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Preface

More than twenty years ago I gave a course on Fourier Integral Op-
erators at the Catholic University of Nijmegen (1970-71) from which a set
of lecture notes were written up; the Courant Institute of Mathematical
Sciences in New York distributed these notes for many years, but they be-
came increasingly difficult to obtain. The current text is essentially a nicely
TeXed version of those notes with some minor additions (e.g., figures) and
corrections.

Apparently an attractive aspect of our approach to Fourier Integral
Operators was its introduction to symplectic differential geometry, the basic
facts of which are needed for making the step from the local definitions to
the global calculus. A first example of the latter is the definition of the
wave front set of a distribution in terms of testing with oscillatory functions.
This is obviously coordinate-invariant and automatically realizes the wave
front set as a subset of the cotangent bundle, the symplectic manifold in
which the global calculus takes place.

Similarly, the principal symbol of a Fourier integral distribution is
defined as the leading term in the asymptotic expansion of testing with
oscillatory functions. In this way the principal symbol is identified with a
certain function on a space of Lagrange planes. This leads to a definition
of the Maslov line bundle which looks somewhat different from the usual
one, but which fits naturally with the idea of characterizing singularities
of distributions by testing with oscillatory functions. It should also be
noted that the asymptotic expansion is obtained by applying the method
of stationary phase, which is the central analytical tool in the theory.

The text contains two basic applications of the theory: the Cauchy
problem for strictly hyperbolic equations and caustics in oscillatory inte-
grals. We have not attempted to treat the numerous other applications
which have been developed since the seventies, because that would change
the book from an introduction into a research monograph. For this we refer
the reader to the excellent four volume book by Hérmander, The Analysis
of Linear Partial Differential Operators published by Springer-Verlag, of
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which the Notes at the end of each chapter can be used to get quite a
complete overview of the applications.

J. J. Duistermaat
September, 1995
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Chapter 0

Introduction

Let S be the Schwartz space of all complex valued C* functions u
on R™ such that Iﬁ(%)"‘u is bounded on R™ for all o,3. Here z =
(Z1,...,2n) ER™, a = (a1,...,a4), B = (41,...,B,) are n-tuples of non-
negative integers,

n n .
s B; _—3— a _ o
(0.1) 27 = H:cj y (63:) =15
j=1 j=1""1
As is well known, the Fourier transformation, defined by
(0.2) Faj(ey= / e~ @A)y (z) dz
yields an isomorphism: & — &, with inverse given by
(0.3) (F (@) = (r) [ eOu(e) .

Here z,& € R™ and
(0.3a) (2,6) =) z&
j=1

denotes the inner product between the vector z and the covector £.
In particular, we can write the identity as:

(0.4) u(z) = (2m)™" // e"T vy (y) dy dé.
Now consider a linear partial differential operator
0\«
(0.5) P= a‘gmaa{:c)(%)

with variable coefficients aq (z) and of order m. (Ja| = a;+. ..+ a, denotes
the order of (-2).) Then we obtain from (0.4):

(0.6) (Pu)(@) = 2m) ™ [[ v 0n(a, uty) dy d,

1.J. Duistermaat, Fourier Integral Operators, Modern Birkhiuser Classics, 1
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2 Fourier Integral Operators

where the symbol op of P is given by

(0.7) op(z,8) = Y aa(z) (i)™
lal<m
So op is a polynomial in £ of degree m with coefficients depending on z.
If P has constant coefficients then one can try to find an inverse F for
P by formally writing

(0.8) (Ef)(z) = (2m)" / / @105 (6) 7 f(y) dy dE.

Of course the possible zeros of op in R™ and decrease of op at infinity
in general will cause trouble. However by pushing the integration into
the complex domain C™ in a suitable way and applying Cauchy’s integral
formula (here one uses that op is analytic), the zeros can be avoided. In
this way one can obtain a (Tight) fundamental solution for P, that is, a
continuous linear map E : C§°(R™) — C*°(R™) that can be extended to a
continuous linear map £'(R™) — D’(R™) such that PEf = f for all f €
E'(R™). (Usually the distribution E§ is called the fundamental solution.)
For a more detailed treatment of this result, which is due to Ehrenpreis
[26] and Malgrange [60]; see Hormander [44], Ch.III or [42'], Ch.X.

The above procedure breaks down almost completely if we allow P
to have variable (but still smooth, or even analytic) coefficients. However,
for an important special class of operators there is a rather satisfactory
substitute. In order to describe this, we start with some definitions.

The principal part p of the symbol of P is defined by

(0.9) pz,€) = > aa(z) (i),
la|l=m

that is, the homogeneous part of highest order of op.
The operator P is now called elliptic if

(0.10) £ #0 implies p(z,&) #0.
The best-known examples of elliptic operators are

(i) all nonsingular ordinary differential operators (that is, operators acting
on R1),
(ii) the Cauchy-Riemann operator %(3%1 + i%) on R?,

(iii) the Laplacian A = 25‘9—:; in R™.

Jj=1
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Note that the wave operator — gt — A is not elliptic. Of course, it is easy
to vary (ii), (iii) to operators with variable coefficients.

A pseudodifferential operator A of order p is, in its simplest form, given
by

O1) (o)) = o) [[ e Oa@, e )y,

where the symbol a(z, ) of the operator A is a C* function on R™ x R™
and satisfies an asymptotic development of the form

(0.12) a(z,8) ~ > a;(z,8).
7=0

Here the a; are C*° functions defined on R™ x (R™\{0}) and positively
homogeneous of degree p — j, that is,

(0.13) aj(z,7€) =t la;(z,&) if 7>0.

The asymptotic development (0.12) means that
k—1

(0.14) )= > a;(z O(¢|*= %) for |€] - o0
7j=0

(and similar estimates for the derivatives, see Section 2.1). The leading
term ag(z, &) is called the principal symbol of the operator A.

Of course each partial differential operator is also a pseudodifferential
operator with symbol equal to op, so we have a true generalization of the
class of differential operators. (It is important that the order u may be
any real number.) If P is a differential operator of order m, with principal
symbol p, and A is pseudodifferential of order u, with principal symbol ag,
then PA is pseudodifferential of order m+u and with principal symbol p-ay,
as is easily verified. (In Sec. 2.5 we shall give the more complete calculus
of pseudodifferential operators as developed by Calder6n-Zygmund [12],
Kohn-Nirenberg [50] and Hérmander [42] and [40], Ch. 2.)

Now let P be an elliptic differential operator of order m, with principal
symbol p. Choose any pseudodifferential operator A(®) of order —m with
principal symbol aéo) = 1/p. Then RW = I — PA© is pseudodifferential
of order —1 with principal symbol, say r;. Let A(!) be a pseudodifferential
operator of order —m — 1 with principal symbol a(()l) = r1/p. Then R(®) =
I — P(A© + AM) is of order —2. Going on like this we obtain a sequence
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AU j =0,1,2,... of pseudodifferential operators of order —m — j such
that
(0.15) RK+D — 1 _ P(A(O) n ...+A(k))

is of order —(k + 1). Let ) be the complete symbol of A7) and let A be
a pseudodifferential operator with a symbol a such that

o0
(0.16) a~ al.
§=0

(The existence of such an a requires a little additional work.) Then R =
I — PA is a pseudodifferential operator with symbol r such that

(0.17) r(z, &) = O(|§|—k) for |€] — oo, any k.

It follows immediately that the integral

(0.18) K(z,y) = (27r)_"/ei<x_y’5)r(a:,§) d¢

converges absolutely and differentiation under the integration sign shows
that it defines a C*° function. So

(0.19) (Ru)(z) = / K (%, y)u(y) dy

and we conclude that R is an integral operator with C* kernel. In other
words. we have solved the equation PA = I with a pseudodifferential
operator A, but only modulo an integral operator with smooth kernel.
Such an approximate solution of the equation PA = [ is called a right
parametriz for the operator P.

For several purposes a right parametrix is just as good as a right fun-
damental solution. For instance, considering R as an operator: L2(U) —
L?(U), U an open neighborhood of z, we see that R has an operator norm
as small as we want by taking U small. But then the “Neumann series”

(0.20) (I-R)™!= i R*
k=0

converges in the space of continuous linear operators in L?(U) and we
find for every f € L?(U) a solution u = A(I — R)™!f such that Pu = f
in U. So the existence of a right parametrix implies local solvability of
the equation Pu = f. (More generally, Riesz theory shows that for any
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relatively compact U C R™ the equation Pu = f is solvable in U for all
f that are orthogonal to some finite-dimensional subspace of C§°(U).) A
precise description of the singularities of Af, in terms of the singularities of
f, will be given later on for any pseudodifferential operator A, and this will
lead to the famous theorem that u can only have singularities where Pu has
singularities, if P is elliptic. So the parametrix will also give information
on the regularity of the solutions of an equation Pu = f.

We now turn to an example showing that the solutions of genuinely
nonelliptic problems sometimes can be obtained by application of an opera-
tor that is not pseudodifferential, but still admits an integral representation
resembling (0.11). Consider the initial value problem for the wave equation:

1 8%y
ou
(0.22) u(z,0) = ug(x), E(x,O) = uy(z).
Introduce
(0.23) a(é,t) = /e‘i(x’g)u(x,t) dz,

that is, the Fourier transform of u only with respect to the space variables.
Then (0.21), (0.22) turn into the ordinary differential equation

8% 21120
(024) Bﬁ‘ +c |§| =0
with initial conditions
. . ou(&,t R
(0.25) a0 = e, o _ay),

all depending on the parameter . This leads to the solution formula (cf.
Cauchy [15]):

u(z,t) = (2m)™" / Gillo=y,>£el€l0)

5 (uo(y) £ ua(y)/iclé]) dy de,
where + means taking the sum of two terms, one with the + sign and the
other with the — sign everywhere. This resembles (0.11), however with the

phase function (z — y, &) replaced by (z — y,£) * c|€|t. So we have now
arrived at a general type of “Fourier integral operator” of the form

(0.27) (Au)(z) = / / @V oz, y, Eyuly) dy de,

(0.26)
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where the “phase function” ¢ may be rather general. However, it will still
be required to be real and homogeneous of degree 1 (that is,

o(z,y,78) = T9(z,y,€) if 7> 0).

We also retain the condition that the “amplitude function” a has an asymp-
totic development of the form (0.12).

Functions of the form e!7#(*)a(z) were introduced perhaps first in a
remark of Debye in [77] in order to explain why geometrical optics is such
a good approximation for the behavior of light. Note that since Maxwell
[63], III, Ch. XX, light was generally accepted to be just electromagnetic
waves. So how do we get from the partial differential equations governing
these to the much simpler geometrical optics? The idea is as follows. Let
the partial differential operator P (with variable coefficients if we want to
treat nonhomogeneous media such as lenses!) have real principal symbol
p(z,€). Then e ¥ P(e'™%a) will be a polynomial of degree m in 7, with
highest-order term equal to 7™ p(z, %‘f(m)) - a(z) and next-highest order
term equal to

1l (= Op Op(z)\ Oa
7 12(23—5].(‘”’ oz )'E’Lq'“)’

i=1

with ¢ some function of z, depending on P and ¢. So if we first choose ¢
such that

op(x
(0.28) p(:n, ngr )) ~0
and then take a # 0 equal to a solution of
" dp Op(z)\ Oa _
(0.29) ;a—g(z - )-%j—%-q-a—o

then we have that P(ei"¥a) = O(t™~2) as 7 — o0o. Such functions e"%a
will be called asymptotic oscillatory solutions. In the case of the wave
equation (0.28) turns out to be the eikonal equation of geometric optics,
whereas the transport equation (0.29) describes the growth of the amplitude
along the orbits of the dynamical system

dr Ops Op(x)
0.30 == 2(s, )
(0.30) at ~ 9e\" oz
(A similar device is used in quantum theory, in connection with the “WKB-
method”.) Note that (0.28) is a nonlinear first-order partial differential
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equation for ¢. A detailed treatment of such equations will be given in
Ch. 3, Section 7. The transport equation (0.29) is much simpler, since it
can be reduced to the ordinary differential equation Za(z(t)) + q(z(t)) -
a(z(t)) = 0, with z(t) a solution of (0.30).

Birkhoff [9] introduced the refinement of replacing a(z) by

(0.31) a(z, ) ~ Za]—(x) Th=a
j=0

proving that the a; can be chosen recursively in such a way that P(e*"%a) =
O(77%) as 7 — oo for all k. (Exercise!)

In the case of systems such as the Maxwell equations the method
applies equally well. The equations for the leading term ao(z), now vector
valued, reveal such interesting features as polarization and energy transport
along light rays. See Luneburg [59] and the book of Kline and Kay [49]. (See
also Born and Wolf [11], p. 109 for historical remarks.) Finally, Lax [53],
Courant and Lax [19] showed that integrals (0.27) involving the asymptotic
solutions e*¥a can be used to represent the solutions of general hyperbolic
equations, leading to a proof of the generalized Huygens principle for such
equations. (For a slightly more general setup, see Ludwig [56].) This will
be treated in Section 5.2.

A general theory of Fourier integral operators (0.27) was given by
Hoérmander [40], including an invariant definition of a “principal symbol”
of such operators. (The problem is that one operator may be represented
by different phase functions ¢; and @2, and corresponding amplitudes a;
and ag, respectively, and the idea is to give a definition of the principal
symbol that does not depend on such a choice. A similar concept is con-
tained in the construction of the “canonical operator” of Maslov [61], Part
2, Ch. 2.) The reader will find that we have dwelt quite extensively on
symplectic geometry, which serves here as a preliminary to the invariant
theory of Fourier integral operators. However this subject has much inter-
est of its own and is basic for the understanding of nonlinear first-order
partial differential equations, variational calculus and classical mechanics.
For these reasons I have tried to give in Ch. 3 a rather complete account
of this classical theory.



Chapter 1

Preliminaries

1.1. Distribution densities on manifolds

We assume the basic concepts of distribution theory (as for instance
in Hormander [44], Ch. 1), manifolds and vector bundles to be known.

Let E be an n-dimensional vector space over R, A™E the space of
n-vectors in F, defined for instance as the dual of the space of n-linear
alternating forms: E™ — R. A™E is 1-dimensional over R. For any a €
R we call a complex valued density (or nonoriented volume) of order o
each mapping p: AE \ {0} — C such that p(Av) = |A|* - p(v) for each
v e A"EN\ {0}, A € R\ {0}. The space of all densities of order « is
1-dimensional over C and will be denoted by Q,(E).

Now let X be an n-dimensional C*° manifold. The tangent space of
X at z € X will be denoted by T,(X). The Q.(Tx(X)), z € X are the
fibers of a C* complex line bundle 2, (X) over X in a natural way. A C®
density on X of order « is now defined as a C™ section p: X — Q,(X).
The space of C* densities of order @ on X will be denoted by C*(X, Q,).
Note that after the choice of a nowhere vanishing standard density of order
o, the space C°°(X,,) can be identified with C*°(X). Using a partition
of unity one can always construct a strictly positive C*° density of order
o on X if X is paracompact (as will always be assumed for C* manifolds
here).

If E, F' are n-dimensional vector spaces over R, then an injective linear
mapping A: £ — F induces the mapping A.: A"E — A™F and so induces
a mapping A*: Q. (F) — Q. (F) defined by

(L.1.1) (A°p)(v) = p(Av), v e APE\{0},

and called pull-back of densities of order a. If X,Y are n-dimensional
C™ manifolds and ® is a C° immersion: X — Y then we define the
pull-back &*: C*(Y,Q,) — C®(X, Q%) by (2*p)(z) = (D®;)*(p(2(x)).
Here D®, is the differential of the mapping ®, which is a linear mapping:

1.J. Duistermaat, Fourier Integral Operators, Modern Birkhiuser Classics, 8
DOI 10.1007/978-0-8176-8108-1_2, © Springer Science+Business Media, LLC 2011



1.1. Distribution densities on manifolds 9

T3 (X) = To)(Y). (That @ is an immersion means precisely that D®, is
injective for all z € X.) If ® is a diffeomorphism: X — Y then it induces
a mapping ®: Q,(Y) — Qq(X) defined by

(1.1.2) O(y,p) = (27'(y), D23(p)), YEY, p€ Qa(Ty(Y))

(If E -5 X is a bundle over X then a point e € 7~!(z) is denoted by
(z,e) rather than by e, in order to keep in mind in which fiber of the
bundle the point e is lying.) In fact the mappings induced by the local
coordinatizations of X are used to make Q4(X) into a C* complex line
bundle.

If E = F then A,: A"E — A™FE is equal to multiplication with det A,
so A*: Q4 (E) — Qu(E) is equal to multiplication with |det A|*. So we
see that for every p € C®(X,Q,) the p. = (5*)71(p) € C®(k(u)),
a local coordinatization: U — R™, form a collection of functions with
transformation formula:

1.1.3 Pry = (P, © (K1 0 K7 1)) - |det D(k1 0 k5 1)|*
2 2

We could also have started by defining a density of order « as a collec-
tion of functions p,, k local coordinatization of X, satisfying (1.1.3), but
we preferred to start with a coordinate free description of the line bundle
Q4(X) of which the densities of order a are sections.

Note that densities of order 0 are just complex valued functions on X.
On the other hand densities of order 1 are the densities on X in the usual
sense. If p € C°°(X, ) has compact support, then there is a coordinate
invariant integral of p over X, denoted by [ pdz. Here the support of p,
denoted by supp p, is defined as the closure in X of the set of x € X, such
that p(x) # 0.

If p € C°(X,Q4), 0 € C™(X,p) then pointwise multiplication leads
to a product p- o € C®(X,Qq4). In particular

) [

defines a continuous bilinear form on C(X,Q4) X C(X,Q1-4) so 0 —
[(p - o)dz is an element of (C§(X,Q1_,))" that will also be denoted
by p. It follows that we have a continuous embedding: C*°(X,Q,) —
(C8°(X,21-4))’, and for this reason (C§°(X,Q1_4))" is called the space
D'(X,Qq) of distribution densities of order . (Distribution densities were
introduced first by de Rham [20].)
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A special case arises when 1 — o = @, that is, @« = 1/2. In this case
we have a natural duality between C*°(X,Q;/3) and C§°(X,9y,,), and
D'(X,Qy/2) is equal to the dual space of C§°(X,Q;/2). This simplification
is also convenient if applied in:

Theorem 1.1.1 (Schwartz [74]). Let X,Y be paracompact manifolds. Then
the formula

(1.14)  (AY)(p) =ale®Y), el (X,Q), e CF(Y, L),

defines a bijective relation between the continuous linear mappings A:
CP(Y,0q) — D'(X,21_0) and the distributions a € D'(X x Y,Q1_4)
on the product space X x Y. Here the tensor product ¢ ® ¥ is defined by

(1.1.5) (p®P)(z,y) = @(z) - Y(y).

That every a € D'(X x Y,1_4) leads to a continuous linear operator
A:CP(Y, Q) — D'(X,Q1-4) is easy to see, and in fact we will only use
Theorem 1.1.1 in this way. The converse, which is the hard part, states
that every continuous linear operator A: C§°(Y,Qq) — D'(X,Q1-4) arises
in this way. The distribution a is called the distribution kernel of the
operator A.

1.2. The method of stationary phase

In this section we invéstigate the asymptotic behavior of integrals of
the form

(1.2.1) I(a,t) = /e“f(z’“)g(x,a, t)dz

for t — oo. Here the integration is over x € R", a is a parameter varying
in RP. The “phase function” f is assumed to be real-valued and smooth
on R™ x RP, and for the amplitude function g we assume that

(1.2.2) g€ C™®R"xR? x RY), g(z,a,t)=0for z ¢ K, a € A.
Here K, respectively A, is some fixed compact subset of R™, respectively

RP. Moreover,

(1.2.3) (a—i—)ag = O(@t™*81el) for t — oo,

uniformly in (z,a) € K x A.
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Proposition 2.1.1. Assume that § <1 in (1.2.3). Write
(1.2.4) S5 ={(z,a) € K x 4; d,f(z,a) =0}

for the set of stationary points of f with respect to the integration variables.
Assume that for every N there exists a neighborhood Q@ of Xy in K x A
such that

(1.2.5) g(z,a,t) = O(t™N) for t — oo, uniformly in (z,a) € Q.
Then we have, for each N,

(1.2.6) I(a,t) = O(t™N) for t — oo, uniformly in a € A.

Proof. Using a cutoff function for X, we see in view of (1.2.5) that we only
need to consider the case that d, f(z, a) # 0 for all (z,a) € (K x A)Nsupp g.
Now let L = Ecj(m,a)-g‘—z;, ¢; € C*(R™ x RP) be such that

Lf =1 in a neighborhood of (K x A) Nsuppg.

This equation can easily be satisfied locally; a partition of unity then leads
to a global solution L in a neighborhood of (K x A) Nsuppg. But then

I(a,t) = /e“fgdw = (it)~! /L(e“f) -gdz
= (it)~! /e“f -L'gdz,
and repeating this procedure we obtain
(1.2.7) I(a,t) = (it)“k/e“f (L)kgdz

for all k. Here L’ denotes the transposed operator of L with respect to
the z-variables. It follows in view of (1.2.3) that I(a,t) = O(t™+%%—*) for
t — oo and for all k, so (1.2.6) holds if § < 1. a

Proposition 2.1.1 shows that in the study of (1.2.1) we can concentrate
on the set 35 of points where the phase function f is stationary with respect
to the integration variables. We now investigate the asymptotic behavior
of (1.2.1) not assuming that g is rapidly decreasing near X . Instead we
make a rather strong assumption on the behavior of f, namely:

di f(z,a) is a nondegenerate quadratic form

(1.2.8)
ifreK,a€ A, d;f(z,a) =0.
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In this case we have the following Morse lemma with parameters.

Lemma 1.2.2. Let f(z,a) be a C™ function in a neighborhood of (0,0)
in R™ x RP such that d, f(0,0) = 0 and d2f(0,0) is nondegenerate.

Then there exists a neighborhood A of 0 in RP and a neighborhood X
of 0 in R™ such that for each a € A there is exactly one z = z(a) € X
satisfying d; f(z,a) = 0; a — z(a) is C*™ from A into X.

Furthermore there exists a C*° mapping y: X x A — R™ such that

(1.2.9) y(z,a) = T — z(a) + O(|z — z(a)|?),

and

(1.2.10)  f(z,a) = f(z(a),a) + %(Q(a)y, y), Qa) = dif(m(a),a).

Proof. The first part is a direct application of the implicit function the-
orem. By transforming to the new variable £ — z(a) we may now assume
that d; f(0,a) = 0.

Try y(z,a) = R(z,a)z, with R(z,a) an n x n matrix, R(0,a) = I. So
we want f(z,a) — f(0,a) = 1(Q(a)Rz, Rz). Applying Taylor expansion of
t — f(tz,a) of order two, with integral remainder term, we obtain

f(z,a) - f(O,a) = %(B("L‘, a)x,x),
where
1B(z,a) = /1(1 — t) d2 f(tz,a) dt,
0

is a symmetric matrix depending C* on z and a, B(0,a) = Q(a). Thus
we are finished if

(1.2.11) R'Q(a)R = B(z,a).

For z = 0, R = I is a solution. The differential of the left-hand side
with respect to R at R = I is equal to S — S’Q(a) + Q(a)S. This mapping
is surjective from the space of all matrices to the space of symmetric ma-
trices, because S'Q + QS = C has the solution S = %Q"C. Application
of the implicit function theorem therefore gives a solution @ of (1.2.11)
depending C* on z and a, for  in a neighborhood of x = 0. 0
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So application of Lemma 1.2.2 to condition (1.2.8) gives for each ag € A
a neighborhood Ag of ag, finitely many open subsets X, j = 1,... k
of R", and corresponding C™ functions z(): 49 — X, y(@). X0 x A,
— R", such that

(1.2.12) def(z,a) 20 forac Ay, z€K\ ij X0
j=1

and

z — yU)(z,a) is a diffecomorphism from X ) onto

an open subset of R” such that 3 (") (a),a) =0,
(1.2.13) dzy? (29 (a),a) = I and

f(z,0) = £(z)(a),a) + 3(Q(a)y,y), with

y =y (z,a), QW (a) = d2f(z(a),a), for all a € Ao.

Take a partition of unity on X consisting of functions (@, M) .. . oK)
such that
(1.2.14) suppe € XU for j=1,...,k,
(1.2.15) d:f(z,a) #0 forz e KN suppcp(o), a € Ap.
Then
k o
(1.2.16) I(a,t) =Y I9(a,1)
j=0
such that
(1.2.17) 10, t) = / itf(2.0) 50 (1) . g(x,a,t)dz = OFN)

for t — oo, uniformly in a € Ay, and for all N;

[0)(a,t) = @D @50 . / @V @Y /240) (y. 0. t) dy

forj=1,...,k,

(1.2.18)

where the amplitude g%) is given by

(1219) gDy (z,a),a,1) - |det dry?(z,a)| = 9V (2) - g(z, a,1).
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Therefore we have reduced the study of (1.2.1) to the case that
f(:r,a) = %(Q(a):r’x)

Lemma 1.2.3. If A is a nonsingular symmetric n X n matriz then the
Fourier transform of

(1.2.20) T — eHAzz)/2
is equal to
(1.2.21) € — (2m)"/2 . |det A|7V/2 . % A g HATIEO/2,

Here sgn A is the number of positive eigenvalues of A minus the number of
negative eigenvalues of A.

Proof. On some orthonormal base A has diagonal form, so (Az,z) =

n
Za@? and the Fourier transform of (1.2.20) is the product of the 1-
j=1
dimensional Fourier transforms of the functions r; — eiai /2,
Now the 1-dimensional Fourier transform of z — e~%®"/2 is complex

analytic in z in Re z > 0 and equal to

(1.2.22) £ (27”)1/2(52/22

for real positive z, so it is equal to (1.2.22) for Re z > 0. Furthermore,
as a temperate distribution, it depends continuously on z in Re z > 0
so we conclude that if Re z = 0, z # 0 then the Fourier transform is
still equal to (1.2.22), which actually is an analytic function of £. For the
complex analytic continuation z — 271/2 to Re z > 0, z # 0 we have
(—ia)~1/2 = |a|~1/2¢ " @ if g is real. This completes the proof of the
lemma.

Proposition 1.2.4. Suppose g satisfies (1.2.2) and (1.2.3) with § < 1/2.
Let Q be nonsingular and symmetric, depending continuously on a. Then

/elt(Q(a)z,z)/2g(x’a,t) N (_tﬁ)n | det Q(a)| /2
(1.2.23) , o 1
o5 sen Qa) kZ i (R*9)(0,a,8) - t7*
=0
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fort — oo, uniformly in a € A. Here
o 0
R=i(Q(e) -, - )/2
HQ@™ 5 ax>/
which is a second-order partial differential operator in x.

Proof.
[ gda= [ A () (Flg)E art)de

Here F denotes Fourier transformation. Apply Lemma 1.2.3 and use the
Taylor series

emH@e0/2 _ 5 ‘;:“g(—i(Q_lé,O/?)k 7

k=0

Then apply partial integration and use that

[ @i = 10

to complete the proof.

Historical remark. The method of stationary phase goes back to Stokes
and Kelvin, with refinements by van der Corput. See Erdelyi [28], Section
2.9 for a short review.

1.3. The wave front set of a distribution

Let u € D'(X), X open in R™. According to the Paley—Wiener theorem
u is C* in a neighborhood of z, in other words, z ¢ sing suppu, if and
only if there exists p € C§°(X) such that ¢(z) # 0 and

(1.3.1) Flou)(€) = O(J¢|™N) for |¢] — oo, all N.

(In fact (1.3.1) means that pu € C§°(R™). An equivalent formulation
is: there is a neighborhood U of z such that (1.3.1) holds for every ¢ €
g (U).)

Now (1.3.1) is equivalent to

(1.3.2) F(pu)(t€) = (70 u) = O(r~N)

for 7 — oo, uniformly in || = 1, for all N. So we tested the distribution
u with the oscillatory test function e ~*7(*€)(z) and then investigated the
asymptotic behavior letting the frequency variable 7 go to co. The function
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@ was used to obtain a localization with respect to the x-variables. Notice
that (z,€) = constant are the fronts of constant phase of the oscillating
test function, which are orthogonal to the vector £&. Now it turns out that
it is very fruitful not only to localize with respect to z but also with respect
to the direction from which the testing waves pass over the distribution u.
This leads to the following definition.

Definition 1.3.1. If u € D'(X), then the wave front set WF(u) of u
is defined as the complement in X x (R™ \ {0}) of the collection of all
(z0,&0) € X x (R™\ {0}) such that for some neighborhood U of zg, V of
& we have for each ¢ € C§°(U) and each N:

(1.3.3) Flou) (7€) = O(r7N) for 7 — oo, uniformly in ¢ € V.

Proposition 1.3.1. WF(u) is a closed cone in X x (R™\ {0}),
(1.3.4) sing supp u = 7(WF (u)),

and finally

(1.3.5) WF(uly) =WF(u) N7~ (Y) for every open subsetY of X.

Here m is the projection (z,&) — z from X x (R™\ {0}) onto its first

factor. Also, u|Y is short for ulcw(y)'
0

A subset T' of X x (R™\ {0}) is called a cone if
(1.3.6) (z,8) eT = (z,7€) €T for all 7> 0.
The proof of Proposition 1.3.1 is immediate. To obtain a coordinate

invariant definition of wave front sets of distributions of manifolds, we give
the following variant of (1.3.3).

Proposition 1.3.2. (z9,&) ¢ WF(u) if and only if for any real-valued
C® function ¥(x,0) of (z,a) € R™ x RP with d;¥(xq, ag) = & there is an
open neighborhood Uy of xo, Ao of ag such that for any ¢ € C§°(Uy) we
have

(1.3.7) (e"”’/’("“)go, u) = O(T_N) for T — oo,

uniformly in a € Ap.
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Proof. This is a direct application of Proposition 2.1.1. Suppose (o, &) &
WF(u) (the “if” part is trivial). Let ¢’ € C§°(Up) be equal to 1 on a
neighborhood of supp ¢. Then we get

(6—13‘”1’('1“)90, u) = <f_1(€_i‘r¢§0l)vf(<pu)>
= (2m)™" / / ¢80 o (3) Fipu)(€) da dé
= (2m) """ / / @ =v(@D o/ (1) . Fpu)(r€) dz dE,

using the substitution £ — 7€.

Now we apply Proposition 2.1.1, or rather its proof, to the integral
(1.3.8) I(r,¢,a) = /e”[<z'5)"¢(z’“)]cp'(1:) dz.

Choosing Uy, Ap small enough we can obtain in view of d 9 (zo,a0) =
& that |dg¥(z,a) — €| > € if (z,a) € Uy x Ao, £ ¢ V. Here V is the
neighborhood of & as in Definition 1.3.2. So if £ € V, a € Ay then
application of the partial integrations in the proof of Proposition 2.1.1
with L = |€ — d,9|~2(€ — dy, 2) leads to an estimate of the form

(13.9)  |I(r,&a) < Ck-T (1 +[e)7F, ac Ao, ¢V, 721
On the other hand |F(pu)(7€)| < C(1 + |7€])¢, some £, and
(1.3.10) |Flpu)(r)| < C 7%,  €teV,7>1,

any k if Uy C U, U as in Definition 1.3.1. These two estimates together
immediately yield (1.3.7). O

So if X is a manifold, u € D'(X,Q,), then we can take Proposition
1.3.2 as the definition of WF(u), the only difference is that we should
take ¢ € C§°(Up, Q1—-qo). This definition is coordinate-invariant by its very
formulation and agrees with Definition 1.3.1 for distributions in R™. We see
that WF(u) is a closed conic subset of 7*(X) \ 0 = the cotangent bundle
T*(X) of X minus the zero section. Also (1.3.4) and (1.3.5) hold with =
equal to the bundle projection: T*(X) — X.

The cone axes a(z,€) = {(z,7); 7 > 0} through points of 7*(X) \ 0
together form a bundle S*(X) over X, with projection g: a(z,£) — = and
fiber isomorphic to the sphere in T,(X)* with radius 1. So the bundle
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mapping 7 factors through the bundle mappings @ and 8 (7 = fo a).
B: S*(X) — X has the useful property that

T*(X)\0

| a, fiber = RT
5*(X)

| B, fiber = S"7!
X

its fibers are compact. Because 3 is a fibration, this implies that § is a
proper mapping, that is, preimages of compact subsets of X are compact
in S*(X).

The concept of wave front sets can be used to define a sheaf S on
S*(X) which is analogous to the sheaf C of Sato [71]-({73] in the category
of hyperfunctions. Let U be an open subset of S*(X), which can algso be
regarded as a conic open subset of 7*(X) \ 0. Call two distributions u, us
on D'(X) equivalent over U, notation u; = ug in U, if WF(u; —ug)NU = 0.
The equivalence classes with respect to this equivalence relation form a
space S(U) and we have a natural mapping py,y: S(U) — S(U)ifU' C U.
One can prove that the S(U) together with the “restriction mappings”
pu,u’ form a presheaf and hence define a sheaf over §*(X). Sections of this
sheaf S over the whole of S*(X) are naturally identified with elements of
D'(X)/C*(X) and the support of such a section is equal to the wave front
set, of the corresponding distribution.

