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EXAMINATION, MARCH 2024

Mathematics
MAT 6B 01—COMPLEX ANALYSIS
(2018 Admissions only)
Three Hours Maximum Marks : 120
Section A

Answer all questions.
Each question carries 1 mark.

For the complex numbers 20 = ¢ tb and 2, =c +1d, lim 2, =

z2—2g
State True or False : The function
Rez ’ 20
f(2)=1 |z]
0, z=0

is continuous at z = 0.
Find the derivative of fiz) = 22.
Compute the principal value of log,z when z = 1 + i.

Find all the roots of the equation tan z = 1.

1+4: 9
Evaluate J 2°dz.
15

If C is the simple closed contour given by the circle | z| =2, then |[dz=
C
2

z°+
Integrate — ] in the contour clock wise sense around a circle of radius 1 with centre at
z

1
the point z2=—_.
2
State Maximum modulus principle.

If the sequence ffla,|,n=1,2,... converges with the limit L > 0, then the radius of

convergence of the power series
0 n 2
Ya,(z-2) =ag+ay(z-29)+ag(z—2) +...
n=0
is
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11.
12.

13.

14.

15.

16.
17.

18.

19.

20.

21.

22.

23.

24.

25.

26.
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Define removable singular point.

State Cauchy’s Residue Theorem.
(12 x 1 = 12 marks)

Section B

Answer any ten questions.
Each question carries 4 marks.

Prove that if the limit of the function f(z) exists at a point z, then it is unique.

xX—1
Verify Cauchy-Riemann equations for the function f given by /(2)=— y2 .
x“+y
Examine the differentiability at the origin of the function f given by f(z)=|z|*.

Examine the analyticity of f(z)=coshxcosy+isinhxsiny.

Find the real part of e~

Prove that sinh (z; + 2z, ) =sinh z; cosh zy + cosh z; sinh z;.

1
Evaluate | (1+it)*dkt.

0
If f'(z) =0 everywhere in a domain D, then prove that flz) must be constant throughout D.

If M be any non-negative cosntant such that | f (z)| <M everywhere on a contour C and L is

<ML.

the length of C, then prove that ‘ (J; f(2)dz

Evalaute (fj ——» where C is the circle |z— a| =r oriented in the positive direction.

0 n
Examine the convergence of the series 2~ —5 on its circle of convergence.
n=l n
Find the expansion for f(2)=2%".
\ . . . cotnz .
What kind of singularity the function z—a)? has at the point z = a.

Find the residue of the function f(2)= 42 1 at the isolated singular point 1 + i.
2%+

(10 x 4 = 40 marks)
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Section C

Answer any six questions.
Each question carries 7 marks.

_ d
27. If w=f(z) =z, show that d—l: does not exist at the origin.
dZ . . .
28. Evaluate ¢ ——— dz, where C is the unit circle.
cz+9

1
30. Using principle of deformation of paths, evaluate (fj 2 dz where C is any positively oriented

closed contour surrounding the origin.

31. Find an analytic function whose real part e*(xcosy - ysin y) and which takes the value e at
z=1.

32. If R, and R, are the radius of convergences of the power series Zoanz" and Obnz”
n= n=

respectively, show that the radius of convergence of the power series X @,b,2" is RiRy.

n=0
33. Find seri ion of f@)=———
. Find series representation o z-1)(z-2)
1 az an
34. If C is a simple closed contour containing the origin, show that o [ xS dz =?-
C .
0 1sx
. e T —as
35. Show that if s >0,a >0, then prove that | 5 dx=—e™.
o X~ +a a
(6 x 7 =42 marks)
Section D

Answer any two questions.
Each question carries 13 marks.

1
36. (a) Find the Laurent series of [(2)= 1 with centre at z = 1.

(b) If R be the radius of convergence of Zo @,2" what is the radius of convergence of
n=

S 2.n
2 a2 .
n=0

Turn over
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37. (a) Evaluate ggsec zdz, where C is the unit circle.

_ d
(b) If w=f(2) =2z, show that d—l: doesn’t exist at any point.

2n

27
38. (a) Prove by contour integration that | e“*? cos(n® —sin 0) d6 = Y (n positive integer).

©  cos3x 27
(b) Show that [ —zdx =3
2 e
- (x +1)

(2 x 13 = 26 marks)
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Time

© X = vk

10.

11.
12.

13.
14.

15.

16.

Mathematics
MAT 6B 10—COMPLEX ANALYSIS
(2014 to 2018 Admissions)

: Three Hours

Section A

Answer all questions.
Each question carries 1 mark.

A complex function f (2) is analytic at a point z = z if

An analytic function with constant argument is

Maximum : 120 Marks

Give an example of a complex function which is Differentiable at a point but not analytic at

that point.

(z +2)°
2° (x4 - 1)
Write the polar form of Cauchy-Riemann equations.

Find the simple poles, if any for the function f(2)=

Define residue of a complex valued function.

Fill in the blanks : The real part of sinh (2z) is

Fill in the blanks : fz) = ¢? is periodic with period =

A point z = 2, is a singular point of a complex function w = f (2) if

Fill in the blanks : Res,_.js tanz =

The solution of the equation e? = — 3 is

The principal value of i’ is

Section B

Answer any ten questions.
Each question carries 4 marks.

Show that fiz) = sin z is analytic for all z.

Find the principal value of (1 — )1+,

_ 1 1+
Show that tanh™ () = log -— Z

Show that the zeros of an analytic function are isolated.

