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Preface

This book is the second edition of a text, the first edition of which is
titled Fundamentals and Applications of Complex Analysis. The title has
been changed to more clearly reflect the fact that the book contains many
applications in the sciences and engineering as well as applications to purely
mathematical problems.

Like the first edition, it is intended to serve as a text for both beginning
and second courses in complex analysis. The treatment begins at a very
elementary level with complex numbers. Many students in a first course may
have been introduced to complex numbers without ever having taken a
formal course in complex analysis. For those students, chapters 1 and 2 will
be a review. As such, in an introductory course, it may be possible to begin
instruction with the material in chapter 3. Depending on the students’
experiences, chapters 3, 4, and 5 might serve as review material for a second
course and may be covered quickly.

The book contains material that I have not found presented in other
popular texts. In particular,

e Chapter 6 contains an extensive treatment of multivalued functions with
applications of the structure of such functions to the evaluation of certain
types of integrals.

e Chapter 7 is devoted to the analysis of functions that are defined by
integrals which cannot be evaluated in terms of elementary functions.
Methods are developed for determining the singularities of these
integral-defined functions.

e Chapter 9 is devoted to the development and application of dispersion
relations. These provide mathematical tools for determining a complete
function from knowledge of just its real part, or just its imaginary part.



XVi Preface

e Chapter 10, in which analytic continuation of functions is discussed, did
not appear in the first edition. It is presented in this second edition in a
form that does not seem to be found in other texts in that the material
contains many examples showing how one analytically continues
representations of a function (such as series representations) from one
domain to another.

In order to provide the reader with concrete applications of the material, the
book relies heavily on examples and contains many of them. I have provided
a table of examples (like a table of contents) with descriptive titles that can
quickly direct the reader to these sections.
Some examples involve the types of problems the reader is expected to
have encountered in other courses.
For example:

1. Students who have taken an introductory physics course will have
encountered analysis of simple AC circuits. This text revisits such
analysis using complex numbers.

2. Methods of conformal mapping are used to solve problems in
electrostatics.

3. Cauchy’s residue theorem is used to evaluate many different types
of definite integrals, such as those that students encounter in a
beginning calculus sequence.

Occasionally, the reader will encounter the notation in which an asterisk
is used to denote multiplication, as is done in writing computer code. I have
found it a convenient notation that avoids the ambiguity that is inherent in
more common notations. For numeric or algebraic quantities, if needed, the
notation A B is used to represent the product of A and B. The meaning of
A B as the product is unambiguous, as is the meaning of the four commonly
used notations, AB, A X B, A - B, and (A)(B). There are instances however,
when one of these common notations leads to confusion. For example, one
never denotes x” by xx or by x X x. (Particularly, when x X x is written by
hand rather than typed, it can easily turn out to look like a string of three xs.)
However, denoting x” by x * x would never be interpreted as anything other
than algebraic multiplication of x with itself. If A = 2 and B = 3, the
meaning of 2 X 3 is clear as is the interpretation of (2)(3), but 23 will always
be interpreted as the number twenty three, and 2 - 3 will often be read as
two and three tenths. But 2 * 3 clearly indicates the multiplication of 2 and
3. As such, using the asterisk to denote multiplication provides a single
notation that never leads to confusion. Therefore, whenever it is deemed
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necessary in this text, algebraic or numeric multiplication is denoted with an
asterisk.

In material involving functions of two different complex variables, it is
necessary to discuss two different complex planes. Examples of this include
the evaluation of an integral of a function that depends on two different
complex variables and the mapping of a region of one complex to some
region of another complex plane. When it is necessary to indicate a
particular complex plane in a figure (such as the z-plane or the w-plane), the
complex variable defining that plane is placed on a small “flag” on the
imaginary axis of the plane. An example of this is shown in figs. 8.1 on
pp- 250, 251.

This manuscript was prepared by the author using Microsoft Word and
MathType, an equation editor developed and marketed by Design Science
Co. of Long Beach, California. Because of constraints encountered using
these programs, it is sometimes necessary to position a mathematical
expression in a sentence that does not fit on the same line as the text in that
sentence. Such expressions have been placed on a separate line, centered on
the page. They should be read as if they were text within the sentence. They
are distinguished from equations in that they are in the center of the page,
they do not contain an “equal”, “not equal”, or “inequality” symbol, and are
not designated with an equation number. Equations are displayed starting
close to the left margin, have an “equal”, “not equal”, or “inequality”
symbol, and are identified by an equation number. An example of this “out
of line” part of a sentence can be found in chapter 3 at the beginning of
section 3.2 on p. 48.

I am very grateful to Professors Wallace Etterbeek (Mathematics
Department, California State University, Sacramento) and Theodore Gamlin
(Mathematics Department, University of California, Los Angeles) for their
help in the development of the material about analytic continuation. In
particular, I wish to express my gratitude to Professor Richard Katz
(Mathematics Department, California State University, Los Angeles) for the
time he spent reviewing the chapter on analytic continuation, and his patient
explanations that helped me to understand this material more fully. I want to
also acknowledge the contributions of Mr. Richard Simpson for his helpful
reviews of, and comments about various parts of the text. This careful
reading of the manuscript helped improve the presentation of the subject
matter and eliminate errors that appeared in the first edition. Thanks are also
expressed to those students in the mathematical methods of physics courses I
have taught over the years whose curiosity and questions helped in the
development of this material.
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I am most indebted to my wife Helen Z. Cohen whose artistic talent,
patience, and expertise with drawing software produced the cover of this
book.

Harold Cohen
Los Angeles, 2006
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Chapter 1

INTRODUCTION

1.1 A Brief History

Real Numbers

When the ratio of two integers is not an integer, it is called a rational
fraction. Rational fractions fill in part of the intervals between the integers.
The set of numbers consisting of integers and rational fractions is referred to

as the set of rational numbers. A sample of these is shown graphically in
fig. 1.1.

-4/3 -3/8 172 13/8

Figure 1.1
Graphical representation of a sample of rational numbers

Irrational numbers first arose in the study of solutions to nonlinear

algebraic equations of integer order. For example, with ¢ > 0, the quadratic
equation

X —a=0 (1.1a)

has solutions

xzix/a

(1.1b)
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When « is a perfect square (the square of an integer), the solutions to eq.
1.1a are integers. When « is the ratio of perfect squares (such as 1/4 and
9/16), the solutions to eq. 1.1a are rational fractions (+1/2 and +3/4 for this
example). When « is not a perfect square or the ratio of perfect squares
(numbers like 2, 5, 1/2, and 3/4), the values of x given in eq. 1.1b are
irrational numbers. The set containing all integers, rational fractions and
irrational numbers is referred to as the set of real numbers. This set consists
of all the points on the axis of fig. 1.1.

Complex numbers
Girolamo (or Geronimo) Cardano first introduced imaginary numbers in

the sixteenth century in the study of solutions to a quadratic equation of the
form

x+4=0 (1.2a)
with > 0. The solutions to eq. 1.2a are
x=x-0 (1.2b)

Cardano defined +/—1to be an “imagined” or imaginary number. In the
eighteenth century Leonhard Euler introduced the symbol i to represent

\/—_1 . 1 has the property that
2 =(V-1) =1 (1.3)

With this definition, eq. 1.2b can be written as

x=+i/p (1.4)
Using i = \/—1, a complex number is written as
Z=x+Iiy (1.5)

where x and y are real numbers. The part of z that is not multiplied by i (x
in eq. 1.5) is called the real part of z and is denoted by
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x=Re(z) (1.6a)

The quantity that multiplies i (v in eq. 1.5) is referred to as the imaginary
part of z and is denoted by

y=1Im(z) (1.6b)

The reader should be aware of the fact that Im(z) is y, not iy. That is, Im(z)
does not contain a factor of i, and both Im(z) and Re(z) are real.

Argand diagram

The idea that a complex number could be used to represent a point in the
two-dimensional coordinate plane had been developed by Karl Friedrich
Gauss and proposed in his 1799 doctoral thesis at the University of
Gottingen. However, Gauss did not publish this interpretation. It wasn’t
until 1806 that the interpretation appeared in print when an obscure
mathematician named Jean Robert Argand published it in a privately printed
book entitled Essay on a Manner of Representing Imaginary Quantities in
Geometric Constructions. As such, the diagram used to describe points in
the two-dimensional plane by a complex number is referred to as an Argand
diagram. (See Abbott, 1985, pp. 11, 59 and Bell, 1937, pp. 232-234.)

Let a point in the plane have coordinates (x, y). It is evident from the
Pythagorean theorem that the point is a distance » from the origin given by

r=ax"+y’ (1.7a)

The line from the origin to the point makes an angle & obtained from

tan == (1.7b)
X

Argand’s idea was to represent the point graphically by the complex number
Z=x+Iiy (1.5)
by renaming the x and y axes as the real (Re) and imaginary (Im) axes,

respectively. The graphical description of a complex number is the Argand
diagram shown in fig. 1.2.
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Im

(xy)

Figure 1.2
The Argand representation of a point in the complex plane

The idea of representing complex quantities as points in a two-
dimensional plane paved the way for great progress and significant advances
in the development of complex analysis, making it the elegant mathematical
structure it has become.



Chapter 2
COMPLEX NUMBERS

2.1 Conjugation, Modulus, Argument, and Arithmetic
Complex conjugation
The complex conjugate of a complex number z is denoted by z*. It is
obtained by replacing i by —i everywhere it appears in the complex number.
The complex conjugate of
Z=Xx+Iy (1.5
is defined as
ZF=x—1iy (2.1)
The Argand diagrams of a complex number and its conjugate are shown in
fig. 2.1.
Referring to egs. 1.5 and 2.1, we see that
Re(z*) =Re(z) (2.2a)

and

Tm(z%) = —Im(z) (2.2b)
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Therefore, conjugation of a real number leaves the number unchanged and
the complex conjugate of an imaginary number is its negative.

: Z

o
Py

o X :

_0 |
|y

r I

I
7%

Figure 2.1

Argand diagram of z and z*

Example 2.1: Complex conjugation of selected complex numbers
The complex conjugate of
z=/4n(1+1i) (2.3a)
is
Z¥=4In(1-1) (2.3b)

Conjugation of

z=(1+i) (2.4a)
yields
F=1-i)" (2.4b)
Conjugating

7 =i (2.5a)
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we have
7%= (_i)(3*i) (25b)
|
Modulus
The modulus or magnitude of a complex number z is denoted by |z | It
has a meaning similar to that of the modulus of a real number in that it
represents the “size” of the number, that is, its distance from the origin. As

discussed in chapter 1, the length of the radius line from the origin to a point
with coordinates (x, y) is given by

r=ld =¥ + " = {(Re(2))’ +(Im(2))’ (2.6)

z| is sometimes referred to as the length of the complex

For this reason,
number.
Argument
The angle fin fig. 1.2 is called the argument of z. Denoted by
60 =arg(z) (2.7a)

it is the angle, measured in the counterclockwise direction, from the positive
real axis to the radius line and is found from

tan 9= 222 (2.7b)
Re(z)
Referring to fig. 2.1, we see that
arg(z*) = —arg(z) (2.8)

Addition and subtraction

Addition and subtraction of complex numbers are identical to addition and
subtraction of real numbers. Thus,

2t =0 +iy)E(x, i) =(x, 2t x,)+i(y, £ y,) (2.9)
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The Argand representations of two complex numbers and their sum are
shown in figs. 2.2a and 2.2b.

21+ 22
- T — |
________ 1 —— |
| |
[ Vit Y2 2
i : n | !
|
‘ ——————— P 22 : :
Y2 |
— X <— X1 X2
X2
<— X1+ X2
(a) (b)

Figure 2.2
Argand diagram of (a) two complex numbers (b) the sum of two complex numbers

Comparing figs. 2.2b and 2.2c, we see that the sum of complex numbers
results in the same line in the complex plane as the sum of two vectors in the
x—y plane. =

Figure 2.2¢

The sum of two vectors

There are two possible ways to subtract two vectors, as shown in fig.
2.3. The direction associated with each difference vector makes vector
subtraction unambiguous.

Figure 2.3
The difference between two vectors
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However, the analogous differences between two complex numbers are not
uniquely defined because complex numbers are not defined by directions. If
the line between z; and z, in fig. 2.3c is z;— 2», then the complex number

represented by that line, when added to z, yields z;.

4 =2,1(-2)

(2.10a)

This is analogous to the vector difference of fig. 2.3a. If that line represents
21— 22, then the associated complex number, when added to z; yields z,,

25, =7+(2, - 1)
and is the analogue of the vector sum of fig. 2.3b.

Z
4 T4 0r 2, — 4

2y

Figure 2.3¢
The difference between two complex numbers

Multiplication
The product of two complex numbers is given by
22, = (3 +iy) (4, +iy, ) = (nx, = 3+l v, + X5,3,)
Thus,
Re(z,2,) = xx, = v, ¥,
and

Im(z,z,) = x,y, + X, 5

(2.10b)

(2.11)

(2.12a)

(2.12b)
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The modulus of this product is

|2,2,| = (5, = y3)P + (s +3,0,)°

= (7 + Y X + 37 =|z]|z] -
With z; = z and z, = z*, eq. 2.13 becomes
wE=x"+y =r (2.14)
Division
In order to determine the real and imaginary parts of
a_ (atin) (2.15)

2, (Xz +1iy 2)
we rationalize the denominator of this complex number, which is the
process of multiplying z,/z; by 1 in the form z,*/ zo*. Then

22, (xl—!-iyl)(xz—iyz) (x1x2+y1y2)+i(x2yl—x1y2)

== : — = (2.16)
0% (xz""l)’z)(xz_l)ﬁ) (x22+)’22)
Therefore,
XX, +
Re (i] _(un+ o) =) 12y2) (2.17a)
2 (xz Ty, )
and
X,y =X
Im(ﬁJ _ (=) 2l 12yz) (2.17b)
2 (xz TV, )
Equality
The point z = 0 has the property that Re(z) = Im(z) = 0. If
z=z-2,=(x—x,)+i(y—,)=0 (2.18)

then

Re(z,—z,)=x-x,=0 (2.19)

and
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Im(z,—2,)=y-y,=0 (2.19b)
Therefore, if z; and z, are equal, then
Re(z,) =Re(z,) (2.20a)

and

Im(z,) = Im(z,) (2.20b)

2.2 Cartesian, Trigonometric, and Polar Forms

A complex number can be expressed in terms of x and y, its real and
imaginary parts. The form

z=Re(z)+ilm(z) =x+iy (1.5)
is called the Cartesian representation of z.

Referring to fig. 1.2, z can also be expressed in terms of its magnitude r
and its argument €. With

x=rcos@ (2.21a)
and

y=rsin@ (2.21b)
eq. 1.5 can be written

z=r(cosf+isinb) (2.22)

This is referred to as the trigonometric form of z. Conjugating eq. 2.22 and
expressing the Pythagorean theorem in trigonometric form,

cos’ @+sin’ 8=1 (2.23)
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we again obtain the expected result
wE=r (2.24)

When several complex numbers have the same magnitude, the points they
describe lie on the circumference of a circle centered at the origin. If the
radius of the circle is 1, such a circle is called the unit circle and, from eq.
2.22, points on its circumference are of the form

z=cos@+isind (2.25)

The variation of z along the circumference of the unit circle is given by

%z—sin@ﬂ'cosBzizsin9+icosa9=i(cosH+isin9)=iz

(2.26a)
from which
% =id@ (2.26b)
Z

Integrating this, with the constraint| z| = 1, leads straightforwardly to
z=cos@+isinf=e" (2.27)

Therefore, from eq. 2.22, a complex number of modulus r and argument &
can be expressed as

z=re"” (2.28)

which is referred to as the polar or exponential form.
The conjugate of z in polar form is

e (2.29)

from which we easily obtain the expected result
¥ =2 (2.24)
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Equating the polar and trigonometric forms of a complex number we
obtain

re'” = r(cos +i sin 0) (2.30a)
and
re " = r(cos8—isin ) (2.30b)

Example 2.2: Cartesian, trigonometric, and polar forms of selected
complex numbers

(a) To express
z=An(+1i) (2.3a)

in the three standard forms, we first write 14 in polar form. With modulus

1+i|]=+2 (2.31)
and argument given by

tanf=1= 0=17/4 (2.32)
we obtain

1+i=+/2¢"" (2.33)

Therefore, the Cartesian form of /n(1+1i) is

(n(+i)=Ltn2)+irx/4 (2.34)
That is,

x=Re[/n(l+i)]=1(n(2) (2.35a)
and

y=Im[(n(l+i)]=7/4 (2.35b)

The modulus of ¢n(1+1) is given by
r= (L n() +(7/4) (2.362)
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and the argument is found from

tang =" (2.36b)
Lin(2)

Then, in trigonometric and polar form,

n(+i) = (4 n(2)) +(/4)

+
( z/a Y] [ 24 )
*4 cos tanltlf AJ +isin ‘tan"( 7 J (2.37)
E{fn(l)/ | | \jﬁn(Z)

,][ /4 J
= JEm@) +(maye
(b) To express
2=(+iy (2.4a)

in Cartesian, trigonometric, and polar forms, we use the identity

sh=e'"® (2.38)
to write

(1+i) =™ (2.39)
With

n(+i)=3nQ2)+in/4 (2.34)

the polar and trigonometric forms of (1+i)' are

1+ i)i _ ei[%h1(2)+izz/4] _ e,,T/g,ef[%m(z)]
CE (2.40)
=e¢ "] cos (5&’n(2))+z sin (%En (2))}
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The Cartesian form of this complex number is obtained from eq. 2.40 by
identifying

x=Re[(1+i) |=e " cos (L n(2)) (2.41a)
and

y=Im[(+i) |=e 7 sin(Ltn(2)) (2.41b)

(c) To express

7= (2.5a)

in the three standard forms, we write

i) = o (2.42)
Using the identity

i = cos(z/2)+isin(7/2) =" (2.43)
we see that

(n(i)=in/2 (2.44)

Therefore, the polar, trigonometric, and Cartesian forms of i**” ar

/27\\ /'ZF\_] (2 45)

_ _ [
JO) = o232 — o2 g +isin —ie” " .
e 7)) i

deMoivre’s theorem

Writing the identity

(e7) =& (2.46)
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in trigonometric form, we obtain
(cos @+isin 8)" = cos(nb) + i sin(nd) (2.47)

Expanding the left side of eq. 2.47, we obtain deMoivre’s theorem

Z(V

(cos”’”" 9) (sin’" 9) =cos(n@)+isin(nf) (2.48)

m=0 m'(n m)!
Then

cos(n@) = Re[;’) ON m'(n m)! (cos”*’" 9) (sin’” 9)} (2.492)
and

sin(n6) = Im{;)(l) m(cos"*’” g)(sin” 9)} (2.49b)
When m is even,

@) =" (2.50a)
and when m is odd,

@) =i(=H"""? (2.50b)
Therefore,
cos(nd) = Y (—1)'”/2%@0@ " 6)(sin" 6) (2.51a)

m=0

and

sin(n6) = z (- m'( - )'(cos” " @)(sin” 6) (2.51b)

m udd
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Example 2.3: deMoivre’s theorem for sin(2 &) and cos(2 &)
Forn =2, eq. 2.47 becomes
(cos O +isin 9)2 =cos’ B—sin’ 8+ 2i sin @cos & (2.52)
=cos(26) +isin(26)
Therefore,
cos(20) = cos> #—sin” 6 (2.53a)
and
sin(26) = 2 sin @cos & (2'53bD)
Exponential representations of trigonometric functions
Setting r = 1, eqgs. 2.30 become
e’ =cos@+isinb (2.54a)
and
e’ =cosf—isind (2.54b)
Adding these, we obtain
cos@= M (2.55a)
2
Subtraction yields
sin@ = M (2.55b)

17
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Equations 2.55 are referred to as the exponential representations of cos@ and
sind. The exponential representations of tané, cotd, secd, and cscf are
obtained straightforwardly from these expressions. For example,

.eiH
1—

(4 —-i@
e’ +e’

e

tan @ =— (2.56)

Hyperbolic functions

The hyperbolic functions are defined from the trigonometric functions for
imaginary angles. Let

O=iw (2.57)

with w real. Then egs. 2.55 become

w

ei(iw) +e—i(iw) €w+€_

cos(iw) = =coshw 2.58
(iw) 5 5 (2.58)
and
itiw) _ —i(iw) ew W
sin(iw) = - =i =isinhw (2.59a)
2i 2

from which

sinh w = % (2.59b)

The real functions, cosh w and sinh w, are the hyperbolic cosine and
hyperbolic sine of w. Other hyperbolic functions are defined from cosh w
and sinh w analogous to the way other trigonometric functions are defined
from cos@and sinf. For example,

sin(iw) ; sinh w =itanhw (2.60a)

tan(iw) = — =
cos(iw)  coshw
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so that

w

sinhw e€"—e

tanh w = (2.60b)

w

coshw e"+e

Referring to eqs. 2.58 and 2.59a, the Pythagorean theorem in terms of
coshw and sinhw becomes

cos” (iw) +sin’ (iw) = cosh® w—sinh* w=1 (2.61)

2.3 Roots of Unity
Roots of 1

For any integer k =0
™™ =cos(2mk) +isin(2zk) =1 (2.62)

For an integer N > 1, the N root of 1 is given by

) A A 27k 27k
DN = (g2 N _ pE2TkIN COS( jiisin(—] 2.63
M = () v N (2.63)
Setting k = 0,
M =€ =1 (2.64a)

The root for k=1 1is
o 27) .. (2
(D)"Y =™V = cos (—”\ tisin il (2.64b)
\N ) N
With k=2,

()Y = gHmIN — cos(%}iism (%) (2.64¢)
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When k = N, the root is

(1)1/1\’ — eiZﬂiN/N — 1 (2.64d)
which is the root obtained for £ = 0. Setting k = N + 1 we obtain

N =" (2.64e)
which is the root found for k = 1. Thus, the range of k can be taken to be
0<k<(N-1), 1<k<N orany equivalent range.

For example, when k is in the range 1 < k < N, the integer (N — k) is in the

range 0 < (N —-k) < (N-1). Then,

MY =2V (2.652)
and

(1)1/1\7 — 2NN _ ,27ikIN (2.65b)

Thus, the root obtained for the negative integer —k with 1 < k < N is identical
to the root obtained for the positive integer N — k with 0 < (N—k) < (N-1).
Therefore, the sign of the exponent in eq. 2.62 can be taken to be positive
and all the roots of 1 can be obtained from

, . (27k
(1) = g2k :COSL%J—HSin (%) (2.66)

with 0 < k< (N-1), 1 £ k< N or any equivalent range. Because any such
range contains N different values of k, there are N distinct values of the N™
root of 1.

From the trigonometric form of the Pythagorean theorem, we see from
eq. 2.66, that

|(1)VN| =1 (2.67)

That is, the roots of 1 represent points on the circumference of the unit
circle.
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Example 2.4: Two square roots and three cube roots of 1

(a) The square roots of 1 are given by
W) = ()" = e (2.68)
For k = 0 the root is
()" =e" =1 (2.69a)
and the root for k=1 is
) =e"=-1 (2.69b)
As expected, for k = 2, we obtain
)= =1 (2.69¢)

which is the root obtained with k = 0. Therefore, there are two distinct roots
of 1. These are the two points on the unit circle shown in fig. 2.4a.

VAR R AR
1~ —iﬁ)\'\J

(a) (b)
Figure 2.4

(a) Two square roots of 1 and (b) three cube roots of 1 on the unit circle

(b) The cube roots of 1 are obtained from

(1) = 23 = cos ( 2;[](. J tisin (%) (2.70)
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The roots for k=0, 1 and 2 are

)P =e"=1 (2.71a)
() =" = COS(E\ +isin (27)_ L iﬁ (2.71b)
\3) \3) 2 2
and
)P =" = cos(4—”j +isin (4—”) __L iﬁ (2.71c)
3 3 2 2
respectively. Of course, the root for k = 3,
()7 =7 =1 (2.71d)

is the same as the root obtained for £ = 0. The three distinct roots of 1 are
the points on the circumference of the unit circle shown in fig. 2.4b. O

Roots of -1

The N™ roots of —1 are found by writing

. N ) N
(2.72)

with 0 <k < (N -1) or some equivalent range of k. Just as with the roots of
+1, the roots of —1 for kK > N are the same as those for 0 < k< (N-1). We
see from eq. 2.72 that the roots of —1 are also of modulus 1 and so represent
points on the unit circle.

Example 2.5: Two square roots and three cube roots of —1

(a) The two square roots of —1 are given by

(-1)/? = (eiﬁ(2k+1) )1/2 _ o T2 ik (2.73)
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For k =0, and 1, the roots are

(D" =i’ =i
and

(D) =ie" =i

As expected, the root obtained for k =2 is

)V =i’ =i

which is the same as the root for k = 0.
(b) The cube roots of —1 are given by

(=13 = 7D = o ( (2k ;‘ 1)75] +i sin((2k ;‘ 1)”]

Taking, for example, k =0, 1, and 2, the roots are

(=" = cosZ+i sin£=l+i£
3 3 2 2

(=) =cosr+isinr=-1

and

-V = cos(s—ﬂj + isin(s—ﬂ-) 1
3 3 2

23

(2.74a)

(2.74b)

(2.74¢)

(2.75)

(2.76a)

(2.76b)

(2.76¢)

Because 7773 = 27+ /3, it is straightforward that the root for k = 3 is

identical to the root for k =0. O

2.4 Complex Numbers and AC Circuits

(Optional; requires the reader to have some knowledge of DC circuit
analysis at the level of an introductory physics or electrical
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engineering course. See, for example, Serway and Jewett,
2004, pp. 835-836, 862-865).

When one or more electrical devices are connected to a battery, the circuit
is a Direct Current (DC) circuit. This designation comes from the fact that
the current delivered by the battery always flows in one direction. By
convention, that direction is from the positive to the negative terminal of the
battery.

In a circuit driven by an AC generator (such as the generator that delivers
power to the household wall socket), the current reverses direction regularly,
commonly many times per second. A circuit powered by this type of generator
is an Alternating Current (AC) circuit. The number of reversals of the
direction of the current in one second is called the frequency. For example, the
frequency of the AC current delivered by electric utility companies in the
United States is 60 oscillations per second, or 60 hertz (Hz).

DC circuits with resistors
Two resistors can be connected to a battery in either of two ways. The

circuit diagram of fig. 2.5a illustrates resistors connected in series. Figure
2.5b is the circuit diagram for two resistors in parallel.

R,
|1
1 T
Battery
Battery
(@) (b)

Figure 2.5
Two resistors in a DC circuit in (a) series (b) parallel

Each of the circuits of figs. 2.5 can be replaced by a circuit with a single
equivalent resistor which draws the same current from the battery as the
original circuit does. For N resistors in series, the resistance of the equivalent
resistor is given by

R,=R+R,+---+R, (series) (2.77a)
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The resistance of the resistor that is equivalent to N resistors in parallel is
found from

1
—=—+—+---+— (parallel) (2.77b)
R R R R,
Using these expressions, one can reduce a complicated circuit comprised
of subcircuits with series and parallel combinations of resistors, to a circuit
containing a single equivalent resistor.

Example 2.6: Finding the equivalent resistance of a DC circuit

Referring to the circuit of fig. 2.6, subcircuit A contains an 8 €2 resistor
in series with a 10  resistor. From eq. 2.77a, this series combination can
be replaced by a single resistor of resistance

Ry, =8+10=180Q (2.78)

This 18€2 of resistance is in parallel with a 9€ resistor. Therefore, the
entire subcircuit A can be replaced by one 6€2 resistor as found from eq.
2.770b;

SIS T (2.79)
R, 18 9 6
oA kB o
10 8 6
—VWWW—VVW\— Ezzz:] 15
AVAYAVAY,
9 12

Battery

Figure 2.6
Multiple resistor DC circuit (resistances given in ohms)
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The resistors in parallel in subcircuit B can be replaced by a single
resistor, the resistance of which is obtained by

1 1 1 1
— == (2.80)
R, 12 6 4
The circuit of fig. 2.6 is therefore equivalent to one containing resistors of
resistances 6 Q, 4, and 15€2 in series. This circuit is equivalent to one

with a single resistor of resistance given by

R,=6+4+15=25Q (281)

AC circuits with resistors, capacitors, and inductors

As shown in appendix 1, an AC circuit can be analyzed in the same way
as a DC circuit containing resistors by using complex numbers. Resistors,
capacitors, and inductance coils in an AC circuit are treated as resistors with
complex impedences given by

Z,=R (Al.11a)

Zo=-1X, (Al.11b)
and

Z, =X, (Al.11c)

where R is the resistance of the resistor and the capacitive and inductive
reactances are given by

1
X, =—— AlLS
¢ 2rfc (AL5)

and
X, =2xfL (A1.7)

In these expressions, f is the frequency of the AC generator, C is the
capacitance of the capacitor measured in farads, and L is the inductance of
the inductor measured in henrys.
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With these assignments, each subcircuit can be reduced to an equivalent
circuit containing two devices in series. This is achieved by replacing several
devices in a series subcircuit by a two-device series combination with
equivalent impedence given by

Z,=Z+Z,+Z, (2.82a)

e

and replacing several devices in a parallel subcircuit by a two device series
subcircuit with equivalent impedence given by

IR S S (2.82b)
z

Each resulting two-device series subcircuit is combined with other such
subcircuits until the original AC circuit is reduced to two devices in series
(or in parallel if one chooses) connected to the generator.

Example 2.7: Analysis of an AC circuit using complex numbers

Referring to eqs. A1.5 and A1.7, the reactances of the devices in the
circuit of fig. 2.7 are

1
X, =——=133Q (2.83a)
2 fC
and
X, =27fL=11.3Q (2.83b)
10Q 20044d
—WWW N
25Q 30 mH
MWV 000
I=2 amp fl:/g) Hz
Figure 2.7

An AC circuit
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Therefore, the net impedence of the upper branch of the circuit is

Z =R —iX,.=(10.0-13.3i)Q (2.84a)
and the lower branch has impedence

Z,=R,+iX, =(25.0+11.3i))Q (2.84b)

Because these two branches are in parallel, the equivalent impedance of the
circuit is given by

4 r v r 1
Z. Z Z, 100-133i 250+11.3i
“ (2.85)
10.0+13.3i  25.0-11.3i
_ 10.0+13.31 25071130 _ 169 4 033
10.0*+13.3>  25.0°+11.3
from which
1
Z, =R, +iX = (11.79-5.64i) Q (2.86)

= N T T 060+ 0330

Then, because the circuit draws a real current of 2 amps, the net voltage is
given by

V,, =12, =(23.58—11.28i) volts (2.87)

Referring to eq. 2.7b and to fig. 2.8, the phase angle between voltage and
current is given by

Im (Z)

Re (2)

Zeq

Figure 2.8
Phase diagram for the circuit of figure 2.7
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o X ) (56
¢ =tan LR J—tan 179" 25.57° =—-0.45 rad (2.88)

eq

Because the current is real and the imaginary part of Zeq (and therefore
Veq) is negative, the net voltage lags behind the current. This is the same
phase relation (ICE) as that of a circuit containing a resistor and a capacitor
in series. Such a circuit, called a capacitive series circuit, can be replaced by
an equivalent one containing a resistor of resistance

R,=Re(Z,) (2.892)

eq

in series with a capacitor of reactance given by
X. =|m(z,) (2.89b)

For the circuit of this example, we see from eq. 2.86 that the equivalent
resistance is 11.79 Q and the equivalent capacitance is obtained from

1
X. =
“ 2zfC,

=5.64Q (2.90)

With f = 60 hz, we obtain

_ 291
C, =470.32 ufd ( D>

In a circuit in which the imaginary part of Zeq is positive, the voltage is
ahead of the current (ELI). This is characteristic of an AC circuit containing
a resistor and an inductor in series. The equivalent resistance of such an
inductive series circuit is

R, =Re(Z,) (2.92a)
The equivalent inductance of the inductive series circuit is found from

X, =Im(Z,)=27fL, (2.92b)
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Problems

1. Let z=3+42i. Construct an Argand diagram of each of the following
complex numbers.

@-=z ®2 ©iz -7 @z O-() ©=
2. Prove that

(a) arg(z,z,) = arg(z,) +arg(z,)  (b) arg(z,/z,) = arg(z,) —arg(z,)

Determine

(c) arg(z,2,) (d) arg(z, /z,) (o) arg(z, /z,)

in terms of arg(z;) and arg(z»).

3. Express each of the following complex numbers in its Cartesian,
trigonometric, and polar representations.

[(1+2i) }

@ =

(b) (\/5 —i)_i © cos[%ﬂ'%) ) ln(—\/§)

@) e (h ¢’ Oreal (o) (i') (h) [i(’j)}

o
o o )
() sinh(L+5) ) ”[3+4i 3—41}

4. zjand 7z, are complex numbers. Find all values of the real numbers A
and B that satisfy z; = z, when

(@) z,=(A+3)+i(B+2) and z,=(B-3)+i(2—A)

(b) z, =(A’+2AB)+i(B-1) and z,=(A’-2A4+2B)-i(A+B)
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5.1f z=A+iB, what values of A and B satisfy

(a) ! (b) 7 !
a) I =— = -
2z 2—7

6. For z#1,
N

S=Nz=1+z+772+-+7" =
=0

(see appendix 3.) Set z= ei'g, and with @ not an integer multiple of 27,
show that

4 sin[£ (N —1)@]sin[L NG|
S, = ZO‘ sin(£) = 6]
and
al cos[$(N —=1)8]sin[1 NG|
; cos(£0) = o [% 9]

7. (a) Use deMoivre’s theorem to derive expressions for sin(36) and
cos(36) in terms of sindand cosé.
(b) Use the results of part (a) to derive expressions for sinh(3w) and
cosh(3w) in terms of sinh w and cosh w.

8. (a) Use deMoivre’s theorem to prove
(i) sin(@+ @) =sin @cos ¢+ cos Gsin @
(ii) cos(@+ @) = cos Bcos ¢—sin @sin @

(b) Use the results of part (a) to derive expressions for cosh(v + w) and
sinh(v + w) in terms of cosh v, sinh v, cosh w, and sinh w.

9. The equations 1 + tan’@ = sec’@and 1 + cot’@ = csc’@are two expressions
of the Pythagorean theorem. What are the analogous expressions of the
Pythagorean theorem for tanh w, coth w, sech w, and csch w?
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10. Determine the exponential representations of coth w, sech w, and csch w.

11. (a) Use the exponential representation for z = cosh w given in eq. 2.58
to show that

w=cosh™(z)= En(zi 2 —1)

(b) Derive an analogous expression for w = sinh™'z using eq. 2.59b.
(c) Use eqgs. 2.55 to derive analogous expressions for

(i) @=cos ' (2) (ii) @=sin""(2)

12. (a) Find the real and imaginary parts for each of the following sums.

3 4 3 4
Sa = Zf S5 = Zi[ Sa= Z(_i)é S = z(_i)é
=0 =0 (=0 =0

(b) M = 2 is an integer. Using the results of part (a), evaluate each of
the sums below.

4M -1 4M -2 4M -3

4M

+ _ .( + + + ./

=30 Syl SimXi si- 3
(=0 (=0

4M -1 4M -2 4M -3

Sy=2,(=)" S, = Z(z) Sy = Z(z) Sy = 2(z>

13. (a) Find all the distinct fourth roots of +1 and show their positions on the
circumference of the unit circle.
(b) Find all the distinct fourth roots of —1 and show their positions on
the circumference of the unit circle.

14. For what values of & does z= 1/2 + i(ax— 1) lie on the unit circle?
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15. Every point on the circumference of the unit circle satisfies Izl =1.
(a) Show that for each such point

Re(Lj:Re(L):l
1+ 7 1-z 2

The reader should note that at the points where the unit circle crosses
the real axis, this result is meant in the sense of a limit as 7z — * 1.
(b) Prove that the only points on the circumference of the unit circle that
satisfy

SERANES
1+ z 1-z

are the points where the unit circle crosses the imaginary axis.

16. If erand B are positive real numbers,
(a) Show that

; ; . . o—
e — e = 2ie" P %in (T’BJ

(b) Derive an expression equivalent to that of part (a) for PR

17. If «is a real positive number, prove that the complex number

7=0— [(1+a2)eitan"(l/a’)

is a point on the unit circle.

18. For o real and o < 1, prove that the two solutions to each quadratic
equation below represent points on the circumference of the unit circle.

(a) 7> +2iaz—1=0 (b) z° —2iaz—1=0

() 22 +20z+1=0 (d) 77 -20z+1=0
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19. In the circuits of figs. P2.1, R =20€, L = 50 mH, and C = 200 ufd and

the generator frequency is f = 100 Hz. Find the equivalent two-element
series circuit for each circuit.

®

(a) (b)
Figure P2.1
An RLC (a) parallel circuit (b) series circuit

20. (a) For each circuit shown in figs. P2.1, find the frequency of the
generator in terms of R, L, and C so that the circuit is equivalent to a
circuit with just a resistor. (A circuit that is equivalent to one with
only a resistor is called a resonant circuit.) What is the resistance of
the resistor of each of the resonant circuits?

(b) If the circuit of ex. 2.7 were a resonant circuit, what would be the

frequency of the generator? What would be the resistance of the
resonant circuit?

21. Find the two-element parallel circuit equivalent to the circuit of ex. 2.7.
That is, find the element that is in parallel with the equivalent resistor,

find its device number (C or L) and find the resistance of the equivalent
resistor.

MWW

()
N\

Figure P2.2
An equivalent 2-element parallel circuit
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22. The parallelogram of fig. P2.3 is defined by sides z; and z,. Prove that
the area of this parallelogram is given by

AP = ‘Im(zfzz )‘

23. A vector A in the x-y plane can be expressed either in terms of unit basis
vectors e, and e, or as a complex quantity A. That is,

A=Ae +Ae =A=A +iIA
The x—y plane is defined by nonparallel vectors A and B. Let A and B be

their equivalent complex representations. Show that the dot product of
the two vectors can be written in terms of their complex equivalents as

A®B= Re(A*B)

and that the cross-product of the two vectors (which perpendicular to the
x—y plane) is given in terms of their complex equivalents by

(Ax B) =Im(A’B)

Figure P2.3

Parallelogram with sides z; and z,



Chapter 3
COMPLEX VARIABLES

When the real and/or imaginary parts of z are variables instead of
constants, z is called a complex variable instead of a complex number. Then
a function F(x, y) can be viewed as a function of z, and calculus operations
can be performed on F(z).

3.1 Derivatives, Cauchy—Riemann Conditions, and
Analyticity

Derivatives and the Cauchy-Riemann conditions
The derivative of a function of one variable is defined by

dF . F(x+Ax)—F(x)
—= lim
dx Ax—0 Ax

(3.1a)

Because z is a linear combination of two variables, the meaning of dF/dz is
ambiguous. Referring to eq. 3.1a, the most reasonable way to define dF/dz
is

dFF .. F(z+A7)—-F(z) . Fx+Axq,y+Ay)-F(x,y)
—=1lim = lim
dz A0 Az =0 Ax+iAy

(3.1b)

37
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If dF/dz is unique, the limit must be independent of how Az approaches zero.
That is, dF/dz has meaning only if

- F(x+Ax,y+Ay)—F(x,y)

i
Az—0 Ax+iAy
=lim{_1im F(’”A"””Ay)_F(""y)} 3.2)
Ax—=0| Ay—0 Ax+iAy
L
Ay—0| Ax—0 Ax + lAy

As indicated in the second line of eq. 3.2, when we first set Ay = 0, then
take the limit Ax — 0, we obtain

ar _ . FltAry) - Fxy) _JF
dz M0 Ax ox

(3.3a)

When we set Ax = 0 first, then take the limit Ay — 0, as indicated in the third
line of eq. 3.2, we obtain

aF _ F(x,y+§)7)—F(x, y) :_l.a_F (3.3b)
dz N0 iAy dy

Because dF/dz has meaning only if these limits are the same, F(z) must
satisfy

oF . OF
—=—— 3.4)
ox dy
Equation 3.4 is referred to as the Cauchy—Riemann (abbreviated CR)
condition expressed in terms of F(x, y).
It is also convenient to express this CR condition in terms of the real and

imaginary parts of F(z). Let U(x, y) and V(x, y) be two real functions defined
by

F(2)=U(x,y)+iV(x,y) (3.5
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Substituting this into eq. 3.4, we have
oU .oV .0U oV

—ti—=—i—t—
ox  o0x dy 9dy
From the equality of the real and imaginary parts of eq. 3.6, we obtain

U oV

(3.6)

- 3.7

ox dy (3-72)
and

oU vV

-~ __Z 3.7b

dy 0x (3.70)

These are the CR conditions expressed in terms of the real and imaginary
parts of F(z). Both of these equations must be satisfied in a region R
containing z in order for dF/dz to be defined at the point z. If either one of
these conditions is not satisfied, then dF/dz is not defined at z.

The CR conditions can also be expressed in polar coordinates r and €. A
a continuous, differentiable function F(x, y) can be expressed as F(r,6) using

x=rcosf (2.21a)
and
y=rsinf (2.21b)
Then, with

r=yx’+y’ (1.7a)

and

tan 6= (1.7b)
X

we have
JF (r,0) OF dr OJF 96 dF sin@dF
—= — =cosf@—— —

=———t——=c
ox or dx 06 Jx ar r d6

(3.82)
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and
I(r.6) IFdr OF I8 _ g2l  cos00F (3.8b)
dy or dy 96 dy or r 00
Referring to eq. 3.4, the CR condition in terms of F(r,6) becomes
oF 1 0F
= = 3.9
or > 2060 ©9)
and the CR conditions in terms of U(r,6) and V(r,0) are
a_U = la_V (3.10a)
or rdé
and
aV 1 U
—_— 3.10b
or r o6 ( )

Analyticity

Let F(z) satisfy the CR condition(s) at all points in a region containing z.
Referring to eqs. 3.3 and 3.5, the derivative of F(z) at z can be expressed
either as

dF _9F _dU .oV

Rl R ST A (3.11a)
dz Jdx Ox ox

or as

dF _OF _ U 3V

= - 3.11b
dz dy dy i dy ( )

Referring to eqs. 3.3a and 3.8a or to eqgs. 3.3b and 3.8b, dF/dz can be
expressed in terms of r and @as

. . —if
dF _OF _ sglf SnOOF _ OF _ ie” oF ;)
dz ox or r 00 or r d6
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dF/dz can also be expressed in terms of U(r,6) and V(r,6) as

dF  _,0F _,[oU .av}

e =Y I — i — 3.13a

dz ¢ or L or lar ( )
or equivalently

dF e oF e’loU av}

iz 'y a0 rlo0 90 (3:130)

If F(z) satisfies the CR condition(s), then dF/dz is uniquely defined. If
dF/dz satisfies the CR condition(s), then d*F/dz* is defined, and so on. If
F(z) and all its derivatives satisfy the CR conditions at z, then F(z) is
infinitely differentiable at z, and is said to be analytic at z.

Example 3.1: Testing the analyticity of a function

(a) Consider
F(z)=¢ =¢'e” =¢"(cos y+isiny) (3.14)

Testing the CR condition in terms of F(z), we have

?Tani(e*e”) =e'e’ = ¢ (3.152)
X X
and

—iaa—;: = —i%(e"eiy) =e¢'e” =¢° (3.15b)

so e° satisfies the CR condition.
Thus, from either of egs. 3.11, we see that

d
—e =e¢' 3.16
dze ¢ ( )
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Therefore, de‘/dz also satisfies the CR condition and so d’¢“/dz* is defined.
Continuing this process, we see that ¢° is infinitely differentiable and so is
analytic.

(b) Let N be a positive integer. Then, to apply the CR conditions in terms
of U(r,6) and V(r,0), we write

F(z)=z" =r"e"’ =r"[cos(NO) +isin(NO)] (3.17)
Therefore,

U(r,0) =r" cos(NO) (3.18a)
and

V(r,0) =r" sin(N8) (3.18b)

The CR conditions of egs. 3.10 yield

aa—[’{ =Nr""cos(NO) = %g—‘; (3.19a)
and
aa—‘: = NrV"sin(N8) = —%aa—(é (3.19b)

So, for positive integer N, " satisfies the CR condition. Using either form
of egs. 3.13, we see, for example, that

, d/ »
4w i(_rNa_»s(_Nir_;»)) +i—(r"sin(N6)) |= N2" (3.20)
dz
It is straightforward to show that 7*' , 2", ... satisfy the CR conditions.
Thus, z" is infinitely differentiable and therefore is analytic. O

We note that in ex. 3.1, it is unnecessary to specify the values of x and y
(or r and &) at which the CR conditions are applied to ¢ and 7" and their
derivatives. For these functions, the CR conditions are valid at all finite z
and therefore, they are analytic at all finite z. A function that is analytic at
all finite z is called an entire function.
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Referring to eqs. 3.16 and 3.20, we see that the derivative of each of these
functions is the result one obtains by treating z as a single variable, even
though it is the sum of two independent variables. These are examples of
the general result that when a function is analytic everywhere in a region
containing the point z, its derivative at z is that obtained by treating z as if it
were a single variable.

To see this in general, consider the differential of F(x, y), given by
dF = —dx+—dy (3.21)

When F(x, y), described as F(z), is analytic in a region containing z, then,

from eqgs. 3.11,

JoF dF
—_—=— 3.22a
ox dz ( )
and
B_F = id—F (3.22b)
dy dz
Thus, eq. 3.21 can be expressed as
dF dF
dF =—|(dx+idy)=—-dz 3.23
dz ( v) dz 6:2)

which is the differential of F(z) if z were a single variable.

Example 3.2: Demonstrating that a fractional root function is not
analytic

In ex. 3.1b, it was shown that for integer N > 0, 7" is infinitely
differentiable at all z, and therefore is an entire function. To illustrate the

analysis of z¥ when N is not an integer, we apply the CR condition to

F(z)=7"=(x+iy)" (3.24)
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We have
F F
E;—x=%(x+iy)l/2 =—i%—y (3.25)

Applying the CR condition to dF/dz yields

il:% (x+ iy‘)]/2—| = %%(x+iy)7'/2 = —ig[_% (x+ iy)'/z] (3.26)
0x - dy -

which is not defined at z = 0. Therefore, z* is not analytic at z = 0. O

We see from eq. 3.25 that 7 seems to satisfy the CR condition(s) even
though it is not analytic. In chapter 6, we show that as with the fractional
roots of unity discussed in chapter 2, the function z” with p a rational fraction
or irrational number, has more than one value at every point z and therefore is
not uniquely defined anywhere. Therefore, the derivatives of such functions
are not uniquely defined at any z and thus do not satisfy the CR condition(s)
anywhere.

Examples 3.1 and 3.2 illustrate the general result that only a function
which satisfies the CR condition(s) in a region containing a point z is
uniquely defined and is infinitely differentiable. Therefore, a function is
analytic at z if it satisfies the CR condition(s) at z.

Laplace’s equation for an analytic function

Let F(z) be analytic at all points in a region R containing z. Then the
real and imaginary parts of F(z) satisfy

oU oV

- 3.7

ox dy (5-72)
and

oU A%

—=—— 3.7b

dy 0x (3.76)

at all x and y in R. Adding 9°U/0x” obtained from eq. 3.7a to 0*U/dy”
obtained from eq. 3.7b, we obtain

°U +82U _ oV 9V

ox>  dy’  dxdy dyox
Similarly, adding 9°V/dx> obtained from eq. 3.7b to 9°V/dy” from eq. 3.7a,
we obtain

9’V +azv _ U U _
ox>  dy° 9dydx oxdy

0 (3.27a)

0 (3.27b)
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The differential operator
> 0
V= —t==
ox~ dy
is called the Laplacian or “del squared” operator in two dimensions. With
this definition, eqs. 3.27 can be expressed in compact notation as

(3.28)

VU =0 (3.29a)

and
V¥V =0 (3.29b)

Equations 3.27 and equivalently eqs. 3.29 are the two-dimensional Laplace’s
equations for U and V. Thus, we see that a pair of functions that satisfy the
CR conditions at all points in a region R also satisfy Laplace’s equation in R.
Such functions are called harmonic functions.

If U(x, y) and V(x, y), the real and imaginary parts of F(z), are harmonic in
aregion R, then F(z) also satisfies Laplace’s equation. That is,

V’F=VU+iVV=0 (3.30)
atall zin R.

Determination of an analytic function

If only U(x, y), the real part (or only V(x, y), the imaginary part) of F(z) is
known in a region R containing z, the CR conditions can be used to
determine if an imaginary part (or a real part) can be found that makes F(z)
analytic in R.

For example, let the real part of F(z), U(x, y), be a known function. If
F(z) is analytic in R, its imaginary part, V(x, y) satisfies

V. JU
== = 3.7
dy dx ©-72)
Then V(x, y) is given by
V(x,y)= J’a—UaerA (3.31)
ox

The partial derivative of a function of x and y with respect to y, for
example, means differentiating only the explicit y dependence of the
function, treating x as a constant. In the same way, the partial integral of a
function with respect to y means integrating only the explicit y dependence
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of the function, treating x as a constant. Therefore, the “constant of
integration” A, must satisfy

A

dy
This means that A cannot contain any explicit y dependence, and so, can at
most depend on x. As such, from

vV _ U

0 (3.32)

— = 3.7b
ox dy (3.70)
eq. 3.31 requires A(x) to satisfy
dA _ JU U
S 3.33a
dx dy ox’ Y ( )
Then
d U .,
A(x) = —j[—U+ f%dy}dx+€ (3.33b)
dy ¢ ox

where C is a true constant, independent of x and y.
We see from eq. 3.33b that in order for a function A that depends on x to
exist, the integrand

2
v + J J (2] dy

dy 0x

must only depend on x. If this integrand contains any explicit y dependence,
then a function A(x) does not exist, and therefore an analytic function with
the specified real part U(x, y) does not exist. If this integrand does contain
only explicit x dependence, the imaginary part of F(z) is given by

(U Jfou (U
Vi(x, y):Jgay—JLg+J Fe 8y}lx+c (3.34)
We note that if
a_U+ azUa
dy ox’ Y

is independent of y, then
dlou (oU. | PU U
3. _+J 270y 0= >t =
dy| dy ox ox°  dy

(3.35)
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This is consistent with the fact that when F(z) is analytic in a region
containing z, its real (and its imaginary) part satisfies Laplace’s equation.

In problem 6 of this chapter the reader will derive an analogous process
for the case where V(x, y), the imaginary part of a function is, specified. The
CR conditions are used to determine whether U(x, y) exists, and if it does,
the expression for U(x, y) will be derived.

Example 3.3: Determination of an analytic function

(a) Let us determine if an analytic function exists with a real part given
by

U(x,y)=x"y’ (3.36)
Substituting this into eq. 3.33b, we obtain

ni oU rBZUA rr .
A(X):Jb_ﬂ = J = [[2x*y+4 " ax (3.37)

Because the integrand explicitly depends on y, an analytic function with a
real part x’y* does not exist.
(b) Let the real part of a function be defined by

U(x,y)=sinxcoshy (3.38)
Then
r|_a U —l
Ax) = | k— L—Nyjdx =0 (3.39)
Y1 dy Y dx
and, from eq. 3.34,
ol _ .
Vix,y)= J a—dy =cosxsinh y+C (3.40)
X

Therefore, the analytic function with real part given by eq. 3.38 is

F(z)=sinxcosh y+icosxsinh y+C =sinhz+C 34D
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3.2 Integrals of Analytic Functions

Consider the integral of a function F(z) along some path or confour C in
the complex plane from z; to z,. We denote such an integral by

[" Foyaz

cH

There are an infinite number of possible paths that can be taken between
these endpoints. Two such contours, C; and C,, are shown in fig. 3.1.

In general, we expect the value of the integral to depend on which contour
is taken. But if the integral is independent of the contour, then

|, F@dz- | Fdz=0 G420

(o o

Inverting the limits on the integral over C, changes the sign of the integral
and this becomes

j * F(2)dz+ J’ % F(z2)dz =0 (3.42b)

4 ~ 7
G &

The path from z; to z, along a contour C, then from z, back to z; along a

different contour C, forms a closed contour C. The closed contour integral
around C is denoted by

gSF(z)dz

21 22

G

Figure 3.1

Two contours between z; and z,
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Referring to eqs. 3.42, we see that when F(z) is independent of the path
taken, the integral around a closed contour C satisfies

gSF(z)dz =0 (3.43)

To see what conditions must be placed on F(z) at points enclosed by C,
and thus between the segments C; and C,, we consider Green’s theorem
(which is the two-dimensional form of Stokes’ theorem) for a closed contour
integral in the x—y plane. For completeness, a derivation of Green’s theorem
is presented in appendix 2. The reader is also referred to textbooks on vector
analysis (for example, Marion, 1965).

Let C be a closed contour in the x—y plane, and let all points inside and on
C lie within a region R. Let G(x, y) and H(x, y) be two functions, the
derivatives of which exist at all points in R. Green’s theorem states that

%S (Gdx+ Hdy) = jR | [aa_lj —aa—;;]dxdy (3.44)

Expressing F(z) and dz in terms of their real and imaginary parts, eq. 3.43
becomes

§ F(2)dz = § (Udx —Vdy) +idp (Vadx + Udy) = 0 (3.45)

C

Comparing the real part of eq. 3.45 to eq. 3.44, we set G =U and H = -V.
Then, Green’s theorem yields

vV U
%5 (Udx —Vdy) = jR j (—g—g]dxdy =0 (3.46a)
at all points in R. Thus,
A% U
= 2= 3.7b
ox dy (3.70)

must hold at all points in R. Comparing the imaginary part of eq. 3.45 to
eq. 3.44, we take G = V and H = U. Then Green’s theorem requires that

U odV
gCS (Vdx +Udy) = jR f [ﬁ‘@] dxdy =0 (3.46b)
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from which we deduce that

B_U = B_V (3.7a)

ox dy

everywhere in R. Therefore, we see that if the closed contour integral of a
function is zero, F(z) must be analytic everywhere inside the contour.

This result can be interpreted in another important way. Let C; and C, be
two different contours connecting endpoints z; and z, as shown in fig. 3.1.
The integral along C, is unchanged when C; is deformed (reshaped) into C,
as long as all the points between C; and C,, the region over which the
deformation occurs, are points of analyticity of the integrand.

Example 3.4: Independence of contour for the integral of an analytic
integrand

As shown in ex. 3.1, 7" is an entire function for integer N > 0. Thus, it is
expected that the integral of 7" between any two points should be
independent of the contour between those points.

Consider evaluating the integral

1+i

I= . Z2°dz (3.47)

over each of the contours shown in figs. 3.2.

1+ 1+ 1+
>—0
A
(a) (b) (©)
Figure 3.2

Three contours fromz=0toz=1+1i
Referring to the contour of fig. 3.2a, we see that over the horizontal

segment, z = x with 0 < x < 1. Along the vertical segment, z = 1 + iy with
0 <y<1. Therefore,

1= [ Pdx+ [ +iyYidy=11+i) (3.482)
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For the contour shown in fig. 3.2b, z = iy along the vertical segment, and
z = x + i along the horizontal piece. As with the contour of fig. 3.2a,
0<x<land0<y<1. Thus,

1, = [ Gyidy+ | (x+iyde=4(1+i) (3.48b)

Points along the contour of fig. 3.2¢ satisfy x = y so z can be expressed as
z = (1 +i)x or equivalently z = (1 +i{)y. Then, as for the contours of figs.
3.2a and 3.2b,

1= [ A+ P A+ iyde =40+ (3.48¢)

Thus, as expected, the integral of eq. 3.47 is independent of which contour is
taken between z=0and z=1 +i.

Equivalently, we can interpret this result in terms of the idea that the
integral is unchanged when one of the contours is reshaped into one of the
others.

We also note that integration over each contour yields

1+i

Pde=1| =10+ (3.49)

which is the result one obtains by evaluating this integral treating z as a
single variable rather than the sum of two independent variables. O

As with derivatives, this is an example of the general result that when
integrating between two points along a contour that traverses a region of
analyticity of a function, then the function can be integrated treating z as a
single variable.

To see this, let F(z) be analytic at all points in a region R. Then, as shown
earlier,

ar =4, (3.23)
dz

Because F(z) is analytic in R, all derivatives of F(z) are analytic in R. In
particular

Gz =9E (3.50)
dz
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is analytic in R. Integrating eq. 3.23,

Iy

["Gydz=["dF = F(z,)- F(z,) (3.51)

“1

the result obtained by treating z as a single variable in the integral of G(z).
3.3 Pole Singularities

If F(z) does not satisfy the CR conditions in an infinitesimal region
containing a point z, and so is not analytic at z, it is said to have a singularity

at z.

Example 3.5: A function with a singularity at the origin

Let
1 x—iy
F(z)=—=—5=; (3.52)
Z X +y
Applying the CR condition in terms of F(z), we obtain
F 1 1
a—:——.zz——z (3533)
ox (x+1iy) Z
and
oF —i 1
VL %L__Z (3.53b)
dy (x+iy)’ |  z

Note that the CR condition is satisfied at all points except z = 0. Therefore,
1/z is singular at z = 0, and is analytic at all other values of z. O

Removable and nonremovable singularities

If F(z) is singular at a point z,, then for many functions, there is a smallest
nonnegative integer k for which

. d'F
lim p
=z dz

— oo (3.54)
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As shown in ex. 3.2, 7% and its first derivative are finite at z = 0, but the
second derivative is infinite at the origin. Similarly, in ex. 3.5, it was shown
that 1/z and all of its derivatives are infinite at the origin.

If there exists a positive real number p such that

k
lim (z—z,)" CR i (3.55)

12 de

the singularity of F(z) at zy is called a removable or nonessential singularity.
If there is no positive real number p for which eq. 3.55 is satisfied, the
singularity at zyis said to be nonremovable or essential.

Example 3.6: Removable and nonremovable singularities

(a) Referring to ex. 3.2, 72" and its first derivative are zero at z = 0, and
its second derivative satisfies

2

L R R BT -2 _ o
1}33 e 77 = 4121£13z = (3.56)
We see that
dZ
lim Z? (d—zz z3/2] # oo (3.57a)
[ 3
lim z** d—z3/2 # oo (3.57Db)
z—0 dZ3
d4
lim e (d—f z”] # oo (3.57¢)

3/2

and so on. Thus, the singularity of z”~ at z = 0 is removable.

(b) The exponential function

F(z)=¢€"" (3.58)
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is also singular at z = 0. This can be seen by noting that when z — 0 from
points along the positive real axis,

lime”? = (3.59a)

z—0
when z — 0 along the negative real axis,

lime’" =0 (3.59b)

z—0

and when z — 0 along the positive or negative imaginary axis,

lime"* = et (3.59¢)

z—0
which are complex numbers of magnitude 1. That is, ' is not uniquely
defined, and is therefore singular at the origin. There is no power of z that
will remove that indeterminacy of e'* at z = 0, therefore the singularity of '~
at the origin is nonremovable. O
Only functions with removable singularities are integrable. There are two
types of removable singularities. One is called a pole, the other, a branch
point. A detailed discussion of branch points is presented in chapter 6. We
focus the present discussion on pole singularities.
Pole singularities

Let

lim F(z) = oo (3.60)

72
Let there be some integer NV > 0 such that

R(z)=(z—2,)" F(2) (3.61a)
is analytic everywhere in a region containing z, and

R(zy) = }LH}(Z—ZO)NF(Z) (3.61b)
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is a finite, nonzero complex number. Then F(z) is said to have a pole of
order N at 7z and the factor (z — zo)N removes the pole.
When N = 1, the pole is a first-order or simple pole. The function

R(2)=(z—2,)F(2) (3.62a)
is analytic in a region containing z, and

R(zo)=!i_>r§1(z—zo)F(z)¢O (3.62b)

is a finite complex number. For a simple pole, R(zy) is called the residue of
the pole.

Example 3.7: Selected functions with poles

(a) The function 1/z of ex. 3.5 has a pole at z = 0. This is easily seen by
noting that

R(0)= limzl =1 (3.63)

z—0 b

Because R(0) is finite and nonzero, the pole at z = 0 is removed by
multiplying 1/z by z. Therefore, the pole is a simple pole.

(b) Let
in(z+1
F(z)= % (3.64)
Clearly,
linol F(z)=o0 (3.65)

and

ling Z’F(z)=sin(1) 0 (3.66)
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Therefore, [sin(z + 1)]/z° has a third-order pole at z = 0 arising from the
factor 1/7.
(c) Let

F(z)=22 (3.67)

As with [sin(1 + z)]/z’, sin z/z” also has a pole at z = 0 due to the factor 1/z°.
If we try to remove this pole by defining

R(z)=7’F(z)=sinz (3.68)
we see that
R(0)= hIIOl sinz=0 (3.69)

Because R(0) must be nonzero, 2> is not the factor that removes the pole at
z=0. Thus, the pole of sin z/z’ is not a third order pole.

To see what is needed to remove that pole, we refer to the graphs of sin z
and z for real z shown in fig. 3.3.

fiz) N9=2

flz)=sin z

\/ )
Figure 3.3

Graphs of sin z and z

At z =0, fiz) = sin z and f(z) = z have the same value, and in the region near
the origin, they appear to have similar slopes. This indicates that for small z,

Sinz =z (3.70)
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with z expressed in radians. A numerical analysis of z and sin z, given in
table 3.1, tends to confirm this result (which is proven rigorously for
complex z in chapter 4).

Table 3.1 — Values of z and sin 7

7 (degrees) 7 (radians) Sin z
0.5 /360 = 0.00873 0.00873
1.0 /180 =0.01745 0.01745
2.0 790 =0.03491 0.03490
5.0 36 =0.08727 0.08716

Using eq. 3.70, we see that near zero,

sinz 1
3 =2 (3.71)
Z Z
Therefore
. 2
R(0) =lim 2’ Slznf = hgni— =1 (3.72)

50 sin z/z” has a second-order pole at z = 0. O
3.4 Cauchy’s Residue Theorem

Cauchy’s residue theorem provides a method for evaluating a closed
contour integral of a function that has one or more poles inside the contour.

