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Exponents
a® =1
a7 == (a#0)
a

am az — am—!-n
(alll)" — amn
(ab)ll — allbll
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Special Products

-~ Radicals

\n/’d‘ _ al/n

Way' =a,v/a* =a (a>0)
W — (ﬁ)m = g"/n

i = i
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Factoring Formulas

x(y+z2)=xy-+axz

(x+a)x +b) = x> + (a + b)x + ab
(x + a)? = x? + 2ax + a?

(x — a)? = x* — 2ax + a?

x+a)x —a)=x*—d°

x+a) =x34+3ax® +3a%x + a°

ab+ ac = a(b + ¢)

a®> — b* = (a + b)(a — b)

a? 4 2ab + b* = (a + b)?

a* — 2ab + b* = (a — b)*

a® + b = (a+b)a®> — ab+b?)
a® — b = (a — b)(a? + ab + b?)

x— a)3 =3

—3ax? + 3a%’x — a?

Quadratic Formula

If ax? + bx + ¢ = 0, where
a # 0, then

_—b+ Vb2 —4ac
- 2a

Straight Lines
m= 27N (slope formula)
Xy — X)

y —y; =m({x —x;) (point-slope form)
=mx+b (slope-intercept form)
x = constant  (vertical line)
y = constant  (horizontal line)

Absolute Value

Inequalities

Ifa <b,thena+c < b+c.
Ifa < band ¢ > 0, then
ac < be.

Ifa < band ¢ > 0, then
a(—c) > b(—c).

lab] = |a| - |b|
4-4

bl b

la—bl=1|b—aq|

~lal < a < |a

la+b| <la|+|b] (triangle inequality)

Summation Formulas

n n
Ycai=cy a

f=m f=m

Yo(ai+b)y=) ai+ Y b

i=m i=m f=m
prn—m

Zai = Z Aitm—p

i=m

Za,+Za, > a;

i=m i=m

Special Sums

n

Z l=n

,._

Z i = n(n+l)

Zl — n(n+1)(2n+1)
Zl _n (11+1)

Logarithms

log,x =yifand only if x = &
log,, (mn) = log, m + log, n

log, = log, m — log, n

log, m" = rlog, m

log,1 =0
log, b =1
log, b" =r
pos? =p (p > 0)
1 log, m
og, m =
=b log, b
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Business Relations

Interest = (principal)(rate)(time)
Total cost = variable cost + fixed cost
total cost
quantity -
Total revenue = (price per unit)(number of units sold)
Profit = total revenue — total cost

Average cost per unit =

Ordinary Annuity Formulas

1—11 1
A= R—-—L—i——’)——— = Rag) (present value)
-
IT+r)"—1
S = Rg—i—lj)————— = RSy, (future value)
Counting
n!
aPr =
(n—=n)
n!
nCr

- rli(n — r)!

2Co+nCi 4+ +,C1 +,C, =27
2Co=1=,C,

n+1Cra1 = 5, Cr + 5 Cryy

Properties of Events

Compound Interest Formulas

S =P(+r)
P=S1+nr™"

ran
re=(1+—) 1
n

S = Pe"
P = Se™
re=¢e" —1

Matrix Multiplication

(AB)y = ZAiijk = AnBy +AnBay + - -+ Apby
j=1

(AB)T = BTAT
ATlA=1=AA""
(AB)' = B~'A™"

For E and F events for an experiment with sample space §
EUE=E
ENE=E

(EY =E

EUE =S§

ENE =0
EUS=S
ENS=E
EUP=E
ENg=40¢
EUF=FUE
ENF=FNE
(EUFY=E'NF
(ENFY=EUF

EUFUG)=(EUF)UG
ENFNGYy=ENF)NG
ENFUG =ENFUENG)
EUFNG)=

Probability

#(E)
P(E) ::4;(5)—
#HENF)

#(F)
P(EUFY=PE)+PEF)—PENF)
P(E"Y=1—P(E)

P(ENF) = P(E)P(F|E) = P(F)P(E|F)

P(E|F) =

For X a discrete random variable with distribution f

> f =1

b= 1) = EQ) = Y )

Var(X) = EQX — i) = 30— w0
c=o(X) = JVa®

(EUE)N(EUG)

Binomial distribution

fx)=PX =x) = ,Cp*qg"
H=np

o = ,/npq
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Graphs of Elementary Functions
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Definition of Derivative of f(x) Elasticity for Demand g = g(p)
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Differentiation Formulas dq
d d du Integration Formulas
~—(c)=0 Z(u”) = aqu®! =
dx ¥ ‘We assume that u is a differentiable function of x.
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(product rule)
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he thirteenth edition of Introductory Mathematical Analysis for Business, Economics,
and the Life and Social Sciences continues to provide a mathematical foundation for

L students in a variety of fields and majors. It begins with precalculus and finite math-
ematics topics such as functions, equations, mathematics of finance, matrix algebra, linear
programming, and probability. Then it progresses through both single variable and mul-
tivariable calculus, including continuous random variables. Technical proofs, conditions,
and the like are sufficiently described but are not overdone. Our guiding philosophy led us
to include those proofs and general calculations that shed light on how the corresponding
calculations are done in applied problems. Informal intuitive arguments are often given
as well.

Approach

Introductory Mathematical Analysis for Business, Economics, and the Life and Social Sci-
ences takes a unique approach to problem solving. As has been the case in earlier editions of
this book, we establish an emphasis on algebraic calculations that sets this text apart from
other introductory, applied mathematics books. The process of calculating with variables
builds skill in mathematical modeling and paves the way for students to use calculus. The
reader will not find a “definition-theorem-proof™ treatment, but there is a sustained effort to
impart a genuine mathematical treatment of real world problems. Emphasis on developing
algebraic skills is extended to the exercises, in which many, even those of the drill type, are
given with general coefficients.

In addition to the overall approach to problem solving, we aim to work through examples
and explanations with just the right blend of rigor and accessibility. The tone of the book is
not too formal, yet certainly not lacking precision. One might say the book reads in arelaxed
tone without sacrificing opportunities to bring students to a higher level of understanding
through strongly motivated applications. In addition, we have refined the organization over
many editions to present the content in very manageable portions for optimal teaching and
learning.

Changes for the Thirteenth Edition

In the thirteenth edition we have tried to make the elementary notions in the early chapters
pave the way for their use in more advanced topics. Our early treatment of summation
notation, discussed in further detail below, is but one example. In Section 1.3, inequalities
are introduced and we point out that @ < b is equivalent to “there exists a non-negative
number s such that a 4+ s = b”. The idea is not deep but the pedagogical point is that slack
variables, key to implementing the simplex algorithm in Chapter 7, should be familiar
and not distract from the rather technical material in linear programming. For yet another
example, we mention absolute value of Section 1.4. It is common to note that ja—b] provides
the distance from a to b. In Example 4e of Section 1.4 we point out that “x is less than o
units ffom p” translates as [x — | < o. In Section 1.4 this is but an exercise with the
notation, as it should be, but the point here is that later, in Chapter 9, 1 will be the mean
and o the standard deviation of a random variable. Again we have separated, in advance, a
simple idea from a more advanced one. In problem 12 of Problem 1.4, we ask the student
to set up |f(x) — L] < ¢, an expression that an instructor of a more advanced class might
wish to use in Chapter 10 on Limits.

‘We have tried to increase the internal consistency of the book and expanded our use
of pointing back, for review purposes, when new work benefits from doing so. We have
also improved the pointing forward to relevant exercises that is provided by the Now Work
Problem N elements. We have increased the number of these and tried to improve the
pairings of worked examples and suggested problems.

Several organizational improvements were implemented in the thirteenth edition. To
summarize the changes in Chapter 1 a new section on Sequences was added the section

xi
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on Functions of Several Variables, formerly in Chapter 17, was moved to Chapter 2 and
rewritten to suit that placement. A section on Perpetuities was added to Chapter 5. The
sections on Area and Area between Curves in Chapter 14 were combined into a single
section and adapted considerably. There are also many other improvements to the text
involving less than complete revision of a section.

Section 1.6, Arithmetic and Geometric Sequences: The section on Sequences provides
several pedagogical advantages. The very definition is stated in a fashion that paves the
way for the more important and more basic definition of function in Chapter 2. In
summing the terms of a sequence we are able to practice the use of Summation Notation
introduced in the preceding section. The most obvious benefit though is that “Sequences”
allows us a better organization in the Annuities section of Chapter 5. Both the present and
the future values of an annuity are obtained by summing (finite) geometric sequences.
Later in the text, sequences arise in the definition of the number e in Chapter 4, in Markov
Chains in Chapter 9, and in Newton’s Method in Chapter 12, so that a helpful unifying
reference is obtained.

In the course of summing the terms of a finite sequence, it is natural to raise the possibility
of summing the terms of an infinite sequence. This is a nonthreatening environment in
which to provide a first foray into the world of limits. We simply explain how certain infi-
nite geometric sequences have well-defined sums and phrase the results in a way that will
create a toehold for the formal introduction of limits in Chapter 10. These particular infi-
nite sums enable us to introduce the idea of a perpetuity, first informally in the sequence
section, and then again in more detail in a further new section on Perpetuities in Chapter 5.

Section 2.8, Functions of Several Variables: The introduction to functions of several
variables, which appeared at the beginning of Chapter 17 in the previous edition, has
been relocated and reworked to appear in Chapter 2. Functions of Several Variables is a
topic that should appear long before Calculus. Once we have done some calculus there
are particular ways to use calculus in the study of Functions of Several Variables, but
these aspects should not be confused with the basics that we use throughout the book.
For example, “a-sub-n-angle-r” and “s-sub-n-angle-r” studied in the Mathematics of
Finance, Chapter 5, are perfectly good functions of two variables.

Section 5.6, Perpetuities: The new Section 1.6 further enables us to introduce Perpetu-
ities in the Finance chapter. “Perpetuity” is a nice, practical, example of a fairly profound
mathematical idea that will appeal to commerce students.

Section 14.9, Area: It was thought that the two earlier sections on area were somewhat
repetitive. The first, called simply “Area”, dealt with the important special case of the
second, “Area between Curves”, in which the lower curve is the x-axis. We believe that by
combining these sections we have gained some unification and economy of presentation,
with no sacrifice of detail.

Leontieff’s Input-Output Analysis (in Section 6.7): In the section on Leontieff’s Input-

- Output Analysis we have separated various aspects of the total problem. We begin by

describing what we now call the Leontieff matrix A as an encoding of the input and output
relationships between sectors of an economy. Since this matrix can often be assumed
to be constant, for a substantial period of time, we begin by assuming that A is a given.
The simpler problem is then to determine the production X which is required to meet an
external demand D for an economy whose Leontieff matrix is A. We provide a careful

- account of this as the solution of (/ —A)X = D. Since A can be assumed to be fixed while

various demands D are investigated, there is some justification to compute (I — A)~! so
that we have X = (I —A)~!D. However, use of a matrix inverse should not be considered
an essential part of the solution. Finally, we explain how the Leontieff matrix can be
found from a table of data that might be available to a planner.

Birthday Probability (in Section 8.4): New to “Probability” is a treatment of the classic
problem of determining the probability that at least 2 of n people have their birthday on
the same day. While this problem is given as an example in many texts, the recursive
formula that we give for calculating the probability as a function of n is not a common
feature. It is reasonable to include it in this edition because recursively defined sequences
appear explicitly in our new section “Sequences”.
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Sign Charts for a Function (in Chapter 10): The sign charts that we introduced in the
12th edition now make their appearance in Chapter 10. Our point is that these charts can
be made for any real-valued function of a real variable and their help in graphing a func-
tion begins prior to the introduction of derivatives. Of course we continue to exploit their
use in Chapter 13 “Curve Sketching” where, for each function f, we advocate making a
sign chart for each of f, f*, and f”, interpreted for f itself.

Exercise Update: Approximately 20% have been either updated or written completely
new.

Updated feature names: Labeling improvements were made to a few features to clarify
their pedagogical use for instructors and students. Mathematical Snapshots at the end
of chapters are now referred to as Explore & Extend, Principles in Practice exercises
next to examples are now referred to as Apply It exercises, and the Pointer notes in the
margin are now named 7o Review.

Hallmark Features and Pedagogy

Applications: An abundance and variety of applications for the intended audience appear
throughout the book; students continually see how the mathematics they are learning can
be used. These applications cover such diverse areas as business, economics, biology,
medicine, sociology, psychology, ecology, statistics, earth science, and archaeology.
Many of these real-world situations are drawn from literature and are documented by
references, sometimes from the Web. In some, the background and context are given
in order to stimulate interest. However, the text is self-contained, in the sense that it
assumes no prior exposure to the concepts on which the applications are based. (See, for
example, page 340, Example 2 in 7.7)

Apply It: The Apply It exercises, formerly called Principles in Practice, provide stu-
dents with further applications. Located in the margins, these additional exercises give

‘students real-world applications and more opportunities to see the chapter material put

into practice. An icon indicates Apply It problems that can be solved using a graphing
calculator. Answers to Apply It problems appear at the end of the text and complete
solutions to these problems are found in the Solutions Manuals. (See, for example, page
376, Apply It 1 in 8.3)

Now Work Problem N: Throughout the text we have retained the popular Now Work
Problem N feature. The idea is that after a worked example, students are directed to an
end of section problem (labeled with a blue exercise number) that reinforces the ideas
of the worked example. This gives students an opportunity to practice what they have
just learried. Because the majority of these keyed exercises are odd-numbered, students
can immediately check their answer in the back of the book to assess their level of
understanding. The complete solutions to these exercises can be found in the Student
Solutions Manual. (See, for example, page 466, Example 7 in 10.1)

Cautions: Throughout the book, cautionary warnings are presented in very much the
same way an instructor would warn students in class of commonly-made errors. These
Cautions are indicated with an icon to help students prevent common misconceptions.
(See, for example, page 495, Example 2 in 11.1)

Definitions, key concepts, and important rules and formulas are clearly stated and
displayed as a way to make the navigation of the book that much easier for the student.
(See, for example, page 495, Definition of Derivative in 11.1)

Explore & Extend Activities, formerly called Mathematical Snapshots, are strategically
placed at the end of the chapter to bring together multiple mathematical concepts studied
in the previous sections within the context of a highly relevant and interesting application.
These activities can be completed in or out of class either individually or within a group.
(See, for example, page 574, in Chapter 12)

Review Material: Each chapter (except Chapter 0) has a review section that contains a
list of important terms and symbols, a chapter summary, and numerous review problems.
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In addition, key examples are referenced along with each group of important terms and
symbols. (See, for example, page 572, in Chapter 12) ‘

Back-of-Book Answers: Answers to odd-numbered problems appear at the end of the
book. For many of the differentiation problems, the answers appear in both “unsimplified”
and “simplified” forms. (Of course “simplified” is in any event a subjective term when
applied to mathematical expressions that tends to presuppose the nature of subsequent
calculations with such expressions.) This allows students to readily check their work.
(See, for example, page AN-22, in Answers for 11.4)

# Markov Chains: In Section 9.3, on Markov Chains, we noticed that considerable simpli-
fication to the problem of finding steady state vectors is obtained by writing state vectors
as columns rather than rows. This does necessitate that a transition matrix T = [#;;] have
t;; = probability that next state is i given that current state is j but avoids artificial trans-
positions later. (See page 445)

& Sign Charts: In Chapter 13 on Curve Sketching, the use of sign charts is greatly expanded
as compared to other books. In particular, a sign chart for a first derivative is always
accompanied by a further line interpreting the results for the function that is to be graphed.
Thus, on an interval where we record “+” for f we also record “/” for f and on an
interval where we record “—” for f we also record “\” for f.The resulting strings of such
elements, say /\/, with further embellishments that we describe in the text, provide a
very preliminary sketch of the curve in question. We freely acknowledge that this is a
blackboard technique used by many instructors, but it appears too rarely in textbooks.
(See, for example, page 578, first sign chart in Chapter 13)

Examples and Exercises

Most instructors and students will agree that the key to an effective textbook is in the quality
and quantity of the examples and exercise sets. To that end, more than 850 examples are
worked out in detail. Some of these examples include a strategy box designed to guide
students through the general steps of the solution before the specific solution is obtained
(See pages 639-640, 14.3 example 4). In addition, an abundant number of diagrams (almost
500) and exercises (more than 5000) are included. Of the exercises, approximately 20% have
been either updated or written completely new. In each exercise set, grouped problems are
given in increasing order of difficulty. In most exercise sets the problems progress from the
basic mechanical drill-type to more interesting thought-provoking problems. The exercises
labeled with a blue exercise number correlate to a “Now Work Problem N” statement and
example in the section.

Based on the feedback we have received from users of this text, the diversity of the
applications provided in both the exercise sets and examples is truly an asset of this book.
Many real-world type problems with accurate data are included. Students do not need to
look hard to see how the math they are learning is applied to everyday or work-related
situations. A great deal of effort has been put into producing a proper balance between

the drill-type exercises and the problems requiring the integration and application of the

concepts learned. (see pages 125-126, Explore and Extend for Chapter 2; 172, Explore and
Extend for Chapter 3; 787-788, Example 1 in 17.8 on Lines of Regression)

Techngﬁ@gy

In order that students appreciate the value of current technology, optional graphing calculator
material appears throughout the text both in the exposition and exercises. It appears for a
variety of reasons: as a mathematical tool, to visualize a concept, as a computing aid,
and to reinforce concepts. Although calculator displays for a TI-83 Plus accompany the
corresponding technology discussion, our approach is general enough so that it can be
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applied to other graphing calculators. In the exercise sets, graphing calculator problems are
indicated by an icon. To provide flexibility for an instructor in planning assignments, these
problems are typically placed at the end of an exercise set.

Course Planning

One of the obvious assets of this book is that a considerable number of courses can be served
by it. Because instructors plan a course outline to serve the individual needs of a particular
class and curriculum, we will not attempt to provide detailed sample outlines. The Table of
Contents has now been divided into three parts to aid in course preparation but this does
not designate any change in the flow from one chapter to the next.

Part I: College Algebra includes Chapters 0—4 and includes core precalculus topics.

Part II: Finite Mathematics covers Chapters 5-9 and has a wide variety of topics from
which instructors can often pick and choose.

Part IIT: Calculus is the topic of the remaining Chapters 10-17.

Below are some additional notes to consider when creating a syllabus or outlining your
course.

z Two Semester Courses: Schools that have two academic terms per year tend to give
business students a term devoted to Finite Mathematics and a term devoted to Calculus.
For these schools we recommend Chapters 1 through 9 for the first course, starting
wherever the preparation of the students allows, and Chapters 10 through 17 for the
second—deleting most optional material.

Three Quarter or Three Semester Courses: For the first course, a program that allows
three quarters of Mathematics for well-prepared Business students can start a first course
with Chapter 1 and choose such topics as are of interest, up to and including Chapter
9. A second course on Differential Calculus will use Chapter 10 on Limits and Con-
tinuity, followed by the three “differentiation chapters™, 11 through 13 inclusive. Here,
Section 12.6 on Newton’s Method can be omitted without loss of continuity while some
instructors may prefer to review Chapter 4 on Exponential and Logarithmic Functions
prior to their study as differentiable functions. Finally, Chapters 14 through 17 inclusive
could define a third course on Integral Calculus with an introduction to Multivariable
Calculus. In an applied course itis well to stress the use of tables to find integrals and thus
the techniques of “parts” and “partial fractions”, in 15.1 and 15.2 respectively, should
be considered optional. Chapter 16 is certainly not needed for Chapter 17 and Section
15.7 on Improper Integrals can be safely omitted if Chapter 16.is not covered.