98104

(12 x 1 = 12 marks)
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17.

18.

19.

20.
21.
22.

23.
24.

25.
26.

27.

28.

29.

30.

31.

32.

33.
34.

35.
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2 C 20208
. . . : (z+2)
Determine and classify the singular points of /(2)= G0
z2 \z2 -
© nlz"

Find the radius of convergence of the power series : S
n= n

Verify Cauchy-Groursat theorem for f (z) = z° when the contour of integration is the circle
with centre at origin and radius 3 units.

Discuss the nature of singularities if any, of f{z) = sin (1/z) in the complex plane.

Find all the solution of e? = 2.

Find the residue of flz) = cot (2) at its poles.

Evaluate @c% dz around C = |z| = 1.
2

Find the Taylor series expansion of fiz) = ¢ around z = in/2.
Evaluate j,_22dz.
IMlustrate entire function by an example.

(10 x 4 = 40 marks)

Section C

Answer any six questions.
Each question carries T marks.

1
Evaluate @cm around the simple closed curve C = |z| = 4.

Determine the nature of the singularities of the function fiz) = sec (1/2).
1

Expand f(2) = GiDGz+2

as a Laurent series valid for 0 <|z+1|<2.

If f(z)=u(x,y+iv(x,y))is analytic in a domain D, then prove that its component functions

are harmonic in D.

Find the analytic function fz) is terms of z, if u(x,y) =Re(f(z)) =e"(xcosy — ysin y).

Show that the function f(z) = \/@ is not analytic at the origin, even though Cauchy Riemann
equations are satisfied at that point.

State and prove Morera’s theorem.

Show that the derived series has the same radius of convergence as the original series.

23

.
-1 z-2)z-3)

Evaluate (j}|z—2|:2

(6 x 7 =42 marks)

98104



36. (a)
(b)
37. (a)
(b)
38. (a)
(b)

98104

98104

3 C 20208

Section D

Answer any two questions.
Each question carries 13 marks.

State and prove Cauchy’s integral formula.
Prove or disprove : |cos(z)| <1 for all complex numbers z. Justify your claim.
State and prove fundamental theorem of Algebra.

2

. . ()= =
Find the residues of /' z-1%(z-_2)

at its poles.

2n 1
Evaluate using the method of residues : | ————db.
0o a+coso

o 1
Evaluate | 1 1 dx,a>0.
0 x" +a

(2 x 13 = 26 marks)
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10.
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12,

SIXTH SEMESTER (CUCBCSS—UG) DEGREE
'MARCH 2021

Mathematics

MAT 6B 10—COMPLEX ANALYSIS

: Three Hours

Section A

Answer all questions.
Each question carr}ies 1 mark.

An analytic function with constant modulus is

Fill in the blanks : The real part of f (2)=1n(2)is

Fill in the blanks : f (z) is singular at infinity if

-

(z-1)°

.. Find the simple poles, if any for the vfunction ! (Z) e TS -
. z (z + 1)

Define harmonic function.

Give an example of a complex function which is nowhere analytic.

Fill in the blanks : Res,_q cotz=

State Morera’s theorem.

Solution of sinh () =0 is

Maximum : 120 Marks

. 0 (z o i)" :
The radius of convergence of the series Zo 2l "
n= 5
: t
- Fill in the blanks : For f (2) = 22200

Find the value of Log (-103).

(12 x 1 = 12 marks)

Turn over



. 13.
14.
15,
16.
17.

18.

19.

20.

21.

22,

23.
- 24,
25.

26.

'Find the principal value of (1- i)1 .

2 | '  C1247
Section B

Answer at least eight questions.
Each que‘stion carries 6 marks.
All questions can be attended.

Overall Ceiling 48.

Prove or disprove : ' sin (z) I <1 for all complex numbers z. Justify your claim.
Verify Cauchy-Riemann equations for the function f (z)=1In z.
Iff (z) =u +iv is analytic then derive the condition under W’hich U +iu is analytic .

Show that the poles of an analytic function are isolated.

Evaluate ¢| z|=1 zdz.

-

.. n!(z—-i)n.

Find the radius of convergence of the power‘ series : Z D
) n=0
Verify Cauchy-Groursat theorem for f (2)= 22 when the contour of integration is the circle with

centre at origin and radius 5 units.
Locate the singul ‘ t if n‘ off(z)’“'*"—l in the complex plane
gular points if any, sin (/2) n complex p .

and all the solutions of ¢? = - 10.

' ’ _ cosz
Evaluate the integral of f (z) around the circle ,Z I =2, where f (z) = 2

Find the Residue of tan z at z = n/2.

Find the Taylor series expansion of f (2) =€® around z = in/2.

- Find the real and imaginary parts of the function f (z)= cos (2).

(8 x 6 = 48 marks)



3
Section C
Answer at least five questions.
Each question carries 9 marks.

All questions can be attended.
Overall Ceiling 45.

27. Evaluate § 22 +l ywhereC=|z-1 [=1.
3 (o] (z - 1)
28. Show that tan™! (2)= : log -H—z
. 2 i—-z

29. Expand f (2)= -:—;—; as a Taylor series about z=1.

30. State and prove Liouvillie’s theorem.’

X

31. Find the harmpnic conjugate of u (x,y)=Re(f (z)) == -

32. Deriye the polar form of Cauchy-Rieman‘n Equations.

33. State and prove the Cauchy’s Integral formula.

34. Find an analytic function in terms of z, whose real part is e (x cos y — y sin y).

35. Find the residues of f (2)= at its poles.

(z-1)4(z-2)(.z—3)

C 1247

' (5 x 9 = 45 marks)

Section D

Answer any one question.
The question carries 15 marks. ;

36. (a) ‘State and prove Laurents theorem.