Cauchy’s residue theorem for one simple pole

In fig. 3.4a, the contour C, encloses a simple pole of F(z) at z.
To develop Cauchy’s residue theorem for evaluating the closed contour
integral of F(z) around C, shown in fig. 3.4a, we consider the integral around
C, shown in fig. 3.4b. Because the pole at z, is excluded from C,, this
integral satisfies

gSF(z)dz =0 (3.73)
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(a) (b)
Figure 3.4

(a) C,, a contour enclosing and (b) C, a contour excluding a simple pole of F(z) at z,

Referring to fig. 3.4b for the notation used to describe the four segments that
comprise C, and the direction in which each is traversed, eq. 3.73 can be
written as

$F(2dz= | F()dz+ | F(2dz+ [ F(2)dz+ | F(2)dz=0

Gy Cown y

(3.74)

If there were no gap between C,, and Cgy,, the contour C,, would be
identical to C,, and C;, would become a closed contour. That is,

lim [ F(z)dz = 36 F(2)dz (3.752)
gap—0
Cnm C/I
and
lim [ F(z)dz = <j5 F(2)dz (3.75b)
gup_)o Cin Ciu

One way to eliminate this gap is to use the fact that there are no
singularities between C,, and Cg,.,. Therefore, as shown in fig. 3.5, the gap
can be closed without changing the value of

gg F(z)dz and SB F(z)dz
Co Cin
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When the width of the gap is zero, C,, and Cy.n lie along the same line and
are traversed in opposite directions. Therefore,

£EO.[F@yk+jIX@ﬂ}—O (3.76)

down

Cn ut

(a) (b)
Figure 3.5

(a) The contour can be deformed to close the gap and (b) gap is closed

As shown in fig. 3.5, the integral around C,, is traversed in the
counterclockwise direction and the integral around C,, is traversed in the
clockwise direction. Therefore, with eqgs. 3.75 and. 3.76, eq. 3.74 becomes

gap—0
b

lim F@ﬁh=¢F@ﬁk+¢F@ﬁk=0 (3.77)

Referring to fig. 3.6, this result can also be obtained by considering the
integral around the contour C; enclosing a region of analyticity of the
integrand. Because there are no singularities within C;,

@Fuﬁhzo (3.78)
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so that

PF2)de= F(2)dz+ P F(2)d

= J F(Z)dZ+ J. F(Z)dZ+J-F(Z)dZ+ J' F(Z)dz:o (379)

C, C,

out Cdawn in up

(b)
Figure 3.6
(a) Contour with an open gap and (b) section inserted that closes the gap

We note from fig. 3.6b that C; is constructed so that when it is inserted
into the gap, the curved segments of C; close C,,, and C;, and the sides of C;
are along the same paths as C,, and C,,,. Because the integrals along these
sides are oppositely directed to C,, and Cy,,., these integrals cancel and

section
inserted Cj, " Ciy

lim ¢ F(z2)dz = <f> F(z)dz+ 4) F(z)dz=0 (3.80)
C |
which is equivalent to the result we obtained in eq. 3.76.

The positive real axis is defined by 0 < r < eo, #= 0. An increase in 8is
achieved by a rotation in the counterclockwise direction. Rotation in the
clockwise direction results in a decrease in 6. Therefore, d@ > 0 implies an
infinitesimal counterclockwise rotation, and d@ < 0 indicates an infinitesimal
clockwise rotation. For this reason, an integral around a contour in the
clockwise direction is the negative of an integral around that contour in the
counterclockwise direction.
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Referring to fig. 3.5b or 3.6b, the integral around the contour C, is in the
counterclockwise direction, and the integral around C,, is in the clockwise
direction. When needed, we use superscripts “cc” and “c” to designate
counterclockwise and clockwise traversals along a contour. Thus, the results
stated in eqs. 3.77 and 3.80 become

Cj)" F(z)dz + (jS F(2)dz = (JS F(z)dz - (Jr) F(2)dz=0  (3.81)

Cﬂ

from which we obtain

95 F(2)dz = 93 F(z)dz (3.82)

Cﬂ

This result can be obtained more easily without forming and then
eliminating the gap. The only singularity of F(z) inside C, is at z,, therefore
there are no singularities between C, and C;,. Thus, C, can be shrunk to C;,
without changing the value of the integral and eq. 3.82 is obvious.

Because zis the only singularity of F(z) enclosed by C;,, this contour can
be shaped into a circle of radius p centered at z,, without affecting this
integral around Cj,.

20

Figure 3.7
Circular contour centered on z,

We see in fig. 3.7 that any point z on the circle C;, can be written as
7=17,+pe”’ (3.83a)
from which

dz=ipe’dp=i(z—z,)d¢ (3.83b)
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The integral around the closed contour implies that ¢ ranges from an
arbitrary ¢ to ¢y + 27, SO

ce rh+2m
Cf) F(z)dzzij¢ (z—zO)F(z)cM) (3.84)
Cm 0
Because zp is the only point of singularity enclosed by C;,, this inner
contour can be shrunk to a circle of infinitesimal radius without
encountering any singularities of F(z). With the definition of the residue
given in eq. 3.62b, this becomes

0 =%

. ce bot27m . .
lim§" F(z)de=[ " lim (c— 2 )F (2)idg=27iR(z)) ~ (3.852)
C[n

Therefore, from eq. 3.82,

§" F(2)dz =27iR(z,) (3.85b)

CU

This is Cauchy’s residue theorem for the counterclockwise integral around a
contour enclosing one simple pole of F(z).

It is straightforward to see that if the integral is taken in the clockwise
direction, Cauchy’s residue theorem becomes

§' F(2)dz==27iR(z,) (3.85¢)

C{A

With Cauchy’s residue theorem, the problem of evaluating the closed
contour integral of a function with one simple pole inside the contour is
reduced to the algebraic problem of determining the residue of that pole
using the definition given in eq. 3.62b.

Example 3.8: Cauchy’s residue theorem for an integrand with one
simple pole

Let us evaluate

e SlIlZ
1= 3.86
gﬁ T (3.86)

integrating in the counterclockwise direction around the contours shown in
fig. 3.8.
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(a) For the circle of radius 5, the pole is inside the contour. Therefore,

G2 dz = 2R (24) = 276 sinh(2) (3-87)
& (z=20)
¢
z=2ie e
p
K N
@ (b)

Figure 3.8
Contours for evaluating the integral of eq. 3.86

(b) The pole at 2i is outside the circle of radius 1. Thus,

"z =0 (3.88)
o, (z=2i)

z=2i¢ z=2ie

2N

(@) (b)
Figure 3.9
Contours equivalent to those of fig. 3.8 for evaluating the integral of eq. 3.86

Referring to fig. 3.8, we see that the integrand is analytic everywhere in
the region between the circle of radius 5 centered at the origin of fig. 3.8a,
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and the square of side 8 centered at (-2,1) shown in fig. 3.9a. Therefore, the
circle can be reshaped into the square without changing the value of the
integral. As such, the integral of eq. 3.86 around this square contour is also
—27e’sinh 2.

Similarly, because the circle of fig. 3.8b can be reshaped into the
equilateral triangle of fig. 3.9b without crossing over a singularity of the
integrand, the integral of 3.86 around the triangle is zero.O

Cauchy’s residue theorem for more than one simple pole

To extend Cauchy’s theorem to integrands that have more than one simple
pole enclosed by the contour, we apply the same approach used for one
simple pole.

Let F(z) have two simple poles at z, and z(,' enclosed by a contour shown
in fig. 3.10a. We first construct a contour that excludes each of the poles as
shown in fig. 3.10b, and then close the gaps (or equivalently insert sections
that contribute nothing to the closed contour integral).

(a) (b)
Figure 3.10

Contour (a) enclosing and (b) excluding two simple poles

Writing the integral over the contour of fig. 3.10b as a sum of integrals over
each of its segments, we have

J. F(z)dz+ J. F(Z)dz+_|.c F(2)dz+ J' F(z)dz

G Cown p

+j F(z)dz+ J|' F(z)dz+

[ [
: J - )
G Cown Cin C
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When the gaps between C,, and Cg., and between C 'u,, and C 'd,,wn are
closed (or equivalently, when regions of analyticity are inserted to fill the
gaps), the integrals along both pairs of “up” and “down” segments add to
zero and the contours C; and C, combine to become the closed contour C,.
Then, reversing the directions on the two “in” contours, we obtain

2gaps—0 .

G Cin

lim ( j “ F(z)dz + Jf " F(2)dz+ Jf” F(z)dz + Jf " F(2)dz
Cin

1

=" F)dz—§" F(2)dz—§" F(2)dz=0

C Ci
(3.89b)

from which

§" F(ydz=§" F()dz+§" F(2)dz (3.90)

C, Ciy Ciy

Again we describe points on the “in” contours as

7=z, +pe” (3.91a)
and

=z, +pe’ (3.91b)

Following the analysis for one simple pole (eqs. 3.83, through 3.85), it is
straightforward to show that the integral around each “in” contour yields 27
multiplied by the residue at each pole. Then, eq. 3.90 becomes

¢ F(2)dz =27iR (z,) + 27iR ) (3.92)

Cll

Extending this analysis to an integrand that has N simple poles at points
21, 22, .-, Zy enclosed by a contour C, Cauchy’s residue theorem becomes

$" Fo)dz= ZﬁiiR(zk) (3.93a)



66 Chapter 3 Complex Variables

and

§ F(z)dz = —ZﬁiiR(zk) (3.93b)

C k=1

From now on, it is to be understood that a closed contour is traversed in
the counterclockwise direction unless otherwise specified. The notation “cc”
or “c” is only displayed when it is necessary to do so.

Example 3.9: Cauchy’s residue theorem for an integrand with two
simple poles

Consider

—_ ez
= gS mdz (3.94)

around each of the contours shown in fig. 3.11. Clearly, the integrand has
simple poles at z = =i.

7=+Ii

(b)
Figure 3.11
Three contours for the integral of eq. 3.94

(a) Because both poles are enclosed by the contour of fig. 3.11a,

¢ e = 2ai[RCH) + R(—)] (3.95)

(& +1)

Writing the integrand as e%/[(z + i)(z — i)] the residues are found to be

AT e :e_i
R(+l)_}LrB(Z 1) [(Z—i)(Z+i)] 2i (3.96a)
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and

z —i

e

e
R(—i) = lim(z +i = 3.96b
()= Em(e 4= (3.96b)
Therefore,
ez rei _efi
<]S(2—dz=27zi{—_ = 27isin(1) (3.97)
oz +1) 2i

(b) For the contour of fig. 3.11b, the pole at z=+i is enclosed in the
contour but not the pole at z =—i. As can be seen, this contour is traversed in
the counterclockwise direction. Therefore,

Z

95 ;;dz = 27iR(+i) = 7me' = m(cos(l) +isin(l)) (3.98)
2 (1)
(c) The contour of fig. 3.11c encloses only the pole at z = —i and is

traversed in the clockwise direction. Thus,

?E (Zf_l_ l) dZ = —272'1R(—l) = ﬂ'efi — ﬁ(COS(]) —lSIH(])) (399D)

Cauchy’s residue theorem for high order poles

A pole of order greater than 1 is referred to as a high order pole. To
evaluate the closed contour integral of a function with a high order pole, let
C be a contour in the w-plane and let z be a point inside the contour. If f(w)
is analytic at all points inside and on a contour, then

F(w) ACOR (3.100)
(w—12)

has one simple pole at w = z. Therefore, by Cauchy’s residue theorem,

$ F(wydw=§ SO = 2mitimw— -2 = i 2
! L wv=2) N

-
£ £

(3.101a)
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from which,

_ f(W)
f=o— 35 = (3.101b)

This is Cauchy’s integral representation for the analytic function f(z).

Let R be a region in the z-plane, and let f(z) be analytic at all z in R. Then
dfldz exists everywhere in R. Because all the z dependence of f(z) is in the
denominator of the integrand in eq. 3.101b, df/dz is obtained by taking the
derivative of 1/(w — z) with respect to z. Thus,

daf fo)
ey 9‘3 o Z) (3.102a)
df_2 § S , (3.102b)

dz*  2mi i (w—z)

%

3*24} fo 86 f(W) (3.102¢)

dz’ (w— z)

and so on. From these results it is straightforward to see that

d"'f n! fw)

dZn _272'l J (W_Z)n+l

dw (3.102d)

Because the n = 0 derivative is f(z), eq. 3.102d includes Cauchy’s theorem
for an integrand with a simple pole, which is also Cauchy’s integral
representation of an analytic function.

This Cauchy integral representation of d'f/dz" provides us with a
prescription for evaluating an integral in which the integrand has a pole of
any order. By identifying f(z), the analytic part of the integrand, the contour
integral of a function with a pole at z, of order (n + 1) is given by eq. 3.102d.
If z is a fixed point zo, then eq. 3.102d yields

f(”) (24) (3.103)

95 : f(w)”+1 _ 27 lim d”f(w) 27i
w—

n! woz de
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Example 3.10: Cauchy’s residue theorem for an integrand with a third
order pole

We consider

ze’
I = dz (3.104)
¢ (z=1)’
around a circle of radius 2, centered at the origin.
r=2
Figure 3.12

Contour and pole for the integral of eq. 3.104

It is evident that the integrand has a pole of order 3 at z = 1, and that the
part of the integrand that is analytic at z =1 is

f(z2)=ze (3.105)

Therefore, from eq. 3.103b,

z 2

§ = dz =2 tim L (ze") = 3 (3.106)
(&._1) 2! z—1 dZ O

Integrands with more than one high order pole

The closed contour integral of a function with two or more poles, each of
arbitrary order, is obtained straightforwardly from eq. 3.103b. To illustrate,
we consider

g(2)
I= - rdz (3.107)
é Z Z] : (Z_Z2) :
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where g(z) is analytic at all points inside and on C, and z; and z, are inside
the contour.
The part of the integrand that is analytic at z; is

fio=—89 (3.108a)
(2-2)

and the part that is analytic at z; is

fu=—8% (3.108b)
(z—z)

Therefore, the contribution to the integral from the pole at z; is given by
m m I
1 a°f, _ 1 d" | g(2)

— lim =— lim | 5 (3.109a)
ml =a dz"  mla d"| (z-z,)"

and the contribution from the pole at z, is

L @h Ly, 4] 8@ (3.109b)
n! —=n dz" n! = Jdz" (Z_Zl)m

so that

¢ nf—l(Z) n+l d
(z=2)" (z—z)

C

1 m z 1 n
= 27| — dm 8 ),m +— d”( g(Z)mH
mlde"\(z=2,)"" )~ nldZ"\(z=2)"" ) _

N

(3.110)

This result can be generalized to any number of poles in a straightforward
way. When there are more than two poles, the expression equivalent to eq.
3.110 is straightforward but becomes unwieldy and so is not presented here.
It is left to the interested reader to deduce the expression for the closed
contour integral of a function containing a general number of poles within
the contour.
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Example 3.11: Cauchy’s residue theorem for an integrand with several
poles

We consider

= 3.111
gg("—l) (z- 2) G

around a circle of radius 3/2, centered at the origin. In asmuch as the pole at
z =2 is outside the contour, according to eq. 3.110, the result is

e
qg("—1) )

11d e 14> ( ¢ (3.112)
=270 ——| ——— = o
dz\ 2 (z— 2)J L 2!dz2L(z—1)2(z—2) .

Problems

1. For each function below, determine the values or range of values of x
and y (if any) for which the function is analytic.

(@ F(2)=2’ ® F()=x"+y"  (© F(2)=x"+iy’
(d) F(Z) = yz _ix2 (e) F(Z) — ey+ix (f) F(Z) — e—y+ix
(@ F(z)=e"" (h) F(z)=z*

2. Prove that each function below is an entire function.
(a) F(z)=sin’z (b) F(z)=cosh’(z)
(¢) F(z)=1z" napositive integer. (d) F(z)= e*

3. Show that each function below satisfies Laplace’s equation.
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(a) F(2)= e” (b) F(z)=sinh(z)

(¢) F(z)=sin(z%) (d) F(z)=tan(z) |z]|< g

4. F(z) = U(x, y) + iV(x, y) is analytic everywhere in a region R. Therefore,
dF/dz is also analytic everywhere in R. Referring to eqs. 3.11, apply the
CR conditions to Re(dF/dz) and Im(dF/dz) to show that U(x, y) and V(x, y)
each satisfy Laplace’s equation.

5. (a) Express Laplace’s equation V>F(x, y) = 0 in polar coordinates.
(b) Express each function of problem 2 in polar coordinates, then show
that each function satisfies Laplace’s equation in polar coordinates.
(c) Let F(z) be analytic everywhere in a region R that contains z.
Expressing z in exponential form, use the identities

oF 0oFdz ,0F oF OF 9z . OF
—=——=¢€"—and =——=i7—
Jor 9z dr 0z 00 0dz 90 0z

to show that

=0

ror 206

S
ar

13(}}_]«*} 1 0°F

everywhere in R.
6. V(x, y) is the imaginary part of a function F(z).

(a) Find the condition that determines whether a real part can be found
that makes F(z) analytic in a region R containing the point (x, y).

(b) When that condition holds so that F(z) is analytic, derive an
expression for the real part, U(x, y).

7. The real and imaginary parts of F(z) are designated U(x, y) and V(x, y),
respectively. For each function below, determine if the unknown part of
F(z) can be determined that makes it analytic. If F(z) can be made
analytic, find its unknown part.

(@) V(x,y)=2x+y ) U(x,y)=2x"+y"



Problems 73
() U(x,y)=cosxcoshy (d) V(x,y)=y" —x’
e)U(x,y)=sinycoshx (f) V(x,y)=e"coshy

(g) V(x,y)=e’sinh x (h) U(x,y)=e"cosx

8. Let F(z) = U(x, y)+iV(x, y) be analytic everywhere in a region R.
Show that if U(x, y)=P(x)+Q(y), and P(x) and Q(y) satisfy P"(x) = p
and Q’(y) = g1 — y (where p; and g, are constants) then V(x, y) exists.

9. Let F(z) = U(x, y) +iV(x, y) be analytic everywhere in a region R. Let

Ulx, y) = P(xX)Q().
(a) Show that V(x, y) can be determined if P”(x) =0 and Q' (y) = 0.

(b) Show that V(x, y) can be determined if P(x) and Q(x) satisfy
P"(x) — o/P(x) =0 and Q"(x) + %0(x) = 0 where ¢ is a constant.

2i
10. (a) Show that L cos zdz along the linear path shown in fig. P3.1a

is unchanged when that linear path is deformed into the
segment of the perimeter of the square shown in fig. P3.1b.

2i
(b) Show that L z’dz along the linear path shown in fig. P3.1a is

unchanged when that linear path is deformed into the perimeter of
the quarter circle shown in fig. P3.1c.

2i 21 a4

(a) (b) (c)
Figure P3.1
(a) A straight line, (b) a section of a square, and (c) a quarter circle of radius 2

fromz=2toz=2i
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I+im
11. Evaluate e“dz along each of the paths shown in fig. P3.2.

1+im

(a) (b)

(©)
Figure P3.2
Three paths from the origin to the point z =1+ iz

1+i
12. Verify that JO zdz is the same for the two paths shown in fig. P3.3

and is the result obtained by treating z as a single variable even
though it is the sum of two independent variables.

wf4
1+7

4 1+7

i

V

Figure P3.3
Two paths from the origin to the pointz =1 + i

1+i
13. Verify that J.o zdz 1is the same for the two paths shown in fig. P3.4

and is the result obtained by treating z as a single variable even
though it is the sum of two independent variables.
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1+1 1+!'
@ /.

/

Figure P3.4
Two quarter circular paths from the origin to the pointz =1 + i

14. F(z) is an analytic function everywhere inside and on the unit circle.
Evaluate the integral below for integer N with N >0, N=0, and N < 0.

"-ZﬁeiN”)F (ei¢)d¢

0

15. Each function below has one or more simple poles. Identify the value(s)
of z at which each function has the simple pole(s) and determine the

value of each pole.

1 Z
F(z)=—— F(z)=
@ F(z) 13 (b) F(2) R ©
eZ
F(z)=———
(@) 7 +ar
sin z

(d) F(z)=cotz (e) F(z)=tanhz (f) F(z)= ;

et e’ sinh z
F(z)=—— (h) F(2)= ) F(z)=
& F(2) 47° +971° ) F(2) 7+ 37 O F2) 27—irm

The contours in problems 16 through 20 are to be traversed in the
counterclockwise direction.

ZCOSZ

16. Evaluate 95 dz around the following contours:

(z+i-1)

(a) A circle centered at the origin of radius 1/2
(b) A circle centered at the origin of radius 3/2
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17.

18.

19.

20.

Chapter 3 Complex

(c) A square centered at the origin of side 5

ZCOSZ

Cricl) dz around the following contours:
Z+i—

Evaluate qg

(a) A circle centered at the origin of radius 1/2
(b) A circle centered at the origin of radius 3/2
(c) A square centered at the origin of side 5

CoS Z .
Evaluate 95 ———————dzaround the following contours:

(z=D(z+2i)

(a) A circle centered at the origin of radius 1/2
(b) A circle centered at the origin of radius 3/2
(c) A square centered at the origin of side 5

COS Z

Evaluate ¢ m

dz around the following contours:

(a) A circle centered at the origin of radius 1/2
(b) A circle centered at the origin of radius 3/2
(c) A circle centered at the origin of radius 5/2
(d) A square centered at the origin of side 5

Evaluate each integral below around a circle centered at the
origin of radius 2. In parts (h) and (i), n = 1 is an integer.

inz
e

WPl Of—md @ s

inz inz
e e

inz inz

O Pt CRNCE PTG

(z—1

eiﬂ'z
(z*+1)

inz

eiizz ei;z'z ) e
(2) Cﬁmdz (h) Cﬁ(z+l)" dz (1) Cﬁmd

Variables

dz

dz

4



Chapter 4
SERIES, LIMITS, AND RESIDUES

4.1 Taylor Series for an Analytic Function

Let a function F(w) be analytic at all points in a region R of the w-plane.
Let R contain the point zy and let C be a circular contour in R centered at zo.

W |

Figure 4.1
Circular contour in the w-plane centered at z,

The Cauchy integral representation of F(z) at some point z inside the
contour is

F(y=——¢ ™) g

= 101b
27 L (w—2z) (1010)

77
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Defining
A=z-z, 4.1)
eq. 3.101b can be written

1 6 F(w)

F(2)=F(z+A)=——(
’ 27 L (w—2z,—A)

dw 4.2)

Because z is inside the contour, the distance from z, to z is smaller than
the distance from z, to any point on the contour. Therefore, for all points w
on the contour,

A

<1 4.3
(W—ZO)< (43

Figure 4.2
A=‘Z—Zo|<|W—Z0|

As derived in appendix 3, for a complex quantity #, the function 1/(1 — )
can be expanded in the geometric series as

(1_t):1+r+r2+...:zr” lf|<1 (A3.4)
n=0
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Letting
A
= 4.4)
(VV_ Zo)
we write
1 1 1 = A"
= = Z n+l (45)
w=2z,—4) (w—2,) (1_ A ] o (W—2,)
(W - Zo)
Then, referring to eq. 3.103b, eq. 4.2 can be expressed as
n F d F(”) -
F(=3 & W) =3 ar &) (4.6)
n=0 2m J (W *’())"T nh:(; l’l!
With A = (z - zp), eq. 4.6 becomes
oo F(n) (ZO) .
F(z)=), — =) 4.7)
n=0 .

This is called the Taylor series representation or the Taylor series expansion
of F(z) around zo. When z, = 0, the Taylor series is called the MacLaurin
series,

= F"(0
F(z)=), T()z" (4.8)

Convergence of the Taylor series

To say that the Taylor series is a valid representation of F(z) means that
the value of the series at the point z is the same as the value of the function at
that z. The terminology is that the series (on the right side of eq. 4.7 or 4.8)
converges to the function (on the left side of eq. 4.7 or 4.8) at z.

It was shown in chapter 3 that as long as we do not cross over a
singularity of the integrand, a contour can be reshaped without affecting the
integral. Let z; denote the singularity of F(z) outside the contour that is
nearest to zo. Then, without affecting the integral representation of F(z), the
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circular contour of fig. 4.1 can be enlarged so that it is infinitesimally close
to, but does not touch z;. The Taylor series converges to F(z) at all points
inside this circle centered at z, of radius |zl - zo| which is called the circle
of convergence. lIts radius is the radius of convergence of the series.
Because an entire function is analytic at all z with 2| < co, the Taylor series
for an entire function has an infinite radius of convergence.

M Zl.

Figure 4.3
Circle of convergence of the series of a function expanded around z, with its nearest
singularity at z;

Example 4.1: The Taylor series for selected analytic functions

(a) Let us determine the Taylor series for

1
F(z)= 4.9)
(I-2)
around the point zo = 1/4. With
|
F(n) 1\ n: :n! 4 n+l (410)
(4) (1_ Z)nH s (3)
the Taylor series for 1/(1 — z) , expanded around z, = 1/4, is
1 I n+l
4 1\
— 4 (z-D 4.11)
(1-2) 2() )

Because 1/(1 — z) has a singularity at z = 1, the circular contour, centered at
z = 1/4, can be enlarged to a circle that is infinitesimally close to 1. Thus,
the radius of convergence of the series of eq. 4.11 is 3/4. By the identical
argument, the MacLaurin series for 1/(1 — z) (the geometric series) converges
to this function at all z within a circle centered at z =0, of radius 1.
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(b) Because all the derivatives of
F(z)=¢ (4.12)
are
F"(z,)=e€" (4.13)

the Taylor series for ¢° around z, is given by

ez=ez°{1+(&—ZO)+%+‘“J:€ZO§M (4.142)

or

oo

=y (@=3) (4.14b)

n=0 n’

Because ¢° is an entire function, the radius of convergence of this Taylor
series is infinite.

The MacLaurin series for e° is easily obtained by setting zo = 0. The result
is

e == (4.15)

(c) The coefficients of the MacLaurin series for
F(z)=sinz (4.16)
are found to be
F(0)=sinz_,=0 (4.17a)

F'(0)=cos 2 _,=1 (4.17b)

F”(0)=—sinz| _,=0 (4.17¢)
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and so on. Then the MacLaurin series for sin z is

Z3 ZS o Z211+1
sinz=z———+——= Y (-1) ——— (4.18)
3t 5! pr 2n+1)!
As with the exponential series, sin z is an entire function, and so its Taylor
series around any finite z; has an infinite radius of convergence.
We note that when z is small, the terms in 2%, z°, ... are negligibly small
compared to z and can be ignored. Therefore, as indicated in ex. 3.7c, when
z 18 small,

, (3.70)
SINzZ=2 O

4.2 Laurent Series for a Singular Function

If a function F(z) has a singularity at z,, it cannot be represented by a
Taylor series. To develop a series for such a function around z,, we again
start with the Cauchy integral representation of F(z) given in eq. 3.101b,
with a contour that excludes zpas shown in fig. 4.4.

w]

Com

Figure 4.4
Contour that excludes a singularity of F(z) at zg

With A = (z — z0), we write the Cauchy integral representation as

1 F(w)
F(z)= Zm'CéB ey dw (4.19)

around the contour of fig. 4.4. Following the arguments used in chapter 3 to
develop Cauchy’s residue theorem, we shrink the gap between C,, and Cgppn
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to zero, set the sum of integrals along C,, and Cy,,, to zero and reverse
the direction of traversal around the inner contour changing the sign on
that integral. Then, with the outer and inner contours traversed in the
counterclockwise direction, eq. 4.19 becomes

g ron o P (4.20)

F(7)=
2) QmLJ(w—%—A) J -z

C

out

We then expand 1/(w — zo— A)in a geometric series for each contour in
terms of a quantity that has a magnitude less than 1.

(a) (b)
Figure 4.5
Comparison of | w— 2 | and ‘ Z- 2 | for the (a) outer and (b) inner contours

As shown in fig. 4.5a, points on the outer contour satisfy |A| < |w - 20 | .
Therefore, for the integral around the outer contour,

1 1 1 =
= iz o (4.21a)

A

(w—2z,—A) (W_ZO)(l— A J = (w—2z2,)

(w—2z,)

Points on the inner contour satisfy |A| > |w - 20 | Therefore, for the
integral around this contour,

o r v—2)"
(w—zO—A)_ A(l Lj ;‘5 A (4.21b)
A
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Then, the integral representation of F(z) becomes

e o Fow < ‘
F()==—|> A" ¢ e dwt 2, g @ Fw)(w=z,)"dw
2mi| & ) -z Satt

(4.22a)

The letter used for the summation index does not affect the sum,
therefore we substitute n” = —n — 1 in the second sum, then drop the prime.
Then eq. 4.22a becomes

r
| F = F

| PO S e F0

2m Ln:() CJu (W_ Z()) n=—co Ci (W Zo)

(4.22b)

Recall that both F(w) and 1/(w — z) " are singular at w = z3. Therefore,
the integrands in both sums are singular at zo. The singularities of the
integrands in the first sum arise from poles of order n + 1 at z; and the
singularity of F(w) at z;. Because —oo < n < —1, there is no pole singularity
in the integrands in the second sums arising from 1/(w — z)"*' . But those
integrands are singular because of the singularity of F(w) at z.

We note that there are no other singularities of the integrands inside the
contours. Thus, the region between C,, and C;, is a region of analyticity for
both integrands. Therefore, one of these contours can be deformed into the
other without changing the value of the integral and we can write

95 _Fm _i _FW 4, (4.23)

(W ZO n+l (W ZO n+1

Then eq. 4.22b becomes

\n+l

1 le F - F
Fi=—|Y A" ¢ &)de+ 3 A Adw
2mi) 5 & (w=2p) — & (w=2z)

(4.24)
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We now drop the subscript “out” on the contour, recognizing that C is any
contour that encloses only the singularity at z.
Let

_ 1 F(w)
a,(z,) = Mgf T (4.25)

Referring to eqgs. 3.102, we point out that because F(w) is singular at z,, this
integral is not related to F"’(zy). That is,

1
a,(z,) ;t—‘F(”)(zO) (4.26)
n!

Then, with A = (z — z0), eq. 4.24 becomes

F(z)= i a,(z,)(z—2z,))" (4.27)

n=—o0

This is the Laurent series representation of a function that is singular at z.

Because the integrand of the integral defining a,(z,) is singular only at z,,
the contour can be taken to be a circle, centered at z,, that can be enlarged
out to the next singularity of F(z). Denoting this next singularity as z; the
circle of convergence for the Laurent series, like that for the Taylor series, is
centered at zo with a radius |z1 — zo| as shown in fig. 4.3. The difference
between the circle of convergence for the Taylor series and the circle of
convergence for the Laurent series is that the Taylor series converges to F(z)
for all z within the circle, including z,. The Laurent series converges to F(z)
for all z within the circle except z.

Laurent series for an analytic function

Referring to eq. 4.25, the Laurent series coefficients for n < -1 can be
written

1 n-—1
a (z) —2—m,<i> Fw)(w—2,)"" dw (4.282)

and forn >0,

a,(z))= (4.28b)

1 95 F(w)

272,l- / (W_Zn)l1+l
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If F(w) is analytic everywhere inside and on the contour, the integrand of
the integral of eq. 4.28a is analytic everywhere inside and on C. Then

1
a_,(z)==—=& F(w)(w=z,))" 'dw=0 (4.29a)
27i

C

and from eq. 4.28b,

1 F(w F"(z
an(ZO): ¢ ( )n+l d = ( 0)
2mi. (w—1z,) n!

(4.29b)

Therefore, when F(w) is analytic at all points inside and on C, the Laurent
series for F(z) becomes

oo F(”)
Fo=Y T8 gy @)

n=0

which is the Taylor series for an analytic function. That is, the Taylor series
is the Laurent series for a function that is analytic everywhere inside the
contour.

Laurent series for a function with a pole of order M

Let the singularity of F(w) be a pole of order M. For an integer L > 1, we
see from eq. 4.25 that

1 e
a1, (Z0) ZECﬁ Fw)(w=z,)™"Vdw (4.30)
C

Because the M + L — 1 > M, the factor (w — zo)(M+L’1) removes the singularity
from F(w) and the integrand of the integral of eq. 4.30 is analytic
everywhere inside and on C. Therefore,

a_ iy (zo)= a—(M+2)(Z0) =--=0 4.31)
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and the Laurent series for a function with a M"™ order pole at zy becomes

Cl_M(ZO) 4 a—(M—l)(ZO) (l_l(Zo)
w—z)"  (w—z)™™" (w—12,) (4.32)

2
+ ao(zo) + al(ZO)(Z— ZO) + az(ZO)(Z— ZO) +---

F(z)=

We note that each term in the second line of eq. 4.32 contains a positive
power of (z — z9). Therefore, this sum of terms is a function that is analytic
at all points inside the contour. Henceforth, when necessary, this analytic
part is denoted by

(DA(Z) = ao(Z0)+al(Z0)(Z— ZO)+Cl2(ZO)(Z_ Z0)2 +-- (433)

and the Laurent series for a function with an M™ order pole at z, is expressed
as

a_M(ZO) + a—(M—l)(ZO) oy a_l(Zo)

F(z)= — .
2 (w—z)"  (w—z)¥™ (w—1z,)

+®,(z) (4.34)

Example 4.2: The Laurent series for selected functions with singularities
(a) Let N >0 be an integer. Referring to ex. 3.6b,
F(z)=7"e"" (4.35)

has an essential singularity at z = 0. From the Taylor series for the
exponential function given in ex. 4.1b, the Laurent series for F(z) around
z=01is

oo N=k

Mei=Y 2 (4.36a)
o k!

Replacing the summation index by /= N —k, the Laurent series can be
expressed as

L
N 1z

Yooz
et = —_
&= woo

(4.36b)

-2 -1 N-2 N-1
< < < <
-4 N

+ o+ +- +
(N+2)! (N+1)! 2! 1!
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(b) Let N> 0 be an integer. The Laurent series representation of

F( )_SIIIZ

(4.37)
z

can be determined from the MacLaurin series for sin z given in eq. 4.18.
The result is

2k+l

sin z =
4.38
ZO‘ (2k+1)' ( )

Because 2k + 1 is an odd integer, when N is even, the Laurent series is an
expansion in odd powers of z. For odd N, the powers of z are even. We
define a new summation index m by

2k+1-N=2m+1 (N even) (4.39a)
and
2k+1-N=2m (N odd) (4.39b)

Then the Laurent series can be more transparently expressed as an odd or
even series as

2m+1

Sln Z m+= N Z
N eve 4.40a
EN,Z( D i (N'even) (4.402)
and

. oo 2m

sinz meb(v-n 2 (4.40b)
= -1 S — N odd

z" m(zN",),z( ) (2m+N)! ( ) o

4.3 Radius of Convergence and the Cauchy Ratio

The radius of convergence of a series is determined from the singularity
structure of the function that the series represents. It may be possible to
determine the radius using the Cauchy ratio test derived in appendix 4.
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For a series

F(2)=),0,(2) (441)
n=0
to converge, the Cauchy ratio must satisfy

O-n+1 (Z) < 1

p=lim|= B (A4.10)

n—>co

where 0;(z) and 0,,,(z) are two consecutive terms in the series.
If this inequality can be solved in the form

|z - zo‘ < 1, = constant (4.42)

then ry is the radius of convergence of the series. This is particularly
straightforward for a power series in (z — zo).

Example 4.3: Radius of convergence of the Taylor series for an entire
function

As shown above, the Taylor series representation of the exponential
function is given by

~ ~

= z (Z=z)" (4.14b)
n=0 l’l‘

By replacing z by z — zo in eq. 4.18, the series for sin z expanded about z; is

3 5 e 2ntl

fin= (- S GBSy e
3! 5! = (2n+1)!

(4.43)

These (entire) functions are analytic at all finite z and thus have an infinite
radius of convergence.
A general expression for such a series is of the form

Mn+M,,

(z=z)""
F(2)= Z Mt 1) (4.44)
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22 =C (4.45)

where C is a finite nonzero constant. Obviously, for the exponential series,
c,=1,M=1,and M, =0. For the sine series, ¢, = (-1)", M =2, and M, = 1.
For both series, C = 1.

The Cauchy ratio for this series is

(z— ZO)[M(n+1)+M0]| [Mn +MO]!

C
:l n+l
P | 2=z | [M(n+ D)+ M, ]!
Clz=2) ngmm[M(n+1)+M0][M(rl+1)+Mo—1]“‘[M"+M0+1]

(4.46)

For the series to converge, this ratio must be less than 1. Therefore, the
condition for the series to converge is

|2 zy| < o0 (4.47)

That is, the radius of convergence is infinite. O

Example 4.4: Radius of convergence of the Laurent series for a function
with a singularity

The generator of the geometric series, and the series it generates are

oo

= Z(Z—ZO)" (448)

F(z)= —[l—(z ] =

Because F(z) has a pole at z — zy = 1, the circle of convergence is centered at
Zo with a radius of 1.
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The Taylor series for In [1-(z — zo)] is given by

+1

F(z)=—In[1-(z-2,)] Z (Z(n iol) (4.49)

Because the logarithm function has a singularity at z — zo = 1, the circle of
convergence of this series is also the circle centered at z, of radius 1.
A general form of such series of this type is

z )MI’H~M0

F(z)= 2 (M T (4.50)

where, for the geometric series, ¢, = 1, M =0, and My = 1. For the logarithm
series, ¢, =1, M =1, and My = 1. Therefore, C =1 for both series.
The Cauchy ratio for this series is

S A TE S L I VP V
p=lim [Mn+11,]
=l e, || (2= )" | M+ 1)+ M,
M+ Mo 4.51)

o 1Y M
{M (1 + —j + —"J
n n
By requiring p < 1, we see that the series converges for

(4.52)

From this it is straightforward to see that both the geometric and logarithm
series of eqs. 4.48 and 4.49 have a radius of convergence of 1. O

From this discussion and the examples above, we see that the region of
convergence of a series is obtained by requiring the Cauchy ratio to be
strictly less than 1. This defines a set of points within a region that does not
have a definite boundary. Such a region is called an open region. That is, a
series converges in an open circle, at points of analyticity of the function
(which excludes the center of the circle for a Laurent series).
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Referring to fig. 4.3, the boundary of the circle of convergence of a series
contains z;, the singularity closest to z,, the center of the circle. For any
point on the boundary, part of the neighborhood of that point would be
outside the region (the shaded area of fig. 4.6) where the series is not
defined.

21

Ed

*Z

Figure 4.6
A point on the boundary of a closed region

Because the series is not defined outside its circle of convergence, the
derivatives of the series do not exist at points on the boundary, and the series
is not analytic at points on the boundary. The function that is represented by
the series at points within the circle of convergence can be analytic at all
points on the boundary except z;, but the series is not. Therefore, the
function is not represented by the series at points on the boundary. For
example, 1/(1 —z) is analytic at z = —1 and i but the geometric series

>

n=0

which represents 1/(1 — z) for | z | < 1, is not.

4.4 Limits and Series

L’Hopital’s' rule provides a prescription for evaluating the limit of a
function when that limit is in the form 0/0 or eo/eo. In some cases, it is
possible to derive the rule using series representations of functions.

" The name of the Marquis de 1’Hopital (1661—1704) appears in the current
literature spelled in two different ways. During his lifetime, the name was
spelled in the old French form “I’Hospital”. The “s” was not pronounced.
The modern French spelling of his name is “I’Hopital”. The pronunciation
has not changed.
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Limit in the form 0/0
If
P(z
F(z=f® (4.53)
0(2)
such that
lim P(z) =0 (4.54a)
and
IimQ(z)=0 (4.54b)
then
. 0
lim F(z) = 6 (4.55)

Let P(z) and Q(z) be analytic everywhere in a region R containing z,.
Then each can be expanded in a Taylor series around z,. The form of the
limit of eq. 4.56 arises because P(z) and Q(z) are zero at zo. This occurs
because the functions and possibly several of their lowest-order derivatives
are zero at 2.

If a function A(z) is analytic at zp, and satisfies

A(z))=A'(z))=A"(z)) == ATD (z)=0 (4.56a)
with
A" (z,)#0 (4.56b)

its Taylor series around zp is

A(n) A(n-H) .
A(Z): (ZO)(Z_Z())H"' (ZO)(Z_ZO)(”D*_'“
n! (n+1)!
=AM (2) 4.57)
Z m
= Z | : ( 0)
m!
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As 7z — zo, terms of order higher than (z-zp)" are much smaller than

(z —z0)" and can be ignored. Therefore, when

lim A(z) = lim——=

A" (z,)
% (z—z)"=0 (4.58)
g =2 n!

A(7) is said to have an n'™ order zero at z.
For example, if A(z) has a first-order zero at z, then
A(z)=0 (4.59)
with
A'(z) 20 (4.60)
Then the Taylor series for A(z) is

A(z) = (Zo)( _ ”2('Zo) (z— 20)2 4. (4.61)

If P(z) has a zero of order M and Q(z) has a zero of order N, then

lim F(z) =

=7

\\\\\ + (1V1+])' N I PN

N N Nl N+l
# Q(N) (zy)z— Z())N + (N+1)! Q( )(Zo)(z - Zo) +ee

(4.62a)

|: 1 P(M)(7 \(7—7 \M

As 7 — 7o, terms containing (z — zo)""*', (z — z0)"*, ... are small compared to
(z—z0)" and can be ignored. Likewise, terms of order (z — zo)"*' and higher
can be ignored relative to (z — 20)". Therefore,

{0 M >N
LP(M) )( _ )M’ _i (M) z
hmF(Z):hm|: - (N)(7 Z 7 | 4 (M)( 0) M:N
=2 =7 Q k&o)kz ZO) _! 10 ( 0)

Loo M <N

(4.62b)
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Limit in the form oo/co

When

lim F(z) = lim 28 =2 (4.63)

e =2 O(2) T o

I’Hopital’s rule can also be applied to evaluate this limit. The general proof
of this is beyond the level of this text, but is presented in various advanced
calculus texts. (Two such resources are Buck and Buck, 1978, p. 21 and
Taylor, 1955, pp. 121-123.)

If 1/P(z) and 1/Q(z) are analytic at z,, the limit of eq. 4.63 can be
evaluated by writing it as

lim F(z) = lim V@ _ o R _0 (4.64)
=2 2z | P(Z) =2 S(Z) 0

and applying I’Hopital’s rule to R(z) and S(z).

One reason P(zp) and Q(zp) could be infinite is that each has a pole at z,.
If P(z) has a pole of order M and Q(z) has an N"-order pole at zo, their
Laurent series representations are

_ P-m-
P()= . 7M)M + (Z_;M)‘;H T (4.652)
“0 0
and
N 9y q-(v-1y
0(z)= —+ Tt (4.65b)
(z—2))"  (z2—2)
Then
Pow Py
M _ M-
Fg=3"R) (24) (4.662)
9y 4-(v-1 4o
(z—z)"  (z—z)""
Multiplying numerator and denominator by (z — zo)", this becomes
N-M N-M+1
w(Z2—2 +P (22 +--
F= L)+ P o Em5) (4.66b)

9~ +q7(N71)(Z_ Zo)+"'
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From this we see that when P(z) and Q(z) have M™ and N" order poles
respectively, then

0 N>M
limF(z)=122 N=Mm (4.67)
252, q

oo N<M

4.5 Arithmetic Combinations of Power Series

Let S(z) and 7(z) be two functions for which the Taylor or Laurent series
expansions around z, are known. Let F(z) be an arithmetic combination of
S(z) and T(z), for which we wish to find the Taylor or Laurent series
representation. In some cases, in addition to determining the coefficients of
the series for F(z) directly from eq. 4.7 or 4.25, it may be possible to find
these coefficients by arithmetically combining the series for S(z) and 7(z).

We define

S(z)= i o, (z—7,)" (4.68a)

T()= Y 7.(z-2,) (4.68b)
and

F(2)= Y, a,(z)(z—2))" (4.69)

Because F(z) is an arithmetic combination of S(z) and 7(z), we attempt to
find the coefficients a,, in terms of o and 7, .

Addition and subtraction

The coefficients of the series for F(z) can be found straightforwardly from
the coefficients of the S(z) and 7(z) series when
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F(z2)=S8(2)xT(2) (4.70a)

Renaming the summation indices on the series representations for S(z) and
T(z), eq. 4.70a can be written in series form as

oo oo

Y oa,(z—2)"= 0,(z=7)"+t > 7,(z—2)" (4.70b)

m

from which

a,=0,*1, 4.71)
Therefore,

F()= Y, (0,%7,)z—2)" 4.72)

Example 4.5: Addition/subtraction of two power series

Let
S(z)=e" (4.732)
and
T(z)=cosz (4.73b)

Referring to eq. 4.15, the MacLaurin series for S(z) is

2k
2 z
e’ = Z " (4.74a)

k=0

In addition to using eq. 4.8, the MacLaurin series for cos z can be obtained by
differentiating the MacLaurin series for sin z given in eq. 4.18. The result is

20

cos 7= g(—l)’ (éz)! (4.74b)
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The sum or difference of S(z) and 7(z) is given by

e ee $ 2 2 [ L
B =] (2m)! —:Okm‘ (2m)'J

(4.75)

O

Multiplication

If S(z) and T(z) have Laurent series representations about zo, then the
series form of

F(z)=S5(2)*T(z2) (4.76a)

1S

i a,(z—z))" (V o, \Z—Zo)k—!
m=—co I_k—wc _|

Y+t
2 0, T,(2=7)""

k=—oo

f=—co

(4.76b)

where we use the notation of a single summation sign with multiple indices
to indicate a multiple sum.

If S(z) has a nonremovable singularity at z, then, in general, all ¢; are
nonzero. Thus, its Laurent series is

5= 0,(z-2) (4.77)

k=—o0

with a series of identical form for 7(z). If one of these functions has a non-
removable singularity, or if both functions have nonremovable singularities
that do not cancel, F(z) must have a nonremovable singularity. Then the
coefficients of the Laurent series for F(z) are given by

zakmk —co<m< oo (4.78)



4.5 Arithmetic Combinations of Power Series 99

If S(z) has a pole of order M at z, and T(z) has an N order pole at z, then
F(z) has a pole of order —(M + N), and the coefficients of terms in the double
sum with powers of (z — zo) less than —(M + N) must be zero. With

S()= Y, 1(r=2) " =0, (2=2) Y +0 (2= ) e
k=—M

—M+1N
(4.792)

and

T(2)= ) 7.(z—2) " =0 (2= 2) " + T (2= 2) "+
k=N
(4.79b)

eq. 4.76b yields

N N [ _ .
F(2)=(z—z) " La—(ivf-v—[‘v') Tl 4y (27 5) + ]

—p )y MV (7— 7 Y4 ee ' (7 — _._]

(Z Zo) [O-—/‘w"”—/‘w’ﬂ(\z Zo) T ][T—N_!_T—N‘\Z Zo)'
ok

k+1

CMAN OO - ~
=(z=2) """, D, Oty (2-2)
k=0 /=0
(4.80)
Thus,
k
A_enyrk = Z Oy Tonik—e (48D

=0

If F(z) is analytic at zo, then (M + N) = 0. This means that both S(z) and
T(z) are analytic or that one has a pole of some order, and the other has a
zero of the same order.

Example 4.6: Multiplication of two power series

The product of the functions used in ex. 4.3 is

o

oo 5 _1 [ /
F(z)= Zaamz'” =e“cosz= gmz””) (4.82)

(=0
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The double sum contains only even powers of z, therefore the coefficients of
the series for F(z) satisfy

a, =0 (modd) (4.83a)
and
m/2
a, = (-1’ (m even) (4.83b)
Z? [(Gm=0N2HY
Therefore,
a, =1 (4.84a)
a, :]E (4.84b)
a, =+; (4.84¢)

and so on. Therefore, the MacLaurin series for F(z) is

4.85
F(z)=1+iz2+L 7"+ ( D)
Division
If T(z) # 0, and if
S(z)
F(z)=—2~ 4.86a
D710 (4-862)
then
F(2)*T(z)=5(2) (4.86b)

Following the analysis that leads to eq. 4.74, the coefficients of the series
form of eq. 4.82b are related by

0,= D, 4T, , (4.87)
k=—co
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As examples, we set m =—1, 0, and 1 to obtain

o,= Z aT  =ta T,ta T ta T+ (4.88a)
k=—oo
o, = 2akr_k:-.-+a_12'1+a02'0+a11'_1+--- (4.88b)
k=—oo
and
0=, a7, = +a T, +aT+aT,+ (4.88¢)
k=—oo0

If T(z) has an essential singularity at zo, then in general, all 7 are nonzero
and the above procedure results in a set of equations in an infinite number of
unknowns a;. It is not possible to solve such a set of equations.

If F(z) is known to have a pole of order N, then a; = 0, k < —N. Then eqs.
4.87 and 4.88 become

0,= Y 4T, (4.89)
k=—N
from which
O-—l = Z a, T_l_k =a_, TN—I 4.+ a—ITO + aOT—l + a, T—2 + ... (4903)
k=N
0y = z QT =a Tty +-+a,f+a, 0, +a7  + - (4.90b)
k=-N
and
O\ = D QT =0 y Tyt 0 Ty +a,T,+ 0T, +... (4.90¢)
k=—N

Again, because the 7. are, in general, nonzero, we still have a set of
equations, each containing an infinite number of unknowns a;, which cannot
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be solved. Therefore, we conclude that in order to obtain the series repre-
sentation of F(z) from eq. 4.86b, T(z) must have a pole or be analytic at zo.
If T(z) has an M"-order pole at z;, then

T

m—k

=0. m-k<-M (4.91)

and eq. 4.87 becomes

M+m

c,= > a1, (4.92)

k=—oo

This expression still yields a set of equations, each containing an infinite
number of unknowns a; for which there is no solution.

But if, in addition to 7(z) having an M"-order pole at zg, it is known that
F(z) has a pole of order N, then eq. 4.87 becomes

M+m

O-m = Z ak Tm—k
k=—N

(4.93)

This results in a set of equations containing finite numbers of unknown
coefficients a; which can, in principle, be solved.

From eq. 4.86b, we see that if F(z) has a pole of order N and 7(z) has an
M™-order pole at zo then S(z) must have a pole at zy of order N + M.
Therefore, in order to find the series representation for F(z) from the series
representations of S(z) and 7(z), each of these functions must have a pole of
some order or be analytic at z.

Let S(z) have a pole of order N + M at zyand 7(z) have a pole of order M
at zp. Then their ratio, F(z), has a pole of order N at z,. With

—(N+M)
S(z)=(z-z, | 0 v +07(N+M)+,(z—zo)+-~] (4.94a)
T(2)=(z=2) [Ty +T =20+ ] (4.94b)

and

N

F(2)=(z-z2) |ay+a y.,(z—z)+] (4.94c)
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Then

F(2)xT(z)=5(z2)
becomes

O werry ¥ Oy (2= Z) +-+

= [(LN +a y,(z— Z())+'“][T—M + 7T 40(z2—2) +]

from which we obtain

m
O_ (N+Mysm — Z Aok Topgimetk
k=0

If all three functions are analytic at zp, eq. 4.96a becomes

m
O-m = z ak Tm—k
k=0

This yields
O, =4a,7T,
O-1 = aOTI + aIZ'O

o,=q,7,+a7 +a,T,

103

(4.86b)

(4.95)

(4.96a)

(4.96b)

(4.97a)
(4.97b)

(4.97¢)

and so on. Thus, to find the coefficients of the series for F(z), ag is found from
eq. 4.97a, then used to find a; from eq. 4.97b. From this, eq. 4.97c yields a,
and so on. With this iterative process, it is usually possible either to determine
a sufficient number of coefficients to deduce a general expression for , or to
determine a finite sum that is a satisfactory approximation to F(z).

Example 4.7: Division of two power series

From the MacLaurin series for S(z) and 7(z) given in eqs. 4.74,

2
e’ =F(z)cos z

results in

(4.98a)
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SERER v N G _otem
Z_._Z( ) (2£)!Z (4.98b)

Because 2k is an even power of z on the left side of this expression, 2/ +m
must be even. Then m must be even. Therefore, a,, must be zero for all odd
m. To make this more transparent, we replace m by 2m’ and ignore the
prime to obtain

K N ¢ Doy _2(t+m)
TTID 2N YL (4.99)
Z& k! /20‘ (20)!
m=0
from which
k -1 k—m 1
2 e . (4.100)
m=0 [2(k - m)]' k!
This yields
a, =1 (4.101a)
—34,+a, =1 (4.101b)
from which
a,=3 (4.101c)

and so on. Therefore,

2

z 4.102
¢ =l-z+37° - ( g)
COSZ

4.6 Residues

Contour integral of a function with a pole of order M

Let the only singularity of F(z) be a pole of order M at zo. Then F(z) can
be written as
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a_, (z,) n a i 1(2) B a,(z,)

(z—2z,)" (z—g,

oo

F(z)=

REEY . - )+a0+al(z—zo)+---
0

(4.103)
Because all terms in the second sum have positive exponents,
2.4, (z)(z2) =P, (2) (4.104)
=0
is analytic everywhere in a region R containing z.
Consider
& 1
$Fdz=Y a ,(z)d——d:+ P, (2)dz (4.105)
' (- J
) (=1 c (2—z c
Inasmuch as @, is analytic everywhere in R,
$@,(2)dz=0 (4.106)
C
Therefore,
- 1
$F()dz=Y a_(z)p——dz (4.107)
v P ¢ (2—2)

Because z; is the only singular point inside the contour, we can make the
contour a circle of radius p centered at zp. Then, referring to fig. 4.7, any
point on the contour can be expressed as

7=7,+pe” (3.83a)

and because p is constant,

iz = ipe*d (3.83b)
Therefore,
Cﬁ 1 p J.¢0+27r ipe"p d¢ . (D ’¢0+2”e—i(€—l)¢d¢ (4 1()8)
—dz = — =1 )
T (z-2) o ple 7k
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20

Figure 4.7

Circle around an M™ order pole

If /#1, then/—1 is a nonzero integer so that e”'""*” =1. Therefore,

. —i(f=Dgy o HED2r  SiEDgy
J‘% 2 eI g = e e e _o (4.109)
% —i(¢/-1)
For /=1,
D2 271
ip O e g =i dg =i (4.109b)

Therefore, all terms in the sum of eq. 4.107 are zero except the ¢ =1 term,
and

§ F(2)dz = 27ia (z,) (4.110)

If the pole is a simple pole, that is, M = 1, the Laurent series for F(z) is

F(zy=9) (g (o) @.111)
(Z_ Zo)

Referring to eq. 3.62b, the residue of a simple pole for this function is given
by
R(zy)=lim(z-z)F(2) = a_,(z,) (4.112)
=7

Because a_(zp) satisfies the original definition of the residue of a simple
pole, it is called the residue of a pole of any order.
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Three methods for determining the residue
If F(z) has an M™ order pole at zo, its Laurent series is given by
a,(z)) @ orn(Zy) z
Fo=ul Sunl ) g o) @34)
(z—z) (z—z) (z—2,)

a_i(zp), the residue of this pole, can be found by any one of three methods.

L Direct Laurent expansion

It is evident from eq. 4.34, for example, that by expanding the function in
its Laurent series, the residue can be identified directly as the coefficient of
the 1/(z—zp) term, with no additional computation required.

1. Derivative method
Multiplying eq. 4.34 by (z — z0)"', we obtain

(Z - &o)M F(Z) =a y (Zo) + af(Mfl) (Zo)(: - Zo) T+t a (Zo)(/Z - &7())1‘/171
+(2=2)" *®,(2)

4.113)
We see that because a_(zo) is multiplied by (z—-z0)""'
JMD
W[(Z ~z)" F(2)]=
!
M =Dla, )+ a2z =2+ MV
1!
(4.114)
which yields
1 ‘ (-1 .
@ (@)= Gy i [(z=2)"F(2)] (4.115)

Let F(z) be a function with a M"order pole at z, defined in terms of a
function G(z) that is analytic at z,, by



108 Chapter 4 Series, Limits and Residues

F(z)=% (4.116)
0
It was shown in eqgs. 3.102 that
. M-1
§ F(z)dz =27 § 6@ _ 4. 2m d GG)
s T (z-2z,) M- d" |,
g il 4.117)
TTi

= —D'F[(Z —2)" F(2)] = 27ia,(z,)

That is, the closed contour integral of a function with a pole of any order is
27ti *Residue at 7.

If F(z) has several poles of different orders, then, with G(z) analytic
everywhere inside and on the contour C,

G(2) &
dz=2 4118
42 (Z_ZO)M(Z_Z])N-~-(Z—Zk)P 2 m;(l_l(ze) ( )

where the residue of any pole involves the derivative of that part of the
integrand that is analytic at that pole. For example, for the integrand of
eq. 4.118,

1 4" lF G(2)

| ¢ _ (4.119)
M -Ddz" [ (z—z)"...(2—g)

a (z,)=

=2

111. Ratio method
In some cases, a function that has a pole of order M at z, can be written
as the ratio of two analytic functions,

4.54
0(2) (49

F(2)

We introduce the notation O[(z — zo)] to represent a sum of terms in
powers of (z — zp), the lowest power of which is g. That is,
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0[(z=2)" 1= e, (z=2)""" (4.120)

m=0

If a function R(z) that is analytic at z, satisfies
R(z,))=R'(z))=-=RY "V (z,)=0 (4.121a)
and
R™(z,)#0 (4.121b)
the Taylor series for R(z) is given by

R(M)(ZO)

R@&==0

(z=z)" +0[ (z=z)""] (4.122)

As noted earlier, such a function has an M™-order zero at z.
A simple pole of F(z) at z, arises from the fact that P(z) has an M"-order
zero and Q(z) has a zero of order (M + 1). Then

P (z M r M+l
F(z)= 00 ‘) - (4.123)
J(Z—ZO)MH +0| (Z—ZO)M+2]
(M +1)! L

For such a function then,

P(M)(ZO)
M
Q(M+1) (ZO)
(M +1)!
P(M)(ZO)
Q(MH)(ZO)

(Z— ZO)M +0[(7_ Zo)MH]

a_(z,)= ]im(z— Zy)
=27 (Z—ZO)M*]"'O[(Z_ZO)MJIQ]

=(M +1)

(4.124)
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For example, if P(zp) # 0, and Q(zo) = 0 with Q’(zo) # 0, F(z) will have a
simple pole at zo (and thus, M = 0). Then

a(z,)=lim(z-z,) P(Zo)+0[(Z—Zo)] _ P(z)
77 0’ (z))(z~ z0)+0|(7 70)J T 0'(z,)

(4.125)

The ratio method can be applied to functions that can be written as the
ratio of two analytic functions and has a pole of order greater than 1

However, the process quickly becomes cumbersome. To see this, we let

P(z)

F(z)= 4.54
(2)= 00) (4.54)

have a second-order pole at zy. Such a pole arises when P(z) has zero of
order M and Q(z) has a zero of order (M + 2) at z;. Then

F(2)=

P(M)(Z ) P(MH)(Z ) + ¢ +
Tnn R @) 0l (- 2]

Q(M+2)(Z(]) M+2 {)(1"1—1)(" 7 3 r M+4
=z +=—— (- )"+ 0| (z—2
(M +2)! (@) (M +3)! (2=2) -]

(4.126)

from which

a (z,)= 3131 d%[(z - Zo)zF(Z)]

_ M +2 (M + 3)P(M+1) (Z())Q(M+2)(Z()) _ ([VI' + I)P(M) (ZO)Q(M+3) (Zo)
(M +3) (Q(M”)(ZO))Z

(4.127)

For example, if the second-order pole of F(z) arises from P(zp) # 0 (so M =
0) and a second-order zero of Q(z), the residue is given by eq. 4.127 to be



4.6 Residues 111

2| 3P(2)Q"(2) — P(z)Q" (z,)
3 (0"(z,))

a(z,)= (4.128)

The ratio method is also applicable to a function that can be written as the
ratio of two functions with poles. Let

_RQ@)

= 4.129
S(2) ( :

F(z)

where R(z) has a pole of order (M + N) at z, and S(z) has a pole of order M at
Zo. This results in F(z) having a pole of order N at z,.

Defining
P()=(z-2)"" R(2) (4.130a)
and
()=(z-2)"" S(2) (4.130b)

then P(z) and Q(z) are analytic at z, and Q(z) has a zero of order N at z,.
Let the Laurent series for R(z) and S(z) be

oo

R(2)= Y n(z—z) (4.131a)
k=—(M+N)
and
S(z)= i s (z—z,)" (4.131b)
k=—M

Then, the Taylor series for P(z) and Q(z) are
P(2)=7 300 (20) 1y (22— 29) +- (4.132a)
and

0(2) =5, (2 )z —20)" +5_ ) (22— 2)" "+ (4.132b)
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If the pole of F(z) is a simple pole, then N = 1 and, from eq. 4.125, the
residue is
" (Zo)
a_(z,)=—2000 (4.133a)
S_u (29)
As the reader will show in prob. 25, if the pole of F(z) is a second-order

pole, then the residue is

sty (29)8_4 (29) — m+2) (ZO)S—(M—I) (zy) (4.133b)

a(z,)= [&M(%)F

Example 4.8: Three methods for determining residues

It is evident that
. ¢ (4.134)

F()=—"—
2(z+2)°
has a simple pole at z = 0 and a second-order pole at z = —2.

(I) Residues by direct Laurent expansion
(a) To find the residue at z = 0 by direct Laurent expansion, we must

determine the MacLaurin series for ¢*/(z + 2)*. It was determined above that

) n 2
z Z <
) YA FESE (4.15)

n=0

The MacLaurin series for 1/(z + 2)* is obtained from

(z+2)] 4

ﬁi(—l)”(ml)@

m=0

1 o T 1 L
_h”ﬂ } =glimeriet=)
(4.135)
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113
Therefore, from
I 1 Z’ 372 1 z
——=—|l+z+—+- || 1-z+ — | =—4—+
2(z+2)" 4z 2! 4 4z 16
(4.136)
we see that
1
a,(0)= 7 (4.137)

(b) To derive the Laurent series expansion around z = -2 , we refer to
eq. 4.14a to express

i e @) L (242 (2+2)
e =e =e | 1+(z+2)+ + +--
~ [ Y 3!
(4.138)
The Taylor series for 1/z around z = -2 is given by
1__1(;]_ 5 G+
_ 1 - m+1
< 2 1 2(Z+2) m=0 2’ (4139)
_ l_ (z+2) 3 (z+2) 3 (z+2)° o
2 4 8 16
Thus, the Laurent series for F(z) around z = -2 is
6—2:_16-2 ! 2+é L 34 (4.140)
z2(z+2) 2 (z+2) 2(z+2) 4
from which
3 5
a_l(—2)=—Ze (4.141)

(IT) Residues by the derivative method
(a) The residue of the simple pole at z = 0 by this method is given by
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et 1
a_(0)=1lim ( —]—Z (4.142)

=0\ z(z+ 2)2

as obtained above.
(b) The residue at z =-2 is

d( e 3,
a (- 2) = —llmd—L(Z-i' ) m]———e (4.143)

(IIT) Residues by the ratio method

For this example, the numerator and denominator functions can be chosen
in different ways.

(a) For the pole at z =0, we could take

P(z)=¢" (4.144a)

and
0(z)=z(z+2) (4.144b)

or we could choose

eZ

P(z)= 4.145a
(D= a7 (4.1450)
and
0(z)=z (4.145b)
For either choice, the residue for the simple pole is given by
P 1
a_(0)= ,(0) =— (4.146)
Q) 4
(b) For the pole at z = -2, we can choose either
P(z)=¢" (4.147a)

and
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0(2)=z(z+2)° (4.147b)

as before, or

and

Z

P(z)=% (4.147¢)
Z
0(z)=(z+2) (4.147d)

Then, independent of how numerator and denominator are chosen, we refer
to eq. 4.128 to obtain

2 [3P'(-2)0"(=2)- P(-2)0® (-2) | __3,2 (4148

a_(z,) = ” 2
3| (') | :
Problems
1. For each function below, determine the MacLaurin series by the
specified method. Determine the radius of convergence of each series.
(a) sinh z using eq. 4.8.
(b) cosh z using eq. 4.8.
(c) /n(1+ z) using eq. 4.8.
(d) (1) cos z from the MacLaurin series for cosh z.
(i1) sin z from the MacLaurin series for sinh z.
(iii) sin z by differentiating the MacLaurin series for cos z.
(iv) cosh z by differentiating the MacLaurin series for sinh z.
(v) In(1+ z) by integrating the geometric series given in eq. A3.4.
2. Find the Taylor series representation for
1
F(z2)=
(a—2z)
around z = b for a # b. What is the radius of convergence of this series?
3. For a # b, use the MacLaurin series representation for 1/(1 — z) given in

appendix 3 to determine the MacLaurin series representation of
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1

F(z)=—
(2) (b—az)

What is the radius of convergence of this series?