Supplements

& The Student Solutions Manual includes worked solutions for all odd-numbered prob-
lems and all Apply It problems. ISBN 0-321-64530-8 | 978-0-321-64530-2

a The\ Instructor’s Solution Manual has worked solutions to all problems, including those
in the Apply It exercises and in the Explore & Extend activities. It is downloadable from
the Instructor’s Resource Center at www.pearsonhighered.com/irc.

8 TestGen®(www.pearsoned.com/testgen) enables instructors to build, edit, and print, and
administer tests using a computerized bank of questions developed to cover all the objec-
tives of the text. TestGen is algorithmically based, allowing instructors to create multiple
but equivalent versions of the same question or test with the click of a button. Instructors
can also modify test bank questions or add new questions. The software and testbank are
available for download from Pearson Education’s online catalog and from the Instructor’s
Resource Center at www.pearsonhighered.com/irc.
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esley Griffith works for a yacht supply company in Antibes, France. Often,

she needs to examine receipts in which only the total paid is reported and then

_determine the amount of the total which was French value-added tax, known
4 as TVA for “Taxe 2 la Value Ajouté”. The French TVA rate is 19.6%. A lot of
Lesley’s business comes from Italian suppliers and purchasers, so she also must deal
with the similar problem of receipts containing Italian sales tax at 18%.

A problem of this kind demands a formula, but many people are able to work
through a particular instance of the problem, using specified numbers, without knowing
the formula. Thus if Lesley has a 200-Euro French receipt, she might reason as follows:
If the item cost 100 Euros before tax, then the receipt total would be for 119.6 Euros
with tax of 19.6—and then with a leap of faith—tax in a receipt total of 200 is to 200
as 19.6 is to 119.6. Stated mathematically,

tax in 200 19.6
200 ~ 119.6

At this point it is fairly clear that the amount of TVA in a 200-Euro receipt is about
16.4% of 200 Euros, which is 32.8 Euros. In fact, many people will now guess that

. P
taxinR =R [ ———
= (w0+p)

gives the tax in a receipt R, when the tax rate is p%. Thus, if Lesley feels comfortable
with her deduction, she can multiply her Italian receipts by #88 to determine the tax
they contain.

Of course, most people do not remember formulas for very long and are uncomfort-
able basing a monetary calculation on a leap of faith. The purpose of this chapter is to
review the algebra necessary for you to construct your own formulas, with confidence,
as needed. In particular, we will derive Lesley’s formula, without a mysterious invo-
cation-of proportion, from principles with which everybody is familiar. This usage of
algebra will appear throughout the book, in the course of making general calculations
with variable quantities.

In this chapter we will review real numbers and algebraic expressions and the
basic operations on them. The chapter is designed to provide a brief review of some
terms and methods of symbolic calculation. No doubt you have been exposed to
much of this material before. However, because these topics are important in han-
dling the mathematics that comes later, an immediate second exposure to them may
be beneficial. Devote whatever time is necessary to the sections in which you need
review.

~ (0.164 = 16.4%
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Objective
To become familiar with sets, the

classification of real numbers, and the
real-number line.

cauTioN\

The reason for g # 0 is that we cannot
divide by zero.

Every integer is a rational number.

Every rational number is a real number.

The real numbers consist of all decimal
numbers.

0.1 Sets of Real Numbers B

f)

A set is a collection of objects. For example, we can speak of the set of even numbers
between 5 and 11, namely, 6, 8, and 10. An objectin a set is called an element of that set.
If this sounds a little circular, do not worry. The words set and element are like line and
point in plane geometry. We cannot hope to define them in more primitive terms. It is
only with practice in using them that we come to understand their meaning. The situation
is also rather like the way in which a child learns a first language. Without knowing any
words, a child infers the meaning of a few very simple words and ultimately uses these
to build a working vocabulary. None of us needs to understand the mechanics of this
process in order to learn how to speak. In the same way, it is possible to learn practical
mathematics without becoming embroiled in the issue of undefined primitive terms.

One way to specify a set is by listing its elements, in any order, inside braces. For
example, the previous set is {6, 8, 10}, which we could denote by a letter such as A,
allowing us to write A = {6, 8, 10}. Note that {8, 10, 6} also denotes the same set, as
does {6, 8, 10, 10}. A set is determined by its elements and neither rearrangements nor
repetitions in a listing affect the set. A set A is said to be a subset of a set B if and
only if every element of A is also an element of B. For example, if A = {6, 8, 10} and
B={6,8, 10,12}, then A is a subset of B.

Certain sets of numbers have special names. The numbers 1, 2, 3, and so.on form
the set of positive integers:

set of positive integers = {1,2,3,...}

The three dots mean that the listing of elements is unending, although we do know what
the elements are.

The positive integers, together with O and the negative integers —1, -2, —3,.. .,
form the set of integers:

set of integers = {...,-3,-2,-1,0,1,2,3,. }

The set of rational numbers consists of numbers, such as 5 and 5 , that can be
written as a quotient of two integers. That is, a rational number is a number that can

be written as Z where p and g are 1nteoers and g # 0. (The symbol “#” is read “is not

equal to.”) For example, the numbers 12 ,,0, “7 ,and =% are rational. We remark that i, 7
2, E%, 0.5, and 50% all represent the same rat10nal number. The integer 2 is rational,
since 2 = % In fact, every integer is rational.

All rational numbers can be represented by decimal numbers that terminate, such
as 3 =0.75 and 2 = 1.5, or by nonterminating lepeatmg decimal numbe:s (composed
of a group of dmts that repeats without end), such as 2 £=0.666..., “ —0.3636..
and % =0.1333.... Numbers represented by nontennmatmg nonrepeating demmals
are called 1rrat10nal numbers. An irrational number cannot be written as an integer
divided by an integer. The numbers 7 (pi) and +/2 are examples of irrational numbers.
Together, the rational numbers and the irrational numbers form the set of real numbers.

Real numbers can be represented by points on a line. First we choose a point on the
line to represent zero. This point is called the origin. (See Figure 0.1.) Then a standard

measure of distance, called a unit distance, is chosen and is successively marked off

_ both to the right and to the left of the origin. With each point on the line we associate a

directed distance, which depends on the position of the point with respect to the origin.
Positions to the right of the origin are considered positive (+) and positions to the left
are negative (—). For example, with the point % unit to the right of the origin there

Some Points and Their Coordinates

|
=
A
9]
N
5]

1 b d 1 ! i 7 Positive
-3 -2 -1 0 1 2 3 direction
Origin

FIGURE 0.1 The real-number line.
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Section 0.2 Some Properties of Real Numbers 3

corresponds the number 1, which is called the coordinate of that point. Similarly, the
coordinate of the point 1.5 units to the left of the origin is —1.5. In Figure 0.1, the
coordinates of some points are marked. The arrowhead indicates that the direction to
the right along the line is considered the positive direction.

To each point on the line there corresponds a unique real number, and to each
real number there corresponds a unique point on the line. There is a one-to-one cor-
respondence between points on the line and real numbers. We call such a line with
coordinates marked off a real-number line. We feel free to treat real numbers as points.
on a real-number line and vice versa.

In Problems 1-12, determine the truth of each statement. If the 8. /2 is a real number.

statement is false, give a reason why that is so.

0. .

. ) -2 . . 9, — isrational.
1. —13is an integer. 2. - is rational. 0
3. —3is a positive integer. 4. 0is not rational. 10. w is a positive integer.

. 7. . . .

5. /3 is rational. 6. o is a rational number. 11. —3 is to the right of —4 on the real-number line.

. e 2. integer i itive or negative.
7. /25 is not a positive integer. 12. Every integer is positi =

Objective

To name, illustrate, and relate
properties of the real numbers in terms
of their operations.

0.2 Some Properties of Real Numbers

We now state a few important properties of the real numbers. Let a, b, and ¢ be real
numbers.
1. The Transitive Property of Equality

,,,,,, i vo-Ifa=bandb=c, thena=vc.

Thus, two numbers that are both equal to a third number are equal to each other.
For example, if x=yand y=7, then x = 7.

2..The Closure Properties of Addition and Multiplication

For all real numbers a and b, there are unique real numbers a + b and ab. V

This means that any two numbers can be added and multiplied, and the result in
each case is a real number.
3. The Commutative Properties of Addition and Multiplication
= a+b=b+a and ab=ba
This means that two numbers can be added or multiplied in any order. For example,
3+4=4+3and (7)(—4)=(—-DH().
4. The AssociatiVé Properties of Addition énd Multipliéation
a+(B+c)=(a+b)+c and a(bc) = (ab)c
This means that in addition or multiplication, numbers can be grouped in any

order. For example, 24 (3 +4) = (24 3)+4; in both cases, the sum is 9. Similarly,
2+ +y)=@x+x)+yand 6(3-5)=(6-1)-5.
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Thenumber —ais ca]ledth negatlve cfa -

For example, since 6+ (—6)=0, the negativc of 6is —6. The negative of a number
is not necessarily a negative number. For example, the negative of —6 is 6, since
(—6) + (6) =0. That is, the negative of —6 is 6, so we can write —(—6) = 6.

For each real number a, except 0 there 1s a umque real number denoted a s'lich‘
i’that - - - - S

- ,a-a,,“‘,, =1

Thenumbera“1 is called the reciprocal of 2.

cauTion]\

. Thus, all numbers except 0 have a remprocal You may recall that a~! can be written
Zero does not have a reciprocal because
there is no number that when multiplied 1 For example, the reciprocal of 3 is = 3 , since 3( )= 1. Hence, 1 5 18 the reciprocal of 3.
by O gives 1. The reciprocal of 1 5 is 3, since ( ¥3)=1.The reczpracal of 0 is not defined.

7 The Dlstrlbutlve Propertles ’, -
: ' a(b+c)_-ab+ac : d,‘f"kk(b_—,'{—c)’a':baQI—cafk

For example, although 2(3 4 4) =2(7) = 14, we can also write
23+4)=23)+24)=6+8=14
Similarly,
2+3)4)=24)+34)=8+12=20
and
x(z+4) = x(2) +x(4) = xz+ 4x
The distributive property can be extended to the form
alb+c+d)=ab+ac+ad

In fact, it can be extended to sums involving any number of terms.
Subtraction is defined in terms of addition:

a—b means a-+(—b)

. where —b is the negative of b. Thus, 6 — 8 means 6 + (—8).
In a similar way, we define division in terms of multiplication. If b #0, then

a+b means a()
' 1
Usually we write either 2 or a/bfora-+b. Since b™! = —,
a 1
a . X g b—-l — et
7 means a times the reciprocal of b. b ab™)=a (b)

. . ) a
Thus, 2 5 means 3 trmes , where % is the reciprocal of 5. Sometimes we refer to 3 as

the ratio of a to b. We remark that since 0 does not have a reciprocal, division by 0 is
not defined.
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~ The following examples show some manipulations involving the preceding
properties.

Applying Properties of Real Numbers

a. x(y — 3z 2w) = (y — 3z + 2w)x, by the commutative property of multiplication.

b. By the associative property of multiplication, 3(4 - 5) = (3 - 4)5. Thus, the result of
multiplying 3 by the product of 4 and 5 is the same as the result of multiplying the
product of 3 and 4 by 5. In either case, the result is 60.

¢. Show that a(b - ¢) # (ab) - (ac)

Solution: To show that the negation of a general statement is false, it suffices
to provide a counterexample. Here, taking a=2 and b=1=c, we see that that
a(b - ¢) =2 while (ab) - (ac) =4.

Now Work Probiem 9 <

Applying Properties of Real Numbers

a. Show that 2—+/2 = —~/2 +2.

Solution: By the definition of subtraction, 2 — +/2 = 2 + (—+/2). However, by the
commutative property of addition, 2 + (—+/2) = —+/2 + 2. Hence, by the transitive
property of equality, 2 — +/2 = —+/2 + 2. Similarly, it is clear that, for any a and b,
we have

a—~b=-b+a
b. Show that (8 +x)—y =84 (x — y).
Solution: Beginning with the left side, we have
@+x)—y=8+x)+ () definition of subtraction
= 8 + [x + (—)] associative property
=8+ x—y) definition of subtraction
Hence, by the transitive property of equality,
B+x)—y=8+x—y)
Similarly, for all a, b, and c, we have
(a+b)—c=a+b—0c)
¢. Show that 3(4x + 2y + 8) = 12x + 6y + 24.
Solution: By the distributive property,
3(4x + 2y + 8) = 3(4x) + 3(2y) + 3(8)
But by the associative property of multiplication,
‘ 3(4x) = 3-4)x = 12x and similarly 3(2y) = 6y
Thus, 3(4x 42y 4 8) = 12x+ 6y + 24
Now Work Problem 21 <

Applying Properties of Real Numbers

b b
a. Show that %- =a (—) for ¢ #0.
C

Solution:- By the definition of division,

b 1
22 — (ab)- ~forc £ 0
c c
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But by the associative property,
1
@b) - =
C

=)

. Thus,

O l= 8

However, by the definition of division, b -

ab (b
7 B
c c

b
‘We can aiso show that L_ (E) b.
c c/ .

b b
b. Show that 212 = 2 4+ 2 for c 0.
C C C

SN— O | O

Solution: By the definition of division and the distributive property,
a+b ; 1 1 1

c
However,

1 1

a._+b.-:_+_

Hence, ¢ ¢

a+b a b

= — 4 -
c c

Now Work Problem 27

Finding the product of several numbers can be done by considering products of
numbers taken just two at a time. For example, to find the product of x, y, and z, we
could first multiply x by y and then multiply that product by z; that is, we find (xy)z.
Alternatively, we could multiply x by the product of y and z; that is, we find x(yz).
The associative property of multiplication guarantees that both results are identical,
regardless of how the numbers are grouped. Thus, it is not ambiguous to write xyz. This
concept can be extended to more than three numbers and applies equally well to addition.

Not only should you be able to manipulate real numbers, you should also be aware
of, and familiar with, the terminology involved.

The following list states important properties of real numbers that you should study
thoroughly. Being able to manipulate real numbers is essential to your success in mathe-
matics. A numerical example follows each property. All denominators are assumed to
be different from zero (but for emphasis we have been explicit about these restrictions).

Property
l.a—b=a+(-b)
2. a—(—b)=a+b
3. —a=(-1){a)

Example(s)
2-T=2+(N=-5
2—-(-N=2+7=9
=7=(=DD

4. alb+c)=ab+ac 6(7T+2)=6-7+6-2=254
5. alb—c¢)=ab-—ac 6(7—2)=6-7—6-2=30
6. (a+b)y=—a—>b —(7+2)=-7—-2=-9
7. —(a—b)=—a+b —-2-T)=-2+7=5

8. —(—a)=a —(=2)=2

9. a(0) =0 2(00)=0

10. (—a)(b) = —(ab) = a(~D)
11. (—a)(—b) = ab

(N =-2-N=2-7)=-14
(=(-N=2-7=14

12. —=a

=a(-11;) forb £ 0

13.

SR =R




Section 0.2 Some 'Properties of Real Numbers

Property
a a —a
g L 277
" 5 5 forb #£ 0
15.-}2:% forb = 0
0
16. — =0 foras0
a
17. =1 fora#0
a
b
18. a - =b foraz#0
1
19.a-—=1 foras#0
a
a ¢ ac
20 .55
5 7= b for b,d 0
b
mJ3-=(3>b=a(—) for ¢ 0
c c
a al 1 a
2 L2 -_2.¢
bc b ¢ b c forb,¢ 70
a a ¢ ac
23 42,4
=0 forb,c £ 0
Y N ——
b(—c) (b)) bc
—a a
L R
T o orb,c #£0
25, XD _Cab_ab
c c —c
—a)(—b b
Gt b e 2o
—c c
b b
26 24222 guczo
c ¢ c
27. 98975 e zo
c ¢ c
a ¢ ad+bc
8. S+ ="2"" forb,d #0
d—b
2&%-2:“ € forb,d #0
-
b a ¢ a d ad
0. 2 = 2. _ 2 ¢«
¢ b d b ¢ bc
d
forb,c,d #0
b
M,%=a+—=w%=%ﬁmac¢o
c
a
b a al a
e S y
3 - =3 c 5 bcforbC9éO

Example(s)

I

|
y
1
l

3]

N
—
LnOO

Wl N

'l‘\’“’l'

il

PR WM,
. S
il
3]

Wi =

|
Q] =
l
[FS R

~
BEES IR S

~NPo oW
I
SIS

S—— W2

()

2 2
3(=5) (=33 36)
=2 2 _ 2
(=3)(-—5) 3(5) 15
2-3) _ (=23 _20) _

)
~—
Il
qlm

w

& &

5 5 -5
(=2)(=3) _ 23 _ 6

-5 5 5
2 3 2+3 5
5759 T3
2 3 2-3 -1
979- "9 ~— 9
4 2 4.34+5.2 22
5735753 T
4 2 4.3-5.2 2
5 3 5.3 15
2
3 2.7 25 25 10
753753 7°397°121
5
2 3 5 2.5 10
3=275=2 353 =3
5
2
3_2.,_21_12 _2
5 3735 3.5 15
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Property 23 could be called the fundamental principle of fractions, which states
that multiplying or dividing both the numerator and denominator of a fraction by the
same nonzero number results in a fraction that is equal to the original fraction. Thus,

7 7-8 56
T
8 8

By Properties 28 and 23, we have
2 4 2-15+5-4 50 2-25 2

5T 515 7 325 3
We can also do this problem by converting - and X 15 into fractions that have the same
denominators and then using Property. 26. The fractions 2 g and % can be written with
a common denominator of 5 - 15: '

2 2-15 4 4-5
d

57515 ™ 157155
However, 15 is the least such common denominator and is called the least common
denominator (LCD) of and % 4 . Thus,

2 4 23 4 6. 4 6+4 10 2

5 15 5.3 15 15 15 15 15

Similarly,
3.5 _33 52 P
8§ 12 8.3 12.2
9 10 _9-10 ”
T24 247 24
1
T4

PROBLEMS 0.2

In Problems 1-10, determine the truth of each statement. 18. 54+7)=5(T+4)
1. Every real number has a reciprocal. 19. 2+ ab=2b+ba
2. The reciprocal of% is % 20. (=D(=3+4 = (D=3 + (D) '
1 In Prob{ems 20-26, show that the statements are true by using
3. The negative of 7 is ~—~. properties of the real numbers.
4. 16y =(1-0(1-y) 21 20 = T) = 2y — 1
5. —xdy=—y+x 22. (a—b)+c=a+(c—b)
6. (x+2)(4) =4x +8 23 Y@ =2x+2y
i+2 x x 3x 24. alb+ (c + d)] = af(d + b) + ¢]
7. J:)f =3+1 8 3("):2‘ 25. x[(2y + 1) + 3] = 2xy + 4x
9. 2(x-y) = (2x) - (2y) 10. x(4y) = 26. 14+a)b+c)=b+c+ab+ac
In Problems 11-20, state which properties of the real numbers are 27. Show that x(y — z + w) = xy — xz + xw.
being used. [Hint:b+c+d=0b+c)+d]
11 2(x +y) = 2x + 2y ‘ Simplify each of the following, if possible.
12 (x+5)+y=y+&+5) 28, —2 4 (—4) 29. —a+b 30. 6+ (—4)
13. 2(3y) = (2-3)y 3. 7-2 32. 7—(-4) 33. —5—(—13)
14. 2 = I .a 34, —(—a)+(—b) 35. (=2)9) 36. 7(—9)
15. g(b __ba) = (a — b)(=5) 37. (—2)(—12) 38. 19(—1) 39. ——:%
16. y+(x+») =0 +x)+y a
17. 8—y =8+ (—y) ) 40. —(—6+7x) 41. —7(x) 42, —12(x —y)




43. —[-6+(=y)] 44. —3+3a
46. (—a) = (~b)  47. 2A(~6+2)
49. (—a)(=b)(=1) 50. (—12)(=12)
52. 3(x —4) 53. 45+ x)
1
55. 0(—x) 56. 8 (ﬁ)
14x 2x
5. o7 59. =
61. 2(3b) 62. (5a) (l)
c 5a
6. 2.1 65. 2.2
b ¢ Xy
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5. =9+ (— 3. 7 a ¢
45. =9+ (=27) 6. > 42 68. — — — 69. L+
48. 3[-2(3) + 6(2)] 274 10 15
51. X(1 X Y 3 1 1 2

M 70, o — 2ty 203
54. —(x —y) V3005 2 46 5 8
5 —x
57. 2 6 ! -
! 73. + 74, W 75. %
60 2 1 ~ m 2
. -5 . ; y l}’
—aby 7 0 0
76. — 77. = 78. —
63. —ax 0 1T 0
1 1
66. 3 -+ §

Objective

To review positive integral exponents,
the zero exponent, negative integral
exponents, rational exponents,
principal roots, radicals, and the
procedure of rationalizing the
denominator.

cauTion\

Some authors say that 0° is not defined.
However, 0° = 1 is a consistent and often
useful definition.

