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Preface 

More than twenty years ago I gave a course on Fourier Integral Op­
erators at the Catholic University of Nijmegen (1970-71) from which a set 
of lecture notes were written up; the Courant Institute of Mathematical 
Sciences in New York distributed these notes for many years, but they be­
came increasingly difficult to obtain. The current text is essentially a nicely 
TeXed version of those notes with some minor additions (e.g., figures) and 
corrections. 

Apparently an attractive aspect of our approach to Fourier Integral 
Operators was its introduction to symplectic differential geometry, the basic 
facts of which are needed for making the step from the local definitions to 
the global calculus. A first example of the latter is the definition of the 
wave front set of a distribution in terms of testing with oscillatory functions. 
This is obviously coordinate-invariant and automatically realizes the wave 
front set as a subset of the cotangent bundle, the symplectic manifold in 
which the global calculus takes place. 

Similarly, the principal symbol of a Fourier integral distribution is 
defined as the leading term in the asymptotic expansion of testing with 
oscillatory functions. In this way the principal symbol is identified with a 
certain function on a space of Lagrange planes. This leads to a definition 
of the Maslov line bundle which looks somewhat different from the usual 
one, but which fits naturally with the idea of characterizing singularities 
of distributions by testing with oscillatory functions. It should also be 
noted that the asymptotic expansion is obtained by applying the method 
of stationary phase, which is the central analytical tool in the theory. 

The text contains two basic applications of the theory: the Cauchy 
problem for strictly hyperbolic equations and caustics in oscillatory inte­
grals. We have not attempted to treat the numerous other applications 
which have been developed since the seventies, because that would change 
the book from an introduction into a research monograph. For this we refer 
the reader to the excellent four volume book by Hormander, The Analysis 
of Linear Partial Differential Operators published by Springer-Verlag, of 
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which the Notes at the end of each chapter can be used to get quite a 
complete overview of the applications. 

J. J. Duistermaat 
September, 1995 
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2 Fourier Integral Operators 

where the symbol ap of P is given by 

(0.7) <TP(X,Z)= Yl a«(*)(*0a . 
|a |<m 

So ap is a polynomial in £ of degree m with coefficients depending on x. 
If P has constant coefficients then one can try to find an inverse E for 

P by formally writing 

(0.8) (Ef)(x) = (2*)-» jj' Sx-^aP(i)-'f{y)dyd£,. 

Of course the possible zeros of ap in Rn and decrease of ap at infinity 
in general will cause trouble. However by pushing the integration into 
the complex domain Cn in a suitable way and applying Cauchy's integral 
formula (here one uses that ap is analytic), the zeros can be avoided. In 
this way one can obtain a (right) fundamental solution for P, that is, a 
continuous linear map E : Co°(Rn) —* C°°(Rn) that can be extended to a 
continuous linear map €'(Rn) -> £>'(Rn) such that PEf = f for all / G 
£'(Rn) . (Usually the distribution E6 is called the fundamental solution.) 
For a more detailed treatment of this result, which is due to Ehrenpreis 
[26] and Malgrange [60]; see Hormander [44], Ch.III or [42'], Ch.X. 

The above procedure breaks down almost completely if we allow P 
to have variable (but still smooth, or even analytic) coefficients. However, 
for an important special class of operators there is a rather satisfactory 
substitute. In order to describe this, we start with some definitions. 

The principal part p of the symbol of P is defined by 

(o.9) P ( * , O = Y, °"(*)(*oa, 
|a |=m 

that is, the homogeneous part of highest order of ap. 
The operator P is now called elliptic if 

(0.10) f ^ 0 implies p ( x , f ) ^ 0 . 

The best-known examples of elliptic operators are 

(i) all nonsingular ordinary differential operators (that is, operators acting 
onR 1 ) , 

(ii) the Cauchy-Riemann operator \{-^~ + ijjz~) on R2, 
n 

(iii) the Laplacian A = Y~& i n ^ n -
j=i Xj 
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Note that the wave operator j$ Jp- - A is not elliptic. Of course, it is easy 
to vary (ii), (iii) to operators with variable coefficients. 

A pseudodifferential operator A of order \i is, in its simplest form, given 
by 

(0.11) (Au)(x) = (2TT)-" JJ e^-y^a{x^)u{y)dyd^ 

where the symbol a(ic, £) of the operator A is a C°° function on W1 x M.n 

and satisfies an asymptotic development of the form 
oo 

(0.12) a(a;,0 " $ > , ( * , 0 -
3=0 

Here the a3- are C°° functions defined on W1 x (Rn\{0}) and positively 
homogeneous of degree fi — j , that is, 

(0.13) aj(x,T£) = T»-jaj(x,£) if r > 0. 

The asymptotic development (0.12) means that 

k-l 

(0.14) a(x,0-Y,ai(x'0=O(\trk) for |£| - oo 
3=0 

(and similar estimates for the derivatives, see Section 2.1). The leading 
term ao(x,£) is called the principal symbol of the operator A. 

Of course each partial differential operator is also a pseudodifferential 
operator with symbol equal to <jp, so we have a true generalization of the 
class of differential operators. (It is important that the order fi may be 
any real number.) If P is a differential operator of order m, with principal 
symbol p, and A is pseudodifferential of order JU, with principal symbol a.o, 
then PA is pseudodifferential of order m+/i and with principal symbol p-ao, 
as is easily verified. (In Sec. 2.5 we shall give the more complete calculus 
of pseudodifferential operators as developed by Calderon-Zygmund [12], 
Kohn-Nirenberg [50] and Hormander [42] and [40], Ch. 2.) 

Now let P be an elliptic differential operator of order m, with principal 
symbol p. Choose any pseudodifferential operator A^ of order — m with 
principal symbol % ' — 1/p. Then i^1) = I — PA^ is pseudodifferential 
of order —1 with principal symbol, say r\. Let A^ be a pseudodifferential 
operator of order — m — 1 with principal symbol aj, = r\/p. Then R^ = 
I - P(A<°) + A^) is of order - 2 . Going on like this we obtain a sequence 
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A^\ j = 0 ,1 ,2 , . . . of pseudodifferential operators of order — m — j such 
that 

(0.15) rtk+V = j _ P(AW + . . . + A(k)^ 

is of order — (k + 1). Let a^ be the complete symbol of A^ and let A be 
a pseudodifferential operator with a symbol a such that 

oo 

(0.16) a~^TaU). 

(The existence of such an a requires a little additional work.) Then R = 
I - PA is a pseudodifferential operator with symbol r such that 

(0.17) r(x,0 = O(\C\-k) for |£| - oo, any k. 

It follows immediately that the integral 

(0.18) K(x,y) = (27r)-n / " e ^ - ^ r f o O ^ 

converges absolutely and differentiation under the integration sign shows 
that it defines a C°° function. So 

(0.19) {Ru)(x) = J K{x, y)u(y) dy 

and we conclude that R is an integral operator with C°° kernel. In other 
words, we have solved the equation PA = I with a pseudodifferential 
operator A, but only modulo an integral operator with smooth kernel. 
Such an approximate solution of the equation PA = I is called a right 
parametrix for the operator P. 

For several purposes a right parametrix is just as good as a right fun­
damental solution. For instance, considering R as an operator: L2(U) —> 
L2(U), U an open neighborhood of x, we see that R has an operator norm 
as small as we want by taking U small. But then the "Neumann series" 

(0.20) (i-R)'1 =J2Rk ?k 

fc=o 

converges in the space of continuous linear operators in L2(U) and we 
find for every / € L2(U) a solution u = A(I — R)~xf such that Pu = f 
in U. So the existence of a right parametrix implies local solvability of 
the equation Pu — f. (More generally, Riesz theory shows that for any 
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relatively compact U C M.n the equation Pu = f is solvable in U for all 
/ that are orthogonal to some finite-dimensional subspace of CQ°(U).) A 
precise description of the singularities of Af, in terms of the singularities of 
/ , will be given later on for any pseudodifferential operator A, and this will 
lead to the famous theorem that u can only have singularities where Pu has 
singularities, if P is elliptic. So the parametrix will also give information 
on the regularity of the solutions of an equation Pu = f. 

We now turn to an example showing that the solutions of genuinely 
nonelliptic problems sometimes can be obtained by application of an opera­
tor that is not pseudodifferential, but still admits an integral representation 
resembling (0.11). Consider the initial value problem for the wave equation: 

(0.21) ?S-A" = ° 

(0.22) u(x,0) = u0(x), -QJ:(X>0) = M*)-

Introduce 

(0.23) u(€, t)= I e~i{x^u(x, t) dx, 

that is, the Fourier transform of u only with respect to the space variables. 
Then (0.21), (0.22) turn into the ordinary differential equation 

(0.24) g + c * | { | » f l = 0 

with initial conditions 

(0.25) fifc.0) = «„(?), ^ | ^ = fixtt), 

all depending on the parameter £. This leads to the solution formula (cf. 
Cauchy [15]): 

u(xtt) = (27r)"n ffi 
(0.26) JJ 

• ^(u0(y)±ui(y)/ic\£\)dyd£, 

where ± means taking the sum of two terms, one with the + sign and the 
other with the — sign everywhere. This resembles (0.11), however with the 
phase function (a; — y,£) replaced by (x — j/,£) ± c|£|£. So we have now 
arrived at a general type of "Fourier integral operator" of the form 

(0.27) (Au)(x) = JJei^x^a(x,y,Ou(y)dydC, 

ei((x-y,Z>±c\Z\t) 
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where the "phase function" (p may be rather general. However, it will still 
be required to be real and homogeneous of degree 1 (that is, 

(p(x,y,T€) = Tip(x,y,€) i f r > 0 ) . 

We also retain the condition that the "amplitude function" a has an asymp­
totic development of the form (0.12). 

Functions of the form e%Ttp^a{x) were introduced perhaps first in a 
remark of Debye in [77] in order to explain why geometrical optics is such 
a good approximation for the behavior of light. Note that since Maxwell 
[63], III, Ch. XX, light was generally accepted to be just electromagnetic 
waves. So how do we get from the partial differential equations governing 
these to the much simpler geometrical optics? The idea is as follows. Let 
the partial differential operator P (with variable coefficients if we want to 
treat nonhomogeneous media such as lenses!) have real principal symbol 
p(x, £). Then e~ir<pP(elTipa) will be a polynomial of degree m in r , with 
highest-order term equal to r m p(x, -^(x)) • a{x) and next-highest order 
term equal to 

_il / v ^ dp / d(p(x)\ da 
'i\^i~d^jV'~^x~) "dx~ + q- a 

with q some function of x, depending on P and (p. So if we first choose ip 
such that 

(o,8) K*.̂ H 
and then take a ^ 0 equal to a solution of 

then we have that P(elT<pa) = 0(Tm~2) as r —> oo. Such functions eiTipa 
will be called asymptotic oscillatory solutions. In the case of the wave 
equation (0.28) turns out to be the eikonal equation of geometric optics, 
whereas the transport equation (0.29) describes the growth of the amplitude 
along the orbits of the dynamical system 

( ° - 3 0 ) Tt=^-^x-)-
(A similar device is used in quantum theory, in connection with the "WKB-
method".) Note that (0.28) is a nonlinear first-order partial differential 
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equation for ip. A detailed treatment of such equations will be given in 
Ch. 3, Section 7. The transport equation (0.29) is much simpler, since it 
can be reduced to the ordinary differential equation -^a(x(t)) + q(x(t)) • 
a(x(t)) = 0, with x(t) a solution of (0.30). 

Birkhoff [9] introduced the refinement of replacing a(x) by 
oo 

(0.31) a(x,r) ~ ^ ^ ( x ) ^ ^ , 
j=o 

proving that the a,j can be chosen recursively in such a way that P(elTlpa) = 
0(r~k) as T —> oo for all k. (Exercise!) 

In the case of systems such as the Maxwell equations the method 
applies equally well. The equations for the leading term ao(x), now vector 
valued, reveal such interesting features as polarization and energy transport 
along light rays. See Luneburg [59] and the book of Kline and Kay [49]. (See 
also Born and Wolf [11], p. 109 for historical remarks.) Finally, Lax [53], 
Courant and Lax [19] showed that integrals (0.27) involving the asymptotic 
solutions ettpa can be used to represent the solutions of general hyperbolic 
equations, leading to a proof of the generalized Huygens principle for such 
equations. (For a slightly more general setup, see Ludwig [56].) This will 
be treated in Section 5.2. 

A general theory of Fourier integral operators (0.27) was given by 
Hormander [40], including an invariant definition of a "principal symbol" 
of such operators. (The problem is that one operator may be represented 
by different phase functions (fi and y?2, and corresponding amplitudes oi 
and <Z2, respectively, and the idea is to give a definition of the principal 
symbol that does not depend on such a choice. A similar concept is con­
tained in the construction of the "canonical operator" of Maslov [61], Part 
2, Ch. 2.) The reader will find that we have dwelt quite extensively on 
symplectic geometry, which serves here as a preliminary to the invariant 
theory of Fourier integral operators. However this subject has much inter­
est of its own and is basic for the understanding of nonlinear first-order 
partial differential equations, variational calculus and classical mechanics. 
For these reasons I have tried to give in Ch. 3 a rather complete account 
of this classical theory. 



Chapter 1 

Preliminaries 

1.1. Distribution densities on manifolds 

We assume the basic concepts of distribution theory (as for instance 
in Hormander [44], Ch. 1), manifolds and vector bundles to be known. 

Let E be an n-dimensional vector space over R, AnE the space of 
n-vectors in E, defined for instance as the dual of the space of n-linear 
alternating forms: En —► R. KnE is 1-dimensional over R. For any a G 
R we call a complex valued density (or nonoriented volume) of order a 
each mapping p:AnE \ {0} —» C such that p(Xv) — |A|a • p(v) for each 
v G AnE \ {0}, A <G R \ {0}. The space of all densities of order a is 
1-dimensional over C and will be denoted by Qa(E). 

Now let X be an n-dimensional C°° manifold. The tangent space of 
X at x e X will be denoted by TX(X). The na(Tx(X)), x e X are the 
fibers of a C°° complex line bundle £la(X) over X in a natural way. A C°° 
density on X of order a is now defined as a C°° section p:X —» £la(X). 
The space of C°° densities of order a on X will be denoted by C°°(X, Qa). 
Note that after the choice of a nowhere vanishing standard density of order 
a, the space C°°(X,Qa) can be identified with C°°(X). Using a partition 
of unity one can always construct a strictly positive C°° density of order 
a on X if X is paracompact (as will always be assumed for C°° manifolds 
here). 

ltE,F are n-dimensional vector spaces over R, then an injective linear 
mapping A: E —► F induces the mapping A*: KnE —> KnF and so induces 
a mapping A*:Qa(F) —► £la(E) defined by 

( l . i . i ) (A'p)(v) = p(A.v), veAnE\{0}, 

and called pull-back of densities of order a. If X,Y are n-dimensional 
C°° manifolds and $ is a C°° immersion: X —► Y then we define the 
pull-back $*:C°°(y,fta) - - C°°(X,na) by ($*p)(x) = (D$x)*(p($(x)). 
Here D$x is the differential of the mapping $, which is a linear mapping: 

J.J. Duistermaat, Fourier Integral Operators, Modern Birkhäuser Classics, 8 
DOI 10.1007/978-0-8176-8108-1_2, © Springer Science+Business Media, LLC 2011 



1.1. Distribution densities on manifolds 9 

TX(X) —> T$(a;)(y). (That $ is an immersion means precisely that D$x is 
injective for all x G X.) If $ is a diffeomorphism: X —*• Y then it induces 
a mapping $:£la(Y) —> fta(X) defined by 

(1.1.2) &(y,p) = (*-1(y),D$*x(p)), y e y , P G na(Ty(Y)). 

(If E -^-* X is a bundle over X then a point e € TT~1(X) is denoted by 
(rr, e) rather than by e, in order to keep in mind in which fiber of the 
bundle the point e is lying.) In fact the mappings induced by the local 
coordinatizations of X are used to make Qa(X) into a C°° complex line 
bundle. 

If E — F then A*:AnE —> AnE is equal to multiplication with det A, 
so A*:Qa(E) —*■ fta(E) is equal to multiplication with |det i4 | a . So we 
see that for every p G C°°(X,fta) the pK = («*)_1(p) <E C°°(«(u)), « 
a local coordinatization: U —> Mn, form a collection of functions with 
transformation formula: 

(1.1.3) pK2 = (pKl ofKjo/t"1)) . I d e t ^ / c i o / c J 1 ) ! " . 

We could also have started by defining a density of order a as a collec­
tion of functions pK, K local coordinatization of X, satisfying (1.1.3), but 
we preferred to start with a coordinate free description of the line bundle 
£la(X) of which the densities of order a are sections. 

Note that densities of order 0 are just complex valued functions on X. 
On the other hand densities of order 1 are the densities on X in the usual 
sense. If p G C°°(X, Q\) has compact support, then there is a coordinate 
invariant integral of p over X, denoted by J pdx. Here the support of p, 
denoted by supp p, is defined as the closure in X of the set of x G X, such 
that p(x) ^ 0. 

If p G C°°(X, ftQ), a G C°°(X, ftp) then pointwise multiplication leads 
to a product p • a G C°°(X, £la+p)- In particular 

(p,a) —* p ■ adx 

defines a continuous bilinear form on C{XiQa) x CQ°(X, ft\-a) so u -> 
J (p • a )dx is an element of (CQ°(X,Q,i-a))f that will also be denoted 
by p. It follows that we have a continuous embedding: C00(X,Q.0C) —> 
(CQ°(X,fii-Q,))', and for this reason (Co°(X,rii_ a)y is called the space 
V(X, Qa) of distribution densities of order a. (Distribution densities were 
introduced first by de Rham [20].) 
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A special case arises when 1 — a = a, that is, a — 1/2. In this case 
we have a natural duality between C00(X1Cl1/2) and CQ°(X,Q1/2), and 
V(X, fii/2) is equal to the dual space of CQ°(X, fti/2). This simplification 
is also convenient if applied in: 

Theorem 1.1.1 (Schwartz [74]). Let X,Y be paracompact manifolds. Then 
the formula 

(1.1.4) (^)M = a(y>®i«, <pec?{x,na), ^ec%°(Y,na), 
defines a bijective relation between the continuous linear mappings A: 
C$°(Y,na) -> WiXtSlt-a) and the distributions a e Vf{X x Y,SlX-a) 
on the product space X x Y. Here the tensor product (p<S>ip is defined by 

(1.1.5) (<P®1>)(x,y) = <p(x)-il>(y). 

That every a e D ' f l x Y , ^ ) leads to a continuous linear operator 
A:Co°(Y,Qa) —* V(X, Oi_ a ) is easy to see, and in fact we will only use 
Theorem 1.1.1 in this way. The converse, which is the hard part, states 
that every continuous linear operator A:CQ°(Y,Q,a) —*■ T>'(X,£2i_a) arises 
in this way. The distribution a is called the distribution kernel of the 
operator A. 

1.2. The method of stationary phase 

In this section we investigate the asymptotic behavior of integrals of 
the form 

(1.2.1) I(a, t)= f eitf(x>a)g(x, a, t) dx 

for t —+ 00. Here the integration is over x € Rn , a is a parameter varying 
in W. The "phase function" / is assumed to be real-valued and smooth 
on W1 x ]RP, and for the amplitude function g we assume that 

(1.2.2) g e C°°(Rn x Rp x R+), g(x,a,t) = 0 for x <£ K, a e A. 

Here K, respectively A, is some fixed compact subset of Rn , respectively 
W. Moreover, 

(1.2.3) ( ^ ) a 0 = O ( * m + 6 W ) f o r t ^ ° ° ' 

uniformly in (x, a) 6 K x A. 
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Proposition 2.1.1. Assume that 6 < 1 in (1.2.3). Write 

(1.2.4) £ / = {(:r, a) G K x A; dxf(x,a) = 0} 

/or £/ie se£ o/ stationary points of f with respect to the integration variables. 
Assume that for every N there exists a neighborhood O of £ / in K x A 
such that 

(1.2.5) g(x, a, t) = 0(t~N) for t —> oo, uniformly in (x, a) G 12. 

TTien we /lai'e, /or eac/i A7", 

(1.2.6) /(a, £) = 0(t~N) for t —> oo, uniformly in a € A. 

Proof. Using a cutoff function for £ / , we see in view of (1.2.5) that we only 
need to consider the case that dxf(x,a)^0 for all (rc, o) G (Kx A) Dsupp g. 
Now let L = Y,Cj(x, a)^f-, ĉ  G C°°(Rn x RP) be such that 

L / = 1 in a neighborhood of ( i f x i ) f l supp p. 

This equation can easily be satisfied locally; a partition of unity then leads 
to a global solution L in a neighborhood of (K x A) D supp p. But then 

I(a,t) = f eitfgdx = (it)-1 f L(eitf)-gdx 

-(it)-1 f eitf -L'gdx, 

and repeating this procedure we obtain 

(1.2.7) I(a,t) = (it)~k Ieitf ■ (L'fgdx 

for all k. Here V denotes the transposed operator of L with respect to 
the x-variables. It follows in view of (1.2.3) that I(a,t) = 0(tm+6k-k) for 
t -> oo and for all k, so (1.2.6) holds if 8 < 1. □ 

Proposition 2.1.1 shows that in the study of (1.2.1) we can concentrate 
on the set £ / of points where the phase function / is stationary with respect 
to the integration variables. We now investigate the asymptotic behavior 
of (1.2.1) not assuming that g is rapidly decreasing near £ / . Instead we 
make a rather strong assumption on the behavior of / , namely: 

d2
xf(x,a) is a nondegenerate quadratic form 

if x G K, a G A, dxf(x, a) = 0. 
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In this case we have the following Morse lemma with parameters. 

Lemma 1.2.2. Let f(x,a) be a C°° function in a neighborhood of (0,0) 
in Rn x W such that dxf (0,0) = 0 and d^f (0,0) is nondegenerate. 

Then there exists a neighborhood A of 0 in UP and a neighborhood X 
of 0 in Rn such that for each a € A there is exactly one x = x(a) G X 
satisfying dxf(x,a) = 0; a —► x(a) is C°° from A into X. 

Furthermore there exists a C°° mapping y:X x A —> E n such that 

(1.2.9) y(x,a) =x- x(a) 4- 0(\x - x(a)\2), 

and 

(1.2.10) f(x,a) = f(x(a),a) + \(Q(a)y,y), Q(a) = d2
xf(x(a),a). 

Proof. The first part is a direct application of the implicit function the­
orem. By transforming to the new variable x — x(a) we may now assume 
that dxf(0,a) = 0. 

Try y(x, a) = R(x, a)x, with R(x, a) an n x n matrix, R(0, a) = I. So 
we want f(x,a) - f(0,a) = \(Q(a)Rx,Rx). Applying Taylor expansion of 
11—> f(tx, a) of order two, with integral remainder term, we obtain 

f(x,a)- f(0,a) = \(B(x,a)x,x), 

where 

\B(x,a)= I (l-t)d2
xf(tx,a)dt, 

Jo 
is a symmetric matrix depending C°° on x and a, B(0,a) = Q(a). Thus 
we are finished if 

(1.2.11) R'Q(a)R = B(x,a). 

For x = 0, R = / is a solution. The differential of the left-hand side 
with respect to R at R = I is equal to S —* S'Q(a) + Q(a)S. This mapping 
is surjective from the space of all matrices to the space of symmetric ma­
trices, because S'Q + QS = C has the solution S = ^Q~lC. Application 
of the implicit function theorem therefore gives a solution Q of (1.2.11) 
depending C°° on x and a, for x in a neighborhood of x = 0. □ 
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So application of Lemma 1.2.2 to condition (1.2.8) gives for each ao E A 
a neighborhood A0 of ao, finitely many open subsets X^\ j = 1 , . . . , k 
of Mn, and corresponding C°° functions x^:A0 -> X^\ y^:X^ x A0 

-* Mn, such that 

(1.2.12) dxf{x,a)^0 for a 6 i 0 , a; e tf \ ( J ^ ^ 

and 

x —>• y(i\x, a) is a diffeomorphism from X^ onto 

an open subset of Mn such that y^(x^(a),a) = 0, 

(1.2.13) dxy(j){xij\a),a) = I and 

/(:r,a) - / (xW(a) ,a) + ±(Qij)(a)y,y), with 

?/ = j / ^ f o a ) , Q{j\a) = d2
xf(x^{a),a), for all a € A0. 

Take a partition of unity on X consisting of functions (f^°\ (p^\ ■ • •, <p^ 
such that 

(1.2.14) s u p p e d C l ( i ) for j = l , . . . , fc , 

dxf(x,a)^0 for a: G K n supp </?̂ °\ a e ^4Q-

(1.2.17) / ( 0 ) (a , t ) = f eitf^<p(°\x) ■ g(x,a,t)dx = 0{t~N) 

for £ —> oo, uniformly in a e Ao, and for all AT; 

(1.2.18) 7 

for j = l , . . . , fc , 

where the amplitude g^) is given by 

(1.2.19) g^(y<<i\x,a),a,t) - \detdxy^(x,a)\ = <p^(x) • g(x,a,t). 

(1.2.15) 

Then 

(1.2.16) 

such that 
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Therefore we have reduced the study of (1.2.1) to the case that 
f(x,a) = \{Q(a)x,x). 

Lemma 1.2.3. If A is a nonsingular symmetric n x n matrix then the 
Fourier transform of 

(1.2.20) x -> e
i<Ax'x>/2 

is equal to 

(1.2.21) £ -> (27r)n/2 • Ide t^ l " 1 / 2 • e ^ s g n A e - ^ - ^ O / a . 

Here sgn .A is the number of positive eigenvalues of A minus the number of 
negative eigenvalues of A. 

Proof. On some orthonormal base A has diagonal form, so (Ax,x) = 
n 

2_]ajx] a n d the Fourier transform of (1.2.20) is the product of the 1-

dimensional Fourier transforms of the functions Xj —+ eiajXj'2. 
Now the 1-dimensional Fourier transform of x —► e~zx /2 is complex 

analytic in z in Re z > 0 and equal to 

(1.2.22) ^ ( ! ) V V ^ 

for real positive z, so it is equal to (1.2.22) for Re z > 0. Furthermore, 
as a temperate distribution, it depends continuously on z in Re z > 0 
so we conclude that if Re z = 0, z ^ 0 then the Fourier transform is 
still equal to (1.2.22), which actually is an analytic function of £. For the 
complex analytic continuation z —► z~1/2 to Re z > 0, z ^ 0 we have 
( - i a ) - 1 / 2 = | a | _ 1 / 2 e ^ s g n a if a is real. This completes the proof of the 
lemma. 

Proposition 1.2.4. Suppose g satisfies (1.2.2) and (1.2.3) with S < 1/2. 
Let Q be nonsingular and symmetric, depending continuously on a. Then 

f c « ^ , M ) ~ ( Y ) ^ 2 ■ |det Q(a)|"1/2 

(1.2.23) oo 
. e ^ s g n Q ( a ) . £ _ ( i ^ p ) ( ( w ) . r * 

fc=0 



1.3. The wave front set of a distribution 15 

for t —> oo, uniformly in a G A. Here 

which is a second-order partial differential operator in x. 

Proof. 

Je^-gdx = yV(e t t «/ 2 ) (0 • (T^g^a^d^. 

Here J7 denotes Fourier transformation. Apply Lemma 1.2.3 and use the 
Taylor series 

e - ^ / » = ^ ( . r l M / 2 ) f c , r t 

k=oK' 

Then apply partial integration and use that 

J(r-1f)(t)dt = f{o) 
to complete the proof. 

Historical remark. The method of stationary phase goes back to Stokes 
and Kelvin, with refinements by van der Corput. See Erdelyi [28], Section 
2.9 for a short review. 

1.3. T h e wave front set of a distribution 

Let u € V(X), X open in Rn . According to the Paley-Wiener theorem 
u is C°° in a neighborhood of x, in other words, x £ sing suppw, if and 
only if there exists (p e CQ°(X) such that cp(x) ^ 0 and 

(1.3.1) T(ipu)(0 = 0(\£\-N) for | £ | - o o , all TV. 

(In fact (1.3.1) means that (pu 6 Co°(Rn). An equivalent formulation 
is: there is a neighborhood U of x such that (1.3.1) holds for every tp e 
cs?(U).) 

Now (1.3.1) is equivalent to 

(1.3.2) ^ O H K ) - (e-<T<''€>y>, u) = 0(r~N) 

for r —> oo, uniformly in |£| = 1, for all N. So we tested the distribution 
u with the oscillatory test function e~tT^x,^(p(x) and then investigated the 
asymptotic behavior letting the frequency variable r go to oo. The function 
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tp was used to obtain a localization with respect to the x-variables. Notice 
that (rr, £) = constant are the fronts of constant phase of the oscillating 
test function, which are orthogonal to the vector £. Now it turns out that 
it is very fruitful not only to localize with respect to x but also with respect 
to the direction from which the testing waves pass over the distribution u. 
This leads to the following definition. 

Definition 1.3.1. If u e V'(X), then the wave front set WF(u) of u 
is defined as the complement in X x (M.n \ {0}) of the collection of all 
(xo,£o) e X x (En \ {0}) such that for some neighborhood U of XQ, V of 
£o we have for each (p e CQ°(U) and each N: 

(1.3.3) f((pu)(r£) = 0(T~N) f o r r ^ o o , uniformly in £ G V. 

Proposition 1.3.1. WF(u) is a closed cone in X x (Rn \ {0}), 

(1.3.4) sing supp u = 7r(WF(u)), 

and finally 

(1.3.5) WF(u\Y) = WF(u) n 7r - 1(y) for every open subset Y of X. 

Here IT is the projection (x, £) —* x from X x (Rn \ {0}) onto its first 
factor. Also, u\y is short for u\coo,yy 

A subset r of X x (En \ {0}) is called a cone if 

(1.3.6) (x, £) 6 T => (re, r£) € T for all r > 0. 

The proof of Proposition 1.3.1 is immediate. To obtain a coordinate 
invariant definition of wave front sets of distributions of manifolds, we give 
the following variant of (1.3.3). 

Proposition 1.3.2. (xo,Co) $. WF{u) if and only if for any real-valued 
C°° function ip(x,0) of (x,a) € Rn x W with dxi/j(xo,ao) = Co there is an 
open neighborhood UQ of XQ, AQ of ao such that for any (p € CQ°(UO) we 
have 

(1.3.7) (e-iT^>a)(p,u)=0{r-N) for r -> oo, 

uniformly in a G AQ. 
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Proof. This is a direct application of Proposition 2.1.1. Suppose (£o,£o) ^ 
WF(u) (the "if" part is trivial). Let <p' e C$°(U0) be equal to 1 on a 
neighborhood of supp (p. Then we get 

( e - ^ - ' ^ u ) = (T-^e-^^Tiipu)) 

= (27r)-n ffe^x^e-iT^x^<p\x) F(<pu)(Z)dxdt 

= (27T)-nrn I f eiT^x^-^x^ip\x) • F{tpu){TZ)dxdZ, 

using the substitution £ —> T£. 
Now we apply Proposition 2.1.1, or rather its proof, to the integral 

(1.3.8) I(r,Z,a) = j eiT^x^^^a\'{x)dx. 

Choosing U0, A0 small enough we can obtain in view of dxip(xo,ao) = 
£o that \dxip(x,a) — £| > e if (x,a) € Uo x A0, £ £ V. Here V is the 
neighborhood of £o as in Definition 1.3.2. So if ̂  7 , o e i o then 
application of the partial integrations in the proof of Proposition 2.1.1 
with L — |£ — dxip\~2{£ — dxip,J^) leads to an estimate of the form 

(1.3.9) \I(T,Z,a)\<Ck-T-k(l + \£\)-k, aeA0, £ g V, r > 1. 

On the other hand |.F(</?U)(T£)| < C(l + |r£|)£, some €, and 

(1.3.10) \H<PU)(TO\ < C'k • r- fc, £ e V, r > 1, 

any A; if £/o C t/, £/ as in Definition 1.3.1. These two estimates together 
immediately yield (1.3.7). □ 

So if X is a manifold, u G T>f(X, £la), then we can take Proposition 
1.3.2 as the definition of WF(u), the only difference is that we should 
take (p e CQ°(UO, ^i-<*)- This definition is coordinate-invariant by its very 
formulation and agrees with Definition 1.3.1 for distributions in Rn . We see 
that WF(u) is a closed conic subset of T*(X) \ 0 = the cotangent bundle 
T*(X) of X minus the zero section. Also (1.3.4) and (1.3.5) hold with IT 
equal to the bundle projection: T*(X) —> X. 

The cone axes a(x,€) = {(x,r£); r > 0} through points of T*(X) \ 0 
together form a bundle S*(X) over X, with projection (3:a(x, £) —► a: and 
fiber isomorphic to the sphere in TX(X)* with radius 1. So the bundle 
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mapping 7r factors through the bundle mappings a and (3 (ir = j3 o a). 
p: S*(X) —* X has the useful property that 

T*(X)\0 
I a, fiber = R+ 

ST(X) 
1 0, fiber = S"-1 

X 

its fibers are compact. Because (3 is a fibration, this implies that (3 is a 
proper mapping, that is, preimages of compact subsets of X are compact 
in 5*(X). 

The concept of wave front sets can be used to define a sheaf S on 
S*(X) which is analogous to the sheaf C of Sato [71]-[73] in the category 
of hyperf unctions. Let U be an open subset of S*(X), which can also be 
regarded as a conic open subset of T*(X) \0. Call two distributions ui,ii2 
on V'{X) equivalent over U, notation u\ = u<i in U, if WF(u\ —U2)C\U = 0. 
The equivalence classes with respect to this equivalence relation form a 
space S(U) and we have a natural mapping pu,ur-S(U) —> S(U') if U' C U. 
One can prove that the S(U) together with the "restriction mappings" 
Pu,U' form a presheaf and hence define a sheaf over S*(X). Sections of this 
sheaf S over the whole of S*(X) are naturally identified with elements of 
Vf(X)/C°°(X) and the support of such a section is equal to the wave front 
set of the corresponding distribution. 

Historically, Sato first defined his sheaf C over S*(X), X a real an­
alytic manifold. Global sections of C correspond with hyperfunctions on 
X modulo real-analytic functions. For the supports of global sections he 
derived the properties analogous to Theorems 1.3.4 and 1.4.1 below. This 
inspired Hormander to his definition of wave front sets (and the sheaf «S) in 
[40], Section 2.5. A corresponding definition in Gevrey classes (including 
the real-analytic case) was given in [43]. 

We now follow the presentation of the calculus of wave front sets of 
Gabor [31]. 

Definition 1.3.2. Let T be a closed cone in T*(X) \ 0. Define V'T{X) = 
{u e V'(X)\ WF(u) C T}. In VT(X) we take the topology defined by the 
seminorms of the weak topology in V{X) together with the seminorms 

(1.3.11) u^ sup TN |<e- i T^ ( ' ' °V,tt) 
r>l,aeA I 



1.3. The wave front set of a distribution 19 

where <p e CQ°(X), A compact in Rp, (x,dxtp(x,a)) £ T for (re,a) 6 
supp<£> x A. 

In other words, we add as seminorms the smallest possible constants 
in (1.3.7). An equivalent definition can be given taking the best possible 
constants in (1.3.3), by taking supp</? contained in a coordinate neighbor­
hood and T(cp • u) = Fourier transform of (p • u in the corresponding local 
coordinates. 

Proposition 1.3.3. Let X,Y be C°° manifolds, $ a C°° mapping: X —> 
Y, denote 

N = {(y,n)eT'(Y)\0; » = *(*) , 
tD^xn = 0 for some x e X}. 

