other, the result is a picture of the following
type, which indeed is also topologically correct, but psychologically

counter to the idea of a transverse intersection.
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The following picture is likewise dangerous, though useful, because it
may give the impression that the singular point of the 1l-dimensional

quadric Q 1looks like a 2-dimensional cone vertex.

A picture of a real cone vertex, such as the following, is more adequate
as a representation of the real surface and — by analogy — also the
complex surface in three-dimensional space with the equation

NI S,

I explain these different figures in such detail because in my
experience it always leads to confusion when one does not say what one

means by them.
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So much for the reducible quadric, the union of two lines. Now
to the irreducible quadric. In 3.3 we have already established that
the circle, hyperbola and parabola, which are distinct from the affine
viewpoint, are real projectively equivalent. The same is just as true
in complex projective geometry : by suitable coordinate transformations
one can bring the equations of all irreducible quadrics into the same
normal form (cf. 7.1). One can choose the normal form to be, e.g.

2 2 2 _
x0 + xl + x2 = 0.

In spite of this we shall begin our investigation of the irreducible

complex quadric with the real affine normal forms

(i) y = x2 parabola
(ii) xy =1 hyperbola
(iii) x2 + y2 =1 circle.

We do this because we want to read off some characteristics of the com-
plex curves from the pictures of the corresponding real curves, and
because we want to demonstrate different methods of investigation. The
corresponding complex projective curves are projectively equivalent —
this is shown by a proof corresponding to the real case given in 3.3.

In the investigation we mostly use the affine complex coordinates x, y.
For the time being we choose the homogeneous complex coordinates

(xo,xl,xz) so that

¥y
X=x—
0

*o

In order to investigate a curve like our irreducible quadric, or more
generally any curve C, we can make use of the method of projection.

To do this we choose a point p of the projective plane, which can lie
on C but need not, a projective line L with p & L, and project C

onto L. We shall see examples shortly.
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In the complexes, each point of L has in general the same number

of pre-image points on C. When p does not lie on C their number
equals the order of C (see 5.2). But for particular points of L
some of the pre-image points may coincide. The mapping

C~+1L

which one obtains by projecting from a point p outside C 1is what

the topologists and function theorists call a branched covering. The

points where several pre-image points coincide in C are called
branch points. We shall see in examples that the description of C
as a branched covering of L permits, e.g., conclusions to be drawn

about the topology of C.

This general method of investigation by projection will now be

applied in a variety of ways to quadrics.

We begin with the affine equation of the parabola

The homogeneous equation of the corresponding quadric C reads

2

xox2 - xl = 0.
The line at infinity, x0 = 0, contains a point of C, namely
p = (0,0,1). We project C from this point onto the line x, = O.

2
In affine coordinates (x,y), this is projection in the direction of

the y-axis onto the x-axis. Over each point of the x-axis lies
one point of the quadric, namely (x,y) = (x,xz). The real affine

picture of this is the following
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The real projective picture is schematically something like this

Thus projection yields a bijective mapping onto L = Pl(E)
cC - Pl(¢),

where the point p is mapped onto the point at infinity of Pl(m).

The inverse mapping
Pl (€C) - C

is given, in the homogeneous coordinates (zo,zl) of Pl(m) and

(X %] 1%5) of P,(T), by
(zh,2,) P (22 z_ z zz) = (X.,X.,X.)
0'"1 0'70"1'"1 o'"1rm2t
This is a bijective reqgular mapping with regular inverse. Thus the

projective line and the irreducible quadric C are isomorphic as
abstract curves, even though their embeddings in Pz(m) are completely
different and there is no collineation which carries a line to a
quadric! In particular, the two curves are also the same as tppologi—
cal spaces resp. differentiable manifolds, i.e. the quadric is a
2-sphere. The real quadric corresponds, under the above isomorphism
P1(¢) + C, to the real projective space Pl(]R) c Pl(m), and hence to

a great circle on the 2-sphere. This explains the nature of this

curve.

Nevertheless, we shall go on to see what happens when we project
from a point outside C, say from p = (0,1,0) onto X, = 0. Affinely,
this is projection in the direction of the x-axis onto the y-axis.
Here again are the corresponding real-affine and real-projective

pictures (schematic analogue pictures : we show only the real curves).
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If we use x as affine coordinate on C and y as affine coord-

inate on the y-axis L, then the projection is described by

If we identify, as before, C with Pl(m) in the homogeneous coordinates
(zo,zl) and if we use the homogeneous coordinates (XO'XZ) on the
projective line L with equation X = 0, then the mapping C + L

induced by the projection becomes identified with the mapping

P1(¢) e Pl(E)
with

2 2

(zg:29) P (xg.%5) = (z5,2]) .
One sees immediately that this is a well-defined, regular and hence
certainly complex analytic mapping of the Riemann sphere onto itself.
Apart from the two points (xo,xz) = (1,0) and (xo,xz) = (0,1), each
point of the image space has exactly two preimages, while (1,0) and

(0,1) each have one. The latter are the branch points. In the
z

. . 2 .
affine coordinates x = 7 Yesp. y = -~ the mapping, as we have

already said, is describeg by 0
2
y =x ,
%0 *o
and in the affine coordinates x' = 7. resp. y' = = it is correspon-
1 2

dingly described by
y'=X'

As one says in function theory, the mapping Pl(m) - Pl(m) is a two-
sheeted branched covering of the Riemann sphere, branched over the

points 0 and .

We shall represent this mapping as intuitively as possible. To do
this we first consider the complement of the point . Thus we con-

sider the mapping

C~+C
described by y = xz. One can obtain a good intuitive impression of
this mapping with the help of the following picture. The advantage of

this picture is that one sees immediately how the preimage space €
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!

/=7

"lies over the image space € ", how the preimage space consists of two

"sheets", and how one comes from one sheet to the other by travelling

around the branch point y = 0. When the point x traverses the
. 2mi . .
circle x = e l¢, 0<¢ < 1, once, then the image point
2 2mi2 . . .
y =X =e 12¢ traverses the circle around y = 0 twice, and indeed

with twice the speed.

A certain disadvantage of the above picture is that in passing
from one sheet to the other across the dotted line a self-intersection
seems to occur. Of course this is only because we are trying to
represent the graph of the mapping € + € with y = x2 as a subset of
3-dimensional space, where in reality this graph, and indeed the curve
C' with affine equation vy - x2 = 0 1is in the real 4-dimensional

2 . . . . .
space C . Such self-intersections cannot be avoided with models in IR

The "sheets" we spoke of above can be explicitly described quite
simply, namely as the upper half plane H+ and the lower half plane H
of €. The line separating them is the real axis, which is mapped by
y = x2 onto the positive real semi-axis. When we cut the image space

along this positive real semi-axis and the preimage space along the
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real axis, the preimage space falls into two separate sheets, and the

graph of our mapping looks as follows:

Conversely, we can reconstruct our double covering of € as
follows : we cut the image space € along the positive real semi-axis.
The resulting space is homeomorphic to a half plane, and the mapping
y = x2 yields a homeomorphism of precisely H+ or H onto the cut
plane. The boundary of the cut plane is a line, which is divided by
the origin into two half lines, the "banks". We now take two copies of
the cut plane, call them H+ and H_, and denote their banks by a

resp. b as in the next figure.

H H
a b
———— [ ee—
b a

+ - -
Then we paste bank a of H to bank a of H , and bank b of H

+
to bank b of H . The resulting space is of course the plane C.
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+ -
But H and H were copies of the cut plane € and they therefore
have canonical mappings onto (. Thus we obtain a mapping of

+ -
C=H UH onto € , and it is obviously the required double covering.

I hope that nobody is bewildered by the naive sounding terminology
which refers to topological operations as "cutting" and "pasting".
Naturally one can formulate all this in the rigorous language of set
theoretic terminology — for example, the "pasting together" of two
spaces is the passage to a suitable quotient space of the disjoint sum,
with the corresponding quotient topology. However, the terminology of
cutting and pasting — introduced by Riemann long before the invention of
set theoretic topology — is so intuitive that I believe it is the most

suitable for giving the correct impression of our branched coverings.

Now that we have thoroughly investigated the branched covering
C » € , there is no further difficulty in analysing the complete two-

sheeted covering
>
Pl((I:) Pl((t)
of the Riemann sphere in the same way. In the image space we make a
branch cut from the south pole O to the north pole «, in fact along
the half of the great circle through the poles which corresponds to the

positive real axis. If we cut the sphere along this semicircle, then

the result is a space homeomorphic to a hemisphere.
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This cutting separates the preimage space into two sheets, namely the
hemisphere into which the sphere Pl(c) is divided by the great circle
Pl(im). Conversely, when one knows that the preimage space is a
double-branched covering of Pl(m) with two branch points over 0 and
«, then one can reconstruct the covering space by pasting together two
hemispheres, and conclude that the covering space must be a 2-sphere.
In this way one can topologically analyse more general covering spaces,
e.g. a curve C which is a branched covering of a projective line
under projection. The following picture gives an intuitive impression

of the two-sheeted branched covering

just considered.
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We shall now briefly explain why coverings such as the two-sheeted
branched covering above are interesting not only topologically, but
also function theoretically — we already know that they appear in alge-
braic geometry in a natural way, namely with the projection of curves

onto lines.

We begin by considering again the affine curve C'c ¢2 with the

equation y - x2 = 0, and the double covering
c' > ¢
obtained by projection onto the y-axis. When we restrict any entire

rational function on ¢2, e.g. the function x, to the 1l-dimensional

complex manifold C', then we obtain a well-defined holomorphic function

x on C'. (Indeed we have seen before that one can take x as a
coordinate on C'.) We now consider a point y € € and the two points
of C' 1lying over y. Then at these two points the function x has

precisely the values
x =+ /;.

Thus we see the following : on the y-plane a function /; cannot, as
is well known, be defined properly, i.e. as a single-valued analytic
function of y , because when one travels once around the origin and
analytically continues one of the two power series expansions, then one
returns with the expansion with the opposite sign. But when we go to
the double covering C' + €, x = /; becomes a well-defined complex
analytic function on C'. If one also admits the value <« for vy,
then one must likewise do so for x, i.e. one comes to precisely the

branched covering
Pl(¢) + P1(¢)

that we have analysed above, and on the covering space x = /; becomes
a well-defined meromorphic function. One calls this branched covering
the Riemann surface of the many-valued "function" /;. In general one
can consider a many-valued algebraic "function" y(x) defined by an
implicit equation

m m-1 _
y + al(x)y + ...+ am(x) =0

where the ai(x) are polynomials in x. (In our case the equation
was simply y2 - x =0.) One interprets the ai(x) as meromorphic

functions on Pl(c) and y as a many-valued meromorphic "function" on
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Pl(m). One now seeks a l-dimensional compact complex manifold C and
a holomorphic mapping

¢~ p (@
as a branched covering so that y can be interpreted as a well-defined
meromorphic function on c. (One hopes that there is such a thing,
because when one takes an m-sheeted covering one has in general m
points over each point of Pl(c), at which the function y can take its
m values.) Such a €, for which the sheet number of the covering is
chosen as small as possible, always exists and is essentially unique.

One calls this branched covering € + Pl(m) the Riemann surface of the

many-valued "function" y.

Now this many-valued Riemann surface has a lot to do with algebraic
curves in P2(¢). Namely, the affine equation

m m-1 _
y + al(x)y + ...+ am(x) =0

also defines a projective algebraic curve C in P2(¢), and projection

in the direction of the x-axis onto the y-axis defines a mapping
C + Pl(G).

When C 1is non-singular, as in the previous case of the quadric, then

C » Pl(m) is already the Riemann surface of y. When C is singular,

one must go to a non-singular normalisation ¢ - C, and the composition
¢+ P (@

is then the desired Riemann surface.

Summary : The connection between the algebraic geometric and function

theoretic viewpoints in the investigation of algebraic curves is the

following : the concrete Riemann surfaces C - Pl(m) of many-valued

algebraic functions are the branched coverings of Pl(m) which result
from composition of a normalisation C€ + C and projection C =+ Pl(m)
of an algebraic curve C. In addition, one can show that each

abstract Riemann surface C, i.e. each compact l-dimensional complex

manifold, can be viewed as a branched covering ¢ + Pl(m), i.e. as the

concrete Riemann surface of a many-valued algebraic "function".

Of course we cannot here go precisely into all these things from
function theory, and we must refer to textbooks on function theory
such as those of Behnke and Sommer [Bl] or Siegel [S5]. But perhaps

it was useful to at least explain the connection between function theory
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and the theory of algebraic curves here.

We shall now study the quadrics from another viewpoint, and to do
so we begin with the second affine normal form, the equation of the

hyperbola
xy = 1.

More generally, we consider the whole family of quadrics defined by the

affine equations
Xy = ¢,

where ¢ 1is a complex parameter. For c # 0 these quadrics are
irreducible, while for ¢ = 0 we have a reducible quadric, which decom-
poses into the two lines x =0 and y = O. The real images of these

curves already suggest what happens in this family of quadrics as

c + 0. The irreducible quadrics are drawn towards the reducible quadric
=1
c ==
4 c =1 1
C=l C ==
2 . 2
C=1 C = —
A
as c + 0. In the process, the topological type changes : we already

know that an irreducible complex projective quadric is homeomorphic to

82, whereas a reducible one is homeomorphic to 52 v 52.

In order to see more precisely what is happening, we now use the
third real normal form, that of the circle, and consider the family of
complex projective quadrics with the affine equations

2

X+y2=02

’

c > 0 real.
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We could again analyse this family of quadrics by viewing them as

branched coverings of the y-axis with the branch points y = + c.

Instead of that we choose another method here, which brings out the
relation between real and complex quadrics particularly clearly. In
order to be able to denote real and imaginary parts of coordinates in
the usual way by x and y, we change the notation for affine complex

coordinates : we now call them 2z, and z, with

z, =X + iy,
z, = X, + iy2

Thus we consider the family of affine quadrics

2 2 2
+ =
Zl Z2 c .

This equation is a complex equation, equivalent to the following two
real equations

xi + xg - yi - y2 = c2 (1)

X ¥y * Xy, = 0. 2)
Let QC (et mz be the affine quadric defined by these two equations.
What does this real 2-dimensional manifold look like ? In order to

. 2 . .
see, we project ¢2 onto IR, i.e. we consider the mapping

¢2 +2R2
with
(XY 0X5075) 7 (X),%,) .
Because of (1), Qc is mapped onto the region xi + xg > c outside the

circle with radius c¢ which is in fact the associated real quadric.
In order to analyse the mapping of QC onto this region B more pre-
cisely, we partition this region into the rays which are its inter-

sections with lines through the origin.
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What is the appearance of the part of Qc which is mapped by QC+ B

onto such a ray ?

Equation (2) says : the y coordinates of the preimage points of

the ray through (xl,xz) lie on the line x + X = 0 in the

1¥1 2¥2
(yl,yz)—plane. When we map this line into the (xl,xz)—plane by

Y& Xy ¥, X, it becomes precisely the line through the origin per-

pendicular to the ray in question, and hence parallel to the tangent to
2 2

the circle xi + X, = ¢ at the point where the ray meets the circle.

Equation (1) determines the distance p of the two points of Qc

on this tangent from the origin in terms of the distance r of ( )

X)X,
from the origin

2 2 2
= +

[ Yl Y2

2 2 2
= +

r o

Then equation (1) says

2
r - 02 = c2.

This is the equation of a real hyperbola in the (r,p)-plane. The
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tollowing picture suggests the situation. It shows the intersection of

Qc with the 3-dimensional space Y, = 0, and consists of the real

circle xi + x§ = c2 and the two hyperbola branches which lie over the
positive and negative x,-axes.

1

A 4




161l

When we let the ray X, = o, X > ¢ Jjust considered rotate in the
(xl,xz)—plane it sweeps out the region B and traverses all the rays
into which we have decomposed B. Over each line lies a real hyperbola
branch in the affine quadric QC , as we have seen above. This brings
us to the idea that our surface Qc could be viewed topologically as a
one-sheeted hyperboloid of revolution Hc , i.e. as the surface in 1R

with the equation

\12+V2—W2=02.

And in fact one easily sees from our previous considerations how to
explicitly define a homeomorphism of the complex affine quadric Qc

onto the hyperboloid HC. The mapping

¢, = Q. +H

(o} C (o}

is defined by

u=x1

V=X2

/2, 2
+ .
Y175
. . . . 2 2 2
The sign of the root is determined as follows : the circle xl + X,
Y2 T %Ny
< 0. (This condition describes the decomposition of

w

I

divides Qc into two regions, namely the regions with x

and x - X

Y2 T ¥
tangents to the circle into half tangents to left and right of the

point of contact.) In one region we choose the positive root, in the
other, the negative root. Then ¢c is well defined, and one sees
easily that it is a homeomorphism. Since we can carry out the con-
struction for each ¢ , and since it depends continuously on c, we
obtain a homeomorphism of the family of affine complex quadrics Qc

onto the family of one-sheeted hyperboloids of revolution Hc , so that
we can describe the degeneration of the quadrics as c¢ + 0 topologically

in terms of the corresponding degeneration of the family HC

But one sees immediately, for the family of hyperboloids of revol-

ution, what happens as ¢ + 0 : the "waist", i.e. the circle

2 2
xi + x2 = c¢ , contracts to a point.
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The circle, which has radius c¢ and hence contracts to a point as

c + 0, is called a vanishing cycle.

We have now come to a better understanding of the degeneration, not
only of the affine quadrics, but also of the complex projective quadrics.

When one lets c¢ tend to O in the family of complex projective qua-

drics
2 2 2.2
+ - =
z1 22 c z0 0
then the quadrics degenerate to a reducible quadric. In the process,

the vanishing cycle contracts to a point. The non-degenerate quadrics
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are topological 2-spheres, with the vanishing cycle, the circle in the

real affine plane

2 2 2

x + X, =c,
a great circle on this sphere. As c¢ * 0 the equator of this sphere
constricts and one obtains a bouquet 82 \ Sz. We have already esta-

blished that a reducible quadric is topologically a bouquet.

