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Section A

Answer all the twelve questions.
Each question 1 mark.

Define greatest common divisor of a and b.
State Euclid’s lemma.

Examine whether the Diophantine equation 6x + 51y = 22 has an integer solution.
If p is a prime and p|ab, show that p|a or p|b.

Define Euclidean number. List the first five Euclidean numbers.

State Wilson’s Theorem.
Find <|)(360).

Define Vector Space.

Give an example to show that union of two subspaces need not be subspace.

Check whether the map f:R? - R? defined by f(x,y,2)=(2x,y—2,4y) is linear. Justify your
claim.
State the Dimension theorem.

When we say that a linear map is an isomorphism. Give an example for an isomorphism ?
(12 x 1 =12 marks)

Section B

Answer any ten out of fourteen questions.
Each question carries 4 marks.

Prove that 3¢2 —1 is never a perfect square.

cd (ﬁ 2) =1
If ged(a,b)=d, prove that 8 dd .
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Use the Euclidean Algorithm to find ged(12378,3054).
Prove that every integer n > 1 can be expressed as a product of primes.
Prove that the number /3 is irrational.

Using Sieve of Eratosthenes find all primes not exceeding 100.

Show that 41 divides 920 _1

Let N=a,,10™ +a,, 110™ 1 +...+a,10 + a, be the decimal expansion of the positive integer
N,0<q; <10, and let S=aqy+a; +...+a,, . Prove that 9| N if and only if 9|S.

Find the remainder when 15 ! is divided by 17.

Prove that every line through the origin is a subspace of 2.

If the vector space V has a finite basis B then show that every basis of V is finite and has the same

number of elements as B.

Letf:V — W be linear. Prove that if X is subspace of V then /7 (X) is a subspace of W.

Find Im fand Ker f when f:R3? - R3 is given by f(a,b,c)=(a+b,b+c,a+c).

Let f:V —> W be a linear map. Prove that fis injective if and only if ker f = {0}.
(10 x 4 = 40 marks)

Section C

Answer any six out of nine questions.
Each question carries T marks.

If @ and b are given integers, not both zero, prove that the set T ={ax+by : x,y are integers} is

precisely the set of all multiples of d =ged(a,b).

Prove that ged(a,b) lem(a,b) = ab, where a and b are positive integers.

Find the complete solution of the linear Diophantine equation 172x + 20y = 1000. Also find solutions
in positive integers if they exist.

Using Chinese Remainder Theorem, solve the system of congruences x =1(mod3), x = 2(mod5),

x=3(mod7).
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Let p be a prime and suppose that p | a. Prove that ¢! = 1(mod p).
(a) Prove that (S) =span S. (4 marks)

(b) Show that {(1,1,1),(1,2,3),(2,-1,1),(2,-1,1)} is a basis of R3. (3 marks)

If the vector space V has a finite basis B then show that every basis of V is finite and has the same

number of elements as B.
Let V and W be vector spaces over a field F. If {vl,vz, e, vn} is a basis of V and wy,ws, ..., w,, are

elements of W then show that there is a unique linear mapping f : V— W such that f (vi) =w; for

1=1,2,...,n.
If £ :R® - R3 isalinear map such that /(1,1,1)=(1,11), £(1,2,3) =(-1,-2,-3), f(1,1,2) =(2,2,4),

then find f(x,y,2) for all (x,y,z)e R3.

(6 x 7 =42 marks)
Section D

Answer any two out of three questions.
Each question carries 13 marks.

(a) Prove that the quadratic congruence x? +1 = 0(mod p), where p is an odd prime, has a solution
if and only if p=1(mod4).

(10 marks)

(b) Prove that If n > 1, then the sum of the positive integers less than n and relatively prime to

nis yno(n).

(3 marks)
(a) State and Prove Division Algorithm. (10 marks)
(b) Prove that square of any integer is either 3% or 3% +1. (3 marks)

Show that the linear mapping f:R? > R3 given by f(x,5,2)=(x+2zx+y+222x+y+3z) is

neither surjective nor injective.
(3 x 13 = 39 marks)
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Section A

Answer all questions.
Each question carries 1 mark.

State general version of the Division Algorithm.

Find lem (306, 657).

State the Fundamental Theorem of Arithmetic.

Explain the method of Sieve of Eratosthenes.

Define Pseudoprime. Give an example of a Pseudoprime number.
Find o(12).

Define Euler’s Phi Function.
Prove that the set X = {(x, 0) : x € R} is a subspace of the vector space 2.
Define basis of a vector space.

Check whether the map 7 :R? —» R? defined by f(x,y,2) =(x +y,2,0) is linear. Justify your

claim.

Define the rank and nullity of the linear map.

For (x,y) e R?, let S = {(x,y)}. Find (S).
(12 x 1 =12 marks)
Section B

Answer any ten questions.
Each question carries 4 marks.