4. Find the Taylor series expansion of ¢* around
(@) z=im2 (b)z=2m

5. Find the Taylor series expansion of /n (1 + z) around
() z=1im?2 b)z=ir (©)z=2xi
6. Using the geometric series, find the Taylor series representation of
1

BT

expanded around
(@z=a (b)z=>b ©z=1

for a and b real and b > a > 1. Determine the radius of convergence of
each series.

Find the first two nonzero terms in the Taylor series for
F (Z) —e zsinz

expanded around
(a)z=0 b)z=m2 ©z=x

Determine the first three terms in the MacLaurin series (those containing
the lowest powers of z that have nonzero coefficients) for

@ F(z)=/n(2-¢7) (b)F(2)=n(l+sinz) () F(z) = (n(sec z)
Determine the radius of convergence of each series.
Determine the MacLaurin series for each function below. If a general

expression for the series cannot be determined, find the first four terms

in the series (those containing the lowest powers of z that have nonzero
coefficients).

(a) F(z)=z"€e’ (integer k > 0) (b) F(z)=e€sinz



Problems 117

(c) F(z)= sinh 2 (d)F(z)=/n(1+z)cosh z
CoS Z
1+z
(@) F(2) _In(+2)
osh z

Determine the radius of convergence of each series.
(Hint: Refer to the results of problem 1.)

10. What is the Taylor series representation of
F(z)=z+/n(z)

expanded around z = 1?7 What is its radius of convergence?
11. Find the three lowest power terms in the MacLaurin series for

ze®

(e-1)

12. Use the Cauchy ratio to determine the radius of convergence of

F(z)=

2n (l’l+2) n
. - (b)S
S (2)= 2 |(2 1T (z)= 2 s
oo 4n oo o
S — n d S — n(z—zq)
© S.(2) ;\/(nﬂ)(ms)zz d S,(z) Ze

13. Estimate the value of each of the following integrals by approximating
each integrand as indicated.

(a) _[: e dz

Approximate e " by the first two terms in its MacLaurin series. Then
setw — z7°.

(b) _[01/2 sinv/z dz
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Approximate sin_ w by the first two terms in its MacLaurin series.
Thensetw — vz .

© sz[en(lq-\ﬁé)}zaz

Approximate [ /n(1+ w) > by the first two terms in its MacLaurin
series. Then set w — \/; .

d) j; Jze 7 dz

Approximate e " by the first two terms in its MacLaurin series. Then
set w — 7°.

12
(e) J.O e“ln(l+2)dz

Approximate /n(1+z)by the first two terms in its MacLaurin
series.

2
0 ], ze"dz

Approximate e" by the first two terms in its MacLaurin series. Then
setw — 1/z.

14. (a) Determine if

(n(1+2)
Z

F(z)=

has a pole at z = 0 by determining the Laurent series for f(z) around
z=0.
(Hint: See the results of problem 1, part (c).)

(b) Use the results of part (a) of this problem to determine the order of the
pole at z = 0 of the function

F(p=221r2)
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15.

16.

17.

18.

Determine the indicated Laurent series for each function below.

COS 7

(a) F(2)= expanded about z = 0.

2
Z

(e-1)

sin
() F(2)= —Z)2 expanded about z = .

(z—7m

expanded about z = 772.

TN

In(+z
(d) F(z)= M expanded about z = 0.
Z

Determine the three lowest power terms with nonzero coefficients in the
Laurent series for

zsinz

(a) F(2)= ¢ around z = 772
(z-7%)

(b) F(z2)= ﬂ around z = 7
z2(z—m)

Expanding in powers of 1/z for z > 1, determine the Laurent series
representation of

1
(1-2)

F(z2)=
Determine the Laurent series representation of

1
F -
(2) =1

expanded in powers of

@i+ OG- ©z @E+12) (e)1/F
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19. Determine the Laurent series representation, expanded about z = 0, of
each function below. In each case, identify the coefficient of 1/z.

(a) F(z)=z’cosh (%) (b) F(z)=z/n (1+ lj () F(z)=z¢"*
z z

20. Let

G(z
F(Z) = L)M
(Z - Zo)

where G(z) is analytic at zo. For M = 3, what is the residue of the pole of
F(2) at zp in terms of G (m (2), the n"™ derivative of G(2)?

21. A function F(z) can be written as the ratio of two functions P(z) and Q(z)
each of which is analytic in a region R containing zy. F(z) has a pole of
order M at z, and P(z) has a zero of order K at z,.

(a) Write the expression for the Taylor series representation of Q(z) in
powers of (z — zo).

(b) What are the coefficients of (z — z) ™ and (z — z0) ™*' in the Laurent
series of F(z)?

22. Determine each of the following limits using I’Hopital’s rule:

2 _ s 2 a2
(@ lim n2 Z () lim tan(2z) © lim sin 22 51121 2
=0 7 Fa)) tan(z) 770 (Z —ZO)
z ’ P s
@ im———  (e) lim————  (f) lim(z* —)tan (— zj
=0 Kn(1+z) 20 [fl’l(l'i‘ Z)]2 71 2

23. For each pair of functions S(z) and 7(z) given below,
(a) Find the expression for the general coefficient of the MacLaurin
series for

F(z)=8(2)+T(2)

(b) Find the coefficients of the first three nonzero terms in the MacLaurin
series for

F(2)=8(2)*T(z)
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(c) Find the coefficients of the first three nonzero terms in the MacLaurin

series for
S(2)
F(z)=——=
(2) T2
when
@) S(z)=¢° and T(z)= !
i T (+2)

(i) S(z)=/n(l+z) and T(z)=¢€°

_ 1
(1-27)

(iii) S(z)=/4n(1+2z) and T(2)

24. Expand each of the following functions in a series around z = 0 to
evaluate the following limits.

1o |1 1 .| 2> —sin’z
(a) im| —— (b) lim| ——— (© lim| ————
>0| 7 tanz =0l z (n(1+2) =0 z7sin“z

25. The function F(z) can be written as

R(2)
S(2)

F(z)=

R(z) has a pole of order (M + 2) at zo and S(z) has a pole of order M at z,.
Show that the residue of the second-order pole of F(z) is given by

Ly an) (ZO)S—M (Zo) L (ZO)S—(M—I) (Zo)

5.0 (Zo)]2

a(z,)=
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where r, and s; are the coefficients of the Laurent series’ expansions
about zg of R(z) and S(z), respectively.

26. Find the residue of

R(z
F(Z):L
S(2)
when
4 3 2 1
@) R(2)=—F—S+5-——2+22°-32"+-
Z 7z
and

3 2 1
S()=S+S5+—+z+22° 43+
A S

4 3 2

5 1
(b) R(Z):——5+—4——3+—2———Z+222—323+---
< < < < <

and
3 2 1
S(Z):—3+—2+—+Z+2Z2+3Z3+"'
< < <

27. For each function below, find the residue of the indicated pole by the
method(s) noted.
(I) Expansion of the function in a Laurent series and identifying the
appropriate coefficient
(IT) The derivative method

(IIT) The ratio method
cos’z
(@) F(z)=— at z = 0 by methods (I) and (IT)
-
e”

(b) F(z2)=— at z = 0 by methods (I) and (IT)

5
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.2
(c) F(2)= LZZ at z = 772 by all three methods
(z-7/2)
(d) F(z)= at z = £ by method (IIT)
tan 7
(e) F(2)= e. at z = 0 by method (IT)
Z sin z
In(1+z
) F(z)= M at z = 0 by all three methods
Z
() F(2)= —2 at z = by methods (IT) and (TIT)
2(z—7)

28. (a) Let F(z) have a pole of order M at zop. Using the process developed
for finding the residue by the derivative method, derive an expression
for any coefficient a;(zy) with k >—M that is equivalent to

L 4 [z F(2)]

a_(z)) = m d" L

=1

(Hint: Determine ay(zo) for -M < k < —1 separately from a(zo) for
k>0.)
(b) Apply the result of part (a) to derive an expression for a,(7), the K"
coefficient in the Laurent series for

COSZZ
(z—n)°

F(z)=

(Hint: Consider ay(zo) for -M < k < —1 separately from a,(zo) for k > 0.)
(c) Apply the result of part (a) to derive an expression for the coefficients

of the four lowest power terms in the Laurent series expansion around
z =2 for

s 2
sin 7

(e-2)

F(z)=

N
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29. Let M > 0 be an integer and let F(z) have a pole of order 2M at the
origin. Prove that if F(z) = F(-z), the residue of the pole is zero for
every M.

30. Use the ratio method to determine the residue of the indicated pole of
each of the following functions.

3

Z
F(z2)=——F——— tz=0
(a) (Z) Sin2 (Zz) at z
tan’z
(b) F(2)=—; atz=0
Z
(¢c) F(z)=tan’z at z = 712
(d) F(Z)=M atz=0and at z =27
(e°-1)
() F()=Ur2 o

(eZ - 1)3

31. N is an integer. Use Cauchy’s residue theorem to prove that for any
circular contour centered at the origin of radius p > 0,

2mi N=-1
Ndz = =27id
Cﬁz ¢ {0 N#-1 N

where Jy,_; is the Kronecker o symbol defined by

s E{l m=n

"0 m#En
32. (a) For the integer N > 0, determine the Laurent series expanded around
z=0, for

2

5
F(2)=—57
Z
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(b) Use the results of part (a) to evaluate

2
Z

e
45 2IN+3 dz
Z

around a circle centered at the origin.

33. (a) The function

eZ

(2 =1)(z+1)

has poles at z = 0, £1. Find the residue of each pole by the method
stated below.

a_1(0) by direct Laurent expansion

a_i(-1) by the derivative method

a_i(1) by the ratio method

F(z)=

(b) Use the results of part (a) to evaluate

Z

Cj; z(z2 —el)(z +1) &

around a circle centered at the origin, of radius (i) 1/2  (ii) 3/2.



Chapter 5
EVALUATION OF INTEGRALS

Certain types of integrals can be evaluated using Cauchy’s residue
theorem. The integrands of these integrals can have poles in the complex
plane, which we assume for now lie either inside or outside a chosen
contour, but not on the contour. The evaluation of an integral when the
integrand has poles on the contour is discussed in section 5.3.

5.1 Integrals Along the Entire Real Axis

Integrals of the form

I,=] F(xdx (5.1a)
can be evaluated by Cauchy’s theorem by considering the integral

.= F(2)dz (5.1b)

around a closed contour that includes the entire real axis. Two common
choices for such contours are shown in fig. 5.1.

The segments labeled Cy are large enough that all poles of the integrand
in the half-plane are enclosed by the contour. Thus the segments can be
shaped into semicircles of large (ultimately infinite) radius R.

We note that when closed in the upper half-plane as in fig. 5.1a, the
contour is traversed in the counterclockwise direction. We see from fig. 5.1b
that when closed in the lower half-plane, the contour is traversed in the

127
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clockwise direction. Therefore, using Cauchy’s residue theorem, the closed
contour integral around either of these contours is

¢ F(dz=52my a(z,) (5.2)

C

aorb

where Xa_(z,) is the sum of residues of the poles in the upper (positive) half-
plane and Za_,(z ) is the sum of residues of the poles in the lower (negative)
half-plane.

Cr

(a) (b)
Figure 5.1
Contours for evaluating an integral along the entire real axis

Because points on the real axis are defined by z = x,

oo

¢ F(de=|_ Fdetlim [ F(2)de=42m a(z) (5.3)

Canrla h
We see that to determine the integral of eq. 5.1a by Cauchy’s theorem, we
must be able to evaluate the integral along the large semicircular segment in
one of the half-planes.

The behavior of a function at large (essentially infinite) values of its
argument is referred to as the function’s asymptotic behavior. If the integral
of eq. 5.1a is finite, F(z) must be zero asymptotically. However,

ILim F(z)=0 5.4)
is not a sufficient condition to ensure that the integral is finite. When F(z)
satisfies

lim | F(z)dz=0 (5.5)

|zl >0

we say that F(z) approaches zero asymptotically fast enough.
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Closing in one of the half-planes, we evaluate the integral along the
infinite semicircle by writing

z=Re" (5.6a)
Because R is constant,
dz =iRe'’d ¢ (5.6b)

Therefore, with ¢ € [0,7] along the semicircle in the upper half-plane and
with @ € [27,7] along the semicircle in the lower half-plane, we have

| F)dz= lim Jc; F(z)dz = }ei_r)ilcijoﬂRF(Re"”)ei”)d¢> (5.72)
Cee

and
| F)dz= lim jq F(2)dz =limi j;RF(Ref¢)ef¢d¢ (5.7b)
C..

Because ¢ is a complex quantity of magnitude 1, it does not affect the

asymptotic value of the integrand. This is determined by the behavior of
RF(R) in the limit of infinite R. That is,

lim 0” RF (Re”)e®d¢ ~ lim JM RF (Re")e*d¢ ~lim RF(R) (5.8)

R—o0 R—eo
The symbol “~" means that the quantity on the left side of “~" has the

same behavior as that of the quantity on the right side of “~ . Thus, if F(R)
asymptotically approaches zero so that,

j F(2)dz ~1im RF(R) =0 (5.9)

Ciee

this is what is meant by the statement that F(R) asymptotically approaches
zero “fast enough”. Then

lim§ F(z)dz = F(dx=+2my,a(z,) (5.10)
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Functions with inverse power asymptotic behavior

Let or and f be real positive numbers that are large and finite. We write
the integral of eq. 5.1a as

1= "Fwa+ | Fedx+ [ Fxde (5.11)
Let the asymptotic behavior of F(x) be

F(x)~in n>0 (5.12)
X

Then, eq. 5.11 can be written as

1~ —dx+[ F(x)dx+[ idx (5.13)
X
Because
x nzl
d 5.14
J t {fn )xD n=1 ( )

we see that when n < 1, evaluating the first and third integrals of eq. 5.13 at feo
yields nonfinite results. Thus, if the asymptotic behavior of F(x) is 1/x", the
function approaches zero fast enough when n > 1. Replacing x by z, we see that
if F(z) behaves asymptotically like the inverse of the magnitude of its argument
raised to a power greater than 1, then F(z) approaches zero fast enough.

Example 5.1: Evaluating an integral over the entire real axis by
Cauchy’s residue theorem

The integral

- 1
) Wit (5.15)

can be easily evaluated without using Cauchy’s theorem by substituting

= tang (5.16)
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Then

LA L S
J.‘°°(1+x2)dx_-[—ff/z(1+tan2¢)d¢ i 17

To evaluate this by Cauchy’s theorem, we close the contour in the upper
half-plane and note that 1/(1 + z%) has poles at z = + i as shown in fig. 5.2a.

(b)

Figure 5.2

Contours and poles for evaluating the integral of eq. 5.15

Then
1 - 1 1
dz = dx + dz 5.18
45(1+z2) L(sz) CJM (1+2%) ©-18)
On C...
1 1 ; 1
—2—)—28_2“7) - (519)
(I+z°) R R
so that 1/(1 + z%) — 0 fast enough. Thus,
rl .
lim dz=ilim [ —e™dg=0 5.20
RH“CJ' (1+7%) Ro=d0 R ¢ ( )

Therefore, because the pole at z = +i is enclosed by the contour,
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cﬁ 12 dz=1" 12 dx = 2ria_ (+i)
(I+z9) =+ x7)

[

= 27rilimt(z—i)

(5.21)

1
(z—i)(z+1) |

z—i

This result is also obtained by closing the contour in the lower half-plane
as shown in fig. 5.2b. Recognizing that the integral along C .. is zero, that
the contour is traversed in the clockwise direction, and noting that the pole at
—i is enclosed by this contour, we have

1 - 1
q; rodz= [ 5 dx=—2ria_,(~i)

I+z7) eI+ x7) (5.22)
N 1 O
=2zilim| (z+i)———|=7

2 (z=1)(z+1)

If F(x) is an even function that asymptotically behaves like 1/x" with
n > 1, then the integral of such a function over half the real axis can be
evaluated using Cauchy’s residue theorem by writing

[TFeax=4]" Foodx=1¢ Fydz=+izy a (z.)  (5.23)

Fourier exponential integrals

The Fourier exponential integral is of the form
1= fne™dx (5.24)

where k is a positive real constant and f(z), in general, has poles in both half-
planes.

For functions that approach zero asymptotically such as 1/7" with n >1,
the contour can be closed in either half-plane. However, to evaluate the
Fourier exponential integral by Cauchy’s residue theorem, the contour must
be closed in a specific half-plane, and the required half-plane depends on the
sign of the exponent.

To understand why this is so, let us consider a Fourier integral with a
positive exponential. Closing in one of the half-planes, we have
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§ ryedz=|" fedu+ lim | fe*dz (5.25)
Cy Cies

Representing the points on Cy.. as
z=Re"’ = R(cos@+i sing) (2.30a)

the integral over C:.. can be written

Ileim Jf f(z)e“dz= lleim _[;2 f (Rei"’ ) e" e " iR d g (5.26)

C.

where, we see from fig. 5.1, [¢, @] = [0, 7] for points on C,.. and on C._.,
[[¢1, &] =[2x, x]. Points on C,.. are characterized by sin ¢ > 0. Thus, on
this segment of the contour,

sing = sing| (5.27)
from which
eikz — eichosq)e—lesin(D\ (528)

Therefore, the integral around C,.. becomes

E_I}i J‘ £(2) eikzdz :iRh_)IEJ:Rf (Rei¢)eichos¢ o HEing ei¢d¢

(5.29)

"% and ¢' are quantities of magnitude 1 and do not affect the asymptotic

behavior of the integrand. This asymptotic behavior is determined by
lim Rf (R)e ®kn¢
R—oco

If this limit is zero, the integral around C,.. will be zero. Because e *Rlsingl _

at ¢ =0 and 7, this also requires

lim Rf (R) =0 (5.30)
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Along C_.., sing < 0 so that
sing=—[sing)| (5.31)

Therefore, closing in the lower half-plane
11?141)13o J- f(Z) eikZdZ ZIRILIEJ;; Rf (Rei¢)eikRCOS¢ e+kR|Sin¢| el¢d¢ (532)
C..

Because of the factor e+/<R\sin¢\

functions f{R) that satisfy

, this integral around C_.., will be infinite for

lim f(R)e™ = oo (5.33)
R—eo
Therefore, as long as f(z) approaches zero asymptotically fast enough (eq.
5.30), and the Fourier integrand contains ¢** with k > 0, closing in the upper
half-plane guarantees that the integral around the infinite semicircle will be
zero, and Cauchy’s theorem can be used to evaluate the Fourier exponential

integral with a positive exponential. If the Fourier integrand contains e
with k > 0, closing around C,.., along which sin¢g > 0, would yield.

,1&2 J‘ £(2) ey = illei_l;ll J‘Oﬂ Rf (Reiqﬁ)eichns(/ﬁ o Rbind] ei¢d¢ — oo
C,
(5.34a)

and when closed around C_.., along which sing < 0, we would obtain
. Nk g 1 4 i\ ikReosg —kR|sing| ip 5 .
Ilggjf@)e d&—zllel_rgL”Rf(Re oot g = 0
C.

(5.34b)

Therefore, with k > 0, the Fourier exponential integral can be evaluated by
Cauchy’s theorem as

§ f@ye“de=]" fe™dx=22my a (z,) (5.35)

Example 5.2: Evaluating a Fourier exponential integral by Cauchy’s
residue theorem

To evaluate the integral
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2ix
1= (16 d (5.36)
~= (14 x

we note that by extending the integration variable into the complex plane,
the integrand has poles at z = ti. Because the exponent of the exponential is
positive, the contour must be closed in the upper half-plane, enclosing the
pole at z = +i. Therefore, the description of the poles and the contour for
evaluating this integral is shown in fig. 5.2a. Then,

2ix
I (1i = 2 (i) = e (5.37)

We note that this Fourier exponential integral is real. Therefore, writing
2ix .

© e ~ cos(2x) , .pr= sin(2x

[ dr= [T E520 4 SEX)

- dx+i dv=me? (538
e R T T e I -3%)

and equating real and imaginary parts we obtain

[ 0SCRY) 41— e (5.39)
—= (1+x7)
and
J-w sm(2)26) =0 (5.39b)
= (1+x7) O

Fourier sine and cosine integrals

The integrals of eqs. 5.39 are examples of the Fourier cosine and Fourier
sine integrals. The general forms of these are

1,={" f(x)cos(kx)dx (5.40a)
and

1= fosin(knds (5.40b)
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Referring to eqs. 2.55, we see that the Fourier sine and Fourier cosine
integrals can be written as combinations of Fourier exponential integrals.
Writing cos(kx) and sin(kx) as

k ikx 2 —ikx
costh| _e"roe (5.41)
sin(kx) 20

we see that when o =1, the combination of exponentials is cos(kx). When
o =1, we obtain the exponential representation of sin(kx). Therefore, both
the Fourier sine and Fourier cosine integrals can be expressed as

1= 21—0[ J’Z F(x) e dx+ o J’Z F(x) eik"dx} (5.42)

Each of these exponential integrals can then be evaluated by closing the
contour in the appropriate half-plane and using Cauchy’s theorem.

If f(x) is real, the Fourier sine and cosine integrals can be expressed as a
single exponential integral;

|~ fcostkrydr=[" f(x)Re(e™ )dx=Re ( | r x)ekadx)
(5.43a)

and
[~ rosintenyde= | folm(e" )dr= Im( | f(x)efk*dx) (5.43b)

If f(x) is imaginary, it can be written as ig(x) with g(x) real. Then, this
analysis is applied to g(x) to obtain

| fcos(k)dx = iRe ( I g(x)e'k*dx) (5.442)
and

[~ fGosin(x) dx=ilm ( | g(x)e”“clx) (5.44b)
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Thus, if fix) is entirely real or entirely imaginary, the Fourier sine and
cosine integrals can be evaluated by a single Fourier exponential integral.
When f(x) has both real and imaginary parts, one must evaluate two Fourier
exponential integrals.

5.2 Integrals of Functions of Sine and Cosine

Integrals of the form
2
1=L)jxamamnmd9 (5.45)

can be evaluated using Cauchy’s residue theorem. We write

e —i@
amezf—%;L— (2.55a)
and
e -i6
mnezf—aﬁ—- (2.55b)
l

and make the substitution

z=é" (5.46)
so that
—i@ 1
e =— (5.47)
Z

Then egs. 2.55 become

cosb| z+o0°7"
20

a:{, (5.48)

sin@



138 Chapter 5 Evaluation of Integrals

Because |z| = |€?l =1and 6 ¢ [0,27], the points over which the integral
is taken lie on the unit circle. Therefore, with

dz=ie®df=izd0 (5.49)

eq. 5.45 can be written

B z+7" 2= z |1
I= ¢ f( - Jizdz (5.50a)

Mf’llf
circle

As long as none of the poles of the integrand lie on the unit circle, Cauchy’s
theorem yields

J f(cosO,sinf)d@ = 4]’(2”% Z—.z* ],ldz
2i 1z
(5.50b)

unit
circle

= 272'iz a_,(poles inside unit circle)

Example 5.3: Evaluating an integral of a function of singd and cosé@ by
Cauchy’s residue theorem

Applying the approach described above, it is straightforward to show that

2r 1 1

[f————dp=t § ———— (5.51)
(10+ 6siné) a2+ )(4+3l)

circle

It is evident that this integrand has poles at z = —i/3 which is inside the unit
circle and z = —3i which is outside the unit circle. Therefore,

J-M—] . 0="2ria_, (-i/3) = (5.52)
0 (10+ 6sind) o

Ala
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5.3 Cauchy’s Principal Value Integral and the
Dirac 6 Symbol

If a function has a pole at a point z,, the integral of that function over a
contour is not defined if z, is on the contour. A nonrigorous way to
understand this is by viewing an integral as a sum of an infinite number of
infinitesimal terms. Because the term obtained from evaluating the function
at zo is undefined, the sum containing that term is undefined. Therefore, the
integral will be defined only if z, is not on the contour.

Let F(z) have a simple pole at zo. We consider an integral of F(z) around
a contour that comes infinitesimally close to, but does not access zp, as
shown in fig. 5.3.

Figure 5.3
A pole that is infinitesimally “on” a contour

In order for the integral around this contour to have a defined value, the

contour must be traversed in such a way as to avoid the pole. Two ways to
achieve this are shown in fig. 5.4.

O

As an example, let us illustrate the method of avoiding a pole on the
contour by considering an integral of the form

(b)
Figure 5.4
Contours that avoid a pole

_ LW, (5.53)

= (x— /\0
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where X, is real and the path from —eo to oo is taken along the real axis except
at xo. To obtain a defined result, the contour must be traversed in such a way
as to avoid the pole at x,.

We take f(z) to possibly have poles at points off the real axis, but none on
the real axis. Thus, the only pole on the real axis arises from 1/(x — xp). We
also assume that f(z) approaches zero asymptotically fast enough so that the
contour can be closed in at least one of the half-planes. We close in the
upper half-plane, but the analysis is unchanged if the contour were closed in
the lower half-plane.

To avoid the pole at x,, the contour can be traversed around x, in either of
two ways as shown in fig. 5.5.

(a) (b)
Figure 5.5
Contours that avoid a pole on the real axis

There are no singularities of f(z) between x, and either of the small
segments ¥ and y. Therefore, % and ¥ can be shaped into semicircles of
infinitesimal radius p centered at xy, and the values of the integrals around
these small semicircles will not be affected when we take p — 0.

Referring to fig. 5.5a,

ggf(z) dz=["" f&) dx+ | f(2) de+ | ACIPS
c, (2= ) = (x—x) 7 (2—x,) Y0tP (X — X,)

(5.54a)

where the integral around the infinite semicircle is assumed to be zero and
has been omitted. Applying Cauchy’s residue theorem to the integral around
C,, we note that x, is excluded from the contour and so the residue of the
integrand at x, is not included in the sum of residues. Therefore, eq. 5.54a
becomes
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f(z) w=r [ (x) S () (X)
————dx+ dz
4)(2—/\0) Jl“’ (A_A) J((,_AO J R ./'C—/\)
=27 a_(z,)
(5.54b)

where Za_; (z,) is the sum of residues of f(z)/(z — x¢) arising from the poles
of f(z) in the upper half-plane.
Referring to fig. 5.6a, points on v, are described by

z=x,+ pe (5.55)

where p is infinitesimal (ultimately zero) and the direction of traversal of
the contour defines the range of ¢ to be from 7z to 0.

Vs

AN

X 0
Figure 5.6a

Infinitesimal semicircle around x,

Therefore,
peO (4 xo p—>() (556)

= j f(xp)idg=—irf (x,)

and because x is outside the closed contour, eq. 5.54b becomes

lim[r:_p&dx+ I‘m S —’ 2717?61 (z)+inf(x,)

p—0 (x_xo) Jxgtp x_xo) J

(5.57)

The quantity on the left-hand side of eq. 5.57 is called the Cauchy principal
value integral and it is denoted by

Pl F(x)

P oy ® G589
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We introduce another notation for the principal value that is used inter-
changeably with that of eq. 5.58a:

- X = fi(x 1
tim| [ LD g [7 SOl [ SO (s.58)
= (x—x,) o (x—x,) | T (= xg)p

Then, the closed contour integral becomes

gS ACTRPRY R A C) RN (5.59)
p—>0

(z—x,) = (x—X)

and the principal value integral is given by

Pl S di= 27y a (z)+ixf(x,) (5.60)

From the definition of the principal value integral, we see that the integral
along the real axis accesses all points from —eo to the point immediately
before xp and all points immediately beyond xj to eo. Therefore, the principal
value integral is independent of the choice of segment V. or Y. and so
contains no indication about how one avoids the pole.

To see this, let us integrate around the contour of fig. 5.5b, avoiding the
pole by traversing along y_. Then,

,36095 TSI =r - f0) L dtlim j TSIy (5.61)

(z—x,) = {(x—x,) Xy

Again, the integral over the infinite semicircle is zero and has been omitted.
Referring to fig. 5.6b, points on y_ are defined by

7= 2x,+ pe”’ (5.55)

with ¢ ranging from 7to 27.

Figure 5.6b

Infinitesimal semicircle around x
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Therefore,

I D i J‘ f(xo+,0€‘”) ipeds
pe()

( z— xo p—0

(5.62)
= itim [/ (3 + pe)dg =i/ ()
p—=0d7m

By closing in the upper half-plane, the pole at x, is enclosed by the
contour. Thus, the sum of residues of poles enclosed by the contour must
include the residue of the integrand at x,, which is

f(2)

Z—)XU

[ ) |
) = 1li — 5.63
a_(x))=lim L(Z Xo)( J S (x) ( )

Xp)

Therefore, applying Cauchy’s theorem to eq. 5.61, we obtain

AN

= (x—Xx,)

rl dx+mf()c ) =27if (x, )+2m) a_(z,) (5.64)

from which we obtain the identical result given in eq. 5.59,

Pl &, dx=27Y a_(z)+inf (x,) (5.60)

= (x—x,)

The fact that the principal value integral found by avoiding the pole
around % is the same as that found by avoiding the pole around ¥
demonstrates that the principal value integral is independent of how one
avoids this pole.

However, when avoiding the pole around , the closed contour integral is

imd L@y ppm L@

p=0 2 (Z_M)) T (X - X,

dx+irmf(x,) (5.65)
Comparing this to eq. 5.59, we see that the closed contour integral does
depend on how one avoids the pole at xj.

Displacement of the pole and the Dirac ésymbol

Referring to fig. 5.6a, when the contour avoids the pole at x, by traversing
around v,, the contour is taken slightly above the pole, and thus the pole is
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slightly below the contour. Therefore, avoiding the pole by integrating
around v, is equivalent to taking a contour that does not deviate from the real
axis, and displacing the pole infinitesimally below the real axis. This is
accomplished by giving x, an infinitesimal negative imaginary part as shown

in fig. 5.7a.

>

=

X, ® X, —IE

A\ 4

Figure 5.7a
Equivalence of the contour displaced above a pole on the real axis and
the pole displaced below the real axis with the contour along the real axis

Therefore,
lim$—LE g mtim [T L) (5.66)
0l (z—x,) €07 == (x — x, +i€)

where again the integral around C.,.. is zero and has been omitted. Using the
notation of eq. 5.58b, we can express eq. 5.59 as

98 f(Z) —im I‘Nde:fm&dx—iﬂf(xo)

(z— x0 e=07== (x — x, +1€) T (X —=Xy)p
(5.67a)

Avoiding the pole at x, by taking the contour along y_ which is below the
pole is equivalent to taking the contour along the entire real axis and
displacing the pole infinitesimally above the real axis by assigning it an
infinitesimal positive imaginary part as shown below in fig. 5.7b.

® x,+i€

\ 4

Xo
N =
V-
Figure 5.7b
Equivalence of the contour displaced below a pole on the real axis and
the pole displaced above the real axis with the contour along the real axis



5.3 Cauchy’s Principal Value Integral and the 145

An analysis identical to that above yields
95 @ r J(x) J_ f(x) O iz (x)

(Z X,) HO = (x—x, —lé‘) = (X—X,)p
(5.67b)

The Dirac ¢ symbol, denoted by &x — y), is a mathematical entity called a
distribution. (For a more extensive treatment of distributions, the reader is
referred to texts such as Bremermann, 1965; Constantinescu, 1980;
Zemanian, 1987.) A function has specified values at given values of the
variable(s) on which it depends. A distribution has meaning only when
multiplied by a function and integrated.

Let F(x) and G(y) be functions. A distribution D(x, y) is defined such that

F(0 =] D y)G(y)dy (5.68)

The Dirac ¢ symbol is the unit distribution, which means that if
D(x, y) = &x — ), then G(x) = F(x), and &(x — y) is defined by

F(x) a<x<b

[ 80= )Py ={O o (5.69)

Using this property, eqs. 5.67 can be written

N AC) BN [ B
£1_r)r(} -~ 7(x— o tie) dx = Jf_m 7()6 . dxF m’J-_w f(x)o(x—x,)dx

(5.70)

Because this is valid for any function f(x) that has the required asymptotic
behavior, the integrands must be equal. Therefore,

1

im — =
=0 (x—x, ki) (x—x,),

Find(x—x,) (5.71)

We see from this that the entities

im——— and ——
-0 (x—x, £i€) (x—=x,)p
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are also distributions. We also note that

=lim Re ;} (5.72a)
(x—x)p 0 | (x—x,Lig)
and
Oolx—x,)= —hm Im r; (5.72b)
VT o tie) '

If f(x) is real, using eq. 5.72a we can express a principal value integral as

P[” fx) : dx = lim j f(x)Re £;} dx

(x—x, (x-x,ti€)

(5.73)

=limRe

-0

r( f(x) I
X

—x,tig)

Closing the contour in one of the half-planes, the pole at x, can be displaced
so it is excluded from the contour by taking the appropriate sign of ie. Then
the residue at x; is not included in the sum of residues.

If f(x) is complex, expressing it in terms of its real and imaginary parts
f1 (x) and f> (x) yields

J f(/\)
(X — )C
(x—x (5.74)
- w#dx+ilimRef 0,
£=0 e (X—Xoilé') €0 e (x_xoilg)

Each of these integrals is like that involving a real function as shown in eq.
5.73.

A second approach for complex f(x) is obtained from eq. 5.72a, by
writing

1 1., 1 1
———=—lim +
(x=xp)p 20 (x—x,+i€) (x—x,—I€)

(5.75a)
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Then
f Sfx )
= (x— xo
(5.75b)
=—1imDm L).dx+ ML)‘dx
20| Y= (x—x, +iE) S (X=X, —IE)

We note that the pole at x, — /€ in the integrand of the first integral is
below the real axis. If the contour is closed in the upper half-plane, this pole
is excluded from the contour. Likewise, the pole at xo + i€ in the integrand of
the second integral is outside the contour if the contour can be closed in the
lower half-plane.

.X0+i8

X, —1E

(a) (b)
Figure 5.8
Closing the contour to exclude the poles at xy* ie

Example 5.4: Evaluating a principal value integral by Cauchy’s residue
theorem

With x, and x; real, we consider

I=P j dx (5.76)

(2" +x7)(x—x,)
(a) To evaluate this integral by the prescription given in eq. 5.60, we identify

1
fx)= m (5.77)
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which has poles at tix,. Then, closing the contour in the upper half-plane,
and noting that f(x) behaves asymptotically as 1/x* which approaches zero at
infinity fast enough, eq. 5.60 yields
—7TX,
P J. 2 2
X, (xo + X, )

(5.78)

dx=2mia (ix)+inf(x,) =
x +x (x—x,)

We see that this result is real as expected because the integrand is real.
(b) To evaluate the principal value integral by displacing the pole, we
write

1 1
———  =Re [—} (5.72a)
(x—xy)p | (x—x,tig)

Because 1/(x* + x,°) is real, we can write the principal value integral as

r
- 1
P‘L" (x2+x12)(x—x0)dx LT&RGI_"[ (x2+x )(x—xoii&‘)dx

(5.79)

If the contour is closed in the upper half-plane, it is advantageous to
choose +ie&.  We see that this choice places the pole at xo— i€ which is in the
lower half-plane, and is therefore excluded from the contour as in fig. 5.8a.
In this way, it is not necessary to determine the residue at x;.

With the integral on the infinite semicircle omitted,

. 1 TN i 1
{gr(}a (22 +x12)(z—xﬁ +i€) de= ]tllr‘"}'[—’ (x2 +x12)(x—x0 +i8) dx

_ 2gilima (i) = lim X
€0 0 x, (l(x1 +&)— x())

(5.80)

Because ¢ is infinitesimally small, we can take € — 0 without affecting the
imaginary part of the denominator. Therefore, eq. 5.80 yields
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1 = 1
dx=1imR d.
)62+)cl2 (x—xo) * 6'1301 e""“’( 2+x12)(x—x0+i6) y

P| (
T 1 —7TX,
=—Re— = —
X (l}c1 - x(,) X, (x1 + X, )

(5.81)
O

The Dirac 6 symbol as a function

Although the ¢ symbol is not a function, it is possible to treat it as such.
That is, we can assign values to &x — x) at all x. For this reason, &x — xo) is
often referred to as the Dirac O function.

Let £be an infinitesimal, real, and positive quantity and take G(x) to be an
arbitrary continuous function that asymptotically approaches zero fast
enough. We consider the integrals

lim [ 6 ox-x)dx  and lim [~ G(x)80r—x) dx

Because xj is outside the range of integration of both integrals, x never accesses
the point x,. Therefore, from the definition of the d'symbol given in eq. 5.69,

lim [T da-x)dx=lim|” Gx)d(x—x)dx=0 (582)

g=0dxy+¢e
Inasmuch as G(x) is arbitrary, these integrals are zero only if we interpret
olx—x,)=0 x#x, (5.83)

We now set G(x) = 1. Then, because xo— €< xo < xo+ &,

lim [ §(x—x,) dx =1 (5.84)

-0

Interpreting the integral as the area under the functional curve between the
endpoints, we see that the area under the J function curve is 1. When € — 0,
the interval xy — £to xo + € — 0, with the area remaining 1. Therefore, the
“width” of the dfunction is zero, and so its “height” at xo must be infinite so
the area can be 1. Thus, the Dirac ¢ -function is defined as
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0
§(x—x0)={ B (5.85)

A graphical representation of &x—xp) is shown in fig. 5.9.

o(x—x,) oo

%o

Figure 5.9
Graphical representation of &x — x,) when viewed as a function

It is possible to obtain an expression that describes this functionlike
form of &Xx — xy). We have shown that the J function can be written as

o(x—x,) = $llimlm[;} (5.72b)
V4

€0 (x—x,tie)

After rationalizing the denominator, this becomes

S(x—x,) = limIm {;} (5.86)

JT €0 (x—x0)2+€2)

We see that if x # x, this limit is zero. And when x = x,, the limit is infinite.
Thus, eq. 5.86 satisfies the properties of &x — x,) described in fig. 5.9.

5.4 Miscellaneous Integrals

The integrals discussed so far are taken along the entire real axis, and are
evaluated using Cauchy’s theorem by closing the contour by an infinite
semicircle in one of the half-planes. The choice of the half-plane to close in
becomes evident from the integrand. If the integrand behaves asymptotically
as x " with n > 1, the infinite semicircle can be chosen in either half-plane.
For a Fourier exponential integral, the half-plane in which the contour must
be closed depends on the sign of the exponent in the exponential.
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There are other integrals that can be evaluated using Cauchy’s theorem
which do not traverse the entire real axis and/or do not require closing with
an infinite semicircle in one of the half-planes. The contours for these
integrals are unique to the integral being evaluated. As such, their
evaluation using Cauchy’s theorem is illustrated by examples.

Example 5.5: Evaluating an integral by Cauchy’s theorem using a
rectangular contour

To evaluate

Y R 5.87
) J°"(1+e2x)2 ) (5.872)

we consider

I =b— 4 5.87b
o (1+ezz)2 - ( )

around the rectangular contour shown in fig. 5.10. The integrand has second
order poles at the values of z for which

e =—1 (5.88a)

These values are

z=%in/2, £i37/2, ...=xi(N+H7z N=0,1,2.. (5.88b)

P e L2 L+ir

72=-L+iy Y o in/2 T z=L+iy

Loz=x  elim2 L

®-3im?2

Figure 5.10
Contour appropriate for the integral of eq. 5.87a
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Beginning at the lower left-hand corner of the rectangle,

CJS ze° )2 dZZJ_LL( xe* vt = (L+iy)e™™ idy

L (x+im)e ™ 0 (=L+iy)e™ .
(5.89)

Because the limits of the integral of eq. 5.87a are teo, we eventually take
L — oo. Therefore, we can view these integrands for very large L. In this

limit, the magnitude of ¢*"*™ is ¢ which is large compared to 1. Thus,
ignoring 1 in the denominator,

) T (L+iy)
. L+1iy)e
lim ( y)

Biy e 4 sy 3L
——— | ~e¢ " Im(L+ =0 5.90
Lo (1 + eZ(L"'iy) )2 e LI_I;I}Q( l)’)e ( a)

Similarly, for large L, ¢*™ has a very small magnitude relative to 1.
Therefore, ignoring the exponential in the denominator

.| (L+iy)e ™
lim -

o2
L—oe (1“’62( LH_\))

~e” }im(—L+ iv)e " =0 (5.90b)

Thus, the integrals along the sides of the rectangle are zero in the limit of
infinite L, and eq. 5.89 becomes

z - X e . (x+ix)
im$—dr= [ X _ges [TUT 4 (5.01)
Lo 27)2 Jw 2:)2 Je 2xtiz) |2
- (1 +e ) (1 +e ) (1 +e )
Using

e = —¢" (5.92a)
and

eZ(X+i7Z) — er (592b)

and referring to fig. 5.10, we note that only the pole at z = i7/2 is enclosed in
the rectangle. Therefore, eq. 5.91 becomes
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li ziezd (" xiexd - Md
= ey L (e ey
= 2J._M (lfezx > dx+17rfiw . sz >dx = 27ia ,(ZJ
e
(5.93)
With the substitution w = €°, we can evaluate
o e’ o 1 1 g 1
- dx=| ——dw=—-| —— 4 (5.94)
Lmapehmap by

Closing the contour in the upper half of the w-plane, this integral can be
evaluated straightforwardly using Cauchy’s theorem. We obtain

e g T 5.95
J.‘°°(1+e2’f)2 T (6:9)

The residue of the pole at iz7/2 can be evaluated by standard methods.
Recognizing that this pole is second-order, it is straightforward to show that

a, (Zj A (5.96)
2 8
from which
[ X =T (5.97)
- (1 + ez"‘) 4 -

The method described earlier to evaluate Fourier integrals cannot be
applied to integrals over the real axis from —eo to oo if the integrand contains
an imaginary exponential that is not linear in the integration variable.
However, Cauchy’s theorem can be used to evaluate certain integrals that
contain exponentials that are not linear.
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Example 5.6: Evaluating selected integrals by Cauchy’s residue theorem
using contours that include portions of the arc of a circle

(a) With k a real positive constant, the integral
[“ e ax=2[" ¢ ax (5.98a)
can be evaluated by considering
I=he*dz (5.98b)
around the contour shown in fig. 5.11.
z=x(1+1i) 7=Re'?

4

=X

\ 4

Figure 5.11
Contour for evaluating the integral of eq. 5.98a

On the segment along the real axis,

7=X (5.99a)
Along the large (ultimately infinite) arc

z=Re” 0<¢<7/4 (5.99b)
and along the slanted segment, defined by y = x,

z=x(1+i)=x2 ™ (5.99¢)
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Therefore, with (1 + i)> = 2i,

. ) o ) . ﬂ'/4 a2 2ip .
lim Qe dz :J e dx+ llm ™" iRe" d 1)
R—eo 0 R—eod0 (5100)
N[0 ok
+(1+ l)j e dx

On the large arc,

eikRzeM — eikchos(Zm e—kstin(Zq)) (5.101 )
In the range 0 < ¢ < /4,

sin(2¢) = [sin(2¢)| (5.102)
Therefore,

lim e "% = (5.103)

and the integral along the infinite arc is zero. As shown in appendix 5, the
integral along the slanted segment is given by

—(1+i)J‘:e*2kxzdx= —(1+i)%,/2—7;-C (5.104)

Therefore, because there are no poles inside the contour of fig. 5.13, the
integral around the closed contour is zero. Thus, eq. 5.100 becomes

Jmeikxzdxz(l-i_l) z (5.105)
0 2 \2k

Writing the exponential in trigonometric form, this becomes,

* 2 N _(1+l) l
J.O [cos(kx )+ sin(kx )Ja’x— 3 \/; (5.106)
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Equating real parts and imaginary parts, we obtain

o ) o ) _1 V.4
jo cos(kx )dx-JfO sin(ke’)dv=— |- (5.107)

These integrals are called the Fresnel cosine and sine integrals. They arise
in the study of a phenomenonexhibited by all types of waves (light, sound,
etc.) called diffraction.

(b) To evaluate

Y LN (5.1082)

o (145

z=Reé"
r=re?™
o &7
27/3
-1 =X
o o3
Figure 5.12
Contour for the integral of eq. 5.108a
using the residue theorem, we consider
1
1.=¢ dz (5.108b)

(I+2°)

around the contour shown in fig. 5.12.
The poles of the integrand of eq. 5.108b are at the cube roots of —1, which
were shown in ex. 2.5b to be

_ :lﬂ-ﬁ (5.109a)

: 2 2
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7, =¥ =1 (5.109b)

and

« 1
Sif3 g (5.109¢)

Z3:e' :5—1

Referring to fig. 5.12, the integral around the closed contour becomes

1
-
(I+) (5.110)

r X+ lim dz+e2i”/3J0;dr .

0 (1+x) B (1+27) (1+r'e*™)
On C.., points are described by

z=Re" (5.111)
with 0 < ¢< 2773. Then

7 iRe'®
lim de=1im [ R __45-0 (5.112)
Roed (I+27) 7 kodo (14 R%™)

In the integral along the slanted segment, with ¢*” = 1, we replace r with x,
and write

0 1 © 1
der:—dfu T (5.113)

Referring to fig. 5.12, we see that only the pole at z = ¢ is enclosed by
the contour. Therefore,

1 = 27n/3 inf3
€’5(1+23)dZ ( )Jo (1+x)dx 2ria_ ( ) (5.114)
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(5.115a)

(1 _ ezm/s) — "3 (efi/7/3 _ ei/7/3) — i ¢sin (gj — _iJ3 ™3

we obtain

dx =
1+) " 383

J'w 1 2
0

Problems

(5.115b)

(5.116)
m

Using Cauchy’s residue theorem and the methods developed in this chapter
(unless otherwise specified), evaluate the integrals given below.

1. J.m 14 dx
=~ (+x")

Jm %dx
=~ (1+x)A+x")

2

Jm al —dx
~(1+x")

4, —d
'L’ (1 +x° )2 )

3ix

i d
@



Problems

(b) Use the results of part (a) to evaluate

0 = c08(3x) (i = sin(3x)
= (1+x7) = (1+x%)
- —2ix
6. d.
LT

(b) Use the results of part (a) to evaluate

r cos’x 5
—M(1+x2)

B e
b [— 4
o[ (=it 20)

(c) Use the results of parts (a) and (b) to evaluate

(1) MM 'x (ll) B
~ (x=)(x+2i)’°
oo sin(3x)
8.
J.—°°(x—2i)2(l+x2) !
9. (@ [ ¢

—dx
= (x—=0)(x+2i)

(b) Use the results of part (a) to evaluate

r (x”+2)cos(x) + xsin(x)
= (D +4D)

dx

159
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10. With erand Breal and > ¢, use Cauchy’s residue theorem to evaluate

J-w sinh(orx) dx
— sinh(fx)

11. Use Cauchy’s residue theorem to evaluate

O —m— (b)

27 1
0 (0059+i\/§) 0 (sin9+i\/§)d9

©[" : i @[ : de
0 (sin@+L(1—i)cosb) 0 (1+4(1-i)tand)

2z siné@ 27 (2— sin 9)
—df
(©) J. (2—cos ) ® J (2—cos 9)
27 1 z  cos’ @
—df h) | ———dé@
® '[ (5+3sin 6)° ® J.O (5+3cosb)

Note: You must be certain there are no poles on the contour.

12. w is a real variable satisfying 1 < w < oo, Use Cauchy’s residue theorem
to find the function

1

0 (w—cosb)’
Demonstrate that w cannot satisfy 0 <w < 1.

13. It shown in prob. 31 of chapter 4, that for integer N

27i N=-1
C—‘SZ ={ N=#-1
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With this result, use Cauchy’s residue theorem to evaluate

@) joz”coswde (b) _[OMSin“HdQ © jj”sin“”ade

(d) J in*”*"'0de () J‘OMCOSZMQdH () JOMCOSZMHHde

where M is a positive integer

14. Use Cauchy’s residue theorem to evaluate

2 J—
J-2 cos”(36) 2d0
0 5+4cos(26)

15. By closing the contour in the lower half-plane, derive an expression for

J f(X)

= (x— xo

analogous to eq. 5.60, in terms of residues of poles in the lower half-
plane and f(xy).

16. Evaluate

PJW > 12 dx
= (x "+ (x—=2)

(a) By the prescription given in eq. 5.60
(b) By displacing the pole from the real axis

17. Evaluate

1
o ®

rl

(a) By the prescription given in eq. 5.60
(b) By displacing the pole from the real axis
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18. With k£ > 0 a real constant, evaluate

PJW idx

- x

(a) By the prescription given in eq. 5.60.
(b) By displacing the pole from the real axis.
(c) Use the results of part (a) or (b) to determine

cos(x) dx (ii) J.m sin(x) dx
X e

i P

X
Explain why the integral in (ii) is not a principal value integral.

19. Generalize the results of ex. 5.7 by using Cauchy’s residue theorem to
evaluate

- 1
[——ax
0 (1+x™")

with integer m > 4, using the contour shown in fig. P5.1.

270/m

»
P

Figure P5.1
Contour for the integral of problem 19

20. With arreal and 0 < < 1, evaluate

by Cauchy’s residue theorem, integrating around the rectangular contour
shown in fig. P5.2.
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L2 L+27m

A

Y

-L L

Y

Figure P5.2
Contour for the integral of problem 20

21. Let ¢ be real and positive. It is clear that on the semicircle of radius R in

the left half of the z-plane shown in fig. P5.3a

lime” =0
R—o0

and on the semicircle of radius R in the right half of the z-plane shown

in fig. P5.3b

lime” = oo

R—eo

Use this and Cauchy’s residue theorem to evaluate

at

[T —d:  Re(@)>0
= (2 + o)

(a) (b)
Figure P5.3
Large semicircular contours in the (a) left and (b) right half-planes

22. Let w> 0 be real. By integrating

g‘Se’zzdz
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around the contour of fig. P5.4, in the limit of infinite L, evaluate

J._m e‘xzcos(2wx)dx and J.m e‘xzsin(2wx)dx

-L+iw < L+iw

-L L
Figure P5.4
Contour for problem 22



Chapter 6

MULTIVALUED FUNCTIONS, BRANCH POINTS,
AND CUTS

Because ¢” = 1, it is straightforward to see that if the argument of a

complex variable z is increased by 27, one obtains the same value of the
complex variable. That is, for a given r and 6, we write

2(r,0)=re" (6.1a)
Then
2(r,0+271) = re'®e™ = re’ = 7(r, 0) (6.1b)

A function F(z) that satisfies
Flz(r,0+27m)]|= F[z(r.0)] (6.2)

is called a single-valued function. We see from eqs. 6.1 that F(z) =z is a
single-valued function.

In chapter 2, it was shown that fractional roots of unity have more than
one value. In ex. 3.2, it was indicated that the function 7> is not analytic
because it has multiple values at every point z. A function F(z) that has
more than one value at a given z is called a multivalued function. (Some
authors do not refer to F(z) as a function if it is multivalued. We do not
adhere to that more rigorous terminology in this treatment. F(z) is called a
function even if it is multivalued.) As indicated in chapter 2, a function that
has multiple values at a point is singular at that point.

165
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6.1 NonInteger Power, Logarithm Functions

th .
n power function

Consider
[2(r.O)] =r" ™ (6.32)
Increasing @ by 2, this becomes

[2(r,0+2m)] =r"e"e*™ = *™ [2(r,0)] (6.3b)

When 7 is an integer, ¢’ = 1 and 7" is single-valued. If n is not an integer,

¢”™ # 1 and 7" has multiple values at z. If n is an irreducible rational
fraction, z" is called a fractional root function. If n is an irrational number, 7"
is referred to as an irrational power function.

Example 6.1: Multiple values of the square root and cube root functions

(a) Forn=1/2,
[Z(I’, 9)]1/2 _ rl/ZeiH/Z (6.42)

Increasing @ by 27, we obtain

[2(r.0+2m)]" = e =—[2(r.0)]" (6.4b)
A second increase by 27, 47in total, results in
[z(r,0+4m)]" = r2e?e* " = [2(r.0)]" (6.4¢)

Thus, F(z) = z"* has two values at any z and so is a double-valued function.
(b) With n = 1/3, the values of the cube root function are

[Z(l’, 9)]1/3 _ r1/3ei.9/3 (6.52)

—1+i\/§)

2

1/3

[Z(i’,9+ 272')]1/3 _ V3003 23 (

[2(r,0)] (6.5b)
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and

(-1-i3)

. [2(r.0)]" (6.5¢)

[z(r,0+ 47r)]1/3 =yl i3 =

Increasing @ by an additional 27, a total of 67, results in

1/3

[2(r.0+6m)]" = e = [2(r,6)] (6.5d)

Therefore, z'** has three different values at any z, and is therefore a triple-

valued function. O
General fractional root function

Using ex. 6.1 as a guide, we can deduce that when the power of z is an
irreducible rational fraction, the fractional root function F(z) has a finite
number of values at a given z. The different values of F(z) can be obtained
by considering the function in the form F[z(r, 6 + 27k)].

Let M and N be integers with N > 2 such that M /N is an irreducible
rational fraction. At a given z, the multiple values of

[Z(l”, 9)]M/N _ rM/NeiMG/N (6.6)

are found by varying the integer k in the expression

[Z(l’, 9+ 27Z_k)]M/N — r/'w'/f‘v'eiﬁf'vi/l‘v'eiQ/TkF'Vl'/z‘v’ — eiZ/kaw'/N [Z(F, 9)]M/N (67)
We note that because e "N = ¢?™ = 1,
[2(r,0+22N) "™ = MV —[2(r,0) " (6.8)

Therefore, all values of z""" at a given z are found from eq. 6.7 with a value
of k in the range 0 < k < (N — 1). Because there are N different values of k in
this range, 7" is an N-valued function.

We see from eq. 6.7 that the elements in the set of factors

{eillrkM/N } _ {l, GYMIN AN enmw—n/w} (6.92)

MIN

define the different values of z" at a given value of z.
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Except for the ordering of the elements, these factors are independent of
M. To see this, we compare the elements of the set of eq. 6.9a to the set of
factors

{e’z”k/N}z {1, e | e IN ...,e"z”(‘vfl)/N} (6.9b)

which define the different values of z"". Because kM is an integer, we can
write this product as

kM = uN + A (6.10)

with # and A integers and with 0 < A < (N — 1). For example, for N = 3
which restricts 0 < k < 2, it is straightforward to see that kM =2=0 % N+2
and kM =-8 =—-3 * N + 1. Therefore, in general

eiZEkM/N — ei27f/lei27fl/1\7 — ei27[/1/N (6.11)

Because A spans the same range of values as k,

{eiZ/rkM/N } — {eiZ/r/”,/N } — {eiZ/rk/N } (6.12)

Thus, the elements in the set of values defining z*" with M # 1 are identical

to the elements in the set of values defining z""" at a given z.
Example 6.2: Multiple values of several cube root functions

Setting N = 3, we consider the cube root functions for M =1, 2, 4, and —4.
From the discussion above, we see that such functions are triple-valued.
Therefore, the multiple values of each function are found by considering
arg(z) = @ + 27k with k =0, 1, and 2. These values can be represented in
terms of the following sets of factors.

{[Z(F, o+ 272’]{)]1/3 } — V3,003 {1, ei?./r/S’ ei4”/3}

e (el 4o

(6.13a)

{[Z(F, O+ 27[k)]2/3}: 213 12003 {1, ei47r/3, ei8/r/3}

_ 23,1263 {]’ %(_] _,-\/5), %(—1 +i\/§)}

(6.13b)
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{[Z(r, 0+ 27z'k)]4/3 } =P {1, e, eilé”/3}

— B 403 {1’ %(—1+i\/§), %(—l—i\/g)}

(6.13¢)

{[Z(I’, O+ 27Z'k)]_4/3}= 13 =483 {i, eﬂtsﬁ/3’ efztm;r/s}
= B0 {1, %(—l—i\/g), %(—l+i\/§)}

(6.13d)

Thus, the elements in the sets of factors defining the multiple values of z*"”

are the same forM=1,2,4,and 4. O

Irrational power function

Let o be an irrational number. The irrational power function z% has
analytic structure that is similar to the fractional root function. With

[2(r, 0+ 27K)]" = rfee™™ (6.14)
the set of factors describing the different values of z%is
{eiZﬂ'{Xk}: {1’ €i2}2'(),’, ei4/l'(l’ .“} (615)

Because ok is an irrational number, €™ 2 1 for all k. Therefore, the set of
factors defining the different values of z” contains an infinite number of
elements. Thus, the irrational power function is an infinite-valued function.

Logarithm function

Expressing z in polar form, we have
(n]z(r,0)]=tn(r)+i0 (6.16)

Changing @by 27k results in

(n|z(r,0+27k)| = tn(r)+i6+i27k = tn|z(r,0)|+i27k  (6.17)
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It is easy to see that there is no value of k # 0 for which In [z(r, @ + 27%)] and
In [z(r, )] are equal. Therefore, the set of factors for the logarithm function,
defined by

{tn[z(r,60+27k) )~ tn[2(r,6)]} = {i27k }

(6.18)
={.., —idzk, —i27k, 0, i27k, i47k, ...}

is an infinite set, and the logarithm function is an infinite-valued function.
6.2 Riemann Sheets, Branch Points, and Cuts

In 1851, Georg Riemann proposed the idea of viewing a complex plane
comprised of a stack of complex sheets in order to distinguish between the
different values of a multivalued function. These sheets are arranged such
that the origins and the coordinate axes are aligned one on top of the other
when viewed along a direction perpendicular to the complex plane. Such
sheets are referred to as Riemann sheets.

2

Figure 6.1

Multisheeted complex plane

Let F(z) be a multivalued function and let &, and k, be two different
integers. Then, for a given r and 6, z(r,6 + 27 k,,) and z(r,6 + 27 k,) have
the same value on all Riemann sheets. If

F[z(r,0+27k,)|# F [(r,0+ 27k )] (6.19)

these two values of F(z) are represented on two different sheets of a multi-
sheeted complex plane.

For example, it was shown in eqs. 6.4 that the square root function has
two values at a given value of z;

7 =tre” (6.20)
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Therefore, the square root function is defined uniquely in a complex plane
comprised of two sheets. At points on one sheet, the function has values
given by +re'? and on the other sheet, the values of the function are given by
—re'®. Similarly, the cube root function described in egs. 6.5 has three
distinct values at a given z and is therefore described in a three-sheeted

complex plane, as is illustrated for z'* in fig. 6.2.

Figure 6.2

13 in a three-sheeted complex plane

Values of z
From these examples we see that a multivalued function can be viewed as
being single-valued in a multisheeted complex plane.

Branch point

The branch point or point of accumulation is defined as the point with the
smallest magnitude for which a function is multivalued. For example, as
shown in eq. 6.7, the general N™ root function can be written as

ZM/N — [Z(F,9+ 27Z'k)]M/N _ rM/NeiMs/Neizzsz/N (6.21)

We see that this function has multiple values for all 0 < r < eo. That is, the
multivaluedness starts at » = 0, and therefore at z = 0. As such, the general
N™ root function is said to have a branch point at z = 0. The same argument
holds for the irrational power function.

Writing

ln(z)="{n(r)+i0+i2rk (6.22)

we see that the logarithm function is multivalued for 0 < r < oo, and so also
has a branch point at z = 0.
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The examples of multivalued functions that have been discussed so far
have branch points at the origin. By replacing z by z — 2o, the branch point
can be translated to the point zy. Therefore, for example,

Fyyy(2)=(z=z)"" (6.23)
has a fractional root branch point at zo and

F,(z)=/!n(z—z,) (6.24)
has a logarithm branch point at z.

Branch cut
Let F(z) be a multivalued function with a branch point at z,. We let &

increase so that z varies from z[r,6 + 27k] to z[r,0 + 27k + 1)]. In doing so,
values of F(z) migrate from the k™ sheet, defined by F{z[r,60+ 27k]}, to the
(k + 1)™ sheet, defined by F{z|[r,0+ 2a(k + 1)]}. In order for these values of
F(z) to vary continuously, we envision the k" sheet to be cut along some line

called the branch line or branch cut, which extends from the branch point to
. This branch cut allows access to the (k + 1) " sheet from the k™ sheet.

Figure 6.3

Cut in a Riemann sheet permitting continuous access to an adjacent sheet

We note from the discussion above that the increase of 8 by 27 can begin
at any value of 8 Therefore, the cut can be oriented at any angle 6, to the
positive real axis. All sheets are cut in this way to allow access from points
on any one sheet to points on any adjacent sheet. The sheet defined by k = 0,
for which 6, < 8 < & + 2, is called the principal sheet or the principal
branch of F(z). The second sheet is defined by 6+ 27< @ < & + 4rx, and
SO on.
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Construction of a physical model of a
multisheeted complex plane

The reader may be able to visualize this idea more clearly by constructing
a physical model of a multisheeted complex plane. To do this, take a stack
of papers with coordinate axes drawn on each sheet. Three or four sheets
should be enough. Sheets of different colors may help in this visualization.

e Arrange the papers so that the axes on the different sheets are aligned
with each other and the origins of the different sheets lie one on top of
the other. This can be done easily by drawing each real axis parallel to
one edge and each imaginary axis parallel to an adjacent edge on each
piece of paper. Place the origin at the center of each sheet. Then align
the sheets in the stack.

e Starting from one edge, cut the stack of sheets along any arbitrary line,
extending the cut to some point in from the edge. Make sure that the
alignment of the axes and origins is maintained.

e Lift the section of the top sheet that is above the cut, then tape the
section below the cut in the first sheet to the section of the second sheet
that is above the cut.

e Tape the part of the second sheet that is below the cut in the second
sheet to the part of the third sheet that is above the cut in the third sheet.

e Continue this process until all the sheets have been taped together, the
section below the cut in the k" sheet being taped to the section above the
cut in the (k + 1) " sheet.

Figure 6.4

Physical model of a multisheeted complex plane

To represent a multisheeted complex plane with a finite number of sheets
such as is required for the fractional root function, one must imagine that the
section below the cut in the last sheet is taped to the section above the cut in
the first sheet. This is not possible physically but is a valid mathematical
construction. To represent an infinitely sheeted complex plane such as that
required to describe the logarithm or irrational power function, one must
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imagine a model containing an infinite number of sheets of paper, all
connected as described above.

Discontinuity across the cut

On each Riemann sheet, we define the top of the cut or the region above
the cut to be the side of the cut at which we would have to start so that by
increasing the argument of z by 27 in the counterclockwise direction, we
would arrive at a point on the opposite side of the cut across from the
starting point. This second side of the cut is referred to as the bottom of the
cut or the region below the cut.

Consider a multisheeted complex plane defined by a multivalued function
F(z). We take the cut to extend from a branch point at zy to e along a line
oriented at an angle 6 to the positive real axis. The values of F(z) on the
two sides of the cut are shown in fig. 6.5.

