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PREFACE.

NQuiForuis

The determination of the motions of the heavenly bodies is an import-
ant problem in and for itself, and also on account of the influence it has
exerted on the development of mathematics. It has engaged the attention
of the greatest mathematicians and in the course of their not altogether
successful attempts to solve it, they have displayed unsurpassed ingenu-
ity. The methods devised by them have proved useful not only in this
problem but have also largely determined the course of advance in other
branches of mathematics. Analytical mechanics, beginning with Newton
and receiving a finished clearness from Lagrange, is especially indebted to
this problem, and in turn, analytical mechanics has been so suggestive in
method as to determine largely both the direction and rapidity of the
advancement of mathematical science.

Hence when it is desired to illustrate the abstract theories of analyti-
cal mechanics, the profundity of the mathematics of the problem of the
motions of the heavenly bodies, its powerful influence on the historical
development of this science, and finally the dignity of its object, all point
to it as most suitable for this purpose.

This work is intended not merely as an introduction to the special
study of astronomy, but rather for the student of mathematics who
desires an insight into the creations of his masters in this field. The lack
of a text-book, giving within moderate limits and in a strictly scientific
manner the principles of mathematical astronomy in their present remark-
ably simple and lucid form, is undoubtedly the reason why so many
mathematicians extend their knowledge of the solar system but little
beyond Kepler’s laws. The author has endeavored to meet this need and
at the same time to produce a book which shall be so near the present
state of the science as to include recent investigations and to mdlcate
unsettled questions.

The subject of the work is that part of celestial mechanics which
treats of the motions of heavenly bodies considered as material points.
This is its most important part, and it is fundamental in the theories of
rotation, tides and the figures of bodies. The author hopes to treat of
these in a separate work. The simplest processes and those which best
represent the present state of the science have always been selected.
Especial care has been taken to guard against brilliant hypotheses which
explorers in this field have so often indulged in but which are not suitable
in a text-book.
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References to original sources of information are invariably given.
These will be useful to students who desire to study further. Assistance
in this direction is also afforded by the historical sketches accompanying
each important sub-division of the work.

The tables at the end of the book give the numerical values of the
elements of the solar system according to Leverrier and Newcomb.

For the pecuniary aid which permitted the necessary studies and the
publication of this work, the author begs to return his sincere thanks to
his Excellency, Dr. von Gossler, Minister of Religious, Educational and
Medical affairs.

CHARLOTTENBURG, September 1, 1888.
Dr. DzioBex,

NOTES BY THE TRANSLATORS.
The author kindly consented to read the proof of this translation.
Many changes have been introduced by him.
M. W. HARRINGTON.

The publication of this translation has been delayed in a number of
ways. The author kindly offered to assist in reading the proofs and at the
same time to revise the work. By reason of his remoteness much time was
consumed in sending the proofs back and forth. Moreover, the changes
which he introduced in the text were so numerous and of such a charac-
ter that it became necessary to reset the type of large portions of the
earlier forms. To such an extent was this the case that, after eighty pages
had been printed, it was decided to send a type-written copy of the
remainder of the translation to the author and to have him revise it before
setting the type. This was done with its accompanying delay. In the
meantime Professor Harrington had become Chief of the Weather Bureauw,
and at this juncture I was asked to revise the remainder of the transla-
tion, to incorporate in it the author’s corrections and additions and to see
it through the press.

Pavro Avro, CaL,, July 8, 1892.

W. J. Hussey.
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MATHEMATICAL
THEORIES OF PLANETARY MOTIONS.

FIRST DIVISION.

Solution of the Problem of Two Bodies. Formation of
the General Integrals for the Problem of 7 Bodies.
Algebraic Transformations of this Problem.

1. NEwrToN’s LAw OF GRAVITATION. MoTIioN oF Two PoINTS
SvussEcT TO IT.

Newton’s law of gravitation is the point of departure in
mathematical investigations of the motions of the heavenly
bodies. . This law reads as follows:

Each particle of matier attracts any other particle with a
force whose magnitude vs directly as the product of their masses
and tnversely as the square of their distance from each other.

Assume that P, and P, are two gravitating particles, the
coordinates and mass of the first, referred to stationary rect-
angular coordinates, are x, ¥, 2, m;, and those of the second
8re X, s, 25 M, then the distance between them is

@) r=AN(@—o) + (5 —5) + (51— 2)°
and this is to be considered as always positive. The total force
between the bodies, according to Newton’s law,

m, m.
—k2 1 2,

where k is a constant whose magmtude depends on the selected
units of mass, distance, and time.
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Since the two particles attract each other, the direction of
action is along the line which joins them. The action of P,
on P, has the direction from P, to P, and its direction cosines

are
XLy — &, Y>—U By — &

r ’ 7 & r

The direction of the action of P, on P, is exactly the

reverse, and its direction cosines are
T, — X, Y9i— Y% 2y — 2

r 2 r 2 T

The components of the first force in the direction of the
coordinate axes are therefore

Xy — I, A TR 2, — Z
k2m1m2_7,§——) Wml”h%) K m, m, ———
The components of the second force are, also,
O — & H— Y 2 — %

Wmlmz_;ﬁ—_y k“’m,m_r—a, kzmlm2'__r3——-

Consequently the differential equations of the motion of the
two points are, when # represents the time,

[ ml%z—lzk”mlmQ%—;al,
m, d(;tfl =K m, m, zz—_r;i,
2 <and also
2dd2taf2—k2m1mz & rng )
Mzd;tz =k m, m, L2 :'% ;

These differential equations are valid for any system of
coordinates. Hence the letters z, y, z, can be cyclically inter-
changed. Advantage will be taken of this to simplify the
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manner of writing the succeeding equations, in that only one
of the three equations will be written, leaving the others to be
made from it by exchange of letters. These cases will be
indicated by the sign *. Introducing this change, equations (2)
become :

m, % = I*m, m, -"—v%ﬂ ;
@ d*x X —

m, _dt—"2 =k m m, —‘TT%—

These are six total and simultaneous differential equations
and the determination of the motion of the two bodies is
reduced to their integration. As they are all of the second
order their complete integration will introduce twelve arbitrary
constants. That this number is necessary appears directly from
the fact that, to make the problem a definite one, twelve condi-
tions must be expressed, for instance, six coordinates and six
component velocities, for any given instant.

To prepare for the integra.‘tion of equations (2), add the first
and fourth. This gives

2 2

Integrating this once, and calling the constant *a,, we get

(3) x L + m, e
These equations, on & second integratidn, give
4) * myx, + myx, = ol + B

Equations (4), in which *a,, 3, are constants, have a simple
interpretation. If the coordinates of the center of gravity of
the two points, that is the point which divides their distance
in the inverse ratio of their masses, are X, Y, Z, then

* =m1w1+m2x2
©) o my + my

2

and equations (4) become
(6) * (my 4 my) X = af 4 Ba.
From these equations it appears that the center of gravily
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moves in a straight line with uniform velocity,—which is the
law of the conservation of the motion of the center of gravity.

Returning to equations (2), if we refer P, to a moving system
of rectangular coordinates parallel to the original with the
origin constantly at P,, and designate the coordinates of P, in
the new system by z, y, z, we have
) * r=p—2x,
and we observe that these equations are included in the right-
hand members of equations (2).

Put therefore
®) K (my + m;) = g,
divide the first three equations of (2) by m,, the second three
by m,, and subtract in pairs, and we get

d’x &

®) - ey o Iy

These three equations by integration afford the six remain-
ing constants and complete the solution of the problem. For,
by solving (5) and (7) for *x,, «,, we have

' My

s S e b S

P, may be considered as representing the sun, P, the planct.
Equations (9) then determine the (relative) motion of the planet
about the sun, and the motion is as if the sun were fixed and
the planet attracted by the sum of the masses of the two bodies.

To integrate (9), multiply the second by — z, the third
by + y, and add. We thus get

d’z d‘
Yyam g =0
This is at once integrable, and gives
dz dy 2

* bor* =

where c£, is the constant of integration.

These are the so-called sectorial integrals. ydz — zdy is
twice the area of the triangle in the plane of yz, whose angles are
the origin, the projection of the point z, y, 2, and the projection
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of the adjacent point 4 dx, y + dy, z + dz. It is positive or
negative, according as the infinitesimal angle at the origin is
described by the radius vector in the direction from + y to + z,
or the reverse. If this triangle is named dS, then

*L2dS, =-ct.dt.

To fix the coordinate system, we will, once for all, so place it
that a rotation from + y to + z is contra-clockwise when the
clock face is in the plane yz and is directed toward + z: and
similarly for rotations from + 2 to - , and from + x to + y.
A sector is then positive when the direction of description is
contra-clockwise, and vice versa.

Equations (11) show that the areas described by the projec-
tions of the radius vector are proportional to the times. For the

=
(0, AR s o P S

unit of time these areas are v L From this it follows

that these areas themselves are proportional to the times and

that, for the unit of time, they are —% » where ¢ is positive, and,

as is always possible,
(12) § T S U

The expression y g—tz — 2 %y is called the moment of velocity
about the « axis. It is easily seen that it is equal to the product
of the projection of the velocity on the yz plane and the per-
pendicular from the origin on its direction. The same is true
for the two other analogous expressions. Hence the square
root-of the sum of the squares of these three expressions, that
is, ¢, equals the moment of velocity about the origin.

From (11), by multiplication with «, ¥, z, and addition, we get
a final equation between the co-ordinates,

(13) o+ Ly + Lz =0,
and hence

The path of a planet is a plane curve and is so traced that
the areas described by the radius vector from the sun are pro-
portional to the times. 1t follows that &, ¢,, ¢, are the direction
cosines of a line which we shall call the ¢-axis and which is
normal to the plane of motion.
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For further integration it is best to form an equation in
» and ¢ only.
r”=w2+y2+z’,
dr dz
SR ST RNt

and by another differentiation

d(r e
dt d’z dx? + dy® + dz*
S ta + + atz =1 dae
or, by (9), when for brev1ty
dr 3
(14) T SR,
e v dx® + dy*® + dz°
Differentiating again,
i dr
R e dt dxd*x + dyd’y + dzd“’
dt% + rz + 2 dtS
or, by (9),
(16) T hor 1 o 7
=T e 1.

This equation has a significant relation with equations (9),
in that «, ¥, 2, are replaced by r'. If it is combined with (9) in
the same way that the latter were combined with each other to
get the sectorial law, and, when the three constants of integra-
tion are represented by [ &,, 1 &,, f €., we get

dr’ dx
Friy Al AT SR 0 T
an x— o = o
Here it will be assumed that f is positive and that
& 4 &F 4 & = 1, so that &, &, & become the direction
cosines of the é-axis which lies in the plane of motion and, as
we shall soon see, is directed to the perihelion.
If we multiply equations (9) by dz, dy, dz, add and integrate,
we get the expression for the kinetic energy
1 da’4dy’4de’ _ g ©
(18) 2 dt® [f 27 Steiey P
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where the constant of integration, for reasons which will soon

appear, is represented by — —2% :

Between the integrals (11), (17) and (18), exist two identical
relations, From (11) and (17) we get at once

(19) &%+ 68+ 66 =0.
Also,
=t + c”é’;2 + ¢ = (2 + y' + 27) Saive (Zlg;: v
T (mdm + ydy + zdz )2,
dt
or, by (18),
(20) o =r (24— 5) ool o4
Also,
ey F1 = Fe I8+ f

and then, from (17) and (18),
il dr)? : © © L, dr
=g+ 055 -5
or, since by (15) and (18)

dr 2 #

22) dt T r T a’
g & Y ra M
(@3) PR ) R

From (20) and (23) follows the second relation between the
integrals,

(24) : A=

In order finally to get an equation between the coordinates,
multiply (17) in order by «, y, z, and add. With the help of
(20) and (22), we then get

(25) ¢’ —pr = faf, + y&, + 25).
This equation represents a surface of revolution of the sec-

ond degree which is cut in a conic by the plane (13), which
plane by (19) passes through the 7-axis of the surface. Since,
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also, by (26) it appears that the origin is a focus of the surface,
we have
The path of the planet about the sun is a conic and the sun is
in one of its foct. .
We have now two lines perpendicular to each other, the
&. and ¢-axis, which are fully determined by the motion, and we
shall now take a third line, the 7-axis, perpendicular to the
others, so that &, %, ¢ form a new system of rectangular coordi-
nates. Let ., 7,, 7. be the three direction cosines which the
»-axis makes with the axes of the first system, then the nine
quantities
£, &, &,
(26) : Nzs Mys M2y
Ca:) Cy) Cz’

are the coeflicients of transformation from the old system into
the new. This transformation may be written in either form

=56+ Hy + 28,
* E=wé 4 yé, 4 #¢..

To find the expressions for #., 7,, 7. we may use the known
relations between the nine quantities (26); for instance,

¥ n;szEz—CzEx’
or, with (11) and (17) and a slight transformation,

(268)

dp dx

. % = e

(17a) cfn. =z dl S50 i
where

(14a) p:—rg%tt +r't=—c*4 pr. -

From equations (17a) a very interesting result can be easily
deduced. Writing them
s R 1 do - yéo—2¢
9, =GB g ST Sk o

4

we get

s (G %)+ ( -1+ (G —r2)- (&)
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‘We have also
doc (ly T
(13a) C + —|— ar t ==’

and it appears at once that
The hodograph of the motion of a planet is a circle with the
radius —':— » and ifs plane is the plane of motion.

The equations of the orbit are, in the new system,

£ =0,
@n ¢cf—npur =Ff&
Also,
dn dé i
@) s _LE_.
Introducing polar coordinates by putting
(29) { Ei=27 cf)s v,
7 = rsin v,
we get (27) and (28) in the following forms
&
(30) r= —}‘—
14 =cosv
©
NG
(31) i

If r and v are found by integration of (30) and (31) we
have & and « by (29), and «, y, # by (26a). As ¢ = 0, we evi-
dently have ;

(26b) * x=EF¢& + Hy, =17 (cosv &, + sinvx,).
Assuming, with Gauss,

¢, = A, cos B,,
€2 { 7, = A, 8in B,
and we get
(32a) ¥ x =1rd,cos (v + B,)

The six constants 4 and B satisfy the three equations
AP+ A2 + A2 =2,
Alsin2B, + A’'sin2B, + 4% sin 2 B, = 0,
Afcos2B,+ 4% cos 2B, + A?co82B, =0,
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because (32a) must give identically r* = =z’ 4 y* + 2%

If p is the semi-parameter and e the eccentricity of a conie,
its equation, when the origin is at the focus and the 4 axis is
directed to the vertex nearest it, becomes

B b \
(80a) ] 4+ ecosv
Hence, in this case,
c?
(3?) s P,
ez
(34) Bt -
Inserting in (33) for « its value (8), we get
k= 2 :
4 —1;— A my + m,
Since ¢ is double the sector described in a unit of time,
if S equals the sector described in the time 7, then ¢ = —2178-
and hence
Y 28
T~ F N my 4 m,
and
35 2 ( :
(35) s P (m, + my)
Hence *

For the different planets moving about the sun, the square
of the ratio of the sectorial velocity to the time is as the product
of the semi-parameter into the sum of the masses of sun and

planet.
The constant % is Gauss’s constant. If the sun’s mass is
unity, that of the eartht is = 0.0000028192. The unit of

354710
distance is half the major axis of the earth’s orbit, which is also

*See Gauss’s Werke, (Theoria motus, ete.), Vol. VII, page 12.

+The numerical constants in this translation are from Gauss’s Theoria motus.
‘While values more acceptable to astronomers, at present, might be inserted yet, as the
object of the book is rather a correct analytical than numerical development of the
problems involved, and astronomers are not generally agreed as to the exact numerical
values employed, I have preferred to leave these numbers generally unchanged.—
TRANSLATOR.
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the mean distance of the earth from the sun. The sector
becomes in a sidereal year the entire area of the ellipse, or

S:xab:-‘?rafs/z\/%———ﬁa/\/; /\/F:n«/?

If the mean solar day is the unit of time, 7’is the number of
such days in a sidereal year, or

T = 365.2563835,
and by computation
k = 0.017202099.}

Gauss also proposed so to select the unit of mass that &
should equal unity. This is evidently the case when, retaining
the above units of distance and time, the sun’s mass is assumed
as = (0.017202099)". The unit of mass can then be defined
as the mass which, at distance unity, during an interval of unity,
gives an acceleration = 1. For if £ = 1, then, from (2),

dr, )’ d*y,)\* d’z,\Y . m,
\/ ) + () + () =3 ‘
From this it appears that the unit of mass is fixed when the
choice of the units of distance and time has been made.
The farther treatment of the problem requires that » and v

be expressed in terms of the time 7. It follows directly from
(80a) and (31), with the aid of (33), that

§dv
36 S i
(36) A 1 (14 ecos v)?
If 7, is the time of passage through the vertex nearest the
sun, at which time v = 0, the integration of (36) gives

v

. _ pt dv
@7 S Nz | T+ecosv)’
0

This integral requires different treatment when e equals, is
greater than, or is less than, unity. The three cases will be
considered separately.

* For a more exact value of k, and for its exact signification, see Oppolzer, Lehrbuch
der Bahnbestimmungen, Vol. I, page 45.
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2. Eirieric, ParaBoric aAND HypPERBoOLIC ORBITS.

Case I, e < 1.

Equation (30a), § 1, represents in this case an ellipse. If
the semi-axis major is represented by [a], then

i S s L by (24), § 1,
[a] = = Sk ence by (24), §

"

[e] = q,
that is, the constant a is positive and equals the semi-axis major
of the ellipse. Equation (18) therefore shows that the velocity
of a planet depends only on its major axis and its distance from
the sun.

The denominator of (37) then never = 0 and v increases
continuously, though not uniformly, with # It can be evaluated
directly as a trigonometrical integral, but it is simpler when we
introduce an auxiliary angle F, such that

: TRE=
(1) tan % v r’_—-e— = tan '% E.
By differentiation this gives
) e’ S S e T

cos’4v V1+4+e  cos’3 E

E increases continuously with v and, if we take £ = 0 when
v = 0, the two angles will be equal for multiples of = and will
always be in the same semi-circumference.

From (1) it follows that
6)) cos’ v = 1 :

14ty B(122)

and (2) passes into

ey T 1+tan2<}E' ¥ o r\/]_—e2
@ d=vT—e —Ele —ar=Y1—¢ an
Further,
5) l+ecosv=1—e-+ 2ecos® > = e

2 1—ecosE’
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and also, from (37), § 1,
E

L — V%W/dE(lmecosE)
02y~
= jf_ (E — e sin E).
©®
1f we make
(6) ;g_ = %, and
7

U n(t—t) = I,
we get
8) M =FE —esin E.

13

Equation (8) is Kepler's equation. It does not directly
give what is wanted, that is & as a function of {. To obtain this,
the equation must be solved for , a problem which is discussed
in § 4. When this is done v can be got from (1), » from (30a),
¢ and 7 from (29), and finally «, y, 2, by transformations of (26b)

or (32a).

The three angles v, M and E, are called by astronomers,

12)

M, the mean anomaly,

v, the true anomaly,
E, the eccentric anomaly.

Also, 7 is the mean daily motion.

The anomalies have a very simple geometrical meaning.

OF THE
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UNIVERSITY
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14 THEORIES OF PLANETARY MOTIONS.

Let ABCD be the ellipse of a planet, which moves in the
direction of the arrow, and let F be the focus occupied by the
sun. Let the planet be at P, then angle AFP = v, the true
anomaly. Extend the perpendicular QP above P to P’ where
it cuts the circle described on the major axis, then angle
QOP’' = E, the eccentric anomaly. For

p cos v

0Q+QF=ae:acosE——rcosv=aCOSE‘“1_|-ecosv’

which passes into equation (5).

Imagine, finally, on the circle, a point moving with uniform
velocity and reaching A and' C at the same time as the planet.
Let P” be its position when the planet is at P; then angle
AOQOP" = M, the mean anomaly, and n is the daily increase of
the mean anomaly.

To get the periodic time 7, the year of the planet, we note
that in this time M becomes 2 =, and hence

2z = T n, and, by (6),

2 2
(13) i TR e

If, as is the fact, m, is so small as compared with m, that it
can be neglected in the first approximation, the right hand
member of (13) is the same for all planets, and we reach the
celebrated Laws of Kepler:

1. The orbits of the planets are ellzpses, i one focus of
each of which ts the sun.

2. The areas described by the radii vectores from the sun
i equal times are equal.

3. The squares of the periodic times of the different planets
are as the cubes of their mean distances.

The relations between r, v, M, E, e, a, can be given different
forms adapted to special requirements. Putting

(14) e = sin ¢,

the most important of these, given by Gauss in his Theoria
Motus, are the following:
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[ L p=acos®e,

i b
IL r_1+ecosv’

II. r = a (1 — e cos K),

_ cosv+e _ cos E—e
s Y s ey O = T
: 1—cos £ ; l1—e
> B =/ —a— = S A 2ok
A \/ 2 sl 14-ecosv

=sh&ﬁ¢iﬂiji=ﬁn%\knﬁian

_ M1 4cos E 1+e
VI. Ccos %E = «\/—‘—_2 = COB8 ‘%’U m

2} L fedr ey e
= cos v \/ P it cos%’v\/m’
(I5) 7 VIL tan3E = tan v tan (45° — 30),

‘

: 7 sin v cos r sin
VIII. sin B = < e v’
p @ COS ¢
IX. rcosv = a(cos £ —e)

= 2a cos (3£ + §¢ + 45°) cos (3E — }¢ — 45°),
X. sin} (v — E) = sin }¢ sin v \/%

.- = sin ¢ sin \/i,
r
XI. sin} (v + E) = cos }¢ sin v \/%

= co8 3¢ sin B \/.‘l,
”
XII. M =FE —esin E.

Finally, we will collect and name the six constants which
astronomers call the elements of the orbit. They are
r 1. The mean distance or semi-axis major = a,
2, The eccentricity = e,
3. The longitude of the ascending node = 2,
(16)< 4. The inclination of the plane of the orbit = s,
5, The longitude of perihelion = =,
6. The mean longitude of the planet at the selected
epoch = e,
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The constants @ and e have the same meaning as already
given to them. From now on we will so select the xy plane
that oz, = "% Y% i1l always bo positive. It divides the
plane of the orbit into two parts, of which the one on the + #
side is the upper, the other the lower part. The point where
the planet passes from the lower to the upper part is the ascend-
ing node, and the opposite the descending node. The longitude
of the ascending node, &, is then the angle between the 4 x axis
and the radius vector directed to the ascending node. The
inclination 1, is the acute angle which the plane of the orbit
makes with the plane of xy. '

The equation of the plane of the orbit then becomes

xsin 2sini— ycos Lsint 4 zcostr = 0.

When 7 = 0, 2 is indeterminate. If o is the angle which the
perihelion makes with the ascending node, measured on the
plane of the orbit, then the longitude of perihelion is measured
in part, (2), on the xy plane, in part, («), on the plane of the
orbit. Hence
(17) ; T = 8 + o,

This designation appears singular but is convenient, especially
when ¢ is very small. When ¢ = 0, = is the angle between the
+ x axis and the perihelion.

If we take o instead of =, the nine coefficients of transforma-

tion become

[ & = cos @ cos £ — sin w sin 2 cos 4,
&, = cos o sin & 4 sin o cos £ cos 1,
&, = sin m sin 7,
7, = — 8in © cos & — cos w sin & cos 1,
(18) <4 7, = — sin w 8in 2 + cos v cos £ cos 1,

7, = COs w sin i,

¢, = sin £ sin 4,

¢, = — cos £ sin 7,

6 = eosrts

The mean anomaly and time have the relation
M = nt -— ni,.
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For 1, let us take a new constant « such that

(20) » —nly=¢— , and

(21) M=nt+4c—n=

To nt + ¢ is given the name of mean longitude, (measured
from the + « axis), and we may make

(22) t=mnt 4 e

All the formulas are simplified when e = 0, that is when the
orbit is a circle, and the motion is uniform. If, at the same
time, the plane of xy is the plane of the orbit, both £ and =
become arbitrary, and nt 4 ¢ = { becomes the angle made by
the planet with the 4 x axis.

Introducing polar coordinates into (26b), we have
x=r[cos(v+=)+sin(v+7—2)sin (1—cosz)],
23) y=r[sin(v+ =) —sin (v +=—2)cos 2 (1 —cos )],
z=rsin (v + = — 2) sin 4,
in which form they are convenient for computation.
Case 11, e = 1.

The orbit is a parabola; a is infinite, and M and E = 0, or
lose their significance. Equation (37), § 1, becomes easily
integrable by substituting

~

tan f v = 2

The integral then becomes

v 2

dv sy e
/ﬁm:%/dﬂl“)—%(ﬂﬁ)’
0 (1}

and hence
2(t—14) N »
(24) .
This equation must be solved for v and the farther solution
of the problem then proceeds as in the ellipse. For { = — oo,
v=—7zandr =+ oo; fort{t =+ 0, v = 4 m,and r = + oo;

=tan v + § tan® 4 v.

hence it appears that when % = 0, according to (18), § 1, the

’

2
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planet comes from infinity with infinitesimal velocity, reaches
its greatest velocity at perihelion, then withdraws again to
infinity with a velocity which gradually decreases to 0.

Case III, e > 1.

Equation (30a), § 1, represents a hyperbola. Since r is

positive, we must have 1 4 e cos v > 0, hence cos v > — %-

Putting cos ¢ = —]e;, v must vary from — 180° 4 ¢ to 180° — ¢.

At these limits » = oo. If v is taken beyond 180° — ¢, equa-
tion (30a), § 1, gives negative values of r, and we pass to the
branch of the hyperbola which does not inclose the sun.
This plays no part in the physical problem with which we are
engaged, since the planet remains continuously on the first
branch.

If we call [a] the semi-axis major of the hyperbola, it follows

that

Bl= g
or, by (33), (34) and (24), § 1,
[a] st O

that is, the constant a is negative in the hyperbola, and its
‘absolute value is that of the Semi-axis major. M and E become
imaginary; that is, they are illusory in the physical problem.
Yet an auxiliary angle ' can be introduced through the equa-
tion

(25) tan%F:\/Ziitan%vztan«}g’:tan%v,

and from (37), §1, we get

(26) g—_(:_—t"%t—)%f— = etan F — log, [tan (} ¥ + 45°) 1.

Hence, using the expression
(27) u = tan (3 F + 45°),

(t'_to)'\/—ﬂ—

() LM o (v —1) —1og.w
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When « has been determined by (28), ' and v can be got
from (27) and (25). From (18), § 1, it appears that the planet

comes from infinity with the velocity

o %
gur accelerates its

velocity to perihelion, and then returns to infinity with a

velocity which continuously decreases until it becomes \/ ——La'

Case I represents the orbits of all the planets moving about
the sun. The two others occur with comets and meteorites
which move sometimes in ellipses which are usually very long,
gsometimes in parabolas and sometimes in narrow hyperbolas.

3. TeEE RECTILINEAR PATH AND THE FORMULA oF LLAMBERT
AND EULER.

In addition to the cases of the preceding paragraphs, there
may be another, that in which ¢t = ¢f, = ¢£, = 0. In this
case equations (11), § 1, can be at once integrated, and we
get, if p,, p,, p; are the three constants,

i, Y z
1 — = =,
1) D D Ds
or the equations of a straight line passing through the sun. If
we take this for the « axis, y and z = 0, and
(=R A ‘

If the planet is on the positive side of the origin, it must
pass through the sun to reach the negative side. At the instant
it reaches the sun, however, the force becomes infinite, the
principles of the Calculus lose their significance, and the dis-
cussion closes at this point. We can then always put

r =+ a.
The differential equation of the motion becomes
d*x o
(2) =5

@
This can be at once integrated, on multiplying by di, and
gives

@) sl
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where — §/:—z is again the constant of integration.

We will now so select our time that when x = «,, t = #, and
%9;_’ the velocity, is negative. The planet is then approach-
ing the sun and (3) becomes

dx
B A
*/2"\/;—%

Designating, finally, by ¢, the time at which the planet
reaches x,, and reversing the limits of integration, we have

3 Ty s T
(3a) N/2/}/‘\/_”%—

1. If ais positive, then must # < 2a. Making, therefore,

W=

Bb) x=2asin’}e, or AMNx(2a—x)=a sin ¢,

we get

¢0 ¢0
th—1 = f/u/g/dsﬂ sin 3¢ = T(so—sm ?)
¢l ¢l
Zo
= —g%; [arc sin NV(2a — ) — N %{26 — 9?)
: a | b S
z

Putting 2, = 2a and x, = 0, or letting the body fall freely
to the sun from a distance 2a, the time necessary for the fall
becomes, since ¢; = 0 and ¢, = ~,

af = g
N
or, by (13), § 2, T'is half the periodic time of a planet moving
in an ellipse with the mean distance a.
2. If a = oo, we get at once

@) T =
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) h—t, = ——(af — )

3. If a is negative, we may put

2
e‘g feta e“g)’

ac:———2a’( 5

and then
¢ 2
i _2(—a)t (eg—e_g) de
ey Tl E
h
o
_(—a) (eq’——e_q} )’
g7 e Sl R
é
or
©) § sacgndl [— (f]% Nz (x— 2a)

'\//L —a
—log, (0 —a) + vaG—2) |

If the initial velocity is directed away from the sun, there
are also three cases:

1. If a is positive. The velocity = 0, when x = 2a, and
the planet turns back toward the sun at this point. '

2. If a = w». The velocity = 0 when r becomes ; that
is, the planet goes off to infinity with a velocity which gradually
decreases to 0.

3. If a is negative. The velocity continues positive and

decreases to \/_—_“E. and with this velocity it disappears in

infinity.
From these considerations it appears that even when the
path is rectilinear, it can be considered as an infinitely narrow

ellipse, parabola, or hyperbola, according as % % 0.
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It is now interesting to note that the formula, (3a), is cor-
rect for the general motion in any orbit, if x, and x, have in
the general case other but ,simple values, becoming in the recti-
linear path simple distances from the sun. We shall prove it
for the ellipse. It is clear that the time of motion between two
points depends only on the distances of these points from the
sun, their distances apart, and the semi-axis a. To find its
expression in terms of these quantities, represent what depends
on one point by the subscript 0, and on the other by the sub-
script 1. Then, if we put :

We find, by simple transformations,

M,— M= \/E’; (t, —t,) = 2 (f — e cos g sin f),
7 + 7, = 2a (1 — e cos g cos f),

p = 2a (/T —e% cos? g) sin f,
7, — 1, = 2a e sin g sin f.

To express ¢, — 1, by 7, r,, p, and a, we must eliminate
e, [, and g from the above equations, and as in the first three
eand g are contained only in the form e cos g, we have the
result:

The time of motion between two points depends only on
a, 1, + 1, and p.

If we put e cos g = cos 2 and then

a+f= ¢ a—f=¢
we find immediately

Do
2ab 3
Lh—t = M; (so—smso)‘(p,
and '
ntrnte a0
iR e s
T Tro—p 2 $1

% = sln B .
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Comparing now (3a) with those which follow, we find, by
reversing the process of integration,

rntrte

@) n_ni/1 g Vl

ARt e EE e 2
T A
which is Lambert’s theorem. We shall find it in § 18 by quite
another process.

4. SonutrioN oF KEPLER'S EQUATION. DEVELOPMENT OF THE
COORDINATES AS FUNCTIONS OF THE TIME.

In order to develop the coordinates as functions of the time,
it is necessary, first of all, to solve Kepler’s equation,

@ M= E — esin E,

with reference to £. Numerous methods of solving this cele-
brated equation have been devised, when 3 and e are given,
and the simplest of these is that given by Gauss in his Theoria
Motus. The later applications require a more general solu-
tion, and there are two roads that lead to this, the one through -
Lagrange’s series, (which seems to have been discovered by
Lagrange in his study of Kepler’s equation), the other through
Bessel’s functions.

Lagrange’s series enables us to develop « in ascending pow-
ers of e, when the two have the relation expressed by the equation

@) x =y + ee(x)

where ¢(x) is any given function of x. The development of
this equation runs as follows,—

® e=y+ o +q IO 2 TLPL

31 oy®
e 83[90(3/)]‘
5 Y Mk
This series can be generalized by developing in ascending
powers of e any function, f(«), in the place of x. It then
becomes
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O[3 «(y) ' f(¥)]
oy

@& f@) =)+ 2 o) I+ &

e OYE(ON
0y’

The question of the convergence of this series is one into
which we shall not enter, but it has occupied the attention of
mathematicians. The final result (given, for instance, by Serret
in his Algeébre supérieure, Fifth Edition, Vol. I, page 480) is
as follows:

The equation x = y + e ¢(x), when e and y are given, has
several roots, and these are generally different. If e, is the
smallest for which, with a given value of ¥, two of these roots are
equal, then Lagrange’s series is convergent, so long as the abso-
lute value (modulus) of e is smaller than that of e,. In that case
indeed, the series gives the root which has the smallest modulus.

In the case of Kepler's problem, we must put

x=F, y=M, ¢(x)=sing,
and the series becomes
Osin* M  e* 0°sin’M
® B=M+penut g T 5 TN

e* 0%sin'M
T4 T

To carry out the differentiations, it is convenient to develop
the powers of sin M in terms of the sines and cosines of multi-
ples of M. We then get

(Gl — M—l—esinM—l——;!Q—Z-ZsinZM
+ % (3*sin 8M — 3 sin M)
+ %‘23 (47 sin 431 — 4 X 2*sin 2 M)
+%;‘1(5‘sin5M——5 X 8*sin 3M + 10 sin M)

6
1 6‘,’—2 (6° sin 61 — 6 X 4°sin 4 M + 15 X 2° sin 231,

and this is exact up to the sixth power of e.



PROBLEM OF TWO BODIES. 25

To get r, the formula r = @ (1 — e cos ) may be used.
In this case, in equation (4), f(x) = cos x, and we get

@) %:1——@005]1[—[—%—(1—005211!)

3
_2—f2—2 (3 cos 3M — 3 cos M)

4 9
—3—('3—?(4:20054111—4 X 2% cos 2M)

5]
_4_('324 (5% cos BM — 5 X 3% cos 3.M + 10 cos M)
b 5?25 (6*cos 6 — 6 X 4 cos 4 M -+ 15 X 2 cos 2M).
gl el ¥

From this, since & = B

, we get at once

® %:cosM——;—(3—cos2M)—|——2—f—?(3cos3M—3cosM)

3
+ 3,623 (4% cos 4 M — 4 X 27 cos 2M)

4
+ 175+ (5% cos 5 — 5 X 3 cos 8] + 10 cos M)

5
+ s (6 cos 61 — 6 X 4+ cos 437 + 15 X 2 cos 2.)

6
+6$T(7"‘cos TM—T7X5%cos bM
+ 21 X 3° cos 3.M — 35 cos M).

Also from 3 = a A/1 — e’ sin B = aVl—ezla_;J
follows
” % e :
9 BV I D sin M -+ 219 2 sin 2M

+ 5% (37 sin 337 — 3 sin 1)

s (44 sin 43 — 4 X 2° sin 2)

+ 5‘7’—2 (5*sin 53 — 5 X 3*sin 3 + 10 sin M)

+ 7 (6% sin 610 — 6 X 4° sin 41 + 15 X 2° sin 23)

6
+ s (Tsin TM—T7 X5 sin 53 +21 X3 sin 31— 35 sin ).
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In order to get 5 itself in ascending powers of e, series (9)
must be multiplied by the expansion of A/1 — e*:

and this gives
10) L =sinM + < gin 2M
a 2
2
+% (8sin 83 — 5 sin M)
3
+ 75 (4 sin 437 — 5 sin 221)
4
+ gg (125 sin 5/ — 153 sin 81 — 22 sin )
5
+ 5 (8L sin 63/ — 104 sin 43/ + 10 sin M)
6
+ gy (7° sin T — 23195 sin 5/

~+ 4887 sin 3 M - 2285 sin M).

Somewhat more difficult is the formation of the expression
for v, and the development of the so-called equation of the
center, by which name astronomers designate the difference
between the true and mean anomalies.

We have the relation tan 4 v \/ —i——;—% = tan 3E. By the

introduction of exponentials, and representing 2.71828. .. by
[e], this equation takes the form
7 e SR § i Py L |
[e]” +1 B e
o NTFe—N1—e e
hence, makin = — =k,
VYT ST il U g
v iz 1—k[e]™'"
el =[e]”" ————=—%-
o & o k[e]”

Taking the logarithms, this becomes
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i = i + log, (1 — k[e] *%) — log, (1 — k[e]'¥).

Since k& < 1 and the modulus of [¢]*® = 1, these logarithms
can be developed in series, and, passing finally to the trigono-
metrical functions, we get ;

: fl I
'u=E—|—2(ksmE—|—§s1n2E—|——3—s1n3E—|—...)e —

To get v in ascending powers of e, the beginning must be
made with k.

e e
= ———————: thatis, k = —- adal)
1+ A1 —¢° 2+ 2

, 2
Insert in Lagrange’s formula x =k, y = %, o(x) = %,
and, if f(x) = x?, we get

et tett2 ({4 3)ettt z(z—|—4:)(z—|—5) e”“’_'_

M=ot + gerrtar gn t giTs

If now E, sin K, sin 2F... are developed in ascending
powers of ¢ and the proper reductions made, the expression for
v becomes

(11) v:]l[+e><2sin]l[+e“><%sin2]l[

+ e G_g S et sinM)

+ et (%’ PR gt 5131 sin 2/
LY 4308 5l
+ e 960 1B 5M—@Ism 3]11—{—%5111]1{)
o (1223 . 451 . s
+ e 960 Sin 6M — 480 Sin 4 M + 192 sin 2]![)-

Before the series (6) to (11) are used, their convergence
must be assured. For this purpose-the criterion mentioned on
page 24 will serve. The equation

E =M-+ esinE

has two equal roots if the two differential quotients of both sides
are equal.
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1=-¢ecos E, cosE:~1—, sinE=\/1—l,=—1—~/I:e_’,-
e e e
hence

arccos%:]l[—l—iVl——e*, or,

(12) —i—: cos (M + i A/1— €*) = cos M cos (i A/1— e*)

—_— —fl—ck +ViZes
- gin M din i/ T= &) = oos M 2] JZF [e]

el el el VT

21
If M = 0, the equation becomes

e S I e
> dg) 2 7

the smallest root of which is e = 1.

T

—2_ A
N L S A el
o 21 .

or, if we put e = iq,
PR e AR T Y e
and from this, solving for [e]v/ﬁ—“g,
(13) 14 WIFat=a[e]VTFo,
The smallest root of this equation is
f « = 0.66195..., e = 0.661951.

If any other value of M is taken, a root for e is obtained from
(12), whose modulus is between 0.66195 and 1. Hence the
conclusion: :

If e < 0.66195, the series (6) to (11) converge in every case.

If 1 > e > 0.66195, these series converge only for a part of
the path. '

If e > 1, the series diverge in all cases.
For the major planets, moving about the sun, e is always a

It » =
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very small fraction, and these series are serviceable, but for
many of the asteroids their convergence is tedious. In the
latter case another method is in use among astronomers for
overcoming the difficulties of Kepler’s equation.

It is possible, for each value of e between 0 and 1, as shown
by Bessel,* to form a progressive series in terms of the sines—
and cosines of the multiples of M, the coeflicients of which are
progressive series in terms of the ascending powers of e. . Such
series can evidently be made from series (6) to (11), of which
the law of formation is evident. These series can be looked
on as doubly infinite series, and all the terms can be collected .
together which contain the angle n M. In this way, in (6) for
instance, the coefficient of sin M

3 5 7
e

e e ‘
“irerer T oarsra  grares T

To make the discussion general, and especially to show the
convergence of the series, it is convenient to begin with Fourier’s
theorem for the development of a function in a trigonometrical
series.

Since £ — M = e sin K remains unchanged when M is
increased by 2=, the value of . — 1M, according to this theorem,
must, for all values of K, be equal to a trigonometrical series
of the following form

E—M=qa,+a,cos M+ a,cos 2M + a;cos 3M + ...
+ b, sin M + b,sin 2 M + b,sin3M + ...
Then, according to Fourier,
2 2

1 1 ;
GO:27/(E—ﬂ[)dﬂfzz—”/eSInEdM:0,
0

0 4 "
because, in this integral, the elements from M = 0 to M = =
destroy those from M = = to M = 2=. In the same way

2w

mzé/w—MﬁmmwMzﬁ
0

=€

* Untersuchungen des Theils der planetarischen Storungen, welcher aus der Bewegung
der Sonne entsteht. Abhandlungen, Vol. I, page 84.
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There remain only the coefficients b,. They are

b, = é/(E — M) dM sin nDL.

Using integration by parts, we get
/(E D D T g e coe "M (E — M)
-+ —n—/(dE — dM) cos nM.

If the integration is from 0 to 2=, the term containing (¥ — M)
vanishes, and we have

27 2

b, = — L (dE — dM) cos nM = lldecosnllI

nw

2
= l/dE cosn (B — esin E).
nr
0

Making for brevity ne = «,

2n

DAt _l_/dE cos (nE — x sin K)
?’lﬂ
0
27

& % ‘3 / Sosniooialein 1) A

0
27

+ l/sin nE sin (2 sin B) dE
T
0 :
The terms in the brackets are by Fourier’s theorem equal
to the coefficients of cos n#, or sin nk, in the development of
cos (x sin E), or sin (x sin E) into a trigonometrical series.

The development is most easily performed by using exponen-
tials. If
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[e]iE

z

z, then

| = Il
Nlb—*

» hence

<(z"‘)> (7 ¢~ )+[e] 2(- )’

‘”(z_l)) 2 =) [ E e

27 21

r2 9_053
it oFa2(g, 8L G, )

(e & @, )

S

sin £ =

cos (x sin ) =,cos

(x 8in £) = sin (
But

Performing the multiplication and arranging by powers of
z, a series is obtained of the form
e 1 ;
72 = Jo(z) + 2z Ji(z) + 2 Ju(x) + 2° Jy(2) + .
Ji(x) Ja(z) Jy() Ju(x)
T z + e S5 PE + P TSR
where in general,

Lel

2

x" x x*
(14) J.@)= g7 (i T 2@ ) T oxa@n F @D

2°
T IXEX6(@n F H@n F H)(@n T 6) T )
Series (14) is called a Besselian function. It depends on
two quantities, « and n, and possesses many noteworthy proper-
' ties, of which the most important is that for every value of x
it is finite, and its value is between — 1 and + 1. This follows
directly from the definition

@) (@) = o / cos (nE — & it B) dE,
0
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since this integral is always smaller than
L

27

/dE =30

0
Moreover, the roots of J,(x) = 0 are all real, so that the
curve y = J,(«) is sinuous, like the curve y = sin x, with the
difference that the waves for the first curve are always flatter.
Finally, it should be noted that it is always easy to write out
JIn+1(x) from J.(x) and J,_i(x), so that, by the transcend-
entals J,(x) and J,(x), the others can be determined.
By use of these functions * we get
cos (xsin B) = 2[Jy(x) + Ju(x) cos 2E + J,(x) cos 4F
+ Jy(x) cos 6E + ...],
sin (zsin E) = 2[J,(x) sin B + Jy(x) sin 3K
+ Ji(x) sin 5E 4 ...].

Hence D= 2, T ayh= —Z—Jn(ne), and
n n

(16) E—M=2[J(e)sinM + % J,(2) sin 2 M
+ 4 J5(3e) sin 3 M + ... ]
The quantities 7, §,_and » can also be easily expressed with
the help of the Besselian transcendentals. Taking
r=a(l—ecosE)= a,+ a,cosM + a, cos 2M -+ a;cos 3M . ..
+b,sin M+ b,sin 2M +b,sin 3 M+ . .,
and we have at once b, = b, = b, = .... = 0.
Farther,

2 2

ao:l (a—_aecosE)dJl[——-a—m3 cos B dM
or Az
0

0

2
e (7 M e’
_a——g;/cosE'(l—ecosE)dE-_a(1+—2—),
0

*The Besselian functions are important in other problems. Readers who wish
farther information about them, will find their principal properties treated of in
Todhunter’s work, ‘“An Elementary Treatise on Laplace’s, Lamé’s and Bessel’s Fune-
tions.” '
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and, for n > 0,

Pud
a;, = —}_—/a (1 —ecosE) cos nM dM
0

27 o
1 inn M ' : 5
e Eog AL (1— ecos E) sm:z — u_ne % sinnM sin B dE

0
2r

= g”'l—_e;/sin n (B — esin ) sin £ dE
0

2

ae | 1

i ?)j/cos [(n— 1) E —nesin ] dE

0
2T
1 ;
_$/cos [(n+ 1) E-—nesin B} dE
0

= 9"_6 [Jnt1(ne) — Jp_1(ne)].
Hence

2
an % =1+ % + e [[Jz(e) — Jo(e)] cos M
+ Jatae) =il (Be) _2— el cos 2M + .. ] _

The coordinate 7 is derived at once from (16), since-

S e AT GO ety L

aanl—e* e
In the same way & can be obtained from (17), since
AR el

: ;

iy

The development of v is more troublesoms, and the reader
is referred to the treatment of it by Bessel.*

* Analytische Auflisung der Keplerschen Aufgabe. Abhandlungen. Vol. I, page 27.

3
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The development of % is simple. For

1 1 1 dE

T  a(l—ecosE) a dM’
and, by (16),
(18) —g— =1+ 2[Ji(e) cos M + Jy(2¢) cos 2 M
+ J5(3e) cos 3M + ...].

After developing & and 7, as indicated above, x, y and z may
be expressed in functions of the time; for M and ¢ are connected
by the equation M = nt + ¢ — = = £ — =. Taking £ = 0 as the
plane of the orbit, the equations (26a) p. 8 become x = &5, 4+ 7.,
y = &, + 77, and z = &%, - 77,; the coefficients of &,  and ¢
being given by (18) p. 16. e and ¢ are generally small; hence
limiting the approximation to their second powers in the values
of x and y and to their first powers in that of z, we get

/x:a}(cos’;—i—%[—Scosn + cos (22— )]
2
+ %[3cos(3§—2x)—4cos:+cos(27r—é)]
1:2
+ Z[cos (22 — C)—~cos’:]$,
(19)<y=a{sinf + % [—38sin= 4 sin (2¢— )]
+ %[351n(35«—27:)——4sin’;+sin 2 —2)]

+ };[sin (28 —¢) — sin C]},

lz=aisin (¢ — Q).

Finally, from (17) to the same degree of approximation,

20) r=a {1—— ecos (& —m) +%2~[1—cos2(’:— n)]}
and thence

@) r=a'{1—20c0s(c— =)+ % [B—cos2(c—)1},

which will be used later.
Formulas (19) can be completed by taking into account the
‘higher powers of the excentricity and inclination, but we shall
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content ourselves with deducing a result which is of great
importance in what follows.

From (8) and (10) it appears that when k£ ae* cos A M, or
kae®sin A M, is ang term in the development of & and 7, and 2 is
taken as positive, then we always have « — 1 either a positive
odd number or = — L

The terms for & in which « — 2 = — 1 are the following:

22) a(cos I + 5 cos 2 + 578 cos 3 M
—|—3!—2§420034ll[—|-w53cos5M+ ),
and the corresponding ones for 5 are
(23) (smM —|— sin 2 M + 2' 19?2 3sin3 M
+ W‘izsin-’iM-l— ...)-

By equations (26a) p. 8 and (18) p. 16, the coefficient of & in
x is

€, = cos (= — 2) cos & — sin (=
in® %2 — cos = sin® § 4,

and that for 7,
Ne =

cos (= — Q) cos 2 cos ¢
in?% ¢ -+ sin 7 sin® 4 4.
Hence, taking for £ a term of the form k ae® cos A M = kae®
cos A (¢ — =), putting it in (26a) p. 8 developing sin®% 7 in a
series on the ascending powers of ¢, and using the formula
cos a cos B = 4 [cos (e — ) + cos (2 + B)], we get, in the
expression for x, terms of the form
[ kae®if cos (A¢ + y= + 82),
where in every case

At+r4+o6=+1ands=0o0rs =42

Q) cos £

(24) 1

and, also,
a + f—[2]is odd and positive, except when # = 0, in
| which case @ — [1] may also = — 1.

Here [ 2] is the absolute value of the quantity A.

@2‘55,5'8;\‘??
UNIVERSITY )
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Terms of the same form can be obtained for 7, so that in =
only the form given in (24) can be found. With the aid of
(22) and (23), we can at once write out the terms for which
e—[2] = —1. Theyare

@) o cos ¢ + 2 08 (2 — 7) + 5o 8 cos (87 — 2¢)

63 s
+§!‘—2—34:ZCOS (4:2'_377) + ...]-

Exactly the same results can be obtained for y, except that
cosine must be replaced by sine. Finally, it follows from the
formula for z, (26a) p. 8, that in z there are only terms of the
form kae® (P sin (22 4 y= + 62), and for these A 4y + 0 = 0,
0 = &+ 1l,and « + 8 — [4] is either even and positive or = 0.

We will bring these results together.

Let the development « be

(26) x = Skae® iP cos (1% + rx + 09).
Then the development of y is
@7 y = Skae®iP sin (22 + y= + 62)

with the same coefficient %, and at the same time
{l+r+6=+1,6=Oor—|-2,sothatx+r: Rk S
(28) @ 4+ g —[2] is odd and positive, or when g = 0, in the
limiting case, the first sum.= — 1.
Let the development of z be
(29) z = Sk’ e i sin (1% + y= + 62): then
Ad+r+06=0,06= =+ 1, and
(30) a 4+ # —[4] is even and positive, or = 0.
At the same time in all three cases,

a — [r] even, positive, or 0,

(31)

~

# — [ 0] even, positive, or 0.

The five quantities 4, §, 4, 7,  can have all possible integral
values, positive or negative, if the conditions (28) to (31) are
fulfilled, and it only remains to determine the coefficients & and
k' which are pure numbers. This development is the more
expeditious, in so far as all the elements q, ¢, 1, 7, 2, except ¢
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(which, however, appears in { = mf 4 ¢) are analytically
expressed. If, however, the order is that of multiples of &, the
development can be expressed as follows:

x = 2(l cos £ + m sin 2}),

y = 2(Isin 2Z — m cos %),

z = (U sin 22 4 m' cos 4%). =

5. HisToricAL NOTES oN THE PRECEDING SECTIONS.

Newton’s law of gravitation is the source of our explanations
of the motions of the heavenly bodies. Its correctness is
confirmed by attentive and unbiassed observation, while the
development of our knowledge of it is due to the inventive
audacity and persistence of mathematical analysis.

Observation shows that the stars apparently describe circles,
their common center being near the pole-star. This is not
the place to give the reasons which led Copernicus to conclude
that these motions were only the reflex of a single rotation, and,
hence to propose the hypothesis that The earth is a body
hanging free in space rotuting uniformly about an axis which
passes through its poles.

Aside from this motion, the stars remain at rest,—at least
for the unaided eye and for the duration of a human life. An
exception to this fixity is found in a few bodies, the sun, moon,
planets, comets and meteorites. Of these, the first three move
with some uniformity among the fixed stars, while the others
show striking irregularities which were noticed in very early
times. .
On the hypothesis of a motionless earth, Ptolemy (Claudius)
undertook in the second century after Christ,in his work which
was later called the Almagest, to reduce the observed motions
to circles, or rather to combinations of circular motions.
Though this assumption is now rejected, it must be admitted
that it was in accord with the ruder observations of antiquity.
As observations continued and irregularities multiplied, they
were obliged to combine a large number of circles into cycloids,
until at last the entire wheelwork became so complicated that
only a few could grasp it all, and to these few was attributed an
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extraordinary degree of learning. This circumstance, together
with the religious respect paid in those days to authority,
permitted the Almagest to appear as undeniable truth, and
any explanation was right or wrong, according as it agreed
with that authority or not. The hypothesis of the earth’s
rotation, which had been already proposed by the Pytha-
gorians and Aristarchus, fell into almost entire oblivion, until
Copernicus (1473-1543) appeared "and shattered a structure
which had existed for thirteen centuries. Copernicus’s sys-
tem was given to the world in a work which appeared just
before his death and which was entitled De Orbium Ceelestium
Revolutionibus, libri VI. By assuming that the earth rotated
on its axis and also moved in a circle about the sun, he reached
the conclusion that the orbits of the planets were circles, and he
explained the observed irregularities by the fact that we observe
these cireles from a moving station of observation. He adhered
to the theory of circular motion, but assumed that the center
did not exactly coincide with the sun.

The law of gravitation was soon introduced and was gradually
brought to a high degree of perfection by the successive labors
of a few great men, each one of whom took up the work where
it was left by his predecessor. Tycho Brahe (1546-1601) took
new observations with perfected instruments, especially on the
planet Mars. Relying on these observations and explaining
them by the Copernican theory, Kepler (1571-1630) succeeded
gradually in evolving the three laws which are called by his
name, and which he published in his two works De motibus
stellae Martis and Harmonices Mundi. - He even expressed
clear views on universal gravitation, but he was overcome by
work and vexations and left the -crowning of his labors to a
successor who, instead of his method of bold and happy specula-
tion, employed a powerful synthesis.

& Meantime, Kepler’s contemporary, Galileo (1064—1642) awoke
"‘\Q{, echanics from the sleep of a thousand years, into which it sank
after the death of Archimedes. Galileo’s work appeared as Dis-
) 2 corsie dimostrazioni Malematiche intorno a due nuove scienze
atlenenti alla Meccanica, ed ai movimenti locali. The year of

Ry e LieC ) e
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his death was that of the birth of Isaac Newton who first con-
ceived the idea of gravity in 1666, and scientifically grounded
the law of gravitation in 1686—the latter in a work entitled
Philosophiae Naturalis Principia Mathematica. It can not
lessen Newton’s credit that Boulliau had already expressed this
law, but only as an assumption without any proof. By the aid-of-
the law of gravitation Newton proved the laws of Kepler and ex-
tended their validity to the comets, the bugbears of earlier times.