Show that square of any odd integer is of the form 8% + 1.
Ifa|candb |c, with ged(a, b) = 1, prove that ab | c.
Use the Euclidean Algorithm to obtain integers x and y satisfying gcd(24, 138) = 24x + 138y.

Determine all solutions in the positive integers of the Diophantine equation 18x + 5y = 48.

Turn over

108575



17.
18.

19.
20.

21.

22.
23.

24.

25.
26.

27.

28.

29.
30.

31.
32.

33.

108575

2 C 20210

Prove that the number /9 is irrational.
For arbitrary integers a and b, prove that ¢ = b(mod n) if and only if @ and b leave the same
non-negative remainder when divided by n.

Use the binary exponential algorithm to compute 510 (mod 131).

Solve the linear congruence 18x = (mod 42).

If p and g are distinct primes with @” =a(mod q) and a? = a(mod p), then prove that
a®?? = a(mod pq).

Prove that intersection of two subspaces of vector space V over a field is again a subspace.
Let A=Span{(1,2,0,1),(-1,1,1, 1)} and B=Span {(0,0, 1, 1), (2, 2, 2, 2)} be two subspaces of

R4 Determine A ~B and compute its dimension.

If V is a vector space over the set ¢ of complex numbers of dimension n, prove that V can
be regarded as a vector space over R of dimension 2n.

Let f: V- W be linear. Prove that if Y is subspace of W then f<(Y) is a subspace of V.

Let V be a vector space of dimension n >1 over a field F. Prove that V is isomorphic to the
vector space F".

(10 x 4 = 40 marks)

Section C

Answer any six questions.
Each question carries T marks.

Given integers a and b, not both of which are zero, prove that there exists integers x and y
such that ged (a, b) = ax + by.

Prove that the linear Diophantine equation ax+by=c has an integer solution if and only
if d | c where d = ged(a,b).
Prove that there are infinite number of primes.

Using Chinese Remainder Theorem, solve the system of congruences
x =5(mod11),x =14(mod 29), x = 15(mod 31).
If p is a prime, then prove that (p—1)! = -1(mod p).

Prove that a non-empty subset S of a vector space V is a basis of V if and only if every
element of V can be expressed in a unique way as a linear combination of elements of S.

Let f,g,h:R—>R be the mappings given by f(x)=-cos®x,g(x)=sin?x,h(x) = cos2x.
Consider the subspace of Diff (R,R) given by W = Span {f, g, #}. Find a basis for W.
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Show that the linear mapping f:R? - R3given by f(x,y,2)=(x+y+2,2x—y—2,x+2y—2)
is both surjective and injective.

State and prove Dimension Theorem.
(6 x 7 =42 marks)
Section D

Answer any two questions.
Each question carries 13 marks.

(a) If a=qb+r, prove that ged(a,b) = ged(b,r). (4 marks)

(b) If a cock is worth 5 coins, a hen 3 coins, and three chicks together 1 coin, how many
cocks, hens, and chicks, totalling 100, can be bought for 100 coins.
(9 marks)
Prove that the lienar congruence qx=b(modn) has a solution if and only if d|b, where
d = ged(a,n). Moreover if d | b, prove that it has d mutually incongruent solutions modulo n.

Prove that every linearly independent subset I of a finite dimensional vector space V can be
extended to form a basis.

[2 x 13 = 26 marks]
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4 Section A : :

Answer all questions.
Each question carries 1 mark.

State Division algorithm.
Find ged(272,1479). 7
Show that the Diophantine equation 14x + 35y = 651 has an integer solution.

. W b

Define e-prime. Give an example of a prime number.

Find the last two digits of the number 9%°,

State Fermat’s theorem.

Find <(180).

®» N o oo

Define subspace of a vector space.

9. Give a basis for Maty,s(R).

10. What do you mean by a Linear Transformation ?
11. Give an injective linear map which is not surjective.
12. Sfat(; the Dimension theorem. :
L (12 x 1 = 12 marks)
~ Section B .

Answer at least eight questions.
Each question carries 6 marks.
All questions can be attended.

Overall Ceiling 48.

a(a®+ 2.)

13.  Show that the expression is an integer for all a > 1.

14, 1If a[bc, with ged(a, b) = 1, prove that alc.

Turn over
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Use the Euclidean Algorithm to obtain integers x and y satisfying ged(119, 272) = 1192 + 272y.

Prove that the number /5 is irrational.

Find the canonical form of 2093.
If p, is the n'® prime number, prove that p, <221,

Find the remainder obtained upon dividing the sum 1! + 2! + 3! + ... + 99! + 100! by 12.

m
k
Let P(¥)= kZOckx be a polynomial function of x with integral coefficients c, . If a =b(modn),

prove that P(a)=P(b)(modn).
If (n — 1)! = —1(mod n), then prove that n must be prime.
Prove that every plane through the origin is a subspace of R3,

Show that {(1, 1, 0, 0), (-1, =1, 1, 2), (1, -1, 1, 3), (0, 1, -1, -3)} is a basis of R*.

