


Klaus Weltner - Wolfgang J. Weber - Jean Grosjean
Peter Schuster

Mathematics for Physicists
and Engineers

Fundamentals and Interactive Study Guide

@ Springer



Prof. Dr. Klaus Weltner Wolfgang J. Weber

University of Frankfurt University of Frankfurt
Institute for Didactic of Physics Computing Center
Max-von-Laue-Stral3e 1 Grineburgplatz 1

60438 Frankfurt/Main 60323 Frankfurt

Germany Germany
Weltner@em.uni-frankfurt.de weber@rz.uni-frankfurt.de
Dr. Peter Schuster Prof. Dr. Jean Grosjean
Am Holzweg 30 School of Engineering
65843 Sulzbach at the University of Bath
Germany England

This title was originally published by Stanley Thornes (Publisher) Ltd, 1986, entitled ‘Mathematics for
Engineers and Scientists” by K. Weltner, J. Grosjean, F. Schuster and W.J. Weber.

Cartoons in the study guide by Martin Weltner.

ISBN 978-3-642-00172-7 e-ISBN 978-3-642-00173-4
DOI 10.1007/978-3-642-00173-4
Springer Dordrecht Heidelberg London New York

Library of Congress Control Number: 2009928636

© Springer-Verlag Berlin Heidelberg 2009

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting,
reproduction on microfilm or in any other way, and storage in data banks. Duplication of this publication
or parts thereof is permitted only under the provisions of the German Copyright Law of September 9,
1965, in its current version, and permission for use must always be obtained from Springer. Violations
are liable to prosecution under the German Copyright Law.

The use of general descriptive names, registered names, trademarks, etc. in this publication does not
imply, even in the absence of a specific statement, that such names are exempt from the relevant protective
laws and regulations and therefore free for general use.

The publisher and the authors accept no legal responsibility for any damage caused by improper use of
the instructions and programs contained in this book and the CD. Although the software has been tested
with extreme care, errors in the software cannot be excluded.

Typesetting and Production: le-tex publishing services GmbH, Leipzig, Germany
Cover design: eStudio Calamar S.L., Spain/Germany

Printed on acid-free paper

Springer is part of Springer Science+Business Media (Www.springer.com)



Main Authors of the I nternational Version

Prof. Dr. Klaus Weltner has studied physics at the Technical University Hannover
(Germany) and the University of Bristol (England). He graduated in plasma physics
and was professor of physics and didactic of physics at the universities Osnabriick,
Berlin, Frankfurt and visiting professor of physics at the Federal University of Bahia
(Brazil).

Prof. Dr. Jean Grosjean was Head of Applied Mechanics at the School of Engineer-
ing at the University of Bath (England).

Wolfgang J. Weber has studied mathematics at the universities of Frankfurt (Ger-
many), Oxford (England) and Michigan State (USA). He is currently responsible
for the training of computer specialists at the computing center at the University of
Frankfurt.

Dr.-Ing. Peter Schuster was lecturer at the School of Engineering at the University
of Bath (England). Different appointments in the chemical industry.



Preface

Mathematics is an essential tool for physicists and engineers which students must
use from the very beginning of their studies. This combination of textbook and study
guide aims to develop as rapidly as possible the students’ ability to understand and
to use those parts of mathematics which they will most frequently encounter. Thus
functions, vectors, calculus, differential equations and functions of several variables
are presented in a very accessible way. Further chapters in the book provide the
basic knowledge on various important topics in applied mathematics.

Based on their extensive experience as lecturers, each of the authors has acquired
a close awareness of the needs of first- and second-years students. One of their aims
has been to help users to tackle successfully the difficulties with mathematics which
are commonly met. A special feature which extends the supportive value of the
main textbook is the accompanying “study guide”. This study guide aims to satisfy
two objectives simultaneously: it enables students to make more effective use of the
main textbook, and it offers advice and training on the improvement of techniques
on the study of textbooks generally.

The study guide divides the whole learning task into small units which the stu-
dent is very likely to master successfully. Thus he or she is asked to read and study
a limited section of the textbook and to return to the study guide afterwards. Learn-
ing results are controlled, monitored and deepened by graded questions, exercises,
repetitions and finally by problems and applications of the content studied. Since the
degree of difficulties is slowly rising the students gain confidence immediately and
experience their own progress in mathematical competence thus fostering motiva-
tion. In case of learning difficulties he or she is given additional explanations and in
case of individual needs supplementary exercises and applications. So the sequence
of the studies is individualised according to the individual performance and needs
and can be regarded as a full tutorial course.

The work was originally published in Germany under the title “Mathematik fiir
Physiker” (Mathematics for physicists). It has proved its worth in years of actual
use. This new international version has been modified and extended to meet the
needs of students in physics and engineering.

vii



viii Preface

The CD offers two versions. In a first version the frames of the study guide are
presented on a PC screen. In this case the user follows the instructions given on the
screen, at first studying sections of the textbook off the PC. After this autonomous
study he is to answer questions and to solve problems presented by the PC. A second
version is given as pdf files for students preferring to work with a print version.

Both the textbook and the study guide have resulted from teamwork. The au-
thors of the original textbook and study guides were Prof. Dr. Weltner, Prof.
Dr. P.-B. Heinrich, Prof. Dr. H. Wiesner, P. Engelhard and Prof. Dr. H. Schmidt.
The translation and the adaption was undertaken by the undersigned.

Frankfurt, August 2009 K. Weltner
J. Grosjean
P. Schuster
W. J. Weber
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Chapter 1
Vector Algebral: Scalarsand Vectors

1.1 Scalarsand Vectors

Mathematics is used in physics and engineering to describe natural events in which
quantities are specified by numerical values and units of measurement. Such a de-
scription does not always lead to a successful conclusion.

Consider, for example, the following statement from a weather forecast:

‘There is a force 4 wind over the North Sea.’

In this case we do not know the direction of the wind, which might be important.
The following forecast is complete:

“There is a force 4 westerly wind over the North Sea.’

This statement contains two pieces of information about the air movement,
namely the wind force which would be measured in physics as a wind velocity

Fig. 1.1

K. Weltner, W. J. Weber, J. Grosjean, P. Schuster, Mathematics for Physicists and Engineers
ISBN 978-3-642-00172-7 © Springer 2009



2 1 Vector Algebra I: Scalars and Vectors

in metres per second (m/s) and its direction. If the direction was not known, the
movement of the air would not be completely specified. Weather charts indicate the
wind direction by means of arrows, as shown in Fig. 1.1. It is evident that this is
of considerable importance to navigation. The velocity is thus completely defined
only when both its direction and magnitude are given. In physics and engineering
there are many quantities which must be specified by magnitude and direction. Such
quantities, of which velocity is one, are called vector quantities or, more simply,
Vectors.

As an example from mathematics, consider the shift in position of a point from
P1 to P, as shown in Fig. 1.2a. This shift in position has a magnitude as well as
a direction and it can be represented by an arrow. The magnitude is the length of the
arrow and its direction is specified by reference to a suitable coordinate system. It
follows that the shift of the point to a position P3 is also a vector quantity (Fig. 1.2b).

A A
oP %f Py
.Pl Py
o > 0 »
(a) (b)
Fig. 1.2

A figure in a plane or in space can be shifted parallel to itself; in such shifts the
direction of all lines of the figure are preserved. Figure 1.3 shows a rectangle shifted
from position A to position B where each point of the rectangle has been shifted
by the same amount and in the same direction. Shifts which take place in the same
direction and are equal in magnitude are considered to be equal shifts. A shift is
uniquely defined by one representative vector, such as a in Fig. 1.3. Two vectors are
considered to be equal if they have the same magnitude and direction.

“\

Fig. 1.3



1.1 Scalars and Vectors 3

Furthermore, vectors may be shifted parallel to themselves, as shown in Fig. 1.4a,
if the magnitudes and directions are preserved.
A vector may also be shifted along its line of action, as shown in Fig. 1.4b.

¥ ) A

/////// /

(a) (b)

/

=Y
Q
<Y

(o)

Fig. 1.4

Vectors can be combined in various ways. Let us consider the addition of vectors.
Consider the point Py in Fig. 1.5 shifted to P,, and then shifted again to P3. Each

shift is represented by a vector, i.e. PP, and P,P3, and the result of the two shifts

by the vector P1P3. Hence we can interpret the succession of the two shafts as the
sum of two vectors giving rise to a third vector.

YA
P,
Py
P,
0 »
Fig. 1.5

The length of the vector representing a physical quantity must be related to the
unit of measurement.

Definition Vectors are quantities defined by magnitude and direction. The
geometrical representation of a vector is by means of an arrow
whose length, to some scale, represents the magnitude of the
physical quantity and whose direction indicates the direction of
the vector.



4 1 Vector Algebra I: Scalars and Vectors

On the other hand, there are physical quantities, distinct from vectors, which are
completely defined by their magnitudes. Such quantities are called scalar quantities
or, more simply, scalars.

Definition A scalar quantity is one which is completely defined by its mag-
nitude.

Calculations with scalar quantities follow the ordinary rules of algebra with pos-
itive and negative numbers. Calculations with vectors would appear, in the first in-
stance, to be more difficult. However, the pictorial geometrical representation of
vector quantities facilitates this task. With vectors it is possible to describe physical
situations concisely. A clear notation is needed to represent vector quantities and
there are, in fact, a number of notations in use.

Vectors are represented by

1. two capital letters with an arrow above them to indicate the sense of direction,
e.g. ITPQ where Py is the starting point and P, the end point of the vector;

2. bold-face letters, e.g. a, A (the style used in this text);

letters with an arrow above, e.g. @, X;

4. underlined letters, e.g. a, and occasionally, by a squiggle underneath the letter,
e.g.a.

w

To distinguish the magnitude of a vector a from its direction we use the mathemati-
cal notation
la| =a

The quantity || is a scalar quantity.

1.2 Addition of Vectors

Geometrically, vectors may be combined by defining easy rules.
It is important that the results (sum, difference) should correspond exactly to the
way actual physical quantities behave.

1.2.1 Sum of Two Vectors: Geometrical Addition

Previously the sum of two vectors was shown to be made up of two shifts, i.e. the
result of two successive shifts was represented by means of another shift. If two
vectors a and b are to be added so that their sum is a third vector ¢ then we write

c=a-+b
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Consider the two vectors a and b, shown in Fig. 1.6a, with a common origin at A.
We can shift vector b parallel to itself until its starting point coincides with the end
point of vector a (see Fig. 1.6b). As a result of this shift we define the vector ¢ as
a vector starting at A and ending at the end of vector b (see Fig. 1.6¢). Then ¢ is the
vector sum of the two vectors @ and b and is called the resultant. The triangle law
of addition of vectors is expressed by the vector equation

c=a+b

v

>4
®

»

©

@) (b) ©
Fig. 1.6

The sum of several vectors is obtained by successive application of the triangle law;
a polygon is formed as illustrated in Fig. 1.7.

/

Resultant

Fig. 1.7

The order in which the vectors are added is immaterial. This is known as the
commutative law, i.e. a +b = b + a. Furthermore, the law for addition of vectors is
associative, i.e. if a, b and ¢ are three vectors then their sum is

a+b+c)=(a+b)+c (1.1)

This means that we could add to a the sum of b and ¢ or find the sum of @ and b
and add it to ¢ and still obtain the same resultant.

Vector addition also follows Newton’s parallelogram law of forces which applies
to two forces acting at a point, as shown in Fig. 1.8. The vector sum of two such
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vectors a and b is obtained by drawing two lines parallel to the vectors a and b,
respectively, to form a parallelogram. The vector sum is then represented by the

diagonal ﬁ; hence ¢ = a + b. A study of the figure shows that it is equivalent

to the triangle law and that ¢ = AB is obtained by either adding » to a or a to
b,ie.

c=a+b=b+a (1.2)

1.3 Subtraction of Vectors

The method of subtraction for two vectors is obtained by an extension of the rule of
addition if we first introduce the concept of a negative vector.

Definition  The negative of a vector a is a vector having the same magni-
tude but opposite direction. We write it as —a.

If the vector a starts at A and ends at B, such that a = AB, then it follows that
—a = BA.
The sum of a vector and its negative counterpart is zero, for

a+(—a)=0

In vector calculus, 0 (as above) is called the null vector.
If @ and b are two vectors, then we call a third vector ¢ the difference vector
defined by the equation
c=a-—>b

We can regard this difference as the sum of vector a and the negative of vector b,
i.e.c =a+(-b).

This result is illustrated in Fig. 1.9 in three steps.

Firstly, we draw the negative vector —b (Fig. 1.9a); secondly, we shift this neg-
ative vector so that its end is at the tip of vector a (Fig. 1.9b); and thirdly, we form
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b
a a a
4 -b
—b
(a)

(b) (c)
Fig. 1.9

the sum of @ and (—b) in accordance with the triangle law and obtain the difference
vector ¢ = a + (—b) (Fig. 1.9c).

To add and subtract vectors we proceed using the rules for addition and subtrac-
tion.

The difference vector ¢ = a — b can also be constructed using the parallelogram
rule. Figure 1.10a shows two vectors a and b; in Fig. 1.10b the parallelogram is com-

pleted. The difference vector ¢ = a — b is then given by the diagonal BA (Fig. 1.10c).

(@) (b) ©
Fig. 1.10

It is easy to see that both constructions lead to the same result, and that the latter
construction shows clearly that the difference vector can be regarded geometrically
by the line joining the end points of the two vectors.

1.4 Components and Projection of a Vector

Let us consider the shift of a point from position Py to position P, by the vector a,
as shown in Fig. 1.11a, and then find out by how much the point has shifted in the
x-direction. To ascertain this shift we drop perpendiculars on to the x-axis from the
points Py and P, respectively, cutting the axis at x; and x,. The distance between
these two points is the projection of the vector a on to the x-axis. This projection is
also called the x-component of the vector.

In the figure, we have shown a rectangular set of axes, i.e. axes which are per-
pendicular to each other so that point P; has coordinates (x;, y1) and point P, coor-
dinates (xz,y2). It follows, therefore, that the x-component of the vector a is given
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YA A
P, P,
" b7 i il
P, a i a
! ! Y- -
| | Py
| I
1 N _
0 Xy Txy x 0 ks
(a) (b)
Fig. 1.11

by the difference between the x-coordinates of the points P and P,, i.e. by x, — x1.
Similarly, the shift of the point in the y-direction is obtained by dropping perpendic-
ulars from P; and P, on to the y-axis, cutting it at y; and y,, as shown in Fig. 1.11b.
Hence the y-component of the vector a in the y-direction is given by y, — yy.

The components of the vector a are usually written as follows:

ax = X2 — X1
ady = Y2 = )1

If the coordinate axes are not perpendicular to each other the coordinate system is
called obligue. Projections in such a coordinate system are obtained by using lines
parallel to the axes instead of perpendiculars. We will not use this type of coordinate
system in this book, even though oblique coordinates are very useful in certain cases,
e.g. in crystallography.

Generalisation of the concept of projection. So far we have considered the pro-
jection of a vector on to a set of rectangular coordinates. We can generalise this
concept by projecting a vector a on a vector b as follows.

We drop normals from the starting and end points of the vector a, as shown in
Fig. 1.12a, on to the line of action of vector b. The line of action of the vector
is the straight line determined by the direction of the vector. It extends on either

vA -7 A

A

[

Y

@)
" |

Fig. 1.12
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side of the vector, as shown in Fig. 1.12a. The distance between the two normals is
the component of vector a along vector b; this is written as a;. We can simplify the
construction by shifting the vector a parallel to itself until its starting point meets
the line of action of vector b and then dropping a normal on b from the tip of vector
a, as shown in Fig. 1.12b. This results in a triangle and the projection or component
of a in the b direction is

lay| = |a|cosa
or ap = acosu

Similarly, we can project vector b on to a, giving

bg = bcosa
1.5 Component Representation in Coor dinate Systems

The graphical addition and subtraction of vectors can easily be carried out in a plane
surface, e.g. in the x—y plane of a rectangular coordinate system. However, we
frequently have to cope with spatial problems. These can be solved if the vector
components in the direction of the coordinate axes are known. \We can then treat the
components in each of the axes as scalars obeying the ordinary rules of algebra.

1.5.1 Position Vector

The position vector of a point in space is a vector from the origin of the coordinate
system to the point. Thus, to each point P in space there corresponds a unique vector.
Such vectors are not movable and they are often referred to as bound vectors.

The addition of two position vectors is not possible. But in contrast subtracting
them gives a sensible meaning. If P; and P, are two spatial points, i.e. two positions
in space, and O is the origin of a coordinate system, then the position vectors are
OP; and OP; and their difference, OP, — OPy, is a vector starting at P; and ending
at P,, as shown in Fig. 1.13.

YA
P,
OF,
P,

OP,

Fig. 1.13
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1.5.2 Unit Vectors

Vectors have magnitude and direction, but if we wish to indicate the direction only
we define a unit vector. A unit vector has a magnitude of 1 unit; consequently it
defines the direction only.

Figure 1.14 shows three such unit vectors (bold arrows) belonging to vectors a, b
and c respectively.

Of special significance are unit vectors along a Cartesian or rectangular coordi-
nate system (see Fig. 1.15). The set of these vectors is also called a base and these
vectors are called base vectors. In such a three-dimensional system, these unit vec-
tors are denoted by the letters i, j,k orex,e,,e, ore;,e,,e3. Here we shall adopt
the i, j,k notation.

YA

b

—elp z

d e

< k

/ e >

of A1 g “
Fig. 1.14 Fig. 1.15

Figure 1.16 shows a point P with coordinates P,,P,,P.. The position vector
OP = P has three components:
e acomponent P, i along the x-axis;

» acomponentP, j along the y-axis;
» acomponent P, k along the z-axis.
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From the figure it then follows that

—

1.5.3 Component Representation of a Vector

A vector can be constructed if its components along the axes of a coordinate system
are known. Hence the following information is sufficient to fix a vector:

 adefined coordinate system;
» the components of the vector in the direction of the coordinate axes.

Fig. 1.17

Figure 1.17 shows a rectangular x-y-z coordinate system. If the vector a has
components ay,a,,a, then

a=axi+ayj+ak
It can also be expressed in the abbreviated forms

a = (ax,ay7az)

Thus the vector a is defined by the three numbers ax,a,,a.. To obtain the vector
a we simply multiply these numbers by the appropriate unit vectors. ax,a, and a;
are the ‘coordinates’ of the vector; they are scalar quantities.
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Definition We may express a vector

a =axi+ayj+azk

Adx
thus: a = (ax,ay.,a;)= | ay
az

These are called the component representations of the vector a.

Example The vector shown in Fig. 1.18 is given by a = (1,3, 3).

Fig. 1.18

Two vectors are equal if and only if their components are equal. Hence if a = b,
then

ax:bx
ay = by
a; = b,

1.5.4 Representation of the Sum of Two Vectors
in Terms of Their Components

We will now show that the result of the geomet-
rical addition of two vectors can be obtained by
adding separately the components of the vectors YA
in given directions.

Two vectors a and b in the x-y plane, as shown
in Fig. 1.19a, can be expressed in terms of unit b
vectors thus:

a:axi+ayj

¥

and 0
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We now add a and b to give the resultant vector  yj
¢, as shown in Fig. 1.19b:

c=a+b

The x-component of ¢ iS ¢xi = axi + bxi oOr
cxi = (ax +by)i. Hence the x-component of the
resultant vector is equal to the algebraic sum of |
the x-components of the original vectors. ) — - -

=Y

Similarly, the y-component (see Fig. 1.19c¢) is b/

cyj =(ay+by)j

" |

o
(¢}
Fig. 1.19
It then follows that the vector ¢, the resultant of vectors « and b, is given by
Cc = (ax +bx)i + (ay +by)j

whose coordinates are (ax + by ), (ay +by).
The same procedure can be adopted in the case of three-dimensional vectors.
If @ and b are two such vectors so that

a=(ax,ay,az) and b= (bx,by,b;)
then it follows that
a+b:(ax +bx, ay +by, aZ “l‘bz) (1.38.)

Generally, the sum of two or more vectors is found by adding separately their com-
ponents in the directions of the axes.
1.5.5 Subtraction of Vectorsin Terms of their Components

The task of finding the difference a — b between two vectors @ and b can be reduced
to that of adding vector a and the negative of vector b.
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It therefore follows that, for the two-dimensional case
a—b=(ax—bx, ay—by)
and for the three-dimensional case
a—b=(ax—bx, ay—by, a;—b;) (1.3b)

Example Let the vectors be @ = (2,5,1) and b = (3,—7,4) then, in terms of the
components, we have

a—b=(2-3, 547, 1-4)=(—1,12,-3)

Of special significance is the difference vector of two position vectors. This is given
by the vector which joins the end points of the two position vectors.

Figure 1.20 shows that vector ¢ is obtained by joining the two points P; and P,
sothate = P, — P>.

In terms of the components of P and P,

c:(Plx_P2x7 Ply_P2y)

0| >

Fig. 1.20

Example If P; = (3,—1,0) and P, = (—2,3,—1) are two points in space then the
difference vector ¢ givenby ¢ = P, — Py is

c=(-2-3, 3+1, —-1-0)=(-5,4,—-1)

1.6 Multiplication of a Vector by a Scalar

Multiplication of a vector by a scalar quantity results in a vector whose magnitude
is that of the original vector multiplied by the scalar and whose direction is that of
the original vector or reversed if the scalar is negative.
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Definition Multiplication of a vector a by a scalar A gives the vector Aa
having length Aa and the same direction as @ when A > 0. If
A < 0 it has the opposite direction.

In terms of the components of the vector a, the new vector Aa is given by
Aa = (Aay, May, Araz) (1.4)
If A = 0, then the vector Aa is the null vector (0, 0, 0).
Example Givena = (2,5,1), then when A = 3 we have
Aa = (6,15,3)
and when A = —3 we have

ra = (—6,—15,-3)

1.7 Magnitude of a Vector

If the components of a vector in a rectangular coordinate system are known, the
magnitude of the vector is obtained with the aid of Pythagoras’ theorem.
Figure 1.21 shows a vector a with components ax,ay, i.e. a = (ax,ay).
Since the vector and its components form a right-angled triangle, we have
a’= ax2 + ayz

and the magnitude of the vector is
|a|:a:‘/ax2+ay2 (15a)

YA

ay

[

Fig. 1.21
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<Y

Fig. 1.22

The three-dimensional vector a = (ax,ay,a;) shown in Fig. 1.22 has a magnitude

given by
la| =a =\/ax?+ay?+a;> (1.5b)

Example The magnitude of the vector a = (3,—7,4) is

a=1/32+724+42=/74~8.60

The distance between two points in space is thus easily determined if the compo-
nents are known.

Example Figure 1.23 shows two given points in the plane P; = (x1,y1) and
P> = (x2,y2). Itis required to find the distance between them.

To find the distance we require the coordinates of the connecting vector P,P;.
These are

—
PoP1 = (x1 —x2, y1—y2)

and the magnitude is

—
[P2Py| = \/(Xl —x2)%+ (y1 - y2)?

A P,

P,

P1 Pl

O
. )

Fig. 1.23
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If Py and P, are two points in space, then the distance between them is

—
|P2P1| = \/(xl —x2)2+(y1—12)? + (21— 22)2

Any vector may be expressed in terms of a unit vector. If a = (ax,ay,a;) is any

vector, its magnitude is
la| =a =\/ax?>+ay?>+a;?

If the unit vector in the direction of a is denoted by e, then

axi +ayj+azk

g =
or
ea:)ka:ia: (a—x, a_y’ a_z)
la| la|” |a| |a|
Hence
a=uaey
Exercises

1.1 Scalarsand Vectors

1. Which of the following quantities are vectors?

(@) acceleration (b) power

(c) centripetal force (d) velocity

(e) quantity of heat (f)  momentum

(g) electrical resistance (h)  magnetic intensity

(i) atomic weight

1.2 Addition of Vectors 1.3 Subtraction of Vectors

2. Given the vectors a, b and ¢, draw the vector sum S = a + b + ¢ in each case.

YA
YA

=

" J

a
/ i

Fig. 1.24 Fig. 1.25

=¥

0]
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3. Draw the vector sumaq +as +...+ay.

YA
YA
0 > ) »
Fig. 1.26 Fig. 1.27
4. Draw the vector ¢ = a — b.
YA Y,

\’ — g
- b
[} \

Fig. 1.28 Fig. 1.29

uY

1.4 Componentsand Projections of a Vector

5. Project vector a on to vector b.

YA YA

Q
=Y
o\\
c\
" J

Fig. 1.30 Fig. 1.31
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6. Calculate the magnitude of the projection of @ on to b.
@) la|=5, £(a,b)=
(©) la|=4, £(a,b)=

1.6 Component Representation

7. Given the points Py = (2, 1), P> = (7, 3) and P3 = (5, —4), calculate the
coordinates of the fourth corner P4 of the parallelogram P;P,P3P, formed by
— —
the vectors a = P,P, and b = P1P;.

P,

=

Fig. 1.32

8. If P = (xl, yl), Py, = ()C2, y2)7 P3 = ()637 y3) and Py = ()647 y4) are four
arbitrary points in the x — y plane and if @ = P1P,, b = PyP3, ¢ =P3P4, d =
ITP;, calculate the components of the resultant vector S =a+ b+ ¢ +d and
show that S = 0.

YA

<Y

)
Fig. 1.33
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9. A carriage is pulled by four men. The components of the four forces Fy, F5,
F3, F4 are

Fi = (20N, 25N)
F» = (15N, 5N)
F3 = (25N, —=5N)
Fs = (30N, —15N)

Fig. 1.34

Calculate the resultant force.

10. Ifa=(3,2,1),b=(1, 1, 1), ¢ = (0, 0, 2), calculate
@ a+b—c (b) 2a—b+3c

1.6 Multiplication of a Vector by a Scalar

11. Calculate the magnitude of vector @ = A1aq + Aza, — Azas for the follow-
ing cases:

(a) a) = (25 735 1)? a = (715 45 2)7 as = (65 717 1)7
A1 =2, Ay =7, A3 =3

(b) a) = (747 27 3)3 az = (755 747 3)7 as = (25 745 3)’
AM=—1, Az=3,  Az=-2

12. Calculate in each case the unit vector e, in the direction of a:
(a) ll:(3, 7172) (b) a:(za 717 72)

1.7 Magnitude of a Vector

13. Calculate the distance a between the points P; and P, in each case:
(a) Pl = (37 2? 0) (b) Pl = (727 715 3)
Pzz(ila 47 2) P2:(45 725 71)

14. Anaircraft is flying on a northerly course and its velocity relative to the air is
V1 = (0 km/h, 300 km/h)
Calculate the velocity of the aircraft relative to the ground for the following
three different air velocities:

(@ V2 =(0, —50) km/h, headwind
(b) V3= (50, 0) km/h, crosswind
(€) V4= (0, 50) km/h, tailwind
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7 \
A Vs
Vs
Vs,
0 3
Fig. 1.35

Calculate the magnitude of the absolute velocity relative to the ground for the
three cases:

(d) V14V, () [Vi+Vs| () [V1+ V4



Chapter 2
Vector Algebrall: Scalar and Vector Products

We saw in the previous chapter how vector quantities may be added and subtracted.
In this chapter we consider the products of vectors and define rules for them. First
we will examine two cases frequently encountered in practice.

1. In applied science we define the work done by a force as the magnitude of the
force multiplied by the distance it movesalong itsline of action, or by the com-
ponent of the magnitude of the force in a given direction multiplied by the dis-
tance moved in that direction. Work isascalar quantity and the product obtained
when forceis multiplied by displacement is called the scalar product.

2. Thetorgue on abody produced by aforce F (Fig. 2.1) is defined as the product
of the force and the length of the lever arm OA, the line of action of the force
being perpendicular to the lever arm. Such a product is called a vector product
or cross product and the result is a vector in the direction of the axis of rotation,
i.e. perpendicular to both the force and the lever arm.

Lever arm

Fig 2.1

2.1 Scalar Product

Consider a carriage running on rails. It moves in the s-direction (Fig. 2.2) under
the application of aforce F which acts at an angle « to the direction of travel. We

K. Weltner, W. J. Weber, J. Grogean, P. Schuster, Mathematics for Physicists and Engineers
ISBN 978-3-642-00172-7 © Springer 2009
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require the work done by the force when the carriage moves through adistance sin
the s-direction (Fig. 2.3).

Fig. 2.2 Fig. 2.3

In order to study the action of the force F on the carriage we resolve it into
two components: one along the rails (in the s-direction), and one perpendicular to
therails, i.e. Fsand F respectively. Fs, F\, and s are vector quantities; the work
is, by definition, the product of the force along the direction of motion and the
distance moved. In this case, it is the product of F s and s. It follows also from the
definition that the work done by Fj is zero since there is no displacement in that
direction. Furthermore, if the railsare horizontal then the motion of the carriage and
the work doneis not influenced by gravity, sinceit actsin a direction perpendicular
to therails.

If W isthework donethen W = F -cosa -s or F -s-CcOSa in magnitude.

Since work is a scalar quantity the product of the two vectorsis called a scalar
product or dot product, because one way of writing it is with adot between the two
vectors:

W == Fs's
where
|Fs| =|F|cosa

It is also referred to as the inner product of two vectors. Generaly, if @ and b are
two vectorstheir inner product iswrittena - b.

Definition Theinner or scalar product of two vectorsis equal to the prod-
uct of their magnitude and the cosine of the angle between their

directions:
a-b = abcosa (2.1

Geometrical interpretation. The scalar product of two vectorsa and b is equal to
the product of the magnitude of vector a with the projection of b on a (Fig. 2.44):

a-b=abcosu
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Or it is the product of the magnitude of » with the projection of @ on b (Fig. 2.4b):

a-b = bacosu

x
y
R
2v\ o
-
~
-

J

Fig. 2.4

In the case of the carriage, we can also evaluate the work done by the product
of the magnitude of the force and the component of the displacement along the
direction of the force (Fig. 2.5).

Fig. 2.5

Example A forceof 5N isapplied to abody. The body is moved through adistance
of 10 min adirection which subtends an angle of 60° with the line of action of the
force.

The mechanical work doneis

U=F -s = Fscosa
=5x10 x cos60° = 25Nm

The unit of work should be noted: it is F
newtonsx metres= Nm or joules (J). This

example could be considered to repre-

sent the force of gravity acting on a body

which slides down a chute through a dis-

tance s, theforce F = mg wherem isthe fig 26
mass of the body and g the acceleration

dueto gravity (Fig. 2.6).
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2.1.1 Application: Equation of a Line and a Plane

The scalar product can be used to obtain the equation of a line in an x—y plane
if the normal from the origin to the line is given (Fig. 2.7). In this case the scalar
product of » with any position vector r to a point on the line is constant and equal
ton2. Thus

n“=n-r=ny,ny) (x,y)

n® =Xxnx-+yny
n2

y=—x+— (2.29)
ny ny

If we extend the procedureto three dimensions we obtain the equation of a planein
an x—y—z coordinate system:

n? = Xny+yn,+zn; (2.2b)

YA

N
4 J

Fig. 2.7

2.1.2 Special Cases

Scalar Product of Perpendicular Vectors

If two vectors a and b are perpendicular to each other so that « = 5 and hence
cosa = 0, it follows that the scalar product is zero, i.e.a-b = 0.

The converse of this statement isimportant. If it is known that the scalar product
of two vectorsa and b vanishes, then it follows that the two vectors are perpendic-
ular to each other, provided that @ = 0 and b # 0.
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Scalar Product of Parallel Vectors

If two vectorsa and b are parallel to each other so that « = 0 and hence cos o = 1,
it followsthat their scalar product a - b = ab.
2.1.3 Commutative and Distributive Laws

The scalar product obeys the commutative and distributive laws. These are given
without proof.

Commutative law a-b=>b-a (2.3
Distributive law a-(b+c)=a-b+a-c (2.9

As an example of the scalar product let us derive the cosine rule. Figure 2.8
shows three vectors; « isthe angle between the vectorsa and b.

Fig. 2.8

We have btc=a
c=a—>b

We now form the scalar product of the vectors with themselves, giving

cc=c>=(a—b)?
c>=a-a+b-b—2a-b
¢? = a® +b* —2ab cosa (2.5)

If o = 7, we have Pythagoras’ theorem for aright-angled triangle.

2.1.4 Scalar Product in Terms of the Components of the Vectors

If the components of two vectors are known, their scalar product can be evaluated.
It is useful to consider the scalar product of the unit vectorsi along the x-axis and
j aongthe y-axis, asshownin Fig. 2.9.
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From the definition of the scalar product we deduce the following:

isi =

It

It
=N el

i
irj

jei =

Fig. 2.9

Figure 2.10 shows two vectors a and b that issue from the origin of a Cartesian
coordinate system. If ax,bx,a, and b, are the components of these vectors along
the x-axisand y-axis, respectively, then

y‘}

= ayi+ayj
b = byit+b)j b
3
Fig. 2.10

The scalar product is
= axbxi -i +axbyi - j+aybxj-i +aybyj-j
a-b=axby+ayb,

Thus the scalar product is obtained by adding the products of the components of the
vectors along each axis (Fig. 2.11).
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YA

Fig. 2.11

In the case of three-dimensional vectorsit is easily demonstrated that the following
rule holdstrue:

a-b=axbx+ayby+asb, (scaar product) (2.6)

It is also an easy matter to calculate the magnitude of a vector in terms of its
components. Thus

a2:a~a

=daxaxt+ayay+aza;

ax2+ay2+a22

|tl| = “ax2+ay2+a22

Q
Il

(In Sect. 1.7, (1.5h))
Example Giventhata = (2,3,1),b = (—1,0,4), calculate the scalar product.

a‘b = axbx +ayby +a2bz
=2x(—1)4+3x0+1x4=2

The magnitude of each vector is

a=+22+324+1=v14~3.74
b=+V14+42=V17~4.12
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2.2 Vector Product

2.2.1 Torque

At the beginning of this chapter we defined the torque C, resulting from aforce F
applied to a body at a point P (Fig. 2.12), to be the product of that force and the
position vector r from the axis of rotation O to the point P, the directions of the
force and the position vector being perpendicular.
The magnitude of the torqueistherefore C = |r||F | or, moresimply, C = rF.
Thisisknown asthe lever law.

Fig. 2.12

A special case is illustrated in Fig. 2.13 where the line of action of the force
F isin line with the axis (the angle between force and position vector r is zero).
In this situation, the force cannot produce a turning effect on the body and conse-
quently C =0.
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The general caseiswhen theforce F and the radius r are inclined to each other
at an angle «, as shown in Fig. 2.14. To calculate the torque C applied to the body
we resolve the force into two components: one perpendicular to r, F |, and onein
thedirectionof r, F .

Thefirst component isthe only onethat will produce aturning effect on the body.
Now F | = F sina in magnitude; hence C = rF sina.

Fig. 2.14

Definition Magnitude of torque C
C =rFsna

2.2.2 Torque as a Vector

Physically, torqueis a vector quantity since its direction is taken onto account. The
following conventionis generally accepted.

Thetorque vector C is perpendicular to the plane containing the force F and the
radius vector r. The direction of C isthat of ascrew turned in away that brings r

CH2

>

Q

Fig. 2.15
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by the shortest route into the direction of F. Thisis called the right-hand rule. To
illustrate this statement let us consider the block of wood shown in Fig. 2.15 where
the axis of rotationisat A and aforce F is applied at P at a distance r. The two
vectorsr and F defineaplanein space. F isthen moved parallel to itself to act at
A; asthe screw is turned it rotates the radius vector r towards F through an angle
a. Hence the direction of the torque C coincides with the penetration of the screw.

2.2.3 Definition of the Vector Product

The vector product of two vectorsa and b (Fig. 2.16) is defined as a vector ¢ of
magnitude ab sina, where « is the angle between the two vectors. It acts in a di-
rection perpendicular to the plane of the vectors a and b in accordance with the
right-hand rule.

Fig. 2.16

This product, sometimes referred to as the outer product or cross product, is
written
c=axb o c=anbd (2.7

Itispronounced ‘acrossb’ or ‘awedgeb’. [tsmagnitudeisc = ab sina. Note
thata xb=—b xa.

Thisdefinition is quite independent of any physical interpretation. It has geomet-
rical significance in that the vector ¢ represents the area of a parallelogram having
sides a and b, as shown in Fig. 2.17. ¢ is perpendicular to the plane containing a
and b, direction given by the right-hand rule.
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The distributive laws for vector products are given here without proof.

ax(b+c)=axb+axc (2.8
and (@a+b)xc=axc+bxc (2.9)

Further, we note with respect to ascalar A that

haxb=ax\b=>XAaxb) (2.10)

Example Given two vectorsa and b of magnitudesa = 4 and b = 3 and with an

anglea = % = 30° between them, determine the magnitude of ¢ = a x b.

¢c=absn30°=4x3x05=6

2.2.4 Special Cases

Vector Product of Parallel Vectors

The angle between two parallel vectors is zero. Hence the vector product is 0 and
the parallelogram degeneratesinto aline. In particular

axa=0
Itisimportant to note that the converse of this statement isalso true. Thus, if the vec-
tor product of two vectorsis zero, we can conclude that they are parallel, provided
thata # 0 and b # 0.

Vector Product of Perpendicular Vectors

The angle between perpendicular vectorsis 90°, i.e. sina = 1. Hence

|a x b| =ab

2.2.5 Anti-Commutative Law for Vector Products

If @ and b are two vectors then

axb=-bxa (2.11)
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Proof Figure 2.18 shows the formation of the vector product. The vector product
iS¢ =a x b and ¢ points upwards. In Fig. 2.19, ¢ is now obtained by turning b
towards a, then, by our definition, the vector b x a points downwards. It follows
thereforethat a x b = —b x a. The magnitudeisthe same, i.e. ab sina.

éi
v

c a
>
b
X - | 2
- R
Fig. 2.18 Fig. 2.19

2.2.6 Components of the Vector Product

Let usfirst consider the vector products of the unit vectorsi, j and k (Fig. 2.20).
According to our definition the following relationships hold:

e
1 i=20
iXj =
i k= —j 4
j J=0 k
i X k=i
ixi=—k i >
i
k k=0
kXi=]j
kXj =-i x
Fig. 2.20

Let usnow try to express the vector product in terms of components. The vectors
a and b expressed in terms of their components are

a=axi+ayj+ak
b=>byi+byj+bsk
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The vector product is
axb=(axi +ayj+azk)x (bxi+byj+b:k)
Expanding in accordance with the distributive law gives

axb=(axbxi xi)+ (axbyi x j)+ (axbzi x k)
+(aybxj xi)+(aybyj x j)+ (aybsj x k)
+ (azbxk xi)+ (azbyk x j)+ (azbk x k)

Using the relationships for the vector products of unit vectorswe obtain
axb=(ayb; —azby)i +(azbx —axb;)j + (axby —aybx)k (2.129)

The vector product may conveniently be written in determinant form. A detailed
treatment of determinants can be found in Chap. 15.

i j k
axb=\|ayaya; (2.12b)
bx by b

Example Thevelocity of apoint P on arotating body is given by the vector product
of the angular velocity and the position vector of the point from the axis of rotation.
In Fig. 2.21, if the z-axis is the axis of rotation, the angular velocity w is a vector
aong this axis. If the position vector of apoint Pisr = (0,ry,r;) and the angular
velocity @ = (0,0,), as shown in the figure, then the velocity v of Pis

i jk
v=wxr=1[00!;=—-ryl;i
Oryr;

Fig. 2.21



36 2 Vector Algebrall: Scalar and Vector Products

Exercises

2.1 Scalar Product
1. Calculate the scalar products of the vectorsa and b given below:
@ a=3 b=2 a=n/3 (b) a=2 b=5 a=0
© a=1 b=4 a=m/4 (d) a=2.5 b=3 a = 120°

2. Considering the scalar products, what can you say about the angle between
the vectorsa and b?

@ a-b=0 (b) a-b=ab
(C)a'b:% (da-b<0
3. Calculate the scalar product of the following vectors:
€ af( -1, 4) (b) a*(3/2 1/4 —1/3)
=(=1,2,5) =(1/6, =2, 3)
(© a—(—1/4 2, —1) (d) a_(l —6, 1)
=(1, 1/2, 5/3) b=(-1, -1, 1)

2. Which of the following vectorsa and b are perpendicular?
@ a=(0,-1,1) (b) a=(2,-3,1)

b:(l, 0, 0) b:(fl, 4,2)

(€ a=(-1,2, -5) (d) a=(4, =3, 1)
b=(-8,1,2) b=(-1,-2,-2)

©a=(2,1,1) f) a=(4,2,2)
b=(-1,3, -2) b=(1,—4,2)

5. Cdlculate the angle between the two vectorsa and b:

@ a=(1,-1,1) (b) a=(-2,2, -1)

b=(-1, 1, —1) b= (0, 3,0)

6. A forceF = (ON, 5N) isapplied to a body and movesit through a distance
s. Calculate the work done by the force.
@ ss=03m3m) (b)) ,=02m 1Im) (c) s=(2m, 0m)

2.2 Vector Product
7. Indicate in figures 2.22 and 2.23 the direction of the vector c if c=a x b

(@ whena and b lieinthe x—y plane
(b) whena and b lieinthe y—z plane

8. Calculate the magnitude of the vector product of the following vectors:
@ a=2 b=3 a=60° (b) a=1/2 b=4 a=0°
(©a=8 bh=3/4 a=90°
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[
-8

>y

A\

SON

Fig. 2.22 Fig. 2.23

X

9. Infigure 224 a =2i, b=4j, ¢ = -3k (i, j and k are the unit vectors
along the x-, y- and z-axes, respectively). Calculate

(@ axb (b) axc (©) c¢xa
(d) bxc () bxb (f) exb
A
r 3 b

Fig. 2.24

10. Calculate ¢ = a x b when
@ a=(2,3,1) (b) a=(-2,1,0)
b=(-1,2,4) b=(1,4,3)



Chapter 3
Functions

3.1 The Mathematical Concept of Functions
and its Meaning in Physicsand Engineering

3.1.1 Introduction

The velocity of a body falling freely to Earth increases with time, i.e. the velocity of
fall depends on the time. The pressure of a gas maintained at a constant temperature
depends on its volume. The periodic time of a simple pendulum depends on its
length. Such dependencies between observed quantities are frequently encountered
in physics and engineering and they lead to the formulation of natural laws.

Two quantities are measured with the help of suitable instruments such as clocks,
rulers, balances, ammeters, voltmeters etc.; one quantity is varied and the change in
the second quantity observed. The former is called the independent quantity, or
argument, and the latter the dependent quantity, all other conditions being carefully
kept constant. The procedure to determine experimentally the relationships between
physical quantities is called an empirical method. Such a method can be extended
to the determination of the relationships between more than two quantities; thus the
pressure of a gas depends on its volume and its temperature when both volume and
temperature vary.

Relationships obtained experimentally may be tabulated or a graph drawn show-
ing the variation at a glance. Such representations are useful but in practice we prefer
to express the relationships mathematically.

A mathematical formulation has many advantages:

It is shorter and often clearer than a description in words.

¢ It is unambiguous. Relationships described in such a way are easy to communi-
cate and misunderstanding is out of the question.

|t enables us to predict the behaviour of physical quantities in regions not yet
verified experimentally; this is known as extrapolation.

The mathematical description of the relationship between physical quantities may
give rise to a mathematical model.

K. Weltner, W. J. Weber, J. Grosjean, P. Schuster, Mathematics for Physicists and Engineers
ISBN 978-3-642-00172-7 © Springer 2009
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3.1.2 The Concept of a Function

We now investigate the exact mathematical description of the dependence of two
quantities.

Example Consider a spring fixed at one end and stretched at the other end, as
shown in Fig. 3.1. This results in a force which opposes the stretching or displace-
ment. Two quantities can be measured: the displacement x in metres (m); the force
F in newtons (N).

Measurements are carried out for several values of x. Thus we obtain a series of
paired values for x and F associated with each other.

1. The paired values are tabulated as shown in Fig. 3.1. The direction of the force
is opposite to the direction of the displacement.
Such a table is called a table of values for all displacements x of the spring for
which it is not permanently deformed or destroyed. The range of x is called the
range or domain of definition. The corresponding range of the functional values
is called the range of values (sometimes referred to as the co-domain).

Displacement  Force |
(m) (N)
0 0

]

0.1 -1.2 =0

0.2 _24 Position of rest

0.3 -3.6 1

0.4 —4.8

0.5 —6.0 ¢ F

0.6 —7.2 ! Lt
11

Fig. 3.1

2. We plot each paired value on a graph and draw a curve through the points. This
enables us to obtain, approximately, intermediate values (Fig. 3.2).

0" "02 04 06 x(m)

Fig. 3.2

3. The relationship between x and F can be expressed by a formula which must
be valid with the domain of definition. In this case the formula is

F=—ax, where a=12N/m
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By substituting values of x we obtain the corresponding values of F. We notice that
there is only one value of F for each value of x. The formula is unambiguous.

The letters x and y are frequently used in mathematics to represent paired values,
SO We can write y = —ax.

Let us recapitulate. A function may be expressed in different ways:

by setting up a table of values;
graphically;
by means of a formula.

These three ways of representing a function are of course related. For example, we
can draw up a table of values from the formula or from a graph.

If y depends on x then y is said to be a function of x; the relationship is ex-
pressed as

y=f(x)

It reads “y equals f of x”.

In order to define the function completely we must state the set of values of x for
which it is valid, i.e. the domain of definition.

The quantity x is called the argument or independent variableand the quantity y
the dependent variable.

Once the nature of the function is known, we can obtain the value of y for each
value of the argument x within the domain of definition.

Example y = 3x2
The function in this case is 3x2. For a given value of the argument x, for example
x =2, we can calculate y:
y=3x22=12
A function can be quite intricate, for example:
ax2

(1-x2)2+bx?

y:

This is an expression found in the study of vibrations.
For the sake of clarity let us give a formal definition:

Definition  Given two sets of real numbers, a domain (often referred to
as the x-values) and a co-domain (often referred to as the
y-values), a real function assigns to each x-value a unique
y-value.

In this book we will mainly be concerned with real functions, as opposed to
more general functions like complex functions. Note that the concept of a function
implies that the y-value is determined unambiguously. During the previous one or
two decades the use of the term “function’ has changed. In the engineering literature,
the term “two-valued’ or ‘many-valued function’ is still occasionally used. Strictly
speaking, in modern terminology what is meant is not a function but a relationship.
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Example Consider the equation y? = x; it is clear that x has only one value for
two values of y, e.g. if y; =+2 and y, = —2 then x = 4 in each case. The equation
may be rewritten thus:

y=+Vx

This means that for every (positive) value of x,y has two possible values, ++/x
and —/x. Hence y is a two-valued ‘function’. Which root we assign to y will, in
general, depend on the nature of the problem. For instance, the equation

ax2

+/(1—x2)2+bx2

y:

mentioned previously, is two-valued but the negative root has no physical meaning.

The ambiguity is removed by, e.g. restricting the value of y to the positive root;
thus y = ++/x is unambiguous. This is a function; its range of values is y > 0. From
now on, whenever we use the symbol / for the square root, the positive root is to
be understood.

3.2 Graphical Representation of Functions

3.2.1 Coordinate System, Position Vector

Many functions can easily be represented graphically. Graphs are usually based
on a rectangular coordinate system known as a Cartesian system (after the French
mathematician Descartes). The vertical axis is usually referred to as the y-axis, and
the horizontal axis as the x-axis (Fig. 3.3). In certain applications they may bear
different labels such as ¢, 6, etc. The axes intersect at the point O, called the origin
of the coordinate system.

Associated with each axis is a scale and the choice of this scale depends on the
range of values of the variables. The coordinate system divides a plane into four
regions, known as quadrants, numbered counterclockwise. A point P; (Fig. 3.4)

Kv

Fig. 3.3 Fig. 3.4
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is uniquely defined in the coordinate system by two numerical values. If we drop
a perpendicular from Py, it meets the x-axis at P,. Py is called the projection of
P1 on to the x-axis and is related to a number x; on the x-axis, the x-coordinate or
abscissa.

In a similar way, P, is the projection of P; on the y-axis, and we find a number
v1, the y-coordinate or ordinate. Thus, if we know both coordinates for the point
Py, then it is uniquely defined.

This is often written in the following way:

Pi=(x1,y1)

The coordinates represent an ordered pair of numbers: x first and y second. The
point Py in Fig. 3.4 is defined by x; =2 and y; =3, or Py = (2,3).

As an aside, note that the distance measured from the origin O of the coordinate
system and the point P; as a directed distance is called the position vector and its
projections on the axes are referred to as its components. These components are
directed line segments. Vectors will be introduced in detail in Chap. 1.

3.2.2 TheLinear Function: The Straight Line

A straight line is defined by the equation
y=ax+b

We can obtain a picture of the line very quickly by giving x two particular values
(Fig. 3.5):

for x=0, y(0)=b
for x=1, y(l)=a+b

YA

=Y
=Y

Fig. 3.5 Fig. 3.6
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The constant a is the slope of the line. If two points of a straight line are known
its slope can be calculated:
q=22"0 3.1)
X2 — X1
Proof Consider two arbitrary points on the line, Py = (x1,y1) and Py = (x2,2).
Substitution in the equation for the straight line gives

y1=axi1+b
y2 =axz+b

If these are now substituted in the right-hand side of the equation to find the slope,

we have
(ax2+b)f(ax1+b)7a(x27x1)7a
X3 — X1 oxp—Xxp

The constant b is the intercept of the line on the y-axis (Fig. 3.6), i.e. the point of
intersection of the line with the y-axis has the value b.

3.2.3 Graph Plotting

Consider the function |
=——+1
Y x+1 +

and suppose we wish to plot its graph. There are three basic steps to follow:

1. Set up a table of values. The best way to do this is to split up the function by
taking a convenient number of simple terms as illustrated in the table 3.1.

Table3.1
1 1
. X x+1 Y
—4 -3 —0.33 0.67
-3 -2 —-0.50 0.50
-2 —1 —1.00 0
-1 0 ) )
0 1 1.00 2.00
1 2 0.50 1.50
2 3 0.33 1.33
3 4 0.25 1.25
4 5 0.20 1.20
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2. From the table of values, place each point whose coordinates are (x, y) onto the
coordinate system (Fig. 3.7).
3. Draw a smooth curve through the points as shown in Fig. 3.8.

Fig. 3.7 Fig. 3.8

We observe that for this function there is a difficulty at x = —1. As x tends
to the value —1 the function grows beyond limit: it tends to infinity. In order
to obtain a better picture of the behaviour of the function it is advisable to take
smaller steps and hence calculate additional values in the neighbourhood of x = —1,
e.g. —1.01,—1.001,—0.95,—0.99, etc. This means that we increase the density of
the points to be taken close to x = —1, whereas for other values of x where the graph
changes less dramatically we can increase the distance of x between the points.

Physicists and engineers often require a picture of the way a function behaves
rather than to know its exact behaviour. The process of obtaining such a picture is
called curve sketching. For this purpose it is important to be able to identify the
salient features of a function and these we will now investigate.

Poles

These are the points where the function grows beyond limit, i.e. tends to infinity
(40 Or —e0). In the above discussion, such a point was found at x = —1. Poles are
also referred to as singularities. The corresponding x-values are excluded from the
domain of definition.

To determine where the poles occur we have to find the values of x for which the
function y = f (x) approaches infinity. In the case of fractions, this occurs when the
denominator tends to zero, provided that the numerator is not zero. In our example
we need to consider the fraction HLX

We see that the denominator vanishes when x = —1; thus our function has a pole
at the point xp = —1.

Poles can also be found by taking the reciprocal of the function so that for y to
tend to infinity the reciprocal must tend to zero.
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Asymptotes

When a curve has a branch which extends to infinity, approaching a straight line,
this line is called an asymptote. In our example such an asymptote is the line y =1
which is parallel to the x-axis.

Zerosof a Function

These occur where the curve crosses the x-axis. To find their positions we simply
have to equate the function to zero, i.e. y = 0, and solve for x.

In our example we have

1
—+1=0
14+x

Solving for x gives x = —2.

Maxima and Minima and Points of I nflexion

These are other characteristic points of a function which are discussed in Chap. 5,
Sect. 5.7.
As a further example, consider the function

y:x272x73

Itis a parabola. It does not have poles or asymptotes. The zeros are found by equat-
ing it to zero and solving for x, which is shown in the following section:

x2—-2x—-3=0

The zeros are x; =3 and x, = —1.
The graph of the function is shown in Fig. 3.9.

YA

. )

Fig. 3.9
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3.3 Quadratic Equations

Any equation in which the square, but no higher power of the unknown, occurs is
called a quadratic equation. The simplest type, the pure quadratic, is x> = 81, for
example. To solve for x we take the square root of both sides. Then x = +9 or
x = —9since (+9)% =81 and (—9)% = 81; hence x = +9. It is essential in practice
to state both values or solutions, although in some situations only one value will
have a physical significance.

The general expression for a quadratic takes the form

ax’>+bx+c=0

Because of the squared term this equation has two solutions or roots. It can be solved
by ‘completing the square’. We proceed as follows.

The terms containing the unknown are grouped on one side of the equation and
the constants on the other side. The left-hand side is made into a perfect square by
a suitable addition, the same amount being added to the right-hand side. Then the
square root of both sides is taken.

Hence the roots are found as follows:

ax®>+bx+c=0

We subtract ¢ on both sides, giving

ax®>+bx =—c
We divide throughout by a:
, b c
X"+ —x=——
a a

To make the left-hand side into a perfect square we must add 52 /4a? to both sides:

2 b b? b2 ¢ b*—4ac
x“+ 2% + —

4a2 " 4a2 a 4a?

Hence



48 3 Functions

Taking the square root of both sides gives

b b2 —4 1
X+ — zi\/—ac:i—\/bz—%zc
2a 4q2 2a

Hence x = (—b)/(2a) £1/(2a) Vb? — 4ac

The roots of the quadratic equation ax?+bx+c =0 are

—b+Vb?%—4ac —b—Vb?%—4ac
X1 = 2— and X = T (323)
a

Quadratic equations occur frequently in physics and engineering; the formulae
for the two roots should be remembered. Often the quadratic equation is written in
the form

X2+ px+qg=0

The roots of the quadratic equation x2 + px +¢ = 0 are

_ /72— S
:w’ xzzp—pélq (3.2b)

X1 )

As a check, it is easy to verify that with these values of x1, x;
x2+px+q =(x—x1)(x —x2)

i.e. the quadratic is expressed as the product of two linear expressions.

It should be noted that there are cases when no real solutions exist. The general
quadratic equation ax? + bx + ¢ = 0 has real solutions if the expression b% — 4ac,
called the discriminant, is positive, i.e. the square root can be extracted. It is not
hard to see that this corresponds to the function f(x) = ax? + bx + ¢ having zeros.

Conversely, if the discriminant b2 — 4ac is negative, then the function does not
have a zero, i.e. its graph does not cut the x-axis.

We therefore have a criterion which allows us to decide whether a parabola, given
by an algebraic expression, lies entirely above the x-axis or below the x-axis; the
condition is b2 — 4ac < 0.
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3.4 Parametric Changes of Functionsand Their Graphs

Very often functions contain constants which may be chosen deliberately; these are
called parameters. By considering the corresponding graphs we will now study the
changes in the shape of the graphs associated to common variations of parameters.
For the following examples we will use the standard parabola, but the effects are
not limited to parabolas, of course. For instance, we will apply the rules instantly to
trigonometric functions.

Multiplication of the function by a positive constant C

Effect: The graph will appear elongated along the y-axis if C > 1. It is compressed
ifC<1.

YA YA YA
2 2} -- 2
1
14-- 1 ! 11
1 1
1 ! =y,
1 1 ‘ 1 ‘
1 X 1 X 1 X
y = x? C=2 y=C-x2 C=0.5
elongated compressed

Fig. 3.10

Adding a constant C to the function

Effect: The graph will be shifted along the y-axis by the amount C.

2..
1+ 1

1 x 1 x 1 ;
y =x? C=2 y=x2+C C=0.5

Fig. 3.11
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Multiplication of the argument by a positive constant C

Effect: The graph will appear compressed along the x-axis if C > 1. It is elongated
ifC<1.

—_
ol

[
ol

—_
ol

y =x? C=2 y=(C-x? C=0.5
Fig. 3.12

Adding a constant C to the argument

Effect: The graph will be shifted along the y-axis by the amount C: The direction is
to the left if C is positive and to the right if C is negative.

VARV

y=x2 C=2 y=kx+0)? C=05

Fig. 3.13

3.5 Inverse Functions

Given a function y = f(x), its inverse is obtained by interchanging the roles of x
and y and then solving for y. The inverse function is denoted by y = f~!(x). For
example, if y = ax + b where a and b are constants, then the inverse function is
y=x/a—b/a.

Geometrically, the formation of the inverse can be understood in two ways which
are equivalent:

1. Interchanging the roles of x and y is equivalent to interchanging the roles of the
coordinate axes. In this case the graph remains unchanged but now we have a
y—x coordinate system.
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2. If we keep the x—y coordinate system, as is generally done, the graph of the
inverse function is obtained by reflecting the graph of f(x) in the line y = x.
This is shown in Fig. 3.14. AA’ is the bisecting line.

N

Y11= * -

e

=Y

X X2

AN

Fig. 3.14

The figure shows the function y = 2x? and its inverse y = £+/x/2, showing,
in this case, that the inverse ‘function’ has two values for every x, i.e. it is not
a monotonic function. The problem is solved by restricting the domain of the origi-
nal function y = 2x2 to x > 0. Then the inverse function is y = /x /2.

Multi-valued inverse functions cannot occur when y = f(x) is a continuous
and monotonic function. Such a function is defined as follows. A continuous func-
tion y = f(x) is monotonic if, in the interval x; < x < x5, it takes all the val-
ues between f(x;) and f(x2) only once. Such a function has a unique inverse,
y = f~(x), which is itself a continuous monotonic function in the corresponding
interval. Thus the inverse is also single-valued. (The concept of continuity is treated
in detail in Chap. 5, Sect. 5.2. For the time being it will suffice to say that all func-
tions commonly encountered, such as power functions, fractional rational functions
and trigonometric functions, are continuous throughout their domain of definition.)
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3.6 Trigonometric or Circular Functions

3.6.1 Unit Circle

A circle having a radius equal to unity is called a unit circle and is used as a reference
(Fig. 3.15).

b

Fig. 3.15

In geometry, angles are measured in degrees. A right angle has 90°, whilst the
angle around the four quadrants of a circle is 360° or the total angle at the center is
360°, this being subtended by the circumference.

In physics and engineering, angles are usually measured in radians (abbreviated
to rad). In radians an angle of 360° has the value of the circumference of the unit
circle, namely 2.

It follows that since

360°=2x rad
then lrad= 360 =57.3°
2
1
and 1°=—— =0.01745rad
57.3

To convert an angle from degrees to radians, we have

o

¢rad = % rad

and to convert an angle from radians to degrees we have

¢ = Prag x 57.3

It is customary for angles to be considered positive when measured anticlockwise
from the x-axis (Fig. 3.15) and negative when measured clockwise.
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3.6.2 Sine Function

The sine function is frequently encountered in physical problems, e.g. in the study
of vibrations. The sine of an angle is defined by means of a right-angled triangle, as
shown in Fig. 3.16a; the sine of an angle is the quotient of the side opposite and the
hypotenuse. Its magnitude is independent of the size of the triangle.

sing = % (3.3)

-

Hypotenuse = 1

a(opposite) = sin ¢ i

" J

b(adjacent)

(a) (b)
Fig. 3.16

Considering now the unit circle shown in Fig. 3.16b, let P be a point on the
circumference; the position vector of the point makes an angle ¢ with the x-axis. It
follows that the y-coordinate of the point P is equal to the sine of the angle for, by
definition,

o)
sing = =
,

but since r = 1 we have y = sin¢.
This is true for all points on the circumference and therefore for all angles.

Definition  The sine of an angle ¢ is the y-coordinate of the point P on the
unit circle corresponding to ¢.

A graphical representation of the sine function is obtained by plotting ¢ as the
independent variable (the argument) and sin¢ (the dependent variable) as ordinate,
as shown in Fig. 3.17 for ¢ between 0 and 27 radians. This corresponds to one
complete revolution of the point P on the unit circle.
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o¥

i\

oY

If P is allowed to move several times around the unit circle, then ¢ grows beyond
27 and takes on large values, as shown in Fig. 3.18. For each revolution of P the
values of the sine function are repeated periodically.

Definition A function y = f(x) is called periodic if for all x within the
range of definition we have

fx+p)=f(x)

where p is the smallest value for which this equation is valid. p
is called the period.

The sine function has a period equal to 2.
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If P is allowed to revolve clockwise around the unit circle then ¢ is negative,
by our definition, and this is equivalent to the sine function being continued to the

left, as shown in Fig. 3.19. For negative values of ¢, for example ¢ = —1, the sine
function has the same value as for ¢ = 1 except for the change in sign, i.e.
sin(—¢) = —sing

Fig. 3.19

If afunction f(x)issuchthat f(—x)=— f(x), thenitis called an odd function.
The sine function is odd.

If a function f(x) is such that f(—x) = f(x) itis called an even function. An
example will be discussed in Sect. 3.6.3 cosine function.

If the sine function is plotted in a Cartesian x—y coordinate system, then x rep-
resents the angle in the unit circle and y the sine of the angle (Fig. 3.20).

Values of the sine functions can be obtained using a calculator or from tables, but
the former is more convenient. They can also be calculated using power series, as
will be shown in Chap. 8.

In the following we apply the rules obtained in this Section.

Amplitude
The function y = sinx has an amplitude of 1 unit; the range of values of the function
is —1 < y < 1. If we multiply the sine function by a factor A we obtain a function

having the same period but of amplitude A.

Definition The amplitude s the factor 4 of the function

y = Asinx
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Figure 3.21 shows sine functions with 4 = 2, 1 and 0.5 respectively.

y1=2sinx  (dashed curve)
Y2 =sinx (full curve)
y3=0.7sinx (dot—dash curve)

Fig. 3.21

Period

Multiplying the argument of a sine function by a constant factor changes the period
of the function. For example,
y =sin2x

where the argument is 2x. Plotting this function as shown in Fig. 3.22 reveals that
the period is 7, i.e. the function oscillates at twice the frequency as does the function
y =sinx.

NPV BV AR

Fig. 3.22

In general, the period p of the sine function
y =sinbx
is given by
p= (3.4)



3.6 Trigonometric or Circular Functions 57

Figure 3.23 shows the graphs of the function y = sinbx for a large and a small
value of b.

b(small)

blarge)

Fig. 3.23

In physics and engineering, we frequently encounter the following notation:
y =Ssinwt

The constant b has been replaced by the symbol w which stands for circular fre-
quency (in radians per second) and ¢ which stands for time (in seconds). The circular
frequency w is the number of oscillations in a time of 27s.
The frequency f in cycles per second or hertz is the number of oscillations in
a time of 1s. Hence the circular frequency @ and the frequency f are related as
follows:
w=2nf

Phase

Consider the function
y =sin(x +¢)

The effect of adding a constant to the argument x is shown in Fig. 3.24 for a partic-
ular case where ¢ = 7 /2 radians.

Fig. 3.24

The graph shows that the sine curve is shifted by an amount 7 /2 to the left. This
constant is called the phase.
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Definition The phase is the constant term added to the argument of
a trigonometric function.

For a positive phase the curve is shifted to the left and for a negative phase it is
shifted to the right. It is usual in physics and engineering to use a Greek letter such
as ¢ to denote a phase.

The function y = Asin(wt +¢y) is a sine function of amplitude A, of the circular
frequency w and phase angle ¢y.

The function y = Asin(w? + ¢y) is said to lead the function y = Bsinwt by ¢y.
The function y = Asin(wt — ¢y) is said to lag the function y = Bsinw? by ¢q.

3.6.3 Cosine Function

The cosine of an angle is defined as the ratio of the adjacent side to the hypotenuse
in a right-angled triangle (Fig. 3.25).

CoS¢p = g (3.5)

Consider a point P on the unit circle shown in Fig. 3.26. The cosine of the angle ¢
is equal to the length of the abscissa, the x component, which is the projection of P

on the horizontal axis. yA}
1

¢ (hypotenuse),

a {opposite) /1 X

b (adjacent)

Fig. 3.25 Fig. 3.26

If, as shown in Fig. 3.27, x is the angle turned through by the radius of the unit
circle and y the projection of the point P on the horizontal axis, then

y = C0SXx

Definition  The cosine of an angle ¢ is the x-coordinate of the point P on
the unit circle corresponding to ¢.
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Y

1 p )
1 -3 -2/ -1 1 2 3 4 5 6 x

-1

Fig. 3.27

Figure 3.27 illustrates the graph of this function for positive and negative values
of x. We observe that the cosine function is an even function. The cosine function
can be obtained from the sine function by shifting the latter to the left by 7 /2 radi-
ans; hence, by inspection of the graphs,

. b
cosx =sin (x + 3) (3.6)

It follows that the sine function can be obtained from the cosine function by shifting
the latter by an amount 5 /2 radians to the right; hence

. T
sinx = cos (x — —)
2

Whether one uses the sine or cosine function depends on the particular situation.

Amplitude, Period and Phase
The general expression for the cosine function is

y = Acos(bx +c)

where A = amplitude
o eriod
b - p

¢ = phase; the curve is shifted to the left if ¢ is positive
and to the right if ¢ is negative .

3.6.4 Relationships Between the Sine and Cosine Functions

1. InFig. 3.28, the position vector to the point P makes an angle ¢ with the x axis,
while the point P; is obtained by subtracting a right angle from ¢. We have

¢_ T
1—¢—5
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sin @1!

Fig. 3.28

From the figure it is clear that

. b
sing = cos¢; = CoS (¢> - 3)
Similarly, as already mentioned in the previous section,
. T
CoS¢ = sin (¢+ E)
2. Applying Pythagoras’ theorem to the right-angled triangle in Fig. 3.29 gives

sin?¢+cos?p = 1 (3.7)

—_

sin ¢

x"

cos ¢ 1

Fig. 3.29

From this identity there follow two relationships which are frequently used:
sing = /1 —cos2¢
cos¢ = /1 —sin’¢

They are valid for values of ¢ between 0 and 7 /2. For larger angles the sign of the
root has to be chosen appropriately.
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3.6.5 Tangent and Cotangent

The tangent of the angle ¢ in Fig. 3.30 is defined as the ratio of the opposite side to
the adjacent side.

4 a(opposite)
tang = A (3.82)
@
b(adjacent)
Fig. 3.30
From the definition of the sine and cosine functions it follows that
sin
tang = sing (3.8b)
cos¢

As for the sine and cosine, the graph of the tangent function can be derived from the
unit circle. In Fig. 3.31 we erect a tangent at A to the unit circle until it meets the
radial line OP extended to P’. The point P" has the value tan¢.

Fig. 3.31

As ¢ approaches 7 /2 the value of tan¢ grows indefinitely. The function y =
tan¢ is shown in Fig. 3.31. The period of tan¢ is =.
The cotangent is defined as the reciprocal of the tangent so that

1 cos¢

otp = m = Sing (3.9)



62 3 Functions

3.6.6 Addition Formulae

A trigonometric function of a sum or difference of two angles can be expressed
in terms of the trigonometric values of the summands. These identities are called
addition formulae.

Sin(¢1 + ¢2) = sing COS¢, + COS 1 SiN ¢,
COS(¢p1 + ¢2) = COS¢h1 COS¢hy — SiNghy SiN ¢y (3.10)

If ¢, is negative, then, noting that

sin(—¢2) = —sing,
cos(—¢2) = cos¢

we immediately obtain the addition formulae for the difference of two angles:

Sin(¢1 — ¢p2) = Sing1 COS¢hy — COS¢h1 SN
COS(¢p1 — ¢2) = COSh1 COSh2 +Singhy SiNgh (3.11)

The proof for sin(¢q + ¢») is as follows. From Fig. 3.32 we have

p=¢1+¢2
1 Pz P, T 1 P‘Z
d ®1\b
P, P, %- d b Pl
@2 b2 ¢ é2
[ [ & ()

0 1 1 o' Q 1
Fig. 3.32

We drop a perpendicular from P, on to the position vector P; obtaining a right-
angled triangle having sides

a = CoS¢y

b =sing,
The sine of the angle ¢ = ¢ + ¢» is given by the line segment P, Q made up of two
segments ¢ and d; thus

sin(¢pr1 +¢2) =c+d
= asingy +bcos¢;
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Substituting for @ and b gives

Sin(¢1 + ¢2) = Sing1 COS, + COSP1 Singr

The proof for cos(¢; + ¢2) can be developed geometrically in a similar fashion;
alternatively it can now be given algebraically, since cos¢ = sin(¢ + 7 /2).

Sum of a Sine and a Cosine Function with Equal Periods

The sine and cosine functions have the same period but the amplitudes may be
different. Their sum should result in a single trigonometric function of the same
period but with different amplitude and with a phase shift.

Superposition formula . .
Asing + Bcos¢ = Csin(¢ + ¢o)

where C=+VA2+ B2

and tangg = % (3.12)

This relationship is important in the study of waves and vibrations.
Figure 3.33 illustrates the superposition of the two functions

y1 =1.2sin¢g and y, =1.6c0s¢

with the resultant y3 = 2sin(¢ + 53°).

/¢o 90° 180° 60

—1+

—24

Fig. 3.33
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The proof of the superposition formula is as follows. From Fig. 3.34 we have
a = Asing
b = Bcos¢

and a+b=Csin(¢ +dg)

It follows that

a+b = Asing+ Bcos¢
= Cssin(¢ + o)

Furthermore, we see that

C=VA?+B?

B
tango = Z

\]

Further important relationships will be found in the appendix at the end of this
chapter. All formulae follow from the addition formulae given and the known rela-
tionships between trigonometric functions.

3.7 Inverse Trigonometric Functions

Trigonometric functions are periodic and therefore cannot be monotonic; conse-
quently their inverses cannot be formed unless the domain of definition is restricted.
The restricted domains of definition are chosen as follows:

T T .
—=<x<—= for y=sinx

2 2

0<x<m for y=cosx

Tex<Z for tan
——<x< = =tanx

2="=7 Y

0<x<m for y=cotx

I nver se sine function: b/
fa— . -1
y =sin~ ! x defined for |x| < 1 and o
y<m/2 —
/d . .
'._§mx
-1 1 >
Ky
.-
_ri
2

Fig. 3.35
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I nver se cosine function:
y = cos~! x defined for |x| < 1 and
0<y<m

I nver se tangent function:
y = tan"! x defined for all real
values of x and |y| < /2

I nver se cotangent function:
y = cot~ ! x defined for all real
valuesof xand 0 < y <m

65

restricted function
inverse function

- -+« --ve original function

Fig. 3.35 (continued)
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The symbol sin—! x is used to denote the smallest angle, whether positive or nega-

tive, that has x for its sine. The symbol does not mean 1/sinx; it is understood as
‘the angle whose sine is x’. It can be written as arcsin x. The other inverse trigono-
metric functions may be written in a similar way, using either symbol, e.g. tan~! x
or arctan x.

We know from our discussion of inverse functions in Sect. 3.5 that the inverse
function is the mirror image of the original function in the bisector of the first quad-
rant in a Cartesian coordinate system. The graphs of the inverse trigonometric func-
tions are shown in Fig. 3.35.

3.8 Function of a Function (Composition)

We frequently encounter functions where the independent variable is itself a func-
tion of another independent variable. For example, the kinetic energy T of a body
is a function of its velocity v:

T=f()
But in many cases the velocity is itself a function of the time ¢, so that
v=g(1).

It is therefore evident that the kinetic energy can also be considered a function of
time ¢; hence we have

T=f(g).
Definition A function of a function is expressed in the following form:
y=flgx)]

f is called the outer function, g is called the inner function.
The new function is also referred to as the composition of the
functions f and g.

Example
y=8
g=x+1

We require y = f(x)
The solution is y = (x +1)?

This is a rather simple example. To demonstrate that the use of the concept of com-
position may simplify calculations, consider the following function:

y =sin(bx +c¢)
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To calculate the value of y we first evaluate the inner function g and then apply the
outer function. Hence we compute g = bx + ¢ independently and then obtain the
sine of g.

As a very special, but nevertheless important example, consider the case where
f and g are inverse functions, i.e. g(x) = f~!(x). Then the following identities
hold true:

FUNx)=x and  fTN(f(x) =x (3.13)

Loosely speaking, the functions f(x) and f~!(x) have opposite effects. For
example, let

Then SN = (Vx)? = x
and S x)) = Va2 =x

Appendix

Relationships Between Trigonometric Functions

sin(—¢) = —sing  sin¢+cos?p = 1

cos(—¢) = cos¢ tang = %
sin (¢ + %) =C0S¢ coty = %
oS (gb+ %) =—sing

Sin(¢1 + ¢2) = Sing1 COS¢po + OS¢y SN
Sin(¢1 — ¢2) = Sing1 COS¢o — COS¢hy SN
CoS(¢1 + ¢2) = COS COSh — SiNg; Singy
COS(¢p1 — ¢2) = COS¢1 COS¢h2 +SiNy SiNghy
sin2¢ = 2sin¢ cos¢
sin%5 = %(1 —C0S¢h)

singy +sing; = 2 (sin P11z o O ¢2)

2 2
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Table of Particular Values of Trigonometric Functions

Radians 0
Degrees 0°
sing 0
cos¢ 1
tan¢ 0

S alN

)

V3 ~0.866

W= N = N =
5

& elN

1
—v/2~0.707
2

—V2~0.707

3 Functions

gw\ﬁ
o

V32 0.866

N = N =

Y

=1.732

gw\kl

o
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Chapter 4
Exponential, L ogarithmic
and Hyperbolic Functions

4.1 Powers, Exponential Function

4.1.1 Powers

Consider the multiplication of a number by itself, for examplea x a x a. A simple
way of expressing thisisto write a3. If we multiplied a by itself n times we would
write a™. We would say a to the power n;n is known as an index or exponent.

Definition The power " isthe product of n equal factorsa.
a iscalled the base and n the index or exponent.

This definesthe powersfor positiveintegral exponentsonly. What about negative
exponents?

If a" isreduced by the factor a, thisis equivalent to dividing it by «, i.e. a" /a.
The number of factorsis now n — 1; hence we would write

K. Weltner, W. J. Weber, J. Grogean, P. Schuster, Mathematics for Physicists and Engineers
ISBN 978-3-642-00172-7 © Springer 2009
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By this process we have, in fact, given a meaning to a negative index. Hence

3
n>0 azza—:aa
a
2
alza—:a
a
1
n=0 aoza—:l
a
1
n<0 al=-
a
1
-2
“ e
Definition .
Clin:a—n (41)

a® = 1 isvalid for any base a except for a = 0 because 0° is not defined.

4.1.2 Lawsof Indicesor Exponents

Product a xa™m =a""t"m (4.2)
n
Quotient i a"m (4.3)
Power (a®)" =a™™ (4.4)
Root am = "/a
1 m
alm=q" (Z) = Var (45)

Thisisonly definedfora > 0.

Theserulesarevalid for integral indices and also for arbitrary indices; the latter will
be examined in Chap. 8.

There are three values of the base ¢ which arein common use:

1. Base 10: Order of magnitude of quantities can be easily expressed in terms of
powers of 10.

Examples. Distance of the Earth from the Moon is given as 3.8 x 108 m, av-

erage height of an adult as 1.8 x 10°m, radius of a hydrogen atom
as0.5x 107 10m.
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2. Base 2: Thisisused in data processing and information theory (computers).
3. Base e eisaspecia number, known as Euler's number; its numerical valueis

e=2.71828...

The importance of this number and powers of it will become clear in Chaps. 5, 6
and 10 on differential and integral calculus, and on differential equations. It is of
paramount importance in higher mathematics.

4.1.3 Binomial Theorem

The following identities are well known:

(a+b)?* = a®+2ab+b?
(a—b)? = a® —2ab + b>

The general formulafor positiveintegral powersof asum, (a +5)", isknown asthe
binomial theorem; it states

-1 —1)(n—-2
(aer)n :an+?xan71b+n(1n><2>an72b2+n(nlX;(::?, )an73b3+”.

nn—1)(n-2)...x2x1 ,
Ix2x...(n=2)(n—1)n

(4.6)

The coefficients are known as binomial coefficients. The last coefficient is included
for the sake of completeness; its valueis 1.

4.1.4 Exponential Function

The function a* is called an exponential function; x, the index or exponent, is the
independent variable.

Example Let y =2*

X 2%
By giving x positiveand negative -3 0125
integral values, the table on the -2 02
iaht i ; -1 05
right is easily produced. o 1

WN P
o AN



72 4 Exponential, Logarithmic and Hyperbolic Functions

Figure 4.1 shows the graphs of the functions y = 2%,y =¢e¥, y = 10*.

.

Fig. 4.1

All exponential functions go through the point corresponding to x = 0, since all
are equal when y = 1. Exponential functions grow very rapidly, as can be seen from
the figure, even for small x-values; hence they are not easily represented graphi-
caly for large x-values. Exponentia functions grow much faster than most other
functions (unlessa < 1).

Rates of growth in nature are described by exponential functions. An exampleis
the increase in the number of bacteriain plants. Suppose that cell division doubles
the number of bacteriaevery 10 hours. Let A be the number of bacteria at the start
of an experiment; the table below givesthe growth of the bacteriaand thisgrowthis
represented graphically in Fig. 4.2.

. Number

Time Numbq of of bacteria

(h) bacteria 30

0 A

10 24 20

0 4

30 8A 10

40 164 — v v .

0 324 0" 10 20 30 40 50  Time (h)
Fig. 4.2

The relationship between the growth of the bacteria and the time is expressed
by means of the exponential function y = A x 2917, The coefficient 0.1 is used
because after exactly 10 time units (hours in this instance) the number of bacteria
has doubled. In general this coefficient is the reciprocal of the time 7' required to
double the bacterial population. Hence we write

y=Ax2/T,

Exponential functions, in particular decreasing exponential functions (decay and
damping), are frequently encountered in physics and engineering.
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Example Radiumisan element which decayswithout any external influence owing
to theemission of « and y radiation. M easurements show that the quantity of radium
decays to half its original value in 1580 years. Unlike the bacteria example, the
quantity of radium decreases with time. In this case we can write

y=Ax2"%
The time required for the quantity of radium to decay to half its original value is

referred to as the half-life ry,.
Hence the law for radioactive decay is given by

y=Ax27/h

Figure 4.3 shows the decreasing exponential function for the decay of radium.

Number of
Ra atoms
A
O| T T
1000 2000 3000
Time (years)
Fig. 4.3

The decreasing exponential function describes damped vibrations, the discharge
of capacitors, Newton’s law of cooling and many other cases.
Finally, we will mention in passing another exponential function, namely

y=e*

for positive and negative values of x. The graph of the function is bell-shaped, as
shown in Fig. 4.4. This function can play an important role, e.g. in statistics (the
Gaussian or normal distribution).
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4.2 Logarithm, Logarithmic Function

4.2.1 Logarithm

In Sect. 4.1.4 we considered the exponential function
y=a*

We calculated y for variousintegral values of x. For fractional values of x we need
to use either tables or a calculator. We will now consider the inverse problem, i.e.
given y, what isx?

Example If 10* = 1000, what is the value of x?

The solution is easy in this case, for we know that 103 = 1000; hence x = 3.
Therequired processis to transform the equation in such away that both sides have
powers to the same base; thus

10* = 10°

Hence, by comparing exponents, we have x = 3.
Example If 10* = 100000, what is x?

Step 1: We write both sides as powers to the same base, i.e. 10* = 10°.
Step 2: We compare exponents. x = 5.

In both examples we required the exponent to the base 10 which yields a given
value. This exponent has been given aname; it is called alogarithm.
The following statements are equival ent:
x isthe exponent to the base 10 which gives the number 100 000.
x isthelogarithm of the number 100 000.
Thislast statement iswritten as

x =10g100000 =5

In order to avoid any doubts about the base, it is common practice to specify it by
asubscript. Thus
x =log; 100000 = 5

Example If 2¥ = 64, what is x?
We write both sides as powersto the same base, 2 in this case.

2¥ =2 Hence x=6

The exponent which raises the base 2 to 64 is 6. This result can be expressed as
follows:
x=log,64=06
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Definition Logarithm: The logarithm of a number ¢ to abase a is the ex-
ponent x of the power to which the base must be raised to equal
the number ¢. As an equation, this definition is expressed as

al%% ) — ¢ 4.7)

We have to remember that the logarithm is an exponent. To resolve the equation
a* = ¢ we should proceed in two steps:

Step 1: Write both sides as powersto the same base, i.e.

@ — %% ©)

Step 2: Compare exponents
x=log, c

The examples we have just considered had integral exponents but in many cases
where exponents are not integral, expressions cannot be resolved in such a simple
manner. The case of fractional exponentswill be explained in Chap. 8.

Equations in which exponents appear are more easily dealt with by taking log-
arithms. Taking logarithms is the transformation which consists of the two steps
described above.

To avoid having to write the base below the log as a subscript, which is not very
convenient, the following notation has been adopted:

Base 10: Thisbaseis mainly used in numerical calculationsand it iswritten as

log,o =lgor log .

Logarithmsto base 10 are also known as common logarithms.
Base 2: This base is mainly used in data processing and information theory.
Logarithmsto the base 2 are written

log, =1Id

Base e Logarithmsto the base e are called natural logarithms or Napierian log-
arithms; they are frequently used in calculations relating to physical problems.
Logarithmsto the base e are written

loge=1In
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4.2.2 Operationswith Logarithms

Operations with logarithms follow the power rules since logarithms are exponents.
Thus, for example, the rule for multiplication is simplified to the addition of expo-
nents, while the rule for division is simplified to subtraction of exponents, provided
that the base is the same.

Therulesare:

Multiplication
log, AB =log, A+log, B (4.8)

Thelogarithm of aproduct is equal to the sum of the log-
arithms of the factors.

Division A
log, 7= log, A —log, B (4.9
The logarithm of a quotient is equal to the difference of
the logarithms of the numerator and denominator.
Power
log, A" =mlog, A (4.10)
The logarithm of a number raised to a power is equal to
the logarithm of that number multiplied by the exponent.
Root

1
log, /A =log, Am = 1 log, 4 (4.12)
m
Thelogarithm of the mth root of anumber is equal to the
logarithm of that number divided by m.

Conversion of alogarithm to base ¢ into alogarithm to another base b is afairly
straightforward operation.
If x=log, c
then c¢=a"
Taking log to the base b on both sides gives
log,, ¢ =logy, a® = xlogy a
Since x = log, c, it follows that

log, ¢ =log, ¢ x logy a

1
or lo =——log,c
ga c |Ogba gb(’
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Example We sometimes need to convert from base e to base 10 and vice versa.

loge = 0.4343Inc
Inc = 2.3026logc

4.2.3 Logarithmic Functions

Thefunction y = log, x is called alogarithmic function; it is equivalent to
x=a’ for a>0

Example
y=log,x or 2¥=x

Numerical valuesare given in the table below and the graph of the functionis shown
inFig. 4.5.

x y A
0.25 -2
0.5 -1
2-
1 0
2 1 N
4 2
0 /1 23 45 6 7 x

Fig. 45

Figure 4.6 shows the logarithmic functions for three different bases, i.e. 10,
2ande.

Fig. 4.6
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All logarithmic functions tend to minus infinity as x tends to zero, and they are
all equal to zero at x = 1. Logarithmic functions are monotonic as they increase,
and they tend to infinity as x goes to infinity. The reader should observe that the
logarithmic function is the inverse of the exponential function. This is shown in
Fig. 4.7 for bases2 and e.

yhy=¢
74
6-
5-

1y =9% .
ly -/

Fig. 4.7

4.3 Hyperbolic Functions and I nver se Hyperbolic Functions

4.3.1 Hyperbolic Functions

These functions play an important rolein integration and in the solution of differen-
tial equations. They are simple combinations of the exponential function e* and e™*
and arerelated to the hyperbolajust as trigonometric (circular) functions are related
to the circle. They are denoted by adding an ‘h’ to the abbreviations for the corre-
sponding trigonometric functions. Graphs of the hyperbolic functions are shown in
the following figures.

Hyperbolic Sine Function

This function is denoted by sinh (pronounced shine) and is defined as follows:

A X
sinhx — e"Te (4.12)

Figure 4.8a shows sinh x and also the functions 1/2e* and —1/2e *; sinh x is
obtained by adding them together.
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A cosh x

sinhz

@ ()
Fig. 4.8

We observe that the hyperbolic sine is an odd function: it changes sign when x
changessign, i.e. it is symmetrical about the origin.

Hyperbolic Cosine Function
This function is denoted by cosh and is defined as follows:

— X
coshx — ex% (4.13)

Itsgraphis shownin Fig. 4.8b; it is an even function.
A chain or cable which hangs under gravity sags in accordance with the cosh
function. The curveiscalled a catenary.

Hyperbolic Tangent

Thisfunction is denoted by tanh and is defined as follows:

sinhx e —e™ 1-e?*

tanhx = = =
T Coshx ef+e X |4+e2x

(4.14)

It is an odd function, i.e. its graph is symmetrical with respect to the origin. It
is defined for al real values of x, and its range is |y| < 1. Its graph is shown in
Fig. 4.9a. There aretwo asymptotes. y =1and y = —1.
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(a) \ (b)

Fig. 4.9 a Hyperbolic tangent; b Hyperbolic cotangent. Dotted line hyperbolic tangent

Hyperbolic Cotangent

Thisfunction is denoted by coth and is defined as follows:

coshx e +e* 1+e2* 1
cothx = — = = = 4.15
YT §nhx e —e* 1-e2* tanhx (4.15)

It isan odd function. It isdefined for all real values of x, except x = 0. Its graph
is shown in Fig. 4.9b; and it lies above 1 and below —1. It is asymptoticto y = 1
andy = —1.

An examination of the graphs of the hyperbolic functions reveals that they are
not periodic, unlike the trigonometric functions.

There are a number of relationships between the hyperbolic functions which we
will not discuss here. We will, however, derive an important one because of its sim-
ilarity with the corresponding identity for trigonometric functions, i.e.

sn?x +cos?x =1
Now consider the corresponding hyperbolic functions. We have
sinh? x = %(e" —e¥)?= %(ezx —2+e %)
cosh? x = %(ex +e¥)? = %(ezx +2+e %)
By subtraction we find

cosh? x —sinh?x = 1 (4.16)
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4.3.2 Inverse Hyperbolic Functions

The hyperbolic functions are monotonic except for cosh x. Hence we can form the
inverse functions, except that for the inverse cosh x the range will be restricted to
positive values of x. Figures4.10 and 4.11 show the graphs of the inverse functions.
They are formed by reflection in the bisectrix in the first quadrant.

yT sinh x
3 _I s yA /coshx
2 ./ sinh™ ! x ."-.. N '/
! / Cosh™! x
/
A 7 ]
-3 -2 -1 i 2 3 4 = 1 2 3 4 =
/' —14 -1
'/‘ -2 —2¢
/
/ -3
(a) (b)
——————— restricted function

inverse function
« « v+« original function

Fig. 4.10 alnverse hyperbolic sine; b inverse hyperbolic cosine

Inverse Hyperbolic Sine

y=sinh~!'x (Fig. 4.10a)
It is defined for all real values of x. The following identity holds true:

snh™!x =In(x +vx241) (4.17)

Inverse Hyperbolic Cosine

y =cosh~!x (Fig.4.10b)
Itisdefined for x > 1; hence y > 0. The following identity holdstrue:

cosh ! x =In(x +v/x2 - 1) (4.18)
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I nver se Hyper bolic Tangent

y=tanh~!x (Fig.4.11)
Itisdefined for |x| < 1. The following identity holdstrue:

1 1
tanh ! x = Eln R

(4.19)

1—x

Inver se Hyper bolic Cotangent

y =coth!x (Fig.4.11)
It is defined for |x| > 1; its range consists of all real numbers except y = 0. The
following identity holds true:

1,1
coth ! x = = [n—*
2 x-—1

(4.20)

YA

coth™! x

A |

Fig. 4.11



Exercises

Exercises

83

If you have solved the exercises you may try to solve them again with the aid of

computers using programs like Mathematica, Derive or Maple.

