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Preface

The goal of this thesis is to study pension systems and their interactions
with real and financial markets in the presence of demographic change
and randomness due to a stochastic asset market. Most existing con-
tributions in the literature are confined to a deterministic or simplified
stochastic setting. This type of approach precludes the incorporation
of randomness and uncertainty typically observed in stock markets. It
also does not facilitate a discerning study of the feedback structure
between asset markets and the pension system within a stochastic dy-
namic model. The aim of this dissertation is therefore twofold. The
first goal is the conception and development of a suitable theoretical
framework that complements the existing approaches. The second goal
is to present a simulation study which employs the previously devel-
oped framework to analyze the role of a pension system and the impact
of demographic change on the dynamic behavior of real and financial
markets as well as on the welfare of consumers.

The Department of Business Administration and Economics at
Bielefeld University, Germany, has accepted this work as dissertation in
partial fulfillment of the requirements for the degree of Doctor in Eco-
nomic Sciences (Doktor der Wirtschaftswissenschaften, Dr. rer. pol.).
The final oral examination was held on December 18, 2006 and passed
successfully.
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valuable comments. I greatly benefitted from the fruitful research atmo-
sphere stimulated by him and also by the entire Ph.D. program at the
Bielefeld Graduate School of Economics and Management (BiGSEM).
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past years. Many of the results on multiperiod investment problems de-
veloped under his supervision in my diploma thesis defined the starting
point for this work.

I would also like to thank my colleague and friend Olaf Schmitz
for his thorough reading of the manuscript, notably of the technical
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1

Introduction

One of the greatest challenges faced by virtually all industrialized na-
tions is the demographic change within their populations. There are
two major developments which are responsible for this phenomenon.
Firstly, a constant improvement in health care and medical advance-
ments resulting in a continually increasing life expectancy over the past
decades. Secondly, low fertilities and a substantial decline in birth rates
that arose from the late sixties onwards. Both effects put together in-
duce a significant change in the age-structure of the population and
put increasing pressure on existing pay-as-you-go pension systems in
Europe, in particular on the German system. While the first effect in-
creases the number of pensioners and, thus, the beneficiaries from the
system, the second one reduces the aggregated labor force and the num-
ber of contributors to the system. Although the consequences of this
development are observable already today, there is general agreement
that they will become much more dramatic in the near future.

Against this background, the past years have witnessed a vivid de-
bate about the efficiency and sustainability of pension systems. In this
regard, the design of the existing pay-as-you-go systems has been ques-
tioned and numerous proposals to reform these systems have been in-
vestigated. However, the pay-as-you-go structure of the German as well
as of numerous other pension systems implies a fundamental trade-off
between maintaining a sufficiently high level of pension incomes and
keeping contributions at a reasonably low level (cf. [20] and Section 2.6
of this work). Hence, a mere adjustment of contribution rates or pension
payments could merely shift the demographic burden between contrib-
utors and beneficiaries but could not solve the demographic problem.

To ameliorate this dilemma, many economists have suggested sup-
plementing the existing public pension systems by a so-called pre-
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funding component consisting of an increased share of private savings
for retirement. This additional pillar has been implemented in the Ger-
man pension system as part of the so-called Riester reform in 2001
(see, e.g., [58] for details). The economic reasoning behind this mea-
sure to potentially attenuate the consequences of demographic change
is that an increase in private savings for retirement potentially fosters
the accumulation of capital (cf. [35]). This in turn would enhance the
production possibilities of the economy providing a potential way to
overcome the loss in aggregated workforce induced by the demographic
change. Opponents of such a reform, however, typically argue that pri-
vate savings for retirement are exposed to capital market risk. Hence, a
shift in retirement provision towards more pre-funding would necessar-
ily increase the risk to which pension incomes are exposed due to the
volatility and unpredictability of capital markets in general and stock
markets in particular. This view has to some extent been supported
by the drastic decline in the stock market observed at the beginning of
this century.

The latter argument stresses the importance to pay adequate respect
to the role of uncertainty and financial risk when studying pension re-
forms. In this regard, it seems natural to assume that adjustments in
the pension system affect consumers’ savings behavior which in turn
affect prices on financial markets. A comprehensive theoretical analysis
therefore requires a framework which incorporates not only the issue
of demographic change but also the mutual interactions between the
pension system and asset/stock markets. Conceptually, this calls for a
macroeconomic model which incorporates the following three building
blocks: Firstly, a population model to study the impact of demographic
changes in the population structure. Secondly, a description of the pro-
duction side of the economy to analyze the consequences of pension
reforms on real variables such as capital stock, real wages, etc. Thirdly,
a stochastic asset market in order to study the role of financial risk and
the impact of pension parameters on financial variables such as stock
prices, interest rates, etc.

The development and study of such a framework forms the core of
this work. Some of the issues to be analyzed within the model are:

− Does the randomness in stock markets necessarily transmit to the
real sector and the pension income?

− What are the general interactions between pension systems, the pro-
duction sector and asset markets, in particular with stock markets?
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− How does a reduction in public pensions and a shift towards more
pre-funding affect real and financial markets and the welfare of con-
sumers?

− Which impact does demographic change exert on the evolution of
real and financial markets?

− How does demographic change affect the welfare of consumers and
how should the pension system be adjusted in response to this de-
velopment?

The literature on pension systems mostly confines itself to a deter-
ministic framework. In this regard, the multiperiod overlapping gener-
ations model developed in [5] has been employed by numerous authors
to study pension reforms within so-called computable general equilib-
rium (CGE) models. Examples may be found in [3], [18] or in the
survey by [25]. In these models, the behavior of households and firms
is typically derived from a deterministic intertemporal decision prob-
lem based on expectations for future economic variables. Usually these
models are then solved numerically such that market clearing prices
are determined from the behavior of agents and consistency between
expectations and actual realizations is obtained. This approach permits
a numerical study of alternative pension systems and their impact on
certain economic variables in a deterministic world. As a consequence
of the deterministic setting, it is not possible to incorporate random-
ness and to study the role of risk within these models. In addition, the
proposed CGE approach essentially restricts attention to a particular
path of the system along which agents’ expectations are fully rational.
As a consequence, it is not possible to study the dynamic behavior of
the system and the influence of parameter changes using mathematical
methods from deterministic dynamical systems and bifurcation theory.
This limits the theoretical possibilities to analyze the impact of pen-
sion reforms on the evolution and long run dynamic behavior of the
economy. Further deterministic studies dealing with the efficiency of
pay-as-you-go pension systems can be found, e.g., in [21], [22] and [45].

While deterministic pension models seem to be pervasive in the lit-
erature, similar models which incorporate randomness and a stochastic
asset market appear to have received much less attention. More im-
portantly, many of the existing ones treat prices and returns on asset
markets or consumers’ income processes as given stochastic processes
which follow an exogenously determined probability law. Examples may
be found in [29], [30] or [33]. While this approach permits a study of
risk to which pension incomes and savings for retirement are exposed,
it neglects the mutual interactions between pension systems and asset
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markets as exhibited above. As a consequence, a theoretical study of
the feedback structure between pension systems and certain real and
financial variables is not possible in this setup.

Stochastic models which partly overcome the afore-mentioned prob-
lem of a mere exogenous asset price process can be found, for instance,
in [27], [38], and [48]. These studies employ a particular stochastic set-
ting where the underlying probability space is finite and the randomness
can be represented by a so-called date-event tree. A distinctive advan-
tage of this approach is that the theoretical framework of incomplete
markets (see, e.g., [50]) becomes applicable. This permits the formula-
tion of various normative concepts such as interim Pareto optimality
and ex-ante efficiency which may be applied to study and compare pen-
sion systems and their impact on consumer welfare. On the other hand,
the proposed structure makes it difficult to characterize the evolution of
the model on a time series level using tools and methods from (random)
dynamical systems theory and time series analysis. A comparison of the
long-run dynamic behavior of real and financial variables such as aggre-
gate output or asset prices and their statistical properties depending on
the population structure and/or the parameters of the pension system
is therefore not possible. As a further obstacle, it is almost impossible
to obtain explicit solutions within the proposed setting such that the
analysis is typically confined to numerical simulations. In this regard,
the solution of these models becomes computationally very involved
with a large number of generations and/or stochastic states. As a con-
sequence, many of the models within this class restrict attention to an
overlapping generations setting with only few generations and/or as-
sume a constant population. This limits the theoretical possibilities to
account for demographic effects and changes in the population struc-
ture. In addition, it becomes difficult to calibrate these models and
compare them to (annual) empirical data due to the relatively coarse
time structure. Further studies which focus on the interactions between
real capital markets (interpreted as stock markets) and the evolution
of the population can be found in [1], [2] and [37]. Again these models
employ a deterministic or simplified stochastic setting. None of them in-
corporates the uncertainty and randomness typically observed in stock
markets.

With these findings the aim of this dissertation is twofold. The first
goal is the conception and development of a suitable theoretical model
that complements the existing approaches in the literature. The second
goal is to employ this framework and present a theoretical study which
investigates the efficiency of pension systems and their interactions with
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real and financial variables in the presence of demographic change of the
population. Given these two objectives the dissertation is divided into
two parts. The first part comprises the conception and development of
a suitable theoretical framework. In this regard, the explicit modeling
strategy successfully applied in the asset market models by [12], [13],
[44] and [60] is adopted. These models provide an explicit description
of the formation and dynamic evolution of prices and allocations on
financial markets and extend the class of rational expectations models
by allowing for arbitrary and hence possibly non-rational expectations
of investors. For our purposes the conceptual challenge is to join these
financial models with a real sector describing endogenously the pro-
duction and investment activities of firms and the income streams of
consumers generated through the production process. A similar objec-
tive has been pursued in [10] and has further been developed in [14],
[15]. These authors combine the dynamic version of the Capital Asset
Pricing Model (CAPM) studied in [12] with the theoretical framework
of a neoclassical growth model providing a description of the produc-
tion side of the economy and the income streams of consumers. Like
most of the afore-mentioned models, they maintain the assumption of a
stationary OLG population with two-period lived consumers who con-
sume only in their terminal period of life. A first challenging task of
this work is to extend the underlying population model by allowing
for consumers with multiperiod lives and for changes in the population
structure to incorporate the impact of demographic change. In addi-
tion, it seems desirable to extend the individual consumption-savings
decision by allowing for consumption in each period of the life cycle. In
this regard, the multiperiod asset market models developed in [43] and
[44] combined with the class of multiperiod consumption-investment
problems studied in [40], [41] provides a satisfactory starting point.

As with the deterministic models described above the approach put
forward in this dissertation employs an overlapping generations struc-
ture of consumers who live for a finite number of time periods. As-
suming that this number remains constant over time, the demographic
change of the population is exclusively governed by the number of young
consumers born in any one period which is assumed to be exogenously
determined. The latter assumption allows to hypothesize various de-
mographic scenarios corresponding to different birth processes and to
analyze their impact on real and financial variables as well as on the
efficiency and sustainability of the pension system.

Within this framework the subsequent model building may be sub-
divided into three stages. The first stage comprises a sound microeco-
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nomic foundation of the demand behavior of consumers and firms in
the economy which are derived from suitably defined decision problems.
Apart from the usual microeconomic characteristics like preferences,
technologies, etc., the resulting demand behavior is mainly determined
by agents’ subjective expectations for uncertain economic variables (fu-
ture prices, dividends, real wages, etc.). At this stage, the impact of a
pension system on individual behavior can be studied offering a possi-
bility to assess the consequences of alternative pension reforms on the
micro-level. For example, one could analyze under which circumstances
a reduction in public pension payments leads to an increase in private
savings as is claimed with the German Riester reform.

Utilizing the demand behavior obtained at the first stage the sec-
ond stage describes the interactions of consumers and firms on real
and financial markets in the economy. In this regard, the concept of
a temporary equilibrium is used to model the formation of prices and
allocations on the respective markets in each period. This provides a
possibility to study the impact of pension systems on real and finan-
cial markets in a certain time period for given expectations and a given
population structure. At this stage, for instance, the comparative-static
effect of pension reforms on stock prices in a given time period could
be studied.

The third stage models the evolution of the model’s variables over
time. This is achieved by introducing the concept of a forecasting rule
providing a description of how consumers and firms form their expec-
tations based on the available information. In addition, a population
law is specified which describes the birth process and changes in the
population structure. The evolution of the economy is then essentially
governed by the interaction of market forces determining prices and
allocations in any one period and the prediction behavior of agents as
well as the evolution of the population. In addition, the system may
be subjected to exogenous random shocks of an arbitrary stochastic
nature in each time period.

Following this modeling strategy the first part of this dissertation
develops a dynamic macroeconomic model which complements the ex-
isting approaches in the literature by incorporating the three building
blocks described above. To make the employed framework sufficiently
flexible and amendable to future extensions, the model is derived first
under general assumptions on the microeconomic characteristics of con-
sumers and firms. This is followed by a parameterized version in which
specific assumptions on these characteristics are made to obtain explicit
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functional forms of the model’s equations. The latter provides the basis
to study the model’s dynamic behavior using numerical simulations.

Building upon this framework the second part of this work comprises
a comprehensive study of pension systems and their interactions with
real and financial variables with and without demographic change of the
population. A major advantage of the previously described modeling
strategy is that the tools and methods from dynamical systems theory,
in particular those of random dynamical systems [4], become available.
These concepts offer a powerful mathematical framework to study the
long run evolution of the economy depending on the prevailing pension
system and to assess and compare the efficiency and sustainability of
alternative pension policies.

Due to the complexity of the model the analysis in the second part
is mainly carried out with the help of numerical simulations. To ob-
tain a benchmark scenario, the study first considers the case with a
constant population. In a second step this is extended to the case with
demographic transitions and a shrinking population. Proceeding in this
fashion allows one to carefully separate the effects induced by the pen-
sion system and those which are due to demographic changes in the
population. The analysis in both scenarios is carried out by first taking
a purely descriptive view that analyzes the qualitative and quantitative
impact of pension systems on prices and allocations on real and finan-
cial markets. This is followed by a normative part that seeks to judge
and compare alternative pension policies in terms of efficiency by an-
alyzing their impact on consumer welfare. The policies under scrutiny
also comprise various types of adjustment that have been suggested or
applied as part of the reform of the German pension system (cf. [56]).

The dissertation is organized as follows. Part I consisting of Chap-
ters 2 and 3 develops the underlying theoretical framework. In this re-
gard, Chapter 2 introduces the basic setup under general assumptions
on the microeconomic characteristics of consumers and firms. These as-
sumptions are specialized in Chapter 3 in order to obtain a particular
parametrization of the model. This provides the basis for the simula-
tion study which is presented in Part II consisting of Chapters 4 and 5.
In this regard, Chapter 4 studies the special case where the population
is constant over time. Chapter 5 extends the study to the case with de-
mographic transitions and a changing population structure. The final
Chapter 6 draws some conclusions and outlines possible extensions.
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The Model



2

The General Model

Following the modeling strategy proposed in the introduction the fol-
lowing two chapters develop a theoretical framework that forms the
basis for the subsequent study of pension systems and the issues mo-
tivated above. In this regard, the present chapter introduces the basic
setup of the model under a general class of assumptions on the microe-
conomic characteristics of consumers and producers. This ensures that
the model is sufficiently flexible and amendable to future extensions.
The primary goal is to derive the demand behavior of consumers and
firms from suitably defined decision problems. In a second step, the
market structure and the formation of prices and allocations on the re-
spective market is formulated by employing the concept of a temporary
equilibrium.

The chapter is organized as follows: Section 2.1 introduces the OLG
population structure. A typical consumer’s decision problem and the
existence of demand functions are considered in Sections 2.2 and 2.3.
Section 2.4 studies the production and investment behavior of firms
while the market structure and the formation of prices is considered
in Section 2.5. The final Section 2.6 derives some general results on
pension systems and the consequences of demographic change. Mathe-
matical proofs are contained in the Appendices 2.A and 2.B.

2.1 Overlapping Generations of Consumers

Consider an economy with a discrete time structure and a popula-
tion consisting of overlapping generations (OLG) of homogeneous con-
sumers who live for J + 1 consecutive periods. In each time period
t ∈ N0, each generation is identified by the index j ∈ {0, 1, . . . , J} de-
scribing the remaining lifetime of the consumers in this generation. In
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particular, j = J refers to the young generation of consumers born at
the beginning of period t and j = 0 identifies the old generation whose
members die at the end of the period under consideration.

Let N (j)
t > 0 denote the number of consumers in generation j at

time t and define for each t the population vector Nt := (N (j)
t )Jj=0.

Each consumer in generation j ∈ {jL, . . . , J} supplies L̄(j) > 0 units
of labor inelastically to the labor market where the threshold jL > 0
defines the retirement age. The total amount of labor supplied at time
t is thus exclusively determined by the structure of the population and
given by

LS
t :=

J∑

j=jL

L̄(j)N
(j)
t . (2.1)

There is a single consumption good in the economy which serves
as numeraire such that all prices and payments are denominated in
terms of the consumption good. Let ωt > 0 denote the gross real wage
per unit of labor at time t out of which a fraction τt ∈ [0, 1[ has to be
contributed to the public pension system. Then each working consumer
in generation j ∈ {jL, . . . , J} earns net labor income

e
(j)
t = (1 − τt)ωt L̄

(j) > 0 (2.2)

at time t. The pension system is a pure pay-as-you-go system where
contributions are divided up equally between current retirees. It fol-
lows that the non-capital income of each consumer in generation
j ∈ {0, . . . , jL − 1} at time t is given by

e
(j)
t = eRt := τt

ωtL
S
t

NR
t

≥ 0 (2.3)

with NR
t :=

∑jL−1
j=0 N

(j)
t denoting the number of pensioners at time t.

To transfer income between different periods there exist M + 1 as-
sets in the economy, indexed m = 0, 1, . . . ,M . The first asset m = 0
is a one-period lived bond which is traded at a price of unity at time
t and pays a non-random return Rt > 0 in the following period t+ 1.
Since Rt is determined at time t, the bond provides a riskless invest-
ment possibility between any two consecutive periods. The remaining
M assets correspond to retradeable shares of firmsm = 1, . . . ,M which
are traded at strictly positive asset prices pt = (p(1)t , . . . , p

(M)
t )� ∈ RM

++

and pay a non-negative random dividend dt = (d(1)
t , . . . , d

(M)
t )� ∈ RM

+
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(prior to trading) in each period t. The dividends are generated endoge-
nously from the production activities of the respective firm. The total
number of shares issued by firms is constant and given by the vector
x̄ = (x̄(1), . . . , x̄(M))� ∈ RM

++ with x̄(m) > 0 denoting the number of
shares issued by firm m.

Let Y ⊂ R denote the set of feasible bond investments and X ⊂ RM

the set of feasible risky portfolios for each consumer. In the sequel we
assume that bonds may be sold short without bound but exclude short
selling of sharesm = 1, . . . ,M such that Y = R and X = RM

+ . The bond
thus provides the sole possibility for consumers to obtain credit. The
space Z := Y×X defines the set of feasible portfolios for each consumer.
In addition, we assume that firms can issue bonds to obtain credit for
their capital investment but are not allowed to purchase bonds.

Denote by z(j)t := (y(j)
t , x

(j)
t ) ∈ Z the portfolio purchased by a con-

sumer in generation j ∈ {1, . . . , J} at time t consisting of a bond invest-
ment y(j)

t ∈ Y and a non-negative vector x(j)
t ∈ X defining the number

of shares in the portfolio.1 The wealth of a consumer in generation j at
time t consists of his current non-capital income defined by (2.2) and
(2.3), respectively and his capital income corresponding to the return
on his previous investment z(j+1)

t−1 = (y(j+1)
t−1 , x

(j+1)
t−1 ). The latter com-

prises the return on the bond investment y(j+1)
t−1 and the return on the

stock portfolio x(j+1)
t−1 consisting of dividend earnings and the selling

revenue at time t. Since the capital income of young consumers is zero,
we define the wealth of a consumer in generation j at time t as

w
(j)
t :=

{
e
(j)
t , j = J

e
(j)
t +Rt−1 y

(j+1)
t−1 + x(j+1)�

t−1 (pt + dt) j = 0, . . . , J − 1.
(2.4)

2.2 Decision Problem of Consumers

To derive the consumption and investment behavior of consumers con-
sider a typical consumer belonging to generation j > 0 in an arbitrary
period t who dies at the end of period t+ j. To alleviate the time script
notation we set t = 0 for the current period and use the time index

1 We adopt the convention that the generational index j always refers to the time
index of the respective variable. For example, z

(j)
t is the portfolio held by a con-

sumer at time t who dies at the end of time t + j. If j < J , z
(j+1)
t−1 identifies

his portfolio from the previous period t − 1 and if j > 1, z
(j−1)
t+1 is the portfolio

purchased by him during the following period t + 1
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n ∈ {0, 1, . . . , j} to refer to periods within the consumer’s remaining
lifetime. The index j identifying the consumer’s generation will be sup-
pressed for convenience.

In each period n ∈ {0, 1, . . . , j} the consumer can consume part of
his wealth and use the investment possibilities described in the previ-
ous section to transfer wealth into future periods. Let C ⊂ R denote
the consumption set describing feasible consumption plans in each pe-
riod. In the sequel we set C = R+ requiring that consumption be non-
negative but may be arbitrarily large. It is assumed that the decision
in t = 0 is made after the dividend payment d0 ∈ RM

+ and the con-
sumer’s current non-capital income e0 ≥ 0 are observed but prior to
trading, i.e., before the bond return R0 and asset prices p0 are deter-
mined. Hence, the consumer treats these variables as parameters R > 0
and p ∈ RM

++. Likewise, his current wealth position defined by (2.4) is
treated as parameter w ∈ R in the decision problem. Although the
latter value will generically (whenever j < J) depend on current as-
set prices, it will be convenient to suppress this dependence for the
following derivations and treat current wealth as a separate parameter.

In t = 0 the consumer holds expectations ê := (ê1, . . . , êj) ∈ R
j
+

for his future non-capital income with ên ≥ 0 denoting the non-capital
income expected to receive in period n ∈ {1, . . . , j}. Likewise he holds
expectations R̂ := (R̂1, . . . , R̂j−1) ∈ R

j−1
++ for future bond returns where

R̂n is his point forecast for the bond return Rn between future periods
n and n + 1, n ∈ {1, . . . , j − 1}. For the following derivations the con-
sumer’s planning horizon j as well as his expectations will be assumed
to be fixed quantities and will therefore be suppressed as arguments of
functions, etc. to alleviate the notation.

For each n ∈ N0 define the pair sn := (pn, dn) ∈ S := RM
++ × RM

+

of prices and dividends in period n. At time t = 0 there is uncer-
tainty about all future sn, n > 0 which are treated as random variables
in the decision problem. More specifically, the consumer considers fu-
ture prices and dividends as an S-valued stochastic process {sn}n≥1 of
random variables defined on a probability space (Ω,F ,P) which are
adapted to a suitable filtration {Fn}n≥1 of sub-σ-algebras of F .2

Equipped with these prerequisites the following definition introduces
the concept of a strategy which will be the crucial object in the con-

2 This kind of behavior suggests that the consumer perceives future asset prices and
dividends to be the primary source of randomness and uncertainty while future
non-capital incomes and bond returns can be relatively precisely predicted. It
will be shown later that this assumption is actually consistent with the dynamic
behavior of the model.
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sumer’s decision problem. In the sequel the notation B(A) is used to
denote the Borel σ–algebra on a given topological space A.

Definition 2.2.1 Let the planning horizon j ≥ 1 be given.

(i) A consumption strategy is a list C = (c0, c1(·), . . . , cj(·)) consisting
of a consumption decision c0 ∈ C for t = 0 and a list of B(Sn)−B(C)
measurable functions (consumption plans) cn : Sn −→ C for each
n = 1, . . . , j.

(ii) An investment strategy is a list Z = (z0, z1(·), . . . , zj−1(·)) con-
sisting of an investment decision z0 = (y0, x0) ∈ Z for t = 0
and a list of B(Sn)−B(Z) measurable functions (investment plans)
zn = (yn, xn) : Sn −→ Z for each n = 1, . . . , j − 1.

(iii) The pair (C,Z) is called a consumption investment strategy or
simply a strategy.

A consumption strategy specifies the current consumption decision c0
and consumption plans for all future periods n = 1, . . . , j within the
consumer’s planning horizon which are made conditional on the random
variables s1, . . . , sn observed up to time n.3 Likewise, the investment
strategy Z specifies the current investment z0 = (y0, x0) and planned
investments in bonds and shares for all future periods. Since the con-
sumer’s planning horizon ends in period j, no portfolio is carried over
to period j + 1 such that we may set zj ≡ 0 for the investment plan in
period j.

In the sequel we adopt the notation sn1 := (s1, . . . , sn) ∈ Sn, n ≥ 1
and set R̂0 := R. Furthermore, the arguments of a plan for period n
are frequently suppressed by writing cn, yn, and xn instead of cn(sn1 ),
yn(sn1 ), and xn(sn1 ). Given these conventions, the following definition
characterizes the strategies which are feasible from the initial situation
at time t = 0.

Definition 2.2.2 Given the bond return R > 0, prices p � 0 and
initial wealth w at time t = 0, a strategy (C,Z) is called feasible if

(i) c0 + y0 + x�0 p = w

3 The literature often defines a strategy as an adapted stochastic process defined
on a probability space representing uncertain future states of the world. While
the definition given here is equivalent from a mathematical point of view, the
uncertainty here rests on future asset prices and dividends rather than states
of the world. This formulation appears more suitable from an economic point
of view since prices and dividends are the relevant quantities which are directly
observable.
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(ii) for each n = 1, . . . , j

cn + yn + x�n pn = ên + R̂n−1 yn−1 + x�n−1(pn + dn) ∀sn1 ∈ Sn.

The set of all strategies which are feasible from (R, p,w) is denoted by
B(R, p,w).

Throughout we shall assume that the strategy set B(R, p,w) is non-
empty. Conditions under which this is the case are stated in Lemma
2.2.1 below. Associated with the choice of an investment strategy Z is
the induced wealth process {Wn(Z, sn1 )}j

n=1 where

Wn(Z, sn1 ) := ên + R̂n−1 yn−1 + x�n−1 (pn + dn) . (2.5)

The value Wn(Z, sn1 ) describes the consumer’s future wealth at time
n ≥ 1 depending on the investment strategy Z = (zn)j−1

n=0 = (yn, xn)j−1
n=0

and the random variables s1, . . . , sn observed up to period n. Note
that wealth may well become negative. However, the following Lemma
2.2.1 shows that there exist lower bounds on planned bond investments
and on the wealth process which are essentially determined by the
discounted non-capital income stream. To obtain a compact notation
define the values

ε̂0 := ê1 +
ê2

R̂1

+ . . .+
êj

R̂1 · · · R̂j−1

≥ 0

Ên :=
ên+1

R̂n

+ . . . +
êj

R̂n · · · R̂j−1

≥ 0, n = 1, . . . , j
(2.6)

derived from the expectations ê and R̂ with the understanding that
Êj := 0. For each future period n = 1, . . . , j, the value Ên ≥ 0 defines
the discounted non-capital income stream expected to receive after pe-
riod n. Likewise, given the current bond return R > 0, the value ε̂0/R
defines the expected future non-capital income stream discounted to
the decision period t = 0. Utilizing these values, the following lemma
establishes the desired properties of the consumer’s investment behav-
ior and the wealth process and provides conditions under which the
strategy set is non-empty.

Lemma 2.2.1 Let ε̂0 ≥ 0 and Ên ≥ 0, n = 1, . . . , j be defined as in
(2.6). Then for each strategy (C,Z) ∈ B(R, p,w) the following holds
true:

(i) The bond investments (y0, y1(·), . . . , yj−1(·)) associated with Z sat-
isfy

y0 ≥ −ε̂0/R and yn(sn1 ) ≥ −Ên for all sn1 ∈ Sn.
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(ii) The associated wealth process {Wn(Z, sn1 )}j
n=1 defined as in (2.5)

satisfies:
Wn(Z, sn1 ) ≥ −Ên for all sn1 ∈ Sn.

(iii) The strategy set B(R, p,w) is non-empty if and only if w ≥ −ε̂0/R.

Proof. We show the claim in (i) for n = j − 1 and then apply an
induction argument. Let (C,Z) ∈ B(R, p,w) be an arbitrary strategy.
Since C = R+ and there is no investment in the terminal period, the
consumption plan for period j must satisfy

cj = êj + R̂j−1 yj−1 + x�j−1(pj + dj) ≥ 0 (2.7)

for all sj1 ∈ Sj. If j > 1, let sj−1
1 ∈ Sj−1 be arbitrary but fixed. Then

(2.7) must hold for any sj ∈ S. Recalling that S = RM
++ × RM

+ , the
last term on the r.h.s. of (2.7) is non-negative but may become arbi-
trarily small. It follows that (2.7) can only be satisfied for all sj ∈ S

if R̂j−1yj−1 ≥ −êj. If j > 1 this requires yj−1(s
j−1
1 ) ≥ −Êj−1 for all

sj−1
1 ∈ Sj−1 while for j = 1 one must have y0 ≥ −ε̂0/R.

Now let n ∈ {0, 1, . . . , j−2} be arbitrary and assume that the claim
is true for n + 1, i.e., yn+1(sn+1

1 ) ≥ −Ên+1 for all sn+1
1 ∈ Sn+1. By

Definition 2.2.2

cn+1 = ên+1 + R̂n yn + x�n (pn+1 + dn+1) − yn+1 − x�n+1pn+1

≤ ên+1 + R̂n yn + x�n (pn+1 + dn+1) + Ên+1. (2.8)

Using a similar argument as in the first step equation (2.8) requires
that for all sn+1 ∈ S

ên+1 + R̂nyn + (pn+1 + dn+1)�xn + Ên+1 ≥ 0

and, therefore, ên+1 + R̂nyn + Ên+1 ≥ 0. For n > 0 this is equivalent
to yn(sn1 ) ≥ −Ên for all sn1 ∈ Sn. If n = 0 the above inequality requires
y0 ≥ −ε̂0/R. This proves claim (i). The assertion (ii) is an immediate
consequence of (i) and (2.5). The ’only if’ part in (iii) can be proved by
using Definition 2.2.2 (i) and the result from (i) to see that w < −ε̂0/R
implies c0 = w − y0 − x�p ≤ w − y0 ≤ w + ε̂0/R < 0 such that the
condition w ≥ −ε̂0/R is necessary. The ’if’ part in (iii) follows from
the fact that as soon as w ≥ −ε̂0/R the set B(R, p,w) will contain the
pure-bond investment strategy which never invests in any risky assets
m > 0 and consumes only in the terminal period of life. �
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Remark 2.2.1 One observes from Definition 2.2.2 and Lemma 2.2.1
that if w = −ε̂0/R the strategy set B(R, p,w) contains a single strategy
(C,Z) defined by the decision c0 = 0, y0 = −ε̂0/R, x0 = 0 and plans
cn ≡ 0, yn ≡ −Ên and xn ≡ 0 for each n = 1, . . . , j.

Based on the set B(R, p,w) of possible strategies available to the
consumer at time t = 0, the next goal is to set up a corresponding
decision problem. This requires assumptions on the consumer’s prefer-
ences about alternative strategies as well as on the perceived stochastic
nature of future asset prices and dividends. In this regard, recall that
at time t = 0 the consumer treats future prices and dividends s1, s2, . . .
as random variables. It is now assumed that he forms expectations for
those future prices and dividends which are within his planning horizon.
These expectations are characterized in the following assumption.

Assumption 2.2.1 Given the planning horizon j > 0 the consumer’s
expectations at time t = 0 for future asset prices and dividends are given
by a probability measure ν on the measurable product space

(
Sj,B(Sj)

)

defining a subjective joint probability distribution of the random vari-
ables s1, . . . , sj.

In the sequel we denote the class of all probability measures on(
Sj,B(Sj)

)
, j ≥ 1, by Prob(Sj). The following assumption characterizes

the consumer’s preferences over alternative consumption streams.

Assumption 2.2.2 Given the planning horizon j ≥ 1, the consumer’s
preferences over consumption within his remaining lifetime possess an
expected utility representation which is defined by the utility function

(c0, c1, . . . , cj) 	−→ u(c0) +
j∑

n=1

βnu(cn), β ∈]0, 1[. (2.9)

The instantaneous utility function u : C −→ R is continuous, strictly
increasing, and strictly concave.

For each strategy (C,Z) ∈ B(R, p,w) and sj1 ∈ Sj, define the utility
attained over the remaining lifetime

U0(C, s
j
1) := u(c0) +

j∑

n=1

βnu(cn(sn1 )).
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The expected utility induced by strategy (C,Z) ∈ B(R, p,w) is thus
given by

Eν [U0(C, ·)] =
∫

Sj

U0(C, s
j
1) ν(ds

j
1). (2.10)

Letting for each (R, p,w) for which B(R, p,w) 
= ∅

V0(R, p,w) := sup
{∫

Sj

U0(C, s
j
1) ν(ds

j
1)
∣∣∣(C,Z) ∈ B(R, p,w)

}
, (2.11)

the definition of an optimal strategy is then straightforward.

Definition 2.2.3 Given a triple (R, p,w) with B(R, p,w) 
= ∅, a strat-
egy (C�, Z�) ∈ B(R, p,w) is termed an optimal strategy if

∫

Sj

U0(C�, sj1) ν(ds
j
1) = V0(R, p,w), (2.12)

where V0(R, p,w) is defined in (2.11).

The consumer pursues the objective to choose an optimal strategy
(C�, Z�) ∈ B(R, p,w) in the sense of Definition 2.2.3. Formally his
decision problem at time t = 0 may be stated as

max
(C,Z)

{∫

Sj

U0(C, s
j
1) ν(ds

j
1)
∣∣∣(C,Z) ∈ B(R, p,w)

}
. (2.13)

Note, however, that the problem (2.13) is only well-defined if the supre-
mum in (2.11) is finite, i.e., if V0(R, p,w) < ∞. While this is trivially
satisfied for the case where the utility function u is bounded (as is often
assumed in the literature), this requirement turns out to be too strong
in many scenarios. This is for example the case with a logarithmic util-
ity function which is studied in Chapter 3. The following assumption
offers an alternative providing two sufficient conditions for the decision
problem (2.13) to be well-defined.

Assumption 2.2.3 Either of the following two conditions is satisfied:

(i) The utility function u : C −→ R in Assumption 2.2.2 is bounded.
(ii) The measure ν defined in Assumption 2.2.1 is supported on the

compact set4

S̄ = S̄1 × . . .× S̄j ∈ B(Sj) (2.14)

with each S̄n, n = 1, . . . , j, being compact.
4 The assumption that S̄ is of the product form stated in equation (2.14) is made

just for convenience. In principle, it suffices to have a compact set S̄.
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The following lemma shows that (ii) in Assumption 2.2.3 is indeed
sufficient for the decision problem to be well-defined even if u is not
bounded. The proof is given in Section 2.A.1 in Appendix 2.A of this
chapter.

Lemma 2.2.2 Let the utility function u satisfy the conditions stated
in Assumption 2.2.2 and assume that the joint distribution ν sat-
isfies Assumption 2.2.3 (ii). Then the supremum in (2.11) satisfies
V0(R, p,w) <∞ for all (R, p,w) for which B(R, p,w) 
= Ø.

In the sequel we assume that Assumption 2.2.3 is satisfied such that
the consumer’s decision problem (2.13) is well-defined. Associated with
a solution to (2.13) defining an optimal strategy (C�, Z�) is an optimal
decision (c�0, z

�
0) ∈ C × Z for t = 0. The main goal of the following

section is to state conditions under which this optimal decision is well-
defined and can be represented by a continuous function describing the
consumer’s demand behavior in the decision period.

2.3 Consumer Demand

The goal of this section is to investigate the existence of an optimal
strategy defining a solution to the consumer’s decision problem. Since
this task turns out to be trivial in the case where w = −ε̂0/R (see
Remark 2.2.1), assume for the following derivations that w > −ε̂0/R.
Employing a recursive solution technique from stochastic dynamic pro-
gramming we show that under some mild additional restrictions a con-
tinuous demand function describing the optimal consumption and in-
vestment decision for t = 0 can be defined.

To alleviate the subsequent notation define the following function
W : Z × S × R+ × R++ −→ R,

W
(
(y, x), (p, d), ê, R̂

)
:= ê+ R̂ y + x�(p+ d). (2.15)

Given expectations ên+1 ≥ 0, R̂n > 0 and a portfolio zn ∈ Z pur-
chased at time n the value W (zn, sn+1, ên+1, R̂n) describes the con-
sumer’s wealth in the following period depending on prices pn+1 and
dividends dn+1. The following definition introduces the concept of non-
redundant assets that will become important in the sequel.

Definition 2.3.1 A probability measure ν̂ on (S,B(S)) is said to in-
duce non-redundant assets if for any two portfolios z′, z′′ ∈ Z, z′ 
= z′′
the set A(z′, z′′) :=

{
s ∈ S|W (z′, s, 0, 1) 
= W (z′′, s, 0, 1)

} ∈ B(S) satis-
fies ν̂(A(z′, z′′)) > 0.
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Note that the set A(z′, z′′) in Definition 2.3.1 is indeed measur-
able due to the continuity of the function W (·). The property of non-
redundancy ensures that two distinct portfolios can not induce the
same return with probability one. This condition will turn out to be
necessary in order to obtain demand functions. Intuitively, it is clear
that otherwise the consumer’s portfolio decision may not be uniquely
determined. Note that the property of non-redundancy depends neither
on the expected non-capital income nor on the bond return which is
the reason why they have been set to zero and unity in the definition.5

The subsequent recursive solution of the consumer’s decision prob-
lem requires to characterize for each n ≥ 1 the conditional distribu-
tion of the random variable sn depending on the previous observations
s1, . . . , sn−1. Clearly, if j = 1, this task is trivial. If j > 1, the following
lemma describes how the joint probability distribution ν introduced in
Assumption 2.2.1 can be factorized into conditional probabilities and
a marginal probability. Here 1B denotes the characteristic function on
the set B which satisfies 1B(x) = 1 if x ∈ B and 1B(x) = 0 otherwise.
The proof is given in Section 2.A.2 in Appendix 2.A of this chapter.

Lemma 2.3.1 Let j > 1 be arbitrary and let S = RM
++ × RM

+ as be-
fore. Then there exists a factorization of the measure ν into conditional
probabilities Qn : Sn−1 × B(S) −→ [0, 1], n = 2, . . . , j, and a marginal
probability ν1 : B(S) −→ [0, 1] such that for each B ∈ B(Sj):

ν(B) =
∫

S

· · ·
∫

S

1B(sj1)Qj(s
j−1
1 , dsj) · · ·Q2(s1, ds2)ν1(ds1). (2.16)

The factorization is ν–a.s. unique.

For each n = 2, . . . , j the map Qn(sn−1
1 , ·) : B(S) −→ [0, 1] defines the

conditional distribution of the random variable sn depending on the
previous observations s1, . . . , sn−1. Similarly, the measure ν1 defines
the marginal distribution of the random variable s1. The following as-
sumption imposes some additional restrictions on these distributions.

Assumption 2.3.1 Each of the conditional probability distributions
Qn(sn−1

1 , ·), n = 2, . . . , j as well as the marginal probability distribution
ν1 from Lemma 2.3.1 each defined on the measurable space (S,B(S))
satisfy the following conditions:
5 It can be shown that a sufficient condition for ν̂ to induce non-redundant assets is

that for each a ∈ R2M and b ∈ R the hyperplane H(a, b) := {s ∈ S|s�a = b} sat-
isfies ν̂(H(a, b)) < 1. This condition is always satisfied if the variance-covariance
matrix Σ̂ := Eν̂

ˆ
(s − Eν̂ [s])(s − Eν̂ [s])�

˜
is positive definite and shows that the

requirement of non-redundancy is not too strong.
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(i) Each Qn has the following Feller-property (see [59] for details): For
each bounded and continuous function h : H × Sn −→ R, H ⊂ Rm

the integral function H(x, sn−1
1 ) :=

∫
S
h(x, sn−1

1 , s)Qn(sn−1
1 , ds) is

again bounded and continuous on H × Sn−1.
(ii) The assets are non-redundant in the sense of Definition 2.3.1 with

respect to each conditional distribution Qn(sn−1
1 , ·) as well as with

respect to the marginal distribution ν1.

Equipped with these technical preparations consider now the ex-
istence of a solution to the consumer’s decision problem (2.13). The
idea of the following recursive solution technique is to split the orig-
inal j-period decision problem into a sequence of j one-stage prob-
lems. Since this task is again trivial if j = 1, assume for the follow-
ing derivations that j > 1. Define the following list of value func-
tions Vn : [−Ên,∞[ × Sn −→ R, n = 1, . . . , j recursively by setting
Vj(wj , s

j
1) := u(wj) and for each n = 1, . . . , j − 1

Vn(wn, s
n
1 ) := (2.17)

max
(c,z)∈Bn(wn,pn)

{
u(c) + β

∫

S

Vn+1

(
W (z, s, ên+1, R̂n), sn1 , s

)
Qn+1(sn1 , ds)

}

where the budget set at time n is defined as

Bn(wn, pn) :=
{

(c, y, x) ∈ C × Y × X

∣∣∣c+ y + x�pn = wn, y ≥ −Ên

}
.

(2.18)
In the literature the recursion (2.17) is called Bellmann’s equation. The
following proposition ensures that the functions in (2.17) are indeed
well-defined objects.

Proposition 2.3.1 Let Assumptions 2.2.1– 2.3.1 be satisfied. Then
the following holds true:

(i) The value functions Vn : [−Ên,∞[×Sn −→ R, n = 1, . . . , j defined
recursively by (2.17) are all well-defined and continuous. If u is
bounded, so is each Vn.

(ii) Each Vn(·, sn1 ) is strictly increasing and strictly concave for sn1 ∈ Sn.
(iii) At each stage n = 1, . . . , j − 1 the solutions to the maximization

problem in (2.17) can be represented by a pair of continuous func-
tions (c�n, z

�
n) : [−Ên,∞[×Sn −→ C × Z.

Proof. Since Vj(wj , s
j
1) = u(wj), properties (i) and (ii) are obviously

true for n = j. Hence assume by way of induction that there exists
n ∈ {1, . . . , j − 1} such that Vn+1 satisfies properties (i) and (ii). We
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show that this implies the properties (i) and (ii) for the function Vn

and the solution to problem (2.17) satisfies (iii). In this regard, the
first part of the proof covers the case where Assumption 2.2.3 (i) is
satisfied and the utility function u is bounded. The second part extends
the argument to an unbounded utility function by assuming that the
measure ν satisfies Assumption 2.2.3 (ii).

The first induction hypothesis is that Vn+1(·) is well-defined, con-
tinuous, and bounded and Vn+1(·, sn+1

1 ) : [−Ên+1,∞[−→ R is strictly
increasing and strictly concave for each fixed sn+1

1 ∈ Sn+1. We show by
induction that this implies that (i) and (ii) hold true for Vn and the
solution at stage n satisfies (iii). To enhance readability the remainder
of this proof is organized in five steps.
Step 1. Let sn1 ∈ Sn and wn ≥ −Ên be arbitrary but fixed. Define the
set Bn(wn, pn) as in (2.18) which is non-empty since wn ≥ −Ên. For
each (c, z) ∈ Bn(wn, pn) let

Un(c, z; sn1 ) := u(c) + β
∫

S

Vn+1

(
W (z, s, ên+1, R̂n), sn1 , s

)
Qn+1(sn1 , ds).