0.3

Exponents and Radicals

The product x - x - x of 3 x’s is abbreviated x>. In general, for n a positive integer, x" is
the abbreviation for the product of 1 x’s. The letter n in x" is called the exponent, and
x is called the base. More specifically, if » is a positive integer, we have

tLaxl=xx.2-:--- be 2xlf=—c=-—— o forxz£0
S e ; Xt X exXax e X o
 nfactors | e ’ ‘
.. : n factors
3. — =" forx#0 ' '
Exponents
AN AVAYAYA R
"\2) T \2/\2/\2/\2) 16
1 1 1
b3’ == —— =
3 3.3.3.3.3 243
! 5
C. :—3':'5- =37 =243
d 2°=1,"=1,(-5"=1
e. x!l =x

Now Work Problem 5 <

If r* = x, where n is a positive integer, then r is an nth root of x. Second roots,
the case n = 2, are called square roots; and third roots, the case n = 3, are called cube
roots. For example, 3% = 9, so 3 is a square root of 9. Since (—3)?> = 9, —3 is also a
square Toot of 9. Similarly, —2 is a cube root of —8, since (—2)° = —8, while 5 is a
fourth root of 625 since 5* = 625.

Some numbers do not have an nth root that is a real number. For example, since
the square of any real number is nonnegative: there is no real number that is a square
root of —4.

The principal nth root! of x is the nth root of x that is positive if x is positive and is
negative if x is negative and n is odd. We denote the principal nth root of x by &/x. Thus,

.~ | positive if x is positive
»\/JE 1S . . . . .
negative if x is negative and » is odd

10ur use of “principal nth root” does not agree with that in advanced books.
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cauTioN\

Although both 2 and —2 are square roots
of 4, the principal square root of 4 is 2,
not —2. Hence, v/4 = 2.

cauTion\

‘When computing x™/", it is often easier
to first find &/x and then raise the result
to the mth power Thus,

(—27)*3 = (J=27)* = (—3)° = 81.

For example, /9 = 3, /=8 = —2, and f/

5 = =1 We deﬁnef 0.

The symbol /x is called a radical. Here 7 is the zndex x is the radicand, and Jis

the radical sign. With principal square roots, we usually omit the index and write ./x

instead of &/x. Thus, /9 = 3.

If x is positive, the expression x”/9, where p and ¢ are integers, with no common

factors, and ¢ is positive, is defined to be /x”. Hence,

314 = 3. 823

4-12

=2 =64 =14

Here are the basic laws of exponents and radicals:?

Law Example(s)
1 x™ . x" =y 2229 =28=256;x .5 =X
2. %=1 20=1
L a1 _1
¢ - xn - 23 - 8
I 1 3 1 5
4. ;:'7 5:5 == = 8; x_§ = x°
‘fﬁ m—n __ 1 212 4 . xS 1
5 xn X -.xn—m _ég-zz 216’;{5_-:;
m 4
6- x— = -2—— = 1
xm 24
7. (XY = ™" (23)5 = 215; (x2)3 = x5
8. ()" =x"y" 2-43=23.43=8.64=512
9. (£>n=£ 2\’ _2°_ 8
y,oy 3) 327
0. (2) =2 ENEARE
¥ X 4 3 9
11. x'/m = o/x 315 — 3
1 1
12, 5= = ap_ L1 1
Xim = ok 4 SIR TG
13. Jxyfy = Jf Y92 = Y18
3
14. “/_ v _ N _
710 10
15. {/x 'x"/’ V2= 52
16. xm/n — J;ﬂ — (%)IN 82/3 — '\3/8_2 — (»\3/-8_)2 = 22
17. (Yx)" ==x W1E =1
Exponents and Radicals
2618 = H6+8 — 14

Ar’adb = ABaPb*b! = b3

=5 — 115 _ .6
s e
PP =7 =2
/2 = 1172 = 302

2Althc»ugh some laws involve restrictions, they are not vital to our discussion.
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b. By Law 16,

4
3
-8
(«3/2_7 Laws 16 and 14
—9\*
-3
(=2)* 16
= I Law 9
34 81
d. (64a*)*3 = 64*/3(a®)*/3 Law 8
= (J64)a? Laws 16 and 7

= (4%a* = 164>
Now Work Problem 39 <
Rationalizing the denominator of a fraction is a procedure in which a fraction

having a radical in its denominator is expressed as an equal fraction without a radical
in its denominator. We use the fundamental principle of fractions, as Example 3 shows.

MPLE 3 Rationalizing Denominators
2 2 2512 2.5 25
d BTSSR sZEsE T 51 5
2 2 2 2. 33/6x1/6
b. s = 3. T 31/655/6  31/645/6 . 35/651/6
_2Fn)VS 2V/35%
- 3x T 3x

forx #0

Now Work Problem 63 <

The following examples illustrate various applications of the laws of exponents
and radicals. All denominators are understood to be nonzero.

Exponents

-2.3

x 7y
g forx %0,z #0.

a. Eliminate negative exponents in

—2..3
. X"y _
Solution: =X 2‘)’ i

z b

By comparing our answer with the original expression, we conclude that we can
bring a factor of the numerator down to the denominator, and vice versa, by chang-
ing the sign of the exponent. '
22y7
b. Simplify =— forx # 0,y # 0.
x°y

Solution: ‘x—3y"5' = ) == .
c. Simplify (x°y?)3.

Solution: @YY = (PP ) = 25540
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d. Simplify (x*/°y*/3)!8,

Solution: (9318 — (x5/9) 184318 — 10,24

y
x/3y6/5 5
e. Simplify <-—§/5—> forz # 0.
z
1/5.,6/5\ 3 1/5,,6/515 6
Solution: (x Y ) = & 7y ) -
2215 (22/5)3 22
2 %8
f. Simplify — + = forx #0,y #0.
y oy
3 6 3 5 3
Solution: ]iz. s fo_ A
oy oy 8

Now Work Problem 51 <

Exponents

a. Forx = 0 and y s 0, eliminate negative exponents in x~! + y~! and simplify.

11

+x
x'1+y"’=—+~=y
x Yy

xy

Solution:

b. Simplify x*/? — x!/? by using the distributive law.

Solution: B2 X2 =512 — 1)

¢. For x # 0, eliminate negative exponents in 7x™2 + (7x) 2.

. 7 1 7 1
Solution: Tx 2 4+ (Tx) 2 = — o = —
AT = et e T e T e
d. Forx # 0 and y $ 0, eliminate negative exponents in (x~! — y~1)~2,
-2 -2
Solution: G-y 2= <l _ l) _ (y —x>
x Y Xy
2 2.2
(w VL Ay
(%) <57

e. Apply the distributive law to x?/>(y!/2 + 2x5/3).

Solution:

xZ/S(yl/Z 4 2x6/5) — x2/5y1/2 + 2x8/5
Now Work Problem 41 <

Radicals

a. Simplify +/48.

Solution:

b. Rewrite /2 -+ 5x without using a radical sign.

Solution:

V24 5x = 245017

35,
c. Rationalize the denominator of —— and simplify.

76

Solution: V2 2W.e 2B6IV (261N N/23610

Y6 6B.623 6 6 6
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20
d. Simplify £
NG
V20 [20
Solution: - [ =4=2
. 7 5
Now Work Problem 71 <
' Radicals
a. Simplify v/x6y*. T
Solution: Vxoy* = J23yly = Y623 - 3 - I
= nyw
N 2
b. Simplify \/; .
Solution: \/2 = 2—-7- = -lj = @ = __'14
7 V711 VT T

c. Simplify +/250 — +/30 + 15+/2.
Solution: /250 — v/50 + 15+/2 = /25 - 10 — /25 - 2 + 15+4/2
= 5410 — 52 + 15v2

= 5+/10+ 10v/2
d. If x is any real number, simplify N2
Solution: J2=1* }fx >0
—x ifx<0

Thus, +/22 = 2 and /(—3)2 = —(=3) = 3.
Now Work Problem 75 <

PROBLEMS 0.3 ¢
In Problems 1-14, simplify and express all answers in terms of
positive exponents.

In Problems 29-40, simplify the expressions.

3 3/ 3
1. (2329 2. X6 3. da? 29. /50 30. 754 3. v
) < XX 32. Vix 33. /25)° 34, =
4. %z 5. ;%;% 6. (x12)* Vax Y =
3
, @ s (Y 0. (2,253 35. 24/8 — 5427 + /128 36. =
Ty T\l - (XY 13
23\ 2 9 2\ 37. 99" 38, (27x)¥3
wos X ~.f 2a 3 2/3 —3/4
10. 11. — 12, (=t 27t 256
( yz ) x5 (7b5) 39. ('—'é-—) 40. (;2—
oy PPy
C A 14. o3y ‘ In Problems 41-52, write the expressions in terms of positive

exponents only. Avoid all radicals in the final form. For example,
In Problems 15-28, evaluate the expressions.

15. v25 16. /81 17. J=128 W .
18. ~/0.027 19. % 20. \/j% . g
21. (49)\2 22. (64)\ 23, 2723 41. afz 42. Y0 43 2272
24. (9)-5/2 25. (325 26. (0.09)"1/2 - 6. (312 46, G-zt

1\*3 "27 473
27. (5;)-> 28. <—a) 47. /512 48. (x°ryH— 49. Jx— 3
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—2.,-6,,,3 o/
50. E._v__slv_. 51. x2 4/xy—223 52, Ya3p2a5p? 71. __:%?j 72 {[(3&3)2]“5}“2
v
In Problems 53-58, rewrite the exponential forms using radicals. 73 30 - ’ @
53. (a+b—c)* 54. (ab*c®)* (3-3x13y=3y2 " Yz
> x_4,z p s s6. 2¢'7 1‘/3(?33”2 75, Y7 76. (/3)°
—3/5 __ — -3
37 3w (3w) 58. (G7)) 77, 32(32)~5 78. (Ja2by
In Problems 59-68, rationalize the denominators. 3
6 3 4 79. (2x~1y?y? 80.
59. — 60, — 6l. —— SN
7 7 N Sz
Yy 1 2 81. J/x/x%y3 /xy? 82. J75k*
62. —— 63. 64.
V2 V2a Wy g3, [@V7CN 84. J/7(0)
V12 V18 72 T (a7t |
65. —ﬁ 66. 7_5 67. " 55 (X2)3 x3 2
a 85. — +[ . 2] 86. /(—6)(—6)
A = )
68. — 852
2 87. — 5 88. (F*y~* /2
In Problems 69-90, simplify. Express all answers in terms of ” 9 3 1
positive exponents. Rationalize the denominator where necessary 89. (3r°y* +2y°27%) 90. e N2
to avoid fractional exponents in the denominator. Va2x~?
3 V1623

69. 2x2y—3x*

S ous2yl2

Objective

To add, subtract, multiply, and divide
algebraic expressions. To define a
polynomial, to use special products,
and to use long division to divide
polynomials.

cauTion]\

The words polynomial and multinomial
should not be used interchangeably. A
polynomial is a special kind of
multinomial. For example, /X + 2 is a
multinomial, but not a polynomial. On
the other hand, x 4 2 is a polynomial and
hence a multinomial.

0.4 Operations with Algebraic Expressions

If numbers, represented by symbols, are combined by any or all of the operations of
addition, subtraction, multiplication, division, exponentiation, and extraction of roots,
then the resulting expression is called an algebraic expression.

Algebraic Expressions

[3x% — 5x -2
a. —x——l—ox— is an algebraic expression in the variable x.
—X

5
b. 10—-3./y+ I is an algebraic expression in the variable y.
32
3
c. W + 2 is an algebraic expression in the variables x and y.
y

<

The algebraic expression 5ax® — 2bx + 3 consists of three terms: + Sax?, —2bx,
and +3. Some of the factors of the first term, 5ax, are 5, a, x, x2, x3, 5ax, and ax?. Also,
5a is the coefficient of x>, and 5 is the numerical coefficient of ax3. Ifaand b represent
fixed numbers throughout a discussion, then a and b are called constants.

Algebraic expressions with exactly one term are called monomials. Those having
exactly two terms are binomials, and those with exactly three terms are trinomials.
Algebraic expressions with more than one term are called multinomials. Thus, the
multinomial 2x — 5 is a binomial; the multinomial 3./y + 2y — 4y* is a trinomial.

A polynomial in x is an algebraic expression of the form?

-1
Xt ey X s eix g

where 7 is a nonnegative integer and the coefficients cg, ¢y, ..., ¢, are constants with
cn # 0. We call n the degree of the polynomial. Hence, 4x* — 5x?+x—2 is a polynomial

3The three dots indicate all other terms that are understood to be included in the sum.
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in x of degree 3, and y° — 2 is a polynomial in y of degree 5. A nonzero constant is a
polynomial of degree zero; thus, 5 is a polynomial of degree zero. The constant 0 is
considered to be a polynomial; however, no degree is assigned to it.

In the following examples, we illustrate operations with algebraic expressions.

MPLEZ Adding Algebraic Expressions

Simplify (3x%*y — 2x + 1) + (4x%y + 6x — 3).

Solution: We first remove the parentheses. Next, using the commutative property of
addition, we gather all similar terms together. Similar terms are terms that differ only
by their numerical coefficients. In this example, 3x%y and 4xy are similar, as are the
pairs —2x and 6x, and 1 and —3. Thus,

(Bx?y — 2x 4+ 1) + @xy + 6x — 3) = 3x%y — 2x + 1 + 4x%y + 6x — 3
=32y +4x’y —2x+6x+1—3
By the distributive property,
3x2y + 4x2y =G+ 4)x2y = 7x2y
and
—2x% +6x = (—2 + 6)x = 4x
Hence, (3x%y — 2x + 1) + (4x%y 4+ 6x — 3) = Tx?y + 4x — 2
Now Work Problem 3

MPLE3 Subtracting Algebraic Expressions

Simplify (3x%y — 2x + 1) — (4x?y + 6x — 3).
Solution: Here we apply the definition of subtraction and the distributive property:
(Bx%y —2x + 1) — (4x%y + 6x — 3)
= (3x%y — 2x + 1) + (= 1)(@x%y + 6x — 3)
= (3x%y — 2x + 1) + (—4x?y — 6x + 3)
=3x*y —2x+1—4x’y —6x+3
=3xy —4x’y —2x —6x+1+3
=@ -4’y +(—2—6x+1+3
=—x’y—8x+4
Now Work Problem 13 <

L@ Removing Grouping Symbols

Simplify 3{2x[2x + 3] + 5[4x? — (3 — 4x)]}.

Solution: We first eliminate the innermost grouping symbols (the parentheses). Then
we repeat the process until all grouping symbols are removed—combining similar terms
whenever possible. We have

3{2x[2x + 3] + 5[4x* — (3 — 4x)]} = 3{2x[2x + 3] + 5[4x% — 3 + 4x]}
= 3{4x? + 6x + 20x* — 15 + 20x}
= 3{24x% + 26x — 15}
= 72x* + 78x — 45
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Observe that properly paired parentheses are the only grogping symbols needed.
3{2x[2x + 3] + 5[4x* — (3 — 4x)]} = 3(2x(2x + 3) .4:‘5(4x2 — (3 —4x)))
The optional use of brackets and braces sometimes adds clarity.
Now Work Problem 15 <

The distributive property is the key tool in multiplying expressions. For example,
to multiply ax + ¢ by bx + d we can consider ax + c to be a single number and then
use the distributive property:

(ax + c)(bx + d) = (ax + ¢)bx + (ax + c)d
Using the distributive property again, we have
(ax + O)bx + (ax + c)d = abx* + cbx + adx + cd
= abx’ + (ad + cb)x + cd

Thus, (ax + c)(bx + d) = abx? + (ad + cb)x + cd. In particular, if a = 2,b = 1,
¢=23,andd = —2, then

C(2x +3)(x — 2) = 2(1)x7 + [2(=2) + 3(D)Ix + 3(-2)
=2%%—x— 6

We now give a list of special products that may be obtained from the distributive
property and are useful in multiplying algebraic expressions.

gyspemal Products -
1. x(y+z) xy—l—xz |

1. _ distributive property
zu+@@+m_x+m+mmmb - . '
3 (ax + o) (bx +d) = abx® + (ad + cb)x + cd
§4.‘,(x+a)2-x-+2ax+a-' . - squaieofasﬁm
5. '(x —a)’ = x“'— 2ax + at - square ofa dlfference
6. (x + a)x — a) = a2 , , - product of sum and d1ffe1ence
‘A7.5;(x, + a)3 —x; + 3ax2 + Saixi—{# a3 o ,kf,;cube ofasum
8. x—ay= 2 -3 +3a%—a® : , cube of a dlfference

Special Products

a. By Rule 2,
(x+2)(x —5) = [x + 2][x + (-=5)]
=224+ @2 - 5x+2(-5)
=x*—3x—10
b. By Rule 3,
| Get S Te44) = 3- T2+ (B 4+5-Tie+5-4
= 217>+ 47z + 20
¢. By Rule 5,

(x —4)? = x> = 2(4)x + 42
=x* —8x+16
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d. By Rule 6,
WP IV +T-3) =+ 1) -3
=0’+1)-9
= y?' — 8
e. By Rule 7,

Gx+2)° = Gx)P + 3(2)(3,@-)2 +3(2)%(3x) + (2)°
= 27x> + 54x> + 36x + 8
Now Work Problem 19 <

6 Multiplying Multinomials

Find the product (2¢ — 3)(5¢> + 3t — 1).

Solution: We treat 27 — 3 as a single number and apply the distributive property twice:

(2t — 3)(58> + 3t — 1) = (2t — 3)58> + (21 — 3)3t — (2t — 3)1
=108 — 152 + 612 — 9t — 21 + 3
=108 — 92 — 111 +3
Now Work Problem 35 <

b b

In Example 3(b) of Section 0.2, we showed that a+ =4 -+ —. Similarly,
—b b c c <

a =2_ —. Using these results, we can divide a multinomial by a monomial by
c c

c
dividing each term in the multinomial by the monomial.

MPLE 7  Dividing a Multinomial by a Monomial

B+3x ¥ 3x
a.

:——+—-—:—:x2+3
X X X
b4z3—822+31—6_4z3 822 3z 6
) 2z T2z 2: 2z 2z
3 3
2222—4Z+§—E

Now Work Problem 47 <

Long Division

To divide a polynomial by a polynomial, we use so-called long division when the degree
of the divisor is less than or equal to the degree of the dividend, as the next example
shows.

