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MARCH 2023
Mathematics
MAT 6B 09—REAL ANALYSIS
(2017—2018 Admissions)

Time : Three Hours

10.

11.

12.

Part A

Answer all questions.

Each question carries 1 mark.
Give an example for a continuous function which is not bounded.
State Preservation of Intervals Theorem.
Define Lipschitz itz function.

State Boundedness theorem.
Find | P |if P=(0,1,1.5,2,3.4,5) in a partition of [0, 5].

State Lebesgue integrability criterion.

Define uniform convergence of a sequence of functions.

lim sin (nx + n) -
n— o n

Give an example for an improper integral of second kind.

. 11
Cauchy principal value of J: 17 dx =

Fill in the blanks : T’ (1) =

Define Beta function.

312534

Maximum : 120 Marks

(12 x 1 = 12 marks)

Turn over



13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

312534

2 C 40185

Part B

Answer any ten question.

Each question carries 4 marks.

Let I be an interval and let f:I >R be continuous on I. If a,bel and if kR satisfies

f(a)<k<f(b), then prove that there exists ¢ €I between a and b such that /' (c) = &.
Let I be a closed bounded interval and let f:I— R be continuous on I. Then prove that

()= {f (x):xe I} is a closed bounded interval.

If f:A —> R is uniformly continuous on a subset A of R and if (xn) is a cauchy sequence in A

then prove that ( f (xn)) is a cauchy sequence in R .

Show that f (x)= x?on A= [0,b],b>0 satisfies a Lipschitz condition.

b b
Suppose that > & €% [a,b]and k e R. Prove thatk f e R [a,b]and [ "kf=k[ f.
Let G (x)= lerr=d (neN)and G (x)=0 elsewhere on [0,1]. Show that G e R [0,1].
n n
State and prove composition theorem for Riemann Integrable functions.

Let (f,,) be a sequence of bounded functions on A c R. Suppose that (£, ) converges uniformly on

A to f. Then prove that || f,-f || A 0.

1

x2+n

o0
Discuss the uniform convergence of Zn =1 2°

State and prove Weierstrass M-Test for a series of functions.

w 1
Test the convergence of _[0 3 dx.
x

Show that I' (n +1)=n! when n is a positive integer.

312534



25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

3
o ym—l
Show that B (m,n)=[" —Y dy.
B(mn)=] Gy y
Evaluate I ; x! (1—x)8 dx.
(10 x 4
Part C

Answer any six question.

Each question carries 7T marks.
State and Prove Maximum-Minimum Theorem.

State and prove Continuous extension theorem.

312534

C 40185

= 40 marks)

Let I= [a, b] be a closed bounded interval and let f : I — R be continuous on I. If € > 0, then prove

that there exists a step function S_:I— R such that |/ (x)-S_ (x)|<eforallxel.
If feRr [a, b] then prove that the value of the integral is uniquely determined.

If f € R[a,b], then prove that fis bounded on [a, b].

State and prove Cauchy Criterion for Riemann Integrability.

State and prove Taylor’s Theorem with the Reminder.

Prove that B (m,n)= ,Vm,n>0.

(2 F(qj
s - - 2 2
Show that _[ 02 sin®™ Y g cosl?™Y odo = A
o [P : q]

(6x7

312534

= 42 marks)

Turn over



36. a)
b)
37. a)
b)
38. a)
b)

312534

4

Part D

Answer any two question.

Each question carries 13 marks.

State and prove Location of roots theorem.

Test the uniform continuity of f (x) = Jx on [0,2].

312534

C 40185

z
If fis continuous on [a, b], then Prove that the indefinite integral F (2 ) = Ia fforze [a, b] is

differentiable on [a, b]and F' (x) = f (x) for all x € [a, b].

Show that Dirichlet function is not Riemann Integrable.

T
Express the integral _[ 2 sin? x cos? xdx in terms of Beta function.

T

Evaluate _[ 05 sin’

x cos® xdx.

(2 x 13 = 26 marks)
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10.

11.
12.

13.

14.

Mathematics
MAT 6B 09—REAL ANALYSIS
(2014 to 2018 Admissions)
Three Hours Maximum : 120 Marks
Part A

Answer all questions.
Each question carries 1 mark.

Define uniform continuity of a function.

State Weierstrass approximation theorem.

Find ||p|| if P = {0, 2, 3, 4} in a partition of [0, 4].

Give an example for a function which is not Riemann integrable.
Define step function.

State Lebesgue integrability criterion.

Define uniform convergence of a series of functions.

x2 + nx

lim
n—o n

Write an example for an absolutely convergent improper integral.

Cauchy principal value of | xdx=.

Define Beta function.

Fill in the blanks : T'(3) = ——
(12 x 1 = 12 marks)

Part B

Answer any ten questions.
Each question carries 4 marks.

Let I = [a, b] be a closed boudned interval and f: I — R be continuous on I. If £ € R is any
number satisfying inf f(I) <k <supf(I) then prove that there exists a number ¢ cI such
that f (c) = k.

State and prove Preservation of Intervals theorem.

Turn over

92479



15.

16.

17.

18.

19.

20.

21.

22.

23.

24.
25.

26.

27.

28.
29.

30.

31.

32.

92479

2 C 20207

Show by an example that every uniformly continuous function need not be a Lipschitz
function.

If ¢:[a,b] > R is a step function, prove that ¢ € R [a,b].