Let r be a closed cone in T*(Y) \ 0 such that T n N = 0. Then the pull-
back $*:C°°(Y) —> C°°(X) has a unique continuous extension: V'r(Y) —> 
W(X), and supp($*v) C $ - 1 ( suppv) for each v € V'T{Y). If 

(1.3.13) f = { ( I ) f l 6 f ( X ) \ 0 ; 3r1:tD$xr] = ^ W . ^ r } 

t/ien $* is in fact continuous: V'V(Y) —► 7X(X). 

Proof. Using a partition of unity in Y it suffices to prove it for v such that 
supp v is compact and contained in a coordinate neighborhood, and there 
we define $>*v formally by 

3 (*'», V>> = (2^)-" jj e'(*W''V(x) 
•(^«)(tj)d7/dcr, y e C H I ) . 

Here n = dim Y. It is obvious that we only need to consider <p with small 
support near points in $ _ 1 (suppv) . Making the partition of unity in Y 
fine enough we can therefore reduce to the situation that tD<^xn ^ 0 for 
(x, rj) in the closure of the set 

{(JC,T/); x G suppc/?, |T?| = 1, {y,r}) £ WF(v) for some y € Y} . 

(Here it is used that T is closed and r n N = 0.) It follows that there 
exists x £ C°°(Rn) such that x — 1 o n a neighborhood of 0 in Rn , x(^) is 
homogeneous of degree 0 for large \rj\t 

\X(v) ■ {Fv){r,)\ < cN(l + \n\)-N for any N 
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and finally 

|*D$a;7y| > C\r]\ for x e supp</?, 7? G supp(l - x)-

Let L = ELj{x,r))d/dxj be such that Lj e C ° ° ( I x Rn \ {0}), Lj is 
homogeneous in 77 of degree —1 and finally L- (${x), TJ) = I/ion supp(l—x) ■ 
Then 

(1.3.15) 
+ ffei{^x)^(tL)pip-(l-x)'^vdr]dx 

is absolutely convergent for sufficiently large p and defines the desired 
continuous extension $*. (Note that (1.3.15) is equal to (1.3.14) when 
v € Co°(Rn).) The uniqueness of the extension follows from the remark 
that v*ip£ -> v in V'r(Rn) if v <E £>[>(Rn), rpe(y) = £-nifj(y/e), V e C^(Rn), 
/ ip dy = 1, so C°°(En) is dense in V'r(Rn). D 

Proposition 1.3.4. The push-forward $* = *(<!>*) is a continuous map­
ping from the space of u € V(X) such that <£: supp u -^ Y is a proper 
mapping into V(Y). For such u we have 

WT(*.u) C {(»,,) S T*(Y) \ 0 ; y = *(x) 
(1.3.16) 

and (x, tD^xrf) e WF(u) for some x e X } . 

Proof. 

($.u,y?(j/)e- iT^^> - (u , (^ ($ (x ) )e - i r ^*^) ) . 

Note that dx^($(a:)) = <#$(x) o D$x = *£>$* • dtj)^xy □ 

Proposition 1.3.5. / / u 6 £>'P0, v G Z>'(y) tfien 

WF(u®v) C (WF(u)x WF(u))U(WF(u)xsupp 0 v)U(supp 0 ux WF(u)). 

./fere supp0u = {(^0) ^ T*(X); a: € supp u} and analogously supp0f — 
{(j/,0) e r ( Y ) ; y e supp v}. 

The proof is immediate. Prom Propositions 1.3.3 and 1.3.5 we now 
obtain: 

Theorem 1.3.6. Let T i , r2 be closed cones in T*(X) \ 0 such that 

r x + r 2 :={(*» &+&); (*,&)€ Ti, (a?,6)er2} 
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does not meet the zero section in T* (X). Then there is a unique continuous 
mapping: 

V'Tl{X)xV'T2{X)^V\X) 

extending the product (uuu2) •-> ui • u2: C°°{X) x C°°(X) -> C°°(X). 
Moreover (Ti 4- T2) U T\ U T2 is a closed cone in T*(X) \ 0 and the product 
is in fact continuous: 

Vri(X) x V'r2(X) - » c ; r i + r 2 ) u r i U r 2 ( X ) . 

Proof. u\ • U2 = A*(ui <S> u2) where A : I - ^ I x I : x \-> (x,x) is the 
diagonal map. That ( r i + T2) U Ti U T2 is closed follows from l?i 4-T2 C 
( r i + T2) U Ti U T2, which we now prove. Suppose £{ + £2 —► £ ^ 0 for 
a sequence ${ G Ti, ^ ^ IV Suppose |fj | —> oo for a subsequence; after 
division by \£{\ and passing again to a subsequence if necessary, this leads 
to 0 € Ti + r 2 , a contradiction. If |£j| —> 0 for a subsequence then £ G T2. 
If finally £{ -> f i 7̂  0, & -> &> ^ 0 for a subsequence then f G Ti + T2. □ 

In the following theorems concerning continuous mappings 

A: C$°(Y) -► V'(X) with distribution kernel KA G V'(X x y ) 

it is convenient to introduce the following notations. 

3 1 7 )
 WF'W = { ( ( * , 0 , ( ^ ) ) € (T*(X) x T*(y)) \ 0 ; 

(z,3/;£,-7y)eWF(lTA)}, 

(1.3.18) WFi(A) = { ( i , O e r ( X ) \ 0 ; 3y G Y: (x,y^0) G WF(KA)} 

(1.3.19) W ; ( i ) = { f c r ? ) G r ( 7 ) \ 0 ; 3a; G X: (x,y; 0,7?) G W ( i d ) } . 

If R\ C t/ x V, i?2 C V x W are relations then the composition 
Rio R2 CU xW is defined by 
(1.3.20) RioR2 = {(u,w) G UxW; 3v G V: (u,v) G Ri and (v,w) G i?2}. 

Theorem 1.3.7. Let X,Y,Z be C°° manifolds, A and B continuous lin­
ear mappings: C^{Y) -» V'{X) and C£°(Z) -+ V(Y), respectively. If 
WFy(A) n WFy(B) = 0 and t/ie projection into X x Z from the diago­
nal isXxYxYxZisa proper mapping, then A o B is a well-defined 
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continuous linear mapping: CQ°(Z) —> V(X). Moreover suppK^oB C 
supp KA ° supp KB and 

3 2 1 )
 WF'(A ° S ) C W ' ^ ) ° WF'W U (*** W x °T-{Z)) 

U(OT*(X)XWF'Z(B)). 

Proof. KAoB = TT*A*(KA ® KB), where A:(x,y,z) J-» (x,y,y,z): X x 
Y x Z - + X x y x F x Z a n d 

J T : ( I , I / , 2 ) H ( I , 2 ) : I X 7 X Z ^ I X Z . □ 

Corollary 1.3.8. Let A be a continuous linear mapping: CQ°(Y) —► V(X) 
and let V be a closed cone in T*(Y) \ 0 t/iat does not meet WF{r(A). Then 
A can be extended to a sequentially continuous mapping: V^(Y)nS'(Y) —► 
P ' (X) and 

(1.3.22) WF(Au) C (WT"(A) o WF(u)) U WFjp(A), 

/or all u e VT(Y) D S'(Y). If in addition the projection from supp KA into 
X is a proper mapping then A can be extended to a sequentially continuous 
mapping: V'r(Y) -+ V(X) and (1.3.22) holds for all u e Vr(Y). 

Proof. Apply Theorem 1.3.7 with Z = {point}. □ 

Remark. In view of its role in Theorem 1.3.7 and Corollary 1.3.8, WF'(A) 
will be called the wave front relation of the operator A, it describes how 
A propagates wave front sets of distributions on which it acts (ignoring 
WF'X(A) for the moment). 
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Local Theory of Fourier Integrals 

2.1. Symbols 

In this section we generalize the classes of amplitude functions encoun­
tered in the Introduction and in Section 1.2, and we collect some useful 
properties of these "symbol spaces." 

Definition 2.1.1. A conic manifold is a C°° paracompact manifold V 
together with a proper and free C°° action of R + on V. (R+ is regarded as 
a multiplicative group.) It follows that the orbit space V — V/R+ has a 
C°° structure making V into a fiber bundle over V with R+ as fiber, and 
the mapping a assigning to each v € V the orbit through v as projection. 
The orbit a(v) is also called the cone axis through v. 

Piecing together local sections by means of a partition of unity in V 
one can always construct a global section V —► V, making the bundle 
trivial. For this, we observe that if s a , s@ are local sections, then sa/sp is 
a strictly positive function. So, if <pa is the partition of unity, then 

s = YiiSa/sp)*01 * Sp 

is independent of (5 and defines the desired global section s. However, we 
avoid writing V — V x R + because there may be no preferred choice of 
the unit section. 

A function / on V is called homogeneous of degree \i if r * / = t^f for 
all r 6 R+. Here the pullback r*f of / by means of r is defined by 

(2.1.1) (r*f)(v) = f(rv), veV. 

If L is a smooth vector field on V and / is a smooth function on V, then 
r*(Lf) = (T*L)(T*f), where 

(2.1.2) (T"L)(V) = DT~1{L{TV)), V&V. 

J.J. Duistermaat, Fourier Integral Operators, Modern Birkhäuser Classics, 23 
DOI 10.1007/978-0-8176-8108-1_3, © Springer Science+Business Media, LLC 2011 
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Here r is regarded as a diffeomorphism: V —► V, so Drv is a linear mapping: 
TV(V) —» TTV(V). A vector field l o n F will be called homogeneous of 
degree v if r*L = ru • L for all r 6 R+, it follows that Lf is homogeneous 
of degree p + v if / is homogeneous of degree /i and L is homogeneous of 
degree v. Note that homogeneous vector fields of degree 0 induce flows in 
V which commute with the action of R+ on V. 

Definition 2.1.2. Let V be a conic manifold, //, p G R, 0 < p < 1. A 
symbol on V of order p and type p is a function a € C°°(V) such that 

(2.1.3) r* (L f c - . . . -L ia ) = 0 ( r ^ - ^ ) for r -* co, 

locally uniformly in V and for all C°° vector fields L i , . . . , Lk in V that 
are homogeneous of degree —1. The space of these symbols is denoted by 
S$(V). 

Note that a G ^ ( V ) if a is homogeneous of degree p,. In most applica­
tions we will only use symbols of type 1 and we will write S^(V) = S ^ V ) . 
Note also that a G S£(V) if and only if 

(2.1.4) r*{Lk • . . . • Lxa) - 0(T»+k6) for r -> oo, 

locally uniformly in V and for all homogeneous C°° vector fields Lj of 
degree 0, 6 = 1 — p. Prom an a priori point of view vector fields of degree 
0 are more natural, but we have chosen p = 1 — 6 as type number rather 
than 8 because we shall make extensive use of homogeneous vector fields of 
degree - 1 later on. The following assertions follow immediately from the 
definition. 

Proposition 2.1.1. Sg(V) is a linear space. S$(V) C S$(V) if p < p', 
P> p''- / / a G Sp(V) and L is a homogeneous vector field of degree v, then 
La G SS+UH1~P\V). Ifae S£(V), b G S£(V), then a-be S^'(V). 
Finally, if W is another conic manifold and X is a C°° mapping: V —► W 
commuting with the actions ofR+ on V, respectively, W, then x*' a —> a o ^ 
maps Sg(W) into S£(V). 

The following propositions are the analogues of Theorems 2.7 and 2.9 
in Hormander [41]. We denote S - 0 0 (V) = f] S%(V), which does not 
depend on p. M 
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Proposition 2.1.2. Suppose a,j G Spj(V), j = 0 ,1 ,2 , . . . , and fij \ - c o 
for j —» oo. Then there exists a G S£°(V) such that 

(2.1.5) a-^ajtSplV) for all k = 1,2,... . 
j<k 

In this case we say a ~ ̂  a? • 

Proof. We may write V = V7 x R+. Let i£j be an increasing sequence of 
compact subsets of V such that every compact subset of V is contained in 
one of them. Let Cj be a finite set of C°° vector fields on V such that the 
L{x), L G Cj span TX(V) for every x e Kj. Choose ip € C°°(]R+) equal to 
0 when r < 1/2 and equal to 1 when r > 1. We can then select a sequence 
Tj —> oo increasing so rapidly that 

(2.1.6) d\ ( o \K _ i Le---L1^—j (p{Tj r)aj(x,T) < 2 _ J rMj '-1_pfc+^1-p^ 

for x € Ki, L i , . . . ,Lt e £ i , fc + £ + i < j , r > 1. 
In fact, since there is only a finite number of conditions for given j , 

we only need to use the fact that Tk-^(p{r~lr) is uniformly bounded for 
each j . We can now take 

oo 

(2.1.7) a{x,r) = 5 > ( T 7 1 T ) -ajfar) 
j=o 

which is a locally finite sum since (p{rjlr) = 0 for r < \TJ. The esti­
mates (2.1.3) and (2.1.5) follow by remarking that any vector field on a 
neighborhood of Kj can be written as a linear combination on Kj of the 
L e Cj, with smooth coefficients. So the estimates follow by induction on 
the number of applied vector fields from the estimates for the L € Cj. □ 

Proposition 2.1.3. Let c G C°°(V) be such that for every set of homoge­
neous vector fields L i , . . . , Ljt and every compact K c V there are constants 
C, /i such that 

(2.1.8) | ( L f c - . . . . L i c ) ( r u ) | < C - T " , u G K, r > 1. 

T/ien c e S-°°(V) if for any v e R: 

(2.1.9) c{rv) = 0(TU) for r -^ oo, 

locally uniformly in v G V. 
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We conclude that b G S%° (V) and b ~ ^ aj if the aj are as in Propo­
sition 2.1.2, b satisfies (2.1.8), and if there exists a sequence /i^ \ —oo for 
k —> oo such that 

(2.1.10) (b-Yjaj){Tv) = 0(T<Mk) for r - * oo 

locally in v G V, /or all k. 

Proof. If K, K' are compact sets, K in the interior of K', then we have 
an a priori estimate of the form 

(2.1.H) | | / | | i , K <c v / | | / ! !o ,^ - | | / | | 2 , / f ' . 

Here || \\jtK denotes some fixed C^-norm taken over K. It suffices to prove 
(2.1.11) locally for C°° functions with compact support and there it follows 
from the following observation of E. Landau [52]: 

If / is C2 :R -* R, \f(x)\ < P, \f"(x)\ < Q for all x G R, then 
\f{x)\ < y/2PQ for all x G R. 

Proof. 

f{x) - f{x -s) = ef'ix) + | e 2 / " K i ) , x - e < & < x 

fix + e)- fix) = ef'ix) + \e2f"(&), x < & < x + £, 

so 

/ ( * + e) - / ( * - e) = 2ef'(x) + i e 2 ( / " f c ) + /"(&))• 
This leads to |/'(a;)| < P/e + \sQ, take the minimum of the right-hand 
side for e > 0. □ 

So because c decreases faster than any power of r and L2L1C is bounded 
by some power of r as r —► 00 for any homogeneous vector fields L\, L2, 
and we see that Lc decreases faster than any power of r as r —► 00 for 
any homogeneous vector field L. By induction it follows that L& . . . L\C de­
creases faster than any power of r as r —* 00 for any homogeneous vector 
fields L i , . . . , Lfc, which means that c G S'~00(\^). 

For the second assertion, note that Proposition 2.1.2 implies that a ~ 
Y^dj for some a G SpiV). Then c = b - a satisfies (2.1.8), (2.1.9) in 
view of (2.1.10), so b - a G S _ 0 0 (y ) . This implies that b G ^ ( V ) and 
6 ~ 2 > j - □ 
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If E is a smooth iV-dimensional vector bundle over a paracompact 
manifold X, then E \ 0 is a conic manifold with respect to the multiplica­
tions with r G R+ in the fibers. Introducing inner products in the fibers Ex 

depending smoothly o n x € X (this can be done locally and then globally 
by piecing together with a partition of unity in X), we see that the bundle 
of unit spheres is a smooth section: (E \ 0)/R+ —->• E\0, for this reason 
(E \ 0)/K+ is called the sphere bundle SE of E. 

S%(E) will be defined as the set of a € C°°{E) such that a\E<Q e 
S£(E \0).IfV = UxRN\ {0}, U open in Rn (the local model for E \ 0), 
then a vector field 

3 — ■*• k—■*-

on V is homogeneous of degree v if and only if the dj and bk are homoge­
neous of degree v and v + 1, respectively. 

It follows that S£(U x RN) is precisely the space of all a € C°°(U x RN) 
such that for any compact subset K of U and any multi-indices a,/3 we 
have an estimate of the form: 

(2.1.12) (i)\leTa{x'e)\ * c"^1 + \e\r~^->™ 
for x e K, 9 6 RN \ {0}. This is the original form in which Hormander 
introduced the symbol spaces S^g, 8 = 1 — p. The inequalities (2.1.12) are 
invariant under changes of the local trivialization of E in view of Proposi­
tion 2.1.1. 

The space S^(E) will be topologized by taking the best possible con­
stants Ca^^K in (2.1.12) as semi-norms. With this topology S£(E) is a 
Prechet space. (A similar topology can be introduced on Sfi(V) for an ar­
bitrary conic manifold V but we will not use this in the sequel.) A subset 
M of S%(E) is bounded if all seminorms are bounded on M. Because of 
the theorem of Ascoli, the topology of pointwise convergence and that of 
S% (E), p!> p are identical on bounded subsets of S%(E). This leads to 

Proposition 2.1.4. Let a e S%{E), x € C°°{E), x(x,0) = 1 for 9 = 0 
and x(x,&) = 0 for \9\ > 1. Define a£{x,9) = x(x,£0) • a{x,9). Then 
a£ e S-°°(E), a£^ain S% (E) for e -» 0, any p! > p. 

Proof. The functions Xe(Xj9) = x(x, £#)> £ £ [0? 1] form a bounded subset 
in S°(E). Because multiplication with a is continuous: S°(E) —> S£(E), 
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then a£, e G [0,1] form a bounded subset of S%(E). The proof is completed 
by remarking that a£ —► a pointwise. □ 

Corollary 2.1.5. Let A be a linear mapping from the space f G C°°(E) 
that vanish for large \9\ to a Frechet space F, which is continuous for the 
S^(E)-topology for every J U G R . Then there is a unique extension of A to 
S™(E) := U Sg(E) that is continuous: Sfj(E) -> F for all p, G R. 

The generalization of this section to symbol densities of order a is left 
to the reader. It should be remarked however that the standard density UJQ 
of order a in RN is homogeneous of degree aN, in the sense that r*u>o = 
raN ■ UJQ for all r G R+. The relation 

(2.1.13) a-u)Q <-► a 

is an identification between S%(Rn x RN,na) and S%-aN(Rn x RN). 

2.2. Distributions denned by oscillatory integrals 

Let X be open in Rn . The integral 

(2.2.1) I^(au) = (Ieitfi{x>e)a(x,6)u(x)dxd8, u G C%°(X) 

is absolutely convergent if cp is real, a G S%(X x R^) , and fi + N < 0. 
In this case u —*■ I^au) is continuous on Co(X) and therefore defines a 
distribution A in X of order 0. ip will be called a phase function if it is 
homogeneous of degree 1 and has no critical points as a function of (x, 9). 
In this case the condition on the order of a can be dropped. 

Theorem 2.2.1. Suppose (p G C°°{X x R^ \ {0}) is real-valued, homoge­
neous in 6 of degree 1 and d(x$)<p{x, 0)^0 for all (x, 6) G X x RN \ {0}. 
Suppose p > 0. Then the mapping a —► I^au), defined for symbols a that 
vanish for large \9\, can for every u G CQ°(X) be extended to S™(X x RN) 
such that it is continuous on Sfi(X x RN) for every \i. Moreover, for every 
a G S%(X x R^) the linear form A:u —► I^au) is a distribution of order 
k if ii- hp + N < 0. 

Proof. Let L be a homogeneous C°° vector field of degree — 1 on X x 
R^ \ {0} such that L(p = 1. This exists locally on the sphere bundle 
|0| = l. With a partition of unity the local L can be glued together to a 
C°° vector field on |0| = 1 such that L<p = 1. L extends in a unique way to 
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a homogeneous C°° vector field of degree —1 on X x RN \ {0}, and because 
Lip is homogeneous of degree 0 we conclude that Lip = 1 on X x RN \ {0}. 

Now let X e C°°(X x RN), X = 0 for |0| < 1/2 and x = 1 for |0| > 1. 
Then M = | x ^ + (1 ~~ x) is a first order differential operator with smooth 
coefficients on X x RN and MeZip = etip. Moreover its transposed operator 
*M maps S£(X x RN) into S ^ p f x RN) for all /i. We obtain 

(2.2.2) I^au) = U ei*(tM)k{au)dxd9, any fc, 

for any a that vanishes for large |0|, using repeated partial integrations. 
So in view of Corollary 2.1.5 the mapping a —> I^iau) has a continuous 
extension to S^(X x R^) , which is equal to the absolutely convergent 
integral (2.2.2) if m — kp 4- N < 0. Because at most k derivatives of u 
appear in (2.2.2) this defines a distribution u —> Iy(au) of order k in X. □ 

If </?, a depend continuously on a parameter £ in C°°(X x RN \ {0}) 
and in S£(X x R^) , respectively, then the corresponding distribution A 
depends continuously on t in view of (2.2.2). This can also be used to justify 
differentiations with respect to t under the integral sign. Note that we have 
continuous dependence of at in S% (X x RN) for all / i ' > / i a s soon as the 
at depend continuously on t pointwise and are bounded in S£(X x RN). 
See the remark before Proposition 2.1.4. 

T h e o r e m 2.2.2. Let a G S™, p > 0 and ip be as in Theorem 2.2.1. Then 
WF(A) is contained in the closed conic subset 

{(x, dx<p(x, 9)) GT*(X) \ 0; (x, 9) € ess supp a, de<p(x,9) = 0} 

of T*(X) \ 0. Here ess supp a is defined as the smallest conic subset of 
X x RN \ {0} outside of which a is of class S~°°. 

Proof. We have to prove that the integral 

(e-^u 
(2.2.3) 

,A) = 11 ei&ix>d)-T^x^a(x,9)u{x)dxd9 

= TN II eiT^x^-^x^a{x, T9)U(X) dx d9. 

is rapidly decreasing as r —> co, uniformly for a in a neighborhood of <7o, 
if supp u is contained in a sufficiently small neighborhood U of XQ and 

dxip(xojCro) ^ dxip(x0,9) for any 9 such that 
(x0,9) € ess supp a, de(p(x0,9) = 0. 
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But this means that d(xf)x(xo,9,ao) ^ 0 for aH 9 with (x0,9) e 
ess supp a, if we write 

(2.2.4) X(x, 0, a) = tp(Xl 9) - ^{x, a). 

So the proof follows from an application of Proposition 2.1.1, or rather its 
proof, to (2.2.3). Write (2.2.3) in the form (2.2.2) to be sure of having 
absolutely convergent integrals and to justify the partial integrations. □ 

2.3. Oscillatory integrals with nondegenerate phase functions 

Theorem 2.3.1. Let a,(p be as in Theorem 2.2.1, p > 1/2. Let 
V> G C°°(X x £) , £o = dxip{x0,o-0) ^ 0, 

(2.3.1) d(x>0)[<p - ip]{x0,0O, *o) = 0 

and finally 

(2.3.2) dfx^y ~ II>](XO,9O,<TO) 

is nondegenerate. 
Then there exists a neighborhood XQ of XQ, SO of CFQ, and a conic 

neighborhood T0 of (x0,90) in X x RN \ {0} such that if u e C$°(X), 
supp u C XQ, and ess supp a C To, we have the following asymptotic 
development: 

. (27r)*^+») • | det Q(<7)|-4 • e ^ n «<") 
{ oo 

/or r —> oo, uniformly in a G So-
i/ere (x(o"),0(<7)) is £/&e unique solution in TQ of 

(2.3.4) diXi0)[ip - *P](X(CT), 9(a), a) = 0, 

(2.3.5) Q W = i , ( i ) b - ^ ( i W , W ^ ) , 

(2.3.6) g{y(x,9,a),o-,T)- \detd(Xjd)y{x,9,o-)\ = a{x,r9) - u(x), 

where (x, 0) —► 2/(x, 0, a) is a diffeomorphism such that 

(2.3.7) j/(x(<7), 0(a), a) = 0, d(X)6,)2,(:r(o-), 9{a),a) = / , 
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and 

(2.3.8) [ip - 1>] (x, 0, a) = -*l>(x(*), a) + \ (Q(a)y, y). 

Finally we have used the second-order partial differential operator 

(2.3.9) ^ ) = ii(Q(ff)-i|,|.). 

Proof. Let a E C^(X xRN \ {0}) be equal to 1 on a neighborhood of 
(xo, #o) and vanish outside such a small neighborhood of (xo, #o) such that 
(p — if; has no critical points as a function of (x, 6) E supp(l - a) if a E S 0 . 
Then 

(e-«TVA>=/1(r)+/2(r), 
where 

t(r) = r ^ ff eiT{*-^aaudxde 

2(r) = rN ffeiT^-^{l-a)audxde. 

Using the proof of Theorem 2.2.2 we see that hir) is rapidly decreasing 
as r —► oo, uniformly in o E So- The integral i"i(r) has its amplitude sup­
ported in a fixed compact subset of (x, 0)-space so (2.3.3) now immediately 
follows from Lemma 1.2.2 and Proposition 1.2.4. Note that d^x^(ip—i(j) = 0 
implies decp(x,6) = 0 so ty{x,9) = (9,do(p(x,9)) = 0 in view of the homo­
geneity of (p. □ 

The asymptotic development (2.3.3) characterizes the distribution A 
modulo C°°(X) in the following sense: If A E W(X) also satisfies (2.3.3) 
then XQ £ sing supp (A — A). We now analyze the conditions (2.3.1) and 
(2.3.2). Let r be a cone i n ! x R i V \ {0}. The phase function ip is called 
nondegenerate in T if 

(2.3.10) W M ) = o , M e r =► d ^ ^ 1 

are linearly independent for j = 1 , . . . , N. 

The condition (2.3.10) implies that for some open cone f D T the manifold 

(2.3.11) C„ = {(x, 0) E f; deip(x, 6) = 0} 

is a conic C°° submanifold of X x RN \ 0 of dimension (n + N) - N = n. 
This is a direct application of the implicit function theorem. 
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Lemma 2.3.2. If if is a nondegenerate phase function, then 

(2.3.12) T<*> : (x, 9) ^ (x, dx<p(x, 9)) 

is an immersion: C^ —> T*(X) \ 0, commuting with the multiplication 
with positive real numbers in the fibers. So its image A^ is an immersed 
n-dimensional conic submanifold ofT*(X) \ 0. 

Proof. We have to prove that 

(6x,69) e r W ) ( C v ) , DT^e){6x:69) = 0 => (6x,60) = 0. 

Now 

(6x, 69) e T(xj) (Cv) <̂> dxdg(p Sx + dede(p 69 = 0 

and 
DT[xl) (6X> 6°) = (6x> dxd*<P 6X + d»rf*¥> <$#) 

so we have to prove that dodx<p69 = 0, dgde(p69 — 0 implies that 69 — 0. 
But this is exactly the condition that ip is nondegenerate. D 

Lemma 2.3.3. The following assertions are equivalent. 

(i) (p — if; has a nondegenerate stationary point as a function of (a;, 9) in 
x = x0, 9 = 90, a = o-0-

(ii) a) (p is a nondegenerate phase function in a conic neighborhood of 
(XO,9Q) and 

b) The graph of dxi\) intersects A^ transversally in the point 
(x0,Z0)eT*(X)\0, where 

£o = dx(p(x0,d0) = dxip(x0,a0). 

Proof. First note that d(XyQ)((p - i/))(x0,9o,o-o) = 0 <=> {xo,dxip(xo,ao)) = 
(x0,dxtp(x0,9o)) € Av. 

Second, the stationary point is nondegenerate if and only if: 

dx{dx(p - dxij>) ■ 6x + dedx<p • 69 = 0 

(2.3.13) and 

dxdQip • 6x + dedgip • 69 = 0 

imply that 6x = 0, 69 = 0. In particular (2.3.13), taking 6x = 0, implies 

dedxcp ■ 69 = 0, cfocfô  • 69 = 0 => (5(9 = 0, 

that is, (p is a nondegenerate phase function. 
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If conversely (p is a nondegenerate phase function, then Av has tangent 
space in (xo,dxip(xo,6o)) equal to 

{(6x,dxdx<p • 6x + dedxip • 69); dxde(f • 6x + dedeip • 69 = 0}. 

The tangent space to the graph of dxip is equal to {(6x, dxdxip • 6x); 6x G 
TXo(X)}. The condition (2.3.13) means precisely that these spaces have 
zero intersection, that is, are transversal. (Note that dif> and A^ have 
dimension equal to n and dim T*(X) = 2n.) D 

Lemma 2.3.3 implies that if tp is a nondegenerate phase function on 
ess supp a, then the condition (2.3.2) is satisfied for the general function ip 
satisfying (2.3.1). Indeed for any 0ro,£o) G T*(X) and any symmetric nxn 
matrix B there is a C°° function ip on X such that dip(xo) = £o, d2ip(xo) = 
B. Here we use that the set of symmetric B such that {(6x,B6x); 6x G 
TXo(X)} is transversal to T(rC0)^0)(Av,) is open and dense in the space of all 
symmetric B. (See Theorem 3.3.7.) 

From (2.3.3) we see therefore that if (p(x, 9) and <p(x, 9) are nondegen­
erate phase functions at (x0,90) eXxRN\{0} and (x0,90) € l x R J V \ { 0 } ) 

respectively, then any distribution A, defined by the phase function ip and 
some amplitude a such that ess supp a is contained in a conic neighborhood 
of (a;o>0o)j is modulo C°°(X) equal to a distribution defined by the phase 
function <p and some other amplitude a, only if the corresponding mani­
folds A^, A^ coincide. The following theorem shows that also the converse 
is true. 

T h e o r e m 2.3.4. Suppose (p(x,9) and (p(x,9) are nondegenerate phase 
functions at (x,90) eXxRN\{0} and at (x0i90)eXxRN\{0}, respec­
tively. Let T and T be open conic neighborhoods of(xo, #o) o-nd (XQ, #o) such 
that Tv:C<p —> A^ and T^-.Cp —> F$ are injective, respectively. If A^ = A^ 
then any Fourier integral A, defined by the phase function ip and an ampli­
tude a € S%(X x RN), p > 1/2, with ess supp a contained in a sufficiently 
small conic neighborhood of (xo,9o), is equal to a Fourier integral defined 

by the phase function dp and an amplitude a G Sp
 2 (X x RN). 

Proof. We start by reducing the number of ^-variables as far as possible. 
Let (xo, #o) £ T. Applying an orthogonal transformation in the 0-variables 
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we can assume that 

0 = (6,9 ), 9 = (0 i , . . . ,0k), 9" = (0fc+i,... ,0AT), 

(2.3.14) d2
e,(p(x0,90) = °> de'd*"V>(a;o,0o) = 0, 

and finally d^//(/?(xo,0o) is nondegenerate. 

Without loss of generality we may also assume that 9Q = 0. (2.3.14) implies 
that we can solve 9" = 9"(x,9') from the equation d0»<p(x,9\9") = 0, 
e"(xo,0'o) = °- W r i t e <p(x,0',0") = </?i(x,0') +V(^ ,6> / , ( ^ ,0 / , 0 , , ) )0 / / ) 
where (p\(x,9') = (p(x, 9',9"(x,9')). With these notations, we now write 

{u,A) = [Ifei'p^e'^a(x,9',9")u{x)dxd9'd9" 

= (I ei^x^b(x,9')u{x)dxd9', 
(2.3.15) 

where 

(2.3.16) b(x, 9') = I et^x'°,'0'\(x19\ 9") d9"'. 

Here dg„ip(xo,0o) is nondegenerate, so if a € S£(X x RN), p > 1/2, and 
ess supp a contained in a sufficiently small conic neighborhood of (xo,0o) 
we see from Section 1.2 that b e S^+^{N~k)(X x Rk). 

Now de>d0t>(p(xo,9o) = 0 implies that ipi is a nondegenerate phase 
function on a conic neighborhood of (XQ,9'0) and A^x = A^ (locally). 

d<Q,(p(xo, 9o) — 0 implies that {XQ} xRN~k is contained in T^^'^C^), 
so the differential of the projection C^ 3 (x,9f) —* x has in (xo,9'0) rank 
equal to n — k. This rank is equal to the rank of the projection AVl 3 
(x,£) —► x £ X in (xo,£o)- So the kernel of the latter projection has rank 
equal to k and we have proved 

Lemma 2.3.5. The number of 9-variables is > the dimension k of the in­
tersection of the tangent spaces of Av, and the fiber ofT*{X), at (xo,£o)-
Moreover, every Fourier integral defined by the phase function ip and ampli­
tude a € S£(X x RN), ess supp a in a sufficiently small conic neighborhood 
of (xo,9o), can also be defined by a phase function in k variables and am­
plitude b € S^{N~k)(X x Rk) given by (2.3.16). 

Conversely we can always raise the number of frequency variables from 
k to an arbitrary N > k, because any b e Sp 2 (X x Rk) arises by 
(2.3.16) from some a € S ^ + i ^ - ^ A * x R^) , if we replace <p by <p in the 
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definition preceding (2.3.16). So we now may assume that N = N {— k). 
In view of the formula 

ei^x'§)a(x,9)u(x)dxd9 = 
[Z.6.LI) 

/ / ei(p{x>e)a(x,9{x,9)) ■ |det de9{x,9)\ - u{x)dxd9, 

the proof of Theorem 2.3.4 is therefore completed by 

L e m m a 2.3.6. / / A ,̂ = Aq = A, N = N = minimal, then there exists a 
C°° mapping (x,0) —> 9(x,9): T —► RN \ {0}, homogeneous in 9 of degree 
1, such that 

(2.3.18) 9(x0,90) = So, (p(x,9{x,9)) = ip(x,9) onY. 

Proof of L e m m a 2.3.6. The diffeomorphisms Tv: Cv —> A, T$: Cq, —* A 
induce a diffeomorphism T := T^1 o T^: C^ —> Cq,. If n denotes the 
projection (x,9) t—► x, then we have TT(T(X,9)) = x on C^, so T(x,9) = 
(x,9{x,9)) for some C°° function 9(x,9) on C v . 0 is homogeneous in 0 of 
degree 1 because T^ and T^ are, and we have 

<p(xj(x,e)) = <p(x10)=01 

(2.3.19) ^ ( x , §(x, 9)) = de{x, 9) = 0, 

dx(p(x, 9{x, 9)) = dxip(x, 9), on Cv. 

Now extend 9 to a homogeneous C°° function of degree 1 on a conic 
neighborhood in X x (R^ \ {0}) of C v , define ip(x, 9) = <p(x, 9(x, 9)) there. 
Then ip is a nondegenerate phase function, A^ = A and ip — ip vanishes 
of order 2 on C v — C^,. We are ready if we can find a homogeneous C°° 
function 9'(x, 9) of degree 1 such that ip{x, 9f(x, 9)) = ip(x, 9). 

Because C$ is equal to the manifold detp = 0 and we can choose 
0$- > • • • * -Q0 a s the first N coordinates in a coordinization, Taylor devel­
opment at dp gives 

(2.3.20) (V> - (p)(x, 9) = B(x, 9)(deip(x, 9),deip(x, 9)) 

for some symmetric bilinear form B(x,9), depending C°° on (x, 9) and 
being homogeneous of degree 1 in 9. Analogously 

/ / 

(2.3.21) ijj{x, 9 + v) = ^(x, 9) + (deil>(x, 0), /*) + C(x, 0)(jx, fj) 
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for some other symmetric bilinear form C(x, 0), homogeneous in 6 of degree 
- 1 . 

