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PREFACE

This text is designed for a three-hour, one-year course for students
who desire a knowledge of the mathematics of modern business and
finance. While the vocational aspects of the subject should be especially
attractive to students of commerce and business administration, yet an
understanding of the topics that are considered—interest, discount, an-
nuities, bond valuation, depreciation, insurance—may well be desirable
information for the educated layman.

To live intelligently in this complex age requires more than a super-
ficial knowledge of the topics to which we have just alluded, and it is pal-
pably absurd to contend that the knowledge of interest, discount, bonds,
and insurance that one acquires in school arithmetic is sufficient to under-
stand modern finance. Try as one may, one cannot escape questions of
finance. The real issue is: shall we deal with them with understanding and
effectiveness or with superficiality and ineffectiveness?

While this text presupposes a knowledge of elementary algebra, we
have listed for the student’s convenience, page x, a page of important
formulas from Miller and Richardson, Algebra: Commercial—Statistical
that should be adequate for the well-prepared student. Although we make
frequent reference to this Algebra in this text on Financial Mathematics,
the necessary formulas are found in this reference list.

In the writing of this text the general student and not the pure mathe-
matician has been kept constantly in mind. The text includes those tech-
niques and artifices that many years of experience in teaching the subject
have proved to be pedagogically fruitful. Some general features may be
enumerated here: (1) The ¢llustrative examples are numerous and are
worked out in detail, many of them having been solved by more than one
method in order that the student may compare the respective methods of
attack. (2) Line diagrams, valuable in the analysis and presentation of
problem material, have been given emphasis. (3) Summaries of important
formulas occur at strategic points. (4) The exercises and problems are nu-
merous, and they are purposely selected to show the applications of the
theory to the many fields of activity. These exercises and problems are

abundant, and no class will hope to do more than half of them. (5) Sets
il



iv Preface

of review problems are found at the ends of the chapters and the end of the
book.

A few special features have also been included: (1) Interest and dis-
count have been treated with unusual care, the similarities and differences
having been pointed out with detail. (2) The treatment of annuities is
pedagogical and logical. This treatment has been made purposely flexible
so that, if it is desired, the applications may be made to depend upon fwo
general formulas. No new formulas are developed for the solution of
problems involving annuities due and deferred annuities, and these special
annuities are analyzed in terms of ordinary annuities. (3) The discussion
of probability and its application to insurance is more extended than that
found in many texts.

In this edition we are including Answers to the exercises and problems.

While we have exercised great care in the preparation of this book, it
is too much to expect that it is entirely free from errors. For the notifica-
tion of such errors, we shall be truly grateful.

C. H. RicHARDSON.
Bucknell University,
Lewisburg, Pennsylvania,
1946.
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CHAPTER 1

SIMPLE INTEREST AND DISCOUNT

1. Interest.—Interest is the sum recewved for the use of capital. Ordina-
rily, the interest and capital are expressed in terms of money. The capital
is referred to as the principal. To determine the proper amount of interest
to be received for the use of a certain principal, we must know the tzme
that the principal has been in use and the rate of interest that is being
charged. The rate of interest is the rate per unit of time that the lender
receives from the borrower for the use of the money. The rate of inferest
may also be defined as the inferest earned by one unit of principal in one
unit of time. The unit of time is almost invariably one year, and the unit
of principal one dollar. The sum of the principal and interest is defined
as the amount.

When interest is paid only on the principal lent, it is called simple
inierest. In case the interest is periodically added to the principal, and
the interest in the following period is each time computed on this principal
thus formed by adding the interest of the previous period, then we speak
of the interest as being compounded, and the sum by which the original
principal is increased at the end of the time is called the compound interest.
In this chapter only simple interest calculations will be considered.

2. Simple interest relations.—Simple interest on any principal is
obtained by multiplying together the numbers which stand for the prin-
cipal, the rate, and the time in years.

If we let P = the principal,
7 = the rate of interest (in decimal form),
n = the time (in years),
I = the interest,
and S = the amount,

it follows from the definitions of interest and amount that:
I = Pni, (1)

and S=P+ 1L 2
1
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From relations (1) and (2), we get
S = P+ Pni = P(1 + ni),

S
" 1+4ni

@

or,

Relations (1) and (2) involve five letters (values). If we know any
three of the values, the other two may be found by making use of these
relations. Let us illustrate by examples.

Example 1. Find the interest on $700 for 4 years at 5%. Find the
amount.

Solution. Substituting in (1) the values, P = 700, n = 4, ¢ = 0.05,
we obtain
I =700-4-0.05 = $140.00, interest.

And S = 700 + 140 = $840.00, amount.

Example 2. A ccrtain principal in 5 years, at 5%, amounts to $625. Find
the principal.

Solution. S = 625, n = 5,7 = 0.05.

Substituting in (3), we have

625 625

P=17 (5-0.05) 125

= $500, principal.

Example 3. Find the rate if $500 earns $45 interest in 18 months,
Solution. Here, P = 500, 1 = 45, n = 113.

From relation (1) we have,

Example 4. In what time will $300 carn $81 interest at 6%,?

Solution. Here, P = 300, ¢ = 0.06, I = 81.
From relation (1) we have,
I 81

= - = —— 4], ars.
"= P T 300(0.06)  Eyear
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Exercises

1. Making use of relations (1) and (2), express S in terms of 1, n, and 7.

2. Find the interest on $5,000 for 214 years at 59%. Find the amount.

8. Find the simple interest on $350 for 7 months at 614%.

4. In what time will $750 earn $56.25 interest, if the rate is 5%?

B. At 4149, what principal will amount to $925 in 314 years?

6. In what time will $2,500 amount to $2,981.25 at 315%,?

7. $2,400 amounts to $2,526 in 9 months. Find the rate.

8. What is the rate of interest when $2,500 earns $87.50 interest in 6 months?
9. What principal will earn $300 interest in 16 months, at 5%,?

10. In what time will $305 amount to $344.65 at 4%, intcrest?

11. What is the rate when $355 amounts to $396.42 in 2 years and 4 months?

12. What sum must be placed at interest at 49, to amount to $299.52 in 4 years
and 3 months?

13. A building that cost $7,500, rents for $62.50 a month. If insurance and repairs

amount to 1% each year, what is the net rate of interest earncd on the investment?
14. If the interest on a certain sum for 4 months at 59, is $7.54, what is the sum?
16. What principal in 2 years and 5 months, will amount to $283.84, at 415%?

16. At age 60 a person wishes to retire and invests his entire estate in bonds that
pay 4% interest. This gives him a monthly income of $87.50. What is the size of his
estate?

3. Ordinary and exact interest.—Most of the problems considered in
simple interest involve intervals of time measured in days or parts of a
year. The general practice is to calculate the interest for a fractional
part of a year on the basis of 360 days in a year (12 months of 30 days
each). When 360 days is used as the basis for our calculations, we have
what is called ordinary simple interest. When the exact number of days
between two dates is counted and 365 days to a year is used as the basis of
our calculations, we have what is known as exact simple interest.

If we let d = the time in days,
P = the principal,
¢ = the rate,
I, = ordinary interest,
and I, = exact interest, it follows that:
Pdi
I, = 360’ @
_ Pdi

and Ie = 365' (5)
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If we divide the members of (5) by the corresponding members of (4),
we have

I _30_72
I, 366 173

72 1
h—ﬁh I, %b | (6)

We notice from (6) that the exact interest for any number of days is
7343 times the ordinary interest, or, in other words, exact interest is 1,/73
less than ordinary interest. Hence, we may find the exact interest by first
computing the ordinary interest and then diminishing it by Y43 of itself.

Example. What is the ordinary interest on $500 at 5%, for 90 days?
What is the exact interest?

Solution. Substituting in (4), we get

7 _ 500-90-0.05
T 360

6.25 = 73 = 0.085+.
Hence, I, =6.25 — 0.09 = $6.16.

= $6.25.

Thus the ordinary interest is $6.25 and the exact interest is $6.16.
The exact interest could have been computed by applying (5), but the

method used above is usually shorter, as will be seen after the reading of
Art. 5.

4. Methods of counting time.—In finding the time between two dates
the exact number of days may be counted in each month, or the time may
be first found in months and days and then reduced to days, using 30 days

to a month.
Example 1. Find the time from March 5 to July 8.

Solution. By the first method the time is 125 days. By the second
method we get 4 months and 3 days or 123 days.

Either of these methods of computing time may be used where ordinary
inlerest i3 desired, but when exact interest is required the exact time must be
employed. Use of the following table will greatly facilitate finding the
exact number of days between two dates.
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TaBLE SHowiNGg THE NUMBER OF EacE DAY oF THE YEAR COUNTING FROM

JANUARY 1 ,
— s ..._.—5
SElalalslalelalelelelslz]slzs
I
EElE|B|3| 5|2 2|2 2|8|3|2|&|&s
1 1[(32]60| 91121 ] 152 | 182 | 213 | 244 | 274 | 305 | 335 1
2 2133161 | 92122 153 | 183 | 214 | 245 | 275 | 306 | 336 2
3 3134|62] 931|123} 154 | 184 | 215 | 246 | 276 | 307 | 337 3
4 4135163 94| 124 | 155 | 185 | 216 | 247 | 277 | 308 | 338 4
5 513664 95 125 | 156 | 186 | 217 | 248 | 278 | 309 | 339 5
6 6137165 96| 126 | 157 | 187 | 218 | 249 | 279 | 310 | 340 6
7 7138]66| 97| 127 | 158 | 188 | 219 | 250 | 280 | 311 | 341 7
8 813967 981|128 | 159 | 189 | 220 | 251 | 281 | 312 | 342 8
9 9140168 99| 129 | 160 | 190 | 221 | 252 | 282 | 313 | 343 9
10 10 [ 41 | 69 | 100 | 130 | 161 | 191 | 222 | 253 | 283 | 314 | 344 | 10

11 11 | 42 ] 70| 101 | 131 | 162 | 192 | 223 | 254 | 284 | 315 | 345 | 11
12 |12 | 43| 71| 102 | 132 ] 163 | 193 | 224 | 255 | 285 | 316 | 346 | 12
13 13 [ 44 | 72 { 103 | 133 | 164 | 194 | 225 | 256 | 286 | 317 | 347 | 13
14 [ 14 )45} 73 | 104 | 134 | 165 | 195 | 226 | 257 | 287 | 318 | 348 | 14
15 | 15|46} 74| 105 | 135 | 166 | 196 | 227 | 258 | 288 | 319 | 349 | 15

16 |16 | 47 | 75| 106 | 136 | 167 | 197 | 228 | 259 | 289 | 320 | 350 | 16
17 |17 | 48|76 | 107 | 137 | 168 | 198 | 229 | 260 | 290 | 321 | 351 17
18 | 18 | 49 ] 77 | 108 | 138 | 169 | 199 | 230 | 261 | 291 | 322 | 352 | 18
19 |19 |1 50|78 109 | 139 { 170 | 200 | 231 | 262 | 292 | 323 | 353 | 19
20 | 20|51 |79 110 | 140 | 171 | 201 | 232 | 263 | 293 | 324 | 354 | 20

21 |21 | 52|80 111 | 141 | 172 | 202 | 233 | 264 | 294 | 325 | 355 | 21
22 |22 | 53 |81 | 112 | 142 | 173 | 203 | 234 | 265 | 295 | 326 | 356 | 22
23 | 23|54 |82 113|143 | 174 | 204 | 235 | 266 | 296 | 327 | 357 | 23
24 | 24|55 |8 (114 | 144 | 175 | 205 | 236 | 267 | 297 | 328 | 358 | 24
25 | 25|56 |84 | 115 | 145 | 176 | 206 | 237 | 268 | 298 | 329 | 359 | 25

26 |26 | 57 | 85| 116 | 146 | 177 | 207 | 238 | 269 | 299 | 330 | 360 | 26
27 | 27| 58|86 117 | 147 | 178 | 208 | 239 | 270 | 300 | 331 | 361 | 27
28 |28 | 59|87 | 118 | 148 | 179 | 209 | 240 | 271 | 301 | 332 | 362 | 28

20 |20 ..[88| 119|149 | 180 | 210 | 241 | 272 | 302 | 333 | 363 | 29
30 |30 ..]8 | 120|150 | 181 | 211 | 242 | 273 | 303 | 334 | 364 | 30
31 |31 ..{90] ... 151 ...|212| 243} ... ]|304| ... |365]| 31

Nore.—For leap years the number of the day is one greater than the tabular: number after
February 28.
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Example 2. Find the exact interest on $450 from March 20 to August
10 at 7%.

Solution. The exact time is 143 days.
Substituting in (5), we have

_ 450-143-0.07

L 365

= $12.34.

Example 3. Find the ordinary interest in the above exercise.

Solution. Either 143 days (exact time) or 4 months and 20 days (140
days) may be used for the time when computing the ordinary interest.
Using 143 days and substituting in (4), we have

_ 450-143-0.07

° 360 = $12.51.

Using 140 days and substituting in (4), we have

450-140-0.07
[ M 3 60 - 312.25.

Either $12.51 or $12.25 is considered the correct ordinary simple
interest on the above amount from March 20 to August 10. The com-
putation of ordinary interest for the exact time is said to be done by the
Bankers’ Rule.

Exercises

1. Find the ordinary and exact interest on the following:

a. $300 for 65 days at 6%,.

b. $4756.50 for 49 days at 5%.
c. $58.40 for 115 days at 7%,
d. $952.20 for 38 days at 434 %.

2. Find the ordinary and exact interest on $2,400 at 8% from January 12 to April 6.
Find the ordinary interest first and then use (6) to determine the exact interest.

8. Find the exact interest on $350 from April 10 to September 5 at 7%,

4. Find the ordinary interest on $850 from March 8 to October 5 at 6%,.

6. How long will it take $750 to yield $6.78 exact interest at 6%,?

6. How long will it take $350 to yield $3.65 ordinary interest at 5%?

7. The exact interest on $450 for 70 days is $7.77. What is the rate?
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8. If the exact interest on a given principal is $14.40, find the ordinary interest for
the same period of time by making use of (6).

9. The ordinary interest on a certain sum is $21.90. Find the exact interest for the
same period of time.

10. What is the difference between the ordinary and exact interest on $2,560 at 69,
from May 5 to November 3?

11. The difference between the ordinary and exact intercest on a certain sum is $0.40.
Find the exact intercst on this sum.

6. The six per cent method of computing ordinary interest.—
Ordinary simple interest may be easily computed by applying the methods
of multiples and aliquot parts.

If we consider a year as composed of 12 months of 30 days each (360
days),

at 69, the interest on $1 for 1 year is $0.06,
at 69, the interest on $1 for 2 mo. (60 days) is $0.01,
at 69, the interest on $1 for 6 days is $0.001.

That is, to find the interest on any sum of money at 6%, for 6 days, point
off three places in the principal sum; and for 60 days, point off two places
in the principal sum.

By applying the above rule we may find the ordinary interest on any
principal for any length of time at 69,. After the ordinary interest at 69
is found, it is easy to find it for any other rate. Also, by applying (6),
Art. 3, the exact interest may be readily computed.

Example 1. What is the ordinary interest on $3,754 for 80 days at 69,?

Solution. $37.54 = interest for 60 days
12.51 ¢ “ 20 ‘“ (34-60 days)

$50.05 o ‘¢ 80 days

Example 2. What is the ordinary simple interest on $475.25 for 115
days at 6%?

Solution. $4.753 = interest for 60 days
2.376 = “ “ 30 ‘“ (160 days)
1.584 = ¢ ¢ 20 “ (345-60 days)
0.396 = ‘¢ ¢ 5 ‘¢ (34-20 days)

$9.11 = interest for 115 days.
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Example 3. Compute the ordinary interest on $865 for 98 days at 89%.

Solution. $8.65 = interest for 60 days at 69,
4.325 = € € go e ee e (Why?)
0.865 - [ 4 6 (X3 c¢ 13
0.288 = 6 € 9 60 4w (Why?)

$14.128 = interest for 98 days at 69,
4.709= ¢ ¢ ¢« (X (X3 2% (%_6%) .

$18.84 = interest for 98 days at 89],. (Why?)

Example 4. Find the simple interest on $580 for 78 days at 4159.
Solution. $5.80 interest for 60 days at 69

1'45 - (X3 €¢ 15 (X3 €< (X3
0.29 - (X3 (43 3 6¢ [ (X1
$7.54 = interest for 78 days at 69,
1885 — [ XA ‘¢ ¢ 1%% (Why?)

$5.66 = interest for 78 days at 4149,. (Why?)

Example 6. Find the exact simple interest on $2,500 for 95 days at 79,.
Solution. $25.00 = interest for 60 days at 69,

12'50 _— [} (X3 30 [ €¢ [
2'08 —_ (43 (43 5 (X3 ¢ 43
$39.58 = interest for 95 days at 69

660 = (X3 (X3 95 €< (X3 1%

$46.18 = ordinary interest for 95 days at 79, (Why?)
0.63 = 46.18 + 73

$45.55 = exact interest for 95 days at 7%. (Why?)

Exercises

1. Find the interest at 6%, on:
$900 for 50 days, $365.50 for 99 days, $750 for 70 days, $870.20 for 126 days.
2. Solve 1, if the rate is 7149%,.

8. Find the exact interest at 69, on:
$650 from March 3 to July 17
$800 from February 10, 1944, to May 5, 1944
$2,000 from August 10 to December 5.

4. Solve 3, if the rate is 8.
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6. A person borrowed $250 from a bank on July 5 and signed a 7% note due
November 20. On September 10 he paid the bank $100. What was the balance (includ-
ing interest) due on the notc November 20? (Use exact time.)

8. Solve 5, if 30 days is counted to each month.
7. Solve 5, if exact interest is used.

8. What is the difference between the exact and ordinary interest on $1,250 from
March 10 to October 3 at 7%?

6. Present value and true discount.—In Art. 2 we found the relation
between the principal, P, and the amount, S, to be expressed by the equa-
tions:

S .
14+ m

S=PQ1+n) and P =

We may look upon P and 8 as equivalent values. That is, P, the value at
the beginning of the period, is equivalent to S at the end of the period, and
vice versa. The following line diagram emphasizes these ideas.

P n years at 7%, §

l interesf rate '

P = S S =P + m)
T 14m

The quantity S is frequently called the accumulated value of P, and
P is called the present value of 8. Thus, the present value of a sum S due
in n years is the principal P that will amount to S in n years. The quantity
P is also called the discounted value of S due in » years. The difference
between S and P, 8 — P, is called the discount on S as well as the interest
on P. To distinguish it from Bank Discount (Art. 7) this discount on S
at an interest rate 1% is called the true discount on S. We thus have the
several terms for P and S:

P S
Principal Amount
Present value of S Accumulated value of P
Discounted value of S Maturity value of P

S — P = Interest on P at interest rate ¢

= Discount on S at interest rate ¢
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Example 1. Find the present value of a debt of $250 due in 6 months
if the interest rate is 6%. Find the true discount.

Solution. Here, 8 = 250, n = 14, and ¢ = 0.06.
Substituting these values in formula (3), we get

P=——"—-=—— = $242.72, present value.

S — P = 250 — 242.72 = $7.28, true discount.

Example 2. A non-interest bearing note for $3,500, dated May 2 was
due in 6 months. Assuming an interest rate of 7149, find the value of the

note as of July 5.

Solution.

May 2 + 6 months = November 2, due date.

From July 5 to November 2 = 120 days.

The present value of the maturity value as of July 5 (or for 120 days)
is required and S = 3,500, n = 14, and ¢ = 0.075.

3,500 _ 3,500
1 + 14(0.075) ~ 1.025

The following line diagram exhibits graphically the important rela-
tionships of the example.

Hence, P= = $3,414.63.

. P $3500
Ma:y 2 Jq‘ly 5 No:v. 2
| I 120 days >
| | |
I 6 months |

Example 3. On May 2, A loaned B $3,500 for 6 months with interest at
69, and received from B a negotiable note. On July 5, A sold the note to C
to whom money was worth 7149,. What did C pay A for the note?

Solution.

Interest on $3,500 for 6 months at 69, = $105.00.

$3,500 4+ $105.00 = $3,605, maturity value.

May 2 + 6 months = November 2, maturity date.

From July 5 to November 2 = 120 days.

The present value of the maturity value as of July 5 (or for 120 days)
is required and 8 = 3,605, n = 15 and 7 = 0.075.
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3,605 3,605 -
Hence, P= T 15(0.075) =102 = $3,517.07,
the value of the note as of July 5.
$3'500 P $3'605
Mally 2 Ju:ly 5 ﬂlv 2
< 120 days >

6 months

The student will notice that in the solution of a problem of the above
type we first find the maturity value of the note or debt and then find the
present value of this maturity value as of the specified date.

Exercises

1. Accumulate (that is, find the accumulated value of) $2,000 for 2 years at 5%
simple interest.

2. Accumulate $300 for 8 months at 6%, simple interest.
3. At 69, simple interest find the present value of $6,000 due at the end of 8 months,
What is the discount?

4. Discount (that is, find the discounted value of) $2,000 for 2 years at §% simple
interest.

6. Discount $300 for 8 months at 6%, simple interest.
6. Draw graphs of the following functions using » as the horizontal axis and S as
the vertical axis:
(a) S = 100(1 + 0.06n) = 100 + 6n.
(b) 8 =100(1 + 0.04n) = 100 + 4n.

7. Mr. Smith buys a bill of goods from a manufacturer who asks him to pay $1,000
at the end of 60 days. If Mr. Smith wishes to pay immediately, what should the manu-
facturer be willing to accept if he is able to realize 6% on his investments?

8. Solve Exercise 7 under the assumption that the manufacturer can invest his money
at 8%. Compare the results of Exercises 7 and 8 and note how the present value is
affected by varying the interest rate.

9. T owe $1,500 due at the end of two years and am offered the privilege of paying a
smaller sum immediately. At which simple interest rate, §%, or 6%, would my creditor
prefer to compute the present value of my obligation?

10.

$1,000.00 Lewisburg, Penna.
June 1, 1944,

Six months after date I promise to pay X, or order, one thousand
dollars together with interest from date at 7%.
Signed, Y.
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(a) What is the maturity value of the note?

(b) If X sold the note to W, to whom money was worth 6%, four months after
date, what did W pay X for the note?

(¢) What rate of interest did X earn on the loan?

11. Solve Exercise 10 under the assumption that money was worth 89, to W.

7. Bank discount.—Bank discount is simple interest, calculated on the
maturity value of a note from the date of discount to the maturity date, and is
paid in advance. If a bank lends an individual $100 on a six months’
note, and the rate of discount is 8%, the banker gives the individual $96
now and collects $100 when the note becomes due. If one wishes to dis-
count a note at a bank, the bank deducts from the maturity value of the
note the interest (bank discount) on the maturity value from the date of
discount to the date of maturity. The amount that is left after deducting
the bank discount is known as the proceeds. The time from the date of
discount to the maturity date is commonly known as the ferm of discount.
An additional charge is usually made by the bank when discounting paper
drawn on some out-of-town bank. This charge is known as exchange.
The bank discount plus the exchange charge gives the bank’s total charge.
The maturity value minus the total charge gives the proceeds (when an
exchange charge is made).

The terms face of a note and maturity value of a note need to be
explained. The maturity value may or may not be the same as the face
value. If the note bears no interest they are the same, but if the note
bears interest the maturity value cquals the face value increased by the
interest on the note for the term of the note. -

The discount, maturity value, rate of discount, proceeds (when no
exchange charge is made), and the term of discount are commonly repre-
sented by the letters D, S, d, P, and n, respectively. From the definitions
of bank discount and proceeds we may write

D = Snd, )
and P=S—D=S-— Snd = S(1 - nd). (8)

When applying formulas (7) and (8) we must express n in years and
d in the decimal form.

The quantity P is frequently called the discounted value of S at the
given rate of discount, and P is called the present value of 8. 8 is also
called the accumulated value of P. The difference between S and P, S — P,
is called both the discount on S and the interest on P. In each instance



Simple Interest and Discount 13

the calculation is at the discount rate d. The relations are pictured by the
line diagram.

P n years at d%, S
l discount rate )
P
P = -_ =
S(1 — nd) S e

8 — P = Interest on P at discount rate d

="Discount on S at discount rate d

Example 1. A six months’ note, without interest, for $375, dated
May 6, was discounted August 1, at 6%,. Find the proceeds.

Solution.
May 6 4+ 6 mo. = Nov. 6, due date.
From August 1 to Nov: 6 = 97 days, term of discount.
Discount on $375 for 97 days = $6.07, bank discount.
$375 — $6.07 = $368.93, proceeds.

Example 2. If the above note were a 59 interest-bearing note, what
would be the proceeds?

Solution.
May 6 + 6 mo. = Nov. 6, due date.
From August 1 to Nov. 6 = 97 days, term of discount.
Interest on $375 for 6 mo. at 59, = $9.38.
$375.00 + $9.38 = $384.38, maturity value.
Discount on $384.38 for 97 days at 69, = $6.21, bank discount.
$384.38 — $6.21 = $378.17, proceeds.

$3.76 $37§.17 $3$§4.38
Ma}y 6 Adlg. 1 Nolb. 6
| f< 97 days |
:4 6 months ‘,!

Example 3. Solve Example 2, if 349, of the maturity value were
charged for exchange.

Solution.
May 6 + 6 mo. = Nov. 6, due date.
From August 1 to Nov. 6 = 97 days, term of discount.
Interest on $375 for 6 mo. at 5%, = $9.38.
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$375.00 4 $9.38 = $384.38, maturity value.

Discount on $384.38 for 97 days at 69, = $6.21, bank discount.
14% of $384.38 = $0.96, exchange charge.

$6.21 + $0.96 = $7.17, total charge made by the banker.
$384.38 — $7.17 = $377.21, proceeds.

Example 4.

$500.00 Lewisburg, Penna.
February 1, 1944.

Ninety days after date I promise to pay X, or order,
five hundred dollars together with interest from date at 6%.
Signed, Y.

On March 10, X sold the note to banker B who discounted the note at
8%. What proceeds did X receive for the note?

Solution.
90 days after Feb. 1, 1944 is May 1, 1944, the due date.
From March 10 to May 1 is 52 days, the term of discount.
The interest on $500 for 90 days at 69, = $7.50.
$500.00 + $7.50 = $507.50, the maturity value.
The discount on $507.50 for 52 days at 89, = $5.86, the bank

discount.
$507.50 — $5.86 = $501.64, the procceds.
$500 $50'1.64 $ 50:7. 50
Feilb. 1 Marth 10 MJI.y 1
| je————52 days ———>{
; 90 days ‘.!

In the solution of the above examples, certain fundamental facts have
been used, which we now point out.

If the note is given for a certain number of months, the maturity (due)
date is found by adding the number of months to the date of the note.
This is illustrated in Example 1. Thus, if a note for six months, is dated
May 6, it will be due on the corresponding (the 6th) day of the sixth month,
or November 6. November 30, would have been the due date of this note,
if it had been dated May 31. The correct date for three months after
November 30, 1930 is Feb. 28, 1931 and the correct date for three months
after November 30, 1931 is Feb. 29, 1932. What makes this difference?
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If the term of the note is a fixed number of days, the due date is found
by adding the number of days to the date of the note, using the exact
number of days of the intervening months. Thus, 90 days after Feb. 1,
1932 is May 1, for the 28 days remaining in February + 31 days in March
+30 days in April + 1 day in May = May 1. What is the correct date
for 90 days after Feb. 1, 1931?

The term of discount is commonly found by counting the exact number
of days between the date of discount and the due date. Thus, the term of
discount in Example 1, is 97 days, being obtained as follows: 30 days
remaining in August + 30 days in September + 31 days in October +'6
days in November = 97 days. The date of discount is excluded but the
due date is included.

When February is an intervening month, use 28 days if no year date
is given, but if it occurs in a leap year use 29 days.

These four examples illustrate all the fundamental facts that are used
injdiscounting a note. They merit a careful study by the student.

Simple discount,* like simple interest, 1s seldom used in computations
extending over a long period of time. In fact, the use of simple discount
leads to absurd results in long-term transactions.

Iustration. At 69, discount, the present value of $1,000 due at the
end of 20 years is, using P = S(1 — nd),
P = $1,000[1 — 20(0.06)] = — $200.
8. Summary and extension.—We have used two methods to accumu-
late P and to discount S. The first method was based upon the simple

interest rate ¢ and the second was based upon the simple discount rate d.
The relationships that we have developed are the following:

At simple interest. At simple discount.
I=Pw D = Snd
S=P+1 S=P+D

P
S = P(1 + ni) S_l-nd
S
P=11w P =51 ~nd)

Banks and individuals frequently lend money at a discount rate
instead of an interest rate. There are two reasons why the creditor may

* Bank discount is frequently referred to as simple discount.
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prefer to lend at a discount rate. First, the arithmetic is simplified when
the maturity value is known, and second, a larger rate of return is obtained.

Thus, if I request a loan of $100 from a bank for six months at 69
discount, the banker actually gives me $97, collecting the discount of $3
in advance, and takes my non-interest-bearing note for $100. Note the
simplicity of the arithmetic: P = 100(1 — 0.06/2) = $97. Note also
that the rate of return (the interest rate) is larger than 69,. For we have
P=897,n=2%8=28100,z=( ). UsingS = P(l + ni), we obtain

100 = 97 (1 + :;-)

i = 0.0619 = 6.199,

from which

However, the banker should not be accused of unfair dealing if he
quotes me the 69 discount rate or if he states that he charges 69 in advance.
He should be criticised if he quotes an interest rate and then charges a
discount rate. We shall return to the comparison of interest and discount
rates in Art. 9.

Example 1. I desire $900 as the proceeds of a 90 day loan from my
banker B who charges 59, discount. What sum will I pay at the end of
90 days?

Solution. Wehave P = $900, n = ¥4, d = 0.05. From P = S(1 — nd)

we obtain
900 = S(1 — 0.05/4).

Solving, we find S = $911.392.
Exercises
Find the proceeds of the following notes and drafts:
Tace Time Date of Rate of Date of Rate of Rate of
Paper Interest | Discount | Discount | Collection

1. | $1,500 3 mo. January 1 Jan. 25 6% Y%
2. 380 | 90 days | March 10 5% Apr. 20 6%

8. | 2,000 6 mo. | August1l 6% Nov. 10 % %%
4. 575 4 mo. | May 10 Aug. 1 7% Y%
b. 1,350 | 90 days | Feb. 1, 1928 6% Mar. 7 8% Yo%
6. 1,260 | 60 days | March 5§ 7% April 1 6%

7. | 2,500 2 mo. | April 10 May 1 6% Yo%
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8. A $2,500 69, interest-bearing note dated Februaty 10, 1944 was due Sept. 1,
1944. It was discounted July 10 at 724%. What were the proceeds?

9. A person wishes to receive $250 cash from a bank whose discount rate is 69%.
He gives the bank a note due in 4 months. What should be the face value of the note?
10. Solve formula (8) for n and d.

11. The proceeds on a $400 non-interest-bearing note discounted 78 days before
maturity were $394.80. What was the rate of discount?

12. A bank will loan a customer $1,000 for 90 days, discounting the note at 69,
For what amount should the note be drawn?

13. How long before maturity was a $450 note discounted, if the procceds were
$444.14, the discount rate being 79,?

14, A 90-day 6% note of $5,000, dated June 15, payable at a Louisville bank, was
discounted at a Chicago bank July 20, at 79%. If the exchange charge was $1.00, find
the proceeds.

15. A six months’ note bearing 5%, interest was dated March 7, 1935. It was dis-
counted at 69, on July 15, the bank charging $18.45 discount. ¥ind the face of the note.

16. A man received $882 as the procceds of & 90-day non-interest-bearing note.
The face of the note was $900. What was the rate of discount.

17. A bank’s discount rate is 7%. What should be the face of the note if the pro-
ceeds of a 6 months’ loan are to be $2,000?

18. A 4 months’ note bearing 4149, interest, dated August 15, was discounted Octo-
ber 11, at 6%. The proceeds were $791.33. Find the maturity valuc of the note.
Find its face value.

19. A 90-day 79% note for $1,200, dated April 1, was discounted June 10 at 6%.
Find the proceeds.

20. How long before maturity was a $500 6 months’ 6%, note discounted, if the
proceeds were $504.70, the discount rate being 8%?

21. The proceeds on a six months’ 5%, note, when discounted 87 days before maturity
at 69, were $1010.14. I'ind the face of the note.

22. Find the present value of $1,000 due at the end of 20 years if 5%, discount rate
is used.

9. Comparison of simple interest and simple discount rates.—In
Art. 8 we gave brief mention to the relation of interest rate to discount
rate. This relation is so important that we will consider the problem
more thoroughly at this point. We shall approach the question through
a series of examples.

Example 1. If $100, due at the end of one year, is discounted at 69,
what is the corresponding rate of interest?
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Solution. We have S = $100, n = 1, d = 0.06. In order to find ¢
we will first find P. Using P = S(1 — nd), we have
P = 100(1 — 0.06) = $94.
$94 1 year at 1% $100

1
[

interest rate

Since S — P is the interest on P, we may find 7 by using I = Pni.
We have I = $6,n = 1, P = $94. Hence,

i = o = 0.06383 = 6.383%

We might have employed the relation S = P(1 + nz) to obtain the
same result.

Example 2. If $100, due at the end of 6 montbhs, is discounted at 69,
what is the corresponding interest rate?
Solution. We have S = $100, n = 14, d = 0.06. From P = S (I — nd),
we have
P =100(1 — 0.06/2) = $97.

$97 6 months at 719, $100

interest rate

Since 8 — P is the interest on P, we may find ¢ by using I = Pna.
We have I = $3,n = ¥, P = $97. Hence

97(z/2) =3,
and 1 = 0.0619 = 6.199%,.

Thus we notice that the interest rates corresponding to a given dis-
count rate vary with the term; the longer the term, the larger the interest

rate.

In general, we say that, for a given term, an interest rate ¢ and a cor-
responding discount rate d are equivalent if the present values of S at ¢
and d are equal. Thus, if P is the present value of S due in #n years,

P n years S

1 )
) 1

we have

P = . from (3),
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and P =81 - nd) from (8).
S
Hence, T S(1 — nd).
Solving we obtain
d
i=1T o ()]
i
and d= g (10)

From (9) we observe that for a given d the values of 7 increase as n
increases. From (10) we observe that for a given ¢ the values of d decrease
as m increases.

The student will also observe from (10) that ¢/(1 + n7) is the present
value of 7 due in n years. That is, 7/(1 4 ni) in advance is equivalent to 7
at the end of the term. But 7/(1 + nz) equals d. Hence d is equal to ¢
paid in advance. Thius, we say discount is interest paid in advance.

Exercises

1. Solve Example 1 by using formula (3).
2. Solve Example 2 by using formula (3).
3. Employing equation (9) complete the table:

d .08 .08 .08 .08
n 1 b b2 %

i

4. Employing equation (10) complete the table:

i .08 .08 .08 .08
n 1 b5 b %
d

6. A obtains $780 from Bank B. For this loan he gives his note for $800 due in 60
days. At what rate does Bank B discount the note? What rate of interest does A pay?

6. A note for $800, dated June 15, due in 90 days and bearing interest at 6%, was
sold on July 1 to a friend to whom money was worth §%,. What did the friend pay for
the note?

7. If the note described in Exercise 6 were sold to Bank B on July § at a discount
rate of 79, what would Bank B pay for the note?
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8. $500.00 Pittsburgh, Penna.
May 15, 1945.

Nincty days after date I promise to pay John Jones, or order, five
hundred dollars together with interest at 6%, from date.
Signed, Wm. Smith.

(a) Thirty days after date Jones sold the note to Bank B who discounted it at
7%. What did Jones receive for the note?

(b) Would it have been to Jones’ advantage to have sold the note to friend C, to
whom money was worth 79, rather than to Bank B?

$1,000.00 Chicago, 1L
May 15, 1945.