_ s
(b) Expand / (2) = m as a Laurent _series valid for 0< |z +1 |< 2.

Turn over
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WAL T

- (b) - Evaluate (ﬁlzfﬂ cosnzdz‘ ’
L : o g

Lt g .
4 .

88, (a): Evaluate using the method of residues [, — 7 -— d0.

~ (b) Evaluate jo ———x—-—z-dx,a>0.
i e +a2) '

 37. (a) Stateand prove Cauchy’s Residue theorem.

-

- C 1247

(1 15 = 15 marks)
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SIXTH SEMESTER B.A/B.Sc. DEGREE EXAMINATION, MARCH 2020
(CUCBCSS—UG) k
Mathematics

MAT 6B 10—COMPLEX ANALYSIS

: Three Hours : Maximum : 120 Marks
M Section A
Answer all the twelve quéstion‘s.
Each question carries 1 mark.
Define an analytic function and give an example of a function which is not analytic at the origin.

Fill in the blanks : The locus of the points z satisfying |z + 2i |2 =2[i +1| is a/an ——.

Verify whether f(z) = z/z is analyticor notatz=0?

(-1

Find the simple poles, if any for the function f (2) = 5T .
» -4 (z + 9)

Is u (x, y) = x2 — 2 + xy a harmonic function ? Justify your claim.
Define essential singularify of a complex valued function.
Fill in the blanks : The real part of log (22) is ———.

Write the formula for the evaluation of nth derivative of an analytic function with full assumptions
involved. ! ‘ i

Solve forz:32—-1=2z.

If R is the radius of convergence of Zan 2", find the radius of convergence of Zan 23",

What do you mean by a Jordan curve ?

Find the value of i + Log (2i).
‘ | | (12 x 1 = 12 marks)

Turn over



13.

14.

15.

16.

17.

18.
19.

20.
21.
22.
23.

24,
25.

26.

* Locate the poleé and zeros, if any, of f (2) = sin (1/2) in the complex plane.

92 | C 80270
Séc_tion B

Answer any ten out of fourteen questi‘ons. ~
Each question carries 4 marks.

Evaluate the line integral of f (2) = 22 over the line joining 2i to i — 1.’

Verify Cauchy-Riemann equations for the function f () = 28

i+2z

Show that tan~(z) = = log "

Show that the poles of an ahalytic function are isolated.

Which one is bigger : | 21| - 2| or |21 — 23 |. Prove your claim.

- : ‘ n!z
Find the radius of convergence of the power series : Zo ot

Verify Cauchy-Groursaf theorem for f (z) = z° when the contour of integration is the circle with
centre at origin and radius 3 units.

Find all the solutions of e* = 2.

Find the residue of f(@) =sin (2)/z2 at z = 0 4nd evaluate the mtegral of f 7)) around the circle
containing zero inside it.

Using the definition of continuity show that sin z is continuous thrdugh out the plane.
Find the Taylor series expansion of f (z) = e* around z = ;g /2.
Find the real and imaginary parts of the function £ (z) = sin (2).

Determine all the poles of the f(z) = sec? z lying in the disc | z-n/ 2| <3.

(10 x 4 = 40 marks)



217.

28.

29.

30.

31.
32.

33.

34.

35.

36.

3 C 80270
Section C

Answer any six out of nine questions.
Each question carries T marks.

1 .y
Evaluate (j) —— 7~ discussing the cases of containment of the points a #0and b # 0 inside
(z—-a)(z-b) .

and outside the simple closed curve C.

Determme the nature of the singularities of the function £ (2)=cos (1/2). Does this functlon

have zeros ? Find them if any.

(22-3)% (2-2)

Find the Laurentz series expansion of f (2)= discussing the various regions of

validity for the expansion.
Prove the converse of Cauchy-Goursat’s integral theorem by fully stating the assumptions involved.

Find the analytlc function £ (z) for whlch u (x, y) = Re (f (2)) = e* (x cos y — y sin x). You should
express f (z) finally only in terms of z.

Show that the functio“n f@= \/—_37 is not analytlc at the origin, even though Cauchy Riemann

equatlons are satisfied at that pomt

- Prove the formulas for conversion Cauchy-Riemann equatlon into the corresponding polar form in

detail.

Show that the derived series has the same radius-of convergence as the original series.

Determine the locus of points of z in the complex plane satisfying the equation |z-3|/[z-2]=2.

i (6 x 7 = 42 marks)
Section D

Answer any two out of three questions.
- Each question carries 18 marks.

(a) Derive the formula involving integral to compute the first derlvatlve of an analytlc function
by statlng all the assumptions involved.

(b) Prove or disprove : |z; + z [2 + |2y — 29 |2 =2 ( |21 |2 + |z2 lz ) for all complex numbers z; and z,.

Turn over
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37. (a) State and prove fundamental @ngrem of Algebra.

(b) Find the residues of f (z) = -—s!;z—-—- at its poles.
; (z-1)"(2-2) .

R : a1
38. (a) Evaluate using the method of residues : }, mde

(b) Evaluate f: it dx,a>0.

x4 +a4

(2 x 13 = 26 marks)
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10.

11.
12.