Calculate the terms given in the next questions or give a transformation:

1

@ a"
(0 an

(® (y?)?

(g) 103-1073-102

1

@ (vV2)?
© (In2)°

(e) (Oa 5)2 ’ (Oa 5)74 ’ (07 5)0

(@ lg100
(c) 10-1g10

(e) 10|glo

(@ 1d8
(c) 1d2®
(e) a3-ld4
(g) zlda

(a) dne

(©) Iné?
(e (Ine)et

@ lg10*

(© In(e?* - &%)

(€) 1d(4")

(b) 273
(@ (0,1)°
(f) x>
(h) 373

(b) et
(d) V5-v7
(f) v8-v3

1

(b) Ig 1000

(d) 1g106

(f) (Ig10)'o

(b) 1d0,5
(d) (a3)ld4
() (1d2)?
(h) 2ld2

(b) e|n57
(d) (€3)°
(f) In(e-€e*)

1
(0) 1975
(d) %Iga

(f) m-1d5
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@ In(a-b) (b) Igx2
(©) 1d(4-16) (d) 1d X
@ In(e?* %) )l

. Calculate the inverse functions:

(@ y=2x-5 (b) y=8x3+1 (©) y =In2x
. Calculate the function of afunction:

@ y=u?, u=gx)=x—1; Wanted: y= f(g(x))

0 y =t :

. u=x2%; Wanted: y = f(g(x))
© y=u>—1, u=+vx3+2; Wanted: y= f(g(x))

(d) y=3u, u=gx)=x>—4; Wanted: y=/(g(1))

@ y=u+vii, u="r;

(f) y=sn(u+x), u=-x;  Wanted y=f(g(1))

Wanted: y = f(2(2))



Chapter 5
Differential Calculus

5.1 Sequences and Limits

5.1.1 The Concept of Sequence

Asapreliminary example, consider the fraction 1/n.

By giving n the values of the natural numbers 1,2,3,4,5...

obtain the following sequence:

1,

NI'—‘
L»Jl»—a

L1
i
These values areillustrated graphically in Fig.

=

)

B

[}
|
— 3=

Q

Q

Q

v W N

2 2

w » w (] (]
I

Gl Bl e DI

successively, we

)=
e e ——— — o —]
[ R s |
Cob =
-

-—

-

Fig. 5.1

In this example, 1/n defined the form of the sequence and to n we assigned
the values of the natural numbers. The functional representation of the terms of
a sequence is usualy denoted by a,,, so that the sequence becomes

ap,az,as,...,dn,dp41,---
This can be abbreviated thus: {a, }

ay isthe nth term of the sequence, sometimesreferred to as the general term.

K. Weltner, W. J. Weber, J. Grogean, P. Schuster, Mathematics for Physicists and Engineers

ISBN 978-3-642-00172-7 © Springer 2009
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Example Let a, begiven by

1
n = nn+1)
It then gives rise to the following sequence:

1 1 1
I1x2" 2x37 3x4’

Example Let a, begiven by
an=(—1)"n

It then givesrise to the following sequence
—1,2,-3,4,-5,6,...

Example Leta, begivenby a, = aq™, wherea and ¢ arereal numbers. By giving
n thevalues0, 1,2,3, ... thefollowing sequenceisobtained: a,aq,aq?,aq?,... This
type of sequence is called a geometric progression (GP), and ¢ is known as the
common ratio.

A sequence may befinite or infinite. In the case of afinite sequence, the range of
n islimited, i.e. the sequence terminates after a certain number of terms. Aninfinite
seguence has an unlimited number of terms.

5.1.2 Limit of a Sequence

Consider the sequence formed by a, = 1/n. If we let n grow indefinitely then it
followsthat 1/n convergesto zero or tends to zero. Thisis expressed in the follow-

ing way:

1
——0 a8 n—oo
n
1
or lim—-=0
n—oo
Zero denotes the limiting value of 1/n as n tends to infinity. Such a sequence is
referred to as a null sequence.
The sequence whose general termisa, = 1 + 1/n, on the other hand, converges
tothevalue 1 asn increasesindefinitely. In general, the limiting value of a sequence
may be any number g.

Definition If a sequence whose general termisa, convergestowards a fi-
nitevalue g asn — oo, then g iscalled the limit of the sequence.
Thisiswrittenas lima, = g.

n—oo
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A precise mathematical definition is as follows:

The sequence formed by the general term a,, is said to convergetowardsthe con-
stant value g if for any preassigned positive number ¢, however small, it is possible
to find a positive integer M such that

la, —g|<e fordl n>M

If a sequence convergestowards the value g it is said to be convergent. A sequence
that does not convergeis said to be divergent.

The following examples are given without proof to illustrate convergent and di-
vergent sequences.

Convergent Sequences

Example Thesequencedefined by a, =n/n + 1 hasthelimitingvaluelasn — oo.
Thisis because the number 1 in the denominator becomes|ess and |essimportant
asn becomeslarger and larger. This sequenceisillustrated in Fig. 5.2.

_.n
n = n1 awk
i n
1 2 1
2
. 2
. T
4 : 1 Tyt
5 ¢ 2l T o l
: : | L
? I I
. . l H 1 i 1 | >
of 1 2 3 4 5 & m
Fig. 5.2

Example The sequence defined by a, = 2+ (—1/2)" has the limiting value 2 as
n — oo. Thissequenceisillustrated in Fig. 5.3.

a,,A
I
a1 1 T 1 ‘:’ }' T
| I
n an=2+(—%)" T | | | : P
1 1.5 i ! : by | : I
2 2.25 I Py ! |
3 1.875 I
4 %0625 I R
of t 2 3 4 5 6 7 8 n

Fig. 5.3
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Example A sequence of great significance is defined by a, = (1+1/n)". This
seguence has a limiting value which is denoted by the letter e, named after Euler
who discovered it.

Definition Euler's number:

. 1
e= lim <1+;> =2.718281828---

n—o0

Example Thefollowing limit, given here without proof, will be used in Sect. 5.5.3:

lim (e% — l)n =1 (5.2)

n—o0

Divergent Sequences

Example The sequence defined by a, = n? grows beyond all bounds as n — o.
This sequenceisillustrated in Fig. 5.4.

2
n a, =n? 25 T
1 1 i
2 4 I
3 9 15t T I
4 16 I |
T 1
5 |
T 1
T | l | 1 -
§) 1 2 3 4 5 n
Fig. 5.4

Example Thesequencedefined by a, = 2" /n? growsbeyond all boundsasn — oo.

Example The sequencedefined by a, = (—1)"n/(n + 1) hasno limit. It oscillates
between thevalues +1 and —1 asn — o=, Thissequenceisillustrated in Fig. 5.5.

n anf
R ap= (-1 "
n = )n+1
1 ———————————— ?—_._T_._>
T i
1 -3 T T | I :
|
2 +3 I | | !
3 1 | 1 1 L
3 —3 of T 2 1T 4 | & ' 8 | 10 =
4 4 X I ! '
+§ 1 | | |
5 1l ]
° i I . S SR S

Fig. 5.5
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5.1.3 Limit of a Function

The concept of the limit of a sequence can be extended without difficulty to func-
tions. Consider the function y = f(x). The independent variable x can take the
values x1, x5, ... If these values do not exceed the domain of definition of the func-
tion f(x), then the corresponding values y, = f(x,) form a sequence of values
for y.

Definition Within the domain of definition of the function y = f(x) we
take out all possible sequences {x,} which converge towards
adetermined fixed value xg.

If {yn} ={f(xn)} tendsto one single value, g, for al {x,},
then we call g the limit of thefunction f'(x) asx — xp.

We say that the function f (x) converges and write

xlirg f(x) =g if x tendsto thefinite value x
—X0

lim f(x) =g if xtendstoinfinity (e)

X —o00

1
Example y = —forx — o
X

Let usassumethat x takesthe values 1,2, 3, ... successively. We then have a se-
quence whose genera term is a, = 1/n and which tends to zero as n increases
beyond limit. But we could equally let x run through sequences such as 1, 3, 9, 27,
...0r3/7,6/7,9/7,12/7,..., or indeed many other sequences of real numbers. In
each case we shall find that y tendsto zero,
i.e.y=1/x hasthelimitg =0asx — oo.

1

Hence lim—-=0
X—o0 X

5.1.4 Examplesfor the Practical Determination of Limits

Up to now we have not given a clear and precise procedure for obtaining limits.
In fact, such a procedure is not readily available; but to some extent the successes
in obtaining the limits in certain cases give rise to a procedure for achieving our
objectivein other cases. Thisisillustrated by the following examples.
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2

Example lim —
P x—eo x2 4+ x 41

We know that )lim 1/x = 0; hence, if we divide each summand of the fraction by
the highest power of x, we get termsin the denominator which vanish if x — eo.

x2 1

- if x #0
ixdl  Txiarige X0

1 1 . 1
As x —o,——0 and — —0 Hence |Iim————=1
X x2 x—o 14+ 1/x+1/x2

Example Iin’(l) Snx (x inradians)
X— X
Thisis an important limit as we shall see later when we calculate the differential
coefficient of the sine function (Sect. 5.5.3).
Figure 5.6a shows a circular sector OAB of unit radius. If x is the angle be-
tween theradii OA and OB, then it follows from the definitions of the trigonometric

functionsthat BD = sinx,OD = cosx and AC = tanx. Also, x is the length of the
arc AB.

N\
Y
s
/\
(o2}
®

N
£55N
|
O/
\
N
_ swmx_

tan x

COS X >

(a) (b)
Fig. 5.6

Now consider the areas of the triangles ODB and OAC and the area of the sector
OAB shown in Fig. 5.6b. We see that the area of the sector OAB is greater than the
area of the triangle ODB and smaller than the area of the triangle OAC, i.e.

Area A ODB < Areasector OAB < AreaA OAC
sinx cosx x tanx

2 < 2 < 2
Dividing by sinx /2 gives

X 1
cosxy < — < —
Sinx  COSx
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We take the reciprocal
1 sinx
> —— > COSxX
Cosx X
As x — 0,cosx — 1 and hence sinx/x lies between two expressions which both

tend to the limit 1. It follows, therefore, that

lim 20X (5.2)

x—0 X

5.2 Continuity

If afunction takes a sudden jump at x = x it is said to be discontinuous; if, on the
other hand, no such jump occurs then the function is said to be continuous.
Thisisillustrated in Fig. 5.7aand b respectively.

yA |
| ¥ =f@ y '
Mc~——— I y=g(x)
|
A |
! |
1 > I >
0 Zo “x o E %
(a) Discontinuous function (b) Continuous function
Fig. 5.7

Definition Thefunction y = f(x) iscontinuous at the point x = xq if the
following conditions are satisfied:
f (x) hasthe samelimit g asx — xo whether x, isapproached
fromthe left or from the right on the x-axis. Thislimit g agrees
with the value f'(xo) a x = xp.

A notation for the limit approached from the right-hand side is

lim  f(x)

x—x0+0

When the limit is approached from the lift-hand side we write

lim £(x)

x—x0—0

Hence the function f'(x) is continuousat x = xg if

lim f(x)= lim f(x)=lim f(x)=f(lim x)= f(xo)

x—x0—0 xX—x0+0 X—X0 X—Xq
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5.3 Series

A seriesisformed by adding the terms of a sequence or progression.
As an example, consider the sequence

11
1 e e
n r

FN-

)

W | =

)

N —

3

By adding the terms we obtain the series

L L L I
2 3 4 n r
We should note the following:
Sequence: ay,az,as,...,dn,...,dr
Series. ay +az+az+---+an+---ay

a, isreferred to as the leading term,

an the general term,

a, thelast or end term,

n isavariable number and assumesall values between 1 and r. Other letters such
asi, j,k are often used to denote the variable.

To indicate a series, the Greek letter sigma () is used to avoid writing down
long and complicated expressions.

,

ay+axt+asz+---+ar = Z an = Sy
n=1

Sy denotesthe sum of r terms.

,
Thenotation Y, a, meansthat n takeson all the values between 1 and r, e.g.
n=1

2
Zan =aj+a=39,

n=1

I

Z anp =a1+az+az+as =S4
n=1

The variable is completely determined by its limits (1 to r), and it does not matter
which letter is used to represent it.
As an example, consider the series formed by adding the sgquares of the natural
numbers
PP422 4324424 a2

Here the general termis

an =n?

By using the summation sign, the series is expressed as follows:
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r
N n?=12422 4324 p?
n=1
If aseries has an infinite number of terms, such that r — oo, then we write

7 —o0 7 —o0

r
||m Sr = ||m Z [257)
-1

Thisisusually written
S = Z dn
n=1

Such a seriesisreferred to as an infinite series.

We should note, however, that, strictly speaking, this summation indicatesalim-
iting process. r — oo means that we take r as large as we please. S for r — oo is
alimiting value of { S, }, provided it exists.

5.3.1 Geometric Series

Thefollowing seriesis called a geometric series, the sum of the geometric progres-
sion (GP)
a+aq+aq®+aq’+---+aq"+ -

The sum of thefirst r terms of this seriesis

n=r—1
Sr= Y, aq"

n=0

To obtain an expression for this sum we multiply the original series by the common
ratio ¢ and then subtract the original series from the new one:

Srq= ag+aqg*+---+aq" ' +aq”
Sy =a+aq+aq*+---+aq !

Subtracting gives

Srq—Syr=—a+aq"

or Srg—1)=alq"—1)
Thuswe get:
. . "—1 1—4q"
Geometric series: S,zaq — =¢ 176161 for g#1 (5.3

Thisisthe sum of thefirst » terms of the GP.
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To obtain the sum for an infinite number of terms we need to find the limit of S,
asr — oo. We have to distinguish between the following two cases:

Casel: |g| <1

Here limg" =0

r—oo

= i = limald = a_
Hence § = lim §, = lima5=g- = 1%
Case2: |g| > 1
In this case ¢" grows beyond all bounds as r — < and the geometric series has
no finite limit.

5.4 Differentiation of a Function

5.4.1 Gradient or Slopeof aLine

Definition The gradient of a lineistheratio of therise Ay to the base line
Ax from which thisriseis achieved.

The symbal A is the Greek letter ‘delta’ and is used here to mean the ‘difference
between’. Hence Ax does not mean A multiplied by x but the difference between
two values of x such asx; and x5, i.e. Ax = x5 — x1.

The gradient or slope is also given by the tangent of the angle of elevation «, as

shown in Fig. 5.8.
Ay
— =tana
Ax

A /

=Y

Fig. 5.8
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5.4.2 Gradient of an Arbitrary Curve

The gradient of an arbitrary curve, unlike the gradient of a line, varies from point
to point, as can be seen by examining the curve shown in Fig. 5.9. If we could find
the gradient at some fixed point P on the curve, then the line through P with the
same slope is called the tangent to the curve at P, and we can use as synonyms the
expressions ‘ gradient of the curve’ and ‘ slope or gradient of the tangent’.

) —
Fig. 5.9

The problem now isto find an expression for the gradient of any curve at agiven
point P.

Consider a point P on the curve
y = f(x) shown in Fig. 5.10a and
a neighbouring point Q. The line
drawn through P and Q is called the
secant, whose slopeis

tam“:éz
Ax
We have Y X
Ay = f(x+Ax) — f(x)
(seeFig. 5.10b).

Fig. 5.10
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With P fixed for the moment, let the point Q move towards P. It follows that in
the limit, when Q coincides with P, the angle o’ is equal to the angle «, the slope of
the tangent to the curve at P. As Q gets nearer to P we notice that Ax tendsto zero
and, as a consequence, Ay tendsto zero also; but theratio Ay /Ax tendsto adefinite
limit since the secant PQ becomes the tangent to the curve at P. Hence

Ay

. . . Ax) —
tana = lim tana’ = lim == = lim f(x+Ax)— f(x)
o' —a Ax—0 Ax Ax—0 Ax

Thisisthe slope of the tangent at P.

Definition
The fraction £ FA) =S () _ A 4o e
Ax Ax
the difference quotient . (5.9

Example Calculate the slope of the parabola y = x? at the point P= (1/2,1/4).
From Fig. 5.11, the slope of the secant PQ, where Q is any other point, is

o S +Ax) - f(x)

tana’ = Ax
We wish to obtain the slope of the tangent at P. We know that
f(x+Ax) = (x +Ax)?
Therefore the slope of thetangentat Pis

(x+Ax)2—x?
tane = lim ———
Ax—0 Ax

Thisreducesto
tano = lim (2x + Ax)

Ax—0

=Y

Fig. 5.11
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AsAx — 0 we have, in the limit,
tano = 2x

Atthepoint P(1/2,1/4) thedlopeistana =2 x 1/2 =1, giving o = 45°.

It is not always true that the difference quotient has a limit as Ax — 0 because
not every curve f(x) has a well-defined slope at a particular point. For example,
consider the point P on the curve shown in Fig. 5.12.

M |

of

Fig. 5.12

5.4.3 Derivative of a Function

Moving from the geometrical concept above to the general case, we consider the
difference quotient of afunction f(x), namely

Ay Sx+Ax) - fx)

AX AX

Definition If the difference quotient Ay /Ax has a limit as Ax — 0, this
limit is called the derivative or differential coefficient of the
function y = f(x) with respect to x and we write

dy . Ay

dr ~ v o Ax (5)

This differential coefficient is denoted by y’, f/(x) or dy/dx. It must be clearly

understood that the d does not multiply y or x but is the symbol for the differential
of y or x; dy/dx isread as‘dy by dx’.
Using the above notations, we have

d d Ay

I ! _ y_ T o f(xﬁLAx)*f(x)
Y=r=gr =g/ = Jimss = Aim Ax
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We have thus defined analytically the first derivative by alimiting process which we
can also interpret geometrically as the slope of the tangent to the curve at a point x,
asshownin Fig. 5.13.

YA

d

<Y

(¢]
Fig. 5.13

By this process we have obtained substantially more than we had postulated;
instead of obtaining the slope at some fixed point P, we have, in fact, obtained the
slope as afunction of the independent variable x.

The importance of the differential calculus liesin the fact that it describes rela-
tionships between variable entities. The differential coefficient y’ gives the rate of
change of y with respect to x. In the next section we will ook at an example taken
from the physics of motion.

5.4.4 Physical Application: Velocity

The vehicle shown in Fig. 5.14 is observed to cover adistance Ax in atime Az, i.e.
we start the clock at sometime ¢ and stop it at atime ¢ + At. The magnitude of the
average velocity, the rate of change of displacement with time, is given by

_Ax
A

This expression gives us an average value only: it does not tell us how fast the
vehicleismoving at aparticular instant intime, i.e. we do not know itsinstantaneous
velocity v(z).

The smaller we take At, and hence Ax, the closer we get to the value of the
instantaneous velocity at a particular time. Figure 5.15 shows the vehicle travelling
ashorter distance Ax which it will cover in a shorter interval of time Ar.

We now define the instantaneous velocity as the first derivative of the position
coordinate x with respect to time:

Vo

Ax

)= lim —

v() At—0 At

d )

or v(t) = AR

=g =
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Fig. 5.14 Fig. 5.15

The ‘dot’ notation is frequently used when calculating derivatives with respect to
time. Thislimiting processwith Az — 0 isone of the fundamental mathematical ab-
stractions of physics. Although we are not able to measure arbitrary small times, we
are nevertheless justified in taking limits with respect to time because we can draw
conclusionswhich can be verified experimentally. The expression for the velocity at
any instant of time ¢ has been written v(z) to imply that the velocity itself may vary
with time. Thisvariation, i.e. the rate of change of velocity with respect to time, is
referred to as acceleration. Thisis a quantity which has a relationship with another
measurable physical quantity — the force as shown in treatises on mechanics.
Hence the acceleration a(¢) is defined by

a(t) = lim Av_ dv v
a0 A dr

5.4.5 The Differential

We have defined the derivative or differential coefficient as

d—y = lim Ay
dx Ax—0 Ax
where dy /dx was not to be regarded as dy divided by dx but as the limit of the
quotient Ay /Ax as Ax — 0. There are, however, situations where it is important to
give separate meaningsto dx and dy.
Let us arbitrarily assume that dx is afinite quantity! dx is called the differential
of x. Consider two points P and Q on thecurve y = f'(x) shownin Fig. 5.16.
In going from Pto Q along the curve, y changesby an amount Ay given by

Ay = f(x+4Ax) = f(x)
The tangent to the curve at the point x changes by an amount
dy = f'(x) dx

during the same interval Ax = dx. dy is caled the differential of the function
y=f(x).
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A

y+ Ay

. |

We see quite clearly that, in general, the differential of the function is not equal
to the functional changein y, i.e.

dy # Ay

Thus the differential dy is an approximation for the change Ay: the smaller the
interval Ax, the better the approximation. Hence, as soon as we are able to calculate
the derivative y’ of afunction we are also able to calculate its differential.

The differential is used extensively as a first approximation for the change in
the function. Geometrically, it means that the function is replaced by its tangent at
aparticular point.

Notation
x = independent variable
y = dependent variable
dx = differential of the independent variable x
dy = differential of the dependent variable y ,
ie. dy=f'(x)dx
dy isoftenreplaced by d f

5.5 Calculating Differential Coefficients

We first demonstrate the calculation of differential coefficientsfor power functions.
The calculation of the difference quotient and the limiting processis easy.

In the following sections, we will derive some genera rules for calculating dif-
ferential coefficients. Using these rules, we will be able to treat the functions most
often used in practical applications.
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5.5.1 Derivatives of Power Functions, Constant Factors

First we state the formulafor obtaining the derivatives of power functions.

If y = f(x)=x" wheren isany rational number
then ' =nx""! (5.6)

The proof is given only for the special case when n is a positive integer.
We start by investigating the difference quotient:

Ay  (x+Ax)" —x"

Ax Ax
Expanding the term (x + Ax)" by the binomial theorem (cf. Sect. 4.1.3) gives

Ay  x"+nx"TAx 44 (Ax)" — x"
Ax Ax
nx"1Ax+- 4 (Ax)"
Ax

Factorising Ax gives

Ay _ n—1 n(n — 1)

A T
We proceed with the limiting process. Making Ax — 0 resultsin all termsvanishing
except the first one:

X" 2Ax -+ (Ax)" !

y/ _ nxnfl

Example If y = x3, thenn = 3.
Applying the aboverule gives

y' =3x31 =352

It can be shown that if n is a negative integer, n = —a, then y’ = —ax— (@1
It can also be shown that if y = x?/4, where p and ¢ are both integers, then
r_ P (p/a)-1
==X
Y q

Hence the rule applies whether n is positive, negative or afraction.

Example If y=1/y/x=x""2ien=—-1/2,
then y/ = —1/2x /271 = —1/2x73/2
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The derivative of a constant vanishes:

A
y(x) =c¢, c¢=constant

y'(x)=0

The graph of this function is shown in
Fig. 5.17. It is parallel to the x-axis. The ¢
slopeiszero. Thisobviousresult is also ob-
tained by systematic calculation:

o LA = f()

Ax—0 Ax

(@)
¥

Fig. 5.17

5.5.2 Rulesfor Differentiation

Constant Factor

A constant factor is preserved during differentiation:

y =cf(x) wherec isaconstant
yl — cf/(x) (57)

Proof We can take out the constant ¢ and placeit in front of the limit sign, since it
is not affected by the limiting process

cf (x+Ax)—cf(x)

"= lim
Y Ax—0 Ax
i S A~ ()
Ax—0 Ax
Hence y =cf'(x).

Differentiation of a Sum: Sum Rule

The derivative of the sum of several functions is the sum of the individual deriva-
tives:

y = u(e) ()
y =u'(x)+v'(x) (5.8)
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Proof We separate the limit into a sum of limits.
By definition,

!

. u(x+Ax) Fu(x+Ax) —u(x) —v(x)
Y :AIJLTO Ax

Provided that the limit of each function exists we can separate the two functions,
so that

u(x 4+ Ax) —u(x) v(x +Ax) —v(x)

= lim lim
Y Ax—0 Ax +Axa0 Ax
Hence y o =u'(x)+v'(x).

The rule applies equally well to the sum or difference of two functions and to the
sum or difference of several functions.

Generally, the derivative of the algebraic sum of n functionsisthe algebraic sum
of their derivatives:
If y=u1(x) +ua(x)+-+un(x)

!

then V' =uy (x) Fur (x)+ -+ uy (x)

Product of Two Functions: Product Rule

If u(x) and v(x) are two functions, the derivative of the product is given by the
following expression:

(x)v(x) +u(x)v'(x) (5.9)

Proof By definition,

!

. u(x +Ax)v(x +Ax) —u(x)v(x)
Y :AL!TO Ax

Adding and subtracting u(x)v(x 4+ Ax) to the numerator gives

' lim u(x +Ax)v(x +Ax) —u(x)v(x) +u(x)v(x +Ax) —u(x)v(x + Ax)
L Ax

Collecting termsin such away that difference quotients are formed gives

' lim u(x 4+ Ax) —u(x) v(x +Ax)—v(x)
Y  Ax—0 Ax Ax

v(x +Ax)+ lim
Ax—0

u(x)

Hence  y'=u'(x)v(x)+v'(x)u(x)
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Quotient of Two Functions. Quotient Rule

If u(x) and v(x) are two functions, the derivative of the quotient is given by the
following expression:

y = ) (5.10)

The proof follows the pattern given above and is omitted here.

Derivative of a Function of a Function: Chain Rule
If g(x) isafunctionof x and f (g) isafunctionof g, let y = f(g),i.e

y=/f(gx))

y issaid to be a function of a function. Its derivative is obtained by differentiating
the outer function f with respect to g (written d /'/dg) and the inner function with
respect to x and multiplying the two derivatives.

y = f(g(x))
v = z—gg/(X) (5.11)

Proof By definition,

dy _df _ o, Sletdg)—/le) 4 de o g +AY) —g(x)
dg dg ag—o0 Ag dx Ax—o0 Ax

dy . Af dg . Ag

dg _AlgITO Ag and dx _Al)!njo Ax

Before proceeding to the limit, consider the product Kgé £,
Thisisequal to Ay /Ax.

dy . Ay . Af . Ag
Thus dx Al)!njo Ax AlgITO Ag Al)!TO Ax
- dy dfdg
gving dx dg dx
Hence y = d—fg/(x)

dg



5.5 Calculating Differential Coefficients 105

Example
y=(1+x%)?3
g(x)=1+x? (inner function)
fle=2¢> (outer function)
% =3¢%2 and  g'(x)=2x
y' =3g%x2x =6(1+x?)%x

Derivative of the I nver se Function

If the function f (x) is differentiable in a given interval where f/(x) # 0, then the
inverse function £ ~!(x) possesses a derivative at all points in the corresponding
interval. The following relationship holds true:

r 1
/(o)

To demonstratethis, consider thegraphsof 7 ~!(x) and £ (x), asshowninFig. 5.18.
It will be remembered from the geometrical correlation discussed in Chap. 3,
Sect. 3.5 that these graphs are symmetrical about the bisection line.

o) = [ )

i

y = %o

[ 4
ﬁ‘/

]
Fig. 5.18

At apoint P = (x¢, yo) the slope of the curve is the derivative of the function
£~ 1(x0). Wewill now determine the slope.

tano = [ffl(xo)]

/
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We denote by « the angle made by the tangent to the curve at P and the x-axis. The
slope of the tangent measured with respect to the y-axis is denoted by 6. Further-
more, the slope of the tangent to f(y¢), at the position symmetrical to B, isalso 6.

(Note: yo = £ 1(x0).)

tand = f"(yo)
Sincea + 6 = 90°, it followsthat tanae = cotd = 1/tan6.
Hence [f'x) = L _ !

This formulacan be rewritten as follows:
f'(y) isthe derivative of f at the point y; remember that y = f~1(x) means
x = f(y). Thusdx/dy = f’(y). If weinsert dx/dy in the formulawe obtain

dy 1

dx  dx/dy

Derivative of theinversefunction y = £ ~1(x):

d B dy B 1
& WG T )
dy 1
& = ad (5.12)

5.5.3 Differentiation of Fundamental Functions

We now evaluate the differential coefficients for functions which are frequently
used. Fortunately, we do not, in each individual case, have to carry out the limit-
ing process for the function f (x) under consideration:

The basic difficulty in obtaining thislimit is that the numerator and the denominator
of the difference quotient both become zero asAx — 0, giving the expression 0/0. To
overcome this difficulty we try to transform the difference quotient in such a way
that the denominator does not become zero during the limiting process; this can
only be achieved with some fundamental functions like power functions. In some
cases (for example with sine functions and exponential functions) we are forced to
carry out the limiting process. But in most other cases we may reduce the differ-
ential coefficient to the known differential coefficients of other functions, using the
differentiation rules derived in the previous section. The following brief proofs for
anumber of fundamental functionsillustrate this.
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Trigonometric Functions

y = sinx y' = cosx
y = cosx y' = —sinx
= tanx = =1+tan’ x
Y YT o2 x +
-1
y = cotx Vi=— =—1—cot?x (5.13)
sin® x

In the case of the last two derivatives we must exclude the values of x for which the
denominator becomes zero.

Proof Sinefunction
We start with the difference quotient

Ay  sin(x +Ax)—sinx

Ax Ax
Ay  2sin(Ax/2)cos(x +Ax/2)*
Ax Ax
_sin(Ax/2)
= a2 cos(x +Ax/2)

We saw in Sect. 5.1.4 (5.2) that

jim SNAY _
Ax—0 Ax
dy . sin(Ax/2) Ax
Hence — = |lim ——~—cos — | =cos
dr  axbo  Ax/2 ) o

Proof Cosine function
y = COSX :sin(x+%)

We apply the chain rule for a function of a function with

g(X)Zer% f(g)=sing

Differentiating gives

r ;o s
y = C0Sgg —COS(erE)
= —sinx

* To obtain this transformation, we use the relationships from Chap. 3, p. 67:

-B a+ﬂ)

cos
2 2

. . . o
snae—snf =2 (sm

Inourcasea = x +Ax and 8 = x



108 5 Differential Calculus

The derivatives of the tan and cot functions can be obtained by applying the quotient
rule:

sinx , cos?x—(—sinx) 1
CcoSx cos? x cos? x
cosx , —sn’x—co?x -1
and y=cotx=——, y = — =—
sSinx Sin“ x sin“x

Example The vibration equation. A sine function with an arbitrary period has
the form

. o2
y =Ssihax Theper|0d|s—ﬂ
a

This can be treated as a function of a function with g(x) =ax and f(g) =sin(g).
The derivative is obtained by means of the chain rule. First we differentiate f
with respect to g and then g with respect to x.

f(g)=sin(g) P cos(g)

_ dg _ )=
g)=ax  Z=g(x)=
Hence, by the chainrule,
y' =acosax

In physics and engineering, we often have to deal with quantities which depend on
time. Mechanical and electrical vibrations are typical examples.

A vibration with an amplitude A and a frequency » (also referred to as circular
frequency) is described by the equation

x = Asin(wt)

(When thereis no possible confusion, the bracket around w¢ may be omitted, so that
x =Asnwt.)
To obtain the velocity of the vibration we have to differentiate this equation with
respect to thetimez:
dx .
v(t) = i
Remember that the ‘dot’ abovethe x indicates differentiation with respect to time.
Hence
v(t) =x = wAcos(wt)

since A is a constant factor which remains unchanged during differentiation. The
rest of the equation isidentical to the equation y = sinax wherea replacesw, x re-
placest, y replaces x.
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I nver se Trigonometric Functions

) , 1

=sn " x =

y V=
—1

—1 !

=CO0S " Xx =

y V=
1

y=tanlx y' =
1+x2
—1

y = C0t71 X yl = m (514)

To prove the derivatives of the inverse trigonometric functions we use the general
equation derived in Sect. 5.5.2, i.e.

dy 1

dx  dx/dy
Proof Derivative of the inverse sine function

y=snlx

x =sny

We differentiate with respect to y, obtaining

d .
%zcos)/:\/l—smzy:\/l—xz

! dy 1
Since i dx /dy
1
it follows that =
Y V1—x2

Other proofs follow the same pattern.

Exponential and L ogarithmic Functions

(5.15)

Proof Exponential function
Ay eXthx) _er  er(ehr )
Ax Ax B Ax
Accordingto (5.1), lim (e!/* —1)n = 1.
Nn—oo
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Thislimit remainsvalid if we substitute any suitable sequence of numbersfor n.
If we substitute 1/n = Ax then, asn — «, Ax — 0. Hence

lim ¢r-1
Ax—0 Ax

Consequently —1 =y =€
Proof Logarithmic function

y =Inx (logtothebasee)

Thisfunction is equivalent to

e =" =x
We now obtain the derivative of x with respect to y:
de
dy
Remembering (5.12)
dy 1
dx  dx/dy
we find
,dy 11

y_dxiey X

Comments on the Importance of the Exponential Function

We notice the exponential function, y = €*, remains unchanged when differenti-
ated, i.e. y' = y. According to our geometrica interpretation of the derivative (see
Sect. 5.4.3), y’ indicates how y changeswith x. Thereforethis function will play an
important rolein al fields where the rate of change of afunctionis closely related
to the function itself. Thisis, for example, the case with natural growth and decay
Processes.

The equation y’ = y is, by the way, the first ‘ differential equation’ encountered
in this book. It is called a differential equation because it involves not only y but
also the derivative of y. We note that the function y = e* satisfies this differential
equation; itissaidto beasolution of y’ = y. We shall use thisalso when we consider
the solution of other differential equations (Chap. 10).

Hyperbolic Functions

The derivativesof hyperbolicfunctionsand their inverses have aspecial significance
in the evaluation of certain integrals.
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y =sinhx y' = coshx
y = coshx y' =sinhx
1
= tanhx F= =1—tanh?x
Y YT cos?x
1
y = cothx y = - s—=1— coth? x (5.16)
sinh” x

The proofs of the derivatives are quite straightforward. We shall concentrate on
the derivative of sinh x.

The derivative of the hyperbolic cosine function can be obtained in a similar
manner. The derivatives of the hyperbolic tangent and cotangent can be obtained
using the quotient rule.

Proof Derivative of the hyperbolic sine
. 1 _
y =sinhx = E(exfe *)
We know the derivatives of the exponential functions,

) =€, (e7) =€~

Hence |
y' = E(ex +e*) =coshx

I nver se Hyper bolic Functions

y=sinh~!x

Y= 1+x?
1
y=cosh !x y = (x>1)
x2—1
1
_ —1 I _
y=tanh™ ' x YE10 (lx] < 1)
1
y =coth™!x y = (lx| > 1) (5.17)

The derivatives of tanh~! x and coth~! x look identical. But they do differ in their
domain.

Proof Derivative of the inverse hyperbolic sine function

y=sinh~'x
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We use therule for inverse functions:

d_yi 1
dx  dx/dy
If y=sinh~lx
then x =sinhy
dx .
Thus @:coshy:\/1+smh2y:\/1+x2
It follows that |
r_
g V1+x?

5.6 Higher Derivatives

The differential coefficient of the function y = f'(x) not only givesthe slope of the
function at a particular point but also givesthe slope at every other point within the
range for which the function f (x) is defined and for which the derivative exists.
The differential coefficient isitself afunction of x.

This, therefore, suggests that we can differentiate the derivative f”(x) once more
with respect to x. In this way the second derivative of y = f (x) with respect to x
is obtained (Fig. 5.19).

Definition  Thelimiting value

i S AY) — ()
x—0 Ax

= f"(x) =y"(x) (5.18)

iscalled the second derivative of y = f (x) with respect to x. It
is denoted by f”(x), y"(x). d/(dx) (dy)/(dx), (d®y)/(dx?),
or (¢?)/(dx?) f (x).

((d?y)/(dx?) isread as‘d-two y by dx squared'!)

Fig. 5.19
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This second derivative will, in general, be a function of x and we can obtain the
third derivative of f”(x) = d3y /dx3.
Hence, by repeated differentiation, we can obtain the 4th, 5th, ... nth derivative:

dny dar
= = — r(n)
O ) =)

In the same way asthe first derivative gave usinformation about the slope of afunc-
tion f (x), the second derivative gives usinformation about the slope of the function
f'(x), thethird derivative about /" (x), and so on.

Example If y = x, then y’ =1 and y” = 0. All the higher derivativeswill be zero.

Example Consider the equation for SHM (simple harmonic motion):

x = Asnwt

X = Aw coswt (velocity)

. dzx 2 . .

X = —Aw”sinwt (acceleration)

T Az

We note in passing that, since x = Asinwt, ¥ = —w?x, i.e. the acceleration is pro-
portional to the displacement. (Thisis another example of a differential equation.)

5.7 Extreme Values and Points of Inflexion; Curve Sketching

5.7.1 Maximum and Minimum Values of a Function

In Chap. 3 we showed that certain characteristic points of a function (zeros, poles
and asymptotes) helped usto visualise its behaviour.

We are now able to refine our knowledge of the behaviour of afunction with the
help of the first and second derivatives and to find points where the function has
extreme values (referred to as local maxima and minima).

In what follows we will assume that the function possesses a second derivative.

Definition A function f'(x) possesses alocal maximum at apoint xo if al
the values of the function in the immediate neighbourhood of
the point x¢ arelessthan f (xo) (see Fig. 5.20a).

A function f'(x) possesses alocal minimum at a point x if all
the values of the function in the immediate neighbourhood of
the point x¢ are greater than f (xo) (see Fig. 5.200).

A necessary condition for a function f'(x) to have a maximum or a minimum
at apoint x = x¢ isthat itsfirst derivative f’(x¢) should be zero. Conversely, is it
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A YA

/ \ /

(a) (b)

Fig. 5.20

possibleto concludethat, if f'(xo) = 0, the function hasaminimum or amaximum
value?

The answer to this question is ‘N0, as can be seen from Fig. 5.21. At x = x;
the slope f’(x1) = 0, but to the right of x; the value of the function is greater than
at x; and to the left of x; it isless than x;. Hence we have neither a maximum
nor a minimum. Such a paint is referred to as a point of inflexion with a horizontal
tangent.

A
f(x)

A

=Y

0 I 4

i
=

Fig. 5.21

At the point of inflexion shown, the curvature changes. Figure 5.21 shows a point
of inflexion where the tangent to the curve at x; is horizontal. Such a point is also
called asaddle point. An examination of the derived curve y’ (Fig. 5.22) shows that
the derivative decreases|eft of the point of inflexion and increasesright of that point.
At the point of inflexion it happensto be zero (hence the horizontal tangent) and the
curveof y’ goesthroughaminimum at x = xy; thus /" (x1) = 0. Thisholdsfor any
point of inflexion with a horizontal or non-horizontal tangent.

Thisexample has shown that the condition f”(x) = 0, although necessary, is not
sufficient to determine whether the function has a minimum or maximum value at
the pointx = x. The value of the second derivative, 1 (x¢), will give usthe second
condition for a minimum or a maximum.

Consider the dlope of the functionin the neighbourhood of amaximum, as shown
in Fig. 5.23. On the left of xg it is positive and on the right of x it is negative.
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y’“

f'(x)

™ |

O X1

Fig.5.22

Hence, in the immediate vicinity of xo, the slope of the function f (x) decreases
monotonically and y”(x¢) < 0 (Fig. 5.23).

By asimilar argument, if y”(x¢) > 0and y’(xo) = 0 then thefunction hasamin-
imum at x = xq (Fig. 5.24).

Maximum or minimum: If f’(x¢) = 0 (a necessary condition) and if, in
addition, f”(x¢) < 0, then there exists alocal maximum at x = xo.

If f"(x0) > 0 thereisalocal minimum.

Point of inflexion: The condition /" (x¢) = 0 is necessary for the existence
of apoint of inflexionand /" (x¢) # 0 furnishes the sufficient criterion.

7}

f(x)

° "\ N
f'(x)

Fig. 5.23
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YA
f(x)

" J

YA

(%)

(@)
=Y

Fig. 5.24

Procedurefor the Deter mination of Maxima or Minima’

Step 1: Calculate the first derivative f/(x). Set f/(x) = 0. Solve this equation and
obtain itsroots xg, x1, x» ..., a which points the function may have a mini-
mum or a maximum.

Step 2: Calculate the second derivative f”(x). If " (x¢) < 0, thereis amaximum
at x = xg. If f"(xo) > 0, thereis a minimum at x = xo. Furthermore, if
f"(x0) = 0, then there may neither be a minimum nor a maximum, and,
provided f"(xo) # 0, thereis apoint of inflexion at x = xo.

Similar checkswill have to be made for the points x1, x5, ...

Example Consider the functiony = x? —1.
Step 1 gives y’ = 2x, so that xo = 0.
Step 2 gives y” = 2 which is positive.

Hence the function hasa minimum at x = 0.

Example Consider the function y = x3 + 6x2 — 15x 4 51.
Step 1givesy’ =3x2 +12x—15=0

Thisisaquadratic equation whose rootsare xo = —5,x; = 1.
Step 2 gives y” = 6x + 12

Forxg=—-5, y’"=-30+12=-18.

T This procedure is only valid if the maxima or minima are within the range of definition of
the function. It is not valid if the maxima or minima coincide with the boundary of the range
of definition. In order to identify such cases, it is helpful to sketch the graph of the function.
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Hence the function has a maximum at this point.

Forx;=1, y'=6+12=18.

Hence the function has a minimum at this point.

Verify for yourself that this function also has a point of inflexionat x = —2.

5.7.2 Further Remarks on Points of I nflexion (Contraflexure)

Consider the curve shown in Fig. 5.25a, de-
fined by the equation y = f'(x). Aswetrace
the curve from N to N’ its slope varies; it
decreases from x1 to x, and increases from
X, to x3. The curvature changes from con-
cave downwards to concave upwards at N
and N, respectively. Thesope of thecurveis
shown in Fig. 5.25h. It can be seen that at x,
the slope has a minimum value. The second
derivative can be understood asthe ‘ slope’ of
the slope.

Figure 5.25c shows that at x; we have y” <
0. This means that in the direction of the x-
axisthe slope decreases, whileat x3 we have
y"” > 0 and the slope increases.

It was mentioned earlier that a point such as
P is caled a point of inflexion or a point
of contraflexure. The function y = f(x)
possesses a point of inflexion at x = x5 if
Y (x2) =0and y"(x2) #0.

YA

(8]
A
(0]
Fig. 5.25a,b
YA
i | |
| I 1 £ (x)
! ! .
0 % %3 “x

\
)

(c)

Fig. 5.25¢
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Example Suppose that the deflexion of a uniformly loaded beam, fixed at one end
and simply supported at the other, is given by
y=K(3X>-2X*-X) where X =x/L

x isthe distance along the beam, K is a constant and L is the length, as shown in
Fig. 5.26. (Note the directions of the axes.)

%4

-

|<—_x

Fig. 5.26

For such abeam thereis a point of inflexion at P, and to locate it the condition is
that y” = 0.

Differentiating gives y’ = K(9X2 —8X3 — 1) and y” = K (18X —24X2).

Putting y” = 0 gives X1 =0 and X, = 18/24 =0.75.

Of course, only the point X, is of interest to us. We now have to check that
V"(X2) #0:

y"(X) = K(18 —48X)
Y"(X2) = K(18—36) < 0

Thus there s, in fact, a point of inflexion at X, = 0.75,i.e. at x, = 0.75L, three-
quarters of the way along the length of the beam.

5.7.3 Curve Sketching

Relationships between variables are frequently derived from physical laws leading
to equations or functions. These are often difficult to visualise, so it is not easy to
picture the way the function behaves. The difficulty can be overcome by sketching
the curve. Thisisnot amatter of plotting each point but of deriving atrend from par-
ticular points, such as zeros, poles and asymptotes, as has been shown in Chap. 3.
We now have more precise methods which enable us to find further important fea-
tures like extreme values and points of inflexion. An example of how a curve may
be sketched is given below.

To sketch a curve given by y = f'(x), the following steps may be taken in any
order:

(i) find the intersections with the x-axis (see Sect. 3.2.3);
(ii) find the poles (see Sect. 3.2.3);
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(iii) examinethe behaviour of the function as x — +e- and find the asymptotes (see
Sect. 3.2.3);
(iv) find the range of valuesfor x and y;
(v) find the extreme values (i.e. maxima, minima) and points of inflexion.

Also, in certain cases, it may be useful to look for symmetry.

Example Let usinvestigate the behaviour of the function

7()671)2
S = x2+1
By rearranging we find
C(x—1)?  x?241-2x . x
T =" = e e

Thisshowsthat 1 (x) istheresult of shifting an odd function (namely —2x/(x2 + 1))
one unit along the positive y-axis. Remember that a function g(x) is called odd if
g(—x) = —g(x). Anodd function is symmetric with respect to the origin. f (x) is,
therefore, symmetric with respect to the point (0, 1).

Inter sectionswith the x-axis

(x—1)2 =0 (set numerator to zero)
giving xo =1 (repeated)

Note: the denominator does not vanish at that point.

Pole Positions
x>+1=0 (setdenominator to zero)

There are no polesfor any real value of x.

Asymptotes

(x —1)? 2x

— —1-
S =5 X211

In the limit we obtain

lim f(x)= lim (1—)@2—%):1

X—doo X—doo

The proper fractional function (2x/(x2 + 1)) vanishes as x — oo, and the line
parallel to the x-axis f (x) = 1 isthe asymptote as x tendsto plus or minusinfinity.
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Range of Definition

f(x) isafractional rational function. It is defined for all values for which the de-
nominator is different from zero. In this case it is the entire x-axis.

Maximaand Minima

The necessary conditionis

o A (x=1)(x+1)

Itissatisfied for x; =+1and x, = —1.
The sufficient conditionis
fr(x)#0

Wy g 3X—X
f (x)—4m

3

Since
f"(x1)=1>0 wehaveaminimumat x; = +1

and since
f"(x2)=—-1<0 wehaveamaximumat x, = —1

The coordinates of the extreme points are
minimum (+1,0)
maximum (—1,2)

Points of Inflexion

The necessary conditionis

3x —x3

f//()C) :O:4m

It is satisfied for x3 = 0,x4 = ++v/3 and x5 = —/3.
The sufficient conditionis

f"(x) #0
woo o 3xt—18x2+3
S =4 ey
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Since " (x3)=12#0
F"(x4) = ~3/8 40
and F"(x5) = ~3/8 40

there are three points of inflexion. Their coordinates are
(0,1);(+V3,1—1/2xV3) and (=v3,1+1/2x3)

Figure 5.27 shows a sketch of the function, using the information obtained above.

Fig. 5.27

By considering symmetry with respect to a point, we could have shortened our
calculation. We know that there is a minimum at x = +1; therefore there must be
amaximum at x = —1. We know too that thereis a point of inflexion at x = ++/3;
therefore there must also be another one at x = —v/3.

5.8 Applications of Differential Calculus

We have developed a number of rules for obtaining the derivatives of various func-
tions. We are now in a position to apply them to the solution of practical problems.

5.8.1 Extreme Values

Here we consider the application of the rulefor cal cul ating minimum and maximum
values.

Example A cylindrical tank, flat at the top and the bottom, isto be made from thin
sheet metal. The volume is to be 4 cubic metres. We wish to know the diameter
D and the height H of the cylinder for which the total area A of sheet metal is
aminimum.

The volume of the cylinder is

b/
V=-D?>H=4
4

16

Hence H=——
wD?2
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The areais .
A=nDH + 502

Substituting for H gives

16 =

A=—42=D?

D + 2

For aminimum dA 16
E =0 , | — D2 +7D =0

Solving for D gives

16 [2
D=3/—=2x{/Z=1721m
T T
Notethat H = D!

The other condition for aminimum s

d’4
W >0
Itissatisfied, since
4 32
W = ﬁ +7>0
The required area of metal will be
A= 37”132 = 37” x 1.721% = 13.949m?

5.8.2 Increments

5 Differential Calculus

A useful application of differential calculusis the calculation of small increments.
When an experiment is carried out, readings are taken and results deduced from
them. Normally there is the possibility of some error in the measurements and it is
then required to calculate the incremental effect on the result. This effect may be
calculated as follows. The experimental data may be denoted by x and the result by
y = f(x). Figure5.28 shows a portion of agraph representing y = f(x). Consider
the function at P and let x increase by a small amount Ax (error); the corresponding

incrementiny isAy = f(x +Ax) — f(x).

An approximate measure for the increment in the value of the function at Q is
given by Ay. At P the slope is dy/dx, hence the approximate increment in the

functionis

Ay ~ g—i}Ax = f'(x)Ax for small Ax

(5.19)

The expression is called the absolute error. Therelative error is
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YA
Q %ngem at P

o - Y ———— - A X —— ]

(Seealso Sect. 5.4.5.)

Example Suppose a cylindrical vessel of the type encountered in Sect. 5.8.1 (i.e.
height H = diameter D) is produced automatically. Supposing there is an error of
2% in the dimensions of H and D, what is the resulting error in the volume of the
vessel? . .

V==D?H==D3

4 4
Differentiating gives
ap — 4"

If AD istheerrorin D (and H) then
3 2
AV =~ ZnD AD

TherelativeerrorinV is
AV AD

— 33—

|4 D
Thus, if the dimensionsvary by 2%, the volumes of the vessel may vary by up to 6%.

5.8.3 Curvature

Given a function y = f(x), we are often interested in calculating the radius of
curvature of the function, e.g. in the bending of beams.

Figure 5.29 shows a portion of the graph of the function y = f(x). Pand P
are two points close to each other. Draw tangents PT and P'T’, making angles vy and
¥ + Ay, respectively, with the x-axis. From Pand P’ draw the normalsto meet at the
point C. Inthelimit, as P approaches P, this point is called the center of curvature.
The length of the normal to C is called the radius of curvature, denoted by R.

1/R iscalled the curvature. Let us calculate R. We will consider the segment of
the curve between P and P, the length of which is denoted by s. It is approximately
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A y=f

<Y

an arc of acircle of radius CP = CP' = R. From the diagram we have

- 1 _Ay
RAYy =As or R As
In the limit, aswe take As smaller and smaller, wefind

1 dy d_s

R-as T R gy

We wish to relate R to y and its derivatives and can now use a relationship
derived in Sect. 7.2 (lengths of curves) which is based on Pythagoras' theorem
ds? = dx? +dy?:
ds 2
o - Vit ()
Using the chain rule we find

ds B ds dx B dx o
ay dedy _ap VIt
We also know that
tam//:y’

Differentiating this expression with respect to x gives

__ 1 dy
- cos2y dx

dy n21 v
a_[l—’—(y)}dx

(tany) = y"
y'=(1+tay)

Substituting for dx /dyr it follows that
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Radius of curvature s
Cdas [1+07?)Y

R=4y = y"

(5.20)

Thisisthe desired expression for the radius of curvature at any point x in terms
of thefirst and second derivatives of the given function.

Example Calculate the radius of curvature of the function y = cosx when

b
X = —.
4
Differentiating twice we have
y'=—sinx and y”=—cosx
substituting in the equation for R gives
;2 1£0\3/2
g (+sn?ass)3z
—cos45°

The negative sign means that the curve is concave downwards.

5.8.4 Determination of Limits by Differentiation: L’Hopital’s Rule

The determination of limits of functions by differentiation has a special significance
in physics and engineering. For this reason we state briefly I Hopital’srule. It gives
us the values of expressions at points for which the value cannot be calculated di-
rectly because indeterminate expressions arise.

. . 0
The Indeter minate Expression 0

L'Hopital'sfirst rule states:
If lim f(x)=0and lim g(x)=0,then
X—=X0 X—X(0
) f(x)
lim = lim
x=%0 g(X)  x%0 g'(x)

if the limit on the right-hand side exists.
If f/and g’ at x = x¢ are continuousand g’(xg) # 0, then



126 5 Differential Calculus

lim £ _ (5.21)

x=xo g(x)  g'(x0)

S~—
%
=
(=)
N—

If lim f/(x)=0and lim g’(x) =0, then we apply the same rule again.
X—X0 X—X0

Example
1 —cosx

L=Ilim
2

x—0

We differentiate numerator and denominator, so that

is of theform 8 .

sinx 0
L = lim —— whichisagain — .
x—0 2Xx ag 0

We differentiate the top and bottom again:

The Indeter minate Expression z

L' Hépital's second rule states:
If lim f(x)=cand lim g(x) =, then
X—X0 X—=X0

~

jim L) i L0

x=xg g(x)  x—xo g'(x)

if the limit on the right-hand side exists.
If lim f/(x) =cand lim g’(x) = oo, then we apply the rule once more.
X—X0

X—X0
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Example

. X o
lim — =—
x~>00|nx oo

By the above rule we have

. X . 1
lIim — = lim — =
Xlenx x~>oo1/x

Special Forms

The expressions 0 x oo, 00 — o0, 1,00, e® can be reduced to 0/0 or oo /oo,
Example Theexpression 0 x oo

. . Inx . 1/x
lim (xInx)= lim — = |lim —/—— = Ilim (—x)=0
xﬂ+0(x x) x—+01/x  x—+0—1/x2 xﬂ+0( *)

Example The expression oo’

im Inx
-Inx) lim &

. Nt
lim x'/* = lim (3 —evoe ¥ ==

X —00 X —00

5.9 Further Methodsfor Calculating Differential Coefficients

We now outline some methods which are useful to know when complicated func-
tionsarise.

5.9.1 Implicit Functions and their Derivatives

Functions such as y = 3x%2 45,y =sin ! x,y = ae * are referred to as explicit

functions. Functions like x2 4+ y2 = R2,x3 — 3xy? 4 y3 = 10 where the function
has not been solved for y are called implicit functions. In thiscase, y issaid to bean
implicit function of x. Similarly, we could equally say that x isan implicit function
of y.

It is occasionally possible to solve an implicit function for one of the variables.
For example, the equation of a circle of radius R,x? + y2 = R?, can be solved
for y, giving y = £v/ R2 — x2. Remember that in some cases it may be difficult or
impossibleto do this.

Differentiation of implicit functions
Differentiate all the terms of the equation as it stands and regard y as a func-
tion of x; then solvefor dy /dx.
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Example Obtain the derivativedy /dx of x2 4 y2 = R? (equation of acircle).

Step 1: Differentiate all terms of the eguation with respect to x. This is often ex-
pressed as applying the operator d/dx to each term:
d , d, d.»
ax + ay = aR
Step 2: Carry out the differentiation

d .
2x + 2y£ =0 (R isaconstant)

Step 3: Solvefor dy /dx
d_y X

dx v

Example Obtaindy/dx of x3 —3xy? + y3 = 10.

Step 1:
d ; d 2 d 3 d
dx dx(3xy )+dxy _dx(lo)

Step 2: Differentiate

dy dy
3x2—3(y2+x2y—= ) +3y?2=—==0
X 3<y +xydx)+ydx

(Note: Treat d/dx(xy?) asaproduct, i.e. liked/dx (uv).)
Step 3: Solvefor dy/dx

dy 2 2
= _3(y2_
dx (3y2 —6xy) (" =x%)
2_ 2
Hence d—y P Sl
dx y%—-2xy

5.9.2 Logarithmic Differentiation

Certain functions may be more easily differentiated by expressing them logarithmi-
caly first.

Example Differentiate y = v/1+x2- v/1+ x*
Step 1. Take logsto the base e on both sides

1 1
Iny = 5In(1+x2)+§ln(1+x4)
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Step 2: Differentiate the new expression with respect to x

d(ln)*l 2x +1 4x3
Y T T2 T3

1dy X 4 x3

Yax 1422 31418

Step 3: Solvefor dy /dx

3
3_1:\/1+x2\3/1+x4( S . )

1+x2 3144
5.10 Parametric Functions and their Derivatives

5.10.1 Parametric Form of an Equation

A curve in a plane Cartesian coordinate system has so far been represented by an
equation of the form

y=f(x)

However, we frequently encounter variables x and y which are functions of athird
variable, for exampler or 6, which is called a parameter. We can expressthisin the
following genera form:

x=ux(r) and y=y(r)
or dternatively in the form
x=g(t) and y=h()

For example, in order to describe the movement of apoint in a plane, we can specify
the components of the position vector r as functions of time. Then the parameter is
thetimer:

r=[x@), y()

As time passes, the components of the position vector vary and the point of the
position vector moves along a curve (Fig. 5.30).

YA

YO T ==

r{t)

VP e =2

=Y

0
Fig. 5.30

®
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Example Describe the movement of a particle projected horizontally with initial
velocity vg in aconstant gravitational field (Fig. 5.31).

YA

0o

¥(t)

Fig. 5.31

The horizontal movement of the particle is of constant velocity vg. Thus the
Xx-component is
x(t) = vot

The vertical movement of the particleisthat of afreely falling body with a gravita-
tional acceleration g. Thusthe vertical component is given by

g

y(t) = 5

The position vector of the movement is

r(t) = (vot, —%tz)

Both components depend on athird variable, thetime¢. To each value of the param-
eter ¢ there correspondsavalue for x and avaluefor y.

Generally, when x and y are expressed as functions of athird variable, the equa-
tion is said to be in parametric form.

The parameter may bethetimer, an angle 6 or any other variable. In many cases
it is possible to eliminate the parameter and to obtain the function of the curvein the
familiar form. To do this in the case given above, we solve the equation x = x(¢)
with respectto z:

X = vol
=X
Vo
Now we insert this expression for ¢ into the equation for y = y(¢):
8§ 2
2U02 *

y=-
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Thisisthe equation of aparabola, aswas to be expected from the known proper-
ties of freely falling bodies.

Example Describe the rotation of a point around the circumference of a circle
(Fig. 5.32). The equation of a circle can be expressed in parametric form:

x = Rcos¢
y = Rsing

Inthiscase R istheradius, and the parameter isthe angle measured from the x-axis

o

Fig. 5.32

to the position vector. The position vector is
r(t) = (Rcos¢, Rsing)

In order to obtain the equation of the circle in Cartesian coordinates, we take the
sguare of both parametric equations and add them.

x% 4 y? = R*co? ¢ + R*sin* ¢ = R?

If a point rotates with uniform velocity on acircle, the angle ¢ isgiven by ¢ = wt.
Herew isaconstant whichiscalled angular velocity (see Chap. 3). The parameter
isnow ¢ and the parametric form of these rotationsis

x(t) = Rcoswt
y(t) = Rsinwt
The position vector scanning the circleis given by
r(t) = (Rcoswt, Rsinwt)
Example Describethe parametric form of astraight linein aplane (Fig. 5.33). b is

a vector pointing in the direction of the line. a is a vector from the origin of the
coordinate system to a given point on the line. Now consider the vector

r(A)=a+Ab
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A
Ab
-1
r(A)
) >
Fig. 5.33

This vector r (1) scans all points on the line if the parameter A varies between
—oo @nd 4. Thus, the line is given in parametric form by

X(A) = ax“rkbx
y(A) =ay+Aby
If we consider straight linesin three-dimensional space, thereis athird equation for

the z-component:
z(A) = az+Ab;

Example Describe ahelix in parametric form. Let us consider a point which moves
on ahelical curve (screw). The direction of the screw isthe z-axis (Fig. 5.34). With
one rotation, the point gains height by an amount 4.

Fig. 5.34

The coordinates of the point are easily given in parametric form if we use the
angle 0 as the parameter:

x = Rcosf
y = Rsiné
z:hi
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The position vector is
r(@)_(Rcose, Rsing, hi>
2

These examplesshow that it is sometimes morerelevant to the nature of aproblemto
establish the parametric form of acurve. Although, in the plang, it is often possible
to transform the parametric form into the more familiar relationship y = f(x), this
may sometimes be more complicated.

5.10.2 Derivatives of Parametric Functions

Derivative of a Position Vector

Given a position vector in plane Cartesian coordinates in parametric form, the pa-
rameter being thetimet,

r(t) =[x(0), y(@Ol=x(0)i+yQ@)Jj

We can find the derivative of a position vector by finding its velocity. According
to Fig. 5.35, the velocity is given by

v — lim Ar lim r(t+At)—r(t)
" At—0Af At—0 At
yj}
Arx(t)
Y aa
\_/
r(t)
T(t + At)
0 %
Fig. 5.35
The components are

v= IimA—x IimA—y = d—x d—y
o At—0 At T At—0 At o dr’ dr

The components of the velocity are the derivatives of the x- and y-components.
Therefore if a vector is given in parametric form, its derivative can be obtained by
differentiating each component with respect to the parameter.
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Example Find the parametric form of the velocity and acceleration of a particle,
acting under gravity, which is projected horizontally (Fig. 5.31).
We start with the known equation in parametric form:

r(t)= (vot, ,%ﬂ)

The velocity is obtained by differentiating each component with respect to the pa-
rameter ¢:

v(t) = (vo, —gt)
For the horizontal component of v we obtain the constant initial velocity vq. For the
vertical component we get the time-dependent vel ocity of afreely falling body.
If we want to know the acceleration, we have to differentiate once more with
respecttoz:

a(t)=(0, —g)
We find there is no horizontal acceleration. But there is a vertical acceleration (due
to gravity).

Example Find the parametric form of the velocity and acceleration of a point ro-
tating on acircle with radius R.
We start with the known equation in parametric form with the parameter ¢ for
time:
r(t) = (Rcoswt, Rsnwt)

The components of the velocity are given by the derivatives of the componentswith
respect to the parameter ¢:

v(t) d:j(tt):%(Rcoswt, Rsinwt)

v(t) = (—Rwsinwt, Rwcoswt)

The magnitude of v is

v= \/R2w2 sin? wt + R2w? cos? wt = wR
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The acceleration is given by the second derivative with respect to time:
~ du(r)
a(t) = dt
Comparing with r gives

= (—Rw?coswt, —Rw?snwt)

a(t) =—w?r (1)
The acceleration hasthe oppositedirectionto r (Fig. 5.36). You can verify for your-
self that r (r) is perpendicular to v(7) and v(z) is perpendicular to a(z).
(Hint: The scalar products r - v and v - @ must vanish in this case.)
The magnitude of @ isa = w?R.
Using the equation v = wR we can express the acceleration in two ways:
2
a=—

R

a=vw=w’R

<

"

Fig. 5.36

The Normal Vector

At each point on the curve there is a tangent vector. A vector perpendicular to the
tangent vector is called a normal vector (Fig. 5.37). It is easy to find the formula of
anormal vector: the scalar product of the tangent vector and a normal vector must
vanish.

yA

o |

0 1

Fig. 5.37
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Given: atangent vector t = dx dy

' 9 S\dr dr
Wanted: normal vector n=(nx,ny)
Condition: scalar product=0: ?j—);nx + %ny =0
Solvefor ny: Ny = dy—/dt __ b

Tl/d T T

We arefreeto choosen,,. In Fig. 5.37 anormal vector is obtained by settingn, = 1.

_(_dy
= (-5 1)

Note that in solving the equation for n, the parameter ¢ was eliminated. Therefore,
the result is aso true for any curve given in the usual form y = f'(x). In this case,

atangent vector is given by
dy
= (1, d_)

Derivative of a Curve Given in Parametric Form

Given the parametric equations
x = x(t)
y=y()

we wish to find the differential coefficient dy/dx, i.e. the slope of the curve. We
proceed as follows.

Step 1: Differentiate the equations for x and y with respect to the parameter to

obtain q q

x y

dr and dr

Step 2: Rearrange to obtain the desired derivative:
dy _ dy/dt
dx  dx/dt

Thisisthe dope y’ of the function y = f(x) at the point (x, y). Note that we did
not establish the function y = f'(x) to find its derivative.



5.10 Parametric Functions and their Derivatives 137

Example Find the parametric form of the equation of a circle. The parameter is
denoted by 6 thistime:

x = Rcosf
y = Rsing

Step 1: Differentiate x and y with respect to the parameter 6:

dx _ dy
@7—R3|n9f—y, @chosefx
Step 2: Obtain the derivative of y with respect to x:
dy dy/do X
ar ~avjag - g

Example The cycloid is a curve traced out by a point on the circumference of
a wheel which rolls without dlipping. It is conveniently expressed in parametric
form. The following gives the equation for a wheel with radius a. The parameter ¢
isthe angle of rotation as the wheel movesin the x-direction. Figure 5.38 showsthe
wheel at different positions. The set of parametric equationsis

x =a(f—sind)
y = a(l—cosh)

We wish to obtain the derivative of y with respect to x.

Step 1:
dx dy .
@_a(l—cose), @_asne
Step 2:
dy dy/d¢  sind

dx dx/d9 1-cosf

yA

NV}

Fig. 5.38
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Appendix: Differentiation Rules

General rules

1. Constant factor

2. Sum (algebraic) rule
3. Product rule

4. Quotient rule

5. Chainrule

6. Inverse functions

Derivatives
of fundamental functions
1. Constant factor

2. Power function

3. Trigonometric functions

4. Inverse trigonometric functions

Function

y=r(x)
y=cf(x)

y=u(x)+v(x)

Function

y=f(x)

y = constant

y =snx
y = COSX
y =tanx
y =cotx

y=s8sn'x
y=cos lx

y:tan‘lx

y:cot‘lx

5 Differential Calculus

Derivative
Y =f(x)
Y =cf'(x)

Derivative
¥ =f'(x)
y'=0
y/:nxn—l
y' = cosx
y' =—snx
y/:i1 =1+tan’x
cos? x
1 -1 2
y'=—F—=-1-cot"x
sin® x
1
e
V1-—x2
y’*—i1
V1-—x2
Y= !
1+x2
V= !
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Derivatives
of fundamental functions

5. Exponentia function

Logarithmic function

6. Hyperbalic trigonometric functions

7. Inverse hyperbolic
trigonometric functions

Exercises

5.1 Sequencesand Limits

Function
y=f(x)
y=e*

y =Inx

y =sinhx

y = coshx
y =tanhx

y = cothx
y=sinh~!x
y =cosh™ ! x
y=tanh~!x
y =coth~ ! x

Derivative
y'=f(x)
y'=e
1
[
V=3
y' = coshx
y' =snhx
y' = ! =1—tanh®x
cosh? x
1
= =1-coth®x
YT Gl
’_ 1
V14x2
g— (x>1)
x2-1
= (k<)
YT 1 ox2
I
y=-— (x> 1)

1. Calculate the limiting value of the following sequencesfor n — oo:

n

(a) ap = 7

(©) an = <%>n1

n3+1
2n3+n?+n

(€) an =

2

@) an=——+5

(n+1)2

54n
0) an = -

2
(d) an:;+1
) ap =2+27"

139
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2. Cdculate the following limits:

x2+1
@ ® |
10 .
© lim 10 d) lime™
x~>0 2x X —00
© lim Vi+Hx—v1—x () lim — COSx
x—0 X XHO X

5.2 Continuity

3. (8 Isthefunction y = 1+ |x| continuous &t the point x = 0?
(b) Determine the points for which the following function is discontinuous:

1 for 2k <x<2k+1

f(x){—l for 2k+1<x<2(k+l)}’ k=0,1,23...

(c) Atwhich pointsisthefunction f(x) shownin Fig. 5.39 discontinuous?

Y,

IT/////I
_1{///”’/7'9:

Fig. 5.39

. |

5.3 Series

4. Obtain the values of the following sums:

5 1
@ Ss= X (H——)
v

v=1

I n
(c) What isthevalueof thesum S = 3 (%) ?
n=0

5.4 Differentiation of a Function; 5.5 Calculating Differential Coefficients

5. (a) Given the curve y = x3 — 2x, calculate the slope of the secant to the

curve between the points x; = 1 and x, = 3/2. Compare the slope of
the secant with that of the tangent at the point x; = 1.

(b) Thedistance-timelaw for a particular motion is given by
s(t) = 3t> — 8t m. Evaluate the velocity at r = 3 s.

(c) Determinethe differential dy of the following functions:

(i) f(x)=x2+7x

(i) f(x)=x>—2x*+3
(iii) f(x)=2(x>+3)
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6. Differentiate with respect to x the following expressions:

(@ 3x°

(d) 7x3—4x3/2

7. Obtain the derivatives of the following:

@ y=2x3

2x
d =
(@ 44 x

@ y=V1+x?

8. Differentiate
(8 y =3cos(6x)
(d) y=In(x+1)
(@ y=0x>+2)?

(b) 8x —3 (c) x7/3
x3—2x

© 2

(b) y= yx (C)yzxi2

@ y=(2+2? () y=xti

() y= (a—§)3

(b) y =4sin(2xx)
() y =sinxcosx
(hy y=asin(bx+c)

(c) y=Ae *sin(2nx)
(f) y =sinx?
(i) y=e"4

9. Differentiate (inverse trigonometric functions)

(@ y =cos!(cx)
(€) y=sin!(x?)

() y=Atan ! (x+2)
(d) ¥ =coth (/)

10. Differentiate (hyperbolic trigonometric functions)

(& y=Csinh(0.1x)
(© 1=In(cosht)

(e) y =sinh?x —cosh? x

(b) u =ntanh(v+1)
(d) s =In(cosht)
(f) y =2xcothx —x2

11. Differentiate (inverse hyperbolic trigonometric functions)

(@) y = Asinh~!(10x)

(¢) n=tanh~!(sing)

5.6 Higher Derivatives,

(b) u=Ccoth !(v+1)
o1 (x—1
(d) y :th 1 (T)

5.7 Extreme Values and Point of Inflexion

12. Obtain the following derivatives:

(@ g(¢) =asing +tang, required g'(¢), 1st derivative

(b) v(u) =ue¥,
(© f(x)=Inx,
(d) h(x)=x>+2x2,

required v (1), 2nd derivative
required f”(x), 2nd derivative
required 1V) (x), 4th derivative
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13. Find the zeros and the extreme values for the following functions:

(@ y=2x*—8x2 (b) y =3sing
() y =sin(0.5x) (d) y=2+ %x3
(e y=2cos(¢+2) ) y= §x3 —2x% — 6x

14. Points of inflexion. Show that the following functions have a point of inflex-
ion. Calculate the value of the function at such a point.

(@ y=x3—9x2+24x—-7
(b) y =x*—8x?

15. Curve sketching. Sketch the following functions:

1
)
@ y=x T3
4x +1
b =
b y=3
© y= x?—6x+8
YT X2 6x+5
5.8 Applications of Differential Calculus
16. Errors.

(a) A tray inthe form of a cube is to be manufactured out of sheet metal.
It is to have a cubic capacity of 0.05m3. If the tolerance on the linear
dimensions is not to exceed 3mm, calculate the change in the volume
and in the area of metal as a percentage.

(b) The height of a tower is calculated from its angles of elevation of 35°
and 28°, observed at two points 100 m apart in a horizontal straight line
through its base. If the measurement of the larger angleis found to have
an error of 0.5°, what will be the error in the calculated height?

17. Curvature. Calculate the radius of curvature for the following functions:
@ y=x3 a x=1
(b) y2=10x a x=25

18. L'Hopital’srule

. sinx . In(14+1/x)
@ lim = (b) leTOU—x
, . 1/ 1 1
(€ lim @ lim < <sinhx - tanhx)
| 2| @) fim "%
() limx™1> X /X
@ lim cosaf — coshd
6—0 02



Exercises 143

5.9 Further Methods
19. Implicit functions. Obtain the derivative y’ for the following expressions:

(@ 2x>+3y?=5
(b) 3x3y2+xcosy =0
© (x+y)>2+2x+y=1 a x=1,y=-1
20. Logarithmic differentiation. Obtain y’ for the following expressions:
(@ y=(5x+2)(3x~7)
(b) y ="
(€ y=x"
5.10 Parametric Functionsand their Derivatives
21. Parametric equations. Obtain dy /dx for the following expressions:
@ x=ut and y=vt—1/2gt?
u,v and g are constants
(b) x =a(cost +rsint)
y =a(sint —tcost)

22. A point rotates in the x—y plane with a radius R around the origin of the
coordinate system with constant angular velocity. In 2 sit completes 3 revo-
[utions. Give the parametric form of the movement.

23. (@) The parametric form of acurveis

What curveisit?
(b) What curveis described by the following equations?

x(t) = acost
y(t) = bsint

24. (a) Calculate the acceleration vector

vx(t) = —voSinwt
vy (t) = vg COSwt

(b) The position of a point in three-dimensional space is given by

r(t) = (Rcoswt, RsSnwt, 1)

Calculate the velocity for ¢ = %T
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(c) The acceleration of afreely falling body is
a=(0,0,—g)
Calculate the velocity v(¢) if

v(0) = (v0,0,0)

5 Differential Calculus



Chapter 6
Integral Calculus

6.1 The Primitive Function

6.1.1 Fundamental Problem of Integral Calculus

In Chap. 5 we started from a graph of a function which could be differentiated and
obtained its slope or gradient.

The problem was to find the derivative f/(x) = dy/dx of a given function
y=f(x).

This problem can also be reversed. L et us assume that the derivative of afunction
is known. Can we find the function?

Example A function is known to have the A
same slope throughout its range of definition

(seeFig.6.1)i.e. y=m
y'=m l

Can we find the function? To do so we re- l

view al functions known to us to find out 0 >

whether there is among them one which has

aconstant slope. Fig. 6.1

In this case, we know such a function: itis  yj
a straight line. Hence, one possible solution
of our problem is a straight line with a slope
m through the origin, i.e. y =mzx

y(x) =mx

Figure 6.2 shows such a function. The pro-
cess of finding the function from its deriva
tiveis called integration and the result an in-
definite integral or primitive function.

" )

0

Fig. 6.2

K. Weltner, W. J. Weber, J. Grogean, P. Schuster, Mathematics for Physicists and Engineers
ISBN 978-3-642-00172-7 © Springer 2009
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A general statement of the problem is as follows:
Let agivenfunction f'(x) bethe derivative of afunction F (x) which wewish to
find. Then F(x) hasto satisfy the condition that

F'(x) = f(x)
Definition F(x) isaprimitivefunctionof f (x) if thefollowing holdstrue:
F'(x) = f(x) (6.1)

Example Let f(x) = m, aconstant. We have aready found a solution to be
F(x)=mx

We can easily verify the result by differentiating:

S0 = o (mx) =m

Remember that the derivative of a constant term is zero. Hence, if a constant term
is added to the function F(x) just found, the function obtained will also have the
same derivative. Therefore we can put

F(x)=mx+C

where C isany constant.

It obvioudly follows that there is not just one solution but many others which
differ only by constants. Thus the solution of the equation F’(x) = f(x) givesrise
to the family of curvesgiven by

y=F(x)+C

In our simple example, all straight lines with the slope m are primitive functions of
f(x)=m, asshowninFig. 6.3.

4 J
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In order to obtain a particular primitive function from the whole family of prim-
itive functions, we need to specify certain conditions.

We may, for example, specify that the function must pass through a particular
point given by a set of coordinates. Such conditions are known as boundary condi-
tions.

In our example, suppose we specify that when x = xg,y = ygo. Substituting in
the equation y = mx + C, wefind

yo=mxo+C
Hence C =yp—mxop

Thefinal solutionis
Yy =mx+yo—mxog

Thisis shown by the solid linein Fig. 6.3.
All primitive functions differ from each other by a constant which can be deter-
mined from specified boundary conditions.

6.2 The Area Problem: The Definite Integral

Consider the problem of calculating the area under a curve. The area F (shown
shaded in Fig. 6.4) is bounded by the graph of the function f(x), the x-axisand the
lines parallel to the y-axisat x =a and x = b. If f(x) isastraight line, then the
area F iseasily calculated. We now develop amethod for the evaluation of F which
isapplicableto any function, provided that it is continuousin theinterval a < x <b.
For the time being, we will assumethat f'(x) is positive in the interval considered.

Fig. 6.4

We divide the interval into n sub-intervals of lengths Ax;,Ax;,...,Ax, and se-
lect from each sub-interval a value for the variable x;, as shown in Fig. 6.5. The
value of the function, or height, is f (x;).

Thearea F is approximately given by the sum of the rectangles
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YA

fa)p-————— V4

Y

Fig. 6.5
F = f(x1)Axy+ f(x2)Axz 4+ f(x;)Ax; + -+ f (xn)Axn
This sum is more compactly written

F = i S (xi)Ax;
i=1

We now wish to find the limit of this sum for n increasing indefinitely. Each Ax will
diminish indefinitely at the same time (Fig. 6.6).

yA

. |

Fig. 6.6

We know intuitively that by this process we shall obtain the exact value for the
area F.
Hence

F=Jim 3 f(x)ax

N —s00

Ax;—0i=1

A new symbol is now introduced to denote this limiting value and write

F:l/:jf(x)dx



6.3 Fundamenta Theorem of the Differential and Integral Calculus 149

The symbol [ is called an integral sign and the expression is called a definite in-
tegral. It is read as ‘the integral of f (x) dx froma to b’. The integral sign is an
elongated S and stands for ‘sum’. It should be remembered, however, that the inte-
gral isthelimit of asum. Thelimiting processisvalid for continuous functions. For
discontinuous functions we have to prove in each case that alimit exists.

If we take the greatest value of the function in each sub-interval as the height of
the rectangles, then the sum is called an upper sum; if we take the smallest value of
the function in each sub-interval, then the sum is called alower sum. For continuous
functions the upper and lower sums will coincide in the limiting process.

The dx after the integral sign should not be left out asiit is part of the process we
have just examined.

Definition
F= lim zfx, Ax; = / flx 6.2)

N—oo

Ax; —0i=

The symbol _[f f(x) dx is called the definite integral of f (x)
betweenthevaluesx =a andx =b

e aiscalledthelower limit of integration,
e b iscaled the upper limit of integration,
* f(x) iscaled theintegrand,

» Xx iscalledthe variable of integration.

6.3 Fundamental Theorem
of the Differential and Integral Calculus

The fundamental theorem states. The area function is a primitive of the func-

tion f(x).
How isit arrived at? We begin with a continuous and positive function f (x) and
consider the area below the graph of the function (shown shaded in Fig. 6.7).

Fig. 6.7
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In contrast to the previous area problem whose limits were fixed, here we con-
sider the upper limit as a variable. It follows, therefore, that the area is no longer
constant but is afunction of the upper limit x.

x now has two meanings:

1. x isthe upper limit of integration;
2. x isaso thevariablein the function f (x).

To avoid any difficulties that might arise because of this double meaning, we will
change the notation and use ¢ as the variable in y = f(¢) and consider the area
below the graph of thisfunction between the fixed lower limit ¢ = ¢ and the variable
upper limit ¢ = x, asshown in Fig. 6.8.

Fig. 6.8

The areaunder the curveis
X
F = [ roa
a

The function F (x) defines the area below the curve of f(¢) bounded by r = a and
t = x. Figure 6.9 shows the function F (x) for the curve f (¢) depicted in Fig. 6.8.
We call the function F(x) the area function.

F
4 F(z)

=Y

Fig. 6.9
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We now ask ourselves the question: what is the nature of F (x)? To answer this,
first of all consider a small increase in the upper limit x by an amount Ax. The area
increases by the amount of the shaded strip shown in Fig. 6.10.

Fig. 6.10

The areafunction increasesby AF asshownin Fig. 6.11.
Thisincrease in the area, AF, lies between the values f'(x)Ax and f (x + Ax)
Ax,i.e.
S (x)Ax <AF < f(x+Ax)Ax

F(x)A

AF

F(x+ Ax

<Y

9 a

Fig. 6.11

We should note that thisis valid for amonotonic increasing function. If the function
is a decreasing monotonic function, the argument is still valid, except for a change
in the inequalities.

Dividing by Ax throughout gives

F0) <58 < plrran)
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Let usnow consider the limiting process as Ax — 0 for the areafunction
AF _dF

Ax—0 Ax  dx F'(x)
We also have
lim f(x+Ax)= f(x)
Ax—0
Hence we find
fx) < F'(x) < f(x)
This meansthat
F'(x) = f(x)

The derivative of the areafunction F(x) isequal to f (x). In other words, the area
function is a primitive of the function f'(x).
This is the fundamental theorem of the differential and integral calculus. It em-
bodies the rel ationship between the two.
The areafunctionis given by

F(x):'/axf(t) dr

Differentiating gives

P =g ([ rwa) = s

If we carry out an integration, followed by a differentiation, the operations cancel
one another out. Thus, loosely speaking, differentiation and integration are inverse
processes.

The fundamental theorem of the differential and integral calculus

X
It F(x):/ F0) dr
a
then F'(x) = f(x) (6.3)

So far we have not paid much attention to the choice of the lower limit a. We
will now investigate how the area function changes if we replace the lower limit a
by anew one, a’, as shownin Fig. 6.12.

Let F;(x) be the new area function. Fy(a’) is zero; Fy(a) corresponds to the
area between a’ and a. If we now consider the course followed by the original area
function F(x), we see that the new areafunction F; (x) is made up of two parts:

F1(a) = areabetween ¢’ and a (which is a constant)
and F(x) = areabetweena and x
Hence Fi(x)=F(x)+ Fi(a)
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A
fEmf (1)
a (0] a x =t
Fig. 6.12
A
Fi(x)
F(x)
Fy(a)
/ -
a' 0 a x X
Fig. 6.13

Thus achangein the lower limit leads to a new area function which differsfrom the
origina function by a constant. Thisis illustrated in Fig. 6.13. It is in accordance
with the fact we found earlier that primitive functions differ from each other by
a constant.

6.4 The Definite Integral

6.4.1 Calculation of Definite I ntegrals from I ndefinite I ntegrals

We will now proceed to calculate the value of the definite integral from the geomet-
rical meaning of the primitive function as an area function.

We require the area shown shaded below the function y = x and between the
limitsa and b in Fig. 6.14.
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Fig. 6.14

A primitive function which satisfies the condition F'(x) = f(x) is

[
F(x)= 7%
This can easily be verified by differentiation.

This primitive function is the area function for the lower limit x = 0 and rep-
resents the area below the graph and between the limits x = 0 and x. We wish to
calculate the area for x = a to x = b. We know from Sect. 6.3 that this area is
the difference between two areas, namely the area F (b) bounded by the graph and
the limits x = 0,x = b, and the area F (a) bounded by the graph and the limits
x =0,x = a (see Fig. 6.15). Hence the arearequired is

A=F(b)—F(a)

2 2
In our example, thisareais A = 2 - %

Having obtained the value of adefi n|te integral by means of a particular example,
we can now generalise the procedure.

We obtain a primitive function F(x) for agiven f (x) and then form the differ-
ence of the values of the primitive function F (x) at the positions of the upper and
lower limit. As a shorthand notation, a square bracket with the limits as shown is
often used.

Cdlculation of adefiniteintegral:
b
| de= (@l = Fo) - Fla) 64)

Primitive functions for a given f(x) differ only by an additive constant which
cancels out when a differenceis formed as above.
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Fig. 6.15

The definite integral is not restricted to the geometrical case of calculating area,
as the following example shows.

Example What is the distance covered by a vehicle in the time interval ¢+ = 0 to
t = 12 secondsif the velocity v is constant at 10 m/s?
The distanceis given by

2
s:/ vdt = [vt]if =v(tp—11)=10x 12=120m
31
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6.4.2 Examples of Definite I ntegrals

Integration of x?2

We wish to calculate the area under the parabola y = x? between x; = 1 and x, =2
shownin Fig. 6.16.

Fig. 6.16

The arearequiredis 4 = [ x2dx
First we have to find a primitive function whose derivative is f (x) = x2; such
afunctionis
F =
(=3
We can easily verify this statement by differentiating F (x).
The arearequired is then given by
2 372
A:/ x2dx = [x—} ~8_1_ 7 ritsof aren
1 3/, 3 3 8

Integration of the Cosine Function

We want the area under the cosine functionin theinterval 0 < x < /2 (Fig. 6.17).
Therequired areais A = _[(;7/2 cosx dx
From our knowledge, we are able to identify a primitive function of
f(x)=cosx. Itis
F(x)=sinx
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Fig. 6.17
Hence we have
/2
A =/ cosx dx = [sinx]g/2 :sin% —sin0=1
0

If the area lies below the x-axis, the definite integral is negative.
Consider the area under the x-axisin theinterval = /2 < x <3x /2 (Fig. 6.18).

Fig. 6.18
Itis
3m/2 3
A= cosx dx = [sinx]3’/[£2 —sn2X —snZ = 1 1= 2 unitsof area
/2 T 2 2

If wewant to find the absolute value of an area, we must pay attention to the value of
the function between the limits of integration, i.e. whether the function lies entirely
above the x-axis, below it, or partly above and partly below.

If the function is partly positive and partly negative, it is necessary to split it into
parts, as shown in the following example and illustrated in Fig. 6.19.

Suppose we require the absolute value of the area bounded by the function cosx
for 0 < x < 7. We proceed as follows:
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First: Since the function is positive
for 0 < x < n/2, the area A; =1
(see above).

Second: Sincethefunctionisnegative
for w /2 < x <, theareaisgiven by

"TT
cosx dx = [sinx]®
/”/2 [ ]n/Z
sin sinn 1
= T — _— =
2
If this areaisto be taken positive, we
must take its absolute value, i.e.
Ay=|—1]=1

The total absolute areais A = 4; +
A, = 2 units of area.

Fig. 6.19

Uniformly Accelerated Motion

Example This is an example which differs from the calculation of an area and
shows an application of integral calculusto physics.

We first calculate the velocity of arocket moving with a constant accel eration of
15m/s?, 40s after starting from rest.

The relationship between acceleration « and velocity v is

a= dv at any instant ¢
Code Y
The velocity is given by
't
v= [ adi=[ar)? = alt— 1) = 15(40—0) = 600 m/s

Jty
In addition we wish to find the distance covered by the rocket during that time. The
relationship between velocity and distanceisv = ds/dr at any instant #. Substituting
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¢
v:/adt:at
0

in the expression

gives

ds
at = —

dr
> 21" 15
Hence s=/ ardr = || =2 (12— 142) = (402 — 0) = 12000m
. 2,2 2

6.5 Methods of Integration

We now consider general methods for determining primitive functions. The primi-
tive function is an indefinite integral, indicated by the symbol

'/f(x) dx

6.5.1 Principle of Verification

The problem of obtaining the derivatives of functions can always be solved. But for
the inverse problem, integration, a solution cannot always be found. Integration is
amore difficult problem, and this makes the principle of verification important. We
try to guess a solution and check whether it is a solution by differentiating, since

P =g ([ rode) = s

Thefunction f(x) isgiven. We assume that F (x) isaprimitive function.

Next we test the assumption by differentiating F (x) and comparing F’(x) with
f(x). Our assumption is valid if F'(x) = f(x). In thiscase, F(x) isa primitive
function of f(x). If our assumption is incorrect, i.e. F'(x) # f(x), we have to
make a new assumption and repeat the procedure until a solution is found. For this
task we shall find tables of integralsagreat help. These tables, which are universally
available, cover a great many cases.

6.5.2 Standard I ntegrals

The integration of basic functions can be found very easily by applying the funda-
mental theorem of differential and integral calculus, integration being the inverse
of differentiation. Table 6.5 gives some elementary functions and their integrals; it
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is easy to verify the results by differentiation. A more comprehensive table will be
found in the appendix at the end of this chapter.

Function Integral
" X+l
x"(n#-1) il +C
sinx —cosx +C (6.5)
Cosx snx +C
e* e'+C
%(x;éo) Injx|+C

6.5.3 Constant Factor and the Sum of Functions

Many integrals can be simplified before carrying out the integration. It is very wise
to carry out the initial step of simplifying integralsas it reducesthe amount of work
involved and time is therefore saved.