Suppose that f, g eRla,bl. Prove that fg € Rla,b].

4 sin/t
State the substitution theorem of Riemann integration. Use it to evaluate |

o i

Let (f,) be a sequence of bounded functions of A — R. Suppose that |f, — ||, = 0. Then

dt.

prove that (f,) converges uniformy on A to f.
If f,, is continuous of Dc R to R for each neN and if } f,, converges to f uniformly on D,

then prove that fis continuous on D.

State and prove Weierstrass M-Test for a series of functions.

1
. . o0
Discuss the uniform convergence of 2n-1—5 5 -
x“+n

w 1
Test the convergence of | x—zdx-

Show that I' (n + 1) = n! when n is a positive integer.
Show that B(m, n) = B(n, m).

1 n
Evaluate Jéxm [log;j dx.

(10 x 4 = 40 marks)
Part C

Answer any six questions.
Each question carries T marks.

Let I = [a, b] be a closed bounded interval and let f: I — R be continuous on I. Then prove
that fis bounded on I.

State and prove Uniform Continuity Theorem.

State and prove Continuous Extension Theorem.

If f:la, b] » R is monotone on [a, b] then prove that f e Rla,b].

n

Discuss the convergence of the sequence (f,(x)) where £, (x) = , x€[0,2].

X" +1

State and prove Taylor’s Theorem with the Reminder.

92479



33.

34.

35.

36.

37.

38.

92479

3 C 20207

Let f eRla,b] and let fbe continuous at a point ¢ e[q,b]. Prove that the indefinite integral

F(z)=| f foe z €[a,d] is differentiable at ¢ and F'(c) = f(c).

P

Show that I’ (Ej F(

Py i

9 =Fr(p).

1
Evaluate the integral | x%(1-x)dx.
0
(6 x 7 =42 marks)
Part D

Answer any two questions.
Each question carries 13 marks.

(a) State and prove Maximum Minimum Theorem.

(b) Test the uniform continuity of f(x)= Jx on [0, 2.

(a) Let f:la,b] >R and ce(a,b). Prove that feMRla,b] if and only if its restriction to
la, c] and [c, b] are both Riemann integrable. In this case show that jfl’ f=lf+ jf f.

(b) If f eRla,b] and if [¢,d] = [a,b] then prove that the restriction of f to [c, d] is in Rlc, d].

_ T(m)I'(n)
(a) Prove that P(m,n)= Tonim’ vm, n>0.

. 1
(b) Find the value of F(Ej

(2 x 13 = 26 marks)

92479
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SIXTH SEMESTER BA.IBSc DEGREE EXAMINATION, MARCH 2020
(CUCBCSS-UG) |
Mathematics
MAT 6B 09—REAL ANALYSIS ‘ _
: Three Hours ' | ' Maximum : 120 Marks
Section A

Answer all questions.
Each carries 1 mark.

Define absolute maximum of a real valued function f :A->R,AcR.

Give an eXample of a continuous function. Why unbounded eventhough its domain is a bounded
set in R.

State the location of Roots fheorem.

. Define uniform continuity of a function.

Find | p | if p={0,0.2,0.5,0.9,1.5, 2} is a partition of [0,2].

Let F, G be differentiable on [a,b] and F'=fand G'=g both belongs to R [a,b].
b .

Then [fG=—— .
a

Give an example of the improper integral of the 3rd kind.

: s n
5 3 X .
The radius of convergence of the power series z— is
n

State the Weierstrass M-test for the uniform convergence of a series of functions.

‘When do we say a series of functions is absolutely convergent ?

- [cos(nx+n)}=

n

n— «©

State the relation between Beta function and Gamma function.
' (12 x 1 = 12 marks)

Turn over



13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

2 , C:80269
Section B -

Answer any ten questions.
Each carries 4 marks.

(a) What do you mean by Lipschitz condition ?
(b) What is its geometrical interpretation ?

‘Let f, (x)=x"(1-x), xe A =[0,1]. Prove that f,(x) converges to ‘0’ uniformly on A.

Clnx dx

Discuss the convergence of I x+u  Whereu > 0.
1

sm \/_

Evaluate

State the boundedness theorem on Riemann integral. Justify the converse by an example.

-

. (1 )
State continuous extension theorem. Use it to show that (%) = xsin (;) is uniformly continuous

on.(0,b],5 > 0.

Show by an example that every uniformly cohtinuous function need not be Lif)schitz function.

' x
‘Determine the uniform convergence of Z sm(n ) for | x |<a.

Distinguish between poihtwise and uniform convergence of a sequence. Write the relation between

them. Also write the necessary and sufficient condition for sequence ( fn) fail to converge uniformly

on Ay cR tof.

If fe R[a,b], then PT.|f|e R[;,b]-

State the limit comparison test for the convergence of improper integrals. Test the convergence

of 1+x



24.

25.

26.

27.

28.
29.
30.

31.

32.

33.

34.

35.

3 ‘ © C 80269

Prove that %= Jr.

Prove that B(ni, n) =B(m+1,n)+B(m,n+ 1), mﬁ‘h> 0.

) ‘. |
" Prove that B(m,n)=2- J‘ (sin,x)z"‘ % (cosx)**tdx
0 :

(10 x 4 = 40 marks)
Section C * '

Answer any six questions.
Each carries T marks.