Newton’s surpassing genius appears in a clearer light when
we consider the state of science at that time. Mechanics was as
yet barely outlined, the Infinitesimal Calculus owed its origin
largely to him, and that powerful analysis did not yet exist
by the help of which our demonstrations attain such exfraor-
dinary simplicity and transparency. Newton’s method was, for
the most part, synthetic, yet his results can be reached only with
considerable difficulty by the analytical methods which now.
add so much to our facility in the solution of problems.

With the development of the analysis, for which we are
especially indebted to Leibnitz and Bernoulli, the subject was
simplified and the problem was reduced to the form of three
total simultaneous differential equations, the integration of
which can be performed in many different ways. The method
employed in this book is that invented by Laplace and given in
his Mécanique céléste. The literature on this subject, and
especially that of the derivation of the coordinates by Kepler’s
equation, is remarkably large. The priuncipal contributors were
Euler, Gauss, Lagrange and Bessel.

6. TaE ProBLEM OF n Bopigs: THE GENERAL INTEGRALS.

If more than two points attract each other under Newton’s
law of gravitation, we can, on the principle of composition of
forces, get the components of the force acting on any point by
adding the corresponding components of the forces exerted by
the other points on this point. If we designate the points by
P, P, Py .... P,, each point with its proper index, and if we
represent the distance between any two points Pj and P, by
Tu> 80 that
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1) Thu = A (2, — wﬂ)2 i (yl o 3/,;)2 + (22 — z,u)z’
d’x, dy, d’z,
TR /R
first point by (2), § 1, and the parallelogram of forces,

2 B
@2 * m % = I (ml m, w?—rzﬁ 4+ m, m,
12

we get for the components m, of the

Xy — X,

s

XLp — X
+mlmn oA
111&

Similar equations for the other points are obtained by sim-
ple exchange of subscripts. An exeeptionally elegant form can
be given to them, if it is remembered that the right-hand mem-
bers of equations (2) are the partial derivatives of a function of
the coordinates with respect to those coordinates whose moving
force is in the left-hand members. This function, as the differ-

entiation at once shows, is 3
@ V=I nm, m, X m, m; +mn—1 mn) e kzz ey My .
T12 T3 Fin—1) » Yoap

This function, the existence of which was first shown by
Lagrange, is, after the example of Green (1828) and Gauss
" (1839), called the Potfential of the forces. It plays an impor-
tant part in other branches of Mechanics and Physics. Intro-
ducing V, equations (2) take the simple form

d’z
4) * m‘.d?;:% (A=1,2...n).

V satisfies several partial differential equations from which
by the assistance of (4), integrable total differential equations
can be formed. Since V is a function of the distances, it is a
function of the differences of the coordinates, and consequently
the sum of its partial derivatives with respect to any coordinate,
as x, is equal to zero. Therefore

ov

Ox

Further, by a rotation of amount ¢ about the axis of «, y and z
become

®) * 0=

y' cos ¢ — 2’ sin ¢,

y:
-z = ¥y sin ¢ +4 2’ cos ¢,



PRGBLEM OF 7@ BODIES. 41

By this transformation 7 remains unchanged and independent
of ¢; consequently its partial derivative with respeet to ¢ is
equal to zero. Hence

oV 62/1 oV 62«'1

o Oy, Og¢ A 0z, O¢ Ropdy

Or

©) 0=2(y%23——

From (4) and (5) we get at once

) * O_Em dta'

By a single integration these become

dx
* e b
© T
Finally, by another integration
(9) ‘ * 2mx = at + a,,

which equations, a,, a.’, being the six constants of integration,
prove the law of the conservation of the motion of the center of
gravity. For if its coordinates be represented by &, », ¢, and the
sum of the masses = m by M, we have l

e Bz, Ve d O By g AT Dl e
(10 it T ey Ty O
and hence
(11) * Mé=a,t+a’

By elimination of ¢ from (11) we obtain two independent
equations of the first degree between &, %, £&. The center of
gravity -must, then, move in a straight line with constant
velocity. It is

\/(d- dvy) ( ) Aat (lf—l— s :

If a. = a, = a. = 0, the center of gravity is fixed.
The sun and its planets and comets form a closed system
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whose members gravitate toward each other, while the outer
forces, due to the fixed stars, are very small, on account of the
great distances of the latter. The center of gravity of the solar
system, falling generally within the sun, will move, if it moves
at all, in a line so nearly rectilinear that its curvature will be
sensible only after the lapse of a long period. This motion is
the proper motion of the sun or of the solar system. Gauss con-
cluded from the proper motions of the stars that, with a high
degree of probability, the sun moved toward the constellation of
Hercules a result, which was first found by Sir W. Herchel.
Later spectroscopic observations have confirmed this result.
From (4) and (6) follow at once,

is d’z d’yy
(12) X O“Em(yw_ Zar

The equations are integrable at once, and give

(13) - *0=Sm(yZ ¥

Equations (13) are the integrals of area, because, in accord-
ance with § 1, page 4, they express the fact that The sums
of the products of the masses and the projections of the areas
described by the radius veclor vary as the times.

dxl dx,

From (4) by multiplying each equation by its —,* R

dy d Az idz )
7’?, ~dy¥2— YAk —'c#’ —d;—. .., and adding we get
Q ezl d* d’y dy d’z dz
Zm dt? dt 5 St O & at* dt
E(iﬂfdm 8VdJ+ oV dz
i Ox dt oy dt " 0z dt
By integration, this becomes

14) %2 W (@i_%: T _yia

~ This is the equation of the kinetic energy for this particular
case. It expresses the fact that one-half the sum of the pro-
ducts of the masses into the velocities differs from the potential
by a constant only.
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It should be noted that the kinetic energy, and therefore,
some velocity, can become infinite, according to (14), only when
7 is infinite, or when one or more distances of the points = 0.
In that case, however, the differential equations (4) lose their
significance because some of the right-hand members become
infinite. The rules of the Calculus are applicable only up to
the instant of collision; hence, in this entire discussion, there is
a preliminary assumption that no collision occurs, at least none
during the time selected.

The integrals (9), (13), (14) are the only ones so far discov-
ered for the general case, and it has been lately shown by
Professor Bruné that no other algebraic, nor Abelian integrals
exist. While the investigations of the mathematicians have, as
will be shown in later paragraphs, brought to light relations of
the highest interest, there is, nevertheless, reason to think that
the analytical functions so far introduced do not suffice for the
solution of the problem. Systems of differential equations are

enerally not submissive to integration; their very generality
gives them an obscurity which is not likely to yield to any other
than a complete general treatment.

As the center of gravity plays so important a part, it is very
often advisable to refer the motions to it, by employing a moving
system of coordinates, whose origin is at this center and whose
axes are parallel to the original axes. If the coordinates in this
system are represented by primes, and those of the center of
gravity referred to the stationary system by £, %, £, then

(15) * o = A

and so forth. If these are introduced into (4), &, 5, £, disappear
at once from the right-hand members, and they disappear from

R e, S b
the left because = o My o 0. In other words:
The law of gravitation applies also to the relative motions
about the moving center of gravity.
The entire motion of the system, then, consists of two parts:
a motion of the system as a whole, represented by that of the

center of gravity, and an internal motion about the latter.
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The integrals (9), (13), (14) must remain significant for the
primed coordinates, but the constants of integration must have
other values, which may be represented by &’s. Naturally, then

N==tl g ==sb =8B )b (),

Further, from (15), if we put 2m = M

Sn(vgi— d”) 2m (v G — dl

—I—vyEm —3m (Z 5dlEmz'

dy
+dt2'm‘/ ""M(”W_Cdt

and, since Zma’ = Zmy = Zmz' = 0, and by (11),

ks ciﬂ_ _a/a,—a'a,
e T e T AL,

we get

(he) * Em(y'(% d") Bt

Finally,

an m do® + dy* + d2’ _ m dx'* 4 dy;2 + dz'?
2 dt’ s 2 dt
2 M dg® + dn’ + dg*
2 dt®

This equation shows that the kinetic energy of a system of
bodies is equal to the kinetic energy due to the motion of the
bodies about their center of gravity, plus the kinetic energy
due to a motion, equal to that of the center of gravity, of a body
whose mass equals the combined masses of the bodies.

From (17) we get, therefore,

1 do'® + dy'? + d=z'*\ _ 2183
9 Dsel{E i) =r+o=-7+0
1 a4+ al+ al
T A, M :
where V7 is the same as V7 except that the relative coordinates
are used.
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To equation (17) Lagrange gave a form which admits of a
highly interesting conclusion concerning the stability of the
system.

Introducing into (4) the primed coordinates, and multiplying
the equations in order by «/, ¥/, 2/, ete., and remembering that
V is a homogeneous function of the coordinates of the degree
— 1 and hence, satisfies the equation Pt

E %.T)cf B 87 %z)z_
we get

L Sy

and, adding twice equation (18) and reducing,

2 m o oe 2 r2

d [22 @+ 9" + 2 )]
_ dt*
This equation can be given a form in which the mutual

distances of the planets alone appear. Itis

g = () — Y+ (' — y) + (2 — 2 ) =2 + y)”
4 ZA"Z + x#’g A= ?j;/z + zp’z At ((Xigl x;z, ol .7/2,, y,u! i zll zyl)-
By multiplication by m; m, and addition,

2my, my T/\,ug =2m, my [(m?l’2 B o8t b (x//z 5 y,u, ply Z,ul pl
— X 2mymy @y’ @)+ 92" Y+ 2 2))= M ZDm(ay* + 9"+ 2"
— 2y’ @)+ g2 2+ 2wy () )+ 9 ) + 2 2))

The last sum = (X my ) ) + (2myy' ) + (2myzy' ) =0,

and (20) becomes
1 AP (2my my, rs,°)
2M di*

V' is always positive. It C’is also positive the right-hand
member is positive and greater than 2C’. The first derivative
of Smy m, ), will then increase continuously. If it is origi-
nally negative, it will at some time = 0 and will afterwards
be positive, so thal in this case Zm; m, 13, grows with acceler-

(20)

=V 4+ 2C".

@1) =V +20C'.
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ated velocity to infinity. A distance r), must eventually become .
infinite, that is one point must at last separate itself from the
others to an infinite distance. If by stability of a system is
meant the condition that these distances always remain finite
(never 0 and never o), we can say:

In order that a system may be stable, C’ must be neither
positive nor zero; that is, the kinetic energy must be less than
the potential.

It does not, however, necessarily follow that when C’ is nega-
tive the system is stable. Only partial stability can be con-
cluded from it since not all the distances can become infinite,
For if all points separated infinite distances from each other
V'’ would = 0 and the right-hand member of (21) would be
negative. =mjy my, 1, must finally become smaller, and at least
two points approach each other, and this is impossible since at
infinity the attraction = 0.

The conception of complete stability, as defined above, is of
the highest importance for astronomy. The solar system,
including only sun and planets, is, in all probability, a stable
system. The labors of Laplace and Lagrange and of later
astronomers culminate in the problem of stability, and they have
shown that this conception can be narrowed down to a great
degree when applied to this system. Unfortunately, however,
they have not succeeded in giving an entirely rigorous proof,
nor, in general, in fixing the conditions of stability. At present
it can only be said that our solar system may be stable, and,
with great probability, is stable without limit as to time.

Finally, we will add a paragraph on the conception of the
invariable plane, as represented by Laplace for our solar system.
The expressions

e dy dx’ , dz' dy’ il
Rl TRt A S
have the remarkable property that, with a rotation of the system
of coordirates, they are transformed in the same manner as the
coordinates. Taking the familiar transformation formulas

(22) * x' = a + Y B+ 2 ra,
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and representing the first set by 4’, B/, C’, the transformed
ones by 4”, B”, C'', we get from (22)

-A 7 -A-’ (ﬁyrz""_ Vyﬁz) + B’ (73/ Gy — ay rz) "l_ OI (ay ﬁz 0 | ﬂy a=)3

or, by known relations between the nine coefficients,

(23) * A"=A4'a, + B'8: + C'rs.

If we represent by C.”, C,”, C.” the constants which replace —

C., 0/, C./ of equations (16), we get similarly,
(24) * OE’, = Ow’ a{t + Cy, ﬁx + CEI rm'

The constants of integration are, then, transformed in the
same way as the coordinates. If a new system is selected such
that C," = C,” = 0, then two equations fix the 2" axis com-
pletely, but not those of " and 2”. For from them is derived,
Cz’ 5 Oy, 5 Oz’ = ﬁyrz T ryﬁz . ryaz g ¢ ayrz . ayﬁz Y azﬁy = a4y ﬂz Y )
and hence,

O — o v A== O’
(25) i vom’2+0y’2 Ju [ ka /\/U'2+ Crz s 072
.
Tz = V2 va yia’ and
A O C TR O
(26) Oz” — /\/me _|_ CylZ + Uz,g.

The g’ 2" plane, thus determined, is Laplace’s invariable
plane. The sum of the areas projected on it is a maximum,
while for every «” plane it is zero. The invariable plane makes
but a small angle with the ecliptic, and has the exceptional
advantage over the latter, as well as over that of the equator, to
which are generally referred the spherical coordinates of the
stars, that it is absolutely invariable, while in the course of
thousands of years the ecliptic and the equator change their
position in space to a notable amount. A proposal to use the
invariable plane is, however, for the present illusory, because it
can only be fixed after an absolutely exact knowledge of the
masses of the planets, and, besides, all astronomical tables now
employ ecliptic or equatorial coordinates.

If at any moment all points are in one plane and all the
velocities in the same plane, they will always remain in this
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plane, and it becomes the invariable plane of the system. This
is approximately the case with the solar system.

If ¢, = C/ = C,/ = 0, every plane is invariable. This would
be the case, for instance, if all the points were at rest at a given
instant, or if they were all in one straight line and their motion
was confined to it.

The motions in the solar system are referred by astronomers,
not to the center of gravity, but to the center of the sun. This
requires some modification in the formulas which will now be
given. ;

Let the Gaussian constant k¥ = 1. Let m, be the mass of
the first planet, x;, ¥, 2, its coordinates with reference to the
sun, z,/, ¥, 2/, these with reference to the center of gravity of
the system, ete. lLiet &, 5, £ be the coordinates of the sun referred
to the center of gravity, and let its mass be M. The potential
V' has the value

m,

V=M :
E/\/(fvz’ ol s € 8 e R (YRl

my mu
+ e : :
2’\/(902' =4 Vot Y =yl + (= )

The equations of motion become therefore

dz ov’ d*z,/ o’
* = * IS L
M AL TP TR ™ = ool gt

But,
(27) o=« —& Hh =4 —n 2=z —4¢ ete,
and if we put

my m
= . i
E N(x) — )V + (53 — 9/ ) + (20 — 2))

i 2 7’)’13 m#
N (@ — ) + s — 9. + (22— 2

Nay 4y + 2° =,
M+ my = ny,
we get
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Bt Er ST el O
o R Tk v 3 m, Ox,
x x
—mﬁ?:—a—m3;;a% ..... ete

Introducing finally,

1 X%+ Yot + 202 %)%+ Yo Yo + 222
Ry=—V—m, S — my 5
m;, i T2
1 X%y + Yo Yu + 232,
o p e m# 3 )
my Ty

where 1 may be any number not 4, the equations.of motion take
the form

QA Ly, QR AR (e oR,

) S A mtd it T

DRI IS

The qualities 2,, R, ... are called perturblng functions, for-
reasons which appear later. They depend only on the masses
of the planets and on their distances from each other and from
the sun. When ay, ¥, 2, etc., have been determined by (27),
&, 7, ¢ are found by the equation

ME+ Z2mx' = Ms+ Zm (x + §) = 0.

Hence,
. By S2max
5V S e
(29) % | and consequently
SNy —“'”'"—Em—f—,
M+ SZm
ete.

The integral equations (16) and (17) also take on a some-
what different form. They become

Em(y%—z%)—l—k(ZmyEmZ—’:

(30) —2mz3m d~y) = C/,

Efm z% dz)—}—k()szmdt
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( ——Ememdz) Cy,
E (dy y%)—f-k()]mw}lm%
©0)
——Emy)m——) Cy,
I —1
T Em’
and

S2E) + G + (5]
+L2C[(Emg_?)l+(2mzy) (zm§ gt ]'V'zc“

7. - ProBLEM oF THREE BODIES.

Three bodies only will now be assumed, not because the
results obtained for three can be extended to a larger number,
but because the formulas obtained with this limitation present
an extraordinary symmetry. No new integrals will be afforded,
as has already been shown. It will appear, however, that by a
skillful and elegant use of the integrals already found, the pro-
blem can be notably simplified. This is especially the case
when the development is reduced to the parts which are inde-
pendent of the system of coordinates, making what Hesse calls
the reduced problem of three bodies.

The system of nine differential equations are, in this case,

dix; o :
) ¥ om = (1=123),
in whioh . .
@ y= Tty Tt g T and

(AT Va3 31

(3) e N/(x/“ m#)z (g y#)z 4. eah Z;L)Z'

This is a simultaneous system and requirves for its solution
eighteen integrations, of which ten have already been performed,
—six for the law of conservation of motion of the center of
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gravity, three for the areal law, and one for the law of conserva-
tion of energy. Aside from these results, the system can be
reduced to one with only two variables x; and {, for instance.

If the first of the equations (1) is differentiated with ¢ as the
independent variable, we get

iz, oV oV PRV
R e = T T oo flar N
W s Sl s A Mo B gl
o'V oV oV
+ O, 0, + 0x; 0y, theefe Ox; 0z, *
0V o'V 0V
2 Ox; Oy U+ Ox; 0y, v+ Ox; 0z, s
S s e
where u; = di’ U= s W = and it will follow that
du; _ dx;
’(R  r dt2 e o0 >

The right-hand member of (4) is a function of the coordi-
nates and their first derivatives. If (4) is again differentiated

with respect to ¢, and the second derivatives are eliminated by
4

(1), %ti* is also a function of the coordinates and their first

derivatives, and it becomes evident that & is a function of the

din
2
same quantities. Fixing the attention only on %, %t—f 3

3
%t%ﬁ’ etc., it appears that in these equations there are only
sixteen elements, (the eight other coordinates and their first
derivatives), which have a perturbing action, and, to eliminate
these we must have seventeen equations. The proper way to

2 3 18
thfi: dd—tfi —-—(Z ti? as functions of the
nine coordinates and their first derivatives and, by means of the
seventeen resulting equations, to eliminate the eight remaining
coordinates and their derivatives. The final result is an equa-

tion of the form

do this is to express

da; d*a; d®x; o
©) 7o G G @) =0
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that is, a differential equation of the eighteenth order between
a; and 1.

When (5) is completely integrated, the problem becomes
one of pure elimination, and the previous expressions for
dzac,- dis.’l",-
T Ot
coordinates and their derivatives.

In the place of a coordinate, any function of the coordinates
and their first derivatives may be employed. This will in gen-
eral lead to a differential equation of the eighteenth order
between the function and the time, but in special cases it may
lead to an equation of a lower order. Indeed, it may be the
case that the equation is of the first order and takes the simple
form

e more than enough to calculate the remaining

de
aE
and this is always the case when ¢ is an integral of the system.

In general, an elimination of all the variables but two, and
even the elimination of a less number, will not be of use because
the order of the differential equations rises as the elimination
proceeds and their number is decreased.

The fact that equations (1) are independent of the system
of coordinates selected gives them a property which was first
clearly pointed out by Lagrange in his celebrated paper Sur le
probleme des trois corps. It is that a special system of
unknowns can be given, such that with them the problem
requires only nine integrations,—nine less than the general
system of equations. The unknowns must be so selected that
they depend only on the mutual distances of the bodies, and, in
this case, they are preferably 7, 7, ;. The problem thus
transformed is Hesse’s reduced problem of three bodies.

Besides the fact that this reduction reduces the order of the
system by nine, there is another and a deeper ground for it. In
anv system of moving points, without further hypothesis, there
are only changes in the distances and directions, and the latter
can always be expressed by the former. It is therefore clear
that, aside frem all hypothesis, our real knowledge of the motions
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of bodies in space can not surpass that given by the reduced
problem. The laws of the motions of bodies are deduced from
observation and also from hypotheses, which, however simple
and credible they may be, are still hypothetical. If we remove
the results of the latter from our problem, what remains is the
reduced problem. &

Observations alone would never have disclosed Newton’s
law, even if we had been able to measure the distances directly.
It is only on the hypothesis that the fixed stars are infinitely
distant and at rest’ that the real changes in direction can be
determined. Farther, the principle of conservation of the
motion of the center of gravity of our system is an hypothesis
without any basis in direct observation, created by Newton out
of his principle of action and reaction; and, however great its
probability on philosophical and other grounds, it is incapable
of a rigorous demonstration.

The reduced problem for two bodies is expressed by (16),§ 1

® @(r 5 AR,
T e

which is of the third order, while the general problem requires
twelve integrations. The problem then is, to get for three
bodies the equations corresponding to (6). This has been done
by Lagrange in the most elegant manner, and to lay the founda-
tions for it, we will first transform equations (1) by introducing
the components of velocity which will be indicated by major
letters, thus:

dux;
* =
Y AR’
Equations (1) now become
dx; ov ?
* b s =
8) mor = e ((=123).

If we take x; and X, as variables, then (7) and (8) will together
form a system of total differential equations which can be used
for (1). It will be noticed that by this process the number of
these equations is doubled but we now have equations of the
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first order only, instead of the second, and this is more con-
venient for many transformations.

Equations (1) retain their form if, instead of the given con-
ditions, others are introduced by orthogonal transformation in
a new fixed system of coordinates, or in a system which moves
uniformly relative to the given ome. Taking (7) and (8), we
see that they retain their form if we put

(9) { e e e 1 19.1311', 4 7.2 + et + b,
* X, =, X, 4+ 0.Y, + r.Z; + a.,

where «, 3, y are the nine coefficients of an orthogonal trans-
formation, and ¢ and b, any six given quantities. Hence (7)
and (8) permit the transformation (9), and if they are together
of the 18th order, it follows that, if we consider only such func-
tions of x; and X, as permit this transformation, they will be
reduced to the 18 — 9 = 9th order. It is clear that we may
take 7, 7y, 7y for such functions, but it is better first to con-
sider all the nine functions, which are independent and by
which the others may be expressed, as may easily be shown.
A function which permits the transformation above depends only
on the differences between the quantities x; and between the
quantities X;. Putting

(10) { == — =0, o —x =,
s G = X = XS SERNG,  S X e B X
then any such function depends only on the primed quantities.

The number of these is eighteen, but it immediately reduces to
twelve, since

(11) * CU' + xu + mlll das 0
* XI + XN _|_ XHI — 0.
This reduction would destroy the symmetry and we will there-
fore retain all the eighteen 2/, X", etc. :
If we define the twenty-four expressions [4,2], [4, m],
[4, #], by the formulas of Hesse,
[4n] = oo + yry + 22 2* = [11],
(12) [4 4] = a* X+ 4 92 Y* 4 2220,
[A,2] = XAXe 4 YAY® + Z2 20 = [, 4],
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they will permit the transformation required and it is clear that
they may be expressed linearly, by (11), but for symmetry we
shall rather take, ; ;

[1,1],(2 2], [3, 3], or 7', 13, 713,
(13) {[1, 1,[22],[3,8], ;
[1,11,[2,2],[3,3], Vi
and .
(14) p=[L21—[21],

or, by (11),
e =[L,2]1—[21]=[23]—[3,2]=1[31]—[1,3]}
Considering the results of (11),

(15) {[1: 1] + [1’ 2] he [1’ 3] =0,
[LY]+[1,2]+[1,3] =0, ete,

we find by simple transformations
[L2]=—4(L1]+[22]1—[3 3D,
[1,2] = — 3 ([1,1'] + [2,2]—[3,3]),

) < [L21=—3([LVI+[22]—[33]+n
[2,1]=—3([LV]+[22]—[33])—n
ete.

There are also other simple expressions which permit the
transformation (9). These are determinants of the following
type: :

kA bls 2!

pria A

XI’ Yl, ZI
If two such determinants are multiplied by rows, expressions of
the form [4 ], etc., will be obtained. For instance

[(1,1],[21], [1,1]
[L,271,122],[1,2]
[1, 1], [2 1], [1,1]

As nine independent functions, which admit (8), are suf-
ficient for expressing all the others by them, it follows that
there must exist one equation containing the nine quantities
(13) and p. To find this equation, let us take the vanishing
determinant

(17) D= , ete.

Did—
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gy T
w’l 3 yll Y Z/l 5 O
B g s ey o)
XII’ YII’ Z/I’ 0
and form the squares by rows. The square is

g B o] B o R 118 o s L o T I
[ [L,2],02,2],[2 1], [2 2]
(18) [1’ 11], [2, 1/], [1/’ 1’_], [2/, 1/] =0,

[L 2], [2,2], [T,2], [2,2]
and if we introduce therein expressions (16), we immediately

obtain the equation sought, but in an unsymmetrical form.
From inspection of (18) we get an equation of the form

(19) Ag* + Bp' + C = 0,

and

2
@0) p_\/ B+VB 440
in which p is expressed in terms of the quantities of (13).

‘We now pass to the formation of the differential equations
between the nine quantities of (13) and the time, or rather,
since we retain p, between (13), p, and &. To this end we first
form the differential equations between

* (E,, iE, xm’ X

’ 1" Ui
XL TSEX o saX

introducing, for brevity,

and

[ my + my + my = M,
1 1
ey = P1»
1, i

(21) J P Sy — e

1 il
ni i =

L P+ P+ p=0.

From (7) and (8), with the aid of (2), we get them, by a
simple transformation, in the form
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dx’ o
* X = m (w”’_pz_x”pﬁ)—M_s’
@2) dit ol
dx’ :
* P 7
ai _’X,

from which the others may be written by cyclical interchange
of the indices. The differentiation of (12) and use of (22) and
(16), with simple transformations, gives

[(d[1,1] .. ;
A — a1,
AT = pv,v) — 3 (0 (13,31 — [2,2D)
@) - +(m—p) [L,1)— 222,
ULL] = oy (18,31 1220 + (@ —p) [L1D)
2M[1,1']
| > T—/’mx P15

from which the six others can be written by cyclical interchange
of indices.
Finally it follows that
d
g = m[231p + m[3,1] s + m[1,2] s
@D = —3([L,1]+[2.2]+ [8,3]) (mup, + map, + mups)
4+ m,p, [1,1] + m,p, [2, 2] + m, ps [3, 3].

Since 7* = [1, 1], etc., equations (23) and (24) are the ten
differential equations between [1,1], [1,1'], [1/, 1'], etc., p and
t. The quantities p and 7, according to (13) and (21), are
directly given by [1,17], 2, 2], [3, 3].

Of the system (23) and (24) there is one integral known,
namely, equation (19), and, since this contains no arbitrary
constants, it is either a particular or a singular one, but which
it has not yet been determined. When p is eliminated by
means of it, equations (18) represents a complete system of
differential equations between [1,1], [1,1'], [2, 2'], etc., and %

If only the three distances and the time are to be retained
in the system, then [1, 1'], [1/, '], ete., must be eliminated
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from (23). This is easily done, since [1, 1'], ete., are at once
derived from the first of these, then [1, '] by substitution in
the second, and then also p by the distances and their first and
second derivatives relative to the time. These substituted in
the last give a final equation of the form

(25) 3 d3[dltsl] % dt iy
where
= 5 (331 —[22) p.—[11] (pa_pz))_gggi 1]

(26)
& =m(([3,3]—[2, 2D p. +[1,1](p:—p2)— 2l[1£231 = ]

The expression for p is to be substituted in (25). The inter-
change of indices will then give the two other differential equa-
tions of the third order.

From these an integrable equation can be formed for, from

(26)

Ql QZ

Qs_ d
+ —2a +——+

m, my

+

Hence, from (25) and its analgues, we get

&
‘% — (my my ry 4 mymy ) 4 mymy 7'122)
dt

eGP R
SR W TIRAT

my ' om,

| )mlm2m3 % dt (V).
Then, by integration,

d* e
@D 3% aF (mymy ry* 4 mymy ry* 4 my myry’) = MV + C,

or equation (21), § 6.
1

> b

3 3
My Ty MV

If equations (25) are multiplied, in order, by

1
g ) and the products added, the p disappears. It follows
3 712

that

@[L,1] _ dp, 1
0=[15m — -] AR
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d*[2,2 dP
@) S ER A P
a@? [3,3] dP 1
+ [% di? At Q3] M 1"

Besides the integral (27), the equations (25) have another,
a combination of the surface integrals, found by Lagrange.

(n, & 1 (77, £)s 0 (7,8)s _

my ms i

(29) Sl .5 + 8
(Ea 77)1 (*’ 77)2 (53 7])8 e

m, + m, g Ry

where, for brevity,

d%, dn;, V
(30) : k7 g e A (7, £)3, ete.

The combination given by the new integral is the sum of the
squares of the areal integrals. For
2 2 2 e (7 :)12 + (% 5)12 o %A
a+ b4+ = 3

+ 2 (7, &h (7, C?z = (5 5)1 (*35)2 5k 65, 7))1 (5’ ’7)2

my; M,

But, by a known proposition of determinants,
(% :)12 + (:: 5)12 + (E; ‘7)12 == [1: 1] [1’3 1/] = [1, 1’]2
' =[L1](}[L1]"—P)—(L1])S
(S (m &+ ... =[1,2][1,2] —[L2][1,2]
—may (i + DEL=PY) qrape—
etc. Consequently

(31) a? 3 b? 8 = [1’1] (%[1’1]’, 0 Pl) ST (_%[1’1]/)2

my

2] (3n.2) + 2 2—) — @meyy—a)

nm, m;,

+2
4.,
And (31) is the integral sought, when for p its value in (20) is
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taken. The system is reduced to the seventh ‘order and con-
sists of

1. A differential equation of the third order (28),
Lt Bt " ¥ “ second “ (29),
B AL % i “ second “ (31).

If ¢is eliminated from these equations, the order is reduced
to the sixth, and this is the extreme of reduction reached to the
present time.

When the reduced problem shall have been completely
integrated, the final solution of the entire problem will, as
shown by Lagrange in his celebrated memoir, depend on a
single quadrature. :

If equations (29) are.multiplied in order by &, 7, &, we
get, by appropriate addition, ‘

(152 d;:a
S & mydt — mydt
1
(32) N2s  7as ’ﬂ(l 7]:” T ﬂ(’lin;lt = ClE] + b771 + Ccl'
1 3
&y d%,

e > MIERRCM R ST SO0
e e e L T Ot
The left-hand member is a function depending on the dis-
tances. If it is squared, by compounding the columns, and the
previous formulas are used, the desired form is at once obtained.
In the same way the expressions a, + by, + ¢%, and a; + b,
-+ ¢%; may be determined. If & 5 are taken in the invariable
plane, @ = 0, and b = 0, and from (32) and the corresponding
equations ¢, &,, & can be obtained at once, that is, the position
of the plane in which the three bodies move, in its relation to
the invariable plane.
In order to get the six remaining coordinates, the five fol-
lowing equations are to be used.
f+&+4&6=0,.
b+ 7 + 2 =0,
(33) &+’ =1 — & =1y,
&'t =y’ — =1y,

3 ey At Yy < 2
Sty =T — % = Ty
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and only one more relation is needed.
Putting

tan ¢ = -

) ] =

we get

&dn,— 771(L1 A (‘-:12 S 7712) ((1512 i d’?lz) —(5d5 4+ "/ld"h}‘dt
g 2 =] /1 & > + W12

RECECIEE)
o

The right-hand member is, from the preceding, a known func-
tion of ¢, consequently, (34) gives, by direct integration,

\/ (IZl dn\? o
793 S —\ T
@35 o= / dt dt ] ( dt ).dt—l—C’.

(34) dy =

dt

o2
To3

This and the five equations (33) determine the six-required
coordinates.

It appears, then, that the last integral (35) of the problem
of three bodies is obtained by a simple quadrature. The reason
for this has been given by Jacobi in his celebrated paper on
the principle of the last multiplier ( Vorlesungen zber Dyna-
mik), where he showed that the problem of three bodies belongs
among those cases where the last multiplier is directly applica-
ble if the other integrals are known.

8. SprEcIAL CasES OF THE PROBLEM oF THREE BODIES.

‘While the reductions given in the preceding paragraphs are
the extreme ones permitted by the general problem, it is possi-
ble in several special cases to go farther and reduce the problem
to a lower order or even to solve it completely. These cases
will now be discussed.

L. In which the plune of the three bodies remains con-
stantly parallel to iiself.

In this case the plane of the three bodies is constantly the
invariable ptane. The right hand members of (32), § 7, and its
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two corresponding equations, are = 0 because they are in the
ratios of the distances of the three points from the invariable
plane. The left hand members, which must also vanish, depend
only on the distances and their time derivatives, and conse-
quently we get three new integrals of the reduced problem,
between which, however, an identical relation exists. They are
perfectly symmetrical, and may be written

3t W Pl s 4 A oy

Z £, 15 £

=29 >3 dt 3 1y dt =1y =2 dt
e s h e N iy e s

12 139 (Zt i3y 119 (lf i1y 12y (lt

S 2 D o R (1 ) T

»2 =3 dt =3y =1 dt =1 *29 dt

m, . My i My

To get the distances themselves, these determinants must be
squared, and when squared by compounding the columns, give

{[2,2], 2, 3], [2,17]] 1[3, 3], [3,1], [3,2] 1,11, [1,2], [1,3/]
(2) [2,3], [3.3], [3,1] 2,11, [1,1), (127 (L2}, [2 2], [23]

2,17, [3.17, (V] 8.2, (L2, 22 L8] 2.8, (3.3,

my* i my? . mg? )

‘We shall soon see that the expressions in equations (1) and
(2) are not alone equal, but also = 0.

For [4, '] and [ ¥, '], their values from (31) and (33), § 7,
and for p its value from (20) are to be used in order to get two
new integrals of the reduced problem. By their help the order
is reduced from seven to five, and finally, by the elimination of
i, to four. P

This result may also be reached directly. By taking the
plane of the three bodies as the x y plane, z = 0, and hence the
relative motions of the bodies may be expressed by a system of
the eighth order, composed of four equations each of the second
order. The reduced problem is less by unity, hence of the
seventh order, because the direction of the coordinate axes
plays no part in it. The equation of the kinetic energy and of
the law of areas afford two integrals, which reduce it to the

fifth and finally, by the elimination of ¢, it is reduced to the
fourth order. ’




PROBLEM OF THREE BODIES. 63

II. In which the three areal integrals are equal to zero.

Here ¢ = b = ¢ = 0, and the right hand members of (32),
§ 7, vanish identically, hence also the left hand members.
Equations (1) and (2) remain as in the previous case. This
leads to the conjecture that, in this case also, the plane passing
through the three bodies remains constantly parallel to itself.
This is capable of proof, as follows: ¢

Developing the first determinant of system (1) by columns,
we get it

®) G+B

in which

d’?l

(I,I

—I—C

@ A=n%—n5, B=205—065  C=&7—&7.
By equations (12), § 7, these expressions are unchanged when
the subscripts 1, 2, 3 are cyclically.interchanged.

The other determinants therefore become

(lr/g

+ el gl C’ d” , and

4
) d%

(L3+B +O

Calling the three determinants of (1) D1y Doy Ps, We get
Parsesr VPR 793

my My Mg
and further, identically,
ptpt+p=0.

Designating the common value of the preceding fractions
by 1,

; Py = Amy, Py = ANy Py = Am,
hence »

A (my + my + my) = 0,

and as m, -+ m, + m; cannot vanish,
(6) A=0, and hence p, =p, = p, =0,

The quantities 4, B, C, have a very simple geometrical mean-
ing; they equal twice the three projections of the triangle whose

GSE UBRARS
UNIVERSITY )
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angles are at the three points. By their ratios, they therefore
determine the position of the plane of these points. Tquations
(6) show that the relative motion of the. points is in this plane,
and the above proposition follows from it.

This case is, consequently, included in case I and affords no
new reductions.

III. In which the three areal tntegruals and the constant
of the kinetic energy are equal to zero.

In this case the system of the fifth order, (found after the
elimination of ?), can be reduced to an order lower by unity.
This follows from a principle of great simplicity and import-
ance, which may be viewed as an extension of Kepler's third
law to the géneral problem of n bodies. '

The differential equations of this problem in their original
form are
AT Ry O
AT o

The second members of these equations are homogeneous
functions of the coordinates, of the degree — 2. If we write
kax:, ky., kz for z., y;, z; and tk: for ¢, k—2 will appear as a factor
in both members, and when it is suppressed, the equations have
their original forms. From this it follows that from any solu-
tion @, y., #;, another solution ku;, ky:, kz;, with a constant
factor k can be obtained, if tk* be substituted for 7 in the
expressions for these coordinates as functions of . This can
be expressed as a proposition.

From any solution of the problem of n bodies another can
be deduced in which all the linear magnitudes are increased or
decreased tn a constant ratio. For such systems the squares of
the times, from the first to the last places respectively, must be
proportional to the cubes of the linear magnitudes.

‘When attention is turned from the position of the orbits in
space and time, and fixed only on their positions with reference
to each other, the system can be reduced to the eighth order,
as has been shown, without the introduction of a single constant
of integration. If again the linear dimensions are not consid-
ered and only the form of the system is taken into account,

*
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another arbitrary constant (the & above) is eliminated and the
order is reduced by unity. But the two given integrals (that of
the kinetic energy and that of the sum of the squares of the
areas) determine but one of the two integrals in the second
case. If the two constants of integration are given, they must,
after the above substitution, be multiplied by determined powers

of k (the first power + or —), and the product of the two is the

only general integral for this case.

It is otherwise when these constants each = 0, for they do
not then change on this substitution, but remain = 0. In this
special case the last system of the seventh order is reduced by
two units.

So long as we confine ourselves to real quantities, this case
can occur only when the three areal integrals are separately
zero. Then there is a further reduction of two units, and hence,

When the three areal infegrals and the constant of the
kinetic energy vanish, the given system can be reduced to the
third order.

I will not delay farther on this case, as it is a special one for
which the mathematical formulas can be at once written out
after the above explanations.

IV. In which the three distances of the three gravitating
points remain constant.

It must first be shown that this is possible.

For a given instant, assume that »y,, ry, 7, are given and
that their first and second time derivatives vanish. Then, for
this instant, the quantities @ and the three derivatives of (25),
§ 7, also vanish, and we have from these equations, if the third
derivatives of the time also vanish for the same instant,

g ":—. Ty a p(rza 7'21 :0 p(rsl "—g el
therefore either
(8) m' =my’ =13,
and, since they are real,

(8) 1y =1y =1y,
or
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(b) »=0.
. These two cases are to be considered separately.
(a) 7= 1y = 1y
The triangle formed by joining the three points is, for any
given instant, equilateral and the first and second time deriva-
tives of the distances vanish. Under this assumption, derivatives

higher than the third also vanish, that is the distances remain
constant. TFor differentiating the first of equations (25), we get

dry,

D
gou s ng

b 23S d@l d/’ 1 1 dt dt
$[1,1] +my ) E:?)_mm Trgt R

78 1o T

in which the right hand member vanishes for the given instant

.since % contains no term free from the first or second deriva-
tives. In the same way it can be shown that derivatives of

higher orders also vanish.

- If 7 is the common value of the three distances, then by (26),

P1:P2:‘.P3:‘_’g’7‘;—[7
and (18) becomes
1"2, _%7‘29 01 —_g—
— 3 0z + L 0
| TR ’ )
r 2 =
o M A <ESe
R i S R U o e
G0 S gy
A 2 R ot
-\ 4 )2
o () -3+ faer=a
2
(g) = patn
[}—3M7‘

The first of the determinants in (2), this section, becomes
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A e .
4 !
S T +5|= (;’i— Mr — %) r*
r LRt
gy g r

and the two others likewise vanish, and this case becomes a
special form of Case II. Equation (34) gives for the angular
velocity with which the triangle turns in its plane
g
de N /Jl[
i SIS WAy T 18
If all the motions are referred to the center of gravity, it
appears that they are as if the invariable triangle turned in its

plane around its center of gravity with a velocity \/% .

Or inversely, if the three gravitating points form the vertices
of an equilateral triangle and if each has a velocity, in the
direction perpendicular to the line joining it to the center of
gravity, such that in the time df, the angle through which this

NE /J[

system were rigid.

line turns = dt, then the triangle rotates as if the

(b) »=0.
In this case, by (24)

@ 128)m (5— )+ 131 m (5 —
+[12]m3(1 =0,

7‘13

'raz

and with the help of this equation, it appears that the dis-
tances are again constant if their first and second time deriva-
tives vanish for a given instant.

From (18), it follows that

(1,1}, [2,1]‘ ‘ P, v — L+ B— P
[1’2]’ [2’2] ““%(Pl'l'P Ps); Pz
which is satisfied by either determinant vanishing.

0=
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If the first determinant vanishes, we have the equation
[1L,1],[21]
[1,2],[22]
which, by (23), § 7, becomes
(7'1z+ L B At Tg— %) (19— 7o+ Ts) (‘—‘ Tyt T+ 7'31) =1}
As the distances are positive, one of the last three factors
only can vanish, and the equation shows that the longest side
of the triangle equals the sum of the other two. Selecting 7,
as the longest side, we get
(IT) Ty = Tz + Tis)
and in the case of real orbits, the only ones belonging to the
physical problem, the points must be in one straight line.
From (I) and (II) the ratios of the distances can be obtained.
If we represent ry, ry, 7y, respectively by @, @,, «;, then
(I1T) o = '

and

="();

[2,3] = — ¥(x" + @' — a°) = + 2y 73,

{3,1] = —§(&" + &’ — ') = — x5,

[1L,2] = — ¥z’ + 2" — ') = — x5,
and (I) becomes
@AV) my (a0 — &) — my (0 — ) 2" — 1y (2" — 2,°) ? = 0,
that is an equation of the fifth degree, while in general (I) is
of the eighth degree. / ¢

The conditions (2) of this section are also fulfilled, and the

relative motion about the center of gravity, or about any one of
the given points, consists of a rotation in a plane of the straight

line in which they lie, here assumed rigid. The angular velocity
is, by (34),

de _ NIT,T] _ NP,

dt S T3 T
from which it appears that
VP, _ NP _ N

Ty L T2

¢
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equations which can be obtained from (I) and (II).
Taking now the second case above, the equation
P -, —¥P,+P,— P
(V) 0=t 1 : z( 1 2 3)
"’%(P1+P2_P3); Pz
can be written
NP + NP+ &P, =0

Equation (V) can, with the aid of (I), be brought into a
very elegant form. The transformation, which is not an easy
one, is most simply performed as follows:

If, for brevity,

A =u[1,1]+1,2] 4+ «[1,3],
B =u[2,1] 4+ +[2,2] + w[2 3],
1 1 1

UW=—73) V= —55 W="—3,
Tag Ty 12

then
P=mA4— Mu[l,1],
P, = m,B— Mv[22].

_1_+_P_

The expression — ¢ can, from (1), be expressed
in two forms, namely,
— 3P+ P,— P) =mB— Mu[1,2],
— 3P+ P,— P) = mA — Mwu[1,2],
and (V) becomes
0=Muv([L,1][2,2]—]1,2])
— M[mwv(A4[2,2] — B[1,2]) + myu (B[1,1] — 4[1,2]) ]
But
A[Q’Q]'—B[l’2]: u(rlrl][2’2] _‘[] :2]2)+ w([1,3][2,2:] 5 [2’3][1:2])
= (u—w) ([L11[22]—[L2]),
B{1L,1]— A[1.2]=v([11]22]—[L2P)+ w2801 —[13]1,2)
= (v—w) ([L1][22]—[12T).
Hence,

0=M(11]1[22]—[1,2F) (mvw+ mywu + myuv),

or

0= M([l)l] [2,2] v [1s2]2) (m, Ty + myry’ + my, 7'123)-
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This equation divides into three. The first and last factors
can not vanish, as long as only positive masses are considered.
There remains only the middle one, and that brings us back to
the previous case where the three points lie in a straight line.

If negative masses are admitted into the problem of three
bodies, the first or third factors might = 0. Then the planes
of the three orbits no longer constantly coincide, but they rotate
about an axis which is generally inclined to the original plane.
The rotative orbits of two of the gravitating points are circles
about the third, but their planes do not pass through it.

Moreover, it is worthy of note that the case in which the
sum of the masses vanishes represents a remarkable limiting
case of the problem of three bodies. There is then no center
of gravity, the expressions S ma, Zmy, 2 mz depend only on
the relative coordinates, and the six integrals of the center of
gravity relate only to the relative motion. If there are only
two bodies, the path of the one relative to the other is a straight
line described with uniform velocity, and the relative coordinates
are linear functions of the time. To get the actual path, these
functions are to be inserted in the original differential equations
(1), § 1, when they become determinable by direct quadrature.
A special case is that in which the relative coordinates are
constant, when each point deseribes a parabola in space.

If there are three bodies for which m, + m, + m; = 0, the
order of the reduced problem, in general the seventh after use
of the areal integrals and the proposition of kinetic energy, can
be reduced by two, because equation (27), § 7, is at once inte-
grable and gives

MMy Ty + Mmymy 1y° + mymy )’ = Ct* 4 O + C,.
 But this can not be farther reduced by elimination of the
time, for this is econtained explicitly in the preceding expression.

V. In which the angles of the triangle, formed by the three
bodres, remain constant.
In this case put

Vg = UTy, Ty = UT,, Ty = UTy,
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in which 7, 7, 7, are constant and w alone is variable. Intro-
ducing these quantities into (25), § 7, we get

of  du du
(u g % dt
r i T sl P e P

Here P/ is what P in (26) bécomes when r,, 7,, r; are intro-——
duced for ry, 75, 1 and

FirE T
(V1) 4= (55— ) m

In p remains yet w and its first and second derivatives in a
somewhat complicated form, as is shown by (20), § 7. To get

an equation in u, which shall contain not p but only Z—‘; , the

above equation must.be differentiated again, and we get

s wdu
& ( ) P (u 2 dt A, du | A4, dp
() =} e = P S S

Multiplying the first equation by Su% and adding, it

dd(“d(iu) D=t l‘(u (cl;tL >

(VIIa) < @ tu o Tar

i ( du 3 du
SN w’ dt dt du A1 A
T dt—+3 T A

appears

in which p’ is the value of from (24), § 7, when 7, 1y, r; are

inserted in the place of 1y, 7y, 7.
From ('VII) can be formed two similar differential equations
with the coefficients %, P/, 4,0’ and r®, P/, 4,0 respectively.

If E(Zli: does not = 0, that is, if the distances are not constant,

then, as easily appears, must the coefficients of the equations
be in proportion, and
(VIII) Tt T Tt — e I o ot o e~ Ay e A AR o
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These make four mutually consistent equations between the
three quantities 7, 73, 75.
Taking the first and third sets of ratios and assuming that o’
does not vanish, or, if it vanishes, nevertheless,
: 9ttt VAT 2
it follows that
2, 7'1

iyt "l“ "l’ = A,: A4,: Ay ‘l‘ 'l" Aa'

mg

But, by (VI),
-|— e —

m, + m, m3
Slnce L + + cannot = 0, it follows that

A1=A2=A3=0, and
(IX) D= TaaN= T
‘We will assume that this = 1, then
o = T T 3 == S
and the triangle is again equilateral.

The remaining conditions of (VIII) are likewise fulﬁlled
since it follows from (IX) that

YE =R R = TR = 5
Equation (VII) now takes the form
; u g u i
SRR e
(X) Y, e

It is easy to show that, in this case also, the motion is in one
plane. The differential equations (11), § 7, become now

Y L Ms,
it (WEF R+ )
e M »,

di* (N/E12+ﬂ12+{_123,
Tt ML :

W i (’\/512 St "]12 =5 512)3’

]



PROBLEM OF THREE BODIES. 73

which are the differential equations for the relative motions of
two gravitating points the sum of whose masses = M. Hence

The relative motion of any two bodies about a third is exactly
the same as if the masses were united 1n the third, leavmg the
mass of the other two = 0.

There remains the case when p = 0,butnot 4, = 4, =4,=0.

We then get from ( VIII)
Py —Tzszl =0,
P —r'P =0,
T 2B 2 e )
If o' is written out as it is found directly from (24), § 7,
we get
Py — 1t P/ —p'[1,2]
[22)(L1]—(L2F | [5 21[1, 1) [1.2](1.3])

2,21[1,11—[L2F , [3,1][22]1—[2,3][13
_ml([ 1L T] [L2F , (3,1]( ]7‘33[ 1L ])

— (221,121 (55 — 1)
But,
- o=—([31]1[22] —[23][1,3])
= /Ay
Whe;1 A\ is an abbreviation, as follows
A=(ntrntn)(ntn— ) —rtrn)(—ntnrnt 5).

The preceding equation, sinee o' = 0, then becomes

P — P = A [ml(la—'];s‘) + m, ('}‘a“—

1 1
- My )]_—A(A1+A2—As)
In the same manner
2Py — i Py = — A (Al Lt Aot A3)’
P — 1P = SN (—A,+A2+A3),

or, if it is not true that 4, = 4, = A4;, then /A = 0, that is,
the three points must be in one straight line.
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It appears that in this case also the orbits must be in a fixed
plane and that the paths of two points about a third must be as
if they were attracted by the third only. But the attraction of
the third is not that of the sum of the masses, but a somewhat
more complicated relation exists.

VI In which one mass, m,, or two masses, m, and m,, = 0.
Let m, = 0, then the first of (25), § 7, passes over into
x dry, %
d (7'23 T T3 (dt )
T T I = — ('m2 + my) ol 2

which can be at once integrated, so that we get 1, as a function
of . After substitution of r, in the two other equations of
(25), they become differential equations of the third order
between ry,, 7,; and ¢, of which there is no known integral except
when, as Jacobi has shown, 7y is constant.

VI is nearly the case in the solar system for the three bodies,
sun, earth and moon. The relative motion of sun and earth, or
better of sun and the center of gravity of earth and moon, is
nearly independent of the moon’s position, and the latter is.
determined after the former. It is historically of interest that
this idea was the first incentive to Lagrange’s investigations.

It m, and m;, = 0, r; and 7y, and generally the relative
motions of the first and second points about the third, may be
directly determined by § 1. The motions of the first relative
to the second then follow at once, and it appears that the third
equation of (25), § 7, can also be integrated. This case is
approximately that of several bodies with very small masses
with reference to their relative motions about a single body
with large mass, and these are closely the conditions for the
sun and planets.

9. HisTorItAL NOTES ON THE PROBLEM OF THREE BODIES.

The investigations of the preceding paragraphs are espe-
cially due to Lagrange, who, in 1772, published his classical
treatise entitled, Essai d'une nouvelle méthode pour résoudre
le probléme des trois corps. His most noteworthy advance was
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in the formation of equation (34) for the determination of p;
this was especially creditable to him because the theory of
determinants was then in its infancy, Beyond this point he
turned his investigation in the direction of the system formed
by the sun, earth and moon, expressed in the symmetry which
was always so sought by him. His greatest contribution to the
problem was in its reduction to the seventh order,—a reduction
which is equivalent to the production of a new integral.

Jacobi gave another kind of reduction in his memoir pub-
lished in 1843, and entitled, Sur Pélimination des noeuds dans
le probléme des trois corps (Crelle’s Journal, p. 115). He
introduced into the differential equations the relative coordi-
nates about the center of gravity and then considered two new
fictitious gravitating points such that the coordinates of the
three points, relative to the center of gravity, become linear
functions of the coordinates of these fictitious points, and the
conditions Zmx = SZmy = Zmz = 0 are identically fulfilled.
When these new coordinates are introduced into the expressions
for the potential and the kinetic energy, the latter take on a
somewhst different form. The system thus formed is of the
twelfth order, but is reduced by four by the aid of the areal
integrals, and the law of the kinetic energy, and it then appears
that, by making the invariable plane the plane of reference and
introducing polar coordinates, the problem can be so trans-
formed that the nodes of the two variable planes are determin-
able by a simple quadrature and there remains a system of the
seventh order. This method is remarkably elegant, yet its tal-
ented author did not succeed in reducing the problem beyond
the point reached by Lagrange.

The reduction by one order in the differential equations,
accomplished by Lagrange and Jacobi in such different ways,
can be performed on the equations in their original form, as
has been shown by Radau, Sur l'élimination directe du noeud
dans le probléme des irois corps, (Comptes rendus, LXVII,
1868 p., 841) and by Allegret in his Mémoire sur le probléme
des trois corps (Journal de Mathématiques, 1875, p. 277).

The labors of later mathematicians have resulted in many
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noteworthy transformations of the problem of three bodies.
Bertrand and Bour (Mémoire sur le probléme des trois corps,
Journal de Uécole polytechnique, 1856, p. 35) have brought
" the reduced problem of the eighth order, by ten known integrals,
to a canonical form in which the function /I does not explicitly
contain the time. This will receive attention in the following
sections. Bour has succeeded in putting the expression for
kinetic energy into such a form that it separates into two dis-
tinet parts. One part depends only on the form and position
- of the triangle made by the bodies, and on its position and
changes of position with reference to the invariable plane. By
using this form Mathieu (Mémoire sur le probléme des trois
corps, Journal de Mathématiques, 1876, p. 345), by introducing
a system of eight variables, which have a very simple geometrical
meaning, has succeeded in obtaining a canonical group of differ-
ential equations.