SIXTH SEMESTER B.Sc. DEGREE EXAMINATION MARCH
(CUCBCSS)
» Mathematics

MAT 6B 10—COMPLEX ANALYSIS

: Three Hoﬁrs 5 Maximum : 120 Marks

Section A

Answer all the twelve questions.
Each question carries 1 mark.

Solve for z:5z = 2iz.

. State Cauchy-Goursat theorem with full assumptiohs involved.

Verify whether f (z) = z is analytic or not at z = 0.

Find the simple poles, if any for the function (Z) = z(z(z 23 1)

Is u(x,y)= ;cz + y% - xy a harmonic fumtion ? Justify your claim.

Define a simply connected domain.

Fill in the blanks : The real part of cosh (2z) is

Fill in the blanks : The locus of the points z satisfying |z-2i|=2]|i-1]|is a/an

If an infinite series of complex numbers converges, then showrthat its n' term converges to zero.
If R is the radius of convergence of ) a, z",find the radius of convergence of » n’ ané".

What do you mean by a contour ?
Find #.
(12 x 1 = 12 marks)

Turn over
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13.

14.

15.

16.

17.

18.

19.

20.
21.
22.
23.
24.
25.

26.

2 C 60049
Section B |

Answer any ten out of fourteen questions.
Each question carries 4 marks.

Find the real and imaginary parts of the function f (z) = log (2).
Verify Cauchy-Riemann equations for the function f (z)= 23,

Show that tan™ (z)= é 1og E—z
_ i-z

s/

Show that the zeros of an analytic function are isolated.

Evaluate the line integral of f (z) = 22 over the line joiningi to 2i - 1.

S nlzt

Find the radius of convergence of the power series : Z o
n=0

Verify Cauchy-Groursat theorem for f (z) = 22 when the contour of integration is the circle with

centre at origin and radius 3 units.

'Locate the poles and zeros, if any, of f (z) = cos(1/2) in the complex plane.

Find all the solutions of ¢* =3.

Find the residue of f (2) =sin (2) /2% at z=0 and evaluate the integral of f (2) around the ellipse
containing zero inside it. '

Using the definition of continuity show that the composite of two continuous functions is continuous.

Find the Taylor series expansion of f (z) =e* around z =in/2.
Which one is bigger : | z;| -| 25 | or | 2 - 25| Prove your claim.

Determine all the poles of the f (z) = sec? z lying in the disc | z-n/2 | < 2.

(10 x 4 = 40 marks)



217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

3 C 60049
Section C
Answer any six out of niné questions.
'Each question carries T marks.
Determine the nature of the singularities of the function f (2) =sin (1/2). Does this function have
zeros ? Find them if any. -

» .
Evaluate (ﬁc (z-a)(z-b) discussing the cases of containment of the points @ # 0 and b # 0 inside

and outside the simple closed curve C.

Find the Laurentz series expansion of [ (2) = discussing the various regions of

z
(z-1F (z-2)
validity for the expansion.

Prove the converse of Cauchy-Goursat’s integral theorem by fully stating the assumptions involved.
Find the harmonic conjugate ofu (x, y) = e* (x cos y - y sin x) and find the corresponding analytic

function f (2) for which u (x, y) = Re (f (z)). Express the result for f (z)in terms of z only.

Show that the function f (z) = Jxy is not analytic at the origin, even though Cauchy Riemann

N

equations are satisfied at that point.

How do we convert the Cauchy-Riemann equation into the corresponding polar form ? Prove the
formulas for conversion in detail;

Show that the derived series has the same radius of convergence as the original series. .

Determine the locus of points of z in the complex plane satisfying the equation [ 2 -1 [+|2-2 |=3.

(6 x 7 =42 marks)
Section D

Answer any two out of three questions.
Each question carries 13 marks.

(a) State and prove fundamental theorem of Algebra.

22 '
—————atits poles.
(z-1)°(2-2)

(b)  Find the residues of f (z) = v
) Turn over
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37. (a) State and prove Liouvillies theorem.
(b) Prove or diéproVe : | 'sin‘(z) | <1 for all complex numbers z. Justify your claim.

{3 L dO,a>i)>0;

38. (a) Evaluate using the method of residues : 0" i+ boval

: 3 :oob i T O 4
(b) Evaluate Io m dx,a>0.

(2 x 13 = 26 marks)-
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MM 6B 10—COMPLEX ANALYSIS

Time : Three Hours E , - Maximum : 30 Weightage

Part A
Answer all questions.
Each question carries weightage Y%.

What 15 the value llm,_,w e
2z2+4°

The in;aginary part of an analytic function is harmonic. Say True or False.

» : 1
. What is the real part of ook

e™ | is

@)1 (b) ~1.
T . e

. - Express the cosine function in terms of exponential function.

. Given an example of an complex function which is entire and bounded.

What is the parametric form of the circle Fzl=r.

Define removable singularity of f (z)

For the function f (Z) mag = 0is: s :
(a) Simple pole. | (b) Removable singularity.
(¢) Double pole. » ‘ (d) Essential singularity.

= ' Turn over



10.

11.

12.

13.

14,

16.
16.
17.

18.

G

20.

21.

Identify the poleé of

Find the order of the pole f(z)=

2o . - D 40900

z2+2
22 +1

- For an analytic function f(2) if u, =2x and u, =-2y then find f*(2).

Write the formula for residue of f (z) ata pole z =a of order 3.
(12 x ¥4 = 3 weightage)
_ Part B

Answer all nine questions. -
Each question carries weightage 1..

‘Show that u=log |/x* +y is harmonic.