P. T the image of a closed and bounded interval under a contmuous mappmg is a closed and
bounded interval. ’ '

State and prove Bolzano 8 mtermedlate value theorem
I f: [a,b] > R is contantibus [a,b], then PT.fe R[a b
State and prove umform contlnulty theorem.

P.T. a sequence of bounded functlons (f,,)on Ac R converges uniformly to f on A iff
1=l 0.
Discuss the convergence of (f,, (x)), where f, (x) =z",xeR,neN.

Prove that the uniform limit of a sequence of continuous function on A c R is continuous on A.

Prove that B(m,:+1) = B(m +1,n) 5 B(m,n)'

m " m+n

1
3
Evaluate J(*Inx)"dx.
0

(6 x 7 = 42 marks)

Turn over



36. (a)
(b)
37. (a)
(b)
38. (a)
(b)

4

Section D

- Answer any two questions.
Each carries 13 marks.

State and prove Maximum-Minimum theorem.

. C 80269

Show by an example that none of the conditions of the Maximum-Minimum theorem can be

relaxed.

If (x,) is a Cauchy sequenceon Ac R, then P.T. ( (%)) is a Cauchy sequence in R, when

i : A - R is uniformly continuouson Ac R.

1
Show that f(x)= = is not uniformly continuous on (0, 1).

%
Evaluate I,\/tane do.
5

x T -
wl=[f—di= ,S.T.Inl-n=—— gfro<n<1.

ol+x sinnt sinnn

(2 x 18 = 26 marks)
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(CUCBCSS)
Mathematics
MAT 6B 09—REAL ANALYSIS
Three Hours ’ : Maximum : 120 Marks
Section A

Answer all the twelve questions.
Each question carries 1 mark.

Give an example of a real valued function with set of real numbers as domain which is nowhere
continuous. ‘

Define uniform continuous function.
State Maximum-Minimum Theorem.

Define a tagged partition of a closed and bounded interval in R .

Let f (x) %2 for xe[O 4]. Calculate the Riemann sum correspondmg to the partition

= (0, 1, 2, 4) with the tags at the right end points of the subintervals.

- State Fundamental Theorem of Calculus (Second form).

Define uniform noi'm of a bounded function.

Give an example to show that pointwise convergence of sequence of functions need not imples
uniform convergence.

State Cauchy Criterion for the uniform convergence of a series of functlons
Define improper integral of the second kind.
Show that B (m, n) = B (n, m).

Define Gamma function.
' (12 x 1 = 12 marks)

Section B

Answer any ten out of fourteen questions.
Each question carries 4 marks.

Let I be a closed and bounded interval and let f:I—>R be continuous of I. If k£ e R is any number

satisfying inf f(I)<k <supf (I), then show that there exists a number ¢ eI such that f (c)=
: Turn over



14.

15.

16.

17.

18.
19.

20.

21.

22.
23.

24.

25,

26.

27.

28,

2 | C 60048
Show that the equation x = cos x has a solution in the interval [O, n].
If f:A —> R is uniformly continuous on a subsef A of R and if (x) is a Cauchy sequence in A,
then show that (f(x,)) is a Cauchy sequence in R .

If f and g are uniformly continuous on subset A of R , show that f + g is uniformly continuous-on

A.

Consider the function & defined by A (x) = x + 1 for x €[0,1] rational and A (x) = 0 for x€[0,1]

_irrational. Show that h is not Riemann integrable.

State and prove the Mean Value Theorem for Integrals.

State Lebesgue’s Integrability Criterion.Using this discuss the Riemann integrability of any step
function on [a, b]. \ '

Let F and G be differentiable on [a, b] and let f = F' and g = G' belongs to Rla, b], then show that

j:fG=[FG]Z—I:Fg.

Show that lim (x/(x +n)) =0 for all x e R,x > 0. Also show that the convergence is not uniform on

‘the interval [0, =).

1

' ®
Discuss the convergence and uniform convergence. of Zn=l*—‘—2 L
x“+n

o 1
Show that j 1 48 dx converges.

1sin x“
Show that I —=dx converges.
o Vx

Show that T'(1/2) = V.
€10 x 4 = 40 marks)

Section C

. Answer any six out of nine questions.
Each question carries 7T marks.

State and prove Boundedness Theorem.

If f (x) =x and g (x) =sinx, show that both fand g are uniformly continuous of R , but that their

product f g is not uniformly continuous on [ .

If f >R is monotone on [a, b], then show that f € R]a, b].



29.

30.

31.

32.

33.

34.

35.

36.

37.

3 C 60048

' State and prove Fundamental Theorem of Calculus (First Form).

Let (f,,) be a sequence of bounded functions on A € R. Then show that this sequence converges

uniformly on A to a bounded function £ if and only if for each £ >0 there is a number H (e)inN

 such that for all m,n>H(e) then | £, - f, |<e

Show that the uniform limit of a sequence of continuous real valued functions on a subset of real

numbers is continuous. i e
. 11 .

Show that the improper integral Io ;dx diverges.

Let f be a non-increasing function on [1, ) such that f(x)>0(l<x<w). Then show that

> ¥ £ (n) will diverge if [, £ (x)dx diverges.

Derive a relation between Beta and Gamma function.
(6 x 7 = 42 marks)

Section D

Answer any two out of three questions.
Each question carries 13 marks.