Long Division

Divide 2x3 — 14x — 5 by x — 3.

Solution: Here 2x* — 14x — 5 is the dividend and x — 3 is the divisor. To avoid errors,
it is best to write the dividend as 2x* + 0x*> — 14x — 5. Note that the powers of x are in
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decreasing order. We have
2x2 + 6x + 4 < quotierit
divisor — x — 3)2x° + 0x® — 14x — 5 <« dividend

23 — 622
6x% — 14x
6x% — 18x
dx -5
4x — 12

7 <« remainder

Note that we divided x (the first term of the divisor) into 2x* and got 2x. Then we
multiplied 2x* by x — 3, getting 2x> —6x2. After subtracting 2x> — 6x? from 2x° + 0x?,
we obtained 6x® and then “brought down” the term —14x. This process is continued
until we arrive at 7, the remainder. We always stop when the remainder is O or is a
polynomial whose degree is less than the degree of the divisor. Our answer can be
written as

2%% + 6x + 4 +
x—_

That is, the answer to the question
dividend 0

divisor
has the form
. remainder
quotient + ———r——
divisor
A way of checking a division is to verify that
(quotient)(divisor) 4 remainder = dividend
By using this equation, you should be able to verify the result of the example.

Now Work Problem 51

PROBLEMS 0.4 <

Perform the indicated operations and simplify. 19. x+Hx+5) 20. (u+2)(u+5)
1. Bx—4y+2)+(Bx+2y—5) 21, (w+2)(w—5) 22 x—Dx+T7)
2. (4a® —2ab +3) + (5¢ — 3ab +7) 23, (2x+3)(5x +2) 24, (t —5)2r+7)
3. (82 — 65%) + (45> — 2> + 6) 25. (X +27) 26. (2x — 1)
4. (VX + 2%+ (VT +3/7) 27. (7—Xy 28. (Vx—D2Vx+5)
5. (va+2+/3b) — (Ve — 3+/3b) 29. (/3x +5) 30. (7 -3)(/F+3)
6. 3a+7b—9)— (5a+9b+21) 31. @2s—1D@2s+1) 32. (a® 4+ 2b)(d® — 2b)
7. (7% + 5xy + +/2) — 2z — 2xy + +/2) 33. (22 =3)x +4) 34, (x+ D2 +x+3)
8. (Vx+2x) = (vx+3/x) 35 2 -G +2x—1) 36. (3y — 2)(4y® + 2 — 3y)
9. (VX4 +/2y) = (Vx++/32) 37. 13t +2)(t — 4) + 531t — N1}
10. 4(2z —w) — 3(w — 22) - 38. [(2z+ 1)(2z — DIE2 + 1)
11. 3G3x+3y —7) —3(8x — 2y + 2) 39. (x+y+2DBx+2y—4)
12, (4s—50) + (=25 =50+ (s +9) 40. (2 +x+1) » 41. (2a+3)
13. 5(:2 — y) + x(y — 3x) — 4y(2x + Ty) 42. (2a -3y 43. (2x -3y
14, 2 — [3+4(s — 3)] 4. (x+29)° 45, 18
15. 2{3[3(:2 +2) — 2% — 5)]} 2 —Tx 4 615 + 9 — 1
16. 43( +5) — f[1 — (¢ + D]} 6. ———— R
17. <2032 Qu+2) —2(* — (5 - 2u))) 48, By—4— 09y +5)
18. —{—3[2a +2b — 2] + 5[2a + 3b] — a[2(b + 5)]1} 3y




49, (> +5x -3+ (x+5)
50. P —5x+4)+(x—4)
5t B — 2% +x—3)+ (x+2)
52, (434D +(x+1)
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53. 83+~ (x+2)

54. (6x* +8x+ 1)+ (2x+3)
55. 3x2 —4x+3)+-(3x+2)
56. (P+2+)+ @ —z+1)

Objective

To state the basic rules for factoring

and apply them to factor expressions.

0.5 Factoring

If two or more expressions are multiplied together, the expressions are called factors of
the product. Thus, if ¢ = ab, then a and b are both factors of the product c. The process
by which an expression is written as a product of its factors is called factoring.

Listed next are rules for factoring expressions, most of which arise from the special
products discussed in Section 0.4. The right side of each identity is the factored form
of the left side.

2 k%%—(ajt b)x+ab--; e

3. abx? + (ad + cb)x+cd (ax +c bx +d) - ,

4. ‘kx“ '+ Zax +’a“ 20 (x + a)-,; - ,pexfect-square trmomlal
¢'5f5.“"x —2ax +i lz* (x — a)~ , . ~perfect—squme tmnomlal

6. X% —a*=(x + a)(x — a) - “ - ,;dlfference of two squares

i 7.fx +a = (x+a)(x—~ - ax—{—a*) - . sum oftwo cubes ,
5' 8‘."x3,- Zz = (x - a)(l + ax + a") - dlfference of two cubes -

When factoring a polynomlal we usually choose factors that themselves are poly-
nomials. For example, x> —4 = (x+2)(x—2). We will not write x—4 as (Vx+2)(/x~2)
unless it allows us to simplify other calculations.

Always factor as completely as you can. For example,

2% —8 =20 —4) =2(x + 2)(x — 2)
Common Factors

a. Factor 3k%x* + 9k*x completely.

Solution: Since 3k%x*> = (3k%x)(x) and 9%°x = (3k%x)(3k), each term of the
original expression contains the common factor 3k%x. Thus, by Rule 1,

3k%x% 4 9k3x = 3K%x(x + 3k)

Note that although 3k%x*+9k3x = 3(k%x*+3k’x), we do not say that the expression
is completely factored, since k%x? + 3k3x can still be factored.

b. Factor 845x%)3 — 6a2B3yz — 2a*b*xy2 completely.
Solution: 8a%x 2y3 — 6a’b3yz — 2a*b*xy*e = 2a%y(4a*x%y? — 3%z — a*b*xyz?)
Now Work Problem 5 <

Factoring Trinomials

a. Factor 3x* + 6x + 3 completely.

Solution: First we remove a common factor. Then we factor the resulting expres-
sion completely. Thus, we have
3x* +6x+3 =302 +2x+1)
» =3+ 1)? Rule 4
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PROBLEMS 0.5

b. Factor x> — x — 6 completely.

Solution: If this trinomial factors into the form (rxt“"r}- a)(x + b), which is a
product of two binomials, then we must determine the values of a and b. Since
(x + a)(x + b) = x*> + (a + b)x + ab, it follows that

24+ (—Dx+(—6) =x>+ (a+b)x + ab
By equating corresponding coefficients, we want
a+b=-1 and ab=-—6
If a = —3 and b =2, then both conditions are met and hence
P ex—6=(-3)x+2)

As a check, it is wise to multiply the right side to see if it agrees with the left side.
¢. Factor x> — 7x + 12 completely.

Solution: X=Tx+12=x—-3)(x—4)

Now Work Problem 9 <

. Factoring

The following is an assortment of expressions that are completely factored. The numbers
in parentheses refer to the rules used.

a. x> +8x+ 16 = (x +4)2 4)
b. 9x> +9x+2=03x+ DBx+2) (3)
c. 6y3+3y2~18y=3y(2y2+y—6) (1)
=3y(Zy —=3)y +2) (3)

d. x2 —6x+9=(x—3) (5)
e. 24+ 221 = 7141 + 2) (D
L xt—1=02+DE?-1) (6)
=+ DE+DE—-1) (6)

g X3 — 5513 14 = 1P — 1)1 - 4) (2)
h. ax? — ay? + bx® — by? = a(x® — y*) + b(x? — y?) (D, (1)
= (> —y)a+b) )

= @x+y)x—y)Na+Db) (6)

8- =P -l =0Q2-x)@d+2x+x) (8)
Jo 20 =30 =@ - 7P = @@ +y) -y 6)
= (x + )(* — xy + y)HE — Y+ xy +y2) (7).(3)

<

Note in Example 3(f) that x> — 1 is factorable, but x2 + 1 is not. In Example 3(h),

note that the common factor of x> — y* was not immediately evident.

Factor the following expressions completely. 9. p>+4p+3 ' 10. s> —6s-+8

1. 5bx +5b 2. 6y -4y 11. 25y% —4 o122 42x—24
3. 10xy + 5xz 4. 3x%y — 9%y 13. @ +12a 435 14. 47 — 952

5. 8a3bc — 12ab3cd + 4b*cd? 15. 2> +6x+9 16. 2 — 18t + 72
6. 5r2st2 + 1073528 — 150212 17. 5x2 +25x + 30 18. 32 412 — 15
7. 249 8. x’—x—6 19. 3x2 3 20. 9y — 18y +8




21. 5x% +16x+3

23. 125° 4 10s* — 8s

25. ut3y — 4155

27. 2% 4+ 2x% — 12x

29. (4x +2)°

31 x3y? — 16x%y + 64x
33. (& —4x0)+ B8~

36. Pu — 3tu -+ 2w — 3w
37. b+ 64

22
24.
26.

28.
30.

32.
34.

35. (0 + 8y® + 16y*) — (? + 8y + 16)

(5x% +2x) + (10x + 4)

Section 0.6 Fractions 21

42 —x -3 39. x6—1 40. 27 + 8
9z% + 30z + 25 41, (x+ 4P —2) + (x + 4)2(x — 2)?
4P —1 42. (a+5%@+ 12+ @+5%a+ 1)
2.7
x°y” —dxy+4 43. P(L+r)+ P +r)r
20%(2x — 427y A+n+pPd+n

44. (X —-3DGBX +5I) —(BX +5DH(X +2I)

45, x* - 16 46. 256y* — *
2 D+ 2y 2
(=Dt -x=2) 47. ¥ — 1 48. 1 —4
49, X4 4+ 4X% 5 ) 50. x* — 102 4+9
51. a*b — 8a*h + 16b 52, 4x3 — 6x% — 4x

38. ¥ —1

Objective

To simplify, add, subtract, muitiply, and
divide algebraic fractions. To rationalize

the denominator of a fraction.

0.6 Fractions

Students should take particular care in studying fractions. In everyday life, numerical
fractions often disappear from view with the help of calculators. However, understand-
ing how to manipulate fractions of algebraic expressions is an essential prerequisite for
calculus. Most calculators are of no help!

Simplifying Fractions

By using the fundamental principle of fractions (Section 0.2), we may be able to simplify
algebraic expressions that are fractions. That principle allows us to multiply or divide
both the numerator and the denominator of a fraction by the same nonzero quantity.
The resulting fraction will be equal to the original one. The fractions that we consider
are assumed to have nonzero denominators. Thus, all the factors of the denominators
in our examples are assumed to be nonzero. This will often mean that certain values
are excluded for the variables that occur in the denominators.

Simplifying Fractions

X—x—6
. Simplify —————,
G S
Solution: First, we completely factor both the numerator and the denominator:
2—-x—6 _ r=3)x+2)
2—Tx4+12  @x—-3)x-4)
Dividing both numerator and denominator by the common factor x — 3, we have
G=3)x+2) 1x+2) x+2
. G- —4 1x—-4 x—4
Usually, we just write

forx #£ 3

1

2—x—6 =3+ 2) _x+2

¥ —Tx+12 —3x—-4) x-4
1

or
F=x—6  (x—=3)x+2) x+2

2—Tx+12  (x—-3)x—4) x-4

The process of eliminating the common factor x — 3 is commonly referred to as
“cancellation.” We issued a blanket statement before this example that all fractions

are assumed to have nonzero denominators and that this requires excluding certain
values for the variables. Observe that, nevertheless, we explicitly wrote “for x 7 3”.

forx #£ 3
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The simplified expression is defined for
x == 1 but since the original expression
is not defined for x = 1, we explicitly
exclude this value.

Note that we explicitly excluded the
values which make the “cancelled
factors™ 0. While the final expression is
defined for these values, the original
expression is not.

In short, to divide by a fraction we invert
the divisor and multiply.

Why did we write “for x # 177

2
This is because the expression to the right of the equal sign, )id,’ is defined for
x—

x = 3. Its value is —5 but we want to make it quite clear that the expression to the
left of the equal sign is nof defined for x = 3.
2x? + 6x — 8
8 —4x —4x2
2% +6x—8 20 +3x—4) 2(x—-Dx+4)
8—dx—4x2 4Q2-x—x2)  4(1-x)Q2+x)

_ 2x—DE+4)

T 22D - DI+

x+4

= ——— fi
Yo orx# 1

b. Simplify

Solution:

Now Work Problem 3 <

Multiplication and Division of Fractions

The rule for multiplying ;—;— by 2 is
a ¢ ac
b'd bd

Multiplying Fractions

a x x+3  x(x+3)
Tx+2 x=5 G+DE-5

X—dx+d 6P -6 [0 =276+ Dx ~1)]

24+2x—3 x24+2x-8  [(x+3)x— DI+ 4D —2)]
6=+ 1)
T 43+

forx #£1,2
Now Work Problem 9 <

To divide % by 2, where b # 0,d # 0, and ¢ # 0, we have

a
a ¢ _p _ad
bTdTCTh ¢
d
Dividing Fractions
a x ___x+3__ x _x—S__ x(x —5)
¥+2  x—=5 x4+2 x+3 @+E+3)
x—35 x—35
b, _x—-3:x—-3:x-5._1-= x—5
2x 2x x—3 2x 2x(x-—3)
1
4x
N B ST L U 4x(x — 1)
T2 a8r x2—1 2248x [(x+ D — DI2x(x +4)]
x—1 ‘
2
forx # 1

T a4
Now Work Problem 11 <




Rationalizing the mumnerator is a similar
procedure.

Why did we write “for x 5% 277
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Rationalizing the Denominator

Sometimes the denominator of a fraction has two terms and involves square roots, such
as 2 — /3 or +/5 + +/2. The denominator may then be rationalized by multiplying by
an expression that makes the denominator a difference of two squares. For example,

4 4 V542
G3+v2 52 3-42
_ 45=v2)  45-V2)
S WAR-(2R T 52
A5 -2)
3
MPLE4 Rationalizing Denominators

WX x _Ji+6___x(ﬁ+6)
V2—6 V2-6 246 (V2P -6
_x(V2+6) _ x(+/2+6)

236 34
V5-v2 5-42 J5-42
" VaHVZ V542 5-42

_(5-V2 5-24542+2  7-2/10
S 5-2 3 -3

Now Work Problem 53 <

Addition and Subtraction of Fractions

b b
In Example 3(b) of Section 0.2, it was shown that 4 e at
c ¢

. That is, if we add

c
two fractions having a common denominator, then the result is a fraction whose denom-
inator is the common denominator. The numerator is the sum of the numerators of the

original fractions. Similarly, £ — g =2 b

MPLE5 Adding and Subtracting Fractions

. PP=5 3p+2 @ -5+0Gp+2)
" p-2 p-2 p—2
_pPP+3p-3
“-—_p—z
b~.gc2—5x+4 x4 2x =D —4) x(x+2)
a2+ 2x—3  x245x4+6 (x—DE+3) G+2DE+3)
x—4 X (x—4)—x 4
- — == o f —2,1
x+3 x43 x+3 x+3 orx #
. X24+x—5 x*-2 —4x 4 8 _x2+x-5 x2—2+ —4
Cox—17 x—7 x2—9%x+14  x-7 x—7 x-17
P 4x—-5)— (2 —2)+(—4)
o x -7
X

-7
= =1 forxs#2
x—1

Now Work Problem 29 <
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To add (or subtract) two fractions with different denominators, use the fundamental
principle of fractions to rewrite the fractions as fractions thathave the same denominator.
Then proceed with the addition (or subtraction) by the method just described.

For example, to find

' 2 3
x3(x —3) + x(x — 3)?
we can convert the first fraction to an equal fraction by muitiplying the numerator and
denominator by x — 3:

2x—3)
X3(x —3)?
and we can convert the second fraction by multiplying the numerator and denominator
by x?*: .

3x?
x3(x — 3)?
These fractions have the same denominator. Hence,
2 3 2(x —3) 3x?
Bx—3)  xx-32 BG-32  Ba-3)2
32 4+2x—6
- x3(x — 3)2

We could have converted the original fractions into equal fractions with any common
denominator. However, we chose to convert them into fractions with the denominator
x3(x—3)2. This is the least common denominator (L.CD) of the fractions 2/[x3(x —3)]
and 3/[x(x — 3)?].

In general, to find the L.CD of two or more fractions, first factor each denomina-
tor completely. The LCD is the product of each of the distinct factors appearing in
the denominators, each raised to the highest power to which it occurs in any single
denominator.

MPLEGM Adding and Subtracting Fractions
4

1
3t+2 t—1
Solution: The LCD is (37 + 2)(r — 1). Thus, we have
t 4 (t—1) 43t +2)

Gt+2) -1 G420 -1) Gi+2t—1)

a. Subtract:

_(t—1)—4(3r+2)
T @Gt+e -1

et —12t—8 _ 2—13t—8
Gt+¢—-1 G+ -1

b. Add:——4—+3.
g—1

Solution: The LCDis g — 1.

4 4 3(g—1
A s n (¢-1)
g—1 g—1 g—1
_4+4+3(g-1) 3q+1
- g-1  g-1

Now Work Problem 33 <
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AMPLE 7 Subtracting Fractions

x—2 x+2
2+6x+9 2(:2-09)
S B e o [LCD = 2(x + 3)%(x — 3)]
GE37 206+ 3x—3)
6 =2)D)x—3) x+2x+3)

TG —3) 2+ 3@ —3)x+3)
=2 —3)— (x+2)(x +3)
o 2(x + 3)%2(x — 3)
_ 2(x* —5x46) — (x> + 5x +6)
- 2(x +3)%(x — 3)
2% - 10x+12—x2-5x—6
2(x + 3)2(x ~3)

_ X2 —15x+6
T2+ 3)%(x —3)

Now Work Problem 39 <

Combined Operations with Fractions

Example 8 is important for later work.
Note that we explicitly assume /1 # 0.

1 1

Simplify _)_c_—!—_l]z_x_’ where i # 0.
1

Solution: First we combine the fractions in the numerator and obtain

1 1 X x+h x—{x+h)
x+h_;_JC(x+h)“x(x+h)_ x(x+h)
h o h h h
—h
_x(x+h) —h _ 1
- h - x(x + A h _x(x + h)
1

Now Work Problem 47 <

PROBLEMS 0.6
In Problems 1-6, simplify. 1 242 X —x—6
at—9 x2=3x—10 3 x2—9x 420 " 3x2—18x+24 T A2 —4dx+4
" a’—3a Tox2—4 T x4 x—20 X2 352 15u
3x% — 27x 424 1552 +x =2 122 —19x+4 . 8 1 X 15
"3 —16x2 4+ 14x T 32 +20x—7 622 —17x+ 12 X x 3u
14 v
In Problems 7-48, perform the operations and simplify as much as 4
possible. c+d 4x
. Y -l g £=9 7 16. —<— 17. -% 18. 535
y—3 y+2 TP243t 2 —614+9 € 2
2 2 2 2c 2x
ax—b c—x a* ~b* @ —2ab+ b’ 5
9. . 10. . 21r
x—c ax+b ) .a—b 2a+2b 9,3 3 -3
2y 19. == 20, L 20—
1 2x—2 Lx —1: x -7 xt—Tx 412
x2=2x—8 " x2+5x+4 ’ 3 —
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X2 4+6x49 1053 2—x—6
2. X 2. x2—1 2. X2 - 43, (x~! —y)! 421L‘»‘ (@a+b71)?
x+3 5x x—4 2 x+3
2125 _3 S5+
x+1 x*4+2x—-3 45. 3x 46. 19
2 48y + 12 (x +3)? 429 x==
2 = 3 _ !