(2.19)
The integral in (2.19) is well-defined since for all (c, y, x) ∈ Bn(wn, pn)
one has by (2.15) W ((y, x), (p, d), ên+1, R̂n) = ên+1+R̂ny+x�(p+d) ≥
ên+1 − R̂nÊn = −Ên+1 for each s = (p, d) ∈ S. Moreover, Assumptions
2.2.2 and 2.3.1 (i) together with the induction hypothesis imply that
Un(·) is continuous and bounded. Since pn � 0 the set Bn(wn, pn) is
compact implying that the maximization problem

max
(c,z)∈C×Z

{
Un(c, z; sn1 )

∣∣∣(c, z) ∈ Bn(wn, pn)
}

(2.20)

possesses a solution (c�, z�).
Step 2. We show that the solution to (2.20) is unique. Since Bn(wn, pn)
is convex, it suffices to show that the map Un(·, sn1 ) is strictly concave.
Let (c′, z′), (c′′, z′′) ∈ Bn(wn, pn), (c′, z′) 
= (c′′, z′′) and λ ∈]0, 1[ be
arbitrary and define (cλ, zλ) := λ(c′, z′) + (1 − λ)(c′′, z′′). We show
that Un(cλ, zλ, sn1 ) > λUn(c′, z′, sn1 ) + (1 − λ)Un(c′′, z′′, sn1 ). If z′ = z′′,
this is trivially satisfied, for in this case c′ 
= c′′ and the assertion
follows immediately from the strict concavity of u(·). So assume z′ 
= z′′.
The non-redundancy condition (ii) from Assumption 2.3.1 implies that
the set An(z′, z′′) :=

{
s ∈ S|W (z′, s, ên+1, R̂n) 
= W (z′′, s, ên+1, R̂n)

}

has positive measure, i.e., Qn+1(sn1 , An(z′, z′′)) > 0. Furthermore, the
linearity of W (·, ·, ên+1, R̂n) gives

W (zλ, s, ên+1, R̂n) = λW (z′, s, ên+1, R̂n) + (1 − λ)W (z′′, s, ên+1, R̂n)
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for all s ∈ S. This together with the strict concavity of the function
Vn+1(·, sn+1

1 ) yields the inequality

Vn+1(W (zλ, s, ên+1, R̂n), sn1 , s) ≥ λVn+1(W (z′, s, ên+1, R̂n), sn1 , s)
+(1 − λ)Vn+1(W (z′′, s, ên+1, R̂n), sn1 , s)

(2.21)
for all s ∈ S whereas the inequality is strict for s ∈ An(z′, z′′). Further-
more, the strict concavity of u implies that u(cλ) ≥ λu(c′)+(1−λ)u(c′′).
Integrating both sides of (2.21) and applying Lemma 2.B.1 from Ap-
pendix 2.B yields the desired inequality

Un(cλ, zλ; sn1 )

= u(cλ) + β
∫

S

Vn+1(W (zλ, s, ên+1, R̂n), sn1 , s)Qn+1(sn1 , ds)

> λ
(
u(c′) + β

∫

S

Vn+1(W (z′, s, ên+1, R̂n), sn1 , s)Qn+1(sn1 , ds)
)

+(1 − λ)
(
u(c′′) + β

∫

S

Vn+1(W (z′′, s, ên+1, R̂n), sn1 , s)Qn+1(sn1 , ds)
)

= λUn(c′, z′; sn1 ) + (1 − λ)Un(c′′, z′′; sn1 ).

This result permits us to define the solution to the maximization prob-
lem (2.20) as a pair of functions (c�n, z

�
n) : [−Ên,∞[×Sn −→ C × Z,

(c�n, z
�
n)(wn, s

n
1 ) := arg max

c,z

{
Un(c, z; sn1 )

∣∣∣(c, z) ∈ Bn(wn, pn)
}
. (2.22)

Step 3. We claim that the mappings (c�n, z�
n)(·) and the function Vn(·)

are both continuous. To see this, define the budget set for alternative
(wn, pn) as a correspondence Bn : [−Ên,∞[×RM

++ ⇒ C × Z, which is
non-empty-, compact- and convex-valued on its domain of definition.
Furthermore, we show in Lemma 2.B.4 in Appendix 2.B that Bn is con-
tinuous. This together with the continuity of the function Un implies
the continuity of the solution functions (c�n, z

�
n)(·) by virtue of the The-

orem of the Maximum (cf. [59, p. 57, 62]). Substituting the solution
(2.22) into (2.20) yields the value function defined for all wn ≥ −Ên

and sn1 ∈ Sn as

Vn(wn, s
n
1 ) = Un (c�n(wn, s

n
1 ), z�

n(wn, s
n
1 ); sn1 ) , (2.23)

the continuity of which follows immediately from the continuity of the
functions Un(·) and (c�n, z�

n)(·).
Step 4. We show that the map Vn(·, sn1 ) is strictly concave. Let w′, w′′

and λ ∈]0, 1[ be arbitrary such that w′ ≥ −Ên, w′′ ≥ −Ên and w′ 
= w′′.
Set wλ := λw′ + (1−λ)w′′. Let (c′�, z′�) := (c�, z�)(w′, sn1 ) ∈ Bn(w′, pn)
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and (c′′�, z′′�) := (c�, z�)(w′′, sn1 ) ∈ Bn(w′′, pn) be the optimal solutions
pertaining to w′ and w′′ and let (c�λ, z

�
λ) := λ(c′�, z′�)+ (1−λ)(c′′�, z′′�)

be their convex combination. Note that (c�λ, z
�
λ) ∈ Bn(wλ, pn) but pos-

sibly (c�λ, z
�
λ) 
= (c�, z�)(wλ, s

n
1 ), i.e., (c�λ, z

�
λ) does not have to be the

optimal solution at wλ. Also note from the budget set that w′ 
= w′′
implies that (c′�, z′�) 
= (c′′�, z′′�). This together with (2.23) and the
strict concavity of the function Un(·, sn1 ) therefore implies the desired
inequality

Vn(wλ, s
n
1 ) ≥ Un (c�λ, z

�
λ; sn1 ) .

= Un

(
λ(c′�, z′�) + (1 − λ)(c′′�, z′′�); sn1

)

> λUn

(
c′�, z′�; sn1

)
+ (1 − λ)Un

(
c′′�, z′′�; sn1

)

= λVn(w′, sn1 ) + (1 − λ)Vn(w′′, sn1 ).

Step 5. We are left to show that Vn(·, sn1 ) is strictly increasing. To
this end, let w′ > w′′ ≥ −Ên be arbitrary. Let (c′�, z′�) and (c′′�, z′′�)
be defined as in the previous step and set δ := w′ − w′′ > 0 and
(c�δ , z

�
δ ) := (c′′� + δ, z′′�). Note that (c�δ , z

�
δ ) ∈ Bn(w′, pn) but possibly

(c′�, z′�) 
= (c�δ , z
�
δ ). Hence, exploiting the strict monotonicity of u:

Vn(w′, sn1 ) ≥ Un (c�δ , z
�
δ ; sn1 ) = Un

(
c′′� + δ, z′′�; sn1

)

> Un

(
c′′�, z′′�; sn1

)
= Vn(w′′, sn1 ).

Consider now the second case where u is not necessarily bounded
but ν satisfies Assumption 2.2.3 (ii). The previous induction proof may
then be repeated under the induction hypothesis that Vn+1(·) is well-
defined and continuous and Vn+1(·, sn+1

1 ) : [−Ên+1,∞[−→ R is strictly
increasing and strictly concave for each sn+1

1 ∈ Sn+1. From Lemma
2.B.3 it follows that for each sn1 ∈ Sn the measure Qn+1(sn1 , ·) is sup-
ported on a subset of the compact set S̄n+1. From Lemma 2.B.2 and the
Feller-property of Qn+1 it then follows that for each (c, z) ∈ Bn(wn, pn)
and sn1 ∈ Sn the function

Un(c, z; sn1 ) := u(c)+β
∫

S̄n+1

Vn+1

(
W (z, s, ên+1, R̂n), sn1 , s

)
Qn+1(sn1 , ds)

(2.24)
is well-defined (i.e., Un(c, z; sn1 ) < ∞) and continuous. Repeating the
steps 1–5 of the previous argument then shows the claim. �
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Utilizing the value function V1 obtained in the final recursion
step, consider the following one-stage decision problem defined for all
(R, p) � 0 and w > −ε̂0/R:

max
(c,z)∈B0(R,p,w)

{
u(c) + β

∫

S

V1

(
W (z, s, ê1, R), s

)
ν1(ds)

}
(2.25)

where the budget set at time t = 0 is defined as

B0(R, p,w) :=
{

(c, y, x) ∈ C × Y × X

∣∣∣ c+ y + x�p = w, y ≥ −ε̂0/R
}
.

(2.26)
The following theorem shows that the solution to (2.25) is unique and
can be used together with the functions defined by (2.22) to construct
an optimal strategy.

Theorem 2.1. Let the hypotheses of Proposition 2.3.1 be satisfied and
let the functions (c�n, z�

n), n = 1, . . . , j be defined as in (2.22) where
c�j (wj , s

j
1) := wj and z�

j (sj1) := 0 ∀sj1 ∈ Sj. Then for each (R, p) � 0
and w > −ε̂0/R the following holds true:

(i) The problem (2.25) has a unique solution (c�0, z
�
0) ∈ C × Z.

(ii) The strategy (C�, Z�) defined by the optimal decision (c�0, z
�
0) from

(i) and plans (c�n
′, z�

n
′) : Sn −→ C × Z, n = 1, . . . , j defined recur-

sively as6

c�n
′(sn1 ) := c�n(W (z�

n−1
′(sn−1

1 ), sn, ên, R̂n−1), sn1 )
z�
n
′(sn1 ) := z�

n(W (z�
n−1

′(sn−1
1 ), sn, ên, R̂n−1), sn1 )

is an optimal strategy in the sense of Definition 2.2.3.
(iii) For any strategy (C,Z) ∈ B(R, p,w):

(c0, z0) 
= (c�0, z
�
0) ⇒ Eν [U0(C, ·)] < Eν [U0(C�, ·)] .

The proof of Theorem 2.1 can be found in Section 2.A.3 in Appendix
2.A of this chapter. It asserts that an optimal strategy exists and can be
constructed from the solutions obtained from the recursive definition
(2.17). More importantly, however, it ensures that the optimal decision
for t = 0 is uniquely defined by the solution to the one-stage problem
(2.25). For alternative prices (R, p) and wealth w determined by (2.4)
this optimal decision defines the demand behavior of the consumer in
the decision period.

The main result of this section is stated in the following theorem.

6 By abuse of notation we set z�
n−1

′(sn−1
1 ) := z�

0 if n = 0.
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Theorem 2.2. Let the consumer’s planning horizon j ∈ {1, . . . , J} and
expectations ê = (ê1, . . . , êj) ∈ R

j
+, R̂ = (R̂1, . . . , R̂j−1) ∈ R

j−1
++ and

ν ∈ Prob(Sj) be given and let Assumptions 2.2.1–2.3.1 be satisfied.
Then there exists a continuous demand function ϕ(j)(·; ν, ê, R̂) defined
for all (R, p) � 0 and w ≥ −ε̂0/R as

ϕ(j)(R, p,w; ν, ê, R̂) =




ϕ

(j)
c (R, p,w; ν, ê, R̂)
ϕ

(j)
y (R, p,w; ν, ê, R̂)
ϕ

(j)
x (R, p,w; ν, ê, R̂)



 (2.27)

:= arg max
(c,y,x)∈B0(R,p,w)

{
u(c) + β

∫

S

V1

(
W (y, x, s, ê1, R), s

)
ν1(ds)

}
.

Proof. Existence of the demand function follows immediately from
Theorem 2.1 (i). Continuity can be proved as in step 3 in the proof of
Proposition 2.3.1. In this regard, continuity of the budget correspon-
dence (R, p,w) 	−→ B0(R, p,w) with B0(R, p,w) being defined as in
(2.26) follows by applying Lemma 2.B.4, noting that for each R > 0
B0(R, p,w) = {(c, y, x) ∈ C × Y × X | c+ y + x�p = Rw, y ≥ −ε̂0}. �

Given expectations, the function ϕ(j)(·; ν, ê, R̂) describes the con-
sumer’s optimal consumption and investment in bonds and stocks in
the decision period t = 0 for alternative prices (R, p) � 0 and wealth
w ≥ −ε̂0/R determined by (2.4). At this point, some remarks about the
consumer’s wealth w and the condition w ≥ −ε̂0/R are in order. The
previous derivations treated initial wealth w as a separate parameter.
However, by virtue of equation (2.4), whenever j < J the consumer’s
wealth will generically depend on prices p of the current period. Hence,
for a consumer with planning horizon j < J one could alternatively de-
fine his demand as a function ϕ̃(j)(·) of current prices (R, p) � 0 taking
as given his current non-capital income e0 ≥ 0, the dividend payment
d0 ∈ RM

+ and his previous portfolio z−1 = (y−1, x−1) ∈ Z together with
the previous bond return R−1 > 0. Using (2.4), (2.15) and (2.27) yields

ϕ̃(j)(R, p; d0, e0, z−1, R−1, ν, ê, R̂)

:= ϕ(j)(R, p,W (z−1, p, d0, e0, R−1); ν, ê, R̂).

In the sequel, however, the form (2.27) will be more convenient.
Another issue concerns the condition w ≥ −ε̂0/R which was required

to obtain a non-empty strategy set B(R, p,w). From equation (2.4)
we see that this constraint is automatically satisfied for any young
consumer with wealth w = e0. For any non-young consumer with j < J
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who owns an initial portfolio z−1 = (y−1, x−1) ∈ Z from the previous
period equation (2.4) implies that the condition w ≥ −ε̂0/R can be
written as

e0 +R−1y−1 + (p+ d0)�x−1 ≥ −ε̂0/R. (2.28)

Since by (2.6) ε̂0 ≥ 0, it is clear that (2.28) can only be violated if
y−1 < 0, i.e., if the consumer has taken credit by selling bonds in the
previous period. Observe that a sufficient condition for (2.28) to hold
is that y−1 ≥ −(e0/R−1 + ε̂0/(RR−1)). However, Lemma 2.2.1 has
shown that there exist lower bounds on the consumers credit taking
behavior which are determined by the expectations for his discounted
future non-capital income stream. Given these subjective expectations
the consumer chooses a strategy which ensures his solvency at any
point in time for any possible realization of future prices and dividends.
Hence, we see that if during the previous t = −1 the consumer has
correctly anticipated his non-capital income e0 and the bond return
R > 0 at time t = 0 (and continues to hold the same expectations for
his discounted future non-capital income stream), the inequality y−1 ≥
−(e0/R−1 + ε̂0/(RR−1)) is automatically satisfied as a consequence of
the consumer’s credit taking behavior during the previous period. From
a sequential point of view, it is therefore clear that as long as consumers’
predictions for future non-capital income and future bond returns are
correct or at least sufficiently precise, bankruptcy is excluded by the
behavior of consumers themselves. Clearly, if expectations fail to be
correct and actual realizations deviate too much from their predicted
values, a potential problem of bankruptcy comes into play (which may
still be avoided if dividend payments and/or asset prices are sufficiently
large). In the sequel we will set aside this issue by restricting attention
to those cases where consumers remain solvent at each point in time.

Returning to the general time structure of the model as introduced
in Section 2.1, assume that in each period t each consumer solves a
decision problem of the form (2.13). The expectations held by a con-
sumer belonging to generation j ∈ {1, . . . , J} at time t will be de-
noted as ê(j)t := (e(j)t,t+n)jn=1 ∈ R

j
+, R̂(j)

t := (R̂t,t+n)j−1
n=1 ∈ R

j−1
++ and

ν
(j)
t ∈ Prob(Sj). Here e(j)t,t+n ≥ 0 and R̂t,t+n > 0 denote the consumer’s

expectations held at time t for his non-capital income and the bond
return at time t+n. Observe that the latter forecasts are homogeneous
among consumers such that the lists R̂(j)

t differ only in their length due
to the different remaining lifetimes. Also note that R(1)

t is empty.
Each consumer’s preferences are assumed to be of the form stated

in Assumption 2.2.2 for some common utility function u : C −→ R and
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discount factor β ∈]0, 1[. For all t and j the measure ν(j)
t is assumed

to satisfy the conditions listed in Assumptions 2.2.1 and 2.3.1. In addi-
tion, preferences and expectations are assumed to satisfy Assumption
2.2.3. It then follows from Theorem 2.2 that for each j = 1, . . . , J each
consumer’s demand behavior can be described by some continuous de-
mand function (R, p,w) 	−→ ϕ(j)(R, p,w; ν(j)

t , ê
(j)
t , R̂

(j)
t ) with wealth w

being determined by (2.4). Since the members of the old generation
j = 0 do not invest and consume their terminal wealth defined by (2.4)
the demand function of consumers in generation j = 0 are defined as

ϕ(0)(R, p,w) =




ϕ

(0)
c (R, p,w)
ϕ

(0)
y (R, p,w)
ϕ

(0)
x (R, p,w)



 :=




w
0
0



 . (2.29)

2.4 Decision Problem of Firms

Next consider the production and investment behavior of firms in the
economy.7 Recall that there are M ≥ 1 firms, indexed m = 1, . . . ,M .
Assume that each firm produces a homogeneous consumption good
using labor and capital as input factors. In addition, the production
process of each firm is subjected to random shocks.

More specifically, consider a typical firm m at time t. Let K(m)
t > 0

denote the firm’s capital stock and L(m)
t ≥ 0 labor input employed at

time t. The production shock η(m)
t is modeled as a random variable

taking values in the interval [0, η(m)
max]. Based on these quantities the

production output produced at time t is determined by the production
function F (m) : R+ × R+ × [0, η(m)

max] −→ R+

F (m)(L(m)
t ,K

(m)
t , η

(m)
t ) = f (m)(L(m)

t ,K
(m)
t ) + η(m)

t , m = 1, . . . ,M.
(2.30)

The particular functional form of the production process (2.30) with
additive noise is assumed mainly for technical reasons. While this struc-
ture will be convenient for the subsequent derivations, it should be pos-
sible to relax this specification and to allow for more general functional
forms F (m) in future extensions of the model.

The following assumption specifies additional properties of each
firm’s production technology as well as the perceived stochastic nature
of the noise process.

7 The following section draws on ideas from [2], [10] and [51].
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Assumption 2.4.1 For each firm m = 1, . . . ,M the following hy-
potheses are satisfied:

(i) The map (L,K) 	−→ f (m)(L,K) in (2.30) is C2, linear homoge-
neous, strictly increasing, and strictly quasi-concave. The deriva-
tives satisfy ∂Lf

(m)(·) := ∂f(m)

∂L (·) > 0, ∂Kf
(m)(·) := ∂f(m)

∂K (·) > 0,

∂LLf
(m)(·) := ∂2f(m)

(∂L)2 (·) < 0 and ∂KKf
(m)(·) := ∂2f(m)

(∂K)2 (·) < 0.
(ii) Each firm treats the noise terms in its production technology (2.30)

as an i.i.d. process {η(m)
t }t of random variables taking values in

some compact interval [0, η(m)
max]. The expected value η̄(m) := E

[
η

(m)
t

]

is known to firm m.

As before, denote by ωt > 0 the real wage per unit of labor at time t.
A typical firm m in period t takes its current capital stock K(m)

t > 0 as
given and decides about labor input L(m)

t ≥ 0 and investment I(m)
t ≥ 0,

the latter being measured in units of capital. Assuming that capital
depreciates at a constant rate δ ∈]0, 1[ which is common to all firms,
any investment decision I

(m)
t made at time t determines the firm’s

capital stock in the following period according to

K
(m)
t+1 = I

(m)
t + (1 − δ)K(m)

t , m = 1, . . . ,M. (2.31)

In order to extend its capital stock each firm can transform consump-
tion goods into capital goods. As in [2], suppose that given the current
capital stock K

(m)
t > 0, the amount of consumption goods firm m

needs to produce I(m)
t ≥ 0 units of new capital is determined by the

adjustment cost function G(m) : R+ × R++ −→ R+,

G(m)(I,K) := K g(m)(I/K), m = 1, . . . ,M. (2.32)

The function G(m) may therefore be viewed as an input requirement
function for an underlying capital adjustment technology. Its proper-
ties are mainly determined by the function g(m) which depends on the
investment ratio i := I/K. The properties of this function are stated
in the following assumption.8

Assumption 2.4.2 For each firm m = 1, . . . ,M the adjustment cost
function g(m) : R+ −→ R+ is strictly increasing and satisfies gm(0) = 0.
Moreover, g(m) is C2 and strictly convex on R++ and the first derivative
satisfies limi→∞ g(m)′ (i) = ∞.
8 To alleviate the terminology, the function g(m) will also be referred to as the

firm’s adjustment cost function. Likewise we shall call f (m) the firm’s production
function. No confusion shall arise.
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The property of strict convexity excludes the traditional one-to-one re-
lation between consumption and capital goods in which the identity
g(m)(i) = i holds. Also observe that the function g(m) may have a dis-
continuity at zero. Economically, this may be justified by some fixed
costs to investment which have to be incurred whenever the invest-
ment is positive. A more detailed account on this and the theory of
adjustment costs in general may be found in [54].

Assume that the firm’s investment decision I(m)
t at time t is exclu-

sively financed by issuing bonds B(m)
t ≥ 0 inducing the obligation to

repay RtB
(m)
t units of output/consumption good at time t+ 1. Recall-

ing that the bond price is normalized to unity, one immediately finds
that investment decision and bond supply at time t are related as

B
(m)
t = G(m)(I(m)

t ,K
(m)
t ) = K

(m)
t g(m)(I(m)

t /K
(m)
t ), m = 1, . . . ,M.

(2.33)
After paying for labor and the bond debt incurred in the previous
period, each firm distributes its excess output as a dividend payment
to its shareholders. Letting as before x̄(m) > 0 denote the total number
of shares in the market, the dividend payment (per share) of firm m at
time t is given by

d
(m)
t =

f(L(m)
t ,K

(m)
t ) + η(m)

t − ωtL
(m)
t −Rt−1B

(m)
t−1

x̄(m)
, m = 1, . . . ,M.

(2.34)
In order to derive the firm’s labor demand L

(m)
t and investment

decision I(m)
t from a suitably defined decision problem consider a typical

firm m in an arbitrary period t. To alleviate the notation we adopt a
similar convention as in Section 2.2 setting t = 0 and suppressing the
index m and the time index referring to the decision period. Let the
firm’s current capital stock K0 > 0 and the bond debt R−1B−1 ≥ 0
resulting from the previous investment decision be given. The current
real wage and the current bond return enter the decision problem as
parameters ω > 0 and R > 0, respectively. Furthermore, it is assumed
that the decision problem is solved after the current shock η0 has been
observed.

Given these quantities, assume that the firm seeks to act in favor
of its shareholders by maximizing expected dividend payments. For
simplicity, suppose that the firm has a one-period planning horizon such
that only today’s and tomorrow’s dividend payment are considered in
the decision problem (a related setting has been adopted in [51]). Due
to the assumption that investment is exclusively financed by issuing
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bonds the labor demand and investment decision can be determined
separately. Suppose first that the firm chooses labor input at time t = 0
to maximize the current dividend payment. Using (2.34) this implies
that current labor demand is a solution to the optimization problem

max
L≥0

{
f(L,K0) + η0 − ωL−R−1B−1

x̄

}
. (2.35)

In particular, labor demand is independent of the bond return R. This
property will become crucial for the derivation of equilibrium prices in
Section 2.5. Also note that neither the additive terms η0 and R−1B−1

nor the scaling factor x̄−1 affect the solution to (2.35).
As a second step, suppose that the firm chooses its investment at

time t = 0 to maximize the expected dividend payment of the following
period. For this purpose, the firm holds expectations ω̂1 > 0 for the real
wage prevailing in the following period t = 1. The decision involves an
investment decision I made at time t = 0 and planned labor demand L1

for the following period. These are chosen subject to the constraint that
next period’s dividend be non-negative for any possible realization of
the production shock. Using equations (2.31)–(2.34) the corresponding
maximization problem reads

max
(I,L1)≥0

{
f(L1, I + (1 − δ)K0) + η̄ − ω̂1L1 −RK0g(I/K0)

x̄

s.t. f(L1, I + (1 − δ)K0) − ω̂1L1 ≥ RK0g(I/K0)
}
.

(2.36)
Similar to (2.35) neither the additive term η̄ nor the scaling factor x̄−1

affect the solution to (2.36).
Before we state conditions under which solutions to (2.35) and (2.36)

exist, some technical preparations are required. First note that f be-
ing linear homogeneous implies that the map (L,K) 	−→ ∂Lf(L,K) =
∂Lf(L/K, 1) is homogeneous of degree zero (cf. [52, p. 928, Theorem
M.B.1]). This together with our assumptions made on f ensure that
the limits ω := limL→∞ ∂Lf(L,K) and ω := limL→0 ∂Lf(L,K) do not
depend on K and satisfy 0 ≤ ω < ω ≤ ∞. It follows that the map
∂Lf(·, 1) : R++ −→]ω, ω[ is bijective and strictly monotonically de-
creasing with an inverse denoted by l :]ω, ω[−→ R++ which is also
strictly decreasing. Let g0 := limi↘0 g(i) ≥ 0 and g′0 := limi↘0 g

′(i) ≥ 0.
Note that g0 = 0 if and only if the function g is continuous on R+. The
properties of the function g imply that the map g′ : R++ −→]g′0,∞[
is bijective and therefore has an inverse (g′)−1 :]g′0,∞[−→ R++. More-
over, both maps are strictly monotonically increasing. Finally, denote
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by Eg(i) := g′(i) i
g(i) the elasticity of the cost function g defined for all

i > 0. Equipped with these prerequisites the following theorem estab-
lishes the existence and the functional form of a solution to the firm’s
decision problem.

Proposition 2.4.1 Let Assumptions 2.4.1 and 2.4.2 be satisfied and
let R−1B−1 ≥ 0, K > 0, and η0 ∈ [0, ηmax] be given. Assume that the
values ω > 0, ω̂1 > 0 and R > 0 satisfy the following two hypotheses:

(a) Both ω and ω̂1 lie within the interval ]ω, ω[.

(b) If g′0 > 0, the pair (R, ω̂1) satisfies R <
∂Kf(l(ω̂1), 1)

g′0
.

Then the solutions to the firm’s optimization problems are as follows:

(i) Current labor demand derived from (2.35) is determined as

L� = l(ω)K0 (2.37)

where the function l(·) is defined as above. Moreover, the current
dividend payment is non-negative if and only if

∂Kf(l(ω), 1)K0 + η0 ≥ R−1B−1. (2.38)

(ii) The optimal investment decision and planned labor demand derived
from (2.35) are given by

I� =

{
i(R; ω̂1)K0, if Eg(i(R; ω̂1)) > 1

0 otherwise

L�
1 = l(ω̂1)(I� + (1 − δ)K0)

(2.39)

with the function l(·) being defined as above and

i(R; ω̂1) := (g′)−1
(
R−1∂Kf(l(ω̂1), 1)

)
.

Moreover, the solution is unique if and only if Eg(i(R; ω̂1)) 
= 1.

Proof. We prove both claims (i) and (ii) separately.
(i). Consider first the solution to (2.35). Exploiting (a) it follows from
the properties of the function f that any solution has to satisfy the
(necessary and sufficient) first order condition

∂Lf(L�,K0) − ω != 0 (2.40)

which is equivalent to (2.37). An application of Euler’s formula (cf. [52,
p. 928, Theorem M.B.2]) gives
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f(L�,K0) + η0 − ωL� −R−1B−1 = ∂Kf(l(ω), 1)K0 + η0 −R−1B−1

proving the second statement in (i).
(ii). To alleviate the notation define the mapH : R2

+ −→ R,H(L1, I) :=
f(L1, I + (1 − δ)K0) − ω̂1L1 − RK0g(I/K0). Omitting the constant η̄
and the scaling factor x̄−1 the solution to (2.36) may be obtained from
the following equivalent problem

max
L1≥0,I≥0

{
H(L1, I) s.t. H(L1, I) ≥ 0

}
. (2.41)

Noting that H(0, 0) = f(0, (1 − δ)K0) ≥ 0 the constraint H(L1, I) ≥ 0
in (2.41) can be dispensed with since it will automatically be satisfied
by any solution (I�, L�

1). Since H need not be continuous we partition
its domain R2

+ into the disjoint subsets Λ+ := {(L, I) ∈ R2
+|I > 0} and

Λ0 := {(L, I) ∈ R2
+|I = 0} and consider the maximum of H on each

of the two sets separately. To enhance readability the remainder of the
proof is organized in three steps.
Step 1. We show thatH has a unique global maximum on Λ+ where the
maximizer is denoted (L�

+, I
�
+). To this end, note by Assumptions 2.4.1

(i) and 2.4.2 that H is C2 and strictly quasi-concave on the convex set
Λ+. The claim will follow if we show the existence of a pair (I�

+, L
�
+) � 0

which solves the necessary and sufficient first order conditions

∂L1H(L�
+, I

�
+) = ∂Lf(L�

+, I
�
+ + (1 − δ)K0) − ω̂1

!= 0

∂IH(L�
+, I

�
+) = ∂Kf(L�

+, I
�
+ + (1 − δ)K0) −Rg′(I�

+/K0)
!= 0.

(2.42)
Exploiting (i), (iii) and Assumption 2.4.2 together with Euler’s for-
mula implying that f(l(ω̂1), 1) − ω̂1l(ω̂1) = ∂Kf(l(ω̂1), 1) the solution
to (2.42) can be calculated explicitly as

L�
+ = l(ω̂1)(i(R; ω̂1) + (1 − δ))K0 > 0
I�
+ = i(R; ω̂1)K0 > 0. (2.43)

Exploiting the linear homogeneity of the function f and Euler’s formula
the (possibly negative) value of the objective function H at the point
(I�

+, L
�
+) ∈ Λ+ computes

H(I�
+, L

�
+) =

(
∂Kf(l(ω̂1), 1)

(
i(R; ω̂1)+1−δ)−Rg◦i(R; ω̂1)

)
K0. (2.44)

Step 2. We show that H has a unique global maximum on Λ0 where
the maximizer is denoted (L�

0, 0). To this end, note that Λ0 is a convex
set and the map L1 	−→ H(L1, 0) = f(L1, (1− δ)K0)− ω̂1L1 is C2 and
strictly concave (a routine calculation shows that the second derivative
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satisfies ∂LLH(L, 0) = ∂LLf(L, (1 − δ)K0) < 0) by virtue of Assump-
tion 2.4.1. The necessary and sufficient condition for H to have a global
maximum at the point (L�

0, 0) ∈ Λ0 is thus

∂L1H(L�
0, 0) = ∂Lf (L�

0, (1 − δ)K0) − ω̂1
!= 0 ⇔ L�

0 = l(ω̂1)(1 − δ)K0.
(2.45)

It follows that the point (L�
0, 0) ∈ Λ0 is the unique maximizer of H on

the set Λ0. The corresponding maximum value is given by

H(L�
0, 0) = ∂Kf(l(ω̂1), 1)(1 − δ)K0 > 0. (2.46)

Step 3. We compare the maximum values (2.44) and (2.46) derived
in the previous steps. To this end, note from (2.42) and (2.43) that
∂Kf(l(ω̂1), 1) = Rg′ ◦ i(R; ω̂1). Using this one obtains

H(L�
+, I

�
+) � H(L�

0, 0) ⇔ Eg(i(R; ω̂1)) =
g′(i(R; ω̂1))i(R; ω̂1)

g(i(R; ω̂1))
� 1.

(2.47)
Utilizing equations (2.43) and (2.45) a global maximizer (L�

1, I
�) of H

on R2
+ is obtained by setting (L�

1, I
�) := (L�

+, I
�
+) if Eg(i(R; ω̂1)) > 1

and (L�
1, I

�) := (L�
0, 0) otherwise. Note that since H(L�

0, 0) > 0 the
maximum value H(L�

1, I
�) will always be strictly positive. The solution

(L�
1, I

�) satisfies the claim (ii) stated in the proposition. The unique-
ness assertion follows immediately from (2.47). �

The requirements imposed by Proposition 2.4.1 appear not to be
too strong. Condition (a) is automatically satisfied if f satisfies the
Inada type conditions lim

L→0
∂Lf(L,K) = ∞ and lim

L→∞
∂Lf(L,K) = 0,

which, for example, hold with a Cobb-Douglas production technology.
Likewise, the second condition (b) can be dispensed with if one assumes
g′0 = 0, which is often done in the literature. Here we relax this assump-
tion by supposing instead that the value g′0 is sufficiently small such
that the upper bound ∂Kf(l(ω̂1), 1)g′−1

0 is sufficiently large. Also note
that if g0 = 0 and the function g is strictly convex on R+, the elastic-
ity condition Eg(i(R, ω̂1)) > 1 ensuring an interior investment solution
is automatically satisfied.9 The condition (2.38) in (i) of Proposition
2.4.1 ensures that the current dividend payment is non-negative. If this
condition were violated, the firm would be unable to repay its previous
bond debt R−1B−1 from the excess production output in t = 0. In

9 To see this, note that by strict convexity of g one has g(i0) > g(i) + g′(i)(i0 − i)
for any i, i0 ∈ R+\{i}, i �= i0. Setting i0 = 0 shows that Eg(i) > 1 for all i > 0.
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this regard, recall that the decision behavior derived from (2.36) im-
plies that in each period the firm anticipates next period’s real wage
and chooses its current investment such that next period’s dividend
payment is non-negative for any possible realization of the production
shock. Hence, it is clear that (2.38) will be satisfied if during period
t = −1 the firm has chosen its investment (and thus the payment obli-
gation R−1B−1) based on a sufficiently precise forecast for the real
wage at time t = 0. Alternatively, if the firm has severely underesti-
mated this variable, the production shock η0 could still be sufficiently
large to compensate for the erroneous forecast. From a sequential per-
spective, it is therefore clear that condition (2.38) will be satisfied in
each period as long as the firm’s wage expectations are correct or at
least sufficiently precise. In the sequel we will assume that this is the
case and will not further deal with this issue.

The results from Proposition 2.4.1 may now be used to characterize
the demand behavior of all firms in each period t ≥ 0. For this purpose,
define from (2.30) for each m = 1, . . . ,M the values

ω(m) := lim
L→∞

∂Lf
(m)(L,K) and ω(m) := lim

L→0
∂Lf

(m)(L,K) (2.48)

noting that neither value depends on K > 0. Furthermore, define from
equations (2.30) and (2.32) for each ω, ω̂1 ∈]ω(m), ω(m)[ and for each10

R ∈ ]
0, (g(m)′

0 )−1∂Kf
(m)(l(m)(ω̂1), 1)

[
the mappings

l(m)(ω) := (∂Lf
(m))−1(ω, 1)

i(m)(R; ω̂1) :=
(
g(m)′

)−1(
R−1∂Kf

(m)(l(m)(ω̂1), 1)
)
.

(2.49)

Finally, let ω̂t,t+1 > 0 denote the point forecast commonly made by
firms at time t for the real wage of the following period. The main
result of this section is now stated in the following theorem.

Theorem 2.3. For each firm m = 1, . . . ,M let Assumptions 2.4.1 and
2.4.2 be satisfied. Define the values 0 ≤ ω(m) < ω(m) ≤ ∞ as in (2.48)
and the functions l(m)(·) and i(m)(·) as in (2.49). Then given the val-
ues Rt−1B

(m)
t−1 ≥ 0, η(m)

t ∈ [0, η(m)
max] and K(m)

t > 0 the firm’s demand
behavior at time t is as follows:

(i) Labor demand is determined by the function

L(m)(ω;K(m)
t ) = l(m)(ω)K(m)

t

defined for all ω ∈]ω(m), ω(m)[.

10 If g
(m)′
0 = 0 define (g

(m)′
0 )−1∂Kf (m)(l(m)(ω̂1), 1) := ∞.
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(ii) Given expectations ω̂t,t+1 ∈]ω(m), ω(m)[ investment is determined
for each 0 < R < (g(m)′

0 )−1∂Kf
(m)(l(m)(ω̂t,t+1), 1) by the function

I(m)(R; ω̂t,t+1,K
(m)
t )

:=

{
i(m)(R; ω̂t,t+1)K

(m)
t if Eg(m)(i(m)(R; ω̂t,t+1)) > 1

0 otherwise.

(iii) The firm’s bond supply derived from (ii) is defined by the function

B(m)(R; ω̂t,t+1,K
(m)
t ) := G(m)

(
I(m)(R; ω̂t,t+1,K

(m)
t ),K(m)

t

)
.

(2.50)

Proof. Given the results stated in Proposition 2.4.1 the proof of (i)
and (ii) is straightforward using the definitions in (2.48) and (2.49).
The assertion in (iii) follows immediately from (ii) and (2.33). �

2.5 Temporary Equilibrium

Based on the demand behavior of consumers and firms derived in the
previous sections consider now their interactions and the formation of
prices on real and financial markets. For the following derivations con-
sider an arbitrary period t ∈ N0. Let the previous population vector
Nt−1 = (N (j)

t−1)
J
j=1 as well as the capital stocks Kt = (K(m)

t )Mm=1 of
firms resulting from the investment decisions made during the previ-
ous period be given at the beginning of period t. Furthermore, let the
initial distribution of shares and bonds be defined by the asset alloca-
tions zt−1 := (x(j)

t−1, y
(j)
t−1)

J
j=1 and Bt−1 = (B(m)

t−1 )Mm=1 determined during
the previous period together with the previous bond return Rt−1 > 0.
We assume that initially all shares are distributed among (non-young)
consumers such that

∑J
j=1N

(j)
t−1x

(j)
t−1 = x̄ and that the previous bond

allocation satisfies
∑J

j=1N
(j)
t−1y

(j)
t−1−

∑M
m=1B

(m)
t−1 = 0. Given these quan-

tities, the following five steps describe the sequential structure of the
model in period t.

Step 1. Recalling the overlapping generations structure introduced in
Section 2.1, suppose that the number of young consumers born at the
beginning of period t is determined from the previous population vec-
tor by some map N : RJ+1

++ −→ R++ such that N (J)
t = N (Nt−1). In

addition, since all generations live identically for J + 1 periods one
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has N (j)
t = N

(j+1)
t−1 for j = 0, 1, . . . , J − 1. It follows that the popula-

tion vector Nt = (N (j)
t )Jj=1 at time t is determined from the previous

population Nt−1 according to the population law




N

(j)
t = N

(j+1)
t−1 , j = 0, 1, . . . , J − 1

N
(J)
t = N (Nt−1).

(2.51)

Given the amount of labor L̄(j) > 0 supplied by each consumer in gen-
eration j ∈ {jL, . . . , J}, the population vector Nt determines aggregate
labor supply LS

t > 0 at time t according to equation (2.1).

Step 2. Utilizing the labor demand functions of firms as characterized
in (i) of Theorem 2.3 and labor supply determined in the previous
step, assume that the real wage ωt at time t is determined such that
market clearing on the labor market obtains. This leads to the following
definition of a temporary equilibrium on the labor market.

Definition 2.5.1 Let the firms’ capital stocks Kt = (K(m)
t )Mm=1 and

aggregate labor supply LS
t as defined in (2.1) be given. A temporary

equilibrium on the labor market is a real wage ωt > 0 and an allocation
(L(m)

t )Mm=1 ∈ RM
+ of labor force such that:

(i)
M∑

m=1

L
(m)
t = LS

t

(ii) For all m = 1, . . . ,M :

L
(m)
t = L(m)

(
ωt;K

(m)
t

)
.

Combining conditions (i) and (ii) yields the following implicit condition
for the equilibrium real wage at time t:

M∑

m=1

L(m)
(
ωt;K

(m)
t

)
= LS

t . (2.52)

Setting apart the existence issue and supposing that given Kt and LS
t

equation (2.52) can be inverted with respect to ωt, the equilibrium
real wage at time t is determined by an implicitly defined temporary
equilibrium map W such that

ωt = W
(
(K(m)

t )Mm=1, L
S
t

)
. (2.53)
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Let the contribution rate τt ∈ [0, 1[ be determined by the pension sys-
tem. Then the equilibrium real wage ωt defined in (2.53) determines
the non-capital income distribution et = (e(j)t )Jj=0 among consumers

according to (2.2) and (2.3). Here e(j)t denotes the non-capital income
of each consumer in generation j ∈ {0, 1, . . . , J}. Furthermore, given
the production shocks ηt = (η(m)

t )Mm=1 ∈ ∏M
m=1[0, η

(m)
max] determined ex-

ogenously the dividend payments dt = (d(m)
t )Mm=1 of firms follow from

equation (2.34).

Step 3. Based on the equilibrium values determined in the previous
steps, each consumer in generation j ∈ {1, . . . , J} forms her point pre-
dictions ê(j)t = (ê(j)t,t+m)jm=1, R̂

(j)
t = (R̂t,t+m)j−1

m=1 for future non-capital
income and bond returns and determines her subjective probability
distribution ν(j)

t ∈ Prob(Sj) for future asset prices and dividends. To
obtain a compact notation the expectations of all consumers are col-
lected in the vectors êt := (ê(j)t )Jj=1, R̂t := (R̂(j)

t )Jj=1 and νt := (ν(j)
t )Jj=1.

In addition, firms make a homogeneous prediction ω̂t,t+1 about next pe-
riod’s real wage. Using these expectations each consumer determines
her demand functions by solving a decision problem as described in
Sections 2.2 and 2.3. Furthermore, each firm determines its investment
and bond supply function as described in Section 2.4.

Step 4. Given the asset demand functions of consumers from Theo-
rem 2.2 and the bond supply functions of firms from Theorem 2.3
(iii), assume that the bond return Rt and asset prices pt at time t
are determined such that market clearing obtains on all asset markets
m = 0, 1, . . . ,M . This leads to the notion of a temporary financial
equilibrium which is introduced in the following definition.

Definition 2.5.2 Let the fundamentals (Nt,Kt, et, dt), expectations
(νt, R̂t, êt, ω̂t,t+1), and the previous values (zt−1, Rt−1) be given. A tem-
porary financial equilibrium at time t is a pair of prices (Rt, pt) � 0
and an allocation

(
(x(j)

t , y
(j)
t )Jj=1, (B

(m)
t )Mm=1

)
such that:

(i)
J∑

j=1

N
(j)
t x

(j)
t −

J−1∑

j=0

N
(j)
t x

(j+1)
t−1 = 0

(ii)
J∑

j=1

N
(j)
t y

(j)
t −

M∑

m=1

B
(m)
t = 0
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(iii) For all j = 1, . . . , J :

w
(j)
t =

{
e
(J)
t , j = J

e
(j)
t +Rt−1y

(j+1)
t−1 + x(j+1)�

t−1 (pt + dt), j = 1, . . . , J − 1.

x
(j)
t = ϕ

(j)
x

(
Rt, pt, w

(j)
t ; ν(j)

t , ê
(j)
t , R̂

(j)
t

)

y
(j)
t = ϕ

(j)
y

(
Rt, pt, w

(j)
t ; ν(j)

t , ê
(j)
t , R̂

(j)
t

)

(iv) For all m = 1, . . . ,M :

B
(m)
t = B(m)

(
Rt; ω̂t,t+1,K

(m)
t

)
.

Combining (i)–(iv) and exploiting that
∑J−1

j=0 N
(j)
t x

(j+1)
t−1 = x̄ the mar-

ket clearing asset price pt and the equilibrium bond return Rt have to
satisfy the implicit conditions

J∑

j=1

N
(j)
t ϕ(j)

x

(
Rt, pt, w

(j)
t ; ν(j)

t , ê
(j)
t , R̂

(j)
t

)
= x̄ (2.54)

J∑

j=1

N
(j)
t ϕ(j)

y

(
Rt, pt, w

(j)
t ; ν(j)

t , ê
(j)
t , R̂

(j)
t

)
=

M∑

m=1

B(m)
(
Rt; ω̂t,t+1,K

(m)
t

)

(2.55)
where each w(j)

t is determined by (2.4) and thus may also depend on pt.
Setting apart the existence problem, suppose that there exists a pair of
mappings R and P which determine the unique solution to (2.54) and
(2.55) as

Rt = R(Nt,Kt, et, dt, zt−1, Rt−1, νt, êt, R̂t, ω̂t,t+1) (2.56)

pt = P(Nt,Kt, et, dt, zt−1, Rt−1, νt, êt, R̂t, ω̂t,t+1). (2.57)

The existence and form of these mappings will be established in the
following chapter for a special parametrization of the model. The equi-
librium prices (Rt, pt) together with conditions (iii) and (iv) from Def-
inition 2.5.2 define the new asset allocation

zt := (y(j)
t , x

(j)
t )Jj=1 and Bt := (B(m)

t )Mm=1.