Six months after date I promise to pay Joe Brown, or order, one thou-
sand dollars with interest from date at 59%,.
Signed, Charles Paul.

(a) Two months after date Brown sold the note to Bank B who discounted it at
6%. What did Bank B pay for the note?

(b) Immediately after purchasing the note, Bank B sold the note to a Federal
Reserve Bank at a re-discount rate of 49,. How much did Bank B gain on
the transaction? [On transaction (b) use a 365-day ycar.]

10. Rates of interest corresponding to certain discount rates in the
terms of settlement.—The subject of terms was discussed in Alg.: Com.—
Stat., p. 99.* An example will illustrate what is meant by the rates of inter-
est corresponding to the rates of discounts of the terms of settlement.

Example 1. On an invoice of $1,000, a merchant is offcred the following
terms: 5, 3/30, n/90. What is the interest rate corresponding to each of
the rates of discount?

Solution.

1. If the buyer pays the account immediately, he receives a discount
of $50. That is, he settles the account for $950 which means
that he receives $50 interest on $950 for 90 days. We may
determine the interest rate by substituting in I = Pni, thus

obtaining: I 50 50

Pn 950(4) 237.50
= 0.2105 = 21.05%.

II. If the buyer settles the account at the end of 30 days, he receives
a discount of $30. That is, the account is settled for $970 which

* Miller and Richardson, Algebra: Commercial—Statistical, D. Van Nostrand Co.
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means $30 interest on $970 for 60 days. We determine the
interest rate as in I and find,

5= 30 180
T 970(%) 970
= 0.1855 = 18.6%
The buyer may have his business so well organized that he knows about
what his money is worth to him in the running of the business. He can then

determine the best offer, in the terms of sale, to accept. An example will
llustrate.

Example 2. Assuming that money is worth 209, to the merchant in
his business, which is the best offer in Example 1?

Solution. To answer this question we must compare the present
values of the separate offers. That is, which offer has the least present
value assuming money worth 20%,?

1. 59 discount on $1,000 means a discount of $50. Hence the
present value of this offer is $1,000 — $50 = $950.

II. 39, discount on $1,000 means a discount of $30 at the end of
30 days. Hence, $970 is required to settle the account at
the end of 30 days. Now, the present value of $970 is

B 970 _ 970
T 14 34,(0.20)  1.0167

III. Here the present value of $1,000 for 90 days at 209, is required.

P

= $954.06.

1,000 1,000
Heoce, P =177050) = 1.05
= $952.38.

We notice that the 59, cash discount is the best offer (assuming money
worth 209%,) since it gives the least present value for the invoice.

Exercises
1. Determine the interest rates corresponding to bank dizcount rates of (a) 7% 90
days before maturity; (b) 714% 60 days before maturity; (c) 6% 6 months before
maturity; (d) 8% 4 months before maturity.

2. In discounting a 4 months’ note a bank earns 99, interest. What rate of discount
does it use?



22 Financial Mathematics

8. What are the rates of discount corresponding to (a) 7% interest earned on a note
discounted 90 days before maturity; (b) 89, interest carned on a note discounted 4
months before maturity; (c) 69, interest earned on a note discounted 6 months before
maturity?

4. What rate of interest is earned on money used in discounting bills at a discount
rate of 9% per annum?

6. What is the rate of discount at which a bank may as well employ its funds as to
lend money at an interest rate of 89,?

6. A merchant has the privilege of 90 days credit or 39 off for cash. What rate of
interest does he earn on his money if he pays cash?

7. A merchant bought a bill of goods amounting to $2,500 and received the following
terms: 4, 3/10, n/90. What is the interest rate corresponding to cach of the rates of
discount?

8. Assuming that money is worth 159, to the merchant in the conducting of his
business, which is the best offer in Exercise 7?7 (Sce illustrative Example 2, Art. 10.)

9. On an invoice of $4,200, a merchant is offered 60 days credit or a discount of 39,
for cash. Not having the money to pay cash, he accepts the credit terms. What rate
of interest does he pay on the net amount of the bill? How much would he have saved
if he had borrowed the money at 7% and paid cash?

10. 79 interest was earned in discounting a note 90 days before maturity; 6%, was
earned in discounting a 4 months’ note; and 59, was earned in discounting a 9 months’
note. What were the corresponding discount rates?

11. Assuming money worth 209, in one’s business, which one of following offers is
the most advantageous to the buyer: 6, 5/30, n/4 mos.? (Assume an invoice of $100.)

12. Solve Exercise 11, assuming money worth 187,

13. A bank used a discount rate of 69, in discounting a 4 months’ note. What rate
of interest was earned on the transaction?

14. Assuming money worth 129, which one of the following offers is the most advan-
tageous to the buyer: 6, 4/30, n/4 mos.?

11. Exchanging debts.—When two or more debts (obligations) are to
be compared we must know when each debt is due and then compare their
values at some specified time. The value of a debt at a specified time
depends upon the rate of interest that is used. Let us suppose that a
debt of $200 is due in 2 months and one of $205 is due in 8 months. Assum-
ing money worth 69, compare their values now. The value of the first
debt at this time is

200 0
= = $198.02 [(3), Art. 2]
1+ %(0.06) 1.01

and the value of the second debt at this time is

205 205
—— = —— = §197.12.
14 25(0.06) 1.04




Simple Interest and Discount 23

Six months from now the first debt would be 4 months past due and
should draw interest for that time. The second debt would not be due
for 2 months and should be discounted for that time. Then their values
6 months from now would be

200[1 + 14(0.06)] = 200(1.02) = $204.00

205 205
and TF 7000 — 101~ $202.97.

We notice that the first debt has a greater value on both dates of com-
parison. If 69 is used the value of the first debt will always be greater
than that of the second. ,

If 49, were used their values on the above dates would be $198.67,
$199.67 and $202.67, $203.64; respeclively. That is, if 49, interest is
assumed the second debt has a greater value at all times.

If 69, interest is assumed, the sum of the values of the above debts at
the present is $395.14. This is shown by the equation

200 205
— 4+ —— = 395.14.
1.01  1.04 95.14
395.
$39.14 $200 $2?5
}4——2 months—> {
f< 8 months i

We say that the sum of the values of $200 due in 2 months and $205
due in 8 months is equal to $395.14 duc now, if money is assumed to be
worth 697. Also, the sum of the values of $200 due in 2 months and $205
due in 8 months is equal to the sum of the values of $201.97 due in 3 months
and $201.97 due in 6 months, if 69, interest is assumed. This may be
shown by comparing the two sets of debts on some common date. Sup-
pose we take 8 months from now as a common date. Then

200(1.03) + 205 = 411.00
and 201.97(1.025) 4 201.97(1.01) = 411.01.

Whenever the value of one set of obligations is equal to the value of
another set of obligations on a common date, the one set may be exchanged
for the other set, and the values of the two sets are said to be equivalent.
The common date used for the date of comparison is usually known as the
Jfocal date, and the equality which exists, on the focal date, between the values
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of the two sets of obligations is called an equation of value. An example will
illustrate the meaning of focal date and equation of value.

Example 1. A person owes $600 due in 4 months and $700 due in 9
months. Find the equal payments necessary to equitably discharge the
two debts, if made at the ends of 3 months and 6 months, respectively,
assuming 6%, simple interest.

Solution. 'We choose the end of 9 months for our focal date and set up
the equation of value.*

. %700
7 8 9 months

+

0 1 2

9 I
L 4
4 D
(=3
(=}

=), Sepp—

Let x = the number of dollars in each of the equal payments.
The time from the date of making the first payment x until the focal
dute is 6 months and the payment will accumulate to

[1 4+ 14(0.06)]x = (1.03)z on the focal date.

The second payment is made 3 months before the focal date and it will

accumulate to
[1 + 24(0.06)]x = (1.015)x on the focal date.

The $600 debt is due in 4 months, just 5 months before the focal date,
and will accumulate to

600[1 4 3{2(0.06)] = 615.00 on the focal date.

The $700 debt is due on the focal date and will be worth $700 on that

date.
The equation of value becomes

(1.03)z + (1.015)z = 615 + 700,
(2.045)x = 1,315,
z = $643.03, the amount of each of the equal payments.

In setting up an equation of value, we assume that the equation is true
for any focal date. That is, we assume that if the value of one set of
debts is equal to the value of another set of debts on a given focal date,
then the values are equal on any other focal date. If in the above prob-

*In the construction of the line diagram, (a) place at the rcspective points the
maturity values, and (b) place the payments and the debts at different levels.
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lem we had taken 3 months from now for the focal date, we would have
obtained $643.07 for the amount of one of the equal payments. Using
5 months from now as focal date we obtain $643.02 as one of the equal
payments. We notice that a change in the focal date changes the values
of the payments, but this change is very slight and for short periods of
time we may neglect the small differences caused by different choices of
focal dates and choose the one that is most convenient. (In Art. 19 it
will be shown that the amount x is independent of the focal date when the
computations are based upon compound interest.) The last date occurring
seems to be the most convenient, for then no discount is involved.

Example 2. Solve Example 1, assuming that the original debts bear
7% interest to maturity. Choose 9 months from now as the focal date.

Solution. $600 at 7%, amounts to $614 in 4 months and on the focal
date its amount is

6141 4 5{,(0.06)] = 614(1.025) = $629.35. ¢
$700 at 79 amounts to $736.75 in 9 months and on the focal date 1ts
amount is this maturity value ($736.75).
x
— so

o . $736.75 .
0o 1 2 38 4 6

7 8 9 monthg

-3 SaE——

The equation of value becomes
(1.03)z + (1.015)z = 629.35 + 736.75,
(2.045)z = 1,366.10,
z = $668.02, the amount of one of the equal payments.

12. To find the date when the various sums (debts) due at different
times may be paid in one sum.—A may owe B several sums (debts) due
at different times and may desire to cancel all of them at one time by paying
a single amount equal to the sum of the maturity values of the several
debts. The problem, then, is to find a date when the single amount may
be paid without loss to either A (debtor) or B (creditor). Evidently, this
should be at a time when the total interest gained by the debtor on the
sums past due would balance the total interest lost on the sums paid before
they are due. The date to be found is known as the equated date.

The solutions of problems of this character may be effected by either
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of two methods. We may base our procedure upon a simple inierest rate ¢
and choose the latest date mentioned in the problem as the focal date, or
we may base our procedure upon a simple discount rate d and choose the
earliest date mentioned in the problem as the focal date. If the former
method is followed all sums will accumulate at 7 to the focal date whereas
if the latter method is adopted all sums will be discounted at d to the focal
date.

Example. A owes B the following debts: $200 due in 60 days, $400
due in 90 days, and $600 due in 120 days. Find the time when these debts
may be canceled by a single payment of their sum, $1,200.

Solution. We have the debts and the payment as shown by the line
diagram.

$1%00
$600
120 days

. $200 $400
0 60 90

S 4---

Let n days from now be the equated date.

We choose the focal date at the latest date, 120 days from now, and
assume an interest rate 7.

The first debt, $200, will be at interest for 60 days and its value on the

focal date is
200 (1 + 60 )
360

The second debt, $400, will be at interest for 30 days and its value on

the focal date is
400 (1 + 30 )
—_— z .
360

The third debt, $600, due on the focal date, bears no interest and hence

its value then is
0
600 (1 + — z)
360

The single payment, $1,200, will be at interest (120 — n) days and
thus its value on the focal date is

1,200 <1 +

120 — » )
'Z .
Expressing by an equation the fact that the value of the payment on
the focal date is equal to the sum of the maturity values of the debts on
that date, we have
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1200(1+ 0—"')

’ 360
—200(1+ 60 ‘)+400(1+ 30 ) 600(1 0,
- 360 300) T +§<5z>

which reduces to

120 — 60 30 0
1,200 (————4) = 200 (——- z) + 400 ( ) + 600( )
360 360 360 360

Note. The student should note that the last equation written above simply states
that the intercst on the payment cquals the sum of the interest increments on the debts,
all calculated from their due dates to the focal date.

Multiplying the last equation by 360 and dividing through by 100s,
we get
12(120 — n) = 2(60) + 4(30)

1,440 — 12n = 120 + 120
— 12n = —1,200
n = 100.

Hence, the $1,200 may be paid 100 days from now and the equities be
the same as if the debts were paid as originally scheduled.

Note. The fact that the interest rate ¢ divides out as a factor in solving the equa-
tion of value shows that the value of n is independent of <.

Exercise. Solve the preceding example by assuming a discount rate
d and choosmg (a) the earliest date, 60 days, as the focal date, and (b) the
present or “now’’ as the focal date.

By following a line of reasoning similar to that used in solving the pre-
ceding example, we will solve the general problem.

Problem. Let Dy, D, - -+, Dy be k debts due in ny, ng, -+ -, ny years
respectively, and let their maturity values be Si, Sz, + -+, Sx. We wish to
find the equated time, that is, the time when the k debts may be settled by
a single payment of S; + Sz + «++ 4 Sk

Solution. We shall assume n; < ng < ng < - -+ < ng, and we shall take
the latest date, nx, to be the focal date. Also we let n years from now be
the equated time. The diagram gives us the picture.

St Syt +8y
—

Ss Sy
ns ny years

S, S,

o} n,; ng

-
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Assuming an interest rate ¢, the accumulated values of Si, So, ete., at
ng are Si[l + (nx — n1)2], S2[l + (nx — n2)i], ete., we then have the equa-
tion of value
[S1 482+ <+ + Silll + (nx — n)i] =

81[1 + (nk - nl)z] + Sz[l + (nk - nz)i] + - + S},[l + (nk - nk)z]
Subtracting S 4+ Sz + - -+ + Sk from both sides of the equation we
have :
S14+82+4+ -+ + 8k — n)i =

Si(nk — n1)i + Sa(ng — n2)e + -+« + + Sp(nk — ny)i.

Note. This equation shows that the interest on the payment equals the sum of the

interest increments on the maturity values, all calculated from their due dates to the
focal date.

Solving for n we obtain
_ Sing + Sang + Sgng +----+ Sknk.
a S1+ 83+ Sg+++++ S
If Dy, D, - -+, Dy are not interest-bearing debts, Dy = S1, D2 = 8So,
.-+, Dy = 8, and equation (12) becomes
n = Diny + Dang +-+++ Dk"k.
D, + D3 +:+++4 D,
If the debts involve short periods of time it is usually more convenient
to express n, ni, ng, etc., in terms of either months or days.

(12)

(12)

Exercise. Derive formula (12) by assuming a discount rate d and
choosing “now” as the focal date.

Exercise. The equated time has an interesting “teeterboard” prop-
erty in that it is the ‘“‘center of balance” when the maturity values are
suspended as weights with lever arms measured from n. That is, let the
lever arms be 7y = n; — n, 72 = ny — n, ete., respectively. Then,

Si7t1 + Senz + Ssiiz + -+« + Sifix = 0.

13. To find the equated date of an account.—To find the equated date
of an account means we must find the date when the balance of the account
can be paid without loss to etther the debtor or the creditor.

As in Art. 12, we assume that the sum of the values, as of the focal
date, of all credits including the balance, is equal to the sum of the values
on that date of all debits. Obviously, we may select the focal date in
many ways. We may, for example, choose the earliest date mentioned in
the problem as the focal date and discount all credits and debts to this
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point. We shall illustrate this procedure in our discussion first by a spe-
cific example and then by the general problem.

Example. What is the equated date of the account?

1944 1944
May 1, Mdse., $1,500 May 11, Cash, $400
June 19, Mdse., $1,000 May 31, Cash, $900

Solution. The total of the debts is $2,500 and the total of the credits
is $1,300. Our problem is to find the date when the balance, $1,200, can
be paid without loss to either the debtor or the creditor. The line dia-
gram gives us the picture.

$400 $1'|200 $900
51,500 P i 51,000
May 1 May 11 ( ) May 31 June 19
0 10 n 30 49 days

We let the earliest date, May 1, be the focal date. Let n days from
May 1 be the equated date. We assume a discount rate d and set up the
equation of value.

10 n 30
400(1 - ——d) + 1,200(1 — —d) + 900(1 — —d)
360 360 360

0 49
=1,500(1 - —d)+1,000(1— —d)-
360 360
Subtracting 2,500 from both sides of the equation and multiplying by
(—1), we get

10 n 30
400 (—~—— d> + 1,200 (——— d) + 900 (—— d)
360 360 360 19
= 1,500 <——~ d) + 1,000 <-—- d)-
360 360

Note. This equation shows that the sum of the discounted values of the credits,
as of May 1, equals the sum of the discounted values of the debts as of the same date.
Further, since the last equation written above is divisible by d, the value of n is inde-
pendent of the discount rate.

Multiplying the last equation by 360 and dividing by 100d, we have
40 4 12n 4 270 = 490
12n = 180
n = 15 days.
Thus the equated date is 15 days after May 1, or May 16.
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Exercise. Solve the preceding example by assuming an interest rate
1 and choosing the latest date, June 19, as the focal date.

By following a line of reasoning similar to that used in solving the pre-
ceding example, we will solve the general problem.

Problem. Let Dy, Do, D3, ---, Dy be k debts due in ny, ng, ng, -+ +, ns
years from now respectively, and let their maturity values be Si, Sa, Ss,
<o+, Sk Also, let Cy, Cs, Cy, - -+, C,, be m credits entered o1, 02, 03, - -,
0. years from now respectively. We wish to find the equated date of the
account, that is, the date when the balance B,

B=(1+8+S+ - +8)—(Ci+C+Cs+ -+ +Cn),
can be paid without loss to either debtor or creditor.

Solution. We shall assume n; < n2 <ng < -++ < mn, and 01 < 02 <
03 < +++ <0,. For the sake of variety we shall take “now’” to be the focal
date. We assume a discount rate d and let n equal the number of years
from now to the equated date. The line diagram gives us the picture.

[}
1 ]
Sy ! Sy S; !
O nl 0 Ny 2 ng n O3

(lj1 Cy B C, Cn
i
1
o

By equating the sum of the credits, including the balance, discounted
to the present, O, and the sum of the debts as of the same date, we have
the equation of value
Ci1(1—01d)+C2(1—02d)+Cs(1—o03d)+ -+ - +C (1 —0,d) +B(1—nd)

=Sl(1 —nld) +SQ(1 '—’nzd) +S3(1 —7l3d)+ tee +Sk(1 —-nkd)

Subtracting C1 4+ C2 + C3 + +++ + Cn + B from both sides of this
equation, then multiplying by (—1), we get
Clold + C2o2d + C3O3d + e + Cmomd + Bnd

= S1n1d + Sznzd + Ssnsd + e + Sknkd.

Note. This last equation shows that the sum of the discounted values of the pay-
ments equals the sum of the discounted values of the debts, all discounted to the focal
date, “now.” Also, since every term of this equation contains the factor d, which may
be divided out, the equated date is independent of d.

Dividing out d and solving for n, we get, replacing B by its value,
n = (S1ny+Sgng+Ssng+-- - - + Sypny) — (€101 + €205+ Cs05 4+ - - + CnOm)
(Si+Sg+Ss+ -+ +8) —(C1+Ca+Cs++ -+ +Cpa)

(13)
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If the debts are not interest-bearing, Sy = Dy, 8z = Dg, ete., in which
case (13) becomes

n = (Dyny +Dgng+Dsng+-« « - +Dyny) — (€104 4-C304+ C505+« « « 4+ C 0,,) .

(D1+D3+Dg+ -+« + +Dp) —(C1+Ca+Cg++ + + +Cpy) (13"

In practice we usually let the earliest date mentioned in the problem
be “now,” then n; = O and the first term in the numerator vanishes.

When accounts involve short periods of time, we usually express n,
N1, N2, NG, ***, Nk, 01, 02, 03, * * *, O, In months or days.

Note. An account becomes interest-bearing on the equated date and the debtor should
pay interest on the balance of the account from the equated dale uniil the balance ts paid.

Exercise. Derive formula (13) by assuming an interest rate 7 and
choosing the latest date, n;, as the foeal date.

Exercises

1. An obligation of $500 is due in 3 months and another obligation of $520 is due in
9 months. Assuming money worth 69, simple interest, compare the values of these
obligations (a) now, (b) 6 months from now, (¢) 12 months from now.

2. Solve Excrcise 1, assuming money worth 9%, simple interest.

8. A note for $600 drawing 59, simple intcrest will be due in 5 months, and another
note for $600 drawing 69, intcrest will be due in 9 months. Assuming money worth
7%, simple interest, compare the values of these obligations 7 months from now.

4. Solve Exercise 3, assuming money worth 8%, simple interest.

5. A owes B $500 due in 3 months, $600 due in 5 months, and $700 due in 8 months.
Find the equal payments to be made at the end of 6 months and 12 months, respectively,
which will equitably discharge the threc debts if money is worth 5%,.

6. Assuming 69, simple interest, find the equal payments that could be made in 3
months, 6 months, and 9 months, respectively to equitably discharge obligations of
$500 due in 2 months and $800 due in 5 months.

7. Solve Excrcise 5, assuming that the three debts draw 6%, simple interest.

8. A owes B the following debts: $700 due in 5 months at 7%, intcrest, $500 due in
6 months at 7% interest, and $600 due in 9 months at 59, interest. Assuming money
worth 69, find the single payment that is necessary to equitably discharge the above
debts 8 months from now.

9. Find the time when the following items may be paid in a single sum of $3,000:
81,500 due May 1, $500 due June 12, $800 due June 25, and $200 due July 20.

10. Find the time when the following items may be paid in a single sum of $2,300:
$500 due March 1, $300 due April 10, $800 due April 25, and $700 due June 1.

11. Find the time when obligations of $350 due in 2 months, $600 due in 3 months,
and $850 due in 6 months may be settled by a single payment of $1,800.

12. Find the time for settling in one payment of $1,600 the following debts: $200 due
in 3 months, $400 due in 5 months, $300 due in 6 months, and $700 due in 8 months.
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13. Find the date when the following items may be paid in a single sum of $2,000:

Sept. 1, Mdse., 30 days, $400*
Sept. 27, Mdse., 60 days, $500
Nov. 9, Mdse., 2 months, $1,100

Check the correctness of the date by assuming 6% simple interest and showing that
the interest on the past due items as of the equated date is the same as the interest
from the equated date to the due dates of the items not yet due.

Find the time when the following accounts may be paid in single amounts:

14, 1941
January 2, Mdse., 30 da., $800
January 17, Mdse., 1 mo., $500
March 1, Mdse., 2 mo., $300
March 30, Mdsc., net $400

16. 1941

July 1, Mdse., 60 da., $550
July 10, Mdse., 1 mo., $450
August 1, Mdse., 2 mo., $750
Sept. 1, Mdse., net, $350
Sept. 10, Mdse., 30 da., $400

Find the time when the balance of the following accounts may be paid in single

amounts:

16. 1941
April 1, Mdse., $700
April 10, Mdse., $500
July 1, Mdsc., $800

17. 1941
July 1, Mdsc., net, $575
July 5, Mdse., 1 mo., $435
Aug. 1, Mdse., 60 da., $990

18. 1944
January 1, Balance, $1,900
January 20, Mdse., 1 mo., $1,450
March 10, Mdse., Net, $1,325

19. 1944
May 1, Balance, $500
May 10, Mdse., 2 mo., $1,000
June 7, Mdse., 30 days, $2,000
July 1, Mdse., $600

1941
April 20, Cash, $400
May 10, Cash, $300
May 31, Cash, $300

1941

July 10, Cash, $440
Aug. 1., Cash, $720

1944
Jan. 15, Cash, $1,560
Jan. 30, Note, t 2 mo., $1,200
Feb. 1, Note, t 90 da., with interest, $500

1944
May 15, Cash, $700
June 20, Cash, $1,000
July 10, Cash, $400

* When terms of credit are given on the different items, we must first find the due

date of cach item.

t When a note is given without interest, the time is figured to the due date of the
note, but when the note bears intcrest the time is figured to the date that the note is given.
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Review Problems *

1. A man derives an income of $205 a year from some money invested at 4% and
some at 5%. If the amounts o{ the respective investments were interchanged, he would
receive $200. How much has he in each investment?

2. A man has one sum invested at 4%, and another invested at 514%. His total
annual interest is $320. If both sums had been invested at 69, the annual interest
would have been $390. Find the sums invested at each rate.

3. A man made three loans totaling $15,000, the first at 49, the second at 5% and
the third at 6%, receiving for the whole $770 per year. The interest on the second part
is $70 less than on the sum of the first and third parts. How was the money divided?

4. A man has three sums invested at 4%, 6%, and 7%, respectively, the total interest
received being $280. If the three sums had been invested at 69, 7% and 49, respec-
tively, the total interest would have been $305. How much was invested at each rate,
if the sum invested at 49, was $500 more than the sum invested at 7%?

6. One half of a man’s property is invested at 49, one third at 5%, and the rest at
6%. How much property has he if his income is $560?

6. One man can do a piece of work in 10 days, another in 12 days, and a third in 15
days. How many days will it require all of them to do it when working together?

7. A certain tank can be filled by a supply pipe in 6 hours. It can be filled by another
pipe in 8 hours and a third pipe can empty it in 12 hours. If all three pipes are running
at the same time, how soon will it be filled?

8. How much cream that contains 329, butter fat should be added to 500 pounds of
milk that contains 3%, butter fat to produce a milk with 4%, butter fat?

9. A merchant desires to mix coffee selling at 24 cents a pound with 80 pounds selling
at 30 cents a pound and 60 pounds sclling at 33 cents a pound to produce a mixture
which he can sell at 28 cents a pound. How many pounds of the 24 cent coffee must
he use?

10. How large a 6% interest-bearing note should be given April 1 to cancel‘_a debt
of $1,200 due July 1?

11. What is the difference between the true and bank discount on a debt of $1,000
due in 4 months, the interest rate and the discount rate being 714%?

12. A note for $2,500, bearing 59, intercst, dated June 1 was due November 10.
What should be paid for this note August 18, (a) if 6%, simple interest is to be realized?
(b) if 6% discount is to be realized?

13. A note of $500, bearing 69, interest, is dated March 1. If it is due in 4 months,
what would be its value May 1 at 4149,?

14. A merchant is offered a bill of goods invoiced at $748.25 on 4 months’ credit.
As a settlement he gives his note with interest at 7149 for a sum which, at maturity,
will cancel the debt. Find the face of the note.

16. On March 5, a bill of merchandise valued at $3,000 was bought on 6 months’
credit. On May 8, $1,500 was paid on the account. On July 22 the present value of
the balance of the debt was paid. Assuming money worth 6%, find the amount of
the final payment.

* Many of these problems are review problems of algebra. For additional review
problems in interest and discount, see cnd of this book.
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16. A piece of property was offered for sale for $2,900 cash or for $3,000 due in 6
months without interest. If the cash offer was accepted, what rate of interest was
realized?

17. The cash price of a certain article is $90 and the price on 6 months’ credit is
$95. How much better is the cash price for the purchaser, if money is worth 7%?

18. The present value at 59 of a debt due in 72 days is $396.04. What is the amount
of the debt?

19. Find the true discount on a debt of $3,600 when paid 6 months before maturity,
assuming 5% simple interest. :

20. A father wishes to provide an cducational fund of $2,000 for his daughter when
she reaches the age of 18. What sum should he invest at 49, simple interest on her
thirteenth birthday in order that his wishes may be realized?

21. What cash payment on July 1 will cancel a debt of $2,400 due December 8, if
money is worth 89,7

22. A merchant buys a bill of goods from a jobber for $1,500 on 4 months’ credit.
If the jobber can realize 69 simple interest on his money, what cash payment should
he be willing to accept from the merchant?

23. A man borrows $10,000. He agrees to pay $1,000 at the end of each year for
10 years and 4% simple interest on all unpaid amounts. Find the total sum paid in
discharging the debt.

24. Find the sum: 1 4 (1.06) + (1.06)2 + --- + (1.06)*.

26. Find the sum: (1.03)~1° 4 (1.03)~° 4 (1.03)~8 4 ... 4 (1.03) "1,

26. Solve for n: (1.05)" = 6.325.

27. Solve for n: (1.045) ™" = 0.753.

28. Find the rate of interest when, instead of paying $100 cash for an article, the
purchaser pays $10 down and 10 monthly installments of $10 cach.

29. A man buys a bill of goods amounting to $50. Instead of paying cash, he pays
$5 down and 5 monthly installments of $10 each. Find the actual rate of interest paid.

30. On a cash bill for $150, $15 is paid down, followed by 10 monthly payments of
$15 cach. Find the rate of intcrest paid.

81. The cash price of an article is C. Instead of paying cash the purchaser makes a
down payment D followed by montbly installments of R at the end of each month for
7 months, Show that the interest rate ¢ is given by the formula

4o 24@R 4D - 0)
~ 2(@2C — 2D — nR + R)
if all amounts are focalized at the time of the last payment.
32. (a) Using formula (12) show that R at the end of each month for n months is
equivalent to nR at (n + 1)/2 months.

(b) Using the data of Exercise 31 and the conclusion of (a), focalizing all amounts at
(n + 1)/2 months, show that

i_24(nR+D—C)'
T (n+1)(C —-D)

(c) Note that (nR + D — C) is the total carrying charge and (C — D) is the unpaid
balance.



CHAPTER 1I
COMPOUND INTEREST AND COMPOUND DISCOUNT

14. Compound interest.—Simple interest is calculated on the original
principal only, and is proportional to the time. Its chief value is its
application to short-term loans and investments. Long-term financial
operations are usually performed under the assumption that the interest,
when due, is added to the principal and the intcrest for the next period of
time is calculated on the principal thus increased, and this process is con-
tinued with each succeeding accumulation of interest. Interest when so
computed is said to be compound. Interest may be compounded annually,
semi-annually, quarterly, or at some other regular interval. That is,
interest is converted into principal at thesc regular intervals. The time
elapsing between successive periods, when the interest is converted into
principal, is commonly defined as the conversion period. For example,
if the interest is converted into principal semi-annually, the conversion
period is six months. The rate of interest is nearly always expressed on
an annual basis and if nothing is specified as to the conversion period, it is
commonly assumed to be one year. The final amount at the end of the
time, after all of the interest has been converted into principal, is defined
as the compound amount. Consequently, the compound interest is equal
to the compound amount minus the original principal.

Example. Find the compound amount and compound interest on $600
for four years at 59, the interest being converted annually.

Solution. The interest for the first (conversion period) year is
$600(0.05) = $30.00. When this is converted into principal, the amount
at the end of the first year becomes $630. The interest for the second year
is $630(0.05) = $31.50, and when this is converted the principal becomes
$661.50. Continuing this process until the end of the fourth year, we
find the compound amount to be $729.30; and the compound interest for
the given time is $129.30, the difference between $729.30 and $600.

35
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The solution of the above example can be written in the following form:

Interest for first year = $600(0.05)
Principal at end of first year = $600 + $600(0.05)
$600(1 + 0.05) = $600(1.05)
Interest for second year = $600(1.05) (0.05)
Principal at end of second year = $600(1.05) + $600(1.05) (0.05)
= $600(1.05) (1.05)
= $600(1.05)2
Interest for third year = $600(1.05)2(0.05)
Principal at end of third year = $600(1.05)2 4+ $600(1.05)2(0.05)
= $600(1.05)2(1.05)
= $600(1.05)3
Interest for fourth year = $600(1.05)3(0.05)
Principal at end of fourth year = $600(1.05)3 4 $600(1.05)3(0.05)
$600(1.05)3(1.05)
= $600(1.05)*
= $600(1.21550625)
= $729.30.

([

15. Compound interest formula.—If we lct P be the original principal,
7 the yearly rate of interest and S the amount to which P will accumulate
in n years and reason as in the illustrated example of Art. 14, we will obtain
the compound interest formula.

The interest for the first year will be Pz and the principal at the end of

the first year will be P+ Pi = P( +9).

The interest for the second year will be P¢(1 + ¢) and the principal at
the end of the second year will be
PQ1417) + Pi(1 +4) = P(1 + 9)2
By similar reasoning we find that the amount at the end of the third
year is
P(1 +9)2 4+ Pi(1 +2)% = P(1 + 9)?3,

and in gencral the amount at the end of n years is P(1 + 7)*. Thus we
have the formula

S=PA+1D" (1)
This relation is easily visualized by the following line diagram:
P n years at 1%, S=P1+1)"

compound interest
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Example 1. Find the compound amount and compound interest on
$500 for 8 years at 6%, the interest being converted annually.

Solution. Here, P = $500, 7 = 0.06, n = 8.
Substituting in (1) we have
S = 500(1.06)8.
From Table III, (1.06)8 = 1.59384807,
and S = 500(1.59384807) = $796.92.
The compound interest is
$796.92 — $500.00 = $296.92.

Example 2. Find the compound amount on $850 for 12 years at
614%, the interest being converted annually.

Solution. Here, P = $850, ¢ = 0.0625, n = 12,
and S = 850(1.0625)12,

We do not find the rate, 62{%, in Table III, so we use logarithms to
compute S.
log 1.0625 = 0.02633

12 log 1.0625 = 0.31596
log 850 = 2.92942

log S = 3.24538
S = $1,759.50.

Using a table of seven place logarithms we find S = $1,759.41, which
is correct to six significant digits. When we use a table of five place
logarithms for computing, our results will be accurate to four and never
more than five significant digits.

When P, n, and ¢ are given, the amount S computed by (1) is frequently
called the accumulated value of P at the end of n years. Hence, to accumu-
late P for n years at 1%, we find the amount 8 by using (1). The quantity
(1 4 7) is called the accumulation factor.

Similarly, when S, n, and ¢ are given, the principal P is called the dis-
counted value of S due at the end of n years. Hence, to discount S for
n years at 1%, we find the principal P by using (1). The principal P is also
called the present value of S.
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Exercises

1. Find the amount of $1,000 invested 15 years at 49,

2. Find the amount of $1,000 invested 12 years at 6%,.

8. Accumulate $500 for 15 years at 69.

4. Discount $800 for 20 years at 3%,.

6. Find the difference hetween the amount of $100 at simple interest and at com-
pound interest for 5 years at 5%,.

6. At the birth of a son a father deposited $1,000 with a trust comp@ny that paid
4%, the fund accumulating until the son’s twenty-first birthday. What amount did
the son receive?

7. In the following line diagram each section represents 1 year. The point O denotes
any given time. Any point to the right of O denotes a later time and any point to the
left of O denotes an earlier time. Consider $100 at 0. Based upon © = 49%, what is its
value at B? at A?

Solution. At B the value is that of $100 accumulated for 5 years, or 100(1 4 .04)5.

At A the value is that of $100 discounted for 4 years or 100(1 4 .04) 4.

$100
A 0 B

8. In the following line diagram, Lascd upon ¢ = 5%, find the values at 4, B, C,
and D of $100 at O.

-+

I 3 4 3

$100

1 year

16. Nominal and effective rates of interest.—T'he effective rate of interest
18 the actual interest carned on a principal of $1 in one year. When interest
is converted into principal more than once a year, the actual interest
earned (effective rate) is more than the quoted rate (nominal rate). Thus,
if we have a nominal rate of 6% and the interest is converted semi-annually,
the effective rate is by a method similar to that used in Art. 14,

(1.03)2 — 1 = 0.0609 = 6.09%,

Then, on a principal of $10,000, a nominal rate of 69, convertible
semi-annually gives in one year $609.00 interest.
Similarly, if the rate is 69, convertible quarterly, the effective rate is

(1.015)* — 1 = 0.06136 = 6.1369%,.
If we let 7 stand for effective rate, j for nominal rate, and m for the

number of conversions per year, then :TL will be the interest on $1 for one



Compound Interest and Compound Discount 39

conversion period. Hence, the amount of $1 at the end of one year will

be given by
j m
(1 + ﬁ) )]

and the effective rate will be given by the equation

> — L’:. " —
i= (1 + ) 1, 3)
We may also write
) — i m,
A+1i)= (1 + ) 4)

If (1 + i)m be substituted for (1 + ¢) in (1), we obtain the equation
_ AW
S=P (1 + m) ®)

This equation gives the amount of a principal P at the end of n years at
rate j convertible m times per year. If m = 1, (5) reduces to (1). Hence
we say that (5) is the general compound interest formula and (1) is a special
case of (5).

