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Mathematics

MAT 6B 12—NUMBER THEORY AND LINEAR ALGEBRA
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Time : Three Hours Maximum : 120 Marks

Section A

Answer all the twelve questions.

Each question 1 mark.

1. Define greatest common divisor of a and b.

2. State Euclid’s lemma.

3. Examine whether the Diophantine equation 6x + 51y = 22 has an integer solution.

4. If p is a prime and | ,p ab  show that |p a  or |p b .

5. Define Euclidean number. List the first five Euclidean numbers.

6. State Wilson’s Theorem.

7. Find 360 .

8. Define Vector Space.

9. Give an example to show that union of two subspaces need not be subspace.

10. Check whether the map 3 3:f  defined by , , 2 , 2,4f x y z x y y  is linear. Justify your

claim.

11. State the Dimension theorem.

12. When we say that a linear map is an isomorphism. Give an example for an isomorphism ?

(12 × 1 =12 marks)

Section B

Answer any ten out of fourteen questions.

Each question carries 4 marks.

13. Prove that 23 1a  is never a perfect square.

14. If  gcd , ,a b d  prove that gcd 1.
a b

d d

332714

332714

1105

1105

1105
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15. Use the Euclidean Algorithm to find gcd 12378,3054 .

16. Prove that every integer n > 1 can be expressed as a product of primes.

17. Prove that the number 3  is irrational.

18. Using Sieve of Eratosthenes find all primes not exceeding 100.

19. Show that 41 divides 202 1.

20. Let 1
1 1 0N 10 10 . .. 10m m

m ma a a a be the decimal expansion of the positive integer

N,0 10,ka  and let 0 1S . . . ma a a . Prove that 9|N  if and only if 9|S .

21. Find the remainder when 15 ! is divided by 17.

22. Prove that every line through the origin is a subspace of 2 .

23. If the vector space V has a finite basis B then show that every basis of V is finite and has the same

number of elements as B.

24. Let : V Wf  be linear. Prove that if X is subspace of V then Xf  is a subspace of W.

25. Find and whenIm f Ker f 3 3:f  is given by , , , , .f a b c a b b c a c

26. Let : V Wf  be a linear map. Prove that f is injective if and only if ker f = {0}.

(10 × 4 = 40 marks)

Section C

Answer any six out of nine questions.

Each question carries 7 marks.

27. If a and b are given integers, not both zero, prove that the set T : , are integersax by x y is

precisely the set of all multiples of gcd , .d a b

28. Prove that gcd , , ,a b lcm a b ab  where a and b are positive integers.

29. Find the complete solution of the linear Diophantine equation 172x + 20y = 1000. Also find solutions

in positive integers if they exist.

30. Using Chinese Remainder Theorem, solve the system of congruences 1 mod3 ,x 2 mod5 ,x

3 mod7x .

332714

332714

1105

1105

1105
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31. Let p be a prime and suppose that p | a. Prove that 1 1 mod .pa p

32. (a) Prove that S span S. (4 marks)

(b) Show that 1,1,1 , 1,2,3 , 2, 1,1 , 2, 1,1  is a basis of 3 . (3 marks)

33. If the vector space V has a finite basis B then show that every basis of V is finite and has the same

number of elements as B.

34. Let V and W be vector spaces over a field F. If 1 2, , . . . , nv v v   is a basis of V and 1 2, , ..., nw w w  are

elements of W then show that there is a unique linear mapping : V Wf  such that i if v w for

1,2, . . . ,i n .

35. If 3 3:f  is a linear map such that 1,1,1 1,1,1 ,f 1,2,3 1, 2, 3 ,f 1,1,2 2,2,4f ,

then find , ,f x y z  for all 3, ,x y z .

(6 × 7 = 42 marks)

Section D

Answer any two out of three questions.

Each question carries 13 marks.

36. (a) Prove that the quadratic congruence 2 1 0 modx p , where  p is an odd prime, has a solution

if and only if 1 mod4p .

(10 marks)

(b) Prove that If n > 1, then the sum of the positive integers less than n and relatively prime to

n is 
1

.
2

n n

(3 marks)

37. (a) State and Prove Division Algorithm.                                                                            (10 marks)

(b) Prove that square of any integer is either 3k or 3k +1. (3 marks)

38. Show that the linear mapping 3 3:f  given by , , , 2 ,2 3f x y z x z x y z x y z  is

neither surjective nor injective.

(3 × 13 = 39 marks)
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Mathematics

MAT 6B 12—NUMBER THEORY AND LINEAR ALGEBRA

(2014 to 2018 Admissions)

Time : Three Hours Maximum : 120 Marks

Section A

Answer all questions.