25, x7+9x+18 26. 4x —3 2. * +3x—4 3__1- x-=1 1
**—3x—10 Tx +21 2x—3 47 2x 45, CE5x+6 x+2
x2—2x—15 9 — 16x2 1—x2 -x+ x ) 3+x-7
6x%y + Txy — 3y 29, % +5x+6 x+2 3

28 XX +5y =5 x+3 x+3 In Problems 49 and 50, perform the indicated operations, but do

Oy +4x%y not rationalize the denominators.
xy—x-+4y—4 49 3 _i 50 x/x +_2__

30, L4 o 241 3 2 _ L Sr+h o Sx V3tx  Jx

x—1 x-1 t 3t " x3  x2
3 1 X In Problems 51-60, simplify, and express your answer in a form

33, 1 — x;\* 1 34. Y +s 35. o] + o that is ﬁ‘lee of radicals in the denominatoz:1
x+1 x-1 1 1 51. 52, ——

36'x—1—x+1 3. x2—2x—3+x2— 2+43 1-v2

38 4 3 X 53. _ﬂ_ 54, _3

"B Tx—4 22— 9x+4 V3-8 V6 ++/7
24/3 2
4 32 s, 23 s6. 23 _
T R V35 V31
3 x—3 4
B 57, 58. +
22 43x—2 3x2+5x—-2  3x-—1 5 4 5 2
59, - 60. .- —
41, (1 4+x~1y? 42, (x~1 4y71)? 243 1-42 Jr+3 4

Objective

To discuss equivalent equations and
to develop techniques for solving linear
equations, including literal equations
as well as fractional and radical
equations that lead to linear equations.

0.7 Equations, in Particular Linear Equations

Equations

An equation is a statement that two expressions are equal. The two expressions that
make up an equation are called its sides. They are separated by the equality sign, =.

MPLE‘I Examples of Equations

a x+2=3
b. x2+3x4+2=0

<

In Example 1, each equation contains at least one variable. A variable is a symbol
that can be replaced by any one of a set of different numbers. The most popular symbols
for variables are letters from the latter part of the alphabet, such as x, y, z, w, and r. Hence,
equations (a) and (c) are said to be in the variables x and y, respectively. Equation (d)
is in the variables w and z. In the equation x + 2 = 3, the numbers 2 and 3 are called
constants. They are fixed numbers.




Here we discuss restrictions on variables.

cauTion\

Equivalence is not guaranteed if both
sides are multiplied or divided by an
expression involving a variable.
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We never allow a variable in an equation to have a value for which any expression
in that equation is undefined. For example, in

y -
=6
y—4

y cannot be 4, because this would make the denominator zero; while in
x—3=09

we cannot have x — 3 negative because we cannot take square roots of negative numbers.
In some equations, the allowable values of a variable are restricted for physical reasons.
For example, if the variable g represents quantity sold, negative values of g do not make
sense.

To solve an equation means to find all values of its variables for which the equation
is true. These values are called solutions of the equation and are said to satisfy the
equation. When only one variable is involved, a solution is also called a root. The set of
all solutions is called the solution ser of the equation. Sometimes a letter representing
an unknown quantity in an equation is simply called an unknown. Let us illustrate
these terms.

Terminology for Equations

a. In the equation x + 2 = 3, the variable x is the unknown. The only value of x that
satisfies the equation is obviously 1. Hence, 1 is a root and the solution set is {1}.

b. —2is aroot of x? + 3x + 2 = 0 because substituting —2 for x makes the equation
true: (—2)? +3(=2) + 2 = 0. Hence —2 is an element of the solution set but in this
case it is not the only one. There is one more. Can you find it?

¢. w =7~ zis an equation in two unknowns. One solution is the pair of values w = 4
and z = 3. However, there are infinitely many solutions. Can you think of another?

Now Work Problem 1 <

Equivalent Equations

Two equations are said to be equivalent if they have exactly the same solutions, which
means, precisely, that the solution set of one is equal to the solution set of the other.
Solving an equation may involve performing operations on it. We prefer that any such
operation result in an equivalent equation. Here are three operations that guarantee
equivalence:

1. Adding (subtracting) the same polynomial to (from) both sides of an equation, where
the polynomial is in the same variable as that occurring in the equation.

For example, if —5x = 5 — 6x, then adding 6x to both sides gives the equivalent
equation —35x -+ 6x = 5 — 6x + 6x, which in turn is equivalent to x = 5.

2. Multiplying (dividing) both sides of an equation by the same nonzero constant.

For eicgmple,Sif 10x = 5, then diifiding both sides by 10 gives the equivalent
equaﬁon 1_0x = 0 equivalently, x = ok

3. Replacing either side of an equation by an equal expression.

For example, if the equation is x(x + 2) = 3, then replacing the left side by the
equal expression x> + 2x gives the equivalent equation x? 4 2x = 3.

We repeat: Applying Operations 1-3 guarantees that the resulting equation is equiv-
alent to the given one. However, sometimes in solving an equation we have to apply
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Operation 6 includes taking roots of both
sides.

operations other than 1-3. These operations may not necessanly result in equivalent
equations. They include the following: N

Operations That May Not Produce Equivalent
Equations

4. Multiplying both sides of an equation by an expression involving the variable.
5. Dividing both sides of an equation by an expression involving the variable.
6. Raising both sides of an equation to equal powers.

Let us illustrate the last three operations. For example, by inspection, the only root
of x — 1 = 01is 1. Multiplying each side by x (Operation 4) gives x> — x = 0, which is
satisfied if x is 0 or 1. (Check this by substitution.) But 0 does not satisfy the original
equation. Thus, the equations are not equivalent.

Continuing, you can check that the equation (x — 4)(x — 3) = 0 is satisfied when
x is 4 or when x is 3. Dividing both sides by x — 4 (Operation 5) gives x — 3 = 0,
whose only root is 3. Again, we do not have equivalence, since in this case a root has
been “lost.” Note that when x is 4, division by x — 4 implies division by 0, an invalid
operation.

Finally, squaring each side of the equation x = 2 (Operation 6) gives x> = 4, which
is true if x = 2 or if x = —2. But —2 is not a root of the given equation.

From our discussion, it is clear that when Operations 46 are performed, we must be
careful about drawing conclusions concerning the roots of a given equation. Operations
4 and 6 can produce an equation with more roots. Thus, you should check whether or not
each “solution” obtained by these operations satisfies the original equation. Operation
5 can produce an equation with fewer roots. In this case, any “lost” root may never be
determined. Thus, avoid Operation 5 whenever possible.

In summary, an equation may be thought of as a set of restrictions on any variable
in the equation. Operations 4-6 may increase or decrease the number of restrictions,
giving solutions different from those of the original equation. However, Operations 1-3
never affect the restrictions.

Linear Equations

The principles presented so far will now be demonstrated in the solution of a linear
equation.

Definition . ;
- A linear equation in the vanable xisan equatlon that is eqmvalent to one that can
bewnttenmtheform .-~ = -

a.x+b 0 ; W

where a and b are constants and a # O

A linear equation is also called a first-degree equation or an equation of degree one,

_ since the highest power of the variable that occurs in Equation (1) is the first.

To solve a linear equation, we perform operations on it until we have an equivalent
equation whose solutions are obvious. This means an equation in which the variable is
isolated on one side, as the following examples show.

Solving a Linear Equation

Solve 5x — 6 = 3x.

Solution: We begin by getting the terms involving x on one side and the constant on
the other. Then we solve for x by the appropriate mathematical operation. We have

5x—6=3x




cauTiont\

The distributive property requires that
both terms within the parentheses be
multiplied by 4.

Every linear equation has exactly

one root. The root of ax + b = 0 is
b

X o=

a
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.5x — 6+ (—3x) = 3x 4+ (—3x) adding —3x to both sides

2x—-6=0 simplifying, that is, Operation 3
2x—6+6=0+6 adding 6 to both sides
2x=06 simplifying
-225 = g dividing both sides by 2
x=3

Clearly, 3 is the only root of the last equation. Since each equation is equivalent to the
one before it, we conclude that 3 must be the only root of 5x — 6 = 3x. That is, the
solution set is {3}. We can describe the first step in the solution as moving a term from
one side of an equation to the other while changing its sign; this is commonly called
transposing. Note that since the original equation can be put in the form 2x+ (—6) = 0,
it is a linear equation.

Now Work Problem 23 <

Solving a Linear Equation

Solve 2(p +4) = Tp + 2.

Solution: First, we remove parentheses. Then we collect similar terms and solve.
We have

2p+4)=Tp+2

2p+8=Tp-+2 distributive property
2p=Tp—6 subtracting 8 from both sides
—5p=—6 subtracting 7p from both sides
-6
== dividing both sides by —5
6
P=53

Now Work Problem 27 <

=6.

Solution: We first clear the equation of fractions by multiplying both sides by the
LCD, which is 4. Then we use various algebraic operations to obtain a solution. Thus,

4<7x-{-3 B 9x;8) — 46)

2
.7x+3_4.9x—8
2 4
2(7x+3)—(9x—8) =24

14x+6—-9x+8=24

4

=24 distributive property
simplifying

distributive property

5x+14=24 simplifying
5x=10 subtracting 14 from both sides
x=2 dividing both sides by 5

Now Work Problem 31 <

Each equation in Examples 3-5 has one and only one root. This is true of every
linear equation in one variable.
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Literal Equations

Equations in which some of the constants are not specified, but are represented by
letters, such as a, b, ¢, or d, are called literal equations, and the letters are called
literal constants. For example, in the literal equation x -+ @ = 4b, we can consider
a and b to be literal constants. Formulas, such as I = Prt, that express a relationship
between certain quantities may be regarded as literal equations. If we want to express a
particular letter in a formula in terms of the others, this letter is considered the unknown.

Solving Literal Equations

a. The equation / = Prt is the formula for the simple interest / on a principal of P
dollars at the annual interest rate of r for a period of ¢ years. Express r in terms of
I,P,andzt.

Solution: Here we consider r to be the unknown. To isolate r, we divide both sides
by Pt. We have

I = Prt

I _ Prt
Pt Pt

I
—=Trs0r=—
Pt Pr

When we divided both sides by Pt, we assumed that Pt = 0, since we cannot divide
by 0. Similar assumptions will be made in solving other literal equations.

b. The equation S = P + Prt is the formula for the value S of an investment of a
principal of P dollars at a simple annual interest rate of r for a period of ¢ years.
Solve for P.

Solution: S =P+ Prnt
S = P(1 4+ rt) factoring
S
=P dividing both sides by 1 + 7
14rt

Now Work Problem 87 <

\MPLE 7  Solving a Literal Equation

Solve (a + ¢)x + x* = (x + a)? for x.
Solution: We first simplify the equation and then get all terms involving x on one side:
(a+ x4+ x> = x+a)?
ax +cx + x> = x> + 2ax + a*
ax + cx = 2ax + a*
cx—ax =a’

x(c — a) = a*

‘Now Work Problem 89 <

MPLEB Solving the “Tax in a Receipt” Problem

We will recall Lesley Griffith’s problefn from the opening paragraphs of this chapter.
We will generalize the problem so as to illustrate further the use of literal equations.




An alternative solution that avoids
multiplying both sides by the LCD is as
follows:

5 6
x—4 B
Assuming that x is neither 3 nor 4 and
combining fractions gives
9—x _
A fraction can be 0 only when its

x =3

numerator is 0 and its denominator is not.

Hence, x = 9.

Section 0.7 Equations, in Particular Linear Equations 31

Lesley has a receipt for an amount R. She knows that the percentage sales tax rate is p.
She wants to know the amount that was paid in sales tax. Certainly,

price + tax = receipt (2)

Writing P for the price (which she does not yet know), the tax is (p/100)P so that she
has

P
—P =R
P+ 100
14
— ) =R
P(1+155)
100+p .
P =R
(=)
_100R
© 100 +p
1t follows that the tax paid is
100R 100
R—P=R- =R(1- Y — )
100 4-p 100+p 100+p

where you should check the manipulations with fractions, supplying more details if
necessary. Recall that the French tax rate is 19.6% and the Italian tax rate is 18%.
We conclude that Lesley has only to multiply a French receipt by 1[9 S~ 0.16388
to determme the tax it contains, while for an Italian receipt she should multiply the
amount by 5~ It should be noted that working from the simple conceptual equation
(2) we have been able to avoid the assumptions about proportionality that we made at
the beginning of this chapter.

Now Work Problem 107

Fractional Equations

A fractional equation is an equation in which an unknown is in a denominator. We
illustrate that solving such a nonlinear equation may lead to a linear equation.

EXAMPLE S Soiing a Fractional Equaton

_ 6
x—4 x-3
Solution:

Solve

Stra“iegy We first write the equation in'a form that is free of fractions. Then we
- use standard algebralc techniques to solve the resultmo equation.

Multiplying both sides by the LCD, (x — 4)(x — 3), we have
(x—4)x—3) (
X

—ii> (x—4)(x—3)( 63)
5x—3)=6(x—4)
5 —15=6x—24

Q=x

linear equation

In the first step, we multiplied each side by an expression involving the variable x.
As we mentioned in this section, this means that we are not guaranteed that the last
equation is equivalent to the original equation. Thus, we must check whether or not 9

satisfies the original equation. Since
5 5 6 6
e == — == ] A e— e == ]
9-4 5 9-3 6

we see that 9 indeed satisfies the original equation.
Now Work Problem 55 <
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Some equations that are not linear do not have any solutions. In that case, we say
that the solution set is the empty set, which we denote by @. Example 10 will illustrate.

Solving Fractional Equations

¢

a Solve3x+4 3x—5 12
' x+2 x—4 x2-2x—8
Solution: Observing the denominators and noting that
X —2x—8=(x+2)(x—4)

we conclude that the LCD is (x 4 2)(x — 4). Multiplying both sides by the LCD,
we have

&+ 20— 4) (?ﬁ; - ?f_f) =G4 D =)

x—DHBx+4H)—-=x+2Bx—-5 =12
3x* —8x — 16 — (3x” +x — 10) = 12
3x —8x— 16 —3x* —x+ 10 =12
-Ox—-6=12
-9x =18

x= -2 (3)

However, the original equation is not defined for x = —2 (we cannot divide by

zero), so there are no roots. Thus, the solution set is @. Although —2 is a solution of
Equation (3), it is not a solution of the original equation.

b. Solve = 0.

x pow—
Solution: The only way a fraction can equal zero is for the numerator to equal
zero (and the denominator to not equal zero). Since the numerator, 4, is never 0, the
solution set is @.

Now Work Problem 49 <

\MPLE 11 Literal Equation

u . .. .
s = 5 express u in terms of the remaining letters; that is, solve for u.
ai+v

Solution:

S‘iraiegy Smce the unknown I, occurs in the denommator we ﬁrst clear fractlons
 and then solve for u. S , * '

stau+v)=u multiplying both sides by au + v

sau +sv=1u

sau — y = —sy
u(sa—1) = —sv
—SV sV
U= _

Now Work Problem 91 <




The reason we want one radical on each
side is to eliminate squaring a binomial
with two different radicals.

PROBLEMS 0.7
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Radical Equations

A radical equation is one in which an unknown occurs in a radicand. The next two
examples illustrate the techniques employed to solve such equations.

12 Solving a Radical Equation
Solve v/x2 +33 —x = 3.

Solution: To solve this radical equation, we raise both sides to the same power to
eliminate the radical. This operation does rnot-guarantee equivalence, so we must check
any resulting “solutions.” We begin by isolating the radical on one side. Then we square
both sides and solve using standard techniques. Thus,

V2433 =x+3

2 +33=@x+3)7 squaring both sides
¥ +33=x"+6x+9
24 = 6x
4=x

You should show by substitution that 4 is indeed a root.
Now Work Problem 79

With some radical equations, you may have to raise both sides to the same power
more than once, as Example 13 shows.

3 Solving a Radical Equation

Solve \/y —3 — /y=—3.

Solution: When an equation has two terms involving radicals, first write the equation
so that one radical is on each side, if possible. Then square and solve. We have

3= -3

y—3=y—-6,/y+9 squaring both sides

6y =12
=2
y=4 squaring both sides

Substituting 4 into the left side of the original equation gives /1 — /4, which is —1.
Since this does not equal the right side, —3, there is no solution. That is, the solution
setis @.

Now Work Problem 77 <

In Problems 1-6, determine by'substitution which of the given 6. x(x+ D> (x+2)=0;0,-1, 2

numbers, if any, satisfy the given equation.

1. 9x—x>=0;1,0

2. 12— Tx = —x% 4,3

3. z4+3ez-4=51,4

4. X 4+x-6=023

5. x(64+x)—2(x+1)—5x=4;-2,0

In Problems 716, determine what operations were applied to the
first equation to obtain the second. State whether or not the
operations guarantee that the equations are equivalent. Do not
solve the equations.

7. x—5=4x+10;x =4x+ 15

8. 8&x—-4=16x— % =2

9, x = 5;x* = 625
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5 7 y—6 -6 ~y+6 y—2 y-—2
10. 2x? =58~ T;x% 4+ 2= —x— = 61. - 62, —— =——
ta=5 s 2" 72 y y y—6 “hy+2  y+3
1.2 -2x=0x—2=0 : ‘
2 63— =1 4 1
12 —— +x=x%52+x(x—2)=x*x—2) T 2x—37 3-2x  3x+5
x=2 1 2 -6 9 3
2. 64. = 65. =
P E L e S R O 31 xo3 3. x x—3 x-3
x - x x Ix—4
M4, x+Dx+D)=c+3)x+1);x+2=x+3 66. - = —
2x(3x + 1) x+3 x-3 x*-9
15. —E_—_—é-—-=2x(x+4);3x+1=(x+4)(2x-3) 67. Vx+5=4 68. Vz—2=3
1 9 69. V2x+4+3—-4=0 70. 4 —/3x+1=0
16. 2x2—9=x;x2——x=§ = 2
2 7. [z 4+1=% 72, (x+6)2=7
In Problems 17-80, solve the equations. 2 3 :
17. 4x =10 18. 0.2x =7 73 VAx—6=4x 4 Vr+1=v2x-3
19. 7 =0 20. 2x —4x = —5 75 (-5 =27 76. vy —9=9-y
21. —8x=12—20 2. 4—Tx=3 7Ty +2=3 8 r—atI=1
— 3 = 1 2
23. 5x—3=9 24. V3x+2=11 79. V@ +2a=2+a 80. [~ — -
25. Tx+7=2(x+1) 26. 45 +3s—1 =41 wo ¥ ow—2
27. 5(p—7)—2(3p — 4) = 3p In Prz?b_lems 81-92, express the indicated symbol in terms of the
remaining symbols.
28. tx=2—2[2t-—3(1 —1)] sy 6 81. I = Prr: r
29. - =3x+5 30. ——=-=2-4
7= 777 4 82. P(1+ ) —R=0; P
374Xt 32 Z-4=1 o
. 3 =3 " 3 =3 8. p=8g—1;¢q
4 2 11 =10 — 20"
B.r==-r-5 34. —+~._x=4 84. p=10—2q; q
3 . 12 85. S=P(l+r); r
35 3x+2-5=~-+5 36 y—242-2-2 o 2ml
5 5 23 475 86. ’—m,
37 D=3 _6y+7 38 ’+5t—-7(z D ! .
4 T3 473 72 87. A=W;R
t ot t T+2(x+1) 6 1
39. t4 = — =+ — =10 40, ————" = — A —
HERRET 3 5 gs, 5= KA+ —11 5
x+2 2-x x  2(x-—4) i .
41. 3 —_— g =x—2 42, §+ 10 =7 89. S=P+r" r %
9 3 x—a x-b
T e Y = (v — 90. = ;X
43. 5(3 x)_4(x 3) h—x a—o "
2x—-7 8x—-9 3x-5 2ml
44, = 91. r= n
3 + 14 21 Bn+1)
4 1
45. (55 —2) = Tx — (55 — 2)] o 1 1 L,
3 , . p q f
46. (2x — 5 + (Bx —3)? = 1322 — Sx + 7 93. Geometry Use the formula P = 2] + 2w to find the length [
47, §=25 48. 4 p of a rectangle whose perimeter P is 660 m and whose width w is
x x—1 160 m.
49 5 0 50 3x=5 0 94. Geometry Use the formula V = 7r°h to find the radius r of
T x43 C x—3 a cola can whose volume V is 355 ml and whose height /1 is 16 cm.
3 7 x+3 2
51, ——— =~ 52. m =
5~ 2 x 5
s3, 41 54, 29 g
5g—-4 3 3—-g
1 2 -
55, ——— = 56. 2 3=6
p—1 p-2 4x -5
1 1 3 2 3
57. -+ === 58. =
x+7 7 x—1 x-2
2t4+1 3r-—1 2 1
50, + x+ x+




95. Sales Tax A salesperson needs to calculate the cost of an
item with a sales tax of 8.25%. Write an equation that represents
the total cost ¢ of an item costing x dollars.