However interesting these studies may be, they do not
reduce the order of the final system. This has been done, so
far, only in the two cases where either the motions are in one
plane, or all three areal integrals = 0. The second case is,
as has been shown, only a special case of the first (only for
three bodies, however), because the motion must be in one
plane when the three areal integrals = 0. The order can
then be reduced by two, as shown by Allegret in the memoir
cited above. Allegret thought that by special transformations
this simplification could be made general, but he fell into an
error which Mathieu has pointed out. Another simplification
which was introduced by Hesse in his memoir, Ueber das
Problem der dret Korper, (Crelle’s Journal, 1887, p. 47), also
proves illusory, as J. A. Serret has shown, in a note to Lagrange’s
memoir. This celebrated problem still stands where it was left
by Lagrange, a century ago, and though a multitude of versions
of the problem have been developed, Bruns shows ( Acta Mathe-
matica X1, p. 43), that they give no prospect of its more com-
plete algebraic solution. .



SECOND DIVISION.

The General Properties of the Integrals.

10. PorssoN’s AND LAGRANGE’S ForMULAS.

While it is true that only the integrals already given have
been so far obtained, yet they do not include every result of
value in the problem of n bodies. Certain highly important
properties have been discovered, both of the known integrals
and of the unknown. While these properties were at first
deduced by Poisson and Lagrange from the system which has
been discussed, they have been shown by Jacobi to be funda-
mental and to belong to a much more general system. His
profound investigations, the framework of which will be given
in what follows, have been generalized and simplified by Pro-
fessor A. Mayer and Professor Sophus Lie. To arrive at them,
it is convenient to bring into another form the differential
equations of § 6.

If the components of the velocity of the bodies be intro-
duced as new independent variables by means of the equations

A R SRR LI
the equations of motion become

g T e du AT
SNBAt Gk e P B g Ll e

when, as before,

3) 7= MAT, _ my m, ;
®) E T'au EN/(OC'A—J'M)2+(?/A—flu)?'*‘(z)\_zu)z

By the introduction of u;, v:, w; as new variables, their
number is doubled, and also that of the differential equations.
(1) and (2) form a closed system of simultaneous differential

1

BV Wi =, B2 =, (=1,2...m),
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equations. At the same time, all the differential equations are
now of the first order.

Equations (1) can be put in the same form as equations (2),
when, for the kinetic energy, we put

Yo

(4) T = +2m, (ul + v? + wl).
For then g
orT
B = s

and (1) become
m~%=a—T, m-ily—"zal, o L 0%y
NS ou; Yodt ov; todt ow;
This can be still farther simplified. For, if in the place of
u;, v;, W;, other new variables be introduced by the equations

(5) Z:T, = m;u,;, Ir, = m; v, T/If{ = m;w;,
we get
(6) T =12 (07 + V7 4 W)
2 ml ? 1 1] 3
ik o s
8",‘ o 1"“1' = ml‘m‘

Finally, putting
L= M LN s ) g
() He -7 - 5 D (U VW),

~A;fl.

and noting x;, y;, z; occur only in V, and U,, V;, W; only in 7,

we get thie equations of motion in the following form
ol o) (RN [T i Y - SN A ) - |

() i B, v e B o W S O
e OH S oWy o - OER AW, s O
T T Ty e T

For the same of simplicity employ p; for ;, ¥, 2:;, and g, for
U, Vi, W;, and n for 3n, and the equations (8) become

dp. _ 9H
qb.. adg
9 : | =
) o By (i=L2...n)
at op: ;
AV, oV ,:“ AL s % Y’Iu“ww.\ ¥

pry
CS‘ O Lnnge &
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To pass from (9) to (8), we have only to substitute 3n for n;
Ziy Ui, 2: for pi; UL, Vi, W, for q;.

The differential equations of motion have thus been brought
to the form (9). This form can be given to very many prob-
lems of mechanies, and since, when once found, they recur after
the most various transformations, and from them are most
easily developed the dependent formulas, they are said to be in
cononical form.

In order to give all possible generality, we will assume that
the function H of (9) is any given function of p, and q., and
also of the time 1. With this entirely general assumption for
H, the equations (9) can be treated as follows:

Multiply equations (9) by -gl—f;l and g—qﬂ, and we get, by

addition,
o0H dp; G dgny
(10) Y § e il )=o.
If H does not contain 7, this passes at once into
dH
(11) 3/ Sl
and hence
(12) iy =]

when C is the constant of integration. If H contains 7, equa-
tion (10) becomes e s

vyt MR R

a non-integrable equation.

The integration of equations (9) introduces 2n arbitrary
constants, a,, a,, a3, ... a,. To Lagrange is due the concep-
tion, that these constants may be regarded as independent
analytical magnitudes, an idea of the greatest importance in
very different ways. The object of the integration is to obtain
p; and q; as functions of ¢ and of the 2n constants. The result-
ing expressions must be of the form i

,p" = .pf (aly Uy A3 oo o Ugy, 7f) .
14 == 18 i)
( ) {(L = Qi (al, Aoy Ay oo o Agyy t) ( )
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where, in the second members, the parentheses contain the
functions which are to determine the quantities placed before
the parentheses. (This notation is commendable for its clear-
ness and simplicity.)

If equations (14) are solved for the «’s, the results are
functions of p;, q;, t, of the form

(15) (6 == R Sy D AR S 0y

Equations (14) are the inverse of equations (15), and con-
versely. Xor equations (14) may be obtained from equations
(15) in the same way that the latter were obtained from the
former, ¢ merely playing the part of a parameter.

It is evident that, in the choice of constants a;, there is much
arbitrariness. For if a system a,, ... a,, has been selected, 2n
independent, constant functions of them may be introduced into
(14) and (15), and thus we may pass from the given system to
a new. one, a/, a,,...a,'. This is a circumstance which will
later prove of great usefulness.

As a result of this, we can consider the integration of the
canonical equations as dependent on the 2n equations (15);
that is, we can form 2n functions of p, q;, f, which, with the
help of (9), have the property of becoming constants. Jacobi,
in this narrower sense, calls such functions integrals of (9).
The integrals are therefore functions of p., q:, t, which contain
no arbitrary constants, but which with the assistance of (9)
become themselves arbitrary constants.

These functions satisfy a linear partial differential equation
of the first order, which may be regarded as their defining
equation. "For if a (pi, Pos - Pus Qs @y .- q., t) 15 such a
function, then

(15a) %(—; =
or by total differentiation,

__ %a da 8}) da dq: _
(16) 0=+ >0 Bpi gt e

This equation by (9) is transformed into
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_ Oa O0a 0H O0a OH
(17) 0=+ Dop0a— 50,95’

an equation which must be identical, since it contains no arbi-
trary constant. It is the partial differential equation mentioned
above. Conversely, if the function « satisfies the equation (17),
we can obtain (16) and (15a) again from this; therefore a is
~ an integral. T

The discovery of 2n integrals of (9) coincides with the deter-
mination of 2n particular solutions of (17), and thus the prob-
lem is again reduced to the consideration of this partial differ-
ential equation. The identical integral, @ = constant, is not here
considered.

We shall now introduce a much simpler method. If fand ¢
are two functions of p, and ¢;, (which may also contain ), we

can put or 8 of ©
LN Y0~ 0 O
(18) (fy ?’)_ op: aq‘. 6(].' 81)."

so that, (f,¢)= — (¢, ), and (£, 5)=0.
The differential equation (17) then takes the form

(19) % 4 (o, 1) =0,

And from this we can proceed, in the following manner, to
Poisson’s Theorem:

The three functions f, ¢, ¢ are functions of p; and q;, and
they may also contain . Hence

G < 9([f,¢) ©0¢  O(f,¢) 08¢
((f:sa),w)~2 T 8(1‘9" o
=1

in which another summation index i’ has been selected. Substi-
tuting the value of ( f,¢ ) from (18), gives

i=ni=n i=ni=n

((f””)’ ) 228 . Ops g;g; Ezaq.gpy aif §q¢
i=1i=1 i=17=1
i=ni=n i=ni=n

_22 of 0¢ 0y 2 ‘v Of 0¢
0q;0p’ ﬁpg 0qy op: Op.r"0q; 0q.

i=11=1 i=1i=1
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i=nt=n i=ni=n

0  ©0¢ 09 o of 9¢
221 0p: 09" 0q; " Opy 22 0q: 0qv " Op; Opy
Ve=1 A= =1 —1
i= nl@_n 8 6 L @ Y 8f 6"

¢ 9" ¢ ¢
+228q. 0q: Op; Ops Ezﬁpﬁqt "0q." op’
t=14=1 i=11=1

The four double summations containing the second derivatives
of f are collectively symmetrical with respect to ¢ and ¢, as
may be seen-by permuting the summation indices. Their alge-
braic sum, for an instant, being symbolized by

(£.0e ¢1)=(£14.21),
the above equation becomes
((Fre.0)=(rLe, ¢ 1)—(v. 15 ¢1).

Adding to this the similar expressions for (( 2, ¢), J ) and
(( R 90), gives the identical equation,
200 ((fo)e)+((e e f)+(¢.7) 0 )=0,

by means of which Poisson’s formula may be easily obtained.

Differentiating (19) with respect to p,» and ¢, which may be .
done by assuming that it becomes identical on the substltutlon
of a from (15), we get

8 oa
ops , O(a, H)
ot T g =0
0a
0qr ,.0(a,H)
ot + 0 qy 7
Multiplying the first of these equations by %Ib— and the second

/
;bybé—;—/—, where b denotes any function of p and ¢, and taking

the sum with respect to ¢/, gives

b da 89—0’— :
(22) E<8b. Op. ob 8q.~f>+((a,H),b)=O.

=1 8q, 819." at
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Exchanging ¢ and b on the assumption that b is also an integral,
and subtracting the two equations gives

i=n oa 9 Qi 5.0b b 6§i
@) (ap 00 %0as 00 00 “opr 00 ° Og
"0t dqs Ot Ops oqs 0t ' opsr ot
+((a,H),b)—((b,H),a)=o, e

d(a,b)
AT

((b, o), a)z(—(H, b),a)tz —((H,b),a),

and consequently equation (23 ). by the use of (20), becomes
d (a, b)+(( b),II) 0.

But this equation may be obtained from (19) by writing («, b)
for a. This establishes Poisson’s proposition:
(25) If a and b are two integrals of the system (9),then (a,b)
s «lso an integral of this system.

By applying this proposition, we see that

If @ and b are two integrals of the system (8), then

Further

The first term is =

(24)

i=n

3 da 9b 0a 0b da_ 0b
(6L (0 Em‘( "Ou;  Ou, Owx: +8J, Ov;

Oici LR b0 a=s Dby Do M 0lh
~du ayt 05 Ow ow Ou
ts also an integral of the same system.

Hence it follows that, by pure differentiation, Poisson’s propo-
sition furnishes a new integral from two given integrals. The in-
tegral thus obtained may be entirely new, or it may be a function
of the two already known, or it may even reduce to a constant
or zero. If it is a new integral, it may be combined with the
original ones, giving two more integrals, and this process may
be continued until the integrals obtained are merely combina-
tions of the earlier ones. This will occur when 2n integrals
have been obtained, or the cycle may close earlier. The follow-
ing investigations illustrate these interesting conditions.
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As an application of Poisson’s proposition, we will obtain the
third areal integral from the other two. We have

a = Zm; (Y wi— 2: V;),
b=2m(zu; —a;w).

And, according to (26), these give
(a,b) :2 7%— (m,0. z;-+m;0. w; +m,w;. 0—m;z;. 0 4 m,v; . m;x,

— e M) = 2 m; (X0 — Yty ),
which is the third areal integral. With this the cycle is closed.

The application of Poisson’s proposition to all the previous inte-
grals furnishes no new integrals.

The areal integrals, the integrals relating to the motion of
the cenler of gravity and the inlegrals relating to the kinetic
energy, each form a closed system of integrals.

'We shall next consider Lagrange’s proposition. After sub-
stituting equations (14) in (9), the latter must be identically
satisfied for each value of a,, a,,...a,., {. Hence, equations (9)
may be identically differentiated with respect to ax. This gives

0" p; 8 e
0a\0t — Oaa

i'=n

_N( 2R n, OH o
—2 8Q58P;’ 80A+8q‘-8q;/'8m)’
i'=1
and similarly,

i #H ope . oH da
Pt E(@p,@p, bar Opoa . aa,\)

i'=1

Now let @, denote a new constant, and multiply the first equa-

tion by 66 % and the second by — 83]9 : and add the products.

(em
The sum Wlth respect to 7 is

E(aif’&t 88(?;__ aaotfét 25;)_
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t_nz—n( ; 6]);" 8q;+ aaH 8%’_ Gq,-
EE 0q;0ps Oan Oa,  0q.0qx ‘Par Oa,

i=11=1

o°H 0 pys 6p,+ o'H 9dqv Gp,)
+ opopy Bar Pa. T Opidqs Far Oa,

The second member is symmetrical with respect to ax and—
a“, consequently

( (o SRR 1 TR 1 RTE e B YO o
E Oa, 0t 0a, Oadt 0u, da, 0t dan

=1 8 q, op:\_
e a, 0t aa)\)*O’
or
op. 0a Oq  Op ]_
S [E(GGA da, Oaa aa“) 0

i=1
This equation proves Lagrange’s proposition; viz:
The expression :

op, . 0a; _ 0gq:  Op:
: (28) [a}L, a/\]_E(aa)\ auy_—aa,\ 6&,4.)

being independent of t 15 only J a function of the constanis a.

Moreover the expressions [aa, a.] have also the property,
that
(29) [n, aa]l=—[ax, a.] and [aa, ar]=0.
For the system (8)

dx;, = Ou; Ou; Ow; , Oy, Ow;

(30) [ar, an]= 2 (aa,\ O0a, Oapn Oa, +8a{ da,
ov, 0y 0z Ow; _611.-,- G_z_;)
T 0ax Oa, ' 96y 004 OG-y oM
Lagrange’s formula will not, like Poisson’s, furnish new re-
sults from certain conditions, for the formation of the expres-
sions [«a, @, ] already requires a knowledge of all the equations
(14) and hence of the solution of the problem. Nevertheless
the two formulas are so closely related that each may be regarded
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as the converse of the other. Iiagrange, although he mentions
Poisson’s formula, seems to have overlooked this relationship.
In order to determine this relationship, we shall collect some
proportions in determinants for use in what follows.

Let it be assumed that the determinant

Ayy1y Uiyey -0 Uy 9s

-a (¢2 RS ol
(31) A: 2319 2529 1y 2n

(72,,, i az:u 29 oo Uanyon

of the 2n* ordef is not equal to zero. The minor belonging to
any element ay, , will, after having been divided by 4, be deno-
ted A4,,a, so that

(32) Y 1505

A= — -
La2d Aaa,\,,‘

Likewise let a determinant be formed of the A’s,

Al’l} Al’ 200 §; geriene: AH 2n

; A A i 0
(33) D= 2y 1y 2y 2, 2y 2n
A?n!l’ A2”)27 po 2o K } A?n)?n

On account of the conjugate relation between 4 and D, we shall
call these conjugate determinants. From the second determi-
nant

(34) T Tt L

5 3 04 Ao o
and at the same time
(35) AD=1.

From the known relations among the elements of 4 and D,
we have

(36) (IA,IAl,,\"i—(I,\,zA.g,)\—F...—l—(l,\,g,,Ag,,,,\:l,
(37) a”\’lAl’# s Qx 2‘42, " i A T Ay 2nAgns ;/.:O; /J-z}x,

and likewise
(38) a]y,\A}\,]"}‘ag,)\A,\,g‘{_...+a2“,,\A,\,2”:1,
(39) als)\A/.ul +a2a)\AMa2+ fee +a2n; )\Ay.;Zn: O, /iz)\.
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If we form the 2n equations

40) ay,\ 1y —l—'az,)\xz e o A L == T A 7 e | i A (T

and solve them with reference to «,a,, ... 2, as unknown
quantities, the results are of the form :
(41) A, N +A2;Ay2+---+ﬁ2n;)\y2n:x4\ e

and, in the same manner, the solution of the 2n equations

(42) av@+anaom+t ...+ a)\;anZn.: Y CA=il s 2
gives

(43) ok Ahs1y1+AAy2?/z+---+AA,2ny2,.:w;\.

These are the most important properties of the conjugate
determinants 4 and D, and they are also valid when the determi-
nants are of an odd order. The developments which follow are
valid for determinants of an even order only.

If the square of 4 is formed by combining the rows or col-
umns according to the rule for multiplication of determinants,
the result is a symmetrical determinant. By a slight modifica-
tion, as—so far as I know—was first shown by Brioschi, this
may be made a skew symmetrical determinant, that is, one in
which the constituentsof the principal diagonal are all zeros and
those symetrically placed with respect to this diagonal, are equal
but with opposite signs. This may be shown by taking the 1%
row of (31) with the negative of the (n + 1)” row, the 2" row
with the negative of the (n-+ 2)” row, and so on. In order to
make this plainer, replace the ¢’s in the last n rows by b’s, so
that the determinant becomes

Q151515250+ Arsom

a2’15a2’2’--- Qg 9n

YR A )
(44) d={ Auy15Cns25+++ Cusom

blll’bl)ﬂs"‘ bl’ﬂn

bn’l,b”’QJ"' bn’?n

The transformed determinant then becomes
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_bl,ls'_bls25 e e _b1;2n
oo

'—'bn:l)_bn,z’ L) "—‘bn: 20

45 A=
( ) +alala+a1;2’-'- +a1,2n

+an31’+an’2"" +an’2n

Further, if the columns are compounded, it becomes

C1515€C1525 -+« Cryam
(4:6) E:'AA':AP: 0231’0212"" 02;21:
Cans 19Cans 25+ + + Conyon
where, in general,
(47) CA,u:al;Ablsn+a2,Ab2;#+'--+an,Abn;u
v_bn)\al’n'_b'u)nazuz_---—bn:)\ansu;
and hence, as should be fhe case
0)\,,,,+C,,,,)\=0.

Further, denoting the constituents of the last n columns of (33)
by the letters B, it becomes

A1!1’A1’2"" Alsna Blﬂ,zy--- Bl’n
(4:8) D= oo cee e o iaie s e A Y o R eTas T

3 Azn;l;AZrlsZs"' AZu’n)B2nyls-'- an,n
By writing D in the new form
—_BI:I;_BI:Z;--- +A1;1’-°~ +A1!n

(49) D=

_B2ml:_B2m2s- e + A?nsl’ ot + A2n;n
and combining its horizontal rows, it becomes’

Cl!ls 0152, e 01,2”
(50).F=DD’=D2: Cee e e e

where
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(51) Oﬂs)\:A:\yl-Bu-,l_l_---+A)\;nBu-;n
—Bay1 Ay — oo — By, A4,
Chyu+Cuyn=0.
It follows at once that
=A% = e
But a still closer relation exists between the skew determi-

nants E and 7. Like (44) and (48), or 4 and D, they are con-
jugate. For, in accordance with the definition of conjugate

determinants

and also

1 04 1 04

e T T PR L s ne e e
: 1 90D : Rk
s e e RS i g

In order to derive the corresponding expressions for & and F,
we write (47), with the aid of (53), in the form

10 0D 0D oD oD

Gt o7, TP e N RSN R 5
B TR v Ay < BD D)
8B)\31 aAV-;] i aB)\,n 8A’L:n 7
or, also with regard to (49),
1 oD oD oD oD
e g5 Rl N SR R RO N
oD oD oD oD
G oS A L0 A1 R O
3

Consequently, ¢,, . is equal to DI times the sum of the prod-

ucts of the minors of the »* row of (48) with the corresponding
minors of the A” row of (49). According to an extension of the

theorem for the multiplication of determinants, CA,MZ%, times

the minors of the product of (48) and (49) and therefore of ¥
which contains the term C,, ..

Therefore
et O
(54) C)\”‘_FQC’”_,,\’
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and likewise

1 oF
(55) OM I E m )
and consequently F and F are conjugate determinants.
Thersafore, if x,, ..., x,, is a system of 2 n variables and if a

second system y, ..., ¥, is determined by the linear substitu-
tions

(56) CooaiFCoyadat oo T Csa T =y (A=1, 25 e 1)
then

B7) Coann+Conto+ ... +Cnyon=22 (A=1,2,...,2n)
are the solutions of these equations.

Still other relations exist among the four determinants D, 4,
E,F. By allowing the index 1 in (47) to take all values from
1to2n and solving the resulting 2 % equations for a, , . . . , @y 2,
BT 7.0 ,,, A, We obtain

(58) { Ay A=Cxry 1 ]’IJ-+C'I\32B23I-L+"'+0)\J2”B2HJIL)
—bm A=0Cxry1 Al)#+cl\’2A2’ 36t L DB B e

These equations show that the determinant 4’ may be ob-
tained identically by combining the rows of K with the columns
of D. By proceeding in the same manner with (51), we get

(59) { A}U}L:OI;)\Z)M’I—I—"‘+02n5Ab[.L,;n)
—BA, w=— L1, Ay, A B +02n; AQuy g5
These developments of the determinants can be directly ap-
plied to Poisson’s and to Liagrange’s Theorems. The equations.
(15) are the solutions of (14). If they are substituted in (14),
the equations become identical, and in this sense the differentia-
tion of (14), therefore, gives

apA da, opa 8a2n <
~ 0a, 0p, 7 Oay, Gp,‘ S e
o _8& 6(11 ap/\ 6}72»
(60) 0= Oa, 0q, o 0dy, 0q, 3
__Opx Opy Opx 00y,
T 0, 810A+ "+8aen8m e

and so on. And likewise, by the substitution of (14) in (15)



POISSON'S AND LAGRANGE’'S FORMULAS.

91

oa, Op, Oa, 0 X
0=@:8f“ B 8q183,1+ N
(61) __ Ouy Op, 243 %_a_ql o
~ Op, 0aa 0q, Dux
Therefore, if we put, [ da,
2 5'}_9; = usa,s S S
Oy
RedaL. (N NG
, Bl e
! 1 o _
55;— Ay
0qu _
AT A ey

in which A=1,2,...

2nand =1, 2,.
brs s Ausrs By, s form two conjugate systems D and 4.

..m, the quantities a,, .,
The

result of the combination here becomes

3 __ Oar0a, | 0ax0ay
T, op,0q, ' Op, 0q,
__Ba0a, 00,00,
: 0q; 0py 0qs Opy "’
or simply,
(63) Chow =(0An, Gu)*
and, further, Bl For
20 Py OG0y OV Cls
Cusa= Oar 0a, ' dax0a, ity
__9p 0 0p,0gs
8ar day - Oay Bans
or simply, .
(64) Cin=[ax, dul:

Therefore, it appears, that if Poisson’s n* expressions and
Lagrange’s #’ expressions are arranged in determinants, the
two determinants are conjugate and in this consists the remark-
able relation between the two theorems.

11. DeveropMENT OF PoI1ssoN’s AND LAGRANGE'S ForMULAS
FOR THE BLLIPTIC ELEMENTS OF THE ORBIT OF A PLANET.

The formulas of the preceding paragraphs can here be applied
at once. If we put
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M oo, Bar, G,
then

LR D S 1z
2 H:’LL s ARl
( ) A ~/m“+y"+u2

and the differential equations of the motion become

de  -0H vdy . O0H di-_ - 0H
3 = Pulodt - ovdt. - ow!
(3 B MR E N B i OH
Tl T et Dt

In this case, equations (26) and (30) of § 10 become

% _0a,0a, | da 0a, , Oarda,
& (ax, )= 0x Ou 37 0y ov B 0z ow

Oax0a, Oay0a, 0Oaoa,

ou 0x ©Ov 0y Ow 0z’

_Ox du , Oy v 0z Ow
(5) [a,\, W l= Ouy O, + Oax Oa, ' Oax0a,
_uds 000y Owds
0ar0a, Oax0Oa, OayOa,
The six constants of integration are the elements of the
orbit.” In order, they are

a, = a = the mean distance,
a,= e = eccentricity.
6 a; =& = longitude of the ascending node,
. = inclination of the plane of the orbit,
longitude of perihelion,
a;= ¢ = mean longitude of the planet for the time {=0.

R
Il
Il

In this case it is best first to compute Lagrange’s quantites
[ar, a.]. Then, by substituting for = and # their values in
terms of ¢, and remembering that Z is zero, the formulas
(26a) § 1 can be at once used. The component velocities may

be immediately obtained by writing % or = instead of Z and

n
d—(-u— or ' instead of Z, in equations (26 a).
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Therefore, putting
(7) ¥ x= 5§+ Iy,
in which ¢,,%., ete., denote the six coefficients of (26 a), we
get ‘
(8) A w=2='5,+ H'y,.

The derivatives with respect to & and 7 are the easiest to
obtain since they alone appear in the &.’s and 7.,’s. Hence

their determination presents no difficulty. The element a ap-
pears twice, explicitly as a factor, and implicitly in the angle

M=nt+4+es—= __t\/ it

Denoting the entire derivatives by enclosmg them within
parentheses and leaving the derivatives, which arise from the
explicit appearance of a, without them, we have

Ox z . 0 Oxr OM _Oox 30xin _x 3tu
oa. 8u oM da . Ou 20 a  a 2a’
ete.

!

O 0w
Remembering that, in « = =2i=7 M\/ 5, the element a ap-

pears only in the power —3, it likewise follows that
ou MRSEIS A i SRk
(Go)=—gSaa=—2taam
The element ¢ appears only in M =ni{+e¢—= Hence

QLAS OS]

0:  otn n’
(9) ou oul e A O

T otn s O

The element = appears twice, once in £ and H, and again
explicitly in the £.’s and 7.’s.

Denoting the entire derivatives with respect to = by enclos-
ing them within parentheses and the parts of the same, which
are obtained by the differentiation of %, and 7., without them,
and remembering that = appears in ) only in the relation e—r,
we have
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( S

84» = 8' 63’

(1,0) Owy O Ou
8 8/» O g o

It is somewhat more difficult to form the derivatives with
respect to e. Trom the equations

(1) { ¢ = a(cos H—e)
: r/:a/\/i‘;—ﬁg SiDE
we obtain,
pe o gp SDE
1 § l—ecos K
S 7= an V1—ccosk
L l—ecos B

=T, i

In order to form the derivatives of £, 7, £, 7' with respect

-

to e, it is only necessary to know aa]f; By differentiating

M=F—esin E,
we get,
oE sin K/
(18) O 1—ccosE

With these preparations it is not difficult to compute the
thirty-six derivatives of the coordinates and the component
velocities with respect to the elements. )

In order to form the expressions [aa, a,], the number of
which in this case is essentially fifteen, a special value of ¢ can
be at once used in the thirty-six derivatives. We can, for exam-
ple, put M=/ =0 and thereby much reduce the necessary
computations,

Moreover, five of the combinations can be immediately
obtained in another way. ! 1

The equation for the kinetic energy, in this case, is

— //
€A ' i oeag?

. which, by the substitution of the coordinates and velocities in
terms of the time and elements, must become identical. In
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’

this sense, the differentiation of equation (14) with respect to
any element k, (a being excepted), gives

OH Ox 0H 0u

Ox ok R 2 ou dk+ ;

Using equations (3), and remembering that { appears only in

at-Fe, we have =

dx ou ou
dt““a-+ R RET e

and it follows immediately from (15), that

(15)

[e,k]=0.
Hence
(16) [s ¢]= [+, 2] =[5 i]=[s =] =0.

But if % is hhe mean distance @, the second member of (15)
is not 0, but 2 5 and
whyd [a ] 2“27

hence L

eie Gl IR 8
(an) o) =—44/2

The element ¢ is thereby fully exhausted. With the help
of the above preparations, the ten remaining combinations can
be obtained without difficulty. The results are as follows:

A,‘,'

[a,e]=—1% a

i 9]_ 20081:\//1(1—6)
Jla,]= %(1—v1—e‘)\/
[e, S’]_——e(l—cosz)\/ /’“

e, =]= 6\/1_ Pt

L[2, i]= —sini A/ ra(l—¢&),
The remaining Lagrange’s combinations are all =0. Conse-
quently, the determinant F, (50) § 10, becomes

(18)
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Gn=a a=e a;=x a,=1 A=T  Ag=¢
a 09 Or [(l, ‘Q]s O: [a’: ”]s [a:E]
e 0, 0, [e2] O [e=] 0
R —[Cl, ‘Q]’ ——[6, ‘Q]’ O: ——[.Q’ 7‘]7 O: 0

= :

i |19 R O S N T
% "’—[“’ ﬂ]r —[6, 77]: 0, 0, 0, 0
g el @i O 0, O - 0 5 A

All the elements of this determinant to the right of the sec-
ond diagonal are zeros, consequently it is equal to the negative
product of the elements of this diagonal, or

(20) . =([a,c][2,7][e,=])' =1+  ae’sin’i.

Since so many of the elements are zeros, the calculation of the
minor determinants is easy. Dividing them by F gives

’ (a,s):——-2\/E
(e’r)_—\/lﬂa .

e e D Rl
) enra
(21) , 1
52 = — === === _cx= ¥
0 TR N e i
LEEei 1—-cos?
@ “)_+sini«/m1'—eg)’
: 1—cos?
(4, e) =—

sini A/ na (l—é)’

All the remaining Poison’s combinations are = 0. The deter-
minal E, (46) § 10, accordingly becomes

a e Q 7 Goie ¢
a 07 O’ Os 0: 07 —((l, E)
e ) 0, O, O, O, ——(e, 7‘-), _(69 E)
Q 0 0, 0, —(24), 0 0

29\ E= b sb)s )

7 ( ) 0, 0, (£, (55 0, i O (,¢)
w 0, (()’ 7-)1 O: (’L: x)’ O: 0
5 ((l

e)’ (p’ E): 0, —-(i,e), O, 0
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These tables, (19) and (22), were given simultaneously by
Lagrange and Laplace. They show that nine of the combina-
tions [aa, a,} and (aa, a.) are equal to zero and that they do
not contain the elemerits ¢, = and £. By a proper selection of
elements which are functions of these, it is possible to carry the
reductions further. This will not be done, but in the following— -
paragraphs a general theory will be developed which can easily
be applied to these special cases.

12. TrE CANONICAL SYSTEM OF CONSTANTS OF INTEGRATION.

The developments of §10 will now be continued with the use
of the same notation.

If a and b are any two given functions of p; and ¢, a third
function of them is defined by Poisson’s expression (a,b). Con-
sequently, if @ and b are two integrals, which may also contain
the time, (@,b) represents a third integral. Again,if a,,a,,...a,,
is a complete system of integrals, there are, neglecting the sign,
$n(n—1) such combinations, and we shall show that they &all
take very simple values when a proper selection of the integrals
is made.

In order to reach the fundamental idea of the investigation,
we shall next consider Poisson’s expressions (a,b) for themselves,
without reference to their use in the theory of the integrals of
our differential equations.

Let a,,a,, ... a, be any number of given functions of p; and
q:, and, further, let b be a given funection of a,, a,, . . . a,,, which
does not explicitely contain p; and g;.

Then

i=mn
=y @a,\ 8() 8(1.,\ ab
(:0)= D\ 55,55, ~ 94, .

i=1

i=n

0 ob 0 ob 0
=E[a;f(afagf 6525%"’"-)
i=1

(@ on oh, ]

0q; \0a,0p; ' O0ay0p; * """ /¥



98 THEORIES OF PLANETARY MOTIONS.

Consequently,
b ob
(1) (ar,d)=(an, al)a— +(a)‘,a,2)%) + ... +(ar, an) a.

= 2 (ax, @) o0,

Further, if b, isa functlon of a, satisfying the same conditions
as a, it follows that

G ob b,
(2) (& b,>—22(ak,au) g
=1 p=1

After these preparations, which show that Poisson’s combi-
nation of “functions of functions” can be at once traced back
to the first functions, we assume that ¢, is any given function of
p: and q;. Then let another function 5, of p; and ¢; be so de-
termined that
(3) (m,5)=1

Then, with respect to 3,, this is a linear partial differential
equation of the first order, with p, and q; as independent varia-
bles; and 8, may, therefore, be selected with all the arbitrariness
allowed by the theory of these equations. Now let 5, be deter-
mined in any fixed way.

. The partial differential equation

(4) ’ (@, 0)=0
for athird function b has (2n—1) independent integrals and the
general integral is an arbitrary function of them. As one of
these integrals, ,we may take «,, since it gives the identity
(a1, 4,)=0. Let b, b,,...b,,_, be the remaining (2n—2) inde-
pendent integrals of (4). If we substitute «,, 3, b for f, ¢, ¢, in
the fundamental relation (20), page 82, [§10], we immediately
obtain, by reason of (3) and (4),

(%) (@,(A,b))=0,

that is, (8, b) is also an integral of the partial differential
equation (4) in b, and consequentl); the (2n—2) expressions
(B, b1), + - . (By, byu—_,;) dopend entirely upon a;, by, ...b,,_;. Let
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¢ be any selected function of these 2n-—1 elements. Then,
from (1),

8 6 \8
(6) (B ¢) :__a—(;c;—{—(ﬂ,,bl)%o‘l‘l' Tt et b%—2)6b2f~2‘

Since the coefficients are functions of a;, and b,,...b, only,
it follows#that :

N (h,¢)=0.
This is a partialdifferential equation in ¢, with a,, b,,... b,,_, a8
independent variables. It has 2n—2 independent integrals,

which may be denoted by ¢, ¢,, ... €;_,- Since they are func-
tions of a;, by, ... b, _,, they also satisfy the equation

(8) H(ahe)—=0:

The (2n — 2) functions ¢,,¢;, . . . ¢,._, have now the property
that any combination (ci,c.) depends on them alone. They
form, according to Lie, a group. This may easily be shown as
follows:

Since a,,f,, ¢, . .. C1,_, are 2n functions of p;and q;, between
which there is no identical relation, every other function of
p: and ¢q;, including. (¢, ¢.), can be expressed by them. But
since (cy, ¢, ) satisfies the condition (4;,(ca, ¢.) )=0,itcannot con-
tain ¢, and since it satisfies the further condition (a,,(¢a, ¢.) )=0,
it cannot contain 8. Therefore, as stated above, (cy, ¢.) is only
a function of ¢ itself.

From the quantities ¢, select one ¢; and eall it a,. If 5, is
then a function of ¢, the equation

)
9) (o2, B3) =(a3, &) g2+ ... =1

2
is a partial differential equation in B, with a,, ¢, ... 88
independent variables and §, is one of its integrals. From the
differential equation

(10) (2, d)= (az,oz>§§f+ ey

which has (2n—4) independent integrals besides d = a;, we shall,
on the contrary, select them all and denote them by d,, ... dy,_,.
By reason of (9) and (10) it follows again from (20), § 10, that
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(B, d) depend only upon ay, dy,...dy_,. Letting e denote a
function of @, d,, ... ds,_,,

(1) (Ae)=—ge (50 ) g + - sy o) g

is a partial differential equation in e with a,, d;,...ds_, as
independent variables, and has (2n—4) 1ndependent*1ntegrals
€15...€_y. Since a,, fy,€,...6,_, are functions of ¢, ... ¢y,
they likewise satisfy the equations (7) and (8), and, conse-
quently,
(aI, az)z(ﬁn ﬁz):(ala ﬁ2)=(a2, /31)‘: 0
and
(@, ex)=(h1, ex)=0.

The functions e form a group, as did the functions ¢: there-
fore the combination (ea, e.) is a pure function of e. Now, con-
sider this as a funection of p; and q:, and restore the 2n functions
4y, Py @35 P2y €15 .. €2uy. Since

(a,,(e)\,e,‘)) (ab(e'\’ell)) (,@,,(e;‘,e,.)) (ﬁz:(e/\’eﬁ)) 0,

it appears that it does not contain a,, a,, 5,, 4.

It is evident that this process which we have followed through
two steps, can be continued indefinitely. New partial differen-
tial equations are successively obtained containing always a
decreasing number of independent variables, and no restriction
is made in the selection of the integrals. In the end, the fol-
lowing result is reached:

If e, be any given function of p; and ¢;, then, in an indefi-
nite number of ways, (2n—1) other functions a,, ... a,, ... S,
may be determined, such that,

(a)\, ﬁ)\): 1
(ar, £u) =0

i (o, 2)=0 (<)
(Brs ﬁl‘): 0.

It is the fundamental idea of this development, that the equa-
tions (12) form n(2n—1) simultaneous partial differential equa-
tions between 2n functions « and §, and the 2n independent
variables p; and ¢q;. Now, in a system of more than (2n—1)
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partial differential equations between 2n functions of 2n vari-
ables, certain fired conditions must be satisfied. These condi-
tions are here satisfied and in such a manner that the solution
possesses the greatest generality possible for a system of n(2n—1)
differential equations. For, we are limited in no way by the

integration of the successively appearing partial differential _

equations, in which the given variables are successively replaced
by new ones. This principle, which is also of importance in
other branches of mathematics, e. g., in the theory of those dif-
ferential equations which are fundamental in the theory of inva-
riants,* deserves the closest attention.

Moreover, one solution of the equations (12) is at once
obtained by putting ax=pa, Bi=qx, (A=12,...n).

These results can be at once applied to the integrals of the
differential equations (9), § 10, after introducing a new variable
v, making (2n+ 2) variables in all, and putting

‘ H =H-+}+,
so that H’ contains only p;, q; and ¢.

Further, for uniformity, introduce the expressions = g,
t=p,, and consider H' as the function aof p and ¢ which is
taken at will in (3). Then (3) becomes

i=n
o Q(PH'0A OH'OA
b= () S B e e iog i
i=0
i=n
= (@%_@% _0H 04 04
_E op: 0q; Jq; Op; ot " or ' o’
i=1 )

in which p and q are independent variables and 4, a depend-
ant variable. It is at once satisfied by A =7=q,, and we shall
take this quantity for 5, in equation (3).
The equation (4), which may be written,
0=(H, a),

has (2n 1) independent solutions. One of them is H’ itself

See Arnohold, Ueber eine fundamentale Begrundung der Invariantentheorie.
Berlin, 1863.
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and the others can be so selected as to be independent of -.
For, if we put —gg =0, the differential equation 0= (a, H") be-
comes

(13) 0= (a, H)+22.

This equation is consistent, since its cofficients do not con-
tain r. Itis indeed equation (19), §10, the one which defined
the 2n integrals of equations (9). For the given value of A4,
(A=t=q,), we also have

0=(A,a):2(g—g%—g§:aa—;).
i=0

In order to show clearly the fundamental principle of the
method, we will, for a moment, put H' = a,, A=1%=4,, so that
(2, 5) =1, and in general (a,, @) = (5,,a)=0.

From this follows, finally:

If we take a gystem of 2(n-1) variables p;, ¢;, (1 =0,...n),
and determine «,, a,,...a,, By, B, ...H, in such a way that they
satisfy the conditions (12); then as a special case, we can put
ay=H'= H+p,, 8,=q,, where H is independent of p, and g,,
but is an arbitrary function of the quantities p and ¢. The
equation (@, 5) =1 is then immediately satisfied. The remain-
ing functions a,,...a,, f£,...8,, can be so selected as to be
independent of 8,. In the combinations («,, 5.) of these 2n
functions, there will be no derivatives with respect to p, and g,.
Finally, if we put p,=r, ¢, =1, the functions «,,...a,,8,...8,
satisfy equations (19), §10, for a. They are therefore integrals
of (9), §10, which satisfy the conditions (12) of this section.
By reason of (54), (55), (63) and (64) of § 10, Lagrange’s com-
binations [ay, ¢, ] give

[a)\y B ] =l
(14) [a)\, ﬁ#]zos (Az#)’
Lax, 2] =[Fx, 8] =0.

The 2n integrals «,...e,,5, ...8,, which satisfy the con-
ditions (12) will hereafter be called a system of canonical inte-
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grals, or also, since they do not change with the time ¢, a system
of canonical constants of integration. Among these there is
one of extraordinary simplicity. It is obtained by putting
a;=py, f:=4qys, where ps and q- denote the initial values of
p; and q; for a fixed epoch ¥ =¢. The equations (14), § 10, here
become
(15) G= DY -+ P G - s b )
and their solutions for p, and qv, (15), § 10

Py =P (PyevePusQi o qu, s 1)
2 {qf'=qf'(101,---1)n,q1~~-qnst’,t)-
The equations (16) are obtained from (15 by interchanging
the primed letters with the ones not primed. If in (15) or (16)
t=1’, they become identical, and, in this case, give.

(17) Pi=Dpry = v,

In Poisson’s expression (a, b), we now substitute for « and b,
the two functions which form the second members of (16).
Since they are independent of ¢ and since no derivatives with
respect to { occur in (@, b), ¢ may receive any value ¢’ before
differentiation. But then the functions P, passdirectly into
p; and g;, and we have

: (p)"! q/\’) oy 11
(18) { (pa, QIL’)=O1 . ()‘Z/‘L)!
(pvs pw) =(av,qu)=0,
therefore, the conditions for a canonical system.

Finally, resuming the unanswered question, will the repeated
use of Poisson’s theorem afford all the integrals from two given
ones, ¢ and b? One of them a may at once be taken = a;; the
other one b is then a function of «; and 5; and equation (11)
give, at once,

{ i_pi(pl'y~~-pn)q1’---9n':fﬂt)

(a, b)_ b : consequently,

(19) (a,(a,b))—» ﬂzs
(a@(0,5)))=

ete.
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Therefore, if b, taken as a function of j,, satisfies no differ-
ential equation of the (2n—2)%*® or lower order which contains
o, and b only in its coefficients, we get from (19) (2n—2) new
integrals which with a and b make the necessary number. If
there is such an equation, the combination with b may, or may
not, furnish the remaining integrals. In every case there is a
possibility, and it is generally true, that two integrals will de-
termine all the others, although there are exceptions which can-
not be determined beforehand. ‘

It is in this sense that we are to understand what Jacoby has
said in his Vorlesungen tber Mechanik, (Werke, Supplement-
band, p. 269). He says:

“That the importance of this theorem ( Poisson’s), which has
8o long been known, has not been recognized, is due to a remark-
able circumstance. The cases in which it was used happened to
be the very ones in which the newly formed expressions gave no
new integral, but in which the resulting expression was identi-
cally equal to zero, or equal to a number different from zero,
perhaps 1. These cases are exceptions in the general theory,
but are very common in the applications. The integral, which,
by combination with a second, is to give all the others, must
necessarily be one belonging to the special problem. But the
first integrals, derived for a given problem, are usually those
which depend upon general principles, (such, for example, as
the law of areas), and are not those which especially belong to
the special problem. Hence we can not expect to obtain the
other integrals from them.”

It should, however, be noted, that when this integral belongs
especially to the special problem, it may not afford all the inte-
grals, although, in the general case this is necessary.

13. TuE CaNoNIcAL CONSTANTS FOR THE Erripric ELEMENTS
oF THE ORBIT OF A PLANET.

The principles of the preceding paragraphs will now be used
in order to obtain a system of six canonical elements to replace
the elements a, e, 2,7, =, ¢, given in §2. The determinant (22),
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§ 11, shows that the combination of a with the other elements,
except ¢, gives 0, and with « it gives

(a,e) =—2 \/%

The distance o is determined by the equation

%(dx”-{—dyz—l—dzz)_ﬁ__ P

det - Tl 200
If we put
(1) a1=—§%,
we get i
8a1 i
(“1:5)'— (a: s) ‘%&3_’
and ;

B

For 5, we could at ‘once select —

— = -—i', but instead of
3 “ ;
@

this, we shall select the time 7, of perihelion passage, which, .
according to (20), §2, is determined by the equation

(2) foz_ﬁ’i_ﬁ':ﬁn

(a0, 80) = (20— )+ (a0,% ) =1,

(an ‘Q) = (ah l) = (alJ 77) - (al) S) =O'
Further, by (22), § 11, we also have

@0y =(—2,2)+(.2) = 2((—e 9+ (= 2))=0,

(B ) =1 (—e, i)+ (m ) ]=0,

and

(B )= [ (=e,m) + (=) | =0,

12 1 ]2

e
Ta
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Therefore, if b is any function of «, ¢, 2, ¢, = with the excep-

tion of ,, it follos from (1), § 12, that ¥
0b oba(l—e) B (1—e?)
(ﬁ"b)——j—% en —_8_;1_'_66 2ea,

The partial differential equation (8,,b)=0, with b as the
function sought and «,e,2,7,~ as independent variables, has
the four independent integrals.

L1852 el
1—e ____2(1(1# 6), bg:Q, bazi’ b=l

b=

247
For a,, b, might at once be taken, but instead we shall select the
moment of velocity which = A/za(1—e')= A/n(—%0,), and
hence
(3) = A ra(l—¢) eZ)—,\/;Lp
By reason of (19), §11

(@, 9)—0, (a5,7)=0, (@, 7)=—
‘Therefore we might put 5, =—=, but we shall take
(4) f=0—=,
that is, the angle between the ascending node and perihelion.

Then we have

(a2:ﬁ2)=1s

(2 ,.Q)::O, : .
y cos 1 €os 1

Bptl )= — —— = ———

(B, ¢ sint A/ ra(l—e?) a, 8in ¢

If ¢ is a function of «,, 2,7,

The partial differential equation (3,,¢) =0 in ¢, with a,, 2, 7
as independent variables, has the two independent integrals,
=28, and ¢;=a,cos 1= A ra(l—e?) cos 7.

Further

3 (01: 02) =1,
hence
(5) ay=Q,

(6) Bi= A/ ra(l—e") cos 1.
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We have therefore found a canonical system, whose relations
to the original elements are expressed by the equations

o B=t=—tg
(1) iazz AN pa(l—e*), f=8—m,
GRS By = A ra(l1—ée*) cos i.

The introduction of the equations (7), gives
(au 181):(“2, ﬁz):(asa ﬁs): 1,
while all the remaining Poisson’s expressions between « and 2
vanish.
As has been shown, the system (7) is not the only one which
can be formed, but, so far as the relations which the new con-
stants bear to the old ones are concerned, it is the simplest.

14. PROPERTIES OF THE INVOLUTION SYSTEMS.

In §12, we have seen, that, if p,,...p,,q,...q, denote 2n
independent variables, 2n functions of them a,...a,,8;,...8,
can be so determined that

(1) (ax, Br) =1,
(2) (@r, Bu) =0, (AZn),
(3) (@r, 2.)=(Br, Bu)=0.

Such a system we shall, after Lie, call an involution system.
The simultaneous differential equations (1), (2), (3) to the
number of n(2n—1) are to be regarded as the definition of the
involution system, and from them we are now to develop its
other properties.
In this case the functional determinant is

on  Ou  On O
Oy, oy e o

Qaz " Guir. Oy Ba,
apl,...apn, 6q1,...8—qn
8/”1 8l91 aﬁl A 6;?]
3o Op B0

) B

08, 96, ©8. OB
L
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If we consider the (2n)* derivatives as independent ele-
ments, without reference to their meaning as derivatives, they
satisfy the n(2n—1) equations of condition (1), (2), (3), and
these equations of condition furnish a series of noteworthy
properties of this determinant which possess an unmistakable
similarity to the properties of the determinant of an orthogo-
nal substitution. The determinant of an orthogonal substitu-
tion has the property that the combination of any two rows or
columns gives 0 or 1, according as they are different or not,
and there is a somewhat similar relation between D and the

determinant
4

96, 0f 08 - ' 08
O e D RO Dy 5 O DY
06, 95, _ 04, 06,
' Vo 8q1,... 6-51,—81?1,...—5—1)—”.
vl T T o PR
0gs o=l g, 0 - - Op,
S TR
O S RO g AT O S O,

which is derived from D by exchanging the last n rows and
columns with the corresponding first rows and columns, and
taking the signs as indicated. The combination of the rows of
(5) gives, by (2) and (3), 1 when they correspond, and 0 when
they do not correspond.

Hence :

D-DR="Pi—x]"

and consequently
(6) D=41.

The z?alogy may be carried further. If we solve the 2n equa-

tions :

(7) : ai:ai(pu---pn,q“---qn)’
Bi=Fu(Prs - Pus s D)

for the p’s and ¢’s, we get
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P:Zpi(au oo Oy, ﬂls s, ﬁn)y

8
( ) q;=%(“1;---‘mﬁn---19,.),
and, if the functional determinants of (8) take the two forms
op, 04y
R e
9) a=ty o o ,
aﬁl’...’ 6ﬂ1"“
0q, opy
+8ﬁ, ey S )
10 &= {
o o4 On
8a 8(11

then, according to §12, 4 and 4’ are conjugate determinants
with the same symbols as Dand D’. It can now be shown that
D and 4’ are identical and that D’ and 4 are identical. That is,
that

[ Opa - 69
éTu T 8%\
Opx .02,
aﬁ“ an L s
(1) o M as .(l,u—l,2,...n).
aa”_ Opa
Ogn _  Ou,
8[3 819;\ Vi

This follows lmmedmtely from equatlons (59), §10, by substi-
tuting in them the expressions given by (62), (63) and (64), and
at the same time putting « and 8 in place of @ and b, and then
using the equations (1), (2) and (3).
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Determinants like D, whose elements satisfy the equations
(1), (2) and (3), are called canonical determinants.*

A conclusion of great importance can be obtained from the
equations (11). For, if P, and P, represent any two of the p’s
and ¢’s, the expression

oP, 9a, 0P, 04 op, 08,
PR OB, T DA DB P, pp,

is equal to 0 if P, and P, are different, and to 1 if they are
alike. If in this, we substitute for the derivatives of « and 8,
their values from (11), we obtain at once

(P, ) =1,
(12) i (20
(P2, Pu) = (91, @) =0,

in which the Poisson’s expressions are obtained from the earlier
ones by replacing « and 2 by p and ¢g. Hence, the important
result:

The solution of an involution system for the primitive vari-
ables, gives again an involution system. .

Finally we will deduce the following proposition:

If «;, B; is an involution system of the original variables p;, g;,
and we form a second involution system A,, B; of ¢, §;, then
the latter is an involution system of p; and g; when the expres-
sions ¢,, g; are replaced by p;, q;. ; ;

Denoting Poisson’s expressions by (A, Bu)a, g and (Ax, Bu),s o
in which the subscripts «, 8, in one case, and p, g in the other
indicate the independent variables, we have at once from equa-

tion (2), § 12,
(13) ‘ (Ax, Bu)as s = (Ax, Bu)y,s '3

which proves the proposition. And, further, (13) gives the fol-
lowing general result: Poison’s expression

*Canonical Determinants also appear in other problems. See Clebsch and Gor-
dan’s Abel’sche Functionen, p. 300.
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of any two functions «,, a, of p;, q; remains unchanged in form,
when p;, ¢; are subjected to a canonical substitution.

What precedes is a preparation for our problem, the com-
plete integration of the partial differential equations (1), (2)
and (3), and consequently, the determination of the most gen-
eral form of the canonical system. =

‘We shall proceed to this problem, by first considering » func-
tions

(14) ai:ai(pl’pz"-pMQI: Q27°"'q”)’ (i:1a2)°-°n)’
and the 4n(n—1) partial differential equations between them
(15) (an, 2) =0. ' ‘

We may assume that these equations represent the condition
that the product of the two determinants

op,’ """ Op, 0q,"" " " 0q.
7Ty S, A I o B '

Oa, Oa, % Oa,

Op,’ "’ Op. 0q,’ """ 0g,

obtained by combining the rows, shall be a symmetrical determi-
nant. If, for brevity, we put

Glney Ok
apM Ay s aqu Ay s

the determinants become,

pl:l:--'plsn t q1’ly"'QI’n
(17) Dy, = H ¢ y . Dayg= t ¥ »
pn’l)"'pn’n. anls---Qn,n

and equation (15) becomes

(18) 2:;10)‘, 3) QILsiziEpr TR/ LSRD

We will now form the minors of (17) and put
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1 0D, 1 oD,
BT B Dl o T Dase Do
and arrange them as determinants.
R TR i (4 SRR SR O T =8
R o T e Ay e e
P;,,,l,.....P,.,,. O o s B

Multiplying (18) by P,, », ©@ps u, Where r and p are indices
selected at will between 1 and n, and letting 2 and y take all
possible values, and summing the resulting equations, gives

pr,gq,;,.-Pr,)\ Pfu #_Zpﬂ-ﬂ q)ua Pr,APpnu
i, Aun TyAyp
Each three-fold sum can be combined into a single sum. The
first member, being summed for 2, gives

E(q;u.;ippsu Epl\u'-Pry )\)-
t,n A

But = p,, . P,,» is either 1 or 0, according as ¢ is or is not
A ,

equal to ». Consequently the first member of the above equa-
tion becomes

> Qusr Ppspr

®

By summing the second member, in the same manner, for x,
we get it
= 2 qrp LR
Finally, substituting ¢ for 4 and g, 2 for r, and 2 for p, and
we obtain :

(20) %qi’AP}LSG:ZQJ’MPA“',
i b

and, hence the following interesting proposition of determi-
nants:

If a determinant (D,,,) has the property, that the product,
formed by combining its rows with those of a second, is a sym-
metrical determinant, then the product formed by combining
its columns with the rows of the conjugate to the second, is also
symmetrical determinant.
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This proposition has an important application to our differ-
ential equations. If we consider ¢ as only a parameter in
(14), then D,,, is a functional determinant. If (14) are now
solved for the p’s so that they are expressed in terms of « and
. g, we get ‘

(21) pfzpl‘(alya‘“"‘an,qn q2’--'Qn) (7::1,2,...’”),

then F, is the functional determinant of (21), and

@ - Pou= (ap,\)

The derivatives are enclosed in parentheses to distinguish
them from (9) and (10), from which they are evidently entirely
different. The substitution of (14) in (21) gives identically

p:=p;.  If (21) is differentiated in this sense with reference
to q«, it follows that ' 14 .
op; 0p: ") Oaa
o) 2(F )5

If the indices ¢ and ¢ are interchanged, we get
apf 817; aar\
( ) et ol

According to (20), the sums in these equations are equal.
Hence

(23) g—;}) (e %).