From (4), we may easily find j in terms of m and 7. Extracting the
#nth root of each member and transposing, we find

j=m[d+ )™ - 1). 4"

Sometimes the nominal rate j is written with a subscript to show the
frequency of conversion in a year. Thus j, means that the nominal rate
is 7 with m conversion periods in a year. We also find it convenient at
times to use the symbol “j,, at ¢’ to mean ‘‘the nominal rate 7 which con-
verted m times a year yields the effective ratei.”” Values of j for given
values of m and ¢ are found in Table 1X.

Example 1. Find the effective rate corresponding to a nominal rate
of 5%, when the interest is converted quarterly.

Solution. Here, j = 0.05 and m = 4.
Substituting in (3), we have
i = (1.0125)* — 1
= (1.05094534) — 1 = 0.050945
= 5.0045%.
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Example 2. Find the amount of $750 for 15 years at 5%, converted

quarterly.

Solution. Here P = $750,7 = 0.05, n = 15 and m = 4. Substituting
in (5) we have
S = 750(1.0125)%0,

From Table ITI, (1.0125)60 = 2.10718135,
and S = 750(2.10718135) = $1,580.39.
Example 3. Find the compound amount of $500 for 120 years at 39,.

Solution. Here P = $500, ¢ = 0.03, n = 120. We find no value of

(1 4+ 7)» in the table when n = 120, but we may apply the index law,
ar-a¥ = a® +V_

Hence, (1.03)120 = (1.03)100. (1,03)20
= (19.21863198) (1.80611123)
= 34.710987
and 8 = 500(34.710987) = $17,355.49.

| This example tllustrates a method by which the table can be used when the
lime extends beyond the table limit.

Example 4. To what sum does $5,000 amount in 7 years and 9 months
at 49, converted semi-annually.

Solution. The given time contains 15 whole conversion periods and
3 months. Now, the compound amount at the end of the 15th period is

S = 5,000(1.02)15 = $6,729.34.
The simple interest on $6,729.34 for the remaining 3 months is
6,729.34 X 3{, X 0.04 = $67.29.
Hence, the amount at the end of 7 years and 9 months is
$6,729.34 + $67.29 = $6,796.63.

The solution of Example 4 illustrates a plan that is usually used for
finding the compound amount when the time is not a whole number of
conversion periods. We may state the plan as follows:
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1. Find the compound amount for the whole number of conversion
periods, using (5).

I1. Find the simple interest on the resulting amount at the given rate for
the remaining time.

II1. Add the results of I and I1.

Exercises

1. Find the amount of $800 invested for 8 ycars at §9, convertible annually.

2. Solve Example 1, when the interest is converted (a) semi-annually, (b) quarterly.
Use formula (5).

8. Find the compound interest on $2,5600 at 6149, for 8 years, if the interest is con-
verted semi-annually.

4. A man pays $1,000 for a 10 year bond that is to yield §%, payable semi-annually.
What will be the amount of the original investment at the end of 10 years if the dividends
are immediately reinvested at 5%, payable semi-annually?

6. On January 1, 1928, $1,500 was placed on time deposit at a certain bank. For
10 years the bank allowed 49, interest converted annually. During the next 4 years
3%, converted quartcrly, was allowed, and on January 1, 1942 the interest rate allowed
on such deposits was reduced to 2149, converted semi-annually, What was the accumu-
lated value of this original deposit as of January 1, 1945?

6. Find the effective rate equivalent to 69, nominal converted (a) semi-annually,
(b) quarterly, (¢) monthly.

7. A savings bank paid 6% compound interest on a certain deposit for 6 years and
then 49, for the next 4 years. What single rate (equivalent rate) during the 10 years
would have produced the same effect?

Solution.—Let ¢ equal the equivalent rate.
Then (1 + )10 = (1.05)¢ (1.04)4
log 1.05 = (0.0211893
log 1.04 = 0.0170333

6 log 1.06 = (.1271358
4log 1.04 = 0.0681332

10log (1 4 %) = 0.1952690
log (1 + 3) = 0.0195269
(1 4 4) = 1.04599
i = 0.04599 = 4.5999%,

The value obtained for (1 + %) is correct to six significant digits. A seven place
table of logarithms was used here. When we use a table of seven place logarithms, we
can be sure that our results are accurate to six significant digits.

8. What is the effective rate for 20 years equivalent to 6%, converted annually for
the first 8 years; 5% converted semi-annually for the next 7 years; and 4%, converted
quarterly for the last 5 years?



42 Financial Mathematics

9. An individual has a sum of money to invest. He may buy saving certificates,
paying 5149% convertible semi-annually, or deposit it in a building and loan association,
which pays 59, convertible monthly. Assuming that the degree of safety of the two is
the same, should he buy the certificates or deposit his money in the association?

10. Find the compound amount on $750 for 8 ycars 9 months at 5%, converted
semi-annually.

11. Representing time along the horizontal axis and the computed values of S along
the vertical axis, make graphs of S = 100(1 + 0.04n) and S = 100(1.04)*. Take for n
the values 1, 5, 9, 13, 17, 21, 25 and use the same scale for both graphs.

12. Repeat Exercise 11, when the interest rate is 69%,.
13. Accumulate $2,000 for 12 years if the interest rate is 59, compounded monthly.

14. A house is offered for sale. The terms are $4,000 cash, or $6,000 at tne end of
10 years without interest. If money is worth 49, interest converted semi-annually,
which method of settlement is to the advantage of the purchaser?

16. Find the effective rate equivalent to 79, converted (a) monthly, (b) quarterly,
(c) semi-annually.

16. Find the nominal rate, converted quarterly, that will yield an effective rate of

(a) 4%; (b) 5%; (c) 6%.

17. Present value at compound interest.—In Art. 6 we defined the
present value P of a sum S, due in n ycars, from the standpoint of simple
interest. The definition of present value will be the same here, except
that compound interest is used in the place of simple interest. From the
definition of present value, it follows that the present value P of a sum S
may be obtained by solving equation (1), Art. 15 for P. Solving this
equation for P, we have

S 1
=—"2 _S(1 4" = S —
Tt SA+19) Sv", where v 1

The number v is called the discount factor.
If the rate of interest is j, converted m times a year, we have from (5)
Art. 16

P

. (6)

S

14+ =
m
Compound discount is commonly defined as the future value S minus the
present value P. If D stands for compound discount on S, we have
D=S-P (8)
Compare the above formula with (8), Art. 7.
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Since P is defined as the principal that will accumulate to S, at com-
pound interest, in n years, the difference S — P also stands for the com-
pound interest on P. Therefore, we may say that the compound discount
on the accumulated value is the same as the compound interest on the
present value for the given time at the specified interest rate.

Example 1. Find the present value and compound discount of $4,000
due in 10 years at 5%, converted annually.

Solution. Here, S = $4,000, ¢ = 0.05, and n = 10.
Substituting in (6), we have

P = 4,000(1.05) 10,
From Table IV, (1.05)-10 = 0.61391325
and P = 4,000(0.61391325) = $2,455.65.
Also, D = 4,000.00 — 2,455.65 = $1,544.35.

Example 2. Find the present value of $2,000 due in 8 years at 43%,
converted semi-annually.

Solution. Here, S = $2,000, j = 0.0475, m = 2, and n = 8.
Substituting in (7), we have

P = 2,000(1.02375) 18,

We do not find the rate, 2349, in Table IV, so we use logarithms to

compute S.
log 1.02375 = 0.0101939

16 log 1.02375 = 0.1631024

log (1.02375) 16 = 9.8368976 — 10
log 2,000 = 3.30103
log P = 3.13793
P = $1,373.81.

Example 3. Find the present value of $5,000 due in 7 years with interest
at 69, converted semi-annually, assuming money worth 5%,.

Solution, We first find the maturity value of the debt and then find
the present value of this sum.
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Hence, S = 5,000(1.03)14

= 5,000(1.51258972)
= $7,562.95,

and P = 8(1.05)~7
= 7,562.95(1.05) 7
= 7,562.95(0.71068133)
= $5,374.86.

$65,000 int. at (j=.06, m=2) S =$7,662.95
0 1 2 3 4 5 6 1

int. at i=.06 $7,562.95
1 2 3 4 5 6 1

P
0

This example illustrates a method for finding the present value of an
interest-bearing debt.

Problems

1. What is the present value of a note of $200 due in 6 years without interest, assum-
ing money worth 6%?

2. Find the present value of $3,000 due in § years, if the nominal rate is §%, con-
vertible semi-annually.

3. What sum of money invested now will amount to $4,693.94 in 25 years if the
nominal rate is 534 %, convertible semi-annually?

4. A note of $3,750 is due in 414 years with interest at 6%, payable semi-annually.
Find its value 3 years before it is due, if at that time money is worth 5%,.

6. What is the prescnt value of a $1,000 note due in 5 years with interest at 8%,
payable semi-annually, when money is worth 6%,?

6. Compare the present values of non-interest-bearing debts of $400 due in 3 years
and $450 due in 5 years, assuming money worth 69, converted scmi-annually. Compare
the values of these debts 2 years from now, assuming that money is still worth 69,
converted semi-annually.

7. An investment certificate matures in 3 years for $1,000. Its present cash value is
$860. If one desires his money to earn 5%, annually, should he purchase the certificate?

8. A debt of $4,500 will be due in 10 years. What sum must one deposit now in a
trust fund, paying 4149, converted semi-annually, in order to pay the debt when it
falls due?

9. What is the present value of $300, due in 4 years and 3 months without interest,
when money is worth §%,?

10. A father wishes, at the birth of his son, to set aside a sum that will accumulate
to $2,500 by the time the son is 21 years old. How much must be set aside, if it accumu-
lates at 39, converted semi-annually?
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S S
v P =rn
0 to 10. For convenience, take S = 10 and ¢ = 0.05. Take values of n along the
horizontal axis and corresponding values of P along the vertical axis, using the same
scale and set of axes for both graphs. Use Table IV for finding the values of P =
S .
1+~
12. If $2,5600 accumulates to $3,700.61 in a certain time at a given rate, what is the
present value of $2,500 for the same time and rate?

13. Find the present value of a debt of $250, due in 5 years 3 months and 15 days,
if money is worth §%,.

11. Draw graphs of P = for integral values of n from

14. An investment certificate matures in 7 years for $500. If money is worth 49,
for the first 3 years and 3149, thereafter, what is the present value of the certificate?

16. A man desires to sell a house and reccives two offers. One is for $2,500 cash
and $5,000 in § years. The other is for $3,000 cash and $4,000 to be paid in 3 years.
On a 59, basis, which is the better offer for the owner of the house and what is the dif-
ference between the two offers?

16. An insurance company allows 3149, compound interest on all premiums paid
one year or more in advance. A policy holder desires to pay in advance three annual
premiums due in 1 year, 2 years, and 3 years respectively. How much must he pay the
company now if each annual premium is $21.97?

17. Making use of the binomial theorem (assuming n greater than 1) show that
(1 + 7)™ is greater than (1 4 n?). Using Table IIT compare these values when n = §
and ¢ = 0.06.

18. Other problems solved by the compound interest formulas.—
Tormulas (1) and (5) cach contain four letters (assuming m in (5) to be
fixed). Any one of these letters can be expressed in terms of the other
three. In Art. 16 we solved problems in which S was the unknown and
in Art. 17 we solved for P. We shall now solve some problems when the
value of n or j is required.

Example 1. In how many years will $742.33 amount to $1,000 if in-
vested at 69, converted quarterly?

Solution. From (5), Art. 16, we have
1,000 = 742.33(1.015)4,
Taking logarithms of both members of the above equation, we get

log 1,000 = log(742.33) + 4n log(1.015).
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Solving for n,
_ 1log(1,000) — log(742.33) _3.00000 — 2.87060

4 log(1.015) T 4(0.00647)

012940
T 0.02588

Hence, $742.33 will amount to $1,000 in 5 years, if the rate is 6%
converted quarterly.

Example 2. How long will it take $1,000 to amount to $1,500 at 5%,
converted semi-annually?

Solution. Substituting in (5), Art. 16, we have
1,500 = 1,000(1.025)2",
The above equation reduces to
(1.025)2 = 1.5.

From the 2149, column in Table III, we find that (1.025)2" = 1.4845 0562
when 2n = 16; and when 2n = 17, (1.025)27 = 1.5216 1826. The nearest
time, then, is 16 semi-annual periods or 8 years. That is, $1,000 amounts
to $1,484.51 in 8 years at 59, converted semi-annually. We now find the
time required for $1,484.51 to amount to $1,500 at 5% simple interest.
Here, P = $1,484.51, I = $15.49, and 7 = 0.05. We solve for n as in
illustrated Example 4, Art. 70.
15.49 15.49

"= 1,484.51) (0.05)  74.2255
= 0.209 year (approximately), or 2 months and
15 days.

Hence, we find that $1,000 will amount to $1,500 in 8 years 2 months
and 15 days at 5%, converted semi-annually.

Examples 1 and 2 illustrate methods for finding », when 8, P, and
are given.

Example 3. At what rate would $2,500 amount to $5,000 in 14 years
if interest were converted semi-annually?

Solution. From (5), Art. 16, we have

j 28
5,000 = 2,500 ( 1 + 5) .
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Taking logarithms of both members of the above equation, we get
log 5,000 = log 2,500 + 28 log (1 + Jé) ,

A\ log 5,000 — log 2,500
log (1 4 ]5) L o8

28
_3.69897 — 3.39794 _ 0.30103
. 28 28
= 0.01075.
j
Z) =1.0
(1 + 2) 1.025
j
< = 0.02
5 5
j = 0.05 = 5%.

That is, the rate is 5%, nominal, convertible semi-annually. From (4)
Art. 16 we find the effective rate to be ¢ = 5.0625%,.

Example 4. At what ratc would $1,500 amount to $2,500 in 9 years,
if the interest were converted annually?

Solution. From (1), Art. 15, we have
2,500 = 1,500(1 + 5)°.
Dividing the above equation through by 1,500, we get
(1 4 2)? = 1.6667 (to 4 decimal places).

In Table III we notice that when ¢ = 0.055, (1 + 7)° = 1.6191;
when 7 = 0.06, (1 4 ¢)? = 1.6895. Hence, ¢ is a rate between 5149, and
6%.

By interpolation, we find

7 = 0.055 4 (0.005) (478444)
= 0.055 4+ 0.00338 = 0.05838.

Hence, the rate is 5.84%, (approximately). The student should also
golve this example by logarithms.

Examples 3 and 4 illustrate methods for finding the rate when 8, P,
and n are given.
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Exercises

1. In what time will $840 accumulate to $2,500 at 5%, converted annually?

2. If $1,000 is invested in securities and amounts to $2,600 in 15 years, what is the
average annual rate of increase?

8. At what rate must $10,000 be invested to become $35,000 in 25 years?
. In how many years will $400 amount to $873.15 at 5%, annually?
. How long will it require any sum to double itself at effective rate ¢ ?
. How long will it require a principal to double itself at (a) 59, (b) 6%?
. How long will it take $1,500 to amount to $5,000 at 69, converted quarterly?

8. At what rate will $2,000 amount in 30 years to $10,184.50 if the interest is con-
verted semi-annually?

9. A will provides that $15,000 be left to a boy to be held in trust until it amounts to
$25,000. When will the boy receive the fund if invested at 49, converted semi-annually?

10. A man invested $1,500 in securities and re-invested the dividends from time to
time and at the end of 10 years he found that his investments had accumulated to
$2,700. What was his average rate of interest?

N O o

19. Equation of value.—In Art. 11 the equation of value was defined
and used in connection with simple interest. The equation of value used
here will have the same meaning as in Art. 11. That is, it is the equation
that expresses the equivalence of two sets of obligations on a common date
(focal date). In Art. 11 we assumed, for convenience, that the equation
of value is true for any focal date. However, this assumption is only
approximately true, as was pointed out by a particular example. That is,
when simple interest is used the equivalence of two sets of obligations
actually depends upon the focal date selected. The equivalence of two
sets of sums, however, is independent of the focal date when the sums are
accumulated or discounted by compound inferest. That is, if we have an
equation of value for a certain focal date, we may obtain an equation of
value for any other focal date by multiplying or dividing the first equation
through by some power of (1 + ¢) or of (1 + j/m).

Example 1. A owes B the following debts: $300 due in 3 years without
interest and $700 due in 8 years without interest. B agrees that A may
settle the two obligations by making a single payment at the end of 5 years.
If the two individuals agree upon 69, as a rate of interest, find the single

payment.

Solution. Let x stand for the single payment, and choose § years from
now as the focal date.

The $300 debt is due 2 years before the focal date and amounts to
300(1.06)2 on the focal date.
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The $700 debt is due 3 years after the focal date and has a value of
700(1.06) —2 on the focal date.

The single payment z is to be made on the focal date and has a value
of = on that date.

P

© $800 $700
0 1 2 3 4 :

Then, for the equation of value, we have
z = 300(1.06)2 + 700(1.06) -3
= 300(1.12360000) 4 700(0.83961928)
= 337.08 + 587.73
= 924.81.

Hence, the two debts may be discharged by a single payment of $924.81
five years from now.

Had we assumed 8 years from now as focal date, our equation of value
would have been

2(1.06)2 = 300(1.06)5 + 700.
Dividing the above equation through by (1.06)3, we get
z = 300(1.06)2 + 700(1.08) -3,

which is the equation of value obtained when 5 years from now is taken
as the focal date. This is an illustration of the fact that an equation of
value does not depend upon our choice of a focal date.

The student will observe that in the construction of the line diagram
we place at the respective points the maturity values of the debts. Further,
it should be observed that the payment and the debts are placed at differ-
ent levels.

Example 2. Smith owes Jones $500 due in 4 years with interest at 5%
and $700 due in 10 years with interest at 414%. It is agreed that the two
debts be settled by paying $600 at the end of 3 years and the balance at
the end of 8 years. Find the amount of the final payment, assuming
an interest rate of 514%.

Solution. Let x stand for the final payment and choose 8 years from
now as the focal date.
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The maturity value of the $500 debt is 500(1.05)% and its value on
the focal date is 500(1.05)%(1.055)4.

The maturity value of the $700 debt is 700(1.045)10 and its value on
the focal date is 700(1.045)19(1.055) —2.

The value of the $600 payment is 600(1.055)% on the focal date.

The value of the final payment is « on the focal date.

600

4 10
500 (1.05) 700 (1.045)

B

6 1 2 8 4 & 6 1 5 10
Expressing the fact that the value of the payments equals the value of
the debts (on the focal date), our equation of value becomes

600(1.055)% + = = 500(1.05)%(1.055)* 4 700(1.045)19(1.055) -2,

Making use of Tables IIT and IV and performing the indicated multi-
plications, we have
784.176 + 2 = 752.900 4 976.688

and r = 94541.

Hence, the payment to be made 8 years from now is $945.41.

20. Equated time.—In Art. 12 equated time was discussed and a formula
(based upon simplec interest) for finding this time was developed. Basing
our discussion on compound interest, we shall now solve a particular
example and then consider the general problem, thereby developing a
formula.

Example 1. Find the time when debts of $1,000 due in 3 years without
interest and $2,000 due in 5 years with interest at 59, may be settled by a
single payment of $3,000, assuming an interest rate of 6%,.

Solution. Choose “now” as the focal date and let  stand for the time
in years, measured from the focal date (“now’), until the single payment
of $3,000 should be made. Our equation of value becomes

3,000(1.06) == = 1,000(1.06) =3 + 2,000(1.05)5(1.06)
3,000(1.06)—= = 1,000(0.83962) + 2,000(1.27628) (0.74726),
3,000(1.06)—= = 839.52 + 1,907.43 = 2,747.05,
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(1.08)—* = 2,747.05
: ~ 3,000.00°
3,000
(1.06) = 2,747.05°

z log 1.06 = log 3,000 — log 2,747.05,
o= log 3,000 — log 2,747.05
log 1.06
3.47712 — 3.43886
- 002531 -

Hence, the two debts may be settled by a single sum of $3,000 in 1 year,
6 months from “now.”

Problem. Given that A owes B debts of Dy, Dy, D3, - - - having ma-
turity values of Si, Sz, 83, - - - and due in ny, ng, n3, - - - years respectively.
Assuming an interest rate of ¢%, find the time when the debts may be
settled by making a single payment of § = S; + Sz + S + ---.

= 1.51.

Solution. Choose “now’’ as the focal date and let » stand for the time
in years, measurcd from the focal date (now), until the single payment
of S should be made.

Reasoning as in Example 1, the equation of value becomes
S1+8+8+--)A+)"
=811 +)™+8Aq+)™+ Ss@+25)"™+ ... (9)
Solving the above equation for (1 4 7)™, we get
(A + )= = Si(1 4™+ Se(1+19) ™™+ Ss(14+4)""™+ ...
Si+8+8S+ -

and

1+ = Si+ 8+ 8+ -
S11+9) ™™+ 821+ ™+ Ss(L+2)™+ .-
Taking logarithms of both sides of the above equation and solving for
n, we have
n =
log (S1+82+83++++) —log [S1(142) ~™+S2(144) "™+ 85(14¢) "™ +-++]
log (1 4 2)

.

(10)
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Formula (10) gives the exact value for the equated time. However,
it is obviously very involved and is rather tedious to apply. We naturally
seek a satisfactory approximation formula. We shall now proceed to
find one.

If (1 4 ¢)—" is expanded by the binomial theorem, we have

n(n+1)i2_n(n+1)(n+2)

)3 e
2 2.3 vt

A+d)"=1—n+

Neglecting all powers of 7 higher than the first gives (1 — n2) as an
approximate value of (1 + 2)—™.

Applying the binomial theorem to (1 +4)™™, (1+4¢~™, --- and
dropping powers of ¢ higher than the first, we obtain (1 — n7), (1 — ng),
.-+ ag approximate values of (1 4 2)™™, (1 + ¢)™™, - - . respectively.

Ifin 9), A1+4+2"and X +2)™™ (142" --- are replaced by
their approximate values, we get, on solving for n,

=n1sn+nasz+nssa+

11
S1+ S+ Ss+ --- ()

Now, if the original debts, Dy, Ds, D3, - - - are non-interest-bearing, S;
Sz, S3, -+, may be replaced by Dy, Dg, D3, ---, respectively, and the
above equation becomes

_ nyDy + ngDyg + ngDs + e
Dy+ D3 + D3 + ---

(1)

We notice that (11) is essentially the same as (12), Art. 12. When the
periods of time involved are short and the debts, Dy, Ds, D3, - -+ do not
draw interest, (11’) gives us a close approximation of the equated time.
However, when the periods of time are short and the debts Dy, D2, D3, - - -
draw interest (11) gives a good approximation to 7.

Example 2. Find the equated time for paying in one sum debts of
$300 due in 3 years and $150 due in 5 years.

Solution. Choosing “now” as focal date and substituting in (11’), we
have
_ (300)3 + (150)5

= 3.67 years.
300 + 150 years
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Assuming an interest rate of 69, and applying (10), we find
"= log 450 — log [300(1.06) 3 4 150(1.06) —5]

log 1.06
_ 265321 — 256118 _ 009203 _
0.02531 = 0.02531 OO years

We notice that the results by the two methods differ by only 0.03 of a
year or about 11 days.

21. Compound discount at a discount rate.—In Art. 17 we defined
the compound discount on the sum S as 8 — P, the difference between S
and its present value P. The present value P has been found at the effec-
tive rate 1% and at the nominal rate (j, m) to be

P =81+ i) =81 + j/m)-mm.

We may also find the present value P for a given discount rate. If the
discount rate is d convertible annually, we have from (10) Art. 9 that
d=¢/(1+¢)andl1+7=1/(1 —d). Hence we have

P=SA+iH"=81~-d)" (12)

as the present value of a sum S due in n years at the effective discount
rate d. The compound discount on S is

D=S—-P=S-851-d"=8S1-@1-4d)"]. (13)

If the discount is converted m times a yecar at the nominal rate f, the
corresponding effective rate is the discount on §1 in 1 year. We shall find
the relation between d and f.

a - f/m™ 1
0 1 2 3 v m-—1 m periods

Consider $1 due at the end of 1 year (m conversion periods). Its
value at the end of the first discount period is 1 — f/m. Its value at the
end of the second discount period is (1 — f/m)?, and at the end of the mth
discount period, that is at the beginning of the year, is (1 — f/m)”. But
by Art. 7 its present valueis 1 — d. Therefore, we have

1—-d=©1—f/mm" (14)

as the equation that expresses the relation between the nominal and
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effective rates of discount. "This is similar to (4) Art. 16, which shows the
relation between the nominal and cffective rates of interest.
Further, we have upon substituting in (12)

P=S1-d)"=S81 - f/m™ (15)

as the present value of a sum S due in n years discounted at a nominal
rate of discount f convertible m times a year. Immediatcly we have the
corresponding compound discount

D=S—-P=3S1—-1-fmm. (16)
22, Summary of interest and discount.—Lct P be the principal and
S
(:) 1 2 3 e & o o o n—:-l r:xyears.

8 be the accumulated value or amount of P at the end of n years. Then:
I. Simple interest and discount.

1. At simple interest rate ¢:

S y
P_l—l—m' S = P(1 + ni).
2. At simple discount rate d:
P
P =81 — nd) S_l—nd.

In each case
3. § — P = simple intercst on P for n years.
= simple discount on S for n years.
Combining 1 and 2 we obtain
. d )
1—nd 1+ ns

II. Compound interest and discount.

4. )

1. At effective rate of interest ¢:
P=S1+q S = P14 )",
2. At nominal rate of interest (j,m):
P =S+ j/m)—m 8= P(l+ j/mm.
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3. At effective rate of discount d:
P =381 —ar S=P1—-ad™
4. At nominal rate of discount (f,;m):
P=801~—f/m)ym™ S =P1 — f/m)—mn,
Combining 1 and 2 we obtain

5. 141¢= @1+ j/mm
Combining 3 and 4 we obtain
6. 1—-d=_»0-f/m)m,

In each case
7. 8 — P = compound interest on P for n years.

= compound discount on § for n years.

Problems

1. A debt of $1,500 is due without interest in 5 years. Assuming an interest rate of
5%, find the value of the debt (a) now, (b) in 3 years, (c) in 6 years.

2. Solve Problem 1, assuming that the debt draws 69, interest convertible semi-
annually.

3. A debt of $500, drawing 69 interest will be due in 4 years. Another debt of $750,
without interest will be due in 7 years. Assuming money worth §9%), compare the debts
(a) now, (b) 4 years from now, (c) 6 years from now.

4. Set up the equation of value for Example 2, Art. 19, assuming now as the focal
date and show that the equation is equivalent to the one used in the solution of the
example. |

6. A person is offcred $2,500 cash and $1,500 at the end of cach year for 2 years.
He has a sccond offer of $3,100 cash and $800 at the end of each year for 3 years. Assum-
ing that money is worth 69, to him, which offer should he accept?

6. A owes B debts of $1,000 due at the end of each year for 3 years without interest.
A desires to settle with B in full now and B agrees to accept settlement under the assump-
tion that money is worth §%,. How much does 4 pay to B?

7. (a) In Problem 6 find the value of the debts 3 years from now, assuming 5%
intercst. (b) Also, find the present value of this result, assuming money worth §%,.
(¢) How does the result of (b) compare with the answer to Problem 6? Explain your
results.

8. Smith owes Jones $1,000 due in 2 years without interest. Smith desires to dis-
charge his obligation to Jones by making cqual payments at the end of each year for
3 years. They agree on an interest rate of 69,. Find the amount of each payment.

9. A man owes $600 due in 4 years and $1,000 due in 5 years. He desires to settle
these debts by paying $850 at the end of 3 years and the balance at the end of 6 years.

Assuming money worth 6%, find the amount of the payment to be made at the end
of 6 years.
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10. Solve Problem 9, assuming that the debts draw 59, interest.

11. A man owes $2,000 due in 2 years and $3,000 due in 5 years, both debts with
interest at 5%. Find the time when the two obligations may be paid in a single sum
of $5,000, if money is worth 69, converted semi-annually.

12. A owes B $200 due now, $300 due in 2 years without intcrest, and $500 due in
3 years with 49 intercst. What sum will discharge the threc obligations at the end of
114 years if money is worth 69, converted semi-annually?

13. There are three debts of $500, $1,000, and $2,000 duc in 3 ycars, 5 years and 7
years respectively, without interest. Find the time when the three obligations could be
paid in a single sum of $3,500, money being worth 5%,.

14. Solve Problem 13, making use of the approximate formula, (11).

16. Money being worth 69, find the equated time for paying in one sum the follow-
ing debts: $400 due in 2 years, $600 due in 3 years, $800 due in 4 years and $1,000 duc
in 5 years. Choose 2 years from now as focal date and set up an equation of value as
in Example 1, Art. 12, Check the results by making use of the approximate formula.

16. Assuming money worth 5%, show that $500 now is equivalent to $670.05 six years
from now. Compare these two values on a 6%, interest basis.

17. Show that:

8 — = ,» be—= . an

; .
1 142
m m

3w

18. Find the values of (j, 2) and (f, 2) that eorrespond to ¢ = 0.06.

19. A money lender charges 3% a month paid in advance for loans. What is tho
corresponding nominal rate of interest? What is the effective rate?

20. T purchase from the Jones Lumber Company building material amounting to
$1,000. Their terms are “net 60 days, or 2%, off for cash.” What is the highest rate of
interest I can afford to pay to borrow money so as to pay cash?

21. If a merchant’s money invested in business yields him 29, a month, what dis-
count rate can he afford to grant for the immediate payment of a bill on which he quotes
“net 30 days”?

22. Tind the nominal rate of interest convertible quarterly that is equivalent to
@ = .06, m = 2).

Hint. The two nominal rates arc cquivalent if they produce the same effective rate.
Let ¢ represent this common effective rate. Then 1 417 = (1 4 .03)2 = (1 + j/4)*

23. Find the nominal rate of interest convertible semi-annually that is equivalent to
(G = .06, m = 4).

24. If $2,350 amounts to $3,500 in 43/ years at the nominal rate (j, 4), find . Solve
(a) by interpolation, and (b) by logarithms.

26. How long will it take a sum of money to double itself at (a) ¢ = .06, (b) (j = .06,
m=2), (c) G =.04 m =2)?

26. A man bought a house for $4,000 and sold it in 8 years for $7,000. What interest
rate did he earn on his investment?



CHAPTER III

ANNUITIES CERTAIN

23. Definitions.—An annuity is a sequence of equal payments made at
equal intervals of time. Strictly speaking, the word “annuity’” implies
yearly payments, but it is now understood to apply to all equal periodic
payments, whether made annually, semi-annually, quarterly, monthly,
weekly, or otherwise. Typical examples of annuities are: monthly rent on
property, monthly wage of an individual, premiums for life insurance,
dividends on bonds, and sinking funds.

An annuity certain is one whose payments extend over a fixed number
of years. A conlingent annuily is one whose payments depend upon_the
happening of some event whose occurrence cannot be accurately foretold.
The payments on a life insurance policy constitute a contingent annuity.
In this chapter we shall be concerned entirely with annuities certain.

The time between successive payments is called the payment period.
The time from the beginning of the first payment period to the end of the
last payment period is called the term of the annuity.

Annuities certain may be classified into three groups: Ordinary annuz-
ties, annuities due, and deferred annwities. An ordinary annuity is one
whose first payment is made at the end of the first payment period. If the
first payment is made at the beginning of the first payment period, the
annuity is called an annuity due. If the term of the annuity is not to begin
until some time in the future, the annuity is called a deferred annuity.

The periodic payment into an annuity is frequently called the periodic
rent. The sum of the payments of the annuity which occur in a year is
called the annual rent.

Illustration. A sequence of payments of $100 each, at the end of each
quarter for 3 years, constitutes an annuity whose payment period is one-
fourth of a year. The term begins immediately (one quarter before the
first payment) and ends at the close of three years. The periodic rent is
$100 and the annual rent is 4($100), or $400. This annuity is pictured in
the line diagram.

§ 8 8 8 8 8 8 g 8§
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eeee 00 =100
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There are four general cases of ordinary annuities to which we shall give
especial consideration. They are briefly described by the outline:
A. Annuity payable annually.
I. Interest at effective rate 7.
IL. Interest at nominal rate (j, m).

B. Annuity payable p times a year.
I. Interest at effective rate <.
II. Interest at nominal rate (g, m).

A. ANNUITY PAYABLE ANNUALLY

24. Amount of an annuity.—The sum to which the total number of pay-
ments of the annuily accumulate at the end of the term s called the amount, or
the accumulated value, of the annuity. We shall illustrate.

Example 1. $100 is deposited in a savings bank at the end of cach
year for 4 years. If it accumulates at 5%, converted annually, what is the
total amount on deposit at the end of 4 years?

Solution. Consider the line diagram.

1(?0 100 100 100

T T 1

0 1 2 3 4

It is evident that the first payment will accumulate for 3 years. Hence
its amount at the end of 4 years will be $100(1.05)3.

The second payment will accumulate for two years, and its amount
will be $100(1.05)2, and so on.

Hence, the total amount at the end of 4 years will be given by

$100(1.05)% + $100(1.05)% + $100(1.05) + $100
or $100 + $100(1.05) + $100(1.05)% + $100(1.05)3. )

We may compute the above products by means of the compound interest
formula; their sum will be the amount on deposit at the end of 4 years.
However, we notice that (1) is a geometric progression, having 100 for the
first term, (1.05) for the ratio, and 4 for the number of terms.

_ 100[(1.05)* — 1].

Therefore, Amount 05 @
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Evaluating (2) by means of Table III, we have
}00[(1.05)4 — 1] _ 100(1.2155062 — 1)
.05 B .05

Hence, the amount of the above annuity is $431.01.
The arithmetical solution of the above example may be tabulated as

= 431.01.

follows:

End of Annual Interest Total Increase Total on

Year Deposit eres in Deposit Deposit

1 $100.00 [  ...... $100.00 $100.00

2 100.00 $ 5.00 105.00 205.00

3 100.00 10.25 110.25 315.25

4 100.00 15.76 115.76 431.01
Totals $400.00 $31.01 $431.01

We shall now find the amount of an annuity of $1 per annum for n
years at an effective rate 2. The symbol sz, is used to represent the amount
of an annuity of 1 per annum payable annually for n years at the effective
rate . The first payment of 1 made at the end of the first year will be at
interest for n — 1 years and will accumulate to (1 + 2)»~1,

The second payment of 1 will be at interest for n — 2 years and will
accumulate to (1 + )2

The third payment of 1 will be at interest for n — 3 years and will
accumulate to (1 + 7)"~3, and so on.

The last payment will be a cash payment of 1. 'We have then

s =+ T+ A+ 2+ A+ 34+ ... + (1 +5)+1
=14+ A+D+A+D+ ... + A2+ A +)N @)

This is a geometric progression of n terms, having 1 for first term and
(1 4+ <) forratio. Finding the sum (4lg.: Com.—Stat.,* Art. 60), we have }

a+d"-1

Sa = ; “)
If the annual rent is R and if S represents the amount, we have
149" -1
S =R-sy = rEFY 1 &)

* When it is not desired to emphasize the interest rate, this symbol is frequently
written 8z,
T Sec page x of this text for a list of formulas from Alg.: Com.—Stat.
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Example 2. Find the amount of an annuity of $200 per annum for 10
years at 59, converted annually.

Solution. Here, R = $200, n = 10, and ¢ = 0.05. Substituting in
(5), we get
(1.05)10 — 1

0.05

In Table V we find the amount of an annuity of 1 per period for n
periods at rate ¢ per period.
When n = 10 and ¢z = 0.05, we find

S = 200- 505 = 200

1.05)10 — 1
S08 = —(—0)—05—— = 12.57789254

and S = 200(12.57789254) = 2515.58.
Hence, the amount of the annuity is $2515.58.