- Show that a continuous function on a closed and bounded interval I can be approximated arbitrarily

closely by step function.

Let f:[a,b] >R and let ce(a,b). Then show that feR [a, 8] if and only if its restriction to
) l b c b .
[a, c] and [c, b] are both Riemann integrable. In this case show that Ia f= Ja f+ L £
(a) Let f,(x):=1/(1+x)" for x €[0,l]. Find the pointwise limit f of the sequence f, on [0, 1].
|
Does f, converge uniformly to fon [0, 1] ?

(b) Let (c, )bea decreasing sequencé of positive numbers. If Z ¢, sin nx is uniformly convergent,

then show that lim (nc,) = 0.
(2x13=26 ma_lrkS)
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Time : Three Hours = 7 . : . M@&?ﬁmm:aOWeiglitage
: Part A ' ‘. : ' = .
Answer all twelve questions. :
Each question carries Y4 weightage.

1. State Bolzano’s mtermedlate value theorem. -

2. Given an example of a continuous function which need not bounded on the domain set A.
3. Define Lipschit’z function o'.n aset AcR.
4. Given an example of a function which is Reimann integrable in [Q, 1L

» 5. If y: [a, b] — R takes only a finite number of distinet values ; then ‘is ¥ a step function’ ?

6. Isittrue fhat h(x)=x,Vx €[0,1] belongs to R[0, 1].
. 1. Ef,(®)=", find limf, (=).

8. Does g,(x)=x";x¢ [o, -1} converges uniformly ?

9. Let f,(x) =5 _‘1_ =5 Does qu converges uniformly.

10. Define beta function.
11. Find [, where neN.

12. Define an improper mtegra]
' (12 x % = 8 weightage)

Turn over




13.
14.
i5
16.

17
18.
19.

20.

21.

23.

Show that lim [

9
Paﬁ B
oy Ariswer all'nine questions.
: Each question carries 1 weightage.
State preservation theorem of integrals. - :

What is uniform Continuity theore‘m‘? :

Iff; g € R'[d, b]r, then show that f+ge R[a, b].

If 9:[a,b] >R is a step function, then prove that ¢ € R[a, b].

x2 +nx

] =x,VxeR.
State Cauchy’s criterion for uniform convergence of series.

Test the convergence of the integral Io% %’5 dx.

Find [n+1-In, where n is a natural nﬁmbér.

Prove that I:-l- diverges.
x

Part C

Answer any five queétions.
Each question carries 2 weightage.

that (f (x,, )) is a Cauchy sequence in R.

" D 40899

@9Ox1=9 _weightage)

22 K f:A >R is uniformly continuouson AcR andlf (x,) is a Cauchy sequen_ce is A, then prove

Check whether sin L and xsin;lc- are uniformly continuous oﬁ '[a, b] vVb>0.

x =



24.

25.
26.

217.

28.

29.
30.

3

[airy

. Show that B(m,n)=

oy ‘ D 40899
Let f(x)=1 for x_—— y 3,4 and f(x)= 0 elsewhere on [0,1]. Show that feR[0,1] and
[ir-o

If f:[a,b] 5 R is monotonic on_ [2,b], then prove that feR [a,B].

 State and preve first form of ﬁmdamental theorem of Calculus. -

Show that, if (f,) and (g,) converge umformly on the set A to f, g respectively, then f, + g,

converges to f + gonA.

VSI:IOW that IE" dx = Vn.

(5 x 2 = 10 weightage)
Part D '

Answer dny two queetions.
Each question carries 4 weightage.

State and prove additivity theorem for Riemann infegrals. :

(a) State and prove second form of fundamental theorem of calculus

- (b) Show that f, (x) :c2 e converges umformly on (0, oo)

[mln

m+n

and hence evaluate B (8,4).

(2 x 4 = 8 weightage)
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| Part A | |

Answer all the twelve questions.
Each question carries 1 mark.

State the Location of Roots Theorem.

Give an example of a continuous function on A =(0, .90) which is not a uniformly continuous
function on A = (0, «).

State the Preservation of Intervals Theorem.

State the Weierstrass Approximation Theérem.

Define the Norm of a Partition of a closed ahd bounded interval.
State the Boundedness Theorem on Riemann integration.

Give the Lebesgue Integrability criterion of a function.
State the Substitution Theorem for Riemann Integration.

For what value of r the series z:= 1 r" sin nx uniformly convergent.

n

(% + n'x)] )

Fill in the blanks : lim [

Fill in the blanks : B (1/2, 1/2)=.....

Fill in the blanks : [* Jxe™* dx = ...

(12‘x 1=12 marks)

Turn over



13.

14.

15.
' 16.
1.
18.

- 19.

20.

21.

22.

23.

24.

2 | | D 40041
"Part B

Answer any ten questions.
Each questwn carries 4 marks.

'State the Boundedness Theorem. Show by an example that the boundedness theorem fails if the

Interval is not bounded.

Let I = [a, b], be a closed and bounded Interval . If f:1-> R is continuous on [a, bl , then prove

that f ([I]) is a closed and bounded mterval.'

Show by an example that the continuous image of an open interval need not be an open
interval. ' '

State the “sequential criteria” for the uniform continuify of a function. Apply this result to test the
uniform continuity of f (x) = 1/x on (0, 1). :

Use the location of Roots Theorem to show that the equation %3 —x—1=0has arootin (1, 2).