We now want to make an investigation similar to the one we have
just made for a family of quadrics, but now for a family of cubics,

namely the family of diverging cubic parabolas with the affine equation

- + - =
22 z1 z1 t 0. (1)
Here, t 1is any complex number. We denote the cubic associated with
t in the complex projective plane by Ct' By equating partial deri-

vatives to zero one finds two values of t for which the curve Ct is

singular, namely

In order to obtain a first impression of the course of the curves Cy

we again divide into real and imaginary parts zy = Xy + iyl and

22 = x2 + iy2 . Equation (1) is then equivalent to
2 2 3 2
- - + + =
Xy T ¥y X 3y, hx =t (2)
2x - 3x2 + 3 + =0 (3)
2Y2 1Y1 7Y T Yy :

If we now intersect the affine curve with the equation (1) in ¢2 with
the real three-dimensional linear subspace ¥y = 0, then (2) and (3)

give the equations

Y, 0 and xg - x

1]

or X 0 and —yg -

2
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The following picture, which I received from the American mathematician

Richard Bassein, shows these curves for various values of t. Curve

branches which correspond to the same value of the parameter t are

denoted by the same letters a, b, c, d, e. We have

2/3
9
2v3
9

t > for a

t = for b

t =0 for c
2/3

5
2/3
3

for d

for e.
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We shall now investigate the curves Ct topologically, again by

suitable projection onto a projective line.

We first investigate one of the two singular curves, say the curve

A
C = Ct for t = 252 . The investigation of the other singular curve
proceeds analogously, with analogous result. The picture of the real

affine curve already suggests how to project most conveniently : from
1

the singular point p = (zl,zz) with z) =3 /3 ' 2y = 0 onto the
y-axis z, = 0.
Z,
(z,,z,) C

Z4




166

One immediately computes that the line through p and the point (0O,u)

on the 2z —-axis cuts the curve C in exactly one point other than p,

2
namely the point (zl,zz) with
2 2 =
z, = 3u - 3 v
= 3
z., = -3/3 u~ + 3u.

2

Conversely, u + (zl,zz) defines a holomorphic mapping of € onto the

affine cubic. This admits an immediate extension to a holomorphic
mapping
Pl(m) + C,

namely, in homogeneous coordinates

3 2 2 3 ~ 3 2
(uo,ul) H (u0,3u0u1 - 5/3 ug -3/3 uy + 3u0ul).

One easily sees that this mapping is almost bijective — more precisely,
the following holds : if one removes the singular point p from C and

the two points p, = 1, + 1/ /?3) from Pl(m) then the mapping

P, (@ - {p,,p_} > C - {p}

is bijective. The two points P, and p_ are the two preimages of
p in Pl(m). They are the two points at which the two tangents to C
at p meet the zz—axis. Thus we obtain

Result : The singular cubic C with an ordinary double point p
results from the Riemann sphere by identification of two points P, and

P

We can see this topological space intuitively in various ways, e.g.
by one of the following pictures. The first picture suggests that one

. . . 2 . s .
can also obtain this space, which results from S by identification of

\__/‘




167

two points, by contracting a meridian on a torus to a point.

Since one can, of course, exchange meridian and latitude circles on
. 1 -
a torus by exchange of the factors in S1 x S© , one can equally well

contract a latitude circle, say the inner equator.

When one does this in ]R3, the result is the second of the above

figures, which one can obtain by rotation of a figure 8.

We make these remarks at this stage because we shall see later that
this contraction of meridian resp. latitude circles describes precisely
the topological degeneration which occurs in our family of cubics Ct

when the parameter t tends to the two singular values.

We shall now topologically analyse the non-singular cubics of our

family. To do this we project Ct in the direction of the zz—axis

onto the zl—axis. In coordinates this is the mapping
-
(zl,zz) zl.

This affine mapping may be extended to a holomorphic mapping

Ct e Pl(m)
in which the point (0,0,1) is sent to the point (0,1) : Ct then
becomes a two-sheeted branched covering of the 2-sphere. The branch

points (in affine coordinates) are obviously the three solutions

z) = e; of the equation

3
zl - zl +t =0,
together with the point z; = ®, as one easily convinces oneself. The

three branch points can be seen very nicely, by the way, on the curve

denoted by c¢ in Richard Bassein's picture.
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Now we analyse the branched covering C_ ~+ Pl(m) by the same method

t
that we applied previously to quadrics. The position of the three
points €,:€,,€3 on the sphere is unimportant for the topological
analysis. We can therefore identify the 2-sphere S2 with the sur-
face of a tetrahedron with vertices €8 .84 and . Then we cut the
tetrahedron along the three edges from e, to « and obtain a triangle.

If we also cut the surface Ct doubly covering the 2-sphere
along the preimages of the cut edges, then it divides into two pieces,
two copies of the triangle above. (This is a general fact from topol-
ogy : an m-sheeted unbranched covering of a simply connected region G
decomposes simply into m copies of G , and we can apply this here,

because our triangle of course is simply connected.)

Conversely, we can reconstruct the surface C by suitably pasting

t
two copies of the triangle. Naturally the sides on which the corres-
ponding points e; lie must be identified. First we paste the sides
with e, together. Then a parallelogram results.
[o o] €, @
A Y
N
N
N
N
N
Y
e
e, ANE ! e3
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Then we identify the sides with e, — with the correct orientation of

course — and the result is a cylinder.

Finally, we identify the sides with e and the result is a torus.

3

Result : The non-singular cubic curves Ct in PZ(E) are homeomorphic

to a torus.

It is natural to ask where the curves we see in Richard Bassein's
picture lie on the torus. This question only acquires a precise
meaning when we specify precisely how the curve C is to be identi-

t
fied with the torus, for example, by saying how the edges of the tetra-

hedron lie on the sphere. We shall do this for the parameter value
t = 0. The curve C0 cuts the real x-axis in the three points

e = -1

e, = 0

=+

e, 1
and at =, We choose the segments of the real axis from o to
eyr e to e2 , e2 to e3 and e3 to o as edges of our tetrahedron.
The remaining edges do not interest us. When we identify C with

0
the torus in :m3 as previously prescribed, then we obtain the following

picture for the arrangement on the torus of the curves shown in

Bassein's picture :
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Result : If t runs from O to the critical value + Z;§ , then the
latitude circle c, contracts to a point, and if t runs from O to
the critical value - 252 , then the meridian circle c, contracts to
a point.

In this way we have obtained a deeper understanding of what happens
topologically when a family of non-singular cubics degenerates to an
irreducible cubic with an ordinary double point. One can similarly
investigate, e.g., how non-singular cubics degenerate to three lines in
general position. In this case three meridians of a torus contract to

points.
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Another example would be the degeneration of a non-singular cubic
into the semicubical parabola. In this case a meridian and latitude
circle on the torus both contract. The result is a sphere, and this
harmonises with the fact that the mapping

3.3 2

(uo,ul) o (uo,ul,uoul)

. . . 3 2
is a homeomorphism of Pl(¢) onto the semicubical parabola z2,7242Z) = 0.
Summary : We summarise the long discussion in this section on the

geometry of curves in the complex projective plane.

One can treat curves algebraically — this will happen in Chapter II.
One can treat them function-theoretically as abstract or concrete
Riemann surfaces — a viewpoint to which we shall occasionally return
(e.g. in 7.4). Finally, we have investigated the examples of quadrics
and cubics topologically. In these examples we have seen that curves
in the complex projective plane, viewed as topological spaces, result
from compact orientable surfaces, possibly with the identification of
finitely many points of the surfaces. The genus of these surfaces is
the most fundamental invariant. Later we shall derive formulae, the

Pliicker formulae, for the computation of genus.

We have also seen examples of the way in which the topological
type — the genus — of a family of curves alters when a curve acquires a

singularity. The Plicker formulae cover this phenomenon.

We have seen in addition that one can interpret this alteration of
topological type as the contraction of vanishing cycles. This view-
point plays an important role in algebraic geometry today, in the topo-
logical investigation of algebraic manifolds (Lefschetz [L1l], Griffiths

[G2], Deligne [Dl1], Milnor [M1l], Brieskorn [B6].

With this prospect we conclude this introductory chapter.
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II. INVESTIGATION OF CURVES BY ELEMENTARY ALGEBRAIC METHODS

In Chapter I of this course we have seen how the historical develop-
ment of the theory of plane curves led to the investigation of curves
in the complex projective plane which are the zero sets of homogeneous
polynomials. In this second chapter we want to begin such an investi-
gation — from an analytic geometric standpoint — using essentially only
elementary algebraic methods, namely simple facts about computation with

polynomials.

In the later chapters we shall then carry out deeper and more
extensive investigations — likewise from an analytic geometric stand-
point and mostly by algebraic methods — guided strongly, however, by

qualitative geometric viewpoints.

4. Polynomials

In this section we collect a few simple facts about computation
with polynomials which we shall use regularly in what follows. We con-
fine ourselves only to essentials, and for details refer to algebra

textbooks, e.g. [W1l] or [R1l].

An affine algebraic curve C in the complex affine plane ¢2 is

the zero set of an equation f(x,y) = 0, where f£f(x,y) = E aiAxlyJ
i+j<n J

is a polynomial in the two indeterminates x and vy. If c' is

another curve with equation g(x,y) = 0, where g is likewise a poly-

nomial, then we can consider the polynomial f-g, and the zero set of
f.g(x,y) 1is obviously the curve C u C'. The decomposition of poly-
nomials into factors corresponds to the decomposition of curves into
components. For the algebraic treatment of this decomposition into
components it is therefore necessary to investigate divisibility and
factorisation properties of polynomials. The investigation of poly-
nomials in several indeterminates reduces largely to the investigation
of polynomials in one indeterminate, because, e.g., one can regard the

polynomial f with two indeterminates x, y and complex coefficients

E. Brieskorn and H. Knérrer, Plane Algebraic Curves: Translated by John Stillwell,
DOI 10.1007/978-3-0348-0493-6_4, © Springer Basel 1986
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aij as a polynomial in the single indeterminate x
n n-1
+ +
ao(y)x al(y)x R an(y),
where the coefficients ai(y) are in turn polynomials in the indeterm-

inate y with complex coefficients.

4.1 Decomposition into prime factors

Let R be a commutative integral domain with unit (e.g. a poly-

nomial ring over a field).
Definition: Let p€ R, p # 0 be a non-unit.

(i) Then p 1is called irreducible when p = a:b implies either a or
b is a unit in R. (Instead of irreducible one also says inde-

composable.)

(ii) p 1is called a prime element if, whenever p divides a product

a-b, p divides one of the factors a or b.

Remark : Each prime element is irreducible.

Proof : When p = a'b, p divides a factor, say a = ap. Cancellation

of p gives a*b =1, so that b is a unit. Q.E.D.
The converse does not hold in general. For example, in

E{x,y,z}/(zz-xy) the class of z is irreducible but not a prime element,
because z divides xy , but neither x nor y. This, together with
the natural question of existence and uniqueness of decomposition into
indecomposable factors, leads us to consider the following factorisation

properties for the ring R (cf. Scheja [R1], §14).

Definition : Let R be a commutative integral domain with 1 and let
a € R be any non-zero non-unit. R has property

F, when each a 1is a product of finitely many prime elements;
F when each a 1is a product of finitely many irreducible
elements;
1 when FO holds and the decomposition into irreducible factors
is unique up to order and multiplication by units;
F,, when each irreducible element is prime.
Proposition 1
F <—>Fl @FO and F2.

The proof is simple (cf. e.g. Scheja [R1l], Theorem 160) .
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Definition : A ring with these properties is called factorial (also

UFD, unique factorisation domain) .

2 . .
Example : In R = €{x,y,z}/(z"-xy), 22 has two essentially different
decompositions into irreducible elements : z2 =2z-zZ = X.Y. Thus R
is not a UFD. However, in the following sections we shall see that

the rings which interest us, namely polynomial rings over fields, are

UFD's.

4.2 Divisibility properties of polynomials

Let A be a commutative integral domain with 1. We consider
polynomials in an indeterminate x with coefficients from A

n n-1
aox + alx + ... + an , ai € A, ao # 0 ;

n 1is called the degree of the polynomial. The collection of all such
polynomials forms a ring, the polynomial ring A[x], which is obviously
also an integral domain. We shall investigate divisibility and factor-

isation properties in this ring.

We first assume that A 1is a field so that one can divide by all

non-zero b € A. Then the most important fact concerning A[x] is
the existence of a division algorithm. If
n n-1 m
= + + ... 0+ = + ...+
f aox alx . an and g box bm # 0

are polynomials of degrees n, m respectively (with n > m) then there

are unique polynomials q and r with
f=qg-g+r

where degree r < degree g or r = 0. The polynomial r 1is the
"remainder" on division of f by g. It is clear how the algorithm

for carrying out this division with remainder proceeds : the term of

- a -
highest degree in q is . PR One subtracts Eg L g from f

0 0
and obtains a polynomial of lower degree, then divides by g again, etc.

Rings which admit such a division with remainder are called

euclidean rings.

We now use the division algorithm in order to determine the
greatest common divisor of two polynomials a, a'e€ A[x] (euclidean

algorithm)

We iterate division with remainder
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a =gqga' +a''

qlalI + a''"!

o
]

a(k—2) - q(k—2)a(k—l) (k)

+ a

until the remainder a(k) becomes a constant in A. Now if b
divides both a and a', then it also divides a'', and hence also
a''', etc. Thus it follows that if a(k) # 0 then a, a' have no
proper (i.e. non-constant) common divisor, they are "relatively prime".
a(k) a(k—l)

If = 0, then is the greatest common divisor of a and

a'

It follows immediately from the above algorithm that a'' is a
linear combination of a, a' with coefficients in A[x], hence so too
is a''', etc. Thus : if ¢ is the greatest common divisor of a and

a' there are polynomials u and v with
ua + va' = c.

In particular, for relatively prime a, a' there are polynomials u, v

with
uva + va' = 1.
We can use this to show :
Proposition 1
A polynomial ring over a field is factorial.

Proof : FO obviously holds. We prove F2. Let p be irreducible
and suppose pla-b but pfa. By pfa and irreducibility of p, a

and p are relatively prime, and hence there are u, v with
ua + vp =1
hence

uab + vpb = b.

Then since pla-b we also have plb. Q.E.D.

. th n
Example : Let f € C[x] be a polynomial of n degree, £ = x +
and let al,...,ane: C be its zeroes. Then f = (x—al)(x—az)...(x—an)

is the decomposition of f into irreducible factors.

Remark : One sees from this example that there is no general algorithm

for computing the prime factor decomposition.

We now give up our restriction to polynomial rings over a field and
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consider the general problem of deciding when A[x] is factorial for an
integral domain A. Of course this cannot be the case unless A 1is
itself factorial. However, this is also sufficient, as one proves by
reduction to Q[x], where Q 1is the quotient field of A : in order to
decompose a polynomial in A[x] into prime factors, one first divides

it by the g.c.d. of its coefficients and obtains a "primitive" polynomial,

i.e. one with relatively prime coefficients. Then one separately
decomposes the g.c.d. into prime factors in A and it remains to find
a prime factorisation for primitive polynomials. But for a primitive
polynomial f & A[x] one can show without difficulty that f is irre-
ducible resp. prime in A[x] if and only if it is irreducible resp.
prime in Q[x]. (See [R1], Theorem 180.) Since it is easy to see
that each primitive polynomial £ in A[x] is a product of finitely
many primitive irreducible polynomials fi , we thereby also obtain a
prime factor decomposition of £, because the fi are irreducible in
A[x], hence in Q[x], hence prime in Q[x], hence prime in A[x].

Thus one has the following theorem of Gauss.
Theorem 2

A polynomial ring A[x] is factorial if and only if A is

factorial.
Corollary : A factorial, xl,...,xn indeterminates A[xl,...,xn] fac-
torial. In particular, polynomial rings over fields are factorial.

The theoretically proven possibility of decomposing each polynomial
in A[xl,...,xn] into primes of course says nothing about how one may
find the decomposition for a given polynomial £, in other words, how
one finds the prime divisors of f£. Certainly, one can use the division
algorithm to establish whether a given polynomial g divides £, but in
general one must try infinitely many g to find the divisors of f,

e.g. for fe& €[x], all g(x) = x-a where a 1is an arbitrary complex
number . When A is a UFD in which prime factor decomposition
can be carried out in finitely many steps, and which has only finitely

many units, then the same is true for A[x], as one easily shows by an

argument of Kronecker (see e.g. van der Waerden [W1], §30). Thus, e.qg.,
the prime factor decomposition in Z[xl,...,xn], and hence also in
Q[xl,...,xn], can be carried out in finitely many steps. But for the
case in which we are particularly interested, namely m[xl,...,xn], this

unfortunately does not hold (cf. also Scheja [R1l]).
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We now consider the question of when two polynomials f,g & A[x]

have a common divisor, under the assumption that A 1is a UFD.

Let
m m-1
= + + +
£ agx a,x a
n n-1
= + + ...+
g box blx . bn
We admit the possibility that either a or b vanish. In order to

0 0
establish whether f and g have a non-constant common divisor, one

can of course apply the euclidean algorithm when A is a field, and it
will indeed yield the greatest common divisor. However, if we do not
want the g.c.d. itself, but only to know whether it is non-constant,
then it suffices to establish whether the constant a(k) appearing last
in the algorithm vanishes or not. It is clear from the description of
the algorithm that this constant a(k) is a uniquely defined rational
expression in the coefficients a; and bj of the two polynomials
which must vanish when there is a non-constant g.c.d. . It is clear
from this that there must be a polynomial R(a,b) in the coefficients
a; and bj such that R(a,b) = 0 if and only if f and g have a

common divisor.

In order to compute this polynomial explicitly, we could analyse
the euclidean algorithm. However, that would be troublesome. Instead,

we proceed as follows.

Suppose that f£ and g have a non-constant common divisor h.
Thus we have

f = u-h
v-h

Q
]

where u, v are polynomials with degree u < m, degree v < n, say

m-1 m-2
X + c.x + . +c

0 1 o m-1

and
vf - ug = 0 (u, v #0).