Now try 8'(x, 6) = 6 + W(x, 6)d6i})(x, 0) for some W. This leads to the 
equation 

(2.3.22) W + W'CW = B 

on C^. This equation has the solution W = 0 if B = 0, so the implicit 
function theorem gives a unique C°° solution W(x,6) on a conic neigh­
borhood of C^, homogeneous in 9 of degree 1. Note that B(xo,0o) = 0 
because at (£o,#o) we have dficp = d^ifr — 0, which also implies that 
dxde<p = dxdoip. □ 

The above theorems show that one should rather speak of distributions 
A defined by a conic manifold A in T*(X) \ 0, which locally is equal to 
A<̂ , (p a nondegenerate phase function, instead of distributions defined by 
some phase function (p. A differential geometric characterization of such 
manifolds A will be given in Chapter 3, after we have studied the differential 
geometric structure of the cotangent bundle T*(X) in more detail. After 
Chapter 3 we will also be able to give an invariant (that is, independent of 
the choice of the phase function) characterization of the principal symbol of 
A. In a primitive way the principal symbol of A at (rro,^o) can be defined 
as the mapping assigning to each I/J G C°°(X), with £o = dxip(xo) ^ 0 the 
top order term in the asymptotic development of e lT^x°) • (e~""^u, A) for 
r —> oo, that is, the quantity 

Tl(N-n),27T^(N+n) . i detQ\-$ . e ^ sgn Q 
(2 3 23) 

■a(xo,T0o)'u{xo) + O(TfJ'+^N-n)+(1-'2p)) f o r r - + o o . 

Since the dependence on ip only involves d^{xo) we see that the principal 
symbol s is a function on the space of symmetric matrices B such that 
{(6x, B • 6x)} is transversal to T(:ro^0)(A¥)). We see that 

(2.3.24) s(B') = t{B',B)-s(B) 

where the factor t(B',B) does not depend on the amplitude a. The col­
lection of all functions s satisfying (2.3.24) therefore is a complex one-
dimensional space L ^ ^ o , ^ ) , which only depends on A^. The Lip(xo,^o), 
(£o?£o) G A^ form a complex line bundle L over A ,̂ of which the principal 
symbol of A becomes a section. Also this complex line bundle L can only be 
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understood better after we have obtained more insight into the differential 
geometric structure of T*(X). 

2.4. Fourier integral operators (local theory) 

A Fourier integral operator is defined as an operator A:CQ°(Y) —■> 
V(X) such that the distribution kernel KA € V(X x Y) is a Fourier 
integral defined by a nondegenerate phase function in an open cone T in 
T*(X x Y) \ 0 and some amplitude a E S%{X x Y x RN), ess supp aCT. 
We have WF'(A) C A^ if we write 

(2.4.1) A' = {((*,£), fo,r?)) e T*(X) x T*(F); (x,y,£, -r?) € A}. 

for any subset A of T*(X x V). Conversely each (x, £) e A ,̂ can be made 
to be an element of WF'(A) by a suitable choice of the amplitude, using 
Theorem 2.3.1. 

According to Theorem 1.4.1 the operator A can be extended to Vy(Y) 
D £'(Y) (and to VV(Y) if suitable assumptions are made on supp KA) if 
there are no ((#,£)> (l/iV)) e ^ s u c n t n a * £ — 0 a n d (?/,??) £ V. In 
particular A can be extended to Sf(Y) (and to V'(Y), respectively) if dx<p ^ 
0 when d$(p — 0, that is, if (p has no stationary points as a function of (x, 6). 
On the other hand A maps C^{Y) into C°°(X) if <p has no stationary 
points as a function of (y, 6). Note that it was included in the definition of 
a phase function that <p has no stationary points as a function of (x,y, 9). 

Examples (more will follow in Chapters 4 and 5). 

(1) Fourier integrals in X can be regarded as Fourier integral operators 
by taking Y = {point}. 

(2) Let n be a smooth map from XtoY. Then 

{K*U)(X) = U(K(X)) = (2n)-n ffei{Kix)-y^u(y)dydr], 

and it follows that K*:C°°(Y) —► C°°(X) is a Fourier integral operator 
defined by a nondegenerate phase function (p such that 

(2.4.2) A; = {((a;,0,(j/^));i/ = «(a:),e= *!>«*■ 77}. 

If «: is a diffeomorphism, then A^ is the graph of the induced transformation 
k:T*(X) \0^T*(Y)\0 defined by 

(2.4.3) k(x,0 = «x),(tDKx)-1(0)' 
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If X is a submanifold of Y, dimX < dimY and K is the identity: 
X -> Y then K* is the restriction operator p:C°°{Y) -»- C°°(X). In this 
case 

(2.4.4) A ; = { ( (x ,0 , (y,»/));y = *,£ = ^ | T - W } 

which is far from the graph of a map. p can be extended continuously to 
V'T(Y), for any closed cone T in T*(Y) \ 0 that does not meet the set 

(2.4.5) {(ylV) G T*(Y)\0;ye X,r}\Tx(x) = 0}, 

that is, the normal bundle in T*(Y) \ 0 of the submanifold X. 

(3) Pseudodifferential operators in X are defined as Fourier integral 
operators with Y = X and 

AJ, C diagonal in T(X) \ 0 x T*(X) \ 0 

(2.4.6) = graph of the identity: T*(X) \ 0 -> T*(X) \ 0. 

These operators will be considered in more detail in Section 2.5. 
In view of Theorem 1.3.7 the following product theorem seems the 

natural one. We denote 

(2.4.7) diag V = {(v, v) G V x V; v G V} 

for any set V. 

T h e o r e m 2.4.1. LetX,Y,Z be open inRnx, RnY, Rnz respectively. Let 
A\ be a Fourier integral operator: C^iY) —* Vf(X) defined by a nonde-
generate phase function <p\ in an open cone Ti in X x Y x RNl \ {0} and 
an amplitude a\ G Sjf1(X xYx RNl), ess supp a\ C IY Similarly A2 is 
a Fourier integral operator: CQ°(Z) —> V(Y) defined by a nondegenerate 
phase function ip2 in an open cone T2 inYxZx RN2 \ {0} and an am­
plitude a2 G S%2(Y x Z x RN2), ess supp a2 C T2. Assume that p > 1/2 
and: 

The projection from 7rxxy(supp ai) x 7ryx^(supp a2) 
(2.4.8) 

D X x (diag Y) x Z into X x Z is a proper mapping, 

(2.4.9) n^O if ( x . ^ . j j j e A ; or (y,ry,z,£) G A ^ , 

(2.4.10) ^ 0 or C ^ 0 if (x, £, y, 77) G A ^ and (y, 77, z, 0 G A'v 
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(2.4.11) A ^ x A^2 intersects T*(X)x (diag T*(Y))xT*(Z) transversally. 

Then A\ o A2 is well defined and modulo an operator with C°° ker­
nel equal to a Fourier integral operator: CQ°(Z) —* V(X) defined by a 
nondegenerate phase function ip in an open cone F in X x Z x RN \ {0}, 
N = Ni+N2+nv, and an amplitude a G S£(XxZxRN), \i = /xi+/i2—ny, 
ess supp a C T. Moreover, 

(2.4.12) A ; = A ; I 0 A ; 2 . 

Proof. Ai oA2 is well denned in view of (2.4.8), (2.4.9) and Theorem 1.4.1, 
and we have 

(2 413) K**AA*,*) = HI e^^y-e^^^ai(xiy,e) 
• a2(y,z,a)dyd9da 

in the distribution sense. If we let x, z vary in a compact subset oi X x Z 
then the corresponding (x, 2, 0, a, y) such that |(^, cr)| = flflp + loj2)1/2 = 1, 
(x,y,9) G supp ai , (y,z,a) G supp a2, vary in a compact set in view of 
(2.4.8). What follows will only refer to such (x,z,6,a,y). 

Because d(yj)(pi(x,y,9) ^ 0 if 9 ^ 0 in view of (2.4.9) there exists 
0 < e < 1 such that \a\ < e\9\, 

| (0, a) | = 1 => d(l/)e) [<̂ i + </?2] (a;, 2,0, cr, y) ^ 0. 

Let xi be a homogeneous C°° function of degree 0 in (0, a) such that xi = 1 
for H < ±e|0| and xi = 0 for \a\ > e\9\ if \(0,a)\ = 1. It follows, using 
partial integration in (x, 0) and using the bound |cr| < e\9\ for <r, that 

(2.4.14) Iljei^1+^)x1-al-a2dyd9da 

is a C°° function of (x, z). 
Similarly there is a homogeneous C°° function of degree 0 in (9, a) 

such that X2 = 1 for |0| < ±e|<r|, \i = 0 for |0| > s\a\ if |((9,cr)| = 1 and 

(2.4.15) fffei^1+(p2)X2-a1-a2dyd9da 

is a C°° function of (x, z). So we are left with the integral 

(2.4.16) fffei[tpi+ip2]bdyd9da, where b = (1 - xi - X2)aia2. 
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Notice that 

(2.4.17) \e\a\ < \9\ < 2e~1\a\ on supp b. 

We claim that (2.4.16) is a Fourier integral with phase 

(2.4.18) <p(x,z,(9,a,y))=<p1(x,y/\(9,<j)\,9) + <p2(y/\(9,a)\,z,<j) 

(frequency variables (9,a,y)), and amplitude 

(2.4.19) a(x, z, (0, a, y)) = b(x, z, 9, a, y/\(0, <r)\) ■ |(0, a)\-^. 

Indeed, because of (2.4.17) we stay away from the boundaries 9 = 
0, a ^ 0 and 9 ^ 0, a = 0 of the region where tp is a C°° function. 
Moreover (2.4.10) implies that dx<p\ ̂  0 or dz(p2 ¥" 0 if <Wi = 0, da(p2 = 0, 
dyivi + ^2) = 0, so </? is a phase function as defined in Section 2.2. 

Inequality (2.4.17) also implies that a e S%{X x Z x RN). Indeed, 
derivation with respect to, say, 9 improves by a factor (1 + |#|)~p, which in 
fact is an improvement by a factor (1 + |0| + \&\)~p in view of |0| > \e\<r\. 

We now investigate (2.4.11) and (2.4.12). A ^ x A ^ intersects T*(X) x 
(diag T*(Y))xT*(Z) precisely at the points (x,dxipi, y, -dy(pi, y, dy(p2, z, 
—dz(p2) where —dy<pi = dy<p2, dgipi = 0, de<p2 — 0, which proves (2.4.12). 

The tangent space of A ^ consists of the vectors 

/ , „ ^ (6x,d{dx(pi)u, 8y, -d(dy(pi)u), 
(2.4.20) 

such that d(deipi)u = 0, u — (8x,8y,89), 

and the tangent space of A^2 consists of the vectors 

(8y,d(dycp2)v, 6z, -d(dz(p2)v), 
(2.4.21) 

such that d(da(p2)v = 0, v = (8y,8z,8cr), 

The intersection of T (A^ x A y = T(Af
Vl) x T{K'^) with T(T*(X) X 

(diag T*(Y)) x T*(Z)) therefore has the same dimension as the kernel of d 
d{o,a,y) VP\ +(/?2]- The intersection is transversal if and only if this dimension 
is equal to 

{{nx + nY) + (nY + nz)) + (2nx + 2nY + 2nz) 
- (2nx + 4ny + 2nz) = nx +nz, 

that is, if and only if rank d d^t(7^[(pi + ^2] = N\ + N2 + ny. But this 
means precisely that (p is a nondegenerate phase function. □ 

file:///e/a/
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We conclude this section by a little philosophy on the question: what 
should we call the order of a Fourier integral operator defined by a phase 
(p and an amplitude a € S%(X x Y x R^)? Suppose that the order is a 
function of /x, nx + n y , and N, and suppose that the order of a product 
(when defined) is equal to the sum of the orders. In view of Lemma 2.3.5 
it must be of the form \i + |iV 4- f(nx + n y ) , and the additivity of the 
orders means that 

f(nx + nz) = f(nx + nY) + f(nY + nz) + \nY 

in view of Theorem 2.4.1. So we are led to define the order of a Fourier 
integral operator A: CQ°(Y) —> V(X) defined by an amplitude of order \i 
as 

(2.4.22) order (A) =/x + \N- \(nx +nY). 

With this choice Theorem 2.4.1 can be supplemented by: 

(2.4.23) order (A\ o A2) = order A\ + order A2. 

2.5. Pseudodifferential operators in Rn 

A pseudodifferential operator of order m and type p on Rn is defined 
as a Fourier integral operator A with phase 

(2.5.1) <p{x,y,r]) = (x-y,ri), 

and amplitude a(x,y,rj) G S™((Rn x Rn) x Rn). Observe that the order 
m coincides with the order defined at the end of Section 2.4. Writing 
X = Mn, we see that AJ, = diag T*(X)\0 = graph of the identity: T*(X)\ 
0 -> T*(X) \ 0, and in view of Theorem 2.3.4 we could replace (2.5.1) by 
any nondegenerate phase function (p(x, y, 9) on Rn x Rn x RN such that 
deip(x, y, 6) = 0 => x = 2/, dx<p(x, y, 9) = -dycp(x, y, 9). 

Because of A^ = diag T*(X) \ 0 we can write 

(2.5.2) WF'(A) - diag WF(A) 

for a uniquely defined closed conic subset WF(A) of T*(Rn) \ 0, called the 
wave front set of the pseudodifferential operator A (by abuse of language). 
The space of all pseudodifferential operators of order m and type p will be 
denoted by L™{Rn). 
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Definition 2.5.1. Let A € L™(Rn), p > 1/2, be properly supported. The 
complete symbol a A of A is defined by 

(2.5.3) (TAfari) = e-^^A^-^ix). 

We now compare this with the definition of the symbol in the introduction: 

Theorem 2.5.1. Let A be as in Definition 2.5.1. Then 

(2.5.4) (Au)(x) = (27r)-n f f ei<x-y^aA{x,r})u(y)dydn 

for all u G Co°(Rn). If A is given by the amplitude a(x,y,n), then 

00 l / A i d2 \k (2.5.5) ^(^)~ £ _ ( £ _ _ _ ) a{XiyiV) 
AC— U J — I 

y=x 

Proof. Write u(y) = (27r)~n JV<^> .(^u){rj)drj. In view of the continuity 
of A this implies 

(Au)(x) = (27T)-* J Aie'^Xx) • (.Fu)fa)df?, 

that is, (2.5.4). For (2.5.5) we remark that 

(Ae^^)(x) = (27r)-n ff ei{x-^e)a(x,y,0)ei^eUyd6 

= e^x^{27r)-n ff e-^y^a{x,x + y^ + O) dydO. 

Now apply Proposition 1.2.4. □ 

Theorem 2.5.2. Let Ax G L™*(Rn), A e L™*(Rn) be properly supported, 
p > 1/2. Then AioA2 £ L™1+m2(Rn) is properly supported, and its symbol 
is given by 

oo - n 

(2.5.6) aAloA2(x, C) ~ 5 Z fci ( S 7 ^ T ^ r ) a A l ( X ' ^ ' ^ ( 2 / ' C ) ' 
fc=o ' j = i y j / j 

tfie differentiations taken at r\ = £, y = x. 

Proof. Apply the reduction of frequency variables of Lemma 2.3.5 to the 
product formula (2.4.13). D 
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Corollary 2.5.3. If we define the principal symbol a of A by a = aA mod 
§m ( - Pf^n^ i\ien the principal symbol of A\ oA2 is equal to the product 
of the principal symbols a\ and a2 of A\ and A2, respectively. 

Moreover, [AUA2] = Ax o A2 - A2 o Ax e L™1+rn2+1-2<>(mn) and its 
principal symbol of order mi + m2 + 1 — 2p is equal to j {a i , a2}. Here the 
Poisson brackets are defined by 

for any differentiable functions f,g on Rn x Rn = T*(Rn). 

(Such a relation between operators on X and functions on T*(X), 
assigning to the commutator of the operators \ x Poisson brackets of the 
functions, is familiar in quantum mechanics.) 

Theorem 2.5.4. If A e L™(Rn) then A is continuous: #c
s

o m p(Rn) -+ 

#iocm (R n ) f°r aU seR-

Proof. Hfoc(Rn) is the set o f w e V'(Rn) such that (1 + \D\2)s/2(ipu) e 
L2(Rn) for all (p e Cfi°(Rn). We may assume that A is compactly sup­
ported. Let u e H°omp(Rn), then (1 + \D\2)s/2u € L2

oc{Rn), so 

(1 + \D\2fs-m^'2Au = (1 + \D\2)^-m^2A(l + \D\2)~S/2 

■ (1 + \D\2y'2u € L2
oc(Rn)-

RereB = (l + |£>|2)(s-m)/2,4(l + |£>|2)-5/2 is of order 0 and such operators 
map L2

comp(Rn) into L2
oc(Rn). 

A proof of the latter statement can be given as follows. One first 
verifies that if P e L™(Rn), then P* G L™(Rn), if P* denotes the adjoint 
of P with respect to the L2 inner product. This follows from Theorem 2.5.1, 
in combination with the observation that P* is defined by the amplitude 

a(x,y,rj) =aP(y,r)). 

(One can also use Theorem 4.4.1 in combination with the definition of 
L™(X) following Proposition 4.2.4.) 

Next, B e L°p(Rn) implies that B*B <E L°p(Rn), which has a bounded 
principal symbol. This means that there is a positive constant C, a pseudo-
differential operator P G L^(Rn), and an integral operator R with smooth 
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kernel, such that B*B = C-P*P+R. Because (P*Pu, u) = (Pu, Pu) > 0, 
we get that 

\\Bu\\2 = {B*Bu,u) < C\\u\\2 + (itoi,tt) 

and the L2-boundedness of B follows from the L2-boundedness of R. □ 



Chapter 3 

Symplectic Differential Geometry 

We start this chapter with a brief review of the differential geometry 
we will need. 

3.1. Vector fields 

Let v be a C°° vector field on a C°° manifold M, dim M = n. A 
solution curve of v is a differentiate mapping t —► m(t)\ I —> M; i an open 
interval in R, such that 

(3.1.1) 
dm(t) 

dt 
v(m(t)), tel. 

As is well known (see, for instance, Coddington and Levinson [18]) there 
exists for each m € M exactly one maximal solution t —* ^ ( r a ) , defined on 
an open interval Im in R, such that 0 £ i m , ^°(m) = m. The maximality 
of the interval Im is reflected by the property that if, for instance, b = 
s u p / m < oo, then there exists for each compact subset K of M an e > 0 
such that $*(ra) £ if for t G [6 - e, b[. The set 

(3.1.2) {/ = {(£, m ) G R X M; £ 6 i m } 

is an open subset of R x M and $ is a C°° mapping: U —> M. 
It follows that for each tGK the set 

(3.1.3) 

is open in M, and 

(3.1.4) 

is a C°° mapping: Ut 

(3.1.5) 

Ut = { m e M;(t,m) e U} 

$*: -+ * * ( m ) 

M. If m G C/t, $*(ra) G E/f, then m € E/t+f and 

$*+*/(m) = ** /(* t(m)). 

Applying this to t' = — t and using that <I>0 = identity on M, we obtain 
that 3>* is a diffeomorphism: C/t —> C/_t, with inverse 3>-t. 

J.J. Duistermaat, Fourier Integral Operators, Modern Birkhäuser Classics, 45 
DOI 10.1007/978-0-8176-8108-1_4, © Springer Science+Business Media, LLC 2011 



46 3. Symplectic Differential Geometry 

A collection of mappings $* with these properties is called a local one-
parameter group of transformations in M, a local dynamical system in M, 
or a flow in M (all these names are common). With these $*'s in mind a 
vector field on M is also called an infinitesimal transformation of M. 

Let <E> be differentiate: M —*■ N, N some other manifold of the same 
dimension, and assume that 

(3.1.6) D$m is bijective: Tm(M) -* T^{m)(N) for all m e M. 

Then we can define the pull-back $>*w on M of a vector field w on N by 

(3.1.7) ($*w)(m) = D^\w(^(m))), m e M. 

If it is a vector field on M inducing the flow $*, then the Lie-derivative 
of the vector field v with respect to the vector field u, also called the Lie 
product of u and v, is defined by 

(3.1.8) [«.»] = | ( * ' H « , -

The Lie-product is natural with respect to transformations $: M —» N 
with bijective differentials, that is, 

(3.1.9) $*[u,v] = [$*u,$*v] 

for all vector fields it, v in N. In W1 we have the formula 

(3.1.10) [u,v](m) = Dvm(u(m)) - Dum(v(m)) 

(obtained by direct computation), which in view of (3.1.9) enables us to 
compute [u,v] in local coordinates. From (3.1.10) we see that [u,v] is 
bilinear and antisymmetric in u and v, and the fact that second-order 
differentials are symmetric bilinear forms leads to Jacobi's identity: 

(3.1.11) [u, [v,w]} + [v, [w,u]] + K [u,v]] = 0. 

In other words, the C°° vector fields on M form a vector space x(M) which 
is a Lie-algebra for this product. 

Note also that 

(3.1.12) jt{¥)'v = A($'+'')*u | t,=0 = (*«)•[«,»]. 

So, for example, [u,v] = 0 is equivalent to ($*)*t; = v for all t, that is, v is 
invariant under the u-flow. 
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A C°° tangent system S of dimension k in M is a mapping which 
assigns to each m G M a fc-dimensional linear subspace Sm of Tm(M), and 
in such a way that for each mo G M there is a neighborhood U of mo and 
C°° vector fields v\,..., vk on U such that 

(3.1.13) vi(m),... ,Vk(m) span Sm for all m G U. 

An equivalent characterization reads: S is a fc-dimensional C°° vector sub-
bundle of T(M). 

A /c-dimensional C°° submanifold S of M is called an integral manifold 
for S if 

(3.1.14) Tm(S) = Sm for all meS. 

The tangent system S is called integrable if each m G M is contained in 
some integral manifold. 

T h e o r e m 3.1.1 (Probenius). Suppose S is spanned by the C°° vector fields 
v\,..., Vk • Then S is integrable if and only if 

(3.1.15) [vi,Vj](m) e Sm for all m G M, i, j = 1 , . . . , k. 

Moreover, if (3.1.15) is satisfied then there exists for each mo G M 
a diffeomorphism ^ : U x V —> W, such that \£(0, m) = m and ^ t ^ zs a 
linear combination of d/dt\,..., d/dtk, for all i — 1 , . . . , k. Here U is a 
neighborhood of the origin inRk, W is a neighborhood of mo in M, V is 
a C°° submanifold of M such that m0 G V, Tmo(M) = Smo ®Tmo(V). 
Points inU xV are denoted by ( t i , . . . , tfc, m), U G R , m eV. 

Proof. For the necessity of (3.1.15) we remark that if S is an integral 
manifold for S then Vi(m) G Tm(S) for all m G S, so the Vi\s can be 
regarded as vector fields in S. Because of the unicity of the flow induced 
by a given smooth vector field, the Vi\s-fiow on S is equal to the restriction 
of the fi-flow in M to S. Hence [u«,Vj](m) = [v»L,VjL](77i) G Tm(S) for 
all m G <S. 

For the other part of the theorem, suppose that (3.1.15) holds and let 
V be as above. Define 

(3.1.16) * ( t i , . . . ,tfc,m) = $*fc
fc o • • • o ^ ( m ) , 

where we denoted the vj-flow by <£*. Shrinking V if necessary, this defines a 
C°° mapping: ty:U xV —> M, U a neighborhood of 0 in Rfc; it is also obvi­
ous that \I>(0, m) = m. The image of -D\&(0)mo) contains v i (mo) , . . . , ^(m-o) 
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and Tmo(V), hence D^o.mo) is bijective. It follows by the implicit function 
theorem that we can choose U, V so small that ^ is a diffeomorphism from 
U x V onto an open neighborhood ^ of mo. 

The $*Vi are linear combinations of d/dti,..., d/dtk because ($*)*t>j 
is a linear combination of t>i,. . . , Vfc for all i,j, all t. 

Indeed, let $* be the flow induced by a smooth vector field it, assume 
that 

(3.1.17) [u,Vi] = Y^KjVj 
3 

for a matrix A = X^ of smooth functions, for i,j = 1 , . . . , k. Let A(t) = 
OLij (t) be the uniquely determined matrix of C°° functions on M satisfying 

(3.1.18) ^-A(t) = A(t) o A(t), A(0) = / . 
at 

Here A(t) = Atj(t) is defined by 

(3.1.19) \ij(t) = \ijo&. 

Then 

(3.1.20) (^t)*vi = ^2aij(t)-vj for a lH , j = l , . . . , fc , all t. 

Indeed, 

j 

So the left- and the right-hand side of (3.1.20) satisfy the same ordinary 
differential equation (with respect to t) and are equal at t = 0, so they are 
equal for all t. □ 

R e m a r k s . Prom the proof of the theorem it also follows that the integral 
manifolds through mo of a smooth tangent system are locally uniquely 
determined, namely, equal to the image of t —> \I>(£,mo). Note also that if 
[vi, Vj] = 0 then \£*i>j = d/dti for all i = 1 , . . . , fc. 

In the above we treated vector fields as infinitesimal transformations, 
but one can also regard these as a special sort of first-order linear partial 
differential operator. 
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If A is an algebra over the field K, then D: A —> A is called a K-
derivation if 

(3.1.21) D is X-linear, 

and 

(3.1.22) D(f-g) = Df-g + f.Dg for all / , <? G A. 

Now if ^ is a C°° vector field on M, then 

(3.1.23) (Dvf)(m) = Dfm(v(m)) = ^ / ( * ' ( m ) ) | _ o 

defines an M-derivation of the algebra C^(M) of real-valued C°° functions 
on M. Conversely it is easy to show that any derivation: Cjj°(M) —> 
C§?(M) is equal to £>„ for a unique C°° vector field v on M. 

If Di,D2 are derivations of an algebra A, then the commutator 
[Di,.D2] — Di o D2 — D2 o Di also is a derivation. One also verifies eas­
ily that the commutator product is antisymmetric and satisfies the Jacobi 
identity, that is the derivations form a Lie algebra, called Der(A), for the 
commutator product. 

For C°° vector fields v\, V2 on M we have now 

(3.1.24) [DV1,DV2] =D[vitV2], 

as can be proved for instance by applying both sides to some / G C°°(M) 
and using (3.1.10) in local coordinates. 

This leads to another proof of the assertion that the vector fields form 
a Lie-algebra with respect to the Lie product, in fact (3.1.24) expresses 
that v —► Dv is a Lie-algebra isomorphism of x(M) with the Lie-algebra 
Der(CTW). 

In local coordinates the identification of vector fields and derivations 
means that the vector field ( f i (x) , . . . ,vn(x)) is identified with the first-
order linear partial differential operator 

n p. 

A, = X>(:r) •—. 
»=i OX% 

3.2. Differential forms 

We now turn to the theory of differential forms of E. Cartan [14]. Let 
E be an n-dimensional vector space over R. Denote by AkE* the space of 
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antisymmetric /c-linear mappings 

u: ( e i , . . . , ejfc) H-> u(eu . . . , ek): Ek -> R. 

For A; = 0 we write A°E* = K, for k = 1 we have A1^* = £* = the dual 
space of E. 

For a G AkE*, /3 G AlE* the exterior product a A (3 G Ak+eE* is 
defined by 

(3.2.1) (a A /3)(ci, . . . , ek+e) = ] T sgn P 
v 

• a (e p ( i ) , . . . , ep(fc)) • /?(ep( fc+1),..., ep(fc+^), 

where in the summation we take for each partition of { 1 , . . . , k + £} into 
subsets A, B, #(A) = k, #(B) = I, one permutation p such that p(i) G A 
for i = 1 , . . . , ky p(i) G 5 for i = k + 1 , . . . , k + L Note that 

sgn p • a (e p ( i ) , . . . , ep(fc)) • /?(ep ( f c + 1 ) , . . . , ep(fc+^) 

= sgn q • a (e q ( i ) , . . . , eg(fc)) • /?(e9( f c+i),. . . , eq(k+e)) 

if {p(l),...,p(fc)} = {g( l ) , . . . ,<*(*)}, {p(A; + 1 , . . . ,p(k + *)} = {?(£ + 
1 ) , . . . , q(k -\- £)} so it does not matter which permutation we choose. 

Proposition 3.2.1. 

(3.2.2) a A (/3 A 7 ) = (a A/?) A 7 if a G AkE\ (5 G A£E\ 7 G AmE\ 

If a 1 , . . . ,an form a basis of E* then the 

/o*)o\ a11 A • • • A atk, ii < i2 < • • ■ < ik form a basis 

of AkE*. In particular, dim AkE* = ( J . 

(3.2.4) aA(3 = (-l)k£/3Aa if a e AkE*, /3 e AeE*. 

Proof. (3.2.2) is proved by showing that both sides are equal to 

] P sgn p • a ( e p ( i ) , . . . , ep(fc)) • /?(ep(fc+i),..., ep(fc+^)) 

• 7( e p(fe+^+i) 5 • • • J e p ( f c + ^ + m ) ) , 

where in the summation we take for each partition of { 1 , . . . , fc + ■£ + m} 
into subsets A, B, C, #(^4) = k, # (B) = ■£, # (C) = £ one permutation p 
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such that p(i) G A, i = 1 , . . . , k, p(i) G B, j = k + 1 , . . . , k + £, p(i) € C, 
z = fc + £ + l , . . . , f c -M + ra. 

For (3.2.3), write X = set of multi-indices / = ( i i , . . . ,ifc) such that 
1 < h < h < • • • < h < n. Write a 7 — a n A- • • Aalfc, ej = ( e ^ , . . . , eifc) G 
Ek, where e i , . . . , en is a dual basis in £ . Then a1 (ex) = 1 if J = J and 
= 0 if J ^ J . This proves that the a7 , / G l a r e linearly independent. On 
the other hand, 

LJ = VJo;(ej) • a 7 

/ex 
because the left- and right-hand side have the same values on the e j , J G X, 
hence on all of Ek. 

Equation (3.2.4) follows from (3.2.3) and a A (3 = — (3 A a if a, j3 are 
1-forms. 

If M is a C°° manifold then the AkTx(M)*, xeM together form a C°° 
vector bundle AkT*M over M in a natural way. Note that A*T*M = T*M 
= cotangent bundle of M, A°T*M E M X R . 

A C°°k-form LJ on M now is denned as a C°° section: M —► AfcT*M, 
the space of C°° fc-forms on M is denoted by fifcM. Note that Q°M = 
Cg>(M) = space of real-valued C°° functions on M. If / € C°°(M) then 
the total differential Df: m ■—► £>/m defines a 1-form on M. If a G f2fe(M), 
(3 G ne(M) then a A (3 G ftfc+£(M) is defined by 

(3.2.5) (a A j3)m = arnA{3m for all m G M. 

Now the exterior differential d: ilk(M) —> Ofc+1(M) is defined by 

Theorem 3.2.2. There is a unique family of mappings d^:Q,k(U) —> 
fifc+1(?7)7 /c = 0 ,1 ,2 , . . . , E7" open in M, which all are denoted by d, such 
that 

(3.2.6) d = D on Q° = C°° 

(3.2.7) d(f ■ dfx A • • • A dfk) = 4f A # i A • ■ • A ctfjfc 

for all / , / i , . . . , fk G C°°, d is additive] 

d is a local operator in the sense that a%(u\v) = d%u\v 

ifU,V open inM, V cU, LJ E nk(U). 

Moreover this operator d has the following properties: 

(3.2.9) d(a A (3) = da A (3 + (~l) fca Ad(3, ae £lk{U), (3 G &{U), 
(3.2.10) d o d = 0, tfm* is, dfc+1 o d^ = 0 for all k, U. 
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For U open inRn, d is given by 

dum(ei,... ,ejt+i) 

(3.2.11) *±i _ 
= 2_^(-1)* D(u(ei,..., e i , . . . , e f c +i))m • (e*). 

#ere u G £lk(U), e i , . . . , e/t+i are constant vectors, e» means that e» should 
be deleted in the row ( e i , . . . , e^-j-i). 

Proof. Let £/" be a coordinate neighborhood in M, x i , . . . , x n coordinate 
functions on £/. Then the .Dxi(m) , . . . , Dxn(m) are linearly independent in 
Tm(M)* for all m G J7, so each a G Qk(U) has a unique representation 

J ^ c / - Dx^ A • • • A Dxik, i = (ii , . . . , ifc), 

according to (3.2.3), with some C°° functions c/ on U. So d is uniquely 
defined on the Qk(U) by the rules (3.2.6), (3.2.7), with fj = xir Moreover, 
(3.2.8) holds with V CU. 

Equation (3.2.9) follows from the derivation rule for D on C°°(U). For 
(3.2.10) we remark that any / G C°°(U) is of the form / ( x i , . . . ,xn) for 
some / G C°°(U), U — image in E n of the coordinate mapping: m i—► 
(x n (m) , . . . , xn(ra)). The chain rule gives 

.dfixu.^Xn) 

so 

c / = £ <w*. - : ^. D x j , 

rf / = E ^ . <***<*■* 
r)2 f r)2 f 

which, however, vanishes because 9X.QX. = QX.QX. a n d dxi Adxj = — dxj A 
dx». So we have proved (3.2.10) for k = 0, which implies it for arbitrary k 
using (3.2.9). This also implies (3.2.7) for arbitrary functions fj. 

Now the uniqueness of the d% on coordinate neighborhoods gives that 
^k\cik(unv) = ^k\nk(unv) ^or a ^ c o o r c u nate neighborhoods. Together with 
the locality of the operators dk on coordinate neighborhoods we obtain that 
d is well-defined on M by da\v = d(a\u) for any coordinate neighborhood 
UmM. 

Finally (3.2.11) is another way of stating (3.2.7) for coordinate func­
tions fj. □ 
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Is $ a differentiate mapping from M to another smooth manifold 
iV (not necessarily with bijective differential) then the pull-back to M of 
a <E £lk(N) under $ is defined by 

($*a) m (e i , . . . ,e / t ) = (D$ m e i , . . . ,D$ m e ib ) , 

m G M , e i , . . . , e f c G r m ( M ) . 

Proposition 3.2.3. 

(3.2.13) $*(a A /?) = $*a: A $*/3 /or a// a G Ofc(iV), j3 e fle(N) 

(3.2.14) $*da = d$*a for all a G ft*(N). 

Proof. (3.2.13) is immediate. For (3.2.14) we only need to investigate 
the case a — f • df± A • • • A dfk, where it reduces to $*Df = D$*f for all 
C°°(M). But this is the chain rule for the differential of the composition 
of functions. □ 

If v G x(M), $* = the u-flow in M then the Lie derivative of UJ G 
r2fc(M) wii/i respect to v is defined by 

(3.2.15) Cvu = jt(&)*uj\t=0 G nk(M). 

The inner product to \ v e Q,k~1(M) is defined by 

(3.2.16) (u | v ) m ( e i , . . . , ek-i) = wm(vm , e i , . . . , efc_i) 

for all m G M, e i , . . . , efc_i G Tm{M). Note that £ „ / = L>/ | v = Dvf if 
/ G C°°(M). 

Proposition 3.2.4. If $ is C°°:M —► JV mtfi bijective differentials, then 

(3.2.18) $*(£wa;)=/:** t,$*cj 

and 

(3.2.19) $*(w | v) = ($*CJ | $*t;) 

/or all UJ G ftfc(M), aZZ k, and all v G x(M). 