Let S be a subset of the vector space V. Prove that S is basis if and only if S is a minimal spanning
set.

Let f: R* — R? be a linear map given by f(a, b, ¢, d) = (@ + b, b — ¢, a + d). Find Im f and a basis
for Im f.

Prove that if the linear mapping f: V—> W is injective and {vl,vz,...,vn} is a linearly independent

subset of V then {f (v1),f (vg),...f (v,)} is a linearly independent subset of W.
- (8 x 6 = 48 marks)

Section C

Answer at least five questions.

Each question carries 9 marks.

- All questions can be attended.
Overall Ceiling 45.

Let a and b be integers, not both zero. Prove that a and b are relatively prime if and only if there

exist integers x and y such that 1 = ax + by.
Prove that if 2 > 0, then ged(ka, kb) = kged(a, b).
State and Prove Fundamental Theorem of Arithmetic.

Prove that the system of linear congruences ax + by = r (mod n); cx + dy =s (mod n) has a unique
solution modulo n whenever gcd(ad — bc, n) = 1.

if n is an odd pseudoprime, prove that M = 2" — 1 is a larger one.
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32. Let V be a vector space that is spanned by the finite set G = {v1:02,0350.0, }. 1= {wy,wy,...,w,, }
is linearly independent subset of V then show that m <n. | s
33. Let V be finite dimensional vector space. If G is a finite spanning set of V and if I is a linearly

independent subset of V such that I ¢ G then prove that there is a.basis B of V such that
IcBcG

34. Prove that a linear mapping is completely and uniquely determined by its action on basis.
35. If f:R3 — R? is a linear map such thatf(l, 1,0)=(1,2),f(1,0,1)=(0,0),£(0,1,1)=(2, 1), then

find £ (x, y, 2) for all (x, y, z) eR3.

(5 x 9 = 45 marks) |

Section D ' '

Answer any one question.
The question carries 15 marks.

36. a) Leta and b be integers, not both zero. For positive integer d prove that d = ged(a, b) if and
only if

1) dla and dlb

(ii) - Whenever cla and clb, then c|d.

b) A customer bought a dozen pieces of fruit, apples and oranges, for $1.32. If an apple costs
3 cents more than an orange and more apples than oranges were purchased, how many
pieces of each kind were bought.

37. State and prove Chinese Remainder Theorem.

38. LetV and W be vector spaces each of dimension n over a field F. If f:V—> W is linear then prove
that the following statements are equivalent :

(i) fisinjective ;
. (i1) fis surjective ;
(iii) fis bijective ;
(iv) f carries bases to bases.
' (1 x 15 = 15 marks)
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12.
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14.

Section A

Answer all the twelve questions.
% Each question carries 1 mark.

State the division algorithm.
State the Fundamental Theorem of Arithmetic.

Give an example to show that a? = 52 (mod n) does not imply a =b (mod n).

-

Define multiplicative functions.
If x is a real number, what are the possible values of [x] +[-x]?
Déﬁne Euler phi function.

Find the highest power of 5 dividing 1000 !.

Define subspace of a vector space V.
Find Span S whereS = {(1, 0, 0)} c RS,

Define a linear transformation.
Give two different bases for 2.

Define null space of a linear transformation.
(12 x 1 = 12 marks)
Section B

Answer any ten out of fourteen questions.
Each question carries 4 marks.

Prove that the square of any odd integer is of the form 8% + 1 where % is an integer.

Prove that if ged (a, b) =d, then ged (%. %) =1wherea,b are integers. :
Turn over
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Let ged (a, b) = 1. Prove that ged (e +b,a-b) =1 or 2.
Determine all solutions of the Diophantine equation 56x + 72y = 40.

Prove that if @ =b (mod n), then @ +¢ =b+c¢ (mod n)and ac = bc (mod n).
Solve the congruence 18x =30 (mod 42).

Prove that if p is a prime, then a” =a (mod p)for any integer n.

Prove that t is a multiplicative function.

Prove that the intersection of two subspaces of a vector space V is agéin_ a subspace of V.

Check whether the vectors (1,1,0) and (2, 5,3) and (0,1,1)in R3 are linearly independent.

E

Let W be a subspace of a vector space V. Prove that dim W =dim V if and only if V=W.
Prove that f: R% — R3defined by f (a,b)=(a +b,a-b,b) is a linear transformation.

Let V and W be vector spaces. Prove that if the linear mapping f:V —> W is injective and

independent subset of W.
Let V and W be vector spaces. Prove that the linear mapping f:V — W is injective if and only if
Ker f ={0}. |

- (10 x 4 = 40 marks)

Section C

Answer any six out of nine questions.
Each question carries T marks.

