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Preface

The aim in writing this book has been to give a survey of the main applica-
tions of group and representation theory to particle physics. It provides the
essential notions of relativistic invariance, space-time symmetries and inter-
nal symmetries employed in the standard University courses of Relativistic
Quantum Field Theory and Particle Physics. However, we point out that this
is neither a book on these subjects, nor it is a book on group theory.

Specifically, its main topics are, on one side, the analysis of the Lorentz
and Poincaré groups and, on the other side, the internal symmetries based
mainly on unitary groups, which are the essential tools for the understanding
of the interactions among elementary particles and for the construction of the
present theories. At the same time, these topics give important and enlighten-
ing examples of the essential role of group theory in particle physics. We have
attempted to present a pedagogical survey of the matter, which should be
useful to graduate students and researchers in particle physics; the only pre-
requisite is some knowledge of classical field theory and relativistic quantum
mechanics. In the Bibliography, we give a list of relevant texts and mono-
graphs, in which the reader can find supplements and detailed discussions on
the questions only partially treated in this book.

One of the most powerful tools in dealing with invariance properties and
symmetries is group theory. Chapter 1 consists in a brief introduction to group
and representation theory; after giving the basic definitions and discussing the
main general concepts, we concentrate on the properties of Lie groups and Lie
algebras. It should be clear that we do not claim that it gives a self-contained
account of the subject, but rather it represents a sort of glossary, to which
the reader can refer to recall specific statements. Therefore, in general, we
limit ourselves to define the main concepts and to state the relevant theorems
without presenting their proofs, but illustrating their applications with specific
examples. In particular, we describe the root and weight diagrams, which
provide a useful insight in the analysis of the classical Lie groups and their
representations; moreover, making use of the Dynkin diagrams, we present a
classification of the classical semi-simple Lie algebras and Lie groups.

VII
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The book is divided into two parts that, to large extent, are independent
from one another. In the first part, we examine the invariance principles re-
lated to the symmetries of the physical space-time manifold. Disregarding
gravitation, we consider that the geometry of space-time is described by the
Minkowski metric and that the inertial frames of reference of special relativ-
ity are completely equivalent in the description of the physical phenomena.
The co-ordinate transformations from one frame of reference to another form
the so-called inhomogeneous Lorentz group or Poincaré group, which contains
the space-time translations, besides the pure Lorentz transformations and the
space rotations. The introductory and didactic nature of the book influenced
the level of the treatment of the subject, for which we renounced to rigorousness
and completeness, avoiding, whenever possible, unnecessary technicalities.

In Chapter 2 we give a short account of the three-dimensional rotation
group , not only for its important role in different areas of physics, but also as
a specific illustration of group theoretical methods. In Chapter 3 we consider
the main properties of the homogeneous Lorenz group and its Lie algebra.
First, we examine the restricted Lorentz group, which is nothing else that the
non-compact version SO(3,1) of the rotation group in four dimensions. In
particular we consider its finite dimensional irreducible representations: they
are non unitary, since the group is non compact, but they are very useful, in
particle physics, for the derivation of the relativistic equations. Chapter 4 is
devoted to the Poincaré group, which is most suitable for a quantum mechan-
ical description of particle states. Specifically, the transformation properties
of one-particle and two-particle states are examined in detail in Chapter 5.
In this connection, a covariant treatment of spin is presented and its physical
meaning is discussed in both cases of massive and massless particles. In Chap-
ter 6 we consider the transformation properties of the particle states under
the discrete operations of parity and time reversal, which are contained in
the homogeneous Lorentz group and which have important roles in particle
physics. In Chapter 7, the relativistic wave functions are introduced in con-
nection with one-particle states and the relative equations are examined for
the lower spin cases, both for integer and half-integer values. In particular, we
give a group-theoretical derivation of the Dirac equation and of the Maxwell
equations.

The second part of the book is devoted to the various kinds of internal
symmetries, which were introduced during the extraordinary development of
particle physics in the second half of last century and which had a fundamental
role in the construction of the present theories. A key ingredient was the use
of the unitary groups, which is the subject of Chapter 8. In order to illustrate
clearly this point, we give a historical overview of the different steps of the
process that lead to the discovery of elementary particles and of the properties
of fundamental interactions. The main part of this chapter is devoted to the
analysis of hadrons, i.e. of particle states participating in strong interactions.
First we consider the isospin invariance, based on the group SU(2) and on the
assumption that the members of each family of hadrons, almost degenerate in



Preface X

mass but with different electric charge, are assigned to the same irreducible
representation. Further analysis of the different kinds of hadrons lead to the
introduction of a larger symmetry, now called flavor SU(3) invariance, which
allowed the inclusion of different isospin multiplets in the same irreducible
representation of the SU(3) group and gave rise to a more complete classifica-
tion of hadrons. Moreover, it provided a hint to the introduction of quarks as
the fundamental constituents of matter. Finally, the analysis of the hadronic
states in terms of quarks lead to the discovery of a new degree of freedom,
called color, that gave a deeper understanding of the nature of strong inter-
actions. It was clear from the very beginning that the flavor SU(3) symmetry
was only approximate, but it represented an important step toward the more
fundamental symmetry of color SU(3).

Chapter 9 is a necessary complement of the previous chapter, since it
describes a further successful step in the development of particle physics,
which is the introduction of gauge symmetry. After reminding the well-known
case of quantum electrodynamics, we briefly examine the field theory based on
the gauge color SU(3) group, i.e. quantum chromodynamics, which provides
a good description of the peculiar properties of the strong interactions of
quarks. Then we consider the electroweak Standard Model, the field theory
based on the gauge SU(2)®U (1) group, which reproduces with great accuracy
the properties of weak interactions of leptons and quarks, combined with the
electromagnetic ones. An essential ingredient of the theory is the so-called
spontaneous symmetry breaking, which we illustrate in the frame of a couple
of simple models. Finally, we mention the higher gauge symmetries of Grand
Unification Theories, which combine strong and electroweak interactions.

The book contains also three Appendices, which complete the subject of
unitary groups. In Appendix A, we collect some useful formulas on the rota-
tion matrices and the Clebsh-Gordan coefficients. In Appendix B, the sym-
metric group is briefly considered in connection with the problem of identical
particles. In Appendix C, we describe the use of the Young tableaux for the
study of the irreducible representations of the unitary groups, as a powerful
alternative to the use of weight diagrams.

Each chapter, except the first, is supplied with a list of problems, which
we consider useful to strengthen the understanding of the different topics
discussed in the text. The solutions of all the problems are collected at the
end of the book.

The book developed from a series of lectures that both of us have given
in University courses and at international summer schools. We have benefited
from discussions with students and colleagues and we are greatly indebted to
all of them.