Step 5. In the final step, consumers realize their consumption decisions
and firms use the consumption goods collected from their bond supply
to adjust their capital stock for the following period. Given the con-
sumption functions of consumers from Theorem 2.2 and the investment
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functions of firms from Theorem 2.3 (ii) together with equation (2.31),
the final step is described by the equations

c
(j)
t = ϕ

(j)
c

(
Rt, pt, w

(j)
t ;µt, Σt, ê

(j)
t , R̂

(j)
t

)
, j = 0, 1, . . . , J

I
(m)
t = I(m)(Rt; ω̂t,t+1,K

(m)
t ), m = 1, . . . ,M

K
(m)
t+1 = I

(m)
t + (1 − δ)K(m)

t , m = 1, . . . ,M.

From Definition 2.2.2 (i) one observes that the consumption and
investment decision of each consumer satisfies the ex-post budget con-
straint

w
(j)
t = c

(j)
t + y(j)

t + x(j)�
t pt, j = 0, 1 . . . , J (2.58)

with wealth w(j)
t being determined by (2.4). Utilizing equation (2.58),

in conjunction with (2.2), (2.3) and (2.34) and the market clearing
conditions in Definition 2.5.2 we see that aggregate consumption at
time t satisfies

J∑

j=0

N
(j)
t c

(j)
t =

J∑

j=0

N
(j)
t

(
w

(j)
t − y(j)

t − x(j)�
t pt

)

=
J∑

j=0

N
(j)
t e

(j)
t +

J−1∑

j=0

N
(j)
t

(
Rt−1y

(j+1)
t + x(j+1)�

t−1 (pt + dt)
)

−
M∑

m=1

B
(m)
t − x̄�pt

=
M∑

m=1

(
ωtL

(m)
t +Rt−1B

(m)
t−1

)
+ x̄�dt −

M∑

m=1

B
(m)
t

=
M∑

m=1

F (m)(L(m)
t ,K

(m)
t , η

(m)
t ) −

M∑

m=1

B
(m)
t .

Letting Yt :=
∑M

m=1 F
(m)(L(m)

t ,K
(m)
t , η

(m)
t ) denote the aggregate pro-

duction output at time t, Ct :=
∑J

j=0N
(j)
t c

(j)
t aggregate consump-

tion, and St :=
∑M

m=1B
(m)
t aggregate savings (understood as produc-

tion output used for the formation of capital) one obtains the familiar
macroeconomic identity

Yt = Ct + St. (2.59)

In particular, this shows that the model is closed in the sense that the
consumption good market also clears. This is of course a consequence
of Walras’ law.
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To complete the description of the model we are left to specify how
consumers determine their predictions for future non-capital income
and bond returns as well as their subjective probability distribution
of future asset prices and dividends. Similarly, one needs to model
how firms make their prediction for next period’s real wage. We will
postpone this task to Section 3.4 in Chapter 3 when a more specific
parametrization of the model is available.

2.6 Pension Systems and Demographic Change

We close this chapter by reviewing some basic properties of pension
systems and the problem of demographic change within our overlapping
generations framework. For the following derivations we identify the
pension system at time t with the contribution rate τt.11

The way it has been modeled the pension system described by equa-
tions (2.2) and (2.3) is a pure pay-as-you-go system where all contri-
butions collected at time t are used to finance the payment of current
pension incomes. Hence, by definition the budget of the pension system
is always balanced. In particular, the system has no own resources to
cover any imbalance between revenues and payments. This corresponds
to the design of the German as well as many other pension systems in
Europe as an unfunded system (see [20] for a survey).

From equation (2.3) it follows that the pension income eRt and the
contribution rate τt at time t are uniquely related as

eRt =
ωt L

S
t

NW
t

[
NR

t

NW
t

]−1

τt (2.60)

where as beforeNR
t :=

∑jL−1
j=0 N

(j)
t denotes the number of pensioners at

time t and NW
t :=

∑J
j=jL

N
(j)
t is the corresponding number of workers.

The first term in (2.60) is the average gross labor income at time t.
The second term in brackets is the so-called dependency ratio which is
denoted and defined as

∆t :=
NR

t

NW
t

. (2.61)

11 In our setup contributions are exclusively paid by workers out of their gross labor
income. In other models (see, e.g., [18]) as well as in the German pension system
half of the contribution is paid by the employee (out of gross wage income) while
the other half is paid by the employer (in addition to the gross wage). Since there
is a one-to-one correspondence between the two formulations we will stick to our
simpler version.
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The variable ∆t captures the ratio between the number of pensioners
relative to the number of contributors (workers) and thus plays a pivotal
role to describe and assess the problem of demographic change.12 The
following Figure 2.6 portrays the predicted evolution of the dependency
ratio for Germany until 2050. The values are taken from [18].

∆t

best case

intermediate case

worst case

2000 2013 2025 2038

145%

122%

100%

77%

55%

2050

t

Fig. 2.1. Predicted evolution of the German dependency ratio.

Depending on the assumptions made, e.g., with respect to fertil-
ity, mortality, labor force participation and migration, three scenarios
emerge which are depicted in the figure. One observes that even in the
most optimistic case the dependency ratio will significantly increase
from a little more than 60% in 2006 to more than 75% in 2050 while it
will more than double in the worst case.

To illuminate the consequences of this development on the pension
system, define the so-called pension-level (cf. [20], p. 9) as

ςt :=
eRt

ωt·LS
t

NW
t

=
τt
∆t
. (2.62)

The pension level describes current pension payments as a percentage
share of current average gross labor income. One observes that given

12 The authors in [20] distinguish between the demographic dependency ratio be-
ing defined as the number of retired persons relative to the number of persons
in working age and the economic dependency ratio being defined as the num-
ber of pensioners relative to the number of employed people. Since there is no
unemployment in our model, both definitions coincide in the present case.
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the demographic change of the population, equation (2.62) defines a
fundamental trade-off between the contribution rate τt and the pen-
sion level ςt. With the predicted increase of the dependency ratio ∆t,
a sufficiently high level of pensions can only be maintained through a
very large contribution rate. Conversely, any attempt to keep contribu-
tions at a reasonable level will result in a very low pension level. Any
pension policy controlling contributions and pension payments of the
system is therefore confined to shift the burden of demographic change
between contributors and pensioners. In the two extreme cases, only
the contribution rate τt or the pension level ςt is adjusted while the
respective other variable is kept fixed at a prescribed target value.

As already pointed out in the introduction, one possible way out of
this dilemma is to supplement public pension payments by a funded
component consisting of private savings for retirement. This increase in
private savings may potentially increase the aggregate capital stock of
the economy thus offering a possibility to counteract the demographic
problem. The details of such a change on consumer behavior and the
impact on real and financial variables of the model will be studied in
Chapters 4 and 5 of this work.

Summary of Chapter 2

The model developed in this chapter provides a consistent macroeco-
nomic framework featuring an endogenous description of the formation
of prices and allocations on real and financial markets. With these
structural features the model incorporates the full feedback structure
between real and financial sectors and their interactions with the pen-
sion system through the demand behavior of consumers and firms. The
demand behavior was derived from a suitably defined decision problem
providing a sound microeconomic foundation under general assump-
tions on individual characteristics. The latter cover most cases found
in the literature offering a broad range of possible parameterizations
of the model. In addition, all results were obtained for arbitrary ex-
pectations thereby relaxing the assumption of fully rational expecta-
tions predominant in the literature. This type of approach permits to
model alternative forms of expectations formation and to study their
impact on the model’s behavior. In addition, the employed setup allows
for arbitrary random shocks to the system as well as for demographic
change of the population. For the latter purpose, the employed pop-
ulation model with an arbitrary number of generations opens up the
possibility to study a broad range of demographic scenarios.
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2.A Mathematical Appendix

2.A.1 Proof of Lemma 2.2.2

It suffices to show that there exists an upper bound Ū such that
Eν [U0(C, ·)] ≤ Ū for all (C,Z) ∈ B(R, p,w). Let (C,Z) ∈ B(R, p,w)
be arbitrary. It suffices to show that U0(C, s

j
1) < Ū for all sj1 ∈ S̄.

Since S̄ = S̄1 × . . . ,×S̄j with each S̄n being compact there exist upper
and lower bounds s

¯n ∈ S and s̄n ∈ S such that each random variable
sn = (pn, dn) satisfies s

¯n ≤ sn ≤ s̄n ν–a.s. for each n = 1, . . . , j. Setting
e.g. s

¯
= (s

¯
(k))2M

k=1 and s̄ = (s̄(k))2M
k=1 where s

¯
k := min{s

¯
k
n|n = 1, . . . , j}

and s̄(k) := max{s̄(k)
n |n = 1, . . . , j} these bound can be chosen indepen-

dently of n. That is, each random variable sn satisfies s
¯
≤ sn ≤ s̄ ν–a.s.,

n = 1, . . . , j. Moreover, defining the values q
¯

:= p
¯
+d

¯
, q̄ := p̄+ d̄ derived

from s
¯

= (p
¯
,d
¯
) and s̄ = (p̄, d̄) and letting qn := pn + dn it follows from

the definition of S that 0 � p
¯
≤ pn ≤ p̄ ν–a.s. and 0 � q

¯
≤ q̄n ≤ q̄

ν–a.s. for each n = 1, . . . , j.
Define the wealth process {Wn(Z, sn1 )}j

n=1 associated with strat-
egy (C,Z) ∈ B(R, p,w) as in (2.5). By virtue of Definition 2.2.2 and
Lemma 2.2.1 we have c0 ≤ w + ε̂0/R and cn(sn1 ) ≤Wn(Z, sn1 ) + Ên for
each sn1 ∈ Sn, n = 1, . . . , j. It is therefore sufficient to prove that for
each n = 1, . . . , j there exists W̄n ∈ R such that

Wn(Z, sn1 ) ≤ W̄n ν − a.s. (2.63)

We prove (2.63) for n = 1 and then apply an induction argument.
To this end, note that any investment decision (y0, x0) made at stage
n = 0 satisfies the budget constraint c0+y0+x�0 p = w. Utilizing Lemma
2.2.1 one obtains bounds on this investment as −ε̂0/R ≤ y0 ≤ w =: ȳ0
and x(m)

0 ≤ (w + ε̂0/R)/p(m) =: x̄(m)
0 for each m = 1, . . . ,M . Setting

x̄0 := (x̄(1)
0 , . . . , x̄

(M)
0 )� gives

W1(Z, s1) = ê1 +Ry0 + x�0 q1
≤ ê1 +R ȳ0 + x̄�0 q̄1 =: W̄1 ν − a.s.

By way of induction, suppose that for some n ∈ {1, . . . , j − 1} there
exists an upper bound W̄n such that Wn(Z, sn1 ) ≤ W̄n ν–a.s. Lemma
2.2.1 and the induction hypothesis imply that the investment plans
yn(·) and xn(·) satisfy −Ên ≤ yn(sn1 ) ≤ Wn(Z, sn1 ) ≤ W̄n =: ȳn ν–a.s.
and x

(m)
n (sn1 ) ≤ (Wn(Z, sn1 ) + Ên)/p(m)

n ≤ (W̄n + Ên)/p
¯

(m) =: x̄(m)
n

ν–a.s. for each m = 1, . . . ,M . Setting x̄n := (x̄(1)
n , . . . , x̄

(M)
n )� gives
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Wn+1(Z, sn+1
1 ) = ên+1 + R̂n yn(sn1 ) + xn(sn1 )�qn+1

≤ ên+1 + R̂n ȳn + x̄�n q̄ =: W̄n+1 ν − a.s.
which proves the claim (2.63). Equation (2.63) and Lemma 2.2.1 imply
that

cn(sn1 ) ≤ c̄n := W̄n + Ên ν − a.s.
for each n = 1, . . . , j and, exploiting the monotonicity of u

U0(C, s
j
1) = u(c0) +

j∑

n=1

βnu(cn(sn1 )) ≤ Ū :=
j∑

n=0

βnu(c̄n) ν − a.s.

The last equation implies that Eν [U0(C, ·)] ≤ Ū for each strategy
(C,Z) ∈ B(R, p,w) and, therefore, V0(R, p,w) ≤ Ū <∞. �

2.A.2 Proof of Lemma 2.3.1

For each n = 1, . . . , j let πn : Sj −→ S denote the nth projection
mapping defined as πn(s1, . . . , sn, . . . , sj) = sn and by π1,n : Sj −→ Sn,
π1,n(s1, . . . , sn, . . . , sj) = (s1, . . . , sn) the projection of Sj onto its first
n components. In the sequel we will utilize the following factorization
lemma the proof of which can be found in [36, p. 198, Satz 5.3.21] and
[4, p. 23, Satz 1.4.3].

Lemma 2.A.1 Let (Ω1,A1) be a measurable space and (Ω2,B(Ω2)) be
a Polish space equipped with its Borelian σ-Algebra generated by the
open subsets of Ω2. Then for each probability measure ν1,2 on the prod-
uct space (Ω1 ×Ω2,A1 ⊗ B(Ω2)) there exists a transition probability
Q2 : Ω1 × B(Ω2) −→ [0, 1] and a marginal probability ν1 : A1 −→ [0, 1]
such that one has the factorization

ν1,2(A) =
∫

Ω1

∫

Ω2

1A(ω1, ω2)Q2(ω1, dω2)ν1(dω1). (2.64)

for each A ∈ A1 ⊗ B(Ω2). The measure ν1 on (Ω1,A1) is defined by
the projection mapping π1 : Ω1 ×Ω2 −→ Ω1, π1(ω1, ω2) = ω1 such that
ν1 = π1ν := ν ◦ π−1

1 . The factorization in (2.64) is ν1,2–a.s. unique.

To apply Lemma 2.A.1 we first show that the space S = RM
++ × RM

+

is Polish. Following [6, p. 179, Beispiele 1–4], the Euclidean space RM

is Polish, hence RM
++ and RM

+ being open and closed subspaces of a
Polish space are Polish and hence also their product. This shows that
the space S satisfies the requirements of Lemma 2.A.1.
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The desired factorization (2.16) of the measure ν in Assumption
2.2.1 is now achieved by a repeated application of Lemma 2.A.1. In a
first step, using the notation of Lemma 2.A.1, set Ω1 = Sj−1, Ω2 = S

and ν1,2 = ν to obtain for each B ∈ B(Sj) the factorization

ν(B) =
∫

Sj−1

∫

S

1B(sj−1
1 , sj)Qj(s

j−1
1 , dsj)νj−1(ds

j−1
1 )

with a transition probability Qj : Sj−1×B(S) −→ [0, 1] and a marginal
probability νj−1 = π1,j−1ν := ν◦π−1

1,j−1. In a second step, set Ω1 = Sj−2,
Ω2 = S and ν1,2 = νj−1 to obtain a factorization of νj−1 into transition
probability Qj−1 : Sj−2 × B(S) −→ [0, 1] and marginal probability
νj−2 = π1,j−2νj−1 := νj−1 ◦ π−1

1,j−2.
Continuing in this fashion one obtains a sequence of transition prob-

abilities Qn, n = j, . . . , 2 and marginal probabilities νn, n = j−1, . . . , 1.
At each stage n > 1 the measure νn is factorized into transition
probability Qn : Sn−1 × B(S) −→ [0, 1] and marginal probability
νn−1 = π1,n−1νn := νn◦π−1

1,n−1. In the final step one obtains a factoriza-
tion of the measure ν2 into transition probability Q2 : S×B(S) −→ [0, 1]
and marginal probability ν1 which satisfies ν1 = π1ν := ν ◦ π−1

1 com-
pleting the proof of Lemma 2.3.1. �

2.A.3 Proof of Theorem 2.1

(i). Utilizing the properties of the value function V1(·) stated in Propo-
sition 2.3.1 and the non-redundancy of the measure ν1 stated in As-
sumption 2.3.1 (ii) the proof is straightforward by following steps 1–3
in the proof of Proposition 2.3.1.
(ii). To alleviate the notation we adopt the conventions that if n = 0
we set cn(sn1 ) := c0, zn(sn1 ) := z0 and W (zn−1(sn−1

1 ), sn, ên, R̂n−1) := w

for any strategy (C,Z) ∈ B(R, p,w) as well as R̂n := R. Also recall
from Definition 2.2.2 that the terminal plan of any feasible strategy
satisfies cj(s

j
1) = W (zj−1(s

j−1
1 ), sj , êj , R̂j−1) and zj(s

j
1) = 0 ∀sj1 ∈ Sj.

Given the optimal decision (c�0, z
�
0) from (i) and the functions (c�n, z

�
n)(·)

defined in Proposition 2.3.1(iii) let the strategy (C�, Z�) be defined as
in (ii) of Theorem 2.1 and set c�n(wn, s

n
1 ) := c�0 and z�

n(wn, s
n
1 ) := z�

0 if
n = 0. Finally, recall from the definition (2.17) of the value functions
Vn, n = 1, . . . , j − 1, that for each ŵ ≥ −Ên and sn1 ∈ Sn

Vn(ŵ, sn1 ) = u(c�n(ŵ, sn1 )) (2.65)

+β
∫

S

Vn+1(W (z�
n(ŵ, sn1 ), s, ên+1, R̂n), sn1 , s)Qn+1(sn1 , ds).
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Let (Ĉ, Ẑ) = (ĉ0, ĉ1(·), . . . , ĉj(·), ẑ0, ẑ1(·), . . . , ẑj−1(·)) ∈ B(R, p,w) be
an arbitrary strategy. The claim follows if we show that Eν [U0(C�, ·)] ≥
Eν

[
U0(Ĉ, ·)

]
. If j = 1, this task is trivial since any strategy reduces to a

decision for n = 0 and the inequality is therefore implied by (i). Hence
the remainder of the proof assumes that j ≥ 2. The idea is to con-
struct a list of induced strategies (Ĉ(n), Ẑ(n)), n = 1, . . . , j−1 obtained
by successively replacing the plans (ĉn, ẑn)(·) in (Ĉ, Ẑ) with the poten-
tially optimal plans for stage n defined by the functions (c�n, z

�
n)(·) from

Proposition 2.3.1(iii) and to show that

Eν

[
U0(C�, ·)] ≥ Eν

[
U0(Ĉ(1), ·)] ≥ . . . ≥ Eν

[
U0(Ĉ(j−1), ·)]

≥ Eν

[
U0(Ĉ, ·)

]
. (2.66)

Following the above conventions, define for each n = 0, 1, . . . , j the
strategy (Ĉ(n), Ẑ(n)) = (ĉ(n)

0 , ĉ
(n)
1 (·), . . . , ĉ(n)

j (·), ẑ(n)
0 , ẑ

(n)
1 (·), . . . , ẑ(n)

j (·))
as follows:

ĉ
(n)
m (sm1 ) := ĉm(sm1 ), m = 0, 1, . . . , n− 1
ẑ
(n)
m (sm1 ) := ẑm(sm1 ), m = 0, 1, . . . , n− 1
ĉ
(n)
m (sm1 ) := c�m(W (ẑ(n)

m−1(s
m−1
1 ), sm, êm, R̂m−1), sm1 ) m = n, . . . , j

ẑ
(n)
m (sm1 ) := z�

m(W (ẑ(n)
m−1(s

m−1
1 ), sm, êm, R̂m−1), sm1 ) m = n, . . . , j.

(2.67)
Observe that each strategy (Ĉ(n), Ẑ(n)) is feasible and coincides with
the original strategy (Ĉ, Ẑ) up to period stage n− 1 (the same is obvi-
ously true for any strategy (Ĉ(m), Ẑ(m)) withm > n ). In particular, the
strategies induce the same wealth process until stage n and hence yield
the same random variable W (ẑn−1(sn−1

1 ), sn, ên, R̂n−1) defining wealth
at stage n. From stage n onwards the plans of the strategy (Ĉ(n), Ẑ(n))
are defined by the functions ((c�m, z

�
m)(·))jm=n. Observe, however, that

this does not imply that (Ĉ(n), Ẑ(n)) coincides with (Ĉ�, Ẑ�) from
stage n onwards because in general W (ẑn−1(sn−1

1 ), sn, ên, R̂n−1) 
=
W (z�

n−1(s
n−1
1 ), sn, ên, R̂n−1).

Since the above conventions imply that (Ĉ(j), Ẑ(j)) = (Ĉ, Ẑ) and
(Ĉ(0), Ẑ(0)) = (Ĉ�, Ẑ�), the claim (2.66) will follow if we show that
Eν

[
U0(Ĉ(n), ·)

]
≥ Eν

[
U0(Ĉ(n+1), ·)

]
for each n = 0, . . . , j−1. Since by

definition (2.67) the strategies (Ĉ(n), Ẑ(n)) and (Ĉ(n+1), Ẑ(n+1)) coin-
cide until stage n− 1, it suffices to show that for each n = 0, . . . , j − 1

Eν

[
j∑

m=n

βm−nu(ĉ(n)
m (·))

]
≥ Eν

[
j∑

m=n

βm−nu(ĉ(n+1)
m (·))

]
. (2.68)
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Case 1. Assume that n > 0. Let sn1 ∈ Sn be arbitrary but fixed and
set ŵn := W (ẑn−1(sn−1

1 ), sn, ên, R̂n−1) ≥ −Ên. Recall from (2.67) that
the strategy (Ĉ(n), Ẑ(n)) is defined by the functions ((c�m, z�

m)(·))jm=n

from stage n onwards. Using the conditional distributions Qm, m =
n+ 1, . . . , j from Lemma 2.3.1 and equation (2.65) this implies that

∫

S

. . .

∫

S

j∑

m=n

βm−nu(ĉ(n)
m (sm1 ))Qj(s

j−1
1 , dsj) · · ·Qn+1(sn1 , dsn+1)

= Vn(ŵn, s
n
1 ).(2.69)

For fixed sn+1
1 ∈ Sn+1 and ŵn+1 := W (ẑn(sn1 ), sn+1, ên+1, R̂n) ≥ −Ên+1

the plans of strategy (Ĉ(n+1), Ẑ(n+1)) satisfy

∫

S

. . .

∫

S

j∑

m=n+1

βm−nu(ĉ(n+1)
m (sm1 ))Qj(s

j−1
1 , dsj) . . . Qn+2(sn+1

1 , dsn+2)

= β Vn+1(ŵn+1, s
n+1
1 ). (2.70)

Combining (2.69) and (2.70) and recalling that ĉ(n+1)
n (sn1 ) = ĉn(sn1 ) and

ẑ
(n+1)
n (sn1 ) = ẑn(sn1 ) from (2.67) one has for each fixed sn1 ∈ Sn

∫

S

. . .

∫

S

j∑

m=n

βm−nu(ĉ(n)
m (sm1 ))Qj(s

j−1
1 , dsj) . . . Qn+1(sn1 , dsn+1)

−
∫

S

. . .

∫

S

j∑

m=n

βm−nu(ĉ(n+1)
m (sm1 ))Qj(s

j−1
1 , dsj) . . . Qn+1(sn1 , dsn+1)

= Vn(ŵn, s
n
1 ) − u(ĉn(sn1 ))

− β

∫

S

Vn+1(W (ẑn(sn1 ), s, ên+1, R̂n), sn1 , s))Qn+1(sn1 , ds) ≥ 0 (2.71)

where as before ŵn = W (ẑn−1(sn−1
1 ), sn, ên, R̂n−1). Clearly, (2.71) holds

with equality if and only if ĉn(sn1 ) = c�n(ŵn, s
n
1 ) and ẑn(sn1 ) = z�

n(ŵn, s
n
1 ).

Using the notation introduced in the proof of Lemma 2.3.1 let νn :=
π1,nν denote the joint marginal distribution of the random variables
s1, . . . , sn. The inequality in (2.71) being true for all sn1 ∈ Sn implies
that it is preserved under integration with respect to νn.13 Hence, in-
tegrating both sides of (2.71) with respect to νn and exploiting the
factorization Lemma 2.3.1 gives

13 Alternatively, one could integrate (2.71) successively over the conditional distri-
butions Qn, . . . , Q2 and the marginal distribution ν1 defined in Lemma 2.3.1.
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Eν

[
j∑

m=n

βm−n(u(ĉ(n)
m (·))

]
− Eν

[
j∑

m=n

βm−nu(ĉ(n+1)
m (·))

]

=
∫

Sn

∫

S

· · ·
∫

S

j∑

m=n

βm−nu(ĉ(n)
m (sm1 ))Qj(s

j−1
1 , dsj) · · ·

· · ·Qn+1(sn1 , dsn+1)νn(dsn1 )

−
∫

Sn

∫

S

· · ·
∫

S

j∑

m=n

βm−nu(ĉ(n+1)
m (sm1 ))Qj(s

j−1
1 , dsj) · · ·

· · ·Qn+1(sn1 , dsn+1)νn(dsn1 )

=
∫

Sn

Vn(W (ẑn−1(sn−1
1 ), sn, ên, R̂n−1), sn1 )νn(dsn1 ) −

∫

Sn

u(ĉn(sn1 ))νn(dsn1 )

− β

∫

S

Vn+1(W (ẑn(sn1 ), s, ên+1, R̂n), sn1 , s))Qn+1(sn1 , ds)νn(dsn1 ) ≥ 0.

This proves (2.68) for the case n > 0.
Case 2. Assume that n = 0. In this case, one has (Ĉ(0), Ẑ(0)) = (Ĉ�, Ẑ�)
and the strategies may only differ with respect to the decisions (c�0, z

�
0)

and (ĉ(1)0 , ẑ
(1)
0 ) = (ĉ0, ẑ0). Using an analogous reasoning as in the pre-

vious case one has from (2.65) and (2.67) for each fixed s1 ∈ S

∫

S

. . .

∫

S

j∑

m=1

βmu(ĉ(0)m (sm1 ))Qj(s
j−1
1 , dsj) . . . Q2(s1, ds2)

= β V1(W (z�
0 , s1, ê1, R), s1)

∫

S

. . .

∫

S

j∑

m=1

βmu(ĉ(1)m (sm1 ))Qj(s
j−1
1 , dsj) . . . Q2(s1, ds2)

= β V1(W (ẑ0, s1, ê1, R), s1).

Hence one obtains, utilizing the factorization Lemma 2.3.1

Eν

[
j∑

m=0

βmu(ĉ(0)m (·))
]
− Eν

[
j∑

m=0

βmu(ĉ(1)m (·))
]

=
∫

S

∫

S

. . .

∫

S

j∑

m=0

βm(u(ĉ(0)m (sm1 ))Qj(s
j−1
1 , dsj) . . . Q2(s1, ds2)ν1(ds1)

−
∫

S

∫

S

. . .

∫

S

j∑

m=0

βmu(ĉ(1)m (sm1 ))Qj(s
j−1
1 , dsj) . . . Q2(s1, ds2)ν1(ds1)
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= u(c�0) + β
∫

S

V1(W (z�
0 , s, ê1, R), s1)ν1(ds)

−u(ĉ0) − β
∫

S

V1(W (ẑ0, s, ê1, R), s1)ν1(ds) ≥ 0,

where equality holds if and only if (ĉ0, ẑ0) = (c�0, z
�
0).

(iii). This is an immediate consequence of the last statement. �

2.B Technical Lemmas

Lemma 2.B.1 Let (Ω,A, ν) be a probability space and f, g : Ω −→ R

be measurable functions which are ν–integrable and satisfy the condi-
tions f(ω) ≥ g(ω) for all ω ∈ Ω and ν({ω ∈ Ω|f(ω) > g(ω)}) > 0.
Then

∫

Ω
f(ω)ν(dω) >

∫

Ω
g(ω)ν(dω).

Proof. Define the map h := f−g which is measurable and ν–integrable.
By definition h(ω) ≥ 0 for all ω ∈ Ω and ν({ω ∈ Ω|h(ω) > 0}) > 0.
By the monotonicity of integrals one has

∫
Ω h(ω)ν(dω) ≥ 0. Assume by

way of contradiction that
∫
Ω h(ω)ν(dω) = 0. Following [6, Satz 13.2,

p. 81], this is equivalent to ν({ω ∈ Ω|h(ω) > 0}) = 0, which is a con-
tradiction. Hence

∫
Ω h(ω)ν(dω) > 0 and, by the linearity of integrals,∫

Ω f(ω)ν(dω) >
∫
Ω g(ω)ν(dω). �

Lemma 2.B.2 Let Ω be a topological space and (Ω,B(Ω), ν) be a prob-
ability space with ν being supported on the compact subset Ω̄ ∈ B(Ω),
i.e., ν(Ω̄) = 1. Let Θ ⊂ Rm

++ be a compact set and h : Θ×Ω −→ R be a
continuous function. Then h is ν–integrable and the map H : Θ −→ R

defined as

H(θ) :=
∫

Ω
h(θ, ω)ν(dω)

is continuous.

Proof. The proof makes use of Lemma 16.1 in [6, p. 101]. We show
that the requirements (a)–(c) of this lemma are satisfied.
(a). Since ν is supported on the compact set Ω̄, the integral function
H can be written as
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H(θ) =
∫

Ω̄
h(θ, ω)ν(dω).

For each fixed θ ∈ Θ the continuous mapping h(θ, ·) : Ω̄ −→ R is Borel-
measurable and bounded from above by h̄(θ) := max{h(θ, ω)|ω ∈ Ω̄}
and from below by h(θ) := min{h(θ, ω)|ω ∈ Ω̄}. Note that both bounds
are well-defined due to the compactness of Ω̄. This implies that the map
h(θ, ·) is ν–integrable for all θ ∈ Θ.
(b). By assumption, for each fixed ω ∈ Ω the map h(·, ω) : Θ −→ R is
continuous and hence continuous at each point θ0 ∈ Θ.
(c). Tychonoff’s Theorem (cf. [49, p. 171, Theorem 12.9]) implies com-
pactness of the product set Θ× Ω̄. Hence, by continuity of the function
h the value h̄ := max{|h(θ, ω)| : (θ, ω) ∈ Θ × Ω̄} is well-defined and
satisfies |h(θ, ω)| ≤ h̄ for all (θ, ω) ∈ Θ × Ω̄.

Since the map h fulfills the requirements (a)–(c) the map H(·) is
continuous. �

Lemma 2.B.3 Suppose that the measure ν defined in Assumption
2.2.1 is supported on the measurable subset S̄ = S̄1 × . . .× S̄j ∈ B(Sj).
Then each conditional distribution Qn(sn−1

1 , ·), n = 2, . . . , j is sup-
ported on a subset of S̄n while the marginal distribution ν1 is supported
on S̄1.

Proof. For each set B ∈ B(Sj) we have B = (B ∩ S̄) � (B ∩ S̄c) where
� denotes the union of disjoint sets and S̄c is the complement of S̄.
Since ν is supported on S̄ and B ∩ S̄c ⊂ S̄c we have ν(B ∩ S̄c) = 0 and
therefore

ν(B) = ν(B ∩ S̄) + ν(B ∩ S̄c) = ν(B ∩ S̄) ∀B ∈ B(Sj). (2.72)

Noting that 1B∩S̄(s
j
1) = 1B(sj1) ·1S̄(s

j
1) and 1S̄(s

j
1) =

∏j
n=1 1S̄n

(sn) one
obtains the factorization (2.16) as

ν(B) = ν(B ∩ S̄) (2.73)

=
∫

S

∫

S

· · ·
∫

S

1B(sj1)1S̄j
(sj)Qj(s

j−1
1 , dsj) · · ·

· · · 1S̄2
(s2)Q2(s1, ds2)1S̄1

(s1)ν1(ds1)

=
∫

S̄1

∫

S̄2

· · ·
∫

S̄j

1B(sj1)Qj(s
j−1
1 , dsj) · · ·Q2(s1, ds2)ν1(ds1).

This equality has to be satisfied for all B ∈ B(Sj). Comparing (2.73)
with (2.16) it follows that for each n = 2, . . . , j the set S̄n must have
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full measure, i.e., Qn(sn−1
1 , S̄n) = 1. Hence the support of Qn(sn−1

1 , ·)
must be a subset of S̄n. The fact that the support of ν1 is the set S̄1

follows from the fact that ν1(·) = ν ◦π−1
1 (·) is induced by the projection

π1 (cf. proof of Lemma 2.3.1). �

Lemma 2.B.4 Let the sets C, Y and X be defined as in Section 2.1
and let the real number Ê ≥ 0 be given. Then the budget correspondence
B :

[−Ê,∞[× RM
++ ⇒ C × Y × X,

B(w, p) :=
{

(c, y, x) ∈ C × Y × X

∣∣∣c+ y + x�p = w, y ≥ −Ê
}

is (upper- and lower-hemi-) continuous.

Proof. Noting that B is non-empty- and compact-valued, we may ap-
ply the definitions given in [59, p. 56] to show that B is lower- and
upper-hemi-continuous at each point (w0, p0) ∈ [−Ê,∞[×RM

++.
L.h.c. Let the point (w0, p0) ∈ [−Ên,∞[×RM

++ be arbitrary and let
(wn, pn)n≥1 be a sequence taking values in [−Ên,∞[×RM

++ which sat-
isfies limn→∞(wn, pn) = (w0, p0). Let (c0, y0, x0) be an arbitrary point
in B(w0, p0). We prove existence of a sequence (cn, yn, xn)n≥1 satisfying
(cn, yn, xn) ∈ B(wn, pn) for all n and limn→∞(cn, yn, xn) = (c0, y0, x0).
Assume first that w0 > −Ê and define for each n ≥ 1

cn :=
wn + Ê
w0 + Ê

c0, x(m)
n :=

wn + Ê
w0 + Ê

p
(m)
0

p
(m)
n

x
(m)
0 , m = 1, . . . ,M

yn := wn − cn − x�n pn.

Then we have limn→∞ cn = c0 ≥ 0, limn→∞ x
(m)
n = x

(m)
0 ≥ 0 for

each m = 1, . . . ,M and limn→∞ yn = y0 ≥ −Ê. By construction,
cn + yn + x�n pn = wn for all n and

yn = wn − wn + Ê
w0 + Ê

(c0 + p�0 x0) ≥ wn − wn + Ê
w0 + Ê

(w0 + Ê) = −Ê

which shows that indeed (cn, yn, xn) ∈ B(wn, pn) for all n. In the sec-
ond case where w0 = −Ê one observes from the definition of B that
the set B(w0, p0) is a singleton and the point (c0, y0, x0) must satisfy
c0 = 0, y0 = −Ê and x0 = 0. In this case, define cn = 0, yn = wn

and xn = 0 for each n ≥ 1 to see that (cn, yn, xn) ∈ B(wn, pn) for all n
and limn→∞(cn, yn, xn) = (0,−Ê, 0) = (c0, y0, x0). This proves that B
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is indeed l.h.c. on its domain of definition.
U.h.c. Let (wn, pn)n≥1 and (cn, yn, xn)n≥1 be arbitrary sequences tak-
ing values in [−Ên,∞[×RM

++ and C×Y×X, respectively which satisfy
(cn, yn, xn) ∈ B(wn, pn) for all n and limn→∞(wn, pn) = (w0, p0) ∈
[−Ên,∞[×RM

++. The claim will follow if we show the existence of a
convergent subsequence (cnk

, ynk
, xnk

)k≥1 of (cn, yn, xn)n≥1 which sat-
isfies limk→∞(cnk

, ynk
, xnk

) = (c0, y0, x0) where (c0, y0, x0) ∈ B(w0, p0).
Note first that (wn, pn)n≥1 being a convergent sequence implies that
it must be bounded. In particular there exist values w̄ ≥ −Ê and
p
¯

(m) > 0, m = 1, . . . ,M such that wn ≤ w̄ and p
¯

(m) ≤ p
(m)
n

for all n ≥ 1. Since (cn, yn, xn) ∈ B(wn, pn) for all n this implies
0 ≤ cn ≤ w̄ + Ê, −Ê ≤ yn ≤ w̄ and 0 ≤ x

(m)
n ≤ (w̄ + Ê)/p

¯
(m),

m = 1, . . . ,M . Hence the sequence (cn, yn, xn)n≥1 is bounded imply-
ing the existence of a convergent subsequence (cnk

, ynk
, xnk

)k≥1. Let
(c0, y0, x0) := limk→∞(cnk

, ynk
, xnk

). It therefore remains to show that
(c0, y0, x0) ∈ B(w0, p0). Since cnk

≥ 0, ynk
≥ −Ê and x

(m)
nk ≥ 0,

m = 1, . . . ,M for all k ≥ 1 one has c0 ≥ 0, y0 ≥ −Ê and x(m)
0 ≥ 0,

m = 1, . . . ,M . Furthermore, since (wn, pn)n≥1 converges to (w0, p0),
so does the subsequence (wnk

, pnk
)k≥1 cf. [49, p. 65]. Therefore, since

limk→∞(wnk
, pnk

) = (w0, p0) and cnk
+ ynk

+ x�nk
pnk

− wnk
= 0

for each k ≥ 1 this yields limk→∞(cnk
+ ynk

+ x�nk
pnk

− wnk
) =

c0 + y0 + x�0 p0 − w0 = 0 and therefore (c0, y0, x0) ∈ B(w0, p0). �
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The Parameterized Model

This chapter refines the general framework developed in the previous
sections by making specific assumptions on the microeconomic char-
acteristics of consumers and firms. The goal is to obtain a particu-
lar parametrization which admits closed form solutions to the model’s
equations. This is desirable for several reasons. Firstly, it provides a
possibility to gain additional insights into the structural properties of
the demand functions derived in the previous chapter. Secondly, it al-
lows one to prove the existence and uniqueness of temporary equilibria
and to obtain additional results on the formation of prices and allo-
cations on real and financial markets. Thirdly, in combination with a
population model and a description of the expectations formation of
consumers and firms, the proposed parametrization offers a dynamic
macroeconomic framework which is tailor-made to study the role of
pension systems and the consequences of demographic change within a
random environment. In this regard, due to the modeling strategy pro-
posed in this work the model possesses an explicitly defined sequential
structure such that its dynamic properties may be analyzed theoret-
ically and with the help of numerical simulations. A comprehensive
simulation study of this type will be presented in Chapters 4 and 5 of
this work.

The present chapter is structured as follows: Sections 3.1 and 3.2
study the consumption and investment behavior of consumers for the
special case with logarithmic utilities and expectations taken from the
class of elliptical distributions. Section 3.3 specializes the production
and investment behavior of firms by making certain assumptions on the
underlying technologies. Section 3.4 establishes the existence, unique-
ness and properties of temporary equilibria and describes the expecta-
tion formation process of consumers and firms. The chapter closes with
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Section 3.5 providing a survey of the model’s sequential structure. All
technical proofs together with an introduction to the theory of elliptical
distributions can be found in the Appendices 3.A and 3.B.

3.1 Consumer Demand with Logarithmic Utility

In this section we study the demand behavior of consumers for the spe-
cial case with logarithmic preferences. It has long been recognized in
the literature that this class implies many desirable properties of the
demand functions (2.27) many of which can even be derived explic-
itly. The present section modifies the results obtained by [40], [41] and
extends them to the case with an overlapping generations setting.

As in Sections 2.2 and 2.3, consider the decision problem of a con-
sumer at time t = 0 with planning horizon j > 0. Let the consumer’s
expectations ê = (ê1, . . . , êj) ∈ R

j
+, R̂ = (R̂1, . . . , R̂j−1) ∈ R

j−1
++ , and

ν ∈ Prob(Sj) for future non-capital income, future bond returns and
future prices and dividends be given and define ε̂0 ≥ 0 and Ên ≥ 0,
n = 1, . . . , j as in (2.6). Furthermore, let the current bond returnR > 0,
asset prices p� 0, and wealth w as defined by (2.4) be given paramet-
rically and assume as in Section 2.3 that w > −ε̂0/R. It then follows
from Theorem 2.2 that the consumer’s consumption and investment
behavior can be described by continuous demand functions as defined
in (2.27). In the sequel we derive additional properties of these demand
function by making the following assumption.

Assumption 3.1.1 The consumer’s preferences and expectations as
introduced in Assumption 2.2.1 and 2.2.21 satisfy the following addi-
tional hypotheses:

(i) The instantaneous utility function u is of the form u(c) := ln(c).
(ii) The measure ν satisfies Assumption 2.2.3 (ii) of a compact support.

Given (i) of Assumption 3.1.1, (ii) is a sufficient condition to ensure
that the consumer’s decision problem (2.13) remains well-defined, i.e.,
the supremum in (2.11) satisfies V0(R, p,w) <∞. Since the logarithmic
function satisfies limc↘0 ln(c) = −∞, it follows from Lemma 2.2.1 that
the wealth process (Wn(Z, sn1 ))jn=1 induced by any potentially optimal
strategy (C,Z) ∈ B(R, p,w) has Wn(Z, sn1 ) > −Ên ν–a.s. To see this,

1 As a consequence of the specification in (i) we implicitly relax Assumption 2.2.2
by requiring the properties stated there to hold only on the interior of the con-
sumption set C.
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note from Lemma 2.2.1 and Definition 2.2.1 that Wn(Z, sn1 ) = −Ên

implies cn(sn1 ) = 0. As a consequence, any strategy (C,Z) ∈ B(R, p,w)
where Wn(Z, sn1 ) = −Ên for some n with positive probability yields
expected utility Eν [U0(C, ·)] = −∞ < V0(R, p,w).

Consider now the recursive solution to the consumer’s decision prob-
lem as studied in Section 2.3. The following proposition shows that in
the present case the value functions Vn(·) defined by (2.17) possess a
particularly convenient form. To alleviate the subsequent notation we
define βn := 1 + β + . . . + βj−n for each n = 0, 1, . . . , j.

Proposition 3.1.1 In addition to the hypotheses of Proposition 2.3.1
let Assumption 3.1.1 be satisfied. Then for n = 1, . . . , j and wn > −Ên

the value functions Vn defined by (2.17) are of the form

Vn(wn, s
n
1 ) = βn ln

(
wn + Ên

)
+ hn(sn1 )

for some continuous function hn : Sn −→ R with hj ≡ 0.

The proof of Proposition 3.1.1 employs the following lemma that will
also be used in the sequel. Both proofs are found in Sections 3.A.1 and
3.A.2 in the appendix of this chapter.

Lemma 3.1.1 Let ν̂ be a probability measure on (S,B(S)) supported
on the compact set S̄ ⊂ S which induces non-redundant assets in the
sense of Definition 2.3.1. Let the values ε̂ ≥ 0, R̂ > 0, w > −ε̂/R̂,
p� 0 and β̂ > 0 be given. Then the solution to the problem

max
(c,y,x)∈B̂

{
ln(c) + β̂

∫

S

ln
(
W (y, x, s, ε̂, R̂)

)
ν̂(ds)

}
(3.1)

where B̂ :=
{
(c, y, x) ∈ C × Y × X

∣∣ c + y + x�p = w, y ≥ −ε̂/R̂
}

is
uniquely defined and takes the form

c� = 1
1+β̂

(
w + ε̂/R̂

)
,

x� = β̂

1+β̂

(
w + ε̂/R̂

)
θ�

y� = β̂

1+β̂

(
w + ε̂/R̂

)
(1 − p�θ�) − ε̂/R̂

θ� := arg max
θ∈X

{∫

S

ln
(
W (1 − θ�p, θ, s, 0, R̂)

)
ν̂(ds)

∣∣∣ θ�p ≤ 1
}
.