Show that the ﬁnction i (z) =xy + iy is nowhere differentiable.

Ifa fuhétion f (z) is analytic in a domain D then show that its real part is"har;nonic in D. V
Find the principle value of (- i). l

Test whether f{(2) =yis analyfic or not.

State Laurent’s theorem.
Evaluate Lyz e” dz.

1-sinz

af 2=0.
z5

: : . I e
Find residue of the function —; o at z=ai.
: o 4

9x1=9 weightage)




22.

23.

24.

25.

26.

27.

28.

o2}

29. Expand f(2)= m in a Laﬁrgnt’s series valid for : (i) 0<|z-1 l< 4; (i) |z ~1 |>4.

3 | . D 40900
Part C.
Answer any five questions from seven.

Each question carries weightage 2.

Show that u(x, y) = x® — 8xy? is a harmonic function and find a harmonic conjugate v(x, y) of u.

Prove Cauchy-Riemann equations in polar form for the function f(2).

Find constants a and b so that the function f(2)= a(+* - 52 )+ ibxy + ¢ is differentiable at every
point. \ |

Find all roots of the equatioﬂ coshz = l

2
3.cosz dz around the unit circle. -
20 -3z o

Using Cauchy"s residue theorem evaluate J'

Expand = into a Taylor’s series about the point z=1 and determine the region of convergence.

If f(2) and f~(2) are analytic in a region D then show that f(2) is constant in that region.

(5 x 2 = 10 weightage)
Part D
_Answer any two questions.

Each question carries weightage 4.

z2+4

30. State and prove Cauchy’s integral formula.

31 Find [*_ 90

© 5+4sin@’

2x4=8 weightage)
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SIXTH SEMESTER B.Sc. DEGREE EXAMINATION, MARCHhéai";w
(CUCBCSS—UG)
Mathematics
' MAT 6B 10—COMPLEX ANALYSIS
Time : Three Hours . 7 Maximum : 120 Marks
Section A '

Answer all the twelve questions.’
Each question carries 1 mark.

1. Define the limit of a complex valued function.

10.

- 11,
12.

13.

14.

‘Write Céuchy’s integral formula with full assumptiohs involved.

. Verify whether f (2)=2iz is analytic or not atz=0?

(z-1)°

Find the simple poles, if any for the function f (z) B
_ 2:3 (z + 2)

Is u (x,y) = x2 + y2 + xy a harmonic function ? Justify your claim.
Define residue of a complex valued function. ' '
Fill in the blanks : The real part of sinh (2z) is — .

Fill in the blanks : The locus of the points z satisfying |z + 2i|2 =2 |i- +1| is a/an ———.
Solve for z : 5iz = 2z.

If R is the radius of convergence of ),%2"; find the radius“ of convergence of Y. a,z*"
What do you mean by a simply connected domain ?
Find the value of i + log (i).

- (12x1=12 marksj
Section B ‘

Answer any ten out of fourteen questions.
Each question carries 4 marks.

Which one is bigger : "zll = |z2" or |z - 2y|. Prove your claim. |

Verify Cauchy-Riemanh equations for the function f.(z) = 23.
Turn over




15.

16.
17.
18.

19.

20.
21.
22.

23.
24.
25.

26.

27.

28.

29.

~ 30.

2 | | C 21071

I+2

Show that tan ~* (2) = —;- log —
4

Show that the poles of an analytic function are isolated.

Evaluate the line integral of f (z) = 22 over the line j Jommg 2i toi— 1.

Find the radius of convergence of the power series :

n

i nlz

n=o N

Verify Cauchy-Groursat theorem for f (z) = 25 when the contour of mtegratlon is the circle with
centre at origin and radius 3 units.

Locate the poles and zeros, if any, of f () = sin (1/z) in the complex plane.
Find all the solutions of e? = 2.

Find the residue of f (z) = sin (2)/z2 at z = 0 and evaluate the mtegral of f (z) around the circle
containing zero inside it.

Using the definition of continuity show that sin z is continuous through out the plane. =
Find the Taylor series expansion of f (z) = e? around z = in/2.
Find the real and imaginary parts of the function f () = sin (2).

Determine all the poles of the f (z) = sec? z lying in the disc |z — n/2| < 3.
" (10 x 4 = 40 marks)
Section C

Answer any six out of nine questions.
Each question carries 7 marks.

1 ' :
Evaluate <§>————————— discussing the cases of containment of the points a # 0 and b # O inside
C(z—-a)(z—b) o '

and outside the simple closed curve C.

Determine the nature of the singularities of the function f (z) = cos (1/z). Does this functlon have |
zeros ? Find them if any.

4

(22-3)" (z-2)

Find the Laurentz series expansion of f ()= discussing the various regions of

validity for the expansidn.

Prove the converse of Cau_chy-Goursat’s integral theorem by fully stating the assumptions involved.




31.

32.

33.

- 34.

35.

36.

317.

38.

3 4 . 3 C 21071
Find the analytxc function £ (z) for whlch u (x,y) = Re (f (2)) = &* (x cos ¥ — ¥ sin x). You should
express f () ﬁnally only in terms of z. '

Show that the function f(2)= \/_y- is not analytic at the ongm, even though Cauchy-Riemann

equations are satisfied at that point.

Prove the formulas for conversion Cauchy-Riemann equation into the corfesponding polar form in
detail. : '

Show that the derived series has the same radius of convergence as the original series.
Determine the locus of points of z in the complex plane satisfying the equation [z-2/-|z-1=
| | | (6 x 7 = 42 marks)
Section D '

Answer any two out of three questions.
Each question carries 13 marks

(a) State and prove Liouvillies theorem.