The proof is immediate. More substantial is: 
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Theorem 3.2.5. If LJ G ftfc(M), v G x{M), then 

(3.2.20) CVLJ = d(u | v) + d(u) \ v. 

Proof. By induction with respect to k. For k = 0 it is trivial. Now 
suppose it is proven for k - 1. If LJ = da, a G O fc_1(M) then Cvda — 
dCva = d[d(cn \ v) -\- LJ \ v] — d(u \ v) proves (3.2.20) for LJ. However, 
Cvfuj = vf • LJ + fd(u | v) = d(/u; | v) 4- d(foj) \ v (here we used (d/ A LJ) | 
v - (vf) • LJ - df A (LJ I u)), which proves (3.2.20) for all /w, / G C°°(M). 
But then it follows for all LJ G Qk(M), which are locally finite sums of 
elements of the form 

fdfx A dfk = fd(h • df2 A • • • A 4ffc). D 

T h e o r e m 3.2.6. (Poincare lemma). For each mo G M there is a neigh­
borhood U of mo such that for each LJ G Qk(U), k > 1: 

(3.2.21) du = 0 O 3a € SI*'1 (U) such that LJ = da. 

Proof. Let $* be the flow of a vector field v such that v(m0) = 0, Re A > 0 
for the eigenvalues A of L = Dvmo. This means that there is a neighborhood 
U of mo and constants C, e > 0 such that lim $*(m) = mo and ||D$5J| < 

t—>—oo 

ce£ t for all m G t/, t < 0. Now define 

(3.2.22) HLJ=U (&yujdt} | v. 

Then 
dHw = Cv f (&)*u>dt -id f ($*)*u;cft) \ v 

J — oo ^ J-oo ' 

(tfydudf) \v = LJ-Hdu, 

that is, 

(3.2.23) doH + Hod = identity on Q,k(U). 

This solves (3.2.21) with a = tfu;. □ 
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If Qk denotes the sheaf of germs of C°° sections of AkT*M then the 
Poincare lemma says that 

(3.2.24) 0 -+ R -+ C°° = Q° - ^ ft1 -^ ft2 - ^ 

is an exact sequence of sheaves. Because the sheaves Qk are fine this implies: 

T h e o r e m 3.2.7 (de Rham [63], Ch. 4). There is a natural isomorphism: 

(3.2.25) K e r d f /Range djf_x * tffc(M,M) 

equal to the k-th Cech-cohomology group of M with values in R. See, for 
instance, Gunning [37] for the sheaf theory used here. 

For example, every u 6 SV(M) such that du = 0 is the differential of 
a function if and only if ^(M^R) = 0. Also observe that (3.2.25) implies 
that Hk(M, R) = 0 for k> n, because £lk = 0 for k > n. 

Remark. For a moment I was tempted to think that the name "exterior 
differential" came from its role in Stokes' formula 

(3.2.26) I du>= I w, 

valid, for instance, for u e £lk(M), 7 = compact oriented (k 4- ^-dimen­
sional manifold with smooth boundary dj (which automatically also is 
oriented). But this is historically not true: Grassmann [34] introduced 
exterior algebra without reference to Stokes' formula and d was called "ex­
terior" because of its close relation to the exterior product A. 

The relation between d and A can be illustrated as follows. In M — Rn , 
d is a differential operator with its symbol at (#, £) equal to the mapping 

(3.2.27) w H t ^ A u . 

Proof. 

dcox = d(2ir)-n [f ei{x~y^ujydydZ 

= {2ir)~n [[ dxei{x-y'*} *uydyd£ 

= (2n)-n [Iei{x-y^i£Aujydyd£. 
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3.3. The canonical 1- and 2-form in T*(X) 

Let X be an n-dimensional C°° manifold. The cotangent bundleT*(X) 
is defined as the disjoint union of the TX(X)* = dual space of the tangent 
space of X at x, x e X. Points £ e TX(X)* will be denoted by (z,£) when 
regarded as elements of T*(X). The projection -K:T*(X) —♦ X assigns to 
each £ G TX(X)* the base point rr. 

Let « be a coordinatization of a coordinate neighborhood U in X. On 
n~l{U) C T*(X) the induced coordinatization k is defined by: 

(3.3.1) K ( X , 0 = ( / ^ ( a ; ) , ^ ^ ) - 1 ^ ) ) G E n x E n . 

Note that £>ACX is linear: TX(X) -* E n so *£>«,,. is linear: E n ^ (En)* -+ 
TX(X)*. 

It is easily verified that the induced coordinatizations form a collection 
of local trivializations making T* (X) into a C°° vector bundle over X with 
the projection ir. 

If (a;,£) G T - p O then Dir{x^ is linear: T(X)C)(T*(X)) -> TX(X). In 
turn £ is linear: TX(X) —> E, this leads to: 

Definition 3 .3.1. The canonical 1-form on T*(X) is the 1-form a given 
by 

(3.3.2) a ( a j , 0 =£o£>7r ( x , 0 for all (x,£) G r* (X) . 

Proposition 3.3.1. 

(3.3.3) A = A*a for every A e f i 1 ) ! ) , 

which in the right-hand side is regarded as a section \:X —* T*(X). 

Proof. Using the chain rule, we get 

(\*a)x = OJ(X,AX) ° DXX = Xxo Dir{xM o DXx(u) = Xx 

because IT O A = identity in X. □ 

Definition 3.3.2. cr = da is called the canonical 2-form on T*(X). 

Proposition 3.3.2. A C°° submanifold A ofT*(X) is locally equal to the 
graph of d<f>, <j> a C°° function on X, if and only if 

(3.3.4) dim A = n, 
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(3.3.5) DTTM):TM)(A)^TX(X) 

is injective for each (x,£) € A, and finally 

(3.3.6) <7(Xi0(u,v) = 0 for all u,v e T (x>0(A), (x,f) € A. 

Proof. (3.3.4), (3.3.5) mean exactly that locally A is equal to the graph 
of a section X:X —» T*(X) whereas (3.3.6) means that X*a = 0. In view 
of (3.3.3) this means that dX = 0, which in virtue of Poincare's lemma is 
equivalent to A = d(f>, locally, for some <f> e C°°. □ 

In induced coordinates (x±,...,xn, £ i , . . . , £ n ) we have 
n 

(3.3.7) cx = YJ^jdxj 

and hence 
n 

(3.3.8) ( T z r ^ ^ A d i j . 

In other words, if ( ), I ) e W1 x (Rn)* (written as column vectors) 

then 

(3.3.9) a ( ( ^ , ^ , ' ) ) = 6 ( a ' ) - 6 ' ( a ) . 

In particular, we obtain 

Proposition 3.3.3. a is a nondegenerate 2-form on M = T*(X), £/ia£ is, 

IfmeM, u <E Tm(M), crm(u, v) = 0 /or oW u € Tm (M), 
( o . o . 1U) 

then u = 0. 

Proof. It suffices to prove it in induced coordinates and there b(a') —b'(a) = 
0 for all af, b' implies 6 = 0 (taking b' = 0) and a = 0 (taking a! = 0). □ 

Definition 3.3.3. An antisymmetric nondegenerate bilinear form on a 
finite dimensional vector space E is called a symplectic form on E. A 
symplectic vector space is a pair (E, a) consisting of a finite-dimensional 
vector space E and a symplectic form a on E. 
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A symplectic form on a manifold M is a 2-form a on M such that 

(3.3.11) da = 0, 

and 

(3.3.12) am is a symplectic form on Tm(M), for each ra € M. 

A symplectic manifold is a pair (M, a) consisting of a manifold M and a 
symplectic form a on M. 

It follows from the previous that for any manifold X, T*(X) is a 
symplectic manifold with the canonical 2-form on T*(X). Note that da = 0 
follows from a = da. 

Remark. In view of (3.3.8) it would perhaps have been better to write 
(£,rr) € T*{X) if f € TX(X)*, instead of (x,f). In fact this is the custom 
in the mechanics-oriented literature, with £ replaced by p and x by g. It 
should be remarked here that in many texts the 2-form ^ dxj A d£j is used 
as the canonical form, leading to a change of sign in the formulas. 

3.4. Symplectic vector spaces 

Let (E, a) be a symplectic vector space over a field k. The bilinear 
form a on E induces a linear mapping: E —► E*, which also will be denoted 
by a, defined by 

(3.4.1) (crei)(e2) = cr(ei,e2) for all ei,e2 G E. 

The nondegeneracy of the bilinear form a is equivalent to the injectivity, 
hence bijectivity of the mapping a: E —> E*. (Note that dim E* = dim E.) 

If L is a linear subspace of E then we define its orthocomplement La 

in E with respect to a by 

(3.4.2) La = {e€ E; a(e,£) = 0 for all £ G L}. 

As for the orthocomplement with respect to an inner product, we have the 
following rules. 

(3.4.3) L C M => Ma C La 

(3.4.4) {La)a = L 

(3.4.5) (LDM)a = La + Ma, (L + M)a = La n Ma 
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(3.4.6) dim La = dim E - dim L. 

However the antisymmetry of a also has some rather peculiar conse­
quences. Because <r(e, e) = 0 for each e G E, we have L d La for each 
one-dimensional subspace L of E. More generally a linear subspace L oi E 
is called isotropic with respect to a, if L C Z/7, that is, c(ei,e2) = 0 for all 
ei,e2 € £• (Example: the condition (3.3.6) in Proposition 3.3.2 says that 
T(xf£)(A) is isotropic for all (#,£) G A.) A maximally isotropic subspace of 
E is called Lagrangian in (E,a). 

Proposition 3.4.1. Let (E,a) be a symplectic vector space. A linear 
subspace L of E is Lagrangian in (E, a) if and only if L = La. The 
dimension of E is even, say = 2n. An isotropic linear subspace L of E is 
Lagrangian if and only if dim L = n. 

Proof. If L J La then we can choose e 6 L", e ^ I . It follows that 
a{ti+a\e, ^2+Q!2e) = 0 for all ^1,^2 £ L, 0:1,0:2 G k. SoL+fc-e is isotropic, 
L^ L + k-e. This proves the first assertion. Now let L be Lagrangian (the 
existence of such L is trivial). Then dim L = dim La = dim E — dim L, 
hence dim E — 2 • dim L. Conversely L C La, dim E = 2 • dim L implies 
that L C La, dim L = dim Z/7, hence L = La. □ 

Definition 3.4.1. Let (E,a), (F,r) be symplectic vector spaces. A syra-
plectic mapping A: (E, a) —► (F, r) is a linear mapping A:E ^> F such that 
A*r = cr, that is, cr(ei,e2) = r(Aei,Ae2) for all ei,e2 £ E. A symplectic 
mapping is automatically injective. If dim E = dim F then A is called a 
symplectic isomorphism. 

Theorem 3.4.2. For each Lagrangian subspace L there exists a Lagrangian 
subspace M such that E = L 0 M. The mapping A:t®m —* (£,am\L) 
is a symplectic isomorphism: (E,a) —> L x L*, where the latter space is 
provided with the canonical symplectic form 

((;)-(;))-^-"w-
Proof. Let M D L = (0), M g Ma'. Then Ma <£ M + L, because 
MCT C M + L implies M D Ma n L*7 = Ma n L, hence MCT D L = (0). 
But dim MCT > n, dim L = n makes this impossible. Choose e G M a , 
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e<£ M + L. Then M 4- [e] is isotropic and (M + k • e) n L = (0). This leads 
by induction to a Lagrangian subspace M such that M C\ L = (0). 

For the second part we remark that a{i + m, t' + m') = <r(̂ , m') + 
o-(m,£') = (am)(£') - (um')(!) if £,£' G £, ra,ra' 6 M. So A is symplectic 
and an isomorphism because dim E = 2 dim L = dim (L x L*). D 

If Li,L2 are vector spaces over k of the same dimension n, then a 
mapping ^4: L\ x L\ —* Li x L\ is called a linear canonical transformation 
if it is symplectic for the canonical symplectic forms in L\ x L\ and L2XL2, 
respectively. If C is a linear map: L\ —► L2 then the mapping 

is a canonical transformation: L\ x L\ —*■ L2 x Lj , called the canonical 
transformation induced by C. 

So every linear coordinatization C:L —> kn induces a linear canonical 
transformation C: L x L —► kn x (fcn)*, and Theorem 3.4.2 expresses that 
every symplectic vector space is symplectically isomorphic to kn x (/cn)* 
provided with the canonical symplectic form, for some n. Note that the 
bijective linear mapping A: E —* kn x (kn)* sending the vectors ( e i , . . . , en, 
/ 1 , . . . , fn) into the standard basis of kn x (kn)*, is a symplectic transfor­
mation if and only if for alH, j = 1 , . . . , n: 

a(eijej) = 0 

(3.4.7) <7(/i,/i) = 0 

a(fi, ej) = 1 when i = j , and = 0 when i ^ j . 

Such a mapping is called a canonical coordinatization of (E,o~) and 
( e i , . . . , en , / 1 , . . . , / n ) is called a canonical basis of (1£, cr). 

In the rest of this section we collect some more properties of symplectic 
automorphisms and of the manifold of all Lagrangian subspaces in (E,a). 
Because we will not use this in the rest of this chapter, this can be skipped at 
first reading. We start by investigating Jordan normal forms of symplectic 
automorphisms. 

Theorem 3.4.3. Let (E,a) be a symplectic vector space over k and let A 
be a symplectic mapping: (E, a) —> (E, a) such that all its eigenvalues are 
contained in k. 
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Then there exists a Lagrangian subspace L of (E, a) such that A(L) C 
L. On each canonical basis e i , . . . , en, / i , . . . , fn such that e\,..., en € L, 
the mapping A has a matrix of the form 

, v (OL SOL \ . 

(3.4.8) I t 1 I , for some symmetric matrix e. 

Conversely, each such matrix (with a nonsingular) on a canonical basis 
represents a symplectic automorphism. 

Proof. Let L be invariant under A and L^L°. Because A is symplectic, 
L° is also invariant under A. Define the mapping A^a j L : La/L —» La/L by 

(3.4.9) ALa/L(e + L) = Ae + L. 

Let A be an eigenvalue of A^ /£. Then A is also an eigenvalue of A, hence 
A G k and we can find / <E La/L, / ^ 0 such that Af = Xf. f = e + L 
for some e e Z/7, e ^ L. It follows that k • e + L is isotropic and invariant 
under A. Repeating this procedure we finally end up with an invariant 
Lagrangian subspace. The rest follows by a direct computation. D 

By choosing for e\,..., en a basis of L on which L has Jordan form, we 
obtain a clear picture of the possibilities for the Jordan forms of symplectic 
automorphisms. 

Corollary 3.4.4. Suppose now that k = E. Then the eigenvalues X, X, 
A - 1 , and (A) - 1 of A all have the same multiplicities. The multiplicities of 
4-1 and —1 are even. 

Proof. Complexifying (E, a) we can apply Theorem 3.4.3 and from (3.4.8) 
we see that A - 1 has the same multiplicity as A. A has the same multiplicity 
as A because A is real and because of the previous (A) - 1 also has this 
multiplicity. In the case A = A - 1 , that is A = ±1 , we see again from (3.4.8) 
that the multiplicities are even. □ 

If k = R or C the symplectic automorphisms form a closed subgroup 
Sp(E, k) of GL(£?, k) and therefore a Lie group; it is in fact a classical 
one. The Lie algebra sp(£, k) of Sp(E,k), that is, the tangent space of 
Sp(E, k) at the identity, consists of the linear mappings A:E —> E such that 
a(Ae\,e2) + a(ei,Ae2) — 0. Such mappings are also called infinitesimal 
linear symplectic transformations. As in Theorem 3.4.3 one proves: 
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T h e o r e m 3.4.5. Let A be an infinitesimal linear symplectic transfor­
mation, assume that all eigenvalues of A are in k. Then there is a La-
grangian subspace L of E that is invariant under A. On each canonical 
basis e i , . . . , en, / i , . . . , fn for which e i , . . . , e„ is a basis of L, A has a 
matrix of the form 

(3.4.10) ( t J with symmetric e. 
\0 - aj 

Conversely every matrix of the form (3.4.10) represents an infinitesimal 
symplectic transformation. 

Corollary 3.4.6. Let A be a real infinitesimal linear symplectic transfor­
mation. Then the eigenvalues X, -X, A and —A all have the same multi­
plicity. The multiplicity of the eigenvalue 0 is even. 

We now turn to the study of the collection A(E) of all Lagrangian 
subspaces of a real symplectic vector space (E, a) of dimension 2n. Most 
results are due to Arnol'd [5] and Hormander [40], Section 3.3. 

Theorem 3.4.7. A(E) is a connected regular algebraic subvariety of the 
Grassmann variety GE,U of n-dimensional linear subspaces ofE, dim A(E) 
= ±n(n + l ) . For any M e A(E), A°(E,M) = {L e A(E); LnM = (0)} is 
(algebraically) diffeomorphic to the vector space Symm(L) of all symmet­
ric bilinear forms on L, for any L € A°(E,M). Moreover, A°(E,M) is 
open and dense in A(E). Finally TL{A(E)) is canonically isomorphic to 
Symm(L) for every L e A(E). 

Proof. Let L,M e A(E), LnM = (0), these exist according to Theorem 
3.4.2. Then each n-dimensional subspace V that is transversal to M is of 
the form {x + Ax; x 6 L} for some linear map A: L —> M. Then 

(3.4.11) Q{L'){x,y) = a(Ax,y), x,y £ L 

defines a bilinear form on L, which is symmetric if and only if V is La­
grangian. So Q defines a bijective mapping: A°(E,M) —> Symm(L), the 
inverse being an algebraic embedding: Symm(L) —+ GE,U- SO the Q's 
form a set of local coordinatizations of A(E); one can prove that 2n of the 
A°(E, N) cover A(E). This proves the first part of the theorem. 

Clearly A°(E, M) is open in A(E). For its density we choose, for any 
L e A(E), a n M ' e A°(E,M)nA°(E,L). See the proof of Theorem 3.4.2; at 
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each step one now has to take e in the complement of the union of two linear 
suspaces. Then A°(E,M') is an open neighborhood of L, identified with 
Symm(M), in which A°(E, M') corresponds to the nonsingular elements of 
Symm(M), which lie dense. 

Clearly Q depends on the choice of L, M, but for fixed L G A(E) its 
differential at L does not depend on M. Proof: Let M G A°(E,L), then 
M = {z -f Bz; z G M} for some linear map B:M—>L. If V is close 
enough to L, V still is transversal both to M and M and we can write 
V = {x + Ax; x e L} = {y-\- Ay; y € L}, for some linear maps A: L —* N, 
A-.L^N. 

Then x + Ax = y + Ay, Ay = z + Bz for some z G N, so z — Ax, 
y — x — Bz, x + Ar = (a; — Byla:) + A(x — BAx). Taking symplectic product 
with u £ L: 

(3.4.12) a (Ax, u) = a (Ax) - a(ABAx, u). 

The second term in the right-hand side vanishes of second order when V —> 
L, so Q and Q have the same differential (= first-order approximation) at 
V = L. D 

T h e o r e m 3.4.8. For any k>l, M € A(E) the set 

(3.4.13) Ak(E, M) = {LG A(E); dimLnM = k} 

is the regular part of its closure Ak(E,M) = {Je>kAe(E,M), which in 
turn is a connected algebraic subvariety of A(E) of codimension ^k(k + 1) 
in A(E). If L e Ak(E,M), then TL(Ak(E,M)) corresponds to the Q G 
Symm(L) such that Q(x, y) = 0 for all x,y G Lf) M. 

Proof. In view of Theorem 3.4.7 also A°(E, L)nA°(E, M) is dense in A(E) 
so it contains at least some N. Let Q be the coordinization: A°(E,N) —► 
Symm(L) described in the proof of Theorem 3.4.7. Then, if L G Ak(E, M), 
we have V G Ak(E, M)nA°(E, N) if and only if dim ker(Q(M) -Q(L')) -
k. Note that Q(L) = 0. 

On a suitable basis of L we can write 

««,.(::). ««=(,* s). 
where A is a nonsingular (n — k) x (n — k) matrix. 

If D is sufficiently small, then A—D is still nonsingular and rank (Q(M) 
- Q(L')) = n - k if and only if B = -CS, *C = (A - D)S for some 
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S. So the equation V e Ak(E,M) reads B = -C(A - D)~l lC if V 
is close to L. This proves that Ak(E,M) is a smooth algebraic manifold 
of codimension \k(k + 1) and also that TL(Ak(E,M)) corresponds to the 

( B C\ 
symmetric matrices ( t 1 such that B = 0. 

To prove that Ak(E,M) is connected we remark that L —> L n M 
defines a fibration: Ak(E,M) —> G M ^ , with fiber over Mo equal to 
A(M0

7/M0). To explain this, let M0 C M, dim M0 = fc. Then M0 C 
M = Ma C MQ7. Furthermore MQ/M0 is a symplectic vector space with 
symplectic form crmod M0 defined by 

(3.4.14) c r m o d M o ( e i+Mo,e 2 + Mo) = a ( e i , e 2 ) , e i ,e2 G M£. 

If L e A(E), L n M = M0, then also M0 C L = La C M^ and it is easily 
verified that L H-> L/MQ is an isomorphism between the fiber over Mo and 
A ( M Q 7 M O ) . Because both (?M,Jt and A(MQ/MO) are connected it follows 
that Ak(E,M) is connected. □ 

Theorem 3.4.9. A(E)\A°(E,M) defines an oriented cycle fi of codimen­
sion 1 in A(E). TTI(A(E)) ~ Z. The mapping a:j —> 7 • /x = intersection 
number 0 /7 and /i ; 7 e 7Ti(A(i£)); defines a generator of H1(A(E),Z). a 
is called the Maslov-AmoUd index of (E,a). 

Proof. Since only a variety of codimensions 3 in A(E) is attached to its 
regular part A1(E, M), A(E) \ A°(E,M) defines a chain of codimension 
1 in A(E) without boundary. Moreover, it is oriented by defining as the 
positive side at L e A1(E,M) the set of all u € TL(A(E)) such that the 
corresponding quadratic form on L is positive definite on the line Ln M. 

To prove that m(A(E)) ~ Z, and a is a generator of M1(A(E),Z) we 
prove that a is injective and exhibit an element 70 of ITI(A(E)) such that 
7 o - ^ = 1. 

Suppose 7 G 7Ti(A(£')), j-/j, — 0. Represent 7 by a closed differentiate 
curve 7(£), intersecting A(E) \ A°(E,M) only finitely often and only at 
A1 (E, M) and transversally. Then 

7-M= E ± 1 

-r(t)eA1(E,M) 

with +1 if j(t) crosses A1(E, M) from — to + and with —1 otherwise. Now 
let 7(^1) be a positive and 7(^2) a subsequent negative crossing, that is, 
j(i) e A°(E, M) if t\ < t < t2. Connect 7(^1) and 7(^2) by a differentiable 
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curve 6 in A1(EJM), which can be accompanied by nearby curves <5+, 
respectively, <5_ at the positive and negative side of A1(E,M), connecting 
7(*i + £) with 7(^2 - £) and 7(^1 - e) with 7(^2 + e), respectively. Here 
e > 0 is small. Because A°(E, M) is simply connected, the curve 7(t), 
ti + e < t < t2 - £, followed by (<5+)-1 is a contractible closed curve. A 
simple geometric argument shows that the curve j(t), t\ — £ < t < t\ + e, 
followed by <5+, then 7(t), ti— £ <t <t2+ £ and then by (<5-)-1 also is a 
contractible closed curve. So 7 is homotopic to 7(t), t <t\—£, followed by 
(<5_)_1, and then 7(t), t>t2+e. However this curve has two intersections 
less with A1(E1 M). Eliminating in this way all intersections, we arrive at 
the conclusion that 7 is homotopic to a point. 

Now we construct 70. Let P be a nonisotropic two-dimensional sub-
space of (E, a). Then (P, a) is a symplectic vector space and E = P © PCT. 
On canonical coordinates in P , define « oc cos (b \ 1 

, ; x e R > , (f) from 0 to TT. 
x sin <f> J J 

7 P is a closed curve in A(P) and intersects the £-axis only for <f> — ir/2. At 
that point, its derivative 7p ' ( f ) is represented by the quadratic form 

so the intersection is positive. To lift this example to E, let LQ,MO be 
transversal Lagrangian subspaces of the symplectic vector space Pa. Define 

7o(0) - 7PW>) + L0l M = 7P(TT/2) + M0. 

Then 70((f)) intersects A(E) \ A°(E, M) only for <j> = TT/2, in A1 (^7, M) and 
in the positive direction, so 70 • /i = 1. D 

It should be remarked that the definition of a does not depend on the 
choice of M e A(E), because the connected group Sp(j£,]R) acts transi­
tively on A(E) and the intersection number is homotopy-invariant. 

That Sp(.E) acts transitively on A(E) follows from the fact that we 
can for every L, M, Z, M e A(E) such that L n M = 0, L f l M = 0, find a 
symplectic mapping A sending L into L, M into M. We can prescribe A 
arbitrarily (but bijective) on L, and then A is uniquely determined on M. 
(Apply Theorem 3.4.2 and then A is the canonical transformation induced 
by the mapping: L —* L.) 
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To see that Sp(£) is connected, we remark that Sp(.E) is a fiber bundle 
over the connected space A(E), with fiber over L G A(E) equal to the 
group H of symplectic transformations leaving L invariant. H is isomorphic 
to GL(n,i?) x jR(i/2)n(n+i)j i n v i e w o f Theorem 3.4.3 and therefore has 
two components, the component of the identity and the component of the 
matrix that maps e\ to —ei, f\ to —/i, and leaves the other basis vectors 
fixed. Now the group of symplectic transformations sending the linear 
span P of ei and / i into itself and leaving the other basis vectors fixed 
is isomorphic to the group of symplectic transformations of the symplectic 
plane (P, a). But this group is connected, so the two components of H can 
be connected in Sp(E). 

Note that a closed curve 7 is not homotopic to zero if and only if 
it has nonzero intersection number with A(E) \ A°(E,M) for some M e 
A(E) and then any curve 7 homotopic to 7 has nonzero intersection with 
A(JS7) \ A0(£7, M), for every M e A(E). 

Whereas A°(E,M) is diffeomorphic to a vector space, the intersec­
tion A°(E, Mi) n A°(E,M2) is in general no longer connected. The fol­
lowing quantity measures whether L\,L2 are in the same component of 
A°(£, Mi) n A°(£, M2) or not. 

Definition 3.4.2. Let L i , L 2 , M i , M 2 be four Lagrangian subspaces of 
(E,a) such that Lj is transversal to M^ for all j , k = 1,2. Then the 
Hormander index is defined by 

(3.4.15) s(MuM2;L1,L2) = (7, a) , 

where 7 is a closed curve in A(E) consisting of an arc of Lagrangian sub-
spaces from L\ to L2 transversal to Mi, followed by an arc of Lagrangian 
subspaces from L2 to L\ transversal to M2. Here a is the Maslov-ArnoPd 
index. 

Proposition 3.4.10. 3(Mi,M2;Li,L2) = 0 if and only if L\ and L2 are 
in the same connected component of A°(E,Mi) nA°(E,M2). 

Proof. A curve 7 in A°(£',Mi) U A°(E,M2) is modulo 7ri(A°(£,Mi) U 
A°(£,M2)) homotopic to zero in A°(£,Mi)A°(£,M 2 ) if and only if 
(-y5 a) = 0. The proof of Theorem 3.4.9 applies with no change here because 
AX(E, Mi)C\A°(E, M2) is connected: L i-> LnMi is a fibration of this space 
over the lines £ in Mi transversal to Mi n M2, with fiber over I isomorphic 
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to A°(ea/e, (M2 n£a)/£). Both base space and fiber are connected. So if 
(7,0;) = 0 then we can replace 7 by another curve as in Definition 3.4.2 
that is homotopic to zero in A°(E, Mi) U A°(E, M2). 

So we must show that L\, L2 are in the same connected component of 
A°(E, Mi) n A°(E, M2) if and only if 7 is homotopic to zero in 
A°(£,M 2 ) . The "if part follows because A°(E,M1) and A°(E,M2) are 
open in A°(JE?,Mi) U A°(E, M2), the converse is true because A°(£, Mi) 
and A°(E, M2) are simply connected. □ 

Clearly s is integer-valued and continuous (= locally constant) in all 
variables. Moreover: 

(3.4.16) s(Mu M2; LUL2) = -s(MuM2; L2, Lx) = s(M2, M l 5 L2, Lx) 

(antisymmetry in L\,L2 and in M\,M2) and 

(3.4.17) S (M 1 ,M 2 ;L 1 ,L 2 ) + 5(M 1 ,M 2 ;L2,L 3) = s(M1 ,M2 ;L1 ,L3) 

(cocycle condition in the L's). 
We are now going to compute s. 

Definition 3.4.3. If Mi ,M 2 are transversal Lagrangian subspaces, L 
transversal to M2, then sgn (Mi, M2;L) is the signature of the symmet­
ric bilinear form Q(L): (x, y) —► a(Ax, y) on Mi, if L = {x + Ax; x € Mi} , 
A: Mi ->M2. 

L e m m a 3.4.10. If Mi,M2 are transversal (and the Lj transversal to the 
Mk), then 

(3.4.18) S ( M i , M 2 ; L i , L 2 ) - l [ s g n ( M i , M 2 ; L i ) - s g n ( M 1 , M 2 ; L 2 ) ] . 

Proof. s(Mi, M2; Li, L2) is clearly equal to the intersection number of a 
differentiate curve j(t) from L2 to Lx in A°(£, M2) with A(E)\A°(E, Mi), 
intersecting the latter only in its regular part A1(E, Mi) and transversally. 
Now sgn(Mi,M2 ;7(t)) only changes when j(t) crosses A1(E,Mi). We 
claim that it changes by +2, respectively, - 2 , if the crossing is positive, 
respectively, negative. 

Suppose the crossing at t = to is positive. Choose coordinates in Mi 
such that 7(^0) I"1 M\ is the a; 1-axis and 
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for some symmetric, nonsingular (n — 1) x (n — 1) matrix Q0. Now 

(3.4.19) sgn(c' (p)=sSnD + s&n[B-CD~lc'} 

if D is nonsingular, in view of the formula 

'I -CD~l\(B C\f I 0\ _ SB-CD-^C 0 

Here CD~1C vanishes of second order as C = 0, so 

sgnlB^-C^-Dit)-1^)'} 

jumps by +2 if t passes to, B(to) = C(to) = 0, D(to) — Qo, Bf(to) positive. 
Note that sgn D(t) remains constant. 

Finally we remark that 

7 ( t ) = {x + A{t)x\ x G Mi}, A(t): Mx -► M2 

= fa + A$)y\ V G 7(*o)}, i ( t ) : 7 ( t 0 ) -> M2. 

So A(t) = A(t0) + A(t)(I + A(t0)) on Mx, hence 

(3-4.20) jfW)** y^o = Jt*^^ V)t=t0 

if x, y G 7(*o)nMi. So -B'(to) is positive if and only if 7(t) crosses A J(E, Mi) 
in the positive direction. □ 

Lemma 3.4.11. sgn (Mi, M2;L) = - sgn (Mi ,L;M 2 ) if Mi, M2 , L are 
mutually transversal. 

Proof. We can write 

L = {x + Ax; x G Mi} , A: Mi -> M2 

M2 = {y + By;y G Mi}, 5 : Mi -> L. 

If x G Mi, then (x + Ax) 4- Bx = (x + Bx) + Ax belongs to both L and 
M2, hence x + Ax + Bx = 0. So 

a (Ax, y) = -cr(Bx, y), x,y G Mx. D 

Theorem 3.4.12. If Mi,M2,L±,L2 G A(E), L,- transversal to Mk for 
j,k = 1,2, then 

(3.4.21) s(Mi,M2;Li,L2)-i[sgn(Mi,L2;M2)-sgn(Mi,Li;M2)]. 
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Proof. Note that the right-hand side is well-defined and that (3.4.21) holds 
if M\, M2 are transversal in view of Lemmas 3.4.10 and 3.4.11. Now assume 
dim Mi D M2 = k; let j(t) be a curve in A(E) such that 7(0) = M2 and 
7'(0), regarded as a quadratic form on M2, is positive definite on M\ n M2. 
Then, using formulas analogous to (3.4.19), (3.4.20) we obtain that j(t) is 
transversal to M\, 

sgn (Mi, L2; -y(t)) = sgn (Mi, L2; M2) + k 

sgn (Mi, Li; 7( t)) = sgn (Mu Lx\ M2) + k 

if t > 0 is small. This proves (3.4.21) because it holds M2 is replaced by 
7(t), t > 0, small, and the left-hand side is locally constant in M2. □ 

R e m a r k . sgn(Mi,L; M2) is not continuous in Mi, M2, L, it is only con­
tinuous if we restrict to triples such that L is transversal to Mi and M2, 
and dim Mi n M 2 is constant. Because s is expressed in terms of signatures 
of quadratic forms it is sometimes also referred to as a "Morse index." For 
more information regarding A(E), not found in Arnol'd [5] or Hormander 
[40], 3.3, see Fuks [30]. (This article discusses rather special questions.) 

3.5. Symplectic differential geometry 

Suppose (M,a), (N,T) are symplectic manifolds. A symplectic map­
ping from (M, a) to (N, r ) is a differentiate mapping $ such that $*T = 
cr, that is, D$m is a symplectic linear mapping from (Tm(M),crm) to 
(T$(m)(iV),r$(m)) for all m e M. This implies that $ is an immersion, 
so dim M < dim N and <I> is a local diffeomorphism if dim M = dim N. If 
N — T*(X), r — canonical 2-form, then $ is also called a canonical map­
ping, and a canonical coordinatization if X = M71. Example: if K is a local 
diffeomorphism: X —> Y then the induced mapping k:T*(X) —► T*(Y), 
defined by k(x,£) = («(x), ^DKX)'1 • (£)), is a canonical transformation. 
See the remark after Theorem 3.4.2. 

Definition 3.5.1. Let v be a C°° vector field on a symplectic manifold 
(M,a), & its flow on M. Then v is called a symplectic vector field or an 
infinitesimal symplectic transformation, if the <£* are symplectic transfor­
mations: (Ut,a) —* (M, cr). 

T h e o r e m 3.5.1. The following assertions are equivalent. 
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(i) v is symplectic 
(ii) Cva = 0 

(iii) d(a | v) = 0, that is, a \ v = df (locally) for some C°° function f. 

Proof, (i) means that ($*)V = a for all t, which is evidently equivalent to 
(ii), in view of the definition (3.2.15) of the Lie-derivative. The equivalence 
with (iii) follows from Theorem 3.2.5, remarking that da = 0, and the 
Poincare lemma. □ 

Definition 3.5.2. For any / G C°°(M) the Hamilton field H/ is the unique 
C°° vector field v on M such that df = -(a | v). 

Here it is used that am is an isomorphism: Tm(M) —> Tm(M)* for 
each ro 6 M, in view of the nondegeneracy of a. Note that each Hamil­
ton field is symplectic and that conversely each symplectic vector field v is 
locally the Hamilton field of some function / , which then is called a Hamil­
ton function for v. Note that the Hamilton function is unique modulo a 
constant, and that a global Hamilton function always can be found if and 
only if H1(M,R) = 0 (see Theorem 3.2.7), which in turn is the case if M 
is simply connected. 

Theorem 3.5.2 (Jacobi). Suppose (M,<r) and (N, r ) are symplectic man­
ifolds of the same dimension and let 3> be a symplectic mapping: (M, a) —► 
(N,T), then 

(3.5.1) $*Hf = H**f for every f eC°°{N). 