(3.2)
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Utilizing Proposition 3.1.1 and the fact that equation (2.6) implies
ε̂0 = ê1 + Ê1, one obtains from (2.25) the following one-stage decision
problem for t = 0 defined for all (R, p) � 0 and w > −ε̂0/R:

max
(c,y,x,)∈B0(R,p,w)

{
ln(c) + (β0 − 1)

∫

S

ln
(
W (y, x, s, ε̂0, R)

)
ν1(ds)

}
. (3.3)

Here B0(R, p,w) is defined as in (2.26), β0 := (1 + β + . . . + βj) and
the additive constant h0 :=

∫
S
h1(s)ν1(ds) has been omitted since it

does not affect the solution to the problem. Utilizing Lemma 3.1.1
the optimal consumption and investment decision for t = 0 can be
determined from (3.3) as

c� = c̄(w + ε̂0/R)

x� = (1 − c̄)(w + ε̂0/R) θ�

y� = (1 − c̄)(w + ε̂0/R)(1 − p�θ�) − ε̂0/R
(3.4)

where c̄ := β−1
0 = [1 + β + . . .+ βj ]−1 and

θ� := arg max
θ∈X

{∫

S

ln
(
W (1 − θ�p, θ, s, 0, R)

)
ν1(ds)

∣∣∣θ�p ≤ 1
}
. (3.5)

We now exploit the structure of (3.5) to transform this problem into
a more convenient form. To this end, note from the integral in (3.5)
and the definition (2.15) of the function W that only the sum of next
period’s prices and dividends s1 = (p1, d1) enter the problem defining
the cum-dividend price q := p1 + d1 of the following period. This sum
being a measurable function of the random variable s1 permits us to
define an induced measure νq for the random variable q corresponding
to the image measure induced by ν1. In the sequel it will be more conve-
nient to work with νq rather than with ν1. Since by (ii) of Assumption
3.1.1 and Lemma 2.B.3, ν1 is supported on the compact set S̄1 ⊂ S, the
support of νq will be a compact subset Q̄ ⊂ RM

++. Using the definition
(2.15) of the function W and exploiting the change-of-variable formula
the solution θ� to (3.5) can equivalently be defined as

θ� := arg max
θ∈X

{∫

Q̄

ln
(
R(1 − θ�p) + θ�q

)
νq(dq)

∣∣∣θ�p ≤ 1
}
. (3.6)

Given these results, we are now in a position to state the main result of
this section in the following theorem which characterizes the demand
functions derived from (3.3). Given the previous derivations the proof
is straightforward.
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Theorem 3.1. In addition to the hypotheses of Proposition 2.3.1 let
Assumption 3.1.1 be satisfied and let the planning horizon j ∈ {1, . . . , J}
and expectations ê = (ê1, . . . , êj) ∈ R

j
+, R̂ = (R̂1, . . . , R̂j−1) ∈ R

j−1
++ and

ν ∈ Prob(Sj) be given. Furthermore, define ε̂0 ≥ 0 as in (2.6) and νq

as above. Then for all (R, p) � 0 and w > −ε̂0/R determined by (2.4)
the consumer’s demand behavior can be described by the functions

ϕ
(j)
c (R, p,w; νq , ê, R̂) = c̄(j)(w + ε̂0/R)

ϕ
(j)
x (R, p,w; νq , ê, R̂) = (1 − c̄(j))(w + ε̂0/R) θ(R, p; νq)

ϕ
(j)
y (R, p,w; νq , ê, R̂) = (1 − c̄(j))(w + ε̂0/R)(1 − p�θ(R, p; νq)) − ε̂0/R

(3.7)

where c̄(j) := [1 + β + . . .+ βj ]−1 and

θ(R, p; νq) := arg max
θ∈X

{∫

Q̄

ln(R+ θ�(q −Rp)) νq(d q)
∣∣∣ θ�p ≤ 1

}
.

(3.8)

The structure of the demand functions (3.7) is quite remarkable. A
first observation is that the optimal consumption decision is indepen-
dent of expectations for future asset prices and dividends. It is given
by a constant fraction c̄(j) of the sum of current wealth w and the dis-
counted expected non-capital income stream ε̂0/R. This sum will be
called lifetime income. Such a consumption behavior strongly supports
the so-called permanent income hypothesis, see, e.g., [53]. Clearly, only
the quantity w is directly available to the consumer while the quantity
ε̂0/R has to be borrowed by issuing bonds. This is the reason for the ap-
pearance of the term −ε̂0/R in the bond demand function. The number
c̄(j) defines the marginal propensity to consumption (out of lifetime in-
come) and depends exclusively on the subjective discount factor β and
the consumer’s remaining lifetime j. Also note that the map j 	−→ c̄(j)

is decreasing such that the share of lifetime income consumed increases
with age. The remaining lifetime income (1− c̄(j))(w+ ε̂0/R) is invested
into the safe asset m = 0 and shares m = 1, . . . ,M . In this regard, the
amount invested in shares is determined by the solution θ to (3.8). The
structure of this problem corresponds exactly to the portfolio decision
problem solved by a consumer with a one-period planning horizon who
is endowed with one unit of wealth and who is neither allowed to take
short sales nor credit. In particular, no expectations for asset prices
and dividends which lie further than one period ahead enter the prob-
lem. This property is called complete myopia or myopic investment
behavior and is well-known to hold with logarithmic utility, see, e.g.,
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[41] or [47]. Note though that expectations for future bond returns and
future non-capital income strongly influence the decision through the
term ε̂0. Also observe that the problem in (3.8) is independent of the
planning horizon j. As a consequence the solution to (3.8) may be seen
as a reference portfolio defining an optimal mix of shares which is inde-
pendent of j. All consumers who hold the same expectations νq will -
irrespective of their age - hold a portfolio which is collinear to this ref-
erence portfolio. The corresponding scale is determined by the fraction
(1 − c̄(j)) times the consumer’s lifetime income, implying in particular
that asset demand is linear homogeneous in lifetime income.

These results show that the logarithmic utility function implies
many desirable properties of the induced demand functions from a tech-
nical as well as from an economic point of view.2 Similar results have
been derived in the literature, e.g., by [41] in the presence of an infinite
planning horizon and by [40], [47] for the case with a finite planning
horizon. The major innovation here is that we extend the class of ex-
pectations by allowing the measure ν to induce arbitrary correlations
between future asset prices and dividends. This avoids the restrictive
assumption of i.i.d. or Markovian asset returns which is made in most
examples found in the literature. In addition, the decision problem is
formulated within an overlapping generations setting and allows for an
uncertain non-capital income stream and time-varying bond returns for
which arbitrary subjective expectations are formed.

3.2 Asset Demand with Elliptical Distributions

Given the functional form of the demand functions (3.7), the next goal
is to derive some additional properties of the function θ(·) defined in
(3.8). For this purpose, we assume that the probability distribution νq

belongs to the class of elliptical distributions which play a major role in
portfolio theory, e.g., see [47, pp. 104]. A detailed introduction to the
underlying theory and the properties of spherical and elliptical distri-
butions used in the sequel is given in Appendix 3.A.3 of this chapter.

For the following derivations, we identify the distribution νq with the
random variable q which is distributed according to νq on the compact
set Q̄. Proceeding in this fashion permits to state properties of the
measure νq in terms of the random variable q and vice versa.3

2 For a general account on the logarithmic utility function and a justification of its
use see [55].

3 For example, the statement that νq is a uniform distribution on Q̄ would be
equivalent to the statement that q is uniformly distributed on Q̄.
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The first step will be to obtain a more favorable form of the objective
function

U(θ;R, p, νq) :=
∫

Q̄

ln(R + θ�(q −Rp)) νq(d q) (3.9)

derived from (3.8). Denoting by MM the set of all symmetric and pos-
itive definite M ×M matrices the following assumption will be made.

Assumption 3.2.1 The distribution νq of the random variable q is
taken from a fixed class of elliptical distributions parameterized in µ ∈
RM and Σ ∈ MM . The spherical random variable ε̂ = (ε̂1, . . . , ε̂M ) with
distribution νε̂ generating this class is supported on the closed sphere
Ē := {e ∈ RM | ‖e‖ ≤ ε̄} where ε̄ > 0 and ‖ · ‖ is the Euclidean norm
on RM .

A consequence of Assumption 3.2.1 is that the random variable q has
the so-called stochastic representation

q
d= µ+A ε̂. (3.10)

where the relation d= indicates that both sides have the same distribu-
tion and A is some non-singular M ×M matrix satisfying AA� = Σ
(see Appendix 3.A.3 for more details). The invariance of spherical ran-
dom variables with respect to orthogonal transformations implies that
the representation (3.10) of q is unique up to orthogonal transforma-
tions of the matrix A. For this reason, we may without loss of generality
assume that A is symmetric by setting A := Σ

1
2 where Σ

1
2 denotes the

square root of the matrix Σ (a definition may be found in [60]).4

Equation (3.10) implies that the measure νq may be represented
as the image measure induced by the distribution νε̂ under the affine-
linear map e 	−→ µ + Σ

1
2 e, e ∈ RM . For this reason we associate the

distribution νq with the corresponding parameters µ and Σ writing
νq ≡ νµ,Σ . The support of the random variable q with distribution νµ,Σ

is then denoted by the set Q̄(µ,Σ) := {µ + Σ
1
2 e|e ∈ Ē}. Figure 3.2

illustrates the relationship between the random variables ε̂ and q for
the case where M = 2.

By Corollary 3.A.1 which may be found in Appendix 3.A.3, the pa-
rameters (µ,Σ) ∈ RM

++ ×MM define the mean and variance-covariance
matrix of the distribution νµ,Σ. More specifically, µ = Eνµ,Σ

[q] and
Σ = λ Vνµ,Σ

[q] for some scalar λ > 0. The pair (µ,Σ) will be called the

4 I owe this observation to Jan Wenzelburger.
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Q̄(µ, Σ)

q(1)µ(1)

µ(2)

q(2)

0

µ + Σ
1
2•

0

ε̂(2)

ε̂(1)

Ē

Fig. 3.1. A spherically distributed random variable ε̂ generating an elliptical
random variable q via an affine-linear transformation (M = 2).

consumer’s beliefs about q. Note that the dispersion matrix Σ equals
the variance covariance matrix of q only up to a strictly positive multi-
plicative constant which is independent of beliefs. Clearly, the require-
ment that the support of q be a strictly positive subset of RM , i.e.,
Q̄(µ,Σ) ⊂ RM

++ restricts the set of beliefs, leading to the following
definition of feasibility.

Definition 3.2.1 Given Assumption 3.2.1, beliefs (µ,Σ) ∈ RM
++×MM

defining the distribution νµ,Σ of the random variable q will be called
feasible if the induced support of q is strictly positive, i.e., Q̄(µ,Σ) ⊂
RM

++. The set of feasible beliefs will be denoted by B ⊂ RM
++ × MM .

Loosely speaking, feasibility of beliefs requires that the components
of µ are sufficiently large relative to the entries of the matrix Σ. In
the special case where Σ

1
2 = diag

(
σ(1), . . . , σ(M)

)
(or if M = 1) it is

necessary and sufficient to require µ(m) > σ(m)ε̄ for each m = 1, . . . ,M .
We are now in a position to state the desired representation of the

function (3.9). The proof of the following proposition relies on the
properties of elliptical distributions and is given in Section 3.A.4 in
Appendix 3.A of this chapter.

Proposition 3.2.1 Let Assumption 3.2.1 be satisfied. Then there ex-
ists a real-valued random variable ε with symmetric distribution νε sup-
ported on the interval [−ε̄, ε̄] such that for each (R, p) � 0 and each
pair (µ,Σ) ∈ B the expected utility function (3.9) can be written as
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U(θ;R, p, νµ,Σ) =
∫

[−ε̄,ε̄]
ln(R+ θ�(µ−Rp) + (θ�Σ θ)

1
2 ε) νε(d ε).

(3.11)

Remark 3.2.1 The random variable ε corresponds to the first compo-
nent of the random variable ε̂ defined in Assumption 3.2.1, i.e. ε = ε̂1
and the distribution νε is the corresponding marginal distribution. See
Appendix 3.A.3 and in particular Lemma 3.A.3 for more details.

The result from Proposition 3.2.1 has first been proved by [26] for a
general class of elliptical distributions and utility functions which are
defined on the entire real line. Due to the logarithmic form of the utility
function the present study restricts attention to the subclass of elliptical
distributions with compact and strictly positive support.

In the sequel, a representation of the form (3.11) will be called a
mean-variance representation since utility depends essentially on the
mean R+ θ�(µ−Rp) and the term θ�Σ θ measuring dispersion of the
wealth induced by the portfolio θ.5 Utilizing the representation (3.11),
the maximization problem (3.8) defining the function θ(·) may now be
restated as

max
θ∈X

{∫

[−ε̄,ε̄]
ln(R+ θ�(µ−Rp) + (θ�Σ θ)

1
2 ε) νε(d ε)

∣∣∣ θ�p ≤ 1
}
.

(3.12)
In the sequel we are particularly interested in interior solutions to prob-
lem (3.12), i.e., solutions θ� which satisfy θ� � 0 and p�θ� < 1. The
following theorem establishes conditions under which such a solution
obtains and characterizes its form.

Theorem 3.2. Let Assumptions 2.3.16 and 3.2.1 be satisfied and let
beliefs (µ,Σ) ∈ B be feasible. Then for all (R, p) � 0 the following
holds true:

(i) The solution to (3.12) is interior if and only if

Σ−1(µ−Rp) � 0 and Eνµ,Σ

[
Rp�Σ−1 (µ−Rp)
q�Σ−1 (µ−Rp)

]
> 1.

5 Since the matrix Σ is only proportional to the variance covariance matrix of
q, it would be more accurate to call (3.11) a mean-dispersion representation, a
terminology adopted, e.g., by [47].

6 One can show that requiring the distribution ν1 to induce non-redundant assets in
the sense of Definition 2.3.1 is equivalent to the positive definiteness of the matrix
Σ and, therefore, of the variance-covariance matrix of the (derived) distribution
νq = νµ,Σ .
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(ii) Any interior solution to (3.12) takes the form

θ� =
R λ�

((µ−Rp)�Σ−1(µ−Rp)) 1
2

Σ−1 (µ−Rp)

where the scalar λ� is the unique (interior) solution to the problem

max
0≤λ≤λ̄

{∫

[−ε̄,ε̄]
ln(1 +

(
(µ−Rp)�Σ−1(µ−Rp)

) 1
2
λ+ λ ε) νε(d ε)

}

with λ̄ :=

(
(µ−Rp)�Σ−1(µ−Rp))

1
2

Rp�Σ−1 (µ−Rp) > 0.

Proof. Let beliefs (µ,Σ) and (R, p) � 0 be arbitrary but fixed. By
Theorem 3.1 and (3.8), problem (3.12) has a unique solution θ�. Now
assume that this solution is interior, i.e., θ� � 0 and p�θ� < 1. By
Lemma 3.B.2 the objective function U(·;R, p, νµ,Σ) defined on the com-
pact set B(p) := {θ ∈ RM

+ |p�θ ≤ 1} is differentiable on the interior of
B(p) and the corresponding gradient reads

DθU(θ;R, p, νµ,Σ) = (3.13)
∫

[−ε̄,ε̄]

(
µ−Rp+

ε

(θ�Σ θ)
1
2

Σ θ
) νε(d ε)

R+ θ�(µ−Rp) + (θ�Σ θ)
1
2 ε
.

Exploiting the strict concavity of U(·;R, p, νµ,Σ) (cf. proof of Lemma
3.1.1), θ� is an interior solution if and only if is satisfies the (neces-
sary and sufficient) first order condition DθU(θ�;R, p, νµ,Σ) != 0. Using
(3.13) this condition can be written as

∫

[−ε̄,ε̄]

(θ��Σ θ�)
1
2

R+ θ��(µ−Rp) + (θ��Σ θ�)
1
2 ε
Σ−1

(
µ−Rp

)
νε(d ε)

−
∫

[−ε̄,ε̄]

ε

R+ θ��(µ−Rp) + (θ��Σ θ�)
1
2 ε
θ� νε(d ε)

!= 0. (3.14)

Since the fractions appearing on both sides are scalars, equation (3.14)
implies that the solution θ� must be of the form θ� = λ̃Σ−1(µ−Rp) for
some λ̃ ∈ R. For notational brevity, set m := (µ− Rp)�Σ−1(µ − Rp).
It then follows from (3.14) that λ̃ has to satisfy the condition

∫

[−ε̄,ε̄]

m
1
2 + ε

R+mλ̃+m
1
2 λ̃ ε

νε(d ε) = 0. (3.15)
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One easily shows that λ̃ ≤ 0 can never be a solution to (3.15). Hence,
λ̃ > 0 and the first condition Σ−1(µ − Rp) � 0 in (i) is necessary for
θ� to be an interior solution. We show that if in addition the second
condition in (i) holds, (3.15) will have a unique solution λ̃ which satisfies
0 < λ̃ < [p�Σ−1(µ−Rp)]−1. Setting λ� := R−1m

1
2 λ̃ this condition can

equivalently be restated as
∫

[−ε̄,ε̄]

m
1
2 + ε

1 +m
1
2λ� + λ� ε

νε(d ε) = 0 (3.16)

for some λ� satisfying 0 < λ� < λ̄ with λ̄ being defined as above. Define
the map H(·;Rp, µ,Σ) : [0; λ̄] −→ R as

H(λ;Rp, µ,Σ) :=
∫

[−ε̄,ε̄]
ln(1 +m

1
2λ+ λ ε) νε(d ε).

A repeated application of Lemma 3.B.1 shows that H(·;Rp, µ,Σ) is
C2, and the first and second derivatives take the form

∂H

∂λ
(λ;Rp, µ,Σ) =

∫

[−ε̄,ε̄]

m
1
2 + ε

1 +m
1
2λ+ λ ε

νε(d ε)

∂2H

(∂λ)2
(λ;Rp, µ,Σ) = −

∫

[−ε̄,ε̄]

(
m

1
2 + ε

1 +m
1
2λ+ λ ε

)2

νε(d ε) < 0

showing that H(·;Rp, µ,Σ) is strictly concave. Condition (3.16) can
now be restated as

∂H

∂λ
(λ�;Rp, µ,Σ) != 0 for some λ� ∈]0, λ̄[. (3.17)

Since ∂H
∂λ (·;Rp, µ,Σ) is continuous and strictly monotonically decreas-

ing, it is necessary and sufficient to require ∂H
∂λ (0;Rp, µ,Σ) > 0 and

∂H
∂λ (λ̄;Rp, µ,Σ) < 0 for (3.17) to have a unique solution. As for the
first condition, observe from Lemma 3.A.4 that Eνε [ε] = 0, and, hence,
∂H
∂λ (0;Rp, µ,Σ) = m

1
2 > 0 due to Σ−1(µ − Rp) � 0 which implies

µ 
= Rp and, therefore, m = (µ − Rp)�Σ−1(µ − Rp) > 0 since Σ is
positive definite. The second condition gives

∂H

∂λ
(λ̄;Rp, µ,Σ) =

∫

[−ε̄,ε̄]

m
1
2 + ε

1 +m
1
2 λ̄+ λ̄ ε

νε(d ε) < 0

⇔
∫

[−ε̄,ε̄]

±1 +m
1
2 λ̄+ λ̄ ε

1 +m
1
2 λ̄+ λ̄ ε

νε(d ε) < 0



66 3 The Parameterized Model

⇔
∫

[−ε̄,ε̄]

1

1 +m
1
2 λ̄+ λ̄ ε

νε(d ε) > 1

⇔
∫

[−ε̄,ε̄]

Rp�Σ−1(µ−Rp)
µ�Σ−1(µ−Rp) +m

1
2 ε

νε(d ε) > 1.

In the last step, the definition of λ̄ has been used and the l.h.s. has
been multiplied by Rp�Σ−1(µ−Rp)

Rp�Σ−1(µ−Rp)
. The claim will follow if we show that

∫

[−ε̄,ε̄]

νε(d ε)

µ�Σ−1(µ−Rp) +m
1
2 ε

= Eνµ,Σ

[
1

q�Σ−1 (µ−Rp)
]
. (3.18)

From the stochastic representation (3.10) and Lemma 3.B.3 one obtains

q�Σ−1(µ−Rp) d= µ�Σ−1(µ−Rp) +m
1
2 ε. (3.19)

Utilizing Lemma 3.A.1 and the change-of-variable-formula proves (3.18)
and gives the desired result

∂H

∂λ
(λ̄;Rp, µ,Σ) < 0 ⇔ Eνµ,Σ

[
Rp�Σ−1(µ−Rp)
q�Σ−1 (µ−Rp)

]
> 1. (3.20)

Note that if condition (3.17) were violated and ∂H
∂λ (λ̄;Rp, µ,Σ) ≥ 0 one

would have ∂H
∂λ (λ;Rp, µ,Σ) > 0 for all 0 ≤ λ < λ̄ showing that any

solution λ� to (3.17) (if it exists at all) will satisfy λ� ≥ λ̄. This shows
that the second condition in (i) is also necessary for an interior solution.
Either of the two conditions in (i) is therefore necessary while both of
them together are sufficient for (3.17) to have an interior solution. The
claimed form of the interior solution θ� in (ii) is now readily inferred
from the relation θ� = λ̃Σ−1 (µ−Rp) and the above definition of λ�.
The fact that λ� can be written as the solution to the maximization
problem stated in (ii), follows immediately from the strict concavity of
the function H(·;Rp, µ,Σ). It implies that any solution λ� to (3.17) is
the unique maximizer of H(·;Rp, µ,Σ) on the convex set [0, λ̄]. �

The result in (ii) of Theorem 3.2 parallels the separation theorem
from classical CAPM theory (cf. Lemma 2.2 in [9]). From (i) of Theorem
3.2 one observes that for any pair (R, p) � 0 the question whether or
not the solution to (3.12) is interior depends only on the term π := Rp.
If we interpret the fraction 1

R as the price for bonds in the decision
period, π may be seen as the relative price between stock and bond
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investment.7 For each pair (µ,Σ) ∈ B, define the set of relative prices
which satisfy the two conditions listed in (i) of Theorem 3.2 as

I(µ,Σ) :=
{
π ∈ RM

∣∣∣∣Σ
−1 (µ− π) � 0, Eνµ,Σ

[
π�Σ−1 (µ− π)
q�Σ−1 (µ− π)

]
> 1

}
.

(3.21)
By Theorem 3.2 (ii), (R, p) � 0 induce an interior solution to (3.12)
if and only if Rp ∈ I(µ,Σ). The next goal is a characterization of the
set I(µ,Σ). For the special case where M = 1 it is straightforward to
show that I(µ,Σ) =

][
Eνµ,Σ

[
q−1

]]−1
, µ

[
. Noting that the map q 	−→ 1

q

defined on the compact set Q̄(µ,Σ) is strictly convex and therefore, ex-
ploiting Jensen’s inequality, Eνµ,Σ

[
q−1

]
> 1

Eνµ,Σ
[q] = 1

µ > 0, we see that

if M = 1 the set I(µ,Σ) is a non-empty, strictly positive, open inter-
val. For the general case where M ≥ 1, the following lemma provides a
characterization of the set. The proof involves some tedious calculations
and is given in Section 3.A.5 in Appendix 3.A of this chapter.

Lemma 3.2.1 For each pair (µ,Σ) ∈ B of feasible beliefs the set
I(µ,Σ) ⊂ RM defined in (3.21) is a non-empty, bounded, open sub-
set of RM

++ for which µ is a limit point.

The assertion from Lemma 3.2.1 permits the main result of this
section to be stated in the following theorem.

Theorem 3.3. Let the hypotheses of Theorem 3.2 be satisfied and let
beliefs (µ,Σ) ∈ B be feasible. Then the following holds true:

(i) There exists a differentiable function λ�(·;µ,Σ) : I(µ,Σ) −→ R++

which is strictly decreasing and which is defined implicitly for each
π ∈ I(µ,Σ) as the solution to

∂H

∂λ
(λ;π, µ,Σ) :=

∫

[−ε̄,ε̄]

((µ− π)�Σ−1(µ− π))
1
2 + ε

1 + ((µ− π)�Σ−1(µ− π))
1
2λ+ λ ε

νε(d ε)

= 0.

7 This can be justified as follows. In our setup we have normalized the current
bond price to unity while varying its return R > 0 promised for the following
period. Note however that it would be equivalent to normalize the bond’s pay-off
to unity and to consider alternative bond prices, say p(0), at time t = 0. The
return per unit of the consumption good invested at time t = 0 would then be
1/p(0) implying the relation R = 1/p(0) or, equivalently, p(0) = R−1. Hence we
may legitimately interpret R−1 as a bond price and the term π = Rp as a relative
asset price.
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(ii) For each pair (R, p) � 0 satisfying Rp ∈ I(µ,Σ) the function
θ(·, νµ,Σ) defined in (3.8) takes the form

θ (R, p, ; νµ,Σ) =
Rλ� (Rp;µ,Σ)

((µ−Rp)�Σ−1(µ−Rp)) 1
2

Σ−1 (µ−Rp) .

Proof. The existence of the map λ�(·;µ,Σ) is an immediate conse-
quence of Theorem 3.2 and Lemma 3.2.1. As shown in the proof of
Theorem 3.2, the derivative of ∂H

∂λ (·;π, µ,Σ) with respect to λ satisfies
∂2H
(∂λ)2

(λ;π, µ,Σ) < 0. Utilizing Lemma 3.B.2 one observes that for each

fixed λ the function H ′(λ; ·, µ,Σ) := ∂H
∂λ (λ; ·, µ,Σ) : I(µ,Σ) −→ R is

differentiable with respect to each component of π and the gradient
reads

DπH
′(λ;π, µ,Σ) = Dπ((µ− π)�Σ−1(µ− π))

1
2 (3.22)

×
∫

[−ε̄,ε̄]

(
1 + ((µ− π)�Σ−1(µ− π))

1
2λ+ λ ε

)−2
νε(d ε).

Using equation (3.22) and noting that for all π ∈ I(µ,Σ)

Dπ((µ− π)�Σ−1(µ− π))
1
2 = − 1

((µ− π)�Σ−1(µ− π))
1
2

Σ−1 (µ− π)

� 0.

This proves that ∂H′
∂π(m) (λ;π, µ,Σ) < 0 for all π ∈ I(µ,Σ) and for all

λ ∈
]
0; ((µ−π)�Σ−1(µ−π))

1
2

π�Σ−1(µ−π)

[
. Furthermore, an application of the implicit

function theorem shows that the mapping λ�(·;µ,Σ) : I(µ,Σ) −→ R++

is differentiable in each component with derivatives

∂λ�(π;µ,Σ)
∂π(m)

= −
∂H′

∂π(m) (λ;π, µ,Σ)
∂H′
∂λ (λ;π, µ,Σ)

∣∣∣
λ=λ�(π;µ,Σ)

< 0.

This proves the claim (i) of Theorem 3.3. The second claim in (ii) is an
immediate consequence of Theorem 3.2. �

In the sequel we assume that Assumptions 3.1.1 and 3.2.1 are sat-
isfied for each generation j ∈ {1, . . . , J} and all times t. It then follows
from Theorem 3.1 that the demand behavior of all consumers can be
characterized by demand functions of the form (3.7) which are indepen-
dent of any expectations for future asset prices and dividends which lie
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further than one period ahead of the decision period. Thus, we can re-
strict attention to consumers’ expectations νq = νµt,Σt for next period’s
cum-dividend prices which are determined by the pair (µt, Σt) ∈ B
of feasible beliefs. Suppose that this pair is given and common to all
consumers. In addition, let the expectations ê(j)t = (êt,t+n)jn=1 and
R̂

(j)
t = (R̂t,t+n)j−1

n=1 of each consumer in generation j ∈ {1, . . . , J} at
time t be given and define

ε̂
(j)
t := ê

(j)
t,t+1+

ê
(j)
t,t+2

R̂t,t+1

+. . .+
ê
(j)
t,t+j

R̂t,t+1 · · · R̂t,t+j−1

, j = 0, 1, . . . , J (3.23)

with the understanding that ε̂(0)t = 0. Then for each (R, p) � 0 and
wealth w > −ε̂(j)t /R being determined by (2.4), the consumer’s demand
behavior in period t is defined by the functions

ϕ
(j)
c (R, p,w;µt, Σt, ê

(j)
t , R̂

(j)
t ) = c̄(j)(w + ε̂(j)t /R)

ϕ
(j)
y (R, p,w;µt, Σt, ê

(j)
t , R̂

(j)
t ) = (1 − c̄(j))(w + ε̂(j)t /R)

× (1 − p�θ(R, p;µt, Σt)) − ε̂(j)t /R

ϕ
(j)
x (R, p,w;µt, Σt, ê

(j)
t , R̂

(j)
t ) = (1 − c̄(j))(w + ε̂(j)t /R) θ(R, p;µt, Σt)

(3.24)

where we write θ (R, p;µt, Σt) instead of θ (R, p; νµt,Σt) by a slight abuse
of notation. Note from the definition of c̄(j) given in Theorem 3.1 that
c̄(0) = 1. Using this and ε̂(0)t = 0 in (3.24) shows that the demand func-
tions in (3.24) also include the old generation j = 0 and are consistent
with (2.29).

3.3 Demand Behavior of Firms

Next consider the demand behavior of firmsm = 1, . . . ,M as studied in
Section 2.4 under specific assumptions on the production technologies
f (m) and the adjustment cost functions g(m). To this end, assume that
for each m = 1, . . . ,M the production function f (m) in (2.30) is of the
Cobb-Douglas form

f (m)(L,K) = κ(m) Lα(m)
K1−α(m)

, κ(m) > 0, α(m) ∈]0, 1[. (3.25)

Note from (3.25) that each function f (m) satisfies the Inada-type con-
ditions limL→0 ∂Lf

(m)(L,K) = ∞ and limL→∞ ∂Lf
(m)(L,K) = 0. As a

consequence, the condition ω, ω̂t,t+1 ∈]ω(m), ω(m)[ required by Theorem
2.3 (i) and (ii) will automatically be satisfied by each firm m.
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As for the adjustment cost function in (2.32), suppose that for each
m = 1, . . . ,M the function g(m) is of the exponential form

g(m)(i) =

{
0 i = 0
γ

(m)
0 exp

{
γ

(m)
1 i

}
i > 0 , γ

(m)
0 > 0, γ

(m)
1 >

1
δ

(3.26)

where, as in Section 2.4, δ ∈]0, 1[ denotes the depreciation rate of capi-
tal. Since limi↘0 g

(m)(i) = γ
(m)
0 > 0 = g(m)(0), the function g(m) has a

discontinuity at zero. As already argued in Section 2.4, this jump may
be due to some fixed costs to investment. The restriction γ(m)

1 > 1
δ will

be explained below.
Given these specifications the following theorem provides a charac-

terization of the firms’ labor demand and investment behavior.

Theorem 3.4. For each firm m = 1, . . . ,M let the functions f (m) and
g(m) be specified as in (3.25) and (3.26). Then the following holds true:

(i) The labor demand function from Theorem 2.3 (i) is of the form

L(m)(ω;K(m)
t ) =

(α(m)κ(m)

ω

) 1

1−α(m)
K

(m)
t . (3.27)

(ii) Given ω̂t,t+1 > 0 the investment function in Theorem 2.3 (ii) will
be positive if and only if 0 < R < R̄(m)(ω̂t,t+1) where for each ω̂ > 0

R̄(m)(ω̂) :=
(1 − α(m))κ(m)

γ
(m)
0 γ

(m)
1 exp

{
1
}
(α(m)κ(m)

ω̂

) α(m)

1−α(m)
. (3.28)

In this case, I(m)(R; ω̂t,t+1,K
(m)
t ) = i(m)(R; ω̂t,t+1)K

(m)
t where

i(m)(R; ω̂t,t+1) =
1

γ
(m)
1

ln
(

(1 − α(m))κ(m)

γ
(m)
0 γ

(m)
1 R

(α(m)κ(m)

ω̂t,t+1

) α(m)

1−α(m)

)
.

(3.29)

Proof. (i). Note that f (m) and g(m) satisfy Assumptions 2.4.1 and 2.4.2.
The assertion is therefore a special case of Theorem 2.3. For each ω > 0
define l(m)(ω) as in equation (2.49) using the specification (3.25). Then
it is straightforward to show that Theorem 2.3 (i) implies the form of
the labor demand function (3.27).
(ii). Let ω̂t,t+1 > 0 be arbitrary and suppose that 0 < R < R̄(m)(ω̂t,t+1).
In order to apply Theorem 2.3 (ii) we show that this implies

R <
(
g
(m)′
0

)−1
∂Kf

(m)(l(m)(ω̂t,t+1), 1).
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To this end, note that from (3.25) and (3.26) that in the present case

g
(m)′
0 := lim

i↘0
g(m)′(i) = γ

(m)
0 γ

(m)
1

and

∂Kf
(m)(l(m)(ω̂t,t+1), 1) = κ(m)(1 − α(m))

(
l(m)(ω̂t,t+1)

)α(m)

.

This together with exp{1} > 1 yields

R̄(m)(ω̂t,t+1) <
κ(m)(1 − α(m))

γ
(m)
0 γ

(m)
1

(
l(m)(ω̂t,t+1)

)α(m)

=
∂Kf

(m)(l(m)(ω̂t,t+1), 1)

g
(m)′
0

.

Define the value i(m)(R; ω̂t,t+1) as in (2.49). Using the specifications
from (3.25) and (3.26) it is straightforward to show that i(m)(R; ω̂t,t+1)
is of the form stated in (3.29). Furthermore, note that the adjustment
cost function (3.26) has a linear elasticity, i.e., Eg(m)(i) = γ

(m)
1 i for all

i > 0. Using (3.29) one easily verifies that Eg(m)(i(m)(R; ω̂t,t+1)) > 1 if
and only if R < R̄(m)(ω̂t,t+1). This proves (ii). �

Theorem 3.4 (ii) restricts attention to interior investment solutions
by imposing an upper bound R̄(m)(ω̂t,t+1) on the current bond return.
Note that this does not imply that the firm necessarily increases its
capital stock. In fact, we have

lim
R↗R̄(m)(ω̂t,t+1)

i(R; ω̂t,t+1) = γ
(m)−1
1 < δ (3.30)

due to our restriction γ(m)
1 > 1

δ . Hence, for R sufficiently close to the
boundary R̄(m)(ω̂t,t+1), the firm will disinvest in the sense that the
investment at time t will not be sufficient to compensate the effect of
depreciation and the capital stock will be smaller during the following
period.

It would be possible to extend the domain of the investment func-
tion (3.29) in Theorem 3.4 by setting I(m)(R; ω̂t,t+1,K

(m)
t ) := 0 if

R ≥ R̄(m)(ω̂t,t+1). However, equation (3.30) shows that this extended
investment function fails to be continuous. This would cause techni-
cal problems in the subsequent derivation of a temporary equilibrium.
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To avoid these difficulties the remainder of this chapter restricts at-
tention to the case of interior investment solutions by assuming that
0 < R < R̄(m)(ω̂t,t+1) for all m = 1, . . . ,M . Formally, this can be justi-
fied by supposing that the parameter γ(m)

0 > 0 is sufficiently small such
that the upper bound R̄(m)(ω̂t,t+1) is sufficiently large for all m.

Utilizing (3.29) the firm’s bond supply function B(m)(·; ω̂t,t+1,K
(m)
t )

defined in (2.50) can be written for each R < R̄(m)(ω̂t,t+1) as

B(m)(R; ω̂t,t+1,K
(m)
t ) =

(1 − α(m))κ(m)

γ
(m)
1 R

(α(m)κ(m)

ω̂t,t+1

) α(m)

1−α(m)
K

(m)
t .

(3.31)
From (3.31) we see that the bond supply function is homogeneous of
degree −1 in the bond return R, i.e.,

B(m)(R; ω̂t,t+1,K
(m)
t ) = R−1B(m)(1; ω̂t,t+1,K

(m)
t ) (3.32)

which will be exploited in the sequel. In fact, it is this homogeneity
property that will allow us to prove the existence and uniqueness of a
temporary financial equilibrium in the following section and to calcu-
late the corresponding temporary equilibrium map. Its validity is ex-
clusively due to the specification (3.26) of the adjustment cost function
and would continue to hold with any alternative specification of the
production technology. As a consequence, it would easily be possible to
modify the present parametrization by replacing equation (3.25) with
a more general production technology, e.g., a CES production function.

3.4 Temporary Equilibrium and Expectations Formation

Building upon the previous results consider now the temporary equilib-
rium problem as introduced for the general case in Section 2.5. Suppose
that Assumptions 3.1.1 and 3.2.1 on the preferences and expectations
of consumers as well as the hypotheses of Theorem 3.4 describing the
firms’ technologies are satisfied. It will be shown that in this case the
temporary equilibrium maps W, R and P introduced in (2.53), (2.56)
and (2.57) are well-defined and many properties can even be derived
explicitly.

For the following derivations, consider an arbitrary period t ∈ N0.
Let the population vector Nt = (N (j)

t )Jj=0 defining aggregated labor
supply LS

t > 0 according to (2.1) as well as the firms’ capital stocks
Kt = (K(m)

t )Mm=1 be given. Following the sequential structure of the
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model introduced in Section 2.5 consider first the existence of a tempo-
rary equilibrium on the labor market as introduced in Definition 2.5.1.
Utilizing (3.27) the aggregated labor demand function of firms can be
defined for each ω > 0 as

L(ω;Kt) :=
M∑

m=1

L(m)(ω;K(m)
t ) =

M∑

m=1

(α(m)κ(m)

ω

) 1

1−α(m)
K

(m)
t . (3.33)

One observes that the function L(·;Kt) being strictly monotonically
decreasing and surjective has an inverse L−1(·;Kt) : R++ −→ R++.
Inverting the market clearing condition L(ωt;Kt)

!= LS
t the equilibrium

real wage ωt > 0 can therefore be obtained as

ωt = W(Kt, L
S
t ) := L−1(LS

t ;Kt). (3.34)

This shows that in the present case the equilibrium map W from (2.53)
is indeed well-defined. Given the contribution rate τt ∈ [0, 1[ to the pen-
sion system the non-capital income distribution et := (e(j)t )Jj=0 among
consumers follows from (3.34) using (2.2) and (2.3). Likewise, given
the realization of the production shock ηt at time t the firms’ dividend
payments dt = (d(m)

t )Mm=1 can be determined from (2.34).
Next consider a temporary equilibrium on the asset markets as in-

troduced in Definition 2.5.2. Let the fundamentals (Nt,Kt, et, dt), ex-
pectations (µt, Σt, êt, R̂t, ω̂t,t+1) and the previous equilibrium asset al-
location zt−1 = (y(j)

t−1, x
(j)
t−1)

J
j=1 and Bt−1 = (B(m)

t−1 )Mm=1 among con-
sumers and firms together with the previous bond return Rt−1 > 0
be given. The pair (zt−1, Bt−1) being an equilibrium allocation implies∑J−1

j=0 N
(j)
t x

(j+1)
t−1 = x̄ and

∑J−1
j=0 N

(j)
t y

(j+1)
t−1 =

∑M
m=1B

(m)
t−1 by virtue

of Definition 2.5.2. Consider the market clearing conditions (2.54) and
(2.55) supposing that the equilibrium bond return Rt > 0 induces an
interior investment decision for each firm, i.e. Rt < R̄

(m)(ω̂t,t+1) for all
m = 1, . . . ,M with the upper bound being defined as in Theorem 3.4.
Furthermore, for notational brevity, define from (3.23) and (3.32)

m̂t = m̂(Nt,Kt, êt, R̂t, ω̂t,t+1) (3.35)

:=
J∑

j=1

N
(j)
t ε̂

(j)
t +

M∑

m=1

B(m)
(
1; ω̂t,t+1,K

(m)
t

)
.

Then, utilizing the form (3.24) and (3.31) of the asset demand functions
of consumers and firms together with (3.23) and (3.32) the market
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clearing conditions (2.54) and (2.55) can be written as8

θ
(
Rt, pt;µt, Σt

) J∑

j=1

N
(j)
t (1 − c̄(j))

(
w

(j)
t +

ε̂
(j)
t

Rt

)
!= x̄ (3.36)

(
1 − p�t θ (Rt, pt;µt, Σt)

) J∑

j=1

N
(j)
t (1 − c̄(j))

(
w

(j)
t +

ε̂
(j)
t

Rt

)
!=
m̂t

Rt
. (3.37)

Here the equilibrium wealth levels w(j)
t , j = 1, . . . , J are determined by

(2.4) (and thus also depend on pt). Since the r.h.s. of (3.36) and (3.37)
are strictly positive, an immediate observation is that the equilibrium
reference portfolio θt := θ (Rt, pt;µt, Σt) must be interior, i.e., θt � 0
and θ�t pt < 1. By virtue of Theorem 3.2 (i) and equation (3.21) this
is equivalent to πt := Rt pt ∈ I(µt, Σt). In this case, one obtains from
Theorem 3.3 (ii)

θ (Rt, pt;µt, Σt) =
Rt λ

� (Rt pt;µt, Σt)
(
(µt −Rt pt)�Σ−1

t (µt −Rt pt)
) 1

2

Σ−1
t (µt −Rt pt)

(3.38)
with λ� (·;µt, Σt) given in Theorem 3.3. Using (3.38) in (3.36) yields

Rt λ
� (Rt pt;µt, Σt)

(
(µt −Rt pt)�Σ−1

t (µt −Rt pt)
) 1

2

Σ−1
t (µt −Rt pt)

×
J∑

j=1

N
(j)
t (1 − c̄(j))

(
w

(j)
t + ε̂(j)t /Rt

)
!= x̄. (3.39)

From this equation one immediately observes that the equilibrium πt

must satisfy the collinearity condition

πt ∈ L (µt, Σt, x̄) :=
{
µt − v Σt x̄ ∈ RM |v ≥ 0

}
.

Utilizing the definition (3.21) of the set I (µt, Σt) and combining these
two conditions gives

πt ∈ I (µt, Σt)︸ ︷︷ ︸
interiority

∩L (µt, Σt, x̄)︸ ︷︷ ︸
collinearity

⇔ πt = µt − vtΣt x̄ (3.40)

8 At this point the homogeneity property (3.32) of firms’ bond supply functions is
crucial to obtain the r.h.s. of equation (3.37). Otherwise it would be impossible to
derive the subsequent temporary equilibrium maps explicitly while, in addition,
all of the following computations would become much more involved.
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for some vt ∈
]
0, v̄(µt, Σt)

[
where the upper bound depending on beliefs

is determined by the map v̄ : B −→ R

v̄(µ,Σ) :=
1

x̄�Σx̄

(
µ�x̄−

[
Eνµ,Σ

[ 1
q�x̄

]]−1)
. (3.41)

Note that the condition vt > 0 is owed to the first inequality in the
definition (3.21) while vt < v̄(µt, Σt) is required by the second one.
Also note that v̄(µt, Σt) > 0 by Jensen’s inequality. The construction
of the equilibrium vt is illustrated in Figure 3.4 which depicts the sets
L (µt, Σt, x̄) and I (µt, Σt) for the special case where M = 2.

π(1)

π(2)

0
0

µ
(1)
t

µ
(2)
t

π
(1)
t

π
(2)
t

I(µt, Σt)

L(µt, Σt, x̄)

v = 0

v = vt

v = v̄(µt, Σt)

Fig. 3.2. Construction of the equilibrium relative price πt := Rt pt for M = 2

Substituting (3.40) into (3.38) and using the result in (3.36) and
(3.37) one finds by eliminating from both equations the common term∑J

j=1N
(j)
t (1− c̄(j))(w(j)

t + ε̂(j)t /Rt) that the equilibrium vt has to satisfy
the implicit condition:

1 − λ� (µt − vtΣt x̄;µt, Σt)

(x̄�Σt x̄)
1
2

(
µ�t x̄− vtx̄�Σt x̄+ m̂t

)
= 0. (3.42)

The following lemma claims that in the present case (3.42) possesses
a unique solution. The tedious proof is relegated to Section 3.A.6 in
Appendix 3.A of this chapter.
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Lemma 3.4.1 Let the function λ�(·;µt, Σt) be defined as in Theorem
3.3 (i). Then there exists a differentiable function

v : B × R++ −→ R++, (µ,Σ, m̂) 	−→ v(µ,Σ, m̂)

which determines the unique solution vt = v(µt, Σt, m̂t) ∈]0, v̄(µt, Σt)[
to equation (3.42). Moreover, v(·) is strictly decreasing in each compo-
nent of µ and m̂.