Prove that +/2 is irrational.

Prove that the sequence of primes is infinite.

Prove that the linear congruence ax=>b(mod n)has a solution if and only if d\b where

d =ged (a, n). If d\ bprove thét the congruence has d mutually incongruent solutions modulo n.
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Use Chinese Remainder Theorem to find the smallest non-negative solution of the given system of

: x =2 (mod 3)
congruences :

x =3 (mod 5)

x =2 (mod 7).

’ : n n!
If n and r are positive integers with 1<r < n, then the binomial co-efficient (’,) o] - (n- r_)“' is an
integer.

Let V be a vector spac;a over a field F. Prove the following 3
(a) -KOV =‘OV VieF. _ (b) Opx=0y V,eV.
. (o If‘ Ax =0y, tﬁen either A = 0;; or x =0Oy.
Let S and T be two non-empty finite subsets of a vector space V such that Sc T.Prove the
following :

(a) IfTis linearly independent, then so is S. (b) If S is linearly dependent, then so is T.

Let V be a finite dimensional vector space. If G.is a finite spanning set of V and if I is a linearly

independent subset of V such that I < G, prove that there is a basis B of V such that1 cBcG.

Let Vand W be rvector spaces of finite dimension éver a ﬁeid F.If f: V- W 'be linear, prove that
dim V =dim Im f + dim Ker f.
(6 x 7 = 42 marks)
Section D

Answer any two out of three questions.
Each question carries 13 marks.

Let N=qa,, 10" +a, _; 10" ~1 4..+a; 10 + ay be the decimal expansion of the positive integer

N;0<a, <10andletS=aqay +a; +... +a,,

Turn over
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T ao ~a; +ag = ...+ (~1)" a,,. Prove the foilowing :
(a) 9|N if and only if 9|S.
- (b) 11|N if and only if 11| T.

- (¢) Use the results in (a) and (b) to show that 1571724 is divisible by both 9 and 11.
37. (a) Ifnisa positive integer and ged (a, n) =1, prove that d“';) =1(mod n). Deduce thaf ifpisa
prime and p/ a,then a? ! =1(mod p). ’
(b) For n> i, prove that the sum of the positive integers less than n and relatively prime to

' ‘nis%nq)(n).

-

" 38. Prove the following :
(a) Let V be a vector space of dimension n 2 1 over a field F. Then V is isomorphic to the
vector space F".

(b) If % and W are vector spaces of the same dimension n over a field F, then V and W are
isomorphic. ;

(¢) A linear mapping is completely and uniquely determined by its action on a basis.

(2 x 13 = 26 marks)
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. Find ged (1769, 2378).

Section A

Answer all the twelve vq‘uestions.
Each question carries 1 mark.

Define ged of two integers.
Find lem (- 15,20).

S

Define a Diophantine equation in two variables.
Write the canonical form of 180.
State Wilson’s theorem.

L Deﬁne a pseudoprime.

Find ¢ (9)
Define subspace of a vector space.

Give a spanning subset of the vector space of all polynomial functions over R.

Show that any set of vectors which contains the zero vector is lihearly dependent.

. Define a linear map.

. Define kernel of a linear map.

(12 x 1 = 12 marks)
-Section B

- Answer any ten out of fourteen questions.
Each question carries 4 marks.

. a (a2 + 2) . o . ;
.. Show that T 1s a positive integer for any positive integer a.

Prove that two non-zero integers a and b are relatively prime if and only if ‘there exist integefs
x and y such that 1 = ax + by. : '

]
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Is V2 arational number ? Justify your answer.

Find the remainder when 4165 is divided by 7.

Define an absolute pseudoprime. Illustrate with an example.
Ifp and g are primes, show that p7-1 + ¢?~1 = 1 (mod pq).

If n is-a squarefree positive integer, prove that the positive divisors of n is 2" ; Where r is the
number of positive divisors of n. :

Show that for a positive integer r, the product of any r consecutive positive integers is divisible
by r!. :

Define a vector space. ‘

Prove that a non-empty subset W of a vector sbace V over a field F is a subspace of V if and only if
co+BeW forall a,pe W and for all c eF. -

Show that the set le), ey, es, e4}, where e; =(1,0, 0, 0), eg = (0, 1, 0, 0), eg = (0, _0, 1, 05,
ey= (0,0,0, 1), is a basis of R%, |

Show that the mappihg :R? - R2 given by f(a, b) = (a + b, a — b) is linear.
f

If Vis a vector space of dimension n >1 overa ﬁéld F, show that Vis isomorphic to the vector space
Fn, | | |

(10 x 4 = 40 marks)

Section C ’

Answer any six out of nine questions.
Each question carries 7 marks.