These equations show that the second members of (21) are
partial derivatives with respect to g of a function

(24:) V:V(aliah"'an) q1: Qz;---‘ln):
and that

ov £
(25) p;=@: (=102, L)

Since equations (15) follow from equations (23), it follows
that equations (15) represent the necessary and sufficient condi-
tions that the solutions of (14) for p should give the latter as a
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partial derivitive of V with respect to ¢. But we may also
exchange p and q; (14) then becomes

(26) qi=Qv‘(al: gy o oo Oy Py P2y -pn)s
and,

W
(27) q;—a—pi, (60 = et e T T

Equations (27) must be the-reverse of equations (25), and
hence it follows that

If p, represents the partial derivatives of a function ¥V with
respect to q;, and if ¢, be expressed in terms of p;, then ¢; is
the partial derivative of a function W with respect to p;. This
function W is easily determined and upon it the so-called
Legendre substitution depends.

If the first set of equations (8) are solved for 3, we get

(28) l?i:ﬂi(al:am---an:plsph---pn):
and since (p,, p.) =0, the function is
(29) W’ZW’(aI’aZ,--~an:p13p2,'-~_pn)’
and is such that

ow’
(30) = o

1

We may now go further. If in (26), we form the deriva-
tives (%—’—), we get the quantities @y, ;, which are the minors
_of the system D,,, in (17). And if, in (28), we form the deriva-

oy 5 : 1
tives %‘1‘7‘) , they are likewise the minors of the system

05141 50p,
0B, """ 08,
aﬁn, % aﬁn

But, by equations (11), this determinant passes at once into
D,,, except that each element must be taken with a negative
sign. Hence,
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0g; 1= 0y
3) == ()
and by (27) and (30)
oW 4 W

) MES 53 %
8}’)‘.64‘., =0 (1‘2 U= ]:, 2, dtde n).

Therefore, W4 W’ is of the form
W+ W' = ?1(171; -pn) S5 %(al, cee an))
W—gya,...0)=—(W —¢(pi,...04))

Since in (27), the differentiation is only with respect to p, we
may subtract ¢, from W, and correspondingly for W’'. Hence

1) - W =—W,

‘and we reach our result; viz:

or,

If a;,(3; are an involution system of p; and gq;,
G=a(Piy v Dus Qs - - - D)y
Bi=BdPry - - Py Guy - - Qn)9

and if the f’s and ¢’s are expressed in terms of the «’s and p’s, it
follows that

ow ow
33 g VO B == St
( ) q; apl v Pi 8q‘ ]
where W denotes a function of the «’s and p’s,
(34) W:W(al’---anapn"'pn)’

and, conversely, the equations (33) give an involution system, if

(32)

they are solved for the @’s and s as unknowns.

This completes the formal integration of equations (1), (2)
and (3) so far as it is made to depend upon the selection of
some function W and a pure elimination.

(15) CANONICAL TRANSFORMATIONS OF THE CANONICAL SYSTEM
oF DIFFERENTIAL EQUATIONS.

We return to the system

dp, ©OH dg;  OH ke :
(1) E{"‘%"J dt_ﬁéz’ (1—1,2,71),
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and apply to it the so-called contact transformation of p;, q; into
new variables P;, Q;,

5 Pi=P(P,- . Pus Qis---)
() Q‘zQi(ply"‘pM QI’-'-qn)’
) { p;:p,.(P.l,...P”, Qs @) |

= q:(Py,...Puy &,...Q0) .
in which (3) are again the solutions of (2). The name of this
transformation comes from geometrical considerations and it
consists in the use of an involution system for which

@ (Prs @) =1,
and all the remaining Poisson’s combinations are equal to zero.
From (2) it follows that

E(éﬁ % A )
_ S\(2ron_onon
i3 Sp, 8qA an ap,:‘
AR
If in H, which is a given function of p; and ¢;, the substi-

tution (3) be made, it becomes a function of P, and @;. In this
sense, equation (1), §12, gives

.

(P,,H)’— (P,, P+ .. + 9P, (P,.P,,)

OH
+5@(P.~, QWA 90, (Pis @)

or, by (4),

) ap; ~ O0H d@: s | Fi)
dat — 09, dt

where the second equation is obtained in the same manner.

From this it follows that a contact transformation is the only one

which leaves the canonical form of equations (1) unchanged. This

transformation is of great use in our problem, for its use changes
the form of the function H, and in a new form, it may happen

that the problem will be easier to handle. The transformation
of " this paragraph is substantially that given by Jacobi in Sur
Pélimination des noeds dans le probléme des trois corps.

H, G=2% ),
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If V denote any given function of p; and P;

(6) D A DA J i thety )
this transformation follows from the equations
oV o ROV
(7) q;"—a—})"; Qi—_g'_r:’ i

as soon as the P’s and @’s are computed from them.
A special case occurs when equations (6) contain the P’s in
linear and entire functions; (7) then gives

V:"‘(Pl QP4 ... +PnQ»)

and, therefore, @,...Q, are given functions of p;,. And, further
it follows from (T7), that the ¢/s are linear functions of the P/s
having the p/’s as coefficients. From these the P/s can be ob-
tained and they are linear functions of the ¢/s.

As a special case, we shall now assume that the @’s are linear
functions of the p’s,

(8) Qi:al!ip!+a2:ip2+~-~+an’1’pn
Then from (7) it follows, that

(9) qt'z_aislPl_az’72P2_~--_'_ai5nPu)

and it remains only to solve equations (9) for the P’s.
For the problem of three bodies, § 10, we bave
da, _OH du, 61
Y T e s T
where

(10) g, et BN G o s E w4+ v+ w’
T3 m; L

Ty T

We may, therefore, take the coordinates w«;, y:, z; as p,, ... P,
and w;, v;, w; 88 ;... Q. Andfor @,...Q, we shall use &,
€8, &, Mas Mgy M s Cpy &, these being so taken that

fa= @+ @yt oy,
(11) Eg= ooyt Fray+ By,

§ =mya+ myuy+ myay,
with six other corresponding equations giving 7 and ¢ in terms
of ¥ and 2.
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The constants « and # must satisfy the conditions
, F A S

B+ B+ =0,

from which it appears that the expressions

(13) 0Py — P10y, e Paty, g — Baey

have a common value, which we shall take =1.
‘We shall here denote the P/s corresponding to &, 7, & by 4, 1, ».
The equations (9) then give

(12)

Uy =—ah,—f }‘B — Mk,
(147) Uy = _—azla_ﬁ2 Aﬁ—mzl ’
Uz = —_aslu_ﬁaj‘ﬁ—'_msl.
If we puf, )
(15) M = my+my+my,
it follows, by reversing and using (12) and (13), that
(16) Mac, = &+ &4(Bymg— Bymy) — Eg(aymy—ay my),
with eight other analagous equations. From these
(17) (@0,—ax,) = —&.8;+ Epay, ete.
Also

(18) i = (0, — )+ (1 — 1)’ + (71 —2,)°
= (5" + 10" + L) — 2(Eafp + Manp + Cala)fscs
+ (86" + 78" + L)
In the same way we may form r} and r; and, hence, the six
distances are entirely independent.of &, 7, £.
If the six constants satisfy the new equation

by SIS ey

and if, for brevity, we put
il T (G805 b O g

©0) Mn ot o s
Bl
mg  my my; - omy’

the kinetic energy beco'm‘es, by (14),
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‘2 2 ? }_az a? yuﬂ 12 42 V2
(21) Euo +Ui +wo: —|—[.L + + B+/ﬂ+ B

my My mg
+ M (22 2).
The function H falls therefore into two parts,
) MMy mgmg Mgy At pl vl | A+ g g
(22) ke Tl%! 7'223 7‘321 + Qma + '2m5 2

: HN :%M()\2+ﬂ2+y2).
Hence, for &, v, , 4, p, v, we get the system of the sixth order
d dA
23) %—M/l, ‘s =0, ete.,
which can at once be integrated. For the twelve other varia-
bles, we can limit H to the part H' and obtain a system of the

twelfth order,

©4) dé, OH d\,_ OH

T A e Tt e A ete.
The system (23) can be at once integrated and gives proposi-
tions concerning the center of gravity. The system (24) fur-
nishes the relative motions of the points, and is a complete canon-
ical system of the twelfth order. It is worthy of notice that
there are only four equations between the six constants « and g
and that some diseretion is also possible in their selection, which
under some circumstances proves serviceable.

Four integrals of the system (24) are known, those giving
the kinetic energy and the propositions concerning areal veloc-
_ity. By introducing these in (24), it is possible to reduce these
equations to other ones, also having the canonical form, but with
only eight variables and t. Finally by eliminating ¢ and another
variable in this new system, a canonical system of the sixth
order can be obtained, but the symmetry disappears. This
system has been formed:.in many ways, but with difficulty in
retaining the canonical form, and the function H on which
everything depends, losing its original simplicity. :

This process has not given us any further reduction, for
Lagrange had reduced the problem to the same order. And
Lie, by the more complete representations of the the theory of
groups, has shown that further reduction of the known integrals
is impossible. ]
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16. THE PARTIAL DIFFERENTIAL KEQUATION oF HAMILTON
AND JACOBI.

In the integration of the systems

dp;, OH dq;  OH N
(1) TR PR 7 S ) Gl 05 )
2n constants, a,a,,...4q,, #, 8, ..., are introduced.

In §13, it was shown that these constants can always be
selected such functions of p; and g;, which may also eontain ¢,

(2) ai:ai(ply"'pn: ql)"-qn’t),
A@i:ﬂi(pls T 'pn, qls s -QM)t)y

as to form an involution system. From § 14, it follows that, if «
and p be regarded as the independent variables of (2), and if
£ and q be expressed in terms of them, the resulting equations.
take the from :

ow ow s
(3) qs——@, /9.'———7(;‘, (=S 2N,

where W denotes some function of p, « and %,
(4 W= W (Drs e Dus s Gy ).

We shall now examine the function W more closely. The
first system of equations (3) furnish » integrations of the sys-
tem (1) with = arbitrary constants . If we substitute the values.

of ¢q; in
(5) H=H(p1,°"pnyqlr---Qn,t)’
it becomes
ow ow
(6) H——H(pl,..:p,,,gp—:‘,...a—‘pn,t).

If we also substitute the values of ¢; in the first of the sys-
tems (1), we get a system of n differential equations in which
p;and t are the only unknown quantities. If the same substi-
tution is made in the second of systems (1), a similar set of-
differential equations, between p; and ¢, is obtained, which
is not independent of the first system. Now, the total differen-
tiation of (3) with respect to ¢, by the aid of (4), gives

]
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dg;_ W A O'W dp,
dt ~ 0p;0t Op.Op, dt’
A

or, by (1), ‘

°0H O'W o'W OH

op: Op: ot Op:op 0q)’
A

therefore

o0H an
8}) 8t + apx+ 2 8%\ 8191)

where, again, the values of g, are to be substituted in (%

~

In the formation of %, the expression (5) is fundamental.
4

But we may differentiate (6) with respect to p;, which here
appears doubly inasmuch as it is also contained implicitly in
W, and if we denote the partial derivatives of (6) with respect
to p, by (%;—[)’ in order to distinguish them from the preceding,
it follows that :

OH\_0H 0 H 0g

op./  op 99\ 0p,’
and by the introduction of the former equation, this takes the
simple form

ow

-+ H

(7) ot )
op:

where H has the form given by (6). The equation (7) shows
that the expression

(8) ' 0 1 H=4

=={l) S =] =)

is entirely indedendent of p,. We can further show that it does
not contain «;. Differentiating (8) with respect to «;, we get

ow

2_3_4_ QI_I@_Q)\+ Dl ap)\ 8(1) (
oyt s 0qr0 a; Oa; 0t 57 ¥ Opa :

at
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But the second member of this is = 0, since it is the total deriv-

ative of o , that is of a constant with respect to the time.

aa;
Hence % i
w
G e LT
9) Sivp e +1)
G i

The equations (7) and (9) show that (8) is a pure function of
the time with no arbitrary constants. But, since the derivative
of this function f(¢) vanishes in the differential equations (1),
it may be subtracted from H, and then

ow ow ow
(10) O=W+H(pl’.'.p”’a—]ﬁ""8_]),.’t :
. This equation, in which p and ¢ are the independent variables
and W the function to be determined, is the partial differential
equation of Hamilton and Jacobri.

Jacobi has shown that its complete integral immediately
furnishes the integrals of the system (1). This will now be
proven.

By a complete integral, or a complete solution of (10), is
meant, according to Lagrange, a solution which has as many
independent arbitrary constants as there are independent vari-
ables. The number in this case is n41. One of these is a
constant belonging to W and this may be neglected. Let the
remaining n constants be e, a,, ... a,, so that W has the form

(11) W= (01 iy Daa Byl iy ).
Introducing 3
w
12 e L
(12) A vy
we can at once give the integrals of the system
4P OF

in which the value of ¢;, obtained by differentiating (12), is to
be used. (In the second member of (13), p and ¢ représent the
variables and the o’s the parameters). If (10) is differentiated
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with respect to a parameter «;, it follows, since it is contained
only in W, that N

_8(%%7)_ o7 5e)
o i o) T 25

3

8? Opa
and hence, by (13), :
(OW ow
_25) <om?(5a),
3, ot 81’)}\
or ; ¥
d w
o
=
Hence, the expressions,
: ow
(14:) fi= — 3%

represent the » integrals of (13), and by solution for p; will give
these as functions of the time ¢, the arbitrary parameters «, and
the constants of integration 4.

By the total differentiation of (10) with respect to p;, we get

aW) 8(8TV)>
B T

0
i+ azvf)

(68 o

Opa 0 p;
(610,) 6H

or, by (12),
d q, 0H
(15) 00
Equations (13) and (15) reproduce the complete system (1); and
(12) and (14) are its integrals with the 2n arbitrary constants a,

and 5.
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The fundamental idea in these investigations consists in the
disclosure of the intimate connection between the theory of
partial differential equations of the first order, and the theory
of simultaneous differential equations. This connection, for
linear equations and also for equations containing two inde-
pendent variables, has been known since the time of Lagrange.
By a slight generalization, it easily appears, that the one problem
can be transformed into the other. The reader is referred to
Jacobi’s masterly investigations.

17. H Not ConTAINING THE TIME.

Up to this time, H has been a function of p;, ¢; and t. If1t
does not contain ¢, the partial differential equation (10) of the
preceding paragraph becomes .,

- _ow ow oW
(1) 0——6t—+H(I)1,...p”,6—ﬁl,...é—I)—” .

Since (1) does not explicitly contain ¢, a peculiar transfor-
mation may be used, in which the transformation formulas
depend upon the yet undetermined W, instead of given funct-
ions. Substitute, in (1), a new variable for ¢, such that

i ow
(2) e s
(3) t=1t(p1...Pnsh)

and for the function W, a new function V, such that
(4) v=we (t—) 2 =Wt (1—e)n,

where < is a constant selected arbitrarily.
Remembering that

(5) W=W(ps,...Put)
and making the substitution (3) in (4), we have, by differentia-
tion
9 (8 w
OV_owot owot T
©) wm=Btenwren T —ti—)
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oV oW  owot ot _ow
) op: 8p+8t 8p+ op: op:’

Accordingly, equation (1) becomes

ov
(8) —h+H(1’u~--Pm 8P1 ap”) 0.

In this case, p,,...p, and h are the independent variables.
The derivative of V with respect to A does not occur; hence,
this equation can be integrated as if & were constant. In this
sense, the complete 'solution of (8) has in its expression

(9) V=V(p1;...0ushya,...0q,_,),
n—1 arbitrary constants a,, ..., , besides the additive one
depending on V. The latter, we shall not consider. With equal
propriety a;, «..a,_, may be regarded as constants or as arbi-
trary functions of 2. We shall consider them as constants.
Returning to the primitive function W, we have
oV
oh”
If the substitutions (9) and (7) are made in this, W takes the
form

(10) W=V—(l—e)h=V—ho%-

(11) WA —=ST7 (Do 1 20i5 @y = ety it =—re)]
so that the earlier constants «,,...«,, now have the values
(12) Oy Gy e Qy_y, €&,

_ Therefore, the quantities (12) are half of a system of canoni-
cal constants of integration. The others are determined by the
equations (14), § 16, which here, have the form

ow

(13) /9————6—; (=1,2,...n—1)
and

B o 8W'_ 6W_
(14) - [ el 8€ + at = —h.

But the derivatives of V in the form (9) can also be at once sub-
stituted in (13). For, according to (10),

oW _ov,oven',, @h_ 8V
o) B B (0% O, TSN T G
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ﬁence the substitution, which changes W into V, need not be
taken into consideration, and we get *the following final result:

If there is a system of total differential equations

dp. OH dq,_ OH s

p e Pl i i (G="0% 55

in which H does not contain the time i, the complete integral
V of the differential equation (8) can be formed, in which

a;,ay . .. a,_, are the arbitrary constants, The solution of (16)
will be given by the formulas

(16)

ov
= =R =)
g S Eg L\ )
Bl
ﬁ‘.:—%, (z_l,...n—l),
ov
)

and the n puairs of canonical constants of integration are
@y By; Aoy Bos v o @uyy Buea; &—he

For the special system (8), § 10, the partial differential equa-

tion (8) is
2 a‘V 2 8V 2
+(22) +(5
A mym ﬁy, .0z
(LD A 1')\,: 2 m,

and the equations (13) represent the final equations between the
coordinates, while the velocities are at once determined by the
formulas

de;, 0V  dy, 8V  dz,_ 0V
(18) "y :@—ca’ m,-(%:m, m;d—t=§z—‘.

The partial differential equation (17) was first obtained by
Hamilton, but he did not see the deeper conclusions to be drawn
from it, and the way in which he proceeded was quite another.
He defined V as the “action,” and we shall see how easily his
definition may be drawn from (17). If V be determined from
(17) as a function of the coordinates, and its total derivative
with respect to ¢ be taken, we get
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av _ 0Vdx, 0Vdy 0Vdz
) = o at Tagat Tonat
< de?+dy? +dz}
2 R ST T =21,
and
V=2/Tdt+0,

and, if we suppose, that V vanishes for a definite epoch
(20) V= Z/Tdt.

The action V is, accordingly, equal to twice the double inte-
gral of the kinetic energy with respect to the time. Moreover,
this integral can be at once obtained from (21), § 6. In this case

V= M. If we consider only the relative motion of the

Trp

center of gravity, C’=h, and therefore, since T= V'+ h,

12 3
y 2
(21) V:2/(V’+ R)dt= zlm . dzm&;”“ T | on(t—t').
I H)

Finally we will give Hamilton’s derivation of the partial dif-
ferential equation (17), because it is the best known and depends
upon a well known principle—the so-called Hamiltonian Princi-
ple. It has, however, been shown by Jacobi that this derivation
is made with an unnecessary limitation which tends to cover the
true relations.

Hamilton started with the equations

d’x; 0U dy,_ﬁU d’z; _ 0
) ™G g ™aF oy ™af 0%
23 T e I
(23) Pt

If we multiply the equations (22) in order by the virtual vari-
ations dxy, dy,, 02, and, for brevity, put
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dx; dy; dz;
(24) 8t = Uy, d—t =, dt = w,
we get '
d2 l dyo dz'
E aF ot Gttt G 8z‘)
i3 oU oU oU o
—2(8—%5‘70“*‘%5%4“'67;5%) =oU.
Now
dx d (dx dx dx
o= g (G ) 505 = a(Groe )40 )

The preceding equation, therefore, becomes

dtz dm‘ ‘_'_dy, ‘+d_z¢ z,)

=3U+IT=3(U+T),

and hence, on integration with respect to ¢, between the limits
t' and ¢,

(25) E (d“"ax +d3"ay{ dz‘az)l

=f6(U+T)dt=8f( U+ T)at.

This equation, in which d«;, ... denote any selected infini-
tesimal variations, was Hamilton’s starting point.

The coordinates and velocities are functions of the time and
of 6n constants. For the initial values of these, corresponding
to the time #, we shall take «/, ¥/, 2/, %/, v/, w/ so that the final
equations take the form

(26) R (S R s L D S (S B

By the differentation of (26) with respect to ¢, we at once
obtain

(27) w=u(x, 9, 250 w0, wls L (E—1)).
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The action
t

V=2/Tdt

&

then takes the form
(28) V=V(a/,... ... (t—t")). =

We will transform (28), by obtaining v/, v/, w’ from (26) and sub-
stituting them in it. This gives

(29) V= V[ml; Y1;21, -« - ml': yl” zl,, (t_t’) ]
The equation for the kinetic energy is, in this case,
(30) h=— T S (0 vl 4 ).

If we substitute for u,,v;,,w,; their values given by (27) and
‘then for w/,v/,w/ their values given above, h becomes a func-
tion of the old and new coordinates and of the time (¢t—t').
If from this we find (—t') and substitute it in (29), we get,
finally,

(31) V=V, 2, ..2,42, ... h)

This is the form of the equation, which Hamilton took as the
basis of his investigations. We shall now assume, that, in (25),
the variations dx, oy, 6z are not entirely arbitrary, but determ-
ined in the following manner. Consider the motion of a system
from the time ¢’ to the time ¢ It is first determined by the
-coordinates and component velocities. If we suppose that these
are changed infinitesimally, we have another motion which is
similarly determined. From one instant to the next, the con-
figurations and velocities will change infinitesimally. The
-changes or variations will be represented by dx;, dy;, 0z, du,,
ov;, ow;, and the initial variations by dx/, oy/, 02/, du, ov/, dw/.
'Then from (26) and (27), we have 590;, ete., in the form

g“ " +8 ,6/1 S e

By the aid of (30), the integral in the second member of (25)
becomes

O
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:f(2T——h)dt=/2Tdt—h(t—t’)=V——h(t—t’);.

‘With the limitations now made,

t

,;/(U_;_ T)dt=0V—d[h(t—1')]

—E(axa‘“'a ‘*y‘+ ‘*Z‘)
+E(8x o '+a el '+8z =)

ov y
+ 25 Sh— (1—1) oh.

It can now be shown, that,

ov p
(32) N (t—1").
By the substitution of the expression
(33) (t—t)=0@—t) (2, ... 2 ,... k),

the element & in (31) is brought back into the form (29)..

Therefore, .
A R e )
B O e 9 SO 12
where V in the second member is taken from (29).
Now

szdet_—./(T-{- U)dt+h(t—t'),

consequently,
6V . oh :
where A
) f( T4 U)dt
4 2( X +a/ ; ‘+6gz, ')
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Further, it follows from (25), that, if the upper limit ¢ changes,
so that the final variations dx;, oy, 02; become u,dt, v,dt, w,dt,
DR ==
and hence
ov o Gl
oh
= (t—t') 9—7)’
and, consequently, /
AV v BT D0
oh ~ 9(t—t') Ooh
o , Oh O(t—1) o
= )8(t—t’) SO ol
The last two terms of the equation preceding (32), therefore =0,
and by substitution in (25), we get

(34) Zmy(u 00,4 v,y + w;02;)— Zm; (w/ ox v/ oy! +w/ 5_2'4)

:E(g_:‘,wg_g ay,.+gg_az,.)
i3 2 ( % oa', %% Sy i+ g:, az,.').

Now, the initial variations of the coordinates and component
velocities were taken at will, consequently the number of initial
and final coordinates may be taken the same. Therefore, for
every value of dx;,...dw/..., the equation (34) must consist of
two parts

m;u; = 6V
i .“—'B;:;- % 36)
) f ov
MUy = —— 3, ete.
Ox;

If v, the action, as assumed in (31), is a function of the
initial and final coordinates and of , the second system of (35)
gives at once by differentiation, 3n integrals, and the first sys-
tem gives the components of the velocities, while (32) deter-
mines the time employed. With this limitation the action V,
cannot be used for the solution of the problem, formation of
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(31) requires that the problem be already solved. The second
system of equations (35) can, of course, furnish only (3n—1)
equations between the current coordinates wx, ¥, z;, and the
relation between them may be at once obtained, by noticing
that the equation (30), which, by means of the first of equa-

. tions (35), becomes
ov ov
| et )
5 MmAMy, ( ovy; 0z;
(36)  h=— Tl 2 +5E Y
must also subsist for the initial values, or

ov
(87) hz_z"xﬁw%z(fm) + (ay,) +(

This last equation may be regarded as a second partial differen-
tial equation in V.

18. TeHE PARTIAL DIrrEreNTIAL EqQUuATioN oF HAMILTON
AND JACOBI FOR THE MOTION OF THE PLANETS AROUND
THE SUN.

In this case, the function H has the value
(1) B b Tk Vi,
and the differential equations of the motion are

de_0H dy OH dz_ 0OH

44 T T Sl M R gt
(3) ‘du_ OH dv_ OH dw__ 0OH
AT RO ot Tk wa e st Ol i ROz

and Jacobi’s partial differential equation is

@ ==l () + () (D)}

It is now necessary to find a solution of (4), which contains
two arbitrary constants besides h and a constant depending on
V. In his Vorlesunger diber analytische Mechanik, Jacobi has
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shown how this can easily be done by the introduction of elliptic
coordinates. We shall, however, here use ¥V in Hamilton’s
form, that is expressed by h, x, 3, z and the initial values of the
coordinates, «/, ¥, 2/,

(5) V=V(xy 2a,y,2,h).
Now, it is clear, that the action V, depends only on

1. Semi-axis major of the conic section, therefore on
&
2a’
2. The distance of the initial place from the sun,
r=aa"+y"+ 2"
3. The distance of the final place from the sun,
r=NFIE
4. The distance of the final place to the initial place,
p=N(@—aVF (—0 7 F (-—7 )"
For, it is easy to show that these four magnitudes are sufficient.

to determine the form of the conic section described by the
planet and also the velocity at each point in the orbit, as well as.

h=—

V=2det=/(2L2+v2+102)dt.

We may, therefore, write V in the simple form

(6) i V=NV S o)

Consequently,
0V _0ver 0V 0, 0V OV (a—v)
Ox Ordx ' OpOx orr ' @ p b
If we use the equation

w(x—a') +y(y—y') +2(2—2") = r'— (a0’ +yy' +22')
— 92 +%(p2_,r2____,,./2)

=3 (r"—(r+1")+2r(r47)),
then
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G)+G)+EF) =G+

8V8V (YY) T (r PP
Or Op p r

+

Therefore the equation (4) takes the form

@ r=n i et

oV ov(r+r)
24 [% g (81 ( } or 00 p ]
The corresponding differential equation for the initial coor-
dinates, therefore, becomes

1 oV oV p'— Hk
(8) h=— [ :U-+'581_ ap/ (rj _7'_) ]

oVovV (r+1
+[5{(W )}+6r ap( : 2],

In these differential equations =, » and p are the independent
variables and V the function to be determined. It is convenient
first to integrate the equation (7), and then to specialize the solu-
tion in such a way that the condition (8) is satisfied. Since
derivatives with respect to » and ¢ only occur-in (7), # may be
. regarded as a constant parameter and the integration effected
by the method given by Lagrange for this case. The solution

may also be obtained in other ways, for example, by the intro-
duction of new variables. If we put

® (r+ ) =p,
(r+r—p)=gq,
and, therefore,
9 . r=p+q—1r, .,
( a) P=P—4q,
we get
oV oV ov av
op +%q 0q (

and, therefore,
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oV 0V p —(1 +r')
T B OpL o o

:_”“[( ) ( ]Z(p—q)
B 2(10 q){[( ‘——_217#]—[(@6 2—% }

H(F) +(G) e -

- sy |G -2}l (3F ) -]

If, for brevity, we put

likewise,

( it Lk P N
b
ov: 2
—2__on=0¢,
9q q ¢

the equation (7) becomes,

1 ptq 1 A7
O era=rse=n' 9Ty e =l

A special solution can be obtained at once, by putting
IR O=1);

(DA%t

5 e
s ov
(12) 6—~:t~/2\/ +n.

These two equations can plainly exist together. If we take the
first root positive and the second negative, we can put for V

r+r’+p

AL AT vzf\/ +hdw—v2/\/ g

7'—|—r’—p

Since this expression for V is symmetrlcal with respeet to

~r and #, it also satisfies the partial diﬂ'erential equation {8).

ONIV ERbITY
\ A, rnnk\\k /
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Since it vanishes for x =a", y =¥/, z=2’, it appears that (13) is.
the action of the system from the initial to the final configura-
tions, and it is in the desired form.

The time required by the planet to describe the arc of the
orbit between the two points, is found by (32), § 17,

7‘+7"+p T+r’+p
(14) (t——t’)_ 8h =
2 2
v \/ 13 v T
r-}—r’—p 7'+r/——p

This is Lambert’s Theorem. It was obtamed in an entirely .
different manner on page 23. From it, it follows, that the time:
required by a planet to pass from one place in its orbit to
another, depends only on

1. The semi-axis major, a,

2. The sum of the distances from the sun, » 41/,

3. The chord connecting the two places, p.

Moreover this time is the same as that required by a planet in
falling in a straight line towards the sun, from the distance
4(r+ 1" +p) to the distance %(r+1r'—p).

The expression for the time is especially simple when A =0,
that is when the orbit is a parabola. IEquation (5), § 3, then
gives

(15} t_t,_gwu[(wrw)s (r—}—rT-p)%]

In this limited case, the proposition was known to REuler,
(Miscell. Ber, A. T., S.20); in its most general form, it was dis-
covered by Lambert. For a long time, the proposition was

.regarded as a curiosity. Its true source was shown by the inves-
tigations of Hamilton and Jacobi. The investigations also give
noteworthy equations for the orbit and for the component veloc-
ities. If for brevity we put

0 R T 0 G et
£6) .\/r+r'+p_I&_A‘\/r+r'—p &
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the equations (35), § 17, give

7‘+r’+p
o[\
7‘+r’-—p
_6_V_ * -
Y= ow e 0 ?
Aa('r—{—r'—l-p) 0(1‘-[—1"—,0)
" ox Bt e)

and, therefore,
a(faiet) n(e =),

(17) <U=A(E+2%£)_B(ﬂ_2:1),

’

and likewise

' x —a
P e g
" ’ i ’ g d
sy e a (B E2t) p(T L),

2 z’-—z) (z’ z’—z)
’— _ — —— —
\w_A (r'_l_ » B o - 3

If the initial coordinates and componentvelocities «/, ¥/, 2/,
w, v/, w, and, consequently, . are given, the equations (18) give
three final equations between «, y, z of a very noteworthy form.
They are equivalent to two independent equations, since the
equation

'u"a’_’_vm +w'2_ o
VRO S A

must be identically satisfied if we substitute for w’/, v’, w’, their
values from (18). Further if we eliminate A and B from (18),
we obtain

(19) 0=a(y w —2"v)Fy('v — o’ w') + z(a' v —y' w),

*The coordinate x must, in this case, not be confounded with the  under the sign
of integration.

9
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which is the equation of a plane passing through the sun. It
is not so easy to see from (18), that the orbit is a conic section.
It can be shown in the following manner: If we find A and B
from the first two of equations (18), and substitute the values in
the expression A*—B’, we get

[v(@'—a) —vw'(y —y)](—v'a' +u Y)
(e —y'y

and in the same manner two other analogous expressions for

A’— B? can be formed. If, for brevity, the successive numera-

tors be represented by 4, 4, 4, and their sum by 4, it appears

that

A'—B'=1'p

7’ pA

2- g8 g o
S 7y Py e e

The denominator can be easily transformed into
(mﬁ _I_ y2 + ZZ) (wlﬁ + yl2 + z/ﬁ) pra (wxl + yyl + zzl)2
< Gl 20 e S W s Gt o
‘We also have, from (16),

A= 2pp

o+ rl)Z__ P
Substituting this value in the above equation, and multiplying
by (r+ "',)2__102

% , gives
ey oA
R
or ;
el —r'2+2r13+—2—r~£—0

Now, finally
p—r—r"? =—9(xa' +yy + 22'),

and since A is linear with reference to «, y, z, we obtain the
final equation in the form

r=ax+ by +cz+4+d
which is nothing else than the equation (25), § 1.

It is also not difficult to verify the other equations of the
same section, although no one would have succeeded a priori in
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getting the notable equations (17) and (18) from those §1. This
example shows how a general theory may throw a new and sur-
prising light on an old and special problem.

Jacobi has shown that the partial differential equations (4),
can be integrated in other ways, thus giving the solution of the
problem a great many forms, which could hardly have been dis-_
covered in any other way.

We will finally consider a simple geometrical meaning of
the action in the case of an elliptic orbit, as it was given in a
note in the Quarterly Journal of Mathematics, 1866. (Note on
the Action in an Elliptic Orbit).

If we denote the velocity of the planet P, by V, (see figure
on p. 13), then

ds
a2 o
dV =v dt_d—t ds.

The increment, dS, of the area described by the radius vector to
the sun, is
dS=%dt A/ pra(l—¢’),

or, otherwise,
2dS =fd8,

where f denotes the perpendicular from the focus F upon the
tangent, and therefore,
' ds_  fsa(1—¢)
dt f 1

If 7' is the perpendicular from the other focus upon the tan-
gent, by a known property of the ellipse,

ff'=b=d"1—¢).

Hence
A ra(l—e*) n
avV = = d.
i 7 N/l——ezf 2
R ;
_———«/ﬁ-—l——ezds’

where S’ denotes the area described by the radius vector from
the other focus. Now, if we assume that the action and this
area are reckoned from perihelion, we get
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2n
AM1—é

Hence it appears, that while the area described by the radius
vector from the sun is proportional to the time the area
described by the radius vector from the other focus is propor-
tional to the action.

(20) = S,

19. .HiSTORICAL SURVEY FOR THE SECOND DIVISION.

After the general integrals in the problem of »n bodies had
been obtained, and the differential equations of the motion had
been brought into their usual forms, no important advance was
made for a long time, at least so far as relates to an insight into
the nature of the problem. In 1809, Poisson established a the-
orem, (Mémoire sur la variation des constants arbitraires dans les
questions méchanique, Journal de 1'école polytechnique, Tome
VIII, page 266), which contained the germ of great analytical
investigations. It enabled him to give forms of great elegance
to the formulas for precession and nutation, as well as to those
of perturbed motion. He used his formula only as a means of
transformation. This afforded him no opportunity to bring it
into relation with a broader theory, and it may well be on this
account that he did not develop its true analytical character nor
use it in adding new integrals to those already known.

It was about the same time that Lagrange pilblished and
soon generalized his formula. (Mémorire sur lo théorie des vari-
ations des éléments des planétes. Oeuvres T. VI, page 713).
Lagrange applied his formula to the problem of perturbations,
and it enabled him to give the equations arising in this theory
very elegant forms. He seems to have prized it only on account
of its applications to this problem which was then engaging
his attention.

In 18_44 Hamilton published a memoir in the Philosophical
Transactions, entitled On o general Method in Dynamics, by
which the study of the motion of all free systems of attracting or v
repelling points is reduced to the search for, and differentiation of,
one central relation or characteristic function. It enriched ana-
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lytical mechanics with a new principle,—that of varying action.
He introduced the idea of the action as the integral of the
kinetic energy with respect to the time from one configuration
to another, proposing it as a function of the coordinates of
these two configurations and a constant depending on the kinetie
energy, and he developed two partial differential equations——
which satisfy it. He also showed that a knowledge of it led to
the immediate derivation of the final integrals by a simple
differentiation, and he obtained them for n =2. But he did not
recognize the fundamental meaning of the differential equations,
nor did he know that the complete solution of one alone lead
to that of the whole problem. Jacobi, leaving the original
definition of the action in the background, was the first to bring
the partial differential equation to the front. He then reduced
the problem to the integration of a single partial differential
equation. He also generalized Hamilton’s investigation by
freeing the function H, (which in the problem of » bodies had
been the difference between the kinetic energy and the potential
energy), from all limitations. By this, and especially by the
assumption that H may contain the time, he succeeded in giving
the formulas an extraordinary symmetry. The partial differen-
tial equations were, however, given a somewhat different form
and could not be reduced to Hamilton’s original form.

Jacobi did not satisfy himself with this, He connected the
partial differential equation with Poisson’s theorem and, by
searching analytical treatment, succeeded in showing that the
gystem of constants, thus obtained is a canonical one, and,
especially, he pointed out that the initial elements form a special
canonical system. His endeavor was always to show the con-
nection between the most varied analytical investigations. He
extended his studies further, and succeeded in creating a great
fundamental theory of partial differential equations of the first
order, the presentation of which does not fall within our pro-
vince.

It is easy to apply the general principles to elliptic motion,
and it is worthy to note that Lagrange found, for this case, a
system of constants which can at once be transformed into a
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canonical system. The method which has been given, for
- changing a given system of constants into a canonical system,
is due to Bour. :

Many mathematicians, by their labors, have perfected and
generalized Jacobi’s ideas concerning involution systems and
other celebrated problems. Pfafl’s problem is one of these.
It relates to the reduction of a differential expression 2 f;dx;, in
which the f; are given functions of x, to its simplest form and of
its application to certain theories of space. The works of A.
Mayer and S. Lie are also to be mentioned. Their methods
have here been used only so far as they seemed available, and
the author hopes their thorough application of determinant
relations is suited to its place.

Dr. Bruns has recenftly published (in the Berichten der scich-
sischen Akademie, and in Acta Mathematica, Bd. 11.) a very
important work, in which he rigorously proves that the known
integrals exhaust the algebraic ones. It is to the new theory of
functions, with its precise definitions and to its clearly defined
progress towards general principles, that we must look for an
analysis of the general problem, affording a solution as clear as
that which Kepler and Newton have given to the special case of
two bodies. g



THIRD DIVISION.

Theory of Perturbations.

20. TaHE CONSIDERATION OF THE SOLAR SYSTEM AS A SYSTEM
oF n BODIES. o

The heavenly bodies ave exceedingly numerous, and on this
account, the problem of determining the motion of any one
would be incapable of solution by reason of its length alone,
were it necessary to consider the forces due to the attraction of
all of them. These bodies are widely separated, the forces in
obedience to which they move, vary directly as their masses and
inversely as the squares their distances apart. Hence, bodies
which are relatively at very great distances from a given body,
influence its motions only to a very slight degree. Conse-
quently, a very close approximation to the exact motions of any
body may be obtained by neglecting the effect of the attractions
of relatively very remote bodies. The character of this approx-
imation will now be considered.

In accordance with the notation of §6, let x;, y,, 2, m,,...
Ly Yny Zu, m, denote the coordinates and masses of n bodies
forming a system. Let & 7, £ denote the coordinates of the
center of gravity of the system. Besides the n bodies forming
the system, let there be an exterior body whose coordinates and
mass are X, Y, Z, M, and whose distance L from the center of
gravity of the system is much greater than the greatest dimen-
sion I of the system. And, further, let the coordinates, when
referred to the center of gravity of the system, be denoted by
primed letters. Then

I12= l\/X12+ Y12+ Zm'
The equations of motion of the exterior body are
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(X — ")
v @ ST TR T
The quantity under the radical sign is equal to
L —2(X'a' + Yy +Z2)+ (@ +y* +77),
in which the orders of the second and third terms with refer-

l 172 k
ence to the first term are I and ( f) . Remembering that
2max’ =Smy =2mz' =0,

the use of the binomial theorem gives
fs X

T B Lien Rl
5 3 . 12
in which the order of ¢ with reference to the first term is (E) :
Now
d€ de
Dimag TG =0,
or
d axX
i ar’
and the above equation becomes
ax (X—¢&)
—Sm=ME2m e
ar (W EX—+ (Y —n)+ (Z—2))’

2
By neglecting terms of the (11_) th and higher orders with

respect to the leading term, the following result is obtained:
The motion of the center of gravity of a system of m bodies,

due to the attraction of a very distant exterior body, is the same as
if the masses of the n bodies were united at their center of grav-
ity. -
‘We shall next investigate the relative motions of the n bodies
with respect to their center of gravity. We have
T a0

: dt’ tag tde

(X, =i ): X’
+ Mm 3 78
axl (('\/ (X —a' Y+ Y —y' )+ (Zl-z1')2> L )
Mmoo
i =m’
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In the first term V again denotes the potential of the system
of n bodies. The order of the second term with the reference

to the first is
M i )3
Sm\LJ’

the third term is of a still higher order. Hence, if M is not——
very great compared with 2m, we have, very approximately,

A very distant body has no influence upon the relative motions
of a system of n bodies about their center of gravity.

Instead of a single exterior body, consider a system of bodies
or many systems, whose dimensions are very small compared
with their mutual distances. From what precedes, it is easy to
see that any such system will attract as if the bodies composing
it were united at their center of gravity, and that the relative
motions of the bodies composing it will not be disturbed by the
other systems. p

The solar system, including the sun, the planets, and their
satellites, the comets and the smaller bodies revolving around
the sun, is such a system. Some of the comets move away from
the sun to indefinite distances, but aside from this, the greatest
dimension of the solar system is probably less than one four-
thousandth of the distance to the nearest fixed star. At such a
distance, the influence of a star on the relative motions of the
bodies forming the solar system is of the order"

m 1

Sm’  64,000,000,000°

which is probably not appreciable, It is possible, and indeed
probable, that in the course of centuries, the fixed stars may
change the direction and velocity of the otherwise uniform
motion of the center of gravity of the solar system. This
motion is now directed towards the constellation Hercules.
While we may safely neglect the fixed stars as perturbers of
the relative motions in the solar system, we can not neglect the
fact that the system itself is composed of bodies instead of
points. The dimensions of these bodies are, however, very small
compared with their mutual distances, and excepting the motions



146 THEORIES OF PLANETARY MOTIONS.

about their own centers of gravity, they may be regarded as
material points. Moreover, the form of the heavenly bodies
enhance the approximation. They are nearly spherical or are
composed of nearly homogeneous spherical shells. Now, it is
rigorously true that a homogeneous sphere or a' body composed
of homogeneous spherical shells, attracts an exterior material
point as if its mass were concentrated at its center of gravity.
The departure of the planets from the spherical form is so slight
that it sensibly influences the motions of the satellites only. It
appears, therefore, that with close approximation, the sun, the
planets and their satellites may be treated as material points
which have no further influence upon each other than their
mutual altraction. At the same time, there are in the system
certain secondary systems, formed of the satellites revolving:
around a planet as a primary. In these cases it will be neces-
sary to test the degree of approximation. We will take at first
the sun, earth and moon. The earth is about four hundred times
as far from the sun as from the moon. The influence of the sun
on the relative motions of the earth and moon, is, therefore,

o (o)

in which M represents the mass of the sun, and m that of the
earth and moon together. This is approximately

1,000,000 1
3. 64,000,000 ~ 192’
so that the sun’s disturbing effect is small, although its mass is
more than 300,000 times the combined masses of the earth and
moon. Yet it is entirely too large to be neglected. Indeed, the
numerous inequalities in the moon’s motions are nearly all due
to the sun.

The influence of the sun on the other secondary systems is.
much less, partly because their dimensions are relatively less, -
and partly because the primaries have greater masses and are-
at greater distances from the sun.

The moving force of the sun on the common center of RIavs
ity of the earth and moon is
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Mm
Ra

i

R being the distance of the center of gravity from the sun.
The order of ¢ with refereuce to the first term is

) g ki

(400) ~ 160,000 °

In this case the order is really less than this because the mass
of the earth is more than eighty times that of the moon. In
order to determine the resulting decrease of the error 4, we will
again assume n bodies, with the same notation as before. Then

d2~ Xl
dtZ_Mzm La: +8’

in which ¢’ can be shown to have the value

il %E (Sm(X’ac’+Y’y’-}—Z’z')w’—ng’(w”—{—y”—l—z’z)

+1§ (X' —|—Yy+Z 2), X)+£

in which ¢ contains the terms of order higher than those devel-
oped. Now, let one of the bodies, for example the one whose
mass and coordinates are m,, «;, ¥, 2;, have a mass far exceed-
ing the sum of the masses Xm of the others. Then the part
of ¢ which depends upon m, will be very small compared with

the others. For its coordinates will be of the order %—n, and
1

3 ¢l
their squares and products of the order (Zm_m) . If terms of
1 :

this order be neglected, ¢’ will be of the order

M3Em (1)
bl (E)
In comparison with the principal term, viz., %ﬂ%—zﬁb—), this
term is of the order

(L) ml-{—Zm

(_l’Em
L/ m

or of the order
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Since the mass of the earth is somewhat more than eighty
times that of the moon, the approximation on neglecting ¢ rises

‘I 2
from the order (W)) to the order

1
(IOT)) "80 ~ 12,800,000

In what follows, by the pesition of a planet, will be under-
stood the position of the center of gravity of the secondary sys-
tem of which the planet is the principal member, and by its
mass will be meant the combined masses of the bodies forming
the system.

The masses of the asteriods and comets, as well as the other
bodies circling about the sun, are so small compared with the
masses of the sun and major planets, that they may be neglec-
ted. These smaller bodies do not sensibly influence the motions
of the la.rgel' ones, while the latter may, and in many cases do,
influence the motions of the former very much.

From the entire solar system, we will select nine bodies, the
Sun, Mercury, Venus, Earth, Mars, Jupiter, Saturn, Uranus,
and Neptune, and as in the problem of nine bodies, treat them
as mathematical points.

21. THE ORBITS OF THE PLANETS. THEORY OF ABSOLUTE
PERTURBATIONS.

The general integrals and principles of the preceding sec-
tions are, notwithstanding their great significance, not sufficient
to solve the problem of » bodiesin its most general form. On
the contrary, on the supposition that the coordinates and veloci-
ties are given for a certain instant, the developments are made
in ascending powers of ¢, as proposed by Euler. Let « be any
coordinate and wx, its value for t=¢,, then the development
takes the form

@y o=k Geta (2 Pl (S L

The coefficients are found by differentiating the differential
equations, substituting lower derivatives for higher, and elimi-
nating the latter down to the first order.
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Series (1) converges so long as (t—t,) does not exceed a cer-
tain limiting value. This follows from Cauchy’s investigation
on the convergence of those series which represent functions
defined by differential equations. The theory is beautifully
given in Briot and Bouquet’s Théorie des fonctions doublement
périodiques. LT

The series represented by (1) can be used as long as conver-
gent, and a new series must be begun before it ceases to be con-
vergent. A long interval of time must be divided into suitable
parts and then, advancing step by step, the coordinates compu-
ted for each epoch.

It is evident that this method suffers from many imperfec-
tions. The development of the higher derivatives is very labo-
rious; Gasparis has carried them out to n=4. Besides it is
not certain but that the errors made in every computation of
the series may finally, in the aggregate, amount to such a quan-
tity as to make the results, after long intervals of time, entirely
illusory. Finally this progressive development would mask any
simpler laws which might exist in the nature of the motion.
Hence, this method is to be resorted to only when other meth-
ods are not available.

Fortunately, in the case of the solar system, two other
methods are known, developed by Euler and Clairaut and so
perfected by Lagrange and Luplace as to leave nothing for later
mathematicians to do so far as the ground-work of the theory
is concerned. The unexpectedly rich results afforded by the
use of these methods are due to certain important circumstan-
ces which gave rise to their development. The first of these is
found in the controlling position of the sun. It is due to its
predominating mass, which is upwards of seven hundred times
as great as that of all the planets. Astronomers, therefore,
except Lagrange in part, have referred the relative motions not
to the center of gravity of the system, but to that of the sun.

If we follow them, we must employ equations (28), §6.
The differential equations to be used here, are of the form

(2) * dzﬂé‘)\_ PAXA O R,

dt2 TRIL T)\s + axA’

'

(1=1,2,...n),
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in which
m,
{3 Ry= i ‘
( ) E/\/(x))-_'mu)z_’_ (y)\"'—ya)2+ (z:\"_za)d
29 Em Lo+ YrYa T+ ZrZa
< (W (@) F () + (=)

i Ema Em XA Lo~ YA Yo+ 2020
qo | S AT 3
Txa i Ta ,
'3

in which « may have any value, not 2, from 1 to «.
'(4) Ux — M+ my.

In the differential equations (2), the first terms in the second
member contains the sun’s mass, and is very much larger than
the second terms containing R. The first approximation may,
therefore, be obtained by neglecting R,, R,,...R,. The equa-
tions (2) then become the same as those treated in §1, ete., and
as the quantities » differ from each other, and in consequence
Kepler’s three laws are very approximately true. In fact these
laws so - perfectly represent the motions of the planets, that
Kepler was able to deduce them from observations. Yet the
influence of the quantities R,, R,,... R, is appreciable in the
course of time, and for this reason Kepler’s laws are not rigor-
ously true. These quantities are called the perturbing func-
tions and the following investigations are devoted to them.

If in R, we write am,, am,, . ..am, for m,, m,,...m, respect-
ively where « is any selected number (Cauchy’s Régulateur),
then R will be multiplied by « and equations (2) become

d? OR
d;f' Z—%%—}—a. <, etc.

Ox,

If in these equations « be tuken as an analytical magnitude
the coordinates which satisfy these differential equations, will
contain, besides «, 6n constants of integration. If « =0, these
equations reduce to the forms given in §1, etec.

The essential principle upon which the first method — that of
absolute perturbations —developed by mathematicians depends,
consists in the assumption that the coordinates in (5), which are
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Sunctions of a and of the 6n constants of integration, can be devel-
oped in ascending powers of a.

Any coordinate « may, therefore, be represented in the form

(6) . x=a4ads +2,,6"w°+-

If =0, this gives, naturally, the coordinates of Kepler's
ellipse. It remains, therefore, to fix the remaining terms
ox’, 0%’ ... of the series (6). If, finally, we put « =1, we obtain

the actual coordinates in terms of the time in the form
62 0 0

(7) weat g ELIELE L

* The determination of dx°, ¢%°, . .., which are called the abso-
lute perturbations of the first, second, ete., degrees, can be found
by a process of induction, for the perterbations of the first degree
are deduced from the original expressions &’ etc.; then those of the
second degree from the first and the original expressions; and, in
general, those of any degree from all the lower degrees with- the
original expressions.

If we substitute the coordinates given by (6) in (5), the latter
become completely identical. Therefore, if we put

b
) 3 . w1:w10+a6m10+%- ¥’ 4, ..

for a =0, we again obtain, as must be the case,
dix’ 1y
®) S R
a?, 4 z,° are determined as in §1.
If now, we take a so small that the developments of both
members of (5) in ascending powers of « converge, the coeffi-
cients of the equal higher powers in the two members, must be

equal. In the first of equations (5), the coefficient of =% 1n the

first member

261) . L

(G0

sy & Py X
The term — 23t =— =t

& _ (/\/x12+J1 +ZJ>

, gives as the coffi.
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3 % . 5 3
cient of —; an expression whose form is somewhat complicated,
p!

but whose formation is easy by the help of the polynomial the-
orem. Butit can be seen at once that that part of the coeffi-
cient which depends on the perturbations of the p*™ order, is at
once given by

0%x, ' Bpa®

) o Glo—)g i W (0%, 4,02y, + 2,°0%2).

As to the term aa—R—l, we can, because of the factor « reach

Ox,
the coefficient of g by taking the series (8) up to the (p—1)®

degree. If we denote the sum of these coefficients and that
part of the preceding which depends only upon the perturba-
tions to the (p—1)™ degree, by X, Y, Z#, and if we write
simply x,, ¥, 2, for «°, ¥, 2°, we get

d’o%x, ks

X X
= — i 5 4 Bt (0% + Y02y + 207, ) + X2,
1 2

12) *

If the original coordinates and the perturbations are known
up to and including the (p—1)™ degree, then X?, Y2, Z? are
known functions of the time and it is a question of the integra-
tion of the differential equations (12) in which o%x,, o2y, 622,
are the unknown quantities.

It is to be noted that the successive differential equations.
to be integrated have always the same general form, and when
the general form of the solution has been obtained on the single
supposition that X, Y2, Z? are given functions of the time, we
get, by the uniform repetition of the same process all the per-
turbations and also the coordinates as functions of the time. Of
course the resulting series must always be converging.

Since a appeared in the equations (5) as a factor of the.
masses m;, My, ..., the quantities 0%x,... become homogene-
ous functions of the p™ degree, (at least, we can so represent
them), and ihe degree of the perturbations is that in which the:
disturbing masses enter their expressions. :
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22. SoLuTION OF THE DIFFERENTIAL EQUATIONS FOR THE
ABSOLUTE PERTURBATIONS.

The question now relates to the integration of linear differ-
ential equations of the general form
d*ox

1) #* — = —p— 3'uw — (dx + yoy + 20z) + X,
dt 7'3

in which «, y, z are such given functions of ¢ as satisfy the dif-
ferential equations

d*x px
(2) £ £ d—tz o F‘ .
They, therefore, contain the six constants a,e, 2,7, =, ¢, (16),§2.
By hypothesis, X, Y, Z are likewise known functions of . Ac-
cording to the theory of linear differential equations, the equa-
tions (1) are integrated on the assumption that X, Y, Z are zero.
When this is done, there are at once six known particular inte-
grals of the system, viz.: the six derivatives of the coordinates
with respect to a,e,2,7,7,s. In fact equations (2) become.
identities when for the coordinates their functions of ¢ and the
six constants are substituted. In this sense, the differentation
of (1) with respect to a gives

@ * _Oa_ "8a
or 3"‘3#5 8a+ +6a)

and corresponding equations hold for the derivatives with respect
to the other constants. Therefore, on the assumption that
X=Y=2=0, the complete solution of (1) takes the form

@) * ox= A +B +0 —I—D +E +F—

in which 4, B, C, D, E, F are six arbitrary constants.