Figure 6.5

Top and bottom of a cut in the k"sheet for a multivalued function F(z)
Because the values of F(z) are not the same on the two sides of the cut,

F(z) is not continuous across the cut. The discontinuity across the cut in the
k™ sheet is defined by

Ak (Z) = Eup (Z) - Fbuttam (Z)

4 6.25
= F[z(r. 6,+27k) |- F[ z(r. 6, + 27k +1)) | £0 (2
Clearly the discontinuity across the cut in the principal sheet is
A =F|z(r.6,)]-F|z(r.6,+27)] (6.26)

Because F(z) is discontinuous everywhere across the cut, the cut is also
referred to as a line of discontinuity.
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6.3 Branch Structure

Let F(z) be a multivalued function which is single-valued in a
multisheeted complex plane. The branch structure or cut structure of F(z) is
determined by

Specifying the position of the branch point(s)

e Specifying the orientation chosen for the cut(s) associated with the
branch point(s)
Identifying the top and bottom of each cut

e Determining the values of the function at points infinitesimally above
and below the cut(s), and from these values, the discontinuity of the
function across the cut(s)

Unless otherwise specified, all analysis of branch structure refers to the
structure of the function on the principal sheet. Much of the analysis is
accomplished using diagrams such as the one shown in fig. 6.6.

Figure 6.6

Cut structure on the principal sheet of a multivalued function with one branch point

Referring to fig. 6.6, we see that the argument of each point z along the top
of the cut is € = €. Points along the bottom of the cut have argument
0= 6, + 27 Points along the extension of the cut into the region defined by | z |
<| 20 | are along the dashed line. The argument of these points is 8= &, + 7.

In many applications, the branch point is on the real axis at a point
Zo = Xo, and the cut associated with that branch point is chosen to extend
along the real axis to either +eo or to —ee. Then, with

|x— xo' = (xo - x) x<x, (6.27a)

|x— xo' = (x— xo) x> X, (6.27b)
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the cut structure is that shown in fig. 6.7a.

F(Z)=F[z(x0—x,; F(Z):F[Z(-X_-x(]’
F(2)=F[z(x,—x,m)] X, F 7)=F[z(x—x,,27)]

Figure 6.7a
Cut structure for a cut along the real axis to +eo

If the cut is taken to extend from x, to +eo, as shown in fig. 6.7a, we see
that to get from one side of the cut to the other by a counterclockwise
rotation of 27, one must start at a point z infinitesimally above the real axis
with Re(z) = x > xo. A counterclockwise rotation of 27 accesses a point in
the region defined by x > x infinitesimally below the real axis. That is, the
top and bottom of the cut are infinitesimally above and below the real axis,
respectively. The values of the multivalued function just above and just
below the real axis in the regions x < x; and x > x, are those shown in fig.
6.7a. The discontinuity across the cut in the region x > x, is given by

A(z) = F[z(x—x,,0)]- F[z(x— x,,27)] (6.28a)

Because F(z) is continuous across the real axis in the region x < x, the
function at a point x on the real axis in this region has the value

F(z)=F [z(xo - X, 72')] (6.28b)

independent of whether the point is accessed from above or below the real
axis.

When the cut associated with the branch point at x , is taken to extend to
—oo as shown in fig. 6.7b, F(z) is continuous across the real axis for x > x ;.

bottom F (z)=F[z(x, —x,7)] F(2)=F[z(x=x,0)]
top F(Z):F[Z(xo_x’_”)] Yo F(Z)=F[Z(x—x0,0)]
Figure 6.7b

Cut structure for a cut along the real axis to —eo

To get from one side of the cut to the other by a counterclockwise rotation
of 27, we must start at a point in the region x < x, infinitesimally below the
real axis so that a counterclockwise rotation of 27 accesses a point that is
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infinitesimally above the real axis in the region x < xo. Thus, the top and
bottom of the cut are infinitesimally below and above the real axis, respec-
tively. The values of the multivalued function just above and just below
the cut are those shown in fig. 6.7b. The discontinuity across the cut is
given by

A(2) = F[2(xy = x,—m) |- F [2(x, — x, )] (6.292)
The value of the function at a point on the real axis in the region x > xq is
F(z)=F[z(x—x,.0)] (6.29b)

independent of whether the point is accessed from above or below the real
axis in this region.

Points on different sheets

Let F(z) be a multivalued function with a branch point at zo. In order to
simplify the discussion, we take zo to be zero (or transform to another
complex plane by replacing z — z by z, which translates the branch point to
the origin). We take the associated cut to extend from the origin to o along
a line that is oriented at an angle &, with the positive real axis. The principal
sheet is defined by 6, < 8 < & + 27 and, the second sheet is defined by
O+ 2r < 0L G+ 4.

Let
z =re” (6.30a)
and
z, = e (6.30b)

be points on the principal sheet. Then 6, and & are each in the range
[6),6,+ 27]. If 6+ 6, > 6+ 2, the point defined by

i(6,+8
2=22, = hne " 6.31)

is not on the principal sheet.
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Example 6.3: Argand diagram with multiple sheets

Let the points
7 =iz (6.32a)
and
2, =—1+i=+/2¢"" (6.32b)

be two points on the principal sheet of a multisheeted Argand diagram that

describes a multivalued function F(z) with a branch point at the origin. We

consider the two cases in which the associated cut extends from the origin to

+co along the positive real axis, and from the origin to —eo along the negative
—l+i= fpe i = il

real axis.
—1+i=_fpe"" = o
/L/' 6=0 6=r
&\ 0=2rx 1&‘\9 - _”\{J

—1—i= \/Eei.ilr/zt
(@)

in/2

—1+i= fpe

i=e

N

~

—1—i= \/Ee—i3/z/4
()

—1-i= \/Eei5ﬁ/4
(b)
—l+i= fpe""

O=r

g\e: -

—1-i= \/Ee—i,%/r/ét
(d)

— ei/r/z

Figure 6.8
Complex numbers i and —1 + i on the principal sheet

of two possible multisheeted complex planes

We see that both 72 and 37/4 are within [0, 27], the range defining the
principal sheet for the cut of fig. 6.8a, and [-7; #] which defines the principal
sheet for the cut shown in fig. 6.8b. Therefore, whichever cut we choose,
both points are on the principal sheet.
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The product of the points, as represented in eqs. 6.32, is given by
2,2, =i(—1+i)=—1—i=~/2 " (6.33)

When —1 — i is the complex number with an argument of 57 /4, it is in the
range [0,27] and is therefore a point on the principal sheet when the cut
extends to +eo as shown in fig. 6.8a. Because 57 /4 > 7, the point —1 — i of
eq. 6.33 is on the second sheet when the cut is chosen to extend to —eo as in
fig. 6.8b.

Another representation of —1 — i is

_l—i=A2e B (6.34)

which is not the product of z; and z,. Because the argument -3 7 /4 < 0, this
representation of —1 — i is on the sheet just below the principal sheet (the —1"
sheet, defined by —27 < € < 0) when the cut is taken to extend to +eo.
Because —7 < -37 /4 < x, this representation of —1 — i is on the principal
sheet when the cut is taken to extend to —eo. O

Cut structure for the fractional root function

The general fractional root function

\M/N

(Z _ ZO/ :! z— ZO |M/N eiBUM/N = rM/NeiHUM/N (6.35)

has a branch point at zop. A possible cut structure for this function is shown
in fig. 6.9. As can be seen, along the top of the cut,

arg(z—z,) =6, (6.36a)
and along the bottom of the cut,

arg(z—z,)=6,+2rx (6.36b)
Therefore,

[(e=g) ] =rteman (6:37a)
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and

I:(Z ~ 2, )M/N] — rM/NeiMb'o/Neﬂ;rM/N (6.37b)

bottom

Thus, the discontinuity across the cut is given by

A(z) = [:(Z - ZO)M/N :Imp - I:(Z - Z())M/N]

i i M /N . jaMIN_M/N i6M/N -
=(1—e’2”M/N)rM/Ne'° IN = _Dje™IN pMIN pioM ] sm(T

bottom

X

Figure 6.9
General cut structure for the fractional root function

Consider the case when the branch point is on the real axis at zg = xo.
Setting &, = 0, the cut extends along the axis from x, to +eo so the principal
sheet is defined by 0 < < 2z The branch point at x, divides the real axis
into two regions. Region I is defined by x < x, and region II is described by
X > Xp.
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e Regionl
In this region, the fractional root function is continuous across the real
axis. Referring to fig. 6.9, with & = 0, points along the real axis are
defined by arg(z — xo) = . Therefore, at all x < xj,

(z— XO)M/N _ (xo _ x)M/N eM7IN (6.39)
Thus, the discontinuity across the real axis is
A(x)=0 (6.40)
e Region II
In this region, the values of the fractional root function along the top of

the cut are different from those on the bottom of the cut. Along the top
of the cut, arg(z — x¢) =0, so

=m0, = @t

Along the bottom of the cut, arg(z — x) = 27. Thus,

[G=x)"™] = (= )N 2N (6.41b)

—bottom

Then, from eq. 6.38 with &, = 0, the discontinuity across this cut is given
straightforwardly to be

Ay =[(z=x)"™ ] ~[(z=x)"" ]

Jdwop L bottom

= (x— X, )M/N e ™MIN (e—ilrM/N _ ei/rM/N) (6.42)

= —2ie"™¥ (x— x. )" sin (—A]lv i ]

Therefore, the cut structure for the general fractional root function when the
cut is taken to extend to +oo along the real axis is that shown in fig. 6.10a.

(” —% )M/N = (Xu - X)M/N ei”M/N (7 X )M/N = (x — X )M/N

Figure 6.10a

MIN

Cut structure for (z —xp) " when the principal branch is defined by 0 < <27
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When the cut extends along the real axis to —ee, the principal branch is
defined by —z < €< . If the cut of fig. 6.9 is extended to —eo along the real
axis by taking &, = 7z, the argument of points along the top of the cut is 7
which requires the argument of points along the bottom of the cut to be 37
With this choice, the principal sheet is defined by 7 < 6 < 3z In order to
define the principal sheet by —7 < 8 < &, we must define &) = —.

Again the real axis is divided into two regions by the branch point at xj,
with region I defined by x < x; and region II defined by x > x,.

e Regionl
The cut extends into this region. The top of the cut is infinitesimally
below the real axis, and points along the top of the cut are defined by
arg(z — xo) = —. Points along the bottom of the cut, just above the real
axis, are described by arg(z — xo) = 7. Therefore,

(=3 ] = (=) e (6.432)
and
I:(Z _ XO)M/N ]bom)m — (XO _ x)M/N eiiz’M/N (643b)
Because &, = —x, the discontinuity across the cut is found from eq.
6.38 to be
. (Mx
A, (x)==2i(x, — )" sin (Tj (6.44)
e RegionIl

Points in this region are defined by arg(z — xy) = 0. Because there is no
cut in this region, the fractional root function is continuous across the
real axis, with values given by

(z—x)"™ = (x—x )" (6.45)
and

Ay(x)=0 (6.46)
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Combining these results, the cut structure is that shown in fig. 6.10b.

(Z_ XO)M/N = (xo - X)M/N ™M (Z_ xo)M/N = (x— Xy )M/N

Figure 6.10b

MIN when the principal branch is defined by —7< 6< &

Cut structure for (z — xg)

Cut structure for the logarithm function

The cut structure for the general logarithm function
F,(z)=!(n(z—z,) (6.47)

is straightforward to deduce using the analysis presented for the fractional
root function. The cut structure of the logarithm function is shown in fig.
6.11 on the following page.

With zp = xg and 6, = 0, the cut associated with the branch point at x
extends to +co along the real axis and the real axis is divided into two regions
by the branch point with region I described by x < xj, and region II defined
by x > xo.

e Regionl
In this region, points on the real axis are described by arg(z — xp) = 7
Because the cut does not extend into region I, the function is continuous
across the real axis. Therefore, on the real axis,

tn(z—x,)=fn(x, —x)+in (6.48)
and

A(x)=0 (6.49)
e Region Il

Because the top of the cut is just above the real axis and the bottom of
the cut is just below the real axis, points along the top of the cut are
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Figure 6.11
General cut structure for the logarithm function

defined by arg(z — xo) = 0, and those along the bottom of the cut are
described by arg(z — xo) = 27.  Therefore,

[tn(z=x))],, = n(x—x,) (6.50a)
and

[tn(z—x))],, =in(x—x)+27i (6.50b)
Then the discontinuity across the cut is given by

Ay (x) =[/n(z— xo)]m,, —[#n(z- xo)]bmmm 65D

= (€n(x—x0))—(€n(x—x0)+2m') =-27i
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This structure is shown in fig. 6.12a.

In(z—2z,))=In(x,—x)+ix (n(z—z,)=In(x-x,)

(n(z—z,)=1In(x,—x)+ix Yo in(z—z,)=tn(x—x,)+i27

Figure 6.12a

Cut structure for £71 (z - xo) with the cut extending to +eo along the real axis

When the cut is chosen to extend to —ee along the real axis, the top and
bottom of the cut are just below and just above the real axis, respectively.

e Regionl
Points along the top of the cut are defined by arg(z — xo) = —7. Along
the bottom of the cut, points are described by arg(z — xo) = z. Therefore,

[en(z=x))], = n(x —x)-ix (6.52a)

and

tn(z—x,) =/tn(x,—x)+ix (6.52b)
[ Yy ]hollom ( v )

from which the discontinuity across the cut is given by

Ay (x) =[/n(z— xo)]l()p =[n(z=x))]

bottom

(6.53)
= (tn(x, —x)—iz)—(¢n(x, — x)+ i) = —27i

e Region Il
In this region, the logarithm function is continuous across the real axis,
with values at points on the real axis
n(z—x,)=fn(x—x,) (6.54)
Thus, the discontinuity across the real axis is

Ay(x)=0 (6.55)

The structure for this choice of cut is shown in fig. 6.12b.
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Z}’l(Z_ZO)=/€II(X(]—X)+I'7Z' fn(z—zo)z,(n(x_x“)
In(z—z,)=4tn(x,—x)+ir Xo In(z—z,)=In(x—x,)
Figure 6.12b

Cut structure for £71 (z—x,) with the cut to —eo along the real axis

6.4 Multiple Branch Points

When a function has more than one branch point, the orientation of the cut
associated with any one branch point is independent of the orientation of any
other cut.

Functions with two branch points

Let K, L, M, and N be integers so that K/LL and M/N are irreducible
fractions with L and N greater than 1. Then the function

F(2)=(z—2)""(z—z,)""" (6.56)

has fractional root branch points at z; and z,. To make the discussion less
cumbersome without compromising the important details of the analysis, we
take K/L = M/N and take the branch points to be on the real axis at z; = x;
and z, = x, with x; < x,. Then

F(2)=[(z=x)(z—x)]"" (6.57)

We follow the pattern of analysis presented for a function with one
branch point. When a function has two branch points on the real axis, those
branch points divide the axis into three regions. Region I is defined by
points x < xj, region II describes points in the range x; < x < x, and region III
is defined by points x > x;.

Thus, in region I

|x—xl} =(x,—x) (6.58a)
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and

|x—x2| =(x,—x) (6.58b)
In region I1

x—x|=(x=x) (6.58¢)
and

| =2, = (x, - %) (6.58d)
and in region III

x—x|=(x=x) (6.58¢)
and

x| = (x—x,) (6.58f)

One common choice for the orientation of the two cuts is along the real
axis in the configuration shown in fig. 6.13. By choosing the cut associated
with x; to extend to —eo, the principal branch for the factor (z — x;)"" is
defined by —7r < < & Similarly, because the cut associated with x, extends

to +oo, the principal branch for (z — x,) ™" is defined by 0 < < 2.

Regionl Region II Region III
R i 2 i 0=0
6=—m ! X X2t g, =2x
Figure 6.13

Cuts associated with two fractional root branch points

Referring to figs. 6.10, we deduce the values of F(z) just above and just
below the real axis in each region as follows:

e Regionl
Because the cut in this region is associated with xi, (z — x») MIN is continuous
across the real axis, but (z — x;) ™" is not. Referring to fig. 6.10b and
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eqs. 6.43, we see that the top of the cut is just below the real axis and at
points along the top of this cut

(z=x)"" = (=) N e (6.59)
Along the bottom of this cut, just above the real axis,
(z—x YV = (x, — x)MIN g mMIN (6.59b)

Because (z — x,) " is analytic in this region, we see from fig. 6.10a that

M/N

(z—x)"N = (x, — )MV ™MV (6.59¢)

Therefore, from eqs. 6.59a and 6.59¢, we find
[[(z -x)(z— xz)]M/N} = [()cl —x)(x, — x)]M/N (6.60a)
top
and from eqs. 6.59b and 6.59c,

== ] =[ey-00-0]"" ™™ (6.600)

1
_]bottnm

Thus, the discontinuity across this cut is

AI(X) = [(xl — x)(x2 _ x)]M/N (1 _ ei2/z'M/N)

o (6.61)
=—2ie"™™ [(x, = x)(x, = 1) N sin (%)

Region II

Because neither cut extends into this region, both (z — )" and
(z — x,)"™ are continuous across the real axis. Referring to fig. 6.10a, we
see that at points on the real axis, the two factors can be expressed as

(z=x)"N = (x—x)"" (6.62a)
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and from fig. 6.10b we have

(z—x,)"" = (x, — x)"IN ™MV (6.62b)

Therefore, at all points on the real axis in region II,
[(z=x)(z=x)]" =[x = x)0x, = 0] ™ (6.63)
and the discontinuity across the real axis is
Ay(x)=0 (6.64)

e Region III
Because the cut in this region is associated with x;, (z — xl)M/N is

continuous across the real axis, but (z — xz)M/N is not. Therefore,
referring to fig. 6.10b,
(z—x)"N = (x—x)"" (6.652)

at all x in this region. From fig. 6.10a, we obtain

(z2=2,)""N = (x=x,)"" (6.65b)

along the top of the cut, and along the bottom of the cut,

(2= x)"N = (x—x,)"/N MV (6.65¢)

Therefore, in region III,

[[(z —x)(z—x)]"" lo,, = [(x=x)(x—x)]"" (6.662)
and
=] | =[e=m)=x)]"" e (6.66b)

and the discontinuity across the real axis is given by

Am (x)= [(X — xl)(x _ Xz)]M/N (1 _ ei2/rM/N)
‘ (6.67)
= 20" [(x— )= x,)] " sin (%j
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From this analysis, we deduce the cut structure of F(z) to be that shown in
fig. 6.14.

(z— xl)u, N (- X)M/N £ FMIN

(2= 2" = (x, = x)"/N MY

(3" = (x-x) " (2=x)"" = G-

(z-1x, )M/’N MIN jizM /N (z- XZ)M/,\' —(x— xz).ww

[(z—xXz=x)

1
1
— 1
=(x, %) !
M/N M/N 1 M|N
- = ' I =
1
1
1

[(z=x)(z=x,)] [(z=x)Mz=x)

[(XL —x)(x, 7’\’)] [(X’xl)(xzfx)] [(Xfxl)(xfxz)]

1
1
1
1
1
1
, 1
M/N o/ 2MIN | MIN
1
—o° VY Pu +oo
1
1
1
1
1
1
1
1
1
1

MIN izmIN
e

X1 X2

(2= 3" = (xm )

N N _igM [N
(z-x, YMIN (x, — )M i/

(Z—X,)W'N =(x _X)M/w o TMIN

(z-x, VMY (x,— XM oMIN

(z=x)"Y = (x=x)"
(F_Xz )M/N :(X_XZ)M,.‘VEIZ/DW IN

]M/N _

[¢z —x])(:—xz)]'ww =

[ — ) (x = x) Y 27

(= x)z—x)]"" =

}M'N

[(z=x)z=x)

)
1
I
I
|
1
]
[(e=x)0 0] e

[(x, =0 =0

Figure 6.14
Analytic structure for a choice of cuts for a function with two fractional root branch points

Another common choice is to extend both cuts along the real axis to +oo as
shown in fig. 6.15.

Region I PR Region II Region III
X) o——
: 91 = 27[ ' 82 = O oo
' N————
0,=2rx
Figure 6.15

Choice of cuts associated with two fractional root branch points

For this orientation of the cuts, the values of the two factors of F(z) in each
of the regions are found from fig. 6.10a.

e Regionl
Because neither cut extends into region I, both factors are continuous
across the real axis, and each factor has an argument of 7. Referring to
fig. 6.10a, we see that at points along the real axis

(z—x)"" = (x, —x)"N eI (6.68a)
and
(z—x)"N = (x, — )"V ™M (6.68b)

so that at all points on the real axis in region |

[(Z _ Xl)(Z _ Xz)]M/N _ [(Xl B x)(XZ _ X)]M/N ei27rM/N (6.68¢)
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and the discontinuity across the real axis is
A(x)=0 (6.69)

e Region Il
The cut that extends into this region is associated with x;. Therefore, the
values of (z —x;)"" just above and just below the cut are given by

[(=a)"], = o)™ (6.70a)

and

I:(Z_XI)M/N:l — (X_XI)M/N€i27rM/N (6.70b)

bottom

respectively. Because (z — x,)"" is analytic in region II, its value at all
points on the real axis is given by

Therefore, in region II,

= x@=e)]" | =[-x)0-n]" ™™ (6712)

and

M/N 7]

M/N
[[a=npe=a)]"™ ] =[r=x)0s -] e (671b)
ortom
from which the discontinuity across the cut is given by

A, (x)= [(x —x)(x,—x ]M/N (ei/rM/N _ ei37rM/N)

™

- . 6.72)
= 2ie™™M [(x—x)(x, =) sin (T]
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e Region III
Both cuts extend into region III, so both factors are discontinuous
across the real axis in this region. Again referring to fig. 6.10a, we

have

[@=x)""], = (=)™ (6.73a)
[=x)"] = (=) eI (6.73b)
[=x)"™] = ey (6.73¢)
and

[=x)"™] = ()Y Y (6.73d)

From these, we obtain

[[<z - x)(z- xZJ]M/N} =[x =)0 -] (6.74a)

top

and

[CEEN

_ [(x_ )0, — x)]M/N oi4MIN

bottom
(6.74b)
Thus, the discontinuity across the real axis is
M/N idr
Am(x)=[(x—x1)(x2—x)] (1—64 M/N)
(6.75)

) 2xM
= Dje' MV [(x— x)(x, — x)]M/N sin (—7;\] j

The cut structure for this choice of orientation of the cuts is shown below in
fig. 6.16.
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(z=x)"" = (x =)™ (2=x)"" = (x—x)"" E (2= )" = (e =)
(m ) = (3, =y g ! (7= 2,)"N = (s, — x)MIN I E (2= 2" = (x— x,)""
[=x2z—x)]"™ = E [tz=xz—x]"" = E [tz= sz —x]"™ =
Gy ] e | =)z, =] = ; [ =)= )"
' ‘ X1 ; +oo
MN MIN ixM N : o L \MIN (L \MIN i2EMN xzi UVMIN _ (o NMIN DEMIN
(z=—x)"" =(x =" e ! (c=x)"" =e—x)" e ; (z=x)"" =(r=x)""e

[t =332, = 2]

MIN i2zM[N
K

[(x —x)(x, — x)]“’"" £IMIN

O

Figure 6.16
Analytic structure for a choice of cuts for a function with
two fractional root branch points

Example 6.4: Cut structure of a function with two square root branch

points

Referring to the analysis of the general fractional root function given

above, we consider the cut structure for a function with two square root
branch points on the real axis. We take both cuts to extend to +eo. This
function is given by

F(2)=[(z—x)(z—x)]" (6.76)

We note that in order for M/2 to be an irreducible fraction, M must be an odd
integer.

Region I
Because M is odd, we see from eq. 6.68c that

=[x, = x)(x, - x)]M/2 M

—[(x, =005, = 0]

_ _ M/2
[(z=x)(z=x,)] (6.77)

at all points on the real axis and the discontinuity across the real axis in
this region is

A(x)=0 (6.78)
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e Region II
From eqs. 6.76 and 6.77 we see that in region II,

(6.79a)
— l.(—l)(}V‘Ll)/z [()C —x, )(xz _ )C)]M/2
and
|:[(Z _ Xl)(Z _ xz)]M/z "lh ) _ [(x _x, )(Xz _ x)]M/z o3 /2
_ _i(_l)(M—l)/Z [(X —x, )(xz _ x)]M/z

(6.79b)

Therefore, the discontinuity across the cut is given by

Ay () = 201 M2 [(x = x)(x, — 0] (6.80)

e Region III
Referring to eqs. 6.74, the functional values along the top and bottom of
the two cuts are

M2

[[(z—xl)(z—xz)]M/z Jp =[(x=x)(x=x)] (6.81a)

and

M2 M[2 i2aM
(2= %)z 1) =[x x,)
|:[ Z X < x ] Jb(}ll()ﬂ’l [ . . o * ] ¢ (6.81b)

= [(x —x )(x—x, )]M/2

[(z-x)z-x)]""= ! [(z-x)z—x)]"" = [(z—)rl)(z—)rl)]Ml2 =
oot 0" D e - o] A )
X1i L X2
[(z—x)(z— 2] = t [(—xpz—x)]"" = [z x)z—x)]" =
(5 =20 —0)]"" DY [y -] [ e 5]
Figure 6.17

A cut structure for the square root function with two branch

points, taking both cuts extending to +oo
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Thus, the discontinuity across the real axis in region III is
Ay (x)=0 (6.82)

It was shown in ex. 6.1a that when we start at a point on the principal
sheet of z'* and increase the argument of z by two factors of 27 (47 in all),
two cuts are encountered. In doing so, we return to the value of z'* on the
principal sheet, which indicates that encountering two square root cuts is
equivalent to encountering no cut. That is why the discontinuity across the
real axis in region Il is zero for the general square root function.

In prob. 6a of this chapter, the reader is asked to show if both cuts of the
square root function extend to —eo along the real axis, having two cuts in
region I is equivalent to having no cuts in that region and this choice of cuts
also results in the cut structure shown in fig. 6.17. O

Example 6.5: Cut structure of a function with two logarithm branch
points

The function

Z_xl
z—x,

F(z)=1In =In(z—x,)—¥fn(z—x,) (6.83)

has logarithm branch points on the real axis at z = x; and z = x,. We take
X1 < x, and take the cuts to extend to —eo and +ec as in fig. 6.13. For this
orientation of cuts, the analysis of the cut structure of F(z) is as follows:

e Regionl
Because the cut in this region is associated with x,, /n(z—x;) is
continuous across the real axis and fn (z—x;) is not. Referring to figs.
6.12, the values of In (z—x;) along the top and bottom of this cut are

[tn(z—x)], = tn(x —x)~ir (6.84a)
and
[tn(z—x)],  =/n(x,—x)+ir (6.84b)

Because /n (x — x,) is continuous across the real axis, its value at all
points on the real axis in this region is given by

ln(z—x,)=/In(x,—x)+ir (6.84¢)
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Therefore,
m 22 o BT g (6.85a)
=X X, —X
and
[ S — (6.85b)
=X X, —X
from which the discontinuity across the cut is
A (x)=-2mi (6.86)
e Region Il

Because neither cut extends into this region, both /n (x —x;) and /n (x — x,)
are continuous across the real axis. Referring to figs. 6.12, we see that
the values of the two logarithm functions at points on the real axis are

given by
ln(z—x)=/tn(x—x,) (6.87a)
and

ln(z—x,)=/In(x,—x)+ir (6.87b)
Therefore, at points on the real axis in this region

tn 28—y 20 g (6.88)

Z—X, X, — X
and the discontinuity across the real axis is
(6.89)

Ay (x)=0
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e Region III
Because the cut in this region is associated with x,, fn(x — x;) is
continuous across the real axis, but /n (x — x,) is not. We see from figs.
6.12 that in this region

ln(z—x,)=4tn(x—x,) (6.90a)
[en(z=x,)], = In(x—2x,) (6.90b)
and
[tn(z—x,)],, —=¢n(x—x,)+27i (6.90c)
Therefore,
m =8 gy 2T (6.91a)
< 2 top X x2
m L0 —m 28 o (6.91b)
- "'2 bottom X x2
and
A, (x)=27i (6.92)

These results are shown in fig. 6.18 below.

) (¥ —
n] =2 ‘:é’n‘ Lox
=X ) \x-x

) (y—
| =5 ]:é’n‘ix SR
=%} \xn-x

[N W

) zfxl\_‘(x‘—x .
(n[Z7x2J_,€nLEj 27i
Figure 6.18

Cut structure for the logarithm function of eq. 6.83
in the three regions on the real axis
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Another common choice for the orientation of the logarithm cuts is to

extend both cuts to +e- along the real axis as shown in fig. 6.15. Again, the
values of /n (x — x;) and /n (x — x,) in each region are deduced from the cut
structure shown in figs. 6.12.

Region I

Because there is no cut in this region, both £n (x — x;) and ¢n (x — x,) are
continuous across the real axis. The values of both logarithms at points
on the real axis are given by

ln(z—x)=/tn(x, —x)+ix (6.93a)
and
n(z—x,)=(n(x, —x)+irx (6.93b)

Therefore, at points along the real axis in this region

tn 220 gy 22 (6.94)
=X, X, —X

and the discontinuity across the real axis is

A(x)=0 (6.95)

Region 11
The cut in this region is associated with x;. Therefore, we see from figs.
6.12 that

[en(z—x)], = fn(x—x) (6.96a)
[tn(z—x)],, ~=¢n(x—x)+27i (6.96b)
and

n(z—x,)=(n(x, —x)+irx (6.96¢)
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Therefore, and at all x in region II

m N g 22N g (6.972)
=X X, —X
and
m =N —m 2N Lin (6.97b)
= x2 bottom x2 -X
from which
A, (x) =27 (6.98)

e Region III
Because both cuts extend into this region, we see from figs. 6.12 that

[n(z=x)],, = fn(x=x) (6.992)
[tn(z—x,)], =fn(x—x,) (6.99b)
[tn(z—x)],, ~=¢n(x—x)+27i (6.99¢)
and

[tn(z—x,)]  =tn(x—x,)+27i (6.99d)

bottom

Therefore, at points on the real axis in region III

m =8 gy 2T (6.100a)
- x2 top X= x2
m =N =y XN (6.100b)

Z—X, X=X,

bottom
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Thus, the discontinuity of the function across the real axis is
Ay(x)=0 (6.101)

Figure 6.19 shows the cut structure of the logarithm function along the
real axis in the three regions.

—x ) (x—x z—x )
R I o o R I e

Figure 6.19
Cut structure of the logarithm function of eq. 6.83
in the three regions along the real axis

Because the discontinuity across the real axis in region III is zero, this cut
structure for the logarithm function, shown in fig. 6.19, is equivalent to a
finite cut extending from x; to x, as shown in fig. 6.20. O

\ , Z*xl\ X (xfxl . \

H In —J:(’,nL— —ir H
X1t 27X X, m X v X2

o—

e

*
j
=4 L\+im !

Z—X, X, =X

Figure 6.20
Cut structure equivalent to that of fig. 6.19

In prob. 7a of this chapter, the reader will show that if both cuts of the
logarithm function extend to —eo, having two cuts in region I is equivalent to

having no cuts in that region and one again has the cut structure shown in
fig. 6.20.

6.5 Evaluation of Integrals
Let F(z) be a multivalued function that has a single branch point at z, and
an associated cut that extends to o along a line is oriented at an angle &, to

the real axis. Let F(z) have poles at z;, ..., zy none of which is on the cut.
At all points along the cut with | z|> |z, | the discontinuity is given by

A(z)=F[z(r,6))]- F [z(r.0, + 27)| (6.102)
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where
r=lz-z| (6.103)

We consider the integral in the counterclockwise direction around the
closed contour shown in fig. 6.21.

@)

Figure 6.21
Contour for the integral involving a multivalued function

Points on C.. have a magnitude R that will be taken to infinity, and points on
Cy have magnitude p that approaches zero. Then, writing the closed contour
integral as a sum of integrals over various segments, we have

$F2de=[ F, ()de+lim [ F()d
Ce

s (6.104)
[ Fyp () dz +1im [ F(2)dz
°° p—0 &)

Taking the integrals around C.. and Cy to be zero and inverting the limits
on the integral along the bottom of the cut, we apply Cauchy’s residue
theorem to obtain

$F(2)dz=2my a_(z,)
o (6.105)

= J.j F,(2)dz —J: F, om(2)dz = J: A(2)dz
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Specific examples

Many integrals that can be evaluated using the branch structure of a
multivalued function are along a part of the real axis. With x, real, such
integrals are of the form

I, = F(xdx (6.106a)
and
] = L F(x)dx (6.106b)

To apply this approach to evaluating semi-infinite integrals, a multivalued
function F(z) must be found that has

e A branch point at xy, the finite limit of the integral
e The cut associated with x, that extends to +oco (0Or —o)
e The discontinuity across the cut that is a constant multiple of F(x)

The approach is illustrated by several examples.

Example 6.6: Evaluating an integral using the cut structure of a
logarithm function

It was shown in ex. 5.7 that

- 1 2z
| YT s (5.116)

To evaluate this integral using the properties of a multivalued function, we
note that the lower limit of the integral is O and the path of integration is
along the real axis to +eo. Thus, we seek a multivalued function F(z) that has

e A branch point at the origin
e An associated cut that can be extended to +oo along the positive real axis
e A discontinuity across that cut that is a constant multiple of 1/(1 + x°)

It was shown earlier that the function /n(z) has

e A branch point at the origin
e The associated cut that can be extended to +oo along the real axis
e The discontinuity across the cut that is 27z
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Therefore,

_ In(2)

F(z)=
(2) 1t o)

(6.107)

has the required properties:

e A branch point at the origin

e The associated cut that can be extended to +o along the real axis
e The discontinuity across the cut that is —27i/(1 + x°)

Figure 6.22
Analytic structure and contour for evaluating the integral of eq. 5.116

Therefore, Cauchy’s theorem for the integral of the function of eq. 6.107
around the contour of fig. 6.22 is

/n(z) A 3 }
b L)

dz

[ En(xs) dx+_|r /én(z3) do+ {0 Kn(x)+327ri I _[ /,n(ZS)
o (1+x) : (1J5z) > (1+x) (I+z)

(6.108)

C(]
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where a_(z) is the residue of the k™ pole of /n(2)/(1 + 7). These poles,
shown in fig. 6.22, are on the principal sheet defined by 0 < <27

We take the segments C.. and Cj to be circles of very large (ultimately
infinite) and very small (ultimately zero) radii R and p, respectively. Then,
on C..

‘n(z) In(R)+i¢ (n(R)

(1+2°) (1+R%™) Re™ (6.109)
and on C

(fz(;) ) = (flnjf/;);zf; = [n(p) (6.109b)
Therefore,

o (f::(zzs) y9e= R%$ 02”6‘2’“’d ¢=0 (6.110a)
and

tim [ ) limip tn(p)] " e*dg=0 (6.110b)

A AR
P02 (1+27)

After inverting the limits on the integral along the bottom of the cut, eq.
6.108 becomes

e 1 ~
_zmjo (1+x3)dx_2m;a,l(zk) (6.111a)

from which

- L inf3) 4 i) i57/3
J-o (1+x3)dx=—l|:a_l (e /)+a—1 (e )"'CL] (6 /)] (6.111b)
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Defining
P(z)=(n(2) (6.112a)
and
0(2)=(1+2") (6.112b)

we recognize that P(z) is analytic at each z; and Q(z) is an entire function
with a first-order zero at each z;. Therefore, it is straightforward to find the
residues using the ratio method given in eq. 4.121. The result is

P(z,) _ In(z)

a_(z)= 0 3 (6.113)
Then

a ()= %(\/5 ~i) (6.114a)

a,(e7)= % (6.114b)
and

, hy/4 _

a (7)) = —E(\E +i) (6.114c)
Thus eq. 6.111 yields the expected result

[ L =2 (5.121)

0o (1+x%) 33 =

To evaluate integrals by the method under discussion, it is necessary to
demonstrate that the integrals over the infinite and infinitesimal segments of
the contour are zero. It is assumed that the reader will henceforth be able to
determine whether these integrals are zero using the techniques employed in
the above example. As such, the following examples involve functions for
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which the integrals over C.. and Cj are zero, and it is assumed that the reader
will verify this.

Example 6.7: Evaluating an integral using the cut structure of a
logarithm function

By substituting x = tan ¢, it is straightforward to show that

j”%dx:f (6.115)
Lare) 4

e We could substitute x” = x—1 and evaluate an integral over the interval
[0,e] using multivalued functions, as in ex. 6.6.

In(z-1)

(1+2%)

fn(x—1)+2m'
(l+xz)

Figure 6.23
Contour and cut structure for the integral of eq. 6.115

To evaluate this integral using the properties of a multivalued function
without such a substitution, we must find a function
e  With a branch point at z =1
e An associated cut that can be extended from 1 to +oc along the real axis
e With a discontinuity across the cut that is a constant multiple of 1/(1 + x%)
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We again use the fact that the logarithm function has a constant discontinuity
across the cut of —27 and consider

In(z-1)
F(z)=——= 6.116

which has

e A branch pointat z =1
e An associated cut that extends from 1 to +eo along the real axis
e A discontinuity across the cut of —27i/(1 + x%)

Then, with the contour of integration and the poles of F(z) shown in fig.
6.23, we have

cﬁMd = 27i[a (i) +a_ ()]

(1+z
o -1 A fn(x—1)+ 270 e
J‘ﬁn(x ) +r1n\x—,:—mdx:_2mj- —dx
114 X7 ) o0 (I+x7) L (1+x7)
(6.117)

where the integrals along C.. and C are zero and have been omitted.
In order to correctly express the polar form of z — 1 in the logarithm at
z = *i, we refer to fig. 6.24, and write

7, =+i=1+277 (6.118a)

and

z, =—i=1+J25 (6.118b)

Srx/4

1
iz 12 >/

Figure 6.24
Poles of /1 (z— /(1 +2°)

3r/4
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As before, we use the ratio method to determine the residues. We obtain

4 -1
a(z)="a D (6.119)
2z,
so that
a\(z)=~ m(2)+2E (6.120a)
2 4 '
and
0 (2)=— frz(ﬁ)+i5—” (6.120b)
i 4 '
Substituting these into eq. 6.117, we obtain the correct result
J-w 1 di = K (6.115)
1+ x%) 4 =

Example 6.8: Evaluating an integral using the cut structure of a
fractional root function

Let M and N be integers such that N > 2 and M/N is an irreducible
fraction. To use Cauchy’s residue theorem to evaluate

. MIN
I = —dx (6.121)
0 (1+x7)

we determine a function with

e An N" root branch point at the origin
e An associated cut that can be extended from 0 to +oo
e A discontinuity across the cut that is a constant multiple of
MIN 2
X701+ x0)

It was discussed earlier that (z — x)""" has these branch properties, with the
discontinuity across the cut along the real axis from x, to +e given by

A(x) = =2ie™™ (x— x,)""" sin (%] (6.42)
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With this as a guide, we consider the function

MIN
M

PO

(6.122)

Figure 6.25
Contour and analytic structure for evaluating the integral of eq. 6.121

The analytic structure, along with the contour for evaluating the integral of
eq. 6.121 is shown in fig. 6.25. Then

ZM/N
¢ i 22) dz=2zi[a_, (+i)+a_,(~i)]
—J + - dz + 2™ [ S de+ | < dz
(1+x) gw (1+2%) ekat) LA+
(6.123)

The integral of eq. 6.121 is finite only for a specific range of M/N. To
determine that range, consider the integral over the segments C.. and Cj.
Using the analysis that led to eq. 6.109a, we see that for points on C..

MIN 7o
lim [ —— dz:[ijoz ¢ Pag JhmR( ) (6.124a)

R—e c (1+ 7z ) R—o
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To ensure that this limit is zero, we must require M/N < 1.
For points on Cy, analysis of the type that led to eq. 6.109b yields

M/N r

A
M i

de=|i joz”ei(~”- Pdp |tim P (6.124b)

=0

) z
lim
p—>05[ (+z%)

This limit is zero if M/N > —1. Therefore, the integral of eq. 6.121 is finite
for

-1<M/N <1 (6.125)

Then the integrals on C.. and Cj are zero and eq. 6.123 becomes

ZM/N
dz=27ila_ () +a_  (—i
Yo [0, ) +a, ()]
poo  yMIN ‘ o L MIN
(l—e””’"/’v)l o 5 dx:—Zie’”M/Nsin(Mﬂw al —dx
Jo (11+./‘C ) \ A” /JO (1+X )
(6.126)

For the cut shown in fig. 6.25, the principal sheet is defined by
0 £ @ <2z Requiring the poles to be on the principal sheet, £i must be
expressed as

i=e™? (6.127a)
and
_j= (6.127b)

To determine the residues of these poles, we again use the ratio method. We
define

P(z)= 7" (6.128a)
and

0(z)=(1+2") (6.128b)
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both of which are analytic at the poles. Therefore,

P e
a,(z)=——""=7%
0'(z)
from which
i(A— .
a—l(i) - %e (3-1)72 =—ljp M 2N
and
i3(4— .
a (—i)=1Le ()2 _ 1M/
Thus,

. . am/n - [ TM
a_ ()+a_ (=) =—e™Msin (WJ

and eq. 6.126 results in

211

(6.129)

(6.130a)

(6.130b)

(6.131)

(6.132)
m

When the integrand of an integral has multiple branch points, the prescrip-
tion for choosing the multivalued function must be modified somewhat. We
conclude this chapter with examples to illustrate the approach for functions

with multiple branch points.

Example 6.9: Evaluating an integral of a function with two square root

branch points

By substituting
w=x>—1
then

x/ztan¢)= w

(6.133a)

(6.133b)
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it is straightforward to show that

j]“ ( al dx = (6.134)

x2+1)\/x2—1 2\/5

To obtain this result using the properties of multivalued functions, we
note that the integrand has two square root branch points at z =x ==*1. Thus,
we must determine a function with

e Square root branch points at +1

e Associated cuts that extend from these branch points to teo along the
positive and negative real axes, respectively

e Discontinuities across both cuts that are constant multiples of the
integrand

Using the analysis presented earlier, we can see that the contour integral
appropriate for this problem is

f— e
(Z2+DV72 -1

The analytic structure of this integrand and the appropriate closed contour
are shown in fig. 6.26.

Figure 6.26

Analytic structure and contour for evaluating the integral of eq. 6.134
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Then

Z
———————=dz=27i|a (i)+a (i)
95(z2+1)\/z2—1 [ ]

dx + B X dx

el X
J‘ (x*+Dva’ -1 (x4 (—\/x2 - 1)
+J.j—x dx +j1 al dx

-1 T2+ (—\/ﬁ)

(6.135a)

where the integrals around the infinitely large and infinitesimally small
segments are zero and have been omitted. Inverting the limits and replacing
x by —x in the integrals along the negative real axis, we obtain

oo X i ,
————F——dx=—\a_/(i)+a (—i) (6.135b)
J.' (x> +DvVx* =1 2 [ )

With the cuts oriented as shown in fig. 6.26, the values of z at +i are
obtained as follows.

e The branch point at +1 arises from the factorv/z—1. The principal
sheet of this square root function is defined by the range [0,27], so the
argument of z must be in this range. Therefore, referring to fig. 6.27a,

z, = +i=1+2¢" (6.136a)
and
z, = —i =142 (6.136b)

si=Te2e 4
3z/4
1

i 14 B ‘>/

Figure 6.27a

Expressions of +i forv/ 2 — 1
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e The branch point at —1 arises from the factor ~/z+1. The principal
sheet of this square root factor is defined by [-7z,7z]. Therefore, the
argument of z must be in this range. Thus,

7, = +i=—1+/2¢"" (6.136¢)
and
Z2 = —l = _1+\/§e—iﬂ/4 (6136d)

as shown in fig. 6.27b.

i =—1++/27"

-1 7r/4\
%
) —i=—1+2¢

Figure 6.27b
Expressions of i for \/ Z + 1

Thus, from the product of z; — 1 from eq. 6.136a and z; + 1 from eq. 6.136¢
we obtain

limvz> =1 =267 =iJ2 (6.137a)

=i

From the product of z,— 1 from eq. 6.136b and z,+ 1 from eq. 6.136d we find

lim~z’ —1=~/2¢"" = i\2 (6.137b)

=i

Therefore, the sum of the residues of the integrand are
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1

a ()+a ()= (6.138)
1 1 l\/E
and, from eq. 6.135b, we obtain the expected result
J' “ X dx = 4 (6.134)
LA+ -1 222 .

Example 6.10: Evaluating an integral using a function with two
logarithm branch points

By substituting x = tan ¢, it is straightforward to show that

[ a=Z (6.139)
o1+ 4

Because the path of integration is along the real axis between 0 and 1, this
integral can be evaluated using a multivalued function that has

e Branch points at 0 and 1
e  Cut structure that results in a finite cut between these points
e A discontinuity across that cut that is a constant multiple of 1/(1 + x°)
It was shown in ex. 6.5 (and particularly fig. 6.20) that when the cuts of

=X

/n !

=X,
are taken to extend from the two branch points to +oo along the real axis, the
cut structure is equivalent to a finite cut from x; to x,. Therefore, we see that

én(z—_]j
F(z)= (1+—ZZZ) (6.140)

e Has branch points at 0 and 1

e Has a finite cut between these points if both associated cuts extend to +oo
along the real axis

e Has a discontinuity across the finite cut given by
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27i

Figure 6.28 shows the cut structure of F(z) at points along the positive real
axis, and a contour appropriate for evaluating the integral of eq. 6.139 by
Cauchy’s theorem. (A contour that goes around the branch point at +1 and
opens along the negative real axis would also be applicable to this problem.)

Figure 6.28
Analytic structure and contour for evaluating the integral of eq. 6.139

Writing

)
In| —
$——"Lde=2rila () +a (-]

(22 +1)
lﬁn(x_lj _ In (Hj
— X I+ L L (6.142a)
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yields
Jl ! dx=[a_()+a_ ()] (6.142b)
0 (x> +1) B -

Referring to figs. 6.29, we have

—i=1+\/§e[5”/4

(a) (b)
Figure 6.29
Expressions of +i for (a) £1n(z—1) and (b) /n(z)

i
ﬁn(z—l)Lzﬂ_ =/n (\/5)+Tm (6.143a)
)|, = % (6.143b)
n(z=D)|__, =m(2)+ % (6.143¢)

and
()|, = 377” (6.143d)

Therefore, eq. 6.143 yields the expected result
Jl L3 (6.139)

0 (1+x%) 4 o
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Problems

1. Determine the position(s) of the branch point(s) of each function below.

3 5/2
oy b 22 (z+3)
@) (z—1) ( >—(Z_ 2 © %)
d) (z-D*(z+1) @ z-D"z-2"  ® zn( ]
4z+3
*—4z7-5
(@ In| =——2"2 | () (22 =4 n(z)
7+z7 —z—1

2. For each function below, determine the position(s) of the branch
point(s) and the number of Riemann sheets required to make the
function single-valued.

(z=2)°

W () (z*—4)7 (©) (z+1)*

(a)

5/3
@ [Ezfj; } © @020 @ (2-4)" ()

(2) 27*+7* (h) 7%+ 77 &) (z°=1)’*4n(z)

3. Find the value of each complex number below on the principal sheet of a
multisheeted complex plane when the principal branch is defined by

() -r<0srx (il) -2 < <372 (i) 0<80<2x

@) m(3—4i)  (b) n(=3-4i) (o) én(iei)

) G+4)" (e G-1" 0 (~ie”)”

4. For F(z)=/¢n(z), determine the range of @ = arg(z) for the
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(i) upper (i1) lower (iii) right @iv) left

half-plane when the cut associated with the logarithm branch point is
taken to extend from the origin to o along the

(a) positive x (b) negative x (c) positive y (d) negative y
axis.

5. Each function below has one or more branch points at just one value of
z. For each function

e Identify that value of z.

e Determine how many sheets are needed for the function to be single
valued.

e Extend the cuts from the branch point to +eo along the real axis and
determine the values of the function along the top and along the bottom
of the cut.

e Extend the cuts from the branch point to —e along the real axis and
determine the values of the function along the top and along the bottom
of the cut.

(@) (z—1)"* (b) 72z © 7In(z)

@ (z=D"+z=D" () (z+2)+@z+2? ©® 7 +In(2)

6. With x; and x, real and with x; < x,
(a) Show that if both cuts associated with the branch points of

F(z)= [(z —x )z — xz)]l/2

extend to —eo, the resulting cut structure of F(z) is like that shown in
fig. 6.17 with M = 1.

(b) Determine the cut structure for F(z) when the cuts are taken as shown
in fig. P6.1.

X

Xy
Figure P6.1
A possible orientation of the cuts associated with two branch points
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7. (a) Show that if the two cuts associated with the branch points of

F(z)=£n(z_xlj
Z—X,

extend to —oo, the resulting cut structure of F(z) is that shown in fig.
6.20.

(b) Determine the cut structure for F(z) when the cuts are taken as shown
in fig. P6.1.

8. Use the properties of a multivalued function to evaluate the following
integrals by Cauchy’s residue theorem.

o 1 0 1
d b d
O Dt ()L(x—1)(x2+x+1) *

(a)

9. For xy > 0, evaluate

.[_;O ( 1 dx

x§+x2)

(a) By substituting x = xgtan¢
(b) By using the properties of the logarithm function and Cauchy’s
residue theorem. (Hint: See ex. 6.7.)

10. (a) For the integer N > 2, and o a positive real constant, use the
properties of /n(z) and Cauchy’s residue theorem to evaluate

o 1
|
O (ar+x)

(b) By considering

q’)(fn(z))z dz

(z+2)"

and using the results of part (a), evaluate
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J-w In(x)

0 (x+2)N
for N=4 and for N =5.

11. For « real and nonzero, consider

45 (En(z))2 g

(x2 + 0{2)
to evaluate

~  /n(x)
J ey

12. With « a real constant, use the properties of a multivalued function and
Cauchy’s residue theorem to evaluate

) 1
[—
- (x2 + 0{2)
Do not transform this integral to another interval (e.g., [0, +o ], [0, —co ]
or [+2,+00]).

13. Use the cut structure of the cube root function and Cauchy’s residue
theorem to evaluate

1/3

J.: ﬁ dx

14. With the integer N = 2, use the properties of a multivalued function and
Cauchy’s residue theorem to evaluate

- 1
d
L A+ x)"J(x-2) *

Do not transform this integral to another interval (such as [0, +c°]).

15. Using the properties of the cube root function, evaluate the integral
below by Cauchy’s residue theorem.
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=(x—1)"

T _dx
L1+ x)

Do not transform the range of integration.

16. Use the properties of a multivalued function and Cauchy’s residue
theorem to evaluate

Iz

dx

X
J (1+x%)

17. For the integer N > 0, r a real constant 0 < o< 1, and £ a real positive
constant, use the properties of a multivalued function and Cauchy’s
residue theorem to evaluate

a-1
X
_[ oy dx
0 (x+f)
What is the smallest integer N for which this integral is finite?

18. For ¢ and [ real constants and -1 < o < 1, use the properties of a
multivalued function and Cauchy’s residue theorem to evaluate

o

r al dx
0 (x2 +2x cosﬁ+1)

19. For o a real nonzero constant, use Cauchy’s residue theorem to
evaluate

2
_[( x“In(x) dx

(P +a’)

20. Use the properties of a multivalued function to evaluate

2 1
J- 5 dx
(1472 = x)(x+ 1)
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21. For ¢ a real nonzero constant, use the properties of a multivalued
function and Cauchy’s residue theorem to evaluate

: 1
Jﬁdx
“(a +x7)

Verify your result by evaluating this integral by substituting x = & tan¢ or
using the method of partial fractions.

22. (a) Use the exponential representation

ew _e—W
tanh(w) = ———
e +e

w

to prove that tanh™'(z) has two branch points and determine the
positions of those branch points.
(b) Use the results of part (a) and consider

4} (tanh‘l(z))2 i

(1+2%)
around an appropriate contour to evaluate

J-l tanh ' (x) I

S (1+x%)

using Cauchy’s residue theorem.



Chapter 7

SINGULARITIES OF FUNCTIONS DEFINED BY
INTEGRALS

Let F(z) be defined by an integral of the form

F(2)=["G(z,wydw (7.1)
where w; and w, are complex constants.

Clearly, if the integral can be evaluated in terms of functions with known
analytic properties, the singularity structure of F(z) can be determined
straightforwardly. It is also possible to determine the analytic structure of
F(z) even when the integral of eq. 7.1 cannot be evaluated in such closed
form. This can be accomplished from an analysis of the singularities of
G(z,w) and the contour taken in the w-plane between w; and wy.

An analysis of the singularity structure of the integral of eq. 7.1 was first
presented in the literature by Hadamard, 1898, p. 55. For a more modern
treatment, the reader is referred to Eden et al., 1966.

7.1 The Integrand Is Analytic

Let G(z,w) be analytic at all z in a region R of the z-plane and at all w in a
region S of the w-plane. As discussed in chapter 3, because G(z,w) is
w = 7’ analytic everywhere in S, the integral of eq. 7.1 is independent of the
path taken between wy and w,. Then, writing G(z,w) as

G(z,w) =%H(z, W) (7.2)

225



226 Chapter 7 Singularities of Functions Defined By Integrals
we refer the reader to the discussion presented in chapter 3 to deduce that

because G(z,w) is analytic at all z in R and at all w in S, H(z,w) is also
analytic at all zin R and at all w in S. Therefore, eq. 7.1 can be written as

F(z)=H(z,w2)—H(z,w1) (7.3)

Because H(z,w) is analytic everywhere in R for any value of w, F(z) is
analytic at all z in R.

Example 7.1: Integral of an integrand that is analytic

(a) With integer n > 0, we consider

n+l

(w, + 7)™ — (w,+2)
(n+1)

F(z)= J':z (z+w)'dw= (7.4a)

Because the integrand of this integral has no singularities in z or in w,
we see that F(z) is analytic at all finite z.
(b) Consider

l (e"”zz B e_wlz) (7.4b)
Z

e
F(z)= j e dw=
wy
Because the integrand of the integral is analytic at all finite z and all
finite w, F(z) is an entire function. It is straightforward to see that F(z)
does not have a pole at z = 0 by expanding the exponential functions in
their MacLaurin series. O

Thus, if the integrand G(z,w) of eq. 7.1 is analytic at all z in R and all w
in S, F(z) is analytic at all z in R. Therefore, if F(z) is to be singular at some
point zo in R, G(z,w) must be singular at one or more points in the z-plane
and/or one or more points in the w-plane.

7.2 The Integrand is Singular

Let G(z,w) be analytic everywhere in a region R of the z-plane, and let
G(z,w) be singular at one or more points in the w-plane. This analysis is
independent of whether the singularities are poles or branch points. To
introduce this analysis, we let G(z,w) have one singularity in the w-plane at
the point wy. If wy is independent of z, it is called a fixed singularity. If wy
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depends on z, the position of wy changes as z is varied. Such a singularity is
referred to as a movable or variable singularity.

Fixed singularity of the integrand

Let wy be a fixed singularity in the w-plane. It was discussed in chapter 5
that as long as w is not on the contour, the integral of eq. 7.1 is not singular.

Example 7.2: Integral of an integrand with a fixed singularity
The integrand of

(w—2)

Covh) dw (7.5)

F=]

has a simple pole at w = i. We take the contour to extend along the real axis
as shown in fig. 7.1.

W]

Iwozi

-1 +1

Figure 7.1
Contour and singularity of the integral of eq. 7.5

Because wy = i is not on the contour, F(z) should be analytic at all finite z.
This is easily verified by evaluating the integral in closed form. We
obtain

DS (1-1)
F(z)=2-(z-1) €n((_l_i)] (7.6)

which is a linear function of z. It is therefore analytic at all finite z as
predicted. O
Movable singularity of the integrand

It was also discussed in chapter 5 that if wy(z) appears to be on the
contour, the contour must be deformed away from the singularity if a finite
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result is to be obtained. An example of this is presented in the discussion
resulting in eqgs. 5.67. If the contour cannot be deformed away from wy(z),
the integral is singular.

Endpoint and pinch singularities

Let G(z,w) be singular in the w-plane at just one point wy(z) that varies as
z 1s varied. Because G(z,w) has no other singularities, then at any z, G(z,w) is
analytic in a region around wy. If z has a value that causes w, to move to the
contour, the contour can be deformed away from the singularity without

changing the value of the integral.
w w °
/\/ wo (2)

wo (2)
|

(a) (b)
Figure 7.2
Migration of a singularity to the contour and

deformation of the contour away from the singularity

Therefore, simply having w, (z) move toward the contour will not generate a
singularity of the integral.

Because the endpoints of the integral are fixed points in the w-plane, if
Z causes wy(z) to move to an endpoint, the contour cannot be deformed away
from the singularity. Then the integral is singular at that value of z. Such a
singularity is called an endpoint singularity.

// /7

Wo (2) wi wo (2)

(a) (b)
Figure 7.3

Migration of a singularity to the endpoints of the contour

These endpoint singularities occur at those values of z for which

w,(2)=w, (7.7a)
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and
wy(2) =w, (7.7b)

Example 7.3: Endpoint singularities of the integral of an integrand
with one movable singluarity

The integrand of

w2 1
F(z)= dw (7.8)
Mo (w—2)
has a simple pole at
wy(2)=2z (7.9)

Therefore, F(z) has endpoint singularities at

z=%w, (7.10a)

z=%w, (7.10b)

This can be verified easily inasmuch as the integral of eq. 7.8 can be
written in closed form as

F(z)zf:n(wz_zj (7.11)

W =2

which has logarithm branch points at the values of z given in eqs. 7.10. O

Let an integrand have two singularities in the w-plane denoted by wy(z)
and wy’ (z). In order for these singularities to coincide, at least one of them
must be a movable singularity.

For a given z, either both singularities lie on the same side of the contour,
or they lie on opposite sides of the contour. When z is varied, any singularity
that depends on z can migrate toward the contour.

If both singularities migrate to the same point from the same side of
the contour, the contour can be deformed away from that point as shown in
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fig. 7.4a. Then, a coincidence of w, and wol does not give rise to a
singularity of the integral.

W w .\IV(‘) ©
F /JC\\T wol) ’J /\TW. "
| |

w(2)

(a) (b)

Figure 7.4
Two singularities on (a) opposite sides of the contour and (b) the same
side of the contour

If wo and wy' migrate to the same point from opposite sides of the
contour, the contour cannot be deformed away from the singularities and is
therefore pinched by the coincidence of the singularities. Then, the integral
is singular at the value of z that makes the two singularities pinch the contour
as shown in fig. 7.4b. Such a singularity is called a pinch singularity.

wo(z) and wy'(z) can migrate from opposite sides of the contour to a
common point that is outside the range of integration as shown in fig. 7.4c.
In that case the contour will not be pinched, and the integral will not have a
singularity due to the coincidence of w, and Wo' .

w(2)

—
w
7
wo(z)

Figure 7.4c

Coincidence of two singularities from opposite sides of the contour
that do not pinch the contour

Example 7.4: Pinch singularity of the integral of an integrand with
one fixed and one movable singluarity

The singularities of the integrand of

F(z)= j_l—(w_i)(w_ S (7.12)
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are a fixed pole at

w, =1 (7.13a)
and a variable pole at

wy(z)=z (7.13b)

Clearly, wy cannot migrate to the endpoints but wol(z) can. Thus, F(z) has
endpoint singularities at

wy(z)=z=1%1 (7.14)

Taking the contour along the real axis of the w-plane, we see that if wo' (2)
is on the opposite side of the contour from w,, and if they coincide
somewhere between the endpoints, F(z) will also have a pinch singularity.
Taking y > 0 places both poles on the same side of the contour. Then the
contour will be not be pinched; F(z) will have no singularity.

W]
[} W():i

w(2)=z = x+iy

-1 +1

Figure 7.5
The two poles of the integrand on the same side of the
contour result in no pinch singularity

If we take y < 0 and then vary y to a value of +1, the coincidence of the
two poles generates a pinch singularity of F(z).

W] Wl
I
—‘1 +‘1 —T +1
wo(2)=z2 wo(2)=z
(@) (b)
Figure 7.6

The two poles of the integrand on opposite sides of the contour
result in a pinch singularity of the integral
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To understand this analysis, we note that the integral of eq. 7.12 can be
expressed in closed form as

L[, (1), (it

|
L

We see that fn [(z — 1)/(z + 1)] has two logarithm branch points at z =+ 1.
These are the endpoint singularities of F(z) predicted above.

It was shown in ex. 6.5 that if the cuts associated with the branch points of
In[(z - 1)/(z + 1)] are both taken to extend to +eo (or to —eo) along the real
axis, the resulting structure is a finite cut extending from —1 to +1 along the
real axis, with points along the real axis above the cut given by

én(z—_lj =/n ol
t 1 above + 1

Z

+ilarg(z—1)—arg(z+1)] (7.16a)

Below the cut,

-1Y]
[fn(z_ly = |~ +i[arg(z — 1) —arg(z+1)]+27i (7.16b)
Z+1 Jbelow

z+1

Let the value of ¢n[(i — 1)/(i + 1)] define the principal sheet of the
z-plane for F(z) of eq. 7.15. This can be done by expressing i = 1 as

i+1=+/267* (7.17a)
and
i—1=/2¢% (7.17b)
37/4
/4
-1 +1
Figure 7.7

i + 1 on the principal sheet of the logarithm function
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If z is chosen with y > 0, then when z — i, it does so from above the real
axis. As shown in fig. 7.8a, this causes z to approach i on the principal sheet
of the logarithm. Then,

llmﬁn(;lj—/c”nLl_;l) =0 (7.18)
i z+1 i+1

Thus, using I’Hopital’s rule, when z — i, we see from eq. 7.15 that

llm F(z)=Ilm =-1 (7.19)
7—i (Z — 1)
| 2] | 2]
/ l 14 1
.
1 41 1 / 11
Z
(a) (b)
Figure 7.8

z — i on the (a) principal sheet (b) second sheet

If z — i starting from a point with y < 0, z must migrate onto the second
sheet to access i as shown in fig. 7.8b. Therefore, because the number

is on the principal sheet,

1 ~1
lim #n ( - j En(l ] D7 (7.20)
i z+1 i+1
Then, at points z near i
e
lim F (2) = m (7.21)

(z—=1)
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Thus, F(z) has a simple pole at z = i. The singularity that results by starting
at a point below the real axis causes the contour to be pinched when
z—i.0

This example illustrates that the choice of the “starting” point of a
movable singularity can determine whether a contour can be pinched by
singularities of the integrand. In some cases, contours can be pinched no
matter how one chooses the “starting” position of z.