(b) ‘Prove or_disprove : Icos (z)[ <1 for all complex numbers 2. Justify your claim.

(a) Staté and prove fundamental theorem of AIgebra.

(b) Find the residues of f (z) = —“ at 1ts poles.

(=- 1) (=-2)

2n 1

(a) Evaluate uéihg the method of residues : J' PP do
+2cos 0

— dx,a>0.

(b) Evaluate L:o
. ‘ x* +a

(2 x 13 = 26 marks)
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SIXTH SEMESTER B.Sc. DEGREE (SUPPLENIENTARY/IMP IVEM ﬁ )
EXAMINATION, MARCH 2017
(UG-CCSS)
Mathematlcs

MM 6B . 10—COMPLEX ANALYSIS
Three Hou_rs ‘
Section A

Answer all questions.
Each question carries % weightage.

The real part of an analytic function is harmonic. Say True or False.‘

What is the value lim,_,, 222 — 1 ?
z°+1

What is the imaginary part of 23?

2+3m. is

(a) ey (b) e (e 1 (d) g2
Express the sin hx in terms of exponential function.

Give an example of a complek function which is entire and bounded.

7. What is the parametric form of the circle |z]| =

10.
11.

12.

- 43
14.

z 1

Find pole of the function f(2)=

z+1
22 -2x

Determine the singular points of

>Wr1te the formula for residue of (2) at a pole z = a of order m.

For an analytlc function f@)ifv, =-2y and v, = 2x then find ).

d
Find the value of {14;1;%

Section B

Answer all nine questions.
Each question. carnes 1 weightage.

_ Show that the functlon fR)=éeis d1ﬁ'erent1able everywhere

Show that u = e* cosy is harmomc

Maximum : 30 Weightage

(12 x % = 3 weightage)

Turn over



15.
- 16.

17.
18.

19.
20.

21.

22.
23.

24.

25..

26.
27.

28.

29.

30.

31.

O e 5P - 2 | - C21b63
Prove that an analytic function whose imaginary part is constant is itself a constant.

Test whether f (Z) = is analytic or not.

-Show that cosh(z +mi) = coshz.

State Taylor’s theorem.

Evaluate I in /2 dz where C 1s the unit circle.
1 3
Find the residue of f(2) = atz=-—,
v 2z+3 2

Find the singularities of the function zel%. -
: , ' (9 x 1 = 9 weightage)

Séctiqn C
Answer any five questions.
Each question carries 2 weightage.

Show that y (x, y) = 2% —x3 +3xy2 is a harmonic function and find a harmonic conjugate vix,y)
of u. " '

Prove that the families of level curves u (x, y) c1 and v(x, y) =c, are orthogonal for an analytlc
function f(2) = ulx, y) +iv (x, y). : '

Prove that £ (z) = zImz is differentiable only z = 0.and find f1(0).

22
Using Cauchy’s residue theorem evaluate [ % - e
: ¥ z+

3
dz around the circle | z|= 7

Find all fo_ots of the equation sinhz = i.

Expand sinz into a Taylor’s series about the pont 2 =£— and determine the region of convergence.

Evaluate (J;;é——_l_) dz where C is the circle |2| =2 uﬁing Cauchy’s integral forqiulé. ‘
(5 %2 =10 weightage)
Sgction D
Answer any two questions. -
Each question carries 4 weightage.
Expé.nd f (z)=(—z_—_-1—)-2:(é-:z—) ip a Laurent’s series valie for (i) |z| <1 , M 0<|z2-2]|<1;

i) [z-1] > L. '
1;‘ ’ de

Using contour integration find the value of g ey e ‘
. ‘
Evaluate using (i) Cauchy’s mtegral formula (i) residue theorem | "‘2"_._—22_4: where C is the

circle |[z+1+i]| =2.
. (2 x 4 = 8 weightage)
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SIXTH SEMESTER B.Sc. DEGREE EXAMINATION MARCHL, RIL M
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Core Course—Mathematics
MM 6B 10—COMPLEX ANALYSIS
Time : Three Hours ~ Maximum : 30 Weightage
I. Answer all questions : . ‘ -
1 State Fundamental theorem of Algebra.

2. Verify Cauchy-Riemann equations for the function :

f(2) =sinxcosh y +icosxsinh y.

3 Prove that =3 _3xy2 1342 _3 y2 +1 is harmonic.

4 Define Pole.

2 3
5 Find the poles of f(2) = _‘z+_ and write their orders.

(z $ 1) (2-2)
6 Define Removable singularity. -
7 State Cauchy’s Integral Formula.

8 Prove that an analytic function f (@) = u + iV is constant if its real part is constant.

9 cos(iy)=
, 1 . . -1
10 J-—dz= —— where C is the circle I Zl =§.
Cz—l . =

eZ —

11 If o2 _ p*+iy then

12 Define the Residue at a pole. :
' (12 x % = 3 weightage)

-Turn over
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1I. Answer all nine questioris :

.13

14

15

16

17

18

19
20

21

Prove that | e2%|<1 if and only if veal part of z > .

Find the harmqnic conjugate of u = x% - y2.

Show that £’ (z)does not exist aLt any point of z when £ (2) = Re (2).
Find the prmclpal values of (- i) .

1 L
Evaluate Iz 3% where Cis | z|=4.

1

Evaluate é'_z b dz where C is the-eircle | z-b ‘ =r

Prove that exp(4+3=i)=- et.
Prove that sinh (- 2) = — sinh 2.