Historically, Sato first defined his sheaf C over $*(X), X a real an-
alytic manifold. Global sections of C correspond with hyperfunctions on
X modulo real-analytic functions. For the supports of global sections he
derived the properties analogous to Theorems 1.3.4 and 1.4.1 below. This
inspired Hormander to his definition of wave front sets (and the sheaf S) in
[40], Section 2.5. A corresponding definition in Gevrey classes (including
the real-analytic case) was given in [43].

We now follow the presentation of the calculus of wave front sets of
Gabor [31].

Definition 1.3.2. Let I be a closed cone in T*(X) \ 0. Define Dp(X) =
{u € D'(X); WF(u) C T'}. In D(X) we take the topology defined by the
seminorms of the weak topology in D’(X) together with the seminorms

(1.3.11) u— sup 7V [(e7TYOD g u),
7>1,0a€EA
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where ¢ € C§°(X), A compact in RP, (z,d,;¥(z,a)) ¢ T for (z,a) €
supp ¢ X A.

In other words, we add as seminorms the smallest possible constants
n (1.3.7). An equivalent definition can be given taking the best possible
constants in (1.3.3), by taking supp ¢ contained in a coordinate neighbor-
hood and F(p - u) = Fourier transform of ¢ - u in the corresponding local
coordinates.

Proposition 1.3.3. Let X,Y be C*° manifolds, ® a C* mapping: X —
Y, denote

N =A{(yn) eT*(Y)\0; y=2(z),

(1.3.12) )
D®,n=0 for some z € X}.

Let T be a closed cone in T*(Y) \ 0 such that TN N = Q. Then the pull-
back ®*:C*(Y) — C°°(X) has a unique continuous eztension' Dr(Y) —
D'(X), and supp(®*v) C ®~!(suppv) for each v € DR(Y). I

(1313)  F={(8cT(X)\0; 3:'Dbn=¢ (B(z),n) €T}
then ®* is in fact continuous: Dp(Y) — DL(X).

Proof. Using a partition of unity in Y it suffices to prove it for v such that
supp v is compact and contained in a coordinate neighborhood, and there
we define ®*v formally by

B*v, ) = (27)" / / (@ (2).m)
(1.3.14) (270, ) ol
-(Fu)(n)dndz, ¢ € CP(X).

Here n = dim Y. It is obvious that we only need to consider ¢ with small
support near points in ®~!(suppv). Making the partition of unity in Y’
fine enough we can therefore reduce to the situation that *D®,n # 0 for
(z,m) in the closure of the set

{(.’IJ,T[); z esuppy, Inl =1, (y,n) € WF(v) for some y € Y}.

(Here it is used that ' is closed and ' N N = .) It follows that there
exists x € C°°(R™) such that x = 1 on a neighborhood of 0 in R™, x(n) is
homogeneous of degree 0 for large |n|,

x(n) - (Fo)(m)| < en(L+[n))~N for any N
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and finally
*D®,n| > Cln| for z € suppyp, 1 € supp(l — x).

Let L = ¥XL;(z,n)0/0x; be such that L; € C®(X x R"\ {0}), L; is
homogeneous in 7 of degree —1 and finally L-(®(z),n) = 1/i on supp(1—x).
Then

(D*v, p) = // ei(q’(z)’")cp -x - Fvdndzx

n // @ (x).m) (*L)Po- (1 %) Fvdndz

is absolutely convergent for sufficiently large p and defines the desired
continuous extension ®*. (Note that (1.3.15) is equal to (1.3.14) when
v € C§°(R™).) The uniqueness of the extension follows from the remark
that vk — v in DR(R™) if v € DL(R™), ¥e(y) = e ™(y/e), ¥ € C§°(R™),
[wdy =1, so C®°(R") is dense in D(R™). O

(1.3.15)

Proposition 1.3.4. The push-forward ®,. = *(®*) is a continuous map-
ping from the space of u € D'(X) such that ®:supp u — Y is a proper
mapping into D'(Y). For such u we have

WF(®.u) C {(y,n) € T*(Y)\0; y = ()

(1.3.16)
and (z, *D®,n) € WF(u) for some = € X}.
Proof.
(Ta, p(m)e ™D = (u, p(B(z))e THEE),
Note that dy1)(P(x)) = dipg(z) © DPe = *D®; - dipg(s). 0

Proposition 1.3.5. Ifu € D'(X), v € D'(Y) then
WF(u®v) C (WF(u) x WF(v))U(WF(u) X suppg v) U (suppg u x WF(v)).

Here suppyu = {(z,0) € T*(X); = € supp u} and analogously suppy v =
{(y,0) € T*(Y); y € supp v}.

The proof is immediate. From Propositions 1.3.3 and 1.3.5 we now
obtain:

Theorem 1.3.6. Let I'y, Ty be closed cones in T*(X) \ 0 such that

1+ T2 = {(z,& + &); (x,61) €T, (z,8&2) € Ta}
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does not meet the zero section in T*(X). Then there is a unique continuous
mapping:

Dr, (X) x Dr,(X) — D'(X)
extending the product (uy,ug) — up - ug: C®(X) x C®(X) — C™(X).
Moreover (I'y + T'3) UT'1 UT'; is a closed cone in T*(X)\ 0 and the product
is in fact continuous:

D{n (X) x DIF2 (X) — D2F1+F2)UF1UF2 (X).

Proof. uj - us = A*(u; ® ug) where A: X — X x X: z — (z,z) is the
diagonal map. That (I'y + I'2) UT; UT; is closed follows from T+, C
(T'; + I'y) UT, U Ty, which we now prove. Suppose & + &) — € # 0 for
a sequence 5{ eIy, §g € I's. Suppose |£{| — oo for a subsequence; after
division by |§{ | and passing again to a subsequence if necessary, this leads
to 0 € T'y + I'y, a contradiction. If |¢/| — 0 for a subsequence then ¢ € T'y.
If finally {{ — & #£0, 55 — &3 # 0 for a subsequence then £ € 'y + . O

In the following theorems concerning continuous mappings
A:C§°(Y) — D'(X) with distribution kernel K4 € D'(X xY)
it is convenient to introduce the following notations.

WF'(A) = {((z,€), (v,m) € (T"(X) x T*(Y))\ 0;

(1.3.17) (z,y;€,—n) € WF(K4)},

(1.3.18) WFj(A) = {(z,€) € T*(X)\ 0; y € Y: (z,4;&,0) € WF(K4)}

(13.19) WF}(A) = {(y,n) € T*(¥)\ 0; Jx € X: (,y;0,n) € WF(Ka)}.
If Ry C UxV, Rpb CV x W are relations then the composition
Rjyo Ry C U x W is defined by

(1.3.20) RyjoRy = {(u,w) € UxW; Jv € V:(u,v) € Ry and (v,w) € Ra}.

Theorem 1.3.7. Let X,Y,Z be C*° manifolds, A and B continuous lin-
ear mappings: C§(Y) — D'(X) and C§°(Z) — D'(Y), respectively. If
WEFY,(A) N WFY,(B) = 0 and the projection into X x Z from the diago-
nal is X xY xY x Z is a proper mapping, then Ao B is a well-defined
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continuous linear mapping: C§°(Z) — D'(X). Moreover supp Ko C
supp K 4 osupp Kp and
WF'(Ao B) C WF'(A) o WF'(B) U (WFx(A) x Or+(z))

(1.3.21)
U (OT*(X) X WF%(B))

Proof. Kjop = mA*(Ka4 @ Kp), where A: (z,y,2) — (z,y,y,2): X X
YXxZ—->XXxYxY x Z and

m(z,y,2) — (,2): X XY xZ - X x Z. O

Corollary 1.3.8. Let A be a continuous linear mapping: CC(Y) — D' (X)
and let T be a closed cone in T*(Y) \ O that does not meet WFy,(A). Then
A can be extended to a sequentially continuous mapping: DE(Y)NE(Y) —
D'(X) and

(1.3.22) WF(Au) C (WE'(A) o WF(u)) U WF (A),

forallu € DY) N E'(Y). If in addition the projection from supp K4 into
X 1is a proper mapping then A can be extended to a sequentially continuous
mapping: Dp(Y) — D'(X) and (1.3.22) holds for all u € Dy(Y).

Proof. Apply Theorem 1.3.7 with Z = {point}. O

Remark. In view of its role in Theorem 1.3.7 and Corollary 1.3.8, WF'(A)
will be called the wave front relation of the operator A, it describes how
A propagates wave front sets of distributions on which it acts (ignoring
WF% (A) for the moment).



Chapter 2

Local Theory of Fourier Integrals

2.1. Symbols

In this section we generalize the classes of amplitude functions encoun-
tered in the Introduction and in Section 1.2, and we collect some useful
properties of these “symbol spaces.”

Definition 2.1.1. A conic manifold is a C'°° paracompact manifold V
together with a proper and free C*® action of Ry on V. (R, is regarded as
a multiplicative group.) It follows that the orbit space V' = V/R, has a
C® structure making V into a fiber bundle over V' with R, as fiber, and
the mapping o assigning to each v € V the orbit through v as projection.
The orbit a(v) is also called the cone azis through v.

Piecing together local sections by means of a partition of unity in V'
one can always construct a global section V/ — V, making the bundle
trivial. For this, we observe that if s, sg are local sections, then s,/sg is
a strictly positive function. So, if (4 is the partition of unity, then

s=[](sa/s0)%~ - 55

23

is independent of F and defines the desired global section s. However, we
avoid writing V' = V' x R, because there may be no preferred choice of
the unit section.

A function f on V is called homogeneous of degree p if 7* f = t* f for
all T € R;. Here the pullback 7* f of f by means of 7 is defined by

(2.1.1) (7" 1) = f(rv), veV.

If L is a smooth vector field on V and f is a smooth function on V, then
7*(Lf) = (t*L)(7* f), where

(2.1.2) (t*L){(v) = DY (L(Tv)), ve V.

J.J. Duistermaat, Fourier Integral Operators, Modern Birkhiuser Classics, 23
DOI 10.1007/978-0-8176-8108-1_3, © Springer Science+Business Media, LLC 2011
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Here 7 is regarded as a diffeomorphism: V' — V, so D7, is a linear mapping:
T,(V) — Try(V). A vector field L on V will be called homogeneous of
degree v if 7L = 7% - L for all 7 € Ry, it follows that Lf is homogeneous
of degree u + v if f is homogeneous of degree p and L is homogeneous of
degree v. Note that homogeneous vector fields of degree 0 induce flows in
V which commute with the action of R} on V.

Definition 2.1.2. Let V be a conic manifold, p,p e R, 0 < p < 1. A

symbol on V of order p and type p is a function a € C*° (V) such that
(2.1.3) T™(Lg ... - L1a) = O(T;"kp) for 7 — o0,

locally uniformly in V and for all C* vector fields L;,...,Lg in V that
are homogeneous of degree —1. The space of these symbols is denoted by
SE(V).

Note that a € S} (V) if a is homogeneous of degree u. In most applica-
tions we will only use symbols of type 1 and we will write S}’ (V) = S¥(V).
Note also that a € S4(V) if and only if

(2.1.4) 7Ly - ... L1a) = O(T***%) for 7 — oo,

locally uniformly in V' and for all homogeneous C* vector fields L; of
degree 0, § = 1 — p. From an a priori point of view vector fields of degree
0 are more natural, but we have chosen p = 1 — § as type number rather
than 6 because we shall make extensive use of homogeneous vector fields of
degree —1 later on. The following assertions follow immediately from the
definition.

Proposition 2.1.1. S4(V) is a linear space. SK(V) C Sl‘f,’(V) if p </,
p>p'. Ifa€ SH(V) and L is a homogeneous vector field of degree v, then
La € SYT YAV, Ifa € SK(V), b e SK(V), then a-b € SEHH (V).
Finally, if W is another conic manifold and x is a C* mapping: V —- W
commuting with the actions of Ry on V, respectively, W, then x*:a — aox
maps Sk (W) into SH(V).

The following propositions are the analogues of Theorems 2.7 and 2.9
in Héormander [41). We denote S™*°(V) = [ S4(V), which does not
depend on p. HeR
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Proposition 2.1.2. Suppose a; € S;°(V), j =0,1,2,..., and p; \, —c0
for j — oco. Then there exists a € SL°(V') such that

(2.1.5) a=)Y a;€S(V) forall k=1,2,....
i<k

In this case we say a ~ Y a;.

Proof. We may write V =V’ x Ry. Let K; be an increasing sequence of
compact subsets of V'’ such that every compact subset of V' is contained in
one of them. Let £; be a finite set of C*° vector fields on V' such that the
L(x), L € L; span T (V') for every x € K;. Choose ¢ € C*°(R) equal to
0 when 7 < 1/2 and equal to 1 when 7 > 1. We can then select a sequence
T; — oo increasing so rapidly that

k .
(2.1.6) ‘Le R (%) cp(Tj'l'r)aj(:r, ) <277 rHi-1=pk+(1-p)t

forxe K;, Ly,...,Lye Ly, k+£2+1< 35, 7> 1.

In fact, since there is only a finite number of conditions for given j,
we only need to use the fact that Tka%c;(p(Tj_lT) is uniformly bounded for
each j. We can now take

(2.1.7) a(z,7) =Y o(r; ') - aj(z,7)
=0

which is a locally finite sum since <p(7'j_17) = 0 for 7 < i7;. The esti-
mates (2.1.3) and (2.1.5) follow by remarking that any vector field on a
neighborhood of K; can be written as a linear combination on K of the
L € L;, with smooth coefficients. So the estimates follow by induction on
the number of applied vector fields from the estimates for the L € £;. O

Proposition 2.1.3. Let ¢ € C*®(V) be such that for every set of homoge-
neous vector fields L1, ..., Ly and every compact K C V there are constants
C, u such that

(2.1.8) [(Lg - ... - Lic)(mv)| < C - ¥, veK, 7>1
Then c € ST°(V) if for any v € R:
(2.1.9) c(tv) = O(1") for T — oo,

locally uniformly inv e V.
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We conclude that b € Sk°(V) and b ~ ) a; if the a; are as in Propo-
sition 2.1.2, b satisfies (2.1.8), and if there exists a sequence uy \, —oo for
k — oo such that

(2.1.10) (b - Zaj) (Tv) = O(TH*) for T — 00

i<k

locally inv € V, for all k.

Proof. If K, K’ are compact sets, K in the interior of K’, then we have
an a priori estimate of the form

(2.1.11) I fll1,x < C'\/Hf“o,x' N llzx -

Here || ||;,x denotes some fixed C7-norm taken over K. It suffices to prove
(2.1.11) locally for C*° functions with compact support and there it follows
from the following observation of E. Landau [52]:

If f is 02:R - R’ lf(l‘)I S Pa |f”(x)| S Q for all z € R, then
|f'(z)| < v/2PQ for all z € R.

Proof.

f@) - flz—e) =cf'(z) + 362 f"(&1), w—-e<&<z
flz+e)— f(z) =ef'(z) + 32 f"(&), z<&<zH+e,
SO

flz+e) = f(z —e) = 2ef'(2) + 3*(F"(&1) + f"(&2))-
This leads to |f'(z)| < P/e + 1eQ, take the minimum of the right-hand
side for € > 0. 0

So because ¢ decreases faster than any power of 7 and Ly L1 ¢ is bounded
by some power of 7 as 7 — oo for any homogeneous vector fields L;, Lo,
and we see that Lc decreases faster than any power of 7 as 7 — oo for
any homogeneous vector field L. By induction it follows that L ... Lic de-
creases faster than any power of 7 as 7 — oo for any homogeneous vector
fields Ly, ..., L, which means that c € S™(V).

For the second assertion, note that Proposition 2.1.2 implies that a ~
>_aj for some a € S#°(V). Then ¢ = b — a satisfies (2.1.8), (2.1.9) in
view of (2.1.10), so b —a € S7°°(V)). This implies that b € S4°(V) and
b~ > aj. O
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If F is a smooth N-dimensional vector bundle over a paracompact
manifold X, then F \ 0 is a conic manifold with respect to the multiplica-
tions with 7 € Ry in the fibers. Introducing inner products in the fibers E,
depending smoothly on € X (this can be done locally and then globally
by piecing together with a partition of unity in X), we see that the bundle
of unit spheres is a smooth section: (F \ 0)/R; — E\ 0, for this reason
(E'\ 0)/R; is called the sphere bundle SE of E.

SH(E) will be defined as the set of a € C*°(E) such that a]E\O €
SH(E\O0). IfV =U x RN\ {0}, U open in R™ (the local model for E \ 0),
then a vector field

. 8 = )
L= Zaj(x,e)%; + Zbk(:c,ﬁ)a—ek
j=1 k=1

on V is homogeneous of degree v if and only if the a; and by are homoge-
neous of degree v and v + 1, respectively.

It follows that S%(U x RY) is precisely the space of all a € C*°(U xR")
such that for any compact subset K of U and any multi-indices «, § we
have an estimate of the form:

@119 |(2) (%) 00| < Capat +foyriets0-01

az/ \o8

for r € K, & € RV \ {0}. This is the original form in which Hérmander
introduced the symbol spaces Sﬁy s» 6 =1 — p. The inequalities (2.1.12) are
invariant under changes of the local trivialization of E in view of Proposi-
tion 2.1.1.

The space S%(E) will be topologized by taking the best possible con-
stants Cq 5,k in (2.1.12) as semi-norms. With this topology S/(E) is a
Fréchet space. (A similar topology can be introduced on S;‘,‘(V) for an ar-
bitrary conic manifold V' but we will not use this in the sequel.) A subset
M of S#(E) is bounded if all seminorms are bounded on M. Because of
the theorem of Ascoli, the topology of pointwise convergence and that of
Sgl(E), p' > p are identical on bounded subsets of S4(E). This leads to

Proposition 2.1.4. Let a € SH(E), x € C®(E), x(z,0) =1 for § =0
and x(z,0) = 0 for |8] > 1. Define ac(z,0) = x(z,€60) - a(z,8). Then
ae € ST®(E), ac — a in SF‘,‘/(E) fore =0, any p' > p.

Proof. The functions x.(z,8) = x(z,€6), € € [0, 1] form a bounded subset
in S°(E). Because multiplication with a is continuous: S°(E) — Sk(E),
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then a., € € [0, 1] form a bounded subset of S#/(E). The proof is completed
by remarking that a. — a pointwise. O

Corollary 2.1.5. Let A be a linear mapping from the space f € C*(E)
that vanish for large |6| to a Fréchet space F, which is continuous for the
S;j(E)-topology for every p € R. Then there is a unique extension of A to
SP(E) = LGJRS;,‘(E) that is continuous: SH(E) — F for all p € R.

w

The generalization of this section to symbol densities of order « is left
to the reader. It should be remarked however that the standard density wg
of order o in R¥ is homogeneous of degree aN, in the sense that 7*wg =
7N . 4 for all T € Ry. The relation

(2.1.13) a-wp < a

is an identification between S¥(R™ x RN,Q,) and S4~*N(R™ x RY).

2.2. Distributions defined by oscillatory integrals

Let X be open in R™. The integral
(221)  I,(au) = / / @0 o(z, O)u(z)dzdd,  ue C(X)

is absolutely convergent if ¢ is real, a € Sh(X x RVM), and u + N < 0.
In this case u — I,(au) is continuous on C§(X) and therefore defines a
distribution A in X of order 0. ¢ will be called a phase function if it is
homogeneous of degree 1 and has no critical points as a function of (z, 6).
In this case the condition on the order of a can be dropped.

Theorem 2.2.1. Suppose p € C®(X x RN \ {0}) is real-valued, homoge-
neous in 8 of degree 1 and d(; gyp(z,8) # 0 for all (z,6) € X x RN \ {0}.
Suppose p > 0. Then the mapping a — I,(au), defined for symbols a that
vanish for large |0|, can for every u € C§°(X) be extended to S3°(X x RN)
such that it is continuous on Sk (X x RMN) for every p. Moreover, for every
a € SH(X x RN) the linear form A:u — I,(au) is a distribution of order
kifu—kp+ N <O.

Proof. Let L be a homogeneous C* vector field of degree —1 on X X
RN \ {0} such that Ly = 1. This exists locally on the sphere bundle
|8] = 1. With a partition of unity the local L can be glued together to a
C® vector field on || = 1 such that Ly = 1. L extends in a unique way to
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a homogeneous C* vector field of degree —1 on X x R\ {0}, and because
L is homogeneous of degree 0 we conclude that Ly = 1 on X x RV \ {0}.

Now let x € C®°(X x RM), x =0 for |§] < 1/2 and x =1 for |9 > 1.
Then M = %XL + (1 — x) is a first order differential operator with smooth
coefficients on X x RN and Me*® = e**. Moreover its transposed operator
‘M maps S#(X x RY) into S47#(X x RY) for all u. We obtain

(2.2.2) I,(au) = // e (*M)*(au) dz df, any k,

for any a that vanishes for large |0|, using repeated partial integrations.
So in view of Corollary 2.1.5 the mapping a — I,(au) has a continuous
extension to S4(X X R™M), which is equal to the absolutely convergent
integral (2.2.2) if m — kp + N < 0. Because at most k derivatives of u
appear in (2.2.2) this defines a distribution u — I,(au) of order &k in X. O

If ,a depend continuously on a parameter t in C®(X x RV \ {0})
and in SE(X x RM), respectively, then the corresponding distribution A
depends continuously on ¢ in view of (2.2.2). This can also be used to justify
differentiations with respect to t under the integral sign. Note that we have
continuous dependence of a; in S;," (X x RY) for all ' > p as soon as the
a; depend continuously on ¢ pointwise and are bounded in S (X x RM).
See the remark before Proposition 2.1.4.

Theorem 2.2.2. Let a € S;*, p> 0 and ¢ be as in Theorem 2.2.1. Then
WEF(A) is contained in the closed conic subset

{(z,dzp(z,0)) € T*(X)\0; (,0) € ess supp a, doy(z,6) = 0}
of T*(X)\ 0. Here ess supp a is defined as the smallest conic subset of
X x RN \ {0} outside of which a is of class S™°°.
Proof. We have to prove that the integral
(e, A) = // @0 =m9(=. gz 0)u(z) dz db

(2.2.3)
=7V // e”[“’(z’o)_w(x’”)]a(x,TH)u(x) dz db.

is rapidly decreasing as 7 — oo, uniformly for ¢ in a neighborhood of oy,
if supp u is contained in a sufficiently small neighborhood U of z¢ and

dz(xo,00) # dzp(xo, 8) for any 6 such that
(z0,0) € ess supp a,dpp(xo,0) = 0.
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But this means that d(; ¢)x(z0,6,00) # 0 for all 8 with (z¢,6) €
ess supp a, if we write

(2.2.4) x(z,0,0) = p(z,0) — Y(z,0).

So the proof follows from an application of Proposition 2.1.1, or rather its
proof, to {2.2.3). Write (2.2.3) in the form {2.2.2) to be sure of having
absolutely convergent integrals and to justify the partial integrations. [

2.3. Oscillatory integrals with nondegenerate phase functions

Theorem 2.3.1. Let a,¢p be as in Theorem 2.2.1, p > 1/2. Let
P € C®(X x %), & = da¥(xo,00) # 0,

(2.3.1) d(z,0)[v — ¥](20,00,00) = 0
and finally
(2.3.2) dr(“;,g)[@ — ¢](0, 60, 00)

is nondegenerate.

Then there exists a neighborhood Xy of zo, X0 of oo, and a conic
neighborhood Ty of (zo,00) in X x RN \ {0} such that if u € C$°(X),
supp u C Xg, and ess supp a C Iy, we have the following asymptotic
development:

<e—i'rz/1(-,a)u, A) ~ e—iﬂb(x(a),a) . T%(N~n)

(2 )%<N+“>-|detcz< )| Q@)

(2.3.3) i
. (R oy 7
for T — oo, uniformly in o € ¥y.
Here (z(0),6(0)) is the unique solution in Ty of
(2.3.4) dz,0)lp — ¥](z(0),0(0),0) =0,
(2.3.5) Q(0) = di; g)l¢ — ¥)(2(0),6(0), 0),
(236) g(y(a:, 6, O)a g, T) ' | det d(z,G)y(xy 8, O')| = (l(ZL‘, ’7'0) ' 'LL(:E),

where (z,0) — y(z,6,0) is a diffeomorphism such that

(2.3.7) y(z(0),6(0),0) =0, d(m,B)y($(0)7 6(0),0) =1,
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and
(2-3'8) [(P - w] (1"7 o, 0’) = _1/)(1‘(0')70) + %(Q(U)y, y)
Finally we have used the second-order partial differential operator
o 0
_1; -19 O
(2.3.9) R(o) = 21<Q(0) 5 ay>'

Proof. Let a € C°(X x RV \ {0}) be equal to 1 on a neighborhood of
(z0,80) and vanish outside such a small neighborhood of (zo, ) such that
@ — 1 has no critical points as a function of (z,6) € supp(l — ) if 0 € Xy.
Then

(e_i””u, A) =1 (T) + 12(7'),

where

nr)y==" // e =¥) aqu dz db

Iy(r) =7V // e =¥)(1 — ) au dz db.

Using the proof of Theorem 2.2.2 we see that I>(7) is rapidly decreasing
as 7 — 00, uniformly in o € 3. The integral I; () has its amplitude sup-
ported in a fixed compact subset of (z, §)-space so (2.3.3) now immediately
follows from Lemma 1.2.2 and Proposition 1.2.4. Note that d(; ¢)(¢p—%) = 0
implies dop(z,8) = 0 so p(z,8) = (6,dep(x,0)) = 0 in view of the homo-
geneity of . O

The asymptotic development (2.3.3) characterizes the distribution A
modulo C*(X) in the following sense: If A € D’(X) also satisfies (2.3.3)
then zo ¢ sing supp (A — A). We now analyze the conditions (2.3.1) and
(2.3.2). Let ' be a cone in X x RV \ {0}. The phase function ¢ is called
nondegenerate in I if
dg(p(:l,‘, 9) =0, (.TJ, 9) el = d(z’g)%

J

are linearly independent for j=1,...,N.

(2.3.10)

The condition (2.3.10) implies that for some open cone I' D T the manifold
(2.3.11) C, = {(z,0) € T; dpy(x,0) = 0}

is a conic C* submanifold of X x RV \ 0 of dimension (n + N) — N = n.
This is a direct application of the implicit function theorem.
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Lemma 2.3.2. If ¢ is a nondegenerate phase function, then
(2.3.12) T® : (2,0) — (z,dy0(z,0))

is an immersion: C, — T*(X)\ 0, commuting with the multiplication
with positive real numbers in the fibers. So its image A, is an immersed
n-dimensional conic submanifold of T*(X) \ 0.

Proof. We have to prove that
(6,60) € T(z0)(Cy), DI} (62,60) =0 =  (6z,60) =0.
Now
(6z,80) € T(xyg) (C%’) & dydgp bz + dgdpp 660 =0
and
DT, (62, 60) = (63, dpdap 53 + dodatp 66)

so we have to prove that dgd,p 66 = 0, dgdgyp 66 = 0 implies that 660 = 0.
But this is exactly the condition that ¢ is nondegenerate. O

Lemma 2.3.3. The following assertions are equivalent.
(i) @ — v has a nondegenerate stationary point as a function of (x,0) in
T =x9, 0 =6y, 0 =0p.

(ii) a) ¢ is a nondegenerate phase function in a conic neighborhood of
(1:0, 90) and
b) The graph of dyy intersects A, transversally in the point
(zo,&0) € T*(X) \ 0, where

o = dzp(0,00) = dz (T, 00)-

Proof. First note that d; g)(¢ — ¥)(z0,00,00) = 0 & (20, ds¥(20,00)) =
(:L'Oa d:l:(p(x()a 60)) € Aﬂa'
Second, the stationary point is nondegenerate if and only if:
dz(dzp — dzp) - 6z + dodyp - 660 =0
(2.3.13) and
dedgp - 0x + dodgp - 68 =0
imply that 6z = 0, 6 = 0. In particular (2.3.13), taking éx = 0, implies
ded,}p -60 =0, dode(p -00=0 = 60= 0,

that is, ¢ is a nondegenerate phase function.
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If conversely ¢ is a nondegenerate phase function, then A, has tangent
space in (g, dz¢(x0,60)) equal to

{(62,dodup - 6 + dodyp - 60); dudag - 57 + dgdgp - 66 = 0}.

The tangent space to the graph of d;¢ is equal to {(6z,dzd;¢ - 6z); 6z €
Ty, (X)}. The condition (2.3.13) means precisely that these spaces have
zero intersection, that is, are transversal. (Note that diy and A, have
dimension equal to n and dim T*(X) = 2n.) d

Lemma 2.3.3 implies that if ¢ is a nondegenerate phase function on
ess supp a, then the condition (2.3.2) is satisfied for the general function ¥
satisfying (2.3.1). Indeed for any (z¢,&o) € T*(X) and any symmetric n xn
matrix B there is a C* function 9 on X such that dy(zo) = &, d®¥(zo) =
B. Here we use that the set of symmetric B such that {(6z, Béz); 6z €
T, (X)} is transversal to T(,,¢,)(Ay) is open and dense in the space of all
symmetric B. (See Theorem 3.3.7.)

From (2.3.3) we see therefore that if ¢(z, 6) and @(z, §) are nondegen-
erate phase functions at (o, 6) € X xRN\ {0} and (zo, o) € X XRN\{O},
respectively, then any distribution A, defined by the phase function ¢ and
some amplitude a such that ess supp a is contained in a conic neighborhood
of (zo,6p), is modulo C*(X) equal to a distribution defined by the phase
function @ and some other amplitude @, only if the corresponding mani-
folds Ay, Ap coincide. The following theorem shows that also the converse
is true.

Theorem 2.3.4. Suppose ¢(z,60) and @(x,0) are nondegenerate phase
functions at (z,0) € X x RN\ {0} and at (zo,0) € X x RN\{O}, respec-
tively. Let T and T be open conic neighborhoods of (o, 00) and (o, 8o) such
that T,: Cp, — Ay and T: Cy — Ty are injective, respectively. If A, = Ag
then any Fourier integral A, defined by the phase function ¢ and an ampli-
tude a € Sh(X x RYN), p > 1/2, with ess supp a contained in a sufficiently
small conic neighborhood of (xg,6p), is equal to a Fourier integral defined
by the phase function ¢ and an amplitude a € S;,&%(N_N)(X X ]RN).

Proof. We start by reducing the number of §-variables as far as possible.
Let (z0,6p) € I'. Applying an orthogonal transformation in the #-variables
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we can assume that
6=(0,0"), 6 =(61,...,0k), 0" =Oks1,---,0n),
(2.3.14) dgro(z0,00) =0, dgdgrp(zo,80) =0,
and finally d3.¢(zo,60) is nondegenerate.
Without loss of generality we may also assume that 65 = 0. (2.3.14) implies
that we can solve 8” = 6"(z,6’) from the equation dg~¢(z,8’,0") = 0,

0"(xo,0) = 0. Write ¢(z,0,0") = ¢1(z,0") + ¥(=z, 6, (1/)(:16,9',0”))0”)
where ¢1(z,6") = <p(:n, 0',6"(z, 6’)). With these notations, we now write

(u, A) = / / / @00 o(z. 6’ 6") u(x) dx d6’d6"”

(2.3.15)

= // 1@ p(z, 0" u(z) dz db’,
where
(2.3.16) b(z,0') = / eV @00 a(z,0',0") do".

Here d2,1 (o, 00) is nondegenerate, so if a € Sh(X x RM), p > 1/2, and
ess supp a contained in a sufficiently small conic neighborhood of (zg, 6o)
we see from Section 1.2 that b € S;,H%(N_k)(X x RF).

Now dgrdgrp(xo,00) = O implies that ¢; is a nondegenerate phase
function on a conic neighborhood of (z¢,6;) and Ay, = Ay (locally).

d2,¢(z0,00) = 0 implies that {zo} x RN ~* is contained in T20,64)(Co1),
so the differential of the projection Cy,, > (z,6’) — z has in (zo, 65) rank
equal to n — k. This rank is equal to the rank of the projection A,, >
(z,€) — z € X in (z0,&0). So the kernel of the latter projection has rank
equal to k and we have proved

Lemma 2.3.5. The number of 8-variables is > the dimension k of the in-
tersection of the tangent spaces of Ay, and the fiber of T*(X), at (xo,&o)-
Moreover, every Fourier integral defined by the phase function ¢ and ampli-
tude a € SH(X x RN), ess supp a in a sufficiently small conic neighborhood
of (zo,60), can also be defined by a phase function in k variables and am-
plitude b € S“TEV R (X« RF) given by (2.3.16).

Conversely we can always raise the number olf frequency variables from
k to an arbitrary N > k, because any b € Sﬁ+7(N_k)(X x R¥) arises by
(2.3.16) from some a € S“+%(N_N)(X x RN), if we replace ¢ by @ in the
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definition preceding (2.3.16). So we now may assume that N = N (= k).
In view of the formula

// ei‘[’(m’é)a(x,é)u(x) dz df =

(2.3.17)
[ e 0aw,6(z,6) | det dod@,6)) - u(w) s s,

the proof of Theorem 2.3.4 is therefore completed by

Lemma 2.3.6. IfA, =Ag = A, N = N = minimal, then there ezists a
C™ mapping (x,0) — 0(z,0): T — RN \ {0}, homogeneous in 6 of degree
1, such that

(2.3.18) 0(zo,60) = 0o,  @(z,0(z,0) = p(z,6) onT.