The existence of this equation is therefore necessary for the existence
of a non-constant common divisor. However, it is also sufficient,
because the prime divisors of f must then all appear in u-g as well,

but they cannot all appear in u, since degree u < degree f, when
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a, # 0. Thus a prime divisor of f divides the polynomial g. Multi-
plying out the above equation and comparing coefficients yields the

following linear equations for the coefficients < and dj

aodo - boco =0
+ - - =
aldo aodl blco bocl 0
- bm—lCO - bOcm—l =0
+ - - =
amdo e e aodm bmcO o blcm-l 0
*ad) * 30dne1
+
e e aodn_1
+ a.d - b c

1 n-1 n 0
+ - =
amdn—l bncm--l 0
For these equations to have a non-trivial solution it is necessary and
sufficient that the determinant of the coefficients vanish. By multi-
plying columns by -1 and transposition one obtains the determinant

in the form

a; a; a, -oan \
ag 2, a, ay
agay; a, ... a $
n
3 21 22 %m
ng=
’
bO bl bn—l bn
0 bl ° bn
b b1 . bn
m
bO bl bn
Definition : Rf g is called the resultant of f = aoxm + ...+ a, and
n ’
= E I
g box . bn

We have proved
Theorem 3

Let A be a UFD and let
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g=bx + ... +Db

be polynomials from A[x] with ag # 0 or bo # 0. Then f and g
have a non-constant common divisor if and only if the resultant R of

f and g vanishes.

Remark : The resultant R also arises as follows : Suppose that f and

g have a common zero x, , so that

0
m m-1
aoxO + alxo + ...+ a = 0
n n-1
+ + + =
box0 blxO . bn 0.

By multiplying these equations by suitable powers of Xq and polynomial

expressions in a,, bj and subtracting, one can successively eliminate

all powers of X0 until what remains is a polynomial in the a; and

bj which must vanish, namely the resultant R. This means : the
equation R = 0 results from the two equations above by elimination.
It is a necessary condition for the existence of a common zero x0¢; A
(because in that case x - X is a common divisor).

One can also carry out an analogous elimination process for the

equations
m m-1
+ + + =
aox alx ag f
n n-1
+ + ...+ = g.
box blx bn g

Then one obtains, instead of the equation R = 0, an equation
R = Pf + Qg with polynomials P and Q. In this way one then proves

(exercise, see van der Waerden [W1l], §34) the following

Proposition 4

Let A be a UFD, and let f,ge€ A[x] with f,g & A. Then for
f = aoxm + ...+ a, and g = boxn R bn with resultant R there
are polynomials P, Q with degree P < n and degree Q < m such that

R = Pf + Qg.
The coefficients of P and Q are integral polynomials in the ay
and by which depend only on the numbers m, n. R 1is an integral

homogeneous polynomial in the a; and bj of degree m+n , of degree

n in the a; and degree m in the bj.

Finally, we mention yet another description of the resultant for
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the case when f and g decompose into linear factors. (For the

simple proof we refer to van der Waerden [W1l], §35.)
Proposition 5

Let f

ao(x—xl) . (x—xm)
g = bo(x—yl) e (x—yn)

and let R Dbe the resultant of f and g. Then

. _ .nm _
(1) R = aobo 'H. (xi yj)
1i,]
(i) R=aTl g(
ii ao : g xi)
1
(iii) R = (-1)“"“1%‘ £y

J
Remarks : In (i), R is symmetric in the X5 and vy hence — as we
expect — a polynomial in the elementary symmetric functions of the X,

and yj respectively, hence in the coefficients of f and g.

Formula (ii) also holds when g does not decompose into linear

factors, and (iii) holds when f does not decompose.
Corollary 6

Two polynomials f, g € €[x] have a common zero if and only if

their resultant vanishes.

In 6.1 we shall see the usefulness of the resultant of two poly-
nomials in establishing the existence of common components of two curves
and in calculating the number of intersection points of two curves with
the equations f =0 and g = 0. In order to see an application of
the resultant immediately, we show how one can use it to find by elimin-

ation the equation of a rational curve given by a parametrisation

Ql(t)
-
2

(We have already seen this in connection with the presentation of

equations for epicyclic curves in 2.3.)

Let f and g be the following polynomials in the indeterminate

t with coefficients in €[x,y]

]

£ =Py (t) - xQ (£)

P,(t) = yQ,(t),

g
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and let R be their resultant.
For (xo,yo) to be an image point of t &€ € it is necessary that

f=0
g = 0.

For this it is necessary that R(xo,yo) = 0. Thus
R(x,y) =0

is the desired equation of the curve.

Example :
X = t2
y = t3 - t.

Of course in this case one can eliminate t immediately:

1

t
el

y x “(x-1)

y2 = x(x-l)2.

Hence the desired equation is

v2 - x>+ 2% - x = o.

However, we can also construct the resultant

1 0 -x 0 0
0 1 0 -x 0
R = 0 0 1 0 -x = y2 - x3 + 2x2 - X
1 0 -1 -y 0
0 1 0 -1 -y

and with R = 0 we obtain the same equation.

To conclude, we briefly consider the important special case of the
resultant of f and g when g 1is the formal derivative f' of the

polynomial f , thus

m m-1
= + + ...+
£ agx a;x . a,
' o= ™y (- n-2 +
f ma X (m l)alx ae a1
Definition : Rf £ is the discriminant D¢ of f.

Since f and f' have a proper common factor if and only if f

has a multiple factor, it follows from Theorem 3 that
Corollary 7

A polynomial f has a multiple factor if and only if its
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discriminant vanishes.

It is important to understand clearly the geometric meaning of the
discriminant. We shall achieve this by considering the discriminant

of polynomials of the third and fourth degree.

We first consider polynomials of degree 3 with real resp. complex
coefficients, x3 + a1x2 + ayx + as- By a coordinate transformation
x =x' - a1/3 (a "Tschirnhaus-transformation") one can always arrange
that the coefficient of the second highest power vanishes. Thus
without loss of generality we assume that our polynomial f is of the
following form :

f = x3 + bx + a.

Eliminating x between

x3 + bx + a =
3x2 + b =0
yields the discriminant equation R =0

f£,£'

27a2 + 4b3 = 0.

This is the equation of a semicubical parabola in the (a,b)-plane
(i.e. in lR2 when we are discussing polynomials with real coefficients,
and in ¢2 in the complex case). For the sake of clearness we carry
out the discussion which follows for the real case.

Now it is important to analyse not just a single polynomial
x3 + bx + a, but to allow the parameter (a,b) to vary in the plane ]R2
and to investigate how the behaviour of solutions of x3 + bx +a=0
depends on a, b. We could do this in the present case with the help
of the Cardano formula, see 2.1, e.g. for b >0, a < 0 the (real)

solution is given by
7SI/ Sl
27 4 2 27 4

in which the square root term is just the discriminant (up to a factor).

N

Instead, we shall be content with a qualitative consideration.

We consider the graphs of the function y = x3 + bx. There are

three qualitatively different cases : b < 0, b =0 and b > 0.
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b <0 b =0 b >0

Now we consider the zeroes of x3 + bx + a. In the case b > 0
there is obviously exactly one real zero. In the case b = 0 there is
exactly one real zero when a # 0, and a triple zero when a = 0. The
most interesting case is when b < 0. As long as a lies between the

- . 3 .
minimum and maximum of y = x~ + bx there are obviously three real

zeroes, otherwise one. If a Dbecomes equal to one of the extrema, two
of the zeroes become a double zero. The condition that a lie between
the extrema may be expressed algebraically immediately. It is the con-
dition

27a2 + 4b3 < 0.
Thus we see : the discriminant 27a2 + 4b3 = 0 divides the plane into
two regions G resp. G' where 27a2 + 4b3 < 0 resp. 27a2 + 4b3 > 0.

For (a,b) € G, x3 + bx + a has three real zeroes, for (a,b) € G' it

has one. Along the discriminant curve D there are multiple zeroes.
We can visualise this situation geometrically as follows

In ]R3 with the coordinates (x,y,b) we consider the collection

of all cubical parabolas y = x3 + bx, i.e. we consider the smooth
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surface F in ]R3 with equation x3 + bx -y = 0. If we set y = -a,
then for constant a, b the points (xi,a,b) on the surface are
exactly the points whose first coordinate x, 1is a zero of x3 + bx + a.
Thus when we project ]R3 onto the IRZ with the coordinates (a,b) by
(x,y,b) » (-y,b) and restrict to the surface F we obtain a mapping

F *]Rz

with the following property

The preimage in F of each point (a,b) € Hg consists of the
points (xi,a,b), 1 < i< 3, where xi is a zero of x3 + bx + a. The
following picture illustrates this mapping F-*]RZ. (It shows F in
a parallel projection in which the planes b = constant in :m3 , and
the cubical parabolas y = x3 + bx therein, are parallel to the plane

of projection.)

One sees how projection in the direction of the x-axis sends three
points of F to each point of G , and one to each point of G'. Over
each point of the discriminant curve D there is one simple point and a
doubly counted point where two preimage points "run together". Over
the cusp of the discriminant curve there is a triply counted point.

One also sees that the discriminant curve is precisely the outline

of the projection F =+ IR2 , as we have already observed in section 1.8.
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Now we consider polynomials of fourth degree. By a Tschirnhaus
transformation we can assume without loss of generality that the poly-
nomials are of the form

f = x4 + cx2 + bx + a.

We shall again regard a, b, ¢ as variables in an ]R3, and we shall

investigate the vanishing behaviour of f in relation to (a,b,c).

The discriminant of f is Df , where

27Df = 4(c2+12a)3 - (2c3—72ac+27b2)2.

Thus it is a polynomial of degree 5 in a, b, ¢ and it is not quite
easy to see what the discriminant surface described by the equation

D, = 0 looks like in IR3.

We shall determine the form of this surface by considering the
curves in which it cuts the planes c¢ = constant. Then
x4 + cx2 + bx + a still depends on the two parameters a and b. Now,
exactly as in the case of the cubical parabolas in :m3, we can consider
the family of biquadratic parabolas y = x4 + cx2 + bx. They form a
surface FC in IRB. The following figure shows a particular parallel

projection of such a surface Fc for a c < 0.
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If one maps FC onto the (a,b)-plane by the projection

(x,y,b) » (a,b) with a = -y, then the outline obtained is precisely
the intersection Dc of the discriminant surface with the plane

c = constant. One sees from the following picture that for c < 0
this is a curve of the following form, with two cusps and an ordinary

double point (cf. section 1.8).

ve

When we want to see the whole discriminant surface, we must vary c.

As c¢ =+ 0, the triangle enclosed by the curve contracts to a singular
point. For positive c, Dc consists of a non-singular curve and an
isolated singular point. Altogether, the discriminant surface has the

form shown in the following picture
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The singular loci of the discriminant surface are the fold edge
with the equations

c2 + 12a =0
2c3 - Bac + 9b2 =0

and the double line with the equations

Along the fold edge the surface looks locally like the product of a cusp

with a line (except of course at (a,b,c) = (0,0,0)). These edge
points correspond to polynomials with a triple zero. The origin cor-
responds to the polynomial x4 with a quadruple zero. Along the
double line the surface intersects itself (for ¢ < 0). These points
correspond to polynomials with two double zeroes. The remaining points

on the discriminant surface correspond to polynomials with only one
double zero. The points outside the discriminant surface correspond
to polynomials without multiple zeroes. They fall into three regions.
In the region "enclosed" by the discriminant surface there are 4 real
zeroes, in that next to the enclosing part of the surface there are

two real zeroes, and in the third region there are none.

Thus we see that an understanding of the geometry of the discri-
minant surface is very useful in understanding equations of degree 4.
The discriminant surface and its significance for the discussion of the
biquadratic equation were first indicated by Kronecker (Monatsbericht
der Berliner Akademie, 14.2.1878). In good old textbooks of algebra
one therefore finds pictures of this surface (e.g. Weber's Lehrbuch
der Algebra, Band 1, §84, p. 279, [w4]). Unfortunately, with the
coming of "modern" algebra these pictures vanished from the algebra
texts, and they only surfaced again when it was realised how these
discriminants played a role in various places, e.g. as catastrophe sets
in Thom's catastrophe theory or as caustics in optics (see [B9], [D5],

[T1], [Z1]), as we have already seen in section 1.8.

After this digression on the geometric meaning of discriminants of
polynomials, we now turn to the investigation of zero sets of poly-

nomials.

4.3 Zeroes of polynomials

Let A be a commutative ring with 1 and let f(xl,...,x ) be a

k
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polynomial with coefficients in A. Then a k-tuple of constants

(cl,...,ik) with cj.e A and f(cl,...,ck) = 0 1is called a zero of

f in A", The most important example is the case where A is a

field K. The zero set V(f) of f is then a subset of the affine
k

space K

- k -
V(f) = {(cl,...,ck) € K |f(cl,...,ck) = 0}.

Such a zero set is also called an affine algebraic hypersurface. When

k = 3, V(f) 1is a surface in the space K3, when k = 2 it is a plane

affine algebraic curve. Naturally, one can also consider common zero
sets of finitely many functions fl""’fr' These sets V(fl""'fr)
of common zeroes of fl,...,fr are called affine algebraic sets, and

their investigation is an important problem of algebraic geometry.
However, in accordance with the theme of this course, we shall confine

ourselves mostly to curves here.

As long as the coefficient ring A remains an arbitrary ring, the
relation between a polynomial f € A[x] and its zeroes seems to be

uncontrollable. This is already shown by the following two examples.

Example 1. In Z/9%Z , f(x) = x2 has three zeroes, namely O, 3, 6,
whereas e.g. the fundamental theorem of algebra leads us to expect that
a polynomial of degree 2 will have at most 2 zeroes.

Example 2. Consider the polynomial f(x) = x2 + x in 2%Z/2 Z[x]. This

is a polynomial different from zero, but for all ce€ Z/2Z (namely
c =0 and c =1) f(c) = 0, so that f identically vanishes as a

function on K =%Z/2%Z , and f and 0 have the same zero set.

Under suitable assumptions about the domain of coefficients, such

things cannot happen.

Proposition 1

Let A be a commutative integral domain. Then
(1) If ag€ A 1is a zero of f &€ A[x], then (x-a) 1is a divisor of
f.
(ii) f € A[x] of degree n has at most n zeroes.

l,...,xk]

vanishes identically as a function on Ak, then f =0 in

(iii) If A has infinitely many elements and if f € A[x

A[xl,...,xk]_
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Proof : (i) We have f = g(x-a)+r with r ¢ A by division with
remainder*. If one sets x = a, then r = 0 follows because f(a) = 0.
(ii) This assertion follows from (i), since f can have at most n

linear factors.

(iii) Suppose f # O. By the finiteness of the number of roots of
f(xl""’xk—l'xk) € A[xl,...,xk_l][xk], from (ii), and the infinitude
of A, there is a ) € A with f(xl,...,xk_l,ck) # 0 in .
A[xl,...,xk_l]. Induction yields the existence of (cl,...,ck) € A
with f(cl,...,ck) # 0. Contradiction!

Remark : A always has infinitely many elements, e.g., when A is an
algebraically closed field. (Proof : if A were finite,

I (x-a) + 1 would be a polynomial without zeroces in A, contrary to
aeA
algebraic closure.)

The following theorem now shows that for an algebraically closed
field like, e.g., the field €, there is a reasonable connection
between polynomials with coefficients in the field and their zero sets.
This theorem is a special case of the theorem which is basic to alge-

braic geometry, Hilbert's Nullstellensatz.

Theorem 2 (Study's lemma)

Let K be an algebraically closed field and let
f,ge K[xl,...,xk] be polynomials with zero sets V(f) and V(qg)
respectively. Then : when f 1is irreducible and V(f) ¢ V(g), f is

a divisor of g.

Proof : When g = 0, £ is trivially a divisor. We therefore assume
that g # O. Then f # 0 also by (iii) in Proposition 1. If £
is constant, then it is trivially a divisor. Hence we assume that

f & K. Then without loss of generality we can assume

f & K[xl,..
gée K[xl,..

sentation

"xk—l]' It then follows, as we shall show later, that
"xk—l] also. Thus by Proposition 4.2.4 we have a repre-

R = Pf + Qg

for the resultant R of f,g € K[xl""'xk—l][xk]' R 1is a polynomial

in K[xl,.. 1.

T ¥k-1

*

Although A need not be factorial, this causes no problems for
division with remainder, because the coefficient of x in (x-a)
equals 1.
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Let the coefficient of the highest power of f be ao(xl,.. ) .

SeXy
Because of the algebraic closure of K there is a zero of f for each

(cl,...,ck_l) with ao(cl,...,ck_l) # 0, and by hypothesis this is also

a zero of g. Thus substituting these (Cl"' ) in the above

S |
equation always gives R(cl,...,ck_l) = 0. Consequently, the function
. X . -1
ao(xl,...,xk_l)R(xl,...,xk_l) vanishes identically on Kk . Hence
by 1(iii), aoR =0 in K[xl,...,xk_1
that R = 0. Thus, by Theorem 4.2.3, f and g have a non-constant

]. Since aO # 0, it follows

common divisor, and by the irreducibility of f it must be f itself.

Thus f 1is a divisor of g, as was to be shown.

We still have to carry out the proof that g ¢ K[xl""'xk-l]'

We give a proof by contradiction.

]. Then by Proposition 1(iii) there is
k-1

Suppose g € K[xl,...,xk_l

a (cl,...,ck_l) which is not a zero of gao as a function on K

. R . k
Since g, viewed as a function on K , does not depend on the last

component, it follows that g(cl,.. ,ck) # 0 for all ¢, € K.

©%-1 k
But in contradiction to this, there is a ck with
f(cl,...,ck_l ,ck) = 0 since K is algebraically closed,

f e K[xl,...,xk_l] and ao(cl,...,ck_l) # 0. This proves the theorem.

Thus for algebraically closed fields K, such as €, there is a
reasonable connection between polynomials and their zero sets. E.g.,
if f and g are irreducible polynomials with the same zero set
V(f) = V(g), then f = a-g for some a € K - {0}. For non-algebraic-
ally closed fields K such as, e.g., the field of real numbers IR this

is not at all true.

2
Example : In IR, f(x) =1 + x has a zero set which is empty, and hence
. . 2 .. .
contained in any other zero set. Also, 1 + x is irreducible. How-
ever, it certainly does not divide every other polynomial, ‘e.g. it does

not divide 1.

4.4 Homogeneous and inhomogeneous polynomials

We have already seen in sections 3.3 and 3.4 how one comes to
define curves in the real or complex projective plane as zero sets of
homogeneous polynomials. Since the homogeneous coordinates

(xo,...

by a scalar factor t # 0, one can only call such a point a "zero" of a

,xn) of a projective space are defined only up to multiplication

polynomial f when f satisfies the following:
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For all (x .,xn) # (0,...,0), f(xo,...,xn) = 0 if and only if

NEE
f(txo,...,txn) =0 for all t # O.