Padova, 2011 Giovanni Costa
Bari, 2011 Gianluigi Fogli



X Preface

Notation

The natural system of units, where i = ¢ = 1, is used throughout the book.
In this system: [length] = [time] = [energy] = = [mass] ™ .
Our conventions for special relativity are the following. The metric tensor

is given by

1 0 0 0
0 —1 0 0
p _ _
9 = 9uw = 0 0 —1 0 s (0.1)
0 0 0 -1

and the controvariant and covariant four-vectors are denoted, respectively, by

0 —x). (0.2)

xH = (x07x), z, =g’ = (x
Greek indices run over 0,1,2,3 and Latin indices denote the spacial compo-
nents. Repeated indices are summed, unless otherwise specified.
The derivative operator is given by

o, = 7 :(a v). (0.3)

Oz 0z0’

The Levi-Civita tensor €123 is totally antisymmetric; we choose, as usual,

€123 — 11 and consequently one gets €gia3 = —1.
The complex conjugate, transpose and Hermitian adjoint of a matrix M
are denoted by M*, M and MT = M*, respectively.
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1

Introduction to Lie groups and their
representations

This Chapter consists of a brief survey of the most important concepts of
group theory, having in mind the applications to physical problems. After a
collection of general notions which apply both to finite and infinite groups,
we shall consider the properties of the Lie groups and their representations.
We shall avoid mathematical rigour and completeness and, in order to clarify
the main aspects, we shall make use of specific examples.

1.1 Basic definitions

The aim of this section is to collect the basic and general definitions of group
theory.

Group - A set G of elements a,b, ¢, ... is a group if the following four axioms
are satisfied:

1. there is a composition law, called multiplication, which associates with
every pairs of elements a and b of G another element ¢ of G; this operation
is indicated by ¢ = a o b;

2. the multiplication is associative, i.e. for any three elements a, b, ¢ of G:
(aob)oc=ao(boc);

3. the set contains an element e called identity, such that, for each element
aofG,eoca=aoce=aq;

4. For each element a of G, there is an element a’ contained in G such that
aoa’ =a oa=-e. The element o’ is called inverse of a and is denoted by
a"l.

Two elements a, b of a group are said to commute with each other if aob = boa.

In general, the multiplication is not commutative, i.e. a o b # bo a.

Abelian group - A group is said to be Abelian if all the elements commute
with one another.

G. Costa and G. Fogli, Symmetries and Group Theory in Particle Physics, 1
Lecture Notes in Physics 823, DOI: 10.1007/978-3-642-15482-9_1,
© Springer-Verlag Berlin Heidelberg 2012



2 1 Introduction to Lie groups and their representations

Order of the group - The number of elements of a group is called the order
of the group; it can be finite or infinite, countable or non-countable infinite.

Examples
1. Additive group of real numbers. The elements are the real numbers; the composi-
tion law is the addition and the identity element is zero. The group is Abelian and
of infinite non-countable order.
2. Symmetric group. The elements are the permutations of degree n

1 2 ...n

P1 P2 ... Pn
The set is a (non-commutative) group of order n! and it is usually denoted by S.
3. Rotation group. The elements are the rotations in the three-dimensional space.
Each rotation can be characterized by three independent parameters, e.g. the three
Euler angles («, 8,7).

Subgroup - A subset H of the group G, of elements a’, V', ..., that is itself a
group with the same multiplication law of G, is said to be a subgroup of G.
A necessary and sufficient condition for H to be a subgroup of G is that, for
any two elements a’, b’ of H, also a’ o b’~! belongs to H. Every group has two
trivial subgroups: the group consisting of the identity element alone, and the
group itself. A non-trivial subgroup is called a proper subgroup.

Examples

1. The additive group of rational numbers is a subgroup of the additive group of
real numbers.

2. Let us consider the group S, of permutations of degree n. Each permutation can
be decomposed into a product of transpositions (a transposition is a permutation
in which only two elements are interchanged). A permutation is said to be even or
odd if it corresponds to an even or odd number of transpositions. The set of even
permutations of degree n is a subgroup of S,, (if a and b are two even permutations,
also a o b~ ! is even). It is denoted by A, and called alternating group.

Invariant subgroup - Let H be a subgroup of the group G. If for each
element h of H, and g of G, the element gohog~! belongs to H, the subgroup
'H is said to be invariant.

In connection with the notion of invariant subgroup, a group G is said to be:
Simple - If it does not contain any invariant subgroups;
Semi-simple - If it does not contain any invariant Abelian subgroups.

In the case of continuous groups, finite or discrete invariant subgroups are not
to be taken into account in the above definitions.

Factor group - Let us consider a group G and a subgroup H. Given an
element g, different from the identity e, in G but not in H, we can form the
set G = gohy,go ha,... (where hq, ha,... are elements of H), which is not a
subgroup since it does not contain the unit element. We call the set g o H left
coset of H in G with respect to g. By varying g in G, one gets different cosets.
It can be shown that either two cosets coincide or they have no element in
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common. The elements g1, g2, ... of the group G can be distributed among the
subgroup H and all its distinct cosets g1 o H, g2 o H, ... The group G is a
disjoint union of these sets. In the case in which H is an invariant subgroup,
the sets H, g1 o H, g2 o H ... themselves can be considered as elements of a
group (H plays the role of unit element for this group) with the following
multiplication rule:

(groH)o(g20H) =grog2oH. (1.1)

The group is called factor group and is denoted by G/H. The same considera-
tions hold for the right cosets Hog. Left and right cosets (goH and Hog) with
respect to the same element g are not necessarily identical; they are identical
if and only if H is an invariant subgroup of G.

Homomorphism - A mapping of a group G onto the group G’ is said to
be homomorphic if it preserves the products. Each element g of G is mapped
onto an element ¢’ of G’, which is the image of g, and the product g; o go of
two elements of G is mapped onto the product ¢} o g5 in G’. In general, the
mapping is not one-to-one: several elements of G are mapped onto the same
element of G’, but an equal number of elements of G are mapped onto each
element of G’. In particular, the unit element e’ of G’ corresponds to the set
of elements eq, ez, ... of G (only one of these elements coincides with the unit
element of G), which we denote by £. The subgroup £ is an invariant subgroup
of G and it is called kernel of the homomorphism.

Isomorphism - The mapping of a group G onto the group G’ is said to be
isomorphic if the elements of the two groups can be put into a one-to-one
correspondence (g < ¢'), which is preserved under the composition law. If G
is homomorphic to G’, one can show that the factor group G/& is isomorphic
to G'.

Example

It can be shown that the alternating group A,, of even permutations is an invariant
subgroup of the symmetric group S,. One can check that there are only two distinct
left (or right) cosets and that the factor group A, /S, is isomorphic to the group of
elements 1, —1.