Proof of Lemma 2.3.6. The diffeomorphisms T,,;: C, — A, T3:Cp — A
induce a diffeomorphism T' := T YT, C, — Cjz. If m denotes the
projection (z,8) — z, then we have 7(T'(z,6)) = z on C,, so T(z,0) =
(, (z, 8)) for some C* function 6(z,6) on C,. 8 is homogeneous in 6 of
degree 1 because T, and Tz are, and we have

(2.3.19) d
de@(z,0(x,0)) = dgp(x,0), on C,.

Now extend 6 to a homogeneous C* function of degree 1 on a conic
neighborhood in X x (RN \ {0}) of C,, define ¢(z,8) = ¢(z,0(x, §)) there.
Then 1) is a nondegenerate phase function, Ay = A and 9 — ¢ vanishes
of order 2 on C, = Cy. We are ready if we can find a homogeneous C*°
function 6'(z, 8) of degree 1 such that ¥(z,6'(z, 6)) = ¢(z,0).

Because Cy is equal to the manifold dgi) = 0 and we can choose
gg’l—, ceey % as the first NV coordinates in a coordinization, Taylor devel-
opment at Cy, gives

(2320) (11[) - (p)(I, 9) = B(.’L‘, 9)(d9¢($, 9)7 d0¢'(£7 6))

for some symmetric bilinear form B(z, ), depending C* on (z,6) and
being homogeneous of degree 1 in §. Analogously

(2.3.21) Pz, 0 + p) = P(x,0) + (doy(x,0), p) + C(z,0)(k, p)
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for some other symmetric bilinear form C(z, §), homogeneous in § of degree
—1.

Now try ¢'(z,8) = 6 + W(z, 0)dpy)(x, 0) for some W. This leads to the
equation

(2.3.22) W+ W'CW =B

on Cy. This equation has the solution W = 0 if B = 0, so the implicit
function theorem gives a unique C* solution W(z,8) on a conic neigh-
borhood of Cy, homogeneous in 6 of degree 1. Note that B(zg,8) = 0
because at (zo,00) we have dfp = dZ¥ = 0, which also implies that
dydgp = ddg¥). O

The above theorems show that one should rather speak of distributions
A defined by a conic manifold A in T*(X) \ 0, which locally is equal to
Ay, ¢ a nondegenerate phase function, instead of distributions defined by
some phase function ¢. A differential geometric characterization of such
manifolds A will be given in Chapter 3, after we have studied the differential
geometric structure of the cotangent bundle 7*(X) in more detail. After
Chapter 3 we will also be able to give an invariant (that is, independent of
the choice of the phase function) characterization of the principal symbol of
A. In a primitive way the principal symbol of A at (zg,&p) can be defined
as the mapping assigning to each 1 € C*®°(X), with & = dz1(x¢) # 0 the
top order term in the asymptotic development of e!™¥(%0) . (e=i7%y, A) for
T — 00, that is, the quantity

rrN=1) ()7 (N+7) | det Q|7 - 7 80 @

(2.3.23) 1
-a(zo, 700) - u(xo) + O(THHTN=+(1=20)y for 1+ o0,

Since the dependence on 1 only involves d21(zg) we see that the principal
symbol s is a function on the space of symmetric matrices B such that
{(éz, B - 6x)} is transversal to T(g,¢,)(Ay,). We see that

(2.3.24) s(B') = t(B', B) - s(B)

where the factor t(B’, B) does not depend on the amplitude a. The col-
lection of all functions s satisfying (2.3.24) therefore is a complex one-
dimensional space L (o, &), which only depends on A,. The L, (o, o),
(z0,%0) € Ay, form a complex line bundle L over A, of which the principal
symbol of A becomes a section. Also this complex line bundle L can only be
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understood better after we have obtained more insight into the differential
geometric structure of 7*(X).

2.4. Fourier integral operators (local theory)

A Fourier integral operator is defined as an operator A:C§°(Y) —
D'(X) such that the distribution kernel K4 € D'(X x Y) is a Fourier
integral defined by a nondegenerate phase function in an open cone I' in
T*(X x Y)\ 0 and some amplitude a € S¥(X x Y x RY), ess supp a C T.
We have WF'(A) C Aj, if we write

(241) AN ={((,),(y,m) € T*(X) x T*(Y); (z,y,€, ) € A}.

for any subset A of T*(X x Y). Conversely each (z,£) € Aj, can be made
to be an element of WF'(A) by a suitable choice of the amplitude, using
Theorem 2.3.1.

According to Theorem 1.4.1 the operator A can be extended to Dy, (Y)
N &'(Y) (and to Dy, (Y) if suitable assumptions are made on supp K4) if
there are no ((z,€),(y,n)) € A, such that £ = 0 and (y,n) € V. In
particular A can be extended to £'(Y") (and to D'(Y"), respectively) if dp #
0 when dpp = 0, that is, if ¢ has no stationary points as a function of (z, 6).
On the other hand A maps C§°(Y) into C*°(X) if ¢ has no stationary
points as a function of (y, ). Note that it was included in the definition of
a phase function that ¢ has no stationary points as a function of (z,y,6).

Examples (more will follow in Chapters 4 and 5).

(1) Fourier integrals in X can be regarded as Fourier integral operators
by taking Y = {point}.

(2) Let x be a smooth map from X to Y. Then

(*0)(a) = u(s(z)) = (2m) " [ [ = vuy) ayan,

and it follows that k*: C*°(Y) — C°(X) is a Fourier integral operator
defined by a nondegenerate phase function ¢ such that

(2.4.2) A, ={((2,8),(y,m);y = K(z),€ = "Dk -1}

If s is a diffeomorphism, then A{, is the graph of the induced transformation
R:T*(X)\ 0 — T*(Y) \ O defined by

(2.4.3) R(@,€) = (s(z), (" Dkz) "1 (€))-
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If X is a submanifold of Y, dimX < dimY and k is the identity:
X — Y then k* is the restriction operator p: C*°(Y) — C*®°(X). In this
case

(2.4.4) A, ={((,8),(y,m)y==,6=n

which is far from the graph of a map. p can be extended continuously to
D;.(Y), for any closed cone I' in T*(Y) \ 0 that does not meet the set

(2.4.5) {,m) e T"(YV)\ Oy € X, |, ) =0},

that is, the normal bundle in T*(Y') \ 0 of the submanifold X .

T,,;(X)}

(3) Pseudodifferential operators in X are defined as Fourier integral
operators with Y = X and

A, C diagonal in T*(X)\ 0 x T*(X)\ 0
(2.4.6) = graph of the identity: T*(X)\ 0 — T*(X) \ 0.

These operators will be considered in more detail in Section 2.5.
In view of Theorem 1.3.7 the following product theorem seems the
natural one. We denote

(2.4.7) diag V = {(v,v) e Vx Vv eV}

for any set V.

Theorem 2.4.1. Let X,Y, Z be open in R™X, R™ , R"Z respectively. Let
A1 be a Fourier integral operator: C§°(Y) — D'(X) defined by a nonde-
generate phase function @1 in an open cone T'y in X x Y x RM \ {0} and
an amplitude a; € SH1(X XY X RM), ess supp a; C I'y. Similarly Ay is
a Fourier integral operator: C§°(Z) — D'(Y) defined by a nondegenerate
phase function @2 in an open cone Tz in Y x Z x RN2 \ {0} and an am-
plitude az € SE*(Y x Z x R™N2), ess supp ag C ['. Assume that p > 1/2
and:

The projection from mx xy (Supp a1) X wy x z(supp asz)

2.4.8
( ) NX x (diagY) x Z into X X Z is a proper mapping,

(2.4.9) n#0 if (z,€y,m) €Ay, or (y,1,2,€) € Ay,

(2.4.10) E#0o0r¢#0if (x,&y,m) €Ay, and (y,m,2,() € A},
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(2.4.11) A}, x Ay, intersects T*(X) x (diag T*(Y)) x T*(Z) transversally.

Then Ay o As is well defined and modulo an operator with C>® ker-
nel equal to a Fourier integral operator: C§°(Z) — D'(X) defined by a
nondegenerate phase function ¢ in an open cone I' in X x Z x RY \ {0},
N = N1+ Ny+ny, and an amplitude a € Sg(Xxe]RN), U= p1+pr—ny,
ess supp a C I'. Moreover,

(2.4.12) A=A, oAl .

Proof. A;0A; is well defined in view of (2.4.8), (2.4.9) and Theorem 1.4.1,
and we have

Kasons(2,9) = [ [ [ eteresoreale, @,y )
-az(y,2,0)dyd0do

(2.4.13)

in the distribution sense. If we let x, z vary in a compact subset of X x Z
then the corresponding (z, 2, 8, o, y) such that |(8,0)| = (|6]2+]|o|?)'/? = 1,
(z,y,0) € supp a1, (y,2,0) € supp ag, vary in a compact set in view of
(2.4.8). What follows will only refer to such (z, z, 6, 0, y).

Because d(yg)p1(,y,0) # 0 if 6§ # 0 in view of (2.4.9) there exists
0 < € < 1 such that |o| < €|6],

|(9,U)| =1= d(y,&)[Sol + ‘PZ](I’ 2, 9707 y) 7é 0.

Let x1 be a homogeneous C* function of degree 0 in (6, o) such that x; =1
for [o| < 1e/6| and x; = O for || > €|6] if |(6,0)| = 1. It follows, using
partial integration in (x, ) and using the bound |o| < £|6| for o, that

(2.4.14) /// ei(‘p1+‘p2)xl a1 - as dydf do

is a C* function of (z, z).
Similarly there is a homogeneous C* function of degree 0 in (6,0)
such that xs = 1 for || < Zelo|, x2 = 0 for |6] > €lo]| if |(6,0)| =1 and

(2.4.15) /// ei("”‘*‘p?)xz -ay - agdydfdo

is a C* function of (z, z). So we are left with the integral

(2.4.16) /// ellertealp dy df do, where b= (1 — x1 — x2)a1az.
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Notice that
(2.4.17) ielo| < 16| < 2¢7'|o| on supp b.
We claim that (2.4.16) is a Fourier integral with phase
(2418) (2,2 (0,0,9)) = 1(2,7/1(6:0)1,0) + 22(5/1(6,0)], 2, )
(frequency variables (8, 0, %)), and amplitude
(2.4.19) a(z,z,(0,0,9)) = b(z,2,0,0,5/|(8,0)]) - |(6,5)]7".

Indeed, because of (2.4.17) we stay away from the boundaries § =
0, 0 # 0 and 8 # 0, 0 = 0 of the region where ¢ is a C* function.
Moreover (2.4.10) implies that d,p; # 0 or dyp2 # 0if dgpy; = 0, dypa = 0,
dy (1 + ¢2) = 0, so ¢ is a phase function as defined in Section 2.2.

Inequality (2.4.17) also implies that a € S¥(X x Z x RY). Indeed,
derivation with respect to, say, # improves by a factor (1 + |#])~*, which in
fact is an improvement by a factor (1 + |6] + |o|)™* in view of |6] > 1e|o].

We now investigate (2.4.11) and (2.4.12). A{, XA/, intersects 7 (X) x
(diag T*(Y')) x T*(Z) precisely at the points (z,dzp1, ¥y, —dye1, ¥, dypa, 2,
—d,p2) where —dyp1 = dyp2, do1 = 0, dgyo = 0, which proves (2.4.12).

The tangent space of Af,

(6I,d(dm<ﬂ1)% 6y7 _d(dy‘Pl)u),
such that d(dgp1)u =0, u = (6z,8y,?s0),

consists of the vectors
(2.4.20)

and the tangent space of A{, consists of the vectors

(6yad(dy<p2)v’ 62? —d(dchQ)v),

(2.4.21)
such that d(d,p2)v =0, v=(by,6z,60),

The intersection of T(A, x Al,)) = T(A},)) x T(A},,) with T(T*(X) x
(diag T*(Y))) x T*(Z)) therefore has the same dimension as the kernel of d
d(0,0,4)[1+2]. The intersection is transversal if and only if this dimension
is equal to

((nx +ny) + (ny +nz)) + 2nx + 2ny +2nz)

— (2nx +4ny +2nz) =nx +nz,

that is, if and only if rank d d(g,,.)[¢1 + @2] = N1 + N2 + ny. But this
means precisely that ¢ is a nondegenerate phase function. d
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We conclude this section by a little philosophy on the question: what
should we call the order of a Fourier integral operator defined by a phase
¢ and an amplitude a € SH(X x Y x RM)? Suppose that the order is a
function of u, nx + ny, and N, and suppose that the order of a product
(when defined) is equal to the sum of the orders. In view of Lemma 2.3.5
it must be of the form u + %N + f(nx + ny), and the additivity of the
orders means that

f(nX + 'nz) = f(nx + ny) + f(’ny + 'I’Lz) + %'ny

in view of Theorem 2.4.1. So we are led to define the order of a Fourier
integral operator A: C§°(Y) — D'(X) defined by an amplitude of order
as

(2.4.22) order (A) = p+ N — $(nx + ny).
With this choice Theorem 2.4.1 can be supplemented by:

(2.4.23) order (A; o Ag) = order Ay + order A,.

2.5. Pseudodifferential operators in R"

A pseudodifferential operator of order m and type p on R™ is defined
as a Fourier integral operator A with phase

(251) Q0($, Y, Tl) = <1‘ - Y% 77)7

and amplitude a(z,y,n) € S;*((R™ x R™) x R™). Observe that the order
m coincides with the order defined at the end of Section 2.4. Writing
X = R", we see that A, = diag 7*(X)\0 = graph of the identity: 7™ (X)\
0 — T*(X)\ 0, and in view of Theorem 2.3.4 we could replace (2.5.1) by
any nondegenerate phase function ¢(z,y,6) on R™ x R® x R¥ such that
de‘P(IE, y79) =0=>z= Y, dILp(w7y76) = ~~dygo(zay’e)

Because of A{, = diag T*(X) \ 0 we can write

(2.5.2) WF'(A) = diag WF(A)

for a uniquely defined closed conic subset WF(A) of T*(R™) \ 0, called the
wave front set of the pseudodifferential operator A (by abuse of language).

The space of all pseudodifferential operators of order m and type p will be
denoted by L7'(R™).
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Definition 2.5.1. Let A € LT*(R™), p > 1/2, be properly supported. The
complete symbol o 4 of A is defined by '

(2.5.3) oa(z,n) = e XM A(eH M) (z).

We now compare this with the definition of the symbol in the introduction:
Theorem 2.5.1. Let A be as in Definition 2.5.1. Then

(2.5.4) (Au)(z) = (2m) / / =8 5 (2, myuly) dy dn

for all u € C§°(R™). If A is given by the amplitude a(x,y,n), then

0o 1 1 82 k
(2.5.5) oa(z,n) ~ kz:: o (Z 7 By0m; ) a(@,y, 77)‘11:1

Proof. Write u(y) = (27)™" [ X" . (Fu)(n)dn. In view of the continuity
of A this implies

(40)(2) = (20" [ A (2) - (Fu)()
that is, (2.5.4). For (2.5.5) we remark that
(At (z) = (2m) ™™ // ele=vOq(z, y, 0)eX¥0 dy do
=@M (o)™ // e " a(z,z + y,n + 0) dy db.

Now apply Proposition 1.2.4. O

Theorem 2.5.2. Let A; € L7 (R"), A € L7'2(R™) be properly supported,
p>1/2. Then AjoA; € L7 ™2(R™) is properly supported, and its symbol
is given by

(256) o (z,0) ~ ii(zl i )kg (z,n) - 04,(y,¢)
0. Aj10A, i k! i 32/]5773 AT, T A2\Y,6),
the differentiations taken atn =, y = .

Proof. Apply the reduction of frequency variables of Lemma 2.3.5 to the
product formula (2.4.13). a
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Corollary 2.5.3. If we define the principal symbol a of A by a = 04 mod
S,’,”“"(l—zp )(R"), then the principal symbol of A0 A5 is equal to the product
of the principal symbols a1 and as of Ay and As, respectively.

Moreover, [A1,A3] = Ay oAy — Ay 0 A; € Lg‘1+m2+1‘2”(R") and its
principal symbol of order my +mg + 1 — 2p is equal to %{al, ag}. Here the
Poisson brackets are defined by

_\9f 9 of 99
(2.5.7) {f’g}tza_gj%j_zgjéf—j

for any differentiable functions f,g on R™ x R™ = T*(R™).

(Such a relation between operators on X and functions on 7*(X),
1

assigning to the commutator of the operators ; x Poisson brackets of the

functions, is familiar in quantum mechanics.)

Theorem 2.5.4. If A € L}'(R™) then A is continuous: H3, . (R™) —
HP~™(R™) for all s € R.

loc

Proof. H{ _(R") is the set of u € D'(R") such that (1 + |D|?)*/2(pu) €
L?(R™) for all ¢ € C§°(R™). We may assume that A is compactly sup-
ported. Let u € H2 _(R™), then (1 4+ |D|?)*/?u € L} _(R™), so

omp loc

(1+|D?)e=™/2 4y = (1 + |D|?)s=™/2A(1 + |D|?)~*/?
(1 + |D)?)*"?u € L} (R™).

loc

Here B = (1+|D|?)s=™/2A(1+|D|?)~%/2 is of order 0 and such operators
map L2, (R™) into L (R™).

A proof of the latter statement can be given as follows. One first
verifies that if P € L'(R"), then P* € L7'(R"), if P* denotes the adjoint
of P with respect to the L? inner product. This follows from Theorem 2.5.1,
in combination with the observation that P* is defined by the amplitude

a(x, U,n) = UP(yJ?)-

(One can also use Theorem 4.4.1 in combination with the definition of
L7 (X) following Proposition 4.2.4.)

Next, B € L(R") implies that B*B € LI(R™), which has a bounded
principal symbol. This means that there is a positive constant C, a pseudo-
differential operator P € L?,(R"), and an integral operator R with smooth
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kernel, such that B*B = C— P*P+ R. Because (P*Pu,u) = (Pu, Pu) > 0,
we get that

| Bu||?> = (B*Bu,u) < Cllu||* + (Ru,v)
and the L2-boundedness of B follows from the L2-boundedness of R. O



Chapter 3

Symplectic Differential Geometry

We start this chapter with a brief review of the differential geometry
we will need.

3.1. Vector fields

Let v be a C* vector field on a ¢ manifold M, dim M =n. A
solution eurve of v is a differentiable mapping t — m(t): I — M, I an open
interval in R, such that
dm(t)

(3.1.1) =

v(m(t) ), tel.

As is well known (see, for instance, Coddington and Levinson [18]) there
exists for each m € M exactly one maximal solution t — ®!(m), defined on
an open interval I, in R, such that 0 € I,,,, ®°(m) = m. The maximality
of the interval I, is reflected by the property that if, for instance, b =
sup I < 00, then there exists for each compact subset K of M ane > 0
such that ®*(m) ¢ K for t € [b —&,b[. The set

(3.1.2) U={(t,m)eRx M;t ey}

is an open subset of R x M and ® is a C'°° mapping: U — M.
It follows that for each £ € R the set

(3.1.3) Uy ={me M;(t,m) e U}

is open in M, and

(3.1.4) dt:m — ®t(m)

is a C° mapping: U; — M. If m € Uy, ®*(m) € Uy, then m € U4y and
(3.1.5) M (m) = 3 (8 (m)).

Applying this to ¢/ = —t and using that ®° = identity on M, we obtain
that ®? is a diffeomorphism: U; — U_;, with inverse ®~?.

J.J. Duistermaat, Fourier Integral Operators, Modern Birkhiuser Classics, 45
DOI 10.1007/978-0-8176-8108-1_4, © Springer Science+Business Media, LLC 2011
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A collection of mappings ®* with these properties is called a local one-
parameter group of transformations in M, a local dynamical system in M,
or a flow in M (all these names are common). With these ®’s in mind a
vector field on M is also called an infinitesimal transformation of M.

Let ® be differentiable: M — N, N some other manifold of the same
dimension, and assume that

(3.1.6) D®,, is bijective: T, (M) — Tgm)(N) for all m € M.
Then we can define the pull-back ®*w on M of a vector field w on N by
(3.1.7) (®*w)(m) = DM (w(®(m))), me M.

If u is a vector field on M inducing the flow ®?, then the Lie-derivative
of the vector field v with respect to the vector field u, also called the Lie
product of u and v, is defined by

4 @ty

(3.1.8) [u,v] = P

t=0"

The Lie-product is natural with respect to transformations ®: M — N
with bijective differentials, that is,

(3.1.9) O*[u,v] = [P*u, P*v]
for all vector fields u,v in N. In R™ we have the formula
(3.1.10) [, v](m) = Dupm(u(m)) — Duy,(v(m))

(obtained by direct computation), which in view of (3.1.9) enables us to
compute [u,v] in local coordinates. From (3.1.10) we see that [u,v] is
bilinear and antisymmetric in v and v, and the fact that second-order
differentials are symmetric bilinear forms leads to Jacobi’s identity:

(3.1.11) [u, [v, w]] + [v, [w, u]] + [w, [u,v]] = 0.

In other words, the C* vector fields on M form a vector space x(M) which
is a Lie-algebra for this product.
Note also that
d d
(3.1.12) —(®)*v = —

G0 = L@ 0],y = (@) fuol

So, for example, [u,v] = 0 is equivalent to (®%)*v = v for all ¢, that is, v is
invariant under the u-flow.
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A C tangent system S of dimension k in M is a mapping which
assigns to each m € M a k-dimensional linear subspace S, of T;,,(M), and
in such a way that for each mog € M there is a neighborhood U of my and
C° vector fields vq,...,vx on U such that

(3.1.13) vi(m),...,vg(m) span S,, for all m € U.

An equivalent characterization reads: S is a k-dimensional C'* vector sub-
bundle of T'(M).

A k-dimensional C*° submanifold S of M is called an integral manifold
for S if

(3.1.14) Tm(S)=S,, forallmesS.

The tangent system S is called integrable if each m € M is contained in
some integral manifold.

Theorem 3.1.1 (Frobenius). Suppose S is spanned by the C* vector fields
v1,...,Vk. Then S is integrable if and only if

(3.1.15) [vi,vj](m) € Sy forallme M, 4,5 =1,...,k.

Moreover, if (3.1.15) is satisfied then there exists for each mg € M
a diffeomorphism U:U x V. — W, such that ¥(0,m) = m and ¥*v; is a
linear combination of 8/0t1,...,0/0tk, for alli = 1,...,k. Here U is a
neighborhood of the origin in R*¥, W is a neighborhood of mo in M, V is
a C* submanifold of M such that mg € V, Tpo(M) = Sy @ Tino (V).
Points in U x V are denoted by (t1,...,tx,m), t, ER, meV.

Proof. For the necessity of (3.1.15) we remark that if S is an integral
manifold for S then vi(m) € T;(S) for all m € S, so the vy
regarded as vector fields in S. Because of the unicity of the flow induced

can be

by a given smooth vector field, the v; | s-flow on S is equal to the restriction
of the v;-flow in M to S. Hence [v;,v;](m) = [vi\s,vj‘s](m) € T (S) for
allm e S.

For the other part of the theorem, suppose that (3.1.15) holds and let
V be as above. Define

(3.1.16) U(ty,... tk,m) = &k 0.0 &1 (m),

where we denoted the v;-flow by ®!. Shrinking V' if necessary, this defines a
C® mapping: V:U xV — M, U a neighborhood of 0 in R¥; it is also obvi-
ous that ¥(0,m) = m. The image of D¥ g ,,,) contains vy (mo), . .., vk(mo)
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and T, (V), hence DY g 1) is bijective. It follows by the implicit function
theorem that we can choose U, V so small that ¥ is a diffeomorphism from
U x V onto an open neighborhood W of my.

The U*v; are linear combinations of 8/0t1, ..., 8/t because (®%)*v;
is a linear combination of vy, ..., v, for all 4, j, all ¢.

Indeed, let ®¢ be the flow induced by a smooth vector field u, assume
that

(3.1.17) [w,ve] =Y Aijv;

for a matrix A = A;; of smooth functions, for 4,5 = 1,...,k. Let A(t) =
@;;(t) be the uniquely determined matrix of C*° functions on M satisfying

d
ZAM) = Ao AR),  A0)=1.

Here A(t) = Ai;(t) is defined by

(3.1.18)

Then
(3.1.20) (®")*v; = Zaij(t) -V foralli,j =1,...,k, all t.
Indeed,

- (@) = (8)[u, ] = ()" Y Nijvs = meoqﬁ) (®)*v;.

So the left- and the right-hand side of (3.1.20) satisfy the same ordinary
differential equation (with respect to t) and are equal at t = 0, so they are
equal for all t. O

Remarks. From the proof of the theorem it also follows that the integral
manifolds through mg of a smooth tangent system are locally uniquely
determined, namely, equal to the image of t — ¥(¢,mg). Note also that if
[vi,v;] = 0 then ¥*v; = 9/0t; for alli =1,... k.

In the above we treated vector fields as infinitesimal transformations,
but one can also regard these as a special sort of first-order linear partial
differential operator.
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If A is an algebra over the field K, then D: A — A is called a K-
derivation if

(3.1.21) D is K-linear,
and
(3.1.22) D(f-g)=Df-g+ f-Dg for all f,g € A.

Now if v is a C*° vector field on M, then

(3123  (Df)m) = Dfnlo(m) = & (@ (m)],_,

defines an R-derivation of the algebra CR°(M) of real-valued C™ functions
on M. Conversely it is easy to show that any derivation: CR(M) —
CR°(M) is equal to D, for a unique C* vector field v on M.

If Dy, Dy are derivations of an algebra A, then the commutator
[D1,D3] = Dy 0 Dy — Dy o D also is a derivation. One also verifies eas-
ily that the commutator product is antisymmetric and satisfies the Jacobi
identity, that is the derivations form a Lie algebra, called Der(A), for the
commutator product.

For C*° vector fields v1,v2 on M we have now

(3124) [Dv1>Dv2] = D[‘Ul,‘l}2]7

as can be proved for instance by applying both sides to some f € C*°(M)
and using (3.1.10) in local coordinates.

This leads to another proof of the assertion that the vector fields form
a Lie-algebra with respect to the Lie product, in fact (3.1.24) expresses
that v — D, is a Lie-algebra isomorphism of x(M) with the Lie-algebra
Der(CRR(M)). ‘

In local coordinates the identification of vector fields and derivations
means that the vector field (vi(z),...,v,(z)) is identified with the first-
order linear partial differential operator

W 0
D, = Zvi(x) B
i=1 ¢

3.2. Differential forms

We now turn to the theory of differential forms of E. Cartan [14]. Let
E be an n-dimensional vector space over R. Denote by A*E* the space of
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antisymmetric k-linear mappings
w:(er,-..,ex) — w(en,...,ex): EF - R.

For k = 0 we write A°E* = R, for k = 1 we have A'E* = E* = the dual
space of F.

For o € A*E*, 8 € AYE* the exterior product o A f € A*TEE* is
defined by

(3.2.1) (anpB)et,. .., exte) =Z sgn P
P
cep(1), -+ €p(k)) - Blp(kt1)s- -+ s Ep(h+e))s
where in the summation we take for each partition of {1,...,k + ¢} into

subsets A, B, #(A) = k, #(B) = £, one permutation p such that p(i) € A
fori=1,...,k,pi) e Bfori=k+1,...,k+£. Note that

sgn p - alep(r)s - €pk)) * BEn(irn)s - Ep(ie))

= sgn q-aleq)s s €q(k) - Bleqtkin)s- > Catke)
if {p(1),...,p(k)} = {g(1),...,q(k)}, {p(k +1,...,p(k + )} = {q(k +
1),...,q(k + £)} so it does not matter which permutation we choose.

Proposition 3.2.1.

(3.22) aA(BAY)=(aAB)Ay if ac A*E*, B € A*E*, v € A™E*,

Ifal,...,a" form a basis of E* then the
1A L., kg ) . ] )
(3.2.3) AP A AQMR 1 <9 < < i form a basis

of AE*. In particular, dim A¥E* = <Z) .

(3.2.4) aAB=(-DBAra if acA*E*, Be A‘E*.

Proof. (3.2.2) is proved by showing that both sides are equal to

> senp-alepy - epr) * Bleptan)s - p(ke)
: V(ep(k+€+1)’ RN ep(k+€+'rn,))a

where in the summation we take for each partition of {1,...,k + £+ m}
into subsets A, B, C, #(A) = k, #(B) = £, #(C) = £ one permutation p
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such that p(i) € A, i =1,...,k,p(i) € B,j=k+1,...,k+ £, p(i) € C,
i=k+f4+1,...k+£L+m.

For (3.2.3), write Z = set of multi-indices I = (41, ...,ix) such that
1<ip <ip <---<ixp <n. Writea! =o' A---Aa**, er = (e;,...,e;,) €
E*, where e, ...,e, is a dual basis in E. Then af(ez) = 1 if I = J and
= 0if I # J. This proves that the of, I € T are linearly independent. On

the other hand,
w= Zw(e 1) -af
IeT
because the left- and right-hand side have the same valueson the ey, J € Z,
hence on all of E*.

Equation (3.2.4) follows from (3.2.3) and a A3 = =B A« if o, are
1-forms.

If M is a C* manifold then the A*T,(M)*, z € M together form a C®
vector bundle A*T*M over M in a natural way. Note that A'T*M = T*M
= cotangent bundle of M, A°T*M = M x R.

A C*®k-form w on M now is defined as a C™ section: M — AFT*M,
the space of C® k-forms on M is denoted by Q¥M. Note that Q°M =
CR (M) = space of real-valued C* functions on M. If f € C*°(M) then
the total differential D f:m +— D f,, defines a 1-form on M. If o € Q¥(M),
B € QM) then a A B € QF+H4(M) is defined by

(3.2.5) (A B)m = am A Bm for all m € M.
Now the exterior differential d: (M) — Q*+1(M) is defined by

Theorem 3.2.2. There is a unique family of mappings dZ:Q*(U) —

QFL(U), k =0,1,2,..., U open in M, which all are denoted by d, such
that

(3.2.6) d=D on Q°=C®

(3.2.7) A(f - dfy A~ Ndfi) = df Adfy A A dfi

forall f, f1,..., fx € C*°, d is additive;
d is a local operator in the sense that d,‘c/(wlv) = dgwlv

(3.2.8) _ ) N
if U,V open in M, V C U, we Q°(U).
Moreover this operator d has the following properties:

(3.2.9) d(aAB) =danB+(-Fands, acQFU), geU),
(3.2.10)  dod=0, thatis, di,,0dy =0  for all k,U.
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For U open in R", d is given by

dwm(e1,...,eky1)

3.2.11 k+1 ,
( ) = Z(—l)’—lD(w(el,...,éi,...,ek+1))m-(ei).

=1

Here w € Q’“(U), e1,.-.,€k+1 are constant vectors. €; means that e; should
be deleted in the row (e, ..., €k+1)-

Proof. Let U be a coordinate neighborhood in M, x,...,z, coordinate
functions on U. Then the Dzy(y,), . .., DTn(m) are linearly independent in
T, (M)* for all m € U, so each a € Q*(U) has a unique representation

ZC[~ l).’L‘i1 /\"'/\D-Tik, 1= (il,...,ik),
IeJ

according to (3.2.3), with some C* functions ¢; on U. So d is uniquely
defined on the Q*(U) by the rules (3.2.6), (3.2.7), with f; = z;,. Moreover,
(3.2.8) holds with V. C U.

Equation (3.2.9) follows from the derivation rule for D on C*°(U). For
(3.2. 10) we remark that any f € C°(U) is of the form f(zi,...,x,) for
some f € C®(U), U = image in R™ of the coordinate mapping: m
(xn(m), ..., zn(m)). The chain rule gives

Df Zaf Ty, . ..,.’L‘n) ij’
SO

2
2f =3 LI ) @1 Zn) g A de

2
53—55—_ and dz; Adz; = —dzx; A
;0T

dz;. So we have proved (3.2.10) for k = 0, which implies it for arbitrary k

2
which, however, vanishes because Wa-afz_- =
10Ty

using (3.2.9). This also implies (3.2.7) for arbitrary functions f;.

Now the uniqueness of the d,[cj on coordinate neighborhoods gives that
d¥ | o wnvy = Y | o (wnv) for all coordinate neighborhoods. Together with
the locality of the operators dj on coordinate neighborhoods we obtain that
d is well-defined on M by da|U = d(alU) for any coordinate neighborhood
Uin M.

Finally (3.2.11) is another way of stating (3.2.7) for coordinate func-
tions f;. O
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Is @ a differentiable mapping from M to another smooth manifold
N (not necessarily with bijective differential) then the pull-back to M of
a € QF(N) under @ is defined by
S*a)m(e1,...,ex) = D®,.e1,...,DP,er),
(3.2.12) (®*a)m (e k) = a(m)(DPmer k)
meM, e,...,ex € Tn(M).

Proposition 3.2.3.

(3.213)  d*(aAf)=D*aAd*B  foralac QF(N), e QN)
(3.2.14) ®*da = dd*a  for all a € QF(N).

Proof. (3.2.13) is immediate. For (3.2.14) we only need to investigate
the case a = f - df1 A --- Adfy, where it reduces to ®*Df = D®* f for all
C>°(M). But this is the chain rule for the differential of the composition
of functions. 0

If v € x(M), ® = the v-flow in M then the Lie derivative of w €
QF (M) with respect to v is defined by

d *
(3.2.15) Low = a(<I>f) w|

The inner product w | v € Q¥~1(M) is defined by

k
o € Q°(M).