Each question carries 1 mark.

1. State general version of the Division Algorithm.

2. Find lcm (306, 657).

3. State the Fundamental Theorem of Arithmetic.

4. Explain the method of Sieve of Eratosthenes.

5. Define Pseudoprime. Give an example of a Pseudoprime number.

6. Find σ(12).

7. Define Euler’s Phi Function.

8. Prove that the set X = {(x, 0) : x ∈ R } is a subspace of the vector space 2.R

9. Define basis of a vector space.

10. Check whether the map 3 3:f →R R  defined by ( , , ) ( , ,0)f x y z x y z= +  is linear. Justify your

claim.

11. Define the rank and nullity of the linear map.

12. For { }2( , ) ,  let ( , ) . Find .x y S x y S∈ =R

(12 × 1 = 12 marks)

Section B

Answer any ten questions.

Each question carries 4 marks.

13. Show that square of any odd integer is of the form 8k + 1.

14. If a|c and b|c, with gcd(a, b) = 1, prove that ab|c.

15. Use the Euclidean Algorithm to obtain integers x and y satisfying gcd(24, 138) = 24x + 138y.

16. Determine all solutions in the positive integers of the Diophantine equation 18x + 5y = 48.

108575

108575

1105

1105

1105
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17. Prove that the number 2  is irrational.

18. For arbitrary integers a and b, prove that (mod )a b n≡  if and only if a and b leave the same

non-negative remainder when divided by n.

19. Use the binary exponential algorithm to compute 5110 (mod 131).

20. Solve the linear congruence 18 (mod 42).x ≡

21. If p and q are distinct primes with (mod ) and (mod ),p qa a q a a p≡ ≡  then prove that

(mod ).pqa a pq≡

22. Prove that intersection of two subspaces of vector space V over a field is again a subspace.

23. Let A = Span {(1, 2, 0, 1), (– 1, 1, 1, 1)} and B = Span {(0, 0, 1, 1), (2, 2, 2, 2)} be two subspaces of

4.R  Determine A B∩  and compute its dimension.

24. If V is a vector space over the set C  of complex numbers of dimension n, prove that V can

be regarded as a vector space over R  of dimension 2n.

25. Let f : V → W be linear. Prove that if Y is subspace of W then (Y)f ←�  is a subspace of V.

26. Let V be a vector space of dimension 1n ≥  over a field F. Prove that V is isomorphic to the

vector space Fn.

(10 × 4 = 40 marks)

Section C

Answer any six questions.

Each question carries 7 marks.

27. Given integers a and b, not both of which are zero, prove that there exists integers x and y

such that gcd (a, b) = ax + by.

28. Prove that the linear Diophantine equation ax by c+ =  has an integer solution if and only

if |  where gcd( , ).d c d a b=

29. Prove that there are infinite number of primes.

30. Using Chinese Remainder Theorem, solve the system of congruences

5(mod11), 14(mod 29), 15(mod 31).x x x≡ ≡ ≡

31. If p is a prime, then prove that ( 1)! 1(mod ).p p− ≡ −

32. Prove that a non-empty subset S of a vector space V is a basis of V if and only if every

element of V can be expressed in a unique way as a linear combination of elements of S.

33. Let , , :f g h →R R  be the mappings given by 2 2( ) cos , ( ) sin , ( ) cos2 .f x x g x x h x x= = =

Consider the subspace of Diff ( , )R R  given by W = Span {f, g, h}. Find a basis for W.

108575

108575

1105

1105

1105
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34. Show that the linear mapping 3 3:f →R R given by ( , , ) ( , 2 , 2 )f x y z x y z x y z x y z= + + − − + −

is both surjective and injective.

35. State and prove Dimension Theorem.

(6 × 7 = 42 marks)

Section D

Answer any two questions.

Each question carries 13 marks.

36. (a) If ,a qb r= +  prove that gcd( , ) gcd( , ).a b b r= (4 marks)

(b) If a cock is worth 5 coins, a hen 3 coins, and three chicks together 1 coin, how many

cocks, hens, and chicks, totalling 100, can be bought for 100 coins.

(9 marks)

37. Prove that the lienar congruence (mod )ax b n≡  has a solution if and only if d|b, where

gcd( , ).d a n=  Moreover if d|b, prove that it has d mutually incongruent solutions modulo n.

38. Prove that every linearly independent subset I of a finite dimensional vector space V can be

extended to form a basis.

[2 × 13 = 26 marks]

108575
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Time : Ttrree Hours

\

Section A

, Each questi,on earries L rnark.