According to Lagrange’s theory of the  variation of con-
stants, the solution of equations (1) have the forms (4) even
when X, Y, Z are not zero, but are any given functions of ¢,
only in this case 4, B, ... are no longer constants but functions
of tWhic]l.lO remain to be more exactly determined, The sub-
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stitution of (4) in (1) gives only three equations between the
six variables A, B, ... and this enables three other equations
between them to be selected arbitrarily. Conformably to this
theory these are
dA Ox , dB Ox

* S o
19 D 6a+ " Oe i
and by means of them, equatlons (4), by differentiation, take the
form

déx dgj dzj
* - it
(6) e =A., — Y 7 +B. 5 +...
as if A, B,... were constant. -

The differentiation of (6) gives

O , 0%
x @ox L da d Oe
(7) 'd—tf:A ar +B e +
' Ox Ox

Sy et
dA “0Oa , dB Oe
oo wtaTa
and by substituting (7) and (4) and using (3), the equations (1)
take the forms

dA Ou  dBdu
RS B0 g
dA dv , dBOv
8 Sehah et ol SRl
(8) o dt 6a+dt86+"'
_dAow  dB 0w
“@daT @ de
in which u, v, w are, as before, the component velocities. Equa-
tions (5) and (8) are the six equations which determine the vari-
dA dB
W,-—dT, pErs3 they
immediately give by the use of (60), § 10, developments of the
form :

ables A,B,.... If they are solved for

aAa da da da
*“—Xm“’m”m;’
aB

©) E ST L
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These equations can be at once integrated and give 4, B, ...,
as functions of ¢, which, when used in (4) furnish the perturba-
tions dzx, dy, 9z.

This completes the solution so far as the integration of the
equations (1) is concerned. But, on account of the develop-
ments which follow, equations (9) will be transformed by the
employment of the principles developed in §10. In this case,
the equations (58) by the use of (62) and (63) become :

02 — (0) 24 (a,0) 2 (a,0) 2y .
(10) 9

‘da A A o
 [Beoeof-eng-
< 3

. . ._0/'0 %

(@G

By the substitution of (10) and the corresponding equations
in (9), and for brevity putting, ;

RN 0 S0y 0z
90~ ~8a" Yoat Z5a’
dR 0z oy 0z
(12) %~X%+Y%+Z%’

we obtain the systen.l
dA oR OR oR
E7ia (a,a,)%%—(e,a)%—l—(ﬂ,a)m—i- oo
13) dB _ OR AR oR
W_(aye) %-{—(6,6)—8—6-'4-(9, 6)8—9_'- e

and, since Poisson’s expressions are independent of the time, it
at once follows from (13), that

A=(a,a)/g§dt+(e,a)/%dt+
(14) ;

"R "9R
B:(a,e)/%a—dt-l—(e,e) m—dt-l—...

N e . . . . . . ° . .
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The perturbations dx, dy, 0z receive, by another use of (10),

THEORIES OF PLANETARY MOTIONS.

the forms ¥
dor= g“ 8a t+6 %Rdt—}—
(15) 8 _%ﬁ‘ 6a t+8 ngt—l-

N

and, finally the derivatives of the perturbations with respect to
the time follow from (6), and being denoted by du, dv, dw, are

-

da [OR ae 8R

16 }sp—_0a [0, 8o [OR,
(16) sv= 3y e s 5, 0t

9o [OR.. Oe {OR . -

It is worthy of notice that in each of the six integrals the
lower limit is arbitrary, so that six new arbitrary constants
appear in (15) and (16). This is easy to understand for we have
here the solutions of the systems (1) of the sixth order. In
passing to the perturbations of higher and higher orders, accord-
ing to the preceding section, the system must be solved again
and again, and we thus reach the series (7) of this section which,
by hypothesis, is convergent.

A circumstance here appears, which, at first sight, is very
surprising, for in this development we get not only more arbi-
trary constants than we need but arbitrary constants without
number. This has given rise to much controversy. The first
approximation, Kepler's ellipse, affords the necessary number
of constants. So it appeard that no new ones should be intro-
duced in the perturbations, though this was done by Laplace
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in the first volume of Mécanique Céléste. The legitimacy of "an
unlimited number of arbitrary constants of integration can be
shown as follows:

If a system of = differential equations between (n + 1) quan-
tities a;,...«.,, be given, the integration will give »n of these
«,, ..., in terms of the last «,,,, and a sufficient number of
arbitrary constants a,,...a,. If now the differential equations
contain a certain number of parameters p, ...p., these will
appear in the solutions, and «;, ...«, will be functions of «, ., and

also of a,,...a, and of p,,...p,.. But, since the only property
of a,,...a, is their being constants, they may be replaced by
arbitrary functions of p,,...p., and as we can introduce into

these functions an unlimited number of arbitrary constants, the
solution can be so taken as to include any number of them.

A system of total differential equations passes at once into a
system of partial differential equations, if certain parameters
occur in them and if attention is directed to the manmer in
which these parameters enter the solution. If, for example, the

differential equation f(x,y,%/c,p) is given, and the function

y = ¢ («, p) sought, then « and p are to be regarded as the two
independent variables and the differential equation, a partial
one of the first ordeY; in it, however, of the two partial deriva-

BAE Ol Dysat
tives 92’ 9p’ ounly the first appears.

Consequently, it appears that the unlimited number of con-
stants is due to the nature of the method; they must finally be
reduced to the necessary number. In the theory of absolute
perturbations, the only limitation is that the series must con-
verge.

In order to make the method definite in its application, a
special law must be adopted to remove the indefiniteness in the
selection of the constants. The following is such a law: All
perturbations and their derivatives with respect to the time must
vanish for o definite instant t,. Equations (15) and (16) show
that this will be the case when %, is made the lower limit of
integration. The forms of the definite integrals then become
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t t
OR OR
g /—a?dt,
t() tﬂ

The form under which the perturbalions now appear are called
special, in so far as they are reckoned from a definite instant .
These special perturbations were included in the ideas of the
founders of the theory. If, for any instant, the coordinates and
velocities are given the elements aq,e,... are thereby deter-
‘mined. An ellipse would thus be obtained for each planet
and the planet would move in this ellipse were it not for the
perturbing functions. They constantly cause the planet to
depart from an elliptic path and this departure is the pertur-
bation. In the general theory of perturbations, the original
fundamental ellipse may be such that the planet at no moment
moves in it, although on account of the convergence, an ellipse
may be selected which, during the interval of time included in
the integration, very nearly represents the actual path of the
planet.

So far as is known to the author, Jacobi was the first who
insisted clearly and without ambiguity on the appearance of an
unlimited number of constants of integration in the theory of
absolute perturbations. (Extracts from two letters to Hansen,
Crelle’s Journal, Bd. 42). '

As was seen in the beginning, the theory of absolute pertur-
bations rests on the assumption that the series are convergent.
The question now aries: Up to what time and with what selec-
tion of constants of integration is this true? The investigations
required for the answer of this question have not yet been made.
Formerly but little attention was paid to considerations of con-
vergency, but now they play an important part in every investi-
gation of series, and on this account the absence of a proof of
convergency, or rather as I prefer to say, the failure of the proofs
of convergency in this case, is a serious defect. This, however,
can hardly be made a series of reflections on the talented found-
ers of the theories. On the contrary, they deserve high credit
for having intuitively adopted a legitimate process, the demon-
stration of which was left to later times.
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While there is no rigorous test of the convergency, yet it is
highly probable for tolerably long periods. For instance, in the
case of special perturbations, the values of the perturbations
and of their first derivatives are =0 for the time #{,. Those of
the n'® degree are homogeneous functions of the »'® degree in
the disturbing masses, and as these masses are small it is highly
probable that the perturbations decrease as the degree increases.

~ Since the integrals extend from , to ¢, it follows that the per-

turbations will generally grow larger as ¢ increases, and it is
probable, though not absolutely certain, that the convergence
will finally cease. It is therefore necessary to divide a long
period into parts and to consider each part by itself.

The advantage of absolute perturbations consists in the small-
ness of the disturbing masses in terms of the powers and pro-
ducts of which the perturbations are expressed. They will,
therefore, as is shown by actual application, converge much
more rapidly and through a longer period than will be the case
with those depending on series developed in ascending powers
of ¢ and in which the advantage afforded by the smallness of
the masses is lost. In practice, the interval of time is taken so
small that the perturbations of the first degree, with the leading
term of the second, usually afford a sufficient approximation.

Finally, since the perturbations of the first degree are by far
the most important, we will reduce them to a very simple and
elegant analytical form. From §21 it follows that the quanti-
ties X, Y, Z are given without further development, and that

they become ,a—Ri, Qli, @E, if for the coordinates are substi-
dx’ 0y’ 0z

tuted the first terms of the second member’of (8), that is, the
so-called elliptic values. The quantity R introduced in § 21 is,
therefore, really present, and in fact is the perturbing function
when the elliptic values are substituted for the coordinates in it.
The integrals which appear in (15) and (16) are now to be calcu-
. lated by expressing R in terms of the elements a,e¢,... and ¢,
then differentiating with respect to the elements and integrating
with respect to ¢ between the limits #, and ¢. The same lower
limit ¢, will be selected for all integrals, therefore special per-



160 THEORIES OF PLANETARY MOTIONS.

turbations are to be used. We can, however, according to the
rule for differentiation under the sign of integration, first inte-
grate with respect to ¢ and then differentiate with respect to the
elements a, ¢, .... If we put

an ) / Rydt= U,

the equations (15) and (16) become

_ 0U,0a, , OU, e,
__0U,0a, , 0U,0¢,

L OUh 0057 L0V, Dey]

'™ Da, Ow, ' Oe, Ow, ' "
_ 9U,0a, , 8U, Oe,

(18) 1 =" Ga, 0w, T e, B T

0U,0a, , OU, Oe,

é

0z

501:—%6—'% “a*gl-"a*?]l"*‘...
Vol A1 00 DRy O 18, T

These formulas may be made more compact. The U’s
are, as appears by the integration of (17), given functions of
t, @iy ey ... 0y €y, ... If we consider the elements replaced by
their (elliptic) coordinates and component velocities, the equa-
tions (18) become, simply,

Zw __a_q_{\ _GUA 5 _6U)\
19 )‘\—‘81,&)\’ y)\_é;:’ )‘_810;\’
i ou, :_% oY, ——a—U)-‘ ow, ——%
A 800;\’ A — ay)\, A== 8Z1
where i=1,...n. -

These equations give the solution, therefore, in the following
very simple analytical form:
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For the coordinates in the perturbing function, substitute
their elliptic values expressed in terms of the elements and the
time and integrate between the limits ¢, and ¢. In the integral -
re-express the elements, at least for those planets to which the
perturbing function belongs, in terms of the coordinates and
component velocities. The perturbations of the coordinates are
then the derivatives of the integral with respect to the compo-
nent velocities. Also the derivatives of the perturbations of
the coordinates, that is the perturbations of the component
velocities, are the negative derivatives of this integral with
respect to the coordinates.

The perturbations of a planet are thus reduced to the inte-
gral (17) which, for this reason, is called the integral of the
perturbing function. .

23. OrHER FORMULAS FOR THE ABSOLUTE PERTURBATIONS.

While the formulas of the preceding section, especially (19),
for the perturbations of thefirst degres, are of great elegance,
they are not so suitable for actual computation as those given by
Laplace in Mécanique céléste, Tome I, p. 28l. We will now
develop these formulas.

If the original plane of the orbit be taken as the plane of
reference, the (elliptic) z =0 and the last of - equations (1) in the
preceding section, become

d*z oz
@) g — etz

For Z=0, the general solution of (1) is
@) 0z = Ax- By.

This form will also hold for 6z when Z is any given function
of t, in which case, however, A and B are functions of ¢ which
are to be determined. As a differential equation between them
we select

dA dB
(3) OZEZUG'F Et—y’

so that we get by the differentation of (2)
11 .
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déz _  du dy
@ a - Aqth

m:
and
d?oz dA dx , dBdy
(®) ar tZ+B t2+ at dt T atdt

e @ y , dAdx  dBdy
e ores By o T

Finally by substituting (2) and (5) in (1), we get
dAdw , dBdy_ ,

©) dat dt at Tar dt dt g
and from (3) and (6)
. S £ ATy vz
dt dy da Naa(l—e) '
d —Ya
) dB _ ocZ 39 xZ
dt Z?t/ yz_f_ Nea(l—é)’
and, therefore, if we limit the perturbations to the first degree,

for which 2="2F,
2

" oR " BR
b / vy dt i / 5-dt
® T Wre@—a' | Wael—e)
and, thereby we get ‘

" B8R
2= ’
a(i —é?)
()] ) y
dy 6R doc 8R
g 6z == é; dt— 82 =—dt
Pl N ﬂa(l—e )

To prepare for further 1ntegrat10n of (1), it is desirable to
consider the expression

(10) ; wdx-4ydy=P,
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By two differentiations of P, we obtain by the use of the
equation (1) of the preceding section, in Whlch z i to put
equal to zero,

&P _ P (doc dox dy day)
(L a-ptUgata @)X+
If we put
dodéx | dyddt
a2) @ Tatat @
then
dQ _ dx d*x dydzay d*x dox Lot d'y doy
dt _dt d " dt af " at* dt ' dff dt
(Z—zc oo+ d—?&y rg;
:——‘u_——-——?;——————}—&u_ —r—5'P
d&w d&y
dt “dt dx dy
O i e A oy
» Shm Ty
d(___ﬂP)
(13) +th+Ydt,

and by direct 1ntegrat10n

(14) Q-————-+/(de+ Ydy).
Equatién (11) now becomes

a:P
o

Now

:-‘l;—l:-i-Xx-l- Yy+2 /(de—l— Ydy).

pmal o,
s R Jodlak,

and therefore

_ (OROx , 9ROy 8R
fo kg 8m6a+6y8a *a’
__(9Rdx_ 9ROy)_ OR
at T Y3~ "Gz o toyp: /=" 0e

For brevity, putting
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(16) W=a g—f -+ 2n % dt,
equation (15) becomes :

RS P 3
(17) et e W

This equation is of the same form as (1) and is to be inte-
grated in the same manner. Thus we get

( ¢ ¢
y/x-Wdt——x/det

PI —_— })

N pa(l—e)

(18)

t i
4y det—E’icnydt
aP _dt dt ek
L dt 4///.(1(1——-62)

These express the relation between da and dy and equation (10).
In order to obtain another, consider the expréssion

: __dx s dy
(19) e T )ac+-dt oy,
By differentation
as Pt
2 SR T @

and therefore by (17) and (14),

¢
2
oa Qe

dt at
and by integration
. dP oR OR
(20) S—ZE{——QQ/%dt—Pm//& dtdt,
in which for %l; is to be substituted its value from (18). Finally,
after the determination of P and S, the perturbations follow
] dz/
PE——

= T—TT;T’

(21) ’“;9(0 i

P S0, R WO
X N pa(l—é)
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The perturbations are tflereby obtained. By the introduc-
tion of the polar coordinates r, v, ¢, by the equations

X =1 COS ¥ COS ¢,
y =r sin v cos ¢,
z=r sin ¢,

we obtain, since ¢ =0 when we limit the perturbations to the

first degree, °
. da = cosvir—rsinvdv,

3y = sinvdr + reosvdu,
dz=rdg,
and therefore

: B
or = cos vox -+ sin vy = 2R

rdr g
—sinvoxr+cosvdy —ydxr+ xdy dt s
= — e e, )
r 7 r ,,.2/\/#0/(1 62)

.6'0:

and therefore

-

t t

sinv /9' cos v Wdt— cos v/r sin v Wdt

N ral—é)

©@2) - iy & +2d(”’") —dt—3 / / (n——-dt)dt
Lo /\/,ua(l-—e)

or =

&

t

13
sinv [ » cos v@dt—cosv r 8in v@dt
N 0z 0z
A pa(l—é) X

Of these quantities, r is called the radius vector of the planet,
v its longitude, and ¢ its latitude. Equations (22) furnish the
final expressions for the perturbations of these coordinates.
The two methods of calculating the perturbations, given in
this and the preceding section, give results which appear totally
different. For instance, in equations (15), § 22, there are only

simple integrals; in (22), §23, %? requires a double integration.
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Besides this the two sets of formulas are so different that it is
not possible .to pass directly from one to the other. We will
now consider the cause of this difference and the method to be
taken to prove the identity of the two systems.

In the first place it is to be noted that in (15), § 22, the entire

expression g% is to be taken and that a appears in R not alone

explicitly but also in the combination ¢ = \/ —#—t +e¢. If for bet-

ter distinction, the total derivatives are designated by parenthe-
ses, we have
(GR) OR 3 n OR
oa %0 2a ‘0’

and, therefore,

/( )dt— 8R /t—dt
/t%dt=tfg—fdt—/(/‘%§dt)dt,

and we see that double integration may also be introduced in
(15) of the preceding section. Yet even in this case, we can
not transform (15), §22 into (22), §23. The two systems are
connected by three partial differential equations which are sat-
isfied by R taken as a function of the elements, a, e, 2, 7, ¢.
Originally, R is a function of tke coordinates, the velocities not
appearing in it. If we consider R expressed as a function of ¢
and the elements, and then substitute the coordinates and veloc-
ities for them, the last must vanish. In this sense, it follows,
therefore, that

Now

OR _OROa , OROe
e ou ~ Oa Ou +5 De 0 +
9 OR ©OROa , OR 6e
(23) o1 ov 8a60+8e81;+
6R OROa , OROe
B 6w+ Qe 6w+ e

In these expressions we have to regard the values of

0_
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%a 0
ou’ ou’’
tuted for them in order to determine the three partial differen-
tial equations to which reference has been made.

" With the help of (23), the identity of the two sets of equa-
tions for the perturbations can be shown. Moreover, it is clear,
that we can use the equations (23), to represent the perturba-
tions in a great number of forms and ways.

.. in terms of the elements and the time to be substi-

If the formulas (22) are to be used in any special case, there
are two different ways of proceeding. The integral may, first,
be evaluated by faking X, Y, Z, and the coordinates at suitable
and equal intervals of time, (perhaps every ten days), and then
using a mechanical quadrature. This process disregards all
analytical considerations and gives only numerical results. It
is suitable especially for comets and asteriods, for which, on
account of their great inclinations and eccentricities, the ana-
lytical developments are too voluminous.

The other process consists in determining the analytical
expressions for the perturbations. These depend upon the per-
turbing funetion which separates into two parts, of which each
contains the coordinates of only two planets, the disturbing and
the disturbed. Since the equations (15), §22, contain only the
derivatives of the perturbing function with respect to the ele-
ments, the question resolves itself into the investigation of the
perturbing function as a function of the elements and the time. -
This investigation will be the subject of the following sections.

24. ANALYTICAL DEVELOPMENT OF THE PERTURBING
Fuxorion.

The analytical development of the perturbing function has
engaged the attention of many astronomers and mathemati-
cians. The process adopted here is that used by Leverrier in
his Recherches Astronomiques. According to (3) §21, the perturb-
ing function R consists of parts which depend only upon the
coordinates of two planets and which appear in two different
forms. The first of these forms is
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1) = 2 . 2 32
N (901_—902) + (1 —4)"+ (21—=1)

and the second is .

@) 5 O 2, %+ Y1 Yo+ 212,

('\/xzz ¥ F 222>3 .

In what follows.s, we propose to develop these two functions
in ascending powers of eccentricities and inclinations, since
these elements are small. We will first transform them some-
what. :

If in (23), § 2, we put for brevity,

(3) vf7r—L2 = o,
we get
x =1r[cos (2+ w)cos*}i + cos (2 —w)sin?}i],
4) y=r[sin (2 4 ) cos’}¢ + sin (2—w)sin?§¢],
3 z=rsinwsing,

and therefore,

L1+ Y1 Y+ 212 =1 7'2[0052%@.1 cos’$17, 008 (2, — 2, 4 0, — w,)
-+ cos’ 44,810’44, cos (2, — 2, + o, + wy)
~+ 8in? 44, cos®$ 7,08 (%, — £, + v, + w,)
+ sin’*3 4, 8in’ %4, cos (£, — £,— o, + ©,)
+ 3 siné, sind, cos (o, — w,)
—%sind sind, cos (0, 4 w,) ],

or,
2 (w2 + ys + 212,) = ryry [ meos (o, s ®y) + nsin (o, — o,)

+0cos (v, + @,) +psin (o, + @) ],

in which
m = (1 4- cos, cos iy) cos (£, —2,) -+ sini, sin,,
n = —(cos?, -+ cosiy)sin (%, —&,),
0= (1—cosi,cos1,)cos (2, —L,)—sing sind,,
p = ~—(cost,—cosi,)sin (2, — 2,).

The four quantities m, n, o, p depend upon the three angle
1y 1a, 2,—8,. A rvelation must, therefore, exist between them.
If we introduce the angle between the planes of the orbits J,
we have

(5) cosJ = cos%, cost, + sin ¢, sin4,cos (2, —&,),
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and an easy reduction gives
m?+n*= (1 cosJ) =4cos*}dJ,
o+ p*=(1—cosJ) =4sin*1J,
consequently, i
N+t 4 Ao 4 pP =2
Let 17, and 11, be the angles between the nodes of the planes

of the orbits on the ay plane and the intersection of the planes
of the orbits, and we have the equations,

.

Y m
cos (II,—1I,) = ————
( g 2) ,\/mz +n2
(1—|— €08 ¢, €08 %,) cos(£,— 2,)+ sin ¢, sin zz
1+ cosJ
3 —Q
T A e n __(cos i+ cos 7,)sin (£, 2)
i /\/m B 1+ cosd
© .
CcOos 1I + )= S Y
et N cf’—l—p2
_ (1—cos1, cos ) cos (2— 2,)—sin ¢, sin ¢,
(o 1—cosd 2
: P (cos i, 2,)
I II,) = — =
sin (I, + I1,) NZEw iy v )

\

and finally,

(7) 2,00, + Y1 Y+ 212, =7"17“2[005(‘”1 + I — (o, + ”2)10052%‘]
+ cos (@, + I, + o, + II,) sin*} J ],

and, therefore, if for brevity, we put

®) o+ I — (0, + 1) =V,
(9) ‘”1+Hl+(‘”2+ﬂz): W,
we get,

(10) 7' =[r?+r2—2r 1, (cos Veos*yJ + cos Wsin?}J) J—5.
3 3

The perturblng function =}, is, therefore, expressed in terms
of the five quantities
Ty Ty Vy W, J,

and it has the form
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(11) 7' = (a+beos V+ccos W)— 5

in which
a=r’+r,
b=—2r,rc08"}J,
¢ =—2nrrsin’LJ.

If, as we shall assume, » is always greater than »,, or 7,
always greater than r,, then since a is greater than the absolute:
values of b and ¢, we can assume the series

(12) 75" = 2ga,p cos(a V4B W),

in which « and S take all possible positive and negative integral
values and the ¢’s denote the coefficients which are to be arranged.
in ascending powers of b and ¢. These coefficients possess very
interesting properties, but they cannot be discussed here. The
reader is referred for them to Jacobi’s paper in Crelle’s Jour-
nal, Bd. 15, entitled, De evolutione expressionis (1-+21 cos¢ -+
21" cos¢')~" in seriem infinitam secundum cosinus multiplorum
utriusque angult ¢, ¢' procedentem.

‘We shall use the circumstance that
(13) z=sin’4J

is a small quantity.and develop (10) in ascending powers of it..
If, for brevity, we put

14) p=ri+r,—2rmco8 7V,
then
(15) ;' =[p+ 277, (cos V—cos W)z] %

=p t—rr(cosV —cosW)zp ¥
+ #[ruri(cos V—cos W)z J'p
—g[r7a(cos V—cos W)z Fp ¥

On account of the smallness of z, only a few terms of this.
development are needed. To complete the form (12), the pow-
ers of (cos V—cos W) may be arranged in terms of the cosines.
of the multiple angles. This gives



DEVELOPMENT OF THE PERTURBING FUNCTION. 171

2(cos V—cos W) =2+ cos2V +cos2W—2cos(V — W)
—2cos(V+W),
(16)  4(cos V—cos W)*=9cos V—9cos W+ cos3 V—cos S W
—3cos(2V+ W)+43cos(V+2W)
] —3cos(2V—W) -+ 3eos(V—2W).
Further, let

A=+ o
A7) p=F =@ +ri—Bnrcos V)~ =3 () cos( V).
A=—wm
This formula, in which it is assumed that

a () = (),
is fundamental in the analytical development of the perturbing

function, and on this account we shall treat it in detail.
If ¢ is any selected angle, then it appears that

cos¢. % 2(n) cos AV =1 3(n?) (cos AV+ @)+ L 2(n*) cos (—2 V+¢).

- The two terms in the second member are alike as may be
seen from (18) by exchanging 2 and —4. By the use of (16)
and (17), (15) becomes : :
' =33 (1Y cosA V

—32r 23N [cos(A+1) V—ecos(AV+ W)]

+ 227 Z(5") [2c08AV +cos(A+2) V+cosRAV+2W) -
—2co8((A4+1) V—W)—2cos((A+1) V+ W)]

— 52’ 1 (T [9ecos(A+1) V—9cos (AV+ W)cos(A+3) V
—cos(A V+3W)—3cos((A+2) V4 W)
+3cos(A+1) V4 2W)—3cos(A+2) V—W)
+3cos((A+1) V—2W)].

Exchanging wherever (A+1), (A+2), (A+3) appear the
index 2 by (2—1), (A— 2), (*—3) and replacing 2 by —4, we can
write in simple form
(e r;! =2 A*cos AV

+ X Breos(AV + W)
+ 2 Creos(AV+2W)
+ X D*cos(AV+3W)

where
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>

A= § () —5 @)+ g rn[26)+ ()]

29 + (P ]+

BA:%"ﬂz(3A)—Tf‘rfr:[(5*“)+(5“‘)] ;
@) 1 B (B LI 4B T 4.
0 =B rimp(ey— B i o+ 0]+

DA = 51 6 rird (T 4+ .
[

If the coefficients A, B, ... are solved from (20) and substi-
tuted in (19), we get finally, the following development

(21) 15, = 2ka, 1, p2°Cos(AV -3 W)
in which the %’s are functions of r, and r, only, 2 and / can take

all positive and negative numbers and « is an entire positive
number satisfying the condition
Te>[A]
The quantity # may, if we wish, be taken always positive or
zero, since cosx = cos(—x).
In the form (21) we select r;;! in order to consider it further.
The ¥’s are given functions of r, and r,, therefore not constant.

Let
(22) y =0 (1 +p1), To = Ay (1 +p2)
in which p, and p, are small quantities to be determined by (7),
§4. There are, therefore, double series of the form
(22a) Dy = ke, cos (0, M),
P2 = 2 ke, c08 (0, M,), .
in which the k’s are pure numbers, ¢, and 4, all possible integral

positive and negative numbers, and 7, and 7, positive numbers,
for which accordmg to §4

_[8 J 7’2_[62]
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are even and positive or 0.
Further, let :
(23) ‘ un=M+q, v,=>M-4q,

go that ¢, and ¢, according to (11), §4, are likewise small quan-
tities of the same character as p, and p,. Then according to (8),
(9) and (3)
(24) { :7: Zﬂ’t_% Qs

= a1+ s
in which
@) { V=M 45 —0 4 U, — (M4 7, — @, + 11;),

W' =M, + =, — 9, + U, + (M, + =,— @, + I1,),
so that ¥V’ and W’ are linear functions of the time.
Equation (21) now becomes

(26) = 1 =Zkztcos[ AV + W+ a2+ 3) +q:.(3—2)].
If we put

A= hy,

f—A=h,,

M+ =—8+1,=1,
My~ 7y — L+ 1, = 1,
the above equation becomes

(28) o =2 kzecos (b b 4 oyl by gy hzlqz)_ :

where, by (27), I, and h, are both even or both odd.
The condition «>[/#] here becomes

(29) a>[$(u+hy)].

Now, in order to further develop (28), we have to consider the
four small quantities p;, ps, @i, @2, the first two appearing in
the coefficients k, and the latter in the angles. They are best
treated as follows: r;;' and and the k's are homogenous fune-
tions of r, and », of the —1'™ degree. If %(a,, a;,) is what &
becomes when a, and a, are written in the places of r, and r,,
then

@n

kE(a,, az):—a% .k(l,g—f—),
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and
k(ry,r)= k[al 1+p), a1 ‘l‘.pz):l
v 1 k (1 a,(1 + p2)
a,(1+4+p)° Ta,(1+ py)

- gl a1+ 22)].

If now, for brevity, & be written for %(a,, a,), we have by
Taylor’s theorem

- P2a— Pl)az -
B h ?l"_{__lj:ﬁ___ %
l—l-p\ 1+p, ° * Oa, 21 ' Oa;
pa—‘pl) 2- ¢ -
1+p, ok
R BT T Bar L

B0) k()=

If we wish to separate the elements of the two planets, we

must develop the powers of (p,—p,) and obtain the two forms
P

I+p)

in which », s and ¢ are positive integers and r <s. r and ¢

form the degree with which the development of these forms in

ascending powers of the eccentricities begins. We have also.

to consider the small quantities ¢, and g, which appear in (28).
‘We have

co8(hy b+ hyly+- by g1+ ha gy ) =c08 (hy i+ hy 1) cos (hy g1+ o)
—sin (b1, + hy ) sin (b gy + haq).

and p,,

(31)q and, further,
cos (hyq, + hyq,) = cosh, g, cos h, g, —sinh, ¢, 8in b,y gy,
sin (g, + haqy) = sin by gy co8 hy g, + cO8 hy gy 81D 113 g, .

If we_substitute (30) and (31) in (28), we see that finally
D1, D2y @i, 9o appear in the four following relations

(32) (1+ 5 -cos hy gy, _——(I-II-)lpl )ssinh,ql,
pcoshyq,, p.’'8inh, .

These expressions, in which &, and k, are retained as unde-
termined intégers, have been collected by Leverrier in tabular

.
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form up to and including the seventh degree of the eccentrici-
ties. The developments of (32) follow the law given in (22a),
the same as for the p’s and ¢’s. If we finally substitute them
in any term of (28),

(33) kz“cos(h, L+l +Rhigi 4y q,),

and from this we get a four-fold infinite number of terms of the
form

(34) Kze. In, L. cos (B + byl 8, M, + 6, M),

where a, hy, h, remain unchanged as in (28), ¢, and ¢, take all

possible positive and negative integral values, 7, and 7, are pos-
itive numbers satisfying the conditions that

—[3,] and y,—[4]
are even, positive, or zero.
In this way the perturbing funetion »3;* is to be developed in
ascending powers of the quantities,

z=sgin’}dJ, e, e,,
and in such a way that the angles
iy +hyl,+ 6, M+ 6, M,

increase proportionally to the time.
By the degree of (34) is meant the number

(35) g=2a+7y+r.
Therefore, by (29) and (34)
(36) g—[h+ny+9, +62J

must be even, positive or zero.

If we undertake to form systematically the term (33),
definite limit for the degree must be decided upon, beyond
which the terms may be neglected.

The perturbing function

€37) rp! =2 Kztenercos (bl +hy b+ 6, M, - 6, M,)

may be expanded into a finite number of simple infinite series.
For if = is the limit set for the degree g, then it follows from
(35), that «, 7, 7, can contain only a finite number of systems
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of values, and the same is true from (29) and (34) for &, h,,
61: 62-
If we now put

h’1+h2:2A7 h2:2‘1_—hl5

and write simply % for &,, then for a proper system of six num-.
bers

-

(38) a,7’1,7’2,3u52;d’
the expression
h =+

(30) > Kzv.em. e cos [hh— (h—2 4) b+2,00, 8, 1,1,

h=-—oo

where i passes through all integers from — o to 4 oo while
the system (38) remains unchanged gives such a simple infinite
system as has been referred to; and, since, as we have seen,
there are only a limited number of systems (38) for which the
degree g =n, we have, if (39) is a term, broken the verturb-
ing function into a limited number of terms. At the same time
it must be noticed that the expression for k still contains the
whole number & left as yet undetermined.

Moreover, itis not difficult to determine the number of terms.
in (39) whose degree is g. It is only necessary to determine
the number Sg of the system (38) of the six whole numbers,
where

(40) 922“+71+7’2
and where i
(411)‘ 2("_[2‘1]; 71—‘[‘31]: 7’2_[62]
must be even, positive or 0, while 4, 4, 9, can be positive or
negative,

If o, 7,7, are given, it follows from (41), that 4 can have
besides 221 values, «, q—l, ... ,0,—1,...—¢a, and ¢, also
n—+1 values, 7i,7,—2,...—7., and likewise d,, , +1 values..

The number Sq is, therefore,
Sq=23(2a+1) (n+1) (r.+1),
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where «, y,,7; run through all positive numbers including 0,
which satisfy the relation (40).
If g is odd we can put

9—2a =‘2x+1 =n-+rs,
where « may have all values from 0 to §(g—1). Therefore

r=%(g—1) vi=2x+1

Sg=> D (n+1) (2e+3—7) (9—2a).

z=0 n=0

The series being taken with reference to r,, gives

z=}(g—1)
Sg= 22(90—}—1)(90—(—2) (2.70—!—3)( %),

2 =1

The sum could of course be taken with reference to «, but this
formula is most suited for the calculation of Sg when g is not
too large.

If g is even, put

g—2a=2x=r+r
so that « now has all values from 0 to 4g. Then

z=}g Nn=22

= D (41 Qe+ 1—p) (9—2%+1),

z=0 y =0
or
a=1tg
Bt E (2%-—!—1) (m—?f’—l) (2x+3)(g_2m+1)'

The number of terms (39) of the degree g is, however, less
than Sg. Since cosx =cos(—«), each two systems (38) for
which the three numbers 4,4, 6, have equal numerical values
with opposite eigns can be written as one, if & is replaced by
—hin the appropriate terms (39). The number sg of these
terms is found to be half of the number of systems (38) for

which, 4, ¢,, d, are not all 0 at the same time added to half the
12
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number for which they are zero. If we represent the number
of the latter by Tg, then

s, =% (Sg + Tg).

If g is odd, Tg =0, for y, and y, can not be even at the same
time as must be the case when 4, 4, J, are all .zero. If g is
even and we put 4, 6,6, =0, then y,=2y/, 7,=2y and we
have

f9=a+r'+r,
and Tg equals the number of the systems of solution of this
Diophantine equation in positive, integral numbers including
zero. That is

T,=3(G9+1) (3g+2).
‘We see, therefore, that
(1). If gisodd

o=k(g—1)

=

(2). If giseven
s=%13(39+1) ($9+2)}

el
4 2(2964-1) (w-gi-l) (BB s e s,

z=0

The number of terms (39) for the different degrees, as
obtained from the above, is

Degree 0, 1, 2, 3, 4, 5 6 7,
Terms 1, 2 8 16, 38, 68, 128, 208,

Up to the seventh degree inclusive, there are 469 terms to
compute and this was done by Leverrier. If we realize all that
is to be calculated before we reach the coefficients % as funetions
a,;, a, and of the undetermined whole number A, we shall get a
fair idea of the great amount of labor involved, though this
labor can be reduced about a third. The magnitude of the cal-
culations can be judged by the fact that the results above fill
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53 quarto pages. Since I have sufficiently indicated the general
character of these computations, I will refrain from further
details by referring the reader to the work itself. I have wished
only to give him a bird’s-eye view of the vast amount of calcu-
lation needed to bring the planetary tables up to their present
stage of perfection.

The other part of the perturbing function, viz:

w1x2+yly2+’zlz2___

,).23 :

T -
772;—(005 Veos’3J + cos Wsin’3dJ ),

‘can be developed in the same manner as r;'. Indeed the devel-
opment is notably simpler than the preceding because the only
values the numbers « can have are 0 or 2, and the only values
h, and %, can have are + 1, while otherwise the form of the
terms remains the same.

In a memoir entitled Mémoire sur le développement en ‘séries des
coordonnées des planétes et de la fonction perturbatrice (Journal
de Liouville, 1860), Puiseux has given formulas for the compu-
tation of the coefficients, K for every value of the numbers
a, 11, 72y Iy, Ba, 01, 65, The operations by which his formulas
were obtained have been for the most part, only indicated; by
him they were carried out to the minutest detail. They repre-
sent the entire formal solution of the problem when his five
quantities ¢, ¢, ¢, v, ©” have been developed in ascending powers
of z, e,e. They become, however, more complicated than
they otherwise are, and I doubt if it is practicable to carry
out the computations for the higher degrees, as Leverrier
has succeeded in doing, up to and including the seventh.
The formulas are perhaps not the simplest, for possibly many
of the summations may admit of contraction. In any case,
Puiseux’s expressions, for the very reason that they are expedi-
tious, do not readily permit the deduction of the relations of
which we are to speak at the end of this section.

However convenient for practical computation may be the
form of development given here, yet not all of the twelve ele-
ments,

Ay, Aoy €1, €3, Uyy By, Tyy Ty Ly 8y, &4,y &y
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appear in itin & recognizable form. (For simplicity of expres-
sion the mean longitudes &, ¢, are included among the ele-
ments, although they do not contain the time). In fact the last
eight of the elements are implicity contained in J, 1, &, M,, M,
and in the following manner:

cos J = co8 %, Co8 1,

h=4—o+1, L=0—241,,

M=% —m, My=¢8,—m,
where I, and 71, are to be determined from (6). If the incli-
nations, longitudes of perihelia, longitudes of the nodes, and
the mean longitudes are to be expressed explicitly in the per-
turbing function, each term of the perturbing function

(42) KzeeMecos (I —|-h2l2—|—81M1+52M2),>
or
(43) Kz2eMeicos (A~ pre+-qy),

where for brevity, ,
4= (hl G5 ‘31) L+ (he+ d,) C2—61”1;02”2’
(44) e=—IL+1+2—Q, p=—%(h+h),
y=—1I—1+Q+ 2, q z-_%(hl—h2)9
must be expanded in a three-fold infinite series.
The three angles‘ J, iy, 1, are to be eliminatel by the sub-

stitution of their values from (5) and (6) and the result reduced
to a suitable form, which can be done in the following way.

From (6) it follows that

Er= (a4 be* i (Q—R))Y
e=Y = (a6 4-be* ‘%)% in which

(45) o= tosdicosti,  ,_ sindisingd,
COS%J H cos%J
__sin J4,co834, _ cos¥isingi,
g=—— 2R AL R

siniJ '’ siniJ ’
in which i=A/—1 and e=2.7182818284,
and, therefore,

e [20 1! 0gp e =ue-g.
P _E[ ]'[ujla blrle=w ),




DEVELOPMENT OF THE PERTURBING FUNCTION. 181

where 2 and 2 run through all whole numbers which have the
same sign as p (0 included), for which

A4p=2p. 3
Likewise
'*"QW—E [2(]] Mlp, [#1]ei()‘191+mﬂz)
[xl]' [“d'

where 2, and p; run through all whole numbers which have the
same sign as q (0 included), for which

A+ = 2_‘1; —hy—h,.
From this it follows, finally, that
(46) Kz%e,Y1e,v2c08 (A + pa -+ qy)
=K ]![[Qf ]] !![[Zﬁg 1[ R ¢ R
cos[A+4p 4 &, .
If we now put
G=h+d, bh=—208, a=p+i,

QG="hy46,, by=—230, G=—p+m,
so that
47 G+ a+0b,+b4+¢+c,=0,
the angle in the second member of (46) becomes
(48) 8,5 A 0a Gy By B, w6 O 0 =

By the help of equation (45) the product z*alM plel g M1 p, k1]
becomes

(COS‘%’L])D‘] + [m] (COS%%) [Al+ M %
(sin §4;)m] + NI (gin d4,) (w1 + [l

The product of the last four factors can be developed in ascend-
a—[q]
ing powers of ¢, and 4,. The first factor Etndy can, since

(1—=z)L=l
a—|[q] is not negative, be developed in positive and ascend-
ing powers of z. But z itself and its powers can be at once
arranged in cosines of multiples of 2,—&, and the coeffi-

cients become functions of ¢, and ¢, and can be easily arranged

(_ 1) 1 A (1 )[p]
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in ascending powers of these quantities. If these are all intro-
duced into the above product and this again in the term (46),
the development of the perturbing function finally receives the
following form: ‘
(49) rpl =2 KeMei,4,"2co8 L.

L has here the the form (48) in which the whole numbers
ay, ... satisfy (47) but otherwise can take all positive and nega-

tive values, except that ¢, + ¢, must always be even. The expo-
nents 71, 7., %, a; are all positive and satisfy the conditions that

n—I[b], _7’2:[52]: a—[], a—[¢]
must all be even, positive or zero. The coefficients K are
homogenous functions of the order —1 of a, and a,, in whose

general expressions also enter the above whole numbers. The
degree g of a term is here

gr= 71+72+a1+a2;[a1+a2 ,
The second part (2) of the perturbing funection gives terms
of the same form as (49), but in this case [¢,]+[¢]=0or 2.
The computation of this part is relatively simple.
If we put a,-}a,= 4, there is only a finite number of the
systems of numbers

V15 V2s %15 %25 bl; [)2: Cl) cz: A’

for which g does not surpass a certain limit.

If, with restriction to such a limit, the perturbing function is
resolved into simple series, of which each consists of an infinite
number of terms agreeing with the above system of numbers,
the number of series is limited. Their number s, for a given
degree can be easily obtained by the formulas

4.3.2 5.4,
s2k:'u2k+mu2k‘—2+'l_.‘%.—gu2k—4+ o
(4+k—1)(4+k—2) (4+k—3)
& 1.2.3 |

Upy

4.3.2 5.4.3
32k+1=u2k+1+mu2k—1+mu2k—s+ bk
| (44 5—1) (44 F—2) (44 E—3)
+ 1.2.3

Uy y
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where, in general,
_ 2k (K 4-2)
U = ma~a e
3
except for k=0, for which

From these we find
Sk e gy —AART G =00 =l — 444
Br=S2 si == 3 &= 2292, s, —=858.

If Leverrier had selected the complete expeditions form (49),
he would have had no less than 1659 terms to compute.

Many mathematicians have occupied themselves with the
development of the perturbing function. Cauchy introduced
the eccentric anomalies E;, H, and developed in terms of the
cosines of their multiples. Bessel’s functions then enabled him
easily to substitute the mean for the eccentric anomalies. His
numerous investigations on this subject appeared in the Comptes
rendus and are collected in his Oeuvres compleétes.

‘While the methods hitherto used by astronomers for the

development of
1

’\/(ml —)' +(h—1)' + (zn—2)
are direct, it does not follow that this development may not be
reached indirectly. For brevity, put F=r3z'. An indirect
method of development would be that of forming certain differ-
ential equations which are satisfied by # as a function of the
twelve elements of the two planets and which serve to determ-
ine F.

If we consider ¥ as a function of the coordinates x;, x,. ..

—1__

S AT

and of the component velocities u,, us, ..., then F will satisfy
the six partial differential equations

a_F:(), .@E:Ao, ?£=07

ou, o, ow,
e TR ST S

o e A R o T R i

which express the fact that # is independent of the component
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velocities. We have also the following six partial differential
equations

OF |, OF oF  OF OF OF
G5+ mton=" Gaton
LR S

layl ylaxl Zayz y28w2 ’

o7 e . BT 3]

Y50 Doy, +y2—8_z—;_z25£ =0,
LOF__OF o  OF
| 7! 0, 10z, ' 0w, 0z .
of which the first three show that ¥ depends on @y — Ty, Y1— o
2z;—2, alone, and the last three that F is a function of r,. The
six equations (51) are not independent, an identical relation
exists between them. Finally, as a homogenous function of the
coordinates of the order —1, F satisfies the partial differen-
tial equation '

0,

(51)

=0,

oF oF oF or oF oF
(52) wla_ac,+y'8—z/1+zla_zl+x2%+y26_y,+zga_z, =—F.

Equations (50), (51), (52) determine # with the exception of

a constant factor ¢, and from them it follows that
: He=crse:

If, now, the elements are substituted for the component veloc-
ities, the partial differential equations pass into others having
the element a,, ... ¢, a,, ...¢, as the unknown quantities. For
example, the equation

or_
ou,
takes the form
0F 0w  0F0e  0F0i  OFOn | OFOL 0FOL _
0a,0u, ' Oe,Ou, ' 01, Ou, ' Om Ou,  0%,0u, ' 05 0u;,
in which the coefficients o8, ; g4 ..., are to be considered func-
ow ou,
tions of a,,e,,.... If for F we now take the form (49), the
thus modified partial differential equations will determine K up
to a single constant factor which remains over but which can
then be easily determined.
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Two of the partial differential equations can be at once writ-
ten out. One is (52) which now takes the form

or
ala + a28a —Fr
and from which it follows that every coefficient K satisfies this
differential equation. The other is a combination of the two
last of equations (51) and takes the form

(2155 o TN O T O (5 )tk SR 59

7% 55, on Ton T an, Ton, =
from which the equation of condition (47) follows for each term
of (48). The remaining ten equations (50) and (51) are some-
what more complicated for we know that the K homogeneous
functions of the degree —1 in a, and a, serve to determine
these functions and to form an infinite number of relations
between them and their partial derivatives with respect to «,
and a,.

The very expedltlons form (49) is often unnecessary. When
it is only necessary to represent the perturbing function as an
analytical function of ¢ which is corttained in £, and &, only, we
can collect all the terms of (49) for which a;, and a, have the
same values, and the form becomes

(53) r'=33{A,, co8(0,+a,8,) —I—Bal, o 8In (0,8 40, 5,) 8,
in which g, and a, denote all positive and negative numbers. and
it is assumed that

) SR PRI - [GUA R ]
The coefficients 4 and B can be at once expressed in double defi-

nite integrals, if we employ the process used by Fourier for the
trigonometrical functions of an angle. We have

19 Og°

2w 2w

1 &)
Aq,, ﬂzzﬁ r'eos (a, % +a,5,)ds de,,
09

2w 2w

B, 6, = 92 //’"12 sin (a,& + 0,&;) d&, d&;.
K’gsE LIBRAMY

OF THE

| ON1V ERSITY

N\ CALIFORNA._
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The numerical computation of these coefficients can be per-
formed in two ways. On the one hand, after Liouville, (Sur le
caleul des inégalités périodiques, Jour. de Math. I, 1836), we may
expand the double integrals into a very rapidly converging
series of simple integrals which we may determine by mechan-
ical quadrature. Or, we may, after Leverrier (Recherches
astronomigue) employ a process of interpolation. Finally, in
the articles already referred to in Comptes rendus, for the
case in which [a,+a,] is a large number, Cauchy has given a
special process which he has applied practically to a definite
term in the theory of Pallas and Jupiter.

Finally we will also notice that Hansen has given an entirely
novel manner of developing the perturbing function. It con-
sists in using the mean anomaly of one body and the true anom-
aly of the other when the latter, as is the case with the comets
and some of the planets, etc., has an eccentricity so large that.
the series is slowly convergent or entirely fails. This method
of development has its chief value in relation to the moon, the
asteriods and comets. It will not be given here, since we are
considering only the sun and major planets.

25. THE DEVELOPMENT OF (a,®—2a,a,c088+a;?)~% 1N A
TRIGONOMETRIC SERIES.

.

In the method used in the preceding section for the analyt-
ical development of the reciprocal of the distance between two
planets, the coefficients (s') of the function

(1) (a,*—20,a,c083+ a?)~te= %(s°)+(s‘)cosé+(sz)cos2 o4 ..
N i= + oo :
:%2(3‘) cos i3,
f=—c0

play a prominent part. To justify the second manner of writing
the second member of (1) and to define (s') also for negative
values of 4, we suppose that

(2) (8)=(s7").

-1
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By the aid of Fourier’s theorem for the development in trig-
onometric series, the coefficients (s’) can be brought into the:
form

21r

cos 10d0
(A @' —2a,0; cos 3 +a)’’

(3) (s )—-~

which, by puttmg cos 0 =, can he treated as an ellipticintegral.
Laplace proposed a direct method which is better. It is
a’+ a,'—2a,a, cos ¢ =(a,—a,e?) (a,—a,e™?),
or 1f we put
251

(4) (a+ a?—2a, ayc089) F =g, (1 —ae®)F(1—ue %) b

If « <1, (in case it is not, wo can make it so by exchanging
a, and a,), the binomial theorem gives

(a,*—2a,a;cos &+ af)_ B

a; 8(1 kel

b

S(3+2) 26

3(3“‘2) (3+4) e . )X

8(8+2) )

(1+5ae+
+8(L22>3(‘L4) et ).

If the two series are multiplied together and the product
arranged in ascending powers of «, the coefficients will be entire
functions of x = cos 8. These functions play an important part
in many problems and are called spherical harmonics. But if
they are arranged in powers of e?, they give the coefﬁments (s)
to be used here. ' They are
(B ) =ae (LD (2D,

IRIE I DY
21+ (¢41)! 3
+s(s+2) (s +2i4-2)s(s+2)
XTI+ 2)] 9 91

aitd
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This is the general expression (s') for every value of s and 7.
(For negative values of ¢ it is illusory, but in that case the equa-
tion (2) is to be used). But itis not yet sufficient, we must yet
obtain a series of fundamental relations between the quantities
{s'). This is given very simply by a reduction. of (s') by
Gauss’s hypergeometrlc series,

”»( at+1)8(+1) ,
1.2.7(r+1)
a( at1) (a+2)8(5+1) (8+2) ,

(6) F(a,ﬁ,/,x) 1_|_ x+

el TTIeB G+ DG D) o
11S 1S
(7) %(si): 3(8+2) (S+‘2L)l' (S+2i_2)aix

F(4s,4s+4,i+1,d%).
However, the required relations are given with the same ease
by equation (1). If, for brevity, we put
a,"—2a,a, cos d+-a’ =p,
we obtain, by differentiating (1) with respect to 4,
+o

—sa,a,p~ FE+2) gip d=—3 Ei(s") sin 9,

—_—0

or, if both members are multiplied by 2o
2sa,a,8in 0% X (s') cos ¢4

+ >
=(a*+a,?) 2 1(s") sin i6—2q, a, cos & E 7(s') sin 4.
But A s )
sind X (s')eosid =42 (s )sin (i +1)6—3 2 (s')sin(¢—1)7,
and if in the second member the summation index ¢ be ex-
changed with (¢—1) and correspondingly with (¢4 1) it follows
that
sin 02 (s') cosid =3 3[ (s 1)—(s't") ] sin ¢4,
In the same manner

cos 0 2i(s')sinid =33 [(i—1) (s~ 1)-}-(@—I—l) (s‘+‘)]s1m6
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3 L
the summations always extending from — oo to 4+ o. There-
fore

sayay . FX[(87) — (")) sin o
=3[(a’+ a)’)i(s) —a,a((G—1) (s*=) F- G+ 1) (s'*+1))]sin¢

The coefficient of sin ¢4 in the first member is, according to (2),
changed by replacing ¢ by —7 and the same is true in the sec-
ond member. The coefficients must therefore be equal. Hence

®  dsamalE)— 6]
=(a+a)i(s) —a,a,[(C—1) (=) + G+ 1) (sFY)].
If we put
9)
it follows that

a’+ a;’ £ il

a,a, a

2ki(s) —(2¢ +s—2) (s~ 1)
—s+2i42
By means of this formula any (s’) may be obtained from the

two immediately preceding. For example, from (s°) and (s') we
have

(10) (al)=

_2Kk(sH)—s(s")

(2)— —S+4 ’
o _4k(s)—(s+2) (s)
e —s5+6

_[BE—(s+2) (s— 9] () —45k(s)
s+ 8 (—s+6)

The equation (10) affords the relations between the coeffi-
cients of a single series (1). There are also such relations
between the coefficients of two such series for which the s’s
differ by an even number. These are sufficient, for in astron-
omy, the only cases which occur are those in which s is odd.

Multiplying (1) by p, we get %

p=Y= =13 ((s—2)") cosid = (a’+a?) } 2 (') cos id
—a,a,[ 12 (s) cos (i +1) o+ 12 (s°) cos (¢—1) 4]
=321 (a+a?) (s)—a,a, (s') + (")} cos 0.
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. . L3 5
Since, by (2), the coeflicient in braces remains unchanged when
i is exchanged with —2Z, we must have

(12) ((S———Q)"):alag[k.(si)___(si_l)_(s;_l_l)]’

or, by (10), )
el gy b gt k(s)—2(s"")
(13) ((s—2)")=( s+2)a1az—__m.
In order, conversely, to express the quantities (s)’ by ((s —2)"),
exchange ¢ with — (¢—1) in (12) and use (2). Then

(14) ((s—2)'~ ’)—(—s+2)“r“ﬁ%‘

It follows from (13) and (14), that
i Q—1 _(_s+27’+2) ((3_2)‘)
‘(15) (S)_(S )'— (—s+2)a,a2(lc+2)
7t (s+2i—4) ((s—2)'71)
(—s+2)a,a,(k+2) °
From this an important conclusion may be drawn. If sis
positive, (s') is, by (5), positive for every value of ¢. If s> 2,
then ((s—2)°) and ((s—2)°~') are positive. Therefore, if we
select i positive and so great that both (—s<42¢+2) and
(s+2t—4) are positive the second member of (15) becomes

negative and : .
(s) < (7).

If we put, for example, s=3, i=2, it follows

(3))—(3") = __375%)_10‘{:'_(121;] ;

hence :
(16) (3) < (8).

This inequality will have an important application in the
following paragraphs.

If we solve (13) and (14) for (s*) and (s'~'), we get

k(—s+20+4-2) (6—2))+ 2(—s—20+4) (s —2)"~ 1)

&)= (—s+ 2)aya,(P—4)
) 51y = 25 B A D2 oDt 4) (=2
(—s+2)a,a,(i7—4)

Finally we will show how to express the derivatives of (s’)
with respect to a, and a, in terms of (s°). If we differentiate
(1) with respect to a,, we get
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—sp 30D (a,—a,co80)= %Eaa(j ) cos 9,
1

%2{_8 (a, ((s+2)) T ¢+ 2)“‘—}—2((3 + 2)€+X))} cosid

= 3% .

and, therefore, )

A D 1 SO G el (L s

cose o,

da,
and also by (12), if we write (s 2) for s
(s ; / :
(1) o jar—ad) (s+2)) + (),

and, finally, by (17),
o(s) _ [——saﬁ—l— i(a+ a.)) ] (s)) + ay ay(—s—2i + 2) (s'~ l)
a9 %

a(at—ay’)

By exchanging the subscripts 1 and 2, we get the derivatives
3
%. The derivatives of a, can also be obtained from those

2
with respect to a, from the fact that (s°) is a homogeneous func-
tion of the (—s)*™ degree in @, and a,, and hence the partial
differential equation

) o g ) =—o)

must be satisfied.