(3.2.16) (w]v)m(er,...,ex-1) = wWm(Vm,€1,...,€k-1)

forallme M, e1,...,ex—1 € Trn(M). Note that L,f = Df | v = D,f if
feC>(M).

Proposition 3.2.4. If ® is C°: M — N with bijective differentials, then

(3.2.18) D (Low) = Lo+yP*w
and
(3.2.19) " (w | v) = (P*w | P*v)

for all w € Q¥(M), all k, and all v € x(M).

The proof is immediate. More substantial is:
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Theorem 3.2.5. If w € QF(M), v € x(M), then

(3.2.20) Lyw=d(w|v)+dw)|v.

Proof. By induction with respect to k. For k = 0 it is trivial. Now
suppose it is proven for k — 1. If w = da, a € QF"}(M) then L,da =
dlLy,a = dld(a | v) + w | v] = d(w | v) proves (3.2.20) for w. However,
Lyfw=vf w4+ fdlw|v) =d(fw|v)+d(fw) | v (here we used (df Aw) |
v=(vf) w—df A(w]wv)), which proves (3.2.20) for all fw, f € C®°(M).
But then it follows for all w € QF(M), which are locally finite sums of
elements of the form

fdfi Ndfx = fd(fr-df2 A--- Adfy). g

Theorem 3.2.6. (Poincaré lemma). For each mg € M there is a neigh-
borhood U of mq such that for each w € Q*(U), k > 1:

(3.2.21) dw =0 3a e Q*YU) such that w = da.

Proof. Let ®¢ be the flow of a vector field v such that v(mg) =0, Re A > 0
for the eigenvalues A of L = Dwvy,,. This means that there is a neighborhood
U of mg and constants C, € > 0 such that t_l}r_nood)t(m) =mg and | D®? || <
ceft for all m € U, t <0. Now define

(3.2.22) Hw = (/_0 (@t)*wdt) | v.
Then

0

dHw = L, /0 (@) *wdt — <d/ (@‘)*wdt) | v

—00 — 00

— @y’ - ([

— 00

0
(B)* dw dt) |v=w—Hdw,

that is,
(3.2.23) do H + H o d = identity on Q*(U).

This solves (3.2.21) with o = Hw. O
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If QF denotes the sheaf of germs of C™ sections of A¥T*M then the
Poincaré lemma says that

(3.2.24) 0-RoC® =00 2,0l %, 02 %,

is an exact sequence of sheaves. Because the sheaves Q¥ are fine this implies:

Theorem 3.2.7 (de Rham [63], Ch. 4). There is a natural isomorphism:
(3.2.25) Ker d} /Range d} | =~ H*¥(M,R)

equal to the k-th Cech-cohomology group of M with values in R. See, for
instance, Gunning [37] for the sheaf theory used here.

For example, every w € Q'(M) such that dw = 0 is the differential of
a function if and only if H!(M,R) = 0. Also observe that (3.2.25) implies
that H*(M,R) = 0 for k > n, because Q% = 0 for k > n.

Remark. For a moment I was tempted to think that the name “exterior
differential” came from its role in Stokes’ formula

(3.2.26) /dw:/a w,

valid, for instance, for w € Q¥(M), v = compact oriented (k + 1)-dimen-
sional manifold with smooth boundary 0y (which automatically also is
oriented). But this is historically not true: Grassmann [34] introduced
exterior algebra without reference to Stokes’ formula and d was called “ex-
terior” because of its close relation to the exterior product A.

The relation between d and A can be illustrated as follows. In M = R",
d is a differential operator with its symbol at (z,€) equal to the mapping

(3.2.27) w— i€ Aw.

Proof.
dw, = d(2m)~" // ei(w—y,&)wy dy d¢

= (2m)™" / / dze Y8 A w, dyde
= (2m)™™ / / e @ ¥8 ie A w, dy de.
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3.3. The canonical 1- and 2-form in T7(X)

Let X be an n-dimensional C* manifold. The cotangent bundle T*(X)
is defined as the disjoint union of the T,,(X)* = dual space of the tangent
space of X at z, z € X. Points £ € T;;(X)* will be denoted by (z,&) when
regarded as elements of T*(X). The projection 7: T*(X) — X assigns to
each € € T;(X)* the base point z.

Let k be a coordinatization of a coordinate neighborhood U in X. On
7~ YU) C T*(X) the induced coordinatization & is defined by:

(3.3.1) &(z,€) = (k(z), ("Drgy) 71 (€)) € R™ x R™.
Note that Dk, is linear: T;(X) — R™ so !Dk, is linear: R™ & (R™)* —
T.(X)*.

It is easily verified that the induced coordinatizations form a collection
of local trivializations making 7*(X) into a C* vector bundle over X with
the projection 7.

If (z,£) € T*(X) then D, ¢ is linear: Ti;¢)(T*(X)) — Tx(X). In
turn ¢ is linear: T»(X) — R, this leads to:

Definition 3.3.1. The canonical 1-form on T*(X) is the 1-form a given
by

(3.3.2) O(g,e) = E0 DT(g ey for all (z,§) € T*(X).

Proposition 3.3.1.
(3.3.3) A= Xa for every X € QY(X),
which in the right-hand side is regarded as a section A\: X — T*(X).
Proof. Using the chain rule, we get
(A @)z = a(g,n,) © DAz = Ag 0 DTz 5,y 0 DAg(u) = Az

because 7 o A = identity in X. [
Definition 3.3.2. ¢ = da is called the canonical 2-form on T™*(X).

Proposition 3.3.2. A C™ submanifold A of T*(X) is locally equal to the
graph of dp, ¢ a C* function on X, if and only if

(3.3.4) dim A = n,
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(335) DW(I,E):T(LE) (A) — Tx(X)
is injective for each (z,€) € A, and finally
(3.3.6) O(z,¢)(u,v) =0 for all u,v € Tz ¢)(A), (z,6) € A.
Proof. (3.3.4), (3.3.5) mean exactly that locally A is equal to the graph

of a section A: X — T*(X) whereas (3.3.6) means that A*oc = 0. In view
of (3.3.3) this means that d\ = 0, which in virtue of Poincaré’s lemma is

equivalent to A = d¢, locally, for some ¢ € C*°. O
In induced coordinates (z1,...,Zn,&1,-..,&,) We have
n
(337) a = Z fj d.’L‘j
j=1
and hence
n
(3.3.8) o= d& Adz;.
j=1

!
In other words, if (:), (Z,) € R™ x (R™)* (written as column vectors)

then

(3.3.9) o ((‘;) : (Z)) = b(d') - b'(a).

In particular, we obtain

Proposition 3.3.3. o is a nondegenerate 2-form on M = T*(X), that is,

IfmeM, ueT, (M), om(u,v) =0 forallv e T,,(M),
(3:3.10) f (M), om(u,v) f (M)
then u = 0.

Proof. It suffices to prove it in induced coordinates and there b(a')—b'(a) =
0 for all a/,b’ implies b = 0 (taking b’ = 0) and a = 0 (taking o’ =0). O

Definition 3.3.3. An antisymmetric nondegenerate bilinear form on a
finite dimensional vector space FE is called a symplectic form on E. A
symplectic vector space is a pair (E, o) consisting of a finite-dimensional
vector space E and a symplectic form o on E.
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A symplectic form on a manifold M is a 2-form o on M such that

(3.3.11) do =0,
and
(3.3.12) om is a symplectic form on T,(M), for each m € M.

A symplectic manifold is a pair (M, o) consisting of a manifold M and a
symplectic form ¢ on M.

It follows from the previous that for any manifold X, T*(X) is a
symplectic manifold with the canonical 2-form on 7*(X). Note that do = 0
follows from o = da.

Remark. In view of (3.3.8) it would perhaps have been better to write
(&,z) € T*(X) if £ € T(X)*, instead of (z,£). In fact this is the custom
in the mechanics-oriented literature, with ¢ replaced by p and = by ¢q. It
should be remarked here that in many texts the 2-form ) dz; Ad¢; is used
as the canonical form, leading to a change of sign in the formulas.

3.4. Symplectic vector spaces

Let (E,o0) be a symplectic vector space over a field k. The bilinear
form o on F induces a linear mapping: E — E*, which also will be denoted
by o, defined by

(3.4.1) (oe1)(e2) = o(er, e2) for all e;,e; € E.

The nondegeneracy of the bilinear form ¢ is equivalent to the injectivity,
hence bijectivity of the mapping o: E — E*. (Note that dim F* = dim E.)

If L is a linear subspace of E then we define its orthocomplement L°
in E with respect to o by

(3.4.2) L’ ={e€FE; o(e,f)=0 forall £€L}.

As for the orthocomplement with respect to an inner product, we have the
following rules.

(3.4.3) LCcM=M’°CL?
(3.4.4) (L°) =L

(3.4.5) (LOM) =L° +M°, (L+M)° =L°NM°
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(3.4.6) dim L? = dim F — dim L.

However the antisymmetry of o also has some rather peculiar conse-
quences. Because o(e,e) = 0 for each e € E, we have L C L° for each
one-dimensional subspace L of E. More generally a linear subspace L of E
is called isotropic with respect to o, if L C L?, that is, o(e1, e2) = 0 for all
e1,e2 € L. (Example: the condition (3.3.6) in Proposition 3.3.2 says that
T(z,¢)(A) is isotropic for all (z,£) € A.) A maximally isotropic subspace of
E is called Lagrangian in (E,0).

Proposition 3.4.1. Let (E,o) be a symplectic vector space. A linear
subspace L of E is Lagrangian in (E,0) if and only if L = L°. The
dimension of E is even, say = 2n. An isotropic linear subspace L of E is
Lagrangian if and only if dim L = n.

Proof. If L G L° then we can choose e € L, e ¢ L. It follows that
o(l1+ase, a+age) =0forall 41,4, € L, a1,az € k. So L+k-e is isotropic,
L g L +k-e. This proves the first assertion. Now let L be Lagrangian (the
existence of such L is trivial). Then dim L = dim L? = dim E — dim L,
hence dim E = 2 - dim L. Conversely L C L?, dim F = 2 - dim L implies
that L € L?, dim L = dim L°, hence L = L°. O

Definition 3.4.1. Let (E,0), (F,7) be symplectic vector spaces. A sym-
plectic mapping A: (E,o0) — (F, ) is a linear mapping A: E — F such that
A*T = o, that is, o(e1,e2) = 7(Aey, Aey) for all e;,es € E. A symplectic
mapping is automatically injective. If dim E = dim F then A is called a
symplectic isomorphism.

Theorem 3.4.2. For each Lagrangian subspace L there exists a Lagrangian
subspace M such that E = L ® M. The mapping A:£dm — (¢, amlL)
is a symplectic isomorphism: (E,0) — L x L*, where the latter space is
provided with the canonical symplectic form

() () -wr-v0

Proof. Let MNL = (0), M & M?. Then M ¢ M + L, because
M° C M + L implies M D M° NL° = M° N L, hence M° N L = (0).
But dim M? > n, dim L = n makes this impossible. Choose e € M7,
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e ¢ M+ L. Then M + [€] is isotropic and (M +k-e)N L = (0). This leads
by induction to a Lagrangian subspace M such that M N L = (0).

For the second part we remark that o(¢ + m,¢’ + m') = o(¢,m') +
o(m, ') = (em)(#') — (em')(€) if £,£' € L, m,m’ € M. So A is symplectic
and an isomorphism because dim E = 2 dim L = dim (L x L*). O

If L1, Ly are vector spaces over k of the same dimension n, then a
mapping A: L; x L} — Lo x L3 is called a linear canonical transformation
if it is symplectic for the canonical symplectic forms in L; x L] and Lo x L3,
respectively. If C is a linear map: L; — Lo then the mapping

“(3) = (corn)

is a canonical transformation: L; x L} — Lo x L3, called the canonical
transformation induced by C.

So every linear coordinatization C: L — k™ induces a linear canonical
transformation C: L x L — k™ x (k™)*, and Theorem 3.4.2 expresses that
every symplectic vector space is symplectically isomorphic to k™ x (k™)*
provided with the canonical symplectic form, for some n. Note that the

bijective linear mapping A: E — k™ x (k™)* sending the vectors (e, ..., en,
fi,--+, fn) into the standard basis of k™ x (k™)*, is a symplectic transfor-
mation if and only if for all 4,5 =1,...,n:

o(ei,e;) =0
(347) O(fi,fj) =0
o(fi,ej) =1 when i = j, and =0 when i # j.

Such a mapping is called a canonical coordinatization of (E,o) and
(e1,---s€ny f1,-.., fn) is called a canonical basis of (E, o).

In the rest of this section we collect some more properties of symplectic
automorphisms and of the manifold of all Lagrangian subspaces in (E, o).
Because we will not use this in the rest of this chapter, this can be skipped at
first reading. We start by investigating Jordan normal forms of symplectic
automorphisms.

Theorem 3.4.3. Let (E,0) be a symplectic vector space over k and let A
be a symplectic mapping: (E,0) — (E,0) such that all its eigenvalues are
contained in k.
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Then there exists a Lagrangian subspace L of (E, o) such that A(L) C
L. On each canonical basis e1,...,en, f1,...,fn such that ey,...,e, € L,
the mapping A has a matriz of the form

a  ea . .

(3.4.8) ¢+ ~—1 |» for some symmetric matriz €.
0 (‘a)

Conversely, each such matriz (with o nonsingular) on a canonical basis

represents a symplectic automorphism.

Proof. Let L be invariant under A and L ;Ct L°. Because A is symplectic,
L? is also invariant under A. Define the mapping Ay-,1: L7 /L — L°/L by

(349) AL"/L(6+L) = A€+L

Let A be an eigenvalue of A7.,;. Then ) is also an eigenvalue of A, hence
A € k and we can find f € L°/L, f # 0 such that Af = A\f. f=e+ L
for some e € L?, e ¢ L. It follows that k - e + L is isotropic and invariant
under A. Repeating this procedure we finally end up with an invariant
Lagrangian subspace. The rest follows by a direct computation. O

By choosing for ey, ..., e, a basis of L on which L has Jordan form, we
obtain a clear picture of the possibilities for the Jordan forms of symplectic
automorphisms.

Corollary 3.4.4. Suppose now that k = R. Then the eigenvalues A, X,
A71, and (\)7! of A all have the same multiplicities. The multiplicities of
+1 and —1 are even.

Proof. Complexifying (F, o) we can apply Theorem 3.4.3 and from (3.4.8)
we see that A~! has the same multiplicity as A. X has the same multiplicity
as A because A is real and because of the previous (A\)~! also has this
multiplicity. In the case A = A1, that is A = 41, we see again from (3.4.8)
that the multiplicities are even. O

If kK = R or C the symplectic automorphisms form a closed subgroup
Sp(E, k) of GL(E, k) and therefore a Lie group; it is in fact a classical
one. The Lie algebra sp(E, k) of Sp(E, k), that is, the tangent space of
Sp(E, k) at the identity, consists of the linear mappings A: E — E such that
o(Aey,ez) + o(e1, Aez) = 0. Such mappings are also called infinitesimal
linear symplectic transformations. As in Theorem 3.4.3 one proves:



62 8. Symplectic Differential Geometry

Theorem 3.4.5. Let A be an infinitesimal linear symplectic transfor-
mation, assume that all eigenvalues of A are in k. Then there is a La-
grangian subspace L of E that is invariant under A. On each canonical
basis e1,...,€n, f1,--.,fn for which e1,...,e, is a basis of L, A has a
matrix of the form

a €

(3.4.10) ( A ) with symmetric €.
0 —‘a

Conversely every matriz of the form (3.4.10) represents an infinitesimal

symplectic transformation.

Corollary 3.4.6. Let A be a real infinitesimal linear symplectic transfor-
mation. Then the eigenvalues X\, —\, X and —\ all have the same multi-
plicity. The multiplicity of the eigenvalue 0 is even.

We now turn to the study of the collection A(E) of all Lagrangian
subspaces of a real symplectic vector space (E, o) of dimension 2n. Most
results are due to Arnol’d [5] and Hérmander [40], Section 3.3.

Theorem 3.4.7. A(E) is a connected regular algebraic subvariety of the
Grassmann variety Gg ,, of n-dimensional linear subspaces of E, dim A(E)
= in(n+1). For any M € A(E), A°(E,M) = {L € A(E); LN M = (0)} is
(algebraically) diffeomorphic to the vector space Symm(L) of all symmet-
ric bilinear forms on L, for any L € A°(E,M). Moreover, A°(E, M) is
open and dense in A(E). Finally T, (A(E)) is canonically isomorphic to
Symm(L) for every L € A(E).

Proof. Let L, M € A(E), LN M = (0), these exist according to Theorem
3.4.2. Then each n-dimensional subspace L’ that is transversal to M is of
the form {z + Az; € L} for some linear map A: L — M. Then

(3.4.11) Q(L)(z,y) = o(Az,y), T,y €L

defines a bilinear form on L, which is symmetric if and only if L’ is La-
grangian. So @ defines a bijective mapping: A°(E, M) — Symm(L), the
inverse being an algebraic embedding: Symm(L) — Gg,. So the @’s
form a set of local coordinatizations of A(FE); one can prove that 2™ of the
A%(E, N) cover A(E). This proves the first part of the theorem.

Clearly A°(E, M) is open in A(E). For its density we choose, for any
L € A(E),an M' € A°(E, M)NA°(E, L). See the proof of Theorem 3.4.2; at
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each step one now has to take e in the complement of the union of two linear
suspaces. Then A°(E, M') is an open neighborhood of L, identified with
Symm(M), in which A°(E, M) corresponds to the nonsingular elements of
Symm(M), which lie dense.

Clearly ) depends on the choice of L, M, but for fixed L € A(E) its
differential at L does not depend on M. Proof: Let M € A°(E, L), then
M = {z + Bz; 2 € M} for some linear map B:M — L. If L' is close
enough to L, L' still is transversal both to M and M and we can write
L' = {x+ Az; z € L} = {y + Ay; y € L}, for some linear maps A: L — N,
A:L — N.

Then = + Az = y + Ay, Ay = z + Bz for some z € N, so z = A,
y = z— Bz, z+ Az = (z — BAz)+ A(z — BAz). Taking symplectic product
with v € L:

(3.4.12) o(Az,u) = 0(Az) — o(ABAz,u).

The second term in the right-hand side vanishes of second order when L' —
L, so Q and Q have the same differential (= first-order approximation) at
L'=1L. O

Theorem 3.4.8. For any k > 1, M € A(E) the set
(3.4.13) AY(E,M) ={L € A(E); dim LN M = k}

is the regular part of its closure A*(E,M) = U, AY(E, M), which in
turn is a connected algebraic subvariety of A(E) of codimension %k(k +1)
in A(E). If L € A¥(E,M), then TL(A*(E,M)) corresponds to the Q €
Symm(L) such that Q(z,y) =0 for allz,y e LN M.

Proof. In view of Theorem 3.4.7 also A°(E, L)NA%(E, M) is dense in A(E)
so it contains at least some N. Let @ be the coordinization: A°(E,N) —
Symm(L) described in the proof of Theorem 3.4.7. Then, if L € A¥(E, M),
we have L' € A¥(E, M)NA°(E, N) if and only if dim ker(Q(M) - Q(L')) =
k. Note that Q(L) = 0.

On a suitable basis of L we can write

amn=(g 3) @er=(i 5).

where A is a nonsingular (n — k) X (n — k) matrix.
If D is sufficiently small, then A— D is still nonsingular and rank (Q(M)
-~ Q(L)) = n—k if and only if B = —-CS, 'C = (A — D)S for some
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S. So the equation L' € A¥(E, M) reads B = —C(A — D)~ tC if L
is close to L. This proves that A¥(E, M) is a smooth algebraic manifold
of codimension 3k(k + 1) and also that T7(A*(E, M)) corresponds to the

C
h =0.
to D) such that B =0

To prove that A*¥(E, M) is connected we remark that L — LN M
defines a fibration: A¥(E, M) — Gum,x, with fiber over My equal to
A(M§ /Myp). To explain this, let My C M, dim My = k. Then M,y C
M = M° C M§. Furthermore M§ /My is a symplectic vector space with

symmetric matrices (

symplectic form opmod am, defined by
(3.4.14) Omod Mu(el +M0,62+M0) 20'(81,62), e, e2 € M{.

If L € A(E), L0 M = My, then also My C L = L° C M§ and it is easily
verified that L — L/Mj is an isomorphism between the fiber over My and
A(Mg /My). Because both Gurx and A(MJ /M) are connected it follows
that A*(E, M) is connected. O

Theorem 3.4.9. A(E)\ A°(E, M) defines an oriented cycle u of codimen-
sion 1 in A(E). m(A(F)) ~ Z. The mapping c:y — «y - p = intersection
number of v and p, v € m(A(E)), defines a generator of H'(A(E),Z). «
is called the Maslov-Arnol’d index of (E,0).

Proof. Since only a variety of codimensions 3 in A(E) is attached to its
regular part A'(E, M), A(E) \ A°(E, M) defines a chain of codimension
1 in A(F) without boundary. Moreover, it is oriented by defining as the
positive side at L € AY(E, M) the set of all u € T1,(A(E)) such that the
corresponding quadratic form on L is positive definite on the line L N M.

To prove that 71 (A(E)) ~ Z, and « is a generator of M1(A(E),Z) we
prove that a is injective and exhibit an element o of 71 (A(E)) such that
Yo p=1.

Suppose v € 71 (A(E)), 7.1 = 0. Represent 7 by a closed differentiable
curve (t), intersecting A(E) \ A°(E, M) only finitely often and only at
AY(E, M) and transversally. Then

yop= Y, *l
~(ENT(B,M)

with +1 if y(t) crosses A'(E, M) from — to + and with —1 otherwise. Now
let v(t1) be a positive and ~(t2) a subsequent negative crossing, that is,
v(t) € A°(E, M) if t; < t < ty. Connect y(t1) and ~(t2) by a differentiable



8.4. Symplectic vector spaces 65

curve § in A'(E, M), which can be accompanied by nearby curves &,
respectively, §_ at the positive and negative side of A}(E, M), connecting
~(t1 + €) with y(t2 — €) and y(¢t; — €) with y(¢2 + €), respectively. Here
e > 0 is small. Because A°(E, M) is simply connected, the curve ~y(t),
ty +& <t <ty —e¢, followed by (64)! is a contractible closed curve. A
simple geometric argument shows that the curve y(t), t; —e <t <t; +¢,
followed by 6., then ¥(t), to — e < t <ty + € and then by (§_)~1! also is a
contractible closed curve. So 7y is homotopic to (t), t < t; —¢, followed by
(6_)~1, and then ~(t), t > t2 +e. However this curve has two intersections
less with A1(E, M). Eliminating in this way all intersections, we arrive at
the conclusion that v is homotopic to a point.

Now we construct 9. Let P be a nonisotropic two-dimensional sub-
space of (E, o). Then (P, o) is a symplectic vector space and E = P @ P°.
On canonical coordinates in P, define

ve(¢) = {(zc?sqﬁ); T € R}, ¢ from 0 to 7.

T sin ¢

vp is a closed curve in A(P) and intersects the £-axis only for ¢ = 7/2. At
that point, its derivative yp’(F) is represented by the quadratic form

_)j_ {cosqb/sind)) (0)) _ 2
: d¢"(( o J\e))y T

so the intersection is positive. To lift this example to E, let Lo, My be
transversal Lagrangian subspaces of the symplectic vector space P?. Define

Yo(¢) = vp(#) + Lo, M =vp(n/2) + M.

Then 7o(¢) intersects A(E)\ A°(E, M) only for ¢ = 7/2, in A1(E, M) and
in the positive direction, so v - u = 1. O

It should be remarked that the definition of o does not depend on the
choice of M € A(FE), because the connected group Sp(E,R) acts transi-
tively on A(E) and the intersection number is homotopy-invariant.

That Sp(FE) acts transitively on A(E) follows from the fact that we
can for every L, M, L, M € A(E) such that LN M =0, LNM =0, find a
symplectic mapping A sending L into L, M into M. We can prescribe A
arbitrarily (but bijective) on L, and then A is uniquely determined on M.
(Apply Theorem 3.4.2 and then A is the canonical transformation induced
by the mapping: L — L.)
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To see that Sp(FE) is connected, we remark that Sp(FE) is a fiber bundle
over the connected space A(FE), with fiber over L € A(E) equal to the
group H of symplectic transformations leaving L invariant. H is isomorphic
to GL(n, R) x R(/™+1) "in view of Theorem 3.4.3 and therefore has
two components, the component of the identity and the component of the
matrix that maps e; to —ej, f1 to —fi, and leaves the other basis vectors
fixed. Now the group of symplectic transformations sending the linear
span P of e; and f; into itself and leaving the other basis vectors fixed
is isomorphic to the group of symplectic transformations of the symplectic
plane (P, o). But this group is connected, so the two components of H can
be connected in Sp(E).

Note that a closed curve 7 is not homotopic to zero if and only if
it has nonzero intersection number with A(E) \ A°(E, M) for some M €
A(E) and then any curve 4 homotopic to -y has nonzero intersection with
A(E)\ A°(E, M), for every M € A(E).

Whereas A°(E, M) is diffeomorphic to a vector space, the intersec-
tion A°(E, M;) N A°(E, M>) is in general no longer connected. The fol-
lowing quantity measures whether L;, Ly are in the same component of
A°(E, M;) N A°(E, My) or not.

Definition 3.4.2. Let Lg, Ly, M7, M5 be four Lagrangian subspaces of
(E,0) such that L; is transversal to My for all j,k = 1,2. Then the
Héormander indezx is defined by

(3.4.15) s(My,Ma; Ly, L) = (7, o),

where 7 is a closed curve in A(E) consisting of an arc of Lagrangian sub-
spaces from L; to Ly transversal to M, followed by an arc of Lagrangian
subspaces from Ly to L; transversal to Ms. Here a is the Maslov—Arnol’d
index.

Proposition 3.4.10. s(M;, Ma; Ly, Ly) = 0 if and only if Ly and Lo are
in the same connected component of A°(E, M;) N A°(E, My).

Proof. A curve v in A°(E, M;) U A°(E, M) is modulo 71 (A°(E, M;) U
A°(E, M;)) homotopic to zero in A°(E, M;)A°(E,M;) if and only if
{(v,a) = 0. The proof of Theorem 3.4.9 applies with no change here because
AY(E, M)NA°(E, M,) is connected: L — LNMj is a fibration of this space
over the lines ¢ in M; transversal to M; N M, with fiber over £ isomorphic
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to A%(¢7 /¢, (M2 N £9)/¢). Both base space and fiber are connected. So if
(v,a) = 0 then we can replace v by another curve as in Definition 3.4.2
that is homotopic to zero in A°(E, M;) U A°(E, M>).

So we must show that L, L are in the same connected component of
A°(E, M1)NA°(E, M) if and only if v is homotopic to zero in A°(E, M;)U
A°(E, M;). The “if” part follows because A°(E, M;) and A°(E, M) are
open in A°(E, M;) U A°(E, M), the converse is true because A°(E, M;)
and A°(E, M;) are simply connected. a

Clearly s is integer-valued and continuous (= locally constant) in all
variables. Moreover:

3.4.16)  s(My,Ma; Ly, Ly) = —s(My, My; Ly, Ly) = s(Ma, My; Ly, Ly)

(

(antisymmetry in Ly, Ly and in My, M) and

(3.4.17)  s(My, Mz; Ly, L) + s(M1, Ma; Lo, Lg) = s(My, Ma; Ly, L3)
(

cocycle condition in the L’s).
We are now going to compute s.

Definition 3.4.3. If M;, M, are transversal Lagrangian subspaces, L
transversal to Mo, then sgn (M;, Ms; L) is the signature of the symmet-
ric bilinear form Q(L): (z,y) — o(Az,y) on My, if L = {z + Az;z € M},
A: My — M,.

Lemma 3.4.10. If My, M, are transversal (and the L; transversal to the
My), then

(3418) S(Ml,Mg;Ll,Lz) = %[sgn (Ml,Mg;Ll) — Sgl’l(Ml,Mz;Lz)].

Proof. s(My, My; Ly, Ls) is clearly equal to the intersection number of a
differentiable curve y(t) from Ly to Ly in A°(E, M) with A(E)\A°(E, M,),
intersecting the latter only in its regular part A'(E, M;) and transversally.
Now sgn (M, Ma;v(t)) only changes when (t) crosses A'(E, M;). We
claim that it changes by +2, respectively, —2, if the crossing is positive,
respectively, negative.

Suppose the crossing at t = ty is positive. Choose coordinates in M;
such that y(to) N M; is the z;-axis and

e = (g o)
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for some symmetric, nonsingular (n — 1) x (n — 1) matrix Qo. Now
B C

(3.4.19) sgn (C” D> =sgn D +sgn[B — CD~1(C"]

if D is nonsingular, in view of the formula

() (E D e D70 )

Here CD~!C’ vanishes of second order as C = 0, so
sgn [B(t) — C(t) - D(t)'C(t)’]

jumps by +2 if ¢ passes to, B(to) = C(to) =0, D(t0) = Qo, B'(to) positive.
Note that sgn D(t) remains constant.
Finally we remark that

’)’(t) B {.’L‘ + A(t).’L‘; T e Ml}, A(t): My, — M,

={y+A(t)y; y€v(to)}, A(t):7(to) — Ma.

So A(t) = A(to) + A(t)(I + A(to)) on M, hence

(3.4.20) S0 AT, Y)emto = %o(ﬁ(t)w,y)mo

if z,y € y(to)NM;1. So B’(to) is positive if and only if v(t) crosses A} (E, M;)
in the positive direction. a
Lemma 3.4.11. sgn (M, Ma; L) = —sgn (M, L; M2) if My, My, L are
mutually transversal.
Proof. We can write
LZ{.’E+AI;1‘€M1}, A: M; — M,
Mgz{y+By;y€Ml}, B:M; — L.

If z € My, then (z + Az) + Bz = (z + Bz) + Az belongs to both L and
M, hence = + Az + Bz = 0. So

o(Az,y) = —o(Bz,y), T,y € M. a
Theorem 3.4.12. If My, M>,Li,Ly € A(E), L; transversal to My, for
7,k =1,2, then

(3.4.21) S(Ml, Mg; Ll, Lg) = %[sgn (Ml, L2; Mg) — sgn (Ml, Ll; Mg)]
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Proof. Note that the right-hand side is well-defined and that (3.4.21) holds
if My, M, are transversal in view of Lemmas 3.4.10 and 3.4.11. Now assume
dim M; N My = k; let ¥(t) be a curve in A(E) such that y(0) = M, and
~'(0), regarded as a quadratic form on Mp, is positive definite on M; N Ma.
Then, using formulas analogous to (3.4.19), (3.4.20) we obtain that ~(t) is
transversal to M,

sgn (M, Lo;y(t)) = sgn (M1, La; Ma) + k
sgn (My, L1;v(t)) = sgn (M1, L1; M2) + k

if t > 0 is small. This proves (3.4.21) because it holds M, is replaced by
~(t), t > 0, small, and the left-hand side is locally constant in M. O

Remark. sgn (My, L; M) is not continuous in My, Ms, L, it is only con-
tinuous if we restrict to triples such that L is transversal to M; and Mo,
and dim M; N M, is constant. Because s is expressed in terms of signatures
of quadratic forms it is sometimes also referred to as a “Morse index.” For
more information regarding A(E), not found in Arnol’d [5] or Hérmander
[40], 3.3, see Fuks [30]. (This article discusses rather special questions.)

3.5. Symplectic differential geometry

Suppose (M, o), (N, ) are symplectic manifolds. A symplectic map-
ping from (M, o) to (N, 7) is a differentiable mapping ® such that &*7 =
o, that is, D®,, is a symplectic linear mapping from (T,,(M),on) to
(To(m)(IN), To(m)) for all m € M. This implies that ® is an immersion,
so dim M < dim N and ® is a local diffeomorphism if dim M = dim N. If
N = T*(X), T = canonical 2-form, then ® is also called a canonical map-
ping, and a canonical coordinatization if X = R™. Example: if k is a local
diffeomorphism: X — Y then the induced mapping &: T*(X) — T*(Y),
defined by &(z,&) = (k(z), (*Dkg) ™! - (€)), is a canonical transformation.
See the remark after Theorem 3.4.2.

Definition 3.5.1. Let v be a C* vector field on a symplectic manifold
(M,o), ® its flow on M. Then v is called a symplectic vector field or an
infinitesimal symplectic transformation, if the ® are symplectic transfor-
mations: (Ui, o) — (M,0).

Theorem 3.5.1. The following assertions are equivalent.
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(i) v is symplectic
(i) Lo0 =0
(iii) d(o | v) =0, that is, o | v =df (locally) for some C*® function f.

Proof. (i) means that (®%)*c = o for all ¢, which is evidently equivalent to
(ii), in view of the definition (3.2.15) of the Lie-derivative. The equivalence
with (iii) follows from Theorem 3.2.5, remarking that do = 0, and the
Poincaré lemma. O

Definition 3.5.2. For any f € C°°(M) the Hamilton field Hy is the unique
C vector field v on M such that df = —(o | v).

Here it is used that oy, is an isomorphism: Tj,(M) — T,,(M)* for
each m € M, in view of the nondegeneracy of 0. Note that each Hamil-
ton field is symplectic and that conversely each symplectic vector field v is
locally the Hamilton field of some function f, which then is called a Hamil-
ton function for v. Note that the Hamilton function is unique modulo a
constant, and that a global Hamilton function always can be found if and
only if H}(M,R) = 0 (see Theorem 3.2.7), which in turn is the case if M
is simply connected.