1. State Division algorithm.

2. Find, gcd.(272,L47g).

3. Show that the Diophantine equation L4x + 85y ='651has an integer solution.

4. Define e-prirne. Give an exarnple of a prime number.

6. Statc Fermat's theorem.

7. Find t (180). ." i

8. Define subspace of a vector space.

9. Give a basi s fon Mat2,, (R). ' '

10. Wrat do you mean by a Linear Transformation ?

11. Give an injective linear map w[ich is not surjective. , :.l

12. Statc the Dimension theorem
(12 *'1 = 12 marks)

Spction B

Answer at least eight questians.
Each question carries 6 rnarks.
All questions can be attended.

Ouerall Ceiling 4&

ALGEBRA

Maximum : tZO Marks

. o(o'*2).
13. Show that the expression is an integer for all a > 1.r6

o

14. If albc, withgcd(a,b) = 1, prove thbt olc.

Turn over
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32. LetVbeavectorspacethatisspannedbythefinitesetG= {u1,u2,as,,..,u,r}. IfI = {w1,tD2,...,w,n\

is linearly independent subset of V then show that rt. < n.

83. Let V be finite dimensional vector space. If G is a finite spanning set of V and if I is a linearly
independent subset ofV such that I g G then prove that there is a basis B ofV such that
IgBsG.

34. Prove that a linear mapping is completely and uniquely determined by its action on basis.

85. If f :lRa +R2 isalinearmapsuch that,f(|,l,0)= (L,2),f(L,0,r)=(0,0),f(0, 1, l)=(2,1),then

(5x9=45marks)
Sectiori D-----:- -

Answer any orie question.
The question carries 15 marks.

36. a) Tht a and b be integers, not both zero. For positive integer d, prove that d, = gcd.(a,b) if and
only if

(i) dla and dlb

(ii) Whenever clo and clb, then cld.

b) A customer bought a:dozen pieces of fruit, app-les and oranges, for $1.32. If an apple costs
3 cents more than an orange and more apples than oranges were purchased, frow many
pieces of each kind were bought.

37. State and prove Chinese Remainder Theorem.

38. LetV and W be vector spaces each of dimension n over a field F. Iff : V -> W is linear then prove
that the following statements are equivalent :

(i) /is injective;

(iil f is sudective;

(iii) fis b[jective ;

(iv) fcarries bases to bases.

(L x 15 = lb marks)
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Section A

Answer all the tttelve questibns.
e Each question carries L nqrk.

State the division algorithm.

State the Fundamental Theorem of Arithmetic.

Give an example to show that a2 = b2 (mod z) does not imply o =b (mod z).

Define multiplicative functions.

Ifr is a real number, what are the possible values of [r] +l- xl?

Define Euler phi function.

Find the highest trrcwer of 5 dividing 1000 !.

Define subspace of a vector space V.

Find Span S whereS = {(r,0,0)}s R3.

Define a linear transformation.

Give two different bases for p2.

Define null space of a linear transformation.

. (12x1=12marks)

Section B

Answer any teo. out of fourteen questians.

Eanh question carrics 4 ma,rks. ' )l

13. Prove that the square of any odd integer is of the form 8& + lwhere ft is an integer.

L4. Prove that if gcd (o, b) = d, then gcd (y'O,YO)= l where a,b ateintegers.-_ \_, _/ _, ____ e_ 
Turn over

1.

2.

3.

4.

5.

6.

7.

8.

9.
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15. Let gcd (o, b) = l.Prove that gcd (a + b, a - b) =Lot 2'

16. Determine all solutions of the Diophantine equation 5!r + 72y ={9.

t7. prove thatif o : b(mod z), then a + c =b + c (mod z) and ac =bc(mod n).

I^8. Solve the congruence 18r :30 (mod a2)'

19. Prove that ifp is a prime, then op = o (mod p)foi any integer n'

20. Prove that t is a multiplicative function.

21. Prove that the intersection of two subspaces of a vector space V is again a subspace of V.

22. Check wl.r*her the vectors (t, r, O) and (2, 5, 3) and (0, r, t) in IR3 are linearly independent.

. ZB. LetWbeasubspaceof avectorspaceV.ProvethatdimW=dimVifandonlyifV=W-

24. provethat f : IR2 -+R.3defined by f (o,b)=|"+b,a-b,b) isalineartransfomation.

Zd. LetVandWbevectorspaces.Provethatif thelinearmapping /:V-+W isinjectiveand

{rr, u2,...,un\ is a linearly independent subset of V, then {f (rr), f (uz),-....,/ (rr)} is a linearly

independent subset of W.