Conversely, if (3.5.1) holds for f = fj where the d($*fj)m span Tm(M)* 
for all m G M, then $ is symplectic. 

Proof. In view of (3.2.19), (3.2.14) we have $*r | <f>*Hf = $ * ( T | Hf) = 
- $ * df = -d$*f. So <3>*r = a implies (3.5.1), while conversely (3.5.1) 
implies 3>*r = a when taken inner product with $*Hf. Note that if the 
d($*fj)m span Tm(M)*, then D$m is injective. Also the (dfj)n must span 
Tn(N)*, which implies that the Hfj (n) span Tn(N). So the $*#/,. (m) span 
Tm(M), and ($*r - a)m = 0 on them implies $*r = a. □ 

Definition 3.5.3. If f,g G C°°(M) then the Poisson brackets {f,g} G 
C°°(M) are defined by 

(3.5.2) {f,g} = Hfg = a(Hf,Hg). 
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Corollary 3.5.3. The functions xit... ,xn, £ i , . . . ,£n form a canonical 
coordinatization of(M, a), dim M = 2n, if and only if for alli,j = 1,..., n: 

(3.5.3) {xiXj} = °, fc^j} = °> fc^j} = <%• 

Proof. Follows immediately from Theorem 3.5.2 and the remark that 
(3.5.3) hold for the coordinate functions x i , . . . ,xn, £ i , . . . ,£n i nE n x(R n )* , 
where W1 x (W1)* is provided with the canonical 2-form. Also note that 
(3.5.3) implies that the dxi,..., dxn, d£ i , . . . , d^n are linearly independent 
of each point. For the Hamilton fields we obtain the formula 

(3-5.4) tf, = ^ _ _ _ _ _ _ __j 

for a differentiable function / on l n x (__n)*. (Compare this also with 
(2.5.7).) □ 

Theorem 3.5.4. For f,g e C°°(M) we have 

(3.5.5) [Hf,Hg]=H{f>g}. 

Proof. Let _* be the f_/-flow. Then, using (3.1.8) and the fact that the 
_* are symplectic, we have: 

[#/>#_] = ^($*)*#ff | t =o = Jt
H(^Yg\t=o = HHfg- □ 

Corollary 3.5.5. C°°(M) is a Lie-algebra with the Poisson brackets prod­
uct. 

Proof. The antisymmetry follows from (3.5.2) and the antisymmetry of 
a. For the Jacobi-identity we remark that 

{fd9,h}} + {gAhJ}} + {h,{f,g}} = (HfoHg-HgoHf)h-H{f,g}h = 0 

in view of (3.1.24) and (3.5.5). □ 

The following theorem expresses that all symplectic manifolds of the 
same dimension are locally symplectically isomorphic. (This is very differ­
ent from the situation with Riemannian manifolds!) 
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Theorem 3.5.6 (Darboux). Suppose (M,a) is a symplectic manifold. 
Then dim M is even, say 2n, and for each TRQ G M there is a canoni­
cal coordinatization of a neighborhood U of TUQ. 

The main step in the proof is the following. 

Theorem 3.5.7 (Jacobi). Suppose the C°° functions f i , . . . ,£fc on a neigh­
borhood U of UIQ are in involution, that is 

(i) d£i,..., d£k are linearly independent at each m eU, and 
(3.5.6) 

(ii) {&,£,•} = 0 for aliiJ = l , . . . , fc . 

Then k < n and there exists a neighborhood U of mo and £fc+i,... ,fn G 
C°°(U) such that f i , . . . , £n are in involution on U. 

Proof. The linear independence of the d^\,..., d£k is equivalent to the 
linear independence of the H^,..., H^k. The condition (ii) means in view 
of (3.5.2) that the span Sm of the H^(m), 1 < i < /c, is an isotropic 
subspace of (Tm(M),crm), hence k < n (see Proposition 3.4.1). 

Now let k < n. The problem is whether we can find a function £ = £k+i 
such that the fi,...,ffc,£jfe+i are in involution. We have automatically 
{ ^ } = 0 s o w e only need to solve 

(3.5.7) {&,£} = J J ^ = 0, i = l , . . . , fc , 

with a solution £ such that d£ is linearly independent of the d&. 
Now (ii) implies, because of (3.5.5), that the Hamilton fields H^ com­

mute, so in view of the Frobenius theorem (Theorem 3.1.1) we can choose 
local coordinates on which H^ — d/dxi (we do not need these local coor­
dinates to be canonical). We therefore can solve (3.5.7) and even prescribe 
£ on any manifold T that is transversal to the span Sm of the H^, that is, 

(M)=Tmo(T)® 
Now choose u G (5mo)CT, u £ Smo (see the proof of Proposition 3.4.1), 

choose T such that u G Tmo (T) and finally £ such that d£mo (u) ^ 0. This 
means that H^(mo) is not cr-orthogonal to a vector u to which each H^ (mo) 
is a-orthogonal, so d^rno is linearly independent from the (d£i)mo. □ 
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Proof of the Darboux theorem.* In view of Theorem 3.5.7 we can 
construct £i , . . . , f n> which are in involution on a neighborhood of mo-
Suppose we have in addition a set of functions x\,..., Xk such that 

{xi, Xj} = 0 for all i,j = 1 , . . . , k 

fe, Xj} = 6ij for all i = 1 , . . . , n, j = 1 , . . . , k. 

These equations imply that the H^,..., H^n, HXl,..., HXk are linearly-
independent, and commutating so we can find x = Xk+i such that these 
equations hold with k replaced by k + 1. So we finally find £ i , . . . , £ n > 

xi,...,xn satisfying (3.5.3). □ 

Knowing that any symplectic manifold admits local canonical coordi­
nates, the volume introduced in the following theorem gets more meaning. 

Theorem 3.5.8. Let (M, a) be a symplectic manifold, dim M = 2n. 
Define 

(3.5.8) LJ = — ( - l )v 2 )o- A<7-«- ACT (n times). 

Then 

(3.5.9) UJ = K*(d£i A • • • A d£n A dxx A • • • A dxn) 

for each local canonical coordinatization K. LJ is called the canonical volume 
of(M,a). 

Proof. In Rn we have 
n n 

(2_] d£i A dxi J A • • • A ( 2_\ d£i A dxi J (n times) 

= n ! ( - l ) ( 2 ) d^i A • • • A d^n A dxi A • • • A dxn. 
Theorem 3.5.9 (Liouville). Let <£* be the flow of a Hamilton field on a 
symplectic manifold (M,o~). Then ($t)*o; = u for all t, if u denotes the 
canonical volume of (M, a). 

Proof. Use ($*)V = a and (3.2.13). □ 

* A simpler proof is given by Weinstein [81], but we need Theorem 3.5.7 
in the applications anyhow. 
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The theorems of Darboux and Jacobi are in general only locally valid. 
The following theorem shows how restrictive the existence of a global set 
of functions / i , . . . , fn in involution really is. 

T h e o r e m 3.5.10 (Arnol'd [1]). Suppose (M,a) is a symplectic manifold 
of dimension 2n, let / i , . . . , fn be in involution on M, and finally assume 
that the Hamilton fields Hfx,..., Hfn are complete, that is, their solution 
curves are defined for alltGR. 

Then f: m —* ( / i (m) , . . . , / n (w) ) defines a submersion from M onto 
an open subset of Rn. Each connected component of each fiber is diffeo­
morphic with a cylinder Tk x Rn~k, here Tk = Rk /Zk is the k-dimensional 
torus, and 

is a transitive group action of M.n on it. Here 3>* denotes the Hfi -flow. 

Proof. The linear independence of the dfi implies that / defines a submer­
sion. In particular the fibers Vc = {m G M; f(m) = c} are n-dimensional 
smooth submanifolds of M. The Vc are invariant under the if^-flow be­
cause Hf.fj = {fi,fj} = 0. 

Because the Hfi commute, also the <!>** commute in view of Frobenius' 
theorem. So $ is a group action of W1 on each connected component Y of 
Vc. The image of a point under the action $ is open because the Hfi span 
the tangent space of Y (use the implicit function theorem). Its complement, 
being ^-invariant, is also open, and we conclude that $ is transitive on Y. 

For a transitive action of any Lie group G on a topological space Y 
it is known that Y is diffeomorphic to G/Sm, where Sm is the stationary 
group or isotropy group 

Sm = {g e G; g(m) = m}. 

In our case, using again the implicit function theorem, we find that Sm is 
discrete, which implies that Y has the form Tk x Rn~k. 

R e m a r k . The submersion / need not be a fibration. Example: Take n = 1 
and f(x,£) = | £ 2 — cosx, the total energy function of the mathematical 
pendulum, defined on 

M = ((R/2TTZ) X R ) \ {(0,0), (TT, 0)}, 
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the complement in the phase space of the set of equilibrium points. On the 
open ify-invariant subsets 

Af#i = { ( x , O e M ; / ( a ; , 0 ^ 1 } , 

/ is a fibration with fibers diffeomorphic to circles, whereas the fiber / = 1 
is diffeomorphic to two copies of R. 

In general one can prove, by means of the implicit function theorem, 
that if a connected component T of VCo is compact, hence diffeomorphic 
to Tn, then the Sm(c) C Rn depend smoothly on c, where we can arrange 
m(c) G Vc to depend smoothly on c, for c near Co and ra(co) € I \ In 
this case / is a smooth fibration with toral fibers, on an H/{-invariant open 
neighborhood of T in M. The problem with noncompact T is that elements 
of Sm can "enter from infinity". 

In the classical literature (see Whittaker [82], p. 323) the flow of a 
Hamilton field Hf is called completely integrable if there exist global func­
tions /2, • . . , fn such that / , / 2 , . . . , fn are in involution. This terminology 
is consistent with the definition of an integral for the #/-flow as any Hf-
invariant function g such that its differential is linearly independent of df 
(and df never vanishes), only if n = 2. For n > 2 the existence of linearly 
independent integrals / 2 , . . . , fn is not sufficient for complete integrability 
since we also need the relations {/j, fj} = 0 for i ^ j , i, j = 2 , . . . , n. 

A curve t —* 7(t) on a manifold M is called quasiperiodic if it is 
contained in a submanifold V of M for which there exists a diffeomorphism 
<£: V —> Td, and a constant vector field w on Td, such that $07 has constant 
velocity in Td. Note that if k = n in Theorem 3.5.10 then each Hfi has only 
quasiperiodic solution curves. It is a deep result of Kolmogorov-Arnol'd 
[6] and Moser [66], that small Hamiltonian perturbations of an integrable 
vector field Hf (with compact fibers of (/1, / 2 , . . . , / n ) and with "generically 
moving" Sm) still have many invariant tori on which the motion is quasi-
periodic. 

3.6. Lagrangian manifolds 

Definition 3.6.1. Let (M, a) be a symplectic manifold, dim M = 2n. 
A submanifold V of M is called isotropic, Lagrangian, and involutive in 
(M,<r) if Tm(V) C Tm(Vy, Tm(V) = Tm(Vy, and Tm(Vy C Tm(V) for 
all m G V, respectively. 

Note that if V is isotropic, Lagrangian, and involutive then dim V < n, 
dim V = n, and dim V > n, respectively. Conversely if V is isotropic or 
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involutive and dim V = n then V is Lagrangian (see Proposition 3.4.1). 
The following lemma explains the relation with "involutive" in Theorem 
3.5.7. 

Lemma 3.6.1. Let V locally be defined by fx = ■ • • = fk = 0, f3■, E C°°(M), 
dfj linearly independent at V. Then V is involutive if and only if 

(3.6.1) {fijj} = 0 on / 1 = . . . = /Jb = 0 forall t, j = 1 , . . . , k. 

Proof. 
k k k 

Tm(V) = Q ker (^)m = 0 [Hh(m)Y = ( E M * Hfi(m)Y> 
i= l i = l i = l 

Jfe 
so Tm(V)a = J2 R • Hfi(m). Therefore Tm(V)CT C Tm(V) just means that 

i = l 
the Hfi are tangent to V, which is exactly (3.6.1). □ 

Theorem 3.6.2. Let V be a C°° submanifold of codimension k in M. 
Through each m G V there passes a Lagrangian manifold L C V if and 
only if V is involutive. 

IfV is involutive then the Tm(V)CT, m e V form an integrable tangent 
system in V, the integral manifolds of which are called the characteristic 
strips of V. A submanifold Mo of codimension k in V is symplectic if 
and only if it is transversal to the characteristic strips. If this is the case 
then for any Lagrangian manifold LQ in (Mo, a) there is locally exactly one 
Lagrangian manifold L in (M, a) such that LQ C L C V, L is equal to the 
union of the characteristic strips passing through points of LQ . 

Proof. If through m eV there passes a Lagrangian manifold L CV then 

(3.6.2) Tm(v) D Tm(L) - Tm{LY D Tm(V)a. 

This shows that V is involutive, if this happens for each m 6 V. 
Now suppose V is involutive. Representing it locally by f\ — • • • = 

fk = 0, with the dfi linearly independent, we see from 3.6.1 that d{/»,/j} 
is a linear combination of the dft (at V), hence [Hf^H^] = Hy.j^ is a 
linear combination of the Hfe. So the Tm(V)a form an integrable tangent 
system according to Frobenius' theorem (Th. 3.1.1). 



3.6. Lagrangian manifolds 77 

Now let M0 be a submanifold of codimension k in V. Then (M0,cr) 
is symplectic if and only if Tm{M0) n Tm(M0)a = (0). Now Tm(M0) C 
Tm(V) so T m (VT C TmiMoY so necessarily Tm(M0) n Tm(V)a = (0). 
Conversely, if Tm(M0) n Tm(F)CT = (0) then Tm(Mo)CT + T ^ V ) - Tm(M) 
so T m (M 0 ) C T nr m (y) is fc-dimensional, hence Tm{yy = Tm(M0)a nTm{V) 
and Tm(Mo) n ^ ( M o ) ^ = (0). 

Now let Mo be of codimension h'mV and transversal to the character­
istic strips, and let LQ be a Lagrangian submanifold of (Mo,a). In view of 
(3.6.2) the characteristic strips are tangent to any Lagrangian submanifold 
L of V so if in addition LQ C L then L contains the characteristic strips 
passing through points of L0 (locally). Now define L locally as the union 
of the local characteristic strips through points of Lo, more precisely: 

(3.6.3) L= { ^ o . - . o ^ m ) ; m e U D L0, (tu . . . ,tk) G T } , 

where U is a neighborhood of ra0 G L0 on which V is defined by / i = 
■ • • = fk — 0 with linearly independent d/j, $* is the H^-flow and T is a 
neighborhood of the origin in Rfc. 

Then the differential at (0, mo) of the mapping: (*i,. ..,£&, TO) »-> $£fc o 
• • - o ^ 1 (m): Tx (UnL0) has rank n because of the transversality of r m o (L 0 ) 
and TmQ(V)a, so we conclude that for T, U sufficiently small, the mapping 
is an embedding and the image L is an n-dimensional smooth submanifold 
of V, U D Lo C L. Because L D L (locally) and dim L = dim L, we 
conclude the local uniqueness in the theorem. 

To prove the existence part we only have to show that L is actually 
Lagrangian. Define 

(3.6.4) Lx = { ^ ( m ) ; meUnL0, tx GTi} , 

where T\ is a sufficiently small interval in R around 0. Then, for TO = 
$J(m) G U D L0, we have 

Tm(Li) = Tm(L0) + R • tf/x(m), 
so 

TmCLi)' = Tm(L0)a n ker d/i,m D Tm(L0) + R • # / X (TO) 

because r m (L 0 ) C Tm(V) implies Tm(V)a C T m (L 0 ) a we conclude that 
Tm(Li) is isotropic if TO G C/nL0. However, T$t (m)(Li) = D$[trn(Tm(Li)) 
is then also isotropic because D$\ is a symplectic linear mapping: 
T^M) —> T$»(m)(M). So we conclude that Li is isotropic. Repeating 
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the arguments we find that 

(3.6.5) Le = {$ t / ---$ t
1

1(m), meUDLo, (tu ■ - • ,i) € T£} 

is an isotropic submanifold of dimension n — k+£ if C/ and T^ are sufficiently 
small neighborhoods of mo and the the origin in Re, respectively. The 
building-up stops at t — k where we find a Lagrangian submanifold L = Lk 
through m0, U D L0 C L C V. Piecing together these local solutions along 
Lo we get a Lagrangian manifold L such that LQ C L C V, in view of 
the local uniqueness this involves no problems. If one admits immersed 
submanifolds in V, then one can also conclude that there exists a unique 
maximal immersed Lagrangian manifold L in V containing Lo- □ 

Application of Theorem 3.6.2 to the case that M = T*(X), V given by 
equation f\ — • • • = fk = 0, we obtain the following theorem ori (nonlinear!) 
first-order differential equations of the form 

(3.6.6) /i(:r, d(f>x) = • • • = fk(x,d<t>x) = 0. 

The result is usually referred to as Hamilton-Jacobi theory, but we follow 
Lie's presentation. 

Theorem 3.6.3. Let / i , • • •, /jt be real Cr functions on an open subset Q, 
ofT*(X), 2 < r < oo, such that df\,..., dfk are linearly independent at 

v = {(x,o e n; /i(x,0 = • • • = A(a:,0 = o}. 
For e^ery (rr,^) € V there exists a C2 solution <f> of (3.6.6) on a neighbor­
hood of x and such that d(f)x = £, only if the / i , . . . , fk are in involution 
and 

(3.6.7) d^fi,..., d^fk are linearly independent at V. 

If conversely these conditions are satisfied then for any (£o,£o) € V, 
any (n — k)-dimensional submanifold Q of X through XQ that is transversal 
to the linear span of the d^fi(xo,^o), i = 1 , . . . , k, and any Cr function ip 
on Q such that dipXo = £OIT rn\> there is a locally unique Cr solution (p 
such that 

(3.6.8) 0 = V on Q. 

Moreover, the graph of d<f) in T*(X) is a union of bicharacteristic strips, 
that is, it is invariant under the H^-flows, i = 1,..., k. 
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Proof. If (f) is a C2 solution then the graph L of d(j) in T*{X) is a La­
grangian C1 manifold contained in V, such that Dir^^y. T(X)£)(L) —► 
TX{X) is injective. See Proposition 3.3.2. Because 

k 

r(x,0 (L) D r(Xi0 (vy = $ > • # / , (*, o 

it follows that the Dir^^Hf^x,^) = G^/*(£,£) are linearly independent 
for i — 1 , . . . , k. It follows also that V must be involutive. 

Now assume that V is involutive and (3.6.7) holds, and let Q, if> be as 
above. It follows then from the implicit function theorem that the equations 

(3.6.9) e|T x ( Q ) = # x , / i ( z , 0 = • • • = / f c (x ,0 = 0 

for every x £ Q have exactly one solution £x 6 TX(X)* locally (close to £o)> 
and that £x depends C r _ 1 on z. 

Its graph Lo = {(£>£x) € T*(X);x G Q} is an (n — fc)-dimensional 
isotropic submanifold of V (because {(#,£) G T*(X); a; G Q, £|T ,Q ) = 
di/)(x)} is a Lagrange manifold) that is transversal to the characteris­
tic strips of V. Application of Theorem 3.6.2 leads to a locally unique 
Lagrangian C r _ 1 submanifold L in V, containing Lo- DTT^XO^ maps 
T(XO)£o)(L0) onto TXo(Q) and the Hfi(x0,€0) on the ^ / i (x 0 , ^o ) , hence is 
surjective: T(XOi^0)(L) —► TXo(X). So, in view of the "if part of Proposi­
tion 3.3.2, locally L is the graph of dcj), 4>&Cr function on a neighborhood of 
XQ. 0 is locally uniquely determined modulo a constant, so we can arrange 
that (p(xo) = ip(xo). But dxj>\Q = di/)\0 then implies (3.6.8). □ 

The images in X under 7r of the characteristic strips are called the 
(base) characteristics of the functions / i , . . . , /fe, or rather the manifold V. 
In general the characteristics through x € X depend on the choice of £ G 
TX(X)*. The only possibility that they do not depend on £ is: fi(x,£) = 
(vi(x),^) + aj(x), Vi a vector field in X, which means that we are dealing 
with linear first-order partial differential equations of the form Vi4> + a* = 
0. The condition of the linear independence of the d^fi means that the 
Vi(x), i = 1 , . . . , k are linearly independent. The involutiveness condition 
is equivalent to the existence of functions XZ

£
J such that 

(3.6.10) [fi.fi] = X > ? « * 

(3.6.11) V{aj — Vjai = — V^ X*/at. 
t 

http://fi.fi
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So for the Vj we just get the Frobenius integrability condition, the integral 
manifolds of [v\,... ,fjt] are the base characteristics. 

An important example of a nonlinear first-order partial differential 
equation is the equation describing the characteristic hypersurfaces of an 
m-th order linear partial differential operator 

(3.6.12) P(X,A)= ^ „ W S " 
\a\<m 

with complex-valued C°° coefficients aa(x). Then for any </> E C°°(X) the 
function e~lT^P(elT^) is a polynomial in r of degree m. The coefficient of 
Tm is equal to p(x,d(f)x) where the principal symbol p is defined by 

(3.6.13) P(x,t)= E «a(a:)-(iOa. 
|a |=m 

Now a hypersurface that locally is described by an equation of the form 
0 = constant, <f> a real C°° function on X, dcf) ^ 0, is called characteristic 
for the operator P if 

(3.6.14) p{x,d(j)x)=0. 

This is a nonlinear equation for <j> as soon as m > 1. Theorem 3.6.3 now 
applies in two cases: 

(i) p is real and d$p(x,£) ^ 0 if p(x,£) = 0, £ ^ 0, 

(ii) p is complex and, if p(rc,£) = 0, £ ^ 0, then: 
(iia) {Re p, Im p} = 0, 
(iib) d$ Re p, e^ Im p are linearly independent. 

In both cases the characteristic strips of the "characteristic variety" 
p(x, £) = 0 are called the bicharacteristic strips of P; in the first case they 
are one-dimensional and in the second case, two-dimensional. The pro­
jections of the bicharacteristic strips into X are called the bicharacteristic 
curves and surfaces of P , respectively. 

The homogeneity of p in £ has an interesting consequence for the solu­
tions <f> of (3.6.14). First assume that p is real, let (x(t),£(t)) be a bichar­
acteristic strip for P . Then 

jt<t>{x{t)) = #,«) • ̂  = m ■ diP(x(t),m) 
= mp(z(t),,£(*)) = 0 . 
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Here we used 

(3.6.15) dzp(x,Z)-£ = mp(x,Z) 

(Euler's identity), which is equivalent to the condition that £ H-> p(x,£) is 
homogeneous of degree m. This can be seen by differentiating p(x, r£) with 
respect to r . 

So 0 is constant on the bicharacteristic curves. In other words, all 
characteristic hypersurfaces </> = <f>(xo) for P , such that d(f>Xo — £o> have the 
bicharacteristic curve through XQ with respect to £o in common. For more 
information on the role of the solutions of (3.6.14) in asymptotic solutions 
of partial differential equations, see pages 9 and 10 in the Introduction. 

Theorem 3.6.3 has been formulated only locally. Obstructions for the 
existence of global solutions are: 

(i) Nonvanishing Hl(X, R). Indeed, let L be a Lagrangian manifold in 
/ i — ' ' • fk — 0 s u c n that 7r: L —* X is a diffeomorphism. Then L is 
the graph of a 1-form X on X, dX — 0. For every such one form there 
exists a function <p with d(f> = A if and only if Hl{X, R) = 0. 

(ii) 7r: L —> X can have bijective differential everywhere, without being 
bijective (multiple covering). 

(iii) The mapping ir: L —> X can have singularities, that is, there can exist 
(x,£) G L such that Dir^x^y. T(X^(L) —* TX(X) is no longer injective. 
In other words, T(X>^)(L) has nonzero intersection with the tangent 
space ker Dir^x^ ~ TX(X)* of the fiber TX(X)*. This is the most 
important and irrepairable obstruction: it can for instance happen 
that L is a neighborhood of (#,£) on the graph of d(p, but that its 
flow-out along the Hamilton field Hj leads to a "turning vertical" 
of the tangent space of L. This effect is, for instance, responsible 
for the occurrence of caustics in geometrical optics. There is a close 
connection between the theory of "catastrophies" of Thorn [80] and 
the appearance of caustics. 

We finally remark that the main point of the proof of Theorem 3.6.2, 
namely the fact that the condition of being isotropic is invariant under 
the action of one-parameter groups of symplectic transformations $2> n a s 

been stressed by S. Lie. (See Engel and Faber [27]. Another classic on this 
subject is Caratheodory [13]. These books also give references to the older 
literature on Hamilton-Jacobi theory.) 
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3.7. Conic Lagrangian manifolds 

A submanifold L of T*(X) \ 0 = {(x,£) G T*(X); £ ^ 0} is called 
conic if 

(3.7.1) (x,£) G L =4> (:E,T£) G L for all r > 0. 

The set of (a;,T^), r > 0 is called the cone axis through (x,£). Elements 
u G T (X)0(T*(X)) will be denoted by (&r,<5£), to = % , o W € ^ ( X ) . 
If Sx = 0 then n is tangent to the fiber and can invariantly be written 
as (0,<5£), 6£ G TX(X)*. Note that <5£ = 0 or (6x,6£) *-+ 6£ do not have 
coordinate invariant meaning. 

Proposition 3.7.1. An n-dimensional closed submanifold L ofT*(X)\0 is 
a conic Lagrangian manifold if and only if the canonical 1-form a vanishes 
on L. 

Proof. If L is conic then (0,f) G T{x,o(L) f o r a11 (x>0 € L- I f L i n 

addition is isotropic, then 

(3,,, o«>(S)-^-(G0).(S))-0 
fora]l(^)eT(,,0(L). 

If conversely a — 0 on I/, then a = da = 0 on L, so L is Lagrangian. 
Moreover (3.7.2) shows that (0,£) G T (x^ )(L)cr = T(X>€)(L) so the vector 
field (z,£) —► (0,£) is tangent to L. The cone axes, which are the integral 
curves of L, therefore are contained in L. Note that these curves cannot 
run off L because L is assumed to be closed. □ 

If V is a fc-dimensional submanifold of X, then we define its normal 
bundle in T*(X) by: 

(3.7.3) VL = {(x,£) G T*(X); a: € V, £(&*) = 0 for all 6x G Tx(V)}. 

It is clear that {£ G TX(X)*; £ = 0 on TX(V)} is an (n — fc)-dimensional 
linear subspace of TX(X)* for all a; G V, so V-1 is an n-dimensional C°° 
submanifold of T*(X) (and at the same time a vector bundle over V). 

Proposition 3.7.2. V1- \ 0 is a conic Lagrangian manifold. Conversely, 
if L is conic Lagrangian and the rank of Dir^^: T(X)£)(L) —> TX(X) is 
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constant equal to k for all (x,£) € L, then each (x,£) £ L has a conic 
neighborhood T such that 

(i) V = 7r(L n T) is a k-dimensional C°° submanifold of X, 

(ii) L D T is an open subset of V1-. 

Proof. Tangent vectors at (rr, £) to V1- are of the form (8x, 8£), 8x € T(V). 
Because £ _L TX(V), 

a(x,0 f ^ ) = €(6x) = °-
For the converse we remark that (i) follows by the implicit function 

theorem, whereas r n L c t^1" follows from the fact that a vanishes on L. 
Because dim L = dim V1, it follows that T D L is open in V1-. □ 

R e m a r k . If L in addition is closed and n - k = codim V > 1, then 
we can choose T such that T D L = V1-. The reason is that in this case 
L fl TX(X)* is an open and closed subset of T^V)1- \ {0}. (If codim V = 1 
then TX{V)L \ {0} has two components.) 

In general the collection of points (x,£) where the rank of Dir^^y. 
T(Xj^)(L) —► TX(X) is > k, forms an open conic subset of L. The rank 
therefore is locally constant in an open dense conic subset of L, so "almost 
everywhere" L is equal to an open cone in a normal bundle. That this rank 
can jump follows from the following description. 

Proposition 3.7.3. An n-dimensional submanifold L of T*(X) \ 0 is 
a conic Lagrangian manifold if and only if every (x,£) 6 L has a conic 
neighborhood T such that LOT — A^ for some nondegenerate phase function 
(f). (See (2.3.10) for the definition.) 

Proof. To prove that A^ is a conic Lagrangian manifold we must show 
that a = 0 on A^, that is 

(3.7.4) dx(f)(8x) = 0 if de<t> = 0, (6x,66) G T ^ ) . 

Now the homogeneity of 0 implies that d#0 • 6 = <j>{x, 6). So (f) — 0 on C^, 
and therefore 

dx(j){8x) + de<f>(S9) = 0 for [8x, 86) € T ^ ) , 

which implies (3.7.4). 



84 3. Symplectic Differential Geometry 

For the converse we have to find a nondegenerate phase function such 
that L = A<£ (locally). Now suppose that for some induced local coordina-
tization the projection 

(3.7.5) L 3 (xu . . . ,x„, & , . . . ,£n) ^ (fi, • • • ,&») 

has an injective, hence bijective differential. This means that L is locally 
of the form 

{(*(0>0> £ € (Mn)*} for some x(£): (Mn)* -» Kn. 

The condition that L is Lagrangian implies that dx = 0, x regarded as a 
1-form on (Rn)*. So locally x(f) = dH(£) for some C°° function H(£). 
Because L is conic, x(£) is homogeneous in £ of degree 0 and we can choose 
il(£) homogeneous of degree 1. Now take 

(3.7.6) 0(x,£) = (x, 0~H(0-

Then d^(p(x, f) = 0 <^ a; = dH(£), dx(f)(x, £) = £, so A^ = L locally. D 

The problem that remains in the above proof is to choose local coordi­
nates making the above construction possible. This is taken care of by the 
following lemma. Note that for any finite number of Lagrangian subspaces 
Mi,..., Mfc in T(X£)(T*(X)) one can always find a Lagrangian subspace 
M that is transversal to all the M*, i = 1 , . . . , k. (The A°(E, Mi) are dense 
in A(iS), see Theorem 3.4.7.) In particular we can choose M transversal to 
both T(X£)(L) and the tangent space of the fiber. 

L e m m a 3.7.4. Let (x°,£°) G T*(X) \ 0, suppose M is a Lagrangian 
subspace ofT(xot£0)(T*(X)) that is transversal to the tangent space of the 
fiber (the latter space also is Lagrangian). Then there is an induced local 
coordinatization such that M is equal to the tangent space of the manifold 
( 6 , . . . , « » ) = (€?,••■■ €2). 

Proof. On arbitrary induced local coordinates M is of the form {(6x, 6£); 
6£i = Yl Aijfixj} for some symmetric matrix Ay (see the proof of Theorem 

j 
3.4.7). Because £° ^ 0 we can choose Ak^ such that X M J ^ = A^. Now 
substitute 

(3.7.7) Xk=yk-\Y^A%yiVr 



3.7. Conic Lagrangian manifolds 85 

Then on the new induced coordinates (6y,8r)) is, at x = y = 0, £ = £°, 
given by (see (3.3.1)) 

6yk = 6xk, 

<% =6£k-'52 Mk 6xi $ = S&-Y^ A^ 6xi-

But this means that M coincides with the space 8rjk —0. □ 

As we have seen in Lemma 2.3.5, the minimum number N of auxiliary 
variables 9\,...,0N in the phase function <f>(x,6) describing L is equal to 
dim[T(a.^)(L) n T(x,£)(fiber)]. (The condition that L is conic implies that 
N is at least equal to 1, because L has the cone axis in common with 
the fiber.) That this dimension, equal to n minus the rank of projection: 
L —> X, can jump can be seen in the following example. 

Example . Take in T*(R2) \ 0 the conic Lagrangian manifold L defined by 
0(x,O = ( x , 0 - # (£) , H(0 = f i / f i . (&,&) in a conic neighborhood of 
(0,1). The projection of L in X has a cusp at the origin, exactly there the 
rank of the projection dropped from 1 to 0. 

It is also easily verified that the normal bundles of submanifolds of 
V of X are precisely those conic Lagrangian manifolds defined by a phase 
function 

n—k 

(3.7.8) <KM) = YlfoW'9* 

which is linear in 6. Here the <j>j are such that 

(3.7.9) V - {x e X- fa(x) = • • ■ = 4>n-k(x) = 0}. 

A characterization similar to Proposition 3.7.3 also holds for arbitrary 
(non-conic) Lagrangian submanifolds of T*(X), dropping the homogeneity 
condition for cf>. However, for Fourier integral operators we only need the 
homogeneous case, so we do not go further into this. Instead we conclude 
this section with an application to partial differential equations of the form 

(3.7.10) h{x,(f>{x),d<t)x) - ••• = / f c (x ,0 (x ) ,# x ) = 0, 

that is depending also on <f>(x). The key is the following: 
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Lemma 3.7.5. The normal bundle in T*(X x R) of the graph {(x,(f)(x)); 
x £ X} in X xR of the function <f>, is equal to 

(3.7.11) {(a:, (j)(x), -r dx(f>, r ) ; x e X, r E l } . 

The proof is immediate. It follows that 0 is a solution of (3.7.10) if and 
only if the normal bundle of its graph is contained in the conic manifold 

(3.7.12) 9i(x,t,£,T) = ■■■= gk(x,t,£,T) = 0, 

where the gi are the homogeneous functions 

(3.7.13) gi(x,t, £, r ) = T ■ fox,t, - £ / r ) 

of degree 1, defined on the open cone 

(3.7.14) { ( M , £ , T ) € T*{X x R); r + 0}. 

So the problem is now reduced to the question of finding the conic 
Lagrangian manifolds contained in the conic manifold (3.7.12). Taking in 
Theorem 3.6.2 the initial manifold LQ conic, L is automatically conic be­
cause the H9i -flows commute with the multiplications with positive scalars 
in the fibers. If in addition the projection L - 4 l x E - > I has surjective 
differential, it follows that the projection of L in X x R is locally the graph 
of a function <f>, which then automatically solves (3.7.10). This construc­
tion is even more geometric than the proof of Theorem 3.6.3, since it avoids 
the integration procedure at the end of that proof. (This remark is due to 
S. Lie.) The exact formulation of the analogue of Theorem 3.6.3 is left to 
the reader. 

3.8. Classical mechanics and variational calculus 

In this section we give a brief description of the relation between clas­
sical mechanics and variational calculus with symplectic differential geom­
etry. 

In classical mechanics the starting point is Newton's law 

(3.8.1) mid2Xi/dt2 = Fi. 

Here rrii is the mass, Xi is a position coordinate, Fi the force coordinate, all 
with respect to the i-th degree of freedom. It is assumed that there exists 
a smooth function U, called the potential energy, such that 

(3.8.2) Fi = -dU/dxi. 
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In other words, F = -dU, we see that force is a 1-form on position space X, 
m is a linear map: X —> X*, X — Rn . Introducing dxi/dt = Vi (velocity) 
the second-order system (3.8.1) can be reduced to a first-order system on a 
space of double dimension. However, if we take the slight variant mv = p 
(impulse or momentum), we can even write this system in the form 

d>x i T-. 

(3.8.3) * 
£ = ~dxE dt 

where the total energy E(x, p) is given by 

(3.8.4) E = J2 \m,v1 + U(x) = £ J L £ + U{x). 
i i l 

So we obtain a Hamilton system in X x X* with the total energy as a 
Hamilton function. 

The symplectic structure has been used in classical mechanics in a 
number of ways. We mention here: 

1°. Invariance of Hamilton systems under canonical transformations (The­
orem 3.5.2). 