Exercises

Find the amount of the following annuities:

1. $300 per year for 10 ycars at 49, interest converted annually.

2. $500 per year for 20 years at 5%, converted annually.

8. $200 per year for 6 years at 3% converted annually. Make a schedule showing
the yearly increases and the amount of the annuity at the end of each year.

4. $150 per year for 10 ycars at 6%, converted annually.

6. In order to provide for the college cducation of his son, a father deposited $100
at the end of each year for 18 ycars with a trust company that paid 49, effective. If
the first deposit was made when the son was one year old, what was the accumulated
value of all the deposits when the son was 18 ycars old?

6. A corporation scts aside $3,700 annually in a deprcciation fund which accumulates
at 5%. What amount will be in the fund at the end of 15 years?

7. Write series (3) in the summation notation. (Alg.: Com.—Slat., Art. 63.)

8. If $1,000 is deposited at the end of cach year for 10 years in a fund which is
accumulated at 49, effective, what is the amount in the fund 4 years after the last
deposit?

9. To create a fund of $5,000 at the end of 10 years, what must a man deposit at the
end of each year for the next 10 years if the deposits accumulate at 49 effective?

10. One man places $4,000 at interest for 10 years; another deposits $500 a year in
the same bank for 10 years. Which has the greater sum at the end of the term if interest
is at 49, effective?

Let us now find the amount of an annuity where the payments are
made annually but the interest is converted more than once a year. We
shall illustrate by an example.
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Example 3. $100 is deposited in a savings bank at the end of each year
for 4 years. If it accumulates at 59, converted semi-annually, what is the
total amount on deposit at the end of 4 years?

Solutton. Consider the line diagram.

100 100 100 100

0 1 2 3 4

It is evident that the first deposit will accumulate for 3 years and at
the ¢nd of 4 years, ((5), Art. 16), will amount to $100(1.025)8,

The second payment will amount to $100(1.025)4, and so on.

Hence, the total amount at the end of 4 years will be given by

$100(1.025)% + $100(1.025)* + $100(1.025)2 + $100
or $100 + $100(1.025)2 + $100(1.025)* + $100(1.025)0. (6)

We notice that (6) is a geometrical progression, having 100 for the
first term, (1.025)2 for ratio, and 4 for the number of terms. Substituting
in (8) Art. 60, Alg.: Com.—Stat., we have
100[(1.025)8 — 1]

(1.025)2 — 1

S = Amount =

@)

It is evident that Table V cannot be used here, but we may use Table III.
100(1.21840290 — 1)

1.06062500 — 1
_100(0.2184029)
©0.050625

Thus, S =

= 431.41.
By writing (7) in the form

(1.025)8 — 1 025
.025 (1.025)2 — 1’

S = 100-

we can identify the last two terms in the product as sg s and 1/sggg;.
Then

8 = 100. S50 ——

S37.025

1
= 100(8.7361 1590)-52—5 = 43141

as was obtained by the first method.
Hence, the amount of the annuity is $431.41.
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The arithmetical solution of the above example may be tabulated as
follows:
¥End of Annual Interest Total Increase Total on
Year Deposit in Deposit Deposit
15
1 $100.00 | ...... $100.00 $100.00
1% | ... $2.50 2.50 102.50
2 100.00 2.56 102.56 205.06
2y | .. 5.13 5.13 210.19
3 100.00 5.25 105.25 315.44
3% | ... 7.89 7.89 323.33
4 100.00 8.08 108.08 431.41

We notice that the amount in Example 3 is 40 cents more than the

amount in Example 1. This is due to the fact that the interest is con-

verted semi-annually in Example 3 and only annually in Example 1.

If the interest is converted m times per year, we may substitute, [(4)

Art. 16], (1 +

i)m for (1 + ) and (1 + i)m — 1 for 7 in (5) and obtain

Q+i>—1
m

writing it in the form

Example 4. Find the amount of $200 per annum for 10 years at 5%,

S=R

=R.gmj .

converted quarterly.

R

J
m

Q+i>—1
m

We can transform (8) into a form involving the annuity symbol s; by

) -1

3~

3w

1

Sl j.
m

©

I~

m
)1
m
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Solution. Here, R = $200, n = 10, j= 0.05, and m = 4. Sub-
stituting in (8a), we have

1
S =200. Sgo125° —

S3i.0125

1
= 200(51.4895 5708) -

4.0756 2695
= 2,526.71

Hence the amount is $2,526.71.

Why is the amount in Example 4 greater than the amount in Example 2?

Exercises

Find the amount of the following annuities:
1. $300 per year for 8 years at 69, interest, converted semi-annually.
2. $250 per year for 25 years at §9, converted quarterly.

8. $500 per ycar for 5 years 49, converted secmi-annually. Make a schedule showing
the increases each six months and the amount of the annuity at the end of each six
months.

4. $600 per year for 30 years at 4147, converted semi-annually.

6. $750 per year for 15 years at 4.29, converted semi-annually. (Hint: Use loga-
rithms to cvaluate (1.021)%0.)

6. On the first birthday of his son a father deposits $100 in a savings bank paying
3149, interest, converted semi-annually. If he deposits a like amount on each birthday
until the son is 21 years old, how much will be on deposit at that time?

7. A man deposits $1,000 at the end of each year in a bank that pays 49, effective.
Another man deposits $1,000 at the end of each year in a bank that pays (j = .035,
m = 2). At the end of 10 ycars how much more does the first man have than the second?

8. A man deposited $1,000 a year in a bank. At the end of 15 years he had $19,000.00
to his credit.  What effcetive rate of interest did he receive?  Solve by interpolation.

9. Solve Tixercise 1 with the interest converted quarterly.
10.” Solve Exercise 1 with the interest converted monthly.

11. Set up the series for the amount of an annuity of R at the end of each year for
n years with interest at the nominal rate (5, m). Sum this serics by (9) Art. 60, Alg.:
Com.—Stat., and thus obtain (8), Art. 24.

26. Present value of an annuity.—The present value of an annuity s
commonly defined as the sum of the present values of all the future payments.
Suppose an individual is to receive R dollars each year as an ordinary
annuity and the payments are to last for n years. The individual may
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do any one of three things with this annuity: (a) He may spend the pay-
ments as they are received; (b) accumulate the payments until the end
of the last rent period (n years); (c) or sell the future payments to a bank
(or similar institution) at the beginning of the first rent period.

If the same rate of interest is used to accumulate the payments as is
used by the bank (or similar institution) in finding the present value of the
future payments, it is evident that the sum (present value) paid to the
individual by the bank at the beginning of the first rent period is equivalent
to the present value of the sum to which the future payments will accumu-
late by the end of the last rent period. Consequently, we may also define
the present value of an annuity as that sum, which, placed at interest at a
gwven rale at the beginning of the first rent period, will accumulate to the amount
of the annuity by the end of the last rent period. Thus, it 1s the discounted
value of S.

Example 1. It is provided by contract that a young man receive $500
one year from now and a like sum each year thereafter until 5 such pay-
ments in all have been received. Not wishing to wait to receive these pay-
ments as they come due, the young man sells the contract to a bank.
If the bank desires to invest its funds at 6%, interest compounded annually,
how much does the young man receive now for his contract?

Solution.
A S
. 5(?0 590 500 590 5(|)0
0 1 2 3 4 5

The first payment is made':one year from now and has a present value
of $500(1.06) .

The second payment is due two years from now and has a present value
of $500(1.06) 2, and so on until the last payment which has a present
value of $500(1.06) 5. Summing up, we have

Present value = $500(1.06) ~! + $500(1.06) 2 +. .. 4 $500(1.06) 5. (9)

We notice that (9) is a geometrical progression having 500(1.06) ! for
the first term, (1.06)-! for ratio, and 5 for the number of terms. Sub-
stituting in (8), Art. 60, Alg.: Com.—Stat. we find
500(1.06) ~1[(1.06) 5 — 1]

(1.06)-1 — 1

A = Present value =
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Multiplying the numerator and denominator of the above expression

by (1.06), :
500[(1.06) 5 — 1]

A = Present value =

1 — (1.06)
1 - (1.06)-8
A = 500 — =
A = 500(4.21236379)  [Table VI]
A = $2,106.182.

If the young man had waited to receive the payments as they became
due and immediately invested them at 6%, converted annually, his invest-
ments at the end of 5 years would Lave amounted to

_ (1.06)5 —1
S = 500 006~ $2,818.546.
We notice that $2,818.546 is the amount of $2,106.182 for 5 years at

6%. For
$2,106.182(1.06)5 = 2,106.182(1.33822558) = $2,818.546.

We shall now find the present value of an annuity of $1 per annum for
n years at the effective rate . The symbol az or az is used to represent
the present value of this annuity. To find this value, we shall discount
each payment to the beginning of the term.

1 1 1 ’ 1 1

0 1 2 3 n—1 n

The first payment of 1 made at the end of the first year when dis-
counted to the present, by Art. 17, has the present value of (1 + 7).
Similarly, the second payment when discounted to the present has a present
value of (1 +7)~2. And so on for the other payments. We then have

am= (40 +A+)2+ A +D2 e+ L +D)™ (10)

This is a geometric progression in which e = (1 + %)%, r = a4+,
I = (1 +¢)-" Finding the sum (Alg.: Com.—Stat., Art. 60), we obtain
1-Q@ "
ans = (i+ " an

The functions az; and s are the two most important annuity func-
tions. We frequently write them ag; and sg.
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Formula (11) may be easily derived from (5) Art. 24. For ag; is, by
definition, the discounted value of sz;. That is,
14+~ —1 1—-(1+49)-
Y e —

1

apy = S;;“'(1+'I:)°_"= ‘(1+1:)_"=

If the annual rent is R, payable at the end of each year for n years, and
if A represents the present value,

— (14"
A=R-am1=R}——£,il—)—-

1

(12)

If the interest is at the nominal rate (j, m), using the relation (4)

Art. 16,
1474¢= 1+ j/mm,

we find
j —-mn
1- (1 + ;:,)
A=R s\ m ’ (13)
D)
m
which is easily reduced to
1
A=R-am; - . (13a)
m Sm|j
m
. 1 1
26. Relation between — and —.
@) Sal
We have a; X +2)" = sz [Art. 25]
and A+ o) = 2.
@i
Substituting for (1 4 )" in the equation
A1+ —1
T Smwe have
Sal — az = 5.
wﬂ
Multiplying through by ¢ and dividing through by s, we find
1 1
—_— e — l,
G Sa
1 1 .
or —=— =1 (14)
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1
Table VII gives values for g According to (14), values for 1 are
Al Sar

obtained by subtracting the rate 7 from the table values of 1 Thus,
&2l

to find 1/s35 04, We look up Table VII and obtain 1/as0, = 0.0735 8175

Using relation (14), we find

= 0.0735 8175 — .04 = 0.0335 8175.
S707.04

27. Summary. Formulas of an ordinary annuity of annual rent R
payable annually for n years.

I. Interest at effective rate 7.

149" —1
i

1. S=R = R. Sa1e .

1— A+
i

2. A=R = R. ay,.

II. Interest at nominal rate (j, m).

FA
<1+m> 1 _1__

———_'_—m_=R‘sW1'
m
1—<1+i)~
m 1
N =R. a,,,——,,u-;——-
(1_*_;7_) -1 m W%
m

L+ =1 1— (149~
=—_—.—i———’ mc=""—;‘—

1. S=R

2. A=R

where

Sa ’

Saw = (1 + ) "agy, age = (1 + 9)~"sgq,
1 1

—_——— =1
O Sai

28. Other derivations of a; and s;.—We have derived the formulas for

a; and 85 by setting up series and then finding their sums by the formula

for summing a geometric progression. It is of great value to derive the
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formulas by a method called ‘“‘direct reasoning’ by some authorities, or
“verbal interpretation” by other authorities.
Consider $1 at 0. Its value at the end of n yearsis (1 + )"

1 a —|{- H"

0 1 2 3 coud n

Also, from another point of view, $1 at 0 will produce an annuity of ¢
at the end of each year for n years and leave the original principal intact
at the end of n years. For, at the end of the first year the amount is
(1 4 ¢). Deposit the ¢ into a separate account, and let the original prin-
cipal $1 again earn interest. It amounts to (1 + 7) at the end of the
second year. We again deposit the ¢ in the second account, and let the
principal $1 again earn interest. We continue this for n years. We thus
find that $1 at 0 is equivalent to an annuity of ¢ for n years plus the original
principal $1 at n. In other words,

1 at 0 = [an annuity of ¢ for n years] + 1 at n.

1
¥

1
0 1 2 3

S -,

Let us now focalize all sums at the end of n years. Then

A+)r=1ds5+ 1,
or, solving for s;,
1+2)"—1

S
nl 7

If we focalize all sums at the present, 0, we have
1=1{ag+ (149"
_1-( 49

or, Qg :

s

Exercises

1. An individual is to receive an inheritance of $1,000 at the end of each year for
15 years. If money is worth 5% effective, what is the present value of the inheritance?

2. Find the present value of an ordinary annuity of $1,000 a year for 12 years at
(G =.05m=2).

8. How much money, if deposited with & trust company paying (j = .04, m = 2), is
sufficient to pay a person $2,000 a year for 20 years, the first payment to be received 1
year from the date of deposit?
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4. An article is listed for $2,000 cash. A buyer wishes to purchase it in four equal
annual installments, the first to be made 1 year from the date of purchase. If money is
worth 6%, what is the amount of each installment?

6. A house was purchased for $12,000, of which $3,000 was cash. The balance was
paid in 10 equal annual installments which began one year from the date of purchase.
If money is worth (j = .06, m = 2), find the amount of cach installment.

6. A house is offered for sale on the following terms: $1,000 down, and $500 at the
end of each year for 10 years. If money is worth 6%, what is a fair cash price?

(1 +12)sq — n

7. Prove:syy + s +sz+ -+ = R

n
8. Prove: Zaa ==,

Z=1 1
n 1 am
9. Prove: gz =~ [n - _]

10. Evidently $1 at 0 is equivalent to an annuity of 1/az at the end of each year for
n years since the present value of the annuity is 1.  Use this fact with Art. 28 to prove that
1 1 .
—_— = 41
an  swl
11. Show that am7 = am + 1 +2) ™ aq = ag + (1 + ) "ag;.
(a) by verbal interpretation. Draw line diagram.
(b) algebraically.
12. Find the value of aizg).04 by using the relation in Exercise 11.
13. Show that smgs = (1 4 9)"sm + sa = (1 + 2)™sq) + sml-
14. Find the value of sy3g].04 by using the relation in Exercise 13.
16. What do the formulas in Exerciscs 11 and 13 become if m = 1?

B. AnNUITY PAvABLE p TiMeEs A YEAR

29. Amount of an annuity, where the annual rent, R, is payable in p
equal installments.—In Art. 15, we dcrived the value of the compound
amount of $1 for n years, (1 + )", for integral values of n. We shall
assume this relation to hold for fractional as well as for integral values of
n. Consider

Example 1. $50 is deposited in a savings bank at the end of every‘ six
months for 4 years. If it accumulates at 5%, interest, converted annually,
what is the total amount on deposit at the end of 4 years?

Solution.

50 5|0 50 50 50
0 1 2

w!S
8
lg
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The first deposit of $50 is made at the end of six months and accumu-
lates for 315 years. At the end of 4 years it will amount to $50(1.05)".

The second deposit of $50 is made at the end of the first year and will
amount to $50(1.05)3 at the end of 4 years.

The third deposit of $50 will amount to $50(1.05)* at the end of 4 years,
and so on.

Next to the last deposit will be at interest six months and will amount
to $50(1.05)* at the end of 4 years and the last deposit will be made
at the end of 4 years and will draw no interest.

Hence, the total amount at the end of 4 years will be given by

$50(1.05)” + $50(1.05)3 + ... + $50(1.05)* + $50;
or  $50 + $50(1.05)* + $50(1.05) + ... + $50(1.05)% (15)

We notice that (15) is a gcometrical progression having 50 for first term,
(1.05)* for ratio, and 8 for the number of terms.
Substituting in (8), Art. 60, Alg.: Com.—Stat., we have

50[(1.05)%— 1]
= A = ———————————
S mount 105)% =1
Using Table IIT and Table VIII, we have
_ 50(1.21550625 — 1)

§ = Amount = =0 169508 — 1
50(0.21550625)
8= "gozicos0s 034

Hence, the amount of the above annuity is $436.34.

Let us now find the amount of an annuity of $1 per annum, payable in
p equal installments of 1/p at the end of every pth part of a year for n
years at rate ¢, converted annually.

To assist him in following this discussion the student should draw a linc
diagram.

The amount of an annuity of $1 per annum, payable in p equal install-
ments at equal intervals during the year, will be denoted by the symbol,
s®. If the interest is converted annually, and ¢ is the rate, s can be
expressed in terms of n, 7, and p as follows: At the end of the first pth
part of a year, 1/p is paid. This sum will remain at interest for (n — 1/p)
years and will amount to 1/p(1 + 7)»~1/»,

The second installment of 1/p will be paid at the end of the second
pth part of a year and will be at interest for (n — 2/p) years, amounting to
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1/p(1 + ©)»—2/? at the end of n years, and so on until np installments
are paid.

Next to the last installment will be at interest for one pth part of a
year and will amount to 1/p(1 + 2)V/7,

The last installment will be paid at the end of n years and will draw no
interest. Adding all of these installments, beginning with the last one,
we have

s = -11; + 11) L+ 9V + i L+ 0% + ..+ % (1 +ovr (16)

We notice that (16) is a geometrical progression having 1/p for first
term, (1 + 72)1/? for ratio, and np for the number of terms. Substituting
in (8), Art. 60, Alg.: Com.—Stat., we have

w A+ =1

Sall = p[(l + ’i)l/p _ 1] : (17)
If the annual rent is R, we have
_ A+ -1
SR a0 -1 e
For convenience in evaluating, (18) may be written, (4’) Art. 16,
A+ —1 )
S e L=k 19
or S = R(sy) (;’_) (19a)
p

Table X gives values of l

Jr

Example 2. Find the amount of an annuity of $1,200 per year paid
in quarterly installments of $300 for 7 years if the interest rate is 59, con-
verted annually.

Solution. Here, R = $1,200, n = 7, p = 4, and ¢« = 0.05. Substitut-
ing in (19), we have
(1.05)" — 1 0.05 (.05)
= . = 1200.57 { = )-
8= 12000 05 aosyi—1j ~ 1200\ 3,

Using Table V and Table X, we have
S = 1,200(8.14200845) (1.01855942) = 9,951.74.
Hence, the amount of the above annuity is $9,951.74.
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Example 3. Find the amount of an annuity of $200 per year paid in
semi-annual installments for 10 years, the interest rate being 4.3% con-
verted annually.

Solution. Hcre, R = $200, n = 10, p = 2, and ¢ = 0.043. The rate,
4.3%, is not given in our tables. We will evaluate by means of logarithms,
using (18).

(1.043)10 — 1
2[(1.043)%% — 1]
log 1.043 = 0.0182843  (Table II.)
10(log 1.043) = 0.1828430

(1.043)10 = 1.5235 (Table 1.)
14(log 1.043) = 0.0091422

(1.043)% = 1.021274  (Table II.)

200(1.5235 — 1) _ 100(0.5235)
2(1.021274 — 1)  0.021274

S = 200

Hence, S = = 2,460.75.

Consequently, the amount of the above annuity is $2,460.75, and it is
accurate to five significant digits. That is, the exact value is between
$2,460.75 and $2,460.65.

Exercises

Find the amount of the following annuities:

1. $300 per ycar paid in scmi-annual installments for 10 years at 4%, interest con-
verted annually.

2. $500 per year paid in quarterly installments for 20 years at 5%, converted annually.

3. $50 per month for 10 years at 4%, interest converted annually.

4. $250 at the end of every six months for 15 years at 414% converted annually.
Evaluate by logarithms, using (18), and then check the result by using Tables V and X.

5. $100 quarterly for 12 years at 3149 converted annually.

6. A young man saves $50 a month and deposits it each month in a savings bank
for 25 years. If the bank pays 3149, interest, converted annually, how much does he
have on deposit at the end of the 25 years?

7. Solve Exercise 1, if it were paid in quarterly installments. Is the answer more or
less than the answer of Exercise 1? Explain the difference.

8. Solve Exercise 2, if it were paid in semi-annual installments. Is the answer more
or less than the answer of Exercise 27 Explain the difference.

9. $100 is deposited in a savings bank at the end of every 3 months. If it accumu-
lates at 39, converted annually, how much is on deposit £t the end of 4 years? Solve
fundamentally as a geometrical progression.
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Let us now find the amount of an annuity paid in p equal installments
each year where the interest is converted more than once a year. We will
illustrate by an example.

Example 4. $25 is deposited in a savings bank at the end of every
three months for 4 years. If it accumulates at 59, interest, converted
semi-annually, what is the total amount on deposit at the end of 4 years?

Solution. The first deposit of $25 is made at the end of three months
and is at interest for 334 years. At the end of 4 years it will amount to

$25(1.025)'%. [(5), Art. 16.]

The second deposit of $25 is made at the end of six months and is at
interest for 315 years. At the end of 4 years it will amount to

$25(1.025)7.

The third deposit of $25 is made at the end of nine months and is at
interest for 3} years. At the end of 4 years it will amount to

$25(1.025)"%, and so on.
Next to the last deposit of $25 will be at interest for 1 year and will
amount to $25(1.025)%.

The last deposit of $25 is made at the end of 4 years and draws no interest.
Hence, the total amount on deposit at the end of 4 years will be given by

$25(1.025)'% + $25(1.025)7 + - - - + $25(1.025)% -+ $25
or  $25 + $25(1.025)% + $25(1.025) + ... + $25(1.025)"%, (20)

We notice that (20) is a geometrical progression having 25 for first term,
(1.025) for ratio, and 16 for the number of terms. Substituting in (8),
Art. 60, Alg.: Com.—Stat., we have

25{[(1.025)%]16 — 1}
(1.025)% — 1
_ 25[(1.025)% — 1]
T(1025)% —1
Using Table III and Table VIII, we have
25(1.21840290 — 1)
§ = Amount = = oo8d — 1

g 25(0.21840290)
T 0.01242284

S = Amount =

(21)

= 439.50.
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Hence, the amount of the above annuity is $439.50.
If the interest is converted m times per year, we may substitute

(1 + i)m for (1 4+ 7) in (18) and obtain
()
m
« \m/p
A+ )" -]
m

Let us consider further equation (21). Here p = 4, m = 2, and hence

p/m is an integer. We may write (21) in the form

100 [(1.025)8 — 1] 025

S=R

(22)

8= 025 2[1.025)% — 1] (21)
= 50.s3] - —(;—22—5
When ﬁp is an integer, (22) becomes
M
S = g s :]2—31-%;]: (22a)

m

m m

When p/m is an integer, (22) can easily be reduced to (22a) in which
case we may apply Tables V and X. This transformation simplifies the
arithmetical computation since S is expressed as a continued product.

Example 6. Find the amount of an annuity of $600 per year paid in
quarterly installments for 8 years, if the interest rate is 59, converted
semi-annually.

Solution. Here, R = $600, n = 8, p = 4, m = 2, and j = 0.05. Sub-
stituting in (22), we have

3 (1.025)16 — 1
§ = 600 4[(1.025)%* — 1]
B (1.025)16 — 1
= 300 2[(1.025)% — 1]
_ (1.025)16 — 1 0.025 B 025
=30 —C 025 2ozt = 1)~ S0,

Using Table V and Table X, we find
S = 300(19.38022483) (1.00621142) = $5,850.18.
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Example 6. Solve Example 5, if the interest is converted quarterly.

Solution. Here, R = $600, n = 8, m = p = 4, and j = 0.05. Sub-
stituting directly in (22),

(1.0125)32 — 1

S = 150 00125 = 150 8330125
= 150(39.05044069) (Table V)
= $5,857.57.

Example 7. Solve Example 5, if the payments are made semi-annually
and the interest is converted quarterly.

Solution. Here, R = $600, n =8, p =2, m =4, and j = 0.05.
Substituting in (22), we have
1.0125)32 — 1
S = 600 ( 5)

2[(1.0125)% — 1]

(1.0125)32 — 1

=300 o127 — 1

_300(1.48813051 — 1)
T 1.02515625 — 1

(Table III)

_300(0.48813051)

= 1.18.
0.02515625 $5821.18

In this example, m/p is an integer. When this is true we can write S

as a product. Thus,
600 (1.0125)3%2 — 1 .0125
=— . = 300-s33 1
5= 0125 (1.0125)% — 1 sl -
2

in which Tables V and VII may be applied. In terms of annuity symbols,
it is of the form

k
P

I =

S=—"smmy - s (22b)

b
S

jisd
Fj

When m/p is an integer, (22) can easily be reduced to (22b).

Formula (22) is our most general formula for finding the amount of an
annuity. The other forms (5), (8), and (18) are special cases of (22).
Thus,
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If m = p = 1, (22) reduces to

S = R.(_l__i;)"___l. (5
i
If p = 1and m > 1, (22) reduces to
(1 + ;Jr—l)m—- 1
S=R7————m" (8)
(1 + -’—) -1
m
If m = 1and p > 1, (22) reduces to
_ 14+)—1
§= R a7 —1] as)
If m = p, (22) reduces to
J\*
1+4=) =1
R( p)
S =- 23
» (23

We observe that (23) is of the same form as (5), where n is replaced
by np, ¢ by j/p, and R by E/p.

In solving annuity problems the student should confine himself to the
use of the fundamental formulas. Thus, if his problem requires that he
find the amount of an annuity, he should use (5), (8), (18), or (22), and then
effect the necessary transformation to reduce it to the annuity symbols that
will entail the least amount of labor in obtaining the numerical result.

Exercises

1. A man deposits $150 in a 4% savings bank at the end of every three months.
If the interest is converted semi-annually, what amount will be to his credit at the
end of 10 years?

2. Solve Exercise 1, with the interest converted (a) annually, (b) quarterly.

3. A man wishes to provide a fund for his retirement and begins at age 25 to deposit
$125 at the end of every three months with a trust company which allows 3% interest
converted semi-annually. What will be the amount of the fund at age 607

4. Solve Exercise 3, with the interest converted quarterly.
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6. Fill out the following table for the amount of an annuity of $300 per year for
12 years at 49%,:

Annuity Interest Convertible
Payable Annually Semi-annually Quarterly
Annually

Semi-annually

Quarterly

6. Solve Exercise 5, with the rate of interest 5%,.
7. Solve Exercise 5, with the rate of interest 414 %,.

8. Find the amount of an annuity of $400 a year for 7 years at 79, interest con-
verted semi-annually. Solve fundamentally as a geometrical progression using the
principle of compound interest.

9. Solve Exercise 8, with the interest converted annually.

10. Solve Exercise 8, with the annuity payable in quarterly installments and the
interest converted semi-annually.

11. $250 is deposited at the end of every six months for 10 years in a fund paying
49, converted semi-annually. Then, $150 is deposited at the end of every three months
for 10 years and the interest rate is reduced to 3% converted quarterly. Find the total
amount on deposit at the end of 20 years.

12. A man hag $2,500 invested in Government bonds which will mature in 15 years.
These bonds bear 3%, interest, payable January 1 and July 1. When these interest pay-
ments are received they are immediately deposited in a savings bank which allows
3149%, interest converted semi-annually. To what amount will these interest payments
accumulate by the end of 15 years?

13."A man begins at the age of thirty to save $15 per month, and keeps all of his
savings invested at an average rate of 49 effective. How much will he have as a retire-
ment fund when he is sixty-five years old?

14. A man 25 years of age pays $41.85 at the beginning of each year for 20 years
for which he receives an insurance contract which will pay his estate $1,000 in case of
his death before 20 years and pay him $1,000 cash, if living, at the end of 20 years.
He also decides to deposit the same amount at the beginning of each year in a savings
bank paying 3% interest. Compare the value of the two investments at the end of 20
years. On the basis of 39, interest what would you say his insurance protection cost
for the 20 years?

16. A man deposits $150 in a savings bank on his twenty-fifth birthday and a like
amount every six months. If the bank pays 3%, interest convertible semi-annually,
how much does he have on deposit on his sixtieth birthday?

16. Solve Exercise 15, with the interest converted quarterly.

17. A man, age 25, pays $24.03 a year in advance on a $1,000, 20-payment life policy.
If he should die at the end of 12 years, just before paying the 13th premium, how much
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would his estate be increased by having taken the insurance instead of having deposited
the $24.03 cach year in a savings bank paying 47, effcctive?

18. Find the amount of an annuity of $200 a year payable in semi-annual install-
ments for 7 years at 49, converted annually. Solve fundamentally as a geometrical
progression.

19. Solve Exercise 18, with the interest converted quarterly.

20. Assume that R/p dollars is invested at the end of 1/pth of a year, at nominal
rate j converted m times a year, and that a likec amount is invested every pth part of a
year until np such investments are made; sum up as a geometrical progression and there-
by derive the formula (22).

30. Present value of an annuity of annual rent, R, payable in p equal
installments.—In Art. 25 we considered the problem of finding the present
value of an ordinary annuity with annual payments. We are now ready
to consider the problem of finding the present value of an ordinary annuity
of annual rent, R, with p payments a year.

A

w

r 1 T T T

0 1 2 3 -+ a—1 n
We have found the amount S of such an annuity. When the interest
is at the effective rate ¢, the amount S is given by (18); when the interest
is at the nominal rate (j, m), the amount S is given by (22). If, as usual,
A designates the present value of the annuity, evidently

1+9)"-1

A(1+z)"=S=Rp[(1+i)w_1] (24)
if the interest is at the effective rate 7, and
i\ (1 + ‘Z%)m ~ 1
Al1+=) =8S=R- -
( +m) S=R [< j)m/r ] (25)
pj\1+ -1
m
if the interest is at the nominal rate (j, m).
Solving (24) and (25) respectively for A, we obtain
_ 1-Q+9™"
A=ROTTro7 -1 @8
and
.\ —-mn
1- (1 + i)
A=R @7

AG+2)" -]
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We shall leave it as an exercise for the reader to show that (26) can be
reduced to the form

7
A = R-ag¢~+
e Jp
and that (27) can be reduced to the forms
i
R
A="am, .——L, Pon integer, (28a)
m g . J
Jp at rate =
m m
R I m
A = @z, -——, — an integer. 28b)
P sm, P (
Dim

It is of great value to derive the fundamental formulas (26) and (27)
by discounting each payment R/p to the present and finding the sum of the
respective series. See p. 59. We shall set up the serics and leave the details
of summation and simplification to the reader.

If the interest is at the effective rate 7, the present value is

4 =l—;[(1+¢)—1/p+ A+ 4+ ...+ +i)~"],

which simplifies to the value given in (26).
If the interest is at the nominal rate (j, m), the present value is

£\ —m/, >\ —2m/p )\ —mn
A=E[(1+1) p+(1+l) +...+(1+l) ]
P m m m

which simplifies to the value given in (27).

Again we would advise the student, when solving annuity problems, to
confine himself to the fundamental formulas. Thus, if his problem re-
quires that he find the present value of an annuity, he should use (12),
(13), (26), or (27), and then effect the necessary transformation to reduce
it to the annuity symbols that will entail the least amount of labor in
obtaining the numerical result.

31. Summary of ordinary annuity formulas.

S = The Amount of the Annuity.
A = The Present Value of the Annuity.
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A. Annuity of annual rent R payable annually for n years.
I. At the effective rate 7.

_ At -1
1

1-A+)"

=

1. S R - sy )

2.A=R R - ag (12)

II. At the nominal rate (7, m).

(o)
m

. S=R————" ®
<1+-’—) -1
m
1_(1+i)"""
2. A=R il (13)

oD
m

B. Annuity of annual rent R payable p times a year for n years.
I. At the effective rate 7.
QA+ -1

1. S=Rp[(1+i)1,,,_1]- (18)
-t
ZA=ROAT 1] (26)
II. At the nominal rate (j, m).

(1+2)" -1

1. S=R ’J" T (22)
o|(1+2)" -1
m

1-(i+4)”

2.A=R 27)

[
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Example 1. Find the present value of an annuity of $600 per year

paid in quarterly installments for 8 years, if the interest rate is 5%, con-
verted semi-annually.

Solution. Here, R =$600, n =8, p=4, m =2, and j = 0.05.
Substituting in (27), we have

3 1 — (1.025)-16 1 — (1.025)-16
4 = 600 4{1.025)% - 1] 2[(1.025)"% — 1]
— —-16
— 300 L= (1.025)719 0'02;54
0.025 2[(1.025)*% — 1]
025
= 00. “—-‘.  —
300-agl0zs - — 025
= 300(13.05500266) (1.00621142) [Tables VI and X]

= $3,940.83.

Example 2. Solve Example 1, with the interest converted quarterly.

Solution. Here, B = $600, n = 8, m = p = 4, and j = 0.05. Sub-
stituting in (27),

1 — (1.0125) 32

A =150 0.0125 = 150-a33].0125
= 150(26.24127418)  [Table VI]
= $3,936.19.

Example 3. Solve Example 1, if the payments are made semi-annually
and the interest is converted quarterly.

Solution. Here, R = $600, n =8, p=2, m =4, and j = 0.05.
Substituting in (27), we have
1 — (1.0125)-32
2[(1.0125)% — 1]
1 — (1.0125) 32

(1.0125)2 — 1

300(1 — 0.67198407)
= 102515625 — 1 [Tables III and 1V]
_300(0.32801593)
T 0.02515625

4 = 600

= 300

= $3,911.74.
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We may also solve this example by writing 4 in the form

1 — (1.0125) 32 0125
.0125 (1.0125)2 - 1

and applying Tables VI and VII. We find
A4 = 300(26.2412 7418) (0.4968 9441)
= $3911.74.

A = 300

Exercises

1. Find the present value of an annuity of $700 per year running for 15 years at 59,
converted annually.

2. Solve Exercise 1, assuming that the interest is converted semi-annually.

3. A piece of property is purchased by paying $1,000 cash and $500 at the end of
each year for 10 years without interest. What would be the equivalent price if it were
all paid in cash at the date of purchase, assuming money is worth 5§14%,?

4. In order that his daughter may receive an income of $800 payable at the end of
each year for 5 years, a man buys such an annuity from an investment company. If
the investment company allows 49, interest, converted annually, what sum does the
man pay the company?

6. Solve Exercise 4, if the daughter is to receive $400 at the end of each six months.

6. The beneficiary of a policy of insurance is offered a cash payment of $10,000
or an annuity of $750 for 20 ycars, the first payment to be madc one year hence. Allow-
ing interest at 3149, converted annually, which is the better option?

7. A building is leased for a term of 10 years at an annual rental of $1,200 payable
annually at the end of the year. Assuming an interest rate of 5.29%, what cash payment
would care for the lease for the entire term of 10 ycars?

8. Show that the results of Examples 5, 6, and 7 of Art. 29 arc the compound amounts
of the results of Examples 1, 2, and 3 respectively of Art. 31.

9. An individual made a contract with an insurance company to pay his family an
annual income of $4,000, payable in quarterly installments at the end of each quarter
for 25 years. He paid for the contract in full at the time of purchase. Assuming money
worth 49, what did it cost?

10. Find the cost of the above annuity, with the interest converted quarterly.

11. Fill out the following table for the present value of an annuity of $100 per year
for 10 years, interest at 4%,.

Annuity Interest Convertible
Payable Annually Semi-annually Quarterly
Annually

Semi-annually

Quarterly
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12. Solve Exercise 11, with the rate 5%.

13. Derive formulas (22) and (27) from (18) and (26) respectively by using the rela-
tion (1 +14) = (1 +3j/m)™

14, How much money, if deposited with a trust company paying (5 = .04, m = 2),
would be sufficient to provide a man with an income of $100 a month for 25 years?

16. A house is sold “like paying rent” for $50 a month for 12 years. What is the
cash equivalent if money is worth 69,?

16. A coal minc is estimated to yield $10,000 a year for the next 12 years. The mine
is for sale. What is the present valuc of the total yield of the mine on a 5%, basis?