26. LetVandWbevectorspaees.Provethatthelinearmapping f :V-rW isinjectiveif andonlyif

Ker f = t0)'

(10x4=40marks)

Section C

.f -.'-- -..^^t:^-^- Answer any six out of nine questions.

' Each question carri'es 7 mnrks'

27. Ptove that .E is irrational

28. Prove that the sequence of primes is infinite.

29. Prove that the linear congruence o.x=b(modz)has a solution if and only if d\b where

" ,d, =gad (o, n). If d \ 6prove that the congruence has d mutually incongruent solutions modulo z.
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30. Use Chinese Remainder Ttreoreiu to find the smallest non-negative solution of the given system of

x=2(modB)
congruences:

r=B(modE)
*=2(modZ).

(n\ nl
31. Ifzandrarepositiveintegerswith 1Sr<n,thenthebinomialco-efficie", [rJ=fiffi it"r,

/\t

integer.

32. Let V be a vector space over a field F. Prove the following :

(a) IOv=0yVl.eF. 15) 0Fx=gyVreV.

- (c). If Xr = 0y, then either l" = 0r or r = 0v.

33. Let S and T be two non-empty finite subsets of a vector space V such that S E T. Prove the

following

(a) If T is linearly independent, then so is S. &) If S is linearly dependent, then so is T.

34. Let V be a finite dimensional vector space. If G.is a finite spanning set of V and if I is a linearly

independentsubsetofVsuchthat IcG, provethatthereis abasisB ofVsuchthatlcBgG.

35. Let V and W be vector spaces of finite dimension over a field F. If f : V -+ W'be linear, prove that

dim V = dim Im f * dim Ker f.

Section D

' *';";;?x;:y"::::':;ff:#"'

86. Let N=@rn 10m + a^-1L}n-l +...+o1 10+os bethedecimalexpausionof thepositiveinteger

N ;0 < ap <lland let S = ao * a1+ ... * oi*,

Turrr over
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T = ao * at * ei- :..+ (-t\* a*. Prove the following :

l

(a) 9lN if and only if 9lS.

c 6(n61

pri'me to

5 (b) 11lN if and only if 11 lT.

(c) Use the results in (a) and &) to show that L57L724 is divisible by both 9 and 11.

Ifzisapositiveintegerand gcd (o,r)=! provethat o0(") =1(modz).Deducethatifpisa

prime alrd p I a,tt.ren aP-r =f (mod p).

(b) For n > 1, ptgve that the sum ofthe positive integers less than z and refatively

37. (a)

38. Prove the following:

, (.) Let V be a vector space of,dimension n ) L over a,field F. then V is isomorphieto the

vectorspaceFn. : : , ,, :' , , ' .,

([), If rf ahd W are vector spaces of the sgp.e {iqension n over a field F, then V add W are
. t.isomorphic

(c) A linear mapping is ssinFletely and uniquely detennined.by its action on a basis.

' (2 x 13 = 26 marks)

t:Fs
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Mathematics

I![AT 68 I.2-NUMBER THEORYAND LINEAB ALGEBBA

Time: Three Hours Maximum : L20 Marks ,

Section A

Answer all tlw twelve questians,

Eoch guetstia.n corries L mark.

Deffne ged of two integers.

Define a Diophantine equatioa in two variables.

\4rrite the canonical form of 180.

State Wilson's theorem

rind 0 (e).

8. Define subipace ofavector space.

9. Give a spanning subset of the vector space of all polynomial functions over IR.

10. Show that any set of vectors which contains the zero vector is linearty dependent.

11. Define a linear map.

(12x1=12rnarks)

Section B

Answer any ten out of fovrteen questions.

Each questinn carries 4 marks.

1.

2.

8.

4.

5-

6.

7.

Lg. Show that #Pis a positive integer for any positive integer o.

L4. Prove that two non-zero integers o and b are relatively prime if and only if there exist integers
* andy such that L = a.x +..by.

15. Find gcd (1769, 2378).
-l

Torn orc*
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Is 0 a rational number ? Justift your answer.

.Find the remainder when 4l6E is divided by Z.

Define an absolute.pseudoprime. Illustrate with an example.

Ifp and g are primes, show that pe- r + p- I = 1 (modpq).

If n is-a squarefree positive integer, prove that the positive divisors of z is 2r, where r is thenumber of positive divisors of z.

show that for a positive integer r, the product of any r consecutive positive integers is divisibleby r!.