Utilizing the result of Lemma 3.4.1 yields the equilibrium relative price

πt = Rt pt = µt − v(µt, Σt, m̂t)Σtx̄� 0 (3.43)

with m̂t > 0 being defined by (3.35).
To derive the form of equilibrium prices (Rt, pt) recall that c̄(0) = 1

and, by assumption
∑J−1

j=0 N
(j)
t x

(j+1)
t−1 = x̄. This permits us to write

x̄ − ∑J−1
j=1 N

(j)
t (1 − c̄(j))x(j+1)

t−1 =
∑J−1

j=0 N
(j)
t c̄(j)x

(j+1)
t−1 . Using this and

equations (3.38), (3.42) and (3.43) together with (2.4) in (3.36) and
(3.37) and solving for Rt yields the following map R which determines
the equilibrium bond return at time t as

Rt = R(Nt,Kt, et, dt, zt−1, Rt−1, µt, Σt, êt, R̂t, ω̂t,t+1) (3.44)

:=

M∑

m=1

B(m)(1; ω̂t,t+1,K
(m)
t ) +

J∑

j=1

N
(j)
t c̄(j)ε̂

(j)
t + π�t

J−1∑

j=0

N
(j)
t c̄(j)x

(j+1)
t−1

J∑

j=1

N
(j)
t (1 − c̄(j))e(j)t +Rt−1

J−1∑

j=1

N
(j)
t (1 − c̄(j))(y(j+1)

t−1 + d�t x
(j+1)
t−1

)

where
πt = µt − v

(
µt, Σt, m̂(Nt,Kt, êt, R̂t, ω̂t,t+1)

)
Σt x̄.

Here the maps m̂(·) and v(·) are given by equation (3.35) and Lemma
3.4.1, respectively. Likewise, utilizing (3.43) and (3.44), the temporary
equilibrium map P determining equilibrium asset prices at time t can
be calculated as

pt = P(Nt,Kt, et, dt, zt−1, Rt−1, µt, Σt, êt, R̂t, ω̂t,t+1) (3.45)

:=
1

R
(
Nt,Kt, et, dt, zt−1, Rt−1, µt, Σt, êt, R̂t, ω̂t,t+1

) πt.

These results suggest that the temporary equilibrium maps R and P
from (2.56) and (2.57) are indeed well-defined in the present case.
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However, recall that the derivations of (3.44) and (3.45) were based
on the presumption of interior investment solutions for each firm.
Hence, consistency requires that the solution Rt determined by (3.44)
satisfies Rt < R̄(m)(ω̂t,t+1) for each m = 1, . . . ,M or, equivalently,

Rt < R̄(ω̂t,t+1) where R̄(ω̂) := min
m

{
R̄(m)(ω̂)|m = 1, . . . ,M

}
for ω̂ > 0.

Due to the complexity of the map R, it seems difficult to derive
explicit conditions under which this requirement is satisfied. However,
one observes from Theorem 3.4 (ii) that the upper bound R̄(ω̂t,t+1)
is crucially determined by the parameters (γ(m)

0 , γ
(m)
1 ) of the adjust-

ment cost function of each firm m introduced in (3.26). Assuming a
sufficiently small value γ(m)

0 for all firms will make the upper bound
sufficiently large while one observes from the bond supply function
(3.31) that this parameter does not enter the interest law (3.44). This
observation suggests that there exists a robust set of parameters such
that the condition Rt < R̄(ω̂t,t+1) is indeed satisfied for all times t.9 In
the sequel, we will therefore assume that the solution to (3.44) satis-
fies this condition and the values determined by (3.44) and (3.45) are
indeed the equilibrium prices at time t.

Given this assumption, the mappings (3.34), (3.44) and (3.45) define
economic laws in the sense of [16]. These determine equilibrium prices
on real and financial markets at time t from the given fundamentals of
the economy, the previous asset allocation and the subjective expecta-
tions of consumers and firms. In this regard, note that the expectations
which enter the laws (3.44) and (3.45) refer to future periods such that
these mappings possess an expectational lead of length J , cf. [17].

From (3.36) and the form of the asset demand function ϕ(j)
x (·) in

(3.24) one observes that the equilibrium portfolio x(j)
t ∈ X held by a

consumer in generation j ∈ {1, . . . , J} after trading can be written as

x
(j)
t = ϑ

(j)
t x̄ (3.46)

where

ϑ
(j)
t :=

(1 − c̄(j))(w(j)
t + ε̂(j)t /Rt)

∑J
i=1N

(i)
t (1 − c̄(i))(w(i)

t + ε̂(i)t /Rt)
.

Equation (3.46) recovers the classical result from CAPM theory claim-
ing that each investor holds a share ϑ(j)

t ∈]0, 1[ of the market portfolio
x̄. In our model this share is determined by the consumer’s expected

9 The numerical simulations of the model presented in Chapters 4 and 5 confirm
this conjecture.
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lifetime income relative to aggregate expected lifetime income, each
weighted by the respective savings propensities.

As already noted in Section 2.5, the description of the model is only
complete once the way in which consumers and firms form their expec-
tations has been defined. In the present case, this requires a description
of how consumers determine their beliefs (µt, Σt) about next period’s
cum-dividend price and their point forecasts ê(j)t = (ê(j)t,t+n)jn=1 and

R̂
(j)
t = (R̂t,t+n)j−1

n=1, j = 1, . . . , J for future non-capital income and fu-
ture bond returns. Similarly, it has to be specified how firms determine
their real wage prediction ω̂t,t+1 from information available at time t.
In this regard, recall from Section 2.5 that expectations are formed af-
ter the real wage ωt and the random production shocks ηt have been
determined but prior to trading on the asset markets. Hence, the in-
formation set upon which expectations at time t are based contains
the current non-capital income distribution et and the dividend pay-
ment dt but not the current price pt and the bond return Rt. Clearly,
all observations made during previous periods t − 1, t − 2, . . . are also
available.

Due to the complexity of the model this work refrains from the as-
sumption of fully rational expectations but instead assumes that both
consumers and firms form their expectations according to simple pre-
diction rules. To this end, suppose that each firm assumes that the
current real wage will continue to prevail in the following period such
that the wage prediction at time t satisfies

ω̂t,t+1 = ωt (3.47)

for all times t ∈ N0. Consumers in generation j ∈ {1, . . . , J} derive
their non-capital income expectation ê(j)t,t+n for period t + n from the
current income of generation j−n (corresponding to their age at t+n)
such that for each t ∈ N0

ê
(j)
t,t+n = e

(j−n)
t , n = 1, . . . , j, j = 1, . . . , J. (3.48)

The prediction for future bond returns is assumed to be uniformly equal
to the last observed bond return such that for each t ∈ N0

R̂t,t+n = Rt−1, n = 1, . . . , J − 1. (3.49)

Finally, suppose that second moment beliefs for cum-dividend prices
are constant such that Σt ≡ Σ for all times t and that first moment
beliefs µt are updated using an error-correction principle of the form
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µt = µt−2 + �(qt−1 − µt−2), 0 ≤ � ≤ 1. (3.50)

This kind of prediction behavior is known as adaptive expectations for-
mation and is widely used in the literature, see, e.g. [12] or [23], [24]. The
idea is that if the previous expectations error (qt−1 − µt−2) is positive
such that the price qt−1 has been underestimated there is a tendency
to increase the current forecast µt. Likewise, if the previous price qt−1

has been overestimated, there is a tendency to decrease the current
forecast µt. Note that (3.50) includes the cases of naive expectations
(� = 1 ⇒ µt = qt−1) and of static expectations (� = 0 ⇒ µt = µt−2).

Despite their simplicity the following chapter will reveal that the
proposed prediction rules (3.47) to (3.50) are capable of generating un-
biased, i.e., on average correct predictions with relatively small forecast
errors. Hence, their use may be seen as a form of near-rational behav-
ior. Due to the explicit modeling strategy proposed in this work it is
straightforward to integrate more sophisticated forecasting rules into
the present framework. In this regard, the existence and form of predic-
tion rules generating fully rational and correct expectations as studied
in [61] is a challenging exercise for future research.

At this point, a general remark on the forecasting behavior of con-
sumers and firms must be made. The hypothesized expectations for-
mation distinguished between point predictions and forecasts made for
moments of subjective probability distributions. In this regard, it was
assumed that consumers treat future asset prices and dividends as ran-
dom variables in their decision problems and attempt to predict the
first two moments of their hypothesized distribution. In contrast to
that, they form point predictions for future non-capital incomes and
future bond returns. Similarly, firms form point predictions for future
real wages. This kind of behavior suggests that the latter variables can
relatively safely be predicted and that, e.g., fluctuations in real wages
are negligible compared to fluctuations in asset prices. Although this
assumption may be reasonable from an empirical point of view, a the-
oretical justification requires to show that the actual behavior of the
model is consistent with this assumption. While a general theoretical
argument is difficult due to the complexity of the model, the numerical
simulations presented in the following chapters will show that fluctua-
tions in asset prices and dividends are indeed much larger as compared
to those variables for which point predictions are made. This will be
taken as a justification for the hypothesized forecasting behavior.

To complete the description of the model we are left to specify how a
government authority that controls the pension system determines the
pension income eRt and the contribution rate τt at time t. In accordance
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with the sequential structure introduced in Section 2.5 we assume that
these parameters are determined after the labor market has cleared
and the equilibrium real wage ωt has been determined but prior to
trading on asset markets. By construction it is sufficient to determine
one of these parameters while the other one will follow from the budget
equation (2.60). In the simplest case contributions are constant over
time such that τt ≡ τ for all t and pension incomes adjust accordingly.
This case will be referred to as a static pension system and will mainly
be studied in the following chapter for different values of τ . The case
where contributions and pension payments are adjusted dynamically
over time according to a well-specified pension policy will be studied
in Section 4.6 of Chapter 4 and in Sections 5.3 and 5.4 of Chapter 5.

3.5 The Model in Period t

We close this chapter with a summary of the sequential structure of
the model in period t. The following five steps correspond to those in
Section 2.5. The superscripts above the equality symbol identify the
equation in which the respective variable is determined.

Step 1: Population and labor force.

N
(j)
t

(2.51)
= N

(j+1)
t−1 , j = 1, . . . , J − 1

N
(J)
t

(2.51)
= N (Nt−1)

LS
t

(2.1)
=

J∑

j=jL

L̄(j)N
(j)
t .

Step 2: Labor market clearing, non-capital income, dividends.

ηt =
(
η

(m)
t

)M

m=1
exogenous shock

ωt
(3.34)
= W(Kt, L

S
t ),

e
(j)
t

(2.2)
= (1 − τt)ωt L̄

(j), j = jL, . . . , J

e
(j)
t

(2.3)
=

τt ωtL
S
t

NR
t

, j = 0, . . . , jL − 1

d
(m)
t

(2.34)
=

F (m)(L(m)
t ,K

(m)
t , η

(m)
t ) − ωtL

(m)
t

x̄(m)

−Rt−1B
(m)
t−1

x̄(m)
, m = 1, . . . ,M.
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Step 3: Expectations formation of firms and consumers.

ω̂t,t+1
(3.47)
= ωt

ê
(j)
t,t+n

(3.48)
= e

(j−n)
t , n = 1, . . . , j, j = 1, . . . , J

R̂t,t+n
(3.49)
= Rt−1, n = 1, . . . , J − 1

µt
(3.50)
= µt−2 + �(qt−1 − µt−2)

Step 4: Asset market clearing, wealth, asset holdings.

Rt
(3.44)
= R(Nt,Kt, et, dt, zt−1, Rt−1, µt, Σt, êt, R̂t, ω̂t,t+1)

pt
(3.45)
= P(Nt,Kt, et, dt, zt−1, Rt−1, µt, Σt, êt, R̂t, ω̂t,t+1)

w
(j)
t

(2.4)
=

{
e
(J)
t j = J

e
(j)
t +Rt−1 y

(j+1)
t−1 + x(j+1)�

t−1 (pt + dt) j = 0, . . . , J − 1

x
(j)
t

(3.46)
= ϕ

(j)
x

(
Rt, pt, w

(j)
t ;µt, Σt, ê

(j)
t , R̂t

)
, j = 1, . . . , J

y
(j)
t

(3.24)
= ϕ

(j)
y

(
Rt, pt, w

(j)
t ;µt, Σt, ê

(j)
t , R̂t

)
, j = 1, . . . , J

B
(m)
t

(3.31)
= B(m)

(
Rt; ω̂t,t+1,K

(m)
t

)
, m = 1, . . . ,M.

Step 5: Consumption, investment and capital formation.

c
(j)
t

(3.24)
= ϕ

(j)
c

(
Rt, pt, w

(j)
t ;µt, Σt, ê

(j)
t , R̂t

)
, j = 1, . . . , J

I
(m)
t

(3.29)
= I(m)(Rt; ω̂t,t+1,K

(m)
t ), m = 1, . . . ,M

K
(m)
t+1

(2.31)
= I

(m)
t + (1 − δ)K(m)

t , m = 1, . . . ,M.

Summary of Chapter 3

The parameterized version of the model developed in this chapter pro-
vides an explicit description of the demand behavior of consumers and
firms as well as of the formation of prices and allocations on real and
financial markets. Combined with a description of the forecasting be-
havior of consumers and firms the model offers a flexible theoretical
framework within which the role of pension systems as well as the issue
of demographic change can be studied explicitly. In this regard, the de-
veloped parametrization is tailor-made to hypothesize alternative pen-
sion policies describing the adjustment of contribution rates over time.
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Likewise the employed population model allows one to consider vari-
ous demographic scenarios corresponding to different births processes.
Moreover, since the proposed setup permits an arbitrary number of
assets an extensive analysis of risk and diversification becomes possi-
ble. In this regard, due to the properties of elliptical distributions, the
present setup preserves many of the insights from classical CAPM the-
ory which offer a wide array of results on this issue and which become
accessible in our extended macroeconomic framework.

Several modifications of the present parametrization are straightfor-
ward. As an example, it would easily be possible to modify the assump-
tions made with respect to the production technologies of firms. For
simplicity, these have been assumed to be of the Cobb-Douglas type,
however, all of the structural results derived in this chapter remain in-
tact if one allows for more general, e.g., CES, production technologies.

A more challenging modification of the proposed setup concerns
the hypothesized expectations formation of consumers and firms which
has been kept quite simple. Due to the explicit modeling strategy, it is
straightforward to integrate alternative forecasting rules into the model.
This opens the possibility to analyze and compare the role of the pre-
diction behavior of consumers and firms on the properties and the dy-
namic behavior of the model. In particular, the existence and form of
forecasting rules generating correct, or in some sense rational, expecta-
tions is left as a challenging exercise for future research. In this regard,
the framework developed in [61] sets the stage to study the existence of
rational forecasting rules for agents with multiperiod planning horizons
in a random environment.

Summarizing one finds that the present parametrization incorpo-
rates a broad range of possible scenarios and modifications. The sim-
ulation study carried out in the subsequent second part of this disser-
tation should therefore be viewed as being only a first step towards a
comprehensive exploration of the model and its dynamic features.
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3.A Mathematical Appendix

3.A.1 Proof of Lemma 3.1.1

Let the parameter values ε̂ > 0, R̂ > 0, w > −ε̂/R̂, p � 0, and β̂ > 0
be arbitrary but fixed. Define the values c� and θ� as follows:

c� := arg max
c∈C

{
ln(c) + β̂ ln(w + ε̂/R̂− c)

∣∣∣ c ≤ w + ε̂/R̂
}

(3.51)

θ� := arg max
θ∈X

{∫

S

ln
(
W (1 − θ�p, θ, s, 0, R̂)

)
ν̂(ds)

∣∣∣ p�θ ≤ 1
}
. (3.52)

We first show that these values are indeed well-defined, i.e., both prob-
lems in (3.51) and (3.52) possess unique solutions. By straightforward
calculations one can easily verify that the value c� = 1

1+β̂

(
w+ Ê/R̂

)
is

the unique maximizer of problem (3.51). Consider the second problem
(3.52). For each θ ∈ B(p) := {θ ∈ RM

+ |p�θ ≤ 1}, define the function

U(θ; R̂, p, ν̂) :=
∫

S̄

ln
(
W (1 − θ�p, θ, s, 0, R̂)

)
ν̂(ds). (3.53)

By Lemma 2.B.2, the function U(·; R̂, p, ν̂) being defined on the com-
pact set B(p) is continuous implying the existence of a solution to
(3.52). Uniqueness will follow if we show that U(·; R̂, p, ν) is strictly
concave. For this purpose, let θ′, θ′′ ∈ B(p) be arbitrary with θ′ 
= θ′′.
Set z′ := (1 − p�θ′, θ′) ∈ Z and z′′ := (1 − p�θ′′, θ′′) ∈ Z and
observe that the non-redundancy property of ν̂ implies that the set
A(z′, z′′, R̂) := {s ∈ S|W (z′, s, 0, R̂) 
= W (z′′, s, 0, R̂)} has positive
measure, i.e., ν̂(A(z′, z′′, R̂)) > 0. Employing a similar argument as
in step 2 in the proof of Proposition 2.3.1 and exploiting the linearity
of the function W and the strict concavity of the logarithmic function
it is now straightforward to show that U(λθ′ + (1 − λ)θ′′; R̂, p, ν̂) >
λU(θ′; R̂, p, ν̂) + (1 − λ)U(θ′′; R̂, p, ν̂) for all λ ∈]0, 1[. This proves the
strict concavity of the function U(·; R̂, p, ν̂) which together with the
convexity of the set B(p) ensures the uniqueness of the solution θ�. This
shows that both values in (3.51) and (3.52) are indeed well-defined.

Let x� := β̂

1+β̂

(
w + ε̂/R̂

)
θ�, y� := β̂

1+β̂

(
w + ε̂/R̂

)
(1 − p�θ�) − ε̂/R̂

and let c� be defined as above. We show that the triple (c�, y�, x�)
is the unique maximizer to (3.1). Note first that 0 < c� < w + ε̂/R̂,
c� + p�x� + y� = w and y� = w − c� − p�x� ≥ −ε̂/R̂. Hence the
constraints in (3.1) are satisfied. Substituting y� = w − c� − p�x� and
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exploiting that the definition (2.15) of the function W implies that
W (w − c� − p�x�, x�, s, ε̂, R̂) = (w + ε̂/R̂ − c�)W (1 − θ��p, θ�, s, 0, R̂)
the value of the objective function in (3.1) at the point (c�, y�, x�) can
be written as

V � := ln(c�) + β̂
∫

S

ln
(
W (y�, x�, s, ε̂, R̂)

)
ν̂(ds)

= ln(c�) + β̂
∫

S

ln
(
W (w − c� − p�x�, x�, s, ε̂, R̂)

)
ν̂(ds)

= ln(c�) + β̂ ln(w + ε̂/R̂− c�)
+β̂

∫

S

ln
(
W (1 − θ��p, θ�, s, 0, R̂)

)
ν̂(ds).

Let (c̃, ỹ, x̃) 
= (c�, y�, x�) be another triple satisfying c̃+ x̃�p + ỹ = w

and ỹ ≥ −ε̂/R̂. Defining

Ṽ := ln(c̃) + β̂
∫

S

ln
(
W (ỹ, x̃, s, ε̂, R̂)

)
ν̂(ds)

we show that V � > Ṽ .
If c̃ = 0 or c̃ = w + ε̂/R̂ we have Ṽ = −∞ < V � and the claim is

trivially satisfied in either case. Hence assume 0 < c̃ < w+ ε̂/R̂. Define
θ̃ := [w+ ε̂/R̂− c̃]−1x̃ and observe that θ̃ ∈ B(p). Since ỹ = w− c̃− x̃�p
and W (w− c̃−p�x̃, x̃, s, ε̂, R̂) = (w+ ε̂/R̂− c̃)W (1− θ̃�p, θ̃, s, 0, R̂) the
value Ṽ can be written as

Ṽ = ln(c̃) + β̂ ln(w + ε̂/R̂ − c̃) + β̂
∫

S

ln
(
W (1 − θ̃�p, θ̃, s, 0, R̂)

)
ν̂(ds).

Note that our assumption (c̃, ỹ, x̃) 
= (c�, y�, x�) implies (c̃, θ̃) 
= (c�, θ�).
But since c� and θ� are the unique maximizers to problems (3.51) and
(3.52) we have

c̃ 
= c� ⇒ ln(c̃) + β̂ ln(w + ε̂/R̂− c̃) < ln(c�) + β̂ ln(w + ε̂/R̂ − c�)

θ̃ 
= θ� ⇒
∫

S

ln
(
W (1 − θ̃�p, θ̃, s, 0, R̂)

)
ν̂(ds)

<

∫

S

ln
(
W (1 − θ��p, θ, s, 0, R̂)

)
ν̂(ds).

Since at least one of the two inequalities must be satisfied, this shows
that V � > Ṽ and, since (c̃, ỹ, x̃) was arbitrary, that (c�, y�, x�) are in-
deed the maximizers of (3.1). �
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3.A.2 Proof of Proposition 3.1.1

Since hj ≡ 0 and Êj = 0, the claim is obviously true for n = j and
hence in the special case where j = 1. The remainder of this proof
therefore employs an induction argument assuming that j > 1.

To this end, suppose there exists n ∈ {1, . . . , j − 1} such that the
claim is true for Vn+1(·). Let sn1 ∈ Sn and wn > −Ên be arbitrary but
fixed. Using the recursive definition (2.17) yields the value function Vn

under the induction hypothesis as

Vn(wn, s
n
1 ) = Ṽn(wn, s

n
1 ) + β

∫

S

hn+1(sn1 , s)Qn+1(sn1 , ds) (3.54)

where, noting that β βn+1 = (βn − 1) and that ên+1 + Ên+1 = R̂nÊn

by virtue of (2.6) and defining Bn(wn, pn) as in (2.18)

Ṽn(wn, s
n
1 ) := (3.55)

max
(c,z)∈Bn(wn,pn)

{
ln(c) + (βn − 1)

∫

S

ln
(
W (z, s, R̂nÊn, R̂n)

)
Qn+1(sn1 , ds)

}
.

Utilizing Lemma 3.1.1 (setting Ê = R̂nÊn, R̂ = R̂n and β̂ = (βn − 1)
the solution c�n and z�

n = (y�
n, x

�
n) to the maximization problem in (3.55)

takes the form

c�n = 1
βn

(
wn + Ên

)

y�
n = (1 − 1

βn
)
(
wn + Ên

)
(1 − p�n θ�

n) − Ên

x�
n = (1 − 1

βn
)
(
wn + Ên

)
θ�
n

θ�
n := arg max

θ∈X

{∫

S

ln
(
W (1 − θ�pn, θ, s, 0, R̂n)

)
Qn+1(sn1 , ds)

∣∣∣θ�pn ≤ 1
}
.

(3.56)
Substituting (3.56) into (3.55) yields

Ṽn(wn, s
n
1 ) = ln(c�n) + (βn − 1)

∫

S

ln
(
W (z�

n, s, R̂nÊn, R̂n)
)
Qn+1(sn1 , ds).

(3.57)
Equation (3.56) and the definition of the function W in (2.15) implies
W (y�

n, x
�
n, s, R̂nÊn, R̂n) =

(
wn + Ên − c�n

)(
W (1 − θ��

n pn, θ
�
n, s, 0, R̂n)

)

and therefore
∫

S

ln
(
W (y�

n, x
�
n, s, R̂nÊn, R̂n)

)
Qn+1(sn1 , ds) (3.58)

= ln
(
wn + Ên − c�n

)
+

∫

S

ln
(
W (1 − θ��

n pn, θ
�
n, s, 0, R̂n)

)
Qn+1(sn1 , ds).
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Substituting (3.58) into (3.57) using (3.56) and using the obtained re-
sult in (3.55) yields finally

Vn(wn, s
n
1 ) = βn ln

(
wn + Ên

)
+ hn(sn1 )

where the function hn is defined as

hn(sn1 ) :=

max
θ∈X

{
(βn − 1)

∫

S

ln
(
W (1 − θ�pn, θ, s, 0, R̂n)

)
Qn+1(sn1 , ds)

∣∣∣θ�pn ≤ 1
}

+β
∫

S

hn+1(sn1 , s)Qn+1(sn1 , ds) + (βn − 1) ln(βn − 1) − βn ln(βn).

The fact that hn is continuous is a consequence of Proposition 2.3.1. �

3.A.3 Properties of Elliptical Distributions

This section reviews some of the basic properties of elliptical distri-
butions which were used in Section 3.2. All proofs of the subsequent
results may be found, e.g., in the textbooks [31] or [32].

For the following derivations we fix an underlying probability space
(Ω,F ,P) and equip the Euclidean space RN with its Borelian-σ-algebra
B(RN ). For any random variable (i.e., F−B(RN ) measurable mapping)
ξ : Ω → RN we denote by νξ the probability distribution (image mea-
sure) of ξ defined by νξ(B) := P(ξ−1(B)) for all B ∈ B(RN). Often
properties of the random variable ξ will be stated in terms of its im-
age measure νξ and vice versa.10 The characteristic function11 of ξ is
defined as

ψξ : RN −→ C ψξ(t) :=
∫

RN

exp
{
i t�x

}
νξ(dx) (3.59)

where i :=
√−1. It is well known that there is a one-to-one corre-

spondence between the distribution νξ of a random variable ξ and its
characteristic function ψξ, cf. [7, pp. 186]. For each N ≥ 1 the space ZN

of all random variables defined on Ω with values in RN will be equipped
with the equivalence relation d=⊂ ZN ×ZN indicating that two random
10 For example, the statement that ξ is normally distributed is equivalent to the

statement that νξ is a multivariate normal distribution.
11 Within this section the symbol C is used to denote the complex numbers. Al-

though this notation was used in other sections to identify the consumers’ con-
sumption set, no confusion should arise.
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variables ξ and ξ′ have the same distribution, i.e. ξ d= ξ′ :⇔ νξ = νξ′ .
The following Lemma (cf. [31, p. 13]) will be used frequently.

Lemma 3.A.1 Let f : RN −→ RL be a B(RN ) − B(RL) measurable
transformation. Then for all ξ, ξ′ ∈ ZN :

ξ
d= ξ′ ⇒ f(ξ) d= f(ξ′).

Equipped with these prerequisites we now turn to the basic proper-
ties of elliptical distributions. Since these are generated by spherical
distributions, we begin with the definition of a spherical distribution.

Definition 3.A.1 A random variable ε̂ ∈ ZN with distribution νε̂ is
said to be spherically distributed and νε̂ is called a spherical distribu-
tion if for any orthogonal matrix Γ ∈ RN×N , i.e. Γ�Γ = IN , it is true
that ε̂ d= Γ ε̂.

A spherical distribution is thus invariant under any orthogonal transfor-
mation. The most prominent example of a spherical distribution is the
standard normal distribution on RN . Another example is the uniform
distribution supported on the closed unit sphere {u ∈ RN | ‖u‖ ≤ 1},
cf. [31, Example 2.2, p. 28]. For N = 1 the class of spherical distri-
butions coincides with the symmetric distributions (about the origin).
The following lemma states an important property of the characteristic
function of spherical random variables. In this regard, recall that the
characteristic function of a random variable ξ ∈ ZN is real-valued, if
and only if ξ d= −ξ, see, e.g., [7, p. 201, Beispiel 1]. Since Γ := −IN
is an orthogonal matrix, the characteristic function of a spherically
distributed random variable is obviously real-valued.

Lemma 3.A.2 A random variable ε̂ ∈ ZN is spherically distributed if
and only if there exists a real-valued function ψ : R+ −→ R such that
the characteristic function ψε̂ can be written in the form

ψε̂(t) = ψ ◦ ‖t‖2 = ψ(t�t). (3.60)

where ‖ · ‖ denotes the Euclidean norm on RN .

Lemma 3.A.2 asserts that a spherical distribution on RN can be con-
structed by specifying a suitable function ψ which defines the charac-
teristic function (3.59) of this distribution according to (3.60). Con-
sequently, the function ψ is called the characteristic generator of the
spherical distribution. For each N ≥ 1, let ΨN denote the class of all



88 3 The Parameterized Model

such generators, i.e., ψ ∈ ΨN if and only if ψ ◦‖·‖2 defines a character-
istic function on RN (meaning that it satisfies the properties of char-
acteristic functions which can be found e.g. in [7, p. 189, Satz 22.3]. In
the sequel we shall write ε̂ ∼ SN (ψ) to mean that the random variable
ε̂ ∈ ZN has a spherical distribution on RN generated by the function
ψ ∈ ΨN according to (3.60). For example, choosing ψ(u) = exp{−u

2}
generates the standard normal distribution on RN for every N ≥ 1. It is
well-known that the sequence (Ψn)n≥1 is decreasing, i.e. Ψ1 ⊃ Ψ2 ⊃ . . ..
This implies that any characteristic generator ψ ∈ ΨN , N ≥ 1 defining
a spherical distribution on RN also defines a spherical distribution on
RL for L ≤ N and, in particular, on R. The following lemma establishes
an important relation between spherical distributions on RN and R. It
may be found as Theorem 2.4 on p. 31 in [31].

Lemma 3.A.3 A random variable ε̂ = (ε̂(1), . . . , ε̂(N))� ∈ ZN taking
values in RN is spherically distributed if and only if a�ε̂ d= ‖a‖ ε̂(1) for
every vector a ∈ RN . In particular:

ε̂ ∼ SN (ψ) ⇒ ε̂(1) ∼ S1(ψ).

The second statement says that the marginal distribution of the first
component ε̂(1) of ε̂ has a spherical distribution on R defined by the
same generator ψ.

We close our remarks on spherical distributions with the follow-
ing Lemma describing the moments of spherical distributions (cf. the
Corollary on p. 34 in [31]).

Lemma 3.A.4 The first two moments of any spherically distributed
random variable ε̂ ∼ SN (ψ) with distribution νε̂ satisfy:

Eνε̂
[ε̂] = 0 and Vνε̂

[ε̂] = Eνε̂

[
ε̂2
]

= λψ IN

where the scalar λψ > 0 is exclusively determined by the generator ψ.12

Given the framework of spherical distributions, we now turn to the
class of elliptical random variables which are introduced in the following
definition.

Definition 3.A.2 A random variable ξ ∈ ZN taking values in RN is
said to be elliptically distributed with parameters (µ,Σ) ∈ RN × MN

and its distribution νξ is called an elliptical distribution if there exists
12 In fact, if ψ is differentiable at the origin, one has λψ = −2ψ′(0), cf. Theorem 2.17,

p. 43 in [31]. This is easily shown to be true for the standard normal distribution.
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a spherically distributed random variable ε̂ ∼ SN (ψ) such that ξ has
the stochastic representation

ξ
d= µ+A ε̂ (3.61)

where the N ×N matrix A satisfies AA� = Σ.

The spherical random variable ε̂ ∼ SN (ψ) thus generates a class
EN (·, ·, ψ) of elliptically distributed RN -valued random variables in the
sense that each member ξ can be represented as an affine linear trans-
formation of ε̂. Consequently, ε̂ is called the generating variate of this
class. We write ξ ∼ EN (µ,Σ,ψ) to mean that ξ is a member of this
class with parameters (µ,Σ). The representation (3.61) is well-defined
for any symmetric and positive definite matrix Σ, although it is gener-
ically non-unique. However, one can show that if ξ d= µ̃ + Ã ε̂ is an-
other representation, then µ = µ̃ and there exists an orthogonal matrix
O ∈ RN×N , i.e., O�O = IN , such that Ã = AO. As a consequence of
this result, one can without loss of generality choose A := Σ

1
2 in (3.61).

One of the most useful properties of elliptical random variables is
that they are robust with respect to affine-linear transformations. This
property is stated in the following proposition the proof of which may
be found in [31].

Proposition 3.A.1 Let ξ ∼ EN (µ,Σ,ψ) be an elliptically distributed
random variable with values in RN and parameters (µ,Σ) ∈ RN ×MN .
Then for any matrix Λ ∈ RL×N with rank L ≤ N and any vector
λ ∈ RL the random variable ξ′ := λ+ Λξ ∈ ZL satisfies:

ξ′ ∼ EL(λ+ Λµ,ΛΣΛ�, ψ).

The assertion of this proposition is that any affine-linear transforma-
tion of an RN -valued elliptical random variable ξ defines an RL-valued
random variable ξ′ within the same class (i.e., which is generated by
the same ψ) with corresponding transformed parameters. In particular,
if ξ is elliptical on RN , any affine-linear transformation from RN into
R induces an elliptical distribution on R of the same class. It is in fact
this property that makes elliptical distributions so useful in the theory
of portfolio choice.

We close this section with the following corollary describing the
moments of elliptical random variables. The proof is immediate from
Lemma 3.A.4 and (3.10).
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Corollary 3.A.1 For any elliptical random variable ξ ∼ EN (µ,Σ,ψ)
with distribution νξ the first two moments satisfy

Eνξ
[ξ] = µ and Vνξ

[ξ] = λψ Σ,

where the scalar λψ > 0 is exclusively determined by the generator ψ
(see Lemma 3.A.4 and the footnote thereafter).

3.A.4 Proof of Proposition 3.2.1

The following proof draws on the properties of elliptical distributions
presented in the previous section. Let Assumption 3.2.1 be satisfied
such that the random variable q with distribution νq is taken from
a fixed class of elliptical random variables generated by the spherical
random variable ε̂ ∼ SM(ψ) with characteristic generator ψ ∈ ΨM . By
definition, for each pair (µ,Σ) ∈ RM

++ × MM of feasible beliefs, q has
the stochastic representation

q
d= µ+Σ

1
2 ε̂ (3.62)

where the non-singular matrix Σ
1
2 ∈ RM×M denotes the square root of

Σ. By Lemma 3.A.1, for each θ ∈ RM
+ satisfying p�θ ≤ 1, one has

R+ θ�(q −Rp) d= R+ θ�(µ−Rp) + θ�Σ
1
2 ε̂. (3.63)

Since ε̂ = (ε̂(1), . . . , ε̂(M)) is a spherical random variable, an application

of Lemma 3.A.3 yields, noting that ‖Σ 1
2
�θ‖ =

(
θ�Σ θ

)1
2

θ�Σ
1
2 ε̂

d=
(
θ�Σ θ

) 1
2 ε (3.64)

where ε := ε̂(1) is the first component of the random variable ε̂ with
distribution νε which, by Lemma 3.A.3 is spherically distributed on R,
i.e. ε ∼ S1(ψ). Furthermore, since the support of ε̂ is the compact set
Ē := {e ∈ RM |‖e‖ ≤ ε̄}, the support of ε will be the interval [−ε̄, ε̄].
Since d= is an equivalence relation and hence transitive one obtains from
(3.63) and (3.64)

R+ θ�(q −Rp) d= R+ θ�(µ−Rp) +
(
θ�Σ θ

) 1
2 ε.

The map ln : R++ −→ R being a continuous and hence Borel-
measurable transformation implies by Lemma 3.A.1 that

ln
(
R+ θ�(q −Rp)) d= ln

(
R+ θ�(µ−Rp) +

(
θ�Σ θ

) 1
2 ε

)
.
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Integrating both sides of the last equation making use of the change-
of-variable formula finally gives the desired result

∫

Q̄(µ,Σ)
ln
(
R+ θ�(q −Rp))νµ,Σ(dq)

=
∫

[−ε̄,ε̄]
ln
(
R+ θ�(µ−Rp) +

(
θ�Σ θ

) 1
2 ε

)
νε(dε).

�

3.A.5 Proof of Lemma 3.2.1

Given beliefs (µ,Σ) ∈ B define the set I(µ,Σ) as in (3.21). Define the
M -dimensional simplex S1 := {∆ ∈ RM

++| ‖∆‖ = 1} and let ∆ ∈ S1 be
arbitrary. Consider the line segment L(µ,Σ,∆) := {µ − vΣ∆ |v ≥ 0}
passing through µ. Let π ∈ L(µ,Σ,∆). Then by definition π = µ−vΣ∆
for some v ≥ 0 or, equivalently, Σ−1(µ − π) = v∆. This implies that
Σ−1(µ− π) � 0 if and only if v > 0. Furthermore,

Eνµ,Σ

[
π�Σ−1 (µ− π)
q�Σ−1 (µ− π)

]
= Eνµ,Σ

[
µ�∆− v∆�Σ∆

q�∆

]

= Eνµ,Σ

[
µ�∆
q�∆

]
− v Eνµ,Σ

[
∆�Σ∆
q�∆

]
.

Therefore, noting that by Jensen’s inequality Eνµ,Σ

[
µ�∆
q�∆

]
> 1,

Eνµ,Σ

[
π�Σ−1 (µ− π)
q�Σ−1 (µ− π)

]
> 1

if and only if

v < v̄(∆) :=
µ�∆
∆�Σ∆

− 1

Eνµ,Σ

[
∆�Σ∆
q�∆

] . (3.65)

It follows that π ∈ I(µ,Σ) provided that v ∈]0, v̄(∆)[. Defining the set
L̄(µ,Σ,∆) := {µ − vΣ∆ |0 < v < v̄(∆)} it is clear from the previ-
ous observation that L̄(µ,Σ,∆) ⊂ I(µ,Σ). Since ∆ was arbitrary, this
inclusion has to be true for all ∆ ∈ S1. Consequently

L̄(µ,Σ) :=
⋃

∆∈S1

L̄(µ,Σ,∆) ⊂ I(µ,Σ) (3.66)
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proving in particular that I(µ,Σ) is non-empty. We claim that the
reverse inclusion ⊃ also holds in (3.66). Let π ∈ I(µ,Σ) be arbitrary.
Then Σ−1(µ− π) =: ∆̃� 0. Now set ∆ := 1

‖∆̃‖∆̃ and v := ‖∆̃‖ > 0 to
see that π can be written in the from π = µ−vΣ∆ with∆ ∈ S1. Clearly,
the second condition Eνµ,Σ

[
π�Σ−1(µ−π)
q�Σ−1(µ−π)

]
> 1 then requires v < v̄(∆)

with v̄(·) being defined as in (3.65). This implies that π ∈ L̄(µ,Σ,∆)
and, therefore, π ∈ L̄(µ,Σ). This proves that L̄(µ,Σ) = I(µ,Σ).

Next we show that I(µ,Σ) ⊂ RM
++. It suffices to show that for all

∆ ∈ S1 one has L̄(µ,Σ,∆) ⊂ RM
++. To this end, let∆ ∈ S1 be arbitrary.

Since the set L̄(µ,Σ,∆) is just the line segment between the two points
µ� 0 and π̄ := µ− v̄(∆)Σ∆, it suffices to show that π̄ � 0. Utilizing
the definition of v̄(∆) yields

π̄ = µ+Σ
1
2 ζ where ζ := −

(
µ�∆
∆�Σ∆

− 1

Eνµ,Σ

[
∆�Σ∆
q�∆

]
)
Σ

1
2
�∆ ∈ RM .

(3.67)
Note from Definition 3.2.1 that the feasibility of beliefs (µ,Σ) implies
that µ + Σ

1
2 ζ̃ � 0 for all ζ̃ ∈ RM satisfying ‖ζ̃‖ ≤ ε̄. It therefore

suffices to show that the vector ζ defined in (3.67) satisfies ‖ζ‖ ≤ ε̄.

Noting that ‖Σ 1
2
�∆‖ = (∆�Σ∆)

1
2 and that µ�∆ >

[
Eνµ,Σ

[
1

q�∆

]]−1

by Jensen’s inequality one obtains:

‖ζ‖ =
1

(∆�Σ∆)
1
2

(
µ�∆−

[
Eνµ,Σ

[ 1
q�∆

]]−1) ≤ ε̄

if and only if

Eνµ,Σ

[
1
q�∆

]
≤ 1

µ�∆− (∆�Σ∆)
1
2 ε̄

(3.68)

where we have exploited that µ�∆ − (∆�Σ∆)
1
2 ε̄ > 0 by virtue of

Lemma 3.B.3 (ii). On the other hand, Lemma 3.B.3 (i) shows that
q�∆ d= µ�∆+(∆�Σ∆)

1
2 ε where the random variable ε is symmetrically

distributed on [−ε̄, ε̄]. Combining these two properties yields

q�∆ ≥ µ�∆− (∆�Σ∆)
1
2 ε̄ > 0 νε − a.s.

⇒ Eνµ,Σ

[
1
q�∆

]
≤ 1

µ�∆− (∆�Σ∆)
1
2 ε̄

which proves that ‖ζ‖ ≤ ε̄ by virtue of equation (3.68). We have shown
that π̄ � 0 and therefore I(µ,Σ) ⊂ RM

++. The fact that I(µ,Σ) is
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an open set follows immediately from the strictness of the defining
inequalities and the continuity of the mappings π 	−→ Σ−1(µ− π) and
π 	−→ Eνµ,Σ

[
π�Σ−1(µ−π)
q�Σ−1(µ−π)

]
for π 
= µ.

Next we show that the set I(µ,Σ) is bounded. Let Pm : RM −→ R

denote the projection mapping of RM onto its mth coordinate space.
For ∆ ∈ S1 let π(m)(∆) := max{µ(m), µ(m) − v̄(∆)Pm(Σ∆)}, and
π(m)(∆) := min{µ(m), µ(m) − v̄(∆)Pm(Σ∆}. Let π ∈ I(µ,Σ) be ar-
bitrary. Then, as shown above, there exists some ∆ ∈ S1 such that
π(m) = µ(m) − vPm(Σ∆) where 0 < v < v̄(∆) and, by definition,
π(m)(∆) < π(m) < π(m)(∆). Let π(m) := min∆{π(m)(∆)|∆ ∈ RM

+ } and
π(m) := max∆{π(m)(∆)|∆ ∈ RM

+ }. Observe that both values are well-
defined due to the compactness of the set {∆ ∈ RM

+ |‖∆‖ = 1} and the
continuity of the functions v̄(·), Pm(·) and of the map ∆ 	−→ Σ∆.
It follows that for all π = (π(1), . . . , π(M))� ∈ I(µ,Σ) we have
π(m) < π(m) < π(m). Hence the vectors π := (π(1), . . . , π(M))� and
π := (π(1), . . . , π(M))� define an upper and a lower bound of the set
I(µ,Σ).

Finally, we show that µ is a limit point. Let O ⊂ RM be an open set
containing µ. Let ∆ ∈ S1 be arbitrary and set π = µ− vΣ∆. It is clear
that choosing 0 < v < v̄(∆) implies that π ∈ I(µ,Σ). On the other
hand, choosing v sufficiently small, we will also have π ∈ O. Since O
was arbitrary, this proves that any open set containing µ also contains
a point of I(µ,Σ). We have shown that µ is a limit point of I(µ,Σ). �

3.A.6 Proof of Lemma 3.4.1

Let beliefs (µt, Σt) ∈ B be arbitrary but fixed. Define from equation

(3.41) v̄t := v̄(µt, Σt) and let λ̄t :=
√

x̄�Σtx̄

µ�
t x̄−v̄tx̄�Σtx̄

. Note from (3.41) that

µ�t x̄ − v̄tx̄�Σtx̄ > 0 such that λ̄t > 0 is indeed well-defined. The first
goal will be to show that the map λ�(·;µt, Σt) defined in Theorem 3.3
satisfies the boundary conditions

lim
v↘0

λ�(µt − vΣtx̄;µt, Σt) = 0 (3.69)

lim
v↗v̄t

λ�(µt − vΣtx̄;µt, Σt) = λ̄t. (3.70)

Define the function Ĥ : [0, λ̄t] × [0, v̄t] −→ R,

Ĥ(λ, v) :=
∫

[−ε̄,ε̄]

v (x̄�Σtx̄)
1
2 + ε

1 + v (x̄�Σtx̄)
1
2λ+ λ ε

νε(d ε). (3.71)
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Observe by Lemma 3.B.1 that Ĥ(·, v) : [0, λ̄t] −→ R, v ∈ [0, v̄t] and
Ĥ(λ, ·) : [0, v̄t] −→ R, λ ∈ [0, λ̄t] are both continuously differentiable.
Hence the map Ĥ(·) is continuously differentiable and the derivatives
satisfy for all (λ, v) ∈ [0, λ̄t] × [0, v̄t]

∂Ĥ(λ, v)
∂λ

= −
∫

[−ε̄,ε̄]

(
v (x̄�Σtx̄)

1
2 + ε

1 + v (x̄�Σtx̄)
1
2λ+ λ ε

)2

νε(d ε) < 0 (3.72)

∂Ĥ(λ, v)
∂v

=
∫

[−ε̄,ε̄]

(x̄�Σtx̄)
1
2

(
1 + v (x̄�Σtx̄)

1
2λ+ λ ε

)2 νε(d ε) > 0. (3.73)

For each v ∈ [0, v̄t] define the value λ̂ ∈ [0, λ̄t] implicitly by the condi-
tion Ĥ(λ̂, v) = 0. We show that this value is indeed well-defined and
can be described by a continuous function λ̂ : [0, v̄t] −→ [0, λ̄t]. Due to
the strict monotonicity of the function Ĥ(·, v) implied by (3.72), it suf-
fices to show for each v ∈ [0, v̄t] the existence of a value λ̂ that satisfies
Ĥ(λ̂, v) = 0.