26. Tae TErRMS OF THE PERTURBING FUNCTION OF THE
DxrereErs 0, 1 AxD 2.

The analytical development of the coefficents of the perturb-
ing function requires, if we pass beyond the second degree,
days, weeks and even months of labor in computing them. If
the computation is confined to the zero, first and second degrees,
the necessary computations are not excessive and the reader can,
for himself, easily verify the formulas. !/

The equation (15), § 24, then becomes
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(1) rat=p—t—rr,(cos V—cosW)zp—3
=33 (1) cos AV—3r122(32) cos (A+ 1)V
+ 3z 2 (3Y) cos AV 4 W),
The quantities p and ¢ become
i p=—ecos M+3e' (1—cos2M),
q=2esin M+ je’sin2 M.

The (s*) are here functions of r, and r, and may be denoted by
(8*)ss - On the other hand (s*)is the (s*).,,.. The equation
(1), in which p and ¢ need be substituted only in the ﬁrst term.
of the second member, now becomes

7% =32 (1) 0,04 0), 020420008 [A(h—1) + 2 (01— )]
—3a,0,23 (3 ) cos[(441) (,—1)]
+3a,0,22(8%) cos[(A+1) L, —(A—1) L]
If this is now developed in ascending powersof p,, p:,q;, ¢ and.
then their values given above are substituted, it follows that

A=+

r;‘:E[A,‘cosso—l—elBAcos(ga-{-Ml)—i-eZCAcos(q)—l- M)
A=—00
+ e’ Dycos ¢ + e, Excos ¢+ e, 6, Fycos (¢ + M, — M,)
+ 2 Ghcos ¢+ e Hycos (¢ + 2M,) + e Jrcos (¢ + 2 M,).
+e,e,Kxcos (¢4 M, + My) +zLycos (¢4 L+ B)],
where for brevity,
(2) ¢ =A(lL—1),
and where the coefficients have the following values
[ Ay=11,,
By=}(— I+ 214),
Co=3(—'L—21,),
Dy=%[—47 L4214+ 1,"],
3) J =4[—420L+2'L+"1], .
(8) Fr=3}[4L—2 (I +'1) + I ],
Grh=—3 (IILs_, + IIT, ),
Hy,=}[(4*—5) L— (4 4+2) I/ + 1],
Ra=1[— 480+ 20 (I — L) +'IV]
L=} III,,
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when for brevity the following symbols are used:

e AL o(1* ; (1
@ L=@19 I =aré—al‘), If}:aag—a:, =2 a(a,’ ,
AR o ) O UG 5, () o :
/it " 50,00, G Oayt’ I = a,0,(3%).

By equation (20), §25 and the results obtained by differentiat-
ing it with respect to @, and a,, the following relations may be
found to exist among the coefficients.

I)\' -|— ’I)\'I -—I)‘, I)\" + ’I)" =—2I,\', ’I)\’ + ”I)\ = —2'.[,\,

by the aid of which the coefficients may be further transformed.
We find, for example

D)\ = E)\ = -—% (4:)\2.{)\"'— ’I)\I), F)‘ = ‘i [(4}~Z+2)~) I)\ + ’I)\’:'&
Further, it follows from (12), § 25, that
III)\_1+III)\+1=ICJII)\—I,\,

and, therefore,
G)\ =— i(kIII,\ TR I)\) .

If we wish to produce the entire expeditious development of
the perturbing function, we must proceed as in §24, page 180,
The angle x is small, of second order, and all terms except
the first can be neglected. We have here to put cosx=1,
sina = 4 4, 4, sin (2, — 2,), so that we obtain

S Azcose =2 Arcos ¢+ 34,4, 21 Aycos (¢ + 2, —Q,),
where for brevity '
©®) Mo—L)=¢.

Further, the term 2z G,cos¢ separates into the three terms
14’ Gacos ¢+ 4iy* Ghcos g — 44,4, Gheos[¢ + (2, — 25)],
while the last term zL,cos(e -1, + 1) separates into

iilgL)\COS (9” T e 91) 4= i z-:sﬂLl\COS (9” S o 7 —292)

—%id 4, Lycos (¢4 &+ 6,—0,— Q).

The equation (2) now changes into
13
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A=+

(6) 7 —E [Aicos ¢+ e, Bacos (¢ + & —my)
A=—®
+-e;Crcos (¢ + &,—m,) + e Dycos ¢ + e’ Excos ¢
+9162FA005(‘/’+ »z—’ﬁ‘{' 7'2)+%'51 Grcos ¢
+i7122 Grcos ¢ + 4,9 ;)
+ e Hycos (¢ +2¢,—27,) + e{J;\cos (¢4+2¢,—2 r2)
+e e, Kycos(¢ + & —m 4+ 5—m,)
. +i7;12L)\COS (§//+ Cl + C2—2521)
+ 14’ Lacos (¢ 4 &+ L—2Q)
—34dyi, Lacos (¢ + 5+ H— 2 —2)].
The coefficients A, to L, are those given in (3),
G =—3+ 32 A =5 (IIL_,FIII,  +221)).
By means of (8) and (12) of §25, we have finally
) Gy =1III,_,.
This completes the entire development of the perturbing

function up to terms of the second degree of the eccentricities

and inclinations.

In the next section, we shall see that the terms of ;' which
are independent of &, and &, and therefore of the time, play an
important part. We will collect them into a single term,— the
so-called secular term of the perturbing function. If we desig-

nate this term by [rl] , we have
12

[r 2] 3L,—%te 1) —%el' I +Lee,(21, 4 '1)) cos (z, —=,)
1
— @i+ § 4" —%4, 4, co8 (2, — K,)) ITT,.
The coefficients can be somewhat transformed.
If we put DS = 1 then i=1, s=1, the equation (19)

§25 gives

—a’Ltaal
: a’ —ay’

®) —a,a L+ a1,

I’:_.___.__._._
1 a _a2 ’

=

3

therefore
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(9) : I)a,—I/a, =0,
and likewise
. —'Iya,+'I,a,=0,
and from this it follows that, ifv(8) be differentiated with respect
to a, and then multiplied by a,,

a,a, 1, I 2a,’ aZI’—af’I

(10) 1 = al—a,’ + —a} a’—a}
It likewise follows that
,I ’ al ay (I A IO)
! AR R Y 2

On the other hand, if we take s=1, i=1 and then 0, equa-
tion (18), §25 gives

o LS CR
oL S T e 0.0 PR RO L e 9§ S
a, a, a,a,
and by the use of (8) and (9)
12) I = —IIT,, 'I,)=—III,,
Therefore, by (8), (10) and (12)
oI+ "I} = — 9k IIT, + 3 III,,
and therefore by (10), §25,
(13) 25, 4 'I) =—1III,.
We, therefore, ﬁnally geb

) [ ] L+ 4 Lo - o — if— 42 4 24, 4, 608 (2, —2,)]
— 1 II1,e e,co8 (7{1—/.2)

The term %I, is entirely independent of the eccentrieities
and inclinations. The six other terms divide into two groups
of three terms each, of which the first depend only on the
eccentricities and longitudes of perihelia, the second group
only on the inclinations and the longitudes of the nodes. The
sum of the terms of the second group is negative, since 11, is
positive. The opposite is the case with the first group, because,
by (16), § 25, an inequality, IIT, < III; exists.
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Besides, the considerations of §24 show that [rl—] is of even
12 ¥

degree in relation to the eccentricities and inclinations, so that
(14) is exact to the third degree.

‘We will now develop the other part of the perturbing func-
tion. The equations (19), §4, give at once

18) wma,tuy+22=aa, [005 (6.—%)
+4e (—3cos(t,—m) Fcos (28— 5—m))
+ e, (—3cos (§—m) + cos(24,— & —my))
+4e’(Beos (35, —5,—2r)—4cos (£, — &)
; +cos (27, —&—5y))
+de’(3cos (3L,— & —2m)—4cos(5,—8)
+cos(27,—&,—&))
+ L e, e,(9cos (7,— =) —3cos (2%, —m—m,)
—3c08(25,—=, — ™) + cos(25,—25—m+ 7))
+ 14 (cos (22, — &, —5)—cos (5,— %))
+ 147 (cos (22—, — %) — cos (L — &)
+ 34,4, (cos (§— Z— @+ 2) —cos (&4 §,— @,

)]

€, “’27" VYot 212, o
Ty

From this we can at once develop

2o\ R, ARSI, Nt tc
s T gt N ATl O %
and therefore,
(16) T+t 212 w0ty + 2 )
=3 TR AL . # 2 3
Ta ) >2

In (16) there can be no term independent of %,, that is no
secular term. If such a term exists in (15) it disappears by the
differentiation.

27. THE ANALYTICAL EXPRESSIONS FOR THE PERTURBATIONS.

In the preceding sections we have developed R in terms of
the elements a, ¢, 2,4, 7, £. % is not prdperly an element, but
contains the time £, since { =nt+¢. If we replace the element
¢ by ¢ in (15), §22, we will not change the derivatives, with
respect to e, 2, 4, n. Further
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OR__OR
€)) 5 o
OR : _ . ¢
On the other hand Dq Teceives a new meaning If we de-

note its former value by (—gg) and its new one by g—g, it fol-
lows at once that

. OR 8R OR0: OR 3ntoR
@ (52 .

8’ Oa" 0a 2a 0%’
In the same manner
: oc_0c (0w)_0z_ 3utdx
) 0: —0z’ \8a)=6a 2 aBr
If we substitute this in (14), §22, we find by the aid of table
(22), §11, that there is in # one additional term, namely,

etc.

3 8R
b= dt.
+ aZ OV

=

Further, in (4), § 22, to the term

ox _, [a0w [OR
Aaa ?\/ n Oa % i
there is to be added another .

3 0z (0R
—w%0% J 0%

There arises, therefore, in éx the additional term

+?ng( 198 4 8Rdt)

dt.

0% 0¢

N B0 OR
__52_52/( = dt)dt.

There are corresponding additional terms for dy and dz. We
see then that in (15) §22, we must write

OR 3n 8R
. e + o7 ~dt
instead of o 3 i

Oa
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If we designate the disturbed planet by the subscript 1 and
the disturbing planet by the subscript 2, the part of R which
depentls on these two planets, gives rise to terms of the form

4) KcosL,

in which the coefficient K depends only on the major axes, the
excentricities and the inclinations, while L is a linear function
of the mean longitudes, the longitudes of perihelia, and the lon-
gitudes of the nodes, with integral coefficients whose sum is zero.
By the differentation of (4) with respect to one of the elemenis
ay, e, 2,4, 7 &, there arises a term of the form

sin
(5) &S50 (),
The angle L is a linear function of the time, and is, in fact,
the coefficient of ¢ in (48), § 25, and c
(6) = a, %+ ayn,.

" By the integration of (5) with respect to ¢ we get, if (6) is
not zero, a term of the form

K, - sin
@ 0, 7y 4 Ay ny (——cos (L)) A
The coefficient (6) becomes zero
®) (@) i, =d, =0

and, therefore, for all secular terms. Then by 1ntegratlon of (b)
with respect to ¢, aterm of the form

) : ( c08 (1, ) ‘) '

! sin
is obtained, that is a term proportional to the time. And zero
(10) @2 it n:in,=a,:—aq,

_that is when the two mean daily motions, and therefore when
the two periods are in commensurable ratio to each other. We
have seen that there is much discretion in the selection of the
original elements. 'We can choose the periodic times in such a
way that equation (10) is never fulfilled, or fulfilled for such
large entire numbers q, and a, (exact or approximate), that the
degree of the term is very large, and therefore the coefficient K
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very small, so that this term for very long intervals of time may
be neglected. We shall see later that there is a very suitable
selection of elements and that with this the periodic times of
the planets are commensurable only for very large values of q,
and a;. We see, then, that practically, only the secular terms
of the perturbing function give proportional terms by integra- -
tion with respect to the time.

We will, therefore, divide the perturbing function into the
so-called periodic part and the secular part and designate them
by (R) and [R]. 3

In §24, it was shown that R, can be developed into a sum of
the form (49). (R, is then the sum of the terms of R, for
which the two integrals a,, a, are not both zero at the same
time, while [®,] is the sum of those terms for which a, and a,
are zero together.

Lot
(11) Ke,ue;%2i,PiiyPacos (0,5 + 0,5+ 0,7 + bymy + ¢ 2 4 ¢, 2,),
or briefly
(12) H cos L,

be a term of (R,) where for integral numbers, the conditions of
§ 24 hold, that is

(13) al—ija2+bl+h,+cl+c2=0,
and the four differences
f’l“‘[bl], a,—[b.], Bi—[ 1], Ba—[c2]

are even, positive, or zero.

Further, let . :
(14) ke, i cos (0,3, -+ b,' 7, +¢,' @), or briefly, H' cos L'
be a term of x, so that according to §4,

a/'+5/4+¢'=1,

: a'—[b'], B'—[¢']
are even, positive or zero.
If we now denote the part of dx which depends on (R,) by
(9a,), it follows by the use of the equations (15) and (11) of § 22,
and the table (22), § 11, that

and
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(15) (020,) = 2 [ M, cos (L' + L) + M,cos(I' —L)],

in which

(15a) M,:—lz[ P g G

A oy (aymy —|—02 2)
o0H a,/
_%:H 017”'1"“]2”2
e T )
+alm-|-02n {al+ 261 (—a b+, b)) \
1— 1—
(1 4 2:1),\/ el( o', +xa)
L
24,8in 4, A/ 1—e R )
1—cosq,

2, sini, A/ 1—e,*

* The second term M, cos(L'—L) is formed from the first by
exchanging the six integral numbers in L with their opposites.
The symbol > in (15) refers not only to the integral numbers
in (11) and (14) but to those of all the disturbing planets. 1f
(150) is developed¢in ascending powers of the eccentricities and
inelinations, the law of formation is at once seen to be

(16) (0x,) = 2(K)e;ey%7,Priyecos (a, 5+ 0, %,

+ 0,7+ byt £, 4 L),
where the whole numbers a,, ,... fulfill exactly the same con-
ditions as before, except that the sum (13) is not now = 0 but =1.
(9y,) follows at once from (dx,) by putting sine for cosine. Finally
(0z,) has the same form as (9y;) except that for (3z) the sum
(13) again =0, while ¢, +c, is odd.

It, for brevity, we put
(GL—=8)=¢
and. limit ourselves to the consideration of terms of the first
degree, the following terms result:
A7) (om) = B[(K})cos (¢ +¢)
i el(K.?) cos (¢ i 711) =P el(Kia) cos (‘/’ +2¢, —771)
+ e(K*) cos (¢ + m,) + e,(K ) cos (¢ + 2%, — ),

(A (0 b+ 2 (0B ))}]
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(18) (o9 = S[(& sin (¢ +7)
+ e(K7)sin (¢ + m) 4 €,(K) sin (¢ + 25, —-,)
+ e,(Kf) sin (¢ + =) + ex(K?) sin (¢ + 2%, —7,) ],
(19) (0z) =Z[4(KH)sin (¢ + £, —L) 4 (K sin (¢ +5,—2y) ],

where (K;) represents coefficients depending only on o, and a, and_
‘which are to be formed from what precedes. It is to be noted
that, in order to take account of the perturbations up to the
n™ degree, the perturbing funetion must have been developed
to the (n+1)™ degree.

‘We now pass to the secular part [ R, ] of the perturbing func-
tion and to the corresponding terms [9x; |, [oy, ], [32,]. For this

part
o[R/] —0
=1
and 5 1 o8] ‘
[R R, ?
8 dt=t-——~ o al , otc.

From this it follows that
o[ R,]0u,
(20) [axl]_t[(a, HiE [ ] ”

0[R,]0x, O[R,]0x 8R81
+(e,n),( gejgii— ALIUC RARIL
(G[R,]% arleax,)H )G(R]oxl
T 01, 092, 09, 04 3T AR
. [9[R]0ox, G[Rl]axl
+(7/’“)1( 8@'1 A = A 871‘1 8—21)]

™1

Corresponding expressions can be obtained for [ dy, ] and [z, ].
By the development of (20) we now get
(21) [0, ] =t Z[K] e, % e,%4,f1 d)Pesin (.54 bymy + by 7wy + 0,2+ C242).

The same conditions hold here for the integral numbers as
in (16) except @, is always zero. [dy;]is formed from [dx, | by
substituting — cosine for sine. [¢z;] has the same form as [ 4y, ],
differing from it only as (0z,) differed from (dy;).

Finally six arbitrary constants appear in the six integrals

/ —gi-%-‘ dt, ete., of equations (15), §22. These constants will be
o 1
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\
denoted by {a,},... They give another term {3z} to éw,, as
follows:

3n1 8901 Ox,

{oxt = (CL i 1} +6,, (a, s),{alH—

The constants can be taken entirely arbitrarily.
Laplace puts
o) = _ 2a,[0R,]
Y5 By, Oay ]

and finds that the term of [6x]~ {ox{ which is proportional to.
[OF:]
Oa,

the time and depends upon vanishes. He puts {a;i, {4}

and {2} =0 and assigns to {e,} and {=} certain definite values.
in order to simplify his equations to a certain degree.

We have now developed the general form of the perturba-
tions of the first degree in reference to the disturbing masses.
If we go from this to the second degree the labor increases.
enormously, but it is easy to see that the perturbations consist
of terms of the three following forms

b A TP < it
sin sin sin
only that in this case K and L can contain the elements of three
planets, one disturbed and two disturbing. In perturbations of
the third degree, # enters as a factor in some of the terms and
the elements of four planets are involved, one disturbed, three
disturbing, ete.

The calculation of these perturbations is very tedious and it
is well to have a simple control of their accuracy. In order to.
obtain such a control, let M, be what (15a) becomes when the
term which has (a,7,+ a,n,) in the denominator is omitted and
the denominator (a,n; -+ a,n,;) is dropped from the others. By
this means (dx,) passes into (¢'x;). Moreover, if the factor ¢ is.
omitted in (21) and the sine changed into cosine, [dx,] passes.
into [#'w,]. Then, identically,

(Vo)) +['x ] = 0

For the first member is then the development of
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OR,0a, , OR, Oe,
5&; % 8‘31 6901, e
which expression, according to § 25 is equal to zero.

We have seen that'the perturbations of the first degree of
the disturbing masses, separate into two great groups. The
first group consists of terms, each of which has the form

a cos (bt + ¢),
in which a, b and ¢ are constants. The second group on the
other hand consists of the terms of the form

at cos (bt 4 ¢).

When this development of the coordinates and of the per-
turbing functions converges, which is the case for the elements
of our system, the developments of (dx) and [dx] will also con-
verge. The latter, however, in spite of the smallness of the
masses increases with the time beyond reasonable limit by rea-
son of the time entering as a factor, and the same ‘thing is
true of perturbations of the higher degrees. From this it is
evident that the convergence obtains only for limited durations
which may be tens or even hundreds of years, and that the
increase in the perturbations is to be attributed chiefly to the
secular term. ‘

By the appearance of the factor ¢, the earlier mathema-
ticians, especially. Euler, Laplace and Lagrange, were led to
some remarkable and, to us, fanciful speculations, the object of
which was to overcome the difficulties presented. See Mécan-
ique céleste, Tome I, p. 266. These_ attempts were the forerun-
ers of a second great theory, The Theory of the Variation of
Elements, which we shall develop in the following sections.

28. THE VARIATION OF ELEMENTS.

The fundamental ideas of the theory now to be developed are
very simple and clear. At any given instant the planets all have
definite coordinates and definite velocities about the sun consid-
ered as fixed. These would belong to invariable ellipses if the
sun alone aftracted them and if they exercised no attraction on
it nor on each other, and the elements of these ellipses would
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depend on the coordinates and velocities in the manner given in *
§2. Whateverinstant selected, the same values for the elements
would always result.

The actual state of the case is, that we get different elements
for different instants. However, the masses of the planets are
so small, that for considerable periods, they move nearly in
accordance with Kepler’s laws. In fact the accordance is so
great that Kepler, by ingenious combinatious, deduced his laws
directly from observations. The observations, which are them-
selves not rigorously exact, would only gradually show that the
ellipses themselves are slowly changing, or, in other words, that
the elements are slowly changing. This relatively slow change
goes on continuously. If, from the instantaneous coordinates
and velocities, we determine for any instant the ellipse which
the planet would describe from that time on if the mutual action
of the planets were to cease, we find that the planet actually
moves in this ellipse only for an instant. At the next instant it
is moving in another ellipse nearly like it. The actual path of
the planet is the curve which touches all the instantaneous ellip-
ses, that is, it is their envelope.

This view of the planetary orbits is now to be expressed in
the language of analysis. The elements of the planets will be
taken as functions of the time which are to be more exactly
determined. When the determination has been made, the form-
ulas of §§ 1-4 will apply as before and the coordinates and
velocities may be expressed in terms of the elements a, ¢,7, 2, 7, ¢,
and the time¢. They and all the quanities depending upon them
will contain the time in two different ways: first, explicitly, as it
appears in the mean longitude, and second, implicitly, for the
elements are functions of the time.

We have now to ascertain how the elements may be determ-
ined as functions of the time. If, for example, @ is to be
expressed in terms of the elements and the time as in § 4, we get

dac Oxda | Oxde
it - 1. 8t R
Oxda  Oxde
8“ et Oadt +8e dit i
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The component velocities also contain the time as before,
that is

) e dx _ Ox G

5 0T TR
From (1) and (2) it follows that
_Oxda Oxde

O ad T Be giitis
__ Oyda | Oyde

© O st b &
_Ozda , Oz de

1 IR P T i
The second drivatives
diarERelarsyi. O idaty 1 dukde

T Tn T P P T R

*

are obtained by differentiating (2), and on substitution in the
equations

d*x px  OR
* A e G
) dt? 7® + ox
and by the use of
, o % R .
ot* v’
become
Ox'da , Qx' de OR
; AT e =
() - 1 9y'da  Oyde _OR
Gl M G W Gl
02/ da , 0z'de OR
gadt Toeat T
After the coefficients fe > ar ...and o ,... have been ex-
dt’ dt Ox

pressed in terms of the elements and the time, equations (3)
and (5) constitute six differential equations of the first order
and form a peculiar analytical transformation of the original
system (4). Equations (5) are of course to be formed for all the
planets. By the aid of his symbols Lagrange succeeded in
transforming these equations so as to enable them to be more
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easily treated. If equations (5) are multiplied in order by

gz gZ’ ?z , and equations (3) by — g—i— 3 —g—z—, — —g% , we get by
addition
FoR
[“’“]dt+[“ ]dt+[ : ]dt+ =28,
(6) and similarly,
da de ~di oR
[0 alg + ey +ladg+... =5
da de

_The equations (6) are to be solved for —

qar According to

§ 10, these solutions are
d OR OR OR
E?/: (a: a)a—a' +(e9 a’)a_e +(€s a)a’?_i_

(7 d OR OR OR
% e @) OF (0 B (0T

and by the use of (21) and (22), §11,

-

da_2 ‘@ OR
T \//787’
3 e N/l——ez(l—ls/l—-—eg)aR l\/l—e“@R
o/t 6,\/au ap or’
de a(OR /\/1—62(1—/\/1—62)8R
dt“_2\/“(8—a)+ Sy BILIE De
< 1—cos? OR
®); : sini A/ pa(1—e) 0i ’
dr_ 1 1—¢'0R 1—cosi OR
at e ap Oe  sinia/pa(l——-e)oi ’
di _ 1—cosi OR 1—cosi ©OR
| dt smz,\/,ua(l—e)a“ smz‘«//;a(l—e”)a’f
e e W )
; sins &/ pa(l—e?) 08’
g L ER
1 ¥ sinia/pafl—e?)0i
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These equations (8) form the foundation of the theory of the
variation of elements. According to Poisson’s method they
can be obtained easily and directly. Laplace obtained them in
a more difficult way and gave them in a supplement to the sec-
ond volume of Mécanique céleste. They have the advantages that
the second members depend only on the perturbing functions
and, consequently, are relatively small, that the differentation
is with respect to the elements, and that the coefficients do not
explicitly contain the time.

Still simpler equations could be obtained by using the canon-
ical constants introduced in (7), § 18. The corresponding equa-
tions are

dey,  OR day SRS o R O

TN T %_—53;’ at = 0B’
af_ , OR dﬁ b _.  OR
< dt‘_+8al’ +8u2 dt_+8a3’

But since R has been developed in ascending powers of e and 4,
the equations (8) are more convenient for us and we will use
them. The derivative of R with respect to a is put in paren-
theses because it is to be taken as complete, that is, both in so
fa\r as a is explicitly contained in R and also in the relation

(9 - f=nl-e.

If, as was done by Tisserand, ( Exposition, d’apres les princi-
pes de Jacobi, de la méthode suivi par Delaunay-——dJournal de
Mathématiques pure et appliquées, 1868), we introduce the mean
longitude instead of e, we avoid the complete derivatives with
respect to a and thus the explicit appearance of the time. We
have

or_on
PE F4d

(2)er_3 [ron

Pa) 0a” 2V 07

By the differentiation of (9) we also get

ie /J da
Et“" 2 car T
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:_2\/F )3 \/p da+__

If we also put

(10) ;- R’-—-R—I—é—a,
we get

A ‘a OR 1—62].-——-/\/1—628R'
(0 at — \//A Da ar e Oe

1—cos? OR'
+sinz'/\/p,a(l—-—e’) oi
R’ can also be put in the place of R in the other equations (8}..

Equation (11) has the advantage that it gives at once the deriv-.
atives of the mean longitude with respect to the time.

’ 3 . : dr Q
Another circumstance to be mentioned is that d_: and g—t—

become infinite when e or ¢=0. Tt is evident that when the
eccentricities or inclinations are very small, small changes in the
orbit cause great variations of the perihelion or node.

To overcome this difficulty Lagrange substituted for e, , =, 2,
four new variables by means of the equations

19 h=esinz, p=sinisin®,
(12) ¢=-ecosw, q=sinicosQ.
From these

dh deh  d=

at —dte Var™

dl _ de l _ dm

dt dte dt?

dp _ di | de

gt —pcotzdt +Eq’

dq de  d@

:ﬁ’— q U&?_EP,

and further
8R ORh AL OR1

Oe  0Oh e+—§-e
oR_0R, O,
or —8h GIE
8R +q g )cot %)

@E_a_fi _?_Ii
58 = op? g ?
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By introducing (12) into (8), we get a less synoptic form,
but there is the advantage that with vanishing eccentricities and
inclinations no infinite coefficients appear. The coefficients can
be developed in powers of k, 1, p, g and the form holds for the
perturbing function R.

The substitutions (12) will be applied later in a case limited
to the second degree of the inclinations and eccentricities.

29. APPROXIMATE INTEGRATION OF THE DIFFERENTIAL EQUA-
TIONS FOR THE VARIATION OF THE ELEMENTS.

The differential equations (8) of the preceding section are
special forms of the original system (2), § 21, and it is evident
that in this case also the actual integration is impossible. Yet,
for two reasons, equations (8) possess a very great advantage
when it is a question of approximate integration. The first is
the smallness of R and the second, the analytical form to which
it is reduced.

For example, from the first of equations (8), it follows that

(1) a—fz\/“ Ofn:

But we have not yet gained anything, for in order to com-
plete the integral, the elements must have been already deter-
mined in terms of the time, or the problem must have been
already solved. In (1) it is as if with the equation "=z q,
the unknown quantity @ were to be obtained by the formula
x=A/x+a. And exactly as this formula can beused to find =
by a process of approximation, beginning with a known approx-
imate value, can formula (1) be used with the skillful employ-
ment of the development of R.

It has already been shown that R separates into a periodic
part (R) and a secular part [R]. Let

cos

be any periodic term of R;. (We will from this on use sub-

seripts to distinguish the disturbing from the disturbed planet.)
According to (8), §28, this term produces a term of the same
14 :



210 . THEORIES OF PLANETARY MOTIONS.

form (2) in every derivative of the elements, and hence in the
elements themselves terms of the form

®) / k;’:’; { Wh 0t }dt.
If the elements were not variable. this could be integrated
at once and would give
k sin | . \
@) e S danti |
It can’ be shown, however, that since the disturbing masses
are small, (4) is very approximately the integral of (3). Yor

cos . .
/Ic Il (6, G+ 08 dt

- k Cos (. ) 3 ¥
= msin %@1:1+1252}d{21:1+712:2§

B g g
_/k‘s’fjiilclﬂgczi M’“”—l]dt

(6, ny 1, m5) At
The second term of the second member is an integral which,
according to (11), §28, depends only on the second powers of
d(ilsl-{-z‘z:?__l]
(i3m0, - tymy) dit
is of the first order with reference to those masses. Neglect-
ing, therefore, the second powers of the disturbing masses and
integrating by parts, we get

cos ,, . k sin . : .
/ksin(z,cl+zgi2)dt=/——~d {z,’;l+12n2})

the disturbing masses, since k as well as

G0 Fin, \—cos
k DTS S
= 4 4
4,1, %y Ny— COS 1 6+ G}
k
sin d(in —{-—in)
—/_ co8 (7:1 Cl + 7:2 Cg) s ld—t—g—2— dt.
k
otk
4nn, Fin/ . 3
But WS T SN also of the second order with reference to

the disturbing masses. Neglecting the integral in the second
member this passes into (4). It appears, therefore, that a peri-
odic term of the perturbing function produces perturbations in
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the elements which depend on the same argument (i, + 7, ).
The coefficients z_'-——_,n,—]liz'znz are proportional to the disturbing
masses and, therefore, do not in general reach any value of con-
sequence. Hence ‘

A periodic term in R alternately increases and decreases the
elements but does not permane.ntly change them.

The secular term [R] has a different action. It produces
similar terms in the derivatives of the elements and if the ele-
ments were constant, it would produce terms proportional to the
term containing the time ¢&. As the elements are variable this
does not actually occur, but it is easy to see that the action of
the secular term goes far in time and may result in an entire
change in the elements.

The approximate integration of (8), § 28, may be made in
the following manner. Limit R to its secular term [R] and
substitute this is (8). Integrate the resulting simplified differ-
ential equations. The resulting values will not be the true ones,
that is, those actually existing at any moment, but the so-called
secular values of the elements. The actual elements may be
obtained by adding to the secular elements the periodic terms

k sin { . 4
% Ny~ 1y Ny — COS { ahtnlh }’
in which the secular values may be used. The elements are now
complete and the coordinates may be computed from them.

This process is not rigorous, but the error for long periods

is so small that it gives a very close approximation.

30. THE SECULAR VALUES OF THE ELEMENTS. DEVELOPMENT
or TOE Ricorous Equations BETWEEN THEM.

In § 26, it was shown that the secular part of the perturbing
functions R, R,, ... depends only on the one quantity

mam
V l‘
(1) 2 r/\y.
If we denote this by W and replace the elements by -their
secular values, it follows from (8), § 28, since
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8W 8W
(2) % =75 =0,
°1 0%,
that
[l )
mld't_‘—oy
B T e [0 Q. 1—¢ 1—& (1—~1=¢}) oW
B BT A 2\ " aal + oy é Oe,

1—cosi, 6_W
sin, A/ a, (1—e;?) 04’

Y IRBEF]
3). de, \/l—el 8_W

itk o ma, o’

m,d—ﬁ 1—cos1; ow 1 j iy 817
dat sing A/ 10,1 —e?) i, ma, Oe
di, 1—cosi, G_W_ 1 oW
YAt T siniA ma(1—e) 07 sini A may(l—ep) 02,
a9, 1 ow

my—— = i
Ydt T sind A ma, (1—e,?) O

L

These equations are to be formed for every planet and from
them the elements (or rather their secular values) are to be:
determined. Since % is not contained in W, the second of
equations (3) is to be dropped and after the elements a, e, =, 7, Q.
have been found, the mean longitude £ is to be determined by
pure quadrature.

The first of the equations (3) is at once integrable, and gives.

4) a, = constant,
and therefore

The major axis of each planet, aside from periodic changes,
remains invariable.

This important result was first obtained by Laplace, but only
as an approximation, since he neglected the higher powers of the
inclinations and eccentricities. Lagrange succeeded in perfect-
ing the theory,—by the stroke of a pen, says Jacobi,—by prov-
ing this leading proposition of the whole theory of perturbations.
1in all its generality.

From the last four of equations (3), it follows that
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OWde, 8Wd7r1
Oe, dt ' Om, dt

81th1+8Wd9
oi, dt ' 02, dt

In the same manner, the variations which W undergoes by
reason of the changes in the elements of the other planets are
zero. Hence

dW
(5) { e

W = constant.

e =1k

Further, from (3)

d(m A pa,(1 —e?) cosiy) 8W+8W
dt Omn;, = 02

Now, by § 24,
oW oW A OW , oW
arl-{—fg +8r +89 +...=0

and hence, by adding the above equation to its corresponding
one and integrating

(6) m A 1 a(1—e®)cosi,+ myA ma(1—e?) cosi,+ ... =¢,
that is, the sum of the areas for the ay plane is constant. Since

this may be selected arbitrarily, it is true for any other plane,
as the «z plane and the yz plane, and we have

(7)  my A pa(1—e?) sing, cos 2, +my A pya, (1—e,%) sin igcosﬂg

S o= e
(8) m A//ﬁm(l——&{‘) sin ¢, sin 2, 4 m, A/ 1, a4, (1—e,*) sin i, smSZ
+...=¢

Equations (5), (6), (7), (8) are the only exact mtegrals
known between the secular values of the elements, not including
the stability of the major axis. The last three become especially
interesting when only two planets are considered. From them,
by elimination, is obtained

¢, COSt, COS 1,
(9) 0= ¢, sini, cos®,, sinicos?,
¢, sing, sin®,, sing sin&,

If the invariable plane is taken as the plane of «y, then
¢;=¢; =0, and (9) gives



214 THEORIES OF PLANETARY MOTIONS.

0=sin(2,—&,), and therefore 2, =2,,

that is, the orbital planes cut the invariable plane constantly in
the same straight line, or in other words, the common node of
the two planes moves on the fixed invariable plane. From (7)

and (8) we also get
(10)  m A ma,(1—e?)sind, +my A/ ma,(1—e;?) sini, =0,
and we can obtain ¢, and ¢, from (6) and (10) as soon as e, and
e, are known. \
The other exact integrals of (3) are unknown. Approximate

ones must, therefore, be obtained and this will be attempted in
the next section.

31. APPROXIMATE CALCULATION OF THE SECULAR VALUES OF
THE ELEMENTS.

If the discussion of the secular part W of the perturbing
funetion is limited to terms up to the second degree of the eccen-
tricities and inclinations, (14), § 26 gives
(1)  W=Smm[3L+§ (el + ef—iy—i,2

+ 2iri cos( —2,)) —YIIL e e, cos (A —1,) ],
or, by introducing the substitutions (12), § 28,
(2) W=Smam,[3L,+ LI (k2 + b2+ L2+ 1,2
—(10)\-—-10,,.) "'(qA_Q#) )_iIII‘a’ (h?\hu-'*' A ZM)]'

When terms of the third and higher orders are neglected,
the differential equations of the preceding section become

,m o N 2
5 dt I /\/,U-A ax 6l)\ 2
B 1 ow
Ndb ax Ohy’
(3) ) "~ A 1maa, Ohy b (A=1,5un),
i, O e L
b A paax 0gr’
My —r = ———— —
s A xax Opa° ]

The quantlty A eaax is positive for every value of 4, for all
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the planets move about the sun in a positive direction with refer-
ence to the xy plane. Substituting for W its expression (2), it
is easy to see that the differential equations for k and 7 separate
completely from those for p and g, that is,

The secular variations of the eccentricities and pem’helia are
independent of those of the inclinations and nodes.

We pass, therefore, to the calculation of the secular values
of the eccentricities and perihelia. We can limit ourselves to
the terms in W which are dependent on h and 1. They sepa-.
rate also into two groups,—those containing » only and those
containing I only. These groups are

(4) Vi=Zmamu [ IIL(h + b)) — L IIL ko by ],
(5) Vo= Smam,[3IIL( 12 + 1,2 ) — L IIT, L1, ]

V, and V, are homogeneous functions of the second degree
in A and ! respectively and they are essentially positive, for by
§ 26, page 195,

(6) IIT, > ITI,.

The substitution of (4) and (5) in the first two of equations
(3), gives

mih_ LW _1 ov,
(1) dt A pran ol A eran ol
PRI S L
dt A pran Ohy A paan Oy

The second members of these equations are, by (4) and (5),
homogeneous linear functions of I and h respectively. Hence
equations (7), in all 2» in number, are simultaneous linear differ-
ential equations with constant coefficients. By the aid of expo-
nentials, their integration can be at once effected by known
methods. To put this integration into the most elegant form, it
is convenient to change (7) into a canonical system. This may
be done by the aid of the substitutions

) ‘ h"\/m)\ A paan = Hxs l)\\/m,\ A ay = Ia,

which are real since A/z.a, is positive. Equations (7) then
then become
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9) dH, oW dL,_ oW
( dt e AT 0H,’

in which H and L are to be introduced into W and also in V.
If for brevity, we put

(A,m)= iIIIl (a)‘, a,) '\/

122N aA
(10) Ly
[)-,ll] = _—iIIIZ (a)\, a”_) 4_m_)‘—in—“—':,
'\/#A(h#;‘a,‘
80 that

(11) [A’“]z[‘”")‘]s ()‘:“)mh'\/m:(/‘:}‘)mﬁ’\/ma
and further putting

(12) AD+AD+R3) +. .. +(Rn) =[44],

we get

(13) VvV, =3(L11H:+[2,2]H+18,8]H + ... [n,n] H,?
' —|—2[1,2,]HIH2—|—2[1,3]H1H3+-...)

A=n p=n .
=3 > ED A H.H,,
A=1 A=1
and likewise,
A=n p=n
14) V=3 D, Dkl LaLy.
p=1 A=1

We will now introduce the quadratic function

(15) ¢y, sy . . 0,).=[1,1] a2+ [2, 2] i+ . . . +2[L, 2] @2yt . .

=B3[4, p] s\ 2.

Then

(158) { Vi=%o(H, H,... H),
Vo=%¢(Ly, L,, ... L,).

The further treatment of the problem depends, as we shall
hereafter see, on the transformation of the quadratic function ¢
into a sum of squares by means of an orthogonal substitution
— a transformation which has engaged the attention of many
celebrated mathematitions; Cauchy, Jacobi, Hesse, Kummer,
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Borchardt, ete., being among the number. It is proper for us
to recall the chief results which they have obtained.
Let the orthogonal substitution be

Cy=a Y1t Yt s Yt +a1q»?/m
(16) Ty= gy Y1+ gy 0 Yot Gy s Ys+ oo %y 0 Y,

by the help of which the given function of @ in (15) is changed
into
17) e(@y, @, . .. ) =00 R’ . gyl

Since (16) is an orthogonal substitution, the following equa-
tions must be fulfilled

-

A=n
Ea)\, Ax, oy = l(,u:,u])
el 0 (2 not=1yy),
A=1
(18) < from which follows
p=n
Sy
s N vl 1,
\M—l
The solutions of (16) are
{y,:a“1w1+a2,1m2+a3,1w3+___ 3

(19) Y1= 01, 2 %1+ G, X4 a3, g2y 4. . .

The substitution of (19) in (17) makes the latter identical and
by equating the coefficients in the two members, a sufficient
number of equations of condition can be obtained to furnish the
quantities « and g. Inorder, however, to form these conveniently,
after equation (17) has been made identical, differentiate it with
respect to ;. It follows that

¢'(x)) =20, 9, 8% + 9% +gy2+

—291?/1“1, 20901, - ..
It for y,,v,, ¥s, . .. we select the special values, 1,0,0,0, ...,
we get for a,,@,, a3, . . . by (16) the special values a;,; a3, a3,1,. . .,
and the preceding equation becomes



218 THEORIES OF PLANETARY MOTIONS.

e al:]([1s1]_91)+az;1[2,1]+‘13»1‘[3,1]+---+ an:l[n’l]>

and likewise,
(20) 0:01,1[1,2]+a2,]([2,2]—g1)+a3,1[3,2]—|— cee
Bi= a1;1[1)3]+a2’1[2’3]_a3;1([3:3]"_gl)+ LI

If we eliminate from these equations, the unknowns

Uyy1 %515 %1, ..., Wwe get the following final equation for g,
[1’ 1]‘_9’ [2: 1]= [3: 1];
[1’ 2] ) [2’ 2]"_9’ [3: 2];
(21) [}" 3]’ [2’ 3]’ [3) d] —9 ey
This equation furnishes n values ¢, ¢, ...¢. of g. Each

root gx, according to (20), corresponds to a system of values,

(22) 1y Xy Gy Ay o oo Fny Ay
for whose more exact determination we also have the equation
(23) N TP ST I Nt

Since the determinant (21) is symmetrical and also all the
quantities [ 4, » ] are real, the roots g are real. Consequently the
coefficients « of the substitution (16) are also real, and when
the ¢'s are all different, it is easy to show that they satisfy the
conditions (18). But when (21) has a multiple root g, appa-
rently the ttansformotion becomes illusory because in this case
each of the equal roots g, appears by reason of (20) and (23) to
correspond to only one system of values (22). It has been shown
that this is not so. For if all the [4, «] are real, as is here the
case, not only the determinant (21) but all of its minors to the
(A—1)* degree vanish when there is a multiple root ga, so that,
from (20) and (23), as many systems (22) appear for these roots
as equals the multiplicity of gx. Hence, the substitution (16) is
always possible, and it is indifferent whether (21) has equal roots
or not.

The quantities g are also all positive, because ¢ represents
an essentially positive quadratic quantic. They are all differ-
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ent for the solar system as is shown by the substitution of
numerical values dependent only on the masses and major axes
for the [4,2]. While we do not know the masses of all the
planets with sufficient exactness, yet it has been proven that the
play permitted by this imperfect knowledge is not large enough
to equalize two of the quantities g. It appears as if Lagrange™
and TLaplace dreaded this limiting case, though it would
bring no complication with it, as has been shown by the later
investigations concerning the transformation of a quadratic
quantie, by means of an orthogonal substitution, into a sum of
squares.

A more detailed account of the problem of this transforma-
tion and a remarkably simple way of numerically solving (21),
may be found in Jacobi’s article, Ueber ein leichtes Verfahren,
die in der Theorie der Scicularstorungen vorkommenden Gleichun-
gen numerisch aufzulosen. (Crelle’s Journal, Bd. 30.)

We will now assume that the transformation (17) has been
completed, that is, that the quatities g and « are determined and
we will show that the solution of the differential equations (9) at
once follows. For this purpose we will use the same orthogonal

substitution (16) to transform H,, H,,... into new variables
My, M,,... and correspondingly L, L,,... into N, N,,...
Then

-

Hi=a,Mi+ o, My+ar,s Ms+ . ..
Hy = ay,y My oy, s My + 03,5 M5+ . . .
Ly = a;, Ny +ay,, Nyt a5, Nyt ...
L, =a,, Ny ay,s Ny 5,3 N3+ . ...

N .

and, conversely,

-

My=a, Hi+ oy, Hy + a5, Hy+ . ..
My =ay,g Hy+ @y, 0 Hy+ 3,0 Hy+ . .
(25) g REUPRTR e T RS TR T e
Ny=a, Li+ayyy Lyt o5 Ly+ ...
Ny=a, L+, Lyt a509 Lyt ...

»



220 THEORIES OF PLANETARY MOTIONS.

The linear transformation (24) of the 2n variables
e R e S A
into the 2n new variables
WA, s Dh s Nosh we

is canonical. That is, the Poisson expressions
0H,0L, _ 0, 0L
E OM,ON, ON,0OM,
I

equal unity, while all the other Poisson expressions vanish, as
appears at once from (18). Equations (9) then become

aMy _ ow dN, oW

126y o) D Rt S o B

But by (15a), the function W expressed in the new variables
M and N now becomes £
W:%(glﬂ[f-f—gﬁMf—}— . .)—f—%(glle—{—gle;—}- izded
The equations {26) now become

daM,

dN,
at ——= gV, —-Z-——QAM/\

(27) 5

The 2n differential equations (26) or (27) separate into =
pairs which can be integrated without difficulty. It follows
that

My= K, sin(gat-+0y) Y i
i { Ny = K, cos(gat+ 0y) } (*=12...n),

in which K, and d, are constants of integration. By the sub-
stitution of (28) in (24), we finally get the solution of the dif-
ferential equations (7) or (8) in the form

Hy=1 '\/mﬂ/m-—am K, sin (gt 4-0,) - 1,2 Ko sin (g2t +4-65) + . ..
Hy=h, /\/mz]/,uzag =ay,, lrsm(glt-{-dl)—}—ag 2 Kosin (gat+6)+ ...

{29y 3: 5 b Vi
A== f\/'m,]//tlal_al,lK cos (g3t 6))+a,, 2 Ky cos (gat+d2) + . . .

L= AN mV mha =ay,, K, €08(g,1+0,)+ a3,2 K3008(g2t + ). . .

S



APPROXIMATE CALCULATION OF SECULAR VALUES. 221

These equations represent the complete solution of the differ-
ential equations (3) and give the secular values of the eccentric-
ities and longitudes of perihelia. We will draw some conclu-
sions from them. If in (29) we substitute the values.of % and

ha=exsinm,, L =e\cos7,,
and add the squares of the results, we get
(30) &'m, N///—JE-F e’ m, '\/#—2-(—1__3‘*‘ R O o O S T

The constants in the second member are very small, as can
be shown by substituting the known eccentricities in the first
member; from this Laplace concluded that all eccentricities
remain small. But Lagrange, on the other hand, showed that
a relatively very small m, would permit e, to be large without
making the term e,’my A zraa relatively large.

Equations (29) also give

(31) ex'ma A paay = ar K o, P K oy, P K L
+2ay,; “A,zKlecOS[(gl—gz)t+51—62]+' e

From this it follows that the maximum value which e, can

never surpass is
[aA,1K1]+[ﬁA_’__2K2]+ S
: my & #X‘a;

This expression is small for every value of 2, as has been
shown by numerical trial, and it seems that all the eccentricities
remain constantly within small limits. On the other hand it
would be exceptional, if for an instant, an orbit were circular,
for in this case h and ! must simultaneously vanish.

For determining the longitudes of perihelia, we have from

(29)

B e ax,, Ksin (gt + 0)) + @, Kpsin(gyt+0,) + . . .
axy1 K cos (gt 4 0,) 4 an, . Kz co8 (gt +0) + . . .

Itis here not easy to recognize the geometrical law of change
of =, with the time ¢. But it can be shown, on the whole,
that the perihelia advance; that is that they have a positive
motion. By differentiation, it follows from (32), that
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2 ——dm, 27>2 9 7> 9
(33) €x mA'\/#Aa,\‘EtﬁzaAuKl GitanKlg+ ...

+a)\uamzKle(%+92)COS[(9'1—92)t+ 51—32]‘1' e

The constant terms in the second member are positive. The
periodic terms are sometimes positive, sometimes negative, so
that dz, can be negative, but only at times, and as an interrup-
tion of the generally positive sign. This follows from the inte-
gration of (38), which gives

/9A277iA /\//’-)\a)\dﬂ')\: (“A,12K1291+ aA,22K2292+ . -)t
+ax,, “:\,2K1K2£;1 igzsin[(g]—gz)t-l— 61_‘72] il i
1 2
The term proportional to the time increases continously,
while the periodic terms never surpass a definite limit. But
there still appears a missing step in the argument leading to
the conclusion that on the whole =, increases. Tor if two ¢’s,
say g, and g,, are equal, the denominator g,—¢, vanishes. Yet
even in this case d=, must, on the whole, increase. For the sec-
ond member of (33) can also be written

[ KA/ gisin (gt 4 0,) 4 ax, . Ky A/ gosin (gt +05) + ... ]°
+ a1 Ky ¢ €08 (gt + 3) +ax,0 Ky A 02008 (gt + 8) + ... ]
+ ary 10, 1 Ky K (N i — A G2 VP eos[(gi—go)t +06,— 8]+ . . .
so that for g, =g, the last term entirely vanishes.

The addition of all the equations arising from (33), by ex-
changing 4 gives

el N inan g2 = K g+ Koy + Kot ...

and, since the second member is positive, it follows that all the
perihelia cannot retrograde together. The numerical results
show that in this thousand years all the perihelia have positive
motion except Venus for which the motion is small and retro-
grade. X

If in (32), the absolute value of any coefficient, say [a,, K;]
is greater than the sum of the absolute values of the others
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[axs2 Ko ]+ [or,s K]+ . . ., 1s easy to show that =, oscillates con-
stantly about a mean value ¢, 4-9, or g,t 49,4 =, according as
ay,, K, is positive or negative. For it follows from (32), that
tan [~ (gt + )] = 2,

where

A =y, Kysin[(gy—gi)t + (%—0))]

+ ax,3 K;8in [(gs—gx)t +(9,—3d)] +...

and

B=ay,, K+, K;c08[(gs—g1)t + (3,— )]

+ar,3 Kyeos[(g:—g1)t + (%—a)]+ ...

The denominator, by the assumption made, can never vanish
and hence tan[=,— (gt 4 ¢;)] can never become infinite, so that
this angle in fact oscillates about 0 or = and the magnitudes of
the oscillations are always less than $=. If g, is the greatest
root of (21), =, increases continuously.

When the equations (29) with the 2n constants of integra-
tion K and ¢ have been formed, the next step is to determine
these constants, when the eccentricities and longitudes of peri-
helia, and therefore the #’s and I's or the H’s and L’s, have been
given for any instant. This is best done by equations (25),
which by the substitutions (28) become

Kysin(gat +0)) = oy Hy + aga Hy+ . o F a0 H,,
"I\COS(QI\t‘*“@)\): GoaLyt-ag,0 Lyt o . a0 L,.
By division these give

(35) tan (gat -+ 8y) =

(34)

g aHy - ag, 0 Hy+ ...
aya Ly oga Ly ...

When 9, has been found from (35), either of equations (34)
will give the arbitrary factor K. Moreover the determination
of 4, is double, since 4, can be increased by = whereby the sign
of K, will be changed.

This completes the theory of the secular variation of the
eccentricities and longitudes of perihelia. There are corres-
ponding developments for the inclinations and the longitudes
of the nodes. The part of the perturbing function W which is
concerned in this, is
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— BLIIL (ar, a) [ (Pa—Du) + (02— 2)']-

By the introduction of new variables P, and @i, by the equa-
tions
(36) pA\/mA /\//:;CL—)\:P,\, q,\\/m,\ N (%
the differential equations between p and g become
ap,_ oW  dg,_ oW
s o Pk Rt B V5L e

Instead of the quadratic function ¢ introduced in (15), a sim-
ilar one is here used,
(38) O(xy, X5y ... )= |1, 1] +]2, 2}’ + . . .
+2]1, 2>y 0+ ...

(37

whére, for brevity,
I1,1]=—[1,1], 12,2{=--[2,2]...,
where [1,1],[2, 2], . . . have the values previously given in (12),
and
(39) T T AL
: N 10150
The transformation formulas (16) here become

{xl=131;1y1+l9132y2+ v

(40) - Ay R O b o A s

and ¢ passes into

(41) $(@y, @y o .Y =W F Y TR+
The final equation (21) is, for this case

1L1}—r, 12,1}, 13, e snisd

11, 2}, 12: 20 = i) 35200 5 50 5

i1, 3], 12, 81, 13,3—r, .....

42 0=

This gives the n roots 7:,72,7s,...7.. It can at onece ba

shown that one of these roots =0. The function ¢, like the
function

2= g mam, 111, (an, au) [(p:\—Pu)ﬂ s
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is essentially negative, that is, it is negative for all systems of
values of « which do not. vanish. The only exception is when
the p’s are all equal, that is, when the a’s are proportional to

(43) N may, \mama,, ...
Then ¢ can be written in the form
) S1ITI( ) ( =2 Ta )2
¢ =-— i, Q)AL = :
1 1\AA Qo j TN T \/mA i A \/mu ,\//L,La,k

It follows at once from this form that the determinant of ¢
vanishes. But this happens for (42) when y =0, so that in fact
one root, say 7., vanishes.

From the system corresponding to (20), it follows that this
root is
(44) . Buibanie . = \m A ma: \Nmya/inay:. ..
All the other roots, 7y,7s,%..7.—1, are negative and we have
now to operate with these exactly as with the roots of equation
(21).

The equations corresponding to (29) are

pl\/ml '\//m =B, Ky sin (r, t 4 6/)
+ 8, K/ sin (7t +6') +. .. + 5, K, sin(3,)),

Pz\/mz N//Za—z £z, Ki'sin (1, ¢ +9,")
(45) 4 + 432, Ky sin (nt+ )+ . +5,.K. sin (3,),

ql\/ml '\/:U'lal ﬁl:lKI cos(?’lt"'o))
i +ﬁ1,2K2,005(72t+52’)+ .

From (44) it follows that in all the p’s there is one and the
same constant term

——‘z‘—’L—_—:K 'sind, = ———-'92—”1—1{ Leine,f = ak ;
\]m1 ’\/111 a, \/mz N//lzaz
and, likewise, in all the ¢’s one and the same constant term
7
Q= —2*_ K, cosd,.
\jml N '

Since the invariable plane undergoes no secular variations,
these two constants may be made to vanish by selecting it for
the axy plane. By the use of (44), equations (45) give

15 °
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@ 2

b m, ;}:‘1 (prmy N/#lal‘i‘pszz '\/H2a2+ D)
Bis s

Q—mn\/ a, (QIml'\/#lal+Q2m2'\/nu2a2 R

The sums in the parentheses represent the second members
of (7) and (8), §30, which become zero when the invariable
plane is the xy plane.