Provethatanon-emptysubsetwofavectorspacevoverafieldFisasubspaceofvifandonlyif

cq+peW forall cr,geW andforall ceF. 
--r --

Show that the set {e1, €2, €gte4}, where e, = (1, O, 0, 0), €z = (0, 1, 0, 0), e, = (0, 0; 1, 0;,
en= (0,0, 0, 1), is a basis of IRa. :

Show that the mapping f : IR2 -+ IR2 given by f (a, b) = (a + b, a- b) is linear.

Ifv is a vector space of dimension n > 1 over a field F, show that v is isomorptric to the vector space
F,l.

(10x4=40marks)

Section C

Arlsu)er any six out of nine questions.
Each question carries 7 nnrks.

27 ' Given integers o and b, not both of which are zero, prove that there exist integers r and y suchthat gcd (a, b) = ax + by.

28. 
:Tj)".r,n",_,r".:* Diophantine equation ax + by = c has a sotution if and only if df c where4 = gcd (a, b). verifr whether the Diophantine equation 14 r + gb J = gB can be ,oi*d- 

I - " --
29. Solvethesystemofcongruencesr = 2(modB),r = B(modE),r _ 2(mod Z).
30. State and prove Fermat,s Little Theorem.

31. obtain the number and sum ofpositive divisors of a positive integer z.
t' 

-l:_'le 
intersection and union of two subspaces of a vector space v again subspaces of v? Justifyyour answer.

33' Anon-emptysubset s of a vector space vis a basis of vif and only if every element of v can beexpressed in a unique way as a linear combinatio" oi"r"*"rts of s.

D 40044
16.

17.

18.

19.

20.

21.,

22.

23.

24.

25.

26.



34.

B D 4OOIM

shrythatthelinearmapping f :rRB -+RB given wf@,y,2)= {*+ z,*,+y +zz,2x+y +Ba)isnot

Let V and W be vector spaces over a field F. If the set {u1,u2, us,...., unl is a basis of V and if
tt) y to2t ! e,..., u, tu ?re elements of W, piove that there is a unique linear mapping f : V + W such
thatf (ur) =wt(i = L,2, S, ..., /D). , , ,., .

(6xZ=42marks)

Section I)
'

:,Answer any two out of tbree qucs;tibns.' 
Each questian carri,es LB nwrks...

Prove that if o and b are integers with b * 0, then there exist unique integers g and r such that
a, = qh + t, 0 (, < l6J.

Show that Eulerb phi-function i's multiplitative. .r

IfV and W are vector spaces over a field F and if f :Y +W is a tin"io rillap, prove that :

(a) f (ur- u2) = f (ur]. - f @)

(b) the setKer f = {Ve V : f (u)= O}ris a subspace of V.

(c) for any,ss[space X of V, /(Xl is a subspace of W.

(Z x lB = 26 marks)

85.

s6.

81.

38.
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SDruH SEMESTER B.Sc. DEGREE (ST PPLEMEI{TARY
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Mathematics

MM 68 1z-NUMBER THEORY AND'LINEAR ALGEBRA
Time : Three Hours

I. Answer all twelvequestions : '

1 Define a pseudoprime to the base o.

Maximum : 30 Weightage

2 r(12)=l-.
l- Bl

O l--l="1il
4 State Euclid's lernma.

5 Write the set of least non-negative residues modulo z.

6 State Chir{ese Remainder T]reorem.

7 Without performing the divisions deternrine whether the integer 1,571,724 is divisible by
11.

[r ol. ,g Rank of matrix I^ . I is _, ----- 
LU rJ --

l0Thecharacteristicrootsofaskew-Hermitianmatrixareeither

11 If two matrices A and B have the same size and the same rank, they are 

-.
72 The system AX = O in z unknowns has a non-trivial solution if ..-

t'(12xYn=Iweightage)
III. Answer all nine questions :

(

b) = d.then prove that s.c.d.(*,I)=r.

L4 Check whether the Diophantine equation 6r + 51y = 22hasa solution.

15 Establish the relation 2tt7 = 44 mod 1L7.

16 Calculate 0 (360).

L7 Ifp is a prime then prove that ap: o (modp) for any integer a.

Turrr over



26 Find the number pf zerog with wtrich the decimal representation of 50! ter:rrinates.

f-l -3 I
27 {imputctheinverse"to=I I }-;

I

L-1 1' 1

-rl
ol

3l

Zg Showthatequations r+2y-z=8,8i-y+22=L,2r-2y+82=2,r-!+z=-.L' areconsistent

and solve the same.
(5x2= l0weightage)

29 State and prove Chinese Bemainder theorem'

30 Prove that the function $ is a multiplicative function'

l-r z olt---l
81 Showthatthematrix e=1, -1 0lsatisfiesCayley-Hamiltontheorem.Henceobtainthe

lo o -1J

(2x4=Sweightage)

c 21565

1g 
:t "= 

p?|*...py is the prime factorization of n > l, then prove that

t(n) = (k1 +t) (r2'+ t)... (&" + 1).