Example 7.5: Analyticity of an integral when two movable singularities
of the integrand do not pinch the contour

We consider

F=| 1 dw (7.22)
T(w—z+1)(4w—-32)
taking the contour along the real axis of the w-plane.
The singularities of the integrand at

w,(z)=2z-1 (7.23a)
and

wi(z2)=2z (7.23b)
generate endpoint singularities when

7—=1=%1=2z=0,2 (7.24a)
and

dz=1l=z=14% (7.24b)

To determine whether the contour can be pinched by w, and wor, we write
z=x+ iy. With y > 0, both wy and wo' are above the real axis in the
w-plane. If y <0, both singularities are below the real axis. Therefore, even
when wo = wy’, which occurs for z = 4, the contour cannot be pinched by
these singularities.
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w
»_I W wo-= z-1
-1 +1 W('] :32/4
w o =3z/4 . -
Wo= z-1 -1 +1
Figure 7.9

Contour and possible positions of the poles for the integral of eq. 7.22

The fact that the integral of eq. 7.22 does not contain pinch singularities
can be seen from the closed form of F(z), which we express as

Fo)=— fn[(z_i)(t"&q
(z—4) z2(4-32) 75)
- 14)[:.€n(2—z)+€n(4+3z)—€n(z)—£n(4_3z):|

The logarithm branch points at z =0, 2, and £4/3 arise from the endpoint
coincidences predicted above. To demonstrate that there is no singularity at
z = 4 arising from the coincidence of wy and wol, let us approach the limit
z — 4 from above the x-axis. Then, using the analysis of eqs. 6.48 to 6.51
and fig. 6.12a (or equivalently egs. 6.52 to 6.55 and fig. 6.12b), we have

lim In(2—-2)=In(-2~ie) = (n(2) +ix (7.26a)

lim (n(4+3z2)=n(16+i£) = (n(16) (7.26b)

Jim fn(z) = tn(4+i€) = (n(4) (7.26¢)
and

lim (n(4=32) = (n(-8—ie)=(n(8)+in (7.26d)

Substituting eqs. 7.26 into the bracket of logarithms in eq. 7.25, we obtain

lim [/n(2—z)+(n(4+32)—n(0)—n(4-32)]=0 (727

z—4+ie
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Then, using I’Hopital’s rule, it is straightforward to show that

F(4)= lim — fn[(z_Z)(“”Z)}:i (7.28)
cmitie (7 — 4) 2(4—-37) 16

Thus the integral of eq. 7.22 is analytic at z = 4 as predicted. O

Example 7.6: Singularity of an integral when two movable singularities
of the integrand pinch the contour

Changing the sign of z in one of the factors in the denominator of eq. 7.22,
we consider

1

dw (7.29)
H(w—z+1)(4w+32)

1
F(=[
The path of integration is again taken along the real axis in the w-plane.

) wy =374 [

e Wq- Z—l

-1 +1 -1 +1

Wy =—3/4 Wo= 21

Figure 7.10
Contour and possible positions of the poles for the integral of eq. 7.29

The singularities of the integrand at
w,(z)=2z-1 (7.30a)
and
wi(z)=—22 (7.30b)
generate endpoint singularities at

z—-1=%1=2=0,2 (7.31a)
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and

the same points at which the function defined in eq. 7.22 is singular.
Writing the singularities of the integrand as

wy(x, y)=(x—D+iy (7.32a)
and
wy(x,y)=—3x—3iy (7.32b)

we see that the imaginary parts of wy and wo' have opposite signs. There-
fore, they must be on opposite sides of the contour, and the sign of y is not
important. If the coincidence of w, and wo' occurs at a point z for which
—1 < Re(wy) < 1, F(z) has a pinch singularity at that value of z. We find that
wo=wy’ at z= x = 4/7 from which wy = wy' = -3/7. Because 1 < -3/7 < I,
the contour is pinched by the coincidence of wy and wo .

W]
Wo= Z—l
Wo= W(') =_3/‘7‘//
-1 '\ +1
w=-3z/4
Figure 7.11

Pinch of the contour of the integral of eq. 7.29

This result is verified by analyzing the closed form of F(z);

F(z)=

1 f”\ (2—z)(4—3z)}

(7z=4) | z2(4+32) (7.33)

_ m[fn(z— 2+ tn(4=32)— In(z)— In(4+32)]



238 Chapter 7 Singularities of Functions Defined By Integrals

The endpoint singularities predicted in eqs. 7.30 are the branch points of the
individual logarithms. Again, referring to egs. 6.48 to 6.51 and fig. 6.12a, we have

lim (m(2-z)= f,n(&— iej = fn(gj +27i (7.34a)
254/ T+ie 7 7
: (16 .\ (16) '
lim /n(4-3z)= fnk— - zSJ = an—J + 27 (7.34b)
z—4/7+ie 7 7
: 4 . 4
Iim /n(z)= Zn(—+ zé‘j = En(—j (7.34¢)
z—417+ie 7 7
and
lim /n(4+3z)= Kn(ﬂ + igj = Zn(ﬂj (7.34d)
z—4/7+ie 7 7
from which
lim [(n(2=2)+n(4=32)—In(2)—In(4+30)|=4mi  (1.35)

Therefore, in a small neighborhood around z = 4/7,

47
Tz—4

F(z)~ (7.36)

So, the predicted singularity of F(z) arising from a pinch of the contour is a
simple pole at z =4/7. O

Example 7.7: Analyticity of an integral when two movable singularities
of the integrand do not pinch the contour

Let

1 1
F)=[ T L (7.37)
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taking the contour to be along the real axis in the w-plane from -1 to 1.

w . w
Wo= -2 W] w,=-22 |
-1 +1 -1 +1
wo=—22 Wo= 22
Figure 7.12

Contour and possible positions of the poles for the integral of eq. 7.37

The poles of the integrand coincide with the endpoints at
wy(z)=z-2=*1=2=13 (7.38a)
and
wy(z)=-"2z=%1=z=%1 (7.38b)

We note that the imaginary parts of w, and wo' have opposite signs and
therefore are on opposite sides of the contour. Setting w, = wO’, we find that
these singularities coincide at z = 2/3. At this value of z, wy = wo' =-4/3
which is outside the range of integration.

Wo= Z—2 M

wo=w=-3/4 / +1

wo=-22

Figure 7.13
Coincidence of the poles does not pinch the contour

Therefore, this coincidence of singularities does not pinch the contour, and
the integral of eq. 7.37 is not singular at z = 2/3.

To see this, we evaluate the integral of eq. 7.37 in closed form; we have
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(D)= L, (22+1)(1—z)}

(2-3z2) [ (2z-1D3B-2)
1

= [(n(2z+1)+ tn(1—z2)—(n(2z—1)— n(3-2)]
(2-32)

(7.39)

As in the previous examples, we see that the endpoint singularities are
reflected in the branch points of the individual logarithms. Again following
the analysis of eqs. 6.48 to 6.51 and fig. 6.12a, we have

lim /n(2z+1)= Zn(%+ ié‘) = Kn(%] (7.40a)

z—=2/3+ie

lim (n(l-z)= fn(% - ié‘j =/n (%) +27i (7.40b)

7—2/3+ie

lim /n(2z-1)= Zn(%+ i&‘) = Kn(%] (7.40c)

z—=2/3+ie

and

7 7
lim /n(3-2)= En(; - iej =/n (gj +271i (7.40d)

z—=2/3+ie

Therefore,

lim [(n(2z+ 1)+ n(1—2)— In(2z=1)—n(3-2)]=0 (7.41)

Then, using I’Hopital’s rule, it is straightforward to obtain

1 (2z+1)(1—z):| 18

2)=1i = — .
F() 5 (2= 37) "[(2z—1)(3—z) 7 (7.42)

Thus, as predicted, F(z) is analytic at z = 2/3. O
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7.3 Limits of the Integral are Variable
Limits are analytic functions of z
The discussion of section 7.2 involves the singularities of integrals with
fixed limits. This analysis can be extended to limits that are analytic

functions of z. When w;(z) and w,(z) are analytic functions of z and the
integrand of

W2(7)
F()=[" " G(zwdw (7.43)

has one or more singularities that coincide with endpoints at a certain value
of z, then F(z) has endpoint singularities at those values of z. If G(z,w) has
two or more singularities that can pinch the contour at values of z in the
range between w;(z) and wy(z), then F(z) can have pinch singularities.

Example 7.8: Singularities of an integral with variable endpoints

Let

dw (7.44)

I

‘*lw -7

with two possible contours as shown in fig. 7.14.

wi= Z—l M /M\\sz Z+1

(a) (b)

Figure 7.14
Poles and possible contours for the integral of eq. 7.44

The integrand has poles at

wy(2) =z (7.45a)
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and
wy(2)=~-2z (7.45b)

Because there is no value of z for which z = z £ 1, F(z) does not have
singularities generated by endpoint coincidences with wy(z). However,
endpoint coincidences with wo'(z) do generate singularities of F(z). These
singularities are at values of z given by

—z=z-1=>z=1 (7.46a)
and
—r=zHlm =1 (7.46b)

Referring to fig. 7.14, it is clear that the existence of a pinch singularity
depends on the choice of contour. If the contour is that shown in fig. 7.14a,
the poles are on opposite sides of the contour and coincide at z = 0. Thus,
F(z) has a pinch singularity at z = 0. If the pinch singularity structure
involves one or more branch points, then wy(z) — 0 on the first sheet of the
multivalued F(z) and wo' (z) = 0 on the second sheet.

This can be verified for the current example because the integral of eq.
7.44 can be evaluated in closed form. We obtain

1 1-2z7
F(7)=—1/ 7.47
(2) 2z n(l+2zj (7.47)

The branch points at z = £1/2 are the endpoint coincidences predicted in egs.
7.46. Referring to ex. 6.5, both associated cuts can be taken to extend to +oo
(or —eo) resulting in a finite cut between z =—1/2 and z = 1/2.

z=-1/2 "
/ =12

-Z

Figure 7.15
Value of 11 [(1 - 22)/(1 +22)] whenz — 0
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Letting z — 0 from above the cut,

Wli(r)n_ In(1-2z2)=4tn(l1—ie)=27i (7.48a)
and
"li(r)n. In(1+2z)=/n(1+ie)=0 (7.48b)

Therefore, in the neighborhood of the origin,

F(z)~ z (7.49a)
Z

so that the singularity of F(z) predicted above is a pole at z = 0.
If the contour is that shown in fig. 7.14b, the two poles cannot pinch the
contour and F(z) is analytic at z = 0. In that case,

lim F(z) = lim e[ 122212 (7.49b)
=0 =0 Dz 1+27

so F(z) is analytic at the origin as predicted. O

Integrals with limits that have singularities
When the limits of an integral contain singularities, the singularity
structure of the integral cannot be predicted by the techniques of this chapter.
This is illustrated by two examples.

Example 7.9: Analyticity of an integral with a singular limit and an
integrand that is analytic

For an integer N > 0 we see that the function

E 2z
F(z)= _[0 (zw)*N dw = Nl (7.50a)
has a square root branch point at z = 0, whereas
F(z)= _[f (o) == (7.50b)
0 2N +2
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is an entire function. Thus, the singularities of the integrand and limits are
not predictors of the singularity structure of the integral. O

Example 7.10: Analyticity of an integral with a singular limit and an
integrand that is singular

For integer N > 0, the integral

N+1

F(z)= fvz Zw oV (7.51)

has a singular integrand and a singular limit. However, the integral is an
entire function. O

We conclude this material by noting that the analysis we have presented for
predicting endpoint and pinch singularities only determines the location of the
singularities of the integral. Unless the integral can be evaluated in closed form
(making this analysis unnecessary), the type of singularity (poles or branch
points) cannot be determined by the techniques presented in this chapter.

Problems

For problems 1 and 2, predict the values of z at which each integral has
endpoint singularities (if any). Then evaluate each integral and verify your
prediction.

1. F(z)=j;VZ+wdw

2. F(z)= Llfn(z +w)dw

For prob. 3 through 8, predict the values of z at which each integral has
pinch singularities (if any) over a contour along the real axis in the w-plane.
For the integrals of prob. 3 and 4, evaluate each integral in closed form and
verify your prediction.

3. F(7)= j dw

W—lZ)
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1 |

4. F(g)= (’(W——iz)zdw
1/ ) —
5. F(z)zjl%dw
1 ln(w—2)
6. F(Z)Zjlm
7. F(2)= 2/n(w—2)
T (w3z)?
' In(w—2z+3)
5 F(“)_J—l (w+3z-3)

In problems 9, 10, and 11, the path of integration is along the real axis of the
w-plane.

9. Determine the pinch singularities of

~ 5 /n(W+3Z_4)
(@) F(Z)_L (W—3z-Dw+dz46)

5 In(w+3z—4)
b) F(2)=
R e s

10. (a) What is the smallest possible value of the real positive number o
such that

o _2 1]/4
(w=2z+1) dw

Fa= @ (w+z-5)

has a pinch singularity?
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11.

(b) For the minimum value of « found in part (a), what are the endpoint
singularities of

/4

e (w=2z+1
F(z):_[_za(vzw_éts)) dw

(a) For what range of values of the real parameter £ does

- NE
Fy=[2r22h g,
0(2z-w=5p)
(b) For the value of £ at the midpoint of the range found in part (a), what
are the endpoint singularities of F(z)?
(c) For the value of A at the midpoint of the range found in part (a), at
what z does F(z) have a pinch singularity?

For each integral in prob. 12 through 17, b and ¢ are real positive constants,
x = Re(z), and the contour of integration is along the real axis of the w-plane.
£ is the infinitesimal positive real quantity. (See the discussion of principal
value integrals in chapter 5.) For each integral, determine

12.

13.

14.

15.

The value(s) of x at which the integral is singular and identify whether
each singularity is an endpoint singularity or a pinch singularity

If there is any range of the ratio b/ ¢ for which the integral does not have
a pinch singularity

Fx=|[ !
~(w—x+b—ie)(w+x+b+ie)
c 1
F(x)= ; —dx
“(w—xtb-i&)(w+x+b—ig)
Fix)= !
~(w—x+b—ie)(w+x—b+ie)
F=[ !

X
~(w—x+b+ie)(w+x—-b+ig)
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1
16. F(o=|" X
c(wHx+b—ie)(w+x—b+ie)
1
17. F(x)= j i
c(w+x+b—ie)lw+x—b—ig)
18. Determine all points z at which

19.

2741 fn(w— Z)
2 (w+3z+2)

F(z)=

is singular. Identify each singularity as either an endpoint or pinch
singularity.

The incomplete elliptic functions of the first and second kind are defined as

%
"’ ¢() _[

(1= z"sin’

and

E (2.4,)= j: Ja= 22 sin® g)do

respectively. For ¢ = 776, and setting z sing = w, these can be written as

1

\/z—w l—w )

(z.7/6) j/z dw

and

E/(z,7/6)= j \/ﬁ

Taking the path of integration to be along the real axis of the w-plane,
determine the values of z at which these elliptic functions are singular.



Chapter 8
CONFORMAL MAPPING

8.1 Properties of a Mapping

Let R be a region in the z-plane defined by points x + iy, and let S be a
region of the w-plane defined by points u + iv. If

w=f(2) (8.1)

defines a set of points in S for each point in R, eq. 8.1 is a mapping or a
transformation from R to S. This mapping can also be written as two real
transformation equations

u=u(x,y) (8.2a)
and
v=v(x,y) (8.2b)

Each point w that is obtained by mapping the point z by eq. 8.1 is called
an image of z. The point z that maps to the image w is the source of w. The
set of all source points is called the domain of the mapping.

If each point in R has only one image in S and each point in S has only
one source in R, the mapping is said to be one-to-one. If eq. 8.1 generates
two or more images in S for a each source in R, the mapping is called one-
to-many. If two or more sources in R have the same image in S, the
mapping is called many-to-one.

249
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Let wy and w, be the images of z; and z,, respectively. If f(z) is a one-to-
one mapping for all z in R, then

w=w,=>7z =2 (8.3a)
and

=2, =W, =W, (8.3b)

X u

Figure 8.1a
A one-to-one mapping

If f(z) is a many-to-one mapping

L=2,= W =W, (8.4a)
but
wW=w, E> 7, =2, (8.4b)
y
S
X u
Figure 8.1b
A two-to-one mapping
If f{z) is a one-to-many mapping
w=w,=>7z =2 (8.5a)

but

=2, W, =W, (8.5b)
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Figure 8.1c
A one-to-two mapping

The number of sources that map to one image, or the number of images
obtained from one source is referred to as the multiplicity of the mapping .

Example 8.1: Mappings of various multiplicities

In the following three examples, where applicable, we take N = 2 to be an
integer and arand S to be constants with a# 0.

(a) The general form of the linear transformation

w=az+ [ (8.6)
with ¢ #0. This is discussed in detail in section 8.2. Because

w,—w, =a(z,-z,) (8.7)

we see that if w; = wy, this requires that z; = z,. Conversely z; = z, requires
Wi = Ws. That iS,

w=w,<=>7z =2 (8.8)

Therefore, the linear mapping is one-to-one.
(b) For the mapping

w=az" +[ (3.9)
there are N different sources in the form

z=re NN k=01, (N-1) (8.10)
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that will map to one value of w, which we can express as

w=ar"e’ + (8.11)

For example, let

z, = re?" (8.12a)
and

z, =reNe™ N 2 7, (8.12b)
Then

w=ar"e’+ [ (8.13a)
and

w, =ar"e’e* + f=ar"e’ + f=w, (8.13b)

Therefore, because both z; and z, map into one point

L=, =W =W, (8.4a)
but
wW=w, &> 7, =2, (8.4b)

Thus, N different values of z have the same image, so the mapping of
eq. 8.9 is an N-to-one mapping.

(c) Consider the mapping
w=az™ +/3 (8.14)
Let

z, =re” (8.15a)
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and

z, =ree” =z (8.15b)
Then

w,=rVe (8.16a)
and

w, = NN N £y (8.16b)
Therefore,

w=w,=>7=2 (8.52)
but

=2, > w =W, (8.5b)

Because there are N different images of each source, the mapping of
eq. 8.14 is one-to-N. O

Into and onto mappings

Let R be a region in the z-plane and S be a region in the w-plane. If every
point in S is the image of one or more points in R under some mapping, then
the transformation is said to be a mapping of R onto S. If there is at least
one point in S that is not an image of some point in R, the transformation is a
mapping of R info S. This is illustrated in figs. 8.2.

v
W

Figure 8.2a
Mapping of R onto S
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»

X

Figure 8.2b
Mapping of R into S

Example 8.2: Into and onto mappings

Let zo be a point in the upper half of the z-plane. It is shown in ex. 8.9
that for Im(z) # 0, the mapping

Z—Z
=5
Z_ZO

(8.17)

maps the entire upper half of the z-plane, including the real axis, to the unit
circle centered at the origin of the w-plane.

Let the region R be the upper half of the z-plane, including the x-axis.
Taking S to be the unit circle centered at the origin of the w-plane, the
mapping of eq. 8.17 maps R onto S. If S is defined to be any region
containing the unit circle plus at least one additional point outside the unit
circle, eq. 8.17 maps R into S. O

(a) (b)
Figure 8.3

Mapping by the transformation of eq. 8.17, of the upper half of the z-plane
(a) onto the unit circle and (b) into a region within the entire w-plane

Invariant points

If, for a given point z, a mapping f(z) has the same value as z, the point is
called an invariant point or a fixed point of the mapping. Such points satisfy

w=f(z)=2z (8.18)
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Example 8.3: Invariant points of a mapping
The mapping

w=2z’ (8.19)
has three invariant points found by solving

z=27" (8.20)

Clearly these invariant points are z = 0, 1, and they map to the points
w=0,%1. O

Mapping of curves

Let A represent a set of parameters that are independent of x and y (and are
therefore independent of u and v). For a specific set of values of A, a curve
in the z-plane is a set of points constrained by an equation of the form

G(x,v;4)=0 (8.21)

The function G is specific to the type of curve one is describing. For
example, a family of straight lines is specified by

G(x,yi{a,b})=y—ax-b=0 (8.22a)

with specific values of the parameters a and b defining a particular line in
the family. The family of circles centered at a point (a,b) and of radius R, is
described by

G(x, y;{a,b,R})=(x—a)2+(y—b)2—R2 =0 (8.22b)

Assigning specific values to the set of parameters a, b, and R defines one of
the circles in that family.

Because x and y can be expressed in terms of z and z*, the equation of a
curve given in eq. 8.21 can also be expressed as

G(z,7%4)=0 (8.23)

For example, the equation of a straight line of slope m passing through the
origin can be expressed as

G(z,2%{m,0}) = (i—m)z*~(i+m)z=0 (8.24a)
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and the equation of a circle centered at the origin, of radius R is

G(z,7%{0,0,R})=zz*—R*=0 (8.24b)

Inverting eqs. 8.2 to express x and y as functions of u and v, the equation
of a curve can also be expressed in the w-plane as

G (x(u,v), y(u,v); A)=0 (8.252)
which can be renamed as a function H with
Hu,v;l)=H(w,w¥;1)=0 (8.25b)

Equation 8.25b describes a curve 7I'in the w-plane that is the image of the
curve C in the z-plane described in eq. 8.25a.

Example 8.4: Mapping a straight line

In the z-plane, the equation of a straight line of slope 1 passing through
the origin is given by

y—x=0 (8.26a)

This is expressed in the form of eq. 8.24a as

G(z,z%{L0}) =(G-Dz*=({+1)z=0 (8.26b)
The mapping
w=2z’ (8.27)

transforms the straight line to

H(w,w*{1,0}) = (i—=DJw* = i+ D/w =0 (8.282)
which can be simplified as

w+w*=2u=0 (8.28b)

This is the equation of the entire imaginary axis of the w-plane.
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Writing eq. 8.27 in terms of its real and imaginary parts, we have

u=x -y’ (8.29a)
and

v=2xy (8.29b)
Then, using eq. 8.26a, these become

u=>0 (8.30a)
and

y=2x" =2y’ (8.30b)

which restricts the image of the straight line to the origin and the positive
imaginary axis of the w-plane.

'il B \Kl
2 (o)
W=z u=0

Transformation of the line y = x onto the origin and positive

Figure 8.4
imaginary axis of the w-plane
Points on the line y = x are of the form (x, x) or equivalently (y, y). We
note that both (x, x) and (—x, —x) map to the point (u,v) = (0, 2x%). Therefore,
the transformation of eq. 8.27 is a two-to-one mapping.

To determine if there are any invariant points, we set w = z in eq. 8.27.
Then from

2=z (8.31)

we see from this that the mapping has two invariant points at z=0, 1. O
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Tangent to a curve

Let C be a curve in the z-plane and let /" be the image of C in the
w-plane. A differential segment dw along /" is related to dz, a differential
segment along C, by

dw=Ldz = £'(2)dz (8.32)
dz

As noted in eqgs. 8.25, even though C and /" are described by different
equations, both curves are defined by the same constants and are therefore
parametrized by the same A. Let wy be a point on 7~ that is the image of zg
on C. Then from eq. 8.32, @(wy), the tangent to 7~ at wy is related to #(z), the
tangent to C at zo by

r(w@z‘{vf] = £(z,) ‘?Z,] = f"(z,)1(2,) (8.33)
i), i),

0 )

In order for egs. 8.32 and 8.33 to have meaning, f’(zo) must be defined.
This requires that f’(z) be analytic everywhere in a neighborhood
containing zo. But if f’(zg) = 0, the differential line element along 7~ at wy
cannot be related to the differential line element along C at zo. When [’ (z9) =0,
7o is called a critical point on a curve. We see from eq. 8.33 that z, cannot
be a critical point if the tangent to C at z, is related to the tangent to 7/ at
wo. In the discussion that follows, we require that z, not be a critical
point.

Expressing the three factors in eq. 8.33 in polar form, we write

(w,) =| 70w, )| ™’ (8.34a)

[z =] (zy)] e (8.34b)
and

1(zy) =|t(zy)| (8.34¢)
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(o) Wl __!Yfﬂ_(Wo)
’ﬂ §zO'V@ (20) ’M

C w=f(2)

T

Figure 8.5
Tangent to a curve in the z-plane and its image in the w-plane
under the mapping w = f(z)

Equation 8.34a shows that 7(w) is oriented at an angle y(wy) to the u-axis
and from eq. 8.34c, we see that #(zy) makes an angle &z,) with the x-axis.
Then eq. 8.33 becomes

2w =] £7(zo)||r(z)| €1 (8.35)
Thus, the magnitude of @(wy) is related to the magnitude of #(zo) by
|27w)| = £7(z0)|[(20) (8.364)

and the angle 7(w,) makes with the u-axis is related to the angle between
t(zo) and the x-axis by

w(w,) =d(z,)+6(z,) (8.36b)

From this, we learn that because z; is not a critical point, if f(z) is
analytic at zy, the mapping f(z) affects the tangent to a curve C at zj in two
ways:

o | 1(z0) lis modified by the multiplicative factor | f’(zo)| , called the
magnification factor (or simply the magnification) of the mapping. It is
the factor by which the magnitude of the tangent is enlarged or shrunk
by the mapping. Because | f(z0)] depends on zy, the magnification varies
from point to point on C.

e The angle between the tangent to C and the x-axis at z, differs from the
angle the tangent to /° makes with the u-axis at wy by an additive
amount ¢(z¢), called the argument of the mapping. Because ¢ depends on
2, it too varies from point to point on C.
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Example 8.5: Magnification and argument of a mapping

(a) Inex. 8.4 we considered the transformation of a straight line of unit

slope under the mapping

w=z’ (8.27)
Because
f'(z,) =2z, (8.37)

we see that the magnification of the mapping is

|£7(2)]| = 2|z, (8.382)
For the tangent to the line of slope 1, the argument of every point z, is
p=r/4 (8.38b)
Therefore, each point on the line in the z-plane can be expressed as
z=re™ (8.39a)
and the image of each point on the line can be written as

w=re"? =ir’ (8.39b)

That is, the image of each point on the line lies on the positive
imaginary axis in the w-plane as discussed in ex. 8.4.

(b) Let us consider the transformation of the straight line of unit slope

under the mapping

w=e" =e'e" (8.40a)

from which

f(z)=e%e™ (8.40b)
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Therefore, the magnification is

£/ (zp)| =€ (8.41a)
and
d(Z9) =Y, (8.41b)

Let zy and z; be two points on the line. The distance between them
D, =|z, -z (8.42a)

is magnified by the mapping so that the distance between the images
of zp and z; 1S

D, =e"|(z,—z)| (8.42b)

and the angle between the tangent to the image curve at w, and the u-
axis is given by

W 843

Conformal and isogonal mappings

Let C; and C, be two curves in the z-plane that intersect at z, and let /7
and 7; be the images of C; and C, under the mapping f(z). Then /; and 75
intersect at wy, the image of z.

We require f(z) to be analytic at all points on C; and C, and that z; is not a
critical point. We take A, to represent the set of parameters that define C,
and 7. Likewise, A, parametrizes C, and 75. Then, from eqs. 8.34 the
tangents to the two curves at the point of intersection are given by

)
)l = 'z (z,) (8.44a)

0

| &

7,(wy) = f7(2,)

dAa,
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and

&)

,(wy) =f (ZO)CMQJ

= f'(z,)t,(z,) (8.44b)

20

Referring to eqgs. 8.35 and 8.36, the polar forms of these equations yield

|7, )| = |77 (20| |1, (20) (8.45a)
and

|7, 00)| = | £/ (20|t (2,)| (8.45b)
with

W, (w,) =06,(z)+ &(z,) (8.46a)
and

W,(w,) =6,(z))+ ¢(z,) (8.46b)

7
G ] Ay

z AO wl 5 D
’Jcl o w=f2) i

\ 7

Figure 8.6
The tangents to two curves under the mapping w = f(z)

Because both | f’(z0)| and ¢ are the same for the transformation of both
curves, eqs. 8.45 yield

70n)| _ |1 (20)]
|Tz (Wo)‘ ‘tz (Zo)|

(8.47)
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and from eqs. 8.46 we obtain
Al//(wo) = l/jl(wo)_ WQ(W()) = Bl(zo)_ Hz(zo) = AQ(ZO) (848)

Referring to fig. 8.6, eq. 8.48 states that the magnitude and sign of the
angle subtended by the tangents to the two curves in the z-plane is the same
as the magnitude and sign of the angle subtended by the tangents to the
images of those curves in the w-plane. A mapping under which the
magnitude and sign of the angle between the tangents to two curves is
unchanged is called a conformal mapping. As discussed above, eqs. 8.47 and
8.48 result only from a mapping by a function that is analytic at z, and for
which zj is not a critical point. Thus, an equivalent definition of a conformal
mapping is one that is generated by a function that is analytic in a region
surrounding zo and for which z is not a critical point.

The sign of the difference between the angles of eq. 8.48 is called the
sense of the angle subtended by the tangents. A transformation for which

|, ) = v, (w)| =16, (20) = 6,(2,)| (8.49)

but for which the sense of the angle may not be preserved is called an
isogonal transformation. As such, a conformal transformation is isogonal but
an isogonal transformation is not necessarily conformal.

Inverse mapping

Let
w= f(2) 8.1)

be a conformal mapping at all z in a region R. Then f(z) is analytic
everywhere in R and R does not contain a critical point of f(z).

An inverse mapping is defined by solving eq. 8.1 for z to find the function
g(w), defined by

z=g(w) (8.50)

which maps points in a region S of the w-plane to points in R of the z-plane.
Substituting eq. 8.50 into eq. 8.1 we obtain

w=f[g(w)] (8.51a)
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and substituting eq. 8.1 into eq. 8.50 yields

z=g[f (2] (8.51b)

Equations 8.51 are the defining equations of functions that are inverses of
each other.
Taking the differentials of egs. 8.1 and 8.50 we have

dw= f'(z2)dz (8.32)
and
dz =g’ (w)dw (8.52)

From these, we see that functions that are inverses of each other satisfy

g'(w)= ] (8.53a)
z=g(w)

1
f(2)

or equivalently

1
f(x)=— ] (8.53b)
g )

Because f(z) is analytic everywhere in R, f’(z) is defined at all z in R.
Because R contains no critical points, f’(z) # 0 everywhere in R. Therefore,
g’(w) is defined at all w in S and so is analytic everywhere in S. Thus g(w) is
analytic at all win S.

The results expressed in eqs. 8.53 allow us to develop other relations
between the derivatives of f{z) and g(w). With

w, = f(z,) (8.54)

the Taylor series expansion of f(z) around zy is given by

, ., 5
W=w, = f'(Zo)(Z—Z(,)+Ej"(zo)(z—zo) + o (8.55)
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Because g(w) is analytic in the region S containing wy, then it has a Taylor
expansion around wy, given by

1
=g'(w)(w— w0)+5g”(w0)(w— wy) e (8.56)

where
Z, = 8(w,) (8.57)

Substituting z — zo as given in eq. 8.56 into eq. 8.55, we obtain
’ 1 2
—wy = f7(2y)| &' (w)(w— Wo)+2'g "(Wo)(w—wy) "+

., o 1, 7 , -IZ
+5f (Zo l:g (W )(W \40)+5g (WO)(W_Wo) +J + e
= f7(z)g" (w)(w—w)

+ LG )+ £ ) (7 0m)) Jow—

(8.58)
Equating the coefficients of (w — wy), we obtain
f(z)8 (wy) =1 (8.59a)

which is eq. 8.53 evaluated at z = zp and w = wy. The left-hand side of
eq. 8.58 has no terms in (w — wy)’, therefore the corresponding coefficient on
the right-hand side of eq. 8.58 is zero. Thus

£ (z2)g" W)+ f7(z)(g'(wp)) =0 (8.59b)

In probl. 4, the reader will show that

1 3 1
e+ @) (5 0m) o2 17 g ) =0
(8.59¢)
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Relations such as eqs. 8.59 are derived by substituting (w — wy) from eq. 8.55
into eq. 8.56. Those equations can also be obtained by interchanging the
corresponding derivatives of f(zo) and g(wq). Thus, for example, from eqs.
8.59b and 8.59c, we have

g’ w) 1" (z)+ g"(wy) (f'(z)) =0 (8.60a)

and

1 , 37 1
5[ g’ W) [ (z)+ 8" (w) ([ (z,)) J+ag”(w0)f "(z))f(29)=0
(8.60b)

Example 8.6: The inverse of a mapping

In order to ensure that all derivatives are nonzero, we take o to be a
noninteger constant and consider the mapping

w=f(2)=2" (8.61a)

where f(z) is analytic in any region R of a multisheeted complex z-plane that
does not contain the origin. The inverse of the mapping, which is also
analytic in a multisheeted w-plane in a region S that does not contain the
origin, is given by

z=g(w)=w"" (8.61b)
so that

c=g[f@]=[="]" == (8.62a)
and

w=flgon]=[w' ] =w (8.62b)

We note that

f(x)=oz"" (8.63a)
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and

I+ 1 1 1
g’(w) = — e : :_(Za)nr 1 = (8.63b)
o o

Therefore, in any regions R and S for which z and w are not zero,
(g (w)=1 (8.5%)

In prob. 5, the reader will demonstrate that eqs. 8.59b and 8.59¢ are also
satisfied by the mapping w = z” and its inverse. O

Conformal mapping of a differential area

Let f(z) be a conformal mapping that transforms a region R of the z-plane
onto a region S of the w-plane. A differential line element in R from the
point (x, y) to the point (x + dx, y + dy) is described by

dz =dx+idy (8.64a)
Similarly the differential line element in S from (u,v) to (u + du,v + dv) is

dw=du+idv (8.64b)

Referring to fig. 8.7, we define a rectangular differential area element in R
with sides parallel to the x-axis and the y-axis. These sides are given by

dz, = dx (8.65a)
and
dz, = idy (8.65b)
(x’)""d)’) (x+dx,y+d)’) (M,V+dV) (u+du V+dV)
2| dA. w
xy)  (erdry) W=D )  (u+du,v)
Figure 8.7

Differential area elements in the z- and w-planes
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The images of dz; and dz, are differential curves in the w-plane given by

dw, =du, +idv, (8.66a)
and

dw, =du, +idv, (8.66b)

In prob. 22 of chapter 2, the reader was asked to prove that the area of a
parallelogram of sides z; and z, is given by

A=|Im(z,z,)| (8.67)

Using this result, the differential area element of the rectangle in the z-plane
is the expected result

dA, = dxdy (8.68a)

Substituting eqs. 8.66 into eq. 8.67, the differential area element of the
parallelogram in the w-pane is

dA, = du, dv, — du, dv, (8.68b)

Because dz; is along a line defined by y = constant, and dz, is along a line
described by x = constant, the images of these line elements in the w-plane
can be written

( ) p)
dw, = ﬂ *dz, = idx (8.69a)
dZ y=constant a‘x
and
1
dw, = @ *dz, =—_a—fidy=a—fdy (8.69b)
dZ x=constant l ay ay
With

w= f(z)=u(x,y)+iv(x,y) (8.70)
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the partial derivatives of egs. 8.69 are given by

a—f:a—u+i& (8.71a)
ox o0x Ox
and
Jof du dv
—=—+i— 8.71b
oy ay (S710)
Then
ou . ov
dw, = ($+ [ a) dx (8.72a)
and
dw, = (a—u+ zﬁ] dy (8.72b)
dy dy
Therefore, the differential area element in the w-plane is given by
dA, = ‘Im(a’wfdwz)’ = dudv_dudv dx dy
0x dy dy ox
w o I (8.73)
ox dy dyox| °

It is expected that the reader recognizes that this can be expressed in terms
of a 2 x 2 determinant

o
Qudv_dudv|_|ox Oy (8.74)
ox dy dyadx| [dv v

ax ay
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This 2 x 2 determinant, called the Jacobian determinant of the transformation,
is also denoted by

du
ox dy d(u,v)

= =Ju,v;x,y)=J(w; 8.75
B [Ty S =00 (8.75)
ox dy

Because f(z) is analytic, u(x, y) and v(x, y) satisfy the CR conditions

Ju dv

2 3.7

ox dy (3-72)
and

Ju dv

- __2 3.7b

ady ox (5.7)
at all zin R. Therefore, the Jacobian determinant can be written

Y (Y (ou) (o)
J ’; = —| 4| —| = —| +| — 8.76
(w:2) (Bx) (axj (ay) (ay] ( )

which is positive for all x and y. It was shown in chapter 3 that when f(z) is
analytic in a neighborhood containing z, then

u dv

") = —+i— 3.11a
(@) o T ( )
or equivalently
v . du
"()=—-i— 3.11b
(@) o ( )
Substituting either of these expressions into eq. 8.76 yields
dwl’
PUNT
Jw; ) =f"()| =|=— (8.77)
dz
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8.2 Linear and Bilinear Transformations
The linear transformation

As noted earlier, the general form of the linear transformation is
w=oz+f (8.6)

where o and f are constants and o # 0. Clearly, the inverse of this
mapping is

L, B (8.78)

which is a linear mapping from the w-plane to the z-plane.
By setting w = z in eq. 8.6, we see that when « # 1, the linear transforma-
tion has one invariant point at

=B (8.79)

Translation

If ¢ =1, eq. 8.6 becomes
w=z+[ (8.80)

which describes a translation by the constant £ of the points being mapped.
Setting w = z in eq. 8.80, we see that for / #0 there is no invariant point for
a translation. That is, when a region in the z-plane undergoes a translation,
all points in the region are moved by the same nonzero amount. No point
remains at its original position.

Let z; and z, be points in the z-plane and let w, and w, be their images in
the w-plane. The lines between these points are described by z; — z, and
wi — wy. If the mapping is the translation of eq. 8.80, we see that

W=W, =474 (8.81)

That is, a translation does not modify the length of a line or its orientation,
but only changes its position with respect to the coordinate axes.
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wi= Z3+ﬂ

23

w=z+[

—>

Figure 8.8

21

Translation of a polygon by the mapping of eq. 8.80

Because a polygon is constructed from three or more lines, the size and
orientation of a polygon are not affected by a translation; only the position of
the polygon is changed.

Magnification and rotation

When £ = 0 and o is expressed in polar form, the linear mapping
becomes

e’z (8.82)

w=lof
Then, a line between two points transforms as
w —w, =|o(z, — z,)e” (8.83)
1 TW S G TG -

Therefore, the length of a line in the z-plane, |z 1— Z2| becomes magnified by
a factor | | and the line is rotated by an angle . Thus, the lengths of the
sides of a polygon and the orientation of the polygon with respect to the axes
will be modified, but its shape will remain unchanged by the linear
transformation with #=0.

Example 8.7: Transformation of a polygon under the mapping w = oz

A polygon with vertices at zo=0,z; =1 +1i, zz=2and z3=1—-i1is the
square with sides of lengthx/i shown on the left side of fig. 8.9. Under the
mapping

w=2e"z (8.84)
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the vertices are mapped onto the points

w,=0

w, = 226"

w, = 4e™*
and

w, =22

These four points form the vertices of a square of side

side of fig. 8.9. O

W]

273

(8.85a)

(8.85b)

(8.85¢)

(8.85d)

shown on the right

| /4
W2:4€m/

wi= 2\/5 e
i, 1= 1 +i
\/5 w=2¢e" 7
22=2
z=1-1

Figure 8.9

Magnification and rotation of a square

Figure 8.10

Translation, magnification, and rotation

of a rectangle under a general linear mapping

wa=2+/2

az+p

2 an+f
Z
2
w=az+[
23

Otz3+ﬂ
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From the discussions above, we see that the general linear mapping
generates a translation plus a magnification and rotation of a polygon, but
does not affect the shape of a figure as shown in fig. 8.10. Thus, for
example, under a linear mapping, a line will map to a line, a rectangle maps
to a rectangle, a circle maps to a circle, and so on. The argument of ¢« is the
angle through which the figure is rotated.

We have seen that if one knows the values of & and f, it is straight-
forward to determine the image of a polygon in the z-plane under a given
linear mapping. If one knows the coordinates of two points on the original
polygon in the z-plane, and the images of those two points in the
w-plane, one can determine ¢ and £ and thus the linear mapping. Because it
is straightforward to determine the inverse of a linear mapping, if one knows
the coordinates of the vertices of the image of a polygon in the w-plane, one
can easily determine the coordinates of the vertices of the source polygon in
the z-plane under a given linear mapping.

Example 8.8: Transformation of a triangle under a linear mapping

An isosceles triangle with base of length 6 and with sides of length 5 is
shown in fig. 8.11a.

2]

73 =4l

Zl=—3 Z2=3

Figure 8.11a
Isosceles triangle to be mapped

(a) The image of this triangle under the linear mapping
w=1+i)z+1A-1i) (8.86)
is found by determining that the images of the vertices of the triangle are

w =(+i)z, +(—i)=—-2—4i (8.87a)

wy = (14+i)z, + (1—i)=4+2i (8.87b)
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and
wy=(+i)z;+(1-i)=-3+3i (8.87¢)

The lengths of the sides of the triangle in the w-plane are given by

w, —w,|=[1-7i]=5v2 (8.88a)
w, —w,|=[7-1=5v2 (8.88b)
and

W, —w,| =|6+6i] = 65/2 (8.88¢)

Therefore, the image of the isosceles triangle of fig. 8.11a is the isosceles
triangle shown in fig. 8.11b. All the points on the source triangle have been
translated by (1 — i), all lines have been rotated by 774, and the lengths of the
sides have been magnified by \/5 .

Wl

wa= =3+3i Wy=442i

/

wi= —2-4i

Figure 8.11b
Image of the triangle of fig. 8.11a under the mapping of eq. 8.86

(b) We next determine the linear mapping that transforms the isosceles
triangle of fig. 8.11a to the isosceles triangle of fig. 8.11c. To find the
mapping that transforms the triangle of fig. 8.11a to that of
fig. 8.11¢c, we determine & and f for the mapping

w=az+f (8.6)
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by substituting the coordinates of any two vertices of the source triangle
and the image triangle into eq. 8.6. It is a straightforward exercise to
show that the mapping is

w=-2iz (8.89)

6i

Figure 8.11¢c
Image of the triangle of fig. 8.11a under a linear mapping to be determined

(c) Let us determine the source triangle that transforms into the image
shown in fig. 8.11c under the mapping

w=-2i(z+3) (8.90)

We do this by finding the sources of w, = 8, w, = 6i, and w; = —6i from
the inverse mapping

1
z=—w-3 8.91
) (8.91)
We obtain z; = -3 + 4i, 70 =-6, and z3 =0. The triangle with vertices at

these coordinates is shown in fig. 8.11d. O

1= —3+4i i,

222—6 Z3=0

Figure 8.11d
Source of the triangle of fig. 8.11c under the mapping of eq. 8.90
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The bilinear transformation

The general form of the bilinear (also called the fractional or Moebius)
transformation is

oz +
ot B

8.92a
yz+0 ( )
which can also be written in the form
wed| 0{+M} (8.92b)
;/L yz+0

If =0, the bilinear mapping reduces to a linear mapping, which has already
been discussed. Thus, we require that y# 0. Then, the bilinear mapping has
a simple pole at z =0/

Clearly, if By— oo =0, eq. 8.92b becomes

w=— (8.93)

which is a transformation of all z to one value of w. Such a transformation is
an infinite-to-one mapping. For this reason, we also require Sy — «o # 0.
Then, the mapping has no zero at any finite z. With these properties, we see
that the bilinear mapping is a conformal mapping at all finite z except at
z=-01y.

If & =0, the bilinear mapping becomes

s

w= (8.94)
yz+ 1)
which is called an inversion. This can be written in the form
wo By __ B (8.95)

Cz40ly 48

Using the form given in eq. 8.92b, it is straightforward to see that the
mapping of the tangent to a curve by a bilinear mapping is given by

dw _(a6=fy) dz

_ 8.96
Al (yz+0) dA (8.962)
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or

_(@o-py),

= oy

(2) (8.96b)

Setting w = z, the two invariant points are found to be at

 _(@=9EN(@=0) ~4py (8.97)

2y

Solving eq. 8.92a for z, we see that the inverse mapping

7= M (8.98)
—yw+a

is also a bilinear transformation.
The multiplicity of the bilinear mapping is found by letting w, and w, be
the images of z; and z,, respectively. Then

1= az]—-i_ﬁ (8.99a)
¥z, +0
and
= w (8.99b)
Y2, +0
If w, = w,, then
oz, + [ _ oz, + [ (8.100a)
yz,+90  yz,+90
from which
z,(By — ad) = z,(By — &) (8.100b)

Because fy— a0 #0, we see that for a bilinear mapping

=2, =>w=w (8.101a)
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Because the inverse mapping of a bilinear transformation is also bilinear

wW=w,=>27,=2 (8.101b)
Therefore, the bilinear mapping is one-to-one.

Example 8.9: Image of the real axis and upper half-plane under the
bilinear mapping w = (z —z0)/ (z —zo )

In ex. 8.2, it was stated without proof that if Im(zy) # 0, the transforma-
tion
Z— Z()

w=f(2)= (8.17)

g
maps the upper half of the z-plane, including the x-axis, onto the unit circle
centered at the origin of the w-plane. We demonstrate this in the current
example.

We point out the following about this mapping.

e If z is real, all points z are mapped onto the single point w = 1.
Therefore, we require that Im(zyp) # 0. Because we are mapping the
upper half of the z-plane, we take Im(zy) > O.

e Because w(zg) = 0, the image of z; is the origin of the w-plane.

e From

21Im(z,)
(z— ZZ)2

we see that the mapping has no critical points.

e Because we are mapping the upper half of the z-plane, Im(z) > 0 for all z
in eq. 8.17. Because Im(zp*) < 0, it is not one of the points being
mapped. Therefore, the denominator of eq. 8.17 is never zero and the
mapping does not have a pole in the region being mapped.

f(2)= (8.102)

Because the mapping is analytic everywhere in the upper half of the z-plane
and has no singularities in that region, the mapping is a conformal mapping.
Setting z = x, we see that the images of points on the x-axis are given by

.X_ZO

w=

n (8.103a)
xX—2z,
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The square of the magnitude of w for any finite x is

X— x— xX— x—2z,
wf =| =20 || =20 | o) 2 | 2 (8.103b)
x=2z, \ x—2, xX=2Z, A x—2,
That is, the image of the x-axis is the circumference of the unit circle.

To determine the image of a point off the x-axis in the upper half of the
z-plane, we express z and 7y in polar form. Then

(rele_},belﬁ(,) (re—iﬁ_rbe—z&,)

2
W =—-— . . :
| | (renf) _ roe—lﬂc ) (re—n‘} _ roelﬁo )
(8.104)
(r2 + 7, — 2rr, cos Bcos «90)— (2rr0 sin @sin 6,
- (r2 +71, —2rr, cos Bcos 6, ) + (2rr0 sin @sin 6, )

We note that because —1 < cos @cos & <1,

(r—1) <r’+75, —2rr,cosfcos g, < (r+1,)’ (8.105)
In addition, Because z and z, are in the upper half-plane, both

sin@>0 (8.106a)
and

sing, >0 (8.106b)

Therefore, the two expressions in parentheses that appear in both the
numerator and in the denominator of eq. 8.104 are positive; | w | is the ratio
of the difference to the sum of positive numbers. Thus, the images of points
in the upper half of the z-plane map into points in the w-plane that satisfy

W <1 (8.107)

These are points in the interior of the unit circle. O

It was shown above that if two points on a polygon in the z-plane and
their images in the w-plane are known, one can determine the two constants
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defining the linear mapping that transforms the polygon in the z-plane to a
polygon in the w-plane. Similarly, because y =0, we can write

B

+7
7Z y _odz+pf
B z+§'

(8.108)
Z+—
4

That is, a bilinear transformation is defined by three constants. As such, one
can determine the bilinear mapping that transforms any polygon in the
z-plane to a particular polygon in the w-plane if three source points and their
images are known.

Example 8.10: Determination of a bilinear mapping for a given source
and image

Let us determine the bilinear mapping that transforms the square of side 2,
centered at the origin of the z-plane, to the parallelogram shown in fig. 8.12.
The coordinates of the vertices of the square and their images, the vertices of
the parallelogram, are given in the figure.

lw| wor= 142i
za=—1+i 2] z1=1+i
1+2i
_oztf W=
7Z+0
v 1-2i
. . W4 B 5
=17 n=l wi= 1-2i
Figure 8.12

Square in the z-plane and its parallelogram image in the
w-plane under a bilinear mapping

Substituting the values of z of any three of the vertices of the square and
their corresponding images into eq. 8.108, we obtain

=1 (8.109a)

“
y
ﬁ':§=1 (8.109b)
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and

5 =

S_ (8.109¢)
y

Thus, the parallelogram in fig. 8.12 is the image of the square under the
mapping

_ztl (8.110)
z—1 o

w

8.3 Schwarz—-Christoffel Transformation

A Schwarz—Christoffel (SC) transformation is derived from the mapping
of the differential line element tangent to a curve C in the z-plane onto the
differential line element tangent to /; the image of that curve in the w-plane.
This family of mappings was discovered by E. Schwarz and independently
by H. Christoffel (see Schwarz, 1869, pp. 121-136, and Christoffel, 1870,
pp. 359-369).

As noted earlier, the mapping of the differential line element along C onto
the differential line element along 7~ is given by

dw= f"(2)dz (8.32)
so the tangent is also mapped by f’(z) as

r(w) = ["(2)1(2) (8.33)
The derivative of the SC mapping is defined by

f(D=oz—z7) " (z—2) " (z—2)™ (8.111)

where ki, k», ..., ky are N distinct real nonzero constants, z;, 22, ..., Zv are N
distinct fixed points in the z-plane, and ¢ is a complex constant. Integrating
eq. 8.111, we obtain the general form of the SC mapping

w= f(z)=+ aj(z— 7) (z—z,) " (z—zy) dz  (8.112)
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The integral of the mapping describes the shape of the image under the
SC transformation. As with the linear mapping, ¢ gives rise to a constant

magnification of that image by a factor | &zl and a rotation of that image by
an angle arg(er ). The constant  generates a translation of the magnified
and rotated image.

Inverse of the SC mapping
The inverse of the SC mapping, given by

z=g(w) (8.50)

can be found, in principle, by solving the first-order, nonlinear differential
equation obtained from eq. 8.53,

, 1 1 K k ky
g'(w)=— =—(gmm—z) (gw—z,)" ~(gw)—zy)
f () =g(w) o
(8.113)
When g “(w) contains a single factor, eq. 8.113 becomes
, 1 3
g (w)=;(g(w)—zl) (8.114a)
Dividing by
ky
(g-=2)
this is integrated straightforwardly to obtain
1 _ k l/(l_kl)
z,+ I_—'—| w7 k #1
gw)= L o J (8.114b)
g(w)=z,+e"" k=1

If g7(w) contains two or more factors, eq. 8.113 becomes a difficult, and
more likely an impossible, nonlinear differential equation to solve in closed
form.



284 Chapter 8 Conformal Mapping
Mapping the real axis

An important application of the SC transformation is its mapping of the
real axis and either the upper or lower half of the z-plane.

Let each z, = x,, be a point on the real axis. Then the mapping of eq. 8.111
becomes

f(D)=o(z- xl)’k' (z— xz)"‘2 - (z— xN)_kN (8.115)

where we order the factors so that — < x; < x, < -+ < xy < o. For those k,
that are not integers, f(z) has a branch point at each z,. We restrict z to the
principal sheet of the multisheeted complex plane. Then f(z) is analytic and
has a nonzero derivative at all points on this sheet, and is therefore a
conformal mapping everywhere except at each branch point and at all points
on its associated cut.

With f’(z) given by eq. 8.115, we see from eq. 8.33 that the SC
transformation of the tangent #(z) to the tangent ®(w) is given by

(w)=oz—x) " (z—x,) " (2= x,) " 1(2) (8.116)
Defining the argument of a factor in the transformation as
arg(z—x,) =06, (8.117)

the argument of #(w) is found from

—ky ei[¢—(k,l9,+k282+---+k[\v91\,)]

|7 = |0’||Z_ xl’ikl |Z_ xz|7k2 '")Z_XN
(8.118)

Following the analysis of a function with one or more branch points
presented in chapter 6, the real axis is divided into regions that are defined
by the branch points. The analytic structure of the function in a given region
is defined by the way the cuts are taken to extend into that region. For the
remainder of this chapter, we take each cut to extend from the associated
branch point to +co along the real axis. Then, as shown in many examples of
chapter 6, the cut structure of f{(z) is that shown in fig. 8.13.

Region Region Region
I l I ¢ ......... N+1 ,
T . N
Figure 8.13

Cut structure for a function with N branch points
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Because the real axis is a straight line, the shape of its image can be

deduced directly from f”(z) and the mapping of the tangent to the real axis.
Clearly, 1,(x), the tangent at a point x in the n" region is along the real axis
and so is real. We take #,(x) to point in the direction of increasing x.

Region I is defined by —eo < x < x;.
Referring to fig. 8.13, none of the cuts extends into this region. Thus,

0 =arg(x—x)=m 1<n<N (8.119)
Then, in region I,

T,(w) = |Tl‘e”/"

e I e I e e
(8.120)
so that
N
w, =arg(,) =¢- > k7 (8.121)
/=1

Region II is defined by x; < x < x».

There is only one cut in this region, extending from x; to +eo. Points in
this region are to the left of the branch points x,,..., xy. Therefore, the
arguments of the factors containing these branch points are

6 =arg(x—x)=m 2<n<N (8.122)

If points on the real axis are accessed along the top of the cut in
region II, then

6 =arg(x—x,)=0 (8.123a)
If points are accessed along the bottom of the cut,

0 =arg(x—x)=27 (8.123b)
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Therefore, along the top of the cut in this region,

N
Wy =arg(n,)=¢- > kx=y, +k7x (8.124a)

n=2
and along the bottom of that cut
N
wy =arg(zy) = p—2k - Y kw=y,—k7 (8.124b)
(=2
e Region Il is defined by x, < x < x3.

The two cuts associated with x; and x, extend into this region. Because x
18 to the left of x3, x4, ..., xn

0 =arg(x—x )=m 3<n<N (8.125)
When points are accessed along the tops of both cuts in this region,
6=6,=0 (8.126a)

If points are accessed along the top of the cut associated with x, and
along the bottom of the cut associated with x,,

6,=0, 6,=2x (8.126b)

and when points are accessed along the bottom of the cut associated
with x; and along the top of the cut associated with x,

6=2r, 6,=0 (8.126¢)
When points are accessed along the bottom of both cuts,
6=0,=2r (8.126d)

Referring to eq. 8.124a, when points are accessed along the top of both
cuts

N
Wy =arg(ty) = ¢—Zkﬂﬂ'= v, +k +k)r=y,+k,r (8.127a)

n=3
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If points are accessed along the top of the cut associated with x; and
along the bottom of the cut associated with x,

N
Wy =arg(ty) = ¢— 27k, - zkn”: itk —k)r=y, -k
n=3
(8.127b)

Referring to eq. 8.124b, when points are accessed along the bottom of
the cut associated with x; and along the top of the cut associated with x,

N
Wy = arg(zy) = ¢— 27k, - z k=, —(k,—k,)m=y, +k,w
n=3
(8.127c¢)
and when points are accessed along the bottom of both cuts
N
Yy = arg(ty) = ¢— 27[(](1 + kz)_ ;k;z”: y,—(k +k,)m (8.127d)

=Y~k

The pattern we have developed for finding i, the argument of the image
of the tangent at any point in the n™ region of the x-axis, is straightforward.
However, the determination of that angle quickly becomes cumbersome.
Many authors simplify the process somewhat by restricting access to points
along the tops of all cuts, thus restricting each 6, to 0 (for x > x,) or 7 (for
x < x,). With or without this simplification it is possible, using the analysis
above, to deduce the argument of the tangent to the curve in the w-plane that
is the image of the real axis in the z-plane.

Referring to eqs. 8.121, 8.124, and 8.127, we see that the image of each
region of the x-axis is a curve in the w-plane, the tangent to which makes a
constant angle to the u-axis. A curve with a tangent of constant orientation
is a straight line. Thus, the image of each region of the x-axis is a straight
line in the w-plane. These tangents and therefore, the lines they define,
change orientation abruptly at the images of the branch points. Such lines
define the sides and vertices of a polygon. The length of the (n + 1)™ side of
the polygon, the image of the (n + 1)" region of the x-axis (between x, and
Xns1), 18

L =f(x.)-f(x) (8.128)
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To get a sense of the way the polygon in the w-plane is formed, we denote
w, as the image of x,, we take all k, > 0, and, in all regions in which there are
cuts, we access points along the tops of the cuts. Then, in regions II and III,
for example, the change in orientation of the tangents in the w-plane at w
and w,, are found from eqs. 8.124a and 8.127a to be

Wy -, =kr (8.129a)

and

Wi =¥y =k, (8.129b)

Referring to eqs. 8.129a and 8.129b, we see that each . — W, is positive.
Therefore, when points in regions n and n + 1 are accessed along the tops of
cuts, the angles between the tangents in two successive regions are positive
and are thus taken in the counterclockwise direction.

Figure 8.14a
SC mapping of regions I, II, and III of the x-axis

when points are accessed along the tops of all cuts

From eqs. 8.124b and 8.127d, we see that if points in regions II and III are
accessed along the bottoms of the cuts in these regions,

W, — W, =—krx (8.130a)
and
Wi —¥u =k (8.130b)

Because these angles are negative, they represent angles between tangents in
adjacent regions taken in the clockwise direction.
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Figure 8.14b
SC mapping of regions I, II, and III of the x-axis

when points are accessed along the bottoms of all cuts

A generalization of the results of eqgs. 8.129 and 8.130 is that the images
of any two adjacent regions of the x-axis are two adjacent sides of a polygon
in the w-plane, the tangents to which subtend an angle k,7z. If we constrain
each k, to the ranges —1 < %, < 1, the angle subtended by two adjacent
tangents is between —z and 7. From now on, we restrict each constant to the
range 0 < k, < 1 and explicitly write either a positive or negative sign in the
exponent of each factor (x — x,,).

In prob. 38, the reader is asked to analyze the changes in orientation of
tangents in the w-plane when points are accessed along one side of the cut
associated with x; and along the opposite side of the cut associated with x,.
This analysis indicates to the reader that taking all points to be accessed
along the same side (e.g., the top) of all cuts leads to the following simplified
analysis of the SC mapping of the real axis. With the constants &, defined as
in eq. 8.115, and with all &, positive,

e Accessing points along the tops (bottoms) of all cuts results in angles
between adjacent sides of the polygon in the w-plane being taken in the
counterclockwise (clockwise) direction.

With all &, negative,

e Accessing points along the tops (bottoms) of all cuts results in angles
between adjacent sides of the polygon in the w-plane being taken in the
clockwise (counterclockwise) direction.

Mapping of points that are not on the real axis

Let all factors in f'(x) be of the form

(x—x, )_k"
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and let x be a point in the n™ region of the x-axis. Referring to fig. 8.14a, the
n"™ side of the polygon makes an angle k,— 77 with the (n — 1) ™ side taken in
the counterclockwise direction. A point z in the upper half-plane is accessed
by a counterclockwise rotation by an angle yrelative to the x-axis. Because
the SC mapping is conformal except at the branch points and their associate
cuts, the magnitude and sense of an angle are preserved by the mapping.
Therefore, the image of z in the w-plane is accessed by a counterclockwise
rotation by y relative to the n™ side of the polygon. Therefore, because all
k, > 0, the image of the upper half of the z-plane is the interior of the
polygon shown in fig. 8.15a.

w

’ " /\ 7. (w) WS “““““
) \ . —

xnf] tn(Z) X

n

Figure 8.15a

Image of a point in the upper half-plane onto the interior of a polygon
k

when all factors are of the form (x —x,)

Figure 8.15b
Image of a point in the lower half-plane onto the exterior of a polygon

when all factors are of the form (x — x,,)
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A point z in the lower half-plane is accessed by a clockwise rotation from
a point x in the n™ region through an angle yrelative to the x-axis. Again,
because the SC mapping is conformal, the image of that point must also be
accessed by a clockwise rotation by yfrom the image of that n" region. This
places the image of z outside the polygon image of the x-axis.

By identical reasoning, if all k parameters are negative, the lower half of the
z-plane maps onto the interior of the polygon image of the x-axis and the image
of the upper half of the z-plane is the exterior of that polygon.

Figure 8.15¢
Image of a point in the lower half-plane onto the interior of a
polygon when all factors are of the form (x — x,,) a

z Wn—l
7,,(w) Interior
\V =
'xn—l t n ( Z ) xn

Figure 8.15d
Image of a point in the upper half-plane onto the exterior of a polygon

when all factors are of the form (x — x,,) k

Closed form of the SC mapping

Unless the integral in eq. 8.112 can be evaluated in closed form, the
mapping f(z) cannot be expressed in terms of elementary functions. Then,
the positions of the vertices of the polygon image of the real axis cannot be
determined. Without a knowledge of the positions of the vertices, the lengths
of the sides of the polygon cannot be found. There are only a few SC
mappings that can be evaluated as closed expressions.
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Example 8.11: The image of the real axis and upper half-plane under a
SC mapping with one branch point

The simplest SC transformation is generated by the function with
derivative given by

f=a(z—x)" (8.131)

With 0 < k < 1, f'(z) has one branch point on the real axis. This separates the
real axis at x; into two regions. Therefore, the image of the real axis is a
polygon with one vertex and two sides. Such a configuration is an open
wedge with sides that extend to infinity.

If points with x > x; are accessed along the top of the cut associated with x;,
then referring to eqs. 8.121 and 8.124a, we see that the angles relative to the u-
axis made by 7 and 7, the tangents to the two sides of the wedge are given by

W, =¢—kr (8.132a)
and

Yu=9¢ (8.132b)
Therefore, the angle subtended by the two tangents is

Yu—y¥, =km (8.133a)

Referring to figs. 8.14a and 8.15a, we see that this results in a wedge with
interior angle given by

y=rn—krx (8.133b)

Image of

Region I

Image of
km  Region 1

Figure 8.16
Image of the real axis under the SC mapping of eq. 8.131
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In prob. 37, the reader is asked to analyze this problem when points with
x > x; are accessed along the bottom of the cut.

The SC transformation with one branch point is one of the few mappings
for which f’(z) can be integrated in closed form. With k < 1 the result is

w=fQ=frafcox)tde=fr" )™ @134

This algebraic expression of f(z) allows us to analyze the mapping of the
two regions on the x-axis directly and compare the results to those obtained
from the analysis of the mapping of the tangents.

e Region I is defined by —eo < x < x;.
Because points in this region are to the left of the branch point at x;,

arg(x—x) =7 (8.135)
Therefore,
(04 ks
w= ﬁ+%‘x_x1’ e r _ B+ 1 |k( x)' k el[¢+(l—k)7r]
(8.136a)

from which we see that the angle relative to the u-axis made by the image
of region I is given by

v, =arg(w—f) = ¢+ 7(1—k) (8.136b)

e Region Il is defined by x| < x < oo,
Taking points in this region to be accessed along the top of the cut
associated with x;,

arg(x—x,)=0 (8.137)

With this,

™ = p+ Mk(x x)' e (8.138)

F

o
w= B+—|x—x]
1-k
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so, the image of region Il makes an angle with the u-axis of
yy =argw—p)=¢ (8.139)
Therefore, as shown in fig. 8.16, the angle interior to the wedge is given by
=y —w|=70-k (8.140)

and the interior of the wedge is the image of the upper half of the z-plane.
The inverse of the mapping of eq. 8.134 is

(d-k)

/(1K)
Z=g(w)=x,+{ (w—ﬂ)} (8.141)

which maps the wedge of interior angle 7(1 — k) in the w-plane onto the real
axis of the z-plane. This is the result that we obtained in eq. 8.114c for a
point z; = x; on the real axis. O

Example 8.12: The image of the real axis and upper half-plane under a
SC mapping with two branch points

A second SC transformation that can be expressed in closed form is
obtained from

f@=az—x) " (z+x) = =) (8.142)

which has square root branch points at z = =x;. The mapping is given by

w=f()=praf (2-x) " d (8.143)
Substituting

z = x, cosh u (8.144)
we obtain

w= f(z)=f+ccosh (i] (8.145a)

X
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Referring to problem 1la in chapter 2, if z is restricted to the principal
branches of both the logarithm and square root functions, eq. 8.145a can be
written in the form

we f(2)= Bt artn| NE TR (8.145b)

X

from which we see that f(z) has branch points at z = +x;. Again, both
associated cuts are taken to extend from the branch points to +eo.