The homogeneous polynomials have this property, and for poly-
nomials with coefficients in an algebraically closed field homogeneity

also follows from this property by 4.3.1(iii).

This makes it clear why we must be concerned with homogeneous
polynomials in what follows : because curves in the projective plane

are precisely the zero sets of homogeneous polynomials.

Definition : A non-zero polynomial f € A[xl,...,x ] is homogeneous

k
of degree n Jjust in case

_.n
f(txl,...,txk) =t f(xl,...,xk)
holds in A[xl,...,xk][t].

First we shall give various other characterisations of homogeneity.

The simplest is the following
Proposition 1

0 # f € A[xl,...,xk] is homogeneous of degree n when f is of

the following form

i i
Y 1 k
f = Lo, . X X .
+...+1 = .o
11 . i =n 11 lk 1 k
N i i
Proof Let f = E + z Fi=v a xll xkk. Then
v=0 *1 S B ™
N i i
v T 1 k
f(tx,,...,tx, ) = X t . Lo . a, X, LLuX . Comparing
=v
1 k v=0 ll+...+lk i1, 1 k
coefficients with tnf(xl,...,xk) yields the assertion.
Corollary 2

Each polynomial £ # O is uniquely expressible as a sum of non-

vanishing homogeneous terms, f = fn + ...+ fn , where fn is

1 .
homogeneous of degree n, (and ny < ... < nr)F *
Remark : (i) We could also have tried to define homogeneous polynomials

somewhat differently by viewing a polynomial

f(xl,...,xk) c A[xl,...,x ] as a function on Ak. In this sense one

k
would call £ a homogeneous function of degree n on Ak when, for

all (cl,...,ck) S Ak and all t € A

n
f(tcl,...,tck) =t f(cl,...,ck).
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In general this is a weaker concept (cf. 4.3, example 2). But when A
contains infinitely many elements, it follows from 4.3.1(iii) that

f # 0 is a homogeneous polynomial if and only if the corresponding

function is homogeneous.

(ii) When A is a field K with infinitely many elements we can

express the homogeneity property somewhat differently : let K* be the

multiplicative group of non-zero elements of K. Then K* acts on
Kk by (cl,...,ck) £ (tcl,...,tck). Correspondingly, one obtains an
action on polynomials by f(xl,...,xk) 3 f(txl,...,txk).
The formula
f(te,,...,tc) = tof(c.,...,c)
1 k 1 k

then describes the transformation behaviour of homogeneous polynomials

under this action of K¥*.

Now it is natural to consider, in addition to the simplest con-

ceivable K*-action (cl,..,ck) - (tcl,...,tck), other simple actions,
e.g.
w W,
1 k
(Crr-eucy) & (t Cpe---at ck)
where Wiee-., W, are particular natural members. Then one again has

a corresponding K* action on polynomials and one can consider the
polynomials which have the following transformation behaviour with

respect to this action
w W
1 k
f(t "x .t ox) = tnf(xl,...,x

" ) -

1" k

One easily sees, exactly as in the homogeneous case, that these are
precisely the polynomials of the following form :

1 %
X, L..X .

N
i+ lohw io=n®io L
wlll w i =n i, i 1 k

f =

These polynomials are called weighted-homogeneous with the weights

wl,...,w and degree n (other names for them are quasi-homogeneous

k
or isobaric (where W, is called the weight of X, and n is called

the weight of f£)).

Examples :
a a
_ 1 k
(1) f(xl,...,xk) = xl + ...+ xk
is weighted homogeneous with weights Woo=ag ... 5i ceeap and
degree n = a a, . These polynomials have played an important rdle

1 """ "k
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in establishing connections between algebraic geometry and differential

topology : [B4], [M1], [M2].

(2) Let f, g be polynomials of degrees m, n

m m-1
a.x + a.,x + ... + a
0 1 m

n n-1
+ + ...+ .
g box blx bn

£

We already know that the resultant R(a,b) 1is a homogeneous polynomial

in the a; . b of degree m+n, and hence weighted homogeneous with

j
weights w, = 1 and degree m+n. But when we set ag = 1, R(a,b) is
no longer homogeneous in al,...,am. We can, however, view it as
weighted homogeneous in the following way. Suppose f and g split
into linear factors
f = (x—xl) e (x—xm)
g = (Y"Yl) .o (Y“Yn).
Then we know (4.2.5) that
R = .H. (xi—yj).
ll]
Thus R is homogeneous in the xl,...,xm . yl,...,yn of degree n-m.
. . .th . . .
Now a;, is, up to sign, the i elementary symmetric function in
XpveesX likewise bj is, up to sign, the jth elementary symmetric
function in yl,...,yn. Since the xl,...,xm . yl,...,yn have

weight 1, this leads us to give ay weight i and bj weight j.

Then, by the homogeneity of R in the X, yj , we obviously have

The resultant of o+ alxm-l + ...+ a, and
x" + blxn_l + ...+ bn is weighted homogeneous of
degree m-n when a; receives weight i and bj
receives weight j.

It follows in particular that
The discriminant of x + alxn-l + ...+ a is weighted

homogeneous of degree n(n-1), with the weight i for a; .

Examples : (i) f = x3 + ax + a
—_— 5 2 3 3
Df = 27a3 + 4a2
- _ .4 2
(ii) f =x + a2x + a3x + a4

2 3 3 2.2
27D, = 4 + - -
£ (a2 12a4) (2a2 72a2a4 + 27a3) .
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The corresponding zero surfaces, which we have considered previously,
are therefore invariant under the corresponding K*-action.

We now come to another important characterization of homogeneous,

and more generally gquasi-homogeneous, polynomials.

Theorem 3
Let K be a field of characteristic O. A non-vanishing poly-
nomial f € K[xl,...,xk] is quasi-homogeneous with weights wl,...,wk

and degree n if and only if it satisfies the following partial differ-
ential equation of Euler
k
Y ow
j=1

af

jxj % = nf.
j

Proof : When f 1is quasi-homogeneous it is of the form

f = N x . x k
_ i = . .
wlll wyi =n i, i 1 k
Hence
k i i, -
E w C: . ? v w.i.x.a xll xlj ' X k
o L '+L P d.X.a., N e X ..
j=1 jJ 9x j=1 Wlll ...+wk1k n j 3 3J i,..04, 1 j k
i
1 k
- N . .
= . . (w.i +...+w i )a, R S
+.L =
wiiy ...+wk1k n 171 k7k ll"'lk 1 k
= nf.

To prove the converse we write a given polynomial f as

f=f + ...+ fn , where the fn are quasi-homogeneous of degree
.1 . r .
ns with weights wl,...,wk. Theg, as we have just proved,
k
Y ow.x. gé— = nlf + ...+ nrf .
j=1 7 3 %% ™ "r

Since f now satisfies the Euler differential equation, it follows

that nlfn + ...+ nrfn = nf + ... + nf , and hence by comparing

n n
coefficients (since cha§(K) = 6), r =1 ané n =n so that f is

l ’
quasi-homogeneous.

Remark : When D denotes the partial differential operator

k
D = E w.X. —— , the preceding theorem reads
P B B D g
j=1 j
Df = nf
for quasi-homogeneous f. Repeated application of D of course gives
r r
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D’ is a partial differential operator of rth order. Its principal

part, i.e. the sum of the highest order terms, is

k r
Dr .= E w . c w. X x _—3___
o - . .o 3j T j 73,7777 ex. ...dx. °
SRR 1 r -1 r Ir
In the special case where all wj = 1, the homogeneous case, Dg also
satisfies a differential equation of the form Dgf = constant - f.
Corollary 4
When f(xl,...,xk) is homogeneous of degree n,
k r
9 f
E X, ...X, z———— = n(n-1)...(n-r+l)f.
. Y I, 9x. ...ij
jll"'ljr Jl r
Proof : The proof is by complete induction. Theorem 2 is the base step
because Dé = D.
Df = n-f . (1)
Now suppose we have proved
D;f = n(n-1)...(n-r+l)f (2)
Application of D to (2) gives
DDgf = n(n-1) ... (n-r+l)nf (3)
because of (1). By means of the product rule for differentiation, one
shows easily that
r r+l r
= + .
DDof DO f rDOf (4)

It follows immediately from (3) and (4) that

Dg+1f = n(n-1) ... (n-r+l) (n-r) £,

which completes the induction step from r to r+l.

Now that we have learned a series of characterisations of homo-
geneous polynomials, we shall concern ourselves with the relations
between homogeneous and inhomogeneous equations for curves in the pro-
jective and affine plane respectively. More generally, we consider the

case of hypersurfaces in projective space.

We recall the connection between the projective space Pk(G) and
the affine space Ek. (Cf. sections 3.3, 3.4.) Pk(m) is covered by

k+1 coordinate neighbourhoods Ui , where

u; = ((xo,...,xk) e Pk(w)lxi # 0}.
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One has a homeomorphism Ui d Ek defined by
(x X, ) v ig fi fE In particular, one has a
0r ¥ i R Ry . P .
i i i
homeomorphism
k

UO+(!:
with

(x X,.) » ( fl fE)

LR i 3 N
0 x0 xo

and the inverse mapping

(xl,...,xk) [ (l,xl,...,xk).

R . . . k . k .
This is how we always identify the affine space C with UO. cC is
then the complement in Pk(m) of the "hyperplane at infinity"

P (@ = {(xo,...,xk) € Pk(¢)|x0 = 0}.
Now when F(xo,...,xk) is a non-constant homogeneous polynomial
the equation F(xo,...,xk) = 0 defines a projective algebraic hyper-

surface V(F) in Pk(m)
V(F) = {(xo,...,xk) = pk(m)lp(xo,...,xk) = 0}.

Then the part of V(F) 1lying in the affine space UO C Pk(m), namely

V(F) N U0 , 1s obviously just

V(F) N U, = {(l,xl,...,xk) € P (D) |F(l,xl,...,xk) = 0}.
Thus if we set

f(xl,...,xk) := F(l,xl,...,xk)

k . . c e R
the zero set V(f) C € of f satisfies, by the identification of Ek

with UO

V(F) N UO = V(f).

The passage from F to f therefore describes the passage from the

projective to the affine hypersurface. One obtains the converse
passage by homogenisation of the polynomial f. When f is a poly-
nomial of degree n in the indeterminates XyvoooaXy the homogeni-

sation of f 1is the homogeneous polynomial F of degree n 1in the

variables x X defined by

o'

k
X X
= P 1 k
ooy < (2, ).
0
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This F obviously satisfies F(l,xl,...,xk) = f(xl,...,xk) so that if
one homogenises f and then returns to the affine situation, f is

recovered. The converse does not quite hold, because in passing from
F(xo,...,xk) to F(l,xl,...,xk) a possible factor xr in F becomes

0

r . .
1. However, when no factor x0 , ¥ > 1, is present we in fact have

the homogenisation of F(l,xl,...,xk) is F(xo,...,xk), so that one has
a bijection between the polynomials f(xl,...,xk) of degree n and

the homogeneous polynomials F(xo,...,xk) of degree n which are not
divisible by Xq- We shall describe the polynomials which correspond
in this way as "associated".

In what follows we shall use the divisibility properties of poly-
nomials, obtained in section 4.2, in order to prove the corresponding
divisibility properties of the associated homogeneous polynomials. We
shall always use f, g, h etc. to denote polynomials in the indeter-

minates xl,...,x , and mostly use F, G, H etc. to denote homogeneous

k

polynomials in the indeterminates X For the sake of simpli-

Xor-- 1%y
city we let the coefficient ring be a field K.

Lemma 5
Each factor of a homogeneous polynomial is homogeneous.

Proof : Suppose F = G-H , where F is homogeneous of degree m.
Suppose also that H is homogeneous, say of degree n < m. Then G

must also be homogeneous, because it follows from

F(tx) = G(tx) - H(tx) = G(tx) - t"H(x) = t"F(x) = t"G(x) - H(x) that
G(tx) = tm_nG(x). Thus it suffices to show that G and H are not
both inhomogeneous. If this were so, then there would be represen-

tations of G(tx), H(tx) in Al[x,t] of the form

G(tx) = tT(P(x) + tR(x,t))

H(tx) = t7(Q(x) + tS(x,t))
with P, Q, R, S # O. Then we would have
F(tx) = G(tx)H(tx) = t5 S (PQ+t (RQ+PS) +t RS) .

Here we would have t(RQ+PS) + tzRS # 0 because the degrees in t

satisfy degree (RQ+PS) < degree RS. But this means F(tx) # tnF(x),

contrary to the homogeneity of F.

(Alternative proof : Let G = G + ... + G and H = H + ... + H
my m ny ng

be the decompositions into homogeneous components. If r=s=1
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were not the case, F = G-H would have homogeneous components of
different degrees, namely the term Gm Hn of lowest degree and the
11
term Gm Hn of highest degree.)
r s

Proposition 6

Let f # 0 be a polynomial with the (essentially unique) decompo-
sition into irreducible factors £ = fl ..t fr , and let F resp.
Fi be the homogeneous polynomials associated with f resp. fi. Then
F = Fl C L.t Fr is the (essentially unique) decomposition of F into
irreducible factors.

Proof : When g resp. h are associated with the homogeneous poly-
nomials G resp. H, then f = g-h 1is obviously associated with

F = G-H. Therefore, F = Fl * L.t Fr. Moreover, it is obvious from
Lemma 5 that a polynomial f 1is irreducible if and only if the associ-
ated homogeneous polynomial F 1is irreducible. Thus the Fi are

irreducible.

Remark : The geometric meaning of this (for k = 2), as we shall see
later, is that for a curve in the projective plane which does not con-
tain the line at infinity the decomposition into irreducible components
corresponds precisely to the decomposition of the corresponding curve

in the affine plane into irreducible components.

The decomposition into irreducible factors is particularly simple
and useful for homogeneous polynomials in two variables with coeffi-
cients in an algebraically closed field.

Proposition 7

Let K Dbe algebraically closed and let F € K[x ,xl], F #0 be

0
homogeneous of degree n. Then there are (ai,bi) € K, i=1,...,n,
with (ai,bi) # (0,0), such that
n
F(xo,xl) = a iEl(bixo—aixl)

where a € K and the a;. bi are determined up to a factor from K.

Proof : This is a corollary to Proposition 6, since over an algebraically
closed K each polynomial in one variable decomposes into linear
factors.

Remark : For K = € the geometric meaning of this is that, for each

th

n degree homogeneous polynomial F(xo,xl) the zero set in Pl(c)

decomposes into n points (counting multiplicities).
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To conclude our investigation of the divisibility properties of
homogeneous polynomials, we consider the resultant of two homogeneous
polynomials F, G € K[xo,...,xk], which we view as a polynomial in the

indeterminate x with coefficients in K[xo,...,x 1.

k k-1

Proposition 8

m m-1
= + + .+
Let F onk Alxk .- Am
n n-1
= + + ...+
G Boxk lek Bn
where Ai , Bj € K[xo,...,xk_l] are homogeneous polynomials of degrees

i, j respectively. Then if R € K[xo,.. ] 1is the resultant

F,G

of F and G we have RF,G =0 or RF,G

ST R
is a homogeneous polynomial

of degree m-n.

Proof : This follows from the assumption degree Ai = i resp. degree

Bj = j, and the earlier remark that the resultant is weighted homo-
geneous in Ai ’ Bj with degree m-n when one gives Ai y Bj the
weights i, j respectively. Of course, one can also prove the
equation

m-n

R (txo,...,tx

F,G ) =t

)

R .
k-1 F,GXor Fk-1

directly by suitable determinant manipulations.
With these theorems on polynomials our algebraic preparations are

concluded, and we now apply ourselves to the algebraic investigation of

curves in the projective plane.

5. Definition and elementary properties of plane algebraic curves

5.1 Decomposition into irreducible components

After the foregoing historical and methodological discussions,
the following definition of a plane algebraic curve should — I hope —

be sufficiently motivated.
Definition

A plane, complex projective-algebraic curve is the zero set of a

non-constant homogeneous polynomial in the complex projective plane

P2(€).

Remarks : We use the terminology "plane curve" because the curve is
embedded in the plane — one could also consider curves which are embed-
ded in other manifolds, or one could define a concept of algebraic curve

quite independently of these embeddings. We shall not do this here,

E. Brieskorn and H. Knérrer, Plane Algebraic Curves: Translated by John Stillwell,
DOI 10.1007/978-3-0348-0493-6_5, © Springer Basel 1986
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but we shall make remarks later on such "abstract curves" defined
independently of embeddings. Curves embedded in other spaces will also
appear naturally later, with the resolution of singularities of curves
in §9. We say "algebraic curve" because the curve has an algebraic
description, as the zero set of a polynomial, and also because the

abstract curve can be given an algebraic structure. (One gives such a

structure by giving a system of open sets — the Zariski topology — and
saying what are the admissible functions on these open sets : the every-
where defined rational functions.) We shall not go into this further
here since, in this paragraph and the next, we shall consider curves

quite concretely as curves embedded in P2(¢).

We say "projective-algebraic curve" because we define a curve as

the zero set of a homogeneous polynomial in the projective plane. The

other possibility would be to consider plane affine-algebraic curves,

which are the zero sets of non-constant polynomials in the affine plane.
We shall say some more about the connection between the two concepts
shortly. Generally, we shall use affine algebraic curves only as a
means of handling projective algebraic curves, and we shall adhere to
the projective standpoint. Considering projective curves means, in
particular, that we consider complete curves, i.e. curves which do not
lack points "at infinity" etc. Topologically (in the sense of ordinary
topology) this means that the curves are compact, as closed subsets of
the compact plane Pz(m). We have already seen, in the report on
Newton's classification of cubics, that the projective standpoint leads
to a far-reaching simplification in the problem of classifying curves
(2.5). This simplification brings out the essence of the theory of

plane curves more strongly.