Direct product - A group G which possesses two subgroups H; and Hs is
said to be direct product of H; and Hs if:

1. the two subgroups H; and Hs have only the unit element in common;

2. the elements of H; commute with those of Ha;

3. each element g of G is expressible in one and only one way as g = hy o ho,
in terms of the elements h; of H; and hy of Hs.

The direct product is denoted by G = H; ® Ho.

Semi-direct product - A group G which possesses two subgroups H; and
Ho is said to be semi-direct product of H; and Hs if:
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1. H; is an invariant subgroup of G;

the two subgroups H; and Hs have only the unit element in common;

3. each element g of G is expressible in one and only one way as g = hy o ho,
in terms of the elements h; of H; and hy of Hs.

The semi-direct product is denoted by G = H; ® Ho.

o

Representation of a group - Let us consider a finite n-dimensional complex
vector space L,, and a mapping 1" which associates with a vector x a new
vector x’ in L,,:

x'=Tx. (1.2)

T is a linear operator, i.e., for x and y in L,,, and o and 3 two real numbers,
it satisfies the relation:

T(ax+ By) =aTx+ BTy . (1.3)

If the mapping is one-to-one, the inverse operator T~! exists. For each vector
x in L,:
T 'Tx =TT 'x=Ix, (1.4)

where the identity operator I leaves all the vectors unchanged.
Let us now consider a group G. If for each element g of G there is a
correponding linear operator T'(g) in L,,, such that

T(91 °g2) = T(Ql)T(92) ) (1~5)

we say that the set of operators T'(g) forms a linear (n-dimensional) repre-
sentation of the group G. It is clear that the set of operators T'(g) is a group
G’ and in general G is homomorphic to G’. If the mapping of is one-to-one,
then G is isomorphic to G'.

Matrix representation - If one fixes a basis in L, then the linear trans-
formation performed by the operator T is represented by a n X n matrix,
which we denote by D(g). The set of matrices D(g) for all g € G is called
n-dimensional matriz representation of the group G. Defining an orthonormal
basis e, eq, ..., e, in L,, the elements of D(g) are given by

T(g)er =Y _ Dir(g)ei (1.6)
and the transformation (1.2) of a vector x becomes:

i = ZDik(g)-Tk . (1.7)

The set of vectors eq, e, ..., e, is called the basis of the representation D(g).

Faithful representation - If the mapping of the group G onto the group
of matrices D(g) is one-to-one, the representation D(g) is said to be faithful.



1.1 Basic definitions 5

In other words, different elements of G correspond to different matrices D(g)
and the mapping is isomorphic.

Equivalent representations - If we change the basis of the vector space
L, the matrices D(g) of a representation are transformed by a non-singular
matrix S

D'(g) = SD(g)S™* . (1.8)

The representations D(g) and D’(g) are said to be equivalent and Eq. (1.8)
is called similarity transformation; the two representations are regarded as
essentially the same.

Reducible and irreducible representations - The representation T'(g) of
G in L, is said to be reducible if there exists a non trivial subspace L, of L,
which is left invariant by all the operators T'(g). If no non-trivial invariant
subspace exists, the representation T'(g) is said to be irreducible. In the case
of a reducible representation, it is possible to choose a basis in L, such that
all the matrices corresponding to T'(g) can be written in the form

Di(g) | Di2(g)
Dig)=| -] (1.9)
0 | Dafg)

If also L,,—,y, is invariant, by a similarity transformation all the matrices D(g)
can be put in block form

Dlg)=|--—]-—— (1.10)

and the representation is completely reducible. In this case one writes

D(g) = D1(g) ® D2(g) (1.11)

and the representation is said to be decomposed into the direct sum of the
two representations Dy, Ds.

In general, if a representation D(g) can be put in a block-diagonal form in
terms of ¢ submatrices Di(g), D2(g),...D¢(g), each of which is an irreducible
representation of the group G, D(g) is said to be completely reducible. If the
group G is Abelian its irreducible representations are one-dimensional.

A test of irreducibility (for non-Abelian groups) is provided by the follow-
ing lemma due to Schur.

Schur’s lemma - If D(g) is an irreducible representation of the group G, and
if
AD(g) = D(9)A (1.12)

for all the elements g of G, then A is multiple of the unit matrix.
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Unitary representation - A representation of the group G is said to be
unitary if the matrices D(g), for all the elements g of G, are unitary, i.e.

D(g9)D(9)" = D(9)'D(g) =T, (1.13)

where D(g)' is the adjoint (i.e. conjugate transposed) or Hermitian conjugate
of D(g). Such representations are very important for physical applications.

Unitary representation of finite groups - In the case of finite groups one
can prove that every representation is equivalent to a unitary representation.
Moreover, every unitary representation is irreducible or completely reducible;
the number of non-equivalent irreducible representations is limited by the

useful formula
N = Znﬁ, (1.14)

where N is the order of the group and n; the dimension of the i-th irreducible
representation.

Self-representation (of a matrix group) - The irreducible representation
used to define a matrix group is called sometimes self-representation.

Example
In the case of the symmetric group S3 (N = 3! = 6), there are two one-dimensional
and one two-dimensional non-equivalent irreducible representations.

1.2 Lie groups and Lie algebras

A Lie group combines three different mathematical structures, since it satisfies
the following requirements:

1. the group azioms of Section 1.1;

2. the group elements form a topological space, so that the group is considered
a special case of topological group;

3. the group elements constitute an analytic manifold.

As a consequence, a Lie group can be defined in different but equivalent ways.
Specifically, it can be defined as a topological group with additional analytic
properties, or an analytic manifold with additional group properties.

We shall give a general definition of Lie group and, for this reason, first
we summarize the main concepts that are involved. For complete and detailed
analyses on Lie groups we refer to the books by Cornwell! and Varadarajan?
and, for more details on topological concepts, to the book by Nash and Sen?.

L' J.F. Cornwell, Group Theory in Physics, Vol. 1 and 2, Academic Press, 1984.

2 V.S. Varadarajan, Lie Groups, Lie Algebras, and their Representations, Springer-
Verlag, 1974.

3 C. Nash, S. Sen, Topology and Geometry for Physicists, Academic Press, 1983.
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Topological space - A topological space S is a non-empty set of elements
called points for which there is a collection 7 of subsets, called open sets,
satisfying the following conditions:

1. the empty set and the set S belong to 7T
2. the union of any number of sets in 7 belongs to 7;
3. the intersection of any finite number of sets in 7 belongs to 7.

Hausdorff space - A Hausdorff space is a topological space S with a topology
T which satisfies the separability axiom: any two distinct points of S belong
to disjoint open subsets of 7.