To determine the image of the x-axis under this mapping, we first note
that the sign of x; and ¢ = arg(«a ) do not affect the results. Therefore, we
simplify the problem by taking x; to be positive and set ¢ = 0, making & real
and positive. Then, setting z = x, the mapping of each region of the real axis
is as follows:

e Region I is defined by —oo < x < —x;.
We see that because points in this region are to the left of both branch
points,

6, =0,=arg(x—x)=arg(x+x)=7 (8.146)

Thus, the image of the tangent to the real axis of region I is

7, (w) =|g, ()" = o (x” = x0) | N |1, ()] 8147
=a(x’ = x) e | ()
from which
W, =-1 (8.147b)
The image of —eo is found from eq. 8.145b by setting
z=|x|e” (8.148)

so that with |x| >> X1,

2 i
w_=B+alim Enl:ﬁ} =fB+eo+ina (8.149a)
X

o
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We can ignore the finite Re(f) relative to oo, but because Im(f) is
multiplied by i, it must not be compared to the real e and therefore cannot
be ignored. Thus, eq. 8.149a becomes

w_ = oco+i(Im(f)+ 7cx) (8.149b)

For x = —x; = x;¢'”, eq. 8.145b becomes
w_, = f+ira=Re(f)+i(Im(B) + mcx) (8.150)

Therefore, we see from eqs. 8.149 and 8.150 that the image of region I is

a line from +eo to Re(f) parallel to the u-axis, a distance Im(f ) + 7
above (or below) the u-axis.

e Region Il is defined by —x; < x < x;.
Only the cut associated with —x; extends into this region. We take points
in this region to be accessed along the top of this cut. Then we have

0 =arg(x—x)=rx (8.151a)
and

0, =arg(x+x)=0 (8.151b)
Therefore,

. P
7, (w) =7, (w)| " = 0('()62 — xf)’1/2|e 2040

1y ()|

_ (8.152a)
— (XIZ _ x2)7l/2671ﬂ'/2 |[H (x)|

from which

v, =-7/2 (8.152b)

Again referring to eq. 8.145b, we see that with z = —x; = xje i

w_, = f+ima=Re(f)+i(Im(B) + mox) (8.153a)
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Setting z = x;, eq. 8.145b yields
W, = f=Re(f)+iIm(f) (8.153b)

Thus, the image of region II is a line with a constant real part Re(/) and
an imaginary part that varies from Im(f) + 7er to Im(p).

e Region Il is defined by x; < x < oo.
Both cuts extend into region III. We take points in this region to be
accessed along the tops of both cuts, so that

6 =arg(x—x,)=6,=arg(x+x,)=0 (8.154)
Therefore,
V=0 (8.155)

With z = xy, eq. 8.145b yields

w,, =B=Re(B)+ilm(f) (8.156a)

|
The image of +e< is given by eq. 8.145b to be
W, = ff+co=rco+iIm(f) (8.156b)

Thus, the image of region III is a line from Re(f) to +e at a distance
Im(f) from the u-axis.

The image of the real axis, and the upper half of the z-plane is the open
three-sided polygon shown in fig. 8.17.

Image of Region I

B +ino — ‘o
7
I f Region II
mage of Region 7,
Tm
B : > e
Image of Region III
Figure 8.17

Image of the real axis and upper half of the z-plane
under the mapping of egs. 8.145
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The inverse mapping, which transforms the open three-sided polygon of
fig. 8.17 onto the real axis is found straightforwardly from eq. 8.145a to be

z = g(w)=x, cosh (M] (8.157)
o O

Open and closed polygons

We have seen that if f’(z) has N branch points on the real axis, these
points separate the axis into N + 1 regions. Each region maps onto one side
of a polygon with N + 1 sides. The orientation of each side is different from
the orientation of the sides adjacent to it.

Figure 8.18
A closed polygon with N + 1 sides

A polygon is closed if at every vertex, each side is joined to an adjacent
side. Therefore, in order to map the real axis in the z-plane onto a closed
polygon in the w-plane, the images of x = +eo must satisfy

W =w_ (8.158)

with w,__..and w, _ .. finite.
Let

fl@=a(z—x) " "(z=x) " (z—x,)™ (8.159)

be the derivative of the function that maps the x-axis onto a closed polygon
in the w-plane. Because the polygon is closed, there exists a nonzero angle
between the tangents to the sides of the polygon that are the images of
regions I and N + 1. Referring to fig. 8.19, we define this angle in terms of
an additional k-number denoted by ky,.
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A minimum of three sides is required to form a closed polygon. If none
of the sides of a closed polygon crosses, it is straightforward to demonstrate
that the sum of internal angles for closed polygons with three, four, five, and
six sides are 7, 27, 37, and 47, respectively.

Q
+
P N
3
fr
[\®]
B

a+p+y+S+e=3n oty St et (=4n

Figure 8.19
Sums of internal angles of closed polygons

From this we deduce that for N > 2, the sum of internal angles in a closed
polygon with N + 1 uncrossed sides is (N — 1) 7.

When points on the x-axis are accessed along the tops of all cuts,
the external angle between two adjacent sides of a closed polygon that
join at the point w, is k,7 (see fig. 8.14a). Therefore, the internal angle
between such adjacent sides is 7 — k,7. Having defined the angle ky, 7
as the angle between the sides that are the images of regions I and
N + 1, the sum of internal angles of a closed polygon with N + 1 sides is
given by

N+1 N+1
(N-Dz=> (r—k,m)=(N+D7—7) K, (8.160a)
n=l1 n=l1

Therefore, the condition for a polygon to be closed and have no crossed lines
is

Yk, =2 (8.160b)

From this we see that the sum of external angles of any closed polygon with
uncrossed sides is 27.

The sides of a polygon can only cross if the polygon has four or more
sides. For such a polygon, eq. 8.160b will not be valid.
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Figure 8.20
A four sided polygon with crossed sides

Example 8.13: A SC mapping that yields a polygon with crossing sides

Consider the four-sided polygon of fig. 8.20. To simplify the analysis, we
take all external angles between adjacent sides to be the same 2773. Then,
we see from fig. 8.20 that

k =k, =k,=k,=2/3 (8.161)

Then eq. 8.160b for this polygon becomes

4
O
=1

We note that this four-sided polygon can be viewed as two equilateral
triangles with a common vertex and no sides in common. In two
dimensions, any closed polygon which has sides that cross can be viewed as
a collection of closed polygons, each with uncrossed sides and one vertex in
common with an adjacent polygon. From now on, we only consider
polygons with uncrossed sides so that eq. 8.160b holds.

If it is known that a polygon is closed, then &y, is defined from the angle
between the images of the tangents of regions I and (N + 1). From the
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geometry of the polygon, as indicated in fig. 8.18, or from eq. 8.160b,

k., =2-Yk, (8.163)

N
(=1

To determine if the polygon is closed, one must determine if

W_  =W_.. (8.158)
Even when f’(x) cannot be integrated in closed form, it is possible to
determine if the image of the x-axis is a closed polygon by testing whether
Wiw = W.o. When z = x — too, the finite quantities xj, x5, ... ,Xxy can be
ignored in each factor of f’(x). Then, with z = x, eq. 8.159 can be
approximated as

£/ (x) = ax~Mrlttho (8.164)

If 2k, = 1, then for large | x

w= f(x)=f+aln(x) (8.165)
Then, when x — —eo, so that arg(x) = 6. = 7,

w_. = f+alim (n|x|+iza (8.166a)

[xl—e
and when x — o0, and arg(x) = 6,.. = 0,

w,.. = f+alim (n|x]#w_ (8.166b)

x>0

Therefore, when Xk, = 1, the resulting polygon is open.
When 2k, # 1 and | xlis large,

o (k) —ky =k )
— ~ B+ 2 N 8.167
W= 0= B (8.167)

Thus, with 8..= 7 and 6...=0,

(1—ky—ky =k )
|

ik ~y—mkyy) 12
w_ =f+ae™ R Iim

(8.168a)
oo 1=k, —ky —— k)
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and

| ‘(l—kl k)

. = B+ alim (8.168b)

ot (1= k, —ky —— k)

We see that if Xk, > 1, the limit in eqs. 8.168 is zero and w,.. = w_... Then
the polygon is closed and, from eqs. 8.160b and 8.163

N
Yok, >1=k,, <1 (8.169)
n=1

When Xk, < 1, the limit in eqs. 8.168 are infinite. In addition, for
0 < Xk, <1, we see that 7(1 — Zk,) cannot be an integer multiple of 2. Then,
comparing eqs. 8.168a and 8.168b, we see that

ae™) 2o (8.170)

Thus, w,.. # w_.. and the polygon is open.

Example 8.14: A SC mapping of the real axis and upper half-plane
onto an open polygon

Referring to fig. 8.17, it was shown in ex. 8.12 that setting k, =k, = 1/2,
the x-axis with branch points at +x, is mapped onto the open three-sided

polygon by

n [ 2 2
AN T (8.171)

X

w=f+aln

with arreal. To show that the polygon is open (because k,+ k, = 1), we see
from eq. 8.170 that when x — teo,

x| o0

w,. = f+alim ﬁnL | U+i0{arg(x) (8.172)
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When x — +eo, arg(x) = 0. When x — —eo, arg(x) = 7. Therefore,

. 2|xl
w,. =+ a|1|1m n| — (8.173a)
X|—>o0 xl
and
. 2|4 .
w_ =+ 0(|l|1m n| — |+ior (8.173b)
x|—>o0 xl

Because w,.. # w .. the three-sided polygon image of the x-axis under this
mapping is not a closed triangle. O

Determining the SC mapping

When discussing the linear and bilinear mappings, it was shown in exs.
8.8b and 8.10 that from a knowledge of a sufficient number of source points
and their corresponding images, one can determine the parameters that
define the mapping. The same is applicable in determining the SC mapping
of the real axis onto a specified polygon.

Example 8.15: Determining the SC mapping that transforms the real
axis onto a rectangle

Let us find the SC transformation that maps the real axis onto the
rectangle of fig. 8.21, where a and b are real and positive.

w
-a+ib J a+ib

1

Y

Figure 8.21
A rectangular image of the x-axis

(See, for example, Churchill and Brown, 1990, p. 290; Carrier et al, 1966, p.
139; Ahlfors, 1976, p. 238 for other discussions of this problem.)
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Because the rectangle is a four-sided polygon, it must be the image of the
x-axis divided into four regions by three branch points. Therefore, the
derivative of the mapping is given by

Fr=alx—x)" " (x—x)"(x—x)™" (8.174a)
and the mapping we seek is

w= f(x)= [+ a(j (x—x) " (x—x,) 2 (x—xy) " dx (8.174b)

To completely specify this mapping requires that we find the values of eight
parameters, ky, ki, k3, x1, X2, X3, & and f3.

It is clear that a rectangle has external (and internal) angles of 772. There-
fore, ky = ky, = k3 = k = 1/2, and from eq. 8.163, k, = 1/2. With these
k-numbers, the mapping becomes

1
= d.
e e

(8.175)

Referring to fig. 8.21, we see that the vertices of the rectangle are at
w=-a,w=+a, w=—-a+ ib, and w = a + ib. Therefore, the rectangle is
symmetric about the imaginary w-axis. Because each side of the rectangle is
either parallel or perpendicular to the u-axis, we can assign

p=arg(a)=0 (8.176a)
or
¢=arg(or) =7/2 (8.176b)

As shown in the following the choice of ¢ simply determines which branch
point on the x-axis maps onto which vertex of the rectangle. Because the
value of ¢ cannot be specified, we take it to be zero to simplify the
arithmetic. Then « is real.

Because the vertices of the rectangle are the images of the points —eo, x,
X2, X3, and +oo, we obtain from eq. 8.175

w.=pB+a | ! dx (8.177a)

. \/(x —x )(x—x,)(x—x;)
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1
= d 8.177b
P axL \/(x—xl)(x—xz)(x—x3) * ( )
w,=pB+o | ] dx (8.177¢)

e = x)(x = x,)(x— x,)
wy=p+a | 1 dx (8.177d)

o= )= x)(x— x,)

and

T aj ! dx (8.177¢)

(x—x)(x—x,)(x—x;)

To simplify the arithmetic, we take all points in regions II, III, and IV to
be accessed along the tops of all cuts. Therefore, for each factor,

(x—x, Y2 = i (x, — X x<x (8.178a)

n

and

(x—x)"=e"(x—x)"  x>x (8.178b)

n

Then, using eqs. 8.177 and 8.178, the sides of the rectangle are given by

I I
= d.
LL \/(x— x)(x—x,)(x—x;) A_f_m \/(x X, )(x X,)(x—x;) )
137r/2J. 1
- \/(xl —x)(x, —x)(x; — x)
1
la'[*"" \/(xl —x)(x, —x)(x; — /\)

dx

(8.179a)
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Similarly,
W, —w, = Oleimj.xz 1 dx
2 W 5 JOr=x)(0, = x)(x, = x) (8.179b)
_— 1 o
o
Wy =W, = ae_m/z.[ ) : “
v (= x)(x = x,)(x, — x) (8.179¢)
5 1 |
=—io| i
J.xz \/(x—xl)(x—xz)(% —%)
and
y 1 dx (8.179d)

These expressions for the sides of the rectangle cannot be chosen
arbitrarily. They must conform to the expressions given in eqs. 8.179. We
note that all the integrals of eqs. 8.179 are real and positive. Thus, with «
real and positive, we see from eq. 8.179a, for example, that w, — w_.. must be
a positive imaginary number. Therefore, referring to the parameters in fig.
8.21, this side must be given by

w —w_=ib (8.180a)

Rl 1
b= d.
O{J.“’“ \/(x, —x)(x, = x)(x; — x) §

(8.180Db)

We take the interior of the rectangle to be the image of the upper half of
the z-plane. Therefore, the external angles between tangents to the adjacent
sides of the rectangle must be taken in the counterclockwise sense. Thus, the
tangents must be oriented as shown in fig. 8.21. With these constraints, eq.
8.180a can only be satisfied by taking

w, =a+ib (8.181a)
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and
w_=a (8.181b)

The remaining vertices are assigned by traversing the rectangle in the
counterclockwise direction. That is,

w, =—a+ib (8.182a)

w, =—a (8.182b)
and

w.,.=a=w_, (8.182c¢)

These assignments, along with eqs. 8.179, yield

aJ‘"z 1
i \/(x —x)(x, —x)(x; — x)

dx=2a (8.183a)

X3 1
' d
O{Lz \/(x—xl)(x—xz)(x3 —X) *

=b (8.183b)

and

of 1
% \/(x—xl)(x—xz)(x—)%)

dx=12a (8.183¢)

The reader should convince himself or herself that the above assignment
of vertices is the only one that results in the integrals having the correct sign
and the correct factor of i.

Comparing eqs. 8.180b and 8.183b, the integrals must satisfy

X 1 3 1
dx= d
J.“"’ \/(xl — x)(x, — X)(x; — x) * J-.x—z \/(x —x)(x = x,)(x; — x) ’
(8.184a)
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and from eqs. 8.183a and 8.183c, we must have

o) 1 oo 1
J dx= f dx
1 Jo—x), =00 -0 e Je- (= x,)(0—x,)
(8.184b)
To demonstrate that eq. 8.184a is valid, we make the substitution
x=x—(x;—x)tan’ (8.185a)
in the left side integral and substitute
x=x,+(x, —xz)sinZﬂ (8.185b)
in the integral on the right side. Then eq. 8.184a becomes
J-fr/2 sec i du
’ \/((Xz —x)+(x— xl)tanz ,U)
(8.186)

7/2 1
= d
'[0 \/((xz —x)+(x; _xz)Sinz ,Ll) 8

It is a straightforward algebraic exercise to show that the integrands of these
integrals are equal for any finite x;, x,, and x3, as are those of the integrals of
eqs. 8.184.

Because of the equalities of these integrals, there are only two indepen-
dent equations from which we can determine ¢, x;, x,, and x3. These are, for
example,

aJ‘"z 1
i \/(x —x)(x, —x)(x; — x)

dx=2a (8.183a)

and

X, 1
d.
aL‘ JO=x)(r—x,)(x, — %) ’

=b (8.183b)
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Substituting
x=x+(x,—x)sin’ u (8.187)

in eq. 8.183a we obtain

a=—2 (" L (8.188)
\/(X3—X1) 0 \/1—p2Sin2/I
where
pr==x) (8.189)
(X3 —Xl)

Because x| < x; < x3, we see that 0 < p <.

The integral in eq. 8.188 is called the complete elliptic integral of the first
kind and is commonly denoted by K(p”) (see prob. 19 of chapter 7). It
cannot be evaluated exactly, but many of its properties, including values
obtained by numerical integration methods, exist in the literature. The reader
is referred, for example, to Cohen, 1992, pp.274-278 and pp. 686—699.

To evaluate the integral of eq. 8.183b, we let

x=x,+(x,—x,)sin” 4 (8.190)
We obtain
pe—2 J’”/Z L =22 1) 8.190)
\/(Xz—xl) 0 \/l+qzsm2,u (x, —x;)
where
p=ar%) _ (hTy —1:%—1 (8.192)

(X2 —)Cl) (xz _x1) P
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Because 0 < p” < 1, we see that 0 < ¢* < co.

The properties of the function L(g”) defined in eq. 8.191 have not been
discussed in the literature and the integral has not been given a name. Like
the elliptic integral, its values must be obtained numerically.

To determine the values of &, x;, x,. and x;, we combine eqs. 8.188 and
8.191 to obtain

pK(p2)=2—aL(i2—l] (8.193)
b \p

One must assign a given value to a/b, then solve this equation numerically
for p. For example, when 2a/b = 1,

pK(pz):L(#—lj (8.194)

is satisfied by p> =1/2. This yields
X, =2x,—x (8.195)

which can be satisfied by x, = 0 and x; = —x3. This result reflects the fact
that when 2a/b = 1 and the rectangle is symmetric around the imaginary axis
in the w-plane, the branch points can be taken to be symmetric around the
origin of the z-plane.

If, for example, 2a/b = 1.25, then

pK(p*)= 1.25L{#—1] (8.196)

is satisfied by p> = 0.7295, a value for which the branch points on the x-axis
cannot be taken to be symmetric around the origin.

For a given value of p’, the value of & is found from either eq. 8.188 or
8.191. For 2a/b = 1 and therefore p* = 1/2, we refer to a table of elliptic
functions such as that found in Cohen, 1992, p. 278 to determine that
pK(p®) =1.3110. Therefore, with x; = —x; and x, = 0, eq. 8.188 yields

ay2x, (8.197)

o=
1.3110
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Then, £ is found in terms of & or x; using one of eqs. 8.177. For example,
referring to eq. 8.177e,

(8.198)

pea-aln] s
3

This indefinite integral cannot be expressed in terms of elementary func-
tions. However, because x is large (and ultimately infinite), we can ignore x;
relative to x to obtain

B=a-alim|[xdr=a (8.199)

X—>o0

Because the integral of eq. 8.175 cannot be evaluated in closed form, the
inverse mapping, which transforms the rectangle in the w-plane onto the x-
axis, cannot be expressed in terms of elementary functions. O

8.4 Applications

There is a certain class of applied problems that can be solved using
conformal mappings. Because such mappings are applied to geometric
configurations in two dimensions, if a problem is to be solved by conformal
mapping, it must be possible to describe the problem in two dimensions.

Let a problem be described by coordinates (X,Y,Z). We temporarily
denote the usual Cartesian coordinates in three dimensions by capital letters
in order to distinguish them from the lowercase letters in z = x + iy that
denote points in the complex plane. If a problem in three dimensions can be
treated as a two-dimensional problem, the system must have geometric
symmetry in one of the dimensions.

Example 8.16: A three-dimensional configuration that can be treated as
two-dimensional

An infinitely long cylinder, positioned along the Z-axis, with positive
charge uniformly distributed over its surface, is shown in fig. 8.22. Finding
the electrostatic properties of this system is a three-dimensional problem that
can be treated in two dimensions.
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Figure 8.22
An infinitely long uniformly charged cylinder along the Z-axis

Because the cylinder is infinitely long and charged uniformly along its
length, the values of functions that describe the electrostatic properties in the
space around and on the cylinder at a given X, Y, and Z are the same at all
values of Z. Thus, these functions are independent of Z and thus depend
only on X and Y. Therefore, determining such a function becomes a problem
in two dimensions, and it may be possible to view it as a problem in the
complex. O

Laplace’s equation

If a problem is described by a function ®(x, y) which satisfies Laplace’s
equation in two dimensions

D I’D

V2 ®(x,y)=—+——=0 8.200
X, ()C y) axz ayz ( )

the problem may be soluble by conformal mapping techniques. The reason
for this is that if ®(z) satisfies Laplace’s equation, and w is the image of z
under the conformal mapping f(z), then

O(w) =D (f(2)) (8.201)
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satisfies Laplace’s equation

’® 9P
Vid=—+——=0 8.202
“r ou> M’ ( )

in the w-plane. The proof of this is given in appendix 6.
Boundary conditions

The solution to an ordinary differential equation always involves one or
more constants of integration. The values of these constants are determined
by having known values of the dependent variable ®(x) and/or its
derivatives, at specified values of the independent variable x. The values of
®(x) and its derivatives at various points x; are referred to as boundary
values and the set of equations specifying those boundary values is called
boundary conditions.

As an example, one could find four constants of integration from a know-
ledge of four independent constraint equations of the form

d(x)=a (8.203a)

D(x,)=b (8.203b)

D'(x)=c (8.203c)
and

'(x,)=d (8.203d)

where a, b, ¢, and d are constants.

The set of points at which the boundary values are given define the
boundaries of the problem. For example, if the values of ®(x) and ®’(x) are
specified at x; = 0 and x, = 1 in eqs. 8.203, this implies that 0 <x < 1.

For a solution to be completely defined, the number of independent
boundary conditions must be the same as the order of the differential
equation (the highest derivative of ®). If the number of independent
boundary conditions is less than the order of the differential equation the
solution is said to be underconstrained. The solution to an underconstrained
differential equation contains one or more undetermined constants of
integration. A differential equation for which the number of independent
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boundary conditions is greater than the order of the equation is
overconstrained. 1f a differential equation is overconstrained, a solution
does not exist.

Because Laplace’s equation in two dimensions is a second-order differential
equation in each of two variables, the solution is completely specified by four
independent boundary conditions, two in each variable.

Many applied problems that are described by Laplace’s equation in two
dimensions are constrained by boundary conditions of the form

oD
[a@(x, W+ ﬂg} = Vi (8.204)

Xie>Ym

where «, f, and %, are constants. x; and y,, are points on the boundary, and
the quantity n is the magnitude of a vector that is perpendicular (normal) to
the boundary.

For example, if a problem is defined at points inside and on a circle, the
circumference of the circle is the boundary of the problem. The normal to
that boundary is a vector 7 pointing outward along the radius of the circle,
and the magnitude of the normal to that boundary is

n= ‘;’ — (x2 i y2) (8.205)
Then with

x=rcosf (2.21a)
and

y=rsiné (2.21b)
we have

%:%:%%+%%zcos9%+sin@% (8.206)

When o # 0, f=0, eq. 8.204 is know as the Dirichlet boundary condition

() (Zboundm ) =~ = constant (Dirichlet) (8.207a)

QIR
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For =0, f# 0, the condition is the Neumann boundary condition

kA
on

Y constant (Neumann) (8.207b)

boundary ﬁ

The Gauss or mixed boundary condition is eq. 8.204 with oz # 0 and S # 0.
That is,

oD

od (Zboundary ) +f—

5 =constant (Gauss/mixed) (8.207¢)
n

boundary

Let f(z) be a conformal transformation that maps a region R in the z-plane
onto a region S in the w-plane. Referring to eq. 8.207a, let the boundary of
R be defined by a constant A given by

D (2,00 ) = 2 (8.208)

The boundary of S is then defined by
(I) (Zb()undary ) = q) (g (Wboundary )) = (I)(Wboundary ) = /1 (8208b)

Thus, the value of A that defines the boundary condition in the z-plane also
defines the boundary condition in the w-plane. That is, the value of ® at the
boundary of R is the same as the value of @ at the boundary of S, even
though the dependence of @ on z in R is not the same as the dependence of
® on w in S under the mapping. The terminology used to describe this is
that the Dirichlet boundary condition is invariant under a conformal

mapping.

Example 8.17: Invariance of the Dirichlet boundary condition under a
conformal mapping

The circumference of a circle of radius A, centered at the origin is defined
by

d(x,y)=x"+y =1 (8.209)
The mapping

w=e‘=e"(cosy+isiny) (8.210)
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can also be expressed as

u(x,y)=e"cosy (8.211a)
and

v(x,y)=e"siny (8.211b)
Then

x=4in(u’+v’) (8.212a)
and

y=tan"' (5) (8.212b)

Therefore, eq. 8.209 becomes

2

[4en(u®+v? )T + {tanl (lﬂ = D(u,v) = A (8.213)

u

So, as stated, the dependence of @ on x and y in the z-plane is different from
its dependence on u and v in the w-plane. As such, the shape of the
boundary changes under the mapping but the value of A that defines that
boundary is unchanged by the mapping. O

It is shown in appendix 7 that

oD od JD

Zboundary

Zboundary Zpounda ry

The equivalent expression for the normal derivative at the boundary of S in
the w-plane is

®) v [ .agj
[anj =(V,.®) =| 5t (8.214)

Wbmun/ary wbvum/ary
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In addition, the mapping of the gradient of a function is shown to be

dv .du
V ®=(V,0) +iss A7.14
2=V, )(ay“ay] (A7.14a)
or
V. &= (Vm@)[a—”— i?) (A7.14b)
ox  ox

The inverses of eqs. A7.14 are

v, o=(V ch)(a—y+ i%j (A7.152)
- dv v
or
ox . dy
Vo=V @) —-i= A7.15b
W2=(V, )(au ’auj (A7.15b)

If u(x, y) and v(x, y) are not constants,

dv . du

—+i—#0 8.215

3 +i % * ( a)
and

Ju .odv

——i—=0 .215b

ox ’ax;t (8.215b)

Therefore, we see from eqs. A7.14 and A7.15 that

V,0=0<=>V,&=0 (8.216a)

and

V,0#0<=>V, ®£0 (8.216b)
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We see from eqs. A7.11 and 8.214 that the normal derivative of a
function is its gradient. Therefore, from eq. 8.216a, we see that if 0d/on
is zero in the z-plane, it must also be zero in the w-plane under a
conformal mapping. That is, the Neumann boundary condition

82 =0 (8.217)

a”l boundary

is invariant under a conformal mapping. If the normal derivative is not
zero at the boundary, its transformation is given by eqs. A7.14 or A7.15.

Applications of conformal mapping to problems in electrostatics

There are many physical systems that are described by Laplace’s
equation subject to Dirichlet or to invariant Neumann boundary conditions.
These include heat conduction in a medium that has uniform thermal
properties, the nonturbulent flow of a fluid, and certain static electrical
systems (systems in which charge does not move). The methods used to
solve Laplace’s equation subject to such boundary conditions using
conformal mappings are the same for all such physical systems. We apply
the conformal mapping techniques to problems in electrostatics to illustrate
the method of solution, understanding that these techniques are applicable to
problems describing other physical systems. The reader can find solutions to
problems involving various physical systems by conformal mapping
methods in texts such as Spiegel, 1964; Saff and Snider, 1976; Churchill and
Brown, 1990 and Marsden and Hoffman, 1999.

It is important for the reader to have a basic knowledge of the
properties of electrostatics. These include knowing that the potential energy
of a system of charged particles is described by a function called the
electrostatic potential (also called the potential) which satisfies Laplace’s
equation. The reader should also be familiar with the idea that an
equipotential surface (or in two dimensions an equipotential curve) is
defined as a surface (curve) on which the potential has the same value at all
points. The equation for the equipotential surface is found by setting the
potential to a constant. Such concepts are treated in most introductory
physics texts. See, for example, Serway and Jewitt, 2004, pp. 765-766.

The general approach for determining the electrostatic potential by
conformal mapping methods is to transform a complicated geometry of the
distribution of charges in the z-plane (defined as one for which one cannot
easily solve Laplace’s equation) to a simple geometry in the w-plane (for
which a solution to Laplace’s equation is easily found). After solving the
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problem with the simpler geometry, one applies the inverse transformation
back to the z-plane to find the potential with the original geometry. We
illustrate this approach with several examples.

Example 8.18: Potential within the space of a wedge in a conducting
block

We consider an infinitely large block of metal with a wedge of angle y
cut out of it as shown in fig. 8.23. The region within the wedge is a vacuum.
The block extends to e in the dimension perpendicular to the page. There-
fore, this geometry can be viewed as two-dimensional.

Figure 8.23
Conducting block with a wedge of angle ycut out of the block

Because charge moves freely within a metal, all charge placed in the
conductor is distributed in such a way that the potential is the same at all
points along these edges. We denote this potential by ®,.

The potential ®(z) at points in the vacuum region within the wedge
(defined by 0 < arg(z) < ), satisfies Laplace’s equation. It is this potential
that we determine by methods of conformal mapping.

The one boundary condition satisfied by ®(z) is

O(r,0=0)=D(r,0=y) =D, (8.218)

Because this Dirichlet boundary condition is the only constraint applied to
the system, the system is underconstrained. We use physical properties of
this system to specify a second constant of integration.
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It was shown in ex. 8.11 and fig. 8.16 that the SC mapping with derivative
given by

f(@D=o(z—x)" 0<k<l (8.131)

transforms the real axis in the z-plane onto the wedge shown in fig. 8.24.

Image of
RegionII

Figure 8.24
Image of the real axis under a SC mapping with one branch point

Therefore, the inverse mapping
1
-k Jos
z=x]+[( )(W—,B)} (8.141)
o

transforms the wedge in the w-plane with internal angle (1 — k) onto the
real axis of the z-plane. By interchanging z and w in eq. 8.141, we obtain the

mapping

- ik
a ak) } o (8.219)

w=u1+|_ (z=p)

which transforms the wedge in the z-plane onto the real axis of the w-plane.
To apply this to the configuration of fig. 8.23, we set

y=nl-k) (8.220a)

u =B=0 (8.220b)
and

a=n_, (8.220c)

(24
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(so & isreal.) Then, the mapping of eq. 8.219 becomes
w=z"" (8.221)

To see that this transformation maps the wedge of fig. 8.23 onto the real
axis of the w-plane, we note that points along the horizontal part of the
wedge are described by

z=re’ =r (8.222)

w=r"" (8.223)

Because 0 < r < oo, this describes points along the u-axis with 0 < u < o,
Points along the slanted edge of the wedge are described by

z=re"” (8.224)
the images of which are given by

w= 7" — _

r (8.225)
Again, with 0 < r < oo, eq. 8.225 describes points along the u-axis in the
region —o < i < 0. Therefore, the mapping of eq. 8.221 transforms the edges
of the wedge onto the entire u-axis.

Points within the wedge satisfy 0 < arg(z) = @ < % The mapping of eq.
8.221 transforms these points onto

w = 7" (8.226)

where 0 < arg(w) = @7y < m. Therefore, the space within the wedge maps
onto the upper half of the w-plane.

The boundary of the image of the wedge is defined by v = 0. Because the
Dirichlet boundary condition is invariant under the conformal mapping, the
boundary condition of eq. 8.218 is mapped to

O(u,v=0)=D, (8.227)
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Therefore, the mapping of eq. 8.221 transforms the problem of finding the
potential in the region within the wedge of fig. 8.23 to the problem of
finding the potential in the upper half of the w-plane due to a flat metal
surface, extending along the entire u-axis and maintained at a potential @, by
a uniformly distributed charge.

W = s | e — — — == vV = constant

PEE R R R R IR I I EE I I I O O I O N
—c0 € = o

Figure 8.25
Image of the charged wedge of fig. 8.23 under the mapping of eq. 8.221

Because all points on the surface of the flat plate are at the same potential,
it is clear that the potential has the same value at all points (u,v) that are the
same distance v above the plate. Thus, the potential at any point must be
independent of the value of «# and can therefore be written

O(u,v)=D0(v) (8.228)
Then Laplace’s equation in the w-plane becomes

d’®

0 0 (8.229)

Two integrations of this differential equation yield
O()=a,+ay (8.230)
forv=0. Then, applying the Dirichlet boundary condition, we obtain
P0)=P, =a, (8.231a)

The constant @, is obtained from the property that the electrostatic field,
which is the derivative of the potential, is a constant for a charged flat plate.
As with @y, this constant field E, depends on how much charge is distributed
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over a given area of the plate. Referring to eq. 8.230 and to Serway and
Jewett, 2004, p. 749, for example,

()]
%_v =a,=-E, (8.231b)
Then
Ov)=D®,-Eyv (8.232)

To complete the analysis, the potential must be expressed in terms of
coordinates in the z-plane. Writing

v=TIm(w)=Im (r”/ffe""”/?) = ™ sin (@] (8.233)
/4

the potential is given by

O(r,0) =D, — E;r"" sin (@] (2.234a)
/4
or equivalently
D(x,y) =D, — E, (" + y2)”/ 7 sin rztalf‘ (lj (2.234b)
FARR:

The equation for the family of equipotential curves is obtained by
setting the potential to a constant. We see from eq. 8.234a that ®(r,6) is
constant when

r™7 sin [@j = A = constant (8.235)
4

This equation for the family of equipotential curves can be written as

P 7/
r= [Acsc (—”ﬂ (8.236a)
y
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or

0="Lsin (Ar ) (8.236bD)

T

Example 8.19: Potential within the space of a wedge in a conducting
block with an insulator

We consider the problem of a wedge of angle ycut from an infinite metal
block (such as that in ex. 8.18) b. In this example, the block is separated
electrically into two sections by an insulating strip as shown in fig. 8.26.

Figure 8.26
Wedge in a metal block that is separated into two sections

by an insulating strip

Because of the insulating strip the surfaces of the two sections can be
charged differently and can therefore be maintained at different potentials.
We take the potentials to be @ = 0 and ® = @, > 0 as shown in fig. 8.26.

It was shown in ex. 8.18 that the mapping

w= "7 (8.221)

transforms the geometry of fig. 8.26 to the flat plate of fig. 8.27.

PR R L RN N

—c0 g

Figure 8.27
Image of a wedge with insulating strip under the mapping of eq. 8.221
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In ex. 8.18, the symmetry in the u variable allows Laplace’s equation to
be expressed as an easily solved ordinary second-order differential equation.
In this example, the region defined by u < 0 (the image of the slanted part of
the wedge) is maintained at a potential ® = @, and the region u > 0 (the
image of the flat side of the wedge) is at a potential ® = (0. Because the two
halves of the plate are at different potentials, the symmetry in u does not
exist. Therefore, the potential in the upper half of the w-plane depends on u
and v and Laplace’s equation does not reduce to an ordinary differential
equation with a straightforward solution. Thus, the mapping of eq. 8.221 is
not appropriate for this problem.

Instead, we consider the transformation

w=/n(z) (8.237)
which is a SC mapping obtained by integrating
f()=z" (8.238)

with the constant of integration taken to be zero. Under this mapping, points
on the side of the wedge, defined by 8= arg(z) = 0, are of the form

z=ré’ =r (8.239)
The images of these points are given by

w=/{n(r) (8.240)
Because 0 < r < o the points described by eq. 8.240 lie on the u-axis with
—oo < i < +oo, That is, the side of the wedge defined by & = 0 maps onto the
entire u-axis.

The argument of all points on the slanted side of the wedge is 8 = y.
These points are described in polar form as

z=re” (8.241)
which map onto points given by
w=/n(r)+iy (8.242)

This describes points on a line parallel to the u-axis defined by —co < u < +oo
andv =y
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Points in the region within the wedge, defined by 0 < € < y, are
transformed onto points given by

w=4n(r)+i6 (8.243)

which describes points with —cc <y < +ecand O <v < ¥

Thus, under the mapping of eq. 8.237, the slanted wedge of angle y with
its two halves electrically separated is transformed to the configuration of a
parallel plate capacitor with a plate separation yas shown in fig. 8.28.

= o=,

5 ©0
e ol e o e B i o e e o e s S o K G B s R T

—co%

$=0
Figure 8.28

Image of the wedge of fig. 8.26 under the logarithm mapping of eq. 8.237

We see that the logarithm mapping of eq. 8.237 results in an image that is
symmetric in the u variable. Therefore, the potential is independent of u# and
Laplace’s equation becomes

d’®
av’

0 (8.229)

with solution

d(v)=a,+ay (8.230)
The Dirichlet boundary conditions

®0)=0 (8.244a)
and

D(y) =D, (8.244b)

lead straightforwardly to the solution

D () () D
CI)(V):—Ov:—OIm(W)Z—Oé’:—OtanI(Z] (8.245)
v v v v X
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The equation for the family of equipotential curves, found by setting the
potential to a constant, is given by

0= A =constant (8.246a)

or equivalently,

y=xtan A (8.246b)

That is, the equipotential curves are straight lines of slope tan A passing
through the origin. O

Example 8.20: Potential within a rectangular groove in a conducting
block

The configuration of fig. 8.29 is a metal block with a rectangular groove
of width 772. We take the block to be charged so that all points on the sides
and base of the groove are maintained at the potential @,,.

To solve the problem of finding the potential at points within the groove,
we see that the geometry of the groove is an open three-sided polygon which
is obtained from the SC mapping with two branch points (see ex. 8.12 and
fig. 8.17).

++++++++++\8
0

+ 4+ + + + + + + + + o+

+ +++ +*

x=0 & =

Figure 8.29
A rectangular groove in a metal block
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Because the configuration of fig. 8.29 has two vertices, each with angle 7/2,
the real axis of the z-plane can be transformed into this geometry by

w=B+af(z-x) " (- x) " dz (8.247)
By substituting
z—x = (x,—x)sin’ 4 (8.248)

eq. 8.247 can be written in closed form as

. —-X

w=f—2igrsin'| |[ZZ0) (8.249)
X, = X))

This mapping transforms the real axis of the z-plane with branch points at

x; and x, onto the configuration of fig. 8.29 in the w-plane. Therefore,
interchanging z and w,

7=p-2ix sin"[ M} (8.250a)

(-xz _W1)

which has branch points at w = w; and w = w,, transforms the geometry of
fig. 8.29 in the z-plane onto the real axis of the w-plane. Solving eq. 8.250a
for w we obtain

iz _ﬂ)} (8.250b)
2

w=w, +(w, —wl)sinz[

To apply this to the current problem, we note that w = w, is the image of
z=0. Therefore, from eq. 8.250b we have

2

sin’ [ﬁ} =0 (8.251a)

from which

B=0 (8.251b)
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The image of z = 7/2 is w = w;, so that eq. 8.250b yields

. | I
sin 4— =1 (8.251¢)
o
Therefore,
a:é (8.251d)

and the mapping of eq. 8.250b becomes
w=w, +(w,—w,)sin’ z (8.252a)
To simplify the arithmetic of this problem, we set w; =0 and w, = 1. Then
w=sin’z (8.252b)

maps the configuration of fig. 8.29 in the z-plane onto the real axis of the
w-plane.
We verify this by noting that points on the left wall of the groove are

given by

z=1ly 0<y<eo (8.253a)
Points along the base of the groove are defined by

z=x 0<x<7/2 (8.253b)
and points along the right side wall are described by

z=7m/2+iy 0<y<eo (8.253¢)

Therefore, points along the left wall map onto

w=sin’(iy) = —sinh’(y) (8.254a)
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which is real, and so describes points w = u with —eo <y < 0. The images of
points on the base of the groove are given by

w=sin’ x (8.254b)

which are also real. Because 0 < x < 772, the image of the base of the groove
is defined by 0 < u < 1. Points on the right-side wall are mapped onto points
given by

w=ﬁﬁ(§+bj=amﬁy (8.254c)

These points are also real and are in the range 1 < u < . Therefore, the
images of the three edges of the groove comprise the real axis of the
w-plane.

As was shown in general, the image of the interior of the polygon groove
is the upper half of the w-plane. Therefore, the configuration of fig. 8.29 in
the z-plane maps onto the geometry of fig. 8.30.

e e e e i e e i e i e e i e i i e i i e i ol e
—Cae¢ - Cd

=,

Figure 8.30
Image of the metal block with a rectangular groove of width 7 /2
under the mapping of eq. 8.252b

As in ex. 8.18, this geometry has symmetry in the u variable, so the
potential in the w-plane only depends on v = Im(w) the distance above the
plate. Following the argument presented in ex. 8.18, the Laplace equation
with one Dirichlet boundary condition and the applicable physics results in
the potential given by

O(v)=P,—-Eyv=0,—-E,Im(w)=P, - E, Im(sin’ z) (8.255)
Writing

Im (sin2 z) =Im {(sin xcosh y+icos xsinh y)2 } (8.256)
= 2sin(2x)sinh(2y)
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the expression for the potential in the z-plane becomes
D(x,y)=D,— 1 E,;sin(2x)sinh(2y) (8.257)

Setting the potential to a constant, the equation for the family of equipoten-
tial curves is given by

SiIl(ZX) smh(2y) = A = constant (8258D)
Example 8.21: Potential outside a pair of semicircular discs separated
by an insulator

We consider a circular metal plate of radius R, centered at the origin (the
cross-section of an infinitely long cylinder). The two halves of the plate are
electrically separated by an insulating strip which, for simplicity, we orient

+ +
. +

Figure 8.31
Two semicircular plates maintained at different potentials

along the x-axis from —R to R. The upper section is charged to a potential ®
= @,; the lower section is maintained at a potential ® = 0.
We first consider the bilinear transformation

z'Ex’+iy"=i(R_Zj (8.259a)
R+7

Expressing z in polar form, this can be written
iy = R—re” (R—re” \( R+re™
X +iy =i — | =] . .
Y R+ re® R+re® \ R+re™
2rRsin 6 iy (R*—r")
i
(R2 + 7>+ 2rR cos 9) (R2 +r>+2rR cos 9)

(8.259b)
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Points on the insulating strip along the positive x-axis are defined by

6 =0 with 0 < r < R. For points on the insulating strip along the negative x-

axis, € = m. Because sin@ = 0 for these angles, the image of points along the
insulating strip is given by

(B0 g
L ®=n | [ ®en
=Xty =i =
(R +r +2chos¢9)L_0 [BED)
’ (R-7)
(8.260)
Therefore, for points on the insulating strip,
x'=0 (8.261a)
and
(R-vr) 9=0
R+
y = | BED (8.261b)
(R+7r) 0= 1
(R—r)

Varying r between 0 and R, we see that the right half of the strip maps onto
0 <y < 1. The image of the left half of the strip is given by 1 <y’ < co,
Thus, the insulating strip is mapped onto the positive imaginary axis of the
Z-plane.

Referring to eq. 8.259b, we see that because r < R, the image of a point
inside either semicircle has a positive imaginary part. Thus, in addition to
the insulating strip, the interior of the disc maps onto the upper half of the
Z/-plane. We see from eq. 8.259b that the images of points in the interior of
the upper semicircle, defined by sin@ > 0, have positive real parts and
therefore, map to the first quadrant of the z’-plane. The images of points
within the lower semicircle, for which sin@ < 0, have negative real parts and
thus map to the second quadrant of the z’-plane.

Setting r = R in eq. 8.259b, we find the image of points on the
circumference of the disc to be of the form

. l_eia\ '/efie/z_eie/z )
) (1 J=mil g =l 5 (8.202)
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Points on the circumference of the semicircle in the upper half-plane are in
the range 0 < @ < 7. Because the lower semicircle is isolated (electrically)
from the upper semicircle, points on the circumference of the lower
semicircle can be defined by —z < < 0. With these definitions, we see from
eq. 8.262 that the circumference of the upper semicircle maps onto the
positive x’-axis and the image of the circumference of the lower semicircle is
the negative x"-axis.

Therefore, the image of the configuration of fig. 8.31 under the bilinear
mapping of eq. 8.259a is that shown in fig. 8.32.

—co & S 00
~ |+++++++++++++/

Figure 8.32
Image of the semicircular discs of fig. 8.31

under the bilinear mapping of eq. 8.259a
We note that the geometric configuration shown in fig. 8.32 is very

similar to that of fig. 8.27 which is the image of the wedge with an insulating
strip, under the mapping

w=z"" (8.221)

We recall that the configuration of fig. 8.27 was mapped onto a parallel plate
capacitor by the logarithm function. Therefore, the configuration of fig. 8.32
will be transformed to a parallel plate capacitor by the mapping

w=/n(z") (8.263)
Points on the edge of plate in the first quadrant are of the form
Z=r'eé’=x" x>0 (8.264a)
The images of these points are given by
w=/n(x") (8.264b)

These points map to the entire u-axis.
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Because the insulator is along the positive imaginary axis in the z’-plane,
points on the edge of the plate in the second quadrant must be accessed by a
clockwise rotation by 7 through the vacuum region so we do not cross the
line of discontinuous potential presented by the insulator. Therefore, points
on this edge of the plate are given by

’ ’ _—irx

7’=re

7

e (8.265a)

=|X

The image of this edge is

)—im (8.265b)

’
X

w={n(

This describes points in the w-plane with —eo < i < +e0 and v = —. Therefore,
the image of the split circular disc under the two mappings is the parallel
plate capacitor shown in fig. 8.33.

The solution for the potential now proceeds as in the previous examples.
The symmetry of the geometry in u allows us to express the potential as a
function of v only. As in the previous examples, the solution to Laplace’s
equation when the potential depends on a single variable is given by

D=
—oo¢ v={[ 0 -
D N
V=—5i
$=0
Figure 8.33

Image of the divided semicircular discs under a bilinear mapping
followed by a logarithm mapping

O(v)=a,+ay (8.230)
Applying the Dirichlet boundary conditions

D0)=9D, (8.266a)
and

O(-7)=0 (8.266b)
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we obtain the solution
D) =D, (1 + lj (8.267)
T

To transform the solution to the z-plane, we note that
v=Im(w)=Im[n(+")+i0|= & (8.268a)

Using eq. 8.259b, this can be written as

R _ 2
¢ =tan”'| ——— (8.268b)
2rRsin @
Therefore,
1 CR—y?
O(r,0) =D, | 1+—tan | —— (8.269)
.4 2rRsin @

Referring to fig 8.31, we note that & = 0 and 8 = +x are points on the
insulating strip. Therefore, points on the conducting surface do not access
these angles. Thus, sin@# 0 for these points.

On the conducting surface of the upper semicircle, sind> 0. Therefore,

R _ 2
limtan | —— |=0 (8.270a)
r—R 2rRsin 6

On the conducting surface of the lower semicircle, sind< 0 and

R _ 2
lim tan ™' (7] =7 (8.270b)
r>R 2rRsin @
Thus, the potential given in eq. 8.269 satisfies the specified boundary condi-
tions.

Again, the equation for the family of equipotential curves is found by
setting the potential to a constant. For the current example, this equation is

2 2
R —r

1
2rRsinf® A

= constant (8.271a)
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or equivalently,

o A(R2 _r2] (8.271b)

2rR =

The examples presented thus far have involved mapping a nonsymmetric
geometry, for which Laplace’s equation cannot be solved easily, onto a line
(the cross-section of a flat plate) or a pair of parallel lines (the cross-section
of parallel plates). These images are not the only configurations that exhibit
the symmetry needed to make Laplace’s equation an easy differential
equation to solve.

Example 8.22: Potential in the space between nonconcentric discs

We consider nonconcentric metal cylinders, the cross section of which is
the nonconcentric circles shown in fig. 8.34. The large circle has a radius R
and is centered at the origin of the z-plane. The small circle, which has a
radius r, lies entirely within the large circle. The x-axis is defined by the line
joining the centers of the two circles. The large circle is maintained at a
potential @ = @, > 0 and the small circle is at a potential @ = 0.

Figure 8.34
Nonconcentric circles
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Referring to fig. 14 of Churchill and Brown, 1990, p. 348, a bilinear
mapping transforms the circumferences of such nonconcentric circles and
the region between them onto the circumferences of, and the region between,
two concentric circles. To determine the bilinear mapping that transforms
the geometry of fig. 8.34 to two concentric circles we begin with

_wtp (8.92a)
yz+0
By factoring out ez and o, and defining 4, a, and b by
a
—=1 8.272a
5 ( )
/4
L=q 8.272b
s ( )
and
ﬁ =b (8.272¢)
a
the general bilinear mapping can be written as
+
wz;{ < b} (8.273)
az+1

The argument of A is a measure of the overall rotation of the concentric
circles in the w-plane. Because nothing is gained by keeping this argument
unspecified, we take arg(4) = 0, and thus A to be real.

We take the points on the circumference of the large circle to map onto
the circumference of a circle, centered at the origin of the w-plane, of radius
P. Because A does not generate a rotation, the images of the points +R are
the points =P. Therefore,

po ,1[ R+b } (8.274a)
aR+1

and

(8.274b)

‘P:ﬂ[_mﬂ

—aR +1
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Combining these, we obtain
b=aR’ (8.275)
To demonstrate that the circumference of the large circle maps onto the

circumference of a circle of radius P, we substitute z = Re'’ into eq. 8.273 to
obtain

(R 0 L aR>
w=| — 5 (8.276)
aRe” +1
With ¢, = arg(a), the absolute value of w is given by
2 ) Re’ﬂ+aR2—”Re”A‘9+a>x<R2
|w| =1 — —
aRe” +1 J|_ a*Re ™" +1
(8.277)

2
al R? +2|a

LI R

5ol 1 Rcos(8—-¢,)
1+]a|” R* +2]a| R cos(8+ ¢,)

where ¢, = arg(a).

In order for these points to lie on the circumference of a circle in the
w-plane, |w| *and therefore the quantity in the square bracket must be
constant, independent of 8. This can be achieved by taking ¢, =0 or ¢, = 7.
Then a is real, the quantity in the square bracket is 1, and therefore
|w| = constant = P. Then

A=— 8.278
R ( )

To map points on the circumference of the small circle onto a circle of
radius p, centered at the origin of the w-plane, we require the image of z = x;
to be —p, and the image of z = x; + 2r to be p. Then

P| x,+aR’
-p=—|——— 8.279a
P R[ ax, +1 } ( )

and

P 2 :
__{xl +2r+aR } (8.279b)

"R ax, +2ar +1
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Combining these, we obtain

—(R2 +xl2 + 2rxl)i\/(R2 —xlz)(R2 —xlz — 457 —4rx,)
a= > (8.280)
2R (x, +71)

To see that the circumference of the small circle maps onto the circum-
ference of a circle centered at the origin of the w-plane, we note from fig.
8.34 and eq. 8.273 that the images of z = x| + r + re'? are given by

(8.281)

P[xl+r+aR2+re’€}
w=—

ax,+ar+1+ are”
The magnitude of these points satisfies

2 2
W =p

_ P2 (x] +r+ aRz) (xl + r+aR2) (8.282)
a

R 1 2
a(ax1+ar+ ) (ax1+ar+1) + 21 cosd

Clearly, for the term in the square bracket to be independent of 8, we must
have

()c1 +r+ aRz)2 +r’ B (ax1 + ar+1)2 +a’r?

= 8.283
(x1+r+aR2) a(ax]+ar+1) ( )

It is straightforward to demonstrate that this equality holds when a is given
by the expression of eq. 8.280.

Attempting to proceed algebraically becomes a somewhat cumbersome
process. We simplify the problem by taking x; =0, R =5, and r = 2. Then,
from eq. 8.280, a = —2/5 (so that aR* = —10) or a = —1/10 (and aR* = —5/2).
Taking a = —2/5, the mapping is

sz(Z_loj (8.284)
5-27
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from which it is straightforward to ascertain that

w(R) = w(5) =P (8.285a)
W(—R) = w(=5)=—P (8.285b)
w(x,) = w(0)=—p=-2P (8.285¢)

and
w(2r) = w(4)= p=2P (8.285d)

N

Figure 8.35
Image of the nonconcentric circles of fig. 8.34
under the bilinear mapping of eq. 8.284

Thus, the radius of the image of the small circle is twice as large as the
radius of the image of the large circle.

As indicated in fig. 14 on p. 348 of Churchill and Brown, 1990, the
interior of the small circle of fig. 8.34 maps onto the exterior of the circle of
radius 2P and the exterior of the large circle of fig. 8.34 maps onto the
interior of the circle of radius P.

To verify this, we note that a point in the exterior of the large circle of
fig. 8.34 can be expressed as z = Qei‘g with O > 5.
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| z| Qei&

Figure 8.36a
A point in the region outside the large circle of fig. 8.34

The magnitude of the image of such a point is given by

2

il‘?_]() 2 _
Wf = P Qe 0 :PZKQ 2+100 200 cos 6 (8.286)
5-20¢ \ 40" +25-200Qcos &
If |w|2>P2, then
0> +100—20Qcos 8> 40’ +25—200 cos & (8.287)

which requires Q < 5. Thus, Q > 5 requires that lwl<P. .
Points in the interior of the small circle can be expressed as z = 2 + ge'’
with ¢ < 2. The magnitude of such a point is given by

Figure 8.36b
A point in the interior of the small circle of fig. 8.34
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2
|w|2=P2 q Jg64 16gcos @ (8.288)
4q~ +1—-4gcos @

If | w|< 2P, then

q +64—16qcos¢9<

> 4 (8.289)
4q +1—-4gcos8

For this inequality to be satisfied, we must have g > 2. Because ¢ < 2, w
must satisfy |w| > 2P. Therefore, under the bilinear mapping of eq. 8.284,
the geometry of fig. 8.34 maps onto the configuration shown in fig. 8.35.

Figure 8.37
Cross-section of a coaxial cylindrical capacitor

Applying this mapping to the cylinders of fig. 8.34, we obtain the cross-
section of an infinite coaxial cylindrical capacitor shown in fig. 8.37. To
describe the potential in the region between the circles, we define the points
in the w-plane in terms of the circular coordinates by w = pe'”. It is clear
from the symmetry of the geometry of fig. 8.37 that the potential is
independent of . Thus,

w(p, ¥) = w(p) (8.290)
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Therefore, referring to Cohen, 1992, p. 37, for example, Laplace’s equa-

tion in circular coordinates becomes

ii(p@] _
pdp\” dp
which has the straightforward solution

O(p)=Aln(p)+B

Applying the boundary conditions

w(P)=®,
and

w(2P)=0
we have

d(P)=Aln(P)+B= CI)O
and
®R2P)=A/n2P)+B=0

from which

@, (2P
mm—mmr{p}

We transform the potential back to the z-plane by writing
D, 2P D, 5-2z2
O (x,y) = In n ( | |]
@) \w ) m@ \"z=10|

=%y, (4{ S ZX)ZZJF 4y22 D
20n(2) (x—10)° +y

(8.291)

(8.292)

(8.293a)

(8.293b)

(8.294a)

(8.294b)

(8.295)

(8.296)
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The equation for the family of equipotential curves is obtained by setting
the argument of the logarithm to a constant. This equation is

(5—2)6)2 Jr4y2
(x—10)>+y°

= A = constant (8.297a)

which, for A # 4, can be written in the form

(x—m(l_A)j +y2=A( 15 j (8.297b)

(4= A) (4= A)

Therefore, the equipotential curves are circles (infinitely long cylindrical
surfaces in three dimensions) centered at x = 10(1 — A)/(4 — A), y = 0 with
radii R = 15A"*/(4 — A). For example, the equation for the equipotential
circle with A=11is

X 4yr=25 (8.298)
O

Sources containing tables of mappings

The discussions and examples above present the reader with a sample of
useful conformal mappings and a guide to the techniques for applying them
to problems soluble by Laplace’s equation with Dirichlet or zero Neumann
boundary conditions. A library search will provide the reader with other
sources that contain additional examples and mappings.

Some of this literature includes tables of mappings that the reader should
find useful. It would be an overwhelming task to compile a table of all the
conformal mappings the author has found in other sources. Instead, this
chapter is concluded by providing a short list of such sources that contain
useful tables of mappings.

Churchill and Brown, 1990, appendix 2, pp. 345-352
Fisher, 1986, pp. 366-371
Kranz, 1999, pp. 181-194

Marsden and Hoffman, 1999, pp. 340-341
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Saff and Snider, 1976, pp. 416420
Spiegel, 1964, pp. 205-211

Note: There is an error in this table in item C-4, p. 211. The mapping
should read

w=(n[ cosh(z/2)] instead of w=/n[coth(z/2)]
Problems
1. Determine if each of the mappings,
(i) w=e* (i) w=7’ (i) w= 2’

is one-to-one, many-to-one or one-to-many when the region in the z-

plane
being mapped is
(a) —o< z=x< o0 (b) z=1iy with y>0
(c) —o<z=x<0 (d) the circumference of a circle, centered at

the origin, of radius R

2. In the mappings below, | ]>| yl, the integer N = 2, and g4 1is an
irrational number. The region being mapped is the interior of the unit circle
in the z-plane. Determine if each mapping below is one-to-one, one-to-
many, or many-to-one. If the mapping is many-to-one or one-to-many,
determine the multiplicity of the mapping.

1
(@Qw= byw=—7F—— () w=—F
124

yz+0 +0 ¥V +6

d w=

P e) w=a/ln(z)+f

3. For each mapping and regions specified below, determine whether the
mapping of the region R of the z-plane to the region S of the w-plane is
onto or into.

Mapping Region R Region S

(a) w=sin’ z —ml2<z=x<7xl2 “l<w=u<l
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(b) w=sin’z  -zl2<z=x<7n/2 “l<w=u<l

(c) w=sin’z  -z/2<z=x<0 O<w=u<l1

(d) w=sin’z —m2<z=x<0 0<w=u<l

() w=sinh’z z=iy,0<y<7z/2 “l<w=u<l

(f) w=sinh*z  z=iy,0<y< 72 0<sw=u<l

(g) w=sinh’z z=x+im/4,0<x<oo W= —1+iv, 0 <V <oo

4. Let w = f(z) be a conformal mapping with its inverse defined by
z = g(w). Prove that if wy is the image of z, under this mapping, then eq.
8.59c is satisfied.

5. Prove that for any real number N # 0, the mapping w = z" and its inverse
z=w'"Nsatisfy eqgs. 8.59b and 8.59c.

6. For the following mappings, identify any finite z at which the mapping is
not conformal.

(a) w=e¢e° (b) w=coshz (c) w=2z" integer N>2

) w=sin’z (&) w= (Hw=tanz  (g) w=|q|

2 +1

7. A straight line in the z-plane connects the points z =2 + i and 1 + 2i.
Under each of the mappings below
¢ Find the equation of the image of the line.
¢ Find the images of the endpoints.
¢ Find the distance between the images of the endpoints.
e Sketch a graph that could represent the image of the line.

@ w=z" b w=/lniz) ©w=vz @ w=2e"7+1+3i)
27+ 6i 324231 2)

@w=""% W= G
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8. (a) Find the linear mapping that rotates a rectangle by 7z /4, doubles its
area and displaces its center from the point z = 2 + 2i to the point
z=4+5i.

(b) Determine the invariant point(s) of this mapping.
(c) Find the inverse mapping.

9. The quantities ¢, £, % and & are complex constants. Find the Jacobian
determinant of the transformation of the area element under the
mappings

(@ w=az+fB (b)) w=z" (c)w=aZ+'B (d)WZf’{e:—H}
y7z+0 e —1

(e) w= [+ 0(_[ (z—x Y h(z— xz)_"2 dz
10. The cross-ratio of four points zo, z1, 22, and z; is defined by

(2o =22, — Z5)
(2o =232, — 7))

(2052525, 23) =

(a) What values of z satisfy
(1,2,3,2) =(z,1,2,3)

(b) Show that

sin (QJ
(1, eib" eiZH’ ei39) - _ 2

. (39)
sin| =
2

6+#2Nrx with N an integer

(c) Evaluate
(1’61‘26’61?39’61'9)

Express the result in the same form as that in part (b).
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(d) Find the value of k that satisfies

(1, eie, ei29’ eikH) _ 81.11(29)
sin(360)

11. Find the invariant point(s) of the following mappings:

(@) w=—— (b) we 2 © w=—2"°_
z—1 z+15 z7—z+2

12. What is the image of the circumference of the unit circle under each of
the following mappings?

(a)w=z+l (b)w:z—l (©) zN+iN N = integer > 2
< < Z

13. What is the image of the second quadrant of the z-plane under the
mapping

z—1
w=—"
Z+t1

14. What is the image of
(a) The line x = /2 under the mapping w = sin z?
(b) The region 0 < x < /2, —eo <y < oo under the mapping w = cos z?
(c) The region 0 < x < 7 /4,y > 0 under the mapping w = tan z?
Sketch each region of the z-plane and its image in the w-plane.

15. Determine the image of a line of slope m that passes through the origin
of the z-plane under the inversion

16. Find the image of the
(a) upper half (b) lower half (c) right half (d) left half
of the z-plane under the mapping

w=/n(z)
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17.

18.

when the cut associated with the logarithm branch point extends along
the real axis to +eo and z is a point on the principal sheet.

The parameter b is real. Find the image of the line

(a) z=x+1ib (b) z=b+iy
under the mapping

w=e

Find the image of the each of the following geometries.
(a) The quarter circle of radius R shown in fig. P8.1a under the mapping

. _ 2 .. _ R2+Zz ’
1 w=z ayw= R

—Z

(b) The semicircle of radius R shown in fig. P8.1b under the mapping

) (R+zj2 .. 1
1) w= (i) w=z+—
R-z Z

(c) The 1/6 circle of radius R shown in fig. P8.1c under the mapping

S
I
N

(d) The 1/6 circle of radius R shown in fig. P8.1d under the mapping

3
w=2Z2

(e) The first quadrant of the z-plane shown in fig. P8.le under the
mapping

2

(i) W= (i) w="—
z°+1 z+1

(f) The unit circle of fig. P8.1f under the mapping

/iz+1
w=
iz—1
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B da |

Figure P8.1a Figure P8.1b Figure P8.1c
A quarter circle A semicircle A 1/6 circle
(=]
/I\
— 00
R
I
Figure P8.1d Figure P8.1e Figure P8.1f
A 1/6 circle The first quadrant The unit circle

19. Deduce the mapping that transforms the 1/2N circle of radius R to a
semicircle of radius 2R as shown in fig. P8.2.

K L4

s i 2R
Figure P8.2
A 1/2N circle of radius R mapped to a semicircle of radius 2R

20. Find the image of each region of the z-plane listed below under the
mapping
w=e'
(a) The strip defined by —e0o < x < oo, Z<y<27.
(b) The boundary and interior of the rectangle with vertices at z; = —1,
Z2=1, z3=—1+i71;andz4=l+i71'
Sketch each region in the z-plane and its image in the w-plane.

21. A rectangle in the z-plane has sides that extend fromx=0tox=1,y=0

to y = 2. Find the image of the perimeter of this rectangle under each
mapping below.

(@ w=z+(@{-1) (b) w=2ze" +(i—1)
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22. Find the linear mapping that transforms a square with sides L centered at
the origin of the z-plane to a square in the w-plane with sides 2L centered
at the point (1,1).

23. Find a linear mapping that transforms the rectangle in the z-plane to the
rectangle in the w-plane as shown in fig. P8.3.