. 19 Prove that rank of a non-singular matrix is equal to the rank of its recrprocal matrix.

ZO Show that if L1,?u2,... ?u, are z eigen values of a square matrix A of order n then ttre eigen

values of the matrix A2 be x?,X|,...,L7.

State Cayley-Hamilton theorem.
(9x 1=gweightage)

IIII. Answer any fiue questions from seven :

22 For positive integers o and b, prove that gcd (a,b)l.ctn.(a,b) = ab'

Zg Find the e,c.4. of L2378 and 8054 and express it as the linear combination of 12378 and 3054.

24 Prove that there is an iufinite number of primes.

i

l

,l
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MM 68 12-NUMBER THEORY AND LINEAR ALGEBRA

Time : Three Hours

Section A

Answer all questians.

1. Find gcd (306, 657).

3. Express 105 in binary system.

4. Find J (180), the number of divisors of 180.

5. Give an example of a multiplicative function,

6. Find $ (400).

7 . What is the rank of a non-singular matrix of order z ?

8. State True or False.'Elementary transformations change the rank of a matrix'.

9. Fill in the blanks :

The row nullrty and the column nullity of a square matrix are

10. Fill in the blank:

Inconsistent equations have solutions.

State Cayley-Hamilton theorem.

The characteristic roots of a unitary matrix are FilI up the blank.

11.

L2.

Maximum : 30 Weightage

(L2xY+=Sweightage)

13. Write down the relation connecting gcd and lcm of huo positive integers o and D.

14. Check whether the following Diophantine equation can be solved 6x + ily = 22.

15. Show o = o (mod n) if a is an integer.

16. StateFermat'sLittleTheorem.

L7. Ifp is a prime number then find 0 0l).
18. Find the number of zeroes with which 50! terminates.

2916 *i":

Turn over
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Express thb system of equations in matrix poem

x+2y+z=10.
2x+y +52=9: :

c 1746

19.

20.

21. Find characteristic roots of the *"* 
[; :],

22.

'23.

24.

25.

(9x1=9wei*htage)

Answer any five questions.

Carry out the Euclidean Algorithm for the numbers 119 and 272ta:End ged alrd'express gcd as a
linear combination of 11g and,272.

Using sieve of Eratbsthenes find the number of prime'aot exceeding 50. . ,

Showl8! +1=M(437);amultiple of4[7. :i,,

26. By reducing to nomal form find the ranl of 
'l I

[+

1l
23
Ji'
that

il
PAQ27. Find non-singular

[r 23-21
A=12 -2' 'lL3 0 4 1l

matricesPandQsuch is.in the nornal form where

(5x2=l0weightage)

28.



::\
U

c t745

29.

30.

(i)

(ii)

(i)

3

Sestion D

Answer any ttro questions.

Prove.the fundamental theorer.n of Arithmetie

Prove if a = b (mod n) and b = c (mod n) then o = c (mod z) where a,

Show if n= pf, p2*, .... p,r, then J(z) = (& + r) (& * f )..... (f, + f )

a(n) = 
prr'*' -l . 

prku.-l prr'*'' -l-\..., pr_l pz_1 ...... p,_l

b, c are integers.

and

(ii) Veriff J (mn) = J'(m) J(z) using suitable erample.

' 31. ,.Ghw.k &trco$rigtowy andsslve the system

x+2y+32.=t4
3x+y+22=ll
2x+3y*z=ll.

:. r;+:.< . #:.>_ l

I

(2x4=Sweightage)

t--

F
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SEMESTER B.Sc.

MM 68
Time: Three Hours

ALGEBRA

Maximum : 30 Weightage

Section A

Answer all twelve questions.

1. Find g.c.d- (L43,227).

2. State fundamental theorem of Arithmetic.

3. Express 4725 in canonical form.

4. StateFeromat's little theorem.

5. Find the sum of divisions of 180-

6. When will you say a number theoretic functionf ii multiplicative.

7. Find g (360).

8. Define rank of a matrix. 
' 

. i:. ,

r' - ol
9. Find the rank of the -.t.x | 1 ? ' l.r u*u ,rcur ,^ 

l-2 4 6l

la
10. Find characteristic root of the matrix O = | 

O

Io

hsl
b ol.
o.l

11.