Since all the roots of (42) are negative except y7,=0, the
nodes must, on the whole, have a retrograde motion. This is
the case at the present time for each of the planets.

Lagrange and Laplace gave unsymmetrical determinants,
for the symmetrical ones (21) and (42), but as Jacobi has
shown, they can be easily reduced to the symmetrical ones.
If the elements of the last are real, as is necessary if g and
7 are real, it follows that all planets must revolve about the
sun in the same direction. It does not follow from this that
a reversal of the motion of one or more planets would make
several ¢’s and y’s imaginary. Retrograde motion for Mercury,
for example, could hardly effect this, on account of the small-
ness of its mass, but apparently Jupiter or Saturn could do it.
Then terms of the form e* would be introduced into the general
integrals (3), and these terms would increase without limit. Yet
it would be hasty to conclude from this, that a tendency of the
eccentricities to increase continuously would finally convert the
ellipses into hyperbolas. T%e equations (3) are only approxi-
mate and as the eccentricities increase they become less exact.
In this case, it may be fairly concluded that the eccentricities
would oscillate between wider limits, but it is not correct to say
that the present arrangement of our system would be destroyed.

In this section &, I, p, ¢ are sums of terms, each of which
depends on the sine or cosine of an, angle proportional to the
time. All these terms are, therefore, periodic, and return to the
same values after definite intervals, which, however, are to be
" reckoned in thousands of years. If g is the factor by which the
time ¢ of any term is multiplied, then the duration of the period

of this term is gg: Since the quantities g are very small, the

periods are very great, in fact, numerical computation shows
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that the shortest of the periods embraces about 50,000 years. It
appears, therefore, that the relatively short interval during which
the heavens have been continuously observed, is far from suffi-
cient to prove by observation the remarkably 51mp1e laws which
have been derived.

82. TaE SECULAR VARIATIONS OF THE MEAN LONGITUDE.

In § 30 it was shown that the major axes undergo no secular
changes. In §31 the secular values of the eccentricities, incli-
nations, longitudes of perihelia, and longitudes of the nodes were
given. We now proceed to the secular values of the mean lon-
gitudes by simple quadratures. The proper formulas are

iy . jan®W
1) M = na—2 BT
+ \/l —el(1— A/ 1—=e}) oW
25925 e\ 69/\

1—cosi, ow
sin iy A/ mar(l—e)’) 0in’
in which W has the value given by (1), §31. If we limit our-
selves to the second powers of the eccentricities and inclina-
tions, equation (1) becomes

AT e 0Ly (ary au))
(2) =7 -—-NA"",\/T::E Oain

—2/2 Dm | D 0 4 1)

°w

_,0ulL (a:, %) b+ 1y lu)]

1 _ i
= > m, [g;m, (@ @) (B -+ 1,2)
M
— L (ax, ) (hahe + 1)

+2 \/ 2 S, | § Ahlana) (r—=p+ @ =) ]

Ay

m

2 n, [§ IIT, (an, @) (—pa*— qA2+10,\P,L +ax (Iu)].

/\/ NN



228 THEORIES OF PLANETARY MOTIONS.

- The first line of the second member of this equation, in
which 1« takes all values from 1 to n exclusive of 2, is constant.
The two following terms are homogenous quadratic functions of
h and I. If the values of h and ! from (29), § 31, are substitu-
ted, the terms become homogenous quadratic functions of K. If
they are arranged in terms of the cosines and sines of the angle
(gt + ¢) they give, first, constant terms; second, terms of the form
Sacos[(ga—gp)t + (6.— )], where a is a constant coefficient.
Constant terms and terms of the form Xbcos[(r.—yg)t-+
(8, —3¢")] appear in the fourth and fifth lines. If all the con-
stant terms are collected and their sum represented by ¢y, equa-
tion (2) takes the form

»
B  TromtatSacos[lge—gp)t+ (0—ip)]
+ Zbeos[(ra—ra)t + (3 —34)].

A very approximate value of c, is
@, 0Uar,a)

PA ik Oay i
I

4 =~

for the other terms of ¢, arising from the other terms of %’fare,

by what precedes, homogeneous, quadratic functions of the small
quantities K and K’, and are, therefore, of the second order with
reference to the eccentricities and inclinations, when compared
with the term of ¢, given in (4).
By integration, equation (3) gives at once
a

(6) H=(m+ec)t+ E gy Sl0e—ga)t+ (7 19)]

b ¥
T E oy 1L LGa—re)t + (0'— 0" )] + =a,

where <, is a constant of integration. Thus the expression for
the secular mean longitude %, consists of a term proportional to
the time and of periodic terms whose periods are compounded
of the secular periods of the eccentricities and inclinations. The

' b : G g
coefficients —~— and do not contain the disturbing
Ja—4Gp Va—78

masses as factors, for while these occur in a and b, g and 7 are
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also proportional to them. On the other hand, they are of the
second order with reference to K and K’ and, as numerical com-
putation shows, they are so small that they may be neglected.
While these terms may be neglected in the planetary theories,
they play an important part in the closely related lunar theory.
They are here of considerable size and from them Laplace
obtained an explanation of the secular acceleration of the moon’s
mean motion, discovered by observation. The numerical values
given by him, in this case, are doubted by later astronomers.
Omitting the secular-periodic terms, we have -

(6) C:\=(n4\+ca)t+%
that is, exactly the result of (2), § 22, exeept that n, = \/ il —i—m,\

must be increased by a small term which, by (4), is proportlonal
to the disturbing masses. Kepler’s third law, already modified
by using ¢, = M 4 m,, must have a further correction on account
of the small term ¢, if the major axis is to be obtained from
the mean periodic time or wice versa. The periodic time is

2= o
(7 P e = S
\/T + e

And, finally, an important conclusion from this section is
that

The year of each planet, obtained as the mean of a great nwm-
ber of observations, is constant.

33. Tue PeErIopic TErRMS IN THE ELEMENTS. A COMBINATION
OoF THE THEORY OF ABSOLUTE PERTURBATIONS WITH THE
THEORY OF VARIATION OF ELEMENTS.

In the preceding sections the secular values of the elements
a,e, 7,4, 2,¢ have been obtained by limiting the perturbing
function to terms of the second degree in the eccentricities and
inclinations. If the secular values were exact they would differ
from the actual elements by the small periodic quantities already
given. If the secular elements are designated by [a], [e], ...
and the periodic terms by (@), (e), . . ., the true elements will be
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a=[a]+(a),
<1> by
a

The periodic terms arise from the periodic terms of the per-
turbing function when the secular values [a],[e],...[Z] are
substituted for the elements a,e ... 5. Let

@ koo (@[] als) |
be such a periodic term of R,. If, for brevity, we put
(3) { a; [Cx] S (12[52] =2,
&[] 40 [n]=a,
then by (8), § 28, the corresponding term
[ in (a))
or, 2\/[(11] a cos
a sm
in (ey)

_=NI—[al A—N1—T[a]’) § 0008,
& [e] V[a]m a sin ¢
1 A—Je]’ 0k 1 sin

[el] [al] My 8 [Tl] o — COS (/‘)s

in (7',)

1—[e,J 0k 1 sin
~[al \/ [al]p'l o[e,]a —cos( )

6945 1-—cos[4] .1 0k sin
¥ sin[4] A [a]m(I—[e ) o[#,]—cos @,
in (i)
1—-cos|i,] a, o8

TR [z,]v,—J ogans [e,] B i

(1—005 [7’1]) 8[ ]+ 8[9 ]1 sin

N/ ﬂl[al](l_—[él]T) sin [4,] “—co08
in (2,)

*)

ok
s o] 1 sin
L sin[4] A m[a,] (1—[eJ)* —co8

*)-
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The corresponding periodic term of £, remains to be devel-
oped. The first term of E in (2), § 32, namely =, does not con-
tain the disturbing masses as factors, and in the 1ntegral

St
we must take account of the periodic terms (n;). Now

w=yE =y -5

and, therefore,

/n,dtz[n,]t—gEZ:]]f(al)dt.

The term of the integral corresponding to the term (2) in
the perturbing function is, by the first of equations (4),

—9 [al]ka1 sin @,
lU'l a —CO8

and hence the periodie term in ¢ corresponding to (2) is

3 3 1 sin [@] 0k 1 sin
(5) U [a ]3 ( )_ " [aal]a__cos(}‘)
V1 e, ]2(1—v1—[e, T) 0k 1 sin 0
(e 1A [ ] O[e,]a —cos
% 1—cos[7 | Ok 1 sin @
sin [4,] M m[a] (A—[e]F)OLé] @ —cos ™™

By the substitution of these values in (1), we get the elements
as completely determined functions of the time and these can,
therefore, be computed for any given instant. From the ele-
ments the coordinates can be obtained by § 5, exactly as if the
elements were constant.

The elements are thus divided into two parts, the secular and
the periodic. The last are constantly proportional to the dis-
turbing masses and are therefore small. According to the devel-
opments in § § 30 and 31, the first are also periodic, but their
periods are quite different, since the mean longitudes appear in
the trigonometrical functions in the periodic terms. The secu-
lar periods embrace thousands of years and cause a very slow

__|._
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change in the secular values of the elements, except, of course,
the terms in [£] which are proportional to the time. We will
now see how the periodic terms may be very conveniently sepa-
rated from the secular in the final expressions for the coordi-
nates.

Let « be any coordinate. It is a function of the elements,
therefore,

= asle, 1, %, 2 L),

or, by substituting the values of the elements from (1),
(6) v=a([a]+(a), [e]+(),...,[£1+(5)).

If the second member of this equation be developed in pow-
ers of the quantities (a), (e), . . ., which are small and proportional

to the disturbing masses, and limit the development to their first
powers, we get

() x=w([a], Lel ['] =] [9],[’])

The terms

8[ ](a)—[— . are, by § 22 and §28, exactly the same

as the purely periodic terms in the absolute perturbations of the
first degree. Hence (7) becomes

()] e==([al,[el,...)+ (o).

From formula (8) flows the following remarkable combina-
tion of the two different methods for obtaining the motions of
the planets, the theory of variation of constants and that of abso-
lute perturbations.

Imagine first a fictitious (say a secular) planet, which moves
in an ellipse with the secular mean motion of §32, and whose
elements are the secular values of the real elements. The real
planet will always be a small distance from the fictitious planet
the distance depending on the periodic terms. The departures
of the real planet from the fictitious place may be regarded as
due to the departures of the elements from their secular values,
and these may be treated, according to (8), directly as absolute
perturbations. In this way the variation of constants is used to
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get the effects of the secular terms of the perturbing funection,
while the theory of absolute perturbations is applied only to its
periodic terms. :

It is remakable that this combination of the two methods was
used earlier than that of the pure variation of the elements.
‘Euler and Laplace recognized the fact that the secular terms of
the perturbing function exercised a vital influence on this varia-
tion and they fixed their attention on this alone. Lagrange first
gave the theory of the variation of elements in all its purity.

Astronomers, in calculating the positions of the planets,
usually employ a combination of the two methods,and they thus
get a system of formulas which are very convenient.

34. THE STABILITY OF THE SOLAR SYSTEM.

The important results, which the theory of the variation of
the elements brings to light, are not only a close approximation
to the truth, but they are also of the greatest importance in
solving a problem of the highest interest—the problem of the
stability of the solar system. With the limitation that an
approximation, although next to mathematically exact, can
never take the place of a mathematical certainty, the theory
enables us to affirm the stability of the solar system.

The planetary system certainly andergoes important changes
in the couse of centuries, yet these changes do not affect the two
elements which with entire propriety have been called the prin-
cipal ones,— the mean distance and the periodic time. If the
last has been obtained from hundreds or thousands of observed
periods, we may be positive that this mean exactly represents
the invariable periodic time. This element, with Kepler’s third
law, corrected as in § 32, gives the exact mean distance, which
is incapable of direct observation. While the directions of the
axes, the eccentricities, nodes, and inclinations may undergo
great changes in the course of time, yet the stability of the sys-
tem is even here assured in sofar as it depends on the eccentric-
ities which always remain small, and upon the inclinations which
are small when referred to the invariable plane.

-
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The recognition of the stability of the system is the finest
result reached by the investigations of Lagrange and Laplace.
The dread that the mutual attraction might eventually cause a
collision is completely relieved. The planets will always circu-
late as regularly about the sun as if each alone were the only
planetary member of the system.

35. Tae ErrFEcT oF NEGLECTED SECULAR TERMS OF THE PERr-
TURBING FUNCTION WHOSE DEGREES WITH RESPECT TO
THE KECCENTRICITIES AND. INCLINATIONS ARE HIGHER
THAN THE SECOND.

In §31 the secular values of the elements were developed
for the terms of lower degree of the perturbing function. By
the omission of terms of higher degree it was possible to change
the differential equations between h, I, p, ¢, and the time ¢ into
linear equations with constant coefficients. If the eccentricities.
and inclinations are very small, the neglected termsare also very
small, as compared with those not neglected. At the same
time, it is evidently possible that a very small additional term in
a differential equation may have a notable effect in the integral,

especially if the time be sufficiently extended.
So far as the author knows, Leverrier was the first to take

into account the terms of higher order in the secular value of
the perturbing function. This was done in his work,—Intégra-
tion des équations différentielles, dont dépendent les inégalz'té‘s sécu-
laires, en tenant compte des termes, qui sont du troisiéme ordre par:
rapport awx excentricités et awx inclinaisons.

If W is developed to the fourth degree inclusive, then

(1) W=W,+4+ W,4 W,,

where W,, W,, W, are the terms of the 0™, 24 and 4*® orders. If
h, 4, p, q are introduced, (2), § 31, gives at once W, and W,. The
formation of W, is more complicated. In every case kI p, ¢
occur only in the combinations

(2) R0 bbbl pE4ad, PapLt gy,
hapx+har, hapu+Uhqu,
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and in such a way that each term is even both in reference to %
and /, and also p and g. W, can then be represented as a homo-
geneous quadratic function of the combinations (2), but never
so that one of the first four is multiplied by one of the last two.

When the second members of equations (3), § 31, include the
terms of the third degree, they become

[ —dh ow, w4 COW,
2+|: + Ll S8

mA G = 3 ol
{ SWZ W, W,
3 28 2)+a
—dl 8w,  [K+PoW,
’”*/W%—‘“W‘F[ 2 Bk

h 8 w, ow, 8 W,
810 "+ 0q oh

®G) 1 —dp _ 8W, [hf'-H*--p-—an2
m\/pa%— 8(1 =F 9 0q -

GIV BW GIV
2)+

e d ow, — q2 h2 Eow,
m N/,u.aﬁ': T 81)2_'_ [p 8}9
o ! ( ,OW, ow, 8 W,y oW,

L ol op I

These equations are to be formed for each planet, and the
problem is to integrate them, even if only approximately. If
the terms in brackets were equal to 0, then &, I, p, ¢ would have
the forms given in §31. We will use Lagrange’s method and:
assume that the same form occurs here with the difference that
K, ¢, K/, ¢’ are no longer constants but undetermined functions
of t. (The <’s and ¢’s and the #’s and A’s in the equations (29)
and (45), §31 remain invariable since they are not constants of
integration but depend upon the invariable axes.)

If we put

(4) Gh=gat 4+, Ix=nrat+d\,
we have, by § 31,
(5) IV2:%(91K12+92K22+93K32—|— be ) {

+%(71K1’2+?’2K2'2+73K3’2+ EFLS) |
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W, takes the form

(6) W,=ky+Zkcos 2,

where the coefficients % are homogeneous functions of the fourth
degree and 2 an angle of the form

() A=, G +a,G 4 ...+ b, [+ 0,104

~ The quantities a and b are here positive or negative whole
numbers, 0 not included, which satisfy the conditions

BB R e Bk s s =),

9) a,+a,~+ ...+ a,=an even number,

(10) [e,]+[e]+ ... +[0: ]+ [0 ]+ ... =4,0r 2, 0r 0.

If for brevity the bracketed quantities in (3) be represented
by

(11) [H] [L]), [P] [@)
we obtain by the substitution of (29) and (45), § 31,
(12) [H]=Xkcos 4,

where the &’s are homogeneous functions of the 3™ degree in K
and the ¥'s angles of the form (7), except that the second mem-
ber of (8) equals 1, the sum (9) is odd and the sum (10) equals
3or 1.

It likewise follows that
(13) [L]=—ZXFksing,
where the &’s and A's have the same values as (12).

Finally

P=2F cos¥, Q=—2Ksink,

“where the ¥'s denote homogeneous functions of K of the third
degree and the angles A’ have the form (7) except that the sec-
ond member of (8)equals], the equation (9) remains unchanged,
while the second member of (10) equals 3 or 1.

The equations (34), § 31, now become

”4=”
(14) K,sin G = Eam )\\/mu ,\//;I:_a—ﬂhﬂ’
y,:l
v A2,
(15) K,cos Gy = Ea,‘, )\\/m,L N

w=1
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Differentiating these equations and remembering that K and
¢ are variable, it follows that

p=mn
dK, . do
th 5 dt)“i‘gAKACOSGA:E o A\ nyy, V”uau

w=1

dh#

Substituting the value of % from (3) and remembering that

the term g\ K, cos Gy, by § 31, must vanish because of the term

W,
E\/ IR 881 the preceding equation becomes
m

WA 1
n=n
dK, . dé a
—2&in G,\—f—K)‘cosG,\J: E “T*'L;-_—.[Hﬁ],
di dt \/m, A

p=1

and similarly,

h=n

i c0s 61— Kasin 6 5 = Eﬁj—[ i
and, therefore, i
[ e r=n !
0%% 9 Zﬁa([ﬂu]Sin Gy +[L.Jcos Gi),
31
(16) J and
"\@1‘ = N ————= ([ H.]cos Gx—[ L,]sin G\).
\ mu N pua,

If the values of [H] and [L] are substituted from (12) and
(13), the second members of these equations take the forms
Sksink, Xkcosi,

where again the £’s are homogeneous functions of the K’s and
K”’s of the third degree and indeed of an even degree with ref-
erence to the K’’s, and further the angle 2 has the form (7).
The corresponding equations are
p g eq QS—SE UPA\,?,,
/ OF THE
( ONIVERSITY

N\ CAL IFORNIA
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dK)" 'L=”. 9"'))\
e 2 \/l—'_‘([Pn]SinFA-i-[Q,L]cosF,\),

My, ’\/llu Ay
17 4 RV
, av Dy )
it g\/m([ﬂlcc’sﬂ—[@umnIu>,

where the second members again have the forms
(18) Sksinl, Zkcosi.
In order to integrate these equations approximately, distin-

guish the so-called secular-secular in the second member, that is,
the terms independent of G and I' from the" secular-periodic

terms, that is, the terms containing G and I. Since %I—j: and d;f,

here have the form Xksin/, and the secular terms fail, it fol-
lows, when limited to these, that

dK dK’

R O gy e
Therefore, the former constants of integration K and K' remain
constant as before.

It is otherwise with the derivatives of the ¢’s and ¢”s. Tak-

ing the term of (18) for which 4=0 and representing its coeffi-

cients by k, and &/, it follows that

Kage ="
doy’ ;
K'\W —’&0 .

The quantities k, and k' are homogenous and entire func-
tions of the third degree in K and K’, therefore constant by

what precedes.
From this follows

é O e ——"t+€)\,
6A’:—I°{T\t+s)\’.

That is, the previous constants oy and 6,' become Unear funce
tions of the time.
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If we put
et K
(19) K = 69)\1 K,\ = 67’:\ 3
the angles @, and I') take the form
(20) Gr = (gr+ g9t + e =g\t +e,
(21) Ty=(atort+a = rt+e.

The angles G, and Iy remain linear functions of the time,
but the coefficients of the time ¢ are no longer the ¢’s and y’s
determined by (21) and (42), § 31, but they have slight additions
dg and ¢y which are of the second order with reference to the
eccentricities and inclinations. -

To take account of the secular periodic terms, the principles

of §29 will be followed. In any such term as Icig;l, the secu-

lar values are to be substituted for K, K’, G, I', and the term is
then to be integrated. In this way terms arise in K and K’ of
the form
(22)

£ ke cos 4
a g 9 + .o o For .

while the corresponding terms in ¢ and ¢’ run

k sin 4
Ea191,+a292l+ vt b + .

We see from this that the action of the secular terms of
higher order appears in two things:

First—The period of the secular angles G and I' are changed
by quantities proportional to the squares of the eccentricities
and inclinations.

Seeond—To the original secular terms in A, 1, p, g terms are
added whose arguments are linear combinations of the original
arguments with integral coefficients.

And here is a circumstance which at once carries certain
secular-periodic into secular-secular terms. We have seen that
one 7, for example y,, is zero. Hence I’,=9,’= a constant.
The terms of (18) for which 4 =2y,, or 4y, are, therefore, to be

(23) +
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‘ SEVAR
regarded as secular-secular terms. Hence the equations e 0

and %Ktv—-=0 are not fulfilled and this is entirely correct. In

fact, these two equations are not generally correct; the invaria-
ble plane should be selected as the plane of «y, because, as in
§31, the terms dependent orl 7, then vanish in the first approx-
imation. With this selection of coordinates it is also evident

g,

that no secular terms would appear in %ZL’ so that the new

7+ =7.+ 07, would vanish.

In the same way still higher terms could be brought into the
account and, finally, a formal development of &, I, p, ¢ would be
obtained like the following. The A’s and I's would take the
forms

(24) h=3ksinl, I=2kcos4,
where 4 is an angle of the form (7) with the condition that

a+at ... +b0+b4 ... =1,

and the numbers a and b including all possible integers which
satisfy the condition that ;4 a,+...+a, is odd. By the
selection of the invariable plane as that of xy, b, is discarded.
Likewise, the values of p and q have the same forms
(25) p=3FKsin¥, g=3kcos”,
where /' has the same form as 2 except that the sum a;,+a,4-...
+a, is even. The angles 2 and 7 are linear functions of the
time because G and I' are such. The solutions (24) and (25) are,
to be sure, only formal. There appear for instance, in (22) and
(23), denominators which eventually vanish, or at least become
very small. Leverrier and Lehmann have specified several such
denominators and in combination with numerical computation
have come to the conclusion that the influence of terms of
higher order is decidedly greater than was supposed by La-
grange and Laplace.

If, overlooking these difficulties, the periodic terms intro-
duced in § 33 are added to the elements, we get, when these are
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introduced into the expressions for the coordinates, the follow-
ing general schematic representation of the coordinates:
(26) x=232KecosL, y=3Ksinl,
@7) z=2K'sinL’.

The K’s and K'’s are coefficients independent of the time
and the angles L are of the following form:

(28) L=0,64+ 08+ ... +5,G+8,G+ ... +olitel4...
The integral numbers a, b, ¢ satisfy the condition
ogtat.. .+t ot e =1
The angles L’ are of the same form (28), except that for them
the sum of the integral numbers = 0.
In spite of their very different origin ¢, @, and I' have the
common property that they increase proportionally to the time.

We will resume this representation of the coordinates in §40
and the following sections.

36. TeruMs oF LoNag PERIOD AND THE COMMENSURABILITY OF
THE PEriopic TIMES.

In the separation of the actions of the secular and periodic
terms on the elements or coordinates, a fundamental difficulty
appears which the efforts of mathematicians and astronomers
have not succeeded in overcoming. If

1) k Z?Isl (@540, %)

is a periodic term of the perturbing function, thén, by formulas

(4), § 33, similar terms must appear in the elements. In these

2 a,n; - aym,

appears in the denominator. In the mean longitudes the term
3 ok sin

®) 53 &F (a,m, + a;my)*—cos (@5 +0,%)

occurs and in its denominator the square of this binomial
appears.

It is these denominators that cause the difficulty mentioned.
Even wh(ilé n, and n, are irrational with respect to each other, a



242 THEORIES OF PLANETARY MOTIONS.

geries of whole numbers can be so determined that the equation

(4) 8,7y ~+ 0y 1, = 0

is almost exactly fulfilled. Thisis bestdone by developing :—Zl in
2

a continued fraction and determining approximately the numer-
ators and denominators. The periodic perturbations, which
depend on the term (1), then beeome disproportionately enlarged
by these denominators, and although the original coefficient %
may have been very small, the corresponding coefficients in these
perturbations become important and may become infinite.

This difficulty is generally met as follows:- The mean daily
motion 7 in our system has the property that equation (4) is
approximately or exactly fulfilled only when a, and a, are very
large numbers. In this case the coefficient k of the perturbing
function, which is of the degree [a,- a,] with reference to the
eccentricities and inclinations, becomes so extremely small that
the term has no sensible influence on the elements for very
long periods of time.

; - We will, however, assume that a, #, 4-a,7n, is very small for
integral numbers q, and a, which are not too large, and investi-
gate more closely the action of the corresponding term (1) of
the perturbing function on the perturbations. The period of
this term is ¢

o7
o T o

First it is to be noted that such a term appearsin R, and
also in R,, and we will compare the coefficients & in the two
cases. Leaving the other planets out of consideration, we have

R, =m. ( 1 _wlm2+y1y2+zlzz)
; 1TV @ F (— 9 o 2)° ,'.23 !
(6)
R,=m ( 1 _wlwe+yly2+zlzz)
! "W (@ — ) + (i — 9+ (2—22)° r’ :

Fpr brevity put’ a,¢; + a;¢, =4 Then let the periodic term
with the argument 2
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~

1

'\/(xl—w2)2 &= (yl—yz’)a"l' (21—'z2)2

=Pcosi+@sinl,
in %+ Y18+ 22

=pcosi —l—qsinL_

in

A :
P and @, with respect to the eccentricities and inclinations, are
of the degree [a;+a,], while p and ¢ are of the degree [a,]+
[a;]—2, so that, if a, and a, are large numbers with opposite
signs, (which must be the case since a,n, -+ a,n,), is to be very
small the eoefficients p and ¢ are in general smaller than P and
Q. By (16), § 26, the corresponding terms become

in R,

.

in R,

(ot p)cosw(@— L Jow].

We can here put »#, =w, =M. The f&ctors of m, and m, then
become nearly equal, for their difference is

cosl+(Q— el q)sm/l]

= (a;n,—aym,) (a; 7,
M
Not only are p and ¢ small in relation to P and @ but a, n, +
a,n, must also be relatively small. Consequently, the above
terms become °
in R,
) =my (P’ cos A+ Q' sinl) = m, Ccos (A 4 ¢),
in R,
(8) =m,(P'cos A+ @' sind) =m, Ccos (A+¢).

+ 8,71) (pcos i+ gsin).

The terms in the mean longitudes ¢, and &; corresponding to
the periodic perturbation terms (3), are, therefore,

3 a,my :
(9) —-C?——————(alnl+a2n2)2Csm(l+s), and
LRI L SR e

(10) ~-a_;(01n1+02nz)2

Their
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_am, a,’
T amya’’

Since a,%, 4 4,7, is to be very small, we have, approximately

TR ek [ 4 a—1?;’
> a; LT ,\/a23
and the above ratio becomes
My '\/a2
my '\/ a,

It is therefore constant and negative. If one mean longi-
tude is increased by the periodic perturbation depending on the
argument 4, the other is decreased. These deviations are
inversely as the masses and the square roots of the mean dis-
tances. 3

As the duration of,the period is long, it can only be recog-
nized as a period, by observation, after a long series of revolu-
tions about the sun. One revolution would appear accelerated,
another retarded, until finally the relation would be reversed
and the acceleration would pass into a retardation and vice versa.

This phenomenon is known with accuracy for Jupiter and
Saturn. Representing Jupiter by the subscript 1 and Saturn by
2, we have in this case '

5n,—2n, =
a very small fraction of », and », and about = -73% The angle
= 5:2—“2:1

increases very slowly, and since Saturn’s period is about thirty
years, it takes about 900 years for 2 to increase to 2=, and, con-
sequently, for the restoration of the previous relation between
the corresponding terms of the perturbations of the mean longi-
tude. Since [a,+a,]=3, C in (7) and (8) is of the third
degree with respect to the eccentricities and inclinations, and
must be relatively small. On the other hand, the coefficients
in (9) and (10) increase so much, through the square of the
small denominator 5n,— 2n,, that they are not only appreciable,
but in fact the greatest of all the periodic perturbations of the
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solar system. The irregularities of the periodic times caused
by these perturbations were noticed at an early time by a com-
parison of the periods of revolution for different epochs. It
was thought that the smallness of the coefficients warranted the
omission of these terms of the perturbations, and early astrono-
mers, including such men as Euler and Lagrange, were at a loss
toaccount for these irregularities. They suspected the existence
of something foreign to Newton’s law of gravitation until Laplace
succeeded in showing the real cause in the appearance of the
square of a small denominator, the smallness of which was due
to the approximate commensurability of the two periodic times.

We will now go further and study a case, not actually plan-
etary, but of the secondary systems of the Earth and Jupiter,
where, under changed circumstances, it plays an important part.

Assume two periodic times sonearly commensurable that the
coefficients of the terms (9) and (10) in the mean longitudes
assume so great a magnitude that it puts in jeopardy the process
of integration which depends on the smallness of the periodic -
perturbations and their relatively short periods. Preserving
the previous symbols, and limiting the consideration to a seventh
or eighth term of the perturbing function in (8), § 28, we have

dn, 3 n,da, 3am, . .
i O ittt A
dt R P Y L AL
dn, 3 nyda, 3a,

Bl
210y | y
di % a, dt or Osin(A+e).

Further, the total differentation of (11), § 28, with respect to ¢
gives
a*¢, _dnm, d*¢, _ dn,

aF —ar Tk g gp vl

where %, and %, are of the second order with respect to the dis-
turbing masses. Neglecting these (and always with limitation
to periodic terms of the perturbing function depending on 1), we
get '

a’¢,  3am, .
W_ a12 Csm(/l+a),

a*¢,  3a,m,

ar a,’

(12)

Csin(A+<),
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and, therefore, since A1=a,%, + a 4

d?a a’m,  aitm
(13) :1?23( 1112 P2 1)05111(/1—1—5).
If we put
() dde=ab+aGte=7,
a,’ mz a;tm, <%
(15) —s(2P+2)o=p,

and neglecting % , which is likewise of the second order with

respect to the disturbing masses, equation (13) passes into
v

(16) R

—psin 7,

where p can always be taken positively, since, in the opposite
case, only ¢, therefore also V, needs to be increased by =.
Equation (16) is not exact; in the second member, it lacks
the other periodic terms and the terms of the second degree
with respect to the disturbing masses. Only the terms depend-
ing on V have been taken into account. If we take p as con-
stant (it depends only on the elements and changes very slowly),
equation (16) is that for the vibration of a pendulum in a plane.

Assume, now, that for a certain instant V=0. If dd—l: 18

&V
proa is negative.

av ¢ : ;
Fre therefore decreases. If %— is negative, V is negative and

av., s - p
Pt positive and the absolute value of %7 still decreases.

Equation (16) therefore shows that the tendency of both plan-
ets is to lessen the increase, positive or negative, of V.
If we take the first case, that in which V=0 the velocity

then positive, V' is posmve and, by (16),

d
is positive. Then while V increases, d—tt-f decreases, and V

e
g av
grows more and more slowly as it becomes larger. If i does

not become 0, or if its value is too largé for V=0, then it
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decreases only so long as V<=, From here V grows again
with accelerated velocity from = to 2=, and so on. This case
corresponds to the perfect circular pendulum and is found only
among the heavenly bodies.

If -Jt—- becomes 0 for a definite angle V,, then V returns;

at first slowly and then more rapidly to 0, then it becomes nega-
tive, reaching finally a value — V,. Then it turns back, and so
on. This is the analogue of the oscillating pendulum.

When dV —— is negative, the same treatment gives the same
two cases.

By multiplying (16) by fiitz and integrating, we get

avy?

an 3 Et“) =c¢+pcos ¥,
d &30 2 RS
V =A2c+2pcos V-

If ¢ is positive and greater than p, V increases without limit.

But if ¢ is negative, or at least less than p, then 3—11—7 becomes

0 for a definite angle V, which is determined by the equation

cos V, =2
b

But
V=a&+0a0+e.,

or, suppressing the terms depending on the disturbing masses,

%ng ;7 + Gy 7y,
whence
(aymy+a;n,) = 2¢ +2pcos V.
If (n,) and (n,) are the values of n, and n, corresponding to
V =0, then
(a(n) + ax(ms) ) =2c + 2p,
2¢ = (0;(n) + ax(n) )’ —2p,



248 THEORIES OF PLANETARY MOTIONS.

and (17) becomes
d V

’\/(al(nl) +a;(ny) ) —4psin® 37V,

and, if V oscillates,

(afn) 4 0x(n;))* < 4p,’
and, therefore,

(18) [a(n) +ax(n)] <24 p.

When (18) is fulfilled, V oscillates about 0, and hence a,%, +a,%,
about —e.  Aside from these oscillations a,¢, 4 a,%, remains
constant and, if [»,] and [»,] are the mean values of the mean
daily motions, it follows that

(19) aofn]+a[n]=0 [n]: [n,]-_a2 —a.

From this the following important conclusion results:

Let there be two planets with approximately commensurable
periodic times, when the sun only affects them. If the approxima-
_ tion surpasses a limit defined by (18), the mutual attraction of the
two planetsl will cause the approximate commensurability to become
exact.

This limit is not reached for Jupiter and Saturn. Relatively
small changes in their major axes would, as Laplace has shown
in the Mécanique céleste, cause the limit to be passed, and we
would then have the remarkable phenomenon, for the two
largest planets of the solar system, that when one had revolved
five times about the sun, the other would have completed exactly
two revolutions.

An oscillation through a small angle about a mean value is
called a libration in astronomy. The duration is determined by
the complete ellipti¢ integral

T=4/——:_.—.
J ‘N2 +42gcos V

It is evident that, in this case, the term of the perturbing
function which depends on V is no longer properly periodic,
and that its influence is exerted in a totally different manner on
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the elements, than is that of the other periodic terms. ILaplace
made some studies of this case in which he showed that, taking
the extreme excursion V as small, all the elements take part in
the libration.

The investigations which have been made in an exact com-
- mensurability, are, of course, founded on assumptions which are
themselves not exactly fulfilled. The terms of the perturbing
function which do not depend on V and those of higher degree
for the disturbing masses are neglected. Nevertheless, the
results are of permanent value because they show that even a
close approximation to commensurability, existing in two periods
would bring with it 'no danger to our planetary system, but
would rather bind the planets in still closer bonds, as is shown
by the entire coincidence between the times of revolution and
axial rotation of the moon.

37. TeEE ExXACTNESS OF THE FORMULAS FOR THE VARIATION
OF THE ELEMENTS.

In the preceding sections the elements have been put in the
form
(1) e=[e]+(c), 2=[2]+(2),

e =[]+ (¢), ¢=[£]+(9).
The first terms in the second members are the secular values
of the elements and the second the periodic values and are pro-
portional to the disturbing masses. Each of the latter is of the
frequently employed form (11) § 27, in which the secular values

{a=[a]+(a>, * L]+ (=),

are to be substituted for the elements a, ¢, ...- In this sense
(a), (e), ... are functions of [a],[e],... and hence the ele-
ments a, ¢, ... are functions of [a],[e], ...

Formulas (1) are only approximate and equations (8), § 28,
are not entirely satisfied by substitution of them. In conse-
quence, certain differences remain which are now to receive
attention.

If (1) are differentiated from the above point of view, it
follows, when subscripts are introduced, that
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’glg,_d[al]_*_d(a,)
a3 db dt

_d[al] o(a,) o(a) 9(a)
. 6[ ][ 1]+6[y][ 2]—’_8[ ][ 3]+--.

8( ) dlai] | O(a)dfe] 0(a,) d[cl]
%a[z,] o e e S A —[m)}

+
+{gadel  dadal o) d[’”]—[ ])}
+

O[] dt " Oles oLz

o -j%=fl—[—‘i‘l’+§[(f§£ 1]+§§f‘][ 2]+SE“][ nl+ ..
pigodel, o (4 [J)}
+{SE23]'%——2—]+... - }
G : ’
it ‘“ [n:]—-(nl)+2§:'][ 1]+2E2’)][ ml ..
RS+ )l
+

There are corresponding equations for the derivatives of the
other elements. Taking the second members of (2), we will
first bring the expression

(3) d[a]]"}_géa%[ 1]+2|(:?2])[ 2]+

into a very 51mple form. First = [a,] =0. Then if K al Lt a5,

is a term of d_t] arising from the periodic term of R,, then by

§ 29, we have for the corresponding term in (a),

K sin % 4
TR Y 0,4+ 08 ).
a, n, 4 a; 1, —cos

The corresponding term in %[n,]-{- 5[—?—1]-[722] is again

cos
K

o (a1 é’l—l—am) The expression (3) is then equal to the sec-
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ond member of the first equation (8), § 28, if the secular values
are used for the elements. This amounts to the following:

Let the perturbing function R, be expressed in terms of the
elements, or
4) R:R(a,,e,‘,...,az,eg,...).
If we substitute the values of these elements from (1), we get

(5)  R=R(([a]4 (@), .. ([a]+ (@), ... ).
Now put, for the elements, only their secular values and indi-
cate the result of this substitution by E. Then .

(6) - BRIzt a el fedl 5):
Then (3) becomes
—g_[lw] 2
m oG]

Considering further the remaining terms in the second mem-
ber of equation (2), it is seen that they are all of the second
order with respect to the disturbing masses, because each one is
formed by two factors, each proportional to these masses. Since
the first factor is purely periodic and the second purely secular,
the product is purely periodic. If the sum of all these purely
periodic terms be represented by {{ a {}, that is

_0(a)d[a,] , O(ay)d[e]
(7) Hak s Dl
+ e (L —rn)
0(a)d[a,]
G[ag]——-—i_ ( ) [ ] L
o(a,) (af ¢,
+ o Gl
the first of equations (2), becomes
(8) =2 I 2L | ey
Likewise
@ %o _NI[aTA—~VI=]) 0R
dt AN (%]

1 [I—[eT OR

eV Tadm 00m1 T V3D
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where §{{et} is obtained from (7) b3‘7 writing (e,) for (a,).
‘We will now substitute the value (1) in the second members
of equations (8), § 28. We get

/208 g [EIFGT, OR((al e ([a] + e
" 831 \ a([l]+(l))

The periodic terms (@,), (e,), ... are of the order of the dis-
turbing masses. If the second member is developed in ascend-
ing powers of (a,),(e,),... and limited to the first degree, then

%M2$m% (¢) ©OR
# 0%, # O [‘1] '\/#1 [al] a[;’l]

[l R
+2/a(aﬂam““+ﬂqﬂd“”+

oR,
i e Dt At ).

If, for brevity, we now put

10)  [iej]= {20, [al( OB o)1),
( ) [; %] N/:Uq[al] 8[ 1]+ \ (8[,1]8[ l] )+ )

where [{a,}] is of the second degree with reference to the dis-
turbing masses. _
The preceding equation now bacomes

(11) 2\/“1 il ’[j:];f]ﬂ%al%]

If (1) is substituted in the first member of the first of equa-
tions (8), § 28, the form (8) results; if in the second member,
the form (11). The difference between the two members is

Hadf—[{al]
which is of the second degree with respect to the disturbing
masses.

In the same way it may be shown that the other equations
(8), § 28 (taking instead of the third, equation (11), §28), are
likewise of the second degree with' respect to,the disturbing
masses. The differences are, in general, very small and the
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accuracy of (1) is thus shown. But as the small term in a
differential equation may, by integration, eventually have an
appreciable effect, we will occupy ourselves in the next sections
in defining this effect more closely.

38. TrE IMPROVEMENT OF THE THEORY OF VARIATION OF CON-
STANTS BY INcLUDING TERMS DEPENDING ON THE SECOND
PowEers oF THE MASSES.

In the preceding sections the elements and coordinates have
been expressed in terms of the time ¢ and 6n arbitrary con-
stants. The latter are

(1. The n secular values of the mean distances,

2. The 2n arbitrary angles ¢ and ¢'.in the secular argu-
ments G and I',

3. The 2n arbitrary factors K and K’ in the expressions
of the eccentricities and inclinations,

| 4 The n arbitrary angles ¢ in the mean longitudes ¢.

(1) J

These expressions for the elements do not entirely satisfy
equations (8), § 28, but there remain residuals of the second
degree in the masses. The best way to make these residuals
disappear is to turn again to the method of variation of con-
stants. Let the quantities in (1) be no longer considered as
constants but as functions of the time, whose determination shall
be such that the substitution of their expressions in equations
(8), §28, shall render them identical. -For instance, it will
make

(2) da1 2\/u16‘R1

0%

da,

where, in the formation of Gt it is to be remembered that a,

contains the time not only explicitly, but also implicitly, in so far
as quantities appear in @, which were constants in (1) but are now
functions of ¢. If the partial derivatives of «, with respect to ¢,
in so far as ¢ is explicit in ¢, are now denoted by g% we get by
the preceding section
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(8) LI By R PA TR (RS
By subtracting (2) from (8), it follows that

0 %% _ o —[iad].

Similarly

®) do_ %0 {{af}—Tial], cte

The second members of these equations are funections of ¢
and of the variables given in (1). The first members contain
de
dt AR
tives with respect to ¢ are removed and they therefore, vary only
for the quantities (1). From the 6n equations (4) and (5), the
derivatives of the quantities (1) can be obtained. Yet, with
close approximation the secular values of the elements may be
substituted in second members of (4) and (5) for the elements
themselves. The equation (4), for instance, may be written,

by (1), § 37,

dla Ola,] , d(a,) O(ey
(o] Bl gl)_90) ot~ {al]s
Now (a,) isof the first degree with reference to the disturb-

d(a,) 0(a)
dat ot
the derivatives of the former constants (1) are, by (4) and (5),

of the second degree. Neglecting terms of the third degree,
we get, therefore,

the parts of which remain when the explicit deriva-

ing masses, and hence is of thethird degree since

i Aol Ol ot (st
and similarly
0 del Ol tie—[fe], ete

Equation (6) is in exactly the form taken by the derivative

of a previous constant, namely [, ]. It is ?%I =0, and hence
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(8) Aol _ (a3} —[fa} 1.

Designating the constants of (1) in order by p:,p;, - . . Psxs We
have

d [el] ofed _ 8[31] dp,

L o[e] dp, e A Y a[ex] dpﬁn

dt ot 8101 dt op, dt apen dat ?
and (7) becomes
0 d, dle.]d 0 adpe.
) 52] ] g;]é;z-[— Ol [ex] (Z;t — {fe. VL2 iail]) oter

From (9) the derivatives of the p’s can be obtained.
It is not the purpose here to complete the determination but
rather to make some general remarks on it. The coefficients

ole] O[e]

—+—=,-=—=,... of the equations (9) contain only secular terms.
apl op.

The df:o —! ... will, therefore, contain only secular terms if such
oceur in [{a,}]; [{eit], ... (We know from the preceding sec-

tion that they do not occur in {{a,}}, ete.).

In accordance with the principles of § 29, we Wlll here also
limit the consideration to the secular terms in the second mem-
bers of (8) and (9), that is to those independent of %, and we
will pass on later to the periodic members which will be treated
by the methods used before.

The next section will show that there are no secular terms in
[{a}] and that with limitation to these, equation (8) becomes

dfa,
[dt] 0,

so that the previous constants [a] still remain constant. With
this determined, the remaining equations (8) ean be approxi-
mately integrated by the previous methods. I will not enter
into the minuter details, but will only note that K and K’ also
remain constant, if, to the eccentricities and inclinations other
secular terms are added, whose arguments are formed by integ-
ral combinations of G and I' and whose cofficients contain the
disturbing masses as factors. Also g’ and y’ are increased by-
small fractions, which are likewise of the first power of the
masses. .
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39. TuE INVARIABILITY OF THE MAJOR AXES.

Poisson proved that the major axes are invariable even
when, as in the preceding sections, account is taken of terms of
the second degree with reference to the disturbing masses.
(See Poisson’s paper Sur les inégalités séculaires des moyens
mouvements des planétes. Journal de U Ecole polytechnigue, Tome
VIII, 1809). In what follows, Laplace’s demonstration is used,
though in a modified form.

After the preceding section, it remains only to be shown that
in
e)) [{at]
there are no terms independent of the mean longitudes. Repre-
senting, since there is nowno chance for confusion, the [a],
[e],... bya,e,... and also R by R, the quantity [{a,}] con-
sists, by (10), § 37, of terms of the three following forms:

@ @,

@ { (D 2 (1)+Me(l>+ +a?§:(,l),
(UT) 5225 @)+ (o)t -+ g (6

Each term in (2) is a product of two factors. R is here
taken as developed in the usual manner, as in form (49), §24.
The quantities (a), (e), ... are of the same form. If the fac-
tors are multiplied out term by term and use is made of the
formula

cosacos 3=% (cos (e 3)+cos (a—3)),
it becomes clear that there are only two such terms that can -
give secular terms, both dependent on the same argument

(3) A=a, 5+ a0,5
in which both integral numbers a, and a, must not be 0, at the
same time, because only periodic terms appear in (a),... Let

the term in R, corresponding to this argument, be

(4) | ksinA—lcosA.
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Then the corresponding termsin (a),(e),. . . are to be formed
according to §29, and substituted in (2).
Take first the term I of (2). The term in (a,) depending
on A is by (4), §33
PR .
=9 S maiapon (ksinA-4-1lcos i),

and in g

© @ (kcosA—1sinl).
By multiplication the purely periodic term

y B —
A A
2\/#1 (11”1+02nz( : sm2 + Elcos?2 )

is formed in (I).
Take the sum IT next. If the first term in the expression
for (%)

g g

a* (am + agn, )’
is disregarded, the products of the terms in IT, which depend
on the same argument 2, all vanish. On the other hand the pro-

(—kcos A+ lsin A)

2
duct of this term with —8—1—%;— is
8:1832
3a,°

P ey (esind t1cos 2) (—keos 4 Isin)
141 27t

St PF—T .
i+ o ( g —sin 214 Elcos 22 ),

and, hence, also a periodic term.

The treatment of ITI is somewhat more difficult. Since R,
is here differentiated with respect to the elements of the plan-
et with subscript 2, the partof R, involved is

( 1 __ Ly + v+ zlzz)

i N (&r— )" + (h—)* + (gl—zz)z r 4
and since R, is also differentiated with respect to ¢, and only
such values of 2 can enter as are dependent on Z,, the terms in
(as), (e3), . - . depending on %, must also be dropped. (ay),(e), ...
arise from R, and in this we have then to take into account only
the part
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- . XX+ Y1 Yo+ 212,
ml( '\/(901—-772 Y+ @—w)+ (zl—zg)z_ s )
Let :
1 : . . : :
(5) N @ — ) i— 0 + (o — ) = 3(Psin A4 Q eos 1),

(6) %+ Y192 + 22, = Z(p sin 1+ g cos 4).

The factors m, and m, in R, and R, may be omitted as imma-
terial in the present treatment. If now, R and R, represent
the terms dependent on the argument 2, then, by (7) and (8),

§ 36,
(M (P 10)51111-1-(@ a2 ;2] q)cosl

8) (P p)sm)—i—(@—al " q) CoB A.

If R*=R} no secular terms will arise in ITT. The proof
of this is made exactly as for II, and in the formation of
(@), (es), . .. the consideration may be limited to the difference

(al n; a2 n2

(9)' V*=R —RA= (psm/l—l—qcos))

Turning next to the elements as they are contained in (7)
and (9), aside from the coefficients P, Q, p, g, it appears that
theTonly ones occurring in n, and n, are a, and ;. Under lim-

itation to these we have in ——— 8 L the term
=1 2

(10) -—a% 0,0 (pcosi—gsini).
The corresponding term in (a,) is by (4), §33,

72 : 012 n12 022 n22

I’ el A
(11) 2 \/ﬂz( M M )(ﬂl’nl-i-a,m) (psin A+ g cosi).
The product of (10) and (11) gives only periodic terms.

It is further to be observed that a, which occurs in (9) is
contained in n;%. . And its broduct with

0122

(psini—+gceosi),

2
the part of g—g} whlch arises from the term
»1U=2
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az 2 (psml—}—qcosl)
of R,, likewise gives only periodic terms.

Hence, only the following suppositions can be made:

First, R is limited to (Psini+ Qcosi) and V* retains its
value (9).

Second, R* and V* are both limited to (p sin2 + gcos ). .

The second supposition affords only periodic terms which
follow exactly as for IT. It remainsto investigate only the first
supposition, namely that in which only the term

1
12 it
Y ey

remains in B, and only the term

2,, 2 2,, 2
(13) 2(&%—%) (psinA—+gcos?)
il
g 1V
= (212 + Y12 +.z122) (;2‘3'—7?) {

in RQ:
The value of R, can be put in another form. For undis-
turbed motion it is
1
R, = (e + 1y + 212,) ("'—;_7"? )

i _x1d2 @+ 1y, + 2072, o ayd ooy 4 ypd’ y, + 2,d° zl
o padtt 1 dt?

In this case it is permissible to put x, =u,, since their differ-
ence depends only on the disturbing masses. The above equa-
tion then becomes

RN | :
By = @t vt (55— )
1-d

= (@120 — @)+ Y1y — Yol + 212 —2,2,").
If we put
(14) w= | Rydt
then

1 . ; ’
(15) W= —"#— (901 a) —axy e Yy — Yy + 212 —2,2, )'
2 :
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This integral of the perturbing function must be introduced
into the expressions for' the periodic terms. Representing, as
before, Poisson’s expressions by (q, @), (a,¢€), ... we have

w w
()= (s, ez)%—e—z+(az, )%— e

(16) (e2) = (&5, az)g_;‘z""(ez: 52)‘86_?:"*‘ cee

Finally after an easy reduction, which is due to the differen-
tiation of n, (which contains @, and by (15) appears in «,’, ¥/, z,),
with respect to a, we get

- ow ow
(1) (&) = (=, az)ﬁ_a,, =+ (52, €2) E
Introducing this into I1II and for brevity putting
OR, _
(18) o v,

the expression ITI becomes

oVow ovow
(19) (e, ez)(a—% e — T Bor
oVow 0Vow
+ ), o o,
After the coordinates and component velocities have been
introduced into this expression, it can, by formula (2), §12, be
changed into

oVow OV oW A K 0VOwW 0V ow

) Py Gy Oy O, T Ouilys 0w O

It only remains to prove that there is no secular term in (20).
This can be done as follows. Omitting the factor z, we have

(21) W = @y — ) + 9 — Yy’ + 212 — 22/,
and hence, (20) becomes
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av 8V 12 ! /
(22) 3z, 1+8y yl‘l‘az 1+8.’17 wl+8y’ y‘+8z
The quantity V from (18) must now be substituted in (22).
- We have :
1 <TG
A (&, —x) + (4 — )"+ (2 —2,)° T”

1/

and therefore,
OB 8R1 Ox, OR,0y, , OR, 0z

oy Ve, om0 T onoh % 7,
S b 6R1
T, 6:Jc + ‘+ 8z )
Consequently

ov. _ov _ oV
ox, — Oy, 0z
and (22) reduces to

=0,

ov ov
(24) T ‘+6z
This. expression can now be so changed that the absence of
secular terms is at once visible. V is, by (23), a homogeneous
function of degree — 2 in ,, ¥, 21, 23, ¥», %2, and depends only
on (&, —a;), (#1—7¥:), (23—=2;). Hence

ov_ov
(3T R 2. s S
and

(mz @) +‘ o Vs (yz y1)+ (zs 2)=—27,

and (24) becomes
ov ov
(25) 2V + oz, o 8y y2+8z Zy.

V—gR contains no ferm independent of ¢,. Hence ‘no
=1

such term can appear in (25), for after substituting for V its
value (18), we can at once write (25) as follows:

0 OR, R,



262 THEORIES OF PLANETARY MOTIONS.

) 3 d 5
Therewith the proof is completed that a%t can contain no sec-
ular term even when the second powersof the masses are taken
into account, and we can now, with greater emphasis than in

§ 30, state the proposition

Euxcepting periodic perturbations the major axes remain con-
stant.

40. TaE ForM IN WHICH THE ELEMENTS AND COORDINATES
APPEAR AS FUNoOTIONS OF THE TIME.

In the preceding sections, the elements «, 2, I, p, g, £ of the
planets have been represented byiaid of a definite number of
angles, all of which are linear functions of the time. They are

1. The n secular values [¢,], [%.], . . .[£.] of the mean
longitudes.
(1) 2. The n angles Gy, G,, ... G,.
3. The (n—1) angles I,I,,... I, _,.

We will now disregard the manner in which these angles
have been introduced (& for instance, in the first approximation
to elliptic motion and G and I' through secular perturbations).
We will also disregard the fact that the coefficients of the time
in G and I' are very much smaller than in £ and we will regard
the above angles as, so to speak, of equal value. Designating
them in order by

(2) ll’ l27l3)"' l3n——l’
. it appears that any angle I, is of the form
(3) = axt+ by,

where a, and b, are constants.

The x coordinates are expressed by an infinite series of the
form
(4) o= chos(alll"l"aglz'i_ .. -.+ aSn—]l311—1):
where the numbers ay, a,, ... can take all values which satisfy
the condition

(5) o A A S = A
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Further

(6) y=2ksin(al +a b+ ...+ 054 lg,,,’ﬁ)
with the same coefficients .