Iff“

If feR|a,b] and |f (x)I <M, Vx € [a, b], then prove that <M(b-a).

If ¢:[a,b] >Risa Step function, then prove that ¢ € R [a, b].

IfF and G are differentiable functions on [a, bl and f= F’,\g =G’ eR|[a, b}, then prove that
j fG= [FG] - f’ Fg.

Deﬁne uniform convergence of a sequence of functions. Test umform convergence of the sequence
(x/n);xeR,ne N.

Deﬁné uniform norm of a bounded function. Find N fn - ‘f | a if () (%)= (x” ;xeA=[0, 1]) and
f(x)=0 for 0<sx<1;f(x)=1forx=1 | |

Define uniform convergence of a series of function. Show that the Uniform limit of a series of

. continuous functions is continuous .

Show that _[ e (——17 dx converges, if p<1; and divergesif p>1.
x—-a



25.

26.

27.
28.

29.

30.

31.

32.

33.

34.

35.

3 | ~© D4o041
Define the Cauchy Principal value of the iﬁtegral I:_ . f (x)dx. Find it if f (x)=1/x.

Define Beta function .- Prove that B (m, n) =B (n, m), Vm, n > 0.
‘ (10x4= 40 marks)
Part C |

Answer any six questions. -
Each question carries 7 marks.

State and prove the Intermidiate Value Theorem.

State and prove the Continuous Extension Theorem.

State and prove the Composition Theorem of Riemann integration.

Define Riemann integral of a function. If f€R [a,b], then prove that the value of the Riemann
integral of f is uniquely determined. »

Prove that-a sequence of bounded functions on A converges uniformly on A if and only if

|fu=fla—0

R ‘ oo AL .2 o cos (nx)
Test the uniform convergence of the series Zn S et

-

nP
(a) Distingﬁish between absolute and conditional convergence of an improper in_tegr‘al.'

sin x

(b) Discuss the convergence of the Improper integral L —x dx. |

x
Evaluate j:(x —a)" t (b-x)"" dx;m,n>1.

Express the integral ﬁ (x)? (1 ~x1 )n dx; p,g,n >0 in terms of Gamma function.

(6 x 7 = 42 marks) :

Turn over




36.

37.

38.

(a)

(b)

(a)

(b)

(a)

(b)

4 - D 40041
Part D

Answer any two questions.
Each question carries 13 marks.

Let I = [a, b], be a closed and bounded Interval . If f:I— R is continuous on [a, 0], then
prove that fis bounded on I = [a, ] .
N

0 xP- 1
Prove that y1-p)= ——dx.
et 851-)= [, iy
State and pfoye Squeézé Theorem of Riemann Inﬁegratioh.'

(e "")J'- -

l+nx )

Evaluate (
State and prove ‘thé Weierstréss-M-test for uniform convergence of a Series of functions.

m»—'l _"_xn—l

=
Show that ‘B(m: n)= L=0 W

(2 x 13 = 26.marks)
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Part A
Answer all twelve questions.
Each question carries Y% weightage.
Give an example of a function such that the continuous image of an open interval need not be an

open interval.

State boundedness theorem for functions.

Define uniform continuity of a function on a set of A c R.

J ustify the statement “An unbounded function cannot be Riemann integrable”.
If I = [0, 4], calculate the norm of the partition P = (0, 0.5, 2.5, 3.5, 4).

Is it true that f(x) = sgn x on [- 1, 1] belongs toR [ 1, 1] ? V

X . z
Does frn = ~ converges uniformly on R.

If (f,,) and (g, ) be sequences converge uniformly to fand g on A respectively, find limit of (fn&n)
on A. ‘

Let &a(x)=sin (;{) Does Zf, converges uniformly on R.
Define Gamma function. ‘
State the relation between Beta and Gamma functions.

Define beta function using trignometric functions. ;
< ' (12 x % = 3 weightage)
" PartB ‘

Answer all questions. :
Each question carries 1 weightage. ' B

State Bolzano-intermediate value theorem.
Iff: A > R is a Lipschit’s function, then prove that fis uniformly continuous.
Show that every consta\n} functions on [a, b] is in R [a, b]. -
Tuarn over



16.
17.

18.

19.

20.
21.

22.
- 23.

24,
25.

26.
27.
28

29.
30.

31.

s 2 | C 2156z

State Cauchy’s criterion for a function on [a; b] belongs to R [a, b].
Show that lim [l sin (nx + n)] =0,VxeR.
n

Give an example of a sequence of a continuous functions that converges non-uniformly to a

- continuous limit.

11
Test the convergence of (f) x—2 dx.

Show that [1=1.
What is the relation between B (m, n) and B (n, m) ? v
(9 x 1 = 9 weightage)
Part C

Answer any five questions.
Each question carries 2 weightage.

Let I be a closed and bounded interval and let f I - R be continuous on I Prove that f(I) is a
closed bounded interval. :

Prove that a function fis uniformly continuous on [a, b] if and only if it can be defined at the end
points a and b such that the extended function is continuous on [a, b]. -

Iffe R [a, b], then prove that fis bounded. -

Consider the function A deﬁned by hix) =x + 1 for all x € [0, 1] rationals and h(x) = 0 for all
x € [0, 1] irrationals. Then prove that A is not Riemann mtegrable

Check the sequence Gix)=x"(1-x), Vxe [0, 1] converges uniformly on [0, 1].