17. State problems for which the following would give the answers:

(ﬂ.) S = 600. $18).015 * .
$861.015

.025
jo at 025

18. A widow is to reccive from a life insurance policy $50 a month for 20 years.
If money is worth 39, what is a fair cash scttlement?

19. A building and loan association accumulates its deposits at (j = .06, m = 2).
If a man makes monthly deposits of $35 cach for 10 years, what sum should he have to
his credit at the end of this time?

20. A man is offered a piece of property for $10,000. He wishes to make a cash pay-
ment and semi-annual payments of $500 for 10 years. What should be the cash payment
if the seller discounts future payments at (j = .06, m = 2)?

(b) A = 200. az51.025 *

32. Annuities due.—In the previous scctions of this chapter, we have
been concerned with ordinary annuities,—that is, annuities in which the
payments were made at the ends of the payment periods. An annuity due
is one in which the payments are made at the beginnings of the payment
periods.

The term of an annuity due extends from the beginning of the first
payment period to the end of the last payment period. That is, it extends
for one payment period after the last payment has been made. The
amount of the annuity due is the value of the annuity at the end of the
last payment period, that is, at the end of the term. The present value
of an annuity due is the value of the annuity at the beginning of the term,
or at the time of the initial payment. The present value includes the
initial payment.

To solve problems involving annuities due it is neither necessary nor
desirable that we invent a number of new formulas*. We can always
analyze an annuity due problem in terms of ordinary annuities. It is
important, however, that the student have a clear picture of the problem.

* The symbols, s; and aj), in black roman type are frequently used to represent the
amount and the present value of an annuity due of 1 per year for n years.
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We submit the following line diagrams to assist the student in clearly
understanding the similarities and the differences between ordinary annui-

ties and annuities due.

. A S
5’5 1st 2nd 3rd last
3 B pay. pay. pay. e pay.

<
© 0 1 2 3 n

A 8
-‘S o Ist 2nd 3rd last

= P
g A pay. pay. pay. pay.
< 0 1 2 e n—1 n

Example 1. $50 is deposited in a savings bank now and a like amount
every six months until 8 such deposits in all have been made. How much
is on deposit 4 years from now, if money accumulates at 5%, converted

annually?

Solution. Consider the line diagram.
SI

S
50 50 50 50 50 50 50 50

0 1 2 3 4

First method. The amount of the annuity, S, just after the last
deposit (at 314 years) is that of an ordinary annuity with R = 100, n = 4,
p = 2,7 =.05. Using BI1, Art. 31, we find this amount to be

g - 100{01.05)* — 1]
T2 [(1.05)%—1]

.05
= 100, T
100. 57,05 jz at .05

= 100(4.3101 2500) (1.0123 4754)

= 436.3344.
Now evidently §’ is the value of S accumulated for )5 a year. Hence

S’ = 8(1.05)”% = 436.3344(1.0246 9508)
= $447.11.
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Second method. 1If a deposit of $50 had been made at the end of 4 years,
the amount would have been that of an ordinary annuity with B = 100,
n = 4%, p = 2,7 = .05. Again using BI1, Art. 31, we find this amount
to be

(1.05)% — 1
(1.05)% — 1

It is clear that the amount just before such a deposit was made, which
is the amount 8§’ that we are seeking, is

S’ =50 -

, B (1.05)% — 1
S =8 50_50-(1'05)%_1—50
50((1.05)* — 1] .05
= P Sl %.100- 557 - —
(1.05) Los% 1 (1.05)%-100- 5] 5
= $447.11,

Example 2. Find the amount of an annuity due of annual rent $400
payable in quarterly installments for 8 years at 69, converted annually.
We shall leave it as an exercise for the student to show that the first
method leads to the solution
1.06)8 — 1
S’ = 400(1.06)% (1067 —1_

4[(1.06)% — 1]

_ w (1.06)8 — 1 0.06
400(1.06) 0.06  4[(1.06)% — 1]

= 400(1.01467385) (9.89746791) (1.02222688)
[Tables VIII, V, X]
= $4,106.36.

Example 3. Solve Example 2 with the interest converted quarterly.
We shall leave it as an exercise for the student to show that the second
method leads to the solution

(L015)% — 1

0.015 1] = 100 [szg.015 — 1]

S = 100[

= 100(42.29861233 — 1)  [Table V]
= $4,129.86.
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Example 4. Solve Example 2 with the interest converted semi-annually.
The application of the first method leads to the solution
(1.03)16 — 1
4[(1.03)*% — 1]
(1.03)16 — 1 0.03
0.03  2[(1.03)% — 1]

= 200(1.01488916) (20.1568813) (1.00744458)
[Tables VIII, V, X]

S’ = 400(1.03)*

= 200(1.03)*

= $4,120.85.

Exercises

1. Set up a series for the accumulated values of the payments in Example 1 above,
find the sum of the resulting gecometric progression, and thus find §’.

2. Do the same for Ilxample 3 above.

8. A man dcposits $150 in a savings bank on his twenty-fifth birthday and a like
amount every six months. If the bank pays 3% interest convertible semi-annually,
how much does he have on deposit on his sixtieth birthday?

- 4. Solve Exercise 3, with the interest converted quarterly.

6. A man, age 25, pays $24.03 a year in advance on a $1,000, 20-pay life policy. If
he should die at the end of 12 years, just before paying the 13th premium, how much
would his estate be increased by having taken the insurance instead of having deposited
the $24.03 each year in a savings bank paying 49, cffective?

6. An insurance premium of $48 is payable at the beginning of each year for 20 years.
If the insurance company accumulates these payments at §9, converted scmi-annually,
find the amount of the payments at the end of the 20th year.

7. Find the amount of an annuity due of $200 a ycar payable in semi-annual install-
ments for 7 years at 49, converted annually. Solve fundamentally as a geometrical
progression.

8. Solve Exercise 7, with the interest converted quarterly.

We have defined the present value of an annuity due to be the value of
the annuity at the time of the initial payment. Consider the examples:

Example 1. An individual is to receive $50 cash and a like sum every
six months until 8 such payments in all have been made. What is the
cash value of the payments, if money is worth 5%, converted annually?

A N
5 50 50 50 50 50 50 50
0 1 2 3 4

Solution. We shall solve this example by two methods.

First method. The payments constitute an ordinary annuity whose
term begins 6 months before the present and ends at 314 years. Its term
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is therefore 4 years. We have for this annuity R = $100, n = 4, p = 2,
¢ = ,05. Using BI2, Art. 31, we find

1 — (1.05)—

2[(1.05)% — 1]

Evidently A’, the required present value, is the value 4 accumulated

14 year at 59, Hence
, ' 1-— (1.05)~4] [ 0.05 ]
4" = Q'%) (100) [ 0.05 2[(1.05)% — 1]

100(1.02469508) (3.54595050) (1.01234754)
= $367.84. [Tables VI, VIII, and X]

Second Method. If we disregard the first payment, the remaining
7 payments constitute an ordinary annuity whose term begins now. The
value at 0 of this annuity is the present value of an ordinary annuity with
R =100, n = 3%, p = 2,7 = .05. Using BI2, Art. 31, the value at 0 is

4 =100

I

A =50 — 1
Hence
1— (1.05)—4][ 0.05 ]
1 AN = b
A’ = A" + 50 = (1.05) (100)[ 0.05 2[(1.05)"% — 1]

= 100(1.02469508) (3.54595050) (1.01234754)
$367.84. [Tables VI, VIII, and X]

Example 2. Tind the present value of an annuity due of $600 per
year paid in quarterly installments for 8 years, if the interest rate is 5%,

converted semi-annually.
We shall leave it an exercise for the reader to show that the first method

leads to the solution

A’ = 600(1.025)%

1 — (1.025)-16

4[(1.025)%— 1]

1 — (1.025)-16

2[(1.025)%— 1]

— (1.025)-16 0.025
0.025  2[(1.025)% — 1]

= 300(1.01242284) (13.05500266) (1.00621142)
= $3,980.78. [Tables VI, VIII, and X]

= 300(1.025)%

1
= 300(1.025)"
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Example 3. Solve Example 2 with the interest converted quarterly.
We leave it an exercise for the reader to show that the second method
leads to the solution

— —31
A = 150 [ | 4 L= 0125

0.0125
= 150(1 + 25.56929010) [Table VI]
= 150(26.56929010) = $3,985.39.

] = 150[1 + as1.0125)

Example 4. TFind the present value of an annuity due of $600 per year
paid in semi-annual installments for 8 ycars if the interest rate is 5%
convertible quarterly.

An application of the first method leads to the solution
., 1 —(1.0125)-32

A’ = 300(1.0125)% « ———r—

00(1.0125) (1.0125)2 — 1

1
= 300(1.0125)*ag3 - — at .0125
2|

= $4,010.15. [Tables III, VI and VII]

Exercises
1. Set up a series for the present value of the payments in Example 1 above, find the
sum of the resulting series, and thus find 4'.
2. Do the same for Example 3 above.

3. A man leases a building for 4 years at a rental of $100 a month payable in advance.
Find the equivalent cash payment, if money is worth 5%,

4. A man pays $500 cash and $500 annually thereafter until 10 payments have
been made on a house. Assuming money worth 6%, converted semi-annually, what is
the equivalent cash price?

6. An insurance policy provides that at the death of the insured the beneficiary is to
receive $1,200 per year for 10 years, the first payment being made at once. Assuming
that money is worth 3149, what is the value of a policy that will provide such a settle-
ment?

6. Allowing interest at 5%, converted quarterly, what is the present cash value of
a rental of $2,000 per year, payable quarterly in advance for a period of 15 years?

7. Solve Exercise 6, with the payments made semi-annually.

8. A man deposits $30 at the beginning of each month in a bank which pays 3%
interest converted semi-annually. He makes these deposits for 120 months. What
amount does he have to his credit at the end of the time.

9. Prove that a; = 1 + az=7.

10. Prove that s7; = (1 + ¢)sj = 8771 — 1.
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33. Deferred annuities.—A deferred annuity is one whose payments are
to begin at the end of an assigned number of years or periods. When we say
that an annuity is deferred m payment periods, we mean that the annuity
is “entered upon” at the end of m payment periods and that the first pay-
ment is made at the end of (m -+ 1) payment periods. The m periods con-
stitute the pertod of deferment.

The amount of a deferred annuity is the value of the annuity imme-
diately after the last payment. The present value of a deferred annuity is
the value of the annuity at the beginning of the period of deferment.

The following line diagram emphasizes the characteristics of a deferred
annuity that continues ¢ payment periods after being deferred m payment

periods.
A’ 4 S
1st 2nd lnst
. . i pay. pay. pay.
0 1 2 m m+1 m+2---m+4t
i Period of Term of o'rdinary
deferment i annuity
¢ Term of deferred annuity »

To solve problems involving deferred annuities, it is neither necessary
nor desirable that we invent a number of new formulas.* Problems in-
volving deferred annuities can always be analyzed in terms of ordinary
annuities. We shall illustrate the methods of solution by a few examples.

Example 1. A young man is to receive $500 at the end of 6 years and
a like sum each year thereafter until he has received 10 payments in all.
Assuming money worth 49, converted annually what is the present value
of his future income?

We shall solve this problem by two methods.

Solution. First method. Consider the line diagram.

A’ A
. S0 s s
0 1 2 ... 5 6 7 ... 15
The value of the annuity at the end of 5 years is evidently
1 — (1.04)-10
A= 500.—#—-2—— = 500 ag o4

* The symbols m | s7 and m | ag) are frequently used to represent the amount and
the present value of an annuity of 1 per year for n years deferred m years,



90 Financial Mathematics

The value at 0, which is the value we are seeking, is A discounted 5
years at 49, Hence,

A’ = (1.04)-5 4

1 — (1.04)-10

oL ] = (1.04)~5-500- ag5.0s

= (1.04)~5 [500

= 500(0.82192711) (8.11089578) [Tables IV and VI]
= $3,333.28.

Solution. Second method.

Imagine $500 paid at the end of each year for the first five years.
These payments together with the 10 given payments constitute an ordi-
nary annuity of $500 a year for 15 years. Its value at 0 is 500. ag g4
Now, if we subtract the value at 0 of the five imaginary payments, namely
500 ag 4, We have

A., = 500 am_(m - 500 agl_(m = 500 [argl.o.i - a‘5‘l.04]

500(11.1183 8743 — 4.4518 2233) [Table VI]
= $3,333.28.

The second method is much simpler from the standpoint of computa-
tion. The student, however, should become skilled in the use of both
methods.

Example 2. Find the present value of an annuity of $600 per year
paid in quarterly installments for 8 years but deferred 5 years, assuming
money worth 5%, converted semi-annually.

Solution. We leave it as an exercise for the reader to show that the
first method leads to

1 — (1.025)-16
A7 = 600(1.025)-10 L= (1:025)

4[(1.025)* — 1]

1— (102516 0.025
0.025 2[(1.025)% — 1]

= 300(0.78119840) (13.05500266) (1.00621142)
[Tables IV, VI and X]

= 300(1.025) 10

= $3,078.57.
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Example 3. Solve Example 2 with the interest converted quarterly.

Solution. We shall leave it as an exercise for the reader to show that
the second method leads to

[1 — (1.0125)-%2 1 — (1.0125) —20]
150 —

0.0125 0.0125
= 150 [arﬁl.m% - a«z—ol.oms]
150(38.06773431 — 17.59931613) [Table VI]
= 150(20.46841818) = $3,070.26.

AI

Example 4. Find the present value of an annuity of $600 a year paid
in semi-annual installments for 8 years but deferrcd 5 years, assuming
money is worth (7 = .05, m = 4).

Solution. We leave it as an exercise for the reader to show that the
first method leads to
1 — (1.0125) 32
A’ = 600(1.0125) 20 — -

( ) 2[(1.0125)% — 1]
1 — (1.0125)—32
(1.0125)2 — 1
_ 300(0.78000855) (1 — 0.67198407)  [Tables III and IV]
h 1.02515625 — 1
_300(0.78000855) (0.32801593)
B 0.02515625

= 300(1.0125) —20

= $3,051.19.

Remark 1. It will be noted that we have given no examples that
involve finding the amount of a deferred annuity. The amount of a de-
ferred annuity is obviously the amount of an ordinary annuity to which we
have already given much attention.

Remark 2. The second method for cvaluating the present value of a
deferred annuity is preferable when m = p.

Exercises

1. If money is worth (j = .04, m = 2), find the present value of an annuity of
$1,000 a year, the first payment being due at the end of 8 years and the last at the end
of 17 years.

2. Find the present value of an annuity of $1,000 per ycar, payable in semi-annual
installments, for 9 years but deferred 5 years assuming money worth 4%, converted
semi-annually.  Solve by two methods.
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3. Solve Exercise 2, with the interest converted annually.

4. Find the present value of an annuity of $800 per annum paid in quarterly install-
ments for 14 years, deferred 6 years, if money is worth 5% converted annually.

6. Solve Exercise 4, with the interest converted (a) semi-annually, (b) quarterly.

6. A will provides that a son, aged 15 years, is to receive $1,000 when he reaches 25
and a like sum each year until he has received 15 payments in all. Assuming money
worth 49, converted annually, what would be the inheritance tax of 5%, on the son’s
share?

7. A geologist estimates that an oil well will produce a net annual income of $50,000
for 10 years. Due to litigations the first income will not be available until the end of 4
years, but will come in at the end of each year thereafter until 10 full payments have
been made. Assuming moncy worth 5149, what is the present value of the well?

8. What sum should be set aside now to assure a person an income of $150 at the
end of each month for 20 years, if the income is deferred for 12 years, assuming money
worth 414% converted semi-annually?

9. A man offers to sell his farm for $15,000 cash or $7,500 cash and $2,500 annually
for 4 years, the first annual payment to be made at the end of 5 years. Assuming money
worth 6%, what is the cash difference between the two offers?

10. What sum of money should a man set aside at the birth of his son in order to
provide $1,000 a ycar for 4 years to take care of the son’s education, if the first install-
ment is to be paid in 18 years? Assume 49, interest.

11, Prove: m| azy = (1 4+ 2)~™ azy.
12. Prove: m | az = emFny — Gmis»

34. Finding the interest rate of an annuity.—We may find the approxi-
mate interest rate of an annuity by the method of interpolation. This
method will be sufficiently accurate for all practical purposcs.

Example 1. At what rate, converted quarterly, will an annuity of
$100 per quarter amount to $5,100 in 10 years?

Solution. Here, R = $400, m = p =4, n = 10, and S = $5,100.
Substituting in BII1, Art. 31, we have

y \ 40
(1+9)"-
5,100 = 100 ————— = 100sq;

4

Then Sz, = 51.0000. We now turn to Table V and follow n = 40

until we come to a value just less than 51.0000 and one just greater than
51.0000. We find the value 50.1668 corresponding to 149, and the
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value 51.4896 corresponding to 114%. Hence, the rate j/4 lies between
1%% and 149%. Interpolating, we have

—Sio.o1zs = 51.4896

00125 S50 = 51.000 1 1.3228
T l ¢ 8332
830L.01125 = 50.1668

z 08332
00125  1.3228°

z = 0.00079

i = 0.01125 + 0.00079 = 0.01204.

And Jj = 0.04816 = 4.8169, (approximately).
This result may be checked by logarithms. We have
(1.01204)40 — 1
0.01204
log 1.01204 = 0.0051977 (Table II)
40 log 1.01204 = 0.2079080
(1.01204)%0 = 1.6140.  (Table I)

(16140 — 1)
And S =100 = o To01

61.40
= Toiz01 = $5:099.67.

This result is only 33 cents less than the $5,100 and the rate 4.8169, is
accurate enough. If 7 place logarithms had been used to find the anti-
logarithm of 0.2079080, our result would have been $5,099.80 which
differs from the $5,100.00 by only 20 cents.

Example 2. The present value of an annuity of $400 per annum for
20 years is $5,000. Find the interest rate.

Solution. Here, R = $400, m = p =1, n = 20, and A = $5,000.
Substituting AI12, Art. 31, we have

1 — (14 4)—20
B

S = 100

5,000 = 400

Then azp = 12.5000.

We now turn to Table VI and follow » = 20, until we come to a value just
greater than 12,5000 and one just less than 12,5000. We find the value

= 400 aﬂﬂ.
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13.0079 corresponding to 4149, and 12.4622 corresponding to 5%,. Hence,
the rate 7 lies between 4149, and 5%,.
0.5079

Therefore, ¢ = 0.045 + YT (0.005)

= 0.045 + 0.00465
= 0.04965 = 4.979, (approximatcly).

Example 3. A house is priced at $2,500 cash or for $50 a month in
advance of 60 months. What is the effective rate of interest charged in
the installment plan?

Solution. We have here an annuity due of 60 periods. Let us assume
for convenience that the nominal rate is j converted 12 times a year. Then,
m = p =12, B = $600, and A’ = $2,500. Substituting in BII2, Art. 31,

we find
j —-59
' (1 i 15)
2,500 = 501 1 + F
12
‘ = 50(1 + agy).
Then azg5 = 49.0000.
Turning to Table VI, we find that when
J 7
E‘ = '1—2%, aggl = 49.7968;
j 3
when 1= Z%’ agy = 47.5347.
‘ j 49.7968 — 49.0000
f = = 0.005 .
Therefore, 12 0.00583 + 19.7968 — 47.5347 (0.00167)
= 0.00583 4 0.00059 = 0.00642.
And j = 0.07704 = 7.7049,. (Approximate nominal rate).

Checking by logarithms as in Example 1, we find
A’ = $2,499.14,
which is 86 cents less than the $2,500.00.
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To find the effective rate, we have
(1 4+ 7) = (1.00642)12 (4) Art. 16.
log 1.00642 = 0.0027792
12 log 1.00642 = 0.0333504
(1.00642)12 = 1.07982 = (1 + 7).
Therefore, 7 = 0.07982 = 7.9829%,.

Exercises
1. At what rate of interest will an annuity of $500 a year amount to $25,000 in
25 years?
2. A house is offered for sale for $6,000 cash or $1,000 at the end of each year for the
next 8 years. If the installment plan is used, what rate of interest is charged?

8. The cash price of an automobile is $1,150. A man is allowed $525 on his old car
as a down payment. To care for the balance he pays $57.20 at the end of each month
for 12 months. What rate of interest is charged? Use simple interest. [See p. 34.]

4. A man deposits $9,500 with a trust company now with the guarantee that he (or
his heirs) is to receive $1,000 cach year for 25 years, the first $1,000 to be paid at the
end of 10 years. What effective rate of interest is the man allowed on his money?

35. The term of an annuity.—We illustrate by examples the method
of finding the term of an annuity.

Example 1. In how many years will an annuity of $400 per year
amount to $9,500, if the interest rate is 3149, converted annually?

Solution. lecre, R = $400, S = $9,500, and ¢ = 0.035. Substi-
tuting in AI1, Art. 31, we have

(1035 —1
9,500 = 400 =" = 400sg.
And sm = 9,500 + 400 = 23.7500.

We now turn to Table V and follow down the 3149, column. We notice
that when n =17, s; = 22.7050;
n =18, sy= 24.4997.

It is evident that 18 payments of $400 will amount to more than
$9,500. In fact, it will amount to $9,799.88, which is $299.88 more
than is needed. Hence, $400 per year for 17 years and

$100.12, ($400.00 — $299.88)
at the end of 18 years will amount to exactly $9,500.
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Example 2. An individual buys a house for $5,000 paying $1,000 in
cash. He agrees to pay the balance in installments of $500 at the end of
each year. How long will it take to pay the $4,000 and interest at 69,
converted annually?

Solution. Here, A = $1,000, R = $500, m = p = 1, and 7 = 0.06.
Substituting in A12, Art. 31, we have

1 — (1.06)™"

= 500
4,000 = 5 o6

= 50005] .

And az = 8.0000.

We now turn to Table VI and follow down the 69, column. We notice
that when
n =11, a5 = 7.8869

n = 12, az = 8.3838.

Hence, the present value of 11 payments is less than $4,000 and the
present value of 12 payments is more than $4,000. Then, it is evident
that the debtor must make 11 full payments of $500 each and a 12th
payment, at the end of 12 years, which is less than $500.

If no payments were made, the original principal of $4,000 would
accumulate in 11 years to

4,000(1.06)!1 = 4,000(1.89829856) = $7,593.19.

However, if payments of $500 are made regularly for 11 years, they will
accumulate to

1.06)11 — 1
500 (L06) — 1

0.06 = 500(14.97164264) = $7,485.82

Hence, just after the 11th payment, the balance on the principal is
$7,5693.19 — $7,485.82 = $107.37. 'That is, the debt could be cancelled
by making an additional payment of $107.37 along with the 11th regular
payment. However, if the balance is not to be paid until the end of the
12th year, the payment would be $107.37 plus interest on it for 1 year
at 6%, or $107.37 + $6.44 = $113.81. Then, 11 payments of $500 and
a partial payment of $113.81 made at the end of 12 years will settle the debt.
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Exercises

1. In how many years will an annuity of $750 amount to $10,000 if interest is at
614%? Solve by interpolation.

2. Solve formula AIl, Art. 31, for n.

_ log ¢S+ R) — logR
ST g (1 +9)

8. Solve Exercise 1 by the formula given in Exercise 2.

4. A man borrows $3,000 and desires to repay principal and interest in installments
of $400 at the end of each year. Find the number of full payments necessary and the
size of the partial payment, if it is made 1 year after the last full payment is made,
assuming an interest rate of 5%,.

6. A man deposits $15,000 in a trust fund with the agreement that he is to receive
$2,000 a year, beginning at the end of 10 years, until the fund is exhausted. If the trust
company allows him 49, interest on his deposits, how many full payments of $2,000 will
be paid and what will be the fractional payment paid at the end of the next year?

36. Finding the periodic payment.—In the carly sections of this chap-
ter we solved the problems of finding the amount and the present value
of an annuity under given conditions when the periodic payment was
known. Our results were summarized in Art. 31.

We are now about to attack the inverse problem, that of finding the
periodic payment under given conditions, when the amount or the present
value of the annuity is known. The solution requires no new formulas.
We must merely solve the equations of Art. 31 for R or R/p according as
the annuity is payable annually or p times a year. Consider the following
examples.

Example 1. A man buys a house for $6,000 and pays $1,000 in cash.
The remainder with interest is to be paid in 40 equal quarterly payments,
the first payment being due at the end of three months. Find the quar-
terly payment if the interest rate is 69, converted annually.

Solution. Here, A = $5,000, n = 10, p = 4, ¢ = 0.06. Substituting
in Art. 31, BI2, and solving for R, we have
4[(1.06)% — 1]
1 — (1.06)—10
_5,000(0.05869538)
T 1 —0.55839478
= $664.57, annual payment.

R = 5,000

[Tables IV and IX]

Then, = $166.14, quarterly payment.

| =
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Example 2. Solve Example 1, with the interest converted semi-
annually.

Solution. Using BII2, Art. 31, we have
4[(1.03)*% — 1]
1 — (1.03)-20
_ 10,000 2[(1.03)* — 1]
T 1 —(1.03)-20
R 10,000(0.02977831)

1 — 0.55367575

_10,000(0.02977831)
B 0.44632425

R = 5,000

[Tables IV and IX]

= $667.19.

k

Then, i $166.80, quarterly payment.

Example 3. Solve Example 1, with the interest converted quarterly.

Solution. Here, m = p = 4, and BII2, Art. 31 gives us
R 0.015 1

— = ——F X = 5,000 .
4 5,000 1 — (1.015)~%0 ! 40015

= 5,000(0.03342710) [Table VII]

= $167.14, quarterly payment.

Example 4. How much must be set aside semi-annually so as to have
$10,000 at the end of 10 years, interest being at the rate of 59, converted
annually?

Solution. Here, S = $10,000, n = 10, p = 2, ¢ = 0.05. Substituting
in BI1, Art. 31, we have
2[(1.05)% — 1]
(1.05)10 — 1
_ 10,000(0.04939015)
T 1.62889463 — 1

= §785.35, annual payment.

R = 10,000

[Tables III and IX]

Then, = $392.67, semi-annual payment.

o &
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Example 5. Solve Example 4, with the interest converted semi-
annually.

Solution. Here, m = p = 2, the other conditions being the same as
in Example 4. Substituting in BII1, Art. 31, we have

025
1—5: 10,000 —2:02 = 10,000-

(1.025)%0 — 1 $301.025

= 10,000(0.06414713 — 0.025) [Table VII]
= 10,000(0.03914713) = $391.47.
Example 6. Solve Example 4, with the interest converted quarterly.

Solution. Here, m = 4, the other conditions being the same as in
Example 4. Substituting in BIT1, Art. 31, we have

2[(1.0125)%* — 1

= 10,0
B = 10000~ o125y0 — 1

(1.0125)2 — 1 0.0125
0.0125 (1.0125)%0 — 1

= 20,000

= 20,000(2.01250000) (0.01942141) [Tables V and VII]
= $781.71, annual rent.

Then,

ks

= $390.86, semi-annual payment.

Exercises

1. A man buys a farm for $10,000. He pays $5,000 cash and arranges to pay the
balance with §9%, interest converted semi-annually, by making equal payments at the
end of each six months for 14 ycars. How much is the semi-annual payment?

2. How much must be set aside annually to accumulate to $5,000 in 8 years, if
money is worth 414%, converted semi-annually?

3. Solve Exercise 2, with the interest converted (a) annually, (b) quarterly.

4. In order to finance a school building costing $100,000 a city issues 20-year bonds
which pay 5% interest, payable semi-annually. How much must be deposited, at the
end of each six months, in a sinking fund which accumulates at 4149, converted semi-
annually, if the bonds are to be redcemed in full at the end of 20 years? What total
semi-annual payment is necessary to pay the intcrest on the bonds and make the sinking
fund payment?
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6. Solve Exercise 4, with the interest on the sinking fund converted quarterly.

6. At the maturity of a $20,000 endowment policy, the policyholder may take the
full amount in cash or leave the full amount with the insurance company to be paid to
him in 40 equal quarterly payments, the first payment to be made at the end of three
months. If 49, interest, converted quarterly, is allowed on all money left with the com-
pany, how much is the quarterly payment?

7. A building is priced at $25,000 cash. The owner agrees to accept $5,000 cash and
the balance, principal and interest, in equal annual payments for 15 years. If the inter-
est rate is 79, effective, what is the annual payment?

8. Solve Exercise 7, with the intcrest converted quarterly.

37. Perpetuities and capitalized cost—An annuily whose payments
continue forever 18 defined as a perpetuily. It is evident that the amount of
such an annuity increases indefinitely, but the present value is definite.
The symbol 4, will denote the present value of a perpetuity of R dollars
per annum, payable annually.

It is evident that the interest on A for one year at nominal rate (j, m)
must equal B.

Hence, A, (1 + i)m— A, =R,
m
and 4, = ———-—1.3;—————,
(-
m
J
R R 1
or A, = ____n_z_m__ = —‘Es—_—i (29)
i<1+_1_) _q d smm
m m
When m = 1, j = 7, and (29) reduces to
R A
Ao =7 (29)

Example 1. Find the present value of a perpetuity of $500 per annum,
if money is worth 49, converted annually.

Solution. Here, B = $500, ¢ = 0.04.

0
Then, A, = (—)58—4 = $12,500. [Formula (29')]

Example 2. Solve Example 1, with the interest converted quarterly.
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Solution. Here, R = $500, j = 0.04, and m = 4. Substituting in

o = 500 001 = 50,000 ————— = 50,000 ——
0.01 (1.01)*-1 (rLont -1 3101

= 50,000(0.24628109) [Table VII]
= $12,314.05.

There arc times when a perpetuity must provide for payments at
intervals longer than a conversion period. The symbol 4, -, will denote
the present value of a perpetuity of C dollars payable every r years.

It is evident that the compound interest on A, for r years at rate j
converted m times a year must equal C.

Hence, Am',(l + —'7—>m —~ Ap, = C,
m
and Aw,r= ———£~———~,
(2
m
A
1
or By = S = (30)
L (1 + i) -1 i
m m
Ifm=1,7 =1 and
c1
Aw,r =TT (30,)
1 S'ﬂl

Example 3. What is the present value of a perpetuity of $2,000 pay-
able cvery 4 years, if money is worth 59, converted annually?

Solution. Here, C = $2,000, r = 4, 7 = 0.05. Substituting in (30’),
we have

2,000  0.05 1
A, o =220 = 40,000- —
=% 77005 (1.05)% — 1 Sros

= 40,000(0.23201183) [Table VII]

= $9,280.47.

Example 4. Solve Example 3, with the interest converted semi-
annually.
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Solution. Here, C = $2,000, j = 0.05, m = 2, and r = 4. We have

2,000 0.025
Ay 4 = 0.025'(1.025)8 3 [Formula (30)]
0.025
= 80,000 -—————— = 80,000
! (1025)8 -1 ! Sg).025

= 80,000(0.11446735) = $9,158.39. [Table VII]
[Example 6. A section of city pavement costs $50,000. Its life is 25
years. Find the amount of money required to build it now and to replace
it every 25 years, indefinitely, if money is worth 49, converted annually.
Solution. It is evident that the amount required to replace the pave-
ment indefinitely is the present value of a perpetuity of $50,000 payable

every 25 years at 49,. 50000 0.04

0.04 (1.04)25 — 1
= 1,250,000(0.02401196) [Table VII]
= $30,014.95.
Hence, the amount required to build the pavement plus the amount to
replace it indefinitely equals
$50,000 + $30,014.95 = $80,014.95.

This amount is called the capitalized cost. That is, the capitalized cost is
the first cost plus the present value of a perpetuily required to renew the project
indefinitely.

If we let K stand for the capitalized cost of an article whose first cost
is C, and which must be renewed every r years at the cost C, we have

Sl 25 = [Formula (30")]

= @31)
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Ifm=17=1

1
then K= —— (31)
@y

Example 6. An automobile costs $1,000 and will last 7 years when it
must be rcplaced at the same cost. Another automobile, which would
serve the same purpose and would last 10 years, could be purchased. What
could one afford to pay for the second automobile if it is to be as economical
in the long run as the first, assuming money worth 5%,?

‘Solution. When somebody says that a certain article is just as econom-
ical (cheap) in the long run as another article, he simply means that the
two articles have the same capitalized cost.

The first automobile has a capitalized cost of

1,000 005
0.05 1 — (1.05)~7

[Formula (31")]

If we let x stand for the cost of the second automobile, it will have a
capitalized cost of
x 0.05
. [F la (31’
0.05' 1= (10510 [Formula (319]
Assuming that the two automobiles are equally cconomical, we have

k3 0.05 1,000 0.05
0.05 1 — (1.05)~1°  0.05 1 — (1.05)~7

1— (1.05-1  0.05
0.05 1 — (1.05)-7

= 1,000(7.72173493) (0.17281982) [Tables VI, VII]
= $1,334.47.

and z = 1,000

That is, onc can afford to pay $1,334.47 for the automobile that lasts
10 years, or $334.47 more, for the additional 3 years of service.
We shall now find the additional cost w required to increase the life of a
given article z years assuming money worth ¢%,.
Let C = original cost of an article to last n years. Its capitalized
cost is
C ) .
i1—-0Q4)™
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Let C + w = cost of an article to last n 4 = years. Its capitalized

cost 1s C + w i
7 1 — (1 + i)—(n+z)

Equating capitalized costs, we have
CH+w 7 _C ) 7
i 1—QQ49) " {1—-Q0Q40)
The student may solve the above equation for w and get
PR S Y (ET
A4+9)*-1 )

w

— % (32)
S7i

If the interest rate is j converted m times per year, (32) may be written

D
w=C S\ mn ! ; (32,)
(1+L> 1 g
m m

Example 7. A cross tie costs $1.00 and will last 10 years. The life of
the tic can be extended to 18 years by treating with creosote.  If money is
worth 59, how much could one afford to spend for the treatment?

Solution. Here, C = $1.00, n =10, £ =8, and 7z = 0.05. From
(32) we have 1

= (0.07950458) (6.46321276) [Tables VI, VII]
= $0.51.

That is, 51¢ could profitably be spent to treat the tic, if the service life
would be extended 8 years.

Exercises

1. What amount would a railroad company be justified in expending per tie to
extend the life of cross ties costing $1.50 each from 12 to 20 years, money being worth
49,?

2. A hospital receives an annual income of $120,000 as a perpetuity from a trust
fund. What is the value of this perpetuity, money being worth §9%, effective?
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8. Solve Exercise 2, if the interest rate were 5%, converted quarterly.

4. A railroad company has been paying a watchman $1,600 a year to guard a crossing.
The company decides to build an overhead crossing at a cost of $22,000. If the over-
head crossing must be rebuilt every 35 years at the same cost, how much does the com-
pany save by building it? Assume money worth 5%.

6. An office building is crected at a cost of $100,000. It requires a watchman at
an annual salary of $1,500, and $4,000 for repairs and renovation every 8 years. It
must be rebuilt every 80 years at the original cost. How much money is required now
to provide for its construction, maintenance, guarding and rebuilding, assuming money
worth 3%? (Hint: Every 80 ycars when the building is rebuilt, the $4,000 allowed for
repairs and renovation is not needed. This amount may be applied on the $100,000
for rebuilding, thereby reducing it to $96,000.)

6. A state hichway commission has a certain road graded and ready for surfacing.
It may be graveled at a cost of $2,000 per mile, or paved at a cost of $10,000 per mile.
It will cost $200 per year to maintain the gravel road and it will need regraveling every
8 years at the original cost. The maintenanee cost of the pavement is negligible and it
will need repaving only every 40 ycars at the original cost. If the cost for clearing the
road bed of the old paving is $1,000, which type of road is more economical, assuming
that the state can borrow money at 49%,?

38. Increasing and decreasing annuities.—A sequence of periodic
payments in which each payment exceeds by a fixed amount the preceding
payment is called an increasing annuity. If each payment is less by a fixed
amount than the preceding, the sequence is called a decreasing annuity.