Constant Factor

If k isaconstant then
/kf(x) dx:k/f(x) dx 6.6)

Proof Let F(x) = [ f(x) dx. Thenitistrueto write

kF(x) = k/f(x) dx
Differentiating both sides gives

kF' =kf(x)

Sum and Difference of Functions

Theintegral of the sum of two or more functionsis equal to the sum of the integrals
of the individual functions, i.e.

JUr@+ede= [ fdes [g(xdr 6.7)
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Proof Let F(x) bethe primitivefunctionof f(x) and G(x) that of g(x). Then

F(x)+G(x)= /.f(x) dx + /.g(x) dx
Differentiating both sides gives

F'(x)+G'(x) = f(x) +g(x)

For the difference of two functionsit follows that

JUrm g de= [ fvde [glxax (68)

6.5.4 Integration by Parts: Product of Two Functions

This follows directly from the product rule for differentiation. L et the functions be
u(x) and v(x). If we differentiate the product uv we have

() = 2000+ )

or, written in a more concise way,

(uv) =v'v+uv
By transposing we get

wv' = (uv) —u'v

Now we integrate this equation and can hence write down the primitive function
straight away as follows:

/uv/ dx =uv— /uv/ dx (6.9

Theintegral on the right-hand side is frequently much easier to evaluate than the
one on the left-hand side. This method is particularly useful when the expression
to be integrated contains functions such as logx and inverse functions. The right
choice of 1 and v’ is decisive.

Example [xe* dx
Letu=x, v =¢€".
Thenu’ = 1 and we know that v = €*.
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Substituting in the equation gives
/.uv' dx = uv — /.vu' dx
/xex dx:xexf/ex dx=e"(x—1)+C

We must not forget the constant of integration C.
Suppose we had chosen u = €* and v’ = x.
Thenu’ =e* and v = x2.

Hence
x2e* 1
2 2.

We note that the right-hand integral will be more difficult to solve than in the previ-

ous case.

/.xex dx = x2€e* dx

Example
/xzex dx

Letustry u = x2 and v’ = €*.

Before going any further we must consider whether our choice is going to be
favourable. We need to consider the vu’ product in [ vu’dx and do arough calcula
tion.

From u = x? it follows by differentiation that

' =2x

And from v’ = e* it follows by integration that
v=¢g"

Aside: If you are meeting this for the first time, you should get into the habit of
making quick and rough calculations, and not leave the choice of » and v’ to chance.
We know that powers of x are reduced by one when differentiated. The term e*
remains unchanged when differentiated. If we had set u = € and v’ = x2, then we
would have found an increase of onein the power of x, i.e. and x3, leading to amore
difficult integral on the right-hand side.

Going back to our example, we have

./.xzex dx = x2e" —2(/.xex dx

We have already computed the integral on the right-hand side in the previous exam-
ple. Itis

e(x—1)+C’
Thus /xzexdx:xzefoGX(xfl)wLC:ex(x272x+2)+C

We can easily verify the result by differentiating — you are advised to do so.
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Example
/Sinzx dx:/sinxsinx dx

Letu =sinx and v/ =sinx
Then u’ = cosx and v = — cosx

/sin2 dx = —sinxcosx + /coszx dx
Since cos? x = 1 —sin? x, then, by substituting, we find that
/sinzx dx = —sinxcosx +/(1 —sin®x) dx
— —sinxcosx +x — /sinzx dx
Transposing gives
. . 1.
2/sm2x dx = x —sinxcosx +C’ = x — Esm2x+C/
Hence we obtain the final solution:
GCSTNE S P SR
./sm dx = > 2smxc05x+C =3 4sm2x+C
With the help of integration by parts, it is often possible to simplify integrals whose
integrands are of the nth power, since the exponent can be reduced by one each
time. Applying the method successively may lead either to a standard integral or to
another integrable expression. Thiswas demonstrated in the last two examples.
For the sake of completeness a further point should be noted. If the exponent of

the sine function is some arbitrary number (£ 0), then the integral can be solved
step by step. This process leads to what is known as a reduction formula.

Example Reductionformulafor [sin” x dx.
Letu =sin” !'x andv’ =sinx
Thenu' = (n —1)sin" 2 x cosx and v = — coSx
Theintegral now becomes

/Sin”x dx = —cosxsin” 'x+(n—1) /Siﬂ"’zxcoszx dx

Recalling the identity cos? x = 1 —sin? x, the integral on the right-hand side can be
split into the sum of two integrals:

/Sin"x dx:fCOstin"*Ier(nfl)/sin”*Zx dxf(nfl)/sin"x dx

Observe that the integral to be solved now appears on both sides of the identity.
Rearranging leads to the desired formula:
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. 1 . -1 [
/sm”x dx = ——cosxsin® x4 2 /sm”*zx dx (6.10)
n n

Remember that thisformulaisvalid for any exponent n £ 0. If n is negative then
it isto be read from the right to the left. In the exercises, the reader will be invited
to derive the reduction formulafor [ cos” x dx.

6.5.5 Integration by Substitution

Suppose we want to evaluate the following integral:

/Sin(ax +b)dx
How should we proceed?
A minute's thought leads us to try to reduce it to a standard form, such as
Jsinu du.

We can substituteu = ax +b
But we till have to find a substitution for dx. To do this we differentiate u =
ax + b with respect to x and find that

du
dx “
Fromwhichdx = 1/a du
Theintegral now becomes

" 1 1 7. 1
/smu— du:—/smu du =——cosu+C
. a a . a

To express the result in terms of the origina variable x, we substitute back for
u = ax + b and obtain

/sin(ax+b) dy — fécos(aanb)JrC

Substitution then enables us to reduce the function into a standard form. Further-
more, it also often transforms a difficult or an apparently unsolvable problem into
asolvable one.

The method of substitution is carried out in four steps.
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To solve Example
[ flgtoyds [ a
Choice of asuitable u=g(x)=x

substitution which promisesto
make the problem easier.

/e“ dx
Substitute for

(a) the function d_” _ 1

(b) the differential dx. dr  2y/x
In order Fo carry out (_b), we dx =2/x du
differentiate the substitution,

solveit for dx and expressit in = 2u du
terms of u. /e”2u o

Integrate with respect to the

ety —
new variable . /Zue“ du =2e"(u—1)+C

Substitute back to express the
solution in terms of
the original variable x.

288 (u—1)+C =
2eV¥(\/x—1)4+C

There are no general rules for finding suitable substitutions.

To complete the discussion on this method, let us assume that the integrand can
be put in the form f{g(x)} asafunction of afunction. Then the integral we have
to solveis

[ #gty ax

We now introduce a new variable by a substitution.
Let u = g(x) for theinner function.
Differentiating u with respect to x gives

du dg
We solvefor dx to give
1
dx = du
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Theintegral becomes

[ rigwyar= [ 1w (611

This new integral must be in terms of u only.

6.5.6 Substitution in Particular Cases

We examine four substitutions which will reduce certain types of integralsto a stan-
dard form.

/f(ax+b) dx substitution: v =ax+5b
J}/((j:; dx substitution:  u = f(x)
/f[g(x)]g'(x) dx substitution:  u = g(x)

/R(sinx7cos>c,tanx,cotx) dx substitution:  u :tang

Integralsof thetype [ f(ax+b)dx
Theintegral isafunction of thelinear function (ax + b). By letting u = ax + b, the

integral is simplified; now du/dx = a or dx = 1/a du.
Theintegral becomes

/f (ax+b)d /f (6.12)

It is now much simpler than the original integral. If f (u) isasimple function its
solution is known. We found this to be the case when we introduced the substitution
method and considered the integral

/Sin(ax +b)dx
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Toillustrate this point let us look at some further examples:
Example

/ 2 dx
J cos?(4x —12)
Let u = 4x — 12, then du = 4dx; hencedx = 1/4du. Theintegral becomes

4 cos2

Thisisastandard integral given in the appendix at the end of this chapter:

5 / o2 tanu+C

Substituting back in terms of x givesthe final solution:

2 1
— S _dv=_tan(dx—12)+C
/cosz(4x712) =i —12)+

Example
5dx

1+ (ax+b)?
Letu =ax+b,thendx =1/adu

Hence we get one of the standard integrals given in the appendix at the end of
this chapter:

5dx 5 du *Stan’1u+C
I+ (ax+b)2 al 14+u2 a

= étan*‘(ax+b)+C
a

Integralsof thetype /]}I((x)) d

The integrand is a fraction whose numerator is the differentia coefficient of the
denominator.

Letu = f(x), then f/(x) dx = du

Hence we have

.f/(x) B d_M: _
/ f(x) dx_./u Inful+C =In|f(x)|+C (6.13)

In many cases we will have first of al to put the function to be integrated in the
above form.
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Example
/‘ x+a/2 / 2x+a
. x2+ax+b 2 x2+ax+b
Letu = x2+ax+b,thendu = (2x +a) dx
Hence
2x +a 1 fdu 1
~ [ —==In C
2/x2+ax+b 2/ w2 el +
1
:§|n|x2+ax+b|+C
Example

CoSsx
[y,
J a+bsinx
Letu =a+bsinx, then du = bcosx dx or cosx dx = 1/bdu
Hence
CoSx 1 fdu 1
———tx=— [ — =1
/a+bsmxx p) w = pnmItC
:éln|a+bsinx|+c

Integralsof thetype [ f(g(x))g’(x) dx

Theintegrand is a product, but what isimportant is the fact that the second function
isthe differential coefficient of the inner function.
To solvetheintegral, let

u=g(x), g'(x)dx=du
Hence we have

[ 1(etng v = [ f ) ce (6.14)

Example
/sin2 x cosx dx

Let u = sinx, then du = cosx dx
Hence

" 1
/Slnzxcosx dx = /uzdu = §u3+C
—léﬁx+C
3

In many cases wefirst have to generate the form of the integrand which corresponds
to (6.14), as the following example shows.
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Example
/(tan“)thanzxﬁL 1) dx

The integrand does not contain the factor 1/cos? x which we need in order to apply
the method explained. We therefore expand with cos? x by using the relation

=l+tan’x or 1= (1+tan’x)cos®x

cos? x
We find
tan* x +tan? x + 1)
(1+tan? x) cos? x

/(tan4x+tan2x+l)dx:/(

Now let u = tanx, then du = 1/cos” x dx.
We aobtain a new integral, namely

ut +u?+1 1 dlu
i L W e d :/ 24 /—
/ T+tuz /(u Jr1+u2) " ot [T

i.e. two standard forms.
Thefinal solutionis

1

1 1
—udttantu+C = gtan3x+tan’1(tanx)+C

3
1
:gtan3x+x+C

Integralsof thetype [ R(sinx,cosx,tanx,cotx) dx

Theintegrandisarational expression, denoted by R, of the trigonometric functions.
It can be transformed into a more accessible form by substitution u = tanx /2, i.e.
x =2tan L.

. . 2du
By differentiating we get dx = Tra2 (6.15a)
The trigonometric functions can all be expressed in terms of u. Thus
. X X 2tan(x/2) 2u
—2dnZcost — = 6.15b
SN = 2SN S T Trtae(x/2)  11u2 (6.150)
. 1 —ta?(x/2) 1—u?
— —_gn? - =
cosx = cos?(x/2) —sin?(x/2) T2 - 1T (6.15¢)
tanx = 30X _ 2 (6.150)
cosx 1-—u?
2
cotx = cosx _ L —u (6.15¢)

sinx 2u
Thustheintegral is transformed into one whose integrand is a function of u.
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Example
dx "14+u2 2du du X
— = =[—=In Czln‘tan—‘ C
./Smx / 2u 1+u? / u Jul + 2 +
Example

dx 1 du du
1+sinx 1+2u/(1+u?) 14+u? 1+ 2u +u?

du -2
‘2/ (+u? ~ T+ni2) ¢
In the table of fundamental standard integrals (at the end of this chapter) we find
that

dx _¢ (x T

- =tan|-—— C.
J 149nx 2 4)+

The reader should verify for him- or herself that these results differ by a constant
only (=1).

6.5.7 Integration by Partial Fractions

We now consider the integration of functionswhere the numerator and denominator
are polynomials. In Chap. 4, Laplace-Transformations, we will use this technique
extensively. Such functions are called fractional rational functions and have the
following form:

P(x) anx" +ay, 1x" 14+ +ajx+ag
Q(x) bmx™ by x4 £ hix+ by

where m and n areintegersand a,, and b, # 0. The coefficientsa; and b; arereal.
If n <m,R(x) isaproper fractional rational function; in short, a proper fraction.
If n > m, R(x) isanimproper fraction, e.g. x*/x3 + 1.
Any improper fraction can be transformed into a sum of a polynomial and
aproper fraction by simple division. For example

x* X

Bl X
Our discussion is restricted to proper fractional rational functions, such as the sec-
ond expression in the above example.
In order to understand the expansion of such a function, we have to remember
the fundamental theorem of algebra. This theorem states that a rational function of
degreen, such as

P(x) = anx" +an_1x" 14 +ayx+ag



6.5 Methods of Integration 171

can be resolved into a product of factors, each of whichislinear:

P(x) =an(x —x1)(x —x2) - (x — xp)
a; are constant real coefficients (a, #0) .
x; arethereal or complex roots of the equation P(x) = 0.

Complex roots occur in pairs and are conjugate, e.g. « +j8 and « — j8. (Complex
numbers are treated in detail in Chap. 9.)

Example The cubic equation
x2—x?—4x+4=0

hasthefollowingroots: x; = 1,x, =2,x3 = —2.

Hence, x3—x2—4x+4=(x—1)(x—2)(x+2).
Such an expansion into linear factors will help us to integrate fractional rational
functions. Assume that the integral to be solved is of the form:

dx

/‘ anx" +an_1x" 14+ Fag
X 4 bpy 1 XML 4o 4 bg

(Notethat b, = 1 iseasily obtained by division, and that n < m.)

The integral is then resolved into a sum of proper partial fractions. The form of
the partial fractionsis dictated by the roots of the denominator, which we will call
D(x). There are three cases to consider:

Case 1: D(x) hasreal and unequal roots
Case 2: D(x) hasreal and repeated roots
Case 3: D(x) has complex roots

Real and Unequal Roots

The denominator takes on the form
D(X)=x" 4 by 1x™ V4 by = (x —x1)(x —x2) ... (Xx —xm)

3x -5
/x272x—8dx
The denominator has two real and unequal roots, x; = —2 and x, = 4.
Hence x2 — 2x — 8 = (x +2)(x — 4) and the integral becomes

/‘ 3x—5 / 3x -5 dx
. —2x — 8 (x+2)(

Inthisform, theintegral isnot easily solved. Now we will show that integrals of this
type can be solved if we expand the integrand into partial fractions, i.e.

Example

x-5 A, B
(x4+2)(x—4) x+2 x—4
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A and B are constants to be determined. Multiplying both sides of the identity by
(x+2)(x —4) asoreferred to as ‘ clearing the fractions’, yields

3x—5=A(x—4)+B(x+2)

Asthisisan identity, it must hold for all values of x.
To calculatethe valuesof A and B it issufficient to insert any valuefor x we care
to choose. If, in thisexample, we insert x = x; = —2 and then x = x, = 4, wefind

—_—

x=-2, 3x(=2)—-5=A(-2—-4); hence A= !

x=4, 3x4—-5=B(4+2); hence B=

SRR

Theintegral becomes

[eymm e[ () o

11
= zln|x+2|+%|n|x74|+C

The expansion of afunction into partial fractionsis carried out in three steps.

1. Find the roots of the denominator and expressit as the product of factors of the
lowest possible degree.

2. Rewrite the original integrand as the sum of partial fractions.

3. Multiply both sides of the identity by the denominator and then calculate the
values of the constants of the partial fractions A, B,C, ..., M by inserting suc-
cessively the roots of the denominator, x1,x2,x3,...,X5.

Rule If therootsof the denominator D (x),xy,x2,X3,...,X,, aerea and
unegual, then we set up
N (x) A B M

D) G=x) G=m) TG

(6.16)

Real and Repeated Roots

Let us consider the integral

dx B dx
/x3—3x2+4 7/(x+1)(x—2)2

Thedenominator hasroots x; = x, =2 and x3 = —1. Therootsx; and x, areequal;
they are called repeated roots. To every r-fold linear factor (x — x; )" of D(x) there
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correspond r partial fractions of the form
Aq As As Ay
+ + +ob
(x—x;)  (x—x)*  (x—x;)3 (x —x;)"

Let usreturn to our example. Theintegrand is now

1 4 B, B,
GIDG—27 x+1 (-2 x-27

To calculate A1, By and B, we insert three particular values of x. We have, by
clearing the fractions,

1=A(x—2)>+ Bi(x+1)(x =2)+ Ba(x +1)

With x = x1=2 1=3B, hence B, =

with x=x3=—-1 1=94 hence A=

O — W[ =

with x=0(say) 1=4A+(—2By)+ B> hence Blzfl

Thuswe obtain

[o55mi=s)oan s wnts) oo
x3-3x+4 9/ (x+1) 9 3 (x—2)2

Apart from integrals of the type [ du/u, we should recognise the standard integral
Ju™ du.

According to Sect. 6.5.5, we will have with the substitution u = x — 2:

P E R
3/ CE / 5/” =3, HC="3p5 €

x—=2)

The solution to our exampleis

dx 1 1
(i1 —Infx—2)) — C
/x3—3x2+4 gInke+1=Inlx=2) - 775+

If the denominator has a real root x repeated r times (and some
other distinct real roots xi,...,x,), then the integrand takes on

Rule

the form
N(x A1 A2 Ar
D(x) x—x¢0 (x—x0)2 (x — x0)
B B B
NES ST T (6.17)
—X1 X—X3 Xn
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Complex Roots

If D(x) has complex roots, the method outlined above must be altered.

For each quadratic expression we will set (Px+ Q)/(x?>+ax+b); P and Q
are constants to be determined.

The procedureis best illustrated by an example.
Example

/2x2 —13x+20
dx

x(x%2 —4x+5)

Againweset D(x)=x(x?>—4x+5)=0
Theroots of thedenominator are x; = 0,x, =2 — j,x3 =2+ j,i.e thereisonly
onereal root. Thuswe can write

2x2—13x+20 A Px+Q
x(x2—4x+5) x  x2—4x+5

In the case of complex roots, the denominator is not split up into linear factors.
Clearing the fractions we have

2x2 —13x+20= A(x? —4x+5)+ Px* 4+ Ox
The constants A, P and Q are calculated by inserting particular valuesfor x. Hence

putting x=x; =0, 20=54
putting x =1, 9=24+P+0Q
putting x=-1, 35=10A+P—-0Q

Solving for A, P and Q gives
A=4, P=-2, 0=3
Theintegral becomes
2x2 —13x+2 dx 2x—3 o 2x—3
/ (x2—4x+5) 4/ / —4x +5dx_4|nx_./x274x+5ObC

The remaining integral can be solved in a dlightly roundabout way. In the table of
standard integrals at the end of this chapter we find

= tan
x2+ax+b N/ Vb —a2?

/de_ L oyt (5F9)
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Thus with the given denominator we can solve
3 2 .
/ _@x=d)
J x2—4x+5

This is not exactly our integral. But we can transform our given integral to match
the pattern:

C2x — —44+1 © 2x—4 1
/ / Yk Ay / S
. 4x+5 4x+5 J x2—4x+5 J x2—4x+5
Both integrals are included in the table of standard integrals. So the solution of the
second integral is:

2x—3 B 2 i
/ 2—4x+5dX7|n(X 4x+5)+tan " (x—2)+C
Thefinal result of our given integral isthus:

/ 2x2 —13x+42
x(x2—4x+5)
Thislast exampleillustratesthe fact that integration of partial fractionsneeds careful

consideration and that, in the end, we may have to use the whole range of integration
techniques.

dx = 4Inx +In(x? —4x +5) +tan ' (x —2)+C

Rule If the denominator D (x) of the integrand has, e.g. the two conju-
gates, complex roots x; and x,, then the expansion into partial frac-
tions takes on the following form:

NG _ o, Px+Q . Px+0Q
D(x) (x —x1)(x —x2) B x24+ax+b
(6.18)

6.6 Rulesfor Solving Definite I ntegrals

The rules for solving indefinite integrals apply equally to definite integrals, e.g.
a constant factor in the integrand can be placed in front of the integral. The inte-
gral of a sum or difference of functions is equal to the sum or difference of the
integrals of the individual functions, and so forth.

We have interpreted the definiteintegral geometrically asthe area under a curve.
From this interpretation we can easily derive certain characteristics of the definite
integral which are geometrically evident.
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Expansion of an Integral Into a Sum by Subdividing the Range of Integration

The value of the integral jf f(x) dx remains unchanged if we insert another limit
¢ between the limitsa and b and calculate its value not from a to b but froma to ¢
and then from ¢ to b. Thus

/ :/a fx)dx+/ 7(x) dx
— F(c)— Fla)+ F(b) - F(c)
— F(b) - Fl(a) (6.19)

The rule becomes evident if we consider the problem geometrically (see
Fig. 6.20).

Fig. 6.20

I nterchanging the Limits of I ntegration

If we interchange the limits of integration the integral changes sign:

/ab Fx) dx = f/b” £(x) dx (6.20)

b
Proof /a F(x)dx = F(b)— F(a) = —[F(a)— F(b)]
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Upper and Lower Limitsof Integration are Equal

If the upper and lower limits of integration are equal, the integral vanishes:

/'bf(x)dxzo it a=b (6.21)

Designation

The value of adefinite integral isindependent of the designation of the variable;

./[;bf(x) dx—l/:)f(z) dz_'/abf(u) dhu (6.22)

The value of a definite integral depends only on its limits and not on the desig-
nation of the variable of integration. We can use whatever designation we like for
convenience; thisis often donein physics.

Substitution of Limitsof Integration

By means of a suitable substitution, it is often possible to transform a given integral
into a standard one. The method of substitution discussed in Sect. 6.5.5 is applica
ble to definite integrals. Sometimes cal culations are shortened by working out new
limits corresponding to the new variable. The following illustrates the procedure.

To solve Example
b 5

/ f(g(x))dx / V2x —1dx

Ja 1
Select a substitution. u=g(x)=+v2x-1
Substitute and change the ur=v2x1—-1=1
limits: Up=+/2x5—-1=3
lower limit u; = u(a), S — 3,
upper limit 1, = u(b). /1 2x_1dx:./1 u” du

Integrate . 3
= "UD /3u2 du = lu?’ — 2_6

[ 0 du h )73

u

1
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6.7 Mean Value Theorem

If f(x) isacontinuousfunction throughout therange x = a to x = b, then

b
| de=fo)e-a)
Within the interval a to b, there exists at least one value x( of x for which the area

of the rectangle of width (b —a) and height f'(x¢) is equal to the area under the
curve within that same interval (Fig. 6.21).

yl}

/ﬂx)
f(xM

1
|
/
_/ i
[
I
|

I .

0] a Xo b 3

Fig. 6.21

It follows, therefore, that the value f'(x¢) isthe mean value of the functionin the
interval considered. Hence

b
Fo) = ym= = [ x) v 623)

In physics and engineering, we frequently find it necessary to cal cul ate the mean
value of avarying quantity. For example, in the case of avariableforce acting against
some resistance, the work done will depend on the mean value of that force; the
power in an electrical network is the mean value of the product of the alternating
current and voltage.

Example A force applied to a body from s; = Imto s, =8misgivenby F =
52 /2N. Calculate its mean value.
If Fy = mean forceintheinterval s, — s1, then

s 8 2 318
1 /2F(s)ds: 1 s 1[s?], 1

Zds== =—(8-1)=122N
5 cnh 2% 756 w® v

Fm:
S2 — 81

This force, Fp, represents the constant force applied to the body which produces
the same amount of work in the interval as the actual force.
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6.8 Improper Integrals

Let thefunction y = f(x) = 1/x2, with x # 0 (Fig. 6.22).

Fig. 6.22

It isrequired to calculate the area shown shaded in the figure within the interval
x=atox =h.
Let A bethisarea. Then

[ -2

Thereis no particular difficulty in this instance. Suppose we now extend the upper
limit to theright (Fig. 6.23): the value of the areawill increase, and if we allow b to
grow indefinitely we find that

b dx 11 1 :
= lim =Ilim({—-——=]=— or, moresmply,
b a

b—oo, x b—boo a

F= / :l
a
Such an integra is caled an

improper integral, but its value
can befinite.

Fig. 6.23

Definition Integrals with infinite limits of integration are called improper
integrals. An improper integral is said to be convergent if its
valueisfinite, and divergent if its value isinfinite.
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Integrals whose integrands tend to infinity for
some value of the variable are aso called im-
proper, e.g. [dx/+/x — 1 isimproper because the
function f(x) =1/v/x—1 a x = 1 is infinite.
However, the area under the curve in the interval
x = 1tox =2 isfinitesince

./f % = [2vi—1] =2 (seFig.6.24)

Fig. 6.24

By the above definition we have extended to infinite limits the concept of the
definiteintegral, which was originally established for finite limits.
It should be bornein mind that not all integralswith infinitelimits are convergent.

Example
>d
/ —x, a>0
Ja

X

First consider ff dx/x where b isfinite. ItsvalueisInd —Ina.
If we now allow b to grow beyond all bounds, the term In b tends to infinity.
Hence the integral has no finite value: it is an improper divergent integral, i.e.

/""dx
— —
a X

Example Work donein the gravitational field.

If U isthe work required to move a body of mass m through a given distance
against the gravitational field produced by a body of mass M (Fig. 6.25), then, by
Newton’s law of gravitation, the force F between the two bodiesis

mM
2

F=y

where y = universal gravitational constant, r = distance between the centers of the
bodies. The negative sign is due to the fact that the direction of F is oppositeto r.
For asmall displacement dr, the work done, dU , is

m

dU = Fdr =vy jzwdr

r

m

8- -~ =9

| . |
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If the body of mass m is moved from a distance r( to a distance rq, the total work
done during the displacement against the gravitational forceis

" mM 1 d 1 1
U:/ sz dr:ymM/ —;_ymM<——)
ro r ro r

ro 1
An interesting case occurs when the mass m ‘leaves’ the gravitational field, i.e.
r1 — . We find a convergent improper integral:

v=ymM d_r_ymM

Jro r2

ro

6.9 Linelntegrals

As an example, we will consider the force F exerted on a body which depends on
the position r in space (see Fig. 6.26). This could be, e.g. a gravitational force on
amass point or an electric force on a charged particle. We want to determine the
work U corresponding to the body’s movement along some curve from a point Py
to apoint P,. This movement can be described in parametric form

The components of the force are

F(r)=(Fx(r), Fy(r), Fz(r))

AR

/]

<y

-~

x

Fig. 6.26

The curve may be thought of as being split up into n small segments. As an approx-
imation for the work, we take the sum of al fractional amounts of work, assuming
that the force is approximately constant along each tiny segment (see Fig. 6.27).
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z‘}

Al',‘ P )

Fi(x v 2)

"

x

Fig. 6.27

Thework AU; corresponding to the i th segment is determined by the scalar prod-
uct of the force F; and the vector pointing along the segment Ar ;.

AU,' = Fl' -Arl-
Thus the whole work is the sum
U= ZF,' -Ar,'
i
If we make the elements smaller and smaller we get, in the limiting case, the integral
P>
U= F(r)-dr
P

Thistype of integral is called aline integral. The name is based on the fact that the
path of integration is a curve or aline in space. Let us look at the integral in more
detail. Theforceis given by

F:(Fx(r)7 Fy(")7 FZ(r))
Now our problem is to determine an expression for the path element dr. We start

with the expression
r=(x(t), y(@), z(@t))

As t varies from t; to t,, the position vector r moves from P; to P,. The path
element is given by

_(dx(z) dy(r) dz(z)
dr—( o dr, o dr, “a dr

dr = (dx, dy, dz)
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Now we calculate the line integral :

P,
U= F(r(z))-dr

P1
[ F )5 0).20) 0

_ [ . . dx . dy . dz
7/tl (Fx(r)-t +Fy(r)-j +Fz(r)-k> (E dt~t+a dr - j +Edt-k)
Hence the formulafor the work U reads
2 dx dy dz
(]—lt1 (Fx(r)a d[‘f‘Fy(I‘)E d[-i—FZ(r)ad[)

Example Let us consider the gravitational field near the Earth’s surface. It is ex-
pressed by
F = (Oa 07 7mg>

Consider the fairground Ferris wheel in Fig. 6.28. We want to find the work done
during the ascent of the Ferris wheel (mass m). The path is the semicircle from P,
to P,. Its parametric form with parameter ¢ is
r=(0, Rsing, —Rcosp)
dr = (0, Rcos¢, Rsing)dy

T

U= A (0, 0, —mg)(0, Rcos¢p, Rsing)dp
Jo=0
= /(Z;Jio(—ngsjnqb) d¢ = [mgRcosply =2mgR
Py

<Y

Fig. 6.28
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Forceslike gravitational or electrostatic forcesare dueto conservativefields. This

means that the work done on a body depends not on the path but only on the points

P, and P,, and that it isindependent of time.

Examplesof non-conservativefields are el ectrical fields caused by induction pro-

cesses.

In the case of conservative fields, the line integral can be calculated easily if the
path is chosen in such away that force and path are either perpendicular or parallel
to each other. This means that the path is divided into segments which are easy to

work with.

Appendix

Table of Fundamental Standard Integrals

The constant of integration has been omitted

f) [ foax ) [ foax
1 1 X -1 X
c cx —tan™" — or —cot™ " —
x2+a? a a a a
X"+l 1 1 X+a
n -— -1 tan~!
* n+1 (n#-1) x242ax+b \/p_qa2 ( b_a2
(b >a?)
1 2x+a
= Injx| (x#0 In|x2+ax +b
X [x| (x#0) Zraxth | \
e’ e*
a* a>0 2
x a = 3
a ina (a#l) vax+b a (ax+b)
Inx xlnx—x (x>0) ! 2\/a)c-i-b
vax+b a
! Injx —al ! sn1 ¥
x—a Va2 _x2 a
! _ ! a? —x2 Va2 =32+ % gn 1
(x —a)? x—a 2 a
-1
“tanh 1Y
a a
1 1 |x| < |a|

X —a

-1 X
X+a - thilf,
a a

x| > |al

)
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Vx2 +a2 x\/x2+a2+a2 In(x ++va?+x2) ! tan >
2 2 1+ cosx 2
1 x x2—a2 x 1 x
In| X —cosh~ 1 = ——— —cotZ
Vx2 —a2 a a 1—cosx 2
tanx —In|cosx|
sinx —cosx tan? x tanx — x
5 1 _ 1 sin2x .
sin® x —(x—sinxcosx) == x — cotx In|sinx|
2 2 2
1 X 5
—_— In‘tanf‘ cot= x —cotx —x
sinx 2
1 s s 2
— —cotx sin” ' x xsn" x+vV1—x
sin” x
cos'x  xcoslx—+1—x2
cosx sinx tanlx  xtanlx—Inyv1+4x2
1 _ 1 sin2x 1 1 5
cos® x §(x+snxcosx):5 X+ cot-lx  xcot lx+Iny1i+4x
1 X w .
— In‘tan(f-i-—)‘ sinhx coshx
CoSx 2 4
1 .
5 tanx coshx sinhx
cos? x
tanhx In|coshx|
1 tan(ifl) cothx In|sinhx|
1+sinx 2 4

snh~lx  xsinh~lx—+v/x2+1
cosh™!x xcoshlx—vx2-1
tanh 'x  xtanh ' x+1Iny/1—x2

coth™!x  xcoth™!x+Iny/x2-1
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Rules and Techniques of Integration

11 /L;bf(x)dx_'/acf(x)dxf/cbf(x)dx
b b
12 /a kf(x)dx:k'/a F(x)dv (k= constant)
b a
13 /Llf(x)dx:f/b f(x)dx
14 /aa f(x)dx=0
15 /ab[f(x)Jrg(x)]dx_/abf(x) dx+/abg(x) dx

2.1 Integration by parts

2.2 Integration by substitution
Theintegrand is afunction of afunction; the inner function is taken as the new

variable.
b -g(b) du
[ reende= [ "ra
Ja Jg(a) g
By substitution
u=g(x)

2.3 Integration by partial fractions
Proper fractional, rational functions are expanded into the sum of partial frac-
tions.

/

Px) . P(x)
o) &~ / (x—a)(x—b)2(x2tcx+d)

7/ A i B i B n Cx+D dx
Jlx—a x—-b (x—b)2 x24cx+d

(P (x) must be of lower order than Q (x))

Exercises

6.1 ThePrimitive Function

1. Find the primitives of the following functions and the value of the constant:

(@ f(x)=3x given F(1)=2
(b) f(x)=2x+3 given F(1)=0
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6.4 The Definite Integral
2. Evaluate the following definite integrals:

/2 /2 T
@ / 3cosx dx (b) / 3 cosx dx (c) / 3cosx dx
0 —]'[/2 JO

3. Obtain the absolute values of the areas corresponding to the following inte-
grals:

@ /l(x—ﬂdx (b) /02()6—2)dx (© /04()6—2)dx

6.5 Methods of Integration

4. Integrate and verify the result by differentiating
2dx x—1
@ / (x+1)2 Tx+1 P
(b)Z/sm 4x71)dx—xfésm(8x 2)+C
1 —x2 X
(C)/sz dv = 1+x2+c

5. Evaluate the following integrals by using the table of standard integrals
given at the end of Chap. 6.

dx 1 ' a
@ /xfa (b) / cos? x dv © / Vx2 1 g2 dx
) /sinzada C '/a’ dr (0 [ V37 ax

@ [seeeyae O [(Gea)a
6. Inteérate by partsthe following integrals:
@ / xInx dx
) / x2cosx dx
(© /lenx dx
(d) / xzcoshgdx
(e) Findthereduction formulafor/cos"x dx (n#£0)

(f) Find the general formulafor/x”lnx dx
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7. Use asuitable substitution to evaluate the following integrals:

@ /sin (mx) dx (b) /3e3x*6 dx
5
© /2x+a ©) /(ax+b) dx
8. (a) /cot2xdx () /2—xd
x39 sinhu
© / w0 & @ / cos? u
9. (a /(sin4x+85in3x+sinx)005xdx :
o 4 (b) /x4\/3x5—ldx
o [ |
Va—x2 (d) / xcosx? dx
10. Mixed questions
e* b/d
(@ /ex+1dx (b) /cos(x—g) dx
(©) /cos3x dx ' N
Inx
3x2 -1 x
© / ——dr : 1
x3—x (f /—(1+x2)tan*1xdx
11. Using partial fractions, integrate the following functions:
1 2x+3
@ 2—x—x2 (b) x(x—=1)(x+2)
(© < @ 55—
(x—1)(x=2)(x—-3) x*—x2-2
1 2
© 5—=5— x—1
x3+3x2-4 O 47—
2415 x*+xc+1
9

(x = 1)(x2+2x+5)
6.6 Rulesfor Solving Definite Integrals
12. Evaluate the following definite integrals:

2 -1
5 o.3
@ /72(x 8x3 +x +7) dx (|o)/0 o
2 125
© / sinz dr @3/ d
0 100

13. Find the value of the absolute area between the following boundary lines:

. 1
(@ y=x3 x-axis a=3; b=2
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(b) y =cosx; x-axis, a= 737”; b= gn
(c) What is the value of the area between the curves y = 4x3 and y =
6x2 — 27 (Hint: Sketch the graphs of both functions first. Note that for

x = 1 both curves have a point in common, but do not intersect.)
6.8 Improper Integrals, 6.9Linelntegrals
14. Integrate the following:

o[% w[E e
(d) /lwld% e /1:(:—2 (f) ‘/IM<1+XL2> dx
O 5 ™ [ %dx

15. A forcein aconservativefield is given by
F=(2,6,1)N
A body is moved along the line given by
r(t)=ro+ti

from point r(0) = r¢ to point r (2) = ro + 2i . Calculate the work done.

16. A forcein aconservativefield is given by
F =(x,y,z)N
A body moves from the origin of the coordinate system to the point
P =(50,0)

Cadlculate the work done.

17. Giventheforce

F = al Y
VaZ ey a2 y?
Evaluate the line integral aong a semicircle around the origin of the coordi-
nate system with radius R. Can you give the answer without computing?

18. Givenaforce F = (0, —z, y). calculate the line integral along the curve

2t
r(t)<\/§cost, cos2t, —>
s

fromt =0tor = 7.



Chapter 7
Applications of Integration

The purpose of this chapter is to consider some of the important applications of
integration as applied to problemsin physics and engineering. Its objective is two-
fold. Firstly, it demonstrates the practical use of the integral calculus to readers
who are particularly interested in applications. Secondly, other readers may use this
chapter as a reference when practical problems are encountered.

You will remember the calculation of areas discussed in Chap. 6 as one typical
example. We will consider this problem again and move on to the calculation of
volumes, lengths of curves, centroids, centers of mass, moments of inertia, and cen-
ters of pressure, al of which are frequently encountered in practice. In line with the
notation used in most technical books, we will now use the symbol § instead of A.
Both refer to the same concept, that of avery small but finite increment.

7.1 Areas

By definition, the area of a planefigureisthe product of two linear dimensions, e.g.
thearea A of arectangleof width W and length L is A = W L square units. We will
calculate areas bounded by curves. Consider the curve CC; shown in Fig. 7.1. We
wish to calculate the area bounded by a portion P; P, of the curve and the x-axis.
P; has coordinates (x1,y1) and P, coordinates (x»,y;). At x and x + §x we
erect two perpendiculars to the x-axis to meet the curve at B and B’ respectively;
the strip thusformed is arectangle (or nearly so) whose areais approximately given
by y§x where y is the mean he|ght of the rectangle As we saw in the previous

chapter, the area lies between AB-§x and A’B’ 8x; however, §x can be as small
as we like. The total area A under the curve from x; to x5 is the sum of all such
rectangles, and as we take §x smaller and smaller the areaiis given by the following
definite integral:

X2
A= y dx (7.2)

J X1

K. Weltner, W. J. Weber, J. Grogean, P. Schuster, Mathematics for Physicists and Engineers
ISBN 978-3-642-00172-7 © Springer 2009
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Fig. 7.1

To evaluate it, we must know y asafunction of x,i.e. y = f(x):
X2

A= [ f(x)dx = F(xz) — F(x1)

J X1

Example Calculate the area A bounded by the parabola y = 2 + 0.5x2 and the
x-axis between x = 1.5 and x = 3.5 to 3 decimal places.

3.5 0.5 3.5
A= / (240.5x2) dx = {2x+ —xﬂ
J1.5 3 1.5

0. .
=2(3.5-1.5)+ 75(3.53 —1.5%) = 10.583 square units
Example This example is taken from a problem in thermodynamics. Figure 7.2

shows the path corresponding to agas asif it expandsin a cylinder against a piston;
p isthe pressureand V' the volume.

Fig. 7.2
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The work done by the gas during expansion is given by the area under the p — V'
curve. Thusthe work done, § W, in expanding from volume V to avolume V + §V
isgiven by

SW = pbV

where p isthe mean pressurein the interval 6V . The total work done in expanding
from apressure py, volume V7, to apressure p,, volume V5, is

V2
W= p dV (unitsof work, i.e. Joulesin S| units)

41
To evaluate this work we need to know the expansion law relating pressure and
volume. There are two important cases to consider:

(a) the isothermal case in which the temperature is constant throughout the whole
process and pV is constant;

(b) the adiabatic case in which thereis no flow of energy throughthewallsand pV”
is constant.

Case (8): pV = congtant = C; hence p = &
The work doneis

V. V2
=[CInV 2—CIn—: VIn—

Case (b): pV"* =C,n>1,e0.n=1.4forair.
Hence p = %, and the work doneis

(Vzlfn o Vllfn)

Vs dy
W= c/2 —c [Py dv = -

1 - -
= (Cv =)

Since C isaconstant, we canwrite C = p, V! = p V}*.

V-
W — p2Va—p1h

—n

Substitution gives for the work done.

Complementary Area

Referring once more to Fig. 7.1, we may in particular cases wish to calculate the
area bounded by the curve and the y-axisbetween y = y; and y = y, asshown. We
proceed as before and consider a small strip of mean length x and width §y whose
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areadA, isxdy. Thetota areais

Y2
AZ:/ xdy (7.2)
Y1

To evaluate it, we must know the functional relationship, i.e. x = g(y).
Thearea A, is often referred to as the complementary area.

7.1.1 Areasfor Parametric Functions

Occasionally acurveis defined by parametric equations of the form
x=f(tr) and y=g(r) (cf.Chap.5, Sect.5.10)

In this case, the areas are given by the following integrals:

A= y xf/ e /t2 ()z—:dt (7.3)

Thelimits#; and r, arethose values of ¢ which correspondto x; and x5.
Similarly, the complementary area:

A = /ylxdy / d—/lf dydt (7.4)

Example The cycloid (Fig. 7.3) is given by the equations x = a(6 — sinf),
y = a(l —cosh). Calculate the area between the x-axis and one arc of the curve.
The angle turned through is 2.

Remember that the cycloid is a curve traced out by a point P on the circumfer-
ence of a circle which rolls without slipping along the x-axis. It has already been
introduced in Chap. 5 (cf. Fig. 5.38).

YA

«Y
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The arearequiredis

2ma 2 dx
A:/ ydx:/ a(1—cos) < do
0 0 de

But dx/df = a(1 — cosf), so that
2 21
A:a2/ (1fcose)2d9:a2/ (1—2c0s +cos 6) dd
Jo Jo
Using the table of standard integrals, appendix Chap. 6:

. 6 sn201*"
A:a2[9—25m9+5+sm4 ] =37a?

0

7.1.2 Areasin Polar Coordinates

The equation of a curve is in some cases expressed in polar coordinates (r,6),r
being the length of the radius vector measured from the origin O and 6, the angle it
makes with aknown direction, as shown in Fig. 7.4.

Suppose that we require the area bounded by the radii OC and OD and the curve
CD. Consider asmall sector OC'D’:

oC' = T, oD’ = ri+ér;
The angle between OC' and OD’ is §6.
Now we will work out an approximation for the areaof OC'D’.
Let C” cut theline OD’ sothat OC” = r; and C'C” = r;§6;
TheareasA,OC'C", is given by
A = %basex height

1 1
=5CC"xOC = 17386,

Fig. 7.4
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An approximation for the total area A will be the sum of all such small aress, i.e.
n 1 5
i=1

Now let ustake §6; smaller and smaller so that n becomes very large. Then, in the
limit, the areais given by anintegral:
A= |imi1r259-—1/92 249 (7.5)
_nawizlzi 1_2.91 " '
Example Thearea A of the circle may be considered as being generated by aline

of constant length, its radius, rotating through 2 radians about its center. The area
is then given by

1 ~2n2 12 27 12 5
AZE./O rd@zzr ./0 dé’:zr 2r=gmr

Example The curve represented by the equation r = asin36 consists of three
loops, as shown in Fig. 7.5, lying within a circle of radius a. As 6 varies from 0
to 7 /3, theradius r tracesthe loop OABC. Cdlculateits areaif a = 250 mm.
The areaof oneloopis 4 = 1/2[5’/3 r2df =1/2a% 5’/3sin239 do

Using the table of integrals we find

X Sin2kx

)
sin“kx dx == — c
/ Xx dx 3 ik +
Hence
1 0 sn6o1™3 1 T ra? @
A= Lp2l9_ — - 2(__0):—:— 0.25% ~ 0.016m2
2¢ {2 12 ]0 24 6 2 1

Fig. 7.5



7.1 Areas 197

7.1.3 Areas of Closed Curves

Let ABCD be a closed curve (see Fig. 7.6) such that it cannot be cut by any line
parallel to the y-axis at more than two points, and all ordinates are positive. AA’
and CC' are tangents parallel to the y-axis and OA’ = a,0C’ = b.

The area A enclosed by the curveis

b b
A:/ BD'dx—/ DD’ dx
Ja Ja
where the points B and D move along ABC and ADC respectively. Let us denote

BD' by f>(x) and DD’ by f7(x).
Theareais

a= [ pwac [ awac= [ (h )

Fig. 7.6
Example Calculate the area enclosed between the straight line y = 4x and the

parabolay =2 + x2.
It iswise to sketch a graph of the two functions, as shown in Fig. 7.7.

Fig. 7.7
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The required area is shown shaded. The curves cross each other at A and B,
corresponding to x = a and x = b, respectively. We need to calculate the values of
a and b, our limits of integration. These are given by solving the equation

dx =2+ x?

Thisisaquadratic equation whoserootsare x; =a = 0.59,x, =b =3.41to 2d.p.
Since the straight line between A and B is above the parabola, we have

fo(x) =4x, fi(x) =2+
Hencethe areais given by

3.41 1 3.41
A= (4x —2—x%)dx = [2x22x—x3] = 3.77 square units
0.59 0.59
L et us supposethat the coordinates of apoint P(x, y) on aclosed curve (seeFig. 7.6)
are given in terms of a parameter ¢, such that ¢ increases from ¢, to , as we travel
round the curve once. The point travels from A to C, via B, and from C back to A,
viaD. The equation for the area A of the closed curve becomes

2 dx
A= — dt
Jty Y dr
Example Supposethat the closed curve ABCD (Fig. 7.6) is an ellipse whose equa-
tionis

2 2
b azh) + b bzk) =1 (h,k,a and b are constants)
What is the area of the ellipse?
Letx =h—acost andy =k +bsint.
Then, as¢ variesfrom 0to 27, apoint P(x, y) goesround the curvein the direc-
tion ABCDA.
The areais

2 2
/ (k +bsint)asine dr :ka/

T 2 .
sint dt+ab/ sin?s dt = wab
Jo Jo Jo

2r
Note that the first integral = ka [ sint dt = 0.
0

7.2 Lengths of Curves

In this section we will derive formulae for the length of a curve. (In fact, one of
these has already been used in Chap. 5, Sect. 5.8.3) Consider the curve defined by
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YA

dr-==--==- S
=D y=flx) ¢
(SS: |5y
d B Ox D

¥

Ox

Fig. 7.8

the equation y = f(x), shown in Fig. 7.8, and a small portion BC, B and C being
close to each other.

Let s = length of the arc BC, BD = §x and CD = §y, as shown by the small
triangle BCD.

Then the arc BC is nearly equal to the chord BC, so we may write

(85)? = (chord BC)? = (8x)* 4 (8y)?

8s\2 §y\2 8s\2  [8x\?

&) =G = G)=E)
3s / 8y \? 3s / 8x\?
aw 1+<5) or EM 1+($>

Hence, as§x — 0,8s/8x — ds/dx and 8y /6x — dy/dx and

ds/dx = \/1+ (dy/dx)2 andds/dy = /1 + (dx/dy)?

Thetotal length s of the curvefrom A to E, correspondingto x =« and x = b,
respectively, is

2
s=/b,/1+<3—1) dx:/b(l—i—y/z)l/zdx (7.6)

Thelength is also given by

d
s:/ (1+x"2)1/2dy
c

Example Let usfind thelength of the circumferenceof acircle of radius R, which,
of course, iswell known to us.

Therefore
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The equation of acircleis
X242 = R?

Differentiating implicitly with respect to x gives
2x+2y3—i =0 o yy =-x
Hencey' = —x/y = —x/vVR2 —x2 and (1 + y'?) = R?/(R? — x?)
The length of the circumference
L =4 xlengthof — cwcumference 4R/
g *7 2

Note that to evaluate the integral we can substitute x = Rsing.
Then dx = Rcosé df, so that

/2
L —4R / Rcos6 do

J'r/2d
Reosd —4R'/0 0 =2nR

Example Evaluatethe length of a parabolafromthe originto x = 2.
The equation of the parabolaisy = 1/4 x2.

Therequired length of the curveis

2 2 2 1/2
/ (1"1‘)7/2)1/2 dx = / (14—7) dx
JO JO

2
= % / (44 x%)1/2 dx ~ 2.3 units of length
JO

Note that the integral is of theform [ v/a? + x? dx whichisincluded in the table of
standard integrals on p. 184.

. 1 2
/\/a2+x2 dx = Ex\/a2+x2+a7|n(x+ a2+x2) +C

You will soon discover that evaluating lengths of curves can be very laborious; in
fact, there are few curves whose length can be expressed by means of simple func-
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tions. This is due to the presence of the square root. In most cases the lengths are
calculated by approximate means.

7.2.1 Lengths of Curvesin Polar Coordinates

Referring to Fig. 7.9, which shows adetail from Fig. 7.4, consider the small triangle
C'D'C". We have

C'C’'=r86, C'D'=6r and CD =S6s

Fig. 7.9

Using Pythagoras' theorem, (C'D’)? = (C'C")? + (C"D’)?, we can write
(85)2 =r2(80)2 4 (61)?

We obtain one expression with respect to # and one with respect to r:

/ §r\2 / 50\ 2
= 2 —_ — 2 22
8s r +(89) 660 or &s 1+r (é’r) Sr

Asér — 0,60 — 0. Thelength of the curveisthen given by an integral:

1/2 1/2
02 dr\ 2 2 do\ 2
s—'/g1 (r +(d9) ) dd or s -/r1 <1+r (dr) dr (7.7)



202 7 Applications of Integration

Example Calculate the length of the cardioid whose equation isr = a(1 + cosf).
0 variesfrom 0 to 2r. The curveis symmetrical about the x-axis (Fig. 7.10).
Because of symmetry, the length will be twice that given by letting 6 vary from
Otor.
Sincer =a(1+cosf),dr/d0 = —asing

YA

"

Fig. 7.10
Thelengthis given by
_z/ 2(1+ cosf)? +a?sin?0) /* df

T T 9
:Za/ (2+2cosh)!/? d9:4a/ cos5 df = 8a
0 0

7.3 Surface Area and Volume of a Solid of Revolution

When a solid of revolution is generated, the boundary of the revolving figure sweeps
out the surface of the solid. The volume of the solid depends on the area of the
revolving figure, and the surface generated depends on the perimeter of therevolving
figure.
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Consider thecurve AB, definedby y = f(x), and shownin Fig. 7.11 between x = a
and x = b.

Fig. 7.11

Let us revolve the curve AB about the x-axis. Two figures are generated: (@)
asurface and (b) asolid. If we consider asmall strip of width §x and height y, then
the small surface generated is given by §4 = 2w y§s, where és is the length of the
curve corresponding to §x. The total surface will be the sum of all such elements,
i.e surface~ X2 yds. If §x becomes smaller and smaller we have, in the limit,

b b dy\2 1/2
A= / 2y ds = 2]1/ y|1+ <—) dx (7.8)
a a dx

Furthermore, as the strip is rotated, it generates a thin circular slice whose volume
8V isapproximately
8V =my?sx

For the whole curve, as §x — 0, the volume of the solid generated is
b
V= 71’/ y2dx (7.9
Ja

Example The straight line y = mx is rotated about the x-axis, thus generating
aright circular cone, as shown in Fig. 7.12. Calculate (a) its surface areaand (b) its
volume. (Of course, the results are well known. They are usually obtained without
using integral calculus.)
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y=mx, y'=m

Fig. 7.12

(@) Thesurface areais
b 2
A:27t/ mxV1+m2dx = 2nm\/1+m2%
Jo
=amb*\/1+m2=nxR\/b2+ R2

where R istheradius of the base of theconeand m = R/b.
We can express the surface area of the cone as

A=nRL, where L =dantheight=/h2+ R2

(b) Thevolumeis

b b
V:/ nyzdx:nmz/ x2 dx
Jo Jo

b

0

b 2
1 1 1 R 1
= 7Tm2 |:§)C3:| . = gﬂm2b3 = gﬂb—zb:; = gﬂsz

Hence

Surface area of acone = 1/2x circumference of base x slant height.
Volume of acone= 1/3xareaof base x height (1/3 of the volume of acylinder
having same base and height).

Example Calculate (a) the surface area and (b) the volume of alune of a sphere of
radius R and thickness i (see Fig. 7.13).

The surface will be generated by rotating the arc AB and the volume by rotating
the area ABCD about the x-axis.
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Fig. 7.13

From the figure, we have
y2 = R2_x2
Differentiating implicitly gives
!

Yy =—x
Thus

N

” y2+x2 R2

2
y y2 T OR2_ 2

and 14y

‘<|><
)

(a) Thesurface areais

b R b
_ 2 .2y1/2 _ _ _
A—Zn'/a (R*—x7) (RE—x2)i2 dx_ZNR./a dx =27R(b—a)

Hence A =2nRh
(b) ThevolumeV is

b b X3
V:n/yzdx:n/ (Rz—xz)dx:n{sz——}
Ja Ja a
For the special casewhereb = R and a = 0, we have
V= §NR3

Thisisthe volume of ahalf sphere or hemisphere. Hence the volume of a sphere
isV =%nR3.

Example Small aluminium alloy pillars having a parabolic profile are manufac-
tured by turning down cylinders 125 mm in length and 50 mm in diameter. The di-
ameter of the pillarsat the thinner end isto be 30 mm. Calculate the amount of metal
removed. (The density of aluminiumis2720kg/m?.)
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Fig. 7.14

Figure 7.14 shows the required profile of each pillar and the amount of material
to be removed isindicated by the shading.
The volume of material removed is

Volume of the cylinder — volume of the pillar = 7R>2h — volume ABB’A’

With axes as shown, the equation of the parabola AB is
y =a+bx?

To find the values of @ and b, we note that when x =0, y = R; (= 15mm) and when
x=h,y = Ry(=25mm); also s = 125mm.
Hencea = Ry andb = (R, — Ry)/h?,i.e.a =15b =10/125% = 0.00064
Rotating the element of width §x about the x-axis gives the volume of the dlice
as wy28x; the volume of the pillar is

h h h
V:n/ yzdx:n/ (a+bx2)2dx:n/ (a® +2abx? + bx*) dx
JO JO JO

2abh*  b?
_ 2 4
=nh (a + 3 + 5 h )
Substituting numerical values gives

2 .000642
V = 1257 <152 +3 % 15 x 0.00064 x 1252+ % X 1254>

~ 0.135x 10°mm? = 0.135 x 103m>
Volume of cylinder = mR3h = 7 x 252 x 125~ 0.245 x 106 mm?
=0.245%x107°m?
Material removed ~ (0.245 —0.135) x 1073 x 2720 ~ 0.3kg

If some arbitrary closed curve is rotated about the x-axis it generates a solid, i.e.
aring of irregular cross section (see Fig. 7.6).

Referring to Fig. 7.6, the volume generated by the thin dlice BD is a hollow
circular plate having radii D'B = y, and DD’ = y; and thickness§x.
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HenceitsvolumeV is
8V =m (y% fy%) dx

The volume V' of the hollow solid of revolutionis

b
V=n / (y% _y12) dx (7.10)

where y; = f1(x) and y, = f>(x) are the equations of the curves ADC and ABC
respectively.

Example Calculate the volume of a solid ring (torus or anchor ring) obtained by
rotating acircle of radius R about an axis distant  from its center (& > R).

Thecircleis conveniently positioned, as shownin Fig. 7.15, relative to the x- and
y-axes. O isthe center of the circle.

Consider any point P with coordinates (x, y). Consider the triangle O'A’P; we
have (y — h)? 4+ x? = R?. Solving for y givesy = h + v/ R2? — x2.

Thetwo functions f1(x) and f>(x) are f>(x) = h+ v/ R? — x? for portion ABC
of thecircle, and f(x) = h — v R2 — x2 for portion ADC of thecircle.
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Fig. 7.15
Therefore

SV = (f22 - f12) Sx = 4h\/R% — x28x
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and the volume of the ring formed is

R
V= 4Jrh/ V R2 —x2dx =272%R?*h
—R

Note that the integral can be solved by letting x = Rsiné (cf. thetable of integrals).

7.4 Applications to Mechanics

7.4.1 Basic Concepts of Mechanics

When arigid body movesin two or three dimensions under the action of forcesitis
the same asif the whole mass of the body was concentrated in one point with all the
forces acting through that point, giving the body a trandlation in the direction of the
resultant force. Furthermore, the body rotates about an axis through that point under
the action of the resultant moment of the forces about that axis. The point referred
to is called the center of mass of the body.

If M is the total mass of the body and F the resultant force, then Newton's
second law of motion states F = M ¥ (vector equation), where ¥ isthe acceleration
of trandlation.

Also, if H isthe angular momentum of the body, then

Moment of the external forces = %(H )

It can be shownthat H = [w, where I isthe moment of inertia of the body about an
axisthrough the center of mass and w isthe angular velocity of the body. Remember
that the moment of inertiais (the sum of) the product of a mass by the sguare of its
distance from the axis of rotation.

When studying the motion of arigid body, e.g. acar, an aircraft, alink in amech-
anism, etc., we need to know the position of the center of mass and the moment of
inertia

Another important point is met when studying the forces acting on a body which
isimmersed in aliquid. This point, called the center of pressure, is the point where
the total pressure on the body is supposed to act.

We will consider these three concepts in some detail.

7.4.2 Center of Mass and Centroid

Consider a system of n particles P; whose masses are m; (i = 1,2,...,n); let the
coordinates of these particles, referred to a Cartesian set of axes x, y, z, asshownin
Fig. 7.16, bexi7yl-7zl-.
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If M isthetotal mass of the particles, the position of the center of mass G is given
by the following equations:

_ 1i
miyi, Z=-- 2 MiZi
Mo

i M:

_ 1 & _
x:ﬁZmixi’ y:M
n
where M= m;

The product mass x distance is often referred to as the first moment.

When the particles form a solid body, the above summations become integrals.
If §m isthe mass of atypical particle in the body at distances x, y and z from the
planes, then the center of mass of the body is given by

_ — Jydm _  [zdm
Tdn > 77 [dm © °T J[dm
between appropriate limits.

/ dm = M = total mass of the body

A planefigure of area ABCD may be considered as athin lamina. Its center of mass
is found by taking moments about the x- and y-axes (Fig. 7.17).

Let it be arequirement to find the position of the center of mass, G, of the thin
lamina ABCD of mass m per unit area shown in the figure. The small strip has
amass mydx. Hence, by the above equations, if x is the x-coordinate of the center

of mass, G
X = j“ xmy dx / yx dx (7.11a8)
my dx
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Aisthetotal area= fab y dx. We note that m cancels out.
If we now take moments about the x-axis, we have, for the y-coordinate y of the
center of mass, G

b
=L / y2dx  (independent of m) (7.11b)
24 J,

(The moment of the small strip about the x-axisis y /2(myéx) = 1/2my?§x.)
G inthe case of an areaor avolumeisusually referred to asthe centroid.

Example Find the center of mass G of athin strip AB bent into a circular arc, as
shown in Fig. 7.18. The mass per unit length ism and the radius r. The arc subtends
an angle 20 at the center O.

A

=Y

Fig. 7.18
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Taking axes as shown, it follows that the center of mass G lies along the x-axis.
Consider a small element PP’ of length §s; its mass is més = mré§6, using polar
coordinates.

The moment of PP’ about the y-axisis xmr§0 = mr? cosfs6.

Hence the position of G is

[8gmr?cosddd  2mr2sing  rsind
ffgmrd@ 2mr6 0

)?:
If the strip is bent into a semicircle, 6 = 7 /2 and

y=2
b
Example Determine the center of mass G of the solid cone shown in Fig. 7.12.
The equation of the straight lineisy = £ - x.
The mass of the thin slice obtained by rotating the element §x about the x-axis
ismmy28x, where m isthe mass per unit volume. The total mass of the coneis

M :mn/ yzdx:mn—/ x2dx
Jo b? Jo
1
= §m7TR2b
The moment about the y-axis of thediceis
R2
xmuy?8x = mm —x38x

b2

Hence the total moment = (m7R2) /b2 [¢ x3dx = 1/4mn R%b>
The position of G, which lies along the x-axis, is given by
%mnszz 3

=b

_)?: _—_—
%mnsz 4

7.4.3 The Theorems of Pappus

Pappus’ First Theorem

Let AB be an arc of length L measured between x = a and x = b (Fig. 7.19).
When it revolves about the x-axis, it generates a surface of revolution whose areais

S :Zn_ffy ds.
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If y isthe ordinate of the centroid (of the arc) G then

_ b
yL:/ y ds
Ja

Multiplying both sides by 27 gives
_ b
S=2rnyL=2n / y ds (7.12)
Ja

This is known as Pappus’ first theorem. It states that the area of a surface of
revolution is equal to the product of the path travelled by the centroid (of the arc)
and the length of the generating arc.

Pappus’ Second Theorem

The volume of the solid of revolution generated by the area bounded by the arc, the
ordinatesat x = a and x = b and the x-axisis given by

b
V:n/ y2dx
a

If we denote the area by A, the centroid (of area) by G’ and its ordinate by y’, then

_ 1 b
y’A:—/ yzdx
2 Ja



7.4 Applications to Mechanics 213

Multiplying both sides by 27 gives

. b
V=2ny'A=nx / y2dx (7.13)
a

This is known as Pappus second theorem. It states that the volume of a solid
of revolution is equal to the product of the path travelled by the centroid and the
generating area.

These two theorems apply also to aclosed curve, provided it does not cut the axis
about which it is rotated.

Example Calculate (a) the surface areaand (b) the volume of atorus (cf. Fig. 7.15).
O’ isthe centroid in this case.

(a) By thefirst of Pappus’ theorems for the surface area we have
S=2mxyL

But L =2nR,y = h; hence S =2nh x 2nR = 472 Rh
(b) By the second of Pappus’ theoremsfor the volume we have

V=2nyA

But A =nR?,y =h; henceV =2xhaR?* =27n*R?*h
Pappus' theorems are also useful in obtaining the centroid of a curve or an area

when we know the surface or volume generated. Thisisillustrated by the following
example.

Example Find the position of the centroid of one quarter of a circular area of ra-
dius R.
Rotating the quarter circle about the x-axis gives a hemisphere. If y is the posi-
tion of the centroid, we find
_mwR%2 2

2my—— = ~nR3
Ty 1 371

Hence
_ 4R -
y=5 (notethat ¥ =y by symmetry)

7.4.4 Moments of I nertia; Second Moment of Area

Moments of inertiaplay an important role in the study of the motion of rigid bodies.
Equally important is the concept of the second moment of area which arises, for
example, in the study of beam bending, torsion of bars and in problems involving
surfacesimmersed in fluids.
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Moments of Inertia

Definition The moment of inertia I of a mass M at a distance / from
afixed axisis given by

I=MI?

If we have a system of n masses M; at distance /; from the fixed axis, then the total
moment of inertiais

n
1= M;l?
i=1
When the number of massesisinfinite, i.e. when they merge into one mass forming
arigid body, the summation becomes an integral.
Figure 7.20 shows arigid body with P atypical particle of massém at distances

x and y from a Cartesian set of axes.

yA}
Sm
y P(x, y)
,
X
O(z) x =x

Fig. 7.20

By definition, the moment of inertiaof that particle about the x-axisis y2§m and
the moment of inertia of the whole body about that axisis

I — /'yzdm limits are defined by area A (7.14)
A
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Similarly, the moment of inertia about the y-axisis

I, = / 2dm (7.15)
A
It isimportant to specify the axis by a subscript unlessit is obvious from the nature
of the problem.

Example Obtain the moment of inertia of athin disc of radius R, thickness 4 and
density p about a diameter (Fig. 7.21).

Fig. 7.21

Consider a strip PQ of length 2x and of width §y, parallel to the x-axis and
at a distance y from it. The moment of inertia of the strip about the x-axis is
2xy2hpdy.

Hence, for the whole disc

R
Iy = 2ph/ xy2dy
J—R

The integral may be solved by substituting x = Rcosf,y = Rsiné and conse-
quently dy = Rcosf db:

7T /2 4
Ix:4pR4h/ o 0sin? 0 do — PR
JO

If we denote the mass of the disc, 7R?hp, by M, then I, = 1/4 MR?. Thisresultis
obvioudly true for any diameter.
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Example For an axis through O perpendicular to the disc (the z-axis) let us take
athin ring at a distance r from the axis and of width ér (Fig. 7.22). Its moment of
inertiais, by definition, r28m = r22wrhérp = 2mphr3sr.

YA

-4

[
>

O(z2) R

®

Fig. 7.22

The total moment of inertia of the disc about the z-axisis

R 1 1
I; = anh/ r3dr = —phR* = = MR?
0 2 2

This result is also valid for a long cylinder. I, is often referred to as the polar
moment of inertia.

Example A flywheel is an element with many practical applications. It consists
basically of a hollow thin disc. The hole is necessary so that the flywheel can be
supported by a shaft. In Fig. 7.23 the cylinder (known as a boss) FHJG is to ensure
agood support on the shaft.

Calculatethe moment of inertiaof the flywheel about its central z-axis. It ismade
of steel whose density is 7800 kg/m3. The sketch on the right of the figure shows
a cross section through the diameter AB.

The moment of inertia I, is the sum of the moments of inertia of the discs that
make up the flywhesl:

I, = I(CDEI) + I (FHJG) — I (KLMN) = I + I, — I

The moment of inertia of the hole has to be subtracted. Each element is a thin
disc whose moment of inertia about the z-axis is 1/2 M R? (previous example) or
1/8 M D2, where D isthe diameter of the element.

Let usfirst calculate the masses:
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M, = %D%hlp - % % 0.452 % 0.035 x 7800 = 43.42kg to 2 d.p.

Similarly, we find M, = 8.96kg, M3 = 0.98kg.
The moment of inertia about the z-axisis

1
I; = g (43.42 0.452 +8.96 x 0.15% — 0.98 x 0.04%) = 1.124kg/m?

Perpendicular and Parallel Axis Theorems

Consider the particle of mass §m at P shown in Fig. 7.20. Its coordinates are x
and y. The body isathin platein the x-y plane.

The moments of inertia of the small element are y28m about Ox,x2§m about
Oy and r28m about Oz.

Since r? = x2 + y2, multiplying through by §m gives

r28m = x28m + y*Sm

/rzdm = /xzdm+/y2dm

Hence I, =1,+1x (7.16)

By integration, we find

Thisis known as the perpendicular axis theorem.
For example, we saw that the moment of inertia of the thin discin Fig. 7.21 was
1/4 MR? about a diameter. It follows from the perpendicular axis theorem that
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1 1
I, =21, =2x ZMR2 = EMR2

Now let us consider the body shown in Fig. 7.24. Its center of massis at G, and
there aretwo parallel axes, onethrough G and another AB at afixed distanced. The
moment of inertia about AB of asmall strip of massém is

Sm(x+d)?

The moment of inertia of the whole body about AB is

Iag = /(x+d)2 dm = /.xzdm—i—/.d2 dm+/.2xd dm

:/xzdm+d2/dm+2d/xdm

Fig. 7.24

Since [ x dm = 0 by definition of the center of mass
Iqap = ]GJerz

Thisisknown as the parallel axistheorem (Seiner’s theorem).

Radius of Gyration

If M isthe mass of the body and &k a distance such that the moment of inertia of the
body I is expressed by
[ =Mk?

then k isknown as the radius of gyration about the axis. Physically it meansthat we
regard the whole mass to be concentrated at aradius k.

Example We saw earlier that the moment of inertia of a cylinder about a central
axiswasgivenby I = 1/2 MR?. If wewrite I = M k?, it follows that the radius of
gyration of the cylinder is K = R/v/2.
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Example Calculate the radius of gyration of the flywheel analysed in a previous
example on p. 216.

Total mass M = 43.42+8.96 —0.98 = 51.40kg.

Moment of inertia/ = 1.124kg/m?.

Since I = M k2, solving for k gives

/1 11.124

Example In practice we often need to cal culate the moment of inertia of abody. Its
value can be estimated from drawings, but an experimental verification of the value
might be required. One way of achieving thisisto suspend the body on an axis and
alow it to oscillate like a pendulum. The time for a number of complete oscillations
is observed and, by asimple calculation, the radius of gyration is obtained.

Figure 7.25 shows a body, such as a connecting rod in an internal combustion
engine, pivoted at O. The total massis M and its center of massisat G, which can
both be obtained experimentally.

Fig. 7.25

The connecting rod is allowed to oscillate about the axis O through a small an-
gle 8. The distance between O and G isd . In thisway we have a compound pendu-

lum. It can be shown that the period of one oscillationisgiven by r = 2m/k02/gd
(g isthe acceleration due to gravity and k is the radius of gyration about an axis
through O). If I is the moment of inertia about an axis through G parallel to the
axis through O, then by the parallel axistheorem

Io=Ic+Md* or Mki=MkE+ Md?
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Hence ko? = kg + d?, and the required radius of gyrationis

_jrrgd
ko= 725 —d

Hence the moment of inertia about G is M k2.

Second Moment of Area

When studying the deflection of loaded beams or the twist in a shaft subjected to
atorque, we encounter the following expression

r284

where §A isan element of areain the cross section of the beam or the shaft and r is
adistance from some axis.

Thisproduct is known as the second moment of area and is similar to the moment
of inertia of a body.

The second moment of area of aplanefigure of finite sizeis

I = / 12 dA between appropriate limits (7.17)

The perpendicular axis and parallel axis theorems are valid for second moments of
area as can readily be verified.

Example The rectangle plays an important role in beams. Let us calculate its sec-
ond moment of area about various axes.

Figure 7.26 shows a rectangle, of width B and depth D, and two axes. one
through the centroid denoted NA (which stands for neutral axis where the stress
in abeam would be zero) and another, XX, at one end.

Fig. 7.26
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(a) Tofind Iya, consider the small strip of thicknessdy. Its second moment of area
about NA is
BSyy? or By28y

Hence, for the whole rectangle

BD?3

or Ina = Aknp?
B NA NA

D)2
Ina=B / y2dy =
J-D/2
where A = crosssectional area= BD, and kna = radiusof gyration= D /+/12.
By symmetry, it is easily verified that
DB?
12

(b) To find Ixx: the distance between the axis NA and XX is D /2; hence, by the
parallel axistheorem, we have

D\ 2
Ixx =1NA+A< )

Inay =

2
- Lpp? +BDD—2 — Lpp3
12 4 3
D
and k)()( = ﬁ

Example Figure 7.27 shows the cross section of a type of beam known as an
I-section. Using the dimensions given on the sketch, calculate the second moment
of area about an axis through its centroid.

180

l

Part3/k' = —{ Y

1
B T

Dimensions in mm

Fig. 7.27
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The centroid lies half way up the section which has been indicated as NA. To
calculate the second moment of area, Ina, we can divide the areainto three parts.

Parts 1 and 3 are of dimensions B; = 110mm and D; = 15mm. By the parallel
axis theorem and where D = total depth of the beam:

1 D Di\?
Ina, = 5310134-311)1 (3—71)

Substituting numerical values gives

1
Ina; = 75 ¥ 110 157 +110 x 15 x 82.5% = 11.26 x 10°mm*
Part 2 is of dimensions B, = 15mm and D, = 150 mm. Thus

1 1
Ina, = EBZDS =5 X 15x% 1503 = 4.22 x 10°mm*

Hence, for the whole section

Ina =2Ina, + Ina, = (2 X 11.26+4.22) x 10° = 26.74 x 10°mm*

Center of Pressure

If abody isimmersed in afluid, e.g. water, then the pressure per unit area of surface
is not uniform over the body because the pressure is proportional to the depth. The
point a which the total pressure may be assumed to act is known as the center of
pressure.

Consider the plane surface S immersed in a fluid of density p and making an
angle 6 with the free surface QP, as shown in Fig. 7.28.

Fig. 7.28
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For asmall areaof length y and width éx, the pressureonitis goh where i isthe
vertical distance from the surface QP to the element. Theforce § F onthiselementis

0F = gphyéx and h=xsné

Thetotal force on the surfaceis given by
F = g/psin@xy dx between appropriate limits

= gpsing /.xy dx

But [xy dx = first moment of area about PP = Ax, where 4 is the area of the
surface. _

Hence F = gpAxsing = gpAh.

To find the point where the resultant force F acts, we take moments about PP'.
For the element we have

gphydxx = gpsinfyx28x

Hence, if z isthe position of the point C where the resultant force acts, then
Fz= gpsin@/yx2 dx or gpAxsinfz = g,osin@/yx2 dx

Solving for z gives
L [ yx2dx
Ax
Hence, the point C where the resultant force due to the pressure of the fluid acts is
given by

(7.18)

~ Second moment of area about PP
" First moment of area about PP
C isknown as the center of pressure.

Exercises

7.1 Areas
1. Calculate the area bounded by the positive branch of the parabola y? = 25x,
the x-axis and the ordinateswhere x = 0 and x = 36.
2. Cdlculate the area bounded by the positive branch of the curve
y2=(7—x)(5 + x), the x-axis and the ordinates where x = —5 and x = 1.

3. Calculate the area bounded by the parabola20y = 3(2x? — 3x — 5) and the
x-axis between the points where the curve cuts the x-axis.
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. Calculate the area bounded by the curve y2(x? + 6x — 55) = 1, the x-axis

and the ordinateswhere x = 7 and x = 14.

. Sketch the curve y = 2x3 — 15x2 4 24x + 25 between x = 0 and x = 4 and

then calculate the area enclosed by the ordinates at these points, the x-axis
and the portion of the curve.

. Calculate the area bounded by the hyperbola 2 cos26 = 9 and the radial

lines6 =0 and 6 = 30°.

. Calculate the entire area of the curver = 3.5sin26.
. Cadlculate the area bounded by the following curves:

(@ y?=4xandx? =6y
(b) y=4—x2,y =4—4dx
(6) y =6+ 4x—x? and thelinejoining the points (—2,—6) and (4, 6).

7.2 Length of Curves

9.

Calculate the lengths of the curvesgivenin exercises 1, 2 and 3.

7.3 Surface Area and Volume of a Solid of Revolution

10.

11.

12.

13.

Calculate the area of the surface generated by the revolution of the curve
y = x3 about the x-axis between the ordinates x = 0.5 and x = 0.

Thecurvey = x(6 —x) —7.56 isrotated about the x-axis between the points
whereit crossesthe x-axis. Calculate (a) the surface areaand (b) the volume
of the solid thus generated.

Calculate (a) the surface area and (b) the volume generated by rotating the
cycloid x =6 —sinf, y = 1 — cosf about the x-axis.

Calculate the volume generated by revolving the ellipse x2 /9 + y2/25 = 1
about the x-axis.

7.4 Applications to Mechanics

14.

15.

16.

17.
18.

Find the position of the centroid of the area of one quarter of an ellipse. The
equation of theellipseis

x2 y2

2!

A plateiscut into acircular sector of 375mm radiusand 65° included angle.
Find the position of the centroid along the axis of symmetry.

The density of the material of which aright circular cone is made varies as
the square of the distance from the vertex. Find the position of the center
of mass.

A hemisphere has aradius of 125 mm. Calculate the position of its centroid.

A cylindrical shell hasamass M, aradius R and alength L. Calculate its
moment of inertia about

(a) acentral axis
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(b) an axisabout a diameter at one end
(c) an axisthrough its centroid and along a diameter.

19. A steel rod is 3.75m long and of circular cross section of 35mm diameter.

The density of steel is 7800kg/m?. Calculate the moment of inertia about
(a) the centroid and (b) one end.

20. A solid right circular cone has a mass of 165kg, a base radius of 175mm
and a height of 650 mm. Calculate its moment of inertia about a central axis.

21. A beam has the cross section shown in Fig. 7.29. Calculate its second mo-
ment of area about an axis through its centroid (NA) and the corresponding
radius of gyration. The dimensions are in millimetres.

100

[ 125

Iz
>

37.5

200
Fig. 7.29

22. Calculate the total pressure on the gate in the dam shown in Fig. 7.30 at
a depth of 5m. The gate is 2.5m high and 1.5m wide. Calculate also the
position of the center of pressure. Density of water = 1000 kg/m?.

Fig. 7.30
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23. A triangular plate of base 5m and height 8m isimmersed in alake with its
base along the water level. Calculate the total pressure on the plate and the
depth of the center of pressureif the plateis vertical.
Density of water = 1000kg/m?



Chapter 8
Taylor Seriesand Power Series

8.1 Introduction
In Chap. 5 we showed that the sum of a geometric seriesis given by

1
Tdx4+x24+x3+..=
I—x

This formula holds true for —1 < x < 1. We will now consider this result from
a different point of view. The left-hand side of the equation is an infinite seriesin
powers of x, while the right-hand side is a simple function of x. Figure 8.1 shows
the graph of this function.
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i o - e = -

<Y

Fig. 8.1

The series and the function are identical for a certain interval. It is aso possible
to represent other functions by means of seriesin ascending powers of x.

In this chapter we investigate functions which can be expressed as infinite power
series. An infinite power seriesisan expression of the form

ap+aix +axx>+azx>+--- = z anx"
n=0
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228 8 Taylor Series and Power Series

Power series have an infinite number of terms, each term being a simple power of an
independent variable such as x. We will try to express functions already discussed,
like the trigonometric functions, as power series. Power series are easy to handle
numerically. For small values of x, the higher terms of the series decrease rapidly.
In this case an approximate value of a function can be obtained by taking the first
terms of the series.

The expansion of afunction as a power seriesis useful for the following reasons:

1. Evaluation. Thefunctional values of exponential, trigonometric and logarithmic
functions, for instance, can be computed numerically with the help of power
series to a high degree of accuracy.

2. Approximation. The first terms of a power series can be used to obtain an ap-
proximate value for a given function.

3. Term-by-term integration. It is not always possible to integrate a function as it
stands. If, however, the function can be represented by an absolutely convergent
power series it can then be integrated term by term to give the value of the
integral to a high degree of accuracy.

8.2 Expansion of a Function in a Power Series
The following relationship holds true for many functions:
f(x)= 2 anx® =ag+a1x +axx?+azx> 4+ +apx"--- (8.1
n=0

The coefficients have to be evaluated for each function separately. One important
property of such a series is that it is differentiable. It is a necessary condition but
not a sufficient one. The function f (x) = e 1/%% for x # 0, for example, can be
differentiated, but it cannot be expanded in a series. In Sect. 8.3 we will investigate
the range of values of x for which the expansionis valid. For the time being we will
assume that such an expansion is possible.

Consider (8.1). The fundamental assumption is that the value of the function and
the power seriescoincideat x = 0 and that the values of their derivatives coincide as
well. This givesrise to an algorithm for evaluating the coefficients a; of the power
series.

Step 0: The function and the series must coincide at x = 0. Thisgives

f(0)=ap+a1 x04+arx04---+a, x0+---

Thusag isknownto beay = f(0).
Step 1: The first derivatives of the function and the series must coincide at x = 0.
Obtain thefirst derivative:

f/(x):dl+202x+3a3x2+...+nanxn71_’_.“
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For x = 0 we get
f'(0)=a; (al other terms are zero)

Thusa,; isknowntobea; = f7(0).
Step 2: The second derivatives of the function and the series must coincide at x = 0.
Obtain the second derivative:

f//(X):202+3X2a3x+...+n(n_l)anxn,2+...
For x = 0 we get
£"(0) =2a, (all other terms are zero)

Thusa, isknowntobea, = 1 /”(0).

Step n: The nth derivatives of the function and the series must coincide at x = 0.
Obtain the nth derivative:

) =n(n—1)(n—2)x---x3x2x1xan+m+Dn(n—1)x - Xaps1 X+
For x = 0 we get
F™0)=n(n—1)(n—2)x---x3x2x1xa, (alothertermsare zero)

Hence ()()
i _ 1w
n(n—l)(n—z)---x3><2><1*n!f ©)

Notethat n! =n(n—1)(n—2) x---x3x2x1 (n!isread‘n factorial’)

ap =

I'=1=1

20=1x2=2

3l=1x2x3=6

4 =1x2x3%x4=24 andsoon
By definition, ol =1

Definition The expansion of a function f (x) expressed in a power series
isgiven by

SO = F(O)+ 37 11O+ 3 £/ + 531 £ (O -

or, more simply

f=3 SO 82)
n=0 :

Thisis known as Maclaurin’s series.
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Expansion of the Exponential Function f(x) =€*

The derivatives are

flx)=¢ flx)=¢€" f(x)=¢"
Substituting in (8.2) gives
xz2 X3 x"

& =1 rLx i
+1+2|+3,+ T

o x™
g T (8.3)

For any given value of x, the factoria n! increases more rapidly than the power
function x™; hence the terms get smaller asn increases.
For x = 1, for example, we have

11 1 1 1 1
el =1+1 — .
st 0 720 Ts0s0 T

S0 that
ex~2.7182---

Similarly, the expansion for e is obtained by replacing x with —x:

f(x) =sinx £(0)=0
/'(x) =cosx f0)=1

f"(x)=—sinx f"(0)=0
f"(x) = —cosx £0) = -1

Substituting in (8.2) gives
x3 x> X
sinx = x — 3 + 5T +
_ i (71)n;x2n+1 (8.4)
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Expansion of the Binomial Series f (x) = (a + x)*

fx)=(a+x)" £(0)=a"
f(x)=n(a+x)"! £(0) =na""!
£7(6) =n(n— 1a+x)" £7(0) =n(n—1)a">

Ry =nmn—=1)m—k+D)@+x)"* f50)=n(n—1)---(n—k+1)a"*

Note that n need not be an integer. Thus the expansion is valid for, e.g. n = 1/2.
Substituting in (8.2) gives

-1 —1)--(n—k+1
(a+x)" =a" +na"’1x+—n(n2' )a”’2x2+ n(n=1) k|(n + )a"’kxqu...
A useful version of this seriesiswhen a = 1. We then have
—1 —1(n-2
(1+x)”:1+nx+n(n2| )x2+n(n 3)'(11 )x3+~~~ (8.5

Expansion of the Function f(x) = =

We know the result already because thisis the sum of a geometric series.

=1 Fo)=1
/ - 1 !

o=y So=
" _ 1x2 "

f0=grE =2

n!

fn(x):m f"(0) =n!
Substituting in (8.2) givesthe familiar result
;:1+x+x2+x3+---+x"+---:Zx" (Jx| < 1) (8.6)
n=0

1—x
(Absolute value of x < 1)
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8.3 Interval of Convergence of Power Series

There are functions for which Maclaurin’s series converge for values of x within

acertain range. This is the case for the geometric series. It is only convergent pro-

vided that —1 < x < 1. Thisrangeisreferred to as theinterval of convergence.
Consider the power series

ap+aix +arx® +azx3+ -+ apx" +ap x4
The coefficients are numbersindependent of x. The series may convergefor certain
values of x and divergefor other values.

We wish to find the range of values of x for which the series converges, i.e. the
interval of convergence. We form the ratio

an+1xn+1
apxn"
assuming that all coefficientsa; are non-zero. Now consider its limit:
lim

n—o0

Adpn

R

dni1 ’ x|
by

where R = lim

n—oo

(8.79)
An41

R iscalled the radius of convergence.

The series is absolutely convergent if |x| < R and divergent if |x| > R. Hence
apower seriesis convergentin adefiniteinterval (— R, R) and divergent outsidethis
interval. Thisisillustrated in Fig. 8.2.

Divergent Convergent ‘ Divergent

-R 0O <R

Fig. 8.2

Another well-known formulafor computing R is due to Cauchy and Hadamard.
Itis

%: lim {/|an| (8.7b)
n—oo

Theformulais aso applicableif some coefficientsa; vanish, e.g. in the trigonomet-

ric functions.

Example Consider the power series

2 3 4 n
X< x7 x X
+5 o (=)

T n
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Using (8.7a) we obtain
an —(n+1)?

=1
n2

= lim

n—oo

R=Iim

n—o0

an+1

Hence the seriesis convergent if |x| < 1 and divergent if |x| > 1.

Example Consider the exponential series

=) —
,Z‘O nl
Using (8.7a) we obtain
. . ! .
R= lim || = jim D! lim(n+1) =
Nn—oc0 an+1 Nn—oc0 n! Nn—oc0

Hencethe seriesisvalid for all values of x; the radius of convergenceis .

8.4 Approximate Values of Functions

It is easier to handle afinite number of terms of a series than an infinite number. In

aconvergent seriesthe termstend to zero; the eval uation of a power series can there-

fore be broken off after a certain number of terms. Where we break it off depends

on the accuracy required. It isimportant then to be able to estimate the error.
Consider the series

fx)=ap+aix+ax®>+---+apx" +---
Let usdivide the seriesin two parts so that

f(x)=ao+arx+axx*+--+anx" +an 1 X" 4

Approximate polynomial Remainder
P, (x) of degreen Ry (x)

Thefirst part represents the approximate value of the function f'(x), and the second
part the remainder. If we take the polynomial of degree n as an approximation of
the value of the function f (x), it follows that the error is equal to R, (x), the re-
mainder. This remainder is an infinite series and if we can estimate its magnitude
we automatically have an estimate for the value of the error.

To appreciate the behaviour of approximations, let us consider graphically the
sine function taking one term, then two terms, and so on, of the power series for
sinx.
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First approximation , Sinx = x
3
Second approximation , Sinx ~ x — %
Thd . . . x3 )CS
ir roximation, snx~x——+—
P Rt 0

Thefirst approximation is represented by atangent at the position x = 0 (Fig. 8.3a).
We can see that the error builds up rapidly after x ~ 7 /6.

The second approximation replaces the sine function by apolynomial of the third
degree (Fig. 8.3b). The range of values of x for which the approximation is suffi-
ciently exact is greater.

The third approximation replacesthe sine function by a polynomial of the 5th de-
gree (Fig. 8.3c). Therange of values of x for which the approximationis setisfactory
is much larger, e.g. consider an extreme case:

sin% =38n90° ~ 1.00452, error =0.00452

A
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In practice, we would have to decide what error we could accept, and this depends
very much on the nature of the problem. The above example doesillustrate the point
that apolynomial can give agood approximation to the value of some other function.

Lagrange succeeded in estimating the error when the first terms of a series are
used to calculate the value of a function. He showed that the terms neglected can be
represented by the expression

(n+1)
Ry (x) = f(nTl()?)an (8.8)

This expression containsthe (n + 1)th derivative of the function at some value of &,
which lies in the interval 0 < £ < x. There exists avalue of £ = &, for which the
remainder is a maximum. The error cannot be greater than R, (&y).

Example Suppose we stop the series for the exponential function after the third
term. Then the remainder for x = 0.5, say, is

0.5)%
R3(0.5) = &0
4!
As e* is monotonic increasing, we get the maximum value of the remainder with
Eo =0.5:

eO.5 (05)4

R3(0.5) = ~ 0.004

The error, in this case, will be less than 0.004 if we stop at the 3rd term of the
expansion.

8.5 Expansion of a Function f(x) at an Arbitrary Position

It is often useful to expand a function at a position xo which is different from zero.
To obtain such an expansion we could proceed asin Sect. 8.2, but instead we intro-
duce anew variable, u = x — x¢. Since thisauxiliary variableis zero at x = xo, we
can expand the function at the position u = 0 in terms of ascending powers of 1 and
afterwards express the expansion in terms of x. Hence we proceed as follows:

Since the function is to be expanded at x = xo, we introduce a new variable,
U=x—Xxgp.

We resolve in terms of x;x = u + x¢ and substitute the expression u + xq for
xin f(x):

J(x)=f(u+xo).

We expand at the position u = 0 with respect to u to obtain
J"(x0) > S (x0)

f(x) = f (o +x0) = f(xo) + f'(x0)u+ —y=u” 4t ——=u" 4 -
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Now we replace u by x — x¢ so that

£ = £ (o) + £'(x0) 6~ 30) + L0 e xg) 4

Thistype of seriesis known as Taylor’s series.

Note that the geometric meaning of the substitution u = x — x¢ is atransforma-
tion of coordinates; the variableu hasitsoriginat x = x¢. By means of this shift, we
are back to the previous situation when we expanded a function at a position where
the abscissa was zero.