Show that £ (z) does not exist at any péint of z when f (z) =z
(9 x 1 =9 weightage)

III. Answer any five questions :

22

23

24

25
26

27

28

5z—-2 :
Using Cauchy’s Residue Theorem evaluate I dz(z-1) 4z where C is the circle 2| = 2.

Prove that dnt’ferentxable functions are continuous.

n
Obtain the Taylor series expansion cos z at 2= 2

_ 1
Obtain Laurent series expansion of 2(z- 1)2 about z = 1.

State and prove Liouville’s theorem.

Prove that f (x)= \/l_m is not analytic at the origin even if the Cauchy-Riemann equations
are satisfied at that point.
State and prove Cauchy’s Residue Theorem.

k (5 x 2 = 10 weightage) B



3. — C 1743

- IV. Answer any two questions :

29 Evaluate _[ o2y dx

@) (2 )

3z+7

30 .Obtal,‘? Laurent series expansion of m

in 2< |z| <3.
31 : State and pfove Maximum Modulus Principle. : ; &0
ST ' (2 x 4 = 8 weightage)
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SIXTH SEMESTER B.Sc. DEGREE EXAMINATION, MARCH/APRIL 2015
(U.G.—CCSS)
+ Core Course—Mathematics
MM 6B 10—COMPLEX ANALYSIS
Time : Three Hours ' Maximum : 30 Weightage
- Answer all questions.
1. Define a harmonic function.
3 4 5
-1 1
3. Given f(2)= £l 2) Sl - Write the order of the zero z = 1.
(z+2)* (z+6) ,
4. State Cauchy’s residue theorem.
5. Cosh?2z-sinh2z=
6. Define isolated singularity.
7. If e® =¢ **¥ then arg (¢?) =
2
8. I —— dz=—— where ¢ is the circle 2] =2.
z-3
9. Prove that u = x2 — ¥2 is harmonic.
10. State Liouville’s theorem.
11. Verify Cauchy-Riemann equation for the function f(é) =@x+y=i@By-x).
12. Define Pole.
‘ (12 x % = 3 weightage)
Answer all nine questions. :
13. Find the harmonic conjugate of y = x4 — 62 y2 + ¥yt
14. Prove that f' (z) does not exist at any point if f(@)=2-2Z.

Turn over




15.

16.
17.

18.

19.

20.

21.

22.

23.

24.
25.

26.

z
Prove that f (2) = = does not have a limit when z— 0.

4
Evaluate _" 5_5_ dz wherecis |z| = 1.

=

Give an example of removable singularity.

Evaluate the residue at the polez = 1 of [ (8)=

Determine the order of zero of the function z(ez = 1) atz=0.

Find the principal value of (- i)®.

Prove that exp (2 zm) =e ({/—%—l )

Answer any five questions.

C 80026

(9 x 1 = 9 weightage)

Find an analytic function f(2) = u + iv given y =sin x cos hy + 2 cos x sinhy + x2 — y2 + 4xy.

T

1 .
Prove that LOg(l—z)=§Log2—L4

State and prove Cauchy’s Integral formula.

Using Taylor’s series prove that

- i (z-i)"

1 >
-2z Sed-a9%
Using Cauchy’s residue theorem evaluate :

z+1d _
I 2 %% wherecis |z| = 1.
(4

z



27.

28.

29.

30.

31.

3  Cso0026
Prove that differentiable functions are continuous.

Let f (2) be an analytic function such that | f (z)| < A |z| for every z, where A is constant. Prove

that f(2)=a, z where q, is a complex constant.

(5 x 2 = 10 weightage)

Answer any two questions.

; 1
Obtain Laurent series expansion of G h in |<|z|<2.

————(E)z rz+0
Prove that f(2)=9 2 ° is not : =
0 - 2=0 :

analytic at z = 0. But Cauchy-Riemann equations are satisfied at that point.

Evaluate 6[ 1)2

(2 x 4 = 8 weightage)
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Reg. No :
SIXTH SEMESTER U G DEGREE EXAMINATION MARCH 2013

(CCSS)
‘Mathematics
MM 6B 10—COMPLEX ANALYSIS
Three Hoﬁi's :
. . Section A
Answer e,ll the questions.
WhaI is the velue-of - -

: (2z+i)
lim -1
el z41)"

‘Find the imaginary part of z + i.

f(2)=u(x,y)+ iV(x,y) is analytic in a domain D if and only, V is
What is the real part of e ?
What is the period of sin z ?

-Express cos x in terms of %,

_The value of i ie :

@

e

er -1 : d) o.
The value of J. = 4 1§ —

(@ 27 . & S0

(¢ 2r. - g d) 4.

The reglon of convergence of the serles

- z z -
1+—+—+ ... +Z%...is

. What is the sum function of the series 1 + 2 + 224 . . . + 2" 1 4 _ .

2 e
2 -4 .
,Z=2 isa

Maximum : 30 Weightage

of u.

For f(2)=
(a) Removable singular pomt - (b) Pole ef_ordef 1
(c) Pole of order 2. (d) Essential singqlar point.

Turn over

-
{



12.

13.

14.
-15.

- 16.

17
18.

19.
- 20;

ag

22.

23.

NS/
. , g - s . C40395
Identify the poles of :

2z
» 2ol

(12%x % =3 Weightage) _
Section B

Answer all nine questions.

Show that f* (z) does not exist at any point for f (z) =2x +ixy®.