2°. Many specific examples turned out to be integrable, that is functions 
Hi • • • > fn could be found such that E, / 2 , . . . , fn are in involution. See 
the end of Section 3.5. 

3°. Liouville's theorem. This plays a role in the investigation of ergodic 
properties of the flow. See, for instance, Arnol'd-Avez [7]. 

4°. Analysis of fixed points and periodic points of the H^-flow <!>*. If 
$*(m) = m then DQ^ is a symplectic automorphism of Tm(M), so 
we can apply Theorem 3.4.3 and Corollary 3.4.4. (If HE(m) = 0 then 
DHE(m) = ■^D^t

m\t:=0 is an infinitesimal symplectic mapping and 
we can apply Theorem 3.4.5 and Corollary 3.4.6). The absolute value 
of the eigenvalues of D^^ is important for the stability of the peri­
odic point m: a necessary (but not sufficient) condition for stability is 
that they all have absolute value equal to 1. Corollary 3.4.4 shows a 
remarkable rigidity of this condition: if|A| = l , A ^ ± l and A has mul­
tiplicity 1 then for each slightly perturbed symplectic automorphism 
the eigenvalue A still satisfies |A| = 1. However, this does not imply 
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that stability of the periodic point is preserved under small perturba­
tions of the Hamilton function, the situation is much more subtle than 
that. 

We now turn to variational calculus. Let to^ i G R, a,6 € X. Let T 
be the set of all C2 curves x: [£o,*i] —* X such that x(t0) = a, x{t\) = b. T 
is a Banach space with norm 

dx . . d2x 
; te [t0,ti]i. (3.8.5) max<|a;(t)|, 

For each x(-) e T define the integral 

(3.8.6) /(*(•)) = jf'L(x(t),J(t)) A. 

Here L is apparently a function on the tangent bundle T(X) of X, assume 
that L is smooth. Then x(-) —* I{x-)) is a differentiable function on T, x(-) 
is called an extremal curve for the integral (3.8.6) if DIX^ = 0. Now 

!(*(•) + h(-)) - I(x{.)) = f * (dxL .h + dxL-^dt + o(h) 
*i r 

to L 
d hdt + o(h) fo r / i ->0 , ^ L - - ( d i L ) ( x , ^ ) | 

using partial integration. So x(-) is extremal if and only if it satisfies 

(3.8.7) jt(diL) (x(t), J ( t ) ) = (dxL) (x(t), J ( t ) ) , 

called the Euler-Lagrange equations. Note that this is a second-order sys­
tem of ordinary differential equations for x(t). 

Now consider the mapping 

(3.8.8) <fr:(x,x) —> (x,<ii;L(x,i)) 

which is a mapping: T(X) —► T*(X) in a coordinate-invariant way. We 
have that 

D $ : (8x, 8x) —> (<5x, dxdxL • 6x + d |L • <5i) 

is bijective if and only if dxL(x,x) is a nondegenerate bilinear form. If 
this is true for all x,x then L is called a regular Lagrange function for 
the variational problem, which is the same as saying that 3>, called the 
velocity-momentum transformation defined by L, is a local diffeomorphism. 
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Now define A(x, x) — dxL(x, x) • x (called the action of L) and E(x, x) 
— A(x,x) - L(x,x) (called the energy of L). Define the corresponding 
energy £ of L on T*(X) by £ o $ = E. The mapping L «-> £ is called the 
Legendre transformation. 

The assertion is now that the Euler-Lagrange system (3.8.7) under <£ 
transforms into the Hamilton system with Hamilton function £ on T*(X). 

Proof. Denote £ — dxL(x, x). Differentiation of (x, dxL(x, x)) with respect 
to x gives d$£ o dxL = dx[d±L • x - L] = dxL • x, so x = (i^(x, dxL(x,x)) in 
view of the nondegeneracy of dxL. Next differentiation of £(x,<icL(x,x)) 
with respect to x gives dxL(x,x) = —dx£(s,dxL(x,x)). Putting in x = 
x(t), x — jjj-(t) and £(£) = dxL(x(t), ^(t)) we obtain the equivalence 
between (3.8.7) and 

-{t) = diS{x{tU{t)) 

^t(t) = -dx£(x(t),i(t)). D 

Conversely, every Hamilton system with Hamilton function £(x, £) 
such that d |£ is nondegenerate corresponds to the Euler-Lagrange system 
for some L in the above fashion, so we do obtain in this way the "general" 
Hamilton systems. 

Examples. (1) Classical mechanics arises from the variational equation 
with Lagrange function 

(3.8.9) L(x, v) = J^ hmiyi ~ U(x)-

In the time of its discovery this relation of classical mechanics with "optimal 
curves" gave rise to many metaphysical speculations. 

The equivalence between (3.8.1) and (3.8.7), with L equal to the differ-
erence of the kinetic and potential energy, is due to Lagrange [51], 2e Part., 
Sect. IV. His point was that, under arbitrary substitutions of variables, the 
"force" -^(dxL) — dxL transforms as a 1-form (not as a tangent vector to 
the x-space), which is simpler than the transformation rule for the accel­
eration d2x(t)/dt2. Remarkably, he does not discuss the relation between 
(3.8.7) and the variational problem DIX^ = 0, Euler's treatment of which 
he had long before improved. 
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In [51], 2e Part., Sect. V, § I, Lagrange introduces the 2-form in T(X), 
which in our notation is equal to 3>*cr, and proves that it is invariant un­
der the flow, defined by (3.8.7). However, the equivalence of (3.8.7) to the 
Hamilton system of the Legendre transform S of L is due to Hamilton and 
Jacobi (cf. [46]), although [51], 2e Part., Sect. V, § II contains a version of 
this for the variational equations with respect to a parameter in the poten­
tial energy. Hamilton and Jacobi also stress the equivalence between (3.8.7) 
and DIX(.) = 0, and the relation between Hf and the partial differential 
equation f(x,dcp(x)) = 0. 

(2) Let X be a (pseudo) Riemannian manifold, that is, a smooth man­
ifold with nondegenerate bilinear form Qx(-, •) on TX(X) for each x G X, 
depending smoothly on x 6 X. Then the geodesic flow in T(X) is given by 
the Euler-Lagrange equations with 

(3.8.10) L{x,x) = \Qx{x,x). 

The velocity-momentum transformation for L is equal to 

(3.8.11) {x,x)^(x,Qx(x)), 

where now Qx is regarded as a linear mapping: TX(X) —► TX(X)*. So 
under this natural mapping the flow is transformed into a Hamiltonian one 
defined by the Hamilton function 

(3.8.12) (z,0 -» IQ,(Q?((),Q?(Q) = iWt'tt))-
(These considerations generalize a mechanical system without a potential 
function, the mass is replaced by QX:TX(X) —► TX(X)*.) 

Our presentation of Sections 3.1, 3.2, 3.5 and 3.8 is inspired by the 
very nice book by Abraham and Marsden [1]. Also see Godbillon [33] and 
Souriau [78]. 



Chapter 4 

Global Theory of Fourier Integral Operators 

Q = Qi> = d\xe)((j) - <ip) = 

4.1. Invariant definition of the principal symbol 

In this section we give a more detailed description of the line bundle 
L that was indicated at the end of Section 2.3. Recall that the manifold 
A = A^ (defined in Lemma 2.3.2) is a conic Lagrange manifold in T*(X)\0, 
and according to Proposition 3.7.3 it is the general one. 

We start with an interpretation of the factor |detQ|~2 i n (2.3.23). 
Here 

' d2
x(j) - dxij) dedx(j) 
dxde(j) d%(j) 

taken at (xo,#o)-
The manifold C^ in X x RN is defined by the equation de</> = 0, 

so its tangent space is equal to ker d(x^de(f). Now in general, if A is a 
surjective linear mapping from the (n -f N)-dimensional vector space E to 
the iV-dimensional vector space F then, given a volume vol^, respectively, 
voli? on E, respectively, F, this mapping defines a volume on ker A by the 
following formula: 

volker A(ei,..., en) • volF( .Ae n + i , . . . , Aen+N) 

(4.1.1) = vol£(ei , . . . ,e n + iv) for all e i , . . . ,en+N G E 
such that e i , . . . , en G ker A. 

volker A is also called the quotient of the pullback of vol# by vol^ under 
the mapping A. 

In this way C^ can be provided with the quotient of the volume in 
X x RN by the pullback of the volume in RN under the mapping de<j). The 
isomorphism T^ carries this volume in C<f> to a volume in A, called "vol̂ >." 

On the other hand the transversality of L — T(Xo^o)(d'0) to both the 
tangent space M\ of the fiber and M<i — T(XOj£0)(A) implies that we have 
a well defined linear projection PL of E = T(Xo£0)(T*(X)) onto M\ along 

J.J. Duistermaat, Fourier Integral Operators, Modern Birkhäuser Classics, 91 
DOI 10.1007/978-0-8176-8108-1_5, © Springer Science+Business Media, LLC 2011 
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L, which is bijective on M2. Pull-back of the volume u in the fiber by pi, 
defines another volume pLu on M2. 

Lemma 4.1.1. detQ = pLu/vo\<p. 

Proof. We have 

P L : ( *) -+6£ - <%if> ■ 6x 

so Qi — PL o DTQ is equal to 

Gi= ( £0 ) - ( 4 0 - d2
x1>) • 6x + dedxcP • 66. 

The volume p^uj/vol^ is equal to the quotient of Q\w by the volume vob 
on T(XO)0o)(C0) = ker d^x^de(f) defined by Q2 = d^Xto)d0(f) as above. Using 

that Q — ( we have for e i , . . . , en € ker Q2: 

Q\u(ei,..., en) • vol(Q2en+i, • • •, Q2en+iv) 
= ^ ( Q i e i , . . . , Qien) • vo\(Q2en+i,..., Q2en+iv) 

= vo\(Qei,...,Qen+N) = detQ • vol(ei , . . . ,en+N) 

= detQ -vol 2 (e i , . . . , e n ) • vol (Q 2 e n + i , . . . ,Q2en + jv). 

This proves the lemma. □ 

Changing from a function ip to ip', with both L = T^Xo^(dip) and 
V — T(X0)^0)(dV;/) transversal to M2, where ip(x0) = ip'(xo), dip(xo) — 
dip'(xo) = £0? therefore amounts to multiplication of the right-hand side in 
(2.3.23) by a factor 

l Tl% 

(4.1.2) IPL'^/P^WI"* ' e x p Y^S g n ^ ' ~ S g n ^ ^ 

Let C be the space of all Lagrange spaces in E that are transversal to both 
Mi and M2, define Oi as the collection of all f:C —> <fi such that 

(4.1.3) /(£') = / (£) • I P W P L " I " * -

In other words, for every density */ of order \ on Mi (see Section 1.1) and 
/ € ^ 1 , f(L)p*Lv is a density of order ^ on M2 that does not depend on the 
choice of L. Now the right-hand side of (2.3.23) also depends multiplica-
tively on u(xo). If we regard this as an element of Qi(TXo(X)) then the 
mapping Dir^XQ^0y. E —> TXo(X) induces a density v = \u\ * /U(XQ) of order 
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\ on Mi = ker Dir^Xo^0). Here u is the canonical volume in T*(X). Disre­
garding the factor exp ( ^ sgn Q) for a moment we can view the right-hand 
side of (2.3.23) as a density of order \ on T(Xo^0)(A) in its dependence on 
ip and u. 

We now concentrate on the factor exp ( ^ sgn Q). Because the sig­
nature of a nonsingular quadratic form only jumps by an even number, 
changing from ip2 to V>i only leads to multiplication by some integer power 
of i. We know that this power (sgn Q^1 - sgn Q^2)/2 can only depend 
on M2 and Lj = T^Xo^(dipj), j = 1,2 and not on the choice of the phase 
function <j> defining A but we now show this in a more direct fashion. 

The transversality of L to M\ and M2 implies that 

M2 = {(A• 6&6Z + d ^ M •60; ^ e Mx} 

for some linear mapping A: M\ —> TXo(X). Indeed, if A: Mi —> L such that 
M2 = {6£ + A ■ 6£; 6£ e Mi} then A = Dirixo4o) o A. 

L e m m a 4.1.2. We have sgn Q — sgn A + sgn ^</>(xo, #o)-

Proof. The matrix Q~l has the form I ). Indeed, 6x = A ■ <5£ is 

given by the condition that 

(6x, <S£ + dxtf) • 6x) = (8x, dx4> ■ 6x + dedx(p • 60) 

if dxdo<j) • Sx -f d ^ • <5# = 0, that is Q I ) = ( ). In other words, A is 

equal to Q , restricted to the ( ) followed by taking the x-component. 

Writing Q = I 1 then the lemma states that sgn Q = sgn A + 

sgn T. Slightly more generally we shall prove that if Q is a bijective 
symmetric linear map: E —> E* then 

(4.1.4) sgn Q = sgn(Q|F) + sgn(g - 1 | F 0 ) 

for any linear subspace F of E. Here 

F° = {ue E*; u(f) = 0 for all / <= F}. 

This formulation has the advantage of being coordinate invariant. 
Let F1- = Q~1(F°) denote the orthogonal complement of F in E with 

respect to Q, write N = F D F-1 . Choose G C F such that F = N ®G 
and H C F^- such that F± = N&H. 
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T h e n F ± = (F + F1-)nG1, F = (F + Fx)Off-1 , so N = (F + F^n 
G±nH±

1 so (G + H)-1 n(G + H) = (G1- n i f 1 ) n(G + H)=Q. Writing 
if = (G + if)-1 we therefore have E = G&K&H, G, K, H being mutually 
orthogonal. 

Now N is an isotropic subspace of K, and dim K = dim E — dim(G + 
H) = dim E- (dim N1- — dim N) = 2-dim JV. Because Q is nondegenerate 
on K we can find for each basis e i , . . . , e£ of N a set of vectors / i , . . . , /g 
in X such that (Qei)(fj) = % . Write AT7 for the span of / i , . . . , /*, and 
# = New. 

So for the splitting F = <3 0 (iV 0 JV') 0 if we now have 

0 = 
/T„ 

V 
o : / 
/ 0 

\ 

RJ 

- 1 
so Q — 

/ T - 1 

f 

V 

o / 
/ ! 0 

RQ 

(blank spaces denote zeros). Because sgn 
- l 

0 I 
1 0 

= 0 we find sgn Q = 

sgn T0 + sgn R0 = sgn T0 + sgn R0 = sgn T + sgn A. D 

Note that Lemmas 4.1.1 and 4.1.2 not only give the dependence of the 
right-hand side of (2.3.23) when varying t/j and keeping (f> fixed, but also 
when varying </>, keeping ij) fixed. This explains the quantity sgn d^4> — 
sgn dgcf) occurring in Hormander [40], section (3.2.10). 

= -(A- 6£,6TI), SO Now observe that a I A 

(4.1.5) 

6£J ' V<^, 
sgnA= - sgn(Mi ,L;M 2 ) , 

where the right-hand side is defined in Definition 3.4.3. In view of Theorem 
3.4.12 we find that 

(4.1.6) ( s g n Q ^ - s g n Q ^ 2 ) / 2 = s (Mi ,M 2 ;L i ,L 2 ) 

if Lj = T(Xo£0)(dif>j), j — 1,2. The index s was introduced in Definition 
3.4.2. 

Now let A be an arbitrary Lagrange manifold in T*(X). For each 
(x, £) G A, C(x, £) is the set of Lagrange subspaces in T^Xi^(T*(X)) that are 
transversal to both Mi(a;,£) = tangent space of the fiber, and M2(x, £) = 
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T(X)£)(A). L(x,£) is the set of all mappings f:C(x,£) —► C such that 

(4.1.7) / (L i ) - i*(Mi(x,0,M2(x,0-M,L2) . ^ L ^ 

for all L\,L2 E JC(X, £). Of course L(x, £) is a one-dimensional vector space 
over C. The L(a;,£), (#,£) € A can be pieced together in a smooth way 
because s is locally constant, so they form a C°° complex line bundle L 
over A, called the Keller-Maslov line bundle of A. (See Keller [48], Maslov 
[61].) Note that L has structure group Z4, that is, the transition of one 
local trivialization to another is described by multiplying with ik, k e Z, 
which is a multiplicative action of Z4 on C. Summarizing: 

Definition 4.1 .1 . For a Fourier integral A of order m, defined by a nonde-
generate phase function <f> and an amplitude a e S™~^ ' ' l n / , ( I x M^), 
the principal symbol of order m is the element in 

(4.1.8) s 7 + i n ( A , Q1 ® L ) / 5 ^ + ^ + 1 - 2 p ( A , fi 1 <g> L), 

given by 

(4.1.9) A 3 ( 1 H e i lK*(a) ,a) ( u c -nKz,a) j Ay 

Here A = A^ is the conic Lagrange manifold in T*(X) \ 0 defined by 
4>. S£(A, Qi <g>L) denotes the symbol space of sections of the complex line 
bundle £li ® L over A, of growth order /z. Moreover, u € CQ°(X, fli) and 
ip e C°°(X x A), if>(x,a) is homogeneous of degree 1 in a and the graph 
o f i M dxip(x,a) intersects A transversally at a. Regarding (4.1.9) as a 
function of such u and ip, it becomes an element of (4.1.8) as explained 
above. 

We get \i — m -f n /4 because a(x(a), 0(a)) • | det Q(a)|~2 has growth 
order m — n /4 and the unit density of order \ on the fiber of T*(X) has 
growth order n/2, which has to be added if (4.1.9) is regarded as a density 
of order | o n A . 

For pseudodifferential operators we have a natural trivialization of 
Oi ® L by taking the principal symbol of the identity as the unit section, 
making it coincide with the definition of the principal symbol in Section 2.5. 

Lemma 4.1.3. The Keller-Maslov line bundle L over an arbitrary La-
grange manifold A in T*(X) can always be trivialized. 
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Proof. This is true in general for a complex line bundle L over a manifold 
M having local trivializations (j>j:L\ —► Uj x C such that 

(4.1.10) (f>k = e^op • h 

for ipkj £ C°°(Ujf]Uk) satisfying the coboundary condition iptj = iptk + ipkj 
on Uj (~)Uk nUg. Here Uj, j € J denotes an open covering of M and p 
is the projection: L —> M. (In our case the transition functions Vfcj in 
the exponent are of the form Yskj> $kj £ Z.) In other words, the ipkj 
define an element of H2(M,C°°). However H2(M,C°°) = 0 because the 
cohomology of a fine sheaf is trivial. So there exist \j € C°°(Uj) such that 
-0^ = ^fc — ^ on f/j DUk- It follows that the functions 

(4.9.11) 4>j =e~xi°p -(f)j 

define a global section of L, making L trivial. □ 

If M = A is a conic Lagrange manifold and L = Keller-Maslov line 
bundle on A, then the functions \j m (4.1.11) can be chosen homogeneous 
of degree 0. (Replace A by the manifold of cone axes and apply the con­
struction (4.1.11) on this manifold.) In this way S%(A,£li 0 L) can be 
identified with 5^(A, f h ) . With a partition of unity we can also choose 
some strictly positive density of order \ , homogeneous of degree 0 on A, 
leading to a further identification of Sfi(A,Q,i) with S%(A). Such identifi­
cations, although of a very arbitrary character and not at all reflecting the 
"true" character of the line bundle Q,i ® L, will often be used in proofs to 
reduce statements about sections of Qi (8) L to statements about complex-
valued functions on A. 

More natural trivializations of L can be made if, for instance, the 
projection 7r: A —> X has constant rank. In this case sgn(Mi(:r, £), M2(x, £); 
L) is locally constant as a function of (re, £) € A and the mapping L(x, £) —> 
C assigning to / G L(x,^) the number 

/ ( L ) . e x p ( ^ s g n ( M 1 ( a ; , 0 , M 2 ( x , 0 , i ) ) , 

which is independent of L e £(#,£), leads to a natural trivialization of 
L. In particular this holds true for normal bundles A of submanifolds in 
X (see Proposition 3.7.2). For pseudodifferential operators, where A = 
normal bundle of the diagonal in X x X, the trivialization is compatible 
with the trivialization of fh <g) L discussed after Definition 4.1.1. 
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4.2. Global theory of Fourier integral operators 

Definition 4.2.1. Let X be an n-dimensional smooth manifold, A an 
immersed conic Lagrange manifold in T*(X) \ 0. A Fourier integral of 
order m and type p defined by A is a distribution A G T>'(X,Qi) such that 

(4.2.1) ^ = £ A i f 

Aj G T>f(X, Qi) with locally finite supp Aj, j e J , and Aj is a Fourier 
integral defined by a nondegenerate phase function <f)j on an open cone Tj 
in X x MNj such that (x,9) i—► (x,dx<pj(x,6)) is a diffeomorphism from 
CV = {(x,0) G T^; de(f)j(x,0) = 0} onto an open cone in A. For the 
amplitude â - it is required that a-, G 5"^-(^/2)+(n/4)^ x RNj^ c o n e g u p p 

Oj c r y 
The space of all such Fourier integrals will be denoted by I™(X,A). 

Definition 4.1.1 of the principal symbol can be repeated for A G I™(x,A) 
with practically no change, leading to an element of 

S?+*(A,Qi <8)L)/57 + f + 1 " 2 p (A,Oi ®L). 

Note that the principal symbol of A is equal to the sum of principal symbols 
of the Aj, where the latter is a locally finite sum because the supports form 
a locally finite system (even after projection into X!). 

Theorem 4.2.1. / / the immersion A —> T*(X) \ 0 is proper and injective 
(that is an embedding), then the mapping A t—> principal symbol of A is an 
isomorphism: 

/-(X,A)/Jp™+ 1-2 '(X,A) 
( 4 ' 2 ' 2 ) - S ^ (A, Hi ® L)/S^+1-2p(A, Qi <g> L). 

Proof. We will construct a two-sided inverse. Let S*(X) be the cotangen-
tial sphere bundle; we have the projections 

T * ( X ) \ 0 - ^ S"(X) - £ X, 7rso7rs = 7r, 

irs is a proper mapping (that is, pre-images of compact subsets in X are 
compact in S*(X).). 

The closed conic submanifold A of T*(X) \ 0 is mapped under ns 
onto a closed C°° submanifold of S*(X). Let Vj, j G J be a locally finite 
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covering of ITS {A.) such that Aj = n^ 1(Vj) = A(j)j for a nondegenerate phase 
function <j>j for all j G J. Let Xj £ CfiffrsW) D e a partition of unity on 
7rs(A) such that supp \j c Vj-

Let 

a e S?+*(A,Oi <g> L)/S™+*+1_2p(A,Oi <g> L) 

be given. Then there exists Aj € I™(X, A) defined by the phase function 
</>j and some suitable amplitude Oj € 5"»-(^i/2)+(n/4)^ x J ^ A T ^ s u c h t h a t 

the principal symbol of Aj is equal to (xj<°^s) • a» Moreover we can choose 
supp Aj C TTS(VJ). Because TTS is proper, the TTS(VJ) form a locally finite 
system in X, so A = J2 Aj defines an element of J™(X, A), and its principal 
symbol is equal to a. 

The above construction gives a right inverse, it suffices now to show 
that this right inverse is surjective. Any A G I™{X, A) is of the form 
J2 Ak with supp Ak, k £ K locally finite and Ak defined by a phase 

fcGK 
function </>&. Writing the Ak as a sum of Fourier integrals defined by the 
phase function 4>k and amplitudes with sufficiently small conic supports 
and applying Theorem 2.3.4, we see that A can be rewritten as 52 A?» A? 
defined by 4>j, as above. je ' □ 

We now turn to the global theory of Fourier integral operators A: 
CQ°(Y, fli) —> V(X, H i ) , that are operators of which the distribution ker­
nels KA G V(X x y, Qi) are elements of I™(X x V,A), for some conic 
Lagrange manifold A in T*(X x 7 ) \ 0 . As we have seen in Sections 1.4 
and 2.4, an important part is played by the wave front relation WFr(A), 
which is a closed conic subset of 

(4.2.3) C = A' = { ( ( i , 0 , ( y , » / ) ) e r ( X ) x r ( y ) ; (x , i / ,£ , -77)eA}. 

If we denote by ax and ay the canonical 2-form in T*(X) and T*(Y), 
respectively (see Sections 3.3, 3.5), then the property that A is a Lagrange 
manifold in T*(X x Y) for &xxY is reflected by saying that C is a Lagrange 
manifold in T*(X) x T*(Y) for ax <8> (-cry)- If C is the graph of a smooth 
mapping <£ from an open subset of T*(Y) to T*(X) then this means that $ 
is a canonical transformation: T*(Y) —> T*(X) (and necessarily dim X = 
dim y ) . Because C is conic, $ is homogeneous of degree 1, that is, it 
commutes with multiplications with positive constants in the fibers. 

With this background a conic Lagrange manifold C i n T * ( X x F ) \ 0 
for ax © —cry will be called a homogeneous canonical relation from T*(Y) 
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to T*(X). The space of operators A with distribution kernel K& G / J ' f l x 
Y, A) will also be called the class of Fourier integral operators defined by 
the canonical relation C = A', and denoted by I™(X, Y; C). The mapping 
(x, y,£,77) —► ((x,£), (y, -77)) transforms the line bundle Qi ®L over A into 
a line bundle over C = A' denoted by Oi ®Lc- The principal symbol of A G 
I™{X, Y; C) will be regarded as an element of s™+{nx+nY)/4(C, Oi <g> Lc) 
modulo the same symbol space of order m + (nx + ny) /4 - (2p - 1). 

The global form of Theorem 2.4.1 now reads: 

T h e o r e m 4.2.2. Let X, Y, Z be smooth manifolds, Ax G I™X{X,Y\C{), 
A2 G I™2(Y,Z;C2), where C\ and C2 are homogeneous canonical relations 
fromT*(Y) toT*(X) and from T*(Z) toT*(Y), respectively. Suppose that 
p> \ and that the following conditions are satisfied: 

The projection from (supp KAX X KA2 ) ^ 
(4.2.4) 

(X x (diag Y) x Z) into X x Z is proper, 

(4.2.5) V^O if ((a:,0,(3/,*?))eC7i or ((y,»j), (z,C)) € C2, 

(4.2.6) Ci o C2 C (T*(X) x T*(Z)) \ 0, 

(4.2.7) Ci x C2 intersects T*(X) x (diagT*(y)) x T*(Z) transversally. 

Then C\ 0C2 is a homogeneous canonical relation from T*(Z) to 
T*(X), the product of A\ and A2 is well defined and satisfies 

(4.2.8) A1oA2e I™1+m2(X,Z;C1oC2). 

From the product formula (2.4.13) it follows immediately that for ev­
ery (x,£), (s/,77), (z,C) such that px = ({x,t),(y,n)) € Cx and p2 = 
((2/, 77), (z, C)) G C*2 there exists a bilinear map: 

(ai,a2) •-> OL\ -a2:(^ti ® LCl){pi) x (Qi <g> L c 2 ) t a ) 
(4.2.9) 2 2 

->(fl i ®LC loc a)(p) 

swc/i £/m£ t/ie principal symbol of A\o A2 at p = ((x, £), (z, £)) G Ci o C2 is 

(4.2.10) a ( p ) = £ a i ( ( ^ 0 . ( j / ^ ) ) - a 2 ( ( y ^ ) , ( ^ C ) ) -
(y,?7) such t h a t ((:r,£),(y,T7))eCi, 

(d/,»/),(z,C))ec2 
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Here a i and a2 are the principal symbols of Ai and A2, respectively. The 
sum is locally finite because of (4.2.4) and Definition 4.2.1. 

In order to find an explicit formula for the product in (4.2.9) we must, 
according to Definition 4.1.1, test the distribution kernel of A\ o A2 by 
rapidly oscillating functions. (In Hdrmander [40], Section 4.2, the princi­
pal symbol of the product is computed in terms of amplitudes and phase 
functions; it is interesting to compare both methods.) If A G Im{X,Y; C) 
then the simplest way of testing its distribution kernel is by functions of 
the form u{x) e~xt^x'^ • v(y) elt^y,ll0\ of course provided that the manifold 

{ ( (a^M^ 7 ? ) ) ; £ = £0, V = Vo} 

intersects C transversally. The possibility of such a procedure follows from 

Lemma 4.2.3. Let C be a canonical relation from T*{Y) to T*(X), a = 
(£,7) £C. Then 

(a) The set A of Lagrange spaces L in E = T@{T*(X)) that are transversal 
to the tangent space Mi of the fiber and to {e G E, (e,0) G Ta{C)} is 
open and dense in A(E); 

(b) For any L G A the set of Lagrange spaces V in F — T^T*^)) 
transversal to the tangent space M[ of the fiber in T*(Y) and such 
that L x V is transversal to Ta(C), is open and dense in A(F). 

Proof. Write a = &T*(X) at (3, r = O~T*(Y) at 7 • A = Ta(C) is a Lagrange 
space in (E x F,cr © - r ) , write dom A = {e G E\ (e, / ) 6 A for some 
/ e F} and ^ ( O ) = {e e E; (e,0) € A}. Then 

(4.2.11) (dom AY = A_1(0) c dom A, 

Indeed, a(e, e') = 0 for all e' € dom A implies that (a © - r ) ( ( e , 0), (e', / ; ) ) 
= 0 for all (e ' , / ' ) G A, hence (e,0) e Aa®~T = A. And conversely. 

Let M be a Lagrange space in (E, a) such that A - 1(0) C M C dom vl 
(see Proposition 3.4.1). Then the denseness of A°(E,M1) n A°(^ ,M) in 
A(E) (see Theorem 3.4.7) proves (a). 

Now let L be a Lagrange space in (E, a) such that L Pi A - 1(0) = (0). 
Then 

;4(L) = { / 6 F ; (e, / ) G A for some e e L} 

is a Lagrange space in (F,r). Indeed, if (e , / ) G A, (e ' , / ' ) G A, e,e' G L, 
then T ( / , / ' ) = 0 because (a © - r ) ( ( e , / ) , (e ' , / ' ) ) = 0 and o"(e,e') = 0, 
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so A(L) is isotropic. Let dim E = 2m, dim dom A = 2m — k, dim F = 
2r. Then dim(L n dom A) = m + (2m — k) — 2m = m — k because 
L + dom A = L + A ' 1 ^ = ( l n A"1(0))CT = £7. On the other hand, 
dimA(O) = d im( (0 )xF)DA = 2n+(m+n) -d im(dom AxF) =n-m+k. 
So dim A(L) = (m - k) 4- (n - m + k) = n. 

L x V is transversal to A if and only if V D -A(L) = (0), so (b) follows 
from the denseness of A°(F, M[) n A°(F, A(L)) in A(F). D 

Repeated application of Lemma 4.2.3 and the proof of Proposition 
3.7.3 leads to the existence of induced local coordinates in T*(X), T*(Y), 
T*(Z) such that 

d = {((d^iK,^),0, (-dnH&^ri))} 
C2 = {((dr,H2(rj,C),ri), ( -d cfT 2fa ,CU))} 

for certain functions # i (£ , 77), H2{r},Q that are homogeneous of degree 1. 
The transversality of d x C2 to T*(X) x diag T*(Y) x T*(Z) just means 
that d^(Hi 4- #2) is nondegenerate where dv(Hi + #2) = 0. 

Now testing of KAxoA2 by e~l(x^°)+l(z^oS>u\(x)u2(z) leads to an inte­
gral of the form 

e-^^u^KA^x^KA^y^z^^e^^dxdydz 

= (2TT)"̂  jjjje-^^u^K^y) 
■ ei{y-y^KA2 {y, z)u2(*) ei(z'Co)da: <fy dj/ ̂ 77 ds, 

which amounts to testing KAl by e_i<x'€o>ui(a;) • e * ^ , K A 2 by e - * ^ • 
1*2(2) e*^z'̂ 0 ,̂ taking the product and integrating over 77. Also don't forget 
the factor (27r)_ny in front. For simplicity we assume from now on that 
111(2:), respectively, 1*2(2) locally represent fixed unit densities of order \ 
in X, respectively, Z, and we also choose a unit density in Y. 

The principal part of the testing of KAX by e~^x,^+t^y,T1^ is equal to 
the principal symbol of A\ at 

((dctfi(6>,»?Uo), {-dr,H(to,ri),r,)) 

applied to the Lagrange space <5£ = 8r] = 0, multiplied by the factor 

e-»<d €HiUo,»7)^o> + (d,lfi(€o,»7),»7» = e-t^i«o,»7)# 

/ / / / 
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Here we use the homogeneity of Hi. Taking the product with the principal 
part of ( e _ l ^ y , ^ + t ^ z ' ^ , K A 2 ) and integrating over rj we obtain a principal 
part consisting of the product of the principal symbol of A\ at (0ro,£o)> 
(2/o,77o)) applied to the Lagrange space 5£ = 8r) = 0, the principal symbol 
of A2 at ((y0,r]o), (ZQ, CO)) applied to the Lagrange space 6r) — <$C = 0, and 
finally the principal part of the integral 

(*) f e-i(Hi(to,T))+H2(v,<o)) dTJt 

Here 770 is such that yo = —dvH 1(^0, rjo) = d^H^ijoXo) we denote XQ = 
d^Hi(^o,r)o), ZQ = —d^H2(r]o,Co)- The expression "principal part" is meant 
as a = ((XQ, CO), (zo, Co)) £ Ci ° C2 goes to infinity along the cone axes, the 
points yo, 770 depend on a. 

Writing Q = -(d2#i(C0,7?o) + d2 #2(770, Co)), t n e principal part of (*) 
is equal to 

(27r)ny/2 • I det Q p * • exp ( ^ sgn Q ) , 

according to the method of stationary phase. We end up with the conclu­
sion that the principal symbol of A\ o A2 at ((zo,Co), (-zo,Co)) applied to 
the Lagrange space <5£ = <!>C = 0 is equal to the product of the principal 
symbol of A\ at ((^o, Co), (2/0,770)) applied to <5£ = 8n = 0, the principal 
symbol of A2 at ((2/0,770), (^o,Co)) applied to 8n = 6£ = 0 and finally the 
factor (27r)_ny • | det Q\~* • exp ( ^ sgn Q). In coordinate free formulation 
we therefore have obtained: 

Propos i t ion 4.2.4. The product in (4.2.9) is given by: 

(4.2.12) (ai • a2)(Li x L2) = ax(Li x L) • a2(L x L2) 

• (27r ) - n y / 2 | de tQ | -* • e x p ( ^ s g n Q ) . 

Here L\, L, and L2 are Lagrange spaces in T(X£)(T*(X))f T(y^(T*(Y)), 
andT(z^(T*(Z)) that are transversal to the tangent spaces of the fiber and 
such thatL\xL, LxL2, andL\xL2 is transversal toTPl(C\), TP2(C2), and 
TP(C\ 0C2), respectively. Q is the quadratic form Q\ — Q2, where Q\ and 
Q2 are the quadratic forms on the tangent space Mi of the fiber in T* (Y) 
obtained by representing (TPlCi)(Li) and (TP2C2

1)(L2), respectively, in 
the form {x + Ax; x G Mi}, A: Mi —> L as in Definition 3.4.3. 

An interesting special class of Fourier integral operators occurs when 
C is locally the graph of a canonical transformation, that is, dim X = 
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dim Y = n. Then C carries a natural volume uc, equal to the pullback 
of the canonical volume in T*(X) under the projection: C —+ T*(X). uc 
is also equal to the pullback of the canonical volume in T* (Y) under the 
projection: C —> T*(Y) because C is a Lagrange manifold for CTT*(X) — 
<TT*(Y) S O the pullbacks of the symplectic forms in T*(X) and T*(Y) to C 
coincide. Using the identification 

S™+n/2(C,Qi ® L c ) 3a^a- \uc\-l G S™(C,LC) 

the principal symbol of A G I™(X, Y;C) then can be regarded as an ele­
ment of S™(C, Lc). 