Theorem 3.5.2 (Jacobi). Suppose (M,0) and (N,T) are symplectic man-
ifolds of the same dimension and let ® be a symplectic mapping: (M,o) —
(N, 1), then

(3.5.1) ®*Hy = Hp-§ for every f e C®(N).

Conversely, if (3.5.1) holds for f = f; where the d(®* f;)m span T (M)*
for allm € M, then ® is symplectic.

Proof. In view of (3.2.19), (3.2.14) we have ®*7 | ®*H; = ®*(7 | Hy) =
—®*df = —d®*f. So ®*7 = o implies (3.5.1), while conversely (3.5.1)
implies ®*7 = o when taken inner product with ®*H;. Note that if the
d(®* f;)m span Ty (M)*, then D®,, is injective. Also the (df;), must span
T,.(N)*, which implies that the Hy, (n) span T,,(N). So the ®*Hy, (m) span
T,.(M), and (®*7 — 0),, = 0 on them implies ®*7 = 0. g

Definition 3.5.3. If f,g € C°(M) then the Poisson brackets {f,g} €
C®(M) are defined by

(352) {fag} = Hfg = U(vaHg)'
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Corollary 3.5.3. The functions xz1,...,xn, &1,...,& form a canonical
coordinatization of (M, 0), dim M = 2n, if and only if for alli,5 =1,...,n:

(3.5.3) {ziz;} =0, {& &} =0, {& z;} =6y

Proof. Follows immediately from Theorem 3.5.2 and the remark that
(3.5.3) hold for the coordinate functions z1, ..., Zn, €1, ..., &, iIn R X (R™)*,
where R™ x (R™)* is provided with the canonical 2-form. Also note that
(3.5.3) implies that the dz;,...,dzp, d€1,...,d¢, are linearly independent
of each point. For the Hamilton fields we obtain the formula

“./3f 8  Of a)
3.5.4 H=> (705~
(354) T~ (3&‘ Oz  Ox; 0§

for a differentiable function f on R™ x (R™)*. (Compare this also with
(2.5.7).) O

Theorem 3.5.4. For f,g € C*°(M) we have

(3.5.5) [Hy, Hg) = Hig g3

Proof. Let ®* be the Hy-flow. Then, using (3.1.8) and the fact that the
®! are symplectic, we have:

_4d
T odt

. d
(®h) Hg|t:0 = —Hgt)q

[Hf’Hg] dt

veo = HH,g- O

Corollary 3.5.5. C®°(M) is a Lie-algebra with the Poisson brackets prod-
uct.

Proof. The antisymmetry follows from (3.5.2) and the antisymmetry of
o. For the Jacobi-identity we remark that

{f.{9,h}} +{g,{h, f}} +{h,{f,9}} = (Hfo Hy— Hgo Hs)h— H{41h = 0
in view of (3.1.24) and (3.5.5). d
The following theorem expresses that all symplectic manifolds of the

same dimension are locally symplectically isomorphic. (This is very differ-
ent from the situation with Riemannian manifolds!)
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Theorem 3.5.6 (Darboux). Suppose (M,o) is a symplectic manifold.
Then dim M is even, say 2n, and for each mg € M there is a canoni-
cal coordinatization of a neighborhood U of my.

The main step in the proof is the following.

Theorem 3.5.7 (Jacobi). Suppose the C™ functions &1, ...,& on a neigh-
borhood U of mg are in involution, that is

(i) dé1,...,d¢ are linearly independent at each m € U, and

(i) {€,6} =0 foralli,j=1,...,k.

Then k < n and there exists a neighborhood U of mg and &ky1,...,€n €

C®(U) such that &1, ..., &y are in involution on U.

Proof. The linear independence of the d¢;,...,d¢; is equivalent to the
linear independence of the He,, ..., He,. The condition (ii) means in view
of (3.5.2) that the span Sy, of the He¢,(m), 1 < ¢ < k, is an isotropic
subspace of (T}, (M), 0.m), hence k < n (see Proposition 3.4.1).

Now let & < n. The problem is whether we can find a function £ = €41
such that the &;,...,&k,&k+1 are in involution. We have automatically
{&,£} = 0 so we only need to solve

with a solution £ such that df is linearly independent of the d§;.

Now (ii) implies, because of (3.5.5), that the Hamilton fields He, com-
mute, so in view of the Frobenius theorem (Theorem 3.1.1) we can choose
local coordinates on which He, = 8/0z; (we do not need these local coor-
dinates to be canonical). We therefore can solve (3.5.7) and even prescribe
& on any manifold T that is transversal to the span Sy, of the Hg,, that is,
Tone (M) = Ty (T) ® Spng -

Now choose u € (Sm,)7, u & Sm, (see the proof of Proposition 3.4.1),
choose T' such that u € Tp,,(T) and finally £ such that démn,(u) # 0. This
means that H¢(mg) is not o-orthogonal to a vector u to which each He, (mo)
is o-orthogonal, so d&,, is linearly independent from the (d&;)m,- O
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Proof of the Darboux theorem.* In view of Theorem 3.5.7 we can
construct &i,...,&,, which are in involution on a neighborhood of mg.
Suppose we have in addition a set of functions z1, ..., xx such that

{zs2;} =0 forall i,5=1,...,k

{{i,xj}zéij for all izl,...,n,j:l,...,k.
These equations imply that the H,,..., He , Hy,,...,Hy, are linearly
independent, and commutating so we can find £ = xk4+1 such that these

equations hold with & replaced by k + 1. So we finally find &,...,&,,
Z1,..., T, satisfying (3.5.3). O

Knowing that any symplectic manifold admits local canonical coordi-
nates, the volume introduced in the following theorem gets more meaning.

Theorem 3.5.8. Let (M,o) be a symplectic manifold, dim M = 2n.
Define

(3.5.8) w=%(—1)(2)0/\0---/\0 (n times).
Then
(3.5.9) w=r"(d& A - Ndép Ndxy A -+ Ndzy)

for each local canonical coordinatization k. w s called the canonical volume
of (M,0).

Proof. In R™ we have

(i dé; N dxi) Ao A (i d&; A dxi) (n times)
i=1 i=1
= n!(—l)(g)dﬁl A---ANd&, Ndxy A -+ - Ndz,.

Theorem 3.5.9 (Liouville). Let ® be the flow of a Hamilton field on a
symplectic manifold (M,c). Then (®')*w = w for all t, if w denotes the
canonical volume of (M, o).

Proof. Use (9')*c = ¢ and (3.2.13). O

* A simpler proof is given by Weinstein [81], but we need Theorem 3.5.7
in the applications anyhow.
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The theorems of Darboux and Jacobi are in general only locally valid.
The following theorem shows how restrictive the existence of a global set
of functions fi,..., fn in involution really is.

Theorem 3.5.10 (Arnol’d [1]). Suppose (M, o) is a symplectic manifold
of dimension 2n, let fy,..., fn be in involution on M, and finally assume
that the Hamilton fields Hy,,...,Hy, are complete, that is, their solution
curves are defined for allt € R.

Then f:m — (fi(m),..., fn(m)) defines a submersion from M onto
an open subset of R™. FEach connected component of each fiber is diffeo-
morphic with a cylinder T* x R*~* here T* = R¥ /Z* is the k-dimensional
torus, and

®: (t1,...,tn) — Bl 0.0 Y

is a transitive group action of R™ on it. Here ® denotes the Hj,-flow.

Proof. The linear independence of the df; implies that f defines a submer-
sion. In particular the fibers V., = {m € M; f(m) = ¢} are n-dimensional
smooth submanifolds of M. The V, are invariant under the Hy,-flow be-
cause Hy, f; = {fi, fj} =0.

Because the Hy, commute, also the ®* commute in view of Frobenius’
theorem. So @ is a group action of R™ on each connected component I" of
Ve. The image of a point under the action ® is open because the Hy, span
the tangent space of I' (use the implicit function theorem). Its complement,
being ®-invariant, is also open, and we conclude that ® is transitive on I'.

For a transitive action of any Lie group G on a topological space I’
it is known that I' is diffeomorphic to G/S,,, where S,, is the stationary
group or isotropy group

Sm = {9 € G; g(m) =m}.

In our case, using again the implicit function theorem, we find that S, is
discrete, which implies that I' has the form 7% x R*~k,

Remark. The submersion f need not be a fibration. Example: Take n = 1
and f(z,€) = %52 — cosz, the total energy function of the mathematical
pendulum, defined on

M = ((R/27Z) x R) \ {(0,0), («,0)},
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the complement in the phase space of the set of equilibrium points. On the
open H-invariant subsets

M;él = {($,§) € Ma f(x7§) 7é l}a

f is a fibration with fibers diffeomorphic to circles, whereas the fiber f =1
is diffeomorphic to two copies of R.

In general one can prove, by means of the implicit function theorem,
that if a connected component I' of V., is compact, hence diffeomorphic
to T™, then the S,,() C R™ depend smoothly on ¢, where we can arrange
m(c) € V. to depend smoothly on ¢, for ¢ near ¢y and m(cy) € I'. In
this case f is a smooth fibration with toral fibers, on an Hy,-invariant open
neighborhood of " in M. The problem with noncompact I is that elements
of S, can “enter from infinity”.

In the classical literature (see Whittaker [82], p. 323) the flow of a
Hamilton field Hy is called completely integrable if there exist global func-
tions fa,..., fn such that f, fo,..., f, are in involution. This terminology
is consistent with the definition of an integral for the H¢-flow as any H-
invariant function g such that its differential is linearly independent of df
(and df never vanishes), only if n = 2. For n > 2 the existence of linearly
independent integrals fs, ..., f, is not sufficient for complete integrability
since we also need the relations {f;, f;} =0fori#j,4,7=2,...,n.

A curve t — v(t) on a manifold M is called quasiperiodic if it is
contained in a submanifold V of M for which there exists a diffecomorphism
®:V — T4, and a constant vector field w on T, such that ®o+ has constant
velocity in T¢. Note that if kK = n in Theorem 3.5.10 then each H #, has only
quasiperiodic solution curves. It is a deep result of Kolmogorov-Arnol’d
[6] and Moser [66], that small Hamiltonian perturbations of an integrable
vector field Hy (with compact fibers of (f1, f2, ..., fn) and with “generically
moving” S;,;) still have many invariant tori on which the motion is quasi-
periodic.

3.6. Lagrangian manifolds

Definition 3.6.1. Let (M,0) be a symplectic manifold, dim M = 2n.
A submanifold V' of M is called isotropic, Lagrangian, and involutive in
(M,0) if T, (V) C Tin(V)?, T (V) = T (V)?, and T, (V) C Tp, (V) for
all m € V, respectively.

Note that if V is isotropic, Lagrangian, and involutive then dim V < n,
dim V = n, and dim V > n, respectively. Conversely if V is isotropic or
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involutive and dim V = n then V is Lagrangian (see Proposition 3.4.1).
The following lemma explains the relation with “involutive” in Theorem
3.5.7.

Lemma 3.6.1. LetV locally be defined by fi = --- = fr, =0, f; € C°(M),
df; linearly independent at V. Then V is involutive if and only if

(3.61) {fi,fi}=0 on fi=---=fr=0  foral i,j=1,...,k.
Proof.

- ﬁker (df:)m (f] [Hy (m)]” = (iR-Hﬂ(m))"a

i=1

so T (V)° Z R - Hyf,(m). Therefore T,,(V)? C T;n(V) just means that
the Hy, are tangent to V/, which is exactly (3.6.1). O

Theorem 3.6.2. Let V be a C*®° submanifold of codimension k in M.
Through each m € V there passes a Lagrangian manifold L C V if and
only if V is involutive.

If V is involutive then the T,,(V)?, m € V form an integrable tangent
system in V', the integral manifolds of which are called the characteristic
strips of V. A submanifold My of codimension k in V is symplectic if
and only if it is transversal to the characteristic strips. If this is the case
then for any Lagrangian manifold Loy in (Mo, o) there is locally exactly one
Lagrangian manifold L in (M, o) such that Lo C L C V, L is equal to the
union of the characteristic strips passing through points of Ly.

Proof. If through m € V there passes a Lagrangian manifold L C V then
(3.6.2) Tin(v) D Ti(L) = Tin (L) D Tin(V)“.

This shows that V is involutive, if this happens for each m € V.

Now suppose V is involutive. Representing it locally by f; = --- =
fx = 0, with the df; linearly independent, we see from 3.6.1 that d{f;, f;}
is a linear combination of the df, (at V'), hence [Hy,, Hy,] = Hyy, 5.} is a
linear combination of the Hy,. So the T;,(V)? form an integrable tangent
system according to Frobenius’ theorem (Th. 3.1.1).
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Now let My be a submanifold of codimension &k in V. Then (M, o)
is symplectic if and only if T;,(Mp) N T (Mo)° = (0). Now T,,(My) C
Tn(V) so T (V) C Tin(Mo)? so necessarily Tp,(Mp) N T (V)Y = (0).
Conversely, if 17, (M) N T (V)7 = (0) then T5p(Mo)? + Tin(V) = T (M)
50 T (Mo)? NT1, (V) is k-dimensional, hence T, (V)7 = T (Mo)° N1 (V)
and Tm(Mo) N Tm(M())U = (0)

Now let My be of codimension k in V' and transversal to the character-
istic strips, and let Ly be a Lagrangian submanifold of (Mp,c). In view of
(3.6.2) the characteristic strips are tangent to any Lagrangian submanifold
L of V so if in addition Ly C L then L contains the characteristic strips
passing through points of Ly (locally). Now define L locally as the union
of the local characteristic strips through points of Ly, more precisely:

(3.6.3) L= {(I)Z" o---0®%(m); meUnLg, (t,...,t) € T},

where U is a neighborhood of my € Ly on which V is defined by f; =
-+« = fr = 0 with linearly independent df;, ®! is the Hy,-flow and T is a
neighborhood of the origin in R.

Then the differential at (0, mg) of the mapping: (¢1,...,tk, m) — @2“ o
---.0®%1(m): Tx(UNLy) has rank n because of the transversality of Ty, (Lo)
and Ty, (V)?, so we conclude that for T', U sufficiently small, the mapping
is an embedding and the image L is an n-dimensional smooth submanifold
of V, UNLy C L. Because L D L (locally) and dim L = dim L, we
conclude the local uniqueness in the theorem.

To prove the existence part we only have to show that L is actually
Lagrangian. Define

(3.6.4) Ly ={®'(m); meUnNL, t € Ti},

where T is a sufficiently small interval in R around 0. Then, for m =
®%(m) € U N Ly, we have

Tin(L1) = Trn(Lo) + R - Hy, (m),
S0
Tm(L1)? = Tin(Lo)? Nker dfi,m D Trm(Lo) + R - Hy, (m)
because T1,(Lo) C Tin(V) implies T, (V) C Tin(Lo)? we conclude that
Tm(L1) is isotropic if m € UN Lo. However, Tt (m)(L1) = D®Y . (Tim(L1))
is then also isotropic because D‘Dtl,m is a symplectic linear mapping:
Tn(M) — Tq);,(m)(M). So we conclude that L; is isotropic. Repeating
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the arguments we find that
(365) L, = {q)tll s <I>t1‘(m), m e U N Ly, (tl, . ,t) (S Te}

is an isotropic submanifold of dimension n—k+¢ if U and T, are sufficiently
small neighborhoods of mg and the the origin in R, respectively. The
building-up stops at £ = k where we find a Lagrangian submanifold L = Ly
through mg, UN Ly C L C V. Piecing together these local solutions along
Lo we get a Lagrangian manifold L such that Ly C L C V, in view of
the local uniqueness this involves no problems. If one admits immersed
submanifolds in V', then one can also conclude that there exists a unique
maximal immersed Lagrangian manifold L in V containing L. O

Application of Theorem 3.6.2 to the case that M = T*(X), V given by

equation f; = --- = fr = 0, we obtain the following theorem on (nonlinear!)
first-order differential equations of the form
(3.6.6) fi(z,dog) = -+ = fi(z,d¢g) = 0.

The result is usually referred to as Hamilton-Jacobi theory, but we follow
Lie’s presentation.

Theorem 3.6.3. Let fi,..., fx be real C" functions on an open subset §2

of T*(X), 2 <r < o0, such that dfy,...,dfy are linearly independent at

For every (z,€) € V there exists a C? solution ¢ of (3.6.6) on a neighbor-

hood of z and such that d¢, = &, only if the fi1,..., fr are in involution
and

(3.6.7) def1,...,defr are linearly independent at V.

If conversely these conditions are satisfied then for any (xo,&) € V,
any (n — k)-dimensional submanifold Q of X through xo that is transversal
to the linear span of the de¢ fi(xo,&), i = 1,...,k, and any C” function v
on Q such that dipg, = 50]7,10@), there is a locally unique C" solution ¢
such that

(3.6.8) ¢=1 on Q.

Moreover, the graph of d¢ in T*(X) is a union of bicharacteristic strips,
that is, it is invariant under the Hg -flows, 1 =1,... k.
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Proof. If ¢ is a C? solution then the graph L of d¢ in T*(X) is a La-
grangian C' manifold contained in V, such that D7z ey: Tize)(L) —
T.(X) is injective. See Proposition 3.3.2. Because

k
T(z,6)(L) D T(ze) (V)" = > R Hy,(z,€)
i=1
it follows that the Dm(, ¢)Hy, (x,§) = d¢fi(z,§) are linearly independent
fori=1,...,k. It follows also that V must be involutive.
Now assume that V is involutive and (3.6.7) holds, and let Q, 1 be as
above. It follows then from the implicit function theorem that the equations

(369) ng;(Q) :d¢x7 fl(xvé-) = :fk(xag) =0

for every z € @ have exactly one solution £, € T,(X)* locally (close to &),
and that &, depends C™! on z.

Its graph Lo = {(z,&) € T*(X);z € Q} is an (n — k)-dimensional
isotropic submanifold of V' (because {(z,€) € T*(X); z € Q, §|TI(Q) =
dy(z)} is a Lagrange manifold) that is transversal to the characteris-
tic strips of V. Application of Theorem 3.6.2 leads to a locally unique
Lagrangian C"~! submanifold L in V, containing Ly. D74y .¢,) maps
T(z4,60)(Lo) onto T;,(Q) and the Hy, (zo,&o) on the d¢ fi(zo,&o), hence is
surjective: Tz, ¢0)(L) — Tz, (X). So, in view of the “if” part of Proposi-
tion 3.3.2, locally L is the graph of d¢, ¢ a C" function on a neighborhood of
xg. ¢ is locally uniquely determined modulo a constant, so we can arrange
that ¢(zo) = ¥(zo). But d¢|Q = dq/)'Q then implies (3.6.8). a

The images in X under 7 of the characteristic strips are called the
(base) characteristics of the functions fi, ..., fx, or rather the manifold V.
In general the characteristics through « € X depend on the choice of £ €
T,(X)*. The only possibility that they do not depend on € is: f;(z,§) =
(vi(x), &) + ai(z), v; a vector field in X, which means that we are dealing
with linear first-order partial differential equations of the form v;¢ + a; =
0. The condition of the linear independence of the d¢f; means that the

vi(z), 1 = 1,...,k are linearly independent. The involutiveness condition
is equivalent to the existence of functions A}’ such that
(3.6.10) [vi,v;] = Z A v

£
(3.6.11) Vil — Vi@ = — Z)\?W.
4
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So for the v; we just get the Frobenius integrability condition, the integral
manifolds of [v1,...,vk] are the base characteristics.

An important example of a nonlinear first-order partial differential
equation is the equation describing the characteristic hypersurfaces of an
m-th order linear partial differential operator

0 0\«
(3.6.12) P(x, %) = |Z< aq(T) - (%)
with complex-valued C® coefficients a,(z). Then for any ¢ € C*°(X) the

function e"*"? P(e'"?) is a polynomial in 7 of degree m. The coefficient of
7™ is equal to p(x,d¢,) where the principal symbol p is defined by

(3.6.13) p(z,€) = Y aa(z)- (€)™
|a|l=m
Now a hypersurface that locally is described by an equation of the form
¢ = constant, ¢ a real C* function on X, d¢ # 0, is called characteristic
for the operator P if

(3.6.14) p(z,d¢,) = 0.

This is a nonlinear equation for ¢ as soon as m > 1. Theorem 3.6.3 now
applies in two cases:

(i) pis real and dep(z,€) # 0 if p(z,€) =0, £ #0,
(ii) p is complex and, if p(z,§) = 0, £ # 0, then:
(iila) {Re p,Im p} =0,
(iib) d¢ Re p, d¢ Im p are linearly independent.

In both cases the characteristic strips of the “characteristic variety”
p(z, &) = 0 are called the bicharacteristic strips of P; in the first case they
are one-dimensional and in the second case, two-dimensional. The pro-
jections of the bicharacteristic strips into X are called the bicharacteristic
curves and surfaces of P, respectively.

The homogeneity of p in € has an interesting consequence for the solu-
tions ¢ of (3.6.14). First assume that p is real, let (z(t),£(t)) be a bichar-
acteristic strip for P. Then

D o(at) = du - 0 = €t) - deptatt), £(0)

— mp(a(t),£(1)) = 0.
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Here we used

(3.6.15) dep(z,§) - € = mp(z,§)

(Euler’s identity), which is equivalent to the condition that £ — p(z,¢) is
homogeneous of degree m. This can be seen by differentiating p(z, 7€) with
respect to 7.

So ¢ is constant on the bicharacteristic curves. In other words, all
characteristic hypersurfaces ¢ = ¢(zo) for P, such that d¢,, = &, have the
bicharacteristic curve through xo with respect to &y in common. For more
information on the role of the solutions of (3.6.14) in asymptotic solutions
of partial differential equations, see pages 9 and 10 in the Introduction.

Theorem 3.6.3 has been formulated only locally. Obstructions for the
existence of global solutions are:

(i) Nonvanishing H'(X,R). Indeed, let L be a Lagrangian manifold in
fi = -+ fxr = 0 such that m: L — X is a diffeomorphism. Then L is
the graph of a 1-form A on X, d\ = 0. For every such one form there
exists a function ¢ with d¢ = X if and only if H(X,R) = 0.

(ii) m: L — X can have bijective differential everywhere, without being
bijective (multiple covering).

(iii) The mapping m: L — X can have singularities, that is, there can exist
(z,€) € L such that D7, ¢): T(z,¢)(L) — T(X) is no longer injective.
In other words, T, ¢)(L) has nonzero intersection with the tangent
space ker D7, ¢) =~ Tp(X)* of the fiber T;(X)*. This is the most
important and irrepairable obstruction: it can for instance happen
that L is a neighborhood of (z,£) on the graph of d¢, but that its
flow-out along the Hamilton field H; leads to a “turning vertical”
of the tangent space of L. This effect is, for instance, responsible
for the occurrence of caustics in geometrical optics. There is a close
connection between the theory of “catastrophies” of Thom [80] and
the appearance of caustics.

We finally remark that the main point of the proof of Theorem 3.6.2,
namely the fact that the condition of being isotropic is invariant under
the action of one-parameter groups of symplectic transformations ®%, has
been stressed by S. Lie. (See Engel and Faber [27]. Another classic on this
subject is Carathéodory [13]. These books also give references to the older
literature on Hamilton—Jacobi theory.)
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3.7. Conic Lagrangian manifolds

A submanifold L of T*(X) \ 0 = {(z,€) € T*(X); £ # 0} is called
conic if

(3.7.1) (z,6) e L= (z,7€) € L for all 7> 0.

The set of (z,7€), 7 > 0 is called the cone azis through (z,£). Elements
u € T(g¢)(T*(X)) will be denoted by (6z,6¢), 6 = Dm,e)(u) € To(X).
If 6x = 0 then u is tangent to the fiber and can invariantly be written
as (0,6€), 6€ € Ty(X)*. Note that 6 = 0 or (6z,6€) — 6€ do not have
coordinate invariant meaning.

Proposition 3.7.1. An n-dimensional closed submanifold L of T*(X)\0 is
a conic Lagrangian manifold if and only if the canonical 1-form a vanishes
on L.

Proof. If L is conic then (0,£) € T(g¢) (L) for all (z,§) € L. If L in
addition is isotropic, then

o o) -eee((9): () -

for all (ZZ) € Tg,e)(L).

If conversely @ = 0 on L, then ¢ = da = 0 on L, so L is Lagrangian.
Moreover (3.7.2) shows that (0,£) € T(g,¢)(L)? = T(4,¢)(L) so the vector
field (z,&) — (0,&) is tangent to L. The cone axes, which are the integral
curves of L, therefore are contained in L. Note that these curves cannot
run off L because L is assumed to be closed. O

If V is a k-dimensional submanifold of X, then we define its normal
bundle in T*(X) by:

(3.7.3) Vi ={(z,8) e T*(X); z €V, £(6z) = 0 for all 6z € T(V)}.

It is clear that {€ € Tx(X)*; £ = 0 on T(V)} is an (n — k)-dimensional
linear subspace of T (X)* for all z € V, so V1 is an n-dimensional C®
submanifold of 7*(X) (and at the same time a vector bundle over V).

Proposition 3.7.2. V+\ 0 is a conic Lagrangian manifold. Conversely,
if L is conic Lagrangian and the rank of Dm(zey: Tize)(L) — To(X) is
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constant equal to k for all (z,§) € L, then each (x,€) € L has a conic
neighborhood ' such that

(i) V =7n(LNT) is a k-dimensional C*® submanifold of X,
(ii) LNT is an open subset of VL.

Proof. Tangent vectors at (, &) to V1 are of the form (6z, 6¢), = € T(V).
Because £ L T,(V),

6
A(g,8) (51:) = 6((5:{:) = 0.

For the converse we remark that (i) follows by the implicit function
theorem, whereas I' N L C V* follows from the fact that o vanishes on L.
Because dim L = dim V*, it follows that I' N L is open in V+. O

Remark. If L in addition is closed and n — k = codim V > 1, then
we can choose I' such that N L = V1. The reason is that in this case
LNTy(X)* is an open and closed subset of T;(V)* \ {0}. (If codim V = 1
then T,,(V)* \ {0} has two components.)

In general the collection of points (z,£) where the rank of D, ¢y:
Tiz,6)(L) — Tx(X) is > k, forms an open conic subset of L. The rank
therefore is locally constant in an open dense conic subset of L, so “almost
everywhere” L is equal to an open cone in a normal bundle. That this rank
can jump follows from the following description.

Proposition 3.7.3. An n-dimensional submanifold L of T*(X) \ 0 is
a conic Lagrangian manifold if and only if every (z,€) € L has a conic
neighborhood I' such that LNI' = Ay for some nondegenerate phase function
¢. (See (2.3.10) for the definition.)

Proof. To prove that Ay is a conic Lagrangian manifold we must show
that o = 0 on Ay, that is

(3.7.4) dep(6z) = 0 if dg¢p =0,  (6z,86) € T(Cy).

Now the homogeneity of ¢ implies that dg¢ - 6 = ¢(,6). So ¢ =0 on Cy,
and therefore

dep(87) + ded(60) =0 for (8z,80) € T(Cy),

which implies (3.7.4).
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For the converse we have to find a nondegenerate phase function such
that L = Ay (locally). Now suppose that for some induced local coordina-
tization the projection

(375) LB(Il,...,.’IIn, §1,...,€n)b—>(€1,...,§")

has an injective, hence bijective differential. This means that L is locally
of the form

{(z(£),€), £ (R")"} for some z(£): (R")* — R™.

The condition that L is Lagrangian implies that dxz = 0, = regarded as a
1-form on (R™)*. So locally z(§) = dH(&) for some C* function H(£).
Because L is conic, z(£) is homogeneous in £ of degree 0 and we can choose
H(£) homogeneous of degree 1. Now take

(3.7.6) o(z,€) = (z,&) — H(§).
Then dep(z,€) =0 © x = dH(E), dzé(x,€) =&, so Ay = L locally. O

The problem that remains in the above proof is to choose local coordi-
nates making the above construction possible. This is taken care of by the
following lemma. Note that for any finite number of Lagrangian subspaces
My, ..., My in T(z & (T*(X)) one can always find a Lagrangian subspace
M that is transversal to all the M;, i = 1,...,k. (The A°(E, M;) are dense
in A(E), see Theorem 3.4.7.) In particular we can choose M transversal to
both T, ¢ (L) and the tangent space of the fiber.

Lemma 3.7.4. Let (2°,£% € T*(X)\ 0, suppose M is a Lagrangian
subspace of T(go ¢oy(T™(X)) that is transversal to the tangent space of the
fiber (the latter space also is Lagrangian). Then there is an induced local
coordinatization such that M is equal to the tangent space of the manifold

(&11""67’1) = (g(l)7a§’91)

Proof. On arbitrary induced local coordinates M is of the form {(éz, 6¢);

8¢ = > A;;6z,} for some symmetric matrix A;; (see the proof of Theorem
J

3.4.7). Because £° # 0 we can choose A%, such that Y A%E) = A;;. Now
substitute k

(3.7.7) Te =Yk — 3 ) Abyiy;.
1,7
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Then on the new induced coordinates (6y,6m) is, at T =y = 0, £ = &9,
given by (see (3.3.1))

oyx = bz,

Ok = 86k — » AL 6z €) = 86 — Y A 6.

1,7 i

But this means that M coincides with the space ém; = 0. O

As we have seen in Lemma 2.3.5, the minimum number N of auxiliary
variables 61, ...,0n in the phase function ¢(z,8) describing L is equal to
dim[T(; ¢)(L) N T{(z,¢ (fiber)]. (The condition that L is conic implies that
N is at least equal to 1, because L has the cone axis in common with
the fiber.) That this dimension, equal to n minus the rank of projection:
L — X, can jump can be seen in the following example.

Example. Take in 7*(R?)\ 0 the conic Lagrangian manifold L defined by

¢(,€) = (z,€) — H(€), H(E) = £1/€3, (€1,&2) in a conic neighborhood of
(0,1). The projection of L in X has a cusp at the origin, exactly there the
rank of the projection dropped from 1 to 0.

It is also easily verified that the normal bundles of submanifolds of
V of X are precisely those conic Lagrangian manifolds defined by a phase
function

n—k
(3.7.8) $(z,0) = ¢;(z)-0;
j=1

which is linear in 6. Here the ¢; are such that
(3.7.9) V={zeX; ¢r1(z) =+ = ¢p_i(z) =0}.

A characterization similar to Proposition 3.7.3 also holds for arbitrary
(non-conic) Lagrangian submanifolds of T*(X), dropping the homogeneity
condition for ¢. However, for Fourier integral operators we only need the
homogeneous case, so we do not go further into this. Instead we conclude
this section with an application to partial differential equations of the form

(3.7.10) fi(z, ¢(x),d¢z) = - - = fi(z, p(x),d¢s) = 0,

that is depending also on ¢(z). The key is the following:
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Lemma 3.7.5. The normal bundle in T*(X x R) of the graph {(z, ¢(z));
z € X} in X xR of the function ¢, is equal to

(3.7.11) {(z,¢(z), —7ds¢,7); z € X, T € R}.

The proof is immediate. It follows that ¢ is a solution of (3.7.10) if and
only if the normal bundle of its graph is contained in the conic manifold

(3.7.12) gi(z,t,6,7) = -+ - = g(z,1,€,7) = 0,
where the g; are the homogeneous functions
(3.7.13) gi(z,t,§,7) =7 - fi(x,t,—¢/T)

of degree 1, defined on the open cone
(3.7.14) {(z,t,&,7) €e T*(X x R); 7 # 0}.

So the problem is now reduced to the question of finding the conic
Lagrangian manifolds contained in the conic manifold (3.7.12). Taking in
Theorem 3.6.2 the initial manifold Ly conic, L is automatically conic be-
cause the Hg,-flows commute with the multiplications with positive scalars
in the fibers. If in addition the projection L — X x R — X has surjective
differential, it follows that the projection of L in X x R is locally the graph
of a function ¢, which then automatically solves (3.7.10). This construc-
tion is even more geometric than the proof of Theorem 3.6.3, since it avoids
the integration procedure at the end of that proof. (This remark is due to
S. Lie.) The exact formulation of the analogue of Theorem 3.6.3 is left to
the reader.

3.8. Classical mechanics and variational calculus

In this section we give a brief description of the relation between clas-
sical mechanics and variational calculus with symplectic differential geom-
etry.

In classical mechanics the starting point is Newton’s law

(3.8.1) m; d*x;/dt? = F;.

Here m; is the mass, x; is a position coordinate, F; the force coordinate, all
with respect to the i-th degree of freedom. It is assumed that there exists
a smooth function U, called the potential energy, such that
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In other words, F' = —dU, we see that force is a 1-form on position space X,
m is a linear map: X — X*, X = R". Introducing dz;/dt = v; (velocity)
the second-order system (3.8.1) can be reduced to a first-order system on a
space of double dimension. However, if we take the slight variant mv = p
(impulse or momentum), we can even write this system in the form

(fi—f = d,E
(3.8.3) y
p — —
o = 4B

where the total energy E(x,p) is given by

L R L
(3.8.4) E = z; 5Mivi + U(z) = ZZ: o, P + U(z).

So we obtain a Hamilton system in X x X* with the total energy as a
Hamilton function.

The symplectic structure has been used in classical mechanics in a
number of ways. We mention here:

1°. Invariance of Hamilton systems under canonical transformations (The-
orem 3.5.2).