Cartesian product of two topological spaces - If S and &’ are two
topological spaces with topologies 7 and 7’ respectively, the set of pairs
(P,P’), where P € § and P’ € &', is defined to be the Cartesian product
Sx §.

Metric space - An important kind of Hausdorff space is the so-called metric
space, in which one can define a distance function d(P, P') between any two
points P and P’ of §. The distance or metric d(P, P’) is real and must satisfy
the following axioms:

1 d(P,P") = d(P',P);
(P, P) =
3. (P, P') >01fP7éP’
4. d(P,P’") < d(P,P”)+d(P”,P’) for any three points of S.

Examples

1. Let us consider the n-dimensional Euclidean space R™ and two points P and
P’ in R™ with coordinates (z1, 2, ..., z5) and (x}, 5, ..., x},) respectively. With the
metric defined by

n 1/2
d(P,P') = { > (@i - x;)Q} , (1.15)
i=1
one can show that R™ is a metric space, since it satisfies the required axioms.
2. Let us consider the set M of all the m x m matrices M with complex elements
and, for any two matrices M and M, let us define the distance

d(M, M) = { Zm:|M” M | }1/2. (1.16)

i5=1
Then one can show that the set M is a metric space.

Compact space - A family of open sets of the topological space S is said
to be an open covering of S if the union of its open sets contains S. If, for
every open covering of S there is always a finite subcovering (i.e. a union of a
finite number of open sets) which contains S, the topological space S is said
to be compact. If there exists no finite subcovering, the space § is said to be
non-compact.
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Connected space - A topological space S is connected if it is not the union
of non-empty disjoint open subsets. In order to specify the notion of connect-
edness it is useful to give a definition of path. A path in S from the point xg
to the point z7 is a continuous mapping ¢ of the interval [0,1] in R into S
with ¢(0) = zg, d(1) = z1. A closed path or loop is a path for which zy = 21
and ¢(0) = ¢(1). There are different kinds of loops: for instance, those which
can be shrunk to a point by a continuous deformation and those for which
the shrinking is not possible. Two loops are equivalent or homotopic if one
can be obtained from the other by a continuous deformation. All equivalent
loops can be collected in an equivalence class. A topological space S in which
any loop can be shrunk to a point by continuous deformation is called simply
connected. If there are n distinct classes of equivalence of closed paths, S is
said to be n-times connected.

Examples

3. A region F of the Euclidean space R™ is compact only if it is finite; otherwise
it is not compact. In fact, for any open covering there is a finite subcovering which
contains F only if F is finite.

4. The space R? is simply connected; however, a region of R? with a “hole” is not
simply connected since loops encircling the hole cannot be shrunk to a point.

Second countable space - A topological space S with topology 7 is said
to be second countable if T contains a countable collection of open sets such
that every open set of 7 is a union of sets of this collection. The topological
spaces considered in the Examples 1 and 2 are second countable.

Homeomorphic mapping - Let us consider two topological spaces S and
S’ with topologies 7 and 7', respectively. A mapping ¢ from S onto S’ is
said to be open if, for every open set V of S, the set ¢(V') is an open set of
S’. A mapping ¢ is continuous if, for every open set V' of &', the set ¢=1(V")
is an open set of S. Finally, if ¢ is a continuous and open mapping of S onto
&', it is called homeomorphic mapping.

Locally Euclidean space - A Hausdorff topological space V is said to be a
locally Fuclidean space of dimension n if each point of V is contained in an
open set which is homeomorphic to a subset of R™. Let V be an open set
of ¥V and ¢ a homeomorphic mapping of V onto a subset of R™. Then for
each point P € V there exists a set of coordinates (1,2, ..., zy) such that
¢(P) = (x1, 22, ..., Tp); the pair (V@) is called a chart.

Analytic manifold of dimension n - Let us consider a locally Euclidean
space V of dimension n, which is second countable, and a homeomorphic
mapping ¢ of an open set V' onto a subset of R": if, for every pair of charts
(Vs ¢o) and (V, ¢g) of V for which the intersection V,, (| Vs is non-empty,
the mapping ¢g o qba_l is an analytic function, then V is an analytic manifold
of dimension n. The simplest example of analytic manifold of dimension n is
R™ itself.
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We are now in the position of giving a more precise definition of a Lie
group.

Lie group - A Lie group G of dimension n is a set of elements which satisfy
the following conditions:

1. they form a group;

2. they form an analytic manifold of dimension n;

3. for any two elements a and b of G, the mapping ¢(a,b) = a o b of the
Cartesian product G x G onto G is analytic;

4. for any element a of G, the mapping ¢(a) = a~! of G onto G is analytic.

1.2.1 Linear Lie groups

The Lie groups that are important for physical applications are of the type
known as linear Lie groups, for which a simpler definition can be given.

Let us consider a n-dimensional vector space V over the field F (such
as the field R of real numbers and the field C of complex numbers) and the
general linear group GL(N,F) of N x N matrices. A Lie group G is said to
be a linear Lie group if it is isomorphic to a subgroup G’ of GL(N,F). In
particular, a real linear Lie group is isomorphic to a subgroup of the linear
group GL(N,R) of N x N real matrices.

A linear Lie group G of dimension n satisfies the following conditions:

1. G possesses a faithful finite-dimensional representation D. Suppose that
this representation has dimension m; then the distance between two ele-
ments g and ¢’ of G is given, according to Eq. (1.16), by

dg.9) = { 3 1 D)~ D(a ) (117)

i,j=1

and the set of matrices D(g) satisfies the requirement of a metric space.

2. There exists a real number § > 0 such that every element g of G lying in
the open set Vj, centered on the identity e and defined by d(g,e) < §, can
be parametrized by n independent real parameters (z1, s, ..., Z,), with
e corresponding to 1 = x2 = ... = x, = 0. Then every element of Vj
corresponds to one and only one point in a n-dimensional real Euclidean
space R"™. The number n is the dimension of the linear Lie group.

3. There exists a real number € > 0 such that every point in R" for which

doat < (1.18)
i=1

corresponds to some element ¢ in the open set Vs defined above and the
correspondence is one-to-one.



10 1 Introduction to Lie groups and their representations

4. Let us define D(g(z1,22,....,2n)) = D(x1,22,...,2,) the representa-
tion of each generic element g(z1,zs,...,z,) of G. Each matrix ele-
ment of D(x1, g, ....,x,) is an analytic function of (z1, 2, ...., z,) for all
(z1,22,...., x,) satisfying Eq. (1.18).

Before giving some examples of linear Lie groups we need a few other
definitions:

Connected Lie group - A linear Lie group G is said to be connected if
its topological S space is connected. According to the definition of connected
space, G can be simply connected or multiply connected. In Chapter 2, we shall
examine explicitly simply and doubly connected Lie groups, such as SU(2)
and SO(3).