The class of pseudodifferential operators of order m on a manifold X is 
defined as L™(X) := I™(X, X;I),I = graph of the identity: T*(X) \ 0 -► 
T*{X) \ 0 -diagonal in T*(X) \ 0 x T*(X) \ 0. In this case the line bundle 
Qi <g> L over / is trivialized by taking the principal symbol of the identity 
on V'{X) as the unit section. The identification of I with T*(X) \ 0 by the 
projection onto the first or the second factor then leads to the principal 
symbol of a pseudodifferential operator as an element of S™(T*(X) \ 0 ) . If 
X = Rn then this coincides with the principal symbol defined in Section 2.5. 

We conclude this section by an immediate extension of the usual el­
liptic theory of pseudodifferential operators. Let A € I™{X, Y\C) have 
principal symbol a G S™{C,Lc)- Then c G C is called a noncharacteristic 
point for A if a = ao • so where ao G S™{C,Lc) is homogeneous of de­
gree m and nowhere vanishing, and |so| is bounded away from 0 in a conic 
neighborhood of c. Note that if a is homogeneous of degree m then the 
characteristic points of A are exactly the zeros of a. A is called elliptic if 
it has no characteristic points. 

Theorem 4.2.5. Let A G I™(X,Y\C) be an elliptic Fourier integral op­
erator of order m (p > | ) defined by a bijective homogeneous canonical 
transformation C from an open conic subset T ofT*(Y)\0 into T*(X)\0. 
Then for any conic subset To of T such that TQ, respectively, C(To) is 
closed in T*(Y) \ 0, respectively, T*(X) \ 0 one can find a properly sup­
ported Fourier integral operator B G I~m(Y,X;C~1) such that 

W F / ( J B A - / y ) n r o = 0 and WF'(AB - Ix) r\C(T0) = 0. 

Proof. Let a G S™{C,Lc) be a principal symbol for A. The ellipticity of 
A implies that there exists b G S~m{C~l

i Lc-i) such that b• a = 1 = prin­
cipal symbol of the identity G L°(Y), on a conic neighborhood of diag(ro) 
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(identified with To). Choosing 6 = 0 outside a sufficiently small conic 
neighborhood of {(C(y,-q),(y,ri)); {y,rj) e r 0 } and using that the image 
of To, respectively, C{TQ) is compact in S*(Y), respectively, S*(X) over 
compact subsets of Y, respectively, X, we can find a properly supported 
B0 e I~m(Y,X;C~1) with principal symbol equal to 6. 

So BQA — I + i?, where R £ LQ
p(Y) has vanishing principal symbol on 

a conic neighborhood of To- Applying the usual recurrent procedure for 
pseudodifferential operators (see, for instance, the Introduction) we can find 
a properly supported K S L°p(Y) such that WF(K(I + R) - I) n T0 = 0. 
Taking B = KB0 <E / - m ( F , X ; C ' - 1 ) we have obtained that WF'{BA -
j y ) n r o = 0. 

By a similar procedure we can find a properly supported B G 
/ - m ( y , X ; C - 1 ) such that WF'(AB - Ix) n C(T0) = 0. Multiplying 
BA - I to the right by B we see that WF'(B - B) n {((?/,r)),C(y,77)); 
(y, 77) e C0} = 0, and it follows that also WF'(AB - Ix) n C( r 0 ) = 0. □ 

If C is bijective from T*(Y) \ 0 onto T*(X) \ 0 then Theorem 4.2.5 
implies that we can find a properly supported B G I~m(Y, X\ C~x) such 
that both BA — Iy and AB — Ix are integral operators with C°° kernel, 
that is, B is a two-sided parametrix for A. However, in a number of appli­
cations we need the "microlocal" (= local in the cosphere bundle = in conic 
neighborhoods in the cotangent bundle) form of Theorem 4.2.5 rather than 
the global one, the extreme being the case that To = cone axis through 
(^,77), A is noncharacteristic at (C(y,r}),(y,r])). 

4.3. Products with vanishing principal symbol 

The principal symbol of a pseudodifferential operator A e Lm(X) 
is invariantly defined as an element of Sm(T*(X) \ 0)/5 , m-1(T*(X) \ 0) 
(for simplicity we take p = 1), that is only gives information of the full 
symbol in local coordinates modulo symbols of order m — 1. Under coordi­
nate transformations n the computation of the full symbol modulo Sm~k 

needs derivatives of K up to the order k, that is, the full symbol of class 
Sm/Sm~k is only invariantly defined as a function on the fc-jet bundle of 
X (see Weishu Shih [75]). Admitting only volume preserving coordinate 
transformations, Garding-Kotake-Leray [32] found an invariant symbol in 
S™(T*(X))/Sm-2(T*(X)). However it turns out that this restriction is 
not needed when working with densities of order \ . 
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Proposition 4.3.1. Let P G Lm(X) be a properly supported pseudo-
differential operator: C°°(X,Qi) -► C°°(X,fli). For any a G C°°(X,ft i) 
and any real valued (f> G C°°(X) we have: 

e-iT^x)P(eiT(l>a)(x) = p(x,r ■ d(j){x)) • a(x) 
(4-3-1) 1 

-^-i(Cva)(x,r)-hO{Tm-2), r - > o o . 

Here p G Sm(T*(X) \ 0)/Sm~2(T*(X) \ 0) does not depend on 4> and 
a, and is called the principal symbol of P modulo Sm~2. The vector field 
V(X,T) = d^p(x,r • d(f)(x)) is regarded as a r-dependent vector field (of 
growth order rn —1) in X, Cv = £Re „+ iAm v is the Lie-derivative along v, 
acting on half-densities, which for real vector fields is defined as in (3.2.15). 

Proof. In local coordinates one has 

e-*^P(e^a)(x) ~ u, • £ 1 ( 1 A ) ° P ( a ; , r . d^x)) 
(4.3.2) * a" ^ 

• e - i T ^ ( £ ) a ( e i T ^ a o W ) 

for r —> oo. Here P(x,£) denotes the full symbol of P and we have written 
a = a0 ■ (J, a0 G C°°(Rn), u = unit density of order | in E n . The for­
mula (4.3.2) follows from Taylor development of elT^y^ in the formula for 
P(etT^a)(x), followed by partial integrations using 

1 d_\a ,•/ 

Disregarding terms of order rm~2 as r —* oo we obtain 

e-iT<t>(x)P(eiT<t>a^x) = p(XiT. d(f>(x))a(x) 

However, £vo; = Tjdiv v • w, so £„a = (uao) • a; + |d iv v • a, which proves 
(4.3.1) with 

e«<»-».0(B_x)« = (_IJ>)a
e«<*-v.«>. 
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In most applications the principal symbol P in 

Sm(T*(X))/Sm-1(T*(X)) 

is given by a homogeneous C°° function pm of degree m on T*(X) \ 0. 
Such a homogeneous function, when it exists, is uniquely determined and 
is called the homogeneous principal symbol of degree m of P. If p denotes 
the principal symbol of P modulo ,Sm~2 defined in Proposition 4.3.1 and 
P has a homogeneous principal symbol pm of degree m, then 

Pm-!=P-Pm G Sm-1(T(X))/Sm-2(T*(X)) 

will be called the subprincipal symbol of order m — 1 of P. 

T h e o r e m 4.3.2. Let P £ Lm(X) be a properly supported pseudodifferen­
tial operator with homogeneous principal symbol pm of degree m. Assume 
that C is a homogeneous canonical relation from T*(Y)\0 to T*(X)\Q, such 
thatpm vanishes on the projection of C in T*(X) \ 0 . If A G I™ (X,Y; C) 
and a e Sm'+{-nx+nY^A{C, O i ®LC) is a principal symbol of A, then PA e 
jm+m -P(X,Y;C), and its principal symbol is given by 

(4.3.4) -CHpma+pm-i • a. 
i 

Here HPm is the Hamilton field of pm lifted to a function on T*(X) \ 
0 x T*(Y) \ 0 via the projection onto the first factor. The vector field 
HPm is tangent to C so (4.3.4) is well defined. C denotes Lie-derivative of 
densities of order ^, the line bundle L is not involved in differentiations 
because the transition functions are constants. Finally the subprincipal 
symbol pm-i is pulled back to C under the projection C —* T*(X) \ 0 from 
C C T*(X) \ 0 x T*(Y) \ 0 to the first factor. 

Proof. Representing A locally by integrals 

ei^x'y^a{x,y,e)u(y)dyde 

we see that the proof follows formally from Proposition 4.3.1 by an appli­
cation of P under the integral sign. For more details see [22], Section 5.3. 

/ / 
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4.4. X2-continuity 

If u and v are densities of order ^ in a manifold X and supp u n supp v 
is compact we write 

(u,v) = (u,t>) — / uv. 

For u 6 Co°(X, fli) we have the L2-norm |u| = (u,u)* and for u 6 
C°°(X,Hi) the L2-seminorms \u\^ = \<fm\ where (f> ranges over CQ°(X). 

The completion with respect to these seminorms is denoted by Lfoc(X) C 
V(X, O i ) , its elements with compact support form a subspace L^omp(X). 

The adjoint A* of an operator A e I™(X, Y; C), where C is a homo­
geneous canonical relation from T*(Y) to T*(X), is defined by 

(Au,v) = (u, A*v), v € CJ°(X,Oi) , M G C J ° ( y , ^ i ) . 

If A is locally represented by 

(Au)(x) = f f ei^x^^a{x,yyO)u{y)dyde 

then 

(A*u)(y)= / / e-^x^e)a(x, y, 6) v{x) dx d9 

so we obtain immediately: 

Theorem 4.4.1. Let A e I™(X,Y;C) where C is a homogeneous canon­
ical relation from T*(Y) to T*(X), with principal symbol a. Then A* s 
I™(Y, X;C~l) with principal symbol s*a, if s denotes the mapping 

((*,0,(^))^((^),(*,0)-

Corollary 4.4.2. If A € IQ
p(X,Y;C) and C is locally in T*(X) x T*(Y) 

the graph of a canonical transformation (dim X = dim Y) then A is con-
tinuous: L c

2
o m p ( ^ « i ) - tf^X,^). 

Proof. A is a locally finite sum of compactly supported Aj G Ip(X, Y\Cj) 
where Cj is the graph of a bijective homogeneous canonical transformation 
from an open cone in T*(Y)\Q to an open cone in T*(X)\0. Prom Theorem 
4.4.1 it follows that AjAj e L°p(Y), which is L2-continuous, because of 
Theorem 2.5.4. This implies that the Aj are L2-continuous and hence 
A is. □ 
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If C is not locally the graph of a canonical transformation then one can 
split up the x, respectively, ^-coordinates in groups (x',x"), respectively, 
(y',y") and write 

(Au)(x) = / ( i l< ,» , , » ) t i ( - , ¥ " ) ) ( ; iW. 

where A^xuyll^ denotes the Fourier integral operator (locally) defined by the 
phase function (x', y',0) —» 4>(xf, x", y', y", 6) and corresponding amplitude, 
depending on the parameters x", y". A straightforward estimate shows that 
A is continuous: Llomp —► L2

oc if the operators A^x»y,^ from y'-space to 
x'-space are so with L2-norms bounded as x", y" vary. This is the case if 
the A^z/y") are operators satisfying the conditions of Corollary 4.4.2. 

In view of Hormander [40], pp. 170-172, this procedure works with 
fc-dimensional x'- and y'-spaces if and only if 

(4.4.1) The projections C —> X and C —> Y have surjective differential, 

and 

(4.4.2) 
The rank of the projection: C —> T*(X), respectively, 

C-+T*(F) i s > d i m X + fc, respectively, > dim Y + k. 

If A has order m then according to (2.4.22) the operator A^x>fy,,^ has order 
wi + (nx +ny — 2fc)/4 so A is L2-continuous if this number is < 0. This is 
Theorem 4.3.2 in Hormander [40]. 

Multiplication of an operator A from the left or the right, by means of 
a Fourier integral operator of order 0 defined by a canonical transformation, 
the L2-continuity properties of A will not change, in view of Corollary 4.4.2. 
However (4.4.1) can change rather drastically under multiplication of C to 
the right or the left by canonical transformations (note that (4.4.2) remains 
unchanged). This can be used to relax the condition (4.4.1) substantially. 
We begin this with the following preparation: 

L e m m a 4.4.3. Let (x,f) e T*(X)\0, (x , | ) G T*(X)\0, dim X = dim X, 
and let Q be a symplectic linear mapping: T(X£)(T*(X)) —> T,£gJT*(X)) 

such that Q I ) — I ~ ). Then there exists a homogeneous canonical 

transformation $ from a conic neighborhood of (rr,£) to T*(X) such that 
$ ( x , 0 = (£ , | ) and £>$(x,o - Q. 
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Proof. It is sufficient to show that if Z is a manifold, (z, C) e T*(Z) \ 0 , L 

a Lagrange subspace of T(ZJQ(T*(Z) \ 0) such that I 1 e L, then there 

exists a conic Lagrange submanifold A of T*(Z) \ 0 through (z, C) such 
that T(Z)£)(A) = L. Indeed, applying this to Z = X x X and using the 
identification 

((*,*),(«")) - ((s,0, (*,£)): (T*(X x X),<7Xxi) 
-»(T*(jr)xr*(x),^-<7jf) 

we see that the lemma follows because the tangent space is given by Q and 
therefore must be the tangent space of the graph of a mapping: T*(X) —*■ 
T*{X). 

On induced coordinates, conic Lagrange manifolds are of the form 

A = { ( d J J « ) , C ) ; C e R n z } 

for some homogeneous function H of degree 1, so the problem is reduced 
to finding such H with prescribed dH((0) = z0 and d2H((0) = B. Without 
loss of generality we may assume that ZQ = 0. 

Let Hs be an arbitrary smooth function on the sphere S of radius |£o|, 
such that Hs{Co) = 0, dHs((o) = 0, d2Hs((o) = B\T^ ( 5 ) , and let H be 
the unique homogeneous extension of H. Differentiating Euler's identity 
dH(()-( = H((), we obtain 

d2H(Q ■ C - 0. 

On the other hand, B ■ Co = 0 reflects that L = {{B • <5£, <5<); <5C € Rnz} 
contains (0,Co), so d2H(£o) = B as desired. Also d#(Co) — 0, because 
dtf(Co) • Co = # (Co) = 0 and dHs(Co) = 0. D 

Now the condition 

The differential at p = ( ( E J O J J / J ^ ) ) of the projection 
(4.4.1') 

C —► X is surjective 

apparently means that 

(4.4.3) dom TP(C) + Mx = E 

in the notation of Lemma 4.2.3. This is also equivalent to 

(4.4.4) (r^cr^nMi^o), 
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where (TPC) 1(0) is isotropic. Now assume that (4.4.4) is weakened to 

(4.4.5) ^)?(TpC)-\0). 

Then we can find Lagrange spaces Mo and L in E, such that MQC\L = (0), 

Mi D L = (0), [ j G Mo, and (TpC)~l (0) C L; see the proof of Theorem 

3.4.2 for the construction of such Lagrange subspaces "in general position". 
Subsequently, we can find a symplectic linear mapping Q : E —*■ E, such 

that Q(M0) = Mi, Q{L) = L and Q (°j = ( ° \ 

Multiplying A from the left by an elliptic Fourier integral operator 
R of order 0 defined by a homogeneous canonical transformation $ with 
3>(x, £) = (x, £), D$(x,£) = Q, we obtain that iL4 satisfies (4.4.1') if A only 
satisfies (4.4.5). Moreover, in view of Corollary 4.4.2 and Theorem 4.2.5, 
the properties of RA with respect to L2-continuity are the same as those 
of A, if WF'(A) is contained in a sufficiently small cone around (x,£,y,ri). 
Using a similar multiplication to the right we obtain: 

Theorem 4.4.4. Let C C T*(X)\0xT*(Y)\0 be a homogeneous canonical 
relation such that 

Ob) ((°)>(°))^((*,«,<v,,))(C)an<i 

(ii) The differentials of the projections C —> T*(X) and C —► T*(Y) have 
rank > dim X + k and > dim Y + k, respectively. 

Then every A € ^(X,Y\C) is continuous: 

Ll^Y^J^Ll^X,^), 
2 2 

provided that m + (nx +ny — 2fc)/4 < 0. 

Define Hfoc(X) as the space of u G ̂ ( X , O i) such that Au G Lfoc(X) 
for all properly supported A G LS(X) or, which amounts to the same, for 
some elliptic properly supported A G LS(X). 
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Corollary 4.4.5. Under the conditions (i), (ii) in Theorem 4.4.4, every 
A G I™(X, Y;C) is continuous: 

H^P(Y) - fl^"-(»x-H.v-2t)/4(A.) 

for each s, m G R. 

Example . Let $ be a differentiable mapping: X -> y . Then <J>*:C°°(y) 
—> C°°(X) is a Fourier integral operator defined by the canonical relation 

* = { ( (* ,0 , (y,»7)); y = *(x), e = '£>$*•??}, 

and of order m = \{ny — nx). See (2.4.4), (2.4.22). It follows easily that 

C = <£ \ {((x, 0), ($(*), r?)); *£>$* • rj = 0} 

satisfies (i), (ii) in Theorem 4.4.4 with 

k = min{rank D$x; a: G X } . 

Note that C does not satisfy (4.4.1) unless $ is a submersion, that is, has 
a surjective differential everywhere. 

Proposition 4.4.6. Let $ be a C°° mapping: X —► Y; write 

N = {{$(x),r))€T*{Y)\0- x e l , *D$x • r/ = 0}. 

TTien, /or any 4̂ G £°(X) suc/i £/m£ WF(A) n AT = 0, tfie operator $ * o i 
is continuous: # c

5
o m p(y) -» Jf£ ( 1 / 2 ) ( n y r~ f c )(X) /or a// s G R. 

The pseudodifferential operator A is only introduced in Proposition 
4.4.6 in order to cut off WF(Au) from N, making it possible to pull Au G 
V(Y,Qi) back under $ (see Theorem 1.4.1). Operators similar to $* o A 
were considered by Sjostrand [76]. Proposition 4.4.6 can be considered as a 
variant of the usual continuity properties for restrictions to a submanifold, 
if $: X —> y is an embedding. Note that in this case the number ny — k is 
just the codimension of X in Y. 

Regarding a conic Lagrange manifold A in T* (X) \ 0 as a canonical 
relation: T*(X) —> T*(point), we see that Theorem 4.4.4 does not apply 
to obtain smoothness of elements u G 7m(X, A). In fact in this case the 
result is slightly worse: 
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T h e o r e m 4.4.7. 7™(X,A) C Hfoc{X) i / ra + n/4 + s < 0. Conversely, 
if u G I™(X, A) has a noncharacteristic point and m + n/4 + s > 0, then 

Proof. It is sufficient to show that if u G I™(Xy A) and WF(u) is contained 
in a small conic neighborhood T of (a;o,Co) G A, then u G i J ^ = L2

oc if 
ra + n/4 < 0 and u G" L2

oc if m-f n /4 > 0 and (xo, £o) is a noncharacteristic 
point for u. 

Near (x0,^o) the manifold A is defined by x = dH(£) on suitable 
local coordinates (see the proof of Proposition 3.7.3). It follows that the 
homogeneous canonical transformation 

X:(x,0->(z-d#(0,0 
maps A into the fiber in T*(Mn)\0 over 0 G Rn. Choosing A G J°(X, Mn; x), 
B G I°(Rn, X- x _ 1 ) such that T n WF(AB - J) = 0 according to Theorem 
4.2.5, we see that ABu — ue C°°, hence u G L2

oc =» Bu G Lfoc =*> ABu G 
Lfoc =>> u G Lfoc in view of Corollary 4.4.2. 

So we have reduced the proof to the case that 

u(x) = I e ^ ' ^ a t e ) df, a G S™~n/\ 

We may also take u of compact support, so u G L2
oc <=$ u G L2 O a G L2 

in view of Parseval's equality. It follows that u G Lfoc if 2(ra — n/4) < — n 
and u ^ L2

oc if 2(m — n/4) > —n and u has a noncharacteristic point. □ 
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Applications 

5.1. The Cauchy problem for strictly hyperbolic differential 
operators with C°° coefficients 

Let X be an n-dimensional paracompact C°° manifold, P G Lm(X) 
a properly supported pseudodifferential operator of order m on X with 
homogeneous C°° principal symbol pm(x,£) of degree m on T*(X) \ 0. 
Denote by 

(5.1.1) N = {(x,0 € T*(X)\0; pm(x,0 = 0} 

the set of characteristic points of P. Because pm is continuous and homo­
geneous, N is a closed conic subset of T*(X) \ 0. 

Proposition 5.1.1. WF(u) C WF(Pu) U TV for any u G V\X). 

Proof. Suppose (x,£) £ WF(Pu) U N. According to Theorem 4.2.5 there 
exists a properly supported Q G L~m(X) such that (a;,£) ^ WF(QP — I). 
Then u = QPu + (I-QP)u leads to WF(u) C WF{Pu)UWF((I-QP)u), 
so (z,f) <£WF{u). U 

If X0 is a submanifold of X of codimension A: then the restriction 
operator po:C°°(X) —► C°°(Xo) is a Fourier integral operator of class 
Ik/4(Xo,X;Ro) defined by the homogeneous canonical relation 

Ro = {((zo,&),(x ,0) eT*(X 0 ) x T * ( X ) \ 0 ; 
(5'L2) Xo = x'^ = ^k(x)} 
(see (2.4.4), (2.4.22)). So, in view of Theorem 1.4.1 and Proposition 5.1.1, 
PoQu is well-defined for any properly supported pseudodifferential operator 
Q if u e V'(X) is a solution of Pu = / , WF(f)CiXfr = 0 and NnX^- = 0. 
Here XQ- denotes the normal bundle of XQ in T*(X). The manifold XQ is 
called noncharacteristic for P if NC\XQ- — 0. Moreover, if / G C°°(X) and 
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XQ is noncharacteristic for /?, then (:ro,£o) £ WF(poQu) only if (xo>£) G 
W ( u ) for some solution £ G (TXoX)* of the equations 

(5.1.3) Pm(zo,0 = 0> ^ k 0 x 0 = ^ -

Assume /rom now on t/iot p m is real and k = codimXo = 1. Then 
^(^o5 £o) — {£ e (^x0^)*5 £ |T — £o} is a line and we see that the zeros 
of Pm on this line are simple if and only if d^pm(xQ,^) ^ 0 on (T^XQ)1- = 
the orthogonal complement in (TXoX)* of TXOXQ C TXoX. In other words, 
if and only if 

(5.1.4) dzpm(x0,€)<£TXoXo when pm(xo,£) = 0, £ ^ °-

Now rf^pm(a;o, £) is the velocity vector in TXoX of the bicharacteristic curve 
through XQ, which is the projection into X of the bicharacteristic strip 
through (£o,£) £ N. So £ne condition of the simplicity of the zeros of 
(5.1.3) is equivalent to the condition that all bicharacteristic curves are 
transversal to XQ. 

Condition (5.1.4) implies that XQ is noncharacteristic for P. Indeed, if 
£ G (TXQXO)1-, pm(x0,i) = 0, £^Othen<%pm(xo,£)-£ = m-Pm(zo,£) = 0 
because of Euler's identity, hence d^pm(xQ^) G TXQXQ because the latter 
space is equal to the orthogonal complement of £ (note that TXQXQ has 
codimension 1 in TXoX). 

Condition (5.1.4) also implies that (5.1.3) has only finitely many so­
lutions for every (xo,£o) e T*(X0). Indeed, if ^k\ k = 1,2,... is an 
infinite sequence of different solutions, then | £ ^ | —> oo as k —► oo be­
cause the solutions are isolated points. Taking a subsequence if necessary 
we have £(fc)/l£(fc)l -> £ for some £ G (TXQXy with |£| = 1. Because 
£,{k)l\£,{k)\\Tx Xo = Wl£(fe)l it follows that £ | ^ XQ = 0. On theother hand, 
Pm(^Cb£^Vl£^l) — 0 because of the homogeneity of pm, so pm(xo,€) = 0, 
in contradiction with the noncharactericity of XQ. 

The simplicity of the zeros implies that locally for (x0, £0) € T*(XQ)\0 

the solutions of (5.1.3) are of the form £^(xo,£o)> j = 1> • • • > M such that 
(̂ o> £o) —̂  (#o> £ ^ (̂ o? £o)) is a homogeneous C°° mapping of degree 1 from 
T*(XQ) \ 0 into T*(X) | . In particular the number // of solutions is locally 
constant in T*(XQ) \ 0 and hence globally constant if XQ is connected and 
dim XQ > 2, because then T*(XQ) \ 0 is connected. 
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Definition 5.1.1. P G Lm(X) is called strictly hyperbolic of multiplicity 
fi with respect to X0 if all bicharacteristic curves of P are transversal to X0 

and (5.1.3) has exactly \x solutions for every (xo,£o) € T*(XQ) \ 0. 
If Qj G Lmj(X), j = l , . . . , i / are given we now want to construct 

operators Ek: S'(XQ) —> U'(X), k — 1 , . . . , i/, such that 

(5.1.5) PEk=0, fc = l , . . . , i / 

(5.1.6) p0QjEk=6jkI, j,k = l , . . . , i / . 

(We shall see in (5.1.13) that the number v has to be equal to the number 
/i of zeros ^)(Xo,^o).) 

Here / = identity: £'(XQ) —► £'{XQ), A = B means that A—B is an in­
tegral operator with C°° kernel, and po denotes restriction to XQ. The equa­
tions (5.1.5,6) imply that for any gk E S'(XQ), k = 1 , . . . , v the distribution 
u = Y^ Ekgk G V(X) satisfies Pu e C°°{X) and p0QjU = gi mod C°°(X0) 

k 
for all j = 1 , . . . , i/, so modulo C°° the operators Ek generate solutions of 
the Cauchy-problem Pu = 0, poQjU — gj. 

Let us try 
EkeI-rnk-l/4(X)Xo.Coy 

The order follows from the observation that p0 G i 1 / 4 , Q G 7mfc and (5.1.6). 
To determine Co we observe that (5.1.5) more or less forces us to assume 
that pm = 0 on C0 if pm denotes the pullback of pm to T*(X) \0xT*(X 0 ) \0 
under the projection onto the first factor. So Co is invariant under the 
Hamilton field Hpm in view of (3.6.2) and the remark that the symplectic 
orthogonal complement of the tangent space of pm = 0 is spanned by Hpm 

(all with respect to the symplectic form a = CTT*(X) ~~ °~T*(X0))-
In view of (5.1.6) we need that #0 x Co intersects T* (Xo) x diagT* (X) x 

T*(X0) transversally and that .RoCo = diagT*(X0) \ 0 , see Theorem 4.2.2. 
This leads to 

Co = {(y,r)), (xo,£o); (ViV) 1S o n t n e bicharacteristic 

(5.1.7) strip through some point (£o,£) s u c n ^na^ 

and the condition 

(5.1.8) Every bicharacteristic curve intersects XQ at most once. 
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Now Co is the flow-out along the solution curves of Hpm of Ao = N x 
T*(XQ) D RQ1, where N is the characteristic hypersurface of P , defined in 
(5.1.1). The condition (5.1.4) implies that this intersection is transversal, 
so Ao is a closed C°° conic manifold. It also implies that Hpm is transversal 
to Ao, so Co is an immersed Lagrange manifold in T*(X) x T*(Xo) in view 
of the arguments at the end of the proof of Theorem 3.6.2. (Note that A0 

is isotropic for a and pm = 0 on A0.) Condition (5.1.4) implies also that 
R0 x Co is transversal to T*(X0) x diag T*(X) x T*(X0). 

The homogeneity of pm implies that Co is conic. To see this, let a 
be a real nonzero homogeneous C°° function on T*(X) x T*(X0) \ 0 of 
degree 1 — m. Then q = a • pm is homogeneous of degree 1 and the Hq-
flow commutes with multiplications by scalars, that is, maps cone axes 
into cone axes. Hq = a • Hpm on pm = 0, so the change from pm to 
q only involves a change of the time scale on the solution curves of the 
corresponding Hamilton fields. So Co is equal to the flow-out of the conic 
manifold A0 along Hq, and therefore is conic. (This trick is also used in 
the regularization of the Kepler problem, see Moser [67].) 

In order that the immersed Co is an embedded closed submanifold of 
(T*(X) x T*(Xo))\0, we need additional conditions on the global behavior 
of the bicharacteristic curves. Using the arguments of [22], Section 6.4, it 
is easily seen that the following conditions are necessary and sufficient: 

a) No bicharacteristic curve starting on XQ stays in a compact 
subset of X, 

(5.1.9) 
b) For every compact subset KQ of XQ, K of X there is a compact 

subset K' of X such that if 7 is an interval on a bicharacteristic 
curve with one end point in KQ and the other in K, then 7 C K'. 

Finally the projection of Co into X (via T*(X)) is a proper mapping if and 
only if 

For every compact subset K of X there is a compact 
(5.1.10) subset KQ of XQ such that every bicharacteristic curve 

starting in K only hits XQ in KQ. 

Note that (5.1.8,9,10) can always be satisfied if we replace X by a suffi­
ciently small neighborhood of XQ, assuming that (5.1.4) holds. 

Having settled the problems concerning Co we now turn to the ac­
tual construction of the operators Ek € I - m f c _ 1 / 4 (X,X 0 ;Co) . If Ck is the 
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principal symbol of Ek then (5.1.5) leads to an equation of the form 

(5.1.11) - £ ^ m e f c + c - e f c = 0 , 

in view of Theorem 4.3.2. On the other hand, (5.1.6) leads in view of 
Theorem 4.2.2 to the algebraic equations 

A * 

Y] Qk(xo, €bHxo, Co)) • r((x0 , Co), (^o, C^O^o, Co))) 
(5.1.12) fri 

x e^((o;o,£0)(£o,£o)),(zo,£o)) = he, h,i = l,...,i/. 

Here g/- and r denote the principal symbols of Qk and po, respectively, and 
C^H^Co) , j = 1, • • • ,M, are the solutions of (5.1.3) depending smoothly 
on (£o,Co) e ^*(^o) \ 0. These equations have a unique solution if v = fi 
and 

The matrix qk(x0,t(j){x0, Co)), A;, j = 1 , . . . ,/x 
(5.1.13) 

is nonsingular for every (x0, Co) € T*(Xo) \ 0. 

The solutions e^((x0,C^H:ro,Co))5 (^o?Co)) can be treated as initial values 
on A0 for the first-order differential equation (5.1.11) along the bicharac-
teristic strips and we obtain a unique solution ek of (5.1.11,12) that is easily 
verified to belong to 

s , - m f c - H i ( 2 n - l ) ( C o j f i i / 2 < g ) L c o ) > 

(Use a trivialization of the line bundle over Co as discussed in Lemma 4.1.3 
to reduce (5.1.11) to a differential equation for complex valued functions.) 

Taking arbitrary E^ € / - m f c - 1 / 4 (X,X 0 ;Co) with principal symbol 
ek satisfying (5.1.11,12), we have obtained that 

pE(0) e / ™ - m f c - i - l ( X ? X o ; C ( ) ) 

and 

poQjE^-SjkleL-^Xo). 
Recurrently solving differential equations along the bicharacteristic 

strips of the type (5.1.11) (but now inhomogeneous) and algebraic equa­
tions such as (5.1.12) for the initial data, we can determine the principal 
symbols of the operators E^ e J - m f e -*- r (X,Xo;Co) such that 

P(e[Q) + • • • + 4 0 ) G j m - m f c - * - r - l ( X j XQ; CQ) 
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and 

PoQAE^ + ■■■ + 4 r > ) - SikI e L-r-^Xo) 
for r = 0,1,2, Taking for Ek an asymptotic sum of the EJ[' (by 
taking for the local amplitude of Ek an asymptotic sum of the local ampli­
tudes of the E{

k
r)), the construction of Ek E 7~m f c _ 1 / 4(X, X0; C0) satisfying 

(5.1.5,6) is complete. Summarizing we have proved the following theorem, 
which can be regarded as just a reformulation of the results of Lax [53] and 
Ludwig [56] in terms of the global theory of Fourier integral operators. 

T h e o r e m 5.1.2. Let P G Lm(X) be a properly supported pseudodiffer­
ential operator with real and homogeneous principal symbol pm, strictly 
hyperbolic of multiplicity fi with respect to the hypsersurface XQ in X. If 
(5.1.8,9) hold and Qj € Lmj (X), j = 1 , . . . , /i, have homogeneous principal 
symbols qj satisfying (5.1.13), then there exist Ek € 7 - m f e _ 1 / / 4 ( X , X Q ; C O ) : 
S'(X0) ->• V'(X) such that PEk = 0, p0QjEk = 6jkI. Here the homoge­
neous canonical relation Co is defined as in (5.1.7). If in addition (5.1.10) 
holds then we can choose these Ek to be continuous: V'(XQ) —* V(X). 

Remark. Using the parametrices of [22], Section 6.5, it can also be proved 
that the solution u of Pu e C°°(X), poQjU = gj mod C°°(X0) is uniquely 
determined modulo C°°(X) and hence equal to u = ^2Ekgk mod C°°(X). 

It follows that WF(u) C Co o \J WF(gj), so in particular the singular 

support of u is contained in the union of the bicharacteristic curves that 
are projections of bicharacteristic strips starting at points (a;o,£) such that 
Pm(xo,0 — 0, (xo,£|T X) ^ WF(gj). This is a precise formulation of 
the principle that "the singularities propagate along the bicharacteristic 
curves". Making only a microlocal construction of operators Ek, one can 
prove results on reflection of bicharacteristic curves at the boundary as in 
Nirenberg [69]. 

The following example shows that the bicharacteristic curves even may 
have singularities (turning points) without invalidating Theorem 5.1.2. In 
fact in the proof of Theorem 5.1.2 we did not see any effects of such turning 
points because the construction was made entirely in the cotangent bundle 
where the bicharacteristic strips are regular. 

Example . P = x2 ( ^ 7 ) + (af^) in ^ 2 (Tricomi operator). The dotted 
line XQ satisfies (5.1.8,9) but not (5.1.10). (The latter condition can be 
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satisfied by choosing X — domain below the bicharacteristic curve 7.) 

P elliptic 

/\ \ P hyperbolic 
7 / \ 7 / \ 

X0 

Instead of pursuing further results for general pseudodifferential opera­
tors P we now restrict attention to the case that P is a differential operator 
of order m on an open subset Y of X x R, X an n-dimensional manifold. 
Points in Y will be denoted by (x,t), x G X, t G R. We assume that 
P satisfies the conditions of Theorem 5.1.2 with \i — m and X replaced 
by Y and X0 by Xs = (X x {s}) n Y (the slight change in the notations 
should cause no trouble). Such operators are called strictly hyperbolic with 
respect to Xs. Following the presentation of Chazarain [16] and Chazarain 
and Piriou [17] we shall show that the construction of Theorem 5.1.2 can 
be used to obtain a unique solution u G C°°(Y) of the (inhomogeneous) 
exact Cauchy problem 

Pu = f inY 
(5.1.14) fd\m-3 

PO\1H) u = 9j mX°i J = 1i---,m, 

for every / G C°°(Y), 9j G C°°(X0). That is, Qd = (£)m"" J ' , qj = (ir)m^, 
so (5.1.13) follows from the study of a Vandermonde determinant. 