Prove that ,/ J_

Define Cauchy prmc1pa1 value of I fx) dx and hence evaluate I sint dt.
" (5x2=10 welghtage)

- PartD

Answer any two questions:
Each question carries 4 weightage.

State and prove locatlon of root theorem.
(a) Iff:[a, b] > R is monotone on [a, b], the prove thatfe R [a, b]

cos (ne)

(b) Check the series 2 conirerges uniformly for all real value of © and p > 1.

(a) Derive duplication formula for gamma function.

a
(b) Prove that [(@a—x)™ " x"1dx = a™*"1p(m, n).
0 %
(2 x 4 = 8 weightage)
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Section A

Answer all questions.
Each question carries 1 mark.

State boundedness theorem.
Define absolute Minimum of a function.
State the preservation of interval theorem.

Give an example of a continuous function on (0, ) which has neither absolute maximum nor
absolute minimum.

Give an example of a continuous function on A c R, which is not uniformly continuous on A.

6. Find "p" if p = {0, 0.3, 0.6, 1 1.5, 2} is a partition of the set [0 2].

10.

11.

12.

13.

Give an example of the 2nd kmd improper integral.

-

; o x" .
The Radius of convergence of the power series- Z? is

Define uniform convergence of a series of functions.

lim[sin’ (nx + n)) _

n—wo n -

- What do you mean by uniform norm of a bounded function for A < R.

. 5
Find \/;

(12 x1=12 marks)
Section B

Answer any ten questions. '
Each question carries 4 marks.

LetI=[a,d], Letf:I — R be continuous. IfK € R is any number satisfying

inf f(D) < K<sup F(D), - ~ |
then prove that there exist a number CeI such that f(c) = . | R —



14.

15.

16.

17.

18.

19.

20.
21.

22.

23.

24.
25.

26.

- v-
2 C 21070

(a) Define Lipschitz function.
(b) If f is a Lipschitz function on AcR, then prove that fis uniformly continuous on A.

Show that the function f defined by
f (%) 1,if x is rational
X)= - 5 )
0, when x is irrational raFIOnal

has no Riemann Integral over [0,1].
Evaluate Ix éeﬁéxdx.

‘rsinvt o

State the substitution theorem of Riemann Integratlon Use it to evaluate I 7

State continuous extension theorem. Use it to show that f(x) = sin e) is not uniformly continuous

on (0,b],6>0.

Determine the uniform convergence of Z x P
n=1

State and prove the Weierstrus M-Test for a series of functions.

IfF and G are differentiable on [a, b] and let f=Fandg=¢G belongs to R [a, b] then P.T.

[fG FG]’ ng

State Lebesgue s Integrablhty Cntenon for Riemann Integrability. Use it to show that every step
function on [a, b] is Riemann Integrable.

Test the convergence of I % dx.
i

." (x+ 3)dx
Evaluate (x 1)(x + 1)‘

Prove that \/[n+1 =nn -

: “ L
Prove that [ = Ieyyz 'dy
0

(10 x 4 = 40 marks)



217.

28.

29.

30.

31.

32.

33.

34.

35.,

36.

37.

3 C 21070
Section C

Answer any six questibns. |
Each question carries T marks.

State and prove Intermediate value theorem.

If f €R[a,b], then prove that fis bounded on [g, b].
If f:[a,b] > R is monotone on [a,ib], P.T. f eRla,bl.

If f:A >R is uniformly continuous on AcR and if (x,) is a Cauchy sequence in A, then prove

that f(x,) is a Cauchy sequence in R.

Discuss the convergence of the sequence (f, (x)) , where f,(x) = ;,%—1- , x€l0, 2].

State the necessary and sufficient condition for sequence (f,) to fail to converge uniformly on
' x

A,CR to f. Use it to test the uniform convergence of (f, (x)),, where f,(*)= = R.

If (f,) and (g, ) are uniformly convergent sequences on AC R, is it imply that (£, ) (g, )is uniformly

~ convergent on A ? Justify by an example.

State and prove the product theorem on Riemann integrat;ion.

Jmaln
Jm+n

Prove that B (m,n) = , ym,n>0.

(6 x 7 = 42 marks)
Section D

Answer any two questions.
Each question carries 13 marks.

‘(a) State and prove the Cauchy criterion for uniform convergence of a sequence of functions.

(b) Discuss the convergence of f,(x)=x*, x<l0, 1.

(a) State and prove uniform continuity theorem.

' (b) Test the uniform continuity of f@)=+x, xl0,2].

.

Turn over
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38. (a) Express the integral L/z sin® x cosq xdx in terms of Beta function ; Hence find the value of

f/z sin %x cos® x dx.
L e 1 ‘ 1\
(b) Evaluate jx'" (ln ;) dx.
: 0 ' gLl o .
© (2 x 13 = 26 marks)
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Part A
Answer all questions.

When we say that f is uniform continuous ?

State maximum minimum theorem.

b b
If f(x)< g(x)Vxe[a,b] then what is the relation connecting ,[ f and _[ g,
) a a

Find the norm ‘of the partition P = {0, 0.5, 2, 3.5, 4} of [0,4].

Give an example of a function f which is not Riemann integrable.

5 .
. 1,2 9
. By the first form of fundamental theorem of calculus, show that I xdx = §(b = ) ;

a

Define uniform convergent sequence.