Center of a group - The center of a group G is the subgroup Z consisting
of all the elements g € G which commute with every element of G. Then Z
and its subgroups are Abelian; they are invariant subgroups of G and they are
called central invariant subgroups.

Universal covering group - If G is a (multiply) connected Lie group there
exist a stmply connected group G (unique up to isomorphism) such that G is
isomorphic to the factor group G /K, where K is a discrete central invariant
subgroup of G. The group G is called the universal covering group of G.

Compact Lie group - A linear Lie group is said to be compact if its topo-
logical space is compact. A topological group which does not satisfy the above
property is called non-compact.

Unitary representations of a Lie group - The content of the following
theorems shows the great difference between compact and non-compact Lie
groups.

1. If G is a compact Lie group then every representation of G is equivalent to
a unitary representation;

2. If G is a compact Lie group then every reducible representation of G is
completely reducible;

3. If G is a non-compact Lie group then it possesses no finite-dimensional
unitary representation apart from the trivial representation in which
D(g)=1forall g €G.

For physical applications, in the case of compact Lie group, one is interested
only in finite-dimensional representations; instead, in the case of non-compact
Lie groups, one needs also to consider infinite-dimensional (unitary) represen-
tations.

We list here the principal classes of groups of N x N matrices, which can
be checked to be linear Lie groups:

GL(N,C): general linear group of complex regular matrices M (det M # 0);
its dimension is n = 2N2.
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SL(N,C): special linear group, subgroup of GL(N,C) with det M = 1; its
dimension is n = 2(N% —1).

GL(N, R): general linear group of real regular matrices R (det R # 0); dimen-
sion n = N2.

SL(N,R): special linear group, subgroup of GL(N, R) with det R = 1; dimen-
sionn = N2 — 1.

U(N): unitary group of complex matrices U satisfying the condition UUT =
UTU = I, where Ut is the adjoint of U; dimension n = N2.

SU(N): special unitary group, subgroup of U(N) with det U = 1; dimension
n=N?-1.

O(N): orthogonal group of real matrices O satisfying 00 = I where O is the
transpose of O; dimension n = J N(N — 1).

SO(N): special orthogonal group or rotation group in N dimensions, subgroup
of O(N) with det O = 1; dimension n = JN(N — 1).

Sp(N): symplectic group. It is the group of the unitary N x N matrices U
(with N even) which satisfy the condition U.JU = J ( U is the transpose

ofUandJ—( 0

-1 0
n=_.N(N+1).

U(¢,N — £): pseudo-unitary group of complex matrices U satisfying the con-
dition UgU' = ¢, where ¢ is a diagonal matrix with elements gz, = 1 for
1<k<{and ggr = —1 for £ +1 < k < N. Its dimension is n = N2.

O(¢, N — {): pseudo-orthogonal group of real matrices O satisfying the condi-
tion OgO = g; dimension n = SN(N —1).

N N
) where I is the 9 X g unit matrix); dimension

All the groups listed above are subgroups of GL(N, C'). In particular:

1. the groups U(N), SU(N), O(N), SO(N), Sp(N) are compact;
2. the groups GL(N), SL(N), U(¢,N —{), O(¢, N — £) are not compact.

Examples
1. The group SO(3). Its elements can be defined by the orthogonal 3 x 3 matrices
R satisfying

RR=1, (1.19)
detR=1. (1.20)

The rotation group SO(3) is compact. In fact, its coordinate domain can be identified
with a sphere in the euclidean space R?, i.e. a compact domain. The rotation group
SO(3) is connected: any two points can be connected by a continuous path. However,
not all closed paths can be shrunk to a point; in fact, the group is doubly connected.

2. The group O(3). If one keeps only the orthogonality condition (1.19) and disregard
(1.20), one gets the larger group O(3), which contains elements with both signs
of det R: det R = £1. The group consists of two disjoint sets, corresponding to
det R = +1 and det R = —1. The first set coincides with the group SO(3), which
is an invariant subgroup of O(3). Then the group O(3) is neither simple nor semi-
simple, while one can prove that SO(3) is simple. The group O(3) is not connected,
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since it is the union of two disjoint sets. These properties are illustrated in Section
2.1.

3. The group SU(2). The elements of the group SU(2) are the 2 x 2 matrices u

satisfying

F=wlu=1, (1.21)
detu =1. (1.22)

uu

The group SU(2) and all the groups of the type SU(N) are simply connected. One
can show that the groups SO(3) and SU(2) are homomorphic and that SU(2) is the
universal covering group of SO(3). The kernel of the homomorphism is the center
of SU(2), which is the Abelian subgroup Z> consisting of two elements represented
by the square roots (1,—1) of the identity. The group SO(3) is isomorphic to the
factor group SU(2)/Z».
4. The Lorentz group. The Lorentz transformations in one dimension (say, along the
o1 axis), are characterized by a real parameter ¢ (being coshy =~ = (1 — %)~ /2
with 8 =v/c):

x4 = axocosh) — x1sinh)

(1.23)

x) = —xosinh + x1 cosh ) .
One can show that they form a linear Lie group, the one-dimensional Lorentz group
SO(1,1). This group is non-compact: in fact the parameter ¢ varies from —oo to
+00, i.e. its domain is not bounded.

1.2.2 Real Lie algebras

In the study of the Lie groups both local and global aspects are important,
but most of the information on the structure of a Lie group comes from the
analysis of its local properties. These properties are determined by the real
Lie algebras; in the case of linear Lie groups, the link between Lie algebras
and Lie groups is provided by the matrix exponential function.

Before going to the real Lie algebras we have to collect some relevant def-
initions and to state a few theorems. Also in this case, we shall not reproduce

the proofs of the theorems, that the reader can find in the quoted reference?.

Matrix exponential function - The exponential form of a m x m matrix
A is given by the series

1

A k

e 71+E k!A (1.24)
k=1

which converges for any m x m matrix A. We recall that a series of m x m
matrices Y po AF converges to a m x m matrix A only if the series of matrix
elements Zzil(Am)k converges to A, for all ;s = 1,2, ...m.

The matrix exponential function possesses the following properties:

4 J.F. Cornwell, Group Theory in Physics, Vol.1 and 2, Academic Press, 1984.
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f t
. (eA) =et';
. . -1 _
. e is always non-singular and (eA) =e 4

. det(e?) = et 4;

R \C R

. if A and B are two m X m matrices that commute:

efeB = ATB = oBeA (1.25)
5. if A and B do not commute and their entries are sufficiently small, we can
write ete® = €, where C is given by an infinite series

C=A+B+AB]+ L(A A B +[B,[B,A])+ - (1.26)

where the successive terms contain commutators of increasingly higher
order. The above equation is called Baker-Campbell-Hausdorff formula; a
general expression can be found in ref.’.