Compared with the classical proof using a priori L2-estimates (due to 
Leray and Garding; see Leray [55]) this "constructive" approach leads to 
much more detailed information about the operators E, Ek, which generate 

m 
the solution u = Ef + X) Ekgk, see Theorem 5.1.6 below. On the other 

k=l 

hand, the "energy estimates" are less sensitive to the geometrical conditions 
that we impose on the principal symbol, and can be generalized to cases 
where the construction of Theorem 5.1.2 apparently breaks down or leads 
to great complications. 

For the necessity of hyperbolicity for the well-posedness of the Cauchy 
problem we refer to Lax [53], Section 2, with the modifications of Horman-
der [44], Section 6.1, needed in the case of C°° coefficients. 
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Lemma 5.1.3. The operators Ek in Theorem 5.1.2 can be chosen such 
that 

PEk = Rke C°°(Y x X0), 
(5.1.15) Q m-j 

\-Q1J Ek=8jkI, jJk = li...,m. Pol 

Proof. Write (5.1.6) in the form po (J^) Ek = 6jkI + Rjk, Rjk e 
C°°(X0 x X0). Then (5.1.15) holds if we replace Ek = Ek(y,x0) = 
Ek(x,t;x0) by 

m frn—j 
Ekixit^xo)-^-——— Rjk(x,0;xo). D 

j=1 Km J)-

Lemma 5.1.4. Let Y = X x R, suppose P is strictly hyperbolic with 
respect to Xs = X x {s} for every S G M . Then there exists for each y e "K 
a neighborhood Uofy and a family of continuous mappings E^:C°°(Y) —> 
C°°{Y) depending smoothly on s € R, such that for all f € C°°(Y): 

PE(s>>f = f in U 

Ps\dt) Eis)f = ° inX^ j = l , - . . , m , S G R . 

Here ps is the restriction operator: C°°(Y) —> C°°(XS). 

Proof. Replacing Xo by Xs one obtains operators E^s) as in Lemma 5.1.3 
with po replaced by ps and it is easily verified that they can be chosen such 

E(s) 

that C°°(X) -> C°°{X x {s}) -*-> C°°(Y) depends smoothly on 5. Now 
write (Duhamel's principle): 

(5.1.16) (E^f)(x,t) = J (E[T)pTf)(x,t)dr. 

Then it follows immediately that 

( P ^ ) / ) ( x , t ) = / (x , t ) + ( ^ / ) ( , , t ) 
d \ m-J »&r*'f-°- '=!.••■. m 

where 

(flW/)(x,t) = f{PE^pTf)(x,t)dr. 

Note that -P^i has a smooth kernel. 

file:///-q1J
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Let if) G CQ°(Y) be equal to 1 on a neighborhood U of y, 0 < t/j < 1. 
If supp ip is sufficiently small then tpR^ will have norm < p < 1 uniformly 
in s, when regarded as an operator in the Banach space of continuous 
functions on supp tp with the supremum norm. It follows that I + IJJP^ 

has a two-sided inverse depending smoothly on s. The proof is completed 
by replacing £<*> by E^(I + V# ( s ) )~ V □ 

Lemma 5.1.5. Let P be a strictly hyperbolic differential operator of order 
m on Y with respect to XQ . Then there is a neighborhood Y of Xo in 
Y, such that u G V'{Y), Pu = 0 in Y, p0 (J^)™"' u = 0 in X0 for j = 
1 , . . . , m, implies u = 0 inY. 

Proof. From Theorem 1.3.4 and Proposition 5.1.1 we see that we can 
multiply u by the Heaviside function H(t) (= 1 for t > 0, = 0 for t < 0), 
the result u = Hu still being a solution of Pu = 0 because of the vanishing 
of the Cauchy data. Let d(x,xo) denote the geodesic distance between x 
and XQ, with respect to some Riemann metric in X; fix XQ G X. Then 
there exists SQ > 0 such that for all 0 < e < e0, P is also strictly hyperbolic 
with respect to the hypersurface Se = {(x,e2 - d(x,xo)2); d(x,xo) < s}. 

Now P is strictly hyperbolic if and only if its transposed *P is. Applying 
Lemma 5.1.4 we can find for any g G C°°(Y) a function v G C°°(Y) such 
that tPv — g in a neighborhood of the domain D£ = {(a;,t); 0 < t < 
e2 — d(x,xo)2}, with vanishing Cauchy data on S£. Using the uniqueness 
of the Cauchy problem on the level of formal power series, we see that all 
derivatives of v vanish on 5 e , so taking v = 0 for t > e2 — d(x, x0)2 leads to 
v G C°°(Y) such that tPv = g satisfies g = g in {(x, t)\t <e2 — d(xy xo)2}. 
It follows that (n, g) = (£,* Pv) = (Pu, v) = 0, and because g is arbitrary 
in a neighborhood of D£ in {(rc,£); t < e2 — d(x,xo)2} we find that u 
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vanishes there. Repeating the argument with (1 —H)u instead of Hu leads 
to u — 0 in a neighborhood of XQ. Because XQ G XQ is arbitrary, the lemma 
is proved. □ 

Remark. The proof is somewhat simpler if we use the remark after Theo­
rem 5.1.2 to obtain first that u is smooth. However, I wanted to make the 
proof independent of this reference to [22], in fact the result that we even­
tually obtain (Theorem 5.1.6) implies this regularity theorem and gives an 
alternative construction of a parametrix for P. Note also that if P has real 
analytic coefficients on a real analytic manifold, then it is sufficient that 
XQ is noncharacteristic for P in order to construct v as above for a dense 
set of g\ take g real analytic and use the theorem of Cauchy-Kowalewski. 
So in the case of analytic coefficients we obtain uniqueness for distribution 
solutions of the Cauchy problem under the weaker condition that X0 is 
noncharacteristic for P (Theorem of Holmgren [39]). 

A combination of Lemmas 5.1.3, 5.1.4, and 5.1.5 leads to a local ex­
istence and uniqueness theorem for the full Cauchy problem (5.1.14). Be­
cause of the local uniqueness, the local solutions automatically piece to­
gether in a neighborhood of all of XQ. 

The proof of Lemma 5.15 actually gave the following conclusion. Let 
S be a hypersurface in Y such that P is strictly hyperbolic with respect to 
S, and at the same time equal to the boundary of a subset 5_ of Y, such 
that 

D = {(x,t) GSUS_; t > 0 } , 
the domain between S and t = 0 is compact. Then u = 0 in a neighborhood 
of D, if Pu — 0 in a neighborhood of D and u has zero Cauchy data 
Po(-§i)n "̂  it in a neigborhood of the set of x such that (x, 0) G S U S-. 

Now let ?/o = (^o^o) G y , to > 0 be fixed. Taking all possible hyper-
surfaces S as above such that yo G D, we see that u = 0 in a neighborhood 
of t/o> if w G V(Y), UQ open in XQ such that: 

(a) Pu = 0, and p0 ( ^ ) m _ J u = 0 in U0 

(5.1.17) (b) Every curve y(t) = (x(t),t), y(£o) = Vo, in Y such that 
^ G T*(y{t)) for all 0 < t < t0 hits U0 for t = 0. 

Here the cone T* (y) C TyY is defined as the convex hull of the downward 
side (8t < 0) of the set of tangent vectors to the bicharacteristic curves 
through y. (Because of the hyperbolicity no such vectors lie in the hyper-
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plane 6t = 0.) The set of points in Y that can be reached from y by curves 
y(t) as in (b), t < to, will be called the domain of dependence D(y). We also 
write Dt(y) = D(y) n Xt and we have obtained that a solution of Pu — f 
is uniquely determined in a neighborhood of Dt(y) (for every t < to), as 
long as D(y) between t and to is compact. The method of sweeping out 
the domain by noncharacteristic surfaces to obtain the domain of depen­
dence as outlined above is due to John [47]. In this way we have sketched 
a proof of: 

T h e o r e m 5.1.6. Let P be a differential operator of order m on an open 
subset Y of X xR, strictly hyperbolic with respect to Xs = (X x {s}) D Y 
for every s G R. Assume moreover that the domain of dependence D(y) 
between y and XQ is compact for every y e Y". Then the Cauchy problem 
(5.1.14) has for every f G C°°(Y), gj = C°°(X0) a unique solution u = 

m 

Ef + JZ Ej9j- The solution operators E, Ej are continuous: C°°(Y) —> 

C°°(Y), respectively, C°°(Xo) —* C°°(Y) and have the following properties: 
(5.1.18) supp E C {(y, y')eYx Y; y' e D(y)} 

(5.1.19) supp Ej C {(y,y0) G Y x Y0; !/o G A>(y)} 

(5.1.20) JET,- G P- r n - 1 / 4 (F ,Yo;C 0 ) (see (5.1.7)) 

(5.1.21) WF'(E) C diag r*(Y) U C u ( C 0 o R0), 

where C is the set of all ((?/, 77), (?/, 77')) such that (y, 77) and (y', rj') are lying 
on the same bicharacteristic strip for P. On the different parts of the right-
hand side in (5.1.21) the operator E can be identified as follows. If A,B G 
L°(Y), (WF(A) x WF(B)) n (C U (C0 o i?0)) = 0 then AEB G L _ m (Y) , 
whereas A £ B G j i -™-i/4(y, y . C ) ^ (^F(A) x WF(B)) n (diag T*(Y) U 

( C o o f l o ) ) = 0 . 
Finally, if B G L°(Y), WF(B) D XQ1 = 0, toera £ £ is continuous: 

BUY) - KT'1^) for all s G R. 

Proof. The theorem is first proved in neighborhoods of the dependence 
domains D(y), using induction with respect to t. All the time the Ej 
are modulo operators with C°° kernel equal to the operators constructed 
in Theorem 5.1.2 because the local solutions automatically piece together 
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to global ones in view of the uniqueness. The statements about E can 
be proved by a closer examination of (5.1.16). Compare also with the 
parametrix E constructed in [22], Section 6.5. □ 

R e m a r k s . E, respectively, Ej can be continuously extended to {/ G 
V'{Y)\ WF(f)nX£ = 0}, resp., to W(X0), still solving the Cauchy prob­
lem for / , resp., gj in these spaces. It follows from (5.1.20,21) that (y,rj) G 
WF(u) only if (j/, rj) G WF(/ ) , or pm(y, rj) = 0 and either (y', if) G WF(/) 
for some (?/, r/) on the bicharacteristic strip through (y, rj) between XQ and 
y or (j/o^O € W^fe)* (J/OJ7/) o n the bicharacteristic strip through (y,r/), 
T y ' l = £'. This is a refined version of the theorem on propagation of 
singularities due to Courant and Lax [19]. 

From (5.1.20) we obtain that Ej is continuous: Hfoc(Xo) —► 
H^m~j(Y) for every s G R, in view of Theorem 4.4.4 and that E is 
continuous: H(oc(Y) n 2?'X^-(K) -► ^ J i m " 1 ( l r ) for every s e R . 

Note also that 

(5.1.22) p , ( - ) £,• G / ' - f c (X t ,X 0 ;C t o ) , 

where C to = {((y, f)» (2 /0 ,6 ) ) ; t h e r e e x i s t s »7> ^0 such that ((y, 77), (y0, r)0)) G 
C, T/L y = ^J 'TOIT v — 6 } - C<o is the finite union of graphs of homo-
geneous canonical transformations: T*(X0) \ 0 —■» T*(Xt) \ 0, and the 
example of the wave operator P = Ax — (d/dt)2 shows that these are 
quite different from the identity and not even induced by a diffeomorphism 
K:XQ —> Xt. It follows in particular that this operator, mapping Cauchy 
data on XQ of order m — j to Cauchy data on Xt of order ra — fc, is continu­
ous: Hfoc(X0) ->• H^k~j(Xt) for all s G R. (Using only the fP-continuity 
of the ^ we would have obtained continuity: Hs —► if s+ f c-J_ 1 /2 .) A 
variant of this continuity result for operators with Ck coefficients, k < 00, 
leads also to existence, uniqueness and regularity for nonlinear hyperbolic 
equations, see Fischer and Marsden [29], Section 2, and the literature cited 
there. 

The construction of Theorem 5.1.2 meets serious complications if we 
want to apply it to mixed problems for hyperbolic equations in the pres­
ence of so-called "glancing rays," see Ludwig [58] for some formulas for the 
solutions of the wave equation in the exterior of a convex reflecting body. 
However these formulas, complicated as they are, do lead to a simple de­
scription of the propagation of singularities, see Morawetz and Ludwig [65]. 
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We conclude this section by some remarks on the domains of depen­
dence, which play such an important role in Theorem 5.1.6. Let y G Y 
and let the differential operator P of order m be strictly hyperbolic with 
respect to the plane {6y, v) = 0, v G (TyY)* \ {0}. Let T(y) be the compo­
nent of v in the complement of N(y) = {rj G (TyY)* \ {0}; pm(y^rfj = 0} 
in (Tyy)* \ {0}. Combining the results of Hormander [44], Section 5.5, it 
follows that T(y) is convex, its boundary is a component of the smooth 
hypersurface N(y), and P is strictly hyperbolic with respect to the plane 
(6y,v') = 0 for any v' G T(y). It follows that the cone T*(y) defined in 
(5.1.17b) is equal to 

(5.1.23) r*(y) = {6y G TyY; (8y,v') < 0 for all v G T(y)} 

or its antipodal. The smoothness of dT(y) implies that T*(y) has no flat 
sides and that OF* (y) consists entirely of bicharacteristic tangent vectors. 
In other words, the map 771—> dvprn(y,r}) is surjective: dT(y) —► dT*(y). 

Now assume that 

(5.1.24) d^pm{y,rj) is nondegenerate for 77 G dT(y). 

Then 77 —> dvpm(y,r]) is a diffeomorphism: dF(y) —»• 5r*(y), so in particu­
lar, dF*(y) is smooth. Using a variational principle (see Leray [55], Lemma 
97.1, and Section 3.8 in these notes) it can be proved that each point of the 
boundary of D(y) lies on a bicharacteristic curve issuing from y, so dD(y) 
also consists entirely of bicharacteristic curves. If £ > 0 is sufficiently small, 
y = (x, to) then the part of dD(y) for to — e < t < to is a smooth conoid 
with vertex at y. However, the global dD(y) can develop singularities; an 
example is sketched below. (See figure on following page.) 

From the figure we can see that a bicharacteristic curve on dDo(y) 
can leave dDo(y) by dipping into the interior of Do(y). (The variational 
principle mentioned above forbids leaving Do(y).) 

Note that dD(y) is the outermost component of the projection into 
Y of the Lagrange manifold A obtained by flowing out Nyo = {(yo,v) € 
T*(Y); Pm(yoifl) — 0} along HPm (in the negative t-direction). 

For hyperbolic operators with constant coefficients still many more 
details are known, see Atiyah-Garding [8] and the literature cited there. 

The authors especially treat the problem of lacunas, which in its sim­
plest form treats the question of whether dD(y) is not only the singular 
support but even the support of the solution with Cauchy data = Dirac 
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Possible other bicharacteristics 
in the case m > 2. These cones 
can be singular from the start. 

measure at y. Hadamard, in his classical book [38] on hyperbolic equations, 
calls this "Huygens' minor premise, paraphrasing [45)." Apart from the fact 
that what Hadamard calls "Huygens' major premise" does not play a role 
in [45], it should be remarked that Huygens states explicitly that behind 
the wave front there is a contribution of the "partial wavelets," which how­
ever is "infinitesimally small compared with the disturbance at the front" 
which is an envelope of the partial wavelets. In contemporary language, 
the solution has a singularity at the front dD(y). Similar reasoning, with 
light rays instead of wave fronts, occurs in the explanation of Newton [68] 
of the rainbow, where it is concluded that singularly much light comes 
out of the water droplet at the maximal angle with the incident rays. So 
the determination of singularities was not uncommon in those days and in 
the case of the rainbow it is even more evident that "infinitesimally small 
compared with" did not imply "equal to zero" in such reasoning. Also 
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Pattern of the bicharacteristic curves in X. They have an envelope, 
forming a cusp that is the projection into X of the cusp-lines c of the 
"swallow's tail" in dDo(y). Such singularities correspond to caustics for 
the highly oscillatory asymptotic solutions for the reduced wave equa­
tion, issuing from xo. See Section 5.2. 

the theorem on propagation of singularities along the bicharacteristics in 
its microlocal (wave front) form can be seen in [45], keeping in mind, of 
course, t h a t Huygens only gives a geometric theory of disturbances t h a t is 
quite far from being an analysis of partial differential equations. See also 
[10], for a multidisciplinary view on Huygens' principle. 

5.2 . Osc i l la tory a s y m p t o t i c so lu t ions . C a u s t i c s 

We return to the local asymptotic solutions 

oo 

(5.2.1) U(X,T) = eiT*(x)a{x,T), a(x,r) ~ ^ O J - ( J ; ) T ' 4 - J ' 
3=0 

used to explain the validity of geometrical optics for wave mechanics as 
described in the Introduction. To fix ideas, we assume tha t u(x, T ) is an 
asymptotic solution, in an open subset U of an n-dimensional C°° manifold 
X , of a part ial differential equation with large parameters , as follows: 

m f) k 

(5.2.2) E M * ' i t e M D U<*'T> = °<T~*>' 
locally uniformly for x € U, r —> oo, all £. 
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Here Pm_fc(a;, djdx) are partial differential operators of order <m — k such 
that 

(-3) *(*.|.!)=£M*.<l)-(!)* 
fc=0 

is an operator of order m, with real principal symbol. 
If we want CLQ(X) ^ 0 in (5.2.1), then (5.2.2) holds if and only if the 

phase function (f>(x) satisfies the eikonal equation 

(5.2.4) f(x,d<f)(x)) = 0 

and the CLJ (X) satisfy a recurrent system of transport equations of the form 

(5.2.5) d^f(x,d(j)(x)) • daj(x) — g(x) • aj(x) = Fj(ao,... ,a,j-i)(x). 

Here / (x,£) = Pm(£',£> —1)> Pm — principal symbol of P of degree m. The 
factor g{x) is a function (dependent on </>) that is closely related to the 
subprincipal symbol of P of degree m — 1. Finally FQ = 0, that is, (5.2.5) 
starts with a homogeneous equation for a0-

In view of Theorem 3.6.3 we always have local solutions <f) of the non­
linear first-order partial differential equation (5.2.4) (nonlinear if m > 1), 
but in general <fi cannot be extended to a global solution on X because of 
"turning vertical" of the flow-out along Mf of the graph of d(j) (see the end 
of Section 3.6). 

In order to obtain global asymptotic solutions of (5.2.2) perhaps the 
simplest way is to study the Fourier transform 

oo 

(5.2.6) v(x,t)= I e-itTu(x,T)dr 
— oo 

of r —» U(X,T). Then (5.2.2) just means that 

(5.2.7) P(x, ^ , ^)v e C°°(U x R). 

Putting (5.2.6) in (5.2.1) shows that v is a Fourier integral distribution with 
amplitude a(x, r ) , one frequency variable r , and phase function r • [(j>{x) —t]. 
So v e r(U x R, (f)1) where v = \i + \ - \{n + 1) and 

(5.2.8) 0X = { (x ,0(a ; ) , - r#(a ; ) , t ) ; x e U, r e R \ {0}} 
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is the normal bundle in T*(X xR)\0 of the graph of 0 in U x R (compare 
Lemma 3.7.5). This graph therefore is just the singular support of v in 
U xR. 

Now the theory of Section 5.1 tells us exactly how the local solution 
v e Iu(U x R, (f)1) of (5.2.7) extends to a global one. We have to flow out 
(f)1- along the bicharacteristic strip of P to a global ifPTrv-invariant conic 
Lagrange manifold C in T*(X x R) \ 0, the symbol of the global solution 
v eT(X xR, C) of Pv G C°°(X x R) is computed by recurrently solving 
first-order ordinary differential equations along the bicharacteristic strips as 
in the construction of the operators Ek in Theorem 5.1.2, taking them in (p1-
equal to the corresponding symbols of the local solution v. (These equations 
along the bicharacteristic strips are the Fourier transform translation of 
the transport equations (5.2.5).) Uniqueness mod C°°(X x R,C) of such 
a global solution follow also from Theorem 4.3.2. Finally we can get rid 
of the C°° error term by subtracting from v a C°° solution v of Pv = Pv, 
which exists if P is for example hyperbolic. Examples of global solutions 
v £ IU(X xR, C) of Pv = 0 are the Ek • 8y0, where the Ek are the solution 
operators in Theorem 5.1.6 and 6yo is the Dirac measure in Xto at yo = 
(xo,to). Thinking of any function in XtQ as a superposition of ^-functions 
this example is considered as basic. 

The inverse Fourier transform 
oo 

(5.2.9) U(X,T) = (27r)_1 euv(x,t)dt, 
—oo 

if it exists, then will represent a global solution of the exact equation 
P(x,d/dx,r/i)u = 0, which has the asymptotic expansion (5.2.1) in U 
if no bicharacteristic strip for P starting in cj)1- returns from U. The exis­
tence of (5.2.9) depends on a sufficient decay of v(x,t) as |t| —► oo, locally 
uniformly in ar, which can be a subtle question (see Lax and Phillips [54], 
Morawetz and Ludwig [64]). We can avoid such problems if the projection 
from 7r(C) C l x l into X is a proper mapping, by cutting off v smoothly 
outside a closed neighborhood V of ir(C) where the projection V —> X is 
still proper. Then (5.2.9) converges and defines a C°° function in (x,t), 
which is a global solution in X of the asymptotic equation (5.2.2). (The 
smoothness in x follows by testing with rapidly oscillating functions and 
observing that T / 0 on C. r ^ 0 on ^ and r is constant along the 
bicharacteristic curves of P because - J ^ =0 . ) 
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Locally v is a finite sum of oscillatory integrals defined by a nondegen-
erate phase function (j){x,t, 6) in M.n+1 x RN and a corresponding amplitude 
a 6 Su~^N+^n+1^ — ̂ " 2 N + 2 that is an asymptotic sum of homogeneous 
functions of 6. Hence u(x, r) is a locally finite sum of integrals of the form 

(27T)-1 (I jM^M+^afa t, 9) d6 dt 
(5.2.10) JJ 

= (2TT)-1TJV / / eiT^x>t>eWa{x,t,T,e)dedt, 

which is an oscillatory integral as considered in Section 1.2, in N + 1 vari­
ables. Note that the growth order of rN • a(x, t,r,0) as r —> oo is equal to 

Writing a = (6,t), ip(x,a) = 0(a;,£,0) -ft , k = N + 1, we see that 
i/)(x, a) is a nondegenerate phase function in the sense that 

(5.2.11) d(x,a) d-a.^ has rank k when daip = 0 

if and only if 

(5.2.12) C is transversal to (x,£;f,r) G f ( I x l ) ; t = - 1 . 

This implies that 

(5.2.13) A = {(£,£); t n e r e i s a * s u c n t n a t 0M;£> _ 1 ) ^ c}i 

which is the projection into T*(X) of the intersection of C with {(x, t; £, r ) 
e r ( I x R ) ; r = - l } , is an immersed C°° Lagrange manifold in T*(X), 
locally given by 

(5.2.14) A.0 = {(xjdxVC^j")); daip(x,a) = 0}. 

Note that if C is the flow-out along HPm of any Co satisfying (5.2.12) then 
C satisfies (5.2.12) because r is constant along the bicharacteristics. In 
particular (5.2.12) holds for the flow-out C of (f)1- and in this case A is 
just the flow-out in T*(X) along Hf of the graph of d<f> in T*(X). As for 
conic Lagrange manifolds, every A^ defined by a function tp(x, a) satisfy­
ing (5.2.11) is an immersed Lagrange manifold in T*(X) and conversely 
every immersed Lagrange manifold in T*(X) is locally of the form (5.2.14) 
for some ip satisfying (5.2.11). We now summarize the above in a formal 
statement. 



5.2. Oscillatory asymptotic solutions. Caustics 131 

Definition 5.2.1. Let A be an immersed C°° Lagrange manifold in T*(X). 
An oscillatory function u(x, r ) of order \i defined by A is a locally finite (in 
X) sum of integrals of the form 

(5.2.15) I(x, r) = / eiT^a)b(x, a, r) da, 

where a = ( a i , . . . , a^), k G N, ip satisfies (5.2.11), A^ is a piece of A and 
finally 

oo 

b(x, a, r ) ~ Y^ br(x, a) ■ T^+^k~r and 
(5.2.16) ~ 

b(x,a,r) vanishes for a outside a fixed compact set in R*\ 

Proposition 5.2.2. Let i: A —> T*(X) 6e the immersed Lagrange manifold 
in T*(X) by flowing out the graph of d<j> along Hf, (j> as in (5.2.1). More 
precisely, let Ao he a hypersurface in d(j> transversal to Hf, define i(Ao,£) = 
$*(Ao), where <£* is the Hf-flow, Ao G Ao, t G R, take A = domain of 
definition of i in Ao x R, assume that d(j) C i(A). Ifnoi-.A-^X is proper 
and no solution curve of Hf starting in dip returns over U, then the local 
oscillatory asymptotic solution (5.2.1) of (5.2.2) can he extended to a global 
one of order [i defined by A. Two such global extensions differ by a function 
U(X,T) that is rapidly decreasing (U(X,T)) = 0(r~£), r —» oo, all £). 

If every projection in X of an Hf-solution curve meets U then a 
stronger uniqueness result holds. If u(x, r ) satisfies (5.2.2) globally, if all 
x-derivatives of u are bounded by a power ofr (locally uniformly in x) and 
u and all its x-derivatives are rapidly decreasing in U, then u and all its 
x-derivatives are rapidly decreasing in X. 

The global calculus of oscillatory asymptotic functions defined by a 
Lagrange manifold was invented by Maslov [61] who assigns to every func­
tion a on A an oscillatory function u as in Definition 5.2.1 by means of 
a "canonical operator." Regarding a as the (principal) symbol of u, the 
solution u of (5.2.2) can be determined by recurrently solving the trans­
port equations for a along the iJ/-solution curves, corresponding to the 
transport equations on C for the principal symbol of the Fourier transform 
v(x, t) of u(x, T) . See also Keller [48] who mentions the "multi-valued func­
tion d(j>(x)n (that is, the Lagrange manifold A) and the derivation of the 
phase shift when passing through a caustic from integral representations 
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of the solutions obtained from an application of Green's theorem. This is 
more or less the program that we carried out in more detail here. 

Note that the assumptions of Proposition 5.2.2 imply that i*a is exact 
on A, here a = canonical 1-form in T*(X). Writing i*a = dip, we find 
C = {{X^{X^),T^-T)\ (:r,£) G A, r € M}; here i is left out of the 
notation. Note also that the transversality of HPm to t = constant (on C) 
is equivalent to d^/(x,^) • £ ^ 0 for all (a;,£) G A. All these assumptions 
are not really needed in all their strength and it is in fact very interesting 
to investigate more general cases. 

Now we investigate the asymptotic behavior of the oscillatory integral. 
The only nonrapidly decreasing contributions come from the points (x0, ato) 
where daip(xo,cto) = 0. If d^(xo,ao) is nondegenerate, then we obtain 
according to Section 1.2, an asymptotic expansion of the form (5.2.1) for 
the integral, with some other phase (ft and amplitude a, but with the same 
growth order /i, so nothing new happens. However, if rank d ^ O ^ o ^ o ) — 
r < k then only r of the a-variables can be integrated away with the method 
of stationary phase (see Lemma 2.3.5 for the details of this procedure) and 
we are left with an integral (5.2.15) with k replaced by k — r and 

(5.2.17) dail)(x0, a0) = 0, d2J){xQ, a0) = 0. 

At such points the asymptotic value of the integral will be of higher order 
than T^ as r —> oo (although never of higher order than rAi+2(fc~r)). 

Now k - r is just the dimension of T(X0)£0)(A^) D T(XOi£0) (fiber), £0 = 
dxip(xo,^o) (see the remark before Lemma 2.3.5). So the points where 
exceptionally high intensity collects (where the light "burns," in optical 
terminology) are exactly those points where A turns vertical. 

Definition 5.2.3. Let i:A —> T*(X) be an immersed Lagrange manifold 
in T*(X). The caustic c(A) of A is the projection into X of the set S(A) 
of points in «(A) where i is not transversal to the fibers. At each point 
xo G X the order of the caustic is defined as the infimum K(XQ) of the 
numbers K' such that U(X,T) — 0{r^+K ) for r —> oo, uniformly for x in a 
neighborhood of XQ, for any oscillatory function u of order /i defined by A. 
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Of course K(XQ) = 0 for x0 e 7r(A) \ c(A) and K(XO) < k/2 where k 
is the maximum of the dimensions of the intersections T(Xo ,£)(A) D T(XOj£) 
(fiber) where (zo,£) € A. (Here i is left out of the notation, leading to a 
slight inconsistency.) However, it turns out that often (and in the generic 
case for n < 5), 0 < K(XQ) < k/2 for XQ € c(A); see the list on the following 
page. 

As in Section 1.2, the first step in obtaining an asymptotic expansion 
for (5.2.15) with a more general type of phase function V>, is to try a change 
of variables in order to get ip into some standard form. More precisely, 
suppose there exists a substitution of the form 

(5.2.18) x = x(y), a = a(y,P) 

which carries tp(x, a) into x(y, fi) modulo a C°° function X(y) of y only, 
that is, 

(5.2.19) iP(x(y), a{y, (3)) + X(y) = x(y, P). 

Applying the substitution (5.2.18) to the integral (5.2.15) we obtain 

(5.2.20) % r ) = /(xfo),r) = e~irX^ JeiT^y^c(y,P,r)dr, 

where c(y,j3,r) = b(x(y),a(y,/3),T)-\detdpa(y,(3)\. So apart from an addi­
tional oscillatory factor e~lTX^ and a transformation of variables x = x(y) 
the integral is transformed into one with the new phase function xiViP)-

It was recently observed independently by several authors (Gucken-
heimer [35], Arnol'd [3], [4], Guillemin and Schaeffer [36]) that (5.2.19) is 
just the definition of equivalence of ip and x> regarded as unfoldings, that 
is, as a family of functions of a, depending on parameters r r i , . . . , xn. The 
theory of unfoldings of singularities (a "singularity" of a —► ip(x,a) occurs 
when daip(x,a) = 0) was developed by Thom [79], and a rather complete 
theory can be given using the general theory of stability of C°° mappings 
of Mather [62]. Because of lack of time we shall not go into the details of 
this here, but only mention some of the most important results. 

The first one is the complete classification of Arnol'd [4] of the so-
called simple unfoldings, they all turn out to be locally equivalent to one 
of the following types: 
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Name ip(xi,... ,xn;ai,... ,ak) 
1 _ l 
2 m+2 Am+1 ±a™+2 + Q + xxai + ■ ■ ■ + XmaT, n>m,k>l 

Dm+1 a l a 2 ± OL2 + Q + rCltti + 0:2O2 

+ --- + x m a 2
n _ 1 , n > m , A; > 2 i - i 

£ 6 o;i ± OL\ + Q + x i a i + o:202 + a?3o| 
+ 0:40102 + 0:501 oc\ n>5,k>2 

Ej ot\ + a\a\ + Q + Eia i + 0:20:2 + 0:30:2 
+ 0:402 + xscti + 0:6010:2, n > 6, k > 2 

E 8 a\+ ct\ + Q + X\OL\ + 0:20:2 + £30:2 
+ 0:40:2 + 0:50:102 4- o?60io! n > 7, k > 2 

,2 „ -̂  K 1. >„ o A — I L 
12 2 12 

15 2 30 
+ 0:7010:2, 

Here 

Q = cx2
ko+1 + • • • + a £ 0 + p - o | 0 + p + 1 a2

k,k0 = 1 for Am+U 

ko = 2 otherwise. 

The number K in the last column is the order of the caustic at x — 0, 
these numbers can quite easily be determined using the semihomogeneity 
properties of the function ?/>. Using a property of these ip, called infinites­
imal stability (Mather [62], II) , one obtains for oscillatory integrals with 
these phase functions an asymptotic expansion of the form 

OO r 

I(xiT)^^T^k-^r''r\ur(x)'F(T1-aiXU...y-^Xn^ 

(5.2.21) r =° 

+ £ Vr,l(x)T~S' ^ (T 1 " 5 1 *! , • • • , Tl~S-Xn) dx£ 

for r —> 00, uniformly for x in a fixed neighborhood of 0 € W1. Here F is 
the "special function" 

F ( x i , . . . , x n ) 

{ ' ' > = f ... / ' e<V'(*i, . . . ,x„;ai, . . . ,a f c)d a i . . .d a i b j 

ip one of the s tandard unfoldings of type Am+i, Dm+i, EG, E7, Eg. The 
integral (5.2.22) has to be interpreted by a shift of the pa th of integration 
into the complex domain, to make the integrand of order 0 ( e ~ e i ' a l * a ) , 
£1, £2 > 0, and then defines an entire analytic function of a; G C n . Moreover 
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it can be proved that F is bounded on Rn. The numbers S£, I = 1 , . . . ,n 
are defined by 

as
k
ke is the monomial di/j/dxe. Observe that se < 1 

(5.2.23) 

where a\ie • a^2i • 
for all £, this is in fact quite crucial in the proofs. 

The simple unfoldings form an open and dense subset of C°° (X x A) 
for n < 5, and not so for n > 6, this is due to the appearance of "moduli." 
So generically for n < 5 every caustic is a locally finite superposition of 
caustics of the types Am+i, Dm+\ (m < 5), i?6. The simple unfoldings 
for n < 4 are the "elementary catastrophies" of Thom, they are called fold 
(A2), cusp (As), swallow's tail {A4), butterfly (As), elliptic umbilic (£^~), 
hyperbolic umbilic (Df), parabolic umbilic (D5). (Note that the ± signs in 
all cases except the Dm+i with m odd only decide between ip and —ijj and 
therefore are not very interesting.) Below we sketch the simple caustics for 
n < 3, the numbers are the orders on the different parts of the caustics. 

| ^ = 0 in (x, a)-space 
"folds over" 

—00 (shadow) 

n = 1 fold 

x2 

l/e (fold line) 

n = 2 cusp 
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(cusp line) X/A 

L/6 (fold surface) 

n = 3 swallow's tail 

(fold surface) ^e 

V4 

L/4 (cusp line) 

n = 3 elliptic umbilic 

—oo (shadow) 

L/6 (fold surface) 

n = 3 hyperbolic umbilic 
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Note that for the swallow's tail and the hyperbolic umbilic the fold surface 
has self-intersections. 

The uniform asymptotic expansion (5.2.21) was obtained for the fold 
by Ludwig [57], here the special function is 

(5.2.24) Ai(x) = I e
i(a3+xa) da (Airy function) 

This is the famous integral introduced by Airy [2] in his study of the caustic 
that is responsible for the natural phenomenon of the rainbow. The idea 
of using the formula of infinitesimal stability in the proof can be found in 
Guillemin and Schaeffer [36]. 

For more details concerning stability of caustics, see the review arti­
cle [21]. 

Originally I intended to also include some applications of Fourier inte­
gral operators as similarity transformations, but time has run out. Instead 
I refer to [22] where Fourier transformations are used to obtain similar­
ity with the simple operators d/dxn, respectively, d/dxn 4- id/dxn-\ in 
the case where p is real, dp ^ 0 when p = 0, respectively, p is complex, 
{p5p} = 0 and dRe p} dim p linearly independent when p = 0. In [73], [23], 
similarity with d/dxn + ixn d/dxn-i is obtained in the case that {p,p} ^ 0 
when p = 0. Fourier transformations are also used in order to simplify 
operators in the work of Egorov [24], [25] (to whom I ascribe this idea) and 
Nirenberg-Treves [70]. 
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