Example Expand the cosine f'(x) = cosx about the point xo = /3 or (60°).
Differentiating gives

f'(x)=—sinx, f"(x)=-—cosx, f"(x)=snx

(T \/— n (T m (T \/_
r(3)=-%rG)=3 "G)=%

and so on.
Substituting in (8.9) gives

Cosx:l_(xl)ﬁ (x 1)21+(x_Z)3£+...
2 3/ 2 3/ 4 3 12
Suppose we wish to calculate the value of cosine 61° without using tables. Then
2 3
o =37 (155) 1 (i) %5 (550)
If we use two terms only

. 1 3/
cos61° ~ 5 — (@) —0.5000—0.01511 = 0.48489
cos(£+ 2y T\n+l

Note: The (n + 1)th derivative of cos(x) iscos(x + (n+1)/2x).
Also, /3 < & <m /34 7/180.
Inthis casethe error is

<1(”)27000015
—2\180/ 7
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1
005(54’%7'[) <l1.

(The actual error is 0.00008.)

since

Example Expand the function f(6) = (1 —asin?9)!/2.

This expression is important in the study of the slider crank mechanism as used
in the car engine.

To expand this function, we could use Maclaurin’s or Taylor’'s series. However,
amoment’s thought leads us to conclude that we should use the binomial expansion
instead. We saw earlier that

nn—1) , nn—1)(n—-2) 4

(I+x)"=1+nx+ T + 30 x>+

With x = —asin?@ andn = 1/2 we have

1(_1 Ly (1) 3
(l_as'nZQ)l/Z:1_%as'n29+2(2'2)a29'n49_(2)( 2)( 2) 3G

1 . 1 . 1 .
=1-—-asin?0—-a*sin*9 — —a3sn®6—...
2 8 16

8.6 Applications of Series

At the beginning of this chapter we mentioned briefly the important applications of
series. The numerical values of trigonometric, exponential, logarithmic and many
more functions are computed by means of series. The values found in tables were
first computed by hand a very long time ago: an extremely tiresome task! Today
computers make the task far easier and furthermore, error is reduced.

8.6.1 Polynomials as Approximations

The expansion of functions asinfinite series has a specia significancein calculating
approximate values. With arapidly convergent series and with small values of x we
only need to take the first two or three terms of the expansion; in some cases the
first term is adequate. If we replace the function by an approximate polynomial, the
mathematical expression may be simplified considerably.

Example The atmospheric pressure p isafunction of altitude z and is given by

p= Poefah
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po and « are constants, po being the pressure when 2 = 0. To cal cul ate the pressure
difference we have

Ap=p—po=rpo (e""”—l)

This expression can be ssimplified by using an approximation.
Sincee™* =1—x+---, as afirst approximation to the pressure difference, it
follows that
Ap = po(1 —ah—1)=—poah

Suppose we want to cal cul ate the altitude 2 when the pressure p is decreased by 1%
of the pressureat i = 0, i.e.

-1 1
Ap/po = Tog» @=0121x 10*3E

We have A | |
p
_AP g 64m
Pox 100 0.121 x 103

The error is 0.4 m or 0.49% of the true value.

h:

Example Detour problem. Figure 8.4 shows two possible paths that can be taken
when travelling a distance S from A to B, a direct one and an indirect one via C.
The problemisto find how much longer is the detour via C than the direct path?

C
h
A l lB
S |
Fig. 8.4

Let u be the detour. If /i isthe height of an assumed equilateral triangle, then, by
Pythagoras' theorem, we have

=a({(3) 3)
o=s(h+(3))

To investigate the behaviour of u asafunction of £, it is much simpler to expressit
by an approximate polynomial. Using the binomia expansion, we have

= s = <1+<25_h>2>1/2—”% <%>2# <%)4+
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Providedthat i < S, we can use afirst-degree approximation by taking the first two

terms of the series: 5
1 /2h
f(h) =1+ 5 (F)

Substituting in the equation for u gives

1/2h\2 242

Asan example, let S = 100km. The function is shown in Fig. 8.5. An examination
of the graph shows, e.g. that when i = 5km, the detour is only 0.5km.

u
(km}

H
(3
L
>
Qv
N
-3
Qo
©
5

EsY

Fig. 8.5

Example Obtain acloser approximation for one of the roots of the equation
x* = 1.5x3 4+3.7x —21.554=0

A rough estimate gave x = 2.4.
Let x be a rough approximation for the root of an equation found by trial and
error. If thetrue solutionis x + £, then, by Taylor’s theorem, we have

0=f(x+h)~ f(x)+h-f'(x)
Solving for & gives
f(x) f(x)
h~—-—-+,; hence x—
J'(x) J'(x)
Thisis also known as the Newton-Raphson approximation formula (see Chap. 17).
Returning to the example, we find

is a better approximation.

fl(x) =4x3—45x2+3.7 and f'(2.4)=33.076
Also  f(2.4) = —0.2324

It followsthat & = 0.2324/33.076 = 0.007.
A more accurate approximationis x = 2.4+ 0.007 = 2.407.
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8.6.2 Integration of Functions when Expressed as Power Series

We often encounter integrals whose integrands are complicated functions. This
makes their integration extremely difficult or even near impossible. If the function
to be integrated can be expressed as a power series, then we can integrateit term by
term within the interval of convergence. In thisway we can solve practical problems
more easily. Thisisillustrated by the following examples.

Example Thefunction e isknown as the Gaussian bell-shaped curve. Itissym-
metrical about the y-axis. In statistics and the theory of errorsthe dispersion of mea-
sured values about a mean is described in terms of a function of a similar type. We
wish to compute the integral
X 2
/ e’ dt
0

This correspondsto the area under the curve between r = 0 and r = x (Fig. 8.6).

Fig. 8.6

It is not possible to evaluate this integral as it stands; instead we replace it by
a power series. Remember that

2 x3 4

X X
e =1 T T
txb et
Substituting —2 for x gives
4 6 8
42 s 1 t t
e =2
+2 6+24 +

Substituting for e~* % inthe integral and integrating term by term gives
3 5 7 9

/Xe’tzdt X +x X +x n
0 310 42 216

As x — o theintegral has alimiting value. Thisvalueis given here without proof:

/.weft2 dr = ﬁ
Jo 2
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A
e ——vF

~¥

Fig. 8.7

Thetotal area under the bell-shaped curve (Fig. 8.7) isthen
/ Te = NZ3
It is useful to normalise the curve so that the area under it is equal to unity, i.e.
w g2
Jew T

In the next example we will use the following statement which is given with-
out proof.

dr =1

Multiplying two power series is valid within the interval of convergence if
they are both absolutely convergent.

Absolute convergencemeansthat the sum of the absolute val ues of the summands

convergesas well.
04 [ 4_y2
/ 2T dx
Jo 4+4x3

First we express the integrand as a product, i.e.

/\/%dx:/(l_(3)2)1/2(14_)63)1/2dx

The binomial series convergesfor |x| < 1. The condition is satisfied in the case of
our two functions. The expansionsare

1/2
X\ 2 1 1 1
1_(_> =1 x? o x4t x0_...
( 2 ) g 128" To24”

X

3
3
(14x3)712 = 1—7+§x6—+---

Example Evaluate
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Multiplying the two series gives, for the integrand 7

1,1 1 1 383
jo1_te2 L b a4 1.5 38 6,
s T2 Tt e troat T

Integrating term by term we find

0.4 1 1 1 1 383 04
Jde = |xe 324 L 5 L6 99 7.
/0 * {x 24° 78 Tea0" Toet TTest T,
0.4
Idx & 0.4—0.00267 —0.00320 — 0.00002 +0.00004 +0.00009
0
~ 0.3942

8.6.3 Expansion in a Series by I ntegrating

The expansion of afunction in a series can sometimes be achieved by expanding its
derivativefirst and then integrating term by term.

Integrating a convergent power series term by termisvalid.

Example Obtain aseriesfor tan~! x.
We know that
_1 dx
tan” ' x = | ——
J 14 x2
If we expand the integrand in a series and integrate term by term we will obtain
aseriesfor tan~! x.
Expanding the integrand by means of the binomial theorem gives

1
=(1+x) T =1—x?x* —xC 48—

1+x2
which is convergent for |x| < 1.
Hence we have
/'x S S SONE. S L. (x| < 1)
Jo 14x% B 35 79 -
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Appendix:
Commonly Used Approximate Polynomials

Thistable contains a number of typical functions, together with thefirst termswhen
expanded as power series. These expansions can be used to obtain approximate
vaues for the functions. The range of values of x for which the approximations
are valid are given; these are based on the error being smaller than 1% and 10%,
respectively.

Table 8.1 Approximations for Typical Functions

Function First approximation Second approximation
Error less than Error less than
1% 10% 1% 10%
forx=0 forx=0 forx=0 forx =0
tox = tox = tox = tox =
X3
sinx X 0.24 0.74 X — N 1.00 1.66
2 2 4
X X X
Ccosx 1- > 0.66 1.05 1-— e + o 1.18 1.44
3
tanx X 0.17 0.53 X+ 3 0.52 0.91
X2
e’ 1+x 0.14 0.53 14+x+ 5 0.43 1.10
X2
In(1+x) x 0.02 0.20 x- 0.17 0.58
x>-—1
X X x2
V1+x 1+ 5 0.32 1.42 1+ E — ? 0.66 1.74
x| <1
1 X x 3
1-= 0.16 0.55 1-Z4>x2 0.32 0.73
V1+x 2 2 8
x| <1
1
- 1+x 0.10 0.31 1+x+x2 0.21 0.46
x| <1
1
T2 ! +x2 0.31 0.56 1+x24+x4 0.46 0.68
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Table 8.2 Power Series of Important Functions

8 Taylor Series and Power Series

This table is included for further reference. It contains some expansions which have not been
discussed in the text. In some cases negative powers occur.

X X X
x3 x5 x7
smx—x—ﬁ-i-ﬁ—ﬁ-f-
x2 x* x©
cosx_lfjJrﬂ—aJr
tanx _x+x3 +2x5 N 17x7 N 62x° N
n 3 15 315 2835
cotx——fffxif—zxsf—x7 -
N 3 45 945 4725
_ X2, 5xt 61x®  1385x°
X =1t or T 8!
dnlx —xt x3 N 3x° (3x5)x7
B 2x3 ' 2x4x5 2x4x6x7
coslx ==L _snlyx
2
1 x3 x> x7 x°
tanlx =x -4+ = 4+ 2 ...
N T
cot~lx = E—tan‘lx
) x3 5 x7
thx:x+?+?+7+
2 4 6
X X X
coshx:1+j+ﬂ+a+...
tanh — x5 2x5717x7+62x97
n 3 15 315 ' 2835
1 x x3 2x° x’
cothx = -+ -4+ = ...
x 3 45 945 4725
Sinh_lx:xflxx3 (1><3)xsi(1><3><5)x7
2x3 2x4x5 2x4x6x7
. 1 1x3 1x3x%x5
snh™1x = (In2)x + — _...
(In2) (2x2)x2 (2x4x4)x*  (2x4x6x6)x°
1 1x3 1x3x5

cosh™!x = (In2)x —

3

x5

(2x2)x2  (2x4x4)x* (2x4x6x6)x6

x7

X
tanh lx =x+ -+ + 5+

3

5

7

(w=2)

(0<|x|<m)

(w<3)

(Ix[<1)

(Ix[<1)

(0<|x|<m)
(Ix[<1)
(Ix[>1)
(x>1)

(Ix[<1)
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Table 8.2 (continued)

1 1 1 1
coth™ lx == 4 — 4 —+ ——+-- x| >1
x+3x3 5x5 7x7Jr (x| )
2 3 4
x? x° x
In(1 =X ——t ==t -1<x<1
(1+x) =x 5 + 3 7 + ( x<1)

(n—1) 5 nn-1)n-2) 5
T 3l x
nn—1)---(n—k+1)xk

k!
Thislast formulais valid both for integral exponents and for fractional exponents.

14+x)" = 1+nx+ 2

4 (IxI<1)

Note: There isno expansion for cot x and for coth x at x = 0 because these functions have a pole
at this value. The series expansions were obtained by expanding x cotx and x cothx and dividing
theresult by x.

Exercises

8.2 Expansion of a Function in a Power Series

1. Expandthefollowingfunctionsat xo = 0 inaseriesup to thefirst four terms:

@ f(x)=v1—x (b) f(t)=sn(wt+ )
(© 7(x) =In[(1+x)7 (@) 7 (x) = cosx
(e f(x)=tanx (f) f(x)=coshx

8.3 Interval of Convergence of a Power Series
2. Obtain the radius of convergence of the following series:
@ f()=siny= 3 UL an
noo (2n+1)!
®) £(x)= —

E‘, 3 xn
8.4 Approximate Value of Functions

1-3x ;5

3. Sketch in the neighbourhood of x¢ = 0 the function f'(x) and the graphs of
the approximate polynomials P; (x), P> (x) and P3(x).

(@ y =tanx (b) y =
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8 Taylor Series and Power Series

8.5 Expansion of a Function at an Arbitrary Position

4,

5.

6.

Expand the following functionsat xo = n:
(@ y=sinx (b) y = cosx
Expand thefunction f(x) =Inx at xo = 1.

Expand the function f (x) = % at xo = 2. Obtain thefirst four terms.

8.6 Applicationsof Series

7.

10.

11.

12.

13.

Determine the intersection — which lies in the first quadrant — of the func-
tionse* — 1 and 2sinx. Approximate both functions by a polynomial of the
third degree, P5(x).

. Calculate v/42 = /36 + 6 to 4d.p.

. Replace the function f(x) by an approximate polynomial in the interval

(0, 0.3). The error should not exceed 1%.

@ f(x)=In(1+x) (b) f(x)zﬁ

Given the functions f(x), compute approximately (see Table 8.1) the value
of f(1/4). The value obtained should have an accuracy of 10%.

@ f(x)=¢e (b) f(x)=In(1+x) () f(x)=vI+x
Let the series for the function f'(x) = 2 anx™ be given. Obtain a series

expansion for theintegral [ f (x) dx by |ntegrat| ng the series term by term
for the following functions:

1 =3
@ f(¥) =15 = T (D = 1xba? =t (] <)
(geometric series)
o x2n x2 x4 x6
_ _ 1\ 1,
(b) f(x)=cosy= 3 (~1)'5r=1=Fr+ =gt

Solve the following integral s using a series expansion:
0.58
@ / V1122 dx
0
X gint
(b) / - dr (Integral (b) cannot be evaluated by any other method.)
Jo

(a) Obtain apower seriesfor sin~! x by first expanding 1/v/1 — x2, which
isthe derivative of sin~! x, and, second, integrating term by term.

(b) Since sin"!(1) = /2, by inserting x = 1 into the series one obtains
a series for 7 /2. Compute the value of this series up to the fifth term
and compare with the correct numerical value.



Chapter 9
Complex Numbers

9.1 Definition and Properties of Complex Numbers

9.1.1 Imaginary Numbers

The square of positive as well as negative real numbers is always a positive real
number. For example, 32 = (—3)2 = 9. The root of a positive number is therefore
a positive or negative number. We now introduce a new type of number whose square
always gives a negative real number: they are called imaginary numbers.

Definition  The unit of imaginary numbers is the number j with the property
that
iP=-1 (9.1)

The imaginary unit j corresponds to 1 for real numbers.

An arbitrary imaginary number is made up of the imaginary unit j and any real
number y; thus yj is the general form for an imaginary number.

We know that we cannot extract the root of a negative number when dealing with
real numbers; nevertheless, we can factorise the root of a negative number thus:

V=5=15(-1)=V5x V-1

Since j2 = —1, it follows that j = v/—T; hence /5 x v/—1 = jv/5.
The root of a negative number is an imaginary number. Moreover, with j> = —1,
we can simplify higher powers of j.

K. Weltner, W. J. Weber, J. Grosjean, P. Schuster, Mathematics for Physicists and Engineers
ISBN 978-3-642-00172-7 © Springer 2009
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The ordinary rules of algebra extend to imaginary numbers. In addition one must
remember that j> = —1, i.e.

i'=j

P=-1
P=pPxi=-i
=P xiP=1

9.1.2 Complex Numbers

The sum z of a real number x and an imaginary number jy is called a complex
number, complex meaning ‘composed’. Thus

z=x+jy

where x is the real part of z and y is the imaginary part of z.
If we replace j by —j, we obtain a different complex number z* given by

' =x—]y

z* is called the complex conjugate of z.
A complex number has the value zero only if both the real part and the imaginary
part are zero.

9.1.3 Fields of Application

The most obvious property of imaginary numbers is that we can ‘extract’ the root
of a negative number, which means we obtain an expression which we can handle.
This property enables us, in principle, to solve equations of any degree. Consider,
for instance, the quadratic equation

ax’>+bx+x=0

We have seen that it is unsolvable in terms of real x if 52 < 4ac, i.e. when the
radicand 52 — 4ac becomes negative. The solution in terms of complex x is

X12 = % (—b ijm)
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Complex numbers are important in the solution of differential equations which are
dealt with in Chap. 10. They are also a useful concept in electrical engineering, and
they are indispensable in the study of quantum physics.

9.1.4 Operationswith Complex Numbers

When handling complex numbers there are two rules to remember:
The complex number x +jy is zero if and only if x =0 and y = 0.
Complex numbers obey the ordinary rules of algebra, in addition j> = —1.

Addition and Subtraction of Complex Numbers

Rule The sum of complex numbers is obtained by adding real and
imaginary parts separately.
The difference of complex numbers is obtained by subtracting real
and imaginary parts separately.

Let Example
z1 =Xx1+jy1 z1=6+7]
zy =Xx2+]y2 zy =344
Then their sum is
71422 = (x1 +jy1) + (x2+jy2) 71+ 22 = (6+7)) + (3 +4j)
= (x1+x2)+j(y1+y2) =9+11j
Their difference is Example
71— 22 = (X1 —X2) + (y1 = y2)] 71— 22 =3+3j

Product of Complex Numbers

Rule The product z1,z, of two complex numbers is obtained by simple
multiplication of the terms, taking into account j> = —1.

General expression Example
z122 = (%1 +jy1)(x2 +jy2) 7122 = (6+ 7)) (3 + 4j)
= x1X2 +jx1y2 +iy1x + vy = 18+ 24j+21j— 28

= (x1x2 —y1y2) +i(x1y2 + x2¥1) = —10+45j
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Division of Complex Numbers

Rule Division of a complex number by another complex number is car-
ried out by multiplying numerator and denominator by the conjugate
of the divisor to transform the latter into a real number. Note that the
denominator then appears as the sum of two squares.

General expression Example
21 _xtin  (aHiy) (e —jya) 21 _ 647 _ (6+70)(3—4))
2 xXatjy2 (x2+iy2)(x2—jy2) 2 3+4]  (3+4)(3—-4))
_ (ixa+y1y2) —j(x1y2 — y1x2) _ 103 ;Z,ij
X322 + 22 25 5 25

The conjugate of z5 is 25" = x5 —jy2

9.2 Graphical Representation of Complex Numbers
9.2.1 Gauss Complex Number Plane: Argand Diagram

The complex number z = x + jy can be represented in an x — y coordinate system
by placing the real part along the x-axis and the imaginary part along the y-axis in
a similar way to the components of a vector. Figure 9.1 shows this.

We obtain a point P(z) in this plane which corresponds to the complex number z.
This plane is called the Gauss number plane, better known as the Argand diagram.
In this way we have produced a geometrical picture of a complex number.

Example Where is the point in the Argand diagram corresponding to the complex
number z = 4 — 2j? Figure 9.2 shows the answer.

_________ P(z) = (xy)

|——e ——«»l

¥

Fig. 9.1 Fig. 9.2
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Addition
z3=121+22

If zy = 6+ 3jand z, = 2+ 5j we know that the sum z3 = 8 + 8j. This addition may
be represented in an Argand diagram, as shown in Fig. 9.3.

To obtain the complex number z3, we first draw the two complex numbers z;
and z, as vectors as shown. Then we shift vector z, parallel to itself in such a way
that its tail is made to coincide with the tip of vector z;. The tip of vector z, locates
the tip of the required vector or complex number z3 whose magnitude is given by
the length OP. This construction is based on the parallelogram rule for the addition
of vectors. The same result is obtained if we shift z; instead of z,. We dealt with
vectors in Chap. 1, so this construction should not be new to the reader.

To add more than two complex numbers we draw a polygon by joining the vectors
tip to tail. The tip of the closing vector represents the required complex number.

Y, P(zy =
8& _________ (z3 =12, + 29)
7.

64

5-_

4«

3

24

14

0 2 4 6 8 X
Fig. 9.3

Subtraction

z3=z21—22=21+(-22)

The problem of the subtraction of two complex numbers can be transformed into
one of addition if to one complex number we add the negative of the other.

9.2.2 Polar Form of a Complex Number

Instead of specifying a complex number by means of the coordinates x and y, we
could specify it by means of a distance r from the origin of the coordinates and an
angle «, as shown in Fig. 9.4 x and y are the Cartesian coordinates, and r and « are
the polar coordinates.
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0 X

Fig. 9.4
From the figure we see that

X =rcCoSa
y=rsina

Substituting in the expression for the complex number, z = x +jy, gives

z =r(cosa +jsina) 9.2)

This expresses a complex number in terms of the trigonometric functions. It fol-
lows that the conjugate z* of the complex number z is

z* =r(cosa —jsinw)

If we know r and o we can calculate x and y from the above equations. If on the
other hand we know x and y and we want to express a complex number in polar
form, it follows from Fig. 9.4 that

r =+/x2+y2 taking the positive value only
o = tan~! (X)
X

r is known as the modulusand « as the argument.
Table 9.1 illustrates the values taken by « according to the sign of x and y.

Table9.1
x y tano P(z) liesin « in the range

L . . T
positive positive positive 1st quadrant 0to )
negative positive negative 2nd quadrant % to

. . " 3

negative negative positive 3rd quadrant 7 to -

" . . 3n
positive negative negative 4th quadrant - to2m
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Example Express the complex number z = 1 —j in polar form.
z=1—jmeansthatx =1and y = —1.

Hence r=+vx24+y2=y1+1=v2
-1 3
e=tan' () =tan'(~1)=Z or T
1 4 4

We represent the complex number in the Argand diagram (Fig. 9.5) and find that it
lies in the fourth quadrant. It follows then that

_n
T4
Thus the complex number z = 1 — j can be written in polar form:

z=V2 <cos7Tﬂ+jsin 7%)

o

Example Express the complex number z = 6j in polar form.
Inthis case, z =x+jy =0+ 6j, i.e. x = 0. Consequently r =6
tana—y—6— ie. a=2 or 3
x0T T2 2
To determine «, the complex number is shown in Fig. 9.6. It follows, therefore, that
o = 7. In polar form the complex number is

6(cosﬂ+'sinﬂ)
z= — —
2 ] 2

6@ P(z)

L\
o

=Y

%

Fig. 9.5 Fig. 9.6
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9.3 Exponential Form of Complex Numbers

9.3.1 Euler’'sFormula

It is also possible to express a complex number in the form
z=rel (9.3)

As before, r is the modulus of z and « is the argument. We can show that it is
equivalent to the polar form of a complex number:

z =r(cosa +jsina)
In other words we want to prove that
rel = r(cosa + jsina)

Dividing by r gives _
el = cosa +jsina
In Chap. 8, Sect. 8.2, we showed that the expansion for e* is
X x2 x3 xt
et = +X+E+§+E+“'

This expansion remains valid if we replace x by jo. Remembering that j> = —1, we
obtain

i o a3 ot o
o fr— i _—— .— —_— .— DY
T TR TR T

We also showed that

B o’ o
Sine =« ?+§
Hence
.. . o’
jSInoe:]afjﬁvL]ﬁ*-"
2 gt
cosa =1 E+I—---

Comparing these expressions, we obtain

sing = 1 i a2 ad ot b _ e
cosar-+jsine =1 +jo— r —jor+r Figy o =e
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Euler’'sformula

el = cosa +jsina (9.4)

This enables us to express a complex number in a third way.
A table giving the various forms in which complex numbers can be expressed
will be found in the appendix at the end of this chapter.

9.3.2 Exponential Form of the Sine and Cosine Functions

The conjugate complex number of el is obtained by replacing j by —j, so that if
z =el® then z* =e o,
Now we will try to express the sine and cosine function in terms of e,
According to Euler’s formula, we have

el® — cosa +jsina

e 1% =cosa —jsina
Adding both equations gives
1, ; .
cosa = E(e“" +e7%) = coshju
Subtracting both equations gives

1, ; 1
sinae = —(e!* —e %) = Zsinhju
ZJ( ) j sinhj

9.3.3 Complex Numbers as Powers

Given the complex number z = x + jy, we wish to calculate the modulus and argu-
ment of
w=¢?

Substituting for z, we have
w = el = g¥ely = rel®

Comparing the last two expressions, it follows that » = e* and jy = ja. Hence the
modulus of w is e*, and the argument of w is y.

Example If z =2+ jn /2, calculate w = €.

w —e? — e(2+j7r/2) — eZejn/Z
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Hence the modulus is r = e? and the argument is o = 7 /2, and we have
_ a2 T i 77) _ia2
=e“(cos—+jsin=)=]je

v ( sy ) =

The solution is shown in the Argand diagram (Fig. 9.7).

A

————
NYE]

=Y

Fig. 9.7

Example If z = —2+j3x /4, calculate w = e”.

37 .3
w= e(72+J 4 ) = e*ZeJTn
3
2
=e and =—
r o 1
3 .. 3
Hence w=e 2 (cosTn +jsin Tn)

oo ()

This solution is shown in the Argand diagram (Fig. 9.8).

=Y

Fig. 9.8
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Suppose now that z is a function of some parameter z. The simplest case is that
of the linear function where a and b are constants.

z(t) = at + jbt

One important interpretation of ¢ in practice is the time, so that z(z) grows with
time, i.e. the real part and the imaginary part grow with time.

Substituting for z in w = e7 gives w(r) = e(@+b?) — gateibt

Using Euler’s formula, we get w(z) = e?*(cosht +jsinbr)

To examine the behaviour of this function, we can consider the real and the imag-
inary parts separately and represent each one graphically as a function of the time z.

The real part of w(z) is e?* cosbr. It is the product of an exponential function
and a trigonometric function of period p =27 /b.

If a is positive then w = e?* cos bt represents a vibration whose amplitude grows
exponentially with time, as shown in Fig. 9.9.

|
l
<
]
~Y

a>0
Fig. 9.9

If a is negative then w = e%* cosht represents a vibration whose amplitude de-
creases exponentially with time; the vibration is said to be damped and is shown
below in Fig. 9.10.

A

W
\
,\ /\ /N
/’y'—_ il

t

a<Q
Fig. 9.10
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The imaginary part of w(z) is e** sinbz. It is also the product of an exponential
function and a trigonometric function whose graphical representation is similar to
Fig. 9.9 or Fig. 9.10, depending on the sign of a.

The mathematical solution of vibration problems is often simplified by means
of complex numbers. Thus, in solving a practical problem, we start by considering
the physical situation consisting of real quantities. We then perform all calculations
using complex numbers and finally consider and interpret the results of the real and
imaginary parts.

9.3.4 Multiplication and Division in Exponential Form

Addition and subtraction of complex numbers are best carried out using the form

z = x +]jy. Multiplication and division, on the other hand are best carried out by

expressing the complex numbers either in exponential form or in polar form.
Consider two complex numbers

zZ1 = rlej"‘l and Zp = rzej"‘2
Multiplying gives
7 =1z2125 = rel® pyel®2 =y poeil@1e2) (9.5)
Here we use the power rule a”a™ = g™,

Dividing gives

2N e (9.6)

z = = .
Zn rpele ra

Here we use the power rule a” /a™ = a™ ™.

Rule To multiply (or divide) complex numbers, we multiply (or divide)
the moduli and add (or subtract) the arguments.
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9.3.5 Raising to a Power, Exponential Form

We have _ _
N — (reja)n — phelne (97)

Rule To raise a complex number to a given power we raise the modulus
to that power and multiply the argument by that power.

Figure 9.11 shows the points z and zZ in the complex plane with r = 2.

A
4 P(z?)
3-
=4

2.
N r=2 AP@

20 x -
0 1 2 x

Fig. 9.11

In the case of z!/ we have

Zn — w7 Yeia — /peie/n (9.8)

Rule To extract the root of a complex number, we find the root of the
modulus and divide the argument by the index.

9.3.6 Periodicity of rel®
We should like to mention the fact, perhaps surprising to the reader, that the complex
number

z=rel

is identical to 7 = pell@+2m)
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P(z)

a

Fig. 9.12

=Y

If we examine Fig. 9.12 we can see that the same point P(z) is obtained whether
the angle is @ or & + 2. In fact we could equally take the angle to be « + 47,0 +
67,0 — 21,0 — 47, etc. Hence, generally

reja _ rej(a+2nk)
where k=+1,4+2,+3etc.
In particular we have 1 =el?27

9.3.7 Transformation of a Complex Number From One Form
into Another

Transformation from the Algebraic Form into the Exponential Form

The transformation from x + jy into rel* is based on the relationships derived in

Sect. 9.2.2, i.e.
r=+x24+y%2, tana = 24
X

Example Convert the complex number z = —+/5 + 2j to the exponential form.

r=1/(—V5)2+22=3
2
tane = —— = —0.894
-5

The angle is in the second quadrant; therefore o = 138.19° or 0.768x radians.
Transformation of the Exponential Form into the Algebraic Form

Since z=rel =r(cosa+jsina) =x+jy
then X = rCos«a
y =rsina



9.4 Operations with Complex Numbers Expressed in Polar Form 261

Example Convert the expression z = e(?-5+1.30) to the algebraic form.

5 — o(0.5+1.3)) _ 40.5,1.3]

=€ e
x = e cos1.3 =0.441
y =e®3sin1.3=1.589

Hence z = 0.441 4 1.589j

9.4 Operationswith Complex Numbers Expressed in Polar Form

In the previous section, the rules for operations with complex numbers have been de-
rived using the exponential form. We will now show that the same rules are obtained
if we express the complex numbers in polar form. We make use of the addition the-
orems for trigonometric functions given in Chap. 3, Sect. 3.6.6.

9.4.1 Multiplication and Division

Let z; and z, be expressed in polar form so that

z1 =rp(cosag +jsinay)
zp = rp(COSap +j Sinay)

Multiplication

7123 = r1ra(CoSay +j sinay ) (cosay +j sinaz)
= ryra[(cosay €osay — sinag Sinay ) 4 j(sinay Cosay + coSwg Sinay )]

Using the addition formulae for the sine and cosine functions,

7123 = r1r2[cos(ag + o) +jsin(ar +az)]
=r(cosa +jsin) (9.9)
Thus the modulus r of the product equals r1r;, and the argument « is (a1 + o).

This is exactly in accordance with the rule derived in the previous section: to
multiply complex numbers we multiply the moduli and add the arguments.
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Figure 9.13 illustrates geometrically the multiplication of complex numbers.
Draw a triangle OPP; similar to the triangle OP,Q (Q has coordinates 1, 0), then

Z
— = Tz’ hence z=1z125

Also @ = angle QOP = o + a3

P(z = z:27)

" J

Fig. 9.13
Division

Both the numerator and the denominator are multiplied by the conjugate of the

divisor. o o
zy _ ri(cosay +jsinay) ra(Cosas —jsinas)

zy  rp(COSas +jsinas) ro(cosay —jsinay)

Using the addition formulae for the sine and cosine functions,
Z1_n
B
Thus the modulus of the quotient equals ;L and the argument is (a1 — a2).
Again this is in accordance with the rule derived in the previous section: to divide
complex numbers we divide the moduli and subtract the arguments.

Figure 9.14 illustrates the division of complex numbers by a reasoning similar to
that for multiplication.

cos(ay —ap) +jsin(ay — az)] (9.10)

Y,
Py(zy) (0

~
~

T~ P@)

& Py(z,)

™ ]

Fig. 9.14
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9.4.2 Raising to a Power

We saw earlier that z; z5 = ryra[cos(ag +a2) +j sin(a; +o2))
Ifwenowletzy =z, =z,r1 =r, =r and @y = ap = « it follows that
22 = r?(cos2a + j sin2a)
3

Similarly z3 = r?(cos2a + j sin2a)r(cosa + jsina)

r3(cos3a +j sin3a)

The general expression is

z" < =r"(cosna +jsinna) (9.11)

Rule To raise a complex number to a given power, we raise the modulus
to that power and multiply the argument by that power.
By setting r = 1 we have
(cosa +jsina)” = cosna + jsinna

This is known as De Moivre's theorem.

9.4.3 Roots of a Complex Number

De Moivre’s theorem holds true for positive, negative and fractional powers. We
can, therefore, use this fact to determine all the distinct roots of any number.
Since x +jy = r(cosa +j sina), then, by De Moivre’s theorem, it follows that

n H . n g 1c1 g
Ux+jy = ﬁ(cosnﬂsmn)

However, using this equation, we obtain one root only. In order to obtain all the roots
we must consider the fact that the cosine and sine functions are periodic functions
of period 2 radians or 360°. Thus we can write

(cosa+jsina)" = [cos(a +27k) +jsin (o +27k)]"
= cos(na +2wnk)+jsin(na+2wnk)
where k =0,%£1,4+2,43,.--

When raising a complex number to an integral power there is no ambiguity: the
result is independent of periodicity. But extracting the roots of a complex number
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means raising it to a fractional power. Now periodicity becomes important, and
we have

2 .. (k2
Vx+jy=1r [cos (g + —”k) +jsin (— + —nk)}
n n n n
where k =0,£1,£2,--- (9.12)
Rule The nth roots of a complex number are obtained by extracting the

nth root of the modulus and dividing the argument by ». Due to the
periodicity of the trigonometric functions, there are n solutions.

By giving k the values 0,1,2,3,---,(n — 1), we obtain the » different roots of
a complex number; for example,

k=0, ZI:Q/F(cosgnLjsing)
n n

k=1, zz_’\’/?[cos<g+2—”)+jsin(g+2_”)]
n n n n

k=2 ,23_Q/?[cos<g+4—”)+jsin(g+4_”)]
n n n n

and so on. With k = n, we would obtain the same value as with k£ = 0; also we would
not obtain any new values for k > n ork = —1,—2,—3,---. The root corresponding
to k = 0 is called the principal value.

Example Calculate the four roots of

z* =cos 2n +jsin 2
N 3 TN

In this case r = 1 and n = 4; hence

4 —cos( T4 2k ) jsin(Z 4+ 2E
z _cos<6+ 4k>+jsm<6+ 4k)
e 4 .. T 4
= C0S (g+§k) +jsin (g+§k)
The roots are

. 1 1.
k=0, zlzcos%ﬂsmz: \/§+§J

6 2
dr . . 4w 1 V3.
k=1, zz_cos?ﬂsm?——EJrT
T .. T« V31,
k=2, Z3—COS?—HSIn?——7—EJ
k=3, z fcoleﬂwL'sinlO”flf 3
- 9 4 — 6 J 6 72 2]
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The roots z; and z3, as well as z, and z4, are opposite to each other; moreover, we
can see that the argument, starting from the principal value, is successively increased
by 7 /2. Figure 9.15 shows all the values on a circle of radius 1. They form a square.

YA

P(z,) 1

P(z)

|
=)
- |

Plzs)

P(zy)

Fig. 9.15

All the nth roots of a complex number of modulus 1 have modulus 1. When
depicted in an Argand diagram they form the vertices of a regular n-sided
polygon inscribed in a unit circle.
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Appendix

9 Complex Numbers

Summary of operations with complex numbers

Designation

Imaginary unit j
Imaginary number n

Complex number z in arithmetic form

Complex conjugate

Complex numbers in polar form
Transformation (x,y) < (r,a)

Complex number in exponential form
Euler’s formula

Exponential form for cosine
and sine functions

Periodicity of complex numbers

Multiplication and division
in exponential form

Raising to a power and extracting
roots in exponential form

Multiplication and division
in polar form

Raising to a power and extracting
roots in polar form

Formulae

j?=-1

n=jy (y real)
z=x+]jy (x,yreal)
x = real part

y = imaginary part
zt=x—jy

z =r(cosa+jsina)

x:rcosa} r:\/x2+y2}

y:rsina tan(x:y/_x

z =rel
el¥ =cosa +jsina

1, . . .

coso = E(el"‘ +e1¥) = coshjo

sina = l_(ej‘" —eTlx) = lsinhja
2 J

z =rel

=rel@i2km) (= 41,42 +3,...

zy =rel 75 =pyei®2

Z12Z2 :rlrzej(al+a2>
21 _ er(a1*a2)

Zz2 In

z =rel

zl‘l — rn e])‘lOt

vz = yrellr2mk)m (k — 0, +1,42,...)

zy =ry(cosay +jsinoy)
zy =r13(C0Sap +jsinay)

z1Zp =rirafcos(ay +as) +jsin(a; +as)]

Z1
z
z=r(cosa+jsina)

z"" =r"*[cosna +jsinna)

= :—1 [cos(ay —an)+jsin(a; —as)]
2

w=_ n o 2rk .. (o 27k
ff\/?{cos<;+7>ﬂsm<;+7>}
(k=0,+1,+2,--.)



Exercises

Exercises

9.1 Definition and Properties of Complex Numbers

1.

Express the following in terms of j:

@ Vi—7
(C) ﬁ
N

. Compute

@ j*
(© i*

. Evaluate

(@) vV—48+V=75-+/-27

() V=3v=3

(e) 55°2i°

(@) 8i/2j

(i) 6ili’V3

) vb—ava—b

. Determine the imaginary part of z:

@ z=3+7]
(b) z = 15j—

@ z=5+2]

1
(b) z =5~ V3

(@) x2+4x+13=0
3 25

b — =0
(b) x2+ x+16
. Calculate the sum z; + z5:
(@ z1=3-2j

zp =T7+5j

(b) V=144
() VA(23)

(b) j**°
@ (=)’

(b) V-T2 V=8+ V06
(@) v=avih

M ()P

M 1/53

@) 1/i°+1/7"

y V3V
Ve

. Determine the conjugate complex number z* of z:

. Evaluate the (complex) roots of the following quadratic equations:

3 3,

b =—4=-
(b) z; YRR,
2—272
2= 4J

267
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8. Compute w =z — zp +z3™:

@ z1=5-2j (b) z; =4-3.5]
Zp =2-13j Zp =342
z3 =—4+6j z3 =7.5j

9. Compute the product w = zqz5:

(a) 21:1+j (b) 21:372]-

22:171- 22:5+4j

10. Determine

(@ (16+jv2)/2v2 (b) (4-jv3)/2i
(© (2+3))/(2—4)) (d) 1/(1+1])
I—j  1+4] 2-jV3
11. Convert the following sums into products:
(@) 4x2+49y? (b) a+b

9.2 Graphical Representation of Complex Numbers

12. Plot each point z; and —z;* in the complex number plane:

@ z1=—-1—j (b) zo =342 (€) zz=5+3]
(d) z4 =] !
4= (&) z5= -3+ 3] ) z6 =2
13. Using Fig. 9.16, determine the real and imaginary parts of each point
21,22, ,Z6-
YA
29 1
2]
Z3 g
1 3
24 2¢
25

Fig. 9.16
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14.

15.

16.

17.

18.

19.

20.

21.

Convert the complex number z = x +jy to the polar form
z=r(cosa +jsina):

@ z=j-1 (b) z=—(1+])

Transform the complex number z = r(cos« + jsina) into the form z =
X+jy:

@ z=5 (COS% —jsin %) (b) z =4(c0s225° +jsin225°)
Compute z; z5:
(@) z1 =2(cos15° +jsin15°) (b) z; = v/5(cos80° +jsin80°)
25 = 3(C0s45° +jsin45°) 23 = /5(c0s40° + jsin40°)
Calculate z;1 /z5:
(@) z; =c0s70°+jsin70° (b) z; =4
Zp = €0S25° + jsin25° 25 = 4(c0s30° + jsin30°)

(Hint: 4 = 4(cos360° + jsin360°))

What is meant geometrically by the multiplication (or division) of a complex
number by —j?

Calculate
@ (1-))° Ll AY
a) (1—j -

(1-) ® (3-i3V3)
(@) Prove that (cos50° — j sin50°)* = c0s200° — j sin200°.

(b) State De Moivre’s theorem.

Calculate all the roots of

(@ v—=5+12j (b) /cos60° +jsin60°

9.3 Exponential Form of Complex Numbers

22.

23.

Using Euler’s formula, compute cosa and sina and convert to the alge-
braic form:

(a) ejn/2 (b) ejrr/3

Let the values for el® and e~1¢ be given. Compute the values of o, cos« and
sina:

@ e*=1 (b) e*=-1
eiJa = 1 e*JOl — —1
e — ) 1 i
(C) € ] (d) ele — _\/§+ i
_ ) 2 2
gl* =

e e — 3L
2\/_ 2
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24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

9 Complex Numbers

Given the complex number z = x +jy,w = € is then a new complex num-
ber. Put it in the form w = re!* and compute r and « if

@) z=3+2] (b)z:Z—%

Transform the complex number w = e into the form w = u +jv if
| 3 .

@ z:z—i-jjr?) (b) Z—E—jﬁ

© z=-1-i7 (@) z=3-]

Let the complex quantity z be a linear function of the parameter ¢ (for ex-
ample time), i.e. z(t) = at +jbt (0 <t < oo). Given

(@) z(t) = —t+j2nt,
(b) z(r) :2t—j%t,

(i) what is the real part, Re[w(z)], of w(z) = ()2
(i) what is the period of Re[w(?)]?
(i) what is the amplitude of the function w(z) at time r = 2?

Compute the product z; z5:

. 1 .
() z1 = 2el7/2 (b) z; = EeJ”/4
1 3 .
Zp = EeJ”/z Zy = ze*J3”/4

Calculate for the pairs of numbers zy, z, in the previous exercise the quotient
Z1 */22.

a) Given z = 2e/7/5 calculate z°.
G 2el7/5  calculate z°
(b) Givenz = %ej”/“, calculate z3.
(a) Given z = 3261197 calculate z1/5.
. 1 .
(b) Givenz = EeJG”, calculate z1/4.

Given z = rel® what in each of the following cases is the angle o for which
0<a<2m?

() z=3el’" (b) z = %ejl4n/3

Put the following complex numbers into exponential form:
@ 5-5j (b) 15—13j

(a) Put the expression z = 2.5e13"3%" into the form x +jy.
(b) Calculate ei146°e~182° and express the result in the form z = x +jy.
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9.4 Operationswith Complex Numbers Expressed in Polar Form
(1+0)?

V2(1-j)

(b) What is the polar form of this complex number?

35. Put z = —2(c0s30° —j sin30°):

34. (a) Determine the real and imaginary parts of

(a) into the form x +jy,
(b) into exponential form.



Chapter 10
Differential Equations

10.1 Concept and Classification of Differential Equations

Many natural laws in physics and engineering are formulated by equations involving
derivatives or differentials of physical quantities.
An example is Newton’s axiom in mechanics, which states

Force = mass x acceleration

The acceleration is the second derivative of the displacement x with respect to the
time ¢. The law can be written as

F =mi(t)

The force F may be constant or a function of the displacement, a function of the
velocity v or a function of some other parameter of the system. We are interested in
the displacement as a function of time, i.e.

x=ux(t)

To find it, we must solve Newton’s equation.

An equation containing one or more derivatives is called a differential equation.
In what follows we will use the term DE for short.

Let us consider a concrete example. The motion of a body of mass m falling
freely (see Fig. 10.1) is described by the DE

mx = —mg
or X=-g

(Air resistance is neglected; g, the acceleration due to gravity, is 9.81 m/s2.) We
require the displacement x(z), which is determined by the DE given above.

K. Weltner, W. J. Weber, J. Grosjean, P. Schuster, Mathematics for Physicists and Engineers
ISBN 978-3-642-00172-7 © Springer 2009
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7 |
mg
SN S
Fig. 10.1

Later we will show how to solve such an equation systematically, but for the time
being we will merely quote the result.

The position of a body at an instant of time ¢ which satisfies the DE x = —g is
given by

1
x(t) = —Egtz +Cit+C3
C1 and C, are arbitrary constants. You can verify the correctness of this solution
for yourself by differentiating it twice. Thus a DE serves to determine a required
function, unlike an algebraic equation which determines numbers.
In general, the DE of a function y(x) may contain one or more derivatives of that

function, as well as the function itself and the independent variable x.
Examples of DEs are

V' +x2y" +y?4+sinx =0

Y +x=0

¥y —3x =0
Among the great number of possible types of DE encountered in physics and en-
gineering the most important ones are the linear DEs of the first and of the second

order, with constant coefficients.
But first we must define the terms order of a DE and linear DE.

Order of aDE
Definition  The order of a DE is defined by the highest derivative contained
therein. Thus an nth order DE contains an nth derivative.

Examples are

y'+ax =0, whichis of the first order
and y”+7y =0, which is of the second order.
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Linear DE

Definition If the function y and its derivatives (y’,y”,...) in a DE are all
to the first power and if no products like yy’,y’y" etc. occur,
then the DE is linear.

Examples are

y"+7y+sinx=0 and  5y'=xy  which are linear DEs.
y"4+y%2=0 and (y”)>=x%y which are non-linear DEs.

Linear DE with Constant Coefficients

Definition The DE
azy"+ary' +apy = f(x)

where a, # 0 and a,a; and ag are arbitrary real constants, is
called a second-order linear differential equation with constant
coefficientssince all a ; are constants.

Given the linear DE with constant coefficients

azy" +ayy’ +apy = f(x)
We must distinguish between two cases:

f(x)=0 and f(x)#0

If f(x) =0, then the DE is referred to as a homogeneous DE. If f'(x) # 0, then it
is referred to as a non-homogeneous DE.

A homogeneous DE is my” +yy +ky=0
A non-homogeneous DE is my” +yy +ky =sinwx

If in the DE in the definition above, a, = 0 and a; # 0, the equation becomes
a1y’ +aopy = f(x), which is a first-order linear DE with constant coefficients. (a;
and aq are real numbers.)

The following equations are examples of first-order linear DEs:

y' —gt=0
y' —xy =0

Every function which satisfies a DE is called a solution of that DE. The purpose
of this chapter is to deal with the problem of finding solutions of DEs. Before pro-
ceeding further, let us consider the solution of the equation y” = —g. The following
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equations are possible solutions of this DE, as can easily be verified by inserting in
the DE:

1

y1 = —ng2+C1x+C2
1

y2 = —78x*+C,

1
y3 = —ng2+C1x

1
and — _Z_gy2
Y4 2gx
The solutions y,, y3 and y4 are obviously special cases of the solution y;. They are
obtained when constants are set to zero. We are allowed to give C; and C, any value
we like, e.g.
Ci=-1, Cy=5

Hence the solution y = —1/2gx? — x + 5 is another solution of the DE y” = —g.
Thus we have made it clear that y; is a solution of the DE, no matter what values we
assume for C; and C,. This implies that the solution of the DE is not uniquely deter-
mined. The constants which appear in the solution and which we can choose freely
are called integration constant. The solution is referred to as the general solution
before the constants are evaluated.

The number of constants which appear in the solution of a DE is determined by
the following lemma.

Lemma 10.1 The general solution of a first-order DE contains exactly one
undetermined integration constant. The general solution of a second-order
DE contains exactly two integration constants, which can be chosen indepen-
dently of each other.

This statement follows from the fact that a first-order DE requires one integra-
tion and hence one constant of integration, while a second-order DE requires two
integrations, and hence two constants of integration.

A special solution of the DE is obtained by assigning particular values to the
constants in the general solution. The special solution is called a particular solution
or a particular integral.

In the example above, the second, third and fourth solutions are particular so-
lutions of the general solution, i.e. of the first solution (C; = 0,C, = 0, and
C1 = C5 = 0, respectively).

We are, above all, interested in the general solution, since it contains all the par-
ticular solutions. A particular solution is obtained if additional conditions are im-
posed. These conditions are referred to as boundary conditions.

There is a similarity with the problem of integration. An indefinite integral is
a general solution, while the definite integral is the particular solution when certain
conditions are imposed, such as the limits of integration.
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The constants in the general solution of a DE are chosen in such a way as to
satisfy the boundary conditions. The problem in physics and engineering is that
of obtaining a particular solution by fixing boundary conditions in order to solve
a particular case.

We will now develop methods for solving first- and second-order DEs with con-
stant coefficients.

10.2 Preliminary Remarks

It has already been mentioned that a special case of the linear second-order DE is
obtained by setting a; =0 in
azy" +ary’ +aoy = f(x)

The result is the linear first-order DE

ary' +apy = f(x)

For this reason, we will derive the solution for the second-order DE and only refer
briefly to its application to the first-order DE. The main reason for doing this is
that in physics and engineering many of the problems we meet lead to second-order
DEs.

Finding a solution for the non-homogeneous second-order DE is made easier by
the following lemma.

Lemma 10.2 Consider the non-homogeneous DE
azy" +ary’ +aoy = f(x)
Let yc be the general solution of the homogeneous equation
azy" +ary +agy =0

yc isalso called the complementary function.
Let yp bea particular solution of the non-homogeneous DE

ary" +ary +aopy = f(x)

Then the general solution of the DE is given by

y=Yetp (10.1)
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Proof We will first show that y = yc + yp is a solution of the DE.
According to the assumptions we have made for the homogeneous DE,

azyc” +aryd +agyc=0 [1]

For the non-homogeneous DE we have

azyp” +aiypy' +aoyp = f(x) [2]

Substituting y = y¢ + yp in the non-homogeneous equation gives

az(ye+yp)" +ar(ye+yp) +ao(ye+yp) = f(x)

Rearranging gives

(azye" +aryd +aoye) + (azyp” +aryy' +aoyp) = f(x)

But the first bracket is zero, according to Eq. [1], and the second bracket is in accor-
dance with Eq. [2]. It follows that y = y¢ + yp is a solution of the non-homogeneous
DE. Furthermore, since we assumed that y. is the general solution of the homoge-
neous DE, it contains two arbitrary constants (cf. Lemma 10.1). Hence the solution
¥ = yc + yp also contains two arbitrary constants which can be chosen indepen-
dently of each other: it is the general solution.

According to Lemma 10.2, the general, or complete, solution of

azy" +ary +aoy = f(x)
can be achieved in three steps:

Step 1: Find the complementary function y. of the homogeneous equation.
Step 2: Find a particular integral yp of the non-homogeneous equation.
Step 3: Add both solutions to obtain the general solution of the non-homogeneous
equation:
Y =Yc+¥p

To solve DEs, physicists and engineers will often look up solutions from a col-
lection of solutions and will only try to find solutions for themselves when such
a collection is not at hand. Even in these circumstances they will not necessarily
follow a systematic procedure that is always successful; instead they will try to find
a solution and then use the principle of verification to prove that it is valid. If the
assumed solution is found not to be valid, it is modified and the process repeated
until a valid solution is found. To guess successfully requires experience which the
learner, obviously, does not possess; in the following section we will therefore con-
sider systematic methods of solution.
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10.3 General Solution of First- and Second-Order DEs
with Constant Coefficients

10.3.1 Homogeneous Linear DE

In this section, we derive a method for finding solutions of first- and second-order
homogeneous DEs with constant coefficients. The method is always successful.

Homogeneous First-Order DE

We will consider briefly the first-order DE with constant coefficients
ary’ +aopy =0

Rearranging the equation gives

d a
204,
Yy ai
Integrating both sides gives
a
Iny = — 0% x + constant
ai
For convenience, we can write InC for the constant. The solution is
a
y=Ce""*  where rj=——2
ai

This type of equation is frequently encountered in, e.g. the decay of radioactive
substances, the tension of a belt round a pulley, the discharge of a capacitor in an
electric circuit.

Note: If it is possible to write any DE with only x terms on one side and only
y terms on the other, the solution can be obtained by straightforward integration of
both sides. This is called separation of variables.

Homogeneous Second-Order DE
We now seek a general solution of the homogeneous second-order DE with constant

coefficients, i.e.
ary" +ar1y' +agy =0
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The solution of this equation will contain two arbitrary constants, corresponding to
two different solutions y; and y,. The solutions must be linearly independent, i.e.
they cannot be represented by y; = Cy,, where C is some constant, for all values
of x in the interval considered. The following lemma will be useful for finding the
general solution.

Lemma 10.3 If the homogeneouslinear DE

azy" +ayy +agy =0

has two different solutions y; and y,, then the following expression is also
a solution of the DE:

y=Ciy1+Cy2
C; and C, may bereal or complex quantities. This expression is the general
solution of the DE.

Proof We assume that

ary" +aryi'+aoy1 =0 [1]
azy2" +aryx' +agy: =0 [2]

Substituting y = C1y1 + C2y» in the DE gives

az(C1y1+C2y2)" +a1(Ciy1 4+ Cayz) +ao(Cry1 +C2y2) =0

Rearranging the terms gives

Ci (azy1" +a1y1’ +aoy1) + Ca(azyz +ary2 +agyz) =0

By [1] and [2], both expressions in brackets are identically zero. Hence we have
proved that
y=Ciy1+Cy2

is a solution of the DE. It is the general solution since it contains two arbitrary
constants.

We must find two linearly independent solutions y; and y,. Guided by the results
for the first-order DE, we assume that the second-order DE is solved by functions
of the type y = e"*. The admissible values for the unknown r are to be determined.
Table 10.1 shows the systematic procedure and an example.

The roots of the auxiliary equation will depend on the values of the constants
az,ay and ag. We must therefore examine these roots carefully. There are, in fact,
three cases to distinguish.
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Table 10.1

Systematic procedure for the solution of the Example
homogeneous second-order DE

Let the equation be

ary"+a1y +apgy =0 y'+3y'+2y=0
Let y = e”¥ be a solution of the DE. Substituting
for
dy
I — pelx —e'X, I — L pelX
y Yy - dx r
2
and y// — p2er'x y// _ d y — p2el'X
dx2

gives arr?e’ +a;re’¥ +ape’* =0
We can factorise e’ ~:

e (arr?+ajr+ag)=0 e (r243r+2)=0
Since e"* #£ 0, the expression in the bracket must
be zero:
a2r2+a1r+a0:0 r24+3r+2=0

This is a quadratic in r. It is called the auxiliary
equation of the DE. Its roots are

—a = \/(112*4(12(10

rl_’2: 2a 7‘12717 r2:72
2
Provided that r; and r, are different, the general
solution of the DE is
y =C1e'1* 4 Cyre2X y=Cre X +Cre2¥
Let us recapitulate. Given the DE
" !
azy" +ary +apy =0
we found the solution to be y = Cie"1" 4 Cpe™2*
(10.2)

—a; ++v/a1?2 —4azag

with r —
12 2a2

Case 1: The expression a2 — 4asay is positive.
Here the roots are real and unequal.

Example Solve 2y” + 7y’ +3y = 0.
The auxiliary equation is 2r2 +7r +3 = 0.
The roots are r; = —0.5,r, = —3, and the general solution is

y = Cle—O.Sx + C2e73x

The solutions are combinations of exponential functions. A detailed discussion of
this type of solution with respect to applications can be found in Sect. 10.4.2.
Case 2: The expression a;2 — 4asay is zero.
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Here the two roots are equal and so far we know only one solution, namely e"*:

ai

o 2a2

We need to find a second solution. Let us assume that it is of the type y = ue’™*,

where u is some function of x. Differentiating we find
y/ _ u/erx + rue’™x y// _ u//erx +2ru/erx + rzuerx

Substituting in the DE gives

a
use r = —— ) aru”e"™* =0
26!2

The DE is satisfied only if u” = 0, i.e. if u is a linear function
u==_Cy+Crx
Then the solution of the equation is
y=(C1+Cx)e"™ (10.3)
As it contains two arbitrary constants, it is the general solution.
Case 3: The expression a2 — 4asay is negative.
Here the roots r1 and r, are complex conjugates. As we are concerned with real

solutions we must show how complex roots lead to real solutions.
To simplify, let the roots be denoted by

ri=a+jb and rp=a—jb

1
where a=—21 and b=—+4arag—a;?

2a, 2a,
The general solution of the DE is then
y = C1el@Hib)x | cpela-ib)x
= g% (C1 glbx 4 Cze’jbx)
From Euler’s formula ((9.4) in Chap. 9, Sect. 9.3.1)
etlx =cosx +jsinx
Substituting for the complex exponential gives

y = e**[(Cy + Cy)cosbx +j(Cy — Cy)sinbx]
or y =e**(Acoshx + Bsinbx) (10.4)
where A =C; +Cy and B =j(Cy1 — C3).

To demonstrate that we can obtain a real solution from this general complex
solution, we will consider the following lemma.
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Lemma 10.4 Let the solution of the homogeneous DE
azy" +a1y' +apy =0
be a complex function y of thereal variable x so that

y=y1(x)+jy2(x)

The constants a,,a; and ag are assumed to bereal.
Then the real part y; and the imaginary part y, are particular solutions,
and the general real valued solution is given by

y=Ciy1+Cy2 (10.5)

with real constants C; and Cs.

Proof According to our assumption, we have

ar(y1+ijy2)"+ai(y1 +iy2) +ao(y1 +jy2) =0

Collecting real and imaginary parts gives

(azy1"+a1yr’ +aoyr) +j(a2y2" +aiy2' +agy2) =0

But a complex number is exactly equal to zero if the real and the imaginary parts
are zero at the same time. Hence

axy” +aiyi’ +aoy1 =0
and azy2" +aiy2' +agy, =0

From this it follows that both y; and y, are solutions of the DE and, according to
Lemma 10.3, the general solution is

y=C1y1+C2y2

thus proving the lemma.
We can now state that if the auxiliary equation of the homogeneous DE has con-
jugate complex roots r; = a + jb and r, = a — jb there is a real solution given by

y =e**(Acosbx + Bsinbx)
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Example Solve y” +4y’+13y =0.
The auxiliary equation is 72 4 4r + 13 =0,
whose roots are ry = —2+3jand r, = —2 — 3j.
By the above, the general solution is

Y =e 2¥(C;cos3x + Casin3yx)
Summary The solution of the homogeneous second-order DE
azy" +ary +apy =0

with constant coefficients may be summarised by the following steps.
Set up the auxiliary equation.
y" is replaced by r?
y' is replaced by r
y is replaced by 1

The auxiliary equation is a>r? +air 4+ag = 0.
Calculate the roots r; and r, of the auxiliary equation:

7a1:|: a1274a2a0

rp2=
' 26[2

Obtain the general solution according to the following three possible cases.

Case 1 If r1 # r; are real and unequal roots

y = C1e"* 4 Cre™* (10.2)
Case 2 If r; = r are equal roots

y =e"¥(Cy + Cyx) (10.3)
Case 3 If r1 and r, are complex roots with

ri=a+jb and rp=a—jb

10.4
y =e%*(Cycoshx + Cysinbx) (104)



10.3 General Solution of First- and Second-Order DEs with Constant Coefficients 285

10.3.2 Non-Homogeneous Linear DE

According to Lemma 10.2, the complete solution of the non-homogeneous DE is the
sum of the complementary function and a particular integral. We have learned how
to find the complementary solution, i.e. the solution of the homogeneous equation.
We must find methods for obtaining a particular solution. One method, called the
variation of parameters, which always yields a solution is discussed later in this
section. The only problem with this method is that it is long-winded. Consequently
we often tend to find a way of guessing a particular solution. You may think this is
unsatisfactory, but with practice you will soon appreciate its value.

Example Find a particular integral of the DE
Yity=5

One such particular integral is
Yp=35

since yp” = 0 and y, = 5 satisfy the DE.
Generally, if the right-hand side of the non-homogeneous DE is a constant, so that

azy” +ary' +apy =C (ag #0)

then a particular integral is y, = C /ao, since y,' =0 and y,” = 0.

Solution by Substitution or by Trial

Given the DE ayy” +ayy" +aoy = f(x). We wish to obtain particular solutions
for typical functions f (x), the right-hand side of this non-homogeneous equation.

The most important cases encountered in practice are those where f (x) is of the
type Ce** Csinax, or C cosax or of the polynomial type.

If the function f(x) is the sum of two or more types, a particular solution is
found for each term separately and then these solutions are added. Note that the DE
is linear!

Polynomial function f(x) =a+bx +cx?+...inwhich a,b,c,... are constants.

The only functions whose differential coefficients are positive integral powers of
the variable x are themselves positive integral powers of x. Hence, for a particular
integral, we assume

yp=A+Bx+Cx*+....

The degree of the function assumed for y, must equal the degree of f(x), and
no powers of x can be omitted, even if the RHS of the DE does not contain all
powers. Substituting yp and its derivatives in the DE and comparing coefficients of
the different powers of x gives equations for the coefficients A, B,C, ...
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Example Find a particular integral of the DE
y' =3y +2y =3—2x2
Since the RHS is a quadratic, we assume
yp=A+Bx+Cx?

Hence y,' = B+2Cx and y," =2C
Substituting in the DE gives

2C —3(B+2Cx)+2(A+ Bx+Cx?)=3-2x2

Comparing coefficients we find

for x2, 20=-2, C=-1
for x, —6C+2B=0, B=-3
constant terms, 2C -3B+24=3, A=-2

A particular integral is
Yp=—-2-3x~— x?

Exponential function  f(x) = Ce*~.
We have seen that differentiating an exponential gives an exponential. Hence we
assume for a particular solution that

Vo= Aerx
Substituting in the DE, we find
(azlz +aiA+ag) Aer* = cet*
The unknown factor A is then given by

_ C
o azlz +aiA+ag

If, however, e** happens to be a term of the complementary function the method
fails, since ax A2 + a1 A +ag = 0. In this case, we can substitute Yp = Axelr*.

Should this fail because xe** is a term of the complementary function, then we
assume yp = Ax2e**, and so on.

Example Find a particular integral of
y// _ 4y/+ 3y = 5e73x

The roots of the auxiliary equation are 3 and 1. Thus e=3* is not a term of the
complementary function; hence we assume
yp = Aei?’x
yp' = —34e7>*
yp// _ 9Ae73x
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Substituting in the DE gives

5
so that A=—
24
A particular integral is
5 —3x
=—e
LAY

The complete solution is

5
=C1e¥ + 0"+ e
y 1877 + (287 + oy

Example Suppose that the RHS of the previous example was 5e*. As e* is a term
of the complementary function, we assume
yp = Axe*
yp' = A xe* + Ae* = A(xe* +e%)
yp' = A xe* + Ae® + Ae* = A(xe* +2e%)

Substituting in the DE, we have

(x+2—4x—4+3x)A4e* = 5e" or —24=5
5
Hence A=—=
2

A particular integral is

The complete solution is

5
y =C1e%% + Cre* — Exex

Trigonometric function  f(x) = Rjsinax+ Rcosax.
The differential coefficients of sine and cosine functions are trigonometric func-
tions also. We therefore assume for the particular integral that

yp = Asinax + Bcosax

We then calculate the derivatives, substitute in the DE and compare the coefficients
of sine and cosine in order to obtain equations for 4 and B.

If the complementary function contains terms of the same form, i.e. sinax,cosax,
the method fails and, as for type 2, we substitute

y = Axsinax + Bxcosax
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Example Solve y” —3y’+2y = 7sin4x.
The roots of the auxiliary equationare ry =1, r, =2
The complementary function is

Yo = C]ex + Czezx
To find a particular integral, we assume that

yp = Asin4x + Bcos4x
yp' = 4Acos4x —4Bsindx
yp" = —16Asin4x — 16 Bcos4x

The DE becomes

—16Asindx—16Bcos4x—12Acos4x+12Bsin4x+2Asindx-+2Bcos4x=7sin4x

We compare the coefficients of sin4x and cos4x:

—14A+12B =7

—14B—-124=0
Hence A:_—49 and B:E.
170 85

The general solution is

49 21
= C16" + Cr6%* — —sindx + = cos4
y 167 +C2 170 x—|—85 X

Example Solve y” + 9y = sin3x.
The roots of the auxiliary equations are

rl = 3j y }"2 = 73j
The complementary function is
ye = C1€083x + C,8in3x

Since f'(x) =sin3x is a term of the complementary function, we assume for a par-
ticular integral that

Yp = Axsin3x + Bxcos3x

Thus ¥p = 3Axc0s3x + Asin3x — 3Bxsin3x + B cos3x
and yp = —9Axsin3x +6A4c0s3x — 9Bx cos3x — 6Bsin3x

The differential equation becomes

—9Axsin3x +6Ac0s3x
—9Bxc0s3x —6Bsin3x +9A4xsin3x +9Bxcos3x = sin3x
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Comparing the coefficients of sin3x and cos3x, we find

1
B=——, A=0
6’

The complete solution is

. 1
y =C1c083x + C,SIin3x — Ex cos3x

Method of Variation of Parameters

Let us consider the linear non-homogeneous DE with constant coefficients. No as-
sumptions are made about the type of f'(x).

ary" +ary +aopy = f(x) [1]

Let y; and y, be independent solutions of the homogeneous equation. We then
know that the complementary function is yc = C1y1 + Cay>.
We need to find a particular integral yp,. We assume that it is of the follow-
ing form:
y=Viy1+Vay2 [2]

V1(x) and V,(x) are two functions of x to be determined. Hence we require two
equations for the two unknowns, V; and V5.

Substituting Eq. [2] in Eq. [1] gives one equation which must be satisfied by 1,
and V5. We then try to find another equation which will simplify the calculation of
V1 and V;,. Although this equation may be chosen arbitrarily, it must not contradict
the first equation. Differentiating Eq. [2], we find

yo=(Viy1 +Vaya) + (Viyi + Vay2)

yp can be simplified by choosing the second equation for the unknowns ¥ and V5
to be

Vivi+ V352 =0 [3]
Hence Yp = V1Y +Vays [4]
and Yo =Viyi +Vays + Viyi+Vayh [5]

Substituting Eqgs. [4] and [5] in Eq. [1] and rearranging, we have

Vi(azyl +ai1yy +aoy1) + Valazys +aiys +aoy2) +az(Viyi + Vays) = f(x)

Since y; and y, satisfy the homogeneous DE, the expressions in the first two brack-
ets vanish. Hence we have

ax(Viy1 +Vays) = f(x) [6]
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Equations [3] and [6] are really the only ones that concern us. It is these that we
have to solve in order to find V{ and V. We now obtain

v/ — —f(xX)y2 V! — S ()

- , = (10.5a)
Y a(viyh —viy2) 27 a1y —yi»2)

Since y; and y, are independent solutions of the homogeneous equation, the de-
nominator does not vanish identically.

If we denote the expressions on the right-hand sides by g;(x) and g»(x), then
V1 and V, are obtained by integration:

V= '/gl(x) Ay, Vo= '/gz(x) dx (10.5b)

You may have noticed that this method is somewhat lengthy.
This is the reason for attempting the trial solution approach first.

Example Solve y” — y = 4e*.
The complementary function is

Ve = Clex + Czefx

ie. yr=¢e*, yy=e"%
For a particular integral let
Yp= VieX + Ve ¥
First, we compute the denominator of the integrands:
y1ya—yiy2 =e*(—eF)—eTe T =2
Second, we compute the parameters V7 and V5, by integration:
1
7/_f(X)y2 dx = —/4exe’x dx =2x
-2 2
1
V2 = /_f(x)2y1 dx = —§/4e2x dx = —e*

Third, we can write y, explicitly:

1

yp =2xe¥ —e*e ¥ =e¥(2x — 1)
The complete solution of the DE is

y=C1e"+Cre™ "+ (2x —1)e*
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10.4 Boundary Value Problems

10.4.1 First-Order DEs

Let us consider the equation a1y’ +agy = 0. The auxiliary equation is r; =
—agp/ay. The solution is
y — Cerlx

Since C can take on any value, there is an infinite number of solutions. But we often
know the value of the function or its derivative at a particular point. For example,
we might state that for a body in motion its velocity is vy at time ¢ = 0. Such
a condition is referred to as a boundary condition or initial condition, and this fixes
the value of the constant C. The general solution becomes a particular solution
because it satisfies a preassigned condition. According to Lemma 10.2 a first-order
DE contains one arbitrary constant. This constant is determined by one boundary
condition.

Example Solve y’+3y =0, so thatwhen x =0,y =2 (i.e. the solution is to contain
the point x =0,y =2).
The general solution is

y = Cef?’x

Substituting the boundary condition, we have
2=Ce’=C; hence C=2
Consequently, the particular solution satisfying the boundary condition is

—3x

y=2e

10.4.2 Second-Order DEs

The general solution of a second-order DE has two arbitrary constants. We therefore
require two boundary conditions to calculate their values. These conditions may take
various forms. For example, the solution might have to pass through two points in
the x — y plane, or it might have to pass through one point and have a certain slope
at another. These conditions could be stated thus:

at x=x;, y=y; andat x=x3, y=y
or at x=x;, y=y; andat x=x2, )y =y}
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Example Figure 10.2 shows a cantilever beam of length L supporting a load W at
the free end. The DE is given by

EIy'—M=0

where the bending moment M at a section XX is Wx. The product El is constant
and is a property of the beam material and its cross-sectional dimensions.

Fig. 10.2

Solve the DE, given that

when

and when } boundary conditions

TheDEis EIy" = Wx
This second-order DE can be solved directly by integrating twice: thus

, Wx?

Ely +C [1]

W 3
and EIszx-i-Clx-i-Cz 2]
Let us now consider the boundary conditions. Since y’ = 0 when x = L, we have

B WL?
2

C =

Since y =0 when x = L, we have
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The desired solution is

1 (Wwx? WLx  wL3

y__l( 6 2 3 )
o b ()
EI\6 2 3

Example Solve y” + y =0, given that y(0) = 0 and y () = 1 (boundary condi-
tions).
The roots of the auxiliary equation are r; = j and r, = —j. The general solution is

y = Cypsinx + C,c0Sx
Substituting the first boundary condition in this equation, we have
0=C1siN0+Cc050=C1 x0+Co

Hence C, =0
The second boundary condition stipulates that

1=C1sint+Cac05B8=Cy x 0+ Cy

Hence C, = —1

In this example, the two given boundary conditions contradict each other: they
cannot both be satisfied if the solution is expected to be a differentiable function.
No differentiable solution exists.

10.5 Some Applications of DEs

10.5.1 Radioactive Decay

Let N(¢) be the number of radioactive atoms present at time 7. We assume that the
rate of decay with time is proportional to the number of atoms remaining, i.e.

dN(z)
dr

If we introduce a factor of proportionality k, bearing in mind that the number of
atoms is decreasing with time, the DE is

d
EN(Z) =—kN(t) (k>0)

or N+kN =0

o< N (1)

This is a homogeneous first-order DE whose solution is

N =Ce kt
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To fix C, we need to choose some initial value. For example, let Ny be the number
of atoms attime r =ty = 0. Then

Nog=Ce*o=ce’=C
The particular solution is N = Noe*k’

10.5.2 The Harmonic Oscillator

Free Undamped Oscillations

Figure 10.3 shows a mass m on a spring of stiffness & (load per unit elongation). If
the mass is pulled down by an amount x from the equilibrium position, the spring
will exert a restoring force trying to bring back the mass towards that position.

Fig. 10.3

By Newton’s second law of motion,
mx(t) = —kx(t)
N k
x+a),%x:0, w,%:a
wy, = natural frequency
This is a linear second-order DE. The auxiliary equation is
r? 4 a),% =0

The roots are r{ = jw, and r, = —jwy,.
The general solution is (cf. Sect. 10.3.1, Case 3)

x = C1coswyt + CarSinwy,t

We need two boundary conditions to determine the values of C; and C».
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For example, the boundary conditions of an oscillation are

x=0 at r=0 (position atthe instantz =0)
x=vy at t=0 (velocity attheinstants =0)

Substituting the first condition in the DE above gives

0= C;c0s0+ C5,sin0
Hence C{=0

Substituting the second boundary condition gives
X =v9 =—w,C15IN0+ w,Crc050 = w,C,

Hence C, = vo/wp
The particular solution is

Vo .
X = —SINwyut
Wn

showing that the motion of the mass is oscillatory at a frequency of w,, rad/s and of
constant amplitude vo /@y, .

The general solution of the DE is a superposition of two trigonometric functions
with the same period (Fig. 10.4):

x(t) = C1coswpt + CaSinwpt

According to the superposition formula in Chap. 3, Sect. 3.6.6, x(¢) can be ex-
pressed in the form

x(t) = Ccos(wpt —a)

where C =1/C?+Cy?
4 (Cy
and =tan ! ==
¢ (Cl)

(A

I
\_

~Y

Fig. 10.4
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Thus, if we start with
x = Ccos(wpt — )

as the general solution, we have two unknown constants, C and «. These are deter-
mined by the boundary conditions as before.
Sincex =0atz =0and x = vy atz = 0, we have

0= Ccos(—a) =C cosa

Since C # 0, it follows that oy = 7 /2 or ap = —7 /2.
Differentiating x gives

X =—wpCsin(w,t —a)

Inserting the second boundary condition gives

Therefore C = il
Wn

The particular solution is

Vo T Vo .
X = —CO0S (a)nt — —) = —SINwyt
[ 2 Wp
which is identical to the previous solution.
Finally, we could also have chosen the solution

X = C()Sin(a)nl‘ —l—Olo)

You should verify this for yourself.

Damped Har monic Oscillator

The harmonic oscillator considered above is an ideal case. In reality, friction is
present in all systems in the form of dry friction, viscous friction and internal fric-
tion between the molecules in a material. Friction in whatever form slows down
motion because it dissipates energy in the form of heat which cannot be recov-
ered. No matter how small the friction is in a system (such as our spring-mass
system) oscillations will eventually die out. The effect of friction is known as
damping.
The friction or damping force is given in some cases by

F=—cx

where ¢ is a friction or damping coefficient, x is the velocity and the minus sign
indicates that the force acts in a direction opposite to the motion. By Newton’s
second law, the equation of motion for our spring-mass system becomes

mx+cx+kx=0
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This is the DE of motion for free oscillations or vibrations, meaning that there are
no external forces acting on the system.
The auxiliary equation is

mr2+cr+k=0

whose roots are

—¢ V2 —amk
rlzziiiz—aib
' 2m 2m

As we saw in Sect. 10.3.1, there are three cases to consider, these depend on the
value of ¢2 —4mk, i.e.

c2—4mk >0, ?—4mk<0, c*—4mk=0

Casel: c? —4mk > 0.
This means that the roots are real and unequal. In this case the general solution is

X = C]erlt + Cze’2’

—e ¥ Cq ebt + Czeibt:|

This corresponds to an over-damped system, and its response from a given initial
displacement is shown in Fig. 10.5. No oscillations are present. The system will
return to the equilibrium position slowly.

x(t)A

Y

o)

Fig. 105

Case2: c?2 —4mk =0.
The roots are equal, i.e. r{ = r, = —a. The general solution is

X = (Cl + Czt)e*‘”

The system will return to the equilibrium position more quickly than the system in
Case 1 but again there will be no oscillations. It is referred to as critical or aperi-
odic and the damping is called critical damping. Its response from a given initial
displacement and initial velocity is shown in Fig. 10.6.
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oY |

~Y

0

Fig. 10.6

Case3: ¢ —4mk < 0.
The roots in this case are complex conjugate, i.e. ry = —a+jb,r; = —a — jb,
with a > 0. The general solution is

x=e% [Cl el + Czeijbt
or x =e “[Ci(cosht +jsinbt) + Cy(cosht —jsinbt)]
=e % (Acosht + Bsinbt)

where A =C; +Cy and B =j(Cy — C3) and A and B are arbitrary.

We should point out that although C; and C, may be complex, 4 and B are not
necessarily complex. As we are dealing with a real physical problem, the solution
must be real, hence A4 and B must be real, which means that C; and C, must be
complex conjugate numbers.

The displacement x may be put in another form thus:

x = Ce “ cos(bt — )

An examination of this function shows that the system will oscillate, but the oscil-
lations will die out due to the exponential factor. Its response from a given initial
displacement and velocity is shown in Fig. 10.7. It is a damped oscillation.

/|

. Ce —at

-~
~ Y
-~
-

o /\\‘7\-—-)—;
\/ \_/ N t

Fig. 10.7
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Forced Oscillations

The damped oscillator shown in Fig. 10.8 is how subjected to an exciting force
given by Fycoswt. Fy is constant and w is the frequency of excitation, or forcing
frequency.

Newton’s second law gives

mX+cx +kx = Fycoswt

According to Lemma 10.2, the general solution is the sum of the complementary
function x¢ and the particular integral x,. We have just examined the three possible
solutions of the homogeneous equation; it now remains to find the particular inte-
gral. The simplest approach in this instance is to use a trial solution, as discussed in
Sect. 10.3.2. Hence we assume an oscillation at the frequency of the exciting force:

Xp = Xxo COS(wt —o1)

IFO cos wt

k (spring)

m (mass)

Ej ¢ (damper)

SITTITTT
Fig. 10.8

Substituting in the DE and comparing coefficients, we find

Fy
X0 =
V(k—mw?)2 + c2w?
and tan wc
0= —
'k Tmoe?

The general solution is
X =xc+xp, xc=complementary function

Fo
V(k —mw?)? + c2w?

i.e. X = xc+ cos(wt — o)
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If there is damping in the system, the complementary function will die out after
a certain time (known as the transient phase) and the motion will be given by
F
X = 0 cos(wt — o)
V(k —maw?)2 + 202

The system will oscillate at the frequency w of the excitation. This phase of the mo-
tion is called the steady state. Figure 10.9 shows the complementary function x, the
particular integral xp, and the response of the system from the instant the excitation
is applied, i.e. x = x¢ + xp.

x(t)‘
A-
x.=Ce " cos (bt — a)
Adaa -
O e “t
(O

xp = 2y cos (wt — a;)

NANNNN
VvV VV VUV

~Y

=)

x(DA

r=1x.+ 1,

NANNNN
VAVAVAVAV,

t
1
t
!
1

~y

Q)

Transient Steady state

Fig. 10.9
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From a practical point of view, the amplitude x¢ of the steady state is most im-
portant. It depends on the excitation frequency w. If we vary  we will reach a value
which will make xo a maximum. This condition is referred to as resonance because
w corresponds to the natural frequency wy of the system. This maximum is obtained
by setting
dw

which gives

where w? = % is the undamped natural frequency, and wyq is the damped natural
frequency of the system.

XQA IOA

/Small damping

/ Large damping

[] [

c¥

o
£
ey
o

@ (b)
Fig. 10.10

If the system is undamped, then ¢ = 0. We see that the excitation frequency
corresponds to the undamped natural frequency and the amplitude grows beyond all
bounds because the denominator in xo = kj;]w2 vanishes. This situation is shown
in Fig. 10.10a which shows the amplitude of the steady state as a function of the
excitation frequency.

In practice the amplitude is reduced due to the presence of damping, no matter
how small, as shown in Fig. 10.10b. The greater the damping the smaller the ampli-
tude. With a small amount of damping the amplitude at resonance can be very large
and engineers avoid this situation.

The following sections offer, in a concise fashion, some further methods of solv-
ing certain types of DE. In Sects. 10.7.3 and 10.7.4, concepts which have not yet
been introduced will be referred to, namely ‘partial derivative’, ‘total differential’
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and ‘partial DE’. It may be advisable to skip the rest of this chapter during a first
course and to return to it when the need arises.

10.6 General Linear First-Order DEs

10.6.1 Solution by Variation of the Constant

The DEs discussed so far have constant coefficients, but that is only a special case of
what we shall start to discuss now. In this section, we are concerned with linear first-
order equations. First order means that no higher derivatives other than y’ appear;
linear means that no powers of y and y’ and no products like yy’ appear. The general
form is thus

p(x)y' +q(x)y = f(x)
The coefficients p and ¢ are arbitrary functions of x and the following are examples:

%:4x2; with  p(x) =1, q(X):%v fx) =4x?

VEY =y =1, with p(x)=vx, q(x)=—1, f(x)=1

We will now derive a method for solving first-order linear DEs which relies on the
method of variation of parameters from Sect. 10.3. A quicker method, using the
integrating factor, is described in Sect. 10.6.2.

We have seen how to solve systematically a DE with constant coefficients by
the method of variation of parameters. Step 1 requires us to solve the homogeneous
equation, and Step 2 to vary the constant. A general linear first-order DE can be
solved by a straightforward generalisation of this method.

p(x)y +q(x)y = f(x)
Step 1: Solve the homogeneous equation

y'+

dy B
px) g +alx)y =0

dy _ gt 4o
y p(x)

/d—y _ In|y|:—/mdx+cl

Sy J p(x)

(x)
Hence y = ce/poy o (10.7)

The function e/ (2/P)9x — [ (x) is called integrating factor, for reasons that
will soon become clear. In some other references, the integrating factor
is abbreviated as IF. [7(x)]~! is a particular solution of the homogeneous
equation.
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In order to solve the non-homogeneous equation, we will now vary the con-
stant C.
Step 2: Let the constant C become a function v(x). Assume that

y =v(x)/I(x) solves the given equation, i.e. y =v(x)e
Compute

/. r v’(x) q(x) U(x) - 1 , q(x)
YV T T p0 1) 1) <v (x)—v(x)>

Inserting this into the original equation gives

This equation allows us to compute v(x). Thus

£(x)
o) &

v(x) :'/U'(x)dx :./‘I(x)

The solution of the equation p(x)y’ +¢(x)y = f(x) reads

RN
)= g [ 1005 o

We note in passing that the general solution of any first-order DE must contain one
free parameter. In the case under consideration, this is the constant which arises in
the last integration.

Yy _ 2
Example y'+ % =4x

Step 1: The homogeneous equation reads

;Y
Z =0
Y+x
Its solution is
dy  dx
y X
Injy|=—In|x|+ C;
C
y=—
X

Step 2: Variation of the constant C = v(x).

Assume y= , Y =
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Inserting into the original equation gives

y _V) vl v V)

LHS =)'+

¥ x x2 x2 X
RHS = 4x?
!/
Thus M = 4x2
X
and U(x):/4x3dx:x4+C

The general solution of the given equation reads

C
3
X) = —
() =x7 4 —
Let us convince ourselves that this claim is correct (direct computation):

<
2

C C
y' =3x2 - = y/—i—X:?:xz——z—i-xz—i— =4x?
X X X
The DE is indeed solved by y(x). As the solution contains one free parameter
(namely C) we can be certain that it is the general solution.

10.6.2 A Straightforward Method I nvolving the | ntegrating Factor

Remember that the integrating factor is the reciprocal of a particular solution of the
homogeneous equation
(x)
I(x)=¢l P00 &

In other words, C /I (x) solves p(x)y’+¢q(x)y =0.

The name integrating factor is justified by the following observation. If the given
non-homogeneous DE is multiplied through by the integrating factor, then the LHS
can be expressed almost as an ordinary derivative:

I(x)p(x)y +1(x)q(x)y = 1(x) f (x)
Observe that

Thus PO (x)y]" = 1(x)f(x)
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The solution of the equation p(x)y’ +¢(x)y =01is
Y0 = 71y [0 () o (108)

4(x)
where (x) = el by ¥

For the sake of clarity, let us list the steps necessary for solving a linear first-order

DE, p(x)y'+q(x)y = f(x), using this result.
As a preliminary step, identify p(x),q(x) and f(x).

[

and write down the integrating factor

Step 1: Solve the integral

q(x) dx

](x) =e p(x)

Step 2: Solve the integral

I (x)
/m (X) dx

and write down the general solution. The necessary constant emerges because of the

last integration.
_ L rI(x)
y(x)= m/mf(x) dx

Example Solve /xy'—y=1.
p(x)=vx, qx)=-1, f(x)=1

Step 1: _f\d/_%:_z\/;’ I(x) =e V%
Step 2: y(x) :ez\/ff%dx:ez\/’T(fe*Z\/faL C)=Ce?V* —1

The following example shows that the method just described can also be used for
DEs with constant coefficients.

Example The DE for the current i in an electrical circuit consisting of an inductor
L and a resistor R in series is given by

di + R, _E sinwt

—+—i =—SINw

de L L
where Esinwt is the voltage applied to the circuit. Solve the equation and discuss
the solution.
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Step 1:
I(x) = el (R/L)dt _ o(R/L)t
Step 2:
i(t)=e R/ (% /e(R/L)’sinwt dt+c)
The integral has to be evaluated by parts.

(Remember that [u dv =uv — [v du.)
This integral is, leaving out the constant

Le(R/L)t
R? +w2L2(
Step 3: The solution of the DE is

Rsinwt —wLcoswt)

E .
I = m(RSlna)l —CL)LCOSCL)Z) “!‘Cei(R/L)t
E
or i=——sin(wt —a)+ Ce (R/L)
R2+w2l?
L
h —tan~! (2=
where o an ( R )

As t increases, the last term decreases and the current i tends to a steady
periodic value.

We conclude this section with a word of warning. The process of first determin-
ing the integrating factor and then the general solution of a linear first-order DE
is guaranteed to work in principle but not always in practice! The snag lies in the
annoying fact that a given integral may not have an elementary solution. Thus it
may well prove to be unavoidable to resort to numerical methods, even in cases of
presumably innocuous DEs.

10.7 Some Remarkson General First-Order DEs

10.7.1 Bernoulli’s Equations

The general Bernoulli DE for arbitrary n is

Vi4qx)y=fx)y" (n#1)
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Note that » may also be negative, but it must not be unity. A Bernoulli DE can
be converted to a first-order linear equation by means of the substitution

u=y"= (10.9)

Thenu'/(1 —n)y™ = y’,uy™ = y; hence Bernoulli’s equation becomes

Y Haouy" = f(x)y"

Dividing by y™ gives

! —
' +q(x)u = [ (x)
This is a linear first-order DE. Its solution has been shown in the preceding section.
Example y' —xy = —y3e*

This is a Bernoulli-type equation with n = 3. We put u = y =2,y = uy3.
Hence |
P Z.74,3
y = 2” y
Inserting these into the given DE gives
1
—Eu/y3 —xuy? = —y3e*"2 , w4+ 2xu = 26 %

This is a linear first-order DE for the f2unction u.
The integrating factor is 7 (x) =e*". The solution for u is

u(x) = ) / e’e ™ dx = 2xe ™ +Ce ¥

After substituting this into y = 1 ~1/2, we obtain the solution in its final form:

1 1 x2/2
y=—b—=———-t
Vu  2x+C

10.7.2 Separation of Variables

If the equation is neither linear nor of the Bernoulli type, then we may still be able
to solve it using only elementary tools. The simplest case is when the equation can
be rewritten with only y terms on the LHS and only x terms on the RHS. The DE
is said to have separable variables when it can be written in one of the following
equivalent forms:



308 10 Differential Equations
The solution of such an equation is obtained by simple integration:
/p(y)dy:*/q(X)dx:C

Example The variables in the following equation can be separated:

y/x?) — 2y2
Dividing by x3y?2, we obtain
1, 2 . 1 2
Fy:x_?” l.e. de:x—?,dx

This is an equation of the type required with p(y) = 1/y? and g (x) = —2/x3.
Now, straightforward integration gives

11
_—_4aC

y 2

dh x?
an ence = —0
Y Cx2+1

10.7.3 Exact Equations

If, in a given DE, the variables cannot be separated, there is still a chance of finding
an easy way to solve the equation. We must, however, refer to the basic concepts
of partial derivative and total differential which are covered in Chap. 12. Logically
speaking, it should be read beforehand.

Definition Let p(x,y)dy+g¢(x,y)dx =0.
If the following condition holds then the DE is said to be exact:

dp _dq

dx dy

Example 2xyy’+ y2 = x?
This can be rewritten as
2xydy 4+ (y* —x2)dx =0
We identify p(x,y) and ¢(x,y), so that
p(x,y)=2xy, q(x,y)=y*—x?
Let us now check whether the condition of exactness holds:
9p _ 9p _
ox dy
Hence the given equation is exact.