Finally, we say "complex-projective" curves because we shall

develop our whole theory for curves defined over the field of complex
numbers. One could consider other fields, say the field IR of real
numbers, which perhaps suggests itself in view of the prehistory of

algebraic curves. Then one would arrive at real-projective algebraic

curves in PZ(JR), resp. real-affine algebraic curves in ]RZ. In
general, algebraic geometers consider curves in Pz(k) resp. k2, where
k 1is an arbitrary field. E.g., when F(xo,xl,xz) is a homogeneous
(resp. arbitrary) polynomial with integer coefficients, it defines a
curve in PZ( Eé) resp. ITé for almost every finite field Eé. The

consideration of such curves has a lot to do with number theory.
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Since we are more interested in the connections of the theory of alge-
braic curves with function theory, geometry and topology, we shall con-
fine ourselves entirely to the case k = C 1in this course, with occa-
sional remarks on the case k =1R. Thus we are considering plane com-
plex projective algebraic curves. When it is clear what is meant, we

shall speak simply of "curves" or "plane curves".

A final comment on the definition of plane projective algebraic

curves is the following. We have defined such curves C C P2(¢) as
zero sets of homogeneous polynomials F(xo,xl,xz). This assumes that
homogeneous coordinates are given in PZ(E). Now we shall frequently

have occasion to go from a given homogeneous coordinate system
(XO,X1,X2
X, = Zaijxa . This transformation carries F(x
geneous polynomial G(xé,x',xé), and, relative to the new coordinates,
the curve C 1is the zero set of G. Thus one sees that the property

) to another (x!,x!,x!) by a linear transformation
or¥1r¥2) MY

O'xl’xz) to a homo-

of being a projective algebraic curve does not depend on the choice of
homogeneous coordinates. The coordinates, and the curve equations
relative to them, are for us only an algebraic means of describing the

curves.

An aspect of the interplay between analysis and synthesis in the
mathematical investigation of possible kinds of objects is the attempt
to decompose the objects under investigation into simpler ones which do
not decompose further, investigating the indecomposable objects first
and then building up all the others. This going back to simplest
elements is a reduction process, and hence one often calls the indecom-
posable objects "irreducible". We now proceed along these general

lines for curves.
Definition

A plane curve is irreducible if it is not the union of two distinct

plane curves.
Proposition 1

Let C be a plane curve and let F be a homogeneous polynomial
with zero set C. Then C is irreducible just in case F 1is a power

of an irreducible polynomial.

Proof : Suppose that C 1is the union C'y C'' of two different
curves C', C''. Let C', C'' be the zero sets of G, H respectively.

Since C' # C'', there must be at least two distinct irreducible poly-
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nomials Fl, F2 which divide either G or H. But then Fl, F2 must
also divide each polynomial F with zero set C, because the zero sets
of the Fi are contained in that of F, and hence FiIF follows by
4.4.6 and Study's lemma 4.3.2. Thus F 1is not a power of an irredu-
cible polynomial, because the decomposition into irreducible polynomials

is unique.

Conversely, let C be the zero set of a polynomial F which is
not a power of an irreducible polynomial. Then F has a factorisation

F = G-H into relatively prime homogeneous polynomials G and H (this

follows from 4.4.6). Let C', C'' be the zero sets of G, H respect-
ively. Obviously C =C'uv C''. We have to show that the curves C'
and C'' are different. If C'c C'', then the zero sets Ci of the

prime factors Gi of G are contained in C'', and by 4.3.2 and 4.4.6
the Gi divide the polynomial H, contrary to the assumption that G

and H are relatively prime. This proves the proposition.
Proposition 2

Let C be any plane algebraic curve, the zero set of the homo-

geneous polynomial F with prime factors Fl,...,Fr , so that
k k
_ 1 r
F—Fl . Fr
Then

(i) C has a unique decomposition into irreducible curves,
C = C1 U o... v Cr'

(ii) With suitable numbering, the irreducible curve Ci is the zero set
of Fi' The polynomials Fi are determined, up to a constant

factor, by Ci (and hence by C).

25222 : Assertion (ii) is an immediate consequence of Proposition 1.
If an irreducible curve C' were the zero set of two distinct (i.e.
differing by more than a constant factor) irreducible homogeneous poly-
nomials G and H, then C' would also be the zero set of G-H, in

contradiction to Proposition 1.

Proof of (i). The existence of a decomposition into irreducible

curves Ci follows immediatel¥ from Proposition 1 and the existence of

cas r ) .
the decomposition F = Fl ...Fr proved in 4.4.6 when one defines Ci
to be the zero set of Fi. One sees the uniqueness as follows. If
c' is an irreducible curve with C'c C and if C' 1is the zero set

of the irreducible polynomial G, then it again follows from Study's
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lemma and the unique factorisation of F into irreducibles that G

must be one of the Fi , up to a constant factor, and hence C' = Ci'
Any other decomposition of C into irreducible curves must therefore
consist of curves Ci , though perhaps not all of them. However, the
latter cannot happen, because if a Ci were missing in the decompo-
sition, Fi would divide the product 0 -i Fi by Study's lemma,

i

0 . . i . .
contrary to the uniqueness of prime 0 factorisation.
This proves Proposition 2.
Definition

The irreducible curves appearing in the unique decomposition of a

plane curve into irreducibles are called the irreducible components.

Proposition 2 allows us to associate each plane curve C with a
homogeneous polynomial which is unique up to a constant factor : if C
is irreducible, then it is the zero set of an essentially unique
irreducible polynomial. If C decomposes into irreducible components,
C = ClkJ RV Cr , then each Ci is associated with an essentially

unique irreducible polynomial Fi , and we associate C with the poly-

nomial F =F, * ... * F_.
1 r

Definition
If F 1is the unique (up to a constant factor) homogeneous poly-

nomial associated with the curve C as above, then we call

F(x =0

lellxz)
the equation of C.

In this way we have chosen a particular equation from among all
the possible equations for a curve C (in fixed homogeneous coordin-
ates), namely the one for which the homogeneous polynomial

1

other equations for C are of the form Fl *l.t Fr = 0. Thus we

have a bijection between the plane curves on the one hand and the equi-

F=F, * ... * Fr has no multiple factorsk By Progosition 2, all
r

valence classes of homogeneous polynomials without multiple factors
on the other, where two homogeneous polynomials are considered to be
equivalent when they differ only by a constant factor. Polynomials
with multiple factors should properly be associated with "curves"

having multiple components - cf. 6.2 for further explanation.
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Definition
The order of a plane curve C is the degree of the polynomial

associated with C. One frequently says degree instead of order.

The degree of a polynomial does not change under linear transfor-
mations, which represent coordinate changes resp. collineations of

Pz(m). With this number, the order of a curve, we have therefore

defined the first invariant for curves. (Cf. the earlier explanation
in 2.5.) We shall become acquainted with the geometric meaning of this
invariant in the next section, 5.2. Perhaps it is not superfluous to

mention that order is an invariant of curves embedded in the plane, but
not of abstract curves. For example, the non-singular quadrics, i.e.
curves of order 2, are isomorphic, as abstract curves, to lines, i.e.
curves of order 1, but naturally there is no collineation carrying a

quadric to a line.
Definition

A plane curve of order 1, 2, 3, 4, 5, 6 1is called a line, quadric,

cubic, quartic, quintic, sextic respectively.

To conclude this section we shall explain further the relation
between plane projective-algebraic and affine-algebraic curves, and
between homogeneous and affine equations. A plane projective-algebraic
curve C has only finitely many irreducible components, and certainly
only finitely many lines are irreducible components of C. If L is
any line which is not an irreducible component of C, then L cuts the
curve C 1in only finitely many points (see section 5.2). We choose
such a line L and choose homogeneous coordinates (xo,xl,xz) so that
L has equation x0 = 0. Let F(xo,xl,x2
relative to these coordinates. Now let f(x,y) = F(1,x,y), so that f

. . . 2
and F are associated polynomials in the sense of 4.4. Let C be
1

) = 0 be the equation of C

X
the affine plane Pz(m) - L with the affine coordinates x = )

»
o

-2
Yy xo
Obviously, C N ¢2 is the affine-algebraic curve C' with
equation f(x,y) = O. The projective-algebraic curve C results from

the affine-algebraic C' by completing C' with the addition of the
finitely many points of C A L on the "line at infinity" L. Since
f(x,y) uniquely determines the associated homogeneous polynomial

F(xo,xl,xz), we can describe C Jjust as well by means of the affine
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equation f(x,y) = 0, and with suitable choice of coordinates this may
be clearer and show special features of the curve more quickly. Hence

we shall often make use of this description by an affine equation.

5.2 Intersection of a curve by a line

In Chapter I we have seen that curves have been studied since
antiquity for the reason that certain problems reduce to constructing
or finding the intersection of certain curves. Accordingly, investi-
gating the intersection of two curves is an important task, which we
shall undertake in detail in §6. By way of preparation, we shall now
concern ourselves with the particularly simple case in which one of the
curves is a line L. When L is a component of C, LN C =1L of
course consists of infinitely many points. We therefore assume that

L is not a component of C.
Proposition 1

Let C be a plane complex projective-algebraic curve and let L
be a line which is not a component of C. Then the number of points
of intersection of L and C, counting multiplicities, is equal to the

order of C. (Multiplicity is defined in the proof.)

Proof : Without loss of generality, we can assume that L has the

equation x, = 0. Then (xo,xl) are homogeneous coordinates in the
one-dimensional projective space L. If F(Xo'x1'x2) =0 1is the

equation of C, then F(xo,xl,O) = 0 1is the equation of the intersec-
tion of C and L. Since L is not a component of C, X, does not

divide F, and hence F(xo,xl,O) is a non-vanishing homogeneous poly-

nomial of the same degree, m, as F(x Hence by 4.4.7 it has

O,xl,xz).
exactly m zeroes in L when these are counted with the right multi-
plicity, i.e., as often as the corresponding linear factors appear in
F(xo,xl,O). This definition of multiplicity is an "ad hoc" definition.
In 6.1 we shall be concerned with a general definition of multiplicity
which in the end will reduce to the present one, and we shall prove in

particular that the definition is independent of coordinates. At any

rate, with the present definition, the theorem is proved.

Proposition 1 shows the meaning of the order m of a curve C
almost all lines cut C in m points, when one counts the multiplici-
ties of the points. In fact, most lines cut C in m distinct

points, hence with multiplicity one. We have :
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Proposition 2

Let C Dbe a plane curve of order m and let p be a point in the
complement of C. Then, with at most m(m-1) exceptions Li ,
i=1,...,m(m-1), a line L through p cuts the curve C in exactly

m distinct points.

Proof : We choose homogeneous coordinates (xO ,xz) so that

le

p = (0,0,1). Let F(xo,xl,x = 0 be the equation of C. We obtain

)
2
a bijection between the family [ of all lines through p and the

projective line G with equation X, = 0 by associating each L € L

with its intersection A = (XO,Al,O) with G. We denote the line
through X and p by LX. Obviously

L, - {p} = {2

\ At € Pz(m)lt € C}.

0

Thus the intersections of LA with C are given by the equation

F(xo,xl,t) = 0. The polynomial F(Ao,xl,t) does not vanish identi-
cally, because LX is not a component of C. Since p & C it has
degree precisely m. Then by 4.2.7, this polynomial has a multiple
zero just in case its discriminant vanishes. By 4.4.8, this discrim-
inant

RErgiry) = RF(AO,xl,t), %g(xo,xl,t)

is a homogeneous polynomial in A of degree m(m-1), hence it has,

‘o M G
A3

counting multiplicities, m(m-1) zeroes The preceding consider-

ations show that at most the lines Li = Lx(i) in [ have intersec-
tions of multiplicity > 1 with the curve C.

The special case m = 2 is of course well known : there are at

most two tangents to a quadric through a given point p. The next
intersecting case is that of cubics. In this case, Proposition 2 leads
us to expect at most 3.2 = 6 tangents. The following figure illus-

trates this situation, where C and p are chosen so that all 6

tangents are real.
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5.3 Singular points of plane curves

Right at the beginning of this course we saw many examples of
curves on which some points looked different from others. There were
cusps, and double points where the curves intersected themselves, on the
cissoid of Diocles, the conchoid of Nicomedes, on the epicyclic curves
of Ptolemy, and on many other curves. Then in 2.4 we gave a prelimin-
ary indication of the way in which these singular points could be
handled, for real affine-algebraic curves, by analytic methods. The
non-singular, or regular, points then appear as those points at which

the tangent problem has a simple, unique solution.

The same idea underlies the following treatment of singular points
of plane complex projective-algebraic resp. affine-algebraic curves.
For the moment we wish only to define these points and characterise
them in a simple way. A detailed analysis of singular points will be

carried out later - in §8.

We want to define the singular points of a curve C to be those
points p at which the curve has more than one tangent — counting
multiplicity. In order to make this idea precise, we first consider
an arbitrary line L through p and investigate the intersection of

L and C at p.

The clearest way to carry out these investigations is with the help
of the affine equation f(x,y) = 0 for C. Naturally we choose coor-
dinates so that the point p being investigated does not lie on the
line at infinity, and so that the latter is not a component of C. Let
the point p have the affine coordinates (a,b). The lines through
p then have parametric representation

X = a + At
te ¢

1]

y b + pt.

Here, the (A,u) # (0,0) is determined by the line up to a constant
factor. Thus the lines through p constitute a 1-dimensional pro-
jective space [ with the homogeneous coordinates (A,u). The multi-

plicity of the intersection of C with the lines defined in

L
(A, 1)
the proof of 5.1.1, with the above parametric representation, is

precisely the multiplicity of the zero of the polynomial
f (a+At,b+ut)

in the indeterminate t at the position t = O. As is well known,
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this multiplicity is described by the vanishing of the derivatives with
respect to t at the position t = 0. More precisely : if the deri-

vatives of order less than r vanish at t = 0, then the polynomial has

an r-tuple zero at t = 0. One can also express this as follows.
(k) k
If E—E———lELElE is the Taylor expansion of f (a+At,b+ut) at

k!
t = 0, and if this expansion begins with the term of order r, then

f (a+it,b+pt) has an r-tuple zero at t = O. This Taylor expansion
results from the Taylor expansion of f at (a,b), namely
® k k
1 k 3 f i k-i
£o,y) = 1o 1) ——g (@ib) (xma) T (y-p) &)
k=0 ° i=0 ax 9y

where all terms of the same order have been collected into a sum, by
setting x = a + At, y = b + pt. Thus the coefficient of the term of
order k in the Taylor expansion of f (a+it,b+pt) is, up to a factor
1
T equal to

k
k 3 f
(i) i, k-i
0 Ix oy

(@, by At F (2)

| &~ W

i
This is a homogeneous polynomial of degree k in the indeterminates
A, M. If one replaces these indeterminates in (2) by x-a, y-b then
one obtains exactly the term of order k in the Taylor expansion (1)

of f at the point (a,b).

In this way we have obtained the following result : Suppose that
the terms in the Taylor expansion (1) of f vanish for orders < r,
while the term of order r does not vanish. Then all lines L(X,u)
through p = (a,b) cut the curve C with multiplicity > r at p,

because (2) also vanishes for k < r and hence f(a+At,b+put) has at

least an r-tuple zero. Counting multiplicity, there are exactly r
lines L(X wy j=1,...,r which cut C with multiplicity > r at
RPRTIN
p, namely ghoge in L corresponding to the r =zeroes (Aj,pj) of
r r
r 3 f i r-i
PERGD) — (a,b)A " = 0.

i=0 ' ax‘ay
These results motivate the following definition
Definition

Let C be a plane complex projective-algebraic curve and let p

be a point of C. Let (x,y) Dbe affine coordinates such that p has
coordinates (a,b) and C has the affine equation f(x,y) = O.
(i) The multiplicity vp(c) of C at p 1is the order of the lowest

non-vanishing term in the Taylor expansion of f at p.
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(ii) The tangents to C at p are the lines through p which cut
C with multiplicity > vp(c) at p. Counting multiplicity, C
has exactly vp(C) tangents at p.
(iii) p 1is a regular point of C when vp(C) = 1.
is a singular point of C when vP(C) > 1.

p
p 1is a double point of C when vp(C) = 2.
p

is a triple point of C when vp(c) = 3.
Remarks : (i) In the definition of multiplicity we have used affine
coordinates. However, the definition is obviously independent of the

choice of coordinates.

(ii) It is clear from the foregoing discussion how one computes the
v = vp(c) tangents to C at p. The affine equation of the curve
they make up (with multiple components when tangents have to be multiply
counted) reads

v

v 3 f i v-i
E (i) —_I—~;:§'(a,b)(x'a) (y-b) =0,
i=0 3xX 3y
and therefore results from equating to zero the lowest non-vanishing

term in the Taylor expansion of f at p.

(iii) We shall soon see (in §6.2) that at most finitely many points
of a plane curve can be singular, while all others are regular. This
justifies the choice of the words regular and singular : the singula-

rities are the exception, regular points are the rule.

(iv) At this stage we should list a few examples of singular points.
The simplest examples are the double points and simple cusps, which we

have already met with several curves in §1

The typical equation for an ordinary double point is xy = 0 ; the

typical equation for a simple cusp is x2 - y3 = 0, the equation of the

semicubical parabola. As a common generalisation of both, we have
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already met, in 2.4, the generalised parabolas

xF - yq =0,

which have a singularity at x =y =0 for p>1, g > 1. The
different pairs (p,q) yield different singularities — the pair (p,q)
is a characteristic invariant of the singularity. In the case of the
generalised parabolas this pair suffices to describe the type of the
singularity. In general, however, the singularities of plane curves
are much more complicated, and even when the curve consists of a
single piece in the neighbourhood of the singular point one needs
several number pairs, the so-called Puiseux pairs in order to describe
the type of the singularity — we shall do this later (in 8.3). The
complexity of singularities is not adequately reflected, as we shall
see in an example shortly, by the real pictures of curves we have used
intuitively most of the time until now. As an example, the general-
ised parabolas xF - yq = 0 yield only three qualitatively different
pictures for relatively prime p and g, namely those represented by

x2 - y3 =0, x3 - y4 = 0 and x3 - y5 = 0.
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It may well be surprising to learn that the curves x3 - y4 =0

and x3 - yS = 0 have the origin x = 0, y = 0 as a singular point,
because the real curves appear to be smooth and have a well-defined
tangent. On the other hand, the two partial derivatives 3x2 and
4y3 vanish at this point, so there is a singularity there according
to our definition. It seems a contradiction occurs between our

definition and our intention that the definition of regular point

should describe the point where the curve is smooth.

We shall show that the apparent contradiction is resolved when we
consider the complex curve instead of the real one.