96. Revenue A day care center’s total monthly revenue from the
care of x toddlers is given by r = 450z, and its total monthly costs
are given by ¢ = 380x + 3500. How many toddlers need to be
enrolled each month to break even? In other words, when will
revenue equal costs? ’

97. Straight-Line Depreciation If you purchase an item for
business use, in preparing your income tax you may be able to
spread out its expense over the life of the item. This is called
depreciation. One method of depreciation is straight-line
depreciation, in which the annual depreciation is computed by
dividing the cost of the item, less its estimated salvage value, by its
useful life. Suppose the cost is C dollars, the useful life is N years,
and there is no salvage value. Then the value V (in dollars) of the
item at the end of n years is given by

V=C(1—]I—:])

If new office furniture is purchased for $3200, has a useful life of 8
years, and has no salvage value, after how many years will it have
a value of $2000? :

98. Radar Beam When radar is used on a highway to
determine the speed of a car, a radar beam is sent out and reflected
from the moving car. The difference F (in cycles per second) in
frequency between the original and reflected beams is given by

_¥
T 334.8

where v is the speed of the car in miles per hour and f is the
frequency of the original beam (in megacycles per second).

Suppose you are driving along a highway with a speed limit of
65 mi/h. A police officer aims a radar beam with a frequency of
2500 megacycles per second at your car, and the officer observes
the difference in frequency to be 495 cycles per second. Can the
officer claim that you were speeding?

99. Savings Bronwyn wants to buy a house, so'she has decided
to save one quarter of her salary. Bronwyn earns $47.00 per hour
and receives an extra $28.00 a week because she declined
company benefits. She wants to save at least $550.00 each week.
How many hours must she work each week to achieve her goal?

100. Predator-Prey Relation To study a predator—prey
relationship, an experiment* was conducted in which a blindfolded
subject, the “predator,” stood in front of a 3-ft-square table on
which uniform sandpaper discs, the “prey,” were placed. For 1
minute the “predator” searched for the discs by tapping with a

v

o

" =
C. S. Holling, “Some Characteristics of Simple Types of Predation and
Parasitism,” The Canadian Entomologist, XCI, no. 7 (1959), 385-98.
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finger. Whenever a disc was found, it was removed and searching
resumed. The experiment was repeated for various disc densities
(number of discs per 9 t2). It was estimated that if y is the number
of discs picked up in 1 minute when x discs are on the table, then

y =a(l — by)x

where a and b are constants. Solve this equation for y.

101. Prey Density In a certain area, the number y of moth
larvae consumed by a single predatory beetle over a given period
of time is given by

1.4x

L Y

where x is the prey density (the number of larvae per
unit of area). What prey density would allow a beetle to survive
if it needs to consume 10 larvae over the given period?

102. Store Hours Suppose the ratio of the number of hours a
video store is open to the number of daily customers is constant.
When the store is open 8 hours, the number of customers is 92 less
than the maximum number of customers. When the store is open
10 hours, the number of customers is 46 less than the maximum
number of customers. Write an equation describing this situation,
and find the maximum number of daily customers.

103. Travel Time The time it takes a boat to travel a given
distance upstream (against the current) can be calculated by
dividing the distance by the difference of the speed of the boat and
the speed of the current. Write an equation that calculates the time
t it takes a boat moving at a speed r against a current ¢ to travel a
distance d. Solve your equation for c.

104. Wireless Tower A wireless tower is 100 meters tall. An
engineer determines electronically that the distance from the top of
the tower to a nearby house is 2 meters greater than the horizontal
distance from the base of the tower to the house. Determine the
distance from the base of the tower to the house.

105. Automobile Skidding Police have used the formula

5 = 4/30fd to estimate the speed s (in miles per hour) of a car if it
skidded d feet when stopping. The literal number f is the
coefficient of friction, determined by the kind of road (such as
concrete, asphalt, gravel, or tar) and whether the road is wet or dry.
Some values of f are given in Table 0.1. At 45 mi/h, about how
many feet will a car skid on a dry concrete road? Give your answer
to the nearest foot.

106. Interest Earned Allison Bennett discovers that she has
$1257 in an off-shore account that she has not used for a year. The
interest rate was 7.3% compounded annually. How much interest
did she earn from that account over the last year?
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107. ‘Tax in a Receipt - In 2006 Nova Scotia consumers paid submitted his expense claims in Alberta, the comptroller was

HST, harmonized sales tax, of 15%. Tom Wood traveled from puzzled to find that her usual multiplier of %7- to determine tax in a
Alberta, which has only federal GST, goods and services tax, of receipt did not produce correct results."What percentage of Tom’s
7% to Nova Scotia for a chemistry conference. When he later Nova Scotia receipts were HST?

Objective

To solve quadratic equations by
factoring or by using the quadratic
formula.

cauTion\

‘We do not divide both sides by w
(a variable) since equivalence is not
guaranteed and we may “lose” a root.

0.8 Quadratic Equations

Tolearn how to solve certain classical problems, we turn to methods of solving quadratic
equations. V

A quadratic equation in the variable x is an equation that can be written in the form

o

where a, b, and ¢ are constants and @ # 0.

A quadratic equation is also called a second-degree equation or an equation of
degree two, since the highest power of the variable that occurs is the second. Whereas
a linear equation has only one root, a quadratic equation may have two different roots.

Solution by Factoring

A useful method of solving quadratic equations is based on factoring, as the following
example shows.

MPLE 1 Solving a Quadratic Equation by Factoring

a. Solvex? +x — 12 = 0.
Solution: The left side factors easily:
x=3Nx+4)=0

Think of this as two quantities, x — 3 and x 4 4, whose product is zero. Whenever
the product of two or more quantities is zero, at least one of the quantities must
be zero. This means that either

x—3=0 or x+4=0

Solving these gives x = 3 and x = —4, respectively. Thus, the roots of the original
equation are 3 and —4, and the solution set is {—4, 3}.

b. Solve 6w? = 5w.
Solution: We write the equation as
6w? —5w =0
so that one side is 0. Factoring gives
w(ew —5) =0
Setting each factor equal to O, we have
w=0 o 6w—-5=0
w=0 or 6w =15
Thus, the roots are w = Qand w = % Note that if we had divided both sides of
6w? = 5w by w and obtained 6w = 5, our only solution would be w = z. That
is, we would lose the root w = 0. This is in line with our discussion of Operation
5 in Section 0.7 and sheds light on the problem with Operation 5. One way of

approaching the possibilities for a variable quantity, w is to observe that either
w # 0 orw = 0. In the first case we are free to divide by w. In this case, the original




cautiof\

You should approach a problem like this
with caution. If the product of two
quantities is equal to —2, it is not true
that at least one of the quantities must be
—2. Why?

cauTion]\

Do not neglect the fact that the factor x
gives rise to a root.
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equation is equivalent to 6w = 5, whose only solution is w = 2. Now turning to
the other case, w = 0, we are obliged to examine whether it is also a solution of the
original equation—and in this problem it is.

=)

Now Work Problem 3 <

MPLE2 _ Solving a Quadratic Equation by Factoring
Solve Bx —H(x+ 1) = —2.
Solution: We first multiply the factors on the left side:
3 —x—4=-2
Rewriting this equation so that O appears on one side, we have
3 —x—2=0

BGx+2x—-1)=0

X=—= 1

3
Now Work Problem 7 <

- Some equations that are not quadratic may be solved by factoring, as Example 3
shows.

MPLE 3 Solving a Higher-Degree Equation by Factoring

a. Solve 4x — 4x* = 0.
Solution: This is called a third-degree equation. We proceed to solve it as follows:
4x — 4% =0
4x(1-xH =0 factoring
Ax(1 —x)(1+x)=0 factoring

Setting each factor equal to O gives 4 = 0 (impossible), x = 0,1 —x = 0, or
1 4+ x = 0. Thus,

x=0orx=1lorx=—1
so that the solution set is {—1, 0, 1}.
b. Solve x(x +2)*(x + 5) + x(x +2)* = 0.

Solution: Factoring x(x + 2)* from both terms on the left side, we have

2+ 2HE+5) +x+2]=0

x(x+2°2x+7 =0

He{nce7:, x = 8}, x+2=0,o0r2x+4 7 = 0, from which it follows that the solution set
is {—%,—2,0].

Now Work Problem 23 <

4 A Fractional Equation Leading to a Quadratic Equation

Solve

y+1 y+5  T72y+1)
y+3 y—2 y+y—6

@)
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cauTion\

Do not hastily conclude that
the solution of x> = 3 consists of

x = +/3 only.

Solution: Multiplying both sides by the LCD, (y + 3)(y — 2), we get
G—DO+ D+ 0+ +3) =72+ 1) 3)

Since Equation (2) was multiplied by an expression involving the variable y, remember
(from Section 0.7) that Equation (3) is not necessarily equivalent to Equation (2). After
simplifying Equation (3), we have

2> —Ty+6=0 quadratic equation
2y—-3)y-2)=0 factoring

We have shown that if y satisfies the original equation then y = % or y = 2. Thus,
3 and 2 are the only possible roots of the given equation. But 2 cannot be a root of

Equatlon (2), since substitution leads t0 a denominator of 0. However, you should check
that 5 3 does indeed satisfy the original equation. Hence, its only root is ,,

Now Work Problem 63 <

Solution by Factoring

Solve x% = 3.

Solution: =3

¥ —-3=0
Factoring, we obtain
@ —/3)x++3) =
Thusx — +/3 =0o0rx + /3 =0,s0x = £+/3.
Now Work Problem 9 <

A more general form of the equation x? = 3 is #* = k. In the same manner as the
preceding, we can show that

=k then u=xvE @

Quadratic Formula

Solving quadratic equatlons by factoring can be quite difficult, as is evident by trying
that method on 0.7x2 — +/2Zx — 8+4/5 = 0. However, there is a formula called the
quadratic formula that gives the roots of any quadratic equation.

‘ Quadratlc Formula

‘ The roots of the quadratlc equaﬂon ax +bx+ c= O where a, b and c are constants
:anda;éO areowenby ' ' ~

f,+bi«/b2 ,—'4a"c -
xX= "
= :

Actually, the quadratic formula is not hard to derive if one first writes the quadratic
equation in the form

b
P4 Zx+ =0
a a

o
—) —-K*=0
G+M>

and then as




Section 0.8 Quadratic Equations 39

for a number X, as yet to be determined. This leads to

b b
——FK il -
(x+2 )(x+2 +K) 0

which in turn leads to x = —£ >+ K or x = —3- — K by the methods already under
consideration. It is not hard to see what K rnust be, but it requires further thought
to understand how one could discover the value of K without knowing the answer in
advance.

6 A Quadratic Equation Awith Two Real Roots

Solve 4x2 — 17x + 15 = 0 by the quadratic formula.
Solution: Herea = 4,b = —17, and ¢ = 15. Thus,
b P—dac  —(—17) £ /(=172 — 4(4)(15)

2a N 2(4)
_ l7i«/49_ 1747
B 8 T8
The roots are 17+7=§_3a dl—l——zzgzé.
8 8 8 4

Now Work Problem 31

ELEZ A Quadratic Equation with One Real Root

Solve 2 + 6+/2y + 9y = 0 by the quadratic formula.

Solution: Look at the arrangement of the terms. Here a = 9,5 = 6+/2, and ¢ = 2.
Hence,

_ —b+ B —4dac  —64/2+0

2a - 2(9)
Thus,
_-6V240_ V2 -6v2-0_ 2
=T 18 T3 O T

2
Therefore, the only root is -5

Now Work Problem 33

A Quadratic Equation with No Real Solution

Solve z? + z + 1 = 0 by the quadratic formula.
Soluﬁ\qﬁn: Herea = 1,b =1, and ¢ = 1. The roots are
~b£ /D2 —4dac  —1+./=3
2a 2
Now, +/—3 denotes a number whose square is —3. However, no such real number

exists, since the square of any real number is nonnegative. Thus, the equation has no
5
real roots.

Z =

Now Work Problem 37 <

5 :l—iz—— v=3 canbe expressed as —5—-= li“/— ,wherei = +/—1is called the imaginary unit. We emphasize that{ = /1
is not a real number. Complex numbers are numbers of the form a+-ib, with a and b real, but they are not discussed
in this book.
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This describes the nature of the roots of a From Examples 6-8, you can see that a quadratic equation has either two different
quadratic equation. real roots, exactly one real root, or no real roots, dependmg on whether b? — 4ac is
positive, zero, or negative, respectively.

Quadratic-Form Equation

Sometimes an equation that is not quadratic can be transformed into a quadratic equation
by an appropriate substitution. In this case, the given equation is said to have quadratic
form. The next example will illustrate.

Solving a Quadratic-Form Equation

1 9

Solve — + = +8=0.
X x

Solution: This equation can be written as

() ()5

so it is quadratic in 1/x> and hence has quadratic form. Substituting the variable w for
1/x3 gives a quadratic equation in the variable w, which we can then solve:

w4+ 9w+8=0
w+8w+1=0
CAUTIO@ w=—8 or w=-—1
Do not assume that —8 and —1 are Returning to the variable x, we have
solutions of the original equation. 1
S=-8 oo 5 =-1
X X
Thus,
1
3 3
= ——0rx’ = -1
x 3 x
from which it follows that
1
= =1
x 7 orx

Checking, we find that these values of x satisfy the original equation.
Now Work Problem 49 <

PROBLEMS 0.8

In Problems 1-30, solve by factoring. 23. 2 —16s=0 24, X —4x* —5x =0
L2 —4x+4=0 2. 2 431+2=0 25. 633 +5x2 —4x =0 26. (x+1)?—5x+1=0
— 2 — —

3 2‘6"*“8"'0 4. x2+3" 10=0 27. (k=32 —4) =0 28. 72 =3z —4)(z+7) =0
5. —-2x—3=0 6. x*~16=0

* = 29. p(p—3P —4(p—3P =0 30. x*—3x24+2=0
7. u* —13u=-36 8. 22 +82+8=0
9. ¥ ~4=0 10. 31> —6u =0 In Problems 31-44, find all real roots by using the quadratic
1. 2 —-5=0 12. 2+ 9x = —14 Sformula.
13. 9x% +4 = —12x 14. 222 +9z =35 3L 2 4+2x—24=0 2. -2x—15=0
15. v(3v—5)= -2 16. 2+x—6x2 =0 33. 16x* —40x4+25=0 34. ¢ ~5g=0

1 2

17. —x> 4+3x+10=0 18. -5-u2=§u 35. p>—2p—7=0 36. 2—2x+x*=0
19. 2p% = 3p 20. P —r4+12=0 37. 4~ 2n+n* =0 38w —u=1
2L x(x+Hx -1 =0 22, (w—3Pw+172 =0 39. 42 +5x~2=0 40. w? —2w+1=0

-



41. 0.02w? — 0.3w =20
43. 3x> +2x =6

42. 0.01x2 + 02x—0.6=0
44, 22 - 6x+5=0

In Problems 45-54, solve the given quadratic-form equation.
45. x* =5 +6=0 46. X*—3X2-10=0

3 7

47, — —~+2=0 48. 2 —x1-6=0
x2 x

49, x™ —9x~2420=0 50 -1——-9-+8—O

) - Tt 22 -

51. X -5 +7X—-5)+10=0

52, 3x+2P%-53Bx+2)=0

53 L ! +12=0

T—42 x—4 7T
2 7

54, ——-—r 13 =0
(x+4)2+x+4+

In Problems 55-76, solve by any method.

,_x+3 x 7 5

55, x* = ) 56.5-—;—5

3 x—3 1 2

57. :2 58. T —— -———-:3

x—4+ X 3x+1+x+1
2 2x

59, 3x+.._~.x+1 -1 60. 6(w+ 1) w _3

x+1 2x : 2—w w—1
2 . —

6. — "t _ 6. 23 =% _
r—2 r+4 2x+5  3x+1
t—1 -3 t—35

63. -

t—2 t—4 £2-—-6:r+8
2 3 4

64. - ==

x+1+x x+2
2 1 2

65. - = —
x2—1 x(x—1) a2

66. 5 0t _1-x 67. VIx—3=x-3

) x4+ 3x x

68. 2x+1=x+43 09. g+2=2./4g—77

70. x++/4x—-5=0 7L VZ+3-/3z2-1=0

72. Jx—2x~8—-2=0 73 Sx—3x+14+1=0

4. Sy—2+2=/2F3
76. VVi+2=3r—1

In Problems 77 and 78, find the roots, rounded 16-two decimal
places.

77. 0.04x> —2.7x + 8.6 =0
78. x* +(0.1)x—02=0

79. Geometry The area of a rectangular picture with a width
2 inches less than its length is 48 square inches. What are the
dimensions of the picture?

75. Vx+3+4+1=3/x

80. Temperature The temperature has been rising X degrees
per day for X days. X days ago it was 15 degrees. Today it is 51

6 - -‘w,

Adapted from R. Bressani, “The Use of Yeast in Human Foods,” in R. I. Mateles
and S. R. Tannenbaum (eds.), Single-Cell Protein (Cambridge, MA: MIT Press,
1968). :
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degrees. How much has the temperature been rising each day?
How many days has it been rising?

81. Economics One root of the economics equation

—_ 0(@+10)
M= 44

is =5 +v/25 + 44M. Verify this by using the quadratic formula to
solve for Q in terms of M. Here Q is real income and M is the
level of money supply.

82. Diet for Rats A group of biologists studied the nutritional
effects on rats that were fed a diet containing 10% protein.® The
protein was made up of yeast and corn flour. By changing the
percentage P (expressed as a decimal) of yeast in the protein mix,
the group estimated that the average weight gain g (in grams) of a
rat over a period of time was given by

g = —200P? + 200P + 20

What percentage of yeast gave an average weight gain of
60 grams?

83. Drug Dosage There are several rules for determining doses
of medicine for children when the adult dose has been specified.
Such rules may be based on weight, height, and so on. If A is the
age of the child, d is the adult dose, and c is the child’s dose, then
here are two rules:

Young’s rul A d

ou e: =

gstu ‘T Arn
A+l

Cowling’s rule: =27y

OWlngSme C 24

At what age(s) are the children’s doses the same under both rules?
Round your answer to the nearest year. Presumably, the child has
become an adult when ¢ = d. At what age does the child become
an adult according to Cowling’s rule? According to Young’s rule?