Given integers a énd b, not both of which are zero, prove that there exist integers x and y such
that ged (a, b) = ax + by. ¢

Prove that the linear Diophantine equation ax + by = c has a solution if and only if d|c where
d = ged (a, b). Verify whether the Diophantine equation 14 x + 35 y = 93 can be solved.

Solve the system of congruences x = 2 (mod 3),x = 3 (mod 5), x = 2 (mod 7.

State and prove Fermat’s Little Theorem.

Obtain the number and sum of positive divisors of a positive integer n.

Are the intersection and union of two subspaces of a vector space V again subspaces of V? Justify
your answer. '

A non-empty subset S of a vector space V is a basis of V if and only if every element of V can be
expressed in a unique way as a linear combination of elements of S.
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Show that the linear mapping £ : R® —» R3 glven byf(x y,2)= {x +z,x+y+22, 2x +y+ 32) is not

surjective.

Let V and W be vector spaces over a field F. if the set {vy09, V5., U L is a basis of V and if

Wy, Wy, Wg,..., W, are elements of W, prove that there is a unique linear mappmg f:V > W such
thatf(v) w; (=123, .., n).

(6 x 7 = 42 marks)
Section D

Answer any two out of three questions.
Each question carries 13 marks.

Prove that if @ and b are integers w1th b#0, then there exist umque 1ntegers q and r such that
a=qh+r, 0<r<|b|

‘Show that Euler’s phl-ﬁmction is multipli“cative. = : P

If V and W are vector spaces over a field Fandif f: V5> W isa 1inea_r map, prove that :
(a) [ -vy)=Ff@w)-Fwy)
(b) thesetKer f={veV:f(v)=0}isa subspace of V.
(¢) for any subspace X of V, fX)isa subspace of W.
(d) fis an isomorphism if and only if Ker £ = {0}. _
| v ; (2 x 13 = 26 marks)
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— 1

II.

Answer all twelve questidns :

1 Define a pseudoprime to the base a.
2 0D

. [_ 2] .
: 2 .
4 State Euclid’s lemma.
5 Write the set of least non-negative residues. modulo n.
,,Q,GSt@ie_Clun@sg,iRsEalnder el T L e

7 Without performmg the divisions determine whether the integer 1, 571, 724 is divisible by
11 , .

8 The rank of every n-rowed non-singular matrix A is

’ 10
9 Rank of matrix [0 1] ‘is

'~ 10 The characteristic roots of a skew-Hermitian matrix are either i or

11 If two matrices A and B have the same size and the same rank, they are
12 The system AX = O in n unknowns has a non-trivial solution if ;
(12 x % = 3 weightage)
Answer all nine questions : :
, - o a b '
13 Ifg.c.d. (a, b) = d then prove that §-c.d. ((—i-’ E) =1 7
14 Check whether the Diophantine equation 6x + 51y = 22 has a solution. °

15 Establish the relation 2117 = 44 mod 117.

16 Calculate ¢ (360).

17 Ifp is a prime then prove that a” = a (mod p) for any integer a.

Turn over
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18 If n,# pflpgz f’ is the prime factorization of n > 1, then prove that
wWn)=(ky +1) By +1)... (k +1). | |
19 Prow)_e that rank of a nqn-Singular matrix is equal to the rank of its reciprocal matrix.
20 Show that if A, Ag,... A, are n eigen vahiés of a square matrix A of order n then the eigen
values of the matrix AZ be A2,23,...,A2. .

21 State Cayley-Hamilton theorem. _
‘ (9 x 1 = 9 weightage)
Answer any five questions from seven : '

' 22 For posmve integers a and b, prove that ged (a, b) l.e.m. (a, b) = ab.

23 Find the g.c.d. of 12378 and 3054 and express it as the linear combination of 12378 and 3054.

24 Prove that there is an infinite number of primes.
25 If the integer n > 1 has the prime factorization n= pflpgz ...p¥r then
D)o 03)
- h P2 Pr
26 Find the number of zeros with which the decimal representation of 50! terminates.

1 -3 3 -1

i _ |1 1.-1 0
27 . €ompute the inverse of A = 9 5 9 -3
-1 1 1 O

28 Show that equationé x+ 2y -2=8,3x-y+2z =' 1,2x -2y +3z=2,x—y+2z=-1 are consistent
and solve the same. , L
(5 x 2 = 10 weightage)

‘Answer any two questions from three :

29 State and prbve Chinese Remainder theorem.

30 Prove that the function ¢ is a multiplicative function.

1 2 O
31 Show that the matrix A=[2 -1 0| satisfies Cayley-Hamilton theorem Hence obtain the
' 0 0 -1 ‘

value of A-1. v
(2 x 4 = 8 weightage)
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SIXTH SEMESTER B.Sc. DEGREE EXAMINATION, MARCH/APRIL 2(__)16_ 3
(UG—CCSS) B
Core Course—Mathematics

MM 6B 12—NUMBER THEORY AND LINEAR ALGEBRA

Time : Three Hours Maximum : 30 Weightage
Section A
Answer all questions.
Find ged (306, 657).
Find the canonical form of 360.
Express 105 in binary system.
Find J (180), the number of divisors of 180.
Give an example of a multiplicative function.
Find ¢ (400).
What is the rank of a non-singular matrix of order n ?