6. the exponential mapping ¢(A4) = e is a one-to-one continuous mapping
of a small neighbourhood of the m x m zero matrix onto a small neigh-
bourhood of the m x m unit matrix.

One-parameter subgroup of a linear Lie group - Given a linear group G
of m X m matrices, a one-parameter subgroup 7 is a Lie subgroup of G which
consists of the matrices T'(t) depending on a real parameter ¢ such that

THOTH)=T(t+1t) (1.27)

for all ¢,¢ in the interval (—oo,+00). T'(t) is a continuous and differentiable
function of ¢. Clearly the subgroup 7 is Abelian. Eq. (1.27) for ¢ = 0 implies
that T(0) is the identity.

Every one-parameter subgroup of a linear Lie group of m X m matrices is
formed by exponentiation

() = et (1.28)
where
dT
w = dt (1.29)
t=0

In fact, taking the derivative of Eq. (1.27) with respect to ¢’ and putting
t' = 0, one gets dT'/dt = wT'(t), from which Eq. (1.29) follows.

We can now define a real Lie algebra.

Real Lie algebra - A real Lie algebra £ of dimension n > 1 is a real vector
space of dimension n with a composition law called Lie product [a,b] such
that, for every element a, b, c of L:

5 A.A. Sagle, R.E. Walde, An Introduction to Lie Groups and Lie Algebras, Aca-
demic Press, 1973.
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1. [a,b] €

2. [aa + ﬂb c] = ala, c] + B[b, ¢], with «, 8 real numbers;
3. [a,0] = —[b,al;

4. [a,[b,c]] + [b, [e, a]] + [c, [a, b]] = 0.

The last relation is called Jacoby identity. In the case of a Lie algebra of
matrices the Lie product is the commutator.

Abelian Lie algebra - A Lie algebra is Abelian if [a,b] = 0 for all a,b € L.

Subalgebra of a Lie algebra - A subalgebra £’ of a Lie algebra L is a
subset of elements of £ that form a Lie algebra with the same Lie product.

Invariant subalgebra of a Lie algebra - A subalgebra £’ of a Lie algebra
L is said to be invariant if [a,b] =0 for all a € £’ and all b € L.

From the definition of a linear Lie group G of dimension n it follows that,
in the case in which G is a group of m X m matrices A, there is a one-to-
one correspondence between the matrices A lying close to the identity and
the points in R™ satisfying the condition (1.18). Then one can parametrize
the matrices A as functions A(x1,22,...2,) of the coordinates z1,xa,...x,
satisfying (1.18); by assumption, the elements of A(x1,xa,...x,) are analytic
functions of z1, xs, ...x,. The n matrices a1, as, ...a, defined by

0A;;
(ar)ij = a; (1.30)
r1=x9=....=0

(where 4,7 = 1,2,...m;r = 1,2,...n) form a basis for a real n-dimensional
vector space, which is the Lie algebra associated to the Lie group §G; the
composition law is the commutator. In general, the matrices a1, ao,...a,, are
not necessarily real, but the reality condition of a real Lie algebra L requires
that the elements of £ be real linear combinations of a1, as,...a,
In the physical applications, the quantities a1, as, ...a, are usually referred to
as generators of the Lie algebra L. In general, they are chosen to be hermitian.

Relationship between linear Lie algebras and linear Lie groups - One
can associate a real linear Lie algebra £ of dimension n to every linear Lie
group G of the same dimension, as specified by the following theorems.

1. Every element a of a real Lie algebra L of a linear Lie group G is associated
with a one-parameter subgroup of G defined by A(t) = e for ¢ in the
interval (—o0, +00).

2. Every element g of a linear Lie group G in some small neighbourhood of
the identity e belongs to a one-parameter subgroup of G.

3. If G is a compact linear Lie group, every element of a connected subgroup
of G can be expressed in the form e®, where a is an element of the corre-
sponding real Lie algebra L. In particular, if G is compact and connected,
every element g of G has the form e®, where a is an element of L.
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Examples

1. The real Lie algebra of SU(N). Let A(t) = e** be a one-parameter subgroup of
SU(N). Since A is a N x N matrix, which satisfies the conditions ATA = AAT =1
and det A = 1, one gets: a' = —a and tr(a) = 0. Then the real Lie algebra of SU(N)
is the set of all traceless and anti-hermitian N x N matrices.

2. The real Lie algebra of SL(N, R). The elements of the one-parameter subgroup

are real N X N matrices A with det A = 1. Then the real Lie algebra of SL(N, R)
is the set of traceless real N x N matrices.

Adjoint representation of a Lie algebra - Given a real Lie algebra £ of
dimension n and a basis a1, as, ...a, for £, we define for any a € £ the n x n
matrix ad(a) by the relation

[a, as] Zad a)psCp - (1.31)

The quantities ad(a)ps are the entries of the set of matrices ad(a) which form
a n-dimensional representation, called the adjoint representation of L. This
representation plays a key role in the analysis of semi-simple Lie algebras, as
it will be shown in the next Section.

Structure constants - Let us consider the real Lie algebra £ of dimension
n and a basis ay, ag, ...ay. Then, since [a,,as] € L, one can write in general

[ar, as] Zcmap (1.32)

Egs. (1.31) and (1.32) together imply
{ad(ar)}ps =, (1.33)

The n?3 real number c?, are called structure constants of £ with respect to the
basis a1, as, ...a,. The structure constants are not independent. In fact, from
the relations which define the real Lie algebra it follows:

cl, = —cb.
1.34
+ct et 48 ct.=0. ( )

pq ’I‘S qr -ps TP gs

It is useful to define the n x n matrix g whose entries are expressed in terms
of the structure constants:

gij = Zcfkcﬁ . (1.35)
Lk

Casimir operators - Let us consider the real vector space V of dimension n
of a semi-simple Lie algebra with basis a1, as, ...a, and composition law given
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by Eq. (1.32). One defines the second-order Casimir operator acting on the
vector space V as

C= Zgijaiaj 5 (136)
4,J

where g;; is defined in Eq. (1.35). Making use of Eq. (1.32), one can prove
that the Casimir operator commutes with all the elements of the Lie algebra:

[C.ar] =0. (1.37)

In general, for a simple or semi-simple Lie algebra of rank ¢, one can build ¢
independent Casimir operators by means of second and higher order products
of the basis elements a,; they can be used to specify the irreducible represen-
tations of the group.

1.3 Semi-simple Lie algebras and their representations

The study of semi-simple Lie algebras is very useful for physical applications,
especially in the field of elementary particle theory. First we give some defi-
nitions.

Simple Lie algebra - A Lie algebra is said to be simple if it is not Abelian
and it has no proper invariant Lie subalgebra.