State Weierstrass M test for uniform convergence of a sequence.

Find CPV of | %9%

-

Define absolute convergence of I f(x)dx,f €Rla,s]
a

Define B (m, n) ?
State a relationship between Beta and Gamma functions.
(12 x % = 3 weightage)

Turn over



. Find lim

gasE : C 1742
Part B (Answer all Questions)
State Boundedness theorem. |

If f is a uniformly continuous function defined on A and if (x,) is a Cauchy sequence in A then
‘prove that f (x,) is a Cauchy sequence in R.

. Give an example of a step function.

If h(x)=x,x € [0,1] then prove that & € [0,1] .
. If fe Rla,bl, k € R prove that f € R [a,b].

x2+nx

,xeR.

-]

=y
Show that 1;2' dx=1,
. 1 ‘

. Define conditional convergence.

(9 x 1 =9 weightage) -

Part C
Answer any five Questions.

If f: la,bl > R is a continuous function and if fl@)<k < f (b) then prove that there exists c in (a,b)
such that f(c) = k. '

Show that f (x)=(x-1)(x-2)(x-3)(x-4)(x-5) ‘has five roots in the interval [0,7].

Show that every uniformly continuous function need not be Lipschitz function.
If f is a monotone function then prove that f € R [a,b].

. o0 '
If f is a positive non increasing function on [1,] then prove that Y f(x)dx converges if
’ . n=1 .

If (x) dx converges.
1



27.

28.

29.
30.

31.

S ) .
S -1
Prove that je Fa " dx = e
0

3 C 1742

1

e o)
Show that 2 —32 converges.
- n=17

In
a

. bx2= 10 weightage)
Part D
, Answer any two Questions.
Explain bisection method to find the root of a function.
State and prove Cauchy’s criterion for a function f € R [a, b].
Prove that (a) B (m,n) = B (n, m) () T¥)=vn.

(2 x 4 = 8 weightage)

S
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' Part A |
Answer all questions.
1. State Maximum Minimum theorem.
2. Give an example of a uniform continuous function. |

3. Define norm of a partition.

g

When is a function f:[@,b]—>R is Riemann integrable ?

o

Define primitive of f.

1, xed

6. If J=J=[c,d]c[a, b] and @; (x)={0,xe'[a, b]-J

b
.Find [¢;?
a

7. Show that %=0,VxeR.

8. Evaluate lim 7
1+ (nx)

9. Find the radius of convergence of 2 *"-

10. Define improper integral.

~ 11. State True or false. “If f is continuous on [1, ) and if I f (x) dx converges then xh_?w f (x)=0.
] : :

12. Whatis B(m,n)?
(12 x ¥ = 3 weightage)

Turn over




13.
14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.*

26.

N

2 C 80025
Part B |
Answer all questions.
Define Lipschitz function.
State an prove Bolzano’s intermediate value theorem.

Show that every constant function on [a, b]is R [a, b].

b

T o 2_ .2
Using First form of fundamental theorem prove that I xdx = (b = )
. a

N =

If £, (x) =x",x€[0,1], check whether £, (x) converges to zero uniformly.

If (f,) is a sequence of continuous functions converging uniformly to f, provc;_ that fis continuous.’

o0 1
—dx a:
Show that i{ [z diverges.

Define Gamina function.
Show that B (1,n)=1/n.

(9 x 1 = 9 weightage)
Part C
Answer any five qdestions.

If fand g are uniform continuous on a subset A of R, then prove that f + g is uniformly continuous

- on A.

Show that f(x)=xe* —2 has a root in [0,1].

If f €R[a,b]then prove that f is bounded on [a, b].

State and prove Weierstrass M test for the series.

If j' | f (x)| dx converges absolutely then prove that I f (%) dx converges.

a a

et




cF

27.

28.

29.
- 30.

31.

.3 C 80025

s .
1
Show that f % dx diverges.
0

Prove the recurrence formula for gamma function. -

(6 x 2 = 10 weightage)
Part D =

Answer any two questions.

State and prove Squeeze theorem. Also prove that a step function ¢:[a,5] >R isin R[a,b].

State and prove Cauchy’s criterion for uniform convergence.

1 i 1
Show that I . dx and I 2 d% are convergent.
AR o0 X%

(2 x 4 = 8 weightage)
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) Part A

Answer all twelve questions.

Give an example to a function such that every point of R is both an absolute maximum and an

absolute minimum for this function.
Define Uniferm continuity of a function in an interval I. -
State the location of Roote theorem.
Find the norm of the partition :
p:=(0,1,1.5,2,3.4,4).
State True or False V:'
“If f¢ R[d b] then fis bounded on [a, B]”.
Give an example to a functlon which is not Rlemann 1ntegrable on any interval.
If £, (x)=log(x/n), show that lim(f, (x))=0

State a necessary and sufficient condition for uniform convergence of { fn} a sequence of bonded

functions on AcR.

State Cauchy criterion for the uniform convergence of ¥ f, (x) on DcR.
Give an example of an improper_ integral.

Define Gamma function.

State True or False :

B(m’ n) = El-n%l.m .’

(12 x % = 3 weightage)

Turn over
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13.

14.
15.

16.

17.
18,
19.
20,

21.

22.

23.

24

25.