First we analyse the real affine-algebraic curve with the
equation xi - x; = 0. We begin by showing that this subset of ]R2
is a 1l-dimensional, once continuously differentiable submanifold
(Cl-manifold) of :mz. To do this it suffices to give a once continu-
ously differentiable mapping t » (xl(t),xz(t)) of an interval, which
maps the interval bijectively onto the affine algebraic curve in such
a way that we always have (xi(t),xé(t)) # (0,0). We can easily give

such a mapping :

_ .4/3
xl(t) =t
xz(t) =t
has the desired properties. This mapping is continuously differenti-

able once, but not twice. There is in fact no twice continuously
differentiable mapping t » (xl(t),xz(t)) at all from an interval onto

our curve such that (xi(t),xé(t)) # (0,0).

Proof : If we had such a mapping, then the two functions

xl = xl(t), x2 = x2(t) would satisfy
3 _ .4
xl = x2 . (1)

Differentiation of (1) gives

2., _ 3.,
3xlxl 4x2x2 . (2)
Dividing by xi and combining with (1) gives
. - 1/3 Al
3x1 = 4x2 x5 - (3)

Differentiation of (3) gives

2/3(x1)2 4 4x;/3xé' . (4)

LI - -
3xl 4/3 X, 5
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Multiplication of (4) by x§/3 gives
2 2/3
v = LI T e
4/3(x2) 3x2 xl 4x2x2 . (5)

But the relation (5) contains a contradiction : because when to is
the point where (xl(to)'XZ(tO)) = (0,0). we have xi(to) =0 by (3)
and hence xé(to) # 0. Thus the left-hand side of (5) is non-zero,
while the right-hand side is zero, and that is the contradiction.

Hence there are no twice continuously differentiable functions with the
desired properties.

We have therefore obtained the following result : the real affine-
algebraic curve with the affine equation xi - x; =0 is a Cl—sub-
manifold of IRZ, but not a Cr-submanifold for r > 1. It is indeed
"smooth", but not especially smooth. This situation is typical. A
real affine-algebraic curve can indeed be a cF-submanifold of ]R2 at
a singular point, for low r. But there is always an r, such that
the curve is not a Cr-submanifold at this point for r > ry- At a
regular point, on the other hand, the curve is always a c”-submanifold
of IR2 and in fact even a real analytic submanifold — this follows

immediately from the Implicit Function Theorem.

We have therefore established that the singular points on a real
algebraic curve can be recognised as places where the curve is less
smooth, in the sense that the curve is not at that point a submanifold
of 1R2 or, if it is, it is not differentiable as often there as at
regular points. However, one cannot necessarily see this with the

naked eye on the picture of the real curve.

The situation is much less equivocal for complex curves in the
complex plane. One can prove : at a singular point p, a complex

affine-algebraic curve C in mz is never a submanifold of ¢2, not

even a topological submanifold. This means : there is no neighbour-
hood U of p on ¢2 such that the pair (U,U N C) is homeomorphic
to (]R4,IR2). We shall not prove this fact here — it is not alto-
gether easy to demonstrate. Instead we shall clarify our example

zi - z: = 0 when the associated affine-algebraic curve C is embedded
in ¢2. It then quickly becomes clear that C cannot be a topological

sﬁbmanifold of ¢2.

We now consider the mapping ¢ : C + m2 defined by
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zl(t) = t4
3
zz(t) =t".
One sees immediately that the image of ¢ 1is precisely the curve C
. . 4 R .
with equation zi - z2 = 0, and that the mapping ¢ : € + C is a homeo-
morphism. As a topological space, therefore, the curve C 1is a
2-dimensional topological manifold. But it is not a topological sub-
manifold of ¢2 ! We now want to convince ourselves of this.
To do so we consider the circle Si , |t] = ¢, in c. Its image

Kc = ¢(Si) under ¢ 1is contained in a 2-dimensional torus S1 x sl,

namely the torus consisting of the (zl,zz) € ¢2 with

| =c*
1 3
|z2|=c.

For its part, this torus is contained in a 3-sphere enclosing the
.. 3
origin of ¢2, namely the 3-sphere Sc

|2 8 6

2, 1% + 12,17 =%+ c

AP 6
If one now allows ¢ to run from zero to infinity, then c¢ + c

increases strictly monotonically from zero to infinity. The corres-
X R 2 . R
ponding spheres fill € - {0}, and different values of c¢ give
different spheres. For this reason, we obviously have
K = S3 N C.
c c

. A 3 ' .
Now how does the circle Kc lie in the 3-sphere Sc ? Kc lies on
the torus described above. Thus one must first understand how this

torus lies in the 3-sphere.

This is now a standard situation, which has nothing to do with our
. 3 . . 2
curve. We consider the 3-sphere Sl , and hence the points in C
with

2 2
1z, 1% + 12,17 = 2,
and the torus therein, of points of ¢2 with

Iz, |
This torus divides the 3-sphere into 2 pieces, namely

+ 3
T = {(z5.2,) € sl
T = {(z,,2,) € S3

1'°2 1

| lzq] < 1}

| lz,| < 1}.
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Obviously

3 + -

= T
S1 T VU
+ -
We claim that T and T are 3-dimensional solid tori. The proof,
+

say for T , is simple. If TO is the 3-dimensional solid torus

0 _ 2
T = {(z),2) € C | lz;1 <1, lz,|

: . + 0
then one obtains a homeomorphism T =+ T by

(z,2,) » (zl,zz/lzzl).
+ -
Thus one finds that the representation S3 =T v T of the 3-sphere

1

: 0
Si results from pasting together two copies of the solid torus T

1
along the boundary S x Sl, with the two factors of the boundary

S1 x S1 being exchanged by the pasting. One can visualise this

3
1
3-dimensional euclidean space IR . Then one can describe the decom-

situation well by omitting a point of S, , so that one obtains the

position as follows : one solid torus is simply embedded in the usual

way . The other is its complement. One easily sees that the comple-
. 3 . . . . .

ment in IR is likewise a torus, more precisely a solid torus, from

which a point has been removed. The following picture may help.
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We now return to the topological investigation of the curve C.

The intersection

K =sinc
is now seen to lie in the torus T with [zl| =1, |22| = 1, and the
latter torus lies in the sphere in the way described above, hence it is
embedded in :m3 = Si - {p} in the usual way. Now how does the circle

Kl lie in the torus T ? K1 is the image of Si in T = si x Si

under the mapping
eo 1,63,

This is a circle which winds around the torus, in such a way that it
turns four times in one direction while it turns three times in the

other. The following picture presents this intuitively.
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The curve KC in S3 resp. IR3 is thus a circle looped around
itself in a certain way or, as topologists say, a knot. Such knots
were first investigated by Listing, a student of Gauss, in the middle of
the 19th century, after Gauss' own reflections on electrodynamics had
led him to consider several linked circles, and to define a linking
number for them. The knots defined by mappings sl + Sl x Sl of the
form t =& (tq,tp) with relatively prime p, g are called torus knots.
They are precisely the result of intersecting the generalised parabolas
2P - zq = 0 with the standard 3-sphere in ¢2. It was first observed

1 2
by Brauner in 1928 that the singularities of plane curves have something

to do with knots. The simplest knot occurring in this way is that
which results from the semicubical parabola zi - zg = 0. It is the

trefoil knot, an ancient pattern, examples of which occur in the history

of art from the earliest times.
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For curves with more complicated singularities, intersection with
a small sphere round the origin yields more complicated knots, the so-
called iterated torus knots. When the curve divides into several
pieces in a neighbourhood of the singular point, intersection with a
sphere yields a link of several iterated torus knots. We shall go into

details later (in 8.4).

We now return to the topological investigation of our curve C

X . 4 . . . .
with the equation zi - z2 = 0. We have investigated the intersection
K =S3f\C
c c

for a particular value c¢ =1 and found that Kc is a particular torus
knot in the 3-sphere. The situation for arbitrary c¢ is exactly the
same. In fact we can now precisely describe the topological type of
the pair (¢2,C). We view the sphere S3 and the knot Kl in it as

a subset of cz and construct the cone C over Kl , i.e.

—

5={tz€€2|t_>_0,z€1(1}.

. 2 . 3 . .
Of course, we can view C itself as the cone over Sl , i.e. write

each point of ¢2 as tz with =z € Si and t > 0. Then

4 3
(tzl,tzz)'* (t zl , t zz)

. . 2 . ~
defines a homeomorphism Ez + C which maps the cone C onto the

affine algebraic curve C. Thus we have proved

Proposition 1

Let CC ¢2 be the curve with equation z§ - 23 = 0, where p, q
are relatively prime. Then the pair (¢2,C) is homeomorphic to the

pair (EZ,E), where C is the cone over a torus knot of type (p,q).

What we do not want to prove here is the purely topological fact
that the pair (GZ,E) is not homeomorphic to the pair (]R4,IR2).
That this is so is, nevertheless, very plausible, because it is intuit-
ively immediate that the torus knot of type (3,4) cannot be unknotted.
Thus we already seem to have obtained a far-reaching insight into the
topological nature of the singular points of plane curves. When these
curves do not divide into several pieces in the neighbourhood of such
a point, they are indeed 2-dimensional topological manifolds. How-
ever, they are not embedded flatly in the real 4-dimensional ¢2, as
topological submanifolds, but in the tricky way described above : they

are locally cones over iterated torus knots.
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When the curve divides locally into several pieces, the situation
is still more complicated. Then the curve is locally the cone over a
link of iterated torus knots. The simplest situation is that in which

the individual pieces are non-singular and meet transversely.

One calls such a singular point an ordinary n-tuple point when the
curve divides locally into n components. Since we shall first treat
the local decomposition into components later, we shall give the

following definition here instead of the intuitive one
Definition
A singular point p of a plane curve C is called an ordinary

n-tuple point of C when C has exactly n = vp(C) distinct tangents
at C. )

To conclude this section we want to describe the singular points of
a curve with the help of the homogeneous equation, instead of the affine

equation we have used till now.
Proposition 2

Let C be a plane complex projective algebraic curve with homo-
geneous equation F(xo,xl,xz) = 0, and let p be a point of C. Then
vp(c) = r exactly when all partial derivatives of F up to, but not

including, order r vanish at p.

Proof : Without loss of generality, we can choose coordinates as we

please, since the statement about the vanishing of the derivatives of

F at p 1is obviously coordinate-invariant. We choose the homogeneous
coordinates (xo,xl,xz) so that Xq does not divide 'F and p does
not lie on the line Xq = 0, say p = (1,d,b). Then

f(x,y) = F(1,x,y), hence f(x,y) =0 is the affine equation of C and
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3Fi+j
———(a,b) = ——— (1,a,b).
axlax2
that if all the partial derivatives of

vanish at
(r <n:=

vanish at

vanish at

Otherwise

ar—l

xr—l
0
contrary t

]

This prove

proved sim

F of order < r-1

p, then the same is true for the partial derivatives of f

. h . .
degree (F))). Then if not all the rt derivatives of F
— 'F
p, at least one of the derivatives T o1 does not
axlaxz
p, and hence an rth derivative of f also does not vanish.
would be the single non-vanishing derivative and the
on

Euler formula 4.4.3 would give

I S ' F
n-r+l "0 ax
0

(1,a,b) (1,a,b)

o the fact that the
s one direction of the theorem.

ilarly

if all the partial derivatives of f

left side vanishes and the right does not.

The converse direction is

of order < r-1
vanish at p, then the corresponding derivatives of F also vanish.

With the help of the Euler formula, one then proves by induction that

. . 3lF . . .
the derivatives - for i < r-1, also vanish at p. This proves
ax
the theorem. [¢]

The multiplicity vp(c) of a point p on a curve of order m
naturally satisfies vp(C) < m ; this follows immediately from the
definition. Thus to find the singular points of C we need only seek
The following corollary shows that the

points with v _(C) = r < m.
P B th
(r-1)

points with vp(C) > r can be found with the help of the
derivatives alone.
Corollary 3

Let CcC P,(@

be a plane curve of order m with homogeneous

equation F(xo,xl,xz) = 0. Then the points p of C with
vp(C) >r (where r < m) are precisely the points of P2(¢) where all
the (r—l)th partial derivatives vanish. In particular, the singular

points of C are the points of Pz(m) where all the first partial

derivatives vanish.

Proof By Proposition 2, the vanishing derivative condition is

trivially necessary, and by the Euler formula 4.4.4 it is also sufficient.

To conclude, we shall now give the equation of the tangent to a
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curve at a regular point in homogeneous coordinates.
Proposition 4

The equation of the tangent to a curve C with homogeneous

equation F(xo,xl,xz) = 0 at a regular point p reads
2 9F
v - =
L% ax, (P) 0.
i=0 i

Proof : One can choose the coordinates for the proof arbitrarily, since
the given equation transforms correctly under coordinate transformations.
We therefore choose the coordinates (xo,xl,xz) so that p = (1,a,b)

and so that x does not divide F.

g1 *2
Let x=— ,y = = and let f(x,y) = F(1,x,y). By remark (ii)
after the defingtion of gangent, the equation of the tangent to the
affine curve f(x,y) =0 is
af of
— - + — - =
ax(a,b) (x-a) aY(a,b) (y-b) 0 (1)
hence
X X
¥ am - a + i am 2 - o 2)
1 0 2 0
Since F(l,a,b) = 0, it follows from the Euler formula that
-a2f (1,a,b) - bE-(1,a,b) = I-(1,a,b). (3)
ax ax ax
1 2 0
After multiplication by X (2) and (3) yield
aF 3F F _
XO - aT(l,a,b) + Xl . aTl(l,a,b) + Xz . Wz(l,a,b) =0

and this is the equation of the tangent which we wished to derive.

6. The intersection of plane curves

6.1 Bezout's theorem

In this section we shall prove the main result in the intersection
theory of plane algebraic curves, Bézout's theorem (1779). This
theorem gives the precise number of intersection points of two plane
curves C, C' in the complex projective plane P2(¢). To be sure,
the points of intersection must be chosen with suitable multiplicity,
and defining this intersection multiplicity is a problem in itself.
Here we shall choose a definition which makes the proof of Bézout's

theorem particularly simple.

We shall first concern ourselves with a simpler qualitative

E. Brieskorn and H. Knérrer, Plane Algebraic Curves: Translated by John Stillwell,
DOI 10.1007/978-3-0348-0493-6_6, © Springer Basel 1986
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question, namely, whether the number of points in C N C' 1is finite or
infinite. Since each curve in P2(¢) naturally has infinitely many
points, C N C' consists of infinitely many points when C and C'
have a component in common. In what follows we shall therefore assume
that C and C' have no common component. First we shall show that,
under this assumption, C N C' consists of only finitely many points.
In fact, we shall give a bound on the number of intersection points,

given the orders ord(C) = m and ord(C') = n of the curves.

The basic idea which we use to bound the number of these inter-
section points and in Bézout's theorem is quite simple : as in the
following figure we choose a point g in the complement of C and C',

and a line L which does not go through g, and project Pz(m) - {q}

from q onto L. This projection 1m maps the line Lc through g
and a point c€ L onto c. On each line Lc there are obviously
only finitely many points of C N C' (by 5.2). Thus to show that

there are only finitely many intersection points, it suffices to show
intersection points lie on L ., for only finitely many cle L. A

c
refinement of this argument also yields the desired bound and a deter-

mination of the number of intersection points.
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In order to determine the L i we proceed as follows : we choose
c

homogeneous coordinates in PZ(G) so that q = (0,0,1) and

Xgr¥10¥%y

L has the equation x, = 0, hence are homogeneous coordinates

2 ¥or*1
in the projective line L and the projection L PZ(E) - {gq} + L is
given by n(xo,xl,xz) = (xo,xl). Relative to these coordinates, let

A i = = 1 -
c, C have the equations F(xo,xl,xz) o, G(xo,xl,xz) 0 respecti
vely, where F and G are homogeneous polynomials of degree m and
n respectively. Because of the above description of the projection,
it is convenient to view these polynomials as polynomials in x with

2
coefficients in ¢[x0,xl], thus

m m-1
= + + ...+
F onz A1x2 A
n n-1
= + + ... +
G B0x2 le2 . Bn

Here Ai B Bj € C[xo,xl] are homogeneous polynomials of degrees i
resp. Jj, and since g & C, C' and q = (0,0,1) we obviously have
AO # 0, BO # 0. Therefore, since C and C' have no common compo-
nent, and hence F and G have no non-constant common factor, it
follows from 4.2.3 and 4.4.8 that RF,G(XO'xl) is a non-zero homo-
geneous polynomial of degree m-°n.

Now let p = (c be an intersection point of C and C'.

0'¢17%2)

Then F(co,cl,cz) = 0 and G(CO'Cl'CZ) =0, i.e. c2 is a common

solution of the two equations

m-1
+ + + =
Al(co,cl)x2 . Am(co,cl) 0

n-1 _
Bo(co,cl)x + Bl(co,cl)x2 + ...+ Bn(co,cl) = 0.

m
Ao(co,cl)x2
n
2

Hence it follows by 4.2.6 that RF G(co,cl) = 0, and conversely, this
’
condition is sufficient for the existence of a solution. Thus we

obtain

The zeroes of RF,G are precisely the c¢ € L for which the lines
LC contain intersection points of C and C'. This determines the
lines L I and yields a method for explicitly finding the inter-
sections of C and C' by computing the zeroes of a certain poly-

nomial.

After these preparations we now obtain the desired bound on the

number of intersection points very quickly.
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Proposition 1

Two curves C and C', of orders m resp. n, without common
component in the complex projective plane have at most m-'n inter-
section points.

Proof : Suppose there are at least m-n+l intersection points

-n+
pl,..., mon 1. Then we choose the point g and the line L as above,

and in addition arrange that g 1lies on none of the lines Lij connec-

ting pl to pJ, where i # j. Then pl and pJ have different

images ¢’ and ¢ in L under the projection . In this way we
. n+l .

obtain at least m-n+l different points cl,...,cm n in L which

are zeroes of the resultant R of the equations of C and C'.

F,G
But this contradicts the fact that RF G is homogeneous of degree m-n.

Thus there are at most m-n points of intersection.