Consider the following examples.

Example 1. Find the amount and the present value of a decreasing
annuity with payments of $250, $200, $150, $100, $50, at the ends of the
next five years if money is worth 49.

Solution. Here is the picture.

2?0 200 150 100 50

1 ) ) 4 4

0 1 2 3 4 5
Thesc payments are equivalent to the following five ordinary annuities,
superimposed: (1) $50 a year for 5 years; (2) $50 a year for 4 years; (3) $50
a year for 3 years; (4) $50 a year for 2 years; (5) $50 a year for 1 year.
These annuities are exhibited in the following diagram.

50
50 50
50 50 50
50 50 50 50
‘ 50 50 50 50 50
0 1 2 3 4 5
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To find the amount of a decreasing annuity, we first find its present
value. The present value of the given decreasing annuity is

A=50aﬂ+50aﬂ+50a§|+50a;ﬁ+50a5—l
=5O[an+am+a31+a;|+agl]

= 50 [§—_0;ﬂ£{| Exercise 8, Art. 28

= 1250(5 — 4.4518 2233)
= $685.222.

The amount of this annuity is clearly
S = A(1.04)% = 685.222(1.2166 5290)
= $833.68.

‘Example 2. Find the amount and the present value of an increasing
annuity with payments of $50, $100, $150, $200, $250 at the ends of the
next five years if money is worth 49,.

Solution. Here is the picture.

100 150 200 250

2 3 4 5

0

(o]
=13

These payments are equivalent to five ordinary annuities that we ex-
hibit in the following diagram.

50
50 50
50 50 50
50 50 50 50
5'0 5.0 50 5|0 50
0 1 2 3 4 5

The amount of this increasing annuity is
S = 50 sy + 50 sz + 50 s3 + 50 s5 + 50 s5
= 50[Sﬂ + 831 + 831 + Sq + SEI]

(1.04) 8504 — b
= ro | o/ o5l Y
50 [ 04

= 1250[(1.04) (5.4163 2256) — 5]
= $791.22.

] Exercise 7, Art. 28
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The present value of this increasing annuity is clearly
A = §(1.04) -5 = 791.22(0.8219 2711)
= $650.33.

Exercises

1. If money is worth 5%, find the amount and the present value of the increasing
wnnuity pictured on the diagram.

100 200 300 400 500 600 700

) ] Il 1 )

1 1 T T T

0 1 2 3 4 5 é '7l years

2. If money is worth 5%, find the amount and the present value of the decreasing
annuity pictured on the diagram.

790 690 590 400 300 200 100
0 1 2 3 4 5l 6 7I years
Problems

1. Show that formulas (12), (13), and (26) are spceial cases of formula (27). Follow
mcthod on page 76.

2. In order to accumulate $20,000 in 14 years, how much must be deposited in a
savings bank at the cnd of each year, if the interest is converted annually at 49,?

3. An automobile is bought for $400 cash and $62 a month for 15 months. What
is the equivalent cash price if moncy is worth 7%, converted monthly?

4. Find the rate of interest if an annuity of $700 a year amounts in 15 years to
$15,000.

6. The proceeds of a $5,000 insurance policy is to be paid in monthly installments
of $50 each. If money is worth 59, converted monthly, find the number of monthly
‘payments. The first payment is made at the end of the first month.

6. A man buys a house for $8,000, paying $2,000 cash. He arranges for the balance,
principal, and interest at 6%, to be paid in 60 monthly installments. Find the size
of each installment if the interest is converted monthly.

7. A son is to receive $1,000 a year for 12 ycars, the first payment being due 6 ycars
hence. Find the present value of the son’s share assuming 5% intercst convertedg
annually.

8. The beneficiary of an insurance policy is offered $15,000 in cash or equal annual
payments for 12 years, the first payment being due at once. Find the size of the annual
payments if money is worth 49%,.

9. A wooden bridge costs for construction $22,500, and requires rebuilding every
20 years. How much additional money can be profitably expended for the erection
of a concrete bridge instead, if money is worth 5% and the service life is extended to
40 years?
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10. A building costs $40,000 and has a life of 50 years. If it requires $2,000 every
& years for upkeep, what endowment should be provided at the time it is built to con-
struct it, rebuild it every 50 years and provide for its upkeep? At the end of every
50 years the $2,000 allowed for upkeep may be applied towards the reconstruction cost.
Assume money worth 4%,.

11. How much can a railroad company afford to pay to abolish a grade crossing
which is guarded at a cost of $1,000 per year, when money is worth §%, converted semi-
annually?

12. A certain machine costs $2,000 and must be replaced every 12 years at the same
cost. A ccrtain device may be added to the machine which will double its output, but
the machine must then be replaced every 10 years. Assuming money worth 49, what
is the value of the device?

13. $100 is deposited in a savings bank at the end of every six months for 10 years.
During the first 6 years 3%, converted semi-annually, was allowed but during the last
4 years the rate was reduced to 2149, converted semi-annually. Find the amount on
deposit at the end of 10 ycars.

14. Derive formula (32), Art. 37.

156. An income of $10,000 at the end of each year is equivalent to what income at
the cad of every 5 years, assuming moncy worth 5%, converted semi-annually?

16. Solve Exercise 15, with the interest converted (a) annually, (b) quarterly.

17. A building has just been completed at a cost of $250,000. It is estimated that
$2,500 will be needed at the end of every two years for repairs, and that every 15 years
there must be renovation to the extent of $10,000, and that the building will have a
service life of 60 years with a salvage value of $20,000. Find what cqual annual amount
should be set aside at 49, interest to cover repairs, renovations, and replacements.
How should the $2,500 rcpair fund and the $10,000 renovation fund be used at the
end of every 60 years?

18. A man borrowed $10,000 with the understanding that it be repaid by 20 cqual
annual installments including principal and intcrest at 69, annually. Just after the
10th equal annual payment had been made the creditor agreed to reduce the principal
by $1,000 and reduce the rate to 415%. Find the annual payment for the first 10 years
and the annual payment for the last 10 years.

19. A mortgage for $5,000 was given with the understanding that it might be repaid,
principal and interest, by 15 equal annual payments. Find the annual payment if
the interest rate was 7%, for the first 8 years and 59, for the last 7 years.

20. A person pays $12,500 into a trust fund now with the guarantee that he or his
heirs will receive equal annual payments for 30 years, the first payment to be madeat
the end of 7 years. If the trust fund draws 49, intcrest, find the equal annual payment.

21. A perpetuity of $25,000 a year is divided betwcen a man’s daughter and a uni-
versity. The daughter receives the entire income until she has received as her share
one half the present value of the perpetuity. Find the number of full payments she
receives and the size of the last payment, if money is worth 5%, converted annually.

22. A man pays $6,000 into a trust fund and receives $500 at the end of each year
for 20 years. What rate of interest converted annually did he earn on his money?

23. At his son’s birth a father set aside a sum sufficient to pay the boy $1,000 a
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year for 7 years, the first $1,000 to be paid on his 18th birthday. What sum was set
aside, if money was worth 49, converted semi-annually?

24. The amount of an annuity of $800 per year is $20,000 and the present value is
$9,235. Find the rate of interest.

26. A man buys a piano for $300 and pays $50 cash. The balance is to be paid for
at $12.50 at the end of each month for 24 months. What effective rate of interest
does the purchaser pay? (Hint: Assume that the interest is converted monthly and
find the nominal rate. Then find the effective rate.)

26. Is it economical to replace a machine which costs $500 and lasts 8 years by one
that costs $650 and lasts 12 years? Assume that the annual running expense of each

machine is the same and that money is worth 5§%,. Also assume that the two machines
have the same output.

27. A person considers replacing a machine which costs $400 and lasts 6 years by a
machine which costs $750 and answers the same purpose as the other machine. If the
exchange is to be economical, how long should the new machine last? Assume that the
annual running expense is the same for each machine and that money is worth 49,.

28. Derive formula (29’) by setting up a series and finding its sum. From (29’)
derive (29).

29. Derive formula (30’) by setting up a series and finding its sum. From (30')
derive (30).

30. Derive formula (29’) from (5) by showing that limit R agyy = R/1.
n— ©
81. If money is worth (j = .04, m = 2), find the present value of the decreasing
annuity: $5,000, $4,500, - - - $500 payable semi-annually.

82. If money is worth (j = .04, m = 2), find the present value of the increasing
annuity: $500, $1,000, - - - $5,000 payable semi-annually.

33. State a problem for which the answer would be
(1.01)% — 1
(1.o1)t -1
84. State a problem for which the answer would be
1 — (1.025) %
(1.025)2 — 1,

1000

500

86. State a problem for which the answer would be

(1.02)24 —

1
10
500 = oy (102

86. In an increasing annuity, R is paid at the end of the first year, 2R at the end of
the second year, and so on for n ycars. Show that

= ?[sa(l +1) —n,

| =

A =1+ dag — n(L +6)™")
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387. In a decreasing annuity nR is paid at the end of the first year, (n — 1)R at the
end of the second year, and so on for n years. Show that

R

S = 7 [n(1 + 9" — sq),
R

A= 3 [n — aml

Review Problems *
1. $1,000 Harrisburg, Pennsylvania,
July 12; 1945.
Four months after date I promise to pay Joe Brown, or order, one
thousand dollars with interest from date at 59.
(Signed) JounN JoNEs.

(a) Three months after date Brown sold the note to Bank B who discounted the note
at 6% discount rate. What did Brown receive for the note?

(b) Immediately after purchasing the above note, Bank B sold the note to a Federal
Reserve Bank at a re-discount rate of 49;. How much did Bank B gain on the trans-
action?

2. Same note as in Problem 1. Would it have been to Brown’s advantage to have
sold the note to friend C, to whom money was worth 69, rather than to Bank B?

3. I bought a bill of lumber from the Jones Lumber Company who quoted the terms
“net 60 days or 2% off for cash.” What nominal rate of interest, js, could I afford to
pay to borrow money to take advantage of the discount? What effective rate?

4. A note for $1,000 with interest at (j = .06, m = 2), and another for $800 with
interest at (j = .05, m = 2), both due in 3 years, were purchased to net 7% effective.
How much was paid for them?

5. A bank pays 49 interest on time deposits and loans money at 6%, discount rate.
What is the annual profit on time deposits amounting to $100,000?

6. The Jones Lumber Company estimates that they can earn 39, a month on their
money. If I buy a $1,000 bill of lumber from them, what amount of discount can they
afford to offer me to encourage immediate settlement in licu of $1,000 at the end of the
month? What is the nominal rate of discount, f12, that they can afford to offer?

7. A son is now 10 years old. The father wishes to provide now for the college and
professional education of the son by depositing the proper amount with a trust company
that pays (j = .04, m = 2) on funds. It is estimated that the son will need $1,000 a
year for 7 years, the first payment to be made when the son is 18 ycars of age. Find the
amount of the deposit.

8. A man owes & $6,000 balance on a home. The balance is at (j = .06, m = 2).
The man agrees to pay the balance with payments of $300 at the end of each half year.
After how many payments will the balance be paid in full? What is the amount of the
final partial payment?

9. A man at the age of 50 invests $20,000 in an annuity payable to him if living
(to his estate if he is dead) in equal monthly installments over a period of 15 years, the
first installment to be due at the end of the first month after he reaches 65. On a 3147,
basis, what is the monthly installment that he receives?

10. A man bought a refrigerator for $250 paying $50 down and the balance in 12
monthly installments of $20 each. What rate of interest does the purchaser pay? [Use
simple interest.]

* For additional review nroblems. see end of this book.



CHAPTER IV
SINKING FUNDS AND AMORTIZATION

39. Sinking funds.—When an obligation becomes due at some future
date, it is usually desirable to provide for its payment by accumulating a
fund with periodic contributions, together with interest carnings. Such
an accumulated fund s called a sinking fund.

Example. A debt of $6,000 is due in 5 years. A sinking fund is to be
accumulated at 59,. What sum must be deposited in the sinking fund at
the end of each year to care for the principal when due?

Solution. Here, S = $6,000, n = 5, and 7z = 0.05. Since m = p = 1,
we have from AIl, Art. 31,

0.05 1
R = 6,000 oy = 6,000-;5[:5
= 6,000 (0.18097480) [Table VII]

= $1,085.85.

The amount in the sinking fund at any particular time may be shown
by a schedule known as an accumulation schedule. The following is the
schedule for the above problem:

Years| Annual Deposit | Interest on Fund To;:iﬁ:;ual E:éusfolfj:;‘;néeit
1 $1,085.85 $1,085.85 $1,085.85
2 1,085.85 $ 54.29 1,140.14 2,225.99
3 1,085.85 111.30 1,197.15 3,423.14
4 1,085.85 171.16 1,257.01 4,680.15
5 1,085.85 234.01 1,319.86 6,000.01

40. Amortization.—Instead of leaving the entire principal of a debt
standing for the term to be cancelled by a sinking fund, we may consider
any payment over what is needed to pay interest on the principal to be
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applied at once toward liquidation of the debt. As the debt is being paid
off, a smaller amount goes towards the payment of interest, so that with
a uniform payment per year, a greater amount goes towards the payment
of principal. This method of extinguishing a debt is called the method
of amortization of principal.

Example. Consider a debt of $2,000 bearing 6% interest converted
annually. It is desired to repay this in 8 equal annual installments, includ-
ing interest. Find the annual installment.

Solution. Here, A = $2,000, n =8, ¢ = 0.06, m = p = 1. Substi-
tuting in AI2, Art. 31, we have

0.06 1
R = 2,000 i_':_(W = 2,000’(‘1‘;;
= 2,000 (0.16103594) [Table VII]
= §$322.07.

The interest for the first year will be $120; hence $202.07 of the first
payment would be used for the reduction of principal, leaving $1,797.93
due on principal at the beginning of the second year. The interest on
this amount is $107.88; hence, the principal is reduced by $214.19, leaving
$1,583.74 due on principal at the beginning of the third year, and so on.
This process may be continued by means of the following schedule known
as an amortization schedule:

Year Begli);l:i:g ?)lf si?ear Annual Payment | Interest at 6%, Principal Repaid

1 $2,000.00 $322.07 $120.00 $202.07
2 1,797.93 322.07 107.88 214.19
3 1,583.74 322.07 95.02 227.05
4 1,356.69 322.07 81.40 240.67
5 1,116.02 322.07 66.96 255.11
6 860.91 322.07 51.65 270.42
7 590.49 322.07 35.43 286.64
8 303.85 322.07 18.23 303.84

$9,609.63 $576.57 $1,999.99

Such a schedule gives us the amount remaining due on the principal at
the beginning of any year during the amortization period. The principal
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at the beginning of the last year should equal the last principal repaid, and
the sum of the principals repaid should equal the original principal.

Exercises

1. Find the annual payment that will be necessary to amortize in 10 years a debt of
$2,500, bearing interest at 8%, converted annually. Construct a schedule.

2. A'mortgage of $5,000 is due in 8 ycars. A man wishes to take care of this prin-
cipal when due by depositing equal amounts at the end of each year in a sinking fund
which pays 5% interest. Find the annual deposit and check by an accumulation
schedule.

3. A man owes $10,000 and agrees to pay it in 10 equal annual installments. Find
the amount of cach installment, allowing 6%, for interest. Check by an amortization
schedule.

4. A farmer buys a farm for $10,000. He has $6,000 to pay down and secures &
federal farm loan for the balance to be amortized in 30 years at §%. Find the annual
payment and build up a schedule for the first 10 years.

6. In order to construct a filtering plant a city votes bonds for $50,000 which bear
69, interest, payable semi-annually. A city ordinance requires that a sinking fund be
established to retire the bonds when they mature in 15 ycars. What semi-annual
deposit must be made into the sinking fund, if it accumulates at 49, converted semi-
annually? What is the total semi-annual expense for the city?

6. A mortgage for $1,000 was given and it was agreed that it might be repaid, prin-
cipal and interest, by 5 equal annual payments. Build up an amortization schedule if
the interest rate is to be §% for the first two years and 4% for the last three years.

41, Book value.—The book value of an indebtedness at any time may
be defined as the difference between the original debt and the amount in
the sinking fund at that time. Thus, in the example of Art. 39, we see
that the book value of the debt at the end of the third year is $2,576.86,
($6,000 — $3,423.14). If the debt is being amortized, then the book value
of the debt at the beginning of any year is the outstanding principal at that
time. Thus, in the example of Art. 40, we observe that the book value of
the debt at the beginning of the fourth year (at the end of the third year
just after the third payment has been made) is $1,356.69. The subject of
book value will be discussed further in connection with depreciation and
valuation of bonds.

42. Amount in the sinking fund at any time.—To find the amount in
the sinking fund at the end of k payment periods, k < np, we have only
to find the accumulated value of an annuity of annual rent R for k& payment
periods by using the appropriate formula of Art. 31.

Example 1. Find the amount in the sinking fund of the Example of
Art. 39, at the end of 4 years.
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Solution. Here, R = $1,08585, k =4, m =p =1, and 7 = 0.05.
Hence, using AI1, Art. 31, the amount is given by

(1.05) — 1

Sy = 1,085.85 = 1,085.85- 8505

1,085.85 (4.31012500) [Table V]

= $1,680.15,
which checks with the amount given in the sinking fund schedule for the
fourth year.

Example 2. A debt of $3,000 is duc in 12 years. A sinking fund is
created by making equal annual payments. If the interest rate is 59,
converted annually, find the annual payment and the amount in the sink-
ing fund just after the cighth annual payment has been made.

Solution. Here, S = $3,000,n = 12,7 =0.05,k =8, p=m = 1.

0.05

1

= — = $188.4
R = 3,000 oy = $18848,
(1.05)8 — 1
and Sg] = 188.48 "—‘(To‘g—“— = 31,799.82.

Hence, the amount in the sinking fund at the end of 8 years is $1,799.82.

43. Amount remaining due after the kth payment has been made.—
When loans are paid by the amortization process it is necessary at times
to know the amount of indebledness (book value) after a certain number
of payments have been made. After k£ payments of R/p dollars have been
made there remain (np — k) payments and these remaining payments
form an annuity whose present value is exactly the amount due on the debt
after the kth payment has been made, and the debt could be cancelled
by paying this prescnt value.

Example 1. Find the amount of unpaid principal just after making
the fifth payment in the Example of Art. 40.

Solution. Here, R/p = $322.07, n =38, i =0.06, m = p =1, and
k = 5. We have three payments remaining. Hence
1 - (1.06)—3
006
= 322.07 (2.67301195) [Table VI]
= $860.90.

Az = 322.07 [Formula AI2, Art. 31]
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This checks with the value given in the amortization schedule for the
principal at the beginning of the 6th year (just after the fifth payment has
been made).

Example 2. A debt of $2,500 is to be amortized by 7 annual install-
ments with interest at 695. I'ind the amount unpaid on the principal just
after making the fifth annual payment.

Solution. Here, A = $2,500,n =7, k =5 m = p = 1, and ¢ = 0.06.
We have, using A12, Art. 31,

0.06
R = 2,500 ————— = $417.84.
T — (1.06) 7 #1478
1 — (1.06)-2
A = 447.84 —
nd Am 7.8 0.06

= 447.84 (1.83339267) = $321.06.

Hence, the amount unpaid on the principal at the end of the fifth year or
just at the beginning of the sixth year is $821.06.

Exercises

1. A man has been paying off a debt of $2,800 principal and interest in 20 equal
quarterly payments with interest at 5%, converted quarterly. At the time of the
13th payment what amount is necessary to make the payment that will extinguish the
entire debt?

2. In order to pay a mortgage of $5,000 due in 7 years, a man pays into a sinking
fund equal amounts at the end of cach month. If the sinking fund pays 69, interest
converted monthly, how much has he accumulated at the end of 5 years?

3. A man owes $4,000, which is to be paid, principal and interest, in 10 equal annual
payments, the first payment falling due at the end of the first year. If the interest rate
is 6%, find the balance due on the debt just after the 6th payment is made.

4. A building and loan association sells a house for $7,500, collecting $1,500 cash.
It is agreed that the balance with interest is to be paid by making equal payments at the
end of each month for 10 years. If the interest rate is 7%, converted monthly, find the
monthly payment. What equity does the purchaser have in the house just after making
the 50th payment? What is his equity after the 70th payment has been made?

6. A person owes a debt of $8,000, bearing 5% interest, which must be paid by the
end of 10 years but may be paid at the end of any year after the fourth. He pays into
a sinking fund equal amounts at the end of each year, which will accumulate to $8,000
at the end of 10 years. Just after making the 7th!payment into the sinking fund, how
much additional money would be required to pay the debt in full, if the sinking fund
nccumulates at 5%,
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44. The amortization and sinking fund methods compared.
make this comparison by discussing a problem.

Problem. Let us consider a debt of principal Az; which is due in n
years and draws interest at rate r payable p times a year.

Discussion. This debt may be amortized by making np equal pay-
ments direct to the creditor, or it may be cared for by the sinking fund
method.

If the amortization method is used the periodic payment will be

r
R/p = Ay ——"——r M
- (1+7)
p

Formula (1) gives us the total periodic expense, if the method of amor-
tization is used.

1 1
It is easily seen that, since — = ¢ 4+ —

] nl

r
4 ~— I_*________T — ,
1—(1+~—) P (1+—> -1
P P

and (1) may be written

r
R/p = Az (p) + A (——;’-’-———- @)
1+ —) -1

If the sinking fund method is used, the interest at rate r payable p
times a year is paid direct to the creditor and a fund to care for the principal
when it becomes due 7 years from now is created by depositing cqual pay-
ments p times a year into a sinking fund which accumulates at rate j con-
verted p times a year. If this method is used, the total expense per period
will be the sum of the periodic interest and the penodlc payment into the
sinking fund and is given by

E = 4 (p) + A -(-—]—”——— )
t+4) -1
P
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Now, if the sinking fund rate is the same as the interest rate on the
debt (j = ), then E of (3) is the same as R/p of (2). Thatis, whenj = r,
the periodic expense is the same by either plan, and the amortization
method may be considered a special case of the sinking fund method where
the creditor has charge of the sinking fund money and allows the same
rate of interest on it that he charges on the debt.

If the sinking fund rate is less than the rate on the debt, that is, if

1 1
j < r,then — > and E in (3) is greater than B/p in (2).
! S at 3/p "~ s at r/p ( & /p
That is, the sinking fund method is more expensive for the debtor than
the amortization method.

) 1 1 . .
If 7 > r, then — < and E is less than R/p. That is,
Sim at J/p sy at v/p
the sinking fund method is less expensive for the debtor than the amortiza-
tion method.

Example 1. A debt of $10,000, with interest at 69, payable semi-
annually, is due in 10 years. Find the semi-annual expense if it is to be
carcd for by the amortization method.

Solution. Here, A7 = $10,000, r = 0.06, p = 2, and n = 10. We
have

0.03 )

R/2 = 10,000 '1—_—(1—05)_7 [Formula (1)]
= 10,000 (0.06721571) [Table VII]
= $672.16.

Example 2. Find the semi-annual expense in Iixample 1, if a sinking
fund is accumulated at (j = .05, p = 2).

Solution. Here, 7 = 0.05 and the other conditions are the same. We
have
0.025

(1.025)2° — 1
= 300.00 + 10,000(0.03914713) [Table VII]

= 300.00 4 391.47 = $691.47.

E = 10,000(0.03) + 10,000 [Formula (3)]

Example 3. Find the semi-annual expense in Example 1, if the sinking
fund is accumulated at (j = .06, p = 2).
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Solution. Here, j = 0.06 and the other conditions are the same. We
have
E = 10,000(0.03) -+ 10,000 __903
’ ' T (1.03)20 — 1

= 300.00 + 10,000(0.03721571)
= 300.00 + 372.16 = $672.16.

Example 4. Find the semi-annual expense in IExample 1, if the sinking
fund is accumulated at (7 = .07, p = 2),

Solution. Here, j = 0.07 and the other conditions are the same. We
have
0.035

= 10,000(0. 10,000 -~ —
B = 10,000(0.03) + 10,000 s

= 300.00 + 10,000(0.03536108)
= 300.00 4 353.61 = $653.61.

Compare the answers of Examples 1, 2, 3, and 4. Are the results con-
sistent with the conclusions that we have already drawn?

Exercises

1. A man secures a $15,000 loan with intcrest at 614%, payable annually. He may
take care of the loan (1) by paying the interest as it is due and paying the principal in
full at the end of 10 years; or (b) by paying principal and interest in 10 equal annual
installments. If a sinking fund can be accumulated at 5%, converted annually, which
is the more econormical method and by how much?

2. A debt of $8,000 bears intcrest at 79, payable semi-annually, and is due in
7 years. How much should be provided every six months to pay the interest and retire
the debt when it is due, if deposits can be accumulated at 6%, converted semi-annually?

3. What would be the semi-annual expense in Iixercise 2, if the debt could be retired
by paying principal and interest in 14 equal semi-annual installments?

4. A debt of $20,000 which bears interest at 59, payable semi-annually, is to be paid
in full in 20 years. The debtor has the privilege of paying the principal and interest in
40 cqual semi-annual payments, or paying the intcrest semi-annually and paying the
principal in full at the end of 20 years. Compare the two methods if a sinking fund may
be created by making semi-annual payments which accumulate at (a) 4%, converted
semi-annually; (b) 5%, converted scmi-annually; (¢) 69, converted semi-annually.

46. Retirement of a bonded debt.—In the retirement of a debt which
has been contracted by issuing bonds of given denominations, the periodic
payments cannot be the same, because the payment on principal at the
end of each period must be a multiple of the denomination (face value or
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par value) of the bonds or their redemption value* (if not redeemed at
par). By varying the number of bonds retired each time the payments can
be made to differ from each other by an amount not greater than the
redemption value of one bond. An example will make the method clear.

Example. Construct a schedule for the retirement, in 8 years, of a
$30,000 debt, consisting of bonds of $100 face value, bearing interest at
69, payable annually, by making annual payments as nearly equal as
possible.

Solution. If the annual payments were all equal, we would have

0.06
R = 30,000 1= 06~ $4,831.08.

The interest for the first year is $1,800. Subtracting this amount from
$4,831.08 leaves $3,031.08 available for the retirement of bonds. This will
retire 30 bonds, for $3,000 is the multiple of $100 which is nearest to
$3,031.08. This makes a total payment (for interest and bonds retired) of
$4,800 for the first year. Subtracting the $3,000 which has been paid on
the principal from $30,000 leaves $27,000 as the principal at the beginning
of the sccond yecar. The interest on this amount is $1,620, which when
subtracted from $4,831.08 leaves $3,211.08 to be used for retiring bonds
the second year. This will retire 32 bonds, because $3,200 is the multiple
of $100 which is nearest to $3,211.08. Continuing this process, we obtain
the following schedule:

Unpaid
Year Prir'xci;?al at Int:erest Due 3{11;;2:32 ofvgil:l(:ljs Annual
Beginning of |at Iind of Year Retired Retired Payment
Year

1 $30,000.00 $1,800.00 30 $3,000.00 $4,800.00
2 27,000.00 1,620.00 32 3,200.00 4,820.00
3 23,800.00 1,428.00 34 3,400.00 4,828.00
4 20,400.00 1,224.00 36 3,600.00 4,824.00
5 16,800.00 1,008.00 38 3,800.00 4,808.00
6 13,000.00 780.00 41 4,100.00 4,880.00
7 8,900.00 534.00 43 4,300.00 4,834.00
8 4,600.00 276.00 46 4,600.00 4,876.00
Totals | $144,500.00 $8,670.00 300 $30,000.00 $38,670.00

* Sec Art. 54 for definitions.
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As a check on the work of the schedule the interest on the total of the
unpaid principals should equal the total of the interest due; and the sum
of the totals in the third and fifth columns should equal the total in the
sixth column.

We notice that the annual payment each year varies from the com-
puted payment, $4,831.08, by an amount less than $50 (one-half the face
of one bond).

Exercises

1. Solve the illustrative Example when the bonds have a $500 face value.

2. A city borrows $100,000 to erect a school building. The debt is in the form of
bonds of face value $1,000 bearing intcrest at 5%, converted annually. The bonds are
to be retired by 10 annual installments as nearly equal as possible. Set up a schedule
showing the number of bonds retircd each year.

Problems

1. Construct the amortization schedule for the repayment of a loan of $10,000,
principal and interest at 5% nominal, payable semi-annually, in ten semi-annual
payments.

2. Construct an accumulation schedule for the accumulation of $10,000 in 10 equal
semi-annual installments at 6% interest, converted semi-annually.

8. A man deposits in a sinking fund equal quarterly payments sufficient to accumu-
late to $5,000 in 5 years at 6%, converted quarterly. What is the amount in the sinking
fund just after the 9th quarterly payment has been made?

4. A debt of $8,000 bearing 5%, interest, converted quarterly, is arranged to be paid
principal and interest in 30 equal quarterly payments. How much remains unpaid on
the principal just after the 17th payment is made?

6. The cash price of a house is $7,000. $2,000 cash is paid and it is arranged to pay
the balance by 70 equal monthly payments, including interest at 6%, converted monthly.
Just after the 50th payment is made, what is the balance due on the principal?

6. A mortgage for 7,500, bearing 6%, interest payable semi-annually, is due in 12
years. A fund to care for the principal when it becomes due is established by making
semi-annual payments into a sinking fund. (a) Find the semi-annual expense of the
mortgage if the sinking fund accumulates at §9% semi-annually. (b) Find the semi-
annual expense of the mortgage if it is amortized by equal semi-annual payments.

7. What is the book value of the debt in Problem 6 at the end of 7 years, (a) if the
sinking fund method is used, (b) if the amortization method is used?

8. A man buys a house for $5,500, paying $1,500 cash. The balance with interest at
69 is to be cared for by paying $700 at the end of each year as long as such a payment
is necessary and then making a smaller payment at the end of the last year. Find the
number of full payments and the amount of the final payment. What amount remains
due just after making the §th payment?
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9. A city borrows $100,000 at 5%. The debt is to be retired in 10 years by the
accumulation of a sinking fund that is invested at 4%, effective. What is the total annual
expense to the city?

10. A county borrows $50,000 to build a bridge. The debt is to be paid by amortiza-
tion of the principal in 15 years at 5%. At the cnd of the tenth year what principal
remains outstanding?

11. A fraternity chapter borrows $60,000 at 69 to build a house. The debt is to be
amortized in 25 years. What is the annual payment?

12. A fraternity chapter borrows $60,000 at 6% to build a house. A sinking fund
can be built up at §%. What amount must be raised annually to pay this debt if the
payments are to extend over 30 years?

Review Problems *

1. A well-known finance company requires payments of $7.27 a month for 18 months
for a loan of $100. What rate of interest does the borrower pay?

2. The cash price of an automobile is $995. An advertisement of a dealer stated,
“If you want to buy on terms, pay a little more for the convenience, $329 down and $63
a month for 12 months.” What rate of interest does one pay who purchases the car on
the installment plan?

3. An automobile, cash price $1,300, was purchased on the terms, $507 down and
$57.50 a month for 18 months. What rate of interest was paid?

4. Solve A = Razj:«(1 + ©)~™ (a) for m; (b) for n.

6. If C is the first cost and D is the renewal cost of an article whose life is r years,
show that the capitalized cost, K, at the rate ¢ is given by

K=C+ Q—L
1S

6. A machine costs $2,500 new and must be replaced at the end of each 10 years.
Find the capitalized cost if money is worth 5% and if the old machine has a salvage
value of $500.

7. A debt of $10,000 with interest at (j = .06, m = 12) is to be amortized by pay-
ments of $100 a month. After how many payments will the debt be paid in full? What
is the final partial payment?

8. A $10,000 bequest invested at 49, is to provide a scholarship of R at the end of
each year for 25 years at which time the bequest is to be exhausted. Find R.

9. The Empire State Building was erected at a cost of $52,000,000. If its estimated
useful life is 100 years and its salvage value is to pay for its demolishing, what net annual
income for 100 years would yield 5% on the investment?

10. If interest is at 5 for the first 10 years and 4%, thereafter, what equal annual
payments for 15 years will repay a $10,000 loan?

11. Show (a) by verbal interpretation and (b) algebraically that

A(1 +9)" = Rssji + Rag=si
when r 5 n.
* For additional review problems, see end of this book.



CHAPTER V
DEPRECIATION

46. Definitions.—A building, a machine or any article of valuc into
which capital has been invested will be referred to as an asset. These
assets decrease in value due to use, action of the elements, lack of care, old
age, and other causes. A part of this decrease in value may be taken
care of by proper repairs, but repairs will not cause an asset to retain
its original value. In fact, some assets will decrease in value whether
they are used or not. This may be due to new inventions or decreases
in the fmarket prices or a combination of these and other causes. For
example, an automobile will decrease in value even though it does not
leave the floor of the showroom. (Why?) That part of the decrease in
value of an asset which can not be carcd for by repairs is commonly known
as depreciation.

Good business principles demand that capital invested in an asset or a
business consisting of several assets, should not be impaired. Hence, from
the revenues of the asset or the business there should be set aside, periodi-
cally, certain sums, such that the accumulation of these sums at any time
plus the value of the asset at that time shall equal its original value. The
fund into which these periodical sums are set aside is known as a depreciation
reserve. 'This depreciation reserve is usually retained in the business but is
carried as a separate item on the books of the business. The object of the
accounting for depreciation and the setting aside of a depreciation reserve
is to recover only the capital originally invested in the asset. The aceount-
ant is not concerned with the replacement of the asset, whether lower or
higher than the original cost. His chief concern is that the original capital
be not impaired, for this is a fund that must be considered as belonging to
the holders of the stock in the business.

These assets may never be replaced at any price for the company may
go out of business. Then this accumulated value would be used to retire
the capital stock. If the assets are replaced at a lower cost, then only a
part of this accumulated value may be considered as used for the replace-

ment. If the assets have to be replaced at a higher cost, then the differ-
122
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ence between this cost and the accumulated value reserve must be met
by increasing the original capital. Regardless of the way that depreciation
is considered by the accountant, the mathematical principles involved in
the treatment of the subject remain the same.

Although an asset may become obsolete or useless for the purpose for
which it was intended originally, it may be of value for some other purpose.
This value is commonly known as the scrap value or trade in value of the
asset and the time it was in use up to the date it was replaced or discarded
is known as its useful life. The original value minus the scrap value is
defined as the wearing value or the total depreciation of the assct. At any
time during the life of an asset its book value may be defined as the original
value (or value when it became a part of the business) minus the value of
the depreciation reserve. The amount by which the depreciation reserve
incrcases any year is known as the annual depreciation charge.

47. Methods of treating depreciation.—There arc many methods of
treating depreciation. We shall treat four of the most conmon methods:

(a) The straight line method.

(b) The sinking fund method.

(¢) The fixed pereentage on decreasing value method.
(d) The unit cost method.

Some of the other methods used are the compound interest method,
the service output method, the maintenance method, and so on.

48. The straight line method.—By this method the total depreciation
(wearing value) is distributed cqually over the life of the asset and. the
amounts in the depreciation reserve do not earn tnterest. 1f we let C stand
for the original value (cost) of the asset, S stand for its scrap value, n
stand for its useful (probable) life, W stand for its wearing value, and D
stand for the annual depreciation charge to be made, it follows from the
above decfinition of the straight line method that

D=—1 (1)
where W = C — 8.

Example. A certain asset costs $2,250. It is assumed that with proper
care it will have a scrap value of $170 after a uscful life of 8 years. Using
the straight line method, show by schedule and graph the valuc of the
depreciation reserve and the book value of the asset at any time.
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Solution. We have, C = $2,250, S = 8170, n = 8, and W = $2,080.

2,080

= $260.
3 $

Therefore, D

The value of the depreciation reserve at the end of the first year will
be $260 and this will increase cach year by the constant amount, D = $260,
until at the end of 8 years it will contain $2,080. The book value of the
asset will decrease each year by the constant ammount, D = $260, until
at the end of 8 years it will be $170 (the scrap value).