Note from Theorem 3.3 (i) and equation (3.71) that for all inte-
rior (λ, v) ∈]0, λ̄t[×]0, v̄t[ we have Ĥ(λ, v) = ∂H

∂λ (λ;µ − vΣx̄, µ,Σ).
For all v ∈]0, v̄t[ define λ̂(v) := λ�(µ − vΣx̄;µ,Σ). Then we have
Ĥ(λ̂(v), v) = ∂H

∂λ (λ�(µ−vΣx̄;µ,Σ);µ−vΣx̄, µ,Σ) = 0 showing that for
all interior v ∈]0, v̄t[ the function λ̂(·) is well-defined. We claim that for
the boundary cases λ̂(0) = 0 and λ̂(v̄t) = λ̄t. Again it suffices to show
that Ĥ(0, 0) = 0 and Ĥ(λ̄t, v̄t) = 0, which can be done by direct substi-
tution into (3.71). This proves that λ̂ is indeed a well-defined function
the continuity of which follows from the continuity of the function Ĥ(·).
Furthermore, making use of the implicit function theorem, the function
λ̂ is even differentiable and the derivative satisfies

dλ̂(v)
dv

= −
∂Ĥ(λ,v)

∂v

∂Ĥ(λ,v)
∂λ

∣∣∣∣∣
λ=λ̂(v)

(3.74)

=

∫

[−ε̄,ε̄]

(x̄�Σtx̄)
1
2

(
1 + v (x̄�Σtx̄)

1
2λ+ λ ε

)2 νε(d ε)

∣∣∣∣∣
λ=λ̂(v)

∫

[−ε̄,ε̄]

(
v (x̄�Σtx̄)

1
2 + ε

1 + v (x̄�Σtx̄)
1
2λ+ λ ε

)2

νε(d ε)

∣∣∣∣∣
λ=λ̂(v)

> 0.

Let (vn)n be a sequence in ]0, v̄t[ with limn→∞ vn = 0. Then, by conti-
nuity of λ̂(·), one has limn→∞ λ̂(vn) = λ̂(0) = 0. On the other hand, as



3.A Mathematical Appendix 95

shown above, for each n ≥ 1 one has λ̂(vn) = λ�(µ−vnΣx̄;µ,Σ) which
proves that limn→∞ λ(µ− vnΣx̄, µ,Σ) = 0. Since (vn)n was arbitrary,
this proves the claim in (3.69). The other limit in (3.70) can be verified
analogously.

Now consider the existence of a solution vt to (3.42). Defining for
each v ∈]0, v̄t[ the function

�(v;µt, Σt, m̂t) := 1 − λ� (µt − vΣt x̄;µt, Σt)

(x̄�Σt x̄)
1
2

(
µ�t x̄− vx̄�Σt x̄+ m̂t

)

(3.75)
we see from (3.69) and (3.70) and the definition of λ̄t that

lim
v↘0

�(v;µt, Σt, m̂t) = 1 > 0

and

lim
v↗v̄t

�(v;µt, Σt, m̂t) = 1 − λ̄t

(x̄�Σt x̄)
1
2

(
µ�t x̄− v̄tx̄�Σt x̄+ m̂t

)

= 1 − µ�t x̄− v̄tx̄�Σt x̄+ m̂t

µ�t x̄− v̄tx̄�Σt x̄
< 0.

By continuity of the function �(·) this proves the existence of an interior
solution vt ∈]0, v̄t[ to (3.42). To show that the solution is unique we
prove that �(·;µt, Σt, m̂t) is strictly monotonically decreasing. Utilizing
that, as shown previously,

�(v;µt, Σt, m̂t) = 1 − λ̂(v)

(x̄�Σt x̄)
1
2

(
µ�t x̄− vx̄�Σt x̄+ m̂t

)

the first derivative reads:

∂�(v;µt, Σt, m̂t)
∂v

= −dλ̂(v)
dv

m̂t

(x̄�Σt x̄)
1
2

(3.76)

−
(
dλ̂(v)
dv

(
µ�t x̄− vx̄�Σt x̄

)

(x̄�Σt x̄)
1
2

− λ̂(v)(x̄�Σt x̄
) 1

2

)
.

Recalling from (3.74) that dλ̂(v)
dv > 0 we see that the first term in (3.76)

will always be negative. We therefore show that

dλ̂(v)
dv

(
µ�t x̄− vx̄�Σt x̄

)

(x̄�Σt x̄)
1
2

− λ̂(v)
(
x̄�Σt x̄

) 1
2
> 0.
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Utilizing the definition of the derivative (3.74) and carrying out some
tedious although trivial transformations yields finally the desired result

dλ̂(v)
dv

(
µ�t x̄− vx̄�Σt x̄

)

(x̄�Σt x̄)
1
2

− λ̂(v)
(
x̄�Σt x̄

) 1
2

=

∫

[−ε̄,ε̄]

µ�x̄+ (x̄�Σx̄)
1
2 ε

(
1 + v (x̄�Σx̄)

1
2λ+ λ ε

)2 νε(d ε)

∣∣∣∣∣
λ=λ̂(v)

∫

[−ε̄,ε̄]

(
v (x̄�Σtx̄)

1
2 + ε

(1 + v (x̄�Σtx̄)
1
2λ+ λ ε

)2

νε(d ε)

∣∣∣∣∣
λ=λ̂(v)

> 0.

Note in this regard that the numerator will be positive since, by fea-
sibility of beliefs and Lemma 3.B.3 (ii) µ�t x̄ + (x̄�Σtx̄)

1
2 e > 0 for all

e ∈ [−ε̄, ε̄]. This proves that ∂�(v;µt,Σt,m̂t)
∂v < 0 for all v ∈ [0, v̄t] and,

therefore, the uniqueness of vt. This implies that one may legitimately
define the function v(·) as claimed in the Lemma. The partial deriva-
tives of �(·) with respect to µ(m)

t and m̂t are given by

∂�(v;µt, Σt, m̂t)

∂µ
(m)
t

= − λ̂(v)

(x̄�Σtx̄)
1
2

x̄(m) < 0

∂�(v;µt, Σt, m̂t)
∂m̂t

= − λ̂(v)

(x̄�Σtx̄)
1
2

< 0.

Applying the implicit function theorem gives

∂v(µt, Σt, m̂t)

∂µ
(m)
t

= −

∂�(vt;µt, Σt, m̂t)

∂µ
(m)
t

∂�(vt;µt, Σt, m̂t)
∂vt

∣∣∣∣∣
vt=v(µt,Σt,m̂t)

< 0

∂v(µt, Σt, m̂t)
∂m̂t

= −
∂�(vt;µt, Σt, m̂t)

∂m̂t

∂�(vt;µt, Σt, m̂t)
∂vt

∣∣∣∣∣
vt=v(µt,Σt,m̂t)

< 0

showing that the function v(·) is strictly decreasing in the respective
arguments as claimed. �
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3.B Technical Lemmas

Lemma 3.B.1 Let Ω be a topological space and (Ω,B(Ω), ν) be a prob-
ability space with ν being supported on the compact subset Ω̄ ∈ B(Ω),
i.e., ν(Ω̄) = 1. Let I ⊂ R be an uncountable compact interval and let
the map h : I × Ω −→ R be continuous and differentiable with respect
to i for all ω ∈ Ω with continuous derivative h′ := dh

di : I × Ω −→ R.
Then the map H : I −→ R

H(i) :=
∫

Ω
h(i, ω) ν(dω)

is continuously differentiable and the derivative H ′ : I −→ R satisfies

H ′(i) =
∫

Ω
h′(i, ω) ν(dω). (3.77)

Proof. The proof is an application of Lemma 16.2, p. 102 in [6]. We
check that the requirements (a)–(c) of this lemma are satisfied. Since
ν is supported on Ω̄ we can restrict attention to this subset.
(a). For each i ∈ I the map h(i, ·) : Ω̄ −→ R is continuous and
hence measurable. Furthermore, Ω̄ being compact implies that h(i, ·)
is bounded and therefore ν–integrable.
(b). By assumption h(·, ω) : I −→ R is continuously differentiable for
each ω ∈ Ω.
(c). The set I being compact and the derivative h′ : I × Ω̄ −→ R

being continuous implies that h′ is bounded from above by the value
h̄′ := max(i,ω){h′(i, ω)|(i, ω) ∈ I × Ω̄} and from below by the value
h̄′ := min(i,ω){h′(i, ω)|(i, ω) ∈ I × Ω̄}.

Applying Lemma 16.2 in [6] this shows that H is differentiable and
the derivative H ′ satisfies (3.77). The continuity ofH ′ then follows from
Lemma 2.B.2. �

Lemma 3.B.2 Let Ω be a topological space and (Ω,B(Ω), ν) be a prob-
ability space where ν is supported on the compact subset Ω̄ ∈ B(Ω), i.e.,
ν(Ω̄) = 1. Let Θ ⊂ RN

++ be a bounded open set and h : Θ×Ω −→ R be a
continuous function which is differentiable with respect to each compo-
nent of θ with continuous partial derivatives hn := ∂h

∂θn
: Θ ×Ω −→ R,

n = 1, . . . , N . Suppose that h and each hn can be continuously extended
to the closure Θ̄ ⊃ Θ. Then the map H : Θ −→ R

H(θ) :=
∫

Ω
h(θ, ω) ν(dω)
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is continuously differentiable and the gradient reads

DθH(θ) :=





∂H(θ)
∂θ1
...

∂H(θ)
∂θN



 =
∫

Ω
Dθh(θ, ω) ν(dω)

Proof. Noting that the closure Θ̄ is a compact set it can easily be
verified that the requirements (a)–(c) of Korollar 16.3, p. 103 in [6] are
satisfied using the same arguments as in the proof of Lemma 3.B.1. �

Lemma 3.B.3 Let Assumption 3.2.1 be satisfied and let the pair of
beliefs (µ,Σ) ∈ B be feasible. Then for any vector θ ∈ RM

++ we have

(i) q�θ d= µ�θ + (θ�Σθ)
1
2 ε

(ii) µ�θ + (θ�Σθ)
1
2 e > 0 for all e ∈ [−ε̄, ε̄].

Proof. The first claim is obvious from Lemma 3.A.3 and Proposi-
tion 3.A.1. Feasibility now implies that q � 0 νε–a.s. and, therefore,
q�θ d= µ�θ+(θ�Σθ)

1
2 ε > 0 νε–a.s. Since ε is supported on the interval

[−ε̄, ε̄] and the map e 	−→ µ�θ + (θ�Σθ)
1
2 e is continuous this proves

the second claim. �



Part II

The Simulation Study



4

Pension Systems in the Presence of a
Stationary Population

The parameterized framework developed in the previous chapter offers
a rich set of possibilities to study the role of a pension system as well
as the issue of demographic change. In this regard, the explicit model-
ing approach adopted in this work entails two distinctive advantages.
Firstly, it permits the study to be placed within the theory of random
dynamical systems. This framework provides powerful mathematical
concepts to describe the long run and transient behavior of dynamical
systems which are subjected to random perturbations. Secondly, it sets
the stage for a systematic exploration of the model’s dynamic features
with the help of numerical simulations. The latter possibility appears
particularly desirable due to the complexity of the model.

A comprehensive numerical simulation study is carried out in the
following two chapters which constitute the second part of this disser-
tation. The present chapter restricts attention to the special case with
a stationary population where the sizes of all generations are identical
and constant over time. Proceeding in this fashion allows one to isolate
those effects which are entirely due to the presence of a pension system
while abstracting from any demographic effects. Taking demographic
change as a temporary phenomenon, the stationary situation may be
viewed as a scenario to which the population adjusts in the long run.
From this perspective the present chapter is concerned with the long-
run efficiency of pension systems and their impact on the long-run
behavior of real and financial markets.

The structure of the chapter is as follows: Section 4.1 embeds the
model into the framework of random dynamical systems theory. Sec-
tion 4.2 motivates the parametrization of the simulation model and
establishes a benchmark for its dynamic behavior. The impact of alter-
native pension systems characterized by different contribution rates on
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the long-run evolution of the economy and on the welfare of consumers
are studied in Sections 4.3 and 4.4, respectively. Section 4.5 presents a
sensitivity analysis showing that all results are robust against param-
eter changes. In a final step, the consequences of a gradual reduction
of the public pension system are studied in Section 4.6. The required
technical concepts from the theory of random dynamical systems may
be found in the Appendix 4.A.

4.1 Dynamics of the Model

The present chapter seeks to analyze how the presence of a public pen-
sion system affects the dynamic behavior of real and financial variables
and their statistical properties as well as the welfare of consumers. As
before, we identify the pension system at time t with the contribution
rate τt. The following study considers alternative contribution rates τt
assumed to be taken from some subinterval [0, τ̄ ] ⊂ [0, 1] where the
bound τ̄ < 1 is determined below. In what follows it will mostly be
assumed that the pension system is static in the sense that τt ≡ τ for
all t. The case where contributions are adjusted dynamically over time
will be studied in Section 4.6 and in the following chapter.

As the following study is based on the theory of random dynamical
systems, the first step is to embed the model developed in the previous
chapter into this framework. The underlying theory is comprehensively
presented in [4]. A formal description of the technical concepts em-
ployed here is contained in Appendix 4.A. Formally, we seek to describe
the evolution of the model as a so-called random difference equation.
For this purpose, define the state vector

ξt := (Nt,Kt, µt−1, µt, Rt, qt, yt, xt) (4.1)

where for each t ≥ 0

Nt := (N (j)
t )Jj=0 Kt := (K(m)

t )Mm=1 µt := (µ(m)
t )Mm=1

qt := (q(m)
t )Mm=1 yt := (y(j)

t )Jj=1 xt := (x(j)
t )Jj=1.

(4.2)

As before, the lists in (4.2) denote the population vector, the firms’ capi-
tal stocks, consumers’ cum-dividend expectations, cum-dividend prices
and the allocations of bonds and shares among consumers. In addi-
tion, the noise processes which enter the firms’ production technologies
(2.30) are summarized as

ηt := (η(m)
t )Mm=1. (4.3)
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Based on (4.1) and (4.3) the following lemma provides a formal char-
acterization of the forward-recursive structure of the model.

Lemma 4.1. Let τ ∈ [0, τ̄ ] be constant and define ξt and ηt as in
(4.1) and (4.3). Then there exists a continuous map φτ defined on
Ξ × ∏M

m=1[0, η
(m)
max] where Ξ ⊂ RJ+1

++ × RM
++ × RM

++ × RM
++ × R++ ×

RM
++ ×RJ ×RJ ·M

+ which determines the state of the model at time t as

ξt = φτ

(
ξt−1; ηt

)
. (4.4)

Proof. It is straightforward to show by following the steps 1 - 5 from
Section 3.5 that the vectors ξt−1 and ηt ∈

∏M
m=1[0, η

(m)
max] uniquely de-

termine the vector ξt. The continuity of all involved functions imply
the continuity of the map φτ (·). �

The vector ξt ∈ Ξ represents the state of the model at time t and
will be called the state vector while the set Ξ will be called the state
space. Note that all other variables of the model at time t not included
in ξt can be determined from the pair (ξt−1, ηt). It follows from (4.4)
that given some initial state ξ0 the evolution of the model is obtained by
successively iterating the map φτ defined in (4.4).1 Clearly, this requires
a description of the probabilistic nature of the exogenous noise process
{ηt}t which enters (4.4). In accordance with Assumption 2.4.1 (ii) we
specify the properties of this process as follows.

Assumption 4.1.1 The noise process {ηt}t with ηt being defined as
in (4.3) consists of i.i.d. random variables defined on some probability
space (Ω,F ,P) which is adapted to some filtration {Ft}t. Each ηt is
distributed according to the measure νη supported on

∏M
m=1[0, η

(m)
max].

Note that the independence assumption only holds between distinct
periods such that the production shocks of distinct firms may well
be correlated in any one period. Also note from Section 3.5 and the
sequential structure of the model that the price process {pt}t≥0 and
the dividend processes {dt}t≥0 will be adapted to the filtration {Ft}t≥0.
Hence Assumption 4.1.1 is consistent with our setup in Section 2.2.
1 For (4.4) to define a dynamical system it is required that the set Ξ can be chosen

forward-invariant, i.e., ξ ∈ Ξ ⇒ φτ

`
ξ; η

´ ∈ Ξ for all η ∈ QM
m=1[0, η

(m)
max]. In this

regard, several constraints including no bankruptcy on the part of consumers (see
the discussion at the end of Section 2.3) and non-negative dividend payments of
firms (Section 2.4) must be respected in the definition of Ξ. For the following
derivations we simply assume the forward invariance of Ξ. The justification will
be derived from the numerical simulations of the model.
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Based on the random difference equation (4.4) it follows that given
some initial state ξ0 ∈ Ξ the evolution of the model is obtained by
successively iterating the map φτ . Hence, for each ω̃ ∈ Ω defining the
path of the noise process the state of the model at time t is determined
by some map Φτ (defined in equation (4.14) in the appendix) such that

ξt = Φτ (t, ω̃, ξ0), t ≥ 0. (4.5)

Equation (4.5) implies that each τ ∈ [0, τ̄ ] defines a different stochastic
process {Φτ (t, ·, ξ0)}t≥0 describing the stochastic evolution of the state
vector (4.1) for a given initial state ξ0. To describe the properties of this
process we assume that for each τ ∈ [0, τ̄ ] there exists a unique stable
random fixed point which governs the long run behavior of the system.
The concept of a random fixed point is the analogue of a determinis-
tic fixed point for dynamical systems which are perturbed by random
noise. A definition is given in Appendix 4.A of this chapter. Formally,
a random fixed point is composed of a random variable ξ�τ : Ω −→ Σ
and a map ϑ : Ω −→ Ω called the left shift on Ω. The composition of
both ingredients defines a stationary and ergodic stochastic process of
the form {ξ�τ ◦ ϑt}t≥0.

In the stable case, the behavior of the process {Φτ (t, ·, ξ0)}t≥0 is
eventually indistinguishable from the behavior of the random fixed
point {ξ�τ ◦ϑt}t≥0 and independent of the initial state ξ0. An illustration
of this property is provided in Section 4.3 (cf. Figure 4.7). It follows
that the long run behavior of the model depending on τ can be ana-
lyzed by comparing the associated random fixed points. In this regard,
the property of ergodicity implies that the statistical properties of the
random fixed point (moments, frequencies, etc.) may be obtained from
time averages along the observed sample paths of the system. Formally,
if E [‖ξ�τ‖] <∞

E [ξ�τ ] = lim
T→∞

1
T

T∑

t=1

Φτ (t, ω̃, ξ0) P − a.s. (4.6)

for any ξ0 taken from some suitable set U(ω̃). More general, for any
measurable map Ψ : Ξ −→ RL

E [Ψ ◦ ξ�τ ] = lim
T→∞

1
T

T∑

t=1

Ψ ◦ Φτ (t, ω̃, ξ0) P − a.s. (4.7)

whenever the expectation in (4.7) exists.
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Since in the following numerical simulations only a finite number T of
observations {Φτ (t, ω̃, ξ0)}T

t=0 is available, the subsequent study uses

Ê [Ψ ◦ ξ�τ ] :=
1
T

T∑

t=1

Ψ ◦ Φτ (t, ω̃, ξ0) (4.8)

as an approximation for (4.7).
Due to the complexity of the model, a theoretical proof of the exis-

tence and stability of a unique random fixed point for each contribution
rate τ turns out to be very difficult. As a consequence, we will estab-
lish these properties with the help of numerical simulations. In this
regard, the subsequent simulations indicate that despite its complex-
ity the model is very well-behaved in terms of its dynamic features. A
deeper theoretical exploration of the numerical results is therefore left
as a challenging exercise for future research.

Since we are interested in the long run properties of the model the
remainder of this chapter restricts attention to the special case of a
stationary population where the number of consumers in each genera-
tion remains constant over time. In particular, this holds true along the
random fixed point (cf. Section 4.A). Mathematically, the scenario with
a constant population amounts to assuming the existence of a steady
state of the population law defined in (2.51). Observe that any such
steady state will be of the form N� = (N̄ )Jj=0 where N̄ satisfies the
condition N̄ = N ((N̄ )Jj=0). While the following sections simply assume
the existence of such a steady state that can be varied exogenously, the
following chapter will introduce a specific functional form of the map
N which actually justifies this presumption.

4.2 The Simulation Model

The following simulation study2 employs a standard set of parameter
values which are justified on the grounds of empirical studies and which
will be motivated first. Variations of these parameters are studied as
part of a sensitivity analysis in Section 4.5.

Consider first the OLG structure which is specified as follows. By
assumption the population is constant with each generation consisting
of N (j)

t ≡ N̄ = 1000 consumers. The parameters defining consumers’

2 All simulations are carried out using the software package MACRODYN which
is tailor-made for the numerical investigation of deterministic and stochastic dy-
namical systems. See [11] for a detailed introduction to the software.
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life expectancy and retirement age are set to J = 14 and jL = 6. This
implies that in each period there are fifteen generations nine of which
work while six are retired. Assuming as in [18] that economic life starts
at the age of 20 and ends at the age of 80 years, each consumer thus
lives for 60 years and one time unit in our simulations corresponds to
four years.

Each consumer in working age supplies one unit of labor such that
L̄(j) = 1 for all j ∈ {jL, . . . , J}. The choice of the subjective discount
factor β describing consumers’ preferences (2.9) is based on an empiri-
cal study by [46]. He reports a subjective discount rate of 0.011 corre-
sponding to an annual discount factor of 1/1.011. Given a time unit of
four years we therefore set β = (1/1.011)4 ≈ 0.96 in our simulations.

The production sector of the economy is assumed to consist of a
single firm such that M = 1 and a single share is traded in the stock
market. The firm index m will therefore be suppressed in the sequel.
The consumers’ subjective expectations for future asset prices are spec-
ified as follows. The random variable ε with probability distribution νε

introduced in Assumption 3.2.1 which defines the class of elliptical dis-
tributions under consideration is assumed to have a truncated standard
normal distribution supported on the symmetric interval [−ε̄, ε̄]. The
corresponding density function reads

g(z) :=
1

cε̄ ·
√

2π
· 1[−ε̄,ε̄](z) · exp

{
−1

2
· z2

}
, z ∈ R

where
cε̄ :=

∫

[−ε̄,ε̄]

1√
2π

· exp
{
−1

2
· z2

}
d z > 0.

Observe that ε is symmetrically distributed around zero (ε d= −ε) and
hence spherical (see Chapter 3, Appendix 3.A.3). In the sequel we use
a value ε̄ = 0.92 implying that the perceived variance of cum-dividend
prices is constant over time and equal to Vνq [qt] = Σ2/4. The dispersion
parameter Σ (see Section 3.2) is set to Σ = 0.97 which matches the
unconditional variance of the (stationary) cum-dividend price process
for the benchmark case where τ = 0.1 studied below. The parameter �
describing the adaptive updating of the subjective mean µt over time
is set to � = 0.5.

The firm’s production and capital adjustment technologies defined
in equations (3.25) and (3.26) are specified as follows. The elasticity of
labor α is set to α = 0.66. This is justified by most empirical studies
which typically suggest a value of α ∈]0.6, 0.7[. Total factor productivity
κ serves mainly as a scaling parameter and is set to κ = 2.5. The average
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rate of depreciation per year for the German economy between 1960
and 1990 is reported by [18] to equal ≈ 0.053. With our four years time
unit we therefore set δ = 1 − (1 − 0.053)4 ≈ 0.2.

While the theory of adjustment costs is widely used in the literature,
there are many authors who suggest that the adjustment cost function
g, as defined in (2.32) respectively (3.26), is of the quadratic form g(i) =
ψ
2 · i2 (cf. [2]) or g(i) = i+ ψ

2 · i2 (cf. [3, 19]) for some parameter ψ > 0.
For our purposes the functional form (3.26) turned out to be superior
in order to obtain closed form solutions to the model. To justify its
use Figure 4.1 compares the graph of the function introduced in (3.26)
with the quadratic functional forms described above. The parameters
of our function have been set to γ0 = 0.02 and γ1 = 7.5 corresponding
to the values used in the subsequent simulations. The parameter ψ
of the quadratic specifications has been set to the empirical estimate
ψ = 10 reported by [3] and, alternatively, to ψ = 1.5 corresponding to
the value used by [19]. Since the argument i represents the fraction of
the capital stock that is replaced, it will typically take values within
the unit interval and fluctuate around the depreciation rate δ = 0.2.
For this reason the functions are compared on the interval i ∈]0, 0.5[.
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Fig. 4.1. Different adjustment cost functions
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Figure 4.2 shows that the functional properties of the different spec-
ifications (in particular on the subinterval [0.1, 0.3]) do not differ too
much which justifies our non-standard form. In fact, as [39, p. 49] states,
the primary cause for using the quadratic adjustment cost function is
its technical simplicity and not its justification on empirical grounds.

To complete the description of the parameter set, suppose that each
random variable ηt of the stochastic process {ηt}t is uniformly dis-
tributed on the compact interval [0, ηmax] where we chose ηmax = 2000.
The initial values for capital stock, cum-dividend price and bond return
are set to K0 = 11, 500, q0 = 14.5 and R0 = 1.14, however, as will be
shown below, all results are independent of any initial choices of state
variables. All parameter values used in the simulations are summarized
in the following Table 4.1.

Table 4.1. Standard parameter set for the numerical simulations

Parameter Value Description

J 14 Life expectancy
jL 6 Number of retired generations
N̄ 1000 Consumers per generation
L̄(j) 1 Individual labor supply
β 0.96 Subjective discount factor
ε̄ 0.92 Expectations parameter
Σ 0.97 Expectations parameter
� 0.5 Expectations parameter
x̄ 5000 Total number of shares
α 0.66 Production parameter
κ 2.5 Production parameter
γ0 0.02 Adjustment cost parameter
γ1 7.5 Adjustment cost parameter
δ 0.2 Depreciation rate

ηmax 2000 Upper bound for real noise
K0 11,500 Initial capital stock
q0 14.5 Initial cum-dividend price
R0 1.14 Initial bond return

To establish a benchmark for the dynamic behavior of the model
under the above parametrization the remainder of this section assumes
a moderate contribution rate setting τ = 0.1. The goal will be to study
the evolution of certain variables and to reveal some of their correlation
structure.
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As a first step, Figure 4.2 displays time windows of the first 500
realizations of selected real and financial variables of the model. The
financial variables are the ex- and cum-dividend prices pt and qt, the
dividend payment dt, and the bond-return Rt. The production part of
the economy is represented by the capital stockKt, the real wage ωt and
labor supply LS

t . Clearly, the latter is constant due to the assumption
of a stationary population. The table below the figures displays the
corresponding sample moments of these variables. To avoid possible
dependence on initial conditions, only the realizations from t = 51 until
t = 500 are used in the calculations of these quantities. As will be shown
in the following section, the behavior of the model is independent of
initial conditions and convergence to a unique sample path is obtained
within the first fifty periods as the initial state is varied.

15.5

14.75

14

13.25

12.5

51 500

qt

t
163 276 388

(a) Cum-dividend prices

14.5

11

7.5

4

0.5

51 500

dtpt

t
163 276 388

pt

dt

(b) Asset prices and dividends

2

1.5

1

0.5

0

51 500

Rt ωt

t
163 276 388

Rt

ωt

(c) Real wage and bond return

13000

11750

10500

9250

8000

51 500

Kt L
S
t

t
163 276 388

Kt

LS
t

(d) Capital stock and labor force

qt pt dt ωt Rt Kt

Mean 14.06 12.39 1.668 1.745 1.135 11102.0
Variance 0.236 0.152 0.013 0.000 0.003 3756.7
Maximum 15.22 13.35 1.869 1.754 1.343 11265.9
Minimum 12.63 11.12 1.461 1.736 0.991 10931.4

Fig. 4.2. Stationary population and constant contribution rates; τ = 0.1
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All time series in Figure 4.2 fluctuate within a constant range around
a time-invariant level. A first comparison of Figures 4.2(a) and 4.2(b)
reveals that most fluctuations in cum-dividend prices are due to fluctu-
ations in ex-dividend prices which are much larger than the volatility
of the dividend process. In fact, as is seen from the sample moments,
the variance in ex-dividend prices is almost ten times as large as the
variance of the dividend process. This phenomenon is called excess-
volatility and is a stylized fact typically observed in asset markets. In
addition, the variance of cum-dividend prices exceeds the sum of vari-
ances of ex-dividend prices and dividends indicating – as one would
expect – a positive correlation between asset prices and dividends.

Similar to the stock market variables, the time series of bond returns
and real wages displayed in Figure 4.2(c) fluctuate about a constant
mean where the level of bond returns is ≈ 1.135 and thus exceeds unity.
If the bond is interpreted as a safe asset with interest rate rt := Rt −1,
the latter will be positive on average corresponding to an annual level
of ≈ 3% which seems quite reasonable from an empirical point of view.
One also observes that throughout bond returns fluctuate significantly
more than real wages. In fact, fluctuations in real wages are almost
negligible. However, as the corresponding sample moments reveal, the
variance in bond returns is still much smaller as compared to fluctua-
tions in asset prices and dividends. This phenomenon is consistent with
our assumptions and provides a justification of the prediction behavior
of consumers (and firms) who form point-predictions with respect to
bond returns and non-capital incomes while treating asset prices and
dividends as random variables (see Section 2.2).

In the present case with constant labor supply, fluctuations in the
capital stock displayed in Figure 4.2(d) translate directly into fluc-
tuations of aggregate output defined in (2.30) which, in addition, is
perturbed by the exogenous noise process. Similar to the financial vari-
ables the time series of capital is stationary again. These observations
indicate that the long-run outcome in real and financial markets is gov-
erned by stationary stochastic processes which is a necessary condition
for the hypothesized existence of a stable random fixed point.

In order to reveal some of the correlation structure of the model’s
variables, define for any two lists (xt)Tt=1 and (yt)Tt=1 of observations
the empirical correlation coefficient

ρ̂(xt, yt) :=
1
T

T∑

t=1

(xt − x̄) · (yt − ȳ)
sx · sy .
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Here x̄, ȳ and sx, sy denote the mean and the standard deviation of the
samples, respectively. The value ρ̂(xt, yt) ∈ [−1, 1] captures the strength
of co-movement between the observed data. A value ρ̂(xt, yt) = 1 (−1)
indicates a perfectly positive (negative) correlation while ρ̂(xt, yt) = 0
suggests that the two variables are independent. In the sequel we will
take ±0.5 as a critical value to indicate a significant correlation.

Our next aim is to gain some insights into the direction of causality
between real and financial markets. In this regard, the real sector at
time t is represented by the capital stock Kt while the financial sector
is identified with the cum-dividend price qt and the bond return Rt.
Figures 4.3 and 4.4 display the correlation structure of these variables
at different lags and leads. The diagrams show the frequencies of hits
in the plane of the respective variables where dark areas represent low
hit frequencies while light areas imply a large frequency of visits in
this part of the plane. All figures are based on T = 25000 iterations of
the model. The corresponding correlation coefficient is displayed below
each figure.
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Fig. 4.3. Correlation patterns of state variables ; τ = 0.1, T = 25000

The upper row in Figure 4.3 represents the impact of the financial
sector at time t− 1 on the real sector at time t. In this regard, Figure
4.3(a) suggests a highly positive correlation between the price qt−1 at
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time t− 1 and the capital stock Kt at time t (ρ̂(qt−1,Kt) > 0.8). This
indicates that a boom/crash in asset prices is transmitted to the real
sector causing a corresponding increase/decrease in the capital stock.
Furthermore, Figure 4.3(b) indicates a negative relation between the
previous bond return Rt−1 and the capital stock Kt reflecting the in-
vestment behavior of the firm. The corresponding correlation coefficient
is slightly lower (ρ̂(Rt−1,Kt) = −0.64) in absolute value but still signif-
icant. In summary, both figures convey the impression that the state of
the financial sector at time t− 1, notably of the stock market, exhibits
a significant impact on the production sector of the economy at time t.

The second row in Figure 4.3 represents the other direction of causal-
ity showing the impact of the previous capital stock Kt−1 on the finan-
cial variables qt and Rt. One observes that the corresponding correla-
tion coefficients maintain the same sign, however, the significance of
the correlation (measured by the absolute value of the correlation coef-
ficient) is much smaller. In particular, the positive correlation between
the previous capital stock and current asset prices is less significant and
more than twice as large, in the opposite direction.

Next consider the correlations between real and financial variables
within period t depicted in Figure 4.4. In addition, the first order au-
tocorrelations of the bond return series are displayed.
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Fig. 4.4. Correlation patterns of state variables; τ = 0.1, T = 25000
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The correlation diagram in Figure 4.4(a) provides very little evi-
dence for a significant impact of the current capital stock on the cur-
rent asset price: the corresponding correlation coefficient is negative
but very close to zero indicating that there is a negligible influence of
the capital stock on the current stock price. In contrast to that, Fig-
ure 4.4(b) reveals that the correlation between current capital stock
and bond return is larger and positive. In the lower row Figure 4.4(c)
suggests a strongly negative correlation between asset prices and bond
returns in any one period. This follows immediately from the asset price
law (3.45) and is in line with empirical observations. In addition, Fig-
ure 4.4(d) indicates a large negative autocorrelation in bond returns.
In fact, this may to some extent explain the strong correlation between
Kt and Rt in Figure 4.4(b) which was not observed with qt and Kt.

In summary, the properties derived from Figures 4.3 and 4.4 tend to
support the view that the direction of causality is more from the finan-
cial to the real sector and that fluctuations on asset markets translate
into fluctuations of capital and production while such a linkage is less
significant in the opposite direction. Loosely speaking, it is more the
financial sector which drives the real sector than vice versa. As a con-
sequence, the subsequent simulation experiments will first exhibit the
impact of parameter variations on financial markets. Clearly, none of
the subsequent results depends on this interpretation.

We close our correlation analysis by investigating the correlation
structure between some important macroeconomic variables. These are
aggregated output Yt, aggregated consumption Ct and aggregated sav-
ings St which have been defined in Section 2.5 already. The upper row
in Figure 4.5 shows the corresponding correlation diagram, the lower
row depicts time series’ of the aggregated consumption and investment
ratios, respectively. Figure 4.5(a) suggests a highly positive correla-
tion between aggregated output and aggregated consumption with a
correlation coefficient of 0.997. Moreover, the shape of the attractor
supports the hypothesis of a linear aggregated consumption function.
This is quite remarkable in so far as such a linear relation is often
assumed in the macroeconomic literature without providing a corre-
sponding sound microeconomic foundation (see, e.g., [34]). Likewise,
Figure 4.5(b) suggests a positive correlation between aggregated sav-
ings and aggregated output which is less significant but still exceeds
the critical 0.5 value. The corresponding consumption and investment
ratios in the second row indicate that on average approximately 96% of
output is consumed while the remaining 4% is used for the formation
of new capital.
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Fig. 4.5. Production, consumption and investment; τ = 0.1, T = 25000

We close this section by analyzing the forecast errors made by con-
sumers and firms. In this regard, recall from Section 3.4 that the rules
according to which consumers and the firm predict the future evo-
lution of the economy are relatively simple and, in particular, need
not generate fully correct forecasts over time. Hence, it is necessary
to justify their use by showing that the associated forecast errors re-
main sufficiently small such that agents can reasonably be expected to
abide by these simple rules. This has been done in Figure 4.6 show-
ing the evolution of relative forecast errors (RFE) made by consumers
and firms over time. Figure 4.6(a) shows consumers’ relative forecast
errors for the next period’s cum dividend price while Figure 4.6(b) dis-
plays the relative forecast error associated with the firm’s real wage
prediction. Furthermore, Figures 4.6(c) and 4.6(d) show the relative
forecast errors pertaining to the consumers’ prediction for future bond
returns and non-capital income which are made J − 1 and J periods
in advance, respectively. These two forecasts correspond to the pre-
dictions made furthest in advance in terms of the time between the
period when the forecast is made and when the actual realization is
observed. It is reasonable to expect that forecast errors arising for pre-
dictions concerning shorter time periods would be smaller such that
the two errors under scrutiny represent the extreme cases. All figures
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(b) RFE: real wages (firm)
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(d) RFE: non-capital income
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Mean 0.000910 -0.000005 0.001880 -0.000046
Maximum 0.100565 0.008101 0.186926 0.007762
Minimum -0.083243 -0.006348 -0.163741 -0.006564

Fig. 4.6. Relative forecast errors of consumers and the firm; τ = 0.1

are supplemented by the corresponding sample moments displayed in
the table below. One observes that, throughout, forecast errors fluctu-
ate symmetrically about zero indicating that all forecasting rules are
unbiased in the sense that they generate on average correct forecasts.
The forecast errors made for real wages and non-capital income are in
fact negligible since they are smaller than 1% for the entire sample.
The largest relative errors are generated by consumers’ bond return
prediction made J − 1 periods in advance. This is not too surprising
due to the large time interval between the forecast and the actual re-
alization and since our previous results have shown that bond returns
fluctuate significantly more than real wages. Nevertheless, we find that
these results and the relatively small forecast errors provide a convinc-
ing justification for the hypothesized prediction behavior.
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4.3 Impact of Pension Systems on Real and Financial
Markets

Based on the previous parametrization the present section studies the
impact of a public pension system on real and financial variables by
hypothesizing different contribution rates. All simulation parameters
are the same as in the previous section corresponding to the values
listed in Table 4.1 while the values assumed for τ are restricted to lie in
the interval [0, 0.208]. The reason for this will be explained below. For
each experiment, the dynamic behavior of real and financial variables
and their statistical properties will be analyzed.

To verify the applicability of the concepts introduced in Section
4.1, the first aim is to provide numerical evidence for the existence of
a stable random fixed point. In the present case, this is achieved by
demonstrating that the model’s dynamic behavior is stationary and
independent of the initial state ξ0 ∈ Ξ for all values of τ under con-
sideration. Figure 4.7 depicts time series’ of the cum-dividend price,
bond return and the capital stock, respectively for five different initial
values and the two cases τ = 0 and τ = 0.2. The realization of the
noise process is the same in all five cases. Moreover, the qualitative
result derived from the figure is exactly the same as the experiment is
repeated with other values of τ studied in this section.

In all six cases depicted, the respective state variable converges to
a unique stationary sample path, independently of its initial value.
Moreover, in either case convergence occurs within the first fifty periods
and is in fact even much faster for the financial variables qt and Rt. It
can be shown that the same result holds true for all other state variables
of the model. These observations provide a convincing justification for
our assumption of a stable random fixed point which governs the long-
run behavior of the model in the sense that all sample paths pertaining
to different initial conditions eventually behave like the corresponding
path of the random fixed point.

Building upon this result, consider next the impact of alternative
contribution rates on the stock market. Figure 4.8 displays the evo-
lution of cum-dividend asset prices depending on τ together with the
corresponding empirical moments calculated from the sample {qt}500

t=51.
As in the previous section, all time series depicted in Figures 4.8(a) –
4.8(d) fluctuate about a stationary level which decreases as the contri-
bution rate τ is increased (note the different scaling of the vertical axes).
This observation is confirmed by the corresponding sample means sug-
gesting a strictly negative relationship between the level of asset prices
and contributions to the pension system. Apart from that, the quali-
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(f) τ = 0.20

Value 1 Value 2 Value 3 Value 4 Value 5

q0 10 12 14 16 18
R0 1.0 1.1 1.2 1.3 1.4
K0 2000 6000 10000 14000 18000

Fig. 4.7. Convergence of selected state variables for different initial values

tative impression of the upper two figures where τ = 0 and τ = 0.1 is
similar. In particular, fluctuations of the processes appear to be of the
same magnitude, which is also confirmed by the corresponding sam-
ple variances. However, as the contribution rate is further increased to
τ = 0.2 and τ = 0.208, the process becomes considerably more volatile.
More importantly, several crashes are observable, e.g., during the time
window t ∈ {270, 290} showing a drastic decline in asset prices during
these periods. In this regard, note that all time series are based on the
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(d) τ = 0.208

Cum-dividend price qt

τ = 0 0.1 0.2 0.208
Mean 15.64 14.06 12.44 12.13
Variance 0.232 0.236 0.466 0.752
Maximum 16.73 15.22 13.81 13.71
Minimum 14.61 12.63 9.68 9.15

Fig. 4.8. Impact of contribution rates on the stock market

same realization of the noise process. Hence, the additional volatility
observed in asset prices can solely be attributed to the public pension
system and the larger contribution rate. Increasing τ further to a value
larger than τ̄ = 0.208 leads to bankruptcy problems on the part of
consumers and is therefore not possible. The value τ̄ therefore defines
an upper bound for contributions.

More insight into the structural cause for the additional volatility
generated by the pension system is provided by Figure 4.9 showing the
ex-dividend asset price process together with the dividend payments
during the same time window. The figure reveals that the additional
fluctuations in cum-dividend prices can fully be attributed to an in-
creased volatility in ex-dividend prices while no change in fluctuations
of the dividend process can be observed. Moreover, as in the previous
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16.5

12.5

8.5

4.5

0.5

51 500

dtpt

t
163 276 388

pt

dt

(d) τ = 0.208

Asset prices pt Dividends dt

τ = 0 0.1 0.2 0.208 τ = 0 0.1 0.2 0.208
Mean 13.97 12.39 10.78 10.48 1.678 1.668 1.655 1.652
Variance 0.141 0.152 0.391 0.677 0.013 0.013 0.013 0.013
Maximum 14.85 13.35 11.98 1.88 1.878 1.869 1.857 1.855
Minimum 13.10 11.12 8.09 7.57 1.474 1.460 1.451 1.449

Fig. 4.9. Impact of contribution rates on asset prices and dividends

section, the model generates strong excess volatility in the sense that
the volatility of asset prices exceeds the volatility of dividends by a fac-
tor of ten in the case τ = 0 and by a factor of more than fifty (!) in the
case where τ = 0.208. In addition, the levels of both ex-dividend prices
and dividends decreases as the contribution rate τ increases whereas
the former effect is much larger than the second one.