State True or False. ‘Elementary transformations change the rank of a matrix’.

Fill i e Blaniés s

©® ® N > oA @ Do

The row nullity and the column nullity of a square matrix are

10. Fill in the blank :

Inconsistent equations have solutions.

11. State Cayley-Hamilton theorem.
12. The characteristic roots of a unitai'y matrix are - . Fill up the blank.

(12 x ¥4 = 3 weightage)
Section B t
Answer all questions.
13. Write down the relation connecting ged and lem of two posif,ive intégers a and b.
14. ' Check whether the following Diophantine equation can be solved 6x + 51y = 22.
. 15. Show a = a (mod n) ifa is anb integer. |

16. State Fermat’s Little Theorem.
17. If p is a prime number then find ¢ (p*).

18. Find the number of zeroes with which 50! terminates.
Turn over




19.

20

21.

22.

' 23.
24,
25,

26.

27.

28.

Find the rank of the matrix 123 )
, 2:4 °5

. " Express the system of equations in matrix poeni

x+ 2y +2z=10.
2 +y+52=9.

I3 0
Find characteristic roots of the matrix Iio 1].

(9 x 1 = 9 weightage)
Section C '

Answer any five questwns

Carry out the Euchdean Algonthm for the numbers 119 and 272 to ﬁnd gcd and express ged as a
linear combination of 119 and 272.

Using sieve of Eratosthenes find the number of prime not exceeding 50.
Prove Fermat’s Little theorem.
Show 18! + 1 = M(437) ; a multiple of 437.

1 111
By reducing to normal form find the rank of [ 1 2 3 ‘ 4.
' 4 3 21

Find non-singular matrices P and Q such that PAQ is in the normal form where

1T 2 3 =2
A=|2 -2 1 3
3 0 4 1
2 -1 1
Verify Cayley-Hamilton theorem for the matrix [-1 2 -1].
' 1 -1 2

- , (5 x 2 = 10 weightage)
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Section D

- Answer any two questions.

29. (i) Prgive‘t';he fundamental theorem of Arithmetic.

C 1745

(i) Prove ifa =b (mod n) and b = ¢ (mod n) then a ‘j-—f ¢ (mod n) where a, b, ¢ are integers.

30. () Showif n=p" p, ... p* then J(n)=(k +1)(k, +1)....(k, +1) and

ol e
p-1 p,-1 p, =1

(ii) Verify Jd (mn) /‘= J (m) J(n) using suitable example.

'81. Check for consistency and solve the system

xX+2y+3z=14
3x+y+2z=11
2x+3y+z=11. f

(2 x 4 = 8 weightage)
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Time :

10.

11.
12

13.

14.

Ll ol b R Lt B

S]XTH SEMESTER B.Sc. DEGREE EXAMINATION, MARCH/APRI]: 2015
(U.G.-CCSS)
Core Course—Mathematics
MM 6B 12—NUMBER THEORY AND LINEAR ALGEBRA

Three Hours Maximum : 30 Welghtage
Section A
Answer all twelve questions.
Find g.c.d. (143, 227). '
State fundamental theorem of Arithmetic.
Express 4725 in canonical form.
State Feromat’s little theorém.
Find the sum of divisions of 180.
When will you say a number theoretic function f is multiplicative.
Find ¢ (360).
Define rank of a matrix.

: 123
ind the rank of the matrix [ sk 6]

Find characteristic root of the matrix A =

oD R
v M o~
o O M

State the nature of the characteristic roots of Hermitién matrices.

State Cayley Hamilton theorem.

(12 x Y4 = 3 weightage)
Section B

Answer all nine questions.

Prove if g.c.d. (a, b)_dthengcd (Ai’ /d)

Use of Euclidean algonthm to find x and y Whlch satisfies g.cd. (56, 72) = 56 x + 72y.