The following schedule shows the book value of the asset and the
amount in the depreciation reserve at any time.

SCHEDULE OF BOOK VALUE AND DEPRECIATION
STRAIGHT LINE METHOD

Age in Years Book Value Depreciation Charge Deprec?;iottizlnullicserve

0 $2,250.00

1 1,990.00 $260.00 $260.00
2 1,730.00 260.00 520.00
3 1,470.00 260.00 780.00
4 1,210.00 260.00 1,040.00
5 950.00 260.00 1,300.00
6 690.00 260.00 1,560.00
7 430.00 260.00 1,820.00
8 170.00 260.00 2,080.00

Obscrving the above schedule, we notice that the book value at the
end of any year plus the total in the depreciation reserve at that time equals
the original cost of the asset.

The changes in the book value and depreciation reserve may also be
shown by graphs. [See Fig. 1.]

Observing the graphs for depreciation and book value, we notice that
the ordinate for depreciation at any time plus the ordinate for book value
at the same time equals the original value of the asset. We also observe
that the graphs which represent the book value and depreciation reserve
are straight lines. This suggests why this method is known as the straight
line method.
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Fig. 1.—Graphical Representation of Book Value and Depreciation—
Straight Line Method.

49. Fixed-percentage-on-decreasing-value method.—This method de-
rives its name from the fact that the book value at the end of any year is
obtained by decreasing the book value at the end of the preceding year by
a fixed percentage. It is assumed that the book value is reduced from the
original cost C to the scrap value S at the end of n years, and the amounts
in the depreciation reserve do not earn interest.

Let C stand for the original cost of an asset and let  be the fixed per-
centage by which the book value is decreased each year.

During the first year the decrease in book value is Cz and consequently,
the book value at the end of the first year is

Ci=C—Cz=0C1— x).
The book value at the end of the second year is
Co=Ci(1—2)=C1—-2)(1 —2) =C1 — 2)2
The book value at the end of the third year is

Cs=C(1—2)=C1—-12)321—-2)=C( - 2)3.
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Continuing our reasoning we find the book value at the end of n years to be
= C1 — 2)™

But the book value of the asset at the end of its useful life, n years, equals
its scrap value S. Hence, we have*

Cl—x"=S (2)

log S — log C

or log(1 —x) = -

3
Using (3), the fixed percentage may be computed for any particular case.

If we let Cy represent the book value of the asset at the end of k ycars,
we obscrve that

Cy = C(1 — x)¥, )
and logCy =logC+ klog(1 — x) 5)

We further observe that by using (3) and (5) and allowing % to assume
all consecutive integers from 1 to n inclusive, we may compute, entirely
by the use of logarithms, the successive book values of the asset. An
example will illustrate the method.

Example. Find by the fixed percentage method the book values at the
end of each year for a machine costing $800, and having an estimated life
of 8 years and a scrap value of $80. Construct a schedule showing the
book values and amount in the depreciation reserve at the end of each
year.

Solution. Here, C = $800, S = $80, n = 8.
Using (3), we get
log 80 — log 800

3 = 0.87500 — 10.

log(1 —2) =
Then using (5), we have
log 800 + %(9.87500 — 10).

2.90309 + £(9.87500 — 10).

lOg Ck

* It will be observed from (2) that, when S = 0, we have z = 1 for any assigned
value of n. That is, the book value is reduced to zcro at the end of 1 year, no matter
what is the estimated value of n. This means that the method is impractical when S is
zero. Even if the ratio of S to C is small, the depreciation charge is likely to be unreason-
ably large during the first years of operation.
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Giving k all values from 1 to 8, we get

log C, = 2.77809, C1 = $599.91.
log C2 = 2.65309, C: = 449.87.
log C3 = 2.52809, C3 = 337.35.
log Cy = 2.40309, Cy = 25208.
log C5 = 2.27809, Cs = 189.71.
log Cs = 2.15309, Co = 142.26.
log C7 = 2.02809, C7 = 106.68.
log Cs = 1.90309, Cs = 80.00.

The student will observe that the actual value of z (fixed percentage)
was not needed in the above computations. Should we desire the value
of z, we find that 1 — z is the antilogarithm of 9.87500 — 10, or 0.7499.
Hence, z = 0.2501 = 25.019%,.

Since the book value at the end of the first year is $599.91, the deprecia-
tion charge for that year is

$800.00 — $599.91 = $200.09.

The depreciation charge for the second year is
$599.91 — $449.87 = $150.04

and the total in the depreciation rescrve at the end of two years is
$200.09 4 $150.04 = $350.13.

The following schedule shows the book values and the amount in the
depreciation reserve at the end of each year.

SCHEDULE OF BOOK VALUE AND DEPRECIATION
FIXED PERCENTAGE METHOD

Age in Years | Annual Depreciation Doprec’il;ottizlx:%cscrve Book Value
0 $800.00
1 $200.09 $200.09 599.91
2 150.04 350.13 449.87
3 112.52 462.65 337.35
4 84.37 547.02 252.98
5 63.27 610.29 189.71
6 47.45 657.74 142.26
7 35.58 693.32 106.68
8 26.68 720.00 80.00
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The changes in the book value and depreciation reserve may also be
shown by graphs.

$800
|
700 6\’;{'\0(\ /r
600 <&
o2
500 )
\\//
400 /\
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Fig. 2.—Graphical Representation of Book Value and Depreciation—
Fixed Percentage Method.

60. The sinking fund method.—In the sinking fund method the total
depreciation (wearing value) of the asset is provided for by accumulating
a sinking fund at a given rate of compound interest. The annual payment
into the sinking fund is thc payment on an annuity which will have an
amount equal to the total depreciation (wearing value) of the asset at the
end of its useful life.

If C is the cost, S the scrap value, W the wearing value, and » the esti-
mated useful life of the asset, we find, using AI1, Art. 31, the annual pay-
ment into the sinking fund to be

i w

R=W_ ——F7"—F=—
Q+d" -1 sy’

(6)

where W = C — S.

By this method the depreciation charge for the first year is R and the
amount in the depreciation reserve at the end of the first ycar is R. How-
ever, the depreciation charge increases each year and for any subsequent
year it is R plus the interest on the amount in the depreciation reserve
during that year.



Depreciation 129
Example. Assuming money worth 439, apply the sinking fund
method to the Example discussed in Art. 49.

Solution. Here, C = $800, S =80, n =38, ¢ =0.045, and W =
C — 8 = $720.
Using (6), we get

R = 720 0.045

(1'045)8—__—1 = $76.76.

The depreciation charge for the first yearis B = $76.76. Consequently,
the amount in the depreciation reserve at the end of the first year is $76.76
and the book value of the asset at that time is $800.00 less $76.76 or $723.24.
The depreciation charge for the second year is R, ($76.76), plus the interest
on $76.76 (the amount in the depreciation reserve during the second year)
at 43%. Thus, the depreciation charge for the second year is $76.76 +
$3.45 = $80.21. Then, the amount in the depreciation reserve at the end
of two years is $76.76 plus $80.21 or $156.97 and the book value of the asset
at that time is $643.03. Values for subsequent years are found in a similar
manner.

The following schedule will show the values for each year.

SCHEDULE OF BOOK VALUE AND DEPRECIATION
SINKING FUND METHOD

. P
Age in Annual Interest D Annfm.l_ DAmoufxt '™ | Book Value
Years Payment on Fund egl;ecmtxon epreciation of Asset
arge Reserve
1 O O [ $500.00
1 $76.76 $0.00 $76.76 $76.76 723.24
2 76.76 3.45 80.21 156.97 643.03
3 76.76 7.06 83.82 240.79 559.21
4 76.76 10.84 87.60 328.39 471.61
5 76.76 14.78 91.54 419.93 380.07
6 76.76 18.90 95.66 515.59 284.41
7 76.76 23.20 99.96 615.65 184.45
8 76.76 27.70 104.46 720.01 79.99

The above information is shown by means of graphs in Fig. 3.
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Fig. 3.—Graphical Representation of Book Value and Depreciation—
Sinking Fund Method.

61. The unit cost method.—None of the three methods of depreciation
already discussed takes into consideration the question of improvements
in machinery. The unit cost method is based upon the principle that the
value of the old machine should be decreased from year to year to such an
extent that the net cost of a unit of output of the machine should be the
same as the net cost of a unit of output of a new machine with which it
could be replaced. The old machine should be so valued that its unit
cost of production, after taking into account all charges for depreciation,
repairs, interest, and operating cxpenses, is the same as that of a new
machine. Let us illustrate by an example.

Example 1. Consider the replacement of a machine which costs $300
a year to operate, costs $100 a ycar for repairs, turns out 25 units of work
per year and has a probable life of 5 years. A new machine costs $2,500,
costs $100 a year to operate, costs $100 a year for repairs, turns out 40
units of work per year, and has a probable life of 9 years. Find the value
of the old machine, assuming money worth 49,

Solution. Let x be the value of the old machine. The cost of repairs
and operation on the old machine is $400. 0.04z is the interest on the
investment, and 0.04

1045 — 1
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is the annual payment required to accumulate the value of the old machine
in 5 years.
0.04

0.04 —_—— = (22462 .
x+x(1.04)5_1 62711z

Hence, the unit cost of production for the old machine is

400 4 0.22462711z
25

= 16 + 0.0089851x.

Reasoning the same as above, we find the yearly cost for operating
the new machine to be

0.04
400 + 100 + 2,500(0.04 2500 ————— = . .
+ + 2,500(0.04) + 2,500 o — 1 836.232475

Hence, the unit cost of production for the new machine is

836.232475

= 20.905812.
40 o

According to the principle of the unit cost method, we have
16 + 0.0089851x = 20.905812,

_4.905812

and T = 0.008985

= $546.00.

Hence, assuming money worth 49, the value of the old machine as com-
pared with the value of the new is $546.00.

We shall now derive a formula for determining the value of the old
machine as compared with the new machine. Let

C = the original cost of the new machine,

N = the estimated lifetime of the new machine,

O = the annual operating expense of the new machine not including
repairs,

R = the annual cost of repairs for the new machine,

K =, the annual rent of an annuity required to accumulate C in N
years,

U = the number of units of output per year.

Let the corresponding letters o, r, k, and u denote the corresponding
quantities for the old machine. Let ¢ be the value of the old machine at
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the time of making the comparison, and n the remaining lifetime of the
old machine. Let ¢ be the rate of interest.
The unit cost for the new machine is

O+R+K+Ct
U

and the unit cost of the old machine is

o+r+k+ci.
u

According to the principle of the unit cost method, we have
O+R+K+Ci_ot+r+k+ci

U = u )
Since, K = _Q_ and = —c‘ ;
Sm
1
K+ Ci = ( ——) [(14), Art. 26
) o rt. 26]

g.‘“ 31°

and k+ci=c( )

Then (7) becomes

0+R+§-o+r+f
M _ .
U u ®

Solving (8) for ¢, we have

C
O+R+—
_ ay Oo+r
¢ = uay U —i ” .

(9)

If the number of units of output of the old and new machines are the
same, U = u, (9) reduces to

c=am[O+R+—g-,—o—r]- (10)
am
If O = o, along with U = u, (10) reduces to

c= a;](R + t—% - r)- (1)
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If O + R = o + r, then (10) becomes

_ Coq

= (12)

Example 2. A machine having a remaining service life of 6 years turns
out 30 units of work per yecar. Its operation costs $300 per year, and
repairs cost $225 per year. A new machine, that turns out 40 units of
work, costs $1,000. It has a probable life of 10 years and will cost $350
a year for operation and $250 a year for repairs. Assuming money worth
5%, find the value of the old machine.

Solution. Here, C = $1,000, N = 10, O = $350, R = $250, U = 40,
n = 6,0 = $300, r = $225, and u = 30.

L _ 1 012050458,
ay G
a4y = ag = 5.07560206.

Substituting in (9), we have

350 + 250 + 1,000(0.12050458
¢ = 30(5.07569206) [ + 250 + 1,000(0.12050458) _ 300 + 225]

40 30
= 30(5.07569206) [18.23761 — 17.50000]

= 152.2708(0.7376) = $112.31.

Exercises

1. A farmer pays $235 for a binder. The best estimates show that it will have a life
of 8 years and a scrap value of $15. Find the annual depreciation charge by the straight
line method and construct a schedule of depreciation.

2. A tractor costs $1,200. It is estimated that with proper care it will have a life
of 8 years with a scrap value of $50 at the end of this time. Construct a depreciation
schedule, using the sinking fund method and assuming 49, interest.

3. An automobile, costing $950, has an estimated life of § years and a scrap value
of $50. Prepare a depreciation schedule using the fixed percentage method.

4. A machine costs $5,000. The best estimates show that after 10 years of use its
scrap value will be $1,000. (a) Making use of the fixed percentage method, find the
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book value of the machine at the ends of 7 and 8 years, respectively. (b) What is the
depreciation charge for the 8th year?

6. Solve Exercisc 4, making use of the sinking fund method and assuming an interest
rate of 5%,.

6. Solve Example 2 of Art. 51, if thec new machine could turn out 45 units of work
per year. Interpret the results.

7. How many units of work must be turned out by the new machine of Example 2,
Art. 51, so that the old machine would not have any value?

8. From formula (9) derive a formula for the number of units a new machine should
turn out in order to make the old machine worthless.

9. A machine having a probable life of 18 years has been in use for 8 years
and turns out 200 units of work cach ycar. The cost for operating is $600 per year and
repairs are $400 per year. A new machine costs $3,000 and has a probable life of 20
years and will turn out 200 units of work per year. It would cost $500 per year to
operate this machine and repairs would cost $300 per year. Neither machine is sup-
posed to have any salvage value. What is the value of the old machine on a 69 interest
basis?

10. What output for the new machine in Exercise 9 would render the value of the
old machine zero?

11. An asset costs $1,000. It is estimated that with proper care it can be used for
8 years at which time it will have a value of $50. Using the sinking fund method and
assuming 4% interest, find the wearing valuc that remains at the end of 5 ycars. [Hint:
The wearing value that remains at the end of any year equals the total wearing value
minus the amount in the depreciation reserve at that time. Observing the schedule for
the Example of Art. 50, we sce that the wearing value that remains after 5 years of use
is (8720.00 — $419.93) = $300.07].

12. Solve Exercise 11, making use of the fixed percentage method.
13. Solve Exercise 11, making use of the straight line method.

52. Depreciation of mining property.—Investment in mines, oil wells,
and timber tracts should yield not only intercst on the investment, but
additional income to provide for the restoration of the original capital
when the asset is exhausted. The mining engincer can estimate the net
annual return on the mine and the number of years before the mineral
will be exhausted. Irom this net annual return, interest on the capital
invested must be taken and also an annual payment to a depreciation
reserve which shall accumulate to the original cost of the mine, less the
salvage value, by the time it is exhausted.

An important problem in connection with mining property is, having
given the net annual yield and the number of years this yield will con-
tinue, to determine the price that should be paid for the mines so that this
net annual yield will provide a sufficient rate of interest on the investment
and an annual payment to the depreciation reserve.



Depreciation 135

Assume that R is the net annual return and that this yield will con-
tinue for n years. Also assume that the rate of yield on the invested cap-
ital is to be r and the depreciation reserve is to be accumulated at rate 7.

If we let P stand for the purchase price of the property, then the an-
nual return on the capital invested would be Pr. Hence, the amount
left from the net annual return, for the annual contribution to the deprecia-
tion reserve, would be (R — Pr), and this must accumulate to P — S in
n years at rate ¢, where S is the salvage value.

Therefore, we have

P—S=(R*“PT)§1~—*%_'——1'=(R—PT)S,}“. 12"
When S = 0,
R R
P = . ; = +_L. (13)
A+ -1 T

Example. A mining engineer estimates that a copper mine will yield
a net annual income of $50,000 for the next 20 years. What price should
be paid for the mine, if the depreciation reserve is to accumulate at 5%,
if 109, is to be realized on the capital invested, and if S = 0?

Solution. We have, R = $50,000, n = 20, r = 10%, and ¢ = 5%,
Making use of (13), we get

P 50,000 50,000
B 0.05
010 + ————— 0.10
+ (1.05)20 — 1 + 820]-05
50,000.00 50,000.00

< 0.10 + (0.03024259)  0.13024259
= $383,899, purchase price.

This would give a return of $38,389.90 on the invested capital and leave
$50,000 — $38,389.90 = $11,610.10 for the annual payment into the de-
preciation reserve. This annuity in 20 years at 5% will amount to
$383,899.

Exercises

1. An oil well which is yielding a net annual income of $30,000 is for sale. The
geologist cstimates that this annual income will continue 10 years longer. What should
be paid for the well, if the depreciation rescrve is to accumulate at 414%, and 8% is to
be realized on the invested capital?
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2. A gold mine is yielding a net annual income of $100,000. Careful estimates show
that the mine will continue to yield this net annual income for 25 years longer, at which
time it will be exhausted. Find its value, if a return of 9% on the invested capital is
desired and the depreciation reserve accumulates at 57%,.

3. A 1,000 acre tract of timber land is for sale. It is estimated that the net annual
income from the timber will be $125,000 for the next 5 years, at which time the land
will be worth $25 per acre. How much per acre should be paid for the land, if the
purchaser desires 109, on his investment and the depreciation reserve can be accumu-
lated at 59,2

4. $750,000 is paid for a mine which will be exhausted at the end of 25 years. What
net annual income is required from the mine, if 87 is to be realized on the investment
after the annual payments have been made into the depreciation reserve which accumu-
lates at 49,?

63. Composite life of a plant.—We will consider that a manufactur-
ing plant consists of several parts, each having a diffcrent probable life.
By the composite life of a plant we mean a sort of average lifetime of the
several parts, and we may define it more precisely as the time required for
the total of the equal annual payments to the depreciation reserves of the several
parts to accumulate to the total wearing value of the plant.

Let Wy, Wa, W3, - - -, W, be the wearing values of the several parts,

with probable lives of ni, no, ng, - « -, ne respectively, and let W = W, +
Wy 4+ W3+ - - - + W, be the wearing value of the entire plant. Also
let Dy, Dy, D3, - - -, D, be the annual payments to the depreciation

reserves for the several parts and let D =Dy + D2+ D3+ «- - - + D,
be the depreciation for the whole plant.
Then by the straight line method, we have

=P_V=W1+W2+W3+---+W,
D Dy+Dy+Dg+---+D,°

n

or
_W1+W2+Ws+"'+Wr_
W, W, W, w,
__‘+_“+.__3+...+___
ny ng ng n,

(14)

Example 1. A plant consists of parts A, B, and C, having the following
values, scrap values, and probable lives, respectively:

A $25,000 $5,000 20 years
B 20,000 2,000 18 years
C 8,000 1,000 14 years

Find its composite life.
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Solution. Here, W, = $20,000, W, = $18,000, W3 = $7,000, n; = 20,
ne = 18, ng = 14. Using (14), we get

., — 20,000 + 18,000 + 7,000
"~ 20,000 18,000 + 7,000

20 18 14
45,000
T 2,500 18.

Hence, the composite life is 18 years.
If the sinking fund method is used, we have

DOi+De+ - +D)szy= Wi+ Wet---+ W),
or Dsy =W, (14’)

1
where D; = W; —, and so on.

nyld

Solving (14’) for n by the use of logarithms, we get
n = log (Wi + D) — log D
B log (1 + i)

The value for n obtained from (15) gives us the composite life. We
may also express (14’) in the form

_a+d)-1_w
- i - D’

and read the approximate value for n from Table V.

(15)

Sz (16)

Example 2. Solve Example 1, using the sinking fund method and 5%,
interest.

Solution. Here, W; = $20,000, W, = $18,000, W3 = $7,000, n; = 20,
ng = 18, ng = 14, ¢ = 0.05.

Whence, D, = 20,000 = $604.85,
201.05
1
D, = 18,000 = $639.83,
- S18l.06
1
D; = 7,000 = $357.17,
817].05

D = $1,601.85 and W = $45,000.
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Using (16), we get
o (105 —1 _ 45000
w6 T 005  1,601.85

From Table V, we notice that the nearest value of n is 18. In fact,
when n = 17, the table value is 25.8404, and when n = 18, the table
value is 28.1324. Hence, n is a little less than 18 and we say the com-
posite life is approximately 18 years.

Using (15), we have

"= log (3,851.85) — log (1,601.85)

= 28.0925.

log (1.05)
_3.58567 — 3.20462 _ 0.38105
- 0.02119 "~ 0.02119

17.98, or approximately 18.

Exercises

1. Allowing interest at 59, find the composite life of the plant consisting of the
following parts.

Parts Original Cost | Serap Value Life
Building. ..... $150,000 $40,000 25 years
Machinery.... 75,000 25,000 25 years
Patterns. ... 15000 | ...... 10 years
Tools. ....... 25,000 5,000 12 years

2. Solve Exercise 1, using the straight line method.
3. Allowing interest at 49, find the composite life of the plant consisting of the
following parts.

Parts Cost Scrap Value Life
A $200,000 $30,000 50 years
B 150,000 20,000 40 years
C 50,000 10,000 35 years
D 30,000 5,000 20 years
E 25,000 5,000 25 years

4. Solve Exercise 3 by the straight line method.
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Problems

1. A church with a probable life of 75 ycars has just been completed at a cost of
$125,000. It is free of debt. For its replacement at the end of its probable life the
congregation plans to make annual payments from their current funds into a sinking
fund that will earn 49 effective. What is the annual payment?

2. The value of a machine decreases at a constant annual rate from the cost of $1,200
to the scrap value of $300 in 6 years. Find the annual rate of decrcase, and the value
of the machine at the ends of one, two, and three years.

3. The United States gross imports of crude rubber incrcased from 252,922 long
tons in 1920 to 563,812 long tons in 1929. Find the annual rate of increase during this
period, assuming that the annual rate of incercase was constant.

4. A dormitory is planned at a cost of $250,000. Its probable lifc is cstimated to
he 50 years at the end of which time its scrap value will be zero. To reconstruct the
building at the end of its probable life, a sinking fund, into which semi-annual payments
will be made, is to be created, the fund earning interest at (j = .04, m = 2). Whatis
the semi-annual payment?

6. It is estimated that a quarry will yield $15,000 per year for 8 years, at the end
of which time it will be worthless. If a probable purchascr desires 8%, on his investment
and is able to accumulate a redemption fund at 4%, what should he pay for the quarry?

6. On a 3%, basis find the annual charge for replacement of a plant, and its composite
life, if the several parts are deseribed by the table:

Part Life in ycars Cost Serap Value
A 40 $200,000 $10,000
B 25 50,000 3,000
C 15 20,000 1,000
D 10 10,000 1,000

7. A philanthropist wishes to donate a building to cost $200,000 and to provide for
its rebuilding every 50 years at the same cost. He also wishes to provide for its complete
renovation every 10 years at a cost of $20,000 and for annual repairs at a cost of $2,000.
What amount should he donate, if the sums can be invested at 4%,?

8. In starting a transfer business it is planned to purchase 10 cabs annually for 5
years at a cost of $1,000 per cab. On a 49, basis, what is the present value of these
purchases if the first allotment is purchased immediately?

It is estimated that 5 years is the service life of these cabs. It is also planned to
replace the worn out cabs by making annual payments at the end of each year into a
sinking fund that earns 49, effective, R at the end of the first year, 2R at the end of the
second year, 3R at the end of the third year, 412 at the end of the fourth year, 5R at the
end of the fifth and later years. What is the annual payment into the sinking fund at
the end of the first year? at the end of the second year? at the end of the fifth year?
What is the amount in the sinking fund just after the first allotment for replacements?
(See Art. 38.)
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9. In starting a transfer business it is planned to purchase 10 cabs immediately, 8
cabs at the beginning of the second year, 6 at the beginning of the third year, 4 at the
beginning of the fourth year and 2 at the beginning of the fifth year. On a 49, basis,
what is the present value of these purchases if each cab costs $1,000? (See Art. 38.)

10. Find the present value of the output of an oil well on the assumption that it will
produce a net return of $25,000 the first year, diminishing each year by $5,000 until it is
exhausted at the end of the fifth year. Use intercst at 8%, effective.

11. Show that the unit cost plan of appraisal of value gives the same result as the
sinking fund method when the new and the old machines have the same output and the
same annual expense charge for operation and upkeep.

Review Problems *

1. A quarry has sufficient stone to yield an income of $20,000 a year for 5 years at
the end of which time it will be exhausted. Find the value of the quarry if the invest-
ment is to yicld 8%, and the redemption fund is accumulated at 49,.

2. Telephone poles set in soil last 12 years, in concrete 20 years. If a telephone pole
set in soil costs $6, what can the company afford to pay to set the pole in concrete if
money can be invested at 49,?

8. In computing the annual return at rate < on the capitalized cost, K, of an article,
show that the return would be equivalent to allowing interest on the original investment,
C, and allowing for depreciation by (6) Art. 50. (Sce Problem 5, page 121.)

4. A city incurs a debt of $200,000 in constructing a high-school building. Which
would be better: to pay the debt, principal and interest at 6149, in 20 annual install-
ments, or to pay 6% intcrest each year on the debt and pay a fixed amount annually for
20 years into a sinking fund which accumulates at 49,?

6. A county borrows $75,000 to build a bridge. The dcbt is to be paid by the amor-
tization of the principal in 15 years at 6%,. At the end of the tenth year what part of
the debt is unpaid?

6. A man pays $1,000 a year for 4 years and $2,000 a year for four years on a debt
of $10,000 bearing interest at 69;. What part of the debt is unpaid at the end of 8
years? '

7. A machine costing $5,000 has an estimated life of 10 years and a scrap value of
$500. Find the constant rate at which it depreciates. What is its valuc at the end of
the second year?

8. If W, is the wearing value of a machine at the end of r years by the sinking fund
method, show that
=)

an

W.=W.

* For additional review problems, see end of this book.



CHAPTER VI
VALUATION OF BONDS

64. Definitions.—A bond may be defined as a certificate of ownership
in a portion of a debt due from a city, corporation, government, or an
individual. It is a promise to pay a stipulated sum on a given date, and
to pay interest or dividends at a specified dividend rate and at definite inter-
vals. The interval between dividend payments is usually a year, a half
year, or a quarter year. The amount named in the bond is called the
face value or par value. When the sum due is repaid as specified in the
bond, the bond is surrendered to the debtor and it is said to be redeemed.
The price at which a bond is redeemed is called the redemption price.
It may be redcemed at par, below par or above par. When the redemption
price of a bond is the same as the face value, it is said to be redeemed
at par; if it is more than its face value it is said to be redecmed at a pre-
mium; and if it is less than its face value it is said to be redeemed at a
discount.

65. Purchase price.—Bonds are usually bought to yield the purchaser
a certain rate of interest on his investment. This rate may be very differ-
ent from the rate of interest specified in the bond. To avoid confusion,
we shall designate the rate of interest specified in the bond as the dividend
rate and the rate of interest received by the purchaser, on his investment,
as the tnvestment rate. When an individual buys a bond he expects to
receive the periodic dividends as they fall due from the date of purchase
to the redemption date and also rececive the redemption price when due.
It is clear then that the purchase price s really equal to the present value of
the redemption price plus the present value of the annuity made from the
periodic dividends, both figured at the investment rate.

Example 1. Find the purchase price of a $1,000, 41{% bond, dividends
payable annually, to be redeemed at par in 18 years when the investment
rate is to be 69, annually.
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Solution. Here, the redemption price is $1,000, the dividend is $42.50
annually. Denoting the purchase price by P, we get

1 — (1.06)-18

= .06) 18 + 42,
P = 1,000(1.06) 1% + 42,50 —

= 1,000(0.3503438) + 42.50(10.8276035)
= 350.34 + 460.17 = $810.51.

Example 2. Find the purchase price of the above bond if it is to be
redeemed at $950.
1 — (1.06)-18

Solution. P = 950(1.06) 18 4- 42.50 ———
olution 50( ) + 0.06

= 332.83 + 460.17 = $793.00

If we let C = the redemption price,
(j, m) = nominal investment rate,
n = number of years before redemption,
R = the annual rent of the dividends,
p = the number of dividend payments each year,
and P = the purchase price,

we may write down the following general formula which will give the pur-
chase price under all conditions.

N 1-(1+1>»
P=c(1+i> +R e
m j
o[ (2) 1]
m

Now, if m = p (that is, if the interest is converted at the same time
that the dividends are paid), the above formula reduces to

()
ARG

1

P=c@+1 @)

)

: J
»

In most cases formula (2) will apply.
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When P is greater than C, the bond is bought at a premium. The differ-
ence, (P — C), is the premium. Similarly, when P is less than C, the bond
is bought at a discount. The difference, (C — P), is the discount. When P
equals C the bond is bought at par. The bond in Example 1 was bought
at a discount of ($1,000 — $810.51), or $189.49.

Example 3. Find the purchase price of a $500, 697 bond, dividends
payable semi-annually, to be redeemed at par in 20 years, when the invest-
ment rate is to be 514%, converted semi-annually.

Solution. Here, C = $500, n = 20, j = 5149, R = $30, m = p = 2.
Using formula (2), we have

1 — (1.0275)—40
0.0275

P = 500(1.0275)-40 4 15
= 500(0.33785222) + 15(24.07810106)
= 168.926 + 361.172 = $530.10
Premium = $530.10 — $500
= $30.10.

Example 4. A $500, 59, bond, dividends payable semi-annually, is
to be redeemed in 15 years at 104 (at 1049, of the face). What should its

purchase price be, if the investment rate is to be 69, converted semi-
annually?

Solution. Since the bond is to be redeemed at 104, we have C = $520.
n=153j=6%,R =$25 m=p =2
Making use of (2), we find

1 — (1.03)-3¢
= 520(1.03) 30 S0 —
P = 520(1.03) 30 4 12.50 0.03
= 520(0.41198676) + 12.50(19.60044135)
= 214.233 4 245.006 = $459.24.

Discount = $520 — $459.24 = $60.76
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If we let K equal the present value of the redemption price =

—np
c (1 + i) , and ¢ equal the ratio of the annual rent of the dividends to

the redemption price = L formula (2) reduces to

P=K+§.(C—K). 3)

The student will notice that (3) does not require an annuity table for
its evaluation. It was first established by Makeham, an English actuary.

CavtioN. Formula (2) was derived under the assumption m = p.
Formula (3) was derived from (2). Therefore, (3) may be used only
when m = p.

Exercises

Find the purchase price of each of the following:

1. A $500, 6% bond, dividends payable semi-annually, redeemable in 10 years at
par, the investment rate to be 5%, convertible semi-annually.

2. A $1,000, 59 bond, dividends payable semi-annually, redeemable in 12 years at
105, the investment rate to be 6%, convertible semi-annually.

3. A $10,000, 4% bond, dividends payable quarterly, redeemable in 20 years at 110,
the investment rate to be 59, convertible quarterly.

4. A $5,000, 79, bond, dividends payable annually, redeemable in 18 years at par,
the investment rate to be 6% convertible annually.

6. A $500, 5149 bond, dividends payable semi-annually, redeemable in 14 years
at 102, the investment rate to be 69, convertible semi-annually.

6. Establish formula (3).
7. Use formula (3) to solve Example 3.

8. A $2,000, 5% bond, dividends payable semi-annually, will be redeemed at 105
at the end of 10 years. TFind the purchase price to yield 79, converted semi-annually.

9. Solve Exercise 8, with the yield rate (investment rate) 7%, converted annually.

10. Should an investor, who wishes to make 69, (converted semi-annually) or more
on his money, buy bonds at 88 which are to be redeemed in 10 years and bear 5%,
dividends payable semi-annually?

11. A $5,000, 69, bond, dividends payable semi-annually, is to be redeemed in 16
years at 106. What should be paid for the bond if 5%, (convertible annually) is to be
realized on the investment?

56. Premium and discount.—If we subtract C from both members of
formula (3) we will obtain the excess of purchase price over the redemption
price. This result may be positive, negative, or zero. That is, the pur-
chase price may be greater than the redemption price, less than the redemp-
tion price, or equal to the redemption price.
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We have, if E is the excess,

E=P—C=K+%(C—K)—C’

ek
o))

__.1——(1 477—>_"p
=c9=J N
p J

P

If we let k& equal the excess of purchase price per unit of redemption
price, it follows from the above equation that

« —nm
. 1—(1 l)
9-j T

<

k= . ) 4-

; ; @
b

E=P—-C=Ck and P=C+Ck ®)

Example 1. A $1,000, 69, semi-annual bond is to be redeemed in 10
years at $1,050. Find the purchase price if the investment is to yield 5%,
scmi-annually.

Solution. Here, C = $1,050, n =10, j = 0.05, m = p = 2, and

g = I,GT(;(-) = 0.057143. Substituting in (4), we have
k= 0.057143 — 0.05 1 — (1.025)—20
2 0.025
= (0.003571)(15.58916229)
= 0.055669.

And from (5), we get .
E = P — C = 1,050(0.055669) = $58.45.
Hence, the purchase price is $58.45 more than the redemption price and
P = $1,050 + $58.45 = $1,108.45.
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In actual practice bonds are usually redecmed at par. Then C becomes

the face value and g = —Ig becomes the actual dividend rate. Also, the

value, k, obtained from (4) is the excess of purchase price per unit of face
value, and the value, P — C, obtained from (5) is the premium or discount
at which the bond is purchased. In fact, k& is the premium or discount
per unit of face value. It is evident that & is a premium when

g >7J;
is a discount when

9 <J;
is at par when

g=17

Example 2. Solve Example 1, if the bond is to be redeemed at par.

Solution. Here, C = $1,000, n =10, m =p =2, j = 0.05, and
g = 0.06. We have
0.06 — 0.05 1 — (1.025)—20

k= 3 0.025 [Formula (4)]
= (0.005)(15.58916229)
= 0.0779458.

And E =P — C = 1,00000.0779458) = $77.95
= the premium.
Hence, P = $1,000 + $77.95 = $1,077.95.

Example 3. A $500, 59, semi-annual bond is to be redeemed in 15
years at par. Find the purchase price if the investment is to yield 5149,
semi-annually.

Solution. Here, C = $500, n =15, m =p =2, j=0.055, and
g = 0.05. We have

k= 0.05 — 0.055 1 — (1.0275)—30

2 0.0275
= — (0.0025)(20.24930130) = — 0.0506233.
And E =P — C = 500(—0.0506233) = — $25.31
Hence, P = $500 — $25.31 = $474.69.
That is, the discount is $25.31 and the purchase price is $474.69.

[Formula (4)]
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Exercises

Use formulas (4) and (5) in the solution of the following:
1. Find the purchase price of a $1,000, 5% bond, dividends payable annually,
redeemable in 20 years at par, if the investment rate is to be 5149, convertible annually.

2. Find thepurchase price of a $5,000, 415%, bond, dividends payable semi-annually,
redeemable in 15 years at 102, if the investment rate is to be 49, convertible semi-
annually.

3. What should be the purchase price of a $10,000, 314% bond, dividends payable
gemi-annually, redeemable in 35 years at par, if 49, (convertible semi-annually) is to
be realized on the investment?

4. Find the purchase price of a $500, 4}5% bond, dividends payable quarterly, to
be redeemed in 18 years at par, if the investment rate is to be 5%, convertible quarterly.

6. What is the purchase price of a $10,000, 6% bond, dividends payable”semi-
annually, redeemable in 30 years at 105, the investment rate to be 4149 convertible
semi-annually? |

6. What should be the purchase price of a $1,000, 59, bond, dividends payable
annually, to be redeemed in 10 years at 110, if the investment rate is to be 69, converti-
ble annually?

7. Establish formula (4).

8. Usc formulas (4) and (5) to solve Exercises 3 and 5, Art. 55.

9. Use formulas (4) and (5) to solve Exercise 10, Art. 55.

57. Amortization of premium and accumulation of discount.—When
a bond is bought for more than the redemption value, provision should be
made for restoring any excess of the original capital invested over the
redemption price. The excess of interest on the bond over the interest
required at the investment rate can and should be used for the gradual
extinction of the excess book value* over the redemption price.  The book
value of a bond bought above redemption price thus diminishes at each
interval until the redemption date, at which time its book value is equal
to the redemption price. This amortization of the excess of purchase
price over redemption price is called amortization of the premium.