2°. Many specific examples turned out to be integrable, that is functions
fa,..., fn could be found such that E, fs,..., f, are in involution. See
the end of Section 3.5.

3°. Liouville’s theorem. This plays a role in the investigation of ergodic
properties of the flow. See, for instance, Arnol’d-Avez [7].

4°. Analysis of fixed points and periodic points of the Hg-flow ®. If
®'(m) = m then D!, is a symplectic automorphism of T,,(M), so
we can apply Theorem 3.4.3 and Corollary 3.4.4. (If Hg(m) = 0 then
DHg(m) = %D@fnl +—o is an infinitesimal symplectic mapping and
we can apply Theorem 3.4.5 and Corollary 3.4.6). The absolute value
of the eigenvalues of D®! is important for the stability of the peri-
odic point m: a necessary (but not sufficient) condition for stability is
that they all have absolute value equal to 1. Corollary 3.4.4 shows a
remarkable rigidity of this condition: if |A\| = 1, A # £1 and X has mul-
tiplicity 1 then for each slightly perturbed symplectic automorphism
the eigenvalue X still satisfies |5\| = 1. However, this does not imply
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that stability of the periodic point is preserved under small perturba-
tions of the Hamilton function, the situation is much more subtle than
that.

We now turn to variational calculus. Let tg,t; € R, a,b € X. Let T’
be the set of all C? curves z: [to, 1] — X such that z(to) = a, z(t;) =b. T
is a Banach space with norm

d*z

(3.8.5) max{|x(t)|, zi—t—(t) ZIEE(t)" te [to,tl]}.

dxl

For each z(-) € T" define the integral
¢ dz
to

Here L is apparently a function on the tangent bundle T(X) of X, assume
that L is smooth. Then z(-) — I(x-)) is a differentiable function on T', z(-)
is called an extremal curve for the integral (3.8.6) if DI .y = 0. Now

1) +hO) - 1) = [ (dabeht sl T e o)

to
t d dx
- /t [dzL - 2 (d:L) (x E)] “hdt+o(h)  for h— 0,

using partial integration. So z(-) is extremal if and only if it satisfies

s D) (0. F0) = @) (0. F0).

called the Fuler-Lagrange equations. Note that this is a second-order sys-
tem of ordinary differential equations for z(t).
Now consider the mapping

(3.8.8) ®: (z,2) — (z,d; L(z, T))
which is a mapping: T(X) — T*(X) in a coordinate-invariant way. We
have that

D®: (6x,6%) — (6x,dzds L - 6z + d2L - 6%)
is bijective if and only if d2L(z,#) is a nondegenerate bilinear form. If
this is true for all x,& then L is called a regular Lagrange function for

the variational problem, which is the same as saying that ®, called the
velocity-momentum transformation defined by L, is a local diffeomorphism.
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Now define A(z, %) = dzL(x,z)- & (called the action of L) and E(z, 1)
= A(z,%) — L(z,z) (called the energy of L). Define the corresponding
energy € of L on T*(X) by £ 0® = E. The mapping L — £ is called the
Legendre transformation.

The assertion is now that the Euler-Lagrange system (3.8.7) under ®
transforms into the Hamilton system with Hamilton function £ on T*(X).

Proof. Denote £ = d;L(z, ). Differentiation of (z,d; L(x, %)) with respect
to & gives d¢€ od2L = d;[d;L-% — L] = d2L - &, so & = d¢(x,dz L(z, %)) in
view of the nondegeneracy of d2L. Next differentiation of £(z,d;L(z, 1))
with respect to z gives d;L(z,2) = —d;E(s,dzL(z,z)). Putting in z =
z(t), © = %(t) and £(t) = diL(x(t),%f—(t)) we obtain the equivalence
between (3.8.7) and

‘fi_:;(t) = de&(z(t),&(t))
d¢
% 1) = —dut(x(0),£0). .

Conversely, every Hamilton system with Hamilton function £(z,¢)
such that dg&' is nondegenerate corresponds to the Euler-Lagrange system
for some L in the above fashion, so we do obtain in this way the “general”
Hamilton systems.

Examples. (1) Classical mechanics arises from the variational equation
with Lagrange function

(3.8.9) L(z,v) = Y 3ma? - U(z).

In the time of its discovery this relation of classical mechanics with “optimal
curves” gave rise to many metaphysical speculations.

The equivalence between (3.8.1) and (3.8.7), with L equal to the differ-
erence of the kinetic and potential energy, is due to Lagrange [51], 2¢ Part.,
Sect. I'V. His point was that, under arbitrary substitutions of variables, the
“force” %(diL) — d, L transforms as a 1-form (not as a tangent vector to
the z-space), which is simpler than the transformation rule for the accel-
eration d?z(t)/dt?. Remarkably, he does not discuss the relation between
(3.8.7) and the variational problem DIy = 0, Euler’s treatment of which
he had long before improved.
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In [51], 2¢ Part., Sect. V, § I, Lagrange introduces the 2-form in T'(X),
which in our notation is equal to ®*o, and proves that it is invariant un-
der the flow, defined by (3.8.7). However, the equivalence of (3.8.7) to the
Hamilton system of the Legendre transform £ of L is due to Hamilton and
Jacobi (cf. [46]), although [51], 2¢ Part., Sect. V, § II contains a version of
this for the variational equations with respect to a parameter in the poten-
tial energy. Hamilton and Jacobi also stress the equivalence between (3.8.7)
and DI,y = 0, and the relation between H; and the partial differential
equation f(z,dp(z)) =0. ‘

(2) Let X be a (pseudo) Riemannian manifold, that is, a smooth man-
ifold with nondegenerate bilinear form Q(-,-) on T5(X) for each z € X,
depending smoothly on z € X. Then the geodesic flow in T'(X) is given by
the Euler-Lagrange equations with

(3.8.10) L(z, 1) = 1Qq (2, &).
The velocity-momentum transformation for L is equal to

(3.8.11) (z,%) = (z,Q(2)),

where now @, is regarded as a linear mapping: T,(X) — T,(X)*. So
under this natural mapping the flow is transformed into a Hamiltonian one
defined by the Hamilton function

(3.8.12) (z,€) — 1Q.(Q7(6),Q:1()) = 16(Q7(9)).

(These considerations generalize a mechanical system without a potential
function, the mass is replaced by Qz: T (X) — To(X)*.)

Our presentation of Sections 3.1, 3.2, 3.5 and 3.8 is inspired by the
very nice book by Abraham and Marsden [1]. Also see Godbillon [33] and
Souriau [78].



Chapter 4

Global Theory of Fourier Integral Operators

4.1. Invariant definition of the principal symbol

In this section we give a more detailed description of the line bundle
L that was indicated at the end of Section 2.3. Recall that the manifold
A = A, (defined in Lemma 2.3.2) is a conic Lagrange manifold in 7*(X)\0,
and according to Proposition 3.7.3 it is the general one.

We start with an interpretation of the factor |det @]~ % in (2.3.23).
Here

Q= Qy =d; (¢ %) = (

taken at (zo, 0p).
The manifold Cy in X x RY is defined by the equation dg¢p = 0,
so its tangent space is equal to ker d(;g)de¢p. Now in general, if A is a

d2¢ — d2v dadm¢)
dydgd die

surjective linear mapping from the (n + N)-dimensional vector space E to
the N-dimensional vector space F' then, given a volume volg, respectively,
volp on E, respectively, F, this mapping defines a volume on ker A by the
following formula:

VOlke; A(el, 4 ,en) . VOIF(AEH+1, P Aen+N)
(4.1.1) = volg(e1,...,enyn) forall e,...,enyn €E
such that e;,...,e, € ker A.

volgker 4 18 also called the quotient of the pullback of volg by volg under
the mapping A.

In this way Cy can be provided with the quotient of the volume in
X »x R™ by the pullback of the volume in R under the mapping dg¢. The
isomorphism Ty carries this volume in Cy to a volume in A, called “voly.”

On the other hand the transversality of L = T, ¢,)(dy) to both the
tangent space M; of the fiber and My = T{g, ¢,)(A) implies that we have
a well defined linear projection py, of E = T\, ¢,)(T*(X)) onto M; along

1.J. Duistermaat, Fourier Integral Operators, Modern Birkhiuser Classics, 91
DOI 10.1007/978-0-8176-8108-1_5, © Springer Science+Business Media, LLC 2011
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L, which is bijective on M,. Pull-back of the volume w in the fiber by pr,
defines another volume pjw on Mo.

Lemma 4.1.1. det Q = pjw/voly.
Proof. We have

ox 2
pL: <6§> — 66 —di - bx
so @1 = pr o DT}y is equal to

Q1: (gg) — (d2¢ — d24) - 62 + dgd, ¢ - 66.

The volume pjw/voly is equal to the quotient of Qjw by the volume vols
on Tz,.00)(Cy) = ker d(; g)dg¢ defined by Q2 = d(;,9)dg¢ as above. Using

that Q = (gl we have for e, ..., e, € ker Q2:
2
Qiw(et, .. en) - vol(Q2ent1, ..., Q2ensN)

= w(Q1e1,...,Q1en) - vol(Q2eny1, ..., Q2ensnN)
= vol(Qes,...,QenynN) =detQ - vol(ey,...,entN)
= det @ - voly(ey,...,en) - vol(Qaent1,- -, Q2entN)-

This proves the lemma. O

Changing from a function % to ¢’, with both L = T(g, ¢,)(d¥) and
L' = T{(gy,¢,)(dy’) transversal to Ma, where (xo) = ¢'(z0), dp(zo) =
dy'(xo) = o, therefore amounts to multiplication of the right-hand side in
(2.3.23) by a factor

* « =1 i
(4.1.2) pLw/pLw|™? - exp —(sgn Qys — sgn Qy).

Let £ be the space of all Lagrange spaces in E that are transversal to both
M, and M, define Q% as the collection of all f: £ — ¢ such that

(4.1.3) FL) = f(L) - |phow/phw| .

In other words, for every density v of order % on M; (see Section 1.1) and
fe Q% , f(L)p} v is a density of order % on M that does not depend on the
choice of L. Now the right-hand side of (2.3.23) also depends multiplica-
tively on u(zo). If we regard this as an element of Q1 (7%, (X)) then the

mapping D7 (g, ¢,): E — Tz, (X) induces a density v = |w| % /u(zo) of order
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1 on My = ker D7y, ¢,)- Here w is the canonical volume in T*(X). Disre-
garding the factor exp ("T’ sgn Q) for a moment we can view the right-hand
side of (2.3.23) as a density of order 3 on T\, ¢)(A) in its dependence on
1 and wu.

We now concentrate on the factor exp (% sgn Q). Because the sig-
nature of a nonsingular quadratic form only jumps by an even number,
changing from 5 to 1; only leads to multiplication by some integer power
of i. We know that this power (sgn Q, — sgn Qy,)/2 can only depend
on My and Lj = T(4,¢,)(d®;), 5 = 1,2 and not on the choice of the phase
function ¢ defining A but we now show this in a more direct fashion.

The transversality of L to M; and Ms implies that

My = {(A- 86,66 +doyp- A-6¢); 66 € My}
for some linear mapping A: M; — Tyo(X). Indeed, if A: M; — L such that
My = {86 + A - 6&; 6¢ € M1} then A = Dy, ¢y 0 A.

Lemma 4.1.2. We have sgn Q = sgn A + sgn d2¢(zo, 6o).

A B -
Proof. The matrix Q! has the form (B* C). Indeed, 6z = A - 6€ is
given by the condition that

(6x,8¢ + d24p - 63) = (6x,d2¢ - 6z + dod ¢ - 66)

if dpdgop- 6 —|—d§¢ -60 = 0, that is Q <6I) = (59>. In other words, A4 is

60 0
6 .
equal to Q! restricted to the ( 0§> followed by taking the z-component.
. R S -
Writing Q = g T then the lemma states that sgn @ = sgn A +

sgn T'. Slightly more generally we shall prove that if @ is a bijective
symmetric linear map: E — E* then

(4.1.4) sgn Q = sgn(Q’F) + sgn(Q_ljFo)
for any linear subspace F' of E. Here
F'={u€ E*; u(f)=0 forall feF}.

This formulation has the advantage of being coordinate invariant.

Let F+ = Q~1(F°) denote the orthogonal complement of F in E with
respect to Q, write N = Fn FL. Choose G C F such that F = N & G
and H C F* such that F+ = N @ H.
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Then F* = (F+FY)NG, F=(F+FY)NnHL, so N =(F+FHn
G*NHY so (G+H)*N(G+H)=(G'NnHY)N (G + H) = 0. Writing
K = (G+ H)! we therefore have E = G& K ® H, G, K, H being mutually
orthogonal.

Now N is an isotropic subspace of K, and dim K = dim E — dim(G +
H) = dim E—(dim Nt —dim N) = 2-dim N. Because Q is nondegenerate
on K we can find for each basis e;,...,e; of N a set of vectors fi,..., fe
in K such that (Qe;)(f;) = 6;;. Write N’ for the span of fi,..., f¢, and
K=N@N'"

So for the splitting £ = G® (N & N') & H we now have

T—l

Ty P

017 .
0 ) S0 Q -

Q=| "7

O~

~ O
e gl |

R,

I 0
sgn Tg + sgn Ry = sgn Tp + sgn RO_1 =sgn T + sgn A. O

I
(blank spaces denote zeros). Because sgn( ) = 0 we find sgn Q =

Note that Lemmas 4.1.1 and 4.1.2 not only give the dependence of the
right-hand side of (2.3.23) when varying ¢ and keeping ¢ fixed, but also
when varying ¢, keeping 1 fixed. This explains the quantity sgn d§¢~5 -
sgn d2¢ occurring in Hérmander [40], section (3.2.10).

~(0 0
A =—(A-
Now observe that o ( <6§> ) (677)) (A-6€,6m), so
(4.1.5) sgn A = —sgn(My, L; My),

where the right-hand side is defined in Definition 3.4.3. In view of Theorem
3.4.12 we find that

(4.1.6) (sgn Qy, —sgn Q¢2)/2 = (M1, My; Ly, L)

if Lj = T(zo,¢0)(d®j), J = 1,2. The index s was introduced in Definition
3.4.2.

Now let A be an arbitrary Lagrange manifold in 7*(X). For each
(z,€) € A, L(x,€) is the set of Lagrange subspaces in T, ¢)(T*(X)) that are
transversal to both M;(z,€) = tangent space of the fiber, and Ms(z,§) =
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Tiz.ey(A). L(z,&) is the set of all mappings f: L(x,£) — C such that
(x,€)
(4.1.7) f(Ly) = 15(M1(2,8), Mz (x,€);L1,L2) | f(Lg),

for all Ly, Ly € L(z,&). Of course L(z, §) is a one-dimensional vector space
over C. The L(z,£), (z,€) € A can be pieced together in a smooth way
because s is locally constant, so they form a C°° complex line bundle L
over A, called the Keller-Maslov line bundle of A. (See Keller [48], Maslov
[61].) Note that L has structure group Zs, that is, the transition of one
local trivialization to another is described by multiplying with i*, k € Z,
which is a multiplicative action of Z4 on C. Summarizing:

Definition 4.1.1. For a Fourier integral A of order m, defined by a nonde-
generate phase function ¢ and an amplitude a € ST~ N/2+M/D (x  RN),
the principal symbol of order m is the element in

(4.1.8) SPN A, 9,y @ L)/SpHTTT (4,0, o 1),
given by
(419) Ac>a— e":"/’(ﬂ'(a)10) <ue—i’(/1(z‘,a)’ A>

Here A = Ay is the conic Lagrange manifold in 7*(X) \ 0 defined by
¢. SH(A,Q 1® L) denotes the symbol space of sections of the complex line
bundle Q% ® L over A, of growth order u. Moreover, u € C3°(X, Q%) and
P € C®(X x A), ¥(z,a) is homogeneous of degree 1 in o and the graph
of z — dzv(z,a) intersects A transversally at a. Regarding (4.1.9) as a
function of such u and %, it becomes an element of (4.1.8) as explained
above.

We get uu = m + n/4 because a(z(),6(c)) - | det Q(a)|~2 has growth
order m — n/4 and the unit density of order 3 on the fiber of T*(X) has
growth order n/2, which has to be added if (4.1.9) is regarded as a density
of order 3 on A.

For pseudodifferential operators we have a natural trivialization of
Q% ® L by taking the principal symbol of the identity as the unit section,
making it coincide with the definition of the principal symbol in Section 2.5.

Lemma 4.1.3. The Keller—-Maslov line bundle L over an arbitrary La-
grange manifold A in T*(X) can always be trivialized.
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Proof. This is true in general for a complex line bundle L over a manifold
M having local trivializations ¢;: L| v. — Uj x C such that

(4.1.10) pr = VP ¢,

for Yr; € C°°(U;NUy) satisfying the coboundary condition 1¢; = e+,
on U; NUx NU,. Here Uy, j € J denotes an open covering of M and p
is the projection: L — M. (In our case the transition functions i in
the exponent are of the form %iskj, Sk; € Z.) In other words, the
define an element of H?(M,C>). However H?(M,C*®) = 0 because the
cohomology of a fine sheaf is trivial. So there exist x; € C*°(U;) such that
Yr; = Xk — Xj on U; N Ug. It follows that the functions

(4.9.11) b; = e Xi%P . .

define a global section of L, making L trivial. O

If M = A is a conic Lagrange manifold and L = Keller-Maslov line
bundle on A, then the functions x; in (4.1.11) can be chosen homogeneous
of degree 0. (Replace A by the manifold of cone axes and apply the con-
struction (4.1.11) on this manifold.) In this way S5(A,Q1 ® L) can be
identified with S& (A, 1 ). With a partition of unity we can also choose
some strictly positive density of order %, homogeneous of degree 0 on A,
leading to a further identification of S}(A, 1) with S5(A). Such identifi-
cations, although of a very arbitrary character and not at all reflecting the
“true” character of the line bundle Q% ® L, will often be used in proofs to
reduce statements about sections of €2 1® L to statements about complex-
valued functions on A.

More natural trivializations of L can be made if, for instance, the
projection m: A — X has constant rank. In this case sgn(Mi(z, &), Ma(z,§);
L) is locally constant as a function of (z,¢) € A and the mapping L(z,£) —
C assigning to f € L(z,&) the number

f(L) : exp(%i Sgn(Ml(xvg)a M2(xa'£)’L)))

which is independent of L € L(z,&), leads to a natural trivialization of
L. In particular this holds true for normal bundles A of submanifolds in
X (see Proposition 3.7.2). For pseudodifferential operators, where A =
normal bundle of the diagonal in X x X, the trivialization is compatible
with the trivialization of Q 1® L discussed after Definition 4.1.1.
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4.2. Global theory of Fourier integral operators

Definition 4.2.1. Let X be an n-dimensional smooth manifold, A an
immersed conic Lagrange manifold in 7*(X) \ 0. A Fourier integral of
order m and type p defined by A is a distribution A € D'(X, Q%) such that

(4.2.1) A=A
j€J

A; € D’(X,Q%) with locally finite supp A;, j € J, and A; is a Fourier
integral defined by a nondegenerate phase function ¢; on an open cone I';
in X x RN such that (z,0) — (z,d;¢;j(x,0)) is a diffeomorphism from
Cs, = {(z,0) € T'y; do¢pj(x,0) = 0} onto an open cone in A. For the
amplitude a; it is required that a; € S™~(Ni/2+(/4) (X x RNi), cone supp
a; CTj.

The space of all such Fourier integrals will be denoted by I7*(X, A).
Definition 4.1.1 of the principal symbol can be repeated for A € I*(x, A)
with practically no change, leading to an element of

Sy, ® L)/ T (4,0, 9 L),

Note that the principal symbol of A is equal to the sum of principal symbols
of the A;, where the latter is a locally finite sum because the supports form
a locally finite system (even after projection into X!).

Theorem 4.2.1. If the immersion A — T*(X) \ 0 is proper and injective
(that is an embedding), then the mapping A — principal symbol of A is an
isomorphism:

IMX,A)/IPH1720(X, A)

4.2.2 n -
(4.2.2) — SR (A,Q @ L)/ T (A, 0, @ L),

Proof. We will construct a two-sided inverse. Let S*(X) be the cotangen-
tial sphere bundle; we have the projections

T*(X)\0 ™5 §*(X) ©5 X, r1Somg=m,

7 is a proper mapping (that is, pre-images of compact subsets in X are

compact in S*(X).).
The closed conic submanifold A of T*(X) \ 0 is mapped under 7g
onto a closed C* submanifold of $*(X). Let V;, j € J be a locally finite
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covering of mg(A) such that A; = 75" (V;) = Ay, for a nondegenerate phase
function ¢; for all j € J. Let x; € Cg°(ms(A)) be a partition of unity on
ms(A) such that supp x; C Vj.

Let

ae S A Q 0L)/S; (A, 9 L)

be given. Then there exists A; € I7*(X, A) defined by the phase function
¢; and some suitable amplitude a; € S7~(Ni/2+n/4)(X x RNi) such that
the principal symbol of A; is equal to (x;oms)-a. Moreover we can choose
supp A; C ©5(V;). Because 7° is proper, the 75(V;) form a locally finite
system in X, so A = )} A; defines an element of I}*(X, A), and its principal
symbol is equal to a.

The above construction gives a right inverse, it suffices now to show
that this right inverse is surjective. Any A € I7*(X,A) is of the form

> Ay with supp Ak, k € K locally finite and Ay defined by a phase
keK

function ¢j. Writing the Ay as a sum of Fourier integrals defined by the
phase function ¢ and amplitudes with sufficiently small conic supports
and applying Theorem 2.3.4, we see that A can be rewritten as ) A;, A;
defined by ¢;, as above. i&J O

We now turn to the global theory of Fourier integral operators A:
Cee (Y, Q1) = D'(X, 0y ), that are operators of which the distribution ker-
nels K4 € D'(X x Y,Q%) are elements of I7*(X x Y, A), for some conic
Lagrange manifold A in 7*(X x Y)\ 0. As we have seen in Sections 1.4
and 2.4, an important part is played by the wave front relation WF'(A),
which is a closed conic subset of

(4.23) C=AN={((=9),(,n) € T"(X) xT*(Y); (z,y,&,—m) € A}.

If we denote by ox and oy the canonical 2-form in 7*(X) and T*(Y),
respectively (see Sections 3.3, 3.5), then the property that A is a Lagrange
manifold in 7*(X x Y') for o x xy is reflected by saying that C is a Lagrange
manifold in T*(X) x T*(Y) for ox ® (—oy). If C is the graph of a smooth
mapping @ from an open subset of 7*(Y) to T*(X) then this means that ®
is a canonical transformation: T*(Y) — T*(X) (and necessarily dim X =
dim Y). Because C is conic, ® is homogeneous of degree 1, that is, it
commutes with multiplications with positive constants in the fibers.

With this background a conic Lagrange manifold C in T*(X x Y)\ 0
for ox ® —oy will be called a homogeneous canonical relation from T*(Y)
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to T*(X). The space of operators A with distribution kernel K4 € I7*(X x
Y, A) will also be called the class of Fourier integral operators defined by
the canonical relation C' = A’, and denoted by I7*(X,Y’;C). The mapping
(z,y,&1) — ((z,8), (y, —n)) transforms the line bundle Q1 ® L over A into
a line bundle over C = A’ denoted by Q 1 ®L¢c. The principal symbol of A €
I™(X,Y;C) will be regarded as an element of gmtinxtny)/a o Q1 ®Lc)
modulo the same symbol space of order m + (nx +ny)/4 — (2p — 1).
The global form of Theorem 2.4.1 now reads:

Theorem 4.2.2. Let X, Y, Z be smooth manifolds, A; € I} (X,Y;Cy),
Az € I (Y, Z;Cy), where C1 and Cy are homogeneous canonical relations
from T*(Y) to T*(X) and from T*(Z) to T*(Y), respectively. Suppose that
p > % and that the following conditions are satisfied:

The projection from (supp Ka, X Ka,)N

(4.2.4) , ,
(X x (diag V) x Z) into X x Z is proper,

(425) n 7é 0 7‘f ((.’L‘, 5)’ (y,'n)) € Cl or ((y7 n)v (Z7 C)) € C?,
(4.2.6) C10Cy C (T(X) x T*(2)) \ 0,

(4.2.7) Cy x Cy intersects T*(X) x (diag T*(Y')) x T*(Z) transversally.

Then Cy o Cy is a homogeneous canonical relation from T*(Z) to
T*(X), the product of A1 and Az is well defined and satisfies

(428) Ajo0Ay € Ig"l_{_mz(X,Z;Cl 002).

From the product formula (2.4.13) it follows immediately that for ev-

ery (xvf)r (yﬂ?); (ZaC) such that p1 = (($a§)7(ya77)) € C’1 and P2 =
((y,m), (2,¢)) € Cy there exists a bilinear map:

(a1, 2) = a1 - @2: (21 ® Ley ) (1) X (23 @ L, ) (p2)

— (23 ® Loyoc, ) (0)
such that the principal symbol of A1 o Ay at p = ((z,£),(2,()) € C10Cs is
given by

(4210) a(p) = Z al((%é)a(%’])) '02((y’ n))(va))'

(y,n) such that ((z,£),(y,n))€Ch,
((yJ/)s(Zx())ECZ

(4.2.9)
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Here a; and ag are the principal symbols of A1 and As, respectively. The
sum is locally finite because of (4.2.4) and Definition 4.2.1.

In order to find an explicit formula for the product in (4.2.9) we must,
according to Definition 4.1.1, test the distribution kernel of A; o A3 by
rapidly oscillating functions. (In Hérmander [40], Section 4.2, the princi-
pal symbol of the product is computed in terms of amplitudes and phase
functions; it is interesting to compare both methods.) If A € I™(X,Y;C)
then the simplest way of testing its distribution kernel is by functions of
the form u(z) e~ (€ . y(y) e{¥M0)  of course provided that the manifold

{((z,€), (y,m); €= &, n=mo}

intersects C transversally. The possibility of such a procedure follows from

Lemma 4.2.3. Let C be a canonical relation from T*(Y) to T*(X), a =
(8,7) € C. Then

(a) The set A of Lagrange spaces L in E = Tz(T*(X)) that are transversal
to the tangent space My of the fiber and to {e € E, (e,0) € To(C)} is
open and dense in A(E);

(b) For any L € A the set of Lagrange spaces L' in F = T, (T*(Y))
transversal to the tangent space Mj of the fiber in T*(Y) and such
that L x L' is transversal to T, (C), is open and dense in A(F).

Proof. Write 0 = o7+(x) at 8, T = o7 (y) at 7+ A = T(C) is a Lagrange
space in (E X F,o & —7), write dom A = {e € E; (e, f) € A for some
f € F}and A~}(0) = {e € E; (e,0) € A}. Then

(4.2.11) (dom A)° = A71(0) C dom 4,

Indeed, o(e,e’) = 0 for all ¢’ € dom A implies that (o & —7)((e,0), (¢’, f'))
=0 for all (¢/, f') € A, hence (e,0) € A7®~7 = A. And conversely.

Let M be a Lagrange space in (E, ¢) such that A=1(0) C M C dom A
(see Proposition 3.4.1). Then the denseness of A°(E, M;) N A°(E, M) in
A(E) (see Theorem 3.4.7) proves (a).

Now let L be a Lagrange space in (E, o) such that LN A=1(0) = (0).
Then

A(L)={f € F; (e, f) € A for some e € L}

is a Lagrange space in (F,7). Indeed, if (e, f) € A, (¢/,f) € A, e,e’ € L,
then 7(f, f') = 0 because (¢ ® —7)((e, ), (¢/, f')) = 0 and o(e,e’) = 0,
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so A(L) is isotropic. Let dim F = 2m, dim dom A = 2m — k, dim F =
2r. Then dim(L Ndom A) = m + (2m — k) — 2m = m — k because
L+dom A= L+ A Y0)° = (LN A"}0))° = E. On the other hand,
dim A(0) = dim ((0) x F) N A = 2n+(m+n)—dim (dom AxF) = n—m+k.
So dim A(L) = (m—k)+(n—m+k) =n.

L x L' is transversal to A if and only if L' N A(L) = (0), so (b) follows
from the denseness of A°(F, M{) N A°(F, A(L)) in A(F). a

Repeated application of Lemma 4.2.3 and the proof of Proposition
3.7.3 leads to the existence of induced local coordinates in T*(X), T*(Y),
T*(Z) such that

C1 = {((deH1(&,m),€), (—dnH1(&,m),m))}
Co = {((dTIH2(777€)7"7)’ (_dCH2(777 C)vc))}

for certain functions Hy(&,n), H2(n, ) that are homogeneous of degree 1.
The transversality of C; X Cz to T*(X) x diag T*(Y) x T*(Z) just means
that d2(H, + Ha) is nondegenerate where d,,(H; + Hz) = 0.

Now testing of K 4,04, by e~ (®:) 42600y, (1)uy(2) leads to an inte-
gral of the form

//// e_“x’&’)ul(:c)KAl (z,9)Ka, (y, 2)uz(z) e#:C0) gy dydz

o ffff e

. eily— yn)KA2(y, 2)ug(z) e4#%0) dx dy dij dn dz,

which amounts to testing K4, by e #®&)y,(z) - ¥ K4, by e~ .
ug(z) €¥#%) | taking the product and integrating over 7. Also don’t forget
the factor (27r)™"Y in front. For simplicity we assume from now on that
uy(z), respectively, uz(z) locally represent fixed unit densities of order 1
in X, respectively, Z, and we also choose a unit density in Y.

The principal part of the testing of K4, by e~ “®£)+4¥m is equal to

the principal symbol of A; at

((deH1(&0,m)580), (—dnH (§0,7m),m))
applied to the Lagrange space 6§ = én = 0, multiplied by the factor

e~ HdeH1(6o.m).€0) +{dn H1(£0,m),m)) — o—tH1(€0:m)
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Here we use the homogeneity of H;. Taking the product with the principal
part of (e‘i(y*”Hi(z’O, K 4,) and integrating over n we obtain a principal
part consisting of the product of the principal symbol of A; at ((zo, &),
(yo0,7M0)) applied to the Lagrange space 6 = én = 0, the principal symbol
of Az at ((yo,70), (20, ¢0)) applied to the Lagrange space én = §¢ = 0, and
finally the principal part of the integral

(%) / e~ {(H1(%0,m)+Hz2(n,¢0)) dn.

Here 79 is such that yo = —d,H1(€0,m0) = dyHa(n0,Co) we denote zo =
deH1(€0,m0), 20 = —d¢Ha(mo, Co). The expression “principal part” is meant
as a = ((zo,&0), (20, C0)) € C10C; goes to infinity along the cone axes, the
points yg, 1o depend on a.

Writing @ = —(d2H1(£0,7m0) + d2Ha(no, o)), the principal part of ()
is equal to

(2m)™/? - |det Q|4 - exp (T sn Q),

according to the method of stationary phase. We end up with the conclu-
sion that the principal symbol of A; o A3 at ((xo, o), (20,¢0)) applied to
the Lagrange space 66 = 6¢ = 0 is equal to the product of the principal
symbol of Ay at ((xo, &), (¥o,m0)) applied to 6 = én = 0, the principal
symbol of Az at ((yo,n0), (20,¢0)) applied to én = 6¢ = 0 and finally the
factor (2m)~™Y - |det Q|‘% - exp (% sgn Q) In coordinate free formulation
we therefore have obtained:

Proposition 4.2.4. The product in (4.2.9) is given by:
(4212) (a1 . Otz)(Ll X Lz) = Oll(Ll X L) . az(L X Lg)
. (271')_"”/21 det Q|_% -exp(%l sgn Q)

Here Ly, L, and Ly are Lagrange spaces in T (g ¢ (T*(X)), Ty n(T*(Y)),
and T(, ¢y(T*(Z)) that are transversal to the tangent spaces of the fiber and
such that L1 x L, Lx Lo, and Ly x Ly is transversal to T,, (C1), T,,(C2), and
T,(Cy o Cy), respectively. Q is the quadratic form Q1 — Q2, where Q1 and
Q2 are the quadratic forms on the tangent space My of the fiber in T*(Y)
obtained by representing (T,,C1)(L1) and (T,,C5")(L2), respectively, in
the form {x + Az; x € M1}, A: My — L as in Definition 3.4.3.

An interesting special class of Fourier integral operators occurs when
C is locally the graph of a canonical transformation, that is, dim X =
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dim Y = n. Then C carries a natural volume w¢, equal to the pullback
of the canonical volume in T%(X) under the projection: C — T*(X). wc¢
is also equal to the pullback of the canonical volume in T7*(Y) under the
projection: C' — T*(Y) because C is a Lagrange manifold for o« x) —
or-(y) so the pullbacks of the symplectic forms in 7*(X) and T*(Y') to C
coincide. Using the identification

SpAC,Qy @ Lo) 3 a a-lwol™F € SP(C, L)

the principal symbol of A € I}*(X,Y;C) then can be regarded as an ele-
ment of S*(C, L¢).

The class of pseudodifferential operators of order m on a manifold X is
defined as L7} (X) := I*(X, X;I), I = graph of the identity: 7*(X)\0 —
T*(X) \ 0 =diagonal in 7*(X)\ 0 x T*(X)\ 0. In this case the line bundle
Q 1® L over [ is trivialized by taking the principal symbol of the identity
on D/(X) as the unit section. The identification of I with 7*(X)\ 0 by the
projection onto the first or the second factor then leads to the principal
symbol of a pseudodifferential operator as an element of S7*(T*(X)\0). If
X = R"™ then this coincides with the principal symbol defined in Section 2.5.