£ Bt f ~ Turn over
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15. Check whether the following Diophantine equation can be solved 6x + 51y = 22.

e A
; p -~ = & 2 Ch'E oY
16. Show o' = g (mod 42) for all a. { é ) o, 9‘) 695« - =
> S .
17. Determine the highest power of 3 dividing 80! '
E0 A = o U et “* ' 3 A
hsEfe | ¥ 2.3 jio &
18. Reduce to the normal form to find rank of A={2 3 4| (-
‘ 0 2 2
’;4& t .l\,‘f‘ > % 7

19. State the Sylvester’s law of nullity

20. Show that the charactenstic roots of a triangular matrix are Just the diagonal elements of that

| : (‘*ztff?é <
, ; 2 0 N :
21. Verify Cayley-Hamilton theorem for A = 0 il ¢ E}% e 3 ?3 / :
| , iy
3 a i le 1) , e . % \“Oi =" “(9xl= 9 weightage)
G 2 et o 3 .
K . b Section C 3{
Q? = aCm aa nd Anwer any five questions. o O Ak
22. Prove there is an infinite number of primes s
23. Ifa= b(mod n) and b= c(mod ik, then prove a= c(mod n).
: \\ W - ‘3
7 — 0 24. Show 181 + 1 = O(mod 437). - 2 = W
L Cmopd (L : e
25. Show o (n) =0 (n +1)ifn=14 where o (n) = sum of divisors of n.
§ 26. ProVe Euler’s theorem, o (f‘) =1 (mod n) if nzlandgecd. (a,n)=1 1
i ’\ «{j\ | &7 = A ”‘h“,}ﬁ;;i’;# w{i - - : \ 2, !C}!
‘ s 8 - ' s T -
| L s 2 = j'gx—»i P) :
} 27 Find non-smgular matrices P and Q such that PAQ is in the normal form where A=i1 2 3|
- : , sl ]
4, ,28. Solve the system of equations : 4
a4~ 0. A%=0

x+3y.- 2z2=0
20—y +42=0
x-11y + 142=0.

~

£ (5 x 2 = 10 weightage)

| &
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Section D
Anwer any two questions.

29 (a) Prove the fundamental theorem of arithmetic.
(b) Solve the linear congruence equation 6x =15 (mod 21).

30 (a) State and prove Wilson’s theorem.
(b) Ifnisan odd integer then prove ¢ (2n) = ¢ (n).
31 Show that the equations :

x1t2y - >3
3x—y;+2z =1
2x—2y+3z=2
X=9y1 z = fl'

are consistent axild solve the same.

(2x4=8 weightage)
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SIXTH SEMESTER B.Sc. DEGREE EXAMINATION, MAB?H 2014
' g flukkan

Time : Three Hours

N ame,.

Re‘g._fl;{?);

(U.G.—CCSS) %‘Wa
Mathematics

MM 6B 12—NUMBER THEORY AND LINEAR ALGEBRA

I. Answer all twelve qﬁestions : | \8: -
1 o(5)= — o | Cxn
. 2 The value of nZi:l_o(n) _ ‘ j&‘{g ?
3 prisaprimeandk>0then¢(pk)= |
4 If a, b, c are integers and ged (a; b,c)=1 then ged (e,¢)=
- & IfAisa ﬁon-singular matrik of order n then the rank of A is
6 The‘systemk AX = 0 in n unknows has a trivial solution if :
(a) p(A)>n. (b) p(A)=n.
(© p(A)< n ' (d) - None of these.
7 State Cayley-Hamilton theorem.
| 8> Define Nullity of a matrix.
: ’9 If Ais a Ihatrix of order m x nand Ris a ndh-singular métrix of order m. then
p(RA)= —— |
: N N
10 IfN is a positive integer then nglc(n) = El _
11 State Chinese Remainder théor_‘em; .
12

If ca = cb (mod n) and ged (¢,n)=1then @ = —_ (mod ),

(12 x % = 3.weightage)

Turn over

Maximum : 30 Weightage
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II. Answer all nine questions :

5_19_

L

13

14
15
16
17

18

20

Answer any five questions from seven :

22

23

24
25
26

27

28

- When two integers a and b are said to be relatively prime ?

Find lcm (306, 657).
State Fermat’s theorem.

Prove that the function M isa mulfiplicative function.

Show that no skew-symmetric matrix can be of rank 1.

20
A = .
If-A = ,‘[0 8] find p(A).

Define Null space of a matrix.

Findthe remainder when 1! + 2! + 3! + ... +99! + 100! is divided by 12. -

' o . {a b
Prove that if ged (a,b)=d then &cd Fi; =1.

(9 x 1 = 9 weightage)

Prove that the fourth power of any integer is of the form 5k or 5% + 1.

Let a and b be integers, not both zero prove that a and b are relatively prime if énd only if

there exist integers x and y such that 1=ax + by.
Prove that for positive integers a and b ged (a, b) lcm (a, b) = ab.
Show that 8 divides 727+1 41,

Using Wilson’s theorem proire that 18! + 1 = 0 (mod 23).

Find non-singular matrices P and Q such that PAQ is in the normai form given
1 1 2

A=|1 2 3|
0

-1 1

, Show that the characteristic roots of an idempotent matrix are either zero or unity.