N—

2 : C 60108
Part B
Answer all nine questions.
Define Absolute maximum and Absolute minimum of :
f :A->R;AcR.
State intermediate value theorem.
Show that f (x) = k is Riemann integrable on [a b].
If fand g are in R [a, b], show that f + g € R[a,b].

b
. 1
Use fundamental theorem of calculus to evaluate I 2 +1 dx
. a

. . —nx [
Let g, (%)= E;— for n>0,n e N . Examine the relation between lim (g,) and lim (g,,) \

cosO
n

Show that ~ - is uniformly corivergent for-all real values of 0,p>1.

: 1
1 .
Prove that j; dx diverges.
_ 5 |

© w’ : b
If I f and I & both converges, show that ,[ (f+8&) converges.
a a a 5
(9 x 1 =9 weightage)
Part C
Answer any five from seven questions.

Let I be a closed bounded interval and let f:I— R be continuous on L Prove that f () is a closed
bounded interval. ‘ ‘

Define a Lipschitz function. Also pfove that a Lipschitz function f: A — R is uniformly continuous
on A. ‘

£( ) x+1; when x isrational
Consider the function 8 ; when xis irrational 1S not Riemann integrable in [0, 1].

If f:[a,b] >R is monotone on [a, b] prove that f e R[a,bd].




26.

217.

28.

29.

30.

31.

3 : Y C 60108

(o
‘Show that L s nP ( 1 il ) cbnverges absolutely and u‘niformly for all real x if p > 1.

+ + 00

Define Cauchy principal value of I f(x)dx . Also evaluate it for .[ sint dt :

(a)
(b)
(a)

(b)
(a)

~(b)

- -

Prove that g =r.

Bx2=10 weightage)
Part D

Answér any two from three questions.
Let I bean mterval and let f:I-> R be continuous on I Prove that f(I) is an interval.

Prove that sin x is uniformly contmuous on [0,x].
If f € R[a b] and & is real number prove that kf isin R[a,b].

Iff:la,b] - R is continuous on [4, 4], then prove that f e R]a, b]
State and prove Welrstrass M test. &

m-1

Prove that I(a e ;x) 2" ldx= amfnnlﬁ(m, n) .
0 .

@2x4 = 8 weightage)
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- Answer all twelve questions :

1 State True or False “ f(x)= ; has neither an absolute maximum nor an absolute minimum

on the set (0, «0)”.

2 Does 4 sin x = x has a positive solution in (‘2‘3 7_1)-

Give an examﬁle to a uniformly continuous functiori_ on [0, 5] ;b6 > 0.
Find the norm of the partition p : = (0, 2, 3, 4).

Give an _examplé to function which is Riemann intégréble in [a, b].

State True or False “Every continuous function is integrable”.
7 Deﬁné‘point-wise convergence of a sequence of function { f,,(n)}.
=

8 Show that P (x)‘.: = uniformly convergent in [O,b] ;6> 0.

9 Define uniform norm of a bounded function.d)'on A cR and ¢:A >R.
10 Define an improper integral.

11 Déﬁne Beta function.

12 Ifn is a positive integer value of Jn+lis

(12 x Y4 = 3 weightage)

Turn over -



13

14

s

16

ol
18

19

20

21

22

23

2 o , 046394
Part B ' ‘ v
Answer alZ n'inev questions.v '
Deﬁne absolute maximum and absolute minimum of £ A —> R A cR.
St;te maximquIIninimu;h theoreiri.

: - 0, when x is rational
Show that the function f (x)= .is not 1ntegrable on any interval.

1, when x is lrratlonal

If 7 (x)<g(x)V xe[a,b], then show that f gdx < f g dx.

b

‘Use fundamén'tal theorem of calculus to. evaluate I x dx.

a
Show that G (x) = x” (1-x) for x LA: %[0, 1] converges uniformly to g (x) = 0
iz % :
Show that I+x+ - + ; +... is uniformly convergent in [- 1 1].

L

Sl&

e o}
Examine the convergence of I
: . : .

: :
X - :
Express .[ = dx as a Beta function. . <
0 - .
(9 x 1 = 9 weightage)
Part C

, Answer any five questions from 7.

vState and prove Intermedlate value theorem

Deﬁne a Llpschltz functron Also prove that a Llpschltz function f A—>R is umformly

continuous on A.



i

o
25
26
27

28

=29

30

31

3 iU T o088
Show that f (n) x2 is R1emann 1ntegrable on [O kl.

If f [a bl > R is monotomc on [a b] then prove that f e R [a b]

: State and prove Welerstrass M—test
If _“ £ d COnverges, show that I f(x) dx ‘converges.

Using Beta functions prove that :

0 \/1— - o ;\»/1-‘+n4’71—_‘ 4,\/5_'

iy _ (5.x 2 = 10 weightage)
PartD "‘ ‘

: Answer any two /'rom four questzons

_(a) Let I = [a, bl be a c10sed bounded 1nterval and let f: I = R be contlnuous on I Prove

that fis bounded on I

(b) Define a step functlon and glve an example

Prove that 1f fis Rlemann 1ntegrab1e on [a, b] then it 1s bounded on [a b]

Sm nx -

(a) Test for umform convergence 2 - 3 for P > 1

."J
\./_’;
n ’ ”

- (b) Prove that Ie';"’."x ""'_1 dx=-— : where a >‘OA,‘n.>O., -
R = .

2 #»4?: 8 weightage)