[w]
z| (6.0)
(0,2) (1,2)

(10,-3)

—
(0,0) (1,0) (0,-8)

1)
Figure P8.3

The mapping of a rectangle to a rectangle

24. Determine the linear mapping that transforms a circle in the z-plane of
radius R centered at zy to a circle in the w-plane of radius kR (k is real
and positive) centered at wy. The image of z is wy and the image of
Zo+ iR 1S wo+ kR .

25. The equation of an ellipse centered at the origin of the w-plane is

where a and b are real nonzero constants and a #b.
(a) Show that the mapping

w=1[£+£j =1

transforms the circumference of the unit circle centered at the origin
of the z-plane, onto the circumference of an ellipse, centered at the
origin of the w-plane.
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(b) Determine the constants a and b in terms of f.
(c) What region of the w-plane is the image of the interior of the circle?

 Z| il
dn _, 7 ™
w "

Mapping of the unit circle onto an ellipse

26. The functions F(z) and G(z) are defined by

zZ+ta

Fn= z+b

and G(z)=z+c

where a, b, and ¢ are nonzero constants with a # b # ¢. Find
@ F(G(z)) () G(F(z)) (o) F(F(2) (@ F'(G(2)
Find the value(s) of z for which
() F(G(2))=G(F(z)) (G '(F(2)=z
27. A function is given by

Xy

X+ y’

D(x, y)=
Find ®(u,v), the transformation of this function, under each of the
following mappings:

(@) w=2" (b) w=é°

28. (a) Prove that the positive u-axis is the image of the entire x-axis under
the mapping

w=e’
(b) Show that

D(x,y)=e "cosy

satisfies Laplace’s equation in the z-plane at all finite x and y.
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(c) Find ®(u,v), the transformation of ®(x, y), under the mapping given
in part (a).

(d) Show that d(u,v) satisfies Laplace’s equation in the w-plane under
the mapping given in part (a).

(e) It is shown above that the image of the x-axis is the u-axis under the
mapping given in part (a). The normal to the x-axis is y and the
normal to the u-axis is v. If ®(x, y) satisfies the Neumann boundary

condition
| ol
on|._, dy o

at all points on the x-axis, prove that ®(u,v) satisfies the boundary

condition
s 0|
an v=0 av v=0

in the w-plane at all points along the positive u-axis.

29. Find the linear mapping that transforms the equilateral triangle with
sides L to the equilateral triangle with sides 2L as shown in fig. P8.5.

[]

—+

Figure P8.5
Transformation of an equilateral triangle

30. Each pair of points below represents the two invariant points of a
bilinear mapping for which the image of z = 0 is w = 3. Find each
bilinear mapping.

(@) +land—-1 (b)+Nand -N (N real and positive)  (c) +1 and -2
(d) +2 and -1
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31. (a) Find the bilinear mapping f(z) that satisfies
fH=0, f@=1, fd-i=i

(b) What is the image of the point (1+1i) under this mapping?
(c) What are the invariant points of this mapping?

32. A circle of radius R, centered at zy, is transformed by a bilinear mapping
to a circle of radius p centered at wy. The image of zy is wy and the
images of z = +R and z = —R are w = —p and w = +p, respectively.
Referring to ex. 8.22,

(a) Determine the bilinear mapping.
(b) How are the radii R and p related if the origin is an invariant point of
the mapping?

33. Find the bilinear mapping that transforms the y-axis onto the
circumference of the unit circle, centered at the origin of the w-plane for
which +i and —i are invariant points.

34. (a) Determine the linear mapping under which the image of the point
(1,0) in the z-plane is the origin of the w-plane and the image of (1,1)
in the z-plane is (2,1) in the w-plane.

(b) What is the image of the line x = 1 under this mapping?

35. A bilinear mapping transforms the circumference and interior of the unit
circle, centered at the origin of the z-plane onto the circumference and
exterior of the unit circle, centered at the origin of the w-plane as shown
in fig. P8.6.

(a) Find the mapping if the points +1 and —1 are invariant points.
(b) What are the images of z = +i and z = — i under this mapping?

AR /N
& \ |/

Figure P8.6
Mapping of the interior and circumference of the unit circle onto

the exterior and circumference of the unit circle
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36. (a) Show that a general bilinear transformation can be written in the
form

_oz+p L27%

— "%
yz+0 -2,

Identify &, B, % and ¢ in terms of z, and wy.
(b) Referring to ex. 8.9, determine the image of the x-axis and the upper
half of the z-plane under a general bilinear mapping.

37. Let wg, wi, wy, and ws be the images of zg, z, 2, and z3 respectively.
(a) Prove that under a general bilinear mapping

(VVO’ Wl, W’za VV3) = (ZO’ Zl’ Zza Z3)

The quantities (zo, z1, 22, z3) and (wgy, wy, wp, ws) are the cross-
ratios defined in prob. 10 of this chapter.
(b) Prove that if w,, is the image of z,, for m =1, 2, and 3, and if

(W, wy,wy,wy) =(2,2,,2,.23)
then the mapping w = f(z) must be a bilinear mapping

o zth
}/z+5

Identify o /6, #/6, and y/din terms of the fixed points z,, and w,,
form=1, 2, and 3.

(c) Find the image of the unit circle and its interior under the bilinear
mapping for which (w, —i, 1, i) = (z, -1, i, 1).

38. A SC mapping has one branch point on the x-axis. Repeat the analysis
of ex. 8.11 when points in region II are accessed along the bottom of the
cut associated with the branch point.

39. Consider a SC mapping that has two branch points on the x-axis. Refer
to eqs. 8.121, 8.124, and 8.127 to deduce the angles of the polygon
image of the x-axis analogous to those shown in figs. 8.14 when
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(a) Points are accessed along the top of the cut(s) in region II and along
the bottom of the cut(s) in region III of the z-plane.

(b) Points are accessed along the bottom of the cut(s) in region II and
along top of the cut(s) in region III of the z-plane.

Sketch illustrations of the polygon images analogous to those of figs.

8.14 for each of these cases.

40. What is the polygon image of the x-axis under each of the following SC
mappings?

(a) w(x)=f+ O(J" (1 —x2 )—3/4dx (b) w(x) = A+ OKJr (1 e )—2/3dx

() wx)= ,B+05.[| x(1-x7 ]l/zdx

41. If all points are accessed along the top of each cut, determine the SC
transformation that maps the x-axis with two branch points to the
triangle of fig. P8.7. You may leave your answer in terms of an integral.

]
2 @1

—
o
% (-1,0) (1,0)

Figure P8.7
The mapping of the upper half of the z-plane, including the x-axis,
to an isosceles triangle in the w-plane

42. (a) Referring to ex. 8.18, show that the mapping

w=iz"*
transforms the edges and interior of the wedge in the z-plane to the
u-axis and upper half of the w-plane as shown in fig. P8.8.

(b) Using the methods of conformal mapping, determine the potential
in the region of the wedge when the conducting part of the wedge is
maintained at a potential @, > 0.

(c) Determine the equation for the family of equipotential curves in the
vacuum region of the wedge.
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Z] 4
+
+ W
T mhy 'J
t Y W:IZb + + + + 4+ +E 4+
+ 7
+
N b=
= ++ 0
0 5
+

Figure P8.8
Mapping of a wedge to the upper half-plane

43. A groove is cut out of a metal block. The base of the groove extends
along the real axis from x = —7z /2 to x = 7 /2, and both sides of the
groove extend to oo as shown in fig. P8.9. The edges of the sides and the
base of the groove are maintained at a potential @, > 0.

(a) Determine the image of this geometry under the mapping
w=sinz

(b) Determine the potential in the region within the groove.
(c) Determine the equation for the family of equipotential curves in the
region within the groove.

B4

+ + + + + + + + + +
+ + + + + 4+ + + + +

-7T{2 7i2

B
[
e

Figure P8.9
A groove cut out of a metal block
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44. A groove is cut out of a metal block. The base of the groove extends
along the real axis from x = -7 /2 to x = 7/2, and the sides of the groove
extend to c. The left side of the groove is electrically insulated from the
base and right side. The left side is maintained at a potential @, and the
base and right side are at zero potential as shown in fig. P8.10.
Determine the potential in the region within the groove.

Ed

+
+
&= Cb[l + =0
+
+
+
+
+
-Ti2 Ti2
msulator ®=0

Figure P8.10
A groove in a metal block with one side

electrically isolated from the other two sides
(Hint: It is noted in problem 43 that
7 =sinz

is a useful transformation for this geometry. Then refer to ex. 8.19 for an
indication as to how to proceed from there.)

45. A groove is cut out of a metal block. The base of the groove extends
along the real axis from x = —7z /2 to x = x /2, and the sides of the groove
extend to o. The base of the groove is electrically insulated from the two
sides. The sides are maintained at a potential @, and the base is at zero
potential as shown in fig. P8.11.



Problems 359

2]
+ +
+ +
+ +
+ +
&= cpn Il L = CDB
+ +
+ +
+ +
+ +
+ +
_ -Tj2 T2
wmsulator ®=0 msulator

Figure P8.11
A groove in a metal block with sides and base
electrically isolated from one another

Determine the potential in the region within the groove.

(Hint: It is noted in prob. 43 that 7’ = sin z is a useful transformation for this
geometry. For the current problem, follow this by the mapping

wzfn(z +1j
7—1

46. Referring to ex. 8.12, it was shown in eqs. 8.145 that the SC mapping

2 2
2+ -7

4

w=f+oin

maps the upper half of the z-plane, including the real axis, onto the sides

and interior of the three-sided open polygon of fig. P8.12. The origin is

an invariant point of the mapping and the point z = iz is the image of u;,

a point on the real axis of the w-plane.

(a) If the geometry of fig. P8.12 is a configuration in the z-plane, find the
SC mapping that transforms that geometry onto the upper half of the
w-plane, including the u-axis.

(b) If the figure of fig. P8.12 is the cross-section of a metal slab that is
uniformly charged to a potential ®, use conformal mapping



360 Chapter 8 Conformal Mapping

methods to find the potential at any point in the z-plane exterior to

the slab.
(c) Determine the equation for the family of equipotential curves for this

charged slab.
2]

Z=I [+ +++++++++++4t+++++++++++++++
.

4 ¢>=¢>D —_— o

.
+H+ttt bttt bttt bbb+

O + g+ +

Figure P8.12
Cross-section of a charged, semi-infinite metal slab

47. Consider a SC mapping of the x-axis with branch points at x; and
X2 > x;. With all points accessed along the tops of the associated cuts,
find the SC mapping that transforms the upper half of the z-plane,
including the x-axis, to each of the “step” geometries in the w-plane
shown in figs. P8.12.

LJ W(X2:I < H?(Xl:l M
R N I -
Wi—co) J | w(xl) wiZxy) >“’(+LII)
(a) (b)

Figure P8.13
The mapping of the upper half of the z-plane, including the x-axis,
to “steps” of finite height in the w-plane

48. Two identical discs of radius ry, the cross-sections of two infinitely
long metal cylinders, are centered at =+ir, in the z-plane as
shown in fig. P8.14. A small insulating strip is placed along the axis
of contact of the cylinders so they can be maintained at potentials
D,

(a) Show that with & and fSreal, the bilinear mapping

W:iaz—,B_ B pz*

=id——=i0——+
: T
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transforms the circumferences of the discs in the z-plane to two
parallel plates and the region exterior to the discs maps onto the
region between the plates.

(b) If the discs are maintained at potentials +®, and —®,, what is the
potential in the region exterior to the discs?

(c) What is the equation for the family of equipotential curves for the
configuration of fig. P8.14?

Figure P8.14
Metal discs maintained at different potentials

49. The pair of the semi-infinite parallel metal plates shown in fig. P8.15
is charged so that the upper plate is maintained at a potential +®, and
the lower plate is maintained at —®,, with @y > 0.
(a) Find the image of this geometry under the sequence of mappings

7z’ =cosh [%) followed by w=/¢n(z’)

(b) Find the potential at all points in the z-plane.
(c) Determine the equation for the family of equipotential curves for
this configuration.

Ed
..l e, s k. s s i S AR

T =%

~

%

T=—P
_________ > 0.
Figure P8.15

Semi-infinite parallel metallic plates
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50. A metal disc of radius » = 1 is insulated from the wall of a circular cavity
in an infinite metal block. The radius of the cavity is R = 2. The small
disc is maintained at a potential of —®, and the wall of the cavity is
maintained at a potential +®, with @, > 0 as shown in fig. P8.16.

(a) Find the geometry of this configuration under the bilinear mapping

v=i )

(b) Find the potential in the crescent-shaped vacuum region?
(c) What is the equation for the equipotential curves in the vacuum
region?

mnsulator

N

Figure P8.16

Circular metal disc insulated from the wall

of a circular cavity in a metal block

51. A metal block occupies the entire left half (the second and third
quadrants) of the z-plane. The edge of the block lies along the y-axis
and is maintained at a potential ® = 20 volts. A metal disc of radius R =
2 is positioned with its center at z = 5/2. The surface of the disc is
maintained at a potential @ =5 volts.

(a) Show that the bilinear mapping under which:

Z=to5w=4+2 z=0->w=-2 z=12 - w=-1
transforms the geometry of a plate and a disc onto two concentric
discs centered at the origin of the w-plane of radii lwl =1 and

|w| =2 as shown in fig. P8.17.
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2] x =112 vl
O =20volts |* NP

* vk E 2

Gy B

R N \/

Figure P8.17

Mapping of a metal block and disc onto two concentric discs

(b) Find the potential in the right half of the z-plane outside the disc.

363

(c) Find the equation for the family of equipotential curves for this

geometry.

52. For an integer m > 2, a conducting wedge of angle #7m is charged to a
potential ®,> 0. The wedge is oriented with one side along the x-axis of
the z-plane and a circular section of radius 1 is removed from the apex of

the wedge as shown in fig. P8.18.

R=] t++++++++++++ 4+

Figure P8.18
A metal wedge of angle z/m with a circular section removed

(a) Find the image of the wedge under the sequence of mappings.

’ m 1(/ lj
7=z w=—|z'+—
2 z
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(b) Find the potential at points in the vacuum region outside the

conductor.
(c) Find the equation for the equipotential curves in the vacuum region.

53. An infinite metal block covering the entire first quadrant of the z-plane
has a quarter circular cavity of radius R = 1 removed from it. The
section of the block in the first quadrant is insulated from an infinite
metal block that occupies the second through fourth quadrants of the z-
plane. The edge of the arc of the circular cavity is maintained at a
potential @, > 0 and the flat edges of the cavity are maintained at a
potential of zero.

msulator

Figure P8.19
A block with a quarter circular section removed

that is electrically isolated from infinite metal blocks

(a) Find the image of the geometry of fig. P8.19 under the sequence of
mappings:

’ 2 ” 1+ Z, 14 7”N\2 14
7= y 7" =(2") w=/{n(z")
I-z
(b) Find the potential at points within the quarter circular cavity.
(c) Find the equation for the equipotential curves within the cavity.

54. Two infinitely long metal cylinders are positioned near each other. The
discs of fig. P8.20a are the cross-sections of these cylinders. One disc
has a radius R and is centered at the origin of the z-plane. The other has
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a radius of AR and is centered at (1 + & + AR (clearly both & and [ are
positive). The line joining their centers defines the x-axis.

.
£ @
L | g

Two metal discs

(a) Consider the bilinear mapping

_ z—aR?

w
az—1

where, with o> 0 and 5> 0,

a_L 1+(1+ a)(1+a+2,6')+\/a(2+ a)o+2B) 2+ a+2p)
2R A+ o+ f)

Using ex. 8.22 as a guide, select numerical values for & and f and show
that this bilinear mapping transforms the configuration of fig. P8.20a
onto the configuration of fig. P8.20b.

k]

R
\ 4

Figure P8.20b
A circular disc in a circular cavity in an infinite conducting medium
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(b) The disc of radius R is maintained at a potential ®, > 0 and the disc
of radius AR is at a potential —®,. Find the expression for the
potential at points in the vacuum region of the z-plane outside the
two discs of fig. P8.20a.

(c) Determine the equation for the family of equipotential curves in the
vacuum region of the z-plane.



Chapter 9
DISPERSION RELATIONS

Dispersion relations were originally developed by physicists H. Kramers
and R. Kronig (Kramers, 1926, p.775 and Kronig, 1926, p. 547). These
dispersion relations are a pair of integrals that were developed to relate the
real and imaginary parts of a function called the complex index of refraction.
This index describes how a material medium affects electromagnetic
radiation passing through it, and depends on the frequency of the radiation.

The real part of the index of refraction describes how radiation of a given
frequency refracts (changes speed) when passing from one medium to
another. When a beam of radiation enters a medium along a line that is not
perpendicular to the surface of the medium, refraction causes a change in the
direction in which the beam is traveling. Beams of different frequencies
bend at different angles. This results in the spreading or dispersion of the
radiation.

The imaginary part of the index describes the absorption of radiation by
the medium as a function of frequency. The real part of the index is a
function that can be derived from theory. Kramers and Kronig derived
dispersion relations to determine the imaginary (absorptive) part of the index
from the real (dispersive) part.

The meaning of dispersion relations has been broadened to include
various types of integral representations of complex functions. They are
tools used to determine a complex function from a knowledge of just the real
part or just the imaginary part of that function.

Let f(z') have poles at 7 = 21, 22, ..., 2y 1nside a closed contour C with
residues R;, R,,..., Ry. If the point z is inside the contour, the function
f(z,)/(z, —z) has N + 1 poles at z, zi,..., zy. Then, the extension of Cauchy’s

367
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integral representation of f(z) given in eq. 3.101b becomes

L f,(Z) dZ'= f()+ Y S Res| &) } ©.1)
27 (F-2) o L(z — ..

where f(z) is the residue of the pole of the integrand at z'= z and the n"
residue in the sum arises from the pole of f(z’) at z,. Because f(z) is not
completely determined, the residues of poles of f(z’)/(z'— z) at z, cannot
be determined. As such, a set of dispersion relations is an integral
representation for a function that is analytic everywhere within and on the
contour. Then the sum of residues on the right-hand side of eq. 9.1 is zero,
and eq. 9.1 becomes Cauchy’s integral representation of f(z)

Foy=— L) g (3.101b)
2m . (2-2)

9.1 Kramers-Kronig Dispersion Relations Over the Entire
Real Axis

In many applications, z represents a physical quantity such as the energy
of a particle or, as in the Kramers—Kronig analysis, the frequency of
radiation. Because these physical quantities are real, contours appropriate for
the integrals in the analysis extend from —eo to +oo along the real axis. To
apply Cauchy’s theorem, the contour must be closed in one of the half-
planes as shown in fig. 9.1 and z must be inside the contour.

'Z/

| ez

(a) (b)
Figure 9.1

Contours appropriate for dispersion relations involving real quantities
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Real Axis

Of course, in order for Cauchy’s integral representation to be defined,
f (Z’ )/(Z,— z) must vanish on the infinite semicircular segments of the contour.

Because integration is along the real axis from —eo to +eo, the integral
around the contour of fig. 9.1a is taken in the counterclockwise direction.
For this contour, eq. 3.101b becomes

45 f(z) {f(Z) Im(z) >0 ©.23)
0 Im(z) <0

Integrating along the real axis from —eo to +eo and closing in the lower half-
plane causes the integral to be taken in the clockwise direction. Then

95 f&) [0 Im(z) >0 ©2b)
i R T '

-z Im(z) <0

Unless there is a reason to close the contour in the lower half-plane, we
proceed with the analysis by closing in the upper half-plane so that the
contour is traversed in the counterclockwise direction as in fig. 9.1a. With
Im(z) > 0,

f@= gﬁ f(Z) iy =— [ L 9.3)

27id = (x'— )

where the integral along the infinite semicircle is zero and has been omitted.
Because Im(z) > 0, when z represents a real quantity, z must approach the
real axis from the upper half-plane. This is accomplished by taking

z= lirr(}(x +ige) (9.4)
so that, with f(x) analytic at all x, eq. 9.3 becomes

flx+ie)— f(x)= ZL tim [T LDy (9.5)

i o0 (¥ —x—1i&€)
With

1 1 .
im —— = — Fino(x' —x) (5.71)
0 (x'—xtig) (X'—x),
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and using the property of the Dirac & symbol,

b F(x) a<x<b
[ F(» 8- y)dy = { (5.69)
a 0 x<aor x>b
eq. 9.5 becomes
f)=—om j f 4 )) dy +— f(x) (9.6a)
from which
fo=—p[ L8 g (9.6b)
i Y (x'—x)
Substituting
fx)=Re[f(0)]+ilm[f ()] (9.7)

into eq. 9.6b and equating real and imaginary parts, we obtain

Re[f(x)]= j f (x) 9.8)
and
-« R !
Im[ f(x)]= —%PL %dy 9.9)

Thus, if one part of f{x) is known (Re[f(x)] or Im[f(x)]), egs. 9.8 or 9.9 can be
used to determine the unknown part of f{x) (Im[f{x)] or Re[f(x)]).

Example 9.1: Dispersion relations for a function defined over the entire
real axis

Let f(z) be a function that is analytic in the upper half-plane and has an
imaginary part given by

1
Im[f(x)]zm —o0 < x < oo (9.10)



9.1 Kramers-Kronig Dispersion Relations Over the Entire 371
Real Axis

Because f(z) is analytic in the upper half of the z-plane, we find the real part
of f(x) from eq. 9.8 to be

1 I !
Relf 1= 2P ey

©.11)

1 1
=— lim Re

7T 0 Um (x’z +o )(x’ —xtie) &

This integral can be evaluated straightforwardly using Cauchy’s theorem.
We note that if we take the denominator to contain +ig, the integrand of the
integral has poles at z'=+ior and at z'= x — ie. Therefore, by constructing a
contour comprised of the x'-axis and an infinite semicircle in the upper half-
plane, only the pole at z'= + i is inside the contour. Then, because the
integrand is zero on the infinite semicircle,

1 £ 1
lim 7' =lim dx’
-0 Cﬁ (2’2 +a’ )(z" —x+ig) €0 J*” (x'z +a’ )(x' —Xx+ig)
= 27miR(io) = ———
o(x—iy)
(9.12)
and eq. 9.11 becomes
1. [ 1 X
Re| f(x)[=——Re - =— (9.13)
[f ] o {(x—za):| 0{()62+0!2)
Therefore, on the real axis,
. 1
F@) =Re[f(0)]+ilm[f(n)]=-—— (9.14a)
oa(x+ic)
and at any point in the z-plane,
1
f(z)=— (9.14b)
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We note that f(z) has one pole at z = —ix which is in the lower half-plane.
Therefore, as required, f(z) is analytic in the upper half-plane. O

9.2 Kramers-Kronig Dispersion Relations Over Half The
Real Axis

In some cases, f(x) is defined only at positive (or only at negative) values
of x (particularly for those problems in which x represents a physical
quantity). Then the dispersion relations must be expressed so that the
integrals are taken over the appropriate range of x'.

If f(x,) is defined only at positive values of x', we write eq. 9.6b as

f(x)z_iPDO SO oy [ L0 dx’} (9.15a)
¥4 -

< (x'— x) 0 (x'—x)

then substitute x'= —x" in the integral from —eo to 0. We then rename X" as
x' to obtain

0 /v",v\ax J0 4
(X X) ()C+)C)

oo ol [ LD g [ 10
i |

1
L]
¥4

To proceed further with this analysis, we must be able to relate f(x’) to

f(=x").

J‘“ x'(f(x')—f(—x'))dx, el (fOD+f(=XD) g
0 (X —x?) Jo (X2 = x%)

(9.15b)

Reflection symmetry around the imaginary axis

Let z =x + iy be a point in the z-plane. The reflection of the point z = x + iy
about the imaginary axis is given by —z* = —x + iy. If

f=2)=xf*(2) (9.16)

then f(z) is said to exhibit even (+) or odd (-) reflection symmetry under
such a reflection. A function that has such symmetry can be described by
dispersion integrals over half the real axis. This discussion involves
integration over the range 0 < x'< oo, In prob. 7, the reader develops an
equivalent description for integration over —oo < x'<0.
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For points on the real axis, reflection about the imaginary axis is
reflection about the origin. That is, when 7= x,, ' =y’ Therefore, a
function of x” that exhibits reflection symmetry about the origin satisfies

f=x)=2f*(X) 9.17)
Let f(x') be even under this reflection. Then eq. 9.15b can be written

f(x)zRe[f(x)]+iIm[f(x)]
Lyl Y1) ] ~(FON+ ()
/4 0

= (x_/z_xz) (xz_xz) .3
:ip(zlfmxlm[f(x)]dx,+ [RelF@]
ir Jo (xfz_xz) ,,0 (xlz xz)
(9.18)
Equating the real parts we obtain
Re[f(»)] ——PJ. M (9.19a)
<)
and from the equality of the imaginary parts we have
Im[f(x)]= 2xpj Re[f(x)] (9.19b)

)"

These are the dispersion relations for a function that is even under reflection
about the origin.
For a function that is odd under reflection, which satisfies

f=x)==f*() (9.20)
it is straightforward to show that eq. 9.15b yields

Re[f(x)]= 2pr' Im[f(i))] (9.212)
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and

Im[f ()] ——Pj igi%%ﬂw (9.21b)

The dispersion relations of eqs. 9.19 and 9.21 are the ones originally
developed by Kramers and Kronig to determine the absorptive (imaginary)
part of the complex index of refraction from the dispersive (real) part. In
their analysis, x represents the (positive) frequency of the radiation.

Example 9.2: Dispersion relations for a function defined over half the
real axis

Let us determine the function f(x) that has the following properties:

e f(x) is even under reflection about the origin.
e The real part of f(x) is given in terms of the real positive constant & by

1
Re[f(x)]TF:Ea 0< x<eo (9.22)

Because f(x) is even under reflection and Re[f(x)] is known, we
determine Im[f(x)] from eq. 9.19b. We obtain

2x 1

Im[f()é)]__7PJ0 (x,2+a2)(x,2_x2)dx’
B
2 X = 1 ' of” 1 ,
) e
B
2 T o 1 /
_;(x2+ Z)LZ_PJO (x'z—x )dx
(9.23)
Writing
. 1
w2y - imRe| ————— (9.24)
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we obtain
P m%dx —hmRef %dx'
0 (xu_x ) es0 40 (x' —x —ié‘)
, m (9.25)
1 "—x—i
~3limRe [ 51
2x >0 X' +x+ie) |,
Taking the logarithm cuts to extend from the branch points to +oo
lim In(x' = x =€) = In|x' - x|+ 27i (9.26a)
and
lim In(x'+ x+i£) = In|x' + x| (9.26b)
Then eq. 9.25 becomes
1 ( )
Pj ——Rel_ln' o), } =0 9.27)
L k X'+ x } o
Therefore, eq. 9.23 becomes
m[fn]=——— (9.28)
a(x’ +a) '
from which
( xj 1 i 9.29
x)=|1+i— = (9.29)
AL k a (x2+052) a(x+io) O

9.3 Dispersion Relations for a Function With Branch
Structure

If f(z) contains branch points, the development of dispersion relations
presented above must be modified to account for the branch structure of the
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function. Let f(z) have no poles and have a single branch point on the real
axis at z = xo. We take the associated cut to extend from x, to +oo along the
x-axis. Then, the Cauchy’s integral representation of f{(z)

g &
f@=5—¢ — (3.101b)

is valid for the contour shown in fig. 9.2.

Figure 9.2

Contour and branch structure for the integral representation

of a function with a branch point

Writing the integral as a sum of integrals over the various segments of the
contour and taking the contributions from C., and C, to be zero, we have

f(Z)‘z [ SOreie) r:of(Jf’_—iE) i
i Y% (x'—2) (x'—2) | 9.30)
g [f(x'+ie)- f(x—ze)] 1 - A(.x)dx,
27 Y (x'—2) 2 e (F2)
where
A(X)= f(X +ie)— f(X —ig) (9.31)

is the discontinuity across the cut.
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Functions that are odd/even under reflection about the real axis

In order to relate the discontinuity across the cut to either the real or
imaginary part of f(x"), we define a reflection symmetry across the real axis.
The reflection of a point z = x + iy around the real axis is z* = x — iy. f(z) is
said to be even (+) or odd (-) under reflection around the real axis if

[ =xf*(z) (9.32a)
For points on the real axis with x > x, this reflection symmetry is given by

f((x+i€)*)=f(x—ic"):if*(x+i€) (9.32b)

If f(z) is even under this reflection,

[ —ie)=+f*(xX'+ie) (9.33)
and the discontinuity across the cut becomes

A(xX) = f(X'+ie)— f*(x'+ie) =2iIm(f(x'+ig)) (9.34)
Then eq. 9.30 becomes the integral representation

=Lt mlferio]
72" X

9.35
T (9.35)
Equation 9.35 is also referred to as a dispersion relation.

Because the integrand involves Im[f(x + i£)], Im[f(z)] must be known
along the top of the cut in order to determine the complete function. For
points on the real axis, with z = x < xo, 1/(x'— 2) =1/(x'— Xx) is analytic
everywhere. Then, the integral of eq. 9.35 can be evaluated in principle
(numerically when necessary). When x > x,, we set z =x + i& and eq. 9.35
becomes

Flxtie)= _J Im[f(x'+ie)]

oo (X —x—1i&)

1F m[f(x'+ig)]
- pj, o]

oo (' =x)

(9.36)
dx'+izIm[f(x+ie)]
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Writing f(x + i€) as Re[f(x + i&)] + ilm[f(x + i£)], eq. 9.36 becomes

PIW Im[f(x'+ie)]

% (x'=x)

Re[f(x+ie)]=— dx’ (9.37)

Because f(z) is even under reflection, we see from eq. 9.33 that
Re[f(x—ie)|=Re[f *(x+ie)|=Re[f(x+ig)] (9.38a)
and
Im[f(x—ie)]=Im[/*(x+ie)]=-Im[[f(x+ig)] (9.38b)

Therefore, we see from eq. 9.37 that, at points along the bottom of the
cut

Re[f(x—lé‘) I (X—HE)]d '
W (X=x)
1 [f(x —zg)] (9.39)
— _lPJ. m—dx’
T Jo (X—x)
If f(z) is odd under this reflection, then
f(xX'—ig)=—f*(x' +ie) (9.40)
Then, as the reader will show in prob. 10
Re f (x'+ 18)]
(H)=—| —m——= (9.41)
! f (x'=2)
from which
Im[f(x+i8)]=—lPwadx’ (9.42a)
T % (x'—x)
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and

——PJ' Re[f(x +1£)]

(x'—X)

:lprwdx/
7Z' X

0 (X’ — X)

Im [ f(x— 18)
(9.42b)

As stated above, the dispersion relations of eq. 9.35 or eq. 9.41 apply to a
function f(z) that has only one singularity, a branch point on the real axis at
xo. The cut associated with xo must extend to +eo along the real axis.

Let x be a point on the real axis with x < x,. We define the region R to be
the set of points inside and on the circle of convergence of the Taylor series
representation of f(z) expanded about some x < x.

Figure 9.3
Circle of convergence of the Taylor series about x < x

This Taylor series is
SR ANCI .
f@)=3 == 9.43)
n=0 .

If f(z) is real at z = x then each derivative f™(x) is also real for all x in R.
Then, referring to eq. 9.43,

(n)
Fro=3 LW (x)< s x)" = £ (%) (9.44)

n= 0

That is, when f(x) is real for any x < xo, f(z) is even under reflection about
the real axis. Such a function is said to satisfy the Schwarz reflection
condition.
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If f(z) is imaginary at z = x, then each of its derivatives at x is imaginary,
and it is straightforward to see that eq. 9.43 yields

) = £
=3 ) ()) oy ==3 L ey =)
| (9.45)

That is, such a function is odd under reflection about the real axis.

Example 9.3: Dispersion relations for a function with one branch
point

Let us determine the function f(z) with the following properties:

e f(z) has a branch point at z = 0 with an associated cut extending to +oo
along the real axis.

e f(z) > 0forall |z]— oo

® f(z) is even under reflection about the real axis.

e The imaginary part of f(z) on the real axis above the cut is given by

Im[f(x+i£)]=(x%az) x>0 (9.46)

with ¢ real and positive.
Because the imaginary part of the function is specified, eq. 9.35 becomes

| = I ,
f@=—]; T dx 9.47)

This integral can be evaluated straightforwardly using, for example, the
method of partial fractions. The result is

16— rz_zi“+lzn(3j} (9.48)

(zz+az) 20 7w \«

By taking the cut associated with the branch point of [n(z) at z = 0 to
extend to +oo along the x-axis, [n (i) =iz/2and In(—i)=i37/2. Then, it is
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straightforward to show that

lim [Z _2’”+len(5ﬂ =0 (9.49)

z—=>tia 200 T o

and therefore, f(z) is analytic at z =+ier. Using I’Hopital’s rule, we obtain

1 (l-i} (9.50)

tio)=—| —=
f(&ia) el s O

9.4 Subtracted Dispersion Relations

The dispersion relations developed in the first three sections do not
impose a specified value for a function at a given value of x which we
designate x;. The value of a function described by these dispersion
representations at x; is obtained from the dispersion integral.

Let f(x) be a function that is described by a dispersion relation developed
in one of the first three sections and let g(x) be a function that is described by
a dispersion relation and has a specified value g(x;) at x;. To develop a
dispersion relation for a function g(x) with such a constraint we define

(g(0)-g(x)

f)= 9.51)
(x—x)
We note that because
. X)— 81X d
f(xl):hmM:_g (9.52)
=y (x—X,) dx|,
then f(x) is analytic at x;.
Subtracted Kramers—Kronig dispersion relations
over the entire real axis
Substituting eq. 9.51 into eqs. 9.8, we obtain
Re[g(x)—g(x 1 ¢~ Im|g(x)—g(x
[8(0)—g( 1)]=—Pj_ [eGD—gG)] ©.5%)

(x—x,) T (x' = x)(x"=x)
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and

Im[g(n)-g(x)] Lp[ Re[¢(x)=g(x)]

9.53b
(x—x) o (X = x)( = x) ( )
These can be expressed as
Re[g(x)]=Re[g(x)]+ (=x) tm[s(v) - g(x‘)]dx’
= (X =x)(x"=x)
(9.54a)
and
_ (=) - Re[g()-g(x)]
fm[g(x)]=1Im[g(x)] i
(9.54b)

These are called once-subtracted or singly subtracted dispersion relations
over the entire real axis.

Example 9.4: Subtracted dispersion relations for a function defined over
the entire real axis

Let us find the function g(x) that has the following properties.

e g(z) >0 when |z] — co.
e Im[g(x)] = I/(x’+ &) o <x<eo with & real and positive.
e Relg(D]=2.

Because Im[g(x)] is given, g(x) is found by determining Re[g(x)] from eq.
9.53a. With the above properties, this becomes

1 1
IR (x=1) «x[(x’2+0(2)_(1+0(2)} ,
Refg(o]=Re[s]+ =P | = rmro—d
(9.55)

The integral of eq. 9.55 can be evaluated by Cauchy’s residue theorem by
writing

! = Ret ! } (5.72a)

(x'=x), xX'—x+ie
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which excludes the pole at x"= x from a contour closed in the upper half

of the z'-plane. Then

{ 1] T }
J»m x?+a’) (i+e) ] I = Rel Jr«x» | (7 +a?) (I+) I
-~ (X =D —x) [ = (X' =D(x' —x+i€)
7 1 —m(x+1
=Re[2m’a](ia)]=£Re[ — 1: matl)
o (ta-Dliox—x)| (@ +Dh(x"+a)
(9.56)
Therefore,
Re[g(x)]=2- il (9.57a)
' (I+a’)(x* +a)
Then, with Im[g(x)] given in the statement of the problem,
2 1 1 (9.57b)
g(x0)=2-——3 5

+i
I+ +a’) (X +a)
Subtracted Kramers—-Kronig dispersion relations over half the real axis

If g(x) is defined only over the interval 0 < x < eo, we write eqs. 9.53 as

Re[g(x)]=Re[g(x)]

JCEEY P_fo Imfe()=g(0)] - Im[g0)—g()] dx,}
T | (= x)(x = x) O (X =x)(x = x)

=Re[g(x)]
N (x—x,) p J-w Im[g(—x’)_g(xl)]dxl_l_r Im[g(x’)_g(xl)] dx'}

T

|70 (T x)(x + x) 0 (X' =x)(x'=x)

(9.58a)
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and

Im[g(x)]=1Im[g(x)]
_ (X—X]) p
V4
=Im[g(x1)]

_(x—xl)P
/2
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c=Re[g(x)—g(x)]

0

10 Re[g(¥)—2(x)]

'

dx’}

| (= x)( = x) (X' =x)(x'—x)

rmRe[g(—x’)5g<x1>]dx,+ I Re[g(x)—g(x)] dx,}
i 0 (X +x)(x"+x) 0 (X' =x)(x"—Xx)
(9.58b)

In section 9.2, we noted that if g(x) is even under a reflection about the

imaginary axis, then

g(=z")=g*(2) (9.59a)
so that

g(=x)=g*(x) (9.59b)
This requires that

Re[g(—x)]=Re[g(x)] (9.60a)
and

Im[g(-x)|=-Im[g(x")] (9.60b)

Then, eqgs. 9.58 become

Re[g(x)]=Re[g(x)]

L2 [ (x'(x+ xl)Im[gz(x’)]z— (x;z + )le)lm[gm ))) .
4 0 (X" =x)X"=x))

(9.61a)
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and
Im[g(x)]=Im[g(x)]
2 M)J (" +xx,) (Re[g(x)] - Re[g(xl)])dx, (9.61b)

() )

Example 9.5: Subtracted dispersion relations for a function defined over
half the real axis

Let us find the function g(x) that has the following properties.

e g(z) > 0 when |z| > oo
e Re[g)]=1/(x"+1) 0<x<oo,
e Im[g(0)] =

Because Re[g(x)] is given, g(x) is found by determining Im[g(x)] from eq.
9.61b. With the above properties, this becomes

x/2

d
0 (xl2 XZ)(X,'Z +1) X
r 1 ~
(x"2 - xz)P (x"2 +1)

Im[g(x)]= 2+2—P
T

(9.62)
2x 1 oo

7 (xX*+1) 7o

!

=2+ dx

The principal value integral can be evaluated by writing

e e M e el
0 (X7 —xY), 2N | (W), K+,

S IR
2x O (xX'=x*ie) (X'+xzxie) ]

1 X —x[
=—1//n
2x X +x|,
(9.63)
Then, eq. 9.62 becomes
PR IR
m[g(x)]= —In|— — ~ dx’
(D 2x X x|, 0 (7 +])

(9.64)
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As shown in section 9.5, the integrated term

I
—In| ==  =52x)=20 (9.652)
2x X'+ x|,
However,
1 r_ x':w_i ’_ Xx'=eo
2{—1,1 SRt len 0 o (9.65b)
2x X"+ x|, X'+ x|
Therefore, eq. 9.64 becomes
2x 1 o 1 X
Im|g(x)[=2—— dx'=2- 9.66
lel=2-Tm ) e w0
from which
(1) = 2i (- iv)=2i i 9.67)
x)=2i+ —ix)=2i—
8 X +1) (—i) .

Derivations of once-subtracted dispersion relations for functions that are
defined over the interval O < x < o and are odd under reflection around the
imaginary axis are identical to those above. So too are derivations of once-
subtracted dispersion relations for functions defined over the interval
—oo < x £ (0. These derivations are not presented here, but are left as an
exercise for the reader.

Subtracted dispersion relations for a function with a branch point

If f(z) has a branch point on the x-axis at x,, then defining g(z) by

(g(2)-g(x))

9.51
—x) (9.51)

f(2)=

requires g(z) to have a branch point at xy. Substituting this into the Cauchy
integral representation

Fo=-—1 ¢ LE 4 (3.101b)

27mi (2 —2)
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we have

(g-gx)) 1 9g(g(z’)—g(xl))dz,

= (9.68)
(z—x,) 27 v (2= x)(Z' —2)

where the contour C is that shown in fig. 9.2. We again take the integrand to
be zero on C.. and Cy. Then eq. 9.68 becomes

(g(2)—g(x))

(Z—Xl)
_ 1 i g()f’+i€)—,g(xl)dx,_ - g()f’—ie?)—’g(xl)dx,
27i | Y0 (X =x )(x'—2) Yo (X'=x)(x"—2)
_ 1 [N gx'+ie)—g(x' —ie) di = 1 {-M | Ax )7 o
2mido (x"—x)(x'—2) 2mi Yo (X" = x)(x' = 2)
(9.69a)

After a little algebra, this becomes

(z=%) =AW,
2mi Y (X' —x)(x'—2)

g()=g(x)+ (9.69b)

Because g(x;) is uniquely defined, x; must be in the region where g(x) is
single-valued. Because the cut extends from x, to +eo, it is necessary that x; <
Xo and there is no need to avoid the pole of the integrand at x;. Therefore,
the integral of eq. 9.69b is not a principal value integral.

If g(2) is even under reflection about the real axis, then for x > x,

gx'—ie)=g*(x+ie) (9.70)
Then
Re[g(x—ie)|=Re[g(x+ie)] (9.71a)

and

Im[g(x—ie)]=—-Im[g(x+ig)] (9.71b)
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so the discontinuity in g(z') across the cut is given by
A(x)=g(x'+ie)— g*(x'+ie)=2iIm[g(x' +ie)] (9.72)

Then eq. 9.69b becomes

(z—x) = Im[g(x'+i£)] e

9.73
o (X' =x)(x'—2) ©.73)

g()=g(x)+

To determine g(z) along the real axis at points above the cut, we set
Z =X + i&, express g(x + i€) in terms of its real and imaginary parts, and use
the identity

1

(x'—x—ig) - (x'—x),

+imo(x' — x) (5.71)

to obtain

(x—x,) = Im[g(x’+i£)]

o (xl —X )(X’ - X)P

dx'  (9.74a)

Re[g(x+i€)]= glx)+

All terms in eq. 9.74a are real, therefore we see that g(x;) must be real.
Thus, if g(z) is even under reflection about the real axis, it must satisfy the
Schwarz reflection principal.

To find g(z) on the real axis below the cut, we set z = x — i&. Because g(2)
is even under reflection about the real axis, we refer to eqs. 9.73 to obtain

(x—x) = Im[g(x’+i£)]

% (X' = x) (X' = x),
C(x=x) e Im[g(x’—ie‘)] o
o (X = x)(x" = x),

/

Re[g(x— ié‘)] =g(x)+
(9.74b)

=g(x)

As the reader will show in prob. 18, if a function is antisymmetric across
the real axis and has a branch point at x, with associated cut extending to +eo
it can be found from the dispersion relation

(z—x,) [~ Re[g(x'+ie)] "

g(2)=g(x)+ T e =) (9.75)
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from which

(x—x) (= Re[g(xX'+ie)]
o (X/—Xl)(.X’—X)P

Im[g(x+ie)]=—ig(x)- dx' (9.76a)

and

dx' (9.76b)

Im[g(x"'g)]=—ig(x,)+(x X)J Re[g(x'~ig)]

o (X =x)(x"=x),

Because Im[g(x t ig)] is real, it is evident from eqs. 9.76 that when g(z) is
odd under reflection about the real axis, g(x;) must be imaginary.

Example 9.6: Subtracted dispersion relations for a function with one
branch point

Let us determine the function g(z) with the following properties.

g(2) has a branch point on the real axis at the origin.

g(2) 1s analytic at all points on the negative real axis.

g-1)=1.

g(z) satisfies the Schwarz reflection condition (it is even under reflection
about the real axis, and, as a consequence, it is real at any x < 0).

e Im[gx + ig)] = 1/(x + 2) for x > 0, and because g(z) is even under
reflection, we see from eq. 9.71b that Im[g(x — i&)] = —1/(x + 2).

mE(x+i£)] = 1/(x+2)

Imgx—is)] =—1/(x+2)

Figure 9.4

Contour and cut structure of g(z)
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These properties of g(z) and the contour used to determine it are shown in
fig. 9.4. The integrals around C.. and C, are zero, so that g(z) is given by eq.
9.73 to be

INCAR) wlm[g(x’+i€)]dx,
x 0 (X +)(x - 2)
RPN ! dx’
T 0 (X+2)(xX+D)(x'—2)

g(z2)=
(9.77)

This is evaluated straightforwardly (using partial fractions, for example).
We obtain

g(z)=—1- (”D[ ! En(—z)+£n(2)} (9.78)

n(z+2)| (z+1)

Re[g(z)] at points on the positive real axis above and below the cut are
obtained from eqs. 9.71a and 9.74 to be

Re[g(x+i£)]=Re[g(x—i€)]
__1+(x+1) - 1 & (9-79D)
T 20 (X +2)(X+D(x = x),

_GD[ ) ()
P [(x+1)(x+2) (x+2)

=-1

9.5 Dispersion Relations and a Representation of the
Dirac 6 Symbol

The Kramers—Kronig dispersion relations of egs. 9.8 and 9.9 can be used
to develop an integral representation of the Dirac 8 symbol. Substituting the
expression for Im[f(x)] given in

m[o]=— p [ RN,

e (X" _ X’)

9.9)
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Symbol

into the integrand of

1 - "
Re[f(x)]= ;Pj_wix))dx’ 9.8)

Im[f(x)]
(x' =

we obtain

Re[f(x)]z—%r — RelS D] g e (9.80a)

- (X’—X)P - (-X”_X,)P

Changing the order of integration, and writing (x "_x"yas—(x " —x"), this
becomes

Re[f(x)]= % J:{Re [Fen][” : dx'}dx"

J —co (x' _ X)P (x.‘ _ x,',‘)P

(9.80b)
The reader will recall that the definition of the Dirac & symbol is given by

F(x) a<x<b

[} Fsce= yay ={ (5.69)
a 0 x<a,x>b

Because eq. 9.80b has been obtained for any f(x), Re[f(x)] is an arbitrary
function. Then, comparing eq. 9.80b to the definition of the & symbol, we
see that

S(x—x") =i2j°° ! dx' 9.81)
T

= (¥ =x)p (X' =x"),

To further convince the reader of the validity of this representation, recall
that it was shown in eq. 5.85 and fig. 5.9 that when the & symbol is viewed
as a function, it has the values

S(x—x") = {O rEx (5.85)

o x=x
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We evaluate the integral of eq. 9.81 by writing

r

r 1 . r[ 11 }zx’
= (X =x)p(x' = x"), (x—x")=| (X' ~x), (X—=x"),

1 s 1 1
= Re! | l_ — dx’
(x—x" "*{(x'—x—lg)}, (X' —x"—ig),
1 ‘ x|
= n
(X _ X”) ’X’ _ X” o
(9.82)
For all finite x and x ",
X—x["
In — =0 (9.83)
X =x"| .
Therefore, if x # x "
1 ‘ x|
” n ’ " =0 (984&)
(x=x") |xX'=X"|.__..
Ifx=x ", we use I’Hopital’s rule, for example, to determine that
lim Ln| Al = oo (9.84b)
Ty ()C— N //) L X/_ X” o

Comparing eqs. 9.84 to eq. 5.85 on the previous page, we see that the
integral representation given in eq. 9.81 has the same functional values that
the 8 symbol has when viewed as the function shown in fig. 5.9.

Problems

Unless explicitly stated otherwise, the function referred to in each problem is

single-valued.

1. Derive dispersion relations equivalent to eqs. 9.8 and 9.9 for a function
that is analytic in the lower half-plane by closing the contour as in fig.
9.1b, taking Im(z) < 0.
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2. It was shown in section 5.2 of chapter 5 that certain types of Fourier
integrals are evaluated by Cauchy’s theorem by closing in the upper half-
or lower half-plane. For k real and positive, find the function that satisfies
the Kramers—Kronig dispersion relations of egs. 9.8 and 9.9 when

(a) Re[ f(x)]=sin(kx) (b) Im[ f(x)]= cos(kx)

(Hint: Use the identity)

1 —1( SR } (5.75a)

(¥ =x), 2| (x—x—ie) (X—x+ie)

3. Determine the function f(z) that has the following properties.

f(z) = 0 when | z| — oo.
Re[f(x)] = X(OP+ ) —o<x<oo  « real and positive.

4. Determine the function f(z) that has the following properties:

f(z) > 0 when lz] = oo.

(=) =-f(2).

Re[f(x)] =x/(x*+ /) 0<x<e  « real and positive.

5. Determine the function f(z) that has the following properties:
e f(z) > 0 when | 7] — oo

o fH=z*)=f(2).
o Re[f(x)]=x/(x+ 1)(x+2)] 0<x< oo,

6. (a) Find a function H(x) that satisfies

’ dxl = 2
00T (Pea)

1 = HX) 1
ol ey

(b) Prove that an arbitrary constant can be added to H(x) without
affecting its definition given in part (a).

7. (a) Equations 9.19 and 9.21 are the dispersion relations for functions
defined over the interval 0 < x < oo that are even and odd, respectively,
under reflection about the imaginary axis. Derive equivalent
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dispersion relations for functions that are even and odd functions
under reflection that are defined over the interval —eo < x < 0.

(b) Determine the function f(z) that has the following properties:

e f(z) > 0 when |z] — .
o fH=2z%)=f(2).

e Im[f(x)]=1/(x - )" —o<x<0, & real and positive, x # -

8. Determine the function g(z) that has the following properties:

g(z) > 0 when |z = oo,

8*(=z*) = g(2).

g(1/2)=2.

Im[g(x)] = 1/[(x + 3)(x+1)] 0< x < oo,

9. Determine the function g(z) that has the following properties:

g(z) = 0 when [z] — o,

8(=z*%) = g*(2).

Re[g(1/2)] =

Im[g(x)] = 1/(x + 0{)2 0<x <o ¢ real, positive.

10. (a) A function f(z) has a branch point on the real axis at x, with the
associated cut taken to extend from x; to +eo. f(z) is odd under
reflection about the real axis. Show that f(z) satisfies the dispersion
relation

f(z)=,ir Re[ffx’+i£)]dx,
i I (x'—=2)

(b) Use this result to show that at points on the real axis above the cut

1 Pr Re[f(x'+ie)]

0 ()C’—x)

Im[f(x+ie)]= dx’

and at points on the real axis below the cut

j Re[f(x —ze)]

(x'—x)

[f(x—ze)
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11.

12.

13.

14

Determine the function f(z) that has the following properties:

f(z) = 0 when | z| — oo.

f(z) has a branch point on the real axis at x = 1, with an associated cut
taken to extend from the branch point to +oo.

(&%) = *(2).

Im[f(x +i&)] = U(x+2)° 1<x< oo,

Determine the function f(z) that has the following properties:

f(z) = 0 when | z| — oo.

f(z) has a branch point on the real axis at x = 0, with an associated cut
that is taken to extend from the branch point to +oo.

f(@*) ==f*(@).

Re[f(x + i) =x/[(x+ D)(x+2)] 1<x<Loo.

The function f(z) has the following properties:

f(z) = 0 when | z| — e,

f(z) has two branch points on the real axis at x = +x, (take xo > 0). The
cut associated with +x, is taken to extend from the branch point to +eo.
The cut associated with —x, extends from that branch point to —oce.

f(@*) = f*(2).

(a) Prove that if Im[f(z)] is even under reflection about the real axis, then

!/

z J-m Im[f(x’+i£)] :

2
f)=—
T % ( le _ Zz)
(b) Prove that if Im[f(z)] is odd under reflection about the real axis, then

- Im[f(x'+ig)]
J. X' ————dx

(,2 2)
0 X —Z

flo=2
T

. The function f(z) has the following properties:

f(z) > 0 when | z] — co.

f(z) has two branch points on the real axis at x = £ x, (take xo > 0). The
cut associated with +x is taken to extend from the branch point to +oo.
The cut associated with —x extends from that branch point to —eo.
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15.

16

f@*) ==f*().

(a) Prove that if Re[f(z)] is even under reflection about the real axis, then

2z =Re[f (X' +ig)]

dx'
i Y% (xfz _Zz)

f(2)=

(b) Prove that if Re[f(z)] is odd under reflection about the real axis, then

2 r= Re "+ie

2 Relrairia]
i I (x;2 _ Zz)

Use the results of problems 13 and 14 to find the function f(z) that has

(@) Im[f(x +ie)] = U+ )  (b)Re[f(x +ie)] = L/(x*+ )

with arreal and positive, and has the following properties.

f(z) = 0 when | z| — oo.
f(2) has two branch points on the real axis at x = 1 with associated cuts
that extend from +1 to 4+ and from —1 to —eo.

f(@*) = =f*().

. Use the results of prob. 13 and 14 to find the function f(z) that has

(@) Im[f(x + ig)] = l/[x(x + 1/2)] (b) Re[f(x + i®)] = 1/[x(x + 1/2)]
and has the following properties:

f(z) = 0 when | 7] = oo
f(z) has two branch points on the real axis at x = £1 with associated cuts
that extend from +1 to +eo and from —1 to —oo.

f(@*) = f*(@).

. Use the results of probs. 13 and 14 to find the function f(z) that has

(@) Im[f(x + i&)] = U/x* - &) () Re[f(x + ig)] = /(x> + &)

with o real and o < 1 and has the following properties:

f(z) = 0 when | z] — .
f(z) has two branch points on the real axis at x = £1 with associated cuts
that extend from +1 to +eo and from —1 to —co.

f(@*) = f*(2).

. If a function g(z)

Has a branch point at x, with the associated cut extending to +oo
Is odd under reflection about the real axis
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19.

21.

Has a specified value g(x,) at a point x; < xq on the real axis

(a) show that

g(z): g(xl)+ (Z._Xl) e Re[g(x’+ig)] o
i e (= x)( - 2)

(b) Use the result of part (a) to show that at points on the real axis
along the top of the cut

(x—x,) = Re[g(x'+ig)]

o (X' =x) (X' = x),

!

Im[g(x+ie)|=—ig(x,) -

and at points on the real axis along the bottom of the cut

ety —ign+ 20 [ EEE 0L

from which we deduce straightforwardly that g(x;) is imaginary.

Determine the function g(z) that has the following properties:

g(z) = 0 when |z| — e,

8(z*) = g*(2).

g(z) has a branch point on the real axis at x = 2 with the associated cut
extending from the branch point to +oco.

g(1)=2.

Im[g(x +ig)] = 1/x x=>2.

. Determine the function g(z) that has the following properties:

¢(z) = 0 when | z| — .

8(z*) = - g*(2).

g(z) has a branch point on the real axis at x = 2 with the associated cut
extending from the branch point to +eo.

g(l)=2.
Re[g(x +ig)] = 1/x"  x>2.
Determine the function g(z) that has the following properties:

g(z) = 0 when lz] = oo,
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8(z*) = g*(2).

g(z) has a branch point at x = 4 with the associated cut extending to +oo.
g(l)=2.

Im[g(x +ie)] = 1/[x(x + 1)] x=>4.

22. (a) Using the representation

1 :

1
O(x—x")=— - — (9.75)
= (x - x),(x'=x"),
show that
1 ¢= 1
S == [ ————ax’
('X) 71_2 Jim (XIZ _ix2)P X

is an integral representation of d(x).

(b) Use the integral representation of d(x) given in part (a) to evaluate

7x2

P.[o J|.0 ( 2—%()6—0()2)

dy dx o real and positive




Chapter 10
ANALYTIC CONTINUATION

Analytic continuation is a process of extending the domain of a function
F(z) beyond an open region R, to an open region R,. Let R, and R, be open
regions in the complex plane such that a function F(z) is represented by fi(z)
in Ry and f>(z) in R,. Let there be a set of points that is common to both R,
and R, called Ry,. Then R, and R, are said to overlap in this region.

Because R, contains points in R; and also points in R,, both fi(z) and f5(z)
represent F(z) at all zin Ry,. At points in R, and at points in R, that are not in
R, fi(2) and f>(z) are not the same representations of F(z). They are said to
be analytic continuations of each other.

2]

Figure 10.1
Analytic continuations of a function

As discussed in chapter 4, a series does not converge on the boundary of
its circle of convergence even if the function it represents within that circle is
analytic at points on the boundary. If R is a closed region with a defined
boundary, fi(z) will be singular at every point on that boundary. Then f;(z)
cannot be analytically continued beyond the boundary. Thus, in order to be

399
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able to analytically continue fi(z) to fa(z), the regions R; and R, must be open
regions, at least in Rj, where they overlap.

Example 10.1: An analytic continuation of 1/(1 - z)

Using the Cauchy ratio (see appendix 4) it is straightforward to see that
the geometric series

fi(z)= i 4 (10.1a)

converges to 1/(1 — z) in the region defined by |z| < 1. But outside the unit
circle

PIFAE" i 1 : (10.1b)
n=0 —Z
The integral
f@=[ e ar (10.2)

converges to 1/(1 —z) for x =Re(z) < 1.

(a) (b)
Figure 10.2
(a) Circle of convergence of the geometric series f(z) and
(b) region of convergence of the integral f,(z)
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Because the region in which f5(z) is defined contains the entire region
in which fi(z) is defined, f»(z) is the analytic continuation of fi(z) into
the region outside the unit circle, but fi(z) is not an analytic continuation of
f(2). o

In the above example, F(z) is known in closed form, 1/(1 — z). As such,
the analytic structure of F(z) and its value at any z (except z = 1) is
found straightforwardly. If the closed form of F(z) is known, analytic
continuation is not needed to find its value at points outside the region of
convergence of a representation. But if this closed form is not known,
analytic continuation is necessary if one is to find such a value. For example,
we see that 1/(1 — z) | = = —1 cannot be determined from either
representation of ex. 10.1, but is easily found from the closed form of the
function.

10.1 Analytic Continuation by Series

Analytic continuation can be achieved through series representation of a
function. If a series representation f{z) is to be analytically continued beyond
its circle of convergence to some other series defined by another circle of
convergence, the circles must be open circles, particularly in the overlap

e

fi(x)= i a,(z)(z-z,) (10.3)
with

a(z)=—— LM _4, (4.25)

= - J , +1
27 L (w=2z,)"

If fi(z) converges to a function F(z) that is analytic at zo, then the series of
eq. 10.3 is a Taylor series, for which n, >0 and

A" ()

(10.4)
n!

an (ZO) =
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If fi(z) represents a function F(z) that is singular at z,, the series is a Laurent
series with ny< 0 and

(n) (-
a,(z)) # % (10.5)

If the singularity at z is a pole of order M, then ny = —M (see eq. 4.34). If the
singularity is an essential singularity, ny = —ce.

If z; is the singularity of F(z) closest to zo, the (Taylor or Laurent) series
converges at all z (except zo for a Laurent series) within a circle centered at

Zo of radius | 21— zo| .
Referring to fig. 10.3, because z, is inside the circle of convergence, then

from eq. 10.3,
£i(22)= 2 a,(2) (2, = 2) (10.6)

However, because zz is outside the circle of convergence, fi(zg) cannot be
obtained from eq. 10.3.

Figure 10.3
The circle of convergence for a series that includes z,, but not zg

Let z' be a point of analyticity of fi(z), and therefore within the circle of
convergence of eq. 10.3. Then F(z) can be expanded about z'o with a circle
of convergence that includes zz which is f(z), an analytic continuation of
fi(z). The circle of convergence of f>(z) has a radius defined by the
singularity of F(z) closest to z 0.

If fi(z) is a Laurent series, then z, is outside the circle of convergence of
f(2). If fi(z) is a Taylor series it is possible to include z, within the circle of
convergence of f>(2).
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Z

1 le

2 |

(c)

Figure 10.4
Possible circles of convergence of an analytic continuation of the series of eq. 10.3 when
that series is
(a) a Laurent series and z; is the singularity closest to zol,
(b) either Laurent or Taylor and z, is the singularity closest to z, ,, or
(c) a Taylor series and z; is the singularity closest to Zo,

Example 10.2: Analytic continuation of a series

From the Cauchy ratio test and the fact that the sum starts at n = —1, we
see that

ﬁ@=if (10.7)

n=-1

converges at all z within the unit circle except at z = 0.

As shown in fig. 10.5a z = —5/4 and z = -5/4 + i/4 are outside the circle of
convergence of fi(z). Because z = —3/4 is within the circle of convergence
and is a point of analyticity of fi(z), we can expand fi(z) about this point.
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kd

—5/4+ii4 .
+1

— 4
=54 | —3/4

Figure 10.5a
Circle of convergence for the Laurent series of eq. 10.7

We write the series of eq. 10.7 as
L
fl(z)=z+Zz (10.8)
n=0

Referring to appendix 3, eq. A3.4, we see that for points within the unit
circle,

11
fiD)=—+— (10.9)
z 1-z2

Therefore,

[0 _ )
k‘ Zk+1 : (1_Z)k+l

(10.10a)

from which

(k) 3 k+1 k+1
£ 4):_(ij +(ij (10.10b)
k! 3) A7
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Therefore, an analytic continuation of the series of eq. 10.7 is

fz(z):—i[(gj —GJ }(Z+%)k 2+ <2 (10.11)

Referring to fig. 10.5b, we see that the points z = —-5/4 and z = -5/4 + i/4
are within the circle of convergence of f3(z).

Ed

+1

Figure 10.5b
Circle of convergence of the analytic continuation

of the Laurent series of eq. 10.8

Inasmuch as fi(z)converges to

f](z)=l+L (10.8)
z 1-z

at points within the unit circle, we see from this closed form that F(z) is
analytic at all finite z except at z = 0 and 1; then

o [ra [\ v 1
_;{(5) _(7j }(Zh) = (10.12)

within the circle of convergence defined by |z + 3/4 | < 3/4. This circle
encloses —5/4 and —-5/4 + i/4.
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Setting z = —5/4, eq. 10.12 becomes

[ NS Nk N -
= 4\ 4N i1y = 1 1
s[4 -(8 aT g s
1 1 16
==t =
-5/4 9/4 45
(10.13a)
from which
s 1 1 4
D) - |=— 10.13b
kz:(;( ) ( ) |:3k+1 7k+l:| 45 ( )
For z = -5/4 + i/4, we obtain
2%(%_%}(._2);{: L, U _{76+56)
i 4 L3 7 =5/4+i/4 9/4-il4 533

10.14)

Determining the value of a series is referred to as summing a series. We
see that by knowing the closed form of the function, we have been able to
sum each of the series in eqs. 10.13b and 10.14. O

Analytic continuation when the function represented by a series
cannot be expressed in closed form

As seen in ex. 10.2, by knowing the closed form of a function that is
represented by a series, it is possible to sum that series at various values of z
(eqs. 10.13b and 10.14). In addition, knowing F(z) in closed form makes the
expansion of an analytic continuation of one series representation to obtain
another series representation a relatively straightforward process. The
construction of an analytic continuation of a series about any point within
the circle of convergence requires d*F/dz* to extend the domain of the
function beyond the circle of convergence of the original series. If F(z) is
known in closed form, its derivatives can be obtained in closed form.
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If F(z) is not known in closed form, its series can still be analytically
continued. The continuation will be a more unwieldy expression and the
series cannot, in general, be summed.

To illustrate, let fi(z) be a series representation of F(z) within a circle of
convergence of radius Ry. That is,

fi(2)= ian(zo)(z—zo)” |Z_Z<)|<R0 (10.15)

n=ng

Let z; be a point of analyticity of F(z) within this circle of convergence.