Semi-simple Lie algebra - A Lie algebra is said to be semi-simple if it is
not Abelian and it has no Abelian invariant Lie subalgebra.

Every semi-simple Lie algebra L is the direct sum of a set of simple Lie
algebras, i.e. there exists a set of invariant simple subalgebras L1, Lo, ...L
(k > 1) such that

L=L1DLyD..DLy. (1.38)

Simple and semi-simple linear Lie group - A linear Lie group G is simple
(semi-simple) if and only if its real Lie algebra L is simple (semi-simple).
Examples

1. The Lie group SU(N) is simple for all N > 2.

2. The Lie group SO(N) is simple for N = 3 and for N > 5. The group SO(2) is
Abelian and therefore it is not simple and the group SO(4) is semi-simple, but not
simple, since it is homomorphic to SO(3) ® SO(3).

Killing form - The Killing form B(a,b) corresponding to any two elements
a and b of a Lie algebra £ of dimension n is defined by the quantity

B(a,b) = tr{ad(a)ad(b)} , (1.39)

where ad(a) and ad(b) are the matrices of a and b in the adjoint representation
of L. Note that if £ is a real Lie algebra, all the matrix elements of ad(a) are
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real for each a € £, and in this case B(a,b) is real for all a,b € L. The
quantities B;; defined by

B;; = Bla;,a;) = tr{ad(a;)ad(a;)}, (1.40)

where i,j = 1,2,..n and a1, as,...a, is a basis for L, are seen to coincide,
making use of Eq. (1.33), with the matrix elements g;; given in Eq. (1.35).

The Killing form matrix (1.40) provides a criterion for determining if a Lie
algebra L is semi-simple:

Theorem - A real Lie algebra of dimension n is semi-simple if and only if
the matrix given by the Killing forms of Eq. (1.40) is non-degenerate, i.e. if
and only if

det{Bij} 75 0. (141)

Equivalently, the above condition can be expressed in the form:
det{gij} 75 0. (142)

Compact semi-simple real Lie algebra - A semi-simple real Lie algebra
L is said to be compact if its Killing form is negative definite, i.e. if for any
element a # 0 of L it is B(a,a) < 0. Otherwise the Lie algebra is said to be
non-compact. A connected semi-simple Lie group is compact if and only if its
corresponding Lie algebra is compact.

Cartan subalgebra - A Cartan subalgebra H of a semi-simple Lie algebra
L is a subalgebra of £ with the following properties:

1. H is a maximal Abelian subalgebra of L, i.e. every subalgebra of £ con-
taining H as a proper subalgebra is not Abelian;
2. the adjoint representation ad(h) of H is completely reducible.

Rank of a semi-simple Lie algebra - The rank of a semi-simple Lie algebra
L is the dimension ¢ of the Cartan subalgebra H. Since H is Abelian, the
irreducible representations are one-dimensional; consequently, the matrices
ad(hy) with £ = 1,2, ...£ must be simultaneously diagonalizable.

1.3.1 Classification of real semi-simple Lie algebras

Given a semi-simple real Lie algebra of dimension n, one can find a basis
hi,ha,...hg; €1, ea,...e,,_g, which we shall call standard basis, such that

[hi, h;] =0 (1.43)

and
[hi, ex] = ri(hi)er (1.44)
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where the real quantities ri(h;), (with i =1,2,...0 and k = 1,2,...n — ) can
be considered as the £ components of n — ¢ vectors ry, called root vectors or
simply roots.

A theorem states that if ry is a root, also —ry is a root. Then the number
of roots is even, and it is convenient to relabel the roots by rp, and r_, = —r,,
with @ = 1,2,...(n — £)/2 and the corresponding basis by e,. Accordingly,
Eq. (1.44) can be rewritten in the form

[hi7 eﬂ:a] =T+a,;6+a (145)

where we have adopted the notation r1,, = r+q(h;).

The set of elements e+, form a subspace of dimension n — £ of £ which is
called root subspace. It is convenient to consider the Cartan subalgebra H as
a subspace of L corresponding to the zero roots. Altogether there are ¢ zero
roots and n — ¢ non-zero roots.

Choosing, for the sake of convenience, the normalization

(n—£)/2
Z (TOM'T&]' + r—aiT—aj) = §ij ) (146)

ai,ajzl

one can normalize the basis e, e_, such that

leareal =Y Tahi. (1.47)

i=1

The other commutators are given by
[eaa eﬁ] = Naﬁ €a+4 5 (148)

which hold if r,, +1rg is a non-vanishing root; otherwise the r.h.s. of Eq. (1.48)
is equal to 0. The constants N, can be directly computed once h; and e+,
are known.

The roots satisfy the following useful properties:

1. Reflection property. If r, and rg are two non-zero roots then

ro (1.49)

is also a root. In other words, the reflection of rg through the hyperplane
orthogonal to r,, gives another root, as illustrated in Fig. 1.1.

2. Integrality property. If r, and rg are two non-zero roots, then p and g,
defined by

o' I'p

. 'n ' Tp

= , (1.50)
ral?

p=2
are two integer numbers of the same sign. This means that the projection
of one of the two roots, say r,, on the other root rg is a half-integral
multiple of |r,|, and viceversa.
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Fig. 1.1. Graphical representation of the root reflection property.

The above properties imply that two non-zero roots r, and rg satisfy

rq-rg= %p|r0¢|2 = éq\rﬁ\z =ToTgCcos o, (1.51)
from which
cos?¢p = Zipq (1.52)
and
R="° :\/q. (1.53)
s p

Since p and ¢ are integer numbers, we have only 5 possible solutions which
are shown in Table 1.1 (it is sufficient to consider the angles in the interval
0<¢<7).

Table 1.1. Values of ¢ and R

(p,9) 0,1 (LY (1) G1) (22

o o o o

¢ 2 3 4 6 0

R 0 1 V2 V3 1

Let us consider the case of real Lie algebras of rank ¢ = 2. Making use
of the reflection property shown in Fig. 1.1, one can build the so-called root
diagrams. The number of roots, including the ¢ zero-roots, gives the dimension
of the algebra.

Examples
1. Case ¢ = ;r’ R = 1. One can draw the root diagram shown in Fig 1.2 and obtain

the dimension d = 8. It is the root diagram of the Lie algebra As of the group SU(3).
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2. Case ¢ = Z, R = /2. The root diagram is shown in Fig 1.3; the dimension is
d = 10 and the Lie algebra, denoted by B2 corresponds to the group O(5).

3. Case ¢ = g, R = /3. The root diagram is shown in Fig. 1.4. The dimension is
d = 14 and the Lie algebra corresponds to the so-called exceptional group Ga.