12.

State the nature of the characteristic roots of Hermitian matrices.

State Cayley Hamilton theorem.
:

(12 xVa = 3 weightage)

Section B

Answer all nine questions.

Prove if g.c.d. (a,b) =d 
l.hen 

s":a. (/d., U/O)=r.

Use of Euclidean algorithm to find r andy which satisfies g.c.d. (56, 7D = 56 x + 72y.

Turn over

13.

L4.

o\r 'ilf,^ , t= AtcIl")
''l il u 

d,\ t1 ri V bU



15.

16.

L7.

19.

20"

, ,28. Solve the system of equations :l"
a

x+3Y: - 2z=0

2x- y +'42=0

x-LLy +L4z=0.

tI}..!) .': -'1 I r.rt:,,ti Lj I\ 's lt z
I

18. Reduce to the normal form to find rank of A = l2 3
I

102

Show a7 = a.(mod 42) for all a.

Determine the highest power of 3 dividing 80!

Section C

i. tl t

olz

Check whether the following Diophantine equation can be solved 6x + bLy,= 22.

f6, a i)

\./
c 80028

- 
I S! :

n r ('rlfie# j
A\- V L)

:l
2)

{-"

\.:t,! lA (' .- i
Ii(Tr'

I
State the Sylvester's law of nullity.

It
Show that the charactehstic roots of a triangular matrix are just the diagonal elements of that

","A=[2 ol. ".{- ii2L. Verifu Cayley-Hamilton theorem fc_ 
Lg U *, f-t ).

I ' -.-t !
I n ! a'! ;

!. ^ i

{i6rr 
u '"

\
t ti-'4') 

) .
/ rrf* '{
*(9 * 1= gweightage)

r.i
r i'

I
fd

0
T0?

11 i'r'r-- *': i*( J'g I' i 'i," '
^l01- D

i-\
.B. ( r,r r"rd fr i Anwer any fle questions.

22. Prove there is an infinite number of primes. 
"-\ 

{f' U

23. If o=b(modz) and b=c(modz),thenprove o:c(modz)

P ltt

4

n:

. ,t

A "&4. , Slow L47,+ | 1 0(mod 487). '

i (n16;!{it,J
25. Showo(z)= o(z + 1)ifn = 14whereo(n)= sumof divisors of z.

y ro -.,r "
' ,r )l,$t -

\t

(5x2=l0weightage)

_s
,l \t:- .1 :*\.,"



are consistent 
Td solve the same.

I

l

I

li

I'

li

i

i
I
i

I

i,
I
,

i
i.

I

i'
I

i

i

I

t

I

t

v.
or,

. Anuhr any two questions.

(a) Prove the fundamental theorem of arithmetic.

(b) Solve the linear congruence equation 6r:15 (mod2f).
, n. r ,

',i

fUl tfi, is an odil integer then prove + (Zd= 0 (a).

Shorv that the equations :

, x.+Zy- z= 3

2r-2y+32=2
l

fr-y+ z = -.1;

29

30

31

c 80028

(2x4=Sweightage)

Axt



c 60111

MM 68

Time: Three Hours

SI>(TH SEMESTER B.Sc.

(Pages:3)

(b) p(A) = n.

(d) Norie of these.

n=l

I. Answer alltweluequestions :

r o(5) =
6

, z Ihevalueof Io(z)=_-_.
n=l

(a) o(A) > z.

(c) o(A) < n.

7 State Cayley-Hamilton theorem.

I Define Nullity of a matrix.

n=l

LINEAR ALGEBRA

Maximum_: B0 Weightage
\15
\ 4, **7r=>

d*s) 
=

3 Ifp is a prime and & > 0 then O (ru) = 
-

5 If A is a non-singular matrix of order z then the rank of A is

6 Ttre system AX = 0 in ,, unknows lias a trivial solution if :

I If A is a matrix of order rz x n and R is a noh-singular matrix of order zz. then
p(RA) = 

--.10 If N is a positive integer then I "(r) = I
11 State Chinese Remainder theorem.

t2 lf ca - cb (modn)and gcd(e,n)=l then e. = : (modz).

(l2xYa=Sweightage)

Turn over

I
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III. Answer all nine questions :

13 When two integers o and b are said to be relatively prime ?

14 Find lcnz (306, 657).
.

15 State Fermat's theorem.

16 Prove that the.function $ is a multiplicative function.

17 Show'that no skew-sSrmmetric matrix can be of rank 1.

c 6011r

+ 100! is divided by L2.

in the normal form given

f2 01- 18 Ir:4 i)t; ,l *u p(A).