Since we now know that the two curves C and C' have only
finitely many points pi in common, we can choose our centre of pro-
jection 3 so tha? it lies on no line Lij connecting two intersection
points pl and pJ. Then the projection w yields a bijection
between the intersection points pi and their images c% = n(pi) in

L. This suggests the following
Definition

Let C and C' be curves in the complex projective plane without

i . . .
common components, and let p be the intersection points of C and

c'. Let (XO'xl'x2) be coordinates such that the point (0,0,1) lies
on no line connecting intersection points, and let F(xo,xl,xz) =0
resp. G(xo,xl,xz) = 0 be the equation of C resp. C' with respect
to these coordinates. Let RF,G(XO’XI) be the resultant of the poly-
nomials F and G, viewed as polynomials in X, with coefficients in
¢[x0,xl]. Let pi = (cé,ci,cé) and let ci = (cé,ci). ?hen the

intersection multiplicity v i(C,C') of C and C' at p1 is defined

to be the multiplicity of thg zero c' of RF G

In this way we finally have the definition of intersection multi-
plicity reduced to quite a simple multiplicity definition, namely that
of the multiplicity of zeroes of a polynomial in one variable (4.4.7).
Since RF,G , being a homogeneous polynomial of degree m°n, has exactly
m-n zeroes when their multiplicities are counted, it obviously follows

that the sum of intersection multiplicities v i(C,C') is exactly m-n.
P
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This is the desired determination of the number of intersection points.

Theorem 2 (Bézout's Theorem)

The sum of intersection multiplicities of two curves C, C' of

orders m, n respectively in the complex projective plane satisfies
) v_(C,C') = m-n.

pecnc'

This theorem, which originated in remarks of Newton and MacLaurin,
was already proved by Euler 1748 and Cramer 1750. In the next section
we shall see some applications of this theorem, and in the section after
that we shall investigate it from a different point of view. But first
let us consider more closely the concept of intersection multiplicity

just introduced.

The problem of defining intersection multiplicity can be
approached in different ways : on the one hand, one can choose an
axiomatic method. This means presenting a series of postulates for
intersection multiplicity, and then proving that there is at most one
intersection theory satisfying these conditions. An example of this
method is the presentation in the book of Fulton [F1]. In order to
show that there really is an intersection theory satisfying these post-
ulates, one must still define intersection multiplicity in some explicit
way (explicit as opposed to implicit definition by axioms) . Our
definition above is an example of such an explicit definition. There
is a series of other, equivalent definitions, some of which we shall

meet later.

Some of these are better, and others worse, for generalising to
higher-dimensional situations. An example of such a higher- dimensio-
nal situation is the following : let V and W be projective-
algebraic varieties in Pn(m) of co-dimensions a resp. b. When
the intersection V MW is pure-dimensional of co-dimension a+b, one
can again associate intersection multiplicities with the components of
VAW If in particular a + b = n, then VAN W consists of finitely
many points, and we again have Bézout's theorem : the sum of the inter-

section multiplicities is the product of the orders of V and W.

Our definition of intersection multiplicity above has the advant-
age that Bézout's theorem follows immediately from known results about
resultants. But it has the disadvantage of being a priori dependent

on the choice of coordinates. We first want to convince ourselves
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that it is really independent of this choice.
Lemma 3

The intersection multiplicity vp(C,C') defined above does not

depend on the choice of coordinate system in the projective plane.

Proof : Let (xo,x x2) be a homogeneous coordinate system which satis-

1'
fies the conditions for the definition of multiplicity, so that

(0,0,1) g cuc'u Li' , where Lij is the line connecting the
i,j .

intersection points p and pJ of C with C' (an "admissible"

coordinate system for short). We obtain any other admissible coordi-
[] J ' 3 : = '

nate system (xO,xl,xZ) by a linear transformation X, Eaijxj:

where A = (aij) is an invertible 3 x 3 matrix, i.e. an element of

GL(3,C) . The matrices which yield admissible coordinate systems are

precisely those for which the point with x'-coordinates (0,0,1) again

does not lie in CuC' v U Lij . In the x-coordinate system this
ilj

point is ( If H(xo,xl,xz) = 0 1is the equation of

39213127322 -

cuc' vy Lij in the (xo,xl,xz)—coordinate system, then the set X
ilj

of all matrices A which yield admissible coordinate systems is

described by

X = {A € GL(3,T) |H(a02,a a,,) # 0}.

12’

One can also describe this set of matrices as follows : let
M(3,C) be the set of all 3 x 3 matrices A = (aij) with aij e C.
This is a Eg with the coordinates aij' The determinant is a homo-

geneous polynomial D(aij) of third degree in the aij'

ij) © H(

X = {(aij) € M(3,q) [P(aij) # 0}.

). Then

Let P(aij) = D(a 8185135,

Thus X 1is the complement of an affine hypersurface in the '9—dimens—
ional affine space ¢9 = M(3,C). X 1is a topological space as a sub-
space of ¢9. We claim that X is path-connected. This results from the
following general fact : if V is a connected algebraic manifold over
the field of complex numbers and W € V is an algebraic subvariety,
then X =V - W is also connected. (One can prove this general
assertion by induction on dim W : by the induction hypothesis one can
consider V-Sing(W) instead of V, where Sing(W) is the singularity

set of W.
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Hence it suffices to prove the theorem when W is non-singular. The
proof then follows from the fact that a curve connecting two points of
V-W in V can be made transverse to W by an arbitrarily small per-
turbation. But since W has real co-dimension in V of at least 2,
transversality means that the curve does not meet W.) In our case

Vv = ¢9 and W is the hypersurface with equation P = 0. In this case
one can see the connectedness of X =V - W directly quite easily : if
A,B€ X and L is the complex-affine line in ¢9 through A and B,
then L' = LN X results from L by removal of finitely many points,
namely the zeroes of the polynomial which results from P by substi-
tution of an affine coordinate for L. L'C X 1is of course connected

and it contains A, B. Then it is clear that X is path-connected.

We now come to the proof of the coordinate independence of inter-

section multiplicity. We shall prove that the intersection multiplici-
ties vP(C,C') and vé defined for two coordinate systems (xo,xl,xz)
and (xé,xi,xé) are the same. Let x = Ax'. By the connectedness

of X, we can find a continuous curve At , 0<t< 1, in X with

AO =1, Al = A. An admissible coordinate system xt = (xt,O’xt,l'xt,Z)
is defined for each t by Atxt' If one substitutes the latter in the
equations F(x) = 0 resp. G(x) =0 of C resp. C', then one obtains
the equations Ft(xt) = 0 resp. Gt(xt) =0 of C resp. C' relative
to the coordinates xt. As above, we consider the resultant
. ion, R = R i
RF .G (xt,O'xt,l) By construction, t(xo,xl) F .G (xo,xl) is a
t't t't

one-parameter family of homogeneous polynomials of degree m-n with the
following property : the number of distinct zeroes cl(t) of Rt (not

counting multiplicity) is constant (namely, equal to the number of
distinct intersection points pi of C and C', to which they corres-
pond under projection). But it follows from this that the multiplicity
of zeroes ci(t) of Rt . which depends continuously on t, is also
constant. This is immediate from the following well-known fact about

the roots of polynomials in one indeterminate

Let f & C[x] be a polynomial of degree d and let c € C be a
zero of f of multiplicity v. Let € > 0 be so small that all other
zeroes have distance > ¢ from x. Then there is a 6 > 0 for «
such that each polynomial whose coefficients differ from those of f by
less than & has exactly v zeroes in the circle of radius ¢ around

c, counting multiplicities.
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This proves that the multiplicity of the zeroes ci(t), and with it
the intersection multiplicity of C and C' at pi with respect to
the coordinate system X o is independent of t. Thus the inter-
section multiplicity is coordinate-independent.

Q.e.d.

The computation of intersection multiplicity from the definition in
terms of the multiplicity of zeroes of the resultant is naturally very
troublesome. For this reason, simpler formulae for the intersection

multiplicity are useful. The most important one is given by the

following theorem.
Proposition 3

Let C and C' be curves without common components and let p be

an intersection point of C and C'. Then
i v_(C,C') > v_(C) - v_(C'
(1) p( ) > p( ) p( )
(ii) Equality, vp(C,C') = vp(C) . vp(C'), holds if and only if

tangents to C at p are pairwise distinct from the

tangents to C' at p.

Proof : Let r = vp(c) and s = vp(C'). Without loss of generality

we can choose homogeneous coordinates (x x2), relative to which we

0¥y’

have equations F(xo,xl,x2) = 0 resp. G(xo,x ,x2) =0 for C and

1

C' and their resultant RF G (with respect to x2),
’

qg = (0,0,1) is not on C or C' or on a line connecting intersection

so that

points of C and C', or on a tangent to C or C' at p, and so that

p = (1,0,0).

Let f(x,y) = F(1,x,y) and g(x,y) = G(1l,x,y) be the associated

polynomials and let Rf g(x) be their resultant, where f, g are
’

viewed as polynomials in y with coefficients in C[x]. Obviously
the order of the zero x = 0 of Rf g(x) equals the order of the zero
’
4 L}
(1,0) of RF,G , hence it equals vp(C,C ).
Thus we investigate R (x) .
f.9
It follows from v _(C) = r, vp(C') =s and p = (1,0,0) that
m m-1 r r-1 r 0
= + + ...+ + + ...+

£xy) foy fly fm-ry fm—r+1Xy fmx Y

x,y) = n o, n-1 + + s % s-1 + + S 0
gx,y 9oY 9,Y .. In-s¥ In-s+1 Y e 9 XY

with fi . gj e Clx].
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The equations of the tangents to C resp. C' at p = (1,0,0)

are
r r-1 r
+ .+
fm_r(O)y + fm_r+l(0)xy .. fm(O)x

(O)xys—l + ...+ gn(O)xs

]
o

1]
o

s
+
gn_S(O)y gn-s+1

The tangents to C are pairwise distinct from those to C' if and only

if these equations have no non-trivial common solution, i.e. when

fm_r(O) e fm(O)
D. = # 0
1 fm_r(O) P fm(O)
gn_s(O) gn(O)
gn—s(o) gn(o)

Moreover, the assumption that no further intersection points lie on the

line x =0 from p to g has the consequence that the equations

f(0,y) =0 and g(0,y) = 0 have only y = 0 as common solution, i.e.
m-r m-r-1
fO(O)y + fl(O)y + ...+ fm_r(O) =0
n-s n-s-1 _
9450y +g,(0)y *.ootg  (0) =0

have no common solution, because fm_r(O) # 0 and gn_s(O) # 0 since

x = 0 1is not a tangent to C resp. C' at p. This means that

the following resultant does not vanish :
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fO(O) . £ (0)

950 - g (0)

Now we consider the determinant of the (m+n)-rowed matrix which
defines Rf,g' We :ﬁltiply the (n—s+l)th ro: by x, the next by x2
etc., down to the n , which we multiply by x . Similarly, we
multiply the (n+m—r+l)th row by x, the next by x2 etc., down to the

(n+m)th, which we multiply by x". As a result, R is multiplied

f.g

+2+. . tr+l42+. .+ L. +
by xl 2+ r+l+2 S, Now we divide the last column by x* S, the
r+s-1 th . .
second last by x etc., back to the (n+m-r-s+l) , which is
divided by x. As a result, the determinant is divided by
Xl+2+...+r+(r+l)+(r+2)+...+(r+s) _ xl+2+...+r+1+2+...+s+r.s

Altogether we have

_ .r.s
Rf'g(x) = x TD(x). (1)

D(x) is the determinant of a matrix whose entries are polynomials in
X. The form of this matrix is indicated in the following schema.

Expanding by the first n+m-r-s columns, one sees that

D(0) = Dl - D2. (2)

Then assertion (i) follows from (1) and assertion (ii) follows from (1)
and (2) and D2 # 0, together with the fact that D1 # 0 just in case

the transversality condition for the tangents is satisfied.
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hem=r-s

n—=Ss
n-s+4

n+1

n+m-r
n+m-r+d

a+m

n+m-r-s

To conclude, we can use the local intersection numbers to define

a global intersection number C-C' of two curves without common com-

ponents

c-c' = Y v_(c,c").
pecnc'
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6.2 Applications of Bézout's theorem

In the section "Origin and generation of curves" at the beginning
of this course we saw that an important reason for the study of curves
is the fact that the solution of many problems - e.g. the classical
problems of antiquity - reduces to finding the intersection of suitable
curves. This viewpoint was also stressed by Newton. Bézout's
theorem solves the problem of determining the number of intersection
points of two curves C and C', and results in many applications to
geometric problems, as we shall see in this paragraph and the next (on

cubics) .

One can also invert the question in a certain sense : given
finitely many points in the projective plane, one can ask which curves
go through these points. In this way one obtains a whole system of
curves such that the given points lie in the intersection of all curves
in the system. Before we start on applications of Bézout's theorem,

we make a series of remarks on such systems of curves.

We shall describe our system of curves with the help of the corres-
ponding system of equations. To do so we must extend the earlier
definition of curves in 5.1, in order to have a completely satisfactory
relation between curves and equations. In 5.1 we defined a curve as

the zero set of a homogeneous polynomial in the projective plane, and

hence as a subset of P2(¢). We then described each curve by an
equation F(xo,xl,xz) = 0, where F 1is a homogeneous polynomial, deter-
mined by the curve up to a constant factor. The decomposition of the

curve into irreducible components then corresponds to the decomposition
of F into irreducible factors. For this reason, the polynomials
appearing in equations of curves are precisely those with no multiple
factors. When we want all polynomials to appear, we must correspon-

dingly admit "curves" with "multiple" components. Thus by a curve

with multiple components we mean a formal linear combination

n_C
rr

where the Ci are irreducible curves (in the old sense) and the ni
are natural numbers. The number n; gives the multiplicity with which
we count the component Ci' If Fi = 0 1is the equation of Ci , then

the equation of C 1is naturally
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and the order of C is the degree of this homogeneous polynomial. If
two such curves C = EmiCi and C' = Enjcé have no common components,
then one naturally defines the multiplicity of a point of intersection

by

v_(C,C') = Zm,n.v_(C.,CY)
p iJ3Jp 1 3]

and the ordinary Bézout theorem trivially yields a Bézout's theorem for
these curves with multiple components. When we mean such curves with
multiple components in what follows we shall place the word "curve" in

quotation marks.

(If one also admits negative ni in the linear combinations
D = ZniCi , then one calls such a D a divisor on the projective plane.
In general, one understands a divisor on an algebraic manifold W to
be an integral formal linear combination of subvarieties of co-dimension

1.)

The set of all homogeneous polynomials

I oa £ 0 kK
iL..i70 "7 Tk
i + +i, =
10 .- *ip=m 0 k
of degree m in the indeterminates xo,...,xk obviously forms a

complex vector space of dimension

because this is the number of combinations of m elements (with repe-
titions) which can be chosen from a set of k+l1 elements. If one

regards two homogeneous polynomials as equivalent when they differ only
by a constant factor, i.e. when they define the same "curve", then the

set of these equivalence classes forms a complex projective space

P , and the coefficients a, . of the homogeneous polynomial

N-1 lO"'lk

are homogeneous coordinates in this PN—l' Thus we obtain : the set

of all "curves" of order m in the projective plane forms a complex
m (m+3)

projective space of dimension

> .
One can now consider projective subspaces of this projective space.

One calls such a linear subspace Pd of curves of a particular degree

m a linear subsystem, and the dimension d of P is called the

¢
dimension of the linear system. If d = 1, a case which one considers

particularly often, then instead of speaking of a 1l-dimensional linear

system one also speaks of a linear pencil of curves. For example,
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the lines through a fixed point in the projective plane form a pencil.

One meets linear systems in the treatment of various problems in
algebraic geometry, e.g. — and this is a particularly important applic-

ation — in the construction of rational mappings (see also [M8], §6A).

One can describe linear systems in various ways, e.g. by giving a
basis FO,...,Fd for the (d+l)-dimensional vector space of homo-
geneous polynomials of degree m corresponding to the d-dimensional

linear system P The linear system then consists of all "curves"

3-
with equations

AOFO + ...+ XdFd = 0.

Often one considers linear systems of "curves" of a particular degree

m which are defined by conditions of the following kind. One gives

a certain finite set of points in the plane and demands that the
"curves" go through these points, or that they have multiplicities
exceeding particular values at these points. The "curves" which satis-

fy these conditions then form a linear system.

We shall now study such conditions in somewhat more detail. We

consider "curves" of degree m, given by equations

F( ) =0,

Xgr¥1¥)
where

F(xo,xl,xz) = z a, . . X
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Since we first consider the vector space of all such polynomials, we

regard the a. as variables, as coordinates in this vector space.

l,j,k
Now we consider a particular point c¢ = (co,cl,cz) in P2(¢). The

condition for the "curve" to go through this point is that

F(colclrcz) = 0, thus

¢

j k
L 2
i+j+k=m

i3
. = 0.
ai,],k €3¢
This is a linear equation for the indeterminates a
jk

coclc2 as coefficients.

.. , with the

i,J,k

complex numbers
Thus the condition for a "curve" of degree m to go through a

point is a linear condition, and the "curves" which satisfy it form a

projective subspace of codimension 1 in the projective space of all

"curves" of degree m.

More generally, one sees that the condition for a "curve" of
degree m to have multiplicity at least s at a particular point p
is equivalent to s(s+l)/2 1linearly independent conditions.

Proof : by 5.3.3 the multiplicity condition for the curve is equivalent
to the vanishing at p of the (s—l)th partial derivatives of the
associated homogeneous polynomial F. A homogeneous polynomial in
three variables has exactly s(s+l)/2 partial derivatives of order

s-1 (namely, as many as the number of terms up to order s-1 in the

Taylor expansion of the affine equation at p). Hence the multipli-
city condition is equivalent to s(s+l)/2 1linear conditions. These
conditions are linearly independent. To prove this one chooses the
coordinates, without loss of generality, so that p = (1,0,0). Then,
. i j k R
since F = E ai.kxéxixz , the vanishing of
i+j+k=m I
257 1p
(1,0,0) means precisely that a, . = 0, where
k i, J,k

s-1-3-k, J
3 ax33
XO Xl X2

j+k < s-1, and these are s(s+l)/2 linearly independent conditions.