2y, 2y
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The LHS of an exact DE can be considered as the total differential of some
function F(x,y):
JdF JdF
d dx=dF = —dy+—
pdy+gqax dy y+ ox
The equation is therefore solved by the functions y(x) which are defined implic-
itly by F(x,y) = C = constant. The obvious question is how a suitable func-
tion F(x,y) may be found for any given exact DE. We will describe in general
terms a method for finding such a function. Later we will refer back to the example
just given.
The starting point can be either one of the following equations:

oF oF
E_p(xay)7 a_x_q(x7y)

dx =0

Let us choose the first one.

Step 1: From this first equation we find, by integration, that F = [ p(x,y) dy+C.
The constant of integration C is an, as yet, undetermined function of x only,
i.e. C =v(x). The reason is that any such function vanishes if the partial
derivative d/dy is taken.

Step 2: In order to determine v(x), insert F into the equation d F /dx = g(x,y).
This yields a differential equation for v(x), i.e.

oF _

ox
Note that since v(x) is a function of x only, the partial derivative d /(dx)v(x)
equals the usual derivative d/(dx)v(x).

2 [ ) vt gou(e) =g(x.y)

o) = [ Jatr) - 55 [ ot ay

Step 3: Insert the result of the last integration into the equation for F.

Exact DE p dy + ¢ dx = 0. It is solved by functions y(x) which are given
implicitly by F(x,y) = C = constant.

The function F (x, y) can be obtained in either one of two ways.

If we start with the equation % = p, then the formula reads

F:'/pdy+l/[q—é%/pdy} dx (10.10a)

If we choose to start with the equation %—5 = ¢ then the formula reads

F_/qu+/{p%/qu} dy (10.10b)
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We will now solve the equation given in the previous example; it has already
been proved to be exact. The equation is

2xyy’ +y% = x?
Step 1:
p(x,y) =2xy
F = /2xy dy = xy2 4+ v(x)
Step 2:
F d
q(x,y) = y*—x*= g—x =yt o)
3
v(x) = ,/Xde -
3
Step 3:
x3
F(x7y):xy2_?
Therefore, the general solution of the given DE is
3 2
s, X . , x C
—-—=C L. =—+—
Xy 3 , lLe. y 3 + P

It is not hard to verify that these functions do indeed solve the equation.

Example Solve the DE
dy
Y dx
Even though this is not an exact equation, the notion of exactness aids us in finding
solutions.
Rearranging the equation we have

+x=2/x2+y2

xdx +ydy dx
+y/x2+y2
Inspection reveals that the LHS is a differential, i.e.
d (j: x2+y2) —dx
By integration, we find
£v/x2+y2=x+C

Squaring gives
y2=2Cx+C?

This is the equation of a parabola.
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10.7.4 ThelIntegrating Factor — General Case

If the given DE is not exact, then sometimes it is possible to turn it into an exact
equation by multiplying it by a suitable function w(x, y). This function is also called
an integrating factor.

Example Suppose the given DE is
(xy =1y +y*=0
If it were exact then we would have
Ir _ %4
dx dy
Now, p = xy — 1 and g = y2, so
d d
% =y % =2y
It does, however, become exact if it is multiplied by u = %
The DE (x — §)y'+y =0 is exact.

Proof p=x — andg =y,so

9p__9%
dx ~dy
This equation can therefore be treated as described in Sect. 10.7.3.
How can an integrating factor 1(x,y) be found in the general case? In order to
provide the answer, we must formulate the problem mathematically.
9r 94
dx " dy
Wanted: p(x,y) such that 9(pi) = 9q1)

ox dy
If an integrating factor p exists, then it must satisfy the following condition which
derives from the equation above and from the product rule:

=1

Given: p(x,y)y" +¢(x,y) =0 with

dap i dq ou

FNL + PoL = 3y CI@
This is a partial DE, and it would seem less easy to solve a partial DE when it is
not possible first to solve the ordinary DE. However, we do not need the general
solution of the partial DE: any non-zero particular solution p will suffice.

Even though we can offer no general advice on how to find the integrating fac-

tor w, there are two important special cases in which 1 can be readily obtained.
Below we state these without proof.

A
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Special case 1

1 (dqg dp\ ) _ e
If ) (8y 8x> = f(x) is a function of x only, then i = e _

Special case 2

if L Ip 94 _ g(y) is a function of y only, then = /() dy,
p\dy OJdx

Example Let us return to the equation encountered in the last example, i.e.
(xy=1)y' +y*=0
Both %5 and % are functions of y, as is ¢. Therefore from special case 2, we get

g(y):fi, /g(y) dy=—Inly|+C

The function u(x,y) = u(y) =e ">l = 1/|y| is an integrating factor. x has al-
ready been used above as an integrating factor.
Finally, we can solve the equation:

1 !/
x——|y+y=0
(+=3)

It is exact, and we must now find a function F such that

oF _ X — ! and oF _
dy ¥ ox 7
The solution is obtained by the method outlined in Sect. 10.7.3. It reads
F(x,y)=xy—Inly|-C

Therefore, the general solution of the given equation is the class of functions which
is given in implicit form by
xy—In|y[=C

Let us note in passing that the method outlined in this section is a generalisation of
the technique covered in Sect. 10.6.2. You are invited to prove for yourself that if
a linear first-order DE is treated as proposed here, then u(x,y) = u(x) = I(x).

Hint: Use the normalised form of the equation, which means that it has been
divided by the first coefficient:

~plx)

It is, admittedly, not altogether satisfactory that we are unable here to present a more
general procedure for finding the integrating factor «. For a more extensive treat-
ment, the reader is referred to the standard treatises on DEs.
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10.8 Simultaneous DEs

Often problems arise involving several dependent variables. They give rise to a set
of differential equations. The number of equations corresponds to the number of
dependent variables.

We will restrict ourselves to the solution of simultaneous first- and second-order
DEs with constant coefficients and two dependent variables. Before considering
practical problems, let us look at the form of the equations.

Let x and y be the dependent variables and ¢ the independent variable. These
quantities are related by means of a set of simultaneous DEs such as

dy

E—l—ay—i—bx = f(1)

where a,b, A, B and C are constants and f (¢) and g(¢) are functions of the inde-
pendent variable ¢ only.
To illustrate the method of solution, consider the examples that follow.

Example Solve

dx

E+5x—3y—0 [1]
dy
a+15x—7y—0 [2]

First method If we want to solve for x first we must eliminate y and dy /dr from
these equations.
Differentiating Eq. [1] with respect to 7 gives

d?x dx dy
—+5—-3—=0

az dr

Inserting the expression for ‘é—f from Eq. [2] and the expression for y from Eq. [1]

we obtain )

d<x dx

- —2—+10x=0
dr2 dtjL Y
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We know how to solve this equation. Its solution is
x = e’ (Acos3t + Bsin3t)
We can now obtain the solution for y from Eq. [1] or Eq. [2]:
y =€'[(2A+ B)cos3t + (2B — A)sin31)]

You should note that there are only two arbitrary constants.

Second method  We saw earlier that to solve a DE we assumed a solution e”? and
found the values of r which would satisfy the equation. There is no reason why we
cannot use the same method for simultaneous DEs.

Hence let x = ae’?, y = be"’.
It follows that

O e dy

dr dr rbe
Substituting in Egs. [1] and [2] we have

[(r+5)a—3ble" =0
[15a+ (r —7)b]e"" =0

Since e"? # 0, it follows that

(r+5a-3b=0 [3]
15a+(r—=7)b =0 (4]

To calculate the value of r we must eliminate ¢ and b. Hence

(r+5)(r—-7)+45=0
or r2—2r+10=0

This is the auxiliary equation we have met before. Its roots are
ri=143 and rp,=1-3j
x is then given by

x =¢ (a1e3jt +a2e73j’)

or x = e’ (A1 cos3t + A, sin3t)
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Similarly
y=¢ (ble3jt +b2e’3j’)
or y = €' (B cos3t + Bysin3t)
b1 is connected with ay, and b, with a, by Eq. [3] or Eq. [4], i.e.

I‘1—|—5a b_r2—|—5
3 b T2T Ty

We now consider two further examples taken from electrical and mechanical engi-
neering.

by =

az

Example Two electrical circuits are coupled magnetically. Each circuit consists
of an inductor and a resistor; a voltage is applied to one of the circuits. Applying
Kirchhoff’s law to each circuit, the equations relating the two currents i; and i,
(measured in amps) are

dll d
L M—=+R =F
ar + Qi 2 4 11 1
din di
de +M(;1+R212—0

L1, L, are the values of the inductors, in henries. Ry, R, are the values of the resis-
tors, in ohms. M is the coefficient of mutual inductance, in henries. E7 is the applied
voltage, assumed constant in this instance, in volts. The independent variable 7 is the
time in this case.

Proceeding as in the previous example, we assume an exponential solution for
the complementary function, so that

11 = Ae"! , iZ:Be”
Substituting in the DE we find

(L]F+R1)A+MVB =0
MrA+ (Lar+R2)B =0
Eliminating 4 and B from these two equations gives the auxiliary equation, i.e.
(L1r+ Ry)(Lar + Ry) —M?*r? =0
ie. (LiL—M?)r*+(LiRy+LoR\)r+RRy =0

The form of the solution will depend on the nature of the roots of this equation. We
saw in Sect. 10.3.1 that the roots can be (1) real and unequal, (2) real and equal or
(3) complex conjugate.
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If Case 3 applies, for example, the solution is

. E

i1 =e % (Ajcosht + Bysinbt) + R—l
1

E1/R;y is the particular integral and i, = e~%* (A, cosht + By sinbt). Remember

that A, and A1, B, and B; are related.

Example This example concerns the calculation of the translational natural fre-
quencies of a particular two-storey building whose idealised mathematical model
leads to the following DEs:

1500051 +31x107x; —6x107x, =0
85005, +6 x 107x, —6 x 107x; = 0

where x; and x, are the displacements of each floor under free vibration conditions.
The dot notation, as you will remember, refers to differentiation with respect to
time ¢.

The method of solution in this case is approached in a different way from that of
the previous examples because of the vibratory nature of the problem.

We could assume an exponential solution as before.

Instead, let

X1 = A1C0Swnt, X = ApCOSwnt

Therefore
¥1 = —w2A1Coswnt , Xy = —w2 Az COSwpt

wn is the natural frequency. We are using this method of solution because a vibration
can be represented by a sine or cosine function. We have already discussed some
aspects of vibrations in Sect. 10.5.2.

Substituting in the differential equations we have, after dividing by 10*

(1503 +31x10°) A; —6x 10°4, = 0
—6x 10341 + (—0.8502 +6 x 10°) A2 = 0

Since we are concerned with the values of the natural frequencies wy,, we eliminate
Ay and A, from these two equations. Hence

(31 x 10> — 1.507) (6 x 10> — 0.8507) — 36 x 10°=0
Expanding and collecting terms gives
1.275w8 —35.35 x 10302 +150 x 105 =0

known as the frequency equation, whose roots are w? = 22495.7, w3 = 5229.75.
Therefore the two natural frequencies of this building are 150 rad/s or 23.87 Hz and
72.32rad/s or 11.5Hz.
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As a matter of interest, this was a real problem! Dangerous vibrations were ob-
served when the building was commissioned due to a fan operating on the first floor
at a frequency of 12 Hz.

10.9 Higher-Order DEsInterpreted as Systems
of First-Order Simultaneous DEs

Any DE of order n can be transformed into a system of n simultaneous first-order
DEs. In fact, this is no more than a way of rephrasing the problem: it does not
lead us any closer to a solution. However, it can be quite useful in a number of
circumstances. If we wish to solve a DE by numerical methods, we find that first-
order DEs are much easier to handle than higher-order DEs.

Let us start with a linear second-order DE

py gy +ry=f(x)

The fundamental idea is to introduce a new function, u = y’. The given equation is
then equivalent to the following pair of first-order simultaneous DEs:

pu' +qu+try = f(x)
Y =u
The general case is treated quite similarly. Given a DE of order n, we introduce n — 1
new functions, uy = y',us =u1’ = y", u3 =uy’ = y"”,... By inserting the usfor all
higher-order derivatives of y, a first-order DE (for the »n functions, uy,...,u,_1,y)
is obtained. In conjunction with the defining equations for the us, we have a system
of n simultaneous first-order DEs.

10.10 Some Adviceon Intractable DEs

The sorts of differential equations discussed in this chapter can give only a glimpse
of the subtle ideas involved in this topic. Sometimes a judicious change of variables
may provide the answer, but each equation requires individual attention. Should you
be confronted with severe problems, two routes can be taken.

On the one hand, the remedy might be provided by more powerful theoretical
means. A very worthwhile subject, which could not be included in great detail in
this book, is the theory of Laplace transforms. This is outlined in the following
chapter.

On the other hand, if you are only interested in numerical data, then computer
methods can provide the answer swiftly and reliably.
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In any case, the first step when encountering a new DE is to classify it according
to the criteria: What is its order? Is it linear? What types are its coefficients (constant
or variable)? Is it an ordinary DE or a partial DE? Only then will you be able to use
other sources of information efficiently.

Exercises

10.1 Concept and Classification of Differential Equations

1. Which of the following are linear first- and second-order DEs with constant
coefficients?

(@ y' +x%y=2x (b) 5y" —2y" —4x =3y
() y*+2y"+3y'=0 (d) sinxy”—y=0

3
€ y'—x>=2 (M 2y =y'+3y =0

2. Which of the following are homogeneous and non-homogeneous DEs and
what is the order in each case?

5 2 1

@ y'+ax=0 (b) Zy”+§y’*§y
(©) 2y’ =3y 3o 2, b
(d) T4 +5y +6y sinx =0

(€) 3y"+y' =2y

10.3 General Solutions of First and Second Order DEs
with Constant Coefficients

3. Solve the following DEs. In the case of complex roots give the real solution.

(@ 2y”"—12y'+10y =0 (b) 4" —12y'+9y =0
1 5
() ' +2y'+5y=0 (d) y”—EyHLgy:O
1 1
(e) Zy“+§y/—2y=0 (f) 59" =2y"+y=0

4. Solve the following DEs:

1
(@) 2y'+8y=0 (b) zy'=6y (c) 3y' =6y
5. Obtain the general solution of the following second-order DEs:

(@ S"(t) =2t (b) x"(t) = —w?coswt
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6. Given the following non-homogeneous DEs, obtain the particular integral
using a trial solution.

(@ y'+y +y=2x+3 (b) y"+4y +2y =2x+3
7. Obtain the general solution of the following non-homogeneous DEs:

(@ 7y"—4y'—-3y=6 (b) y"—10y"+9y =9x

() 3y" —y' —dy =x? (d) y”+2y'+5y =cos2x

8. Anparticular integral y,(x) of the following non-homogeneous DE is known.
Check that it is a solution and obtain the general solution of the DE.

Lo a5 35 ol 18 8
—y" = —y=x"— X)=—Xx"+—x+—
27 T TRY Ty M 10" 25" 125

10.4 Boundary Value Problems
9. Solve the following DEs:

(@) %y/ +2y=0 (giventhat y(0) =3)

(b) ;y/— gy =0 (giventhat y(10)=1)

10. The DE 1/3y’ —2/3y = 0 has for its general solution y (x) = Ce?*. Calcu-
late the value of the constant if

@ y(0)=0 (b) y(0) =—2
© y(=1)=1 (d) y'(-1)=2e2
11. Solve y” + 4y = 0 for the following boundary conditions:
@ y(©) =0, y(§)=1 ®y(3)=-1. »(5)=1
© y(0)=0, y(0)=1 (d) y(%) —a, y'(0)=b
12. Solve y” +y =2y’, giventhat y(0) =1 and y(1) =0.
10.6 General Linear First Order DE
13. Solve the following first-order linear DEs:
() xy’zZy—x% (o) y’=£+x
(c) y'+ ytanx =sin2x (d) xy'+(1+x)y=xe™*

14. Vferify that the following DEs can be brought into the form of Bernoulli-type
equations and solve them.

2
@ y'+xy=uxy> ) ¥ =y =-2°

2
() x2y?y' +xy3=1 (d) yy’+y?+x+1:O
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15.

16.

17.

18.

10 Differential Equations

In the following DEs, the variables can be separated. Solve
() y =ex=2y) (b) y/—i—xy’—i—g =0
(© xy'+(Inx)y*>=0 (d) (y/)2+xe¥y +xe¥ =1

Verify that the following are exact DEs. Find F and solve.

2 2
@ %y'+(4§—2) —0 (b) (1—xe )y +e ¥ =0
l 2 —
(©) (2y —x2sin2y)y’ +2xcos?y = (@ (2x=3)y"+3x7+2y =0
0
You will remember that the integrating factor u(x,y) fora DE p(x,y)y’ +
q(x,y) =0is easy to find in special cases. Solve the following equations by
finding an integrating factor, w, and then solving the exact equation.
(@) sinyy’ —cosy = —e?¥
(b) (&7 —x)y'+1=0
Solve the following simultaneous DEs:
@ x'—7x+y=0 ) xX'+y +2x+y=0
Y —2x—=5y=0 Y +5x+3y=0



Chapter 11
L aplace Transforms

11.1 Introduction

In Chap. 10 we learned how to solve certain differential equations of the first and
second order. We now consider a special techniquefor the solution of such ordinary
differential equations known as the Laplace transform. It was first introduced by
the French mathematician P. S. de Laplace in about 1780. The main advantage of
the method is that it transforms the DE into an algebraic equation which, in many
cases, can be readily solved. The solution of the original DE is then arrived at by
obtaining the inverse transforms which usually consist of the ratio of two polyno-
mials. The transforms and their inverses can be derived or obtained by consulting
a table of transforms. We shall build up such a table of the functions frequently
met in practice. The method is particularly useful in the solution of DEs whose
boundary conditions are specified at a particular point and it is extensively used in
the study of electrical networks, mechanical vibrations, impact, acoustics, structural
problems, control systems, and in many other fields.

It is aso used to solve linear DEs of any order, linear DESs with variable co-
efficients, linear partial DEs with constant coefficients, difference equations and
integral equations.

In this chapter, however, we shall restrict ourselvesto an introduction to the tech-
nique, and solve first- and second-order DEs with constant coefficients.

11.2 The Laplace Transform Definition

The Laplace transform [ f'(¢)] of a given original function f'(z) for values
of t > 0 isdefined as

LU= [ e =Fs) (11.1)

K. Weltner, W. J. Weber, J. Grogean, P. Schuster, Mathematics for Physicists and Engineers
ISBN 978-3-642-00172-7 © Springer 2009
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This means that we take the given function, multiply it by e™?, and integrate
between the limits = 0 to t = . s is a humber which may be complex but whose
real part is positive and sufficiently large to ensure that the integral is convergent.
Since the value of theintegral dependson s, the Laplacetransformisafunction of s.

As the reader certainly knows any functions may be denoted in different ways,
say f(t) or y(¢); f(x) or y(x), etc. In addition to that, please note that for the
Laplace transform we will use two different notations, either by capitalisation e.g.
F(s); Y (s) or by adding a bar to the functione.g. f or y.

Proceeding in the opposite direction, i.e. finding the original function from
agiven Laplace transformis called finding the inverse transform. The inverse trans-
formisdenoted by .#1.

The inverse Laplace transform generates the unique original function from
agiven Laplace transform

L F(s) = f(1)

Since the computation of the inverse transformation needs knowledge of theory of
functionswhich is beyond the scope of this textbook we will desist from computing
the inversetransformations. This doesnot limit in practice since asarule there exist
tables of Laplace transforms and especially tables of inverse Laplace transforms
which enable us to solve problems. The table at p. 333 gives the inverse Laplace
transforms for most functions needed for applicationsin physics and engineering.

Before we can appreciate the usefulness of the Laplace transform, we need to de-
rive the transforms of some of the more common functions encountered in physical
problems.

These functions are

A, aconstant.

e, an exponential function with the constant a real or complex.

sinwt,coswt, periodic functionswhere w is usually afrequency.

At, alinearly increasing function where, in practice, ¢ is usually the time. This

functionis known as aramp.

5. tsinwt,t coswt, periodic functions whose amplitudesincrease linearly with the
independent variablez.

6. e’ snwt, e coswt, an exponentially increasing or decreasing oscillation, de-

pending on whether a is positive or negative.

e

We a'so need to know the transforms of the derivatives of these functions:

11.3 Laplace Transform of Standard Functions

We will now derive the Laplace transforms of the functions mentioned above.
When evaluating the transforms, i.e. solving the integrals, the quantity s is re-
garded as a constant.
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1. y(t) = A, aconstant

st
¥(s) /Ae*”dt A/ [es] :? (11.2)
0

2. y(r) =€, with a rea or complex

oo - g (s—a)t - 1
F(s) = / e Sl df = / e (@) gy — - (11.3)
Jo Jo —(s—a) , §—a

Notethat s > real part of a for the integral to be convergent.

3. y(t)=snwt and y(t)=coswt
The simplest way of obtaining these transformsis to make use of 2.
Remember:

1 .
t) =snwt = — (69t — g1t
y(0) = snor = 5 ( )

Hence, from 2., we have
1 1 1 w
y(s) == — - — = 11.4
y(s) 2j <s—Ja) s+Jw> 52+ w? (11.49)
We abtain the Laplace transform of the cosine function in the same way.

1 . .
y(t) = coswt = E(e""’ +elon)

s

)= mrs (11.4b)
4. y(t) = At
= /mAte*” dr = A/wte*” dr
JO JO
—A (— [fe*“rJrl / et dz) - ﬁz (11.5)
N 0 S Jo N

when integrating by parts.
The first term is zero since e%! decreases more rapidly than ¢ increases as

I — oo,

Before proceeding further with transforms of functions, we will consider some im-
portant theorems, the first enables us to extend the list of transforms.

Theorem |: The Shift Theorem

If y(z) isafunctionand y(s) itstransform, and a is any real or complex
number, then y(s +a) isthe Laplace transform of e 4’ y(1) . (11.6)
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Proof The Laplace transform of e7 4 y(¢) is
/ Ceey(r) di = / ety (1) dr = y(s +a)
JO JO
Thus we see that we simply replace s by (s +a) wherever s occursin the transform
of y(¢). If a isnegative, then we can show that s isreplaced by (s —a).
Asan example, let usfind the transform of
y(t) =e *sinwt

Thetransform of the sine functionis given by y(s)
Applying the shift theorem gives

- @
s2+w?2

— w
= 11.7
YO = e rer (11.78)
Similarly, if y(¢) = e %' cosw?, the shift theorem gives
— s+a
= 11.7b
YO = e rer (11.7b)

Example Obtain the Laplace transform of y(¢) = 3>’ cos10¢.
a=-5, w=10

_ s—5 3(s—5)
= 3 =
V) =3 TS i0E T 105125

L et us now continuewith the derivation of the Laplacetransformsof frequently used
functions.

3. y(t) = tsinwt

* . 2
y(s) = / e *tsinwt df = a
0

(52 +w?)?
Even though the result is already stated, we wish to know how it is arrived at.

Looking at the integral, you will realise that the task of evaluating it is not a straight-
forward one. The following theorem will be of considerable help.

(11.8)

Theorem I1: Transform of Products ty(¢)

If y(r) is afunction and y(s) its transform, then the transform of the new
functionry(r) is

Zly(0) =~ L [7(s) (1.9
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Proof

STl=g ([enwa) == ["esy0 b =2l

This is due to the fact that we can differentiate under the integral sign with respect
to aparameter.
Let us go back to y(¢) = tsinwt. The transform of the sine function is known
to be
L(Enwt) = ——
(sinw?) 52 + w?

Hence, by theorem 11, the transform y(s) of 7 sinwz is

. d w 2ws
ZLltsnwt) = ds <s2—|—w2> T (2t w2)?

Similarly, the transform of 7 cosw? is

d s 52 —w?
Z(tcoswt) = T (s2+a)2) = TEEPE (11.10)

We can extend the use of theorem I1. For example,
ZL(t?coswt) = Lt (t coswt)] = —d—ds {ZL(tcoswt)}
d < s2—w? \  2s(s?—0?)
(

s24+w2)?2)  (s2+w?)3

T ods

If f(¢)isafunction and f(s) its transform, then the transform of the new
functionisy(¢) =" £ (z)

75) = (-1 S 5] (11.11)

6. y(r) =", wheren isapositive integer.

o0 |
— - _st.n _oom
y(S)—/O e t dt—ﬁ

Asbefore, theresult isalready stated but the proof ismissing yet. We start by writing
the function " as a product:

y(e)y=1""11
The transform of the function ¢ is known to be 1/s2.
Now, using the general result (11.11) we find

n—1 nl
s)= H)"*ltfs,,—,lsiz = (1) (—2)(-3)... (fn)sn% . S%
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For example, if y(¢) = t2, then y(s) = 2/s3.
For the sake of completeness, we will mention another theorem which, in fact,
has already been used implicitly.

Theorem I11: Linearity

Linearity of the Laplacetransform
Let y(¢) beacombination of functions:

y(t)=Af(t)+ Bg(t) (A,B areconstants)

Then the Laplace transform is the corresponding combination of the trans-
formed functions:

7() = A () + B(t) (11.12)
or LIAf (1) + Bg(t)] = AZ|f (1)) + BLIg(1)]

The proof is obvious. It follows from the linearity of the integral.
Asaparticular case, note that a constant factor is preserved by the Laplace trans-
form:

ZLAf ()] =AZL[f(1)]

For example, the transform of sinw? isw/(s? + ?) and the transform of 7 is ..
Therefore, the transform of —6sinwr +1 is —6w/(s* + w?) + .

Theorem 1V: Transforms of Derivatives

First Derivative of a Function y(z)
By definition
d [T st Ay
,zﬂby(z)}/o e

We find, putting ‘é—{ = y i.e. using a dot to denote the derivative with respect to
time that

/0 ey dr = [e’s’y}:_/o y(=se ) dr = =y (0) +5y =5y = y(0)

This result holds for those functions for which e y (1) — 0 ast — oo.
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2| gy =57 -0 (1119

where y(0) is the value of the function at + = 0 (initial value or initial condi-
tion).

Second Derivative of a Function y(¢)

2 oo ol rco
2( L) = [Ceia=iet| 45 [ etia
dr2 Jo 0 Jo
= —(0) —sy(0) +5>y
L3 (0)] = sy —sy(0) = y(0)
where y(0) isthe value of the first derivativeat r = 0.
By repeating the process we can show that
ZLV(0)] =5y —s?y(0) = 53(0) — 5(0)

where (0) isthe value of the second derivativeat t = 0.
The following notation for the values of the function y(¢) and its derivatives at
t = 0 iscommonly used:

yo=1(0) isitsvalueatt =0,
y1=y(0) isthe value of the first derivativeatt =0 ,
y2=73(0)  isthevalueof the second derivativeatt =0,

yn = y"™(0) isthevalueof the nth derivativeatr =0 .
For example, the L aplace transform of the 4th derivative will be

LW ()] =s*y—syo —s*y1 —sy2 — y3
Transfor ms of Derivatives

n-1 .
LM =s"y - Y s"i 1y, (11.14)
=0

A table of transforms, and a table of inverse transforms, will be found in the
appendix to this chapter.
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11.4 Solution of Linear DEswith Constant Coefficients

Suppose we have to solve the DE

d?y  dy
dt_2+AE+By_f([)

with initial conditions

dy
= — = a =0
y Yo, d b
If we multiply the equation throughout by e™5? and integrate each term for t = 0
to t = <, we in fact replace each term by its Laplace transform. In doing so we

transform the DE into an algebraic equation in terms of the parameter s.
Using the table of transforms, we find

s?y —syo—y1+A(sy—yo)+ By =f
Solving for y gives .
— [ +syo+Ayo+y1
s24+ As+ B
All we need do now islook up the inverse transform. The reader will notice that we
do not have to find the values of arbitrary constants; but we may have to express y
asapartial fraction or in aform from which the inverse can be found easily.

(11.15)

Example Solvethe equation

dy —2¢
—+4y=e
dr ey

giventhat y =5whent =0, i.e. yo = 5.
Thetransformed equation is

_ _ 1
SY*)’0+4)’:S+—2

Solving for y gives
S Sl 19
YT G+)6+4)  2(5+2) " 2(s+4)

From the table, we can look up the inverse transform. Hence the solution is

I o 9 4
= —e —e
y=38713

Example Solvethe equation
V+5y+4y=0

giventhat y=0and y =3 att =0.
From the table we find
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52y —syo—y1+5(sy —yo)+ 4y =0
Z(¥) Z(5y) Z(4y)

Theinitial conditionsare yg =0, y; = 3.
Hence

2_7 v _:
or sy —=3+5sy+4y =0

V(s +55+4)=3

Solving for y gives
3 3 1 1

T 2455 +4  (s+d)(s+1) (s+1) (s+4)

~|

From the table we get

Example Solvethe equation
y+8y+17y=0 if y=0, y=3 a =0
Theinitia valuesare yo = 0, y; = 3. Hence the transformed equation is

§2y—348sy+17y=0

Solving for y gives
3 3

s248s+17  (s+4)2+1

-)7:

From the table we find

y =3e *dint

Example Solvethe equation
y+6y=t

Theinitial conditionsarey =0and y =1att =0.
The transformed equation is

_ - 1
szy—1+6y:

52
_ 1 1452
Therefore 246)=—+1=
y(s©+6) Sz—i- 2
Solving for y gives
s2+1 5 1

= s2(s2+6) 6(s2+6) 62

From the table of inverse transforms at the end of this chapter we find

15 1 . 1 5 .
= t+2x—sinV6t = - t+—sm\/3t>
Y76 T e 6( NG
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11.5 Solution of Simultaneous DEswith Constant Coefficients

In physics and engineering, we frequently encounter systems which give rise to si-
multaneousdifferential equations, e.g. an electrical network consisting of two loops,
or a double spring—mass system. We will now illustrate their solution by means of
the Laplace transform technique.

If x(z) and y(¢) aretwo functions of the independent variable, their transforms
are denoted by x(s) and y(s), respectively, or smply x and y.

Example Solve the equations
3x+2x+y =1
x+4y+3y =0

Theinitial conditionsarex =0andy =0att =0
Transforming the equations gives

_ - 1
3(sx —x0)+2x+sy —yo = <
sx —xo+4(sy—y0)+3y =0
but xo =0and yog =0
Hence we obtain a pair of simultaneous equationsin x and y:
_ _ 1
x(3s4+2)+ys = -
S
xs+y(4s+3)=0

Solving for x gives

- (45 +3) S 3
Cs(s+HD(11s+6) 25 5(s+1)  10(s+6/11)
Hence o 3
e —6¢/11
T35 10°

Solving for y gives

_ 1 1/ 1 1
YT G+ D(1s+6) 5 (s+1 s—|—6/11)
Hence

y= g(efl _ g6t/

Example Solvethe differential equations
X+2x—y=1
X+i+2y=0
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Theinitial conditionsarex =landx =y =y =0at¢ = 0.
Transforming the equations gives
5 | 1
(s°+2)x —sy = ;Jrsxo = ;+s
sx+(s24+2)y =xo=1
Solving these two simultaneous algebraic equationsin x and y we find

_ s+ 45242 1 s s
e S Ry P Sy Sl Y v S
s(s2+1)(s2+4) 25 3(s2+1) 6(s2+4)

Looking up the table of inverse transforms at the end of this chapter we have

11 1
= — — COSt — COS2t
X=5tglostty

Also

— 1 1 1 1
y‘(ﬂ+1mﬂ+4)§<ﬂ+4s2+4>
and from the table of inverse transforms we get

= 1sinz 1sin2t
Y73 6



332 11 Laplace Transforms

Appendix
Table of Laplace Transforms

f(E)ory() Z[f () ory(s)
A
A il
s
et !
S—a
n!
t"(n=0,1,2,3,...) T
S +w
S
coswt —_
52 +w?
. 2
rsnwt TR
(52 +w?)
52— w?
t coswt —_—
@ (2 +w2)2
snhor -2
s2—w
s
coshwt P
. 2
tsinhwt %
(52 —w?)
2 —w
s
. 2
(52 —w?)
2., .2
s°+w
t coshwt ——
@ (52— w2)?
e y(1) y(s+a)
dar
" y(¢) =15 y(S)
t o . . t .
Q / y(s)ds, if I|n(1) (@) exists
I—
snwt tan- @
t R
y(1) sy —=Yo
y(2) s2y —syo— 1
y(t) s3y—52y0—sy1—y2
d” _ n-—1 X di
t n _ n—z—li_ t
g @) s"y(s) EOS 7! )'
. _
y(s)
t) dt =7
/0 y(1) p
ke? ke?
2ke”! cos(wt + 0)

— + = n
sS—a—jw Snoe+jw
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Table of Inverse Laplace Transforms

s—a
(s —a)?+w?
1
s(s2+w?)
1
52(s2 +w?)
1
(s2+w?2)2
s
§2
(s2 1 02)2
s
(2 +w12)(s? +w2?)’
1
52 —w?
s

w12 # 0>

2 _ 2

2] =f) oz [y =y()

A

tn—leat
(n—1)!

L@ o)

b

a

—

t t
—— (ae"! —be)
1 .

— S nwt
w

Coswt

1 .
— el sinwt
w

e coswt

1
E(1 —coswt)

! (ot —sinwt)
— (0t —
1)

ﬁ(sina)t — wt coswt)

Lsina)t

2w
1

snwt + wt coswt
20 + )

———= (COSw 1t — COSwy t
w227w12( 1 2 )

1 .
—sinhwt
w

coshwt
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Exercises

11.3 Laplace Transform of Standard Functions

1. Obtain the Laplace transformsfor the following functions:

(@ 1/413 (b) 5e72
(c) 4cos3t (d) sin?¢
2. Obtain the inverse transformsfor the following:
1 1 2
@ 452 +1 (b) s(s+4) © s(s2+9)
6 1 4
(d) 1—s2 ©) s2(s2+1) M s(s2—65+8)

11.4 Solution of Linear DEswith Constant Coefficients
3. Solvethefollowing differential equations:

(@ y+5y+4y=0 (initia conditions.y =0,y =2att =0)
(b) ¥4+9y =sin2r  (initia conditions: y =1,y = —1att =0)
(c) y+2y=cost (initia conditions. y =1att =0)

252 - 3544

4. 1f5—3y+2y=4andy=2y=3ar=0showthaty=————— "
J—3y+2y y=2,y oy P

and hence find the solution for y.

5. Given ' 4 j = € +t + 1 with the initial conditionsy =0,y =0,7 =0 at
t =0, obtain y.

11.5 Solution of Simultaneous DEswith Constant Coefficients
6. Solve the following simultaneous equationsfor y:
y+2x+y—x=25
2y +x = 25¢
Initial conditions: y =0,x =25att =0.
7. Solvefor y and x given
dx—y+x=1
4x —4y—y =0

Initial conditions: x =0,y =0att =0
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8. An electrical circuit consists of a capacitor, C farads, and an inductor,
L henries, in series, to which avoltage £ sinwt is applied.
If Q isthe charge on the capacitor in coulombs show that

E w w

Q:L(a)zfl/LC) s2+1/LC  s2+w?)’

w?LC #1

and hencecalculate Q giventhat C =50x 10 °F, L =0.1H,w = 500rad/s,
E=2VandQ=0=0a1=0.



Chapter 12

Functions of Several Variables;
Partial Differentiation; and Total Differentiation

12.1 Introduction

So far we have dealt with functions of only a single variable, such as x,7 etc. But
functions of more than one variable also occur frequently in physics and engineer-

ing.

Example A voltage V is applied to a circuit having a resistance R, as shown in
Fig. 12.1.

Fig. 12.1

What is the value of the current which flowsin the circuit?
According to Ohm’s law, the current / depends on the resistance R and the ap-

plied voltage V, i.e.

|4
I =—
R

Hence I = I(V, R), whichisafunction of two variables.

Example A gasis trapped inside a cylinder of volume V. The gas pressure on
the cylinder walls and the piston is p and the temperature is 7' (see Fig. 12.2).
The following relationship between volume, pressure and temperature holds true
for 1mol (6.02 x 1023 gas molecules):

pV =RT

K. Weltner, W. J. Weber, J. Grogean, P. Schuster, Mathematics for Physicists and Engineers
ISBN 978-3-642-00172-7 © Springer 2009
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where R, the gas constant, is approximately 8.314J K—!mol~!. The equation can

be rewritten as
_iT
P=Ry

This means that the pressureis afunction of two variables,i.e. p = p(V,T).

Fig. 12.2

12.2 Functions of Several Variables

Let us now leave the physical examples and consider the mathematical concept. If
z isafunction of two variables, x and y, then the relationship is usually expressed
in theform

Z:f(xay)

Remember that, geometrically, afunction y of onevariable x(y = f(x)) represents
acurveinthe x—y plane, asshownin Fig. 12.3.

YA

y=fx

/

Fig. 12.3

«Y

Similarly, afunction z = f(x,y) of two independent variables x and y can be
thought of as representing a surface in three-dimensional space.

A geometrical picture of the functionz = f'(x,y) can be obtained in two differ-
ent ways.
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12.2.1 Representing the Surface by Establishing a Tableof Z-Values

By giving x and y aparticular value zp
we obtain avalue for z by substitu-
tioninz = f(x,y)

AY
<Y

P =(xy)
x (2)
This value is erected perpendicular zh
tothe x—y planeat P’(x,y) and it
determines a point in three-dimen- 2= Flxy)
sional space. ¢
? .
P
______ &
r
x (b)
The procedure is carried out sys- A
tematically for many pairs of values 1
(x,y) inthe x—y plane by tabulat-
ing the values as shown in the fol-
lowing example.
—0—z0- -0—-o
L —eZ ;o-’-’;oﬁl;o’, o
ceZeZzeZce
e —0L —0Z -0”
Fig. 124 x (c)
Example Valuesfor the function Table12.1
. 1 x 0 1 2 3
1+x2+y2 y
aregivenin Table 12.1. 0 1 1 1 1
2 5 10
1 1 1 1
SR S S ]
1 1 1 1
2 5 s 9 14
3 rooor 11
10 11 14 19
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By plotting each computed value of z and the corresponding pair of values (x, y),
we obtain a picture in three-dimensional space (Fig. 12.5).

The set of valuesof (x, y) for which thefunctionz = f'(x, y) isdefined is called
the domain.

o

3

12.2.2 Representing the Surface by Establishing I ntersecting
Curves

Let usreturntothefunctionz = 1/(1 + x2+ y2). Itsdomainistheentirex—y plane.
Two characteristics of the function can be established at a glance:

1. For x = 0 and y = 0 the denominator 1 4 x2 + y? hasits smallest value. Con-
sequently the function z (the surface) has a maximum given by

f(0,0)=1
2. Asx — e 0Or y — o the denominator grows beyond all bounds and the function
z tendsto zero.

Of course, these two characteristics are not sufficient to sketch the surface. Gener-
ally speaking, the shape of surfacesis more difficult to determinethan that of curves.
Nevertheless, we can obtain a true picture of the function if we proceed systemati-
cally by dividing the task into parts. The basic ideais to investigate the influence of
each variable separately on the shape of the surface by assuming that one of the two
variablesis constant.

If we regard y as being constant (y = yg) and vary x, then we obtain z-values
which depend only on one variable.

For example, if we set y = 0 in the above function we have

1
=1
This represents an intersecting curve between the surface z = f(x,y) and the x—z
planeat y = 0 (Fig. 12.6).
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Fig. 12.6

For an arbitrary value y = yo, we have
1
2(x) = 1+ x2+ yo2

This represents an intersecting curve between the surface z = f(x,y) and a plane
paralel to the x — z plane shifted by an amount yo along the y-axis (Fig. 12.7).

Fig. 12.7

Similarly, we obtain a second group of curvesby setting x to aconstant (x = xo).
For example, if we set x = 0 we have

Z(y) - 1+y2
For an arbitrary value x = x¢ we have
1
Z(y) o 1+x02+y2

Both z(y) curvesare shownin Fig. 12.8a
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Fig. 12.8

By plotting both types of curves in one diagram we obtain a better picture. In
this case the graph shows a symmetrical ‘hill’ (Fig. 12.8b). (Note that the valuesin
agiven row or column of Table 12.1 are the values of an intersecting curve.)

The sketch becomesclearer if wefill inlines of constant z-value. Mathematically,
they are the curves of the surface which are at a constant distance from the x—y
plane; they are the intersecting curves of the surface with planes parallel tothe x—y
plane at agiven z-value (Fig. 12.8c).
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12.2.3 Obtaining a Functional Expression for a Given Surface

In the above discussion we started from a known function and looked for the result-
ing surface. Now we reverse the process and look for a functional expression for
agiven surface.

For example, consider a sphere of radius R with the origin of the coordinates at
the center (Fig. 12.9). Our task isto determine the equation of the spherical surface
abovethe x—y plane.

Referring to the figure and applying Pythagoras' theorem, we have

RP=z2+4c%, 2=x?+)?

Thuswe obtain R? = x2 4 y2 + 22
Solving for z gives
Z12 =%tV R?—x2— )2

The positiveroot z; represents the spherical shell abovethe x—y plane.
The negativeroot z, representsthe spherical shell below the x—y plane.

Thedomainis —R<x<R
and —R<y<R
such that x?+y2 < R?

Having acquired a pictoria idea of functionsof two variables, z = f'(x,y), wenow
give aformal definition.

Definition z = f(x,y) iscalled afunction of two independent variablesif

there exists one value of z for each paired value (x, y) within
aparticular domain.

A

&z
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By plotting points (x, y) and z = f (x,y) in athree-dimensional coordinate sys-
tem we obtain a graph of the function which represents a surface F within the
domain D of the variables (Fig. 12.10).

<Y

x

Fig. 12.10

It is not possible to represent a function of three variables geometrically since to
do so we would need a four-dimensional coordinate system.

However, in physics and engineering such relationships play a very important
role. For example, we can expressthe temperature 7' of the atmosphere asafunction
of three variables: the latitude x, the longitude y and the atitude (above sea level)
z,iee T=T(x,y,z).

12.3 Partial Differentiation

Remember that the geometrical meaning of the derivative of a function of one vari-
ableisthe slope of the tangent to the curve y = f(x) (Fig. 12.11).

3

"

Fig. 12.11
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Cut parallel to y-z plane

2 * Cut parallel to x-z plane

x

Fig. 12.12

In the previous section we considered as an example of a function of two vari-

ables the function )

z(x,y) Zm (1]

It represents a surface in three-dimensional space. By setting one variable at
a constant value we obtain an intersecting curve of the surface with a particu-
lar plane.

We can dlice the surface with planes parallel to the x—z plane (Fig. 12.13a). If

the intersecting plane is at a distance yo from the x—z plane, the equation of the
resulting curveis obtained by substituting y = yg in[1], i.e.

1
= 7
1+ x2+ yo2

z(x)

isnow afunction of x only.

Fig. 12.13
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We can also dlice the surface with planes parallel to the y —z plane (Fig. 12.13b).
If theintersecting planeisat adistance xy fromthe y —z plane, the equation of there-
sulting curveis obtained by substituting x = xq in[1],i.e.z(y) = 1 /(1 + x¢% + y?).
z isnow afunction of y only.

L et us now consider an intersecting curve of the first type (where y is constant).
As it is afunction of one variable, z = f(x), we can caculate the slope « at any
given point (Fig. 12.14).

Fig. 12.14

In order to distinguish between the ordinary derivative and this new deriva-
tive, we use the symbol o instead of d. It indicates that we are differentiating
a function of more than one variable with respect to a particular variable only,
regarding all other variables as constant. Thus, when differentiating the function
z=f(x,y) =1/1+x2+y? where y is kept constant at some fixed value yo, we
obtain

I N A B W
ox ox? YT o vz y2) (14+x2+ yo2)?

Since this holds true for any value y = yq, we can write

9z _ 9 ( )_i ! _ 2x
ox ox? UV T oy \T5x2y2 ) T T (11 x2 1922

Thisoperationis called partial differentiation with respect to x.

Similarly, we may obtain the slope of the second type of intersecting curves. It is
given by the partial derivative of the function with respect to y. x is kept constant at
some fixed value (Fig. 12.15).
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Fig. 12.15

Thuswe obtain

SN P R S B
dy dy ’y_ay 1+x24y2 ) (1+x2+y2)2

Functionsof threevariables, f = f(x,y,z), aretreated similarly, but it isnot possi-
ble to present them in geometrical form. There exist, of course, three partial deriva-
tives. Table 12.2 contains a summary of rules and an example of each one.

Table12.2
Partial derivative Rule Example:
f(x,,z)=2x3y + 22
Partial derivative with respect Treat all variables as constants 3—f =6x2y (12.18)
9 except for x X
tox: a7x
Partial derivative with respect Treat all variables as constants 3—f =2x3 (12.1b)
.9 except for y y
toy:—
dy 5
Partial derivative with respect Treat all variables as constants a—f =2z (12.1¢)
d except for z z
toz:—
dz

The partial derivative may bewritten in another way. Let f (x, y,z) beafunction
of the three variables x, y and z, then the partial derivatives may be abbreviated as

follows: af af Y
x:fx, ngyv Z:fz (12.2)
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Example f(x,y,z) =xyz

ox
_df _
fy—x—xz
and fZ:a_f:x)’
dJz

Example Obtain the partial derivatives of the function
z :5x2+2xy—y2+3x—2y+3 a x=1,y=-2
The partial derivativesare

97 oxt2y+3

dx
dz
E =2x—-2y—-2

Substituting thevalues x = 1,y = —2 gives

0z
(a_x) = 10x142(-2)+3=9
-2

0z
(E)x—l —2x1-2(-2)—2=4
y=

-2

Note that we have introduced the expression

(az)
ox ) x=1
y=-2

It meansthat the partial derivative with respect to x of the function z isto be evalu-
atedatx =1and y = —2.

12.3.1 Higher Partial Derivatives
The partial derivatives are themselves functions of the independent variables
x,y,...,ingenera. We can, therefore, differentiate them partially again.

Example Let
X
f(x7YaZ) = ;+ZZ .
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9 (91
dx \ dy
9 (9
dy \ dx /~

Thefirst expression means that we differentiate the function f first with respect
to y and then with respect to x.

Evaluate

and

9 (A1) _ P
dx \dy ) 9dxdy
2]
= xfy = fyx
Therefore
fyx:—?
Similarly
d (df\ 0% f _d B
5 <x) - ayax *Efx—fxy
Therefore .
fxy:_y_2

The order of partial differentiation isimmaterial.
For most functions encountered in physics and engineering the following
holdstrue:

Jfxy = fyx, € (12.3)

Example For the function u = x2/y sinz show that the following mixed third
derivatives are equal:

Uxyz = Uzyx

X . X
Uy = —SiNz Uy = — COSz
y
2x sin s cos
Mxy:__ z uzy:__ Z
y2 y2

2x 2x
uxyZ:_?COSZ szxz—y—2COSZ
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12.4 Total Differential

12.4.1 Total Differential of Functions

A function z = f (x, y) represents a surface in space; on this surface there are lines
at the samelevel, z = constant. If we drop perpendicularsfrom these lines on to the
x—y plane we obtain their projections on this plane. These projections are called
contour lines. They are extensively used in geographical maps.

Algebraically, contour lines are obtained by setting thefunctionz = f(x,y)=C
(where C isaconstant). When f(x,y) = 1/(1+x2+ y?), we have

1
1+x24+y2
Thisisan implicit representation of a curvein the x—y plane.

In this case we obtain contour lines which are circular, as shown in Fig. 12.16.
This can be proved as follows. Rearranging gives

1

2 2
=——1
X"ty C

Remember that the equation of acircle of radius R inthe x—y planeis x% 4 y2 =
R?. Hence, inthiscase, R = 1/1/C — 1. Thelarger we choose C the smaller isthe
radius of the circle. (But, of course, C must not exceed 1, and it must be positive.)

Following these preliminary remarks we are now in a position to look for the
direction of steepest rise or decrease of the surface at a given point:

I
T 4?

Fig. 12.16
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Fig. 12.17

It is clear from Fig. 12.17 that the surface decreases most steeply in aradial direc-
tion. (Note that, for the sake of clarity, the surface has been redrawn to a differ-
ent scale.)

Let uslook more closely at thisfigure.

If wetravel the same distance dr from point A’ in the x—y plane:

(@) inan arbitrary direction dr,
(b) perpendicularly to acontour line dr;,
(c) dong acontour line drs,

then, on the given surface, this correspondsto the paths A_C>, ATBZ AD respectively.

The path AD is along a contour line. Hence dz3 = 0 and the function does not
change at all.

In contrast, the function z changes most rapidly along the path AB which isin
adirection perpendicular to the contour lines.

We are interested in finding how much the function z = f (x, y) changes when
we travel a distance dr in an arbitrary direction dr = (dx,dy). The total displace-
ment, in vector notation, is

dr =dxi +dyj

In Chap. 5 we saw that for functions of one variable the differential is an approx-
imation for the change of the function for agiven Ax, i.e. Ay ~ df /dx Ax. In the
same way the total differential is an approximation for the change in the function
for small changesin x and y. The change of f(x,y) isobtainedin two steps:

1. by proceeding in the x-direction through a distance dx, with y remaining con-
stant;

2. by proceeding in the y-direction through a distance dy, with x remaining con-
Stant.
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Fig. 12.18

L et us be more explicit. Regard Fig. 12.18

Step 1: For the changein z inthe x- Step 2: For the changein z inthe y-
direction, with y remaining direction, with x remaining
constant, we have: constant, we have:

d d
dzx) = 5 f (x,y) dx dzy) = ﬁf(x,y) dy

Thetotal changein z isthe sum of these partial changes. Thus
dz = dZ(x) +dZ(y) =% dx + —y dy

Definition Thetotal differential of afunctionz = f (x,y) isgiven by

_df af
dz = 55 dx + FR dy (12.4)

The total differentia is an approximation of the true change
Az in the function z as we proceed from a point (x, y) a short
distancein the direction dr = (dx,dy)

Az ~dz

Example Thefunctionz = x2 + y2 hasatotal differential

dz =2xdx+2ydy
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Example Thetotal differential of the function f (x,y) = m is

2x dr 2y
(+x2+y2)2 7 (1422 +)2)

df(xay)zf zdy

Example Calculatethevaluesof Az (thetrue changein z) and dz (the approximate
changein z) if z = 5x2 + 3y at the point (2, 3) with dx = 0.1 and dy = 0.05.
Thetrue changein z is given by

Az = f(x+Ax,y +Ay) ~ f(x,y)
Hencewith Ax = dx = 0.1, Ay = dy = 0.05 we have
Az =5(2.1)243(3.05) — (5x 22 +3 x3) =220
The approximate change is given by the total differential
dz = 10x dx +3dy = 10 x 2(0.1) +3(0.05) = 2.15
The difference between the true value Az and the total differential dz issmall. Thus
Az = dz

In practice, if dx and dy are small then the approximation Az ~ dz is acceptable
and commonly used in many of the problems physicists and engineers encounter.

Extension to Functions of Three Independent Variables f (x,y,z)

In the case of afunction f'(x, y,z) of threeindependent variablesthe total differen-
tia is given by
df = 2L av 2L gy +50 af (12.5)
ox 8

dz k

Fig. 12.19
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As before, the total differential is a measure of the change in the function
u = f(x,y,z). If we proceed by a small displacement along dr = (dx,dy,dz),
as shown in Fig. 12.19, the function changes by an amount equal to the total differ-
ential.

Example Thevolumeof aparallelepipedisgivenby V = f(x,y,z) = xyz, where
x,y and z arethe lengths of the three sides. The total differential dV' is

dV =yzdx+xzdy+xydz

12.4.2 Application: Small Tolerances

We know for a function of a single variable y = f(x) that if x is subject to
an increment or decrement Ax, then the change in y is approximately given by
Ay =~ f'(x)Ax.

In the preceding section this has been generalised to several variables. For the
sake of concreteness, let us concern ourselves with the tolerances of finished prod-
ucts due to the tolerances of their components. Thus the increment or decrement is
determined by the tolerances § of these components. (In this section we will use the
symbol § instead of A.)

If we have a function of several variables, such asu = u(x, y,z), then the total
tolerance Su dueto individual tolerancesx,8y,8z is

Su ~ %8}6 + 3—55)} + 3—Z(Sz
It is assumed that the tolerances §x, 5y and §z are small. In practice, thisis the case
in most situations.

Since u isalinear functionin §x,8y and 4z, it follows that the total toleranceis
obtained by adding the effects due to each one separately.

For example, consider a dimension of alink in a mechanism. It would be spec-
ified by its length x and a manufacturing tolerance imposed on it of +6x. When
the part has been made and a check on its dimension is carried out we would hope
to find that its length will liein theinterval x — éx < x < x + §x asaresult of the
manufacturing process.

If adevice consists of a number of parts, it will be affected by the tolerancesim-
posed on those parts. If u, the output, is a function of n parts of
lengthsx;,i =1,2,...,n, and tolerancesdx;, then the tolerancein the output will be

2 du
Su= Yy —06x;
i; 8xl- !
The individual tolerance 6x; may have either sign and usually it does not attain

its maximum value. But, if we assume the worst, we must add the effects of all
maximum individual tolerancesin order to obtain the maximum possible tolerance.
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The maximum tolerance is then given, approximately, by

n
Sum+y
i—1

ou
8xl-

S)C,'

Example Figure 12.20 shows diagrammatically a link pivoted at O and connected
to another link at A (not shown). The position of thelink at A (its output) will have
an influence on the position of the link to which it is connected. This position will
then depend on the tolerances +8/ on its length and +8§6 on its angle relative to
some datum, i.e. the x-axis in this instance. If / = 95.00mm and §/ = +0.10mm,
6 = 35.00° and §0 = +0.25°, calculate the maximum tolerancein y and compare
the result with its true maximum value.

YA

" J

Ol X

Fig. 12.20

As aresult of the manufacturing process, we know that [ — 6/ <1 <[+ 4/ and
0—3860 <0 <0+4680. It follows, therefore, that A will lie somewhere inside the
boundariesBCB'C'.

Now let us calculate this maximum tolerance using the total differential ap-
proach.

y=f(,0)=1snb

Hence
_df af
5y = 3o+ 5%
aIf . a2f
Wfsme, %flcose
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Substituting in the above equation gives

8y =sin@(+3!)+ 1 cosh(+d6)

o o[ 025
=13in35°(+0.1) + 95cos35 <im>

. 0.25
=+ ((sm35°)0.1 + (9500535°)57—3)

= 40.3969 ~ +0.40mm to2d.p.

(Note that the factor 1/57.3 = 27 /360 is necessary to convert the 60 value to radi-
ans.)

Now let us calculate the true maximum and minimum value of y. Considering
the y position, its maximum valuewill correspond to B and its minimum valueto B'.
It is easy to calculate these values:

ymax = (I +8/)sin(0 4 86)
= 95.1sin35.25 = 54.8865 = 54.89mm to 2d.p.
and Ymin = 94.98n34.75 = 54.0927 = 54.09mm to2d.p.

The exact or nominal value of y, ignoring tolerances, is

y =1sn6 =958n35 = 54.4898 = 54.49mm
Hence the maximum tolerancesin y are

Ymax — Y = Oy = 54.89 — 54.49 = 0.4mm
and Ymin— ¥ = 0y = 54.49 — 54.09 = 0.4mm
i.e dy = +0.4mm

Both methods give the same result.

Thiswas avery simple case in which we could visualise easily where the output
position of the links was likely to be, but in practice the problems encountered are
much moreinvolved and visualisation can be amost impossible.

An example of this can be found in precision mechanisms where the output de-
pends on the accuracy of a number of links, cams and gears. In such cases, the
influence of tolerances can only be calculated using the total differential approach.

12.4.3 Gradient

In Sect. 12.4.1 the total differential of afunctionz = f(x,y) was defined as

_df 9f
dz = e dx + 7y dy
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It is possible to regard the total differential as a scalar product of two vectors:

first vector: dr =dxi +dyj (called the path element)
second vector: grad f = z—ii + %j (called the gradient of f)

It is easy to verify by inserting these vectors

dz=drgrad f

9/ 91
ox’ dy
is called the gradient of afunctionz = f(x,y).

9f 9f
8x’8y)

Definition The vector

grad f (x,y) = ( (12.6)

The gradient has two properties:

1. The gradient isavector normal to the contour lines. Thusit pointsin the direc-
tion of the greatest changein z.

2. The absolute value of the gradient is proportional to the changein z per unit of
length in its direction.

In order to explain these properties, we will consider the scalar product
grad f dr =dz

If dr coincides with a contour line we obtain dz = 0, since a contour line is the
projection of aline of constant z-value on to the x— y plane. Thus, in this case

grad f dr =0

We know from Chap. 2 that the scalar product of two non-zero vectors vanishes

if and only if they are perpendicular to each other. Thus it follows that grad f is

perpendicular to the contour lines, i.e. grad f isavector normal to the contour lines.
Let usillustrate this with the example used earlier:

1
SN = e

Remember that the contour lines are circles.
The gradient of the given functionis

—2x -2y
(1 +x2+y2)2’ (1 +X2+y2)2

gradf<
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This vector always points in the direction of the origin of the coordinate system.
Thusit is perpendicular to circles around the origin (Fig. 12.21).

Fig. 12.21

The absolute value of the gradient is a measure of the change of z. Thisfollows
directly from the equation
dz =dr grad f

For the particular case when dr is normal to a contour line, the equation can be
rearranged:
dz

|dr|

Thus the change in dz per unit of length in the direction of the gradient is given by
the absolute value of the gradient.

The concept of a gradient can be extended to functions of more than two vari-
ables. In the case of afunction of three independent variables, f (x,y,z), constant
function values are represented by surfacesin three-dimensional space. The gradient
is normal to these surfaces:

lgrad f'|

af df d
red £ (vy.5) = (555,50

Its magnitude gives the change in the value of the function in the direction of the
gradient.

12.5 Total Derivative

12.5.1 Explicit Functions

Up to now we have assumed that x and y are independent variables. It may happen
that x and y are both functions of one independent variablez. If thisisthe case, z =
f(x,y)is, infact, afunction of the single independent variable . z will, therefore,
have a derivative with respect to z.
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Let x = g(¢) and y = h(t); it is assumed that the functions can be differenti-
ated. If ¢ is given a small increment A¢, then x,y and z will have corresponding
increments Ax, Ay and Az. The change or increment in the function z is given by
L 9f af

——Ax+ ==Ay

Az ~ ox dy

Dividing by At we have
AZ 8f Ax df Ay
T ox At 9y At

We can now proceed to the limit Ar — 0. Theresult is stated below.

dz/dr is called the total derivative or total differential coefficient.

dz 8fdx Jaf dy
Toxdr ' Jydr

Similarly if u = u(x,y,z) wherex,y and z are functions of ¢, we obtain the
total derivative of u with respect to ¢:

du _dudx Jdudy Jdudz

~oxdr 3y dy dr toz dz dr (12.7)

Note that we write ‘(’jf, not ‘3? , since z isafunction of asingle variable.

This concept can obviously be generalised for any number of variables.

Example Letz = f(x,y)=x+y andx:%, y:%
Obtain the derivative %.

Firstly we need the partial derivatives:

0z 0z
a—x—l, 5—1

Secondly we need the derivatives of x and y with respect to ¢:
dx €& dy e’

a2 dr 2
Hence the total derivativeis
dz € B e!
a2 2

Note that z is familiar: z(¢) = coshz, and the derivative with respect to ¢ is
dz/dr = sinht.
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12.5.2 Implicit Functions

Remember that the function f (x,y) = C is an implicit function y of one single
variable x in the x—y plane (contour line). We wish to obtain the derivativedy /dx
without explicitly solving for y. In Chap. 5, Sect. 5.9.1, we showed how this could
be done. Using the concept of the total derivative, we will how obtain a general
expression.

The geometrical meaning of atotal derivative of thefunction z = f (x, y) isthat
it givesthetotal changein z.

Thetotal derivative with respect to x is

¢ _ofde ofd
dr  Jdxdx Jdydx

But since z is constant for a contour line (i.e. dz = 0), and dx /dx = 1, we obtain

0= 9/  2fdy
~ dx  dy dx
; d_y . d_y B _8f/8x
Solving for o gives a ~ af/ay (12.8)

Example If x3 —y3 +4xy =0,
calculate the value of the derivativedy /dx at x =2,y = —2.
Let f =x3—y3+4xy

af af
Th —— =3x2+4 d == =-3y>+4
en Ix X~ +4y an ay Y- +4x
dy 3x2 +4y
Therefore a——m

Hence the value of the derivativeat x =2,y = —2is

dy  3x22+4(-2) 4

S e N e S
de  —3(—2)2+4x2 —4

Theequation f'(x,y,z) = 0 can be considered as defining z as an implicit function
of two variables x and y. We are interested in finding expressions for the partial
derivativesof z,i.e. dz/dx and dz /dy.

We first concentrate our attention on dz /dx.

We know that

0=f(x,y,2)
Thetotal derivative of this expression with respect to x gives

oS afay of 0

dx dydx Jdz dx
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Remember that forming the partial derivative with respect to x implies regarding y
as constant. Thusdy/dx = 0, and solving for dz/dx gives

dz _ df/dx

ox  df/oz
Similarly, we obtain

9z _ _9f/9y

dy  df/oz

Example Given x2/25+ y2/15+22/9 = 1, calculate the partial derivatives of z.

of _2x of 2y 9f _2
dx 257 dy 157 9z 9
Substituting in the equations for the partial derivativeswe find

ox  2z/9 2527 dy  2z/9 15z

dz 2x/25  9x dz 2y/15 9y

12.6 Maxima and Minima of Functions
of Two or More Variables

In Chap. 5 we derived the necessary conditionsfor afunction of asingle variableto
have a maximum or a minimum. We now consider the conditionsfor maximum and
minimum values in the case of functions of several independent variables.

A function of two variables, z = f (x,y) (see Fig. 12.22), is said to have a max-
imum at the point (xo, yo) if

Af = f(xo+h,yo+k)— f(x0,y0) <0

for all sufficiently small values of 4 and k, positive or negative.
The function will have a minimum if

Af Zf(xO-l—h,yo-f—k)—f(meo) >0

From a geometrical standpoint, this means that when the point (xg,yo,z¢) On
the surface z = f(x,y) is higher than any other point in its neighbourhood then
(x0,Y0,20) is amaximum, but if the point is lower than any other neighbouring
point on the surfaceit isaminimum.

At amaximum or a minimum, the tangent plane to the surface is parallel to the
x—y plane. This condition will be satisfied if

fx(x0,y0) =0 and fy(xo0,y0)=0 (12.9)
The condition is necessary but not sufficient, as the following considerations show.
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|

Maximum (xg, yo)

m 2 =f(x,¥)

Minimum

<Y

|
!
|
1
f
I
1
|
!

(xg, yu)/

/
x ““1(1(>+h, Yo+ &)

Fig. 12.22

Consider, for example, two adjacent hills (Fig. 12.23). If we go from the top of
one hill to the other one (path 1) there is a minimum. If we go through the passage
between the hills (path 2) there is a maximum. Even though the condition f, =
Jy =0 issatisfied a P, P is asaddle point and not an extreme point.

Path 2

X

Fig. 12.23

We will now state a sufficient condition. The following comments do not con-
stitute a complete mathematical proof: they are only included as a hint for diligent
readers. The expansion of the function with respect to 7 and k is

Af = f(xo+h,yo+k)— f(x0,y0)
= (hfe+kfy)roro + 37 (1 fex + 20k ey K fyy)agmo +
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The first term of the expansion is zero at a maximum or a minimum, since f, =0,

Jy = 0. For amaximum the expression must be negative, independently of / and k.

For a minimum it must be positive, independently of 4 and k. Thus the sign of the

second term determines whether there is a maximum, a minimum or a saddle point.
Taking k2 outside the brackets we have

k2
20

h

h 2
(%) Sxx Jrz%fnyrfyy e

X0Y0

Af =

The expression in the bracketsis a quadratic functionin & /k.

From Chap. 3, Sect. 3.5, we know that the graph of a quadratic function —
a parabola — lies entirely above or below the horizontal axis only if this function
has no real roots (Fig. 12.24).

_—

by

Fig. 12.24

This means that the radicand must be negative in this case. Therefore, the sup-
plementary criterion for the extreme value we were seeking is

(fry)? = fex fyy <O

Furthermore, there will be a maximum if

and there will be aminimum if

Sxx(x0,y0) >0 and fyy(xo,y0) >0 (12.10b)
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This can be memorised by recalling the corresponding criteriafor a function of one
variable.
There remains one other case to consider:
[fy (%0, 50))> = frx(%0,¥0) fyy (0, y0) =0

However, we shall not enlarge on this case; generally speaking, one needs fur-
ther information to decide whether or not the point (xo, y¢) corresponds to an ex-
treme value.

L et us recapitul ate the results obtained.

The necessary condition for the existence of an extremevalue at xgyq is

fx(x0,y0) = fy(x0,70) =0

This condition becomes sufficient if it is supplemented by the following con-
dition:
[y (x0,50))> = fex(x0,30) fyy (X0, ¥0) <0

Maximumiif fyx <0 and fyy <O0.
Minimumif fxx > 0and f,, > 0.

Example Calculate the extreme values of the function f = 6xy —x3 — y3.
1. Apply the necessary condition for a horizontal tangent plane.
fe=6y—3x2=0, fy=6x—3y2:0
Solving the two equationsin x and y, we find that

(@ x =0,y =0 isonesolution, i.e. the point (0, 0)
(b) x =2,y =2 istheother solution, i.e. the point (2, 2).

2. Apply the sufficient condition for a maximum or a minimum.

Jxx = —6x, fxy:6a fyy:_6y

The conditionis
Sx2y = fxx fyy =36 —36xy <0

We must check whether this condition is satisfied at the two points under con-
sideration.
Insertingx =0and y =0 gives36—0> 0

Therefore there is no extreme value at the point (0, 0).

Inserting x =2 and y =2 gives

36-36x2x2<0

In this case the sufficient condition is fulfilled: there is a minimum or a maxi-
mum at the point (2, 2).
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3. Check the type of the extreme value.
Since fxx = —6x = —12 and f), = —6y = —12 there is a maximum at the
point (2, 2). Itsvalueis fmax = 8.

Example in engineering A container of 10m? capacity with an open top is to be
made from thin sheet metal. Calculate what the dimensions of the sides and the
height must be for a minimum amount of meta to be used. What is the saving
compared with a container of equal sides?

If V isthevolume, A the surface area of metal and x, y and z the lengths of the
container, we have

V=xyz, A=2xz+2zy+xy (wherez istheheight)

We need to eliminate one of the variables, z say; thusz = V /(xy). Substituting in
the equation for the surface area A, we obtain

i.e. A= f(x,y)isafunction of two independent variables.

1. Apply the necessary condition for an extreme value; calculate the partial deriva-
tives and set them equal to zero:
dA 2V dA 2V

X T dx x2+y

dy 2
Solving the two equations gives

x=y=+V2V=+v20=2.714m

Obviously, this makes sense only for a minimum of the area. But let us use the
formal procedureto verify this common-sense judgement.
2. Apply the sufficient condition for an extreme value:
9?24 4V 9%4 . 9?4 4V
dy2  y3 7 9dxdy 7 dx2 X3

With x = y = ¥/2V it follows that

3. Axx and A, are positive; hence we have aminimum.
The numerical result is given by

vV 4

z=—={/—=v25~135Tm
Xy 4

The amount of metal required = 4.2 x 714 x 1.357 +2.7142. Hence A = 16.58 m?.

If wemade x = y = z = qa, say, thena = ¥/10 = 2.15m, and the amount of metal

wouldbe A1 = 5a% = 5.2 x 152 =23.11m?. Thesavingis A; — A = 6.53m?2.
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Example in engineering A trough, 12m long, is to be made out of a steel sheet
1.65m wide by bending it into the shape ABCD, as shown in Fig. 12.25. Calculate
the lengths x of the sides and the angle 6 if the sectional areais to be a maximum.

-0\ [=165m

B - 2x C
Fig. 12.25

We first observe that the length of the trough is not relevant, as we are concerned
only with the cross section. The relevant variables are the length x and the angle 6.
Let us denote the cross section by A:

A= %(ADJrBC) x (vertical depth) = %(l —2x+2xcosf +1—2x)xsinf
= Ixsinf —2x%sing + x%sinf cosf
A = f(x,0)isafunction of two independent variables.

1. Calculate the partial derivatives and equate them to zero:

3—A =[sing —4xsing +2xsinf cosf =0

X

dA 2 2 )

S5 = lxcosf —2x?cost + x (cos?f —sin?H) =0

Solve the two equationsin x and 6:
(a) By inspection, we find a trivial solution x = 0,sinf = 0; but this has no
physical meaning.

(b) Assuming x £ 0 and siné # 0, we divide the first equation by siné and the
second equation by x, so that

[ = 4x —2xcosf
I cosh = 2xcosh —x(2cos* f — 1)



12.7 Applications: Wave Function and Wave Equation 367

By combining these equationswe obtain

i =4 —2cosh :27—200829_1
X cos6
We solve for cosf and x:
2cosf =1,i.e.cos0 =1/20r 0 = /3(60°),and/x =3,i.e.x =1/3=0.55m.
Steps 2 and 3, which are necessary to prove that thisisin fact a maximum, are
|eft to the reader.

12.7 Applications: Wave Function and Wave Equation
12.7.1 Wave Function

Let us consider the function of two variables: z = f(x,y) = sin(x — y) It can be
represented by a surface in space.

To gain a proper understanding of this function, we first draw the intersecting
curves with planes parallel to the x—z plane for the values

3

y=0, y:%, y=m, y:7, y=2m (seeFig.12.26)

In the x-direction, the intersection curves are sine functions with a period of 2.
We may see already that the surface is a series of parallel hills and valleys. The
direction of the hills and valleysis an angle of 45° to the x- and the y-axes.

Fig. 12.26

We now draw the intersecting curves with planes parallel to the y —z plane (see
Fig. 12.27).
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Fig. 12.27

We obtain sine functions with the same period. Again we see that the surface is
aseries of paralld hills and valleys.

The maxima and minimalie on parallel lines making an angle = /4 with the x-
and y-axes. These are given by

1 .
xX—y = <2n+§)n for maxima
1 L . :
xX—y = anz s for minima, where n isan integer

Now let us examine the special case when one variable, say y, represents time. If
we consider the value of time without its dimension, we have

f(x,t)=8sin(x—1)

If we sketch the graph of this function we get the same picture, a series of parallel
hills and valleys. The only differenceisthat f (x,t) of courseis now afunction of
position and time. In practice, we often encounter this type of function f(x,7) as
afunction of x, the value of which changes with time. What is observed at a given
time 1 is the intersecting curve of a plane paralel to the x—z plane at the point
t =ty withthesurfacez = f(x,t) (Fig. 12.28).

Astime progresses, ¢ increases and the intersecting curve changes. In this case,
this results in a sine function travelling in the x-direction. We obtain a function
which behaveslike awave on acable. Thistype of functioniscalled awavefunction.
The period in both the x-direction and the z-direction is 2 in our example.

The length of one period in the x-direction is called the wavelength. If we want
to describe a wave function with an arbitrary wavelength A, we must set

f(x,0)= sin(2n§ —t)
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Fig. 12.28

The period, usually denoted by T, is the time interval of one oscillation at a given
point x¢. The inverse value is called the frequency v, i.e. the given function sin
(x — ) hasthe frequency v = .

If we wish to describe an arbitrary frequency v = % we must write

f(x,t)=sin <271; — ZTﬂt>

We have now obtained a general formulafor the one-dimensional wave function. It
must be noted that now we can reintroduce the dimensions of the physical quantities
position and time. The argument of the sine function remains dimensionless.

Thevaueof 2rv isaso referred to asthe circular frequency w.

From another aspect, it can be observed that during the time T = 1 = 2Z the
wave travels one wavelength A.

The velocity v of the wave is called the phase vel ocity:

v:?, i.e. v=Av
Using the circular frequency, the phase velocity can be expressed

w
=—AA
v 2
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Particular positions of the wave such as maxima, minima or zeros travel in the x-
direction with this velocity.

Generally, the one-dimensiona harmonic wave function is written in two equiv-
aent forms;

f(x,t) = Asin (ZTHxa)t+¢0)
= Asin (%(xvt)ﬂbo)

The argument of the wave function is called the phase. ¢ is the phase at t = 0
and x = 0. A isthe amplitude. It may be the physical displacement of a point, an
electrical quantity, an air pressure (sound waves), adistortion etc. A may be a scalar
or A may be avector, like adisplacement r or an electrical field vector E.

Figure 12.29 shows the usual graphical representation of the wave function. Fig-
ure 12.29a gives the wave for a fixed time f¢; Fig. 12.29b gives the oscillation of
afixed point xg.

f(x,to){\
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(b)
Fig. 12.29
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A harmonic wave propagating in the opposite direction is given by
f(x,t) = Asin <2Tnx+wt+¢o)

or f(x,t)_Asin<27ﬂ(x+vt)+¢o>

Spherical Waves

In physics we frequently encounter waves which travel in all directions from the
origin of a point source. The wavefronts of such waves are concentric spheres with
the source as center. The separation of two adjacent wavefronts having the same
phase is equal to one wavelength. Electromagnetic and acoustic waves are often
spherical waves.

In the case of spherical waves, we have to take into account the fact that their
amplitudes decrease with the distance from the source; for instance, thisis the case
for sound waves.

In the case of an acoustic wave, the amplitude of the air pressure p is given by
the following function:

. (2
p=(2)sn(Zr—or+4)
r A
where p is the pressure difference compared with the air pressure of the air at rest
and r isthe distance from the center of a harmonic sound source.

12.7.2 Wave Equation

Wave functions are solutions of differential equations of the form

9% f(x,1) 1 9%f(x,1)
ox2 2 912
The RHS is the second derivative with respect to time, and the LHS is the second
derivative with respect to displacement.

Equations in which differential coefficients appear are called differential equa-
tions (Chap. 10). In the above case, since the differential coefficients are partial
ones, the equation is referred to as a partial differential equation.

The equation is known as the one-dimensional wave equation with a velocity of
propagation c.

Waves on the surface of a liquid, or on a stretched membrane, lead to a wave
equation being two-dimensional for the function f (x, y,¢):

Pf Pf  19f
dx2  dy2 2 ot
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In the case of sound and electromagnetic waves we find the wave equation to be
three-dimensional for the function f'(x,y,z,t):
2f 9%f I*f 1 9*f

ox2 ' 9y2 | 9z2 2 92

Thus the wave equation occursin many different fields of physics and engineering.
J. Maxwell showed the relationship between electric and magnetic fields by means
of the wave equation, and this started the search for electromagnetic waves. H. Hertz
proved their existence experimentally in 1888.

The general solution of partial differential equationsis a subtle problem in math-
ematics. There is no general method like, for instance, the exponential solution for
ordinary differential equations (see Chap. 10).

Starting with the general solution of ordinary differential equations, we were able
to obtain particular solutions from the statement of the boundary conditions. Partial
differential equations have no general solutions, only particular ones, consequently,
the boundary conditions have a marked influence on their solutions.

Thewave equation hasagreat number of solutions. Which oneis chosen depends
on the boundary conditions of the problem.

Wewill concern ourselveswith the one-dimensional case and show that any func-
tion of the following formis asolution of the one-dimensional wave equation. Thus
u can be any function which is differentiabl e twice with respect to x and ¢:

f(x,t)=u(x—ct)

D’ Alembert’s solution

D’ Alembert noticed that x and ¢t have the dimensions of length and he therefore
introduced two new independent variables:

p=Xx—ct

q=Xx-+ct

He then reduced the wave equation to aform which can readily beintegrated. It can
be shown that by these substitutions the wave equation becomes

?2f

Ipdq

d (df\

g 35 (52) -
Integrating once, we obtain
9/

7 0(q) , anarbitrary function of ¢ only .



Exercises 373

Integrating once again gives

f:/mww+mm

where P (p) isan arbitrary function of p only.
If welet [ Q(q)dg = G(q) the solution becomes

f=P(p)+Glq)
Substituting for p and ¢, we obtain

f=P(x—ct)+G(x+ct)

Thisisd’ Alembert’s solution of the wave equation. P and G are arbitrary functions.

Thisresult impliesthat, physically, the wave equation is satisfied for waves trav-
elling in opposite directions. It givesrise to stationary waves. A stationary wave can
be produced by the superposition of two harmonic waves of equal frequency trav-
elling in opposite directions. It can also be produced by a progressive wave being
reflected at a boundary, provided that the conditions are suitable. Examples are the
vibrationsin a pipe and the vibrations of a string fixed at each end.

In this book we will deal no further with partial differential equations. Further
examination belongs to more advanced texts.

Exercises

1. Congiruct a table of values for the function f(x,y) = x?y + 6 where
x=-2,—1,0,1land y = —2,—1,0,1,2.
2. What surfaces are represented by the following functions? Sketch them!

@ z=—x—-2y+2
(b) z=x2+y2

x2 y2
C — 1————
©z=\1-7-7

12.3 Partial Differentiation
3. Obtain the partial derivatives of

(@ f(x,y)=sinx+cosy () f(x,y)=x2/1-y2
© fl(x,y)=e 07 (d) f(x,9,2) =xyz+xy+2
© f(x,y,z) =€"Iny4z* (f) f(x,y)=eIn* 4 osx+y)

4. Determine the slope of the tangent in the x- and y-directions to the surface
z=x2+4y? atthepointP= (0,1).



374 12 Functions of Several Variables; Partial Differentiation; and Total Differentiation
5. Determine the partial derivatives fxx, fxy, fyx and fy of thefunction
s — R2_y2_ y2

6. Show that the function z = e*/%)* satisfiesthe relation x fy + yf, = 0.
12.4 Total Differentiation

7. Determinethetotal differential of the functions
@ z=+1-x2—y2
(b) z=x2+y?

1
© f(x,y.2)= [

8. A container in the form of an inverted right circular cone has a radius of
1.75m and a height of 4m. The radius is subject to a tolerance of 50 mm
and the height to a tolerance of 75mm.

(a) Calculatethetotal percentagetolerancein the volume.
(b) What is the total percentage tolerance in the surface area of the con-
tainer?

9. Find the contour lines and cal cul ate the gradient for the following functions:

@ f(x,y)=—x—-2y+2

2 2
0) flry)=y[1-TF %

10
9 X,y) = ————=
© flxy) = —== >
10. Find the surfaces of constant functional values and calcul ate the gradient.

@ f(x,y,z)=x+y—3z
() f(x,y,2) =x2+y?
© f(x,y,z)=(x2+y2+22)3/2

12.5 Total Derivative
11. Obtain du/dr when
(@ u=x%—-3xy+2y?andx = cost,y = sint
(b) u=x+4/xy—3y,x=13y=1/t
12. (@ u=x%>+y%y=ax+b
Obtain 9%
(b) x3—y3+4xy=0
Obtaing—ﬁatx:Z,y:fZ

(©) xy+sny =2
Obtain & at x =4,y = /2
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12.6 Maxima and Minima

13. Examinethe following functions for maximaand minima:

@ f(x,y)=x>=3xy+y>

(b) f(x,y)=12x+6y —x2+xy—y?

(c) Application in engineering: A conduit along a wall is to have a cross-
section (as shown in Fig. 12.30) made by bending a sheet of metal of
width 0.75m and length 5.5m along the line ABCD. Calculate 4,/ and
6 for maximum cross-sectional area.

Fig. 12.30

12.7 Wave Function and Wave Equation

14. Two cables considered as being infinitely long are excited at the left-hand
end with an amplitude A and a frequency f. Write down the wave func-
tion for

cable(@ A=05m, f=5Hz, A=12m
cable(b) A=02m, f=08Hz, A=4.0m

15. Verify that the function £ (x,t) = e~("1=%)* satisfies the wave equation

’f _ 0%f

912 U&xz



Chapter 13
Multiple Integrals; Coordinate Systems

13.1 MultipleIntegrals

Let us develop the problem by a simple example.
A solid cube, as shown in Fig. 13.1, hasavolume V. If the density p is constant
throughout the entire volume then the mass is given by

M = pV

There are cases, however, in which the density p is not constant throughout the
volume. The density of the Earth is greater near the center than at the surface. The
density of the atmosphere is at a maximum at the surface of the Earth: it decreases
exponentially with the altitude.

Let us assume that the variation in the density is determined empirically and ex-
istsin athree-dimensional table of values or in the form of an equation asafunction
of position, i.e. p = p(x,y,z).

x

Fig. 13.1

K. Weltner, W. J. Weber, J. Grogean, P. Schuster, Mathematics for Physicists and Engineers
ISBN 978-3-642-00172-7 © Springer 2009
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To obtain an approximation for the mass when the density varies we proceed as
follows. The volumeisdividedinto N cells, the volume of the i th cell being

AV; = Ax;jAy;Az;
If the density at the point P; (x;, y;,z;) is p themass of thecell is
AM; = p(x;i,yi,zi )Ax;AyiAz;

The mass of the entire cube is obtained, approximately, by adding up the masses of
all the cells. Hence

M=

Il
—_

N
M%ZAM[Z

i=1 i

p(Xi,yi,zi)Ax;Ay; Az;

Now let the size of the cells be taken smaller and smaller, so that N tendsto infinity.
In this way we get closer and closer to the exact value and can write

N
M :1\|/im > p(xi, yi,zi)Axi Ay; Az
=1

When we were dealing with afunction of only one variable, such alimit was called
an integral. We now extend this concept to the above sum. In the limiting process,
the differencesAx;,Ay; and Az; becomedifferentialsdx,dy, dz; and to express our
limiting process we use three integrals, one for each variable, and write

M :'///p(x,yj) dx dy dz
|4

In words, we describe this asthe integral of the function p over the volume V. Such
anintegral isalso referred to asamultipleintegral; the special case of three variables
is called atriple integral or a space integral. To solve for M we have to carry out
three integrations, taking each variable in turn and paying attention to the limits of
integration.

There are two cases to consider:

(a) Multipleintegralswith constant limits
All limits of integration are constant.

10« 4
Example/ / / p(x,y,z) dx dy dz
z=0Jy=—n Jx=3

(b) Multipleintegralswith variable limits
Not al the limits of integration are constant.

1 x2 y
Example/ / / p(x,y,z) dx dy dz
z=0Jy=—m Jx=3

The analytical evaluation of multipleintegralsis discussed in the following sections.
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Many multiple integrals can be solved analytically. There are, however, cases
which lead to very complex expressions or which cannot be solved at all. In such
cases, the values of multiple integrals can be computed approximately by means of
sums which are sufficiently exact for practical purposes if the subdivision is fine
enough.

13.2 MultipleIntegralswith Constant Limits

The actual execution of a multiple integration is particularly easy if al the limits
of integration are constant. It is thus reduced to the repeated integration of simple,
definiteintegrals. In our example of a solid cube, the computation of the mass of the
cube is obtained by integrating throughout the entire volume (cf. Fig. 13.1), i.e.

along the x-axisfromO to a

alongthe y-axisfrom O to b
along the z-axisfromO to ¢

Thetripleintegral sign denotes the following operations:

[\C
Jz=0

fyb=o J:=o p(x,y,2)dx dy dz

LInner Integral

Second Integral

Outer Integral

Step 1. Obtain the inner integral. y and z are regarded as constants; the only vari-
ableisx.

Step 2: The result of the first integration is a function of the variables y and z. We
now solve the second integral assuming z to be constant by integrating with
respect to y.

Step 3: Finally, we are left with a function of z alone and the outer integral is ob-
tained.

Note that in the case of constant limits the order of integration can be changed,
provided the integrand is continuous.

Multiple integrals are referred to as simple, double, triple, quadruple etc., de-
pending on how many integrations are to be performed.
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Example Calculate the mass of the rectangular prism shownin Fig. 13.2 of base a,
b and height 4.

r—————— = — = — -

X

Fig. 13.2

The density decreases exponentially with height according to the relationship

o= po€ **

This example is of practical interest in the calculation of the mass of a rectangu-
lar column of air above the Earth’s surface. Due to gravity, the density decreases
exponentially with increasing altitude.

po isthedensityatz =0

The constant & has the form o = pg/ Py g, Where g = acceleration due to gravity
and Py = barometric pressureat z = 0.
The mass of the column of air is calculated by the following multiple integral :

h b ra
M:/ / / o€ % dx dy dz
Jo JO JO

Evaluation of the inner integral gives

) h b
M = / / po€ **[x|g dy dz = a/ / 00€ ** dy dz
Jo Jo JO JO

Evaluation of the second integral gives

-h -h
M= a/ po€ %% [y]5 dz = ab/ po€ ** dz
Jo Jo
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Evaluation of the outer integral gives

h
M = abpg [Laeaz:| - abﬁ(l _efoeh)

0 o

Figure 13.3 showsthat the mass of the column of air approachesalimiting value M...

MA

abpp- - = — — — — - - — - — —

=Y

Fig. 13.3

13.2.1 Decomposition of a Multiple I ntegral
into a Product of Integrals

There are cases in which the integrand can be expressed as the product of functions,
each in terms of asingle variable.

S (x,3,2) = g(x)h(y)m(z)
Hence the multiple integral is the product of simpleintegrals:

/ / / (x,7,2) dXdde—/:g(x) dx'/jh(y) dy./ohlm(z)dz

Example Evaluate I = [;_, j;’:/g‘ sinxcosy dx dy.
Theintegrand is the product of two independent functions. Hence

/4 . kg /4
I :/ sinx dx/ cosy dy = [—cosx];’ " [siny]§ =0
0 0
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13.3 Multiple Integralswith Variable Limits

Multiple integrals with constant limits of integration are a special case. Generally,
the limits of integration are variable. Now we will consider the general case of vari-
able limits.

We will demonstrate the procedure with an exampl e of the calculation of the area
shown shaded in Fig. 13.4.

y =)

Ay AA

a Ax b X
Fig. 13.4

The area is obtained by summing all the small areas or meshes, such as A4 =
AxAy, within the boundaries so that

N
A= 2 Ax;Ay;
i=1

By letting N — < we obtain a double integral:

A= l//.dA :l//.dx dy

The problem now is how to regard the boundaries of the area.
Let us consider a small strip (Fig. 13.5) of width dx corresponding to a summa-
tioninthe y direction.
The limits of thisintegral with respectto y are
[ower limit, y=20
upper limit y = f(x)

In this case the upper limit is a function of x. We now insert this into the formula

and obtain
f(x)
A= // dx dy
y=0
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Fig. 13.5

The limits of the variable x are constant:

lower limit , X=a
upper limit , x=5b

Inserting these limits into our double integral gives

b S(x)
A= / / dx dy
x=aJy=0

Here the order of integration is no longer arbitrary. We must integrate first with
respect to variables whose limits are variable. We integrate first with respect to y
obtaining

b

A :/f [f(x)—O]dx:/a £(x) dx

We are already familiar with this result. We see that if we solve the area problem
systematically wefirst obtain adoubleintegral. In Chaps. 6 and 7, when dealing with
areas under curves, oneintegration had aready been performed, without mentioning
it, by considering a strip of height f'(x) and width dx.

Example Calculatethe area A bounded by the curves shownin Fig. 13.6.
The area A has the following boundaries:

y=x2  forthelower one,

y =2x for the upper one.

If we integrate in the direction of y from y = x? to y = 2x, we obtain the area of
the strip of width dx. The required area A4 is then obtained by integrating along x
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Fig. 13.6

from x = 0 to x = 2, since both curvesintersect at x = 0 and x = 2. Hence

2 2x
A:/ / dy dx
x=0.Jy=x2

Now we have first to integrate with respect to y, since itslimits are variable:

2 1,1 4
A= / (2x —x?) dx = [xz——x3] ==
Jo 3 o 3
We can generalise the process as follows.