1$ 
-Dpfine 

Null space of a matrix.

ZO ftHne remainder when 1! + 2! + 3! + ... + 99!

2L Prove that if scd (a,b) = a then gcd. (3, 1)=,
(9x1=9weightage)

ru. Answer any fiue questions from seven :

22 Prove that the fourth power of any integer is of the form 5ft or 5ft + 1.

23 Let a and 6 be integers, not both zeio prove that o and b are relatively prime if and.only if
there exist integers r and.y such that L = ax + b!.

Prove that for positive integers o and b gcd (a, il lcm (a, b) = ab.

Show that 8 divides 72n+t *y

24

25

26

27

+ 1 = 0(mod23).

Q such that FAQ is

Using Wilson's theorem prove that 18!

Find non-singular matrices P and

ft 12\
A = lL z Bl.

[o -1 L)

28 Show that the characteristic roots of an idempotent matrix are eitheq zero or unity.:
(5xZ= l0weightage)
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(CCSS)

Mathematics

MM 68 12_NUMBER THEORY AND LINEAR ALGEBRA
)

Time : Three'Hours Maximum : 30 Weightage

I. Answer alltwelue questions :

(a) Isconsistent.

(c) Is.inconsistent.

(Pages:3)

(b) Has infinite solutions.

(d) None of these.

2 If A is a non-singular matr:ix ttren (A-r )-' = .---------_\,,
3 If n'> L the sum of the positive integers less than n and relatively prime to z is .

4 Define the rank of a matrix

.q [615 Thevalue ot L l- lis
-tLnJ"

6 Find Q(e).

8:lfca=cb(modP)andPXC,wherepisaprimenumberit.u,-.-=b(modp).

9 If p,qy,q2,...qnareallprimes and, pf arez:..eo thenprovethat p ='qo,forsameft.

10 The linear congruence a*=b(md,n) has a unique solution modulo n if
gcd (a, n) =:- , 

:,

11 State Wilson's theorem.

L2 lf n is a positive.integer then :

NN

lr1n1=2
(l2xr/d=3weightage)

I

I
I

i
I

l

i
I

{i

l

n=1

13 State Cayley-Hamilton theorem.

L4 Define Nullity of a matrix..

II.

Turn over
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C 410,8,7

S-a*r-*sl
15 What is the value of | { b,; g B l.

{p Ld s1$sl
--\

16 rro=[1 : ?] *u r=li l.l ,*
L3 2 1l - l: --lr lz rl

----- *\
*

p(A,B).:

Fo r o-l
t---l17 UnderwhatconditiontherankofthematrixA=lB f ZlisS. l.ll
Lro x) {

'
ji 18 Given integers a,b,c.If gc d(a,b) = l and g c d.(a,c) = l what is g c d.(a,bc). ]*.i

t4

I.r- 27 Ifpisaprimeandp lab thenprove thatplaorp/b. \-- 
!rl

L) (9x1=gweight?ge) I

,'tr tII. Answer any fiue qiestions from seven : 1) *' ' \
14 ,e ,.;;,::'-"::::^,^--..,-.^-^-L^^^- rrl- o-..,..,'t,, ,-h, .. / p i $.

-{ 
L 2Q;-Prove that if z > I the sum of the positive integers less than z and relatively prime to J}Ei- ,:*-\

\" j \'r Sei
22 Prove that the cube of any integer has one of the rormqil ornk xy/ *l d ,
23 Find the g.c.d. of (EeF, zss). J] " d ,_ 

$ .. 
{ * F_dw .,ev .\ ," y<24 Prove that there is an infinite number of primes. ,i - C*t Fn

24 Prove that there is an infinite number of primes. "I- S$ F.. 
" 

1-
r rt 25 Prove that 13 divides 42n + t * gn + 2. , (\ 

^OS 'i 
;

,\,/\

,,l
]' l,ll17
,' **tr' H -1 : .o( ,-

I J t --ry''*ducingrothdnormalformfindtherankofthe-"t.i-11 
-1 ? -11

r{ :L
r-1 -B B -11 { .K| : -l r, s"t

f*l -r,-m*
<L j



l:

tu
{\ L/

' nl"Ui1,

29 Find non-singular matrices P and Q such that PAQ is in the normal form' ''l'

.t'l
,L-"J

30 State and prove Fermat,s theorem.
31.Usethe.Errc1ideanAlgorithmtoo.btainintegersxandtsatisffig':

ffi
. fuhr}

:

rv

gcd (858,p28) =:ff$&
{2,x 4 = Swerghtage)