We conclude this section by an immediate extension of the usual el-
liptic theory of pseudodifferential operators. Let A € I*(X,Y;C) have
principal symbol a € S}*(C, L¢). Then c € C is called a noncharacteristic
point for A if a = ag - so where ag € S;n(C’, L¢) is homogeneous of de-
gree m and nowhere vanishing, and |sg| is bounded away from 0 in a conic
neighborhood of ¢. Note that if a is homogeneous of degree m then the
characteristic points of A are exactly the zeros of a. A is called elliptic if
it has no characteristic points.

Theorem 4.2.5. Let A € I}'(X,Y;C) be an elliptic Fourier integral op-
erator of order m (p > %) defined by a bijective homogeneous canonical
transformation C from an open conic subset I' of T*(Y')\ 0 into T*(X)\0.
Then for any conic subset Ty of I' such that 'y, respectively, C (L) is
closed in T*(Y) \ 0, respectively, T*(X) \ 0 one can find a properly sup-
ported Fourier integral operator B € Ip‘m(Y,X; C~1) such that

WF'(BA-Iy)NTy=0 and WF'(AB - Ix)NC(Ty) = 0.
Proof. Let a € S}'(C, L¢c) be a principal symbol for A. The ellipticity of

A implies that there exists b € Sp‘m(C‘l, Lg-1) such that b-a =1 = prin-
cipal symbol of the identity € L°(Y'), on a conic neighborhood of diag(I'p)
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(identified with I'g). Choosing b = 0 outside a sufficiently small conic
neighborhood of {(C(y,7), (y,n)); (y,n) € T'o} and using that the image
of Ty, respectively, C(I'g) is compact in S*(Y'), respectively, S*(X) over
compact subsets of Y, respectively, X, we can find a properly supported
By € I;™(Y, X; C~1) with principal symbol equal to b.

So ByA = I+ R, where R € L)(Y) has vanishing principal symbol on
a conic neighborhood of I'y. Applying the usual recurrent procedure for
pseudodifferential operators (see, for instance, the Introduction) we can find
a properly supported K € LY(Y) such that WF(K(I + R) —I) N Ty = 0.
Taking B = KBy € I;™(Y,X;C~') we have obtained that WF'(BA —
Iy) NTy = 0.

By a similar procedure we can find a properly supported B €
I;™(Y,X;C 1) such that WF'(AB — Ix) N C(To) = 0. Multiplying
BA — I to the right by B we see that WF'(B — B) N {((y,n),C(y,n));
(y,m) € Co} =0, and it follows that also WF'(AB — Ix) N C([y) =0. O

If C is bijective from T*(Y) \ 0 onto 7*(X) \ 0 then Theorem 4.2.5
implies that we can find a properly supported B € I,™(Y, X; C~1) such
that both BA — Iy and AB — Ix are integral operators with C*° kernel,
that is, B is a two-sided parametriz for A. However, in a number of appli-
cations we need the “microlocal” (= local in the cosphere bundle = in conic
neighborhoods in the cotangent bundle) form of Theorem 4.2.5 rather than
the global one, the extreme being the case that I'j = cone axis through
(y,m), A is noncharacteristic at (C(y,n), (y,n)).

4.3. Products with vanishing principal symbol

The principal symbol of a pseudodifferential operator A € L™(X)
is invariantly defined as an element of S™(T*(X) \ 0)/S™ Y(T*(X) \ 0)
(for simplicity we take p = 1), that is only gives information of the full
symbol in local coordinates modulo symbols of order m — 1. Under coordi-
nate transformations s the computation of the full symbol modulo S™~*
needs derivatives of kK up to the order k, that is, the full symbol of class
Sm /S™=k is only invariantly defined as a function on the k-jet bundle of
X (see Weishu Shih [75]). Admitting only volume preserving coordinate
transformations, Garding—Kotake-Leray [32] found an invariant symbol in
S™(T*(X))/S™ 2(T*(X)). However it turns out that this restriction is
not needed when working with densities of order %
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Proposition 4.3.1. Let P € L™(X) be a properly supported pseudo-
differential operator: C*°(X, Q1) — C*°(X,Qy). For anya € C=(X, Q)
and any real valued ¢ € C*°(X) we have:

e T@ P(e%a)(z) = p(z, 7 - dg(2)) - a(z)

(4.3.1) N %(Cva)(w) +O(r™ ), 7 - oo

Here p € S™(T*(X)\ 0)/S™=2(T*(X) \ 0) does not depend on ¢ and
a, and is called the principal symbol of P modulo S™ 2. The vector field
v(z,T) = dep(x, 7 - dp(x)) is regarded as a T-dependent vector field (of
growth order m—1) in X, L, = LRe v +1Lim v is the Lie-derivative along v,
acting on half-densities, which for real vector fields is defined as in (3.2.15).

Proof. In local coordinates one has

TP a) @) ~ 0 3 o () Pl T 40w

i) (2) * (€7 o (z))

oz

(4.3.2)

for 7 — oco. Here P(z,&) denotes the full symbol of P and we have written
a = ag-w, ag € C*(R"), w = unit density of order  in R™. The for-
mula (4.3.2) follows from Taylor development of €"#®) in the formula for
P(e'"®a)(x), followed by partial integrations using

(T — a 1 8 'L.’L‘—
eHT=vE) (y _ 1) :<_Za_§) i(e—y,€)

Disregarding terms of order 772 as 7 — oo we obtain
" TP P(e'%a)(z) = P(a, 7 - dg(x))a(z)
1 opP Oag
+ 7 j 55($77'd¢(1))‘5;j($) ‘W

(4.3.3) Z 35?2}3)5 I T - d¢($))

Twam,

BijB.’L‘k

a(x) + O(Tm_2).

However, L,w = %div v-w, so Lya = (vag) - w + %div v - a, which proves
(4.3.1) with

9?P(
p(z,6) = Pla,€) - Z%Q 0
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In most applications the principal symbol P in
S™T*(X))/S™HT*(X))

is given by a homogeneous C* function p,, of degree m on T*(X) \ 0.
Such a homogeneous function, when it exists, is uniquely determined and
is called the homogeneous principal symbol of degree m of P. If p denotes
the principal symbol of P modulo S™~2 defined in Proposition 4.3.1 and
P has a homogeneous principal symbol p,, of degree m, then

Pm-1 =D~ pm € S™THT™(X))/S™H(T*(X))

will be called the subprincipal symbol of order m — 1 of P.

Theorem 4.3.2. Let P € L™(X) be a properly supported pseudodifferen-
tial operator with homogeneous principal symbol p,, of degree m. Assume
that C is a homogeneous canonical relation from T*(Y')\0 to T*(X)\0, such
that p,, vanishes on the projection of C in T*(X)\0. If A € Ipm'(X, Y;C)
and a € S™ +(nx+ny)/4(C, Q ® Lc) is a principal symbol of A, then PA €
I,’,"’Lml_"(X, Y;C), and its principal symbol is given by

1
(4.3.4) ;EH a+ Ppm—1-a.

Here H,,  1is the Hamilton field of py, lifted to a function on T*(X) \
0 x T*(Y) \ O via the projection onto the first factor. The vector field
H,,, is tangent to C so (4.3.4) is well defined. L denotes Lie-derivative of
densities of order %, the line bundle L is not involved in differentiations
because the transition functions are constants. Finally the subprincipal
symbol pym_1 is pulled back to C under the projection C — T*(X)\ 0 from
CCcT*(X)\0xT*(Y)\O to the first factor.

Proof. Representing A locally by integrals

/ / eV Oq(z,y, 0)u(y) dy do

we see that the proof follows formally from Proposition 4.3.1 by an appli-
cation of P under the integral sign. For more details see [22], Section 5.3.
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4.4. L?-continuity

If 4 and v are densities of order % in a manifold X and supp uNsupp v
is compact we write

(w,v) = (u, B) :/uﬁ.

For u € C§°(X,Q1) we have the L*norm |u| = (u,u)? and for u €
C*(X,Qy) the L2-seminorms |u|g = |¢u| where ¢ ranges over C§°(X).
The completion with respect to these seminorms is denoted by L2 (X) C

D'(X,€y1), its elements with compact support form a subspace L2 (X).

comp

The adjoint A* of an operator A € I}*(X,Y;C), where C is a homo-
geneous canonical relation from T*(Y') to T*(X), is defined by

(Au,v) = (v, A™), veC(X,Q1), ueCCE(Y,Qy).

If A is locally represented by

(Au)(z) = / / @D a(z, y, 0) u(y) dy do
then

(A*v)(y) = // e~ @¥0) gz, y, 0) v(x) dx df

so we obtain immediately:

Theorem 4.4.1. Let A € I7'(X,Y;C) where C is a homogeneous canon-
ical relation from T*(Y) to T*(X), with principal symbol a. Then A* €
Y, X; C~1) with principal symbol s*a, if s denotes the mapping

((z,8), (y,m) — ((y,m), (z,8)).

Corollary 4.4.2. If A € IY(X,Y;C) and C is locally in T*(X) x T*(Y)
the graph of a canonical transformation (dim X = dim Y') then A is con-
tinuous: L2 Y, Q1) — L? (X, Q).

comp loc

Proof. A is a locally finite sum of compactly supported A; € Ig (X,Y;C;)
where C; is the graph of a bijective homogeneous canonical transformation
from an open cone in T7*(Y)\0 to an open cone in 7*(X)\0. From Theorem
4.4.1 it follows that A5A; € LY(Y), which is L?-continuous, because of
Theorem 2.5.4. This implies that the A; are L%-continuous and hence
Ais. O
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If C is not locally the graph of a canonical transformation then one can
split up the z, respectively, y-coordinates in groups (z’,z"), respectively,
(v',y"") and write

(@) = [ (Al D) dy',

where A, ) denotes the Fourier integral operator (locally) defined by the
phase function (z',y’,8) — ¢(z’, 2", y’,y", ) and corresponding amplitude,
depending on the parameters z”,y"”. A straightforward estimate shows that
A is continuous: L2, — L{ . if the operators A, 4+ from y'-space to
z'-space are so with L2-norms bounded as z”,y” vary. This is the case if
the Ay~ ) are operators satisfying the conditions of Corollary 4.4.2.

In view of Hormander [40], pp. 170-172, this procedure works with
k-dimensional z’- and y’-spaces if and only if

(4.4.1) The projections C — X and C — Y have surjective differential,

and

The rank of the projection: C' — T™(X), respectively,

4.4.2
( ) C - T*(Y)is > dim X + k, respectively, > dimY + k.

If A has order m then according to (2.4.22) the operator A, .y has order
m+ (nx +ny — 2k)/4 so A is L?-continuous if this number is < 0. This is
Theorem 4.3.2 in Hérmander [40].

Multiplication of an operator A from the left or the right, by means of
a Fourier integral operator of order 0 defined by a canonical transformation,
the L2-continuity properties of A will not change, in view of Corollary 4.4.2.
However (4.4.1) can change rather drastically under multiplication of C' to
the right or the left by canonical transformations (note that (4.4.2) remains
unchanged). This can be used to relax the condition (4.4.1) substantially.
We begin this with the following preparation:

Lemma 4.4.3. Let (z,£) € T*(X)\0, (Z,£€) € T*(X)\0, dim X = dim X,
and let Q be a symplectic linear mapping: T ¢)(T™(X)) — T(i,é)(T*(X'))

0
such that Q (2) = (5) Then there exists a homogeneous canonical

transformation ® from a conic neighborhood of (x,€) to T*(X) such that
O(x,£) = (£,€) and DP(g¢) = Q.
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Proof. It is sufficient to show that if Z is a manifold, (z,¢) € T*(2)\0, L
0
a Lagrange subspace of T, ¢y(T*(Z) \ 0) such that ¢ € L, then there

exists a conic Lagrange submanifold A of T*(Z) \ 0 through (z,¢) such
that T, ¢)(A) = L. Indeed, applying this to Z = X x X and using the
identification

(((17,.’%), (gvé)) = ((‘T’E)’ ("i‘,g)) (T*(X X X)aUXXf()

= (T"(X) x T*(X),0x — 0%)

we see that the lemma follows because the tangent space is given by @ and
therefore must be the tangent space of the graph of a mapping: 7*(X) —
T*(X).

On induced coordinates, conic Lagrange manifolds are of the form

A= {(dH(¢),¢); C€R™*}

for some homogeneous function H of degree 1, so the problem is reduced
to finding such H with prescribed dH ((p) = 2z and d?H({s) = B. Without
loss of generality we may assume that 2o = 0.

Let Hg be an arbitrary smooth function on the sphere S of radius |{o],
such that Hg({o) = 0, dHs(¢o) = 0, d2Hs((o) = BlTCQ(S)’ and let H be
the unique homogeneous extension of H. Differentiating Euler’s identity
dH({) - ¢ = H((), we obtain

d’H(¢)-¢ =0.

On the other hand, B - (o = 0 reflects that L = {(B - 6¢, 6¢); 6¢ € R*z}
contains (0,(p), so d?H({p) = B as desired. Also dH({y) = 0, because
dH (o) - Co = H(¢o) = 0 and dHs((o) = 0. O

Now the condition

The differential at p = ((z,€),y,n)) of the projection
(4.4.1) _
C — X is surjective

apparently means that
(4.4.3) dom T,(C)+ M, =E
in the notation of Lemma 4.2.3. This is also equivalent to

(4.4.4) (T,C)~(0) N My = (0),
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where (T,C)~1(0) is isotropic. Now assume that (4.4.4) is weakened to

(4.4.5) (2) ¢ (T, C)~1(0).

Then we can find Lagrange spaces My and L in E, such that MyNL = (0),
0 _ .
M;NnL =(0), <§> € My, and (T,C) ' (0) c L; see the proof of Theorem

3.4.2 for the construction of such Lagrange subspaces “in general position”.
Subsequently, we can find a symplectic linear mapping @ : E — E, such

that Q(Mo) = My, Q(L) = L and Q (g) = (g)

Multiplying A from the left by an elliptic Fourier integral operator
R of order 0 defined by a homogeneous canonical transformation ¢ with
®(z,§) = (x,€), DP(z,¢) = Q, we obtain that RA satisfies (4.4.1) if A only
satisfies (4.4.5). Moreover, in view of Corollary 4.4.2 and Theorem 4.2.5,
the properties of RA with respect to L2-continuity are the same as those
of A, if WF'(A) is contained in a sufficiently small cone around (z,&,y, 7).
Using a similar multiplication to the right we obtain:

Theorem 4.4.4. Let C C T*(X)\0xT*(Y)\0 be a homogeneous canonical
relation such that

(ia) ((2) ) (8)) & Ti2,0).0m) (C);
(in) ((8) ) <2>) ¢ T((z,).(vm) (C) and

(ii) The differentials of the projections C — T*(X) and C — T*(Y) have
rank > dim X + k and > dim Y + k, respectively.

Then every A € IY(X,Y; C) is continuous:

comp

Lo (Y, Q1) = L2(X,94),
2

provided that m + (nx + ny — 2k)/4 <0.

Define Hj,.(X) as the space of u € D'(X, Q) such that Au € Lf, (X)

loc

for all properly supported A € L*(X) or, which amounts to the same, for
some elliptic properly supported A € L*(X).
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Corollary 4.4.5. Under the conditions (i), (ii) in Theorem 4.4.4, every
A e IMX,Y;C) is continuous:

Ji (Y) N Hs—m—(nx+ny—-2k:)/4(X)

comp loc

for each s,m € R.

Example. Let ® be a differentiable mapping: X — Y. Then ®*: C*(Y)
— C*°(X) is a Fourier integral operator defined by the canonical relation

& = {((z,6), (y,n); y=®(z), £ = 'DP; -7},
and of order m = (ny — nx). See (2.4.4), (2.4.22). It follows easily that
C =2\ {((z,0), (2(z),n)); ‘D@ -1 = 0}
satisfies (i), (ii) in Theorem 4.4.4 with
k = min{rank D®,; = € X}.

Note that C does not satisfy (4.4.1) unless ® is a submersion, that is, has
a surjective differential everywhere.

Proposition 4.4.6. Let ® be a C*™ mapping: X — Y ; write
N = {(2(z),n) e T*(Y)\0; z € X, ‘D®; - = 0}

Then, for any A € LY(X) such that WF(A) N N = (, the operator ®* o A
is continuous: HS  (Y) — Hf—(l/Q)("Y_k)(X) for all s € R.

comp ocC

The pseudodifferential operator A is only introduced in Proposition
4.4.6 in order to cut off WF(Au) from N, making it possible to pull Au €
D'(Y,Q 1 ) back under ® (see Theorem 1.4.1). Operators similar to ®* o A
were considered by Sjostrand [76]. Proposition 4.4.6 can be considered as a
variant of the usual continuity properties for restrictions to a submanifold,
if ®: X — Y is an embedding. Note that in this case the number ny — k is
just the codimension of X in Y.

Regarding a conic Lagrange manifold A in 7*(X) \ 0 as a canonical
relation: T*(X) — T*(point), we see that Theorem 4.4.4 does not apply
to obtain smoothness of elements v € I™(X,A). In fact in this case the
result is slightly worse:
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Theorem 4.4.7. I}*(X,A) C Hf (X) if m +n/4+ s < 0. Conversely,
if u € I'(X, A) has a noncharacteristic point and m +n/4 + s > 0, then
u ¢ Hipo(X)-

Proof. It is sufficient to show that if u € I7*(X, A) and WF (u) is contained
in a small conic neighborhood I' of (z¢,&) € A, then u € H) = L% _ if
m+n/4 <0andu ¢ L _if m+n/4> 0 and (zo,&) is a noncharacteristic
point for wu.

Near (zo,&p) the manifold A is defined by z = dH(§) on suitable
local coordinates (see the proof of Proposition 3.7.3). It follows that the

homogeneous canonical transformation

x: (z,€) — (z — dH(£),€)

maps A into the fiber in 7*(R™)\0 over 0 € R™. Choosing A € I°(X,R"™; x),
B e I9(R™, X;x!) such that ' " WF(AB — I) = § according to Theorem
4.2.5, we see that ABu —u € C*®, hence u € L = Bu € L} = ABu €
L2 = ue€ L in view of Corollary 4.4.2.

loc
So we have reduced the proof to the case that

u(z) = /ei<x’5>a(§) d¢, a€ ST_"/4.

We may also take u of compact support, sou € L2 < u € L2 & ac L2

loc

in view of Parseval’s equality. It follows that v € L _if 2(m —n/4) < —n

loc

and u ¢ L2 _ if 2(m —n/4) > —n and u has a noncharacteristic point. O



Chapter 5

Applications

5.1. The Cauchy problem for strictly hyperbolic differential
operators with C™ coefficients

Let X be an n-dimensional paracompact C* manifold, P € L™(X)
a properly supported pseudodifferential operator of order m on X with
homogeneous C* principal symbol p,,(z,£) of degree m on T*(X) \ 0.
Denote by

(5.1.1) N = {(z,£) € T*(X) \ 0; pm(z,&) =0}

the set of characteristic points of P. Because p,, is continuous and homo-
geneous, N is a closed conic subset of T*(X) \ 0.

Proposition 5.1.1. WF(u) C WF(Pu)U N for any u € D'(X).

Proof. Suppose (z,§) € WF(Pu) UN. According to Theorem 4.2.5 there
exists a properly supported @ € L~™(X) such that (z,£) € WF(QP - I).
Then u = QPu+ (I — QP)u leads to WF(u) C WF(Pu)UWF((I — QP)u),
so (z,8) & WF(u). O

If Xy is a submanifold of X of codimension k& then the restriction
operator po: C°(X) — C°(Xy) is a Fourier integral operator of class
I*/4(Xy, X; Ry) defined by the homogeneous canonical relation

Ro = {((z0,&), (z,€)) € T*(Xo) x T*(X)\0;

(5.1.2) -

Txu(x)}

(see (2.4.4), (2.4.22)). So, in view of Theorem 1.4.1 and Proposition 5.1.1,
poQu is well-defined for any properly supported pseudodifferential operator
Q if u € D'(X) is a solution of Pu = f, WF(f)NXg =0 and NN Xz = 0.
Here X3 denotes the normal bundle of Xy in 7*(X). The manifold Xj is
called noncharacteristic for P if NN Xg- = . Moreover, if f € C*°(X) and

1.J. Duistermaat, Fourier Integral Operators, Modern Birkhiuser Classics, 113
DOI 10.1007/978-0-8176-8108-1_6, © Springer Science+Business Media, LLC 2011
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Xo is noncharacteristic for p, then (zo,&) € WF(poQu) only if (zg,&) €
WEF (u) for some solution & € (T,,X)* of the equations

TJ:OXO = 60-

Assume from now on that p,, is real and k = codim Xy = 1. Then
U(zo,&) = {€ € (T, X)™; E’ngxo = &} is a line and we see that the zeros
of p, on this line are simple if and only if d¢ppm, (z0,€) # 0 on (T Xo)t =
the orthogonal complement in (T, X)* of T, Xo C Ty, X. In other words,
if and only if

(5.1.4) depm(z0,€) € Ty Xo when pp(z0,6) =0, € #0.

Now depm (0, €) is the velocity vector in 1%, X of the bicharacteristic curve
through z(, which is the projection into X of the bicharacteristic strip
through (z9,£) € N. So the condition of the simplicity of the zeros of
(5.1.3) is equivalent to the condition that all bicharacteristic curves are
transversal to X.

Condition (5.1.4) implies that X is noncharacteristic for P. Indeed, if
§€ (TzoXO)_Lv Pm(T0,€) = 0, £ # 0 then dgpm(mo,f) £ =m pm(z0,§) =0
because of Euler’s identity, hence d¢pm (xo,&) € Ty, Xo because the latter
space is equal to the orthogonal complement of £ (note that T, X, has
codimension 1 in Ty, X).

Condition (5.1.4) also implies that (5.1.3) has only finitely many so-
lutions for every (zq,&) € T*(Xo). Indeed, if €*), k = 1,2,... is an
infinite sequence of different solutions, then [£()| — oo as k — oo be-
cause the solutions are isolated points. Taking a subsequence if necessary
we have () /|€®)| — ¢ for some ¢ € (Ty,X)* with |¢| = 1. Because
é(k)/lé(k)”noxo = & /|€®)| it follows that £|T,0X0 = 0. On the other hand,
Prm(x0, EX) /|€R)]) = 0 because of the homogeneity of py,, 50 P (z0,£) = 0,
in contradiction with the noncharactericity of Xj.

The simplicity of the zeros implies that locally for (zg,&) € T*(X0)\0
the solutions of (5.1.3) are of the form §(j)($0,§0), j=1,...,u such that
(z0, &) — (x0,£9) (20, &0)) is a homogeneous C* mapping of degree 1 from
T*(X0)\0 into T*(X) |Xo' In particular the number p of solutions is locally
constant in 7*(Xp) \ 0 and hence globally constant if Xy is connected and
dim Xy > 2, because then T*(Xy) \ 0 is connected.
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Definition 5.1.1. P € L™(X) is called strictly hyperbolic of multiplicity
u with respect to X if all bicharacteristic curves of P are transversal to X
and (5.1.3) has exactly u solutions for every (z¢,&) € T*(Xo) \ 0.

If Q; € L™ (X), j = 1,...,v are given we now want to construct
operators Ex:&'(Xo) — D'(X), k=1,...,v, such that

(5.1.5) PE,=0, k=1,...,v

(516) poQ]‘Ek = 6jk17 j, k= 1, NN

(We shall see in (5.1.13) that the number v has to be equal to the number
p of zeros €9 (X, &).)

Here I = identity: £'(Xo) — £'(Xo), A = B means that A— B is an in-
tegral operator with C* kernel, and pgy denotes restriction to Xy. The equa-
tions (5.1.5,6) imply that for any g, € £'(Xo), k = 1,..., v the distribution
u =73 Eggy € D'(X) satisfies Pu € C*(X) and poQj;u = g; mod C*>(Xy)
for alli 7 =1,...,v, so modulo C* the operators Fj generate solutions of
the Cauchy-problem Pu =0, poQju = gj.

Let us try

Ep € I"™Y4(X Xo; C).

The order follows from the observation that py € I'/4, Q € I™* and (5.1.6).
To determine Cj we observe that (5.1.5) more or less forces us to assume
that p,, = 0 on Cy if P, denotes the pullback of p,, to T*(X)\0xT*(X()\0
under the projection onto the first factor. So Cj is invariant under the
Hamilton field Hj,, in view of (3.6.2) and the remark that the symplectic
orthogonal complement of the tangent space of p,, = 0 is spanned by H;,
(all with respect to the symplectic form o = o7+ (x) — o7+ (x,))-

In view of (5.1.6) we need that RoxCy intersects T*(Xp) % diagT™ (X ) x
T*(Xo) transversally and that RyCo = diag T*(Xp) \ 0, see Theorem 4.2.2.
This leads to

Co = {(y,m), (z0,&0); (y,7n) is on the bicharacteristic
(5.1.7) strip through some point (z, &) such that
£|T Xo = 50 and pm(m()ag) = 0}

=0

and the condition

(5.1.8) Every bicharacteristic curve intersects Xo at most once.
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Now Cj is the flow-out along the solution curves of H;, of Ag = N x
T*(Xo) N Ry 1 where N is the characteristic hypersurface of P, defined in
(5.1.1). The condition (5.1.4) implies that this intersection is transversal,
80 Ay is a closed C™ conic manifold. It also implies that Hp_, is transversal
to Ag, so Cj is an immersed Lagrange manifold in 7*(X) x T*(Xj) in view
of the arguments at the end of the proof of Theorem 3.6.2. (Note that Ay
is isotropic for o and p,, = 0 on Ay.) Condition (5.1.4) implies also that
Ry x Cy is transversal to T*(Xp) x diag T*(X) x T™*(Xo).

The homogeneity of p,, implies that Cy is conic. To see this, let a
be a real nonzero homogeneous C* function on T*(X) x T*(X,) \ 0 of
degree 1 —m. Then q = a - P, is homogeneous of degree 1 and the H,-
flow commutes with multiplications by scalars, that is, maps cone axes
into cone axes. H; = a - Hp, on p,, = 0, so the change from p,, to
q only involves a change of the time scale on the solution curves of the
corresponding Hamilton fields. So Cy is equal to the flow-out of the conic
manifold Ag along Hyg, and therefore is conic. (This trick is also used in
the regularization of the Kepler problem, see Moser [67].)

In order that the immersed Cy is an embedded closed submanifold of
(T*(X) xT*(Xo))\0, we need additional conditions on the global behavior
of the bicharacteristic curves. Using the arguments of [22], Section 6.4, it
is easily seen that the following conditions are necessary and sufficient:

a) No bicharacteristic curve starting on Xy stays in a compact

subset of X,
(5.1.9)
b) For every compact subset Ky of Xy, K of X there is a compact

subset K’ of X such that if v is an interval on a bicharacteristic
curve with one end point in Ky and the other in K, then v C K'.

Finally the projection of Cy into X (via T™*(X)) is a proper mapping if and
only if

For every compact subset K of X there is a compact
(5.1.10) subset Ky of Xy such that every bicharacteristic curve
starting in K only hits X in K.

Note that (5.1.8,9,10) can always be satisfied if we replace X by a suffi-
ciently small neighborhood of Xg, assuming that (5.1.4) holds.

Having settled the problems concerning Cy we now turn to the ac-
tual construction of the operators Fy € I‘mk“1/4(X, Xo;Co). If e is the
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principal symbol of Ej then (5.1.5) leads to an equation of the form
1
(5.1.11) —i—ﬁHﬁmek-f-E-ek =0,

in view of Theorem 4.3.2. On the other hand, (5.1.6) leads in view of
Theorem 4.2.2 to the algebraic equations

ZQk(fEO,E(j)(xo,Eo)) -1((20, &), (20, €9 (20, &0)))
1

(5.1.12) 2

x eo((70,€9 (z0,&0)), (T0,€0)) = Oke, k,l=1,...,0.

Here g and r denote the principal symbols of Qx and pg, respectively, and
€9 (x0,&), 5 = 1,...,u, are the solutions of (5.1.3) depending smoothly
on (zg,&) € T*(Xo) \ 0. These equations have a unique solution if v = p
and

The matrix qk(xo,g(j) (z0,€0)), k,g=1,...,p4

(5.1.13)
is nonsingular for every (zo, &) € T*(Xo) \ 0.

The solutions eg((zg, €9 (z0,&)), (o, &0)) can be treated as initial values
on Ag for the first-order differential equation (5.1.11) along the bicharac-
teristic strips and we obtain a unique solution ey, of (5.1.11,12) that is easily
verified to belong to

§m @ (00 0, ® Loy,

(Use a trivialization of the line bundle over Cy as discussed in Lemma 4.1.3
to reduce (5.1.11) to a differential equation for complex valued functions.)

Taking arbitrary E,(CO) € I-™~1/4(X, Xo; Co) with principal symbol
ek satisfying (5.1.11,12), we have obtained that

PEY e I™~™=371(X, X,;Co)
and

poQ;EY — 6;1I € L™Y(Xo).

Recurrently solving differential equations along the bicharacteristic
strips of the type (5.1.11) (but now inhomogeneous) and algebraic equa-
tions such as (5.1.12) for the initial data, we can determine the principal
symbols of the operators E,(CT) e I"™~1-7(X, X¢; Co) such that

P +---+ ED) e ™57 X, Xo; Co)



118 5. Applications

and
Qi (B + -+ E) = 631 € L777(X,)

for r = 0,1,2,.... Taking for Fy an asymptotic sum of the E,(CT) (by
taking for the local amplitude of Ej an asymptotic sum of the local ampli-
tudes of the E,(cr)), the construction of Ey, € I=™~1/4(X, X,; Cy) satisfying
(5.1.5,6) is complete. Summarizing we have proved the following theorem,
which can be regarded as just a reformulation of the results of Lax [53] and
Ludwig [56] in terms of the global theory of Fourier integral operators.

Theorem 5.1.2. Let P € L™(X) be a properly supported pseudodiffer-
ential operator with real and homogeneous principal symbol p,,, strictly
hyperbolic of multiplicity p with respect to the hypsersurface Xgo in X. If
(5.1.8,9) hold and Q; € L™i(X), j =1,..., u, have homogeneous principal
symbols q; satisfying (5.1.13), then there exist Ey € I~ =Y4(X X0; Co):
&'(Xo) — D'(X) such that PE, = 0, poQ;Ex = 6;51. Here the homoge-
neous canonical relation Co is defined as in (5.1.7). If in addition (5.1.10)
holds then we can choose these Ey to be continuous: D'(Xo) — D'(X).

Remark. Using the parametrices of [22], Section 6.5, it can also be proved

that the solution u of Pu € C*(X), po@;u = g; mod C*(Xy) is uniquely

determined modulo C*°(X) and hence equal to u = ) Exgir mod C*(X).
m

It follows that WF(u) C Cp o |J WF(g;), so in particular the singular
=1

]:
support of u is contained in the union of the bicharacteristic curves that

are projections of bicharacteristic strips starting at points (zo, £) such that
Pm(z0,&) = 0, ($0,5|TEOXO) € WF(g;). This is a precise formulation of
the principle that “the singularities propagate along the bicharacteristic
curves”. Making only a microlocal construction of operators Ei, one can
prove results on reflection of bicharacteristic curves at the boundary as in
Nirenberg [69].

The following example shows that the bicharacteristic curves even may
have singularities (turning points) without invalidating Theorem 5.1.2. In
fact in the proof of Theorem 5.1.2 we did not see any effects of such turning
points because the construction was made entirely in the cotangent bundle
where the bicharacteristic strips are regular.

2 2
Example. P = x5 ((—9%—) + (a%z) in R? (Tricomi operator). The dotted
line X, satisfies (5.1.8,9) but not (5.1.10). (The latter condition can be
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satisfied by choosing X = domain below the bicharacteristic curve +.)

P elliptic

P hyperbolic

Instead of pursuing further results for general pseudodifferential opera-
tors P we now restrict attention to the case that P is a differential operator
of order m on an open subset Y of X x R, X an n-dimensional manifold.
Points in Y will be denoted by (z,t), z € X, t € R. We assume that
P satisfies the conditions of Theorem 5.1.2 with 4 = m and X replaced
by Y and Xy by Xs = (X x {s}) NY (the slight change in the notations
should cause no trouble). Such operators are called strictly hyperbolic with
respect to X,. Following the presentation of Chazarain [16] and Chazarain
and Piriou [17] we shall show that the construction of Theorem 5.1.2 can
be used to obtain a unique solution u € C*°(Y) of the (inhomogeneous)
exact Cauchy problem

Pu=f inY
(5.1.14) H\m-i
po(a> u=g; inXo, j=1,...,m,
for every f € C*°(Y), g; € C*°(Xo). Thatis, @; = (&)™, ¢; = (s1)™,
so (5.1.13) follows from the study of a Vandermonde determinant.
Compared with the classical proof using a priori L2-estimates (due to
Leray and Garding; see Leray [55]) this “constructive” approach leads to
much more detailed information about the operators E, Ey, which generate

m

the solution u = Ef + Y, Ekgk, see Theorem 5.1.6 below. On the other
k=1

hand, the “energy estimates” are less sensitive to the geometrical conditions

that we impose on the principal symbol, and can be generalized to cases
where the construction of Theorem 5.1.2 apparently breaks down or leads
to great complications.