Multiple integrals with variable limits are evaluated step by step, evaluating the
integrals with variable limitsfirst, up to the last integral, whose limits must be con-
stant.

Thus at least one integral must have constant limits.

You can proceed as follows.

Find a variable which does not appear in any limit of the integrals. Now integrate
with respect to this variable. Repeat this procedure until all integrals are dealt with.
Following this procedure, integrals with variable limits are dealt with first.

Multiple integrals often occur in practical problems.

Example Obtain the position (x,y) of the center of mass for the area 4 in the
previous example (Fig. 13.6). A problem of this type in mechanics has already been
discussed in Chap. 7.

First let usfind the component y of the position of the center of mass. To do this
we take the first moment about the x-axis of an elemental areadx dy and then sum
for the whole area. Hence

_ 2 2x
Ay:/ / 2ydydx (A = areq)
Jx=0Jy=x
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Let us evaluate this integral. Since the variable y does not appear in any limit, we
integrate with respect to y first:

2 272x 2 4 592
— y s X 2 3 X
A :/ = d :/ " —— | dx=|zx"——| =2.133
g /0 [zlﬂ 3 /0 (x 2) ) [3x 10]0

Second, we find the component x in a similar way. In this case, consider the first
moment of the elemental areas dx dy about the y-axis.

_ 2 2x
Ax = / / x dy dx
x=0.Jy=x2
2

5 2
and Ax = / [xy]i’zc dx :/ (2x% —x3) dx = {— - —] =1.333
0 0 0
Since A = 4/3,itfollowsthat x =1,y = 1.6.

Example Determinethe areaof acircle with radius R.
The areais given by amultiple integral,

A://dxdy

The problem is how to take the boundaries of the circle into account. Let uslook at
Fig. 13.7. We wish to sum the elemental areas dx dy in the y-direction, indicated

YA

Y

Fig. 13.7

by the small strip. This meansthat we integrate with respect to y first. The limits of
this integration are given by the boundaries of this small strip and these in turn are
given by the familiar equation of acircle

x24+y2=R? or y=+\/R2—x2
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Lower limit, yo=—vR2—x2
Upper limit, y; = +VR% — x2

Thus we obtain

The expression 2v/ R2 — x2 dx isthe area of the small strip.
The remaining integral with respect to x sumstogether the elemental strips from
—R to +R. Thusthelimitsare

lower limit, xo=—R
upper limit, x1=+R

+R

A= 2v/ R%2 —x2 dx

X():*R

Using the table of integralsin the appendix to Chap. 6, we obtain

R
X R? b
A=2|2VR2 32+ S gn! —)
{2 A (R R
A= R?n

We will seein the next section that this result can be obtained much more easily by
using polar coordinates.

13.4 Coordinate Systems

The evaluation of volumes, masses, moments of inertia, load distributions and many
other physical quantities leads to multiple integrals. The integrals are not always of
a simple type with constant limits of integration. However, in many cases we can
obtain simpler types if we replace the variables x, y,z by other more appropriate
ones. This implies that we should select our coordinate system carefully accord-
ing to the particular symmetry of the problem. For circular symmetries we choose
polar coordinates or cylindrical ones. For radial symmetries spherical coordinates
are advisable. In the following discussion we examine polar coordinates, cylin-



13.4 Coordinate Systems 387

drical coordinates and spherical coordinates and relate them to Cartesian coordi-
nates.

13.4.1 Polar Coordinates

Polar coordinates have been first mentioned in Sect. 7.1.2. A point P in the x—y
plane can be represented by the position vector r, asshownin Fig. 13.8. In Cartesian
coordinates, the position vector is given by its x—y components. The same position
vector can be defined by two other quantities:

the length of r,
the angle ¢ with respect to the x-axis, or any other fixed direction.
These two quantities are called polar coordinates.

A

@

=Y

Fig. 13.8

Polar coordinates can be obtained from Cartesian coordinatesand vice versa. The
equations of transfer can be derived from Fig. 13.8. We obtain Cartesian coordinates
from polar coordinates by

X = r COS¢
y=rsng

We obtain polar coordinates from Cartesian coordinates by
F=1/x2 + y2

tan¢:X
X
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An elemental area in Cartesian coordinatesis given by d4 = dx dy (see Fig. 13.9a).

Fig. 13.9

In polar coordinates, an elemental areais given by
dA=rdpdr (seeFig.13.9b)

Example Computethe area of acircle of radius R.

We have to sum the elemental areas within the boundaries of the circle. The
variable ¢ extends from ¢ = 0 to ¢ = 2x. The variable r extends from r = 0 to
r = R. Thusthe limits of integration for both variables are constant.

R 21
A:/dA:/ / r dp dr = 7R?
r=0.J¢=0

Note that the area of acircle with polar coordinatesis obtained far more easily than
with Cartesian coordinates.

Example Compute the area within the spiral r = a¢,a > 0 for one rotation of the
radius vector (see Fig. 13.10).

|
(3]
£
=Y

Fig. 13.10
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Consider the elemental areadA = r d¢ dr. Thetotal area A is given by theinte-

gral
Az//rdrdgb

Thevariable ¢ extendsfrom ¢ = 0to ¢ = 27, Since we are considering onerotation.
The variable r extends from r = 0 to r = a¢. Thus the limits of r are variable.
Inserting the limits and solving the integral gives

/rordrd¢> /ZH[,,}
_/Zna_¢ g = [2¢>L”=§a2n3

13.4.2 Cylindrical Coordinates

Cylindrical coordinates are polar coordinates for apoint in three-dimensional space
obtained by the addition of the coordinate z to specify its height, as shown in
Fig. 13.11.

kS

\
\
<

Fig. 13.11

The equations of transformation between cylindrical and Cartesian coordinates
are

X = ro COS¢
y =rosing
zZ=z

or, in the reverse direction,
ro =/ x2+y?

tang =

N =<

zZ =
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The elemental volumedV” in Fig. 13.12 isthen given by
dV =rg d¢ dr dz

Cylindrical coordinates can facilitate calculation in the case of either of the follow-
ing symmetries.

Fig. 13.12

Axial Symmetry

For cylindrical coordinates we only need the functional relationship between rg
and z, since these are independent of the angle ¢.
Examples are the chess piece in Fig. 13.13, and the magnetic field round a coil

(Fig. 13.14).
p\ /8
::‘_]L" q
oL/
S

i

Fig. 13.13 Fig. 13.14

[
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Cylindrical Symmetry

In cylindrical coordinates the function which describes the quantity under consid-
eration depends only on the distance ro from the z-axis: it is independent of both z
and ¢.

An example is the magnetic field H = H (r) surrounding a straight conductor
carrying an electric current (Fig. 13.15). Its absolute value possesses cylindrical
symmetry.

TA

-

o

Fig. 13.15

13.4.3 Spherical Coordinates

Spherical coordinates are particularly useful in problems where radial symmetry
exists. Furthermore, these coordinates are used in geography to fix a point on the
Earth's surface; it is assumed that the surface of the Earth is spherical. Spherical
coordinates are also called spatial polar coordinates.

To fix the position of a point in these coordinates, we need three quantities:

r, the position of the radius vector,

0, the angle between the radius vector and the z-axis, known asthe polar angle,

¢, the angle which the projection of the radius vector in the x—y plane makes
with the x-axis, known as the meridian.

To determine the equations of transformation between Cartesian and spherical co-
ordinates, we start with the projection of the position vector r upon the x—y plane.
The projection of the position vector upon the x—y plane has the length r sin 6.
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The relationships are then easily shown (see Fig. 13.16) to be

x =rsinfcos¢g
y=rsnfsing
z = rcos6

Fig. 13.16

The equationsin the reverse direction are

rzﬂ/x2+y2+22

z

VX2 y2+z2

tang =
X

cosf =

The elemental volumeis given by
dV =r2sin6 dd d¢ dr

It is alittle more difficult to determine. Let us find it by taking one step at a time.
dV in the direction of the radius vector has a thickness dr and a base area dA’
(Fig. 13.17), so that

dV =dAdr
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Fig. 13.17

From Fig. 13.18, we see that
dA = (rsinf d¢)(r d9) = r?siné df d¢

Hence it follows that
dV =r?sind do d¢ dr

zA
rsin 8 dg
—
rd0
.
9 /I, !
|
dg P!
r|l||
Ly
b
= »
Py
Py
¢ By
b

|
x r(’!

=

rd¢ =rsin 8de¢
Fig. 13.18
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Example Obtain the volume of a sphere of radius R.
In order to obtain 1V we integrate over the three spherical coordinates. The vol-

ume V of the sphereis

T T R
/ / r2sin6 dr d6 do
=0.J60=0.Jr=0

2w o R3
:/ / ~ sn6 do dg
Jo Jo 3

'/0211123[ cosflg dp = /

Spherical Symmetry

27 ) R3 R3

—d¢>—

Examples of spherical symmetry include the gravitational field of the Earth, the

electric field of a point charge and the sound intensity of a point source.

In spherical coordinates, the absolute value of the describing function depends
only on the distance r from the origin and not on the angles 6 and ¢.

f=rr)

Table 13.1 shows the important characteristics of cylindrical and spherical coordi-
nates and their relationship with Cartesian coordinates.

Table13.1
Coordinates

Catesian  x

y
z

Cylindrical x = r cos¢
y=rsng
zZ=2Z

Spherical

y =rsinfsing

z = rcosf

X =rsinf cos¢

Equations of transformation

r=vx2+y2
tanqb:z
X
z=z
r=yx2+y2+z2
z

VX2 +yZ+z2

cosf =

tang =

“ <

Elemental volume

dV =dx dy dz

dV =rd¢drdz

dV =r2siné df d¢ dr

Suitable for

axial
symmetry;
cylindrical
symmetry
spherica
symmetry
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13.5 Application: Momentsof Inertia of a Solid

In Chap. 7, Sect. 7.4.4 we dealt to some extent with moments of inertia. Herewe will
show the calculation of moments of inertia using the concept of multiple integrals.
The moment of inertia plays amajor role in the dynamics of rotary motions.

The energy of rotation of a mass element dm rotating about the axis of rotation
with the constant angular velocity w (see Fig. 13.19) is

1
dErot = E(l)zrzdm

r denotes the perpendicular distance from the axis of rotation. Thus the energy of
rotation of the total body is
Erot = la)z/ r2dm
2 body

The following quantity is called the moment of inertia:

Axis of rotation

Fig. 13.19

Example Calculate the moment of inertia of the cylinder shown in Fig. 13.20. The
axis of rotation is the axis of the cylinder. The density is constant throughout the
body. This problem can best be solved using cylindrical coordinates.

Consider a mass element dm inside the body at a distance r from the axis of
rotation. The moment of inertia of the mass element is

dl =r%dm
The mass element can be expressed in terms of its volume and density so that
dm =pdV
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Fig. 13.20

The moment of inertia of the whole cylinder is
= / 2pdv :p/.erV
JV .

The elemental volumedV in cylindrical coordinatesis

dV =rd¢ drdz
Thus
h R 27
I :p/ / / r3de dr dz
Jz=0Jr=0./¢=0
4 2
[ =R 2”h - RTM (M = total mass= pR?h)

Example Now we will consider an example in Cartesian coordinates. The solid
shown in Fig. 13.21 has a square base OABC, vertical faces and a sloping top
O'A’B’'C’. We want to calculate the moment of inertia about the z-axis.

OA = 25mm, AA’ = 50mm, CC' = 75mm, OO’ = 100 mm. The density is uni-
form throughout the body (p = 7800kg/m?).

We must first find the equation of the plane O’ A’B’C’ to get the upper limit of the
variable z.

The general equation of aplaneisgivenby ax +by +cz +d = 0. The constants
a,b,c and d aredetermined by inserting the given values of the four pointsO’'A'B'C’
in the general equation. For example,

O =(0,0,100), sothat ¢x100+d=0 and d =—100c;
A’ = (25,0,50), sothat ax25+c¢x50+d=0 and d =—25a—50c.

There are four such linear equations giving a = 25,b = 1,¢ = 1,d = —100. The
required equationis25x +y +z — 100 = 0.
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zh

Al AV

Ny~ — — — —
ln\\

N

<y

- -4

dy B

X

Fig. 13.21

Iz:///,o(x2+y2)dxdydz
xJyJx

25 25 100—-25x—y
= / / p(x% +y?) dz dy dx = 13.875 x 10%p
x=0Jy=0./z=0

= 1.079 x 10~ *kg/m?

To conclude this example, let us also calculate the radius of gyration (see Chap. 7,
Sect. 7.4.3):

M :mass:///pdxdydz

25 (25 100-25x—y _ _
= p/ dzdydz, sincep isconstant
x=0Jy=0/z=0

25 p25
:/ / (100 —25x — y) dy dx = 39062.5p = 0.305kg
0 0
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Theradius of gyration with respect to the z-axisis
/1 /1.079 x 10—4 _»
k;, = ﬁ = TOS =1.88x10"“m or 18.8mm

Appendix

Applications of Double Integrals

Field of Expression
application General Cartesian coordinates Polar coordinates
y=f(x) r=g(®)
Xy V2 b2 T2
Area A A / da :/ / dy dx :/ / r dr do
/A Jxp vy Joy Jry
X X2 V2 L) 5 .
First moment M, :/ yd4d = y dy dx = / r<sing dr d¢
JA Jxp Jyp Jry

or static moment

s

J#,
' X V2 b2 72

My:/ xdA = / x dy dx / / r2cos¢ dr d¢
A Xy Iy é1 Jry

. _ M,
Centroid x_7
M
vy
‘ oy
Moment Ix:/ y2dA :/ 2/ 2yzdydx :/ / r3sin? ¢ dr dp
of inertia X1
y
Iy_/ x2dA / /2 x2dy dx :/ / 3 cos? ¢ dr deb
X1
Polar moment 10—/ 2dA / / (x2 +y2) dy dx / / 3 dr dé

of inertia
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Exercises

13.2 Multiple Integralswith Constant Limits
1. Evauatethe following multiple integrals:

(@ /bo/:o dx dy o) /y-zo/:oxzdxdy
(©) /xZO/i sinxsiny dx dy (d) /7 / v) dn dv
1/2

4
© / / dedydz  (f) / / e gy dy dz
Jx=-1/2Jy=-1 y=Yo/z=29

13.3 Multiple Integralswith Variable Limits
2. Evaluatetheintegrals

2 3Xx
@ / / <2dx dy
y=x-1

(b)/xo/ /Z dx dy dz

Pay particular attention to the order of integration!
(c) Using adoubleintegral, obtain the area of an €ellipse and the position of
the center of mass of the half ellipse (x > 0).
2
y

%2
The equation of anell|pse|s—+ B2

=1
13.4 Coordinate Systems

3. (a8 A point has Cartesian coordinates P = (3,3). What are its polar coordi-
nates?

(b) Give the equation of acircle of radius R in Cartesian coordinates and
polar coordinates.

o

Fig. 13.22

M J
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(c) Obtain the equation of the spiral shown in Fig. 13.22 in polar coordi-
nates.

' /4 ra
(d) Evaluate / / r2cosh dr df.
JO=0 Jr=0

4. (@) Compute the volume of the hollow cylinder shown in Fig. 13.23 using
cylindrical coordinates.

<Y

Fig. 13.23

(b) Evaluate the volume of a cone of radius R and height /. Obtain the
moment of inertia of the cone about its center axis. The density p is
constant.

5. Calculate the moment of inertia of a sphere of radius R and of constant
density p about an axis through its center, using spherical coordinates.



Chapter 14
Transformation of Coordinates; Matrices

14.1 Introduction

One important aspect in the solution of physical and engineering problems is the
choice of coordinate systems. The right choice may considerably reduce the degree
of difficulty and the length of the necessary computations.

Consider, for example, the motion of
a spherical particle down an inclined
plane, asshown in Fig. 14.1.

Fig. 14.1

Theforce of gravity, F = mg, directed vertically down can be resolved into two
components, one parallel to the inclined plane and the other perpendicular to the
plane, as shown in the figure.

The component parallel to theinclined planeis

Fp=mgsna

and the component perpendicular to the planeismg cosa.

Fig. 14.2

K. Weltner, W. J. Weber, J. Grogean, P. Schuster, Mathematics for Physicists and Engineers
ISBN 978-3-642-00172-7 © Springer 2009
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To analyse the motion of the particle we must define a frame of reference, i.e.
a suitable coordinate system. Two obvious possibilities exist:

(a) the x-axis horizonta (Fig. 14.2a); or
(b) the x-axis parallel to theinclined plane (Fig. 14.2b).

Of course the actual motion of the particle is totally independent of the choice of
acoordinate system. But it isimportant to note that ajudicious choice of coordinates
can simplify the calculations, as we will now demonstrate.

First let us consider case (a). Asthe particlerolls down theincline, it has motion
in both the x and y directions. In order to determine the motion, we need to divide
theforce F, into its componentsin the x-direction and the y-direction (Fig. 14.3a):

Fpx = Fpcosa = mg sina cosa
Fpy = Fpsina = —mgsinasina

According to Newton’s second law of motion,
mX = mg Sina COSw
my = —mgsn®a

The negative sign takes care of the fact that the direction of the force and the chosen
positive direction of the y-coordinate are opposite to each other.

Fig. 14.3

Now let us consider case (b). The motion is restricted to the x-direction
(Fig. 14.3b). Hence

mx = mgsinw

my =0

These equations are obviously much simpler than those for case (a).

This example shows the importance of the choice of coordinates; in fact in some
cases a problem can only be solved through the choice of appropriate coordinates.
Therefore, before commencing the solution of a problem we should spend a little
time selecting the most appropriate system of coordinates.
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In very complex problems it sometimes happens that during a calculation it be-
comes apparent that a different choice of coordinates would have been more sen-
sible. In such cases, we can either start again from scratch, or, if alot of work has
already been done, transform the old coordinates into new ones.

In this chapter we consider the second aternative, i.e. the transformation of
arectangular x—y—z coordinate system into a different rectangular x’—y’—z’ co-
ordinate system, asillustrated in Fig. 14.4.

Fig. 14.4
The following two transformations are particularly important.

Trandation

The origin of the coordinatesis shifted by avector r( in such away that the old and
the new axes are parallel (Fig. 14.5a).

|

Fig. 14.5a
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Rotation

The new system of coordinatesis rotated by an angle ¢ relative to the old system.
(Figure 14.5b shows, as an example, arotation about the x-axisthrough an angle ¢.)

2} (b)

x and x’

Fig. 14.5b

A more general transformation of arectangular coordinate system into a different
rectangular coordinate system is composed of a trandation and a rotation. In this
book we will not consider inversion. For this topic and for general transformations
of coordinate systems the reader should consult advanced mathematical texts.

14.2 Parallel Shift of Coordinates: Trandation

Figure 14.6 shows a point P whose position is defined by the vector r = (x,y,z) in
an x—y—z coordinate system.

<Y

Fig. 14.6
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We now shift the origin O of the coordinate system to a new origin O’ by the
vector r o = (xo, Yo, Zo), ashownin Fig. 14.7, and denote the new set of coordinates
by theaxesx’, y’ and z'.

What are the coordinates of P in the new system of coordinates? The vector r in
the x—y—z system correspondsto the vector r’ in the x'—y’—z’ system of coordi-
nates. From Fig. 14.7 we see that

r=ro+r
or r=r—ry

Thisisthe required vectoria transformation when the axes remain parallel.

<Y

When expressed in terms of the coordinates, we obtain the transformation rule
for ashift.

Transformation rule If an x—y—z coordinate system is shifted by avec-
tor ro = (xo, y0,20), the coordinates of a point in
the shifted x’—y’—z’ system are given by

x/:xfxo x:x’ero
y'=y—=yo or y=y'+yo
2 =z—1z9 z=2z'+2z9 (14.1)

Example Consider a position vector r = (5,2,3) of apoint P. Now shift the coor-
dinate system by the vector r¢ = (2, —3,7). Calculate the position vector in the new
system.

According to the transformation rule we have r’ = r —rg

X' =5-2=3
y =2-(-3)=5
Z=3-7=—4
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Hence Pinthe x’—y’—z’ system is given by the position vector r' = (3,5, —4).

To make clear how useful it can be to shift coordinates, let us consider an-
other case.

Figure 14.8a shows a sphere of radius R whose center O’ does not coincide with
the origin of an x—y—z coordinate system.

2 2 R

Q‘}
<Y

(a) (b)
Fig. 14.8

L et usinvestigate the equation of the spherein two sets of coordinates. The center
of the sphere is fixed by the position vector ro = (x¢, y0,z0). The position vector
for an arbitrary point P on the sphere (Fig. 14.8b) is

r=ro+R or R=r—-rg
Taking the scalar product, we get the equation of the sphere;

R-R=R*>=(x—x0)*+(y—y0)*+(z —z0)?

<Y

Fig. 14.9
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Now wewill consider an x’—y’—z’ coordinate system which is obtained by shifting
the old system by the vector ry.

The new origin of the coordinate system coincides with the center of the sphere
(see Fig. 14.9). The equation of the sphere in the x'—y’—z’ coordinate system is
well known to be

R2 — x/2 + y/2 —I—le

This equation is obtained by applying the transformation rule to the previous equa-
tion.

Hence the equation of a sphere and other equations as well can often be made
simpler by shifting the origin of the coordinate system.

14.3 Rotation

14.3.1 Rotation in a Plane

Consider the position vector r = xi + yj in an x—y system of coordinates. We
can now rotate this system through an angle ¢ into a new position, as shown in
Fig. 14.10. The new coordinate axes are denoted by x’ and y’ and the unit vectors
by i’ and j', respectively.

Fig. 14.10

Inthe x'—y’ coordinate system the vector r is given by
r = x/i/ + ylj/
The problem now is to find the relationship between the original coordinates (x, y)
and the new coordinates (x',y’).
We start with the components (x, y) of r in the original system. These are sepa-

rated into componentsin the direction of the new axes; we need to find these com-
ponents. Finally, we will collect corresponding terms.
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From Fig. 14.11, we have
xi = xcos¢i’ —xsingj’ for the x component
yj =ysingi’+ ycosgj’ for the y component
In the original system the vector r was given by
r=xi+yj

In the new system, the vector r is obtained by using the relationships for xi and
yJj.Thus

r = xcosgi’ —xsingj’ +ysingi’ + ycosej’
or r = (xcos¢ +ysing)i’ + (—xsing + ycose)j’

The expressions in brackets are the components x” and y’ in the new coordinate
system:

x' = xcos¢+ ysing
!

y' = —xsing + y cos¢

2
!
!
|
|
|
|
!
I
|

g e > . g e
—~x sin ¢j'\ xl/ - X —x sin ¢j'\ xl/ - x
Fig. 14.11
By the reverse argument, the vector r = (x,y) is obtained from r = (x',y’) by
replacing ¢ by —¢. We get

x = x'cos¢ — y'sing
y = x'sing + y’ cos¢



14.3 Rotation 409

Rule If avector r = (x,y) is transformed into the vector r = (x',y")
when a two-dimensional system of coordinates is rotated through
an angle ¢, the transformation equations are

x' = xcos¢ + ysing

y' = —xsing + y cos¢

x = x'cos¢ — y'sing

y = x'sing + y’ cos¢ (14.2)

Example Given the position vector r = (2,2) of apoint Pin an x—y system, what
isthe position vector of this point when the coordinate system is rotated through an
angle of 45°7?

r istransformed by the rotation according to (14.2) as follows:

x'i’ = (200845° 4+ 28in45%)i" = 2v/2i"
y'j' = (—2sin45°+2cos45°)j' =0 x j'

Hence r is given in the rotated system by r = (21/2,0) as shown in Fig. 14.12.
It is obvious that in the new system the y’-component vanishes since the x’-axis
coincides with r.

45°

| J

Fig. 14.12

Example Given the hyperbolax?—y? =1 in an x—y coordinate system, what is
the equation of this same hyperbolain an x’—y’ coordinate system after the coordi-
nate system has been rotated through an angle of —45°7?

From (14.2), we have

. 1
x:ﬂmq—%ﬂ—ysM—%ﬂ:§¢ﬂﬂ+y)

. 1
y = x'sin(—45°) + y’ cos(—45°) = E\/z(y/ —x)
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Substituting these into the equation x2—y?2 = 1 gives

B V2(x' + y’)} - B V2(y' - X’)} -

1
- y/2—2x/y/+x/2):1

1
or E()6/24»2)(:/.))/4>y/2)72(

1.,/ 1 !/ 1
Hence xy—2 or y_2x/
Thisisthe reguired equation of the hyperbolain the x'—y’ coordinate system.
L et us consider the reverse problem.
Given xy = 1/2, we rotate the system of coordinates through an angle of +45°.

Then the equation of the hyperbolain the new x’'—y’ system of coordinatesis

(x' cos45° — y' cos45°)(x'sin45° 4 y’ cos45°) =

i ST

Hence X% —y?=

14.3.2 Successive Rotations

We will now derive transformation equations for the case when an x—y coordinate
system is rotated through an angle ¢ into an x’—y’ system and then taken through
a further rotation ¥ into an x”—y” system. We require the formula describing the
transformation from the x —y system into the x” —y” system.

k<‘
>
>

T e e e ———

Fig. 14.13

We note from Fig. 14.13 that the two successive rotations, ¢ and v, are equal to
asinglerotation, ¢ + . We will show analytically that this assumption is justified.
From (14.2) we have

(a) therotation of the x—y systeminto the x’—y’ system through an angle ¢ gives

x' = xcos¢ + ysing

! —

y' = —xSin¢g + y cos¢
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(b) the rotation of the x’—y’ system into the x” — y” system through an an-
gle ¢ gives
x" = x'cosy + y'siny
y" = —x'siny + y'cosyr
Substituting the expressions for x” and y’ in the last two equations gives

x" = (xcos¢ + ysing)cosy + (—xsing + y cosg) siny

y" = —(xcos¢ + ysing)siny + (—xsing + y cos¢) cosyr
Expanding, rearranging and using the addition theorems of trigonometry
(Chap. 3, (3.10)) givestherule for successive rotations.

Transformation rule for successive rotationsin the x—y plane:

x"=xcos(¢p+¢)+ysn(¢+v)
y"'=—xsin(¢p+v)+ ycos(¢ + )

Reverse transformation: (14.3)
x =x"cos(¢+y)—y"sin(¢p+ )
y=x"sin(¢+y)+ y"cos(¢ + )

Thevector r = (x, y) istransformed into the vector r = (x”, y") if the coordinate
system is rotated successively through the angles ¢ and .
Thus our assumption was correct and the rule is established.

14.3.3 Rotationsin Three-Dimensional Space

In this section, we will restrict ourselves to rotations about one of the coordi-
nate axes.
Case 1: Rotation about the z-axis through an angle ¢ (Fig. 14.14).

Fig. 14.14
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The x-axis is rotated to the x’-axis and the y-axis to the y’-axis, the z-axis re-
maining unchanged, i.e. the z- and z’-axes coincide.

It follows that the z-component of avector r = (x, y,z) isunchanged for arota-
tion ¢ about the z-axis, i.e. z’ = z.

The transformations of the x- and y-components are those of a rotation through
an angle ¢ in aplane. The transformations from the x—y plane to the x’—y’ plane
arethusthe same asin (14.2) in Sect. 14.3.1.

x' = xcos¢ + ysing
"= —xsing + y cos¢
!/

=z

ST

Case 2: Now consider arotation about the x-axis, as shown in Fig. 14.15.

xXXx

Fig. 14.15

Inthiscaseweseethat y — y’,z — z’ and x’ = x; the transformation takes place
inthe y—z plane.
From eguations (14.2) we find

y' = ycosp +zsing
7/ = —ys€ing + z cos¢
)C/:)C

Similarly, for rotations about the y-axis the transformation would take place in the
x—z planeand y’ = y.



14.4 Matrix Algebra

413

Rule For arotation about the z-axis of athree-dimensional x—y—z sys-

tem through an angle ¢, the transformation equations are

= XCOS¢ + ysing
—xsing + y cos¢

xl

!
y:
=z

For arotation about the x-axis, they are

/
X =X

y' = ycos¢ +zsing
z/ = —ysing +zcos¢

For arotation about the y-axis, they are

x' = xcos¢ +zsing
yi=y
7z = —xs€ing + z cos¢

(14.4)

(14.5)

(14.6)

We have obtained transformation equations for rotations about the x-, y- or z-
axisonly. Successiverotations can be described as asingle rotation about some axis.
Conversely, any rotation about any given axis can be described as a succession of
rotations about the axes of the coordinate system. Details of this can be found in

more advanced texts on algebra.

14.4 Matrix Algebra

Matrix algebraisapowerful tool in linear algebra. It a so hasthe advantage of being
very concise. The transformation equations in the preceding sections can be more

clearly arranged by introducing the concept of matrix operations.

Definition A rectangular array or set of real numbersis called areal matrix.

ayyp di2 - din
az1 dzz2 - d2p

Am1 Am2 --- Amn
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The horizontal lines of numbers are referred to as rows of the matrix.

This example shows the second row.

The vertical lines of numbers are referred to as columns of the matrix.

This example shows the second column.

Please note that in this book we are dealing only with real matrices (as opposed
to complex matrices). Also, all vectors considered are real vectors (as opposed
to complex vectors).

A matrix with m rows and n columns is said to be an m x n matrix or an
(m,n) matrix. When m # n the matrix is rectangular, and when m = n it is
square. Anm x n matrix is said to be of the order m x n.

Matrices are often denoted by a bold upper-case letter or by an upper-case
letter underlined, e.g. A in a manuscript.

Example
arl aiz
A = | az1 azy | isa3 x 2 matrix, or amatrix of order 3 x2 =6
asy asz

This matrix can also be written thus:

A=(ay) with i=123
k=12

The numbers ;. are called the elements of the matrix; the first subscript, i, refers
to the row and the second, &, to the column.

In the case of square matrices, the elementsa;; arefound on adiagonal whichis
called the leading diagonal .
Matrices with one row or one column only are referred to as vectors.

Column and row vectors are denoted by bold lower-case letters.

For example arow vector is given by

a:(aik)(lﬁn):(au a2 ... aln):(al ay ... an)
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For example a column vector is given by

ar ay

az1 az
a=)nn=| . |=

Aani Qn

14.4.1 Addition and Subtraction of Matrices

Definition The sum (or difference) of two matrices A and B of the same
order m x n is another matrix C of the order m x n whose el-
ements ¢;;, are the sum (or difference) a;; + b;; of the corre-
sponding elements of matrices A and B.

ayr £ b1y aip £ bz - an £ bin
azy & ba1 azxy £ bay -+ azy £ by

C=A+B-=
am1 £ by -+ - Amn £ bmn
(14.7)

Example Given
3—-1 4 10 -2 5-8 0
A= 1 3 3 =2 and B=[-4 1-3 0
-7 1 5 3 1-3 0-1

obtain A + B.

We simply add the elements with the same subscript, i.e. in the same posi-
tion. Hence

1 4-4 10
C=A+B=|-3 4 0 =2
-6-2 5 2
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14.4.2 Multiplication of a Matrix by a Scalar

Definition A matrix A multiplied by a scalar quantity & isanew matrix

whose elements are multiplied by k. (14.8)
Example
If A — <011 arz al3>
az1 dz2 az3
_ ka11 ka12 ka13
then kA = (ka21 kaz kazs
Example
5-7-1
If A_<3 ) 2> and k=25
12.5 -17.5 =2.5
then kA = ( 75 5 5 )

14.4.3 Product of a Matrix and a Vector

Weillustrate the product of a matrix and avector by considering the 2 x 2 matrix

A= <a11 a12>
azi az
and the vector r=(x,y) or r= <§)

We can therefore state the following definition.

Definition The product A r of amatrix A and avector r isanew vector r’
whose components are given by

v = Ay — (Clu a12) <x> _ <a11x+a12J’> (14.9)
az1 a2 ) \y az1x +azy
The components x’ and y’ of the vector r’ are obtained by forming the product

!
of rows and columns as for the scalar product. Hence, if r’ = (;, , then

x'=apx+apy and y =axx+azny
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. . 1-3 X
Example Obtain Ar if A = <6 4) andr = <y>

ar=r = ()= (D ()= (27

X
If we havea3 x 3 matrix and athree-dimensional vector ( y) then
V4

!
X apl daiz a3 X anx+apny+asz

/
= | az1 az2 az3 Yy | =\|axnx+azy-tarz

/
asy asz ass z asi1x+asy+assz

Example Obtainr’ = Ar if r = (x,y,z) and

N

10
A=[4-2
0 0

The solution is

14.4.4 Multiplication of Two Matrices

The product A B of two matrices A and B is defined as follows, provided that the
number of columnsin A isthe same as the number of rowsin B.

Definition Theproduct A B of amatrix A of order (m x n) and amatrix B
of order (n x p) isamatrix C of order (m x p). The coefficients
of the matrix C are denoted by

cir(i=1,2,...m; k=1,2,...p).
They are obtained by multiplying theith row of matrix A by the

kth column of B, both being considered as vectorsand forming
the ‘scalar product’ as follows:

Ajybyk = aj1big +aj2bop + -+ ainbyi (14.10)

n
Cik =

v=1
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The following diagram indicates the way the coefficients of the matrix C = AB
are generated. It shows how the coefficient c,; is calculated.

2nd
column

bt b2

by bx

by1 b3

a ap a cl1 ¢
ond row 11 12 13 11 €12
ay dax» ax 21 €22

This shows what is meant by saying that we form the scalar product of the ith
row (2nd in this example) of matrix A by the kth column (2nd in this example) of
matrix B.

Example Obtain the product of

52 -3 7
AZ(OI) and BZ( 11)

52\ (-3 7\ _[-15+235-2
AB_(O 1)( 11)‘( 0+1 01)

_ [—13 33

U1 -

Example Find the product of

The solution is

0 1
-7 8

1—4

2 1
A isa4 x 3 matrix and B a3 x 2 matrix. Hence the product will be a4 x 2 matrix.
The solution is

24+0+4 04045 6 5
AB — 4421432 0+7+40] _ 57 47
0-3-16 0—-1-20 —19 -21
12—-64+4 0—-2+5 10 3

Note that the product of two matrices A and B is, in general, not commutative,
i.ee AB # BA.
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14.5 Rotations Expressed in Matrix Form

14.5.1 Rotation in Two-Dimensional Space

The transformation equations for a rotation through an angle ¢ (Fig. 14.16) were
obtained in Sect. 14.3.1 (14.2). They are

= XCOS¢+ ysSing

xl
y' = —xsing + y cos¢

=Y

Fig. 14.16

These equations can now be expressed in matrix form to give the new vector as
aproduct of arotation matrix and the original vector:

x"\ [ cosp sing\ [x

y'] 7 \—sing cos¢ / \ y
Example Letusrotatean x—y coordinate system throughan angle ¢ = /2 so that
the x-axis moves into the y-axis and the y-axis into the negative x-axis. Calculate

the rotation matrix.
Substituting the value of 7 /2 into the general rotation matrix we get

( cosZ sin%) < 01>
—sinZ cosZ —10

The transformation of coordinatesis obtained:

()= (o) ()= ()

We now determine the matrix for successive rotations ¢ and .
We first rotate through an angle ¢. Thus x goesto x’ and y to y’. Second, we
rotate through an angle . Thus x” goesto x” and y’ to y”. The equations obtained
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in Sect. 14.3.2 look in matrix form as follows:

x"\ [ cos¢ sing\ [x
()= (Sams ) () 8

<x”) B ( cosyr sinw) <x/) 2
y" ) — \—siny cosy ) \ y'

Substituting Eq. [1] into Eq. [2] gives

x"\ [ cosy sny cos¢ sing\ (x
y" ]~ \—siny cosy /) \ —sing cos¢ | \ y
Multiplying out these matrices gives

x"\ [ cosycosg —sinysing  cosy Sing + siny cos¢g X
y") — \ —s€iny cos¢ — cosyr sing —siny sing +cosy coseg ) \ y
By applying the addition theoremsin trigonometry, the transformation matrix finally

becomes
< cos(¢ + ) Sin(¢>+w))
—sin(¢ + ) cos(¢ + V)

14.5.2 Special Rotation in Three-Dimensional Space

In Sect. 14.3.3 we derived the transformation equations for a rotation about the z-
axis (Fig. 14.17) through an angle ¢.
These transformation equations are

x' = xcos¢ + ysing
/—_

y' = —xsing + y cos¢

/
zZ =7z

Fig. 14.17
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We can express these equationsin matrix form thus:

x! cos¢ sing 0\ [x
y' | =|[—-singcosgp 0] |y
z' 0 0 1 z

The transformation matrix for rotation about the y-axis through an angle v is

cosy 0 siny
0O 1 0
—siny 0 cosy

You should verify thisfor yourself.

14.6 Special Matrices

In this section we introduce the definitions of some important special matrices.
Some assertions will be made without proof.

Unit Matrix
A unit matrix is a quadratic matrix of the following form:

100
I=1010
001

All elements on the leading diagonal are unity and all other elements are zero.
If a vector r or amatrix A is multiplied by a unit matrix I, the vector or the
matrix remains unchanged.

Ir =r
IA = A

These relationships are easy to verify.

Diagonal Matrices

A diagonal matrix is aquadratic matrix whose elementsare all zero except those on
the leading diagonal.

all 0 0
D= 0 ann 0
0 0 ass

A unit matrix isthus a special diagonal matrix.
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Null Matrix

A null matrix is onewhose elements are all zero; it is denoted by 0. We should note
that if AB =0, it does not necessarily follow that A =0 or B = 0.

Transposed Matrix

If we interchange the rows and columns of a matrix A of order m x n we obtain
a new matrix of order n x m. This matrix is called the transposed matrix or the
transpose of the original matrix and it isdenotedby AT or A.

ail a1z a a a
If A= |as ax| then AT_< 11721 31) (14.11)
asy asy ajz dzp azp

Notethat A" isthe mirrorimage of A.

20 0 2 2 6
f A=(21-6] then AT={0 1 0
6 0—1 0—6—1

Note that the first row becomes thefirst column, the second row becomes the second
column, etc.
You should verify the following assertions for yourself.

Example

1. The transpose of the transposed matrix givesthe original matrix A.

(AT)T=4
2. Animportant relationship is
(AB)" = BTAT
and generally (ABC...Z)'=Z"..B™AT

Orthogonal Matrices

A sguare matrix A which satisfies the following identity is called an orthogonal
matrix:

AAT =1 (orthogonality) (14.12)

Thisrelationship is equivalent to

ATA=1
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It can beinterpreted in terms of rows and columns of the matrix A asfollows. The
nth column of A is the nth row of AT. Now consider the equation AAT = 1. If
we think of rows and columns as vectors and compute their scalar product, then we
observe for an orthogonal matrix A that

1. the scalar product of a column by itself is 1;
2. the scalar product of acolumn by adifferent column is always zero.

The following assertions are equivalent:

3. the scalar product of arow by itself is 1;
4. the scalar product of arow by adifferent row is always zero.

For example, the matrices describing rotations are always orthogonal matrices.
The name ‘orthogonal’ is derived from the fact that if an orthogonal matrix A4 is
applied to two vectors r and s, their scalar product remains unaffected, i.e.

r-s=(Ar)-(As)
Thisimplies that the lengths and angles of the vectors are preserved, and, in partic-
ular, asystem of orthogonal coordinate axesis transformed into another orthogonal
system.
Singular Matrix
A matrix whose determinant is zero is called asingular matrix (for determinants see
Chap. 15).
Symmetric Matricesand Skew-Symmetric (or Antisymmetric) Matrices

For square matrices two new properties may be relevant. A square matrix is called
symmetricif forall 7 and ja;; = a ;. Thismeansit equalsits transpose.

A=AT (symmetry) (14.13)

A square matrix is called skew-symmetric or antisymmetric if al a;; = —a ;.
This means it equals the negative of its transpose. Note that for antisymmetric ma-
trices all elements on the leading diagonal are zero.

A=—A" (skew-symmetry) (14.14)

It is useful to note that any sguare matrix can be expressed as the sum of a sym-
metric and a skew-symmetric matrix.
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Proof
1 1
A:§M+AU+§M—AU
Observe that the first term is a symmetric matrix and the second term is a skew-
symmetric matrix.

Example Write asthe sum of a skew-symmetric and a symmetric matrix

798 29 26
A= 1 827
74 69 88

The solutionis
014 —-24 798 15 50

A=1|-14 0-21 )+ 15 848
2421 0 50 48 88

14.7 Inverse Matrix

If asguare matrix A when multiplied by another matrix B resultsin the unit matrix,
then the matrix B is called the inverse matrix of A; it is denoted by A ~!. Not all
matrices possess an inverse, and the criterion for a matrix to have an inverseis that
its determinant must be different from zero, i.e. it must not be singular. Determinants
are dealt with in Chap. 15. If an inverse existsit is unique.

The following equations must hold true:

AA-' =1, (postmultiplicationby A~1)
A~ 'A =1, (premultiplicationby A=) (14.15)

We will not give details here of how A ~! is calculated. This will be done in
Chap. 15, Sect. 15.2.3. For the time being we will give only the following example
for an inverse matrix.

200 100
If A=(21-6] then A '=(171-6
60—1 30 -1

As an exercise, you should verify for yourself that
AA ' =Aa7t4=1

Returning to the concept of orthogonal matricesintroduced earlier, we can now state
the following criterion. A square matrix A is orthogonal if itsinverseis egual to its
transpose, i.e.if A~1 = AT.
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If the operationswith matrices have been understood using simple examplesyou
will do the calculationslater on using a PC and programslike Mathematica, Maple,
Derive or others.

Exercises

14.2 Parallel Shift of Coordinates

1. The vertex of the paraboloid shownin Fig. 14.18 is at adistance 2 from the
origin of the coordinates. The equation is

z=2+x%+y%
What is the transformation which will shift the paraboloid so that its vertex

coincides with the origin O?

A

<y

/O :

X

Fig. 14.18

2. Theequation of acertainstraight lineis y = —3x + 5. What will itsequation
bein anew x’—y’ coordinate system due to a shift of the origin of (—2,3)?
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14.3 Rotation

3.

A two-dimensional system of coordinates is rotated through an angle of
7 /3. The transformation matrix is

LE
2 2
1
2 2
What isthe new vector r’ if r = (2,4)?

S

. Given the equation y = —x /v/3 +2, if the system of coordinatesis rotated

through an angle of 60° obtain an expression for the equation in the rotated
system.

A three-dimensional system of coordinates is rotated about the z-axis
through an angle of 30°. Obtain the transformed vector r’ if r = (3,3,3).

14.4 Matrix Algebra

6.

7.

8.

Given the two matrices A and B where
13 20
A=1|25 and B=|-13
07 —-12
evaluate
(& A+ B,
(b) A—B
Let
2 7
A=1(3 0 and B = 9 30
9_1 1-24

(a) Evauatethe matrix 64.
(b) Show that the expression AB # BA.

Given
12 -1 0
A=173 and B = 2 3
59 -1 -1

evduate AB
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9. Evaluatethe product Ar = r’ if

-3 -0

10. Given
1 2
A=14-3
30
evauate
@ A’
(b) (AT)T

11. How many independent entries are there in a skew-symmetric 3 x 3 matrix?

12. Decompose into a symmetric and a skew-symmetric matrix:

54 1 1
0 26 20
8 8 9
14.7 Inverse Matrix
13. If
1 0 3 | -8 6
A=[2-3 1 and A*IZE -3-1 5
1 2 2 72—
showthat AA ' =A"'A=1



Chapter 15
Setsof Linear Equations; Deter minants

15.1 Introduction

In this chapter we will investigate the solution of sets of linear algebraic equations.
First, we show a method which will be used in most practical cases. This is the
Gaussian method of elimination and its refinements. The basic idea is quite clear
and elementary. Notation in matrix form will proveto be helpful.

Second, the concept of determinants and a second method of solution, Cramer’s
rule, will be developed. This concept is of theoretical importance, e.g. adeterminant
shows whether a set of simultaneous equationsis uniquely solvable.

15.2 Setsof Linear Equations

15.2.1 Gaussian Elimination: Successive Elimination of Variables

Our problem is to solve a set of linear algebraic equations. For the time being we
will assume that a unique solution exists and that the number of equations equals
the number of variables.

Consider a set of three equations:

ai1x1+aizxa+aizxs = by
a21x1+azx2 +azzxsz = b
as1 X1 +azxz+aszxz = b

The basic idea of the Gaussian elimination method is the transformation of this set
of equationsinto a staggered set:

/ / / /
a'11x1+a 12x2+a'13x3 = b’y
/ / /
a'20x2+a'23x3 = b’

i /
a'3zxz =b'3

K. Weltner, W. J. Weber, J. Grogiean, P. Schuster, Mathematics for Physicists and Engineers
ISBN 978-3-642-00172-7 © Springer 2009
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All coefficientsa’;; below the diagonal are zero. The solutionin this caseis straight-
forward. The last equation is solved for x3. Now, the second can be solved by in-
serting the value of x3. This procedure can be repeated for the uppermost equation.

The question is how to transform the given set of equationsinto a staggered set.
This can be achieved by the method of successive elimination of variables. The
following steps are necessary:

1. We have to eliminate x; in all but the first equation. This can be done by sub-
tracting a1 /a1 timesthefirst equation from the second equation and a3 /a11
times the first equation from the third equation.

2. We have to diminate x, in all but the second equation. This can be done by
subtracting as» /az» times the second equation from the third equation.

3. Determination of the variables. Starting with the last equation in the set and
proceeding upwards, we obtain first x3, then x,, and finally x;.

This procedureis called the Gaussian method of elimination. It can be extended to
sets of any number of linear equations.

Example We can solve the following set of equations according to the procedure
given:

6x1 —12x24+6x3 =6 [1]
3)(?1 — 5X2+5X3 =13 [2]
2x1— 6x340 =—10 [3]

1. Elimination of x;. We multiply Eq. [1] by 3/6 and subtract it from Eq. [2]. Then
we multiply Eq. [1] by 2/6 and subtract it from Eq. [3]. Theresultis

6x1 — 12x2+6x3 =6 [1]
X3 +2x3 =10 [2/]
72)(?272)(3 =-12 [3/]

2. Elimination of x,. We multiply Eq. [2'] by 2 and add it to Eq. [3]. Theresult is

6x1—12x2+6x3 =6 [1]
X2 +2x3 = 10 [2]
2)(?3 =38 [3”]

3. Determination of the variables x1, x,, x3. Starting with the last equation in the
set, we obtain

)C3:§:4

Now Eq. [2'] can be solved for x; by inserting the value of x3. Thus

XZZZ



15.2 Setsof Linear Equations 431
This procedureis repeated for Eq. [1] giving

X1=1

15.2.2 Gauss—Jordan Elimination

Let us consider whether a set of n linear equations with n variables can be trans-
formed by successive elimination of the variablesinto the form

x1+ 0+ 0+---+ 0=0C
O+x2+ O0+--4+ 0=0C
0+ 04+x3++ 0= Cs

0+ 0+ 0+ +x, = Cp

The transformed set of equations gives the solution for all variables directly. The
transformation is achieved by the following method, which isbasically an extension
of the Gaussian elimination method.

At each step, the elimination of x; has to be carried out not only for the co-
efficients below the diagonal, but also for the coefficients above the diagonal. In
addition, the equation is divided by the coefficient a ;; .

Thismethod is called Gauss—Jordan elimination.

We show the procedure by using the previous example.

Thisisthe set

6x1 —12x5+6x3 =6
3x1— S5x2+5x3 =13
2x1— 6x2+0 = -10

To facilitate the numerical calculation, we will begin each step by dividing the re-
spective equation by a ;.

1. Wedividethefirst equation by a1 = 6 and eliminate x; in the other two equa-
tions.

Second equation: we subtract 3 x first equation
Third equation:  we subtract 2 x first equation
Thisgives
X1 —2x2+x3 =1 [1]
0+xy +2x3=10 [2]
0—2xp—2x3 = —12 [3]
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2. We eliminate x, above and below the diagonal .

Third equation: weadd 2 x second equation
First equation:  weadd 2 x second equation

Thisgives
x1+0 +5x3=21 [1]
0+x2+2x3 =10 [2]
0+0 +2x3=8 (31

3. We divide the third equation by a33 and eliminate x3 in the two equations
aboveit.

Second equation: we subtract 2 x third equation
First equation: we subtract 5 x third equation

Thisgives
x1+0 +0 =1 [17
O0+x+0 =2 [2"
0+0 +x3=4 [31

Thisresultsin the final form which shows the solution.

15.2.3 Matrix Notation of Sets of Equations
and Determination of the Inverse Matrix

Let us consider the following set of linear algebraic equations:

apxip +appxz+apzxs = by
az1X1 +axxy +a3xz = by
asi1xi+azxz+azzxz = bz

This set of equationscan formally bewritten asamatrix equation. Let A beamatrix,
whose elements are the coefficientsa;; . It is called amatrix of coefficients.

aip aiz dis
A = | a1 ax az;
asy asz dss
x and b are column vectors:
X1 by
x=|x b=|by
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The set of equations can now be written
Ax =b

In Chap. 14 we discussed the rulesfor the multiplication of matrices, the concepts of
theinversematrix A ~! and of theunit matrix 1. Youwill rememberthat A 14 =1.
L et us consider amatrix equation representing a set of linear algebraic equations:

Ax=b>b

We will now multiply both sides of this matrix equation from the left (premultipli-
cation) by theinverse of A.
A lAx =41

SinceA 1A = I, weobtain
Ix=A"1b

Thisequation isin fact the solution of the set of linear equationsin matrix notation.
But at present we do not have the inverse A ! of the matrix of coefficients A to
perform this multiplication. On the other hand, we do know a method for solving
aset of linear equations, e.g. the Gauss—Jordan elimination. We want to find if are-
Iaticl)nship exists between the solution of a set of equations and the determination of
A

Without giving the proof we can state the answer. We transform the matrix of
coefficients A by the Gauss—Jordan elimination into aunit matrix 7. If we apply all
operations simultaneously to a unit matrix 7, the latter will be transformed into the
inverse A1,

Thus we do not, in practice, gain a new method for solving a set of linear equa-
tions, but a method for calculating the inverse of a given matrix.

Consequently, if we form the inverse of the matrix of coefficients A and premul-
tiply matrix b by it, then we abtain as a column vector the solution of x.

An n x m matrix can formally be augmented by another n x o matrix B thus
forming an augmented n x (m + o) matrix denoted A|B. For example, A|I isan
augmented matrix whose first part consists of A and whose second part consists
of I.

Rule Calculation of theinverse A ! of amatrix A.
Augment A by aunit matrix I. Execute the Gauss-Jordan elimina-
tion to transform thefirst part A of the augmented matrix into aunit
matrix. Then the second part I will be transformedinto A 1.

As an example, we will show the calculation of the inverse matrix of A cited in
Sect. 14.7. Consider

2 0 0
A=12 1-6
6 0-—1
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We extend A by I and get the augmented matrix A |I:

2.0 01 0 0
AI=[2 1-6/0 1 0
6 0—1{0 0 1

Now we carry out the Gauss-Jordan elimination to transformitsfirst part A into the
unit matrix, following the steps described in the previous section.

1. Division of thefirst row by a1; = 2 and elimination of the elements of the first
column below the diagonal resultsin

1
0
0

2. The elements of the second column above and below the diagonal are already
zero, so nothing hasto be donefor this step.
3. Division of the third row by a33 = —1 and elimination of the element abovein
the third column resultsin
1 0
0 1
0 0

The second part of the augmented matrix represents A ~1:

12 0 0
A l=(17 1-6

1

of 3
—6| -1
-3

S — O
S = O
— O O

— o O
—_
[SSEEN S
)
— N O©

3 0-1

Further, we make use of the matrix notation to facilitate the writing while transform-
ing the system of equations.

Each row of the matrix equation A x = b representsalinear algebraic equation.

Suppose we multiply row i by afactor. Thenall termsa;;x;(j =1 ... n) andb;
have to be multiplied by this factor. Thisis carried out by multiplying al elements
inrow i of the matrix of coefficientsand b; by this factor.

Supposewe add row i to row j. Then we have a new row whose coefficients are
(al-l +aj1), (Cliz +aj2), ceey (ain +ajn) and the value of b; isthen (bl +bj).

This eguals the addition of corresponding elements of the coefficient matrix A
of row i torow j and of b; to b;. It can be generalised for the addition of multiples
of an equation and for subtraction of multiples of equations.

Thus the Gaussian elimination method and the Gauss-Jordan elimination can
be carried out by performing the transformationswith the elements of the matrix of
coefficientsand with the corresponding elements of 4. This can be done using matrix
notation if we augment the matrix of coefficients A with the column vector b and
transform this augmented matrix A |b according to the Gaussian or Gauss-Jordan
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elimination. Then the first part A will be transformed into a unit matrix and the
column b will be transformed into the column vector of solutions. This is more
concise and reduces the chance of making errors.

15.2.4 Existence of Solutions

Number of Variablesand Equations

We know that from one equation we can only determine one unknown variable. If
we have one equation and two variables, one of the variables can only be expressed
in terms of the other.

In order to determine n variables we need n equations. These equations must be
linearly independent. An equation is linearly dependent if it can be expressed as
a sum of multiples of the other equations.

If we have n variables and m linearly independent equations (m < n), only m
variables can be determined and n — m variables can be freely chosen. Let us ex-
plain: in a system of m equations, (n —m) variables can be shifted to the RHS,
m variables remain at the LHS. The Gauss-Jordan elimination can now be carried
out, giving asolution for m variables. But this solution containsthe n — m variables
previously shifted to the RHS. Thusthese are the freely chosen parameters.

If m > n, the system is overdetermined. It is solvable only if m — n equations are
linearly dependent.

Existence of a Solution

Let us consider a set of n linear equations containing n variables. If at any stagein
the elimination procedure the coefficient a ;; of a variable x; happens to be zero,
the equation has to be changed for an equation whose coefficient of x; below the
diagonal is # 0. If all coefficients of x ; below the diagonal are zero too, the set has
no unique solution or no solution at all. In this case, we proceed to the next variable
and continue the elimination procedure.

The set of equations has no unique solution if on the RHS of row j the value
of b; is zero. This happens when the equation is linearly dependent on the other
ones. The value of this variable is not determined and it is freely chosen. It should
be added that if this happens r times we will have r variablesfreely chosen.

This can be understood if we note that a row of zeros reduces the number of
equations. In this case, the number of variablesn exceeds the number of remaining
equations (m = n — r) and, as has been stated above, n —m = r parameters are
freely chosen.

The set has no solution at all if on the RHS of row j the value of 5; is not
zero. In this case we have the equation 0 = b ;, which isimpossible. Thusthe set of
eguations contains contradictions and has no solution at all.
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Solution of a Homogeneous Set of Linear Equations

Consider aset of n linear equationswith n variables. If all constants; on the RHS
are zero, we have what is referred to as a set of homogeneous linear equations.
Thereisatrivia solution with

x; =0, j=1,....n

A non-trivial solution may also exist. In this case, there must be at least one equa-
tion linearly dependent on the others. Consequently, the solution is not unique and
contains at least one parameter freely chosen.

Example Given aset of linear equations

0—4 —12
3 5 N 12
2 4
1 7

W N =
~N N =

18
Augmented matrix A |b

4] —12
12
8
18

Alb =

W = A
abm &
—_ oW o
< A~ W

We use matrix notation and carry out the transformationswith the augmented matrix
Alb.

1. Division of the first row by a;; and then elimination of the coefficientsin the
first column: Subtraction of row 1 from row 2, subtraction of row 1 multiplied
by 2 from row 3, and addition of row 1 multiplied by 4 to row 4, gives

-1} =3
6/ 15
6| 14
4

-2 0
33
2 2
1 1 9

oS oo~

2. Division of the second row by a,, and then elimination of the coefficientsin the
second column: Addition of row 2 multiplied by 2 to row 1, subtraction of row
2 multiplied by 2 from row 3, and subtraction of row 2 from row 4 gives

1 0 2 3|7
0 1 1 25
0 0 0 24
0 0 0 24

3. In the third column a33 and all coefficients below the diagonal happen to be
zero. Thus we proceed to the fourth column. We divide the fourth row by a44
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and €eliminate the coefficients above. We obtain

1 0 2 01
0 1 1 01
0 0 0 00
0 0 0 12

Inthethird row al elementsare zero. Thusthe set has no unique solution. Thevalue
of x3 can befreely chosen and hencethe values of x; and x, depend on this choice.
X1 = 1-— 2)C3

X = 1-— X3
X4 = 2
Example Solvethe following set of homogeneouslinear equations.
1 4-1
4 16—-4|x=0
2 =3 1
Augmented matrix A |b
1 4-1{0

4 16 —4/0
2 =3 1|0

1. Eliminating the coefficientsin the first column gives

1 4-1/0
0 0 0]0
0—-11 3|0

We see that the set has anon-trivial solution, since one row consists of zeros and
isthuslinearly dependent.

2. Since ay, = 0, we interchange row 2 and row 3. Dividing the new diagonal
element and eliminating the coefficient above the diagonal in the second col-
umn gives

1
10ﬁ0
0 1-210

11
0 0 010

We are left with two equationsfor three variables. We write it down explicitly, shift
the third variable to the RHS and obtain the solution:

1
X1 = —HX3
3

Xp = HX::,

Thevariable x3 isfreely chosen. Thusthe solution is not unique: it containsone free
parameter.



438 15 Setsof Linear Equations; Determinants

15.3 Determinants

15.3.1 Preliminary Remarks on Determinants

In this section on determinants we explain the concept and its properties. We
give as an application the method of solving sets of linear equations known as
Cramer’'srule.
We will introduce the concept of a determinant by means of an example.
Consider two linear equations with two unknowns, x; and x,:

anxitaipxa=by o fairanz) (x1) _ (b
az1x1 +axxz =by azi az ) \x2 ba
These equations, when solved, give

_ brazxy —brarn
X = —
aiiazz —ai2dzy
_ baayy —brax
Xp = ———
aiiazz —ai2dzy

The solutions exist, provided that the denominators are not equal to zero. We notice
that these denominators are the same for x; and x,. It is customary to expressthem
asfollows:

arl a2

=dar1dzz —daizdzi
azy dzz

This expression is called the determinant of the matrix A. If this determinant is
different from zero, then unique solutions exist for x; and x5.
The determinant is a prescription to assign a numerical value to a square matrix.
For example, we can speak of the determinant of the 2 x 2 matrix A. There are
several notations used in the literature:

et<a11 alz) et A —
a1 az;

The given formula applies only for the determinant of a2 x 2 matrix. But the eval-
uation of the determinant of an x n matrix can be reduced successively to the eval-
uation of determinantsof 2 x 2 matrices.

The solution of a set of two linear equations for x; and x, can be expressed in
terms of determinants:

ail di2

=A=ajiaz —azaz;
a1 az»

b1 a1z ar by

ba az; o 1921 by
det A 27 detd

Thisis Cramer’srule for two linear equations which will be dealt with generally in

Sect. 15.3.4.

X1 =
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15.3.2 Definition and Properties of an n-Row Determinant

Generally speaking, the determinant of a square matrix of order n (n rows and
n columns) is referred to as an n-order determinant. Although the determinant is
a prescription to assign one numerical value to a given square matrix consisting of
n? elements, it is usual, before the numerical evaluation, to refer to elements, rows
and columns of the determinant in the notation below. Nevertheless, it is essential
to distinguish between a matrix, which is an array of numbers, and its determinant,
which isanumber.

ail a2 ...y --- Ain ail a1z ...y --- Ain
det aj1 ajp ... 4jk ... Ajp =1|dj1 4j2 ... 4jk ... Ajp
anl Ap2 ... Ak --- Apn anpl Ap2 ... Ak --- Apn

With each element a;, isassociated aminor found by omitting row i and column k.
The minors are determinantswith n — 1 rows and columns.

The cofactor 4, is obtained by multiplying the minor of a;;, by (—1)i*%.

The procedure for evaluating the cofactor A4; is shown below.

Omit E|
ith row —— Ay = (—1)* @

Finally, we define the expansion of the determinant by a row (or a column). It
is defined by multiplying each element of the row (or column) by its cofactor and
summing these products.

det A = dik

uwnjoo Yy

Example We expand the given determinant by the first row. First we evaluate the
cofactors of the first row:

1 23
det4A=1|3 21
5-31
Cofactor Aq1:
21 21
Allz(_l)prl 31‘:1‘31 :2_(_3):5
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Cofactor Aq5:

31 31
1142 _ - _ —(—1)5=
A1z = ( 1) 51‘— 1‘51‘ 1x3 ( 1)5=2
Cofactor A;3:
3 2 3 2
_ (1143 _ 0 10— _
Az =(-1) 5_3‘1‘5_3‘ 9-10=-19

Second, we multiply the cofactors by the elementsa,; and obtain the sum
I xX542x2+3(—19)=-48

Without giving the proof, we state that the expansion of a determinant by different
rows or columns always gives the same value.

Evaluation of deter minants

Thevalueof an n-order determinant is defined by the value of itsexpansion
by any row or any column.

Expanding by the i th row gives

det A =a;1Aj1 +ainAiz+ - +aindin
Expanding by the kth column gives

det A =a Ay +anpAog + -+ ank Ank

The value of the 3 x 3 determinant in the preceding exampleis thus given by the
expansion which has already been obtained.

The evauation of a determinant with n rows and n columns is reduced to the
evaluation of n determinantswith (n — 1) rows and (n — 1) columns. Applying the
rule again reducesit to determinantswith (n —2) rows and (n —2) columns and so
on until we are left with 2-row determinants.

Asaspecia case, it should be noted that the determinant of a diagonal matrix is
given, up to sign, by the product of the diagonal elements. Thisfollowsif the given
method is applied.

Hintsfor the Expansion of Second- and Third-Order Deter minants

(a) Second-order determinants. The formula for the evaluation of a second-order
determinant can be easily remembered with the help of the following scheme:

ary _yan
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Thevalueis given by the algebraic sum of the products formed by the elements
on each of the two diagonals, the product taken downwards being positive, and
that taken upwards being negative, i.e. ay1a22 — az1a13.

(b) Third-order determinant. We can establish a similar scheme for the expansion
known as Sarrus' rule.

Sarrus rule Repeating the first two columns of the determinant on the
right, the expansion may be written down by taking the al-
gebraic sum of the products formed by the elements on each
of the six diagonals, as shown below; products taken down-
wards are positive and products taken upwards are negative.

Negative
/
an\alz aian an
a 'azé\azé\.\az]\azz
a1 axm a3y a3 Ay
\
Positive
2 3 5
Example Evauatethedeterminantdet A =2 1 -3
1 3 4

Solution 1 using the Sarrus’ rule;

2 3 ,5 2 3
det A= 2\ ><3>< /1

1 3 4><1 3
=2x1x443(-3)x1+5%x2x3
—Ix1x5=3(-3)x2—4x2x3
=8—-9+30-5+18—-24=18

Solution 2 using cofactors and expanding by the first column:

2 3 5
det4 =12 1-3
1 3 4
1-3 3 5 3 5
_ (_1\1+1 _1\2+1 _1\3+1
=(-1) 2‘3 4‘+( 1) 2’3 4‘+( 1) 1‘13‘

= 2(449)—2(12—15)+ 1(—=9—5)
=264+6-14=18
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Properties of Deter minants

To evaluate determinants, in practice we frequently make use of the following prop-
erties (considering third-order determinants only for simplicity) to simplify the
working.

Property 1 The value of the determinant is unaltered if columns and
rows are interchanged (transposed).

det A =det AT

Since interchanging rows and columns does not affect the value of the determi-
nant, any property established below for ‘rows’ aso holds for ‘columns’. Thiswill
not again be mentioned explicitly. Thus

dail aiz di3 aiy azi dsi
dz1 dzz Az3| = |d12 d22 Ad32
asy asz dss ai3 dz3 dss

Property 2 If two rowsof the determinant are interchanged, the absolute
value of the determinant is unaltered, but its sign is changed.

aii aiz ais azy azp dzs
djz1 dzp ajz3| = —|d11 d12 413 (rowsl and 2 areinterchanged)
asq dszz ass asp asp dss

Property 3 If al the elements of one row of the determinant are mul-
tiplied by a constant k, the new determinant is equal to
k x (value of the original determinant).

ail daiz d4ais ajl aiz ais
det A = |kasy kass kasxz| =k |ax1 azs arzs
asy dasp dass asy azp ass

If al the elements of the matrix are multiplied by a constant k& the new determinant
isequal to k" x (value of the original determinant).

Property 4 If two rows of a determinant are identical, the value of the
determinant is zero. Thisappliesequally if two rowsare pro-
portional to each other.
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Property 5 The value of a determinant is not altered by adding to the
corresponding elements of any row the multiples of the ele-
ments of any other row.

ail a1z a3 a1 +kazy ayp +kazy arz+kas;s k X (SECOHd_FOW)
azy azp dzz| = ari ar» as3 is added to first
asy asz dss asg asp ass row

Property 6 If each element of any row is expressed as the sum of two
numbers, the determinant can be expressed as the sum of
two determinants whose remaining rows are unaltered.

ai1 +byaix+byaiz+b3| |air arz ars by by b3
asy as a3 | =|az1 azz axz|+ |az1 azs azz
asy ass ass asy asp asz| |asi asz ass

Property 7 If the elements of any row are multiplied in order by the
cofactors of the corresponding elements of another row, the
sum of the productsis zero.

ai1Az1 +ainAz+azAzz =0

Using properties 2, 3, 5, any determinant can be transformed so that only diago-
nal elements remain. The product of the diagonal elements s, except for the sign,
the value of the determinant. This is equivalent to the Gauss-Jordan elimination.
In practice, this method considerably reduces the amount of calculation involved in
solving determinants of the fourth order and above. It should be noted that it is suf-
ficient to eliminate the elements below the diagonal (Gaussian elimination), since
the elimination of the elements above the diagonal does not affect the diagonal ele-
ments.

ai diz ais P 0 0

azraz azz|=|0 Py 0| =P P2P;3

asy asz ass 0 0 P

The following example illustrates the application of the above properties before
expanding by arow or column.

11 3 7
Example Evauatethedeterminant: |10 2 6
5 1 4

Subtraction of row 2 from row 1 (property 5) gives |1

B O =
—_ N
&~ N —
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1
Subtraction of two times row 3 from row 2 gives -2
4

wn O =
—_—O

1 1 1
According to property 3, wecanwrite—2|0 0 1

5 1 4
We interchange row 1 and row 2 (property 2) and evaluate the cofactor A’ 5, obtain-
ing

0 0 1
201 1 1|=2(—4)=-8
5 1 4
The determinant can also be solved by transformation into a diagonal form. In this
case we get
1 0 0 1 0 0
04 0/=(+2)(—4)l0 1 0/=-8
0 0+2 0 0 1

15.3.3 Rank of a Determinant and Rank of a Matrix

If det A £ 0, we definethe rank r of an n order determinantasr = n. If det A =0,
the rank r is less than n. In this case, the rank of the determinant is defined by the
order of the largest minor whose determinant does not vanish. Thusitsrank r ism
if @ minor with m rows exists which is not zero, but al minors with more than m
rows are zero.

Therank of asquare matrix is defined by the rank of its determinant. From am x
n matrix, submatrices can be formed by deleting some of its rows or columns. The
rank of am x n matrix isthe rank of the square matrix with the highest rank which
can be formed.

Example Evaluate the rank of the matrix and of its determinant.

12 1 2
20 2 0
detd=\" o 1 o
2 2 2 2

Itisnot practical to evaluate the determinant of the matrix by calculating the minors
as the calculation involved is rather tedious. We had better try to transform the de-
terminant. If we subtract row 1 and row 3 from row 4, the latter becomes zero. If we
subtract half of row 2 from row 3 the latter becomes zero. Hence

[\

SO N =
SO O
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There are only minors of rank two which do not vanish. Thus the rank of the matrix
and its determinant is 2. The same result is obtained if we notice that two pairs of
columns of the original matrix are equal.

15.3.4 Applications of Determinants

Cramer’'sRule

Cramer’sruleis a method for solving sets of linear algebraic equations using deter-
minants. This method is of theoretical interest. In practice, it will only be feasible
for sets of two or three equations.

Given a set of equationsin matrix notation

ail ... din X1 b1

dnpl ... Apn Xn bn

Let det A be the determinant of the matrix of coefficients A. If det A # 0, the
system has a unique solution.

Let A K) be amatrix which is obtained by replacing in the matrix of coefficients
the kth column by the column vector b. The solution is then given by

_det 410
kT et A

We will refrain from giving the proof. Although it is straightforward it is quite te-
dious.

(k=1,2,3,....n)

Cramer’srule Given a set of linear algebraic equations Ax = b, the solu-
tionis
det 4%
xk—m (k—1,2,3,...,n)
det A K) isgenerated from det A by replacing the column of
coefficients a; . of the variable x;, by the column vector b.

Regarding Cramer’s rule, we can draw some conclusions about the existence
of a solution which are obvious and plausible and have already been stated in
Sect. 15.2.4.

(a) The case of a non-homogeneous set of n linear equations with » unknowns. If
det A = 0, then Cramer’s rule cannot be applied. Such a set of equations has
either an infinite number of solutionsor noneat all. In this situation, the concept
of the rank of a determinant is of great value.
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(i) 1f det A isof rank r < n and any of the determinants det A %) are of rank
greater than r, then no solution exists.

(i) If det A isof rank r < n and none of the det A%) have a rank greater
than r, then thereis an infinite number of solutions.

(b) The case of aset of homogeneouslinear equations (b = 0).
(i) This set of linear equations aways has the trivial solution
X1 =X32=...=Xx, =0.
(if) A non-trivial solution existsif and only if therank r of the matrix A isless
thann,i.e r <n.
(iii) A homogeneous set of equationswith m independent equations and » un-

knowns has a solution which differs from zero if n > m. The solution con-
tains (n — m) arbitrary parameters.

Example Consider the following set of non-homogeneous equations:

X1+ x2+x3=28
3x1+2x2+x3 =49
5x1—3x2+x3=0

It can be written in matrix notation thus:

11 X1 8
32 1| [x]=1]49
5-3 X3 0
We can calcul ate the determinants:
11 1 8 1 1
dtA=103 2 1|=-12 det AN =149 2 1|=-156
5-3 1 0-3 1
1 8 1 1 1 8
dt AP =3 49 1/=-180 det A®) =3 2 49/=240
5 0 1 5-3 0

From Cramer’srule, the solution is
x1:13, XZ:15, X3:720
Example Consider now the following set of hon-homogeneous equations:

xX1+2x24+ 3x3 =4
3x1—7x2+ x3=13
4x1+8xp+12x3 =2

It can be written in matrix notation thus:
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1 23 X1 4
3-7 1 x| =113
4 812 X2 2
We can cal cul ate the determinant:
1 23
det4=1(|3-7 1|=0
4 812

According to the above statement, this set of equations has either no unique solu-
tion or no solution at al. To decide which is the case, we use the Gauss-Jordan
elimination and obtain, after thefirst step,

1 2 3 4
0—-13 -8 x = 1
0 0 O —14

Thelast equation 0 = — 14 isimpossible. Thusthe system has no solution at al. The
same result follows if we look at the rank of the determinant of 4. The rank is 2.
Sincethe rank of det A (1) is 3, thereisno solution at all.

Example Consider again the set of homogeneouslinear equations given in the Ex-
ample on p. 437.

1 4-1
4 16-4|x=0
2 -3 1

The first and second equation differ only by the factor 4. Hence the equations are
linearly dependent and

1 4-1 1 4-1
4 16-4/=0 0 0|=0
2 -3 1] [2-3 1

Thus a non-trivial solution exists. Rewriting the first and third equations gives

X1 +4x2 = X3

2)(?1 - 3)(?2 = —X3
From Cramer’srule, we have
x3 4 I x3
—X3 -3 X3 X 2 —X3 3X3
X1 == = —
! 1 4 11 2T 4 1
2-3 2-3

Hence we see that, as before, the solution contains one arbitrary parameter.
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Vector Product in Deter minant Notation

In Chap. 2, Sect. 2.2.7, we defined the vector product of two vectors
a = (ax7 ay, az) andb == (bx, by, bz) as

axb=i(ayb; —azby)+ j(azbx —axb;)+k(axby, —ayby)

If we regard the expressions in brackets as two-row determinants, the RHS of the
equation can be looked at as the evaluation of athree-row determinant:

i j k
axb=\ax aya;
bx by bZ
From the properties of determinantsit follows that
axb=—-bxa, since
i j k i j k
axayaz :*bxbbe
bx by bZ ax ay az

Volume of a parallelepiped
Consider the parallelepiped defined by the three vectors a, b, and ¢ (Fig. 15.1).

From Chap. 2 we know that the value of the vector product z = a x b representsthe
area of the base. Furthermore, z is a vector rectangular to the base.

A

Fig. 15.1

The projection of ¢ on to z represents the height of the parallelepiped. Thus the
volumeis
V=lc-z|=l|c(axb)|

Written as components:

V =|ex(ayb; —azby)+cy(azby —axbz)+cz(axby —ayby)|
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This can be expressed as a determinant (up to sign):

Cx Cy Cz dx ay daz
V: Adx ay az| = bx by bZ
by by b, Cx Cy Cz

Note that the sign of the determinant is positive if a, b and ¢ are oriented according
to the right-hand screw rule (see Chap. 2).

Exercises

15.2 Setsof Linear Equations

1. Solvethefollowing equations using either Gaussian or Gauss-Jordan elim-
ination. Use matrix notation.

2x1+ x2+5x3 =-21 x— y+3z=4
@ X1 +5x2+2x3 =19 (b) 23x+2y+4z=13
5x14+2x2+ x3=2 11.5x+ y+2z=6.5
X1+ xp2+x3 =28 1.2x—-0.9y+1.5z =24
(©) 3x1+2x2+x3 =49 (d 08x—0.5y+2.5z=1.8
5x1—3x24+x3=0 l.ox—12y+ 2z =32
2. Obtain theinverse of the following matrices:
21 0
@ (11-2
03—4

o (2

3. Investigate the following sets of homogeneous equations and obtain their
solutions.
X1+ x2—x3=0 2x—3y+ z=0
€)] —X1+3x2+x3=0 (b) dx+4y— z=0
X2+x3 =0 xf%er%z:O



450

15.3 Deter minants

4. Evaluate the following determinants:

@

(©

1
@ .
1

@ A=

O =N

15 Setsof Linear Equations; Determinants

1 7
5 5
w5 .
5 35
4 6
-3 0
O 10 1
5 2
3
4
() B=|;
2

2
2
1
1

D W AN

—_—— NN

6. Find out whether the sets of linear equationsgivenin question 1 are uniquely
solvable by examination of the determinant of the matrix of coefficients.



Chapter 16
Eigenvalues and Eigenvectorsof Real Matrices

16.1 Two Case Studies: Eigenvalues of 2 x 2 Matrices

In Chap. 14 it was shown how amatrix A and a vector r can be multiplied to give
anew vector r’ (provided the dimensions of the vector and the matrix fit):
r'=Ar

Let us remember that each row of A isto be multiplied with r, which is thought to
be a column vector. As an example, we will consider a2 x 2 matrix A and a 2-row
vector r; multiplication resultsin anew 2-row vector r’.

e (o
-4

Figure 16.1 shows both the old vector r and the new vector r’. Theresult of applying
A to r can be described as reducing the x-component by half and doubling the y-
component.

YA
34

S

Fig. 16.1

K. Weltner, W. J. Weber, J. Grogean, P. Schuster, Mathematics for Physicists and Engineers
ISBN 978-3-642-00172-7 © Springer 2009
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Generally, the new vector r’ and the old vector r will point in different directions.
However, there are some special vectors whose direction does not change when A4
isapplied.

If r points along either axis, then for the matrix A under consideration the cor-
responding vector »’ will point in the same direction (Fig. 16.2).

A
34

ﬂk

8 )

Fig. 16.2

To give an example,

tr=(0) = (50 (0))=(0) =2

Instead of applying A to this special vector we could ssimply multiply r; by the
scalar 2. Thisis, of course, by no means true for any vector. Therefore a special
nomenclature has been introduced.

Definition Given ann x n matrix A and an n-vector r, if r' = Ar points
inthe samedirectionasr, i.e. r’ = Ar where A isareal scalar,
then r iscalled an eigenvector of A with real eigenvalue A. The
casesr = 0 or A = 0 are excluded from this definition.

The last example could thus be rephrased as follows. The vector r is an eigen-
vector of A and the corresponding eigenvalue A; = 2. In this case, there is also

asecond eigenvector, e.9. r, = with eigenvalue A, = 0.5. Thusthe matrix A

1

o)

possesses two real eigenvalues and we have found two corresponding eigenvectors.
Three questions now arise:

1. What is the maximum number of real eigenvalues and eigenvectorsfor a given
matrix?

2. Does every matrix possess real eigenvaluesand eigenvectors?

3. How can these real elgenvalues and eigenvectors be computed?
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We will restrict our examples to the case of 2 x 2 and 3 x 3 matrices, and, before
discussing generalities, we should look at a second, dightly lesstrivial, case.

1.250.75
0.751.25
Clearly, vectors pointing in the direction of an axis do not solve this problem. We
could embark on a trial and error search. But that could be tedious because real
eigenvalues might not exist!

Therefore, let us start by reformulating the problem. We wish to find a number A
and avector r such that

Example For A = find the eigenvalues and eigenvectors.

Ar =Ar (16.2)

Let uswrite this down as a set of two equationsfor the x and y components of r:
A (125075\  _ (x
~\0.751.25 ~\y

1.25x+0.75y = Ax
0.75x+1.25y = Ay

The equations are

By subtracting the RHS, a homogeneous set of two linear equationsis obtained:

(1.25-)x+0.75y = 0
0.75x+(1.25— 1)y = 0 (16.2)

By definition, the trivial solution x = y = 0 does not interest us. Are there any non-
trivial solutions? We know from Chap. 15 that these indeed exist, if the determinant
of the coefficients vanishes:

(1.25-1)2-0.752=0 (16.3)
Thisisaquadratic equationin A, and there are two distinct real roots:
A1=2, Ay=05

The computed values are the only candidates for the eigenvalues of A. Inserting
them one after the other into the set of (16.2) in fact gives the following solutions:

FOI‘AI ri= <_i>
1
Fori, r, = (1)
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A

T’

r

=Y

—
oo
(o]

I
2 ry

—14

Fig. 16.3

(Any scalar multiple would naturally do as well.) For the sake of clarity, we will
check explicitly that these vectors do satisfy (16.1) with A = 1 and A = A5, respec-
tively (Fig. 16.3):

;o (125 075\ (1 _ (2) _, (1
n=An= (0.75 1.25) (1) - (2) _2<1> ’

L (125075\( 1\ _ [ 05)_ 1
rp=Ara= (0.75 1.25) (1) - (0.5) =09 <1)

Let us recapitulate. There are two eigenvaluesfor A and for each of them an eigen-
vector has been found. The eigenvalues were obtained as the roots of (16.3). That
equation deserves some attention. It is called the characteristic equation of 4.

We know well that polynomial equations need not have any real roots, and, in
general, some roots are complex and some are real. There are, at most, as many
real roots asis the degree of the equation; in particular, a2 x 2 matrix has, at most,
two real eigenvalues. (Consider for example, the matrix given in question 3 of the
exercise at the end of this chapter.) Also, any 2 x 2 matrix describing arotation about
ananglea # 0 or 7, has, evidently, no real eigenvalues.

Please note that we are dealing throughout this book with real matrices and real
vectors, i.e. all entries must be real numbers. Accordingly, it would not be suitable
to use complex scalars for multiplying vectors, and we do not consider complex
eigenvalues. But you should be aware that in other situationsit may be quite useful,
or even unavoidable, to use the complex values.

16.2 General Method for Finding Eigenvalues

In order to find ageneral procedurefor obtaining all eigenvaluesand eigenvectors of
agiven matrix A, we will retrace the steps taken in the preceding section; however
we will employ a somewhat more abstract notation.
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Given asquaren x n matrix A, we want to find al real eigenvaluesof A (upto
n distinct values) and an eigenvector for each of them.
Equation 16.1 till describesthe general situation correctly:

Ar =Ar
Let usinsert aunit matrix I on the RHS:
Ar=Alr
As before, the RHS is subtracted:
(A=ADr=0

Thisisagain aset of linear equations and the condition for finding non-trivial solu-
tionsis that the determinant should vanish.

Theorem 1 For thereal scalar A to be an eigenvalue of the matrix A it must
be areal root of the characteristic equation:

det(4 —AT) =0 (16.4)

Thisisa polynomial equation of degreen if A isann x n matrix.
For convenience, we give the explicit forms of the characteristic equation for
dimensions2 and 3:
A — (an alz)
azy azz

If
then the characteristic equationis

2
A" — (a1 +axn)r+aiaxr —aizaz; =0 (16.5)
If
ari diz iz
A = | a1 a2 az;
asp asp dsj3

then the characteristic equationis

A3 + (a1 +axn +azz)A?
— (a11a22 +ar1a33 +azaszz — ainazy —ai3az —azzazz)A
+ detd =0 (16.6)

For a square matrix of any dimension n the characteristic polynomial starts with
(—1)" A" 4 (=1)" 12" VYayy +azy + - +any) and it ways endswith +det A.
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Thefirst non-obvious coefficient is always the sum of the entries along the main
diagonal of 4. Itiscaled thetraceof A:

tr(A) =ai1+azx+aszz+---+ann

After determining al real roots of the characteristic polynomial, we proceed to solve
the homogeneous systems of linear equationsin order to find eigenvectors.

16.3 Worked Example: Eigenvaluesof a3 x 3 Matrix

This section goes step by step through the details of finding the eigenvalues and
eigenvectorsof agiven 3 x 3 matrix.

3

3

21
A=1[12
332

1. Find the characteristic equation. Its RHS = 0 and its LHS is given by the deter-
minant

=]

22 1 3
det| 1 2-1 3 =-23424)%2 651 +42=0
3 3 20—-A

2. Find the roots of the characteristic equation. This means solving a cubic equa-
tion —and we could try any of several approachesto this problem.
We can (&) use numerical methods; (b) refer to Cardan’sformulaefor third order
equations to find the solutions explicitly; (c) try to guess afirst solution A, and
then divide the cubic polynomia by (A — A;) in order to obtain a quadratic
polynomial.

For the given matrix A, we use the third approach. It is not hard to seethat A; = 1
is aroot. Therefore, we can split off the linear factor (A — 1) and the characteristic
polynomial can be written thus:

A3 42402 - 650 +42=(A—1)(-A2+231—-42)=0

In order to find the two other eigenvalues, if therootsare real, we solve the quadratic
equation
A% —231+42=0

Its solutions are

2
23 23 23 19
f3=5 4 (7) TR=aEy
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Now we know that there are, in fact, three distinct real eigenvalues of the given
matrix A: These are

1121, Ay =2 and Az =21

3. For each eigenvalue A; we must now find anon-trivial solution r; of the respec-
tive homogeneous sets of linear equations

(A —)\il)r,- =0

The vectors obtained will be eigenvectors of the matrix A to the respective eigen-
value ;.
When A = 1. Set to solve:

113\ /x
113|([y]=0
3319/ \z;

Ixy+1y1+ 321 =0
Ixy+1y1+ 321 =0
3x1+3y1+1921 =0

A particular and non-trivial solution is obtained if z; = 0 and hence x; = —y;. We
can put, for example, x; = 1, y; = —1. Then the vector found is

1
rp = —1
0

It isan eigenvector of A with eigenvalue 1.
When A = 2. Set to solve:

Ox2+1y,+ 3z =0
1x240y2+ 3z =0
3x24+3y2+ 182, =0
The third equation can be seen to be linearly dependent on the two other equations,

so we can multiply each one of the two first equations by 3 and add. We need only
consider thefirst two equations:

vo+3z, =0
X243z, =0

They givex, = y, = —3z,. A particular solutionisobtained by, e.g. letting z, = —1;
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It is an eigenvector of A with eigenvalue 2.
When A = 21. Set to solve:

—19x3+ ly3+3z3=0
1x3—19y3+32z3 =0
3x3+ 3y3—1z3=0

Again, the third equation can be seen to be linearly dependent on the two other
equations, so we can add the first two equations and divide by —6. We need only
consider the first two equations.

They give 6x3 = 6y3 = z3.

A particular solution is obtained by, e.g. letting z3 = 6:

ri3 =
6

It is an eigenvector of A with eigenvalue 21.
The problem of finding the eigenvalues and eigenvectors of the given matrix A
is thereby solved exhaustively.

16.4 Important Factson Eigenvalues and Eigenvectors

The matrix A in the preceding section was chosen deliberately. It is symmetric, i.e.
it equalsits own transpose. It seems we were lucky in being confronted with a ma-
trix which duly possesses three real eigenvalues and corresponding eigenvectors.
But that was not a coincidence; it illustrates the following theorem, which we shall
not prove.

Theorem 2 A real non-singular symmetric n x n matrix possesses n real
eigenvalues. Corresponding eigenvectors can be found such that each of them
is orthogonal to each one of the others.

You should not find it too difficult to verify the second half of the assertion for
the case of the matrix A . We can now answer the three questions posed in Sect. 16.1
more explicitly. (We assume that the matrix is non-singular.)

1. The maximum number of real eigenvalues and eigenvectors of a given n x n
matrix isn. If the matrix happensto be symmetric, this maximum is attained.

2. Thefollowing statement is relevant only for the case of non-symmetric matrices.
If n is even there may be no real eigenvaluesat al of agivenn x n matrix.



Exercises 459

If n is odd there must be at least one real eigenvalue of a given matrix, since the
characteristic polynomial is of odd degree.

3. Eigenvalues are found by solving the characteristic equation (Eg. 16.4). Eigen-
vectors are determined by finding a non-trivial particular solution of the result-
ing set of homogeneouslinear equations. Please remember that the values A =0
and r = 0, respectively, are not admitted.

Exercises

2
1. (@ ForA = 13

(b) Inadiagram draw two corresponding eigenvectors.

find the eigenvalues.

2. Isitpossiblefor areal 2 x 2 matrix to have onereal and one complex eigenvalue?

3. Provethat there are no real eigenvalues of the matrix
32
A=(2)
—-1-11

4. (8 ForA=| —4 24| finddl the eigenvalues.
-1 15
(Hint: they are all integers.)
(b) Find corresponding eigenvectors.
5. Incertain, rare, cases finding suitable eigenvectors may prove difficult. In order
toillustrate what might happen, find the roots of the characteristic equation for

()

Then try to find corresponding eigenvectors.



Chapter 17

Vector Analysis. Surface Integrals, Divergence,
Curl and Potential

17.1 Flow of a Vector Field Through a Surface Element

Consider a steady flow of water through a pipe. The water is assumed to be incom-
pressible, i.e. it has a uniform density (for which we will use the symboal p), the
velocity of each particle having a constant value v = ds/dr.

Thus, by assigning each point inside the pipe the velocity of the particle of water
at that point, we are confronted with afield of vectors. See Fig. 17.1.

For a start, let us simplify the discussion by stipulating that the velocity is con-
stant, i.e. it has the same magnitude and the same direction at all points. In this case
we call the vector field homogeneous.