(5 x 2 = 10 weightage)



IV. Answer two questions from three : : ,
29 State and prove Chinese Remainder theorem.
30 State and prove 'Fundamelitalitheoremof Arithmetic.

31 Using Cayley{Hax_Iiilton theorem shbw that A3 —6AZ +11A - 61 =0 Whéie

and hence find A1,

‘C 60111

— 1
A=]0

=N
W N N

2x4=8 wéightage)
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SIXTH SEMESTER B.Sc. DEGREE EXAMINATION, MARCH 2013
| (cCss) ' ‘
k Mathematics. A :
MM 6B 12— NUMBER THEORY AND LINEAR ALGEBRA
~ Time: 'i‘hree'Ho'urs. : : ‘ . : = Maximum : 30 Weightage
I. Ans'wér all twelve questioﬂs b '
1 If Rank (A) = Ran (c) < n then the system : ,
(a). Isconsistent. " e (b) Has infinite solutions.'

" (c) Isinconsistent. : ‘ ) None of these.
: . B - . ‘.1 -1
2 If A is a non-singular matrix then (A ) =
'3 Ifn > 1the sum of the positive integers less than n and_relatively priine ton is —

Define the rank of a matrix.

5 The value of nZ: [g} is ———-———
6 Find 6(9).
7 The value of o(12) -~ e
{ : = '8 Ifca=ch (mpd p) and p x 'c',..wherep is a lv)ri‘me number then — b(mod p)
9 ff Balindo. q,; are all primé_s‘ and p/ 'ql q -- Qn then prove that p =7;1 5 for same k.

10 The linear congruence ax=b(modn) has a unique solution m_odulo n if
ged (a, n) = ‘

11 State Wilson’s theorem.

12 Ifn is a positive integer then :

N fe - N : :
2
nfl n=1 : :
: e : (12 x ¥ = 3 weightage)
II. Answer all nine questions : : .

13 State Cayley-Hamﬂton theorem.
14 Define Nullity of a matrix..

-Turn over .
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15 What is the value of |
S

' ) ‘ h

= <
' 23 53
16 If A= LT andB__ 1 4] ﬁndp(AB)
' 3 21 ;
2 1
, LT EIIP . S o
. 17 Under what condition the rank of the matrix A=|3 1 2| is 3.
¢ - | | Ll 0 x|
Ft 18 Given integers a, b, c . ifg c d‘(a, b=1 andgcd(a,c) = 1 what is g ¢ d (a, bc).
~ 19 Prove that & (mn) =5 (m) o (n). |
§ i}fﬁ )
|G /
‘ €N 20 If ca=cb(modn) then prove that a = b(modn/ d) where d = gcd(c,n) - [~
e o
i ‘ ’J i 21 If p isa pnme and p /ab then prove that p/a or p/b 2 » :
‘5 e _ : e : T @9x1= 9 weightage) -
;’ _ ;\‘;J I Answer any five QUestions from seven : ' o ‘ v Q
£ I 22 'Prove that the cube of any mteger has one of the forms_ 7]e or %k +\}/ (}i\__
» e A § ) . {"‘:.
1 23 Fmdthegcd of (595, 252) \/"' (5 _ ?\Jﬁ{\\ B
] ‘ 24 Prove that there is an mﬁnlte number of primes. - » » M CQ\\\ %:‘
l RL E 25 Prove that 13 divides 42+ 1 + 3n+2, . o ' N éf\_.. ,
' N F 26 _.Prove that if n > 1 the sum of the positive 1ntegers less than n and relatlvely prime to 7 is
’S{: !‘""‘*w—. ) ’
| Ww(n)
/ %.?wi/ { {NW \} B . o ’ . : ,
<« & ‘ii.._;) "T'*f Jp st e & | S e R L e
Q; ﬁ . ?-. N i e ) e - : i 1 e | 2 _1 !
4" 27 Reducing to the normal form find the rank of the matrix g 1 gl
bt . . s <~ &
| T B ] e v f &5
e 00 < k1 o1 -1 of R T T
‘rf - 28 Find the ianarse of A= 2 5 2 -3 - £ @ @! Qé
i\‘ ‘" v -1 .1 1 0 & )
i e ~ ™ (5 x 2 = 10 weightage)
<+ S, ot X , /ﬁ o e e
X{;&w ¥, 4;;«; ‘ i.;;‘f;@ ] // » . ;,_:’(,
S e £3 Wl /
\ v : WX § ' %
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-~ IV. Answer any two questions from three : V v :

29 Find non-singular matrices‘Pb and Q" such that PAQ is in the .n‘or.malsform

ey
whereA=11 2 g1

0 -11

30 State and prove Fermat’s theorem.
31 - Use the Euclidean Algorithm to obtain integefs x and y satisfying :
 ged (858, 325) - 858(»

Fpen

o 8

St
LY

2x4=8 Weightage)v

oy
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