For the necessity of hyperbolicity for the well-posedness of the Cauchy
problem we refer to Lax [53], Section 2, with the modifications of Horman-
der [44], Section 6.1, needed in the case of C* coefficients.
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Lemma 5.1.3. The operators Ey in Theorem 5.1.2 can be chosen such
that

PE; = Ry, € C*°(Y x Xy),
(5.1.15)

po<~aa—t)m_jEk =63, jk=1,...,m

Proof. Write (5.1.6) in the form pg (%)m_j Ey = 6kl + Rjk, Rjr €
C>®(Xo x Xo). Then (5.1.15) holds if we replace Ex = Ex(y,zo)
Ey(z,t;10) by

I

moym—j
k(x,t;20) Z Rjx(x,0; 20). U

J=1

Lemma 5.1.4. Let Y = X x R, suppose P is strictly hyperbolic with
respect to Xs = X x {s} for every s € R. Then there exists for eachy € Y
a neighborhood U of y and a family of continuous mappings E¢): C®(Y) —
C>*(Y) depending smoothly on s € R, such that for all f € C*(Y):

PE®f=Ff inU

g \m—J
il &r—_0 4 P =
ps(at) E¥f=0 imX,, j=1,...,m, seR.

Here p; is the restriction operator: C*°(Y) — C®°(Xj).

Proof. Replacing Xy by X, one obtains operators E,(Cs) as in Lemma 5.1.3

with pg replaced by p, and it is easily verified that they can be chosen such
E(S)
that C®(X) — C®(X x {s}) — C>=(Y) depends smoothly on s. Now

write (Duhamel’s principle):

(5.1.16) (E®) f)(z,t) = / (B p, £)(z, 1) dr.

8

Then it follows immediately that

(PEWf)(z,t) = f(z,t) + (R®) f)(2,1)
0

ps(a)m E®f—0, j=1...m

where

(RO f)(z,t) = / (PE™ p, f)(z, 1) dr

8

Note that PEY) has a smooth kernel.
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Let 9 € C§°(Y) be equal to 1 on a neighborhood U of y, 0 < ¢ < 1.
If supp ® is sufficiently small then ¥ R®) will have norm < p < 1 uniformly
in s, when regarded as an operator in the Banach space of continuous
functions on supp 9 with the supremum norm. It follows that I + 9P
has a two-sided inverse depending smoothly on s. The proof is completed
by replacing E(®) by E®)(I 4+ ¢R(&))~ 1y, O

Lemma 5.1.5. Let P be a strictly hyperbolic differential operator of order
m on Y with respect to Xo. Then there is a neighborhood Y of Xo in
Y, such that u € D'(Y), Pu=0inY, po (&) 'u=01in X, for j =
1,...,m, impliesu=0inY.

Proof. From Theorem 1.3.4 and Proposition 5.1.1 we see that we can
multiply u by the Heaviside function H(t) (= 1 for t > 0, = 0 for t < 0),
the result @ = Hu still being a solution of Pi = 0 because of the vanishing
of the Cauchy data. Let d(z,z¢) denote the geodesic distance between z
and g, with respect to some Riemann metric in X; fix o € X. Then
there exists €9 > 0 such that for all 0 < € < g, P is also strictly hyperbolic
with respect to the hypersurface S, = {(z,e% — d(z,z0)?); d(z,z0) < €}.

Now P is strictly hyperbolic if and only if its transposed *P is. Applying
Lemma 5.1.4 we can find for any g € C*°(Y) a function v € C*°(Y) such
that *Pv = g in a neighborhood of the domain D, = {(z,t); 0 < t <
€2 — d(zx, )%}, with vanishing Cauchy data on S.. Using the uniqueness
of the Cauchy problem on the level of formal power series, we see that all
derivatives of v vanish on S, so taking v = 0 for t > €2 — d(z, z¢)? leads to
© € C™(Y) such that * Py = § satisfies j = g in {(z,t); t < €2 — d(z, x0)?}.
It follows that (4, §) = (&,* P9) = (P4,9) = 0, and because § is arbitrary
in a neighborhood of D¢ in {(z,t); t < €2 — d(x,z0)?} we find that @
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vanishes there. Repeating the argument with (1 — H)u instead of Hu leads
to u = 0 in a neighborhood of zy. Because x¢ € Xy is arbitrary, the lemma
is proved. O

Remark. The proof is somewhat simpler if we use the remark after Theo-
rem 5.1.2 to obtain first that u is smooth. However, I wanted to make the
proof independent of this reference to [22], in fact the result that we even-
tually obtain (Theorem 5.1.6) implies this regularity theorem and gives an
alternative construction of a parametrix for P. Note also that if P has real
analytic coefficients on a real analytic manifold, then it is sufficient that
Xy is noncharacteristic for P in order to construct v as above for a dense
set of g; take g real analytic and use the theorem of Cauchy-Kowalewski.
So in the case of analytic coefficients we obtain uniqueness for distribution
solutions of the Cauchy problem under the weaker condition that X, is
noncharacteristic for P (Theorem of Holmgren [39)]).

A combination of Lemmas 5.1.3, 5.1.4, and 5.1.5 leads to a local ex-
istence and uniqueness theorem for the full Cauchy problem (5.1.14). Be-
cause of the local uniqueness, the local solutions automatically piece to-
gether in a neighborhood of all of Xj.

The proof of Lemma 5.15 actually gave the following conclusion. Let
S be a hypersurface in Y such that P is strictly hyperbolic with respect to
S, and at the same time equal to the boundary of a subset S_ of Y, such
that

D = {(z,t) e SUS_; t >0},
the domain between S and t = 0 is compact. Then u = 0 in a neighborhood
of D, if Pu = 0 in a neighborhood of D and u has zero Cauchy data
po(%)nﬁju in a neigborhood of the set of = such that (z,0) € SUS_.
Now let yo = (zo,tp) € Y, to > 0 be fixed. Taking all possible hyper-
surfaces S as above such that yo € D, we see that v = 0 in a neighborhood
of yo, if u € D'(Y'), Up open in X such that:

(a) Pu=0, and po (gz)m—j u=0in Uy
(5.1.17) (b) Every curve y(t) = (z(t),t), y(to) = ¥o, in ¥ such that
_—d%(tt) e T*(y(t)) for all 0 < t < tg hits Uy for t = 0.

Here the cone I'*(y) C T,,Y is defined as the convex hull of the downward
side (6t < 0) of the set of tangent vectors to the bicharacteristic curves
through y. (Because of the hyperbolicity no such vectors lie in the hyper-
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plane 6t = 0.) The set of points in Y that can be reached from y by curves
y(t) as in (b), t < to, will be called the domain of dependence D(y). We also
write D;(y) = D(y) N X; and we have obtained that a solution of Pu = f
is uniquely determined in a neighborhood of D;(y) (for every ¢ < tp), as
long as D(y) between ¢ and to is compact. The method of sweeping out
the domain by noncharacteristic surfaces to obtain the domain of depen-
dence as outlined above is due to John [47]. In this way we have sketched
a proof of:

Theorem 5.1.6. Let P be a differential operator of order m on an open
subset Y of X x R, strictly hyperbolic with respect to X; = (X x {s})NY
for every s € R. Assume moreover that the domain of dependence D(y)
between y and Xy ts compact for everyy € Y. Then the Cauchy problem
(5.1.14) has for every f € C=(Y), g; = C*(Xo) a unique solution u =

m

Ef + % E;g;j. The solution operators E, E; are continuous: C*(Y) —
j=1

C®(Y), respectively, C*°(Xo) — C*®°(Y) and have the following properties:

(5.1.18) supp E C {(y,v") € Y xY; v € D(y)}
(5.1.19) supp E; C {(y,%0) € Y x Yo; yo € Do(y)}
(5.1.20) E; e P~ V4(Y Yy;C)  (see (5.1.7))
(5.1.21) WF'(E) C diag T*(Y)U C U (Cp o Ryp),

where C is the set of all ((y,m), (v',n')) such that (y,n) and (v',n’) are lying
on the same bicharacteristic strip for P. On the different parts of the right-
hand side in (5.1.21) the operator E can be identified as follows. If A, B €
LY(Y), (WF(A) x WF(B)) N (C U (Co o Ry)) =0 then AEB € L™™(Y),
whereas AEB € I'"-™"VA4(Y,Y;C) if (WF(A) x WF(B)) N (diag T*(Y) U
(Coo Ry)) =0.

Finally, if B € L°(Y), WF(B) N Xy = 0, then EB is continuous:
Hp (Y) — HSP™ YY) for all s € R.

loc

Proof. The theorem is first proved in neighborhoods of the dependence
domains D(y), using induction with respect to t. All the time the E;
are modulo operators with C* kernel equal to the operators constructed
in Theorem 5.1.2 because the local solutions automatically piece together
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to global ones in view of the uniqueness. The statements about E can
be proved by a closer examination of (5.1.16). Compare also with the
parametrix E constructed in [22], Section 6.5. O

Remarks. FE, respectively, E; can be continuously extended to {f €
D'(Y); WF(f) N Xg = 0}, resp., to D'(Xy), still solving the Cauchy prob-
lem for f, resp., g; in these spaces. It follows from (5.1.20,21) that (y,n) €
WF(u) only if (y,n) € WF(f), or pm(y,n) = 0 and either (v/,7n') € WF({)
for some (y’,n’) on the bicharacteristic strip through (y,n) between X, and
y or (y4,&") € WF(yg;), (yy,n") on the bicharacteristic strip through (y,7),
7 ‘ Ty Xo = &'. This is a refined version of the theorem on propagation of
singularities due to Courant and Lax [19].

From (5.1.20) we obtain that FE; is continuous: Hj _(Xo,) —
Hls;m'j(Y) for every s € R, in view of Theorem 4.4.4 and that F is
continuous: H{ (Y)ND'Xg(Y) — HET™ YY) for every s € R.

Note also that

0 \m—k .
(5.1.22) pt(a> Ej € P7F(Xy, X0;C,),

where Cy, = {((y,£), (o, 0)); there exists 1,70 such that ((y,n), (yo,n0)) €
C,n X = ¢, TIOIT.,O X0 = &} C, is the finite union of graphs of homo-
geneous canonical transformations: 7*(Xp) \ 0 — T*(X;) \ 0, and the

example of the wave operator P = A, — (8/0t)? shows that these are
quite different from the identity and not even induced by a diffeomorphism
k: Xo — X;. It follows in particular that this operator, mapping Cauchy
data on X of order m — j to Cauchy data on X; of order m — k, is continu-
ous: H{ (Xo) — Hlsotk_j (X¢) for all s € R. (Using only the H*-continuity
of the E; we would have obtained continuity: H® — Hs‘H““j“l/Z.) A
variant of this continuity result for operators with C* coefficients, k < oo,
leads also to existence, uniqueness and regularity for nonlinear hyperbolic
equations, see Fischer and Marsden [29], Section 2, and the literature cited
there.

The construction of Theorem 5.1.2 meets serious complications if we
want to apply it to mixed problems for hyperbolic equations in the pres-
ence of so-called “glancing rays,” see Ludwig [58] for some formulas for the
solutions of the wave equation in the exterior of a convex reflecting body.
However these formulas, complicated as they are, do lead to a simple de-
scription of the propagation of singularities, see Morawetz and Ludwig [65].
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We conclude this section by some remarks on the domains of depen-
dence, which play such an important role in Theorem 5.1.6. Let y € Y
and let the differential operator P of order m be strictly hyperbolic with
respect to the plane (6y,v) =0, v € (T,Y)*\ {0}. Let I'(y) be the compo-
nent of v in the complement of N(y) = {n € (I,Y)* \ {0}; pm(y,n) = 0}
n (T,Y)* \ {0}. Combining the results of Hormander [44], Section 5.5, it
follows that I'(y) is convex, its boundary is a component of the smooth
hypersurface N(y), and P is strictly hyperbolic with respect to the plane
(by, V") = 0 for any v' € T'(y). It follows that the cone I'*(y) defined in
(5.1.17b) is equal to

(5.1.23) I™(y) = {6y € T,Y; (by,v’') <0 forall vel'(y)}

or its antipodal. The smoothness of OI'(y) implies that I'*(y) has no flat

sides and that 8T (y) consists entirely of bicharacteristic tangent vectors.

In other words, the map 7 +— d,pm(y,n) is surjective: OI'(y) — OT™*(y).
Now assume that

(5.1.24) d%pm(y, n) is nondegenerate for n € OI'(y).

Then n — dppm(y,7n) is a diffeomorphism: 0T'(y) — OI'*(y), so in particu-
lar, OT™* (y) is smooth. Using a variational principle (see Leray [55], Lemma
97.1, and Section 3.8 in these notes) it can be proved that each point of the
boundary of D(y) lies on a bicharacteristic curve issuing from y, so D(y)
also consists entirely of bicharacteristic curves. If € > 0 is sufficiently small,
y = (z,to) then the part of dD(y) for to — e < t < tp is a smooth conoid
with vertex at y. However, the global 0D(y) can develop singularities; an
example is sketched below. (See figure on following page.)

From the figure we can see that a bicharacteristic curve on 0Dg(y)
can leave dDgy(y) by dipping into the interior of Dy(y). (The variational
principle mentioned above forbids leaving Dg(y).)

Note that dD(y) is the outermost component of the projection into
Y of the Lagrange manifold A obtained by flowing out Ny, = {(yo0,7) €
T*(Y); pm(yo,n) = 0} along H,  (in the negative t-direction).

For hyperbolic operators with constant coefficients still many more
details are known, see Atiyah-Garding [8] and the literature cited there.

The authors especially treat the problem of lacunas, which in its sim-
plest form treats the question of whether 0D(y) is not only the singular
support but even the support of the solution with Cauchy data = Dirac
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= (%o, o)

Possible other bicharacteristics
in the case m > 2. These cones
can be singular from the start.

measure at y. Hadamard, in his classical book [38] on hyperbolic equations,
calls this “Huygens’ minor premise, paraphrasing [45].” Apart from the fact
that what Hadamard calls “Huygens’ major premise” does not play a role
in [45], it should be remarked that Huygens states explicitly that behind
the wave front there is a contribution of the “partial wavelets,” which how-
ever is “infinitesimally small conii‘):avred with the disturbance at the front”
which is an envelope of the partial wavelets. In contemporary language,
the solution has a singularity at the front dD(y). Similar reasoning, with
light rays instead of wave fronts, occurs in the explanation of Newton [68]
of the rainbow, where it is concluded that singularly much light comes
out of the water droplet at the maximal angle with the incident rays. So
the determination of singularities was not uncommon in those days and in
the case of the rainbow it is even more evident that “infinitesimally small
compared with” did not imply “equal to zero” in such reasoning. Also
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Pattern of the bicharacteristic curves in X. They have an envelope,
forming a cusp that is the projection into X of the cusp-lines c of the
“swallow’s tail” in 0Do(y). Such singularities correspond to caustics for
the highly oscillatory asymptotic solutions for the reduced wave equa-
tion, issuing from zo. See Section 5.2.

the theorem on propagation of singularities along the bicharacteristics in
its microlocal (wave front) form can be seen in [45], keeping in mind, of
course, that Huygens only gives a geometric theory of disturbances that is
quite far from being an analysis of partial differential equations. See also
[10], for a multidisciplinary view on Huygens’ principle.

5.2. Oscillatory asymptotic solutions. Caustics
We return to the local asymptotic solutions
. o .
(5.2.1) u(z, ) = e*@aq(z, 7), a(z,T) ~ Zaj(x)T“'J
Jj=0

used to explain the validity of geometrical optics for wave mechanics as
described in the Introduction. To fix ideas, we assume that u(z, ) is an
asymptotic solution, in an open subset U of an n-dimensional C'*° manifold
X, of a partial differential equation with large parameters, as follows:

$ fos( 2) () serr = 0070

locally uniformly for = € U, 7 — oo, all £.

(5.2.2)
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Here P,,_k(z,0/0x) are partial differential operators of order < m —k such
that

(5.2.3) P( '3 3t) ZPm k(x’ax) (gt)k

is an operator of order m, with real principal symbol.
If we want ag(z) # 0 in (5.2.1), then (5.2.2) holds if and only if the
phase function ¢(x) satisfies the eikonal equation

(5.2.4) f(z,do(z)) =

and the a;(z) satisfy a recurrent system of transport equations of the form
(5.2.5) de f(z,dp(x)) - daj(z) — g(z) - aj(z) = Fj(ao,...,aj—1)(x).

Here f(z,€) = pm(x;€,—1), pm = principal symbol of P of degree m. The
factor g(z) is a function (dependent on ¢) that is closely related to the
subprincipal symbol of P of degree m — 1. Finally Fy = 0, that is, (5.2.5)
starts with a homogeneous equation for ag.

In view of Theorem 3.6.3 we always have local solutions ¢ of the non-
linear first-order partial differential equation (5.2.4) (nonlinear if m > 1),
but in general ¢ cannot be extended to a global solution on X because of
“turning vertical” of the flow-out along My of the graph of d¢ (see the end
of Section 3.6).

In order to obtain global asymptotic solutions of (5.2.2) perhaps the
simplest way is to study the Fourier transform

(5.2.6) v(z,t) = /e_i”u(a:,T)dT

of 7 — u(z, 7). Then (5.2.2) just means that

(5.2.7) P( 8‘9 gt)v € C®(U x R).

Putting (5.2.6) in (5.2.1) shows that v is a Fourier integral distribution with
amplitude a(z, 7), one frequency variable 7, and phase function 7-[¢(z) —t].
Sov e I"(U x R,¢') where v = p+ 5 — 3(n+1) and

(5.2.8) ¢t = {(z, p(x), —T do(x),t); z € U, 7 € R\ {0}}
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is the normal bundle in T*(X x R)\ 0 of the graph of ¢ in U x R (compare
Lemma 3.7.5). This graph therefore is just the singular support of v in
U xR.

Now the theory of Section 5.1 tells us exactly how the local solution
v e IY(U x R, ¢t) of (5.2.7) extends to a global one. We have to flow out
¢+ along the bicharacteristic strip of P to a global H,, -invariant conic
Lagrange manifold C' in T*(X x R) \ 0, the symbol of the global solution
velIY(X xR,C) of Pve C*®(X x R) is computed by recurrently solving
first-order ordinary differential equations along the bicharacteristic strips as
in the construction of the operators Ej, in Theorem 5.1.2, taking them in ¢+
equal to the corresponding symbols of the local solution v. (These equations
along the bicharacteristic strips are the Fourier transform translation of
the transport equations (5.2.5).) Uniqueness mod C*°(X x R, C) of such
a global solution follow also from Theorem 4.3.2. Finally we can get rid
of the C* error term by subtracting from v a C* solution ¥ of P = Puv,
which exists if P is for example hyperbolic. Examples of global solutions
v € I"(X xR, C) of Pv =0 are the Ej - 6,, where the Ej, are the solution
operators in Theorem 5.1.6 and 6y, is the Dirac measure in X;, at yo =
(zo,to). Thinking of any function in Xy, as a superposition of é-functions
this example is considered as basic.

The inverse Fourier transform

o0

(5.2.9) w(z, 7) = (27)"1 / eito(z, ) dt,

— 0

if it exists, then will represent a global solution of the exact equation
P(z,0/0z,7/i)u = 0, which has the asymptotic expansion (5.2.1) in U
if no bicharacteristic strip for P starting in ¢+ returns from U. The exis-
tence of (5.2.9) depends on a sufficient decay of v(z,t) as |t| — oo, locally
uniformly in z, which can be a subtle question (see Lax and Phillips [54],
Morawetz and Ludwig [64]). We can avoid such problems if the projection
from 7(C) C X x R into X is a proper mapping, by cutting off v smoothly
outside a closed neighborhood V' of 7(C) where the projection V — X is
still proper. Then (5.2.9) converges and defines a C* function in (z,t),
which is a global solution in X of the asymptotic equation (5.2.2). (The
smoothness in z follows by testing with rapidly oscillating functions and
observing that 7 # 0 on C. 7 # 0 on ¢+ and 7 is constant along the

bicharacteristic curves of P because -a—g;—" =0.)
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Locally v is a finite sum of oscillatory integrals defined by a nondegen-
erate phase function ¢(z,t,0) in R**! x RY and a corresponding amplitude
a € §v=iN+i(n+l) — gu=3N+3 that is an asymptotic sum of homogeneous
functions of 6. Hence u(x, 7) is a locally finite sum of integrals of the form

(2m)t / / ee@ 0+t g (1 ¢ ) do dt

(5.2.10)
= (2m) 1N // eTle@ b0+t (¢t 7, 0) d dt,

which is an oscillatory integral as considered in Section 1.2, in N + 1 vari-
ables. Note that the growth order of 7V - a(x,t,7,6) as 7 — oo is equal to
N+p—3N+5=p+5(N+1).

Writing o = (6,t), ¥(z,a) = ¢(z,t,0) +t, k = N + 1, we see that
Y(z,a) is a nondegenerate phase function in the sense that

(5.2.11) d(z,a) da®p has rank k when dq9 =0

if and only if

(5.2.12) C is transversal to (z,t;€,7) € T*(X x R); t = —1.
This implies that

(5.2.13) A = {(z,£); there is a t such that (z,t;¢,—1) € C},

which is the projection into T*(X) of the intersection of C with {(z,t;&,7)
€ T*(X x R); 7 = —1}, is an immersed C* Lagrange manifold in T*(X),
locally given by

(5214) A¢ = {(:L‘, dzw(x,a)); daw(xva) = O}

Note that if C is the flow-out along Hp, , of any Cj satisfying (5.2.12) then
C satisfies (5.2.12) because 7 is constant along the bicharacteristics. In
particular (5.2.12) holds for the flow-out C' of ¢ and in this case A is
just the flow-out in T*(X) along Hy of the graph of d¢ in T*(X). As for
conic Lagrange manifolds, every Ay defined by a function ¢ (z, o) satisfy-
ing (5.2.11) is an immersed Lagrange manifold in 7*(X) and conversely
every immersed Lagrange manifold in 7*(X) is locally of the form (5.2.14)
for some 9 satisfying (5.2.11). We now summarize the above in a formal
statement.
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Definition 5.2.1. Let A be an immersed C*® Lagrange manifold in T*(X).
An oscillatory function u(z, ) of order p defined by A is a locally finite (in
X) sum of integrals of the form

(5215) I(.’L‘,T) :/eiTw(zya)b(xva,T) dOl,

where a = (a1, ..., ), k € N, ¢ satisfies (5.2.11), Ay, is a piece of A and
finally

b(z,0,7) ~ Y bye(z,a) TFTEF" and
(5.2.16) 2::0

b(z,a, T) vanishes for o outside a fixed compact set in R¥.

Proposition 5.2.2. Leti: A — T*(X) be the immersed Lagrange manifold
in T*(X) by flowing out the graph of d¢ along Hy, ¢ as in (5.2.1). More
precisely, let Ao be a hypersurface in d¢ transversal to Hy, define i(Xo,t) =
®t(Ng), where @' is the Hy-flow, g € Ao, t € R, take A = domain of
definition of © in Ao X R, assume that dp C i(A). If moi: A — X is proper
and no solution curve of Hy starting in dp returns over U, then the local
oscillatory asymptotic solution (5.2.1) of (5.2.2) can be extended to a global
one of order p defined by A. Two such global extensions differ by a function
@(z,T) that is rapidly decreasing (4(z,7)) = O(17%), T — o0, all £).

If every projection in X of an Hy-solution curve meets U then a
stronger uniqueness result holds. If u(x,T) satisfies (5.2.2) globally, if all
z-derivatives of @ are bounded by a power of T (locally uniformly in x) and
4 and all its x-derivatives are rapidly decreasing in U, then @ and all its
x-derivatives are rapidly decreasing in X.

The global calculus of oscillatory asymptotic functions defined by a
Lagrange manifold was invented by Maslov [61] who assigns to every func-
tion a on A an oscillatory function u as in Definition 5.2.1 by means of
a “canonical operator.” Regarding a as the (principal) symbol of u, the
solution u of (5.2.2) can be determined by recurrently solving the trans-
port equations for a along the Hg-solution curves, corresponding to the
transport equations on C for the principal symbol of the Fourier transform
v(z,t) of u(z, 7). See also Keller [48] who mentions the “multi-valued func-
tion d¢(z)” (that is, the Lagrange manifold A) and the derivation of the
phase shift when passing through a caustic from integral representations
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of the solutions obtained from an application of Green’s theorem. This is
more or less the program that we carried out in more detail here.

Note that the assumptions of Proposition 5.2.2 imply that i*« is exact
on A, here @ = canonical 1-form in 7*(X). Writing i*a = di, we find
C = {(z,9¥(x,8),7¢,-7); (z,€) € A, 7 € R}; here i is left out of the
notation. Note also that the transversality of H,  to t = constant (on C)
is equivalent to d¢ f(z,€) - € # 0 for all (z,€) € A. All these assumptions
are not really needed in all their strength and it is in fact very interesting
to investigate more general cases.

Now we investigate the asymptotic behavior of the oscillatory integral.
The only nonrapidly decreasing contributions come from the points (zg, @)
where dot(zo,a9) = 0. If d21(z0, ) is nondegenerate, then we obtain
according to Section 1.2, an asymptotic expansion of the form (5.2.1) for
the integral, with some other phase ¢ and amplitude a, but with the same
growth order p, so nothing new happens. However, if rank d21(zo, ap) =
r < k then only 7 of the a-variables can be integrated away with the method
of stationary phase (see Lemma 2.3.5 for the details of this procedure) and
we are left with an integral (5.2.15) with k replaced by k — r and

(5.2.17) da’L/)(.’Eo, ao) = 0, di’l,[)(.’lfo,a()) =0.

At such points the asymptotic value of the integral will be of higher order
than 7* as 7 — oo (although never of higher order than 7#+2(k=7)),

Now k — r is just the dimension of T\, ¢,)(Ay) N T(z,,¢,) (fiber), & =
dz(xo,&) (see the remark before Lemma 2.3.5). So the points where
exceptionally high intensity collects (where the light “burns,” in optical
terminology) are exactly those points where A turns vertical.

Definition 5.2.3. Let i:A — T*(X) be an immersed Lagrange manifold
in T*(X). The caustic c¢(A) of A is the projection into X of the set £(A)
of points in i(A) where i is not transversal to the fibers. At each point
zo € X the order of the caustic is defined as the infimum x(zg) of the
numbers &’ such that u(z, ) = O(7#+~) for 7 — oo, uniformly for  in a
neighborhood of g, for any oscillatory function u of order u defined by A.
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Of course k(zg) = 0 for zp € m(A) \ ¢(A) and k(zo) < k/2 where k
is the maximum of the dimensions of the intersections T\, ¢)(A) N T(g, ¢
(fiber) where (z¢,§) € A. (Here i is left out of the notation, leading to a
slight inconsistency.) However, it turns out that often (and in the generic
case for n < 5), 0 < k(zg) < k/2 for xo € ¢(A); see the list on the following
page.

As in Section 1.2, the first step in obtaining an asymptotic expansion
for (5.2.15) with a more general type of phase function 1, is to try a change
of variables in order to get v into some standard form. More precisely,
suppose there exists a substitution of the form

(5.2.18) r=z(y), a=a(yp)

which carries ¥(z, a) into x(y, 8) modulo a C* function A(y) of y only,
that is,

(5.2.19) Y(z(y), aly, B) + Ay) = x(y, B)-
Applying the substitution (5.2.18) to the integral (5.2.15) we obtain

(5220) i(y, ’T‘) = I(_’L‘(y), 7‘) — e—’i’r)\(y) /eiTX(y,ﬂ)c(y’ﬁ, 7-) d’T,

where c(y, 8,7) = b(z(y), oy, B), 7)-| det dga(y, B)|. So apart from an addi-
tional oscillatory factor e=*"*() and a transformation of variables z = z(y)
the integral is transformed into one with the new phase function x(y, 3).

It was recently observed independently by several authors (Gucken-
heimer [35], Arnol’d (3], [4], Guillemin and Schaeffer [36]) that (5.2.19) is
just the definition of equivalence of i and x, regarded as unfoldings, that
is, as a family of functions of o, depending on parameters z1,...,x,. The
theory of unfoldings of singularities (a “singularity” of a — ¥(z, ) occurs
when dy9(z,a) = 0) was developed by Thom [79], and a rather complete
theory can be given using the general theory of stability of C*° mappings
of Mather [62]. Because of lack of time we shall not go into the details of
this here, but only mention some of the most important results.

The first one is the complete classification of Arnol’d [4] of the so-
called simple unfoldings, they all turn out to be locally equivalent to one
of the following types:
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Name Y(T1, ..., Tn;Q1,. .., Qk) K
Amt1 a2 4+ Q+ 101 + -+ + zmal, n>m,k>1 %———lrz
Dny ofaxt aE” +Q+ z10a + z2002
+ +zmad T n>mk>?2 i_.L
FEs ol o+ Q+ z101 + T202 + 2303
+ 20102 + T5Q105 n>5k>2 %:%_%
E7 azli + ala% +Q+ z101 + T2002 + :L‘;;a%
+ 2403 + T505 + Te@1 02, n>6,k>2 i=1-L
Eg a§+ag+Q+x1a1 +z2a2+x3a§
+ 2403 + Ts0102 + T O3 n>7k>2 1—75:%-—%
+.’1)7(}51ag,
Here
_ 2 2 2 2 _
Q= Ojyp1+ -+ Okgyp — Ahgipir — 0~ Qoko =1 for Amyy,

ko = 2 otherwise.

The number « in the last column is the order of the caustic at z = 0,
these numbers can quite easily be determined using the semihomogeneity
properties of the function 1. Using a property of these 1, called infinites-
imal stability (Mather [62], II), one obtains for oscillatory integrals with
these phase functions an asymptotic expansion of the form

oo
lg—Sri— - -
I(z,7) ~ E Tht k-2 T[Vr(it,‘)'F(Tl Sigy,..., 7t s":cn)
r=0

- oOF
+ ; v o(x)T ™% 72, (7'1“313:1, ... ,Tl_s"l‘n)] ,

for 7 — oo, uniformly for x in a fixed neighborhood of 0 € R™. Here F is
the “special function”

(5.2.21)

F(:L‘l, .o, L
(5222) / /zw(xl, Ty ak)dal dak,

1 one of the standard unfoldings of type A+1, Dm+1, Es, E7, Eg. The
integral (5.2.22) has to be interpreted by a shift of the path of integration
into the complex domain, to make the integrand of order O(e“E‘|°‘|e2),
€1,€2 > 0, and then defines an entire analytic function of x € C™. Moreover
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it can be proved that F' is bounded on R™. The numbers s¢, £ =1,...,n
are defined by

(5.2.23) se= Y TiSit,

where aj" - a3? - ...

- ag** is the monomial v /dz,. Observe that s, < 1
for all £, this is in fact quite crucial in the proofs.

The simple unfoldings form an open and dense subset of C*°(X x A)
for n < 5, and not so for n > 6, this is due to the appearance of “moduli.”
So generically for n < 5 every caustic is a locally finite superposition of
caustics of the types Amt1, Dmy1 (m < 5), Eg. The simple unfoldings
for n < 4 are the “elementary catastrophies” of Thom, they are called fold
(A2), cusp (A4s), swallow’s tail (A4), butterfly (As), elliptic umbilic (Dy ),
hyperbolic umbilic (D} ), parabolic umbilic (Ds). (Note that the + signs in
all cases except the D,,, 1 with m odd only decide between 1 and —1 and
therefore are not very interesting.) Below we sketch the simple caustics for
n < 3, the numbers are the orders on the different parts of the caustics.

T %‘c{f = 0 in (z, a)-space
“folds over”
Ta /

0 —oo (shadow)

1/6 x

n=1 fold
Yy
T2 I

0 0

s /6 (fold line)
T1

n =2 cusp
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s /s (fold surface)

0
(cusp line) Y4 -/4

n =3 swallow’s tail

Ly — «—1/4 (cusp line)

1
(fold surface) s /s
1 /4 N G 1/4
0

n =3 elliptic umbilic

—oo (shadow)

/6 (fold surface)

n =3 hyperbolic umbilic
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Note that for the swallow’s tail and the hyperbolic umbilic the fold surface
has self-intersections.

The uniform asymptotic expansion (5.2.21) was obtained for the fold
by Ludwig [57], here the special function is

(5.2.24) Ai(z) = / i@’ +2e) 4o (Airy function)

This is the famous integral introduced by Airy [2] in his study of the caustic
that is responsible for the natural phenomenon of the rainbow. The idea
of using the formula of infinitesimal stability in the proof can be found in
Guillemin and Schaeffer [36].

For more details concerning stability of caustics, see the review arti-
cle [21].

Originally I intended to also include some applications of Fourier inte-
gral operators as similarity transformations, but time has run out. Instead
I refer to [22] where Fourier transformations are used to obtain similar-
ity with the simple operators 8/0z,, respectively, 8/0z, + i3/8x,—; in
the case where p is real, dp # 0 when p = 0, respectively, p is complex,
{p,p} = 0 and d Re p, dIm p linearly independent when p = 0. In [73], [23],
similarity with 8/0z,, + iz, 0/0x,_1 is obtained in the case that {p, 5} # 0
when p = 0. Fourier transformations are also used in order to simplify
operators in the work of Egorov [24], [25] (to whom I ascribe this idea) and
Nirenberg—Treéves [70].
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