Now imagine a small plane rectangular frame that is placed perpendicular to
the flow of water (Fig. 17.2). We wish to determine the amount of water passing
through the enclosed area A during a given time interval Ar. Evidently, this will
be determined by the water that is contained in the cuboid defined by 4 and the
extension As. This extension is given by

As =v-At

So the volumeis
V=A4-v-At

The mass of the water passing through the areain the given time will be
AM =p-V =p- AvAt

\ \ \
+> _— +> — . — -
! v ! W
— Y [ —[—= A —|—
l l |
— . —A ,' AIs
I I -\ 1= “\—
/, // /' As
Fig 17.1 Fig. 17.2 Fig. 17.3
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A characteristic value for the flow is the mass of water passing through a unit area
per time unit. It is given by the quotient
AM
A-At
Thisvalueis called the flow density j . It isavector since the velocity is a vector.

:pv:]

Definition The expression j = p- v is called the flow density.
Its absolute value is given by the amount of water passing
aunit area per time unit.
(The areais assumed to be perpendicular to the velocity v.)
Thevector j isparalel tov. (17.1)

If we consider an arbitrary plane area A perpendicular to the direction of flow,
the total flow is given by
I=A-jl=a-j

Next, we assume the plane area A to be in a general position, i.e. its normal and
the direction of flow include an arbitrary angle «. Figure 17.4 shows us that the
projection area perpendicular to the flow, which we will denoteby A4 ;, is given by

A = Acosa

Fig. 17.4

Astheflow density isassumed to be a constant, the mass of water passing through an
arbitrary plane A areaevidently equals the mass passing through its projection A4 ;.
So the flow I passing through A is given by

I=j-A;= jAcosa

This equation formally resembles the scalar product of two vectors j and A, which
is yet to be defined.

We next introduce the concept of a surface element vector by taking the orienta-
tion of the surface element into account.

Definition The surface element vector A of aplane element A4 is given by
the vector perpendicular (i.e. normal) to A with magnitude

|A|=A (17.2)



17.1 Fow of aVector Field Through a Surface Element 463

The sign of A will be determined by convention. In our case it is convenient to
chooseitin away that A points along the direction of the flow.

Example Consider a square element A that is part of the x-z plane as shown in
Fig. 17.5. It will be assigned the vector

A = A(0,1,0)

A A
y

X

Fig. 17.5

Example We now dlide the base of the square element along the y-axis, so that it
definesa45° angleto the x-y plane as shown in Fig. 17.6. Now its surface element

vector is given by

A
A:E(O,l,l)

X

Fig. 17.6

So we are in a position to describe the flow 7 through an arbitrary plane surface
element A asascalar product (also called dot product):

I=j-4A

Let us generalize this concept by looking at any homogeneous vector field
F (x,y,z) and defineits flow through any plane surface element:

Definition Given a plane surface element A and a homogeneous vector
field F, the flow of F through A is defined to be the scalar
product of F and the surface element vector A:

F - A =Fow of F through A (17.3)
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Please note: The flow of a vector field through a surface A is sometimes also
called the flux across A. Unfortunately, the usage of this term is ambiguous, since
some authors refer to the flux as the flow per time (e.g. in fluid dynamics), while
othersuseit for the flow itself (e.g. in electrodynamics). In order to avoid confusion,
we will not use the term flux in our book.

17.2 Surface Integral

The definition 17.3 of the flow of a vector field through a surface imposes two
restrictions:

1. Thevector field is supposed to be homogeneous.
2. The surface element A4 isthought to be plane.

We will now drop these two restrictions. Let us consider arbitrary vector fields
and curved surfaces.

From Chap. 12 on Functions of Several Variables we already know that a func-
tion of two real variables generally defines a curved surface in three-dimensional
space.

Example A hemisphere on top of the x-y planeis given by the function

z=+y/R2—x2—y2

How can we compute the flow of any vector field F through a curved surface A?

A good approximation can be obtained as follows. By dissecting the surface A
into sufficiently small elements AA4;, we may assume these small elementsto be al-
most plane. Thuswe can work with surface element vectorsAA4 ;, with |AA4; | = AA;.
Furthermore, for each AA; we may assume the vector field F to be homogeneous
on that small element. See Fig. 17.8 and 17.9.
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So, approximately, the flow of the
vector field F through the element
AA; isgiven by

F(x;,yi,zi) - AA;

We have assigned indices i to the
arguments x, y, and z of F. That
means that we compute the value
of the vector field for a point
(xi,i,z;i) onthe element AA4;.

Thetotal flow of the vector field F through the surface A is obtained by adding
the flows through all the elements AA4;:

n
Flow of F through A : ~ Y F (x;,y;,z;) - AA;
i=1
Refining the dissection by using ever smaller elements AA; will increase accuracy.
Going to the limit n — oo will yield the exact value, which is called the surface
integral, written as

/;1 F(x,y,z)-dA = Flow of F through A

Definition Thesurfaceintegral of F (x, y, z) onthesurface A (also called
theflow of F through A) is given by:

Nn—oo !

n
/AF-dA —1im S F(x;,y1.21) - Ad; (17.4)
b i=1

Applications of surface integrals in physics and engineering often deal with
closed surfaces, i.e. the flow of avector field through a closed surface.

Definition A closed surface divides space into two digjoint regions,
so that any continuous path from one region to the other
must cross the surface (at least once). (17.5)
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Examples of closed surfaces are:

* the surface of acube

* the surface of asphere

 thesurface of an ellipsoid

« the surface of atorus (shape of a donut)

The surfaceintegral across a closed surfaceis usually denoted by adding a small
circleto theintegral sign. As was already mentioned, the sign of a surface element
vector is determined by convention. So we now stipulate that dA4 is pointing away
from the inner region.

Definition Flow of F through a closed surface:
yf F-dA (17.6)
d A pointsinto the outward direction.
Please note that the notation of the integral is not unique, as

some authors denote the surface integral by a symbol for the
surface beneath the integral sign, e.g. [4...

dA

Fig. 17.10

In the case of a fluid streaming through a closed surface, the flow has a direct
meaning. It tells us whether more fluid is flowing into or out of the inner region.

17.3 Special Cases of Surface Integrals

17.3.1 Flow of a Homogeneous Vector Field Through a Cuboid

Consider a homogeneous vector field F = (Fx, Fy, F;). The components Fy, F),
and F; are constants (see Fig. 17.11).

In order to compute the flow of F through the cuboid, we treat each of its six
faces separately.
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By choosing the coordinate system

conveniently, aswasdonein Fig. 17.12, =

n

we obtain the following surface vec-

tors: \\
Ay = ab(0,0,1) \
Ay = ab(0,0,—1)
A3z =ac(0,1,0) \\
A4 =ac(0,—1,0)
As = (1,0,0)
Ag¢ = bc(—1,0,0
6 =be(=1,0,0) Fig. 17.11
In that special case we do not need to z
integrate at all, since the surface inte- A
gral of a homogeneous vector field F
on a plane surface A is just the dot |
product of F and 4. : e
I 6
LT A
et
A,
g y
b
X A,
Fig. 17.12
So we determine the six partial flows directly.
F ~A1 = ab-FZ
F-A4=—ac-Fy
F -As = bc- Fx

The total flow through the cuboid then is the sum of its six parts. We thus realize
that the flow of a homogeneousvector field F through a cuboid always vanishes.

6
Total flow= Y F-A; =0

i=1
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Rule The flow of a homogeneous vector field F through a cuboid van-
ishes. We can even generalize thisresult:
The flow of ahomogeneousvector field F through any closed surface
amountsto zero. (17.7)

Fig. 17.13

The reasoning for the generalized statement will be given by plausibility.

Given any closed surface, let us approximate the region contained therein by
small cuboids. Figure 17.13 shows an arbitrary surface and one such cuboid.

As we have just seen for any cuboid the flow of a homogeneous vector field
vanishes.

Looking at two adjacent cuboids we observe that the total flow must vanish also.
Asthetwo surface vectors at their common bounding areas differ by their sign only,
the overall flow is determined by just the outer bounding areas of the two cuboids.

By iterating that argument we find that for any set of cuboids, conveniently ap-
proximating the given surface, the flow must evaluate to zero.

Looking back to the constant stream of water this result is obvious: the same
amount that is going into the volume V' must come out again.

17.3.2 Flow of a Spherically Symmetrical Field Through a Sphere

A field that possesses spherical symmetry (Fig. 17.14) can generaly be expressed
asfollows
F=e, f(r)
¢, isthe unit vector pointing into radial direction:
r
e, =—
Ir|

We assume that the center of the sphere coincides with the origin of the coordinate
system (Fig. 17.14).
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Fig. 17.14

Asall the surface element vectorsdA are normal to the sphere, they always point
into the same direction as r. Therefore, the surface integral can be smplified:

;[F-dA _ yff(r)e,-dA _ yff(r)dA
y 1 y

The integration is to be performed over the complete spherical surface with the
radius R. Since theintegrand f () only dependson r, we may replacer = R in the
expression f'(r). It thereforeis a constant and can be factored:

§ 704 = § r(R)dA = £(R) f 0
A A A
Theremaining integral iswell known, it is the surface area of a spherewith radius R

y{dA =47 R?
A

We have thus found the following rule:

Rule The flow of afield with spherical symmetry F = e, f(r) through
a spherical surface with radius R is given by

74 F.dA = 47R? £ (R) (17.8)
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17.3.3 Application: The Electrical Field of a Point Charge

A point charge Q at the origin of the coordinate system givesriseto an electric field.

Qer :Q(x,y,Z) for ;= /x2+y2+22

T r247:e r3dmeg

Fig. 17.15

Thisfield obvioudly is spherical symmetric, and we wish to computeits flow through
aspherewith radius R. We can make use of rule 17.8:

(%FﬂdA::4nR2f(R)

In the particular case we know that F = E (x, y, z) whichleadsto

fEdA:Q
€0

This result tells us that the flow of the electric field generated by a point charge is

independent of the radius R of the sphere.

Thisrelation, incidentally, holdstruefor any closed surface surrounding the point
charge. It can also be generalized to any number of charges distributed inside the
closed surface. It is then called the Gaussian law, one of the fundamental equations
describing electromagnetic phenomena. Its name honors Carl Friedrich Gauss, one
of themost prolific German mathematicians. His name will be mentioned again very
soon.

17.4 General Case of Computing Surface Integrals

We are given a surface integral

F(x,y,z)-dA
/A (x,y.2)
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By explicitly writing down the dot product, it can be expanded into the sum of three
integrals:

/F(x,y,z)-dA :/[deAx+FydAy+deAz]
A A

Z
< F(x.y.2)
J
Ry
\
Zy
x-~ P y
X
Fig. 17.16

That leads to two questions:

1. How do we determine the components dA,dA4,, and dA, of the differential
surface vector d4 ?
2. How, for any given surface A, do we take the bounds of integration into account?

Let us start with question 1: Recalling Chap. 1 on Vector Algebra we know that
any vector r in three-space can be represented as the sum of its components along
the three axes, each component being amultiple of the base vectorse y,e ,, ande:

r=xex+yey+ze;z

=

NP}
/
S R ¥
\

Fig. 17.17
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Now, what are the base vectorsfor afinite surface element A?
Figure 17.18 shows the three unit vectors for the surface element vectors: The
unit vector in x-direction, for instance, represents a unit squarein the y-z plane.

z z
1 1 .
Iy A,
- —
] i
y y
< 1
X
Fig. 17.18

Generally speaking, the components of a surface vector A, Ax, A,, and A, re-
spectively, represent surface elementsin the y-z plane, in the x-z plane and in the
x-y plane, respectively. The components are just the projections of the surface A
into the appropriate plane, as shownin Fig. 17.19.

Fig. 17.19

By looking at ever smaller surface elements we obtain for the components
dAx =dyd:z dA, =dxd:z dA; = dxdy

The surfaces that are perpendicular to these vectors are no longer unit squares but
differential elementsdydz,dxdz, and dxdy.

z z
dA dz | @
% dz| T .
dy y x y

X

Fig. 17.20
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We can thus express the differential surface element as follows
dA = (dydz, dxdz, dxdy)

Question 1 being answered; let us turn to the task of determining the boundaries
for integration. Theintegral is already known to be a sum of three expressions:

/FdA - /[deAx + FydAy + FodA;]
Let uslook at the last summand
/Fz-dAz - /dexdy

What is the suitable range for the x and y values? It must be the projection of 4
into the x-y plane, which we denote by Ay, (Fig. 17.21).

Fig. 17.21

Thus we obtain adoubleintegral

[ Flxv.2)dxdy

Locally, we assume that for the surface A the z coordinate can be described as
afunctionof x and y; z = f(x, y). Inserting thisinto the expression for F, we get

FZ(xvyaf(xmy))

Likewise, we assume that locally we can express x = g(y,z) and y = h(x,y).
Inserting all this into the surface integral resultsin:

/. F(x,y,z)dA = / Fx(x =g(y,z),yz)dydz
J4 Ja,.
+/ Fy(x,y =h(x,z),z)dxdy
AXZ

[ Fleyz = fOy)dxdy
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Fig. 17.22

Example Given isthe nonhomogeneousvector field F = (0, 0, y) (Fig. 17.23).

Fig. 17.23

We compute the flow through the rectangular areain the x-y planelimited by the
origin and the points

Py = (a,0,0)
Py = (Ovbvo)
P3 = (avbvo)

We must evaluate the integral

a b L h2
/F-dA:/ / y-dxdy:ab
x=0.Jy=0 2

Thismeansthat the flow increasesin alinear fashion asthe surfaceis extended in the
x-direction, and it obeys a square law as the surfaceis extended in the y-direction.
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17.5 Divergence of a Vector Field

In the previous sections we were confronted with the following question: Given
a closed surface A, how strongly does a vector field F “flow” through A? The
answer was given by the surface integral as defined in (17.4).

This concept is particularly important in the theory of electricity and magnetism.
Assume that a closed surface contains a stationary charge density p which, inciden-
tally, is defined by the quotient of charge per volume: p =dQ/dV.

Field lines emerge from positive charges and they end at negative charges. Thus
positive charges arc sources of the field, and negative charges are sinks.

Example If the surface A encloses a positive charge density, the flow of the electric
field E through the surface is proportional to the total charge Q according to the

law .
/EdA _2
. €0

Fig. 17.24

This generalizes the result obtained in Sect. 17.3.3, where a point charge inside
a sphere was discussed.

Now let us proceed to something new: can we assign ameaning to the quotient of
the flow through the bounding surface divided by the volume of the enclosed space?

1
— ¢ F-dA
v/

Physically speaking, this expression must denote the average density of sources (or
sinks, in the negative case) contained in the volume V.

If we consider the limit of ever smaller volumes V' — 0 containing just the point
P, wewill call thisthe divergence of the vector field F at the point P. It is denoted
by div F .

divF = lim L 74 F.dA
V=0V JAw,
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The divergence describes in a unique manner, whether P belongsto the sources
of F, in which case div F > 0, or whether it belongs to the sinks of F, in which
casedivF <O.

A vanishing value of div F indicates that the field contains neither sources nor
sinks.

Having a good grasp of the concept, we now must arrive at a practical means to
compute the divergence.

Let us consider asmall cuboid of dimensionsAx,Ay,Az asshownin Fig. 17.25.

div4d = lim _f{F dA4
vooV

The surface integral is given by the sum of the flows through the six faces, and
on each one the vector field will be constant, approximately.

\ F(X,y, z+42)

—EY(X’ v, 2) _Ey(xy y +ay, 2)
az A F(x,Y,2)
- [ | v
. .
Fig. 17.25

Asthe componentsof F are parallel to the surface element vectors, we get:

J P 0A ~ [P+ 8x, 3, 2) = P, v, 2)]aya:

+[Fy(x, y+Ay, z) = Fy(x, y, 2)]AxAz
+[Fz(x, y, z+Az,2) = Fz(x, y, z)|AxAy}
_ Fx(x+Ax,y, z)— Fx(x, y, )

Ax
+Fy(x7 y+Ay7Z)7Fy(xa ) Z)
Ay
FZ(xayaZ+AZ)_FZ(x7 ) Z)
+
Az

In the limit V'— 0 i.e. Ax — 0, Ay — 0, Az — 0, we end up with three partial
differentials.
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Definition Divergence of the vector field F

OF; 9F, OF,
ox oy oz

. 1
dwF_VnTOV?{F-dA_ (17.9)
The divergence of a vector field is a scalar. In other words: the operation of
computing the divergence maps a vector field F onto ascalar field div F.
Please recall Chap. 12.4 on total differentials, where we have aready encoun-

tered the operator just mentioned. We will now give it the name nabla (sometimes
aso caled del) and a symbol V of its own:

Jd d o
V<$’$’Z>

This identity, which is valid in the Cartesian coordinate system, enables us to,
formally, express the divergence of a vector field as the dot product of the nabla
operator and the vector field:

dFy N JdFy, JF;
ox dy dz

Let us return to our example from electrostatics where a given charge density
p=dQ/dV givesriseto afield E. Aswas already mentioned, the laws of physics

tell us
fE-dA: Q

€0

dvF =V.F =

Q isthetotal chargeinside the volumethat is enclosed by the surface A.
After dividing by the volume IV and going to the limit V' — 0 we obtain

AVE (x,y,z) = PE27)
€0
We thus arrive at an equation connecting the values of E and p for each point in
space.

Example The divergence of a homogeneous vector field vanishes because the
derivative of a constant always amounts to zero.

F(x,y,z) = (a,b,c)

divF = (;—x(a) +3,0)+ a—z(c))
=0

Example The vector field F (x,y,z) = (x,y,z) is characterized by a constant di-
vergence = 3.
dvE =95 97 97

ox Tay Tz 3
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- A A
- 4
-
A/I -
- | - y
4,/5 a
% 2

Fig. 17.26

Example The electric field E generated by a spherical charge distribution with
total charge Q and radius R is given by the following expression for points away

from the sphere:
Q X,y,Z
E(x.y.7) = s
Ameo (\/x2+y2+22)

For pointsinside the sphereit is given by

E(x,y,z) (x,9,2)

- 47T80R3

Outside of the sphere the divergence of the electric field vanishes:

2 2 2
divE — -2 {+ ) _ Ay ) }o

4reg ( /)C2+y2+22)3 ( /x2+y2+22)5

Inside the sphere we get
Q P

dvE=—= =L
47T80R3 €0

Assuming a homogeneous charge distribution inside the sphere, each point is
a source of the electric field. Away from the sphere the field possesses neither
sources nor sinks.

17.6 Gauss's Theorem

This theorem establishes a connection between the integral of the divergence of any
vector field F over any volume in space V' and the total flow of that vector field
through the bounding surface A.

As usual, let us dissect the volume V' into n small parts AV; having boundary
AA;. For each such element we can approximate the value of div F asfollows

) 1
divF (x;,y;i,zi) = W?{F-dA
1
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Multiplication by AV; and adding the n valuesyields

n n
S divF (x;,y1,2)AV; ~ 3 }!F .dA
i=1 i=1"

It is quite apparent that all adjacent faces of the AV; in the interior give rise to
values which cancel out. So just the values of F -dA on the surface A areleft over
to be summed up. In thelimit n — « and V; — 0 we arrive at

n—oo !

n
lim S divF - (x;, y1,2)AV; :/ divF -dv
i=1 14

and furthermore .
lim ]( F-dA:fF-dA

Fig. 17.27

All this adds up to the following theorem.

Gauss'stheorem
/divF-dV:f F-ddA (17.10)
14 A(V)

Gauss stheorem is sometimes also referred to as Ostrogradski’ stheorem to honor
the Russian mathematician Michel Ostrogradski (1801-1861) who independently
worked on this topic.

The theorem tells us that the integral of the divergence of a vector field over
a volume in space equals the total flow of the vector field through the bounding
surface.
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17.7 Curl of a Vector Field

Some vector fields are especially well behaved in the following sense: given any
two points P, and P,, the value of the line integral from the first point to the other
does not depend on the particular path connecting them.

One well-known example is provided by the gravitationa field, another one is
the electric field generated by static point charges. In cases like these, we are free to
choose the path in amost convenient way in order to facilitate the integration.

These vector fields are characterized by the following resullt:

Observation The value of the line integral from a point P; to another
point P, does not depend on the chosen path if and only if
any closed line integral along any closed curve C vanishes:

fF-ds:o
C

For the easy proof we only haveto realize that an arbitrary closed path containing
both P; and P, can be split into two paths: the one connects P; to P, which in
Fig. 17.28 is denoted by C1, and the other one, C,, connects P, to Py :

. P, Py
%F-ds:/ F-ds+/ F-ds=0 P,
Jc Jp, Jp,
C, &)
. P,
Equivalently: C,
Py Py .
F.ds—— F.ds Fig. 17.28
Py P
C, (&)

Inverting the direction of the path changes the sign of the integral and we are
done.
P Py
F -ds = F -ds
P, P,
G (&)
A vector field is called curl-free or irrotational if al line integrals along any
closed curve amount to zero.
This definition would not make sense, if al vector fields had that property. In-
deed, there are many such vector fields where generally

fCF-ds;éo
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Conversely, a vector field for which the line integrals do not generally vanish is
said to possess curl.

Example Supposeamagneticfield B perpendic- 2
ular to the plane changes in time and thus gen-

erates an electric field as shown in Fig. 17.29.

The work required to move a positive charge from

point Py to P is certainly dependent on the path

chosen: along Cy it will be negative, whilst along

C, it will be positive.

So the line integral from P; to P, and back to P

again isthe difference between the two values and P

will not be zero.
Fig. 17.29

The value of the lineintegral along a closed curveis called circulation.

Figure 17.30 depicts three vector fields and a circular path in each of them. The
corresponding circulationislargest in case 1), and it is zero in case 3).

It is very useful to be able to talk about the “circulation” at a single point. So
quite similar to determining the divergencein Sect. 17.5, we set out to compute the
lineintegralsfor ever smaller contours, all of which convergeto acommon point P.

However, we must observe one additional fine point: as we are dealing with sur-
faces, we must take their orientation into account. Thisis given by the surface ele-
ment vector 4.

Now consider the limit:

lim 1 F -ds
A—0 A Jc(a)

We are free to orient A in different directions and will normally get different
results. In fact, the vector we are keen to know is obtained as follows: use the three

O

Fig. 17.30
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standard planes to compute three components and combine them to form a vector
accordingly.

The vector thus obtained is called the curl of F, sometimes also denoted by
rot F in accordance with the notation of the famous Scottish physicist James Clerk
Maxwell (1831-1879).

For a physical understanding of the concept of curl think of water flowing along
abrook. As opposed to the tame examplein the introductory section of this chapter,
now the vector field v will describe both ageneral flow along the main direction and
locally also give rise to circular movements. Imagine a small spherical body having
the same density as the water immersed in the fluid. At points with nonzero curl
the sphere will spin. Its rotational axis pointsinto the direction of curl v, itsangular
velocity indicates the magnitude.

The rigorous but tedious proof of this
statement will not be given here. The
keen reader is advised to check special- e

ized mathematics books or consult the AZ Ayx._Az

Ay

Internet.

The next task is to arrive at a concrete J
rule for calculating the components of -

the vector curl F. Let us start with the
x-component and choose a small rect- y
angular plane surface A, with dimen- X

sionsAy and Az. Fig. 17.31

A first approximation for the x-
component of the line integral can be
obtained by multiplying each length of
the rectangle by the projection of F
onto the path of integration as shown
inFig. 17.32:

N
Faxya)
Fz(x,y +Ay,2)

Fy(x Y.Z+AZ)

>
<

Az

>
%

Fyoya

X

Fig. 17.32
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1
AyAz Jc,

curl  F = F -ds

1

~ M[Fz(x,y +Ay,z)Az — F7(x,y,2)Az — Fy(x,y,z +Az)Ay
+Fy(xay7Z)AY]

[ Fz(x,y+Ay,z) = Fz(x,y,2)  Fy(x,y,24+Az) = Fy(x,y,2)

N Ay Az

Inthelimit Ay — 0,Az — 0 we obtain the difference of partial derivatives

The other components of curl F can be determined similarly. So we can an-
nounce the following:

Definition Curl of avector field

curl F = (aFZ JdFy dFx JF; dF, JFx

Using the nabla operator V in Cartesian coordinates the curl of avector field F
can be expressed as the cross product of V and F':

cul F =VxF

Like any cross product the curl can also be expressed as a determinant:

e_x ey eZ
curl F = iii
dx dy dz
Fx Fy FZ

Computing the curl assigns a new vector field to the given vector field. Recall,
that computing the divergence maps a vector field into ascalar field.

Example Let us computethe curl of a spherical symmetric field:

F(x,y,2) = (x,7,2)
curl F = (0,0,0)

Thisvector field obviously isfree of curl. (Thereader isinvited to generalize this
result to any spherical symmetric field.)
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Example Figure 17.33 shows a cross sec- z
tion of afluid streaming in the y-direction.

The velocity is zero at the bottom (z = 0) —’—|
and it increases linearly proportional to the ,
height. I— !
The velocity field can be expressed as fol- ]

cy

lows —

v(x,y,z) =az-ey;, a=const y

The curl of v is (—a,0,0), and so the line Fig. 17.33
integral along a path C as indicated will
not vanish.

Example Compute the curl of the vector
field @@

F(x,y,z) = (-y,x,0)

curl F = (0,0,2) @Qﬁ(ﬁ

This vector field is not curl-free which
becomes apparent when looking at

Fig. 17.34. — Y

Fig. 17.34
17.8 Stokes Theorem
This theorem establishes a connection be- AR c
tween the integral of the curl of any vector AA
field F over any surfacein space A and the ‘%"
line integral of that vector field along the .
boundary C.
Figure 17.35 shows how the surface can be
approximated by small elementsdA ;, each
of which is bounded by C;.

Fig. 17.35

We next compute the line integral and observe that it approximates the product
of curl F timesthe small area: w

]f F.ds~F AA,
G
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Summing for all i leadsto
n n n .

curl F-AA; = Y curl F(x;,y;,z;)-Ad; = ) 7{ F -ds

i=1 i=1 i—1/Ci

- c
By an argument similar to the one used be-

fore we realize that line integrals along in-

ner paths cancel in pairs so that only the A
paths at the outer boundary are relevant.

The limiting process, as AA; — 0,n — oo

then leads to Stokes' theorem.

Fig. 17.36

Stokes' Theorem
/ curl F -dA = yf F-ds (17.12)
Ja Jc(4)

Its name honorsthe Irish mathematician and physicist Sir George Gabriel Stokes
(1819-1903).

Stokes' theorem tells us that the integral of the curl of avector field on a surface
A equalstheline integral along the boundary C.

Suppose we know for a given vector field that curl F = 0 in a certain volume
V which contains the area A. Then the left hand side in Stokes' theorem vanishes
altogether and we are left with

7{ F-ds=0
Jc(4)

Recalling Sect. 17.7 we can then be certain that the line integralsin that particular
volume are independent of the path.

17.9 Potential of a Vector Field

Assumethat agivenvector field F (x, y, z) iscurl-free. According to the observation
from Sect. 17.7 the line integral between two points Py and P does not depend on
the chosen path.

Consider now P to be a variable and assign the value of the line integral to the
point. Thisis just an ordinary function of P. Let us call that function the vector
potential ¢ (P) of the vector field F.

P

o(P)= | F-ds (17.13)
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Obvioudly, this procedure will work for any curl-free vector field. The potential
¢ isuniquely defined up to an additive constant, which is determined by the choice
of Py.

Next, let us convince ourselves that from the definition 17.13 the following rela-
tion can be arrived at:

F(x,y,z) = gradg

Recall, how in Sect. 12.4.3 we have derived a vector field from a given scalar
function, named its gradient. The vector grad ¢ is orthogonal to the surfaces which
are defined by ¢ = const. and its magnitude indicates the change of ¢ as we move
from one surface to the adjacent one in an orthogonal direction.

_ (99 d¢ de
grady = (ax’ay’ 9z
The change of ¢ with respect to an infinitesimal change in spaceis given by:
de=gradg -ds

In case of larger distances an integral must be used and we then obtain

P
o(P) = / grad ds
Jp,

This happensto coincide with definition 17.13 for the potential of a vector field.
So we conclude

_ _(9¢ de d¢
F(X,y7Z) —gradqo(x7y,z) - <$7$1£
Any curl-free vector field F can be assigned a potential field ¢ according to the

relationship:
P=(x,y,z)

(p(x,y,z) :/ F -ds
'PO

If we know the scalar field ¢(x, y,z) the corresponding vector field F (x,y,z)
can be computed asits gradient.

/grad¢\

potential ¢ Vector F

The meaning of this roundabout connection for physicsis as follows: the field
F can be interpreted as a force field and ¢ as the potential energy. Furthermore,
by convention, the potential can be defined as the value of the line integral along
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any path connecting some arbitrary point Py to the point P against the force field,
which means that the sign is reversed.

To sum up, in physics the relation between a curl-free force field F and its po-
tentia ¢ is defined asfollows:

P

o(x,y,z) = —/ Fds
JPy

F(x,y7z) = _grad¢

As was aready mentioned in Sect. 6.9, a force field without curl is also called
a conservative field.

Asan examplelet uslook at the gravitational field produced by amass M which
evenly fills a sphere of radius R. Outside of the sphere the forceis given by

(x,,2)
VX2 +y2+z2
(G is, of course, Newton's constant of gravity, sometimes also denoted by y. Its
approximate valueis 6.67428 x 10~ 1'm3kg~1&2))

Asthe reader can verify for him or herself F is curl-free. The potential is deter-
mined by

F(x,y,z)=—-GM

" (x,y,z)-(dx,dy,dz
olxoriz) =G [ Lre22) (G0
ro /x2 + y2 + ZZ
If we choose the path of integration in the radial direction, the dot product r e dr
simply isrdr, and the integral is easy to compute.
The bounds are:

ro =\/x3+y3+z3 and F=/x2+y24z2

rd 1 1 1 1
o(x,y,z) = GM r—;:fGM (——)GM <——)
o
The potentia ¢ is fixed up to an additive constant GM /r¢. By convention the
potential energy issetto0asr — «, S0 ¢ will be

-GM

px,y,2) = ———=s
( ) VX2 +y2+z2

Just to make sure, let us compute the gradient in order to arrive at F again:
(x,,2)

3
VX2 y2+z2

F = —gradp = -GM
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17.10 Short Reference on Vector Derivatives

Notation

Vo =grade ¢ isascalar function, gradg isavector field.

V.F =divF F isavector field, div F isascalar function.

Vx F =curl F F isavector field, curl F isavector field.

V. (Vo) =div(gradg) = Ap Aiscaled the Laplacian operator, sometimes writ-

tenas V2.

Important Identities

V x (Vg) = curl (gradg) =0 For any scalar function ¢, the curl of gradg
vanishes.

V- (Vx F)=div(curl F)=0 For any vector field F, the divergenceof curl F
vanishes.

Vx(Vx F)=curl(curl F)=V-(V-F)—AF = grad(div F ) — Laplacian(F)

This identity holds true in Cartesian coordi-
nates

Special case spherical symmetry: F = f(r)ﬁ, excludingr =0

VxF =culF =0 The curl of aspherically symmetrical field van-
5 3 ishes.
V.F =divF = M + % Note the exceptional case of inverse square
r r

functions f (r) = r%
Further Information on the web:
http://eom.springer.de and http://mathworld.wolfram.com

Exercises

1. Given three squares with an area of 4 units each. They are placed
(8 inthe x-y plane,
(b) inthe x-z plane, and
(c) inthe y-z plane.
Determine the surface elements.
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2. Given arectanglewith areaa - b, determine the vector element.

3. Compuite the flow of the vector field F (x,y,z) = (5,3,0) through the surfaces
given by the respective surface elements:
@ A=(11,1)
(b) 4 =(2,0,0)
(c) A =(0,3,1)

4. Find the vector surface elements for the cuboid shown in the figure.

X

5. Compute the flow of the vector field F (x, y,z) = (2,2,4) through
(a) aspherecentered at the origin with radius R = 3.
(b) the cuboid from exercise 4
6. Compute the flow of the vector fields through a sphere centered at the origin
with radius R.
(x,,2)
X2 +y2 +22
(x,9,2)

V1+x3+y3423

@ F(x,y,z)=3

(b) F(x,y,z) =
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7. A vector field is given by F (x,y,z) = (z,y,0). Compute the flow through
area A.

1 2 Y
1

8. Computediv F for the given vector fields F . Indicate the respective sourcesand
sinks, if applicable.

(a) F(x,yg)z(x—a,y,z)
(b) F(x7y72):(a7_x722)
9. Do thefollowing vector fields possess curl?

(@ F(x,y,z)=(a,x,b)
_ (xp,2)
®) Flx.y2) = 5755
10. Computethe value of thelineintegral ¢ F - ds along the rectangular path in the

x-y plane with dimensionsa and b.
The vector fieldisgivenby F(x,y,z) =5(0,y,z)

z

a
“X y

11. For the vector field F(x,y,z) = (0,y,z) compute the line integral along the
path as shown in the figure, i.e. from the point (0,0,0) to the point (0,2,3) and
then to the point (0,0,3).

z
31

Nt =



Chapter 18
Fourier Series; Harmonic Analysis

18.1 Expansion of a Periodic Function into a Fourier Series

In Chap. 8 we showed that afunction f'(x) which may be differentiated any number
of times can usually be expanded in an infinite seriesin powers of x, i.e.

f(x)= i anx"
n=0

The advantage of the expansionisthat each term can be differentiated and integrated
easily and, in particular, it isuseful in obtaining an approximate val ue of thefunction
by taking the first few terms.

We now ask whether a function can be expanded in terms of functions other than
power functions, and especially whether a periodic function may be expanded in
terms of periodic functions, say trigonometric functions. Many problemsin physics
and engineering involve periodic functions, particularly in electrical engineering,
vibrations, sound and heat conduction. A periodic function f (x) isafunction such
that f(x) = f(x+ L), where L is the smallest value for which the relationship is
satisfied.

Fourier’s theorem relates to periodic functions and states that any periodic func-
tion can be expressed as the sum of sine functions of different amplitudes, phases
and periods. The periods are of the form L divided by a positive integer.

Thus, however irregular the curve representing the function may be, as long as
its ordinates repeat themselves after equal intervals, it is possible to resolve it into
a number of sine curves, the ordinates of which when added together give the or-
dinates of the original function. This resolution of a periodic curve is known as
harmonic analysis.

To simplify the mathematics we will start by considering functionswhose period
is27; thisimplies (see Fig. 18.1) that

S x) = fx+2m)

K. Weltner, W. J. Weber, J. Grogean, P. Schuster, Mathematics for Physicists and Engineers
ISBN 978-3-642-00172-7 © Springer 2009
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e

5

2m 4

Fig. 18.1

Expressed mathematically, Fourier's theorem states that

i nSIN(nx + ¢p) (18.1)

Sincesin(nx + ¢, ) = Sinnx €os¢, + cosnx Sing,, we can express the function in
terms of sine and cosine functions. We have

y= - ?" ; ap COSNX + by SiNnx) (18.2)
Thisseriesis called a Fourier series. Thetermsin Fourier series differ in period (or
frequency). The nth term has the period 27 /n (or the frequency n/(27)). The 1/2
inag/2 isto make ay fit the general equation.

18.1.1 Evaluation of the Coefficients

Before actually proceeding with the evaluation of the coefficients, we will state
the results of some definite integrals in the range —n to 7, where n and m are
positive integers. It can be shown that the same results are obtained in the range
fromOto2x.

- -
/ cosnx dx = / sinnx dx =0 [1]
J—m J—m
T T 0
/ cosmx cosnx dx = / sinmx sinnx dx —{ , m#En [2]
-7 - T, m=n
"TT
/ sinmx cosnx dx =0 [3]
J =TT

Theintegralsin Eq. [1] are standard.
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Let us evaluate thefirst integral in Eq. [2]. We integrate by parts:

T 1 . T n [T . .
/ cosmx cosnx dx = {—smmx cosm] + —/ sinmx Sinnx dx
m —x m.J—x

J =TT
Thefirst term is zero. The second term can be integrated by parts once more:
no[r . _ n _ n 2 m
—/ sinmx sinnx dx = [7—2 cosmx smnx} + —2/ cosmx cosnx dx
mJ—ng m -7 m -7

Again the first term is zero. Inserting this result into the original integral and rear-
ranging gives

-7

n? T
(1 — —2) / cosmx cosnx dx =0
m .

Thustheintegral is zero except for n? /m? = 1,i.e.n = m.
In the latter case we have a standard integral, the result of which is known:

4
/ cos?mx dx = 7
J =TT

The integral with sine functions may be solved by the reader. The solution can be
obtained in exactly the same way.

Theintegral in (18.3) may be solved in the same way too. In the case of m =n
we have

T 1 ™
/ sinmx COSmxdx:z/ sin2mx dx =0

-7 -7

Evaluation of a

To find ag weintegrate the Fourier seriesfrom —x to 7:

+7 1 rtm b +7 +
/ f(x) dx:—/ ap dx + Y (an/ cosnx derbn/ sinnx dx)
2)-n n=1 -

-7 — -7

According to Eq. [1] above, all integralsin the infinite sum vanish. Hence

+r 1 (7
/ f(x)dx:z/ ag dx = mag
-7

-7

Therefore, we have obtained ag:

GOZ%[ZHf(X)dX

Note that a¢ /2 isthe average value of the function in the range — to + 7.
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Evaluation of a,

The coefficients a;,, have to be evaluated one by one. For agiven n = k multiply the
Fourier series by coskx and integrate from —z to +7:

+m 47T ag il "TT
/ f(x)coskx dx = / ~ coskx dx + / an cosnx coskx dx
n=17-7

J—=TT J—=TT

had +7
+ 2 / b, Sinnx coskx dx
n=17-"7

By virtue of equations 1 and 3 above, all integrals on the right vanish except the one
for n = k. We thus obtain
7

o f(x)cosnx dx = /

J= J—m

+
a, cosnx cosnx dx = ay / cos? nx dx = a7

-7

1 /=
Hence an = —/ f(x)cosnx dx
T J-m

Evaluation of b,

We proceed in the same way: we multiply the Fourier series by sinkx and integrate
intherange —x to 7. All integrals on the right vanish except for n = k.

T
/ bpSinN?nx = by
—TT
1 /= .
Hence by = —/ f(x)sinnx dx
T J-m

Theresultis:

If afunction f'(x) of period 27 can be represented in a Fourier series then

fx) =224 aycosnx+ Y bpsinnx
2 n=1 n=1
1 /=
where g = — / £(x) dx (18.3)

T J-m
1 /=

an = — / f(x)cosnx dx n=12,... (18.4)
T J-m
1 /= .

bn:—/ f(x)sinnx dx n=12,... (185)
T J-m

Since f(x) is a periodic function of period 2 we could, if we wished, use
therange 0 to 27 instead, or any other interval of length 2.
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Theterms cos x, sin x are known as the fundamental or first harmonic, cos2x,
sin 2x as the second harmonic, cos3x, sin 3x asthe third harmonic and so on.

We have not yet discussed the conditions that must be satisfied by f (x) for the
expansion to bepossible. Thereare, in fact, several sufficient conditionswhich guar-
antee that the Fourier expansion is valid, and most functions the applied scientist is
likely to meet in practice will be Fourier expandable.

We should mention one criterion which is connected with the name of the emi-
nent mathematician Peter G. L. Dirichlet (1805-1859).

Dirichlet’s lemma states that a periodic function f'(x) which is bounded (i.e.
thereisaconstant B such that | f (x)| < B for al x) and which has afinite number
of maxima and minimaand afinite number of points of discontinuity in the interval
[—L; L] has a convergent Fourier series. This series converges towards the value
of the function f(x) at al points where it is continuous. At points of discontinuity
the value of the Fourier seriesis equal to the arithmetical mean of the left-hand and
right-hand limit of the function f'(x), i.e. itisequal to

1. . .
[ im f(x+Ax)+ lim f(x —Ax)]
2 Ax -0 Ax — 0

Ax >0 Ax >0

The proof of this lemma is beyond the scope of this book, and the reader should
refer to advanced books on mathematics.

18.1.2 Odd and Even Functions

Even Functions

A functioniseven when f(x) = f(—x). Inthis case all the coefficients b,, vanish.
Since f(x)sin nx isan odd function, itsintegral from —x to r is zero.

For an even function the Fourier seriesis

ap it
X)=—+ dy COSnx
f)=7F+ % an

Odd Functions

A functionisodd when f'(x) = — f'(—x). Inthiscase al the coefficientsa,, vanish.
Since f'(x) cos nx isan odd function, itsintegral from —x to 7 is zero.

For an odd function the Fourier seriesis

f(x)= i by Sinnx
n=1
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Thus the Fourier series for an even function consists of cosine terms only,
whereas that for an odd function consists of sine terms only.
18.2 Examplesof Fourier Series

Sawtooth Waveform

The sawtooth functionis shown in Fig. 18.2 with aperiod of 2. It is defined by

-7 ™ 2.” S 4l‘n' =x
1 Period | I' !
{ ™ I
N ' !

Fig. 18.2

Since the function is odd, only the coefficients b, are required. Because there
are two branches of the function we have to split the interval of integration. We
then have

bn

"TT
—/ Slnnxdx—i-l/ i—1>sinnxdx

—2 xsmnxd)hL / smnxdxf—/ sinnx dx
4 1

Thefirst integral can be solved by parts; the other two are standard.
Integrating gives

1 4 1 4 1 0
by, = — {Txcosnx] + [ 5> Sinnx} — {— COSnx}
T o w2n n o
—_————
-0 x
1
+ {— Cosnx]

N 0
2
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6 terms

— 2

Hence, for the sawtooth waveform the Fourier seriesis

sinnx

=23

n

Figure 18.3 shows the first six terms of the expansionin therange —7 < x < 0. As
the number of termsisincreased the series gets closer and closer to the function.
Triangular Waveform

Thetriangular functionis shown in Fig. 18.4. Itsperiod is 2. It is defined by

f(x):{_x’ —r<x<0

x, 0<x<nm

- |

I riod

Pe

Fig. 184
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Half sine wave, such as arectified alternating current.
Sinceitisan evenfunction, we only need to calcul ate the coefficientsa,, . Because
there are two branches of the function we have to split the interval of integration.

aoz—/ x)dx+— /xdx—n

an = — / ycosnx dx + — / xcosnx dx
Integrating by parts gives

1 0 X 0 1 " X i
anp = — [—2 COSnx} — [—Sinnx} + [—2 COSnx} + {—sinnx}
mn o n mn

=0 — =0 0

2 (cos 1)
ay = ——= nimw —
" an2
If n iseven cosnm = +1 hence anp =0

; 4
If n isodd cosnw =—1 hence  ay=-—
mn

The Fourier series of the triangular waveformis
w4 & cos(2n+1)x
S =5-2 ;0 2n+1)2

n

Rectangular Waveform

Thefunctionis shown in Fig. 18.5. It isdefined in the interval — to = by

1, —m<x<-Z
f(x): 17 *%<X§%
-1, Z<x<m
f(x)ﬁ
1
1 [ | —
| 1 1 t
] | [} }
: -1 __g o T 3t )x
L . 2 2
= Period >

Fig. 18.5



18.2 Examples of Fourier Series 499

Since the function is even, we need only calculate the coefficients a,, .

ag = —/ f(x)dx = (we can see this by inspection)
/2 /2 b4
anp = — (—/ cosnx dx+/ cosnx dx —/ cosnx dx)
T -7 J'[/2 J'[/2
an = iSinﬂ
" gn 2

The Fourier series for the rectangular waveformis
2 &1 nmw
== Z - n—COSnx
T n

Figure 18.6 shows approximationsto the function. We see that as we take more and
more terms we approach the original function f (x) = f1+ f2+ f3+---

Thereis, however, a snag to approximating a function at a point of discontinuity
such asx = /2 in our example. Even if alot of terms are added, f1 + f> + f3 +

.-+ f&, the graph overshoots before and after the discontinuity.

Thisis known as the Gibbs phenomenon. For most practical purposes this effect
can usually be neglected; but if special attention is to be paid to the function at
a discontinuity, the Gibbs phenomenon must be kept in mind.

h +faf

Fig. 18.6
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Half sine wave, such as a rectified alternating current.
Thefunctionis shown in Fig. 18.7. It is defined by

0 —r<x<0
fx)=9"
Ipsinx O0<x<m
I=1I sin wt=1I, sin x f(x)
- Rectifier >
In Out
fOA
IO ----
0 T n 3 3
Fig. 18.7

The coefficient ag is

1 0 T I
ao——o(/ deJr/ Slnxdx)—Z—O
T \J-m JO s

To find the coefficients a, and b,, we use two identities which are based on the
addition formulae (Chap. 3, Sect. 3.6.6):

sin(n+1)x =sinnx cosx +SiNx cosnx
sin(n—1)x =sinnx coSx —SiNx COSnx

Subtracting gives
sin(n+1)x—sin(n—1)x =2 sinx cosnx
Similarly, we obtain

cos(n+ 1)x = cosnx COSx —SiNnx SN x
cos(n — 1)x = cosnx COSx +SiNnx SN x
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Subtracting gives
cos(n—1)x —cos(n+1)x =2sinnx sinx
Now we evaluate a, :

Iy /™ . Iy (™1 . .

an = 0 sinx cosnx dx = —0/ —(sin(n+1)x —sin(n — 1)x) dx
7 Jo wJo 2

1o [_Cos(n—i-l)x COS(n—l)x}”

2 n+1 n—1

(n#1)

0
Iy [T .
If n=1, alz;/ sinx cosxdx=0; hencea; =0
Jo
If nisoddn + 1 andn — 1 areeven, so that
an:O (nOdd)

If nisevenn+1andn — 1 are odd, so that

21y

TR TR

(n even)

The coefficients b,, are

Iy [™ . .
b, = 0 sinx Sinnx dx
7w Jo
Iy (™1 .
=— [ =(cos(n—1)x—cos(n+1)x ) dx=0 ifn#1
mwJo 2

Io [T . I
If n=1, b1=—0/ sn?x dx =2
7 Jo 2
The Fourier seriesfor the rectified waveformis
Iy

f(x) 1+ Zsin 2 cos2 2 cos4 2 cos6
— —snx — —— X —— X ——F X — -
YT 2 %3 3%5 5% 7

18.3 Expansion of Functions of Period 2L

A periodic function f (x) of period 2L is repeated when x increasesby 2L, i.e.

JS(x+2L) = f(x)

If we put z = 7 /L x, then the new function f(z) is a periodic function of period
2. Asx increasesfrom — L to L, z increases from —x to 7, and (18.2) holdstrue
for the new variable z. We have

M

f(z) = %0+ (an cosnz + by sinnz) (18.6)

n=1
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To get back to the original function, we simply replace z by 7 /L x and obtain

f(x) = a7°+n§1 (@ cos%mbnsin%x) (18.7)

The coefficients of a Fourier series of afunction with period 2L are

1 L
a =7 [ Sl (18.8)
1 /L nmw
an:Z/ f(x)COSTx dx n=1,2... (18.9)
by = L/ fsnTrde n=1,2.. (18.10)

Rectangular Waveform of Period 4

The function is defined by

1, 0<x<2

f(x):{o, —2<x<0

In this case, we have L = 2. All integralsfrom —2 to 0 vanish.

2
From (18.8): ap = % / dx =1
From (18.9): / s@ dx =
. 1
From (18.10): bp = 3 ./o smT dx = E(l — oS n)
We therefore have

1. 3ax 1 . 57ax
2 3 2 5 2

18.4 Fourier Spectrum

A periodic function of time, such asavibratory motion, expressed asaFourier series
is often represented by a Fourier spectrum. It consists of the values of the amplitudes
and phases of the different terms as a function of the frequency. Thisis shown in
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Fig. 18.8. a; is the amplitude of the fundamental frequency w; a,, a3 etc. are the
amplitudes of the harmonics2w, 3w, etc. and ¢, ¢», etc. arethe phase angleswhen
the function is expressed in the form of (18.1). For example, if s is a vibration or
asigna in an electrical system then (18.1) takes on the following form:

s= Y apsin (not+¢,) (o =frequency, 1=time)
n=1
A periodic electrical signal introduced into a transducer, filter or amplifier will be
modified; it will be damped and distorted unless special precautionsare taken in the
design of the equipment. By expressing the signal as a Fourier series it is easy to
find out how each Fourier component is affected.

For sine and cosine functions these modifications are often easy to find either
empirically by measurement or theoretically by calculation. Asarule, modifications
depend on the frequency of the function.

Thus the modification of an arbitrary periodic signal can be obtained by express-
ing the signal as a Fourier series, finding the modifications of the Fourier compo-
nents and reconstructing the modified signal.

In atransmission line, for example, it is most important to ensure that a signal
is not distorted. This implies that the relative amplitudes of the terms making up
the signal, as well as the phase angles of the harmonics, are faithfully reproduced.
In other words, it is necessary to ensure that the time shift due to the transmission
remains the same for all harmonics.

Amplitude“
a $1=0
a)
=1

- T

Qo az ¢3 0 P = ;
as ay -
) 2w 3w 4w Frequency

Fig. 18.8
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Exercises

1. Obtain the Fourier series for the function (Fig. 18.9) defined by

0, —m<x<-%
— g T
f('x)_ 17 _7§x<7
0, Z<x<m
g
1
L - [rm——
] ] ]
)
. : :
: Lo 2 L
- _r T ™ 3 x
2 92 9
Fig. 18.9

2. Obtain the Fourier series for the function (Fig. 18.10) defined below. The func-
tionis periodic with period 2.

ﬂ}

Fig. 18.10
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3. Obtain the Fourier seriesfor arectified waveform (Fig. 18.11) given by

. —shx, —-7<x<0
f(x)=|snx|={ L
sinx O<x<m

Use the results obtained in the example on p. 498.

A

Fig. 18.11

4, Obtain the Fourier seriesfor the function (Fig. 18.12) defined below. Its period

isdm.
0, 2n<x<—m
f(x) 1, —-a<x<m
0, T <x<2m
A
1
L § L
1 1
' 1
J L »
—2r - m 2 ) x

Fig. 18.12



Chapter 19
Probability Calculus

19.1 Introduction

The concepts and methods of probability have been used increasingly in the last
decades. They are the basis for an understanding of alarge part of modern physics,
both theoretical and applied, e.g. statistical and quantum mechanics.

Statistical mechanics describes physical systems such as gases, solid bodies, and
fluids, all of which consist of many atoms and molecules. The propertieswhich refer
to asingle element of asystem are called microscopic, e.g. state of motion, position,
kinetic and potential energy.

Those which refer to the whole system are called macroscopic, e.g. pressure,
volume, temperature, magnetism, electrical conductivity and so on.

Statistical mechanics attributes the macroscopic properties of the whole system
to the microscopic propertiesof the constituent elements. Statistical mechanicsuses,
aboveall, thefact that the whole system consists of avery largenumber of elements,
e.g. Llitre of air contains about 1023 gas molecules.

Quantum mechanics describes physical objects like atoms, atomic nuclei etc. In
guantum mechanics statistics plays a major role, since only probability statements
can be made about the properties of these objects.

New mathematical methods are needed for the quantitative treatment of physical
systems with a large number of elements; and it has been found that the theory of
probability provides the necessary methods for the mathematical treatment of such
systems. One important fact is that the larger the number of elements of a system
under consideration is, the more closely will the results of the theory of probability
agree with experiments.

A further field of application is the theory of errors. All physical measurements
are in principle liable to errors. Before we can draw useful conclusions about an
experiment, we must first estimate the errors. In Chap. 21 we will show how to
infer the accuracy of measurements from the scatter of points, i.e. the variance of
experimental data.

An important application is quality control in the small or large-scale industrial
production of almost any product. Manufacturersneed the sound knowledge of qual-
ity control which statistics can provide.

K. Weltner, W. J. Weber, J. Grogean, P. Schuster, Mathematics for Physicists and Engineers
ISBN 978-3-642-00172-7 © Springer 2009
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19.2 Concept of Probability

19.2.1 Random Experiment, Outcome Space and Events

The concept of probability in mathematics has been derived from the colloquial
word ‘probable’ . If the sky iscloudy we say: ‘ It will probably raintoday’. Of course,
we are not surethat it will rain, i.e. whether the event will occur or not, but thereis
alikely chancethat it will. It isthe aim of probability theory to calculate and express
guantitatively the degree of certainty or uncertainty in the possible occurrence of
an event.

The concept of probability can be deduced from an analysis of well-known games
of chance. Suppose adieisthrown. Thiscan be repeated arbitrarily often. A process
which can be repeated arbitrarily many times in accordance with certain rules is
called an experiment. In this case the experiment can have six different outcomes.
The possible outcomes are the number of spots on the faces of the die, i.e. the
numbers 1, 2, 3, 4, 5, 6. The outcome cannot be forecast with certainty. Such an
experiment is called arandom experiment.

The outcome of a random experiment depends on the statement of the problem.
When throwing a die, as in our example, we could ask: ‘What is the number of
spots? or ‘isthe number even or odd? .

In thefirst case, the set of outcomesis

{1, 2,3,4,5, 6}
In the second case the set of outcomesis
{ even, odd } or {{2, 4, 6}{1, 3, 5}}

The set of outcomesis called the outcome space or the sample space of the experi-
ment.

Possible outcomes with equal probability are called elementary events. Equal
probability means that no outcome is more favoured than any other for physical or
logical reasons.

In the case of throwing a die, we have six elementary events, the number of spots:

R=1{1,2,3,4,5 6}

Any set of elementary eventsis called an event.

In the case of throwing a die and regarding the outcomes as ‘ number even’ or
‘number odd’ we have two events, each of which isasubset of the set of elementary
events.

{2, 4, 6}{1, 3, 5}

Thus an event can be any outcome of a random experiment, depending on the
problem:

1. an elementary event;
2. any combination of elementary events.



19.2 Concept of Probability 509

For the sake of completeness, an impossible event is defined as an event which is
not an element of the outcome space. For example, when throwing a die, the event
‘number of spots = 7’ isimpossible.

19.2.2 The Classical Definition of Probability

Let a random experiment consist of N equally possible outcomes, i.e. elementary
events. Let us consider an event A consisting of N elementary events. The proba-
bility P of outcome A is given by the classic definition of probability:

Definition Classical definition of probability

Na  number of elementary events contained in event A

Pi4)= N total number of possible elementary events

Some authors refer to the number N as ‘favoured'.

Example What is the probability that an even number will appear when throwing
adie?

There are 6 possible ways a die can fall; hence N = 6. Of these 6 there are 3
which will show an even number {2, 4, 6} and 3 an odd number {1, 3, 5} ; therefore
Na = 3. Consequently the probability that an even number will appear is

Na 3 1

P(even) = N —¢=3

Example A pack of 52 cards contains 4 jacks. What is the probability of drawing
onejack?

It is possible to draw 52 different cards; thus N = 52 (possible elementary
events). Since there are 4 jacks in the pack, we have 4 possibilities to realise the
event ‘onejack’; hence Na = 4. Therefore the probability of drawing onejack is
Na 4 1
N 52 13
Thebasis of the classic definition of probability isthe assumption that all elementary
events are equally probable. In redlity, all experiments carried out with real dice,
playing cards and other games approach this assumption only to a certain degree.
A perfect or fair die, for example, is one whose material is absolutely homogeneous
and whose shape is perfect.

P (jack) =

19.2.3 The Statistical Definition of Probability

In many casesit does not make sensein practiceto assumethat all elementary events
are equally probably. For example, a die becomes deformed after long use, or the
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centre of mass may be deliberately altered so that it is ‘loaded’ with the intent to
defraud.

In cases of this kind we can also state the probability that a particular event
will occur.

Let N experiments be carried out under identical conditionsand let Na of them
have the outcome A. The expression

ha = % is called the relative frequency .
The relative frequency is a quantity which has to be determined experimentally. It
should not be confused with the classic definition of probability. Na is the actual
number of experimentswith outcome A.

If the values of the relative frequency do not change for a large number N of
experiments actually carried out, then we can interpret the relative frequency as
the probability. We call the probability obtained from the relative frequency the
statistical probability P(A).

Definition The statistical definition of probability isthelimit of the relative
frequency of an event A.

P(A) =ha N

N—)oo

In practice, of course, it isnot possibleto carry out an arbitrarily large number of
experiments.

Example The probability of getting a 1 when throwing a die can be determined
empirically, as shown in Fig. 19.1 which is the result of an actual test. The relative
frequency approaches the value of 1/6 as the number of experiments increases. If

Fig. 19.1
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we repeat the test, the shape of the curve will be different at first but will again
approach the value 1 /6 for alarge number of experiments.

If the curve approaches a different value we can deduce that the die is faulty or
loaded. In this way we can check the die.

The concept of the statistical definition of probability refers to actual experi-
ments. It can be applied to the result of scientific measurements (from observations
of the radioactive decay process we can derive the probability of the decay of ara
dium atom, for instance). In the case of throwing ideal dice or similar games, both
definitions of probability coincide for large values of N. Unlesswe state otherwise,
wewill usethe classic definition; thismeansthat we will consider ideal experiments.
In Chap. 21, which deals with the theory of errors, we shall concern ourselves with
the analysis of the results of real experiments.

19.2.4 General Propertiesof Probabilities

We will now derive afew general properties of probabilitieswhich will be useful in
practical calculations by means of an example.

Example A box contains N balls. N; balls have the number 1 written on them, N,
the number 2, ... and N, the number k. k isthe largest number on a ball.

In our case let N =9, k=4
Ni=2 N = Ny=4 Ny=2
——
@ @ @ ® @ 6 6 @ @
i i T T
2 balls 1 ball 4 balls 2 balls
with the with the with the with the
number 1 number 2 number 3 number 4

We take one ball out of the box. Let this ball carry the number ;. This event is
denoted by j whose probability is

Now we want to find what the probability is of our taking out a ball with the num-
beri onit or aball with the number j. Thisevent isrepresented by the ballscarrying
the number i or j. Thereare N; and N; ballswith the number i and j respectively.
The probability of our taking out one ball in this subset is
Ni+N; Ni N; . :
N —N+N7P(z)+P(])
Thisisthe addition law for probabilitiesand is only valid if the events are mutually
exclusive or digjoint, i.e. independent.

P(iorj)=
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Rule Addition law for independent probabilities
P(iorj)=P@i)+P(j)
This theorem can be generalised for any number of mutually exclusive events.

Rule .
P(lor2or...ork)= > P(i)

If the set of eventsis equal to the set of all possible events, then the probability
P(lor2or...ork)isacertainty. In such acase, the normalisation condition must
be satisfied.

Rule Normalisation condition for probabilities
k
D P(i)=
i=1

k
Proof Let thetotal number of eventsbe N, then ¥ N; = N

i=1

k kN, 1k
and hence Y P(i) ZF: Z :—Nfl

An event with the probability P = 1 occurswith certainty.

What is the probability of taking out of the box aball with the number mz, where
m > k? Since k isthelargest number on aball, we know that there are no ballswith
the number m. Therefore

This means that an event which cannot take place has the probability zero: it isan
impossible event.

Example Each group of spots from 1 to 6 on a die has the probability 1/6 of ap-
pearing when the die is thrown.
The probability of throwing either alora2is

1
P(1 or2):6+é:%

The probability of throwing an even number is

1 1 1
P(even)=6+—+6=

N
| —
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The probability of obtaining any number between 1 and 6 is a certainty:

1 1 1 1 1 1
P(lor2or3ordor5or6)= 6+6+6+6+6+6 =1

The probability of throwing a number greater than 6 is zero, an impossible event.

We will consider one more relationship of thiskind. Let the probability P for the
occurrence of an event i be known and let N be the total number of possible events.

To obtain the number N;, we need only solve the equation P(i) = N; /N for
N;.Hence

N;=P(i)N

Example When throwing a die, let N = 60. The probability of throwing a1 is
P(1) =1/6. The number N; for the event of ‘gettingal’ is

1
Ni=P()N = £ x60=10

This means that, on average, after 60 throws we can expect the number 1 to appear
ten times.

19.2.5 Probability of Statistically | ndependent Events.
Compound Probability

In this section we will determine the probability of the simultaneous occurrence of
two different events.

For example, a person throws a die and at the same time tosses a coin. We are
interested in the probability of the die showing a 6 and the coin showing atail. The
experiments and their outcomes are independent of each other.

Such composite events are called compound events.

Suppose we have two groups of independent events, the number of spots on the
die (group A) and the faces of the coin (group B). We require the probability of
the simultaneous occurrence of these two events. The tablelists all events and their
possible combinations.

Coin: 2 Die: 6 elementary events

elementary events 1 2 3 4 5 6

Head (H) H1 H2 H3 H4 H5 H6

Tail (T) T1 T2 T3 T4 T5 T6
Compound events

We see that there are 12 possible elementary compound events.
The total number of elementary compound events is equal to the product of the
number of elementary events of group A (the die) and the number of elementary
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events of group B (the coin). Hence
N = N1 X N2

In the exampleabove N1 =6, N, =2, N = 12.
From the table above we can determine the probability of a particular compound
event when the die is thrown and the coin is tossed.

Example What isthe probability that the die will show a 6 and the coin atail?
Inthiscase Ng1 = 1and N = 12. Hence P (6T) = 1/12.

Example What is the probability that the die will show an even number and the
coin ahead?

The number of eventsis N =6 x 2 =12.

For group A (die), N1 = 3.

For group B (coin), N, = 1.

Probability P (even,head) =3 x 1/12=1/4.

The concept of statistically independent events is important. In our example oc-
currence of the number 6 on the die is in no way influenced by the coin showing
head or tail. The two events are independent.

Definition If the probability of the occurrence of an event in group A4 isin
no way influenced by the occurrence of an event in group B,
then we say that theevents Aq,..., A, are
statistically independent of events By, ..., By,.

The compound event ‘number even’ on the die and ‘head’ on the coin is made
up of the events ‘number even’ and ‘head’. Hence the total number of compound
eventsis given by the product of elementary events A and B. Thus

Nnumber even, head = Nnumber even X Nhead
The required probability of both events occurring is

P _ Neven X Nhead _ Neven % Nhead
(even, head) N1N> Ny N>

Rule The probability of the occurrence of acompound event— A4 and B —
is for statistically independent events, A and B, the product of the
probability of the occurrence of A and of B

P(Aand B) = P(A) x P(B)

The probability of compound eventsis generally less than the probability of sin-
gular events:
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Example The probability that athirty-year-old man will reach the age of 65 is, ac-
cording to statistics, P (man) ~ 0.75. The probability that hiswife (who isthe same
age) will live through these 30 yearsis P (woman) = 0.80. What is the probability
that both will be living 30 years hence?

P (man and woman) = 0.75 x 0.80 = 0.6
Note that

P (man and woman)
P (man and woman)

P (man)
P (woman)

IA A

19.3 Permutations and Combinations

To calculate probabilities the standard problem is to calculate the number of ele-
mentary events contained in an event A. To simplify the solution of these problems
we introduce the concept of permutations and combinations.

19.3.1 Permutations

Given n objects, we may placethem in arow in any order; each such arrangement is
called a permutation. Thus two elements, a and b can be arranged in two different
ways: ab and ba. Three elements, a, b and ¢, can be arranged in six different ways:

abc, bac, cab, ach, bca, cha

How many permutations are there for n different elementsay, as,...,a,? Thefol-
lowing reasoning leads usto the solution. First of all, we assume that the n possible
places are empty. The element a; can be put in any place, i.e. there are n possibil-
ities. The element a, can be put in any one of the remaining (n — 1) places which
are still empty, i.e. there are (n — 1) possibilities. Thus the number of possibilities
for placing the first two elementsis given by

nn—1)

For element a3 there are (n — 2) possibilities, etc. until we reach element a, for
which there is only one possibility left.
Thus the total number of arrangements of the n elementsay, as, ..., a, is

nn—1)(n—=2)...1=n!
Rule The number np of permutations of n different elementsis

np=1x2x3x...x(n—1)n=n!
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Remember from Chap. 8, Sect. 8.2, that n! isreferred to as ‘factorial n’. We also
defined factorial zero as0! = 1.

For example, 3! =1 x 2 x 3= 6isread as ‘3 factorial equals6’.

It is alittle more difficult to obtain the number of permutations of n elements if
some of them are equal as, for example, in the case of the three elements a, b, b.
We can write the number of permutations of these 3 elements thus:

abb, bab, bba, abb, bab, bba

But note that there are three pairs of identical permutations; hence there are only
three different permutations. The identical permutations are formed by rearranging
equal elements. If we are interested in the number of different permutations, then
we must divide the total number of permutations by the number of permutations of

equal elements.
316

Nabp = 57 =5

Rule If out of n elementsny, n,, ..., n, eementsare equal to each other,
then the number of different permutationsis
n!

np= ———
P nilna! ... ngy!

Proof Let np be the required number of permutations. From any of these, if the
n1-like elements were different, we could make n1! new permutations. Thus if the
ni-like elementswere &l different, we would get npn! permutations.

Similarly, if the n,-like elements were different, we would get n,! new permuta-
tions from each of the second set of permutations.

Thus, if the n-like elements and the n,-like elements were al different, we
would get npny!n,! permutationsin all.

The processis continued until all the sets of like elements are dealt with, and we
then get the number of permutations of n elementswhich are al different. Thisisn!

Thereforenpni!na!.. .np! =n!

n!

Hence np=———
nilna! ... ngy!

19.3.2 Combinations

We now alter the problem considered in the previous section to ask the number of
different waysin which k& elements can be selected out of n elements.

Example Consider thefour lettersa, b, ¢, d (n = 4). They can bearranged in groups
of two (k = 2) asfollows:
ab, ac, ad, bc, bd, cd

That is, there are six groupsin all.
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Example Now consider thefive letters, a, b, ¢, d, e (n = 5). They can be arranged
in groups of three (k = 3) asfollows:

abc, abd, abe, acd, ace, ade, bcd, bee, bde, cde

That is, there are 10 groupsin all.

Definition Each of the groups which can be made by taking & different
elements of a number of elements# is called a combination of
these elements.

Generally, if there are given n different elements and each group contains k of
n
(4
In other words, ,, C . isthe number of combinationsof n different elementstaken
k at atime without repetition. Thisis also referred to as the kth class. The number
obtained is given here without proof:

them, the symbol ,, C;. or is used to denote the number of al possible groups.

Binomial coefficient: my _ __n
(k) "Gk = 1)

Note: Thisis caled the binomial coefficient. These coefficients occur in the bi-

nomial expansion (a +b)" = i (Z) an—kpk
k=0

|

Note the special case (”) = (n) — " ldnce0 =1. (19.1)
0 n 0ln!

Example A club has 20 members. The managing committee is formed by 4 mem-

bers having equal rights. How many combinations are possible in choosing a com-

mittee?

We must choose 4 members out of the 20. Thusthere are (20

4 ) combinations;

|
20 _ 20! :20><19><18><17%5000
4 4116! 4x3x2x1

So far we have considered combinations containing different elements only. Now
we will consider combinationswhere several elements are allowed to recur. We will
see that, in this case, more combinations are possible.

Example Given thefour letters a, b, ¢, d, how many combinations are there when
taking 2 |etters at atime?

(i) Without repetition: ab, ac, ad, bc, bd, cd
These are 6 combinations 6 = (;) .
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(i) With repetition: there are 6 combinationsasin (i) plus aa, bb, cc, dd, giving 10
combinations, i.e. 4 more than when repetition is not allowed.

We give the rule without proof.

n+k—1
k

k at atime with repetition.

Rule Thereare ( ) combinations of n different elements taken

Up to now we have not made any allowance for the order in determining the
number of combinations. If we distinguish between combinations with the same
elements but with different orders, we are considering variations. We give the rule
for the number of variations without proof.

|
Rule There are (ni—k)| variations of n different elements taken k at

atime with repetitions and taking account of different order.

Exercises

1. A menu contains five dishes from which two can be chosen freely. Give the
sample space.

2. A set of cards consists of 16 red and 16 black cards. What is the probability of
drawing ablack card out of the pile?

3. What is the probability that when tossing a die the number that appears will be
divisible by 3?

4. Anexperimentis carried out 210 times. Outcome A has been measured 7 times.
What is the relative frequency of outcome A?

5. A box contains 20 balls. Of these, 16 are blue and 4 are green. Evaluate the
probability of taking out a blue ball and, after putting it back, the probability of
drawing agreen ball.

6. What is the probability that when tossing two dice we will obtain a sum of 2
spots after the first throw and a sum of 5 after the second throw?

7. A player casts with two dice. What is the probability that a2, a3 or a4 will be
thrown?

8. A sales representative hasto visit 6 towns. In how many ways can the route be
fixed so that the journey always starts from town A?

9. A teacher hasaclass of 15 pupils. Of these, 3 must be selected for a special task.
How many possibilities are there?



Chapter 20
Probability Distributions

20.1 Discrete and Continuous Probability Distributions

20.1.1 Discrete Probability Distributions

In the practical treatment of statistical problems, it is wise to characterise individ-
ual outcomes of a random experiment with numerical values. A ssmple method is
to number the individual outcomes consecutively. For example, the outcomes of
throwing a die can be described by the number of the spots on the faces.

The set of numerical values can be regarded as the range of definition of a vari-
able, which is called a random variable or a variate. The outcomes of a random
experiment are therefore assigned to the values of the random variable within its
range of definition.

If therange of definition consists of discrete values, we call the variable adiscrete
random variable. We are then in a position to assign to each value of the random
variable the probability of its outcomein arandom experiment.

This can be expressed symbolically as

Outcome of random experiment j — random variable x ; — probability P ()

The complete set of probabilities for each value of the discrete random variable in
arandom experiment is called a discrete probability distribution.

Definition A discrete probability distribution isthe complete set of proba-
bilities of the discrete values of the random variablein arandom
experiment.

Example Consider an ideal or ‘fair’ die. There are six possible outcomes when
throwing a die. The discrete random variable, in this case, ‘number of spots, as-

K. Weltner, W. J. Weber, J. Grogean, P. Schuster, Mathematics for Physicists and Engineers
ISBN 978-3-642-00172-7 © Springer 2009
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sumes the values from 1 to 6. Each value of the random variable has the prob-
ability
P)=¢  (x=1,2,3,456)

The probability distribution for this somewhat trivial exampleisshownin Fig. 20.1.
Inthefigure, the valuesof the discrete random variable are plotted on the abscissa
and their respective probabilities along the ordinate.

Example Two dice are thrown. We choose as the random variable the sum of the
number of spots. Thus the random variable assumes the values 2, 3, 4,...,12. We
now seek the probability distribution for this random variable.
The outcome x = 2, for example, can only berealised if each die showsa ‘1.
The probability for thisevent is

ror-be (1)

The outcome x = 5, as another example, can be realised by 4 elementary events:
First die Second die Sum

1 4 5
4 1 5
2 3 5
3 2 5

The probability distribution in this exampleis shown as Fig. 20.2.

We could have numbered the values of the random variable in a different way.
The outcomes could have been assigned, just as easily, to the numbers 1 to 11 or
to any other set of numbers consisting of 11 values, e.g. 100 to 110, but this would
surely have made it more difficult to relate the values of the random variable to the
numerical results of the experiment.
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Example Consider a cylinder, having a base of 1 square unit, containing air and
subdivided into 5 regions, as shown in Fig. 20.3.

There are no material partitions between the regions. L et us consider an arbitrary
air molecule. The purpose of the experiment is to measure the position (height) of
thisair molecule at a particular instant when the air has been thoroughly mixed. We
wish to evaluate the probability that we will find the air molecule in a particular
region. We number the regions 1 to 5; these are our random variables. The volume

Regions

Fig. 20.3
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of each regionisgivenin Fig. 20.4. The probability P (x) of the air molecule being
at a particular position is given by the ratio of the partial volume Vy to the total
volume V' of the cylinder. Hence

v
The table and the diagram show this discrete probability distribution. In this ex-

ample, we assumed that the positional probability in a region was proportional to
the volume of the region.

P(x)

20.1.2 Continuous Probability Distributions

The random experiments considered so far had discrete values of the random vari-
able. There are, however, many random experiments whose results are best ex-
pressed by means of a continuous variable.

Let us consider again the example of the cylinder filled with air and an arbitrarily
chosen air molecule.

The purpose of the experiment is to measure the position of this air molecule at
acertain instant when the air is thoroughly mixed, and we now wish to evaluate the
probability that we will find this air molecule at a position defined by the height &
(Fig. 20.5). The external conditions of this random experiment remain unchanged,
al that has changed is the formulation of the problem. The result is the position &
of the air molecule which can take on any value between O and H .

The position (reading the height) 4 is now a continuous quantity; it is a logical
way of describing the outcome of the random experiment with 4 as the random
variable. We have thus obtained a new type of random experiment. The outcomes
and the random variable have a continuous set of values. This is aways the case
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when we consider a measurement as a random experiment in which the measured
guantity varies continuously.

An important and perhaps a surprising conclusion for continuous random vari-
ables can be drawn from our example. The probability of finding the air molecule
somewhere between 0 and H is 1 (by the normalising condition). The number of
possible readings of its position isinfinite for an arbitrarily small subdivision of the
height H . It follows, therefore, that the probability at a definite position /¢ has to
approach the value zero.

For continuous random variables it is not possible to specify a probability
different from zero for an exactly defined value of arandom variable.

A valuefor the probability of the outcome of a random experiment for a contin-
uous variable can, however, be given if we formulate the problem differently, i.e. by
asking for the probability that the air molecule will beinside agiveninterval.

What then is the probability of finding the air molecule in the interval i to
ho + Ah? (see Fig. 20.6).

The total height of the cylinder is H. The probability P (ho < h < ho + Ah) of
finding the air moleculein theinterval ho and ¢ + Ah is proportional to theinterval
Ah,i.e.

P(ho <h < ho+Ah) = %Ah

In general, the probability will also depend on the value of ko considered. Thiswill
be the case when, for example, we take the influence of gravity into account.
Hence, more generally, we have

P(ho<h< ho-l—Ah) = F(/’lo)A/’l
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F(ho) is caled the probability density function and is as yet unknown. If the prob-
ability density is known as a function of 7, then we can evaluate the probability of
finding the air moleculein theinterval Ak for each value hy.

This concept of aprobability density function hasto bevery clearly distinguished
from the probability of a discrete distribution. The probability density is not quite
aprobability, but aprobability per unit of the random variable. The probability itself
can only be given for an interval of the random variable. The probability for an
interval is then the product of the probability density function by the magnitude of
theinterval (for small intervals).

Let us now determine the probability distribution in the case of the air molecule.

Case 1. We will assume for the time being that the influence of gravity can be
neglected, in which case the probability density function will not depend on /. The
probability of finding the air moleculein an interval of length Ak was

Ah

- F(h)Ah
Hence the probability density functionis F (k) = 1/H; itisindependent of /.
Case 2: We now take the influence of gravity into account. The density of the air
decreases with height in accordance with the barometric equation (see Chap. 13,
Sect. 13.2).

It is shown in statistical mechanics that the probability density function for agas

molecule, taking gravity into account is given by

F(h):%e*"‘h for 0<h<H

The constant ¢ depends on the conditions of the gasinside the column:

_ P

po =densityath =0, Py = pressureat h = 0, and g = acceleration due to gravity.
¢ isaconstant which is obtained by the normalisation condition, i.e.

o

H
/ F(h)dh=1
JO
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H 1 n
and hence / —e*dh=1
0o ¢

from which we get c=—(1 —e )
In this case, the probability density function is afunction of the altitude /.

L et us denote the probability density function for an arbitrary random variable x
by f(x). Inorder to determinethe probability that x will assume any value between
x1 and x;, we have to add up the probabilities of all the intervals between x; and
x2. When the lengths of the intervals Ax tend to zero the sum becomes an integral

and we have
X2

P(xlgxgxz):/ Sf(x)dx

X1
All probability distributions have to satisfy the normalisation condition; for discrete
probability distributionsthisis

S P(i)=1
=1

4

For a continuous distribution, the normalisation condition is

/j;f(x)dx:l

20.2 Mean Values of Discrete and Continuous Variables
M ean Value of Discrete Random Variables

A class of studentsis given atest with the following results:

Grade Number of students
4

U WNPF
oORrLrNO

It is often very useful to characterise the performance of a class by means of
asingle number, although by doing so alot of informationislost, since the individ-
ual grades of the pupils are not included. Nevertheless, such a number, if carefully
chosen, is sufficient in many cases. Such a number is the arithmetical mean value.
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The arithmetical mean valueis defined as the sum of all individual gradesdivided
by the number of students. In our example, we have

(I1x442%x44+3x6+4x24+5x14+6%0) 7£7253
17 17T

We encounter the same type of problem when we measure a physical quantity sev-
eral timesin succession and the measured val ues do not agree completely with each
other, which is frequently the case in practice. In this case we aso take the arith-
metical mean value as the most probable value of the physical quantity.

Now let us generalise. If we carry out a random experiment n times, the random
variable may take on thevalues x1, x3, x3, ..., Xz.

The arithmetical mean value x of discrete random variablesis defined as
_ 1
X =— 2 Xi
iz

Let therange of definition of adiscreterandomvariable x be x1, xz, ..., x;. We
then carry out a random experiment n times. If the random value x; appears with
afrequency n;, then the mean value x of the random variableis defined as

_ 1 &
X =— n; x;
iz
If we know the probability distribution P (i) of a discrete random variable, then the
mean value is defined as .
X = Z P(l) Xi
i—1

1

M ean Value of Continuous Random Variables

If a continuous random variable is defined between the values x; and x, and
the probability density functionis f (x), then the mean value of x isgiven by

X = .xzxf(x) dx

J X1

Example The probability density function of agasin acylinder is given by



20.3 The Normal Distribution as the Limiting Value of the Binomial Distribution 527

H
Fig. 20.7
ﬂ(m)T
s0000 " T T T T T T T T
0 5000 10000 150 000 H(m)
Fig. 20.8

The mean value of the random variable & (the height of the gas molecule in the
cylinder shownin Fig. 20.7) is

— -H —ah —aH
h = / _he®™® 1l He®™
0 l(1-eoH) o l—eoH

1

o

Inthe case of an air moleculein the Earth’satmosphere, o hasthevalue0.00018 m~1.

Figure 20.8 shows the mean height /# of a gas molecule plotted against the alti-
tude H . _

We notice that for small valuesof H, h = H /2. This means that the mean value

of the random variable % isin the middle of the height of the column. For H — oo, h

approaches the limiting value of 5400 m, which means that for arbitrarily large
heights of the column & remainsfinite.

20.3 The Normal Distribution asthe Limiting Value
of the Binomial Distribution

A coinistossed 10 timesin succession. The probability of the outcome being ahead
k timesand atail (10 — k) timesis given by the binomial distribution for arandom
experiment carried out n times with two possible outcomes.
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Fig. 20.10

For n = 10 and equally likely outcomes, the probabilities have been plotted as
afunction of k£ in Fig. 20.9.

Such a distribution can be reproduced experimentally in the following manner.
n rows of nails are positioned on a board in the form of a pyramid, as shown in
Fig. 20.10. Each nail is exactly positioned in the middle of two nails belonging to
the next lower row. Such a board is known as a Galtonian board, and the figure
illustrates two such boards, one with 4 rows of nails and the other with 8 rows
of nails.

A marble (or a small steel sphere) is introduced in the tunnel at the top of the
board and allowed to drop freely so that it impinges on the top nail centraly. It is
then deflected to the right or left with equal probability, after which it impinges on
a nail in the next row and so on through every row. Each time it hits a nail it is
deflected to the left or right with equal probability. The sphere is then collected in
one of the partitions shown in the figure.
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If there are n rows of nails, then this corresponds exactly to n experiments with
two equally probable outcomes. This leads to the binomial distribution. A marble
reaches the kth partition if it has been deflected on k nails to the left and (n — k)
nails to the right. The probability P (n; k) for this (cf. Sect. 20.3.2) is

() (- () )

If we allow many marbles to drop through the Galtonian board, we then find that
they are distributed in accordance with the probability P (n; k). The number of mar-
bles in the different partitions approaches the binomial distribution. (From a prac-
tical point of view, we have to select the radius of the marbles and the distance
between the nailsin such away that ideal conditions are obtained.)

Figure 20.11 shows results obtained empirically withn = 4 and n = 8.

We can, of course, increase the number of rows, n, and the number of partitions.
Figure 20.12 shows results obtained empirically with n = 24.

In the limit, as n — oo, we will obtain a continuous function, as shown in
Fig. 20.13. It isknown as the normal distribution.

The proof that the binomial distribution is transformed into the normal distribu-
tion for n — < is quite complex and beyond the scope of this book.
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A

Fig. 20.13

20.3.1 Properties of the Normal Distribution

The analytical expression for the normal distribution, given without proof is

f)=——e

oV2n

(5)?

D=

It issymmetrical with respect to the origin of the coordinates. Because of its shape, it
isfrequently called the bell-shaped curve. Because of symmetry, it hasits maximum
ax=0.

The parameter o defines the particular shape of the normal distribution. Thisis
illustrated in Fig. 20.14foro =1, 2 and 3.

When o is small the curveis narrow and elongated, i.e. it has a sharp maximum.
Thelarger o theflatter and broader the curve becomes. Whatever the value of o the
areaunder the curve remains constant.

The normal distribution is a probability distribution and has to satisfy the nor-
malisation condition, i.e. the sum of all probabilitiesmust be equal to 1. In this case,

we have |
°° °° 1,x\2
X dx:/ — e 26 dx =1
[ rwa=[

The proof is given in the appendix to this chapter.

fh
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Fig. 20.14
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If we consider the normal distribution as the probability distribution of arandom
variable x, we can then compute its mean value. We have

X = /:oxf(x) dx

oo ! _ cnlt
_ / X3P gy [i eimz]
—o N2 oV 2m _

x=0

(S

Here the normal distributed random variable has zero asits mean value.
A new normal distribution is obtained if we shift it along the x-axis by an
amount u (Fig. 20.15). Thisis achieved by replacing x by (x — u) so that

1 1x—py2
_ —5(557)
X) = e 2\ o
S =———
This function, of course, has its maximum value at x = . The mean value of the
random variablein this caseis x = j, which should be fairly obvious.
The parameter o is called the standard deviation. It is given by

02 = [ (-2 () s

o determines the width of the normal distribution curve. It is a measure of the vari-

ation of the random variable x about its mean value. Within the interval 4+ o and

u— o lies 68% of the area beneath the normal distribution curve (Fig. 20.16). Its

meaning will be discussed further in Chap. 21 which deals with the theory of errors.
The normal distribution is symmetrical about its maximum valueat x = .

f (x)A
€Y '

»Y

=y

Fig. 20.15 Fig. 20.16
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20.3.2 Derivation of the Binomial Distribution

There are some random experiments for which there are only two possible out-
comes, e.g. tossing acoin.

Let us denote the two possible outcomes of an experiment by A and B, and
let P(A) and P(B) be the probabilities for the occurrence of events 4 and B,
respectively. Since A and B are the only two elementary events in this random
experiment, we must have

P(A)+P(B)=1

We now carry out this experiment N times in succession, e.g. we toss a coin N
times. What is the probability of event A occurring Na timesin N experiments? \We
call this probability P (N; Na). We are not concerned here with the order in which
the Na events occur.

The solution can be divided into three steps.

1. We compute the probability for the occurrence of a particular outcome with Na
events A and Ng events B, so that N = Na + Np.

2. We obtain the number of particular outcomes which differ only in arrangement,
not in Na. Thisisthe permutation discussed in Chap. 19, Sect. 19.3.1.

3. We evaluate, from the probability of one particular outcome and the number of
equally probable outcomes, the probability that out of N experiments Np will
lead to the event A.

Step 1: We pick out one particular outcome, perhaps the one for which event A
occurs Np times, and after that event B occurs Ng = (N — Npa) times, i.e.

AAA...AA BBB...BB

Np times Np times

The elementary event A hasthe probability P (A4). The compound probabil-
ity for the occurrence of N events 4 is

P(Na)=P(A) x P(A)x---x P(A) = P(A)NA

The elementary event B has the probability P (B). The compound proba-
bility for the occurrenceof Ng = N — N events B is

P(Ng)=P(B)x P(B)x---x P(B)= P(B)Ne = p(B)N—Na

The compound probability for the simultaneous occurrence of Np events A
and Ng = N — N events B isthen the product

P(A)Nap(B)Ne = p(A)Nap(B)N-Na

We have thus determined the probability for the occurrence of one particular
outcome of the test.
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Step 2: In Chap. 19, Sect. 19.3.1, we determined that the number of permutations
of N elementsinwhich Ny and Ng areequal is

N! N! N
Na!Ng!  Nal(N —Na)! (NA)

Step 3: Each of the permutations in Step 2 has the same probability of occurring.
The probability that one of these permutations may occur is (in accordance
with the addition theorem for probabilities) obtained by summing the prob-
abilities of all the permutations.

Hence, with the results obtained in Steps 1 and 2, the probability P (N; Na) that
out of N random experiments N will have the outcome A is given by

N!

P(N;NA) = mP(A)NAP(B)N*NB _ (

N

Na N—Np
NA) P(A)N~P(B)

This also meansthat out of N experimentsthose that remain, namely Ng, will have
the outcome B. For apreassigned N, P(A) and P(B), thisprobability isafunction
of Na. Therange of definition of thisfunctionisthe set of integersfrom0to N. For
each Na, we can calculate the accompanying probability using the above equation.
Thetotality of these probabilitiesis called the binomial distribution.

Note: Repeating an experiment N times can be replaced by carrying out N equal
experiments simultaneously, e.g. tossing one coin N times is equivalent to
tossing N coins simultaneously.

Summary
Suppose an experiment has two possible outcomes, A and B, which occur with prob-

abilities P(A) and P (B). If we carry out N such experiments, then the probability
for the occurrence of Np events A is given by the binomial distribution

P(N;Na) = (z]v\;) P(A)Na p(B)N-Na

Appendix

Evaluation of theintegral

First substitute
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Then
dx = V20 dz

Hence the integral becomes

1 il 2
[ =— e’ d
ﬁ/,m g

To integrate this expression we use a ‘trick’: we multiply the expressions

I:%/ﬂoeﬁ2 dz and I:%/me*“2 du
So obtaining the double integral

1% = % /w /w e (2+4%) 47 dy

Now we introduce polar coordinates:
r?=z2+u?, Z = r COS¢
u =rsng

The differential area dz du becomes r dr d¢. We integrate ¢ from O to 2z and r

from O to e and obtain
oo 27T
Pe [ [T drag
mTJo Jo

Theintegration with respect to ¢ gives
2m

dp =27
0

so that 12:2/ re’ dr
0

The solution can be verified easily

1 = 1
2=2 [- e’z] =2 [o+-] ~1
2 . 2

Thus 72 = 1, and hence

1 °° 1/ x—
1:—/ e 207 dxr =1
V2T J—eo

(Thevaue I = —1 isruled out, since the integrand assumes positive values only.)
If we now insert in theintegral © = 0 and o = 1/1/2 we obtain

oo

%Lwe’xz dx =1 or /ﬂme”“2 dx =7



Exercises
Evaluation of theintegral

1 oo
[ a-wred
oV2mw J—o

1 /x— 2
=3 ()
2 o

Then (x — )% = 20222 and dx = /20 dz.

First substitute

Theintegral
1 il x—
5 / (x 7#)2 efé(TM) dx
oV2m J—o
istransformed into 5
20 [ 5, _,2
— zce dz
Nz -

Integrating by parts gives

202 [~

NAS

From above we know that

Hence

Exercises

+eo -
2ed; = 20° |:—Zl ezz} 20° (
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1. Two dice are thrown. Calculate the mean value of the random variable ‘ sum of

the number of spots'.
2. A random variable has the probability distribution

X o<x<2
r=12

otherwise

Compute the mean value of the random variable.
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3. 60% of the students who start to study for an engineering degree compl ete their
studies and obtain a degree. What is the probability that in a group of 10 arbi-
trarily chosen studentsin the first term of study 8 will obtain a degree?