When a bond is bought for less than the redemption price, we may
think of it as having a periodically increasing book value, approaching the
redemption price at maturity. The accumulation of the excess of redemp-
tion price over the purchase price is called accumulation of the discount.
We shall illustrate by examples.

* The book value of a bond on a dividend date is the price P at which the bond would
scll at a given investment rate.
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Example 1. A $1,000, 69, bond, dividends payable annually, redeem-
able in 6 years is bought to yield 59, annually. Find the purchase price
and construct a schedule showing the amortization of the premium.

Solution. Here, C = $1,000, n = 6,j = 0.05,m = p = 1, and g = 0.06.

Hence, k = 0.0507569.
Premium = P — C = $50.76.
And P = $1,050.76.

Now the book value of the bond at the date of purchase is $1,050.76.
At the end of the first year a $60 dividend is paid on the bond. However,
5%, on the book value for the first year is only $52.54. This would leave
a difference of $60 — $52.54 = $7.46 for the amortization of premium for
the first year. This would reduce the book value to $1,043.30 for the
sccond year. The interest on this amount at 5%, is $52.17. This leaves
$60 — $52.17 = $7.83 for the amortization of premium for the second
year, and so on.

The following schedule shows the amount of amortization each year
and the successive book values.

SCHEDULE OF AMORTIZATION—SCIENTIFIC METHOD

At End Dividend Interest Earned | Amortization Book Val

of Period on Bond on Book Value | of Premium 00% Yalue
L e $1,050.76
1 $60.00 $52.54 $7.46 1,043.30
2 60.00 52.17 7.83 1,035.47
3 60.00 61.77 8.23 1,027.24
4 60.00 51.36 8.64 1,018.60
5 60.00 50.93 9.07 1,009.53
6 60.00 50.48 9.52 1,000.01

Total $50.75

The amortization of the premium may also be cared for by the straight
line method. By this method the premium is divided by the number of
periods and the book value is decreased each period by this quotient. Thus,
in the present problem we would have $50.76 + 6 = $8.46. The following
schedule illustrates the method.
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SCHEDULE OF AMORTIZATION—STRAIGHT LINE METHOD

At End of Period | Dividend on Bond Amortization Book Value
L $1,050.76
1 $60.00 $8.46 1,042.30
2 60.00 8.46 1,033.84
3 60.00 8.46 1,025.38
4 60.00 8.46 1,016.92
5 60.00 8.46 1,008.46
6 60.00 8.46 1,000.00

Example 2. A $10,000, 4%, bond, dividends payable scmi-annually,
redeemable in 4 years, is bought to yield 59 semi-annually. Find the
purchase price and construct a schedule showing accumulation of the
discount.

Solution. Here, C = $10,000, n =4, j=005 m=p =2, and
g = 0.04. Hence,
k =— 0.0358506,

Discount = P — C = — $358.51.
And P = $9,641.49.

The following schedule shows the accumulation of discount for each
period and the book valuc for each period.

SCHEDULE OF ACCUMULATION—SCIENTIFIC METHOD

At End Dividend Interest Earned | Accumulation Book Value
of Period on Bond on Book Value of Discount
0 e e $9,641.49
1 $200.00 $241.04 $41.04 9,682.53
2 200.00 242.06 42 .06 9,724.59
3 200.00 243 .11 43.11 9,767.70
4 200.00 244.19 44.19 9,811.89
5 200.00 245.28 45.28 9,857.17
6 200.00 246.43 46.43 9,903.60
7 200.00 247.59 47.59 9,951.19
8 200.00 248.78 48.78 9,999.97
Total $358.48
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Exercises

1. A $1,000, 5% bond, dividends payable semi-annually, redcemable in 7 years at
par, is bought to yicld 69, semi-annually. Construct an accumulation schedule.

2. A $1,000, 5% bond, dividends payable annually, redeemable in 10 years, is bought
to yield 414% annually. Construct an amortization schedule.

8. Construct a schedule for the amortization of the premium of the bond in Exer-
cise 1, Art. 55.

4. Construct an accumulation schedule for the bond of Exercisc 6, Art. 56.

6. A $500, 59 bond, pays dividends semi-annually and will be redeemed at 105 on
January 1, 1946. It is bought on July 1, 1942, to yield 6%, converted semi-annually.
Find the purchase price and form a schedule showing the accumulation of the discount.

6. A $5,000, 69, bond, paying semi-annual dividends will be redeemed at 110 on
Scptember 15, 1947. Tind the price on September 15, 1942, to yield 57, converted
semi-annually, and form a schedule showing the amortization of the premium.

58. Bonds purchased between dividend dates.—We shall consider two
cases.

(a) When the bond is bought at a certain quoted price and accrued
interest with no apparent regard for yield.

(b) When the bond is bought on a strictly yield basis.

By accrued interest in case (a) is meant accrued simple interest on the
Sace value at the rate named in the bond. In other words, we mean the
accrued dividend. We shall illustrate by an example.

Example 1. A bond of $1,000 dated July 1, 1940, bearing 69, interest
payable semi-annually, was purchased March 1, 1941, at 98.5 and accrued
interest. What was paid for the bond?

Solution. The dividend dates are July 1, and Jan. 1. The price quoted
on this bond is evidently $985.00. Hence, the price paid on March 1
is $985.00 plus the interest on $1,000 from Jan. 1 to March 1 at 69, or

$985.00 - $10.00 = $995.00, purchase price.

The student should observe that the purchase price is equal to the quoted
price plus the dividend accrued from the last dividend date to the time of pur-
chase.

When the bond is bought at a price to yield a given rate of interest
on the investment, the purchase price is equal to the value (purchase price) of
the bond at the last dividend date (the one just before the date of purchase) plus
the interest, at the investment rate, on this value, from the last dividend date to
the date of purchase. In practice, ordinary simple interest is used.
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If Pg stands for the purchase price at the last dividend date and d is the
number of days from the last dividend date to the date of purchase, the
purchase price may be defined by the formula

Pydj
360 ©)

P =Py +

Example 2. A bond of $500 issued March 1, 1930, at 49, payable
semi-annually and to be redeemed March 1, 1947, was purchased May 10,
1938, to realize 5% (converted semi-annually) on the investment. What
should have been paid for the bond? Find the quoted price.

Solution. The time from March 1, 1938 (the last dividend date) to
March 1, 1947 (the redemption date), is 9 years, and the purchase price
as of the last dividend date is

Po = 500(1025)—1% 4 10— giii1o
o7 T 0025 oo

The time from March 1, 1938 (the last dividend date), to May 10, 1938

(the date of purchase), is 70 days.

Podi  (464.12)(70)(0.05)
360 360

and P = 464.12 4 4.51 = $168.63, the purchase price on May 10, 1938.
Now, the quoted price as of May 10, 1938, is the purchase price as of
that date minus the dividend accrued from March 1, 1938, to May 10, 1938.
The accrued dividend is the ordinary simple interest on $500 for 70 days
at 49, or $3.89.
Hence, the quoted price is

$468.63 — $3.89 = $464.74.

The student should observe the difference between purchase price and
quoted price. Bonds are usually quoted on the market at a certain price
plus accrued interest (at the dividend rate), guarantced to yield a certain
rate of interest on the investment. In the case of the above bond the
quoted price as of May 10, 1938, would have been $464.74 (or 92.95%, of
face) and accrued interest to yield 59, semi-annually on the investment
if held to the date of redemption.

Hence,
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Exercises

1. A $1,000, 69, bond, dividends payable semi-annually, dated January 1, 1942,
was purchased September 10, 1944, at 97.5 and accrued interest. What was paid for
the bond?

2. The bond described in Exercise 1 is to mature January 1, 1949. What should
have been paid for it September 10, 1944, if purchased to yicld 7%, semi-annually?

8. At what price should a $500, 69, semi-annual bond, dated April 1, 1939, and
maturing April 1, 1946, be bought July 10, 1940, to yield 5149, semi-annually, on the
investment? Find the quoted price.

4. Should an investor, who wished to make 5%, nominal, converted semi-annually,
on his investment, have bought government bonds quoted at 89 on Fcbruary 1, 1920?
These bonds were redeemable November 15, 1942, and bore 4149, interest, payable
semi-annually.

6. On July 20, 1935, a man bought 59, semi-annual bonds, due October 1, 1945, on
a 69, semi-annual basis. The interest dates were April 1 and October 1. What price
did he pay? Find the quoted price for that date.

6. A $1,000, 69, bond, dividends payable March 15 and September 15, is redeemable
March 15, 1950. It was bought January 1, 1944, to yield 514%, converted semi-annually.
Find the purchase price and the quoted price.

7. Find the quoted price for the bond of Exercise 6, as of July 5, 1947.

69. Annuity bonds.—An annuity bond is an interest-bearing bond,
payable, principal and interest, in equal periodic payments or installments.
It is evident that these equal periodic payments constitute an annuity
whose present value is the face of the bond. The periodic payment can
be found by using Art. 31. The purchase price at any date is the present
value (figured at the investment rate) of the annuity composed of the
periodic payments yet due. Let us illustrate by an example.

Example. At what price should a 49, annuity bond for $5,000, payable
in 8 equal annual payments, be purchased at the end of 3 years (just after
the third payment has been made), if 59, (converted annually) is to be
realized on the investment?

Solution. Using Art. 31, we find the periodic payment to be
R = 5,000-——09:1——-— = $742.64.
1 — (1.04)-8
The purchase price at the end of 3 years is equal to the present value of
an annuity of $742.64 for 5 years at 5%, converted annually.

1-— (1.05)-5
Hence, P = 742.64-———(—)—0—5——-—- = $3,215.24.
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60. Serial bonds.—When selling a set of bonds, a corporation may
wish to redeem them in installments instead of redeeming all of the bonds
on one date. When a bond issue is to be redeemed in several installments
instead of all the bonds being redeemed on one date, the issue is known as a
serial issue and the bonds of the issue are known as serial bonds. Evidently,
the purchase price at any date is equal to the sum of the purchase prices of
the installments yet to be redeemed.

Example. A city issues $40,000 worth of 49, bonds, dividends payable
semi-annually, to be redeemed by installments of $4,000 in 2 years, $6,000
in 4 years, $8,000 in 6 years, $10,000 in 8 years and $12,000 in 10 years.
An insurance company buys the entire issue on the date of issue so as to
realize 5% (converted semi-annually) on the investment. What price
was paid for the cntire issue?

Solution. The purchase price of the entire issue is equal to the sum
of the purchase prices of the five installments to be redeemed. Using (5),
Art. 56, we have

4,000 — 4,000(0.005) l—l(%%ﬁ)i = $ 3,924.76
6,000 — 6,000(0.005).1——5%—3-?)——? = § 5,784.90
8,000 — 8,000(0.005) l—“—%{'}—o;:ll—z = $ 7,580.69
10,000 — 10,060(0.005) 1—"—&‘)—2—%‘?);” = $ 9,347.25
12,000 — 12,000(0.005) 1—_%%?23 = $11,064.65
and P = $37,711.25.

Hence, the purchase price of the issue is $37,711.25.

Exercises

1. At what price should a 5%, (payable semi-annually) annuity bond for $10,000,
payable in 26 equal semi-annual payments, be purchased at the end of 6 years, if 514%
(converted semi-annually) is to be realized on the investment?
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2. A $25,000 serial issue of 69, bonds, with semi-annual dividends, is to be redeemed
by payments of $5,000 at the end of 3, 4, 5, 6, and 7 years respectively. Find the pur-
chase price of the entire issue, if bought now to realize 5%, (converted semi-annually)
on the investment. [Use (4) and (5) Art. 56.]

8. What is the purchase price of a bond of $20,000 payable $5,000 in 4 years, $8,000
in 8 years, $5,000 in 7 years, and $2,000 in 9 years, with dividends at 5% semi-annually,
if the purchaser is to receive 6%, converted semi-annually, on his investment?

4. Find the purchase price of a 10-ycar annuity bond for $25,000, to be paid in
semi-annual installments with interest at 69, converted semi-annually, if purchased at
the cnd of 4 years to yield 5% converted semi-annually.

6. Find the purchase price on the date of issue of a $2,000 bond bearing 4%, the
principal and interest to be paid in 6 equal annual installments, if the purchaser is to
realize 5%, (convertible semi-annually) on his investment.

61. Use of bond tables.—Tables are available which give the purchase
prices of bonds corresponding to given dividend rates, investment rates
and times to maturity. These tables may be made as comprehensive as
their purpose demands. The dividend rates may range from as low as 2
per cent to 8'or 9 per cent by intervals of 14 per cent.  The investment rates
may have about the same range, but with smaller intervals. The times
to maturity may range from 14, 15 or 1 year to 50 or 100 years by intervals
of 14, %5 or 1 year depending on whether or not the dividends are payable
quarterly, semi-annually or annually. These tables may be arranged in
various forms. The following is a brief portion of a bond table:

TaBLE SHOWING PurcuAsE Prices oF A 49, Bonp For $1,000 wiTH
DivipuNDps PAYABLE SEMI-ANNUALLY

Investment Rate Time to Maturity

Converted
Semi-annually 5 Years 10 Years 15 Years 20 Years
2.00 $1,094.71 $1,180.46 $1,258.08 $1,328.35
2.50 1,070.09 1,131.99 1,186.67 1,234.95
3.00 1,046.11 1,085.84 1,120.08 1,149.58
3.50 1,022.75 1,041.88 1,057.97 1,071.49
4.00 1,000.00 1,000.00 1,000.00 1,000.00
4.50 977.83 960.09 945.89 934.52
5.00 956.24 920.05 895.35 874.49
5.50 935.20 885.71 848.14 819.41
6.00 915.70 851.23 804.00 768.85
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Example. A $500, 49, bond, dividends payable semi-annually,
redeemable in 15 years at par, is bought to yield 549, convertible semi-
annually. Find its purchase price.

Solution. Observing the above table, we find the purchase price of a
$1,000 bond corresponding to the given dividend rate, investment rate and
time to maturity is $848.14. But wc are considering a $500 bond. Con-
sequently, its purchase price is $424.07.

Exercises

1. Consider a $500 bond due in 20 years, and bearing semi-annual dividend coupons
at 4% per annum. Find by the use of the above table the purchase price if the invest-
ment rate is to be 414%. Check the result by calculations independent of the table.

2. Solve Exercise 1, if the investment rate is to be (a) 3%; (b) 3%4%; (c) 5%:; (d) 6%.

3. Consider a $500, 49, bond, dividends payable semi-annually, which matures in
10 years. Using the above table and the method of interpolation find the approximate
purchase price when the investment rate is to be (a) 334% (b) 524%. Check (a) by
using formula (5), Art. 124 and logarithms.

4. Solve Exercise 3, if the investment rate is to be (a) 314 %; (b) 434%.

62. Determining the investment rate when the purchase price of a
bond is given.—At times the price of a bond is quoted on the market,
guaranteed to yield a certain rate of interest on the investment, provided
the bond is held until the date of maturity. At other times the price is
quoted, but no investment rate is given. Before purchasing a bond at a
certain price, the prospective buyer would naturally want to know (approxi-
mately at least) the rate of interest that would be realized by such an
investment. Therefore, it is very important that we have a method of
finding the investment rate when the purchase price is given. We shall
discuss two methods: (a) when bond and annuity tables are available;
(b) when no tables are available.

(a) When either bond or annuity tables are given the approximate
investment rate may be found by the method of interpolation. We shall
illustrate by examples.

Example 1. Find the rate of income realized on a 6%, bond purchased
for $105, 10 years before maturity.

Solution. Since the bond is bought at a premium the investment rate
will be less than the dividend rate. Let us try 5%,.
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— -10
Then, P = 100(1.05)-10 + 6 1_5)1_00;’_)_

= 61.39 + 46.33 = $107.72.
Evidently the investment rate is greater than 5%. Let us now try 514%,.

1 — (1.055)-10
Then, P = 100(1.055)-10 + 6 ”—8655)—
= 58.54 + 45.23 = $103.77.

We observe that the investment rate must lie between 5%, and 51%%.
Arranging the results thus obtained, we have

Investment
Cost Rate
107.72 5%,
105.00 z%
103.77 5159,

Interpolating, we have

107.72 — 105.00 5 —z
107.72 — 103.77 5 — 513’

272 _z-5
395 1
3.95z = 21.11,

z = 5.3449,.

Example 2. Find the rate of income realized on a 49, semi-annual
bond, purchased for $94.50, 10 years before maturity.



Valuation of Bonds 157

Solution. Try 43%5%. Then,

- -20
P = 100(1.0225) %0 4 g L= (1:0229)70

0.0225
= $96.01
The rate is evidently greater than 414%. We shall now try 5%,.

1—(1.025)—20

P = 100(1.025)~20 4 2
( 7 0.025

= $92.20.
We observe that the rate lies between 4159, and 5%,.

Investment
Cost Rate
96.01 4159,
94.50 z%
92.20 5%,

Interpolating, we have

96.01 — 9450 415 — =
96.01 — 92.20 41 — 5’

1.5

o

r — 4y

’

3.81 1%

1.51 = 7.62¢z — 34.29,
7.62¢ = 35.80,
z = 4.7%.

The student will observe that we find a rate that gives a purchase price
a little larger than the given purchase price and then a rate which gives a
purchase price a little smaller than the given purchase price. We then
find the approximate rate by interpolation.
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Example 3. A $1,000, 49, bond, dividends payable semi-annually, was
bought 20 years before maturity at $850.25. Using the above bond table,
Art. 61, find the approximate investment rate.

Solution.
When  j = 0.050, P = $874.49.
When  j = 0.055, P = $819.41.

_ 874.49 — 850.25
Then, 7 = 0.0500 + ———————— (0.055 — 0.050)
874.49 — 819.41

= 0.0500 +

24.24
(0.005)
55

55.08
= 0.0500 + 0.0022 = 0.0522 = 5.229,.

Exercises

1. Find the rate of income realized on a 59, semi-annual bond maturing in 1814 years
when bought at $103.35.

2. A $1,000, 5% bond with secmi-annual dividends, is redeemable at par at the end
of 12 years. If it is quoted at $1,075.60, what is the investment rate?

3. Find the effective rate rcalized by investing in 59, bonds with semi-annual divi-
dends, redeemable at par, which are quoted at 84.2, 10 years before redemption.

4. A state bond bearing 59, interest, payable semi-annually, and redeemable in
8 years at par, was sold at 95. Find the yield rate.

6. On November 15, 1930, a certain United States Government bond sold at 90.
If this bond is redeemable November 15, 1952, and bears 49 interest, payable semi-
annually, find the yield rate on November 15, 1930.

6. A 49, bond, dividends payable scmi-annually, was bought 15 years before matur-
ity at 92.5. Using the bond table, find the approximate investment rate.

7. Using the bond table, find the approximate investment rate, when a 49, bond,
dividends payable semi-annually, is bought 10 years before maturity at 106.3.

(b) When tables are not available the approximate investment rate
may be found by solving formula (4), Art. 56 for j. This formula may
be written

Eo1-— (1 +1')_""
V4

g—1J J . )
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\ —np
Expanding (1 + ;‘:) by the binomial theorem and neglecting all
terms that involve 7% and higher powers of j, we get
N\ —np N 2
(l+z> g2t P
P 2 P
9—3J J 1

and = = .
k n n(np + 1) 2 on- n(np + 1)j

2p 2p

Multiplying the above equation through by n and dividing out the
right-hand member, we obtain

ng—g) _,, mpt1

P + ———2~p—— J (approximately).
Solving for j, we have
" 2p(ng — k)
= ®
np(k + 2) + k

which will give the approximate investment rate.
Example 4. Let us now apply formula (8) to Example 1, of Art. 62.
Solution. Here, k = 0.05, n = 10, p = 1, and g = 0.06.

_2(0.60 — 0.05)
I 7102 + 0.05) + 0.05

Then, = 0.05353,

and the approximate investment rate is 5.353%,.

We notice that the result obtained by using formula (8) is approx-
imately the same as that obtained by using annuity tables.

Ordinarily, (8) will give a result which is accurate enough. At least,
it is accurate enough for the layman who might be interested in the pur-
chasing of bonds. Naturally, bond houses and individuals dealing in
bonds and quoting bond prices, to yield a certain rate of interest on the
investment, would require a more accurate method. However, these
people would have comprehensive bond and annuity tables available, by
which the investment rate could be found to the required degree of accuracy.
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Exercises

1. Apply formula (8) to Examples 2 and 3 of Art. 62.

2. Apply formula (8) to Exercises 1, 3, and 5 of Art. 62(a), page 158.

3. Apply formula (8) to Excrcises 2, 4, and 6 of Art. 62(a), page 158.

4. A person bought a $1,000, 59 bond, dividends payable scmi-annually, 18 years
before maturity for $975. Find the investment rate by using annuity tables and then
check the result by using formula, (8).

5. A $500, 314% Government bond, dividends payable June 15 and December 15,
was bought June 15, 1945, for $530. If this bond is to be redeemed December 15, 1956,
find the investment rate as of June 15, 1945.

Problems

1. A $1,000, 5% bond, dividends payable April 15 and October 15, maturing Octo-
ber 15, 1946, was bought April 15, 1943, to yield (j = .06, m = 2). Construct a schedule
showing the accumulation of the discount.

2. A $1,000, 6% bond, dividends payable semi-annually, maturing in 4 years, was
bought to yield (j = .05, m = 2). Construct a schedule showing the amortization of the
premium.

3. A $300,000 issue of highway bonds bearing 47, interest, payable semi-annually,
dated January 1, 1944, matures $100,000 January 1, 1945, 1946 and 1947. What price
should be paid for the issue to realize (j = .03, m = 2)?

4. A $1,000 bond paying 59 semi-annually, redcemable at $1,040 in 10 years, has
been purchased for $970. Find the investment rate.

6. A 49, J. and J.,* bond is redcemable at par on January 1, 1952. Find the yield
if it is purchased July 1, 1939, at 89.32.

6. A $1,000, 6%, J. and J., bond is redeemable at par on July 1, 1950. Find the
price to yield (j = .05, m = 2) on August 16, 1940.

7. Find the purchase price of a $100, 5% bond, dividends payable semi-annually and
redeemable at par in 10 years, to yicld 6%, cffective.

8. Find the purchase price of a $100, 4% bond, dividends payable semi-annually
and redeemable in 20 years at 120, to yield 59 effective.

* That is, the dividends are payable January 1 and July 1.



CHAPTER VII
PROBABILITY AND ITS APPLICATION IN LIFE INSURANCE

63. The history of probabilities.—Aristotle (384-322 B.C.), the
Greek philosopher, is credited with the first attempt to define the measure
of a probability of an event. Aristotle says an event is probable when the
majority, or at least the majority of the most intellectual persons, deem it
likely to happen.

But the first real mathematical treatment of probability originated
as isolated problems coming from games of chance. Cardan (1501-1576)
and Galileo, two Italian mathematicians, solved many problems relating to
the game of dice. Aside from his regular occupation as a mathematician,
Cardan was also a professional gambler. As such he had evidently noticed
that there was always more or less cheating going on in the gambling
houses. This led him to write a little treatise on gambling in which he
discussed some mathematical questions involved in the games of dice then
played in the Italian gambling houses. The aim of this little book was
to fortify the gamester against such cheating practices. Galileo was not
a gambler, but was often consulted by a certain Italian nobleman on
problems relating to the game of dice. As a result of these consultations
and his investigations he has left a short memoir. Pascal (1623-1662) and
Fermat (1601-1665), two great French mathematicians, were also con-
sulted by professional gamblers and this led them to make their contribu-
tions to the subject of chance.

The Dutch physicist, Huyghens (1629-1695), and the German mathe-
matician, Leibnitz (1646-1716), also wrote on chance. However, the first
extensive treatise on the subject of chance was written by Jacob Bernoulli
(1654-1705). In this treatment of the subject which was published in
1713, the author shows many applications of the new science to practical
problems.

The first English treatise on probabilities was written by Abraham de
Moivre (1667-1754). This was a remarkable treatment and may yet be
read with profit. This book was translated into German by the Austrian
mathematician, E. Czuber.
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It was left for La Place (1749-1827), that great French mathematician,
to leave the one really famous treatise on the theory of chance, *“Théorie
Analytique des Probabilitiés.” Since the time of La Place many books
and articles on the theory have been written by mathematicians in all lands.

The subject of probability has become so widespread in its applica-
tions that the best minds of the world have undertaken its further develop-
ment. Today, the physicist, the chemist, the biologist, the statistician, the
actuary, depend upon the results of the theory of probability for the
development of their respective fields.

Probably the earliest writer on the application of the theory of proba-
bility to social phenomena was John Graunt (1620-1674) who, in 1662,
published his “Observations on the London Bills of Mortality.” The
astronomer, Edmund Halley, published his Mortality Tables in 1693.
Adolphe Quetelet (1796-1874) devoted his life to the applications of proba-
bilities to scientific research, particularly to the study of populations.

Following the work of these investigators, life insurance organizations
began to function. With the organization of the Equitable Society of
London in 1762, life insurance was successfully placed on a scientific basis.
The company employed the mathematician, Dr. Richard Price, to be the
actuary to determine the premiums which should be charged. He drew
up the Northampton Table of Mortality in 1783, and from this event
insurance as & science may be said to date.

64. Meaning of a priori probability.—A box contains three white and
four black balls. One ball is drawn at random and then replaced and this
process is continued indefinitely. What proportion of the balls drawn will
be black? Here there are scven balls to be drawn or we may say there are
seven possibilities, and either of the seven balls is equally likely to be drawn
or any one of the seven possibilitics is equally likely to happen. Of the
seven possibilities, any one of three would result in drawing a white ball
and any one of four would result in drawing a black ball. We would say
then that three possibilities of the seven are favorable to drawing a white
ball and the other four possibilities arc favorable to drawing a black ball.
We put the above statement in another way by saying that in a single
draw the probability of drawing a white ball is 3¢ and the probability of
drawing a black ball is 4. This does not mean that out of only seven
draws, exactly thrce would be white and four black. But it doecs mean
that, if a single ball were drawn at random and were replaced and this
process continued indefinitely, 3¢ of the balls drawn would be white and
4¢ would be black. Or the ratio of the number of white balls drawn to
the number of black balls drawn would be as 3 to 4.
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Reasoning similarly to the above led La Place to formulate the follow-
ing a prior: definition of probability:

If h is the number of possible ways that an event will happen and f is the
number of possible ways that it will fail and all of the possibilities are

equally likely, the probability that the event will happen is p = o

7 h+f
and the probability that it will fail is ¢ = m
It is evident, then, that the sum of the probability that an event will
happen and the probability that it will fail is 1, the symbol for certainty.
In analyzing a number of possibilitics we must be sure that each of
them is equally likely to happen before we attempt to apply the above
definition of probability.

Example: What is the probability that a man aged 25 and in good
health will die before age 30? In this case we might reason thus: The
event can happen in only one way and fail in only one way, and consec-
quently the probability that he will die before age 30is 14.  But this reason-
ing is false for we are assuming that living five years and dying within five
years are equally likely for a man now 25 years old. DBut this is not the
actual experience. This example will be discussed in Art. 65.

Exercises

1. A bag contains 7 white and 5 black balls, and a ball is drawn at random. What
is the probability (a) that the ball is white? (b) that the ball is black?

2. A deck of 52 cards contains 4 aces. If a card is drawn at random, what is the
probability that it will be an ace?

3. A coin is tossed. What is the probability that it will fall head up?

4. If the prohability of winning a game is 34, what is the probability of losing?

6. If the probability of a man living 10 years is 0.6, what is the probability of his
dying within 10 years?

6. If a cubical die is tossed, what is the probability that it will fall with 6 up?

7. Two coins are tossed at random. What is the probability of obtaining (a) two
heads? (b) one head and one tail?

8. Two cubical dice are tossed at random. Find the probability that the sum of
the numbers is 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12.

9. A box contains 45 tickets numbered from 1 to 45. If a ticket is drawn at ran-
dom, what is the probability that the number on it is (a) odd? (b) even? (c) divisible
by 5? (d) larger than 35?

10. A coin and a cubical die are tossed simultaneously. Find the probability that
they will fall with the coin head up and with a face on the die numbered less than 5.

11. Three coins are tossed. What is the probability of exactly two heads?
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12. Which is the morc likely to happen, a throw of 4 with one die or a throw of 8
with two dice?

13. A and B cach throw two dice. If A throws 8, find the probability that B will
throw a larger number.

66. Relative frequency. Empirical probability.—In the example and
the exercises of Art. 64 the probabilities are derived in each case by an
a priort determination of all the equally likely ways in which the event in
question can happen. There are many classes of events in which the
notion of probability is important although it is impossible to make an
a priori determination of all the equally likely ways an event ean happen
or fail. In such casecs we determine an approximate probability empiri-
cally by means of a large number of observations. Such determinations
are nccessary in the establishment of life insurance, pension systems, fire
insurance, casualty insurance, and statistics.

If we have observed that an event has happened A times out of n
possible ways, we call h/n the relative frequency of the event. When n is a
large number, h/n may be considered a fair estimate of the probability
derived from observation. Our confidence in the cstimate increases as
the number n of observed cases increases. If, as n increases indefinitely,
the ratio h/n approaches a limiting value, this limiting value is the prob~
ability of the happening of the event. That is

limit ﬁ

n—>wn

In statistical applications the limit of /n cannot in general be determined,
but satisfactory approximations to the limit may be found for many
practical purposcs.

We are now ready to solve the problem which was stated in Art. 64.
The Amecrican Experience Table of Mortality shows that out of 89,032 men
living at age 25, the number living at age 30 will be 85,441. Then the
number dying before age 30 is 89,032 — 85,441 or 3,591. Hence the proba-

bility that a man aged 25 will die before age 30 is 3,591 _ .0403. In this
problem, n equals 89,032 and % equals 3,591. 89,032

We have previously stated that the value k/n is only an estimate, but it
is accurate enough (when n is a large number) for many practical purposes.
Life insurance companics use the American Experience Table of Mortality
as a basis to determine the proper premiums to charge their policy holders.




Probability and Its Application in Life Insurance 165

Exercises

1. Among 10,000 people aged 30, 85 deaths occurred in a year. What was the rela-
tive frequency of deaths for this group?

2. Out of 10,000 children born in a city in a given year, 5,140 were boys and 4,860
were girls. What was the relative frequency of boy babies in the city that year?

3. A group of 10,000 college men was measured as to height. Of these, 1,800 were
between 68 and 69 inches high. Estimate the relative frequency of height of college
men between 68 and 69 inches.

66. Permutations. Number of permutations of things all different.—
Each of the different ways that a number of things may be arranged
is known as a permutation of those things. Ior example the different
arrangements of the letters abc are: abe, acb, bac, bea, cab, cba. Here there
are 3 different ways of selecting the first letter and after it has been scleeted
in one of these ways there remain 2 ways of selceting the second letter.
Then the first two letters may be seleeted in 3-2 or 6 ways. It is clear
that we have no choice in the seleetion of the third letter and consequently
the total number of permutations (or arrangements) of the three letters is 6.
This example illustrates the following:

Fundamental Principle: If one thing may be done in p ways. and after
it has been done in one of these ways, another thing may be done in @ ways,
then the two things together may be done in the order named in pq ways.

It is evident that for each of the p ways of doing the first thing there
are ¢ ways of doing the second thing and the total number of ways of doing
the two in succession is pg.

The above principle may be extended to three or more things.

Exercises

1. If 2 coins are tossed, in how many ways can they fall?
2. If 3 coins are tossed, in how many ways can they fall?
8. If 2 dice are thrown, in how many ways can they fall?
4. If 2 dice and 3 coins are tossed, in how many ways can they fall?

6. How many signals can be made by hoisting 3 flags if there are 9 different flags
from which to choose?

6. In how many different ways can 3 positions be filled by selections from 15 differ-
ent people?

7. How many four-digit numbers can be formed from the numbers 1, 2, 3, 4, 5, 6,
7,8,9?7

Now suppose there are n things all different and we wish to find the
number of permutations of these things taken r at a time, n & 7.
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Since only r of the n things are to be used at a time, there are only r
places to be filled. The first place may be filled by any one of the » things
and the second place by any one of the n — 1 remaining things. Then
the first and second places together may be filled in n(n — 1) ways. The
third place may be filled by any one of the n — 2 remaining things. Hence
the first three places may be filled in n(n — 1)(n — 2) ways. Reasoning
in a similar way we see that after » — 1 places have been filled, there
remain n — (r — 1) things from which to fill the rth place. Applying the
fundamental principle stated above we have

*P,=nn—1)n—-2)---(n—r+1). ¢))
When r = n, (1) becomes,
aPn =nn —1)(n — 2) --- 3.2:1 = {nl. @)
Exercises

1. A man has two suits of clothes, four shirts and three hats. In how many ways
may he dress by changing suits, shirts and hats?

2. How many arrangements of the letters in the word “Mexico” can be made, using
in each arrangement (a) 4 letters? (b) all the letters?

8. Four persons enter a street car in which there are 7 vacant seats. In how many
ways may they be seated?

4. Three different positions in an office are to be filled and there are 15 applicants,
each one being qualified to fill any one of the positions. In how many ways may the
three positions be filled?

6. How many signals could be made from 5 different flags?

6. Find the number of permutations, P, of the letters aa bbb taken 5 at a time.
Hint: P-2!.3! = 5!,

7. If P reprecsents the number of distinct permutations of n things, taken all at a
time, when, of the n things, there are n, alike, ng others alike, n3 others alike, etc., then:

n!
- nmnglng! . . . )
8. How many distinct permutations can be made of the letters of the word attention
taken all at a time?

9. How many distinct permutations of the letters of the word Mississippi can be
formed taking the letters all at a time?

* The symbol P, is used to denote the number of permutations of n things taken r
at a time. :

t n! is a symbol which stands for the product of all the integers from 1 up to anc
including n, and is read “factorial n.”
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10. How many ways can ten balls be arranged in a line if 3 are white, 5 are red, and
2 are blue?

11. How many six-place numbers can be formed from the digits 1, 2, 3, 4, 5, 6, if
3 and 4 are always to occupy the middle two places?

12. In how many ways can 3 different algebras and 4 different geometries be arranged
on a shelf so that the algebras are always together?

13. In how many ways can 10 boys stand in a row when:
(a) a given boy is at a given end?
(b) a given boy is at an end?

(c) two given boys are always together?
(d) two given boys are never together?

67. Combinations. Number of combinations of things all different.——
By a combination we mean a group of things without any regard for order of
arrangement of the individuals within the group. For example abe, ach,
bac, bea, cab, cba are the same combination of the letters abe, but each
arrangement is a different permutation.

By the number of combinations of n things taken r at a time is mnecant
the number of different groups that may be formed from 7 individuals
when r individuals are placed in each group. For example ab, ac, and bec
are the different combinations of the letters abc when two letters are used
at a time.

The symbol ,C, is universally used to stand for the number of combina-
tions of n things taken r at a time. We will now derive an expression for
#Cr.  For each one of the ,C, combinations there are r! different permuta-
tions. And for all of the ,C, combinations there are ,C,-r! permutations,
which is the number of permutations of n things taken r at a time. Hence,

nCr'r! = nPr;
and
wPr
ACr = —r_'" (3)
Since
nPr=n(n— 1)(n~'2)(n~r+1):
we have
"C,=n(n——1)(n~—2)---(n—r+1) @
r!
n!

7 (n—rn)! )



168 Financial Mathematics

Exercises
1. Find the number of combinations of 10 things taken 7 at a time:
Solution. Here,n = 10and r = 7.

10-9-8-7-6-5-4

Then, - = 120.
en wlr =~ e sz 10

2. How many committees of 5 can be selected from a group of 9 men?

8. Out of 8 LInglishmen and 5 Americans how many committees of 3 Englishmen
a