Continuing this series to beyond this circle, to a region where the circle of
convergence is centered about z; and has a radius R, we obtain the Taylor
series

(k)
fr(2)= Zf‘ (z) (z—z)"  |z—z|<R (10.16)

If F(z) is not known in closed form, the only way to obtain f*;*(z;) is from
the series of eq. 10.15. If the series of eq. 10.15 is a Taylor series, then
nyo=0and

1z = 2 a,(z,)(z,—z)" " (10.17)
r (n— k)'
If the original series is a Laurent series, then ny < 0 and we write eq. 10.15 as

A=Y 4Gz

":—Vﬁ

2 a (‘ZO)('Z Z()) +z a (Z())(Z Z()) (1018)

”_‘Vd

||

_2 a,(z)0(z—2))" +Z a,(z,)(z—z,)"

n=0
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from which

W (k=D

(k)
(z)= ;< D (_1),

oo

1D ey ACHCREN i

k

a_,(z)0(z, —z)™""
(10.19)

Then, the analytic continuation of the series of eq. 10.15 is obtained in the
form given in eq. 10.16, with £;*(z,) given by either eq. 10.17 or 10.19. We
see that when F(z) is not known in closed form, the resulting series f>(z) is
generally a cumbersome expression.

Example 10.3: Analytic continuation of a series that cannot be expressed
in closed form

Using the Cauchy ratio test (see appendix 4), it is clear that the series

fi(2)= iZ—Q (10.20)

converges for Iz < 1. However, F(z) cannot be expressed in closed form.
To see this, we note that

UGB e (10.21)
< n=1 n

Because the integral cannot be expressed in closed form, the function that
the series represents cannot be expressed in closed form and the constant of
integration cannot be evaluated.

However, we see from the integrand that the function has a singularity at
z = 1. As such, we can continue the series of eq. 10.20 to a region that
includes z = —3/2 by an expansion about z =—1/2. The continuation of f(z) is

ho =2
f2(4 kz(; k‘

(k) (_7
7+ )" (10.22)

with £;¥(=1/2) obtained from eq. 10.20. The result is
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(=D o (1Y
PEH= - (n—k)v(ij (10.23a)
where
_Jb k=0 (10.23b)
I P '

Then the analytic continuation of the series of eq. 10.20 is

f>(2)
Sy ey S et (YT
"2 k'R( ca-oiz) [©7
(10.24a)
From this, we obtain
F(_%):fz )
(1) < 1] e (10240)
LN
2 U EHLEH) n2(n—k)!(2j }

Analytic continuation along an arc

Let fy(z) be a series representation of F(z) with its circle of convergence
centered at z,, with a radius ry. Let F(z) have one or more singularities
(indicated by small x’s in fig. 10.6).

Figure 10.6

Points z, and zy with several singularities of F(z)
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Referring to fig. 10.6, it may be possible to analytically continue fy(z) to a
representation fy(z), the circle of convergence of which is centered at zy and
contains the point zy.

To do so, we choose a point z; that is within the circle of convergence of
Jfo(z). We expand fy(z) in a Taylor series about z; and call this series
representation fi(z). We then choose a point z, that is within the circle of
convergence of fi(z) and expand fi(z) about this point to obtain a
representation f>(z). This process is repeated until we eventually obtain a
series fa(z) about a point zy that includes z. A smooth curve or arc can be
drawn connecting the centers of the circles of convergence of the many
representations.

Figure 10.7
Analytic continuation along an arc
Example 10.4: Analytic continuation along an arc

Let F(z) be a function that has poles at z = 1, 0, and —9/4, and let the
Laurent series representation, expanded about the origin be given by

h@=2] 1+ = ( M}z ——+Z oLz (10.25)
n:—l

Using the Cauchy ratio and the analytic structure of F(z), we determine
that fy(z) converges within the unit circle and F(z) is represented by fy(z)
within that circle.
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5@

+1

@
—3/4

Figure 10.8a
Circle of convergence of fy(z)

Because z = —3/4 is within the circle of convergence, we can analytically
continue fy(z) along a segment of the negative real axis by first expanding
fo(z) about z = -3/4. To do so, we compute

it |
@=00 e Y s (10.262)
n=k - .
from which
(k) k+1 oo k 7~ NNk
SUEE) 54 s 6D (3) Ty, (10.26b)
k! ol3) TZum®\a) T

Then, the analytic continuation of f(z) is
- k
[(@=Y o (z+3) (10.27)
k=0

which represents F(z) in the circle centered at —3/4, of radius 3/4 shown
below.

Because z = —5/4 is within the circle of convergence of fi(z), we can
continue this function farther along the negative real axis by developing a
series expanded about this point. From

[ (@)= Z (z+ 27" (10.28)
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Ed

Figure 10.8b
Analytic continuation of fy(z) along the negative real axis

we have

7)o pem D

— —gm( ) i =% (10.28b)
Then

fr(2)= i o (z+3)" (10.29)

Because F(z) has a pole at z = —9/4, the circle of convergence of f>(z) is that
shown below in fig. 10.8c.

2|

Figure 10.8¢
Analytic continuation along the negative real axis
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As we can see, the point z = -2 is within the circle of convergence of f(2).
Therefore,

oo ) 3 m
F(-2)=£,(2)= Y (-1)"a, (gj (10.30)

Had we known that

F(z) = 1 : 4/9 4/13 16/117 (10.31a)
z(l—z)(z+z) z (1 z) (z+79)

it would have been unnecessary to use analytic continuation to determine
that F(-2) = —2/3 and/or it would have been straightforward to obtain

FY(z) e 1) 4/9 4/13 [y 167117

(-1 —— 10.31b

k! (1_ Z)k+l ) (Z+%)k+1 ( )
from which we would have determined that
k+1 / \k+l 7 Nk
o= AV ALY )_LEJ (10.32a)
~ 9l3) 13\7 ) 117\ 3
, 4(4J“‘+ 4[4)"“ 1y (10.32b)
o, =——| = —|=| - —

7905 1319 117 .

Analytic continuation along different arcs and the Schwarz reflection

Let F(z) have a finite number of poles in a region between points z, and
zZy. We can analytically continue fy(z), a representation of F(z) within the
circle centered at z, to a representation fy(z) a representation of F(z) within
the circle centered at zy along different arcs. Of course, these arcs must be
chosen to avoid the poles.
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Figure 10.9a

Analytic continuation along different arcs avoiding poles of F(z)

Because the regions of these representations all contain points of
analyticity of F(z), the analytic continuation from the region containing z, to
the region containing zy, is unique, independent of the arc chosen. That is,
referring to fig. 10.9a, the representation fy(z) obtained by continuing along
the upper arc is identical to the representation fi(z) obtained by continuing
along the lower arc.

Now let F(z) be a multivalued function with one branch point. For the
sake of this discussion, we take the branch point to be on the real axis at a
point x, and the associated cut to extend along the real axis to +oo. Let F(z)
have at most a finite number of poles, and be analytic in a region that
includes a segment of the real axis with x < x.

F(z) can be analytically continued from some point of analyticity in its
circle of convergence (which we take to be on the real axis in fig. 10.9b) to a
point z; along an arc as discussed above. Of course, because of the cut, even
if the final points are at the same x; but on opposite sides of the cut, the
continuation process will yield different values of F(z).

It was discussed in chapter 9 that if F(z) has a branch point on the real
axis at xo with an associated cut extending to +co along the real axis and the
function is real (or imaginary) at a point x;, then such a function would have
to be even or odd under a Schwarz reflection

F(z¥)=1F*(2) (9.32a)

where 7z — z* is a reflection about the real axis.
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Figure 10.9b
Analytic continuation along arcs to points on two sides of a cut

If F(z) satisfies eq. 9.32, we do not have to perform analytic continuations
along two different arcs to find the values of F(z) at points above and below
the cut. Once we have found F(z) at a point x; on one side of the cut by
continuing along an arc from x; to x;, the value of F(z) at the mirror image of
z (i.e., z¥) on the other side of the cut is obtained by Schwarz reflection.
Thus, Schwarz reflection provides a method of analytic continuation of a
function F(z) with the properties given in eq. 9.32a.

o F(Z=EF(z)
Zy

Figure 10.10
Determination of F(z/*) from F(zy) by Schwarz reflection
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Natural boundaries
Some series are either singular at every point on the circumference of the
circle of convergence or all points of analyticity on the circumference are
arbitrarily close to singular points. In such a case, it is not possible to
analytically continue beyond the circle of convergence and its circumference
forms a natural boundary of the representation.

Example 10.5: A natural boundary for a series

Using the Cauchy ratio (see appendix 4), it is straightforward to show that
the series

f(z2)= iz’” (10.33)

converges for all z within the unit circle. The Cauchy ratio for large n is

(n+1)!
p — hm i — lim|z(n+1)n!—n! — llm Zn*n! (10.34a)
n—eo Z ° n—>vo n—oo
For the series to converge, z must be constrained by
lim [z""| < 1 (10.34b)
N—eo

which is satisfied for points within the unit circle.
To see that the circumference of the unit circle forms a natural boundary
for this series, we write

F@=Y2+3 =0+ 0,(2) (10.35)

Because ¢(z) is a finite sum, it cannot be infinite at any finite z. To analyze
(2), we set

7 = re?™N (10.36)
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where k and N are integers and k/N is an irreducible fraction. Then,
¢2(Z) — Z rn!eiZﬂ'kn!/N (10.37)
n=N

Foralln=N+ kwithk>1,

1! (N+K(N +k=D(N+DN(N =1)-3#25x1
N N (10.38)
= (N+E)(N+k—=1)(N+1)(N=1)--3%2x1

That is, for all n in the series ¢y(z), n!/N i_s an integer, and the argument of P
is an integer multiple of 27z. Therefore, ¢V = 1 and

limg, (z) = 1351; " =oo (10.39)

Thus, ¢»(z) is singular at every point on the circumference of the unit circle
for which the argument can be expressed as 2 7k/N.

¢ (2) is not singular at those points on the circumference that cannot be
expressed as z = ¢V, but by an appropriate choice of k and N, any point at
which ¢,(z) becomes infinite can be made arbitrarily close to any point at
which ¢»(z) does not become infinite. As such, there is no region on the
circumference of the unit circle between a singularity and a point of
analyticity over which the series can be continued. Therefore, the series
cannot be continued beyond that circumference.

To see that the series

g(z)= Z% (10.40)

is related to the series f(z) of eq. 10.33, we consider

dg & 0 1< . 1, )1
- = =— =— —-1|== ~1 10.41
dz ,,zzfz 2 : Z L%&Z J Z (F-1) ( )

Because the series f(z) converges for |z| < 1, and the circumference of the
unit circle forms a natural boundary of f{z), the circle of convergence of the
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series g(z) is the unit circle and its circumference is a natural boundary of
g(2).0
10.2 Analytic Continuation of the Factorial

The factorial of a positive nonzero integer is given by

N!=N(N-1)(N-=2)-3x2x*1 (10.42)
We note that the value of 0! cannot be obtained from this definition.
The gamma function

To see how to obtain this result, we note that we can analytically continue
N! using the gamma function

T(N+1)= j: xVe~*dx (10.43)

With N a positive integer, we integrate by parts, taking u = x" and
dv = e"dx. Then

: +N J’“’x’v”e*dx = NT(N) (10.44a)

0

I(N+D)=—x"e"

Replacing N by N — 1 in eq. 10.44a, we obtain

I'(N)=(N-DI'(N-1) (10.44b)
so that
I'(N+1)=NWN-DI'(N-1) (10.45)

Repeating this process N times, we obtain
I'(N+1)=N(N-1)(N-=2)--3%2x1*I"(1) (10.46)

With

()= j: e Fdx=1 (10.47)
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this becomes
I'(N+1)=N! (10.48)

From this analysis, we see that the gamma function is a representation of N!
for integer N. Setting N = 0, we obtain

0l=I(1)=1 (10.49)

Replacing N by a complex quantity z, we obtain
g1=T(z+D)=] x'e'dx Re(z)>-1 (10.50)

It is discussed in advanced calculus texts (see, for example, Taylor, 1955, pp.
648-649) that this integral is analytic at all z with Re(z) > —1. Thus, I'(1 + 2)
is an analytic continuation of the factorial of a postive integer.

Therefore, for a positive integer N > Re(z), T'(z+ N+ 1) = (z + N)! is
analytic. From the iterative property of the gamma function

I'(z+N+D)=(z+N)!=(z+N)(z+N-1)zI'(2)

(10.51a)
=z(z+D(z+2)(z+ N)I'(2)

or

I'(z+N+1)
I'(z)= 10.51b
(2) z2(z+D(z+2)(z+N) ( )

Because z + N has a nonnegative real part, ['(z + N + 1) is analytic at z.
Therefore, I'(z) has simple poles at z = 0 and negative integers. Thus, (—N)!
is infinite for integer N=1, 2, ....

Half integer factorials

With the gamma function, we can define the factorial of noninteger values
of N. For example, for N =-1/2, eq. 10.50 is

(— iz)' =1 ('3) = J.: x e dx (10.52)
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With the substitution, y = x'2, and referring to eq. A5.9b, we obtain
(-4)=2f e dy=Ax (10.53)
Then, from the iterative property of the gamma function, we have
(L= (1) (-1)= L (10.54a)
and from

(4)==4(-3)= 7 (10.540)

(-3)=-2Vz (10.54¢)

Using the iterative property of the gamma function, the value of the factorial
of any half integer can be determined (see prob. 15).
If the integral representation of z! of eq. 10.50 cannot be evaluated
exactly, approximations to the gamma function can be developed.
Approximation of z! for Re(z) positive and large
When Re(z) is a large positive number, we substitute
xX=yz (10.55)

in eq. 10.50 to obtain

{7z

=7 yedy = et lay (10.56)

It is straightforward to verify that

y=in(y)>0 0<y<oo (10.57)
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Thus, when Re(z) is large and positive, the major contribution to

efz[,vffn(,\‘)]

arises from the values of y in a small region around the minimum of

y—¥¢n(y)and the function decreases rapidly as y varies from this minimum.

The approximation involves adding or ignoring these 1 values of y that are

“far” from the minimum as needed. The method of evaluating the integral of

eq. 10.56 using this approximation is called the method of steepest descent.
Because y—/n(y)isa minimum for y = 1, we set

y=14w (10.58)

and expand (1+w)—/¢n(1+w) in a MacLaurin series. Because the major
contribution to the exponential arises for w near zero, we can approximate
this series by the first few terms in w. Thus, we take

2 3 \ 2

woow w
—In(y)=l+w—| w——+—— | =1+— 10.59
y=n(y) ( T+ J 5 (10.59)

and approximate eq. 10.56 by
T
g ’*‘LHT} PR SR

Z!: ZZ+ jile dW: Z<.+ e Z Aiile ow dw (10.60)

For Re(z) large, the exponential is small for values of w much different from
zero. Thus, there is little error made by extending this lower limit, taking

[e™Pdw=[" e "aw (10.61)
Then, eq. 10.60 becomes
gl=ze e dw (10.62)

2
We then make the substitution # = w+/z/2, and recognize that e is an
even function of u, to obtain

poo o

Zl= zz’%eﬂ\/gjm e du= Zzlée"'Z\EJo e du (10.63)
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Referring to appendix 5, eq. A5.9b,
oo 5 T
[Teau= x (10.64)

and we obtain the Stirling approximation of z! for Re(z) large;

Zl=ze "\27mz (10.65a)

Because Re(z) is large, many commercially available calculators do not
yield a precise value of z°. In such cases, it is preferrable to find z! by
computing

In(z!) = zfn(z)—z+%€n(27rz) (10.65b)

Example 10.6: The Stirling approximation for z!

The exact value of 8! is 40320. By Stirling’s approximation, we obtain
1
Kn(S!):8€n(8)—8+§€n(1671')=10.5942 (10.66)

from which we obtain 8! = 39903, approximately a 1% error.
The Stirling approximation for z = 8 + 8i yields

(n((8+8i)!) =8(1+i)/n(8(1+i))—8(1+i) +%€n(167r(1+ )
(10.67)
Writing this in Cartesian form, we obtain
(n((8+8i)!)
1 1 T V4
- [8!n(8\/§)—2z_f—8+5 4€n(l6zz\/§)J+1L8£n(8x/§)+ 27[—8+§}

=7.2569 +18.0840i
(10.68a)
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from which

: 10.68b
(8+8i)!=18.4857¢" '™ ( |:|)

Approximation of z! for |z | small

When |z| is small, z! can be approximated by a truncated MacLaurin
series. We obtain that MacLaurin series in the form

o (1) () oo 3 (n)
n(z!) = [T+ 2)]= en[TO) ]+ sz vy 2
n=1 n ' n=l l’l‘
(10.69a)
where
(n) " "
y"(0)=——In(z)| =——in(T(i+2)) (10.69b)
dZ z=0 dZ z=0
To determine these coefficients, we substitute the identity
¢ = lim (1 —ij (10.70)
m—yoo m
Then
o (. xY o x )"
=[x 11mL1——) de=Tlim{ x|1-=] dx 10.71)
Jo m—seo m M—seo d m

Substituting x = mt and referring to the description of the function Ap.q)
in appendix 8 eq. A8.9, this becomes

1
z!=lim m*" JA=n"dt

m—yoco

a N(z+DI(m+1)

=limm*' Bz + L,m+1)=limm 10.72
m—see A ) m—eo I'(z+m+2) ( )

'

= lim m*" "

m—>eo (z+m+1)(z+m)--(z+2)(z+1)
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This is called the Euler limit representation of z!. Using this representation,

In(z!)= linolo{fn (mY)+A+2z)ln(m)— i n(l+z+ k)} (10.73)

k=0

from which we obtain the digamma function

:
1 _“ _
v (2) ﬂn(z') fim tn(m) - Z(z+1+k)} (10.74)
Then
V(l)(o)—hm{én(m) 2 k+1} (10.75)

When m — oo, both /n(in) and the sum are infinite, but their difference is
finite. (See Cohen, 1992, p. 146, eq. 3.162 and p. 270, eqs. 6.42-6.45.) The
value of ¥"(0) is —0.577216 = —y y is called the Euler—Mascheroni
constant.

Derivatives of y"(z), called polygamma functions, are easily obtained
from eq. 10.74. They are

(n) R
(2)=(=1)"(n- 1)12( +1+k)” n>2 (10.76a)

Because this series converges for all n = 2, the limit m — oo is obtained
simply by replacing m by e. Then from eq. 10.76a, the coefficients of the
MacLaurin series are given by

(10.76b)

")(0) (=1
v s

n (k+1)

The series in this expression is referred to as the Riemann zeta function
for integer n > 2, denoted by {(n) and eq. 10.76b can be written

(n)
(0) _ (-1 £ g(n) >0 (10.77)




10.2 Analytic Continuation of the Factorial 425

Using the Cauchy ratio, the radius of convergence of this series is found
from

|z

) n ¢n+1)
lim——=<1 (10.78)
noep+1 g(n)

From the definition of the Riemann zeta series, we have

10.79)

n—yoe

1 1
lim (n)—hm I+—+—+- 1
° [ ST }
Thus, the circle of convergence of the series of /n(z!)is the unit circle, and

(n)
(e =-y+ 3 L0 (O)

n=2

2| <1 (10.80)

We note that all terms in the Riemann zeta series are positive. A series in
which all terms are of the same sign is referred to as an absolute series.
Referring to p. 146, eqs. 3.52, 3.55, and 3.162 of Cohen, 1992, a good
approximation of such a series is obtained by writing

oo 1 M-1 1
> = +5, (10.81a)
i (k+1)" = kD"
with
= L — ! ! — (10.81b)
= k+1) 2(M+1)" (n=1) (M +1)

With this approximation to the Riemann zeta series, the values of
coefficients of the series for /n(z!)can be obtained. The values of the first
ten of these coefficients are given in table 10.1.

Values of polygamma functions

-y y202! | 203! | ¥4 | v 0)/5!
—0.57722 | 0.82247 | -0.40069 | 0.27058 | -0.27039
wo0)/6! | ¥ 0)/7! | vP0)/8! | ¥ 0)9! | ¥'0)/10!
0.16956 | —0.14405 | 0.12551 | —0.11133 | 0.10001

Table 10.1
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As can be seen, the coefficients decrease with increasing n. Therefore, if
| z | < 1, a reasonable approximation to z! can be obtained from a truncation
of the series of eq. 10.80.

Example 10.7: The MacLaurin series for z!

For z = 0.1, using the values of coefficients in table 10.1, we obtain

- ¥ (0)
/n(0.1) = —0.1}/+24‘(0.l)"‘ =—0.04987 (10.82a)
n=2 n.
from which
0.D)!'=I"1.1)=0.95135 (10.82b)

It is also possible to determine the values of the factorials of small
numbers using the Stirling approximation for a large number and the
iterative property of the gamma function. Assuming, for example, that (8.1)!
is well approximated by the Stirling approximation, we have

0.D)!= @D (10.83)
8.1%7.1%6.1x5.1x4.1%x3.1%2.1%1.1

Referring to eq. 10.63b, we have
1
/n(8.11)=8.1/n(8.1)=8.1+ 5 fn(16.277) =10.8090 (10.84)

which yields (8.1)! = 49464. Then, from eq. 10.83, (0.1)! = 0.94165, which
is in good agreement with (0.1)! obtained from the truncated MacLaurin
series. O

With the Stirling and truncated MacLaurin series approximations, plus the
exact values of the gamma function at integer and half integer values of its
argument, we can compute the gamma function of any value of x to produce
the graph below.
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The gamma function

Problems

1. Determine the region in which the representation

f@==] ¢t

is the analytic continuation of the geometric series

f=3 2

n=0

2. Itis straightforward to see that

‘fl(Z) — i Z2n

converges to 1/(1 — Z’) for all z within the unit circle. The integral
representation

fz (2)= J.: eil(lﬁz)dt
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extends this domain. What is the equation or inequality that describes
that extended domain?

3. (a) Determine the radius of convergence of the series

o= Z (n+ w’

n=1

(b) Find the series representation f>(z), expanded about z = i/2 that is an
analytic continuation of the MacLaurin series given in part (a). What
is the radius of convergence of f5(z)?

4. (a) Find a series f>(z) that is an analytic continuation of

n+2

fi(2)= 2 5

n=1

and is analytic at z = -3.
(b)  What is the value of f>(—3)?

5. (a) What is the radius of convergence of the Laurent series representation

(b) Find the Taylor series about z = 3i/2 that is an analytic continuation
of fi(z). Show that z = 5i/2 is within the circle of convergence of this
series.

6. Within the unit circle

f=Y 2

converges to 1/(1 — z). Show that

@)=+ Z Sl

2n
n=0 2
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and

(z+1=10)"

ﬂm=§en-aggr

are analytic continuations of fi(z). Specify the positions of the centers
and the radii of the circles of convergence of f5(z) and f5(2).

7. The MacLaurin series

f-l(z) — izbz

converges to 1/(1 — Z%) at all z within the unit circle.

(a) Determine the analytic continuation of this series that converges
within a circle centered at z = 3i/4. What is the radius of this circle?
Prove that z = 7i/4 is within this circle of convergence.

(b) Use the fact that fi(z) converges to 1/(1 — zz) at all z within the unit
circle to show that

2m1 | COS {(Zm +1tan” (%)} i

e &
mz:é 5 — % sin {(2m +1)tan™ (%)} 05

(Hint: For any number N, one can write

AN g N
(1 + 2) — (gj eiNtan’l(%)
4 4

8. The circle of convergence of the series

L= -1z

n=0

is the unit circle. Determine the series f>(z), expanded about z = 3, that
is an analytic continuation of fi(z). What is the radius of convergence of

the series f>(z)?
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9. The circle of convergence of

10.

11.

f@=Y <

is the unit circle.
(a) Determine a series f>(z) that is an analytic continuation of fi(z),

expanded about z = —1/2 for which z = —1 is contained within the
circle of convergence. What is the radius of convergence of this

series?
(a) At all z within the unit circle, fi(z) converges to —¢n(1— z). Use this

fact to sum the series
oo 1 3 n
-1y =| =
,,z::‘ n\2
The series

£@=Y )

converges to 1/(1 + z) at all z within the unit circle. Find the series that

is an analytic continuation of fi(z) such that its circle of
convergence is centered on the real axis, encloses the point z = (2 + i),

and has the smallest possible radius.

Analytically continue the MacLaurin series

[(@=).(=D"z"

along the real axis. First find a series f5(z), expanded about z = 3/4.
Then continue f5(z) to a series f3(z) for which the circle of convergence is
centered at z = 7/4. Evaluate f3(z) at z = 15/4 and use that fact that f(z)

converges to 1/(1 + Z%) to sum the series

i (=1" sin[(n +1)tan™ (%):I 2"
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12. Within its circle of convergence, the Laurent series

fi=Y b

n=0

converges to a function with a simple pole at the origin and poles at

z =N % io, where « is real and positive, and the integer N satisfies

3a>N>2c.

(a) What is the radius of the circle of convergence of this series?

(b) In terms of sums over the coefficients b,, analytically continue this
series along the real axis to obtain a Taylor series that has a circle of
convergence that includes the point z = x = Sa/2.

13. (a) Prove that the series

F(z)= i -
n=0

converges for all |z| <1.
(b) Show that the circumference of the unit circle is a natural boundary

for this series.
Hint: Let

ik 12N
(4

and take the remainder series to be

S,(z) = i &

n=N+1

14. (a) Prove that the circle of convergence of the series

F(z):i%

n=1

is the unit circle.

(b) Prove that the circumference of the unit circle is a natural boundary of
this series.
(Hint: See ex. 10.5.)
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15.

16.

17.

18.

19.

20.

21.

Determine the values of
@ (=3)! o)

(a) Assume that z! is well approximated by the Stirling approximation
for Re(z) > 8. Obtain a Stirling approximation to 7!.

(b) Using the iterative property of the gamma function (the factorial),
estimate the value of #! by a sum of the first three terms in the
MacLaurin series for (7— 3)!.

Estimate the value of

(a) (-8.3)! (b) (e)! (where e is the base of the natural logarithm)
using the assumption that the Stirling approximation is satisfactory for
Re(z) > 8 or that the sum of the first three terms of MacLaurin series for
z! provides a satisfactory approximation for |z | <0.5.

Assume that the sum of the first three terms of its MacLaurin series
provides an acceptable approximation of z! for |z| <0.1. Use this

truncated series to estimate the value of (3.95)!.

Estimate the value of [(1 + {)/10]! by the sum of the first three terms of
the MacLaurin series for z!.

Estimate the value of (10 + 2i)! using the Stirling approximation.

The Legendre duplication formula for the gamma function is given by

Ti+TG+2) _zlz-H!_ =
I'a+2z) (22)! 2!

(See, for example, Cohen, 1992, pp. 268-269.)

Use the Legendre duplication formula to derive a

(a) Stirling approximation to (z —1/2)! for Re(z) large.

(b) MacLaurin series for (z —1/2)! in terms of the Euler—Mascheroni
constant and the polygamma functions that can be used to
approximate (z — 1/2)! for |Z| small. What is the circle of
convergence of this MacLaurin series?



APPENDIX 1
AC CIRCUITS AND COMPLEX NUMBERS

Using complex numbers, a circuit containing an AC generator, resistors,
capacitors, and inductance coils can be analyzed the same way one analyzes
a DC circuit containing a battery and resistors.

The need for complex numbers for an AC circuit arises from the fact that
there is a phase difference between the current through a device and the
voltage across the device. AC voltage and current are said to be sinusoidal
which means that both quantities vary with time according to

V()= Vp sin2zft + ¢, ) (Al.1a)
and

[(1)=1,sin(27z fi + ¢,) (Al.1b)

where fis the frequency of the AC generator, and ¢y and ¢ are called phase
angles. The phase difference between voltage and current is @y — @.

In an AC circuit, Ig, the current through a resistor, is in phase with Vi, the
voltage across the resistor so that ¢y — ¢ =0. This means that when one of
these quantities (for example, the current) is a maximum, the other (the
voltage) is a maximum and when one quantity is zero, the other is zero. The
current and voltage are 90° out of phase with each other for a capacitor and
for an inductor. This means that for either device, at the instant when the
current is a maximum, the voltage is zero. When the current is zero, the
voltage is a maximum. For a capacitor, the voltage is 90° behind the current
at every instant. That is, ¢y — ¢ = — 90° for a capacitor. For an inductor the
voltage is 90° ahead of the current at every instant (¢ — ¢ = 90°). These
phase relations are represented in figs. Al.1.

433
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Figure Al1.1
Voltage is (a) In phase with the current through a resistor (b) 90° behind

~

the current through a capacitor and (c¢) 90° ahead of the current through an inductor

Explanations of how the phase relations between the current and voltage
arise are presented in detail in an introductory course in physics or electrical
engineering. (See, for example, Serway and Jewett, 2004, pp. 1034-1042.)

An antiquated terminology for voltage that is still occasionally used is the
electromotive force or emf. With E used to represent voltage (emf), the
mnemonics below can help the reader remember the phase relations between
current and voltage (emf) for the three devices. They are:

ELI = voltage (E) across an inductor (L) is 90° ahead of current (I)
through it.

ICE = current (I) through a capacitor (C) is 90° ahead of voltage (E)
across it.

EIR = voltage (E) across a resistor (R) and current (I) through it are
together (are in phase).

Referring to figs. Al.1, we see that there is as much positive voltage or
current as there is negative over one cycle. Therefore, the average of a sinu--
soidal voltage or current over one period is zero. As such, average voltage
and current do not describe the maximum or peak values, Vp and Ip. Instead
Vp and Ip are found by taking the averages of the squares of the voltage and
current over one cycle. These are called the root mean squared or rms values
of the quantities. The rms value of the voltage, for example, is given by

Vo= \/% jOT V)] di = \/%ij; sin® (27 ft)dt = 2‘35 (A1.2)
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where T = 1/f, is the inverse of the frequency of the AC voltage and current.
It is the time for the oscillations of these quantities to complete one cycle.

The relation between the rms (or peak) voltage across a resistor and the
rms (or peak) current through the resistor is given by Ohm’s law,

V,=I.R (A1.3)

where R is the resistance in ohms.
Ohm’s law relating the rms voltage and current for a capacitor in an AC
circuit is

V.=1.X, (Al.4)

where X is a resistance-like quantity called the capacitive reactance, defined
by

1

X, e (A1.5)
The device number C is the capacitance of the capacitor, a measure of the
maximum charge that can be stored on the device. The value of C is
expressed in farads. The capacitance of a typical capacitor is of the order of
microfarads (ufd).

Ohm’s law for an inductor in an AC circuit is

V,=1,X, (A1.6)
X, the inductive reactance, is defined as
X, =2xfL (A1.7)

L, the inductance of the inductor, a measure of the coil’s resistance to a
change in the current through it, is measured in henries. The inductance of a
typical coil is of the order of millihenries (mH).

The phase difference between the voltage across and the current through
these devices can be described graphically on a two-dimensional phase
diagram.
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Series AC circuit

An AC circuit containing a resistor, a capacitor, and inductor in series
connected to an AC generator is shown in fig. A1.2.

R 2, L
AP I I rlmm,_
@,
Figure A1.2
An RCL AC series circuit

In such a circuit, the same current flows through each device and the sum of
the potential differences across the devices is the potential difference across
the generator.

Because the current is common to all three devices, the line representing
current is taken to be along the positive horizontal axis. The voltages are
represented by lines drawn at appropriate phase angles relative to the
current. Referring to the mnemonics above, the voltage across the resistor is
in phase with the current through the three devices. Therefore, Vi is also
along the positive horizontal axis. The voltage across the capacitor is 90°
behind the current through it, so V. is along the negative vertical axis.
Because V; leads the current by 90°, V; is along the positive vertical axis.
The lengths of the lines represent the respective rms or peak values of Vg, Vi,
and V¢. This is shown in fig. Al.3a.

X;

IR R

=1,
R
l > >
‘T’E. =IXC

*

(@) (b)
Figure A1.3
Phase diagram for an AC series circuit in terms of (a) Vg, Vi, V¢ and (b) R.x 7. and X¢
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When the phase diagram of fig. Al.3a is viewed as a complex plane with
complex numbers to represent the current and voltages, the current, being
along the real axis, is a real number. Therefore, the voltages become

V.=V, (a real number) (Al.8a)

V. — —iV,. (anegative imaginary number) (A1.8b)
and

V, =— iV,  (apositive imaginary number) (Al1.8¢c)

Each of these reactances acts as a resistor in a DC circuit in that the
reactance is a measure of how much the device “impedes” the flow of
current. From eqs. A1.3, Al.4, and Al.6 we see that for a given voltage
across a device, the larger the reactance of the device, the smaller the current
through it. As such, for AC circuits, the complex number that represents the
reactance of a device is called its complex impedence.

Each voltage can be written as real current multiplied by either a real or
imaginary reactance, therefore the phase of each voltage can be associated
with the reactances. Thus, the impedence of a resistor is real, the capacitive
impedence is negative imaginary, and the inductive impedence is positive
imaginary. Then, the phase diagram can be described in terms of these
complex impedences with the lengths of the lines representing the
magnitudes of the reactances of the devices, as shown in fig. A1.3b.

Adding the voltages across the devices in the series circuit, we obtain

V. =V, +iV, —iV, (A1.9a)

net

Expressing the voltages in terms of the common current and various
impedences, this becomes

1Z,, =IR+1(iX, —iX.) (A1.9b)
from which

Z,, =R+iX, +(-iX.)=R+i(X, —iX,) (A1.10)
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Referring to eq. 2.77a, this is the way the equivalent resistance of resistors in
series in a DC circuit is calculated. That is, with

Z.,=R (Al.11a)

Z.=-iX, (Al.11b)
and

Z, =iX, (Al.11c)

the net impedence of an AC series circuit is obtained by adding the complex
impedences directly.

Parallel AC circuit

For an AC circuit containing a resistor, capacitor, and inductor in
parallel, the potential differences across the three devices are the same, and
the sum of the currents through the devices adds to the current drawn from
the generator.

R

—_—

o
_||—

L
o

&

Figure A1.4
An RCL AC parllel circuit

Because the voltage across all three devices is the same, the line
representing this common voltage is taken to be along the positive horizontal
axis and the currents are represented by lines drawn at appropriate phase
angles relative to the voltage. Referring to the mnemonics above, the current
through the resistor is in phase with the voltage across it. Therefore, I is
along the positive horizontal axis. The current through the capacitor is 90°
ahead of the voltage across it, so /¢ is along the positive vertical axis.
Because I; lags behind V; by 90°, I, is along the negative vertical axis. The
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lengths of the lines represent the respective rms or peak values of /¢, /; and
Ic as shown in fig. Al.5a.

Fiie=
o VIXC leC
In=ViR /R
> »
L=k 1/x;
(a) (b)
Figure A1.5

Phase diagram for an AC series circuit in terms of (a) Vz, Vi, V¢ and (b) R, X, and X¢

When the phase diagram of fig. Al.5a is viewed as a complex plane, the
voltage is a real number and the currents carry the phase angles. Therefore,

I, —> 1, (areal number) (Al.12a)

I. —il. (apositive imaginary number) (A1.12b)
and

I, — —il, (anegative imaginary number) (Al.12¢)

Then the current drawn from the generator is

L,=I.+i(I.-1,) (Al.13a)
from which
v Yy v,y v (A1.13b)
z., R \X. X,) R iX, iX,

Cancelling the common factor V we obtain the phase diagram of fig. A1.5b,
and eq. A1.13b yields

1 I 1 1

- = 4

Z,, R iX, -iX,

net

(Al.14)
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Referring to eq. 2.77b, this is analogous to the computation one would
perform to obtain the equivalent of resistors in a parallel circuit. That is,
with

Z,=R (Al.11a)

Z.=—iX, (Al.11b)
and

Z, =iX, (Al.11c)

the net impedence of an AC parallel circuit is obtained by adding the
inverses of the complex impedences.

Therefore, for both series and parallel combinations, an AC circuit can be
treated as a DC resistive circuit, with resistances replaced by the complex
impedences given in eqs. Al.11.



APPENDIX 2
DERIVATION OF GREEN’S THEOREM

Let R be a region in the complex plane within a closed contour C. We
define an integral around this closed contour (in either the clockwise or
counterclockwise direction) as

I =[G, (x.y)dx+ G, (x.v)dy ] (A2.1)

C
where G(x, ¥) and G(x, y) are two real functions of x and y.
It is expected that the reader has had some basic experience with vector

algebra, so is familiar with a dot product, understands that a vector in two
dimensions is defined in terms of its components as

G(x,y) =[G, (x, .G, (x, )| (A2.2)

and that a two-dimensional vector line element along the contour C is an
infinitesimal segment of C pointing in the direction of traversal. Its
components are defined by

d ! =dx,dy] (A2.3)

With these descriptions, the integral of eq. A2.1 can be written

$[ G, (x.y)dx+G (x.)dy |=HG « d7 (A2.4)
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Let us segment the region R into a large (ultimately infinite) number of
rectangles of small (ultimately zero) area as shown in fig. A2.1.

2]
O e 5 -
] I
rd ™
£ 3
| 1
A 7
< A
[~
— =
Figure A2.1

The region inside a closed contour segmented into a large

number of small rectangles

We integrate around each rectangle in the counterclockwise direction (the
direction of traversal of the contour) and add the integrals around all the

rectangles. At
S
A[EER(ET
SEEHES

The contour ¢ ——

Figure A2.2
Integration around the rectangles that cover the region R

EHENERE
e I I

We see in fig. A2.2 that the edge of a rectangle that is not along the
contour C is adjacent to the edge of another rectangle, such that these two
adjacent edges are traversed in the opposite directions. As such, the integrals
along all pairs of interior edges cancel. The edge of a rectangle that
comprises a small segment of the contour is not paired with another edge
traversed in the opposite direction. Therefore, there is no cancellation of the
integral along such an exterior edge. Thus, when the integrals around all
rectangles are added together, contributions from all interior sides cancel,
and contributions from exterior sides combine to yield the integral around
the closed contour. That is,

g]S[Gx(x, Vdx+G (x, y)dy]z D 36 Gedl (A2.5)

C rectangles  one
rectangle
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Consider the integral around a small rectangle with sides of length Ax

and Ay, the lower left-hand corner of which is at the point (x,y) as shown
in fig. A2.3.

2]

(x, Y+ AY) (x+Ax, y+AY)

(x.5) (x+AX,Y)

Figure A2.3

The direction of traversal around a small rectangle

The integral around this rectangle is given by

Cj) Gedi= J.:Mx G, (x,y)dx+ Lywy G,(x+Ax,y)dy

one
rectangle

x £y
+ LW G (xy+Apdr+ | G, (x.y)dx

y

(A2.6)
= J‘:*A’“ [Gx (6, y)—G (x,y+ Ay)]dx

716,60 A 1) =G () Jay

We now take the lengths of the sides of the rectangle to zero to obtain

- oG
1 J— = 1 _y
lim [ G, (x+4x,¥) -G, (x,) ] = lim — A (A2.7a)
and
lim [G A)-G _ lim 28: 4 A2.7b
A)I,IEO[ (X, y+Ay)— X(x,y)]—A}glo % y (A2.7b)
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Therefore,

. x+Ax
i,lcr_{}) {L [Gx (x,y)-G (x,y+ Ay)]dx

Ay—0
y+Ay
+ j [G,(x+Ax,y)-G, (x, y)]dy} (A2.8)
)+ aG x+
= lim Ax-[) ghad dy—Ayf v 96, dx
pyel GRS T oy

To determine

. +ay 0G
im %% e and fim [0

Ax—09x ay Ay—0Jy ox

dy

for each of these integrals, we define an indefinite integral to be a function
H(x, y). That s,

aG
H(x,y)=[—=dx (A2.9)
dy
Then
. x+Ax aG .
hmf — *a’xzhm[H(x+Ax,y)—H(x,y)]
Ax—04 x dy Ax—0 (A2 10 )
.10a
0
= lima—Hsz lim °, Ax
Ax—0 ax Ax—0 ay
By identical analysis
. y+Ay aG\, . aGV
lim [ —Ldy = lim —2 Ay (A2.10b)
Ay—04+ y oax Ay—0 X

Therefore, the integral of eq. A2.6 around one infinitesimal rectangle is

I G
¢ G-dﬁzlim[ y—ﬁ}AxAy (A2.11)
) ﬁr—)O X oy
one y—0

rectangle
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Summing over all rectangles that comprise the region R, eq. A2.5 becomes

dG, oG,
flowniceoral-tn X |55
JG,
_”[ . y}dxdy

(A2.12)

Eq. A2.12 is Green’s theorem, which is Stokes’ theorem in two dimensions.



APPENDIX 3
DERIVATION OF THE GEOMETRIC SERIES

Let u and 7 be complex quantities. Starting with the identity
(" =)= =) (" 0 U e U ) (A3LD)

we set u = 1 to obtain

(1=")= A=) (14142 47407 (A3.22)
(l_tN) N N-1 N
=(l+t+ 44t )= o (A3.2b)
-1 =0
When 7] <1,
}/im N =0 (A3.3)

and eq. A3.2b becomes

- =
lim( ): ! =1+t+t’+---= ¢
Noe (1-1)  (1-1) (=0

(A3.4)
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CAUCHY RATIO TEST FOR CONVERGENCE OF
A SERIES

An infinite series is defined as

S(z)=Y 0,(2) (Ad.1)
n=0
The N™ partial sum for this series is defined by

Sy(2)=2.0,(2) (A4.2)

n=0
If the infinite series converges (is finite at z), then

},i“}q Sy(2)=5(2) (A4.3a)

which can be written as

lim [§(z)= S, (2)]=0 (A4.3b)

Writing S(z) as

s@=Y o0+ 0. (A4.4)

n=N+1

449
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eq. 4.3b becomes

lim » 0,(2)=0 (A4.52)
N —oo

n=N+1
Thus, as N approaches oo, the individual terms must approach zero.
Therefore, a condition for a series to converge is that

lim 6, (2)=0 (A4.5b)

This condition is necessary but is not sufficient for the convergence of
S(z). The Cauchy ratio test” provides a sufficiency condition as to whether
a series converges.

Let two successive terms in S(z) be oy(z) and o n.1(2) and let N be large
enough that we can be assured that | O ne1(2) | < | onz) | and that py(2) is
arbitrarily close to its limiting value

p(2)=lim p, (z) (A4.6)

The Cauchy ratio is defined by

py(2)= “G—((Z)) = p(2) (A4.7)
from which

|01 (2)] = p(2)]0 (2)] (Ad.8a)
Then,

|0y, (2)|= P20y, (2] = P* ()]0, (2)] (A4.8b)

|0y, ()| = 0" (2)| 0y (2)] (A4.8¢)

T An earlier version of the ratio test was published some 50 years earlier by
D’Lambert. However, Cauchy’s name is more commonly associated with
the test than is D’Lambert’s.
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Therefore,

n=N

0,(2)|=|oy (2)| ip" (2) (A4.9)

n=0

As can be seen from appendix 3, eq. A3.4,

_ finite p(z) <1
2 p"(z)is {indeterminant p(z) =1

"= inifinite p(z) >1

Therefore, from eq. A4.8, we have

i finite p(z) <1
2 0,(z) is {indeterminant p(z) =1
N inifinite p(z) >1

From this we determine that

S(z) converges if p(z)<1
S(z) may or may not converge if p(z)=1
S(z) diverges if p(z)>1

Thus, a series converges for those values of z for which

Oy, (2)
oy (2)

lim

N—eo

<1 (A4.10)




APPENDIX 5
EVALUATION OF AN INTEGRAL

Let
_ " —a?
1= .[() e du

with & real and positive. Substituting

X
U=——
Jo
the integral becomes
1 e _o
1= —j e " dx
Ja
which is unchanged if x is replaced by y. Thus,
I o= _p
I= ﬁJ-O e dy
The product of the integrals in eqs. A5.3a and A5.3b is
2 1 e 7(x2+\'2)
1" =— f e Ydxdy
o0 Y40

(AS.1)

(AS5.2)

(A5.3a)

(A5.3b)

(AS5.4)
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It is evident that the region of integration of the integral of eq. A5.4 is the

first quadrant of the x—y plane. As can be seen in fig. AS5.1, the quantity
dxdy is the infinitesimal area element dA,, in Cartesian coordinates.

[ %
dx

Figure AS5.1
Integration over the first quadrant of the x—y plane and an infinitesimal area

element in Cartesian coordinates

Transforming to circular coordinates r and 6, we write

rr=x"+y’ (A5.5a)
and
6=tan"' (lj (A5.5b)
X

Referring to fig. AS5.2,

Figure A5.2

Area element in circular coordinates
the infinitesimal area element in circular coordinates is given by

dA , = (dr)(rd6) = rd rd6 (A5.6)

and the first quadrant is described by

0<r<e, 0<6< (AS.7)

NN
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Therefore,
1 pr2 o 5
2 _ & —r
I _05-[0 dejo e rdr (A5.8)

Eq. A5.8 can be integrated easily to obtain

[P=— A5.9a
da ( )
Therefore,
1=] e du= 1z (A5.9b)
0 2N '



APPENDIX 6
TRANSFORMATION OF LAPLACE’S EQUATION

It was shown in chapter 3 that if ®(x, y) satisfies Laplace’s equation at
some point z, it is analytic in a region containing z. Let w be the image of z
under a conformal mapping. Because the mapping is analytic at all points in
the region containing z, the derivatives du/dx, du/dy, dv/dx, and dv/dy are
defined at z.

We consider

ad)(u,v) oD Jdu JD Jv

du_ d® v (A6.1)
ox T u ox v ox
Then
82_(13_8 {acb au od av}
ox>  ox| ou ox v ox (A6.2)
_ u a[acp) D ’u v a(acp) oD 9%y '
t—— | — |+ ——
" ox ox\ du ou dx>  dx ox\ ov v ox’
With
)22
ox\ du Jul\ du Jox Jv\ du jox (A6.32)

_d®ou 9’0 dv
Cou’ dx  Judv dx
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and
i(ai’) i(aﬁ)a_” i(aﬁjﬂ
ox\ dv Jul dv Jox odviodv Jox
_ 9D du +azq> v
S Oudvox v’ ox

eq. A6.2 becomes

oD 0%y

’d 9D Ju
R +__
v Ix’

o u o’

(aujz 0 (v (D
+| — +| — +2—
ox auzj (axJ o’

By replacing x by y, it is evident that

Yo _o0 o a0
dy>  ou dy> v 9y’

[au\ (@) (avY (D)
N

o) Lo ') (5 )2

Therefore, Laplace’s equation becomes

D D
LA
ox* 9y’

"l

Judv| ox 9x Iy oy

_BCD(BZM azuj 9D (v

Appendix 6

(A6.3b)

Ab6.4a)

ou dv( 9*® (
dx ox | du oy

(A6.4b)
au v
ay ay au Bv
v v
ox* 9y’
2
+(g—;j (A6.5)
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Because f(z) is analytic, u and v satisfy Laplace’s equation. Therefore,

o’u du v d%v
(axz + P j = (axz + P J =0 (A6.6a)

From the CR conditions,

[au av du av} 0 (A6.6b)

dx dx dy dy

and
u du 1 ( v Y
e e
Substituting eqs. A6.6 into eq. A6.5, we obtain
I 20 ﬂ(auJ2+/'a_uj2
du’ N’ JL ox Lay
o azaﬂf(av\ (m]}

et )| ) |7

Because u and v are not, in general, constants

BEBIEEEGIR

Therefore, eq. A6.7 requires that

2 2
[H_CD_'_B(I)}:Vz =0 (A6.9)

au2 avz u,v

(A6.7)




APPENDIX 7

TRANSFORMATION OF BOUNDARY
CONDITIONS

It is expected that the reader understands that points in the two-
dimensional plane can be located by vectors as well as by complex numbers.
Let C be a curve in the z-plane (e.g., a curve that defines the boundary of a
region R). Such a curve is defined by an equation of the form

®(c)=1 (AT.1)

Let z = (x, y) be a point on C and let the point z + dz = (x + dx, y + dy) be
differentially distant from z. We define

e and e

to be the x and y unit basis vectors directed along the positive x and positive
y axes. (These are often called

in the literature.) In the vector description, a point is described by

Z(x,y) = xe + ye, (A7.2a)
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Because in Cartesian coordinates the basis vectors are constants,

dz=(dx)e +(dy)e, (A7.2b)

The change in d(z) is given by

dO(2) =DP(x+dx,y+dy)—D(x,y) =aa£dx+aa£dy (A7.3)
X y

From the definition of a dot product, this can be expressed as

dd(z) = {%éx +aa—(;z}} « (@), +(dy)e,)=(V @)+ d7 (AT.4)

(x+dx y+dy)

@y

Figure A7.1

Vectors defined in a normal-tangent coordinate system

d® can also be described in a coordinate system defined by one axis along
the tangent to C at (x, ¥) and a second axis along the normal to that tangent,
as shown in fig. A7.1. Defining the unit basis vectors in this coordinate
system to be

¢ and ¢

t n
the change in ®(z) can be written

dd(z) =%%dn+aa;q;dt (A7.5)

where

9@ 4 92
on ot
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are the changes in @ in the normal and tangential directions, and dn and dt
are infinitesimal displacements along the normal and tangential basis
vectors, respectively. But because the curve C is defined by ® = 4 =
constant, @ does not vary in the tangential direction. That is,

20

= -0 A7.6
» (A7.6)

and @ only depends on the normal coordinate. Therefore, eq. A7.4 becomes

dq)zaﬁdnzd—q)dn (A7.7)
on dn

Referring to fig. A7.1, we see that because the basis vector in the direction
of the normal is of magnitude 1,

dn=|dzcos y=|¢,||dZ|cosy=¢,+ dz (A7.8)

Then eq. A7.7 can be written

d0=-225 . 4z (A7.9)
on

Comparing the descriptions of d® given in eqs. A7.4 and A7.9, we see that
on a curve defined by eq. A7.1,

oD o (0D _ 0D _
— -‘En =(V,®) = L“—éx +Tey] (A7.10)
onl,,. | o e \ox Ve

This means that when a function is described in terms of normal-tangent
coordinates, its gradient in the x—y plane, evaluated at points on a boundary
curve, is the derivative of the function with respect to the normal to the
curve, and is along that normal.

When quantities are described in the complex plane instead of as vectors,
eq. A7.10 becomes

oD

—-— A7.11
. ( )

<onC
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Under a conformal transformation w = f(z),

DO(2)=D(x,y) > O(w) =D(u,v) (A7.12)

and the gradient transforms as

acp ®) (0Ddu D) (0D ID v
V., ®= ' L—— — |ttt
} du dx v ax) \dudy vy
o®(du du) oD(dv  ov
= | —Fi— [+ —| —Fi—
ou\dx dy) dviodx dy
(A7.13)

Because the mapping is conformal, f(z) is analytic everywhere in a region
containing the point (x, y), and the CR conditions

du = v (3.72)
ox dy

and
du_ o (3.7b)
dy ax

are valid. Using them to substitute for du/dx and dv/dx, eq. A7.13 becomes

ob  JdD )\ dv du ov . du
V. P = — || — V @) —+i— A6.14
(au o ij[E)y-i_ ay] ( v )(ay-ﬂay] ( 2

Substituting for du/dy and dv/dy, eq. A7.13 becomes

o0 9D\ du ov) (ou v
®= N E i (v o) 2 (AT14
Vi (au“avﬂax )= V) 52 ’ax] (A7.145)

Equations A7.14 describe the transformation of the gradient from the w-
plane to the z-plane. The transformation from the z-plane to the w-plane is
obtained easily by interchanging u# and x and interchanging v and y. The



Transformation of Boundary Conditions

results are

V &= (nycb)(%Jr i%)

and

465

(A7.15a)

(A7.15b)
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THE BETA FUNCTION

From the definition of the gamma function
(z=D!'=T(2) =J‘:u(771)e7“du (10.47)
we consider
T()0(w) = [ [ a0 e du dv (A8.1)
We make the substitutions x = x* and v = y* to obtain
I'(z)'(w)= 4-[: J: x(zz_”y(zw_”e_(“zﬂz)dx dy (A8.2)

We take x and y represent the Cartesian coordinates and transform to polar
coordinates with

x=rcos@ (2.21a)
y=rsiné (2.21b)

and, as shown in appendix 5,

dxdy — rd rd@ (A5.6)
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Then, eq. A8.2 can be written as
/2 o0 s 2
' (w)= 4J0 cos* ™" @sin*"" HdHJrO P Ve dr - (A8.3)

Setting 7 = > we obtain

© i) 2 1 = o 1
2z+2w=1) —r" 4 __ (z+w=1) -t _ ,
jor e ar—zjor e dt—2r(z+w) (A8.4)
from which
I'or 7 e Cwe
LT 5™ o5 6sin™ " 6= iz, w) (A8.5)
I'(z+w) 0

It is trivial to see from its relation to the combination of gamma functions
that

B(z,w) = p(w,z) (A8.6)

It is straightforward to demonstrate this for the integral representation by
making the substitution

T
p=2-0 (A8.7)

Another representation of A(z,w) is obtained by substituting
cos’ =i (A8.8)

Then eq. A8.5 becomes

B(z,w) = jolu“‘”(l )" du (A8.9)

And by substituting

=t (A8.10)
1—u

we obtain the representation

- x(z—l)

—d. A8.11
TS A

Bz, w) =
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A
AC circuits 436, 438
and complex impedence
for parallel combination 438
for series combination 436
and complex numbers 26
Accumulation (branch) point
171
Addition/Subtraction of power
series 96
Analytic continuation 399
along an arc 409
of the factorial 418
and Schwarz reflection 413
by series 401, 406
Analytic function
derivative of 40
determination of 45
Analyticity 40
and derivatives 40
and Laplace’s equation 44
Argand diagram 3
Argand, Jean Robert 3
Argument
of a complex number 7
of a mapping 259
Arithmetic of complex numbers 7

Asymptotic behavior of a function

128

B

Beta function 467

and the factorial 423
Bilinear transformation 277

determination of 281

and the cross ratio 347
Bottom/top of a cut 174
Boundary conditions 313

Dirichlet 314

invariance under a conformal
mapping 315

Gauss/mixed 315

Neumann 315

transformation of 461
Branch cut (branch line) 172

and Riemann sheets 172
Branch (accumulation ) point 171
Branch structure

see cut structure

C

Capacitive reactance 435
Cardano, Girolamo (Geronimo) 2
Cartesian representation of a

complex number 11
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Cauchy integral representation of
an analytic function 67
and dispersion relations
368
and the Laurent series 83
and the Taylor series 77
Cauchy ratio test (derivation)
449
and radius of convergence 88
Cauchy residue theorem 57
counterclockwise/clockwise
traversal of the contour 60
and Fourier exponential
integrals 132
and Fourier sine/cosine integrals
135
for high order poles 77
and integrals along the entire
real axis 127
and integrals of functions of
sin@ and cosd 137
and integrals of functions with
cut structure 200
and principal value integrals
139
for simple poles 57
Cauchy-Riemann condition(s)
38
Circle of convergence
for the Laurent series 85
for the Taylor series 80
Closed contour integral 48
Closed and open polygons and the
Schwarz-Christoffel transforma-
tion 298
Complex conjugate 5
Complex impedence 437
Complex index of refration 367
Complex numbers 2
Cartesian representation 11
exponential representation 12
trigonometric representation 11

Index

Conformal mapping
see mapping
Contour 48
Convergence of a series
and the Cauchy ratio test 88
for the Laurent series 85
for the Taylor series 79
Critical point of a mapping 258
and conformal mapping 263
Cross ratio and the bilinear
mapping 347
Cube root function 168
and Riemann sheets 171
Cut (branch) structure 175
and dispersion relations 375
for the fractional root function
with one branch point 179
with two branch points 186
for the logarithm function
with one branch point 183
with two branch points 195
for the square root function with
two branch points 193
Cylindrical capacitor 342
D
DC circuits containing resistors
24
parallel circuit 24
series circuit 24
Deformation of a contour 50
Del squared operator in two
dimensions 45
deMoivre’s theorem 15
Derivative of a function of a
complex variable 37
Derivative method for finding
residues 107
Differential area, mapping of 267
Digamma function 424
Dirac delta symbol 146
and dispersion relations 390
as a function 149
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and the principal value integral
139
Dirichlet boundary conditions
314
invariance under a conformal
mapping 315
Discontinuity across a cut 174
Dispersion of radiation 367
Dispersion relations 367
and the Dirac delta symbol 390
for a function with branch
structure 375
over the entire real axis 368
over half the real axis 372
subtracted 381
for a function with branch
structure 386
Distribution 145
Division of a power series 100
Domain of a mapping 249
E
Electrostatic potential
see potential
Elliptic integral
of the first kind 247, 309
of the second kind 247
End point singularity 228
with variable limits 241
Entire function 42
and the radius of convergence
of a Taylor series 80
Equipotential curve 318
in the space between non-
concentric conducting discs 344
in the space outside semicircular
discs with an insulator 335
within the space of a rectangular
groove 331
within the space of a wedge
with an insulator 327
without an insulator 323
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Essential (non-removable)
singularity 53
Euler limit representation of the
gamma function 424
Euler-Mascheroni constant 424
Evaluation of integrals by
the Cauchy residue
theorem 127
along the entire real axis 127
Fourier exponential integrals
132
Fourier sine/cosine integrals
135
of a function of sin€ and cosé
137
for functions with cut
structure 200
principal value integral 139
Exponential (polar) representation
of a complex number 12
Exponential representations of
trigonometric functions 17-18
F
Factorial function (analytic
continuation of) 418
(see also gamma function)
For half integers 419
Fresnel sine/cosine integrals 156
Fixed (invariant) point of a
mapping 254
Fixed singularity of the integrand
227
Fourier integrals using the
Cauchy residue theorem
exponential 132
sine/cosine 135
Fractional root function 166
cut (branch) structure for 179
integrals involving 208
Riemann sheets for 170
with two branch points 186
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G
Gamma function (analytic con-
tinuation of the factorial) 418
Euler limit representation of
424
graph of 427
of half integers 419
MacLaurin series 423
convergence of 426
and the digamma function
425
and the Euler-Mascheroni
constant 424
and polygamma functions 424
and the Riemann zeta function
424
Stirling’s approximation for 420
Gauss, Karl Friedrich 3
Gauss/mixed boundary conditions
315
Geometric series (derivation) 447
and the derivation of the
Laurent series 83
and the derivation of the Taylor
series 77
Green’s theorem 49
derivation of 441
H
Half integers factorial 419
Harmonic functions 45
Hyperbolic functions 18
I
Image under a mapping 249
Imaginary axis 3
Imaginary numbers 2
Imaginary part 3
Impedence, complex 437
Index of refraction, complex 367
Inductive reactance 435
Integral along the entire real axis
127

Index

Integral of an analytic function
48
Integral of a function with one
branch point 200
Into (and onto) mappings 253
Invariant (fixed) point of a
mapping 254
Inverse mapping 263
Inversion 277
Irrational numbers 1
Irrational power function 166
Isogonal mapping 261
J
Jacobian determinant 270
K
Kramers and Kronig 367
Kramers-Kronig dispersion
relations 368
L
Laplace equation
in Cartesian coordinates 44, 312
in polar coordinates 72
transformation of 457
Laplacian operator in two
dimensions 45
Laurent series
for an analytic function 85
derivation of 82
and finding residues 107
for a function with a pole 86
Legendre duplication formula 432
I’Hopital’s rule 92
Limits 92
Line of discontinuity (cut) 174
Linear transformation 251, 271
Logarithm function
cut (branch) structure of 183
integrals involving 202
multivaluedness of 169
and Riemann sheets 172
with two branch points 195
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M
MacLaurin series 79
for the gamma function 423
Magnification (and rotation) 272
Magnification factor of a mapping
259
Magnitude of complex numbers 7
Many to one mapping 249
Mapping (transformation) 249
applications of 311
bilinear 277
conformal 263
of a curve 255
of the differential area element
267
image under 249
into (and onto) 253
invariant (fixed) point of 254
inverse 263
isogonal 261
linear 251, 271
many to one 249
one to many 249
one to one 249
source of 249
onto (and into) 253
of a straight line 256
Schwarz-Christoffel 282
in closed form 291
determination of 303
inverse of 283
and open/closed polygons 298
of points off the real axis 289
of the real axis 284
tables of 344
of the tangent to a curve 258
translation 271
Method of steepest descent 421
Modulus of complex numbers 7
Movable (variable) singularity
227
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Multiplication of power series 98
Multivalued function 165
N
Natural boundary of a series 416
Neumann boundary conditions
315
Non-concentric conducting discs
336
Non-essential (removable)
singularity 53
Non-removable (essential)
singularity 53
0]
Ohm’s law 435
One to many mapping 249
One to one mapping 249
Onto (and into) mappings 253
Open/closed polygons and
Schwarz-Christoffel mapping
298
Open region 91
Order of a pole 55
Overconstrained/underconstrained
differential equation 313
P
Parallel/series combination of
elements in a circuit 24
Phase diagram for AC circuits
436
Phase difference between voltage
and current in an AC circuit 433
Pinch singularity 230
Point of accumulation (branch
point) 171
Polar (exponential) representation
of a complex number 12
Pole singularity 54
Polygamma function 424
Potential (electrostatic) 318
in the space between non-
concentric conducting discs 336
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outside semicircular discs with
insulator 331
within the space of a rectangular
groove
with insulator 358
without insulator 327, 357
within the space of a wedge
with insulator 324
without insulator 319
Principal value integral 141
and the Dirac delta symbol 139
and displacement of the pole
143
Principal branch/sheet 172
R
Radius of convergence
and the Cauchy ratio 88
for the Laurent series 85
for the Taylor series 80
Ratio method for finding residues
108
Rational fraction 1
Rational numbers 1
Reactance, capacitive/
inductive 435
Real axis 3
Real numbers 2
Real part 2
Rectangular groove, mapping of
327, 357
potential within the space of
with insulator 358
without insulator 327, 357
Reflection symmetry
around the imaginary axis 372
around the real axis 377
Removable (non-essential)
singularity 53
Residues
derivative method for
determining 107
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Laurent series method for
determining 107

ratio method for determining 108

for a high order pole 104

for a simple pole 55

Riemann sheets 170
and branch cuts 172
physical model of 173
Riemann zeta function 424
Roots of 1 19
Rotation (and magnification) 272
S
Schwarz reflection 379
and analytic continuation 413
Schwarz-Christoffel mapping 282
in closed form 291
determination of 303
inverse of 283
of points off the real axis 289
of the real axis 284
Semicircular discs with insulator
331
Series/parallel combinations 24
Simple pole 55
residue of 55
Single valued function 165
Singularity 52
Singularities of a function defined
by an integral
end point 228, 241
pinch 230
Source of a mapping 249
Steepest descent, method of 421
Stirling’s approximation (to the
gamma function) 420
Stokes’ theorem 445
Subtracted dispersion relations
Kramers-Kronig 381
over the entire real axis 381
over half the real axis 383
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for a multivalued function 386
Symmetry under reflection 372
about the imaginary axis 372
about the real axis 377
and analytic continuation 414
T
Tables of mappings 344
Taylor series
and the Cauchy integral
representation of a function 77
convergence of 79
derivation of 77
Top/bottom of a cut 174
Transformation
see mapping
Translation 271
Trigonometric representation of a
complex number 11
Two fractional root branch points
186

477

Two logarithm branch points 195
integrals involving 215
Two square root branch points
193
integrals involving 211
U
Underconstrained (overcon-
strained) differential equation
313
Unit circle 12
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Variable end point singularity 241
Variable (movable) singularity 227
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potential within the space of
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