4. Evaluate the mean values of the random variable x which have the following
normal distributions:

@ f(x)= #ﬂ o (x-2)2/18 (b) f(x)= \/% g (x+4)%/2



Chapter 21
Theory of Errors

21.1 Purpose of the Theory of Errors

The theory of errors is a part of mathematical statistics and deals with the follow-
ing facts.

Given the results of measurements carried out in a laboratory, we require state-
ments about the ‘true’ value of the measured quantity and a prediction of the accu-
racy of the measurements.

There are two types of errors which arise when we carry out a measurement:
systematic or constant errors and randomerrors.

Constant errors are errors generated in the measuring instruments or in the
method of measurement. They always bias the result in a particular direction so
that it is either too large or too small; they arise through wrong calibration of the
measuring instrument or not paying attention to secondary effects. An example of
a constant error is often found in the speedometer of a car, sometimes as a result of
design. The speed indicated is frequently found to be 5% above the ‘true’ speed of
the car, but this can vary from 0 to 7% in practice.

Constant errors can only be avoided by a critical analysis of the measuring tech-
nique and of the instruments, and such errors cannot be discovered with the help of
the theory of errors.

Random errors are due to interference during measurements, so that a repetition
of measurements does not give exactly the same results, i.e. the measured values
vary. For example, if we weigh a body repeatedly we will always obtain a differ-
ent result. Although we take great care on each occasion, we are not able to read
each time exactly the same position of a pointer between two very fine marks. Fur-
thermore, the pointer itself does not always settle at the same position. Random
errors are the result of a multiplicity of interference factors like the fluctuation of
the boundary conditions which had initially been assumed to be controllable (tem-
perature, air pressure, voltage fluctuations, shocks and errors of observation).

To avoid random errors we must naturally improve the method of measurement.
This leads to more reliable measurements but does not solve the fundamental prob-

K. Weltner, W. J. Weber, J. Grosjean, P. Schuster, Mathematics for Physicists and Engineers
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lem. The influence of random errors can be limited, and the accuracy of measure-
ment may even be improved in powers of 10; however, each instrument has limited
accuracy and hence random errors will always appear.

The purpose of the theory of errors can now be formulated more precisely.

From the measured values we want to be able to infer the ‘true’ value of the
measured quantity and estimate the reliability of the measurement. Each reading in
an experiment is made up of a hypothetical ‘true’ value of the measured quantity
and an error component:

x=T+E

where x = measured value, T = ‘true’ value free of errors, and £ = error compo-
nent. Furthermore,
E=FE+E;

where E1 = random error which can be estimated by repeated measurements, and
E» = constant error.

21.2 Mean Value and Variance

21.2.1 Mean Value

The acceleration due to gravity, g, is to be determined experimentally. The time
of fall of a sphere is measured with a stopwatch and the distance with a tape mea-
sure. In order to increase the reliability, the measurements are repeated in a series
of readings. A series of readings comprising 20 measurements is considered to be
a random sample of all possible measurements for this experimental set-up. The
arithmetic mean value of n measurements is taken as the best estimate for the “true’
value. We have .

DIRY

j=1

If individual measured values occur repeatedly, the mean value can be expressed in
terms of the frequency /; with which they occur, in which case we have

X =

S| —

k
X = 2 hl-xl-
i=1

where n; is the frequency and h; = n; /n is the relative frequency of the measured
value x;. If n — oo, the relative frequencies become the probabilities P (i) (see
Chap. 19, Sect. 19.2).

The sum of all deviations from the arithmetic mean value vanishes, i.e.

n

iAx,’ZE(}C[—)—C)ZO

i=1 i=1
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21.2.2 Variance and Standard Deviation

Individual measurements deviate from the mean value partly because of random er-
rors. These deviations become smaller as the measurements become more reliable
and more exact. They thus enable us to predict the reliability of the measurements
and the magnitude of the random errors. In order to draw this conclusion, we have
to define a measure of dispersion. Let us start by considering the deviation of the in-
dividual measurements from the mean. Since positive and negative deviations from
the mean cancel out, their sum is zero. However, to obtain positive values we square
the deviations. A suitable measure of dispersion is obtained by taking the mean
value of the square of the deviations. Such a measure is called variance.

Definition  The variance is the mean value of the square of the deviation:
1 n

§2==Y (x;—x)? (21.1)

nis
If a frequency distribution exists, then the variance becomes
k
§2= 3 hj(x;—x)
j=1
The unit of variance is the square of a physical quantity.
The measure of dispersion of the physical quantity is obtained by taking the

square root of the variance and is called the standard deviation.

Definition Standard deviation:

(21.2)

M eaning of Standard Deviation

For a large number of measurements, about 68% of all measured values of x will lie
within the interval
x=S<x<x+S

The mean value and the variance are related to each other. We demonstrate below
that for the arithmetic mean the variance (and with it the standard deviation) assume
a minimum value.

Proof We take the variance as the mean value of the squares of the deviations from
some independent reference value X so that

52:%2(@—;)2
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We wish to determine X in such a way that the variance assumes a minimum. Ac-
cording to the rules of differential calculus, we find the minimum if we set

d 2
E(S )=0
. d /1 w2 2 ~
ie. E<;2(x,x) >;Z(x,~x)(1)—0
or le- —nx=0
1 - . .
Hence X= SN = x , the arithmetic mean value .

Now we have to check whether there is, in fact, a minimum for this value of x.
We find
d? "
@(32) =2,  apositive value .

Hence the variance is a minimum for X = x.

21.2.3 Mean Value and Variance in a Random Sample
and Parent Population

A random sample contains n measurements of one quantity. We consider the mea-
surements as a random selection out of the set of all the possible measurements
in an experiment. This set is called the parent population. It is always larger than
the random sample. The parent population, like the random sample, is characterised
by a mean value and a variance. The mean value for the parent population is the
hypothetical ‘true’ value. The values which relate to the parent population can be
estimated on the basis of random sample data. The larger the random sample is, the
more reliable the estimate becomes.
Quantities which relate to the random sample are denoted by Latin letters, i.e.

X = mean value
S? = variance

and those which relate to the parent population are denoted by Greek symbols, i.e.

u = mean value
o2 = variance

The estimates for the ‘true’ values for the parent population are the ones we are
interested in, and the results of measurements are estimates of the unknown ‘true’
values. We give below, without proof, the most important formulae for these esti-
mates. You will find detailed explanations and proofs in textbooks on mathematical
statistics.
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Best estimate of the arithmetic mean value

-1 &
sz:—in (21.3a)
i
Best estimate of the variance
2, N 2 1 2 Y
0*~—S _n—ll.;(x’ x) (21.3b)

This estimate for the parent population is larger than that for the sample by the
factor (n’+1); for sufficiently large » this factor tends to the value 1, and hence S?

can be used as an estimate for o2.

Best estimate of the standard deviation

n
o =
n—1

Example The diameter of a wire has been measured a number of times, as shown
in the first column of the table below. Calculate the mean value and the standard
deviation for the parent population. Columns 2 and 3 show the required workings.

Diameter (x; —X) (x; —x)?

x; (mm) (mm) (mm)?2
14.1x10°2 —0.1x10°2 0.01x104
13.8x 1072 —0.4x1072  0.16x10°%
14.3x 1072 0.1x10°2 0.01x10°%
14.2x10°2 0 0
14.5x 1072 0.3x10°2 0.09x 104
14.1x 1072 —0.1x10°2 0.01x10°%
14.2x 1072 0 0
14.4x 1072 0.2x10°2 0.04x 104
14.3x10°2 0.1x10°2 0.01x104
13.9x 1072 —03x1072  0.09x10°%
14.4x 1072 0.2x10°2 0.04x 104

Sum 156.2 x 102 0 0.46x10°%

1. We calculate the mean value of the sample:

_ - 1562x1072
x:d:l—xlzo.mzmm
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2. Now we calculate the variance and standard deviation of the sample:

_ 0.46x107*
- 11
S =0.20 x 1072 =0.002mm

S? =0.042 x 10~*mm?

3. Mean value, variance and standard deviation for the parent population:

x =0.142mm, as for the sample .

1
o2 82 L 046x 1074 =0.046x 104
n—1_ 10

o =021x10"2=0.0021 mm

21.3 Mean Value and Variance of Continuous Distributions

The concepts of variance and mean value can be applied to continuous distributions.
Let the probability density function p = f(x) of a distribution be given.
We know that for discrete samples the mean value is

We replace the discrete frequencies /2 ; by the probability density function p = f(x)
and proceed to the limit as k — . The sum becomes an integral:

Mean value i of a continuous distribution

W= /m x f(x)dx (21.4)

The variance for a given frequency distribution of the sample gives the best esti-
mate of the variance for the parent population. We have seen that it is given by

k

> hi(xi —x)?

n—ll.:1

n
o2 =

In the limit, the variance for a continuous distribution becomes

o2 = /W (x — w2/ (x) dx (21.5)

Example A factory manufactures bolts for use in the construction industry. Be-
cause manufacturing processes are not perfect not all manufactured parts are abso-
lutely identical. In the case of the bolts, their diameter x is a random variable. We
assume that the density function has the following distribution:
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A(x—09)(1.1—x), 09<x<1.1
o) = JAG=09) 11 =) _
0, otherwise

The constant A is unknown.

Determine the value of the constant A, plot f (x) graphically and calculate the
mean value y and the variance o2.

First let us calculate A.

From Sect. 20.1.2 we know that all probability distributions have to satisfy the
normalisation condition, i.e. the sum of all probabilities has to equal 1. Hence

/Ol-lf(x)dle

9

1.1
i, /09 (x—0.9)(1.1 - x) dx

Integrating and solving for A gives A = 750.

Figure 21.1 shows tabulated values of the function and its graph.

The function is symmetrical; in fact it is a parabola. We see from the graph that
4 must be equal to 1. Let us check this with our definition:

1
A

1.1
u =750 x(x—0.9)(1.1 —x)dx
0.9
2 1 0.99 1!
=750 |=x3 — —x*— 22 =1.0
3 4 2 9.9

The variance is % = 750 [y o (x — 1)2(x —0.9)(1.1 — x) dx = 0.002

x f(x) Fep
8-01
0.90 0.0
0.92 2.7
0.94 48 6-01
0.96 6.3 :
0.98 7.2 401
1.00 75
1.02 7.2
1.04 6.3 201
1.06 48 1
1.08 27 — >
1.10 0.0 0.2 0-4 0.6 0-8 1.0 1.2 x

Fig. 21.1
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21.4 Error in Mean Value

Up to now we have considered the mean value of one random sample of n mea-
surements to be the best estimate for the ‘true’ value. We have not yet answered the
question concerning the error in such an estimate.

Consider now several random samples (series of readings) of the same number
n in the same parent population. The mean values of these random samples are
also scattered around the “true’ value. We need to know whether the dispersion of
the mean values is smaller than that of the individual values. This dispersion of
the mean is most important to us, since it determines the reliability of the result of
a series of readings.

Let op? be the variance of the mean values of random samples, the variance of
the individual values being 2.

The variance of the mean values is then given by om? = j—%
The standard deviation of the mean values is oy = %

The standard deviation of the mean values is a measure of the accuracy of the
mean values of a series of readings. It is referred to as the sampling error or the
mean error of the mean values.

Definition The standard deviation of the mean value, the sampling error
(mean error of the mean value) is

oM = —= = —:) (21.6)

The accuracy of the measurements can be increased by increasing the number of
independent measurements. If the sampling error in the mean value is to be halved,
for example, then the number of measurements has to be quadrupled.

Example The example in Sect. 21.2.3 concerning the diameter of a wire gave the
following results:

Arithmetic mean value x = 0.142mm .
Standard deviation o =0.0021mm.
Mean error of the mean values:

0.0021
oM= — = =0.0006mm
v V11

Hence d = 0.142 +0.0006 mm.

Confidence Intervals

Although the mean value x obtained is an estimate of the ‘true” value u, we also
need to take into account the sampling error.
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Since it is reasonable to suppose that the sample means are normally distributed,
we can expect the ‘true’ value to lie with a probability of 68% in the interval x 4= 1oy
and with a probability of 95% in the interval x & 20y (see Sect. 21.5).

These intervals are called confidence intervals. The results of measurements are
usually presented by quoting the mean value and the sampling error.

21.5 Normal Distribution: Distribution of Random Errors

We have assumed that random errors are normally distributed. This assumption can
be rendered plausible on the basis that random errors arise as a result of the super-
position of many very small sources of errors referred to as elementary errors. The
individual errors in measurements arise as a result of these elementary accidental
errors like the deviations of the marbles in the Galtonian board. Starting with the
hypothesis of a large number of uncontrollable statistical interference factors, Gauss
showed that the probability function of the distribution of measured values can be
described by the normal distribution:
1 _

1
— 2\ o
f(x) G\/E €

The usefulness of this model has also been proved empirically. In many cases,
the errors in measurements are actually distributed in accordance with this normal
distribution around their corresponding mean value. The larger the number of mea-
surements the more closely the distribution approaches the Gaussian normal dis-
tribution. The measurements are dispersed around the ‘true’ value w. The standard
deviation is o.

Using the value of the standard deviation, we can specify the percentage of the
measured values which can be expected to fall within a given interval in the neigh-
bourhood of the mean value, as shown in Fig. 21.2.

A deviation of more than +30 from the mean value can only, on the average, oc-
cur once in 300 measurements by chance. This means that practically all measured
results fall inside the interval 4+ 30.

The mean values of random samples are always normally distributed, the dis-
persion being of course smaller. As already explained in Sect. 21.4, the variance
of the mean values decreases as n, the number of measured values, is increased
since

oM = 7 (standard deviation of the mean value)

Jn
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Fig. 21.2

21.6 Law of Error Propagation

Often we have to distinguish between fundamental quantities (length, mass, time)
and derived quantities (specific weight, velocity, acceleration, force, pressure etc.).
Many physical quantities cannot be measured directly, since they are calculated from
several other measured quantities. For example, specific weight is calculated from
the measured quantities weight and volume. Thus the sampling error in the specific
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weight is made up of the sampling errors which arise in the measurement of the
weight and the volume.

If we assume that some physical quantity g cannot be measured directly but is
a function of two measurable quantities x and y we have

g=f(x,y), x and y being independent .

We can then measure x and y and obtain the mean values x and y and the stan-
dard deviations omy, omy. The standard deviation owg Of the quantity g is then
calculated by the application of the Gaussian law of error propagation given here
without proof.

Law of error propagation

o= (38 o+ (5 ot 0

The partial derivatives are calculated at the values x and y.

Example A coil having 500 windings is made of copper wire having a diameter
D =0.142+£0.0006 mm and a total length L = 94290 + 30 mm. The specific resis-
tance of copper is

p=1.7x10">Qmm

If A is the cross sectional area of the wire, then the total resistance R of the coil is

L 4pL
R=ry=202
4% 1.7x107°%9.4290
— =101.2Q
7(0.142)2

We need to know the standard deviation oyr Of this total resistance. We have

JR 4p

—_—— = -3
ST = L5 =9.32x10
OR  8pL
2R P 56
0D nD3

Thus

owr = 1/(9.32 % 1073 % 30)2 1 (1425.6 x 6 x 10-4)2 ~ 12

Hence the total resistance of the coil is R = (101 +1)Q
This value would then be quoted by the manufacturer.
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21.7 Weighted Average

It frequently happens that a physical quantity can be determined by two different
measuring methods. The results of the measurements usually deviate from each
other. We then have two results whose true value lies with a probability of 0.68
in the confidence intervals

)E]:IZGMI and )Ez:l:UMZ

A better estimate for the ‘true’ value is obtained if we combine both measurements.
We do not calculate the arithmetical mean value of the individual values but ‘weigh’
the measurements. A simple arithmetic average would not give the best value be-
cause it would mean that we were giving equal importance to both values.

The measurement with the smaller sampling error has a larger weight. The fol-
lowing expression is called the weight.

1
gi_UM,»z

The weighted average (weighted mean value) is given by
g1%1 +g2X2
8§1+82

It can be shown that in this expression the sampling error of x has a minimum. The
expression can be generalised for more than two readings.

_)Z‘:

Weighted mean value: X = g1X1+ 82%2
81+82
. 1
Weight: gi = P

Example The diameter of the wire in the example in Sect. 21.2.3 is measured by
a second method with the following results:

d; = 0.1420 4 0.0006 mm
ds = 0.14104+0.001 mm

The weighted mean value is obtained in the following way:

1 1
=—=—">=2778x10°
817 52 7 l6x 104 .

1 1
- = —10°
27 52 T (1032

- 6 6
Hence J— 2.778 x 10° x 0.142 4+ 10° x 0.141 — 0.1417mm
3.778 x 10©
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21.8 Curve Fitting: Method of Least Squares, Regression Line

We have so far considered measurements which were related to one physical quan-
tity. We will now consider experiments which investigate the relationships between
two physical quantities, x and y, where the quantity y is measured and the quan-
tity x is varied.

Example The graph of the cooling curve for a liquid has to be determined.

We measure the temperature at intervals of 30 seconds and plot a graph of tem-
perature versus time. The experiment is repeated » times and we then calculate the
mean value and the standard deviation at each time interval and plot these, as shown
in Fig. 21.3.

We now draw the best curve through the measured values, i.e. the curve which is
as close as possible to the measured values. This method is called curve fitting.

To obtain the best fit we use the method of least squares. In this method the
squares of the distances of the measured points from the curve are a minimum.
Before we can begin, however, we must decide on the type of function that will best
fit the experimental data. In general; this function will depend on the underlying
theory. The types of functions most frequently used are straight lines, log functions,
parabolas and exponential functions.

We propose to demonstrate the method using a straight line relationship. The task
is to determine, from the given data, the coefficients a and b in the equation

y=ax+b

assuming it to be a first approximation to the experimental data. It is called
aregression line.

T(°C)T

60—.:5 } §
SRR

(; ' { ' % l ;'3 ' i 77(min)
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Let y=ax+b

n -_—
X Xjyi —nxy
Then a="1————  and b=y-ax  (21.8)

x;2 —nx2
=1

4

The straight line passes through the point (x,y) which is the ‘centroid’ of the
test data.

Proof

YA

Pix; )

14

'
|
|
I
]
1
X

=Y

et of

0
Fig. 21.4

The vertical distance d; from the test point P; (x; y;) to the straight line is
di =|yi — (ax; +b)| = |y; —ax; — b|
Summing up the square of the distances for all the points, i =1, 2, 3, ... n, gives
S=%di*>=Y (yi—axi—b)?

We now consider a and b as variable quantities and determine their values such that

S will be a minimum.
For S to be a minimum we must set

s _as

da db
Hence aS*O*ZZ@ —b ;
28 0= X0 —ax—b)(x)

0= (xyi—ax;® —bx;) =Y xiyi —ay x> — Y bx;

55 = 0= > 2(yi —axi —b)(=1)
0= (yi—axi—b)=Yyi—aYy xi—bn

By definition of the arithmetic mean value: ¥ x; =nxand Y y; =ny
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We thus have the two following equations in the two unknowns a and b:

S xiyi—a Y xf—bnx =0

ny —anx —bn =0 (21.9)
Substituting and solving gives
b=y—ax
_ XXy —nxy (21.10)
Y x;2—nx? '

Thus we have determined the coefficients a and » of the regression line.
The straight line y = ax + b is the best fit for the experimental data points.

Example The values of the temperature during a cooling experiment of a liquid at
intervals of 0.5 min are as follows:

Time, ¢ Temperature, T’
(min) (°C)
0 62
0.5 55

1 48
15 46

2 42
2.5 39

3 37
35 36

4 35

As a crude approximation, we propose to fit a straight line, i.e. T = at + b.
To obtain the values of ¢ and b according to the method of least squares, we
proceed in accordance with the following scheme.

1. Tabulate the test data and calculate the necessary sums and products according
to (21.10), as shown in the table.
2. Calculate the mean value t and 7':

t=2min, T =44.44°C
3. We substitute the values in the equations for ¢ and 4. This gives
. St;Ti—ntT 703 —9x 2 x 44.44

Y42 -nT>  51-9x22
= —6.47°C/min
and b=T—at =44.44+6.47x2

=57.4°C
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(min)

0.5
15
2.5

3.5

Y 18.0

T(°C)?

GO—E

20

I
(min?)
0.25
2.25

6.25

12.25
16

51.0

(°C)

62
55
48
46
42

37
36
35

400

Regression line

T=(-6.47t +57.4)°C

~J—g .
40 t }\}\}\-{ \§\}

0

et md

Fig. 215

N —

€O~

Hence the regression curve is
T = (—6.47t +57.4)°C

Itis shown in Fig. 21.5.

21 Theory of Errors

97.5
111
126
140

703

21.9 Corredation and Correlation Coefficient

Let us consider two sets of measurements of two variables x and y which are graph-
ically represented in Fig. 21.6. The first impression is that the variables x and y are
correlated. In fact, if we calculate the regression lines they both lead to the same
line. But it is obvious that the first set, A, suggests a stronger dependence between
the variables than the second set, B. In the first set, we might assume a clear-cut
functional dependence between x and y which is distorted by random errors of

measurement.

In the second set of measurements, we might say that there is a correlation be-
tween x and y, but there might be other variables too which influence y. Empirical
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Fig. 21.6

data of this kind often occur in biology, psychology, meteorology, and economics,
but they also occur in technology and physics.

Our task is to find a measure which describes the magnitude of the correlation
between two variables, while a variance is superimposed, the details of which we
do not know.
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This measure is given by the correlation 2, or the correlation coefficient r.

They are defined by
C\2
<2xi Yi —nx Y)
2

Correlation re =
(2o (22 7)

Correlation . 3Xiyi —nxy

coefficient
\/(in2 - n;z) <Zyz'2 - ”)_’2)

where x;, y; = measured values, and y,x = mean values. All sums are formed
fromi = 1toi = n. n = number of measurements.

Note that the correlation coefficient can take on values between —1 and +1. We
get r = 1 if all points (x;,y;) lie on a straight line with a positive slope, i.e. the
regression line.

We get r = 0 if x; and y; are statistically independent, e.g. if the dots lie in
a circular-shaped cluster.

r is negative if the regression line has a negative slope, indicating that when x
increases y decreases.

The definition of the correlation coefficient may seem quite arbitrary. It may be
useful to know how we arrive at this concept.

We established the regression line by means of the condition that the sum of
the differences between y;-values and the adjunct points of the regression line y;
should be a minimum. There remains a variance 1/n Y, (y; — ;)% which is only
then zero if all y;-values coincide with the regression line. Consider the variance of
the y; -values with respect to the mean value y. It is obviously greater.

A measure which describes the quality of the regression line as an approximation
of the given values is the relative reduction of variance achieved by the regression
line. The amount of the reduction of variance is called the explained variance. The
fraction of variance thus explained relating to the regression line with the original
variance relating to the mean value is called the correlation r2. Its root is the corre-
lation coefficient r (often called the product moment correlation).

The correlation can be obtained in the following way.

Let the variance with respect to the mean value be

Y (yi —)?

n

Sm =
The remaining variance with respect to the regression line is

> (i —9i)?
n

Sr:
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Thus the explained variance is
Se = vm — vy

The correlation is given by

2_Se X — ) =3 (i —5i)?
Swm Y (yi—y)?

If the formula for the regression line is inserted, it can be shown with an elementary

but cumbersome calculation that the given formula holds true.

Exercises

1. In the following examples, state whether the error is systematic (constant) S or
random R.

(al) A 100-metre race is held in a school during a sports day. The judges start
their stopwatches when the sound of the starting pistol reaches them. What
type of error arises in this case?

(@2) The timing of the start and end of the 100-metre race is subject to individ-
ual fluctuations, e.g. reaction time.

(b) The zero point of a voltmeter has been wrongly set. The measurements are
therefore subject to an error. What kind of error is it?

(c) The resistance of a copper coil is obtained by measuring the current flow-
ing through when a voltage is applied to it. As the coil warms up the resis-
tance increases. What kind of error will ensue?

2. (a) Nine different rock samples are taken from a crater on the moon whose
densities are then determined with the following results:

3.6,3.3,3.2,3.0,3.2,3.1, 3.0, 3.1, 3.3g/cm> .

Calculate the mean value and standard deviation of the parent population.
(b) The velocity of a body travelling along a straight line is measured 10 times.
The results are

1.30, 1.27.1.32, 1.25, 1.26, 1.29, 1.31, 1.23, 1.33, 1.24m/s..

Calculate the mean value and the standard deviation.
3. A continuous random variable has the following density function:

f(x)_{l, 0<x<1

0, otherwise

Calculate the mean value and the variance.
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4. Determine the confidence intervals x + oy and x 420y for exercises 2(a)
and (b).

5. A measured variable is normally distributed with a mean value ;« = 8 and a stan-
dard deviation o = 1. What percentage of all test data are smaller than 7?

6. (@) Thesidesof arectangleare x =120+0.2cmand y = 90+0.1cm. Calculate
the area and the standard deviation.
(b) Calculate the density and the standard deviation of a sphere of diameter
6.2+ 0.1mmand mass 1000 +0.1g.
7. The sensitivity of a spring balance is to be determined. To achieve this we place
different masses m on the balance and record the deflection S. The results are

mass (mg): 2000 3000 4000 5000 6000
deflection(mm) 16 27 32 35 40

If a straight line is to be fitted through these data points, i.e. S = am + b, calcu-
late the values of a and b.

8. An angle has been measured several times with two theodolites and the fol-
lowing values were obtained: 73°2/7” =10’ and 73°2'12" 4+ 20". Calculate the
weighted average.
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Chapter 1 3.

1. Vectors are: acceleration, centripetal force, YA
velocity, momentum, magnetic intensity.

—
ag a
2. The order in which the vectors are added is / \

immaterial.
YA a 8
X‘ _.A
as
0 Tx
Fig. 1.38
5 x>
. yA a4
Fig. 1.36

—p
(b) ﬂ/' &

@)
A |

<Y

Fig. 1.37
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{a)
A

Fig. 1.40
(b)

Fig. 1.41

(a)

a3

" J

Fig. 1.42

M

Answers

N\
/

Fig. 1.43

@) |ap|=|al cos 60° =5x £ =2.5

(b) |ap|=0

© lap|=4

(@) lap| =13 cos(w — %)
=[3(—cos%)| =3

. P=(10,—2) Steps in the computation:

—
a=PP,=P,—P;=(5,2)
b=P3;—P; =(3, -5)
P4=Pi+a+b=(10, -2)

—
. a=PPy=(x2—Xx1, y2—)1),

b=(x3—-x2, y3—-¥2),
c=(X4—X3, Y4—Y3),
d=(x1 —Xx4, Y1 —Y4),
S=(xp—x1+x3—X3+x4—Xx3
+Xx1 — X4,
Y2—=Y1+Y3—Y2+Ya—Yy3
+¥1—4)
=(0,0)=0

. F = (90N, 10N)
10.
11.

12.

13.

(@ (4.3,0 () 5,3,7)

(@) a=(-14%, -1, 0)
(b) a= (-7, 22, 12)
2

(a) |aj =24 =4.90
(b) |a| =53 =7.28



Answers 559
14. (a) V1+V2=(0,250)km/h 8. laxb|=ab sina
(b) V1+V3=(50,300)km/h 73
(€) V1+V4=(0,350)km/h (@ 2x3x % =5.196
(d) [V1+V32|=250km/h (o) 0 (c) 6
() [V1+V3|=304km/h
(f) \V1+V4|:350km/h 0. (a) —%C (b) %b (C) —%b
(d) —6a (e 0 (f) 6a
10. ¢ = (ayb: —a:by, a:bx —axb:,
Chapter 2 axby —aybx)
@ ¢=(10,-9,7)
1 (b) ¢ = (3' 67 79)
1 (@ ab=abcosa=3x2x5=3
(b) a-b=10
(€) a-b=2x+v2~2.828
d -b=-3.75
@ a _ Chapter 3
2. (8 a=7%  \Vectors are perpendic-
ular
(b) =0 Vectors are parallel 1 @ '
© a=% 4
d) ZF<a<m
2
3 (@ a-b=-3-2+20=15
(b) @a-b=-1.25 — -
© ab=-15 -2 2 4
d) a-b=4 -2
4. (@) a-b=0 \ectors are perpendic- -4
ular to each other or one vector-
is zero
(b) @a-b=—12 a is not perpendic- (b) A
ularto b 44
(c) a-b=0 aisperpendicular to b
(d) a-b=0 aisalso perpendic- 24
ularto b }
() a-b=—-1 a isnot perpendic-
ularto b
(f) a-b=0 aisalso perpendic-
ularto b
5. cosa = % 2. (a) y
(@) cosa:;l thusa = 7 4
(b) cos =5 thusa ~48° 2]
6. U=F-s 4 2 \] 2[4 X
(@ 15Nm (b) 5Nm ()0 b
. . -4
7. (@) c is parallel to the z-axis

(b) c is parallel to the x-axis

Zeros: x =—1,x=3
Poles: none
Asymptote: none
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(b) y (b)

2‘ M———  Period 4 B — |
B (©
Zeros: none
Poles: x =0 y
Asymptote: x-axis
(c) y
' x
2 4 L 1 2 X
Zeros: none
. X+
Poles: none 6. y =1.5sin (T)
Asymptote: x-axis )
7. (a) 4w b) =x
(d) // 3
lj /, (C) §7‘[ 1
I 3 @ 5
2: //
N L A— 8. y =4sin(4x +c)
-4 2, 2 4 %
12 1
y ] i i b) —
y 1. 9. (a) sm(u+2> ®) 5=
7 1
Zeros: none (©) 57
Poles: x =0
Asympto_te:y:x(This_isthe streight 10. (a) sin79° (b) sin3°
line. It intersects the first and third Rz /1
quadrant) © sin(%) ©) sm<gn>
3. (a) 0.017 (b) 2.09
(©) 0.785 () 7.19 1@ 1 (b) tang
(c) —tanZ¢ @ 2
4. (a) 5.73° (b) 102.56° cos2
(c) 12.61° (d) 130.06° 2SI COS
(e) 54.43 (f) 180° 12. (@) 12 e,

2sinw; COSwy
(b) 2cos45°cosa = +/2cosa

2
Ccos“ ¢ 1
) —— = —cot
/ © 2singcosg 2 ¢

1 .4 3 1 T 3
13. S|n§+smgf§, Zsmgcosgfi

5 (@

PNy SONERES
E)
»*




Answers 561
Chapter 4 3. (a) Atx =0 the function is continuous
but not differentiable. It is shown in
1 Fig. 5.40.
L@ % (b) 3 © Va
d) 1 6 1
(d) (e) y1 ® s
2
@ 102 ()
2. (@ V2 (b) Ve © 1
@ V35 () 4 (f V24 =
2V6
3. (@ 2 () -3 (c) 10 i
) 6 ) 10 @ 1 Fig. 5.40
4. (@) 3 (b) —1 () 5
(d) af (e) a® 1 (b) The function is shown in Fig. 5.41.
@) a (h) 2 It is discontinuous at the points x =
5. (a) e (b) 57 () 3 12,3,
(d 1 (e) e* 5 ‘
YA
6. (a) x (b) —x (c) 7x
@) lg®Wa) () 2n () 1ds™ I /o T
7. (@ Ina—+Inb (b) 2lgx i '2 ; ; +—] »
© 6 ) %ldx Y [ O
(e) 8x M x-3 .
Fig. 5.41
Bo@y =T g o]
© y = f (c) The function is discontinuous at the
2, pointsx =2, 4, 6, 8,...
(v 1)3 _ X+
. @y=(x-1D7 O y=_5— - @ 55:2+%+g+%+g:7%
43 d - _= ~7.28
(© y=x3+1 @ flg)=—3 o s L 1-2F_ su
_ _ 0= 12 7512
@ flg@)=2 O flg(1)=-1 ~sogs !
(c) S:3><$ =6
Chapter S 5. (a) End points of the secant: Py (1, —1),
3 3
1. @ 0 (b % © —1 P2 (5’ §)
01 1 ) Slope of the secant: ms:%:2.75
@ ©) 2 ® Slope of the tangent: mt=y'(1)=1
©@ 6 ) (b) v(t)::—j:6t—8, v(3) = 10m/s
2. @ -1 b5 ©5 © () dy=(2x+7)dx
(d o (e) 1 Mo (i) dy = (5x*—8x3)dx

(iii) dy = 4x dx
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10.

11.

(@) 15x* (b) 8

(©) Zx4/3 (d) 21x2—-6\x
2+2

© o

1

(@ 6x2 (b) 372
2 8

(© 3 (d) m

© 6x(x2+272 () 4x3fx—12

x b 3b »\?
N ﬁ(‘“%)

—18sin 6x (b) 8w cos (27x)

Ae ¥ [2m cos (2 x) —sin (2w x)]
1

@)
©

@ 7 () cos?x —sin? x
(f) 2xcos x? (@ 12x(3x2+2)
(h) abcos (bx+c) (i) 6x2 e(2x2-4)

P C
@y = NiErE
;L A
®)y 14 (x+2)2
, . 2x

(©y' = —
@y =———
' 2 x (1+x)

(@ y'=0.1C cosh (0.1x)

(b) u' = 7[1 —tanh?(v +1)]

(c) n’ =tanh &

(d) s =tanh ¢

(e) ¥’ =0 (since y = —1 = constant)
(f) ' =2 coth x (1—x coth x)

@y =——h
1+100x2
C
b = ——
(b) u v2+2v
I __
©n ~ s E
@)y = !

x4+ x2(x—1)2

Answers

12. (a) a cos ¢ +

cos2 ¢
(b) e (2 +u)
1
C R
© -
(d) 120x
13. (8) x; =2 (v/2, —8), minimum
Xp=-2 (0, 0), maximum
x3=x4=0 (v/2, —8), minimum
b)yx =km,
x:iz,is—n,i%,...maximum
(k=0,+£1,+2,..),
x7i3ﬂ :t7n :tllﬂ minimum
ST 207207 2 0T
(€) x =2nk,

X==4m,+57,4£9m,... maximum
(k=0, 1, +2, ...,
x=+3x,+7x, £117x,... minimum
(d) x = v/—4, none
(e)x:(2k+l)%—2,
x =2k —2, maximum
(k=0,+1,42,..),

x = (2k + 1) — 2, minimum

(f) x1 =4.85, | -1, 3% , maximum
x5 =1.85, (3, —18), minimum
x3=0,

14.(@) y=11  (b) y=-8.89

15.




Answers
YA
|
|
|
!
!
i
[}
_———— ] — 2 _ ..
[
' 1/_-_
3 7o %
2!
1
[}
i
A
i
| |
| i
| i
| |
T 1 _ _l _____
@) 1I 3 '5 x
1 {
[ |
d
Fig. 5.42
16. (a) 2.44%, 1.63% (b) 12.95m
17. (a) 5.27
(b) 14.14 in magnitude
18. (@) 1 (b) O (1
1
@
Hint'l 1 1 _ 1—coshx
"x \sinhx tanhx /  xsinhx
(e) e—Z/rr
Hint: xtan(/2)x — g(In x)/cot(m/2)x
b2 —qg?
mo @ —
—2x
I __
19. (@) ¥' = 3y
9x2y2 +cos
() y = - XYooy
x>y —x siny
(C) y’ — _M =_2
2(x+y)+1

563
20. (@) y' =30x—29

(b) y’ = xsinx (Sme +cosx In x>
€ ¥y =x*(1+Inx)

21. (@) ¥ = (vu—gx)/u?
(b) y'=tant¢

22. x(t)= R cos3mt
y(t) = R sin3mt

23. (a) It is a straight line in three-dimen-
sional space (Fig. 5.43)

Fig. 5.43

(b) The curve is an ellipse with axes
of lengths 2a and 2b, respectively.
b2x2 +a2y? = a2b?

) = —wvg Cos wt

) = —wvg Sin wt or

=(—wvg cos wt, —wvq Sin wt)

(b) v(t)=(—Rwsinwt, Rw cos wt, 1)

v <2— = (0, Rw, 1)
w

(C) U(l) = (U(), 07 7gt)

24. (a) ax(
(

Chapter 6

1@ F(x)= %x2+c; fop %

F(x):%xz—i-%
(b) F(x)=x%2+3x+C; C=—4,
F(x)=x2+3x—4
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2.(a)
3.(a)
(b)
©
4. (a)

(b)

(©
5. (a)
(b)
(©
(d)

O]
®
@
(h)
6. (2)
(b)
©
(d)
©
®

7. @

(b)

3 ) 6 © 0
2 O

{X——Zx} -6, F=|-6/=6
2 2

F=|-2/=2

=1-cos{2(4x—-1)}

=1-cos? (4x —1)+sin? (4x — 1)

=sin? (4x — 1) +sin? (4x —1)

=2sin? (4x —1)

a X _ 1—x2
dx \1+x2)  (1+x2)2
In(x —a)+C

tan x +C

aln(x+vx2+a2)+C

l(oz—sin acosa)+C

2
t
L c
Ina
3 103_3 310
0" T1v”

55 5.4
=x"+=x*+C
3T
3

Zt* 4212

3 +

2

%(2 Inx—1)+C

x2sin x +2x cos x —2 sin x+C

3
*BIx-1)+C

asinh g(x2+2a2)—2axcosh 2 +C

1 . n—
Zsinx cos” ! x4+ ——
n

xn+l

(n+1)

(m+1)Inx-1]+C

i cos(mx)+C
T

e3X-6,¢C

1
/cos”’2 xdx

(c) %In\2x+a|+C
1 6
@ o (ax+b)°+C
8. (@) Iny/|sin 2x|+C
(b) Inja +x2|+C
© —Linx40421]4C

40
d) — +C

cosh u

Answers

1 . . 1 .
9. (a) gsm5x+2 sm4x+5 sin? x +C

() %(3x5— 1324C
(©) Vva—x2+C
0 %sin (x2)+C

10. (a) Inje* +1|+C

(b) Sin<X*%)+C:COS x+C

. 1 .
(c) sin xfgsm3 x+C

(d) In|In x|+C
) Injx3—x|+C
(f) Injtan~1 x|+ C

x+2)1/3

— C
1—x +

11. (@) In (

(x—1)%/3

O I SR 2) 7

+C

(x—1)1/2(x —3)°/2

©) In x_27

x2-2
@ In (x2+1> +C

1 x—1\"°
© s<x+z>*'“'(x+z>

x2—-x+1 1/2
® In'(x2+x+1)
(x—1)2
(x2+2x+5)1/2
—2tan~! B()H-l)}

(@ In




Answers
2
Note: xS
(x—1)(x2+2x+1)
2 B x+5
x—1 x242x+5
12. (a) —32.5 (b) In2
(c) 1.416 (d) 75
13. (a) @ () 45 (o) 27
16
1
14. (a) Z (b) e (©)v—
1 o
@e (€ 5 @)
@1 (h)e
15. U ={2(x0 +2—x0)+6(y0 — yo)
+1(zo—2zp)} Nm=4Nm
P
16. U= /O Fodr=
S
/ xdem:éNm
Jo 2
17. Force and path element are perpendic-
ular. Thus the scalar product F - dr
vanishes. The line integral is zero.
18. The path element:
dr () = (—\/isint, —2sin2t, %) dt
F() = (o,fﬁ, cosZt)
T
U= / F(t)dr (¢)
/2 2
= / <—sm2t+—0052t> dr
Since/tsinztdt = sin2? _ tc0252t +C
_ 4 [sin2z  rcos2t /2
T nm| 4 2 ],
/2
+— {smm}
4 0
4
x4 !
Chapter 7

1. 720 square units

2. 97 square units

3. 2.14 square units

© N o g &

10.
11

12.

13.

20.
21

22.
23.

565

0.693 square units
100 square units
2.97 square units
19.24 square units

(@) 8 square units
(b) 10.67 square units
(c) 36 square units

(1) 98.12 units
(2) 9.42 units
(3) 4.064 units

0.1109 square units

() 20.47 square units
(b) 8.34 cubic units

(@) 67.02 square units
(b) 49.35 cubic units
314.16 cubic units

- _4a - 4b
R TR P2
236.81mm

. 5/6 from the vertex
. 46.875mm

(@ MR2
R? LZ)

(b) M<—+T

2
© = <R2 + %)

(a) 32.98kg/m?
(b) 131.9kg/m?
I =1.52kg/m?

I =76.04%x10°mm*, k =74.36mm
Note that the centroid is 77.27 mm from
the bottom.

230kN, 6.33m below the surface.
5.23%x10°N, 4m

Chapter 8

L@ f(x)=
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These are two ways of arriving at
a solution:

(i) with the help of (8.2);

(ii) by using the binomial series

(n:%;a:l).

(b) f(¢t)=sin(wt+7n)=-wt+
0’t>  »’t’
51 + 7!

© f(x)=In[(1+x)°]

w33

3!

5 5 5
= 5x75x2+7x377x4+---

3 4
Derivatives Values
Fo0= (1423 £10) =5
_ 5
T 1+x
fr==5(1+x)2  f'0)=-5

) =5%x2(14x)73
f(4)(x) = —5x2

£7(0)=5x%2

S 0)=-5x3x%x2

><3(l+x)—4
(d) f(x):cosx:lf);—!er%?f%?Jr,.._
1 2
(E) f(x):tanx=x+§x3+ﬁx5
+ix7+
315

Derivatives Values
fx)=tan x F0)=0

a1 o
f (x)*m flo=1
f//(x) = ZCZISnxx COSlzx :2ff/ f”(O) -0
fre)=2(ff"+f") S"0)=2

@) (y)— m 1 £ 1 gn
FO@=2(ff"+f'f"2f'f") F0—0

=2(f f"431F")
FO@=2fF 44 f+f12) fO0)=16

2 6

X X
) f(x):coshx:1+i+ﬁ+m

Answers

2. (a) The formula (8.7a) cannot be applied
because every other coefficient van-
ishes (a, = 0 if n is even). Instead we
use the formula (8.7b):

R— 1
Jlim Ylan|
Since a;, = % if n is odd we find

R=lim Vnl=o
Nn—00

a, 371 1
b - S
(®) aniq 3n+1 3
. 1
Therefore R — lim |- | — =
n—=ellpi 3
3.@ Pi(x)=x
P2(x)=0

1
P3(x) :x+§x3

For details of the solution see 1(e).

fh 1,
1 /_//
/
4
3 e
. L
7/
7/ -1
/ .
s/ T _____ x
— —r —— x+lx"
tan x
Fig. 8.8
X 4 1
O =i i x

(geometric series)

1 1 1
Pi(x)=>x, Pa(x)=>x+-—x2,

4 47 " 16
1 1 1
p _ 2 3
3(x)774x+—16x +—64x

P5 is a parabola of the third degree
ith int of inflection at AT
with a poin 3 37 )
4. (@) y=sin x
x—m)? (x—m)°

R AT 51




Answers

I(x)A
fx} 3
————— Pix) \ e
——————— Pyf) (7
............ Py(x) L '.'./."/ -
4 -3 -2 -1 £ L
e 1 2 3 x
Fig. 8.9
Derivatives Values
y' =cos x y(m)=-1
y" = —sin x y'(m)=0
y" =—cos x y'(m)=1
y(4> =sin x y(4)(ﬂ):0
y©®) =cos x YO () =-1
(b) y =cos x7—1+21|(x 7)?
1
—E(xfn)“%--
5 f(x)=Inx s ,
(12 @-1)
OV | P A A I
(x—1) > + 3 +
Derivatives Values
flx)=x"" 5 f(1)=1
fr(x)= ( Dx~ S'(1) =~
f”/(x) — 73 f”l(l) -2
4 4 12 36
6. 4= ~
S 3 572527125
108
Derivatives Values
4x3 12
P =gy =5
72 72
" "
- = 2)— =
F'0 =gy 0= 15
648 648
" _ "
S8 =G TP =55

567

. . 5
7. An intersection at (1, §>

2 3
X X
=¥ -1~ —_— —,
J1(x) X+t
x3
fz(x):ZSinszx—?
x+xf2+x—3—2xfx—3
2 6 3
x34+x2-2x=0
xlzov yl:()
Xy =1 —§
2=1 y2_3
/(x)*
filx) =€ —1
) 2
—_—— - T ~
3 N
1 H \
\
: \
H A -
\ 1 2 'z
\
\\ f2(x) =2 sin x
\
~
Fig. 8.10
8. V42 =~6.4807
Solution
6
Vv36+4+6= 36<1+%>
1
=6 1+ —
X +6

1 .
We set x = g and apply the expansion

into a binomial series for

x2 x3 5x*

\/1+7x~1+57§+ﬁf@+

(c.f. exercise 1(a))
Hence

1 1 1 1 1
6><1/1+g~6<1+§><€—§><36

1 1 5 1

16 “ 216 128 ° 1296+7“'>
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=6(1+0.08333-0.00347

+0.00029 — 0.00003)
=~ 6.4807
Note that an alternative approach is to

1
se \/7277:71/177.

x2
9. (a) In(l—l—x)%x—?
1 x 3

by ——— ~1—2 +=-x2
()\/1+x 2 8

10. (@) €925~ 1+0.25=1.25

2
1 1/1 7
(b) In1. 25~17§<Z> = ~0219

(c) V1.25 ~1+7><l 2
4 8
2 3
e [ z*?*?*“

Solution:

X
(b) /cosxdx:x—i-i- o

=sinx+C
Solution:
4

x2 x* x©
/cosxdx:/<l—i+ﬁ_a+...)dx

ox3 xd X c
X*?‘F;*?‘F"‘F
=sinx+C

0.58
12. (a)/ V14+x2dx~0.6111
0

Solution
Expand the integrand by means of
the binomial series.

Put /1 +x2=(1+x2)1/2 and obtain

: 1 1
V1+x2d _/ 14ox2_ L4
X< 0x (+ X X

L 6.5 .8

Answers

5 7
X X
2 — _
/\/1+t dr = x+ 40+112
5x
— +---(x|<1)

Substituting the limits x = 0.58 and
x = 0, we find the value 0.6111.

sin ¢ x3 x>
b —dt
()/ 3><3!+5><5!
,jl+
7x7!

Solution:
The integrand can be represented by
the series

sint 1 .
— = —SsiInt
t t
1 ; t3+t5 t7+
t 315171
_, A
ETR TR
X sint x3 x>
/ e —x +
Jo T 3% 3l 5%x5!
X
7 x7!
3
13.(a)¥:sin*1x:x+lxx
1 —x2 2x3
I(1><3><5)x7 (1x3x5x7)x°
" 2x4x6x7 | 2X4x6X8x9
o (lx[ < 1)
1 3 5 35
b) = =1 A .
()2 +6+40+112+1152

4+~ 1.3167+- -
Comparing the approximation by the
first five terms with the numer-

value 1.5707 ..., we find that the ap-
proximation is wrong by more than
16%! Although the sequence con-
verges, it does so very slowly indeed.
This series has no significance for nu-
merical purposes.

Chapter 9
1. @ jv3 (b) 12j
© 2£15 (d) 10j



Answers

2.a@ 1 (b) -j
() ] @ j
3.( 6V3
()  (2v3-2v2+./0.6)j
(© -3 (d) jvab
(e) 10j M -
(9 4 (h) ]
i -2v3 @G o
(k) jla—b)fora>b;
j(b—a)forb>a
o +%

4. () 7 (b) 15

5 (@) z*=5-2j (b) z*:%ﬂ\/?

. 3 .

6. (a) zZ1=-—2+3j (b) 21:*14’]
. 3 .

2=-2-3  m=-y -]

7. () 10+3j (b) %

8. (@ w=-1-5] (b) w=1-13]
9. (@) w=2 (b) w=23+2j

10. (a) 4\/§+%j (b) f%\/?*ﬁ
©) —0.4+0.7]
1 1.
(d) E_EJ
(f) 8+4jv3
11. @ (2x +3jy)(2x —3jy)
() (vVa+jvb)(va—jvb)

) 2

12.
E

23

22

25

25
21

2%
25 2,*

23%)

Fig. 9.21

»y

13.

14.

15.

16.

17.

18.

19.
. (8) (cos 50° —j sin 50°)%

21.

22.

23.

569

z1 =2+]j
24272*]-

V4 :j—l
25:*2]-

Z3:—3
26:2*]-

37 .. 3w
() z:ﬂ(cosTﬂsmT)

5w

57 . .
(b) z:ﬁ(cosTﬂ S'”T)

@z=2-2ivV3

() z=-2v2-2jv2

() z =6(cos 60°+jsin 60°)
=3+3jV3
(b) z=5(cos 120° +jsin 120°)

5 5.
=—-+ZjV3
5 t3IV3
(@) z =cos 45° +jsin 45°
1 1.
=—-V2+=jVv2
2f+21f
(b) z =cos 330° +jsin 330°

= /3 - Zj

2V 72!
Multiplication by —j = j means an anti-
clockwise rotation of 270°.
Division by —j = j3 means a clockwise ro-
tation of 270°.

@ v2(-4+4j) (b ~1
= [cos(—50°) +j sin (—=50°)]*
=c0s(—200°) +j sin (—200°)
=¢0s200° —j sin 200°
(cosa +j sina)”
=cos (na) +jsin(na)
@ z1=2+3j
Zy=—2— 3j
(b) z; =0.966+0.259j
Zy = —0.259 + 0.966]
z3=—0.966—0.259j
Z4 =0.259 — 0.966]

(b)

@ e/72=cos T +jsin T =j

2 2

1 1.

() 5 +5iv3

(@ cose=1, a=0
sinae=0

(b) cose=-1, a=m
sinae=0 -

(c) cos a =0, a:fi

sina=-—1
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(d) cosa=%\/§, a:%
|
Sln(x—i
24. (a) r=e3 (b) r =e2
o=2 a:fi
25. (@) w=e"=—\/e
(r=Ve,a=m)
(b) w=—ve3
(r:@,a:—n)
1.
(© w:EJ

L1
el 2

(d) w=e’(cos 1—jsin 1)
~e3 x0.54—e3 x0.841j
26. () (i) Re[w(¢)] =e~* cos 2m¢
(ii) Period = 1
1

. a1
(iii) Amplitude = e Xl*ei—

(b) (i) Re[w(z)] =e3! cos <f%t)

3
21
=e? cos ( =t

(i) Period = gn

(iii) Amplitude = e* cos 3
~e*(—0.99)
~—54.0

27. (a) 7 =-1
28. (a) z1*/zp=4e17 =4
(b)
29. (a)
(b)

30. (a) z1/°=2¢27=2
(b) z'/* ==

) 1 .
31. (a) z =367 (b) z= 5@2”/3
32. (a) z=7.0711¢ 07854
orz=7.0711e 14>
(b) z=19.8494 ¢ 071413)
or z = 19.8494 =405

0.135

6.

Answers
33. (a) z=1.8134+1.7209j
(b) z=0.4384+0.8988j
-1 1
34, @ xX=—,y=—
@ 7 7z
(b) z =(cos 135°+] sin 135°)
(= ej37r/4)
35. (@) —V3+] (b) 2 el>/67
Chapter 10
1. The linear first- and second-order DEs with

constant coefficients are (b), (e) and (f).

(@) non-homogeneous, second order
(b) homogeneous, second order

(c) homogeneous, first order

(d) non-homogeneous, second order
(e) homogeneous, second order

@ y= Clesx +Czex
Auxiliary equation: 272 —12r+10=0
Roots: ry =5, rp,=1
(b) y=e">¥(Cy + Cax)
Auxiliary equation: 4y2—127+9=0
Roots: r| =rp, = 1.5
(c) Complex solution:
y=e¥[(C; +Cy) cos 2x
+j(C1 — Cz) sin 2x}
Auxiliary equation: r2+2r+5=0
Roots: rj = —1+2j, rp =—1-2j
Real solution: y =e~*(A cos 2x +
B sin 2x)
(d) Complex solution:
y =e025X[(C| 4+ C>) cos 0.75x
+j(Cy —C3) sin 0.75x]
Real solution:
y=e025%(4c0s0.75x+ B sin0.75x)
() y=Ce2¥ +Cre**
(f) Complex solution:
¥ =e92%(C'c0s0.4x+jC" sin 0.4x)
Real solution:
¥y =e92%(A4 cos 0.4x + B sin 0.4x)

@ y(x)=Ce** (b) y(x)=Ce3>
€ y(x)=Ce**
3
@ S(t)=%+C1t+C2
(b) x(t)=cos wt+Cyt+C>

@ yp=2x+1 (o) yp=x-

1
2



Answers

10.

11.

12.
13.

14.

15.

(@ y=Cie*+Cre3¥/7-2
(b) y=C1 e +C, eX+x+19—0

© y=Ci e yCy e~ 22y
1 13

FREY)

(d) y =e ¥(A cos 2x + B sin 2x)

+1—17(cos 2x +4 sin 2x)

3 18
_ 5x X, =~ 42, °°

y(x)=C;e¥+Cye +10x +25x

43

125

(a) y:3e—4x (b) y,e—21 e2.1x
(@ C=0, yx)=0
() C=-2, y(x)=-2e>
() C=e2, y(x)=e2e2¥
d C=1, y(x)=e**
y(x)=Cj cos 2x + C; sin 2x

(@ y(x)=+sin2x
() y(x)=cos 2xf% sin 2x

) y(x)= % sin 2x
d) y(x)= _Tb cos 2x +a sin 2x

y=e¥—xe¥=e¥(1-x)

(@ y=x+Cx?
(b) y=x2+Cx
() y=—-2cos2x+C cos x

@ y=e(3+5)

@ u=y2,

u —2xu = -2x,
1

V1+C ex?
2
b — y—1 ’
® u=y=, W+t
_x-1 1
) x—In(x+1)2+C

u=1,

©) u=y3 x%u'+3xu=3,
/3 C
Y=V ax T X3
2
(d) u=y2, u’+;u=f2(x+1),
Wi
" 2 3
1 X
(@) y=3 Inj2e* 4+ C|

16.

17.

18.
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(b) ¥2=In|C(x+1)?|-2x
(C) —#
Y= nx2+C
(d y1=—x+C

Yyo=x+e*(1-x)+C

9 (\__ 2y _9 (, ¥
dax \ x ) x2 9y x2)’
y2
F=7+4x, 2 =Cx —4x?
9

P 1 xe VY=oV 2 a»
8x(1 xe ) e aye ,

F=y+xe?”, yt+xe?r=C

@)

(b)

% (2y —x? sin 2y) = —2xsin2y

d

:E(Zxcoszy), F=y24x2cos?y,
y2+x2cos2y=C

0
—(2x —3)=2=—(3x2+2y),
75 X = 3=2= (3x2+2y)
x3+C
3—2x

©

(d)
F=x342xy-3y, y=
@)

(b)

Special case 1: u =e*,
e3¥ —3e¥cosy =C
Special case 2: u =e~ Y,
y+xeV=C

x =e% (Acos t + Bsin t)
y =e% [(A—B)cos t+(A+B)sint
x =Acos t+ Bsin t

y :%(Bf3A)costf%(A+3B)sint

x=(A+Bt)e! +(E+Ft)e!

y :%(Bﬂzufztyet%(EHF
+Fte!

@)
(b)

©

Chapter 11

1.

2.

4s 2
B )
5249 ()s(s2+4)

©

(a) %sin%t (b) i(lfe*‘”)

(c) %(1 —cos 3¢) (d) —6 sinh ¢

1 1
(f) §e4t 762t 4+

e) t—sint
® 5



572
2
3@ y:§(e—‘7e—4f)
(b) flsin 2t 7 sin 3t 4 cos 3t
Y75 15
1 2 3
c) y=—sint+=cost+ —e 2!
©y=z +3 +3

4. y=2-3e* +3e2¥
1 1 1
5 y=—el ——e ! 4¢3
Y=2% 2% "T%
6. y=25—-9¢e +5tel —16e /4
7. y—e /6 _g1/2

1
x=1- E(e‘t/ﬁ +e71/2)

-1

8. 0=4x10"%(1.125in447¢—sin500¢)

Chapter 12
L X -2 -1 0 1
y
) R 4 6 4
-1 2 5 6 5
0 6 6 6 6
1 1 7 6 7
2 14 8 6 8

2. (a) The function z = —x — 2y + 2 repre-
sents a plane. The intersecting curves
of the surface are
(1) with the x—y plane: y:—%-ﬁ-l

(2) withthe x—z plane: z=—x+2
(3) withthe y—z plane: z=-2y+2

(b) The function z = x2 + y2 represents
a hyperboloid of revolution about the
z-axis. Intersecting curves with planes
parallel to the z-axis are parabolas.
Intersecting curves with planes parallel

to the x—y plane are circles.

2 2
(c) The functionz =1/1— XY e

presents one half of an ellipsoid above
the x —y plane. The intersecting curves
with the x —z plane and the y —z plane
are semi-ellipses.

3. (@ fx=cosx, fy=-siny

Answers

2=x2+y

4 J

Fig. 12.33

—x2y
(b) fr=2x/1-y2, fr=—7—=
X y 17y2
© fr=—2xe (¥+y?),
fy=-2y e ()
d fr=yz+y, Sy =xz+x,
fz=xy+1
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10.

e
() fx=e“Iny, fy:77 f-=4z3

() fr=e"* cosx—eSX Y sin (x+y),
Sy =-S5 sin (x+y)

Tangent in x-direction: 2x
Slope in x-direction at point P: 0
Tangent in y-direction 2y
Slope in y-direction at point P: 2

fxx =-2 fyx =0
fxy =0 fyy =-2
. 2 2x2
With fx:%e(x/wz and fy:,%e(x/y)z
y Yy

the statement folloys.

€)) dz—m
y dx

dz =2xdx+2ydy
-2

x(xdx + ydy 4+ zdz)

7.6% (b) 5.13%

(b)

dz =

@)
@)

The contour lines are straight lines.
pe
=-=+1-C
y > +
grad f = (-1,-2)
The contour lines are ellipses.
x2

2

Y 2
42 —1-c
4+9

-1 Xy
rad f=———x——— (—, —)
g V1-x2/4—y2/9 \4° 9
The contour lines are circles
centered at the origin.

—10
rad f = ———(x,
grad f (x2+y2)3( )

The surfaces of constant function
value are planes.

(b)

©

@)

X Yy
zZ = § + § + C
gradf = (17 ls _3)
The surfaces of constant function
value are cylinders centered at the
origin.
C = x2 +y2

(b)

573

(c) The surfaces of constant function

11.

12.

13.

14.

15.

1

value are spheres centered at the
origin.
C=x2+y>4z?
grad £ =3(x*+y?+2) 12 (x, y, z)
(@ sin2¢—3cos2¢
3

2
(b) 3¢ +4+t—2
@ 2x+2ay () 1
© -5 @0

(@ Minimumatx =1, y=1
(b) Maximum at x =10, y =8
(€) §=30°, h=0.32m, [ =0.20m

Cable (a)

fx,1)

=0.5co0s (2nx5xt—21n—2x+¢) m
or

x
f(x,t)=0.5c0s2x (St f§+¢1) m
or

2w
f(x,1) :0.50035(12.51‘ —X+¢)m

Cable (b)
f(x,t)=0.2cos2x (O.St _x +¢)

4.0

The wave velocities are unequal:
ca=6m/s cp=3.2m/s
af 2
[ A——) t— x)e—(vi—x)
5 v(vt —x)
0% f 2

_ 721)26_(”[_)6)
ot2

+(20)2 (vt —x)2e V1Y)

S etwrxp
dx2
+4(vt —x)ze’(v”x)2
Consequently
?f _ ,9%f
012 7 ox2

Chapter 13

@ ab () %

© 4 () 12



574

©4 O L ey - y0)
(@ 10> (b) g
(c) abm; (:—Z, 0)
@ r=3v2.¢=7
(b) RZ2=x%2+y2 r=R,
in polar coordinates R

_¢ a
() r= 7 (d) 37\/5
(@ V =mh(Ry*>~R?)
b)y V= %nth

1= 1—30MR2 (M =total mass = pV)

2R M= oR3
I—3MR7M—37er

Chapter 14

X' =x,y=y,z'=2z-2

The transformations are
x=x'-2, y=y'+3
Substitution in the equation gives
y' =-3x"+8

, (1+2V3
"= -v3+2

The transformation equations are

x :x’é—y/l .Y :x/1+y/£
2 2 2 2
Substitution in the equation gives
yo6 3
VERRVE)

The transformation equations are

x" =3c0s30°+3sin30°
=4.0981 to 4d.p.

y' = —3sin30° + 3¢0s 30°
=1.0981 to 4d.p.

z'=3

Hence r' = (4.0981, 1.0981, 3)

10.

11

12.

13.

Answers

33
(@ A+B= 18
-19
-13
() A-B = 32
15
12 42
(@ 64=118 0
54 -6
25 -8 28
b)AB=|27 9 0
80 29 -4
27 63
BA= (32 3)
Hence AB # BA.
No matrix multiplication is possible in this

case.

x\ _ [(x-2y
(y’> N <5x+7y>
T (1 4 3
@ 4 "(2 -3 0)
1 2
by (ANT=|4 —3|=4
3.0
3.
54 05 45 0 05 —-35
05 26 52 |+|-05 0 -32
45 52 9 35 32 0
| [—8+0+21 6+0-6
AA = [ —16+9+7 124+3-2
13\ 8 6+14 6-2-4
9+0-9
18—-15-3
9+10-6
L (1300
—— (0130 |=1
0 0 13

Similarly, A" 1A =1.

Chapter 15

1. @ x1=—-1,x=6,x3=-5

(b) The second and third equation are lin-



Answers

early dependent. Thus the solution con-
tains z as parameter free to

x:21—102 y— -79+65z
25 25
(C) x1 =13, x, =15, x3=-20
@ x:0.42—1.52 y:0.24—1.82
0.12 ° 0.12

The first and third equations are lin-
early dependent.

i1
4 2 4
1 1 1 7 -8
2@ 51 3 ©g( 68
3. 31
8 4 8
3. (@ x1=x2=x3=0
Tz z
(b)x:—%,yfﬁ
4. (@ -9 (b) 0 (c) —322

d) —186 (e) 22

5. (@ r=2 by r=3
6. (a) detA = —104 # 0; hence unique so-
lution.
(b) detA = 0; no unique solution exists.
(c) detA = 0; unique solution exists.
(d) detA = 0; first and third equation are
dependent.
(e) detA = 0; third equation is a linear
combination of the first two equations.

Chapter 16

1. (a) The characteristic equation is

4—A 2

det< 1 37}&)
=(4-1)(3-24)-2
=A2-7A+10=0

A =2,Ar=5

For A = 2, solve

22 X1 _

(1))~

i.e. 2x1+4+2y1=0
1x1+1y; =0

575

This reduces to x; +y; = 0. A con-
venient solution is

(1)

For A, =5, solve

-1 2 X2\
(1-3)() e
ie.—1x4+2y,=0

le—2y2:0

This reduces to x, — 2y, = 0. A con-
venient solution is

(3

2. No. The characteristic equation is a real
polynomial equation of degree 2z. We know
from algebra that if z is a complex root
then z* is a root as well, i.e. this character-
istic equation has either two complex roots
or two real roots.

3. The characteristic equation is
B-A)(1-A)+4=A2—414+7=0

There are no real roots, since
A1 =2++/4—7 are complex numbers.

4. (a) The characteristic equation is

-1-1 -1 1
det| —4 2-A 4
-1 1 5-A

=-A34+6A%2+41-24=0

If A is an integral root, then it must di-
vide into 24, the last coefficient.
A =2, A =-2,A3=6.
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5.

(b) For A1 =2;solve
-3x1 -+ z1=0
*4)61 +4Zl =0

- X1 +y1+32,=0

This reduces to x; = z; and y; =
—2Xx71.x1 = 1 gives the particular so-

lution:
1
ri=1\| -2
1

For A, = —2, solve
Xo — Y2+ 2z =0

—4x2+4y2+422:0

— X2+ Y2+ T7z22=0
This reduces to x, — ¥, +2z5 = 0 and
X2 — Y2 —22 =0.Hence x, =y, and
z,=0.
Choosing x, = 1 gives the particular

solution:
1
ro=|1
0

For A3 = 6, solve

—7x3 — y3+ z3=0
— 4x3 — 4y3 +4z3 =0
- x3+ y3— z3=0

This reduces to x3 + y3 —z3 =0 and
X3 —Yy3+2z3=0.

Hence x3 = 0 and y3 = z3. Choosing
y3 = 1 gives the particular solution:

1

A=1A=1
For the first eigenvalue an eigenvector can
be quickly found:

= (o)

But for A, we should like to have another
eigenvector which is truly different (i.e. not
merely a multiple of r ;). Unfortunately, no
such vector exists.

Answers
Chapter 17
1. @ A=4(0,0,1)
(b) A =4(0,1,0)
(c) A =4(1,0,0)
—A would be a proper solution in each
case also.
a-b
2. A=—=(0,1,1
Vﬁ( )
3. @ F-A=5+3=38
by F-A=10
(c) F-A=9
4. A1=6(0,0,1)=-A4,
A3 =8(0,1,0)=—-A4
As=12(1, 0 ,0)=—A4g
5. F =(2,2,4)isahomogeneous vector field.

j{F -dA = 0 for (a) and (b)

F (x,y,z) is a spherical symmetric field
for (a) and (b). Rule 17.8 tells us

?{F-dA:47rR2f(R)forR:2

3R 3
2
j{F-dA:4n-% —127R
R
(b) F(R)=———
1+ R2
R 4nR3
F-dA=47R? =

7{ V1+R2 /1+R?
The differential surface element vector is
dA = (dydz,0,0).

3 2
/F-dA:/zdydz:/ zdz/ dy
. . Jo Jo
9
=3 .2=9

@) divF =3

Each point in space is a source.
(b) divF =2z

In the plane z = 0 no point is a source

or a sink. All points below are a sink,

all points above are a source.
(@) curlF =(0,0,1)

This vector field has curl.
(b) curlF =(0,0,0)

This vector field is curl-free.
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10. We know that curl F = (0, 0,0). Therefore
f.F-ds=o
Jc

11. Because of curlF = (0,0,0) the line in-
tegral is independent of the path. Therefore
we chose the path of integration
along the z-axis,z=0toz =3

74 F. ds—/ (0,7,2)-(0,0,dz)

:/0 zdz:i

Chapter 18

1. Since f(x) isan even function, the coeffi-
cients b,, vanish.

aO:%jfnf(x)dx:

1 702
a, = ;an cosnx dx
1 /2
=— {sinnx}
T /2
1 (sm—fsin (7&))
T 2 2
2 . nmw
= —sin—
n 2
For n even a,, is zero. Thus the Fourier
series is
( 1)”
fx)= z Cos(2n )x
2. The function is odd. Thus all coefficients
a, are zero.
1 /7 .
:—/ f(x)sinnx dx
T J-m

1 /0 1 /7
:—/ sinnxdxf—/ sinnxdx

TJ)-m TJO
7_1[1 cos(—n )|+ ! [cosnm—1]
T mn n

-2 (-1
_=2 .,
nn nn

577

For n even the coefficients b,, are zero.
Thus we obtain

4 &
,;z

n=0

/ smx+/ smx)
/ sinx cosnx dx

/ sinx cosnx dx)
0

1 1Hcos(n+1)x

1 .
n(2 1
2n+1SI (2n+1)x

+

2 (n+1)

cos(n —1)x1°

(S VI
{_ cos(n+1)x
(n+1)

cos(n —1)x] ”}

(m—1) Jo

4
an+1)(n—-1)’
0, n odd

1 0 . .
b, = —(/ —sinx sinnx dx
T \J-7m

n even

T
+/ sinx sinnx dx) =0
Jo

The Fourier series of the rectified wave-
form
2 4

1
=Z_= 2
f(x) = ﬂlx3cos X

21 osax
m3x5

COS6Xx —---

T 5x7

4. A similar function, with the period 27, has
been treated in the example on p. 495.

1”1 2n—1
fo)= ZI(Zn 1 (nz L
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Chapter 19 The mean value is
X :2><i+3><£+4><i+5><i
1. Let A, B, C, D, E be the five dishes. The 32 32 32 364
sample space consists of the following sets F6X— +TX—+8X—+9x —
of possible pairs: 363 36 2 36 1 36
{AB, AC, AD, AE, BC, BD, BE, CD, CE, F10X —— +11x—+12x — .
DE} 736 36 36
1 Thus+x =17. )
Z'PZE 2. i:/ xf(x)dx:/ x2 dx
J e Jo 2
3P=3 I ESI
3 ) “l6l, 3
4 hy=—
30 3 p— <10> (0.6)8(0.4)2
5. P(blue) = 0.8, P(green) = 0.2 8
Compound probability = 0.16 =45%x0.016x0.16
1 1 1 =0.12
6 P=36"9 " 32 4. The random variable which is distributed
1 2 3 1 according to
7. P=— 44— =— 1
36 36 36 6 f(x) _ e_[(x_u_)/o-]Z/z
8. Np=5'=120 o\2m
15 15! has the mean value 1. Hence it follows that
9.N:<3):7:455 ; ,
31(15 - 3)! @ x=2, (b) x=—4.

1. The probability distribution for the random L @) s @R ®S ©S
variable ‘sum of the number of spots” was 2. (a)
given in Sect. 20.1.1.

Pi pi —p (pi —p)?
Random Probability Random Probability (g/cm®)  (g/em?)  (g/ecm?)?
variable variable
3.6 0.4 0.16
) 1 o 5 33 0.1 0.01
36 36 3.2 0 0
3 2 9 4 3.0 —-0.2 0.04
36 36 3.2 0 0
4 3 10 3 3.1 —0.1 0.01
36 36 30 ~0.2 0.04
4 > 3.1 —0.1 0.01
5 36 11 36 3.3 0.1 0.01
5 1 Sum 288 0 0.28
6 36 12 36
6
7 36 02 = % —0.035(g/cm?)2
o= 0.19g/cm3

o =3.2g9/cm?
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(b) Mean value:

_ Yv; 1280

= =——-m/s=1.28m/s
R o ™ /
Variance:

02— S (v; —v)%2  0.011
- N-1 9
=0.00122(m/s)?

(m/s)?

Standard deviation:
o =0.035m/s

3. Mean value:

,u—/o xdx =2

Variance:
! 1\? 1

2
= ) dx = —
o /0 <x 2) x 13

o 0.19g/cm3

N 3

Confidence intervals:
3.14g/cm> < p < 3.26g/cm?>
3.08g/cm> < p < 3.32g/cm?

(b) o= 0.035m/s
3.16

Confidence intervals:

1.27m/s<v <1.29m/s
1.26m/s<wv <1.30m/s

4. (@ om= :0.06g/cm3

=0.01m/s

5. 16%

6. (8) A=xy=120x90cm2=10 800cm?
Calculation of oy 4 using Gaussian
error propagation law:

=902(0.2)%2cm*
+1202%(0.1)%cm*

=468cm*

M orwne

579

oma = 21.63cm?
A= (10800+21.63)cm?

b
® y o4 (2)3 =124.79cm?
37\ 2
M 1000 3
P = = 1279 9/M
=8.014g/cm®

Calculation of oy, using Gaussian
error propagation law:

9 (MN_1_ 1
OM\V ) V  124.79cm3

~0.008—;
cm-

9 (M\_J (6M\ —18m
oD \V ) oD \xD3) naD*4
2 2 2(_9\?

om? = (0.008)2(0.1) (cm3>
2
+(3.88)2(0.01)2 (Cm%>
_ 9
—0.0015041 (cm3)
om=0.039—0
cm
g

= (8.014+0.039) =~
( ) o3

L _ ImiS;—nmS _656-5x4x3

Ym? —nm? 90— 5 x 42
= E =0.56
10
b=S-am=3-056x4=0.76
m m2 S mS
@ (@) (©m (gem
2 4 1.6 3.2
3 9 2.7 8.1
4 16 3.2 12.8
5 25 35 175
6 36 4.0 24
20 90 15 65.6
m=4g S =3cm
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8. 73°2/8"
S(em)h /
4 @
o/
34
o

24

(]
14
7
° R 6 "'T(g)

Answers



| ndex

Abscissa 42

Absolute error 122
Acceleration 99, 134, 158, 273
Acoustic wave 371
Addition

formulae  62f.

law 511

of vectors 4

theorems 67,411
Amplitude 55,59

Angular velocity 131
Antisymmetric matrix 423
Aperiodic system 297
Approximate polynomial 233, 243
Approximation 228

first 234

second 234

third 234

Area

bounded by curves 191
function 150, 151

in polar coordinates 195
of acircle 196, 385, 388
Argand diagram 250, 253, 256
Argument 41, 252, 256
Avrithmetic mean value 525
Asymptote 46, 119
Atmospheric pressure 237
Augmented matrix 433, 434, 436
Auxiliary equation 281, 284
Average velocity 98

Axial symmetry 390

B

Base 69,74
Base vector 471
Bernoulli DE 306
Bernoulli’s equations 306
Binomial
coefficient 71,517
distribution 527, 529, 533
expansion 517
theorem 71
Bound vectors 9

Boundary condition 147, 276, 291, 293, 294,

296, 372
C

Cantilever beam 292

Cardioid 202

Cartesian coordinate system 42, 387
Catenary 79

Cauchy 232

Center of mass 208, 210

Center of pressure 208, 222, 223
Centroid 208, 210, 398, 550
Chainrule 104

Characteristic

equation  454-456, 459
polynomial 455, 456

Circle, equation in parametric form
Circular frequency 57, 369
Circulation  481f.

Clearing the fractions 172
Co-domain 40

Cofactor 439, 443

Column vector 415, 432, 445, 451
Combination 516 ff.

131
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Common ratio 86
Commutative law 27
Complementary

area 193,194
function 277, 278, 285
Complex conjugate 248, 266
Complex number 247 ff.
addition and subtraction
arithmetic form 266
division 250
exponential form 254, 266

graphical representation 250
multiplication and division 258
periodicity 266

polar form 252, 261

product 249

raising to a power 263

roots ofa 263

summary of operations 266
transformation of one form to another 260
Complex root 171,174

Component 10, 43

Composition 66 f.

Compound

event 513,514

probability 532

Confidence interval 545

Conservative field 184, 487

Continuity 91

Continuous quantity 522

Contour line 350, 351, 357, 360
Contraflexure 117
Coordinate 11

system 42, 386 ff.
Correlation 554
coefficient 554

Cosine 58

function 58 ff.
function, exponential form
function, integration of 156
rule 27

Cotangent 61

Cramer’s rule 438, 445 ff.
Critical damping 297
Cross product 32 ff., 483
Curl  480ff., 483
Curl-free 480, 484
Curvature 123,125
centre of 123

radius of 123,125
Curve sketching 45f.,118
Cycloid 137

area of 194

249, 251

255, 266

Index

Cylindrical
coordinates 389
symmetry 391

D

D’Alembert’s solution 372
Damping 296
DE see Dfferential equation 273
De Moivre’s theorem 263
Definite integral 147, 149, 153, 154, 175,
191, 379
Derivative  97-99, 114, 145
of a constant 102
of a constant factor 102, 138
of a cosine function 107
of a curve given in parametric form 136
of an exponential function 139
of a function 97f., 344
of a function of a function 104
of a hyperbolic function 110
of a hyperbolic trigonometric function
139
of an implicit function 127
of an inverse function  105f.
of an inverse hyperbolic function 111
of an inverse hyperbolic trigonometric
functions 139
of an inverse trigonometric function 109,
138
of a logarithmic function 139

of a parametric function 129, 133
partial 347

of a position vector 133

of a power function 101, 138

of a product of two functions 103
of a quotient of two functions 104
of a sine function 107
ofasum 102f.
of a trigonometric function
Designation 177
Determinant 423, 424, 438 ff.
evaluation of a 440
expansion ofa 439
of a square matrix 439
properties of a 442
Diagonal 414, 430
Diagonal form 444
Diagonal matrix 421

107,138

Difference
quotient 96, 97
vector 6

Differential 99, 100, 351

calculus 98
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coefficient

total 351

Differential equation (DE)

exact 308

first-order linear 275

general first-order 306

general linear first-order 302

higher-order 317

homogeneous 275, 277

homogeneous first-order 279

homogeneous second-order 279, 281, 282

linear first-order 277

linear with constant coefficients 275

linear with constant coefficients, solution of
328

non-homogeneous 277

non-homogeneous linear 285

second-order 276

simultaneous first- and second-order 313

simultaneous with constant coefficients
330

solution by substitution 285

Differentiation rules 138

Direction 1

Dirichlet’s lemma 495

Dirichlet, Peter G.L. 495

Discriminant 48

Distributive law 27

Divergence 461

Divergence of a vector field 475

Domain 340

definition of 39, 64

of definition 40

Dot product 24

Double integral

97,99, 100

273 ff.

383,398
E
Eigenvalue 452 ff.

Eigenvector 452 ff.
Electrical field 470

Elemental
area 388
volume 392
Elementary
error 545
event 508,509, 514, 532
End term 92
Equation
ofaline 26

of a sphere 406
Equations, linear algebraic
Error

constant 537

429

random 537

systematic 537
Error propagation
Estimate

of the arithmetic mean value

547

541

of the standard deviation 541

of the variance 541
Euler’s

formula 255, 266, 282
number 71,88
Even function 55, 495
Event 508

exclusive 512

statistically independent 514
Exact DE 308 ff.
Expansion

of a function 228, 229, 235

of the binomial series 231
of the exponential function
Experiment 508
Exponent 69, 74
Exponential function
Extrapolation 39
Extreme point 362
value 119,121
value, necessary condition
value, sufficient condition

F

Factorial n 516
Favoured number 509
First moment 209, 398
Flow density 462
Flow, partial 467

Flux 464
Fourier
serie 492

spectrum 502
Fourier’s theorem 491
Fraction

improper 170
proper 170
Frequency 369, 492
Function 40, 41
circular 52
continuous 91
discontinuous 91
explicit 127
exponential 71
fractional rational 170

implicit 127
inverse 50
limitsof 125

230

711, 76,109, 110

364 f.
364 f.

583
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linear 43

of a function 66f.,67

of two variables 337, 367

periodic 54

real 41

trigonometric 52
Fundamental harmonic 495
Fundamental theorem

of algebra 170

of the differential and integral calculus

149, 152

G

Galtonian board 528

Gauss 470

Gauss complex number plane 250

Gauss—Jordan elimination 431, 433-435,
443

Gaussian

bell-shaped curve 240

elimination method 430, 431

normal distribution 545

Gaussian law 470

General

solution 276, 279

term 85,92

Geometric

progression 86, 93

serie 93, 227

Geometrical addition 4

Gradient 483

of a function 357

ofaline 94

Graph 42

Graph plotting 44 ff.

H

Hadamard 232
Half sine wave 498

Half-life 73
Harmonic 503
analysis 491

oscillator 294

oscillator, damped 296
oscillator, undamped 294
wave 371,373

Helix in parametric form 132
Hertz 57

Higher derivatives 112
Homogeneous

equation 279

linear equations 436

Index

Hyperbolic

cosine function 79
cotangent 80
function 78f.
sine function 78
tangent 79

Imaginary

number 247, 248, 266
part 248

unitj 266

Implicit function 360
Impossible event 509
Improper integral 179 ff.
convergent 179
divergent 179
Increment 122

Indefinite integral 145, 159
Indeterminate Expression 125
Index 69

Infinite series 93

Initial condition 291

Inner
function 66, 105
integral 379

product 24f.

Instantaneous velocity 98
Integral

calculus 145 ff.

sign 149

Integrand 149

Integrating factor 302, 304, 311 ff.
Integration

application of 191 ff.

by part 161 ff., 186

by partial fraction 170 ff., 186
by substitution 164 ff., 186
constant 276

Intersecting curve 340, 342, 345, 367
Interval of convergence 232
Inverse  50f., 432

cosine function 65
cotangent function 65
function 50, 64, 67, 322
hyperbolic cosine 81
hyperbolic cotangent 82
hyperbolic function 81
hyperbolic sine 81
hyperbolic tangent 82
matrix 424, 432

matrix, calculation 433
sine function 64



Index

tangent function 65
trigonometric function 64
Irrotational field 480

L

L’Hopital’s Rule 125
Lagrange 235

Laplace transform 321 ff.
of a sum of functions 326
of derivates 326

of products 324

of standard functions 322
table of inverse transforms 333
table of transforms 332
Lastterm 92

Leading diagonal 414, 421, 423
Leading term 92

Lengths of acurve 198

in polar coordinates 201
Lever law 30

Limit

of a function 89, 90

of asequence 86
Limiting value 86

Line integral 181 ff., 480
Linear

algebra 413

factor 456

Linear DE 274

Linear independence 280
Logarithm 74 ff.

common 75
conversion of 76
natural 75

Logarithmic

differentiation 128
function 77,109
Lower limit of integration 149
Lower sum 149

M

Maclaurin’s series 229, 232, 237
Magnitude 2,4

Matrix 413 ff.

addition and subtraction 415
algebra 413

columnof 414
elementofa 415

equation 432

for successive rotation 419
multiplication by a scalar 416
notation 434, 445

of coefficient 432,433

rectangular 414

row of 414
Maximum 114, 115, 119, 120

local 113

of a function of several variables 361
Maxwell 372

Mean value 525 ff., 538
continuous distribution 542
continuous random variable 526
discrete random variable 525
of a function 178
theorem 178
weighted 548

Mechanical work 25, 180

Meridian 391
Minimum 115, 119, 120
local 113

of a function of several variables 361
Minor 439
Modulus 252, 255

585

Moment of inertia 208, 213, 215, 395, 398

Monotonic function 51
Multiple integral 377 ff., 378
with constant limit 378, 379
with variable limit 382, 384
Multiplication of two matrices 417

N

N -order determinant 439
Nabla operator 483

Natural frequency 294, 301, 316
damped 301

undamped 301

Negative vector 6

Neutral axis 220
Newton—Raphson

approximation formula 239
Non-homogeneous equation 278
Non-trivial solution 436

Normal distribution 73, 529, 530 ff., 545
Normal vector 135, 136
Normalisation condition 512, 524

Null
matrix 422
sequence 86
vector 6

o

Oblique coordinate system 8
Odd function 55, 495
Order
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ofaDE 273

of integration 383
Ordinate 42
Orthogonal matrix 422, 424
Orthogonality 458
Oscillation

damped 298

forced 299

Outcome space 508
Outer

function 66, 105
integral 379

product 32f.
Over-damped system 297

p

Paired values 41

Pappus’ first theorem 211
Pappus’ second theorem 212
Parallel axis theorem 218, 221
Parameter 129-132
Parametric

form of an equation 129 ff., 181
function 194

Parent population 540, 542
Partial

derivative 347

derivative, higher 348
differential equation 371
differentiation 344
Particular

integral 276, 285

solution 276, 291, 458

Path element 182, 357

Period 54,56 f.,59, 369, 492
Periodic function 491
Periodicity 263

Permutation 515, 516, 532
Perpendicular axis theorem 217
Phase 57f.,59, 370

Phase velocity 369

Point charge 470

Point of inflexion 113-115, 118, 120
Polar angle 391

Polar coordinate 195, 387 ff.
Polar moment of inertia 216, 398
Pole 45,118

Polynomial 170

as an approximation 237
Position vector 9, 42, 43,129, 182
Postmultiplication 424
Potential 485, 486

field 486

Power 69f.,74
Power series  227-229
infinite 227
interval of Convergence 232f.
Premultiplication 424, 433
Primitive function 145, 146, 154, 159
Principal value 264
Principle of verification 159
Probability 508 ff., 520 ff.
classical definition 509
density 524,526
density function 524, 525
distribution 519, 520, 524-526
distribution, continuous 522, 523
distribution, discrete 519
statistical definition 510
Product moment correlation 554
Product of a matrix and a vector 416
Product rule 103, 161
Projection 7, 43, 350
Pythagoras’ theorem 27, 60

Q

Quadrant 42
Quadratic 47, 363
pure 47

Quadratic equation 47 f.
root of 48

Quantity

dependent 39
independent 39
Quotientrule 104

R

Radian 52

Radioactive decay 293
Radius

of convergence 232, 233
of gyration 218, 398
vector 391

Random

experiment 508, 509, 519, 526, 527
sample 538, 540
variable 519 ff.
variable, discrete 519
Random error 552

Range

of definition 40, 116, 120
of value 40,119

Rank

of a determinant 444
of amatrix 444

Real

Index



Index

matrix 413

part 248

Rectangular waveform 498
Reduction formula 163

Regression

curve 552

line 549 ff., 554
Relationship 41
Relative

error 122
frequency 510
Remainder 233,235
Resonance 301
Resultant 5
Right-hand rule 32
Rotation 404, 407, 409

in three-dimensional space 411
transformation rules for 409
Row vector 414

S

Saddle point 114, 362

Salient features of a function 45
Sample space 508

Sampling error 544

Sawtooth function 496

Scalar 1ff.

product 23 ff., 24,357, 416, 417
quantity 4

Secant 96

Second

derivative 112,113

harmonic 495
moment of area 213, 220
Second-order determinant, evaluation of 440
Separable variable 307

Separation of variables 279, 307, 308
Sequence  85ff., 92

convergent 87,87 f.,88

divergent 87,88
Series 92 ff.
Set of linear algebraic equations 429, 445
Set of linear equations

existence of solutions 435 ff., 445

Shift theorem 323

Sine 53

function 53f.,55

function, exponential form 255, 266
Singular matrix 423

Singularity 45

Skew-symmetric matrix 423
Skew-symmetry 423

Slope 98,114, 346

ofaline 44,94

Small tolerance 354
Space integral 378
Spatial polar coordinate 391
Special solution 276
Sphere, equation of a 343
Spherical

coordinate 391
symmetry 394

wave 371

Square matrix 414, 422,424, 444
Standard deviation 531, 539, 540
of the mean value 544
Standard integral 159
Static moment 398
Stationary wave 373
Statistical

mechanics 507
probability 510

Steady state 300

Steiner’s theorem 218
Stokes’ theorem 484, 485
Straight line 43, 145

equation in parametric form 131

Submatrix 444
Substitution 165

of limits of integration 177
Successive

elimination of variables 430

rotation 411
Sumrule 102
Summation sign 92
Superposition formula 63, 295
Surface area of a solid of revolution
Surface element 461

vector 462

vector differential 471
Surface in space 350
Surface integral 464
Symmetric matrix 423, 424

T
Tangent 61, 95,113,114
plane 361
vector 135, 136

Taylor’s series 236, 237
Techniques of integration 186
Term-by-term integration 228
Theory of errors 507

Third-order determinant, evaluation of

Torque 30,31
Total
derivative 358, 360

587
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differential 351 ff.
differential coefficient 359 f.
Trace 456

Transformation

equations for a rotation 419
matrix for rotation 421
rule 405, 407

rule for successive rotation 411
Transient phase 300
Translation 403, 404
Transpose 422 ff., 458
Transposed matrix 422
Triangle law 5

Triangular function 497
Trigonometric functions 52
Triple integral 378

Trivial solution 436

u

Uniformly loaded beam 118
Unique solution 435

Unit

circle 52

matrix 421, 433

vector 10f., 34

Upper

limit of integration 149
sum 149

\%

Variable

dependent 41

independent 41

of integration 149

Variance 539 ff.

explained 554

of a continuous distribution 542

Variate 519

Variation 518

of parameters 289

of the constant 302 ff.
Vector 1f1f., 414

addition 4,12
component representation 7
magnitude 15
multiplication by a scalar 14
product 23, 30 ff., 448
product, determinant form 35
projection ofa 7
quantities 2
representation ofa 3
subtraction 6,9

Vector derivatives 488
Vector field 461
homogenous 461, 462
Velocity 98,134, 158
Vibration 297

Vibration equation 108
\olume

of a parallelepiped 448
of a solid of revolution 202
of a sphere 394

w

Wave equation 371, 372

Wavelength 368

Weight 548

Weighted average 548

Work done by the gas during expansion

Z

Zero
of a function 46

Index
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