If you know how to graph functions, graph both Y(A) = FERT)

A+1
and C(A) = + as functions of A, for A > 0, in the same

plane. Using the graphs, make a more informed comparison of
Young’s rule and Cowling’s rule than is obtained by merely finding
the age(s) at which they agree.

84. Delivered Price of a Good In a discussion of the delivered
price of a good from a mill to a customer, DeCanio’ arrives at and
solves the two quadratic equations

Cn—1)W=2mw+1=0

7
S. J. DeCanio, “Delivered Pricing and Multiple Basing Point Equilibria: A
Revolution,” Quarterly Journal of Economics, XCIX, no. 2 (1984), 32949,
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and
m? —Q2n+1v+1=0

wheren > 1.

(a) Solve the first equation for v.
(b) Solve the second equation forvifv < 1.

85. Motion  Suppose the height /i of an object thrown straight
upward from the ground is given by,

h=392t- 497

where h is in meters and ¢ is the elapsed time in seconds.

(a) After how many seconds does the object strike the ground?
(b) When is the object at a height of 68.2 m?
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EXPLORE & EXTEND

Variable-Quality
Recording

n this chapter, we will apply equations to various practical situations. We will then
do the same with inequalities, which are statements that one quantity is less than
(<), greater than (>), less than or equal to (<), or greater than or equal to (>)
\.some other quantity.

One application of inequalities is the regulation of sporting equipment. Dozens of
baseballs are used in a typical major league game and it would be unrealistic to expect
that every ball weigh exactly 5% ounces. But it is reasonable to require that each one
weigh no less than 5 ounces and no more than 5% ounces, which is how 1.09 of the
Official Rules of Major League Baseball reads. (See http://mlb.mlb.com/ and
look up “official rules”.) Note that no less than is a synonym for greater than or equal
to while no more than is a synonym for less than or equal to. In translating English
statements into mathematics, we advocate avoiding the negative wordings as a first
step. In any event, we have

1
ball weight > 5 ounces and ball weight < 5:1— ournces

which can be combined to give
. 1
5 ounces < ball weight < SZ ounces

which reads nicely as saying that the ball must weigh between 5 and 5% ounces (where
between here includes the extreme values).

Another inequality applies to the sailboats used in the America’s Cup race. The
America’s Cup Class (ACC) for yachts was defined until 30 January 2009 by

L +1.25V/S — 9.87/DSP
. 0.686

The “<” signifies that the expression on the left must come out as less than or equal
to the 24 m on the right. The L, S, and DSP were themselves specified by complicated
formulas, but roughly, L stood for length, S for sail area, and DSP for displacement
(the hull volume below the waterline).

The ACC formula gave yacht designers some latitude. Suppose a yacht had L =
20.2m, S =282 m?,and DSP = 16.4 m’. Since the formula is an inequality, the designer
could reduce the sail area while leaving the length and displacement unchanged. Typi-
cally, however, values of L, S, and DSP were used that made the expression on the left
as close to 24 m as possible.

In addition to applications of linear equations and inequalities, this chapter will
review the concept of absolute value and introduce sequences and summation notation.

< 24.000m
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Objective

To model situations described by linear

or quadratic equations.

Alcohol: 2n
350 ml
Acid: 3n
FIGURE 1.1 Chemical solution
(Example 1).
cauTion]\

Note that the solution to an equation is
not necessarily the solution to the
problem posed.

1.1 Appl
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In most cases, to solve practical problems you must translate the relationships stated
in the problems into mathematical symbols. This is called modeling. The following
examples illustrate basic techniques and concepts. Examine each of them carefully
before going to the problems.

Mixture

A chemist must prepare 350 ml of a chemical solution made up of two parts alcohol
and three parts acid. How much of each should be used?

Solution: Let 7 be the number of millilitérs in each part. Figure 1.1 shows the situation.
From the diagram, we have

2n + 3n = 350

5n =350
350
= — =70
n 5

But n = 70 is not the answer to the original problem. Each part has 70 ml. The
amount of alcohol is 2n = 2(70) = 140, and the amount of acid is 3n = 3(70) = 210.
Thus, the chemist should use 140 ml of alcohol and 210 ml of acid. This example shows
how helpful a diagram can be in setting up a word problem.

Now Work Problem 5 <

Observation Deck

A rectangular observation deck overlooking a scenic valley is to be built. [See
Figure 1.2(a).] The deck is to have dimensions 6 m by 12 m. A rectangular shelter
with area 40 m? is to be centered over the deck. The uncovered part of the deck is to
be a walkway of uniform width. How wide should this walkway be?

Solution: A diagram of the deck is shown in Figure 1.2(b). Let w be the width (in
meters) of the walkway. Then the part of the deck under the shelter has dimensions
12 — 2w by 6 — 2w. Since its area must be 40 m?, where area = (length)(width),
we have

(12 — 2w)(6 — 2w) = 40
72 — 36w + 4w? = 40
4w* — 36w +32 =0

multiplying

w—Ow+8=0 dividing both sides by 4
w—-8w—-1)=0
w=23§, 1

12

(b)

FIGURE 1.2 Deck walkway (Example 2).




The key words introduced here are fived
cost, variable cost, total cost, total
revenue, and profit. This is the time to
gain familiarity with these terms because
they recur throughout the book.

Note that price = cost <+ profit.
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Although 8 is a solution to the equation, it is not a solution to our problem, because
one of the dimensions of the deck itself is only 6 m. Thus, the only possible solution is
that the walkway be 1 m wide.

Now Work Problem 7 <

In the next example, we refer to some business terms relative to a manufactur-
ing firm. Fixed cost is the sum of all costs that are independent of the level of pro-
duction, such as rent, insurance, and so on. This cost must be paid whether or not
output is produced. Variable cost is the sum of all costs that are dependent on the
level of output, such as labor and material. Total cost is the sum of variable cost and
fixed cost:

total cost = variable cost + fixed cost
Total revenue is the money that the manufacturer receives for selling the output:
total revenue = (price per unit) (number of units sold)
Profit is total revenue minus total cost:

profit == total revenue — total cost

Profit

The Anderson Company produces a product for which the variable cost per unit is $6
and fixed cost is $80,000. Each unit has a selling price of $10. Determine the number
of units that must be sold for the company to earn a profit of $60,000.

Solution: Let g be the number of units that must be sold. (In many business problems,
g represents quantity.) Then the variable cost (in dollars) is 6g. The total cost for the
business is therefore 64 -+ 80,000. The total revenue from the sale of g units is 10g.
Since

profit = total revenue — total cost

our model for this problem is

60,000 = 10q — (64 -+ 80,000)
Solving gives

60,000 = 10g — 64 — 80,000

4g = 140,000
g = 35,000
Thus, 35,000 units must be sold to earn a profit of $60,000.
n Now Work Problem 9 <

Pricing

Sportcraft manufactures denim clothing and is planning to sell its new line of jeans to
retail outlets. The cost to the retailer will be $60 per pair of jeans. As a convenience
to the retailer, Sportcraft will attach a price tag to each pair. What amount should be
marked on the price tag so that the retailer can reduce this price by 20% during a sale
and still make a profit of 15% on the cost?

Solution: Here we use the fact that

selling price = cost per pair + profit per pair
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Let p be the tag price per pair, in dollars. During the sale, the retailer actually receives
P — 0.2p. This must equal the cost, 60, plus the profit, (0.15)(60). Hence,
selling price = cost + profit
p—0.2p = 60 + (0.15)(60)
0.8p = 69
p = 86.25
Sportcraft should mark the price tag at $86.25.
Now Work Problem 13 <

LE5 Investment

A total of $10,000 was invested in two business ventures, A and B. At the end of the first
year, A and B yielded returns of 6% and 5 % %, respectively, on the original investments.
How was the original amount allocated if the total amount earned was $588.75?

Solution: Let x be the amount (in dollars) invested at 6%. Then 10,000 — x
was invested at 5%%. The interest earned from A was (0.06)(x) and that from B was
(0.0575)(10,000 — x) with a total of 588.75. Hence,

(0.06)x + (0.0575)(10,000 — x) = 588.75
0.06x + 575 — 0.0575x == 588.75
0.0025x = 13.75
x == 5500
Thus, $5500 was invested at 6%, and $10, 000 — $5500 = $4500 was invested at 5%%.
Now Work Problem 11 <

AMPLE6 Bond Redemption

The board of directors of Maven Corporation agrees to redeem some of its bonds in two
years. At that time, $1,102,500 will be required. Suppose the firm presently sets aside
$1,000,000. At what annual rate of interest, compounded annually, will this money have
to be invested in order that its future value be sufficient to redeem the bonds?

Solution: Let r be the required annual rate of interest. At the end of the first year, the
accumulated amount will be $1,000,000 plus the interest, 1,000,000r, for a total of

1,000,000 + 1,000,000r = 1,000,000(1 + r)

Under compound interest, at the end of the second year the accumulated amount will
be 1,000,000(1 + r) plus the interest on this, which is 1,000,000(1 + r)r. Thus, the total
value at the end of the second year will be

1,0000,000(1 4 r) 4 1,000,000(1 + r)r
This must equal $1,102,500:
1,000,000(1 + r) + 1,000,000(1 + r)r = 1,102,500 (1)
Since 1,000,000(1 + r) is a common factor of both terms on the left side, we have
1,000,000(1 + r{ + r) = 1,102,500
1,000,000(1 + r)* = 1,102,500

1,000,000 ~ 10,000 ~ 400

A1 21
I r=d | =2
+ 400 ~ 20

lizl
r=— —
20
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Thus, r = —1 4+ (21/20) = 0.05, or r = —1 — (21/20) = —2.05. Although 0.05 and
~2.05 are roots of Equation (1), we reject —2.05, since we requue that r be positive.
Hence, r = 0.05 = 5% is the desired rate.

Now Work Problem 15 <

At times there may be more than one way to model a word problem, as Example 7
shows.

Apartment Rent

A real-estate firm owns the Parklane Garden Apartments, which consist of 96 apart-
ments. At $550 per month, every apartment can be rented. However, for each $25 per
month increase, there will be three vacancies with no possibility of filling them. The
firm wants to receive $54,600 per month from rents. What rent should be charged for
each apartment?

Solution:

Method 1. Suppose r is the rent (in dollars) to be charged per apartment. Then the

— 550
increase over the $550 level is » — 550. Thus, the number of $25 increases 1s .

Because each $25 6ncrease results in three vacancies, the total number of vacancies
. r—>55
will be 3

3 r—530 . Since
25

total rent = (rent per apartment)(number of apartments rented)

. Hence, the total number of apartments rented will be 96 —

we have
3(r — 550)
54,600 = r { 96 — —— =
’ ( 25 )
2400 — 3r 4+ 1650
25
4050 — 3r
54,600 = r|{ ———o
' ( 25 )

1,365,000 = (4050 — 3r)

54,600 = r (

Thus,
3r* — 4050r + 1,365,000 = 0
By the quadratic formula,
_ 4050 & /(—4050)2 — 4(3)(1,365,000)
B 2(3)
4050+ /22,500 4050+ 150
B 6 B 6
Hence, the rent for each apartment should be either $650 or $700.

Method II. Suppose n is the number of $25 increases. Then the increase in rent per
apartment will be 25n and there will be 3 vacancies. Since

= 67525

total rent = (rent per apartment)(number of apartments rented)

we have
54,600 = (550 -+ 251)(96 — 3n)

54,600 = 52,800 + 7501 — 751>
751* — 7501 + 1800 = 0
n”?—10n+24=0
n—6)(n—4) =
Thus, n. = 6 or n = 4. The rent charged should be either 550 4 25(6) = $700 or

550 + 25(4) = $650. However, it is easy to see that the real-estate firm can receive
$54,675 per month from rents by charging $675 for each apartment and that $54,675 is
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the maximum amount from rents that it can receive, given to existing market conditions.
In a sense, the firm posed the wrong question. A considérable amount of our work in
this book focuses on a better question that the firm might have asked.

PROBLEMS 1.1

1. Fencing A fence is to be placed around a rectangular plot so
that the enclosed area is 800 ft* and the length of the plot is twice
the width. How many feet of fencing must be used?

2. Geometry The perimeter of a rectangle is 300 ft, and the
length of the rectangle is 3 ft more than twice the width. Find the
dimensions of the rectangle.

3. Tent Caterpillars One of the most damaging defoliating
insects is the tent caterpillar, which feeds on foliage of shade,
forest, and fruit trees. A homeowner lives in an area in which the
tent caterpillar has become a problem. She wishes to spray the
trees on her property before more defoliation occurs. She needs
145 oz of a solution made up of 4 parts of insecticide A and 5
parts of insecticide B. The solution is then mixed with water. How
many ounces of each insecticide should be used?

4. Concrete Mix A builder makes a certain type of concrete by
mixing together 1 part portland cement (made from lime and
clay), 3 parts sand, and 5 parts crushed stone (by volume). If

765 £t of concrete are needed, how many cubic feet of each
ingredient does he need?

5. Furniture Finish According to The Consumer’s Handbook
[Paul Fargis, ed. (New York: Hawthorn, 1974)], a good oiled
furniture finish contains two parts boiled linseed oil and one part
turpentine. If you need a pint (16 fluid oz) of this furniture finish,
how many fluid ounces of turpentine are needed?

6. Forest Management A lumber company owns a forest that
is of rectangular shape, 1 mi by 2 mi. If the company cuts a
uniform strip of trees along the outer edges of this forest, how
wide should the strip be if % sq mi of forest is to remain?

7. Garden Pavement A 10 m square plot is to have a circular
flower bed of 60 m? centered at the center of the square. The other
part of the plot is to be paved so that the owners can walk around
the flower bed. What is the minimum “width” of the paved
surface? In other words, what is the smallest distance from the
flower bed to the edge of the plot?

8. Ventilating Duct The diameter of a circular ventilating duct
is 140 mm. This duct is joined to a square duct system as shown in
Figure 1.3. To ensure smooth airflow, the areas of the circle and
square sections must be equal. To the nearest millimeter, what
should the length x of a side of the square section be?

FIGURE 1.3 Ventilating duct (Problem 8).

9. Profit - A corn refining company produces corn gluten
cattle feed at a variable cost of $82.per ton. If fixed costs are
$120,000 per month and the feed sells for $134 per ton, how

Now Work Problem 29

many tons must be sold each month for the company to have a
monthly profit of $560,000?

10. Sales The Smith Company management would like to
know the total sales units that are required for the company to
earn a profit of $150,000. The following data are available: unit
selling price of $50; variable cost per unit of $25; total fixed cost
of $500,000. From these data, determine the required sales units.

11. Investment A person wishes to invest $20,000 in two
enterprises so that the total income per year will be $1440. One
enterprise pays 6% annually; the other has more risk and pays
7%% annually. How much must be invested in each?

12. Investment A person invested $120,000, part at an interest
rate of 4% annually and the remainder at 5% annually. The total
interest at the end of 1 year was equivalent to an annual 41 % rate
on the entire $120,000. How much was invested at each rate?

13. Pricing The cost of a product to a retailer is $3.40. If the
retailer wishes to make a profit of 20% on the selling price, at
what price should the product be sold?

14. Bond Retirement In three years, a company will require
$1,125,800 in order to retire some bonds. If the company now
invests $1,000,000 for this purpose, what annual rate of interest,
compounded annually, must it receive on that amount in order to
retire the bonds?

15. Expansion Program In two years, a company will begin
an expansion program. It has decided to invest $3,000,000 now so
that in two years the total value of the investment will be
$3,245,000, the amount required for the expansion. What is the
annual rate of interest, compounded annually, that the company
must receive to achieve its purpose?

16. Business A company finds that if it produces and sells g
units of a product, its total sales revenue in dollars is 100,/g. 1t
the variable cost per unit is $2 and the fixed cost is $1200, find the
values of g for which

total sales revenue = variable cost 4- fixed cost
(That is, profit is zero.)

17. Overbooking A commuter airplane has 81 seats. On the
average, 90% of those who book for a flight show up for it. How
many seats should the airline book for a flight if it wants to fill the
plane?

18. Poll A group of people were polled, and 20%, or 700, of
them favored a new product over the best-selling brand. How
many people were polled?

19. Prison Guard Salary It was reported that in a certain
women’s jail, female prison guards, called matrons, received 30%
(or $200) a month less than their male counterparts, deputy
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sheriffs. Find the yearly salary of a deputy sheriff. Give your
answer to the nearest dollar. :

20. Striking Drivers A few years ago, cement drivers were on
strike for 46 days. Before the strike, these drivers earned $7.50 per
hour and worked 260 eight-hour days a year. What percentage
increase is needed in yearly income to make up for the lost time
within 1 year?

21. Break Even A manufacturer of video-games sells each
copy for $21.95. The manufacturing cost of each copy is $14.92.
Monthly fixed costs are $8500. During the first month of sales of
a new game, how many copies must be sold in order for the
manufacturer to break even (that is, in order that total revenue
equal total cost)?

22. Investment Club An investment club bought a bond

of an oil corporation for $5000. The bond yields 4% per year.
The club now wants to buy shares of stock in a windmill
supply company. The stock sells at $20 per share and earns a
dividend of $0.50 per share per year. How many shares should
the club buy so that its total investment in stocks and bonds
yields 3% per year?

23. Vision Care As a fringe benefit for its employees, a
company established a vision-care plan. Under this plan, each
year the company will pay the first $35 of an employee’s
vision-care expenses and 80% of all additional vision-care
expenses, up to a maximum fofal benefit payment of $100. For
an employee, find the total annual vision-care expenses covered
by this program. ‘

24. Quality Control Over a period of time, the manufacturer
of a caramel-center candy bar found that 3.1% of the bars were
rejected for imperfections.

(a) If ¢ candy bars are made in a year, how many would the
manufacturer expect to be rejected?

(b) This year, annual consumption of the candy is projected to be
six hundred million bars. Approximately how many bars will have
to be made if rejections are taken into consideration?

25. Business Suppose that consumers will purchase g units of a
product when the price is (80 — g)/4 dollars each. How many
units must be sold in order that sales revenue be $400? ,

26. Investment. How Ion'gi would it take to triple an investment
at simple interest with a rate of 4.5% per year? [Hint: See
Example 6(a) of Section 0.7, and express 4.5% as 0.045.]
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27. Business Alternatives The band Mongeese tried to sell

its song Kobra Klub to a small label, Epsilon Records, for a
lump-sum payment of $50,000. After estimating that future sales
possibilities of Kobra Klub beyond one year are nonexistent,
Epsilon management is reviewing an alternative proposal to give a
lump-sum payment of $5000 to Mongeese plus a royalty of $0.50
for each disc sold. How many units must be sold the first year to
make this alternative as economically attractive to the band as
their original request? [Hint: Determine when the incomes under .
both proposals are the same.]

28. Parking Lot A company parking lot is 120 ft long and 80 ft
wide. Due to an increase in personnel, it is decided to double the
area of the lot by adding strips of equal width to one end and one
side. Find the width of one such strip.

29. Rentals You are the chief financial advisor to a corporation
that owns an office complex consisting of 50 units. At $400 per
month, every unit can be rented. However, for each $20 per month
increase, there will be two vacancies with no possibility of filling
them. The corporation wants to receive a total of $20,240 per
month from rents in the complex. You are asked to determine the
rent that should be charged for each unit. What is your reply?

30. Investment Six months ago, an investment company had a
$3,100,000 portfolio consisting of blue-chip and glamour stocks.
Since then, the value of the blue-chip investment increased by
whereas the value of the glamour stocks decreased by TIG' The
current value of the portfolio is $3,240,000. What is the current
value of the blue-chip investment?