Consider next the impact of the pension system on the bond mar-
ket and the labor market. Figure 4.10 portrays the evolution of bond
returns and of real wages for the four scenarios τ ∈ {0, 0.1, 0.2, 0.208}.
The table below shows the sample moments of the two series which
are calculated from the samples {Rt}450

t=51 and {ωt}450
t=51, respectively. In

all four cases depicted, both series fluctuate about a stationary level.
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(d) τ = 0.208

Bond return Rt Real wage ωt

τ = 0 0.1 0.2 0.208 τ = 0 0.1 0.2 0.208
Mean 1.12 1.35 1.156 1.167 1.756 1.754 1.729 1.725
Variance 0.001 0.003 0.012 0.022 0.000 0.000 0.000 0.000
Maximum 1.255 1.343 1.634 1.71 1.765 1.754 1.741 1.741
Minimum 1.005 0.991 0.910 0.896 1.747 1.736 1.700 1.691

Fig. 4.10. Impact of contribution rates on bond returns and real wages

As in the previous section, the level of bond returns slightly exceeds
unity and increases with the contribution rate τ . As a consequence, the
interest rate rt := Rt − 1 will be positive in each case corresponding to
an annual level of ≈ 3% in case τ = 0 and to ≈ 4% in case τ = 0.2.
Apart from that, the same volatility effect as before is present: As the
contribution rate τ is increased, this results in a significantly higher
variance of bond returns over time. Furthermore, the bond return se-
ries exhibits strong volatility clustering for sufficiently large contribu-
tion rates, a phenomenon typically observed in empirical financial time
series. In contrast to that, fluctuations in the real wage process remain
small throughout all time windows. The level of the series slightly de-
creases with a larger τ while the variance remains negligible in all cases
(the standard deviation slightly increases with the contribution rate).
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Nevertheless, the response of the process to changes in τ appears to be
much smaller than with the financial variables before.

At first sight, the last observation suggests that fluctuations in the
real sector are smaller than those in the financial sector. However, as
one would expect from the previous correlation analysis, the increased
volatility in financial variables with large τ is also observable in the
capital stock. This suspicion is confirmed by Figure 4.11 displaying
the evolution of the capital stock depending on τ together with labor
supply.
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(d) τ = 0.208

Capital stock Kt

τ = 0 0.1 0.2 0.208
Mean 11320.0 11101.9 10815.3 10742.7
Variance 3572.6 3756.7 14451.6 27446.5
Maximum 11482.5 11265.9 11035.1 11022.8
Minimum 11136.2 10931.4 10277.9 10119.7

Fig. 4.11. Impact of contribution rates on the capital stock

One observes from the figures and the corresponding sample mo-
ments that any reduction in the contribution rate increases the level of
the capital stock. This observation confirms the insights obtained, e.g.,
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by [35] that a reduction in public pension payments increases private
savings and, thus, the aggregated capital stock. The previous result
therefore suggests that the basic economic mechanism which makes a
capital-based system with private retirement provisions potentially su-
perior to a pay-as-you-go system is present in our model. Apart from
that, one observes a similar volatility effect as for the financial sector:
A higher contribution rate increases the volatility of the capital stock
and hence fluctuations in aggregate production output. Furthermore,
the crashes in asset prices for large τ are also transmitted to the real
sector resulting in a substantial temporary decline in the capital stock
during these periods.
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Fig. 4.12. Impact of contribution rates on real and financial variables
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The previous simulation experiments compared up to four distinct
values of the contribution rate. To further substantiate the previous
results, Figure 4.12 depicts a collection of bifurcation diagrams show-
ing the sample mean and the sample variance of the cum-dividend
price qt, bond return Rt and the capital stock Kt depending on
τ ∈ [0, 0.208]. The result supports the previous findings that a re-
duction in τ , throughout, leads on average to larger asset prices, larger
capital stock and a lower interest rate. Moreover, a sufficiently large
contribution rate generates additional volatility and increases fluctua-
tions in all three series.

We close this section by analyzing how changes in the contribution
rate affect the savings and investment behavior of consumers over their
life cycle. Figure 4.13 displays consumers’ investment in bonds and
shares for the two cases where τ ∈ {0, 0.2}. Figure 4.13(a) depicts the
average bond investments of a consumer in generation j ∈ {1, . . . , J}
whereas Figure 4.13(b) shows the corresponding average share hold-
ings. By ergodicity, these values approximate the expected value of the
portfolio process along the random fixed point and thus provide a de-
scription of the investment behavior of consumers over their life cycle.
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Fig. 4.13. Investment profile depending on the contribution rate; τ ∈ {0, 0.2}

A first observation form Figure 4.13(a) is that consumers take credit
by issuing bonds during their first periods of life where j ≥ 9. The
amount of credit taken strictly decreases with age and the bond invest-
ment becomes positive as soon as j < 9. Qualitatively, this behavior
is independent of the contribution rate, however, the absolute bond
investments of all generations are monotonically decreasing in τ . As a
consequence, an increase in the contribution rate leads to a decrease in
the number of bonds traded between generations causing a reduction
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in the trading volume on the bond market. This result indicates that
the presence of a pension system leads to a crowding out of private
investment resulting in a lower trading activity on financial markets.
In addition, Figure 4.13(b) suggests that the pension system entails a
significant impact on consumers’ share holdings over their life cycle. In
the absence of a pension system, share holdings are largest during the
earlier periods of life and decrease sharply during the retirement age.
The presence of a pension system changes this distribution by shifting
more weight to the middle part of life and increasing share holdings
during the retirement age. The latter seems reasonable as the pension
system implies a wealth transfer from the working age to the retirement
age which is reflected in the investment behavior.

In summary, the results from Figure 4.13 indicate that a change
in contribution rates exerts a strong impact on the savings behavior
of consumers and the portfolios held over the life cycle. The following
statement summarizes the main results of this section.

Numerical Result 4.3.1 Let the contribution rate τ ∈ [0, 0.208] be
constant and the model be parameterized as described in Table 4.1. Then
the following properties hold true:

(i) The long run behavior of the economy is independent of initial con-
ditions and determined by a stationary stochastic process (random
fixed point) to which all sample paths converge.

(ii) A reduction in τ increases the levels of asset prices and the capital
stock while it decreases the level of bond returns.

(iii) Increasing the contribution rate beyond a critical value leads to stock
market crashes and a significant increase in the volatility of stock
prices. Volatilities in bond returns and capital stock also increase.

4.4 Impact of Pension Systems on Consumer Welfare

The previous study focused on the qualitative and quantitative impact
of a pension system on real and financial markets as well as on the
savings behavior of consumers. In this section we take a normative
point of view by analyzing the impact of alternative contribution rates
on the long run welfare of consumers. Based on the concepts introduced
in Section 4.1 we first derive the consumption and utility processes
of consumers and show that each choice of the contribution rate τ
gives rise to a stationary stochastic process describing consumption
and lifetime utility along the random fixed point. Utilizing this result,
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a notion of long-run efficiency is developed which amounts to comparing
the expected lifetime utility of consumers along the random fixed point
depending on the contribution rate.

As before let the population be constant such that N (j)
t ≡ N̄ . Then

given the initial state ξ0 ∈ Ξ and a fixed contribution rate τ ∈ [0, τ̄ ]
the stochastic evolution of the system is described by the stochastic
process {Φτ (t, ·, ξ0)}t≥0 which defines the state ξt of the system at time
t according to (4.14). To alleviate the notation we denote the compo-
nents of the state process as {Kt(τ, ·, ξ0)}t≥0, {qt(τ, ·, ξ0)}t≥0, etc. The
process {Φτ (t, ·, ξ0)}t≥0 defines a consumption process {ct(τ, ·, ξ0)}t>0

where ct(τ, ·, ξ0) =
(
c
(j)
t (τ, ·, ξ0)

)J

j=0
: Ω −→ CJ+1 describes individual

consumption in generations j ∈ {0, . . . , J} at time t. Utilizing equa-
tions (2.4) and (3.23) together with the forecasting rules (3.48) and
(3.49) in the consumption function (3.24) the components of the ran-
dom variable ct(τ, ·, ξ0) may explicitly be written as3

c
(j)
t (τ, ω̃, ξ0) := c̄(j)

(
e
(j)
t (τ, ω̃, ξ0) +Rt−1(τ, ω̃, ξ0) y

(j+1)
t−1 (τ, ω̃, ξ0) (4.9)

+qt(τ, ω̃, ξ0)�x
(j+1)
t−1 (τ, ω̃, ξ0) +

1
Rt(τ, ω̃, ξ0)

j∑

m=1

e
(j−m)
t (τ, ω̃, ξ0)

Rt−1(τ, ω̃, ξ0)m−1

)

for each t > 0 where the non-capital income process is defined as

e
(j)
t (τ, ω̃, ξ0) :=






τW(Kt(τ, ω̃, ξ0), LS)LS

NR
j = 0, . . . , jL − 1

(1 − τ)W(Kt(τ, ω̃, ξ0), LS)L(j) j = jL, . . . , J

(4.10)
for each ω̃ ∈ Ω. Here LS denotes constant labor supply as defined in
(2.1), NR := jLN̄ is the number of pensioners and W is defined as in
(3.34). Associated with the consumption process {ct(τ, ·, ξ0)}t>0 is the
induced lifetime utility process {Ut(τ, ·, ξ0)}t>J where for each t > J
the random variable Ut(τ, ·, ξ0) : Ω −→ R is defined as

Ut(τ, ω̃, ξ0) :=
J∑

j=0

βJ−j ln c(j)t−j(τ, ω̃, ξ0), ω̃ ∈ Ω. (4.11)

For each t > J the quantity in (4.11) describes the lifetime utility
attained by the consumers who were born in period t − J and die at
the end of period t.
3 We define y

(j+1)
t−1 (τ, ·, ξ0) ≡ 0 and x

(j+1)
t−1 (τ, ·, ξ0) ≡ 0 for j = J and

Pj
m=1

e
(j−m)
t (τ,·,ξ0)

Rt−1(τ,·,ξ0)m ≡ 0 for j = 0.
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As before, suppose that for each τ ∈ [0, τ̄ ] the system (4.14) pos-
sesses a stable random fixed point corresponding to the stationary and
ergodic process {ξ�τ ◦ ϑt}t≥0. Similar to the previous derivations de-
note the components of the map ξ�τ : Ω −→ Ξ as K�

τ (·), R�
τ (·), q�τ (·),

etc. In particular, y�
τ (·) = (y(j)�

τ (·))Jj=1 and x�
τ (·) = (x(j)�

τ (·))Jj=1 define
the portfolio processes along the random fixed point. Then each choice
of τ ∈ [0, τ̄ ] gives rise to an induced process {c�τ ◦ ϑt}t>0 describing
consumption of generations along the random fixed point {ξ�τ ◦ ϑt}t≥0.
Utilizing the same procedure as in the derivation of (4.9) the compo-
nents of the map c�τ = (c(j)�τ )Jj=0 : Ω −→ CJ+1 take the explicit form4

c(j)�τ (ω̃) = c̄(j)
(
e(j)�τ (ω̃) +R�

τ (ϑ−1ω̃) y(j+1)�
τ (ϑ−1ω̃) (4.12)

+ q�τ (ω̃)�x(j+1)�
τ (ϑ−1ω̃) +

1
R�

τ (ω̃)

j∑

m=1

e
(j−m)�
τ (ω̃)

R�
τ (ϑ−1ω̃)m−1

)

where for each ω̃ ∈ Ω

e(j)�τ (ω̃) :=






τW(K�
τ (ω̃), LS)LS

NR
j = 0, . . . , jL − 1

(1 − τ)W(K�
τ (ω̃), LS)L̄(j) j = jL, . . . , J.

The consumption process {c�τ ◦ ϑt}t>0 is again stationary and ergodic
and defines an induced lifetime utility process {U�

τ ◦ ϑt}t>J describing
lifetime utility attained by consumers along the path of the random
fixed point. The random variable U�

τ : Ω −→ R is defined as

U�
τ (ω̃) :=

J∑

j=0

βJ−j ln c(j)�τ (ϑ−jω̃). (4.13)

The process {U�
τ ◦ ϑt}t>J inherits the properties of stationarity and

ergodicity from the consumption process {c�τ ◦ϑt}t>0. As a consequence,
the expected value

E
[
U�

τ ◦ ϑt
]

:=
∫

Ω
U�

τ ◦ ϑt(ω̃)P(dω̃)

is independent of t implying that E [U�
τ ] = E

[
U�

τ ◦ ϑt
]

for all t. The
real number E [U�

τ ] describes the expected lifetime utility attained by

4 Similar to the previous convention we define y
(j+1)�
τ (·) ≡ 0 and x

(j+1)�
τ (·) ≡ 0 for

j = J and
Pj

m=1
e
(j−m)�
τ (·)

R�
τ◦ϑ−1(·)m ≡ 0 for j = 0.
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consumers along the random fixed point depending on the contribu-
tion rate. The efficiency criterion adopted in the sequel is to choose
τ ∈ [0, τ̄ ] such that E [U�

τ ] becomes maximal. For this purpose, the fol-
lowing lemma shows that stability of the random fixed point implies
that the paths of the consumption and utility processes converge to
the corresponding paths of consumption and utility along the random
fixed point. The proof is given in Section 4.A.2 in the Appendix.

Lemma 4.4.1 Let τ ∈ [0, τ̄ ] be arbitrary and suppose that the random
dynamical system (4.14) possesses a stable random fixed point. Then
both the consumption process {c�τ ◦ ϑt}t>0 defined by (4.12) and the
lifetime utility process {U�

τ ◦ ϑt}t>J defined by (4.13) are stable in the
sense that for all initial states ξ0 ∈ U(ω̃) P–a.s.

(i) limt→∞ ‖ c(j)�τ (ϑtω̃) − c(j)t (τ, ω̃, ξ0)‖ = 0, j = 0, . . . , J

(ii) limt→∞ ‖U�
τ (ϑtω̃) − Ut(τ, ω̃, ξ0)‖ = 0.

Exploiting ergodicity of the process {U�
τ ◦ ϑt}t>J and the stability

result from Lemma 4.4.1 the expected utility along the random fixed
point may again be obtained as the limit of time averages such that

E [U�
τ ] = lim

T→∞
1

T − J
T∑

t=J+1

Ut(τ, ω̃, ξ0) P − a.s.

In the sequel the expected value E [U�
τ ] will again be approximated by

the sample mean

Ê [U�
τ ] =

1
T − J

T∑

t=J+1

Ut(τ, ω̃, ξ0).

Based on these concepts we are now in a position to continue our nu-
merical case study by analyzing the consumption and lifetime utility
processes and the welfare of consumers depending on the contribution
rate τ . All parameters as well as the realization of the noise process are
as in the previous sections. For given ξ0 ∈ Ξ and fixed τ ∈ [0, τ̄ ] the
following notation frequently suppresses the dependence of variables
on these arguments writing, e.g., Ut as a shorthand for the realization
Ut(τ, ω̃, ξ0).

Given this convention, Figure 4.14 depicts a time window of the life-
time utility process defined in (4.11) for τ ∈ {0, 0.1, 0.2, 0.208} together
with the recursive mean Ūt := 1

t−J

∑t
n=J+1 Un, t > J of the sample

{Un}T
n=J+1. In the stationary situation, the recursive mean converges
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to the sample mean ŪT = Ê [U�
τ ] which approximates the expected

lifetime utility of consumers along the random fixed point.
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(e) Expected utility depending on τ

Fig. 4.14. Impact of contribution rates on lifetime utilities

The time series plots in Figure 4.14 confirm the previous result of a
stationary utility process which fluctuates about a time-invariant level.
Moreover, a comparison of Figures 4.14(a) – 4.14(d) reveals that the
level of the process represented by the sample mean Ê [U�

τ ] is strictly de-
creasing in τ . By ergodicity of the utility process and Lemma 4.4.1, this
observation suggests that consumer welfare will be higher in the long
run as the contribution rate is reduced. These properties are further
confirmed by Figure 4.14(e) showing a bifurcation diagram of the sam-
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ple mean Ê [U�
τ ] for alternative contribution rates τ ∈ [0, 0.208]. The

figure supports the conjecture of a strictly negative relationship be-
tween the contribution rate τ and the long-run expected utility E [U�

τ ].
In summary, the results derived from Figure 4.14 unequivocally sug-

gest that in the present scenario of a stationary population any persis-
tent increase in the contribution rate reduces the long-run welfare of
all generations. Conversely, any reduction of the pension system leads
to a long-run welfare improvement of consumers. Clearly, this is a very
strong statement since it essentially asserts the long-run inefficiency of
a pay-as-you-go system. However, the sensitivity analysis carried out
in the following section shows that this result is robust and continues
to hold even with a different parametrization of the model.

In a final step we investigate how the pension system affects the dis-
tribution of consumption over the life cycle. For this purpose, Figure
4.15 depicts average consumption of consumers during their life-cycle
for the two cases τ ∈ {0, 0.2}. For each j ∈ {0, 1, . . . , J} the corre-
sponding values are calculated as averages of the sample {c(j)t }500

t=51.
By ergodicity, these values approximate the expected value of the con-
sumption process along the random fixed point as defined in (4.12).
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τ = 0 0.1 0.2 0.208
working age 11.21 10.62 9.97 9.91
retirement age 12.73 13.18 13.64 13.65

Fig. 4.15. Average consumption over the life-cycle depending on τ
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In both cases depicted in Figure 4.15 expected consumption strictly
increases with age. While the qualitative result does not depend on the
contribution rate, a reduction in τ changes the distribution over the
life cycle by shifting more weight to the earlier periods of life. Hence,
a reduction in τ fosters consumption during the working years and re-
duces consumption when retired. This effect is quantified in the table
below which contrasts average consumption during the working age and
the retirement age depending on τ ∈ {0, 0.1, 0.2, 0.208}. It reveals that
even for τ = 0 retired consumers have on average higher consumption
than consumers in working age. An increase in contributions broad-
ens this gap by increasing consumption when retired and reducing it
during the working years. In this regard, recall that the retirement age
corresponds to six periods of the life-cycle while the working age is nine
periods long. A reduction in τ thus leads to a more uniform distribu-
tion of consumption over the life cycle which, as shown before, has a
positive impact on expected lifetime utility and increases the welfare
of consumers.

The main results obtained in this section are summarized in the
following statement.

Numerical Result 4.4.1 Let the contribution rate τ ∈ [0, 0.208] be
constant and the model be parameterized as described in Table 4.1. Then
the following properties hold true:

(i) A reduction in τ increases the level of the lifetime utility process
and thus the expected lifetime utility of consumers along the random
fixed point.

(ii) A reduction in τ reduces expected consumption in the retirement age
while increasing it during the working years. Even if τ = 0, average
consumption in the retirement age is larger than in the working age.

4.5 Robustness of Results

The previous sections delivered some strong numerical results concern-
ing the inefficiency of pension systems and the impact of changes in
the contribution rate on the long-run behavior of real and financial
markets. Since a theoretical foundation is not yet available, the goal
of this section is to demonstrate that all of the previous results are
robust against parameter changes and continue to hold for a large set
of economically meaningful specifications of the model. The following
sensitivity analysis is organized in the same spirit as in [18].
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Recall from the Numerical Results 4.3.1 and 4.4.1 that for the pa-
rameter set in Table 4.1 and a constant contribution rate τ ∈ [0, 0.208]
the following effects could be observed:

(i) Any reduction in the contribution rate increases the levels of asset
prices and capital while it decreases the level of bond returns

(ii) A sufficiently large contribution rate leads to a significant increase
in the volatilities of asset prices and bond returns

(iii) Any reduction in the contribution rate has a positive welfare effect
by increasing the long-run expected utility attained by consumers.

In the sequel we shall refer to (i) as the level effect and to (ii) as the
volatility effect while (iii) will be called the welfare effect. The objec-
tive is to demonstrate that all three effects are robust against (small)
parameter changes. For this purpose we employ the standard parame-
ter set listed in Table 4.1 and consider variations of the model’s most
important parameters to a higher and a lower value, respectively. For
each of these modified parameter sets the same numerical experiments
as before are repeated such that the model is iterated for T = 500
periods at different contribution rates τ . For each experiment the cor-
responding sample moments of the variables of interest are calculated
as before.

Some preliminary remarks must be made before we begin our analy-
sis. In Section 4.3 it was shown that increasing the contribution rate up
to a critical value τ̄ = 0.208 results in a dramatic increase in the fluctu-
ations of asset prices and bond returns leading to phases of crashes and
extremely high volatility. It was argued that, as τ is further increased
this volatility effect becomes so large that it causes bankruptcy prob-
lems on the part of the consumers (see Section 2.3 for a discussion of
this issue). Since the model’s forward dynamics are no longer defined in
the case of bankruptcy and the simulation is terminated, the previous
parametrization did not allow for values of τ larger than the critical
value τ̄ = 20.8%. It can be shown that such a critical contribution rate
exists for all parameter sets studied below which lies sometimes above
and sometimes below 20% but throughout exceeds 10%. To keep the
subsequent results comparable to the previous ones, each of the follow-
ing parameter variations compares the three cases where τ = 0, τ = 0.1
and τ = τ̄ where τ̄ depends on the respective parameter set.5

5 Since only variations of a single parameter are considered, the feasible range is
sometimes restricted by previous assumptions on parameters. For example, the
constraint δ > 1

γ1
precludes to study, e.g., the case δ = 0.1 which would require

a simultaneous increase in the parameter γ1, e.g., to γ1 = 11.
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Given this convention, consider first the impact of a change in con-
tribution rates on the levels of cum-dividend prices and bond returns.
The following table displays the sample means Ê[qt] and Ê[Rt] which
are calculated from the samples {qt}500

t=51 and {Rt}500
t=51, respectively.

Table 4.2. Robustness of the level effect on financial variables

Ê[qt] Ê[Rt] τ̄ (%)

τ τ
Parameter Value 0 0.1 τ̄ 0 0.1 τ̄
α 0.63 16.59 15.01 11.32 1.129 1.144 1.209 31.9

0.69 14.84 13.23 12.30 1.112 1.127 1.143 14.65
β 0.90 12.23 11.00 9.73 1.157 1.177 1.220 16.6

0.99 17.46 15.71 12.97 1.107 1.120 1.155 24.85
γ0 0.01 22.05 19.80 17.30 1.117 1.132 1.157 20.65

0.03 12.83 11.54 9.87 1.123 1.138 1.174 21.10
γ1 6.5 18.34 16.46 14.52 1.117 1.132 1.154 20.20

9.5 11.62 10.47 8.93 1.126 1.142 1.181 21.10
δ 0.17 17.48 15.71 14.12 1.119 1.134 1.153 19.00

0.25 13.02 11.71 9.98 1.1227 1.138 1.175 21.10
κ 2.0 11.36 10.22 8.83 1.124 1.140 1.172 20.95

3.0 20.39 18.32 15.98 1.118 1.133 1.159 20.65
� 0.1 15.65 14.09 11.46 1.121 1.135 1.178 26.5

0.9 15.64 14.05 12.45 1.121 1.136 1.162 18.70
N̄ 750 11.38 10.23 8.85 1.124 1.140 1.172 20.95

2000 29.66 26.62 23.27 1.116 1.130 1.154 20.80
jL 5 15.92 14.29 12.98 1.131 1.148 1.170 16.60

7 15.21 13.70 11.23 1.111 1.125 1.163 25.30

One observes that throughout the previous level effect is confirmed:
a decrease in τ leads to an increase in the level of qt and a decrease
in the level of Rt. While the qualitative result holds true in each case
under scrutiny, variations in the parameter set exert a crucial effect on
the respective level as well as on the critical contribution rate τ̄ . As
an example, one observes that a decrease in the production elasticity
α to 0.63 increases the critical contribution rate τ̄ to almost 32% while
if α is increased to 0.69 the critical rate decreases to approximately
14.6% (it will be shown in the next table that at these critical values
the previously observed volatility effect occurs). In particular, this ob-
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servation suggests that one should be careful to interpret the 20% level
of contributions in general as a critical value.

Next consider the robustness of the volatility effect on financial mar-
kets which is displayed in Table 4.3. For each of the parameter varia-
tions the sample variances V̂ [qt] and V̂ [Rt] of cum-dividend prices and
bond returns are calculated from the samples {qt}500

t=51 and {Rt}500
t=51.

Table 4.3. Robustness of the volatility effect on financial variables

V̂[qt] V̂[Rt] τ̄ (%)

τ τ
Parameter Value 0 0.1 τ̄ 0 0.1 τ̄
α 0.63 0.228 0.216 0.946 0.0013 0.0021 0.0349 31.9

0.69 0.237 0.277 0.638 0.0018 0.0045 0.0171 14.65
β 0.90 0.160 0.193 0.857 0.0021 0.0052 0.04496 16.6

0.99 0.282 0.265 0.786 0.0014 0.0022 0.0195 24.85
γ0 0.01 0.232 0.237 0.778 0.0008 0.0015 0.0122 20.65

0.03 0.232 0.235 0.670 0.0023 0.0043 0.0286 21.10
γ1 6.5 0.229 0.231 0.492 0.0011 0.0021 0.0098 20.20

9.5 0.236 0.242 0.686 0.0029 0.0054 0.0352 21.10
δ 0.17 0.232 0.236 0.394 0.0012 0.0023 0.0078 19.00

0.25 0.232 0.235 0.733 0.0022 0.0041 0.0306 21.10
κ 2.0 0.232 0.235 0.510 0.0029 0.0054 0.0254 20.95

3.0 0.232 0.237 0.755 0.0009 0.0017 0.0136 20.65
� 0.1 0.230 0.221 0.606 0.0011 0.0017 0.0189 26.5

0.9 0.243 0.260 0.841 0.0019 0.0037 0.02100 18.70
N̄ 750 0.232 0.235 0.511 0.0029 0.0054 0.0254 20.95

2000 0.232 0.239 1.001 0.0004 0.0008 0.0092 20.80
jL 5 0.219 0.257 0.711 0.0016 0.0038 0.0189 16.60

7 0.252 0.236 0.701 0.0016 0.0025 0.0234 25.30

For each of the different parameter sets the calculations support the
existence of a critical level of contribution rates needed for the emer-
gence of the volatility effect. Increases in τ not exceeding the critical
value have only a minor impact and may – in some cases – even re-
duce the volatility of asset prices. In contrast to that, the variance in
bond returns increases monotonically with τ even for small contribution
rates, however, the effect is still relatively small. These results change
dramatically as soon as the contribution rate exceeds a certain critical
level. In this case, a dramatic increase in the volatility of asset prices
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accompanied by temporary stock market crashes is observable. The
same effect is present with bond returns. These observations confirm
the previous result that the presence of a pension system may generate
additional fluctuations and increase the volatility observed in financial
markets. Conversely, a reduction in contributions to a value below a
certain threshold has a stabilizing effect on asset markets.

As a final experiment, consider the impact of changes in τ on the
levels of the capital process and the lifetime utility process. For each of
the parameter variations under study Table 4.4 reports the mean values
Ê [Kt] and Ê [Ut] of the samples {Kt}500

t=51 and {Ut}500
t=51, respectively.

Table 4.4. Robustness of the level effect on the capital stock and of the
welfare effect

Ê[Kt] Ê[Ut] τ̄ (%)

τ τ
Parameter Value 0 0.1 τ̄ 0 0.1 τ̄
α 0.63 12896.0 12638.3 11749.2 4.520 4.113 2.751 31.9

0.69 9935.7 9748.5 9607.4 3.875 3.528 3.310 14.65
β 0.90 10790.1 10525.0 10143.1 2.885 2.487 2.074 16.6

0.99 11523.3 11327.3 10900.9 5.291 4.923 4.148 24.85
γ0 0.01 32473.7 31858.0 30968.2 8.184 7.813 7.298 20.65

0.03 6107.5 5988.2 5776.8 1.819 1.439 0.835 21.10
γ1 6.5 19111.7 18746.5 18264.4 6.114 5.745 5.258 20.20

9.5 4286.1 4201.6 4045.9 0.536 0.148 -0.495 21.10
δ 0.17 15939.5 15634.3 15294.9 5.465 5.091 4.667 19.00

0.25 6397.5 6272.6 6044.8 1.995 1.615 1.005 21.10
κ 2.0 8035.0 7876.3 7617.4 0.375 -0.009 -0.599 20.95

3.0 14965.3 14680.7 14262.3 7.271 6.900 6.381 20.65
� 0.1 11316.7 11093.5 10592.4 4.165 3.778 2.912 26.5

0.9 11322.7 11102.7 10809.0 4.164 3.787 3.334 18.70
N̄ 750 8048.3 7889.4 7630.0 4.245 3.861 3.271 20.95

2000 22094.5 21679.1 21089.5 4.055 3.689 3.175 20.80
jL 5 12407.2 12144.5 11872.8 5.055 4.621 4.241 16.60

7 10188.4 10010.1 9603.1 3.098 2.775 2.073 25.30

The values in Table 4.4 reveal that the previously observed level
effect on the capital stock is again robust: any decrease in the con-
tribution rate leads to an increase in the sample mean of the capital
stock. Hence, the basic economic mechanism stressed, e.g., by [35] that
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a reduction in public pension payments fosters the formation of capital
is present in our model. Conversely, the presence of a pension system
has a crowding-out effect on private savings which diminishes the capi-
tal stock. The result from Table 4.4 thus implies that for all parameter
sets considered here a transition towards a capital-based pension sys-
tem through a decrease in contribution rates fosters the accumulation
of capital and increases the capital stock in the long run.

As a second result, Table 4.4 confirms the welfare effect observed
with the standard parameter set: For all parameter changes under
scrutiny, a reduction in the contribution rate increases the expected
lifetime utility of consumers in the long run. Hence, the long-run inef-
ficiency of a pay-as-you-go pension system obtained as a main result in
the previous section is confirmed and does not depend on the previous
specification of the model.

The previous results provide overwhelming numerical evidence that
the installation of a pension system is not desirable and should be
avoided. Conversely, if the pension system is already installed, any re-
duction of contributions leads to a welfare improvement of generations
in the long run. Hence, from a long-run perspective, any social authority
that controls the contribution rate should seek to abandon the pension
system by ultimately reducing contributions to zero. Note, however,
that this reduction will necessarily lead to a loss of welfare on the part
of retirees during the transition. Hence, from a political point of view,
the important issue is how a transition towards a lower contribution
rate should be organized such that these losses remain sufficiently small.
This question will be discussed in the next section.

4.6 Reducing the Public Pension System

As the previous results unanimously suggest the inefficiency of a public
pension system in the presence of a stationary population, this section
discusses various possibilities as to how one can organize a transition
towards a lower (zero) contribution rate. To this end, suppose that
initially a public pension system exists which is characterized by a
constant contribution rate τt ≡ 0.2. Assume that the long-run goal
of the social authority which controls the pension system is to reach
a contribution rate τt ≡ 0. To achieve this goal, the present section
discusses two different policies. In the first one, the pension system
is immediately abandoned while it is gradually reduced in the second
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one.6 More specifically, assume that the adjustment starts in period
t = 51 such that τt = 0.2 for t ≤ 50. In the first scenario, where the
system is instantaneously abandoned we have τt = 0 for t ≥ 51. This
type of adjustment is denoted symbolically as τt = 0.2 ↓ 0. In the
second scenario, we assume that from t = 51 onwards the contribution
rate is gradually lowered by 0.5% points in every period. This implies
that the target value of τt = 0 is reached in period t = 90. The gradual
adjustment policy is denoted as τt = 0.2 ↘ 0. Figure 4.16 visualizes
the adjustment policies for either scenario.
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Fig. 4.16. Instantaneous and gradual reduction of contribution rates

Consider first the impact of either adjustment on the stock market.
Figure 4.17 depicts time windows of asset prices and dividends for both
scenarios. For t ≥ 120 the evolution of the series’ is the same in both
scenarios and similar to the case where τt ≡ 0 as studied in Section
4.3. The table below displays the levels of asset prices and dividends
pertaining to the initial case where τt = 0.2 and the long-run case where
τt = 0 together with the associated percentage change. Clearly, these
values do not depend on the adjustment policy.

As one would expect from the results of Section 4.3, the reduction in
contributions induces an upward shift in the level of asset prices which
triggers a temporary boom on the stock market. This boom is much
steeper with an instantaneous reduction where the new long run level is
reached within ≈ 10 periods. With a gradual adjustment the transition
is much smoother resulting in a constant increase in asset prices over
a time window of ≈ 40 periods. The lower row in Figure 4.17 and also

6 Clearly, from a political point of view an instantaneous abandonment of the pen-
sion system seems unrealistic since it implies that some generations do not receive
any pension payments although they have paid contributions. Nevertheless, this
scenario provides an interesting benchmark case.
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Initial level Long run level Change

qt 15.64 12.44 + 25.7%
pt 13.97 10.78 + 29.6%
dt 1.678 1.655 + 1.4%

Fig. 4.17. Impact of a reduction in contribution rates on the stock market

the values in the table below show that the boom in cum-dividend
prices is almost exclusively due to an increase in ex-dividend prices
which increase by almost 30% while dividends increase only slightly by
1.4%. Another observation from the figure is that during the adjustment
phase asset prices fluctuate more with a gradual adjustment than with
an instantaneous reduction. This can be explained as follows: In the
previous sections we have seen that a reduction in contribution rates
may reduce the volatility in asset prices. This effect is delayed with a
gradual adjustment policy such that asset prices fluctuate more during
the adjustment phase. With an instantaneous adjustment some of the
volatility on asset markets is therefore ’avoided’.

The impact of the two adjustment policies on the capital stock, real
wages and bond returns are depicted in Figure 4.18. Again it can be
shown that for both scenarios the respective time series’ coincide at the
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end of the time window. The table below displays the long-run effect
of the adjustment on the level of the respective variable.

12000

11500

11000

10500

10000

30 50 70 90 110

Kt

t

(a) τt = 0.2 ↓ 0

12000

11500

11000

10500

10000

30 50 70 90 110

Kt

t

(b) τt = 0.2 ↘ 0

1.9

1.65

1.4

1.15

0.9

30 50 70 90 110

Rt ωt

t

Rt

ωt

(c) τt = 0.2 ↓ 0

1.9

1.65

1.4

1.15

0.9

30 50 70 90 110

Rt ωt

t

Rt

ωt

(d) τt = 0.2 ↘ 0

Initial level Long run level Change

Kt 11320 10815.3 + 4.7%
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Fig. 4.18. Impact of a reduction in contribution rates on real markets

Qualitatively, the effects observed on the stock market translate
– with a slight delay – into a similar behavior of the capital stock.
The sample moments reveal that the reduction in contribution rates
increases the long-run capital level by a little less than 5%. Again the
adjustment to the new level is much faster with an instantaneous reduc-
tion which is accompanied by a significant overshooting. The gradual
adjustment causes a delay in the level-effect as well as in the volatility-
effect resulting in larger fluctuations of the capital stock during the
adjustment phase. Apart from that, the impact on the level of real
wages and bond returns are again as one would expect from our previ-
ous results: The reduction in the contribution rate decreases the bond
return by ≈ −3% while it increases the real wage by ≈ 1.6%. One
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also observes that the overshooting in the capital stock causes a slight
overshoot in real wages which temporarily increase above their long-
run level. As in the previous cases the adjustment to the new level is
much slower with a gradual adjustment which again results in a tem-
porarily higher volatility of bond returns as compared to the case with
an instantaneous adjustment. Hence, we find again that the smooth
transition comes at a cost of increased volatility during the adjustment
phase which is somewhat avoided in the case with an instantaneous
adjustment.

In a final step, we display the consequences of either adjustment
policy on consumer welfare by comparing the expected lifetime utili-
ties attained by the different generations during the transition phase.
Clearly, it is not possible in this case to make use of the ergodic theo-
rem and to calculate expected utilities from time averages during the
transition phase. We therefore simulate the model drawing N = 800
independent realizations of the noise process. For each t the expected
lifetime utility is calculated by taking averages of lifetime utilities ob-
served for each realization of the noise process. The result is shown
in Figure 4.19 which depicts the expected lifetime utilities attained by
consumers during the transition phase.
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Fig. 4.19. Impact of a reduction in contributions on expected lifetime utilities

For the instantaneous adjustment policy one observes a dramatic
loss in utilities during the time window t ∈ {51, . . . , 56}. These are the
generations which lose their pension income but do not benefit from
the reduction in contribution rates during their working years. From
t = 57 utility starts to increase again. These are now the generations
which have increasingly benefitted from the reduced contribution rate
during their working years. In this regard, recall that the reduction in
contributions causes a shift of consumption/utility from the retirement
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age to the working age. Again we observe a large overshooting in utility
which is most likely due to the stock market boom and the temporary
overshooting in real wages. After the peak in t = 66 utility decreases
to reach its long-run level from t = 85 onwards.

In contrast to this, the initial downturn as well as the following
overshoot is almost entirely avoided with a gradual reduction in contri-
bution rates. One also observes that with the gradual adjustment policy
all generations are better-off from t = 64 while with an instantaneous
adjustment this is the case from t = 61 onwards. Nevertheless, from a
political point of view, the gradual reduction of contributions appears
to be more favorable since it generates a much smoother transition and
improves the welfare of all generations in the long run.

Summary of Chapter 4

This chapter analyzed the long-run effects of a static pension system by
comparing different levels of contribution rates under the assumption
of a stationary population. It was demonstrated that any reduction in
contributions fosters the accumulation of capital and leads to a higher
capital stock in the long run. This shows that the results obtained, e.g.,
by [35], carry over to the present case with randomness and a stochastic
asset market. In addition, any reduction in contributions was shown to
increase the level of asset prices while decreasing interest rates. Qualita-
tively, the latter result is in line with the findings by [18] who claim that
a smaller contribution rate reduces the return on savings respectively
capital. For the stochastic setting employed here, an additional volatil-
ity effect was established by showing that a reduction in the pension
system may exert a stabilizing effect on financial markets by reducing
the volatility in asset prices and avoiding stock market crashes.

From a normative point of view, the study revealed that the pres-
ence of a pension system exhibits a distorting effect on the long-run
welfare of consumers. As a consequence, any decrease in contribution
rates increases expected lifetime utility and thus leads to a welfare
improvement of consumers in the long-run. For the case with an ini-
tially existing pension system, a gradual reduction of contributions was
shown to induce a smooth transition with only small welfare losses on
the part of current retirees and higher expected utility of all generations
in the long run.

One possible explanation for the inefficiency of a public pension
system in our model may be obtained by comparing the returns on
asset markets with the (internal) rate of return earned by the pension
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system. In a deterministic framework, the latter corresponds to the
sum of the population growth rate and the rate of technical progress
which would be zero in the scenario studied in this chapter. Since the
interest rate on the bond market was shown to be positive in our study,
the previous results may not be too surprising. On the other hand, one
could conjecture from these insights that the results may change as one
incorporates changes in the population and technical progress. While
the first modification will be studied in the following chapter, the other
extension of the model is straightforward and left for future research.

4.A Mathematical Appendix

4.A.1 Concepts from Random Dynamical Systems Theory

In this section we supplement the discussion from Section 4.1 by the
formal concepts from random dynamical systems theory. In particular,
a formal definition of a stable random fixed point is provided.

In order to write the dynamic evolution defined by (4.4) as a
random dynamical system we reformulate the noise process intro-
duced in Assumption 4.1.1 as a so-called metric dynamical system
with two sided time.7 This essentially amounts to using the (equiv-
alent) canonical representation of the process {ηt}t.8 Define the cube
[0, ηmax] :=

∏M
m=1[0, η

(m)
max] where ηmax := (η(m)

max)Mm=1 and endow the
product space Ω :=

∏
t∈Z[0, ηmax] with its Borel-σ algebra F := B(Ω)

and the product measure P := ⊗t∈Zνη. The left shift on Ω is defined as
the map ϑ : Ω −→ Ω, (ω̃t)t∈Z 	−→ ϑ(ω̃t)t∈Z := (ω̃t+1)t∈Z the inverse of
which is denoted as ϑ−1. For each t ∈ Z let ϑt denote the tth iterate of
the map ϑ if t > 0 and of ϑ−1 if t < 0, respectively. With the help of the
evaluation map η : Ω −→ [0, ηmax], η

(
(ω̃t)t∈Z

)
:= ω̃0 the original pro-

cess {ηt}t∈Z can be written in the form
{
η(ϑt)

}
t∈Z

, i.e., for each t ∈ Z

and ω̃ ∈ Ω, ηt(ω̃) = η(ϑtω̃). Note that by construction the measure P

is invariant with respect to ϑ, i.e. for all A ∈ F one has P(ϑA) = P(A).
In addition we shall assume that P is ergodic with respect to ϑ, i.e.,
for each A ∈ F which is invariant under the map ϑ (i.e. ϑA = A) one
has P(A) ∈ {0, 1}. The quadruple (Ω,F ,P, (ϑt)t∈Z) defines an ergodic

7 Note that the noise process is modeled with two-sided time although the induced
random dynamical system introduced below is modeled with one-sided time. The
same approach is adopted, e.g., in [57].

8 In this section the symbol Z denotes the set of integers rather than the portfolio
space. Since the use is restricted to the present section, no confusion should arise.
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metric dynamical system in the sense of [4] which constitutes the first
building block of a random dynamical system.

Using the previous representation (4.4) may now be written as

ξt = φτ (ξt−1, η(ϑtω̃)).

To alleviate the notation write φτ (η(ω̃)) := φτ (·; η(ω̃)) : Ξ −→ Ξ,
ξ 	−→ φτ (η(ω̃)) ξ := φτ (ξ; η(ω̃)) for each ω̃ ∈ Ω and let T := N0. For
each fixed τ ∈ [0, τ̄ ] the iteration of the map φτ (·) defines a measurable
flow Φτ : T ×Ω × Ξ −→ Ξ

Φτ (t, ω̃, ξ) :=
{
ξ t = 0
φτ

(
η(ϑtω̃)

) ◦ . . . ◦ φτ (η(ϑω̃)) ξ t ≥ 1 (4.14)

Equation (4.14) in conjunction with the noise process represented by
the metric dynamical system (Ω,F ,P, (ϑt)t∈Z) defines a random dy-
namical system in the sense of [4] with one-sided time T = N0. The
value Φτ (t, ω̃, ξ0) ∈ Ξ determines the state of the system at time t ∈ T

from the initial state ξ0 ∈ Ξ and the path ω̃ ∈ Ω of the perturbation.
The following definition introduces the concept of a stable random fixed
point which plays a crucial role in this chapter.

Definition 4.A.1 Let τ ∈ [0, τ̄ ] be fixed. A random fixed point of the
random dynamical system defined by (4.14) is defined by a random
variable ξ�τ : Ω −→ Ξ with the property that for each ω̃ ∈ Ω

ξ�τ (ϑω̃) = φτ (η(ϑω̃), ξ�τ (ω̃)) = φτ (η(ϑω̃))ξ�τ (ω̃). (4.15)

A random fixed point ξ�τ is said to be asymptotically stable if for each
fixed ω̃ ∈ Ω there exists a random set U(ω̃) ⊂ Ξ such that

lim
t→∞ ‖ξ�τ (ϑtω̃) − Φτ (t, ω̃, ξ0)‖ = 0 (4.16)

for all ξ0 ∈ U(ω̃) P–a.s.