Fig. 1.2. Root diagram of the real Lie algebra Az of the group SU(3).

Fig. 1.3. Root diagram of the real Lie algebra Bz of the group O(5).

Dynkin diagrams - They are introduced to get a classification of all the
semi-simple Lie algebras®. Taking into account Table 1.1, they are constructed
as follows. For every simple root place a dot. Since for a simple Lie algebra
the roots are of two sizes, a dark dot is made to correspond to the smaller
root. Let us then consider two adjacent roots in a root diagram: the relevant

5 See e.g. R. N. Cahn, Semi-simple Lie Algebras and their Representations, Ben-
jamin/Cummings Publ. Co., 1984.
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I
p

/6

Iy

Fig. 1.4. Root diagram of the real Lie algebra of the group Ga.

values of the angle between them are only three, ¢ = 7, 7, . The Dynking

diagrams for the Lie algebras of SU(3), O(5) and G5 are shown in Fig. 1.5,
where the single, double and triple lines indicate the three different angles.

Fig. 1.5. Dynkin diagrams of the real Lie algebras of rank ¢ = 2.
E o—o—i—o—o—o
o—C—eo—=o
=0

G,

Fig. 1.6. Dynkin diagrams of the exceptional Lie algebras.
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Classification of the semi-simple Lie algebras - It is due to Elie Cartan’.
There are four classes of semi-simple Lie algebras which go from rank £ =1 to
arbitrary large values: they are called classical Lie algebras and are denoted
by Ay, By, Cy and Dy. Moreover there is a further class, which consists of only
5 kinds of Lie algebras: they are called exceptional algebras and are denoted
by Ga, Fy, Eg, E7 and Eg8. For the sake of completeness we show the Dynking
diagrams of the exceptional Lie algebras in Fig. 1.6.

In Table 1.2 we list the four kinds of classical Lie algebras. From this Table
it appears that some of the groups are homomorphic, since they have the same
Lie algebras. Specifically, one has:

o rank {=1:SU(2) ~O(3) ~ Sp(2);
o rank /=2:0(5) ~ Sp(4);
e rank £ =3:SU(4) ~ O(6).

1.3.2 Representations of semi-simple Lie algebras and linear Lie
groups

In this Subsection we examine the representations of real semi-simple Lie
algebras and of compact linear Lie groups. In this case, all the representations
can be chosen to be unitary. Moreover, since an important theorem states that
every reducible representation of a semi-simple real Lie algebra is completely
reducible, we can restrict ourselves to unitary and irreducible representations.

The key idea in the theory of representations of semi-simple Lie algebras
is that of weights, which we analyse in the following.

Let us consider a real semi-simple Lie algebra £ of dimension n and rank
¢ and the standard basis hi, he, ...hs; €1, €a, ...e,—p which satisfies Eqgs. (1.43)
and (1.44). Let D be an irreducible representation (IR) of £ of dimension N
and 1,9, ...¢0n the basis of D in the N-dimensional vector space V. This
basis is choosen in such a way that the ¢ commuting elements h; (i = 1,2, ...¢)
of the Cartan algebra H are simultaneouly diagonalized. Let 1) be one of the
basis vector, which satisfies

hip =mi, (1.54)

where m; is one eigenvalue of h; and 1 is the simultaneous eigenvector of the
set of eigenvalues
my,ma, ..My . (1.55)

These eigenvalues can be considered the components of a vector m in a /-
dimensional space: it is this vector which is defined to be the weight of the
representation D. The weights have interesting properties, of which we list in
the following the most important ones.

" It was presented in the thesis: E. Cartan, Sur la structure des groups de transfor-
mations finis et continues, Paris 1894; 2nd. ed. Vuibert, Paris 1933.
8 See e.g. R. N. Cahn, quoted ref.
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Table 1.2. Classical Lie algebras
A B C D
L g n L g n L g n L g n
A1 SU(2) 3 |B1 O3 3 Cv Sp(2) 3 D, 0(2) 1
O O O O
Ay SU(3) 8 | B2 0O() 10 | Cy Sp(4) 10 | Dz O(4) 6
7 i i X
O O [ J O
Az SU(4) 15 | Bz  O(7) 21 Cs Sp(6) 21 | Ds O(6) 15
! i
; .
O O [ O
A¢ SU(HL) (642)¢| By O(20+1) (2¢41)¢) C¢ Sp(2¢) (2¢41)¢| D, O(20) (26-1)¢
$ ! Cﬁ %g)
; .
O O [ O
7 7 * 7
O O [ O

—_

. Eigenvectors belonging to different weights are orthogonal. More eigen-

vectors may have the same weight; the number of different eigenvectors
corresponding to the same weight is called multiplicity of the weight. If a
weight belongs only to one eigenvector it is called simple.

. A N-dimensional representation possesses N weights, some of which may

be identical.

. For any weight m and any root r,, the quantity

k=2 T (1.56)

2
Ta

is an integer, and
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m’ =m — kr, (1.57)

is also a weight with the same multiplicity as m. The situation is repre-
sented in Fig. 1.7, where m’ is obtained by reflection of m in the hyper-
plane perpendicular to the root r.

Fig. 1.7. Graphical representation of the reflection property of the weights, according
to Eq. (1.57).

Next we give a few definitions about weights and state a few theorems.
Equivalent weights - Two weights m and m’ are equivalent if one can be
derived from the other by reflection. All the equivalent weights form a class.

Higher weight - The weight m is higher than m’ if the first non-vanishing
component of m — m’ is positive.

Highest weight of a representation - If m is a weight of a representation
of £, such that it is higher than every other weight of the representation, it
is said to be the highest weight of the representation.

Theorem 1 - The highest weight of a representation is simple if the represen-
tation is irreducible. Two representations are equivalent if and only if they
have the same highest weight.

Theorem 2 - For every irreducible representation D of a simple Lie algebra of
rank /¢ there are ¢ fundamental weights
m® m®  m® (1.58)

such that the highest weight of each IR is given by the linear combination

4
M=) pm®, (1.59)
=1
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where the coefficients p; are non-negative integers. There exist ¢ IR’s each of
which has a fundamental weight as the highest weight; they are called fun-
damental representations. Starting from these representations, one can derive
all the higher IR’s. For each IR, one can draw a weight diagram, as shown in
the following examples.

Theorem 3 - If D is an IR of a Lie algebra £, also D* ((D*);; = (Dy;)*) is
an IR of L, called complex conjugate representation, and its weights are the
negatives of those of D.

Theorem 4 - The weight diagram of the adjoint representation of a Lie algebra
L coincides with the root diagram. Moreover, all the non-zero weights are
simple and the number of zero-weights is equal to the rank £.

In order to determine, in general, the fundamental weights of the IR’s of a
Lie algebra L, as we