L
10°

31. Revenue The monthly revenue of a certain company is
given by R = 800p — 7p?, where p is the price in dollars of the
product the company manufactures. At what price will the
revenue be $10,000 if the price must be greater than $507

32. Price-Earnings Ratio The price-earnings ratio P/E of
a company is the ratio of the market value of one share of the
company’s outstanding common stock to the earnings per share.
If P/E increases by 15% and the earnings per share decrease by
10%, determine the percentage change in the market value per
share of the common stock.

33. Market Equilibrium When the price of a product is p
dollars each, suppose that a manufacturer will supply 2p — 10
units of the product to the market and that consumers will demand
to buy 200 — 3p units. At the value of p for which supply equals
demand, the market is said to be in equilibrium. Find this value
of p.

34. Market Equilibrium Repeat Problem 33 for the following
conditions: At a price of p dollars each, the supply is 2p* — 3p and
the demand is 20 — p>.

35. Security Fence For security reasons, a company will
enclose a rectangular area of 11,200 ft* in the rear of its plant.
One side will be bounded by the building and the other three sides
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by fencing. (See Figure 1.4.) If 300 ft of fencing will be used,
what will be the dimensions of the rectangular area?

150
FIGURE 1.4 Security fencing (Problem 35).

36. Package Design A company is designing a package for its
product. One part of the package is to be an open box made from
a square piece of aluminum by cutting out a 2-in. square from
each corner and folding up the sides. (See Figure 1.5.) The box is
to contain 50 in®. What are the dimensions of the square piece of
aluminum that must be used?

FIGURE 1.5 Box construction (Problem 36).

37. Product Design A candy company makes the popular
Henney’s, whose main ingredient is chocolate. The
rectangular-shaped bar is 10 centimeters (cm) long, 5 cm wide,
and 2 cm thick. (See Figure 1.6.) The spot price of chocolate has
decreased by 60% and the company has decided to reward its
loyal customers with a 50% increase in the volume of the bar! The
thickness will remain the same, but the length and width will be
increased by equal amounts. What will be the length and width of
the new bar?

FIGURE 1.6 Candy bar (Problem 37).

38. Product Design A candy company makes a washer-shaped
candy (a candy with a hole in it); see Figure 1.7. Because of
increasing costs, the company will cut the volume of candy in
each piece by 22%. To do this, the firm will keep the same

FIGURE 1.7 Washer—shapéd candy (Problem 38).

thickness and outer radius but will make the inner radius

larger. At present the thickness is2.1 millimeters (mmy), the
inner radius is 2 mm, and the outer radius is 7.1 mm. Find the
inner radius of the new-style candy. [Hint: The volume V of a
solid disc is sr72h, where r is the radius and % is the thickness of
the disc.]

39. Compensating Balance Compensating balance refers to
that practice wherein a bank requires a borrower to maintain on
deposit a certain portion of a loan during the term of the loan. For
example, if a firm takes out a $100,000 loan that requires a
compensating balance of 20%, it would have to leave $20,000 on
deposit and would have the use of $80,000. To meet the expenses
of retooling;the Barber Die Company needs $195,000. The Third
National Bank, with whom the firm has had no prior association,
requires a compensating balance of 16%. To the nearest thousand
dollars, what amount of loan is required to obtain the needed
funds? Now solve the general problem of determining the amount
L of a loan that is needed to handle expenses E if the bank
requires a compensating balance of p%.

40. Incentive Plan A machine company has an incentive

plan for its salespeople. For each machine that a salesperson sells,
the commission is $40. The commission for every machine sold
will increase by $0.04 for each machine sold over 600. For
example, the commission on each of 602 machines sold is $40.08.
How many machines must a salesperson sell in order to earn
$30,800?

41. Real Estate A land investment company purchased a
parcel of land for $7200. After having sold all but 20 acres at a
profit of $30 per acre over the original cost per acre, the
company regained the entire cost of the parcel. How many acres
were sold? '

42. Margin of Profit The margin of profit of a company is

the net income divided by the total sales. A company’s margin

of profit increased by 0.02 from last year. Last year the

company sold its product at $3.00 each and had a net income of
$4500. This year it increased the price of its product by $0.50
each, sold 2000 more, and had a net income of $7140. The
company never has had a margin of profit greater than 0.15. How
many of its product were sold last year and how many were sold
this year?

43. Business A company manufactures products A and B. The
cost of producing each unit of A is $2 more than that of B. The
costs of production of A and B are $1500 and $1000, respectively,
and 25 more units of A are produced than of B. How many of each
are produced?
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Objective

To solve linear inequalities in one
variable and to introduce interval
notation.

a b

a<bh,aisless than b
b >a,bis greater than a

b a

a > b;ais greater than b
b <a;bislessthana

FIGURE 1.8 Relative positions of
two points.

Keep in mind that the rules also apply to <, >,

and >,

1.2 Linear Inequalities

Suppose a and b are two points on the real-number line. Then either ¢ and b coincide,
or a lies to the left of b, or a lies to the right of b. (See Figure 1.8.)

If a and b coincide, then a = b. If a lies to the left of b, we say that a is less than b
and write a < b, where the inequality symbol “<” is read “is less than.” On the other
hand, if a lies to the right of b, we say that a is greater than b, written a > b. The
statements a > b and b < a are equivalent. (If you have trouble keeping these symbols
straight, it may help to notice that < looks somewhat like the letter L for /eft and that
we have a < b precisely when a lies to the left of b.)

Another inequality symbol “<” is read “is less than or equal to” and is defined as
follows: a < b if and only if @ < b or a = b. Similarly, the symbol “>" is defined as
follows: @ > b if and only if @ > b or a = b. In this case, we say that a is greater than
or equal to b. '

We often use the words real numbers and points interchangeably, since there is a
one-to-one correspondence between real numbers and points on a line. Thus, we can
speak of the points —5, —2, 0, 7, and 9 and can write 7 < 9, =2 > —5,7 < 7, and
7 > 0. (See Figure 1.9.) Clearly, if a > 0, then a is positive; if @ < 0, then a is negative.

=5 -2 0 7 9 a x b

FIGURE 1.9 Points on a number line. FIGURE1.10 aga<xandx < b.

Suppose that a < b and x is between a and b. (See Figure 1.10.) Then not only is
a < x,butalso, x < b. We indicate this by writinga < x < b. Forexample, ) <7 < 9.
(Refer back to Figure 1.9.)

Deﬂmhon . . , ,
An mequalzty 1s a statement that o one quantlty 1s less than or oreater than or Iess

than or equal to or vreater than or equal to another quantlty

Of course, we represent inequalities by means of inequality symbols. If two inequal-
ities have their inequality symbols pointing in the same direction, then the inequalities
are said to have the same sense. If not, they are said to be opposite in sense. Hence,
a < b and ¢ < d have the same sense, but a < b has the opposite sense of ¢ > d.

Solving an inequality, such as 2(x —3) < 4, means finding all values of the variable
for which the inequality is true. This involves the application of certain rules, which we
now state.

Rules for Inequalities

1. If the.same number is added to or subtracted from both sides of an inequality, then
another inequality results, having the same sense as the original inequality.
Symbolically,

Ifa<b, thena+4c<b+canda—c < b—c.

For example, 7 < 10s07+3 < 10+ 3.

2. If both sides of an inequality are multiplied or divided by the same positive num-
ber, then another inequality results, having the same sense as the original inequality.
Symbolically,

b

Ifa<bandce > 0, thenac<bcandg<—.
c ¢

For example, 3 < 7and 2 > 050 3(2) < 7(2) and % <

[STEN
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cauTion\

Multiplying or dividing an inequality by
a negative number gives an inequality of
the opposite sense.

- The definition also applies to <, >,
and >.

3. If both sides of an inequality are multiplied or divided by the same negative number,
then another inequality results, having the opposite sensg of the original inequality.
Symbolically, .

b
Ha<bandc <0, the:na(c)>b(c)andE > -,
c ¢

For example, 4 < 7 and —2 < 050 4(—2) > 7(—2) and & > L.
4. Any side of an inequality can be replaced by an expression equal to it. Symbolically,

fa<banda=c, thenc < b.

For example, ifx <2 andx =y +4,theny+4 < 2.

5. If the sides of an inequality are either both positive or both negative and reciprocals
are taken on both sides, then another inequality results, having the opposite sense of
the original inequality. Symbolically,

1

1
IfO<a<bora<b<(, then->z.
a

11 I 1
For example,2 <450 7 > 7 and —4 < ~250 — > 5.

6. If both sides of an inequality are positive and each side is raised to the same positive
power, then another inequality results, having the same sense as the original inequality.
Symbolically,

IfO0<a<bandn >0, thena” < b".
For n a positive integer, this rule further provides
If0 < a < b, then /a < /b.

For example, 4 < 9 s04? < 9% and /4 < /9.

A pair of inequalities will be said to be equivalent inequalities if when either is true
then the other is true. When any of Rules 1-6 are applied to an inequality, it is easy to
show that the result is an equivalent inequality.

Expanding on the terminology in Section 0.1, a number a is positive if 0 < a and
negative if a < 0. It is often useful to say that a is nonnegative if 0 < a. (One could
also say that a is nonpositive if a < 0 but this terminology is not often used.)

Observe from Rule 1 that a < b is equivalent to “b — a is nonnegative.” Another
simple observation is that a < b is equivalent to “there exists a nonnegative number s
such that a 4+ s = b.” The s which does the job is just b — a but the idea is useful when
one side of ¢ < b contains an unknown.

This idea allows us to replace an inequality with an equality—at the expense of
introducing a variable. In Chapter 7, the powerful simplex method builds on replace-
ment of inequalities a < b with equations a + s = b, for nonnegative s. In this context,
s is called a slack variable because it takes up the “slack” between a and b.

We will now apply Rules 1-4 to a linear inequality.

2q ’alzty mfthe vanable x cis an mequahty that can be wntten m the form

C ATt _nst,tsanda;éO - -
We shouldfexpect that the mequallty will be true for some values of x andfalse
‘»;'for others. To solve an inequality 1nvolvm0 a vanable is to ﬁnd a]l values of the
,;vana le for Wthh the mequahty is| tue. , ,

S e T
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APPLY IT &

L A ‘salesman: has a ' monthly income
~given by I =200+ 0.8S, where S is the
- number of products sold ‘in a month.
- How many products must he sell to make
“at least $4500 a month? '

x<>

A

1
FIGURE 1.11 All real numbers less
than 5.

APPLY IT >

2 A 700 vetennanan can purchase;

four different animal foods with vari-
“ous nutrient values for the zoo’s grazing
- animals. Let x; represent the number of

- bags of food 1, x, represent the number
~of bags of food 2, and so on. The num-

~ber of bags of each food needed can be
- described by the following equanons

=150 —xy
' Xy = 3)(.'4 =210
X3 =x1+ 60

Assuming that each variable must bei

-nonnegative, - write four mequahtles

: mvolvma x4 that follow: from these

_equations. -

(a,b] —f———}— a<x<b
a b
[a,b) —F——— a<x<b
a b
[a,0) —f——> x>0
a
(@,®) —f——> x>a
a
(—»,a] <——i— x<a
a
x<a

(=,8) <=
a

(==, )
FIGURE 1.13 Intervals.

—n < x << W

cauTion\

Dividing both sides by —2 reverses the
sense of the inequality.
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AMPLE 1 Solving a Linear Inequality
Solve 2(x — 3) < 4.
Solution:

 Strat tegy  We will replace the g1ven 1nequahty by equlvalent inequalities untﬂ the
solutlon is ev1dent

2x—3) <4
2x—6<4 Rule 4
2x—6+6<44+6 Rule 1
2x < 10 Rule 4
%:t-<%(2 Rule 2
x<5 Rule 4

All of the foregoing inequalities are equivalent. Thus, the original inequality is
true for all real numbers x such that x < 5. For example, the inequality is true for
x = —10,~0.1,0, 1, and 4.9. We can write our solution simply as x < 5 and present it
geometrically by the colored half-line in Figure 1.11. The parenthesis indicates that 5
is not included in the solution.

Now Work Problem 9 <

In Example 1 the solution consisted of a set of numbers, namely, all real numbers
less than 5. It is common to use the term interval to describe such a set. In the case
of Example 1, the set of all x such that x < 5 can be denoted by the interval notation
(~00,5). The symbol —co is not a number, but is merely a convenience for indicating
that the interval includes all numbers less than 5.

There are other types of intervals. For example, the set of all real numbers x for
which a < x < b is called a closed interval and includes the numbers a and b, which
are called endpoints of the interval. This interval is denoted by [a, b] and is shown in
Figure 1.12(a). The square brackets indicate that a and b are included in the interval.
On the other hand, the set of all x for which ¢ < x < b is called an open interval and
is denoted by (a, b). The endpoints are not included in this set. [See Figure 1.12(b).]
Extending these concepts and notations, we have the intervals shown in Figure 1.13.
Just as —o0 is not a number, so oo is not a number but (a, 00) is a convenient notation
for the set of all real numbers x for which ¢ < x. Similarly, [a, c0) denotes all real x
for which a < x. It is a natural extension of this notation to write (—o0, 00) for the set
of all real numbers and we will do so throughout this book.

r
[3

a

L A

\ 7

a b
,b] Open interval (a, b)
(a) (b)

FIGURE 1.12 Closed and open intervals.

o

Closed interval [,

i~

AMPLE 2  Solving a Linear Inequality

Solve 3 — 2x < 6.
Solution: 3-2x <
—2x < Rule 1
x> —= Rule 3
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x> -

o

The solution is x > —2, or, in interval notation, [—32, c0). This is represented

geometrically in Figure 1.14.

[

Now Work Problem 7
FIGURE 1.14 The interval [—%,oo). N
. \WMPLE 3 Solving a Linear Inequality

S

Solve %(s -2+ 1> -20s—4).

3
Solution: E(s -2 +1>-20—4)

2 [;(s —2)+ 1} > 2[—2(s — 4)] Rule 2

(s —2)4+2 > —4(s — 4)
3s -4 > —~4s5 -+ 16

s>
. Ts > 20 Rule 1
2 20
7 s > - Rule 2

: 2
FIGURE 1.15 The interval (7, 00). The solution is (£, co); see Figure 1.15.

Now Work Probiem 19 <

\MPLE 4 Solving Linear Inequalities

a. Solve2(x —4) — 3 > 2x — 1.

Solution: 2r—4)—3>2x— 1
2x—8—~3>2x—1
—11 > —1

Since it is never true that —11 > —1, there is no solution, and the solution set is @
(the set with no elements).

—m <y < b. Solve 2(x —4) — 3 < 2x — 1.
FIGURE 1.16 The interval Solution: Proceeding as in part (a), we obtain —11 < —1. This is true for all real
(=00, 00). numbers x, so the solution is (—o0, co); see Figure 1.16.

Now Work Problem 15 <

PROBLEMS 1.2

In Problems 1-34, solve the inequalities. Give your answer in 21 Sy+2 <2y 1 2 3y—2 - 1
interval notation, and indicate the answer geometrically on the - = T3 T2
real-number line. 23 “3x+1<-3x—2+1 24 0x<0
1. 5x>15 2. 4.\'<—2 ?5 1—1 31‘_7 26 5(3T+l) 2’—4 '
3.5x—11<9 4. 5x<0 S T T3 T T 3
5. —4x > 2 6. 3:4+2>0 1
T = ee> 27. 2x+ 13> —x =7 28. 3x———l§§x

7.5-7s>3 8 45—1< -5 3 372
9. 3<2y+ 3 10. 4 <3 -2y 2. 2, .73, : 30. Lo 8,
1. 146 <243 12. =3 > 8(2 —x) 306 4 3

3. y+2 <242 ‘ 2—0.0Lx
13. 3(2 — 3x) > 4(1 — 4x) 14. 8+ 1)+ 1 <3(2x)+ 1 ->+2<3y+5 32.9—0.11-5——-7—
15, 2(4x —2) > 4(2x 4+ 1) 16. 5—(x+2)<22—x) -
17. x+2 < /3 —x 18. V3(x+2) > V3G —x) 33. 0.1(0.03x + 4) > 0.02x + 0.434

5 > 4y D1 S0+D
19. gx < 40 20. ~-§x - 6 . 3 < 3

Sl
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35. Savings Each month last year, Brittany saved more than 37. Geometry In aright triangle, one of the acute angles x is
$50, but less than $150. If S represents her total savings for the less than 3 times the other acute angle plus 10 degrees. Solve for x.

year, describe S by using inequalities.

38. Spending A student has $360 to spend on a stereo system

36. Labor Using inequalities, symbolize the following and some compact discs. If she buys a stereo that costs $219 and
statement: The number of labor hours ¢ to produce a product is not the discs cost $18.95 each, find the greatest number of discs she

less than 3 and not more than 5.

can buy.

Objective

To model real-life situations in terms
of inequalities.

1.3 Applications of Inequalities

- Solving word problems may sometimes involve inequalities, as the following examples
illustrate.

Profit

For a company that manufactures aquarium heaters, the combined cost for labor and
material is $21 per heater. Fixed costs (costs incurred in a given period, regardless of
output) are $70,000. If the selling price of a heater is $35, how many must be sold for
the company to earn a profit?

Solution:

ﬁ" ra"tegy Recall that
S proﬁt = total revenue — total cost

We wﬂl find total revente and total cost and then determme when thetr difference
s p0s1t1ve

Let g be the number of heaters that must be sold. Then their cost is 214. The total
cost for the company is therefore 21g + 70,000. The total revenue from the sale of
q heaters will be 35g. Now,

profit = total revenue — total cost

and we want profit > 0. Thus,

total revenue — total cost > 0
35g — (21 +70,000) > 0
14g > 70,000
g > 5000
Since the number of heaters must be a nonnegative integer, we see that at least 5001
heaters-must be sold for the company to earn a profit.

Now Work Problem 1 <

Renting versus Purchasing

A builder must decide whether to rent or buy an excavating machine. If he were to rent
the machine, the rental fee would be $3000 per month (on a yearly basis), and the daily
cost (gas, oil, and driver) would be $180 for each day the machine is used. If he were
to buy it, his fixed annual cost would be $20,000, and daily operating and maintenance
costs would be $230 for each day the machine is used. What is the least number of days
each year that the builder would have to use the machine to justify renting it rather than
buying it?
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Although the inequality that must be
solved is not linear. it is equivalent to
a linear inequality.

Solu‘tlon

Stra’segy We w1ll determme expressmns for the annual cost of renting and the |
_ annual cost of purchasmU We then find when the cost of renting is lykes,s_than,tha;tkof

Let d be the number of days each year that the machine is used. If the machine
is rented, the total yearly cost consists of rental fees, which are (12)(3000), and daily
charges of 180d. If the machine is purchased, the cost per year is 20,000 + 2304.
We want

COStrent < COStpurchase
12(3000) + 180d < 20,000 + 2304
36,000 + 180d < 20,000 + 2304
16,000 < 504
320 < d

Thus, the builder must use the machine at least 321 days to justify renting it.

Now Work Problem 3 <

Current Ratio

The current ratio of abusiness is the ratio of its current assets (such as cash, merchandise
inventory, and accounts receivable) to its current liabilities (such as short-term loans
and taxes payable).

After consulting with the comptroller, the president of the Ace Sports Equipment
Company decides to take out a short-term loan to build up inventory. The company
has current assets of $350,000 and current liabilities of $80,000. How much can the
company borrow if the current ratio is to be no less than 2.5? (Note: The funds received
are considered as current assets and the loan as a current liability.)

Solution: Let