In the stable case, the path t 	−→ Φτ (t, ω̃, ξ) will asymptotically move
as the corresponding path t 	−→ ξ�τ (ϑ

tω̃) of the random fixed point
(P–a.s.). Clearly, for those components of the map φτ which are deter-
ministic and thus independent of ω̃ ∈ Ω, the property (4.15) coincides
with that of a deterministic fixed point. Therefore, since the popu-
lation law (2.51) is deterministic, the population will necessarily be
constant along any path of the random fixed point. As an immediate
consequence, we obtain as a necessary condition for the existence of a
random fixed point the existence of a steady state of the population law
(2.51). Asymptotic stability of this random fixed point then requires, in
addition, the asymptotic stability of the fixed point of the population
dynamics.
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4.A.2 Proof of Lemma 4.4.1

Adopting a similar argument as in the proof of Lemma 4.1, the sequen-
tial structure of the model (cf. Section 3.5) implies the existence of con-
tinuous mappings C(j) : Ξ ×∏M

m=1[0, η
(m)
max] −→ R++, j ∈ {0, 1, . . . , J}

which determine consumption at time t as

c
(j)
t = C(j)(ξt−1, ηt). (4.17)

Let ω̃ ∈ Ω be fixed and let ξ0 ∈ U(ω̃) be such that, by stability of the
random fixed point

lim
t→∞ ‖ξ�τ (ϑtω̃) − Φτ (t, ω̃, ξ0)‖ = 0. (4.18)

Fix j ∈ {0, 1, . . . , J}. Using (4.17) and the canonical representation
of the noise process (cf. Section 4.A.1) consumption at time t > 0 as
defined in (4.9) may be written as

c
(j)
t (τ, ω̃, ξ0) = C(j)

(
Φτ (t− 1, ω̃, ξ0), η(ϑtω̃)

)
. (4.19)

Similarly, consumption at time t > 0 along the random fixed point as
defined in (4.12) takes the form

c(j)�τ (ϑtω̃) = C(j)(ξ�(ϑt−1ω̃), η(ϑtω̃)). (4.20)

Let ε > 0 be arbitrary. We show that there exists t0 > 0 such that

t > t0 ⇒ ‖c(j)t (τ, ω̃, ξ0) − c(j)�τ (ϑtω̃)‖ < ε. (4.21)

The map C(j)(·, η(ϑtω̃)) being continuous at each point ξ ∈ Ξ implies
for each ε > 0 the existence of a δ > 0 such that

‖ξ − ξ′‖ < δ ⇒ ‖C(j)(ξ, η(ϑtω̃)) − C(j)(ξ′, η(ϑtω̃))‖ < ε. (4.22)

On the other hand, by stability of the random fixed point it follows
from (4.18) that for each δ > 0 there exists t0 > 0 such that

t > t0 ⇒ ‖ξ�τ (ϑtω̃) − Φτ (t, ω̃, ξ0)‖ < δ. (4.23)

Combining the definitions (4.19) and (4.20) with (4.22) and (4.23)
proves (4.21). Since j was arbitrary, this gives the claim in (i) for each
j ∈ {0, 1, . . . , J}. The assertion in (ii) is then implied by continuity of
the logarithm. �



5

Pension Systems in the Presence of
Demographic Change

The introduction as well as the discussion in Section 2.6 has revealed
that the predicted change in the German population structure over
the next fifty years entails serious consequences for the public pension
system. Against this background, the question how the pension system
should be adjusted to meet the demographic challenge has been the
subject of numerous political debates in Germany as well as in most
other industrialized countries. Although these discussions have resulted
in several reforms of the German pension system, many economists
and demographic experts claim that the measures enacted yet are not
sufficient to meet the demographic problem, cf. [56].

The goal of this chapter is to contribute to the debate and to study
the performance of various pension policies describing possible adjust-
ments of the pension system during demographic transitions. The poli-
cies under scrutiny also comprise reform proposals which have been
suggested for or implemented in the German pension system. To ob-
tain a suitable demographic scenario the present chapter uses a partic-
ular form of the general population model introduced before. The em-
ployed specification is suitable to describe demographic transitions dur-
ing which the population shrinks and the dependency ratio increases.
Since ultimately the population becomes stationary again, all results
obtained in the previous chapter remain valid in the long run.

The chapter is organized as follows: Section 5.1 refines the underly-
ing population model and develops the demographic scenario used in
the sequel. Section 5.2 considers the case with a static pension system
and constant contributions while Section 5.3 studies the effect of a grad-
ual reduction in contributions. Section 5.4 analyzes the consequences of
a temporary increase in contributions according to the Riester-Rürup
formula which is currently implemented in the German pension system.



146 5 Pension Systems in the Presence of Demographic Change

Finally, Section 5.5 analyzes a temporary increase in the retirement age
as another option to adjust the pension system during demographic
transitions.

5.1 Population Dynamics and Demographic Change

To incorporate the issue of demographic change the present chapter
refines the general population law (2.51). In this regard, recall from
(2.51) that the evolution of the population is essentially governed by
the map N which determines the number of births N (J)

t at time t from
the previous population vector Nt−1. In the sequel we assume that the
map N is of the form

N (Nt−1) =
J∑

j=0

N
(j)
t−1

(
n

(j)
0 + n(j)

1 exp
{
−n2

J∑

i=0

N
(i)
t−1

})
(5.1)

where n(j)
0 , n

(j)
1 ≥ 0, j = 0, . . . , J and n2 ≥ 0. If n2 = 0, the population

law (5.1) is linear with constant fertilities of generations j = 0, . . . , J . If
n2 > 0, fertility is a decreasing function of the previous population size∑J

i=0N
(i)
t−1. If J = 0 (corresponding to the degenerate case where con-

sumers live for one period only), equation (5.1) reduces to the following
Ricker-type map where the population evolves as

Nt = N (Nt−1) = Nt−1

(
n0 + n1 exp

{−n2Nt−1

})
. (5.2)

The dynamic equation (5.2) is widely used in biological sciences to
model the evolution of (human and non-human) populations, see, e.g.,
[28] or [42]. Apart from this justification the functional form (5.1) turns
out to be convenient in order to model demographic transitions of the
population due to its dynamic properties.

Let N̂ : RJ+1
+ −→ RJ+1

+ , N̂ ((N (j))Jj=0) := ((N (j))Jj=1,N ((N (j))Jj=0))
denote the time-one map of the population law defined by (2.51) and
(5.1). Given an initial population vector N0 = (N (j)

0 )Jj=0 the map N̂
defines the evolution of the population as a deterministic dynamical
system of the form Nt = N̂ (Nt−1) for each t ≥ 1. Some properties of
the population dynamics are stated in the following lemma.

Lemma 5.1.1 In addition to the previous restrictions suppose that the
parameters of the map (5.1) satisfy 1 − n1 < n0 < 1 and n2 > 0 where
n0 :=

∑J
j=0 n

(j)
0 and n1 :=

∑J
j=0 n

(j)
1 . Then the following holds true:
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(i) The dynamical system defined by the map N̂ has a unique positive
steady state N� = (N̄ )Jj=0 where

N̄ :=
1

(J + 1)n2
ln

n1

1 − n0
> 0.

(ii) The steady state in (i) is asymptotically stable if all eigenvalues of
the Jacobian matrix

DN̂ (N�) =





0 1 0 · · · 0
0 0 1 · · · 0
...

. . . . . . . . .
...

0 0 0
. . . 1

δ(0) δ(1) δ(2) · · · δ(J)





where δ(j) := n
(j)
0 + n

(j)
1

1−n0
n1

+ (1−n0)
J+1 ln

(
1−n0

n1

)
, j = 0, 1, . . . , J lie

inside the complex unit disc.

Proof. Solving the condition N̄ != N ((N̄)Jj=0) the stated form of the
steady state in (i) can be verified by direct calculations. Noting that
N̂ is differentiable the Jacobian matrix evaluated at the steady state
can be shown to be of the form stated in (ii) from which the second
assertion follows. �

In the sequel we model demographic change as a transitory phe-
nomenon which is due to shifts in the steady state of the population
dynamics. In this regard, an immediate observation from Lemma 5.1.1
is that the parameter n2 is crucial to determine the steady state value
N̄ in (i) while the stability condition (ii) is independent of it. This
property allows us to vary the value N̄ by varying n2 without affecting
its asymptotic stability.

For the following numerical investigation suppose for simplicity that
n

(j)
0 ≡ n

(j)
1 =: n(j) for all j = 0, . . . , J and assume the map j 	−→ n(j)

to be non-decreasing. Recalling that a consumer’s life starts at the age
of 20 (j = J) and ends at the age of 80 (j = 0) with each period corre-
sponding to four years this property reflects the plausible assumption
that fertility is a decreasing function of age. The parameters used in
the subsequent simulations are summarized in the following table. The
values in parenthesis describe the age of agents in the respective gen-
eration.1
1 It should be noted that neither the employed population model nor the parameter

choices are justified on empirical grounds. For our purpose the prescribed speci-



148 5 Pension Systems in the Presence of Demographic Change

Table 5.1. Parameter values for the population dynamics

Parameter Value Description Parameter Value Description

J 14 Number of gen. n
(11)
0 0.1 Fertility (32-35)

n(14) 0.275 Fertility (20-23) n(10) 0.05 Fertility (36-39)
n(13) 0.25 Fertility (24-27) n(9) 0.01 Fertility (40-43)
n(12) 0.2 Fertility (28-31) n(j), j ≤ 8 0 Fertility (≥ 44)

The parameter values in Table 5.1 satisfy the stability condition (ii)
in Lemma 5.1.1 such that for any choice n2 > 0 the induced steady
state will be asymptotically stable. The demographic transition is now
modeled as follows. Assume that initially (t ≤ 50) the population is in a
steady state such that Nt ≡ (N̄)Jj=0 where N̄ ≈ 2000 corresponding to
a parameter choice n2 = 0.000067. Note that the model’s behavior at
the initial steady has already been studied in the sensitivity analysis in
Section 4.5. In period t = 51 the parameter n2 changes to n2 = 0.00013
shifting the steady state to a lower value N̄ ′ ≈ 1000. The associated
adjustment process of the population towards the new steady state
value then defines a demographic transition period during which the
number of births decreases. Note that the shifted steady state value
N̄ ′ corresponds to the generation size used in the simulations of the
previous chapter. Hence, the previous results remain valid in the long
run as soon as the population has reached the new steady state. Figure
5.1 depicts the evolution of the population represented by the number
of births as well as the associated dependency ratio as defined in (2.61).
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Fig. 5.1. Demographic transition of the population

fications offer a simple way to model demographic transitions of the population
and to study the consequences for the public pension system.
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One observes from Figure 5.1(a) that the level of births converges
to its new steady state value within slightly less than 50 periods. As a
consequence it can be shown that for t ≥ 110 the population will be
constant again such that Nt ≡ (N̄ ′)Jj=0 and the dynamic behavior is as
described in the previous chapter. In the sequel we will therefore restrict
attention to the demographic transition period where t ∈ {51, . . . , 110}.
As is seen from Figure 5.1(b) the demographic transition is accompa-
nied by a significant temporary increase in the dependency ratio. The
latter reaches a maximum of ≈ 90% in t = 63, i.e., 12 periods (≈ 50
years) after the shift before it eventually returns to its initial value
of 66%. This range corresponds roughly to the predicted evolution for
the German population over the next 50 years which was presented
in Section 2.6 (cf. Figure 2.6). Thus, the simple demographic scenario
developed in this section mimics roughly the predicted demographic
change of the German population over the next 50 years.

5.2 Constant Contributions

Based on the demographic scenario developed in the previous section
the remainder of this chapter studies how demographic change affects
real and financial markets and consumer welfare. Moreover, different
adjustments of the pension system during the transition and their con-
sequences are investigated.

The present section studies the case of a constant contribution rate
τt ≡ τ where the three cases τ ∈ {0, 0.1, 0.2} are compared. All other
parameters of the model are kept at the same values as in the previous
chapter which are listed Table 4.1.2 As a first step, consider the impact
of demographic change on real and financial markets. Figure 5.2 depicts
the evolution of the stock market during the demographic transition
period for the two boundary cases where τ = 0 and τ = 0.2. The table
below displays the level of cum-dividend prices associated with the
initial (N̄ = 2000) as well as with the shifted (N̄ ′ = 1000) steady state
value of the population together with the associated percentage change.
Note that these values correspond to the ones which were calculated in
the sensitivity analysis in Section 4.5 (cf. Table 4.2).

2 Due to the larger initial population size the initial values for the capital stock
and cum-dividend price are adjusted to K0 = 22, 000 and q0 = 25. This improves
the model’s behavior during the first simulation periods. Since, as shown in the
previous chapter, the model’s behavior (for t ≥ 50) does not depend on initial
conditions, this does not impact the following results.
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(d) τ = 0.2

Level of cum-dividend prices qt

N̄ = 2000 N̄ ′ = 1000 Change
τ = 0 29.66 15.64 - 47.27%
τ = 0.1 26.62 14.06 - 47.18%
τ = 0.2 23.65 12.44 - 47.40%

Fig. 5.2. Impact of demographic change on the stock market

The most striking phenomenon observed from Figure 5.2 is the dra-
matic decline in the level of asset prices. The table below reveals that
the shrinking population size triggers a decline in asset prices resulting
in a loss of approximately 50%! Although the level of the respective
price process depends on the contribution rate, the percentage loss is
roughly the same for all three scenarios. Furthermore, as the lower row
in Figure 5.2 shows, the decline in cum-dividend prices is almost en-
tirely due to a decrease in ex-dividend prices. This phenomenon of a
so-called asset market meltdown induced by demographic change of the
population has been predicted by various models in the literature, see,
e.g., [1], [2]. In fact, this result could have been anticipated from our
sensitivity analysis in Section 4.5 (cf. Table 4.2) which showed that
a smaller population size leads to a lower level of asset prices. In the
present scenario the percentage change in the level of asset prices turns
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out to of roughly the same magnitude as the percentage change in the
size of the population.

Next consider Figure 5.3 showing the evolution of labor supply and
the capital stock as well as real wages and bond returns. The table be-
low compares the initial and long run level of the capital stock together
with its percentage change.
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Level of the capital stock Kt

N̄ = 2000 N̄ ′ = 1000 Change
τ = 0 22094.5 11320.0 - 48.8%
τ = 0.1 21679.1 11101.9 - 48.8%
τ = 0.2 21173.1 10815.3 - 48.9%

Fig. 5.3. Impact of demographic change on real and financial variables

Due to the absence of technical progress in our model the decline in
birth rates translates directly into a decline in aggregated labor supply
(cf. equation (2.1)). The capital stock mirrors this development with
a slight delay resulting again in a loss of almost 50%. While the per-
centage loss is the same in all three scenarios, the initial as well as the
long-run level is – as one would expect from the results of the previous
chapter – higher with a lower contribution rate. In contrast to that,
the long run level of real wages and bond returns is not affected by the
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decline in the population and both series return to their initial value
after the population becomes constant again. However, a temporary
increase in both series is observable during the transition periods. For
real wages this is due to the increased scarcity of labor which causes
a temporary increase in the capital-labor ratio. Ultimately the capital
stock adjusts resulting in the same capital-labor ratio as initially. Sim-
ilar to the results obtained in the previous chapter the effect of a larger
volatility in bond returns due to a larger contribution rate is present.

In a second step consider the impact of demographic change on the
welfare of consumers. Figure 5.4 shows the expected lifetime utilities
of generations during the demographic transition period for all three
scenarios. As in Section 4.4 the expected utility during each transi-
tion period is calculated by taking averages over L = 800 independent
realizations of the noise process.
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Fig. 5.4. Impact of demographic change on expected lifetime utilities

One observes that demographic change causes a significant decline
in consumer welfare which inversely mirrors – with a slight delay –
the evolution of the dependency ratio (cf. Figure 5.1(b)). This decline
occurs independently of the prevailing contribution rate and is only
slightly attenuated if the contribution rate is lower (although expected
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utility remains higher with a lower contribution rate throughout the
entire time window). After the demographic transition expected utility
returns again to a stationary level which is in fact higher than the
initial level confirming the result of the sensitivity analysis carried out
in Section 4.5 (cf. Table 4.4).

These observations suggest that without further adjustments of the
pension system, demographic change has a serious impact on consumer
welfare resulting in large welfare losses during the demographic transi-
tion periods. The following statement summarizes the main results of
this section.

Numerical Result 5.2.1 Let the model be parameterized as in Table
4.1 and the demographic scenario as introduced in Section 5.1. Further-
more, let the contribution rate be constant. Then the following holds
true:

(i) Demographic change causes a permanent decline in the levels of as-
set prices and the capital stock reducing their initial levels by approx-
imately 50%. This phenomenon occurs independently of the level of
contribution rates.

(ii) Consumers suffer large welfare losses during the demographic tran-
sition period which are only slightly attenuated with a lower contri-
bution rate τ .

5.3 Reducing Contributions

With a constant contribution rate the demographic transition entails a
dramatic loss in consumer welfare and a substantial decline in the levels
of asset prices and the capital stock. This raises the natural question
how the pension system should be adjusted to avoid or at least attenu-
ate these effects. To analyze these questions, the following part takes a
slightly different view than before by assuming that initially (i.e., before
demographic change starts) a public pension system with a constant
contribution rate τt = 0.2 exists.

In this section we consider a policy that aims at reducing contribu-
tion rates during the demographic transition. To this end, consider the
following three experiments:

1. From t = 51 onwards the initial contribution rate τt = 0.2 is instan-
taneously set to τt = 0. As in Section 4.6 we denote this symbolically
as τt = 0.2 ↓ 0.
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2. From t = 51 onwards the initial contribution rate τt = 0.2 is grad-
ually lowered by 0.5% points in every period such that τt = 0 for
t ≥ 90, we write τt = 0.2 ↘ 0.

3. From t = 51 onwards the initial contribution rate τt = 0.2 is instan-
taneously set to τt = 0.1, written τt = 0.2 ↓ 0.1.

The first two adjustment scenarios correspond to the ones which were
studied in Section 4.6 for the case with a stationary population. In
addition, a third scenario is considered which does not fully abolish the
pension system but only reduces the contribution rate to a lower value.
For all three cases the scenario where the contribution rate remains at
its initial level of 20% (as studied in the previous section) serves as a
reference case.

Consider first the impact of either policy on asset markets which is
depicted in Figure 5.5. As before the corresponding initial and long-run
levels of cum-dividend prices together with the percentage change are
calculated in the table below. The left hand side in Figure 5.5 shows
that an instantaneous reduction of contributions to zero triggers a tem-
porary boom in asset prices confirming the results obtained in Section
4.6. This boom is still slightly present with a moderate reduction to 10%
but vanishes with a gradual reduction in contributions. From t = 60
onwards the initial increase is upset by the previously observed decline
in asset prices due to the shrinking population size. However, the table
below indicates that the percentage loss is now slightly reduced (from
≈ −47% to ≈ −34% and ≈ −40.5% with a long-run contribution rate
of 0% and 10%, respectively). This is due to the fact that the reduc-
tion in contributions has an increasing effect on the level of asset prices
which partly upsets the demographic impact. However, these measures
can only attenuate but not avoid the asset market meltdown.

The impact of either policy on the capital stock is depicted in Fig-
ure 5.6. Again the case where τt ≡ 0.2 serves as a reference case. By
and large, the capital stock mirrors the behavior of the stock market.
For the case with an instantaneous reduction an initial boom is ob-
servable which is much more present if contributions are reduced to
zero and which vanishes entirely with a gradual reduction policy. From
t = 60 onwards the capital stock decreases to a lower long-run level.
From the table below one finds that a (gradual or instantaneous) ad-
justment of contributions to zero reduces the loss in capital by roughly
two percentage points and by a little more than one percentage point
if the contribution is reduced to 10%. These findings are in line with
our results from the previous chapter showing that a decrease in con-
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Level of cum-dividend prices qt

Reform: N̄ = 2000 N̄ = 1000 Change
τt = 0.2 ↓ 0 23.65 15.64 - 33.87%
τt = 0.2 ↘ 0 23.65 15.64 - 33.87%
τt = 0.2 ↓ 0.1 23.65 14.06 - 40.55%
τt ≡ 0.2 23.65 12.44 - 47.4%

Fig. 5.5. Impact of demographic change on the stock market

tributions increases the level of the capital stock and thus may slightly
reduce the loss due to the demographic development.

Finally, consider the impact of either adjustment policy on consumer
welfare. To carefully separate the demographic effect and the contribu-
tion effect of the adjustment policy the analysis proceeds in two steps.
The first step investigates the impact of either policy on consumer wel-
fare under the assumption that no demographic change occurs and the
population remains at its initial steady state where N̄ = 2000. This
reveals the pure contribution effect and repeats the experiment carried
out in Section 4.6 with a different population size and an additional
scenario where τ is decreased to a moderate value of 10%. In a second
step the overall welfare effect on consumers’ lifetime utility resulting
from demographic change and the reduction in contribution rates is
investigated.
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Reform: N̄ = 2000 N̄ ′ = 1000 Change
τt = 0.2 ↓ 0 21173.1 11320.0 - 46.5%
τt = 0.2 ↘ 0 21173.1 11320.0 - 46.5%
τt = 0.2 ↓ 0.1 21173.1 11101.9 - 47.6%
τt ≡ 0.2 21173.1 10815.3 - 48.9%

Fig. 5.6. Impact of demographic change on the stock market

The first experiment is visualized in Figure 5.7 showing the pure
contribution-effect on expected lifetime utilities for either scenario. For
the case with an instantaneous reduction in contributions to 0% and
10%, respectively, the outcome is qualitatively the same as in Section
4.6 (cf. Figure 4.19(a)): The reduction in t = 51 leads to a significant de-
cline in expected utilities until t = 56. These are the generations which
suffer large losses in their pension income but do not benefit from re-
duced contributions during their working age. Clearly, this decline is
less dramatic if the contribution rate is only reduced to 10% since then
pension incomes do not completely drop to zero. From t = 57 onwards
utility increases again since now the respective generations have in-
creasingly benefitted from the reduction in contributions during their
working years. Again the same overshooting phenomenon as observed
in Section 4.6 occurs which is again less severe with a moderate re-
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(d) τt = 0.2 ↓ 0 vs. τt = 0.2 ↘ 0

Fig. 5.7. Contribution effect on expected lifetime utilities with a stationary
population

duction to 10%. In contrast to that, the gradual adjustment is able to
smooth out these two effects almost completely: Utilities decrease only
slightly during periods t ∈ {52, . . . , 59} while from t = 60 onwards one
observes a steady increase. In all three cases expected utility becomes
constant again for t ≥ 110 at a level which is highest if τt = 0 and
which throughout exceeds the initial one where τt = 0.2.

In a second step, consider the overall effect on consumer welfare
depicted in Figure 5.8 for either scenario. Comparing the upper row
in Figure 5.8 with Figure 5.4 one observes that the instantaneous re-
duction of contributions during the demographic transition phase adds
a second crash to the utility of generations. The first downturn which
occurs from period t = 51 until t = 56 is due to the contribution-effect
as exhibited in Figure 5.7. However, the reduction in contributions
still does not avoid the second decline which is induced by the demo-
graphic change of the population as studied in Figure 5.4. Note that
both crashes are more serious when τ is reduced to zero rather than
to 10%. This is to some extent surprising as the previous analysis has
shown that the pure demographic effect is slightly attenuated with a
lower τ .
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Fig. 5.8. Overall effect on expected lifetime utilities

From the second row in Figure 5.8 it is seen that the first crash
can almost entirely be smoothed out by adopting a gradual change in
contributions. In addition, a comparison with Figure 5.8(d) shows that
this policy attenuates the decline in welfare during the demographic
transition. Nevertheless, even a gradual reduction of contributions can
not avoid a significant welfare loss during the transition phase.

These observations show quite clearly that an instantaneous abol-
ishment or reduction of the pension system during demographic transi-
tions does more harm than good: It does not avoid (but even amplifies!)
the welfare losses, thereby adding a second crash to consumers’ utili-
ties due to the sudden reduction in pension payments. Although the
former is avoided with a gradual reduction in contributions, the second
crash is still present. Summarizing we find that among the four poli-
cies discussed a gradual abolishment of the pension system is the most
promising one although none of the measures under consideration can
fully avoid the welfare loss during the demographic transition.
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5.4 Increasing Contributions

The previous section has studied a permanent reduction in contribution
rates as one possibility to counteract the consequences of a shrinking
population. It was demonstrated that such an adjustment policy can
only slightly attenuate the decline in asset prices and the welfare losses
induced by the demographic development. This result raises the nat-
ural question whether a temporary increase in contributions can do
better and provides an appropriate political measure to avoid the wel-
fare losses during the demographic transition.

In order to analyze this issue, the present section restricts attention
to a particular pension formula which plays an important role in the
adjustment of the German pension system. To this end, suppose that
pension payments and contributions at time t are determined as






eRt = eRt−1

ωt−1

ωt−2

b(1) − τt−1

b(1) − τt−2

(
1 + b(2)

(
1 − ∆t−1

∆t−2

))

τt =
eRt N

R
t

ωtLS
t

(5.3)

where 0 ≤ b(i) ≤ 1, i = 1, 2. The adjustment policy in (5.3) will be
referred to as the Riester-Rürup formula. It determines the pension
income eRt at time t essentially from three determinants while contri-
butions τt are adjusted accordingly. The first factor ωt−1

ωt−2
accounts for

the previous change in gross real wages. The second factor b(1)−τt−1

b(1)−τt−2

captures changes in the contribution rate over the last two periods
where the parameter b(1) is assumed to be sufficiently close to unity
such that b(1) > τt for all times t. Note that a decrease in b(1) increases
the sensitivity to changes in previous contribution rates. Finally, the
third factor 1 + b(2)

(
1 − ∆t−1

∆t−2

)
accounts for demographic changes of

the population measured by the previous change in the dependency
ratio. With this specification an increase in real wages has a positive
impact on current pensions while a previous increase in contribution
rates has a diminishing impact. Likewise an increase in the factor ∆t−1

∆t−2

corresponding to an accelerated aging of the population decreases the
pension income at time t.

Based on the general adjustment formula (5.3) the present section
studies four different pension policies corresponding to different param-
eter choices b(1) and b(2) in (5.3). A more detailed description of these
policies and their application to the German pension system can be
found in [56] and also in [18] who conduct a study in the same spirit.
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Case 1: Net Wage Adjustment (b(1) = 1, b(2) = 0).
With these parameter choices one observes from (5.3) that the growth
rates of pension incomes correspond to the previous increase in net
wages. Consequently, this type of adjustment is referred to as net wage
adjustment. This formula has been in effect in Germany from 1992 until
2001. Note that the demographic structure of the population does not
enter the adjustment formula.

Case 2: Riester Adjustment (b(1) = 0.86, b(2) = 0).
With this specification the demographic development of the population
continues to be irrelevant for the evolution of pension incomes and
contributions. However, compared to the previous case the reduction
in b(1) leads to an increased sensitivity to changes in contribution rates
such that this formula dampens the growth of pension payments. The
formula corresponds to the one which was introduced for the German
pension system as part of the so-called Riester reform in 2001.3

Case 3: Rürup Adjustment I (b(1) = 0.86, b(2) = 0.25).
This adjustment policy not only takes into account the previous in-
crease in contribution rates but also the demographic change of the
population. The parameter b(2) may be interpreted as a weight that
shifts the demographic burden between retirees and workers. A larger
value of b(2) reduces the growth rate of pensions thus shifting more of
the burden to retired generations. In addition the increased sensitiv-
ity to changes in previous contribution rates is maintained by choosing
the same value b(1) as in the previous case. This parametrization cor-
responds to the adjustment formula suggested by the so-called Rürup
Kommission for the German pension system (see [56, pp. 98]).

Case 4: Rürup Adjustment II (b(1) = 0.86, b(2) = 0.5).
The final adjustment policy corresponds to a reinforced version of the
previous one which increases the sensitivity to changes in the popula-
tion structure. The increase in b(2) thus has a diminishing impact on
pension incomes and dampens the growth in contribution rates.

Given these four specifications, consider the induced evolution of
contribution rates depicted in Figure 5.9. The initial contribution rate
at time t = 0 has been set to τ0 = 0.2 and is represented by the
black line in each of the figures. All parameters of the model as well as
the underlying demographic scenario are the same as in the previous
sections.
3 In fact, the actual Riester formula is slightly more complicated involving a gradual

adjustment of the parameter b(1) over a time period of 10 years. Our specification
corresponds to the long-run Riester formula after the year 2011, see [56, p. 98]
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Fig. 5.9. Contribution rates under different adjustment policies

In all four cases depicted in Figure 5.9 contributions are more or less
constant for t ≤ 50, i.e., before the demographic transition. From t =
51 onwards the accelerating demographic change causes a significant
increase in contribution rates which become largest in the NWA case
(up to ≈ 25.5%) and least in the Rürup II scenario (up to ≈ 22.5%).
After the demographic transition period contributions decrease again
and eventually return to their initial value of 20% in all four cases.
From these observations it is clear that the policies under scrutiny may
have an effect only during the demographic transition whereas the long
run behavior will be exactly the same as with a constant contribution
rate τ ≡ 0.2. Likewise, it is clear that none of these adjustments will
avoid the asset meltdown and the decrease in the capital stock observed
during the previous sections. In fact, it can be shown that all four
policies exhibit only a minor impact on the qualitative behavior of
real and financial markets during the demographic transition phase.
Consequently, we confine the following analysis to the induced welfare
effects of the four reforms and the question, whether the dramatic loss
in expected utilities during the demographic transition observed in the
previous sections is avoided by either of the four policies.



162 5 Pension Systems in the Presence of Demographic Change

Figure 5.10 depicts the impact of each policy on consumers’ expected
lifetime utilities during the transition phase. In addition, the case where
contributions remain at their initial level, i.e., τ ≡ 0.2 is depicted as a
reference case for all four scenarios.
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Fig. 5.10. Consumer welfare under different adjustment policies

One observes that both the net wage adjustment as well as the
Riester policy depicted in Figures 5.10(a) and 5.10(b) yield almost
identical results. Both cases suggest that during the first phase of the
demographic transition period (t ≤ 64), it is still possible to stabilize
pension incomes through an increase in contribution rates. Hence, both
adjustment policies yield slightly higher utility during this time win-
dow as compared to the reference case where contributions remain at
the initial level of 20%. However, this initial gain comes at a cost of a
dramatic loss in the welfare of later generations such that from t = 65
onwards, the utility levels in both scenarios are lower than in the ref-
erence case. More importantly, the increase in contribution rates leads
to a much more dramatic downturn of utility during the time window
t ∈ {65, . . . , 90} when the demographic structure of the population is
most unfavorable.
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The evolution of expected utility for the remaining two scenarios
Rürup I and II are displayed in Figures 5.10(c) and 5.10(d). At first
sight, they convey a similar impression as the previous ones: The in-
crease in contribution rates can attenuate the decrease in expected
utilities only at the very beginning (t ≤ 64). After this period, ex-
pected utility is lower than in the reference case and suffers a dramatic
downturn. However, the dampened increase in contribution rates im-
plied by the Rürup adjustment policy slightly attenuates this loss as
compared to the previous cases. Nevertheless, both of the two reforms
fail to ameliorate and in fact – as in the previous case – even amplify
the welfare loss during the demographic transition.

The results from Figure 5.10 show quite clearly that none of the four
adjustment policies studied in this section is capable of attenuating the
welfare loss during the demographic transition. In fact, the loss becomes
more dramatic as compared to the reference scenario due to the increase
in contribution rates during the demographic transition phase which
is only somewhat avoided by the reinforced Rürup II reform. These
findings unanimously suggest that an adjustment policy leading to a
temporarily larger contribution rate is inappropriate to encounter the
demographic problem and in fact does more harm than good.

5.5 Increasing the Retirement Age

So far the analysis has focused on changes in contribution rates as a pos-
sibility to adjust the pension system during demographic transitions.
In this section, we study a temporary increase in the retirement age as
another political measure to counteract the demographic problem. In
this regard, recall that the retirement age is essentially determined by
the parameter jL which has been set to jL = 6 during all the previ-
ous simulations. However, if we regard this parameter as being chosen
by government authorities (rather than being determined, e.g., by the
physical capabilities of consumers) we can study the impact of a tem-
porary decrease in jL during the demographic transition phase. A huge
advantage of this measure is that it is the only reform option which
directly affects and decreases the dependency ratio in (2.61) by simul-
taneously increasing the number of workers and lowering the number
of pensioners.

For the following experiments we assume the same demographic
scenario as before and consider a temporary decrease to jL = 5 during
the time periods t ∈ {51, . . . , 85}. For t < 51 and t > 85 we have jL = 6
as before. The impact of this policy on the structure of the population is
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depicted in Figure 5.11 showing the dependency ratio with and without
a temporary adjustment of the retirement age.
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Fig. 5.11. Evolution of the dependency ratio

One observes that the reduction in jL leads to a sudden decline in
the dependency ratio in t = 51. In the subsequent periods, the series
starts to increase again due to the accelerating demographic change.
However, even in period t = 63 when the demographic effect reaches
its maximum the dependency ratio only slightly exceeds its initial level
of 66%. After this, it starts to decrease again since the population now
gradually adjusts to its new long-run level. The increase of jL in t = 86
back to its initial value then shifts the ratio upwards to its initial (and
new) long-run level.

To study the impact of the proposed adjustment on consumer wel-
fare during the demographic transition period assume first that contri-
butions are constant such that τt ≡ τ . Figures 5.12(a) to 5.12(c) depict
the evolution of expected utilities with and without a temporary in-
crease in the retirement age for the three cases where τ ∈ {0, 0.1, 0.2}.
In each case the increase in the retirement age leads to a jump in utility
from t = 56 onwards. These are the generations which now have one
additional period of labor income in exchange for one period of pen-
sion income. It is therefore clear that the jump increases with a lower
τ and is thus largest with τ = 0. In addition, if τ > 0 pension incomes
increases during t ∈ {51, . . . , 55} because now there are fewer retirees
who receive benefits from the pension system. This explains the grad-
ual increase in utilities during this time window in the scenarios where
τ = 0.1 and, even more striking, where τ = 0.2. From t = 63 onwards
the demographic effect leads to a decrease in utility which neverthe-
less is much less serious than without an adjustment of the retirement
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Fig. 5.12. Impact of adjustments in the retirement age on expected lifetime
utilities

age. In fact, the proposed adjustment leads to higher expected utility
throughout the entire time window in each case.

A striking phenomenon in Figures 5.12(a) to 5.12(c) is that the in-
crease in the retirement age causes an initial overshooting in utility.
This raises the natural question whether this excess can somehow be
transferred to counteract the loss in subsequent periods. The previous
observations motivate one final experiment where the adjustment in the
retirement age is supplemented by a gradual reduction in contribution
rates. In this regard, we assume that initially, for t ≤ 50, the contri-
bution rate is equal to τt = 20%. As in Section 5.3, suppose that in
addition to the increase in the retirement age from t = 51 until t = 85,
the initial contribution rate τt = 0.2 is lowered by 0.5% points in every
period from t = 51 onwards. The impact of this combined policy on
consumers’ expected utility is depicted in Figure 5.12(d). The result
seems very convincing: the combination of the two measures is capable
of almost entirely eliminating the consequences of demographic change.
Throughout the entire time window expected utility never falls below
its initial level but is in fact much larger in most periods.
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With these findings, it seems that a combination of a gradual de-
crease in contributions accompanied by a temporary increase in the re-
tirement age is the most promising political measure to encounter the
problems induced by the demographic change of the population. How-
ever, several remarks must be made at this point. Firstly, in our model,
consumers do not derive disutility from labor. As a consequence, the
additional period they have to work as the retirement age is increased
does not have a diminishing impact on utility. Clearly, this may be
debatable. If one takes into account the utility-diminishing effect of an
increase in the retirement age, the result may change. A second point
is that the utility levels in Figure 5.12 are still far from being equally
distributed across the time window. This is to some extent due to our
coarse time scale with one time unit corresponding to four years. An
adjustment of the retirement age on an annual basis could lead to an
even smoother distribution of utilities. This could be accompanied by
an improved adjustment policy where contributions are not necessarily
decreased in constant steps but the decrease changes in each period.
These two refinements should lead to a smoother distribution of utility
over the transition periods.

Summary of Chapter 5

The numerical results obtained in this chapter revealed that demo-
graphic change entails significant consequences for real and financial
markets as well as for the welfare of consumers. If no adjustment of
the pension system takes place, the change in the population structure
leads to large welfare losses on the part of consumers accompanied by a
substantial decline in asset prices and the capital stock. The latter con-
firms existing results found in the literature (e.g., see [1], [2]) claiming
the emergence of a so-called asset market meltdown as a consequence
of a shrinking population.

Against this background, the previous sections studied several ad-
justment possibilities of the pension system which may potentially
counteract these developments. It was shown that a mere adjustment of
contributions are, at best, capable of attenuating the consequences of
demographic change. In particular, an adjustment policy as suggested
by the German Riester-Rürup formula results in a temporary increase
of contributions which even amplifies the negative effects. These in-
sights are an immediate consequence of the fundamental trade-off faced
by any pay-as-you-go pension system as discussed in Section 2.6.
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From a political point of view, the most promising measure to over-
come the loss in welfare was shown to be a temporary increase in the
retirement age. In fact, this measure has been part of the political de-
bate in Germany (”Rente mit 67”) and has also been suggested by the
Rürup commission (cf. [56]) to supplement the adjustment in contri-
butions. Opponents of such a reform, however, have argued that any
increase in the retirement age will only add to the high unemployment
rate but will not solve the demographic problem. Since the framework
employed in this dissertation does not allow for unemployment but in-
stead assumes market clearing on the labor market, it is not possible
to study the validity of the latter argument in our model. All that can
be said is that the previous results hold in an idealized situation in
which wages are sufficiently flexible. The extension of the model to in-
corporate the issue of unemployment is one of the challenging tasks of
future research. In this regard, the disequilibrium approach developed
in [8] may provide a suitable starting point to study situations with
unemployment and a non-market clearing real wage.
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Conclusions and Outlook

The macroeconomic model developed in the first part of this disser-
tation provides a comprehensive theoretical framework to analyze the
interactions between a public pension system and real and financial
markets as well as the consequences of demographic change. The model
complements existing approaches found in the literature by allowing for
consumers with multiperiod lives of arbitrary finite length and by pro-
viding an explicit description of the evolution of prices and allocations
on real and financial markets in the presence of exogenous perturbations
and changes in the population structure. To ensure that the framework
is sufficiently flexible and amendable to future extensions the model
was first formulated under a general class of assumptions on the mi-
croeconomic characteristics of consumers and firms. This was followed
by a particular parametrization that permitted closed form solutions
to the model’s equations. Based on this parametrization the model
was shown to possess an explicitly defined forward-recursive structure
which may be subjected to random perturbations in each period. This
permitted the model to be formulated as a random dynamical system
as introduced in [4]. Within this framework, the concept of a stable ran-
dom fixed point is available to describe the long-run evolution of the
model in the presence of random shocks to the system. In particular,
the impact of parameter changes on the long-run dynamic behavior of
the model’s variables and its statistical properties may be analyzed. In
the present case, the concept was used to develop a notion of long-run
efficiency of pension systems by comparing the expected lifetime util-
ities of consumers along the random fixed point induced by different
contribution rates to the pension system.

Utilizing this theoretical framework, the second part of this work
presented a numerical case study which analyzed the role of a pension
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system and the impact of demographic change. To ensure that the
employed parametrization was compatible with empirical observations,
the model was calibrated by using parameter values that were justified
from various empirical studies. In addition, all results were proven to
be robust in the sense that they continue to hold as parameters are
varied. The analysis itself was carried out in two steps. The first scenario
hypothesized a constant population which may be viewed as a long-run
scenario of the population structure. In a second step, the consequences
of demographic changes modeled as a transitory phenomenon due to a
shrinking population size were investigated.

In the absence of demographic change, a lower contribution rate was
shown to foster the accumulation of capital and to increase the levels of
the capital stock and asset prices while decreasing the interest rate. In
addition, a reduction in contributions may exhibit a stabilizing impact
on financial markets by reducing the volatility and avoiding crashes in
stock prices. The latter result stresses the importance to incorporate
the mutual interactions between pension systems and asset markets
into the analysis. From a normative point of view the long-run ineffi-
ciency of a public pension system was proved by showing that a lower
contribution rate leads to higher expected utility of consumers. For the
scenario with an initially existing pension system, a gradual reduction
of contributions was shown to induce a smooth transition with only
small welfare losses on the part of retirees during the transition and
higher expected utility of all generations in the long run.

For the second scenario with a shrinking population it was shown
that demographic change causes large welfare losses on the part of con-
sumers accompanied by a substantial decline in asset prices and the
capital stock. The latter confirms the so-called asset market meltdown
hypothesis claimed in the literature (cf. [1], [2]). Several reform propos-
als to adjust the pension system during the demographic transition were
studied. It was shown that a reduction of contribution rates may ame-
liorate, but not avoid the consequences of demographic change, while a
temporary increase as suggested by the German Riester–Rürup adjust-
ment formula will even reinforce them. The most promising political
measure was shown to be a temporary increase in the retirement age
combined with a gradual reduction in contribution rates. This measure
proved capable of almost entirely avoiding the welfare losses during the
demographic transition phase while at least attenuating the meltdown
in asset prices.

Although the numerical results were shown to be robust against
parameter changes, a thorough theoretical foundation is not available
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yet. At first sight, this task seems very difficult due to the large scale
and complexity of the model. However, many observations and results
collected from the numerical simulations indicate that the model is very
well-behaved in terms of its dynamic properties and there is hope to
gain - at least partly - a better theoretical understanding of the results.
This is in particular true because many of the previous findings are
in line with existing results found in the literature for the class of
deterministic models. A more elaborate theoretical investigation would
therefore be a challenging task for future research to complement the
existing numerical results.

In addition, several possible extensions of the model have already
been suggested above. These comprise straightforward modifications
such as replacing the firms’ production technologies with more general
functional forms and the extension of the numerical simulations to the
case with more than one firm. By construction, the latter increases the
number of shares traded in the stock market and would therefore allow
for a more intensive study of risk and diversification.

A more challenging modification would be to replace the simple
expectations formation behavior of consumers and firms by more elab-
orate forecasting rules. In this regard, the existence and form of fore-
casting rules which generate in some sense rational expectations would
be of particular interest. This would not only extend the scope of the
model from a theoretical point of view, but would also allow one to con-
trast the results with those found in the literature where the paradigm
of rational expectations is predominant
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14. V. Böhm, T. Kikuchi, and G. Vachadze. Welfare and the role of equity in
an economy with capital accumulation. Discussion Paper 547, Department
of Economics, University of Bielefeld, 2005.
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20. A. Börsch-Supan and M. Miegel. Pension Reform in Six Countries.
Springer Verlag, Berlin a.o., 2001.

21. F. Breyer. On the intergenerational Pareto efficiency of pay-as-you-go
financed public pension systems. Journal of Institutional and Theoretical
Economics, 145:643–658, 1989.

22. F. Breyer and M. Straub. Welfare effects of unfunded pension systems
when labor supply is endogenous. Journal of Public Economics, 50(1):77–
91, January 1993.

23. W. A. Brock and C. H. Hommes. Models of complexity in economics
and finance. In B. Hanzon, C. Heij, J. Schumacher, and C. Praagman,
editors, Systems Dynamics in Economic and Finance Models, chapter 1,
pages 3–44. Wiley, New York, 1997.

24. W. A. Brock and C. H. Hommes. Heterogeneous beliefs and routes to
chaos in a simple asset pricing model. Journal of Economic Dynamics
and Control, 22:1235–1274, 1998.

25. D. Broer and J. Lassila, editors. Pension Policies and Public Debt in
Dynamic CGE Models. Physica Verlag, Heidelberg, 1997.

26. G. Chamberlain. A characterization of the distributions that imply mean-
variance utility functions. Journal of Economic Theory, 29:185–201, 1983.

27. S. Chattopadhyay and P. Gottardi. Stochastic olg models, markets struc-
ture, and optimality. Journal of Economic Theory, 89(1):21–61, 1999.



References 175

28. J. Cushing, B. Dennis, R. A. Desharnais, and R. Costantino. An in-
terdisciplinary approach to understanding nonlinear ecological dynamics.
Ecological Modelling, 92:111–119, 1996.

29. G. Demange. On optimality in intergenerational risk sharing. Economic
Theory, 20:1–27, 2002.

30. G. Demange and G. Laroque. Social security and demographic shocks.
Econometrica, 67(3):527–542, 1999.

31. K.-T. Fang, S. Kotz, and K. W. Ng. Symmetric Multivariate and Related
Distributions. Chapman and Hall, London a.o., 1989.

32. K.-T. Fang and Y.-T. Zhang. Generalized Multivariate Analysis. Springer
Verlag, Berlin a.o., 1989.

33. E. Farhi and S. Panageas. Saving and investing for early retirement: A
theoretical analysis. Journal of Financial Economics, 83:87–121, 2007.

34. B. Felderer and S. Homburg. Macroeconomics and New Macroeconomics.
Springer-Verlag, Berlin a.o., 1987.

35. M. Feldstein. Social security, induced retirement and aggregated capital
accumulation. Journal of Political Economy, 82(5):905–926, 1974.

36. P. Gänssler and W. Stute. Wahrscheinlichkeitstheorie. Springer Verlag,
Berlin a.o., 1977.

37. J. Geanakoplos, M. Magill, and M. Quinzii. Demography and the long-
run predictability of the stock market. Brookings Papers on Economic
Activity, 1:241–325, 2004.
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