If £(2) and f (z) are both analytic in a domain D, prove that f (2) is a constant throughout D.
Show that

1 o
_ ‘Logv(lA—i) e

_ Show that :

|sinhz [? =sinh®x +sin®y.
State Cauchy’s integral formula.

Evaluate :

dz e
J‘z_l,:whereCis |z-1]=2
c? — ot

Show that when 220

o 9 1'z,
b

e—
==

2e e 2 OF T

State Cauchy’s fesidue theorem.

i l-coshz. = s = : :
For the function [ (2)= e determine the order of the pole at z = 0 and the corresponding

~ residue.

S . B x1= 9 weightage)
Section C ‘ ' ‘
Answer dny five questions. .

Show that u(x, ¥)=2x-x* + 3xy® is harmonic and find a harmomc conjugate v(x,y) of u.

If f (z) u(x,y )+ zV(x, ) is analytlc ina domaln D prove that u and V are harmonic in D.



ST e T AR e
T, .

24,

26.
o

28,

29,
30.

31.

'Find the general solution of the equatibn :
i ‘
coshz=—

cp e A
'Eva'luate é'. (9 i z2) '('z +,i)7_ Whgre c is Fhe circle | 2 v| =2,
State and prove Liouville’s theorem.

State and prove Taylor’s theorem.

z €X

Evaluat,e.: 6[ 2 +1 .

Sectlon D

Answer any two questwns k]
State and prpove maxnnum modulus prlnmple i

lee two Laurent series expansmns in powers of z for the functlon,: ‘

fz—-———
RArer)

th_e reglons of validity of expansions.

- Using residues, evaluate :

2 "c0s£dx.
e ) (“>”>°)

(2 x4 = 8 weightage)

e T L € 40395

Bx2= er weightage) -
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Time
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10.
11.
12.-

13.

14.

(CUCBCSS—UG)
| Mathematics ,
MAT 6B IHOMPLEX ANAL_YSIS

: Three Hours

Section A
Answer all the twelve questions.
Each question carries 1 mark.

What is the period of f(2)=¢€* ?

Give an example of an entire function.

. What is the complex, form of Cauchy-Riemann equations ? -

Define entire function.

What are the singularities of f(z)=|z .

State Céuchy’s integral formula.

State Morera’s theorem. |

State Gausss mean value theorem.

Define Residue of a complex function.

Give an example of an essential singularity.

Define removable singularity of a complex function. -

What, is the residue at a removable singularity ?

Section B

Answer any ten out of fourteen questions.

Each question carries 4 marks.

Define Analytic functions. Give an example.

Show that (z) =sinx cosh y +icosxsinh y is an entire function.

Maximum : 120 Mérks

(12 x 1 = 12.marks)

Turn over



15.

16.

17.
18.
19.
20.

21.

22,

23.

24.

25.

26.

27.

28.

. Evaluate

2 | 4 ‘ | D 40042
If f=u+ivis analytie, then show that u and v are harmenic. o
Preve of disprove : Leg (d") = bLeg (a). where Leg is the principal branch of logérithm and a,:b eC.
State Cauchy’s integral formula and ite extension.
Find all the values of sin™ (-9)-

Is Cauchy-Goursat theorem valid for arbitrary connected domains? Prove your claim.

- Using Liouville’s theorem prove the fundamental theere_m of algebra.

e*dz
Jez—in/2

» where C denote the positively oriented boundary of the square whose sides

lie alohg the lines x=+2 and y=1%2.

Suppose z, =x, +iy,,n=1,2, 3,_.....,. and S =X +iV. I Zzn =S, then show that i x, =X and
MG n=1 - A=l - .

_ z:iy" =Y.

State Laurent theorem.

Give an example of a non isolated singularity.

Cz+1
-2z

. Using Cauchy’s integral theorem, evaluate . ¢ 25 dz, where C is the circle } z | = 3 in the positive

sense.
Define pole and its order of a com_plex function. » o
" (10 x 4 = 40 marks)
Section C .

Answer any six out of nine questions.
Each question carries T marks.

Derive Cauchy-Riemann equations.

If a function f(z)=u(x,y)+iv(x,y) is analytic in a domain D, then show that u and v are

harmonic in D.




29.
30.

BT

32.

33.

34.

35.

36.
37

38.

3 D 40042

Find the harmonic conjugate of u (x, y) —sin h x sin y.

- Using contour integration, evaluate IC 22 dz, where C is the path given by z=3¢°,0<0< .

State and prove the principle of domination of paths.

Find the Laurent series that represents the function £(z) =2’ sin (lz) in the domain 0<| z | <.
: : r4

If a power series Z a, (z-2)" converges when z=2, (2, 22) then show that it is absolutely

n=0
convergent at each point z in the open disk |z L 2| <Ry, where R, =| z, -z, |.
State- and prove Cauchy’s residue theorem.

o dx

Using residue evaluate =
' bx +1

(6 x 7 = 42 marks)
Section D ;

~ , ' Answer any two out of three questions..
: Each question carries 13 marks.

State a;nd‘prove reflection principle.

(a) State and prove Liouville’s Theorem.

(b) Using Liouville’s theorem, prove fuhdamehtal theoriam of algebra.

(a) Show that the power series S(z)=>_a, (z-2)" is analytic each point, z interior to the circle
: n=0 G 5 :

of convergence of that series. : ‘

(b) Find the residue of . — at z=0.
: 2tz :

(2 x 18 = 26 marks)