Finally

M z=3Ksin(a/ L+ 0 b+ ... + 01 b))
where, however,

(8) a' +a/+ .. o0, =0

The invariable plane is taken as the plane xy. The ¥'s and £"s
are functions of only (3n—1) constants, namely,

2. The n constants of integration K,,... K,,

1. The n secular values of the mean distances [a,],[@.]...,
9)
3. The (r—1) constants of integration, K//,... K,_,"

The (3n—1) coefficients ax in the I's are, by §§31 and 32
likewise functions of these (3n—1) constants (9). The constants
can, therefore, be expressed by the quantities a) and we may
even say that the coeflicients & are functions of ax. The quan-
tities b, are constants additive to the Is and do not effect the
coeflicients k.

In the forms (4), (6) and (8) it is especially noteworthy
that the time appears only in periodic form and that all the
angles are linear functions of the time. It appears from this
that each term, in so far as it is not constant, returns to the
same value in equal intervals of time, and that its course is
shown by a regular wavy line. Our planetary system must turn
about its center of gravity with the greatest regularity, but
periodic motions must be innumerable and their periods and
magnitudes must show the greatest diversity. There is no
initial condition in the past from which it has gradually devel-
oped, nor is a final condition necessary towards which it tends.

It is hardly necessary to warn the reader that these remarks
are of force only when all other agents are excluded except
gravitation. In fact there are others, but the duration of active
observation is not more than enough to afford a slightest
trace of them. It is not difficult to analyze their action, but
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they are not included in the purpose of this work which is devo-
ted solely to the study of motions resulting from gravitation.

Yet, with th1s Ilmltatlon, the doctrine of the eternal stability
of the solar system is very far from standing on the foundation
of certainty due to perfectly rigorous deduction. No pains have
been spared in bringing clearly into view the terms omitted
in the integration of the differential equations, and no oune has
succeeded in showing that the general form of the expressions
means more than that it is an approximation good for so many
thousands of years, and so near the truth that it represents
very approximately nearly all observations, in so far as the
constants of integration have been suitably determined.

On the other hand there is a circumstance which continu-
ally warns us against a too early celebration of success. It is
the reappearance of that denominator which is summoned

by the integration of terms of the form zt)ns (at4£). The most

able astronomers and mathematicians have given it their care.
Yet, notwithstanding the keenness of their investigations, inclu-
ding as they do those of Laplace, given in § 36, the case has not
been completely analyzed. It is known, to be sure, that this
denominator can only be great or infinite in our system when
the coefficient of the respective term is very small, yet this does
not at all dispose of the doubt which has recently led to the
investigations of Professor Gylden.

When the terms referred to are neglected in the differential
equation this part is eliminated. Yet it is certain that the neg-
lected terms will have a sensible influence in the course of thou-
sands of years, and in any case, by their neglect the solution is
not rigorous, and not good for all time. The way in which the
matter stands at present may be stated as follows:

The equilibrium of our planetary system has, by the admirable
labors of the mathematicians, been shown to be true for periods of
time which are very long, viewed from a hawman standpomt but it
has not been proven to exist forever.

The forms (4) to (8) for the coordinates were reached as an
approximate result from the theory of variation of elements
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by means of certain circumstances,—the smallness of the per-
turbing masses, and the smallness of the eccentricities and
inclinations. If this represents the facts, is it because it
expresses a mathematical law, and not because it is merely an
interpolation form? According to my idea, this que‘stion is of
fundamental significance, for an affirmative answer to it would
give a brilliant justification to the acute researches of Laplace
and Lagrange. It has been made a matter of reproach to them
that their methods of integration lacked mathematical rigor and
it has caused a feeling of uncertainty with a regard to neg-
lected terms, a feeling which may be fallacious, and which, in
fact, has proven fallacious in one case, as shown in §26. Many
mathematicians, led by the facts, have hesitated to admit the
value of their results. But they undoubtedly felt, more strongly
than ,others, all scruples which could be raised, and if any im-
provement had been possible, they would have made it. If we
succed in proving in any other way the laws which they discov-
ered by imperfect deduction, to them belongs the great service
of having pursued, undisturbed by doubts, and of having finally
solved the great problem of the motions of heavenly bodies
submitted to Newton’s law of gravitation.

This other way so far as the anthor knows, is as yet hardly
begun. Certain formal results have been obtained, but the
question of convergence has not been taken up.

Forms (4) to (8) are apparently quite general for they hold
without the limitation to small masses relative to the controlling
mass, and to small eccentricities and inclinations. The prepon-
derance of the mass of one point does not guarantee the stability
when the latter is taken from the general standpoint already .
defined. If stability means a peculiarity of the system by
" virtue of which all the distances of the bodies from each
other are always finite (never becoming 0 or infinite) this can be
fulfilled, however large the masses may be, if the initial condi-
tions have been suitably chosen. With this generalized concep-
tion of the problem, it is plain that we cannot take refuge either

in the method of absolute perturbations nor in that of variation
of elements. Hence it seems to me that forms (4) and (8)



266 THEORIES OF PLANETARY MOTIONS.

form a guiding line for further investigations, that the above
mentioned theories are to be abandoned after they have been
exhausted and that the problem of n bodies, in its general form,
should beundertaken entirely independently without recourse to-
Kepler’s laws or other intermediary as initial points.

That astronomers have to-day reached this point is shown by
the fact that the following offer of a prize, published in Acta
Mathematica in 1885. The proposal is as follows:

“ Any system of material points subject to Newton’s law being-

given, with the conditions that there shall be no collisions, to
develop the coordinates of each point in an infinite series of
terms composed of known functions of the time, which series
shall converge uniformly for a period of unlimited duration.

“That the solution of this problem, which must afford us in
its course an insight into the most important of the phenomena.
of our system is not only possible, but is attainable with the
analytical helps already existing, is shown by the statement
of Lejeune-Dirichlet,* who, just before his death, confided to a
mathematical friend that he had found a general method for the
integration of the differential equations of mechanics, and that
by the application of this method, he had succeeded in rigor-
ously proving the stability of our system. Unfortunately we
know nothing of Dirichlet’s method except the indication that
the small oscillations afforded him a foothold in the discovery.
It may be taken as certain that it does not consist in difficult
and complicated analysis, but in the introduection of a simple
fundamental idea, the rediscovery of which may follow an earnest
and pefsistent search.

“If the problem offers difficulties which cannot be overcome
for the time, the prize can be given for a work in which any
other important problem in mechanics is completely solved in
the manner above indicated.”

e,

* Kummer, Gedichtnissrede auf Lejeune-Dirichlet, Abhandlungen der Konigl.
Akademie der Wissenschaftenzn Berlin 1868, p. 35,

i ala i Las & o e
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4]1. SEVERAL GENERAL ForMULAS RELATING TO THE COEFFI-
CIENTS IN THE DEVELOPMENT OF THE COORDINATES IN
TRIGONOMETRICAL SERIES.

In §§ 36, 26 and 27, the coordinates are developed: with ret-
erence to the invariable plane (or rather a plane parallel to it
and passing through the sun) in the following form

Xy = EK,\((I,,QQ, couOgg)cos(o b a4 ... +a3n—ll3u——l)
= X K,cos H,
1 Y =2 K (0,05, ... 0y g) SIn (0 L Fap b4 .. 05, b y)
( ) = YK)\SiIlH,
Zn =2k (01,0, .. by _)sin (0, + 0,4 ... D51 L)
= S k\sinh,
in which it is to be noted that
a. In the first and second formulas the X relates to all
positive and negative values of the integral numbers
aj, . . .05, which satisfy the condition

(2) a+at ... +a,, =1
b. In the third the numbers b ars such that
(3) b+ b4 ... + by =0.

¢. The K,(a,,...0a;_,) and also k, (b, by, ... by _,) are
constant coeflicients.
d. Each angle I, is of the form

(4) Ih=ayt + 5.

In order that the coefficients k,, may be single-valued we
will assume
(®) ka=(—b01,—0s, ... — b5, 1) =—kr (D), b5, ... bs_y).

Let it be assumed that equations (1) are not simply approx-
imate, as was done in the preceding section, but that they
are rigorous. Also let it be assumed that (1) are uncondition-
ally convergent, and, therefore, that the sums of the absolute
values of the coefficients

(6) 2[Ky], 2[ka]
are likewise convergent.

The terms in (1) will naturally l)e arranged in the order of the
integral numbers a and b. :

~
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The angles ! are all linear functions of the time, and the
same must be true of H and k. Let

M H=Nt+4, h=nt+o,

where

8) N=uoa+aqut..., d=05+a8+...
)] n="ba,4+ba ..., d=05453+...

The angles H may, from now on, be briefly designated as those
of the first kind, the angles % as of the second kind.

If each term in (1) is differentiated, trigonometrical series
of the same form appear which we will assume are also conver-
gent. Let this be the case however often they are differentiated.
Then we get 3 )

(10) a=—Z2=K,\Nsin H, y)'=2ZK\N cos H, z)'=2Zk\n cosh,
or
(A1) x’'=—Z2Gisin H, y)/ =2 GrcosH, z' =2g, cosh,
if we put
K\N = G,, kxn =ga.
In the same way

12) a'=—3K\N?cos H, y'=—3K,N’sin H,
2" = —Zkn®sin h, ete.
These series are to converge and to be unconditionally con-

vergent. That is the sum of their absolute values,
E[KANP ], E(k)\nf’)

are to converge for each integral exponent p.
From (1) it follows that
(13) =iyl + 20 = XK, K cos (H— H')

+ ZZkaky cos(h—1),
where the accent means that K, and K,/, etc., belong to any
two terms of (1) and the double summation signifies that the
summation is to be carried out for the integral numbers in each
term.

All the angles appearing in (13) are of the second kind, and.
it appears that , may be developed in the form
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(14) S kcos k.

The same form (14) appears in the development of the
squares of the distances of the planets from each other. One
further assumption will be made and that is, that all positive
and negative powers of the distances can be developed in trig-
onometrical series of the form (14).

The major axes of the orbits and the expressions (12), § 28,
representing 5, I, p, g can also be developed in trigonometrical
series of the forms (1) and (14). In the narrower sense, the
expression stability is now to be defined as follows:

1. For the major axes, the constant term is decidedly larger
than the sum of the coefficients of the periodic terms.

2. The sum of the coefficients in the trigonometrical series for
the expressions (12), § 28, is small.

The constant angles 4, which are contained in 7, replace
(3n—1) constants of integration. The coefficients a, in (4) and
the coefficients K and % in (1) contain besides only (3n—1)
constants of integration. These are the secular values of the
major axes of the previous paragraphs and the factors K and
K' of §31. Altogether there are (6n—1) constants of integra-
tion or two less than is required in the complete solution with
arbitrary choice of the system of coordinates.

The expressions (1) are obtained on the assumption that the
origin falls at the sun’s center. If the origin is put at the cen-
ter of gravity of the (n 4+ 1) bodies, (the sun and »n planets) and
this is convenient in the investigations that follow, the new
coordinates are linear functions of the old and the forms of
equations (1) remain unchanged.

In equations (1), let the sign = extend to all integral num-
bers a or b. If the summation be extended to all the (n 4 1)
bodies, we may, to avoid confusion, use the symbol S.

Then

(15) Smyaxy= O, SmAyA = 0, Smpzy= 0.
This gives, by (1), the relations
(16)  SmAKA(01,05, ... 04y) =0  Smaka(byy...b5,) =0,
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which must hold for each system of numbers a and b.
Further S
A7) Sma(@ayy —ya2)) =3 SZZm\ K\ K\ (N + N') cos (H— H').
The first member is constant. The periodic terms in the
second member must therefore vanish and thus a new series of
relations arises between the coefficients K, while the second
member is reduced to a constant term, making

(18) Sm;\(w)\y,"——y)\w,\’)zSEmAK)\“N:SEmAKA G,\.
Further, we get

19)  Sma(mza—zayy' ) =382 my Kyka(N+n)sin (H—h),

(20) Sm,\ (Z)‘af)\l—'x)‘ z)\’)z -——%SZ E’in)\K)\ k) (N+ n) COos (H—h).

The second members contain only terms of the first kind,
hence no constant terms. They must, therefore, vanish. That is,

(21) Sm (y,\ZA'—ZAZ/A,)——‘ Sm, (ZA x)'— x5 20 ) = O,
as must be the case when the invariable plane is the plane of
Y.

As shown before the expressions (1) contain (6n—2) con-
stants of integration, half of which are formed by the constant
angles @ contained in ! and which do not appear in K, & and a.
The other half which appear in K, & and «, can be represented
by
(22) i 1Can P e

By Lagrange’s theorem, (30), § 10, the expressions

890,\ 6{17,\ 8&‘,\ 6&‘)\

(_23) [a:y a; ]=8m [5‘“6—(1—— Ba,
Oy oy Oya all,\

62’,\ 62)" 62)\ 64’3,\’

s Doy~ B0, o’

where a,, a; are any two of the above (6n—2) constants of inte-
gration are constant. These may be developed by the method
employed by Newcomb ( Théorie des perturbations de la lune qui
sont dues a Vaction des planétes. Journal des Mathématiques
pures et appliquées, 1871, and Sur un probléme de mécanique
céleste. Comptes rendus, 1872.
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If we introduce the notation

0A0B ©0AOB
(24 gA’B}ZB—a,@_—anQ_a"
and substitute (1) and (11) in 23, it follows that
(25) [a:,0,] =82 Zmp[{K, G’} sin (H— H')+ ik, g'} sin(h —h")]
—82Zm\[G'{K,H’ }cos(H—H')+g { k, ' }cos(h—h')]
+ 83 Zmp [ K{H,G' }cos(H—H')+Ek{h,g'} cos(h—h')]
+S8ZZm\[KG {H,H'} sin (H—H')
' + kg’ {, '} sin (h—1") ],
If we put

(a) a; = l?i) '—“IQJ,

only the last term in (25) remains, since X, k and « are inde-

pendent of 8. By (24), we have here
{H,H'} =a;a/ —a,a/, {h,h'}=0b0'—0b/,
and therefore
(26) [8:,8] =82 Zma[(a;0/ —a,a/) KG sin (H—H')
=+ (6:5/ —1b,0/) kg’ sin (h — 1) ].

This is to be constant. All periodic terms destroy one
another. There is no constant term. Hence

(27) [ﬁ;, ﬁj] =0
(b) (THE=1] s 00 M= (o
We have
ri b 06 oy’
gH)G} a*aj g }—bta
j ,0K eyl , Ok
IK,H'} = '8 , {k,h}_-—ﬁ,a ;

jmi=t(a 8N’-—a¢ aN) b _t(b o an)

The remaining comblnahons {4, B} in (25) vamsh,_hence '

®8) [6,0]=532m[(ax gG'+ ’G’a——K)cos(H—H’)

-l-(b kZL +5 g 8k)cos(h—h'):|
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Ghyg
£ 8 j

(b,——b; ?)kg sin(h— h’)]

Since [3;,0;] is constant, the terms multiplied by ¢ must
vanish and the above must reduce to the constant term. Hence

( 6(KG) T E)‘a(akg)
G

—i—tSEEm;\[ a —a,-'-aEY)KG’sin(H—H’)

(29) [ 6]= 82 o
i %(SEmA(a;K’N-l—b,-k*’n)).

(¢) T Oty =-0js

Here we have

oww. [(OKOG OKOG ,
(30)‘ [ci»cj]—"82'277.h[(a—&-a—c;—-a? oe, Sln(H—H)

J

ok 0 ©Okog' Y\ . \
+ (80 B, B O, e G )]

+tSEZm[(K{N, G }—G' {K, N})cos(H—H')
+ (b, g't —g'{k, n'§) cos (h—1')]
+#SEZm\[KF{N,N'} sin (H—H')
+kg'{n, w't sin (h—1")].
The periodic terms and all terms multiplied by ¢ and ¢* must
destroy one another. A really constant term does not occur
in (30). Hence
(31) [e:cl=0.
The vanishing factor in the term proportional to ¢ is

e ONO(KG) ONO(KG) .
O—SZm,\[(a—ci R os (H—H')

(52 A 012 g 1))

‘When the values of N and = given in (8) and (9) and equa-
tion (29) are used, the above equation takes the form
0 8 HL
e R R ) P

_.—g? [B,e]—... 6(13,,,_1

A5 VA P

[ﬁSn—-—ll C]

R R R U T
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Equation (32) can be used for the deduction of a noteworthy
theorem. The quantities ¢ are not more closely determined
than that they appear in the constants K, &, . If desired the
(3n—1) quantities « may be considered as the ¢’s. But any
(8n—1) independent functions of K, k, « may be taken for the
¢’s and it is convenient, in order to make (29) as simple as
possible, to put

(33) C,:SEmA(G,KzN'}' b,kzN).
In this case
(34:) [ﬂi; C;] t= 1)

while all the other Lagrange combinations between 8 and ¢ van-
ish.

‘When the constants ¢; have been determined by (33), it
remains to introduce them into K, k, «, that is to determine these
coefficients as functions of ¢;. We will not undertake this
determination, but only give the theorem referred to above.
With the aid of (84), (32) becomes

Oa; _Oa;

This equation shows that the qua:ntities «, when expressed
in terms of the ¢’s, are the partial derivatives of a function ¢
with respect to the ¢’s. That is,

00
(36) a; = _6—0—, .

The function 8 can now be more closely determined, but not
in the desired form, for it will not be expressed in terms of the
c’s but in ¢, K and k. It is evident that the «’s must be homo-
geneous functions of the ¢’s. Let p be the degree of these
functions. The quantities K and % are also homogenous func-
tion of the ¢’s. Let their degree be g. Then the coefficients
',y # are of the degree p+ ¢ and of 2", y",2", 2 p4-¢. On

the other hand, the coefficients of m”:%—z, ete., are of the de-
gree g —3q—=—2q. Hence

2p+q9=—2¢, 2p=—34¢
18
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Further, it follows from (33), when the degree of the terms
in the first and second members are compared, that

1=2q9+p,
and therefore,
(37) p=—38, ¢g=2
Since the o’s are homogenous functions of the ¢’s of the
degree — 3, the degree of 6 must be —2. Hence

é L]
gc 01+8c 6t .. +8 o lcan 1 =—26,
and, by (36), (33), (8) and (9)
(38) — 260 = SZm (K’ N?*+k*n?).

The second member may be brought into a noteworthy
form. The kinetic energy T is, by (1),

(39) T=4SZEm\(KNK'N'cos(H—H')~+ knk'n' cos (h—1')).
If the constant term of the second member (Clausius’ Viriel)
‘be represented by V, then

(40) ==t
and

ov
(41) w=—r.

Up to this time the invariable plane has been taken as the
plane of xy. In order to give the most general representation
to the coordinates, without fixing the xy plane in any way, the
previous coordinates , y, 2 will be replaced by new ones é‘, 7, &
by the transformation formulas

= +ay+az,
7=bx+ by + b2,
{=c,x+c,y—+c;2.
The transformation coefficients can be expressed in terms of the
three angles £, ¢, 6, as follows:
a, = cos f sin ¢,
b, =—sin f cos ¢—cos f sin ¢ cos 7,
¢; =sin f 8in ¢—cos f cos ¢ cos J,
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a,=sin f sin 8,
b, =cos f cos ¢—sin f sin ¢ cos 7,
¢, =—cos f sin ¢—sin f cos ¢ cos 9,
a; = cos J,
b;=sin ¢ sin J,
¢; = CO8 ¢ Bin 0.
If, for brevity, we put
2 cos f+y sin f= (x) = 2K cos (H—F),
—zgin f4+ycosf=(y)=2Ksin (H—F),
we get
&€ =(x)sin 64 2 cos J,
(42) n=—(x) sin ¢ cos d4-(y) cos ¢ +z sin ¢ sin 7,
£=—(x) cos ¢ cos 6—(y) sin ¢ + 2z cos ¢ sin 3.

It appears that the angle f occurs only in the combination
(H—f). Infact f is a surplus constant, for it is only necessary
in formulas (1) to lessen all the #’s by f to change H into
(H—J), while the angles hremain unchanged. It is therefore
not necessary to retain the angle f, and formulas (42) can be
directly used, and « and y may be written for (x) and (y).
The previous [a;, ;] remain unchanged by the transformation
(42). TYurther, it follows that

(43) [3,c]=[0,8]=[¢,c]=[¢,5]=0,
and, finally,
(44) [, 8] = Sma(xy'—y2’) sin 6 = SZmy N K*sin o.

If the motion is referred to a stationary system of coordi-
nates, the coordinates of the center of gravity must be added.
These are, by (9), §6, linear functions of the time. It appears,
therefore, that

1
(45) [a, al]:[b,bl]z[c,c,]z—zm.

All of Lagrange’s combinations have now been formed. The
system of (6n+ 6) constants of integration can easily be
changed into a cannonical one, but we will not occupy ourselves
with it. :
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The fundamental idea in the present problem is, therefore,
the following:

Take the system
dp, OH dg,  _0H
NG S b O
in which H does not explicitly contain the time. Change
Pi; @ by a canonical transformation into the new variables
P;, @; and the new system is
ar,_0H  dg,__ oH
de = 0@ db T OP7

H is to be expressed as a function of the new variables.
If we can now succeed in selecting such a canonical trans-
formation, that H contains only half of the new variables,

(46) (=1,2...n)

(47) G Lok

say P, the problem is solved. Tor then —g—g = 0, and, therefore,
$

P,= a constant. At thesame tinte the (Z—% would be constant
and the @.’s would be linear functions of the time. In our case
the present P, is the former c¢; and the @; the I;.

These are the results to which we are led by the assumption
that form (1) of the solutions obtained by induction is a math-
ematical law. If they do not suffice actually to give a solu-
tion, they afford a new view of Celestial Mechanics.

A few brief remarks follow.

The coordinates have been represented as trigonometrical
functions of the (3n—1) angles,

byl lyy.
These can be replaced by any (3n—1) others as

% ’
llsl2; S P Zan—l,

which are formed from the preceding by linear substitutions,
with integral coefficients. For example

Z'\'=a1,,\l1+a2,)\lg+ ', +aan—1’}\l3n—l!

provided the substitution determinant = 1. For then the solu-
tions of (48) become

(49) h= bl) ’\llr + bz;)nlﬂl + .. + an'-l ,)nlan—lly
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containing also integral coefficients. If H is a linear function
of the I's with integral coefficients, then, by (49), it is changed
into a similar funection H’ of the I’’s and vice versa.

If the problem of (n -+ 1) bodies is limited to the distances
only, angles of the second kind, &, appear and for these the sum
of the integral numbers vanishes. Hence, these angles can also
be written

h=blL+bb+ ... 4+bs_1 by
:bz(lz—‘ll) +b3(l3—'ll) + s +b3n—l(l3n——l_ll)1

so that they depend only on the (3n — 2) angles

G—10), (L—0) ... (La_1—1).
Any angle of the first kind can be changed into

H=al4+ 0L+ ...+ 0,1k,
=L+0(L—4)+ ...+ (bai—1).
Therefore:

If (n+1) bodies are moving about their center of gravity, their
distances will be trigonometrical functions of (3n—2) angles, all
of which are linear functions of the time. In order to get the coor-
dinates, another angle of the same form must be added.

For n =1, this result is completely verified. The distance
of the planet from the sun is a trigonometrical function of the
mean anomaly. In order to get the coordinates x and y (2 here
= 0), another angle is needed which is here constant and is
equal to the longitude of perihelion.

For n = 2, Lindstedt has formally deduced the same result,
leaving questions of convergence aside, from Lagrange’s differ-
ential equations for three bodies, (38) and (45), § 7. (See his
Sur la détermination des distances dans le probléme des trois corps.
Annales de Pécole mormale, 1884). If the coefficients a of the
time ¢ in

Ih=axt 4 Fx
are incommensurable, the original coordinates never reappear.
If they have a greatest common measure C, they are integral
multiples of ¢, and so are N and n. The coordinates can then
be developed in trigonometrical functions of a single angle ¢f,
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and after the time T:?cf, the system returns to its original

position, so that the motion is purely periodic, exactly as with
two bodies.

The special cases of the problem of three bodies have been
given in §8. Liouville has shown (Mémoire sur un cas particu-
lier du probléme des trois corps, Journal des Mathématiques pure et
applique, 1842, page 110 and 1856 page 248) that the special case
in which the three bodies remain constantly in a straight line
and describe similar ellipses in space, is unstable in so far as
a very small change in the initial position, such as would fol-
low from the smallest thrust or force from without, would, in
time cause the three lines joining the bodies to become fully
separated. From what precedes this would be expected. For
if, in a special case, the «’s are commensurable, they cease to be
so by a very small departure from the original position. The
ratios of the periods are, then, not expressible in whole num-
bers and therefore the special condition, that the three points
shall lie in a straight line, must finally be lost.

If the «’s are incommensurable,” the motion is not purely
periodic. Every angle I has, to be sure, its period, but these
periods do not agree, and consequently the motions presented
to the eye are very complicated, such for example, as are exhib-
ited by the paths of the components of many of the multiple
stars. i

42. Brier HistoricalL. REVIEW or THE THEORIES OF
PERTURBATIONS.

The history of the theories of perturbations can be carried
back to Newton, who, in the third book of his Principia explains
the chief of irregularities of the moon’s motions. The next
advance was in 1747 when Clairaut and d’Alembert presented
to the French Academy of Sciences two memoirs on the prob-
lem of three bodies, in which they gave methods of integrating
the differential equations when the central force is the control-
ling one. They developed the fundamental parts of the theory
~of absolute perturbations and Clairaut soon had an opportunity
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to give a brilliant test to his theory. Halley’s comet had been
seen near perihelion in 1531, 1607 and 1682, and it was settled
that its period was about 75 years. Its return was expected,
therefore, at the latest, about the end of 1758. Clairaut com-
puted its perturbations due to the known planets and informed
the Hrench Academy that its return would be delayed until
about the middleof April 1759. This announcement was made
on November 14, 1758. He added that the small terms neg-
lected in his calculation of the retardation, which he put at 690
days, might make a difference of & month. In fact, the re-ap-
pearance was on March 12, 1759, within the limits which he had
set, and he would have been more exact had he known Saturn’s
mass more closely.

The founder of the theory depending on the method of the
variation of constants was Lieonhard Euler. In three memoirs,
which were crowned by the French Academy in 1748, 1752 and
1756, he developed by regular steps the method of the varia-
tions of constants.  His formulas were not entirely rigorous
for among the six constants there were some which he did not
vary. Yet for the case of two planets, he succeeded in showing
the existence of secular variations of eccentricities, inclinations,
perihelia, and nodes. Unfortunately, numerous errors crept
into the numerical developments, completely vitiating the
results and possibly causing Euler to devote himself to other
investigations. Besides the foundation of the general theory,
he gave, in his papers, the fundamental propositions for the
development of the perturbing function in a trigonometrical
series whose arguments are the mean anomalies.

Euler’s ideas, which laid the foundations, were developed to
their limits by Lagrange, whose services to astronomy alone are
enough to give him an indestructible memorial. His first work
appeared in the Mélanges de la Société de Turin, Tome I1I, 1766.
He here treated the eccentricity and longitnde of perihelion, in
the expressions for the radius vector, as variable, and in this
sense differentiated totally with respect to the time. The part
of the derivatives which depends on the variation of these two
constants, he equated to zero, differentiated again, then intro-



280 THEORIES OF PLANETARY MOTIONS.

duced the perturbing function, and thus got two equations for
determining the derivatives of these two elements. This pro-
cess is undoubtedly inexact, because it disregards the variations
of the major axis and of the epoch of perihelion. Yet he
formed, in the case of two planets, the correct final equation for
for determining the secular periods, which Euler had given
erroneously. He also obtained correct formulas for the inclina-
tions and nodes, so that his numerical results in an application
to Jupiter and Saturn were nearly correct. On the other hand
in the determination of the mean longitudes of the two planets,
two terms proportional to the squares of the times were inclu-
ded which are entirely wrong and which were due to the inac-
curacies which the great mathematician permitted in this first
attempt in this uncultivated field of science.

In 1773, Laplace offered to the French Academy of Sciences
his first work on the theory of the planetary system, and in
1776 this was printed in the Mémoires des savants étrangers. He
determined with entire accuracy the formulas for the deriva-
tives of the elements, but these did not possess their present
elegant form.

While he was carrying on the numerical computations for
Jupiter and Saturn, he found to his great surprise that the sec-
ular terms in the values of the derivatives of the major axes,
nmutually vanished. He succeeded in proving that this phenom-
enon was not a play of chance, but founded in the formulas
when their development was carried out to terms of the second
degree in the eccentricities and inclinations.

The theory of secular variations of the elements originated
fundamentally in the circumstance that the usual process of
integration by series brought to light terms proportional to the
time. Every device was employed by Euler, Lagrange, and
Laplace to get rid of these terms. Any one who studies their
works, must feel that aside from mathematical considerations, a
sort of metaphysical idea directed these earliest explorations
which bridged the gap between entire ignorance and complete
clearness. It soon appeared- that the theory of absolute per-
turbations was not the best, and the variation of constants grad-
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ually displaced it, though curiously enough, not in its purity,
but wonderfully mixed with the first theory. It was seen that
the secular terms must eventually cause great changes in the ele-
ments, but instead of determining these directly, an indirect
course was taken. This appears plainly in Laplace (Mécanique
céleste, first volume), where, in the expressions for the absolute
perturbations, the terms proportional to the time are forcibly
removed, and then after introducing the complete theory of
variation of constants, the natural pathof integration is taken,
retaining only the secular terms of the perturbing function.
Another advance was made by Lagrange in 1774, in a paper
which appeared in the Annalesof the French Academy, where
he introduced the elements h and I in place of the eccentrici-
ties and perihelia and p and ¢ in place of the inclinations and
nodes. The differential equations became linear by this trans-
formation. In 1780, in a paper on the perturbations of comets,
which was crowned by the Berlin Academy and published in
their memoirs in 1782, he treated the expressions for elliptic .
coordinates for the first time in their most general form, that is,
not as functions of the time alone, but also of the six constants
of integration. Here for the first time the theory of the
variation of constants was demonstrated with entire rigor and
purity, and the formulas for its wuse simplified. —When
Lagrange applied his general theory to the expression for the

; ¢ vl Cih
major axes, he recognized at once that in d—;l only periodic terms

appear, and thus,—with the stroke of a pen, says Jacobi,—the
proposition was proven, that the influence of the perturbations
on the major axes is proportional to the disturbing masses only,
and is expressible by periodic terms so long as only the first
powers of the disturbing masses are considered.

In 1809, Poisson in his paper Sur les inégalités séculaires des
‘moyens mouvements des planétes (Journal de Pécole polyt. I') showed
that this proposition still held if the second powers of the masses
were included. He obtained this result by a peculiar use of
the theorem of kinetic energy. Laplace gave in Mécanique
céleste another and more complete demonstration which has
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been followed here. ILagrange also tried to provide a proof,
but, unfortunately his process suffered from an error in sign,
which Serret has pointed out.

Endeavors have been made to extend this demonstration to
the third powers of the disturbing masses. Mathieu, (Mémoires
sur les inegalités séculaires des grands awxes des orbites des planétes,
Crelle’s Journal, 1875), carried out investigations from which he
concluded that the secular terms fail even when the third pow-
ors are included. Later Tisserand, Harétu, Gasparis, Gyldén,
and others have gone over the same ground with a result some-
times favorable, sometimes unfavorable, so that the question is
not finally settled.

After the formulas for the derivatives of the elements had
been developed, their notable simplicity in the case of the axes
led to a search for equally simple expressions for the other
elements. Laplace, by skillful changes succeeded in producing
the fundamental formulas, as given in (8), §28. The discovery
was published in 1808. By a remarkable coincidence, Lagrange
published the same formulas at the same session of the Bureau
des longitudes. He had reached them in an entirely different
way, namely, by the introduction of the expressions (a,, a.) and
he at the same time discovered the peculiar origin of these im-
portant formulas. With these the theory won a wonderful sim-
plicity and elegance, as compared with the earlier forms, and
astronomers were enabled to replace the derivatives of the per-
turbing function with respect to coordinates, by those with
respect to the elements.

The denominator which appears in the periodic terms on
integration is a very notable phenomenon, to which reference
has already been made. Laplace deserved the credit of having
first called attention to it, and of having investigated the
remarkable increase of an otherwise small periodic term, caused
by this denominator when small. He applied the theory to
Jupiter and Saturn and thus explained a very enigmatical phe-
nomenon. Halley had compared ancient observations with those
of the middle ages, and had drawn the conclusion that the
motion of Saturn about the sun had been retarded, that of Jupi-
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ter accelerated. On the other hand, Lambert had found that
in modern times the opposite is the case. Laplace saw that
the explanation of this apparent contradiction of the law of the
invariability of motions was to be found in a term of the per-
turbing function, neglected up to that time because of its min-
uteness, and he fixed the period of this perturbation at 930
years. These purturbations of long periods, as they are called,
are the source of many others, and they especially affect the
secular elements.

If the periods-are yet more nearly commensurable, the period
continually becomes longer and the coefficient continually in-
creases. Finally a phenomenon occurs which actually takes
place in another form in our' system. The two planets affect
each other in such a way that their periods become exactly com-
mensurable, and a close bond is formed between them, which
continues forever unbroken. It lacked but little, as Laplace
showed, of occurring in the case of Jupiter and Saturn. To
assure if, it would only be necesssary to decrease Saturn’s
mean distance by 1y and to increase Jupiter’s by tdss.

After the theory had been thoroughly grounded, and our
knowledge had passed from the darkness of its origin into the
stadium of perfect clearness, the effort was to bring the analyt-
ical and numerical developments to the highest degree of sharp-
ness and exactness. When the perturbing funetion is devel-
oped to higher powers of the eccentricities and inclinations, the
labor involved rapidly increases. This induced the most emi-
nent mathematicians to oceupy themselves in improving the
solution. Cauchy published in the Comptes rendus a series of
many articles in which he advanced entirely new ideas, and
used his celebrated theory of residuals. He expressed the coor-
dinates in terms of the eccentric anomalies and developed the
perturbing function in trigonometrical functions of them. It was
then easy, by Bessel’s functions, to pass from the eccentric to
the mean anomalies. His formulas are of especial elegance and
simplicity when the term, the coefficients of which are to be
determined, is of high order. His labors in this field do not
appear to have found much appreciation among other astrono-
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mers although he showed, in a controversy with Leverrier, that
his results are of practical value.

When it is only the question of the numerical value of a
coefficient, a double integration will answer, as has been shown.
Ttitnoteworthy that Liouville (Nofe sur le cacul des inégalités peri-
odiques du mouvement des planétes. Journal des Mathématiques
pure et appliquées, 1836, page 197), offered a process by
which this double integral can be reduced to a simple one with
a high degree of exactness. Leverrier, at a later time made
a searching investigation with the numerical and also analytical
development of the perturbing function, .and he reached a
remarkable degree of accuracy. In his Recherches astronomiques,
he calculated all the coefficients up to and including the seventh
degree, and performed a labor which only he can judge who has
once undertaken such computations. Besides the astronomers
and mathematicians already named, Bessel, Lubbock, Encke,
Hansen, Gyldén, Newcomb and others have worked at the
development of the perturbing function. Hansen, who pre-
fers his own method, believes that, when the eccentricity and
inclination of the disturbed planet are relatively great, the most
convenient process is to develop the perturbing function with
respect to the eccentric anomaly of this planet and the mean
anomaly of the disturbing planet.

Laplace and Liagrange developed the secular values of the
elements with limitation to the second degree of the eccentrici-
ties and inclinations, but it was left to Leverrier, so far as I
know, to undertake the estimate of the influence of the neg-
lected terms. His investigations were continued by Lehmann,
who died before the computation of the numerical work. Lev-
errier and Liehmann concluded that the influence of the neg-
lected terms is greater than had been assumed, and that possi-
bly great improvements in the secular periods can be made as
they were determined by the roots of the secular equations.

The theories of perturbations afford much opportunity for
changes and transformations, and this is employed to attack the
problem in new ways. Hansen, for instance, introduced a mov-
ing system of coordinates in order by its use to refer the mo-
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tions of the planet about the sun to one plane. He imagined
each point of the orbit connected with the sun and thus formed
a very flat cone with the sun at the apex.. On this cone rolls a
plane without slipping, so that at each instant a point in the
plane coincides with a point in the orbit. In this manner the
orbit is described in one plane. Two differential equations of the
second order determine this plane, and three of the first order
determine its rotation. In addition, he uses two symbols ¢ and
7, for the time, the one direct in the elliptic coordinates, the
other indirect in the perturbations, and he develops certain
views in which he varies the latter term =. Since his investi-
gations relate to the moon, minor planets and comets, for which
they are of great importance, they will not be noticed further,
though they are nob without mathematical interest.

The same is true of Delaunay’s investigations. His process
is to fix the attention on a single term, and especially the most
important of the developed perturbing function, and to integrate
the differential equations thus obtained. This is possible with
mathematical rigor. With the aid of these integrals the differ-
ential equations are changed and another prominent term is
considered. This is done repeatedly until the remainder is so
small that it may be expeditiously treated by the usual methods.

More recently Glydén has attacked the planetary problem in
a different way. In order to get the special perturbations, he
divides the orbit into parts and develops the purturbations for
each part separdtely, then introduces elliptic functions into the
elliptic elements. The latter he favors especially because, with
their help, the integrations converge more rapidly. He has also
introduces a peculiar conception, that of the intermediate orbit,
by which he means an orbit from which the planet never widely
departs. In so far there is nothing new in this conception; it
is already introduced in §83. Itis to be noted, however, that
he does not get his intermediate orbit from Kepler's ellipse
but reaches it directly. The reader can find a part of his prin-
ciples in Die intermediiire Bahn des Mondes (Acta Math. VIII),
and in a paper by Andoyer,—Contribution & la théorie des orbites
intermédiares, (Annales de la faculté des sciences de Toulouse,
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1887, I). He has lately undertaken studies on the convergence
of the infinite series used in astronomy, which have, however-
so far led to no satisfactory conclusion.

One of the chief aims of mathematical effort of the present,
time consists in the investigation of the properties of functions
defined by differential equatipns. A glance at the immense
number of investigations, which the theory of linear differen-
tial equations alone has called out in very recent times, and is
daily calling out, will give a clear idea of the great magnitude
of the problems here involved, and will afford a conception of
the difficulties which lie in the way of a complete solution of the
problem of three bodies in its most general form. The ques-
tion here is, certainly, concerning real variables only, and this
circumstance simplifies the problem greatly. What interests
the astronomers is not the investigation of all the properties of
the analytical expressions, in finding their nodes, acnodes, cusps,
ete., but the proof that such points do not exist when the time
is made the independent variable and extends over a real path
uninterruptedly from — oo to +4- o0 . The question, therefore,
with this limitation to one branch, or rather to one line of a
function, relates to the development of the coordinates in con-
verging series, and these must converge without fail. It is easy
to see that this can be done without embracing the great reverse
problem of differential equations, which affords us already so
many noble results. There must be a direct road, in“the above
sense, to the solution of the problem of many bodies, a path
which will lead to correct answers to the questions which, in
gpite of all investigations, still remain unanswered.

Purely theoretical discussions are not sufficient for the praec-
tical aims of astronomy. The numerical computations, also,
which the author of this book has not undertaken, but has
forced entirely in the background in order to preserve the ana-
lytical character of the work, require great skill and greater
patience. The calculations take on, in fact, almost unmanagea.
ble dimensions when, as Leverrier has done, in the Recherches
astronomiques (Annales de I Observatoire de Paris, Mémoires), all
terms are taken into account which change the geocentric place
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of the planet by the tenth of a second. The comparison of the
computed places with the observed afford the best touchstone
for the correctness of the theory, and it has very often led to the
discovery of neglected but influential terms. It also affords
a means of continuously correcting the masses and elements of
the planets.

‘When Leverrier had completed his comparison of the com-
puted and observed places of the planets, the result was found
to be very satisfactory. The differences fell usually within
the limits of error of observation and in only a few small mat-
ters was further discussion necessary. For instance, in the case
of Mercury’s perihelion he found that observation gave a some-
what greater movement than computation. He concluded that
between Mercury and the Sun there was one planet, or perhaps
many, which had so far escaped observation, and which would
cause the acceleration of Mercury’s perihelion. This intra-mer-
curial planet, to which the name Vulcan had already been given,
has not yet been observed beyond a possibility of doubt, though
it has been actively sought. Small, dark points have been seen,
several times, to cross the sun’s disk but it appears probable
that they were either sun-spots or an error was involved in the
observation.

The planetary tables constructed on Leverrier’s formulas are
to-day generally recognized, except that for Uranus and Nep-
tune Newcomb’s are better.

Of course, Newton’s law of gravitation must submit to the
test of observation, out of which it was originally created.
Whether gravitation is a true prima causa or whether it results
from other forces, either impulses, for instance, or electric,
attraction, cannot now be decided. Possibly Newton’s law is
6nly approximate, though remarkably close. Possibly other
forces are at work in celestial space, such as the resistance
of the ether which, according to physicists at present, not
only occupies stellar space but interpenetrates’ matter. Encke
adopted the idea of such a resistance as a result of his investi-
gations of the orbit of the comet named after him.
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Certainly the law of gravitation is, as already said, very
nearly fulfilled, so nearly that mathematicians must assume it
rigorously true and investigate its consequences.

How closely it agrees with observation was shown in the most
brilliant way by the discovery of Neptune, forty or fifty years
ago. Sir W. Herschel discovered Uranus in 1781. It wasthen
continuously observed and its elements computed. The neces-
sary calculations were made by Bouvard according to Laplace’s
formulas. It appeared, however, that in the course of time the
new planet departed in a regular manner from its computed place,
and that the amount of departure increased with the time. It
also appeared that the planet had been observed several times
as a fixed star and that it was impossible satisfactorily to repre-
sent these old observations. Bouvard himself had concluded
as early as 1821 ( Tables astronomigues, les mouvements & Uranus
annoncent Uexistence d’une planéte perturbatrice extérieure), that a
planet exists outside of Uranus. It was beyond TUranus,
because otherwise it would appreciably affect Saturn. It grad-
ually became a familiar idea that the mass and elements of the
new planet could be computed from the observed purturbations,
making the reverse of the ordinary problem. If the smallness
of the perturbations be considered, they amounted to only a few
minutes, and the complicated analytical form in which the ele-
ments appear in perturbing function, it will be evident that the
problem was one of great refinement. Bessel interested him-
self actively in itand his letters show that he was about to take
it up when death put an end to his activity. It was solved,
almost simultaneously, by two other astronomers, Lieverrier and
Adams. The first published his preliminary investigations in
the Comptes rendus and explained his research in the greatest
detail in Recherches sur les mouvements de la planéte Herschel,
(Connaissance des temps pour 1849) after, the new planet
had been found in 1846 by Galle within a degree of the place
he had predicted. The study of this work affords great pleas-
‘ure because in it are combined great discretion, painful accur-
acy in analytical and numerical developments, and especially
clearness in the development of the line of thought. The first
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question was whether any terms of the development had been
neglected. which could cause an appreciable error. In fact,
there were several suspected, but they were shown to be unim-
portant. Then the inquiry was, could the errors be eliminated
by small changes in the elements selected and a negative result
was obtained. These preparatory studies put beyond doubt the
perturbing influence of an unknown cause, and, after the rejec-
tion of other possibilities, the perturbations weretraced to a planet
more distant than Uranus from the Sun. The major axis, the
epoch of perihelion, eccentricity, longitude of perihelion and
the mass of the new planet were introduced as the five unknown
quantities, while the inclination with reference to Uranus was
neglected because of the small perturbations in latitude. Each
observation gave an equation of condition between five unknowns,
and since the number of observations was very large, they were
divided into groups. The major axis appeared in a very com-
plicated form, hence Leverrier assumed, using Bode’s law as a
single foothold, that the new planet was twice as far from the sun
as Uranus. The four other unknowns were then determined.
Finally, he found that a decrease in the adopted value of the major
axis decreased the unavoidable errors. He then determined the
amount of the decrease and deduced thefinal value of the elements.

Undoubtedly Leverrier would have reached much closer
results if he had not been misled by Bode’s law and adopted at
the beginning, a value much too great for the major axis of the
unknown planet. It is evident that an increase in distance
required an increase in the mass of the planet and as the
unknown planet was nearly in conjunction with Uranus the
error in distance had its greatest effect. It is due to this that
the mass obtained by him was nearly double the real value and
hence all the elements were entirely wrong except the mean lon-
gitude, which, in this case, was the most important, because the
one fixing the place in the sky.

The same was true of the elements obtained by Adams,
who published his investigations in An Eaxplanation of the
Observed Irregularities in the molion of Uranus, (Memoirs of

19
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the Royal Society of London, 1847). As he found a still greater
major axis his mass was even larger than Leverrier’s. Since his
results were communicated to Airy some months before Lever-
rier’s investigations appeared, the planet might have been dis-
covered earlier, had not Airy, who had some doubts as to the
correctness of Adams’,é results, decided on making a catalogue
of the stars in that part of the sky.

It is one of the best possible proofs of Newton’s law of
gravitation that it led to a discovery which might otherwise
have been delayed many years.

43. NoTES oN THE TABLES.

The unit of distance is half the major axis of the earth’s
orbit, or the mean distance of the earth from the sun. This is
not the semi-axis which we have called the secular value, but
the one which follows from the observed periodic time and
_ Kepler’s third law. The secular value is obtained by applying
the correction given in §32. Of the masses, those of Mercury
and Venus are the most uncertain. As these planets are not
known to have satellites, their masses can be obtained only by
the perturbations they produce on comets which pass near them
and on the earth. It is quite possible that the mass of Mercury,
especially, requires a very appreciable correction.

The secular variations of the longitude of perlhehon, of
the ascending node, and of the inclination are not referred to a
fixed plane, but to the moving ecliptic on which the vernal equi-
nox is selected as the initial point for longitudes. The vernal
equinox retreats yearly on account of precession, a distance of
50”.2113 but is: free from nutation. If these variations are
referred to the ecliptic of 1850, then during the current thpﬁ-
sand years all perihelia advance, except that of Veunus, while all
the nodes retrograde, except those of Jupiter and Uranus.

The fifth table gives the roots of the equations (21) and (42)
§31; the sidereal year is taken as the unit of time. The
“amounts by which @ and I annually increase and decrease is
therefore, measured in seconds. The absolute maximum of the
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increase is y,. If T is the time taken for the proper angle

I'y =y, t+ 9/, to increase 360°, it follows that .
Ty, = 1296000,
S =49937,

or in round numbers, 50,000 years. The longest period is about:
2,000,000 years. From this the reader can see how slowly the
secular variations of the elements change. The numerical coeffi-
cients K and K', which Leverrier computed anew in his
Recherches astronomigues, (Vol. II), are not given here. I
will only remark that the eight planets form two groups, the
outer and inner. The first group includes Jupiter, Saturn,
Uranus and Neptune. The roots g, to g, and r, to y, depend
almost entirely on these.four planets, and only the angles Gi to
G{ and I to I', appear in the secular terms with important coffi-
cients. The angles G, to Gy and I to I'y are important for the
inner planets only, which, however also partake of the secular
terms of the outer planets. It would naturally be expected,
because of the smallness of the inner planets, that their ¢'s and
7’s and the appropriate coeflicients, would be decidedly smaller
than others. This is, however, not the case. For instance,
Jupiter’s mass is about 400 times as great as that of Venus, but
Venus is only one fourteenth Jupiter’s distance from the Earth;
and as the attraction is as the inverse square of the distance,
the ratio of the disturbing effect of Jupiter and Venus on the
Earth is about 2:1. It is also to be added, that Venus’s orbit has
a decidedly larger inclination than Jupiter’s, and, therefore, the
perturbations of the ecliptic are largely due to Venus.

As the secular changes are very slow they may for centuries.
be taken as proportional to the time. To be entirely safe a
term should be added which is proportional to the square of the
time. Beginning with 1800, the eccentricity of the earth’s orbit
can be expressed by the formula )

e = 0.01679207 — 0.000000 4135¢ — 0. 000000000 01237,

from which it appears that the eccentricity is decreasing, and at
a growing rate.
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The sixth table gives the course of the Earth’s elements for
a period of 200,000 years.

ELEMENTS OF THE ORBITS OF THE MAJOR PLANETs.

I
Epoch.
Planet. | ) tance. Ecci?:;.mc. P Paris ™ |Mean Longitude nf%%{et%%:ll’y
G = Greenwich.
Merecury...... 0.3870988(0.2056048|Jan. 1, 1850. P.|327° 15’ 20:4|14732"41967
Venus..........|0.7233322!0.0068431|Jan. 1, 1850. P.|245 33 14.7| 5767.66982
Earth s s 1.0000000;0.0167708|Jan. 1, 1850. P.|100 46 43.5| 3548.19286
Mars........... 1.5236914/0.0932611|Jan. 1, 1850. P.| 83 40 31.3| 1886.51831
Jupiter........ 5.20280(0.0482520|Jan. 1, 1850. P.|160 1 10.3| 299.12836
Saturn ........ 9.53886(0.0560717|Jan. 1, 1850. P.| 14 52 28.3| 120.45465
Uranus........ 19.18336,0.0463592|Jan 0, 1850. G..| 29 12 43.7| 42.23079
Neptune...... 30.05674/0.0084962|Jan. 0, 1850. G335 5 38.9] 21.53302

g M
Planet. Lon%itude oflxlslgg}}ﬁgg Inclination wPeriodic ’I"i‘me _in
4 Perihelion. Node. i b‘]l)(;;l:.l lg’a‘;};al

Mercury......... 76° 7' 1379| 46° 33’ 8'8|7° 0’ 7.7| 87.96926| 87.96843
Venus............ 1290 27 14.51 75 19 52.3|3 23 34.8/224.70079/224.69544
Harihes:,: A 50 100 21 21.5/ .. .. ..... .. ....|365.25636/365.24220
Mars ..|333 17 53.7| 48 23 53.1|1 51 2.3|686.97979/686.92972
Jupiter...........| 11 54 58.4| 98 56 17.0{1 18 41.4| 4332.59| 4330.60
Saturn...........; 90 6 56.7{112 20 53.02 29 39.8] 10759.23| 10746.95
Uranus........... 170 38 48.7| 73 14 37.6/0 46 20.9| 30688.51 30588.90
1 47 1.6} 60186.64| 59804.81

Neptune..........| 43 17 30.3|130 7 31.9
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TABLES. 293
II11.
i f h
Planet. 1an§15{1?11¢1301165 g?nl‘dtiogaggelis. Mass In terms of the |g;q0ific Gravity
Greatest. Least. Sun. | Earth. Y
g o
Mercury...... 69.37 45.71 7636440 0.04 4.50
1
Wl 7 108.25 | 106.78 | 412150 0.78 4.52
1
Earth.......... 151.13 146.14 322800 1.00 5.56
1 ;
e sl 247,60 | 205.36 | 3093500 | 0.10 3.98
Sl
Jupiter........ 810.64 736.01 | 1047.6 308 1.37
1
Saturn........ 1497.32 1338.32 3490 92 0.65
1
Uranus........| 2983.53 2719.16 22600 14 oIS
1
Neptune......| 4505.48 4429 .57 19380 17 1.7
UL 7oh o'e 5% 5% Sl 322800 1.42
IV.
Annual Variation o_t the LiIm"r S8
feit Longitude of Limit of ec| poinds
e Ei?‘ce‘?gglo% oo i Inclination. chlltrigit;c (talgﬁpttig
T eecimal) perinetion, | Ascending L.
Mercury. .| + 2.034 | +55'914 | 1427643 | -}-0:063 0.266 9°17/
Venus...... — 5.397 | }+49.462 | 4-32.890 | -+0.045 0.087 519
Earth ...... — 4.244 | 4+61.700 0.078 4 52
Mars...... 4+ 9.541 | 166.242 | 4+27.992 | —o0.02¢| 0.142 | 709
Jupiter....| +16.678 | -+57.910 | +36.382 | —0.205 0.062 2 01
Saturn....| —34.276 | 470.403 | +81.407 | —0.140| o0.085 | 233
Uranus. ...| +27.387 | +50.256 | 4+18.568 | —+-0.025| 0.065 | 234
Neptune...| 4 0.557 | +51.014 | 439.615 | —0.34€ 0.017 y/gA
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THEORIES OF PLANETARY MOTIONS.

g, = 07692870
g, = 2.842232
g = 38.780294
g, = 22.500087
gs = 5.2989
gs = 7.5747
g, = 17.1527
gy = 17.8633

nh= 0

ve=— 0.756015
7s=— 3.106931
74 = —25.952538
7s=— 4.795350
75 =— 7.067951

7 =—17.468102
75 = — 18.567871

EvreMENTS OF THE ORBIT OF THE EARTH REFERRED TO Ecripric or 1800.

VI.
Longitude of
Epoch. Eccentricity. Inclination.
Perihelion, Ascending node.
B.C. 98200 0.0473 3° 457 31" 316° 18/ 96° 34/
88200 0.0452 2 42 19 340 2 76 17
78200 0.0398 1 18 58 4 13 73 47
68200 0.0316 1--13 68 27,192 136 8
58200 0.0218 2 36 42 46 8 136 - 9
48200 0.0131 3 40 11 50 44 116849
38200 0.0109 4 3 1 28 36 91 59
28200 0.0151 3 41 51 25 50 66 49
18200 0.0188 2 4 12 44 00 41 34
B. C. 8200 0.0195 1 24 35 69 47 16 39
A. D, 1800 0.0168 Ol 0310 99 30 LN
11800 0.0115 1 14 26 134 14 148 15
21800 0.0047 2 7 46 192 22 124 29
31800 0.0059 2138819, 318 47 100 29
41800 0.0124 ‘2 27 53 6 25 705 3k
51800 0.0173 1 51 54 38 3 48 13
61800 0.0199 1 51 52 64 31 10 47
71800 0.0211 1 34 35 86 14 220 38
81800 0.0188 1 45 40 101 38 170 15
91800 0.0176. .2 40 56 109 19 139 3
101800 0.0189 3 2 67 114 5 109 57
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