Now one can, as already indicated at the beginning of this

section, choose several points Pys---iPy in Pz(m), and natural
numbers sl,...,sr , and consider the set of "curves" of mth order
which have multiplicity at least sp at pp. These are purely linear

conditions, and the "curves" which satisfy them therefore form a linear
system L in the (m(m+3)/2)-dimensional projective space of all

"curves" of mth order. We have proved
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Proposition 1

th . AU
The "curves" of m order which have multiplicity at least sp

at pp form a linear system [ of dimension d, where
+
m (m+3) sp(sp 1)
4273 - 2
4
Whether equality or inequality holds here depends on whether the

conditions for the different points are linearly independent or not.

Both can happen. One sees this already in a trivial example : let
m=1, r =3, S, =8, =83 = 1. Thus we consider the condition for a
line to go through three given points Py + Py, s+ P3- If the three
points are in "general position", i.e. not collinear, then the three
conditions are linearly independent, and d = léi -3 =-1. I.e. Pd
is empty and there is no line which goes through Py + Py« Ps- But

if the points are collinear, and hence in "special position'", then

d > -1 and there is one line, so that d = 0, when the points do not

all coincide. In the latter case d = 1, and the lines form a pencil.

This situation is also typical for "curves" of higher order and
systems of conditions for the multiplicities of the "curves" at given

points pp. In what follows we confine ourselves to the case sp = 1.

Suppose we consider the case of quadrics, so that m = 2. They
form a linear system of dimension 2(2+3)/2 = 5. Thus at least one
quadric goes through five different points. When exactly one goes
through them, we shall say that the 5 points are in general position
(relative to quadrics). When 5 points Py,---/Pg are in general
position and one chooses a point p6 which does not lie on the quadric
through Pis-c-4Pg then there is no quadric through Pys---iPg- This
is the normal case, and hence we shall say that the six points are in
general position (relative to quadrics) when no quadric goes’through

them, while they are in special position when they lie on a quadric.
Definition

The r different points N € P2(¢) are in general
position relative to "curves" of m order when the linear system [
of "curves" of mth order through Pys---iP, has the smallest possible

dimension d, i.e.
d = m(m+3)/2 - r

when m(m+3)/2 > r and [ is empty when m(m+3)/2 < r.
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In order to justify this definition, we must show that general

position is really "general", i.e. that almost all r-tuples of points

have general position. To do this we must first explain what "almost
all" is to mean. We can view the r-tuple (pl,...,pr) as a point
in the m-fold cartesian product Pz(m) X ... X P2(¢). The condition

of general position is a condition on the rank of a system of linear
equations, and it may therefore be expressed by saying that certain
determinants do not vanish. These determinants are polynomials in the
homogeneous coordinates of the points Pys---iP - The set of
(pl,...,pr) in general position is therefore the complement

Pz(m) X .. X PZ(E) - A of a certain algebraic set A, namely the zero
set of these determinants. Two cases are now conceivable. Either
the exceptional set A equals Pz(m) X o L..0X% PZ(E) — then there is no
point (pl,...,pr) in general position. Or else A 1is a proper
algebraic subset. Then the points (pl,...,pr) in general position
in Pz(m) X oL..0x Pz(c) form a non-empty so-called Zariski-open subset.
In the sense of the usual topology (not the Zariski topology), such a
set is then open and dense. When this is the case one is entitled to
say that r distinct points in general are in general position, and

we shall use the expression in this sense.
Proposition 2

In the projective plane, r distinct points in general are in
Cas . th
general position relative to "curves" of m order. In particular,
. : th
there is in general exactly one "curve" of m order through

m(m+3) /2 points.

Proof : From what we have already said it is clear that it suffices to
show : for each m there are m(m+3)/2 points through which exactly
one "curve" of mth order passes. We show this by induction on m.
For m = 1 the assertion is clear : there is exactly one line through
two distinct points. To make the induction step from m-1 to m, we

observe that
m(m+3)/2 = (m-1) (m=1+3)/2 + m + 1.

We first choose m+l distinct points Py on a line L, and

. lpm+l

then (m-1) (m-1+43)/2 further points p which do not

m+2' """ T (m+3) /2
lie on L and which are in general position. This is possible by

the induction hypothesis. Claim : only one "curve" of rnth order

goes through pl,...,pm(m+3)/2.
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Proof : by Bézout's theorem (5.2.1), L must be a component of each
"curve" C of mth order through pl,..., ntl hence C =L wv_(C',

. th
where C' is a "curve" of (m-1) order. But the "curve" C' must

go through the remaining points, hence it is uniquely determined, by

the choice of these points. This proves the theorem.
Example :

Through 5 points there is in general exactly one quadric. Through

9 points there is in general exactly one cubic.

Now, as a first application of Bézout's theorem, we shall prove a
theorem on special positions of intersection points of two "curves". As
special cases, we obtain two theorems about particularly beautiful
symmetric configurations of points and lines, namely the theorems of

Pascal and Brianchon.
Theorem 3

Let C, C' be "curves" of order n which meet in exactly n2

distinct points. When exactly m-n of these points lie on an irredu-
cible "curve" C'' of order m, then the remaining n(n-m) intersec-
tion points lie on a "curve" C''' of order n-m.

Proof : Let F(xo,xl,xz) = 0 Dbe the equation of C and let

G(xo,xl,xz) = 0 be the equation of C'. Let L be the pencil of
"curves" of nth order with the equations

AF + uG = 0.

. 2 . R R

All "curves" in L go through the n intersection points of C
and C'. Since [ is 1-dimensional, we can find a "curve" in [ to
satisfy a given linear condition. To set up such a condition, we
choose a point q € C'' different from the n-m points in Cn C''.

Let C € L be a "curve" with gq € C — we have just established that C
exists. Then € and C'' meet in at least nm+l points. Hence
they must have a common component, by Bézout's theorem, and since C''

is irreducible by hypothesis, this can only be C''. Thus

a =Cl'uclll'

with C''' a "curve" of order n-m. The remaining n(n-m) inter-
section points of C and C', which do not lie in C'', lie in c,
and hence in C'''. This proves the theorem.

This theorem is a theorem about special position of points. The
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hypothesis says that m-n of the intersection points have special
position, because they lie on a'"curve"of order m, whereas for
n>m>1 we always have m-n > m(m+3)/2, and hence m-'n points in
general position do not lie on a'"curve'"of order m (cf. Proposition 2).
Likewise, of course, the hypothesis that n2 points lie, not only on

C, but also on another'curve" C' of order n, is a hypothesis about

the special position of these points, because for n > 2, n2 points

in general determine a "curve" C of order n uniquely. Finally,

the conclusion of the theorem is an assertion about the special position
of points, because for n > m > 2, n(n-m) points in general position

do not lie on a "curve" of order n-m, by Proposition 2.

As an application of Theorem 6.2.3, we now prove Pascal's theorem

on the configuration corresponding to a hexagon inscribed in an irre-

ducible quadric. A hexagon is a system of six distinct points
Pys---1Pg and six lines Ll,...,L6 in the projective plane such that
Li is the line through pi and pi+l for i =1,...,6, where we

set p, = p;-

We call pl""’PG the vertices of the hexagon and Li , L

i+3
the opposite sides (where indices are reduced modulo 6). We shall say

that a hexagon is inscribed in a quadric when its six vertices lie on

the quadric. A hexagon circumscribes an irreducible quadric when its

sides are tangents to the quadric.
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Corollary 4 (Pascal's theorem)

For a hexagon inscribed in an irreducible quadric the intersection

points of the three pairs of opposite sides lie on a line.

1,...,L6 be the sides

of the hexagon inscribed in the quadric Q. We apply Theorem 6.2.3

Proof : Let pl""'P6 be the vertices and let L

to C = leJ L3 v L5 , C' = L2 v L4\J L6 and C'' = Q. We check the
hypotheses of 6.2.3. It is clear first of all that the Li are pair-
wise distinct, because if two sides Li , Lj were to coincide, at least
three vertices would lie on Li , hence on IE N Q, contrary to

Bézout's theorem. Now we claim that C and C' meet in exactly 9
points. Proof : it is clear from the hypotheses that C M C' con-
sists of the 6 vertices and the three intersection points q,+95,93 of
the pairs (Ll,L4), (L2,L5), (L3,L6) of opposite sides. Also, the

qi are distinct from the pj , since each side Lj meets Qi in two

vertices , and hence in no other point by Bézout. But the

q; are also different from each other, for if two of them did coincide,
so too would the corresponding side pairs, whereas all the sides are

distinct.

Thus C N C' consists of the 9 distinct points

pl,...,p6,ql,q2,q3. Of these, pl,...,p6 lie on the irreducible
quadric C''. Hence by 6.2.3 the three points q; + 9, + 93 lie on a
line C''', as was to be proved. This proof of Pascal's theorem is

due to Pliicker.
Remarks :

(i) The proof of Pascal's theorem which we have just given is not
exactly the same as Pascal's. Pascal first proves his theorem — in
the real case — for the circle. Since every irreducible conic section
is projectively equivalent to a circle, the theorem then follows in

general, since the incidences are preserved by collineations.

(ii) We have proved Pascal's theorem only for a hexagon inscribed
in an irreducible quadric. However — and this was already known to

the Greek mathematician Pappus — it also holds for the reducible gquadric

consisting of two distinct lines. This follows from a refinement of
Theorem 6.2.3 where C and C' are cubics and C'' is a reducible
quadric. We shall prove this refinement later (in 7.2). In the

reducible case the Pascal theorem yields a beautiful configuration of

9 lines and 9 points. The 9 points are the 6 vertices of the hexagon
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and the 3 intersection points of the pairs of opposite sides. The 9
lines are the 6 sides of the hexagon, the lines of the reducible quadric,
on which the 6 vertices lie, and the line through the 3 intersection
points of the opposite sides. Through each of the 9 points go three
lines, and on each of the 9 lines lie three points. This configuration,

the Pascal configuration, was extensively investigated in the 19th cen-

tury. It belongs, together with the Desargues configuration and the

inflection point configuration of the plane cubic which we shall meet
later (in 7.3), among the configurations of classical projective

geometry.

The Desargues configuration consists of 10 points and 10 lines.
The points are the 6 vertices of two triangles in perspective position,
the 3 intersection points of corresponding sides, which are collinear

by the Desargues theorem, and the centre of perspectivity. The 10

lines are the 6 sides of the triangles, the 3 lines connecting the
vertices to the centre of perspectivity, and the line through the 3
intersection points of corresponding sides. Through each of the 10
points go 3 lines, and on each of the 10 lines lie 3 points. The
following pictures illustrate Pascal's theorem and the configurations

of Pascal and Desargues.
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We shall now dualise Pascal's theorem to obtain Brianchon's
theorem. We have not previously mentioned the duality principle of
projective geometry in this course, because a suitable time and oppor-

tunity were lacking. Now we can say a few words about it.

Let Pz(m) be the projective plane. To abbreviate we set
P = pz(m). In P we have homogeneous coordinates (xo,xl,xz). If

L is any line in P, then this line is given by an equation

+ alxl + a2x2 =0

3%
where (ao,al,az) is determined up to a scalar factor. If we regard
(ao,al,az) as a point of Pz(m), then L & (ao,al,az) yields a
bijection between the set P* of all lines in P and P2(¢). Thus
we can again view the set P* of all lines in P as a projective

plané P*, the projective plane dual to P.

In 6.2 we have viewed many more general linear systems of "curves"

of higher order as higher-dimensional projective spaces.

A pencil of lines through a point p € P is a line in P*, and

each line L* in P* 1is a pencil of lines through a point pe€ P,

namely p = Lg?i* L. Thus the lines of P correspond to the points
of P*, and the points of P correspond to the lines of P*, biject-
ively in fact. Thus we have identified the dual space (P*)* with
P again.

We denote the line L* in P* dual to a point p &€ P by p', and
the point p* in P* dual to a line L in P by L'. Similarly,

we denote the line L in P dual to a point p*e& P* by (p*)', and

the point p in P dual to a line L* in P* by (L*)'. Then we
have

p"=

L'" =L

and similarly

(p*)" = p*
(L*)'' = L*,
Moreover, the following obviously holds for the incidence of points and

lines : if L* = p' and p* = L' then

pe L < L* 3 p*. (*)
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For this reason, one can translate statements about the incidence of
points and lines in P into equivalent statements about the incidence

of points and lines in P*.

For example, the intersection point of two lines in P corres-
ponds to the connecting line of the corresponding points in P* and,
dually, the connecting line of two points in P corresponds to the
intersection point of the corresponding lines in P*. Or : three
points in P are collinear when the three corresponding lines in P¥*
meet at a point, etc. Under this type of translation, true statements
about the incidence of points and lines obviously go over to true state-
ments by (*). This is the duality principle, which has played a great

rdle in the development of projective geometry.

Duality Principle:

If, in a theorem on the incidence of points and lines, one every-
where replaces the word "point" by the word "line", and the word "line"
by the word "point", and if one replaces each assertion of the form
"point p 1lies on the line L " by the dual assertion "line L* goes
through the point p* ", then one obtains a valid new theorem on inci-

dences of points and lines, dual to the original theorem.

Of course, the principle in this form is not a theorem of projec-
tive geometry, but rather a statement on a higher level, a statement
about theorems of projective geometry. From the modern standpoint
the principle is an aside, since we now know how projective geometry
can be derived from incidence axioms. But from the historical stand-
point the discovery of the duality principle and the clarification of
the nature of duality was a decisive event in developing the conception

of projective geometry as a geometry based on axioms of incidence.

In the above formulation, the duality principle applies only to
theorems in which (in principle) only the concepts "point" and "line"
appear, together with the incidence relation pe L only. For
example, one can apply it to Desargues' theorem, but not to Pascal's
theorem, because the concept of "quadric" appears in the latter. How-
ever, one can extend the duality principle by defining "dual curves"

for curves of higher order.

The definition of the dual curve C* of C is very simple.
C* is the set of tangents of C in the sense of 5.3. This is a sub-

set of the dual plane P*. When C 1is a line, C* consists of only
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one point, hence it is not a true curve. For this reason we assume,
in the above definition, that C contains no lines as components. We

then still have to show that C* is in fact an algebraic curve.
Proposition 5

Let C be a curve in the complex projective plane P, without
lines as components, and let C* in the dual plane P* be the set of
tangents of C. Then C* 1is a complex projective-algebraic curve

in the plane P*, the dual curve to C.

Proof : We just sketch the proof. Let (xo,xl,xz) be homogeneous
coordinates in P and let (yo,yl,yz) be the dual homogeneous coordi-
nates in P*. Let F(xo,xl,xz) = 0 be the equation of C. We want
to find an equation F*(yo,yl,yz) = 0 with zero set C*. If
(xo,xl,xz) is a regular point of C, then by 5.3.4 the tangent to C

at  (x ) 1is the point in P* with the homogeneous coordinates

0'¥1%2
(Yo'Yl'Yz)' where

aF .
Y = 3% (Xolxl,xz) i=20,1,2. (1)
i
For a regular point with %§~(x0,xl,x2) # 0 these three equations

are obviously equivalent to the following two

EF—(xxx)— EF—(x x.,) =0
Yo 3x. For¥ir¥2) T Yy ax, 0'*17%2
3F (X.,x,,X,) - 3 (X ,Xy,%x,) =0 @
Yo ax. For¥1¥2) T Yy 5 KorXie%o :
2 0
Moreover, a point (xo,xl,xz) of C satisfies
2
v ox, F _wr=o0 (3)
. i 39X,
i=0 i
by the Euler formula 4.4.3. Because of (1), this equation is equiva-
lent to
2
T x =0 (4)
L X.Y.
i=o **
for a regular point. The set of points (yo,yl,yz) in P* for which

the three equations (2) and (4) have a solution obviously consists of
just the points of C* together with finitely many lines in P*, which
correspond to the pencils of lines in P through the singular points
of C. (We shall see later that C has only finitely many singular

points, and it also follows from 5.2.2 together with 6.1.3.)
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Thus it suffices to show that the set C of (yo,yl,yz) for which
the three equations (2) and (4) have a solution (xo,xl,xz) is the
zero set of a homogeneous polynomial R(yo,yl,yz). One finds such a

polynomial by elimination of XqrX from the three equations (2) and

17%2
(4) . One can carry out this elimination systematically with the help
of a kind of resultant. One has the following general result from
elimination theory, which can be proved with the help of theorems from
elimination theory and the resultant from 4.2 (van der Waerden,

Algebra II [W1l], 3rd edition, §88).

Lemma 6
Let 00,...,¢n be homogeneous polynomials with undetermined
coefficients in the variables (x.,...,Xx ). Then there is a poly-
0 n

nomial R in the undetermined coefficients of the Qi such that, for
given values aij of these undetermined coefficients, R(aij) =0 is
equivalent to the existence of a nontrivial solution of the correspon-

ding equations
mi(xo,...,xn) =0, 1i=0,...,n.

The polynomial R is homogeneous in the undetermined coefficients from

the individual polynomials ¢i.

Applying 6.2.6 to the three homogeneous polynomials on the left
sides of equations (2) and (4), one immediately obtains the existence
of a homogeneous polynomial R(yo,yl,yz) with zero set C. Thus C
is in fact an algebraic curve, and hence the same is true of C*. The
F*(yo,yl,yz)-equation for C* results from R when one divides by the
highest possible powers of the linear forms which correspond to the

pencils through the singular points of C. This proves 6.2.5.

The order of the dual curve C* is called the class of C. In
5.2.2 we have proved the following : let C be a curve of order m > 1,
let p be a point in the complement of C, and let L* = p' Dbe the
pencil of lines through p. Then in L* there are, counting multipli-
city, exactly m(m-1) lines Li which meet C anywhere with multipli-
city greater than one. These lines include, of course, all lines
connecting p to singular points of C. The remaining Li are pre-
cisely the tangents to C through p. But the number of these
tangents, counting multiplicity, is just the class of C. Thus we

obtain
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Proposition 7

A nonsingular curve C of order m > 1 has class m(m-1). For
singular curves C of order m > 1 the class is less than m(m-1).

Each singular point lowers the class.

There are formulae of Plicker which say precisely how much a
singular point lowers the class. For example, one can prove that an
ordinary double point lowers the class by two, and an ordinary cusp
lowers it by three. Thus a nonsingular cubic has class 6, an irredu-
cible cubic with an ordinary double point has class 4, and an irredu-
cible cubic with an ordinary cusp has class 3. A nonsingular quadric
C naturally has class 2, and C* is again nonsingular. Proof : one
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